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We say that a function on the space of symmetric matrices is invariant if it is invariant
under the simultaneous permutation of rows and columns of the input matrix by the same
permutation. Homomorphism densities of finite simple graphs offer a rich class of examples
of invariant functions that prominently feature in several areas of mathematics. In this
thesis, we study two natural classes of interrelated problems. The first problem concerns
the optimization of invariant functions in large dimensions. The second problem concerns
the analysis of the dynamics on graphs/matrices where the evolution of coordinates depends
on the full graph/matrix via an invariant function as the dimension goes to infinity. An
important theme of the present thesis is that due to the symmetry of invariant functions,
their optimization and dynamics can be reduced to optimization and dynamics on the space
of graphons as the dimension of the underlying space goes to infinity. The rich geometry
and the analytical properties of the space of graphons make the problems on the space of
graphons more tractable.

We develop a notion of gradient flow on the space of graphons following the general
theory of gradient flows in metric spaces. We show that under mild differentiability as-
sumption, any invariant function on the space of graphons admits a gradient flow which
is an absolutely continuous curve with respect to the invariant L? metric. Furthermore,
under appropriate convexity and differentiability assumptions, we show that the Euclidean

gradient flows of invariant functions converge to the gradient flow of a suitable function on



the space of graphons.

We then consider a class of symmetric n x n matrix-valued diffusions where the drift is
given by an invariant function. Such diffusions arise, for example, as the scaling limits of
stochastic gradient descent of an invariant function. We establish a propagation of chaos
phenomenon for such matrix-valued processes. That is, we show that any finite collection
of coordinates of such processes becomes conditionally independent as n — oo and that a
uniformly random coordinate of such processes satisfies a novel graphon McKean-Vlasov
SDE, in n — oo limit. As a consequence of this, we obtain that these matrix-valued
processes converge to a deterministic curve on the space of graphons.

We also construct a Metropolis chain, with a novel relaxation step, whose state space is
the stochastic block model with r communities and n individuals in each community. We
show that fixed r, under appropriate scaling of parameters, the » x r matrix of connection
probabilities between communities converges to a diffusion of the previous type. In par-
ticular, as 7 — oo, the connection probability between communities becomes conditionally
independent. This allows us to prove that the trajectory of this Metropolis chain is concen-
trated near a deterministic curve of graphons. This allows us to approximate the gradient
flow of function on graphons by suitable Markov chains on stochastic block models.

Towards the end of the thesis, we also consider the scaling limit of the iterated product
of matrices that are small perturbations of the identity matrix as the dimension of these
matrices goes to infinity. In the fixed dimension, the scaling limit of the iterated product
of such matrices is described by a non-commutative exponential of a matrix-valued semi-
martingale. Suppose that the bounded variation part of these semimartingales converges
to some graphon as the dimension of these matrices goes to infinity. Then, we show that
non-commutative exponentials converge to an infinite exchangeable array whose coordinates
are Gaussians and whose mean and covariances can be described explicitly in terms of the

limiting graphon.
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Chapter 1

INTRODUCTION

Graphs and matrices are arguably the most ubiquitous objects in mathematics. Many
natural phenomena in the real world and mathematics are modeled by a (possibly weighted)
graph. We think of a (symmetric) matrix as the adjacency matrix of a weighted graph.
Therefore, in the following discussion graphs and matrices will be interchangeable. For
concreteness and simplicity, throughout this chapter, a matrix will refer to a symmetric

matrix with entries in [0, 1], unless stated otherwise.

In this thesis, we study two natural classes of interrelated problems: optimization and
dynamics on the space of graphs and matrices. The first problem concerns the optimiza-
tion of functions — with some symmetry— on the space of graphs/matrices in very large
dimensions. The second problem concerns the analysis of dynamics on graphs/matrices
where the evolution of coordinates depends on the full matrix in a symmetric fashion. We
will describe the symmetry more precisely later. These two problems are very intimately
connected. For instance, a rich and interesting class of dynamics on the graphs or matri-
ces arises from optimization problems. Algorithms like stochastic gradient descent yield a
natural class of dynamics on Euclidean spaces. Another important class of examples in this
regard is Markov chains to sample from a stationary distribution. Often sampling from a
Gibbs measure is used as a technique to find approximate minimizers of some function on
Euclidean space. Of course, one may consider other dynamics that may not necessarily arise

from optimization, and in later chapters, we will consider general classes of evolution.

Besides symmetry, another important theme of our work is that we consider the limiting
behavior of the dynamics or optimization problems as the dimension of the underlying
space grows to infinity. This philosophy is motivated by practical considerations where
many problems of interest are inherently high dimensional. In general, high-dimensional

problems are harder to analyze. On the other hand, these problems often possess some useful



symmetries — which essentially reduce the problem to some other space. The underlying
philosophy here is that because of the symmetry, complex high-dimensional dynamics are
essentially controlled by some feature or statistics and not by the precise detail of the full
system. This allows us to take the dimension of the underlying space to infinity. In the
limit, it is enough to describe the evolution of this feature or statistics. Very often, the
space in which these features live has a rich geometric and analytical structure. This makes
the analysis of the limiting description of this feature or statistics more tractable.

This philosophy has been successfully used in many areas of probability in the past.
The most pertinent example for us is the interacting system of particles under the so-called
mean-field interaction that we explain below. In the following section, we explain these
ideas in more detail using some simple and well-known examples from interacting particle
systems. In this thesis, we deal with the evolution of graphs, but the following discussion

on interacting particle systems serves as a useful analogy.

1.1 Interacting particle systems: Symmetry and propagation of chaos

Roughly speaking, in this section we will see that a symmetric function on Euclidean space
can be thought of as a function on the space of measures. Therefore, to describe the evolution
of a particle system with symmetric interaction (referred to as mean-field interaction), it is
sufficient to describe the evolution of the empirical measure of the particles in the system.
An important consequence of this symmetric interaction is that while every particle interacts
with every other particle in the system, the effect of any given particle on another particle
is mild. This leads to a phenomenon called propagation of chaos— which effectively means
that, in the limit, particles behave as if they were independent. Because of this heuristic,
the empirical measure of the system of particles is roughly the same as the law of a random
particle. This reduces the study of the ensemble behavior to the study of a random particle
or its law. The evolution of the law of a single particle is, in turn, described by a partial

differential equation (PDE).

Example 1 (Symmetric functions are functions of measures). Let V.WW : R — R be two

sufficiently smooth functions. Assume for simplicity that W is symmetric, that is, W(z) =



W(—z) and W(xz) > 0. Throughout this chapter, we will tacitly assume the necessary
integrability assumptions on V, W wherever needed. Consider a function H, : R" — R as

Hy,(z1,...,2, ZVQ:Z —i——ZW T — Tj)

3,j=1

Let S,, denote the set of permutation o on [n]. Observe that the function H, : R — R

is permutation-invariant, that is,

Hy(Zg(1ys -5 Tomy) = H(z1, ..., 70)

for any permutation o € S,, and any = = (z1,...,x,) € R". Because of this symmetry, we
can treat the function H,, as a function on P(R), the space of the probability measures on
R. Philosophically, the function H,, depends on z = (x1,...,x,) only via a feature of z,

namely, its empirical measure. More precisely, define a function H : P(R) — R by

H) = [Vioa) + [ [ Wia = putdouy)

Notice that if z = (z,...,2z,) € R" and p, = %Z?:l 0z, is the empirical measure
generated by x, then H,(x) = H(u,). The key takeaway of this example is the following.
The permutation-invariance of the function H,, allows us to treat it as a function on the
space of probability measures and conversely a function H on P(R) gives rise to symmetric

functions H,, : R™ — R for each n.

Now consider the problem of minimizing H,, on R" for large n. A commonly used

technique to minimize the function H, would be to consider the gradient flow of Hy:
x(t) = —nV Hy(z(t)) ,

where z(t) € R™ and #(-) denote the time derivative of . Notice that we have scaled the
gradient —V H,,(x(t)) by a factor of n. This changes the speed of the gradient flow and it
is important while considering the large n limit. In more detail, the gradient flow of H,, is

described by a system of n ordinary differential equations:
ii(t) = =V (i(t)) — fZW’ zi(t) — 2;(t)) e,

ai(t) = —V'(zi(t)) - 2/W'(:Ui(ff) —y)ua(t)(dy) , (1.1)



fori=1,...,n and where p,(t) denotes the empirical measure of z(t) = (z1(t),...,zy(t)).

In practice, while simulating (1.1), the exact values for the gradient VH,(z(t)) are
either unavailable or computationally expensive to obtain. Therefore, one often uses noisy
estimates for VH,,(x(t)) [187]. This can be modeled by adding independent Brownian noise
to each coordinate of (1.1). That is, one often considers the process the R™ valued process

Xy (+) defined as

dX,(t) = —nV Hp (X, (t)) dt + \/g dBn(t)

where By, (t) is standard n-dimensional Brownian motion and § > 0 is a fixed parameter.
Or in more detail, for ¢ = 1,...,n the coordinate X, , satisfies the stochastic differential

equation (SDE)

dXi,n(t) = 7V,(Xi,n) dt — Q/W/(Xi,n(t) - y)#n(t)(dy) dt + \/gdBi,n(t) ) (1'2)

where B; , is a standard 1-dimensional Brownian motion and /i, (t) is the empirical measure
of the vector X, (t).

We will think of the evolution of X, as a noisy version of the gradient flow of H,,. One
can also view the above equation as describing the evolution of n identical particles under
mean-field interaction. The term mean-field interaction here means that a given particle
say X;, in the ensemble depends on the full ensemble only via the empirical measure of the
full ensemble. The mean-field evolution of particle systems has a long and rich history and
such a system of particles has been studied since Kac [123] and McKean [157]-even without
optimization context.

As pointed out in the first example, H,, is only a function of the empirical measure. It
makes sense, therefore, to ask how the empirical measure of z(t) in (1.1) or the empirical
measure of X,,(¢) in (1.2) evolves as n — oo. For concreteness, let us consider the evolution
of the empirical measure p,(t) = 13", dx,,.()- Note that p,(t) is a random measure.
The following question is natural to ask: suppose that u,(0) = %Z?:l 0x,.,.(0) converges
to some deterministic measure p(0) as n — oo. Does it follows that u,(t) converges to

probability measure u(t) as n — oo? If so, how is the curve ¢ — p(t) related to the function

‘H on the space of probability measures on R?



Let us denote by pu,(t) the empirical measure of the vector X, (¢) defined in (1.2). Let
fin(t) == E[u,(t)] be the expected empirical measure of X,,(¢). A simple application of Ito’s
formula shows that the expected empirical measure fi,, () satisfies the following PDE

Bupu(t) = V(u(t) - v(u(t))) + ;Auu) , (1.3)

where

o(p)(x) = V/(2) +2 / Wz — y)u(dy) -

It is perhaps not very surprising that u,(¢) converges (say in probability) to a curve u(t)
that satisfies (1.3). This amounts to showing that the empirical measure p,(t) concentrates
near its expectation fi, (t). For instance, this would be true if the coordinates of X,,(t) were
independent and identically distributed (i.i.d.). A powerful consequence of the symmetry in
the interaction (that is, mean-field interaction) is that, as n — oo, the coordinates of X, (t)
indeed become independent asymptotically. Therefore, the random measures i, (t) converge
(almost surely) to a deterministic measure p(t) that satisfies (1.3), this phenomenon is

referred to as propagation of chaos. We explain this in the following example.

Example 2. Assume that at time ¢ = 0 we initialize X,,(0) so that each coordinate is i.i.d.
with some distribution, say pg. Note that at any time ¢ > 0, the coordinates of X,,(t) are
correlated. However, because of the mean-field interaction, any collection of finitely many
coordinates of X,,(¢) becomes independent as n — oo. Therefore, it is enough to study the
evolution of one particle in the limit. Let I be a uniformly random coordinate chosen from
[n]. Using (1.2), we can describe the evolution of a randomly chosen coordinate of Xy,

satisfies

dXI,n(t) = _V/(Xl,n) dt — /W/(Xl,n(t) - y)ﬂn(t)(dy) dt + \/gdB(t) ’ (1'4)

where B(t) is a standard 1-dimensional Brownian motion, and y, (t) is the empirical measure
of X, (t).

If the coordinates of X, (¢t) were i.i.d. then pu,(t) will be approximately equal to the
law of a random coordinate. In the current setup, the coordinates are not independent

but because of the propagation of chaos phenomenon, this heuristic remains valid. And,



consequently X7y, converges, as n — oo, to the solution of the so-called McKean-Vlasov
SDE give as

AX(0) = VK@) ai 2 [ WD - ydan) + /5080,

pe = Law (X (t)) . (1.5)

It is easy to see by an application of Ito’s formula that p(t) = Law(X (¢)) satisfies (1.3).
In other words, the evolution described by (1.3) essentially describes the evolution of the
law of one particle. The convergence of p,(t) to (t) now becomes an analogue of the law

of large numbers.

The moral of the above example is that symmetry gives rise to propagation of chaos. The
propagation of chaos reduces the dynamics of a complex system of particles to study the
dynamics of a single random particle. We refer an interested reader to [52, 51] for a modern
and exhaustive discussion of the propagation of chaos phenomenon and McKean-Vlasov

SDE.
1.2 From particle gradient flow to gradient flow of measures

We have seen that, under mean-field interaction, the evolution of the empirical measure
of the particle system can be approximately described by (1.3). We also argued that the
process X, (t) can be thought of as the gradient flow of H,, in the presence of noise. As
H,, corresponds to a function H on the space of measures, it is natural to wonder if the
PDE (1.3) can be interpreted as a gradient flow of H# (or some perturbation of ) on the
space of probability measures? A powerful and deep result due to [122] shows that the
answer is yes.

The space of probability measures on R with the finite second moment, denoted by
P2(R), can be equipped with the so-called Wasserstein metric Wo [212]. The space (P2(R), Ws)
is referred to as the Wasserstein space. The Wasserstein space admits — at least formally
— a Riemannian structure [91, 174, 173]. Using this formalism, one can define a notion of
gradient flow on P2(R). We refer the reader to [193, 192] for a gentle introduction to gra-

dient flows on Wasserstein space and [5] for a general treatment of gradient flow in metric



spaces.
It turns out that we can indeed interpret (1.3) as the gradient flow of a function

Fp : P2(R) — R defined as
1
Fpu) = H(p) + ZE(p) ,

p
where E(n) = [ p(z)log(p(z)) dz if p is absolutely continuous with respect to the Lebesgue
measure on R and p(z) = % is the density of u with respect to the Lebesgue measure and

E(u) = +oo otherwise. The function £ is called the entropy. The presence of the entropy
forces the minimizer of 73 to have a density with respect to the Lebesgue measure. This
can be contrasted with the presence of the Brownian noise in (1.2) that diffuses the vector
Xn(t).

Note that when 8 = oo, the function Fo, = H. Furthermore, the flow defined by the
PDE

Orpe = V- (v(pe) - 1),

describes the gradient flow of H on P2(R). Without any additional convexity assumption
on H, the gradient flow is hard to analyze. The function £ is a strongly convex function
on Pz(R). Thus, Fg can be seen as a regularization of H. Even if H is only convex, the
function Fjg is a strongly convex function and therefore admits a unique minimizer. This
makes the flow (1.3) more well-behaved.

The point of this example is that, under permutation symmetry, a function on Euclidean
space corresponds to a function on the Wasserstein space. Furthermore, the gradient flow
of a function on the Wasserstein space can be approximated by the empirical measure of a

particle system.
1.3 Sampling and Optimization

As we mentioned earlier, our perspective on interacting particle systems is that these particle
systems are inspired by optimization problems. Optimization on FEuclidean spaces is very
intimately connected with sampling. In this section, we explain this connection.

For a fixed n € N, consider the SDE described by (1.2). Under appropriate growth

assumptions on V and W, there is a unique stationary measure p, for the SDE (1.2) with



density (with respect to the Lebesgue measure on R™) proportional to e ##(*) [186]. Such
probability measures are called Gibbs measure. For large § > 0, this stationary measure
is concentrated near minimizers of H,. In other words, finding approximate minimizers
of H, is equivalent to sampling from certain Gibbs measures. From this perspective, the
SDE (1.2) is seen as a process to sample from the Gibbs measure with density oc e #Hn(®),
In practice, people use many other variants for instance Metropolis chain to sample from
Gibbs measures.

Furthermore, under mild continuity and convexity assumption on V, W, the measure
pn, converges, as n — 0o, to a measure p € Py(R) that is the unique minimizer of H. As
mentioned in the previous example, the flow described by the PDE in (1.3) also converges
to the minimizer of H, p, as t — oco. This completes a full circle of the ideas, namely,
symmetric functions on R" correspond to a function on P(R) and the minimization of such
a function on R™ also corresponds to a minimization problem on P(R), that is, the minimizer
of the symmetric function on R™ converges to the minimizer of the corresponding function
on P(R) and the schemes like (noisy) gradient flow on R™ correspond to the gradient flow
(of suitable regularization) of the corresponding function on P(R). One may often exploit
the richness of the geometry of infinite dimensional space (Wasserstein space in this case)

to get more insights into the optimization problems in finite-dimensional Euclidean space.

1.4 Symmetric functions on graphs and problems

The objects of interest for us are the functions on graphs or symmetric matrices that are
invariant under the conjugation action of the permutation group. In this section, we describe
this symmetry and ask natural questions about the dynamics of graphs or matrices with

symimetric interaction.

1.4.1 What are invariant functions

Let X be a non-empty subset of R and let M,,(X) be the set of n X n symmetric matrices
taking values in the set X. For a permutation o € S,, and A € M, (X) we define A”
to be the matrix such that A?(i,j) = A(o(i),0(j)). That is, the rows and columns of A

are permuted by the same permutation o to obtain A°. We are interested in the functions



H, : M,(X) — R such that H,(A%) = H,(A) for all A € M, (X). Throughout this thesis,

we call such functions to be invariant functions.

To understand the motivation behind invariant functions, let us consider the symmetric
matrices with entries {0, 1}, that is, matrices in M,,({0,1}). Let G = ([n], F) be a graph on
the vertex set [n]. Any such graph is represented by a matrix Ag € M, ({0,1}) called the
adjacency matrix of G where Ag(i,j) = 1if {4,j} € E and 0 otherwise. Alternatively, any
matrix A € M,,({0,1}) gives a graph G4 = ([n], F) on the vertex set [n] where {i,j} € E if
and only if A(7,j) = A(j,47) = 1. With this setup, we notice that two graphs G; = ([n], E1)
and G2 = ([n], E2) are isomorphic if and only if there are adjacency matrices are related
as A7, = Ag, for some o € S,. That is, an invariant function H, : M, ({0,1}) — R is
a function that is invariant under graph isomorphism. In this sense, such a function is an
honest function of the graph and does not depend on the labeling of the vertices of the

graph. As an example, let H,, : M,,({0,1}) — R be the function

Hy(A) = % Tr[A%] .

If we think of A as the adjacency matrix of a graph G, then notice that Tr [A?’] is the
number of homomorphisms of K3 (complete graph on 3 vertices) into G. This shows that
Tr [A?’} is indeed invariant and hence so is H,,. Note that, in general, H,, is not invariant
under different permutations applied to the rows and columns of the matrix A. In other
words, H,, is not invariant under the permutation of its n? many coordinates. Therefore,

H,, is not a function of the empirical measure of entries of A.

More generally, let X = [0,1]. Then, we can think of the matrices A € M, (X) as
the weighted adjacency matrix of a graph with edge weights in [0, 1]. In this situation, an
edge-weight 0 means that the edge is not present. In later chapters, we often work with
X = [-1,1] (which can be replaced with any compact interval of R), but for the current
discussion, we set X = [0,1]. With this setup, the invariant functions on M, (X) are
precisely the functions that do not depend on the labeling of the vertices— and hence are

the true functions of the underlying graph (or isomorphism class of graphs).
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1.4.2 Optimization and dynamics on graphs

Following our discussion of symmetric functions on R™, we can now ask several questions

about the optimization of symmetric functions on graphs that we deal with in this thesis.
For concreteness, we will fix an example to illustrate and explain the questions that

we ask. In this discussion, we will use M,, to denote M,,([0,1]). The following invariant

function on M,, will serve as our constant example throughout this chapter. Define

Rn(A) = —Tr [A%] — —ZA i,7) (1.6)

for some fixed a > 0. If A were the adjanceny matrix of a simple graph G = ([n], E),
then Tr [Ag] counts the number of homomorphism of K3 into G. In other words, Tr [A3]

3 can be thought of

counts roughly the number of triangles in G.! The normalization n
as the number of maps from K3 into G. Therefore, we refer to n—13Tr [Ag] as triangle
density function. It can be interpreted as the probability that a random map K3 — G is
a homomorphism. Similarly, we call # ZZ ; A(i,j) as the edge density function. When A
is a matrix with entries in [0, 1], we will continue to call these functions triangle density
function and edge-density function. Of course, in this case, we need to interpret Tr [A3] as
the weighted sum of triangles in the weighted graph corresponding to the matrix A, where

each triangle has a weight that is given by the product of the weights of the edges in that

triangle.

1.4.3 Problems

Equation (1.6) defines the functions R, on M, for each n. As we already noted, R, is
not a function of the empirical measure of the entries of the matrices. However, these
functions R, are clearly restrictions of a single function on the ‘space of weighted graphs
with edge-weights in [0, 1]’, say, Goo (X ). Compare this with Example 1 where we noted that
a symmetric function on Euclidean space corresponds to a function of empirical measure.

We then interpreted symmetric functions on Euclidean spaces as functions on the space of

We are being a little imprecise here. The function Tr [A3] counts every triangle 3 times, that is, each
triangle is counted with all possible relabelling of the vertices. But we will ignore this small issue.
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probability measures. In the current setting, we will see that Go(X) can be thought of as
a dense subset of a suitable space of functions called the space of graphons and denoted as
W. Furthermore, the functions R, can be interpreted as (the restriction of) some function,
say R on W. We give a brief introduction to graphons in Section 1.5. A more detailed
discussion can be found in Chapter 2.

We now ask several questions analogous to the interacting particle systems and opti-

mization on Euclidean spaces.

Question 1.4.1. Suppose we are interested in minimizing the function R, on M, for large
n. For a n, the function R, is a smooth function of the entries and naturally one can run
gradient flow for R,. That is, define a symmetric matriz-valued flow by

A )0 = ~VisRa(Aa(0), (i) € ) (L.7)

where V; jR,(A) is the partial derivative of R,, with respect to the (i, j)-th coordinate.

Is there any way to take the limit of the gradient flow t — A, (t) defined by (1.7) as
n — oo to obtain a limiting curve on the space we If so, can this limiting curve be
interpreted as a gradient flow of R on W? Can we obtain (an approximate) minimizer of

R, from the minimizer of R on W?

A careful reader will note that the flow defined by (1.7) is not well-defined for all time ¢.
This is because a priori the function R,, is only defined on M,,([0, 1]) and the flow (1.7) may
take a coordinate outside [0,1] in finite time. To ensure that the gradient flow is always
inside M,,, we need to add a correction term that constrains the coordinates to remain
inside [0,1]. This is an important point and we carefully handle this in later chapters.
However, in the current discussion, we ignore this for the clarity of exposition.

Recall that in Example 2, we mentioned that the Euclidean gradient flows are often
modified by independent additive noise in each coordinate. This gave rise to a particle
system with mean-field interaction in (1.2). Following the same idea, let us consider a noisy
analogue of (1.7) given by

iAn(%])(t) = —Vi,jRn(An(t)) +

dt dB,(i,5)(t),  (4,5) € [n]*, (1.8)

Sl
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where > 0 is a constant and B, is an n X n symmetric matrix such that {B,(i,7) : i < j}

is a collection of i.i.d. Brownian motions.

We can interpret (1.8) as a random perturbation of the gradient flow of R, from an
optimization point of view. More generally, one can think of (1.8) as interacting particle
systems. Note that in this setting the particles are labeled by the coordinate (on and above
the diagonal) of the matrix (or the edge of the graph). Thus, there are n(n —1)/2 particles.
More importantly, the interaction between these particles is not mean-field. Therefore, the
classical theory of mean-field interacting particle systems does not directly apply in this

case.

Question 1.4.2. Observe that the evolution of a random coordinate of (1.8) depends on all
other coordinates is only via an invariant function of the full matriz A, and an independent
Brownian noise. However, it is not a function of the empirical measures of the coordinates.
It is natural to ask if this symmetry is enough to guarantee the propagation of chaos— in

some appropriate sense.

Assuming that there is a propagation of chaos, the evolution of a random coordinate
should be described by a McKean-Viasov SDE albeit the role of the measure (law of a
random coordinate) needs to be replaced by a graphon (an element of the space W} This
leads us to the following question: if there is a propagation of chaos, can we describe the
evolution of a randomly chosen coordinate of A, in the limit? Furthermore, analogous to

Ezample 2, can we describe the limiting dynamics of (1.8) as a deterministic flow on W

1.5 Setup and Our contribution

The bulk of this thesis is devoted to answering the above questions. In this section, we
provide a high-level answer to these questions and summarize our key contributions. We
begin with a brief set-up about the space of graphons, denoted W. This would be analogous
to the space of measure in the previous discussion. We refer the reader to [97] for a gentle

introduction to graphons and [150] for a textbook exposition.
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1.5.1 A very brief introduction to graphons

A kernel W : [0,1]? — [0, 1] is a symmetric measurable function, that is, W (x,y) = W (y, z).
Very roughly, a graphon is an equivalence class of kernels that we define precisely in Chap-
ter 2. When we wish to emphasize the whole equivalence of a kernel W, we will denote
it by [W]. For the current purpose, we will work with a representative of this equivalence
class and hence identify a kernel with its equivalence class when we mean a graphon. The
space of graphons W has a natural metric called cut-metric, denoted, dg. Equipped with
the cut-metric, the space of graphons becomes a compact space. However, this metric does
not have a good geometry. We, therefore, work with another stronger metric do that is
called invariant L? metric for reasons that will be clear in the next chapter. This situation
can be compared with optimal transport. The space of probability measures on a compact
set is compact under weak convergence. But for most geometrical considerations in optimal
transport, one works with 2-Wasserstein metric, Ws. Analogously, in our setup, we will
often consider curves on the space of graphons. Absolute continuity of the curves will be

always with respect to do metric while our convergences will be often in weaker metric dg.

To relate the space of graphons with our questions, we need to understand how a kernel
or a graphon is related to graphs. To understand this, let us first mention that a kernel W
gives rise to an infinite sequence of random graphs as follows. Let Uy, Us, ... be a collection
of i.i.d. Uniform [0, 1] random variables. For any n > 2, we define a graph on the vertex set
[n] as follows. Create an edge between ¢ and j with probability W (U;, U;) independently
(given Uy, ...,U,) for each pair of distinct vertices i # j. Denote this graph by G(n, W).
Note that the edges in G(n, W) have independent Bernoulli distribution given Uy, ..., U,
(but they are not identically distributed). If we take W(x,y) = p, then G(n,W) is the
same as Erdos-Rényi graph. This construction also hints at the aforementioned equivalence
relation that defines kernel. It is natural to identify two kernels W and W' if G(n, W) and
G(n, W’) have the same law for all n > 2. While this is true, this equivalence relation can

be expressed in a more analytically amenable way as we do in the next chapter.

Now we describe how a graph or a symmetric matrix with entries in [0, 1] can be identified

with a kernel or a graphon. Let A be a symmetric n X n matrix with entries in [0, 1]. We
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associate to A, a kernel W4 where Wa(z,y) = A([nz], [ny]). That is, we divide the [0, 1]?
into an n x n grid and Wy is a step function whose value on the (i,7) cell is the same as
A(i, 7). Naturally, given a graph G on n vertices, we associate to G a kernel W4 where A
is the adjacency matrix of G.

Note that matrices of different dimensions can correspond to the same kernel. For
instance, for each n > 2 let J,, be the n x n matrix such that J,(i,j) = 1 for all 4,j € [n].
Note that W;, = 1. This is analogous to the fact that if v, € R™ is the vector such that
vn(i) = 1 for all i € [n], then the empirical measure y,, = £ > | Oy, (i) corresponding to vy,
are the same. The graphon theory is best suited to understand the limit of the graphs and
matrices as n — oco.

In figure 1.1, we illustrate the correspondence of going from a graph to a kernel and
from a kernel to a matrix. In figure 1.1, we begin with a graph G which is an instance of
an Erdos-Rényi graph E(10,0.5). The graph G is shown in Figure 1.1a and we show the
adjacency matrix A of G next to it. Figure 1.1c shows the kernel W4, where the black pixels
denote the value 1 and the white pixels denote the value 0. Note that in drawing the kernel,
the cell at the bottom-left corner denotes the entry corresponding to A(1,1). The axis of
symmetry in the kernel is the line x = y. We draw 10 i.i.d. Unif[0, 1] samples Uy, ..., Ujp.
We create a graph G’ on the vertex set [n] where the edge {7, j} is present if W4 (U;,U;) = 1.
That is, G’ is a sample from G(n, W). This is plotted in Figure 1.1d and the corresponding
adjacency matrix and kernel are plotted in Figure 1.1e and 1.1f respectively.

Figure 1.1 also illustrates an important point worth remarking. Let G be a graph on n
vertices with the adjacency matrix A and let W4 be the kernel corresponding to A. The
graph on the vertex set [n]| described by G(n,W4) is a random graph and it need not be
isomorphic to G. However, for a given kernel W, the random graph G(n,W’) converges,
almost surely, to W in dg metric as n — oo. This is reminiscent of the fact that for a given
vector © = (x1,...,%,) € R™ with empirical measure i, = n"1> " | &,,, if we generate n
ii.d. samples, say y1,...,Yn, from p, then (yi,...,y,) need not be equal to a permutation
of . However, if p1 € P(R) is fixed and y;s are i.i.d. samples from g then u, ==n"13 " 4,
converges, almost surely, to u in weak sense.

The key takeaway of the above discussion is there is a compact space ()7\/\, 0m) such that
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all weighted graphs with edge-weights in [0, 1], and all symmetric matrices with entries in
[0,1] sit inside it. Naturally, a function on W therefore gives rise to a function on the
space M,,, the space of symmetric matrices (with entries in [0, 1]) for each n > 2. Given a
sequence of processes X, : [0,00) — M,,, one can naturally ask if it has a limit in 5 metric
as n — o0o. The processes that we are concerned with are often motivated by optimization
problems as explained earlier. In the following section, we relate this background to our

questions and we give a chapterwise outline of the rest of the thesis.

1.5.2 Owur contributions and an overview of the thesis

Recall that for our current discussion M, denotes the set of symmetric n X n matrices
with entries in [0,1]. As we already observed, a matrix A € M,, corresponds to a kernel
W and hence to a graphon. We will use W4 or K(A) to denote the kernel corresponding
to a matrix A. Also recall the function R, : M,, — R defined in Equation (1.6) that we

reproduce below
«

Ra(4) = 5 To[4%] = 5 3 A j)
0.

Let us define a function R on the space of kernels W as
R(W) = o W (xy1, xo)W (29, x3)W (23, 1) do; dxgdazs — « - W(z,y)dzdy . (1.9)
It is easily seen that for any A € M, we have R,(A) = R(Wj,). That is, we can
interpret the sequence of functions R,, as (the restriction of) a single function on a common
space W. One might think that we did not quite use the permutation invariance of R,.
To understand this, note that we have defined the function R on the space of kernels W.
But the space of graphons, 17\/\, is obtained by suitably quotienting the space W. A function
R:W — R descends to a function on W precisely if R is constant on the equivalence class
defining W. In that case, one can define a function on w (by abuse of notation we use the
same symbol R to denote a function on W now) R([W]) = R(W). This equivalence relation
is defined precisely in the next chapter, but it entails that the functions R,, on M,, can be
obtained as the restrictions of some function R on W precisely when R, are permutation

invariant.
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In Chapter 2, we discuss the space of graphons in more detail. In the later chapters, we
also need a generalization of graphons called measure-valued graphons. This is also discussed
in Chapter 2. Thus, this chapter serves as the background for the remainder of the thesis.
While the bulk of this chapter is standard and can be found in [150], it also includes some
novel results (taken from [167, 9]) about the space of graphons, space of measure-valued
graphons and its relationship with infinite exchangeable arrays. We feel that these results
will be of general interest to the community working with graphons. With this background,
in Chapter 3, we present a literature survey highlighting different directions of research.

Our main contributions are primarily presented in Chapter 4 to Chapter 7. Finally, in
Chapter 8, we provide a summary of the thesis. After giving a summary of the thesis, we
describe some possible applications of our current work and some questions and directions
that naturally emerge out of our work that need further work. We end this chapter with a
brief outline of our results in Chapter 4 to Chapter 7 below.

Chapter 4, broadly speaking, concerns the Question 1.4.1. Following and specializing the
theory for the gradient flows in metric spaces in [5], we show that the space of graphons w
equipped with the d5 metric admits a notion of gradient flow. More precisely, we introduce
a notion of differentiability that we call Fréchet-like differentiability for functions defined on
W. Under some mild convexity and Fréchet-like differentiability assumptions on a function
R, we show that R admits a unique gradient flow curve (more precisely, a curve of maximal
slope) starting at any prescribed point. This curve is absolutely continuous with respect to
0o metric. Furthermore, given a function R on W and a kernel Wy € W, we can describe a

curve

Wiz, y) = Wo — /0 D R(W.)(z,y) ds

where DyyR is the Fréchet-like derivative of R. Then, the curve t — W; is absolutely
continuous in L?([0, 1]?) and the this naturally descends to an absolutely continuous curve
()7\/\, d2). This curve defines the unique gradient flow of R on W.

Now consider the Euclidean gradient flow of R, on M, described by

S0 = —r Vi Ra(AD), )€l (1.10)
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Furthermore, the kernel valued curve corresponding ¢ — A,(t), that is t — K(A,) con-
verges, under appropriate assumption on the initial condition, to the gradient flow of R on
the space of graphons described above.

We should again emphasize that we need to modify the Dyy if W(x,y) € {0,1} in order
to ensure that Wi(z,y) € [0,1] for all time ¢ > 0. However, we ignore this detail in the
current discussion. Similarly, in (1.10) to ensure that A,(7,)(t) € [0,1] at all time, we need
to modify the drift term in a way so that whenever A, (i, 7)(t) € {0,1} the drift forces this
coordinate to lie in [0, 1].

This part of Chapter 4 is based on the paper Gradient Flows on Graphons: Existence,
Convergence, Continuity Equations[167] with Sewoong Oh, Soumik Pal and Raghav So-
mani. As an illustration of this theory, let us mention that for our example function R in

Equation 1.9, the gradient flow curve is given by

t
Wiz, y) = Wolz,y) — 3 / Wiz, 2)Wi(z,y) dz + at .
0

Gradient flow of R and Mantel Turdn theorem

In this section, we go over our example function R in (1.9) in explain the key outcomes
of the theory developed in Chapter 4 in the context of this example. We begin with a

celebrated theorem of Mantel [155] (a special case of Turdn’s theorem).

Theorem 1.5.1. The mazimum number of edges in an n-vertex triangle-free graph is n?/4

and it is achieved by a balanced, complete bipartite graph Ky, /3 /2

This suggests that if one maximizes the edge density subject to the condition that
triangle density is 0, then the maximizer should correspond to a complete bipartite graph.

Now observe that the minimizing function

with a small «, say a = 1/10, is akin to minimizing triangle density while also maximizing
the edge density as much as possible. In particular, if we run the gradient flow of R for a

sufficiently long time, we should expect a complete bipartite graph to emerge. In the view of
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Theorem 4.1.1 (where we show that the Euclidean gradient flow approximates the gradient

flow on W) it is enough to run a Euclidean gradient flow for sufficiently large n.

For numerical simulation, we set n = 128 and consider a time discretization with step size

7 = 1072 and use the forward Euler method starting from an initial kernel [Wén)] € Wn as

shown in Figure 1.2a. Figure 1.2 shows instances of the iterative process after 103, 1.5 x 103,

2.5 x 103, 5 x 10%> and 10* many steps. We see in Figure 1.2f that after 10* iteration, the
)

kernel Wl(g4 is close to the one corresponding to a complete bipartite graph as one would

expect from Mantel’s theorem.
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w [§ ) 10 w l(l)lil)>
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Figure 1.2: A gradient descent simulation of R

Such optimization problems often arise from extremal combinatorics and large deviations
of exponential random graphs. Understanding the structure of minimizers in such problems
is often challenging. While our current theory does not say anything about the structure
of minimizer(s), it provides a convenient computational tool with to obtain approximate

minimizers. This can be especially useful for producing counterexamples.
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Chapter 5 is based on the paper Stochastic optimization on matrices and a graphon
McKean-Viasov limit [102] with Zaid Harchaoui, Sewoong Oh, Soumik Pal and Raghav
Somani. In this part, we study the limit of the noisy version of the gradient flow described
n (1.2) that is,

iAn(i,j)(t) = —n’V;;Rn(An(t)) +

dt dBn(i,j)(t),  (i,4) € [n)?, (1.11)

2
VB
where 8 > 0 is a constant and B, is an n X n symmetric matrix such that {B,,(7,7) : i < j}
is a collection of i.i.d. Brownian motions.

Note that the drift in the above equation is slightly different from that in (1.8). To get
a non-trivial limit as n — oo, we need to scale the drift VR,, by n?. We now answer the
Question 1.4.2, that is, what happens to this process as n — oco? Consider the kernel valued
process t — K(A,(t)). We show that there is a deterministic curve of kernels t — W (t)
that is absolutely continuous with respect to the usual L? norm on L?([0,1]?) such that
for any fixed finite time 7' > 0 we have supycjo 71l| K (An)(t) — W(#)[l5 — 0, in probability,
as n — oo. This answers part of Question 1.4.2, namely, it shows that the matrix-valued
random process converges to a deterministic curve of kernels.

It is useful to recall the analogy with the mean-field interacting particle systems. We
think of (1.11) as describing the evolution of n(n — 1)/2 many particles. Here we think
of every entry of the matrix as a particle (but our matrix is assumed to be symmetric).
However, as we already pointed out, the system described by (1.11) is not mean-field. In
particular, the evolution of the system is not quite captured by the empirical measure of the
coordinates. The graphon or kernel corresponding to the matrix A, captures the state of
the evolution in this setting. The statement that ¢t — K(A,,)(t) converges to a deterministic
curve t — W(t) as n — oo is analogous to the fact that the empirical measure process of
mean-field particle system converges to a deterministic curve of measures as the ensemble
size grows to infinity. In a mean-field particle system, this phenomenon is accompanied by
the propagation of chaos.

Our current setting has a close parallel to this. To explain this, let us define an infinite
exchangeable array (IEA)see [124, Chapter 7]. An IEA X is a doubly-indexed sequence of

random variables (X ;) ( 2) defined on a single probability space whose joint distribution

i,5)eN(
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is invariant under finite permutations of its rows and columns. That is, if ¢ is any finite
permutation on N, then the joint distribution of (Xgl.’gj)(m)eN(Q) is the same as that of the
original array. For a definitive modern account of exchangeable arrays and their connections
with the limits of large graphs, the reader is referred to [74, 13, 14, 15].

We show that the coordinates of k x k submatrix of A,, chosen uniformly at random
from all submatrices of size k, become asymptotically independent as n — oo. This allows
us to show that A, converges to an IEA. This means that a randomly (uniformly at random)
chosen k x k submatrix of A, converges (weakly) to the principle k& x k submatrix of the
IEA as n — oo. This is essentially the propagation of chaos phenomenon. To further the
analogy with the mean-field particle system, we also show that the evolution of a randomly
chosen coordinate of A, as n — oo is described by an SDE analogous to McKean-Vlasov
SDE where the measure is replaced by a kernel. That is, in the limit, we obtain an SDE on
some probability space (€2, F,P) supporting i.i.d. Uniform|0, 1] random variables U,V and

a standard Brownian motion B such that on the set U = z,V =y, we have

AX,00(t) = Wo(2, 9) — Dw(R)(W(s))(z,y) + jBB@,

W(s)(u,v) =E[X(t) | U =u,V =1]. (1.12)

The well-posedness of such a system is part of our work. We refer to this coupled
system of SDE and kernel as graphon McKean-Vlasov SDE. Morally, the evolution of Xy
describes the evolution of a uniformly random coordinate of A,, in the limit as n — co. We
once again emphasize that in order to ensure that the coordinates of A, (t) are in [0,1] at
all times, we need to modify (1.11). This is done via coordinatewise Skorokhod reflection of
(1.11). This reflection makes the analysis more delicate and the process with and without
reflections are qualitatively different. We detail this point further in Chapter 5.

We now move to Chapter 6. Chapter 6 is based on the paper Path convergence of Markov
chains on large graphs with Siva Athreya, Soumik Pal, and Raghav Somani. While the cut
metric is very useful and naturally suited for studying the convergence of simple graphs it
is not well-suited for the convergence of weighted graphs. This weakness of cut-convergence
also manifests in the fact that a sequence of kernels W, converging to W in metric does

not necessarily imply the convergence of f[o 1t W2(z,y)dzdy to [ W?(x,y)dzdy. If one is
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interested in studying the dynamics of matrices under permutation-invariant interactions, it
is natural to search for a stronger mode of convergence. This is one issue that we address in
Chapter 6. More importantly, we construct a variant of the Metropolis chain on a suitable
space of graphs that approximates the gradient flow of R.

To understand this, suppose we are interested in minimizing R,, on the space of graphs
for very large n and suppose that we can solve or approximate the gradient flow curve
t — W, of R on the space of graphons. To obtain an approximate minimizer of R,,, one can
sample G(n, W (t)) for large t. Under appropriate assumptions, it follows that G(n, W(t))

is an approximate minimizer of R,,. This naturally suggests the following question.

Question 1.5.2. Let R be a nice function on the space of graphons. Can we construct a
Markov chain on Gy, the space of graphs on n vertices, that mimics the gradient flow of R

when n is large?

This is another question that we address in Chapter 6. In this chapter, We construct a
Metropolis-Hastings type chain on the stochastic block models. In other words, our state
space is a graph on nr vertices where the vertices are divided into n communities and each
community has r individuals. We show that as r,n — oo suitably, the paths of the Markov
chain are close (in cut-metric), with high probability, to the deterministic curve of kernels
described by the graphon McKean-Vlasov SDE described in (1.12).

In fact, in Chapter 6, we consider a general class of dynamics on the symmetric matrices
and establish its convergence to an IEA. However, this time, our convergence is in a much
stronger sense. In particular, the limiting objects are identified with kernels taking values in
the space of measures (and correspondingly measure-valued graphons). The measure-valued
graphons as tools to study the convergence of weighted graphs were introduced by [151]. We
introduce a metric on the space of measure-valued graphons analogous to the cut-metric on
graphons and further extend many results connecting IEA and graphons to measure-valued
graphon settings.

In Chapter 7, we consider a slightly different but related theme. We study the scaling
limit of the iterated product of matrices. Such problems arise in many different contexts

that we discuss in detail in Chapter 7. Philosophically, we can say that this chapter deals
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with an evolution of matrices where the updates are multiplicative and not additive. We
will explain this point shortly.
To state the problem, let us consider a triangular array of n x n (possibly random)

matrices <<A(n;?> ) and define the following iterated product of matrices

Pk = (L 22D (o 22A0)) (o B2 ATY) ke fml, (113)

where p, is a dimension-dependent scaling factor. We set P,gm)(O) = I,,. Our goal is to
establish the scaling limit for Pém) in equation (1.13) as m,n — oco. In the following, we
first explain the scaling limit as m — oo and then consider the limit as n — oo. The
role of p, becomes important only when we consider the limit as n — oo. Therefore, in
the following discussion, we fix u,, = 1. Such iterated products of matrices arise naturally
in many different contexts including random walks on groups, Oja’s algorithm, and Neural
networks. Chapter 7 is based on the paper Scaling Limits of Large Linear Residual Networks
with Zaid Harchaoui, Sewoong Oh, Soumik Pal and Raghav Somani. In Chapter 7, we do

(m )

not assume matrices A, k) to be symmetric. First, let us consider the scaling limit of P,gm ,

fixing the dimension n € N, as m — oo. As n is fixed, we will drop g, for simplicity in the

following discussion. Note that Pém) satisfies following difference equation

1

P (k +1) — P (k) = %Agff;)ﬂpgm)(k), ke [m—1]. (1.14)

Note that in (1.14), we see that Pém)(k + 1) is obtained by multiplying pre-multiplying

P,sm)(k‘) with I + %AESIL@) +1- This should be compared with gradient flow equation (1.8). If

we consider a time discretization of (1.8), we see that given a state A,(t), the next step
A, (t + 1) is obtained by adding —7V R(A,(t)) with A, (¢). In this sense, we can say that
the theme of Chapter 7 is to deal with the multiplicative dynamics of matrices.

We now return to the discussion of the scaling limit of P™. In the view of (1.14), it is

)

reasonable to expect that P,(Lm admits a scaling limit. That is, under appropriate conditions

(m)
n,|mt|

the curve P, ,, defined as P, ,(t) = Pﬁm)(LmtJ) for ¢t € [0, 1], converges to an absolutely

on the curve A, defined as A, (t) := lim;, 00 A for ¢ € [0,1], we should expect that

continuous curve, say P,, satisfying %Pn(t) = A,(t)P,(t) as m — oo. If A,(t) = A,

is a constant curve, then the solution to this differential equation is P, (t) = e¢*4». For a
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more general curve A,, one may guess the solution of the above differential equation to be
P,(t) = elo An(s)ds, However, this is incorrect — unless A, (s) and A, (s") commute for all
s, s €10,t].

Under very general conditions on the triangular array AE:Q, we show that qum) admits

a scaling limit, as m — oo while n is fixed. This limit is described by a non-commutative
exponential Texp[Y,] of a semimartingale Y,, where Y, is the scaling limit of Afﬁznt | as
m — oo. Next, we explore the suitable scaling limit of Texp[Y,,], as n — oo, where Y, is a

semimartingale of the form

Y, (t) = Mn/o An(s)ds+0,Bp(t) ,

where B, is an n X n matrix whose coordinates are i.i.d. Brownian motion. Note that
we do not assume any symmetry here. In Chapter 7 we study the two important cases
pn = 0n = n ' and p, = 02 = n~!. Somewhat surprisingly, we observe a propaga-
tion of chaos phenomenon in Texp[Y,] as well. To study this limit, we often assume that
t — K(A,(t)) converges to a curve of L? kernels t — W (t). As a consequence, we show
that, under the j, = 0, = n~! regime, n(Texp[Y,] — I,,) converges to an IEA whose coordi-
nates are conditionally independent Gaussian whose mean and variance can be completely
characterized in terms of the limiting curve ¢ — W (t). As a consequence, we also obtain the
convergence of the curve of kernels ¢ — K (Texp[Y,](t)) to a deterministic curve of kernels
that is described by a suitable non-commutative exponential of the curve ¢ — W (t) that we
define in Chapter 7.

In 1, = 02 = n~! regime the situation is more delicate. In this case the variance of a co-
ordinate of n(Texp[Y,,] — I,,) blows up as n — co. On the other hand, /n(Texp[Y,] — I,)
converges to an IEA where the coordinates become i.i.d. time changed Brownian mo-
tions. Note that this limit is independent of the curve ¢t — W(¢). In other words, this
limit is trivial- in the sense that it does not depend on the data ¢t — A, (t). We there-
fore consider a further centering and scaling of \/n(Texp[Y,] — I,), namely, we consider
vn(yv/n(Texp[Y,] — I,) — Gy) where G, is a square matrix whose coordinates are (almost)
ii.d. time changed of Brownian motion. We show that \/n(y/n(Texp[Y,] — I,,) — Gy) con-

verges to an IEA whose coordinates are Gaussian processes but coordinates of this TEA
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have a non-trivial correlation. We describe the mean and covariance of this limiting IEA
in terms of the curve t — W (t). This second case has important applications in the study
of residual neural networks. The mean of the limiting IEAs in the above two cases agree
and we interpret the mean in terms of quantum homomorphism density of some quantum

graphs that we describe in 7.
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Chapter 2

PRELIMINARIES

There are three central objects in this thesis: graphons, measure-valued graphons, and
infinite exchangeable arrays. In this chapter, we provide a gentle introduction to these
three topics and their interrelationship. We also state some preliminary results that are

used throughout the thesis.

We also provide a background on the theory of gradient flows in metric spaces in Sec-

tion 2.1.4 while keeping in mind the metric space of graphons.

In Section 2.2 and Section 2.3.1, we state and prove some novel results from [167] and [9].
These results are also used in the following chapters, but we believe these will be useful to

the general audience as well.

2.1 Background on graphons

In Section 2.1.1, we introduce the required metric on graphons and other properties re-
lated to graphons. The material in this section is mostly borrowed from [150, 118]. In
Section 2.1.4, we introduce the necessary terminology to talk about the gradient flow on a

metric space. The material in that section is adapted from [5].

2.1.1 Graphons and Metrics on Graphons

Recall that a kernel W: [0,1]2 — [~1,1] is a Borel measurable, symmetric function. On
the space of kernels, W C L?([0,1]?), we have the usual L? norm, || - ||,, that is, W3 =
f[o 12 W (z,)|* dz dy. We also define the cut norm, denoted || - |5, on W as follows.
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Definition 2.1.1 (Cut norm). The cut norm || - ||5: W — R4 is defined as

W, = sup W(x,y>dwdy]
s,rcio)l/sxr
= sup QW(x,y)f(ﬂv)g(y)d:vdy,
1 loosllgll oo <1|/[0,1]

for all W € W where S and T are Borel measurable subsets of [0,1], and f and g are Borel

measurable functions on [0,1], and || - ||, denotes the usual L> norm.

The cut norm was first introduced in [87] in the context of matrices and was later
extended to kernels in [39]. The cut norm is used to define a metric called the cut metric,
0o, on the space of graphons that we define now.

In the following, we use T to denote the set of all Lebesgue measure-preserving maps
¢: [0,1] — [0, 1], and Z to denote the set of all invertible Lebesgue measure-preserving maps
¢: [0,1] — [0,1]. Given a kernel W € W and a Lebesgue measure preserving map ¢ € T,
one can define W% € W as W¥(z,y) = W(p(x),¢(y)) for Lebesgue a.e. x,y € [0,1]. From
hereon in the text, we will always refer to Lebesgue measure preserving transformations,
and Lebesgue almost everywhere (a.e.) unless explicitly specified otherwise. The kernels
W1, Wy € W are said to be weakly isomorphic if there exists a kernel U € W and Lebesgue

measure preserving transforms @1, ¢2: [0,1] — [0, 1] such that W; = U¥:, for i € [2].

Definition 2.1.2 (Graphons and the space of graphons). The space of graphons W is
defined to be the set of equivalence classes in W/ where W1 = Wy if Wh and Wy are
weakly isomorphic. Naturally, the elements in W are called graphons. We will often make
an abuse of notation and use W to refer to a kernel as well as the graphons corresponding
to the equivalence class of W. When we wish to be precise about the distinction between a

kernel and a graphon, we will denote a graphon by [W].

The cut norm defined above induces a metric on the space of graphons called the cut
metric. We now define this metric but before that, we need some notations.

For any n € N, let Q,, = {Qn,}
Lebesgue measure, for example Q1 = [0,1/n] and Qy,; == ((i — 1)/n,i/n] for i € [n] \ {1}.

ie[n) Pe a partition of [0,1] into intervals of equal

For every permutation 7w € S,, we can define an invertible Lebesgue measure preserving map
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7: [0,1] — [0, 1] such that 7 is an increasing affine homeomorphism from @, ; to @, ~(;) for

each i € [n]. We denote the set of all such maps by the set Z,.

Definition 2.1.3 (Cut metric [39, Section 3.2]). The cut metric 0g: Wx W — Ry s
defined as

oo([Wol, [Wh]) = inf _|[W° — Wi |5
wo,1E€T

= inf||Wy — WP = li in||Wo — W7
inf||Wo — WY llg = lim min||Wo —WT||o,

for all [Wy], [W1] € W, where the latter two equalities are due to [39, Lemma 3.5].

Note that dg can be naturally extended to kernels, but it only defines a pseudometric
on W. In fact, og(W1, W) = 0 if and only if the kernels Wi, Wy are weakly isomorphic.
In other words, graphons can also be defined as the class of kernels identified up to zero
distance in the cut metric.

More generally, one can start with a norm on the space of kernel that is invariant, that
is, |[W/|| = ||W¥]|. Any such norm can used to induce a metric on the space of W. In this

spirit, we also define the so-called invariant L? metric on W that will be needed later.

Definition 2.1.4 (Invariant L? metric [37, 118]). The invariant L? metric dy: WxW — Ry
is defined as

O2([Wo], [Wh]) = inf |[W§™ — W[, = inf |[Wo — WY, (2.2)
P1,02€T peT

for all Wy, [W1] € W, where |- 1ly: L2([0, 1]2) — Ry is the usual L?-norm, and the second

equality is a consequence of [150, Theorem 8.13].

We denote the metrics induced by the cut norm and the L?-norm as dg and dy re-
spectively. The space (W, 0m) is a compact metric space [152], [150, Section 9.3] while the
metric space ()7\/\, 02) is complete and separable, but not compact. It is clear that conver-
gence in do implies the convergence in 0, that is, the topology generated by dg is weaker
than the topology generated by d2. The following Lemma says that the metric do is lower

semicontinuous with respect to dg.
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Lemma 2.1.5. [150, Lemma 14.16] The metric 02 is sequentially op-lower semicontinuous,
i.e., if sequences ([Un]),ens ([Val)pen C 17\/\, and [U],[V] € W such that ([Un])nen ‘o, (U]
and (V) en -2 [V], then

lim inf 85 ([Uy], [Vi]) > 62([U], [V]).

n—00

As we mentioned in the Introduction, the gradient flow on the space of graphons will be
with respect to the invariant L? metric, but the convergence statements will be with respect
to the topology generated by the cut metric.

Let us mention in passing that the invariant L? metric is closely related to the popular
Gromov-Wasserstein metric [158] used to compare two metric measure spaces or their sample
equivalents [72]. This can be seen by considering [0, 1] as a metric measure space where the
measure is the Lebesgue measure and, for a given bounded metric d, one defines a graphon
as W(z,y) = d(x,y) for z,y € [0,1]. Then the Gromov-Wasserstein distance (for p = 2)
between ([0, 1], X\j.17,d) and ([0, 1], X1}, d’), for two distances d and d’, is the same as
computing the invariant L? distance between the corresponding graphons. In this vein also
see the unpublished article [202] which constructs gradient flows on the space of metric

measure spaces in a spirit that is quite similar to ours.

2.1.2 Block Graphons, Matrices and Graphons

As we briefly explained in the Introduction, symmetric matrices or equivalently edge-
weighted graphs can be thought of as sitting inside the space of kernels and hence inside
the space of graphons. As we frequently make this identification, we recall this notion again
and explain it in more detail below.

For any n € N, define the set of kernels W,, C W which contain kernels that are constant
a.e. over sets in @, X Q. The set W, can be naturally identified with a convex subset of
the finite-dimensional vector space of symmetric n x n matrices. Since this identification

will be used often, we make it a definition.

Definition 2.1.6 (Kernels and finite symmetric matrices). For anyn € N, and a symmetric
matriz A € M, the kernel K(A) corresponds to the element in W,, which takes the constant

value Ajj on Qni X Qnj fori,j € [n]. The inverse map from W, to M,, is denoted by M,
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Kernels in W, can be thought of as adjacency matrices of vertex-labeled graphs with
edge weights. For a finite graph G = (V, E) with vertices labeled as [n] and associated
weights with every edge with weight w({s,j}) € [-1,1] for {i,j} € E, we can construct its
adjacency matrix A € M,, by defining

Aij = w({i, jH1{{i, 5} € B}, 4,5 € [n].

Thus, we can also map vertex-labeled graphs with weights associated with its edges to
kernels by considering K(A) € W,. Naturally, we can also define )7\/\” = W, /=. In other
words, we now identify a symmetric matrix or edge-weighted graph with a kernel.

On the other hand, we explained in the Introduction, that given a kernel W : [0,1]2 —
[0,1] we can construct a sequence of (simple) random graphons G(n, W) on the vertex set
[n] by making an edge between i and j with probability W (U;,U;) (independently given
{U; : i € N}). The adjacency matrix of such a graph is exchangeable. Furthermore, as we
hinted in the Introduction, the random graphs G(n, W;) and G(n, W;) have the same law
for each n > 2 if Wy and Wy are weakly isomorphic. Therefore, one can naturally define
G(n, [W]) for a graphon [W].

However, the above construction does not work for the kernels W € W that can take
values in [—1,1]. To address this issue we now explain how to sample a sequence of ex-
changeable matrices (or equivalently edge-weighted graphs) given a graphon [W] € W.

Starting with a graphon [W] € W, for any n € N we can sample a random graph G,,[W] of
size n as follows. Consider any representative element W € [W] and sample n i.i.d. elements
{U;}?_, uniformly at random from [0,1], and assign edge weight W (U;,U;) to edge {i,j}
for all (i,7) € [n](2). By an abuse of notation, we also denote the exchangeable symmetric
n x n weighted adjacency matrix of this random graph by G, [W]. The distinction will be

apparent from the context. In either case, G,,[W] is measurable with respect to o({U;};- ).
2.1.3 Homomorphism densities and cut-metric
Recall the function R on W defined as

R(W) = W (1, x2)W (22, z3)W (23, 21) day dee das — a/W(a:,y) dzdy,
[0,1)2
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where a > 0. We defined the function R in the Introduction. It is straightforward to
verify R(W) = R(W¥) for any Lebesgue measure-preserving transform ¢ : [0,1] — [0, 1].
In particular, R projects to a well-defined function on the space of graphons W. This is
a particular example of a rich and interesting class of functions on the space of graphons,
namely, homomorphism densities. These functions have been central in the development of
the theory of graphons.

Let F' be a finite simple graph on the vertex set [m] for some m € N. Let E(F') denote
the set of edges in F'. Let W € W be a kernel. We define the homomorphism density of F
into W, denoted by t(F, W), as

t(F,W):/ IT Wiz [] dax.
[0,1]™ k=1

{i.}eB(F)
It is easily verified that t(F, W) = t(F, W*¥) for any Lebesgue measure preserving trans-
form ¢ : [0,1] — [0, 1]. Therefore, ¢(F,-) defines a function on W.
Let G be a graph on the vertex set [n]. Let A be the adjacency matrix of G and let
W4 be the kernel corresponding to the adjacency matrix of G as explained in the previous

section. Let I’ be as above and assume that m < n. Notice that

t(F, Q) ::t(F,WA):im > I Awip).

T <pripm<n [i,j}€B(F)

Fix an m-tuple (p1,...,pm) € [n]™. Notice that the product []y; sepr) A(pirpj) =
1 if and only if there is an {p;,p;} € E(G) whenever {i,j} € E(F). In other words,
II (L.} B(F) A(pi,pj) is exactly the indicator function of the condition that the subgraph
of G induced by the vertices {pi,...,pm} is homomorphic to F. Thus, we can interpret
t(F,W,) as the probability that a random map from [m] into [n] is a homomorphism of
F into G. This justifies the name homomorphism density for ¢(F,-). While working with
graphs, it is sometimes useful to consider a modification of the homomorphism density
function, denoted by tiyj(F,-), which gives the probability that a random inejctive map

from [m] — [n] is a homomorphism of F' into G. In other words,

tinJ-(F,G):(i) 3 T Awop) .

m {pla--wp'm}E([:l]) {Z7]}€E(F)
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where ([;‘l]) denotes all subsets of [n] with cardinality m. For a fixed F, the two types of
homomorphism densities are asymptotically the same. That is, [t(F, A) — t(F, A)| < 1(7)
for any A € M,,. Therefore, in the limiting regime as n — oo, it does not matter which

definition one uses and we will use whichever will be convenient.

Homomorphism density functions not only provide a rich class of examples of invariant
functions, but they are also foundational to the theory of graphons. We refer the reader
to [150, Chapter 5] for more details. We end this section with two important properties of the
homomorphism density functions. Firstly, it is easily seen from the definition that if W7 and
Wy and weakly isomorphic then t(F, W1) = t(F, Ws) for any finite simple graph F'. It turns
out that the converse is also true [150, Section 10.7, 13.2]. In other words, Wy, Wy are weakly
isomorphic if and only if ¢(F, W7 ) = t(F, W3) for all finite simple graphs F'. Historically, the
graphons were first defined as the kernels identified up to the equivalence and it was later
shown to be equivalent to being weakly isomorphic. Secondly, let us say that a sequence of
graphons W,, (or more precisely [W,]) converges to some graphon W in the homomorphism
density sense if limy,,_ o t(F, W,,) = t(F, W) for every finite simple graph. One can use this
notion of convergence to define a topology on the space of graphons W. One of the most
important insights coming from the graphon theory is that the topology generated by the
convergence in the homomorphism density on W is the same as the topology generated by
the cut metric. More succinctly lim,, o o(W,, W) = 0 if and only if lim, o t(F, W,,) =
t(F, W) for every finite simple graph F' (see [150, Theorem 11.5]). This equivalence is often

useful in practice.

Eztensions to LP kernels for p € [1, 0]

Sometimes in our text, we will consider kernels and matrices whose entries are not necessar-
ily in [—1, 1], but are rather elements in L* ([0, 1]2) or L*>([0, 1]2). For any n € N, just like we
defined W,, we can restrict our attention to the subset of functions L%, ([0, 1]2) c L»(]o, 1]2)
for every p € [1, 0] which contain symmetric measurable functions on [0, 1]? that are con-

stant over @, X @,. Using the equivalence relation =, just like we defined W and Wn,

we can similarly define L?([0,1]?) = L?([0,1)%) /2 and L% ([0,1]%) = L4 ([0,1]*) /= for any
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p € [1,00]. When it is clear from the context, we will also call the elements in L graphons.
For simplicity, we use K and M,, for n € N from Definition 2.1.6 even when the kernels are
in LP ([0, 1]2) for p € [1, o0].

Unless otherwise explicitly stated (as we do in Chapter 7), the kernels and matrices
that we work with are symmetric. To emphasize that W : [0,1]? — [~1,1] is a symmetric
function, we often use the notation W : [0,1]®® — [=1,1]. In other words, we use the
notation [0, 1)® to denote the set {(z,y) € [0,1])? : z < y}. Note that symmetric measurable
functions on [0,1]% are in one-to-one correspondence with functions on [0,1]®). This is

primarily for a notational convenience.

2.1.4 Gradient Flows on metric spaces

The theory of gradient flow on a general metric space is well-developed by now and can
be found in [5]. Since our goal is to define gradient flows on (V/\Z d2), the definitions below
are sometimes not the most general versions as given in [5] but adapted to our particular

setting.

Definition 2.1.7 (Absolutely continuous curves). For a metric space (X,d), and any time
horizon T' € Ry, a curve w = (Wt)te[o,T] in X 1is absolutely continuous with respect to the

metric d if there exists m € L*([0,T]) such that for all0 <r <s<T

d(wy,ws) < /s m(t) dt. (2.3)

The set of all absolutely continuous curves will be denoted as AC(X,d).

Definition 2.1.8 (Metric derivative). For a metric space (X,d), and any T € Ry, the

metric derivative |w'|(t) of a curve w = (We)eor in X att € (0,T) is defined as

!w"(t) = lim st’wt)

2.4
s—t ‘S—t‘ ’ ( )

provided this limit exists.

If w € AC(X,d), then the limit in equation (2.4) exists for a.e. ¢t € (0,7) and

lw'| € LY([0,T]) [5, Theorem 1.1.2]. In other words, every absolutely continuous curve
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in a metric space has a metric derivative defined almost everywhere. And conversely, if the
metric derivative |w’|(t) exists for a.e. t € (0,7) and |w'| € L1([0,T]), then w is absolutely
continuous.

We now need to define some notion for the derivative of a function F': X — RU{oc}. In
a metric space, the usual notion of derivative can not be defined. However, the following [5,

Definition 1.2.4] acts as a substitute in many situations of interest.

Definition 2.1.9 (Local slope). The local slope |[0F|(v) of F: X — RU{+o0} on a metric
space (X,d), at v € eff-Dom(F') is defined as

. )
OF|(v) = limsup
9F|() weX, d(v,w)—0 d(v, w)

(2.5)

The definition below is narrower than the one in [5, Definition 1.3.2] since we restrict

our choice of upper gradient in that definition to the local slope [5, Theorem 1.2.5].

Definition 2.1.10 (Curves of maximal slope). On a metric space (X,d), any locally ab-
solutely continuous curve w = (wt)te[O,T] in X on a finite time horizon T > 0 is a curve
of maximal slope for the function F': X — R U {400} with respect to its local slope, if

Fow =G a.e. for some non-increasing map G on (0,T), and
/ L2 1 2
G'(t) < —§‘w | (t) — §|8F| (wy), a.e. te€(0,7T). (2.6)

On a general metric space, a curve of maximal slope can be referred to as a gradient

flow although the concept of gradient itself is absent. See [5, Section 1.3] for the intuition.

Definition 2.1.11 (Length). Given the metric space (X,d), and a curve w = (w¢),cpo 7] in
X, the length of w is defined as

n—1

l(w) = sup{z d(wey, Wiy )

k=0

neN,O_t0<t1<---<tn_T}.

It is clear from Definition 2.1.11 that for any absolutely continuous curve w = (wt)te[()’T]
in X and z,y € X such that wy = z, wyr = y, we have {(w) > d(z,y). Given z,y € X it
is natural to ask if there is an absolutely continuous curve w from x to y that achieves the

length ¢(w) = d(z,y). Such a curve is called a geodesic between x and y. If there exists a
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geodesic w between any two points z,y € X, we say that (X, d) is a geodesic metric space.
In a geodesic metric space, notions like convexity and semiconvexity make sense. We make

those precise in the following definitions.

Definition 2.1.12 (Geodesic metric space). A metric space (X,d) is called a geodesic

metric space if for all z,y € X
d(e,y) = min{0(w) |w € AC(X, d),wo = 2,01 = y} -

Definition 2.1.13 (Constant speed geodesics). On a metric space (X,d), a curve w =

(Wt)te[o,l] in X is a constant speed geodesic if for all 0 <r < s <1,
d(wy,ws) = d(w, w1)(s — 7). (2.7)

Note that if a curve w satisfies equation (2.7), then w is Lipschitz and hence absolutely
continuous. It is easy to see that such a curve w is indeed a geodesic and the metric derivative

|w'|(t) = d(wp,w1) for a.e. t € [0,1]. This justifies the name ‘constant speed geodesic’

Remark 2.1.14. It is also worth pointing out that not only every geodesic but every ab-
solutely continuous curve can be reparametrized so that it becomes Lipschitz [192, Box 5.1]

under the new parametrization.

We now make precise the notion of convexity in metric spaces. On a metric space, we first
define convexity (and semiconvexity) along curves. If a function is convex (or semiconvex)

along every constant speed geodesic, then we call it convex with respect to the metric.

Definition 2.1.15 (A-semiconvexity along curves w.r.t. a metric). On a metric space
(X,d), a function F': X — RU{oo} is said to be A\-semiconvex with respect to the metric d

along a curve w = (wt)te[o,l] in X for some \ € R, if
1
F(w) < (1 —1t)F(wp) + tF(wy) — iAt(l — t)d?(wo, w1), (2.8)

for allt € [0,1]. Particularly, if the above inequality holds for A =0, then we say that F is

convex with respect to the metric d along the curve w.
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Definition 2.1.16 (\-geodesic semiconvexity w.r.t. a metric). On a metric space (X,d),
a function F: X — RU {oco} is A-geodesically semiconvex with respect to the metric d, if
for any vo,v1 € eff-Dom(F) there exists a constant speed geodesic w = (wi)epo g on (X, d)
(Definition 2.1.13) with wy = vy and w1 = vy such that F' is A-semiconver on w with respect

to the metric d for some A € R (Definition 2.1.15).
2.2 Some Preliminary results on the space of graphons

In this section, we prove some results that are used in the construction of gradient flows
on the space of graphons, but are also of independent interest. The two key results in this
section are Lemma 2.2.1 and Proposition 2.2.5. If (Wi),c(o1 € AC(W,d2). It is easily
seen that (wi = [Wi]),e01) € AC(W, d2). Lemma 2.2.1 shows that the converse is also
true. Proposition 2.2.5 states that ()//\77 Jd2) is a geodesic metric space. All the results in this

Section are taken from [167].

Lemma 2.2.1. Let w = (wi)iepoq] € AC(W, d2). Then there exists W = (Wi)yep01) €
AC(W, dy) such that w, = [Wy], and da(wy, ws) = [|[Wy — W]y for all s,t € [0,1].

The proof of Lemma 2.2.1 requires a strengthening of [150, Theorem 8.13], [117, Theorem
6.16] that we state and prove below. Before we begin the proof, we define some notations.
Let (2, F, i) be a probability space over some Polish space € equipped with the usual Borel
sigma algebra F. For a kernel W on ©, that is, W : 2 x Q2 — R we define the norm [ - [l o ,

as
Wi = [ W) Putda)n(ay)

Also, Let W € W be a kernel. Let o: (Q,F, ) — ([0,1], B([0,1]), Ap,1)) be a measure
preserving map (i.e., u(¢ 1 (B)) = Ajp,1)(B) for all Borel sets B C [0,1]). We can define W

as a kernel on Q) as
W9 (w1, we) == W(p(wr), p(we)), for p-a.e. wi,wy € Q. (2.9)

Let 7, p: [0,1]? — [0,1] be the usual coordinate projection maps, that is, 7: (x,y) — z

and p: (z,y) — y. Using equation (2.9), we can define W™ and W” as kernels on 2 = [0, 1]?
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for every kernel W € W. For example,

WT((x1,91), (2,92)) = W(x1,22), (z1,91), (x2,92) € [0,1]%.

It is easy to see that W™ is symmetric on [0, 1]? x [0, 1]2.
In the following discussion, we always equip [0, 1] with the Borel sigma-algebra and the

Lebesgue measure, often without explicitly mentioning.

Lemma 2.2.2. Let wy,...,wy € W. Then there exist Wi,...,Wy €W such that [W;] = w;

and ||W; — Witi|ly = 02(wi, wiy1) for every i € [n —1].

Proof. Let U; € w; for ¢ € [n]. From [150, Theorem 8.13] there exist probability measures

i on [0,1]? for i € [n — 1] such that each y; is a coupling of Lebesgue measures satisfying
Salwnnwisn) = [|lUF = Uil oo - (2.10)

Let m;: [0,1]™ — [0, 1] be the usual projection map on the i-th coordinate. By the gluing
lemma [212, Lemma 7.6], there exists a measure fi on [0,1]" such that (m;, Ti11)st = ;.

Therefore we have

HUZT - Uip+1H2,[071]2,M = HUZTZ - U;flrl (2.11)

Iz, 0,117,
Let n: [0,1] — ([0,1]™, &) be a measure preserving bijection and let ¢; := m; on. Then
@;: [0,1] — [0, 1] is measure preserving and therefore we obtain

oz - Ui
K3

i+1 HQ,[O,l]n,ﬁ = HUz‘% - U

it+1 HQ,[O,l] : (2.12)

Combining equations (2.10), (2.11) and (2.12), and taking W; = U/* for all i € [n], yields

do(wi, wit1) = ||W; — Witi|ly. This completes the proof. O

Proof of Lemma 2.2.1. Following Remark 2.1.14, assume (possibly after a reparametriza-
tion) that the curve w is Lipschitz with Lipschitz constant L > 0. Let n € N. From
Lemma 2.2.2, there exists W;,, € W such that [W;,] = w;/, for all i € {0} U [n], and

[Win — Witinlly = 62(Wi/ns W(it1)/n),
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for all i € [n — 1]. For each n € N, let us define the curve W) = (Wt(n))te[() ) a8

W™ = (1= nt + 1) Wi + (nt — ) Wiy 10,

when t € [i/n, (i+1)/n] for some i € [n — 1]. Note that W is also Lipschitz with constant
L and therefore the family {W (™}, oy is equicontinuous w.r.t. ds.

Since W C Lz([()7 1](2)) is bounded in Lz([()7 1](2)), it is weak-x precompact [192, Box
1.2]. Since {W(”)}neN is equicontinuous w.r.t. ds, it will also be equicontinuous w.r.t.
the weak-x topology. It follows from Ascoli’s theorem [160, Theorem 47.1] (possibly after

passing to a subsequence and relabeling) that (W(”)) converges uniformly in weak-* to

neN
some curve (Wi)yepo ) € L2([0,1]®). It is easy to see that W; is symmetric and [W;| < 1
a.e. on [0,1]® and hence W; € W for every t € [0, 1].

To conclude our proof, we show that (W), is Lipschitz in [[-[|, and that
do([Wi],wy) = 0 for all t € [0,1] N Q (therefore [W;] = w; for rational t). Since w is
also Lipschitz, it follows that w; = [W;] for all ¢ € [0, 1].

To see that (W), 1) is Lipschitz, observe that for any s,¢ € [0,1],
(W = Wi Wi =W, ) — W = W1,
Using Cauchy—Schwarz inequality, we obtain

Wy — W], < ligngWW — W

< L|t — s|.
2

We now show that do([Wy],wy) = 0 for all ¢t € [0,1] N Q. To this end, fix at € [0,1]NQ
and let t = p/q for some p,q € N. To see this, note that it follows from the proof of [150,
Lemma 14.16] that 6o([W],w:) < liminfy, o0 02([Whpngl,wt) = 0. Note that the hypothesis
in [150, Lemma 14.16] states that [W,p nq] — [Wy] in cut-sense, but the proof only requires

Whpng — Wy in weak-* sense. L]

Corollary 2.2.3. If w € AC(W,8,), then |/|(t) = W/, for a.e. t € (0,1), where
(Wi)iepo1) € ACOW, dp) is obtained as in Lemma 2.2.1.

Proof. Let w and (W;),c(0,1] be as above. Recall that (W;),cjo,1) is an absolutely continuous
curve in (W, dy). Since every absolutely continuous curve in a Hilbert space is differen-

tiable a.e. (Radon-Nikodym property) [111, page 30, Theorem 5], there exists a family
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W} e L*([o, 1](2)), for a.e. t € [0,1], such that Wy — Wy = fg W!ds holds pointwise
a.e. on [0,1]®). Tt follows from Lebesgue differentiation theorem [112, Theorem 6.32] that
|t - wy

Thus, it follows that [w'[(t) = lim,_; 222 = [/, for a.e. ¢ € (0,1). O

, 0 as s = t. We know from Lemma 2.2.1 that da(ws, ws) = ||[We — Wi,

Lemma 2.2.4. The invariant L? metric between two graphons [U],[V] € W satisfies
S ([U],[V]) :min/ |Wr|,dt (2.13)

for any 0 < r < s < 1, where the minimum is taken over (Wy)cps € ACONV,dz) with
domain [r, s] such that W, € [U] and Wy € [V].

Proof. Let (W) C AC(W, d2) be such that W, € [U] and W, € [V]. Applying Jensen’s

telr,s] =

inequality, we obtain

[ il at > |

Following Definition 2.1.4, there exists 1, @2 € T such that

[ wiad| = 1w, > (01w (214)

a2([U], V1) = (U = V22, (2.15)

€ ACW,dy) as W, == U%', W, == V¥2 and
Wi = ((s —t)Wy+ (t —r)Ws)/(s —r) for t € (r,s). Since for any r < a < b <s,

Therefore, we can define an curve (Wy),¢p,.

Wy — W, Ue — e
= W, = Wl 102V,

-(b— 2.1
. e o, @)
therefore (Wi)ep, o € ACOW,d2) and W[ = (U?* —V¥2)/(s —r) exists for all t € (r,s).

With this choice of (W), g € AC(W, dy), from equation (2.15) we get

telr,s
[ Wiyt =09 = vesl, = s, (v (217)
Combining equation (2.14) and equation (2.17) completes the proof. O

As a consequence of the above discussion, we obtain that (17\/\, d2) is a geodesic space.

To the best of our knowledge, it has not been recorded in the earlier literature.

Proposition 2.2.5. The space ()7\/\, 02) is a geodesic metric space.
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Proof. Recall that (see the remark after the Definition 2.1.11) for any w = (wt);cp01) €
AC(W, d2) such that wy = [U], and wy = [V], we have

E(w) Z 52((,00,0)1) = (52([[]], [V]) (2.18)

—~

Given [U],[V] € W, it suffices to construct a curve w* = (wj),cp01) € AC(W, d2) such
that wy = [U], wi = [V], and ¢(w*) < §([U],[V]). Without any loss of generality, we
can choose U,V € W such that 62([U],[V]) = ||[U — V||2. Define w* as w; := [W;] where
Wy = (1—-t)U +tV for all t € [0,1]. The curve w* € AC(W, d2) since

Sa([Wsl, (Wa]) < W = Wi, = [[U = Viy - (s = 1), (2.19)

for all 0 < r < s < 1. Now observe that

n—1

lw*) = sup{ 52([Wtk]7 [Wtkﬂ])

neN,O—t0<t1-~<tn—1}

k=0
n—1
< sup{ZHU —Vy(ter1 —tr)dt [n €N 0=ty <ty--- < t, = 1}
k=0
= [|U = Vlly = da(wp, wi)- (2.20)
This completes the proof. O

Since ()7\/\, 09) is a geodesic metric space, the usual notions of geodesic convexity and
semiconvexity make sense in (W, d2). We the subsequent sections we will need a notion of

generalized geodesics (defined below) and show that generalized geodesics exist.

Definition 2.2.6 (Generalized geodesics on (W,d3)). Let [Wo],[Wi] € W. For every
W] e W, one can construct an absolutely continuous curve ¥ (depending on [W]) as

follows. From Lemma 2.2.2, we obtain ¢, po, 1 € T such that
So([W], Wo]) = [W? = Willy,  and 6a([W], [Wh]) = [[W¥ — W, (2.21)

Define the curve ¥ := ([Wi));ep0,1): where Wy := (1 =)W +tWY" for every t € [0,1]. This
curve U is called a generalized geodesic (with base [W]) between the graphons [Wy| and
[W1] with respect to d2. Often, when the base is clear from the context, we simply refer to
it as a generalized geodesic. From the construction, we can see that any geodesic between

[Wo), [Wh] € W is also a generalized geodesic (with suitably chosen base) between them.
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Next, we show that there exists a generalized geodesic ¥ between two graphons such
that the function 63([W], -) is convex along ¥ for every [W] € W. This is used in the proof
of Theorem 4.1.1.

Lemma 2.2.7. If [W], [Wy], [Wi] € W, then there exists 9 = ()iepo) € AC(W, d2) such
that 9o = [Wo], Y1 = [W1], and 63([W], -)/2 is 1-semiconvex over 9 w.r.t. Js.

Proof. From Lemma 2.2.2 we obtain ¢, @9, o1 € T such that
Oa([W], [Wol) = [W? = Wi, and  62([W], [W]) = [W¥ — W], (2.22)
Defining W; := (1 — )W + tW{" and ¢, == [W;] for ¢ € [0,1], we get that that

S2(W], [We)) < [W# — (1 — )W — twe' |3
= (1= )|We = WE2+ W — W2 — t(1 - t)||Wg° — W2
— (1 — )33 (W], [Wo)) + t52([W], [Wa]) — t(1 — t)[[Wo — W |2

< (1= 6)a3 (W], [Wal) + ta3([W], [Wh]) — t(1 — )35 ([Wal, [Wh)).
Therefore, 63([W], -)/2 is 1-semiconvex along ¥ w.r.t. . O

2.3 Space of Measure-valued graphons

We now introduce another protagonist of our story, namely, the measure-valued graphons.
As the name suggests these are kernels (identified up to some equivalence relation) that

take values in the space of measures instead of [—1,1].

Definition 2.3.1 (Measure-valued kernel). A measure-valued kernel is a measurable func-
tion W: [0,1]®) — P([—1,1]) such that W (z,y) = W (y, z) for a.e. (z,y) € [0,1]). Here
P([—1,1]) is the space of probability measures on the interval [—1, 1] equipped with the Borel
sigma-algebra generated by the topology of weak convergence. We will denote the set of all

measure-valued kernels by 20.

We will define the space of measure-valued graphons (MVGs), 2 as a suitable quotient
of 2. This comes equipped with a notion of convergence introduced in [153, 140]. We call

this convergence the usual convergence. In Section 2.4, we introduce two novel metrics on
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W analogous to the cut metric on the space of graphons. In Theorem 2.4.7 we show that
these metrics induce the same topology on the measure-valued graphons and agree with the
usual convergence.

In Section 2.5, we establish the correspondence between the distributions of IEAs and
probability distributions on W (see Theorem 2.5.3). We further use this connection to make

precise the notion of convergence of symmetric exchangeable matrices to IEAs.

2.3.1 Definitions and notations

As mentioned already, the convergence of the homomorphism density functions ¢(F, - ) can
be used to define a notion of convergence for weighted graphs as well. However, a better
approach to the convergence of weighted graphs is given by the convergence of decorated
homomorphism density functions that we describe below (see [153]). In the following, we
will use I to denote the compact interval [—1,1] and C = C(I), to denote the space of

continuous functions on I.

Definition 2.3.2 (Decorated graph [153, Section 2.1]). Let m > 1 and D C C. Let
F = ([m],E) be a simple graph. The pair (F,f) is called a D-decorated graph where
f: E(F) — D is a function from the edges E(F) of F to D. We will refer to F as the
skeleton and f as the decoration of the decorated graph (F, f). If there is no confusion,

the decoration of a graph will be implicitly assumed without mention and we will denote

f{i,5}) by Fij for {i, j} € E(F).

Throughout this chapter, a decorated graph will mean a C-decorated graph unless stated
otherwise. Let W € 20 be a measure-valued kernel (See Definition 2.3.1) and F a decorated
graph. Following [153, Section 2.5] one can define the (decorated) homomorphism density
ta(F,W) of Fin W as

tEw) = [

O™\ () kyeB(F)

All}ij(C)W(a:j,xk)(dC) JJ R (2.23)
-5 =1

Definition 2.3.3 (Measure-valued graphon [153, Definition 2.4]). Define an equivalence
relation ~ on W such that W ~ U if tq(F, W) = tq(F,U) for every decorated graph F. Let



43

W = 0/~ be equipped with the weakest topology that makes W +— tq(F, W) continuous
for every decorated graph F. We will call W (equipped with this topology), the space of
measure-valued graphons. A measure-valued graphon (MVG) is an element in 2. Naturally,
W, — W in W if ta(F,Wy) — tq(F,W) for every C-decorated graph F. We refer to this
topology as the usual topology on MVG throughout this chapter.

Analogous to the space of kernels W, one defines an equivalence relation = on 20 such
that Wy = Wy if there exist measure preserving transformations ¢, p2: [0,1] — [0,1] and
W € 20 such that W; = W%, and Wy = W¥2. It follows from [139, Theorem 11(ii)] that
Wi = Wy if and only if tq(F, W1) = tq(F, Wa) for every decorated graph F. In particular,
the space of MVGs can be equivalently defined as W = 20/~. Wherever it is clear from
the context, for any measure-valued kernel W € 20, we will use an abuse of notation and
use the same symbol W to denote the equivalence class, or the measure-valued graphon,

corresponding to the measure-valued kernel.

Definition 2.3.4 (Natural projection from W to )7\)\) Given a measure-valued kernel W €

3, we can define a corresponding kernel w € W defined as w(z,y) = / ¢ W(z,y)(dQ)
[_1’1}

for a.e. (z,y) € [0,1]®. This naturally defines a projection from W to W. We will often
refer to this projection as natural projection and denote w = E[W]. This map from (@, Am)

to ()7\/\, 0m) is 1-Lipschitz as seen from Definition 2.4.5.

2.3.2 Embedding matrices and graphons into MVG

Recall that a weighted graph or (equivalently a symmetric matrix) can be identified with a
kernel (and hence a graphon). Similarly, a weighted graph or a graphon can be identified
with a measure-valued kernel (and hence a measure-valued graphon). Let M be an n x n
symmetric matrix with entries in I = [—1,1]. Let M,, denote the set of all such matrices.
Let F be a C-decorated graph on [m] vertices. One can define the homomorphism density

of Fin M, denoted tq(F, W), as

ta(F, M) = nim Z H Fy 1 (Mi; i) (2.24)

11 5eesbm {],k}EE(F)
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where the summation runs over all indices i1, 42, . .., i, taking values in [n]. We make some
simple observations. Observe that tq(F, M) = tq(F, M) where o is any permutation of [n]
and M7, = My 0(j) for all (i,j) € [n]®). Also, note that one can naturally associate a
measure-valued kernel, say Wy, € 20, with a symmetric matrix M € M, as follows. For
n €N, let Q, = {Q”vi}ie[n] be a partition of the interval [0,1] into contiguous intervals
of equal length as defined ealier. Set Wy (z,y) = dar,; whenever (z,y) € Qni X Qn ; for
some (i,7) € [n]?). For any decorated graph F we have tq(F, Wy;) = tq(F, M). Therefore,
when there is no scope for ambiguity we make no distinction between a symmetric matrix
M and the corresponding MVG Wj,. Similarly, if w € W is a graphon, we can define
a corresponding MVG, say W by setting W(z,y) = dy(zy) for ae. (z,y) € [0, 1]® and
the notion of homomorphism density extends naturally. We denote this map taking a

matrix/graphon to the corresponding MVG by K.

Let (M, € M), cn be a sequence of matrices with growing dimension and let W € 2.
We say that (My),cy — W as n — oo if tq(F, M) — tq(F,W) as n — oo for every
decorated graph F. In particular, we will often say (M), .y — W as n — oo where
(Mp),,cn is a sequence of matrices, or (wy,),,cy — W as n — oo where (wy,),,cy is a sequence
of graphons and W is an MVG. It is to be understood that this convergence is with respect
to decorated graphs, or equivalently these statements mean that MVG corresponding to
M,, (or wy) converge to W in 2 as n — oo. For an n x n finite exchangeable random
matrix X, we can define a measure valued kernel Wx as Wx(z,y) = Law(X; ;) whenever
(,y) € Qn,i X Qn,j for some (i,7) € [n]®®). We will denote this map by K, i.e., K(X) = Wy.
Note that the measure-valued kernel cannot recover the joint distribution among the entries

of X unless they are mutually independent.

Remark 2.3.5. Since the map W +— w = E[W] is Lipschitz (see Definition 2.5.4). It
follows that if (My,)nen is a sequence of matrices such that (My), .y — W as n — oo for

some W € 20 in the MVG sense, then (M), ey — w as n — 0o in cut-metric as well.
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2.3.3 Sampling matrices and graphs from MVGs

We now describe a sampling procedure to generate weighted graphs from an MVG. Let
n € N and W € 20. For every n € N, define G(n, W) to be a random (weighted) graph on
[n] with edge-weights G(n, W)(4,j) ~ W (U;,U;) and are conditionally independent given
(U;, Uj) for every (i, j) € [n]®). Note that the adjacency matrix of G(n, W) is a random n xn
symmetric matrix with entries in I = [—1, 1] and we will not make any distinction between
the adjacency matrix and the graph. Lemma 2.3.6 shows that almost surely G(n, W) — W

as n — oo (see Subsection 2.3.2).

Lemma 2.3.6. Let W € 2 and let G(n, W) be defined for every n € N as above. Then,
P-almost surely, G(n,W) — W as n — oo. That is, P-almost surely, for every decorated
graph F',

ta(F,G(n,W)) = tq(F,W), as n — oo.

The proof of Lemma 2.3.6 follows essentially the same idea as the proof of [140, Theorem
3.8]. An immediate consequence of Lemma 2.3.6 is that every MVG can be obtained as the
limit of finite weighted graphs. MVGs were introduced as the limits of finite weighted
in [153, Section 2.5].

Proof of Lemma 2.5.6. Let (F, f) be a decorated graph and let G(n, W) be as defined in
Lemma 2.3.6. Recall that tq(F, G(n,W)) = nik D v H{j’l}eE(F) f351(Gi; 4,), where (o8 are
independent and distributed as W (U,, U,) for all (u,v). In particular, E[tq(F,G(n,W))] =
tqy(F, W) for each n € N. It suffices to show that tq(F,G(n,W)) concentrates around its
mean for all decorated graphs (F, f). To this end, fix a decorated graph (F, f) and set
dp(F) = [tq(F,G(n,W)) — E[tq(F,G(n, W))]|. Using a 4-th moment bound, following the
same argument as in [150, Equation 11.5], we obtain P{d,(F) > €} < % Using Borel-
Cantelli Lemma we conclude that tq(F,G(n, W)) — tq(F, W) almost surely. To conclude
the proof, we observe that the set of all finite simple graphs is countable and C = C[—1, 1]
is a separable space. We, therefore, can find a countable dense subset of decorated graphs
for which almost sure convergence of homomorphism densities holds. The proof is complete

using a standard approximation argument similar to [140, Theorem 3.4]. O
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We now describe a similar procedure to generate a measure-valued random matrix from
an MVG. Let (U;),;cy be an ii.d. sequence of Uniform[0, 1] random variables defined on a
common probability space, say (2, F,P). Let W € 20. For any n € N we define the sampled
n-MVG, denoted p(n, W), as

wln, Wi, j) = WU, Uy), (i) € [n]?. (2.25)

Note that we can identify p(n, W) with a random MVG. In the next lemma, we show that

the random MVG p(n, W) converges to W as n — oo, P-almost surely.

Lemma 2.3.7. Let W € 2. Forn € N, let w(n, W) be defined as in (2.25). Then

wn, W) — W in W as n — oo, P-almost surely.

Lemma 2.3.7 follows directly from [140, Theorem 3.8] by taking B = C[-1,1] and
Z = M([—1,1]) the space of finite Radon measures on [—1, 1]. We, therefore, skip the proof
of Lemma 2.3.7.

2.4 Topology and metrics on measure-valued graphons

In this section, we introduce an alternate notion of convergence for MVGs and two metrics
on 20. We then show that this new notion of convergence and the metrics introduced in

this section give the same topology on 2 as defined in Definition 2.3.3.

Definition 2.4.1 (Homomorphism density). Let F' be a finite simple connected graph and
let W € 23. The homomorphism density of F' into W, denoted t(F,W), is a probability

measure on Ip = [—1, I]E(F) is defined as a mixture of probability measures as
HE, W) = / ®  Wz) [[ daw. (2.26)
[0,1]V(F) {ij}€E(F) eV (F)

The measure in (2.26) is to be interpreted as the unique measure on I such that for

any bounded measurable function ¢: I'r — R, we have

| etour o - /[0 e (/ KGR Wiaa)d0)) ]

dap.  (2.27)
keV (F)
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Let {U;}icv(ry be a collection of i.i.d. Uniform[0, 1] random variables, then

[ e -e|(e s ww.op)), (2.25)
where (-, -) is the usual duality between continuous functions on Ir and probability mea-
sures on Ir and expectation is taken with respect to the random variables {U;};en. It is
important to note that the homomorphism density of a simple graph F' into a graphon w
(see Section 6.1.1), t(F,w) is a real number in [0, 1] whereas the homomorphism density of a
simple graph F' into an MVG W, t(F, W), is a (mixture) of probability measures. Secondly,
in the context of MVGs, ¢(F, W) is defined for a simple graph F' and it is a (mixture of)
probability measure on I, on the other hand, tq(F, W) is defined for a decorated graph F’

and it is a real number.

Definition 2.4.2 (Convergence of MVGs). A sequence of MVGs (W), converge to a
MVG W in hom-density sense if lim ¢(F,W,) = t(F,W) weakly for every finite simple
n—oo

graph F'.

The above definition naturally extends to any measure-valued symmetric matrix M.
And, using the embedding defined in Section 2.3.2, the definition can be naturally extended
to symmetric matrices and graphons. We skip the details to avoid repetitions.

We now introduce the metrics on MVGs. Let £ be the set of all Lipschitz functions

¢: [-1,1] — R with bounded Lipschitz norm, i.e., [[¢|p;, = max{|[¢|, ¥/} < 1.
Define an operator I': £ x 23 — W defined as

1
T, W) (2, y) = / HOW(.9)(d0). (2.20)

Definition 2.4.3 (Generalized Cut norm on 20). For any W € 20, define || - || g: 20 — Ry

as
W ||y = sup||T'(s, W)l|g,
Yel

where I is as defined in (2.29).

Remark 2.4.4. Recall from Section 2.3.2 that both a kernel and a finite matrix can be

associated with a corresponding MVG. With this association, we can reference |w| g or
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|Allg for weW or A€ UpenM,. That is, the definition of generalized cut norm extends

to both kernels and matrices. We’ll adopt this notation moving forward.

Recall that 7 is the set of all Lebesgue measure preserving maps ¢: [0,1] — [0, 1] and
for any W € 20 and ¢ € T, we define W% € 20 as W¥(x,y) = W(p(z),p(y)) for a.e.
(z,9) € [0,1]®.

Graphons Measure-Valued Graphons

Cut norm on W Il ™ Generalized Cut norm on 20
L? metric on W ds Do Wy metric on 20
Invariant L? metric on 17\/\ I JAD Invariant Ws metric on ﬁ

) — Am Ceneralized Cut metric on 20
Cut metric on W oo -

Wa Wasserstein Cut metric on 20

Curve on W w: t— w(t) W:tw— W(t) Curveon W

Table 2.1: Table contains notations used for graphons and measure-valued graphons. Each

row contains the corresponding notation used in both these settings in the article.

Definition 2.4.5 (Generalized Cut metric on @) Define Anm: 2 x W — Ry as
Aw(Wi, W) = inf W =Wy, W1, W € W.
Let p1 and po be two finite measures with the same total mass m. The extension of the
Wasserstein distance between ju; and iy is defined as Wy (u1, p2) = supye, [ d(p1 — p2),
where L is the set of all bounded Lipschitz functions with bounded Lipschitz norm at most

1. Since we are working with a bounded metric space, this definition is equivalent to the
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standard definition (see [212, Section 1.2.1, Corollary 1.16]) which considers all Lipschitz

functions.
Definition 2.4.6 (Wasserstein Cut metric on @) Define Wn: W x W — Ry as

Wa(W1, Ws) == inf sup W, < Wit (x,y) dz dy,
SxT

W52 (z,y)dz dy> .
P1,p2€T S,TC[0,1]

SxT
With this setup, we can now state Theorem 2.4.7. The proof of this theorem relies on

several lemmas which are proved in Section 2.4.1. We, therefore, also defer the proof of

Theorem 2.4.7

Theorem 2.4.7. Let W, (W), C W. Then, the following limits are equivalent, as

n — o0.

1. W, = W in @, that is, tq(F, Wy) — tq(F, W) for every decorated graph F'.

2. Wy, — W in homomorphism density sense, i.e., t(F,W,) — t(F,W) weakly for every
finite simple graph F'.

3. Am(W,, W) — 0.

4. Wa(W,,, W) — 0.

Perhaps surprisingly, we show that the metrics in Definitions 2.4.5 and 2.4.6 are exactly

equal.

Proposition 2.4.8. Let Wu and Am be as defined above. Then, Wu and Am are metrics
on 2. Furthermore, Wg = Anm.

Proof. We first show that Wg and Ag are equal. Let U,V be measure valued graphons and
let ¢ be some bounded Lipschitz function. Using the definition of the cut norm and using
Fubini’s theorem,

T, U) = T4, V)l = sup

)

[ w0 -t )y dxdy‘
SxT

= sup
S, T

I

/ $(O) (LwrU)(dC) — / B(O) (LsxrV)(dC)
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where (LsxrW) = [q .0 W(z,y)dxdy for any W € 20, and Borel measurable sets
S,T C [0,1]. Taking supremum over all Lipschitz functions ¢ on [~1,1] with [[¢]|;;, <
1 on both sides and interchanging the order of two suprema in the right, we obtain
supy ||T(y, U) = T(4, V)|l = supgr Wi(Lsx1U, LsxrV). Since U,V were arbitrary, the
desired result now follows by replacing V' with V¥ and taking infimum over all ¢ € T. It
follows that W and Am are equal. The fact that Wy is a metric on @ follows by mim-
icking the standard proof of cut-metric being a metric on graphons (see [151]). We briefly
outline the idea of the proof. Note that Wg and Ag do not satisfy positivity on 20, that is,
Wa(U, V) can be 0 even though U # V. It suffices to show that Wa(U, V') = 0 if and only
ifU X2V in @, that is, tq(F,U) = tq(F,V) for every decorated graph F'. This follows from
Theorem 2.4.7. O

Remark 2.4.9. It follows from [150, Theorem 17.9] that W s compact (with respect to
the usual topology). To apply that theorem, notice that our MVG is a K-graphon in the
terminology of Lovdsz for K = [—1,1]. The set B can be taken to the countable set of
polynomials. By Theorem 2.4.7, (@, W.) (or (@, Am)) is a compact metric space.

It is clear from Definition 2.4.5 and Theorem 2.4.7 that if (W},), .y — W in 2 then
(T, W) pen — T'(¥, W) in 6 for every bounded continuous function ¢ defined on [—1,1].
However, the convergence W,, — W is stronger since it implies simultaneous convergence
of all kernels I'(¢», W). We now give some examples to illustrate the difference between the

convergence of graphons and the convergence of MVGs.

Example 3. For k € Z, let 9;: [~1,1] — R be the map given by ¢ ~ ¢*. Let W € 20.
We will call T'(¢g, W) the moment graphon of W (if we need to emphasize k, we will call
it k-th moment graphon). For simplicity, we will also denote I'(¢g, W) by myg(W). It is
easy to see that (Wp),cy — W in 2 as n — oo implies (mr(Wn))peny — mix(W) in oo
as n — oo, for all k € Z,. Since the convergence in dg metric implies that for each k,
there is a sequence of Lebesgue measure preserving transforms ¢, ;: [0, 1] — [0, 1] such that
Hmk(W;f”k) — mk(W)HD — 0 as n — oo. However, W, — W in 20 as n — oo implies

that ¢, could be chosen to be independent of k. Le., there exists a sequence of common
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‘labelings’ (yr,) such that ||mg(W;") — mg(W)||5 — 0 as n — oo. This is what we mean

by simultaneous convergence.

Example 4. Consider a sequence of kernels (an)nenufoc}s i€ an: [0, 1]® — [-1,1], for
n € NU {oco}. For every n € N, define a measure-valued kernel W,, € W by setting
W (2,y) = 0o, (2> (x,y) € [0,1]%. Let ¢ € C(I) be a continuous test function such that
16l < 1. Then T, Wa)(,9) = $(an(z, ), (@) € [0,1). Suppose (Wy),ers — Woo

in @, then (I'(¢), Wi)) ey — (¥, Woo) in 6o In particular, taking ¢(z) = ZF for every k €

k

n)neN — ak, in 0p. Tt is well-known that 6q(an,a) — 0

N, it follows that simultaneously (a
does not imply d(a2,a?) — 0 in general. This illustrates that convergence in the MVG

sense is a stronger notion than the cut convergence.

Example 5. Let a: [0,1]® — [0,1] be a kernel. Define a measure-valued kernel W, as
Wa(z,y) = (1—a(z,y))do+a(x,y)d; for (z,y) € [0,1]?. That is, W (z,y) is Ber(a(z,y)) for
(z,y) € [0,1]%. Let ¥ be any bounded measurable function on [0, 1]. Then, ['(¢), W,)(z, y) =
(1—a(z,y))v(0) +a(x,y)(1). If (an),cy is a sequence of graphons such that (W, ),cn —
W, then (an),cy — @ in dg. Conversely, in this example, it is easy to verify that if
(an)peny — @ in 0o then supy||T'(¥, an) — T'(,a)||g — 0 as n — oo where the supremum is
taken over all continuous and bounded functions ¢ € C([0,1]). In particular, we conclude

that (W, )eny = Wa in 2 if and only if (an) ey — @ in og.

Example 6. Let a,b € W such that a(z,y) > 0,b(z,y) > 0 and a(z,y) + b(z,y) < 1.
Define a “ternoulli” MVG as W, p(x,y) = a(z,y)d_1 + (1 —a(z,y) — b(z,y))do + b(x, y)d_1.
If (Wh)pen — Wap as n — oo in 2 then (@n)peny = @, (bn),eny — b as n — oo. Conversely,
suppose that (an,b,) are “coupled graphons” and (an),cy — @ and (b,),cy — b under a
common labeling as n — co. Le., there exists a sequence ¢, € T such that |af" — al|5 +
65" — bl — 0 as n — co. Note that there exists a common sequence of measure-preserving

transforms for both a, and b,. Then, (W, .) — Wy as n — oo.

neN
We close this section with the following definition and Lemma. For Wy, Wy € 20, define

the Wasserstein-2 metric Dy on 20 as

D%(WDWQ) = [ }2W%(Wl(‘r?y)?WZ(xvy))dxdya (230)
0,1
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where Wy is the Wasserstein-2 metric on P([—1, 1]).

Definition 2.4.10 (Invariant Wasserstein-2 metric on @) Define Ag: 2 x 2 — Ry as

AX(Wy, Wy) = inf D2(WPL,WE?), Wi, W, € .
p1,02€T

The following is easy to see.

Lemma 2.4.11. Ag < As.

Proof. For any ¢ € £ and W1, Ws € 27 define

1 1
Vi(a,y) = / HOW(a)(de) - / RIGLATICS)

for (x,y) € [0,1]®). For any S, T C [0,1], by the Kantorovich duality and Proposition 2.4.8,

we observe that

W1< Wi(z,y)dz dy, Wo(z,y) dz dy>
SxT

SxT

= sup / Vy(z,y)dedy| < SUP/ [Vy(z,y)|dz dy S/ sup|Vy(z, y)| dz dy
verl)sxT perl J]o,1)2 [0,1]2 YL
= [ ]2 Wl(Wl(I,y),WQ(IE,y)) dxdyg [ ]QWQ(Wl(f,y),WQ(-T,y)) dl‘dy
0,1 0,1

1/2
S ( [ ]2W%(WI(.f,y),Wl(.’E,y))de‘dy) )
0,1

where the last inequality follows from the Cauchy-Schwarz inequality. The conclusion follows
by replacing Wy, Wy by W' and Wy respectively, and taking infimum over o1, 92 € T.
O

2.4.1 Remaining proofs

Lemma 2.4.12. Let D C C be a subset that is closed under finite products. Suppose that
the linear span A(D) generated by D is dense in C in the sup norm. Let (W), cn € W and
let W € 25. Then, the following are equivalent.

1. limy, o0 ta(F, Wy,) = tq(F, W) for every decorated graph F'.

2. limy, o0 tq(F, Wy,) = tq(F, W) for every D-decorated graph F.



Proof. Obviously (1) implies (2). To see the converse, first note that if lim,, o tq(F, W) =
t(F, W) for every D-decorated graph F' then lim,,_,~ tq(F, W,,) = tq(F, W) for every A(D)-
decorated graph F'. Now let (F, f) be a C-decorated graph and let € > 0 be fixed. Then, there
exists an A(D)-decoration (F,g) of the skeleton F' such that max; jepr)ll fij — gijll < €
Let C' > 0 be a finite constant such that max; ;|| f; ;|| ., < C. It follows that max; ;|| g; ;|| ., <
C’" = (1 + C). Using the Counting Lemma for decorated graphs [151, Lemma 10.26], for
any U € 2 we have [ta((F,g),U) —ta((F, f),U)| < 4|E(F)|C’e. Thus

’td((Fv f)v Wn) - td((Fa f)? W)‘
< |td((F7 f)?Wn) - td((Fvg)7Wn)| + ‘td((Fmg)vW) - td((F7 f)?W)|
+ |td((F’g)7Wn) - td((F’g)7W)|

< 20,6 + ‘td((Fvg)an) - td((Fvg>7W)|'

Since g is an A(D)-decoration and |tq((F,g), Wy) — ta((F,g), W)| — 0 as n — oo. It follows
that limy, eo0|ta((F, f), Wn) — ta((F, f), W)| < 2C’e. Taking € — 0 completes the proof. [

Lemma 2.4.13. Let (W,,), oy € 2 and let W € 0. Then, (Why), ey — W in W if and
only if (t(F,Whn)),.en — t(F, W) for every finite simple graph I

Proof. Let (F,f) be a decorated graph. Define or = ®y jepr) f({i,7}). Hence,
ta((F, f),W) = (pp,t(F,W)), where t(F,-) is as in Definition 2.26. It follows that if
t(F,W,) — t(F,W) weakly for a skeleton F, then tq(F,W,) — tq(F,W) for any dec-
oration (F,f). Conversely, the linear span of {pp: f is a decoration of F'} is dense in
C(Ir) by the Stone-Weierstrass theorem. Thus, tq((F, f), W,) — ta((F, f), W) implies
that (@, t(F,W,)) = (¢, t(F,W)) for any ¢ € C(Ip). O

Lemma 2.4.14. If lim Ag(W,,W) =0 then lim W, =W in M (see Definition 2.3.3).
n—r00 n—00

Proof. Assume that li_)rn Am(W,, W) = 0. We want to show that lim, . tq(F,W,) =
n o

tq(F, W) for every decorated graph F. Since the set of Lipschitz continuous functions is

dense in C, by Lemma 2.4.12 it is enough to show that lim, o tq(F, W,,) = tq(F, W) for

every Lipschitz decorated graph F'
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To this end, fix a Lipschitz decorated graph F. Let L > 0 be such that
maxg; iep(r)ll fijllg, < L. Now observe that for any W € W we have ta(F, W) =
f[O,I]V(F) i jrepr) F(Fig W)@, 25) [Toev () do. It follows from above and the Counting
Lemma for decorated graphs [151, Lemma 10.24] that

ta(F, W) —ta(F,W)[ <4 Y~ T(Fiy, Wa) = T(Fig, W)l
{i,jYeE(F)

<AL Y [Wa = Wg = ALIE(E)||Wy — W|g.
{if}ER(F)

Replacing W,, by W™ and W by W¢ for any ¢,,p € T and taking infimum we obtain
[ta(F,Wy) —ta(E,W)| < LIE(F)|Am(W,, W). Since Am(W,,, W) — 0 as n — oo, it follows
that tq(F, Wy,) — tq(F, W) as n — oc. O

Lemma 2.4.15. Let L be the space of all Lipschitz functions on [—1,1] with bounded
Lipschitz norm at most 1.  For every € > 0, there exists a finite set Fo C L
such that A.(U,V)—A“:%U,V) < € for all UV € @, where AU, V) =
infy, poer supyer|L(W, UPY) — T(¥, V¥2)||5, for any subset F C C. Moreover, the set I

can be chosen so that |F.| < 3-216/¢

Proof. 1t is an immediate consequence of the Arzéla-Ascoli theorem that £ is compact in C.
Let € > 0 be given. By the compactness of L, there exists a finite subset F. C £ such that
union of €/2 balls centered at 1) € F. cover L. In other words, for every 1) € L there exists

g € Fe such that ||7) — 1ol < €/2. For any U,V € 20, by triangle inequality, we obtain

IT(, U) =T, V)llg = [T (0, U) = (0, Vgl < [T = o, U)llg + [T — %0, V)l

that is strictly bounded by e. It follows that
2212!\F(¢, U) =T, V)lg— 53]136HP<¢,U> —TW,V)llg| <e (2.31)
Since the above inequality holds for every U,V € 20, the desired conclusion follows by
replacing U and V by U%! and V%2 respectively and taking infimum over ¢1, pg € T.
For the second part of the claim, we will construct the finite set of bounded Lipschitz

functions, denoted as F¢, as follows: We divide the domain [—1,1] into 4/e contiguous



95

intervals, each of length €/4. Given our interest in functions with a Lipschitz constant
bounded by 1, we also partition the range [—1,1] into 4/e contiguous intervals of length
€/4. Observe that any continuous function with bounded Lipschitz norm bounded by 1 can
be approximated to within € in the supremum norm using piecewise linear and continuous
functions whose local slopes are taken from the set {—1,0,1} over the divided domain.
Therefore, to define Fy, it suffices to consider the set of piecewise linear and continuous
functions that have local slopes in the set {—1,0,1} over the aforementioned partition. By

our construction, the size of this set is at most 3 - 216/ <, O

Proof of Theorem 2.4.7. Equivalence of (1) and (2) follows from Lemma 2.4.13.
Lemma 2.4.14 shows that (3) (or equivalently (4)) implies (1). It remains to show that
(1) implies (3). Suppose (Wp)pen — W in W as n — oco. We want to show that
lim;, 0o Am(W,,, W) = 0.

We will argue by contradiction. Suppose, for contradiction, that there exists some € > 0
and some subsequence (ny)32; such that Am(W,,, W) > €. By Lemma 2.4.15 there exists a
finite family of functions F C £ such that Am(U,V) < Ag(U,V)+5, forall U,V € 20. Since
F is finite and (W), ) ey — W as k — oo in 2, it follows from [153, Lemma 3.2, Lemma 3.7]
that limy_,0o Ag(Wa,, W) = 0. This implies that limsup_,., Am(Wp,, W) < €/2 which is

a contradiction. O
2.5 Infinite exchangeable arrays, graphons and measure-valued graphons

In this section, we recall the definition of infinite exchangeable arrays (IEAs) from the
Introduction and explain how an IEA naturally gives rise to a graphon and a measure-
valued graphon via Aldous-Hoover representation. With some examples, we show why
graphons do not adequately describe an IEA. Finally, we show (Theorem 2.5.3) that IEAs

are in one-to-one correspondence with random measure-valued graphons.

2.5.1 IFEAs and Aldous-Hoover

Recall that an IEA is an infinite array X = (Xj ;); jen of random variables which is symmet-

ric X; ; = X;; and X7 = (Xg(i)ﬂ(j))i,jeN has the same law as X for every finite permutation
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o of N. In the following discussion, we will often assume that IEA X takes values in [—1, 1].

IEAs are intimately related to graphons and measure-valued graphons. We
now describe this relation. In the following discussion, we always assume that
U {Ui}ien: {Uiyj = U{ivj}}i,jeN is a collection of i.i.d. Uniform[0,1] random variables on
some probability space. An IEA X is said to be directed by an Aldous-Hoover func-
tion f : [0,1]* — [0,1], if X 4 f(U,U;,U;,U; j). Aldous-Hoover representation theo-
rem states that every exchangeable array X can is directed by some Borel measurable
function f : [0,1]* — [~1,1] that is symmetric in the middle two coordinates, that is,
femy) = fCy e, ) [124].

Suppose X is an IEA that is directed by the Aldous-Hoover function f. We can naturally

define a (random) graphon
W (2,y) = B[f (U, U1,U, U12) | U = u, (U1,02) = (2,9)] - (2:32)

Analogous to equation (2.32), one can define a (random) measure-valued kernel W € 20

(and hence an MVG) as
W (z,y) = Law(X,; | U = u, (U, U;) = (x,9)) - (2.33)

Let X be an IEA and let f: [0,1]* — R be a corresponding Aldous-Hoover function. We
say that f has verter dependence if f depends on the second and third argument. Similarly,
we will say that f has extrinsic (respectively, edge) dependence if f depends on the first
(respectively, fourth) argument. An IEA that doesn’t have extrinsic dependence is called
pure and corresponds to a deterministic MVG. We must emphasize that the Aldous-Hoover
function for an IEA is not unique and is often not known explicitly. However, the above
definition does not depend on the choice of the Aldous-Hoover function (see [126]). Note
that pure IEAs give rise to graphons and measure-valued graphons. In fact, [74, Theorem
5.3] shows that {0, 1}-valued IEAs are in one-to-one correspondence with random graphons.

We now give examples of IEAs and their Aldous-Hoover representation which in turn
yields the corresponding (random) MVG. These examples emphasize that graphons do not
capture general IEAs while MVGs do.
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Example 7 (Edge dependence - Mixture of two Dirac masses). Let X be an infinite ex-
changeable array such that Xj js are all i.i.d. Bernoulli random variables, Ber(1/2). Let
f:[0,1]* = R be defined as f(u,r,y,z) = 1{z < 1/2} for (u,z,y,z) € [0,1]*. We see that
X is directed by f. On the other hand, let X be an IEA such that )?i,js are all i.i.d. (up
to matrix symmetry) and )A(:” ~ %5,1 2+ %53 /2. Then, X is directed by an Aldous-Hoover
function g where g: [0,1]* — R is defined as g(u,z,y,2) = 3 — 1{z < 1/2} + 1{z > 1/2}.
Note that the graphons and MVGs corresponding to X and X (see (2.32) and (2.33) in
Section 6.1.1) are given by wx = & = wg while Wx = 160 + %51 and Wg = %5,1/2 + %53/2.

Note that the graphons and the measure-valued graphons corresponding to X and X are

deterministic. This is reflected by the Aldous-Hoover representations f and ¢ which are

both independent of their first coordinates.

Example 8 (Extrinsic and edge dependence - correlated Gaussians). Consider an infinite
exchangeable array X such that { X j}(i,j) en( are standard Gaussian random variables such
that Cov(X;;, Xim) = 1/2 whenever {i,5} # {l,m}. Let ®: [0,1] — R be a function that
pushes forward the Lebesgue measure on [0, 1] to the standard Gaussian measure on R. And,
let f:[0,1]* — R be defined by f(u,z,y,2) = %Cb(x) + %Cb(z) for all (u,x,y,z) € [0,1]*.
It is easy to verify that X is directed by f. We, therefore, obtain for a.e. (z,y) € [0,1]®,

ux(e) = P e = taw(w(ME ).

Note that ®(U) is a standard normal random variable. Also note that wx is a random
kernel and Wx is a random MVG.

Following the same approach as above, one can more generally take f(u,z,y,2) =
a®(u) + B(®(z) + ®(y)) + 7®(2), say, where a? + 28? + 42 = 1. And, define X;; =
f(U,U;,U;,U; ;) to obtain Gaussian exchangeable arrays with various correlation structures.

This would yield

w (z,y) = a®(u) + B(D(z) + B(y), W (x,y) = Law«j\/(w%u) (x7y>’72>>)’

for u,z,y € [0, 1]. Because of the extrinsic dependence, this IEA is not pure. Note that in

this case the graphons wx and the measure-valued graphon Wx are indeed random.
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Example 9 (Vertex and edge dependence - Stochastic Block Model (SBM)). We now
describe an exchangeable array that can be seen as the limit of a sequence of SBMs. Fix
p € [0,1]. For every n € N, color every vertex i € [n] blue with probability p and red
with probability (1 — p) independently of each other. More formally, this is associating
an independent pd; + (1 — p)d_; distributed random variable C(i) with i € [n], where 1
represents color ‘blue’ and —1 represents the color ‘red’. Fix pyy, prr, b € [0, 1]. For each
{i,7} C [n], create an edge with probability py, if both ¢ and j are colored blue, with
probability p.. if both are colored red and with probability p,, otherwise. This defines an
SBM with two communities ‘blue’ and ‘red’. Let A, denote the adjacency matrix of this
SBM on the vertex set [n]. It is easy to see that A, is an exchangeable matrix, that is,
Law(A,) = Law(A7). It is natural to ask if A, converges to some infinite exchangeable
array as n — oo. This is indeed the case. Here we describe the infinite exchangeable array

X that arises as the limit of (A,),cy-

To define the Aldous-Hoover function for infinite exchangeable arrays, we first define
some sets for notational simplicity. Fix p € [0,1]. Define B = [0,p]?, R = [p,1]? and
D =[0,p] x [p,1]U[p,1] x [0,p]. Let f: [0,1]* — {0,1} be defined as

f(’LL, L, Y, Z) = ]lB{(xa y)}l[O,pbb]{z} + HR{(*%‘? y)}]l[O,pm«}{z} + lD{(IL‘,y)}]l[(),pr]{Z},

for w,xz,y,z € [0,1]. The infinite exchangeable array X can be defined as X;; =
f(U,U;,U;,U; ) for i,5 € N. The corresponding graphon and measure-valued graphon
are w™ and W™ defined as

w™(z,y) = pwlp{(z,9)} + preLr{(z, )} + prlp{(z. )},

W (a,y) = Ber(pw) 15{(2, y)} + Ber(prr) Lr{(2,y)} + Ber(pr) Lp{ (2, y)},

for a.e. (x,7) € [0, 1]?. This example can be generalized to distributions other than Bernoulli

straightforwardly.
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2.5.2 Correspondence between IEAs and MVGs

As we saw in the previous section IEAs give rise to random measure-valued graphons. In
this section, we show that in fact, this correspondence is a homeomorphism.
We begin with some definitions and notations. Let S be the set of all symmetric infinite

arrays with their elements taking values in [—1,1] with 0 diagonal. That is, let
S = {X S RN2 ‘ Tij =Tj4 € [—1, 1], Tij = 0 Vije N}

Equip & with the product topology. Note that S is compact. Equip & with the cor-
responding Borel sigma-algebra. Let Il,, be the set of all finite permutations of N.
Observe that Il has a natural action on S given by x7(i,j) = x(o(i),0(j)) for all
(i,j) € N2. Observe that an IEA is an S-valued random variable X whose law is in-
variant under the action of Il. Let P(S) be the space of Borel probability measures
on S. Let Pe(S) C P(S) be the set of exchangeable probability measures on S, that is,
Pe(S) = {peP(S)|p=Law(X),X is an IEA}. Throughout our discussion we will as-
sume that Pe(S) inherits the subspace topology from P(S), that is, it is equipped with the

topology of weak convergence unless stated otherwise.

Definition 2.5.1 (Homomorphism density of IEAs w.r.t. decorated graphs). Let X be an
IEA. For every decorated graph F, define tq(F,X) = E H{i,j}eE(F) Fii(Xij )|

The following assertion is immediate from the definition and Theorem 2.5.3. For the

importance of it, we record it as a Proposition. We skip the proof.

Proposition 2.5.2. Let Y be an IEA and let Wy be the corresponding (random) measure-
valued graphon as described above. Then, for any decorated graph F we have tq(F,Y) =
Elta(F, Wy)]. In particular, if X, (X,),cn are infinite exchangeable arrays then (X,),cn —
X weakly as n — oo (with respect to the product topology) if and only if lim, o tq(F, X,) =
tq(F,X) for every decorated graph F'.

We now state and prove the main result of this section.

Theorem 2.5.3 (Homeomorphism Theorem). Let 20 be the compact space of MV G equipped
with its usual topology. Let P(@) be the space of Borel probability measures on W equipped

—

with the weak topology. Then, P(2V) is homeomorphic to Pe(S).



60

Proof. Recall that the Aldous-Hoover representation provides a one-to-one correspondence
(see (2.33)) between IEAs and random MVGs, in other words, between Pe(S) and P(@)

—

Also note that P(S) and P(20) are both compact and metrizable (and hence Hausdorff).
To show that Pe(S) and P(20) are homeomorphic, it suffices to show that the X — Wx
is continuous. Let X,, be a sequence of exchangeable arrays such that X,, — X weakly as
n — oo for some exchangeable array X. Let W,, and W be the corresponding (random)
measure valued graphons. We want to show that W,, — W weakly, that is, E[tq(F, W,)] —
Eftq(F,W)] for every decorated graph F. To see this, fix a decorated graph F. Since
X, — X weakly as n — oo, it follows that tq(F,X,,) — tq(F,X) as n — oo. Observe
that E[tq(F,W,)] = tq(F,X,,) and tq(F,X) = E[tq(F,W)] by Proposition 2.5.2. Hence,
Eltq(F, Wy)] — E[ta(F,W)] as n — oo. This completes the proof. O

2.5.3 Convergence of exchangeable matrices to IEAs

The previous section establishes that the weak convergence of a sequence of IEAs is equiv-
alent to the weak convergence of corresponding (random) MVGs (see Theorem 2.5.3). In
practice, we are often interested in taking limits of finite exchangeable matrices. For in-
stance, we would like to say that G(n,1/2) converges to the IEA G. One way to do this
is to identify G(n,1/2) with the corresponding (random) MVG, say Wg, and show that
Weg, — Wg where Wg is the MVG corresponding to the IEA G (see Section 2.3.2). How-
ever, it is more natural to show the convergence of a sequence of finite exchangeable matrices
to an IEA and deduce the convergence to an MVG from there. This is what we do in this
section.

A (random) symmetric matrix A € M,, is called (finite) ezchangeable if Law(A) =
Law(A?) for every permutation o of [n]. Given an n x n exchangeable matrix A, we can
construct an IEA as follows. Let {U;},.y be a family of i.i.d. Uniform[0, 1] random variables
independent of A. Define an IEA X such that X;; == Ap,u,), v,

In plain words, each coordinate (up to matrix symmetry) of X is chosen independently
and uniformly at random from the coordinates of A. With this correspondence, for every

decorated graph F', define £ (F, -) over exchangeable matrices as ¢ (F,A) =t(F,X).

finite finite
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On the other hand, analogous to Definition 2.5.1 we have the following definition for homo-

morphism density into exchangeable matrices.

Definition 2.5.4 (Homomorphism density for exchangeable matrices). Let A be an n x n

; 1
exchangeable matriz. Let F' be a decorated graph such that |V (F)| < n. Define tlgin)ite(F7 A) =
Bl yerm) Fi,j(Az‘,j)} :

Remark 2.5.5. It is easy to see that )

finite

(F,A) — #0) (F, A)) < C(F)n=! where C(F) is

finite

a constant depending only on F'. Therefore, both 1O and &) determine the same limit

finite finite
as n — 0o. Also note that using the embedding described in Section 2.3.2, we can define

ta(F, A) as in equation (2.24). Notice that £ (F,A) =E[tq(F, A)].

finite
This motivates the following definition for the convergence of finite exchangeable matri-

ces to an IEA.

Definition 2.5.6 (Convergence of exchangeable matrices). Let (Ay),cy be a sequence of
n X n symmetric exchangeable matrices. We say that (Ay),cy — X as n — oo if for every

decorated graph F we have ¢ (F,A,) =Eta(F, Ap)] = ta(F,X) as n — 0.

finite
We end this section with some examples of finite exchangeable matrices converging to

an [IEA.

Example 10. Let V: R® — [-1,1] be a C? function such that V(z,y) = V(y,x)
and |[V2V|| < 1, where V2V is the Hessian of V. Define V: P(R) — R as V(u) =
2 [Jge V(z,y)u(dz)u(dy). Define V,: R™ — R as Vp(21,...,2n) = V(un) where p, =
LN | 04, for every {ziticpy C R In particular, Vy(z1,...,25) = 7oz >oije1 V(i ).
ij) = 91,2V (@i, zj)
if i # j, and n?Hy(x) ) = 011V (w4, 2;) for (i,5) € [n]®). Now, let {X;},cy be iid. ran-

Let H,(x) € M,, be the Hessian matrix of V,, at x € R™. Then, nZHn(x)(

dom variables distributed according to some probability measure p € P([—1,1]) and let
X, =(X1,...,X,). Then, H) = n?H,(X,) is an exchangeable matrix and H) — ()
where H(°) is an exchangeable array defined as

61,2V(X25X)7 if 4 ?é.]v
() = ’ (i,j) € N,

8171V(Xi,Xi), ifi = 7,
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For concreteness, assume that V(z,y) = c(z — ) for (z,y) € R? for some even C?
function ¢: R — [—1, 1]. In that case, notice that HE )) = —'(Xi—X;) for (i,5) € N®. Also
assume, for simplicity, that {X;}, y are i.i.d. Uniform[0,1]. Then, ¢ is the Aldous-Hoover
representation function and the MVG corresponding to H(°® is nothing but W™ e W

defined as W (z,y) == 6_c1(y—y) for a.e. (z,y) € R,

Example 11. One can consider higher—order polynomials of measures. That is, for any
k € N\ {1}, define V: P(R) = R as V(u) = [gr V(21,...,zx)p(dz1) ... p(day). Define
Vo R* = R as z — V,(z) = V(up) where p, = %ijl dz;- This amounts to evaluating
the expectation of V' when its arguments are sampled uniformly with replacement from
the entries of x € R™. Let H,(x) be the Hessian matrix of V,, at x € R". Let us define
G:R? - R as G(a,b) =

E / 1:17'-'wriflaa?xiﬁ*lv"')xjflabvl‘j+l7'"aIk‘) H ,U,(d.fﬂm)

i,jelkli#j melk]\{i.j}
Let (Xi)ieN
n*H,(X1,...,X,) = H, as n — oo, where H; ; = G(X;, X;) for (i,7) € N®.

be iid. random variables with distribution px € P(R).  Then,

Example 12. Consider a Markov chain (X,),cy on [0, 1] with a unique stationary distri-
bution m € P([0,1]). Let W: [0,1]2 — [0,1] be a kernel such that W is continuous 7 x 7 a.e.
For each n € N, let (Y1,...,Y,) be a uniform permutation of (Xi,...,X,) and let H(™ be
an exchangeable matrix defined by ’ng) =W(Y;,Y)), 4,7 € [n]. Let {V;},cn be a collection
of i.i.d. random variables with distribution 7 and let #(°®) be an exchangeable array such

that H\) = W (V;, V;). Then, H™ — H) as n — oo.
2.6 Discussion

We end this chapter with a quick map of how the materials of this chapter are used later in
the thesis. Of course, the introductory material on the space of graphons and its topology is
used throughout. The material in Section 2.1.4 is crucial in the construction of the gradient
flows on the space of graphons that is done in Chapter 4. In Chapter 5-Chapter 7 we study
the limit of matrix-valued processes under different setups as the dimension goes to infinity.

The motif in the current work is that while such high-dimensional matrix-valued processes
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are hard to describe, under appropriate assumptions, they exhibit a propagation of chaos.
This entails that a finite collection of coordinates often becomes asymptotically uncorrelated
as the dimension goes to infinity. This allows us to regard an IEA as the limit of a matrix-
valued process. The material developed in Section 2.5 defines this notion of convergence
and explains how it is related to convergence in the sense of graphons. While the connection
between IEA and graphons is well-known, as we explain in Section 2.5 an IEA carries much
more information than a graphon. In other words, the correspondence between IEA and
(random) graphons is lossy. More philosophically, an IEA provides the microscopic picture
of the ensemble while the graphons provide a macroscopic picture. The idea of measure-
valued graphons discussed in 2.3 is essentially an attempt to capture more information
about an IEA than graphons. While the measure-valued graphons were introduced in [153],
the metric introduced in 2.3 and its connection with IEAs and their convergence is novel.
The setup of measure-valued graphons is important and probably more naturally suited to
studying the evolution of random weighted graphs or matrix-valued processes, in this thesis

we only use this setup in Chapter 6 (see 6.1.1) to illustrate this point.
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Chapter 3
LITERATURE REVIEW

Graphons, introduced as limit objects for dense graphs, were first discussed in [39, 40,
151]. Since then, the subject has rapidly grown and has found connections with various
areas of mathematics, including extremal graph theory, exchangeability [3, 14, 117, 118],
exponential random graph models (ERGMs) [58, 57, 56], machine learning [190], economics,
and game theory [175, 12, 47], among others. It has also inspired similar attempts to
understand the limits of sparse graphs; see, for instance, [38, 34, 31], and even for the limit
of bounded degree graphs [36].

While the subject of graphons is relatively young, it has seen tremendous progress. In
this chapter, we survey some important developments and current research directions in
this field. As the primary focus of our thesis is optimization on graphons and the limits
of dynamics on large matrices or graphs resulting in processes or curves on the space of
graphons, our attention will be more on related themes. However, we will also describe

other important research directions that may not directly relate to our work.
3.1 Graphon driven interacting particle systems

Recall from Chapter 1 that the classical mean-field interacting particle system studies the

evolution of the empirical measure of the system of n particles that evolve like
dX;n(t) =b(Xin(t), un(t))dt +dB;(t), i=1,...,n,

where B; are independent Brownian motions and p,(t) =n"1 3", & Xin(t)-

More recently, graphon-driven interacting particle systems have been investigated by
various authors. The idea here is that particles X;, live on the vertices of a graph Gj,.
Each particle X, ,, is driven by an independent Brownian motion and it interacts only with

its neighbors that are determined by the underlying graph G,,. In other words, the evolution
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of this particle system looks like

AXjn(t) = B(Xin(®), pin(t) dt +dBi(t),  i=1,...,n,

)

where B; are independent Brownian motions and p; () = d% > jmi OX; . (1)» here j ~ i means
the vertex j and ¢ are neighbors in the graph G,, and d; is the number of neighbors of s.
The main problem here is understanding the limiting behavior of such a system where
Gy, is a sequence of (possibly random) graphs that converge to a (deterministic) graphon,
say W, as n — oo. The study of such an interacting system of particles was initiated
in [28] for the case when G, is an Erdos-Rényi graph. When the underlying graph G, is the
complete graph, we recover the classical mean-field interacting particle systems described

in Chapter 1.

Similar models, varying in generality, have been studied extensively since then in [68,
138, 27, 144, 22, 66, 67, 28, 77, 71]. In many of these cases, if the underlying graph sequence
that governs the interaction of particles is sufficiently dense, one observes the emergence
of the classical McKean-Vlasov equations in the limit. It’s important to note that this
differs from the McKean-Vlasov equation introduced in [102] and discussed extensively in
Chapter 5. In essence, the limiting description of the particle system interacting via a dense
graph becomes independent of the precise nature of the underlying graphs when they are
dense enough. Similar questions have also been explored in the context of sparse underlying
graph sequences [143, 170, 27, 20, 171, 144].

It’s important to note that the particle system studied in this thesis involves the evolution
of edges rather than vertices. Specifically, we consider a symmetric evolution where the
graph itself evolves. Previous works have primarily focused on particle systems where the
underlying graph controls interactions among particles but the underlying graph itself does
not evolve in time.

Some recent works have explored particle systems where interaction is determined by an
evolving underlying graph, where the evolution of the graph itself depends on the particle
positions [19, 99, 21]. This is closer in spirit to our work. This field presents numerous open

problems; interested readers can find an excellent discussion on some of these in [215].
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3.2 Evolution of dense graphs and their limits

In [70], the author considers Markov processes with cadldg paths on graphons, which can be
obtained by projecting Markov processes with cadlag paths on infinite exchangeable arrays.
Unfortunately, such processes on the space of graphons cannot be diffusive and are thus, in
some sense, trivial. However, this does not rule out the possibility of obtaining diffusions on
graphons. For instance, [8] demonstrates the existence of naturally occurring diffusions on
the space of graphons that arise as the limit of processes in population dynamics models.
The convergence of natural graph dynamics to processes on graphons has been further
explored in [10]. Similar constructions have also been obtained in the sparse graph regime,
as seen in [11, 69].

We briefly explain the idea from [10] for the convenience of the reader. Consider a
collection of n individuals where each individual is labeled with Type 0 or 1. Let G™(0)
be a graph on the vertex set [n] where i and j are connected if and only if ¢ and j have
the same type. Now we evolve this graph as follows: every individual (that is vertex)
independently at rate 1 picks another individual (from the whole population not necessarily
from its neighbors) and adapts its type. Define the graph G™(s) analogous to G™(0) at
time s > 0. Let H"(s) = 1G"(sn). Note that if the fraction of Type 0 individual in the
population converges to some constant p € [0,1]. Then, G"(0) converges to a kernel W
such that W(z,y) = 1 if (z,y) € [0,p] x [0,p] U [l —p,1] x [1 — p,1] and 0 otherwise. One
can ask if H"(s) converges weakly, say in 5 metric, to a process on the space of graphons.
In other words, if F' is a finite graph, can one show that the homomorphism density of F'
into H"(s), denoted tp(H"(s)), admit a weak limit as n — oo for each s? This example is
particularly simple because the homomorphism density ¢t (H"(s)) is completely determined
by the fraction of Type 0 individual Y"(s) at time ns.

Let us denote by X™(s) the number of individuals of Type 0 in the population at time
s. And, let Y"(s) = 2X"(sn) be the fraction of individual of Type 0 at (scaled) time s.
It is well-known that Y"(s) converges weakly to the Wright-Fisher diffusion Y (s) on [0, 1],
that is,

Y(s)=p+ /0 VYBI - YD) dB (),
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where B(t) is the 1-dimensional standard Brownian motion. This in particular yields that
if F' has k edges then

tr(H"(s)) = Y™(8)* + (1 = Y"(s))"
converges weakly to Y (s)¥ + (1 — Y(s))* as n — co. One can therefore conclude that the
graph H"(s) converges weakly to a process on graphons that is diffusive.

This is more in line with our work. We study the limits of certain processes on graphs
and matrices as the dimension goes to infinity. In Chapter 6, we consider a Metropolis chain
on large graphs and ultimately take its limit to obtain a curve on the space of graphon.
One crucial difference, however, is that the symmetry conditions that we impose on our

evolution force the limiting curve to be deterministic.
3.3 Exponential Random Graph Model (ERGM)

For this section, define Wo to be the space of graphons which take value in [0, 1]. Recall
that for a finite simple graph F' and a graphon W, the homomorphism density of F' into
W, denoted t(F, W), is defined as

V(F)]

tF,W) = W T T dmy,
(FW) /wm [T Wes) [T

{ij}eE(F
where V(F') and E(F) denote the set of vertices and the set of edges in F', respectively.
Let I,..., F}, be finite simple graphs and let 8 = (B1,...,8:) € R¥. An ERGM is a

probability measure P on the space of all simple graphs on n, G,, given by

Pn( = exp ( 2251 FZaG 2%(5)) .

Exponential random graphs have been studied in the statistical physics and networks
community for a long time. We refer the reader to [84, 86, 176, 56]. In the study of large
deviations of ERGMs, one problem of interest is to approximate lim, oo ¥ (8). It is known
that (see [56, Theorem 7.1])

0(8) = lim vn(8) = s (T(V) - S107)).,
WeWs

where T(-) = S, Bit (Fy,-) and I(W) = [ 1 W (2, y) log(W (z,)) dedy.
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The minimizer W* of F(W) := T(W) — $1(W) yields important information about the
‘typical graph’ drawn from P, for large n. In particular, the weak law of large number ( [56,
Theorem 7.2]) states that for any n > 0 there exists C' > 0,7 > 0 such that for any n we

have

P(So(W*,Gy) > n) < Ce ™™

where G, is a random graph drawn from the ERGM P,,.

However, there are only a few ERGMs where the constant 1(5) = lim, o ¥, (3) and
the minimizer of W* are known explicitly. For instance, if all 8; are non-negative, then
it is known that [58, Theorem 4.1] that any minimizer of F' must be a constant graphons
W*(z,y) = p. This reduces the problem of finding (/) and the minimizer(s) to a simple
calculus problem. The parameter space for § for which the minimizer(s) are constant is
called the replica symmetric regime. In the replica symmetry regime the typical exponential
random graph ‘looks like’ an Erdos-Rényi graph. Understanding the replica symmetry
regime is an important and challenging problem that is not fully resolved yet.

A significant amount of work has gone into understanding the replica symmetry regime
and its phase transition in a particular ERGM called the edge-triangle model where T'(-) =
B1t(Ka, )+ PBat(Ks3, -) where Ky and K3 are complete graphs on 2 and 3 vertices respectively.
A curious and important insight that has emerged in this case is that the minimizer of F’
need not be unique even in the replica symmetry regime. We refer the reader to [181, 180,
161, 162, 182, 30] for more detail. Very little is known about the minimizers outside the
replica symmetry regime.

Numerical approximations for the ¥ (f) = lim, o ¥n(8) have been investigated in the
PhD thesis [60] where the author computes the maximum likelihood estimate for a model
of exponential random graphs analyzed in [57]. Since graphs are discrete, the optimiza-
tion is more amenable to analytical tools on the limiting graphon space. But the space of
graphons is infinite-dimensional and the author uses gradient descent on matrices to approx-
imate the gradient descent on graphons—albeit without rigorous justifications. Our results
show that the method is consistent as the discretization gets finer and finer and provides a

mathematical justification to the algorithm in [60].
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3.4 Constrained optimization on graphons

Extremal graph theory problem often involves maximizing or minimizing certain homo-
morphism densities while fixing some others. For instance, as discussed in 1 the problem
of minimizing t(K3,G) — %Ot(KQ, G) can be seen as a relaxation of extremal graph theory
problem that asks to maximize the number of edges in a graph while having no trian-
gles. The extremal graph theory problem in this case is to maximize t(K2,G) over all
graphs such that ¢(K3,G) = 0. Related to the edge-triangle model discussed above, there
is an extremal problem (posed by Turén in 1941) that asks the typical graph with given
(t(K2,G),t(K3,G)) = (¢,7) where (€, 7) is given. The range of achievable (e, 7) is also an
interesting problem with rich and long history. We refer the interested reader to [183, 179]
and the references therein. In recent times, there has been a renewed interest in studying
the typical behavior of a graph n vertices with given edge and triangle density. This involves
understanding the large deviation of the uniform measures on G, (¢, 7), the set of graphs on
n vertices with (K, G) = € and t(K3,G) = 7 in the feasible region. The large deviation
rate function turns out to be the entropy. Therefore, studying the behavior of a typical
graph involves minimizing the entropy over the set of graphons with given ¢(Kq, W) = €

and t(K3, W) = 7. For the edge-triangle model, this problem has been studied in [163].

As the theory developed in this thesis does not say anything about the structure of
minimizers, strictly speaking, this problem falls outside the scope of our work. However,
in this problem and related problems, one can use our theory as a computational tool to
come up with heuristics. Let us mention that the homomorphism density constraints like
t(F, W) = € are highly non-convex. Therefore, defining gradient flows on these constrained

sets is not straightforward and needs more work.

3.5 Other related works

As we already surveyed a few directions of active research that are closely related to the

theme of this thesis, we now survey some other relevant literature.
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3.5.1 Graphon estimation

As we have seen, given a kernel W : [0,1]2 — [0, 1], one can obtain a sequence of random
graphs G(n, W) on the vertex set [n] where we create an edge between every pair of vertices
i and j independently with probability W (U;,U;). When the kernel W is a constant, this
procedure recovers the usual Erdos-Rényi graph, and when W is a piecewise constant one
obtains the so-called stochastic block model.

The so-called graphon estimation problem involves estimating the function W from
the samples of G(n, W) [169, 214, 63]. There is another variant of this problem that is
somewhat less demanding. This is often dubbed as graphon value estimation and it in-
volves determining the values of the so-called latent variables W (U;,U;) from the sample
of G(n,W) [93, 1, 57, 54]. Interestingly, the problem of graphon estimation can be traced
back to the work of Kallenberg [127]- even before graphons were developed. We refer the
reader to [172] for a short and interesting discussion of the topic and recent advances in this
area we refer to [46] and references therein. Most approaches to graphon estimation rely on
the compactness of the space of graphons under cut-metric. In particular, one often tries
to produce a graphon estimator that is a step-function. This is done via first partitioning
the vertex set of the sampled graph into communities. This is in turn done via the usual
clustering algorithms. After this, the step graphon is estimated by computing the average
edge densities between the communities obtained in the first step. This determines a step
graphon. This has naturally led to several deep and beautiful results on the number of
communities into which G(n, W) can be partitioned. Most of these results require certain
smoothness assumptions on the kernel W (like Lipschitzness) and lead to L?-error bounds
with high probability guarantees. For a more exhaustive discussion on this and related

topics, we refer to the PhD thesis [135] and references therein.

3.5.2 Large deviation of graphons

We already mentioned that one source of optimization problems on the space of graphons
is the large deviation of exponential random graphs. We refer the reader to [55, 56| for the

general overview of the subject. For the benefit of the reader, we explain it a little. Large
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deviation of Erdés-Rényi was first studied by Chatterjee and Varadhan in [58]. The Erdos-
Rényi graph E(n,p) induces a probability measure P,, on the set of all graphs on n vertices
Grn. This in turn induces a discrete probability measure say Iﬁ’n on the space of graphons.
Chatterjee and Varadhan in [58] studied the large deviation of for P,, and established that
it satisfies a large deviation principle with speed n? and rate function given by entropy

function £ defined as £,(W) = fol 01 W(;’y) log(W(]‘:’y)) dx dy.

More generally, Let @@ € My be a symmetric k£ x k£ matrix with entries in [0,1]. Let
n = (n1,...,n;) € N¥ be a k-tuple of natural numbers. A stochastic block model SBM(Q, n)
is a simple random graph on n x k many vertices which is defined as follows. There are
k communities and community ¢ has n; individuals. More precisely, we label n; many
vertices with label i for each i € [k]. Now for every pair of vertices u,v, we connect them,
independently of everything else, with probability p;; if u is in the community ¢ and v is in the
community j. The large deviations for this model are studied in [35, 98]. This probability
measure indeed satisfies a large deviation with rate n? with an explicit rate function. Let
W € Wy be a step kernel. For each n > 2, the random graph G(n, W) induces a probability
measure on G, and in turn a discrete probability measure on the space of graphons. This
also satisfies a large deviation principle with rate n?.

Let us explain that if we consider the k-step kernel W corresponding to the matrix
and consider the random graph G(mk, W). This is not the same as SBM(Q, n) as defined in
the previous paragraph even when n; = m for all 7 € [k]. This is because in the SBM(Q, n)
the number of individuals in each community is fixed and is equal to m, but in the model
G(mk, W) there are on an average m individuals in each community, but the number of
individuals in each community is random with binomial distribution. But this does not
matter for the large deviation at speed n?. Heuristically, this can be explained as follows.
Let n = (ni,...,n;) and n’ = (n},...,n}) be such that n; + ... +np =ni +... +nj, =m.
In order to obtain SBM(Q,n) or SBM(Q,n’) from G(m,W) we only a factor of e~
For large deviation at speed n2, this does not matter. Therefore, at speed n?, the large
deviation rate function remains the same for both models. Recently, the large deviation for
G(n, W) for general graphon W has been studied in [178] at various speeds. However, the

large deviation with speed n? in the general case remains open.
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3.5.3 Subgraph count fluctuations

Recall that the convergence in cut-metric is defined via the convergence of homomorphism
density functions. In particular, the fact that the Erdés-Rényi graph E(n,p) converges to
a graphon W), = p as n — oo is equivalent to saying that for any finite simple graph F

™ almost

with m-edges, the homomorphism density ¢(F, E(n,p)) converges to t(F,W,) =p
surely. This is straightforward to verify and can be established using a fourth-moment
bound. Naturally, this leads to the study of fluctuations in these subgraph counts.

For the Erdés-Rényi graph the fluctuations of subgraph counts have been studied for
a long time [18, 115, 116]. For more general graphons, the fluctuations of homomorphism
densities in G(n, W) have been studied recently. The fluctuation of many classes of homo-
morphism densities (e.g. for cliques) is known to be Gaussian. However, in many cases, the
fluctuation may become degenerate. We refer the reader to the recent works [29, 106, 83, 85].
We close this section with two recent papers [131, 53] and the references therein. The joint

distribution of multiple subgraph densities are studied in[131, 53] and their asymptotic

normality is established.
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Chapter 4
GRADIENT FLOWS ON GRAPHONS

4.1 Introduction

For any metric space (€,d), denote its Borel sigma algebra as B(£2) and the set of all
Borel probability measures as P(f2). Consider R? with the usual Euclidean metric and let
F:P(R?) — R be a suitable function. The function F induces a sequence of permutation

invariant functions (f,),cy as above by the definition
fn(mla--wxn) :F(,U'n)a n € N.

Here permutation invariant means fy,(z1,...,2n) = fu(@xy, ..., 2x,) where 7 is any permu-
tation of the set [n] := {1,2,...,n}. Throughout this text, we will denote the symmetric

group on the finite set [n] as S,,. Consider the Cauchy problem
zi(t) = =Vifu(z1(t), ..., z0(t)), i€ n], t e Ry, (4.1)

with given initial conditions (z;(0))c[,- Here V; refers to the partial derivative with respect
to the i-th variable and R denotes the set of all non-negative real numbers. The solution
to this problem—which exists and is unique when, say, V f,, is Lipschitz— is often called the
gradient flow of f,,. For such an f,, for any n € N, the evolution (4.1) can be thought of as

an evolution on the space of probability measures by defining
1 n
fin(t) = n z;dxz(tﬁ teRy.
i

Now the following question makes sense. Suppose that the sequence of initial measures
(1n(0)),,cny converges to a limiting probability measure £(0) where the convergence is typi-
cally in the sense of weak convergence of probability measures. Does the sequence of curves
((/‘n(t))teﬂh )n ¢y converge to some limiting curve on P(R?) possibly after rescaling time?

The answer to the above, under suitable assumptions on F', is the so-called Wasserstein

gradient flow [212, 192] of F' on the metric space P (Rd) equipped with the Wasserstein-2
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metric, Wo. There is now a general theory of curves of maximal slopes (AKA gradient
flows) developed for functions on metric spaces which may lack a differentiable structure [5].
The Wasserstein space is a prominent example that has been thoroughly studied [5, 193].
Recently there has been a surge in interest in the application of the above convergence of
gradient flows in the context of single hidden layer neural networks, see [201, 62, 188, 200,
48, 7, 165, 196, 197, 208, 16].

We are interested in optimization problems where the arguments can be thought of as
weights attached to the edges of a large dense graph. Let G = ([n], E) be a graph. For
{i,j} € E one has an associated variable W; ; = W;; that we take to be real-valued in this
article. For all the applications we consider, we can take W; ; = 0 if {4,j} ¢ E. Thus our

variables can be arranged in an n x n symmetric matrix (W ;) Let the set of n x n

i.j€n]"
real-valued symmetric matrices be denoted by M, (R). Let f,: M,(R) - RU {oco} be a
function of such matrices. The crucial difference from the previous set-up is that we want
fn to satisfy a permutation invariance property with respect to relabeling the vertices of G:

for every ™ € S,
fn ((Wﬂiﬂj)@je[n]) = Jn <(Wivj)i,j€[n]> '

That is, the function value does not change if we permute the rows and the columns of the

symmetric matrix (W; ;) by the same permutation. In other words, such functions are

i,j€[n]
invariant under graph isomorphisms of G. We call such functions invariant. One can now

ask the same question as before. Consider the gradient flow Cauchy problem

Wis(t) = =Vigfu (Wi ()i e )+ € I, (4.2)

with given (W; ;(0)) . Is there a suitable scaling limit as n goes to infinity? This chapter

i,j€[n]

answers this question in affirmative under reasonable conditions on f,.

We restrict ourselves to the case where the edge weights (W; ;) in] all lie in the bounded

i,j€
interval [—1, 1]. Without loss of generality, we can take our graph to be the complete graph

with its weighted adjacency matrix (W ;) Just like empirical distributions of particle

i,j€ln]”
systems converge to probability measures, these graph adjacency matrices with bounded

edge weights, identified up to graph isomorphisms, converge to a graphon [151, 39, 40]. This
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is intimately connected with the theory of exchangeable arrays in probability theory [2, 3,
109, 126].

4.1.1 Setup and Results

Recall from Chapter 2 that we denote the set of all n x n symmetric matrices with entries
in [-1,1] as M,,. Every symmetric matrix in M,, identified up to the same permutation
on rows and columns can be embedded in the space of block graphons Wn - w (see
Section 2.1 for details). Thus, any function F': W — RU {o0} induces a sequence of

functions (F,: W, — RU {oo}) by restriction, and a sequence of invariant functions

neN’
(fn)nen on such n x n symmetric matrices with entries in [—1, 1].

The first pertinent question is that given F: W — RU {o0} and [Uy] € W in the proper
effective domain eff-Dom(F) = {[U] € W | F([U]) < oo} of F (see [5, equation 1.2.1]),
under what assumptions on F a “gradient flow” of F on (W, 8,) exists starting at [Uy]. On
a general metric space, a gradient flow curve (i.e., a curve of maximal slope [5, Definition
1.3.2]) is obtained by showing that the limits of the solutions of implicit Euler iterations
(see Section 4.2) exist and satisfy added assumptions. The existence of the limit of the

sequence of such implicit Euler iterations requires the local slope |0F| of F, defined as

(F(V]) = F(W])"

|OF|([V]) = lim sup S (V1L IV])

[W]eW, 82 ([W],[V]) =0

(4.3)

In practice, however, evaluating the local slope is not easy. We introduce the concept
of Fréchet-like derivative in Section 4.2.3 and show that for functions that have Fréchet-
like derivative, the local slope |0F| admits a more amenable expression in terms of L?-
norm of the Fréchet-like derivative. Moreover, under a semiconvexity assumption, just the
existence of Fréchet-like derivative suffices for the existence of a curve of maximal slope (see
Theorem 4.2.14).

Since ()7\/\, d2) is a geodesic space, one can talk about A-semiconvex functions for A € R
over geodesics and generalized geodesics (see Section 2.1 and Section 2.2). Theorem 4.1.1
shows that under suitable assumptions on a semiconvex function F', the gradient flow of
F on (17\/\, J2) can be obtained as the time-scaled limit of the Euclidean gradient flows of

(fn)nen o0 (Mp),cn respectively. That is, suppose we have a sequence of block graphons
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([Unyo] € Wn)neN LE=R U] € W and let w = (wt)ter, be the gradient flow of F' on (W, 52)
starting at wo = [Up] € W. Then the gradient flow w™ = (wgn)
(n)

wy = [Uko] € Wy converges, in dg to w uniformly over compact time intervals as k — oo.

)teR+ of F,, starting at

The next argument shows that for any n € N, w(™ is a time-scaling of the Euclidean gradient
flow of f,.

For any n € N, the Euclidean gradient flow of the function f,, over M,, can be approxi-
mated via the implicit Euler method. Starting from X, ; € M,, with a step size of 7 > 0,
the next iterate of the implicit Euler method, say X, - 4, is obtained as

. 1
X r+ € argmin | f(X;) + 2—HXn — XWHS i (4.4)
Xn€EMy T

Let K be the natural embedding map from n X n symmetric matrices to the space of
block kernels W, (Definition 2.1.6). Since the function f, is permutation invariant, setting

[Un,] = [K(Xyn +)], equation (4.4) is equivalent to obtaining

. n .
[Un] € argmin | Fp([Un]) + o—  min  — Z ‘(Xn)” = (Xng)ij
[Un]EWn NES

—argnin | £ ([0, + 5 (0L WD) (45)
[Un]€EWn L

via the substitution [U,| = [K(X,)]. Equation (4.5) is precisely the implicit Euler iteration
for gradient flow on (Wn,ég) with a step size of 7/n? (see Section 4.2.1). Since iterations
of the form in equation (4.4) converge to the Euclidean gradient flow as 7 — 0, its image
via the map X — [K(X)] in equation (4.5) converges to the gradient flow on (17\/\”, d2) as

T — 0.

Theorem 4.1.1 (Convergence of Gradient Flows). Suppose F: W — RU {0} satisfies the

following conditions:

1. F is continuous in 0.

2. F is A-semiconvex (Definition 2.1.15) along generalized geodesics on (17\/\, d2) (Defini-
tion 2.2.6), for some \ € R.
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Consider the gradient flow w™ = (wt(”))teR+ C 17\7” of F' on each )7\/\”, starting at some
w(()n) = [Uno] for n € N. Assume that the sequence ([Unp]),cy o, [Uo] € W, and

|0F|([Up]) < 0o and limsup,, ,.|0F|([Uk,o]) < G < oo, for some G > 0. Then,

limsup sup dopg (wt(n),wt) =0, (4.6)
n—oo  te[0,T

foranyT € Ry, wherew = (wt)t€R+ is the unique minimizing movement curve [5, Definition
2.0.6, page 42] on Wfor the function F' starting at wy = [Up]. In addition, if the conditions
for the existence of curves of mazimal slope (Theorem J.2.J or Theorem /.2.1J) hold, then

w is a curve of maximal slope.

Remark 4.1.2. Condition 2 in Theorem j.1.1 is satisfied if the invariant extension f: W —

R U{oo} of F' is A-semiconvexr on (W, dz) (see Section 2.1.1, and Definition 2.1.16).

An important and recurring theme throughout this thesis is that many important curves
in W are obtained as the projection of some curve defined in W. In particular, the gradient
flow of F' is the natural image of an absolutely continuous curve in (W, dz). More precisely,
if f has a Fréchet-like derivative Dy, f(WW) for all W € W, then there gradient flow w of I’

can be written as the image of the curve ([Wi]);cg, defined as

Wiz, y) = Wolz,y) /0 Do f(Wa)(,9) Ly, {(2,9)} ds,

for a.e. (x,y) € [0,1]®), where lgy,, is a ‘boundary correction term’ that makes sure that
the curve remains inside [—1, 1]. The reader is referred to Section 4.2.3 for details. In this
sense, our work is in the vein of [92] where the authors view the Wasserstein geometry as a

projection of an L? geometry.

4.1.2 An example and discussion

To elucidate our results, consider the scalar entropy function £: W — RU {co} (see [58] for

applications to large deviations of Erdds-Rényi random graphs):

—

1 1
E(IW]) = /O /0 WW(z,y)dedy,  [W] €W, (4.7)
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where h: R — RU{oc} is the convex entropy function h(p) = plogp + (1 — p)log(1 — p), if
p € (0,1), h(0) = h(1) =0, and h(p) = oo, otherwise.

The function £ is lower semicontinuous in the cut metric [58, Lemma 2.1]. However, for a
given € € (0,1/2), if we restrict the domain of £ to be all [IW] € W such that e < W < 1—¢,
a.e., then £ is dg-continuous on this restricted domain. The function £ can be shown to be
convex along generalized geodesics and its local slope can be computed easily (see Section 4.5
for all the details). The Fréchet-like derivative Dy, € of £ at any such graphon [W] is given
by another graphon that is “coupled” with [IW] (see Definition 4.2.8)

W(z,y)

Dwe(W)(a9) = 1o (12

) , (z,y) € [0,1]?. (4.8)

Thus, starting from a graphon [Up] such that € < Uy < 1 — ¢, a.e., the gradient flow w
evolves every coordinate of the graphon w; at time ¢ € Ry by the velocity —Dy5E(wt) (see
Section 4.2.3). But the expression in equation (4.8) is positive for any W (z,y) > 1/2 and
negative for any W(x,y) < 1/2. Thus, the gradient flow converges, as t — oo, to the
constant graphon ws, = 1/2, a.e., which is the unique minimizer of the function £. Restrict
the domain of the scalar entropy function on n x n symmetric matrices A with entries in
[e,1—¢]. Define &,(A) = n"237 327 h(A;;). Then Theorem 4.1.1 further says the
following. If w(™ is an Euclidean gradient flow of &,, and if dg- lim,,_;s w(™ (0) = [Up] € 17\/\,
then (w(™),en converges, uniformly in the cut metric on compact sets [0, 7] for T' > 0, as
k — oo, to the curve w described.

It is important to note that the curve w is actually obtained as the natural image of the

curve t — W, obtained by solving

Wiz, y) = Wo(x,y) —/0 log<%> ds, a.e. (z,y) €0, 1](2), (4.9)

for t € R4, where the above integral is defined pointwise (See Section 4.5 for details). It
is a recurring theme in this chapter that many important curves in W can be seen as the
natural image of a curve in W.

More examples have been worked out in Section 4.5. This includes the case when F' is
a homomorphism density function. Our examples also cover the gradient flow of any linear

combination of the scalar entropy function and homomorphism density functions that are of
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particular interest in the study of exponential random graph models (see [56, 57, 133, 80, 96])
and in the large deviation principle of dense random graphs [58, 56, 154, 65] where one is
interested in optimizing the so-called rate function.

It is well-known in optimal transport that an absolutely continuous curve in the Wasser-
stein space has an associated continuity equation [192, Theorem 5.14]. Proposition 4.4.3
gives a partial analogue of this result in the current setting. That is, a curve of gradient
flow (which is absolutely continuous) has an associated family of continuity equations, not

just one continuity equation.

4.1.3 Notations recall

Throughout the chapter, we use the symbols A, X, Y, and Z (and their variations with
sub/superscripts, hats, tildes, and primes) to represent matrices. For example, X, A,
would stand for n X n (symmetric) matrices.

We use the letters U, V, W to represent kernels, that is, symmetric real-valued Borel
measurable functions on the unit square. The set of all kernels is denoted by W and w
denotes the set of graphons.

For a kernel V', we always use [V] to represent its corresponding graphon when we wish
to emphasize the equivalence class. Note that a n x n matrix, say A,, can be naturally
embedded in the space of kernels (see Section 2.1 for details). We use K(A,) to denote the

kernel corresponding to the matrix A,.

4.2 Gradient Flows on Graphons

The goal of this section is to prove the existence of gradient flow (see Theorem 4.2.14) and the
convergence of Euclidean gradient flows to the gradient flow on graphons (Theorem 4.1.1).
In Section 4.3 we give the proof of Theorem 4.1.1. This section can be read directly after
Proposition 4.2.5.

In Section 4.2.1 we define an implicit Euler scheme following [5] that allows one to prove
the existence of gradient flow in Theorem 4.2.4. However, the conditions in Theorem 4.2.4

are hard to verify. Later we prove an alternate existence theorem for gradient flow. However,
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the main highlight of Section 4.2.1 is Proposition 4.2.5 where we prove a I'-convergence result
for Euler iterates on finite-dimensional matrices (or step-kernels). This result is crucial in
the proof of Theorem 4.1.1 and we believe that it would be of independent interest as well.

In Section 4.2.3 we introduce a notion of ‘Fréchet-like derivative’ which in turn allows
us to prove the existence of gradient flow for function F' that have Fréchet-like derivative.
We do verify this condition for a large class of functions in Section 4.5. As pointed out in
the introduction, the existence of a Fréchet-like derivative not only allows us to prove the
existence of gradient flow, but it also allows a kernel representation of the gradient flow (see
Theorem 4.2.14) which is extremely useful in practice.

Finally, Section 4.4 complements the discussion by proving that the gradient flows in

(V/\Z d2) can also be described by a family of continuity equations.

4.2.1 Implicit Euler method, Generalized Minimizing Movements

Here we introduce an implicit Euler scheme and use to show the existence of gradient flow.
We begin with the setup and definitions. Given F': W — RU {o0}, a step size 7 > 0 and
U] € )7\/\, define a functional @ (7, [U]; -): W — RU {0}, called penalized functional, given
by

Op(r, [U;[V]) = F(V]) + 5=6;([V], [U]), (4.10)
and a set-valued resolvent operator J, on W as

Jr([U]) = argmin @p(7, [U]; ), for [U] € W. (4.11)
w

For a sequence T = (7,),,cy Of positive time steps with |7| := sup, ey 7n < 00, We can

associate a partition of the time interval (0, 00) as
P = {I} = (tﬁ_l,t?_]}neN, Tp = t0 — 21

if t2 = 0 and lim,, 0 t? = co. Given such a sequence T and [Ur o] € )7\/\, we can obtain a

sequence ([Ur n]), oy Dy iteratively solving for [Ur ,], by setting

Urnl € Jr, ([Ur n—1]), (4.12)
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provided J, ([Urn—1]) is non-empty for every n € N. Note that the iterates ([Urn])nen
tries to minimize the function F' at each step, but it is penalized against taking big jumps.
In practice, therefore, it makes sense to treat the curve obtained by joining these iterates

as a proxy for gradient flow. We need the following definition to makes this idea precise.

Definition 4.2.1 (Discrete solution). Given the sequence ([Urn]), oy as above in equa-

tion (4.12), interpolate the discrete points by a piece-wise constant left-continuous function

[Ur]: [0,00) — W, defined as

[U-](0) := [Ur o], Ur|(t) = [Urnl, te€ (tn-1,tnl (4.13)

We call [Ur] to be a discrete solution corresponding to the partition Pr.

Discrete solutions are simply a way of creating a curve from the iterates of resolvent
operator. One should expect that as one take |7,| — 0, the discrete solutions yield a curve
that is often a good candidate for gradient flow (a.k.a. curves of maximal slope) in an
arbitrary metric space setting. Such curves are called generalized minimizing movements

that we define below.

Definition 4.2.2 (Generalized minimizing movements). For a function F', its corresponding
functional ®p as defined in equation (4.10), and an initial datum [Uy] € 17\/\, we say that a
curve w = (wi)eg, in W is a generalized minimizing movement (GMM) for ®p starting
from [Up)] € w if there exists a sequence of sequences (Ty) ey with limy_oo|Ti| = 0 and a

corresponding sequence of discrete solutions ([Ur,|)nen defined as in Definition 4.2.1 such

that for allt € Ry,

Jim F([Ury 0]) = F([Uo)), 1ikm_>S11P 62([Ur,0], [Un]) < o0,

L (4.14)
5D—kli_>r£10 Ur,](t) = wy.

There is a related definition of minimizing movement (MM) curves that can be found

in [5, Definition 2.0.6] where the conditions in equation (4.14) need to hold for all sequences

of partitions with vanishing norm. The set of all minimizing movements and generalized

minimizing movements on the metric space (17\/\, d2) with respect to the metric g starting
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from [Up| € eff-Dom(F') are denoted by MMs, s (P, [Ug]) and GMMs, s (P, [Ug]) respec-
tively. From their definitions it can be verified that the set of minimizing movements is
contained in the set of generalized minimizing movements. See [5, Definition 2.0.6] for
the precise difference between them. Since (17\/\, Jd2) is a bounded metric space, the second

conditions in equation (4.14) and [5, equation 2.0.10] are trivially satisfied.

Lemma 4.2.3. If F': W —RU {o0} is sequentially do-lower semicontinuous, then

1. for every T >0 and [U] € W, we have inf; @p(7, [U]; -) > —00, where @ is defined

in equation (4.10), and

2. 1f ([Un])pen C W with sup,en F([Un]) < o0, then ([Un]),cn admits a dp-converging

subsequence.

Proof. Since (W, 0m) is a compact metric space [152], from the Weierstrass Theorem [192,
Box 1.1], both arg mingg; F' and arg mingg; @ (7, [U]; - ) exist for all 7 > 0 and [U] € W. Thus
the minima are greater than —oo, and every sequence admits a dg-converging subsequence.

O]

From Lemma 2.1.5 we know that the topology induced by &5 is sequentially do-lower
semicontinuous. This with Lemma 4.2.3 shows that the assumptions in [5, Proposition
2.2.3] are satisfied, guaranteeing that GMMs, 5. (®r, [Uo]) is non-empty. If |0F| is dg-lower
semicontinuous and F' is dg-continuous on the sublevel sets of |0 F|, then it follows from [5,
Theorem 2.3.1] that every element w € GMMs, 5. (®F,[Uo]), for [Up] € eff-Dom(F), is
a curve of maximal slope. For the sake of clarity, we record the above discussion as a

theorem.

Theorem 4.2.4 (Existence of curves of maximal slope-I). Suppose F': W = RU {0}

satisfies the following conditions.

1. F is ég-lower semicontinuous on eff-Dom(F).

2. Its local slope |OF| is dg-lower semicontinuous in eff-Dom(F').
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3. F is 0g-continuous on the sublevel sets of |OF|.

Then every curve w € GMMs, 5-(®r, [Uo]) for [Uo] € eff-Dom(F) is a curve of mazimal

slope.

In practice, it is difficult to compute |0F| or to ascertain its dg-lower semicontinuity.
This makes it difficult to apply Theorem 4.2.4 on natural examples. Later in Theorem 4.2.14
we show that, when f admits a Fréchet-like derivative that is A-semiconvex on (W, ds) for
some A € R, the existence of a curve of maximal slope follows without requiring dg-lower

semicontinuity of |0 F.

4.2.2 T'-convergence of penalized functional

Recall that the goal of this chapter is to show that the Euclidean gradient flows on matrices
converge in suitable sense to gradient flow on graphons. In the previous section, we establish
that the gradient flows in very general settings can be obtained as the limits of discrete
solutions. In this section, we show that iterates of ‘]T|VA\}” converge in suitable sense to the
iterates of Jr|y; as n — oo.

More formally, for any n € N, define JT(n) to be the resolvent operator on 17\/\” as

JO(U]) = argmin ®p(7, [U]; -) = argAInin{F + %53([@, )}, (4.15)
Whn W

for any 7 > 0, [U] € Wh.

The following Lemma essentially shows I'-convergence of the penalized functionals ®p,

restricted to W,,, as n — oo.

Proposition 4.2.5. Fix some dg-continuous function F': W= RU {c0} and some step
size T > 0. Consider a sequence ([U,] € Wn)neN such that ([Un]),en o, [U] as n — oo for
some [U] € W. For each n € N, let (U] € argmingg ®p(7, [Un]; ). Suppose [UF ] is

any dg-limit point of the sequence ([U,.]) Then [UF ] € arg mingg @r (7, [U]; -).

neN’
Proof. Note that for any sequence of graphons ([W,]),,cy such that ([Wy]), cx REN [W] for

some [W] € W, by Lemma 2.1.5 we have

lim inf 8o ([Un], [Wa]) > 82([U], [W]). (4.16)

n—oo



84

—

We now construct a recovery sequence of graphons ([W;] € Wy )nen C W such that
T (U, W) = a0, W), and lim (Wi, W) =0, (47)
To do so, we first obtain ¢,1) € T from Definition 2.1.4 and [117, Theorem 6.16] such that

5o([U], [W]) = HU“" —WwHQ. (4.18)

Since dg([Un], [U]) — 0 as n — oo, using [150, Theorem 11.59] we can find (¢, € T,), cy
such that

i $n _ TP —
nlgglOHUn U?||5 = 0. (4.19)
We now define a sequence of kernels (Z, € Wy),, oy as
Zn = U —E[U? | Fal,
where F,, = 0{Q,, X Q,} for every n € N. Note that

1Zallg < 107" = UPllg + IU¥ = E[U? | Falllg

<|[Uz7" = U?|lg + IU¥ = E[U* | Fullla-

Also note that for any V' € W, the martingale sequence (E[V' | F,,] € Wh,),,cn converges to
V e W in L*([0, 1](2)) as n — 0o. Using L? convergence of the martingales E[U¥ | F,,] and

equation (4.19) we conclude that
| Znllq — 0, as n — oo. (4.20)
The sequence of kernels (W;; € Wy,),cy can now be defined as
W = E[W‘” ’ fn} + Z,.
It now follows that for any n € N,

[ = vl < B[ | 7] = w, + 12
O g

< [ewe 7] w1l
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Using L? convergence of the martingales, and equation (4.20) we obtain ||(W*)¥" —W?||g —

0 and therefore have

lim sup 6o ([W, ], [W]) = 0. (4.21)

n—o0

Moreover,

2
|US™ — W2 = [E[U? | Fo] —E|WY | Fp
2 2

< HU“’ - WwH2 = 53([U], [W]) (using equation (4.18)), (4.22)

where the last inequality follows from [150, Equation 9.7]. From equation (4.22) and

Lemma 2.1.5 we obtain

lim 8> ([Un], [Wy]) = d2([U], [W]). (4.23)

n—oo

Now, by the definition of U}, we have
1 1
(VL)) + 503 (UL [U5) < FQVD + (U W2, (a28)

Taking liminf, .o, on both sides of equation (4.24), and from equation (4.16), equa-

tion (4.17) and the dg-continuity of F', we get

F([U%,]) + 3-8, [U%, )

< liminf F([U;,]) —|—hm1nf 52([Un] Ur])

n—ro0
. * 1 2
< — = _
< liminf F(W;]) + liminf o030 [W3) = F(W) + o-03(0), (W) (4.25)
Since [W] € W was arbitrary, this completes the proof. O

4.2.3 Fréchet-like derivatives and Existence of gradient flow

In Section 4.2.3 we introduce the notion of Fréchet-like differentiability. The most important
result in Section 4.2.3 is Lemma 4.2.9 which relates the Fréchet-like derivative with the local
slope of the function. This plays a crucial role in Section 4.2.4 where we show the existence

of gradient flow in Theorem 4.2.14.
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Fréchet-like derivatives and local slope

Recall that given a function F': W = RU {o0}, we can define an invariant function f: W —

R U {oo} such that f = Fo][-].

Definition 4.2.6 (Fréchet-like derivative on W). Suppose f: W — RU{oo} is an invariant
function. Let V € eff-Dom(f). The Fréchet-like derivative at V is given by any ¢ €
LOO([O, 1](2)) that satisfies the following condition,

A=V = (6. W)~ (6.V))

WeW, |[W—V||,—0 W =V,

—0, (4.26)

where (-, -) is the usual inner product on L*([0, 1](2)). If f admits a Fréchet-like derivative
at every V € eff-Dom(f), we denote the map that takes V' to the corresponding ¢ by Dy f.
In that case we say that f is Fréchet differentiable.

In [75], the authors consider Gateuax and Fréchet derivatives of functions on graphons
with respect to the cut metric. However, as they remark [75, Remark 2.18, page 195], such
a notion of Fréchet derivative is too weak to cover natural functions such as homomorphism
densities.

The next lemma shows that Fréchet-like derivatives behave nicely under the Lebesgue
measure-preserving transforms and hence is a well-defined map from W to E‘X’([O, 1]2).
That is, we can project Dy f to obtain Dy5F': eff-Dom(F) — EOO([O, 1%) as Dy F([V]) =
[Dw f(V)] for V e W.

Lemma 4.2.7. Let f: W — R U {oo} be an invariant function. Let V,V' € eff-Dom(f)
such that V' = V% for some ¢ € T. Suppose that the Fréchet-like derivatives Dy f(V) and
Dwf(V') exist. If ¢ = Dwf(V) and ¢/ = Dwf(V'), then ¢' = ¢¥ a.e. In particular, this
implies that Dy f(V) € LOO([O, 1](2)) if it exists, is unique.

Proof. Let the sequence (V;,),cy C W be such that ||V, — V][, — 0 as n — oo, then we

have ||V;Y —V'||2 — 0 as n — oo. We first show that

lim (¢f —¢?, Vil = V')

=0. (4.27)
n—o0 Vi = VI,
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To this end, recall that f is invariant and hence f(V) = f(V¥) and f(Vi¥) = f(Va).

Therefore, we have

<¢, — ¢<p? Vn(p> — <¢/ — ¢4p7 V<p>

y
nthoo Vi = VI,
e [F0R) = V) = (0 Va = V) FGE) = F(VE) = (& Vi — V)

n—00 Vi = VI, Vit — Vel
V) FV) = (6 Ve = V) ) = FVE) = (¢ Vi = V)
= Vi = V], - m Ve — Vel =Y

where the last equality holds because each limit individually goes to 0 by the definition of
Fréchet differentiability and our assumption that f has Fréchet-like derivative at V and V”.

We now show that ¢’ — ¢% = 0 a.e. Let AT := {¢/ — ¢¥ > 0} and A~ := {¢' — ¢¥ < 0}.
It suffices to show that |AT| 4+ |A7| = 0. We only prove that AT has measure 0, the
proof for A~ follows similarly. Let A = {V = 1} N AT and B = {V < 1} n AT. We
claim that both A and B have measure 0. We prove this by contradiction. Suppose, for
contradiction, that |B| > 0. Define the set B? := {(x,y) € [0,1]* | (¢(z),¢(y)) € B} and
note that |[B| = |B?| and hence |B?| has positive measure. Set V;, := V + Lxpe and note

that ||V, — V||, = % — 0 as n — 0o. By equation (4.27) we conclude that

0= (¢ — 6%, o) = /B(<z>’ — ¢%) () dzdy > 0,

which is a contradiction. Therefore, we must have that B has 0 measure. Repeating the
same argument with V,, =V — %X A shows that A has measure 0. Since AT = AU B, it
follows that A" has measure zero.

To conclude the second part, suppose that ¢ and ¢’ are two Fréchet-like derivatives of
f at V. Then, (taking ¢ = id) we must have that ¢ = ¢' a.e. Hence, Dyy f(V) is a unique
element in L>([0,1]®). O

Let F: W — RU {oo} and let f: W — R U {oo} be the invariant extension of F.
Lemma 4.2.7 justifies saying F' has Fréchet-like derivative if f has a Fréchet-like derivative.
Note that the Lemma 4.2.7 says that not only can the Fréchet-like derivative be thought
of as a graphon, but also the two graphons [Dyy f(V')] and [V] are ‘coupled’ in the sense
that they are two sets of “edge weights” associated with the edges of the same exchangeable

continuum “graph”. We make a formal definition to capture this relationship.
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Definition 4.2.8 (Coupled graphons). For any r € N, we define the set [W1]|©[Wa] ®---®
[W,] CW" with initial labeling (W1, W, ..., W,) € W™ as

7

Lo

Wi ={W?)_, | €T} (4.28)

)

Without loss of generality, we will always refer to the elements in ®]_, [W;] with the initial
labeling (W;);_; unless specified. Since we can also relabel elements in L ([0, 1](2)) (i.e.,
apply the map V +— V¥ for V e L ([O, 1](2)) and ¢ € T), we can generalize Definition 4.2.8

to tuples with elements in Loo([(), 1](2)) D W. That is, we can consider sets of the form
T
OVl ={Vin ¢ T}, (4.29)

with initial labeling (V; € L> ([0, 1](2)))::1. Therefore, from Lemma 4.2.7,if V € [V] € W,
and ¢ = Dw f(V), then (V,¢) € [V] © [¢].
For (V,¢) € [V] ® [¢], we define the set Gy C [0,1]? as

Gy ={|V|<1}U{V=1,6>0}U{V =—1,6 < 0}. (4.30)

Since (V, ¢) € [V] ® [¢], the set Gy is well defined on W. For any weT,Gye = (Gy)? =
{(p(2),9(y)) € [0,1]* | (z,y) € Gv}.
The next lemma gives an expression for the local slope of F' in terms of its Fréchet-like

derivative.

Lemma 4.2.9. Let F: W — R U {o0} be a function and f: W — RU {oco} its invariant
extension. Assume that for each [V] € W the Fréchet-like derivative Dy f(V) exists for all
V € [V], then the local slope (Definition 2.1.9) of F' at [V] satisfies

(<¢a V> — <¢7 W>)+

|OF|([V]) = nr([V]) = S VoW, = [|¢Lcy Il (4.31)
where V. € [V], and ¢ = Dwf(V). In particular, |0OF|([V]) = |¢l, if V €

{UeW||U| <1 a.e}neff-Dom(f).

Proof. Fixing [V] € eff-Dom(F'), we verify using Lemma 4.2.7 that np is well defined on W.
If Vo = V¥ for Vi € [V] for some ¢ € T, and ¢1 = Dy f(V1) then Dy f(Va) = ¢ = ¢o,
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and
_ + © NP\ AP e\ T
qp 0LV =W (6F V) — (of W)
wew WVi-Wl, ~weav V- wel, (432
— swp (92, Va) — (62, W)
Wew W —Vall

We will now break the proof of the claim into two parts:

1. For any € > 0, let us consider [W] € W such that 52 ([V], [W]) < /2 for some 6. > 0
such that if ¢ — 0, then 6. — 0. From Definition 2.1.3, there exists ¢ € Z such that
52([‘/]7 [W]) < HWSD - VH2 < 52([V]7 [WD + 58/27 Le.,

5./2 > 8y([V],[W]) = [W# = V||, — 6./2 > 0. (4.33)

From assumption if we choose W¥ € W, since |W¥ — V||, < J. we get

FW2) = f(V) = ({6, W¥) = (V) _ (4.34)

—& S > <y
[We =V,

where ¢ = Dy (V). Using equations (4.34) and equation (4.33), we get

(F(V]) = F(W]) "
d2([V], [W])

(F([V]) — F((W])™"

[We -V, —6-/2

(o, V) — (¢, W) + e[| WP — V)"
[We — V|, —6:/2

(6, V) — (6, W) we - v,
= < We -V, “) We =V, - o./2

<

W2 =Vl

for some V € [V]. Taking ¢ — 0 in equation (4.35) we get
OF|([V]) < nr([V]). (4.36)

2. When np([V]) > 0, for all € € (0,nr([V])), by the definition of ng([V]), for any
V e [V] and ¢ = Dyy(V), there exists W € W such that

<¢7 V> — <¢’ W>

+e. (4.37)
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Let Wy := (1 —t)V +tW for all t € [0,1]. Since W is a convex subset of L%(]0, 1](2)),

the curve (Wy),ep01) € W. Since [|[W; — V|, — 0 as ¢ — 0, by assumption we have

fW) = f(V) = ({9, W) — (&, V)

2 W, =V, =0
i 2070 f%; t—«i’u?o — V) _,
= lim ! iﬁ%__féﬁt) = <¢’”“//>__$|’|?/> >np([V]) —>0
i EWVD = FQWAD)T (V) — e (4.38)

t—0 S ([We], [V])

Therefore, the curve ([Wi]);eo 1 — [V] along which equation (4.38) holds for every
e > 0. When ng([V]) = 0, equation (4.38) trivially holds for € = 0.

Combining the two parts, we find that |0F|([V]) = np([V]).

For any n € N and 6, > 0, let As, = {|V| <o, U{V =1, >0} U{V =—1,¢ < 0}.
Note that for any ¢, > 0 and 4, > 0, define W, ==V —t,,¢14, and

(o, V) = (o, W) "
HV - Wn”2

- H(MA%HQ' (4.39)
Let (0n),cy be a sequence in (0,1) such that lim, o 6, = 1. Since ¢ € LOO([O, 1]2), for

every 6, > 0, there exists t,, > 0 such that W, =V — tnpla, €W for each n € N. It

follows from equation (4.39) that

nr([V]) > liga_gp}léhan I, = lloley o (4.40)

where the last equality follows from the dominated convergence theorem and the fact that

La,, — 1g, ae. as o, — 1.
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For any W € W, define Wy = W on Gy and Wy = V otherwise. Note that

(6, V=W)y= | o(V—W)drg 2+ / SV — W) dAg
GV [071}2\GV
GV [0»1]2\GV
\%
= (¢, V — W), (4.41)

where the inequality above follows from the fact that ¢(V — W) <0 on [0, 1]2 \ Gy. Using
that ||V — Wyll2 < ||V — W]|,, we obtain

(6, V) = (& W)™ _ ((&,V) = {6, Wo)) "

<
HV_WH2 HV_WOHQ
It therefore follows that
({6, V) = (o, W)
ne([V]) = sup : (4.42)
VD= s =,

where the supremum is taken over W € W such that W =V on [0,1]> \ Gy.. For any such
W, we obtain by the Cauchy-Schwarz inequality that (¢,V — W) < [[¢lg,, |5V — W,.

Therefore, it follows from that

ne([V]) < lleley |y (4.43)
Combining equations (4.40) and (4.43), the conclusion follows. O

Remark 4.2.10. We can define a similar expression for the set valued function G when
eff-Dom(f) is a cubic domain. As an example, when eff-Dom(f) = {W e Wla < W <
b a.e.} for some —1 < a <b<1 (see Section 4.5.1 for a discussed example), we can define

Gy € [0,1]® for any V € eff-Dom(f) as
Gy ={a<V <blU{V =0b,0>0}U{V =a,p <0}, (4.44)

for(V,¢ = Dwf(V)) € [VI®[¢]. Lemma 4.2.9 continues to hold whenV € eff-Dom(f) C W
whenever eff-Dom(f) is a cubic domain. In this case, the set valued function G is defined

as described above and the proof of Lemma 4.2.9 can be modified accordingly.
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Remark 4.2.11. Lemma 4.2.9 has an important consequence that will be used later. As
the metric derivative of a gradient flow is given by its local slope at each point, Lemma 4.2.9
says that if w is a gradient flow of F, then its local slope is given by the L?>-norm of its

Fréchet-like derivative, i.e., |0F|(w¢) = HQZ)(Wt)]letHQ = HDWF(wt)]le for all t > 0.

s
Here for any t > 0,

DFwila,, ={(DwiU1ay, )" € 1=(10,1]%) | g e T},

for U; € wy. Since the L?-norm is invariant under measure preserving transformations [117,
Lemma 5.5], the L?-norms of graphons are well-defined. In fact, if one defines a kernel valued
curve (Wi)sepor) by setting Wy = —Dwf(Wt)]lGWt pointwise, then the curve t — wy = [Wy]
is a gradient flow (a.k.a. curve of mazximal slope). This is shown in Lemma 4.2.13 which in

turn shows the existence of a gradient flow under suitable assumption (See Theorem 4.2.1/).

Lemma 4.2.12. Let F: W — R U {o0} be a function and f: W — R U {oco} be its in-
variant extension. Let F' be Fréchet differentiable. Let us consider w € AC(W, d2), and let
(Wt)iepo,) € ACOW, d2) be its representative curve such that Wy = —np([Wi])Ni for a.e.
t € [0,1] for some Ny € L*>(]0, 1](2)) satisfying ||N¢|ly = 1 and (¢¢, Ny) = np([We]). Then,

w is a curve of maximal slope on (W, d2).

Proof. Since (W)e(01) € AC(WV, dz), the metric derivative of (Wy),¢po 1) with respect to ds
at any t € (0,1) is given by

[ Wien — Wally
}L%T = HWt/HQ = ”UF([Wt])NtHQ = [nr([Wi])]. (4.45)
That is, the metric derivative of (Wt)te[o,l] € AC(W,ds) equals the upper gradient. More-

over, by the absolute continuity of the curve and from Definition 4.2.6,

d o S W) = f(W)
af (W) = Jim h

— lim (D, Win) — (o1, Wi) + o([[ Wiy — Wil|5)
h—0 h
= (¢, W) + 0 = —(br, Ny ([Wi]) = —n([W3)), (4.46)

where ¢¢ = Dy f(Wy). Thus, (Wy),¢po,1) satisfies Definition 2.1.10 and is a curve of maximal

slope on (W, ds), and w is a curve of maximal slope on (17\/\, d2). O
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4.2.4 Existence of gradient flow

We now prove the existence of a curve of maximal slope if F' satisfies reasonable assumptions.
Moreover, as mentioned in the introduction, we show that the curve of maximal slope is the

natural image of an absolutely continuous curve in (W, da).

Lemma 4.2.13. Let f: W — RU{oo} be a A\-semiconvez invariant function for some A € R
such that the Fréchet-like derivative, (W) = Dy f(W), exists for all W € eff-Dom(f). Let
(Wt)iepo,) € AC(W, da) be an absolutely continuous curve satisfying Wy = —¢(W)1lay, =
—Dwf(Wi)lay, for a.e. t €[0,1]. Then, ([Wi])icpo,1) is the unique minimizing movement

curve (MM) satisfying the following evolution variational inequality (EVI)

d A
S B V) + SIWe— VIE+ F(W) < F(V), (4.47)

for every V' € eff-Dom(f).

Proof. The curve (W),cjo1] is a curve of maximal slope follows from Lemma 4.2.12. We
now show that it satisfies the EVI. For t € Ry, let ¢, := Dy f(Wy). Fix U € W and define
the function gy: W — R U {oo} by gu(V) = f(V) = A\|U — V||§/2, for V' € eff-Dom(f).
We first observe that Dyygw,(W:) = ¢;. To see this, note that

FWs) = f(Wh) — (¢, Ws — W)

lim =0
st [Ws — Wil
. 9w, (Ws) — gw, (Wt) — <¢ta Ws — Wt>
— lim — =0. 4.48
s—t ||WS - Wt”2 ( )

The conclusion, that is Dygw, (W) = ¢+, now follows from the uniqueness of Fréchet-like

derivatives (Lemma 4.2.7). Since f is A-semiconvex, gy is convex, i.e.,
gw, V) > gw,(Wy) + (¢, V = W),V € eff-Dom(f). (4.49)
From equation (4.41) and using the fact that W/ = ¢, we obtain

01,V = Wi) < (@i, V = Wi) =< WLV - Wt>
1

1d

d
W=Vl = 5 B, V), (4.50)

[\ \
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where the second equality follows from the reflexivity of L?([0,1]?). Plugging equa-
tions (4.48) and (4.50) in equation (4.49) and rearranging, we get

1d , A 9

S S BOVL )+ SIWe— VIR + 7)< F(V), (451)
for all V' € eff-Dom(f). Using equation (4.51) it follows from [5, Theorem 4.0.4] that the

curve ([Wi]),epo,1) s the unique curve in MMs, 5 (®r, [Wo)). O

Theorem 4.2.14 (Existence of curve of maximal slope-1I). Let F': W = RU {0} be a
real valued function such that the Fréchet-like derivative DipF([W]) exists for all [W] €
eff-Dom(F). Let f: W — RU{oo} be its invariant extension. For Wy € [Wy] € eff-Dom(F)
and t > 0 define

t
Wi=Wo- [ 6W)lay, ds.  teRy,
0

where the above integral is pointwise. If f is A-semiconver w.r.t. do, then the curve

t— wy = [Wy] is a curve mazimal slope for F starting at [Wy] € eff-Dom(F).

Proof. Fix [Wy] € eff-Dom(F’) and define
t
Wy =Wy — / d(Wi)lgy, ds, te(0,1],
0

where the above integral is a pointwise integral, i.e., for a.e. (x,%) € [0,1]?,

mww:mmw—AMMMMMMWMMatemu

By construction, we have (W);c(0q) € AC(W, d2) and W} = —¢(Wy)1g,,, for all t € [0,1].
It follows from Lemma 4.2.13 that (Wt)te[o,l] is a minimizing movement. It follows from the
definition of minimizing movements (see Section 4.2.1 and [5, Definition 2.0.6]) that there
exists a sequence of discrete solutions in W that converges to ([Wt])te[o,l] in dg. Since W is
closed in || - ||, Wy € W for all t € [0, 1].

Set wy = [Wy] for t € [0,1]. Then w € AC(W, ;). From Lemma 4.2.9, we know that
for any t € [0,1], np([Wy]) = Hgb(I/Vt)]lGWtH2 and therefore we have W/ = —ng(W;) N,
where N; = ¢(Wt)ﬂGWt/"¢(Wt)lGWt H2 It follows from Lemma 4.2.12 that w is a curve of

maximal slope on (17\/\, 92). O
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Remark 4.2.15. An important consequence of the above Theorem is that if w is a gradient
flow of F then there exists an absolutely continuous curve (Wi).eo.r € AC(W, d2) such that
(Wi] = wy, |W'|(t) = HDWf(Wt)]lGWt H2 and Wi = —=Dw f(Wi)1ay, , for each t € (0,T7.

Remark 4.2.16. If F is dg-lower semicontinuous, \-geodesically semiconvex for A € R4,
and bounded from below, then one can say more about the convergence rate of a gradient flow
to a minimizer of F. When \ > 0, let w* be the unique minimizer of F'. Then following [5,

Remark 4.0.5, part (d)], a gradient flow w of F on w starting at wy € w satisfies
S (wy, w*) < e Mdy(wo, w*), teR,.

In the limiting case when A = 0 the exponential decay does not occur, in general, but some
weaker results on the asymptotic behavior of w hold. Following [5, Corollary 4.0.6], w

satisfies
5% (WO ) WOO)

Plwn) = Flun) < 20250,

t € Ry,

for some minimum point we of F, such that the map t — da(w, W) @S NON-increasing.

Moreover, limy_, o, d2(wt, woo) = 0.

4.2.5 Finite dimensional Fréchet-like derivatives and upper gradients

Recall the partition Q,, = {Qnﬂ'}ie[n] defined for any n € N in Section 2.1.1. Given an
invariant function f: W — R U {oo}, we can restrict its domain to kernels in W,, and still
consider the Fréchet-like derivative Dyy, f: W, Neff-Dom(f) — L ([0, 1](2)).

There are two equivalent ways of doing this. First, suppose the Fréchet-like derivative of
f at V is given by Dy, f(V) = ¢. Then define Dy, f(V) = ¢, by conditional expectations
as ¢n = Elp | F,], where F,, .= 0(Qn X Q). The object ¢, is referred to as a ‘quotient’
obtained by a ‘stepping’ of ¢ in [39, Section 3.3] and [150, Section 9.2.1] respectively. Since
¢ = Dwf(V), by the Tower Property of conditional expectations we obtain that when
W,V € W,,

<¢n7W> - <¢)n7v> = <¢? W> - <¢> V>a

gy W) fV) = (W) — (60, V)

WEW7L7 ”W_V||2
[W—=V]l,—0

= 0. (4.52)
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The second method of defining ¢,, is to relate it to the Euclidean gradient over n X n
symmetric matrices. This is done in Lemma 4.3.1 below.
In any case, we can define g, : W N eff-Dom(F) — Ry for the function F': W —

R U {oo} as follows. If V € [V] € W, N eff-Dom(F), then

_ +
nenllV]) = sup. ({fn; |VV> = %"QW” . (4.53)

We can also define the local slope |0, F| restricted to Wn as

|0, F|([V]) = lim sup
[W]EW, 82([W],[V])—0

(4.54)

for [V] € W, N eff-Dom(F'). Then, by a similar argument as shown in the proof of

Lemma 4.2.9, we have the following corollary.

Corollary 4.2.17. Let F: W — RU {o0} be a function and f: W — R U {oco} be its
invariant extension. Assume that for [V] € Wi N eff-Dom(F) the Fréchet-like derivative
Dwf(V) exists for all V € [V]. Then the local slope (Definition 2.1.9) of F' at [V] satisfies
00 F|(V]) = nEa((V])-

4.3 Convergence of finite dimensional gradient Hows

In Section 4.1 we discussed that implicit Euler iteration on Wn for any n € N can be
viewed as the time scaling of the implicit Euler method on the Euclidean space of n x n
symmetric matrices. The following lemma complements that discussion by saying that the
gradient flow on W,, can be obtained from the Euclidean gradient flow on the space of n x n
symmetric matrices.

To set the stage, let f: W — RU {oo} be an invariant function. Consider its restriction
to W, viewed as the space of n x n symmetric matrices: f, := f o K. This is a function
on a closed convex subset of an Euclidean space. Suppose the function f, is C' up to
the boundary then we show that the Euclidean gradient and the Fréchet-like derivative are

equal up to a scaling.

Lemma 4.3.1. Letn € N. Let f: W — RU {400} be an invariant function that is Fréchet
differentiable according to Definition 4.2.6, that is, Dy, f(V) exists for every Ve W,,. If
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fn = fo K is differentiable up to the boundary of M,, then
n*(Vfn o Mp)(V) = (Mno Dy, /)(V), V€W,
where (V fr); ;= 0ijfn for all (i,7) € [n](2), and M, is as defined in Definition 2.1.6.

Proof. Since f, is assumed to be differentiable on a finite dimensional Euclidean space, V f,,
is its Fréchet derivative as well. By composing with M,,, which scales distances by a factor,
we get that n?(Vf, o M,) is a Fréchet-like derivative on W,. We have already shown in
equation (4.52) that Dyy, f is also a Fréchet-like derivative on W,,. We are done by arguing
that Fréchet-like derivatives are unique by following an argument very similar to that of

Lemma 4.2.7. OJ

Let n € N, and (W, = W,,(t) € W, Neff-Dom(f)) be the Euclidean coordinate

teR
gradient flow of f. This may be obtained by suitably scaling the solution of the differential
equation
d
p Mn(Wa(t)) = =(Vfu o M) (Wa(t)), (4.55)
with initial condition W,,(0) = W,, o € W, Neff-Dom( f), until the process hits the boundary
when one or more entries is +1. At the boundary, however, the gradient might push the
process outside M, and it needs some care to have a proper definition. Instead, we consider
the Euclidean gradient flow as the limit of implicit Euler iterations as the step size tends to
zero. This definition is valid everywhere and is equivalent to the previous one on Euclidean
spaces.
As a consequence of Lemma 4.3.1, we obtain that the Euclidean coordinate-wise gradient

flow on W, is the gradient flow on W,,. We are now ready to prove Theorem 4.1.1. For

completeness, we reproduce the theorem statement below.

Theorem 4.3.2 (Convergence of Gradient Flows). Suppose F: W — RU {o0} satisfies the

following conditions:

1. F is continuous in ég,
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2. F is A-semiconvex (Definition 2.1.15) along generalized geodesics on (W, d2) (Defini-
tion 2.2.6), for some X € R.

(n)

Consider the gradient flow w™ = (wt - )7\/\” of F' on each 17\/\”, starting at some

)teR+
w((]n) = [Uny] forn € N. Assume that the sequence ([Un ]),cn o, [Uo], and |0F|([Up]) < o0
and limsup,, ,|0F|([Unp]) < G < o0, for some G > 0. Then,

limsup sup g (wf"),wt) =0, (4.56)
n—oo  te[0,T)

foranyT € Ry, wherew = (wt)te]R+ is the unique minimizing movement curve [5, Definition
2.0.6, page 42] on w for the function F starting at wg = [Uo] [5, Theorem 4.0.4]. In
addition, if the conditions for the existence of curves of mazimal slope (Theorem 4.2.4 or

Theorem J.2.14) hold, then w is also a curve of mazximal slope.

Proof. By increasing the constant G suitably, we may assume that

max{sup|8F|([Un70]), \8F\([U0])} <G < 0. (4.57)

n>2
Fix T'> 0 and let 7, be a sequence of positive time steps such that |7,,| = T'/m. Since
F:W— RU{o0} is ég-continuous and d2([U], - ): W — RU{o0} is épg-lower semicontinuous,
the functional ®p(7, [U]; -) is dg-lower semicontinuous. From Lemma 2.2.7, it follows that
& satisfies [5, Assumption 4.0.1] and hence by [5, Proposition 4.0.4] we have that

W) = a5 tim (S0 (Unol) . w(t) =80 Tim (Jyym)" (Vo))

m—r0o0

exist and are unique for all n € N and ¢t € [0, 7.

Let [Un.r,,]: [0,T] — W be the discrete solution (Definition 4.2.1) of the implicit Euler
method with the sequence 7, and initial point [Up ], for each n € N. Inductively ap-
plying the Proposition 4.2.5, we obtain [U, ]: [0,T] — W such that [Ur,.] is the discrete
solution of the implicit Euler method with the sequence 7,, and initial point [Up] € W.
s [r,]

uniformly on [0,7] as n — oo, that is, for any fixed sequence of step sizes 7,,, we have

Passing to a subsequence and relabeling, we may assume that ([Un,.,-m])
ne

6D<[Un’fm](t), [U,-m](t)> — 0 uniformly over ¢t € [0,7] as n — oo. For every t € [0,T] we
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have
02 (U] (0,0 (1)) < (ol At T OBl ([Un0]), (4.58)
2 (U710, 0(8)) < Al A6 T OF|([T))), (4.59)
for every n € N where
AT, MG T) ERpp x RXRyp xRy [7A> =1, 7 <T,t <T} x (0,00) = R4

is defined as

%, if A =0,
YA ET G) = R0 26 oxp (—m(E27)r), if A <0, (4.60)

TG 14+AT :
\/1+2)\T-ﬁ~exp( ln( )t), if A>0,
by [5, Equation 4.0.6, Theorem 4.0.9, Theorem 4.0.10], and the uniform bound in equa-
tion (4.57). Note that ~ is independent of n. Using the triangle inequality, we get

o0 (™, wr) < b0 (™, Wnr, 1 (1) +5m([ Unr) (9, 107,](8))
+5D< )

< b (", Unr, () + 63 (www), U, 1)
+ 6, <m(t), wt>

< 29|17l A, 5T, G) + b0 (U (0, [0, 1(1)) (4.61)

for all n € N and ¢ € [0,T] by equations (4.58) and (4.59).
It is clear that y(|7m|, A\, t;T,G) — 0 uniformly on [0,7] as |7,,| — 0. Therefore, we

conclude from equation (4.61) that og (wt(n), wt> — 0 uniformly on ¢t € [0,T] as n — co. [

Remark 4.3.3. The proof of the Theorem 4.1.1 can be carried as long as we have the
uniform estimates in equation (4.58). In particular, if V f, o M, are uniformly Lipschitz,

and there is a constant m € Ry such that

Fa(B) < fulA) + (Vfu(4), B— A) + Z|B - Al

forall A, B € M,,, where f, == (f o K) | m,,, then [45, Theorem 212A] guarantees a uniform

estimate in (4.58) and therefore the conclusion of the theorem remains valid.
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4.4 Continuity Equations

It is well-known that any absolutely continuous curve in the Wasserstein space can be
represented as the solution of a continuity equation [192, Section 5.3]. Something analogous
is partially true for graphons as well. However, the presence of the boundary in W makes the
situation more delicate and we can only characterize AC curves via the continuity equation

until it hits the boundary.
Before we state the main result, we introduce some notations. Let v € L1(]0,1]®) and

let [W] € W. Let W € [W] be a representative of [W]. For any n € N, we can define
Xy [0,1]" = M, and vy, : M,, — R 49

Xn((uﬂ)?:l) = (W(uu uj))(i,j)e[n](2)’

vn(2)(i, ) = EBlo(Ui, Uj) | Xn((U)j=y) = 2, (4.62)

where {U;},cy are i.i.d. as Uni0, 1]. Intuitively, formula (4.62) means that we average the
edge weights from v over all embedding of the vertex labeled weighted graph z in the graphon
W. Since X,,_1 is a leading principle submatrix of X, i.e., X, = (Xn(ivj))(i,j)e[n—l]@)v
we have that o(X,_1) C o(X,), which defines a filtration F = (F, = 0(Xyp)),en. It is
clear that (v,), oy is a martingale with respect to the filtration 7. We also note that that
vy is a function of the graphon and not its kernel representative. We record both these

observations as a lemma below.

Lemma 4.4.1. For every i,j € N, the process (Uk(Xn)(iaj))zO:maX{ij} is a martingale with

respect to the filtration F.

Lemma 4.4.2. For any ¢ € T, we have v, (X,f) = vp(Xy), for alln € N, where v¥(x,y) =
v(p(x), p(y) for all (z,y) € 0,1]).

Proof. For any ¢ € T, given {U;},cy, let us define V; := o(U;) for all i € N. Since

8 0,1] = ANo,1]> {Vitien 18 a set of ii.d. uniform random variables in [0, 1]. Using this,
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observe that for any (i, 5) € [n]'?,

v (X7)(6,5) = Efo? (Ui, Up) | X3 (Ue)i—y )]
= E[o(e(Ui), ¢(Uj)) | Xn(p(Ue)p—1)]

= E[v(V, Vj) | Xn((Ve)imy)] = va(Xn) (i, ), (4.63)
holds, completing the proof. O

Suppose we are given some w = (wt)ye(p 1] € AC()7\/\7 d2). From Lemma 2.2.1, we obtain
(Wi)iepa) € AC(W, d2) such that wy = [Wy] for all ¢ € [0,1]. It follows from the Radon-
Nikodym property [111, page 30, Theorem 5] that there exists v; :== W/ € L?(|0, 1](2)), for
a.e. t € [0,1], such that W, — Wy = fg vs ds, where the integral is pointwise.

For any t € [0, 1], let v,; and X,,; be defined as in equation (4.62) with W; replacing
the role of W and v; replacing v. The following Proposition 4.4.3 shows that the p,; =

Law(Xynt(U;)™,)) satisfies continuity equation with the velocity v™' defined as

v(z) = B (WU 1)

(i,j)e[n](2> (Wt(UZ7 UJ))(’LJ)E[R}Q) = Z:|7 VS Mn'

Proposition 4.4.3. Let n € N, and p™" = Law(X"™((U;);_,)). Then, for a.e. t € [0,1],
the continuity equation O;p™' + V - (v”’tpnvt) = 0 holds weakly with Dirichlet boundary
conditions. That is, for any continuously differentiable test function f on M., vanishing

at the boundary,

0t (/f(z) dp"’t(2)> - /Vf(z)v"’t(z) dp™'(z) =0, a.e. te]l0,1].
Proof. By definition, p™' is the law of the random symmetric matrix X™!((U;)},). Fix

some f € C*(M,,R) vanishing at the boundary of M,,. By change of variables

fE e s = [

[071]’” f<(Wt(u17 u‘]))(’h])e[n]@)) d)‘[O,l]” (u), (464)

Mn

where Ajg 3j» is the Lebesgue measure on [0,1]", and u = (u;);_,. Note that v™" € L*(p™").

Taking time derivative on both sides of equation (4.64) for ¢ in the set of full measure where
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W/ is defined,

o [ FE)e () de
My

= /[(]’1]71 atf((Wt(u“u]))(l,j)é[n]@)) dA[OJ]”(u)

= /[O 1]n<(vaXn,t) (u)’ (Wt/(ui’uj))(i,j)e[n](z)>d)\[071]”(u)

:/ <Vf(z),/ (Wt’(ui,uj))(ij)e[n](z) duz(u)>dz, (4.65)
n {(ue[0,1]|Xt=2} ’

where {g.},cpq, 18 the disintegration of Ajg», with respect to the function X"t By
definition of v™!, the above expression is exactly equal to an<Vf(z),U"’t(z)p"*t(z» dz.

This completes the proof. ]

Proposition 4.4.3 shows that an absolutely continuous curve in (17\/\, 02) determines a
family of continuity equations. In [102], the authors take this analogy further and show
that in the presence of noise the limiting curve can be described by a certain McKean-
Vlasov type equation.

As an example, consider the continuity equation for the scalar entropy. From equa-

tion (4.81) it follows that the velocity of gradient flow for scalar entropy function satisfies

W(z,y)
WD) (.g) = —log V@Y e .
() = —tog (D) (g € 0,11, (1.66)
if 0 < W < 1ae. Let {U;};2, be iid. Uni[0,1], then using equation (4.62) we can compute

the velocities (vy,), ¢y appearing in the continuity equation as

vn(2)(i, ) = EBlv(Ui, Uj) | Xn((Ur)p=y) = 2]

:4%Qf§&0, 2eMy, el

Unfortunately, for our other examples, the velocity fields do not have closed form expres-
sions since they are averages over all possible embeddings of a labeled weighted graph in a

graphon.
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4.5 Examples of Gradient Flows on Graphons

In this section we find some natural classes of examples of functions on graphons with
Fréchet-like derivatives. For any graphon [W] € W and any k € N, sample {Zitiepy 14.d.
from Unil0, 1]. Let Gx[W] = (W(Zi’zj))(i,j)e[k]@)' Let pr([W]) = Law(Gg[W]) denote its
law over k x k symmetric matrices. Consider the functions Fi: W — R U {oo} defined

through the function composition Fy, = Hy o pg, for different choices of Hy: P(My) —

R U {oo}. Notice that the function Fj, is well-defined over W.

4.5.1 Linear functions
Let Hy: P(My) — RU {oo} be defined as a linear function such that Fj, takes the form

Frp((W]) = (fr, pe([W])) = » fe(2)pr((W])(d2), (4.67)

for all [W] € W such that supp(px([W])) C eff-Dom(f;), where fi: Mj — R U {co}
satisfies fr, € L'(px) and Vfi € L>(pr). Let fx be continuously differentiable on an open
set containing supp(px). Suppose that fj satisfies either Assumption 1 or Assumption 2

stated below.

Assumption 1. For any e > 0 there is some 6z > 0 such that for all X, Xo € My, satisfying
| X — Xolly < 0e, we have

| fi(X) = fr(Xo) = (Vfe(Xo0), X — Xo)| < e]| X — Xol|,,

where (-, - ): Mp(R) x Mp(R) = R and | - ||, are the standard Frobenius inner product and

Frobenius norm over k X k matrices respectively.

Assumption 2. There is a constant Cy such that

sup | fe(X) — fi(Xo) — (Vfr(Xo), X — Xo)| < Co.
X, XoEM,,

Then, F} admits a Fréchet-like derivative as shown below. By change of variables, note

that

F.(IW]) = Ex,pp o) Lk (Xi)]

=Bz ~umifo, e, [fk ((W(Zi, Zj))(m)e[k}(m)} : (4.68)
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For two different graphons [V],[W] € W, consider their representative kernels V and W.
Since kernels are identified a.e. on [0,1]), we may assume W (z,z) = V(x,z) = 0 for a.e.
x € [0,1]. Now use the same sequence of Uni[0, 1] random variables (Zi)le to obtain a
coupling of pi([V]) and pi([W]). This is used implicitly in the following derivation and,

hence, we will skip referring to the random variables {Zi}le from here on. Define X} =

(W(Z;, Zj))(i,j)e[k}@) and Yy = (V(Z;, Zj))(i,j)e[k]@)' As a consequence of this coupling,
k
B[V - Xkl3] = Y E[(V(Z.2;) - W(2:, 2))?]
i=1,j#i

= k1) [ V) = W) drdy = KDV - WG

The first equality is using the fact that the diagonal terms of Y — X}, are all zeroes. Hence
E[|Yr — Xk|lo] < k[|V — W]|,, by the Jensen’s inequality.

If either Assumption 1 or Assumption 2 hold, then for any € > 0,

|fe(Ye) = fr(X) = (Vi (Xk), Yie — Xi)|
< el|Ye — Xillo L{[[Yr — Xklly < 6o} + Col{[|Yr — Xkl > 0-}- (4.69)

Taking expectations on both sides,

IE[fx(Ye)] — E[fe(Xk)] — ELV fe(Xk), Yi — Xp)]]
< eE[||Yr — Xkllo] + CoE[L{[|Yx — Xkll5 > 0c}]
< ek[|V — Wy + CoP{|| Yy — Xglly > 6}

Co
< ek|V = Wil + K[V = W5,
€

by Markov’s inequality. As ||V — W||, approaches zero, it is now clear that, for any & > 0,

imsap B~ B (X0] ~ ELVAu(X5), Vi = X3l

< (4.70)
VeEW, |[V—W|,—0 V=Wl

Since €’ is arbitrary, the above lim sup must be zero.
By the definition of Fréchet-like derivatives (Definition 4.2.6), we want to obtain some

¢ € L>(]o, 1](2)) such that

E[(V fe(Xk), Yi — Xi)] = (6, V — W). (4.71)
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Let Uy := Yy — X (also similarly measurable with respect to {Zi}le), and let us denote

by A(Z) = Vfu(Xy) = V fk((W(Zi, Z)) (i,j)e[k](2)>‘ Observe that
k
E[(Vfe(Xe), Vi — Xi)] = > E[(A(2));,(U(2)), ]
ij=1

- > Bfs[uen, wo, | 2.4])

ij=1
= i ]E[E[(A(Z))iij(Zi,Zj) ‘ Zi,ZjH
i=1,j#i
- S sfE[u@,| 25]v@.2)
i=1,j
k
- 3 [, Bl | @ m - ealoends
= /[0 2 Zk: E[(A(Z))” ‘ (Zi, Zj) = (x,y)} U(z,y)dzdy. (4.72)
; ij=1

Notice that, including the term i = j above makes no difference in the integral. Therefore,

if we choose ¢ € L ([0, 1]2) to be defined as

k

dlx,y) =Y E[<ka((W(Zi, Zj))(i,j)e[kpz))) . ‘ Zi=x,2j = y}, (4.73)

ij=1 “I
for (x,y) € [0, 1](2), then the required equality in equation (4.71) is satisfied. And the action
of the Fréchet-like derivative ¢ on a kernel, say U € W, is
E[(V fix o Wy, Gx[U])]

(4.74)
=K va’“ <(W(Zi’ ZJ'))u,j)e[k]@))’ (U(Z6: 2)) i jyeimgee >] ‘

Lemma 4.5.1. If fi is A-semiconvex on the convexr set My, then Fy. is generalized geodesi-
cally k(k —1)X-semiconvex on W. In particular, it is also geodesically k(k — 1) \-semiconvez

on W.

Proof. Since every geodesic is also a generalized geodesic, it suffices to prove the result for

a generalized geodesic. Since fj is A-semiconvex, for some A € R, it follows that for any
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Xo, X1 € My,
Te(Xt) < (1 —1) fr(Xo) + tfu(X1) — gt(l — 1)1 X1 — Xoll3, Vtelo,1], (4.75)

along the curve (X; = (1 — )Xo + tX1)scp0,1]-

Let [Wo], [W1] be two graphons and let w = ([W4]);¢( 1] be a generalized geodesic between
wo = [Wp] and wy = [Wi]. It follows from Definition 2.2.6 that w has a representation in
the space of kernels given by the line segment (W; = (1 —t)Wy +tW1),c(o ), where the
kernels Wy and W; are such that ||[Wy — Will, > 62([Wo], [W1]). Now use the same set
{Zi}i-“:l of i.i.d. Uni[0,1] random variables as above to get a process (X ), oy of random
matrices with distributions (px([W3])) e respectively, for each ¢ € [0,1]. Note that X, =
(1—-t)Xor+tX1k t €10,1], k € N. Hence applying equation (4.75) to this line segment

and then taking expectations with respect to the joint law of (Zi)le, we get
A
(W) < (1= ) Fr([Wa]) + (W) — SH0L = DE| [ X1e = Xoul3], € [0,1]
Now by equation (4.69),

o| = k(k — 1)|[Wy — Woll3 > k(k — 1)03([W], [Wa))-

E[Hxl,k — Xok

Putting it back together we get that for ¢ € [0, 1],

k(k — 1)\

(L = )03 (w1, w0). (4.76)

Fi(w) < (1= 1) Fi(wo) + tF(w1) —
Therefore Fy, is k(k — 1) A-semiconvex along the generalized geodesic w. O

In the following subsections, we examine special cases of linear functions.

Scalar Entropy function

Recall the scalar entropy function £: W — R U {o0}, defined in equation (4.7) as

—~

EW) = [ WGy dedy, ()€

where h: R — RU {oo} is the convex entropy function h(p) := plogp+ (1 — p)log(1l — p), if
p € (0,1), h(0) = h(1) = 0, and h(p) = oo, otherwise, as defined in Section 4.1.2. Observe



107

that it can also be thought of as a linear function with k = 2. If

f2((x(i7j))(i’j)€[2](2)) = h(x(l,Q))a xr € My, (4.77)

then from equations (4.67) and (4.68),

B(W]) = (f2: 02V D) = B vmitoyz, [ 72 (W (26 230 ey )|

= Egy ooy HW(Z0, Z2))) = E(W),  (478)

for [W] e W. Since, h(p)/p is bounded when € < p <1 — € for some € € (0,1/2), it follows
that & restricted to W, = {{W] € w |e <W < 1-—¢€a.e.}, is continuous with respect to
the weak-* topology on L?([0,1]?). Since this is a weaker topology than the one generated
by 00, by [150, Lemma 8.22], it follows that £ restricted to )7\/\6 is dg-continuous.

Since h"(p) = 1/(p(1 — p)) > 4 for p € eff-Dom(h), it follows that h is 4-semiconvex on
R. Let E: W — RU{oo} be the invariant extension of £ such that E(W) = £([W]) for all
W € W. Then for any Wy, W1 € W, defining W, := (1 — t)Wy + tW; for ¢ € [0, 1], we have

1 1
W) = [ [ bWt deay
1 1
< /0 /O (1 — OA(Wola, 1)) + th(Wi (2, )] de dy

1 1 4
—/ / 5t(t— D(Wo — Wh)*(x,y) dady
0 0

= (1 — t)E(Wy) + tE(W) — %475(1 — )| Wo — W1 1%, (4.79)

which implies that E is 4-semiconvex on (W, dz) (see Definition 2.1.16). Following Re-
mark 4.1.2, £ is 4-semiconvex along generalized geodesics on (W, 02).

Suppose W is valued in (0,1) a.e.. Then,

W(Zl, 22)

1 rl
E[<Vf2 (¢] WQ, GQ[U]>] = /0 /0 10g<1—VV(21zQ)> U(Zl, 2’2) dZ1 ng, (480)

for all U € W. By the characterization of the Fréchet-like derivative in equation (4.74), we
get that ¢g = Dy fo(W) is given by

W(z,y)

be(z,y) = 10g<1—VV(:L‘y)

>, ae. (z,y)€[0,1]?. (4.81)
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If (W] e W, for some € € (0,1/2), then by Lemma 4.2.9 the local slope of entropy |0&|([W])
is given by [0E[([W]) = [Igell,-

Note that W, is closed in W and since W — |W1l, is dp-lower semicontinuous [150,
Lemma 14.15], it follows that the local slope of entropy, |0&|, is also dg-lower semicontinuous
on W.. Following Remark 4.2.15, we conclude that starting from [Wy] € W, the gradient
flow of & flows with the velocity —D5E([Wo]) at [Wo] if € < Wp < 1 — € a.e. Consider the
flow Wy(z,y) obtained by solving

Wiz, y)

! — _1 Tt I
Wt(x7y) Og(l—Wt(fL’,y)

>, a.e. (z,y) €0, 1](2), (4.82)

with initial condition [Wp] € W.. Then it follows that (wr = [Wi]),er, is a gradient flow of

€ starting from wy = [Wp).

Takeaway. It is worth emphasizing that, following equation (4.82), for any ¢ € (0,1/2),
the stationary point for the gradient flow of £ is the constant half graphon, which is also
the minimizer of & on W. We also observe that the curve (wi)ter . always stays inside 17\/\6
if wg € )7\/\6. Since £ is 4-semiconvex, it follows from Remark 4.2.16 that we are guaranteed

an exponential rate of convergence of the gradient flow to the minimizer.

Homomorphism functions

For k € N\ {1} we can consider interactions such as the homomorphism functions that are

continuous in the cut-metric:

(W) =8| [ Wz2)| = [ flen:), (18)
{i.d}€E(H) M

where H is a simple graph with |V(H)| =k, E(H) = {e;};" 4, {Zi}icpy are i.i.d. uniformly

in [0,1], and fk((x(i»j))(i,j)e[k]@)) = [ pemm) ®(ij)- In particular, the function f is a
monomial for every simple graph H. Let t: YW — R be the invariant extension of Ty such

that tg == Ty o [-]. Since

(VX)) (g = Le@m{p ¢} - 11 X(ij)» (4.84)
{i,5yeE(H)\{{p.q}}
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for p, q € [k], the action of the Fréchet-like derivative ¢, = Dwtg (W) on U € W according
to equation (4.74) is given by

m /—1 m
ZE H W(Zer) ) U(Zee) : H W(Zer) , (4.85)
=1

r=1 r=»+1

where Z, = (Ze(l), Ze(Q)) for all e € E(F'). Following a similar approach to equation (4.72),

we obtain that ¢r,, satisfies

¢rp(y) =Y E| [ W(Z,)|Ze, = (z,v)
(=1 r=1,r#L (486)

I
NE

t%y(HEe,W), l‘,yE [07 ”7

)
X

where H, is the graph obtained by removing edge e from H and t, ,(H., W) is the homo-
morphism density of a partially labeled graph [150, Section 7.4] defined

tey(He, W) :=E| [[ W(Zy)| 2= (z,v)|.
fEE(H.)

Note that for fixed W and H., we can think of (z,y) + t, ,(He, W) as a bounded measurable

function on [0, 1]2. We now show that the kernel valued map W t(..y(He, W) is continuous

with respect to || - [|5. To this end, let W, W’ € W and consider any product function
(z,y) = f(z)g(y) where [|f[|,, llgllc < 1. Note that
toy(He, W) :/ H W (i, z5) H dxy.
O i jyem.) (EV(H)\e
For each edge {m,n} € E(H.), consider the integral

Iy = / (W (@m, xn) = W (2, ) H W (i, zj)-
(0,1} {i.5YEE(He)\{mon}

[T dee f(@)g(y)dzdy.

eV (He)\e

It follows from [150, Lemma 8.10] (or see the second last display in the proof of [150, Lemma
10.24)) that |1, | < ||[W — W’|5. From the same references above, it follows that

| /[0 sl ) W)

< Z |Im,n| < ‘E(H€)|HW_W/
{m,n}eE(H.)

[
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Taking supremum over Borel measurable functions f, g such that || ||, |9/l < 1, we get
that W t(..)(He, W) is Lipschitz continuous with respect to || - [|5. Since [t, ,(He, W)| < 1

for W e W, it follows that ||¢7, (W)
W.

|l < |E(H)|, that is, ¢7,, is uniformly bounded on

For example, when H is a triangle, the velocity ¢7,, follows from equation (4.86) as
o1y (z,y) = 3f01 W(z,2)W(z,y)dz, for a.e. x,y € [0,1], i.e., thrice the ‘operator product’
of W with itself [150, Section 7.4]. If H is a path on 3 vertices and 2 edges, then ¢7, (z,y) =
fol W(x,z)dz + fol W(y, z)dz = deg(x) + deg(y), where deg(x) = fol W(z,z)dz for a.e.
z,y € [0,1].

Obtaining the expression for the Fréchet-like derivative in equation (4.86), given a gra-
dient flow w of T, we can compute the velocity of the gradient flow as DWTH(wt)]lG% for
t>0.

The Hessian of the function fi can be easily computed as

ax(iyj)x(p,q) fr = H L(a,b)>
{a,b}EE(H)\{{i,j},{p,q}}

if {i,7} # {p, q} are both edges in E(H ), and zero otherwise.

Since every w(; ;) € [~1,1] for all (i,7) € [k](g), every entry of the Hessian is uniformly
bounded in [—1,1] and hence |[Hess(fy)|,, < k(k —1)/2. Therefore, fi is (—k(k —1)/2)-
semiconvex w.r.t. do. It follows from Lemma 4.5.1 that homomorphism function Ty is
(—k2(k — 1)%/2)-semiconvex w.r.t. do. In fact, since Hess(fx)({i, 5}, {p,¢}) is non-zero only
when {4, j}, {p,q} € E(H), it follows that |[Hess(fy)l|,, < v/m(m —1) < m. This would
yield that Ty is (—mk(k — 1))-semiconvex w.r.t. d. This is useful when H is sparse.
Takeaway. Note that in this example, it is not clear if the minimizer is a constant graphon
or not. If H has odd number of edges however constant graphon W = —1 is trivially a
minimizer. In the case of graphs H with even number of edges, explicitly determining the
minimizer is trickier. As we discussed above, it is also not clear if the homomorphism density
function is convex, therefore we cannot guarantee an exponential rate of convergence of the
gradient flow to a minimizer following Remark 4.2.16. To alleviate this, one can regularize
the objective function by adding the scalar entropy function. We discuss this in the next

example in Section 4.5.1.
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Linear combination of Scalar Entropy and Homomorphism function

Let 8 € R and let H be a finite simple graph with k£ € N vertices and m € N edges. Define
the function G = Gg g = £ + Ty on the set W, for € € (0,1/2). The function G is of
particular interest in the theory of exponential graph models (see Section 4.1). The function
G is dg-continuous on 17\/\6 and since £ is 4-semiconvex and Ty is A-semiconvex w.r.t. o,
it follows that G is also (4 4+ SA)-semiconvex w.r.t. d2 for some A € R that we estimate
in Section 4.5.1. The gradient flow of GG, therefore, exists and the Fréchet-like derivative
¢ = DwG(W) = ¢e+Beér, . Since & is 4-semiconvex and Ty is (—k?(k—1)2/2)-semiconvex
w.r.t. 02, it follows that Gy is (4 — Bk*(k — 1)%/2)-semiconvex w.r.t. d. Therefore, Gg g

is at least 0-semiconvex (i.e., convex) w.r.t. o when 8 < 8/k%(k — 1)2.

Takeaway. Note that 3 < 8/k?(k — 1)? guarantees exponential rates of convergence of the

gradient flow curve. See Remark 4.2.16.

4.5.2 Interaction energy

In the optimal transport literature, linear functionals of probability measures are often called
potential energy [192, page 249]. Inspired by similar definitions, one can define interaction
energy. Let fi: My x My — R be a function defined on pairs of k x k symmetric matrices
with entries in [—1,1]. Given a graphon [W] € W, as before let pj, = Law(Gg[W]). This

defines a function Fy: W — R U {o0} given by

Fe(W]) = /M [ ).

Although it looks different than before, this is also a particular case of equation (4.74)
as shown below. Define two independent sequences of i.i.d. Uni0, 1] random variables:

(Z1,...,2Zy) and (Z1,...,Z;), and consider the corresponding matrices
Xy = (W(Z;, Zj))(i,j)e[k]@)a and Xl,g = (W(Zz(v Z]/‘))(i,j)e[k]@)'

Then Xj and X; are iid. samples from p, and Fp([W]) = E[fi(Xk, X.)]. On
the other hand, one can concatenate (ZZ-)f:1 and (Z;)i.c:1 to construct a single vector
(Zv,..., Zy, Z1, ..., Z},) of dimension 2k and consider the corresponding 2k x 2k symmet-

ric matrix Xox whose block diagonal components are X, and X}. By defining fi(Xox) =
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fe(Xk, X},), we represent Fj([W]) = E[for(Xar)] = [ for(w)par(dw) and equation (4.74)
continues to hold.

An example of interaction energy is given by “variance of homomorphism functions”. As
before, let H be a simple graph and Wy, W/, be i.i.d. sampled (k x k) symmetric matrices
from a graphon [W]. Consider the function

2
_ 1 / _

Fi([W)) = 5E eel;([H) W (Z. GEI;IH)W (z) | | =Var eegH)W(Ze) . (4.87)
by symmetry, where Z, = (Z.(1), Ze(g)) and 7! = (Zé(l), Zé(Q)) foralle € E(H). In fact, the
above identity holds for whenever we take fi (2, 2') = (gx(2) — gx(2'))?, for any function g; on
M, that is square-integrable w.r.t. pg. Unfortunately this particular function Fy in (4.87)
is continuous in do but not in ég. See [117, Theorem 10.15]. Hence, although the curve
of maximal slope exists due to the existence of Fréchet-like derivatives, this particularly
natural example does not satisfy the assumptions of our convergence theorem.

A similar but slightly different example of interaction which does satisfy our conditions
can be constructed as follows. For a simple graph H with k vertices, consider its simple
subgraphs H; and Hs with k; and ko vertices respectively, such that every vertex and
edge in H is contained in at least one of the subgraphs. Pool all the uniform random

variables {Zl}iz1 U {Z{}fil to get a single set of k1 + ko > k i.i.d. Uni[0, 1] random variables

Rtk AR gk AR =17
{U;};21" such that {El}zzl {Zi}ity and {Ui}i_p, 4 {Z] }jeV(H)\V(Hl)' We can then
define Iy, 1, (5 H): We = RU {00} as
IHl,Hz([W] H) =log| E H W<Zivzj)
{i.jyeE(H1)
+logE| [ Wz, 2) (4.88)
{i.j}eE(Ha)

—210g|E| [ wW@w.uy| |,
{i.j}eB(H)

for some € € (0,1). Each of the terms in the expression in equation (4.88) is the logarithm

of the homomorphism densities of a simple graph. Logarithms of homomorphisms are well
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studied in graph theory and, in particular, related to the max-cut problem (see [150, Remark
5.4, Example 5.18]).

We can construct a graph H; Hs by forming the disjoint union of H; and Hs, identifying
the vertices of the same label, adding all the edges between vertices with the same label
according to [150, Section 4.2]. Hj Hy can have multiple edges. Then, using [150, Proposition
7.1] for the homomorphism density as a simple graph parameter, we get that the determinant

of the connection matrix of the homomorphism density

T, i1, (W) T2, (W) = T, 11, ([W]) > 0,
Ty (W) o, (W) (4.89)
Thm, (W]) '

v

ie.,

By the assumption that each vertex and edge of H is contained in at least one of the
subgraphs, if we identify the multiple edges between the same pair of vertices in HyHy we
get back H. Since T is a simple graph parameter, we have Ty, g, = Ty, TH,n, = T, and
Tw,1, = TH,, by definition. Thus, taking logarithms in the final expression of (4.89), we get
IHl,Hg( -3 H) > 0. Tt is exactly zero if H; and Hy are vertex disjoint. Thus, one may think
that Iy, pg,(-; H) measures the dependence of the two subgraphs on the homomorphism
density.

We can similarly construct higher order interactions by considering multiple subgraphs
instead of just two. In that case, one may consider the logarithm of the determinant of the
connection matrix of the homomorphism density and define I suitably.

The argument in Section 4.5.1 shows that this function satisfy all our conditions. The
computation for its Fréchet-like derivative also follows from Section 4.5.1 followed by the
application of the chain rule for derivatives. Logarithms of determinants of matrices play an
important role in displacement convexity of Wasserstein optimal transport (see [156, proof

of Theorem 2.2]). It is an interesting coincidence that they also appear in this context.

4.5.3 Internal energy

Similar to potential and interaction energies, one can define non-linear functions of py

corresponding to what are called ‘internal energies’ in the optimal transport literature. Let
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u be a real-valued function on Ry such that u(0) = 0. For a probability measure p on an

Euclidean space, define the function

U(p) = ka u(p(z))dz, if p is absolutely continuous,
o0, otherwise.

Here we have used the standard abuse of notation in optimal transport literature of denoting
an absolutely continuous measure and its density by the same notation. This defines a
nonlinear function on graphons in the following manner. For 1 <[ < k, consider a function
Gri: My — [—1, 1]l that selects a particular subset of length [ from the upper-diagonal
clements of a k x k matrix. Consider the pushforward pj([W]) = (Gy,), (pr([W])). Since
pk is generated by k i.i.d. Uni[0, 1] random variables, and | < k, it is easy to come up with
examples where pj; has a density. For example, take W (z,y) = sin(z+vy), k = 3,1 = 2, and
Gri(A) = (A12,A13). Thus (Gi;o Gg)([W]) = (sin(Zy + Z3),sin(Z; + Z3)). This random
vector has a density. Thus, the function U (px([W])) for [W] e W has a non-empty domain.
A prominent example of such functions is the differential entropy for which u: x — xlogx
where one computes the differential entropy of py([W]).

Such functions cannot have Fréchet-like derivatives since a necessary condition for its ex-
istence is that the function must be continuous in L?. On the other hand, one cannot expect
a discrete to continuum convergence as considered here. Even in the case of Wasserstein
gradient flows, gradient flow of entropy is obtained by adding Brownian noise to particles

and not by taking limits of Euclidean gradient flows [122].
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Chapter 5

STOCHASTIC OPTIMIZATION ON MATRICES AND A GRAPHON
MCKEAN-VLASOV

5.1 Introduction

The study of particle systems under mean-field interaction is a classical topic in probability
theory [95]. It involves multidimensional diffusions that interact through their empirical

distributions of the type
AXi(t) = b (Xi(t), ) (t)) dt +dB;(t), ie[N], teR,, (5.1)

where N € N, X;(t) € R? for all i € [N] and for some d € N, and (V) (¢) = & SN Ox,()s 18
the empirical distribution of the vector (X;(t));c(y] at time t € Ry, and (B;);c; is a vector
of i.i.d. standard d-dimensional Brownian motions. Prominent examples of such particle

systems include the diffusion given by the SDE
N
1
AXi(t) = ~VV (Xi(D) dt — > VW (Xi(t) - X;(t)dt + dBi(t), teRy,  (52)
j=1

for i € [N], where V and W are differentiable convex functions on R?. However, any
drift that is symmetric in the coordinates (“mean-field interactions”) can be represented
s (5.1) for some suitable function b. Often, the SDE (5.1) includes a reflection term to
constrain the coordinate process to a subset of the Euclidean space [203]. The study of such
systems originated from the probabilistic study of the Boltzmann and Vlasov equations due
to Kac [123], McKean [157], Dobrushin [76], Tanaka [205] and many others. For modern
surveys, see Sznitman [204], Villani [211], Chaintron and Diez [51] and Jabin [114].

Under suitable assumptions, as the number of particles goes to infinity, it is known that
the process of empirical distributions of the particle system converges to the solutions of
families of well-known PDEs. For example, for the system (5.2), the random process (™)
converges weakly to the solution of granular media equation [49], as N — oco. The conver-

gence is often obtained via propagation of chaos where, in the large particle limit, a finite
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collection of randomly chosen particles evolve independently and identically distributed ac-
cording to the McKean-Vlasov SDE [95]: d X (¢t) = b(X(t), u(t))dt + dB(t), t € Ry, where
w(t) is the law of X (¢).

In this work, we study an analogous evolution of symmetric matrices where the coordi-
nates interact via a suitably symmetric function. As an example, consider the function R,
defined on MY, the set of all n x n symmetric matrices with entries in [0, 1], given by

2
Ry (A) = % n=? f: A(i,j)—e| + %(n—3 Tr[4%] — 7)% + £,.(4), (5.3)
ij=1
where e, 7 € [0,1] are fixed and &,(A) = n~2 > i j=11(A(4, 7)) where h: [0,1] — R is the
convex entropy function defined as h(p) = plogp + (1 — p)log(l — p), if p € (0,1), and
h(0) = h(1) = 0.
The function R, is invariant, that is, its value does not change if we permute the rows
and columns of the matrix A by the same permutation over [n] := {1,2,...,n}. Consider

the following diffusion on symmetric n x n matrices
dX,(t) = —n?’VR,(X,(1)) dt + BdB,(t) +dL,(t), te€Ry, (5.4)

where B, is a system of n X n symmetric matrix-valued process of coordinatewise indepen-
dent Brownian motions and L,, is the coordinatewise bounded variation local time process
that constrains each coordinate process to stay in the interval [0, 1] (see Section 5.2.2 for
details). One may ask what is an appropriate notion of limit of such a process as n — 0o?
Does (5.4) exhibit propagation of chaos?

Note that the function R,, in (5.4) is not covered by the classical McKean-Vlasov theory
since R,(A) is not symmetric in the n? (up to symmetry) many entries of a matrix A.
The same is true for any differentiable function over n x n symmetric matrices that is
invariant under permuting the rows and the columns using the same permutation. Spectral
functions, for example, satisfy such an invariance, as do functions on edge-weighted graphs
(represented by their adjacency matrices) that are invariant under vertex relabeling. As we
have seen this particular class of symmetry is captured, not by empirical measures, but by

graphons.
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Analogous to the classical McKean-Vlasov theory, we show in this chapter that, under
suitable assumptions, (5.4) exhibits a propagation of chaos. Furthermore, in n — oo limit,
the coordinates of X, (¢) become conditionally independent and the evolution of a randomly
chosen coordinate can be described by a novel graphon valued McKean-Vlasov equation.
The existence and uniqueness of such a process are established in Proposition 5.4.5. Propo-
sition 5.4.6 shows that the process X, (t) converges to a deterministic curve on the space of
graphons, W (see Section 5.2).

While the evolution of matrices described by (5.4) can arise in many different con-
texts, our primary motivation for studying such evolution comes from the stochastic gra-
dient descent on large graphs. Consider the function R,, defined in (5.3). Notice that
if we regard A € MY as the adjacency matrix of a weighted graph, then n =2 szzl A;j
can be thought of as the edge-density of the graph while n=2 Tr [A3] can be regarded as
the density of triangles in the graph. Consider the problem of minimizing &,(A) over all
A € MY subject to the condition that the edge density and the triangle density are e
and 7, respectively. The non-convexity of this problem makes it very hard and indeed
the minimizers in general are not unique [163, 132]. For certain feasible regime of (e, 7),
this minimization problem has been studied in [163]. In some regimes where the mini-
mizer is known to be unique, the minimizer is characterized. Similar results were obtained
in [132] when 7 = e3. In general, however, determining the structure of minimizers is ex-
tremely hard and even reasonable guesses are not available in most cases. This problem
has rich connections with extremal combinatorics [183, 179] and exponential random graph
models [30, 58]. While minimizing &, with such ‘hard constraints’ is difficult, notice that
minimizing R, (A) = <n*2 >oije1 A §) — e>2/2 + (73 Tr[A%] — 7)2/2 + &,(A) can be
considered as a relaxation of this problem. Our method provides a numerical scheme to
obtain minimizers of such problems. Notice that (5.4) arise as the limit of the projected
stochastic gradient descent algorithm which is used in practice to optimize R,. As men-
tioned above, we establish that the curves described by (5.4) converges to a deterministic
curve on the space of graphons. Under appropriate assumptions on R,, (see Section 5.6.3)
and in zero-noise limit, the (deterministic) limiting curve on the space of graphons is a gradi-

ent flow and hence converges to the minimizer exponentially fast. Thus, the evolution (5.4)
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gives a way to numerically approximate the minimizer. More generally, the limiting curve
converges to stationary points and thus (5.4) provides an algorithm to numerically approx-
imate these stationary points that may be useful in obtaining reasonable guesses regarding
the structure of the minimizers in such problems. We describe the projected gradient de-
scent and projected stochastic gradient descent algorithms in more detail in the following
paragraphs.

Projected Gradient Descent (GD) based algorithms are the workhorse in optimizing such
functions [50, 44, 42]. However, in most cases, computing gradients can be computationally
intensive. In practice, stochastic approximation algorithms based on projected Stochastic
Gradient Descent (SGD) are instead used to minimize such functions since they are often
faster to simulate [187, 134]. The details of this common Markov chain are described later
in the section, and the reader can refer to the monographs [24, 141, 41, 159, 142] for a
detailed overview. Roughly, if the current state is a symmetric matrix A, one jumps to
a new state by taking a small step along the negative Euclidean gradient —V R, (A), and
potentially adding independent, centered, and variance-bounded noise to each matrix entry
(up to symmetry). Each matrix entry is then projected onto the interval [0, 1] to satisfy the
entrywise constraint.

Gradient descent (GD), with small step sizes, approximates the Euclidean gradient flow

obtained as a solution to Cauchy’s problem
Aijt) = =VigRa(A®), (i) €n]’,  teRy,

in the interior of M%. Here R, denotes the set of non-negative real numbers which is used
to index time, V; ; refers to the partial derivative with respect to the (¢, j)-th matrix entry.
It is therefore natural to understand a suitable scaling limit of SGD on the space of such
matrices.

We saw in the last chapter that under suitable assumptions on (R), oy, the implicit
Euler update scheme approximates the gradient flow curve, in an appropriate sense, over 17\/\,
when the step size is taken to zero and n grows to infinity. Refer to Section 2 for the required

exposition on graphons. In this work, we ask a similar question for SGD-based algorithms.

We show that under an appropriate “small noise” assumption and consistency and other
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suitable assumptions on the functions (R,), cy, the SGD iterations converge appropriately
to a limiting deterministic curve that is a gradient flow on the space of graphons. Moreover,
when an extra Gaussian noise is added to each SGD iterate, the noisy SGD iterations also
converge to a deterministic curve on graphons which admits a McKean-Vlasov description.

Recall that a function R: W — R over graphons naturally extends to a function over
the set of kernels W. For any n € N, the set of symmetric matrices M,,, over which
algorithms like GD and SGD operate, can be naturally identified with a subset, finite
dimensional kernels, W, C W of the kernels (see Section 2 for details). As usual this
identification/embedding will be denoted by K (as in kernel) and its inverse will be denoted
by M, (as in matrix). Using K, the restriction of the function R to W, can be viewed as
a function R,, on M,,.

Define the projection operator P: R — [—1,1] as

-1 ifx e (—o0,—1),
Plx)=1{z ifze[-1,1],

1 ifze(1,00).

The operator P can be used coordinatewise on matrices and kernels. For every n € N, let
Ty = (Tnak)keZJr’ be a sequence of positive step sizes (also known as the learning rate). Here
Z . denotes the set of all non-negative integers. Given the step size sequence T,, we can

define a monotonically increasing sequence of times (t, 1), €z, defined as a cumulative sum

of T, ie., t,o=0and ¢, = Z?;& Tn,; for any k € N. We assume 7, to have a divergent
sum so to cover the whole non-negative real line R, i.e., to satisfy limy_,o ;1 = 00. We
define the norm of the step size sequence T, as |Ty| == supycz, Tn, Which is assumed to

be finite. We now describe our first iterative scheme.

Definition 5.1.1 (Projected GD). Let n € N and let R,: M,, — R be a differentiable
function. The projected GD iterates of Ry, starting at V,, o0 € M,, is defined to be a sequence

of symmetric matrices (‘/Wyg)keZ+ given iteratively as

Vigs1 = P(Vo = 0?1, VR (Vi) k € Zy. (PGD)
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Suppose R is such a function whose Fréchet-like derivative evaluation map is denoted
by ¢. If R, is obtained from R by restricting R to M,, and the function R,, is differentiable

up to the boundary of M, for every n € N. We know that
n®VR, =M,o¢oK. (5.5)

Simply put, n? times the Euclidean gradient of R,, at a matrix argument A can be identified
as the Fréchet-like derivative ¢ of R at the kernel argument K (A). The time in the Euclidean
gradient in Definition 5.1.1 is therefore scaled by n? following the relation (5.5). The PGD
algorithm is essentially the explicit Euler iteration scheme up to the projection.

We now define the stochastic optimization setup for R,. In order to do so, we first
fix some notations and make some assumptions on R and R,. Let (§k+1)kez+ be an i.i.d.
sequence of random variables with some distribution D over some arbitrary measurable
space (€, 4). Let g: W x Q — L>([0, 1](2)) where L ([0, 1](2)) is the set of all bounded
measurable functions ¢ : [0,1]> — R such that ¢(z,y) = ¢(y,z). To emphasize that ¢ is
symmetric, we denote the domain by [0,1]?) which denotes the set {(z,%) € [0,1]? : z < y}.
Define g, on M,, x Q as g,(A; &) = g(K(A);€) for every n € N and A € M,,, and assume
that

VR, = E¢plgn(-;8)]- (5.6)

Under suitable assumptions (see Assumption 4) on the function g, the function R is
invariant under measure preserving transformations and hence defines a function on W. We
are interested in stochastic analogues of the iteration scheme in Definition 5.1.1, for such a
function R, possibly with a noise at each iteration. In other words, our interest lies in noisy
variations of projected GD iterations (see Definition 5.1.1). In this setting, we will consider

two ways to introduce noise at each iteration.

1. Small noise: We can replace the Euclidean derivative VR,, in equation (PGD) by
its unbiased stochastic proxy g,(-;&k+1). As a special case, g can be obtained from a
function £: W x Q — R, as g(-;&) = (Dw)l(-;¢) for all £ € Q, where (Dw/)(-;¢&) is
the Fréchet-like derivative (see Definition 4.2.6) of £(-;&). Such a stochastic approxi-

mation is known as Stochastic Gradient Descent (SGD).
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2. Large noise: We can add an additive noise to iterates in equation (PGD) before the

projection, as we describe in Definition 5.1.2 below.

We can now define the noisy analogs of (PGD), that is, projected (noisy) SGD. We will

use the operator o over symmetric matrices to denote the Hadamard (elementwise) product.

Definition 5.1.2 (Projected SGD with and without noise). Let n € N. Starting at W, o €

M., the projected (noisy) SGD algorithm produces a sequence of iterates (W, 1) defined

kEZy

as
Wn,k—i—l = P(Wn,k - n2Tn,kgn(Wn,k; gk-i-l) + Ti’/]?Gn7k>7 keZs. (PNSGD)

Here (G, 1) is an n X n symmetric matrix valued martingale difference sequence in-

keZ4
dependent of (€k+1)k€Z+' We only consider the noise Gy, for k € Zy, of the form
Gni = Zn(Whi)oZy i for some ¥, that maps matrices in M,, to n xn symmetric matrices

with non-negative entries and (vak)kem_ is a sequence of independent n X n symmetric

random matrices with standard normal entries (up to matriz symmetry).

Due to the natural identification of M, with W,,, the GD iterates (Vn’k)k€Z+ c M,
and the SGD iterates (Wn:k)kez+ C M, in Definitions 5.1.1 and 5.1.2 respectively, can
(n)
kez, C W, and (Wk )keZ+
embeddings Vk(n) = K(V, ) and Wkn) = K (W, ) respectively for k € Z. This allows us
to interpret (PGD) and (PNSGD) as kernel-valued updates.

be viewed as kernel valued iterates (Vk(n)) C W, under the

We consider piecewise constant interpolations of the iterates (see Definition 5.2.1) and
in this chapter, we establish the existence of the scaling limit of these curves. We also
characterize the limit under the absence of “large noise”. Our limiting procedure takes two
steps. First, for every fixed n € N, we take the step size, i.e., |7,,| — 0 to obtain a limiting
SDE on M,,. We then characterize the limit of the SDEs as n — oo as an absolutely

continuous curve on the space of graphons.

Theorem 5.1.3. Let n € N be fized, and suppose Assumptions 3, j and 5 hold (see
Section 5.2.1). Let W, : Ry — M,, be the piecewise constant interpolation (Definition 5.2.1)
of noisy SGD iterates (ka)ke@ as defined in (PNSGD). Then, W,, converges weakly in
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the space of cadlag processes to X, as |Typ| — 0 that satisfies the SDE:
dX,(t) = —n?VR, (X, (1)) dt + 2, (X, (t)) 0 dBy(t) + dL, (t) — AL} (t), (RSDE)

fort € Ry, starting at X,,(0) = Wy, 9. Here B, is an n x n symmetric matriz-valued process
with coordinatewise independent standard Brownian motions up to matriz symmetry, and

(X, LY, L;)) solves the Skorokhod problem with respect to the set M,, (see Section 5.2.2).

Our main interest is in the limit of the kernel-valued stochastic process X (™ (.) =
K(Xn()) (Theorem 5.1.3), as n — oo. This limit is a deterministic curve in W that we
now describe. Consider, for simplicity, the special case when each X, is 5 times the identity
matrix for some S > 0. On a probability space that supports a standard linear Brownian
motion By 2(-) and a pair of independent Uni[0, 1] random variables (Uy, Us) and given some
Wy € W, one can construct a unique solution of the following family of one-dimensional
reflected diffusions. Given (U, Usz) = (z,y), for some (z,y) € [0, 1](2), let X 2 be a diffusion

with state space [—1,1] with the initial condition X; 2(0) = Wy(z,y), and satisfying
dX12(t) = = (D(1)) (2, y) dt + BdBia(t) +dLyy(t) — dL{,(t), (5.7)

for some 8 € Ry and t € Ry. Here, ¢ is the Fréchet-like derivative of R in (5.5), L1, and
sz are the local time processes such that (X, LIQ, L7 ,) solves the Skorokhod problem
with respect to [—1, 1] (see Section 5.2.2). The kernel-valued process I': Ry — W is given
by

T(t)(u,v) = E[X12(t) | (U1, Us) = (u,v)], V (u,v) € [0,1]P, (5.8)
and any t € R;. In Proposition 5.4.5, we show that the coupled system (X 2,I") exists in a

strong sense and is pathwise unique and that the kernel-valued process X (™) in Theorem 5.1.3

converges to the curve I' in the following sense an n — oo.

Theorem 5.1.4. Suppose Assumptions 3, 5, and 6 hold (see Section 5.2.1). Then, for any

sequence of initial kernels (Wén) € W")neN that converges in L* ([0, 1](2)) norm || - ||y, i.e.,

lim HWO(”) - W0H2 —0, (5.9)

n—oo
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the process of random kernels (X(")(t) = K(X,(t))) obtained from solutions of the

teR4
SDE (RSDE), converges locally uniformly in the cut norm, in probability, to the curve

I': Ry - W, with I'(0) = Wy, defined in equation (5.8) as n — oo.

Remark 5.1.5. The assumption HWén) — W()H2 — 0 can not be weakened to
Won) — WOHD — 0 asn — 0. To see this, take VR, =0 and X =1 and let Wy = 0. It

is clear that T'(t) =0 for all t > 0.

On the other hand, let £ be a random variable taking values —1/2 and +1 with probability
2/3 and 1/3 respectively. And, let Wo(n) be the step-kernel corresponding to n x n symmetric
random matriz whose entries (on and above the diagonal) are i.i.d. and has the same

distribution as £&. Then,

Wén) - WOHD — 0 almost surely. However, in this case, the
coordinates of Xy, are i.i.d. (up to the matriz symmetry) and have the same distribution as
an RBM (reflected at +1) with initial distribution &. In particular, K(X,(t)) converges to
W(t) = E[Xy12(t)]. It is therefore sufficient to show that E[X,, 12(t)] is not identically O
for a.e. t € Ry.

To see this, we argue by contradiction. If E[X,12(t)] = 0 for all t > 0 then
d%IE[Xn,l,Q(t)] = 0. Using [184, Ezercise 1.12, pg-407], we obtain that d%IE[Xn,l,Q(t)] =
2(pe(—3) — pe(2)) + 2(pe(2) — 1) # 0, where p; is the standard heat kernel at time t. This

yields a contradiction.

Remark 5.1.6. We should also remark that arranging for Wén) such that HWOn) — WOH2 —
0 as n — oo is not difficult. For any Wy and n € N, let Wén) be the LQ([O, 1](2)) projection
of Wo on Wy,. Then Wén) satisfies this condition.

In Section 5.5 a more general statement has been proved (see Proposition 5.4.6). It is
worth noting that the presence of noise and the boundary {—1, 1} in our problem makes it
non-trivial. To see this, consider (RSDE) for a constant function R,, (i.e., VR, = 0) and
without the local times, say starting at W,, o € M,,. The solution is a symmetric matrix of
independent Brownian motions. It can be easily checked that, if lim,, . ||W,,0 — Wol|5 = 0,
then limj, oo supte[O’T]HX(") (t) — WOHI:I = 0 for any finite 7" > 0. However, if we con-
sider (RSDE) again with VR,, = 0 but with reflection at the boundary, the coordinate

processes are independent reflected Brownian motions. In this case the cut limit of X ™) (t)
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is also the cut limit of the kernel E[X () (t)]. But reflecting Brownian motions do not have
constant expectations in time due to boundary effect. Hence, the limit of X (¢) is not

constant in ¢. But, if this limit were a gradient flow, it would be a constant.

5.1.1 Scaling limit without added noise

When ¥,, = 0, equation (RSDE) reduces to
dX,(t) = —n’VR,(X,(t))dt +dL, (t) —dLI(t), t€Ry, X,(0)=W,o, (5.10)

such that (X, L;}, L;) solves the Skorokhod problem on M,, (see Section 5.2.2 for details).
Moreover, it is shown in Section 5.3 that the solution of (5.10) is the same as the solution
of (5.11) given below. Furthermore, it is shown in [167, Theorem 4.4, Theorem 4.14] that if
the solution X,,: Ry — M,, of

dX,(t) = —n*VRy(Xn(t) o lg,(x, ) dt,  t € Ry, (5.11)

exists, where G, (A) is the subset of [n]? (defined in equation (5.36) later in Section 5.3.1),
then X, is a gradient flow on M, in a suitable sense. As we know, under reasonable
assumptions on R, the sequence of solutions (X,),cy of equation (5.11) obtained for all
natural numbers n € N, converge to an absolutely continuous curve W: R, — W, which
is a curve of maximal slope [5] (a.k.a. gradient flow) of R, as n — oo. This yields the

following.

Theorem 5.1.7. Suppose Assumptions 3 and J hold (see Section 5.2.1). Let R be continuous
in the cut norm, and A-semiconvex with respect to || - || for some A € R (see Section 2 for
definitions). For every n € N, let X,,: Ry — M, be a gradient flow of R, staring at
Xn(0) = Wyo = M, (Wén)) € W,, and satisfying equation (5.10). If (Wén))

neN converges

to Wy € W in the cut norm, then,

lim - sup [|K(Xn(s)) = W(s)llg =0,

=90 5¢[0,T]

for any T > 0, where W defined as W (t) = Wy — fg d(W(s) Ly, fort € Ry, is the
gradient flow for R.
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We should mention that our method allows us to also obtain a non-asymptotic rate of

convergence. We refer the reader to Remark 5.5.2 for details.
5.2 Assumptions and Preliminaries

Since we want to obtain continuous time scaling limits of the iterative schemes defined in

Definition 5.1.1 and Definition 5.1.2, we will use piecewise constant interpolations.

Definition 5.2.1 (Piecewise constant interpolation). Given a sequence (ag)yez, over any

domain, and a sequence of positive step sizes T = (Ty) we can define a piecewise

]CGZ+’

constant interpolation of (ak)k€Z+ as a right-continuous curve a: Ry — {ak}keZ+ as
a(t) = Qf, Zf te [tkatk+1) )
for some k € Z,., where tg =0 and t, == Z?;é 7j for any k € N.

5.2.1 Assumptions

In this section we state all the required assumptions we need to prove our results (see

Theorem 5.1.3 and Theorem 5.1.4).

Assumption 3. We make following assumptions on R, g and ¢:
1. For every n € N, the function R, is in C'(M,) up to the boundary of M,,.

2. The map ¢ is ko-Lipschitz with respect to || - ||, for some constant ko € Ry. That is,

lo(W1) — dp(Wa)lly < kol W1 —Wally, ¥V Wi, W eW.

3. For every n € N, the function g,(-;€) = g(-;€) o K is in C°(My) up to the boundary
of My, for all £ € Q.

Assumption 4. We assume the following about the “small noise”.

1. Law of the random variable g(W;€&) for & ~ D is invariant under measure preserving

transformations for all W € W, i.e., Law(g(W;¢&)) = Law(g(W%;&)) for all p € T.
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2. The random variable g( ;&) for & ~ D has uniformly bounded variance over all finite

dimensional kernels. That is, there exists o > 0 such that for all A € UpenWWh,

Ecp | l9(4:€) — o(A) ]3] < o”

Assumption 5. We assume the following on the “large noise” for every n € N.

1. There exists a function X: W — L>=([0,1]®) such that the diffusion coefficient func-
tions (Xp),cy are restrictions of X, i.e., for every n € N, ¥, = M, oYX oK on

M.,.

2. The map : W — L>=([0,1]?) is ky-Lipschitz in | - ll, and uniformly bounded in
|- ||l by some constant Mo € Ry, i.e., for allU,V € W,

[2(U) =2y < w2llU = Vlly,  and  [[5(U)]l < Moo

Assumption 6. There exists a constant kg € Ry such that, for almost every (z,y) €
0,1]®, the map G2y = ¢(-)(x,y) is kn-Lipschitz in cut norm || - ||5. That is, for every
Uvew,

|02y(U) = d2y (V)] < ro||U = V|5

5.2.2 Preliminaries on the system of reflected diffusions

For n € N, consider the domain M,,. Notice that M,, is a cube, and is closed with respect

to the usual topology. Consider the SDE:
dX,(t) = —n*VR, (X, (t)) dt + X, (X () 0 dB,(t) +dL, (t) — AL (1), (5.12)

for t € [0,7] for some fixed T € Ry and starting at X,,(0) = X, o € M,,. Here ¥, is
a map from M,, to the set of n X n symmetric matrices with non-negative entries, B,, is
a n X n symmetric matrix valued process containing a set of standard Brownian motions
(Bn7(l-7 j)) (1.5 ® which are independent up to matrix symmetry, and the processes L., and

L are local times at the boundary. More precisely, they satisfying the following conditions:
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1. The processes X,,, L' and L, are adapted processes.

2. The process L, and L; are coordinatewise non decreasing processes a.e.

3. For every (i,7) € [N]Qa

/ L{X, ij(t) > —1}dL, , (t)=0,  and
Y (5.13)

| 1 < #1340 <o

We say that (X,,, L,}, L, ) solves the Skorokhod problem with respect to the set M,,. Follow-
ing [137, Definition 1.2], the strong solution (X,,, L;}}, L) of the Skorokhod problem exists
and is unique if n?VR,, and ¥,, are Lipschitz with respect to || - ||y (following Assumption 3,

Assumption 5 and equation (5.5)).

5.2.3 The Lipschitz property of the Skorokhod map

Let Y1 and Y3 be two real valued stochastic processes. Let A[_; 1) denote the Skorokhod
map that maps the set of cadlag functions on [0,T] to itself. If (X1 := Ay 1)(Y1), L7, L)
and (X5 := Aj_y1)(Y2), L3, Ly ) solve the Skorokhod problem with respect to the set [—1, 1],
then the Skorokhod map A[_; j) is 4-Lipschitz under the uniform metric [137, Corollary 1.6],
ie.,

sup |X1(t) — Xo(t) <4 sup [Vi(t) - Va(t), VTR, (5.14)
te[0,T] te[0,T]

5.3 Convergence of Projected Noisy Stochastic Gradient Descent

The goal of this section is to show that for each n € N, the projected noisy SGD iterates,
defined in (PNSGD), converges weakly to the strong solution of the SDE (RSDE) as |7, —
0. This is done in two steps that we describe below.

Recall the projected noisy SGD iterates defined in Definition 5.1.2, starting from W, o €

M,,, rewritten for convenience:

W1 = P(Wik = 07 kY Ra(Wik) = 7 AMo e + 7,5 G ) (PNSGD)
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for k € Ry, where (G k) is any n X n real symmetric matrix-valued martingale differ-

kEZy
ence sequence with each element containing centered and independent entries up to matrix

symmetry, as defined in Section 5.1, and
AM,, g = 12gn (Wi ki Ep1) — n° VR, (Wap), k€ Zy.

Observe that (AM, ) kez, 18 an n X n symmetric matrix-valued martingale difference se-
quence with respect to the filtration (‘Fk)keZ+ where Fj, = a({Wn’o, &ivt, Gn,i}ie{o}u[k—l] U
{&k11}) for k € Zy. Without the martingale difference term 7,y AM,, 1, equation (PNSGD)
reduces to the projected GD iterates with additive noise, (V’mk)keZ+ starting at V,, 0 = W0,

described in (PNGD), re-written below
Viges1 = P(Vage = 0270 gV Ra (Vi) + 7 G ), k€ Zy. (PNGD)

Let W™ = K(W,x) and V™ .= K(V,;) for all k € Z, and let W™ and V(™ be

piecewise constant interpolations of (Wén)) and (Vk(n)) respectively with the step

kEZy ke s

size sequence T,. Using Gronwall’s inequality and an obvious coupling between the pro-
cesses (PNSGD) and (PNGD), we show in Lemma 5.3.1 that the two processes are close as

|Tn| — 0.

Lemma 5.3.1. Let R: W — R be such that the Fréchet-like derivative ¢ = Dy R exists.
Suppose Assumptions 3, and 4 hold. Let n € N. Let W,, and V,, be the piecewise constant
interpolations (see Definition (5.2.1)) of (Wn7k)k€Z+ and (V",k)keZJr respectively, as defined

in (PNSGD) and (PNGD), with step size sequence Ty, = (Tyk) Then, there exists a

keZy "

universal constant C' > 0 such that for any T > 0 we have

E| sup HW(")(S) - V(")(s)Hz

< Co?T|1y|exp [C/{%Tﬂ.
s€[0,T]

Proof. Let W,, and V,, be the piecewise constant interpolations of (Ww-)j ez, and (Vn,j)j z.

respectively as defined in Definition 5.2.1. Define A: Ry — Ry as

A(t)=E

sup ||[Wp(s) — vn(s)H%] . teR,. (5.15)
s€[0,t]
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Let k € Z be such that t € [t,, 4, tp k+1). Then, using [198, Theorem 1],
2
A(t) S CE| | Y mujl|[n® VR W) = n® VR (V) ||

(5.16)
k—1

+ CE ZTn]HAM JHF )
7=0

where C' > 0 is some universal constant. From Assumption 3, since ¢ is xo-Lipschitz as a
map from L? ([0, 1](2)) to L*([0, 1](2)), following equation (5.5) and the fact that ||A, |5 =
n?|| K (Ay)||3 for all A, € M, we see that the map VR,: M, — R’ satisfies

|R*V R, (An) — n®VR,( HF < K3|An — Bul3, YV A, B, eM,. (5.17)

Using the Cauchy-Schwarz inequality, and equation (5.17), we first bound the second term

in equation (5.16) as

2
E ZTnJHn2V‘Rn(WnJ) - nQVRn(anj)HF
_k k—1
<E|Y 1/2) Y T ||V R (Wa ) = n*V R (Vo)
| =0 j=0
t
< K3E ngnw,y Vsl <kt [ AGs)ds, (5.18)
0

where the last inequality follows by observing that if s € [t j,ty j+1) for some j € Z,, then

E|[Wa(s) = Va(s)IF] = E[IWas = Vaslh] < AGs).

Using Assumption 4, first note that

1AM, ;1% = (7290 (Wi ki €rs1) — 02V R (W) | 1

= n2HK(n2gn(Wn,k; Ekv1) — n2VRn(Wn,k)) H; < n’o?. (5.19)

We use the above to bound the first term in equation (5.16) as

Z SAM, 3| < nPo’t|rn], (5.20)
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where |7, is defined in Section 5.1 as supjcz, 7n,j-

Plugging back (5.18) and (5.20) in equation (5.16) we get
t
A(t) < Cn2c*t|T,| + Cm%t/ A(s)ds, (5.21)
0
and applying Gronwall’s inequality [100], we obtain A(t) < Cn?0?t|T,|exp [Cﬂ%tﬂ. O

Our next step is to show that the sequence of iterates defined in (PNGD) is close to the
solution of the SDE (RSDE) which we reproduce below

dXp(t) = =1V R (Xn(t)) + Sn(Xn(t)) 0 dBy(t) (RSDE)

—dL}(t) +dL;, (t), teR,,

where B, is an n X n symmetric matrix-valued process whose entries are independent
Brownian motions up to matrix symmetry, and X,,(0) = V, 0 = W, € M,. The tuple
(Xn, L, L) solves the Skorokhod problem with respect to the set M,, (see Section 5.2.2).

In Lemma 5.3.2 we compare (PNGD) with a discretization of the SDE (RSDE). This
is obtained by coupling the discrete noise in (PNGD) with the Brownian motion driving
the SDE (RSDE). Combining these we conclude the convergence of (PNSGD) to the
SDE (RSDE) as |1, — 0.

Lemma 5.3.2. Let n € N. Let B,, be an n X n symmetric matriz valued process whose
coordinates are i.i.d. Brownian motion (up to matriz symmetry) defined on some probability
space. Let X, be the strong solution of SDE (RSDE) with initial condition X, (0) = V,0
(see (PNGD)). Then, there exists a cadldag process V,, on M, defined on the same probability
space as By, such that it has the same law as V,,, the piecewise constant interpolation (see

Definition 5.2.1) of (mG)k.€Z+ obtained from (PNGD). Moreover, for any T € R,

lim E

|[Tn|—0

sgé%]HKO(n(S)) - K(Vn(s)) HZ] =0.

Proof. Let B,, be as given in the assumption and let X,, be the strong solution of the
SDE (RSDE). Since the discrete noise in (PNGD) is Gaussian (see Assumption 5), there is

an obvious way to couple it with the Brownian motion driving the SDE in (RSDE). Given
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B,, and the step size sequence 7y, = (7, > 0) define the discrete time n X n symmetric

kEZy>
matrix valued martingale difference sequence (an) kez, 3
= —1/2
Znge =153 *(Bu(tngs1) = Baltr)), k€ Zy. (5.22)

Note that the entries in an are distributed as N(0,1) up to matrix symmetry for every

on the

k € Z,. Starting from 17%0 = Vi 0, we now define an auxiliary process (‘N/nvk)kezy

same probability space as B, iteratively as

Vn,k+1 = P(f/imk - nQkaVRn <‘7n,k> + TrlL’/kQEn (Vn,k) o ka), ke Z+, (523)

Following Assumption 5, Vn,k has the same law as V}, ;, for each k € Z.. Let Vn: Ry - M,

be piecewise constant interpolation of (Vnk>k _ The particular choice of (an)k, z. in
€Lt

equation (5.22) allows us to couple V,, with the strong solution of the SDE (RSDE). Let
C:” nj = Xn <an> o Zn,j for all j € Z,. The curve XN/n can be written as

k—1

k—1
V() = Voo = > 127y VR (Vij) + > 702Gl + ZT,”( ~ L} ) (5.24)
=0

J=0

for t € [ty k,tnk+1). Here (Lff j> ’ is chosen so that the piecewise constant interpolation
Y/ JELy

(see Definition 5.2.1) of (Vn e L

n,k’

Lt solves the Skorokhod problem with respect
k) ez,
to M,, (see Section 5.2.2).

Also consider three auxiliary processes Y, Y,, and ?n taking values over n x n real

symmetric matrices, defined as

Y, (t) = X, (0) — /0 n?V Ry (Xn(s))ds + /O Y (Xn(s)) o dBy(s), (5.25)

Vo(t) = Xn(0) /O "2VR, (f/n(s)) ds + /0 ‘5, (Vn(s)) o dBy(s), (5.26)

k‘
,_.

You(t) Zn Tnj VR (Vi i) + 7'1/2G T (5.27)

n,J

I
=)

J

for every k € Z4 and all t € [ty k,t,k+1). Observe that the curves X, and ‘7“ can be
obtained by applying the Skorokhod map to the curves Y;, and Y, pointwise respectively.
Let XA/n: Ry — M, be obtained from ?n by applying the Skorokhod map. First observe that
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using the Lipschitzness of the Skorokhod map, ¢ and %,, (see Assumption 3, Assumption 5,

Section 5.2.2 and equation (5.17)), we obtain

5| sup | (t)—XAt)Hi] < 162 sup. An(t)—Yn@)Hi]
< 16E Ls[%% ] /0 thVRn(Xn(s))n2v3n(x7n(s)) ds ]
#16E| sup. / t(z (Xa(5) = S (V2(5)) ) 0 dBa(s) F]
< 16w E[/ [ as ‘ ds}
+ 64E[ —5,(Va(s) Hi ds]
<ou ['E g[;pﬂux mHi] 029

where the second last inequality follows from Doob’s maximal inequality [129, page 14,

Theorem 3.8.iv] and the fact that for all A, € M,, |45 = n?|K(A,)|3. For any

t € [0,7], define k; := argmin;cy, {t > t,,;}. Using the Lipschitzness of Skorokhod map

(see Section 5.2.2) we obtain

- ~ 2 _ . 2
[E| sup n(t) - Vn(t)H < 16E| sup Hyn(t) - Yn(t)H
s€[0,T] F t€[0,T] F
" N fee—1 _ 2
< 32E | sup / n’VR, (Vn(s)) ds — Z nQTn,jVRn (Vn,j)
te[0,7]||/0 =0 -
ke—1 ¢ 2
+32E | sup Z s, (ffn,j> 6 Zn —/ > (Vn(s)) odBu(s)| |, (5.29)
tel0,T)|| =0 0

F

where the last inequality follows from Assumption 5.
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We now bound the first term from the above inequality (5.29). To this end observe that
- 2

[ ()|

< w7 M3, (5.30)

=E| sup H (t —tnr) VR, ( nk)”
| t€[0,T]

< ]Tn] E

= n?|1,|*E

s [o(Pm)],

for some constant Ms € Ry by Assumption 3.
We now bound the second term in the inequality (5.29). Using the coupling defined
in (5.22) and noting that V(s) = Vn,j for s € [tnj,tnj+1) (see Definition 5.2.1), we obtain

that
ky—1 _ B . N 2
El sw |3 /%5, (Vw) 6 Zn.j —/ S (Vn(s)> odBn(s)
t€[0,T =0 0 (5 31)
2
=E sup HE ( nkt> (Bn(t) n nkt H <M Cl T’Tnllog
t[0,T] F |7n|’

where the last inequality follows from Assumption 5 and [199, Lemma A.4] for C r € R5.

Now define A: Ry — R as

A(t) ::E[ssel[t)l?t]HXn(S) —Vn(s)Hi], teR,.

Using the triangle inequality by combining equations (5.28), (5.29), (5.30) and (5.31), we

get
A(T) < 32n%|7,*M2 + 3202 M2.C, | Tnl log —|— 80&2/ Alt (5.32)
Applying Gronwall’s inequality [100], we get
A(T) < 32n2<]7'n] M3 4+ M2.Cy 1|70 log I ! |) exp [80k3T]. (5.33)
Tn
Taking limit as |7,| — 0 on the above bound, completes the proof. O

We combine Lemma 5.3.1 and 5.3.2 to conclude the proof of Theorem 5.1.3. Moreover,

we also the following non-asymptotic error rate

E[ sup HW(H)(S) - K(X H < Cn®(M + °T)|7,|log — exp [C@T]

s€[0,T]

1
7 nl



134

for some constants C, M < oo.

5.3.1 Convergence of Projected Stochastic Gradient Descent

In the absence of “large noise” (i.e., when ¥, = 0), the SDE (RSDE) reduces to the SDE
dX,(t) = —n’VR,(X,(t)) dt + d L, (t) — AL} (t), Xn(0) = Wi, (5.34)

As we describe in Section 5.1.1, it is show in [167, Theorem 4.4, Theorem 4.14] that if the

solution of

dX,(t) = —n*V Ry (Xn(t)) o 1g, (x. 1)) dt, (5.35)
exists, where G, (A) is the subset of [n]? defined as
Gu(4) = {(i.5) € [0 | 14G, )] < 1}
U {(z’,j) e [n]? ‘ A(i,§) = 1,0:Rn(A) > o} (5.36)
U{(i.5) € ) | AG.5) = =1,855Ra4) < 0},

for all A € M,,, then the solution X, is a gradient flow on M,, in a suitable sense. In this
section, we will argue that the solutions X, of equation (5.34) and (5.35) are equal. To this

end, we define processes L= as

t
L;{(t) = —/ HQVRn(Xn<S)) e} H{Xn(s)=+1,VRn(Xn(s))<0} dS,
0 (5.37)

t
L, (t) = +/0 n°V Ry (Xn(5)) © Lix, (s)=—1,¥ Bn(Xn(s))>0} 45,

for t € Ry, and equation (5.35) can be rewritten as
dX,(t) = —n*VRu(Xn(t) 0 16, (x, (1)) + ALy, (t) — AL} (¢), (5.38)
and the processes L and L, satisfy the following conditions:

1. The processes X,,, L;} and L, are adapted processes.

2. The processes L, and L are non-decreasing processes.
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3. For every (i,j) € [n]?

)

/ 1{ X, i.)(t) > —1}dL;(ij)(t) =0, and
0 (i,

/0 1{ X, i.5)(t) < +1} dL:’(m.)(t) =0.

Following Section 5.2.2, these conditions ensure that the processes L} and L, are unique
and (X,, L), L,,) solves the Skorokhod problem with respect to the set M,,. This proves

Theorem 5.1.7.
5.4 The limit at infinity: infinite exchangeable array of diffusions

Let £ be a standard Borel space. The sets [n](z) and N will refer to the set of natural
number pairs (i,7) in N? and [n]® respectively, such that i < j. Recall that an E-valued
exchangeable (symmetric) array refers to a doubly indexed collection of random elements
(QJ = (i) € 5) (ij)eN® = ¢ that remain invariant in law under finite permutations of
natural numbers N. Two special cases of £ that are important to us are £ = [—1,1] and
& = C10,00) with the usual Borel topology. The Aldous-Hoover representation theorem [4,
108, 109] says that given any exchangeable array as above, there exists a measurable function
£:10,1] x [0,1)® x [0,1] = & such that ¢;; = f (U, Ui, U;,Us ) = f(U,U;,Us, Us) for

(i,5) € N®@, where U, (U;);ey, (Uij = Ugijy) ene are ii.d. Uni[0,1] random variables.

(4,9
The function f is typically not unique. Following [13], we say that ( is directed by f.

The relationship between exchangeable arrays and graphons follows from the Aldous-
Hoover representation [74]. Assume that (; js are real-valued and take values in the closed
interval [—1,1]. An infinite exchangeable array gives rise to a random graphon reminiscent
of the de Finetti representation theorem for exchangeable sequences of random variables.

Although we believe that the following result is well-known, we could not find a statement

to this effect in the literature. However, it inspires our later constructions.

Lemma 5.4.1. Let ¢ € [—1, 1]N(2) be an infinite exchangeable array directed by f. Consider

the family of symmetric kernels (gy, u € [0,1]) defined by

gu(@,y) =Elf(u,z,y,V)], wel0,1], (x,y)€]0,1]?, (5.39)
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where the above expectation is with respect to a Unil0,1] random wvariable V. Then, for

u € [0,1], given {U = u},

lim 5|j <K<(<Z,] = f(u, Uz‘, Uj, Ui1j>)(i,j)€[n}(2>>’ [gu]) = 0, a.S. (5.40)

n—0o0

Proof. Fix (i,7) € N and note that f(U,U;,U;,U;;) = f(U,U;,U;,Us ;) since ¢;j = G
and U@j = Uj’i. Therefore, E[f(U, Ul', Uj, Ui’j) ‘ U, UZ‘, Uj] = E[f(U, Uj, UZ', U@j) ‘ U, UZ', Uj],

and,

gu(:E,y) = ]E[f(U7 Uiv Uj’ UZ,]) ’ U= u, UZ =Z, U] = y]

for a.e. (z,y) € [0,1]®®. Since the maps f, E and [-] are all measurable, their composition
is also measurable. Because U is a random variable, [gy] is also a random variable obtained
as a composition of measurable maps.

To see (5.40), start with the Aldous-Hoover representation ¢; ; = f(U,U;,U;,Us; ;) for
every (i,7) € N®. Condition on {U = u} throughout for u € [0,1]. For any finite simple
graph F', with k vertices,

he (K(Gapep)) == > IT G

11712, ik {4 IYEE(F)

oo I U, Ui UL,

11,82,.-5tk {JI}EE(F)

(5.41)

where the summation runs over the n** := n!/(n — k)! many injections from [k] to [n], and

hp: W — R is the homomorphism density function of F' [150, Section 7.2]. Notice that

[ ( ((Cm) (i.9) E[n]m))} = /[0 " H E[f (u, uj,ul,V)] duy - - - dug = hr(gu),

(G EB(F)
where g, is defined in (5.39). Hence, the lemma will be true if we show that the strong
law of large numbers holds. That the weak law of large numbers holds, can be seen by a
variance computation. That the convergence is a.e. follows from Borel-Cantelli lemma [125,
Theorem 4.18]. We skip the standard argument. The conclusion holds following the inverse

counting lemma [150, Lemma 10.32]. O
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Remark 5.4.2. As a corollary of the previous result, although the function f is not unique

in the Aldous-Hoover representation, the law of the random graphon [gy] is indeed unique.

Consider (C[0, oo))N<2) with the natural filtration generated by the coordinate process.
Enlarge the filtration by expanding the probability space to accommodate the countably
many i.i.d. Uni[0, 1] random variables (U;),;cy and including the sigma algebra generated
by them in the sigma algebra at time zero. Endow this filtered probability space with a
probability measure P> that denote the joint law of (U;);eny and that of an independent
array of countably many independent Brownian motions (BMs) {BM = B{i,j}} (i) EN@)"
Finally we turn the natural filtration to one that is right-continuous and complete, thereby
satisfying the so-called usual conditions and denote it by F = (ft)t€R+. All our processes
will be adapted to this filtration associated with this set-up. Note that all uniform random
variables (U;);cy are measurable with respect to Fo.

Let ¢ and ¥ be two functions from W to L> ([0, 1)@ ) that are both ko-Lipschitz func-
tions on kernels with respect to the the L? norm || - ||, (Assumption 3 and 5). Our goal is

to construct, on the above probability space with filtration (ft)t€R+, an exchangeable array

of reflected diffusions satisfying
dX; ;(t) = —o(I'(1))(Us, Uy) dt + S (L'(¢)) (Ui, Uj) d B j(t) + d L, (1) — dLZj(t), (5.42)
with the initial condition X; ;(0) = Wo(Us, U;) for all (i,5) € N®)| for some Wy € W and
L(t)(z,y) = E[X12(t) | Ur = 2, Uy = y].

We construct a diffusion with more general drift as follows. Let b: [-1,1] x W —
LOO([O, 1](2)) be satisfy Assumption 7. Given Wy € W, let X = (Xi,j = X{ivj})(i,j)eN(z)’
be the solution of the following system of SDE taking values in [—1, I]N(2> with the initial
condition (X; ;(0) = Wy (Uj, Uj))(m)eN(g), and satisfying

dX; () = b(Xi5(t), L)) (Ui, Uj) dt + 3 (T(¢)) (Ui, Uj) d Bi (t) (5.43)
+dL;(t) — dL;(1),
for (i,7) € N® and t € R;. The processes L;; and L;-fj are such that (X ;, L;fj,L;j)

solves the Skorokhod problem with respect to [—1,1] (see Section 5.2.2), i.e., L;; and L:j
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are non-decreasing processes that keep the processes X js in the closed interval [—1, 1]. The
kernel valued process I': Ry — W is adapted to the sigma algebra generated by the uniform

random variables (U;);en, and the independent BMs (Bi,j)( and given by

i,j)EN)>
L(t)(x,y) = E[X12(t) | Uy = x,Us = 9], (5.44)

for (z,y) € [0,1]® and t € R,. Note that if the solution X of the system of SDEs (5.43)
exists, then conditioned over the sigma algebra Fy, the coordinate processes of X are all
independent but not necessarily identically distributed. In particular, taking b(z, W)(z,y) =
—p(W)(x,y), we recover the system of diffusions in (5.42).

It is not obvious if an infinite-dimensional stochastic process satisfying (5.43) and (5.44)
exists, although it is obvious that such a process, if it exists, will be an infinite exchangeable
array taking values in € = C10, 00). In the rest of this section, under Assumption 7 we show
that the process (X, I") is indeed well-defined. As will be made clear in Proposition 5.4.6, the
limiting object I' is the counterpart to the measure-valued solution of the McKean-Vlasov
equation, while every X ; for (i,7) € N®) is the counterpart to the non-linear evolution of
a randomly chosen particle evolving in the McKean-Vlasov interacting system. It should
be noted that the particles in this McKean-Vlasov interaction correspond to the edges of
the graphs not the vertices. The McKean-Vlasov equation here describes how the graphon
itself evolves in time and it is different from the McKean-Vlasov system described in the
introduction where the McKean-Vlasov equation describes the evolution of particles which

may possibly depend on some underlying graphon.

Assumption 7. For a.e. (z,y) € |0, 1](2), Wi, We € W and z1,2z2 € [—1,1], the drift
function b: [—1,1] x W — L>=([0,1]®)) satisfies

1. There exists L € Ry such that supyycpw|b(z1, W) (z,y) — b(z2, W)(z,y)| < L|z1 — 22].
2. There exists € Ry such that sup,c(_q 11[|b(z, W1) — b(z, Wa) |l < &[|[W1 — Wal|,.

Observe that Assumption 7 implies Assumption 3(2) for k3 = 2(L? + ?) and that

|b6(z, W)||,, < C uniformly over all z € [-1,1] and W € W.

oo
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To argue about the existence of a unique solution of the system of SDEs (5.43), we
(2)

)keZ+ on C([0,00),[-1, N x W)

iteratively. Start by defining (X, 1)) as Xi(g.)(t) = Wo(U;,Uj), TO(t) = Wy, for all

construct a sequence of stochastic processes (X (k), (k)

(i,5) € N®) and ¢t € Ry. The induction proceeds by showing that whenever (X(k), F(k))
for k € Z, is well defined, X* is an infinite exchangeable array (Lemma 5.4.3 below) and,
I'®) is a deterministic process of kernels (Lemma 5.4.4). Note that these claims are clearly
true for k = 0. Then, inductively, define the process X ¥t1) as the strong solution to the
coordinatewise reflected SDE:

dx () = b(XZ.(f;) (t),0®) (t)) (U, U;)dt + 5 (M) (t)) (U, U;) dB; (t)

(5.45)
+dLED () — dLET (),

for t € Ry, with the same initial condition X(kﬂ)(O) = Wo(Us,U;) for all (4,5) € N®). As

i,
E’kjﬂ)_ and LZ(.ZHH are processes such that (Xi(,’;-ﬂ),LEZHH,LZ(ZH)_

usual, L ) solves the
Skorokhod problem with respect to [—1,1] (see Section 5.2.2) for every (i,5) € N, Since
the drift and diffusion functions ¢ and ¥ are deterministic and Lipschitz (Assumption 3),
given Fy, every process X ¥ for k € N exists uniquely in the strong sense.

In fact, given Fp, the entries of the array X (k+1) are independent and distributed as
reflected Brownian motions (RBMs) with Lipschitz (but time-varying) drifts and diffusion
coefficients. In particular, the kernel T* 1 is constructed from the array X (v+1) (which over
the entire probability space is exchangeable, as we show next in Lemma 5.4.3) as described

in equation (5.39) in Lemma 5.4.1, and is therefore defined as
P (a,y) = E[X(50) [ U =0, U =y],  teR.. (5.46)

The kernel T*+1(¢) is well-defined for a.e. (z,y) € [0,1]® and all t € R,.. The induction

hence continues.

Lemma 5.4.3. Suppose that, for some k € Zy, there is a unique in law solution to the

SDE (5.45) for X6+D and that T®+HY) 4s o deterministic process of kernels. Then the

(k+1)

process X is an infinite exchangeable array taking values in € = C[0, 00), equipped with

the usual locally uniform metric.
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Proof. To argue the exchangeability, let 0: N — N be a finite permutation of the natural

numbers N. Note that o fixes every large enough natural number. We need to argue that

(Xi(,};'H))(i,j)eN(?) has the same law as (Xc(r]:;Jl'))(i,j)eN@) in the sense of equality of the two

probability measures on (C0, oo))N(Z).

Let ﬁz = U,,, for all ¢« € N. Then (ﬁi)ieN
random variables. Let Yig.fﬂ) = nyj;]l) for every (i,j) € N®). Since Y;-E?H)(O) =
Wo(Us,, Uy;) = Wg(ﬁi,ﬁj). It follows that (Y(kﬂ)(O))(ij)eN(z) has the same distribu-

,J

is again a sequence of i.i.d. Uni0,1]

tion as (Xi(,lj'ﬂ)(o))(@j)eN(?)' Moreover for every (i,j) € N®) the process Y*+1) satisfies

the SDEs

a0 @) = o( X, (0,700 ) (Us,, Us,) dt + 2 (T 1)Uy, Us, ) d By, (1)

2 04,05
[(k+1)f - [(k+1)+
+d 0,05 (t) d (t)

0,05

= b(y“?) (t), 7" (t)) (U;, Uy) dt + =(C® () (U;, Uj) d By, o, (1)

Z7‘7

+ dLg'fE)_(t) _ dL(’““)JF(t),

0,05

for (i,j) € N® and t € R, . Note that, T'®) does not get affected by the permutation o.
Relabeling EH = Bo, 0 Egﬁ.ﬂ)_ = Lg::;;)_ and EE?FIH = Lg’jEH for every (i,7) €
N®) | leaves their joint law unchanged, and we get

v ) = b(v ), 1O @) ) (T, Ty) dt + (00 @) (05, ) d B 5 (1)

5J

+dL (@) — dLE T (),

)

for every (i,j) € N® and t € Ry. Since X*+1 and Y*+D follow the same system of
recursive SDEs (5.45), their equivalence in law follows from the uniqueness in law of the

SDE. U

Lemma 5.4.4. Under the same assumption as in Lemma 5.4.3 and Assumption 7, the
kernel-valued map t — T (t), is deterministic and absolutely continuous. Moreover, for

each t € Ry, we have

lim 6 <[K<<Xi(§)(t)>(i7j)e[n] (2)>], [F(k)(t)D -0, as (5.47)
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Proof. By definition, for (z,y) € [0,1]%, and t € Ry, T®O@W)(z,y) =
E {Xl(kz) (1) ‘ U, = x,Uy = y|. This is a deterministic kernel for every ¢ € R;. To see (5.47),
repeat the proof of Lemma 5.4.1. Notice that, there is no random variable U as in
Lemma 5.4.1 (also see Remark 5.4.2). This is now a consequence of Kolmogorov’s zero-one
law [125, Theorem 4.13]. For n € N| let G,, be the sigma algebra generated by U,, and the
i.i.d. standard Brownian motions B; ;s for the set of indices {(i, ) € N(? |j=n}. Thisisa
sequence of independent sigma algebras. Consider its tail sigma algebra T := Npen Vesn Gr.
This is a trivial sigma algebra by the Kolmogorov zero-one law.

Consider, for any finite simple graph F and ¢t € R, the limiting homomorphism densities
lim,, 00 hF (K((Xi(”;) (t))(i,j)e[n]@)))’ as in equation (5.41). These limiting homomorphism
densities do not depend on finitely many elements in {Xz'(,];)(t)}(i,j)eN(2) or {Ui}lien- In
particular, such limits are measurable with respect to the tail sigma algebra 7. Exactly as

in the proof of Lemma 5.4.1, it follows that

s ((20), g 0 o

In particular, the graphon [F(k) (t)] is measurable with respect to 7, and thus constant a.e.
Finally, the absolute continuity of ¢ — TI'(¢) follows from the path continuity of the

(k)
1

process X 5 and our assumptions on b and X. O

Proposition 5.4.5. Assume that the drift functions b: [—1,1] x W — LOO([O, 1](2)) satisfies

Assumption 7, and the diffusion coefficient function ¥: W — LOO([O, 1](2)) is bounded and

ka-Lipschitz in || - ||, (Assumption 5). Then the sequence of processes taking values in
. k

C ([0,00),[—1,1] x W) given by ((Xi?) (1), (k) (t))teR+)keZ+’

the 2-product metric of [—1,1] and (W, ds), to a pathwise unique process (leg(t), F(t))

converges locally uniformly in

teRL
starting from I'(0) = Wy € W and X1 2(0) = Wo(U1,Us). That is, for every t € Ry,
- (k) oy 2 *) (o) 2 _
lim sup || X;5(s)—Xi12(s)] + [TV (s) —T(s) 0, a.s. (5.48)
k=00 se0,4] ' 2

In particular, the limiting processes X12 is continuous and I' is absolutely continuous and

deterministic.
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Proof. The proof is a standard Picard iteration based proof of existence of solutions of
SDEs. See, for example, the proof of [129, Theorem 2.9, page 289]. Hence, we will skip

some of the details and refer the reader to the above cited reference.

We will take k& — oo and produce a limit. Start by noticing that the process

X{fﬂ;l): R4+ — [-1,1] is the result of applying the Skorokhod map [137] pathwise to the

“noise before reflection” process Yl(gﬂ) obtained as the unique strong solution to the SDE:

av{§0 @) = (X0, 10 @)) (U1, U2 dt + 3 (PO @) (U1, U2) dBra(t),  (5.49)

)

for t € Ry, with initial conditions Yl(,’;“)(()) = Xl(g“)(o) = Wy(Uy,Us) for all k € Z...

Fix t € Ry and consider supse[o’t]‘Xﬁ;l)(s) - kaQ)(s)‘ for any k£ € N. Since the Sko-
rokhod map is 4-Lipschitz in the local uniform norm (see Section 5.2.2), the above distance
is bounded by 4supse[07t]’Y1(§+l)(s) - Yﬁ?(s)‘. Now for every fixed k& € N, from equa-

tion (5.49) we have

ARIOES A0
- /0 (o(x45 @), 100 )) (01, U) = b(X B 0), T 1)) (U1, U2) ) ds (5.50)

- /t (E <F(k—1)> (U, Us) — E(p(’f)) (U1, Uz)) dBj a(s).

0

Define A, M: Ry — R for t € Ry as

At) = / t (b(Xﬁ“;”(t), I‘(k_l)(t)) (U1, Us) — b(Xﬁz)(t),F("‘) (t))(Ul, UQ)) ds,
0

Note that, for a kernel A € W, we have HAH% = E[A%(U;,Us)], for Uy, Us iid. as

Uni[0, 1]. Using Jensen’s inequality and interchanging expectation with integral and As-
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sumption 7,

E| sup A?(s)

s€[0,t]

<tE[/’ k V(t), k= 1)(t)>(U17U2)_b(XgCQ)(t)’F(k)(t))(Ul,UQ)‘2d3:|
[t ) (i ) o
0

< QﬁQt/tuF(k_l)(s) . r(k>(s)Hz ds+ 2L2t/tE [’X(k_l)<8) - X<’f>(s)(2] ds.  (5.51)
0 0

For M, we use the fact that it is a stochastic integral of a bounded integrand with respect
to a Brownian motion, and hence a continuous martingale. By an application of Doob’s

maximal inequality [129, Theorem 3.8.iv, page 14], we get that,

Elsup Ma(s)] §4/OtEUE(P(k1)(3))(U1,U2) —z(pw)(s))(Ul,UQ)ﬂ ds.

s€[0,¢]
Using the assumption that ¥ is ko-Lipschitz in | - ||, and the same argument as above,
2
E| sup M?(s)| < 4k3 / HF (k=1)(s (k)(s)H ds. (5.52)
s€[0,t] 2

Now, taking absolute values on both sides on (5.50), we immediately get,

2
E[ sup [X{5 () - x5 (s)] ]
s€(0,t]

<16E

2
sup Yl(};+1)(8) - Yl(];)(s)‘ < 32E| sup A?(s)+ sup M?(s)
sefog]! ’ s€[0,] s€[0,t]

<64(K2t + 242) /Hr’f (s H
+ 64L2t/ E UXU“)(S) - X(k)(s)‘ ] ds. (5.53)
0
Using the fact that the operator I', given by a conditional expectation (5.46), and, therefore,

must have a smaller L2 norm

2 2
sup HF(kH)(s) - F(k)(s)H < E[ sup Xl(fc;l)(s) — kaQ)(s)’ ] .
5€[0,t] 2 5€[0,t]
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Combining the last two bounds above, one gets the recursive bound

E ‘2

sup, x50 () - x{9(s)

+ sup HF(kH)(s) - F(k)(s)Hzl
s€[0,t 2

s€[0,t]
2
} ds.

The rest of the argument follows exactly as in [129, page 290] by applications of Gron-

< 128((k* + L)t + 4K3) /t E UXU“)(S) — XF)(s)
0

wall’s lemma [100] and the Borel-Cantelli lemma [125, Theorem 4.18]. We skip the similar

argument for pathwise uniqueness. See the proof of [129, Proposition 2.13, page 291]. O

Proposition 5.4.6. Suppose the assumptions in Proposition 5.4.5 holds. Given any ker-
nel Wy € W, there exists a pathwise unique strong solution to the coupled system (5.43)
and (5.44) in the following sense. In any probability space supporting countably many i.i.d.
Uni[0, 1] random variables (U;),cyy and an independent infinite (symmetric) array of i.i.d.
standard Brownian motions (Bi»j)(i,j)eN(Q)’ one can construct an infinite exchangeable array
of reflected diffusions (Xi,j)(m)eN(Q) that satisfy (5.43) and (5.44) and every X; j is pathwise
UNIqUeE.

Moreover, for every t € Ry, [['(t)] can be recovered as the oo limit of the sequence of

graphons ([K ((X;; (t))(z',j)e[nP)] )nGN locally uniformly in time. That is, for any t € Ry,

Jm sup 6 ([ (Xis D e )] 0SN) =0, as (5.54)
Proof. Start with the countably many i.i.d. Uni[0,1] random variables (U;);cyy and an
independent infinite (symmetric) array of i.i.d. standard Brownian motions (B; ;) (i,/)EN®
and construct the deterministic process I' in Proposition 5.4.5.

Given I' and (U;),cy and following the system of SDEs (5.43), the diffusions Xj js are
independent (but not identically distributed) reflected Brownian motions with deterministic
bounded time-dependent drifts for (i,7) € N (2). So, they exist in a pathwise or strong sense
exactly as the process X1 2 does in Proposition 5.4.5 and satisfies the constraint (5.43) since
I" is a fixed point of the Picard iterations.

It is obvious from the symmetry of the construction that the infinite array (Xi,j)( i /)EN®
is exchangeable in the sense of Section 5.4 with & = C[0, 00), the set of continuous functions

from [0, 00) to R.
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For the limit (5.54) we will make use of the following result from [150, Proposition 8.12],
which states that for any V e W,

IVIIg < he, (V) < 41V g (5.55)

Here Cy is the cyclic graph with four vertices and hc, (V) is the homomorphism den-

sity function of the simple graph Cjs. We will apply this for the choice of V,,(t) =
K (X)) 6jyeim?) — K((F(t)(Ui, Uj))(i7j)€[n]2). Thus,

4
Hn(t) = hC4 (VN(t)) = ﬁ Z H(Xiz,iurl (t) - F(t)(Uiz? Uil+1))

01,02, 0 1=1

4
- ﬁ Z H(Xiz,iurl(t) - ]E[Xil’ilJrl (t) ‘ }-0])’

0102, 04 1=1

with the convention that, when [ = 4, [ + 1 = 1. The above sum is over all injections in
[n] (4],

Notice that H,(0) = 0. The fact that for each ¢t € Ry, lim, o Hy(t) = 0 almost
surely follows similarly to the proof of Lemma 5.4.1. We now show that ¢ — Hy(t) is
equicontinuous. From which, using a standard argument, we can show that almost surely,

H,(t) — 0 for each t € Ry, that is,

lim d5 ([K((Xi,j(s))(iyj)e[n](z))], [r(s)]) —0, as Vsel0.

n—0o0

To show that (H,,),cy is equicontinuous, we first observe that for any s, s3 € [0, 1],

|Hy(s2) — Hp(s1)]
+16[T(s2) — T'(s1) I,
where the inequality follows by an application of the counting lemma [150, Lemma 10.23,

Exercise 10.27], the triangle inequality and using the fact that the cut norm || - || is upper

bounded by the L? norm || - [|,.



146

Using the Lipschitzness of the Skorokhod map (see equation (5.14)), we therefore obtain

HK((Xi,j(sz))(i,j)e[n]@)) - K<(Xivf(51)>(i,j)e[nl(2)) HZ
24

<5 ) Yis) = V(s
(i,4)€n]@
25 So 2
<X | . T U du
(i.4)€m @
95 59 2
LY | sr@w v ass)
(i.4)€m)@ 7

25 2
< 2M?2 |sy — s1]* + ~ > (5.57)

(i,5)€n]?

/ ST ) (U ;) B 5 (u)

S1

Now let |sy — s1| < & for some & > 0. Set for all (i, ) € [n]®,

2

Nij = sup
51,52€[0,1],
|s2—s1|<d

/ ST w) (U U;) B (u)

S1

From [199, Lemma A.4], there exist constants C;,Ca; € R4 depending of ¢, such that

for all (i,5) € [n]?,

1 1
E[nij] < M2C146 Iogg , and E[nfj} < MfOCQ27t52 log? 5 (5.58)

Since, 7; ;s are independent and have finite variance, it follows from the Chebyshev’s in-

equality [125, Lemma 5.1] that

! 1
P n2 Z Mg — E[ni,j] > max Varl/Q(mJ) < =
" (i,4)€[n]® (i,4) €] n

Using the Borel-Cantelli lemma [125, Theorem 4.18], it follows that almost surely,

1
= > iy S MZ(Crp+Ca)d

- , (5.59)
(i) €[]

1
log 5

for all n € N, sufficiently large. Combining equations (5.56) and (5.59), we obtain that
almost surely, for all n € N sufficiently large, we have
1
sup  |Hy(s2) — Hp(s1)] < 28Moo (5 + (Chp + C) 2512 10g!/? 5) + 16w(6),

$1,52€[0,t],
|82—81 |§5
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where w(8) = supy, s,ecfo,4,sa—s1|<s I (s2) —T'(s1)]l5 is the modulus of continuity of the
curve t — I'(t). Since s — I'(s) is continuous in (W, dz) (and independent of n), it follows
that, almost surely, (H,), ¢y is equicontinuous. Since (Hy), oy is equicontinuous uniformly
bounded almost surely, the proof is complete by a standard application of Arzela-Ascoli

theorem [160, Theorem 47.1]. O

Proposition 5.4.7. Suppose that ¥ = 3 > 0 and b(z, W) = —¢(W). Then, the limiting

curve I' in Proposition 5.4.6 has a velocity

P(t) = ~o(0(1) = [pt) (Wo, 60T, 8) = 0, (W, 90T, )|, (5.60)

where pgﬂ)(WO, pol',B)(x,y) is the density of the real-valued reflected Brownian motion Z

at £1, at time s € Ry, starting at Z(0) = Wy(x,y), satisfying
1 _
AZ(s) =~ J50(0(s/B)(e.) ds + AB(s) + AL~ () ~dL7(s), s € Ro,

where (Z,L*,L™) solves the Skorokhod problem with respect to the set [—1,1] (see Sec-
tion 5.2.2).

Proof. Given (Uy,Usz) = (x,y), the process X2 is a diffusion with a Lipschitz drift and a

constant diffusion coefficient. Using (5.44) and It6’s formula, we get

EP0)y) = — o))

(5.61)
d _ d i
n EE[Lm(t) ‘ Uy = ,Us = y} - E1[«:[L172(75) ‘ Ur=x,Us = y.
Now consider the reflecting diffusion Z which solves the SDE
dZ(s) = U(s; B)ds +dB(s) + dL(s) —dL(s), s € Ry, (5.62)

starting at Z(0) = Wy(z,y), such that (Z, L™, L™) solves the Skorokhod problem with re-

spect to the set [—1, 1], and ¥(s; 3) = —%b(F(s/ﬁQ))(x, y) for all s € R, (see Section 5.2.2).

By reparametrizing s = 3%t and setting Z(s) = X1 2(t), we get back our reflected diffusion

X1,2 in law following

_ 1
32

= Xi(t) = —¢(T(t))dt + BdB(t) + dL™(B%*) —dLT (%), teRy,

dZ(6%t) = — 5 6(L(t))(z,y) A(6%t) + dB(5%t) + AL~ (6%t) — dL*(8%),
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where the processes (LT (8%t))icr, and (L™ (5%t))icr, constrain the process Xio in the
interval [—1,1] (see Section 5.2.2). Here the equality is in law. We use the fact that the
solution of both the above SDEs agree in law since the distribution of B(/3%t) and SB(t)
coincide for all 5 € Ry. Let pgﬂ)(Wo, ¢poT,B)(x,y) denote the transition density of the
solution of SDE (5.62) at time s € Ry at the boundary £1, then the transition density of

the process X o at time ¢ at the boundary +1 is p(ﬁftl)(Wo, pol,B)(x,y).

Using [184, Exercise (1.12), page 407] and equation (5.61), we deduce that

d +
B [L;-Ej(t)} = s, (Wo,bo (X12,T), 8)(, ), (5.63)
which gives us the desired result. -

Remark 5.4.8. Note that the (pointwise) velocity of the curve I' at time t € Ry is not
—(¢poT')(t) when > 0. That is, I is not a gradient flow of the function R when > 0,
and the effect of the boundary {—1,1}, as seen in (5.60), is qualitatively different from that
when B =0 (see Section 5.1.1).

5.5 Convergence of the finite-dimensional processes

Consider now the finite dimensional SDE (RSDE):
dX,(t) = —n*VR, (X, (1)) dt + 2, (X, (1) o dB,(t) +d L, (t) — AL (). (5.64)

The Fréchet-like derivative of R is a symmetric kernel-valued map from W —
L>([o, 1](2)). Thus, for (z,y) € [0,1]®, there is a real-valued map Gy W — R given
by ¢uy (V) = ¢(V)(x,y) for all Ve W. This is the same map that we get when we replace
(z,y) by (y,x). To show that the finite dimensional processes converge as n — oo, we will

need to put further assumptions on the drift and diffusion functions.

Assumption 8. There exists a constant kg € Ry such that for oll Wi, Wy € W, the
drift function b: [—1,1] x W — LOO([O, 1](2)) and the diffusion coefficient function : W —
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LOO([O, 1](2)) satisfy
sup  sup [b(z, Wh)(x,y) — b(z, Wa)(z,y)| < wo|W1 — Wallg,  and
(z,y)€[0,1]? z€[-1,1]

sup  [S(W1)(z,y) — B(Wa)(z,y)| < sol|Wr — Wa|g.
(z,y)€[0,1]?

Proposition 5.5.1. Suppose the assumptions in Proposition 5.4.5 and Assumption 8 hold.
Then, for any sequence of initial kernels (Wén) € W")neN that converges to Wy € W in the

L(]o, 1](2)) norm || - ||y, i.e., whenever

lim HWO(") - WOH2 —0, (5.65)

n—oo

the process of random kernels (K (Xn(1))),er, obtained from solutions of the SDEs (5.64),
converges locally uniformly in the cut norm as n — oo, in probability, to the limiting process

I': Ry = W, with I'(0) = Wy, established in Proposition 5./.6.

Proof. Consider a probability space satisfying the assumptions of Proposition 5.4.6 and
an infinite exchangeable array of diffusions (Xm)(i’j)eN(g) on it. For k € [n] and any
t € Ry, consider the sampled k x k symmetric matrix I'(¢)[k] whose (i,7)-th element is
T (t)(U;,Uj), (i,5) € [k]®. Consider also the corresponding k x k matrix of diffusions
XW() = (X(ivj))(i,j)e[kz]@)‘

Now consider K (X,(t)) from a solution of SDEs (5.64). One may construct a sampled
k x k matrix from this kernel as well. We estimate the cut distance of this sampled matrix
from I'(¢)[k] by coupling this sampled matrix with K (X (k)) in a particular way.

Notice that, for any (i,5) € [k]® and (m;,m;) € [n]®), if U; € ((m; — 1)/n,m;i/n] and
Uj € ((mj —1)/n,m;/n], then K (X, (t))(Us,U;) = Xnm;m;(t). Let Ex(n) denote the event
that that no two Uy, Uy, for distinct 7,4’ € [k](?), falls in the same interval ((m —1)/n,m/n].
Under this event every entry of the sampled diffusions will be run by independent stan-
dard Brownian motions. Before we use this property to proceed with our coupling, let
us show that Fji(n) happens with high probability as k is fixed and n — oo. Order the
uniform random variables as Uy < Uy < ... < Uy,. Clearly Ef(n) implies that there
is at least one pair (U, Uqyy) for i € [k — 1], such that Ugyq) — Uyy < 1/n. Hence
P{E;(n)} < P{minie[k_l} (U(i—i-l) — U(Z-)) < %} But min;eg_q (U(i+1) — U(i)) has a density
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at zero and hence the above probability is O(1/n), which goes to zero as n — oo. Thus
limg o0 limy, 00 P{Ex(n)} = 1.

On the event Ex(n), every m;, i € [k], is distinct. Consider the corresponding indepen-
dent Brownian motion B; ; from the diffusion X; ; from equation (5.43). Since (5.64) admits
a strong solution, construct a solution where the entry processes Xy, m, m;(-) is driven by
B, (i,§) € [k]®®, while the rest of the entries of X,, are driven by a disjoint subset of
(Bij)(ij)en2- Thus, one couples K(Xp,)(-)(Us;,U;) with X; ; which are both driven by the
same Brownian motion and having a starting value of Wén) (U;,U;) and Wy (U;, Uj), respec-
tively. Our subsequent analysis will be on the event Ej(n) and it is unimportant how the
coupling is done on Ef(n).

Define, Xn” (t) = K(X,(t))(U;,Uj), (i,7) € [k]>. The evolution of )Afml,g? for example,
can be described by the SDE

AX012(8) = b( X1 2(0), K (X0 (1)) ) (U1, Ua) dt + S(K (X (1)) (U1, Uz) d B (1)
+dL, () - dL;Lz(t)»

with the initial condition )~(n71,2(0) = Wén)(Ul,Uz). Since X2 is also driven by the

same Brownian motion, by using the Lipschitz property of the Skorokhod map and

the triangle inequality, it follows that for any (Ui,Us) = (u1,u2) on the event Ej(n),
supse[oyt]‘f(n,l,g(s) - Xl,g(s)’2 is at most

t ~ 2

48 /0 (b(X1,2<3),r(s))(u1,uQ)—b(Xn,l,Q(s),K(Xn(s))>(u1,w)( ds

s 2
+48 sup, / (E(T(r)) (ur, uz) = DK (Xn(r))) (u1,u2)) dBia(r) (5.66)
s€[0,t]1J/0
~ 2
+ 48‘Xn,1,2(0) - Xl,z(o)’
We can now use Assumption 7 and 8 on the first term in (5.66) to get
~ 2
[B(X1,2(5), T(s)) (un, 2) = b Kn1,2(5), K (X (1)) ) (1, )
(5.67)

~ 2
< 2L2)X1,2(s) - Xn,l,g(s)‘ +263T0(s) — K(Xn()]2, s €Ry.

Define for s € [0, ],
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which makes the second term in (5.66) equal to 48 sup,cp g M 2(s). Using Markov’s inequal-

ity followed by Doob’s maximal inequality [129, page 14, Theorem 3.8.iv], we obtain

-1
P! sup M®™ ()2 > 20,E [MW(t)Z} < (2)\kE [MW(t)?D E| sup M®(s)?
s€[0,t] s€[0,t]

1

< (2)\kE [M(")(t)QD_ E[M(m(t)?} =2\,

(5.68)

for every Ay > 0. Let (Ag);cn satisfy limy oo Ay = 0co. The choice of Ay will be made later.

Therefore, with probability at least 1 — 2/\,:1,

sup M (s)? < 2\,E [M(") (t)ﬂ
s€[0,t]

:%’“/o IS(T(8)) (1, 12) — S(K (Xn(5))) (1, ) ds (5.69)
< 20 [ I0(s) = KX ()] ds.

By the abuse of notation, we redefine the event FEy(n) to intersect with the event where the
above bound holds. By a union bound, we still have limg_,o lim,, oo P{Ex(n)} = 1.
Using equations (5.67) and (5.69) in equation (5.66) we get

~ 2 n 2
sup Xp12(s) — XLQ(S)‘ < 48‘Wé UL, Us) — Wo(Ur, Us)
s€(0,t

#9620+ 1) [ I006) — KOG ds (5.70)
1+ 96L° /Ot‘xm(s) ~ Zuals)| ds.

Replacing the role of (1,2) by any other (i, ;) € [k]®, and summing over, we get

1 ~ 2
sup — > ‘Xn,m‘(S) - Xz‘,j(S)‘
€O G gem
48 n 2
<72 > ’Wo( (iU - Wo(Uian)‘

(i, €[k] ) (5.71)

t
963 (A + 1) / IT(s) — K (Xa(s)|I% ds
0
s [T1 - 2
+ 96L /0 ﬁ Z ‘Xi,j(s)_Xn,i,j(S)‘ ds.
(

i,5)€[k]
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By the triangle inequality,

2
K| (Xnij — K((T(s)(U:,U)),, -
ssel[l(]l,)t] << v,J(S))(@j)e[k}(z)) (( (3)( J))(w)g[k](z)) .
2
<2 sup || K { (X ~K((Xii(s), 5 7
= e <( ””(S)>(z’,j)e[k]<2>> (( ﬂ(s))(z,a)e[k]<2>) . (5.72)

+ ZSseuopt HK< s)(Us, Uj ))(i,j)e[k]@)) - K((Xm'(s))u,j)e[kJ(”) H;

Then notice that the kernel

~ 1
2K(<Xn7i7j(8))(i,j)e[k](2)> — §K<(P(8)(UM Uj))(z’,j)e[k]@))

has entries in [—1, 1] and is sampled from the kernel 3K (X,(s)) — 3I'(s). By [150, Lemma
10.6], the difference

2

HK<<)~(n’i’j(8))(i,j)e[k](2>> — K((F(S)(Ui, Uj))(i’j)e[k]@)) . — | K(Xn(s)) — I‘(S)Hé

lies in the interval [—24/k —36/k% 64k~1/* + 256k~ /2] with probability at least 1 —
4e_k1/2/10, for all n > k. Using this in (5.72) we get

2
K( (Xnij — K((X:;(5)), ;
sclo (< " (3))(i,j)€[k](2)> <( ’J(s))<m>€[’ﬂ(2)> .
1
> S K(Xa(s)) = D(s) |3 — 3206/ (5.73)
2
— sup HK( (s)(Us, Uj ))(1J)€[k](2)> K((Xi7j(s))(i,j)e[k](2)>HD'

s€[0,t]

with probability at least 1 — qe—k2/10, By an abuse of notation, we redefine the

event Fyi(n) to intersect with the event where the above bound holds. We still have

limg 00 limy, 0o P{Ex(n)} = 1.
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We first lower bound twice the left hand side of equation (5.71) using equation (5.73) as

2521[101;] K(()Zvn,i,j(s)>(i7j)e[k](2)> - K((Xi,j(s))(i,j)e[k]@)) z
= 0 K<<X”J (S))u,y’)e{kw) K (s D) z
+ s K<(5(n,i,j<s>) (i,j)e[m) ~ K ((Xis ()i e -
ey K<<)~(’” (S))<i,j>e[k]<2>> K (Ko Dpeno) z

1 _
+ 51K (Xn(s)) = D(s) | — 3206~

- ssel[lo?t]HK«F(S)(Ui, Uj))(i,j)E[k]<2)) - K((XW(S))(LJ‘)G[H@) H;

Here we used the fact that the L? norm is lower bounded by the cut norm. Using

equation (5.74) back in equation (5.71) (multiplied by 2), and rearranging terms we get

2

K<<)~(”’i’j(s))(i,j)e[k](2>> N K<(Xi’j(s))(i’j)e[k](2)> 2

+ L sup 1K (Xa(s)) — ()12

sup
s€[0,t]

2 sef0,g
2
< sx[lopﬂHK(@(s)(Ui, U igpeme ) = K (X pewe ) |
se|0,
e . , (5.75)
+ 3206 S S W UL T) - Wo (UL, )
(i.4)€[K]
: 2
2 i L. J— ..
L /0 K<<X"”’J(5)>(i,j)e[k1<z>> K<(X”(s))(i’j)e[’“](2)> , 4

t
+ 19263 (M + 1) / IT(s) — K (Xn(s))]1Z ds.
0
Now let

2
Ay = SZ‘&&HK(“(S)(U"’ Uipem® ) = K ((Xia (e )|
By(n) = % > ‘Won)(Uian) - WO(Uian)’2 + 320K 1/4,
(4,5)€k]@

Applying Gronwall’s inequality [100] and noticing that the first term on the left of
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equation (5.75) is always non-negative, gives us that on the event Ej(n),

K<<X’”’j (S))(i,ﬁe[km) N K<(Xi’j(8))(i’j)e[k}<2>) 2 (5.76)

+ Sl[lopﬂHK(Xn(S)) —T(s)13) < 2 (Ag + Bu(n)) exp(192(L? + 262 (A, + 1))1),

2

sup
s€[0,t]

for every n > k. Note that
2
E[\Wo”)wi, Uj) = Wo(Us, Uj) ] = |[we” =, =0,
as n — oo, by assumption (5.65). By a variance bound it follows that

lim lim Bg(n) =0,

k—o0 n—o0

in probability. Also, limgp,,cAx = 0 by Proposition 5.4.6. Since
limg o0 limy, 00 P{E(n)} =1,

lim sup [|K(X,(s) ~T(s)p =0,  and

=00 5¢(0,t]
2
Jgﬁonlﬂﬁ.zsi%ptk | KN U e = KiaDgpegn [, = 0

in probability, by choosing (Ax),cy (depending on (A, lim, o0 Bi(n)),ey) that increases

sufficiently slowly to infinity as k — oo. This proves our claim. O

Remark 5.5.2. To get a non-asymptotic error rate, we need to control on Ay and Bi(n).
Observe that Bi(n) depends on the initial condition and in general it can be arbitrarily slow.
However, assuming that the initial condition is i.i.d., one can use Chebyshev’s inequality to
obtain }P’{Bk(n) > 66]4:_1/4} < k3/2,

On the other hand, it follows from the arguments in Proposition 5.4.6 that there
exists a constant M, (depending only on t) such that for any 6 > 0 we have
P{ Ay > My(5log(1/8))V/4} < k=2 + 15—t eTmuti/m e—kolog(1/0)/2.

In particular, choosing 6 = 64y/k=Llogk and \; = log(k)/ (16 - 384t(L* + 2k3)), we
have the left hand side of (5.76) bounded by M, k—1/16 10g3/2k with probability at least
1-—% — 4k e ote—Vk/20 _ 2k=3/2 where k = 32\/6(L2 + 2/125)1/2. Since t is fived, we
can choose k to be a suitable function of n, say k = n?/7, to get a non-asymptotic rate
of convergence. Moreover, using the remark after the proof of Lemma 5.3.2, we can get a

non-asymptotic rate of convergence with finite n and |T,|.
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5.6 Examples

In this section we will verify our assumptions for a class of functions introduced as linear
functions in [167, Section 5.1]. Let {Zi};c(, be i.i.d. Uni[0,1]. For any kernel W € W and
any n € N, sample a random matrix G,[W] as G,[W] = (W(Z;, Zj))(ij)e[n](2) € M,. Let
pn([W1]) denote its law, i.e., Law(Gp[W]) = pp([W]). Now let R: W — R be defined as a
linear function, i.e.,
R(W) = R, (2)pn([W])(d2), VW eWw,
Mn

Let (€, .A) be the standard measurable space on [0, 1]". Let £: W x Q be the function defined
as

UW, 2) = R (W(Zis 23)) sy ey )

Let R, satisfy Assumption 3(1) and let R admit a Fréchet-like derivative evaluation map

¢: W — L>=(0, 1](2)) (see [167, Section 5] for conditions). The map ¢ then satisfies

SN @) =D S E[VR((W (20 20) e ) |2 Z) = (@w)] . (5:77)

(i,5)€ln

and Dw/{(-; Z) for Z € [0,1]" satisfies

(D3 Z2)W)(w,y) =3 VR (W (2, 2,) (5.78)

(i,j)G[n]2 (p7q)€[n](2) ‘(Zi7Zj):(x’y)) ’

for W € W and (z,y) € [0,1]%.

5.6.1 Scalar Entropy and Homomorphism density

Examples like the scalar entropy and the homomorphism density functions considered in

the last chapter satisfy Assumption 3 for some kg € Ry since |Hess(R,)||,, exists and is

lop
bounded uniformly in the domain. Specifically, for homomorphism density function R = Hp
for a simple graph F' with n vertices and m edges {¢;};", the constants ko = mn(n—1), and
for scalar entropy R = &, the constant ko = 2¢ (1 — ¢)~! on its domain W, = {W € W |
e < W <1—¢€} where € € (0,1/2). Since this implies that there exists M., € R4 such
that ||¢(W)]|, < Mo for all W in the domain, these example also satisfy Assumption 4 for

o= M.
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In the following, we define b: [—1,1] x W — L*([0, 1](2)) as b(W(x,y), W)(z,y) =
—p(W)(z,y) for all W € W and a.e. (z,y) € [0,1]¥. We will now verify Assumption 8
when R is the sum of scalar entropy and some homomorphism density Hg for a simple
graph F' with n vertices and m edges. Note that for this example, we have

z

b(z, W)(z,y) = log 1 + o (W)(x,y), z=Wi(x,y) € [e,1 — ¢, (5.79)

—Z

for a.e. (z,y) € [0,1]® where from [167, Equation 113],

¢HF(W)(x7y) = E H W(Zer) Zez = (m,y)

1 r=1,r#l

hE

o~

tfv’y(Fel’ W)? (ZL‘, y) € [07 1]7

Il
NE

N
Il
—

Ze = (Ze1), Ze(2)) and Fy, is the simple graph obtained from F' by removing the edge ¢;. It
is shown in [167, Section 5.1.2] that the map W + t(. )(Fe, W) continuous as a map from
(W, dn) to (L>=([0,1]?),dn). To show that ¢p,(-)(z,y) is Lipschitz in the cut norm for
every (z,y) € [0,1]®, it is sufficient to show that tyy(Fe, ) is Lipschitz in the cut norm
for e € {e;};2,. For Wi, Ws € W, note that

tx,y(Fe7W1) _tx,y(F&WZ) = Z Ip,qv
{p.a}eE(Fe)

where for any {p,q} € E(F.),

I, 4 ::/ n72(W1(mp,xq)—W2(xp,xq)) H Wi(zi, z5) H dz,. (5.80)
[0.1] (i) €E(Fe)\{p.a} VeV (Fe)\e

Following the proof in [150, Lemma 10.24], we get |1, 4| < ||W1 — W3], which yields
’t%y(F& Wl) - tx,y(Fev W) < (m— 1)HW1 - WQHD? (5.81)

i.e., the Lipschitz constant of t, ,(Fe, - ) for every e € E(F') is m — 1. This implies that the
Lipschitz constant of ¢(-)(z,y) with respect to || - || is m(m — 1). Therefore, for b as in

equation (5.79), we have

b(z, W1)(2,y) — b(z, W2)(z,y)| = ¢, (W1)(z,y) — ¢ (W1)(,y)]
< m(m— 1)W1 — Wall. (5.82)

Therefore b (as in equation (5.79)) satisfies Assumption 8 with kg = m(m — 1).
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5.6.2 Quadratic functions of homomorphism density

More generally, let £ € N and let {F L. F k} be a family of finite simple graphs. Let

1, ..., ¢k € 10,1] be fixed constants. Define a function R: W — R as
1 k
2
R(W) =5 ;wm(W) ~ ca)

Note that a lower bound on R is achieved if Hpo = ¢, for all o € [k]. We note that R being
a sum of squares of k£ many functions satisfies Assumption 3(2).
Moreover, let ¢: W — Loo([O, 1}(2)) denote the Fréchet-like derivative evaluation map

of R. It follows from chain-rule that
k
Z (Hpoa (W) = ca) Ot 0 w)(W)(2,y) -

Note that W = ¢ .. (W) satisfies Assumption 3(2) with k2o = ma(ma — 1) where mq
is the number of edges in F'“. Further note that for any finite graph F and U,V € W we
have |[Hp(U) — Hp(V)| < |[E(F)|||JU = Vg < |E(F)||lU — V|,. A simple calculation using
the fact that [(Hpe(W) — co)| < 1 for all W and that ||¢g,. (W)|, < [E(F)|, we obtain that

¢ satisfies Assumption 3(2) with
k
Z m + ko) < k:m2,

where m = maX,e[,] Ma-

Similarly, for any edge e in a finite simple graph F, note W — t, ,(Fe, W) is (m — 1)-
Lipschitz in cut norm for every (x,y) € [0,1]® and W +— Hp(W) is m-Lipschitz in cut
norm where m is the number of edges in F. Using the fact that ||¢m,.(W)|,, < m and
Hp(W) € [0,1] for every W € W)y, we conclude that ¢(-)(z,y) is km?-Lipschitz with

respect to || - || for a.e. (x,y) € [0,1]®) and hence ¢ satisfies Assumption 8.

5.6.3 Entropy minimization with edge-triangle constraints

We conclude with the discussion of the example mentioned in the Introduction. Recall the

problem of minimizing the scalar entropy &£ over )7\/\0 with prescribed edge density H_(-) =
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e € [0,1] and triangle density HA(-) = 7 € [0, 1] (see [167, Section 5.1-5.2]). As mentioned
in [163], in general this problem does not admit unique minimizer.
Let us consider a relaxation of this problem. Let 1): R — R be a non-decreasing convex

function such that ¢/(—log(2)) = A > 1. Consider minimizing the function
1
W R(W) i= o (H-(W) = e)* + (Ha(W) = 7)°) + $(E(W)).

Since 1 is non-decreasing, minimizing £ is equivalent to minimizing ¢o€£. On the other hand,
the term % ((H_(W) —e€)? + (Ha(W) — 7)) penalizes any deviation from the marginal

constraint on the edge and triangle densities.

It follows from the previous discussion that W — 2(H_(W) — €)? + 2(HA(W) — 7)2
is A-semiconvex with A = —8. On the other hand, £ is 4-semiconvex and therefore ¢ o &
is 4A-semiconvex. In particular, if A > 2 then R is strongly convex and hence admits a
unique minimizer and the gradient flow converges exponentially fast to the minimizer of R.
In this case, the gradient flow of R converges exponentially fast to the minimizer.

For instance, take ¢ = 4id and consider the optimization algorithm described in Defi-
nition 5.1.2. For every n € N, X,, € M,,, and (4,5) € [n]®, we can evaluate In, (i) (Xn; §)
as

In,(ij)(Xn; §) = 410%(%) + (X (i1,i2) —€)

+ (Xn(237 i4)Xn(i47 2‘5)AXvTL(7:57 ,53) - T)Xn(la iﬁ)Xn(iﬁv J)7

where § = (i.).¢[g) N Uni([n])°. Notice that E¢[g,(Xn;€)] = VR, (X,), and Assumption 4
is satisfied. Theorem 5.1.3 and Theorem 5.1.7 tell us that the (PNSGD) algorithm in the
absence of large noise, converges to the minimizer of R as the step size of the algorithm
goes to zero, and n — oo.

If one takes v = id then the function R is not guaranteed to be convex. Therefore, there
may be multiple minimizers of R as mentioned in [163]. Since R is not strictly convex, the
gradient flow may not converge to the minimizer, however, it does converge to a stationary

point with a polynomial rate.
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5.7 Discussion

Before we move to the next chapter, let us summarize the key insights that we obtain from
this chapter. The main goal of this chapter was to study the large n limit of n x n symmetric

matrix-valued processes (see (RSDE))
dX,(t) = —n’VR,(X,(t))dt + BdB,(t) + dL; (t) — AL} (1), (RSDE)

where R, is an invariant function and B,, denotes the matrix-value process whose coordi-
nates are i.i.d. Brownian motions (upto the symmetry). We obtain such processes as the
scaling limit of Euclidean gradient descent (with noise) of appropriate functions. However,
as (RSDE) only requires the drift to be an invariant function of the matrix, it is reason-
able to expect that such processes will naturally arise in the study of evolutions of graphs.
Somewhat similar evolutions have been investigated for instance in [10, 11, 20].

One of the main insights of this chapter (see Theorem 5.1.4) is that under appropri-
ate scaling and invariant function as drift two coordinates of X,, become asymptotically
uncorrelated. This significantly reduces the complexity of the limiting process that can
be described by an IEA. Such propagation of chaos phenomenon for particle systems has
proved to be a very useful tool [157, 170, 171, 52, 51] in probability. We hope that the

propagation of chaos phenomenon in the matrix-valued processes will be similarly useful.
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Chapter 6

PATH CONVERGENCE OF MARKOV CHAINS ON LARGE
GRAPHS

6.1 Introduction

Let (2, F,Q) be a probability space and let H: Q — [0, co] be a measurable function (called
the Hamiltonian). We are often interested in the set of minimizers of H. Instead of finding
the actual minimizers, which can be computationally expensive, one often considers a Gibbs
measure on (2, F) whose density, with respect to Q, is proportional to exp(—pH(-)), for
some 3 > 0. Here Q is usually taken to be some kind of a “uniform” probability distribution
on ). The parameter 3 is often called the inverse temperature. It is well known that, in
many circumstances of interest, as § — 0o, the Gibbs measure concentrates around the
minimizers of H (see [113]). Thus, one may replace the problem of optimization of H with
a problem of sampling from the Gibbs measure for a large 8. This is achieved by running
suitable stochastic processes with an invariant distribution given by the Gibbs measure [209].

When € is continuous with a notion of differentiability of , such as R?, a natural

stochastic process is the Langevin diffusion:

dX(t) = —VH(X(t)) dt + \/gdB(t),

where B is standard d-dimensional Brownian motion and  is commonly called the inverse
temperature parameter. In practice, stochastic gradient descent algorithms are used to
mimic the paths of the Langevin diffusion in discrete time. As  — oo, the paths of the

Langevin diffusion converge to that of the gradient flow of H, namely
&(t) = =VH(x(t)),

which in a sense gives the fastest decay of the Hamiltonian. On the other hand, on discrete

spaces or when the gradient of the Hamiltonian is not well defined, one employs an MCMC
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algorithm [73], such as the celebrated Metropolis algorithm [185, Section 2.4], to sample
from the Gibbs distribution.

For us, €2 is the space of dense edge-weighted unlabeled graphs and we consider natural
stochastic processes used to optimize a Hamiltonian H. Examples of such stochastic pro-
cesses are graph-valued Metropolis Markov chains and processes arising out of optimization
algorithms on edge-weights such as stochastic gradient descent (SGD) [187, 134, 24, 141, 41,
159, 142]. A theme that we pursue is that with certain modifications and in a certain limit-
ing regime, as the size of the graph goes to infinity, both processes are related to a gradient
flow. More specifically, we analyze a Metropolis Markov chain on a stochastic block model
(SBM)(see [107, 210]). The base Markov chain runs on an SBM with r communities, with
n members in each community, with an acceptance-rejection step specified by H and the
inverse temperature parameter 5. Our algorithm includes a novel relaxation procedure after
each accept-reject step which introduces a further positive parameter ¢. When we keep r
fixed and let n — oo, with other parameters suitably scaled, the edge densities between
communities converge to a stochastic differential equation on r X r symmetric matrices (see
Section 6.3 for an overview and Proposition 6.3.3 for a precise statement of the result). Fur-
ther, in Proposition 6.3.4 we prove that, as r — oo, the paths of the stochastic evolution of
the edge density matrices converge to a deterministic curve on the space of measure-valued
graphons (MVG) (see Chapter 2).

In Section 6.2, we define a general class of diffusions on symmetric r x r matrices and
also show in Theorem 6.2.2 that under suitable assumptions these processes converge, as
r — 00, to a deterministic curve on the space of MVGs specified by a McKean-Vlasov
stochastic differential equation (SDE). This strengthens the main result in Chapter 5 where
a similar convergence statement had been obtained on the space of graphons as opposed
to MVGs. One example, within the purview of Theorem 6.2.2, is the r X r matrix of
pairwise edge-densities from our Metropolis model above. We summarise this result in
Proposition 6.3.4. The other kind of example covered by Theorem 6.2.2 is stochastic gradient
descent of suitable functions on r x r symmetric matrices. In the last chapter, we argued
that these stochastic gradient descents converge pathwise to the gradient flow on the space

of graphons. We show in Proposition 6.3.6 that, as the relaxation parameter ¢ — 0+,
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the random trajectory of r x r random matrices of edge densities between communities
generated by the Metropolis algorithm converges to a deterministic curve on graphons which
the gradient flow of SH on the space of graphons. Therefore, under suitable convexity
assumptions on H, we obtain (see Proposition 6.3.8) an exponential rate of convergence of
to the minimizer of H. Combining this with Proposition 6.3.7, which gives non-asymptotic
error bounds, we obtain that, in a certain limiting regime, the adjacency matrix from our
Metropolis chain converges exponentially fast to the minimizer of H. We introduce the
Metropolis chain in Section 6.1.2. A reader familiar with these basics may directly go to

Section 6.1.3 where we give a computational example.

6.1.1 Notation recall

We recall some frequently used notations in this chapter. For any set X, we use X? to
denote the usual Cartesian product X x X while X is used to denote the set X2/~ where
we identify (a,b) ~ (b,a) for all a,b € X. We use this notation for domains of symmetric
functions.

Let us also denote the set of all 7 xr symmetric matrices with elements in [0, 1] and [—1, 1]
by M, 4 and M, respectively, i.e., M, ; = [0, 1][T](2) and similarly for M,.. Recall that the
set M, can be naturally identified with a subset of finite dimensional kernels, W, C W.
This identification/embedding is denoted by K (as in K(A) is the kernel corresponding to
the matrix A) and its inverse will be denoted by M, (as in matrix). A simple unweighted
graph G can be thought of as a weighted graph with edge-weights being the indicators that
the edges exist.

6.1.2 Limits of Markov Processes on Weighted Graphs

We introduce the following general class of deterministic curves in the space of MVGs de-

scribed by a stochastic differential equation (SDE). Suppose we are given a pair of functions

b: [~1,1] x W — L>=([0,1]®), and  : [~1,1] x 2 — L>=([0,1]®), (6.1)

where L>°([0,1]()) is the set of all functions f: [0,1]) — R such that || ||, < oc.
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Let (92, F,P) be a probability space that supports a standard Brownian motion B(-) and
a pair of independent Uniform[0, 1] random variables U, V. Given W, € 20, consider the
following coupled system (X, W, U, V') of one-dimensional reflected diffusion X, a curve W
on 20 and the pair of uniform random variables, such that given (U, V') = (u,v), the process

X (+) satisfies the initial condition X (0) ~ Wy(u,v) and the SDE

dX(t) =b(X(t), W(t)) (u,v)dt + Z(X(¢), W(t))(u,v)dB(t)
+dL™(t) —dL™(¢), (6.2)
W (t)(z,y) = Law(X (1) | (U,V) = (2,y)), ¥ (z,y) € 0,17,

where (X, L%, L) solves the Skorokhod problem [137] with respect to [—1,1] (see Sec-
tion 5.2.3 for details). The system described by equation (6.2) will be referred to as the
MVG McKean-Viasov SDE (MVSDE). Under appropriate assumptions on b and X, Propo-
sition 6.2.1 shows that the MVSDE admits a pathwise unique solution. Notice that W is
a deterministic curve on measure-valued kernels, and thus, on measure-valued graphons. A
similar McKean-Vlasov SDE was introduced in [102] but the convergence was obtained only
in the sense of graphons and, hence, cannot capture the convergence of general exchangeable
arrays. However, there is a corresponding deterministic curve on graphons w(t) = E[WW (t)]
given by the natural projection map. It is useful to think of w as capturing the evolution
of macroscopic properties while W describes the microscopic properties.

Where do such processes appear? In Section 6.2 we consider a general class of diffusion
on symmetric 7 X 7 matrices whose coordinates are exchangeable and are evolving under a
suitable mean-field interaction. In Theorem 6.2.2 we prove that processes in this general
class have corresponding deterministic limits that are examples of (6.2). This is natural since
one can spot that (6.2) is equivalently characterized by an IEA of independent diffusions
satisfying the McKean-Vlasov SDE generated by an i.i.d. sequence of Uniform[0, 1] random
variables. Such diffusions naturally arise in the context of stochastic gradient descent of
functions defined on the space of graphs. For another example, consider the problem of
“soft” optimization described at the very beginning where, for 5 > 0, one may wish to
consider a Gibbs measure on W with a “density” proportional to exp (—fH). However, as

there is no canonical measure on the space of graphons, this does not seem feasible. On the
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other hand, consider H restricted to the space of r x r graphons Wr. By pulling back the
natural map from kernels to graphons and identifying r X r kernels with r x r symmetric
[0, 1]-valued matrices, one can think of A as a function H, on symmetric matrices, i.e.,
H, = HoK on M, . One can define a natural Gibbs measure on M, , corresponding
to Hy. A large class of commonly used models fall in this umbrella. See the thesis [60]
for a historical development and some beautiful real-world applications. In particular, it
appears in statistical physics models such as the Curie-Weiss models [60, Chapter 4], the
exponential random graph models (ERM) [60, Chapter 5]. We may wish to sample from
such a Gibbs measure whether we are trying to find graphs that approximately minimize
the Hamiltonian (i.e., an approximate nonparametric maximum likelihood estimator such
as MCMLE [60, Chapter 3.3]) or we are sampling from a Bayesian posterior distribution.
Although Metropolis or the Gibbs sampling algorithms are popular choices to run MCMC
algorithms, their mixing times are generally not known. Another example comes from a
series of works of Radin, Sadun and others [180, 161, 162, 181] on the so-called edge-triangle
model. Their focus is on a typical graphs with a given number of edges and triangles and
to show that they exhibit phase transitions. In [162, Section 3.1] the authors construct
an MCMC scheme to sample from an edge-triangle model. They justify convergence, not
theoretically, but empirically. Given a target edge density e and a triangle density ¢, one
may easily construct a Hamiltonian that gets minimized when the edge-density and the
triangle densities are e and ¢, respectively. Then, sampling from this Gibbs measure will
approximately sample from an edge-triangle model.

We will show that, for suitable H, satisfying a semiconvexity condition (Assumption 10),
the edge density matrix obtained from the Metropolis chain admits limits that are par-
ticular cases of (6.2). With stricter convexity assumptions we will also be able to say
something about the exponential rate of convergence. In particular, this is true for all
linear combinations of homomorphism functions [167, Section 5.1.2]. Notice that given
W € 20, consider the corresponding kernel w = E[W] € Wio,1) via the natural projec-
tion. Therefore, any function by : [—1,1] x W —— L>([0, 1](2)) naturally gives a function
b:[-1,1] x 2 — L>([0,1]®) via the pullback b(z, W) = by(z,w). Such drift functions

will naturally arise in our examples. Let H be a Hamiltonian on 20U that admits a Fréchet-
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like derivative DH (see Definition 4.2.6), and fix a parameter S > 0. The solution to the
McKean-Vlasov SDE (6.2) with the drift function induced by by(w) = —FDH (w) and con-
stant 3 = o is analogous to the Langevin diffusion on Euclidean spaces. This family of
processes arises as the limit of both stochastic gradient descent on symmetric matrices as

well as the following Metropolis chain on the popular stochastic block models (SBM) [80].

Definition 6.1.1 (Empirical Stochastic Block Model (ESBM)). For r,n € N let ¢ =
(gij)i<ij<r € My 4, and let N = rn. A random simple graph with N vertices is called

ESBM[r, n, q] if
o fori € [r], there are n many vertices having color i,

o fori,j€[r], i #j, n®q;; many edges (unordered pairs of vertices {u,v}) are drawn
by randomly sampling without replacement where one vertex has color i and the other

has color j,

o forie|r], (g)q” many edges are drawn by randomly sampling without replacement

unordered pairs of vertices of color i, and

the samplings in the last two items are done independently for all pairs (i,j) € [7‘](2).

To construct the Gibbs probability measure on M, ., we will be interested in
ESBM]|r,n, q] random graphs where the entries of ¢ are also random. For each n € N,
consider the uniform distribution s, on the discrete set {i/n? |i € {0} U [n?} and v, the
uniform distribution on the discrete set {i/(3)|i € {0} U [(5)]}. Define U,, to be the
probability measure on M, . where each entry above the diagonal is independently dis-
tributed as p, and the diagonal entries are independently distributed as v,,. Thus U,, , can
be viewed as a discrete uniform distribution on the set of possible edge-densities.

Recall that H, is the restriction of H on the space of r X r symmetric matrices for each
r € N. Fix a positive sequence (v, )nen such that

2

lim ~v,log?n =0, and lim Inlt
n—00 n—00 log n

= 00. (6.3)
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Fix 8 > 0 and let 8, , = Br=2/~,. Consider a family of Gibbs probability measures on

M, 4 given by

L sy, (dg).

—PBn,r Hr(q) U. d —
e n,r(dq) T

Qurpld)) = 77—
where Z,, , 3 is the normalizing constant. As each ¢ € M, | corresponds to a simple ran-
dom graph in ESBM][r,n,q], @nmlg can be thought of as a random probability distribu-
tion on simple graphs over rn vertices. We will denote the model specified by Q\nmg, as
ESBM]|r, n, B, H]. It should be emphasized that the measure @nm 3 depends on the choice of
the parameter 7,. Note that the above model closely resembles commonly used framework
in exponential random graphs (see [56] and references therein).

The following Metropolis chain algorithm (see [146, Section 3.2]) can be used to sample
from ESBM[r, n, 8, H].

e Base Markov Chain: The state space of the chain is the set S, ;- of all simple graphs on
rn vertices with r colors assigned to equal number of vertices. The base chain starts
at an arbitrary graph G(0) = G in the state space. Suppose, for ¢ > 0, the Markov
chain has completed ¢ steps, {G(p)}ﬁzo, and is at graph G(¢). For (i,7) € [r]®), let

m; ;(¢) denote the number of edges between vertices of color ¢ € [r] and color j € [r]

in G(¢). The next step in the Markov chain is generated as follows.

— For every (i,j) € [r]®), i # j, if m; ;(£) ¢ {0,n?}, then, toss a fair coin. If the
coin comes up heads, then delete an edge between color 7 and color 7, chosen at
random, and if the coin turns up tails, place an additional edge between color 4

and color j at random. Replace n? by (g) if¢=17.

— For every (i,7) € [r]®, if m; j(¢) = 0, then toss a fair coin. If the coin comes
up heads, then add an additional edge, chosen at random, and if the coin turns
up tails, do nothing. Similarly, if m; j(¢) = n?, i # j (or (3), if i = j), then toss
a fair coin. If the coin turns up heads then delete an existing edge, chosen at

random, otherwise do nothing.

— Do these independently for every pair (i,7) € [r]?.
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The resulting graph is G(£ 4 1) and q(¢ + 1) = (¢i,;(¢ + 1)), ; ;<, be its edge density
matrix. It is not hard to see that the base chain viewed as a process on edge densities

is also a Markov chain that is reversible with respect to the uniform distribution Uy, ;.

e Metropolis Chain: We run the base chain for s, ~ v2n* many steps followed by an
accept-reject step. Suppose we started the base chain at graph G and edge density
matrix ¢q. After running the base chain for s,, many steps we arrive at a graph G’ and

a corresponding edge density matrix ¢’.

— Accept-reject step: Accept G’ as the next state of the Metropolis chain with
probability exp (_ﬁn,r (H(d) — H(q))+>, otherwise, remain at G. Here 27 =

max{z,0}.

It is standard to see the unique invariant distribution of this Metropolis Markov chain is the
Gibbs measure @n,r,ﬁ- We will explore scaling limits of the chain as n,r — 0o, v, Bnr as
specified above and when s,, = O(%%n‘i). But, first, we introduce an additional relaxation

step.

e Relaxed Metropolis Chain: After every Metropolis accept-reject step, we run the base
chain for an additional ¢, ,(0) = O(c?r~*y,n?) many steps, for some o > 0, and

always accept the last state.

Thus, our final Markov chain repeatedly runs the base chain for s, many steps, performs
an accept-reject step and then runs another ¢,, ,.(0) many steps of the base chain. We call this
the relazed Metropolis chain. Since ¢, ,(0) = 0, when o = 0, we recover the true Metropolis
chain. However, note that the relaxed chain has a different invariant distribution for any
positive o.

Consider the resulting process of r x r matrix of pairwise edge-densities ¢(-). One
may think of this exchangeable process as a Markov chain on symmetric matrices. In
Proposition 6.3.3 and Proposition 6.3.4 we show that, as n — oo and » — oo, and the other

parameters are scaled as above, the paths of this process converge to a deterministic curve
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on MVG, describe by a McKean-Vlasov SDE (6.2) with drift b given by —fD#H and 3 = o.
By taking the natural projection from MVG to graphons, this implies that the paths of ¢ also
converge (see Remark 6.3.5) to a deterministic curve on the space of graphons in the same
scaling limit. For a fixed 7, as n — oo the adjanceny matrix of ESBM[r, n, ¢] converges to
the edge density matrix ¢ in the cut metric. Therefore, this deterministic curve on graphons
can be interpreted as the limiting evolution of the adjacency matrices of the sequence of

graphs G(-) and is parameterized by 5 > 0 and o > 0.

Notice that the drift is a constant multiple of —D®H, the direction of steepest descent of
H. When o = 0, it is clear that the limiting curve is a time-reparametrization of the gradi-
ent flow of H on W. Proposition 6.3.6 shows that, as ¢ — 0, the family of limiting curves on
graphons converges to a time-changed gradient flow of ‘H. Finally, Proposition 6.3.8 estab-
lishes the exponential convergence rate of this flow under appropriate convexity conditions

on the Hamiltonian.

6.1.3 A computational example from extremal graph theory: Revisited

To illustrate our results, we give a concrete example with numerical simulations. To motivate
our example, we first recall the celebrated Mantel’s theorem [155] from extremal graph
theory. It states that the maximum number of edges in an n-vertex triangle-free graph is
n?/4. Further, any Hamiltonian graph with at least n?/4 edges must either be the complete
bipartite graph K, /3 /2 or it must be pancyclic [32]. One may attempt to computationally
verify this theorem by considering a “softer” version of the problem. That is, consider the
Hamiltonian H(-) :==t(4, - ) — at(—, -) for sufficiently small & > 0. Here A and — are the
triangle and the edge graphs respectively. Recall that the homomorphism density function
t(F, -) of simple graph F', defined over unweighted graphs, simply computes the density of
the simple graph F' in the unweighted graph. Thus, minimizing H can be roughly thought
of as an attempt to minimize the number of triangles in a graph while simultaneously
maximizing the number of edges. The linear combinations of homomorphism densities also
appear in the study of exponential random graph models (ERGMs) which is usually defined

as a probability measure on finite graphs with density proportional to exp (—H) where H
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is a linear combination of homomorphism density function [58]. Hence, in either case the
behavior of the Metropolis algorithm to simulate samples from the Gibbs measure is of
interest.

We simulate the relaxed Metropolis chain sampling algorithm for H with o = 1/4,
n =16, r =16, 0 = 1, 7, = 1/4n and f = 1/4. In particular, H(-) = t(4A, ) —
1t(—, -). The Fréchet-like derivative of the Hamiltonian is given by DH(w)(z,y) =
3f[071] w(z, 2)w(z,y)dz — 1/4, for (z,y) € [0,1]®®, which is an affine transformation of
the homomorphism density of 2-stars in the graphon.

The limit of the adjacency matrix process of the relaxed Metropolis chain as n — oo,

followed by r — oo, and finally o — 0, is given by the a curve w: Ry — Wjg q) given by

w(t)(z,y) = w(0)(z,y) — B/O DH(w(s))(z,9)la,, ds,  (.y)€[0,1]®,  (6.4)

where the starting point w(0) € Wio,1) is the L?-limit of the community edge density kernel
of the initialization of the Metropolis chain as r — oco. The set function G, ensures that
the velocity field does not point outside the domain of YW when any coordinate of the flow
hits the boundary [0, 1].

Since the drift is a constant multiple the Fréchet-like derivative of H, the curve w is a
time reparametrization of the gradient flow of . In Figure 6.1 we see that the iteration
sequence of the MCMC chain has a close resemblance with the curves shown in [167, Figure
1, Section 1.2] which is a forward Euler discretization of the gradient flow of H on ()7\/\, 52).

After sufficiently many iterations, we see that the community density kernel corresponding

(n)

to the graph G| 5. |

o5 1s close to the graph the one corresponding to a complete bipartite
graph as one would expect from Mantel’s theorem.

In Proposition 6.3.8 we show that if the Hamiltonian is strongly convex, the curve
w converges to the minimizer of ‘H with an exponential rate. Homomorphism density
functions, although semiconvex, are not generally strongly convex. To remedy, one may add
to the Hamiltonian a multiple of the scalar entropy function [167, Section 5.1.3] that makes
it strongly convex enough to guarantee an exponential rate of convergence. That is, for

v > 0 large enough, the following new Hamiltonian #., defined as H.(w) = t(A, w) — %t(—
,w) + ’Yf[O,lP h(w(z,y))dx dy, where h(p) = plogp + (1 — p)log(1l — p) for p € (0,1) and
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Figure 6.1: A relaxed Metropolis chain algorithm simulation for H = t(A, -) — ;t(—, -) at
initialization and after 3.5 x 10%, 9.3 x 102, 2.0 x 10%, 1.0 x 10° and 3.7 x 10° iterations

respectively (order: from left to right).

zero if p € {0,1}, is strongly convex and the corresponding gradient flow curve converges
exponentially fast. In fact, in this particular example, H, as defined above is strongly
convex for any v > 9/2. In particular, if we set v = 5, following Proposition 6.3.8, we
obtain an exponential rate of convergence to the minimizer with rate S\ with respect to the
d2 metric, where the semiconvexity constant A > v — 9/2 = 1/2. However, to compare our

current simulation with those in [167] we do not add the entropy regularization here.

6.2 Dynamics

In this section we study the limit of exchangeable processes on symmetric matrices as the
dimension grows to infinity. In Theorem 6.2.2, we show that a general class of processes
on symmetric matrices converges to a deterministic curve on 2 that is described by (6.2)
as the dimension grows to infinity. In Section 6.3, we study the relaxed Metropolis chain
algorithm on SBMs described in Section 6.1.2. We begin with preliminaries on Skorokhod

map.
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6.2.1 McKean-Viasov SDFE

Recall MVG McKean-Vlasov SDE (6.2) described in Section 6.1. Following a standard
Picard’s iteration argument, as done in [102, Proposition 4.5], it can be shown that MVG
McKean-Vlasov SDE (6.2) admits a pathwise unique solution under appropriate assump-

tions on b and Y. For completeness, we record this as Proposition 6.2.1 but skip the proof.

Assumption 9. Recall the definition of the generalized cut norm, ||-| g, from Defini-
tion 2.4.53. Let b,% be as in (6.1) and satisfy global Lipschitz conditions, that is, there exists
L,xm € Ry such that

sup [|b(z1, W) — bz, W) V‘S/UI;nHE(ZlaW) — 5(22, W)l < Llz1 — 2],
€

We o
S[HP }Hb(%Wl) — (2, Wa)|| s S[up ]HE(z,Wl) —X(z, Wa) |l < rm|W1 —Wo|g,
2€[-1,1 z€[-1,1

for all Wi, Wy € 20 and z1,29 € [—1,1].

Proposition 6.2.1. Let b and X be as above. Let <Q, F, (ft)t€R+,IP’> be a filtered probability
space satisfying the usual conditions that supports a pair of independent Uniform[0, 1] random
variables U,V (measurable with respect to Fy) and a Brownian motion B (adapted to the

filtration (‘Ft)teR_,_)' Then, for any Wy € 20, there exists a pathwise unique strong solution

(X, W) to the MVG McKean-Vlasov SDE (6.2).

To motivate the study of McKean-Vlasov SDE (6.2), consider the problem of minimizing
triangle density while maximizing the edge density as in Section 6.1.3. As explained in
Section 6.1.3, a close proxy would be minimize the function H(-) = t(4, ) — at(—, )
for sufficiently small o« > 0 over the space of W. Notice that H naturally restricts to a
well-defined function H,, on M, ., the space of symmetric matrices with entries in [0, 1].

Consider the following SDE on M, 4
dX,(5.5)(t) = ="V H, (X)) + 0 dB, () + dL ;5 (1) — AL o (D),

with where {BT’(Z-J)} N is a collection of i.i.d. Brownian motion. Note that the Eu-

(6,3)
clidean gradient VH, is scaled by a factor of r?. The above SDE can be thought of as a

time-scaling of noisy Euclidean gradient flow of H,. These processes are considered in [102]
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and they are indeed obtained as the continuous time limit of projected noisy stochastic gra-
dient descent (PNSGD) of H, [102, Definition 1.2, Theorem 3.2]. It is clear that X, is a
symmetric matrix valued process whose coordinates are exchangeable. It is shown in [102,
Theorem 1.4] that, under appropriate assumptions on the initial condition X,.(0), the matrix
valued process (X, (t))ier, converges to a deterministic curve (w,(t));er, on the space of
graphons, uniformly on compact time intervals, as r — oo. Moreover, the curve (w,(t))ier,
is described by a McKean-Vlasov SDE similar to (6.2).

Note that the graphon convergence of X, (-) comes with a loss of microscopic informa-
tion as discussed earlier in Section 6.1.2. It may be reasonable to expect that the matrix
valued process X, (-) converges to an IEA as r — oo and one should rather consider the
convergence of X, (-) to a deterministic curve on MVG space. In this section we accomplish
this convergence and do so for a larger class of H than those allowed in [102, Theorem 1.4].

We begin with an illustrative example.

Example 13. Let F be the triangle graph where two of its edges are decorated by = — 22,
and the third edge is decorated by = — z. Consider the function H = t4(F, - ). Note that H
restricts naturally to a function H,: M, — R as defined in equation (2.24). One can easily
see that J; jyta(F), - )(X») = % D ket Xg,(@k)Xr,(k’,j) for every (i,7) € [r]®). Let B, ) be a

collection of i.i.d. Brownian motions. Consider the following SDE on M,.:
2 —
dX, == ZXT (i) (D)X (k) (8) A+ A By sy (8) + AL, ;o (1) — AL o (),

where (i,) € [r]® and (X, L*, L™) solves the Skorokhod problem. The above SDE can be
recovered as a continuous time limit of the PNSGD algorithm [102, Definition 1.2, Theorem
3.2] when we consider tq(F, -) to be the optimization objective. We remark that the function
H does not satisfy the assumptions of [102, Theorem 1.4] as it is not continuous in the cut-
metric (see [117, Example C.3]). However, the function H does satisfy Assumption 9 for b
defined as b(z, W)(z,y) =

ZE ﬁ D(Fey, W) (Ze,) - T'( e,_mW)(Zee) : H D(Feg, W)(Ze,) | Ze, = (x’y)]’
/=1 s=1 s=(+1
= toy(0e, W),  z€[-1,1],W €W, (z,y) €[0,1]®), (6.5)

(=1
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where {es}.", is the set of edges of the skeleton of the triangle graph with m = 3 edges,
Ze = (Ze1), Ze(2)) for an edge e € E(F) and 0.F denotes the graph obtained by replacing
the decoration at edge e € E(F) with its derivative. This can be seen by following a very
similar argument in [102, Example 5] and Lemma 2.4.14.

As a consequence of our main result (Theorem 6.2.2), we will see that the solution of
the SDE on M, as defined above, converges to the solution X to the MVG McKean-Vlasov
SDE (6.2), which in this example, takes the form:

dX (t) = —dmo(W) (u, v)my (W) (u,v) dt + dB(t) + AL~ (t) — dL* (),
W(t)(x.y) = Law(X (1) [ (U.V) = (2.9),  (z.9) €0,P,  teRy,
given (U,V) = (u,v). Here m; and mg evaluate the first and second moment graphons

as defined in Example 3. This example, naturally extends to all decorated homomorphism

density functions, thereby expanding the scope of [102, Theorem 1.4].

More generally we consider the following family of diffusions on symmetric matrices. Let
b and ¥ be as defined in Section 6.1. For r € N, let ¥,.: [—1, 1] x M,. be the restrictions of ¥,
ie., X (z,X) = 3(z,K(X)) and similarly define b,: [-1,1] x M,. Consider the diffusions
X, defined on M,. as follows

er,(i,j) (t) = br,(i,j) (Xr,(i,j) (t)a X (t)) dt + 2r,(i,j) (Xr,(i,j) (t)a X (t)) dBr,(i,j) (t)
L) (1) = AL 5 (0),

(6.6)

for each (i,7) € [r]® and t € R, with the initial condition X,.(0) € M,..

In Theorem 6.2.2 we show that under appropriate assumption on (X,.(0)) the process

reN»
X, (+) converges, uniformly on compact intervals of time, to a deterministic curve W (-) on

MVGs as r — co. And, this curve W (-) is described by the McKean-Vlasov system (6.2).

Theorem 6.2.2. Suppose Assumption 9 holds. Let Wy € 20 and let W be described by
the MVG McKean-Vlasov SDE (6.2) with initial condition W(0) = Wy. Let X,, be the
solution of equation (6.6) for r = n with initial conditions X, (0) € M,. Suppose that
limy, 00 D2(X,,(0), W) = 0. Then, for any finite time horizon T > 0, almost surely,

lim sup Aw(K(Xa(t), W(t)) = 0. (6.7)

=00 te[0,T7
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The proof of Theorem 6.2.2 closely parallels the proof of [102, Proposition 4.9]. There-

fore, we only give a sketch of the proof highlighting only the crucial differences.

Proof. Consider the probability space satisfying Assumption of Proposition 6.2.1 and
an infinite exchangeable array of diffusions (Xivj)(i,j)EN(Z) on it. For k € [n] and any
t € R4, consider the sampled k x k symmetric measure-valued matrix W (t)[k] defined
as W(t)[k](i,5) = W(t)(U;,U;) for (i,4) € [k]®). Consider also the corresponding k x k
matrix of diffusions X [k](-) == (Xivj)(z‘,j)e[k]@)' Now consider K(X,,(t)), the measure-valued
finite dimensional kernel from a solution of SDE (6.6). One may construct a sampled k x k
measure-valued matrix from this measure-valued finite dimensional kernel as well. We esti-
mate the cut distance of this sampled measure-valued matrix from W (¢)[k] by coupling this
sampled matrix with (X [k]) in a particular way.

Divide [0, 1] into n contiguous intervals of equal length. Let Ej(n) denote the event
that that U; € ((m; — 1)/n, m;/n] where each m;, i € [k], is distinct. On this event, we
can couple X, m;(+) and X; ; so that they are driven by the same copies of independent
Brownian motion and having starting laws Wén)(Ui, U;) and Wy(U;, U;) respectively. Our
subsequent analysis will be on the event Eg(n) and it is unimportant how the coupling is
done on Ef(n). For any i # j we have P{|U; — U;|} < L. Since there are at most (]2“)
distinct pairs (i, j) € [k]?, a simple union bound yields that P{E{(n)} < k?/n.

Define, )A(/n”(t) = K(X,(t))(Ui,Uj), (i,j) € [k]%. The evolution of )Z'n,m, for example,
can be described by the SDE

AXn12(8) = b( X120, K(Xn(1)) ) (U1, Ua) dt + 2 (K 1.2(8), K(Xa(1)) ) (U1, U2) d B o)

+dL, ; 5(t) — dL;f,l,z(t)a

with the initial condition Law (Xn71’2(0)> = én)(Ul, Us). Define

M) (s) = /0 ’ (z(xm(s), W () (1, uz) — z(xn,m(s), IC(Xn(r))) (u1, uQ)) dBy o (r),

for s € [0,t]. Note that

]P’{ sup MM (s) > )\kE[M(")(t)2]} = IP’{ sup exp(uM(”)(s)) > exp(/\k)},

s€[0,t] s€[0,t]
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where u = \/ Ai/E[M™)(t)?].  Using Markov’s inequality followed by Doob’s maximal

inequality [129, page 14, Thoerem 3.8.iv], we obtain that with probability at least 1—4e /2,

t ~ 2
oup MO(s)? < 20 5 [V G6) = KX D1+ 22 ]¥1200) = T ], (63)
s€(0,t 0

where the parameter A\, — oo will be chosen later. Redefining the event Ej(n) to intersect
with the event where the above bound holds. Since X > is also driven by the same Brownian
motion on this event, using (6.8) and the Lipschitz property of the Skorokhod map, triangle

inequality and Assumption 9 (replacing (1,2) by any other (7, 5) € [k]® and summing over),

sup [ (Zalkl(9) ~ KXHE|, <32 2 [Fnis ) - Xes0)
s€[0,t] (i,5)€[k]@
+96(\;, + 1)k /OtHW(s) — K(Xu(s)|Ig ds (6.9)

+96(\, + 1)L2 /t sup Hzc()?n[k](s)) - IC(X[k](s))HQ ds.
0 s€0,t] u

We now want to replace HIC()?n[k’](S)> - K(W(s)[k])Hi by [|K(X,(s)) — W(s)||2. up to

some error that goes to zero as k — oco. This is achieved by exploiting the first sampling

lemma [150, Lemma 10.6] for cut norm in [102]. The first sampling lemma is not available

directly to us for the || - ||g. However, we notice that using the first sampling lemma [150,

Lemma 10.6] and equation (2.31) we obtain that for every € > 0 there exists a constant

F, < oo such that

“‘K()an[k](s)) - K(W(s)[k])”i — IK(Xn(s)) = W(s)la| < ﬁ +e

with probability at least Fee_*/E/ 10 Moreover, from Lemma 2.4.15, we can choose €}, = ]ﬁ%

so that Fi, < eVk/40 | I particular, setting Cy = Iﬁ% and ¢, = \/E/ZO we can repeat the

same proof as in [102] to obtain
2

sup}Hzc()?nm(s)) ~ KXk

1
selot o > FIK(Xn(s) = W(s)llm — Ci

(6.10)
— sup [KC(W (s)[k]) = K(X[F](s))]1a-
s€[0,t]
with probability at least 1 — e~ “. Once again we redefine the event Ej(n) to intersect

with the event where the above bound holds and note that we still have P{E(n)} >

1—de=M/2 _ B _ g=ck,
n
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We can now repeat the same argument as in [102]. After doing some rearrangement and
applying Gronwall’s inequality [100] we obtain that on the event Ej(n),
2 v 2
sup D3 (1(Xalk](s) ), K(X[K](5))) + sup [K(Xn(s)) = W (s)|m
s€[0,t] s€[0,4] (6.11)
< 2 (A, + Bi(n)) exp(192(L? + 2kg) (A + 1)t),

~ 2
where Ay = sup,¢y HA’“(S)HI and

Ap(s) = K(W(s)[K]) — K(X[k](s)),
Bk’(n) =C + % Z ’)’Zn,i,j(()) — Xi’j(O) 2. (6'12)
(i,5)€k]?

Note that lim,, ., E U)A(:m](O) - X;;(0) ﬂ = 0, by the assumption. Using a variance bound
and the fact that limg_,, Cx — 0 it follows that limy_, . lim, o, Br(n) = 0, in probability.
By Lemma 2.3.6 and Lemma 2.3.7 we have H/Tk(s)H. — 0 in probability for each fixed
s € [0,t] as k — oo. It can be shown following the proof of [102, Proposition 4.5]) that
(Kk) hen is equicontinuous over [0, ¢], almost surely, for sufficiently large k. Therefore, we
conclude that Ay — 0 in probability as k — oco. Since limy_; o0 limy, 0o P{Ex(n)} =1,

lim sup |KC(Xn(s)) — W(s)|lg =0, lim lim sup D2 (/c()?n[k](s)),/qu(s))) —0,

n=00 50,4 k—00m=00 520 4]

in probability, by choosing (Ax),cy (depending on (A, limy, o0 Bi(n)),ey) that increases
sufficiently slowly to infinity as k — oco. Moreover, it is clear that one can choose k = o(y/n).

This completes the proof. ]

Remark 6.2.3. Note that the proof is stable with respect to small perturbations of drift.

More precisely, suppose b, in (6.6) is replaced by Er such that 3,, — b, < a; for some

o0
ar — 0 as v — oco. Then, the proof continues to hold and we still obtain the limiting

McKean-Viasov SDE with the same drift b as in Theorem 6.2.2.

Remark 6.2.4. Note that the McKean-Viasov equation (6.2) depends only on w(t) =
E[W (t)]. One can, therefore, say that w(t) satisfies a graphon McKean-Vlasov SDE that
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satisfies on (U, V) = (u,v)

dX (1) = bo(X (£), w(t)) + Zo(X (), w(t)) + AL~ (t) — AL (1),

w(t)(z,y) =EX(@) [ (U, V) = (2,9)],

teR,. (6.13)

Thus we recover [102, Theorem 1.4).

We should emphasize the point made in Remark 2.3.5 once again here. The same
IEA gives rise to both McKean-Viasov SDEs (6.2) and (6.13). The crucial difference is
X, (+) converging to this IEA in cut-metric is equivalent to only checking the convergence
of homomorphism densities with respect to simple graphs, while X, (-) converging to this
IEA in MVG is equivalent to the convergence of homomorphism densities with respect to

decorated simple graphs which is a bigger class of test functions.

6.3 Analysis of the relaxed Metropolis chain

Recall that our goal is to minimize some function H defined on large networks. One class
of functions that is of interest is linear combination of homomorphism densities. The key
takeaway of the above discussion is that one can either solve for the McKean-Vlasov system
described above or perform (stochastic) gradient flow of H restricted to M, for large r.
Both of these techniques will yield approximate minimizers of H. However, notice that
both these techniques give a graphon/MVG or symmetric matrices with entries in [—1, 1].
In other words, these methods do not directly yield a curve on the space of graphs. Naturally,
given a function H defined on all graphs, one would want to run a Markov chain directly
on the graphs that mimics the behaviour of McKean-Vlasov SDE (6.2). This is what is
achieved by our relaxed Metropolis chain that we study in this section. Another crucial
feature of the relaxed Metropolis chain is that it does not need the access to the gradient

of H but it can still mimic the gradient flow.

Assumption 10. Let H: W — R be bounded below, Fréchet-like differentiable with DH

denoting its Fréchet-like derivative (see Definition 4.2.6) and satisfy

2l oll3 < H0) — Hw) — (DH(w), 0 ) < & — ol (6.14)
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for every u,v € Wyg 1, for some constants A € R and L > 0. Furthermore, assume that DH

is Lipschitz, that is, there exists km > 0 such that for all u,v € W
[DH(u) = DH(v)| o < rmllu — vl (6.15)
where ||u — v||g is defined as in Remark 2././.

Recall that W — E[W] is (|| - ||@ — | - llg)-Lipschitz. In particular, if w — DH(w)
is (|-l = | - llo)-Lipschitz, then (6.15) holds. All decorated homomorphism density
functions satisfy Assumption 10. Using a similar argument as in [167, Section 5.1.2], it
can be shown that max{|\|, L} for the decorated homomorphism density function of a
decorated graph H is bounded by |E(H)||[V(H)|(|V(H)|—1), and km = |E(H)|(|E(H)| — 1)
following [102, Section 5, equation (84)].

Definition 6.3.1. Let H satisfy Assumptions 10. Let 3 > 0. Define bo: Wiy —
L>=([0,1]®) as

bo(w) = ~26DH(w) exp(8 2 DHw)|) (V28 DHW)],),  w e Wy,

where ® is the right tail of standard Gaussian, i.e., ®(z) = \/%fzoo exp(—y2/2) dy, for
x € Ry. For any r € N, we will denote the restriction of by to M, by b.. That is,
by = M,obyo K.

Recall that by defined as above naturally defines a function on 2 via pullback. In the
context of the Metropolis chain algorithm, with an abuse of notation, we will use the notation
b and by interchangeably. By Lemma 6.4.1 r~4b,(w) = E[Z exp(—fBns1n(VH,, Zﬁ;)] where
Z is r X r symmetric matrix with i.i.d. Gaussian entries, and 3, , = Br=2 /v, as defined in

Section 6.1.2. Thus ||b]|,, < 0.

Remark 6.3.2. It follows from (6.15) that |DH|., < C for some C and therefore

IDH()|y < C for every v € W. Since e® — 1 as x — 0 and ®(z) — 5 as z — 0,

it follows that ||bo(w) + SDH||,, — 0 as r — oo.

We now recall, from Section 6.1.2, the Metropolis algorithm to sample from the
ESBM[r,n, 3,H]. Given G(k) € Sp, and the matrix qq(f;) € M, ; of edge-densities for

any k € Zy, we run the relaxed Metropolis chain consisting of the following steps.
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1. Run the base chain for s, = [’yﬁnﬂ many steps. Let é(k: +1) € Sy, be the graph
obtained after such s, many steps. Let c}ff;) 41 denote the matrix of edge densities of

Gk +1).

2. Given G(k),G(k + 1) for any k € Z,, define

G(k+1), w.p. exp <—Bm [HT (Q(Tf;)ﬂ) - H, (qﬁ))}Jr) :

G(k), otherwise,

Y(k+1) =

where a™ = max{0,a} for @ € R and S, = Br~2/v, as defined in Section 6.1.2. Let
pf,r;c) 41 be the matrix of edge-densities for Y (k + 1). Observe that
QYo i Y(k+1) =Gk +1),

(n) _
pr,k+1 -

a\y, if  Y(k+1)=G(k).
3. After the accept-reject step, we again run the base chain starting from Y (k+1) € S, »
for £y, == [r‘402’ynn4w many steps for some o > 0. Let the graph obtained thereafter

be G(k + 1), and let qTTL)H be the edge density matrix of G(k + 1).

This procedure gives a Markov chain (G(k))xen on the state space Sy, with correspond-
ing process of edge-density matrix (qf,f?)keN. In the following we show that, as n — oo
and r — oo, the latter process converges to a MVG McKean-Vlasov SDE with drift b as
defined in Definition 6.3.1. Taking a natural projection of this MVG curve to the space
of graphons, we recover a deterministic curve on the space of graphons. For fixed r, the
adjacency matrix of G(k) converges to the corresponding edge-density matrix qfﬁc) in the
cut metric as n — oo uniformly. We can thus interpret the limiting deterministic curve on

the space of graphons as the cut limit of the process of adjacency matrices of (G(k))ren as

n — oo followed by r — oo.

A heuristic analysis of the edge-density process

Before we state our result we analyse heuristically the process of edge-density matrix

(qﬁ?)k ; as defined above. To this end, for any k € Z,, define Aqﬂ) = qﬂ)ﬂ — qff? and
b E + 9 b b
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let F}, be the sigma algebra generated by { qf«j;)

the E|Aq'}) ‘ Fi] Notice that

1=0,.. .,k}. Given k € Z, let us analyze

E [Aqu

J-2fad

] + E[Qﬁﬁ)ﬂ rk+1 ‘ ]:k}

where &qik) = pfan) 1 qfﬁg Notice that given p
(n) _ )
rhA1,Gg) — Prk+1,6.5)

step-size 73—2 run for ¢, , steps. Assuming that the random walk does not hit the bound-

(n)

v it1> the increment of the (i, )-th coor-

dinate, ¢ has the same distribution as the reflected random walk of

ary during relaxation (hitting the boundary is rare), this is very small. It follows that
E[Aqgg } ~ E[&qu) }
=5 (@2 ) oo (e (i (@) - (s (D)) )] a0
By Assumption 10,
(@) - (re (o)) = (oo (s () 2 (@) — K (ar)))
= e (@a) - 5 (o))
(n)

On the other hand, given ¢, , the increment of each coordinate

~(n) (n)
9 k+1,6,5) — Drk,(i9)

for every (i,7) € [r]® has the same distribution as a symmetric random walk (with re-

flections at the boundary) with step-size 1/n? run for s, = v2n* steps. In particular,

2|

heuristic are the following:

2
K (@fﬁg +1> K (qfnnk)) HJ = ~2. Two important and non-trivial consequences of this

1. Due to a concentration of measure argument,

2
(#2) - <) < s
for some constant C' > 0 with high probability.

2. @ff? 1 qffg has approximately the same distribution as ~,Y, where Y, is an r x r
symmetric matrix of independent standard Gaussians. Notice that if qffz) G.j) € {0,1}

for any (i,) € [r]®, this is not true. This approximation is valid only when all the

coordinates of qff;) are sufficiently away from {0,1}. With a careful analysis, one can

show that this is indeed the case except for a negligible fraction of time.
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Assuming the above heuristics and using equation (6.16) we obtain that with high proba-
bility, E[Aqﬁ’}j ‘ fk}

2] ) s e D9 (a5)) 2 (350) - (o)) )]
= mE |:}/reXp<Bn,r’7n<VH (qf}?) Y>:)] (6.17)

where we used the fact that for any two r X r symmetric matrices A, B € M, we have
(A,B) = r*(K(A),K(B)) and that the fact that DH = r 2V H (see [167, Lemma 4.10]).
The expectation in the last expression above is very amenable to analysis. It follows from
Lemma 6.4.1 that E[YT exp (—Bn7rfyn<VHr (qﬁ?),Y&Zﬂ = r=4, (Qﬁ)) where b, is de-
fined in Definition 6.3.1.

The above heuristic can now be summarised as follows. With high probability

[Aqu ‘]:k] ~ Y2, <q£k)) (6.18)

(n)

provided that the all coordinates of ¢, ;" are away from {0,1}. Now let us analyse the

2
conditional covariance of Aq(k) Recall that E[HK@T k+1) K(‘L(f/?) H

(n) (n)
rk+1,65)  Prik+1,6,9)

]:k::| < ’7721. On
the other hand, given p( k) 1, the increment ¢ of coordinate (i, ) € [r]?
has the same distribution as the symmetric random walk with step-size # (reflected at
the boundary {0,1}) running for ¢, , ~ r~%y,0?n* steps. In particular, each coordinate
has variance ~ r~%4v,02. Also note that given p( k), the coordinates of q( k) 1 pq("nk) 41 are

independent. In particular,

Cov (Aqf:,;)

) =7 4y,0% 1 + O(y2), (6.19)

where O(72) means that each coordinate of Cov (Aqﬁ) ‘ Fk> differs from r~4v,,0%I at most
by a constant factor of v2.
For a fix ¢ > 0, we will define ¢,,, = Ltr‘i/ynJ. Also define ¢': Ry — M, ; to be a

piecewise constant interpolation of (qﬁ?)k , given by
El c +

) =ql) . teRy, (6.20)
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In particular, we obtain

trr—1

a1 — g 0) = Y E[aqy

T

B + S (aq") —E[aqy
k=0 k=0

J—“kD, teRy.

Using the heuristic derived in (6.18) and (6.19), one expects that

tn,rfl tn,rfl
@) =g % 3 g (d) + D AMT, teRy,  (621)
k=0 k=0
where (AM;Z?)k , is a M,-valued martingale difference sequence with uniform coor-
b e +

dinatewise variance ~,r 402

valid if q%) is close to boundary {0,1}. The heuristic calculations have been derived under

ff? are away from {0,1}. Ignoring this boundary

We must caution that the approximation in (6.21) is not

the assumption that all coordinates of ¢

contribution, it is reasonable to conclude that

t
A0 = O~ [ b (d(0) ds+oB0).  teR,

where B, is an 7 X r matrix with i.i.d. Brownian motions (up to matrix symmetry), in the
interior of the state space. In view of this, it is reasonable to expect to that if the process

(qﬁ))k . spends negligible proportion of time at the boundary, then
k) c +

t
g () — ¢\ (0) ~ /0 be(a) () ds + 0B, (1) + L) — L), tERy,

where (qfnn),L,(ﬂO),Lfnl)> solves the Skorokhod problem on the cube M, . That is, each
coordinate process of qﬁ") satisfies the above SDE with reflection at the boundary {0,1}.
This heuristic argument can be made precise (see Proposition 6.3.3) and it is one of the
main takeaways of this section. Before we state the main theorem, we make a brief digres-
sion to the Skorokhod problem and the Skorokhod map which will play a crucial role in

Proposition 6.3.3 and its proof.

Proposition 6.3.3. Let H satisfy Assumption 10 and let (yn)nen satisfy condition (6.3).

Let D([0,00), M, 1) be the space of right continuous functions with left limits equipped with
(n)

the topology of uniform convergence over compact subsets. Let g : Ry — M, be a

piecewise interpolation of (qﬁ))k ; (see equation (6.20)). Then, q,(ﬂn) converges weakly
) c +
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in D([0,00), M, ) to a process X, over compact time intervals, with continuous path that

satisfies the SDE
AdX,(t) = by (X, (1)) dt + 0 dB,(t) + dLO(t) —dLM(t),  teRy, (6.22)

with initial condition X,(0) = q%), where B, is a symmetric v X r matrix with whose
coordinates are i.i.d. Brownian motions (up to matrixz symmetry) and (XT,Lgo),L$1)>

solves the Skorokhod problem w.r.t. the finite dimensional cube M, 1 (see Section 5.2.3).

Proof of Proposition 6.3.3

The proof is long and requires several lemmas. Therefore, we first give an outline of the
proof before presenting the details. Fix » € N. For every k € Z,, let F}' be the sigma

algebra generated by {qffz) ¢e{0}U [k‘]} Let tn, = |tr*/yn] as defined earlier. For

i,j € [r], notice that

0\ = 4 (0) = ) E[Aq s | 7] ton{a s }
tnr—1

W 4 Lmo (n.1)
+ Z AM, iy F Ly ) = Ly (0,

for every t € Ry, where AM;Z) = Aqv("z) _E {Aqfnz)

7] for all ¢ € 2 and

tnr—1
Ly (0) = % E [Aqﬂ?(m ‘ Fi ] 1{0}{(17(4%@}’
tn.r—1

LGn (0 = > E8q ) | A1 all |

for t € R4, where Lgn(io ).) (t) is ni times the number of times the process qirzzj) visits {0}

n, n k— n .
before time ¢ and similarly for ! i J))( ). Note that (Mfk) = Ze:é AM’S’E))kem is a M,-

valued martingale and we define a piecewise constant interpolation of this martingale pro-

cess M{™ defined as M (t) = M(nir for t € R;y. Let Sko be the Skorokhod map (see

r,t
Section 5.2.3), then for any ¢ € Ry, and any (i,5) € [r]®,

tnr—1

a") (1) = Sko [ ¢} (0) Z E[ad i | F]ton{a% e} + MU0, 0 | 623)
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1. Since the Skorokhod map Sko is a 4-Lipschitz map [137], to show that qﬁn) (t) converges
uniformly to X, () as n — oo, it is sufficient to show that

tnr—1

Z E[Aqﬂ?(i,j) ’ 7 } H(O’D{q%(z’,g‘)}

=0
t
—>/0 by (i) (X (8)) Lo, { X (1,5 (5) } ds,

and M (t) = oB,(t),
uniformly over compact time intervals as n — co.

2. In Lemma 6.4.3, we show that the quadratic variation of the martingale MT(n) in the
time interval [0,t] converges to to? for every t € Ry as n — oo. The key ingredient is
the fact that a simple symmetric reflected random walk spends negligible amount of

time at the boundary.

3. Using Lemma 6.4.3 and [82, Theorem 1.4, Chapter 7] we conclude that the process
Mr(n) converges to the process (weakly) 0B, where B, is an r X r symmetric matrix
with i.i.d. Brownian motions. Using Skorokhod representation theorem both Mﬁn)

and B, can be defined on some common probability space (€2, F,P), on which we get

almost sure convergence.

4. On the probability space (2, F,P) obtained in Step 3, we define versions of the pro-
cesses X, and q,(nn) using (6.22) and (6.23) respectively.

5. It remains to show that the first condition in Step 1 holds. To this end,
we first show that for every fixed e > 0, E[Aqu(i,j) ’F?}ﬂ(ﬁl*ﬁ){q'g;?(i,j)} —
br.(i,) (qf,?)]l(ejl_g){qﬂ)(ij)} — 0 as n — oo. This is achieved by a sequence of

reductions in Lemma 6.4.7.

6. Finally, we show that Z;’;g_l 11(5,1_5)6{q£72)(ij)} — 0 as n — oo. Since
W%E [Aqﬁné) ‘ .7-"4 is uniformly bounded. We conclude that the first condition in Step 1

holds. This completes the proof.
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Proof of Proposition 6.5.3. Let qﬁn) be defined by (6.23). In the following we will keep r
fixed and therefore drop it from the subscript wherever necessary. Throughout, we will keep
t € Ry fixed. The map Sko in the discussion will refer to the Skorokhod map defined on
the space D(][0,¢], R[”]@)), the space of right continuous paths with left limits from [0, ¢] to
RIM® . Define

b (qﬂ)> = %71«—4E[Aq(,n), (i-d) ‘f e} (o, 1>{ iz)m)}

and let b, be in Definition in 6.3.1. Recall that both b and b, are uniformly bounded by
some constant C. Also, recall that B, is an r X r symmetric matrix with i.i.d. Brownian

coordinates. Define the stochastic processes Yr(”), 177"("), Zgn), Zﬁn): Ry — RM® as
(n) _ —4;(n)
Y0 = g Z T G gy qM> i) ()

t e Ry, (i,5) € [r]®.
~(n n t
Zf,(;j)(t) - qi,&,j><0> + /0 ( ds 4+ 0B, ; (1),

(
Vion(® = 4050 + Z’Vn 0 () + B )
)
2850 = a0+ [ b (476)

) ) ds+ 0B, ;) (t),

(n)

Notice that Yr(n) is the “unconstrained version” of the process ¢; ’ in the sense that
Sko(Yr(n)>(s) = q,(ﬂn)(s) for every s € Ry. Finally, let (XT,IM(«O),L,(})> be the process
that satisfies the Skorokhod SDE

dX,(t) = bp(X(8))dt + 0 dB,(t) + ALO(t) —dLI(t), X, (1(0) = qug (0).

Denote the corresponding unconstrained process
_ t
X, (t) = ¢"™(0) + / b (X, (s))ds + o dB,(t).
0

Note that Sko ()Z'T) = X,. Recall that the goal is to show that qﬁn) converges to the process
X, as n — oo. Using the fact that the Skorokhod map is Lipschitz (see Section 5.2.3), it is
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sufficient to show that YT(n) converges to )N(T. To this end, set

~ n n ~(n 2
AW @) =E| sup [V (s) = X, ()| |,  AM@) =E| sup [V, (s) — ¥ )(S)H :
s€[0,t] F] s€[0,t] F
n v (n 2_ n ~(n n 2
AP (1) = [sup |20 =7 |, AP @) =B sup | Z0(s) - 20 (s)| ]
s€[0,t] F] s€[0,t] F
(n) 2]
Ay (t) =E| sup HX —ZM ()| |, for all t € R;.
s€[0,t] ]

Since (a + b + ¢ 4+ d)? < 4(a® 4+ b? + 2 + d?) for all (a,b,c,d) € RY, AM(t) <
4 Agn)(t) < 437 AE )( + 64tf A (s)ds, where the final inequality is due
to the 4-Lipschtizness of the Skorokhod map. In particular, for ¢ € [0,7], we have
A1) <430 Agn) (t) + 64T f(f A (s)ds. Note that t Agn) (t) is increasing. There-

fore, using Gronwall’s inequality [100], we obtain

3
)(T) < 4(2 Al (T)) exp (64772). (6.24)
i=1

It is therefore sufficient to show that Agn) (t) — 0 as n — oo for i € [3]. This is done
in following steps. Using Lemma 6.4.3 below and Theorem [82, Theorem 1.4, Chapter

(n)

7], we know that the process M, "’ converges to oB, uniformly on compact subsets of

time. In particular, for fixed ¢ > 0 we have that Agn) (t) - 0 as n — oo. For Agn), we
notice that the error is actually the error from the Riemann sum approximation. Hence,
Ag") (t) < Coy2 — 0 as n — oo. To see this, first recall that ¢(™)(s) is piecewise constant on

the interval of length 7,74, that is, q,(nn)(s) = qﬁ)s/(%r_zl)y Now observe that

17;"(7(?])( ) — Z(,’Z),ﬁ( )) - tri 7”r_4b (4,9) (qf,’?) /ot bE?;) (qﬁ")(s)>

= ‘ (t — ’Yn7f4(tn,r — ))bg?i) <q£ tl T_1> ’ < C’}/nr*4?
where the inequality in the last line follows from the fact that 5™ is uniformly bounded.
Squaring both sides and summing over all (4, ) € [r]® we conclude that A(")( t) < Cpy2.
We now show that Agn) (t) = 0 as n — oo. To do this, we fix e > 0, § > 0 (we assume

that § < € and 6 + € < 1). Define

A = {MEMT

e<Mijy<l—e V (i,5) € [r]@)}, B =M, \ A.. (6.25)
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is at most

~ 2
ZM (s) — 2 (s) )

o (s >>—b( ) s
<t / Hb"> 0) =0 (66) L1 {0 ()} as

(q,@(s)) b ()| 1. {a )} s, (6.26)

From Lemma 6.4.7 below b\ (qq(nn)(s)) and b, (qﬁn)(s)> are close in |- ||z by Cﬂ—’f +

47"2,6’% e max{|)\\ L} with probability at least 1 — p;, ¢, when qﬁn)(s) € A where p, . =

+ 2r erf(

t
t

F

are both uniformly bounded by in || - || .. Using these two facts we conclude that

EUJHb@(qﬁ")(s) b(<”> e}

t C’
<O~ ppe+ —5 + 4r? € 3 max{|\|, L}. (6.27)
Tn

> and e, = O(y2logn). On the other hand, we notice that o™ and b,

(n)

Since b, 7 and b, are uniformly bounded, the second term in (6.26) is bounded as

(4 (5)) — br (q£”><s>) [ 15, {a )} ds < oD ),

t

0

for some constant C' > 0, where D (¢ fo 1p, {q,(«n)( )} ds.

We now approximate the indicator function, 1p.{-} by a smooth function 1.5 €
C>([0,1]). That is, Let 1.5 be a smooth function such that t¢.s = 1 on the set
I. = [0,e) U(l —¢1] and 0 < tpes < 1 and supp(¢p) C [0,e + ) U (1 — € — §,1]. Re-
call that by our assumption € + § < 1. Then, D™ (t) < fO Pes (Qr (s )) ds.

Recall that q,(ﬂ )(3) = Sko(Y(”))(s) for every s € Ry.. Also recall that both 1) s and Sko
are Lipschitz functions. Therefore, the composition v, 5 o Sko is is also a Lipschitz function,
say, with Lipschitz constant Ls. Define W s5(s) = tes <Sk0(Y7«(n)>(s)) and \les(s) =
Ve s (Sko(Zﬁn)) (s)) Now observe that

Ues(s) < Wes(s)+ Les

Z( )( ) — y( )( )HF

<T +2L65<HZ Y (s H
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Therefore, we obtain
t o~
E[DW (t)} < IE[ / U, 5(s) ds] + 2L€,5t(A?(t) NG (t)). (6.28)
0

Note that E[fot @6,5(8) ds} = E[Fe’g (Z(")ﬂ for some bounded continuous function
F.s5: C([0,t], M, +) — R. Also, recall that Z(™ satisfies the SDE Zgn)(t) = ¢-(0) +
fg £(s)ds + oB,(t), where f(s) = b\ <q,(nn)(s)) is a bounded function. Set

1 [t 1/t
e = o2 [0 (4009 4B, (6) - 55 [0 (40)) as).

Using Girsanov’s theorem and the Cauchy—Schwarz inequality we obtain
~m)\1? 2 2 2
E[Fs(Z)] = ElF.s(B)E] < E[F2(B)JE[£?].

Finally using the fact that bﬁn) is uniformly bounded, we obtain that E[52] < Crto.- On

the other hand, we notice that by definition

E[F25(B)] =E

t 2 t
(/ ¢675(RBM(3))ds> ] < t/ P{RBM(s) € I.} ds =: C(e,d,r, t)27
0 0
(6.29)

where the equality follows from the Cauchy-Schwarz and the fact that wi s < 1p_,{-}
Combining equations (6.27), (6.28) and (6.29) we obtain that Aén) (t) < ,yinpn—FC(e, d,r,t)+
2L€75t<A’f(t) + A (t)).

Putting this back in equation (6.24) we conclude that

A1) < (tpn + C(e,0,m,1) + (2Lest + C) (AT (1) + AY (t)))eoﬂ-

n

Recall that f’/—z — 0 and Agn)(t) — 0 and Agn) (t) <92 — 0 as n — oo. Therefore, we
conclude that limsup,, ., AM(t) < C(e, 8,7, t)eC. Since C(e,8,7,t) — 0 as €,8 — 0, this

concludes the proof. O

Let by be as in Definition 6.3.1. Recall from Remark 6.3.2 that ||bg + SDH|,, — 0 as
r — 0o. As an immediate consequence of Theorem 6.2.2 (see Remark 6.2.3) we obtain that
the process X, converges to the McKean-Vlasov SDE defined in (6.2) with drift given by
—BDH(w) as r — oo. That is, given a pair of Uni([0, 1]) i.i.d. random variables (U, V') and
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a standard Brownian motion B on some probability space (€2, G, P), consider the following
SDE conditioned on {(U,V) = (u,v)},

dX(t) = —BDHE[W ()])(u, v) dt + o dB(t) + dLO (¢) — dLM (¢), (6.30)

6.30
W (t)(z,y) = Law(X (1) | (U, V) = (z,9)),  (z,y) € [0,1]?,

for t € R4, where (X L) L(l)) solves the Skorokhod problem with respect to [0, 1].
Proposition 6.3.4. Let X, be a solution of (6.22) with initial condition X,(0) € M, . If
lim, 00| C(X;(0)) — Wo||g = 0, then X, converges in MVG sense, in probability, uniformly
over compact time intervals, to a deterministic curve W7 in the space of MVGs as r — oo.

Moreover, W is described by (6.30) with initial condition Wy.

Remark 6.3.5. Consider the curve w? in the space of graphons defined aswe (t) :== E[W(t)]
for allt € Ry. It follows from Remark 6.2.4 that the random curves (X,),cy converge in

cut-metric, uniformly on compact intervals of time, to w? in probability. And, w® can be

recovered as a solution of a MKV SDE satisfying on {(U,V) = (u,v)}
dX (t) = —BDH(w?)(u,v) dt + o dB(t) + dLO (t) — ALY (1), 631)
6.31
w’ ()(z,y) = EX(0) | (U, V) = (z,9)],  (z,9) €[0,1]?, teRy,
where (X, L), L(l)) solves the Skorokhod problem with respect to [0, 1].

When o = 0, the graphon McKean-Vlasov (6.31) reduces to a deterministic evolution w

of kernels given by

t
w(t)(@,y) = w(0)(z,y) — 3 /0 DH(w(s))(x, 9)1a, ., ds, (6.32)
for (z,y) €[0,1]?) and t € R,.
Here G, C [0,1]® for any u € Wip,1] is defined as

G = {(@,) € 0, | ulw,y) = 1,b(w) (2, y) < 0} U { (@) € 0,1? | u(z,y) = 0,b(u)(x,y) > 0},
U {(w,y) e [0,1]@ ’ 0 < u(z,y) < 1}. (6.33)

This can be seen by defining L(® and L®) as
t

LO) = + /0 b(w(s))(ut, 0) 1 {uw(s) (1, v) = 1,b(w(s)) > 0} ds,
t
LO() = - /0 b(tw(s))(ut, )1 {uw(s) (1, v) = 0, b(w(s)) < 0} s,
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on {(U,V) = (u,v)}, and observing that the process (X, L), L)) solves the Skorokhod
problem w.r.t. [0,1]® (see Section 5.2.3). It is clear that that w is a constant factor
reparametrization of gradient flow of H on the space of graphons. We now show that this
is indeed the case, that is, as ¢ — 0 the curve w? converges to w on the space of graphons
under the cut metric, uniformly over compact intervals of time. To this end, let (2, F,P)
be a probability space equipped with a family of i.i.d. uniform random variables {U;}, .y

and a collection of independent linear BM {B(i y- We can therefore define an IEA

7j)}(i7j)eN(2
X7 on this probability space such that

X7 ;) (1) = —=BDHEW (D])(Us, Uy) dt + 0 d B jy (1) + AL, () — AL (1),

WO (t)(z,y) = Law(X( ) (1) | (Ui, U) = (), (2.y) € [0,1]?,
for t € Ry, where (X", LO) L(l)) solves the Skorokhod problem with respect to [0, 1].

Let w be as defined in (6.32). Recall that w(¢) can be naturally identified with an
MVG W (t) defined as W (t)(2,y) = duw(t)(x,y)
(Q, F,P) we define another IEA given by X, ;)(t) = w(t)(U;, U;) for (4,7) € N®). Notice
that the IEA X satisfies the McKean-Vlasov SDE given by

for (z,y) € [0,1]®). On the probability space

AX; (1) = —BDH(E[W () (Ui, U;) dt + dLO. (#) — dL Y (),
(i) (t) = =BDH(E[W (t)])(Us, Uz) dt + d L7, (t) i) feR,, (634

W(t)(xvy) = LaW(X(i,j) (t) | (Ui7 Uj) = (:c,y)), (x’ y) € [07 1](2)7
where (X ,LO) L(l)) solves the Skorokhod problem with respect to [0,1]. Note that given
{Ui};en the IEA X is deterministic. In particular, W (t)(x,y) = u)(z,y)-

Proposition 6.3.6. Let wg € Wg 1) be a kernel. Let w” and w be defined in equation (6.31)
and (6.32). Then, for every finite t > 0, supse(oqllw?(s) —w(s)|g < 2C ot exp(Ct?) for

some universal constant C > 0.

Proof of Proposition 6.3.6. We first prove a slightly stronger result, that is, we show that
W converges to W in the MVG sense. The desired result therefore follows immediately.
The proof closely resembles the proof of Theorem 6.2.2. Let (2, F,[P) be as above and
X7, X, W7, W be as above with the initial condition W (0)(z,y) = W(0)(2,y) = duw(a,y)-

Using the Lipschitzness of Skorokhod map as in the proof of Theorem 6.2.2, we observe that
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for any (7, j) we have
X0) = X0 < 0t [ w6000~ bl U 0P + 0o Bis(0)
Summing over (i, j) € [k]? and diving by 7z we obtain that for each k € N we have

(X k] () = K(XTRIO)S < () + Ji(2),

where I (t C’t/ > N(U;, U;) = b(w(s))(Us, U;)|* ds,

(4,9)€[k]?

1 2
and  Ji(t) =Co®5 > |Buy®)]
(é.4) €[k}

By Doob’s maximal inequality [129, page 14, Theorem 3.8.iv] and Markov’s inequality we get

P{supse[ojﬂ Ji(s) > QCazt} 4k:2 Using our assumption on b, we conclude that (compare
with (6.9))

SGI[B%]|"C(XUUC](S)) — K(X[E](5)) I < 052*@-15/ IW(s) = W?(s)|gds + 200, (6.35)

with probability at least 1 — %. Note that compared to equation (6.9) in the proof of
Theorem 6.2.2, the above inequality is much simpler. The reason being that the drift
function b depends only on MVG and not on X(; j)(t). Secondly, the our initial condition
ensures that X&j)(()) = X(;,7)(0). At this step, we use the same argument as in the proof
of Theorem 6.2.2 to replace ||[K(X7[k](s)) — K(X[K](s))|gq with ||W(s) — W7 (s)||g up to a
small error Cj, = 64k~'/* with probability at least 1 — e~ where ¢;, = Vk /20. Combining

all this and using Gronwall’s inequality [100] as in the proof of Theorem 6.2.2 we conclude

that

Sel[t)li;]Dg(/C(X”[k](S)), K(X[k](s))) + Se%pﬂllW”(S) ~W(s)llg

C
< (Cx+ QCJQt)eCBQ'*atQ, with probability at least 1 —e™* — ek

Letting k — oo, we conclude that supcp 4[|W7(s) — W(s)|g < 2C0teC? rut* . The desired

claim now follows from the fact that W — E[WW] is a contraction. O

Proposition 6.3.7 (Non-asymptotic high probability error bound). Let X7 be a solution
to equation (6.6) for X, = o. Let the assumptions of Theorem 6.2.2 and Theorem 6.5.6
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hold. If the initial condition is i.i.d., then

sup |K(XZ(s)) — W ()[4 < Con~/%010g%2 n + (64011 4 200%t)c @ (6.36)
s€0,t]
with probability at least 1 — 5n~3/7 — tn” 7%, Here W (s)(7,y) = du(s)(a,y) for a-e. (z,y) €
0,1]®), and s € Ry following equation (6.31); and k = 32/6(L? + 2&2.)1/2.

Proof. To get a non-asymptotic error rate, we need to control on Ay and Bg(n) in equa-
tion (6.11). Observe that By(n) depends on the initial condition and in general it can be
arbitrarily slow. However, assuming that the initial condition is i.i.d., one can use Cheby-
shev’s inequality to obtain P{Bj(n) > 66k:_1/4} < k32,

On the other hand, combining the arguments in [102, Proposition 4.5] and [150, Propo-
sition 8.12], it can be shown that there exists a constant M; (depending only on t) such
that for any § > 0 we have P{A; > M;(5log(1/5))"/4} < k=2 + t61 e Tox(175] kS 108(1/6)/2,

To obtain above bound for A, we argue as follows. For each fixed ¥ € £, moment
1
N
kélog(1/95)

ular, for any § > 0 we have IP’{t(CZ;,F(i/J,gk(s)) > \/5log(1/5)} < e 2 . Note
that the right side is independent of . For any subset F© C L define Ay p(s) =

computation yields t(Cy, (1), Ay(s))) is sub-gaussian with norm at most In partic-

sup¢ep‘t(04, F(w,gk(s)))‘. Fix € > 0 and note that by Lemma 2.4.15 there exists a finite
set F' C L such that |F| < e and |Ak £(s) — Ap p(s)] < e Taking € = %\/W, we
get P{ Ay c(s) > \/5log(1/0) } < P{Awr(s) > 271\ /log(1/0) } < o FTos(173) b log(1/6)/2,

Repeating the proof of [102, Proposition 4.5], we obtain that (Agr)keny is
equicontinuous with high probability. That is, for any fixed § > 0 we have
P{Sup|sl—32|§5,51,32€[0,t]’Ak,ﬁ(sl) — A c(s2)] > M; (5log(1/5)} < 5 It now fol-
lows from a d-net argument that P{supse[o,t] Ap c(8) ZMt(élog(l/é))1/2} < k7?2 +
161 ¢ TTox (1757 kS 108(1/8)/2, Following [150, Proposition 8.12], we have Hgk(s)Hi < Apc(s).
This yields the desired conclusion. In particular, choosing § = 64m and
A = log(k)/(16 - 384¢(L* + 2xg)), we have the left hand side of (6.11) bounded by
M, k—1/16 log:)‘/2 k with probability at least 1 — % — 41{_% — 2te=VE/20 _ 2k=3/2 where
k= 32v6(L2 + 263) 7.

Since t is fixed, we can choose k to be a suitable function of n, say k = n?/7. The proof
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is now complete with the help of Proposition 6.3.6 and a triangle inequality. 0

Proposition 6.3.8 (Convergence McKean-Vlasov (6.32) to equilibrium when o = 0). Let
H be dg-lower semicontinuous and satisfy Assumption 10 with A > 0 and L € [A, 00) U{oc0}.
Let w be the graphon valued curve as defined in (6.32). Let w, € V/\7[071] be a minimizer of
H, then

_ B3(w(0),w.)

Hw(t)) - Hlw,) < 25T

teR,. (6.37)

Moreover, if A > 0 and L < co and w, € V/\7[071] is the unique minimizer of the strongly

convex function H, then fort e Ry,
L
So(w(t), wy) < e PN (w(0), w,), H(w(t)) — H(ws) < 56725/\15(5%(?1}(0),?1}*). (6.38)

Proof. Notice that SD?H is the Fréchet-like derivative evaluation map of SH. The proof
immediately follows from [167, Remark 4.16] following [5, Remark 4.0.5, part (d)], [5, Corol-
laray 4.0.6] and Assumption 10. O

The notion of (geodesic) convexity of functions on graphons can be found in [167, Defi-
nition 2.15]. When H is a linear combinations of homomorphism densities, it is only semi-
convex. However, one may regularize H by adding a large enough multiple of scalar entropy
to make it strictly convex [167, Section 5.1.1, Section 5.1.3] and satisfy the conditions for

exponential convergence in Proposition 6.3.8.

6.4 Remaining Proofs

6.4.1 Scaling limit of Metropolis

Properties of drift function

}(2) ](2)

Lemma 6.4.1. Let Y be a standard normal random variable on RV . For any v € R

and t > 0 we have

Ey [V exp(~t(v, Y)§)] = ~2tvexp(£2][0]} ) B(v2t o] ).
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Proof. Let Y be as above. Let m: y — (v,y)p and let X = 7(Y'). Note that X = (v,Y) ~
N(0,2[|v]|2). The factor of 2 is due to symmetry. Observe that

E[Y exp(—t(v,Y){)] = Ex [exp(—tX ) Ey[Y | (v,Y) = X]]

——E[X exp(—tX )] = V2 E[Zexp( \/§t||v||FZ+)},

" ol [v]lg

where Z ~ N(0,1) is standard normal random variable. he proof follows by observing that

E[Z exp(—aZT)] = —aexp(3a?)®(a) and taking o = v/2¢|v][p. O

Martingale quadratic variation

The proof of the following lemma follows from a standard argument using Donsker’s invari-

ance theorem and the Lipschitzness of Skorokhod map and is skipped.

Lemma 6.4.2 (Time at boundary of reflected RW). Let £, = [r~*o%y,n*]. Fir xz €
{i/n2 } 1=0,... ,nQ}. Let S denote the symmetric random walk with step size % reflected
at {0,1} starting at x. Then,

ln

lim n4 Z Lo, 13 {Sk} =0, in probability.

n—oo ’)/

We now compute the quadratic variation of the martingale M,En) (t) defined in Section 6.3.

Lemma 6.4.3 (Martingale Quadratic Variation). For r € N, n € N and t € Ry, let
M(n)( t) = t”’"_l AM(E) where t,,, = Ltr4/fynj . Then, the quadratic variation of My in
the time interval [O,t} converges to ta®I for all t € Ry.. That is, the following convergence
holds in probability:

tnr—1

Jm 3 B[(AM5 ) (AMTe ) | 7] =tetli= 15 =),

for all (i, §), (i’ ') € [r]®.

Proof. We first notice that for each k € N we have IE{

~(n)
q, e+l T qu H

fk:| < 7"2 . Let G,

be the sigma algebra generated by Fj V { pffg 41 } Recall that given pg k) 41, the iterate qffz) 1

is obtained by running ¢,, steps of independent symmetric random walk with step size #
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(with reflection at {0, 1}) starting at p("k)ﬂ. Fix (i,7) € [r]®. Let Sy denote the symmetric
(n)

random walk with step size 1/n? run for m steps starting at Pyt 1,(i.5)" Now observe that

ln ln
(n) () 2 _ 1 1
E[(%,kﬂ,(m) _pr,k+1,(i,j)) ] R Z L0,1){Skm} + By Z L40,13{Skm }
=1

m=1

ln
= n4 2n4 Z ]1{0 1}{Sk m}

Set Ay = 5L S 11013 {Sm}. Note that limy, e 070" &5 = to2. Tt follows that

nt T
tn,r—1 tn,r—1

lim Z E[(AM,ﬁTZ(M)) } to?| < hm r? Wn by + hm Z h("

n—00
=0 (=0

It is clear that r?v2t,, — 0 as n — oo, and lim, e Zt" =l h( " by Lemma 6.4.2.
For simplicity define Aq( )(”) = qff;c)ﬂ (i) pfn k)+1 (i)" If {i,j} # {i, 7'} then Aqr(‘,k),(i,j)

and Aq( )( v gy are independent given Gi. In particular,

)

o] =B |l

1
H Z ]1{0,1}{Sk,m}7
m=1

NN
E [Aqr,k,(i,j)Aqr k,(i',3")

IN

where S}, ., is as above. Using Lemma 6.4.2 we conclude that

tnr—1 tnr—1
: (n) (n)
A ZZ% B[ AM{) ) AM 0 50| < lim Z !
This completes the proof. ]

Away from boundary

In the following, we denote by S = (Sk) ez, @ standard simple symmetric random walk.
Recall the KMT embedding theorem [136] which states that one can couple S with some

Brownian motion B such that

- B logT
P max |Sk’ (k)| 2 C Og + x S e—(E7
0<k<T n2 n?
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for any T' € N. Taking T' = s,, (and ¢,, respectively), we obtain that for n sufficiently large
we have

Pl ax |Sk — B(k)| > C'logn <Pl max |S — B(k)| > C'logn < i
0<k<sn n?2 n? 0<k<l, n?2 n?2 n4

Further observe that for a fixed § > 0, we have that

IP’{ max |B(t)\26}§[@{ max \B(t)]25}§2q>< 0 )

0<t<sn/n* 0<t<Ly, /nt r20\/7n

We combine these observations to obtain the following lemma.

Lemma 6.4.4. Let S = #Sk for every k € Z,. Let ¢ > 0 be fizred. Then, for alln € N

sufficiently large, we have

P{max

k<sp

~ 1 — €
S‘> 2 < —+20( —————— |.
k| 2 €/ }_n4+ <4r—2a 7n>

Lemma 6.4.5. Let € > 0 fized. Let ¢ € 7 be such that qffz) € A.. Then, for n sufficiently

§k‘ > 6/2} < ]P’{ggzx

large, we have

|E[adt? | 7] - E[Ad | 7] Hi < 2(:; + 2r2<I><4r_22%>>7

with probability at least 1 — Z;—i — 21"25(

€
4r—2¢, /'yn> :

Proof. Let € > 0, r, £ be fixed. Let ﬁqr(,? = qr(,Tz)H — c“]fn?Jrl Begin by observing that

[efa? | 7] -E[34 | A - [[3a? | 2],

Let E,, ¢ be the event that (}ﬂl_l € A./3. Using Lemma 6.4.4 and union bound we conclude

that
2

~ r — €
]P{E }>1_7—22<1> ¢ ),
T <4r—2oﬁn>

has the same distribution as symmetric random walk

Given p%)ﬂ, we observe that ﬁqffz)

with step-size & (reflected at boundary {0, 1}) run for £, , steps. Let us denote this j-th step

n2
of this walk by S}, ;. Also define a simple random walk with step-size # (without reflection)

gk starting with the same initial condition as Si. Given @ﬁ)ﬂ € A/, we can couple the walk

S and §k so that S ; = §k,j for all j < T where T = min{i S/ ‘ ‘gkl — §k,0‘ > 6/2}.
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That is, we couple the two walks so that they are equal till they move at least €¢/2 distance

from the starting position. Now notice that

]

E[ﬁqﬁf;) ‘ ge] = E[KQﬁZ)ﬂTgen

} +E [ﬁqg? TI7>e,

using the bound Aqﬁ? <1 and Lemma 6.4.4 we have that

2
X () 2_r 2% €
HE[AqM lr<e, ‘ gﬁ} HF = ni e q)<47"—20 *yn>'

On the other hand, using the fact that E[§k75n gg} = 0, we obtain

[eadire - [EfSeatr ]

= |E|Skr, I7>0, | Ge —E[gun

b

ol
1012

- 2 -
= ||E| Sk, 17<e, | Ge <71 20%, <r4 +2r%® <6 >> .
L - n Yn

Hiw 4r—2¢

Thus, we conclude that for n sufficiently large we have

HE[AM ‘}}”‘ <2( +2r2®<m>).

completing the proof. O

Lemma 6.4.6. Let r € N, for any k € Z4, let q( k) and A{k)+1 be as defined in Step 1 of
our algorithm in Section 6.5. Then, there exists a universal constant ¢ > 0 such that for all

ne N\ Hec’”“”, we have

2
HK <qr k+1) K <‘17(fz?> H2 < 4vp + (16/c)ynlogn = e, < (32/c)y; logn,
with probability at least 1 — on—4

Proof. For every i,j € [r], let (S x), ¢z, denote the 1-dimensional symmetric random walk
with step-size # starting at 0. Let these random walks be independent up to the double

index symmetry for indices (i,5) € [r]®®. Recall that s, = [v2n*|, and note that for any
(n)

i,j € [r], given ¢, (i.j) We have
~(n) m) 4
Trirt (i) ~ Db (ig) = SEO(San)-
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Since the Skorokhod map is 4-Lipschitz, we conclude that

{HK(“(’;)H) - K(q(’}j) Hz > en} <P Y (Sija)? e/t (6.39)

r2
(i.5)€lr]®

We will now show that the quantity 2 > i jElr]@ (Si,j,sn)Q is concentrated near its expecta-

tion, that is s, - (n—lg) . From the Hanson-Wright concentration inequality [189],

1 1 _
i,j€[r] irj€[r]?)
, t2 tn [t oty
< 2exp| —cmin R 5 <2exp( —cmin{ —5, — 5 |, (6.40)
(n—lg) rs? (n%) S ™ Va

for every t, > 0, for some universal constant ¢ > 0. Let us consider ¢, > 7v2. Then,

cr/4

the above probability becomes Qexp(—ctn / %QL) Moreover, for n > e if we choose t, =

(4/¢)v2 log n, we have that for all (i, j) € [r]®,

1
= Y (Sijs)? <7+ (4/c)72logn,

T
i,j€[r]®

with probability at least 1 — 2n=%, for e, = 472 + (16/c)y2logn < (32/c)y2 logn. O

Lemma 6.4.7. Let € > 0 be fized, e, be as defined in Lemma 6.4.6, and let qr(,fz) € A, where
A is defined in (6.25). Then,

[[aa?

_ (n) H <Ci 292 2= €
} VT~ 1p,. (qM) 4 4r nrenmax{)\ L} +2rd e =)

with probability at least 1 — % — 27%42 — 47“2(I><4T_20W>

Proof. Let I :== HK (qMH) - K (qﬁ’?) H2 and let A, ; be the event that {I <e,}. In the

following we will work on this event. Set
exp<—5n,r [H (K (@fq"é))) - %<K (qﬁ?))] +>
oo o (o)) o 325 (42)) )

From our assumption on (v),cy, We have that for sufficiently large n, By, logZn < 1.

Notice that by Assumption 10, we have

1 =28y, M < exp(—PFn,A) < J <exp(Bn,rLI) <1+2p,,LI,



199

if B A, Bp LI <1, i.e., when n is sufficiently large. Define bﬁ") at q(? as

r

(82— ) oo (= (D3 (1 a7) ) 1 (i) ~ 1 (o)) | 5]

~ 2
Then, on the event A, , we have HE[AQY? ‘ }"k} — bﬁ”) (qff?) HF < 4r?B2 €3 max{\, L}.

n,r-n

Let E, , be the event as in the proof of Lemma 6.4.4. On this event, we have

HE[Aqﬁfy ‘ ./—"4 - E[qu,f;) ‘ ./74 H; < C’(Z;i + 27«2@(%)). (6.41)
Moreover, on the event £, , we also have that given Fj, the coordinates of the r x r
symmetric matrix (@fqnz)ﬂ — qf:z)) are i.i.d. and have the same distribution as gsn.

Let Y, be r x r matrix with independent entries such that 17”7(,~’j) be increment of the
symmetric random walk (without reflection) of step-size n~2 starting from q7(",72(i,j) run for
Sp = h,%n‘l] steps. Let B, be an r x r symmetric matrix of standard Brownian motions.
On the event E, N A, s, we use the Berry-Esseen lemma (see [177, Theorem 16]) with a
union bound to obtain W3 <)~/n, B, ('ﬁ)) < %f, for some universal constant C' > 0.

Let VH, (qﬁ?) = V. Define a function G(Y) =Y exp(—Bn,(V,Y)7). Note that G is a
bounded Lipschitz function of Y. Observe that b,(an) (qf,??) =E [G (17”)} . On the other hand,
we know that ~,r~%b, <q£j;)) = E[G(B,(vn))]. We conclude that on the event E,, ;N A, ; we

have
~ 2 Cr?
|E[2a%) | 7| —ur=, (a7) | < = +4r262 e max{, L}.
The conclusion follows by using (6.41) and noticing that the

92 2
]P’{Emg ﬂAn’g} >1—— - — —
n n
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Chapter 7
SCALING LIMIT OF ITERATED MATRIX PRODUCTS

7.1 Introduction

Beginning with the seminal work of Bellman [23], Furstenberg and Kesten [90] and
Berger [26] there is a significant work on the law of large number and CLT type results for
(the entries of the) product of random matrices and operators [89, 207, 213, 121, 206, 78].
Concentration inequalities for the product of random matrices have also been extensively
studied [81, 17, 130, 105, 59]. Iterated products of matrices have been studied in the context
of random walks on groups [145, 88, 25]. In this paper, we study the scaling limit for the
iterated products of triangular arrays of matrices in large dimensions.

To state the problem, let us consider a triangular array of n x n (possibly random)
matrices <(A$l";€)) > and define the following iterated product of matrices

T kEM] ) heN

PR = (4 22 (ot P20 (o 22a0Y), ke fml, ()

n,

where pu, is a dimension-dependent scaling factor. We set qum) (0) = I,,. Our goal is to
establish the scaling limit for PT(Lm) in equation (7.1) as m,n — co. In the following, we first
explain the scaling limit as m — oo and then consider the limit as n — oo. The role of u,
becomes important only when we consider the limit as n — co. Therefore, in the following
discussion, we fix u, = 1.

A particularly important situation where such matrix products arise in more general-
ity is deep residual Neural Networks (NNs). Particularly, a deep residual NN with linear

activation and m € N layers consists of a sequence of m matrices (A, 1) More gen-

ke[m]”

erally, instead of a scaling of % as described in equation (7.1), one can consider 7, ,, €

{%, n\}m, \/11%} and consider the following product. Given an input Hy € R", the k-th
layer of the NN computes Hy € R" as Hy, = Hy—1 + TnmAn i Hi—1 = (In + TnmAn i) Hi—1,

for k € [m]. The output of the NN is simply the average of Hy,. Different choices of scaling
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of 7,,m with respect to n and m lead to different parameterizations of the NN. We refer the
reader to [216, 217] and references within for the importance and implications of some of
the choices. We also refer the readers to [104, 64, 191, 101, 94, 6, 148, 218, 194, 33, 120] for
recent literature on deep neural network where the evolution of neurons are thought of as
appropriate Gaussian processes.

)

First, let us consider the scaling limit of Pflm , fixing the dimension n € N, as m — oo.
As n is fixed, we will drop p, for simplicity in the following discussion. Note that P}]”)

satisfies following difference equation

L m
P (k+1) = P (k) = — AT P (k) k€ m - 1],

It is reasonable to expect that Pém) admits a scaling limit. That is, under appropriate
conditions on the curve A,, defined as A, (t) = lim,, 0 Ai:,nt)rnt | for t € [0, 1], we should
expect that the curve P, ,, defined as P, ,(t) = Pﬁm)(LmtJ) for t € [0,1], converges to
an absolutely continuous curve, say P,, satisfying %Pn(t) = Ap(t)P,(t) as m — oo. If
An(t) = A, is a constant curve, then the solution to this differential equation is P, (t) = e4».
For a more general curve A,, one may guess the solution of the above differential equation
to be P,(t) = elo An(s)ds However, this is incorrect — unless A, (s) and A, (s") commute
for all s,s" € [0,¢]. However, the correct solution can be defined using a non-commutative
analog of exponential that we define later.

Now consider the case where instead of (ASTL)) ki)’ we have i.i.d. matrices (GSZ?)
b e m b

ke[m)]
with i.i.d. standard Gaussian coordinates and instead of equation (7.1), we consider the
iterated product of matrices such that

PO (k4 1) — PO (k) = —— (™ pm) 1y,

Following a similar heuristic as above, one may expect that P, , converges to a matrix
valued SDE satisfying d P, (t) = d By, (t)P,(t) for t € [0,1] as m — oo, where By, is an n x n
matrix whose coordinates are i.i.d. Brownian motions.

In Theorem 7.2.4 we consider a general class of triangular sequence of random matrices

that encompasses both the cases above. That is, we consider

P{™ (k) = (In + Xﬁ)) . <In n X(";)) (In + Xfﬁ?), kelm],  PU™(0):= I,

n,
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where

TG, kelm) (7.2)

such that E [M T(L”]z)} A( ) for every k € [m]. We show that, under appropriate assumptions

X(Tg) — @M(m) 4

n, m n,k

and suitable time scahng, the iterated matrix product has a scaling limit that is given as
the unique solution Y, of an SDE. Moreover, we give the solution explicitly as a non-
commutative analogue of exponential of Y, denoted Texpl[Y,], that we define later (see
Definition 7.2.1). Let P, (t) = Pygm)(tmtj), and Ay, (t) == limy, o0 A( |_2ntj for t € [0,1],
as also defined earlier. We state below an informal version of Theorem 7.2.4.

Theorem 7.1.1 (Informal Theorem 7.2.4). The curve P,,, uniformly converges to

Texp(Y,], where Y, (t) = pn fo s)ds + o, By(t), fort € [0,1].

Various authors have studied similar problems — in fixed dimension n € N. For instance,

it is shown in [81] that if

an—<In+;An,k>...(n+ An2>< + Am) k € [m], (7.3)

then Q%mn)l converges to edn where A,, == lim,,— o0 % 271?21 A, i, (assuming this limit exists)
as m — 0o. A particularly important case that this result covers is the case when {A, 1}, o
are i.i.d. and have the expectation E[A, ;] = A,. In this particular case, the rate of
convergence was investigated in [105, 130]. It follows easily from the above result that if

(A k)ken is a sequence of matrices such that lim,, o0 + =Y ey Apk = Ay then Q( —

s[mt]

et4n as m — co. However, this theorem does not apply to the triangular array of matrices.

If we define the triangular array Aflnz) = A, for all £ € [m] and all m € N, then our
result (Theorem 7.2.4) recovers this result (see Example 16). It should be noted that if

((Ag;?) kel ]> is a triangular array of matrices such that A, = lim,, o — Z 1 A(m
€ml/ meN

exists and also the limit P, (¢) := limy,— 00 Pém)(LmtJ) exists, it is not necessarily true that
P, (t) = etAn,

Our second problem concerns the iterated matrix product like equation (7.3) in very
large dimension (that is, as n — o0). In the view of Theorem 7.2.4, it makes sense to

consider the limit of Texp[Y,,] for a suitable class of semimartingale as n — oo. This raises
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an immediate question — namely, in what sense do we take limits of (curves of) n xn matrices
as n — 00?7 We will return to this question, but before that let us remark that the scaling
i, in (7.1) becomes important here.

Let M,, denote the set of all n x n matrices. Notice in the simple case when Ag:;? =A,
for all k € [m] and m € N for some fixed A,, € M,,. Here, as m — oo, the product @y, , in
equation (7.3) converges to e, Note that the coordinates of e» are of the order O(e"),
if the entries of A, are O(1). This forces us to choose a suitable scaling y,. For instance,
if we consider the y,, = % in dimension as in equation (7.1), then eAn/n = I, + O(n™!) for

An/m hecomes trivial. Therefore, a more natural

large n € N. Thus, the entrywise limit of e
object to consider is n&, where &, = eAn/m _ [ And, indeed the entries of n&, remain
bounded as n — oo — and therefore, one can hope to take the limit of n&, in some sense.
It is also instructive to consider the case when A, is a matrix with, say, i.i.d. standard
Gaussian entries. In this case, one can see that n&, = A, + O(%) Therefore, it may have
a non-trivial limit.

Now, we come to meaning of limit. Consider the previous case, that is, where A, is a
matrix of i.i.d. Gaussian entries and consider the matrix n&,, = n(eA"/ n— In) = An+0(%).
Intuitively, it makes sense to say that, as n — co, the matrix n&, converges to an ‘infinite
matrix’ or more precisely to an infinite exchangeable array (IEA) whose entries are i.i.d.
Gaussian. More generally, we define an IEA as a random variable X taking values in
RN that is, X = (X ;) jjenz such that Law(X) = Law(X?) where X7, = X;() +(j)
for any finite permutation o of N. Naturally, we say a matrix A, € M, is exchangeable
if Law(A,) = Law(A?) for all permutations o of [n]. Note that given any matrix A,,
one can obtain an exchangeable random matrix A, = A% where o is a permutation of [n]
chosen uniformly at random. We can now define a notion of limit of a sequence of matrices
(Ap € My), ey as n — oo. We say that A, converges to an IEA X if for every r € N, the
7 xr exchangeable matrix A, {r} = (An(z:, 7)) jyep2 Where z1,. .., z, is chosen uniformly
at random from all r-subsets of [n] converges weakly to X[r] = (X ;) j)ep2-

Before, we state our second main result, we consider another example. Let G, be a

matrix with i.i.d. Gaussian coordinates, we can also consider n/2&, where &, = eCn/Vi_T, .

Notice that, in this case, because of the CLT, the coordinates of WGQ are O(1).
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In particular, the coordinates of n'/2&, = 32, %n_(k_l)/QGﬁ remain O(1) as n — oc.
Therefore, one may expect a non-trivial limit for (nl/ 28”)71 oy even with this scaling. In
other words, (nl/Qé'n)neN converges to an IEA with i.i.d. entries with zero mean and O(1)
variance. In the view of Theorem 7.2.4, we consider the limits of Texp[Y;] — with suitable
scaling and centering — for a semimartingale Y,,(t) = up fot Ap(s)ds + 0, Bp(t), t € [0,1].
Now we state an informal version of Theorem 7.2.6 — but before that we some definitions and
notations. A kernel W is a measurable function W: [0,1]> — R that is square integrable.
Let (U;);en be a collection of ii.d. Uni([0,1]) random variables and let W be a kernel.
We can construct a r x r exchangeable matrix W{r} = (W(U;,U;)) jepj2 and an IEA
W{oo} = (W (Ui, Uj)) i jyenz- If Ay is a n x n matrix, we will write A, {r} for K(A,){r}.

Theorem 7.1.2 (Informal Theorem 7.2.6). Let Yy(t) = pn [3 An(s)ds + 0,B,(t)
be a semimartingale. Let W be a continuous curve of kernel such that
supgeqo, 1K (An)(8) = W (s)|ly = 0 as n — oo for every t € [0,1]. Let &, = Texp[Yy] — .

Then, there exists a curve of kernels t — T'(t) such that
1. When pn, = on =n"1, then (n&,), ey converges to an IEA T'(t){co} + Be.

2. When p, = 02 = n=t, then n/2€, = n'/?(Texplo,B,] — I,,) + O(n~Y2) converges,
asn — 00, to an IEA X satisfying X (t) = Boo(e! — 1) for t € [0,1].

3. When pp, = 02 = n~t, then nl/2 (nl/QEn — nl/Q(Texp[aan] — In)) converges to an
IEA with Gaussian entries with mean as in the case 1, i.e., I'(t){oo} (albeit with a

non-trivial covariance).
7.2 Setup and Main Results

7.2.1 Iterated matrix product in fixed dimension

We now explore the scaling limit of iterated product of matrices as defined in (7.1) as m — oo
while the dimension n is kept fixed. As throughout this section we keep the dimension n
fixed, we will drop the scaling depending on n whenever convenient. We begin with some

definitions and notations.



205

Definition 7.2.1 (Time ordered exponential). Let t +— Y,(t) be an n X n ma-
triz valued cdadlig semimartingale.  For any k € N and t € Ry, let Ag(t) =

{(81,...,Sk) c [O,t]k‘tz Sk > Sp—1 > ...8] 20} and define

J(Yp)(t) = / dY,(sk) ... dY,(s1), k €N, Jo(Yn) = I,.
Ag(t)
We define an non-commutative exponential Texp| -] of Y, as
Texp[Yo](t) =Y  Ju(Ya)(t),  teR,. (7.4)
k=0

If t — Y, (t) = tA, for some fixed matrix A,, then Texp[Y;](t) = ¢*4» for every t. Even
for a general (deterministic) absolutely continuous curve ¢t — Y, (t), the non-commutative

exponential Texp|[Y,|(t) admits a beautiful interpretation that we explain in Example 14.

Definition 7.2.2 (Poisson point process). Let N be a unit intensity Poisson point process
onRy. For everyt € Ry, define Ny as the set of atoms from N occurring up to time t, such
that Ny(w) = N(w)N|0,t] for every realization w. The set Ny is ordered in a non-decreasing
manner, reflecting the chronological order of atoms up to time t. Recall that conditioned on
|N¢| = k, the distribution of ordered tuple of points 0 < 51 < s9 < ... < s <t in Ny has
uniform distribution on Ag(t). We refer the reader to [43] for more detail on Poisson point

processes.

Example 14. Suppose Y,, is a deterministic and absolutely continuous curve. Let Y,,(t) =
fot An(s)ds for t € Ry, where the integral is applied coordinatewise. For k > 1, it follows
that

k
(Vo) (t) = /A ( )An(sk)An(sk_l) o An(s1) [ ] ds;
k(1 j=1

= |Ag(t)] Ap(si)An(sk—1) ... Ap(s1) doge(sk, .., 51)
Ap(t)
= etE H An(Oé) |Nt’ = k] P{‘Nt‘ = k},
aEN

where |Ag(t)| is the volume (that is k-dimensional Lebesgue measure) of the simplex

Ag(t), ok is the uniform measure on Ay(t), and the last line follows by observing that
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P{|N| =k} = _tf, = e Y Ag(t)| for every t € R,. We define an empty product of matri-
ces to be I, and always interpret [] of a finite collection of matrices indexed by time as
denoting ordered multiplication going from left to right with increasing time indices. With
this notation,

E| [] Anla

aENg

Texp[Yy, , teR,.

The following proposition gives a characterization of Texp] -] of a semimartingale that

justifies the name non-commutative exponential.

Proposition 7.2.3. Let Y, be a continuous M -valued semimartingale. Then, there exists

a pathwise unique My -valued process Zy, satisfying

t
Zn(t) = In + / AYo(t) - Za(t),  tER,.
0
Moreover, Z,(t) = Texp[Y,](t) for allt € Ry.

We consider the product defined in equation (7.2), where (ngn;g))k ] is a sequence of
’ em
i.i.d. matrices with zero mean, and consider the following product

|mt|

H(I +xm ) meN, telol] (7.5)
Assumption 11. There exists C, D > 0 such that for every n € N,

1. For every m € N, and k € [m)], Cov< (k),_)nDIn.

2. For every m € N, and k € [m], the absolute value of elements in Ag’? is at most C'.

3. The piecewise constant interpolation Ay, of (A’(:Z))k ] defined as Apm,(t) =
’ elm

Al LmtJ for t € [0,1], uniformly converges to a continuous curve A, as m — oco.

4. For every m € N, (G(m))k ] is a sequence of i.i.d. Wigner matrices with i.i.d.
elm

standard Gaussian entries.

With the required assumptions stated above, we now state our first main result.
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Theorem 7.2.4 (Convergence to SDE for fixed dimension). Let <(X£Ln;)>k [ ]> be
’ em eN
the triangular array defined in equation (7.2). Under Assumption 11, the curve P::m (as

defined in equation (7.5)) uniformly converges to Texp[Y,] as m — oo, where

t
Yo (t) = ,un/ A, (s)ds + 0,By(t), t €0,1],
0
and B, is a n X n matriz with i.i.d. BM coordinates.

Example 15. Consider a simple example in the case when n = 1. Let B(t) be the standard
one dimensional Brownian motion. Then,

1

WB)®) =

Hk(Bt)7

where Hj, is the k-th Hermite polynomial. In particular, we get that Texp[B](t) = eBt—4/2.

In other words, Texp| - | agrees with the so-called stochastic exponential for Brownian mo-
tion.

Now consider the product
Lmt]

Pu(t) =[] (1 + j%)

=1

where X; are i.i.d. Gaussian random variables. It follows from Theorem 7.2.4 that P, ()

converges to eB~t/2 where B, is a standard BM (compare with [79]).

Example 16. Let (A, r)ren be a sequence of n x n matrices and assume that
lim,, 00 % Y1 Apk = An. Define a triangular array of n x n matrices Afzn;? = Ank
for k € [m] and m € N. It is easily checked that

| Lm)
=S aAl A, telol.
m k=1

It follows from Theorem 7.2.4 that

Ppm(1) = (In + ;Anm> <In + ;Ang) (In + ;AM)

A

converges to e as m — oo. This recovers the main result in [81].
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7.2.2 Iterated matrixz product in large dimension

We now turn towards the limit of (7.1) as the dimension of the matrix n grows to
infinity. In the view of Theorem 7.2.4, it makes sense to consider the limit of Texp[Y,]
as n — oo for semimartingale t — Y, (t) = u, fg Ap(s)ds + 0,By(t). As we explain

in Remark 7.2.5, the two interesting choices of the scaling are: p, = o0, = n~!' and

pn = 02 = n~t. For the following discussion, we will work with the case u, = o, = % for
concreteness. As Texp[Y,] is a curve in M,,, we first need to define a notion for the limits

of matrices as their dimension n — oo. There are at least two natural ways to go about this.

I Let (A,),cy be a sequence of n x n matrices. Let o € S, be a permutation chosen
uniformly at random and let A,, = A% where A°(i, ) = A(c (i), 0(§)) for (i, ) € [n]2. Thus,
/Tn is an exchangeable matrix, that is, Law(gn) = Law(ﬁ%) for any o € S,,. Let Q be
a Polish space. Equip ON with the usual product sigma algebra and define an Q-valued
infinite exchangeable array (IEA) X as random variable taking values in OV such that
Law(X?) = Law(X) for every finite permutation ¢ of N. For our purposes Q@ = R or
= C(R). And, we will drop the mention of © wherever it is convenient. It is natural to
consider the limit of (Ay,), oy to be an IEA. We refer to Section 2.1 for details, but roughly,
we say that A, € M, converges to X as n — oo if A,[r] = (gn(i’j))(i,j)e[r]i’ converges
weakly to X[r] == (X (4, 7)) jep2 for every r € N.

By
vn’

nates are i.i.d. BMs. Let us look at Texp[Y,]. It is instructive to consider the case when

Example 17. Consider the semi-martingale Y,, = where B,, is a matrix whose coordi-

n =1, that is, let B be a standard BM. Note that

Jk(B)(t)—/otdB(sk)/OSk dB(skl).../()82 dB(s1),  telo,1]

It is well-known that Ji(B)(t) = 4 Hg(B(t)) for every t € Ry, where Hy is the k-th
Hermite polynomial [184, Proposition 3.8]. It follows that Texp[B](t) = exp (B; — %) for

every t € R;.
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Now consider the case n > 1. Fix k € N and fix coordinates (i, j) € [n]?. Note that for

B, . 1 1
Jk(\/ﬁ> ), 5) = 2 D2 Z Uak(t),

a€gln]k—1

where if a = (i1,...,ix_1) € [n]F7!, then

Ua,k(t) = /0 dB(Sk)(Wk—l)/OSk dB(sp—1)(ik—1,k—2) - --/082 dB(s1)(i1, 7).

Notice that (Uoé’k(t))ae[n]k_1 are i.i.d. random variables with distribution ; Hy(B(t)) where
Hj, is k-th Hermite polynomial. Moreover, U, and Ugy are independent for o # f3.
Therefore, for every (i,7) € [n]?, /nJ <%) (t)(i,7) is again a Gaussian with variance %k,
since Var[4 Hy(B(t))] = %k, Moreover, observe that Jj (%)(t)(i,j) and Jk(%>(t)(k,l)
are independent if (i,7) # (k,1).

It follows that Texp[Y,](t) converges an IEA I, as n — oo where I (i,7) = 1{i = j}
for all (i,7) € N2. Noting that {nl/ka (%) (1, j)}keN is a collection of independent random
variables for every (i,j) € [n]?, we conclude that every fixed coordinate of n'/2E,, where
En(t) == Texp|Yy](t) — I, converges to a Gaussian random variable with mean 0 and variance
(e!—1) as n — co. As the coordinates of n'/2€, are independent, it follows that (nl/QSn)neN

converges to an infinite exchangeable array where each coordinate is a time-changed BM.

Therefore, for large n, we see that Texp[Y, ] ~ I, + ﬁBn(et —1) in law.

An TEA is also intimately related to kernels and graphons as we explain briefly. We
refer the reader to Section 2.1 for the detailed discussion. A kernel is a measurable map
W: [0,1)2 — R. For most of our discussion, we consider the kernels that are bounded, say
W (x,y)| < 1 for a.e. (z,y) € [0,1]2. Given a kernel W, one can construct an infinite
exchangeable array as follows. Let {U;},.y be a collection of i.i.d. Uni([0,1]) random
variables. Define X; ; := W (U;,U;) for (i,j) € N°. Then, X = (X; ;)i jen is an IEA.

Finally, for two kernels U,V, we define the kernel U - V as (U - V)(x,y) =
fol U(z,2)V(z,y)dz for a.e. (z,y) € [0,1)2. Let U:t v f(f W (s)ds be an absolutely
continuous curve of kernels. We can extend the definition of J for £ € N to the kernels by
setting

Jk(U)(t) = ) W(Sk> . W(Skfl) . W(Sl) dsp---dsi.
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Also observe that n x n matrix A,, can be naturally identified with a kernel K(A,,) defined
as K(A,)(x,y) = An(i, 7) if (x,y) € (i — 1/n,i/n] x (j — 1/n,j/n] for some (i, j) € [n]2.

Example 18. Let t — Y, (t) = & fo s)ds be an absolutely continuous curve. Notice

that
KUY)(0) = DK@, kel

Let &, = Texp[Y,](t) — I,. Suppose that there exists some curve of kernels ¢ — W(t)
such that supgco [ K (An(s)) = W(s)lly = 0 as n — oco. Then, t = nK(Jp(Y,)(t)) =
Ji (K (Yy)(t)) also uniformly converges in L? norm to Ji,(W). In particular, nK (Ji(Y»)(t))
converges to Ji(U)(t). Therefore, we get that K(n&,)(Ui, Us) converges — in probability —
to I'(t)(U1, Uz) where I'(t) is the kernel I'(¢) == > 72, Ji(U)(t).

Notice, however, that K(n&,)(U;,Us) is a random coordinate of n&,. More generally,
it follows that if {U;},cy is a collection of i.i.d. Uni[0,1] random variable and r € N is
fixed, then r x r random submatrix (n&,)[r] of n&, converges — in probability — to r x r
matrix I'(¢){r}. In other words, (n&y,),cy converges to IEA X defined as X(t) = I'(¢){oo}

as n — oQ.

It would be important for the later use to define a curve I'(U) for a curve of kernels

Ut'—>f0 s)ds as

I wes)

SEN

ZZJk(U)( (e —1E
k=1

| N¢| > 1], (7.6)

and similarly I'(Y},) for a curve of matrices Y,,: ¢t — f(f pnAn(s)ds as

= ZJk(Yn)(t)a (77)
k=1

where Ny is a Poisson point process with unit intensity on interval [0, ¢] for ¢ € [0, 1].

Remark 7.2.5. Notice the difference in the scaling of n X n matrices in Example 17 and
Example 18. In FExample 18 if we consider Yy \ﬁfo s)ds, then as n — oo the
coordinates of Ji(Yy)(t) blow up for k > 2 while the coordinates of J1(Y,)(t) are going to 0.

The % scaling in this case therefore is necessary. On the other hand, in Example 17 if we
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rather consider Y, = % then (n1/25n)n€N will converge to 0 IEA, while (ngn)neN converges

1

to IEA whose coordinates are independent BM. This explains our choice of pn = op = o

_ 2 _ 1 . . L . .
and p, = o, = ;- as mentioned in the beginning of this section.
We now state our second main result.

Theorem 7.2.6 (IEA convergence). Let A, be a continuous curve of n X n matrices and

let Yy, be a My-valued semimartingale such that
dY, () = punAn(t) dt + o, dBy(t),
and define £,(t) := Texp[Yy](t) — I, fort € [0,1]. Let W € C([0,1], L*([0,1]?)) satisfy

lim sup [|[K(Ay)(s) —W(s)|, =0, t €0,1].

=00 5¢(0,t]

Define U: t — U(t) = fg W (s)ds. Then the following statements hold true.

1 If pp = 0p = 07!, then (n€y(t)),en converges, as n — oo, to an IEA X(t) =
['(U)(t){oo} + Boo(t), where Boo(t) is an IEA with i.i.d. BM coordinates and is
independent of T'(U)(t){oc}.

2. If i = 02 = n~', then n'/?&, = n'/?(Texplo, B,] — I,) +O(n_1/2) and it converges,
asn — 0o, to an IEA X satisfying X (t) = Boo(e! — 1) for t € [0,1].

3. If pp = 02 = n~"t, then n'/? (n1/25n — n'/?(Texp|on By — I,)) converges, as n — oo,
to an IEA X satisfying X (t) = T(U)(t){oo} + Z(t), where Z(t) is a zero mean IEA

with explicit covariance described in the proof.

Notice that limiting IEA in case 2 in the above theorem is independent of the the limiting
curve of kernels W. In other words, the limit is trivial in some sense. It makes sense to do
another centering and scaling to obtain a non-trivial limit in this case — that is what we do

in case 3 in the above theorem.
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ITI Another closely related notion of convergence is the convergence in the sense of oper-
ators. Let W be a bounded kernel. One can associate with W a Hilbert-Schmidt integral
operator Ty on L?([0,1]) as

(Tw f)(x / W(z,y)f(y)dy, feL[0,1]), =zelo,1].

Using the correspondence between A, and K(A,), we can therefore, asso-
ciate a Hilbert-Schmidt operator with every A, € M,. Let L2([0,1]) =
{f € L*([0,1]) | f is constant a.e. on (i —1/n,i/n]}. Note that L2 is a linear subspace.
Let P, be the projection operator on L2([0,1]?). Note that P, is the integral operator
corresponding to the kernel nK(I,) where I, is the n x n identity matrix. Note that for
any A, € My, the operator Tk 4,y on L?([0,1]) and Tk (a,) commutes with P,. Recall
that a sequence of operators (7},), .y On L? are said to converge to T, in strong sense, if
|Tnf — Tfl|ly — 0 for every f € L?([0,1]). Naturally, we say that (A, € My), oy converges

to an operator 7" on L?([0,1]%) if (Tk(a,)) converges to T in strong sense. Note that

neN

even if (TK( A'n)) converges to some operator 7', the limiting operator T" need not be

neN
a Hilbert-Schmidt operator. For example, A, = nl, converges (in the above sense) to
the identity operator idzz2(jo 1)) on L?([0,1]) which is not compact and hence not a Hilbert-
Schmidt operator. Another important observation to make is that if A,, B, € M, then
Tra)TkBy) = Tr(a,) KBy = Tk K(LA,B,)" Notice that if (A, € My),cy is a sequence
of symmetric matrices and (K (A,)),cy converges in L?([0,1]%) to a symmetric kernel W,

An/n

then ne converges to e’ where e’ is the exponential of self-adjoint compact operator

defined via functional calculus (see Section 2.1 for more detail).

Theorem 7.2.7 (Operator convergence). For everyn € N, let Y, be a semimartingale such
that dYy,(t) = pnAn(t) dt + o, dB,(t), where A, is continuous. Set &, = Texp|Yy,] — I,.
Suppose that (A”)nGN converges to a curve of operators T uniformly on compact intervals of

time. Let sup,cpo |7 (s)llop < Ct for every t € [0,1]. Then, the following statements hold

op —

asn— 00!

1. If uyp =0y = %, then n&, converges in operator norm to the curve of operator, TF(U),

uniformly over compact subsets of time.
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2. If i, = 02 = %, then n'/2&, converges in operator norm to the constant curve of zero

operator, uniformly over compact subsets of time.

3. If py = 02 = %, then n'/? (n1/25n — n!?(Texplo,By,] — In)) converges in operator

norm to the curve of operator Tr(y, uniformly over compact subsets of time.

If K(A,)(t) converges to a kernel W (t) in the cut metric, uniformly over compact subsets
of time ¢ as n — oo, then A, (t) converges to operators T'(t) := Ty () as n — oo [150, Lemma

8.12], i.e., || Tr(a,)(t) — TW(t)Hop < || K (Ap)(t) — W(t)Hlle. Combining this with the fact

that Ty (nr,) converges — in strong topology — to idzz2((o,1]) a8 n — oo. Thus, we obtain the

following corollary of Theorem 7.2.7.

Corollary 7.2.8. Let Y, be as in Theorem 7.2.7. Assume that K(A,) converges in the

cut-norm to a continuous curve of kernels W asn — oo. Then the following hold as n — co.

1. If py, = oy = %, then n Texp|Yy,] converges in — strong topology — to Texp[Ty](t),
where Ty (t) == fg Ty () ds.

2. If up, = 0721 = %, then nTexplY,] converges in — strong topology — to the identity
operator idpz((,1)) on L%(]0,1)).

Before we begin the proofs, we end this section with the following remarks.

Remark 7.2.9 (IEA approximation). Following Theorem 7.2.6, we can infer the following

law approzimations when n € N is large.

1

1. When p, = 0, =n~ ", we have that

1 1 1
Texp[V2](1) = L + ~T(U)(){n} + - Ba(t) + - En),
where the coordinates of Ey(t) have O(1/n) variance.

1

2. When py, = 02 =n~1, we have

Texp[Val(t) = I + - IO (A0} + = Bale’ = 1)+ Zu(t) + B (0),

NG
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where once again Ey(t) has entrywise variance of order O(L) and Z,(t) has Gaussian
entries with explicit covariance that is non-zero only for elements in the same row of

same column.

Remark 7.2.10. Following Remark 7.2.9, let ho € R™ and let hy = Texp[Y,](t)ho for

teR,.

1. When pp, = o, = n~Y, it is easy to show (see Section 7.5.2) that the coordinates

of LBn(t)ho are ii.d. Gaussian with variance n=2||hol|3, while the coordinates of
LEn(t)ho are also Gaussian with variance of the same order O(n_QHhng) In par-

ticular, for large n, we have the following approximation for hy
1 _
he o+ ~T(U)(H){n}tho + O(n Hlholly),

where the above error in the approximation is coordinatewise. We also see that the

coordinates of ho + LT(U)(t){n}ho are O(e%||holl,).

1

2. When u, = o2 =n~1, similar to the previous case, we obtain

1 1 1 1
he = ho + ~D(U)(O){ntho + —=Bu(e' = Dho + ~Zu(t)ho + —En(t)ho,

NG
where E,(t) has Gaussian coordinates with variance O(1/n). In particular, just like
the previous case the entries of L E,(t)ho have variance of order O(n=2||holl3). How-
ever, unlike the previous case, we notice that the coordinates of %Bn(et —1)hg are
i.i.d. mean 0 Gaussian with variance (e! — 1)||h0H§. And, similarly, the coordinates
of %Zn(t)ho are zero mean Gaussians with variance and covariance between its co-
ordinates growing with t. This yields, the following approximation of h:y for large
n,
e ho + S T(U)(6) (mYho + v/ — Ulholly€ + ollzme + O(n~ oll,)

where £ € R™ is a vector of i.i.d. standard Gaussian random variables and 1
is also a wvector of Gaussian with each coordinate having variance of the order
O((eCt —-1)2+ C2t4620t) and absolute covariance between its coordinates of the order
O(C?t%e*Ct). As previously, the approzimation error O(n~!||holly) is coordinatewise

and we once again note that the coordinates of ho+ 1T(U)(t){n}ho are O(e“||ho|,).
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The moral of the above discussion is that in the first case, we can approzrimate hy as hg +
D) (t){n}ho up to a vanishing error. In the second case, we still have the approzimation
of hy as ho+ LD(U)(t){n}tho plus a mean zero Gaussian noise. The signal has a magnitude
of ©(e“"). Fort = o(1), noise is of the order O(Ct) with a correlation of the order O(Ct?).
For t = Q(1), the noise is of the order ©((1 + Ct?)e®"), and the absolute correlation is of

244
the order @(%). This manifests itself via the fact that the noise has a variance that

s non-vanishing in dimension — but the noise in each coordinate can be described explicitly.
7.3 Proofs

Proof of Proposition 7.2.3. The existence and uniqueness of the solution follows from the
standard arguments for vector valued SDEs [128, Section 7.6]. We skip the details.
Let Y,, be a semimartingale. We now show that Z,(t) := Texp[Y,](t) satisfies the SDE

Zn(t) = I, + /0 AY;0(8) Zn(5).

To this end, recall that Jy(Y,) = I,, by definition. Note that J;(Y;,) =Y, and for k € N we

have

Te(Y,)(t) = /O tdYn(s)Jk,l(Yn)(s), te0,1].

It follows that

Texp[Y,](t) = I, —|—ZJk

_I+Z/dY )Je—1(s)

=1, +/ Ay, ( (ZJk ) )
—In+/0 dY,(s) Texp[Yn](s), teRy.

This completes the proof. O

Proof of Theorem 7.2./. Recall that
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Set H, = [[h_; (In +X1(LT,Z)> and Hy = P, n(0) = I,,. Notice that P, ,, is a piecewise
constant interpolation of H,. Observe that

Lmt]

Pn,m(t) - Pn,m(o) = Z(H] - ijl)
j=1
|mt]

_ZX’VZJ Jj—1

Lmt] Lmt)

Nn ZAm)H 1+ ZMjHj—h
j=1

where M; = %(XS';) — IE[XS?])—I—U—\/%G("L) for all j € [[mt]]. Note that (MjHj—l)jeH_mtJ]

is a martingale difference sequence.

Consider the process

t t
Pot) = I, + “"/o A (3)P(s) ds + an/o AB,(s)Pu(s),  tER,,

where B,, is a matrix of i.i.d. BMs. We now couple the process P, with P, ,,. To do
so, we couple the Brownian motion B, with Gaussian increments (GSZ?) such that
T%Gg;? = Bup((k+1)/m) — By (k/m) for every k € [m] and m € N. With this coupling, we

obtain

u&mw—&wﬁsm@Aﬂ@W@&m@—mmﬁmw\m

9 mt] 2

3,un Z Z(m ’

F

+ 302

/0 B (5)(Pom(s) — Pa(s))

where Z(m) =M™ E[Mff?)} for all j € [m] and all m € N. We now set A,,(t) =

nh]

supse[O,t]HPn,m(s) — Pn(s)H% And, obtain

0 < [ A
0

/S d By (r)(Pom(r) — Pu(r))

3M2 [ms| .
+ s T3 > m|EL 2 2,
s€(0,t

t
Am(s)ds+3w%/o Gnm (8) ]| Pu(5) |17 ds

2
+ 302 sup
s€[0,t]

J:3'=1
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~ 2 ~ 2
where (pm(t) = supse[O’t}HA,(lm)(s) — Ap(s) . Finally, since HA%m)(s)‘ . < Cn? for all

s € [0, 1], for some constant C' > 0. Since (Zg?) - are all independent for every m € N,
’ JEIM

n,j n,J

and E [Z (m)T 7 (m)} < nDI, for all j € [m] and every m € N, taking expectations and using

Doob’s maximal inequality, we get

i (0] < 3Ctn +407) [ ELAm(s)] ds + 32 Gun®) [ E[IP()1E] s
+ 24nDy2m! /0 t E[|[P.(5)]12] ds + 24nDpi2m /O "E[A ()]s
= 3(Ctn*u2 + 402 + 8SnDp2m™1) /OtIE[Am(s)] ds
+ 3(tp G (t) + 8nDp2m™1) /OtIE{HPn(s)H%} ds.
Now we apply Gronwall inequality [100] to get
(A (1)) < 3(t42Com () + SnDp2m ™) /0 t E|I1Pa(s)l[f ] ds - Ot raciesnDugm™),

The claim now follows from the assumption that (, m,(t) — 0 as m — oo. O

7.3.1 Dimension going to infinity

In this section, we prove Theorem 7.2.6. We first give a brief intuition behind the proof.
The general philosophy is to rewrite n&, (or nl/2&, depending on the case) as the sum of
two matrices. The first matrix has entrywise variance of order O(1) while the second one
has (entrywise) variance going to 0 as n — oo. The proof now follows by showing that the
first matrix (with entrywise O(1) variance) converges to the appropriate IEA. We should
remark that n&, is an infinite sum where each term has complicated dependence with each
other. This makes the problem of identifying the terms with vanishing variance non-trivial.

We explain this philosophy more concretely below.

Case 1: We first consider the case p, = 0, = n~'. Begin by noticing that

Texp[Y,,] = Texp [/ tnAn(s) ds] + onBp + Z jk,
0 k=2
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Case 2:

where Jj, is the sum of all k-fold integrals that contain at least one (scaled) BM. Note
that

n(TexplVy] — L) = n(TeXp [ /0 i An(s) ds] _ In> + B+ nij,; (7.8)

k=2

On the other hand,

k(e | | i An(s) as| - 1) = - e

From the assumption that K(A,) converges to some kernel W(t) in L?([0,1]?),
we obtain (e — 1)E[H56Nt K(An)(s)|Nt > 1] converges in L? to I(U)(t) =

I x4, |Nt>1]

SEN

(" — DE[[T,en, W(s) | Ny > 1]. A randomly chosen r X r submatrix of
(Texp [fg tnAn(s) ds] - In) therefore converges to I'(U)(¢){r} for i.i.d. Uni([0,1])

random variables {U;},; -

It is reasonable to believe that, as n — 0o, the sum n(Texp Uo pnAn(S) ds] — In) + B,
converges to the appropriate IEA X (¢) = T'(U)(¢){oco} + B(t) where B is an IEA with
all BMs. On the other hand, we note that Y 27, Ji is a Gaussian random variable

with mean 0, and show that its variance is O(%)

2

Consider the case y, = 02 =n~1. Just as above, let us rewrite

Texp|Yy] = Texp [ / ds] + Z Ji.

Now  notice  that the same  heuristic as  above shows  that
Vn(Texp [ pnAn(s)ds] — I,) = O(ﬁ) On the other hand, rewrite
Py Jio = (Texp[onBy] — In) + P Je, where Ji is the sum of all k-fold in-
tegrals which contain at least one BM but not all are BMs. Following [184, page
151], we now notice that \/n(Texp[o,By](t) — I,,) has O(1) variance and it converges
to an IEA with entries distributed as B.t_;, where B is a one dimensional BM. We
show that > 77, Vi Ji(t) has variance of order O(%). And, therefore, we conclude

that n!/2€, converges to an IEA whose coordinates are i.i.d. and have the same

distribution as a BM.
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Case 3: In the same setting as j, = 02 = n~!. Notice that the limiting IEA is obtained as
the limit of \/n(Texplo,By] — I,,). And, this limit is trivial — in the sense that — the
limit does not depend on the deterministic sequence of matrices A,. This is, however,
expected. Notice that with this choice of scaling the noise is much larger than the
‘signal’ or the deterministic term. To see the effect of the ‘signal’, one can consider

the limit of the matrix

n(E, — (Texp[opBn] — In)) = n(Texp[Y;] — Texp[onBn))
= n(Texp [/0 LinAn(s) ds] - In> + énjk

As we mentioned earlier, the first term remain O(1) as n — oo and we understand the
limit of this term. We further decompose the n) ;2 , jk as follows. For k > 2, write
jk = JA;@o + jk,b where j;.@o is the sum of all k-fold integrals with exactly one BM
at either the first or the last integral. We then show that Y .2, njkp is a zero mean
Gaussian with O(1) variance, while the remaining term » 7° 4 njm is mean 0 Gaus-
sian with vanishing variance. We therefore conclude that n(Texp[Y,] — Texp[o,By])
converges to an IEA with independent Gaussian coordinates. Note that this limiting
the mean of this IEA is same as the IEA obtained in the case 1, but the variances are

different.

It is clear from the above heuristic that we will need to compute the variances of infinite
sum of Gaussian random variables which may be dependent. To do this, we need the
following lemma.

Let k£ > 2 and let m = (2g, 2k—1,- .-, 21,20) be a (k + 1)-tuple where each z; € [n]. For
p < k, define

Lipe()) = 3 /A , Wesls), 1<l
ae(r) ok

N dB,(s;), 1ifi€a,
where dUs «(s) = [[;21 dUn (21,2 1) (1), and dUq i(s;) = . Also de-

A, ds;, ifia
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fine Iy, () as

Ik,p,(ac,y) (t) = Z Ik,p,ﬂ'; (m,y) € [n]Q’ te [07 1]

7w s.t. (2k,20)=(z,y)

Lemma 7.3.1. Forky, ks € N, p < ki Aky, m1 € [n)1F!, mo € [n]2H, t € Ry, and a € (];})

and B € (’;f) such that w1 (o) = m2(B;) for all i € [p]. Then

/ / E[dUa r, (8) AUp ry (7))
Apy (8) JAg, (1)

where A(p; k1, ko, «, B) is the k1 + ko — p dimensional space defined by

S CklikaZ?p ' ’A(pa klu k27 «, 6’ t)|7 (79)

AP ks kg, a0, B,8) = {(s,7) € Ay (8) X Ay () | 50 = 75, ¥V 3 € [p]}-

Proof. Following the condition on 71 and w2, E|dUs; (s, 20, 1) (Sa:) AUpli (35 25 1) (78,) | =
(58%:% for all i € [p]. Therefore, in the following we assume that m,m are such that
(2a;» 2a;—1) = (28,,2p,—1) for all i € [p]. Therefore, the (ki + k2)-dimensional Lebesgue
integral over Ay, (t) x Ag,(t) gets reduced to a (ki + k2 — p)-dimensional Lebesgue integral
over the resulting constraint set A(p; ki, ko, «, 8;t). Since that the absolute value of the

coordinates of A,, are bounded by C' > 0, we get

/ / E[dUOéﬂH (S) dUBJFQ(T)] < Cklipckzip ' ‘A(p; klvk?)avﬁ;t)"
Agy (8) JAg, (8)
]

Claim 1. We denote by d,(1) = a1—1,04(2) = aa—a;—1 and similarly §, (i) = o;—a;—1—1
for i € [p]. Also define 6o (p + 1) = k1 — . Note that Zf:ll da(i) = k1 — p. And, similarly
we define 63(i) as well. Then,

P thi—p th2—p
< — .
= PUoa(D). . da(p + 1) 05(1)1. - d5(p + 1)!

|A(pa klu k?v «, B’ t)|

Proof of Claim 1. For each j € [p + 1], define two collections of i.i.d. Uni([0, 1]) random

vectors, say X7 = (X7,..., X} ) and Y7 = Y{,...,Y? Let U = (Uy,...,U,) be
(g

5ﬁ(j))'
another vector where U; are i.i.d. Uni([0,1]) random variables. We also set Uy = 0 and

Up+1 =t.
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For a vector v € R", we say v € Z,(a,b) if b > v, > v,—1 > v1 > a. Given a vector

u = (uy,...,up) define the events

Ei(u) = A{X? € Ts, , (uj1,u5) Vi€ [p+1]}

Es(u) == {Yj S Iga(j) (ujfl,uj) Vj e [p—|— 1]},
where ug = 0 and up,41 = t. Now notice that

|A(p; k1, k2, o, 8,1)| = P{EL(U) N E2(U)}
thi—p the—p / d 4 .
Ul ...dUy.
da(n)! - dapin)! s+ Oppen)! ) ’

We use the Lemma 7.3.1 to compute the variances of the error terms in Case 1 to 3

above.

Lemma 7.3.2. For every (z,y) € [n]?

H

1. Var _Tl ZZOZQ jk,(x,y) (t)} = O(%)’

2. Var -n1/2 ZzO:Q j\k,(:r,y) (t)} = O(l>’ and

3. Var :’rl 220:3 j;c,l,(x,y) (t)} = O(%)’

where each statement corresponds to error terms in Case 1, Case 2 and Case 3 respectively.

Proof.

1. Notice that

o0

DoI(t) =Y Haplt),  Hup(t) = D> p Poh T (ng)(b). (7.10)
k=2 P

=1 k=pVv2

The benefit of such rearrangement is that the random variables Hy, ,(t) for all p € N
are independent, that is, H, , and H, p, are independent Gaussians. This allows us

to compute the variance of ny 72, Ji(t) by adding Var[H), ,(t)] over p € N. In order
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to compute the variance of Hy,;,(t), we need to compute the covariance between Iy, ),

and Iy, , for k1, k2 > p. Then,

<Var|n Z H, ,(t)
p=1

=n? Z Var[H
p=1
- 2

o0
=n’ Z E Z “ﬁ_prLIk,p,(m,y) (t)
p=1

k=p

n Z jk;,(a:,y) (t)

k=2

Var

D o
=n’ ZE Z “ﬁl_p“?_pazplkl,p?(%y) () Iy, () (1)

_k1,k2=P
o0 [ee]
=0y > PPl Y Y Bl p (D Ik (1)]
p=1 k1,ko=p T T2

The final two summations in the last expression above, can be rearranged as be written

as

ZZE[I/CLP,M(OI/Q,IJ,M Z Z Z/ / E[dUa,m(S)dUB,m(T)L
R ace kl)ﬁe(kQ ) ™12 Ay (1) S Ay

where for every a € (kfpl) and 8 € (k;f), the above sum over m; € [n]*'*! and

7y € [n]*?*1 are such that m(a;) = ma(B;) for all i € [p]. Notice that, without

k1flnk271

this constraint on 7, w9, this summation potentially has n summands, but

due to the constraint some terms will be zero and can be dropped.

Let m = (2ky,...,20), and ma = (Zg,,...,20). Notice that the above expecta-
tion is 0 unless Unis(zagmg—1) = UBli(zs 25,1

E dUa,L(Zai,za,_fl)(sai)dUm(gﬁ,,gﬁ,A)(Tﬁi)] = 84 —r,, for all i € [p]. Therefore, in

y for i € [p]. And, in this case,

the following we assume that my,mp are such that (za,, za;—1) = (23,,28,—1) for all

kl—lnkg—l

i € [p, leading to at most n n~P many non-zero terms. This observation,

and Lemma 7.3.1 allows us to bound the absolute value of the above sum as

pfi—lpke=1 n-p . cki—pok2—p Z Z |A(p; k1, ko, o, B3 1)
ae("1) pe("2)
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Plugging back, and using the triangle inequality, we have

n Z JNk,(z,y) (t)]

< QZ Z lulﬂ Py k2 p02pnk1 1 ka=1, —pyk1+ka— pl (C(p+1))k1fp (C(p—i-l))k?*p
pt (k= p)! (k2 —p)!

Var

P—l k1,ko=p

22 (noy)?Pn~PH2)pe2CHr+1)

< QCtZ no? teQCt

1

= 20t (exp (nagtewt) — 1) =0 <>

n
The last relation holds by noting that o, = % and the Taylor approximation of the

exponential.

2. The proof is similar to the proof of part 1, where we have o,, = n~ /2 instead of n~?
(and the prefactor n? replaced by n). This yields, that Var|n!/23°%, jk,(a:,y) (t)} <

20 (exp (te?©?) — 1). We skip the details.

le
n

3. The proof is similar to the proof of part 1, where we have o,, = n~/2 instead of n™!,

kl—lnkg—l kl—lnsz—l

and n n~(P*+Y) number of non-zero terms instead of n n~P many.

This yields, that Var [n P jk’l,(zm (t)} < %eQCt (exp(te20t) — 1). We skip the de-

tails.
This completes the proof. ]

Lemma 7.3.3. For every ((i1,71),t1), ((i2,72),t2) € [n]?> x Ry, the covariance between

n 22022 ‘j\k,o,(ll,jl)(tl) and n ZZOZZ Qi\k»oi(zZJQ)(tQ) is
Cn(((71,J1), t1), ((i2, j2), t2))
min{ti,t2} 1
=1 =) | = (D0 () T () ) G o) ds
0 n

11 to 1
+1{js = jz}/ min{s, 82}5 <Fn,2(51; t1) ' 2(s2; tz)T> (11,12) dsa dsy,
o Jo

(7.11)



224

where

Tyi(s) = n(Texp [/0 finAn () dr} (s) = I”)’ (7.12)

Eoa(si0) = nTesp| [ onn(4n) ) dr| € ot (o)

and 15(Ay) is the curve A, shifted by s, i.e., Ts(Ap)(r — s) = An(r) for all r € [s,t], for
s €]0,t], and all t € Ry

Proof. The term nfk,o for k£ > 2, has two kinds of terms. The first kind in which the BM
appears at the position 1, and the second kind in which the BM appears at the position k.

For the terms of the first kind, notice the following;:

t Sk S3
n/ MnAn(Sk)dSk/ /LnAn(Skl)dSkr“/ pnAn(s2) - 0pBp(s2) dsa
0 0 0
t .
:n/ Ji_9 (/ ,U,nTS2(An)(7“)dT> (t — s2)unAn(s2)onB(s2) dsa,
0

0

where 7y, (A;,) is nothing but the curve A,, shifted by so, i.e., 75, (An)(s — s2) == A,(s) for
all s € [0,t — s2]. Summing over all such terms for k € Z4 \ {0, 1}, we get that the above is

equal to
t .
/ n Texp [/ LnTsy (Ar)(7) dr] (t — s2)unAn(s2)onBr(s2) dss.
0 0
For the terms of the second kind, the argument is however simpler. Notice that
t Sk S2
n/ o dBn<3k)/ pinAn(sk—1) dsg—1 - / pnAn(s1) dsy
0 0 0
t
= n/ on dBp(Sk) Jk—1(tnAn)(sk).
0
Summing over all such terms for k € Z, \ {0,1}, we get that the above is equal to

/0 CodBo(se) -1 <Texp [ /0 i A () dr] (s) — 1n> .

The sum of the two kinds of term finally is

t t
Un/ dBy () 1(s) +0n/ I'y2(s)Bn(s)ds. (7.13)
0 0
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Consider two pairs of indices ((i1,71),t1) and ((i2, ja), t2) in [n]? x R;. Then the covari-

ance between the two pair of coordinates is

Cr(((71,41), t1), ((i2, J2), t2))

t1 to 1 n
=E / / A By, (i1 k1) (51) A By (i k) (52) T 1,k 1) (51T 1, (k2 i) (52)
k k'Q 1
t1 to 1 n
= / / Z B (k1,51 (51) Br(ka,2) (82) T 2, (i1 k) (815 60T 2,10 k) (823 82) dsp disy
k Jko=1
min{t1,t2} n
= ]].{7,1 = 1,2}/ Z 1,(k,j1) n,l,(k,jg)(s) ds
k

t1 to n
+1{j1 = ]2}/ min{s, 82}( Z n2,(i1,k) (513 tl)Fn,Q,(z‘z,k)(82;t2)> dsgdsy

k=1

min{t1,t2} 1
~ i =) | (Tt Tt (5)) G, o) ds
0 n

t1 to 1
+1{j1 = jQ}/ min{sy, 82}5 <Fn,2(51§ t1) ' 2(52; tQ)T) (i1,72) dsadsi.
o Jo

This completes the proof. O

We are now ready to prove Theorem 7.2.6. Recall that by our assumption there exists
a continuous curve t — W(t) of kernels such that sup,cjg K (An)(s) — W(s)ll; — 0 as
n — oo. Furthermore, we assume that sup,cjo|W(s)ll,, < C. Under these assumption,
the kernel T'(U)(t) = Y22, Jx(U)(t) is well defined and |I'(U)(t)||,, < e — 1. In the
following, we will use the notation I'(t) instead of I'(U)(¢) for simplicity. Let us also define
the kernel T, () = nK (372, Ji(42)) = 3202, Ju(K(A,)). It follows from our assumption
that supsejo 4/[Tn(s) — T'(s)lly — 0 as n — co. Analogous to C), defined above, we define a

kernel Cy,. Let

I'i(s) =T(U)(s), Ta(s;t):= Texp[U](t—s)© W(s), se€o,t], te]0,1],
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and define
COO(((:C17 yl): tl)v ((an y2)7 tz))
min{tq,t2}
=1{z = x2}/0 (Fl(S)T ® F1(8)>(y1,y2) ds (7.14)

t1 to
+ Il{yl = y2} / min{sl, 82} <P2(81; tl) ® FQ(SQ; tg)T) (.%'1, .%'2) dsy ds;.
0 0

Lemma 7.3.4. Let W1 and W be two curves of kernels and let U; = fg Wi(s)ds. Assume

that supsejo |Wi(s)lloo < Ct for some Cy > 0 and for i =1,2. Define,

[

n(t) = sup [Wi(s) — Wa(s)ll, -
s€0,t]

Then, for every fired 0 < s <t € Ry we have

IT1(U)(t) = T1(Ua)(t)]l; < tCre"“a)(t),
IT2(U1) (3 t) = Ta(Uz)(s: )y < (¢Ce(e"" — 1) + ) (8).
Proof. The proof for the continuity of I'y follows exactly the same argument as in

Lemma 7.3.6, where we prove this result for a curve of operators on L?[0,1]. The continuity

of I'y follows a similar argument that we give present here for completeness. Observe that

IT2(U1)(s5t) = Ta(U2)(s5 )],
< [[(Texp[Uh](t — s) — Texp[Ua](t — s)) © Wi(s)[ly + [Texp[Us](t — s) © (Wi(s) — Wa(s))l,
W1 (s)lly + (| Texp[Ua](t = 5)[|op[[W1(s) — Wa(s)ll,

< O (' — 1)n(t) + e'Cr(t) = (tC(e'r — 1) + ') (),

< || Texp[Ur](t — 5) — Texp[Ua](t — )|

where the last line uses Lemma 7.3.6. OJ

The proof of Theorem 7.2.6 in Case 1 and Case 2 now follows easily.

Proof of Theorem 7.2.6 Case 1 and Case 2

Case 1: Let (€2, F,P) supporting a collection of i.i.d. Brownian motions By, = (Bi,j)(i Senz

and a collection of i.i.d. Uni([0,1]) random variables {U;} We define an IEA X

JEN"
on this probability space, by setting X = I'(U)(t){o0} + Boo.
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Let r € N be fixed. Consider the r x r sampled submatrix (n&,){r} out of n&,. Note
that with probability at least 1 — %, the coordinates of (n&,){r} are distinct. In other
words, (n&,){r} is a (uniformly) random r x r submatrix of n&, with probability at
least 1 —72/n. On this event, we further assume that (n&,){r}(i, ) is driven by the

same Brownian motion B ; for every (i,j) € [r]?.

On the above event, we couple (n&,){r} with X[r] where X[r](7,j) = X;; for (i,7) €
[r]2. That is, X[r] is the principle r x r submatrix of IEA X. Now observe that on

this event, using Lemma 7.3.2 we obtain

W%((né’n){r}(t), X[r](t)) < 2ep,(t) +2Var

niik@] <200, +2(2),

k=2

where
enr(t) = [ITn(){r} = (W) (O {r} Iz

Now notice that

E| sup en,r(s) < 2r? sup |[mp(s) — m(s)Hg
s€(0.4] s€[0.4]

By our assumption we have that sup,cpgl/mn(s) —m(s)|l; — 0 as n — oo. It fol-
lows that sup,cpo g W3((n&,){r} ), X[r](t)) — 0 — in probability — as n — co. This

completes the proof in Case 1.

Recall from the Case 2, we have that
1/2¢ _ Dn 1/2
n En—\/ﬁf</ tnAn(s d3>+\/ﬁf‘( >+n Ji,
[ ntas) o >

where Va]r[nl/2 Y ore, jk’(i’j)(t)} < &, By ow assumption, we have that

|V (Texp [y tnAn(s)ds](t) — I) Hmax < % Now observe that ﬁf‘(%) has i.i.d.

coordinates with entries distributed as a time changed BM t — B(e! — 1).

Let (€2, F,P) be a probability space supporting an IEA B, and that we can define a
copy of B, for every n € N on the same probability space such that ﬁf(%) (t) =
Boo[n](e’ — 1). With this coupling, it is immediate that

8<T20t)’
n

W3 ((vVnE){r}(¢), Bs[r](1))

IN
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It follows that W3((v/n&y){r}(t), Bs[r](t)) — 0 — with probability 1 — as n —
oo. This completes the proof of Case 2. We should note that the condition
|v/n(Texp] [y ttnAn(s) ds] (t) — I”)Hmax < % is enough to guarantee this conclu-

sion and this condition follows as long as the entries of supcp /| A4n(8)[| ;e < C- In

particular, for Case 2, we do not need K (A,) converging to a kernel .

Proof of Theorem 7.2.6 Case 3

The proof in Case 3 is also similar but with some technical differences. Therefore, we first
present a heuristic argument before giving the rigorous proof. Recall from the decomposition

in Case 3, we have that

~

En = n(Texp[Y,] — TexplonBr]) = Endet + Eno + Ent-

Set

Endet = n(Texp [/ tnAn(s) ds] — In>
0
gn,O - Z nj\k,o, gn71 = Z nij.
k=2 k=2

The proof strategy is similar to the first two cases with some technical differences that we
explain first. From Lemma 7.3.3, we have that entries of &, ; have variance O(1/n). Now,
notice that &, gev = nI’ ( fo tnAn(s) ds)). We know from our assumption that K(&, get)
converges in L? to I'(¢). In particular, a randomly chosen 7 x r submatrix &, et {7} of En.det
converges to I'(¢){r} in probability. And, &, ¢ is a matrix with Gaussian processes. However,
unlike the previous cases, the entries of &, o are correlated. This makes the coupling more
delicate. From Lemma 7.3.3 that the covariance kernel of &, ¢ is given by Cj,.

Roughly, the idea of the proof is as follows. Let gn = Endet + Eno. Ignoring the O(1/n)

term &, 1, we notice that

gn{'r} = gn,det{'r} + Gn,ra

where G, is an 7 X r matrix of mean zero Gaussian processes with covariance kernel given

by Kn,r such that Kn,r(((i17j1)7t1)7 ((i2>j2)7t2)) = Cn(((xi1>$j1)vt1)a (331'2,33‘]‘2),152)), where
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x; = [nU;] for every | € [r]. An important observation to make here is that &, ge¢{r} and
Gpr are conditionally independent given {U; }ZE[T From our assumptions, it follows that
K(C,,) converges in L? to a covariance kernel Cir,. On some probability space we construct a
Gaussian process Goo = (Gij) (i j)en2 such that Gy, j, (t1) and G, j, (t2) have a covariance of
Koo(((i1,41), 1), ((i2, J2), t2)) = Coo(Uiy, Uy ), t1), (Uiy, Uy, ), ta)) for every (t1,t9) € [0,1]?
and (i1, j1), (i, j2) € [r]?. Since K, and K, are close and it is reasonable to believe that
Gny and Blr] = (Bij) i j)ep? are close. As we have already argued in Case 1, the matrix
Endet (B){r} ~ T(t){r}. We therefore conclude that &,{r} is close to I'{r} + Beo{r}.
We now give a formal proof for completeness. Let Z = [0,1]? x R4 and let C: 72 — R

be a covariance kernel defined as

C(((xla yl)v tl)a ((x% y2)a t2)) = 5r1=y1,w2:y2 min{tlv t2}a

for (z1,y1;t1), (z2,y2;t) € Z. Let (2, F,P) be a probability space on which we can define
a Gaussian process B that is indexed for every (z,y;t) € Z with covariance kernel C. Let

G(z,y; - ) be a process defined as

G(x,y;t //dBa:stl()zydzds—i—//ngtxz B(z,y;s)dzds,
(7.15)
for every (x,y;t) € Z. Notice that G has a covariance kernel given by Cy, defined in
Lemma 7.3.3.
Possibly after extending the probability space (2, F,P) we assume that it supports a
collection of i.i.d. Uni([0, 1]) random variables {U;},.y independent of B. Define an IEA Y’

by setting
Yi; =T )(Ui, U;) + G(Us, Ui 1), (7.16)

for all (i,j) € N> and t € R,.
On this probability space (€2, F,P) we now define a copy of £,{r}. To do this, we first

define a process G,, indexed by Z as

(z,y;t / / dB(z,2;5)K (L 1(s))(z,y) dz (7.17)
+/0 /0 Ky 2(s;t))(x, 2)B(z,y;s) dzds. (7.18)
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Now define an r X r matrix Y, , such that
Yo (i, 4)(t) = L) (Ui, Uj) + Gu (Ui, Usst), (i, 4) € [r]*.

With probability at least 1 — 72/n, we have that [nU;]s are distinct for i € [r]. And,
note that on this event, given Uy, ..., U,, we have that Y, , has the same law as gn{r} In

particular — with probability at least 1 — r?/n — we obtain that

~ 7”2
W3 (Y ()], En(){r}) < 2W3(Y ()[r], Yor (1)) +2C1—

where

2

t, ool
Ei,r,l,(i,j)(t) ::/O </0 (K(T'y1(9))(2,Uy) _FI(S)(Z,Uj))dz> ds
t ol
S/() /0 ’K(Fn’l(S))(z,U]) _Fl(S)(Z,UJ)|2 dZdS,
toptopl
E?L,T,Q,(i,j)(t) 3:/0 /0 /0 min{sl,Sg}g(Ui,Z,Sl,t)ﬁ(Ui,Z,Sg,t)dstl d52
Lot 2 ¢l
‘ 2 . 2
St/o (/o S(Uz,z,s,t)ds) dz<t /0 /o 1E(Ui, 2, 8, )" dz ds,
where £(Uj, 2, 5,t) = K(Dp2(s;))(Us, 2) — Ta(s; ) (U, 2), for (4, ) € [r]*. Now observe that
E{an(t){r} - F(t){r}H%: = 12| K(Cp1)(t) — T1 (2|2

. t
B[18allE] <7 [ 1K) = Ta(s) s

- t
B[ Eusalf] <72 [ 1K (Caalsit) - Ta(sit 3 ds,
- 0
Define
2 2 2 r’
o (t) 1= 2E | [Ta(®){r} = DO HE + 1 Bara O} + | Bnr2@F] + 26

By our assumption and Lemma 7.3.4, it follows that 1, ,(t) — 0 as n — co. We conclude

that W2(Y (£)[r], En(t){r}) — 0 as n — oo — in probability.

Lemma 7.3.5. Let C), and Cw, be as defined in Lemma 7.3.3 and equation (7.14) for every
n € N. Let hg € L*([0,1]) and {U;},cy be i.i.d. Uni([0,1]) random variables. Define
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Hyo = h(U;) for every i € [n] and n € N. Let Z,(t) = (Gn(t)(Ui,Uj))(”)e o for every
n € N where Gy, is as defined in equation (7.18). Then for any i1,i2 € [n],
1 1 . , ! 2
ﬁZn(t)Hn,O EZn(t)Hn,O = 1{i; =iz} [ ||T(s)h|5ds. (7.19)
i1 12 0

Proof. Following the definition of C),,

( % 200 an)h <TllZn(t)Hn,o> J

n2 Z H JlE n,( 21,]1)() n(iz,jz)(t)]Hn,jz
]17]2 1

Z Hn,jlcn(((Uilanl)a ) ((UZNU]l) )) n,j2
Ji1,J2=1

lim E

n—o0

E

Separating the terms when j; = jo and otherwise, the above simplifies to
n
> Hoji Col((Usn Upy), 1), (Usy, Uy, ) ) g
J1=j2=1

Z Hn]lc Ui17Uj1)v ) ((Ull’Ujl) )) n,j2

J1#£j2=1

Let us first consider the case when iy # i2. Then as we take the limit of n — oo, the first
term goes to zero, whereas the second term is exactly zero. For the case when ¢; = 79, the
first term again goes to zero, but the second term survives. Plugging in the expression for

C), in this case, we get that the above converges to

JE{}O% i h(Ujl)h(UjQ)/ot<T1(8)T®F2(8))(anUj2)d8

j17j2_1
=n1grgo// LS WU () U T (9. V) dds
J1,J2=1
L
/ / nlgl(}oﬁ erl (2, Uj))h(Uj,) 7}5{;; Z;Fl(s)(szjz)h(sz)
J1 J2=

// dzds—/HF s)h||3 ds. O

7.3.2 Proof of Theorem 7.2.7

We will prove Theorem 7.2.7 in this section. We start with some simple observations that

intuitively explains why the result holds before giving the formal proof.
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Let f € L%([0,1]). Define f,, € R™ by setting f,; = nf(i/_"l)/n f(z)dz for i € [n]. Note

that %an”% < ||Ifll3- Let X,, be an n x n matrix. Notice that

2
I 1 1 o
1K (Xn) fII5 = - Z - E Xoapnfag | <5 ) Z X2 |- (7.20)
i=1 j=1 i,j=1

In particular, if X, (; j)s are mean 0 random variables with variance bounded by 2, then

E|I1K (X0 £13] < <2IF15.

Note that this is giving an upper bound on the operator norm of K(X,). In particular, if

G — 0 as n — oo then | K(X,)|,, — 0.

lop

Notice that the above bound does not require any assumption on the correlations between
the entries of X;,. Taking all X,, (; ;s to be equal, we see that — in general — one can not do
better than this. However, when entries of the X, (; ;) are uncorrelated this bound is clearly
weak. Intuitively, when the entries in the row i, X,, (; j), are uncorrelated (and the variances
bounded by say ¢2) we expect the variance of %2?21 X, (i,j)fnj to be at most %gﬁ]\f\\g
In particular, IE[HK(Xn)ng] < %Hf”% Therefore, K(X,,) converges to 0 operator as
n — 00, even if ¢2 = O(1) as n — oo. In particular, if X,, is a matrix with i.i.d. Gaussian
coordinates, then it converges to a non-trivial IEA, but the limit of X,,, in operator sense,

is the 0 operator.

With this discussion, the proof is immediate. We write
o 0 1
néy = n,det En,err + 5%,61"1‘7

where &), et is an n x n matrix that converges to a deterministic kernel or operator in strong
sense and &Y is a matrix with i.i.d. Gaussian coordinates with mean 0 and bounded

n,err

variance while £}

nerr 15 @ matrix with mean 0 coordinates and variances bounded by % It is
)

clear from the above discussion that the proof follows if we could show that &, 4et converges
to the desired operator in strong sense.
Before we start the proof we prove the following lemma. Let S: ¢ — fg T(s)ds be an

absolutely continuous curve of operators on L?[0,1]. Recall that we can define Ji(S)(t) as

Jk(S)(t) = /A @ T(Skfl) . T(Sl) dsk . dSl.
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Lemma 7.3.6. Let T} and Ty be the curves of curve of operators and define S;(t) =

fo s)ds for i € [2]. Assume that supcpo q/T1(s) ($)lop < Ct for some

lop:
constant Cy > 0 for every t € Ry. Then,
[PACHIGEPACHIG] ME(lehe 1’6@7 k>1,
where n(t) = supse(o[|T1(s) — T2(s)l|op for t € Ry. In particular, we have
Sil[lopt]HTeXp[Sl](S) — Texp[S2)(s)]lop < (U —1), Ry

Proof. Observe that

[k (51) () = Ji(S2) | op / T3 (sg) - Ti(s1) — To(sk) - - - Ta(s1)|op A - - - ds1

k
/A Z HTM (Ti(s;) - Ta(s;)) HTW T as:
k( i=1
op

Finally observe that

|| Texp[S1](s) — Texp[Sa](s Op < ZHJk: (S1)( Jk(S2)(3)||0p < n(g)t(etct —1).
E>1

Taking supremum over s € [0, t] we get the final result. O
Proof of Theorem 7.2.7. We begin the proof in Case 1. Set
. 0 —_—
gn,det =n (TeXp |:/ MnAn(s) d8:| > s 52 err — B,, and 8717, err — N Z Jk.
0
Following equation (7.8), we write
nTeXp[Yn] = 8n,det + gg,err + g?%,err'
Let f € L?([0,1]). Observe that

E

sup [|(K(n Texp[Yn](s)) — Endet(s )f\lz]

s€[0,¢]

D
<2Elsup (I N2+ [ Eer >>f>|§)] < Dy

s€[0,t]
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where D, > 1 is a constant that depends only on t.
Let T, be the integral operator corresponding to A, and set n,(t) =
supsefo,gllTn(s) — T(s)|op- Similarly define the integral curve S;, of T,. It follows that
Szt[lolfﬂllTeXp[Sn](S) = Texp[S)(s) lop < M (t)te’t = 0,
as n — oo.
The proof in the Case 2, follows exactly from the same argument, by noting that

1€n,detll o, < % in this case. We skip the details. O

7.4 Discussion

7.4.1 Oja’s Algorithm

In this section, we analyze the Oja’s algorithm [168] which is perhaps, the most popular
algorithm for Streaming Principle Component Analysis. It is well known that under very
mild conditions, given i.i.d. sampled from a distribution, Oja’s algorithm asymptotically
converges to the top eigenvector of the second moment matrix of the distribution [147, 110].

Consider m € N iid. samples {x,;} from a distribution over R" with second

1€[m]

moment Y, = 0. The Oja’s algorithm starts with an initialization non-zero vector p, o € R4

computes ¢n.0 = Pn,o/||Pnol, and at every step k € [m] sets

1

+ % : nxn,k@lk)Qn,k—ly dnk = pn,k’/Hpn,kHQ-

Pnk = (In

Now notice that for any ¢ € [0, 1], the |mt]-th iterate
An,|mt] = Pn,m(t) ’ H T

where P, p(t) = ,EZ? (In + % . nxkx;—) By assumption, we have E{xnkxzk} =X, for

every k € [m]. Since we are always sampling i.i.d. samples for every m € N, it also holds

that lim, 0 Xn = Xy, for every ¢ € [0,1]. Applying Theorem 7.2.4, we find that (P, m),,cy

uniformly converges to ¢ — Texp| [, $p|(t) = e>n.

Since Oja’s algorithm re-scales the iterates at every iteration, in the limit as m — oo,

tXn

the vector g, ||, therefore, converges to the unit vector corresponding to e"*"qp. Let us
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n

call it g, (t). If ¥, has an eigendecomposition V,A, V.| for A, = diag(()\n,i) 1:1) having its

diagonals arranged in descending order, and z,(t) =V, ¢, (t), and A, = \y1 — An2, then

2 2
190 () = vnlly = [lza(t) = enall3, (7.21)

where e,, 1 is the first element of the standard canonical basis of R"™. Notice that

n, — — . Y
271(0) + 2j_p e7HOm1=Ana) 22 5(0)

e~t0n1 A0 22 ()

7n1(0) + 30, 6‘2““1‘“’”22,]- (0)’

(7.22)

22.(t) =

n,1

i€ [n]\ {1}

2
Using the fact that ((1 + x)1/2 - 1) <, for all z > 0, we find that

1 (02
;an(t) —vplls < NEAQ)] ey o200

2721,1 (0)
7.4.2 Gossip Algorithms

Gossip algorithms are distributed algorithms that are used to average values over the nodes
of a graph. Simple applications arise when we have certain sensors capturing values over
a small region or space. And, in order to combat minor fluctuations in their readings,
the sensors need to average their readings in a distributed manner. Distributed averaging
also arises in many applications such as coordination of autonomous agents, estimation and
distributed data fusion on ad-hoc networks, and decentralized algorithms.

Let G,, = ([n], F) be an undirected graph with adjacency matrix A4, € {0, 1}["](2), and
let x,(0) € R™ represent the initial values stored on the nodes of the graph. The goal
of the gossip algorithm is for each node to estimate %2?21 zy,i(0) in a distributed and
asynchronous manner. That is, the target is to approximate %1n1; 2, (0) over the set of
nodes.

Each node has an independent clock that ticks at the times of a rate 1 Poisson process.
This corresponds to a single clock ticking at rate n Poisson process at times {Zy}, . Let
Ij; denote the [n]-valued random variable denoting the node whose clock ticked at time Zj,
for every k € N. Let us denote [Zk, Z11) as the k-th time slot for every k € N. Given A,,

we can compute a matrix P, such that for every ¢ € [n]|, P;; denotes the probability that
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node 7 is connected to node j. That is, if D,, is the diagonal matrix storing the degree of
every node on its diagonal, then P, = D, 'A,. Let us assume that P, is doubly stochastic.

The algorithm runs as follows. Let m € N be the total number of steps that the
algorithm runs in a single round. Let Iy = i € [n] at the k-th time slot. Then, node ¢

chooses a neighbor j € [n] with probability P; ; > 0 and node ¢ updates its value as

Tni(k+1) =1 —am)zni(k) + o, - Z Tk keZ,,
]EN

where N; C [n] denotes the neighbor set of node i, and |N;| = d;. Let By, = I,+am(Pn—1I).
Observe that this operation can be written as a linear transformation of x, (k). That is,
xn(k + 1) = Zy, pxn(k), where Z, ;, with probability 1/n (for the event when the clock of
node 7 ticks in the k-th time slot) is the matrix that is all zero rows, except the i-th row
being the i-th row of B,,. Hence, E[Z,, x| = I, + %= (P, — I,,) for every k € [m].

Therefore, after time slot [nmt]|, the values stored on the nodes of the algorithm is

[nmt]

antJ H Zn ko fcn t e R+.

If o, = m™!, then following Theorem 7.2.4,

[nmt|

H Zn i — Texp [/(;(Pn —1I,) ds} (t) = exp(t(P, — I,)), teR,.

i=1
Therefore, the vector x,(|nmt]|) converges to exp(t(P, — I,))x,(0) as m — oo.
Let ()\"vi)ie[n] denote the eigenvalues of P, in descending order. Since P, is a stochas-
tic matrix, all its eigenvalues are non-negative, moreover A, ;1 = 1 and the corresponding

eigenvector is 1,,. We can now compute the limit of the error as m — oo as

lim =
m—00

n(lnmt]) — %1711,{%(0) 2

exp(t(Pp — Ip,))xn(0) — %1,112%1(0)

2

[l (0)l5-

1
< Hnlnl; —exp(—t(l, — B,))
2

Since the only non-zero eigenvalue of %1711,1— is 1, the operator norm of the matrix %1711,1 —
exp(—t(I, — P,)) is t(1 — A\p2). Therefore we get that the relative error in the limit is
bounded by e t(1=An.2),
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We find that relative error depends on how small A, 2 be. As an example, if G were a
random d-regular graph, then it is well known that A, 2 converges to G)(d_l/ 2) with high
probability [86], yielding that as n — oo, the rate of convergence is e~ T(1=0™%) with

probability 1.

7.4.3 Convergence of Stochastic Gradient Descent (SGD)

Let (ai,bi)ie[m] C R" x R be a set of m € N input output pairs of data points. The
output if modeled as a linear function of the input, gives us the standard linear regression
model, where the objective is to find a suitable linear predictor. If one assumes that b; =
n~Ha;, 2*) + ¢ for i € [m] for some z* € R™ such that ¢;s are all i.i.d. centered random

variables independent of (a;) then the objective is to solve the minimization problem

1€[m)
1™

argmin - Z(n_lmi, x) — bi)z.

m
zER™ i=1

Let us consider the particle SGD algorithm [61] that starts at ;3 € R™ and at iteration

k € N, computes x4 as

Tyl = Th — W kO (n_1<ak, Tp) — bk) = (In — %n . naka;):pk + nnmagby.

Unrolling the expression, following the popular choice [164], if we set 1, 1 = where

_1
)\kmm’

Akn > 01is the least eigenvalue of E[akag] for every k, we get that at iteration |mt] for any

t € [0,1],
Lmt] T [mt| |mi] T
B nayay n na;a; Ok 1 T
metJ_H<In_)\knmn>.xl+mz,n <In_/\jnmn -/\kn(n @ &+ k).
k=1 ’ k=1 j=k+1 ’ ’

(7.23)

Let us define the piecewise constant interpolation of (IE [aiaﬂ) as s — Xy m(s) and

i€[m]
assume that ¥, uniformly converges to a curve ¥, as m — oo. Similarly define a, €, A,
to the limit of the piecewise continuous interpolation of (ai)ie[m], (€i)ieqm) and (Aiv”)ie[m]

respectively as m — oo.
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Then, following Theorem 7.2.4, if (t = x|,4)) — = as m — oo, then

2(t) = Texp [_ /0 | (f:) () ds] (£)2(0)
+ Texp [— | TG:) ) dr} (S)a(i):((j))Tx* s
+n /0 t Texp[— /0 '¢S<i’z>(1~) dr] () ;:fz)e(s)ds.

Taking expectation over a and €, we get

Efw(t)] = Texp [— /0 | (f:) (s) ds} (£)2(0)

# [t [n (32 ) mar] o (32 ) 10 as

In the simple case when ¥ and A, are the constant curve of a positive definite matrix and

its smallest eigenvalue respectively, the above equation reduces to

) _Texp{— /O'i’zds} (t)ac(O)—i—/OtTeXp[— /O'i’;dr] (s)‘z: ds- 2"

t
_ e_tzn//\"l'((]) + / e—sZn/)\nx* ds = e—tEn/)\nx(O) + (In _ e—tEn/)\n)x*’
0
which implies
Elz(t)] — z* = e~ =0/ (2(0) — z*). (7.24)

In other words, E[z(t)] converges exponentially fast to the minimizer z* of the optimization
problem. This rate, as one might expect depends on the condition number of the second
moment matrix. Note that equation (7.24) captures the general case when the sequence
of input-output pairs have time-varying distribution such that the second moment of the
distribution of the input converges to an L?-absolutely continuous curve under the chosen

scaling.

7.4.4 Infinitely deep and infinitely wide Residual Neural Network

Authors in [216] introduce the maximal update parameterization (¢P) to initialize a deep
and wide neural network that enjoys various scale-free properties that allow hyperparameter

transfers across networks of different sizes. Consider a deep residual neural network defined
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as follows. Let x € R? be a fixed input, where d € N is fixed. A m-layer network ¢ under

uP scaling takes the following form. For every i € [n], compute
Hn,O = J:L',

1
Hyp=Hyp1+——0"VH, 1, ke [m),

ik
1 n
Q(CL’) = E ZHn,m,i-

i=1
The matrix J € R™*? is a fixed sampling matrix with (possibly random) entries of the
order O(1). An example of such a matrix is when all elements are i.i.d. and distributed
as N(0,1). The trainable matrices (9"7’7“))ke[m} for every m € N are the weight matrices
corresponding to every layer. At the time of initialization, these matrices are set to be

m

independent with i.i.d. N(0, 1) entries, that is 97(172) = GE:,?, where the elements in th k) are
all i.i.d. standard Gaussian for every k € [m] and every m € N. As the network is trained,
the matrices (02?2))%[”1} change to have non-zero mean that allows g to change from zero
and learns the desired function. A reasonable way through which these weight matrices

(05:,?) can be modeled is
™) ke[m]

D

m ]' m m
= WM;,Q +GU, kelm), meN, (7.25)
(m)

where (M (n;)) are random matrices with mean (A k:) respectively. Using the
™% ) kelm) R J ke[m]

above model, the layer |mt| of the network for any ¢ € [0, 1] computes
o T Loy 1 A

nlmi] = kl_[l (In M+ \/mGn,k> - Hyp.
The iterative product of matrices in the above equation is nothing but P, ,,(t) as discussed
in Section 5.1 for 02 = n~'. If we now assume that the piecewise constant interpolations
(A%m); t— Afﬁ%t J>m€N uniformly converge to a curve A, in L? as m — oo, such that
supye(o,1] [ An(8) Iy < C for some C' > 0, and Cov(MétZ), j)nDIn for all k € [m], m € N
for some D > 0; then Theorem 7.2.4 tells us that P, ,, uniformly converges to Texpl[Y,] as

m — 0o, where
1 [t 1
Y, (1) == | A,(s)ds+ ——B,(t), telo,1],
0= [ A ds+ B0, reb

where B,, is a n X n matrix with i.i.d. Brownian motions.
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7.4.5 Applications in financial modeling

The iterated product of matrices obtained from a triangular array is particularly important
when there is a fixed notion of continuous time, and measurements are made at various levels
of discretization. In finance modeling, m may denote the number of intervals within a year,
ranging from trading days to microseconds of annual trading activity. Here, n represents
the count of (dependent) financial instruments, often numbering in tens of thousands. To
examine changes in an instrument’s price from time-step k& — 1 to k, consider the price of

the i-th instrument, H, j ;, written in the form:

n
J=1

1 (1S m 1 L S A0m)

Hp o1+ — ZMn7k7(i7j)Hn,k_14 + N WG ;ankv(m)ﬂn,k_m . (7.26)

The above expression indicates that the price H,, j; of instrument i at every time step
k € [m], increases at a rate influenced by a linear combination of the (noisy) growth rates
Méﬁ?(m) of all instruments j € [n]. Additional noise is contingent upon the price of all
other instruments. Since there is an absolute notion of time ¢ € [0,1] where ¢t = 0 and
t = 1 indicate the start and end of a financial year, our analysis establishes a uniform
limiting framework applicable across all trading frequencies. Essentially, the evolution of
the price of n (or possibly infinite) financial instruments is dictated by the curve ¢ — A, (),
representing the continuous time-varying return. Examples of such models include the
dynamics of monetary reserves of n banks interacting via lending mechanisms [?].

It is easy to see that when n = 1, and A; is a constant curve, we recover the classical

geometric Brownian motion.
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Chapter 8

SOME REMARKS AND FUTURE DIRECTIONS

We now give a summary of this thesis: we developed a notion of gradient flow on the
space of graphons. This is done following the general theory of gradient flows in metric
spaces as developed in [5]. Our main contribution, in this regard, is to specialize this theory
to the space of graphons. Restricting ourselves to a particular space, we prove some useful
results that may have practical significance. For instance, we show that the Euclidean

gradient flows on symmetric matrices well-approximate the gradient flows on graphons.

We then turn our attention to studying the scaling limits of the evolution of large graphs
that possess some symmetry. In particular, we consider a general class of SDEs (with
reflections) on symmetric matrices where the drift is a permutation invariant function of
matrices. Under appropriate assumptions, we establish a propagation of chaos phenomenon
for these processes. As a result, in the limit, these processes can be described by an infinite
exchangeable array whose coordinates satisfy a novel McKean-Vlasov type SDE. This is
particularly important for studying the evolution of networks in large dimensions. This
can be seen as a generalization of mean-field interacting particle systems. In this thesis,
we show that such SDEs naturally arise in the context of stochastic gradient descent with
noise for functions of symmetric matrices that satisfy permutation invariance property. It is

reasonable to expect that similar phenomenon in many natural models of graph evolution.

In Chapter 6, we consider a variant of the Metropolis chain on the stochastic block
models with r communities and n individuals in each community. The chain is designed
to minimize certain Hamiltonian that is permutation invariant. We take the number of
individuals n in each community to infinity and study the evolution of the r X r connection
probability matrix between communities. With a novel relaxation step in the Metropolis
chain, and with an appropriate scaling limit, we show that the r x r connection probability

matrix between communities converges to a matrix-valued diffusion. This diffusion has
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permutation invariant drift. Following a similar analysis as in Chapter 5 we show that, as
n — oo, the trajectories of these r x r matrix-valued SDEs converge, in probability, to a
deterministic curve on the space of graphons. In other words, the relaxed Metropolis closely
approximates a deterministic curve on the space of graphons. En route, we extended some
of the formalism of so-called decorated graphons introduced in [153]. We refer to these
decorated graphons as measure-valued graphons. We introduced a metric analogous to the
cut metric on the space of measure-valued graphons and established its equivalence to the
topology given in [153]. We expect that this will be of independent interest. We further
established the equivalence of convergence of measure-valued graphons with the convergence

of infinite exchangeable arrays thus extending the results in [117, 118].

Finally, in Chapter 7, we consider the iterated product of matrices where at each step a
small perturbation of the identity matrix is multiplied from the left. We study the scaling
limit of such matrix products as the dimension goes to infinity. The iterated product of
matrices has a rich and long history as we refer in 7. Our contribution in this regard is
two-fold. Firstly, in the fixed dimension, we study the product of a triangular array of
matrices instead of the product of a sequence of matrices. This generalizes some of the
previous works. In fixed dimensions, the scaling limit of the iterated product of matrices is
given by a non-commutative exponential of a semimartingale. This description is explicit
but may not always be very easy. We provide a neat combinatorial interpretation of the
mean of this process. Our second contribution concerns the study of the limit of this
non-commutative exponential as the dimension goes to infinity. In this limit, we obtain an
infinite exchangeable array where the coordinates are Gaussian and the mean and covariance
of these coordinates can be explicitly described. This can also be seen as a matrix-valued

generalization of classical symmetric statistics [79].

We now describe some potential applications of the current work and point out some
immediate directions that naturally emerge out of the current work that needs further

research.
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8.1 A computational tool for extremal graph theory

Extremal graph theory is replete with problems that involve maximizing or minimizing cer-
tain graph functions. For instance, we mentioned the Mantel-Turan problem in Chapter 1.
As already explained, our theory does not yield any information about the structure of
the minimizer. However, as we exhibited in the example in Section 6.1.3, running a gradi-
ent flow for a function can provide insight into the structure of minimizers. Thus, it may
serve as a useful tool for obtaining candidate minimizer(s). For instance, as mentioned in
Chapter 3 the minimizers for the rate function of ERGM are only known in the so-called
replica symmetry regime where we know that the minimizers are constant graphons. This
effectively reduces the problem of finding minimizers to a calculus problem. Outside the
replica symmetry regime, even a reasonable conjecture for minimizers is often out of reach.
For concreteness, consider the problem of minimizing F(W) = B1t(K2, W) + Bt (K3, W)
for some (31, B2) that is not in the replica-symmetry regime. One may run the gradient flow
of F(W) for sufficiently long time and the resulting graphon would be a good candidate for
a minimizer of F(W). On the other hand, our technique may also be of use in generating
counterexamples in some cases. For instance consider the problem of testing whether a
connected finite graph H with E(H) number of edges has Siderenko property (see [195]) or

not. This is equivalent to testing if the inequality

t(H, W) > t(Kq, W) P

is true or not. One can again run a gradient flow (W})i>9 of F(W) = t(H,W) —
t(Ko, W)E () over the space of graphons. If H does not have Siderenko’s property, then one
would expect that F(W;) < 0 for sufficiently large ¢. It is worth emphasizing that this is a
heuristic idea. The homomorphism densities are generally non-convex functions (see 4.5.1)
and therefore the gradient flow may get stuck at a local minima or at a stationary point.
Deveoping a systematic method to handle this issue is an important problem that needs

significant future work.
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8.2 Constrained optimization on the space of graphons

We now describe a related theme that is not considered fully in this thesis and is the
next natural problem to study. As explained in Section 3.4, there is a significant in-
terest in studying the optimization of some convex function, say, the entropy function
EW) = [ [ h(W(z,y))ddy where h(p) = plog(p) + (1 — p)log(1 — p) over the subset of
graphons where the edge density ¢(K3, W) = € and the triangle density ¢(Ks3, W) = 7
are fixed. One can consider more number of such constraints. While one can consider
a relaxation of this problem, that is, consider minimizing the functions like F(W) =
A(t(Ko, W) — €)2 4+ B(t(K3, W) — 7)? + £(W) with some large positive constants A and B.
This is not completely satisfying. The functions like A(t(Ka, W) — €) 4+ B(t(K3, W) — 7)*
are generally only semi-convex. In particular, for large A and B, the function F' becomes
non-convex (see 5.6.3). In this case, while the gradient flow curve still exists, there need not
be a unique minimizer and even the convergence to a stationary point is slow (see 5.6.3).
We again point out that the structure of the minimizer or stationary point is not within the

scope of current work but it is an active area of research.

Naturally, one may envision developing a Lagrange multiplier theory for optimization
with constraints on the space of graphons. This is an interesting and important direction
to pursue. However, as we have pointed out (see 4.5.1, 5.6.3), the homomorphism densities
are generally non-convex. Even the feasible region of parameters, where the intersection
of finitely many constraints is non-empty, has been the subject of intense research and is

known only in a few cases (see, for example, [181, 182, 180, 161, 162]).

We should mention that one of the most important problems in this area is Siderenko’s
conjecture. We explain the problem below. Let F' be a bipartite graph. Siderenko’s con-
jecture states that minimizer of t(F, W) over all graphons W : [0,1]> — [0,1] such that
ff Wdzdy = p is given by the constant graphon W = p. It is known [149] that W = p
is a local minimizer. One can replace F' with some other class of graphs. The conjecture
is known to be true for the class of graphs F' called norming graphs [103]. However, a full

characterization of norming graphs is unknown.
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8.3 Dynamic graphon-based interacting particle systems

As mentioned in Chapter 3, there is a significant interest in understanding the evolution
of interacting particle systems where the interaction is determined by an underlying graph.

We discussed this in detail in Chapter 3.

Our work concerns the evolution of the graph itself where the edges of the graph sym-
metrically interact with each other. We show that despite the complicated evolution of
such networks, for large n (the number of vertices), the evolution of the graph is close to a
deterministic curve of graphons. It is natural to study the evolution of graph-based particle
systems where the graph itself is evolving with time according to the dynamics considered
in our work. This problem is also important from a practical point of view. Most of the
literature on graph-based interacting particle systems is inspired by models of the behav-
ior of agents (e.g. financial markets) in an environment where not everyone interacts with
everyone else. It is reasonable to assume in this case that the environment itself evolves
with time. There is some work in this direction as we discussed in Chapter 3, however, the
evolution of the networks in those works depends only on the position of the agents and
not on the strength (edge-weights) of the network itself [19, 99, 21]. Such systems arise
in the study of gossip algorithms, epidemiology, SIR Model, and so on. We particularly
refer the reader to the introduction of [21] and the references therein for more details. For
instance [21] describes as a toy example a system of n children labeled 1,...,n and their
location at times t is denoted by Xi(") (t) for : = 1,...,n. While there is an underlying
network £ where the edge 51-(3) (t) denotes the type of friendship between 7 and j. The
authors in [21] consider the case where the dynamics of the location Xi(n) of the child ¢
depends on the joint empirical distribution of all the other children’s position and their
friendship with . In their model the evolution of the friendship type 52-(3) between ¢ and j
only depends only on Xi(n) and X J(n). It is natural to imagine a more general model of a
graph-based interacting particle system that encompasses the two worlds. That is, one may
allow the network evolution to depend on the position of the agents (vertex weights) as well
as the strength of the connection (edge weights). For instance, in the previous example of

children and the friendship network, it is imaginable that the evolution of friendship also
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depends on the current status of the friendship and not just on the status of two individuals

(at least in a world we would all like to live).

8.4 Fluctuations of subgraph densities

In Chapter 5 and Chapter 6, we establish the convergence of matrix valued process, say X,, €
C([0,1], M;,), with certain symmetries to some deterministic curve, say I € C([0, 1], W),
on the space of graphons. This convergence entails that for any fixed finite graph F, the
homomorphism density (¢(F, Xn(s)))ejo,1) converges to (¢(F,I'(s)))e[o,1- This is analogous
to the law of large numbers. It is the natural next step to study the fluctuations of the
homomorphism density for these processes.

This should be compared to our discussion in Chapter 3. Recall that the fluctuations
of homomorphism densities of the random graph G(n, W) generated from a graphon W is
subject to intensive research. However, the available results in the literature do not directly
apply to our case. For instance, fix ¢ > 0, we show that the random matrix X, (t) € M,
converges to some kernel I'(t). In this case, however, X, (¢) is not the adjacency matrix
of G(n,T'(t)). Therefore, while the convergence of homomorphism density follows from our
results, the fluctuations of such processes need to be studied in the future. The theory
developed for the generalized U-statistics and incomplete U-statistics have proved to be
useful tools to study the fluctuations of subgraph counts [119, 166] and it may be useful in
studying this problem.

8.5 Analysis of deep neural networks

We now discuss an important example that was one of our primary motivations for this
series of work. A neural network (NN) (see Figure 8.1) consists of b € N hidden layers, an
initial input zo € R%, and a terminal output §(zg) € R (say), computed by a sequence of

transformations

xob—>3:1GRdl»—>x2€Rd2l—>--->—>xb€Rdbn—>§.
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— J(x0)

ditq

Figure 8.1: Finite width Neural Network with multiple hidden layers

Each transformation involves a matrix A, € R%+1%9% a vector ;41 € R%+1, and the

transformation is defined as

Zit1 = o(Ai1zi + Biv1), (8.1)

for all i € {0} U [b — 1], where the function o: R — R acts coordinate-wise. Finally, take ¢
to be just the average of elements in xy.
The distribution of training data is given by a probability measure p on R% x R. The

goal of a NN is to minimize a risk function R, often a quadratic loss,
R (4, Biy i € b= 1) = E(xyyn| (Y = 5(X))°] (8.2)

where the minimization is over all choices of the sequence of matrices A; and vectors 3;, for
ieb—1].

Let us ignore the vectors f; from our discussion. The entries of the matrix A;1; can
be thought of as associated with the edges of the bipartite graph connecting the nodes in
layers ¢ and i + 1. The output R in equation (8.2) does not depend on the labeling of the
nodes in either layer, in the sense that if we relabel the nodes and correspondingly permute
the rows and columns of A;y; the output R remains the same. Therefore the risk function

R can be thought of as a function of edge weights of a sequence of bipartite graphs that is
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invariant under vertex relabeling. A gradient descent algorithm on the NN tries to compute
the Euclidean gradient flow with respect to the edge weights to reach the minimum value of
R. One can again ask the question: as the number of vertices in each layer goes to infinity,
is there a scaling limit for the gradient flow of R? This is a multivariate generalization of
our set-up of the gradient flow of a function on graphons. Instead of a single graph, we have
a sequence of b graphs, all bipartite, and successive graphs share vertices. Many significant
problems are open in this area. For an NN with a single hidden layer, a similar analysis
has been successfully performed in [200, 201] where it is shown that the training of NN
can be modeled by a gradient flow on Wasserstein space. For deep neural networks, the
theory is still unsatisfying despite a large number of works. We believe that a multivariate
generalization of our work can address this challenge.

Another important insight and direction that our work (especially Chapter 7) opens up
is the following. Let us consider the model where the function o is the identity o(x) = z
and the vectors 8; = 0. In this case, we see that x4 = AgAgq_1 - A1xo, that is, the output
of the network is obtained via a sequence of products of matrices. In Chapter 7, we study
a particular model of iterated product of matrices where the dimensions are all the same.
This allows us to interpret the output of a deep NN (in infinite width and infinite depth
limit). Given the weight matrices, in this simple setting, we can describe the output.
However, it suggests (at least at the initialization) that the evolution of a fixed neuron can
be described as a Gaussian process whose covariance kernel can be described by a function
of some curve in L2(]0,1]?). More generally, one can think of the evolution of the full
network as a Gaussian process indexed by [0,1] x R>p where the index [0, 1] essentially
models the location of a neuron and the index R>¢ represents the time. While this requires
a significant amount of future work, this is an important and promising direction. We
should again point out that in the current setup, we do not consider any training in the
network. It would be an interesting direction to analyze the training dynamics in deep
neural networks. One key issue that arises here is that at any positive time during the
training, the weight matrices are highly correlated. In recent times, many authors have

attempted similar analysis [104, 64, 191, 101, 94, 6, 148, 218, 194, 33, 120].
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