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We say that a function on the space of symmetric matrices is invariant if it is invariant

under the simultaneous permutation of rows and columns of the input matrix by the same

permutation. Homomorphism densities of finite simple graphs offer a rich class of examples

of invariant functions that prominently feature in several areas of mathematics. In this

thesis, we study two natural classes of interrelated problems. The first problem concerns

the optimization of invariant functions in large dimensions. The second problem concerns

the analysis of the dynamics on graphs/matrices where the evolution of coordinates depends

on the full graph/matrix via an invariant function as the dimension goes to infinity. An

important theme of the present thesis is that due to the symmetry of invariant functions,

their optimization and dynamics can be reduced to optimization and dynamics on the space

of graphons as the dimension of the underlying space goes to infinity. The rich geometry

and the analytical properties of the space of graphons make the problems on the space of

graphons more tractable.

We develop a notion of gradient flow on the space of graphons following the general

theory of gradient flows in metric spaces. We show that under mild differentiability as-

sumption, any invariant function on the space of graphons admits a gradient flow which

is an absolutely continuous curve with respect to the invariant L2 metric. Furthermore,

under appropriate convexity and differentiability assumptions, we show that the Euclidean

gradient flows of invariant functions converge to the gradient flow of a suitable function on



the space of graphons.

We then consider a class of symmetric n× n matrix-valued diffusions where the drift is

given by an invariant function. Such diffusions arise, for example, as the scaling limits of

stochastic gradient descent of an invariant function. We establish a propagation of chaos

phenomenon for such matrix-valued processes. That is, we show that any finite collection

of coordinates of such processes becomes conditionally independent as n → ∞ and that a

uniformly random coordinate of such processes satisfies a novel graphon McKean-Vlasov

SDE, in n → ∞ limit. As a consequence of this, we obtain that these matrix-valued

processes converge to a deterministic curve on the space of graphons.

We also construct a Metropolis chain, with a novel relaxation step, whose state space is

the stochastic block model with r communities and n individuals in each community. We

show that fixed r, under appropriate scaling of parameters, the r × r matrix of connection

probabilities between communities converges to a diffusion of the previous type. In par-

ticular, as r → ∞, the connection probability between communities becomes conditionally

independent. This allows us to prove that the trajectory of this Metropolis chain is concen-

trated near a deterministic curve of graphons. This allows us to approximate the gradient

flow of function on graphons by suitable Markov chains on stochastic block models.

Towards the end of the thesis, we also consider the scaling limit of the iterated product

of matrices that are small perturbations of the identity matrix as the dimension of these

matrices goes to infinity. In the fixed dimension, the scaling limit of the iterated product

of such matrices is described by a non-commutative exponential of a matrix-valued semi-

martingale. Suppose that the bounded variation part of these semimartingales converges

to some graphon as the dimension of these matrices goes to infinity. Then, we show that

non-commutative exponentials converge to an infinite exchangeable array whose coordinates

are Gaussians and whose mean and covariances can be described explicitly in terms of the

limiting graphon.
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Chapter 1

INTRODUCTION

Graphs and matrices are arguably the most ubiquitous objects in mathematics. Many

natural phenomena in the real world and mathematics are modeled by a (possibly weighted)

graph. We think of a (symmetric) matrix as the adjacency matrix of a weighted graph.

Therefore, in the following discussion graphs and matrices will be interchangeable. For

concreteness and simplicity, throughout this chapter, a matrix will refer to a symmetric

matrix with entries in [0, 1], unless stated otherwise.

In this thesis, we study two natural classes of interrelated problems: optimization and

dynamics on the space of graphs and matrices. The first problem concerns the optimiza-

tion of functions – with some symmetry– on the space of graphs/matrices in very large

dimensions. The second problem concerns the analysis of dynamics on graphs/matrices

where the evolution of coordinates depends on the full matrix in a symmetric fashion. We

will describe the symmetry more precisely later. These two problems are very intimately

connected. For instance, a rich and interesting class of dynamics on the graphs or matri-

ces arises from optimization problems. Algorithms like stochastic gradient descent yield a

natural class of dynamics on Euclidean spaces. Another important class of examples in this

regard is Markov chains to sample from a stationary distribution. Often sampling from a

Gibbs measure is used as a technique to find approximate minimizers of some function on

Euclidean space. Of course, one may consider other dynamics that may not necessarily arise

from optimization, and in later chapters, we will consider general classes of evolution.

Besides symmetry, another important theme of our work is that we consider the limiting

behavior of the dynamics or optimization problems as the dimension of the underlying

space grows to infinity. This philosophy is motivated by practical considerations where

many problems of interest are inherently high dimensional. In general, high-dimensional

problems are harder to analyze. On the other hand, these problems often possess some useful
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symmetries – which essentially reduce the problem to some other space. The underlying

philosophy here is that because of the symmetry, complex high-dimensional dynamics are

essentially controlled by some feature or statistics and not by the precise detail of the full

system. This allows us to take the dimension of the underlying space to infinity. In the

limit, it is enough to describe the evolution of this feature or statistics. Very often, the

space in which these features live has a rich geometric and analytical structure. This makes

the analysis of the limiting description of this feature or statistics more tractable.

This philosophy has been successfully used in many areas of probability in the past.

The most pertinent example for us is the interacting system of particles under the so-called

mean-field interaction that we explain below. In the following section, we explain these

ideas in more detail using some simple and well-known examples from interacting particle

systems. In this thesis, we deal with the evolution of graphs, but the following discussion

on interacting particle systems serves as a useful analogy.

1.1 Interacting particle systems: Symmetry and propagation of chaos

Roughly speaking, in this section we will see that a symmetric function on Euclidean space

can be thought of as a function on the space of measures. Therefore, to describe the evolution

of a particle system with symmetric interaction (referred to as mean-field interaction), it is

sufficient to describe the evolution of the empirical measure of the particles in the system.

An important consequence of this symmetric interaction is that while every particle interacts

with every other particle in the system, the effect of any given particle on another particle

is mild. This leads to a phenomenon called propagation of chaos– which effectively means

that, in the limit, particles behave as if they were independent. Because of this heuristic,

the empirical measure of the system of particles is roughly the same as the law of a random

particle. This reduces the study of the ensemble behavior to the study of a random particle

or its law. The evolution of the law of a single particle is, in turn, described by a partial

differential equation (PDE).

Example 1 (Symmetric functions are functions of measures). Let V,W : R → R be two

sufficiently smooth functions. Assume for simplicity that W is symmetric, that is, W (x) =
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W (−x) and W (x) ≥ 0. Throughout this chapter, we will tacitly assume the necessary

integrability assumptions on V,W wherever needed. Consider a function Hn : Rn → R as

Hn(x1, . . . , xn) =
1

n

n∑
i=1

V (xi) +
1

n2

n∑
i,j=1

W (xi − xj) .

Let Sn denote the set of permutation σ on [n]. Observe that the function Hn : Rn → R

is permutation-invariant, that is,

Hn(xσ(1), . . . , xσ(n)) = H(x1, . . . , xn) ,

for any permutation σ ∈ Sn and any x = (x1, . . . , xn) ∈ Rn. Because of this symmetry, we

can treat the function Hn as a function on P(R), the space of the probability measures on

R. Philosophically, the function Hn depends on x = (x1, . . . , xn) only via a feature of x,

namely, its empirical measure. More precisely, define a function H : P(R) → R by

H(µ) =

∫
V (x)µ(dx) +

∫ ∫
W (x− y)µ(dx)µ(dy) .

Notice that if x = (x, . . . , xn) ∈ Rn and µx := 1
n

∑n
j=1 δxi is the empirical measure

generated by x, then Hn(x) = H(µx). The key takeaway of this example is the following.

The permutation-invariance of the function Hn allows us to treat it as a function on the

space of probability measures and conversely a function H on P(R) gives rise to symmetric

functions Hn : Rn → R for each n.

Now consider the problem of minimizing Hn on Rn for large n. A commonly used

technique to minimize the function Hn would be to consider the gradient flow of Hn:

ẋ(t) = −n∇Hn(x(t)) ,

where x(t) ∈ Rn and ẋ(·) denote the time derivative of x. Notice that we have scaled the

gradient −∇Hn(x(t)) by a factor of n. This changes the speed of the gradient flow and it

is important while considering the large n limit. In more detail, the gradient flow of Hn is

described by a system of n ordinary differential equations:

ẋi(t) = −V ′(xi(t))−
2

n

n∑
j=1

W ′(xi(t)− xj(t)) i.e.,

ẋi(t) = −V ′(xi(t))− 2

∫
W ′(xi(t)− y)µn(t)(dy) , (1.1)
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for i = 1, . . . , n and where µn(t) denotes the empirical measure of x(t) = (x1(t), . . . , xn(t)).

In practice, while simulating (1.1), the exact values for the gradient ∇Hn(x(t)) are

either unavailable or computationally expensive to obtain. Therefore, one often uses noisy

estimates for ∇Hn(x(t)) [187]. This can be modeled by adding independent Brownian noise

to each coordinate of (1.1). That is, one often considers the process the Rn valued process

Xn(·) defined as

dXn(t) = −n∇Hn(Xn(t))dt+
√

2

β
dBn(t) ,

where Bn(t) is standard n-dimensional Brownian motion and β > 0 is a fixed parameter.

Or in more detail, for i = 1, . . . , n the coordinate Xi,n satisfies the stochastic differential

equation (SDE)

dXi,n(t) = −V ′(Xi,n)dt− 2

∫
W ′(Xi,n(t)− y)µn(t)(dy) dt+

√
2

β
dBi,n(t) , (1.2)

where Bi,n is a standard 1-dimensional Brownian motion and µn(t) is the empirical measure

of the vector Xn(t).

We will think of the evolution of Xn as a noisy version of the gradient flow of Hn. One

can also view the above equation as describing the evolution of n identical particles under

mean-field interaction. The term mean-field interaction here means that a given particle

say Xi,n in the ensemble depends on the full ensemble only via the empirical measure of the

full ensemble. The mean-field evolution of particle systems has a long and rich history and

such a system of particles has been studied since Kac [123] and McKean [157]–even without

optimization context.

As pointed out in the first example, Hn is only a function of the empirical measure. It

makes sense, therefore, to ask how the empirical measure of x(t) in (1.1) or the empirical

measure of Xn(t) in (1.2) evolves as n→ ∞. For concreteness, let us consider the evolution

of the empirical measure µn(t) := 1
n

∑n
i=1 δXi,n(t). Note that µn(t) is a random measure.

The following question is natural to ask: suppose that µn(0) = 1
n

∑n
i=1 δXi,n(0) converges

to some deterministic measure µ(0) as n → ∞. Does it follows that µn(t) converges to

probability measure µ(t) as n→ ∞? If so, how is the curve t 7→ µ(t) related to the function

H on the space of probability measures on R?
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Let us denote by µn(t) the empirical measure of the vector Xn(t) defined in (1.2). Let

µ̃n(t) := E[µn(t)] be the expected empirical measure of Xn(t). A simple application of Ito’s

formula shows that the expected empirical measure µ̃n(t) satisfies the following PDE

∂tµ(t) = ∇(µ(t) · v(µ(t))) + 1

β
∆µ(t) , (1.3)

where

v(µ)(x) = V ′(x) + 2

∫
W ′(x− y)µ(dy) .

It is perhaps not very surprising that µn(t) converges (say in probability) to a curve µ(t)

that satisfies (1.3). This amounts to showing that the empirical measure µn(t) concentrates

near its expectation µ̃n(t). For instance, this would be true if the coordinates of Xn(t) were

independent and identically distributed (i.i.d.). A powerful consequence of the symmetry in

the interaction (that is, mean-field interaction) is that, as n→ ∞, the coordinates of Xn(t)

indeed become independent asymptotically. Therefore, the random measures µn(t) converge

(almost surely) to a deterministic measure µ(t) that satisfies (1.3), this phenomenon is

referred to as propagation of chaos. We explain this in the following example.

Example 2. Assume that at time t = 0 we initialize Xn(0) so that each coordinate is i.i.d.

with some distribution, say µ0. Note that at any time t > 0, the coordinates of Xn(t) are

correlated. However, because of the mean-field interaction, any collection of finitely many

coordinates of Xn(t) becomes independent as n→ ∞. Therefore, it is enough to study the

evolution of one particle in the limit. Let I be a uniformly random coordinate chosen from

[n]. Using (1.2), we can describe the evolution of a randomly chosen coordinate of XI,n

satisfies

dXI,n(t) = −V ′(XI,n)dt−
∫
W ′(XI,n(t)− y)µn(t)(dy) dt+

√
2

β
dB(t) , (1.4)

where B(t) is a standard 1-dimensional Brownian motion, and µn(t) is the empirical measure

of Xn(t).

If the coordinates of Xn(t) were i.i.d. then µn(t) will be approximately equal to the

law of a random coordinate. In the current setup, the coordinates are not independent

but because of the propagation of chaos phenomenon, this heuristic remains valid. And,
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consequently XI,n converges, as n → ∞, to the solution of the so-called McKean-Vlasov

SDE give as

dX(t) = −V ′(X(t))dt− 2

∫
W ′(X(t)− y)µt(dy) +

√
2

β
dB(t) ,

µt = Law(X(t)) . (1.5)

It is easy to see by an application of Ito’s formula that µ(t) = Law(X(t)) satisfies (1.3).

In other words, the evolution described by (1.3) essentially describes the evolution of the

law of one particle. The convergence of µn(t) to µ(t) now becomes an analogue of the law

of large numbers.

The moral of the above example is that symmetry gives rise to propagation of chaos. The

propagation of chaos reduces the dynamics of a complex system of particles to study the

dynamics of a single random particle. We refer an interested reader to [52, 51] for a modern

and exhaustive discussion of the propagation of chaos phenomenon and McKean-Vlasov

SDE.

1.2 From particle gradient flow to gradient flow of measures

We have seen that, under mean-field interaction, the evolution of the empirical measure

of the particle system can be approximately described by (1.3). We also argued that the

process Xn(t) can be thought of as the gradient flow of Hn in the presence of noise. As

Hn corresponds to a function H on the space of measures, it is natural to wonder if the

PDE (1.3) can be interpreted as a gradient flow of H (or some perturbation of H) on the

space of probability measures? A powerful and deep result due to [122] shows that the

answer is yes.

The space of probability measures on R with the finite second moment, denoted by

P2(R), can be equipped with the so-called Wasserstein metric W2 [212]. The space (P2(R),W2)

is referred to as the Wasserstein space. The Wasserstein space admits – at least formally

– a Riemannian structure [91, 174, 173]. Using this formalism, one can define a notion of

gradient flow on P2(R). We refer the reader to [193, 192] for a gentle introduction to gra-

dient flows on Wasserstein space and [5] for a general treatment of gradient flow in metric
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spaces.

It turns out that we can indeed interpret (1.3) as the gradient flow of a function

Fβ : P2(R) → R defined as

Fβ(µ) = H(µ) +
1

β
E(µ) ,

where E(µ) =
∫
ρ(x) log(ρ(x))dx if µ is absolutely continuous with respect to the Lebesgue

measure on R and ρ(x) = µ(dx)
dx is the density of µ with respect to the Lebesgue measure and

E(µ) ≡ +∞ otherwise. The function E is called the entropy. The presence of the entropy

forces the minimizer of Fβ to have a density with respect to the Lebesgue measure. This

can be contrasted with the presence of the Brownian noise in (1.2) that diffuses the vector

Xn(t).

Note that when β = ∞, the function F∞ = H. Furthermore, the flow defined by the

PDE

∂tµt = ∇ · (v(µt) · µt),

describes the gradient flow of H on P2(R). Without any additional convexity assumption

on H, the gradient flow is hard to analyze. The function E is a strongly convex function

on P2(R). Thus, Fβ can be seen as a regularization of H. Even if H is only convex, the

function Fβ is a strongly convex function and therefore admits a unique minimizer. This

makes the flow (1.3) more well-behaved.

The point of this example is that, under permutation symmetry, a function on Euclidean

space corresponds to a function on the Wasserstein space. Furthermore, the gradient flow

of a function on the Wasserstein space can be approximated by the empirical measure of a

particle system.

1.3 Sampling and Optimization

As we mentioned earlier, our perspective on interacting particle systems is that these particle

systems are inspired by optimization problems. Optimization on Euclidean spaces is very

intimately connected with sampling. In this section, we explain this connection.

For a fixed n ∈ N, consider the SDE described by (1.2). Under appropriate growth

assumptions on V and W , there is a unique stationary measure ρn for the SDE (1.2) with
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density (with respect to the Lebesgue measure on Rn) proportional to e−βHn(x) [186]. Such

probability measures are called Gibbs measure. For large β > 0, this stationary measure

is concentrated near minimizers of Hn. In other words, finding approximate minimizers

of Hn is equivalent to sampling from certain Gibbs measures. From this perspective, the

SDE (1.2) is seen as a process to sample from the Gibbs measure with density ∝ e−βHn(x).

In practice, people use many other variants for instance Metropolis chain to sample from

Gibbs measures.

Furthermore, under mild continuity and convexity assumption on V,W , the measure

ρn converges, as n → ∞, to a measure ρ ∈ P2(R) that is the unique minimizer of H. As

mentioned in the previous example, the flow described by the PDE in (1.3) also converges

to the minimizer of H, ρ, as t → ∞. This completes a full circle of the ideas, namely,

symmetric functions on Rn correspond to a function on P(R) and the minimization of such

a function on Rn also corresponds to a minimization problem on P(R), that is, the minimizer

of the symmetric function on Rn converges to the minimizer of the corresponding function

on P(R) and the schemes like (noisy) gradient flow on Rn correspond to the gradient flow

(of suitable regularization) of the corresponding function on P(R). One may often exploit

the richness of the geometry of infinite dimensional space (Wasserstein space in this case)

to get more insights into the optimization problems in finite-dimensional Euclidean space.

1.4 Symmetric functions on graphs and problems

The objects of interest for us are the functions on graphs or symmetric matrices that are

invariant under the conjugation action of the permutation group. In this section, we describe

this symmetry and ask natural questions about the dynamics of graphs or matrices with

symmetric interaction.

1.4.1 What are invariant functions

Let X be a non-empty subset of R and let Mn(X) be the set of n× n symmetric matrices

taking values in the set X. For a permutation σ ∈ Sn, and A ∈ Mn(X) we define Aσ

to be the matrix such that Aσ(i, j) = A(σ(i), σ(j)). That is, the rows and columns of A

are permuted by the same permutation σ to obtain Aσ. We are interested in the functions
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Hn : Mn(X) → R such that Hn(A
σ) = Hn(A) for all A ∈ Mn(X). Throughout this thesis,

we call such functions to be invariant functions.

To understand the motivation behind invariant functions, let us consider the symmetric

matrices with entries {0, 1}, that is, matrices in Mn({0, 1}). Let G = ([n], E) be a graph on

the vertex set [n]. Any such graph is represented by a matrix AG ∈ Mn({0, 1}) called the

adjacency matrix of G where AG(i, j) = 1 if {i, j} ∈ E and 0 otherwise. Alternatively, any

matrix A ∈ Mn({0, 1}) gives a graph GA = ([n], E) on the vertex set [n] where {i, j} ∈ E if

and only if A(i, j) = A(j, i) = 1. With this setup, we notice that two graphs G1 = ([n], E1)

and G2 = ([n], E2) are isomorphic if and only if there are adjacency matrices are related

as AσG1
= AG2 for some σ ∈ Sn. That is, an invariant function Hn : Mn({0, 1}) → R is

a function that is invariant under graph isomorphism. In this sense, such a function is an

honest function of the graph and does not depend on the labeling of the vertices of the

graph. As an example, let Hn : Mn({0, 1}) → R be the function

Hn(A) =
1

n3
Tr
[
A3
]
.

If we think of A as the adjacency matrix of a graph G, then notice that Tr
[
A3
]

is the

number of homomorphisms of K3 (complete graph on 3 vertices) into G. This shows that

Tr
[
A3
]

is indeed invariant and hence so is Hn. Note that, in general, Hn is not invariant

under different permutations applied to the rows and columns of the matrix A. In other

words, Hn is not invariant under the permutation of its n2 many coordinates. Therefore,

Hn is not a function of the empirical measure of entries of A.

More generally, let X = [0, 1]. Then, we can think of the matrices A ∈ Mn(X) as

the weighted adjacency matrix of a graph with edge weights in [0, 1]. In this situation, an

edge-weight 0 means that the edge is not present. In later chapters, we often work with

X = [−1, 1] (which can be replaced with any compact interval of R), but for the current

discussion, we set X = [0, 1]. With this setup, the invariant functions on Mn(X) are

precisely the functions that do not depend on the labeling of the vertices– and hence are

the true functions of the underlying graph (or isomorphism class of graphs).
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1.4.2 Optimization and dynamics on graphs

Following our discussion of symmetric functions on Rn, we can now ask several questions

about the optimization of symmetric functions on graphs that we deal with in this thesis.

For concreteness, we will fix an example to illustrate and explain the questions that

we ask. In this discussion, we will use Mn to denote Mn([0, 1]). The following invariant

function on Mn will serve as our constant example throughout this chapter. Define

Rn(A) =
1

n3
Tr
[
A3
]
− α

n2

∑
i,j

A(i, j) , (1.6)

for some fixed α > 0. If A were the adjanceny matrix of a simple graph G = ([n], E),

then Tr
[
A3
]

counts the number of homomorphism of K3 into G. In other words, Tr
[
A3
]

counts roughly the number of triangles in G.1 The normalization n3 can be thought of

as the number of maps from K3 into G. Therefore, we refer to 1
n3 Tr

[
A3
]

as triangle

density function. It can be interpreted as the probability that a random map K3 → G is

a homomorphism. Similarly, we call 1
n2

∑
i,j A(i, j) as the edge density function. When A

is a matrix with entries in [0, 1], we will continue to call these functions triangle density

function and edge-density function. Of course, in this case, we need to interpret Tr
[
A3
]

as

the weighted sum of triangles in the weighted graph corresponding to the matrix A, where

each triangle has a weight that is given by the product of the weights of the edges in that

triangle.

1.4.3 Problems

Equation (1.6) defines the functions Rn on Mn for each n. As we already noted, Rn is

not a function of the empirical measure of the entries of the matrices. However, these

functions Rn are clearly restrictions of a single function on the ‘space of weighted graphs

with edge-weights in [0, 1]’, say, G∞(X). Compare this with Example 1 where we noted that

a symmetric function on Euclidean space corresponds to a function of empirical measure.

We then interpreted symmetric functions on Euclidean spaces as functions on the space of

1We are being a little imprecise here. The function Tr
[
A3

]
counts every triangle 3 times, that is, each

triangle is counted with all possible relabelling of the vertices. But we will ignore this small issue.
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probability measures. In the current setting, we will see that G∞(X) can be thought of as

a dense subset of a suitable space of functions called the space of graphons and denoted as

Ŵ. Furthermore, the functions Rn can be interpreted as (the restriction of) some function,

say R on Ŵ. We give a brief introduction to graphons in Section 1.5. A more detailed

discussion can be found in Chapter 2.

We now ask several questions analogous to the interacting particle systems and opti-

mization on Euclidean spaces.

Question 1.4.1. Suppose we are interested in minimizing the function Rn on Mn for large

n. For a n, the function Rn is a smooth function of the entries and naturally one can run

gradient flow for Rn. That is, define a symmetric matrix-valued flow by

d
dt
An(i, j)(t) = −∇i,jRn(An(t)), (i, j) ∈ [n]2 , (1.7)

where ∇i,jRn(A) is the partial derivative of Rn with respect to the (i, j)-th coordinate.

Is there any way to take the limit of the gradient flow t 7→ An(t) defined by (1.7) as

n → ∞ to obtain a limiting curve on the space Ŵ? If so, can this limiting curve be

interpreted as a gradient flow of R on Ŵ? Can we obtain (an approximate) minimizer of

Rn from the minimizer of R on Ŵ?

A careful reader will note that the flow defined by (1.7) is not well-defined for all time t.

This is because a priori the function Rn is only defined on Mn([0, 1]) and the flow (1.7) may

take a coordinate outside [0, 1] in finite time. To ensure that the gradient flow is always

inside Mn, we need to add a correction term that constrains the coordinates to remain

inside [0, 1]. This is an important point and we carefully handle this in later chapters.

However, in the current discussion, we ignore this for the clarity of exposition.

Recall that in Example 2, we mentioned that the Euclidean gradient flows are often

modified by independent additive noise in each coordinate. This gave rise to a particle

system with mean-field interaction in (1.2). Following the same idea, let us consider a noisy

analogue of (1.7) given by

d
dt
An(i, j)(t) = −∇i,jRn(An(t)) +

2√
β

dBn(i, j)(t), (i, j) ∈ [n]2 , (1.8)
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where β > 0 is a constant and Bn is an n×n symmetric matrix such that {Bn(i, j) : i ≤ j}

is a collection of i.i.d. Brownian motions.

We can interpret (1.8) as a random perturbation of the gradient flow of Rn from an

optimization point of view. More generally, one can think of (1.8) as interacting particle

systems. Note that in this setting the particles are labeled by the coordinate (on and above

the diagonal) of the matrix (or the edge of the graph). Thus, there are n(n−1)/2 particles.

More importantly, the interaction between these particles is not mean-field. Therefore, the

classical theory of mean-field interacting particle systems does not directly apply in this

case.

Question 1.4.2. Observe that the evolution of a random coordinate of (1.8) depends on all

other coordinates is only via an invariant function of the full matrix An and an independent

Brownian noise. However, it is not a function of the empirical measures of the coordinates.

It is natural to ask if this symmetry is enough to guarantee the propagation of chaos– in

some appropriate sense.

Assuming that there is a propagation of chaos, the evolution of a random coordinate

should be described by a McKean-Vlasov SDE albeit the role of the measure (law of a

random coordinate) needs to be replaced by a graphon (an element of the space Ŵ). This

leads us to the following question: if there is a propagation of chaos, can we describe the

evolution of a randomly chosen coordinate of An in the limit? Furthermore, analogous to

Example 2, can we describe the limiting dynamics of (1.8) as a deterministic flow on Ŵ?

1.5 Setup and Our contribution

The bulk of this thesis is devoted to answering the above questions. In this section, we

provide a high-level answer to these questions and summarize our key contributions. We

begin with a brief set-up about the space of graphons, denoted Ŵ. This would be analogous

to the space of measure in the previous discussion. We refer the reader to [97] for a gentle

introduction to graphons and [150] for a textbook exposition.
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1.5.1 A very brief introduction to graphons

A kernel W : [0, 1]2 → [0, 1] is a symmetric measurable function, that is, W (x, y) =W (y, x).

Very roughly, a graphon is an equivalence class of kernels that we define precisely in Chap-

ter 2. When we wish to emphasize the whole equivalence of a kernel W , we will denote

it by [W ]. For the current purpose, we will work with a representative of this equivalence

class and hence identify a kernel with its equivalence class when we mean a graphon. The

space of graphons Ŵ has a natural metric called cut-metric, denoted, δ�. Equipped with

the cut-metric, the space of graphons becomes a compact space. However, this metric does

not have a good geometry. We, therefore, work with another stronger metric δ2 that is

called invariant L2 metric for reasons that will be clear in the next chapter. This situation

can be compared with optimal transport. The space of probability measures on a compact

set is compact under weak convergence. But for most geometrical considerations in optimal

transport, one works with 2-Wasserstein metric, W2. Analogously, in our setup, we will

often consider curves on the space of graphons. Absolute continuity of the curves will be

always with respect to δ2 metric while our convergences will be often in weaker metric δ�.

To relate the space of graphons with our questions, we need to understand how a kernel

or a graphon is related to graphs. To understand this, let us first mention that a kernel W

gives rise to an infinite sequence of random graphs as follows. Let U1, U2, . . . be a collection

of i.i.d. Uniform [0, 1] random variables. For any n ≥ 2, we define a graph on the vertex set

[n] as follows. Create an edge between i and j with probability W (Ui, Uj) independently

(given U1, . . . , Un) for each pair of distinct vertices i 6= j. Denote this graph by G(n,W ).

Note that the edges in G(n,W ) have independent Bernoulli distribution given U1, . . . , Un

(but they are not identically distributed). If we take W (x, y) ≡ p, then G(n,W ) is the

same as Erdös-Rényi graph. This construction also hints at the aforementioned equivalence

relation that defines kernel. It is natural to identify two kernels W and W ′ if G(n,W ) and

G(n,W ′) have the same law for all n ≥ 2. While this is true, this equivalence relation can

be expressed in a more analytically amenable way as we do in the next chapter.

Now we describe how a graph or a symmetric matrix with entries in [0, 1] can be identified

with a kernel or a graphon. Let A be a symmetric n × n matrix with entries in [0, 1]. We



14

associate to A, a kernel WA where WA(x, y) = A(dnxe, dnye). That is, we divide the [0, 1]2

into an n × n grid and WA is a step function whose value on the (i, j) cell is the same as

A(i, j). Naturally, given a graph G on n vertices, we associate to G a kernel WA where A

is the adjacency matrix of G.

Note that matrices of different dimensions can correspond to the same kernel. For

instance, for each n ≥ 2 let Jn be the n × n matrix such that Jn(i, j) = 1 for all i, j ∈ [n].

Note that WJn ≡ 1. This is analogous to the fact that if vn ∈ Rn is the vector such that

vn(i) = 1 for all i ∈ [n], then the empirical measure µn = 1
n

∑n
i=1 δvn(i) corresponding to vn

are the same. The graphon theory is best suited to understand the limit of the graphs and

matrices as n→ ∞.

In figure 1.1, we illustrate the correspondence of going from a graph to a kernel and

from a kernel to a matrix. In figure 1.1, we begin with a graph G which is an instance of

an Erdös-Rényi graph E(10, 0.5). The graph G is shown in Figure 1.1a and we show the

adjacency matrix A of G next to it. Figure 1.1c shows the kernel WA, where the black pixels

denote the value 1 and the white pixels denote the value 0. Note that in drawing the kernel,

the cell at the bottom-left corner denotes the entry corresponding to A(1, 1). The axis of

symmetry in the kernel is the line x = y. We draw 10 i.i.d. Unif[0, 1] samples U1, . . . , U10.

We create a graph G′ on the vertex set [n] where the edge {i, j} is present if WA(Ui, Uj) = 1.

That is, G′ is a sample from G(n,W ). This is plotted in Figure 1.1d and the corresponding

adjacency matrix and kernel are plotted in Figure 1.1e and 1.1f respectively.

Figure 1.1 also illustrates an important point worth remarking. Let G be a graph on n

vertices with the adjacency matrix A and let WA be the kernel corresponding to A. The

graph on the vertex set [n] described by G(n,WA) is a random graph and it need not be

isomorphic to G. However, for a given kernel W , the random graph G(n,W ) converges,

almost surely, to W in δ� metric as n→ ∞. This is reminiscent of the fact that for a given

vector x = (x1, . . . , xn) ∈ Rn with empirical measure µn := n−1
∑n

i=1 δxi , if we generate n

i.i.d. samples, say y1, . . . , yn, from µn then (y1, . . . , yn) need not be equal to a permutation

of x. However, if µ ∈ P(R) is fixed and yis are i.i.d. samples from µ then µn := n−1
∑n

i=1 δyi

converges, almost surely, to µ in weak sense.

The key takeaway of the above discussion is there is a compact space (Ŵ, δ�) such that
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(a) G : a sample of E(10, 0.5)



0 0 1 0 1 0 0 1 1 0

0 0 0 1 1 0 0 0 1 1

1 0 0 1 1 1 1 0 0 0

0 1 1 0 0 0 0 1 1 1

1 1 1 0 0 0 1 0 0 1

0 0 1 0 0 0 1 0 1 0

0 0 1 0 1 1 0 1 0 1

1 0 0 1 0 0 1 0 1 0

1 1 0 1 0 1 0 1 0 1

0 1 0 1 1 0 1 0 1 0


(b) Adjacency matrix A of

G

(c) Kernel WA

(d) G′ : a sample of G(10,WA)



0 0 1 0 0 1 0 0 1 1

0 0 0 1 0 1 1 0 1 1

1 0 0 0 0 0 1 0 1 1

0 1 0 0 1 1 0 1 1 1

0 0 0 1 0 1 1 0 1 1

1 1 0 1 1 0 1 1 0 0

0 1 1 0 1 1 0 1 0 0

0 0 0 1 0 1 1 0 1 1

1 1 1 1 1 0 0 1 0 0

1 1 1 1 1 0 0 1 0 0


(e) Adjacency matrix A′

of G′

(f) Kernel WA′

Figure 1.1: Graph to matrix to kernel to graph to matrix to kernel
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all weighted graphs with edge-weights in [0, 1], and all symmetric matrices with entries in

[0, 1] sit inside it. Naturally, a function on Ŵ therefore gives rise to a function on the

space Mn, the space of symmetric matrices (with entries in [0, 1]) for each n ≥ 2. Given a

sequence of processes Xn : [0,∞) → Mn, one can naturally ask if it has a limit in δ� metric

as n → ∞. The processes that we are concerned with are often motivated by optimization

problems as explained earlier. In the following section, we relate this background to our

questions and we give a chapterwise outline of the rest of the thesis.

1.5.2 Our contributions and an overview of the thesis

Recall that for our current discussion Mn denotes the set of symmetric n × n matrices

with entries in [0, 1]. As we already observed, a matrix A ∈ Mn corresponds to a kernel

W and hence to a graphon. We will use WA or K(A) to denote the kernel corresponding

to a matrix A. Also recall the function Rn : Mn → R defined in Equation (1.6) that we

reproduce below

Rn(A) =
1

n3
Tr
[
A3
]
− α

n2

∑
i,j

A(i, j) .

Let us define a function R on the space of kernels W as

R(W ) =

∫
[0,1]3

W (x1, x2)W (x2, x3)W (x3, x1)dx1 dx2 dx3 − α

∫
[0,1]

W (x, y)dxdy . (1.9)

It is easily seen that for any A ∈ Mn, we have Rn(A) = R(WA). That is, we can

interpret the sequence of functions Rn as (the restriction of) a single function on a common

space Ŵ. One might think that we did not quite use the permutation invariance of Rn.

To understand this, note that we have defined the function R on the space of kernels W.

But the space of graphons, Ŵ, is obtained by suitably quotienting the space W. A function

R : W → R descends to a function on Ŵ precisely if R is constant on the equivalence class

defining Ŵ. In that case, one can define a function on Ŵ (by abuse of notation we use the

same symbol R to denote a function on Ŵ now) R([W ]) = R(W ). This equivalence relation

is defined precisely in the next chapter, but it entails that the functions Rn on Mn can be

obtained as the restrictions of some function R on Ŵ precisely when Rn are permutation

invariant.
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In Chapter 2, we discuss the space of graphons in more detail. In the later chapters, we

also need a generalization of graphons called measure-valued graphons. This is also discussed

in Chapter 2. Thus, this chapter serves as the background for the remainder of the thesis.

While the bulk of this chapter is standard and can be found in [150], it also includes some

novel results (taken from [167, 9]) about the space of graphons, space of measure-valued

graphons and its relationship with infinite exchangeable arrays. We feel that these results

will be of general interest to the community working with graphons. With this background,

in Chapter 3, we present a literature survey highlighting different directions of research.

Our main contributions are primarily presented in Chapter 4 to Chapter 7. Finally, in

Chapter 8, we provide a summary of the thesis. After giving a summary of the thesis, we

describe some possible applications of our current work and some questions and directions

that naturally emerge out of our work that need further work. We end this chapter with a

brief outline of our results in Chapter 4 to Chapter 7 below.

Chapter 4, broadly speaking, concerns the Question 1.4.1. Following and specializing the

theory for the gradient flows in metric spaces in [5], we show that the space of graphons Ŵ

equipped with the δ2 metric admits a notion of gradient flow. More precisely, we introduce

a notion of differentiability that we call Fréchet-like differentiability for functions defined on

Ŵ. Under some mild convexity and Fréchet-like differentiability assumptions on a function

R, we show that R admits a unique gradient flow curve (more precisely, a curve of maximal

slope) starting at any prescribed point. This curve is absolutely continuous with respect to

δ2 metric. Furthermore, given a function R on Ŵ and a kernel W0 ∈ W, we can describe a

curve

Wt(x, y) =W0 −
∫ t

0
DWR(Ws)(x, y)ds ,

where DWR is the Fréchet-like derivative of R. Then, the curve t 7→ Wt is absolutely

continuous in L2([0, 1]2) and the this naturally descends to an absolutely continuous curve

(Ŵ, δ2). This curve defines the unique gradient flow of R on Ŵ.

Now consider the Euclidean gradient flow of Rn on Mn described by

d
dt
An(i, j)(t) = −n2∇i,jRn(An(t)), (i, j) ∈ [n]2 . (1.10)
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Furthermore, the kernel valued curve corresponding t 7→ An(t), that is t 7→ K(An) con-

verges, under appropriate assumption on the initial condition, to the gradient flow of R on

the space of graphons described above.

We should again emphasize that we need to modify the DW if W (x, y) ∈ {0, 1} in order

to ensure that Wt(x, y) ∈ [0, 1] for all time t ≥ 0. However, we ignore this detail in the

current discussion. Similarly, in (1.10) to ensure that An(i, j)(t) ∈ [0, 1] at all time, we need

to modify the drift term in a way so that whenever An(i, j)(t) ∈ {0, 1} the drift forces this

coordinate to lie in [0, 1].

This part of Chapter 4 is based on the paper Gradient Flows on Graphons: Existence,

Convergence, Continuity Equations[167] with Sewoong Oh, Soumik Pal and Raghav So-

mani. As an illustration of this theory, let us mention that for our example function R in

Equation 1.9, the gradient flow curve is given by

Wt(x, y) =W0(x, y)− 3

∫ t

0
Wt(x, z)Wt(z, y)dz + αt .

Gradient flow of R and Mantel Turán theorem

In this section, we go over our example function R in (1.9) in explain the key outcomes

of the theory developed in Chapter 4 in the context of this example. We begin with a

celebrated theorem of Mantel [155] (a special case of Turán’s theorem).

Theorem 1.5.1. The maximum number of edges in an n-vertex triangle-free graph is n2/4

and it is achieved by a balanced, complete bipartite graph Kn/2,n/2.

This suggests that if one maximizes the edge density subject to the condition that

triangle density is 0, then the maximizer should correspond to a complete bipartite graph.

Now observe that the minimizing function

Rn(A) =
1

n3
Tr
[
A3
]
− α

n2

∑
i,j

A(i, j) ,

with a small α, say α = 1/10, is akin to minimizing triangle density while also maximizing

the edge density as much as possible. In particular, if we run the gradient flow of R for a

sufficiently long time, we should expect a complete bipartite graph to emerge. In the view of
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Theorem 4.1.1 (where we show that the Euclidean gradient flow approximates the gradient

flow on Ŵ) it is enough to run a Euclidean gradient flow for sufficiently large n.

For numerical simulation, we set n = 128 and consider a time discretization with step size

τ = 10−3 and use the forward Euler method starting from an initial kernel
[
W

(n)
0

]
∈ Ŵn as

shown in Figure 1.2a. Figure 1.2 shows instances of the iterative process after 103, 1.5×103,

2.5 × 103, 5 × 103 and 104 many steps. We see in Figure 1.2f that after 104 iteration, the

kernel W (n)
104

is close to the one corresponding to a complete bipartite graph as one would

expect from Mantel’s theorem.

(a) W (128)
0 (b) W (128)

103 (c) W (128)
1.5×103

(d) W (128)
2.5×103 (e) W (128)

5×103 (f) W (128)
104

Figure 1.2: A gradient descent simulation of R

Such optimization problems often arise from extremal combinatorics and large deviations

of exponential random graphs. Understanding the structure of minimizers in such problems

is often challenging. While our current theory does not say anything about the structure

of minimizer(s), it provides a convenient computational tool with to obtain approximate

minimizers. This can be especially useful for producing counterexamples.
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Chapter 5 is based on the paper Stochastic optimization on matrices and a graphon

McKean-Vlasov limit [102] with Zaid Harchaoui, Sewoong Oh, Soumik Pal and Raghav

Somani. In this part, we study the limit of the noisy version of the gradient flow described

in (1.2) that is,

d
dt
An(i, j)(t) = −n2∇i,jRn(An(t)) +

2√
β

dBn(i, j)(t), (i, j) ∈ [n]2 , (1.11)

where β > 0 is a constant and Bn is an n×n symmetric matrix such that {Bn(i, j) : i ≤ j}

is a collection of i.i.d. Brownian motions.

Note that the drift in the above equation is slightly different from that in (1.8). To get

a non-trivial limit as n → ∞, we need to scale the drift ∇Rn by n2. We now answer the

Question 1.4.2, that is, what happens to this process as n→ ∞? Consider the kernel valued

process t 7→ K(An(t)). We show that there is a deterministic curve of kernels t 7→ W (t)

that is absolutely continuous with respect to the usual L2 norm on L2([0, 1]2) such that

for any fixed finite time T > 0 we have supt∈[0,T ]‖K(An)(t)−W (t)‖� → 0, in probability,

as n → ∞. This answers part of Question 1.4.2, namely, it shows that the matrix-valued

random process converges to a deterministic curve of kernels.

It is useful to recall the analogy with the mean-field interacting particle systems. We

think of (1.11) as describing the evolution of n(n − 1)/2 many particles. Here we think

of every entry of the matrix as a particle (but our matrix is assumed to be symmetric).

However, as we already pointed out, the system described by (1.11) is not mean-field. In

particular, the evolution of the system is not quite captured by the empirical measure of the

coordinates. The graphon or kernel corresponding to the matrix An captures the state of

the evolution in this setting. The statement that t 7→ K(An)(t) converges to a deterministic

curve t 7→ W (t) as n → ∞ is analogous to the fact that the empirical measure process of

mean-field particle system converges to a deterministic curve of measures as the ensemble

size grows to infinity. In a mean-field particle system, this phenomenon is accompanied by

the propagation of chaos.

Our current setting has a close parallel to this. To explain this, let us define an infinite

exchangeable array (IEA)see [124, Chapter 7]. An IEA X is a doubly-indexed sequence of

random variables (Xi,j)(i,j)∈N(2) defined on a single probability space whose joint distribution
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is invariant under finite permutations of its rows and columns. That is, if ς is any finite

permutation on N, then the joint distribution of
(
Xςi,ςj

)
(i,j)∈N(2) is the same as that of the

original array. For a definitive modern account of exchangeable arrays and their connections

with the limits of large graphs, the reader is referred to [74, 13, 14, 15].

We show that the coordinates of k × k submatrix of An, chosen uniformly at random

from all submatrices of size k, become asymptotically independent as n → ∞. This allows

us to show that An converges to an IEA. This means that a randomly (uniformly at random)

chosen k × k submatrix of An converges (weakly) to the principle k × k submatrix of the

IEA as n → ∞. This is essentially the propagation of chaos phenomenon. To further the

analogy with the mean-field particle system, we also show that the evolution of a randomly

chosen coordinate of An as n → ∞ is described by an SDE analogous to McKean-Vlasov

SDE where the measure is replaced by a kernel. That is, in the limit, we obtain an SDE on

some probability space (Ω,F ,P) supporting i.i.d. Uniform[0, 1] random variables U, V and

a standard Brownian motion B such that on the set U = x, V = y, we have

dXu,v(t) =W0(x, y)−DW(R)(W (s))(x, y) +
2√
β
B(t),

W (s)(u, v) = E[X(t) | U = u, V = v] . (1.12)

The well-posedness of such a system is part of our work. We refer to this coupled

system of SDE and kernel as graphon McKean-Vlasov SDE. Morally, the evolution of XU,V

describes the evolution of a uniformly random coordinate of An in the limit as n→ ∞. We

once again emphasize that in order to ensure that the coordinates of An(t) are in [0, 1] at

all times, we need to modify (1.11). This is done via coordinatewise Skorokhod reflection of

(1.11). This reflection makes the analysis more delicate and the process with and without

reflections are qualitatively different. We detail this point further in Chapter 5.

We now move to Chapter 6. Chapter 6 is based on the paper Path convergence of Markov

chains on large graphs with Siva Athreya, Soumik Pal, and Raghav Somani. While the cut

metric is very useful and naturally suited for studying the convergence of simple graphs it

is not well-suited for the convergence of weighted graphs. This weakness of cut-convergence

also manifests in the fact that a sequence of kernels Wn converging to W in metric does

not necessarily imply the convergence of
∫
[0,1]2 W

2
n(x, y)dxdy to

∫
W 2(x, y)dxdy. If one is
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interested in studying the dynamics of matrices under permutation-invariant interactions, it

is natural to search for a stronger mode of convergence. This is one issue that we address in

Chapter 6. More importantly, we construct a variant of the Metropolis chain on a suitable

space of graphs that approximates the gradient flow of R.

To understand this, suppose we are interested in minimizing Rn on the space of graphs

for very large n and suppose that we can solve or approximate the gradient flow curve

t 7→Wt of R on the space of graphons. To obtain an approximate minimizer of Rn, one can

sample G(n,W (t)) for large t. Under appropriate assumptions, it follows that G(n,W (t))

is an approximate minimizer of Rn. This naturally suggests the following question.

Question 1.5.2. Let R be a nice function on the space of graphons. Can we construct a

Markov chain on Gn, the space of graphs on n vertices, that mimics the gradient flow of R

when n is large?

This is another question that we address in Chapter 6. In this chapter, We construct a

Metropolis-Hastings type chain on the stochastic block models. In other words, our state

space is a graph on nr vertices where the vertices are divided into n communities and each

community has r individuals. We show that as r, n→ ∞ suitably, the paths of the Markov

chain are close (in cut-metric), with high probability, to the deterministic curve of kernels

described by the graphon McKean-Vlasov SDE described in (1.12).

In fact, in Chapter 6, we consider a general class of dynamics on the symmetric matrices

and establish its convergence to an IEA. However, this time, our convergence is in a much

stronger sense. In particular, the limiting objects are identified with kernels taking values in

the space of measures (and correspondingly measure-valued graphons). The measure-valued

graphons as tools to study the convergence of weighted graphs were introduced by [151]. We

introduce a metric on the space of measure-valued graphons analogous to the cut-metric on

graphons and further extend many results connecting IEA and graphons to measure-valued

graphon settings.

In Chapter 7, we consider a slightly different but related theme. We study the scaling

limit of the iterated product of matrices. Such problems arise in many different contexts

that we discuss in detail in Chapter 7. Philosophically, we can say that this chapter deals
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with an evolution of matrices where the updates are multiplicative and not additive. We

will explain this point shortly.

To state the problem, let us consider a triangular array of n × n (possibly random)

matrices
((

A
(m)
n,k

)
k∈[m]

)
m∈N

and define the following iterated product of matrices

P (m)
n (k) :=

(
In +

µn
m
A

(m)
n,k

)
. . .
(
In +

µn
m
A

(m)
n,2

)(
In +

µn
m
A

(m)
n,1

)
, k ∈ [m], (1.13)

where µn is a dimension-dependent scaling factor. We set P (m)
n (0) = In. Our goal is to

establish the scaling limit for P (m)
n in equation (1.13) as m,n → ∞. In the following, we

first explain the scaling limit as m → ∞ and then consider the limit as n → ∞. The

role of µn becomes important only when we consider the limit as n → ∞. Therefore, in

the following discussion, we fix µn = 1. Such iterated products of matrices arise naturally

in many different contexts including random walks on groups, Oja’s algorithm, and Neural

networks. Chapter 7 is based on the paper Scaling Limits of Large Linear Residual Networks

with Zaid Harchaoui, Sewoong Oh, Soumik Pal and Raghav Somani. In Chapter 7, we do

not assume matrices A(m)
n,k to be symmetric. First, let us consider the scaling limit of P (m)

n ,

fixing the dimension n ∈ N, as m→ ∞. As n is fixed, we will drop µn for simplicity in the

following discussion. Note that P (m)
n satisfies following difference equation

P (m)
n (k + 1)− P (m)

n (k) =
1

m
A

(m)
n,k+1P

(m)
n (k), k ∈ [m− 1]. (1.14)

Note that in (1.14), we see that P (m)
n (k + 1) is obtained by multiplying pre-multiplying

P
(m)
n (k) with I + 1

mA
(m)
n,k+1. This should be compared with gradient flow equation (1.8). If

we consider a time discretization of (1.8), we see that given a state An(t), the next step

An(t + τ) is obtained by adding −τ∇R(An(t)) with An(t). In this sense, we can say that

the theme of Chapter 7 is to deal with the multiplicative dynamics of matrices.

We now return to the discussion of the scaling limit of P (m)
n . In the view of (1.14), it is

reasonable to expect that P (m)
n admits a scaling limit. That is, under appropriate conditions

on the curve An defined as An(t) := limm→∞A
(m)
n,bmtc for t ∈ [0, 1], we should expect that

the curve Pn,m defined as Pn,m(t) := P
(m)
n (bmtc) for t ∈ [0, 1], converges to an absolutely

continuous curve, say Pn, satisfying d
dtPn(t) = An(t)Pn(t) as m → ∞. If An(t) ≡ An

is a constant curve, then the solution to this differential equation is Pn(t) = etAn . For a
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more general curve An, one may guess the solution of the above differential equation to be

Pn(t) = e
∫ t
0 An(s) ds. However, this is incorrect – unless An(s) and An(s

′) commute for all

s, s′ ∈ [0, t].

Under very general conditions on the triangular array A(m)
n,k , we show that P (m)

n admits

a scaling limit, as m → ∞ while n is fixed. This limit is described by a non-commutative

exponential Texp[Yn] of a semimartingale Yn where Yn is the scaling limit of A(m)
n,bmtc as

m → ∞. Next, we explore the suitable scaling limit of Texp[Yn], as n → ∞, where Yn is a

semimartingale of the form

Yn(t) = µn

∫ t

0
An(s)ds+ σnBn(t) ,

where Bn is an n × n matrix whose coordinates are i.i.d. Brownian motion. Note that

we do not assume any symmetry here. In Chapter 7 we study the two important cases

µn = σn = n−1 and µn = σ2n = n−1. Somewhat surprisingly, we observe a propaga-

tion of chaos phenomenon in Texp[Yn] as well. To study this limit, we often assume that

t 7→ K(An(t)) converges to a curve of L2 kernels t 7→ W (t). As a consequence, we show

that, under the µn = σn = n−1 regime, n(Texp[Yn]− In) converges to an IEA whose coordi-

nates are conditionally independent Gaussian whose mean and variance can be completely

characterized in terms of the limiting curve t 7→W (t). As a consequence, we also obtain the

convergence of the curve of kernels t 7→ K(Texp[Yn](t)) to a deterministic curve of kernels

that is described by a suitable non-commutative exponential of the curve t 7→W (t) that we

define in Chapter 7.

In µn = σ2n = n−1 regime the situation is more delicate. In this case the variance of a co-

ordinate of n(Texp[Yn]− In) blows up as n → ∞. On the other hand,
√
n(Texp[Yn]− In)

converges to an IEA where the coordinates become i.i.d. time changed Brownian mo-

tions. Note that this limit is independent of the curve t 7→ W (t). In other words, this

limit is trivial– in the sense that it does not depend on the data t 7→ An(t). We there-

fore consider a further centering and scaling of
√
n(Texp[Yn]− In), namely, we consider

√
n(
√
n(Texp[Yn]− In)−Gn) where Gn is a square matrix whose coordinates are (almost)

i.i.d. time changed of Brownian motion. We show that
√
n(
√
n(Texp[Yn]− In)−Gn) con-

verges to an IEA whose coordinates are Gaussian processes but coordinates of this IEA
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have a non-trivial correlation. We describe the mean and covariance of this limiting IEA

in terms of the curve t 7→ W (t). This second case has important applications in the study

of residual neural networks. The mean of the limiting IEAs in the above two cases agree

and we interpret the mean in terms of quantum homomorphism density of some quantum

graphs that we describe in 7.

.
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Chapter 2

PRELIMINARIES

There are three central objects in this thesis: graphons, measure-valued graphons, and

infinite exchangeable arrays. In this chapter, we provide a gentle introduction to these

three topics and their interrelationship. We also state some preliminary results that are

used throughout the thesis.

We also provide a background on the theory of gradient flows in metric spaces in Sec-

tion 2.1.4 while keeping in mind the metric space of graphons.

In Section 2.2 and Section 2.3.1, we state and prove some novel results from [167] and [9].

These results are also used in the following chapters, but we believe these will be useful to

the general audience as well.

2.1 Background on graphons

In Section 2.1.1, we introduce the required metric on graphons and other properties re-

lated to graphons. The material in this section is mostly borrowed from [150, 118]. In

Section 2.1.4, we introduce the necessary terminology to talk about the gradient flow on a

metric space. The material in that section is adapted from [5].

2.1.1 Graphons and Metrics on Graphons

Recall that a kernel W : [0, 1]2 → [−1, 1] is a Borel measurable, symmetric function. On

the space of kernels, W ⊂ L2
(
[0, 1]2

)
, we have the usual L2 norm, ‖ · ‖2, that is, ‖W‖22 :=∫

[0,1]2 |W (x, y)|2 dxdy. We also define the cut norm, denoted ‖ · ‖�, on W as follows.
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Definition 2.1.1 (Cut norm). The cut norm ‖ · ‖� : W → R+ is defined as

‖W‖� := sup
S,T⊆[0,1]

∣∣∣∣∫
S×T

W (x, y)dxdy
∣∣∣∣

= sup
‖f‖∞,‖g‖∞≤1

∣∣∣∣∣
∫
[0,1]2

W (x, y)f(x)g(y)dxdy

∣∣∣∣∣,
for all W ∈ W where S and T are Borel measurable subsets of [0, 1], and f and g are Borel

measurable functions on [0, 1], and ‖ · ‖∞ denotes the usual L∞ norm.

The cut norm was first introduced in [87] in the context of matrices and was later

extended to kernels in [39]. The cut norm is used to define a metric called the cut metric,

δ�, on the space of graphons that we define now.

In the following, we use T to denote the set of all Lebesgue measure-preserving maps

ϕ : [0, 1] → [0, 1], and I to denote the set of all invertible Lebesgue measure-preserving maps

ϕ : [0, 1] → [0, 1]. Given a kernel W ∈ W and a Lebesgue measure preserving map ϕ ∈ T ,

one can define Wϕ ∈ W as Wϕ(x, y) :=W (ϕ(x), ϕ(y)) for Lebesgue a.e. x, y ∈ [0, 1]. From

hereon in the text, we will always refer to Lebesgue measure preserving transformations,

and Lebesgue almost everywhere (a.e.) unless explicitly specified otherwise. The kernels

W1,W2 ∈ W are said to be weakly isomorphic if there exists a kernel U ∈ W and Lebesgue

measure preserving transforms ϕ1, ϕ2 : [0, 1] → [0, 1] such that Wi = Uϕi , for i ∈ [2].

Definition 2.1.2 (Graphons and the space of graphons). The space of graphons Ŵ is

defined to be the set of equivalence classes in W/∼= where W1
∼= W2 if W1 and W2 are

weakly isomorphic. Naturally, the elements in Ŵ are called graphons. We will often make

an abuse of notation and use W to refer to a kernel as well as the graphons corresponding

to the equivalence class of W . When we wish to be precise about the distinction between a

kernel and a graphon, we will denote a graphon by [W ].

The cut norm defined above induces a metric on the space of graphons called the cut

metric. We now define this metric but before that, we need some notations.

For any n ∈ N, let Qn := {Qn,i}i∈[n] be a partition of [0, 1] into intervals of equal

Lebesgue measure, for example Qn,1 := [0, 1/n] and Qn,i := ((i− 1)/n, i/n] for i ∈ [n] \ {1}.

For every permutation π ∈ Sn we can define an invertible Lebesgue measure preserving map
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π̃ : [0, 1] → [0, 1] such that π̃ is an increasing affine homeomorphism from Qn,i to Qn,π(i) for

each i ∈ [n]. We denote the set of all such maps by the set In.

Definition 2.1.3 (Cut metric [39, Section 3.2]). The cut metric δ� : Ŵ × Ŵ → R+ is

defined as

δ�([W0], [W1]) := inf
ϕ0,ϕ1∈T

‖Wϕ0
0 −Wϕ1

1 ‖�

= inf
ϕ∈I

‖W0 −Wϕ
1 ‖� = lim

k→∞
min
π̃∈Ik

∥∥W0 −W π̃
1

∥∥
�,

(2.1)

for all [W0], [W1] ∈ Ŵ, where the latter two equalities are due to [39, Lemma 3.5].

Note that δ� can be naturally extended to kernels, but it only defines a pseudometric

on W. In fact, δ�(W1,W2) = 0 if and only if the kernels W1,W2 are weakly isomorphic.

In other words, graphons can also be defined as the class of kernels identified up to zero

distance in the cut metric.

More generally, one can start with a norm on the space of kernel that is invariant, that

is, ‖W‖ = ‖Wϕ‖. Any such norm can used to induce a metric on the space of Ŵ. In this

spirit, we also define the so-called invariant L2 metric on Ŵ that will be needed later.

Definition 2.1.4 (Invariant L2 metric [37, 118]). The invariant L2 metric δ2 : Ŵ×Ŵ → R+

is defined as

δ2([W0], [W1]) := inf
ϕ1,ϕ2∈T

‖Wϕ1
0 −Wϕ2

1 ‖2 = inf
ϕ∈I

‖W0 −Wϕ
1 ‖2, (2.2)

for all [W0], [W1] ∈ Ŵ, where ‖ · ‖2 : L2
(
[0, 1]2

)
→ R+ is the usual L2-norm, and the second

equality is a consequence of [150, Theorem 8.13].

We denote the metrics induced by the cut norm and the L2-norm as d� and d2 re-

spectively. The space (Ŵ, δ�) is a compact metric space [152], [150, Section 9.3] while the

metric space (Ŵ, δ2) is complete and separable, but not compact. It is clear that conver-

gence in δ2 implies the convergence in δ�, that is, the topology generated by δ� is weaker

than the topology generated by δ2. The following Lemma says that the metric δ2 is lower

semicontinuous with respect to δ�.
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Lemma 2.1.5. [150, Lemma 14.16] The metric δ2 is sequentially δ�-lower semicontinuous,

i.e., if sequences ([Un])n∈N, ([Vn])n∈N ⊂ Ŵ, and [U ], [V ] ∈ Ŵ such that ([Un])n∈N
δ�−→ [U ]

and ([Vn])n∈N
δ�−→ [V ], then

lim inf
n→∞

δ2([Un], [Vn]) ≥ δ2([U ], [V ]).

As we mentioned in the Introduction, the gradient flow on the space of graphons will be

with respect to the invariant L2 metric, but the convergence statements will be with respect

to the topology generated by the cut metric.

Let us mention in passing that the invariant L2 metric is closely related to the popular

Gromov-Wasserstein metric [158] used to compare two metric measure spaces or their sample

equivalents [72]. This can be seen by considering [0, 1] as a metric measure space where the

measure is the Lebesgue measure and, for a given bounded metric d, one defines a graphon

as W (x, y) = d(x, y) for x, y ∈ [0, 1]. Then the Gromov-Wasserstein distance (for p = 2)

between ([0, 1], λ[0,1],d) and ([0, 1], λ[0,1],d′), for two distances d and d′, is the same as

computing the invariant L2 distance between the corresponding graphons. In this vein also

see the unpublished article [202] which constructs gradient flows on the space of metric

measure spaces in a spirit that is quite similar to ours.

2.1.2 Block Graphons, Matrices and Graphons

As we briefly explained in the Introduction, symmetric matrices or equivalently edge-

weighted graphs can be thought of as sitting inside the space of kernels and hence inside

the space of graphons. As we frequently make this identification, we recall this notion again

and explain it in more detail below.

For any n ∈ N, define the set of kernels Wn ⊂ W which contain kernels that are constant

a.e. over sets in Qn ×Qn. The set Wn can be naturally identified with a convex subset of

the finite-dimensional vector space of symmetric n × n matrices. Since this identification

will be used often, we make it a definition.

Definition 2.1.6 (Kernels and finite symmetric matrices). For any n ∈ N, and a symmetric

matrix A ∈ Mn, the kernel K(A) corresponds to the element in Wn which takes the constant

value Ai,j on Qn,i×Qn,j for i, j ∈ [n]. The inverse map from Wn to Mn is denoted by Mn.
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Kernels in Wn can be thought of as adjacency matrices of vertex-labeled graphs with

edge weights. For a finite graph G = (V,E) with vertices labeled as [n] and associated

weights with every edge with weight w({i, j}) ∈ [−1, 1] for {i, j} ∈ E, we can construct its

adjacency matrix A ∈ Mn by defining

Ai,j := w({i, j})1{{i, j} ∈ E}, i, j ∈ [n].

Thus, we can also map vertex-labeled graphs with weights associated with its edges to

kernels by considering K(A) ∈ Wn. Naturally, we can also define Ŵn := Wn/∼=. In other

words, we now identify a symmetric matrix or edge-weighted graph with a kernel.

On the other hand, we explained in the Introduction, that given a kernel W : [0, 1]2 →

[0, 1] we can construct a sequence of (simple) random graphons G(n,W ) on the vertex set

[n] by making an edge between i and j with probability W (Ui, Uj) (independently given

{Ui : i ∈ N}). The adjacency matrix of such a graph is exchangeable. Furthermore, as we

hinted in the Introduction, the random graphs G(n,W1) and G(n,W1) have the same law

for each n ≥ 2 if W1 and W2 are weakly isomorphic. Therefore, one can naturally define

G(n, [W ]) for a graphon [W ].

However, the above construction does not work for the kernels W ∈ W that can take

values in [−1, 1]. To address this issue we now explain how to sample a sequence of ex-

changeable matrices (or equivalently edge-weighted graphs) given a graphon [W ] ∈ Ŵ.

Starting with a graphon [W ] ∈ Ŵ, for any n ∈ N we can sample a random graphGn[W ] of

size n as follows. Consider any representative element W ∈ [W ] and sample n i.i.d. elements

{Ui}ni=1 uniformly at random from [0, 1], and assign edge weight W (Ui, Uj) to edge {i, j}

for all (i, j) ∈ [n](2). By an abuse of notation, we also denote the exchangeable symmetric

n × n weighted adjacency matrix of this random graph by Gn[W ]. The distinction will be

apparent from the context. In either case, Gn[W ] is measurable with respect to σ({Ui}ni=1).

2.1.3 Homomorphism densities and cut-metric

Recall the function R on W defined as

R(W ) =

∫
[0,1]2

W (x1, x2)W (x2, x3)W (x3, x1)dx1 dx2 dx3 − α

∫
W (x, y)dxdy ,
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where α > 0. We defined the function R in the Introduction. It is straightforward to

verify R(W ) = R(Wϕ) for any Lebesgue measure-preserving transform ϕ : [0, 1] → [0, 1].

In particular, R projects to a well-defined function on the space of graphons Ŵ. This is

a particular example of a rich and interesting class of functions on the space of graphons,

namely, homomorphism densities. These functions have been central in the development of

the theory of graphons.

Let F be a finite simple graph on the vertex set [m] for some m ∈ N. Let E(F ) denote

the set of edges in F . Let W ∈ W be a kernel. We define the homomorphism density of F

into W , denoted by t(F,W ), as

t(F,W ) =

∫
[0,1]m

∏
{i,j}∈E(F )

W (xi, xj)
m∏
k=1

dxk .

It is easily verified that t(F,W ) = t(F,Wϕ) for any Lebesgue measure preserving trans-

form ϕ : [0, 1] → [0, 1]. Therefore, t(F, ·) defines a function on Ŵ.

Let G be a graph on the vertex set [n]. Let A be the adjacency matrix of G and let

WA be the kernel corresponding to the adjacency matrix of G as explained in the previous

section. Let F be as above and assume that m ≤ n. Notice that

t(F,G) := t(F,WA) =
1

nm

∑
1≤p1,...,pm≤n

∏
{i,j}∈E(F )

A(pi, pj) .

Fix an m-tuple (p1, . . . , pm) ∈ [n]m. Notice that the product
∏

{i,j}∈E(F )A(pi, pj) =

1 if and only if there is an {pi, pj} ∈ E(G) whenever {i, j} ∈ E(F ). In other words,∏
{i,j}∈E(F )A(pi, pj) is exactly the indicator function of the condition that the subgraph

of G induced by the vertices {p1, . . . , pm} is homomorphic to F . Thus, we can interpret

t(F,WA) as the probability that a random map from [m] into [n] is a homomorphism of

F into G. This justifies the name homomorphism density for t(F, ·). While working with

graphs, it is sometimes useful to consider a modification of the homomorphism density

function, denoted by tinj(F, ·), which gives the probability that a random inejctive map

from [m] → [n] is a homomorphism of F into G. In other words,

tinj(F,G) =
1(
n
m

) ∑
{p1,...,pm}∈

([n]
m

)
∏

{i,j}∈E(F )

A(pi, pj) ,
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where
(
[n]
m

)
denotes all subsets of [n] with cardinality m. For a fixed F , the two types of

homomorphism densities are asymptotically the same. That is, |t(F,A)− t(F,A)| ≤ 1
n

(
m
2

)
for any A ∈ Mn. Therefore, in the limiting regime as n → ∞, it does not matter which

definition one uses and we will use whichever will be convenient.

Homomorphism density functions not only provide a rich class of examples of invariant

functions, but they are also foundational to the theory of graphons. We refer the reader

to [150, Chapter 5] for more details. We end this section with two important properties of the

homomorphism density functions. Firstly, it is easily seen from the definition that if W1 and

W2 and weakly isomorphic then t(F,W1) = t(F,W2) for any finite simple graph F . It turns

out that the converse is also true [150, Section 10.7, 13.2]. In other words, W1,W2 are weakly

isomorphic if and only if t(F,W1) = t(F,W2) for all finite simple graphs F . Historically, the

graphons were first defined as the kernels identified up to the equivalence and it was later

shown to be equivalent to being weakly isomorphic. Secondly, let us say that a sequence of

graphons Wn (or more precisely [Wn]) converges to some graphon W in the homomorphism

density sense if limn→∞ t(F,Wn) = t(F,W ) for every finite simple graph. One can use this

notion of convergence to define a topology on the space of graphons Ŵ. One of the most

important insights coming from the graphon theory is that the topology generated by the

convergence in the homomorphism density on Ŵ is the same as the topology generated by

the cut metric. More succinctly limn→∞ δ�(Wn,W ) = 0 if and only if limn→∞ t(F,Wn) =

t(F,W ) for every finite simple graph F (see [150, Theorem 11.5]). This equivalence is often

useful in practice.

Extensions to Lp kernels for p ∈ [1,∞]

Sometimes in our text, we will consider kernels and matrices whose entries are not necessar-

ily in [−1, 1], but are rather elements in L2
(
[0, 1]2

)
or L∞([0, 1]2). For any n ∈ N, just like we

defined Wn, we can restrict our attention to the subset of functions Lpn
(
[0, 1]2

)
⊂ Lp

(
[0, 1]2

)
for every p ∈ [1,∞] which contain symmetric measurable functions on [0, 1]2 that are con-

stant over Qn × Qn. Using the equivalence relation ∼=, just like we defined Ŵ and Ŵn,

we can similarly define L̂p
(
[0, 1]2

)
:= Lp

(
[0, 1]2

)
/∼= and L̂pn

(
[0, 1]2

)
:= Lpn

(
[0, 1]2

)
/∼= for any
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p ∈ [1,∞]. When it is clear from the context, we will also call the elements in L̂∞ graphons.

For simplicity, we use K and Mn for n ∈ N from Definition 2.1.6 even when the kernels are

in Lp
(
[0, 1]2

)
for p ∈ [1,∞].

Unless otherwise explicitly stated (as we do in Chapter 7), the kernels and matrices

that we work with are symmetric. To emphasize that W : [0, 1]2 → [−1, 1] is a symmetric

function, we often use the notation W : [0, 1](2) → [−1, 1]. In other words, we use the

notation [0, 1](2) to denote the set {(x, y) ∈ [0, 1]2 : x ≤ y}. Note that symmetric measurable

functions on [0, 1]2 are in one-to-one correspondence with functions on [0, 1](2). This is

primarily for a notational convenience.

2.1.4 Gradient Flows on metric spaces

The theory of gradient flow on a general metric space is well-developed by now and can

be found in [5]. Since our goal is to define gradient flows on (Ŵ, δ2), the definitions below

are sometimes not the most general versions as given in [5] but adapted to our particular

setting.

Definition 2.1.7 (Absolutely continuous curves). For a metric space (X, d), and any time

horizon T ∈ R+, a curve ω = (ωt)t∈[0,T ] in X is absolutely continuous with respect to the

metric d if there exists m ∈ L1([0, T ]) such that for all 0 ≤ r < s ≤ T

d(ωr, ωs) ≤
∫ s

r
m(t)dt. (2.3)

The set of all absolutely continuous curves will be denoted as AC(X, d).

Definition 2.1.8 (Metric derivative). For a metric space (X, d), and any T ∈ R+, the

metric derivative |ω′|(t) of a curve ω = (ωt)t∈[0,T ] in X at t ∈ (0, T ) is defined as

∣∣ω′∣∣(t) := lim
s→t

d(ωs, ωt)

|s− t|
, (2.4)

provided this limit exists.

If ω ∈ AC(X, d), then the limit in equation (2.4) exists for a.e. t ∈ (0, T ) and

|ω′| ∈ L1([0, T ]) [5, Theorem 1.1.2]. In other words, every absolutely continuous curve
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in a metric space has a metric derivative defined almost everywhere. And conversely, if the

metric derivative |ω′|(t) exists for a.e. t ∈ (0, T ) and |ω′| ∈ L1([0, T ]), then ω is absolutely

continuous.

We now need to define some notion for the derivative of a function F : X → R∪{∞}. In

a metric space, the usual notion of derivative can not be defined. However, the following [5,

Definition 1.2.4] acts as a substitute in many situations of interest.

Definition 2.1.9 (Local slope). The local slope |∂F |(v) of F : X → R∪{+∞} on a metric

space (X, d), at v ∈ eff-Dom(F ) is defined as

|∂F |(v) := lim sup
w∈X, d(v,w)→0

(F (v)− F (w))+

d(v, w)
. (2.5)

The definition below is narrower than the one in [5, Definition 1.3.2] since we restrict

our choice of upper gradient in that definition to the local slope [5, Theorem 1.2.5].

Definition 2.1.10 (Curves of maximal slope). On a metric space (X, d), any locally ab-

solutely continuous curve ω = (ωt)t∈[0,T ] in X on a finite time horizon T > 0 is a curve

of maximal slope for the function F : X → R ∪ {+∞} with respect to its local slope, if

F ◦ ω = G a.e. for some non-increasing map G on (0, T ), and

G′(t) ≤ −1

2

∣∣ω′∣∣2(t)− 1

2
|∂F |2(ωt), a.e. t ∈ (0, T ). (2.6)

On a general metric space, a curve of maximal slope can be referred to as a gradient

flow although the concept of gradient itself is absent. See [5, Section 1.3] for the intuition.

Definition 2.1.11 (Length). Given the metric space (X, d), and a curve ω = (ωt)t∈[0,T ] in

X, the length of ω is defined as

`(ω) := sup

{
n−1∑
k=0

d
(
ωtk , ωtk+1

) ∣∣∣∣∣ n ∈ N, 0 = t0 < t1 < · · · < tn = T

}
.

It is clear from Definition 2.1.11 that for any absolutely continuous curve ω = (ωt)t∈[0,T ]

in X and x, y ∈ X such that ω0 = x, ωT = y, we have `(ω) ≥ d(x, y). Given x, y ∈ X it

is natural to ask if there is an absolutely continuous curve ω from x to y that achieves the

length `(ω) = d(x, y). Such a curve is called a geodesic between x and y. If there exists a
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geodesic ω between any two points x, y ∈ X, we say that (X, d) is a geodesic metric space.

In a geodesic metric space, notions like convexity and semiconvexity make sense. We make

those precise in the following definitions.

Definition 2.1.12 (Geodesic metric space). A metric space (X, d) is called a geodesic

metric space if for all x, y ∈ X

d(x, y) = min{`(ω) | ω ∈ AC(X, d), ω0 = x, ω1 = y} .

Definition 2.1.13 (Constant speed geodesics). On a metric space (X, d), a curve ω =

(ωt)t∈[0,1] in X is a constant speed geodesic if for all 0 ≤ r ≤ s ≤ 1,

d(ωr, ωs) = d(ω0, ω1)(s− r). (2.7)

Note that if a curve ω satisfies equation (2.7), then ω is Lipschitz and hence absolutely

continuous. It is easy to see that such a curve ω is indeed a geodesic and the metric derivative

|ω′|(t) = d(ω0, ω1) for a.e. t ∈ [0, 1]. This justifies the name ‘constant speed geodesic’.

Remark 2.1.14. It is also worth pointing out that not only every geodesic but every ab-

solutely continuous curve can be reparametrized so that it becomes Lipschitz [192, Box 5.1]

under the new parametrization.

We now make precise the notion of convexity in metric spaces. On a metric space, we first

define convexity (and semiconvexity) along curves. If a function is convex (or semiconvex)

along every constant speed geodesic, then we call it convex with respect to the metric.

Definition 2.1.15 (λ-semiconvexity along curves w.r.t. a metric). On a metric space

(X, d), a function F : X → R∪ {∞} is said to be λ-semiconvex with respect to the metric d

along a curve ω = (ωt)t∈[0,1] in X for some λ ∈ R, if

F (ωt) ≤ (1− t)F (ω0) + tF (ω1)−
1

2
λt(1− t)d2(ω0, ω1), (2.8)

for all t ∈ [0, 1]. Particularly, if the above inequality holds for λ = 0, then we say that F is

convex with respect to the metric d along the curve ω.
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Definition 2.1.16 (λ-geodesic semiconvexity w.r.t. a metric). On a metric space (X, d),

a function F : X → R ∪ {∞} is λ-geodesically semiconvex with respect to the metric d, if

for any v0, v1 ∈ eff-Dom(F ) there exists a constant speed geodesic ω = (ωt)t∈[0,T ] on (X, d)

(Definition 2.1.13) with ω0 = v0 and ω1 = v1 such that F is λ-semiconvex on ω with respect

to the metric d for some λ ∈ R (Definition 2.1.15).

2.2 Some Preliminary results on the space of graphons

In this section, we prove some results that are used in the construction of gradient flows

on the space of graphons, but are also of independent interest. The two key results in this

section are Lemma 2.2.1 and Proposition 2.2.5. If (Wt)t∈[0,1] ∈ AC(W, d2). It is easily

seen that (ωt := [Wt])t∈[0,1] ∈ AC(Ŵ, δ2). Lemma 2.2.1 shows that the converse is also

true. Proposition 2.2.5 states that (Ŵ, δ2) is a geodesic metric space. All the results in this

Section are taken from [167].

Lemma 2.2.1. Let ω = (ωt)t∈[0,1] ∈ AC(Ŵ, δ2). Then there exists W = (Wt)t∈[0,1] ∈

AC(W, d2) such that ωt = [Wt], and δ2(ωt, ωs) = ‖Wt −Ws‖2 for all s, t ∈ [0, 1].

The proof of Lemma 2.2.1 requires a strengthening of [150, Theorem 8.13], [117, Theorem

6.16] that we state and prove below. Before we begin the proof, we define some notations.

Let (Ω,F , µ) be a probability space over some Polish space Ω equipped with the usual Borel

sigma algebra F . For a kernel W on Ω, that is, W : Ω×Ω → R we define the norm ‖ · ‖2,Ω,µ
as

‖W‖22,Ω,µ :=

∫
Ω2

|W (x, y)|2µ(dx)µ(dy).

Also, Let W ∈ W be a kernel. Let ϕ : (Ω,F , µ) → ([0, 1],B([0, 1]), λ[0,1]) be a measure

preserving map (i.e., µ(ϕ−1(B)) = λ[0,1](B) for all Borel sets B ⊆ [0, 1]). We can define Wϕ

as a kernel on Ω(2) as

Wϕ(ω1, ω2) :=W (ϕ(ω1), ϕ(ω2)), for µ-a.e. ω1, ω2 ∈ Ω. (2.9)

Let π, ρ : [0, 1]2 → [0, 1] be the usual coordinate projection maps, that is, π : (x, y) 7→ x

and ρ : (x, y) 7→ y. Using equation (2.9), we can define W π and W ρ as kernels on Ω = [0, 1]2
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for every kernel W ∈ W. For example,

W π((x1, y1), (x2, y2)) :=W (x1, x2), (x1, y1), (x2, y2) ∈ [0, 1]2.

It is easy to see that W π is symmetric on [0, 1]2 × [0, 1]2.

In the following discussion, we always equip [0, 1] with the Borel sigma-algebra and the

Lebesgue measure, often without explicitly mentioning.

Lemma 2.2.2. Let ω1, . . . , ωn ∈ Ŵ. Then there exist W1, . . . ,Wn ∈ W such that [Wi] = ωi

and ‖Wi −Wi+1‖2 = δ2(ωi, ωi+1) for every i ∈ [n− 1].

Proof. Let Ui ∈ ωi for i ∈ [n]. From [150, Theorem 8.13] there exist probability measures

µi on [0, 1]2 for i ∈ [n− 1] such that each µi is a coupling of Lebesgue measures satisfying

δ2(ωi, ωi+1) =
∥∥Uπi − Uρi+1

∥∥
2,[0,1]2,µi

. (2.10)

Let πi : [0, 1]n → [0, 1] be the usual projection map on the i-th coordinate. By the gluing

lemma [212, Lemma 7.6], there exists a measure µ̃ on [0, 1]n such that (πi, πi+1)]µ̃ = µi.

Therefore we have

∥∥Uπi − Uρi+1

∥∥
2,[0,1]2,µi

=
∥∥Uπii − U

πi+1

i+1

∥∥
2,[0,1]n,µ̃

. (2.11)

Let η : [0, 1] → ([0, 1]n, µ̃) be a measure preserving bijection and let ϕi := πi ◦ η. Then

ϕi : [0, 1] → [0, 1] is measure preserving and therefore we obtain

∥∥Uπii − U
πi+1

i+1

∥∥
2,[0,1]n,µ̃

=
∥∥Uϕi

i − U
ϕi+1

i+1

∥∥
2,[0,1]

. (2.12)

Combining equations (2.10), (2.11) and (2.12), and taking Wi = Uϕi
i for all i ∈ [n], yields

δ2(ωi, ωi+1) = ‖Wi −Wi+1‖2. This completes the proof.

Proof of Lemma 2.2.1. Following Remark 2.1.14, assume (possibly after a reparametriza-

tion) that the curve ω is Lipschitz with Lipschitz constant L ≥ 0. Let n ∈ N. From

Lemma 2.2.2, there exists Wi,n ∈ W such that [Wi,n] = ωi/n for all i ∈ {0} ∪ [n], and

‖Wi,n −Wi+1,n‖2 = δ2(ωi/n, ω(i+1)/n),
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for all i ∈ [n− 1]. For each n ∈ N, let us define the curve W (n) =
(
W

(n)
t

)
t∈[0,1] as

W
(n)
t := (1− nt+ i)Wi,n + (nt− i)Wi+1,n,

when t ∈ [i/n, (i+1)/n] for some i ∈ [n− 1]. Note that W (n) is also Lipschitz with constant

L and therefore the family {W (n)}n∈N is equicontinuous w.r.t. d2.

Since W ⊆ L2
(
[0, 1](2)

)
is bounded in L2

(
[0, 1](2)

)
, it is weak-∗ precompact [192, Box

1.2]. Since {W (n)}n∈N is equicontinuous w.r.t. d2, it will also be equicontinuous w.r.t.

the weak-∗ topology. It follows from Ascoli’s theorem [160, Theorem 47.1] (possibly after

passing to a subsequence and relabeling) that
(
W (n)

)
n∈N converges uniformly in weak-∗ to

some curve (Wt)t∈[0,1] ⊆ L2
(
[0, 1](2)

)
. It is easy to see that Wt is symmetric and |Wt| ≤ 1

a.e. on [0, 1](2) and hence Wt ∈ W for every t ∈ [0, 1].

To conclude our proof, we show that (Wt)t∈[0,1] is Lipschitz in ‖ · ‖2 and that

δ2([Wt], ωt) = 0 for all t ∈ [0, 1] ∩ Q (therefore [Wt] = ωt for rational t). Since ω is

also Lipschitz, it follows that ωt = [Wt] for all t ∈ [0, 1].

To see that (Wt)t∈[0,1] is Lipschitz, observe that for any s, t ∈ [0, 1],〈
W

(n)
t −W (n)

s ,Wt −Ws

〉
→ ‖Wt −Ws‖22.

Using Cauchy–Schwarz inequality, we obtain

‖Wt −Ws‖2 ≤ lim inf
n→∞

∥∥∥W (n)
t −W (n)

s

∥∥∥
2
≤ L|t− s|.

We now show that δ2([Wt], ωt) = 0 for all t ∈ [0, 1] ∩ Q. To this end, fix a t ∈ [0, 1] ∩ Q

and let t = p/q for some p, q ∈ N. To see this, note that it follows from the proof of [150,

Lemma 14.16] that δ2([Wt], ωt) ≤ lim infn→∞ δ2([Wnp,nq], ωt) = 0. Note that the hypothesis

in [150, Lemma 14.16] states that [Wnp,nq] → [Wt] in cut-sense, but the proof only requires

Wnp,nq →Wt in weak-∗ sense.

Corollary 2.2.3. If ω ∈ AC(Ŵ, δ2), then |ω′|(t) = ‖W ′
t‖2 for a.e. t ∈ (0, 1), where

(Wt)t∈[0,1] ∈ AC(W, d2) is obtained as in Lemma 2.2.1.

Proof. Let ω and (Wt)t∈[0,1] be as above. Recall that (Wt)t∈[0,1] is an absolutely continuous

curve in (W, d2). Since every absolutely continuous curve in a Hilbert space is differen-

tiable a.e. (Radon–Nikodým property) [111, page 30, Theorem 5], there exists a family
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W ′
t ∈ L2

(
[0, 1](2)

)
, for a.e. t ∈ [0, 1], such that Wt − W0 =

∫ t
0 W

′
s ds holds pointwise

a.e. on [0, 1](2). It follows from Lebesgue differentiation theorem [112, Theorem 6.32] that∥∥∥Wt−Ws
t−s −W ′

t

∥∥∥
2
→ 0 as s→ t. We know from Lemma 2.2.1 that δ2(ωt, ωs) = ‖Wt −Ws‖2.

Thus, it follows that |ω′|(t) = lims→t
δ2(ωt,ωs)

|t−s| = ‖W ′
t‖2 for a.e. t ∈ (0, 1).

Lemma 2.2.4. The invariant L2 metric between two graphons [U ], [V ] ∈ Ŵ satisfies

δ2([U ], [V ]) = min
∫ s

r

∥∥W ′
t

∥∥
2

dt , (2.13)

for any 0 ≤ r < s ≤ 1, where the minimum is taken over (Wt)t∈[r,s] ∈ AC(W, d2) with

domain [r, s] such that Wr ∈ [U ] and Ws ∈ [V ].

Proof. Let (Wt)t∈[r,s] ⊆ AC(W, d2) be such that Wr ∈ [U ] and Ws ∈ [V ]. Applying Jensen’s

inequality, we obtain∫ s

r

∥∥W ′
t

∥∥
2

dt ≥
∥∥∥∥∫ s

r
W ′
t dt
∥∥∥∥
2

= ‖Ws −Wr‖2 ≥ δ2([U ], [V ]) . (2.14)

Following Definition 2.1.4, there exists ϕ1, ϕ2 ∈ T such that

δ2([U ], [V ]) = ‖Uϕ1 − V ϕ2‖2. (2.15)

Therefore, we can define an curve (Wt)t∈[r,s] ∈ AC(W, d2) as Wr := Uϕ1 , Ws := V ϕ2 and

Wt := ((s− t)Wr + (t− r)Ws)/(s− r) for t ∈ (r, s). Since for any r ≤ a < b ≤ s,

‖Wb −Wa‖2 =
‖Ws −Wr‖2

s− r
· (b− a) =

‖Uϕ1 − V ϕ2‖2
s− r

· (b− a), (2.16)

therefore (Wt)t∈[r,s] ∈ AC(W, d2) and W ′
t = (Uϕ1 − V ϕ2)/(s − r) exists for all t ∈ (r, s).

With this choice of (Wt)t∈[r,s] ∈ AC(W, d2), from equation (2.15) we get∫ s

r

∥∥W ′
t

∥∥
2

dt = ‖Uϕ1 − V ϕ2‖2 = δ2([U ], [V ]). (2.17)

Combining equation (2.14) and equation (2.17) completes the proof.

As a consequence of the above discussion, we obtain that (Ŵ, δ2) is a geodesic space.

To the best of our knowledge, it has not been recorded in the earlier literature.

Proposition 2.2.5. The space (Ŵ, δ2) is a geodesic metric space.
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Proof. Recall that (see the remark after the Definition 2.1.11) for any ω = (ωt)t∈[0,1] ∈

AC(Ŵ, δ2) such that ω0 = [U ], and ω1 = [V ], we have

`(ω) ≥ δ2(ω0, ω1) = δ2([U ], [V ]). (2.18)

Given [U ], [V ] ∈ Ŵ, it suffices to construct a curve ω∗ = (ω∗
t )t∈[0,1] ∈ AC(Ŵ, δ2) such

that ω∗
0 = [U ], ω∗

1 = [V ], and `(ω∗) ≤ δ2([U ], [V ]). Without any loss of generality, we

can choose U, V ∈ W such that δ2([U ], [V ]) = ‖U − V ‖2. Define ω∗ as ω∗
t := [Wt] where

Wt := (1− t)U + tV for all t ∈ [0, 1]. The curve ω∗ ∈ AC(Ŵ, δ2) since

δ2([Ws], [Wr]) ≤ ‖Ws −Wr‖2 = ‖U − V ‖2 · (s− r), (2.19)

for all 0 ≤ r < s ≤ 1. Now observe that

`(ω∗) = sup

{
n−1∑
k=0

δ2
(
[Wtk ],

[
Wtk+1

]) ∣∣∣∣∣ n ∈ N, 0 = t0 < t1 · · · < tn = 1

}

≤ sup

{
n−1∑
k=0

‖U − V ‖2(tk+1 − tk)dt

∣∣∣∣∣ n ∈ N, 0 = t0 < t1 · · · < tn = 1

}

= ‖U − V ‖2 = δ2(ω
∗
0, ω

∗
1). (2.20)

This completes the proof.

Since (Ŵ, δ2) is a geodesic metric space, the usual notions of geodesic convexity and

semiconvexity make sense in (Ŵ, δ2). We the subsequent sections we will need a notion of

generalized geodesics (defined below) and show that generalized geodesics exist.

Definition 2.2.6 (Generalized geodesics on (Ŵ, δ2)). Let [W0], [W1] ∈ Ŵ. For every

[W ] ∈ Ŵ, one can construct an absolutely continuous curve ϑ (depending on [W ]) as

follows. From Lemma 2.2.2, we obtain ϕ,ϕ0, ϕ1 ∈ T such that

δ2([W ], [W0]) = ‖Wϕ −Wϕ0
0 ‖2 , and δ2([W ], [W1]) = ‖Wϕ −Wϕ1

1 ‖2. (2.21)

Define the curve ϑ := ([Wt])t∈[0,1], where Wt := (1− t)Wϕ0
0 + tWϕ1

1 for every t ∈ [0, 1]. This

curve ϑ is called a generalized geodesic (with base [W ]) between the graphons [W0] and

[W1] with respect to δ2. Often, when the base is clear from the context, we simply refer to

it as a generalized geodesic. From the construction, we can see that any geodesic between

[W0], [W1] ∈ Ŵ is also a generalized geodesic (with suitably chosen base) between them.
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Next, we show that there exists a generalized geodesic ϑ between two graphons such

that the function δ22([W ], · ) is convex along ϑ for every [W ] ∈ Ŵ. This is used in the proof

of Theorem 4.1.1.

Lemma 2.2.7. If [W ], [W0], [W1] ∈ Ŵ, then there exists ϑ = (ϑt)t∈[0,1] ∈ AC(Ŵ, δ2) such

that ϑ0 = [W0], ϑ1 = [W1], and δ22([W ], · )/2 is 1-semiconvex over ϑ w.r.t. δ2.

Proof. From Lemma 2.2.2 we obtain ϕ,ϕ0, ϕ1 ∈ T such that

δ2([W ], [W0]) = ‖Wϕ −Wϕ0
0 ‖2, and δ2([W ], [W1]) = ‖Wϕ −Wϕ1

1 ‖2. (2.22)

Defining Wt := (1− t)Wϕ0
0 + tWϕ1

1 and ϑt := [Wt] for t ∈ [0, 1], we get that that

δ22([W ], [Wt]) ≤ ‖Wϕ − (1− t)Wϕ0
0 − tWϕ1

1 ‖22

= (1− t)‖Wϕ −Wϕ0
0 ‖22 + t‖Wϕ −Wϕ1

1 ‖22 − t(1− t)‖Wϕ0
0 −Wϕ1

1 ‖22

= (1− t)δ22([W ], [W0]) + tδ22([W ], [W1])− t(1− t)‖Wϕ0
0 −Wϕ1

1 ‖22

≤ (1− t)δ22([W ], [W0]) + tδ22([W ], [W1])− t(1− t)δ22([W0], [W1]).

Therefore, δ22([W ], · )/2 is 1-semiconvex along ϑ w.r.t. δ2.

2.3 Space of Measure-valued graphons

We now introduce another protagonist of our story, namely, the measure-valued graphons.

As the name suggests these are kernels (identified up to some equivalence relation) that

take values in the space of measures instead of [−1, 1].

Definition 2.3.1 (Measure-valued kernel). A measure-valued kernel is a measurable func-

tion W : [0, 1](2) → P([−1, 1]) such that W (x, y) = W (y, x) for a.e. (x, y) ∈ [0, 1](2). Here

P([−1, 1]) is the space of probability measures on the interval [−1, 1] equipped with the Borel

sigma-algebra generated by the topology of weak convergence. We will denote the set of all

measure-valued kernels by W.

We will define the space of measure-valued graphons (MVGs), Ŵ as a suitable quotient

of W. This comes equipped with a notion of convergence introduced in [153, 140]. We call

this convergence the usual convergence. In Section 2.4, we introduce two novel metrics on
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Ŵ analogous to the cut metric on the space of graphons. In Theorem 2.4.7 we show that

these metrics induce the same topology on the measure-valued graphons and agree with the

usual convergence.

In Section 2.5, we establish the correspondence between the distributions of IEAs and

probability distributions on Ŵ (see Theorem 2.5.3). We further use this connection to make

precise the notion of convergence of symmetric exchangeable matrices to IEAs.

2.3.1 Definitions and notations

As mentioned already, the convergence of the homomorphism density functions t(F, · ) can

be used to define a notion of convergence for weighted graphs as well. However, a better

approach to the convergence of weighted graphs is given by the convergence of decorated

homomorphism density functions that we describe below (see [153]). In the following, we

will use I to denote the compact interval [−1, 1] and C ≡ C(I), to denote the space of

continuous functions on I.

Definition 2.3.2 (Decorated graph [153, Section 2.1]). Let m ≥ 1 and D ⊆ C. Let

F = ([m], E) be a simple graph. The pair (F, f) is called a D-decorated graph where

f : E(F ) → D is a function from the edges E(F ) of F to D. We will refer to F as the

skeleton and f as the decoration of the decorated graph (F, f). If there is no confusion,

the decoration of a graph will be implicitly assumed without mention and we will denote

f({i, j}) by Fi,j for {i, j} ∈ E(F ).

Throughout this chapter, a decorated graph will mean a C-decorated graph unless stated

otherwise. Let W ∈ W be a measure-valued kernel (See Definition 2.3.1) and F a decorated

graph. Following [153, Section 2.5] one can define the (decorated) homomorphism density

td(F,W ) of F in W as

td(F,W ) :=

∫
[0,1]m

 ∏
{j,k}∈E(F )

∫
[−1,1]

Fj,k(ζ)W (xj , xk)(dζ)

 m∏
i=1

dxi. (2.23)

Definition 2.3.3 (Measure-valued graphon [153, Definition 2.4]). Define an equivalence

relation ∼ on W such that W ∼ U if td(F,W ) = td(F,U) for every decorated graph F . Let
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Ŵ := W/∼ be equipped with the weakest topology that makes W 7→ td(F,W ) continuous

for every decorated graph F . We will call Ŵ (equipped with this topology), the space of

measure-valued graphons. A measure-valued graphon (MVG) is an element in Ŵ. Naturally,

Wn → W in Ŵ if td(F,Wn) → td(F,W ) for every C-decorated graph F . We refer to this

topology as the usual topology on MVG throughout this chapter.

Analogous to the space of kernels W, one defines an equivalence relation ∼= on W such

that W1
∼= W2 if there exist measure preserving transformations ϕ1, ϕ2 : [0, 1] → [0, 1] and

W ∈ W such that W1 = Wϕ1 , and W2 = Wϕ2 . It follows from [139, Theorem 11(ii)] that

W1
∼= W2 if and only if td(F,W1) = td(F,W2) for every decorated graph F . In particular,

the space of MVGs can be equivalently defined as Ŵ := W/∼=. Wherever it is clear from

the context, for any measure-valued kernel W ∈ W, we will use an abuse of notation and

use the same symbol W to denote the equivalence class, or the measure-valued graphon,

corresponding to the measure-valued kernel.

Definition 2.3.4 (Natural projection from Ŵ to Ŵ). Given a measure-valued kernel W ∈

W, we can define a corresponding kernel w ∈ W defined as w(x, y) :=
∫
[−1,1]

ζ W (x, y)(dζ)

for a.e. (x, y) ∈ [0, 1](2). This naturally defines a projection from Ŵ to Ŵ. We will often

refer to this projection as natural projection and denote w = E[W ]. This map from (Ŵ,∆�)

to (Ŵ, δ�) is 1-Lipschitz as seen from Definition 2.4.5.

2.3.2 Embedding matrices and graphons into MVG

Recall that a weighted graph or (equivalently a symmetric matrix) can be identified with a

kernel (and hence a graphon). Similarly, a weighted graph or a graphon can be identified

with a measure-valued kernel (and hence a measure-valued graphon). Let M be an n × n

symmetric matrix with entries in I = [−1, 1]. Let Mn denote the set of all such matrices.

Let F be a C-decorated graph on [m] vertices. One can define the homomorphism density

of F in M , denoted td(F,W ), as

td(F,M) :=
1

nm

∑
i1,...,im

∏
{j,k}∈E(F )

Fj,k(Mij ,ik), (2.24)
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where the summation runs over all indices i1, i2, . . . , im taking values in [n]. We make some

simple observations. Observe that td(F,M) = td(F,M
σ) where σ is any permutation of [n]

and Mσ
i,j = Mσ(i),σ(j) for all (i, j) ∈ [n](2). Also, note that one can naturally associate a

measure-valued kernel, say WM ∈ W, with a symmetric matrix M ∈ Mn as follows. For

n ∈ N, let Qn := {Qn,i}i∈[n] be a partition of the interval [0, 1] into contiguous intervals

of equal length as defined ealier. Set WM (x, y) = δMi,j whenever (x, y) ∈ Qn,i × Qn,j for

some (i, j) ∈ [n](2). For any decorated graph F we have td(F,WM ) = td(F,M). Therefore,

when there is no scope for ambiguity we make no distinction between a symmetric matrix

M and the corresponding MVG WM . Similarly, if w ∈ W is a graphon, we can define

a corresponding MVG, say W by setting W (x, y) = δw(x,y) for a.e. (x, y) ∈ [0, 1](2) and

the notion of homomorphism density extends naturally. We denote this map taking a

matrix/graphon to the corresponding MVG by K.

Let (Mn ∈ Mn)n∈N be a sequence of matrices with growing dimension and let W ∈ Ŵ.

We say that (Mn)n∈N → W as n → ∞ if td(F,Mn) → td(F,W ) as n → ∞ for every

decorated graph F . In particular, we will often say (Mn)n∈N → W as n → ∞ where

(Mn)n∈N is a sequence of matrices, or (wn)n∈N →W as n→ ∞ where (wn)n∈N is a sequence

of graphons and W is an MVG. It is to be understood that this convergence is with respect

to decorated graphs, or equivalently these statements mean that MVG corresponding to

Mn (or wn) converge to W in Ŵ as n → ∞. For an n × n finite exchangeable random

matrix X, we can define a measure valued kernel WX as WX(x, y) = Law(Xi,j) whenever

(x, y) ∈ Qn,i×Qn,j for some (i, j) ∈ [n](2). We will denote this map by K, i.e., K(X) =WX .

Note that the measure-valued kernel cannot recover the joint distribution among the entries

of X unless they are mutually independent.

Remark 2.3.5. Since the map W 7→ w := E[W ] is Lipschitz (see Definition 2.3.4). It

follows that if (Mn)n∈N is a sequence of matrices such that (Mn)n∈N → W as n → ∞ for

some W ∈ W in the MVG sense, then (Mn)n∈N → w as n→ ∞ in cut-metric as well.
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2.3.3 Sampling matrices and graphs from MVGs

We now describe a sampling procedure to generate weighted graphs from an MVG. Let

n ∈ N and W ∈ W. For every n ∈ N, define G(n,W ) to be a random (weighted) graph on

[n] with edge-weights G(n,W )(i, j) ∼ W (Ui, Uj) and are conditionally independent given

(Ui, Uj) for every (i, j) ∈ [n](2). Note that the adjacency matrix of G(n,W ) is a random n×n

symmetric matrix with entries in I = [−1, 1] and we will not make any distinction between

the adjacency matrix and the graph. Lemma 2.3.6 shows that almost surely G(n,W ) →W

as n→ ∞ (see Subsection 2.3.2).

Lemma 2.3.6. Let W ∈ Ŵ and let G(n,W ) be defined for every n ∈ N as above. Then,

P-almost surely, G(n,W ) → W as n → ∞. That is, P-almost surely, for every decorated

graph F ,

td(F,G(n,W )) → td(F,W ), as n→ ∞.

The proof of Lemma 2.3.6 follows essentially the same idea as the proof of [140, Theorem

3.8]. An immediate consequence of Lemma 2.3.6 is that every MVG can be obtained as the

limit of finite weighted graphs. MVGs were introduced as the limits of finite weighted

in [153, Section 2.5].

Proof of Lemma 2.3.6. Let (F, f) be a decorated graph and let G(n,W ) be as defined in

Lemma 2.3.6. Recall that td(F,G(n,W )) = 1
nk

∑
i1,...,ik

∏
{j,l}∈E(F ) fj,l(ζij ,il), where ζu,vs are

independent and distributed as W (Uu, Uv) for all (u, v). In particular, E[td(F,G(n,W ))] =

td(F,W ) for each n ∈ N. It suffices to show that td(F,G(n,W )) concentrates around its

mean for all decorated graphs (F, f). To this end, fix a decorated graph (F, f) and set

dn(F ) := |td(F,G(n,W ))− E[td(F,G(n,W ))]|. Using a 4-th moment bound, following the

same argument as in [150, Equation 11.5], we obtain P{dn(F ) ≥ ε} ≤ C
ε2n2 . Using Borel-

Cantelli Lemma we conclude that td(F,G(n,W )) → td(F,W ) almost surely. To conclude

the proof, we observe that the set of all finite simple graphs is countable and C = C[−1, 1]

is a separable space. We, therefore, can find a countable dense subset of decorated graphs

for which almost sure convergence of homomorphism densities holds. The proof is complete

using a standard approximation argument similar to [140, Theorem 3.4].
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We now describe a similar procedure to generate a measure-valued random matrix from

an MVG. Let (Ui)i∈N be an i.i.d. sequence of Uniform[0, 1] random variables defined on a

common probability space, say (Ω,F ,P). Let W ∈ W. For any n ∈ N we define the sampled

n-MVG, denoted µ(n,W ), as

µ(n,W )(i, j) :=W (Ui, Uj), (i, j) ∈ [n](2). (2.25)

Note that we can identify µ(n,W ) with a random MVG. In the next lemma, we show that

the random MVG µ(n,W ) converges to W as n→ ∞, P-almost surely.

Lemma 2.3.7. Let W ∈ Ŵ. For n ∈ N, let µ(n,W ) be defined as in (2.25). Then

µ(n,W ) →W in Ŵ as n→ ∞, P-almost surely.

Lemma 2.3.7 follows directly from [140, Theorem 3.8] by taking B = C[−1, 1] and

Z =M([−1, 1]) the space of finite Radon measures on [−1, 1]. We, therefore, skip the proof

of Lemma 2.3.7.

2.4 Topology and metrics on measure-valued graphons

In this section, we introduce an alternate notion of convergence for MVGs and two metrics

on Ŵ. We then show that this new notion of convergence and the metrics introduced in

this section give the same topology on Ŵ as defined in Definition 2.3.3.

Definition 2.4.1 (Homomorphism density). Let F be a finite simple connected graph and

let W ∈ W. The homomorphism density of F into W , denoted t(F,W ), is a probability

measure on IF := [−1, 1]E(F ) is defined as a mixture of probability measures as

t(F,W ) :=

∫
[0,1]V (F )

⊗
{i,j}∈E(F )

W (xi, xj)
∏

v∈V (F )

dxv. (2.26)

The measure in (2.26) is to be interpreted as the unique measure on IF such that for

any bounded measurable function ϕ : IF → R, we have∫
IF

ϕ(ζ)t(F,W )(dζ) =
∫
[0,1]V (F )

(∫
IF

ϕ(ζ) ⊗
{i,j}∈E(F )

W (xi, xj)(dζ)
) ∏
k∈V (F )

dxk. (2.27)
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Let {Ui}i∈V (F ) be a collection of i.i.d. Uniform[0, 1] random variables, then∫
IF

ϕ(ζ)t(F,W )(dζ) = E
[〈
ϕ, ⊗

{i,j}∈E(F )
W (Ui, Uj)

〉]
, (2.28)

where 〈 · , · 〉 is the usual duality between continuous functions on IF and probability mea-

sures on IF and expectation is taken with respect to the random variables {Ui}i∈N. It is

important to note that the homomorphism density of a simple graph F into a graphon w

(see Section 6.1.1), t(F,w) is a real number in [0, 1] whereas the homomorphism density of a

simple graph F into an MVG W , t(F,W ), is a (mixture) of probability measures. Secondly,

in the context of MVGs, t(F,W ) is defined for a simple graph F and it is a (mixture of)

probability measure on IF , on the other hand, td(F,W ) is defined for a decorated graph F

and it is a real number.

Definition 2.4.2 (Convergence of MVGs). A sequence of MVGs (Wn)n∈N converge to a

MVG W in hom-density sense if lim
n→∞

t(F,Wn) = t(F,W ) weakly for every finite simple

graph F .

The above definition naturally extends to any measure-valued symmetric matrix M .

And, using the embedding defined in Section 2.3.2, the definition can be naturally extended

to symmetric matrices and graphons. We skip the details to avoid repetitions.

We now introduce the metrics on MVGs. Let L be the set of all Lipschitz functions

ψ : [−1, 1] → R with bounded Lipschitz norm, i.e., ‖ψ‖BL = max{‖ψ‖∞, ‖ψ‖Lip} ≤ 1.

Define an operator Γ: L ×W → W defined as

Γ(ψ,W )(x, y) :=

∫ 1

−1
ψ(ζ)W (x, y)(dζ). (2.29)

Definition 2.4.3 (Generalized Cut norm on W). For any W ∈ W, define ‖ · ‖� : W → R+

as

‖W‖� := sup
ψ∈L

‖Γ(ψ,W )‖�,

where Γ is as defined in (2.29).

Remark 2.4.4. Recall from Section 2.3.2 that both a kernel and a finite matrix can be

associated with a corresponding MVG. With this association, we can reference ‖w‖� or
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‖A‖� for w ∈ W or A ∈ ∪r∈NMr. That is, the definition of generalized cut norm extends

to both kernels and matrices. We’ll adopt this notation moving forward.

Recall that T is the set of all Lebesgue measure preserving maps ϕ : [0, 1] → [0, 1] and

for any W ∈ W and ϕ ∈ T , we define Wϕ ∈ W as Wϕ(x, y) := W (ϕ(x), ϕ(y)) for a.e.

(x, y) ∈ [0, 1](2).

Graphons Measure-Valued Graphons

Cut norm on W ‖ · ‖� ‖ · ‖� Generalized Cut norm on W

L2 metric on W d2 D2 W2 metric on W

Invariant L2 metric on Ŵ δ2 ∆2 Invariant W2 metric on Ŵ

Cut metric on Ŵ δ�
∆�

W�

Generalized Cut metric on Ŵ

Wasserstein Cut metric on Ŵ

Curve on Ŵ w : t 7→ w(t) W : t 7→W (t) Curve on Ŵ

Table 2.1: Table contains notations used for graphons and measure-valued graphons. Each

row contains the corresponding notation used in both these settings in the article.

Definition 2.4.5 (Generalized Cut metric on Ŵ). Define ∆� : Ŵ× Ŵ → R+ as

∆�(W1,W2) := inf
ϕ1,ϕ2∈T

‖Wϕ1
1 −Wϕ2

2 ‖�, W1,W2 ∈ Ŵ.

Let µ1 and µ2 be two finite measures with the same total mass m. The extension of the

Wasserstein distance between µ1 and µ2 is defined as W1(µ1, µ2) = supψ∈L
∫
ψ d(µ1 − µ2),

where L is the set of all bounded Lipschitz functions with bounded Lipschitz norm at most

1. Since we are working with a bounded metric space, this definition is equivalent to the
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standard definition (see [212, Section 1.2.1, Corollary 1.16]) which considers all Lipschitz

functions.

Definition 2.4.6 (Wasserstein Cut metric on Ŵ). Define W� : Ŵ× Ŵ → R+ as

W�(W1,W2) := inf
ϕ1,ϕ2∈T

sup
S,T⊆[0,1]

W1

(∫
S×T

Wϕ1
1 (x, y)dxdy,

∫
S×T

Wϕ2
2 (x, y)dxdy

)
.

With this setup, we can now state Theorem 2.4.7. The proof of this theorem relies on

several lemmas which are proved in Section 2.4.1. We, therefore, also defer the proof of

Theorem 2.4.7

Theorem 2.4.7. Let W, (Wn)n∈N ⊂ Ŵ. Then, the following limits are equivalent, as

n→ ∞.

1. Wn →W in Ŵ, that is, td(F,Wn) → td(F,W ) for every decorated graph F .

2. Wn →W in homomorphism density sense, i.e., t(F,Wn) → t(F,W ) weakly for every

finite simple graph F .

3. ∆�(Wn,W ) → 0.

4. W�(Wn,W ) → 0.

Perhaps surprisingly, we show that the metrics in Definitions 2.4.5 and 2.4.6 are exactly

equal.

Proposition 2.4.8. Let W� and ∆� be as defined above. Then, W� and ∆� are metrics

on Ŵ. Furthermore, W� = ∆�.

Proof. We first show that W� and ∆� are equal. Let U, V be measure valued graphons and

let ϕ be some bounded Lipschitz function. Using the definition of the cut norm and using

Fubini’s theorem,

‖Γ(ψ,U)− Γ(ψ, V )‖� = sup
S,T

∣∣∣∣∫
S×T

(Γ(ψ,U)− Γ(ψ, V ))(x, y) dxdy
∣∣∣∣

= sup
S,T

∣∣∣∣∫ ψ(ζ)(LS×TU)(dζ)−
∫
ψ(ζ)(LS×TV )(dζ)

∣∣∣∣,
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where (LS×TW ) :=
∫
S×T W (x, y)dxdy for any W ∈ W, and Borel measurable sets

S, T ⊆ [0, 1]. Taking supremum over all Lipschitz functions ψ on [−1, 1] with ‖ψ‖Lip ≤

1 on both sides and interchanging the order of two suprema in the right, we obtain

supψ‖Γ(ψ,U)− Γ(ψ, V )‖� = supS,T W1(LS×TU,LS×TV ). Since U, V were arbitrary, the

desired result now follows by replacing V with V ϕ and taking infimum over all ϕ ∈ T . It

follows that W� and ∆� are equal. The fact that W� is a metric on Ŵ follows by mim-

icking the standard proof of cut-metric being a metric on graphons (see [151]). We briefly

outline the idea of the proof. Note that W� and ∆� do not satisfy positivity on W, that is,

W�(U, V ) can be 0 even though U 6= V . It suffices to show that W�(U, V ) = 0 if and only

if U ∼= V in Ŵ, that is, td(F,U) = td(F, V ) for every decorated graph F . This follows from

Theorem 2.4.7.

Remark 2.4.9. It follows from [150, Theorem 17.9] that Ŵ is compact (with respect to

the usual topology). To apply that theorem, notice that our MVG is a K-graphon in the

terminology of Lovász for K = [−1, 1]. The set B can be taken to the countable set of

polynomials. By Theorem 2.4.7,
(
Ŵ,W�

)
(or (Ŵ,∆�)) is a compact metric space.

It is clear from Definition 2.4.5 and Theorem 2.4.7 that if (Wn)n∈N → W in Ŵ then

(Γ(ψ,Wn))n∈N → Γ(ψ,W ) in δ� for every bounded continuous function ψ defined on [−1, 1].

However, the convergence Wn → W is stronger since it implies simultaneous convergence

of all kernels Γ(ψ,W ). We now give some examples to illustrate the difference between the

convergence of graphons and the convergence of MVGs.

Example 3. For k ∈ Z+, let ψk : [−1, 1] → R be the map given by ζ 7→ ζk. Let W ∈ W.

We will call Γ(ψk,W ) the moment graphon of W (if we need to emphasize k, we will call

it k-th moment graphon). For simplicity, we will also denote Γ(ψk,W ) by mk(W ). It is

easy to see that (Wn)n∈N → W in Ŵ as n → ∞ implies (mk(Wn))n∈N → mk(W ) in δ�

as n → ∞, for all k ∈ Z+. Since the convergence in δ� metric implies that for each k,

there is a sequence of Lebesgue measure preserving transforms ϕn,k : [0, 1] → [0, 1] such that∥∥mk(W
ϕn,k
n )−mk(W )

∥∥
� → 0 as n → ∞. However, Wn → W in Ŵ as n → ∞ implies

that ϕn,k could be chosen to be independent of k. I.e., there exists a sequence of common
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‘labelings’ (ϕn) such that ‖mk(W
ϕn
n )−mk(W )‖� → 0 as n → ∞. This is what we mean

by simultaneous convergence.

Example 4. Consider a sequence of kernels (an)n∈N∪{∞}, i.e. an : [0, 1]
(2) → [−1, 1], for

n ∈ N ∪ {∞}. For every n ∈ N, define a measure-valued kernel Wn ∈ Ŵ by setting

Wn(x, y) = δan(x,y), (x, y) ∈ [0, 1]2. Let ψ ∈ C(I) be a continuous test function such that

‖ψ‖∞ ≤ 1. Then Γ(ψ,Wn)(x, y) = ψ(an(x, y)), (x, y) ∈ [0, 1](2). Suppose (Wn)n∈N → W∞

in Ŵ, then (Γ(ψ,Wn))n∈N → Γ(ψ,W∞) in δ�. In particular, taking ψ(z) = zk, for every k ∈

N, it follows that simultaneously
(
akn
)
n∈N → ak∞ in δ�. It is well-known that δ�(an, a) → 0

does not imply δ�(a
2
n, a

2) → 0 in general. This illustrates that convergence in the MVG

sense is a stronger notion than the cut convergence.

Example 5. Let a : [0, 1](2) → [0, 1] be a kernel. Define a measure-valued kernel Wa as

Wa(x, y) := (1−a(x, y))δ0+a(x, y)δ1 for (x, y) ∈ [0, 1](2). That is, W (x, y) is Ber(a(x, y)) for

(x, y) ∈ [0, 1]2. Let ψ be any bounded measurable function on [0, 1]. Then, Γ(ψ,Wa)(x, y) =

(1− a(x, y))ψ(0)+ a(x, y)ψ(1). If (an)n∈N is a sequence of graphons such that (Wan)n∈N →

Wa then (an)n∈N → a in δ�. Conversely, in this example, it is easy to verify that if

(an)n∈N → a in δ� then supψ‖Γ(ψ, an)− Γ(ψ, a)‖� → 0 as n → ∞ where the supremum is

taken over all continuous and bounded functions ψ ∈ C([0, 1]). In particular, we conclude

that (Wan)n∈N →Wa in Ŵ if and only if (an)n∈N → a in δ�.

Example 6. Let a, b ∈ W such that a(x, y) ≥ 0, b(x, y) ≥ 0 and a(x, y) + b(x, y) ≤ 1.

Define a “ternoulli” MVG as Wa,b(x, y) = a(x, y)δ−1 + (1− a(x, y)− b(x, y))δ0 + b(x, y)δ−1.

If (Wn)n∈N →Wa,b as n→ ∞ in Ŵ then (an)n∈N → a, (bn)n∈N → b as n→ ∞. Conversely,

suppose that (an, bn) are “coupled graphons” and (an)n∈N → a and (bn)n∈N → b under a

common labeling as n → ∞. I.e., there exists a sequence ϕn ∈ T such that ‖aϕn
n − a‖� +

‖bϕn
n − b‖� → 0 as n→ ∞. Note that there exists a common sequence of measure-preserving

transforms for both an and bn. Then, (Wan,bn)n∈N →Wa,b as n→ ∞.

We close this section with the following definition and Lemma. For W1,W2 ∈ W, define

the Wasserstein-2 metric D2 on W as

D2
2(W1,W2) :=

∫
[0,1]2

W2
2(W1(x, y),W2(x, y))dxdy, (2.30)
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where W2 is the Wasserstein-2 metric on P([−1, 1]).

Definition 2.4.10 (Invariant Wasserstein-2 metric on Ŵ). Define ∆2 : Ŵ× Ŵ → R+ as

∆2
2(W1,W2) := inf

ϕ1,ϕ2∈T
D2

2(W
ϕ1
1 ,Wϕ2

2 ), W1,W2 ∈ Ŵ.

The following is easy to see.

Lemma 2.4.11. ∆� ≤ ∆2.

Proof. For any ψ ∈ L and W1,W2 ∈ W define

Vψ(x, y) =

∫ 1

−1
ψ(ξ)W1(x, y)(dξ)−

∫ 1

−1
ψ(ξ)W2(x, y)(dξ),

for (x, y) ∈ [0, 1](2). For any S, T ⊆ [0, 1], by the Kantorovich duality and Proposition 2.4.8,

we observe that

W1

(∫
S×T

W1(x, y)dxdy,
∫
S×T

W2(x, y)dxdy
)

= sup
ψ∈L

∣∣∣∣∫
S×T

Vψ(x, y)dxdy
∣∣∣∣ ≤ sup

ψ∈L

∫
[0,1]2

|Vψ(x, y)|dxdy ≤
∫
[0,1]2

sup
ψ∈L

|Vψ(x, y)|dxdy

=

∫
[0,1]2

W1(W1(x, y),W2(x, y))dxdy ≤
∫
[0,1]2

W2(W1(x, y),W2(x, y))dxdy

≤

(∫
[0,1]2

W2
2(W1(x, y),W1(x, y))dxdy

)1/2

,

where the last inequality follows from the Cauchy-Schwarz inequality. The conclusion follows

by replacing W1,W2 by Wϕ1
1 and Wϕ2

2 respectively, and taking infimum over ϕ1, ϕ2 ∈ T .

2.4.1 Remaining proofs

Lemma 2.4.12. Let D ⊆ C be a subset that is closed under finite products. Suppose that

the linear span A(D) generated by D is dense in C in the sup norm. Let (Wn)n∈N ∈ W and

let W ∈ W. Then, the following are equivalent.

1. limn→∞ td(F,Wn) = td(F,W ) for every decorated graph F .

2. limn→∞ td(F,Wn) = td(F,W ) for every D-decorated graph F .
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Proof. Obviously (1) implies (2). To see the converse, first note that if limn→∞ td(F,Wn) =

t(F,W ) for every D-decorated graph F then limn→∞ td(F,Wn) = td(F,W ) for every A(D)-

decorated graph F . Now let (F, f) be a C-decorated graph and let ε > 0 be fixed. Then, there

exists an A(D)-decoration (F, g) of the skeleton F such that maxi,j∈E(F )‖fi,j − gi,j‖∞ ≤ ε.

Let C > 0 be a finite constant such that maxi,j‖fi,j‖∞ ≤ C. It follows that maxi,j‖gi,j‖∞ ≤

C ′ = (1 + C). Using the Counting Lemma for decorated graphs [151, Lemma 10.26], for

any U ∈ Ŵ we have |td((F, g), U)− td((F, f), U)| ≤ 4|E(F )|C ′ε. Thus

|td((F, f),Wn)− td((F, f),W )|

≤ |td((F, f),Wn)− td((F, g),Wn)|+ |td((F, g),W )− td((F, f),W )|

+ |td((F, g),Wn)− td((F, g),W )|

≤ 2C ′ε+ |td((F, g),Wn)− td((F, g),W )|.

Since g is an A(D)-decoration and |td((F, g),Wn)− td((F, g),W )| → 0 as n→ ∞. It follows

that limn→∞|td((F, f),Wn)− td((F, f),W )| ≤ 2C ′ε. Taking ε→ 0 completes the proof.

Lemma 2.4.13. Let (Wn)n∈N ∈ W and let W ∈ W. Then, (Wn)n∈N → W in Ŵ if and

only if (t(F,Wn))n∈N → t(F,W ) for every finite simple graph F .

Proof. Let (F, f) be a decorated graph. Define ϕF := ⊗{i,j}∈E(F ) f({i, j}). Hence,

td((F, f),W ) = 〈ϕF , t(F,W )〉, where t(F, ·) is as in Definition 2.26. It follows that if

t(F,Wn) → t(F,W ) weakly for a skeleton F , then td(F,Wn) → td(F,W ) for any dec-

oration (F, f). Conversely, the linear span of {ϕF : f is a decoration of F} is dense in

C(IF ) by the Stone-Weierstrass theorem. Thus, td((F, f),Wn) → td((F, f),W ) implies

that 〈ϕ, t(F,Wn)〉 → 〈ϕ, t(F,W )〉 for any ϕ ∈ C(IF ).

Lemma 2.4.14. If lim
n→∞

∆�(Wn,W ) = 0 then lim
n→∞

Wn =W in Ŵ (see Definition 2.3.3).

Proof. Assume that lim
n→∞

∆�(Wn,W ) = 0. We want to show that limn→∞ td(F,Wn) =

td(F,W ) for every decorated graph F . Since the set of Lipschitz continuous functions is

dense in C, by Lemma 2.4.12 it is enough to show that limn→∞ td(F,Wn) = td(F,W ) for

every Lipschitz decorated graph F .
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To this end, fix a Lipschitz decorated graph F . Let L > 0 be such that

max{i,j}∈E(F )‖fi,j‖BL ≤ L. Now observe that for any W ∈ Ŵ we have td(F,W ) =∫
[0,1]V (F )

∏
{i,j}∈E(F ) Γ(Fi,j ,W )(xi, xj)

∏
v∈V (F ) dxv. It follows from above and the Counting

Lemma for decorated graphs [151, Lemma 10.24] that

|td(F,Wn)− td(F,W )| ≤ 4
∑

{i,j}∈E(F )

‖Γ(Fi,j ,Wn)− Γ(Fi,j ,W )‖�

≤ 4L
∑

{i,j}∈E(F )

‖Wn −W‖� = 4L|E(F )|‖Wn −W‖�.

Replacing Wn by Wϕn
n and W by Wϕ for any ϕn, ϕ ∈ T and taking infimum we obtain

|td(F,Wn)− td(F,W )| ≤ L|E(F )|∆�(Wn,W ). Since ∆�(Wn,W ) → 0 as n→ ∞, it follows

that td(F,Wn) → td(F,W ) as n→ ∞.

Lemma 2.4.15. Let L be the space of all Lipschitz functions on [−1, 1] with bounded

Lipschitz norm at most 1. For every ε > 0, there exists a finite set Fε ⊆ L

such that
∣∣∣∆�(U, V )−∆Fε

� (U, V )
∣∣∣ ≤ ε, for all U, V ∈ Ŵ, where ∆F

�(U, V ) :=

infϕ1,ϕ2∈T supψ∈F‖Γ(ψ,Uϕ1)− Γ(ψ, V ϕ2)‖�, for any subset F ⊆ C. Moreover, the set Fε

can be chosen so that |Fε| ≤ 3 · 216/ε2.

Proof. It is an immediate consequence of the Arzéla-Ascoli theorem that L is compact in C.

Let ε > 0 be given. By the compactness of L, there exists a finite subset Fε ⊆ L such that

union of ε/2 balls centered at ψ ∈ Fε cover L. In other words, for every ψ ∈ L there exists

ψ0 ∈ Fε such that ‖ψ − ψ0‖∞ < ε/2. For any U, V ∈ W, by triangle inequality, we obtain

|‖Γ(ψ,U)− Γ(ψ, V )‖� − ‖Γ(ψ0, U)− Γ(ψ0, V )‖�| ≤ ‖Γ(ψ − ψ0, U)‖� + ‖Γ(ψ − ψ0, V )‖�,

that is strictly bounded by ε. It follows that∣∣∣∣∣sup
ψ∈L

‖Γ(ψ,U)− Γ(ψ, V )‖� − sup
ψ∈Fε

‖Γ(ψ,U)− Γ(ψ, V )‖�

∣∣∣∣∣ < ε. (2.31)

Since the above inequality holds for every U, V ∈ W, the desired conclusion follows by

replacing U and V by Uϕ1 and V ϕ2 respectively and taking infimum over ϕ1, ϕ2 ∈ T .

For the second part of the claim, we will construct the finite set of bounded Lipschitz

functions, denoted as Fε, as follows: We divide the domain [−1, 1] into 4/ε contiguous
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intervals, each of length ε/4. Given our interest in functions with a Lipschitz constant

bounded by 1, we also partition the range [−1, 1] into 4/ε contiguous intervals of length

ε/4. Observe that any continuous function with bounded Lipschitz norm bounded by 1 can

be approximated to within ε in the supremum norm using piecewise linear and continuous

functions whose local slopes are taken from the set {−1, 0, 1} over the divided domain.

Therefore, to define Fε, it suffices to consider the set of piecewise linear and continuous

functions that have local slopes in the set {−1, 0, 1} over the aforementioned partition. By

our construction, the size of this set is at most 3 · 216/ε2 .

Proof of Theorem 2.4.7. Equivalence of (1) and (2) follows from Lemma 2.4.13.

Lemma 2.4.14 shows that (3) (or equivalently (4)) implies (1). It remains to show that

(1) implies (3). Suppose (Wn)n∈N → W in Ŵ as n → ∞. We want to show that

limn→∞∆�(Wn,W ) = 0.

We will argue by contradiction. Suppose, for contradiction, that there exists some ε > 0

and some subsequence (nk)
∞
k=1 such that ∆�(Wnk

,W ) ≥ ε. By Lemma 2.4.15 there exists a

finite family of functions F ⊆ L such that ∆�(U, V ) ≤ ∆F
�(U, V )+ ε

2 , for all U, V ∈ Ŵ. Since

F is finite and (Wnk
)k∈N →W as k → ∞ in Ŵ, it follows from [153, Lemma 3.2, Lemma 3.7]

that limk→∞∆F
�(Wnk

,W ) = 0. This implies that lim supk→∞∆�(Wnk
,W ) ≤ ε/2 which is

a contradiction.

2.5 Infinite exchangeable arrays, graphons and measure-valued graphons

In this section, we recall the definition of infinite exchangeable arrays (IEAs) from the

Introduction and explain how an IEA naturally gives rise to a graphon and a measure-

valued graphon via Aldous-Hoover representation. With some examples, we show why

graphons do not adequately describe an IEA. Finally, we show (Theorem 2.5.3) that IEAs

are in one-to-one correspondence with random measure-valued graphons.

2.5.1 IEAs and Aldous-Hoover

Recall that an IEA is an infinite array X = (Xi,j)i,j∈N of random variables which is symmet-

ric Xi,j = Xj,i and Xσ = (Xσ(i),σ(j))i,j∈N has the same law as X for every finite permutation
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σ of N. In the following discussion, we will often assume that IEA X takes values in [−1, 1].

IEAs are intimately related to graphons and measure-valued graphons. We

now describe this relation. In the following discussion, we always assume that

U, {Ui}i∈N,
{
Ui,j = U{i,j}

}
i,j∈N is a collection of i.i.d. Uniform[0, 1] random variables on

some probability space. An IEA X is said to be directed by an Aldous-Hoover func-

tion f : [0, 1]4 → [0, 1], if X d
= f(U,Ui, Uj , Ui,j). Aldous-Hoover representation theo-

rem states that every exchangeable array X can is directed by some Borel measurable

function f : [0, 1]4 → [−1, 1] that is symmetric in the middle two coordinates, that is,

f(·, x, y, ·) = f(·, y, x, ·) [124].

Suppose X is an IEA that is directed by the Aldous-Hoover function f . We can naturally

define a (random) graphon

w(u)(x, y) := E[f(U,U1, U2, U1,2) | U = u, (U1, U2) = (x, y)] . (2.32)

Analogous to equation (2.32), one can define a (random) measure-valued kernel W ∈ W

(and hence an MVG) as

W (u)(x, y) := Law(Xi,j |U = u, (Ui, Uj) = (x, y)) . (2.33)

Let X be an IEA and let f : [0, 1]4 → R be a corresponding Aldous-Hoover function. We

say that f has vertex dependence if f depends on the second and third argument. Similarly,

we will say that f has extrinsic (respectively, edge) dependence if f depends on the first

(respectively, fourth) argument. An IEA that doesn’t have extrinsic dependence is called

pure and corresponds to a deterministic MVG. We must emphasize that the Aldous-Hoover

function for an IEA is not unique and is often not known explicitly. However, the above

definition does not depend on the choice of the Aldous-Hoover function (see [126]). Note

that pure IEAs give rise to graphons and measure-valued graphons. In fact, [74, Theorem

5.3] shows that {0, 1}-valued IEAs are in one-to-one correspondence with random graphons.

We now give examples of IEAs and their Aldous-Hoover representation which in turn

yields the corresponding (random) MVG. These examples emphasize that graphons do not

capture general IEAs while MVGs do.
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Example 7 (Edge dependence - Mixture of two Dirac masses). Let X be an infinite ex-

changeable array such that Xi,js are all i.i.d. Bernoulli random variables, Ber(1/2). Let

f : [0, 1]4 → R be defined as f(u, x, y, z) = 1{z ≤ 1/2} for (u, x, y, z) ∈ [0, 1]4. We see that

X is directed by f . On the other hand, let X̃ be an IEA such that X̃i,js are all i.i.d. (up

to matrix symmetry) and X̃i,j ∼ 1
2δ−1/2 +

1
2δ3/2. Then, X̃ is directed by an Aldous-Hoover

function g where g : [0, 1]4 → R is defined as g(u, x, y, z) = 1
2 − 1{z ≤ 1/2} + 1{z > 1/2}.

Note that the graphons and MVGs corresponding to X and X̃ (see (2.32) and (2.33) in

Section 6.1.1) are given by wX ≡ 1
2 ≡ wX̃ while WX ≡ 1

2δ0 +
1
2δ1 and WX̃ ≡ 1

2δ−1/2 +
1
2δ3/2.

Note that the graphons and the measure-valued graphons corresponding to X and X̃ are

deterministic. This is reflected by the Aldous-Hoover representations f and g which are

both independent of their first coordinates.

Example 8 (Extrinsic and edge dependence - correlated Gaussians). Consider an infinite

exchangeable array X such that {Xi,j}(i,j)∈N(2) are standard Gaussian random variables such

that Cov(Xi,j , Xl,m) = 1/2 whenever {i, j} 6= {l,m}. Let Φ: [0, 1] → R be a function that

pushes forward the Lebesgue measure on [0, 1] to the standard Gaussian measure on R. And,

let f : [0, 1]4 → R be defined by f(u, x, y, z) = 1√
2
Φ(x) + 1√

2
Φ(z) for all (u, x, y, z) ∈ [0, 1]4.

It is easy to verify that X is directed by f . We, therefore, obtain for a.e. (x, y) ∈ [0, 1](2),

wX(x, y) ≡
Φ(U)√

2
, WX(x, y) ≡ Law

(
N
(
Φ(U)√

2
,
1

2

))
.

Note that Φ(U) is a standard normal random variable. Also note that wX is a random

kernel and WX is a random MVG.

Following the same approach as above, one can more generally take f(u, x, y, z) =

αΦ(u) + β(Φ(x) + Φ(y)) + γΦ(z), say, where α2 + 2β2 + γ2 = 1. And, define Xi,j =

f(U,Ui, Uj , Ui,j) to obtain Gaussian exchangeable arrays with various correlation structures.

This would yield

w
(u)
X (x, y) = αΦ(u) + β(Φ(x) + Φ(y)), W

(u)
X (x, y) = Law

((
N
(
w

(u)
X (x, y), γ2

)))
,

for u, x, y ∈ [0, 1]. Because of the extrinsic dependence, this IEA is not pure. Note that in

this case the graphons wX and the measure-valued graphon WX are indeed random.
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Example 9 (Vertex and edge dependence - Stochastic Block Model (SBM)). We now

describe an exchangeable array that can be seen as the limit of a sequence of SBMs. Fix

p ∈ [0, 1]. For every n ∈ N, color every vertex i ∈ [n] blue with probability p and red

with probability (1 − p) independently of each other. More formally, this is associating

an independent pδ1 + (1 − p)δ−1 distributed random variable C(i) with i ∈ [n], where 1

represents color ‘blue’ and −1 represents the color ‘red’. Fix pbb, prr, prb ∈ [0, 1]. For each

{i, j} ⊆ [n], create an edge with probability pbb if both i and j are colored blue, with

probability prr if both are colored red and with probability prb otherwise. This defines an

SBM with two communities ‘blue’ and ‘red’. Let An denote the adjacency matrix of this

SBM on the vertex set [n]. It is easy to see that An is an exchangeable matrix, that is,

Law(An) = Law(Aσn). It is natural to ask if An converges to some infinite exchangeable

array as n→ ∞. This is indeed the case. Here we describe the infinite exchangeable array

X that arises as the limit of (An)n∈N.

To define the Aldous-Hoover function for infinite exchangeable arrays, we first define

some sets for notational simplicity. Fix p ∈ [0, 1]. Define B = [0, p]2, R = [p, 1]2 and

D = [0, p]× [p, 1] ∪ [p, 1]× [0, p]. Let f : [0, 1]4 → {0, 1} be defined as

f(u, x, y, z) = 1B{(x, y)}1[0,pbb]{z}+ 1R{(x, y)}1[0,prr]{z}+ 1D{(x, y)}1[0,prb]{z},

for u, x, y, z ∈ [0, 1]. The infinite exchangeable array X can be defined as Xi,j :=

f(U,Ui, Uj , Ui,j) for i, j ∈ N. The corresponding graphon and measure-valued graphon

are w(u) and W (u) defined as

w(u)(x, y) = pbb1B{(x, y)}+ prr1R{(x, y)}+ prb1D{(x, y)},

W (u)(x, y) = Ber(pbb)1B{(x, y)}+ Ber(prr)1R{(x, y)}+ Ber(prb)1D{(x, y)},

for a.e. (x, y) ∈ [0, 1]2. This example can be generalized to distributions other than Bernoulli

straightforwardly.
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2.5.2 Correspondence between IEAs and MVGs

As we saw in the previous section IEAs give rise to random measure-valued graphons. In

this section, we show that in fact, this correspondence is a homeomorphism.

We begin with some definitions and notations. Let S be the set of all symmetric infinite

arrays with their elements taking values in [−1, 1] with 0 diagonal. That is, let

S :=
{

x ∈ RN2
∣∣∣ xi,j = xj,i ∈ [−1, 1], xi,i = 0 ∀ i, j ∈ N

}
.

Equip S with the product topology. Note that S is compact. Equip S with the cor-

responding Borel sigma-algebra. Let Π∞ be the set of all finite permutations of N.

Observe that Π∞ has a natural action on S given by xσ(i, j) := x(σ(i), σ(j)) for all

(i, j) ∈ N2. Observe that an IEA is an S-valued random variable X whose law is in-

variant under the action of Π∞. Let P(S) be the space of Borel probability measures

on S. Let Pe(S) ⊆ P(S) be the set of exchangeable probability measures on S, that is,

Pe(S) := {ρ ∈ P(S) | ρ = Law(X),X is an IEA}. Throughout our discussion we will as-

sume that Pe(S) inherits the subspace topology from P(S), that is, it is equipped with the

topology of weak convergence unless stated otherwise.

Definition 2.5.1 (Homomorphism density of IEAs w.r.t. decorated graphs). Let X be an

IEA. For every decorated graph F , define td(F,X) := E
[∏

{i,j}∈E(F ) Fi,j(Xi,j)
]
.

The following assertion is immediate from the definition and Theorem 2.5.3. For the

importance of it, we record it as a Proposition. We skip the proof.

Proposition 2.5.2. Let Y be an IEA and let WY be the corresponding (random) measure-

valued graphon as described above. Then, for any decorated graph F we have td(F,Y) =

E[td(F,WY)]. In particular, if X, (Xn)n∈N are infinite exchangeable arrays then (Xn)n∈N →

X weakly as n→ ∞ (with respect to the product topology) if and only if limn→∞ td(F,Xn) =

td(F,X) for every decorated graph F .

We now state and prove the main result of this section.

Theorem 2.5.3 (Homeomorphism Theorem). Let Ŵ be the compact space of MVG equipped

with its usual topology. Let P(Ŵ) be the space of Borel probability measures on Ŵ equipped

with the weak topology. Then, P(Ŵ) is homeomorphic to Pe(S).
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Proof. Recall that the Aldous-Hoover representation provides a one-to-one correspondence

(see (2.33)) between IEAs and random MVGs, in other words, between Pe(S) and P(Ŵ).

Also note that Pe(S) and P(Ŵ) are both compact and metrizable (and hence Hausdorff).

To show that Pe(S) and P(Ŵ) are homeomorphic, it suffices to show that the X 7→ WX

is continuous. Let Xn be a sequence of exchangeable arrays such that Xn → X weakly as

n → ∞ for some exchangeable array X. Let Wn and W be the corresponding (random)

measure valued graphons. We want to show that Wn →W weakly, that is, E[td(F,Wn)] →

E[td(F,W )] for every decorated graph F . To see this, fix a decorated graph F . Since

Xn → X weakly as n → ∞, it follows that td(F,Xn) → td(F,X) as n → ∞. Observe

that E[td(F,Wn)] = td(F,Xn) and td(F,X) = E[td(F,W )] by Proposition 2.5.2. Hence,

E[td(F,Wn)] → E[td(F,W )] as n→ ∞. This completes the proof.

2.5.3 Convergence of exchangeable matrices to IEAs

The previous section establishes that the weak convergence of a sequence of IEAs is equiv-

alent to the weak convergence of corresponding (random) MVGs (see Theorem 2.5.3). In

practice, we are often interested in taking limits of finite exchangeable matrices. For in-

stance, we would like to say that G(n, 1/2) converges to the IEA G. One way to do this

is to identify G(n, 1/2) with the corresponding (random) MVG, say WGn and show that

WGn → WG where WG is the MVG corresponding to the IEA G (see Section 2.3.2). How-

ever, it is more natural to show the convergence of a sequence of finite exchangeable matrices

to an IEA and deduce the convergence to an MVG from there. This is what we do in this

section.

A (random) symmetric matrix A ∈ Mn is called (finite) exchangeable if Law(A) =

Law(Aσ) for every permutation σ of [n]. Given an n × n exchangeable matrix A, we can

construct an IEA as follows. Let {Ui}i∈N be a family of i.i.d. Uniform[0, 1] random variables

independent of A. Define an IEA X such that Xi,j := AdnUie,dnUje.

In plain words, each coordinate (up to matrix symmetry) of X is chosen independently

and uniformly at random from the coordinates of A. With this correspondence, for every

decorated graph F , define t(0)finite(F, · ) over exchangeable matrices as t(0)finite(F,A) := t(F,X).
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On the other hand, analogous to Definition 2.5.1 we have the following definition for homo-

morphism density into exchangeable matrices.

Definition 2.5.4 (Homomorphism density for exchangeable matrices). Let A be an n× n

exchangeable matrix. Let F be a decorated graph such that |V (F )| < n. Define t(1)finite(F,A) :=

E
[∏

{i,j}∈E(F ) Fi,j(Ai,j)
]
.

Remark 2.5.5. It is easy to see that
∣∣∣t(1)finite(F,A)− t

(0)
finite(F,A)

∣∣∣ ≤ C(F )n−1 where C(F ) is

a constant depending only on F . Therefore, both t(0)finite and t(1)finite determine the same limit

as n → ∞. Also note that using the embedding described in Section 2.3.2, we can define

td(F,A) as in equation (2.24). Notice that t(0)finite(F,A) = E[td(F,A)].

This motivates the following definition for the convergence of finite exchangeable matri-

ces to an IEA.

Definition 2.5.6 (Convergence of exchangeable matrices). Let (An)n∈N be a sequence of

n× n symmetric exchangeable matrices. We say that (An)n∈N → X as n → ∞ if for every

decorated graph F we have t(1)finite(F,An) = E[td(F,An)] → td(F,X) as n→ ∞.

We end this section with some examples of finite exchangeable matrices converging to

an IEA.

Example 10. Let V : R(2) → [−1, 1] be a C2 function such that V (x, y) = V (y, x)

and
∥∥∇2V

∥∥
∞ ≤ 1, where ∇2V is the Hessian of V . Define V : P(R) → R as V(µ) :=

1
2

∫∫
R2 V (x, y)µ(dx)µ(dy). Define Vn : Rn → R as Vn(x1, . . . , xn) = V(µn) where µn =

1
n

∑n
i=1 δxi for every {xi}i∈[n] ⊂ R. In particular, Vn(x1, . . . , xn) := 1

2n2

∑n
i,j=1 V (xi, xj).

Let Hn(x) ∈ Mn be the Hessian matrix of Vn at x ∈ Rn. Then, n2Hn(x)(i,j) = ∂1,2V (xi, xj)

if i 6= j, and n2Hn(x)(i,i) = ∂1,1V (xi, xi) for (i, j) ∈ [n](2). Now, let {Xi}i∈N be i.i.d. ran-

dom variables distributed according to some probability measure µ ∈ P([−1, 1]) and let

Xn = (X1, . . . , Xn). Then, H(n) = n2Hn(Xn) is an exchangeable matrix and H(n) → H(∞),

where H(∞) is an exchangeable array defined as

H(∞)
(i,j) =


∂1,2V (Xi, Xj), if i 6= j,

∂1,1V (Xi, Xi), if i = j,

(i, j) ∈ N(2).
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For concreteness, assume that V (x, y) = c(x − y) for (x, y) ∈ R(2) for some even C2

function c : R → [−1, 1]. In that case, notice that H(∞)
(i,j) = −c′′(Xi−Xj) for (i, j) ∈ N(2). Also

assume, for simplicity, that {Xi}i∈N are i.i.d. Uniform[0, 1]. Then, c′′ is the Aldous-Hoover

representation function and the MVG corresponding to H(∞) is nothing but W∞ ∈ Ŵ

defined as W∞(x, y) := δ−c′′(x−y) for a.e. (x, y) ∈ R(2).

Example 11. One can consider higher-order polynomials of measures. That is, for any

k ∈ N \ {1}, define V : P(R) → R as V(µ) :=
∫
Rk V (x1, . . . , xk)µ(dx1) . . . µ(dxk). Define

Vn : Rn → R as x 7→ Vn(x) = V(µn) where µn := 1
n

∑n
j=1 δxi . This amounts to evaluating

the expectation of V when its arguments are sampled uniformly with replacement from

the entries of x ∈ Rn. Let Hn(x) be the Hessian matrix of Vn at x ∈ Rn. Let us define

G : R2 → R as G(a, b) :=∑
i,j∈[k],i 6=j

∫
Rk−2

∂ i,jV (x1, . . . , xi−1, a, xi+1, . . . , xj−1, b, xj+1, . . . , xk)
∏

m∈[k]\{i,j}

µ(dxm).

Let (Xi)i∈N be i.i.d. random variables with distribution µ ∈ P(R). Then,

nkHn(X1, . . . , Xn) → H, as n→ ∞, where Hi,j = G(Xi, Xj) for (i, j) ∈ N(2).

Example 12. Consider a Markov chain (Xn)n∈N on [0, 1] with a unique stationary distri-

bution π ∈ P([0, 1]). Let W : [0, 1]2 → [0, 1] be a kernel such that W is continuous π×π a.e.

For each n ∈ N, let (Y1, . . . , Yn) be a uniform permutation of (X1, . . . , Xn) and let H(n) be

an exchangeable matrix defined by H(n)
i,j =W (Yi, Yj), i, j ∈ [n]. Let {Vi}i∈N be a collection

of i.i.d. random variables with distribution π and let H(∞) be an exchangeable array such

that H(∞)
i,j =W (Vi, Vj). Then, H(n) → H(∞) as n→ ∞.

2.6 Discussion

We end this chapter with a quick map of how the materials of this chapter are used later in

the thesis. Of course, the introductory material on the space of graphons and its topology is

used throughout. The material in Section 2.1.4 is crucial in the construction of the gradient

flows on the space of graphons that is done in Chapter 4. In Chapter 5–Chapter 7 we study

the limit of matrix-valued processes under different setups as the dimension goes to infinity.

The motif in the current work is that while such high-dimensional matrix-valued processes
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are hard to describe, under appropriate assumptions, they exhibit a propagation of chaos.

This entails that a finite collection of coordinates often becomes asymptotically uncorrelated

as the dimension goes to infinity. This allows us to regard an IEA as the limit of a matrix-

valued process. The material developed in Section 2.5 defines this notion of convergence

and explains how it is related to convergence in the sense of graphons. While the connection

between IEA and graphons is well-known, as we explain in Section 2.5 an IEA carries much

more information than a graphon. In other words, the correspondence between IEA and

(random) graphons is lossy. More philosophically, an IEA provides the microscopic picture

of the ensemble while the graphons provide a macroscopic picture. The idea of measure-

valued graphons discussed in 2.3 is essentially an attempt to capture more information

about an IEA than graphons. While the measure-valued graphons were introduced in [153],

the metric introduced in 2.3 and its connection with IEAs and their convergence is novel.

The setup of measure-valued graphons is important and probably more naturally suited to

studying the evolution of random weighted graphs or matrix-valued processes, in this thesis

we only use this setup in Chapter 6 (see 6.1.1) to illustrate this point.
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Chapter 3

LITERATURE REVIEW

Graphons, introduced as limit objects for dense graphs, were first discussed in [39, 40,

151]. Since then, the subject has rapidly grown and has found connections with various

areas of mathematics, including extremal graph theory, exchangeability [3, 14, 117, 118],

exponential random graph models (ERGMs) [58, 57, 56], machine learning [190], economics,

and game theory [175, 12, 47], among others. It has also inspired similar attempts to

understand the limits of sparse graphs; see, for instance, [38, 34, 31], and even for the limit

of bounded degree graphs [36].

While the subject of graphons is relatively young, it has seen tremendous progress. In

this chapter, we survey some important developments and current research directions in

this field. As the primary focus of our thesis is optimization on graphons and the limits

of dynamics on large matrices or graphs resulting in processes or curves on the space of

graphons, our attention will be more on related themes. However, we will also describe

other important research directions that may not directly relate to our work.

3.1 Graphon driven interacting particle systems

Recall from Chapter 1 that the classical mean-field interacting particle system studies the

evolution of the empirical measure of the system of n particles that evolve like

dXi,n(t) = b(Xi,n(t), µn(t))dt+ dBi(t), i = 1, . . . , n,

where Bi are independent Brownian motions and µn(t) = n−1
∑n

i=1 δXi,n(t).

More recently, graphon-driven interacting particle systems have been investigated by

various authors. The idea here is that particles Xi,n live on the vertices of a graph Gn.

Each particle Xi,n is driven by an independent Brownian motion and it interacts only with

its neighbors that are determined by the underlying graph Gn. In other words, the evolution
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of this particle system looks like

dXi,n(t) = b(Xi,n(t), µi,n(t))dt+ dBi(t), i = 1, . . . , n,

where Bi are independent Brownian motions and µi,n(t) = 1
di

∑
j∼i δXi,n(t), here j ∼ i means

the vertex j and i are neighbors in the graph Gn and di is the number of neighbors of i.

The main problem here is understanding the limiting behavior of such a system where

Gn is a sequence of (possibly random) graphs that converge to a (deterministic) graphon,

say W , as n → ∞. The study of such an interacting system of particles was initiated

in [28] for the case when Gn is an Erdös-Rényi graph. When the underlying graph Gn is the

complete graph, we recover the classical mean-field interacting particle systems described

in Chapter 1.

Similar models, varying in generality, have been studied extensively since then in [68,

138, 27, 144, 22, 66, 67, 28, 77, 71]. In many of these cases, if the underlying graph sequence

that governs the interaction of particles is sufficiently dense, one observes the emergence

of the classical McKean-Vlasov equations in the limit. It’s important to note that this

differs from the McKean-Vlasov equation introduced in [102] and discussed extensively in

Chapter 5. In essence, the limiting description of the particle system interacting via a dense

graph becomes independent of the precise nature of the underlying graphs when they are

dense enough. Similar questions have also been explored in the context of sparse underlying

graph sequences [143, 170, 27, 20, 171, 144].

It’s important to note that the particle system studied in this thesis involves the evolution

of edges rather than vertices. Specifically, we consider a symmetric evolution where the

graph itself evolves. Previous works have primarily focused on particle systems where the

underlying graph controls interactions among particles but the underlying graph itself does

not evolve in time.

Some recent works have explored particle systems where interaction is determined by an

evolving underlying graph, where the evolution of the graph itself depends on the particle

positions [19, 99, 21]. This is closer in spirit to our work. This field presents numerous open

problems; interested readers can find an excellent discussion on some of these in [215].
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3.2 Evolution of dense graphs and their limits

In [70], the author considers Markov processes with cádlág paths on graphons, which can be

obtained by projecting Markov processes with cádlág paths on infinite exchangeable arrays.

Unfortunately, such processes on the space of graphons cannot be diffusive and are thus, in

some sense, trivial. However, this does not rule out the possibility of obtaining diffusions on

graphons. For instance, [8] demonstrates the existence of naturally occurring diffusions on

the space of graphons that arise as the limit of processes in population dynamics models.

The convergence of natural graph dynamics to processes on graphons has been further

explored in [10]. Similar constructions have also been obtained in the sparse graph regime,

as seen in [11, 69].

We briefly explain the idea from [10] for the convenience of the reader. Consider a

collection of n individuals where each individual is labeled with Type 0 or 1. Let Gn(0)

be a graph on the vertex set [n] where i and j are connected if and only if i and j have

the same type. Now we evolve this graph as follows: every individual (that is vertex)

independently at rate 1 picks another individual (from the whole population not necessarily

from its neighbors) and adapts its type. Define the graph Gn(s) analogous to Gn(0) at

time s ≥ 0. Let Hn(s) = 1
nG

n(sn). Note that if the fraction of Type 0 individual in the

population converges to some constant p ∈ [0, 1]. Then, Gn(0) converges to a kernel W

such that W (x, y) = 1 if (x, y) ∈ [0, p] × [0, p] ∪ [1 − p, 1] × [1 − p, 1] and 0 otherwise. One

can ask if Hn(s) converges weakly, say in δ� metric, to a process on the space of graphons.

In other words, if F is a finite graph, can one show that the homomorphism density of F

into Hn(s), denoted tF (H
n(s)), admit a weak limit as n → ∞ for each s? This example is

particularly simple because the homomorphism density tF (Hn(s)) is completely determined

by the fraction of Type 0 individual Y n(s) at time ns.

Let us denote by Xn(s) the number of individuals of Type 0 in the population at time

s. And, let Y n(s) = 1
nX

n(sn) be the fraction of individual of Type 0 at (scaled) time s.

It is well-known that Y n(s) converges weakly to the Wright-Fisher diffusion Y (s) on [0, 1],

that is,

Y (s) = p+

∫ s

0

√
Y (t)(1− Y (t))dB(t),
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where B(t) is the 1-dimensional standard Brownian motion. This in particular yields that

if F has k edges then

tF (H
n(s)) = Y n(s)k + (1− Y n(s))k

converges weakly to Y (s)k + (1 − Y (s))k as n → ∞. One can therefore conclude that the

graph Hn(s) converges weakly to a process on graphons that is diffusive.

This is more in line with our work. We study the limits of certain processes on graphs

and matrices as the dimension goes to infinity. In Chapter 6, we consider a Metropolis chain

on large graphs and ultimately take its limit to obtain a curve on the space of graphon.

One crucial difference, however, is that the symmetry conditions that we impose on our

evolution force the limiting curve to be deterministic.

3.3 Exponential Random Graph Model (ERGM)

For this section, define Ŵ0 to be the space of graphons which take value in [0, 1]. Recall

that for a finite simple graph F and a graphon W , the homomorphism density of F into

W , denoted t(F,W ), is defined as

t(F,W ) =

∫
[o,1]|V (F )|

∏
{ij}∈E(F )

W (xi, xj)

|V (F )|∏
ν=1

dxν ,

where V (F ) and E(F ) denote the set of vertices and the set of edges in F , respectively.

Let F1, . . . , Fk be finite simple graphs and let β = (β1, . . . , βk) ∈ Rk. An ERGM is a

probability measure P on the space of all simple graphs on n, Gn, given by

Pn(G) = exp

(
n2

k∑
i=1

βit(Fi, G)− n2ψn(β)

)
.

Exponential random graphs have been studied in the statistical physics and networks

community for a long time. We refer the reader to [84, 86, 176, 56]. In the study of large

deviations of ERGMs, one problem of interest is to approximate limn→∞ ψn(β). It is known

that (see [56, Theorem 7.1])

ψ(β) := lim
n→∞

ψn(β) = sup
W∈Ŵ0

(
T (W )− 1

2
I(W )

)
,

where T (·) =
∑k

i=1 βit(Fi, ·) and I(W ) =
∫
[0,1]2 W (x, y) log(W (x, y)) dxdy.
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The minimizer W ∗ of F (W ) := T (W )− 1
2I(W ) yields important information about the

‘typical graph’ drawn from Pn for large n. In particular, the weak law of large number ( [56,

Theorem 7.2]) states that for any η > 0 there exists C > 0, γ > 0 such that for any n we

have

P(δ�(W ∗, Gn) > η) ≤ Ce−n
2γ

where Gn is a random graph drawn from the ERGM Pn.

However, there are only a few ERGMs where the constant ψ(β) = limn→∞ ψn(β) and

the minimizer of W ∗ are known explicitly. For instance, if all βi are non-negative, then

it is known that [58, Theorem 4.1] that any minimizer of F must be a constant graphons

W ∗(x, y) ≡ p. This reduces the problem of finding ψ(β) and the minimizer(s) to a simple

calculus problem. The parameter space for β for which the minimizer(s) are constant is

called the replica symmetric regime. In the replica symmetry regime the typical exponential

random graph ‘looks like’ an Erdös-Rényi graph. Understanding the replica symmetry

regime is an important and challenging problem that is not fully resolved yet.

A significant amount of work has gone into understanding the replica symmetry regime

and its phase transition in a particular ERGM called the edge-triangle model where T (·) =

β1t(K2, ·)+β2t(K3, ·) where K2 and K3 are complete graphs on 2 and 3 vertices respectively.

A curious and important insight that has emerged in this case is that the minimizer of F

need not be unique even in the replica symmetry regime. We refer the reader to [181, 180,

161, 162, 182, 30] for more detail. Very little is known about the minimizers outside the

replica symmetry regime.

Numerical approximations for the ψ(β) = limn→∞ ψn(β) have been investigated in the

PhD thesis [60] where the author computes the maximum likelihood estimate for a model

of exponential random graphs analyzed in [57]. Since graphs are discrete, the optimiza-

tion is more amenable to analytical tools on the limiting graphon space. But the space of

graphons is infinite-dimensional and the author uses gradient descent on matrices to approx-

imate the gradient descent on graphons–albeit without rigorous justifications. Our results

show that the method is consistent as the discretization gets finer and finer and provides a

mathematical justification to the algorithm in [60].
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3.4 Constrained optimization on graphons

Extremal graph theory problem often involves maximizing or minimizing certain homo-

morphism densities while fixing some others. For instance, as discussed in 1 the problem

of minimizing t(K3, G) − 1
10 t(K2, G) can be seen as a relaxation of extremal graph theory

problem that asks to maximize the number of edges in a graph while having no trian-

gles. The extremal graph theory problem in this case is to maximize t(K2, G) over all

graphs such that t(K3, G) = 0. Related to the edge-triangle model discussed above, there

is an extremal problem (posed by Turán in 1941) that asks the typical graph with given

(t(K2, G), t(K3, G)) = (ε, τ) where (ε, τ) is given. The range of achievable (ε, τ) is also an

interesting problem with rich and long history. We refer the interested reader to [183, 179]

and the references therein. In recent times, there has been a renewed interest in studying

the typical behavior of a graph n vertices with given edge and triangle density. This involves

understanding the large deviation of the uniform measures on Gn(ε, τ), the set of graphs on

n vertices with t(K2, G) = ε and t(K3, G) = τ in the feasible region. The large deviation

rate function turns out to be the entropy. Therefore, studying the behavior of a typical

graph involves minimizing the entropy over the set of graphons with given t(K2,W ) = ε

and t(K3,W ) = τ . For the edge-triangle model, this problem has been studied in [163].

As the theory developed in this thesis does not say anything about the structure of

minimizers, strictly speaking, this problem falls outside the scope of our work. However,

in this problem and related problems, one can use our theory as a computational tool to

come up with heuristics. Let us mention that the homomorphism density constraints like

t(F,W ) = ε are highly non-convex. Therefore, defining gradient flows on these constrained

sets is not straightforward and needs more work.

3.5 Other related works

As we already surveyed a few directions of active research that are closely related to the

theme of this thesis, we now survey some other relevant literature.
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3.5.1 Graphon estimation

As we have seen, given a kernel W : [0, 1]2 → [0, 1], one can obtain a sequence of random

graphs G(n,W ) on the vertex set [n] where we create an edge between every pair of vertices

i and j independently with probability W (Ui, Uj). When the kernel W is a constant, this

procedure recovers the usual Erdös-Rényi graph, and when W is a piecewise constant one

obtains the so-called stochastic block model.

The so-called graphon estimation problem involves estimating the function W from

the samples of G(n,W ) [169, 214, 63]. There is another variant of this problem that is

somewhat less demanding. This is often dubbed as graphon value estimation and it in-

volves determining the values of the so-called latent variables W (Ui, Uj) from the sample

of G(n,W ) [93, 1, 57, 54]. Interestingly, the problem of graphon estimation can be traced

back to the work of Kallenberg [127]– even before graphons were developed. We refer the

reader to [172] for a short and interesting discussion of the topic and recent advances in this

area we refer to [46] and references therein. Most approaches to graphon estimation rely on

the compactness of the space of graphons under cut-metric. In particular, one often tries

to produce a graphon estimator that is a step-function. This is done via first partitioning

the vertex set of the sampled graph into communities. This is in turn done via the usual

clustering algorithms. After this, the step graphon is estimated by computing the average

edge densities between the communities obtained in the first step. This determines a step

graphon. This has naturally led to several deep and beautiful results on the number of

communities into which G(n,W ) can be partitioned. Most of these results require certain

smoothness assumptions on the kernel W (like Lipschitzness) and lead to L2-error bounds

with high probability guarantees. For a more exhaustive discussion on this and related

topics, we refer to the PhD thesis [135] and references therein.

3.5.2 Large deviation of graphons

We already mentioned that one source of optimization problems on the space of graphons

is the large deviation of exponential random graphs. We refer the reader to [55, 56] for the

general overview of the subject. For the benefit of the reader, we explain it a little. Large
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deviation of Erdös-Rényi was first studied by Chatterjee and Varadhan in [58]. The Erdös-

Rényi graph E(n, p) induces a probability measure Pn on the set of all graphs on n vertices

Gn. This in turn induces a discrete probability measure say P̃n on the space of graphons.

Chatterjee and Varadhan in [58] studied the large deviation of for P̃n and established that

it satisfies a large deviation principle with speed n2 and rate function given by entropy

function E defined as Ep(W ) =
∫ 1
0

∫ 1
0
W (x,y)

p log
(
W (x,y)

p

)
dxdy.

More generally, Let Q ∈ Mk be a symmetric k × k matrix with entries in [0, 1]. Let

n = (n1, . . . , nk) ∈ Nk be a k-tuple of natural numbers. A stochastic block model SBM(Q,n)

is a simple random graph on n × k many vertices which is defined as follows. There are

k communities and community i has ni individuals. More precisely, we label ni many

vertices with label i for each i ∈ [k]. Now for every pair of vertices u, v, we connect them,

independently of everything else, with probability pij if u is in the community i and v is in the

community j. The large deviations for this model are studied in [35, 98]. This probability

measure indeed satisfies a large deviation with rate n2 with an explicit rate function. Let

W ∈ Wk be a step kernel. For each n ≥ 2, the random graph G(n,W ) induces a probability

measure on Gn and in turn a discrete probability measure on the space of graphons. This

also satisfies a large deviation principle with rate n2.

Let us explain that if we consider the k-step kernel W corresponding to the matrix Q

and consider the random graph G(mk,W ). This is not the same as SBM(Q,n) as defined in

the previous paragraph even when ni = m for all i ∈ [k]. This is because in the SBM(Q,n)

the number of individuals in each community is fixed and is equal to m, but in the model

G(mk,W ) there are on an average m individuals in each community, but the number of

individuals in each community is random with binomial distribution. But this does not

matter for the large deviation at speed n2. Heuristically, this can be explained as follows.

Let n = (n1, . . . , nk) and n′ = (n′1, . . . , n
′
k) be such that n1 + . . .+ nk = n′1 + . . .+ n′k = m.

In order to obtain SBM(Q,n) or SBM(Q,n′) from G(m,W ) we only a factor of e−O(n).

For large deviation at speed n2, this does not matter. Therefore, at speed n2, the large

deviation rate function remains the same for both models. Recently, the large deviation for

G(n,W ) for general graphon W has been studied in [178] at various speeds. However, the

large deviation with speed n2 in the general case remains open.
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3.5.3 Subgraph count fluctuations

Recall that the convergence in cut-metric is defined via the convergence of homomorphism

density functions. In particular, the fact that the Erdös-Rényi graph E(n, p) converges to

a graphon Wp ≡ p as n → ∞ is equivalent to saying that for any finite simple graph F

with m-edges, the homomorphism density t(F,E(n, p)) converges to t(F,Wp) = pm almost

surely. This is straightforward to verify and can be established using a fourth-moment

bound. Naturally, this leads to the study of fluctuations in these subgraph counts.

For the Erdös-Rényi graph the fluctuations of subgraph counts have been studied for

a long time [18, 115, 116]. For more general graphons, the fluctuations of homomorphism

densities in G(n,W ) have been studied recently. The fluctuation of many classes of homo-

morphism densities (e.g. for cliques) is known to be Gaussian. However, in many cases, the

fluctuation may become degenerate. We refer the reader to the recent works [29, 106, 83, 85].

We close this section with two recent papers [131, 53] and the references therein. The joint

distribution of multiple subgraph densities are studied in[131, 53] and their asymptotic

normality is established.
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Chapter 4

GRADIENT FLOWS ON GRAPHONS

4.1 Introduction

For any metric space (Ω, d), denote its Borel sigma algebra as B(Ω) and the set of all

Borel probability measures as P(Ω). Consider Rd with the usual Euclidean metric and let

F : P(Rd) → R be a suitable function. The function F induces a sequence of permutation

invariant functions (fn)n∈N as above by the definition

fn (x1, . . . , xn) := F (µn) , n ∈ N.

Here permutation invariant means fn(x1, . . . , xn) = fn(xπ1 , . . . , xπn) where π is any permu-

tation of the set [n] := {1, 2, . . . , n}. Throughout this text, we will denote the symmetric

group on the finite set [n] as Sn. Consider the Cauchy problem

ẋi(t) = −∇ifn(x1(t), . . . , xn(t)), i ∈ [n], t ∈ R+, (4.1)

with given initial conditions (xi(0))i∈[n]. Here ∇i refers to the partial derivative with respect

to the i-th variable and R+ denotes the set of all non-negative real numbers. The solution

to this problem–which exists and is unique when, say, ∇fn is Lipschitz– is often called the

gradient flow of fn. For such an fn for any n ∈ N, the evolution (4.1) can be thought of as

an evolution on the space of probability measures by defining

µn(t) :=
1

n

n∑
i=1

δxi(t), t ∈ R+.

Now the following question makes sense. Suppose that the sequence of initial measures

(µn(0))n∈N converges to a limiting probability measure µ(0) where the convergence is typi-

cally in the sense of weak convergence of probability measures. Does the sequence of curves(
(µn(t))t∈R+

)
n∈N converge to some limiting curve on P(Rd) possibly after rescaling time?

The answer to the above, under suitable assumptions on F , is the so-called Wasserstein

gradient flow [212, 192] of F on the metric space P
(
Rd
)

equipped with the Wasserstein-2
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metric, W2. There is now a general theory of curves of maximal slopes (AKA gradient

flows) developed for functions on metric spaces which may lack a differentiable structure [5].

The Wasserstein space is a prominent example that has been thoroughly studied [5, 193].

Recently there has been a surge in interest in the application of the above convergence of

gradient flows in the context of single hidden layer neural networks, see [201, 62, 188, 200,

48, 7, 165, 196, 197, 208, 16].

We are interested in optimization problems where the arguments can be thought of as

weights attached to the edges of a large dense graph. Let G = ([n], E) be a graph. For

{i, j} ∈ E one has an associated variable Wi,j =Wj,i that we take to be real-valued in this

article. For all the applications we consider, we can take Wi,j = 0 if {i, j} 6∈ E. Thus our

variables can be arranged in an n × n symmetric matrix (Wi,j)i,j∈[n]. Let the set of n × n

real-valued symmetric matrices be denoted by Mn(R). Let fn : Mn(R) → R ∪ {∞} be a

function of such matrices. The crucial difference from the previous set-up is that we want

fn to satisfy a permutation invariance property with respect to relabeling the vertices of G:

for every π ∈ Sn,

fn

((
Wπi,πj

)
i,j∈[n]

)
= fn

(
(Wi,j)i,j∈[n]

)
.

That is, the function value does not change if we permute the rows and the columns of the

symmetric matrix (Wi,j)i,j∈[n] by the same permutation. In other words, such functions are

invariant under graph isomorphisms of G. We call such functions invariant. One can now

ask the same question as before. Consider the gradient flow Cauchy problem

Ẇi,j(t) = −∇i,jfn

(
(Wi,j(t))i,j∈[n]

)
, i, j ∈ [n], (4.2)

with given (Wi,j(0))i,j∈[n]. Is there a suitable scaling limit as n goes to infinity? This chapter

answers this question in affirmative under reasonable conditions on fn.

We restrict ourselves to the case where the edge weights (Wi,j)i,j∈[n] all lie in the bounded

interval [−1, 1]. Without loss of generality, we can take our graph to be the complete graph

with its weighted adjacency matrix (Wi,j)i,j∈[n]. Just like empirical distributions of particle

systems converge to probability measures, these graph adjacency matrices with bounded

edge weights, identified up to graph isomorphisms, converge to a graphon [151, 39, 40]. This
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is intimately connected with the theory of exchangeable arrays in probability theory [2, 3,

109, 126].

4.1.1 Setup and Results

Recall from Chapter 2 that we denote the set of all n× n symmetric matrices with entries

in [−1, 1] as Mn. Every symmetric matrix in Mn identified up to the same permutation

on rows and columns can be embedded in the space of block graphons Ŵn ⊆ Ŵ (see

Section 2.1 for details). Thus, any function F : Ŵ → R ∪ {∞} induces a sequence of

functions
(
Fn : Ŵn → R ∪ {∞}

)
n∈N, by restriction, and a sequence of invariant functions

(fn)n∈N on such n× n symmetric matrices with entries in [−1, 1].

The first pertinent question is that given F : Ŵ → R∪ {∞} and [U0] ∈ Ŵ in the proper

effective domain eff-Dom(F ) := {[U ] ∈ Ŵ | F ([U ]) < ∞} of F (see [5, equation 1.2.1]),

under what assumptions on F a “gradient flow” of F on (Ŵ, δ2) exists starting at [U0]. On

a general metric space, a gradient flow curve (i.e., a curve of maximal slope [5, Definition

1.3.2]) is obtained by showing that the limits of the solutions of implicit Euler iterations

(see Section 4.2) exist and satisfy added assumptions. The existence of the limit of the

sequence of such implicit Euler iterations requires the local slope |∂F | of F , defined as

|∂F |([V ]) := lim sup
[W ]∈Ŵ, δ2([W ],[V ])→0

(F ([V ])− F ([W ]))+

δ2([W ], [V ])
. (4.3)

In practice, however, evaluating the local slope is not easy. We introduce the concept

of Fréchet-like derivative in Section 4.2.3 and show that for functions that have Fréchet-

like derivative, the local slope |∂F | admits a more amenable expression in terms of L2-

norm of the Fréchet-like derivative. Moreover, under a semiconvexity assumption, just the

existence of Fréchet-like derivative suffices for the existence of a curve of maximal slope (see

Theorem 4.2.14).

Since (Ŵ, δ2) is a geodesic space, one can talk about λ-semiconvex functions for λ ∈ R

over geodesics and generalized geodesics (see Section 2.1 and Section 2.2). Theorem 4.1.1

shows that under suitable assumptions on a semiconvex function F , the gradient flow of

F on (Ŵ, δ2) can be obtained as the time-scaled limit of the Euclidean gradient flows of

(fn)n∈N on (Mn)n∈N respectively. That is, suppose we have a sequence of block graphons
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([Un,0] ∈ Ŵn)n∈N
δ�−→ [U0] ∈ Ŵ and let ω = (ωt)t∈R+

be the gradient flow of F on (Ŵ, δ2)

starting at ω0 = [U0] ∈ Ŵ. Then the gradient flow ω(n) =
(
ω
(n)
t

)
t∈R+

of Fn starting at

ω
(n)
0 = [Uk,0] ∈ Ŵn converges, in δ� to ω uniformly over compact time intervals as k → ∞.

The next argument shows that for any n ∈ N, ω(n) is a time-scaling of the Euclidean gradient

flow of fn.

For any n ∈ N, the Euclidean gradient flow of the function fn over Mn can be approxi-

mated via the implicit Euler method. Starting from Xn,τ ∈ Mn with a step size of τ > 0,

the next iterate of the implicit Euler method, say Xn,τ,+, is obtained as

Xk,τ,+ ∈ arg min
Xn∈Mn

[
fn(Xn) +

1

2τ
‖Xn −Xn,τ‖22

]
. (4.4)

Let K be the natural embedding map from n × n symmetric matrices to the space of

block kernels Wn (Definition 2.1.6). Since the function fn is permutation invariant, setting

[Un,τ ] = [K(Xn,τ )], equation (4.4) is equivalent to obtaining

[Un] ∈ arg min
[Un]∈Ŵn

Fn([Un]) + n2

2τ
min

Xn∈Mn,
[Un]=[K(Xn)]

1

n2

n∑
i,j=1

∣∣∣(Xn)i,j − (Xn,τ )i,j

∣∣∣2


= arg min
[Un]∈Ŵn

[
Fn([Un]) +

n2

2τ
δ22([Un], [Un,τ ])

]
, (4.5)

via the substitution [Un] = [K(Xn)]. Equation (4.5) is precisely the implicit Euler iteration

for gradient flow on (Ŵn, δ2) with a step size of τ/n2 (see Section 4.2.1). Since iterations

of the form in equation (4.4) converge to the Euclidean gradient flow as τ → 0, its image

via the map X 7→ [K(X)] in equation (4.5) converges to the gradient flow on (Ŵn, δ2) as

τ → 0.

Theorem 4.1.1 (Convergence of Gradient Flows). Suppose F : Ŵ → R∪{∞} satisfies the

following conditions:

1. F is continuous in δ�.

2. F is λ-semiconvex (Definition 2.1.15) along generalized geodesics on (Ŵ, δ2) (Defini-

tion 2.2.6), for some λ ∈ R.
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Consider the gradient flow ω(n) =
(
ω
(n)
t

)
t∈R+

⊂ Ŵn of F on each Ŵn, starting at some

ω
(n)
0 = [Un,0] for n ∈ N. Assume that the sequence ([Un,0])n∈N

δ�−→ [U0] ∈ Ŵ, and

|∂F |([U0]) <∞ and lim supn→∞|∂F |([Uk,0]) ≤ G <∞, for some G ≥ 0. Then,

lim sup
n→∞

sup
t∈[0,T ]

δ�

(
ω
(n)
t , ωt

)
= 0, (4.6)

for any T ∈ R+, where ω = (ωt)t∈R+
is the unique minimizing movement curve [5, Definition

2.0.6, page 42] on Ŵ for the function F starting at ω0 = [U0]. In addition, if the conditions

for the existence of curves of maximal slope (Theorem 4.2.4 or Theorem 4.2.14) hold, then

ω is a curve of maximal slope.

Remark 4.1.2. Condition 2 in Theorem 4.1.1 is satisfied if the invariant extension f : W →

R ∪ {∞} of F is λ-semiconvex on (W, d2) (see Section 2.1.1, and Definition 2.1.16).

An important and recurring theme throughout this thesis is that many important curves

in Ŵ are obtained as the projection of some curve defined in W. In particular, the gradient

flow of F is the natural image of an absolutely continuous curve in (W, d2). More precisely,

if f has a Fréchet-like derivative DWf(W ) for all W ∈ W, then there gradient flow ω of F

can be written as the image of the curve ([Wt])t∈R+
defined as

Wt(x, y) =W0(x, y)−
∫ t

0
DWf(Ws)(x, y)1GWs

{(x, y)}ds,

for a.e. (x, y) ∈ [0, 1](2), where 1GWs
is a ‘boundary correction term’ that makes sure that

the curve remains inside [−1, 1]. The reader is referred to Section 4.2.3 for details. In this

sense, our work is in the vein of [92] where the authors view the Wasserstein geometry as a

projection of an L2 geometry.

4.1.2 An example and discussion

To elucidate our results, consider the scalar entropy function E : Ŵ → R∪{∞} (see [58] for

applications to large deviations of Erdős-Rényi random graphs):

E([W ]) :=

∫ 1

0

∫ 1

0
h(W (x, y))dxdy, [W ] ∈ Ŵ, (4.7)
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where h : R → R∪ {∞} is the convex entropy function h(p) := p log p+ (1− p) log(1− p), if

p ∈ (0, 1), h(0) = h(1) = 0, and h(p) = ∞, otherwise.

The function E is lower semicontinuous in the cut metric [58, Lemma 2.1]. However, for a

given ε ∈ (0, 1/2), if we restrict the domain of E to be all [W ] ∈ Ŵ such that ε ≤W ≤ 1− ε,

a.e., then E is δ�-continuous on this restricted domain. The function E can be shown to be

convex along generalized geodesics and its local slope can be computed easily (see Section 4.5

for all the details). The Fréchet-like derivative DWE of E at any such graphon [W ] is given

by another graphon that is “coupled” with [W ] (see Definition 4.2.8)

DWE(W )(x, y) = log
(

W (x, y)

1−W (x, y)

)
, (x, y) ∈ [0, 1](2). (4.8)

Thus, starting from a graphon [U0] such that ε ≤ U0 ≤ 1 − ε, a.e., the gradient flow ω

evolves every coordinate of the graphon ωt at time t ∈ R+ by the velocity −DŴE(ωt) (see

Section 4.2.3). But the expression in equation (4.8) is positive for any W (x, y) > 1/2 and

negative for any W (x, y) < 1/2. Thus, the gradient flow converges, as t → ∞, to the

constant graphon ω∞ ≡ 1/2, a.e., which is the unique minimizer of the function E . Restrict

the domain of the scalar entropy function on n × n symmetric matrices A with entries in

[ε, 1− ε]. Define En(A) := n−2
∑n

i=1

∑n
j=1 h(Ai,j). Then Theorem 4.1.1 further says the

following. If ω(n) is an Euclidean gradient flow of En, and if δ�- limn→∞ ω(n)(0) = [U0] ∈ Ŵ,

then (ω(n))n∈N converges, uniformly in the cut metric on compact sets [0, T ] for T > 0, as

k → ∞, to the curve ω described.

It is important to note that the curve ω is actually obtained as the natural image of the

curve t 7→Wt obtained by solving

Wt(x, y) =W0(x, y)−
∫ t

0
log
(

Ws(x, y)

1−Ws(x, y)

)
ds, a.e. (x, y) ∈ [0, 1](2), (4.9)

for t ∈ R+, where the above integral is defined pointwise (See Section 4.5 for details). It

is a recurring theme in this chapter that many important curves in Ŵ can be seen as the

natural image of a curve in W.

More examples have been worked out in Section 4.5. This includes the case when F is

a homomorphism density function. Our examples also cover the gradient flow of any linear

combination of the scalar entropy function and homomorphism density functions that are of
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particular interest in the study of exponential random graph models (see [56, 57, 133, 80, 96])

and in the large deviation principle of dense random graphs [58, 56, 154, 65] where one is

interested in optimizing the so-called rate function.

It is well-known in optimal transport that an absolutely continuous curve in the Wasser-

stein space has an associated continuity equation [192, Theorem 5.14]. Proposition 4.4.3

gives a partial analogue of this result in the current setting. That is, a curve of gradient

flow (which is absolutely continuous) has an associated family of continuity equations, not

just one continuity equation.

4.1.3 Notations recall

Throughout the chapter, we use the symbols A, X, Y , and Z (and their variations with

sub/superscripts, hats, tildes, and primes) to represent matrices. For example, Xn, An

would stand for n× n (symmetric) matrices.

We use the letters U , V , W to represent kernels, that is, symmetric real-valued Borel

measurable functions on the unit square. The set of all kernels is denoted by W and Ŵ

denotes the set of graphons.

For a kernel V , we always use [V ] to represent its corresponding graphon when we wish

to emphasize the equivalence class. Note that a n × n matrix, say An, can be naturally

embedded in the space of kernels (see Section 2.1 for details). We use K(An) to denote the

kernel corresponding to the matrix An.

4.2 Gradient Flows on Graphons

The goal of this section is to prove the existence of gradient flow (see Theorem 4.2.14) and the

convergence of Euclidean gradient flows to the gradient flow on graphons (Theorem 4.1.1).

In Section 4.3 we give the proof of Theorem 4.1.1. This section can be read directly after

Proposition 4.2.5.

In Section 4.2.1 we define an implicit Euler scheme following [5] that allows one to prove

the existence of gradient flow in Theorem 4.2.4. However, the conditions in Theorem 4.2.4

are hard to verify. Later we prove an alternate existence theorem for gradient flow. However,
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the main highlight of Section 4.2.1 is Proposition 4.2.5 where we prove a Γ-convergence result

for Euler iterates on finite-dimensional matrices (or step-kernels). This result is crucial in

the proof of Theorem 4.1.1 and we believe that it would be of independent interest as well.

In Section 4.2.3 we introduce a notion of ‘Fréchet-like derivative’ which in turn allows

us to prove the existence of gradient flow for function F that have Fréchet-like derivative.

We do verify this condition for a large class of functions in Section 4.5. As pointed out in

the introduction, the existence of a Fréchet-like derivative not only allows us to prove the

existence of gradient flow, but it also allows a kernel representation of the gradient flow (see

Theorem 4.2.14) which is extremely useful in practice.

Finally, Section 4.4 complements the discussion by proving that the gradient flows in

(Ŵ, δ2) can also be described by a family of continuity equations.

4.2.1 Implicit Euler method, Generalized Minimizing Movements

Here we introduce an implicit Euler scheme and use to show the existence of gradient flow.

We begin with the setup and definitions. Given F : Ŵ → R ∪ {∞}, a step size τ > 0 and

[U ] ∈ Ŵ, define a functional ΦF (τ, [U ]; · ) : Ŵ → R∪{∞}, called penalized functional, given

by

ΦF (τ, [U ]; [V ]) := F ([V ]) +
1

2τ
δ22([V ], [U ]) , (4.10)

and a set-valued resolvent operator Jτ on Ŵ as

Jτ ([U ]) := arg min
Ŵ

ΦF (τ, [U ]; · ), for [U ] ∈ Ŵ. (4.11)

For a sequence τ := (τn)n∈N of positive time steps with |τ | := supn∈N τn < ∞, we can

associate a partition of the time interval (0,∞) as

Pτ :=
{
Inτ := (tn−1

τ , tnτ ]
}
n∈N, τn = tnτ − tn−1

τ ,

if t0τ = 0 and limn→∞ tnτ = ∞. Given such a sequence τ and [Uτ ,0] ∈ Ŵ, we can obtain a

sequence ([Uτ ,n])n∈N by iteratively solving for [Uτ ,n], by setting

[Uτ ,n] ∈ Jτn([Uτ ,n−1]), (4.12)
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provided Jτn([Uτ ,n−1]) is non-empty for every n ∈ N. Note that the iterates ([Uτ ,n])n∈N

tries to minimize the function F at each step, but it is penalized against taking big jumps.

In practice, therefore, it makes sense to treat the curve obtained by joining these iterates

as a proxy for gradient flow. We need the following definition to makes this idea precise.

Definition 4.2.1 (Discrete solution). Given the sequence ([Uτ ,n])n∈N as above in equa-

tion (4.12), interpolate the discrete points by a piece-wise constant left-continuous function

[Uτ ] : [0,∞) → Ŵ, defined as

[Uτ ](0) := [Uτ ,0] , [Uτ ](t) := [Uτ ,n] , t ∈ (tn−1, tn]. (4.13)

We call [Uτ ] to be a discrete solution corresponding to the partition Pτ .

Discrete solutions are simply a way of creating a curve from the iterates of resolvent

operator. One should expect that as one take |τn| → 0, the discrete solutions yield a curve

that is often a good candidate for gradient flow (a.k.a. curves of maximal slope) in an

arbitrary metric space setting. Such curves are called generalized minimizing movements

that we define below.

Definition 4.2.2 (Generalized minimizing movements). For a function F , its corresponding

functional ΦF as defined in equation (4.10), and an initial datum [U0] ∈ Ŵ, we say that a

curve ω = (ωt)t∈R+
in Ŵ is a generalized minimizing movement (GMM) for ΦF starting

from [U0] ∈ Ŵ if there exists a sequence of sequences (τ k)k∈N with limk→∞|τ k| = 0 and a

corresponding sequence of discrete solutions ([Uτk
])n∈N defined as in Definition 4.2.1 such

that for all t ∈ R+,

lim
k→∞

F ([Uτk,0]) = F ([U0]), lim sup
k→∞

δ2([Uτk,0], [U0]) <∞,

δ�- lim
k→∞

[Uτk
](t) = ωt.

(4.14)

There is a related definition of minimizing movement (MM) curves that can be found

in [5, Definition 2.0.6] where the conditions in equation (4.14) need to hold for all sequences

of partitions with vanishing norm. The set of all minimizing movements and generalized

minimizing movements on the metric space (Ŵ, δ2) with respect to the metric δ� starting
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from [U0] ∈ eff-Dom(F ) are denoted by MMδ2,δ�(ΦF , [U0]) and GMMδ2,δ�(ΦF , [U0]) respec-

tively. From their definitions it can be verified that the set of minimizing movements is

contained in the set of generalized minimizing movements. See [5, Definition 2.0.6] for

the precise difference between them. Since (Ŵ, δ2) is a bounded metric space, the second

conditions in equation (4.14) and [5, equation 2.0.10] are trivially satisfied.

Lemma 4.2.3. If F : Ŵ → R ∪ {∞} is sequentially δ�-lower semicontinuous, then

1. for every τ > 0 and [U ] ∈ Ŵ, we have infŴ ΦF (τ, [U ]; · ) > −∞, where ΦF is defined

in equation (4.10), and

2. if ([Un])n∈N ⊂ Ŵ with supn∈N F ([Un]) < ∞, then ([Un])n∈N admits a δ�-converging

subsequence.

Proof. Since (Ŵ, δ�) is a compact metric space [152], from the Weierstrass Theorem [192,

Box 1.1], both arg minŴ F and arg minŴ ΦF (τ, [U ]; · ) exist for all τ > 0 and [U ] ∈ Ŵ. Thus

the minima are greater than −∞, and every sequence admits a δ�-converging subsequence.

From Lemma 2.1.5 we know that the topology induced by δ2 is sequentially δ�-lower

semicontinuous. This with Lemma 4.2.3 shows that the assumptions in [5, Proposition

2.2.3] are satisfied, guaranteeing that GMMδ2,δ�(ΦF , [U0]) is non-empty. If |∂F | is δ�-lower

semicontinuous and F is δ�-continuous on the sublevel sets of |∂F |, then it follows from [5,

Theorem 2.3.1] that every element ω ∈ GMMδ2,δ�(ΦF , [U0]), for [U0] ∈ eff-Dom(F ), is

a curve of maximal slope. For the sake of clarity, we record the above discussion as a

theorem.

Theorem 4.2.4 (Existence of curves of maximal slope-I). Suppose F : Ŵ → R ∪ {∞}

satisfies the following conditions.

1. F is δ�-lower semicontinuous on eff-Dom(F ).

2. Its local slope |∂F | is δ�-lower semicontinuous in eff-Dom(F ).
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3. F is δ�-continuous on the sublevel sets of |∂F |.

Then every curve ω ∈ GMMδ2,δ�(ΦF , [U0]) for [U0] ∈ eff-Dom(F ) is a curve of maximal

slope.

In practice, it is difficult to compute |∂F | or to ascertain its δ�-lower semicontinuity.

This makes it difficult to apply Theorem 4.2.4 on natural examples. Later in Theorem 4.2.14

we show that, when f admits a Fréchet-like derivative that is λ-semiconvex on (W, d2) for

some λ ∈ R, the existence of a curve of maximal slope follows without requiring δ�-lower

semicontinuity of |∂F |.

4.2.2 Γ-convergence of penalized functional

Recall that the goal of this chapter is to show that the Euclidean gradient flows on matrices

converge in suitable sense to gradient flow on graphons. In the previous section, we establish

that the gradient flows in very general settings can be obtained as the limits of discrete

solutions. In this section, we show that iterates of Jτ |Ŵn
converge in suitable sense to the

iterates of Jτ |Ŵ as n→ ∞.

More formally, for any n ∈ N, define J (n)
τ to be the resolvent operator on Ŵn as

J (n)
τ ([U ]) := arg min

Ŵn

ΦF (τ, [U ]; · ) = arg min
Ŵn

{
F +

1

2τ
δ22([U ], · )

}
, (4.15)

for any τ > 0, [U ] ∈ Ŵn.

The following Lemma essentially shows Γ-convergence of the penalized functionals ΦF ,

restricted to Ŵn, as n→ ∞.

Proposition 4.2.5. Fix some δ�-continuous function F : Ŵ → R ∪ {∞} and some step

size τ > 0. Consider a sequence ([Un] ∈ Ŵn)n∈N such that ([Un])n∈N
δ�−→ [U ] as n→ ∞ for

some [U ] ∈ Ŵ. For each n ∈ N, let
[
U+
n,τ

]
∈ arg minŴn

ΦF (τ, [Un]; · ). Suppose
[
U+
∞,τ

]
is

any δ�-limit point of the sequence
([
U+
n,τ

])
n∈N. Then

[
U+
∞,τ

]
∈ arg minŴ ΦF (τ, [U ]; · ).

Proof. Note that for any sequence of graphons ([Wn])n∈N such that ([Wn])n∈N
δ�−→ [W ] for

some [W ] ∈ Ŵ, by Lemma 2.1.5 we have

lim inf
n→∞

δ2([Un], [Wn]) ≥ δ2([U ], [W ]). (4.16)
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We now construct a recovery sequence of graphons ([W ∗
n ] ∈ Ŵn)n∈N ⊂ Ŵ such that

lim
n→∞

δ2([Un], [W
∗
n ]) = δ2([U ], [W ]) , and lim

n→∞
δ�([W

∗
n ], [W ]) = 0. (4.17)

To do so, we first obtain ϕ,ψ ∈ T from Definition 2.1.4 and [117, Theorem 6.16] such that

δ2([U ], [W ]) =
∥∥∥Uϕ −Wψ

∥∥∥
2
. (4.18)

Since δ�([Un], [U ]) → 0 as n → ∞, using [150, Theorem 11.59] we can find (ϕn ∈ In)n∈N
such that

lim
n→∞

‖Uϕn
n − Uϕ‖� = 0. (4.19)

We now define a sequence of kernels (Zn ∈ Wn)n∈N as

Zn := Uϕn
n − E[Uϕ | Fn],

where Fn = σ{Qn ×Qn} for every n ∈ N. Note that

‖Zn‖� ≤ ‖Uϕn
n − Uϕ‖� + ‖Uϕ − E[Uϕ | Fn]‖�

≤ ‖Uϕn
n − Uϕ‖� + ‖Uϕ − E[Uϕ | Fn]‖2.

Also note that for any V ∈ W, the martingale sequence (E[V | Fn] ∈ Wn)n∈N converges to

V ∈ W in L2
(
[0, 1](2)

)
as n→ ∞. Using L2 convergence of the martingales E[Uϕ | Fn] and

equation (4.19) we conclude that

‖Zn‖� → 0, as n→ ∞. (4.20)

The sequence of kernels (W ∗
n ∈ Wn)n∈N can now be defined as

W ∗
n := E

[
Wψ

∣∣∣ Fn]+ Zn.

It now follows that for any n ∈ N,∥∥∥W ∗
n −Wψ

∥∥∥
�
≤
∥∥∥E[Wψ

∣∣∣ Fn]−Wψ
∥∥∥
�
+ ‖Zn‖�

≤
∥∥∥E[Wψ

∣∣∣ Fn]−Wψ
∥∥∥
2
+ ‖Zn‖�.
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Using L2 convergence of the martingales, and equation (4.20) we obtain ‖(W ∗
n)
ψn−Wψ‖� →

0 and therefore have

lim sup
n→∞

δ�([W
∗
n ], [W ]) = 0. (4.21)

Moreover,

‖Uϕn
n −W ∗

n‖
2
2 =

∥∥∥E[Uϕ | Fn]− E
[
Wψ

∣∣∣ Fn]∥∥∥2
2

≤
∥∥∥Uϕ −Wψ

∥∥∥2
2
= δ22([U ], [W ]) (using equation (4.18)), (4.22)

where the last inequality follows from [150, Equation 9.7]. From equation (4.22) and

Lemma 2.1.5 we obtain

lim
n→∞

δ2([Un], [W
∗
n ]) = δ2([U ], [W ]). (4.23)

Now, by the definition of U+
n,τ , we have

F
([
U+
n,τ

])
+

1

2τ
δ22
(
[Uk],

[
U+
n,τ

])
≤ F ([W ∗

n ]) +
1

2τ
δ22([Un], [W

∗
n ]). (4.24)

Taking lim infn→∞ on both sides of equation (4.24), and from equation (4.16), equa-

tion (4.17) and the δ�-continuity of F , we get

F
([
U+
∞,τ

])
+

1

2τ
δ22
(
[U ],

[
U+
∞,τ

])
≤ lim inf

n→∞
F
([
U+
n,τ

])
+ lim inf

n→∞

1

2τ
δ22
(
[Un],

[
U+
n,τ

])
≤ lim inf

n→∞
F ([W ∗

n ]) + lim inf
n→∞

1

2τ
δ22([Un], [W

∗
n ]) = F ([W ]) +

1

2τ
δ22([U ], [W ]). (4.25)

Since [W ] ∈ Ŵ was arbitrary, this completes the proof.

4.2.3 Fréchet-like derivatives and Existence of gradient flow

In Section 4.2.3 we introduce the notion of Fréchet-like differentiability. The most important

result in Section 4.2.3 is Lemma 4.2.9 which relates the Fréchet-like derivative with the local

slope of the function. This plays a crucial role in Section 4.2.4 where we show the existence

of gradient flow in Theorem 4.2.14.
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Fréchet-like derivatives and local slope

Recall that given a function F : Ŵ → R∪{∞}, we can define an invariant function f : W →

R ∪ {∞} such that f = F ◦ [ · ].

Definition 4.2.6 (Fréchet-like derivative on W). Suppose f : W → R∪{∞} is an invariant

function. Let V ∈ eff-Dom(f). The Fréchet-like derivative at V is given by any φ ∈

L∞([0, 1](2)) that satisfies the following condition,

lim
W∈W, ‖W−V ‖2→0

f(W )− f(V )− (〈φ,W 〉 − 〈φ, V 〉)
‖W − V ‖2

= 0, (4.26)

where 〈 · , · 〉 is the usual inner product on L2
(
[0, 1](2)

)
. If f admits a Fréchet-like derivative

at every V ∈ eff-Dom(f), we denote the map that takes V to the corresponding φ by DWf .

In that case we say that f is Fréchet differentiable.

In [75], the authors consider Gâteuax and Fréchet derivatives of functions on graphons

with respect to the cut metric. However, as they remark [75, Remark 2.18, page 195], such

a notion of Fréchet derivative is too weak to cover natural functions such as homomorphism

densities.

The next lemma shows that Fréchet-like derivatives behave nicely under the Lebesgue

measure-preserving transforms and hence is a well-defined map from Ŵ to L̂∞([0, 1]2).

That is, we can project DWf to obtain DŴF : eff-Dom(F ) → L̂∞([0, 1]2) as DŴF ([V ]) :=

[DWf(V )] for V ∈ W.

Lemma 4.2.7. Let f : W → R ∪ {∞} be an invariant function. Let V, V ′ ∈ eff-Dom(f)

such that V ′ = V ϕ for some ϕ ∈ T . Suppose that the Fréchet-like derivatives DWf(V ) and

DWf(V
′) exist. If φ = DWf(V ) and φ′ = DWf(V

′), then φ′ = φϕ a.e. In particular, this

implies that DWf(V ) ∈ L∞([0, 1](2)) if it exists, is unique.

Proof. Let the sequence (Vn)n∈N ⊂ W be such that ‖Vn − V ‖2 → 0 as n → ∞, then we

have ‖V ϕ
n − V ′‖2 → 0 as n→ ∞. We first show that

lim
n→∞

〈φ′ − φϕ, V ϕ
n − V ′〉

‖Vn − V ‖2
= 0 . (4.27)
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To this end, recall that f is invariant and hence f(V ) = f(V ϕ) and f(V ϕ
n ) = f(Vn).

Therefore, we have

lim
n→∞

〈φ′ − φϕ, V ϕ
n 〉 − 〈φ′ − φϕ, V ϕ〉

‖Vn − V ‖2

= lim
n→∞

[
f(Vn)− f(V )− 〈φ, Vn − V 〉

‖Vn − V ‖2
− f(V ϕ

n )− f(V ϕ)− 〈φ′, V ϕ
n − V ϕ〉

‖V ϕ
n − V ϕ‖2

]
= lim

n→∞

f(Vn)− f(V )− 〈φ, Vn − V 〉
‖Vn − V ‖2

− lim
n→∞

f(V ϕ
n )− f(V ϕ)− 〈φ′, V ϕ

n − V ϕ〉
‖V ϕ

n − V ϕ‖2
= 0,

where the last equality holds because each limit individually goes to 0 by the definition of

Fréchet differentiability and our assumption that f has Fréchet-like derivative at V and V ′.

We now show that φ′ − φϕ = 0 a.e. Let A+ := {φ′ − φϕ > 0} and A− := {φ′ − φϕ < 0}.

It suffices to show that |A+| + |A−| = 0. We only prove that A+ has measure 0, the

proof for A− follows similarly. Let A := {V = 1} ∩ A+ and B := {V < 1} ∩ A+. We

claim that both A and B have measure 0. We prove this by contradiction. Suppose, for

contradiction, that |B| > 0. Define the set Bϕ := {(x, y) ∈ [0, 1]2 | (ϕ(x), ϕ(y)) ∈ B} and

note that |B| = |Bϕ| and hence |Bϕ| has positive measure. Set Vn := V + 1
nχBϕ and note

that ‖Vn − V ‖2 =
|B|
n → 0 as n→ ∞. By equation (4.27) we conclude that

0 =
〈
φ′ − φϕ, χBϕ

〉
=

∫
B

(
φ′ − φϕ

)
(x, y)dxdy > 0,

which is a contradiction. Therefore, we must have that B has 0 measure. Repeating the

same argument with Vn := V − 1
nχAϕ shows that A has measure 0. Since A+ = A ∪ B, it

follows that A+ has measure zero.

To conclude the second part, suppose that φ and φ′ are two Fréchet-like derivatives of

f at V . Then, (taking ϕ = id) we must have that φ = φ′ a.e. Hence, DWf(V ) is a unique

element in L∞([0, 1](2)).
Let F : Ŵ → R ∪ {∞} and let f : W → R ∪ {∞} be the invariant extension of F .

Lemma 4.2.7 justifies saying F has Fréchet-like derivative if f has a Fréchet-like derivative.

Note that the Lemma 4.2.7 says that not only can the Fréchet-like derivative be thought

of as a graphon, but also the two graphons [DWf(V )] and [V ] are ‘coupled’ in the sense

that they are two sets of “edge weights” associated with the edges of the same exchangeable

continuum “graph”. We make a formal definition to capture this relationship.
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Definition 4.2.8 (Coupled graphons). For any r ∈ N, we define the set [W1]� [W2]�· · ·�

[Wr] ⊆ Ŵr with initial labeling (W1,W2, . . . ,Wr) ∈ Wr as

r
�
i=1

[Wi] :=
{
(Wϕ

i )
r
i=1

∣∣ ϕ ∈ T
}
. (4.28)

Without loss of generality, we will always refer to the elements in �r
i=1[Wi] with the initial

labeling (Wi)
r
i=1 unless specified. Since we can also relabel elements in L∞([0, 1](2)) (i.e.,

apply the map V 7→ V ϕ, for V ∈ L∞([0, 1](2)) and ϕ ∈ T ), we can generalize Definition 4.2.8

to tuples with elements in L∞([0, 1](2)) ⊃ W. That is, we can consider sets of the form

r
�
i=1

[Vi] :=
{
(V ϕ
i )

r
i=1

∣∣ ϕ ∈ T
}
, (4.29)

with initial labeling
(
Vi ∈ L∞([0, 1](2)))r

i=1
. Therefore, from Lemma 4.2.7, if V ∈ [V ] ∈ Ŵ,

and φ = DWf(V ), then (V, φ) ∈ [V ]� [φ].

For (V, φ) ∈ [V ]� [φ], we define the set GV ⊆ [0, 1]2 as

GV := {|V | < 1} ∪ {V = 1, φ > 0} ∪ {V = −1, φ < 0}. (4.30)

Since (V, φ) ∈ [V ]� [φ], the set GV is well defined on Ŵ. For any ϕ ∈ T , GV ϕ = (GV )
ϕ :=

{(ϕ(x), ϕ(y)) ∈ [0, 1]2 | (x, y) ∈ GV }.

The next lemma gives an expression for the local slope of F in terms of its Fréchet-like

derivative.

Lemma 4.2.9. Let F : Ŵ → R ∪ {∞} be a function and f : W → R ∪ {∞} its invariant

extension. Assume that for each [V ] ∈ Ŵ the Fréchet-like derivative DWf(V ) exists for all

V ∈ [V ], then the local slope (Definition 2.1.9) of F at [V ] satisfies

|∂F |([V ]) = ηF ([V ]) := sup
W∈W

(〈φ, V 〉 − 〈φ,W 〉)+

‖V −W‖2
= ‖φ1GV

‖2, (4.31)

where V ∈ [V ], and φ = DWf(V ). In particular, |∂F |([V ]) = ‖φ‖2 if V ∈

{U ∈ W | |U | < 1 a.e.} ∩ eff-Dom(f).

Proof. Fixing [V ] ∈ eff-Dom(F ), we verify using Lemma 4.2.7 that ηF is well defined on Ŵ.

If V2 = V ϕ
1 for V1 ∈ [V ] for some ϕ ∈ T , and φ1 = DWf(V1) then DWf(V2) = φϕ1 =: φ2,
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and

sup
W∈W

(〈φ1, V1 −W 〉)+

‖V1 −W‖2
= sup

W∈W

(〈φϕ1 , V
ϕ
1 〉 − 〈φϕ1 ,Wϕ〉)+

‖V ϕ
1 −Wϕ‖2

= sup
W∈W

(〈φ2, V2〉 − 〈φ2,W 〉)+

‖W − V2‖2
.

(4.32)

We will now break the proof of the claim into two parts:

1. For any ε > 0, let us consider [W ] ∈ Ŵ such that δ2([V ], [W ]) < δε/2 for some δε > 0

such that if ε → 0, then δε → 0. From Definition 2.1.3, there exists ϕ ∈ I such that

δ2([V ], [W ]) < ‖Wϕ − V ‖2 ≤ δ2([V ], [W ]) + δε/2, i.e.,

δε/2 > δ2([V ], [W ]) ≥ ‖Wϕ − V ‖2 − δε/2 > 0. (4.33)

From assumption if we choose Wϕ ∈ W, since ‖Wϕ − V ‖2 < δε we get

−ε ≤ f(Wϕ)− f(V )− (〈φ,Wϕ〉 − 〈φ, V 〉)
‖Wϕ − V ‖2

≤ ε, (4.34)

where φ = DW(V ). Using equations (4.34) and equation (4.33), we get

(F ([V ])− F ([W ]))+

δ2([V ], [W ])
≤ (F ([V ])− F ([W ]))+

‖Wϕ − V ‖2 − δε/2

≤
(〈φ, V 〉 − 〈φ,Wϕ〉+ ε‖Wϕ − V ‖2)

+

‖Wϕ − V ‖2 − δε/2

≤
(
(〈φ, V 〉 − 〈φ,Wϕ〉)+

‖Wϕ − V ‖2
+ ε

)
‖Wϕ − V ‖2

‖Wϕ − V ‖2 − δε/2

≤ (ηF ([V ]) + ε)
‖Wϕ − V ‖2

‖Wϕ − V ‖2 − δε/2
, (4.35)

for some V ∈ [V ]. Taking ε→ 0 in equation (4.35) we get

|∂F |([V ]) ≤ ηF ([V ]). (4.36)

2. When ηF ([V ]) > 0, for all ε ∈ (0, ηF ([V ])), by the definition of ηF ([V ]), for any

V ∈ [V ] and φ = DW(V ), there exists W ∈ W such that

0 < ε < ηF ([V ]) ≤ 〈φ, V 〉 − 〈φ,W 〉
‖V −W‖2

+ ε. (4.37)
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Let Wt := (1− t)V + tW for all t ∈ [0, 1]. Since W is a convex subset of L2([0, 1](2)),

the curve (Wt)t∈[0,1] ⊆ W. Since ‖Wt − V ‖2 → 0 as t→ 0, by assumption we have

lim
t→0

f(Wt)− f(V )− (〈φ,Wt〉 − 〈φ, V 〉)
‖Wt − V ‖2

= 0

=⇒ lim
t→0

f(Wt)− f(V )− t(〈φ,W 〉 − 〈φ, V 〉)
t‖W − V ‖2

= 0

=⇒ lim
t→0

f(V )− f(Wt)

t‖W − V ‖2
=

〈φ, V 〉 − 〈φ,W 〉
‖V −W‖2

≥ ηF ([V ])− ε > 0

=⇒ lim
t→0

f(V )− f(Wt)

‖Wt − V ‖2
= lim

t→0

(f(V )− f(Wt))
+

t‖W − V ‖2
≥ ηF ([V ])− ε

=⇒ lim
t→0

(F ([V ])− F ([Wt]))
+

δ2([Wt], [V ])
≥ ηF ([V ])− ε. (4.38)

Therefore, the curve ([Wt])t∈[0,1] → [V ] along which equation (4.38) holds for every

ε > 0. When ηF ([V ]) = 0, equation (4.38) trivially holds for ε = 0.

Combining the two parts, we find that |∂F |([V ]) = ηF ([V ]).

For any n ∈ N and δn > 0, let Aδn := {|V | < δn} ∪ {V = 1, φ > 0} ∪ {V = −1, φ < 0}.

Note that for any tn > 0 and δn > 0, define Wn := V − tnφ1Aδn
and

(〈φ, V 〉 − 〈φ,Wn〉)+

‖V −Wn‖2
=
∥∥φ1Aδn

∥∥
2
. (4.39)

Let (δn)n∈N be a sequence in (0, 1) such that limn→∞ δn = 1. Since φ ∈ L∞([0, 1]2), for

every δn > 0, there exists tn > 0 such that Wn = V − tnφ1Aδn
∈ W for each n ∈ N. It

follows from equation (4.39) that

ηF ([V ]) ≥ lim sup
n→∞

∥∥φ1Aδn

∥∥
2
= ‖φ1GV

‖2, (4.40)

where the last equality follows from the dominated convergence theorem and the fact that

1Aδn
→ 1GV

a.e. as δn → 1.
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For any W ∈ W, define W0 =W on GV and W0 = V otherwise. Note that

〈φ, V −W 〉 =
∫
GV

φ(V −W )dλ[0,1]2 +
∫
[0,1]2\GV

φ(V −W )dλ[0,1]2

=

∫
GV

φ(V −W0)dλ[0,1]2 +
∫
[0,1]2\GV

φ(V −W )dλ[0,1]2

≤
∫
GV

φ(V −W0)dλ[0,1]2 =

∫
φ(V −W0)dλ[0,1]2

= 〈φ, V −W0〉, (4.41)

where the inequality above follows from the fact that φ(V −W ) ≤ 0 on [0, 1]2 \GV . Using

that ‖V −W0‖2 ≤ ‖V −W‖2, we obtain

(〈φ, V 〉 − 〈φ,W 〉)+

‖V −W‖2
≤ (〈φ, V 〉 − 〈φ,W0〉)+

‖V −W0‖2
.

It therefore follows that

ηF ([V ]) := sup
W

(〈φ, V 〉 − 〈φ,W 〉)+

‖V −W‖2
, (4.42)

where the supremum is taken over W ∈ W such that W = V on [0, 1]2 \GV . For any such

W , we obtain by the Cauchy–Schwarz inequality that 〈φ, V −W 〉 ≤ ‖φ1GV
‖2‖V −W‖2.

Therefore, it follows from that

ηF ([V ]) ≤ ‖φ1GV
‖2. (4.43)

Combining equations (4.40) and (4.43), the conclusion follows.

Remark 4.2.10. We can define a similar expression for the set valued function G when

eff-Dom(f) is a cubic domain. As an example, when eff-Dom(f) = {W ∈ W | a ≤ W ≤

b a.e.} for some −1 ≤ a ≤ b ≤ 1 (see Section 4.5.1 for a discussed example), we can define

GV ⊆ [0, 1](2) for any V ∈ eff-Dom(f) as

GV = {a < V < b} ∪ {V = b, φ > 0} ∪ {V = a, φ < 0}, (4.44)

for (V, φ := DWf(V )) ∈ [V ]�[φ]. Lemma 4.2.9 continues to hold when V ∈ eff-Dom(f) ⊂ W

whenever eff-Dom(f) is a cubic domain. In this case, the set valued function G is defined

as described above and the proof of Lemma 4.2.9 can be modified accordingly.
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Remark 4.2.11. Lemma 4.2.9 has an important consequence that will be used later. As

the metric derivative of a gradient flow is given by its local slope at each point, Lemma 4.2.9

says that if ω is a gradient flow of F , then its local slope is given by the L2-norm of its

Fréchet-like derivative, i.e., |∂F |(ωt) =
∥∥φ(ωt)1Gωt

∥∥
2
=
∥∥DŴF (ωt)1Gωt

∥∥
2

for all t > 0.

Here for any t > 0,

DŴF (ωt)1Gωt
:=
{(
DWf(Ut)1GUt

)ϕ
∈ L∞([0, 1](2)) ∣∣∣ ϕ ∈ T

}
,

for Ut ∈ ωt. Since the L2-norm is invariant under measure preserving transformations [117,

Lemma 5.5], the L2-norms of graphons are well-defined. In fact, if one defines a kernel valued

curve (Wt)t∈[0,T ] by setting W ′
t = −DWf(Wt)1GWt

pointwise, then the curve t 7→ ωt = [Wt]

is a gradient flow (a.k.a. curve of maximal slope). This is shown in Lemma 4.2.13 which in

turn shows the existence of a gradient flow under suitable assumption (See Theorem 4.2.14).

Lemma 4.2.12. Let F : Ŵ → R ∪ {∞} be a function and f : W → R ∪ {∞} be its in-

variant extension. Let F be Fréchet differentiable. Let us consider ω ∈ AC(Ŵ, δ2), and let

(Wt)t∈[0,1] ∈ AC(W, d2) be its representative curve such that W ′
t = −ηF ([Wt])Nt for a.e.

t ∈ [0, 1] for some Nt ∈ L∞([0, 1](2)) satisfying ‖Nt‖2 = 1 and 〈φt, Nt〉 = ηF ([Wt]). Then,

ω is a curve of maximal slope on (Ŵ, δ2).

Proof. Since (Wt)t∈[0,1] ∈ AC(W, d2), the metric derivative of (Wt)t∈[0,1] with respect to d2

at any t ∈ (0, 1) is given by

lim
h→0

‖Wt+h −Wt‖2
|h|

=
∥∥W ′

t

∥∥
2
= ‖ηF ([Wt])Nt‖2 = |ηF ([Wt])|. (4.45)

That is, the metric derivative of (Wt)t∈[0,1] ∈ AC(W, d2) equals the upper gradient. More-

over, by the absolute continuity of the curve and from Definition 4.2.6,

d
dt
f(Wt) = lim

h→0

f(Wt+h)− f(Wt)

h

= lim
h→0

〈φt,Wt+h〉 − 〈φt,Wt〉+ o(‖Wt+h −Wt‖2)
h

=
〈
φt,W

′
t

〉
+ 0 = −〈φt, Nt〉ηF ([Wt]) = −η2F ([Wt]), (4.46)

where φt = DWf(Wt). Thus, (Wt)t∈[0,1] satisfies Definition 2.1.10 and is a curve of maximal

slope on (W, d2), and ω is a curve of maximal slope on (Ŵ, δ2).
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4.2.4 Existence of gradient flow

We now prove the existence of a curve of maximal slope if F satisfies reasonable assumptions.

Moreover, as mentioned in the introduction, we show that the curve of maximal slope is the

natural image of an absolutely continuous curve in (W, d2).

Lemma 4.2.13. Let f : W → R∪{∞} be a λ-semiconvex invariant function for some λ ∈ R

such that the Fréchet-like derivative, φ(W ) = DWf(W ), exists for all W ∈ eff-Dom(f). Let

(Wt)t∈[0,1] ∈ AC(W, d2) be an absolutely continuous curve satisfying W ′
t = −φ(Wt)1GWt

=

−DWf(Wt)1GWt
for a.e. t ∈ [0, 1]. Then, ([Wt])t∈[0,1] is the unique minimizing movement

curve (MM) satisfying the following evolution variational inequality (EVI)

1

2

d
dt
d22(Wt, V ) +

λ

2
‖Wt − V ‖22 + f(Wt) ≤ f(V ), (4.47)

for every V ∈ eff-Dom(f).

Proof. The curve (Wt)t∈[0,1] is a curve of maximal slope follows from Lemma 4.2.12. We

now show that it satisfies the EVI. For t ∈ R+, let φt := DWf(Wt). Fix U ∈ W and define

the function gU : W → R ∪ {∞} by gU (V ) := f(V ) − λ‖U − V ‖22/2, for V ∈ eff-Dom(f).

We first observe that DWgWt(Wt) = φt. To see this, note that

lim
s→t

f(Ws)− f(Wt)− 〈φt,Ws −Wt〉
‖Ws −Wt‖2

= 0

=⇒ lim
s→t

gWt(Ws)− gWt(Wt)− 〈φt,Ws −Wt〉
‖Ws −Wt‖2

= 0. (4.48)

The conclusion, that is DWgWt(Wt) = φt, now follows from the uniqueness of Fréchet-like

derivatives (Lemma 4.2.7). Since f is λ-semiconvex, gU is convex, i.e.,

gWt(V ) ≥ gWt(Wt) + 〈φt, V −Wt〉 , V ∈ eff-Dom(f). (4.49)

From equation (4.41) and using the fact that W ′
t = φt, we obtain

〈φt, V −Wt〉 ≤
〈
φt1GWt

, V −Wt

〉
=

〈
− d

dt
Wt, V −Wt

〉
=

1

2

d
dt

‖Wt − V ‖22 =
1

2

d
dt
d22(Wt, V ), (4.50)
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where the second equality follows from the reflexivity of L2([0, 1]2). Plugging equa-

tions (4.48) and (4.50) in equation (4.49) and rearranging, we get

1

2

d
dt
d22(Wt, V ) +

λ

2
‖Wt − V ‖22 + f(Wt) ≤ f(V ), (4.51)

for all V ∈ eff-Dom(f). Using equation (4.51) it follows from [5, Theorem 4.0.4] that the

curve ([Wt])t∈[0,1] is the unique curve in MMδ2,δ�(ΦF , [W0]).

Theorem 4.2.14 (Existence of curve of maximal slope-II). Let F : Ŵ → R ∪ {∞} be a

real valued function such that the Fréchet-like derivative DŴF ([W ]) exists for all [W ] ∈

eff-Dom(F ). Let f : W → R∪{∞} be its invariant extension. For W0 ∈ [W0] ∈ eff-Dom(F )

and t ≥ 0 define

Wt :=W0 −
∫ t

0
φ(Ws)1GWs

ds, t ∈ R+,

where the above integral is pointwise. If f is λ-semiconvex w.r.t. d2, then the curve

t 7→ ωt = [Wt] is a curve maximal slope for F starting at [W0] ∈ eff-Dom(F ).

Proof. Fix [W0] ∈ eff-Dom(F ) and define

Wt :=W0 −
∫ t

0
φ(Ws)1GWs

ds , t ∈ (0, 1],

where the above integral is a pointwise integral, i.e., for a.e. (x, y) ∈ [0, 1]2,

Wt(x, y) :=W0(x, y)−
∫ t

0
φ(Ws)(x, y)1GWs

{(x, y)}ds , t ∈ (0, 1].

By construction, we have (Wt)t∈[0,1] ∈ AC(W, d2) and W ′
t = −φ(Wt)1GWt

for all t ∈ [0, 1].

It follows from Lemma 4.2.13 that (Wt)t∈[0,1] is a minimizing movement. It follows from the

definition of minimizing movements (see Section 4.2.1 and [5, Definition 2.0.6]) that there

exists a sequence of discrete solutions in Ŵ that converges to ([Wt])t∈[0,1] in δ�. Since W is

closed in ‖ · ‖�, Wt ∈ W for all t ∈ [0, 1].

Set ωt = [Wt] for t ∈ [0, 1]. Then ω ∈ AC(Ŵ, δ2). From Lemma 4.2.9, we know that

for any t ∈ [0, 1], ηF ([Wt]) =
∥∥∥φ(Wt)1GWt

∥∥∥
2

and therefore we have W ′
t = −ηf (Wt)Nt

where Nt := φ(Wt)1GWt
/
∥∥∥φ(Wt)1GWt

∥∥∥
2
. It follows from Lemma 4.2.12 that ω is a curve of

maximal slope on (Ŵ, δ2).
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Remark 4.2.15. An important consequence of the above Theorem is that if ω is a gradient

flow of F then there exists an absolutely continuous curve (Wt)t∈[0,T ] ∈ AC(W, d2) such that

[Wt] = ωt, |ω′|(t) =
∥∥∥DWf(Wt)1GWt

∥∥∥
2

and W ′
t = −DWf(Wt)1GWt

, for each t ∈ (0, T ].

Remark 4.2.16. If F is δ�-lower semicontinuous, λ-geodesically semiconvex for λ ∈ R+,

and bounded from below, then one can say more about the convergence rate of a gradient flow

to a minimizer of F . When λ > 0, let ω∗ be the unique minimizer of F . Then following [5,

Remark 4.0.5, part (d)], a gradient flow ω of F on Ŵ starting at ω0 ∈ Ŵ satisfies

δ2(ωt, ω
∗) ≤ e−λtδ2(ω0, ω

∗), t ∈ R+.

In the limiting case when λ = 0 the exponential decay does not occur, in general, but some

weaker results on the asymptotic behavior of ω hold. Following [5, Corollary 4.0.6], ω

satisfies

F (ωt)− F (ω∞) ≤ δ22(ω0, ω∞)

2t
, t ∈ R+,

for some minimum point ω∞ of F , such that the map t 7→ δ2(ωt, ω∞) is non-increasing.

Moreover, limt→∞ δ2(ωt, ω∞) = 0.

4.2.5 Finite dimensional Fréchet-like derivatives and upper gradients

Recall the partition Qn := {Qn,i}i∈[n] defined for any n ∈ N in Section 2.1.1. Given an

invariant function f : W → R ∪ {∞}, we can restrict its domain to kernels in Wn and still

consider the Fréchet-like derivative DWnf : Wn ∩ eff-Dom(f) → L∞
n

(
[0, 1](2)

)
.

There are two equivalent ways of doing this. First, suppose the Fréchet-like derivative of

f at V is given by DWf(V ) = φ. Then define DWnf(V ) = φn by conditional expectations

as φn := E[φ | Fn], where Fn := σ(Qn ×Qn). The object φn is referred to as a ‘quotient’

obtained by a ‘stepping’ of φ in [39, Section 3.3] and [150, Section 9.2.1] respectively. Since

φ = DWf(V ), by the Tower Property of conditional expectations we obtain that when

W,V ∈ Wn,

〈φn,W 〉 − 〈φn, V 〉 = 〈φ,W 〉 − 〈φ, V 〉,

=⇒ lim
W∈Wn,

‖W−V ‖2→0

f(W )− f(V )− (〈φn,W 〉 − 〈φn, V 〉)
‖W − V ‖2

= 0. (4.52)
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The second method of defining φn is to relate it to the Euclidean gradient over n × n

symmetric matrices. This is done in Lemma 4.3.1 below.

In any case, we can define ηF,n : Ŵn ∩ eff-Dom(F ) → R+ for the function F : Ŵ →

R ∪ {∞} as follows. If V ∈ [V ] ∈ Ŵn ∩ eff-Dom(F ), then

ηF,n([V ]) := sup
W∈Wn

(〈φn, V 〉 − 〈φn,W 〉)+

‖V −W‖2
. (4.53)

We can also define the local slope |∂nF | restricted to Ŵn as

|∂nF |([V ]) := lim sup
[W ]∈Ŵn, δ2([W ],[V ])→0

(F ([V ])− F ([W ]))+

δ2([W ], [V ])
, (4.54)

for [V ] ∈ Ŵn ∩ eff-Dom(F ). Then, by a similar argument as shown in the proof of

Lemma 4.2.9, we have the following corollary.

Corollary 4.2.17. Let F : Ŵ → R ∪ {∞} be a function and f : W → R ∪ {∞} be its

invariant extension. Assume that for [V ] ∈ Ŵn ∩ eff-Dom(F ) the Fréchet-like derivative

DWf(V ) exists for all V ∈ [V ]. Then the local slope (Definition 2.1.9) of F at [V ] satisfies

|∂nF |([V ]) = ηF,n([V ]).

4.3 Convergence of finite dimensional gradient flows

In Section 4.1 we discussed that implicit Euler iteration on Ŵn for any n ∈ N can be

viewed as the time scaling of the implicit Euler method on the Euclidean space of n × n

symmetric matrices. The following lemma complements that discussion by saying that the

gradient flow on Wn can be obtained from the Euclidean gradient flow on the space of n×n

symmetric matrices.

To set the stage, let f : W → R∪ {∞} be an invariant function. Consider its restriction

to Wn, viewed as the space of n × n symmetric matrices: fn := f ◦K. This is a function

on a closed convex subset of an Euclidean space. Suppose the function fn is C1 up to

the boundary then we show that the Euclidean gradient and the Fréchet-like derivative are

equal up to a scaling.

Lemma 4.3.1. Let n ∈ N. Let f : W → R∪{+∞} be an invariant function that is Fréchet

differentiable according to Definition 4.2.6, that is, DWk
f(V ) exists for every V ∈ Wn. If
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fn := f ◦K is differentiable up to the boundary of Mn, then

n2(∇fn ◦Mn)(V ) = (Mn ◦DWnf)(V ), V ∈ Wn,

where (∇fn)i,j := ∂ i,jfn for all (i, j) ∈ [n](2), and Mn is as defined in Definition 2.1.6.

Proof. Since fn is assumed to be differentiable on a finite dimensional Euclidean space, ∇fn

is its Fréchet derivative as well. By composing with Mn, which scales distances by a factor,

we get that n2(∇fn ◦Mn) is a Fréchet-like derivative on Wn. We have already shown in

equation (4.52) that DWnf is also a Fréchet-like derivative on Wn. We are done by arguing

that Fréchet-like derivatives are unique by following an argument very similar to that of

Lemma 4.2.7.

Let n ∈ N, and (Wn,t =Wn(t) ∈ Wn ∩ eff-Dom(f))t∈R+
be the Euclidean coordinate

gradient flow of f . This may be obtained by suitably scaling the solution of the differential

equation

d
dt
Mn(Wn(t)) = −(∇fn ◦Mn)(Wn(t)), (4.55)

with initial condition Wn(0) =Wn,0 ∈ Wn∩eff-Dom(f), until the process hits the boundary

when one or more entries is ±1. At the boundary, however, the gradient might push the

process outside Mn and it needs some care to have a proper definition. Instead, we consider

the Euclidean gradient flow as the limit of implicit Euler iterations as the step size tends to

zero. This definition is valid everywhere and is equivalent to the previous one on Euclidean

spaces.

As a consequence of Lemma 4.3.1, we obtain that the Euclidean coordinate-wise gradient

flow on Wn is the gradient flow on Wn. We are now ready to prove Theorem 4.1.1. For

completeness, we reproduce the theorem statement below.

Theorem 4.3.2 (Convergence of Gradient Flows). Suppose F : Ŵ → R∪{∞} satisfies the

following conditions:

1. F is continuous in δ�,
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2. F is λ-semiconvex (Definition 2.1.15) along generalized geodesics on (Ŵ, δ2) (Defini-

tion 2.2.6), for some λ ∈ R.

Consider the gradient flow ω(n) =
(
ω
(n)
t

)
t∈R+

⊂ Ŵn of F on each Ŵn, starting at some

ω
(n)
0 = [Un,0] for n ∈ N. Assume that the sequence ([Un,0])n∈N

δ�−→ [U0], and |∂F |([U0]) <∞

and lim supn→∞|∂F |([Un,0]) ≤ G <∞, for some G ≥ 0. Then,

lim sup
n→∞

sup
t∈[0,T ]

δ�

(
ω
(n)
t , ωt

)
= 0, (4.56)

for any T ∈ R+, where ω = (ωt)t∈R+
is the unique minimizing movement curve [5, Definition

2.0.6, page 42] on Ŵ for the function F starting at ω0 = [U0] [5, Theorem 4.0.4]. In

addition, if the conditions for the existence of curves of maximal slope (Theorem 4.2.4 or

Theorem 4.2.14) hold, then ω is also a curve of maximal slope.

Proof. By increasing the constant G suitably, we may assume that

max
{

sup
n≥2

|∂F |([Un,0]), |∂F |([U0])

}
≤ G <∞. (4.57)

Fix T > 0 and let τm be a sequence of positive time steps such that |τm| = T/m. Since

F : Ŵ → R∪{∞} is δ�-continuous and δ2([U ], · ) : Ŵ → R∪{∞} is δ�-lower semicontinuous,

the functional ΦF (τ, [U ]; · ) is δ�-lower semicontinuous. From Lemma 2.2.7, it follows that

ΦF satisfies [5, Assumption 4.0.1] and hence by [5, Proposition 4.0.4] we have that

ω(n)(t) = δ�- lim
m→∞

(
J
(n)
t/m

)m
([Un,0]) , ω(t) = δ�- lim

m→∞

(
Jt/m

)m
([U0]),

exist and are unique for all n ∈ N and t ∈ [0, T ].

Let [Un,τm ] : [0, T ] → Ŵ be the discrete solution (Definition 4.2.1) of the implicit Euler

method with the sequence τm and initial point [Un,0], for each n ∈ N. Inductively ap-

plying the Proposition 4.2.5, we obtain [Uτm ] : [0, T ] → Ŵ such that [Uτm ] is the discrete

solution of the implicit Euler method with the sequence τm and initial point [U0] ∈ Ŵ.

Passing to a subsequence and relabeling, we may assume that
(
[Un,τm ]

)
n∈N

δ�−→ [Uτm ]

uniformly on [0, T ] as n → ∞, that is, for any fixed sequence of step sizes τm, we have

δ�

(
[Un,τm ](t), [Uτm ](t)

)
→ 0 uniformly over t ∈ [0, T ] as n → ∞. For every t ∈ [0, T ] we
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have

δ2

(
[Un,τm ](t), ω

(n)(t)
)
< γ(|τm|, λ, t;T, |∂Fn|([Un,0])), (4.58)

δ2

(
[Uτm ](t), ω(t)

)
< γ(|τm|, λ, t;T, |∂F |([U0])), (4.59)

for every n ∈ N where

γ : {(τ, λ, t, T ) ∈ R++ × R× R++ × R++ | τλ > −1, τ ≤ T, t ≤ T} × (0,∞) → R+

is defined as

γ(τ, λ, t;T,G) :=


τG√
2
, if λ = 0,

1+2|λ|T
1+λτ · τG√

2
· exp

(
− ln

(
1+λτ
τ

)
t
)
, if λ < 0,

√
1 + 2λT · τG√

2
· exp

(
− ln

(
1+λτ
τ

)
t
)
, if λ > 0,

(4.60)

by [5, Equation 4.0.6, Theorem 4.0.9, Theorem 4.0.10], and the uniform bound in equa-

tion (4.57). Note that γ is independent of n. Using the triangle inequality, we get

δ�

(
ω
(n)
t , ωt

)
≤ δ�

(
ω
(n)
t , [Un,τm ](t)

)
+ δ�

(
[Un,τm ](t), [Uτm ](t)

)
+ δ�

(
[Uτm ](t), ωt

)
≤ δ2

(
ω
(n)
t , [Un,τm ](t)

)
+ δ�

(
[Un,τm ](t), [Uτm ](t)

)
+ δ2

(
[Uτm ](t), ωt

)
≤ 2γ(|τm|, λ, t;T,G) + δ�

(
[Un,τm ](t), [Uτm ](t)

)
, (4.61)

for all n ∈ N and t ∈ [0, T ] by equations (4.58) and (4.59).

It is clear that γ(|τm|, λ, t;T,G) → 0 uniformly on [0, T ] as |τm| → 0. Therefore, we

conclude from equation (4.61) that δ�
(
ω
(n)
t , ωt

)
→ 0 uniformly on t ∈ [0, T ] as n→ ∞.

Remark 4.3.3. The proof of the Theorem 4.1.1 can be carried as long as we have the

uniform estimates in equation (4.58). In particular, if ∇fn ◦Mn are uniformly Lipschitz,

and there is a constant m ∈ R+ such that

fn(B) ≤ fn(A) + 〈∇fn(A), B −A〉+ m

2
‖B −A‖2F,

for all A,B ∈ Mn, where fn := (f ◦K) |Mn, then [45, Theorem 212A] guarantees a uniform

estimate in (4.58) and therefore the conclusion of the theorem remains valid.
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4.4 Continuity Equations

It is well-known that any absolutely continuous curve in the Wasserstein space can be

represented as the solution of a continuity equation [192, Section 5.3]. Something analogous

is partially true for graphons as well. However, the presence of the boundary in Ŵ makes the

situation more delicate and we can only characterize AC curves via the continuity equation

until it hits the boundary.

Before we state the main result, we introduce some notations. Let v ∈ L1([0, 1](2)) and

let [W ] ∈ Ŵ. Let W ∈ [W ] be a representative of [W ]. For any n ∈ N, we can define

Xn : [0, 1]
n → Mn and vn : Mn → R[n](2) as

Xn((u`)
n
`=1) := (W (ui, uj))(i,j)∈[n](2) ,

vn(z)(i, j) = E[v(Ui, Uj) |Xn((U`)
n
`=1) = z], (4.62)

where {Ui}i∈N are i.i.d. as Uni[0, 1]. Intuitively, formula (4.62) means that we average the

edge weights from v over all embedding of the vertex labeled weighted graph z in the graphon

W . Since Xn−1 is a leading principle submatrix of Xn, i.e., Xn−1 = (Xn(i, j))(i,j)∈[n−1](2) ,

we have that σ(Xn−1) ⊆ σ(Xn), which defines a filtration F = (Fn := σ(Xn))n∈N. It is

clear that (vn)n∈N is a martingale with respect to the filtration F . We also note that that

vn is a function of the graphon and not its kernel representative. We record both these

observations as a lemma below.

Lemma 4.4.1. For every i, j ∈ N, the process (vk(Xn)(i, j))
∞
k=max{i,j} is a martingale with

respect to the filtration F .

Lemma 4.4.2. For any ϕ ∈ T , we have vϕn
(
Xϕ
k

)
= vn(Xn), for all n ∈ N, where vϕ(x, y) :=

v(ϕ(x), ϕ(y)) for all (x, y) ∈ [0, 1](2).

Proof. For any ϕ ∈ T , given {Ui}i∈N, let us define Vi := ϕ(Ui) for all i ∈ N. Since

ϕ]λ[0,1] = λ[0,1], {Vi}i∈N is a set of i.i.d. uniform random variables in [0, 1]. Using this,
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observe that for any (i, j) ∈ [n](2),

vϕn(X
ϕ
n )(i, j) = E[vϕ(Ui, Uj) |Xϕ

n ((U`)
n
`=1)]

= E[v(ϕ(Ui), ϕ(Uj)) |Xn(ϕ(U`)
n
`=1)]

= E[v(Vi, Vj) |Xn((V`)
n
`=1)] = vn(Xn)(i, j), (4.63)

holds, completing the proof.

Suppose we are given some ω = (ωt)t∈[0,1] ∈ AC(Ŵ, δ2). From Lemma 2.2.1, we obtain

(Wt)t∈[0,1] ∈ AC(W, d2) such that ωt = [Wt] for all t ∈ [0, 1]. It follows from the Radon-

Nikodým property [111, page 30, Theorem 5] that there exists vt := W ′
t ∈ L2([0, 1](2)), for

a.e. t ∈ [0, 1], such that Wt −W0 =
∫ t
0 vs ds, where the integral is pointwise.

For any t ∈ [0, 1], let vn,t and Xn,t be defined as in equation (4.62) with Wt replacing

the role of W and vt replacing v. The following Proposition 4.4.3 shows that the ρn,t =

Law(Xknt((Ui)
n
i=1)) satisfies continuity equation with the velocity vn,t defined as

vn,t(z) := E
[(
W ′
t(Ui, Uj)

)
(i,j)∈[n](2)

∣∣∣ (Wt(Ui, Uj))(i,j)∈[n](2) = z
]
, z ∈ Mn.

Proposition 4.4.3. Let n ∈ N, and ρn,t = Law
(
Xn,t((Ui)

n
i=1)

)
. Then, for a.e. t ∈ [0, 1],

the continuity equation ∂ tρ
n,t + ∇ ·

(
vn,tρn,t

)
= 0 holds weakly with Dirichlet boundary

conditions. That is, for any continuously differentiable test function f on Mn, vanishing

at the boundary,

∂ t

(∫
f(z)dρn,t(z)

)
−
∫

∇f(z)vn,t(z)dρn,t(z) = 0, a.e. t ∈ [0, 1].

Proof. By definition, ρn,t is the law of the random symmetric matrix Xn,t((Ui)
n
i=1). Fix

some f ∈ C1(Mn,R) vanishing at the boundary of Mn. By change of variables

∫
Mn

f(z)ρn,t(z)dz =
∫
[0,1]n

f
(
(Wt(ui, uj))(i,j)∈[n](2)

)
dλ[0,1]n(u), (4.64)

where λ[0,1]n is the Lebesgue measure on [0, 1]n, and u = (ui)
n
i=1. Note that vn,t ∈ L2

(
ρn,t
)
.

Taking time derivative on both sides of equation (4.64) for t in the set of full measure where
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W ′
t is defined,

∂ t

∫
Mn

f(z)ρn,t(z)dz

=

∫
[0,1]n

∂ tf
(
(Wt(ui, uj))(i,j)∈[n](2)

)
dλ[0,1]n(u)

=

∫
[0,1]n

〈(
∇f ◦Xn,t

)
(u),

(
W ′
t(ui, uj)

)
(i,j)∈[n](2)

〉
dλ[0,1]n(u)

=

∫
Mn

〈
∇f(z),

∫
{u∈[0,1]n|Xn,t=z}

(
W ′
t(ui, uj)

)
(i,j)∈[n](2) dµz(u)

〉
dz, (4.65)

where {µz}z∈Mn
is the disintegration of λ[0,1]n , with respect to the function Xn,t. By

definition of vn,t, the above expression is exactly equal to
∫
Mn

〈
∇f(z), vn,t(z)ρn,t(z)

〉
dz.

This completes the proof.

Proposition 4.4.3 shows that an absolutely continuous curve in (Ŵ, δ2) determines a

family of continuity equations. In [102], the authors take this analogy further and show

that in the presence of noise the limiting curve can be described by a certain McKean-

Vlasov type equation.

As an example, consider the continuity equation for the scalar entropy. From equa-

tion (4.81) it follows that the velocity of gradient flow for scalar entropy function satisfies

v([W ])(x, y) = − log
(

W (x, y)

1−W (x, y)

)
, (x, y) ∈ [0, 1](2) , (4.66)

if 0 < W < 1 a.e. Let {Ui}∞i=1 be i.i.d. Uni[0, 1], then using equation (4.62) we can compute

the velocities (vn)n∈N appearing in the continuity equation as

vn(z)(i, j) = E[v(Ui, Uj) |Xn((U`)
n
`=1) = z]

= −E
[
log
(

W (Ui, Uj)

1−W (Ui, Uj)

) ∣∣∣∣Xn((U`)
n
`=1) = z

]
= − log

(
z(i, j)

1− z(i, j)

)
, z ∈ Mn, i, j ∈ [].

Unfortunately, for our other examples, the velocity fields do not have closed form expres-

sions since they are averages over all possible embeddings of a labeled weighted graph in a

graphon.
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4.5 Examples of Gradient Flows on Graphons

In this section we find some natural classes of examples of functions on graphons with

Fréchet-like derivatives. For any graphon [W ] ∈ Ŵ and any k ∈ N, sample {Zi}i∈[k] i.i.d.

from Uni[0, 1]. Let Gk[W ] = (W (Zi, Zj))(i,j)∈[k](2) . Let ρk([W ]) = Law(Gk[W ]) denote its

law over k × k symmetric matrices. Consider the functions Fk : Ŵ → R ∪ {∞} defined

through the function composition Fk = Hk ◦ ρk, for different choices of Hk : P(Mk) →

R ∪ {∞}. Notice that the function Fk is well-defined over Ŵ.

4.5.1 Linear functions

Let Hk : P(Mk) → R ∪ {∞} be defined as a linear function such that Fk takes the form

Fk([W ]) = 〈fk, ρk([W ])〉 :=
∫
Mk

fk(z)ρk([W ])(dz), (4.67)

for all [W ] ∈ Ŵ such that supp(ρk([W ])) ⊆ eff-Dom(fk), where fk : Mk → R ∪ {∞}

satisfies fk ∈ L1(ρk) and ∇fk ∈ L∞(ρk). Let fk be continuously differentiable on an open

set containing supp(ρk). Suppose that fk satisfies either Assumption 1 or Assumption 2

stated below.

Assumption 1. For any ε > 0 there is some δε > 0 such that for all X,X0 ∈ Mk satisfying

‖X −X0‖2 ≤ δε, we have

|fk(X)− fk(X0)− 〈∇fk(X0), X −X0〉| ≤ ε‖X −X0‖2,

where 〈 · , · 〉 : Mk(R)×Mk(R) → R and ‖ · ‖2 are the standard Frobenius inner product and

Frobenius norm over k × k matrices respectively.

Assumption 2. There is a constant C0 such that

sup
X,X0∈Mk

|fk(X)− fk(X0)− 〈∇fk(X0), X −X0〉| ≤ C0.

Then, Fk admits a Fréchet-like derivative as shown below. By change of variables, note

that

Fk([W ]) = EXk∼ρk([W ])[fk(Xk)]

= E{Zi∼Uni[0,1]}ki=1

[
fk

(
(W (Zi, Zj))(i,j)∈[k](2)

)]
. (4.68)
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For two different graphons [V ], [W ] ∈ Ŵ, consider their representative kernels V and W .

Since kernels are identified a.e. on [0, 1](2), we may assume W (x, x) = V (x, x) = 0 for a.e.

x ∈ [0, 1]. Now use the same sequence of Uni[0, 1] random variables (Zi)
k
i=1 to obtain a

coupling of ρk([V ]) and ρk([W ]). This is used implicitly in the following derivation and,

hence, we will skip referring to the random variables {Zi}ki=1 from here on. Define Xk :=

(W (Zi, Zj))(i,j)∈[k](2) and Yk := (V (Zi, Zj))(i,j)∈[k](2) . As a consequence of this coupling,

E
[
‖Yk −Xk‖22

]
=

k∑
i=1,j 6=i

E
[
(V (Zi, Zj)−W (Zi, Zj))

2
]

= k(k − 1)

∫
[0,1]2

(V (x, y)−W (x, y))2 dxdy = k(k − 1)‖V −W‖22.

The first equality is using the fact that the diagonal terms of Yk −Xk are all zeroes. Hence

E[‖Yk −Xk‖2] ≤ k‖V −W‖2, by the Jensen’s inequality.

If either Assumption 1 or Assumption 2 hold, then for any ε > 0,

|fk(Yk)− fk(Xk)− 〈∇fk(Xk), Yk −Xk〉|

≤ ε‖Yk −Xk‖21{‖Yk −Xk‖2 ≤ δε}+ C01{‖Yk −Xk‖2 > δε}. (4.69)

Taking expectations on both sides,

|E[fk(Yk)]− E[fk(Xk)]− E[〈∇fk(Xk), Yk −Xk〉]|

≤ εE[‖Yk −Xk‖2] + C0E[1{‖Yk −Xk‖2 > δε}]

≤ εk‖V −W‖2 + C0P{‖Yk −Xk‖2 > δε}

≤ εk‖V −W‖2 +
C0

δ2ε
k2‖V −W‖22,

by Markov’s inequality. As ‖V −W‖2 approaches zero, it is now clear that, for any ε′ > 0,

lim sup
V ∈W, ‖V−W‖2→0

|E[fk(Yk)]− E[fk(Xk)]− E[〈∇fk(Xk), Yk −Xk〉]|
‖V −W‖2

≤ ε′. (4.70)

Since ε′ is arbitrary, the above lim sup must be zero.

By the definition of Fréchet-like derivatives (Definition 4.2.6), we want to obtain some

φ ∈ L∞([0, 1](2)) such that

E[〈∇fk(Xk), Yk −Xk〉] = 〈φ, V −W 〉. (4.71)
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Let Uk := Yk − Xk (also similarly measurable with respect to {Zi}ki=1), and let us denote

by A(Z) := ∇fk(Xk) = ∇fk
(
(W (Zi, Zj))(i,j)∈[k](2)

)
. Observe that

E[〈∇fk(Xk), Yk −Xk〉] =
k∑

i,j=1

E
[
(A(Z))i,j(Uk(Z))i,j

]

=

k∑
i,j=1

E
[
E
[
(A(Z))i,j(Uk(Z))i,j

∣∣∣ Zi, Zj]]

=
k∑

i=1,j 6=i
E
[
E
[
(A(Z))i,jU(Zi, Zj)

∣∣∣ Zi, Zj]]

=
k∑

i=1,j 6=i
E
[
E
[
(A(Z))i,j

∣∣∣ Zi, Zj]U(Zi, Zj)
]

=
k∑

i=1,j 6=i

∫
[0,1]2

E
[
(A(Z))i,j

∣∣∣ (Zi, Zj) = (x, y)
]
U(x, y)dxdy

=

∫
[0,1]2

 k∑
i,j=1

E
[
(A(Z))i,j

∣∣∣ (Zi, Zj) = (x, y)
]U(x, y)dxdy. (4.72)

Notice that, including the term i = j above makes no difference in the integral. Therefore,

if we choose φ ∈ L∞([0, 1]2) to be defined as

φ(x, y) :=
k∑

i,j=1

E
[(

∇fk
(
(W (Zi, Zj))(i,j)∈[k](2)

))
i,j

∣∣∣∣ Zi = x,Zj = y

]
, (4.73)

for (x, y) ∈ [0, 1](2), then the required equality in equation (4.71) is satisfied. And the action

of the Fréchet-like derivative φ on a kernel, say U ∈ W, is

E[〈∇fk ◦Wk, Gk[U ]〉]

:= E
[〈

∇fk
(
(W (Zi, Zj))(i,j)∈[k](2)

)
, (U(Zi, Zj))(i,j)∈[k](2)

〉]
.

(4.74)

Lemma 4.5.1. If fk is λ-semiconvex on the convex set Mk, then Fk is generalized geodesi-

cally k(k−1)λ-semiconvex on Ŵ. In particular, it is also geodesically k(k−1)λ-semiconvex

on Ŵ.

Proof. Since every geodesic is also a generalized geodesic, it suffices to prove the result for

a generalized geodesic. Since fk is λ-semiconvex, for some λ ∈ R, it follows that for any
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X0, X1 ∈ Mk,

fk(Xt) ≤ (1− t)fk(X0) + tfk(X1)−
λ

2
t(1− t)‖X1 −X0‖22 , ∀ t ∈ [0, 1], (4.75)

along the curve (Xt := (1− t)X0 + tX1)t∈[0,1].

Let [W0], [W1] be two graphons and let ω = ([Wt])t∈[0,1] be a generalized geodesic between

ω0 = [W0] and ω1 = [W1]. It follows from Definition 2.2.6 that ω has a representation in

the space of kernels given by the line segment (Wt = (1− t)W0 + tW1)t∈[0,1], where the

kernels W0 and W1 are such that ‖W0 −W1‖2 ≥ δ2([W0], [W1]). Now use the same set

{Zi}ki=1 of i.i.d. Uni[0, 1] random variables as above to get a process (Xt,k)k∈N of random

matrices with distributions (ρk([Wt]))k∈N respectively, for each t ∈ [0, 1]. Note that Xt,k =

(1 − t)X0,k + tX1,k, t ∈ [0, 1], k ∈ N. Hence applying equation (4.75) to this line segment

and then taking expectations with respect to the joint law of (Zi)ki=1, we get

Fk([Wt]) ≤ (1− t)Fk([W0]) + tFk([W1])−
λ

2
t(1− t)E

[
‖X1,k −X0,k‖22

]
, t ∈ [0, 1].

Now by equation (4.69),

E
[
‖X1,k −X0,k‖22

]
= k(k − 1)‖W1 −W0‖22 ≥ k(k − 1)δ22([W1], [W0]).

Putting it back together we get that for t ∈ [0, 1],

Fk(ωt) ≤ (1− t)Fk(ω0) + tFk(ω1)−
k(k − 1)λ

2
t(1− t)δ22(ω1, ω0). (4.76)

Therefore Fk is k(k − 1)λ-semiconvex along the generalized geodesic ω.

In the following subsections, we examine special cases of linear functions.

Scalar Entropy function

Recall the scalar entropy function E : Ŵ → R ∪ {∞}, defined in equation (4.7) as

E([W ]) =

∫
[0,1]2

h(W (x, y))dxdy, [W ] ∈ Ŵ,

where h : R → R∪ {∞} is the convex entropy function h(p) := p log p+ (1− p) log(1− p), if

p ∈ (0, 1), h(0) = h(1) = 0, and h(p) = ∞, otherwise, as defined in Section 4.1.2. Observe
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that it can also be thought of as a linear function with k = 2. If

f2

((
x(i,j)

)
(i,j)∈[2](2)

)
:= h(x(1,2)), x ∈ M2, (4.77)

then from equations (4.67) and (4.68),

F2([W ]) = 〈f2, ρ2([W ])〉 = E{Zi∼Uni[0,1]}2i=1

[
f2

(
(W (Zi, Zj))(i,j)∈[2](2)

)]
= E{Zi∼Uni[0,1]}2i=1

[h(W (Z1, Z2))] = E([W ]), (4.78)

for [W ] ∈ Ŵ. Since, h(p)/p is bounded when ε ≤ p ≤ 1− ε for some ε ∈ (0, 1/2), it follows

that E restricted to Ŵε := {[W ] ∈ Ŵ | ε ≤ W ≤ 1 − ε a.e.}, is continuous with respect to

the weak-∗ topology on L2([0, 1]2). Since this is a weaker topology than the one generated

by δ�, by [150, Lemma 8.22], it follows that E restricted to Ŵε is δ�-continuous.

Since h′′(p) = 1/(p(1− p)) ≥ 4 for p ∈ eff-Dom(h), it follows that h is 4-semiconvex on

R. Let E : W → R∪ {∞} be the invariant extension of E such that E(W ) := E([W ]) for all

W ∈ W. Then for any W0,W1 ∈ W, defining Wt := (1− t)W0 + tW1 for t ∈ [0, 1], we have

E(Wt) =

∫ 1

0

∫ 1

0
h(Wt(x, y))dxdy

≤
∫ 1

0

∫ 1

0
[(1− t)h(W0(x, y)) + th(W1(x, y))]dxdy

−
∫ 1

0

∫ 1

0

4

2
t(t− 1)(W0 −W1)

2(x, y)dxdy

= (1− t)E(W0) + tE(W1)−
1

2
4t(1− t)‖W0 −W1‖22, (4.79)

which implies that E is 4-semiconvex on (W, d2) (see Definition 2.1.16). Following Re-

mark 4.1.2, E is 4-semiconvex along generalized geodesics on (Ŵ, δ2).

Suppose W is valued in (0, 1) a.e.. Then,

E[〈∇f2 ◦W2, G2[U ]〉] =
∫ 1

0

∫ 1

0
log
(

W (z1, z2)

1−W (z1, z2)

)
U(z1, z2)dz1 dz2, (4.80)

for all U ∈ W. By the characterization of the Fréchet-like derivative in equation (4.74), we

get that φE = DWf2(W ) is given by

φE(x, y) = log
(

W (x, y)

1−W (x, y)

)
, a.e. (x, y) ∈ [0, 1](2). (4.81)
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If [W ] ∈ Ŵε for some ε ∈ (0, 1/2), then by Lemma 4.2.9 the local slope of entropy |∂E|([W ])

is given by |∂E|([W ]) = ‖φE‖2.

Note that Ŵε is closed in Ŵ and since W 7→ ‖W‖2 is δ�-lower semicontinuous [150,

Lemma 14.15], it follows that the local slope of entropy, |∂E|, is also δ�-lower semicontinuous

on Ŵε. Following Remark 4.2.15, we conclude that starting from [W0] ∈ Ŵε the gradient

flow of E flows with the velocity −DŴE([W0]) at [W0] if ε ≤ W0 ≤ 1− ε a.e. Consider the

flow Wt(x, y) obtained by solving

W ′
t(x, y) = − log

(
Wt(x, y)

1−Wt(x, y)

)
, a.e. (x, y) ∈ [0, 1](2), (4.82)

with initial condition [W0] ∈ Ŵε. Then it follows that (ωt := [Wt])t∈R+
is a gradient flow of

E starting from ω0 = [W0].

Takeaway. It is worth emphasizing that, following equation (4.82), for any ε ∈ (0, 1/2),

the stationary point for the gradient flow of E is the constant half graphon, which is also

the minimizer of E on Ŵ. We also observe that the curve (ωt)t∈R+ always stays inside Ŵε

if ω0 ∈ Ŵε. Since E is 4-semiconvex, it follows from Remark 4.2.16 that we are guaranteed

an exponential rate of convergence of the gradient flow to the minimizer.

Homomorphism functions

For k ∈ N \ {1} we can consider interactions such as the homomorphism functions that are

continuous in the cut-metric:

TH([W ]) := E

 ∏
{i,j}∈E(H)

W (Zi, Zj)

 =

∫
Mk

fk(z)ρk(dz), (4.83)

where H is a simple graph with |V (H)| = k, E(H) = {ei}mi=1, {Zi}i∈[k] are i.i.d. uniformly

in [0, 1], and fk
((
x(i,j)

)
(i,j)∈[k](2)

)
=
∏

{i,j}∈E(H) x(i,j). In particular, the function fk is a

monomial for every simple graph H. Let tH : W → R be the invariant extension of TH such

that tH := TH ◦ [ · ]. Since

(∇fk(X))(p,q) = 1E(H){p, q} ·
∏

{i,j}∈E(H)\{{p,q}}

X(i,j), (4.84)
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for p, q ∈ [k], the action of the Fréchet-like derivative φTH = DWtH(W ) on U ∈ W according

to equation (4.74) is given by
m∑
`=1

E

[
`−1∏
r=1

W (Zer) · U(Ze`) ·
m∏

r=`+1

W (Zer)

]
, (4.85)

where Ze :=
(
Ze(1), Ze(2)

)
for all e ∈ E(F ). Following a similar approach to equation (4.72),

we obtain that φTH satisfies

φTH (x, y) =

m∑
`=1

E

 m∏
r=1,r 6=`

W (Zer)

∣∣∣∣∣∣ Ze` = (x, y)


=

m∑
`=1

tx,y(He` ,W ), x, y ∈ [0, 1],

(4.86)

where He is the graph obtained by removing edge e from H and tx,y(He,W ) is the homo-

morphism density of a partially labeled graph [150, Section 7.4] defined

tx,y(He,W ) := E

 ∏
f∈E(He)

W (Zf )

∣∣∣∣∣∣ Ze = (x, y)

.
Note that for fixed W and He, we can think of (x, y) 7→ tx,y(He,W ) as a bounded measurable

function on [0, 1]2. We now show that the kernel valued map W 7→ t(·,·)(He,W ) is continuous

with respect to ‖ · ‖�. To this end, let W,W ′ ∈ W and consider any product function

(x, y) 7→ f(x)g(y) where ‖f‖∞, ‖g‖∞ ≤ 1. Note that

tx,y(He,W ) =

∫
[0,1]k−2

∏
{i,j}∈E(He)

W (xi, xj)
∏

`∈V (He)\e

dx`.

For each edge {m,n} ∈ E(He), consider the integral

Im,n :=

∫
[0,1]k

(W (xm, xn)−W ′(xm, xn))
∏

{i,j}∈E(He)\{m,n}

W (xi, xj)·

∏
`∈V (He)\e

dx` f(x)g(y)dxdy.

It follows from [150, Lemma 8.10] (or see the second last display in the proof of [150, Lemma

10.24]) that |Im,n| ≤ ‖W −W ′‖�. From the same references above, it follows that∣∣∣∣∣
∫
[0,1]2

(tx,y(He,W )− tx,y(He,W
′))f(x)g(y)dxdy

∣∣∣∣∣
≤

∑
{m,n}∈E(He)

|Im,n| ≤ |E(He)|
∥∥W −W ′∥∥

�.
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Taking supremum over Borel measurable functions f, g such that ‖f‖∞, ‖g‖∞ ≤ 1, we get

thatW 7→ t(·,·)(He,W ) is Lipschitz continuous with respect to ‖ · ‖�. Since |tx,y(He,W )| ≤ 1

for W ∈ W, it follows that ‖φTH (W )‖∞ ≤ |E(H)|, that is, φTH is uniformly bounded on

W.

For example, when H is a triangle, the velocity φTH follows from equation (4.86) as

φTH (x, y) = 3
∫ 1
0 W (x, z)W (z, y)dz, for a.e. x, y ∈ [0, 1], i.e., thrice the ‘operator product’

of W with itself [150, Section 7.4]. If H is a path on 3 vertices and 2 edges, then φTH (x, y) =∫ 1
0 W (x, z)dz +

∫ 1
0 W (y, z)dz = deg(x) + deg(y), where deg(x) :=

∫ 1
0 W (x, z)dz for a.e.

x, y ∈ [0, 1].

Obtaining the expression for the Fréchet-like derivative in equation (4.86), given a gra-

dient flow ω of TH , we can compute the velocity of the gradient flow as DŴTH(ωt)1Gωt
for

t > 0.

The Hessian of the function fk can be easily computed as

∂x(i,j)x(p,q)fk =
∏

{a,b}∈E(H)\{{i,j},{p,q}}

x(a,b),

if {i, j} 6= {p, q} are both edges in E(H), and zero otherwise.

Since every x(i,j) ∈ [−1, 1] for all (i, j) ∈ [k](2), every entry of the Hessian is uniformly

bounded in [−1, 1] and hence ‖Hess(fk)‖op ≤ k(k − 1)/2. Therefore, fk is (−k(k − 1)/2)-

semiconvex w.r.t. d2. It follows from Lemma 4.5.1 that homomorphism function TH is

(−k2(k− 1)2/2)-semiconvex w.r.t. δ2. In fact, since Hess(fk)({i, j}, {p, q}) is non-zero only

when {i, j}, {p, q} ∈ E(H), it follows that ‖Hess(fk)‖op ≤
√
m(m− 1) ≤ m. This would

yield that TH is (−mk(k − 1))-semiconvex w.r.t. δ2. This is useful when H is sparse.

Takeaway. Note that in this example, it is not clear if the minimizer is a constant graphon

or not. If H has odd number of edges however constant graphon W ≡ −1 is trivially a

minimizer. In the case of graphs H with even number of edges, explicitly determining the

minimizer is trickier. As we discussed above, it is also not clear if the homomorphism density

function is convex, therefore we cannot guarantee an exponential rate of convergence of the

gradient flow to a minimizer following Remark 4.2.16. To alleviate this, one can regularize

the objective function by adding the scalar entropy function. We discuss this in the next

example in Section 4.5.1.
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Linear combination of Scalar Entropy and Homomorphism function

Let β ∈ R and let H be a finite simple graph with k ∈ N vertices and m ∈ N edges. Define

the function G = Gβ,H := E + βTH on the set Ŵε for ε ∈ (0, 1/2). The function G is of

particular interest in the theory of exponential graph models (see Section 4.1). The function

G is δ�-continuous on Ŵε and since E is 4-semiconvex and TH is λ-semiconvex w.r.t. δ2,

it follows that G is also (4 + βλ)-semiconvex w.r.t. δ2 for some λ ∈ R that we estimate

in Section 4.5.1. The gradient flow of G, therefore, exists and the Fréchet-like derivative

φG = DWG(W ) = φE+βφTH . Since E is 4-semiconvex and TH is (−k2(k−1)2/2)-semiconvex

w.r.t. δ2, it follows that Gβ,H is (4− βk2(k − 1)2/2)-semiconvex w.r.t. δ2. Therefore, Gβ,H
is at least 0-semiconvex (i.e., convex) w.r.t. δ2 when β ≤ 8/k2(k − 1)2.

Takeaway. Note that β < 8/k2(k− 1)2 guarantees exponential rates of convergence of the

gradient flow curve. See Remark 4.2.16.

4.5.2 Interaction energy

In the optimal transport literature, linear functionals of probability measures are often called

potential energy [192, page 249]. Inspired by similar definitions, one can define interaction

energy. Let fk : Mk ×Mk → R be a function defined on pairs of k× k symmetric matrices

with entries in [−1, 1]. Given a graphon [W ] ∈ Ŵ, as before let ρk = Law(Gk[W ]). This

defines a function Fk : Ŵ → R ∪ {∞} given by

Fk([W ]) :=

∫
Mk

∫
Mk

fk(z, z
′)ρk(dz)ρk(dz′).

Although it looks different than before, this is also a particular case of equation (4.74)

as shown below. Define two independent sequences of i.i.d. Uni[0, 1] random variables:

(Z1, . . . , Zk) and (Z ′
1, . . . , Z

′
k), and consider the corresponding matrices

Xk := (W (Zi, Zj))(i,j)∈[k](2) , and X ′
k := (W (Z ′

i, Z
′
j))(i,j)∈[k](2) .

Then Xk and X ′
k are i.i.d. samples from ρk and Fk([W ]) = E[fk(Xk, X

′
k)]. On

the other hand, one can concatenate (Zi)
k
i=1 and (Z ′

i)
k
i=1 to construct a single vector

(Z1, . . . , Zk, Z
′
1, . . . , Z

′
k) of dimension 2k and consider the corresponding 2k × 2k symmet-

ric matrix X2k whose block diagonal components are Xk and X ′
k. By defining f̄k(X2k) :=
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fk(Xk, X
′
k), we represent Fk([W ]) = E

[
f̄2k(X2k)

]
=
∫
f̄2k(w)ρ2k(dw) and equation (4.74)

continues to hold.

An example of interaction energy is given by “variance of homomorphism functions”. As

before, let H be a simple graph and Wk,W
′
k be i.i.d. sampled (k × k) symmetric matrices

from a graphon [W ]. Consider the function

Fk([W ]) :=
1

2
E

 ∏
e∈E(H)

W (Ze)−
∏

e∈E(H)

W (Z ′
e)

2 = Var

 ∏
e∈E(H)

W (Ze)

, (4.87)

by symmetry, where Ze :=
(
Ze(1), Ze(2)

)
and Z ′

e := (Z ′
e(1), Z

′
e(2)) for all e ∈ E(H). In fact, the

above identity holds for whenever we take fk(z, z′) = (gk(z)− gk(z
′))2, for any function gk on

Mk that is square-integrable w.r.t. ρk. Unfortunately this particular function Fk in (4.87)

is continuous in δ2 but not in δ�. See [117, Theorem 10.15]. Hence, although the curve

of maximal slope exists due to the existence of Fréchet-like derivatives, this particularly

natural example does not satisfy the assumptions of our convergence theorem.

A similar but slightly different example of interaction which does satisfy our conditions

can be constructed as follows. For a simple graph H with k vertices, consider its simple

subgraphs H1 and H2 with k1 and k2 vertices respectively, such that every vertex and

edge in H is contained in at least one of the subgraphs. Pool all the uniform random

variables {Zi}k1i=1∪{Z ′
i}
k2
i=1 to get a single set of k1+k2 ≥ k i.i.d. Uni[0, 1] random variables

{Ui}k1+k2i=1 such that {Ui}k1i=1 = {Zi}k1i=1 and {Ui}ki=k1+1 =
{
Z ′
j

}
j∈V (H)\V (H1)

. We can then

define IH1,H2( · ;H) : Ŵε → R ∪ {∞} as

IH1,H2([W ];H) := log

E

 ∏
{i,j}∈E(H1)

W (Zi, Zj)


+ log

E

 ∏
{i,j}∈E(H2)

W (Z ′
i, Z

′
j)


− 2 log

E

 ∏
{i,j}∈E(H)

W (Ui, Uj)

,
(4.88)

for some ε ∈ (0, 1). Each of the terms in the expression in equation (4.88) is the logarithm

of the homomorphism densities of a simple graph. Logarithms of homomorphisms are well
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studied in graph theory and, in particular, related to the max-cut problem (see [150, Remark

5.4, Example 5.18]).

We can construct a graph H1H2 by forming the disjoint union of H1 and H2, identifying

the vertices of the same label, adding all the edges between vertices with the same label

according to [150, Section 4.2]. H1H2 can have multiple edges. Then, using [150, Proposition

7.1] for the homomorphism density as a simple graph parameter, we get that the determinant

of the connection matrix of the homomorphism density

TH1H1([W ])TH2H2([W ])− T 2
H1H2

([W ]) ≥ 0,

i.e., TH1H1([W ])TH2H2([W ])

T 2
H1H2

([W ])
≥ 1.

(4.89)

By the assumption that each vertex and edge of H is contained in at least one of the

subgraphs, if we identify the multiple edges between the same pair of vertices in H1H2 we

get back H. Since T is a simple graph parameter, we have TH1H2 = TH , TH1H1 = TH1 and

TH2H2 = TH2 , by definition. Thus, taking logarithms in the final expression of (4.89), we get

IH1,H2( · ;H) ≥ 0. It is exactly zero if H1 and H2 are vertex disjoint. Thus, one may think

that IH1,H2( · ;H) measures the dependence of the two subgraphs on the homomorphism

density.

We can similarly construct higher order interactions by considering multiple subgraphs

instead of just two. In that case, one may consider the logarithm of the determinant of the

connection matrix of the homomorphism density and define I suitably.

The argument in Section 4.5.1 shows that this function satisfy all our conditions. The

computation for its Fréchet-like derivative also follows from Section 4.5.1 followed by the

application of the chain rule for derivatives. Logarithms of determinants of matrices play an

important role in displacement convexity of Wasserstein optimal transport (see [156, proof

of Theorem 2.2]). It is an interesting coincidence that they also appear in this context.

4.5.3 Internal energy

Similar to potential and interaction energies, one can define non-linear functions of ρk
corresponding to what are called ‘internal energies’ in the optimal transport literature. Let
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u be a real-valued function on R+ such that u(0) = 0. For a probability measure ρ on an

Euclidean space, define the function

U(ρ) :=


∫
Mk

u(ρ(z))dz, if ρ is absolutely continuous,

∞, otherwise.

Here we have used the standard abuse of notation in optimal transport literature of denoting

an absolutely continuous measure and its density by the same notation. This defines a

nonlinear function on graphons in the following manner. For 1 ≤ l ≤ k, consider a function

Gk,l : Mk → [−1, 1]l that selects a particular subset of length l from the upper-diagonal

elements of a k × k matrix. Consider the pushforward ρk,l([W ]) := (Gk,l)] (ρk([W ])). Since

ρk is generated by k i.i.d. Uni[0, 1] random variables, and l ≤ k, it is easy to come up with

examples where ρk,l has a density. For example, take W (x, y) = sin(x+y), k = 3, l = 2, and

Gk,l(A) = (A1,2, A1,3). Thus (Gk,l ◦Gk)([W ]) = (sin(Z1 + Z2), sin(Z1 + Z3)). This random

vector has a density. Thus, the function U (ρk,l([W ])) for [W ] ∈ Ŵ has a non-empty domain.

A prominent example of such functions is the differential entropy for which u : x 7→ x logx

where one computes the differential entropy of ρk,l([W ]).

Such functions cannot have Fréchet-like derivatives since a necessary condition for its ex-

istence is that the function must be continuous in L2. On the other hand, one cannot expect

a discrete to continuum convergence as considered here. Even in the case of Wasserstein

gradient flows, gradient flow of entropy is obtained by adding Brownian noise to particles

and not by taking limits of Euclidean gradient flows [122].
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Chapter 5

STOCHASTIC OPTIMIZATION ON MATRICES AND A GRAPHON
MCKEAN-VLASOV

5.1 Introduction

The study of particle systems under mean-field interaction is a classical topic in probability

theory [95]. It involves multidimensional diffusions that interact through their empirical

distributions of the type

dXi(t) = b
(
Xi(t), µ̂

(N)(t)
)

dt+ dBi(t), i ∈ [N ], t ∈ R+, (5.1)

where N ∈ N, Xi(t) ∈ Rd for all i ∈ [N ] and for some d ∈ N, and µ̂(N)(t) := 1
N

∑N
i=1 δXi(t), is

the empirical distribution of the vector (Xi(t))i∈[N ] at time t ∈ R+, and (Bi)i∈[N ] is a vector

of i.i.d. standard d-dimensional Brownian motions. Prominent examples of such particle

systems include the diffusion given by the SDE

dXi(t) = −∇V (Xi(t))dt− 1

N

N∑
j=1

∇W (Xi(t)−Xj(t))dt+ dBi(t), t ∈ R+, (5.2)

for i ∈ [N ], where V and W are differentiable convex functions on Rd. However, any

drift that is symmetric in the coordinates (“mean-field interactions”) can be represented

as (5.1) for some suitable function b. Often, the SDE (5.1) includes a reflection term to

constrain the coordinate process to a subset of the Euclidean space [203]. The study of such

systems originated from the probabilistic study of the Boltzmann and Vlasov equations due

to Kac [123], McKean [157], Dobrushin [76], Tanaka [205] and many others. For modern

surveys, see Sznitman [204], Villani [211], Chaintron and Diez [51] and Jabin [114].

Under suitable assumptions, as the number of particles goes to infinity, it is known that

the process of empirical distributions of the particle system converges to the solutions of

families of well-known PDEs. For example, for the system (5.2), the random process µ̂(N)

converges weakly to the solution of granular media equation [49], as N → ∞. The conver-

gence is often obtained via propagation of chaos where, in the large particle limit, a finite
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collection of randomly chosen particles evolve independently and identically distributed ac-

cording to the McKean-Vlasov SDE [95]: dX(t) = b (X(t), µ(t))dt+ dB(t), t ∈ R+, where

µ(t) is the law of X(t).

In this work, we study an analogous evolution of symmetric matrices where the coordi-

nates interact via a suitably symmetric function. As an example, consider the function Rn

defined on M0
n, the set of all n× n symmetric matrices with entries in [0, 1], given by

Rn(A) :=
1

2

n−2
n∑

i,j=1

A(i, j)− e

2

+
1

2

(
n−3 Tr

[
A3
]
− τ
)2

+ En(A), (5.3)

where e, τ ∈ [0, 1] are fixed and En(A) = n−2
∑n

i,j=1 h(A(i, j)) where h : [0, 1] → R is the

convex entropy function defined as h(p) := p log p + (1 − p) log(1 − p), if p ∈ (0, 1), and

h(0) = h(1) = 0.

The function Rn is invariant, that is, its value does not change if we permute the rows

and columns of the matrix A by the same permutation over [n] := {1, 2, . . . , n}. Consider

the following diffusion on symmetric n× n matrices

dXn(t) = −n2∇Rn(Xn(t))dt+ β dBn(t) + dLn(t), t ∈ R+, (5.4)

where Bn is a system of n× n symmetric matrix-valued process of coordinatewise indepen-

dent Brownian motions and Ln is the coordinatewise bounded variation local time process

that constrains each coordinate process to stay in the interval [0, 1] (see Section 5.2.2 for

details). One may ask what is an appropriate notion of limit of such a process as n → ∞?

Does (5.4) exhibit propagation of chaos?

Note that the function Rn in (5.4) is not covered by the classical McKean-Vlasov theory

since Rn(A) is not symmetric in the n2 (up to symmetry) many entries of a matrix A.

The same is true for any differentiable function over n × n symmetric matrices that is

invariant under permuting the rows and the columns using the same permutation. Spectral

functions, for example, satisfy such an invariance, as do functions on edge-weighted graphs

(represented by their adjacency matrices) that are invariant under vertex relabeling. As we

have seen this particular class of symmetry is captured, not by empirical measures, but by

graphons.
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Analogous to the classical McKean-Vlasov theory, we show in this chapter that, under

suitable assumptions, (5.4) exhibits a propagation of chaos. Furthermore, in n → ∞ limit,

the coordinates of Xn(t) become conditionally independent and the evolution of a randomly

chosen coordinate can be described by a novel graphon valued McKean-Vlasov equation.

The existence and uniqueness of such a process are established in Proposition 5.4.5. Propo-

sition 5.4.6 shows that the process Xn(t) converges to a deterministic curve on the space of

graphons, Ŵ (see Section 5.2).

While the evolution of matrices described by (5.4) can arise in many different con-

texts, our primary motivation for studying such evolution comes from the stochastic gra-

dient descent on large graphs. Consider the function Rn defined in (5.3). Notice that

if we regard A ∈ M0
n as the adjacency matrix of a weighted graph, then n−2

∑n
i,j=1Ai,j

can be thought of as the edge-density of the graph while n−3 Tr
[
A3
]

can be regarded as

the density of triangles in the graph. Consider the problem of minimizing En(A) over all

A ∈ M0
n subject to the condition that the edge density and the triangle density are e

and τ , respectively. The non-convexity of this problem makes it very hard and indeed

the minimizers in general are not unique [163, 132]. For certain feasible regime of (e, τ),

this minimization problem has been studied in [163]. In some regimes where the mini-

mizer is known to be unique, the minimizer is characterized. Similar results were obtained

in [132] when τ = e3. In general, however, determining the structure of minimizers is ex-

tremely hard and even reasonable guesses are not available in most cases. This problem

has rich connections with extremal combinatorics [183, 179] and exponential random graph

models [30, 58]. While minimizing En with such ‘hard constraints’ is difficult, notice that

minimizing Rn(A) :=
(
n−2

∑n
i,j=1A(i, j)− e

)2
/2 +

(
n−3 Tr

[
A3
]
− τ
)2
/2 + En(A) can be

considered as a relaxation of this problem. Our method provides a numerical scheme to

obtain minimizers of such problems. Notice that (5.4) arise as the limit of the projected

stochastic gradient descent algorithm which is used in practice to optimize Rn. As men-

tioned above, we establish that the curves described by (5.4) converges to a deterministic

curve on the space of graphons. Under appropriate assumptions on Rn (see Section 5.6.3)

and in zero-noise limit, the (deterministic) limiting curve on the space of graphons is a gradi-

ent flow and hence converges to the minimizer exponentially fast. Thus, the evolution (5.4)
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gives a way to numerically approximate the minimizer. More generally, the limiting curve

converges to stationary points and thus (5.4) provides an algorithm to numerically approx-

imate these stationary points that may be useful in obtaining reasonable guesses regarding

the structure of the minimizers in such problems. We describe the projected gradient de-

scent and projected stochastic gradient descent algorithms in more detail in the following

paragraphs.

Projected Gradient Descent (GD) based algorithms are the workhorse in optimizing such

functions [50, 44, 42]. However, in most cases, computing gradients can be computationally

intensive. In practice, stochastic approximation algorithms based on projected Stochastic

Gradient Descent (SGD) are instead used to minimize such functions since they are often

faster to simulate [187, 134]. The details of this common Markov chain are described later

in the section, and the reader can refer to the monographs [24, 141, 41, 159, 142] for a

detailed overview. Roughly, if the current state is a symmetric matrix A, one jumps to

a new state by taking a small step along the negative Euclidean gradient −∇Rn(A), and

potentially adding independent, centered, and variance-bounded noise to each matrix entry

(up to symmetry). Each matrix entry is then projected onto the interval [0, 1] to satisfy the

entrywise constraint.

Gradient descent (GD), with small step sizes, approximates the Euclidean gradient flow

obtained as a solution to Cauchy’s problem

Ȧi,j(t) = −∇i,jRn(A(t)), (i, j) ∈ [n]2, t ∈ R+,

in the interior of M0
n. Here R+ denotes the set of non-negative real numbers which is used

to index time, ∇i,j refers to the partial derivative with respect to the (i, j)-th matrix entry.

It is therefore natural to understand a suitable scaling limit of SGD on the space of such

matrices.

We saw in the last chapter that under suitable assumptions on (Rn)n∈N, the implicit

Euler update scheme approximates the gradient flow curve, in an appropriate sense, over Ŵ,

when the step size is taken to zero and n grows to infinity. Refer to Section 2 for the required

exposition on graphons. In this work, we ask a similar question for SGD-based algorithms.

We show that under an appropriate “small noise” assumption and consistency and other
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suitable assumptions on the functions (Rn)n∈N, the SGD iterations converge appropriately

to a limiting deterministic curve that is a gradient flow on the space of graphons. Moreover,

when an extra Gaussian noise is added to each SGD iterate, the noisy SGD iterations also

converge to a deterministic curve on graphons which admits a McKean-Vlasov description.

Recall that a function R : Ŵ → R over graphons naturally extends to a function over

the set of kernels W. For any n ∈ N, the set of symmetric matrices Mn, over which

algorithms like GD and SGD operate, can be naturally identified with a subset, finite

dimensional kernels, Wn ⊂ W of the kernels (see Section 2 for details). As usual this

identification/embedding will be denoted by K (as in kernel) and its inverse will be denoted

by Mn (as in matrix). Using K, the restriction of the function R to Wn can be viewed as

a function Rn on Mn.

Define the projection operator P : R → [−1, 1] as

P (x) :=


−1 if x ∈ (−∞,−1),

x if x ∈ [−1, 1],

1 if x ∈ (1,∞).

The operator P can be used coordinatewise on matrices and kernels. For every n ∈ N, let

τn := (τn,k)k∈Z+
, be a sequence of positive step sizes (also known as the learning rate). Here

Z+ denotes the set of all non-negative integers. Given the step size sequence τn, we can

define a monotonically increasing sequence of times (tn,k)k∈Z+
, defined as a cumulative sum

of τn, i.e., tn,0 = 0 and tn,k :=
∑k−1

j=0 τn,j for any k ∈ N. We assume τn to have a divergent

sum so to cover the whole non-negative real line R+, i.e., to satisfy limk→∞ tn,k = ∞. We

define the norm of the step size sequence τn as |τn| := supk∈Z+
τn,k, which is assumed to

be finite. We now describe our first iterative scheme.

Definition 5.1.1 (Projected GD). Let n ∈ N and let Rn : Mn → R be a differentiable

function. The projected GD iterates of Rn starting at Vn,0 ∈ Mn is defined to be a sequence

of symmetric matrices (Vn,k)k∈Z+
given iteratively as

Vn,k+1 = P
(
Vn,k − n2τn,k∇Rn(Vn,k)

)
, k ∈ Z+. (PGD)
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Suppose R is such a function whose Fréchet-like derivative evaluation map is denoted

by φ. If Rn is obtained from R by restricting R to Mn and the function Rn is differentiable

up to the boundary of Mn for every n ∈ N. We know that

n2∇Rn =Mn ◦ φ ◦K. (5.5)

Simply put, n2 times the Euclidean gradient of Rn at a matrix argument A can be identified

as the Fréchet-like derivative φ of R at the kernel argument K(A). The time in the Euclidean

gradient in Definition 5.1.1 is therefore scaled by n2 following the relation (5.5). The PGD

algorithm is essentially the explicit Euler iteration scheme up to the projection.

We now define the stochastic optimization setup for Rn. In order to do so, we first

fix some notations and make some assumptions on R and Rn. Let (ξk+1)k∈Z+
be an i.i.d.

sequence of random variables with some distribution D over some arbitrary measurable

space (Ω,A). Let g : W × Ω → L∞([0, 1](2)) where L∞([0, 1](2)) is the set of all bounded

measurable functions φ : [0, 1]2 → R such that φ(x, y) = φ(y, x). To emphasize that φ is

symmetric, we denote the domain by [0, 1](2) which denotes the set {(x, y) ∈ [0, 1]2 : x ≤ y}.

Define gn on Mn × Ω as gn(A; ξ) = g(K(A); ξ) for every n ∈ N and A ∈ Mn, and assume

that

∇Rn = Eξ∼D[gn( · ; ξ)]. (5.6)

Under suitable assumptions (see Assumption 4) on the function g, the function R is

invariant under measure preserving transformations and hence defines a function on Ŵ. We

are interested in stochastic analogues of the iteration scheme in Definition 5.1.1, for such a

function R, possibly with a noise at each iteration. In other words, our interest lies in noisy

variations of projected GD iterations (see Definition 5.1.1). In this setting, we will consider

two ways to introduce noise at each iteration.

1. Small noise: We can replace the Euclidean derivative ∇Rn in equation (PGD) by

its unbiased stochastic proxy gn( · ; ξk+1). As a special case, g can be obtained from a

function ` : W × Ω → R, as g( · ; ξ) := (DW)`( · ; ξ) for all ξ ∈ Ω, where (DW`)( · ; ξ) is

the Fréchet-like derivative (see Definition 4.2.6) of `( · ; ξ). Such a stochastic approxi-

mation is known as Stochastic Gradient Descent (SGD).
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2. Large noise: We can add an additive noise to iterates in equation (PGD) before the

projection, as we describe in Definition 5.1.2 below.

We can now define the noisy analogs of (PGD), that is, projected (noisy) SGD. We will

use the operator ◦ over symmetric matrices to denote the Hadamard (elementwise) product.

Definition 5.1.2 (Projected SGD with and without noise). Let n ∈ N. Starting at Wn,0 ∈

Mn, the projected (noisy) SGD algorithm produces a sequence of iterates (Wn,k)k∈Z+
defined

as

Wn,k+1 = P
(
Wn,k − n2τn,kgn(Wn,k; ξk+1) + τ

1/2
n,kGn,k

)
, k ∈ Z+. (PNSGD)

Here (Gn,k)k∈Z+
is an n × n symmetric matrix valued martingale difference sequence in-

dependent of (ξk+1)k∈Z+
. We only consider the noise Gn,k, for k ∈ Z+, of the form

Gn,k = Σn(Wn,k)◦Zn,k for some Σn that maps matrices in Mn to n×n symmetric matrices

with non-negative entries and (Zn,k)k∈Z+
is a sequence of independent n × n symmetric

random matrices with standard normal entries (up to matrix symmetry).

Due to the natural identification of Mn with Wn, the GD iterates (Vn,k)k∈Z+
⊂ Mn

and the SGD iterates (Wn,k)k∈Z+
⊂ Mn in Definitions 5.1.1 and 5.1.2 respectively, can

be viewed as kernel valued iterates
(
V

(n)
k

)
k∈Z+

⊂ Wn and
(
W

(n)
k

)
k∈Z+

⊂ Wn, under the

embeddings V (n)
k = K(Vn,k) and W

(n)
k = K(Wn,k) respectively for k ∈ Z+. This allows us

to interpret (PGD) and (PNSGD) as kernel-valued updates.

We consider piecewise constant interpolations of the iterates (see Definition 5.2.1) and

in this chapter, we establish the existence of the scaling limit of these curves. We also

characterize the limit under the absence of “large noise”. Our limiting procedure takes two

steps. First, for every fixed n ∈ N, we take the step size, i.e., |τn| → 0 to obtain a limiting

SDE on Mn. We then characterize the limit of the SDEs as n → ∞ as an absolutely

continuous curve on the space of graphons.

Theorem 5.1.3. Let n ∈ N be fixed, and suppose Assumptions 3, 4 and 5 hold (see

Section 5.2.1). Let Wn : R+ → Mn be the piecewise constant interpolation (Definition 5.2.1)

of noisy SGD iterates (Wn,k)k∈Z+
as defined in (PNSGD). Then, Wn converges weakly in
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the space of càdlàg processes to Xn as |τn| → 0 that satisfies the SDE:

dXn(t) = −n2∇Rn(Xn(t))dt+Σn(Xn(t)) ◦ dBn(t) + dL−
n (t)− dL+

n (t), (RSDE)

for t ∈ R+, starting at Xn(0) =Wn,0. Here Bn is an n×n symmetric matrix-valued process

with coordinatewise independent standard Brownian motions up to matrix symmetry, and

(Xn, L
+
n , L

−
n ) solves the Skorokhod problem with respect to the set Mn (see Section 5.2.2).

Our main interest is in the limit of the kernel-valued stochastic process X(n)(·) =

K(Xn(·)) (Theorem 5.1.3), as n → ∞. This limit is a deterministic curve in Ŵ that we

now describe. Consider, for simplicity, the special case when each Σn is β times the identity

matrix for some β > 0. On a probability space that supports a standard linear Brownian

motion B1,2(·) and a pair of independent Uni[0, 1] random variables (U1, U2) and given some

W0 ∈ W, one can construct a unique solution of the following family of one-dimensional

reflected diffusions. Given (U1, U2) = (x, y), for some (x, y) ∈ [0, 1](2), let X1,2 be a diffusion

with state space [−1, 1] with the initial condition X1,2(0) =W0(x, y), and satisfying

dX1,2(t) = −φ (Γ(t)) (x, y)dt+ β dB1,2(t) + dL−
1,2(t)− dL+

1,2(t), (5.7)

for some β ∈ R+ and t ∈ R+. Here, φ is the Fréchet-like derivative of R in (5.5), L−
1,2 and

L+
1,2 are the local time processes such that (X1,2, L

+
1,2, L

−
1,2) solves the Skorokhod problem

with respect to [−1, 1] (see Section 5.2.2). The kernel-valued process Γ: R+ → W is given

by

Γ(t)(u, v) := E[X1,2(t) | (U1, U2) = (u, v)], ∀ (u, v) ∈ [0, 1](2), (5.8)

and any t ∈ R+. In Proposition 5.4.5, we show that the coupled system (X1,2,Γ) exists in a

strong sense and is pathwise unique and that the kernel-valued processX(n) in Theorem 5.1.3

converges to the curve Γ in the following sense an n→ ∞.

Theorem 5.1.4. Suppose Assumptions 3, 5, and 6 hold (see Section 5.2.1). Then, for any

sequence of initial kernels
(
W

(n)
0 ∈ Wn

)
n∈N that converges in L2

(
[0, 1](2)

)
norm ‖ · ‖2, i.e.,

lim
n→∞

∥∥∥W (n)
0 −W0

∥∥∥
2
= 0, (5.9)
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the process of random kernels
(
X(n)(t) = K(Xn(t))

)
t∈R+

obtained from solutions of the

SDE (RSDE), converges locally uniformly in the cut norm, in probability, to the curve

Γ: R+ → W, with Γ(0) =W0, defined in equation (5.8) as n→ ∞.

Remark 5.1.5. The assumption
∥∥∥W (n)

0 −W0

∥∥∥
2

→ 0 can not be weakened to∥∥∥W (n)
0 −W0

∥∥∥
�
→ 0 as n → ∞. To see this, take ∇Rn ≡ 0 and Σ ≡ 1 and let W0 ≡ 0. It

is clear that Γ(t) ≡ 0 for all t ≥ 0.

On the other hand, let ξ be a random variable taking values −1/2 and +1 with probability

2/3 and 1/3 respectively. And, let W (n)
0 be the step-kernel corresponding to n×n symmetric

random matrix whose entries (on and above the diagonal) are i.i.d. and has the same

distribution as ξ. Then,
∥∥∥W (n)

0 −W0

∥∥∥
�

→ 0 almost surely. However, in this case, the

coordinates of Xn are i.i.d. (up to the matrix symmetry) and have the same distribution as

an RBM (reflected at ±1) with initial distribution ξ. In particular, K(Xn(t)) converges to

W (t) ≡ E[Xn,1,2(t)]. It is therefore sufficient to show that E[Xn,1,2(t)] is not identically 0

for a.e. t ∈ R+.

To see this, we argue by contradiction. If E[Xn,1,2(t)] = 0 for all t ≥ 0 then
d

dtE[Xn,1,2(t)] = 0. Using [184, Exercise 1.12, pg-407], we obtain that d
dtE[Xn,1,2(t)] =

2
3(pt(−

1
2) − pt(

3
2)) +

1
3(pt(2)− 1) 6= 0, where pt is the standard heat kernel at time t. This

yields a contradiction.

Remark 5.1.6. We should also remark that arranging for W (n)
0 such that

∥∥∥W (n)
0 −W0

∥∥∥
2
→

0 as n→ ∞ is not difficult. For any W0 and n ∈ N, let W (n)
0 be the L2

(
[0, 1](2)

)
projection

of W0 on Wn. Then W
(n)
0 satisfies this condition.

In Section 5.5 a more general statement has been proved (see Proposition 5.4.6). It is

worth noting that the presence of noise and the boundary {−1, 1} in our problem makes it

non-trivial. To see this, consider (RSDE) for a constant function Rn (i.e., ∇Rn ≡ 0) and

without the local times, say starting at Wn,0 ∈ Mn. The solution is a symmetric matrix of

independent Brownian motions. It can be easily checked that, if limn→∞‖Wn,0 −W0‖� = 0,

then limn→∞ supt∈[0,T ]
∥∥X(n)(t)−W0

∥∥
� = 0 for any finite T > 0. However, if we con-

sider (RSDE) again with ∇Rn ≡ 0 but with reflection at the boundary, the coordinate

processes are independent reflected Brownian motions. In this case the cut limit of X(n)(t)
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is also the cut limit of the kernel E
[
X(n)(t)

]
. But reflecting Brownian motions do not have

constant expectations in time due to boundary effect. Hence, the limit of X(n)(t) is not

constant in t. But, if this limit were a gradient flow, it would be a constant.

5.1.1 Scaling limit without added noise

When Σn ≡ 0, equation (RSDE) reduces to

dXn(t) = −n2∇Rn(Xn(t))dt+ dL−
n (t)− dL+

n (t), t ∈ R+, Xn(0) =Wn,0, (5.10)

such that (Xn, L
+
n , L

−
n ) solves the Skorokhod problem on Mn (see Section 5.2.2 for details).

Moreover, it is shown in Section 5.3 that the solution of (5.10) is the same as the solution

of (5.11) given below. Furthermore, it is shown in [167, Theorem 4.4, Theorem 4.14] that if

the solution Xn : R+ → Mn of

dXn(t) = −n2∇Rn(Xn(t)) ◦ 1Gn(Xn(t)) dt, t ∈ R+, (5.11)

exists, where Gn(A) is the subset of [n]2 (defined in equation (5.36) later in Section 5.3.1),

then Xn is a gradient flow on Mn in a suitable sense. As we know, under reasonable

assumptions on R, the sequence of solutions (Xn)n∈N of equation (5.11) obtained for all

natural numbers n ∈ N, converge to an absolutely continuous curve W : R+ → W, which

is a curve of maximal slope [5] (a.k.a. gradient flow) of R, as n → ∞. This yields the

following.

Theorem 5.1.7. Suppose Assumptions 3 and 4 hold (see Section 5.2.1). Let R be continuous

in the cut norm, and λ-semiconvex with respect to ‖ · ‖2 for some λ ∈ R (see Section 2 for

definitions). For every n ∈ N, let Xn : R+ → Mn be a gradient flow of Rn staring at

Xn(0) = Wn,0 = Mn

(
W

(n)
0

)
∈ Wn, and satisfying equation (5.10). If

(
W

(n)
0

)
n∈N converges

to W0 ∈ W in the cut norm, then,

lim
n→∞

sup
s∈[0,T ]

‖K(Xn(s))−W (s)‖� = 0,

for any T > 0, where W defined as W (t) := W0 −
∫ t
0 φ(W (s))1GW (s)

for t ∈ R+, is the

gradient flow for R.
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We should mention that our method allows us to also obtain a non-asymptotic rate of

convergence. We refer the reader to Remark 5.5.2 for details.

5.2 Assumptions and Preliminaries

Since we want to obtain continuous time scaling limits of the iterative schemes defined in

Definition 5.1.1 and Definition 5.1.2, we will use piecewise constant interpolations.

Definition 5.2.1 (Piecewise constant interpolation). Given a sequence (ak)k∈Z+
over any

domain, and a sequence of positive step sizes τ = (τk)k∈Z+
, we can define a piecewise

constant interpolation of (ak)k∈Z+
as a right-continuous curve a : R+ → {ak}k∈Z+

as

a(t) := ak, if t ∈ [tk, tk+1) ,

for some k ∈ Z+, where t0 = 0 and tk :=
∑k−1

j=0 τj for any k ∈ N.

5.2.1 Assumptions

In this section we state all the required assumptions we need to prove our results (see

Theorem 5.1.3 and Theorem 5.1.4).

Assumption 3. We make following assumptions on R, g and φ:

1. For every n ∈ N, the function Rn is in C1(Mn) up to the boundary of Mn.

2. The map φ is κ2-Lipschitz with respect to ‖ · ‖2, for some constant κ2 ∈ R+. That is,

‖φ(W1)− φ(W2)‖2 ≤ κ2‖W1 −W2‖2, ∀ W1,W2 ∈ W.

3. For every n ∈ N, the function gn( · ; ξ) = g( · ; ξ) ◦K is in C0(Mn) up to the boundary

of Mn for all ξ ∈ Ω.

Assumption 4. We assume the following about the “small noise”.

1. Law of the random variable g(W ; ξ) for ξ ∼ D is invariant under measure preserving

transformations for all W ∈ W, i.e., Law(g(W ; ξ)) = Law(g(Wϕ; ξ)) for all ϕ ∈ T .
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2. The random variable g( · ; ξ) for ξ ∼ D has uniformly bounded variance over all finite

dimensional kernels. That is, there exists σ ≥ 0 such that for all A ∈ ∪n∈NWn,

Eξ∼D

[
‖g(A; ξ)− φ(A)‖22

]
≤ σ2.

Assumption 5. We assume the following on the “large noise” for every n ∈ N.

1. There exists a function Σ: W → L∞([0, 1](2)) such that the diffusion coefficient func-

tions (Σn)n∈N are restrictions of Σ, i.e., for every n ∈ N, Σn = Mn ◦ Σ ◦ K on

Mn.

2. The map Σ: W → L∞([0, 1](2)) is κ2-Lipschitz in ‖ · ‖2 and uniformly bounded in

‖ · ‖∞ by some constant M∞ ∈ R+, i.e., for all U, V ∈ W,

‖Σ(U)− Σ(V )‖2 ≤ κ2‖U − V ‖2, and ‖Σ(U)‖∞ ≤M∞.

Assumption 6. There exists a constant κ� ∈ R+ such that, for almost every (x, y) ∈

[0, 1](2), the map φx,y := φ( · )(x, y) is κ�-Lipschitz in cut norm ‖ · ‖�. That is, for every

U, V ∈ W,

|φx,y(U)− φx,y(V )| ≤ κ�‖U − V ‖�.

5.2.2 Preliminaries on the system of reflected diffusions

For n ∈ N, consider the domain Mn. Notice that Mn is a cube, and is closed with respect

to the usual topology. Consider the SDE:

dXn(t) = −n2∇Rn(Xn(t))dt+Σn(Xn(t)) ◦ dBn(t) + dL−
n (t)− dL+

n (t), (5.12)

for t ∈ [0, T ] for some fixed T ∈ R+ and starting at Xn(0) = Xn,0 ∈ Mn. Here Σn is

a map from Mn to the set of n × n symmetric matrices with non-negative entries, Bn is

a n × n symmetric matrix valued process containing a set of standard Brownian motions(
Bn,(i,j)

)
(i,j)∈[n](2) which are independent up to matrix symmetry, and the processes L−

n and

L+
n are local times at the boundary. More precisely, they satisfying the following conditions:
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1. The processes Xn, L+
n and L−

n are adapted processes.

2. The process L−
n and L+

n are coordinatewise non decreasing processes a.e.

3. For every (i, j) ∈ [n]2,∫ ∞

0
1
{
Xn,(i,j)(t) > −1

}
dL−

n,(i,j)(t) = 0, and∫ ∞

0
1
{
Xn,(i,j)(t) < +1

}
dL+

n,(i,j)(t) = 0.

(5.13)

We say that (Xn, L
+
n , L

−
n ) solves the Skorokhod problem with respect to the set Mn. Follow-

ing [137, Definition 1.2], the strong solution (Xn, L
+
n , L

−
n ) of the Skorokhod problem exists

and is unique if n2∇Rn and Σn are Lipschitz with respect to ‖ · ‖F (following Assumption 3,

Assumption 5 and equation (5.5)).

5.2.3 The Lipschitz property of the Skorokhod map

Let Y1 and Y2 be two real valued stochastic processes. Let Λ[−1,1] denote the Skorokhod

map that maps the set of càdlàg functions on [0, T ] to itself. If (X1 := Λ[−1,1](Y1), L
+
1 , L

−
1 )

and (X2 := Λ[−1,1](Y2), L
+
2 , L

−
2 ) solve the Skorokhod problem with respect to the set [−1, 1],

then the Skorokhod map Λ[−1,1] is 4-Lipschitz under the uniform metric [137, Corollary 1.6],

i.e.,

sup
t∈[0,T ]

|X1(t)−X2(t)| ≤ 4 sup
t∈[0,T ]

|Y1(t)− Y2(t)|, ∀ T ∈ R+. (5.14)

5.3 Convergence of Projected Noisy Stochastic Gradient Descent

The goal of this section is to show that for each n ∈ N, the projected noisy SGD iterates,

defined in (PNSGD), converges weakly to the strong solution of the SDE (RSDE) as |τn| →

0. This is done in two steps that we describe below.

Recall the projected noisy SGD iterates defined in Definition 5.1.2, starting from Wn,0 ∈

Mn, rewritten for convenience:

Wn,k+1 = P
(
Wn,k − n2τn,k∇Rn(Wn,k)− τn,k∆Mn,k + τ

1/2
n,kGn,k

)
, (PNSGD)
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for k ∈ R+, where (Gn,k)k∈Z+
is any n× n real symmetric matrix-valued martingale differ-

ence sequence with each element containing centered and independent entries up to matrix

symmetry, as defined in Section 5.1, and

∆Mn,k := n2gn(Wn,k; ξk+1)− n2∇Rn(Wn,k), k ∈ Z+.

Observe that (∆Mn,k)k∈Z+
is an n × n symmetric matrix-valued martingale difference se-

quence with respect to the filtration (Fk)k∈Z+
where Fk := σ

(
{Wn,0, ξi+1, Gn,i}i∈{0}∪[k−1] ∪

{ξk+1}
)

for k ∈ Z+. Without the martingale difference term τn,k∆Mn,k, equation (PNSGD)

reduces to the projected GD iterates with additive noise, (Vn,k)k∈Z+
starting at Vn,0 =Wn,0,

described in (PNGD), re-written below

Vn,k+1 = P
(
Vn,k − n2τn,k∇Rn(Vn,k) + τ

1/2
n,kGn,k

)
, k ∈ Z+. (PNGD)

Let W (n)
k := K(Wn,k) and V

(n)
k := K(Vn,k) for all k ∈ Z+, and let W (n) and V (n) be

piecewise constant interpolations of
(
W

(n)
k

)
k∈Z+

and
(
V

(n)
k

)
k∈Z+

respectively with the step

size sequence τn. Using Grönwall’s inequality and an obvious coupling between the pro-

cesses (PNSGD) and (PNGD), we show in Lemma 5.3.1 that the two processes are close as

|τn| → 0.

Lemma 5.3.1. Let R : W → R be such that the Fréchet-like derivative φ = DWR exists.

Suppose Assumptions 3, and 4 hold. Let n ∈ N. Let Wn and Vn be the piecewise constant

interpolations (see Definition (5.2.1)) of (Wn,k)k∈Z+
and (Vn,k)k∈Z+

respectively, as defined

in (PNSGD) and (PNGD), with step size sequence τn := (τn,k)k∈Z+
. Then, there exists a

universal constant C > 0 such that for any T > 0 we have

E

[
sup
s∈[0,T ]

∥∥∥W (n)(s)− V (n)(s)
∥∥∥2
2

]
≤ Cσ2T |τn| exp

[
Cκ22T

2
]
.

Proof. Let Wn and Vn be the piecewise constant interpolations of (Wn,j)j∈Z+
and (Vn,j)j∈Z+

respectively as defined in Definition 5.2.1. Define ∆: R+ → R+ as

∆(t) := E

[
sup
s∈[0,t]

‖Wn(s)− Vn(s)‖2F

]
, t ∈ R+. (5.15)
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Let k ∈ Z+ be such that t ∈ [tn,k, tn,k+1). Then, using [198, Theorem 1],

∆(t) ≤ CE

k−1∑
j=0

τn,j
∥∥n2∇Rn(Wn,j)− n2∇Rn(Vn,j)

∥∥
F

2
+ CE

k−1∑
j=0

τ2n,j‖∆Mn,j‖2F

,
(5.16)

where C > 0 is some universal constant. From Assumption 3, since φ is κ2-Lipschitz as a

map from L2
(
[0, 1](2)

)
to L2

(
[0, 1](2)

)
, following equation (5.5) and the fact that ‖An‖2F =

n2‖K(An)‖22 for all An ∈ Mn, we see that the map ∇Rn : Mn → R[n]2 satisfies∥∥n2∇Rn(An)− n2∇Rn(Bn)
∥∥2

F ≤ κ22‖An −Bn‖2F, ∀ An, Bn ∈ Mn. (5.17)

Using the Cauchy-Schwarz inequality, and equation (5.17), we first bound the second term

in equation (5.16) as

E

k−1∑
j=0

τn,j
∥∥n2∇Rn(Wn,j)− n2∇Rn(Vn,j)

∥∥
F

2
≤ E

k−1∑
j=0

(
τ
1/2
n,j

)2
·
k−1∑
j=0

τn,j
∥∥n2∇Rn(Wn,j)− n2∇Rn(Vn,j)

∥∥2
F


≤ κ22tE

k−1∑
j=0

τn,j‖Wn,j − Vn,j‖2F

 ≤ κ22t

∫ t

0
∆(s)ds, (5.18)

where the last inequality follows by observing that if s ∈ [tn,j , tn,j+1) for some j ∈ Z+, then

E
[
‖Wn(s)− Vn(s)‖2F

]
= E

[
‖Wn,j − Vn,j‖2F

]
≤ ∆(s).

Using Assumption 4, first note that

‖∆Mn,j‖2F =
∥∥n2gn(Wn,k; ξk+1)− n2∇Rn(Wn,k)

∥∥2
F

= n2
∥∥K(n2gn(Wn,k; ξk+1)− n2∇Rn(Wn,k)

)∥∥2
2
≤ n2σ2. (5.19)

We use the above to bound the first term in equation (5.16) as

E

k−1∑
j=0

τ2n,j‖∆Mn,j‖2F

 ≤ n2σ2t|τn|, (5.20)
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where |τn| is defined in Section 5.1 as supj∈Z+
τn,j .

Plugging back (5.18) and (5.20) in equation (5.16) we get

∆(t) ≤ Cn2σ2t|τn|+ Cκ22t

∫ t

0
∆(s)ds, (5.21)

and applying Grönwall’s inequality [100], we obtain ∆(t) ≤ Cn2σ2t|τn| exp
[
Cκ22t

2
]
.

Our next step is to show that the sequence of iterates defined in (PNGD) is close to the

solution of the SDE (RSDE) which we reproduce below

dXn(t) = −n2∇Rn(Xn(t)) + Σn(Xn(t)) ◦ dBn(t)

− dL+
n (t) + dL−

n (t), t ∈ R+,
(RSDE)

where Bn is an n × n symmetric matrix-valued process whose entries are independent

Brownian motions up to matrix symmetry, and Xn(0) = Vn,0 = Wn,0 ∈ Mn. The tuple

(Xn, L
+
n , L

−
n ) solves the Skorokhod problem with respect to the set Mn (see Section 5.2.2).

In Lemma 5.3.2 we compare (PNGD) with a discretization of the SDE (RSDE). This

is obtained by coupling the discrete noise in (PNGD) with the Brownian motion driving

the SDE (RSDE). Combining these we conclude the convergence of (PNSGD) to the

SDE (RSDE) as |τn| → 0.

Lemma 5.3.2. Let n ∈ N. Let Bn be an n × n symmetric matrix valued process whose

coordinates are i.i.d. Brownian motion (up to matrix symmetry) defined on some probability

space. Let Xn be the strong solution of SDE (RSDE) with initial condition Xn(0) = Vn,0

(see (PNGD)). Then, there exists a càdlàg process Ṽn on Mn, defined on the same probability

space as Bn, such that it has the same law as Vn, the piecewise constant interpolation (see

Definition 5.2.1) of
(
Vn,k

)
k∈Z+

obtained from (PNGD). Moreover, for any T ∈ R+,

lim
|τn|→0

E

[
sup
s∈[0,T ]

∥∥∥K(Xn(s))−K
(
Ṽn(s)

)∥∥∥2
2

]
= 0.

Proof. Let Bn be as given in the assumption and let Xn be the strong solution of the

SDE (RSDE). Since the discrete noise in (PNGD) is Gaussian (see Assumption 5), there is

an obvious way to couple it with the Brownian motion driving the SDE in (RSDE). Given
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Bn and the step size sequence τn = (τn,k > 0)k∈Z+
, define the discrete time n×n symmetric

matrix valued martingale difference sequence
(
Z̃n,k

)
k∈Z+

as

Z̃n,k := τ
−1/2
n,k (Bn(tn,k+1)−Bn(tn,k)), k ∈ Z+. (5.22)

Note that the entries in Z̃n,k are distributed as N(0, 1) up to matrix symmetry for every

k ∈ Z+. Starting from Ṽn,0 = Vn,0, we now define an auxiliary process
(
Ṽn,k

)
k∈Z+

, on the

same probability space as Bn, iteratively as

Ṽn,k+1 = P
(
Ṽn,k − n2τn,k∇Rn

(
Ṽn,k

)
+ τ

1/2
n,k Σn

(
Ṽn,k

)
◦ Z̃n,k

)
, k ∈ Z+, (5.23)

Following Assumption 5, Ṽn,k has the same law as Vn,k for each k ∈ Z+. Let Ṽn : R+ → Mn

be piecewise constant interpolation of
(
Ṽn,k

)
k∈Z+

. The particular choice of
(
Z̃n,k

)
k∈Z+

in

equation (5.22) allows us to couple Ṽn with the strong solution of the SDE (RSDE). Let

G̃n,j := Σn

(
Ṽn,j

)
◦ Z̃n,j for all j ∈ Z+. The curve Ṽn can be written as

Ṽn(t) = Ṽn,0 −
k−1∑
j=0

n2τn,j∇Rn(Ṽn,j) +
k−1∑
j=0

τ
1/2
n,j G̃n,j +

k−1∑
j=0

τn,j

(
L−
n,j − L+

n,j

)
, (5.24)

for t ∈ [tn,k, tn,k+1). Here
(
L±
n,j

)
j∈Z+

is chosen so that the piecewise constant interpolation

(see Definition 5.2.1) of
(
Vn,k, L

−
n,k, L

+
n,k

)
k∈Z+

solves the Skorokhod problem with respect

to Mn (see Section 5.2.2).

Also consider three auxiliary processes Yn, Y n, and Ŷn taking values over n × n real

symmetric matrices, defined as

Yn(t) := Xn(0)−
∫ t

0
n2∇Rn(Xn(s))ds+

∫ t

0
Σn(Xn(s)) ◦ dBn(s), (5.25)

Ŷn(t) := Xn(0)−
∫ t

0
n2∇Rn

(
Ṽn(s)

)
ds+

∫ t

0
Σn

(
Ṽn(s)

)
◦ dBn(s), (5.26)

Y n(t) := Xn(0)−
k−1∑
j=0

n2τn,j∇Rn(Ṽn,j) +
k−1∑
j=0

τ
1/2
n,j G̃n,j , (5.27)

for every k ∈ Z+ and all t ∈ [tn,k, tn,k+1). Observe that the curves Xn and Ṽn can be

obtained by applying the Skorokhod map to the curves Yn and Y n pointwise respectively.

Let V̂n : R+ → Mn be obtained from Ŷn by applying the Skorokhod map. First observe that
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using the Lipschitzness of the Skorokhod map, φ and Σn (see Assumption 3, Assumption 5,

Section 5.2.2 and equation (5.17)), we obtain

E

[
sup
t∈[0,T ]

∥∥∥V̂n(t)−Xn(t)
∥∥∥2

F

]
≤ 16E

[
sup
t∈[0,T ]

∥∥∥Ŷn(t)− Yn(t)
∥∥∥2

F

]

≤ 16E

[
sup
t∈[0,T ]

∥∥∥∥∫ t

0
n2∇Rn(Xn(s))− n2∇Rn

(
Ṽn(s)

)
ds
∥∥∥∥2

F

]

+ 16E

[
sup
t∈[0,T ]

∥∥∥∥∫ t

0

(
Σn(Xn(s))− Σn

(
Ṽn(s)

))
◦ dBn(s)

∥∥∥∥2
F

]

≤ 16κ22E
[∫ T

0

∥∥∥Xn(s)− Ṽn(s)
∥∥∥2

F
ds
]

+ 64E
[∫ T

0

∥∥∥Σn(Xn(s))− Σn

(
Ṽn(s)

)∥∥∥2
F

ds
]

≤ 80κ22

∫ T

0
E

[
sup
s∈[0,t]

∥∥∥Xn(s)− Ṽn(s)
∥∥∥2

F

]
ds, (5.28)

where the second last inequality follows from Doob’s maximal inequality [129, page 14,

Theorem 3.8.iv] and the fact that for all An ∈ Mn, ‖An‖2F = n2‖K(An)‖22. For any

t ∈ [0, T ], define kt := arg minj∈Z+
{t ≥ tn,j}. Using the Lipschitzness of Skorokhod map

(see Section 5.2.2) we obtain

E

[
sup
s∈[0,T ]

∥∥∥Ṽn(t)− V̂n(t)
∥∥∥2

F

]
≤ 16E

[
sup
t∈[0,T ]

∥∥∥Y n(t)− Ŷn(t)
∥∥∥2

F

]

≤ 32E

 sup
t∈[0,T ]

∥∥∥∥∥∥
∫ t

0
n2∇Rn

(
Ṽn(s)

)
ds−

kt−1∑
j=0

n2τn,j∇Rn
(
Ṽn,j

)∥∥∥∥∥∥
2

F


+ 32E

 sup
t∈[0,T ]

∥∥∥∥∥∥
kt−1∑
j=0

τ
1/2
n,j Σn

(
Ṽn,j

)
◦ Z̃n,j −

∫ t

0
Σn

(
Ṽn(s)

)
◦ dBn(s)

∥∥∥∥∥∥
2

F

, (5.29)

where the last inequality follows from Assumption 5.
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We now bound the first term from the above inequality (5.29). To this end observe that

E

 sup
t∈[0,T ]

∥∥∥∥∥∥
∫ t

0
n2∇Rn

(
Ṽn(s)

)
ds−

kt−1∑
j=0

n2τn,j∇Rn
(
Ṽn,j

)∥∥∥∥∥∥
2

F


= E

[
sup
t∈[0,T ]

∥∥∥n2(t− tn,kt)∇Rn
(
Ṽn,k

)∥∥∥2
F

]
≤ |τn|2E

[
sup
t∈[0,T ]

∥∥∥n2∇Rn(Ṽn,k)∥∥∥2
F

]

= n2|τn|2E

[
sup
t∈[0,T ]

∥∥∥φ(Ṽ (n)(t)
)∥∥∥2

2

]
≤ n2|τn|2M2

2 , (5.30)

for some constant M2 ∈ R+ by Assumption 3.

We now bound the second term in the inequality (5.29). Using the coupling defined

in (5.22) and noting that Ṽ (s) = Ṽn,j for s ∈ [tn,j , tn,j+1) (see Definition 5.2.1), we obtain

that

E

 sup
t∈[0,T ]

∥∥∥∥∥∥
kt−1∑
j=0

τ
1/2
n,j Σn

(
Ṽn,j

)
◦ Z̃n,j −

∫ t

0
Σn

(
Ṽn(s)

)
◦ dBn(s)

∥∥∥∥∥∥
2

F


= E

[
sup
t∈[0,T ]

∥∥∥Σn(Ṽn,kt) ◦ (Bn(t)−Bn(tn,kt))
∥∥∥2

F

]
≤M2

∞n
2C1,T |τn| log 1

|τn|
,

(5.31)

where the last inequality follows from Assumption 5 and [199, Lemma A.4] for C1,T ∈ R+.

Now define ∆: R+ → R+ as

∆(t) := E

[
sup
s∈[0,t]

∥∥∥Xn(s)− Ṽn(s)
∥∥∥2

F

]
, t ∈ R+.

Using the triangle inequality by combining equations (5.28), (5.29), (5.30) and (5.31), we

get

∆(T ) ≤ 32n2|τn|2M2
2 + 32n2M2

∞C1,T |τn| log 1

|τn|
+ 80κ22

∫ T

0
∆(t)dt. (5.32)

Applying Grönwall’s inequality [100], we get

∆(T ) ≤ 32n2
(
|τn|2M2

2 +M2
∞C1,T |τn| log 1

|τn|

)
exp
[
80κ22T

]
. (5.33)

Taking limit as |τn| → 0 on the above bound, completes the proof.

We combine Lemma 5.3.1 and 5.3.2 to conclude the proof of Theorem 5.1.3. Moreover,

we also the following non-asymptotic error rate

E

[
sup
s∈[0,T ]

∥∥∥W (n)(s)−K(Xn)(s)
∥∥∥2
2

]
≤ Cn2(M + σ2T )|τn| log 1

|τn|
exp
[
Cκ22T

]
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for some constants C,M <∞.

5.3.1 Convergence of Projected Stochastic Gradient Descent

In the absence of “large noise” (i.e., when Σn ≡ 0), the SDE (RSDE) reduces to the SDE

dXn(t) = −n2∇Rn(Xn(t))dt+ dL−
n (t)− dL+

n (t), Xn(0) =Wn,0, (5.34)

As we describe in Section 5.1.1, it is show in [167, Theorem 4.4, Theorem 4.14] that if the

solution of

dXn(t) = −n2∇Rn(Xn(t)) ◦ 1Gn(Xn(t)) dt, (5.35)

exists, where Gn(A) is the subset of [n]2 defined as

Gn(A) :=
{
(i, j) ∈ [n]2

∣∣∣ |A(i, j)| < 1
}

∪
{
(i, j) ∈ [n]2

∣∣∣A(i, j) = 1, ∂ i,jRn(A) > 0
}

∪
{
(i, j) ∈ [n]2

∣∣∣A(i, j) = −1, ∂ i,jRn(A) < 0
}
,

(5.36)

for all A ∈ Mn, then the solution Xn is a gradient flow on Mn in a suitable sense. In this

section, we will argue that the solutions Xn of equation (5.34) and (5.35) are equal. To this

end, we define processes L±
n as

L+
n (t) := −

∫ t

0
n2∇Rn(Xn(s)) ◦ 1{Xn(s)=+1,∇Rn(Xn(s))<0} ds,

L−
n (t) := +

∫ t

0
n2∇Rn(Xn(s)) ◦ 1{Xn(s)=−1,∇Rn(Xn(s))>0} ds,

(5.37)

for t ∈ R+, and equation (5.35) can be rewritten as

dXn(t) = −n2∇Rn(Xn(t)) ◦ 1Gn(Xn(t)) + dL−
n (t)− dL+

n (t), (5.38)

and the processes L+
n and L−

n satisfy the following conditions:

1. The processes Xn, L+
n and L−

n are adapted processes.

2. The processes L−
n and L+

n are non-decreasing processes.
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3. For every (i, j) ∈ [n]2,∫ ∞

0
1
{
Xn,(i,j)(t) > −1

}
dL−

n,(i,j)(t) = 0, and∫ ∞

0
1
{
Xn,(i,j)(t) < +1

}
dL+

n,(i,j)(t) = 0.

Following Section 5.2.2, these conditions ensure that the processes L+
n and L−

n are unique

and (Xn, L
+
n , L

−
n ) solves the Skorokhod problem with respect to the set Mn. This proves

Theorem 5.1.7.

5.4 The limit at infinity: infinite exchangeable array of diffusions

Let E be a standard Borel space. The sets [n](2) and N(2) will refer to the set of natural

number pairs (i, j) in N2 and [n]2 respectively, such that i < j. Recall that an E-valued

exchangeable (symmetric) array refers to a doubly indexed collection of random elements(
ζi,j := ζ{i,j} ∈ E

)
(i,j)∈N(2) =: ζ that remain invariant in law under finite permutations of

natural numbers N. Two special cases of E that are important to us are E = [−1, 1] and

E = C[0,∞) with the usual Borel topology. The Aldous-Hoover representation theorem [4,

108, 109] says that given any exchangeable array as above, there exists a measurable function

f : [0, 1] × [0, 1](2) × [0, 1] → E such that ζi,j = f (U,Ui, Uj , Ui,j) = f (U,Uj , Ui, Ui,j) for

(i, j) ∈ N(2), where U , (Ui)i∈N,
(
Ui,j = U{i,j}

)
(i,j)∈N(2) are i.i.d. Uni[0, 1] random variables.

The function f is typically not unique. Following [13], we say that ζ is directed by f .

The relationship between exchangeable arrays and graphons follows from the Aldous-

Hoover representation [74]. Assume that ζi,js are real-valued and take values in the closed

interval [−1, 1]. An infinite exchangeable array gives rise to a random graphon reminiscent

of the de Finetti representation theorem for exchangeable sequences of random variables.

Although we believe that the following result is well-known, we could not find a statement

to this effect in the literature. However, it inspires our later constructions.

Lemma 5.4.1. Let ζ ∈ [−1, 1]N
(2)

be an infinite exchangeable array directed by f . Consider

the family of symmetric kernels (gu, u ∈ [0, 1]) defined by

gu(x, y) := E[f(u, x, y, V )], u ∈ [0, 1], (x, y) ∈ [0, 1](2), (5.39)
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where the above expectation is with respect to a Uni[0, 1] random variable V . Then, for

u ∈ [0, 1], given {U = u},

lim
n→∞

δ�

(
K
(
(ζi,j = f(u,Ui, Uj , Ui,j))(i,j)∈[n](2)

)
, [gu]

)
= 0, a.s. (5.40)

Proof. Fix (i, j) ∈ N(2) and note that f(U,Ui, Uj , Ui,j) = f(U,Uj , Ui, Ui,j) since ζi,j = ζj,i

and Ui,j = Uj,i. Therefore, E[f(U,Ui, Uj , Ui,j) | U,Ui, Uj ] = E[f(U,Uj , Ui, Ui,j) | U,Ui, Uj ],

and,

gu(x, y) = E[f(U,Ui, Uj , Ui,j) | U = u,Ui = x,Uj = y]

= E[f(U,Uj , Ui, Ui,j) | U = u,Ui = x,Uj = y] = gu(y, x),

for a.e. (x, y) ∈ [0, 1](2). Since the maps f , E and [ · ] are all measurable, their composition

is also measurable. Because U is a random variable, [gU ] is also a random variable obtained

as a composition of measurable maps.

To see (5.40), start with the Aldous-Hoover representation ζi,j = f(U,Ui, Uj , Ui,j) for

every (i, j) ∈ N(2). Condition on {U = u} throughout for u ∈ [0, 1]. For any finite simple

graph F , with k vertices,

hF

(
K
(
(ζi,j)(i,j)∈[n](2)

))
=

1

n↓k

∑
i1,i2,...,ik

∏
{j,l}∈E(F )

ζijil

=
1

n↓k

∑
i1,i2,...,ik

∏
{j,l}∈E(F )

f(u,Uij , Uil , Uij ,il),

(5.41)

where the summation runs over the n↓k := n!/(n− k)! many injections from [k] to [n], and

hF : W → R is the homomorphism density function of F [150, Section 7.2]. Notice that

E
[
hF

(
K
(
(ζi,j)(i,j)∈[n](2)

))]
=

∫
[0,1]k

∏
{j,l}∈E(F )

E[f(u, uj , ul, V )]du1 · · · duk = hF (gu),

where gu is defined in (5.39). Hence, the lemma will be true if we show that the strong

law of large numbers holds. That the weak law of large numbers holds, can be seen by a

variance computation. That the convergence is a.e. follows from Borel-Cantelli lemma [125,

Theorem 4.18]. We skip the standard argument. The conclusion holds following the inverse

counting lemma [150, Lemma 10.32].
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Remark 5.4.2. As a corollary of the previous result, although the function f is not unique

in the Aldous-Hoover representation, the law of the random graphon [gU ] is indeed unique.

Consider (C[0,∞))N
(2)

with the natural filtration generated by the coordinate process.

Enlarge the filtration by expanding the probability space to accommodate the countably

many i.i.d. Uni[0, 1] random variables (Ui)i∈N and including the sigma algebra generated

by them in the sigma algebra at time zero. Endow this filtered probability space with a

probability measure P∞ that denote the joint law of (Ui)i∈N and that of an independent

array of countably many independent Brownian motions (BMs)
{
Bi,j = B{i,j}

}
(i,j)∈N(2) .

Finally we turn the natural filtration to one that is right-continuous and complete, thereby

satisfying the so-called usual conditions and denote it by F = (Ft)t∈R+
. All our processes

will be adapted to this filtration associated with this set-up. Note that all uniform random

variables (Ui)i∈N are measurable with respect to F0.

Let φ and Σ be two functions from W to L∞([0, 1](2)) that are both κ2-Lipschitz func-

tions on kernels with respect to the the L2 norm ‖ · ‖2 (Assumption 3 and 5). Our goal is

to construct, on the above probability space with filtration (Ft)t∈R+
, an exchangeable array

of reflected diffusions satisfying

dXi,j(t) = −φ(Γ(t))(Ui, Uj)dt+Σ(Γ(t)) (Ui, Uj)dBi,j(t) + dL−
i,j(t)− dL+

i,j(t), (5.42)

with the initial condition Xi,j(0) =W0(Ui, Uj) for all (i, j) ∈ N(2), for some W0 ∈ W and

Γ(t)(x, y) = E[X1,2(t) | U1 = x,U2 = y].

We construct a diffusion with more general drift as follows. Let b : [−1, 1] × W →

L∞([0, 1](2)) be satisfy Assumption 7. Given W0 ∈ W, let X :=
(
Xi,j := X{i,j}

)
(i,j)∈N(2) ,

be the solution of the following system of SDE taking values in [−1, 1]N
(2) with the initial

condition (Xi,j(0) =W0(Ui, Uj))(i,j)∈N(2) , and satisfying

dXi,j(t) = b(Xi,j(t),Γ(t))(Ui, Uj)dt+Σ(Γ(t)) (Ui, Uj)dBi,j(t)

+ dL−
i,j(t)− dL+

i,j(t),
(5.43)

for (i, j) ∈ N(2) and t ∈ R+. The processes L−
i,j and L+

i,j are such that (Xi,j , L
+
i,j , L

−
i,j)

solves the Skorokhod problem with respect to [−1, 1] (see Section 5.2.2), i.e., L−
i,j and L+

i,j
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are non-decreasing processes that keep the processes Xi,js in the closed interval [−1, 1]. The

kernel valued process Γ: R+ → W is adapted to the sigma algebra generated by the uniform

random variables (Ui)i∈N, and the independent BMs (Bi,j)(i,j)∈N(2) , and given by

Γ(t)(x, y) := E[X1,2(t) | U1 = x,U2 = y], (5.44)

for (x, y) ∈ [0, 1](2) and t ∈ R+. Note that if the solution X of the system of SDEs (5.43)

exists, then conditioned over the sigma algebra F0, the coordinate processes of X are all

independent but not necessarily identically distributed. In particular, taking b(z,W )(x, y) =

−φ(W )(x, y), we recover the system of diffusions in (5.42).

It is not obvious if an infinite-dimensional stochastic process satisfying (5.43) and (5.44)

exists, although it is obvious that such a process, if it exists, will be an infinite exchangeable

array taking values in E = C[0,∞). In the rest of this section, under Assumption 7 we show

that the process (X,Γ) is indeed well-defined. As will be made clear in Proposition 5.4.6, the

limiting object Γ is the counterpart to the measure-valued solution of the McKean-Vlasov

equation, while every Xi,j for (i, j) ∈ N(2) is the counterpart to the non-linear evolution of

a randomly chosen particle evolving in the McKean-Vlasov interacting system. It should

be noted that the particles in this McKean-Vlasov interaction correspond to the edges of

the graphs not the vertices. The McKean-Vlasov equation here describes how the graphon

itself evolves in time and it is different from the McKean-Vlasov system described in the

introduction where the McKean-Vlasov equation describes the evolution of particles which

may possibly depend on some underlying graphon.

Assumption 7. For a.e. (x, y) ∈ [0, 1](2), W1,W2 ∈ W and z1, z2 ∈ [−1, 1], the drift

function b : [−1, 1]×W → L∞([0, 1](2)) satisfies

1. There exists L ∈ R+ such that supW∈W |b(z1,W )(x, y)− b(z2,W )(x, y)| ≤ L|z1 − z2|.

2. There exists κ ∈ R+ such that supz∈[−1,1]‖b(z,W1)− b(z,W2)‖2 ≤ κ‖W1 −W2‖2.

Observe that Assumption 7 implies Assumption 3(2) for κ22 = 2(L2 + κ2) and that

‖b(z,W )‖∞ ≤ C uniformly over all z ∈ [−1, 1] and W ∈ W.
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To argue about the existence of a unique solution of the system of SDEs (5.43), we

construct a sequence of stochastic processes
(
X(k),Γ(k)

)
k∈Z+

on C
(
[0,∞), [−1, 1]N

(2)

×W
)

iteratively. Start by defining
(
X(0),Γ(0)

)
as X(0)

i,j (t) ≡ W0(Ui, Uj), Γ(0)(t) ≡ W0, for all

(i, j) ∈ N(2), and t ∈ R+. The induction proceeds by showing that whenever
(
X(k),Γ(k)

)
for k ∈ Z+ is well defined, X(k) is an infinite exchangeable array (Lemma 5.4.3 below) and,

Γ(k) is a deterministic process of kernels (Lemma 5.4.4). Note that these claims are clearly

true for k = 0. Then, inductively, define the process X(k+1) as the strong solution to the

coordinatewise reflected SDE:

dX(k+1)
i,j (t) = b

(
X

(k)
i,j (t),Γ

(k)(t)
)
(Ui, Uj)dt+Σ

(
Γ(k)(t)

)
(Ui, Uj)dBi,j(t)

+ dL(k+1)−
i,j (t)− dL(k+1)+

i,j (t),

(5.45)

for t ∈ R+, with the same initial condition X
(k+1)
i,j (0) = W0(Ui, Uj) for all (i, j) ∈ N(2). As

usual, L(k+1)−
i,j and L

(k+1)+
i,j are processes such that

(
X

(k+1)
i,j , L

(k+1)+
i,j , L

(k+1)−
i,j

)
solves the

Skorokhod problem with respect to [−1, 1] (see Section 5.2.2) for every (i, j) ∈ N(2). Since

the drift and diffusion functions φ and Σ are deterministic and Lipschitz (Assumption 3),

given F0, every process X(k) for k ∈ N exists uniquely in the strong sense.

In fact, given F0, the entries of the array X(k+1) are independent and distributed as

reflected Brownian motions (RBMs) with Lipschitz (but time-varying) drifts and diffusion

coefficients. In particular, the kernel Γ(k+1) is constructed from the array X(k+1) (which over

the entire probability space is exchangeable, as we show next in Lemma 5.4.3) as described

in equation (5.39) in Lemma 5.4.1, and is therefore defined as

Γ(k+1)(t)(x, y) := E
[
X

(k+1)
1,2 (t)

∣∣∣ U1 = x,U2 = y
]
, t ∈ R+. (5.46)

The kernel Γ(k+1)(t) is well-defined for a.e. (x, y) ∈ [0, 1](2) and all t ∈ R+. The induction

hence continues.

Lemma 5.4.3. Suppose that, for some k ∈ Z+, there is a unique in law solution to the

SDE (5.45) for X(k+1) and that Γ(k+1) is a deterministic process of kernels. Then the

process X(k+1) is an infinite exchangeable array taking values in E = C[0,∞), equipped with

the usual locally uniform metric.
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Proof. To argue the exchangeability, let σ : N → N be a finite permutation of the natural

numbers N. Note that σ fixes every large enough natural number. We need to argue that(
X

(k+1)
i,j

)
(i,j)∈N(2) has the same law as

(
X

(k+1)
σi,σj

)
(i,j)∈N(2) in the sense of equality of the two

probability measures on (C[0,∞))N
(2)

.

Let Ũi := Uσi , for all i ∈ N. Then
(
Ũi
)
i∈N is again a sequence of i.i.d. Uni[0, 1]

random variables. Let Y
(k+1)
i,j ≡ X

(k+1)
σi,σj for every (i, j) ∈ N(2). Since Y

(k+1)
i,j (0) =

W0(Uσi , Uσj ) =: W0(Ũi, Ũj). It follows that
(
Y

(k+1)
i,j (0)

)
(i,j)∈N(2) has the same distribu-

tion as
(
X

(k+1)
i,j (0)

)
(i,j)∈N(2) . Moreover for every (i, j) ∈ N(2), the process Y (k+1) satisfies

the SDEs

dY (k+1)
i,j (t) = b

(
X(k)
σi,σj (t),Γ

(k)(t)
)
(Uσi , Uσj )dt+Σ

(
Γ(k)(t))(Uσi , Uσj

)
dBσi,σj (t)

+ dL(k+1)−
σi,σj (t)− dL(k+1)+

σi,σj (t)

= b
(
Y

(k)
i,j (t),Γ(k)(t)

)
(Ũi, Ũj)dt+Σ

(
Γ(k)(t))(Ũi, Ũj

)
dBσi,σj (t)

+ dL(k+1)−
σi,σj (t)− dL(k+1)+

σi,σj (t),

for (i, j) ∈ N(2) and t ∈ R+. Note that, Γ(k) does not get affected by the permutation σ.

Relabeling B̃i,j := Bσi,σj , L̃
(k+1)−
i,j := L

(k+1)−
σi,σj and L̃

(k+1)+
i,j := L

(k+1)+
σi,σj for every (i, j) ∈

N(2), leaves their joint law unchanged, and we get

dY (k+1)
i,j (t) = b

(
Y

(k)
i,j (t),Γ(k)(t)

)
(Ũi, Ũj)dt+Σ

(
Γ(k)(t)

)
(Ũi, Ũj)dB̃i,j(t)

+ dL̃(k+1)−
i,j (t)− dL̃(k+1)+

i,j (t),

for every (i, j) ∈ N(2) and t ∈ R+. Since X(k+1) and Y (k+1) follow the same system of

recursive SDEs (5.45), their equivalence in law follows from the uniqueness in law of the

SDE.

Lemma 5.4.4. Under the same assumption as in Lemma 5.4.3 and Assumption 7, the

kernel-valued map t 7→ Γ(k) (t), is deterministic and absolutely continuous. Moreover, for

each t ∈ R+, we have

lim
n→∞

δ�

([
K

((
X

(k)
i,j (t)

)
(i,j)∈[n](2)

)]
,
[
Γ(k)(t)

])
= 0, a.s. (5.47)
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Proof. By definition, for (x, y) ∈ [0, 1](2), and t ∈ R+, Γ(k)(t)(x, y) :=

E
[
X

(k)
1,2 (t)

∣∣∣ U1 = x,U2 = y
]
. This is a deterministic kernel for every t ∈ R+. To see (5.47),

repeat the proof of Lemma 5.4.1. Notice that, there is no random variable U as in

Lemma 5.4.1 (also see Remark 5.4.2). This is now a consequence of Kolmogorov’s zero-one

law [125, Theorem 4.13]. For n ∈ N, let Gn be the sigma algebra generated by Un and the

i.i.d. standard Brownian motions Bi,js for the set of indices
{
(i, j) ∈ N(2)

∣∣ j = n
}

. This is a

sequence of independent sigma algebras. Consider its tail sigma algebra T := ∩n∈N∨`≥n G`.

This is a trivial sigma algebra by the Kolmogorov zero-one law.

Consider, for any finite simple graph F and t ∈ R+, the limiting homomorphism densities

limn→∞ hF
(
K
((
X

(k)
i,j (t)

)
(i,j)∈[n](2)

))
, as in equation (5.41). These limiting homomorphism

densities do not depend on finitely many elements in {X(k)
i,j (t)}(i,j)∈N(2) or {Ui}i∈N. In

particular, such limits are measurable with respect to the tail sigma algebra T . Exactly as

in the proof of Lemma 5.4.1, it follows that

lim
n→∞

δ�

([
K

((
X

(k)
i,j (t)

)
(i,j)∈[n](2)

)]
,
[
Γ(k)(t)

])
= 0.

In particular, the graphon
[
Γ(k)(t)

]
is measurable with respect to T , and thus constant a.e.

Finally, the absolute continuity of t 7→ Γ(t) follows from the path continuity of the

process X(k)
1,2 and our assumptions on b and Σ.

Proposition 5.4.5. Assume that the drift functions b : [−1, 1]×W → L∞([0, 1](2)) satisfies

Assumption 7, and the diffusion coefficient function Σ: W → L∞([0, 1](2)) is bounded and

κ2-Lipschitz in ‖ · ‖2 (Assumption 5). Then the sequence of processes taking values in

C ([0,∞), [−1, 1]×W) given by
((
X

(k)
1,2 (t),Γ

(k)(t)
)
t∈R+

)
k∈Z+

, converges locally uniformly in

the 2-product metric of [−1, 1] and (W, d2), to a pathwise unique process
(
X1,2(t),Γ(t)

)
t∈R+

starting from Γ(0) =W0 ∈ W and X1,2(0) =W0(U1, U2). That is, for every t ∈ R+,

lim
k→∞

sup
s∈[0,t]

[∣∣∣X(k)
1,2 (s)−X1,2(s)

∣∣∣2 + ∥∥∥Γ(k) (s)− Γ(s)
∥∥∥2
2

]
= 0, a.s. (5.48)

In particular, the limiting processes X1,2 is continuous and Γ is absolutely continuous and

deterministic.
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Proof. The proof is a standard Picard iteration based proof of existence of solutions of

SDEs. See, for example, the proof of [129, Theorem 2.9, page 289]. Hence, we will skip

some of the details and refer the reader to the above cited reference.

We will take k → ∞ and produce a limit. Start by noticing that the process

X
(k+1)
1,2 : R+ → [−1, 1] is the result of applying the Skorokhod map [137] pathwise to the

“noise before reflection” process Y (k+1)
1,2 obtained as the unique strong solution to the SDE:

dY (k+1)
1,2 (t) = b

(
X

(k)
1,2 (t),Γ

(k)(t)
)
(U1, U2)dt+Σ

(
Γ(k)(t)

)
(U1, U2)dB1,2(t), (5.49)

for t ∈ R+, with initial conditions Y (k+1)
1,2 (0) = X

(k+1)
1,2 (0) =W0(U1, U2) for all k ∈ Z+.

Fix t ∈ R+ and consider sups∈[0,t]
∣∣∣X(k+1)

1,2 (s)−X
(k)
1,2 (s)

∣∣∣ for any k ∈ N. Since the Sko-

rokhod map is 4-Lipschitz in the local uniform norm (see Section 5.2.2), the above distance

is bounded by 4 sups∈[0,t]
∣∣∣Y (k+1)

1,2 (s)− Y
(k)
1,2 (s)

∣∣∣. Now for every fixed k ∈ N, from equa-

tion (5.49) we have

Y
(k+1)
1,2 (t)− Y

(k)
1,2 (t)

=

∫ t

0

(
b
(
X

(k−1)
1,2 (t),Γ(k−1)(t)

)
(U1, U2)− b

(
X

(k)
1,2 (t),Γ

(k)(t)
)
(U1, U2)

)
ds

−
∫ t

0

(
Σ
(
Γ(k−1)

)
(U1, U2)− Σ

(
Γ(k)

)
(U1, U2)

)
dB1,2(s).

(5.50)

Define ∆,M : R+ → R for t ∈ R+ as

∆(t) :=

∫ t

0

(
b
(
X

(k−1)
1,2 (t),Γ(k−1)(t)

)
(U1, U2)− b

(
X

(k)
1,2 (t),Γ

(k)(t)
)
(U1, U2)

)
ds,

M(t) :=

∫ t

0

(
Σ
(
Γ(k−1)

)
(U1, U2)− Σ

(
Γ(k)

)
(U1, U2)

)
dB1,2(s).

Note that, for a kernel A ∈ W, we have ‖A‖22 = E
[
A2(U1, U2)

]
, for U1, U2 i.i.d. as

Uni[0, 1]. Using Jensen’s inequality and interchanging expectation with integral and As-
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sumption 7,

E

[
sup
s∈[0,t]

∆2(s)

]

≤ tE
[∫ t

0

∣∣∣b(X(k−1)
1,2 (t),Γ(k−1)(t)

)
(U1, U2)− b

(
X

(k)
1,2 (t),Γ

(k)(t)
)
(U1, U2)

∣∣∣2 ds
]

= t

∫ t

0

∥∥∥b(X(k−1)
1,2 (t),Γ(k−1)(t)

)
− b
(
X

(k)
1,2 (t),Γ

(k)(t)
)∥∥∥2

2
ds

≤ 2κ2t

∫ t

0

∥∥∥Γ(k−1)(s)− Γ(k)(s)
∥∥∥2
2

ds+ 2L2t

∫ t

0
E
[∣∣∣X(k−1)(s)−X(k)(s)

∣∣∣2]ds. (5.51)

For M , we use the fact that it is a stochastic integral of a bounded integrand with respect

to a Brownian motion, and hence a continuous martingale. By an application of Doob’s

maximal inequality [129, Theorem 3.8.iv, page 14], we get that,

E

[
sup
s∈[0,t]

M2(s)

]
≤ 4

∫ t

0
E
[∣∣∣Σ(Γ(k−1)(s)

)
(U1, U2)− Σ

(
Γ(k)(s)

)
(U1, U2)

∣∣∣2]ds.

Using the assumption that Σ is κ2-Lipschitz in ‖ · ‖2 and the same argument as above,

E

[
sup
s∈[0,t]

M2(s)

]
≤ 4κ22

∫ t

0

∥∥∥Γ(k−1)(s)− Γ(k)(s)
∥∥∥2
2

ds. (5.52)

Now, taking absolute values on both sides on (5.50), we immediately get,

E

[
sup
s∈[0,t]

∣∣∣X(k+1)
1,2 (s)−X

(k)
1,2 (s)

∣∣∣2]

≤16E

[
sup
s∈[0,t]

∣∣∣Y (k+1)
1,2 (s)− Y

(k)
1,2 (s)

∣∣∣2] ≤ 32E

[
sup
s∈[0,t]

∆2(s) + sup
s∈[0,t]

M2(s)

]

≤64(κ2t+ 2κ22)

∫ t

0

∥∥∥Γ(k−1)(s)− Γ(k)(s)
∥∥∥2
2

ds

+ 64L2t

∫ t

0
E
[∣∣∣X(k−1)(s)−X(k)(s)

∣∣∣2]ds. (5.53)

Using the fact that the operator Γ, given by a conditional expectation (5.46), and, therefore,

must have a smaller L2 norm

sup
s∈[0,t]

∥∥∥Γ(k+1)(s)− Γ(k)(s)
∥∥∥2
2
≤ E

[
sup
s∈[0,t]

∣∣∣X(k+1)
1,2 (s)−X

(k)
1,2 (s)

∣∣∣2].
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Combining the last two bounds above, one gets the recursive bound

E

[
sup
s∈[0,t]

∣∣∣X(k+1)
1,2 (s)−X

(k)
1,2 (s)

∣∣∣2 + sup
s∈[0,t]

∥∥∥Γ(k+1)(s)− Γ(k)(s)
∥∥∥2
2

]

≤ 128((κ2 + L2)t+ 4κ22)

∫ t

0
E
[∣∣∣X(k−1)(s)−X(k)(s)

∣∣∣2]ds.

The rest of the argument follows exactly as in [129, page 290] by applications of Grön-

wall’s lemma [100] and the Borel-Cantelli lemma [125, Theorem 4.18]. We skip the similar

argument for pathwise uniqueness. See the proof of [129, Proposition 2.13, page 291].

Proposition 5.4.6. Suppose the assumptions in Proposition 5.4.5 holds. Given any ker-

nel W0 ∈ W, there exists a pathwise unique strong solution to the coupled system (5.43)

and (5.44) in the following sense. In any probability space supporting countably many i.i.d.

Uni[0, 1] random variables (Ui)i∈N and an independent infinite (symmetric) array of i.i.d.

standard Brownian motions (Bi,j)(i,j)∈N(2), one can construct an infinite exchangeable array

of reflected diffusions (Xi,j)(i,j)∈N(2) that satisfy (5.43) and (5.44) and every Xi,j is pathwise

unique.

Moreover, for every t ∈ R+, [Γ(t)] can be recovered as the δ� limit of the sequence of

graphons
([
K
(
(Xi,j(t))(i,j)∈[n]2

)])
n∈N locally uniformly in time. That is, for any t ∈ R+,

lim
n→∞

sup
s∈[0,t]

δ�

([
K
(
(Xi,j(s))(i,j)∈[n](2)

)]
, [Γ(s)]

)
= 0, a.s. (5.54)

Proof. Start with the countably many i.i.d. Uni[0, 1] random variables (Ui)i∈N and an

independent infinite (symmetric) array of i.i.d. standard Brownian motions (Bi,j)(i,j)∈N(2)

and construct the deterministic process Γ in Proposition 5.4.5.

Given Γ and (Ui)i∈N and following the system of SDEs (5.43), the diffusions Xi,js are

independent (but not identically distributed) reflected Brownian motions with deterministic

bounded time-dependent drifts for (i, j) ∈ N(2). So, they exist in a pathwise or strong sense

exactly as the process X1,2 does in Proposition 5.4.5 and satisfies the constraint (5.43) since

Γ is a fixed point of the Picard iterations.

It is obvious from the symmetry of the construction that the infinite array (Xi,j)(i,j)∈N(2)

is exchangeable in the sense of Section 5.4 with E = C[0,∞), the set of continuous functions

from [0,∞) to R.
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For the limit (5.54) we will make use of the following result from [150, Proposition 8.12],

which states that for any V ∈ W,

‖V ‖4� ≤ hC4 (V ) ≤ 4‖V ‖�. (5.55)

Here C4 is the cyclic graph with four vertices and hC4(V ) is the homomorphism den-

sity function of the simple graph C4. We will apply this for the choice of Vn(t) :=

K
(
(Xi,j(t))(i,j)∈[n]2

)
−K

(
(Γ(t)(Ui, Uj))(i,j)∈[n]2

)
. Thus,

Hn(t) := hC4(Vn(t)) =
1

n↓4

∑
i1,i2,...,i4

4∏
l=1

(
Xil,il+1

(t)− Γ(t)(Uil , Uil+1
)
)

=
1

n↓4

∑
i1,i2,...,i4

4∏
l=1

(
Xil,il+1

(t)− E
[
Xil,il+1

(t)
∣∣ F0

])
,

with the convention that, when l = 4, l + 1 ≡ 1. The above sum is over all injections in

[n][4].

Notice that Hn(0) = 0. The fact that for each t ∈ R+, limn→∞Hn(t) = 0 almost

surely follows similarly to the proof of Lemma 5.4.1. We now show that t 7→ Hn(t) is

equicontinuous. From which, using a standard argument, we can show that almost surely,

Hn(t) → 0 for each t ∈ R+, that is,

lim
n→∞

δ�

([
K
(
(Xi,j(s))(i,j)∈[n](2)

)]
, [Γ(s)]

)
= 0, a.s. ∀ s ∈ [0, t].

To show that (Hn)n∈N is equicontinuous, we first observe that for any s1, s2 ∈ [0, t],

|Hn(s2)−Hn(s1)|

≤ 16
∥∥∥K((Xi,j(s2))(i,j)∈[n](2)

)
−K

(
(Xi,j(s1))(i,j)∈[n](2)

)∥∥∥
2

+ 16‖Γ(s2)− Γ(s1)‖2,

(5.56)

where the inequality follows by an application of the counting lemma [150, Lemma 10.23,

Exercise 10.27], the triangle inequality and using the fact that the cut norm ‖ · ‖� is upper

bounded by the L2 norm ‖ · ‖2.
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Using the Lipschitzness of the Skorokhod map (see equation (5.14)), we therefore obtain∥∥∥K((Xi,j(s2))(i,j)∈[n](2)
)
−K

(
(Xi,j(s1))(i,j)∈[n](2)

)∥∥∥2
2

≤ 24

n2

∑
(i,j)∈[n](2)

|Yi,j(s2)− Yi,j(s1)|2

≤ 25

n2

∑
(i,j)∈[n](2)

∣∣∣∣∫ s2

s1

b(X1,j(u),Γ(u))(Ui, Uj)du
∣∣∣∣2

+
25

n2

∑
(i,j)∈[n](2)

∣∣∣∣∫ s2

s1

Σ(Γ(u))(Ui, Uj)dBi,j(u)
∣∣∣∣2

≤ 25M2
∞|s2 − s1|2 +

25

n2

∑
(i,j)∈[n]2

∣∣∣∣∫ s2

s1

Σ(Γ(u))(Ui, Uj)dBi,j(u)
∣∣∣∣2. (5.57)

Now let |s2 − s1| ≤ δ for some δ > 0. Set for all (i, j) ∈ [n](2),

ηi,j := sup
s1,s2∈[0,t],
|s2−s1|≤δ

∣∣∣∣∫ s2

s1

Σ(Γ(u))(Ui, Uj)dBi,j(u)
∣∣∣∣2.

From [199, Lemma A.4], there exist constants C1,t, C2,t ∈ R+ depending of t, such that

for all (i, j) ∈ [n](2),

E[ηi,j ] ≤M2
∞C1,tδ

∣∣∣∣log 1

δ

∣∣∣∣, and E
[
η2i,j
]
≤M4

∞C
2
2,tδ

2 log2 1
δ
. (5.58)

Since, ηi,js are independent and have finite variance, it follows from the Chebyshev’s in-

equality [125, Lemma 5.1] that

P


∣∣∣∣∣∣ 1n2

∑
(i,j)∈[n](2)

ηi,j − E[ηi,j ]

∣∣∣∣∣∣ ≥ max
(i,j)∈[n](2)

Var1/2(ηi,j)

 ≤ 1

n2
.

Using the Borel-Cantelli lemma [125, Theorem 4.18], it follows that almost surely,

1

n2

∑
(i,j)∈[n](2)

ηi,j ≤M2
∞(C1,t + C2,t)δ

∣∣∣∣log 1

δ

∣∣∣∣, (5.59)

for all n ∈ N, sufficiently large. Combining equations (5.56) and (5.59), we obtain that

almost surely, for all n ∈ N sufficiently large, we have

sup
s1,s2∈[0,t],
|s2−s1|≤δ

|Hn(s2)−Hn(s1)| ≤ 28M∞

(
δ + (C1,t + C2,t)

1/2δ1/2 log1/2 1
δ

)
+ 16ω(δ),
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where ω(δ) := sups1,s2∈[0,t],|s2−s1|≤δ‖Γ(s2)− Γ(s1)‖2 is the modulus of continuity of the

curve t 7→ Γ(t). Since s 7→ Γ(s) is continuous in (W, d2) (and independent of n), it follows

that, almost surely, (Hn)n∈N is equicontinuous. Since (Hn)n∈N is equicontinuous uniformly

bounded almost surely, the proof is complete by a standard application of Arzelà-Ascoli

theorem [160, Theorem 47.1].

Proposition 5.4.7. Suppose that Σ ≡ β > 0 and b(z,W ) = −φ(W ). Then, the limiting

curve Γ in Proposition 5.4.6 has a velocity

Γ̇(t) = −φ(Γ(t))−
[
p
(+1)
β2t

(W0, φ ◦ Γ, β)− p
(−1)
β2t

(W0, φ ◦ Γ, β)
]
, (5.60)

where p(±1)
s (W0, φ ◦Γ, β)(x, y) is the density of the real-valued reflected Brownian motion Z

at ±1, at time s ∈ R+, starting at Z(0) =W0(x, y), satisfying

dZ(s) = − 1

β2
φ(Γ(s/β2))(x, y)ds+ dB(s) + dL−(s)− dL+(s), s ∈ R+,

where (Z,L+, L−) solves the Skorokhod problem with respect to the set [−1, 1] (see Sec-

tion 5.2.2).

Proof. Given (U1, U2) = (x, y), the process X1,2 is a diffusion with a Lipschitz drift and a

constant diffusion coefficient. Using (5.44) and Itô’s formula, we get

d
dt

Γ(t)(x, y) = − d
dt
φ(Γ(t))(x, y)

+
d
dt

E
[
L−
1,2(t)

∣∣∣ U1 = x,U2 = y
]
− d

dt
E
[
L+
1,2(t)

∣∣∣ U1 = x,U2 = y
]
.

(5.61)

Now consider the reflecting diffusion Z which solves the SDE

dZ(s) = Ψ(s;β)ds+ dB(s) + dL−(s)− dL+(s), s ∈ R+, (5.62)

starting at Z(0) = W0(x, y), such that (Z,L+, L−) solves the Skorokhod problem with re-

spect to the set [−1, 1], and Ψ(s;β) := − 1
β2 b
(
Γ(s/β2)

)
(x, y) for all s ∈ R+ (see Section 5.2.2).

By reparametrizing s = β2t and setting Z(s) = X1,2(t), we get back our reflected diffusion

X1,2 in law following

dZ(β2t) = − 1

β2
φ(Γ(t))(x, y)d(β2t) + dB(β2t) + dL−(β2t)− dL+(β2t),

=⇒ X1,2(t) = −φ(Γ(t))dt+ β dB(t) + dL−(β2t)− dL+(β2t), t ∈ R+,
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where the processes (L+(β2t))t∈R+ and (L−(β2t))t∈R+ constrain the process X1,2 in the

interval [−1, 1] (see Section 5.2.2). Here the equality is in law. We use the fact that the

solution of both the above SDEs agree in law since the distribution of B(β2t) and βB(t)

coincide for all β ∈ R+. Let p(±1)
s (W0, φ ◦ Γ, β)(x, y) denote the transition density of the

solution of SDE (5.62) at time s ∈ R+ at the boundary ±1, then the transition density of

the process X1,2 at time t at the boundary ±1 is p(±1)
β2t

(W0, φ ◦ Γ, β)(x, y).

Using [184, Exercise (1.12), page 407] and equation (5.61), we deduce that

d
dt

E
[
L±
i,j(t)

]
= p

(±1)
β2t

(W0, b ◦ (X1,2,Γ), β)(x, y), (5.63)

which gives us the desired result.

Remark 5.4.8. Note that the (pointwise) velocity of the curve Γ at time t ∈ R+ is not

−(φ ◦ Γ)(t) when β > 0. That is, Γ is not a gradient flow of the function R when β > 0,

and the effect of the boundary {−1, 1}, as seen in (5.60), is qualitatively different from that

when β = 0 (see Section 5.1.1).

5.5 Convergence of the finite-dimensional processes

Consider now the finite dimensional SDE (RSDE):

dXn(t) = −n2∇Rn(Xn(t))dt+Σn(Xn(t)) ◦ dBn(t) + dL−
n (t)− dL+

n (t). (5.64)

The Fréchet-like derivative of R is a symmetric kernel-valued map from W →

L∞([0, 1](2)). Thus, for (x, y) ∈ [0, 1](2), there is a real-valued map φx,y : W → R given

by φx,y (V ) = φ(V )(x, y) for all V ∈ W. This is the same map that we get when we replace

(x, y) by (y, x). To show that the finite dimensional processes converge as n → ∞, we will

need to put further assumptions on the drift and diffusion functions.

Assumption 8. There exists a constant κ� ∈ R+ such that for all W1,W2 ∈ W, the

drift function b : [−1, 1]×W → L∞([0, 1](2)) and the diffusion coefficient function Σ: W →
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L∞([0, 1](2)) satisfy

sup
(x,y)∈[0,1]2

sup
z∈[−1,1]

|b(z,W1)(x, y)− b(z,W2)(x, y)| ≤ κ�‖W1 −W2‖�, and

sup
(x,y)∈[0,1]2

|Σ(W1)(x, y)− Σ(W2)(x, y)| ≤ κ�‖W1 −W2‖�.

Proposition 5.5.1. Suppose the assumptions in Proposition 5.4.5 and Assumption 8 hold.

Then, for any sequence of initial kernels
(
W

(n)
0 ∈ Wn

)
n∈N that converges to W0 ∈ W in the

L2
(
[0, 1](2)

)
norm ‖ · ‖2, i.e., whenever

lim
n→∞

∥∥∥W (n)
0 −W0

∥∥∥
2
= 0, (5.65)

the process of random kernels (K(Xn(t)))t∈R+
obtained from solutions of the SDEs (5.64),

converges locally uniformly in the cut norm as n→ ∞, in probability, to the limiting process

Γ: R+ → W, with Γ(0) =W0, established in Proposition 5.4.6.

Proof. Consider a probability space satisfying the assumptions of Proposition 5.4.6 and

an infinite exchangeable array of diffusions (Xi,j)(i,j)∈N(2) on it. For k ∈ [n] and any

t ∈ R+, consider the sampled k × k symmetric matrix Γ(t)[k] whose (i, j)-th element is

Γ(t)(Ui, Uj), (i, j) ∈ [k](2). Consider also the corresponding k × k matrix of diffusions

X(k)(·) :=
(
X(i,j)

)
(i,j)∈[k](2) .

Now consider K(Xn(t)) from a solution of SDEs (5.64). One may construct a sampled

k × k matrix from this kernel as well. We estimate the cut distance of this sampled matrix

from Γ(t)[k] by coupling this sampled matrix with K
(
X(k)

)
in a particular way.

Notice that, for any (i, j) ∈ [k](2) and (mi,mj) ∈ [n](2), if Ui ∈ ((mi − 1)/n,mi/n] and

Uj ∈ ((mj − 1)/n,mj/n], then K(Xn(t))(Ui, Uj) ≡ Xn,mi,mj (t). Let Ek(n) denote the event

that that no two Ui, Ui′ , for distinct i, i′ ∈ [k](2), falls in the same interval ((m−1)/n,m/n].

Under this event every entry of the sampled diffusions will be run by independent stan-

dard Brownian motions. Before we use this property to proceed with our coupling, let

us show that Ek(n) happens with high probability as k is fixed and n → ∞. Order the

uniform random variables as U(1) < U(2) < . . . < U(k). Clearly Eck(n) implies that there

is at least one pair (U(i), U(i+1)) for i ∈ [k − 1], such that U(i+1) − U(i) ≤ 1/n. Hence

P{Eck(n)} ≤ P
{

mini∈[k−1]

(
U(i+1) − U(i)

)
≤ 1

n

}
. But mini∈[k−1]

(
U(i+1) − U(i)

)
has a density
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at zero and hence the above probability is O(1/n), which goes to zero as n → ∞. Thus

limk→∞ limn→∞ P{Ek(n)} = 1.

On the event Ek(n), every mi, i ∈ [k], is distinct. Consider the corresponding indepen-

dent Brownian motion Bi,j from the diffusion Xi,j from equation (5.43). Since (5.64) admits

a strong solution, construct a solution where the entry processes Xn,mi,mj (·) is driven by

Bi,j , (i, j) ∈ [k](2), while the rest of the entries of Xn are driven by a disjoint subset of

(Bi,j)(i,j)∈N2 . Thus, one couples K(Xn)(·)(Ui, Uj) with Xi,j which are both driven by the

same Brownian motion and having a starting value of W (n)
0 (Ui, Uj) and W0(Ui, Uj), respec-

tively. Our subsequent analysis will be on the event Ek(n) and it is unimportant how the

coupling is done on Eck(n).

Define, X̃n,i,j(t) := K(Xn(t))(Ui, Uj), (i, j) ∈ [k]2. The evolution of X̃n,1,2, for example,

can be described by the SDE

dX̃n,1,2(t) = b
(
X̃n,1,2(t),K(Xn(t))

)
(U1, U2)dt+Σ(K(Xn(t)))(U1, U2)dB1,2(t)

+ dL−
n,1,2(t)− dL+

n,1,2(t),

with the initial condition X̃n,1,2(0) = W
(n)
0 (U1, U2). Since X1,2 is also driven by the

same Brownian motion, by using the Lipschitz property of the Skorokhod map and

the triangle inequality, it follows that for any (U1, U2) = (u1, u2) on the event Ek(n),

sups∈[0,t]
∣∣∣X̃n,1,2(s)−X1,2(s)

∣∣∣2 is at most

48

∫ t

0

∣∣∣b(X1,2(s),Γ(s))(u1, u2)− b
(
X̃n,1,2(s),K(Xn(s))

)
(u1, u2)

∣∣∣2 ds

+ 48 sup
s∈[0,t]

∣∣∣∣∫ s

0
(Σ(Γ(r))(u1, u2)− Σ(K(Xn(r)))(u1, u2))dB1,2(r)

∣∣∣∣2
+ 48

∣∣∣X̃n,1,2(0)−X1,2(0)
∣∣∣2.

(5.66)

We can now use Assumption 7 and 8 on the first term in (5.66) to get∣∣∣b(X1,2(s),Γ(s))(u1, u2)− b
(
X̃n,1,2(s),K(Xn(t))

)
(u1, u2)

∣∣∣2
≤ 2L2

∣∣∣X1,2(s)− X̃n,1,2(s)
∣∣∣2 + 2κ2�‖Γ(s)−K(Xn(s))‖2�, s ∈ R+.

(5.67)

Define for s ∈ [0, t],

M (n)(s) :=

∫ s

0
(Σ(Γ(r))(u1, u2)− Σ(K(Xn(r)))(u1, u2))dB1,2(r),
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which makes the second term in (5.66) equal to 48 sups∈[0,t]M2(s). Using Markov’s inequal-

ity followed by Doob’s maximal inequality [129, page 14, Theorem 3.8.iv], we obtain

P

{
sup
s∈[0,t]

M (n)(s)2 ≥ 2λkE
[
M (n)(t)2

]}
≤
(
2λkE

[
M (n)(t)2

])−1
E

[
sup
s∈[0,t]

M (n)(s)2

]
≤
(
2λkE

[
M (n)(t)2

])−1
E
[
M (n)(t)2

]
= 2λ−1

k ,

(5.68)

for every λk > 0. Let (λk)k∈N satisfy limk→∞ λk = ∞. The choice of λk will be made later.

Therefore, with probability at least 1− 2λ−1
k ,

sup
s∈[0,t]

M (n)(s)2 ≤ 2λkE
[
M (n)(t)2

]
= 2λk

∫ t

0
|Σ(Γ(s))(u1, u2)− Σ(K(Xn(s)))(u1, u2)|2 ds

≤ 2λkκ
2
�

∫ t

0
‖Γ(s)−K(Xn(s))‖2� ds.

(5.69)

By the abuse of notation, we redefine the event Ek(n) to intersect with the event where the

above bound holds. By a union bound, we still have limk→∞ limn→∞ P{Ek(n)} = 1.

Using equations (5.67) and (5.69) in equation (5.66) we get

sup
s∈[0,t]

∣∣∣X̃n,1,2(s)−X1,2(s)
∣∣∣2 ≤ 48

∣∣∣W (n)
0 (U1, U2)−W0(U1, U2)

∣∣∣2
+ 96κ2�(λk + 1)

∫ t

0
‖Γ(s)−K(Xn(s))‖2� ds

+ 96L2

∫ t

0

∣∣∣X1,2(s)− X̃n,1,2(s)
∣∣∣2 ds.

(5.70)

Replacing the role of (1, 2) by any other (i, j) ∈ [k](2), and summing over, we get

sup
s∈[0,t]

1

k2

∑
(i,j)∈[k](2)

∣∣∣X̃n,i,j(s)−Xi,j(s)
∣∣∣2

≤ 48

k2

∑
(i,j)∈[k](2)

∣∣∣W (n)
0 (Ui, Uj)−W0(Ui, Uj)

∣∣∣2
+ 96κ2�(λk + 1)

∫ t

0
‖Γ(s)−K(Xn(s))‖2� ds

+ 96L2

∫ t

0

1

k2

∑
(i,j)∈[k](2)

∣∣∣Xi,j(s)− X̃n,i,j(s)
∣∣∣2 ds.

(5.71)
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By the triangle inequality,

sup
s∈[0,t]

∥∥∥∥K((X̃n,i,j(s)
)
(i,j)∈[k](2)

)
−K

(
(Γ(s)(Ui, Uj))(i,j)∈[k](2)

)∥∥∥∥2
�

≤ 2 sup
s∈[0,t]

∥∥∥∥K((X̃n,i,j(s)
)
(i,j)∈[k](2)

)
−K

(
(Xi,j(s))(i,j)∈[k](2)

)∥∥∥∥2
�

+ 2 sup
s∈[0,t]

∥∥∥K((Γ(s)(Ui, Uj))(i,j)∈[k](2))−K
(
(Xi,j(s))(i,j)∈[k](2)

)∥∥∥2
�
.

(5.72)

Then notice that the kernel

1

2
K

((
X̃n,i,j(s)

)
(i,j)∈[k](2)

)
− 1

2
K
(
(Γ(s)(Ui, Uj))(i,j)∈[k](2)

)

has entries in [−1, 1] and is sampled from the kernel 1
2K(Xn(s))− 1

2Γ(s). By [150, Lemma

10.6], the difference

∥∥∥∥K((X̃n,i,j(s)
)
(i,j)∈[k](2)

)
−K

(
(Γ(s)(Ui, Uj))(i,j)∈[k](2)

)∥∥∥∥2
�
− ‖K(Xn(s))− Γ(s)‖2�

lies in the interval
[
−24/k − 36/k2, 64k−1/4 + 256k−1/2

]
with probability at least 1 −

4e−k1/2/10, for all n ≥ k. Using this in (5.72) we get

sup
s∈[0,t]

∥∥∥∥K((X̃n,i,j(s)
)
(i,j)∈[k](2)

)
−K

(
(Xi,j(s))(i,j)∈[k](2)

)∥∥∥∥2
�

≥ 1

2
‖K(Xn(s))− Γ(s)‖2� − 320k−1/4

− sup
s∈[0,t]

∥∥∥K((Γ(s)(Ui, Uj))(i,j)∈[k](2))−K
(
(Xi,j(s))(i,j)∈[k](2)

)∥∥∥2
�
.

(5.73)

with probability at least 1 − 4e−k1/2/10. By an abuse of notation, we redefine the

event Ek(n) to intersect with the event where the above bound holds. We still have

limk→∞ limn→∞ P{Ek(n)} = 1.
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We first lower bound twice the left hand side of equation (5.71) using equation (5.73) as

2 sup
s∈[0,t]

∥∥∥∥K((X̃n,i,j(s)
)
(i,j)∈[k](2)

)
−K

(
(Xi,j(s))(i,j)∈[k](2)

)∥∥∥∥2
2

≥ sup
s∈[0,t]

∥∥∥∥K((X̃n,i,j(s)
)
(i,j)∈[k](2)

)
−K

(
(Xi,j(s))(i,j)∈[k](2)

)∥∥∥∥2
2

+ sup
s∈[0,t]

∥∥∥∥K((X̃n,i,j(s)
)
(i,j)∈[k](2)

)
−K

(
(Xi,j(s))(i,j)∈[k](2)

)∥∥∥∥2
�

≥ sup
s∈[0,t]

∥∥∥∥K((X̃n,i,j(s)
)
(i,j)∈[k](2)

)
−K

(
(Xi,j(s))(i,j)∈[k](2)

)∥∥∥∥2
2

+
1

2
‖K(Xn(s))− Γ(s)‖2� − 320k−1/4

− sup
s∈[0,t]

∥∥∥K((Γ(s)(Ui, Uj))(i,j)∈[k](2))−K
(
(Xi,j(s))(i,j)∈[k](2)

)∥∥∥2
�
.

(5.74)

Here we used the fact that the L2 norm is lower bounded by the cut norm. Using

equation (5.74) back in equation (5.71) (multiplied by 2), and rearranging terms we get

sup
s∈[0,t]

∥∥∥∥K((X̃n,i,j(s)
)
(i,j)∈[k](2)

)
−K

(
(Xi,j(s))(i,j)∈[k](2)

)∥∥∥∥2
2

+
1

2
sup
s∈[0,t]

‖K(Xn(s))− Γ(s)‖2�

≤ sup
s∈[0,t]

∥∥∥K((Γ(s)(Ui, Uj))(i,j)∈[k](2))−K
(
(Xi,j(s))(i,j)∈[k](2)

)∥∥∥2
�

+ 320k−1/4 +
96

k2

∑
(i,j)∈[k](2)

∣∣∣W (n)
0 (Ui, Uj)−W0(Ui, Uj)

∣∣∣2
+ 192L2

∫ t

0

∥∥∥∥K((X̃n,i,j(s)
)
(i,j)∈[k](2)

)
−K

(
(Xi,j(s))(i,j)∈[k](2)

)∥∥∥∥2
2

ds

+ 192κ2�(λk + 1)

∫ t

0
‖Γ(s)−K(Xn(s))‖2� ds.

(5.75)

Now let

Ak := sup
s∈[0,t]

∥∥∥K((Γ(s)(Ui, Uj))(i,j)∈[k](2))−K
(
(Xi,j(s))(i,j)∈[k](2)

)∥∥∥2
�
,

Bk(n) :=
96

k2

∑
(i,j)∈[k](2)

∣∣∣W (n)
0 (Ui, Uj)−W0(Ui, Uj)

∣∣∣2 + 320k−1/4.

Applying Grönwall’s inequality [100] and noticing that the first term on the left of
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equation (5.75) is always non-negative, gives us that on the event Ek(n),

sup
s∈[0,t]

∥∥∥∥K((X̃n,i,j(s)
)
(i,j)∈[k](2)

)
−K

(
(Xi,j(s))(i,j)∈[k](2)

)∥∥∥∥2
2

+ sup
s∈[0,t]

‖K(Xn(s))− Γ(s)‖2� ≤ 2 (Ak +Bk(n)) exp
(
192(L2 + 2κ2�(λk + 1))t

)
,

(5.76)

for every n ≥ k. Note that

E
[∣∣∣W (n)

0 (Ui, Uj)−W0(Ui, Uj)
∣∣∣2] = ∥∥∥W (n)

0 −W0

∥∥∥2
2
→ 0,

as n→ ∞, by assumption (5.65). By a variance bound it follows that

lim
k→∞

lim
n→∞

Bk(n) = 0,

in probability. Also, limk→∞Ak = 0 by Proposition 5.4.6. Since

limk→∞ limn→∞ P{Ek(n)} = 1,

lim
n→∞

sup
s∈[0,t]

‖K(Xn(s))− Γ(s)‖� = 0, and

lim
k→∞

lim
n→∞

sup
s∈[0,t]

1

k2

∥∥∥(K(Xn(s))(Ui, Uj))(i,j)∈[k](2) − (Xi,j(s))(i,j)∈[k](2)

∥∥∥2
F
= 0,

in probability, by choosing (λk)k∈N (depending on (Ak, limn→∞Bk(n))k∈N) that increases

sufficiently slowly to infinity as k → ∞. This proves our claim.

Remark 5.5.2. To get a non-asymptotic error rate, we need to control on Ak and Bk(n).

Observe that Bk(n) depends on the initial condition and in general it can be arbitrarily slow.

However, assuming that the initial condition is i.i.d., one can use Chebyshev’s inequality to

obtain P
{
Bk(n) ≥ 66k−1/4

}
≤ k−3/2.

On the other hand, it follows from the arguments in Proposition 5.4.6 that there

exists a constant Mt (depending only on t) such that for any δ > 0 we have

P
{
Ak ≥Mt(δ log(1/δ))1/4

}
≤ k−2 + tδ−1e

128
δ log(1/δ) e−kδ log(1/δ)/2.

In particular, choosing δ = 64
√
k−1 log k and λk = log(k)/

(
16 · 384t(L2 + 2κ2�)

)
, we

have the left hand side of (5.76) bounded by Mtk
−1/16 log3/2 k with probability at least

1 − k2

n − 4k−
1

κ2t − 2te−
√
k/20 − 2k−3/2, where κ = 32

√
6
(
L2 + 2κ2�

)1/2. Since t is fixed, we

can choose k to be a suitable function of n, say k = n2/7, to get a non-asymptotic rate

of convergence. Moreover, using the remark after the proof of Lemma 5.3.2, we can get a

non-asymptotic rate of convergence with finite n and |τn|.



155

5.6 Examples

In this section we will verify our assumptions for a class of functions introduced as linear

functions in [167, Section 5.1]. Let {Zi}i∈[n] be i.i.d. Uni[0, 1]. For any kernel W ∈ W and

any n ∈ N, sample a random matrix Gn[W ] as Gn[W ] := (W (Zi, Zj))(i,j)∈[n](2) ∈ Mn. Let

ρn([W ]) denote its law, i.e., Law(Gn[W ]) = ρn([W ]). Now let R : W → R be defined as a

linear function, i.e.,

R(W ) :=

∫
Mn

Rn(z)ρn([W ])(dz), ∀ W ∈ W,

Let (Ω,A) be the standard measurable space on [0, 1]n. Let ` : W×Ω be the function defined

as

`(W,Z) := Rn

(
(W (Zi, Zj))(i,j)∈[n](2)

)
.

Let Rn satisfy Assumption 3(1) and let R admit a Fréchet-like derivative evaluation map

φ : W → L∞([0, 1](2)) (see [167, Section 5] for conditions). The map φ then satisfies

φ(W )(x, y) =
∑

(i,j)∈[n]2
E
[
∇Rn

(
(W (Zp, Zq))(p,q)∈[n](2)

) ∣∣∣ (Zi, Zj) = (x, y)
]
, (5.77)

and DW`( · ;Z) for Z ∈ [0, 1]n satisfies

(DW`( · ;Z))(W )(x, y) =
∑

(i,j)∈[n]2
∇Rn

(
(W (Zp, Zq))(p,q)∈[n](2)

∣∣
(Zi,Zj)=(x,y)

)
, (5.78)

for W ∈ W and (x, y) ∈ [0, 1](2).

5.6.1 Scalar Entropy and Homomorphism density

Examples like the scalar entropy and the homomorphism density functions considered in

the last chapter satisfy Assumption 3 for some κ2 ∈ R+ since ‖Hess(Rn)‖op exists and is

bounded uniformly in the domain. Specifically, for homomorphism density function R = HF

for a simple graph F with n vertices and m edges {el}ml=1, the constants κ2 = mn(n−1), and

for scalar entropy R = E , the constant κ2 = 2ε−1(1− ε)−1 on its domain Wε := {W ∈ W |

ε ≤ W ≤ 1 − ε} where ε ∈ (0, 1/2). Since this implies that there exists M∞ ∈ R+ such

that ‖φ(W )‖∞ ≤M∞ for all W in the domain, these example also satisfy Assumption 4 for

σ =M∞.
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In the following, we define b : [−1, 1] × W → L∞([0, 1](2)) as b(W (x, y),W )(x, y) =

−φ(W )(x, y) for all W ∈ W and a.e. (x, y) ∈ [0, 1](2). We will now verify Assumption 8

when R is the sum of scalar entropy and some homomorphism density HF for a simple

graph F with n vertices and m edges. Note that for this example, we have

b(z,W )(x, y) = log z

1− z
+ φHF

(W )(x, y), z =W (x, y) ∈ [ε, 1− ε], (5.79)

for a.e. (x, y) ∈ [0, 1](2) where from [167, Equation 113],

φHF
(W )(x, y) =

m∑
l=1

E

 m∏
r=1,r 6=l

W (Zer)

∣∣∣∣∣∣ Zel = (x, y)


=:

m∑
l=1

tx,y(Fel ,W ), (x, y) ∈ [0, 1],

Ze = (Ze(1), Ze(2)) and Fel is the simple graph obtained from F by removing the edge el. It

is shown in [167, Section 5.1.2] that the map W 7→ t(·,·)(Fe,W ) continuous as a map from

(W, d�) to
(
L∞([0, 1](2)), d�). To show that φHF

( · )(x, y) is Lipschitz in the cut norm for

every (x, y) ∈ [0, 1](2), it is sufficient to show that tx,y(Fe, · ) is Lipschitz in the cut norm

for e ∈ {el}ml=1. For W1,W2 ∈ W, note that

tx,y(Fe,W1)− tx,y(Fe,W2) =
∑

{p,q}∈E(Fe)

Ip,q,

where for any {p, q} ∈ E(Fe),

Ip,q :=

∫
[0,1]n−2

(W1(xp, xq)−W2(xp, xq))
∏

(i,j)∈E(Fe)\{p,q}

W1(xi, xj)
∏

v∈V (Fe)\e

dxv. (5.80)

Following the proof in [150, Lemma 10.24], we get |Ip,q| ≤ ‖W1 −W2‖�, which yields

|tx,y(Fe,W1)− tx,y(Fe,W2)| ≤ (m− 1)‖W1 −W2‖�, (5.81)

i.e., the Lipschitz constant of tx,y(Fe, · ) for every e ∈ E(F ) is m− 1. This implies that the

Lipschitz constant of φ( · )(x, y) with respect to ‖ · ‖� is m(m − 1). Therefore, for b as in

equation (5.79), we have

|b(z,W1)(x, y)− b(z,W2)(x, y)| = |φHF
(W1)(x, y)− φHF

(W1)(x, y)|

≤ m(m− 1)‖W1 −W2‖�. (5.82)

Therefore b (as in equation (5.79)) satisfies Assumption 8 with κ� = m(m− 1).
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5.6.2 Quadratic functions of homomorphism density

More generally, let k ∈ N and let
{
F 1, . . . , F k

}
be a family of finite simple graphs. Let

c1, . . . , ck ∈ [0, 1] be fixed constants. Define a function R : W → R as

R(W ) :=
1

2

k∑
α=1

(HFα(W )− cα)
2.

Note that a lower bound on R is achieved if HFα ≡ cα for all α ∈ [k]. We note that R being

a sum of squares of k many functions satisfies Assumption 3(2).

Moreover, let φ : W → L∞([0, 1](2)) denote the Fréchet-like derivative evaluation map

of R. It follows from chain-rule that

φ(W )(x, y) =

k∑
α=1

(HFα(W )− cα)φHFα (W )(W )(x, y) .

Note that W 7→ φHFα (W ) satisfies Assumption 3(2) with κ2,α = mα(mα− 1) where mα

is the number of edges in Fα. Further note that for any finite graph F and U, V ∈ W we

have |HF (U)−HF (V )| ≤ |E(F )|‖U − V ‖� ≤ |E(F )|‖U − V ‖2. A simple calculation using

the fact that |(HFα(W )− cα)| ≤ 1 for all W and that ‖φHF
(W )‖2 ≤ |E(F )|, we obtain that

φ satisfies Assumption 3(2) with

κ2 ≤
k∑

α=1

(m2
α + κ2,α) ≤ km2,

where m = maxα∈[n]mα.

Similarly, for any edge e in a finite simple graph F , note W 7→ tx,y(Fe,W ) is (m − 1)-

Lipschitz in cut norm for every (x, y) ∈ [0, 1](2) and W 7→ HF (W ) is m-Lipschitz in cut

norm where m is the number of edges in F . Using the fact that ‖φHF
(W )‖∞ ≤ m and

HF (W ) ∈ [0, 1] for every W ∈ W0, we conclude that φ( · )(x, y) is km2-Lipschitz with

respect to ‖ · ‖� for a.e. (x, y) ∈ [0, 1](2) and hence φ satisfies Assumption 8.

5.6.3 Entropy minimization with edge-triangle constraints

We conclude with the discussion of the example mentioned in the Introduction. Recall the

problem of minimizing the scalar entropy E over Ŵ0 with prescribed edge density H−( · ) =
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e ∈ [0, 1] and triangle density H4( · ) = τ ∈ [0, 1] (see [167, Section 5.1-5.2]). As mentioned

in [163], in general this problem does not admit unique minimizer.

Let us consider a relaxation of this problem. Let ψ : R → R be a non-decreasing convex

function such that ψ′(− log(2)) =: A > 1. Consider minimizing the function

W 7→ R(W ) :=
1

2

(
(H−(W )− e)2 + (H4(W )− τ)2

)
+ ψ(E(W )).

Since ψ is non-decreasing, minimizing E is equivalent to minimizing ψ◦E . On the other hand,

the term 1
2

(
(H−(W )− e)2 + (H4(W )− τ)2

)
penalizes any deviation from the marginal

constraint on the edge and triangle densities.

It follows from the previous discussion that W 7→ 1
2(H−(W ) − e)2 + 1

2(H4(W ) − τ)2

is λ-semiconvex with λ = −8. On the other hand, E is 4-semiconvex and therefore ψ ◦ E

is 4A-semiconvex. In particular, if A > 2 then R is strongly convex and hence admits a

unique minimizer and the gradient flow converges exponentially fast to the minimizer of R.

In this case, the gradient flow of R converges exponentially fast to the minimizer.

For instance, take ψ = 4id and consider the optimization algorithm described in Defi-

nition 5.1.2. For every n ∈ N, Xn ∈ Mn, and (i, j) ∈ [n](2), we can evaluate gn,(i,j)(Xn; ξ)

as

gn,(i,j)(Xn; ξ) := 4 log
(

Xn(i, j)

1−Xn(i, j)

)
+ (Xn(i1, i2)− e)

+ (Xn(i3, i4)Xn(i4, i5)Xn(i5, i3)− τ)Xn(i, i6)Xn(i6, j),

where ξ = (iz)z∈[6]
i.i.d.∼ Uni([n])6. Notice that Eξ[gn(Xn; ξ)] = ∇Rn(Xn), and Assumption 4

is satisfied. Theorem 5.1.3 and Theorem 5.1.7 tell us that the (PNSGD) algorithm in the

absence of large noise, converges to the minimizer of R as the step size of the algorithm

goes to zero, and n→ ∞.

If one takes ψ = id then the function R is not guaranteed to be convex. Therefore, there

may be multiple minimizers of R as mentioned in [163]. Since R is not strictly convex, the

gradient flow may not converge to the minimizer, however, it does converge to a stationary

point with a polynomial rate.
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5.7 Discussion

Before we move to the next chapter, let us summarize the key insights that we obtain from

this chapter. The main goal of this chapter was to study the large n limit of n×n symmetric

matrix-valued processes (see (RSDE))

dXn(t) = −n2∇Rn(Xn(t))dt+ β dBn(t) + dL−
n (t)− dL+

n (t), (RSDE)

where Rn is an invariant function and Bn denotes the matrix-value process whose coordi-

nates are i.i.d. Brownian motions (upto the symmetry). We obtain such processes as the

scaling limit of Euclidean gradient descent (with noise) of appropriate functions. However,

as (RSDE) only requires the drift to be an invariant function of the matrix, it is reason-

able to expect that such processes will naturally arise in the study of evolutions of graphs.

Somewhat similar evolutions have been investigated for instance in [10, 11, 20].

One of the main insights of this chapter (see Theorem 5.1.4) is that under appropri-

ate scaling and invariant function as drift two coordinates of Xn become asymptotically

uncorrelated. This significantly reduces the complexity of the limiting process that can

be described by an IEA. Such propagation of chaos phenomenon for particle systems has

proved to be a very useful tool [157, 170, 171, 52, 51] in probability. We hope that the

propagation of chaos phenomenon in the matrix-valued processes will be similarly useful.
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Chapter 6

PATH CONVERGENCE OF MARKOV CHAINS ON LARGE
GRAPHS

6.1 Introduction

Let (Ω,F ,Q) be a probability space and let H : Ω → [0,∞] be a measurable function (called

the Hamiltonian). We are often interested in the set of minimizers of H. Instead of finding

the actual minimizers, which can be computationally expensive, one often considers a Gibbs

measure on (Ω,F) whose density, with respect to Q, is proportional to exp(−βH(·)), for

some β > 0. Here Q is usually taken to be some kind of a “uniform” probability distribution

on Ω. The parameter β is often called the inverse temperature. It is well known that, in

many circumstances of interest, as β → ∞, the Gibbs measure concentrates around the

minimizers of H (see [113]). Thus, one may replace the problem of optimization of H with

a problem of sampling from the Gibbs measure for a large β. This is achieved by running

suitable stochastic processes with an invariant distribution given by the Gibbs measure [209].

When Ω is continuous with a notion of differentiability of H, such as Rd, a natural

stochastic process is the Langevin diffusion:

dX(t) = −∇H(X(t))dt+
√

2

β
dB(t),

where B is standard d-dimensional Brownian motion and β is commonly called the inverse

temperature parameter. In practice, stochastic gradient descent algorithms are used to

mimic the paths of the Langevin diffusion in discrete time. As β → ∞, the paths of the

Langevin diffusion converge to that of the gradient flow of H, namely

ẋ(t) = −∇H(x(t)),

which in a sense gives the fastest decay of the Hamiltonian. On the other hand, on discrete

spaces or when the gradient of the Hamiltonian is not well defined, one employs an MCMC
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algorithm [73], such as the celebrated Metropolis algorithm [185, Section 2.4], to sample

from the Gibbs distribution.

For us, Ω is the space of dense edge-weighted unlabeled graphs and we consider natural

stochastic processes used to optimize a Hamiltonian H. Examples of such stochastic pro-

cesses are graph-valued Metropolis Markov chains and processes arising out of optimization

algorithms on edge-weights such as stochastic gradient descent (SGD) [187, 134, 24, 141, 41,

159, 142]. A theme that we pursue is that with certain modifications and in a certain limit-

ing regime, as the size of the graph goes to infinity, both processes are related to a gradient

flow. More specifically, we analyze a Metropolis Markov chain on a stochastic block model

(SBM)(see [107, 210]). The base Markov chain runs on an SBM with r communities, with

n members in each community, with an acceptance-rejection step specified by H and the

inverse temperature parameter β. Our algorithm includes a novel relaxation procedure after

each accept-reject step which introduces a further positive parameter σ. When we keep r

fixed and let n → ∞, with other parameters suitably scaled, the edge densities between

communities converge to a stochastic differential equation on r× r symmetric matrices (see

Section 6.3 for an overview and Proposition 6.3.3 for a precise statement of the result). Fur-

ther, in Proposition 6.3.4 we prove that, as r → ∞, the paths of the stochastic evolution of

the edge density matrices converge to a deterministic curve on the space of measure-valued

graphons (MVG) (see Chapter 2).

In Section 6.2, we define a general class of diffusions on symmetric r × r matrices and

also show in Theorem 6.2.2 that under suitable assumptions these processes converge, as

r → ∞, to a deterministic curve on the space of MVGs specified by a McKean-Vlasov

stochastic differential equation (SDE). This strengthens the main result in Chapter 5 where

a similar convergence statement had been obtained on the space of graphons as opposed

to MVGs. One example, within the purview of Theorem 6.2.2, is the r × r matrix of

pairwise edge-densities from our Metropolis model above. We summarise this result in

Proposition 6.3.4. The other kind of example covered by Theorem 6.2.2 is stochastic gradient

descent of suitable functions on r × r symmetric matrices. In the last chapter, we argued

that these stochastic gradient descents converge pathwise to the gradient flow on the space

of graphons. We show in Proposition 6.3.6 that, as the relaxation parameter σ → 0+,
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the random trajectory of r × r random matrices of edge densities between communities

generated by the Metropolis algorithm converges to a deterministic curve on graphons which

the gradient flow of βH on the space of graphons. Therefore, under suitable convexity

assumptions on H, we obtain (see Proposition 6.3.8) an exponential rate of convergence of

to the minimizer of H. Combining this with Proposition 6.3.7, which gives non-asymptotic

error bounds, we obtain that, in a certain limiting regime, the adjacency matrix from our

Metropolis chain converges exponentially fast to the minimizer of H. We introduce the

Metropolis chain in Section 6.1.2. A reader familiar with these basics may directly go to

Section 6.1.3 where we give a computational example.

6.1.1 Notation recall

We recall some frequently used notations in this chapter. For any set X, we use X2 to

denote the usual Cartesian product X×X while X(2) is used to denote the set X2/∼ where

we identify (a, b) ∼ (b, a) for all a, b ∈ X. We use this notation for domains of symmetric

functions.

Let us also denote the set of all r×r symmetric matrices with elements in [0, 1] and [−1, 1]

by Mr,+ and Mr respectively, i.e., Mr,+ := [0, 1][r]
(2) and similarly for Mr. Recall that the

set Mr can be naturally identified with a subset of finite dimensional kernels, Wr ⊂ W.

This identification/embedding is denoted by K (as in K(A) is the kernel corresponding to

the matrix A) and its inverse will be denoted by Mr (as in matrix). A simple unweighted

graph G can be thought of as a weighted graph with edge-weights being the indicators that

the edges exist.

6.1.2 Limits of Markov Processes on Weighted Graphs

We introduce the following general class of deterministic curves in the space of MVGs de-

scribed by a stochastic differential equation (SDE). Suppose we are given a pair of functions

b : [−1, 1]×W → L∞([0, 1](2)), and Σ: [−1, 1]×W → L∞([0, 1](2)), (6.1)

where L∞([0, 1](2)) is the set of all functions f : [0, 1](2) → R such that ‖f‖∞ <∞.
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Let (Ω,F ,P) be a probability space that supports a standard Brownian motion B(·) and

a pair of independent Uniform[0, 1] random variables U, V . Given W0 ∈ W, consider the

following coupled system (X,W,U, V ) of one-dimensional reflected diffusion X, a curve W

on W and the pair of uniform random variables, such that given (U, V ) = (u, v), the process

X(·) satisfies the initial condition X(0) ∼W0(u, v) and the SDE

dX(t) = b (X(t),W (t)) (u, v)dt+Σ(X(t),W (t))(u, v)dB(t)

+ dL−(t)− dL+(t),

W (t)(x, y) := Law(X(t) | (U, V ) = (x, y)), ∀ (x, y) ∈ [0, 1](2),

(6.2)

where (X,L+, L−) solves the Skorokhod problem [137] with respect to [−1, 1] (see Sec-

tion 5.2.3 for details). The system described by equation (6.2) will be referred to as the

MVG McKean-Vlasov SDE (MVSDE). Under appropriate assumptions on b and Σ, Propo-

sition 6.2.1 shows that the MVSDE admits a pathwise unique solution. Notice that W is

a deterministic curve on measure-valued kernels, and thus, on measure-valued graphons. A

similar McKean-Vlasov SDE was introduced in [102] but the convergence was obtained only

in the sense of graphons and, hence, cannot capture the convergence of general exchangeable

arrays. However, there is a corresponding deterministic curve on graphons w(t) = E[W (t)]

given by the natural projection map. It is useful to think of w as capturing the evolution

of macroscopic properties while W describes the microscopic properties.

Where do such processes appear? In Section 6.2 we consider a general class of diffusion

on symmetric r × r matrices whose coordinates are exchangeable and are evolving under a

suitable mean-field interaction. In Theorem 6.2.2 we prove that processes in this general

class have corresponding deterministic limits that are examples of (6.2). This is natural since

one can spot that (6.2) is equivalently characterized by an IEA of independent diffusions

satisfying the McKean-Vlasov SDE generated by an i.i.d. sequence of Uniform[0, 1] random

variables. Such diffusions naturally arise in the context of stochastic gradient descent of

functions defined on the space of graphs. For another example, consider the problem of

“soft” optimization described at the very beginning where, for β > 0, one may wish to

consider a Gibbs measure on Ŵ with a “density” proportional to exp (−βH). However, as

there is no canonical measure on the space of graphons, this does not seem feasible. On the
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other hand, consider H restricted to the space of r × r graphons Ŵr. By pulling back the

natural map from kernels to graphons and identifying r × r kernels with r × r symmetric

[0, 1]-valued matrices, one can think of H as a function Hr on symmetric matrices, i.e.,

Hr = H ◦ K on Mr,+. One can define a natural Gibbs measure on Mr,+ corresponding

to Hr. A large class of commonly used models fall in this umbrella. See the thesis [60]

for a historical development and some beautiful real-world applications. In particular, it

appears in statistical physics models such as the Curie-Weiss models [60, Chapter 4], the

exponential random graph models (ERM) [60, Chapter 5]. We may wish to sample from

such a Gibbs measure whether we are trying to find graphs that approximately minimize

the Hamiltonian (i.e., an approximate nonparametric maximum likelihood estimator such

as MCMLE [60, Chapter 3.3]) or we are sampling from a Bayesian posterior distribution.

Although Metropolis or the Gibbs sampling algorithms are popular choices to run MCMC

algorithms, their mixing times are generally not known. Another example comes from a

series of works of Radin, Sadun and others [180, 161, 162, 181] on the so-called edge-triangle

model. Their focus is on a typical graphs with a given number of edges and triangles and

to show that they exhibit phase transitions. In [162, Section 3.1] the authors construct

an MCMC scheme to sample from an edge-triangle model. They justify convergence, not

theoretically, but empirically. Given a target edge density e and a triangle density t, one

may easily construct a Hamiltonian that gets minimized when the edge-density and the

triangle densities are e and t, respectively. Then, sampling from this Gibbs measure will

approximately sample from an edge-triangle model.

We will show that, for suitable H, satisfying a semiconvexity condition (Assumption 10),

the edge density matrix obtained from the Metropolis chain admits limits that are par-

ticular cases of (6.2). With stricter convexity assumptions we will also be able to say

something about the exponential rate of convergence. In particular, this is true for all

linear combinations of homomorphism functions [167, Section 5.1.2]. Notice that given

W ∈ W, consider the corresponding kernel w = E[W ] ∈ W[0,1] via the natural projec-

tion. Therefore, any function b0 : [−1, 1] ×W →→ L∞([0, 1](2)) naturally gives a function

b : [−1, 1] × W → L∞([0, 1](2)) via the pullback b(z,W ) = b0(z, w). Such drift functions

will naturally arise in our examples. Let H be a Hamiltonian on W that admits a Fréchet-
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like derivative DH (see Definition 4.2.6), and fix a parameter β > 0. The solution to the

McKean-Vlasov SDE (6.2) with the drift function induced by b0(w) = −βDH(w) and con-

stant Σ ≡ σ is analogous to the Langevin diffusion on Euclidean spaces. This family of

processes arises as the limit of both stochastic gradient descent on symmetric matrices as

well as the following Metropolis chain on the popular stochastic block models (SBM) [80].

Definition 6.1.1 (Empirical Stochastic Block Model (ESBM)). For r, n ∈ N let q ≡

(qi,j)1≤i,j≤r ∈ Mr,+, and let N = rn. A random simple graph with N vertices is called

ESBM[r, n, q] if

• for i ∈ [r], there are n many vertices having color i,

• for i, j ∈ [r], i 6= j, n2qi,j many edges (unordered pairs of vertices {u, v}) are drawn

by randomly sampling without replacement where one vertex has color i and the other

has color j,

• for i ∈ [r],
(
n
2

)
qi,i many edges are drawn by randomly sampling without replacement

unordered pairs of vertices of color i, and

• the samplings in the last two items are done independently for all pairs (i, j) ∈ [r](2).

To construct the Gibbs probability measure on Mr,+, we will be interested in

ESBM[r, n, q] random graphs where the entries of q are also random. For each n ∈ N,

consider the uniform distribution µn on the discrete set
{
i/n2

∣∣ i ∈ {0} ∪ [n2]
}

and νn the

uniform distribution on the discrete set
{
i/
(
n
2

) ∣∣ i ∈ {0} ∪
[(
n
2

)]}
. Define Un,r to be the

probability measure on Mr,+ where each entry above the diagonal is independently dis-

tributed as µn and the diagonal entries are independently distributed as νn. Thus Un,r can

be viewed as a discrete uniform distribution on the set of possible edge-densities.

Recall that Hr is the restriction of H on the space of r× r symmetric matrices for each

r ∈ N. Fix a positive sequence (γn)n∈N such that

lim
n→∞

γn log2 n = 0, and lim
n→∞

γnn
2

logn
= ∞. (6.3)
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Fix β > 0 and let βn,r := βr−2/γn. Consider a family of Gibbs probability measures on

Mr,+ given by

Q̂n,r,β(dq) =
1

Zn,r,β
e−βn,rHr(q)Un,r(dq) =

1

Zn,r,β
e−βγ

−1
n r−2Hr(q)Un,r(dq).

where Zn,r,β is the normalizing constant. As each q ∈ Mr,+ corresponds to a simple ran-

dom graph in ESBM[r, n, q], Q̂n,r,β can be thought of as a random probability distribu-

tion on simple graphs over rn vertices. We will denote the model specified by Q̂n,r,β, as

ESBM[r, n, β,H]. It should be emphasized that the measure Q̂n,r,β depends on the choice of

the parameter γn. Note that the above model closely resembles commonly used framework

in exponential random graphs (see [56] and references therein).

The following Metropolis chain algorithm (see [146, Section 3.2]) can be used to sample

from ESBM[r, n, β,H].

• Base Markov Chain: The state space of the chain is the set Sn,r of all simple graphs on

rn vertices with r colors assigned to equal number of vertices. The base chain starts

at an arbitrary graph G(0) = G in the state space. Suppose, for ` ≥ 0, the Markov

chain has completed ` steps, {G(p)}`p=0, and is at graph G(`). For (i, j) ∈ [r](2), let

mi,j(`) denote the number of edges between vertices of color i ∈ [r] and color j ∈ [r]

in G(`). The next step in the Markov chain is generated as follows.

– For every (i, j) ∈ [r](2), i 6= j, if mi,j(`) /∈ {0, n2}, then, toss a fair coin. If the

coin comes up heads, then delete an edge between color i and color j, chosen at

random, and if the coin turns up tails, place an additional edge between color i

and color j at random. Replace n2 by
(
n
2

)
if i = j.

– For every (i, j) ∈ [r](2), if mi,j(`) = 0, then toss a fair coin. If the coin comes

up heads, then add an additional edge, chosen at random, and if the coin turns

up tails, do nothing. Similarly, if mi,j(`) = n2, i 6= j (or
(
n
2

)
, if i = j), then toss

a fair coin. If the coin turns up heads then delete an existing edge, chosen at

random, otherwise do nothing.

– Do these independently for every pair (i, j) ∈ [r](2).
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The resulting graph is G(`+ 1) and q(`+ 1) = (qi,j(`+ 1))1≤i,j≤r be its edge density

matrix. It is not hard to see that the base chain viewed as a process on edge densities

is also a Markov chain that is reversible with respect to the uniform distribution Un,r.

• Metropolis Chain: We run the base chain for sn ≈ γ2nn
4 many steps followed by an

accept-reject step. Suppose we started the base chain at graph G and edge density

matrix q. After running the base chain for sn many steps we arrive at a graph G′ and

a corresponding edge density matrix q′.

– Accept-reject step: Accept G′ as the next state of the Metropolis chain with

probability exp
(
−βn,r (H(q′)−H(q))+

)
, otherwise, remain at G. Here x+ :=

max{x, 0}.

It is standard to see the unique invariant distribution of this Metropolis Markov chain is the

Gibbs measure Q̂n,r,β. We will explore scaling limits of the chain as n, r → ∞, γn, βn,r as

specified above and when sn = O(γ2nn
4). But, first, we introduce an additional relaxation

step.

• Relaxed Metropolis Chain: After every Metropolis accept-reject step, we run the base

chain for an additional `n,r(σ) = O(σ2r−4γnn
4) many steps, for some σ > 0, and

always accept the last state.

Thus, our final Markov chain repeatedly runs the base chain for sn many steps, performs

an accept-reject step and then runs another `n,r(σ) many steps of the base chain. We call this

the relaxed Metropolis chain. Since `n,r(0) = 0, when σ = 0, we recover the true Metropolis

chain. However, note that the relaxed chain has a different invariant distribution for any

positive σ.

Consider the resulting process of r × r matrix of pairwise edge-densities q(·). One

may think of this exchangeable process as a Markov chain on symmetric matrices. In

Proposition 6.3.3 and Proposition 6.3.4 we show that, as n→ ∞ and r → ∞, and the other

parameters are scaled as above, the paths of this process converge to a deterministic curve
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on MVG, describe by a McKean-Vlasov SDE (6.2) with drift b given by −βDH and Σ ≡ σ.

By taking the natural projection from MVG to graphons, this implies that the paths of q also

converge (see Remark 6.3.5) to a deterministic curve on the space of graphons in the same

scaling limit. For a fixed r, as n → ∞ the adjanceny matrix of ESBM[r, n, q] converges to

the edge density matrix q in the cut metric. Therefore, this deterministic curve on graphons

can be interpreted as the limiting evolution of the adjacency matrices of the sequence of

graphs G(·) and is parameterized by β > 0 and σ > 0.

Notice that the drift is a constant multiple of −DH, the direction of steepest descent of

H. When σ = 0, it is clear that the limiting curve is a time-reparametrization of the gradi-

ent flow of H on W. Proposition 6.3.6 shows that, as σ → 0, the family of limiting curves on

graphons converges to a time-changed gradient flow of H. Finally, Proposition 6.3.8 estab-

lishes the exponential convergence rate of this flow under appropriate convexity conditions

on the Hamiltonian.

6.1.3 A computational example from extremal graph theory: Revisited

To illustrate our results, we give a concrete example with numerical simulations. To motivate

our example, we first recall the celebrated Mantel’s theorem [155] from extremal graph

theory. It states that the maximum number of edges in an n-vertex triangle-free graph is

n2/4. Further, any Hamiltonian graph with at least n2/4 edges must either be the complete

bipartite graph Kn/2,n/2 or it must be pancyclic [32]. One may attempt to computationally

verify this theorem by considering a “softer” version of the problem. That is, consider the

Hamiltonian H( · ) := t(4, · )− αt(−, · ) for sufficiently small α > 0. Here 4 and − are the

triangle and the edge graphs respectively. Recall that the homomorphism density function

t(F, · ) of simple graph F , defined over unweighted graphs, simply computes the density of

the simple graph F in the unweighted graph. Thus, minimizing H can be roughly thought

of as an attempt to minimize the number of triangles in a graph while simultaneously

maximizing the number of edges. The linear combinations of homomorphism densities also

appear in the study of exponential random graph models (ERGMs) which is usually defined

as a probability measure on finite graphs with density proportional to exp (−H) where H
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is a linear combination of homomorphism density function [58]. Hence, in either case the

behavior of the Metropolis algorithm to simulate samples from the Gibbs measure is of

interest.

We simulate the relaxed Metropolis chain sampling algorithm for H with α = 1/4,

n = 16, r = 16, σ = 1, γn = 1/4n and β = 1/4. In particular, H( · ) := t(4, · ) −
1
4 t(−, · ). The Fréchet-like derivative of the Hamiltonian is given by DH(w)(x, y) =

3
∫
[0,1]w(x, z)w(z, y)dz − 1/4, for (x, y) ∈ [0, 1](2), which is an affine transformation of

the homomorphism density of 2-stars in the graphon.

The limit of the adjacency matrix process of the relaxed Metropolis chain as n → ∞,

followed by r → ∞, and finally σ → 0, is given by the a curve w : R+ → W[0,1] given by

w(t)(x, y) = w(0)(x, y)− β

∫ t

0
DH(w(s))(x, y)1Gw(s)

ds, (x, y) ∈ [0, 1](2), (6.4)

where the starting point w(0) ∈ W[0,1] is the L2-limit of the community edge density kernel

of the initialization of the Metropolis chain as r → ∞. The set function Gu ensures that

the velocity field does not point outside the domain of W when any coordinate of the flow

hits the boundary [0, 1].

Since the drift is a constant multiple the Fréchet-like derivative of H, the curve w is a

time reparametrization of the gradient flow of H. In Figure 6.1 we see that the iteration

sequence of the MCMC chain has a close resemblance with the curves shown in [167, Figure

1, Section 1.2] which is a forward Euler discretization of the gradient flow of H on
(
Ŵ, δ2

)
.

After sufficiently many iterations, we see that the community density kernel corresponding

to the graph G
(n)
r,3.7×105

is close to the graph the one corresponding to a complete bipartite

graph as one would expect from Mantel’s theorem.

In Proposition 6.3.8 we show that if the Hamiltonian is strongly convex, the curve

w converges to the minimizer of H with an exponential rate. Homomorphism density

functions, although semiconvex, are not generally strongly convex. To remedy, one may add

to the Hamiltonian a multiple of the scalar entropy function [167, Section 5.1.3] that makes

it strongly convex enough to guarantee an exponential rate of convergence. That is, for

γ > 0 large enough, the following new Hamiltonian Hγ defined as Hγ(w) := t(4, w)− 1
4 t(−

, w) + γ
∫
[0,1]2 h(w(x, y))dxdy, where h(p) = p log p + (1 − p) log(1 − p) for p ∈ (0, 1) and
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Figure 6.1: A relaxed Metropolis chain algorithm simulation for H = t(4, · )− 1
4 t(−, · ) at

initialization and after 3.5 × 102, 9.3 × 102, 2.0 × 104, 1.0 × 105 and 3.7 × 105 iterations

respectively (order: from left to right).

zero if p ∈ {0, 1}, is strongly convex and the corresponding gradient flow curve converges

exponentially fast. In fact, in this particular example, Hγ as defined above is strongly

convex for any γ > 9/2. In particular, if we set γ = 5, following Proposition 6.3.8, we

obtain an exponential rate of convergence to the minimizer with rate βλ with respect to the

δ2 metric, where the semiconvexity constant λ > γ − 9/2 = 1/2. However, to compare our

current simulation with those in [167] we do not add the entropy regularization here.

6.2 Dynamics

In this section we study the limit of exchangeable processes on symmetric matrices as the

dimension grows to infinity. In Theorem 6.2.2, we show that a general class of processes

on symmetric matrices converges to a deterministic curve on Ŵ that is described by (6.2)

as the dimension grows to infinity. In Section 6.3, we study the relaxed Metropolis chain

algorithm on SBMs described in Section 6.1.2. We begin with preliminaries on Skorokhod

map.
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6.2.1 McKean-Vlasov SDE

Recall MVG McKean-Vlasov SDE (6.2) described in Section 6.1. Following a standard

Picard’s iteration argument, as done in [102, Proposition 4.5], it can be shown that MVG

McKean-Vlasov SDE (6.2) admits a pathwise unique solution under appropriate assump-

tions on b and Σ. For completeness, we record this as Proposition 6.2.1 but skip the proof.

Assumption 9. Recall the definition of the generalized cut norm, ‖ · ‖�, from Defini-

tion 2.4.3. Let b,Σ be as in (6.1) and satisfy global Lipschitz conditions, that is, there exists

L, κ� ∈ R+ such that

sup
W∈W

‖b(z1,W )− b(z2,W )‖∞, sup
W∈W

‖Σ(z1,W )− Σ(z2,W )‖∞ ≤ L|z1 − z2|,

sup
z∈[−1,1]

‖b(z,W1)− b(z,W2)‖∞, sup
z∈[−1,1]

‖Σ(z,W1)− Σ(z,W2)‖∞ ≤ κ�‖W1 −W2‖�,

for all W1,W2 ∈ W and z1, z2 ∈ [−1, 1].

Proposition 6.2.1. Let b and Σ be as above. Let
(
Ω,F , (Ft)t∈R+

,P
)

be a filtered probability

space satisfying the usual conditions that supports a pair of independent Uniform[0, 1] random

variables U, V (measurable with respect to F0) and a Brownian motion B (adapted to the

filtration (Ft)t∈R+
). Then, for any W0 ∈ W, there exists a pathwise unique strong solution

(X,W ) to the MVG McKean-Vlasov SDE (6.2).

To motivate the study of McKean-Vlasov SDE (6.2), consider the problem of minimizing

triangle density while maximizing the edge density as in Section 6.1.3. As explained in

Section 6.1.3, a close proxy would be minimize the function H( · ) := t(4, · ) − αt(−, · )

for sufficiently small α > 0 over the space of Ŵ. Notice that H naturally restricts to a

well-defined function Hr, on Mr,+, the space of symmetric matrices with entries in [0, 1].

Consider the following SDE on Mr,+

dXr,(i,j)(t) = −r2∇Hr(Xr) + σ dBr,(i,j)(t) + dL−
r,(i,j)(t)− dL+

r,(i,j)(t),

with where
{
Br,(i,j)

}
(i,j)∈N(2) is a collection of i.i.d. Brownian motion. Note that the Eu-

clidean gradient ∇Hr is scaled by a factor of r2. The above SDE can be thought of as a

time-scaling of noisy Euclidean gradient flow of Hr. These processes are considered in [102]
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and they are indeed obtained as the continuous time limit of projected noisy stochastic gra-

dient descent (PNSGD) of Hr [102, Definition 1.2, Theorem 3.2]. It is clear that Xr is a

symmetric matrix valued process whose coordinates are exchangeable. It is shown in [102,

Theorem 1.4] that, under appropriate assumptions on the initial condition Xr(0), the matrix

valued process (Xr(t))t∈R+ converges to a deterministic curve (wσ(t))t∈R+ on the space of

graphons, uniformly on compact time intervals, as r → ∞. Moreover, the curve (wσ(t))t∈R+

is described by a McKean-Vlasov SDE similar to (6.2).

Note that the graphon convergence of Xr(·) comes with a loss of microscopic informa-

tion as discussed earlier in Section 6.1.2. It may be reasonable to expect that the matrix

valued process Xr(·) converges to an IEA as r → ∞ and one should rather consider the

convergence of Xr(·) to a deterministic curve on MVG space. In this section we accomplish

this convergence and do so for a larger class of H than those allowed in [102, Theorem 1.4].

We begin with an illustrative example.

Example 13. Let F be the triangle graph where two of its edges are decorated by x 7→ x2,

and the third edge is decorated by x 7→ x. Consider the function H := td(F, · ). Note that H

restricts naturally to a function Hr : Mr → R as defined in equation (2.24). One can easily

see that ∂ (i,j)td(F, · )(Xr) =
4
r3
∑r

k=1X
2
r,(i,k)Xr,(k,j) for every (i, j) ∈ [r](2). Let Br,(i,j) be a

collection of i.i.d. Brownian motions. Consider the following SDE on Mr:

dXr,(i,j)(t) = −4

r

r∑
k=1

X2
r,(i,k)(t)Xr,(k,j)(t)dt+ dBr,(i,j)(t) + dL−

r,(i,j)(t)− dL+
r,(i,j)(t),

where (i, j) ∈ [r](2) and (X,L+, L−) solves the Skorokhod problem. The above SDE can be

recovered as a continuous time limit of the PNSGD algorithm [102, Definition 1.2, Theorem

3.2] when we consider td(F, · ) to be the optimization objective. We remark that the function

H does not satisfy the assumptions of [102, Theorem 1.4] as it is not continuous in the cut-

metric (see [117, Example C.3]). However, the function H does satisfy Assumption 9 for b

defined as b(z,W )(x, y) :=

m∑
`=1

E

[
`−1∏
s=1

Γ(Fes ,W )(Zes) · Γ(F ′
e`
,W )(Ze`) ·

m∏
s=`+1

Γ(Fes ,W )(Zes)

∣∣∣∣∣ Ze` = (x, y)

]
,

=:
m∑
`=1

tx,y(∂e`F,W ), z ∈ [−1, 1],W ∈ W, (x, y) ∈ [0, 1](2), (6.5)
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where {es}ms=1 is the set of edges of the skeleton of the triangle graph with m = 3 edges,

Ze := (Ze(1), Ze(2)) for an edge e ∈ E(F ) and ∂eF denotes the graph obtained by replacing

the decoration at edge e ∈ E(F ) with its derivative. This can be seen by following a very

similar argument in [102, Example 5] and Lemma 2.4.14.

As a consequence of our main result (Theorem 6.2.2), we will see that the solution of

the SDE on Mr as defined above, converges to the solution X to the MVG McKean-Vlasov

SDE (6.2), which in this example, takes the form:

dX(t) = −4m2(W )(u, v)m1(W )(u, v)dt+ dB(t) + dL−(t)− dL+(t),

W (t)(x, y) = Law(X(t) | (U, V ) = (x, y)), (x, y) ∈ [0, 1](2), t ∈ R+,

given (U, V ) = (u, v). Here m1 and m2 evaluate the first and second moment graphons

as defined in Example 3. This example, naturally extends to all decorated homomorphism

density functions, thereby expanding the scope of [102, Theorem 1.4].

More generally we consider the following family of diffusions on symmetric matrices. Let

b and Σ be as defined in Section 6.1. For r ∈ N, let Σr : [−1, 1]×Mr be the restrictions of Σ,

i.e., Σr(x,X) = Σ(x,K(X)) and similarly define br : [−1, 1] ×Mr. Consider the diffusions

Xr defined on Mr as follows

dXr,(i,j)(t) = br,(i,j)(Xr,(i,j)(t), Xr(t))dt+Σr,(i,j)(Xr,(i,j)(t), Xr(t))dBr,(i,j)(t)

+ dL−
r,(i,j)(t)− dL+

r,(i,j)(t),
(6.6)

for each (i, j) ∈ [r](2) and t ∈ R+, with the initial condition Xr(0) ∈ Mr.

In Theorem 6.2.2 we show that under appropriate assumption on (Xr(0))r∈N, the process

Xr(·) converges, uniformly on compact intervals of time, to a deterministic curve W (·) on

MVGs as r → ∞. And, this curve W (·) is described by the McKean-Vlasov system (6.2).

Theorem 6.2.2. Suppose Assumption 9 holds. Let W0 ∈ W and let W be described by

the MVG McKean-Vlasov SDE (6.2) with initial condition W (0) = W0. Let Xn be the

solution of equation (6.6) for r = n with initial conditions Xn(0) ∈ Mn. Suppose that

limn→∞D2(Xn(0),W0) = 0. Then, for any finite time horizon T > 0, almost surely,

lim
n→∞

sup
t∈[0,T ]

∆�(K(Xn(t)),W (t)) = 0. (6.7)
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The proof of Theorem 6.2.2 closely parallels the proof of [102, Proposition 4.9]. There-

fore, we only give a sketch of the proof highlighting only the crucial differences.

Proof. Consider the probability space satisfying Assumption of Proposition 6.2.1 and

an infinite exchangeable array of diffusions (Xi,j)(i,j)∈N(2) on it. For k ∈ [n] and any

t ∈ R+, consider the sampled k × k symmetric measure-valued matrix W (t)[k] defined

as W (t)[k](i, j) = W (t)(Ui, Uj) for (i, j) ∈ [k](2). Consider also the corresponding k × k

matrix of diffusions X[k](·) := (Xi,j)(i,j)∈[k](2) . Now consider K(Xn(t)), the measure-valued

finite dimensional kernel from a solution of SDE (6.6). One may construct a sampled k× k

measure-valued matrix from this measure-valued finite dimensional kernel as well. We esti-

mate the cut distance of this sampled measure-valued matrix from W (t)[k] by coupling this

sampled matrix with K(X[k]) in a particular way.

Divide [0, 1] into n contiguous intervals of equal length. Let Ek(n) denote the event

that that Ui ∈ ((mi − 1)/n,mi/n] where each mi, i ∈ [k], is distinct. On this event, we

can couple Xn,mi,mj (·) and Xi,j so that they are driven by the same copies of independent

Brownian motion and having starting laws W (n)
0 (Ui, Uj) and W0(Ui, Uj) respectively. Our

subsequent analysis will be on the event Ek(n) and it is unimportant how the coupling is

done on Eck(n). For any i 6= j we have P{|Ui − Uj |} ≤ 1
n . Since there are at most

(
k
2

)
distinct pairs (i, j) ∈ [k]2, a simple union bound yields that P{Eck(n)} ≤ k2/n.

Define, X̃n,i,j(t) := K(Xn(t))(Ui, Uj), (i, j) ∈ [k]2. The evolution of X̃n,1,2, for example,

can be described by the SDE

dX̃n,1,2(t) = b
(
X̃n,1,2(t),K(Xn(t))

)
(U1, U2)dt+Σ

(
X̃n,1,2(t),K(Xn(t))

)
(U1, U2)dB1,2(t)

+ dL−
n,1,2(t)− dL+

n,1,2(t),

with the initial condition Law
(
X̃n,1,2(0)

)
=W

(n)
0 (U1, U2). Define

M (n)(s) :=

∫ s

0

(
Σ(X1,2(s),W (r))(u1, u2)− Σ

(
X̃n,1,2(s),K(Xn(r))

)
(u1, u2)

)
dB1,2(r),

for s ∈ [0, t]. Note that

P

{
sup
s∈[0,t]

M (n)(s) ≥
√
λkE

[
M (n)(t)2

]}
= P

{
sup
s∈[0,t]

exp
(
uM (n)(s)

)
≥ exp(λk)

}
,
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where u =
√
λk/E

[
M (n)(t)2

]
. Using Markov’s inequality followed by Doob’s maximal

inequality [129, page 14, Thoerem 3.8.iv], we obtain that with probability at least 1−4e−λk/2,

sup
s∈[0,t]

M (n)(s)2 ≤ 2λk

[
κ2�

∫ t

0
‖W (s)−K(Xn(s))‖2� + L2

∣∣∣X1,2(s)− X̃n,1,2(s)
∣∣∣2 ds

]
, (6.8)

where the parameter λk → ∞ will be chosen later. Redefining the event Ek(n) to intersect

with the event where the above bound holds. Since X1,2 is also driven by the same Brownian

motion on this event, using (6.8) and the Lipschitz property of the Skorokhod map, triangle

inequality and Assumption 9 (replacing (1, 2) by any other (i, j) ∈ [k](2) and summing over),

sup
s∈[0,t]

∥∥∥K(X̃n[k](s)
)
−K(X[k](s))

∥∥∥2
�
≤ 48

k2

∑
(i,j)∈[k](2)

∣∣∣X̃n,i,j(0)−Xi,j(0)
∣∣∣2

+ 96(λk + 1)κ2�

∫ t

0
‖W (s)−K(Xn(s))‖2� ds

+ 96(λk + 1)L2

∫ t

0
sup
s∈[0,t]

∥∥∥K(X̃n[k](s)
)
−K(X[k](s))

∥∥∥2
�

ds.

(6.9)

We now want to replace
∥∥∥K(X̃n[k](s)

)
−K(W (s)[k])

∥∥∥2
�

by ‖K(Xn(s))−W (s)‖2� up to

some error that goes to zero as k → ∞. This is achieved by exploiting the first sampling

lemma [150, Lemma 10.6] for cut norm in [102]. The first sampling lemma is not available

directly to us for the ‖ · ‖�. However, we notice that using the first sampling lemma [150,

Lemma 10.6] and equation (2.31) we obtain that for every ε > 0 there exists a constant

Fε <∞ such that∣∣∣∣∥∥∥K(X̃n[k](s)
)
−K(W (s)[k])

∥∥∥2
�
− ‖K(Xn(s))−W (s)‖2�

∣∣∣∣ ≤ 1

k1/4
+ ε,

with probability at least Fεe−
√
k/10. Moreover, from Lemma 2.4.15, we can choose εk = 64

k1/4

so that Fεk ≤ e
√
k/40. In particular, setting Ck = 65

k1/4
and ck =

√
k/20 we can repeat the

same proof as in [102] to obtain

sup
s∈[0,t]

∥∥∥K(X̃n[k](s)
)
−K(X[k](s))

∥∥∥2
�
≥ 1

2
‖K(Xn(s))−W (s)‖2� − Ck

− sup
s∈[0,t]

‖K(W (s)[k])−K(X[k](s))‖2�.
(6.10)

with probability at least 1 − e−ck . Once again we redefine the event Ek(n) to intersect

with the event where the above bound holds and note that we still have P{Ek(n)} ≥

1− 4e−λk/2 − k2

n − e−ck .
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We can now repeat the same argument as in [102]. After doing some rearrangement and

applying Grönwall’s inequality [100] we obtain that on the event Ek(n),

sup
s∈[0,t]

D2
2

(
K
(
X̃n[k](s)

)
,K(X[k](s))

)
+ sup
s∈[0,t]

‖K(Xn(s))−W (s)‖2�

≤ 2 (Ak +Bk(n)) exp
(
192(L2 + 2κ2�)(λk + 1)t

)
,

(6.11)

where Ak = sups∈[0,t]
∥∥∥Ãk(s)∥∥∥2

�
and

Ãk(s) := K(W (s)[k])−K(X[k](s)),

Bk(n) := Ck +
96

k2

∑
(i,j)∈[k](2)

∣∣∣X̃n,i,j(0)−Xi,j(0)
∣∣∣2. (6.12)

Note that limn→∞ E
[∣∣∣X̃n,i,j(0)−Xi,j(0)

∣∣∣2] = 0, by the assumption. Using a variance bound

and the fact that limk→∞Ck → 0 it follows that limk→∞ limn→∞Bk(n) = 0, in probability.

By Lemma 2.3.6 and Lemma 2.3.7 we have
∥∥∥Ãk(s)∥∥∥

�
→ 0 in probability for each fixed

s ∈ [0, t] as k → ∞. It can be shown following the proof of [102, Proposition 4.5]) that(
Ãk

)
k∈N

is equicontinuous over [0, t], almost surely, for sufficiently large k. Therefore, we

conclude that Ak → 0 in probability as k → ∞. Since limk→∞ limn→∞ P{Ek(n)} = 1,

lim
n→∞

sup
s∈[0,t]

‖K(Xn(s))−W (s)‖� = 0, lim
k→∞

lim
n→∞

sup
s∈[0,t]

D2
2

(
K
(
X̃n[k](s)

)
,K(X[k](s))

)
= 0,

in probability, by choosing (λk)k∈N (depending on (Ak, limn→∞Bk(n))k∈N) that increases

sufficiently slowly to infinity as k → ∞. Moreover, it is clear that one can choose k = o(
√
n).

This completes the proof.

Remark 6.2.3. Note that the proof is stable with respect to small perturbations of drift.

More precisely, suppose br in (6.6) is replaced by b̃r such that
∥∥∥b̃r − br

∥∥∥
∞

≤ αr for some

αr → 0 as r → ∞. Then, the proof continues to hold and we still obtain the limiting

McKean-Vlasov SDE with the same drift b as in Theorem 6.2.2.

Remark 6.2.4. Note that the McKean-Vlasov equation (6.2) depends only on w(t) =

E[W (t)]. One can, therefore, say that w(t) satisfies a graphon McKean-Vlasov SDE that
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satisfies on (U, V ) = (u, v)

dX(t) = b0(X(t), w(t)) + Σ0(X(t), w(t)) + dL−(t)− dL+(t),

w(t)(x, y) = E[X(t) | (U, V ) = (x, y)],
t ∈ R+. (6.13)

Thus we recover [102, Theorem 1.4].

We should emphasize the point made in Remark 2.3.5 once again here. The same

IEA gives rise to both McKean-Vlasov SDEs (6.2) and (6.13). The crucial difference is

Xr(·) converging to this IEA in cut-metric is equivalent to only checking the convergence

of homomorphism densities with respect to simple graphs, while Xr(·) converging to this

IEA in MVG is equivalent to the convergence of homomorphism densities with respect to

decorated simple graphs which is a bigger class of test functions.

6.3 Analysis of the relaxed Metropolis chain

Recall that our goal is to minimize some function H defined on large networks. One class

of functions that is of interest is linear combination of homomorphism densities. The key

takeaway of the above discussion is that one can either solve for the McKean-Vlasov system

described above or perform (stochastic) gradient flow of H restricted to Mr for large r.

Both of these techniques will yield approximate minimizers of H. However, notice that

both these techniques give a graphon/MVG or symmetric matrices with entries in [−1, 1].

In other words, these methods do not directly yield a curve on the space of graphs. Naturally,

given a function H defined on all graphs, one would want to run a Markov chain directly

on the graphs that mimics the behaviour of McKean-Vlasov SDE (6.2). This is what is

achieved by our relaxed Metropolis chain that we study in this section. Another crucial

feature of the relaxed Metropolis chain is that it does not need the access to the gradient

of H but it can still mimic the gradient flow.

Assumption 10. Let H : Ŵ → R be bounded below, Fréchet-like differentiable with DH

denoting its Fréchet-like derivative (see Definition 4.2.6) and satisfy

λ

2
‖u− v‖22 ≤ H(v)−H(u)− 〈DH(u), v − u〉 ≤ L

2
‖u− v‖22, (6.14)
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for every u, v ∈ W[0,1], for some constants λ ∈ R and L > 0. Furthermore, assume that DH

is Lipschitz, that is, there exists κ� > 0 such that for all u, v ∈ W

‖DH(u)−DH(v)‖∞ ≤ κ�‖u− v‖�, (6.15)

where ‖u− v‖� is defined as in Remark 2.4.4.

Recall that W 7→ E[W ] is (‖ · ‖� → ‖ · ‖�)-Lipschitz. In particular, if w 7→ DH(w)

is (‖ · ‖� → ‖ · ‖∞)-Lipschitz, then (6.15) holds. All decorated homomorphism density

functions satisfy Assumption 10. Using a similar argument as in [167, Section 5.1.2], it

can be shown that max{|λ|, L} for the decorated homomorphism density function of a

decorated graph H is bounded by |E(H)||V (H)|(|V (H)|−1), and κ� = |E(H)|(|E(H)| − 1)

following [102, Section 5, equation (84)].

Definition 6.3.1. Let H satisfy Assumptions 10. Let β > 0. Define b0 : W[0,1] →

L∞([0, 1](2)) as

b0(w) := −2βDH(w) exp
(
β2r−2‖DH(w)‖22

)
Φ
(√

2βr−1‖DH(w)‖2
)
, w ∈ W[0,1],

where Φ is the right tail of standard Gaussian, i.e., Φ(x) = 1√
2π

∫∞
x exp

(
−y2/2

)
dy, for

x ∈ R+. For any r ∈ N, we will denote the restriction of b0 to Mr by br. That is,

br =Mr ◦ b0 ◦K.

Recall that b0 defined as above naturally defines a function on W via pullback. In the

context of the Metropolis chain algorithm, with an abuse of notation, we will use the notation

b and b0 interchangeably. By Lemma 6.4.1 r−4br(w) = E
[
Z exp

(
−βn,rγn〈∇Hr, Z〉+F

)]
where

Z is r× r symmetric matrix with i.i.d. Gaussian entries, and βn,r := βr−2/γn as defined in

Section 6.1.2. Thus ‖br‖∞ <∞.

Remark 6.3.2. It follows from (6.15) that ‖DH‖∞ ≤ C for some C and therefore

‖DH(v)‖2 ≤ C for every v ∈ W. Since ex → 1 as x → 0 and Φ(x) → 1
2 as x → 0,

it follows that ‖b0(w) + βDH‖∞ → 0 as r → ∞.

We now recall, from Section 6.1.2, the Metropolis algorithm to sample from the

ESBM[r, n, β,H]. Given G(k) ∈ Sn,r and the matrix q
(n)
r,k ∈ Mr,+ of edge-densities for

any k ∈ Z+, we run the relaxed Metropolis chain consisting of the following steps.
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1. Run the base chain for sn :=
⌈
γ2nn

4
⌉

many steps. Let G̃(k + 1) ∈ Sn,r be the graph

obtained after such sn many steps. Let q̃(n)r,k+1 denote the matrix of edge densities of

G̃(k + 1).

2. Given G(k), G̃(k + 1) for any k ∈ Z+, define

Y (k + 1) =


G̃(k + 1), w.p. exp

(
−βn,r

[
Hr

(
q̃
(n)
r,k+1

)
−Hr

(
q
(n)
r,k

)]+)
,

G(k), otherwise,

where a+ = max{0, a} for a ∈ R and βn,r := βr−2/γn as defined in Section 6.1.2. Let

p
(n)
r,k+1 be the matrix of edge-densities for Y (k + 1). Observe that

p
(n)
r,k+1 =


q̃
(n)
r,k+1, if Y (k + 1) = G̃(k + 1),

q
(n)
r,k , if Y (k + 1) = G(k).

3. After the accept-reject step, we again run the base chain starting from Y (k+1) ∈ Sn,r

for `n,r :=
⌈
r−4σ2γnn

4
⌉

many steps for some σ > 0. Let the graph obtained thereafter

be G(k + 1), and let q(n)r,k+1 be the edge density matrix of G(k + 1).

This procedure gives a Markov chain (G(k))k∈N on the state space Sn,r with correspond-

ing process of edge-density matrix
(
q
(n)
r,k

)
k∈N

. In the following we show that, as n → ∞

and r → ∞, the latter process converges to a MVG McKean-Vlasov SDE with drift b as

defined in Definition 6.3.1. Taking a natural projection of this MVG curve to the space

of graphons, we recover a deterministic curve on the space of graphons. For fixed r, the

adjacency matrix of G(k) converges to the corresponding edge-density matrix q
(n)
r,k in the

cut metric as n → ∞ uniformly. We can thus interpret the limiting deterministic curve on

the space of graphons as the cut limit of the process of adjacency matrices of (G(k))k∈N as

n→ ∞ followed by r → ∞.

A heuristic analysis of the edge-density process

Before we state our result we analyse heuristically the process of edge-density matrix(
q
(n)
r,k

)
k∈Z+

as defined above. To this end, for any k ∈ Z+, define ∆q
(n)
r,k := q

(n)
r,k+1 − q

(n)
r,k and
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let Fk be the sigma algebra generated by
{
q
(n)
r,i

∣∣∣ i = 0, . . . , k
}

. Given k ∈ Z+, let us analyze

the E
[
∆q

(n)
r,k

∣∣∣ Fk]. Notice that

E
[
∆q

(n)
r,k

∣∣∣ Fk] = E
[
∆̃q

(n)
r,k

∣∣∣ Fk]+ E
[
q
(n)
r,k+1 − p

(n)
r,k+1

∣∣∣ Fk],
where ∆̃q

(n)
r,k := p

(n)
r,k+1 − q

(n)
r,k . Notice that given p

(n)
r,k+1, the increment of the (i, j)-th coor-

dinate, q(n)r,k+1,(i,j) − p
(n)
r,k+1,(i,j), has the same distribution as the reflected random walk of

step-size 1
n2 run for `n,r steps. Assuming that the random walk does not hit the bound-

ary during relaxation (hitting the boundary is rare), this is very small. It follows that

E
[
∆q

(n)
r,k

∣∣∣ Fk] ≈ E
[
∆̃q

(n)
r,k

∣∣∣ Fk]
= E

[(
q̃
(n)
r,k+1 − q

(n)
r,k

)
exp
(
−βn,r

[
H
(
K
(
q̃
(n)
r,k+1

))
−H

(
K
(
q
(n)
r,k

))]+)]
. (6.16)

By Assumption 10,

H
(
K
(
q̃
(n)
r,k+1

))
−H

(
K
(
q
(n)
r,k

))
−
〈
DH

(
K
(
q
(n)
r,k

))
,K
(
q̃
(n)
r,k+1

)
−K

(
q
(n)
r,k

)〉
≈
∥∥∥K(q̃(n)r,k+1

)
−K

(
q
(n)
r,k

)∥∥∥2
2
.

On the other hand, given q
(n)
r,k , the increment of each coordinate q̃

(n)
r,k+1,(i,j) − q

(n)
r,k,(i,j)

for every (i, j) ∈ [r](2) has the same distribution as a symmetric random walk (with re-

flections at the boundary) with step-size 1/n2 run for sn = γ2nn
4 steps. In particular,

E
[∥∥∥K(q̃(n)r,k+1

)
−K

(
q
(n)
r,k

)∥∥∥2
2

]
= γ2n. Two important and non-trivial consequences of this

heuristic are the following:

1. Due to a concentration of measure argument,
∥∥∥K(q̃(n)r,k+1

)
−K

(
q
(n)
r,k

)∥∥∥2
2
≤ Cγ2n logn

for some constant C > 0 with high probability.

2. q̃(n)r,k+1 − q
(n)
r,k has approximately the same distribution as γnYr where Yr is an r × r

symmetric matrix of independent standard Gaussians. Notice that if q(n)r,k,(i,j) ∈ {0, 1}

for any (i, j) ∈ [r](2), this is not true. This approximation is valid only when all the

coordinates of q(n)r,k are sufficiently away from {0, 1}. With a careful analysis, one can

show that this is indeed the case except for a negligible fraction of time.
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Assuming the above heuristics and using equation (6.16) we obtain that with high proba-

bility, E
[
∆q

(n)
r,k

∣∣∣ Fk]
≈ E

[(
q̃
(n)
r,k+1 − q

(n)
r,k

)
exp
(
−βn,r

〈
DH

(
K
(
q
(n)
r,k

))
,K
(
q̃
(n)
r,k+1

)
−K

(
q
(n)
r,k

)〉+)]
= γnE

[
Yr exp

(
−βn,rγn

〈
∇Hr

(
q
(n)
r,k

)
, Yr

〉+
F

)]
, (6.17)

where we used the fact that for any two r × r symmetric matrices A,B ∈ Mr we have

〈A,B〉F = r2〈K(A),K(B)〉 and that the fact that DH = r−2∇H (see [167, Lemma 4.10]).

The expectation in the last expression above is very amenable to analysis. It follows from

Lemma 6.4.1 that E
[
Yr exp

(
−βn,rγn

〈
∇Hr

(
q
(n)
r,k

)
, Yr

〉+
F

)]
= r−4br

(
q
(n)
r,k

)
where br is de-

fined in Definition 6.3.1.

The above heuristic can now be summarised as follows. With high probability

E
[
∆q

(n)
r,k

∣∣∣ Fk] ≈ γnr
−4br

(
q
(n)
r,k

)
, (6.18)

provided that the all coordinates of q(n)r,k are away from {0, 1}. Now let us analyse the

conditional covariance of ∆q
(n)
r,k . Recall that E

[∥∥∥K(q̃(n)r,k+1

)
−K

(
q
(n)
r,k

)∥∥∥2
2

∣∣∣∣ Fk] ≤ γ2n. On

the other hand, given p(n)r,k+1, the increment q(n)r,k+1,(i,j)−p
(n)
r,k+1,(i,j) of coordinate (i, j) ∈ [r](2)

has the same distribution as the symmetric random walk with step-size 1
n2 (reflected at

the boundary {0, 1}) running for `n,r ≈ r−4γnσ
2n4 steps. In particular, each coordinate

has variance ≈ r−4γnσ
2. Also note that given p

(n)
r,k , the coordinates of q(n)r,k+1 − p

(n)
r,k+1 are

independent. In particular,

Cov
(
∆q

(n)
r,k

∣∣∣Fk) = r−4γnσ
2I +O(γ2n), (6.19)

where O(γ2n) means that each coordinate of Cov
(
∆q

(n)
r,k

∣∣∣Fk) differs from r−4γnσ
2I at most

by a constant factor of γ2n.

For a fix t > 0, we will define tn,r :=
⌊
tr4/γn

⌋
. Also define qnr : R+ → Mr,+ to be a

piecewise constant interpolation of
(
q
(n)
r,k

)
k∈Z+

given by

q(n)r (t) := q
(n)
r,tn,r

, t ∈ R+, (6.20)
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In particular, we obtain

q(n)r (t)− q(n)r (0) =

tn,r−1∑
k=0

E
[
∆q

(n)
r,k

∣∣∣ Fk]+ tn,r−1∑
k=0

(
∆q

(n)
r,k − E

[
∆q

(n)
r,k

∣∣∣ Fk]), t ∈ R+.

Using the heuristic derived in (6.18) and (6.19), one expects that

q(n)r (t)− q(n)r (0) ≈
tn,r−1∑
k=0

γnr
−4br

(
q
(n)
r,k

)
+

tn,r−1∑
k=0

∆M
(n)
r,k , t ∈ R+, (6.21)

where
(
∆M

(n)
r,k

)
k∈Z+

is a Mr-valued martingale difference sequence with uniform coor-

dinatewise variance γnr
−4σ2. We must caution that the approximation in (6.21) is not

valid if q(n)r,k is close to boundary {0, 1}. The heuristic calculations have been derived under

the assumption that all coordinates of q(n)r,k are away from {0, 1}. Ignoring this boundary

contribution, it is reasonable to conclude that

q(n)r (t)− q(n)r (0) ≈
∫ t

0
br

(
q(n)r (s)

)
ds+ σBr(t), t ∈ R+,

where Br is an r × r matrix with i.i.d. Brownian motions (up to matrix symmetry), in the

interior of the state space. In view of this, it is reasonable to expect to that if the process(
q
(n)
r,k

)
k∈Z+

spends negligible proportion of time at the boundary, then

q(n)r (t)− q(n)r (0) ≈
∫ t

0
br

(
q(n)r (s)

)
ds+ σBr(t) + L(0)

r (t)− L(1)
r (t), t ∈ R+,

where
(
q
(n)
r , L

(0)
r , L

(1)
r

)
solves the Skorokhod problem on the cube Mr,+. That is, each

coordinate process of q(n)r satisfies the above SDE with reflection at the boundary {0, 1}.

This heuristic argument can be made precise (see Proposition 6.3.3) and it is one of the

main takeaways of this section. Before we state the main theorem, we make a brief digres-

sion to the Skorokhod problem and the Skorokhod map which will play a crucial role in

Proposition 6.3.3 and its proof.

Proposition 6.3.3. Let H satisfy Assumption 10 and let (γn)n∈N satisfy condition (6.3).

Let D([0,∞),Mr,+) be the space of right continuous functions with left limits equipped with

the topology of uniform convergence over compact subsets. Let q(n)r : R+ → Mr,+ be a

piecewise interpolation of
(
q
(n)
r,k

)
k∈Z+

(see equation (6.20)). Then, q(n)r converges weakly
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in D([0,∞),Mr,+) to a process Xr over compact time intervals, with continuous path that

satisfies the SDE

dXr(t) = br(Xr(t)))dt+ σ dBr(t) + dL(0)
r (t)− dL(1)

r (t), t ∈ R+, (6.22)

with initial condition Xr(0) = q
(n)
r,0 , where Br is a symmetric r × r matrix with whose

coordinates are i.i.d. Brownian motions (up to matrix symmetry) and
(
Xr, L

(0)
r , L

(1)
r

)
solves the Skorokhod problem w.r.t. the finite dimensional cube Mr,+ (see Section 5.2.3).

Proof of Proposition 6.3.3

The proof is long and requires several lemmas. Therefore, we first give an outline of the

proof before presenting the details. Fix r ∈ N. For every k ∈ Z+, let Fn
k be the sigma

algebra generated by
{
q
(n)
r,`

∣∣∣ ` ∈ {0} ∪ [k]
}

. Let tn,r =
⌊
tr4/γn

⌋
as defined earlier. For

i, j ∈ [r], notice that

q
(n)
r,(i,j)(t)− q

(n)
r,(i,j)(0) =

tn,r−1∑
`=0

E
[
∆q

(n)
r,`,(i,j)

∣∣∣ Fn
`

]
1(0,1)

{
q
(n)
r,`,(i,j)

}

+

tn,r−1∑
`=0

∆M
(n)
r,`,(i,j) + L

(n,0)
r,(i,j)(t)− L

(n,1)
r,(i,j)(t),

for every t ∈ R+, where ∆M
(n)
r,` = ∆q

(n)
r,` − E

[
∆q

(n)
r,`

∣∣∣ Fn
`

]
for all ` ∈ Z+ and

L
(n,0)
r,(i,j)(t) =

tn,r−1∑
`=0

E
[
∆q

(n)
r,`,(i,j)

∣∣∣ Fn
`

]
1{0}

{
q
(n)
r,`,(i,j)

}
,

L
(n,1)
r,(i,j)(t) =

tn,r−1∑
`=0

E
[
∆q

(n)
r,`,(i,j)

∣∣∣ Fn
`

]
1{1}

{
q
(n)
r,`,(i,j)

}
,

for t ∈ R+, where L(n,0)
r,(i,j)(t) is 1

n2 times the number of times the process q(n)r,(i,j) visits {0}

before time t and similarly for L(n,1)
r,(i,j)(t). Note that

(
M

(n)
r,k :=

∑k−1
`=0 ∆M

(n)
r,`

)
k∈Z+

is a Mr-

valued martingale and we define a piecewise constant interpolation of this martingale pro-

cess M (n)
r defined as M (n)

r (t) = M
(n)
r,tn,r

for t ∈ R+. Let Sko be the Skorokhod map (see

Section 5.2.3), then for any t ∈ R+, and any (i, j) ∈ [r](2),

q
(n)
r,(i,j)(t) = Sko

q(n)r,(i,j)(0) +

tn,r−1∑
`=0

E
[
∆q

(n)
r,`,(i,j)

∣∣∣ Fn
`

]
1(0,1)

{
q
(n)
r,`,(i,j)

}
+M

(n)
r,(i,j)(t)

. (6.23)
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1. Since the Skorokhod map Sko is a 4-Lipschitz map [137], to show that q(n)r (t) converges

uniformly to Xr(t) as n→ ∞, it is sufficient to show that

tn,r−1∑
`=0

E
[
∆q

(n)
r,`,(i,j)

∣∣∣ Fn
`

]
1(0,1)

{
q
(n)
r,`,(i,j)

}
→
∫ t

0
br,(i,j)(Xr(s))1(0,1)

{
Xr,(i,j)(s)

}
ds,

and M (n)
r (t) → σBr(t),

uniformly over compact time intervals as n→ ∞.

2. In Lemma 6.4.3, we show that the quadratic variation of the martingale M (n)
r in the

time interval [0, t] converges to tσ2 for every t ∈ R+ as n→ ∞. The key ingredient is

the fact that a simple symmetric reflected random walk spends negligible amount of

time at the boundary.

3. Using Lemma 6.4.3 and [82, Theorem 1.4, Chapter 7] we conclude that the process

M
(n)
r converges to the process (weakly) σBr where Br is an r × r symmetric matrix

with i.i.d. Brownian motions. Using Skorokhod representation theorem both M
(n)
r

and Br can be defined on some common probability space (Ω,F ,P), on which we get

almost sure convergence.

4. On the probability space (Ω,F ,P) obtained in Step 3, we define versions of the pro-

cesses Xr and q
(n)
r using (6.22) and (6.23) respectively.

5. It remains to show that the first condition in Step 1 holds. To this end,

we first show that for every fixed ε > 0, E
[
∆q

(n)
r,`,(i,j)

∣∣∣ Fn
`

]
1(ε,1−ε)

{
q
(n)
r,`,(i,j)

}
−

br,(i,j)

(
q
(n)
r,`

)
1(ε,1−ε)

{
q
(n)
r,`,(i,j)

}
→ 0 as n → ∞. This is achieved by a sequence of

reductions in Lemma 6.4.7.

6. Finally, we show that
∑tn,r−1

`=0 1(δ,1−δ)c
{
q
(n)
r,`,(i,j)

}
→ 0 as n → ∞. Since

1
γn
E
[
∆q

(n)
r,`

∣∣∣ F`] is uniformly bounded. We conclude that the first condition in Step 1

holds. This completes the proof.
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Proof of Proposition 6.3.3. Let q(n)r be defined by (6.23). In the following we will keep r

fixed and therefore drop it from the subscript wherever necessary. Throughout, we will keep

t ∈ R+ fixed. The map Sko in the discussion will refer to the Skorokhod map defined on

the space D([0, t],R[r](2)), the space of right continuous paths with left limits from [0, t] to

R[r](2) . Define

b
(n)
r,(i,j)

(
q
(n)
r,`

)
=

1

γnr−4
E
[
∆q

(n)
r,`,(i,j)

∣∣∣ Fn
`

]
1(0,1)

{
q
(n)
r,`,(i,j)

}
,

and let br be in Definition in 6.3.1. Recall that both b
(n)
r and br are uniformly bounded by

some constant C. Also, recall that Br is an r × r symmetric matrix with i.i.d. Brownian

coordinates. Define the stochastic processes Y (n)
r , Ỹ

(n)
r , Z̃

(n)
r , Z

(n)
r : R+ → R[r](2) as:

Y
(n)
r,(i,j)(t) = q

(n)
r,(i,j)(0) +

tn,r−1∑
`=0

γnr
−4b

(n)
r,(i,j)

(
q
(n)
r,`

)
+M

(n)
r,(i,j)(t),

Ỹ
(n)
r,(i,j)(t) = q

(n)
r,(i,j)(0) +

tn,r−1∑
`=0

γnr
−4b

(n)
r,(i,j)

(
q
(n)
r,`

)
+ σBr,(i,j)(t),

Z̃
(n)
r,(i,j)(t) = q

(n)
r,(i,j)(0) +

∫ t

0
b
(n)
r,(i,j)

(
q(n)r (s)

)
ds+ σBr,(i,j)(t),

Z
(n)
r,(i,j)(t) = q

(n)
r,(i,j)(0) +

∫ t

0
br,(i,j)

(
q(n)r (s)

)
ds+ σBr,(i,j)(t),

t ∈ R+, (i, j) ∈ [r](2).

Notice that Y
(n)
r is the “unconstrained version” of the process q

(n)
r in the sense that

Sko
(
Y

(n)
r

)
(s) = q

(n)
r (s) for every s ∈ R+. Finally, let

(
Xr, L

(0)
r , L

(1)
r

)
be the process

that satisfies the Skorokhod SDE

dXr(t) = br(X(t))dt+ σ dBr(t) + dL(0)
r (t)− dL(1)

r (t), Xr,(i,j)(0) = q
(n)
r,(i,j)(0).

Denote the corresponding unconstrained process

X̃r(t) = q(n)r (0) +

∫ t

0
br(Xr(s))ds+ σ dBr(t).

Note that Sko
(
X̃r

)
= Xr. Recall that the goal is to show that q(n)r converges to the process

Xr as n→ ∞. Using the fact that the Skorokhod map is Lipschitz (see Section 5.2.3), it is
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sufficient to show that Y (n)
r converges to X̃r. To this end, set

∆(n)(t) := E

[
sup
s∈[0,t]

∥∥∥Y (n)
r (s)− X̃r(s)

∥∥∥2
F

]
, ∆

(n)
1 (t) := E

[
sup
s∈[0,t]

∥∥∥Y (n)
r (s)− Ỹ (n)

r (s)
∥∥∥2

F

]
,

∆
(n)
2 (t) := E

[
sup
s∈[0,t]

∥∥∥Z̃(n)
r (s)− Ỹ (n)

r (s)
∥∥∥2

F

]
, ∆

(n)
3 (t) := E

[
sup
s∈[0,t]

∥∥∥Z̃(n)
r (s)− Z(n)

r (s)
∥∥∥2

F

]
,

∆
(n)
4 (t) := E

[
sup
s∈[0,t]

∥∥∥X̃(n)
r (s)− Z(n)

r (s)
∥∥∥2

F

]
, for all t ∈ R+.

Since (a + b + c + d)2 ≤ 4(a2 + b2 + c2 + d2) for all (a, b, c, d) ∈ R4, ∆(n)(t) ≤

4
∑4

i=1∆
(n)
i (t) ≤ 4

∑3
i=1∆

(n)
i (t) + 64t

∫ t
0 ∆

(n)(s)ds, where the final inequality is due

to the 4-Lipschtizness of the Skorokhod map. In particular, for t ∈ [0, T ], we have

∆(n)(t) ≤ 4
∑3

i=1∆
(n)
i (t) + 64T

∫ t
0 ∆

(n)(s)ds. Note that t 7→ ∆
(n)
i (t) is increasing. There-

fore, using Grönwall’s inequality [100], we obtain

∆(n)(T ) ≤ 4

(
3∑
i=1

∆
(n)
i (T )

)
exp
(
64T 2

)
. (6.24)

It is therefore sufficient to show that ∆
(n)
i (t) → 0 as n → ∞ for i ∈ [3]. This is done

in following steps. Using Lemma 6.4.3 below and Theorem [82, Theorem 1.4, Chapter

7], we know that the process M
(n)
r converges to σBr uniformly on compact subsets of

time. In particular, for fixed t > 0 we have that ∆
(n)
1 (t) → 0 as n → ∞. For ∆

(n)
2 , we

notice that the error is actually the error from the Riemann sum approximation. Hence,

∆
(n)
2 (t) ≤ Crγ

2
n → 0 as n→ ∞. To see this, first recall that q(n)(s) is piecewise constant on

the interval of length γnr
−4, that is, q(n)r (s) = q

(n)
r,bs/(γnr−4)c. Now observe that

∣∣∣Ỹ (n)
r,(i,j)(t)− Z̃

(n)
r,(i,j)(t)

∣∣∣ =
∣∣∣∣∣∣
tn,r−1∑
`=0

γnr
−4b

(n)
(i,j)

(
q
(n)
r,`

)
−
∫ t

0
b
(n)
(i,j)

(
q(n)r (s)

)∣∣∣∣∣∣
=
∣∣∣(t− γnr

−4(tn,r − 1)
)
b
(n)
(i,j)

(
q
(n)
r,tn,r−1

)∣∣∣ ≤ Cγnr
−4,

where the inequality in the last line follows from the fact that b(n) is uniformly bounded.

Squaring both sides and summing over all (i, j) ∈ [r](2) we conclude that ∆
(n)
2 (t) ≤ Crγ

2
n.

We now show that ∆
(n)
3 (t) → 0 as n → ∞. To do this, we fix ε > 0, δ > 0 (we assume

that δ � ε and δ + ε� 1). Define

Aε :=
{
M ∈ Mr

∣∣∣ ε ≤M(i,j) ≤ 1− ε ∀ (i, j) ∈ [r](2)
}
, Bε := Mr \Aε. (6.25)
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Start observing that sups∈[0,t]
∥∥∥Z̃(n)

r (s)− Z
(n)
r (s)

∥∥∥2
F

is at most

t

∫ t

0

∥∥∥b(n)r

(
q(n)r (s)

)
− br

(
q(n)r (s)

)∥∥∥2
F

ds

≤ t

∫ t

0

∥∥∥b(n)r

(
q(n)r (s)

)
− br

(
q(n)r (s)

)∥∥∥2
F
1Aε

{
q(n)r (s)

}
ds

+ t

∫ t

0

∥∥∥b(n)r

(
q(n)r (s)

)
− br

(
q(n)r (s)

)∥∥∥2
F
1Bε

{
q(n)r (s)

}
ds. (6.26)

From Lemma 6.4.7 below b
(n)
r

(
q
(n)
r (s)

)
and br

(
q
(n)
r (s)

)
are close in ‖ · ‖2F by Cr2

n4 +

4r2β2n,re
3
n max{|λ|, L} with probability at least 1 − pn,ε, when q

(n)
r (s) ∈ Aε where pn,ε =

4r2

n4 + 2r2erf
(

r2ε
4σ

√
2γn

)
and en = O(γ2n logn). On the other hand, we notice that b(n)r and br

are both uniformly bounded by in ‖ · ‖∞. Using these two facts we conclude that

E
[∫ t

0

∥∥∥b(n)r

(
q(n)r (s)

)
− br

(
q(n)r (s)

)∥∥∥2
F
1Aε

{
q(n)r (s)

}
ds
]

≤ C
t

γn
pn,ε +

Cr2

n4
+ 4r2β2n,re

3
n max{|λ|, L}. (6.27)

Since b(n)r and br are uniformly bounded, the second term in (6.26) is bounded as∫ t

0

∥∥∥b(n)r

(
q(n)r (s)

)
− br

(
q(n)r (s)

)∥∥∥2
F
1Bε

{
q(n)r (s)

}
ds ≤ CD(n)(t),

for some constant C > 0, where D(n)(t) :=
∫ t
0 1Bε

{
q
(n)
r (s)

}
ds.

We now approximate the indicator function, 1Bε{·} by a smooth function ψε,δ ∈

C∞([0, 1]). That is, Let ψε,δ be a smooth function such that ψε,δ ≡ 1 on the set

Iε := [0, ε) ∪ (1 − ε, 1] and 0 ≤ ψε,δ ≤ 1 and supp(ψ) ⊂ [0, ε + δ) ∪ (1 − ε − δ, 1]. Re-

call that by our assumption ε+ δ � 1. Then, D(n)(t) ≤
∫ t
0 ψε,δ

(
q
(n)
r (s)

)
ds.

Recall that q(n)r (s) = Sko
(
Y (n)

)
(s) for every s ∈ R+. Also recall that both ψε,δ and Sko

are Lipschitz functions. Therefore, the composition ψε,δ ◦Sko is is also a Lipschitz function,

say, with Lipschitz constant Lε,δ. Define Ψε,δ(s) := ψε,δ

(
Sko

(
Y

(n)
r

)
(s)
)

and Ψ̃ε,δ(s) :=

ψε,δ

(
Sko

(
Z̃

(n)
r

)
(s)
)

. Now observe that

Ψε,δ(s) ≤ Ψ̃ε,δ(s) + Lε,δ

∥∥∥Z̃(n)
r (s)− Y (n)

r (s)
∥∥∥2

F

≤ Ψ̃ε,δ(s) + 2Lε,δ

(∥∥∥Z̃(n)
r (s)− Ỹ (n)

r (s)
∥∥∥2

F
+
∥∥∥Y (n)

r (s)− Ỹ (n)
r (s)

∥∥∥2
F

)
.
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Therefore, we obtain

E
[
D(n)(t)

]
≤ E

[∫ t

0
Ψ̃ε,δ(s)ds

]
+ 2Lε,δt

(
∆n

1 (t) + ∆
(n)
2 (t)

)
. (6.28)

Note that E
[∫ t

0 Ψ̃ε,δ(s)ds
]

= E
[
Fε,δ

(
Z̃(n)

)]
for some bounded continuous function

Fε,δ : C([0, t],Mr,+) → R. Also, recall that Z̃(n) satisfies the SDE Z̃
(n)
r (t) = qr(0) +∫ t

0 f(s)ds+ σBr(t), where f(s) = b
(n)
r

(
q
(n)
r (s)

)
is a bounded function. Set

E = exp
(
1

σ

∫ t

0
b(n)r

(
q(n)r (s)

)
dBr(s)−

1

2σ2

∫ t

0
b(n)r

(
q(n)r (s)

)
ds
)
.

Using Girsanov’s theorem and the Cauchy–Schwarz inequality we obtain

E
[
Fε,δ

(
Z̃(n)
r

)]2
= E[Fε,δ(B)E ]2 ≤ E

[
F 2
ε,δ(B)

]
E
[
E2
]
.

Finally using the fact that b(n)r is uniformly bounded, we obtain that E
[
E2
]
≤ Cr,t,σ. On

the other hand, we notice that by definition

E
[
F 2
ε,δ(B)

]
= E

[(∫ t

0
ψε,δ(RBM(s))ds

)2
]
≤ t

∫ t

0
P{RBM(s) ∈ Iε}ds =: C(ε, δ, r, t)2,

(6.29)

where the equality follows from the Cauchy-Schwarz and the fact that ψ2
ε,δ ≤ 1Bε+δ

{·}.

Combining equations (6.27), (6.28) and (6.29) we obtain that ∆(n)
3 (t) ≤ t

γn
pn+C(ε, δ, r, t)+

2Lε,δt
(
∆n

1 (t) + ∆
(n)
2 (t)

)
.

Putting this back in equation (6.24) we conclude that

∆(n)(t) ≤
(
t

γn
pn + C(ε, δ, r, t) + (2Lε,δt+ C)

(
∆n

1 (t) + ∆
(n)
2 (t)

))
eCt2 .

Recall that pn
γn

→ 0 and ∆
(n)
1 (t) → 0 and ∆

(n)
2 (t) ≤ γ2n → 0 as n → ∞. Therefore, we

conclude that lim supn→∞∆(n)(t) ≤ C(ε, δ, r, t)eCt2 . Since C(ε, δ, r, t) → 0 as ε, δ → 0, this

concludes the proof.

Let b0 be as in Definition 6.3.1. Recall from Remark 6.3.2 that ‖b0 + βDH‖∞ → 0 as

r → ∞. As an immediate consequence of Theorem 6.2.2 (see Remark 6.2.3) we obtain that

the process Xr converges to the McKean-Vlasov SDE defined in (6.2) with drift given by

−βDH(w) as r → ∞. That is, given a pair of Uni([0, 1]) i.i.d. random variables (U, V ) and
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a standard Brownian motion B on some probability space (Ω,G,P), consider the following

SDE conditioned on {(U, V ) = (u, v)},

dX(t) = −βDH(E[W σ(t)])(u, v)dt+ σ dB(t) + dL(0)(t)− dL(1)(t),

W σ(t)(x, y) = Law(X(t) | (U, V ) = (x, y)), (x, y) ∈ [0, 1](2),
(6.30)

for t ∈ R+, where
(
X,L(0), L(1)

)
solves the Skorokhod problem with respect to [0, 1].

Proposition 6.3.4. Let Xr be a solution of (6.22) with initial condition Xr(0) ∈ Mr,+. If

limr→∞‖K(Xr(0))−W0‖� = 0, then Xr converges in MVG sense, in probability, uniformly

over compact time intervals, to a deterministic curve W σ in the space of MVGs as r → ∞.

Moreover, W σ is described by (6.30) with initial condition W0.

Remark 6.3.5. Consider the curve wσ in the space of graphons defined as wσ(t) := E[W σ(t)]

for all t ∈ R+. It follows from Remark 6.2.4 that the random curves (Xr)r∈N converge in

cut-metric, uniformly on compact intervals of time, to wσ in probability. And, wσ can be

recovered as a solution of a MKV SDE satisfying on {(U, V ) = (u, v)}

dX(t) = −βDH(wσ)(u, v)dt+ σ dB(t) + dL(0)(t)− dL(1)(t),

wσ(t)(x, y) = E[X(t) | (U, V ) = (x, y)], (x, y) ∈ [0, 1](2), t ∈ R+,
(6.31)

where
(
X,L(0), L(1)

)
solves the Skorokhod problem with respect to [0, 1].

When σ = 0, the graphon McKean-Vlasov (6.31) reduces to a deterministic evolution w

of kernels given by

w(t)(x, y) = w(0)(x, y)− β

∫ t

0
DH(w(s))(x, y)1Gw(s)

ds, (6.32)

for (x, y) ∈ [0, 1](2) and t ∈ R+.

Here Gu ⊆ [0, 1](2) for any u ∈ W[0,1] is defined as

Gu :=
{
(x, y) ∈ [0, 1](2)

∣∣∣ u(x, y) = 1, b(u)(x, y) < 0
}
∪
{
(x, y) ∈ [0, 1](2)

∣∣∣ u(x, y) = 0, b(u)(x, y) > 0
}
,

∪
{
(x, y) ∈ [0, 1](2)

∣∣∣ 0 < u(x, y) < 1
}
. (6.33)

This can be seen by defining L(0) and L(1) as

L(1)(t) := +

∫ t

0
b(w(s))(u, v)1{w(s)(u, v) = 1, b(w(s)) > 0}ds,

L(0)(t) := −
∫ t

0
b(w(s))(u, v)1{w(s)(u, v) = 0, b(w(s)) < 0}ds,
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on {(U, V ) = (u, v)}, and observing that the process (X,L(0), L(1)) solves the Skorokhod

problem w.r.t. [0, 1](2) (see Section 5.2.3). It is clear that that w is a constant factor

reparametrization of gradient flow of H on the space of graphons. We now show that this

is indeed the case, that is, as σ → 0 the curve wσ converges to w on the space of graphons

under the cut metric, uniformly over compact intervals of time. To this end, let (Ω,F ,P)

be a probability space equipped with a family of i.i.d. uniform random variables {Ui}i∈N
and a collection of independent linear BM

{
B(i,j)

}
(i,j)∈N(2) . We can therefore define an IEA

Xσ on this probability space such that

dXσ
(i,j)(t) = −βDH(E[W σ(t)])(Ui, Uj)dt+ σ dB(i,j)(t) + dL(0)

(i,j)(t)− dL(1)
(i,j)(t),

W σ(t)(x, y) = Law(Xσ
(i,j)(t) | (Ui, Uj) = (x, y)), (x, y) ∈ [0, 1](2),

for t ∈ R+, where
(
Xσ, L(0), L(1)

)
solves the Skorokhod problem with respect to [0, 1].

Let w be as defined in (6.32). Recall that w(t) can be naturally identified with an

MVG W (t) defined as W (t)(x, y) := δw(t)(x,y) for (x, y) ∈ [0, 1](2). On the probability space

(Ω,F ,P) we define another IEA given by X(i,j)(t) = w(t)(Ui, Uj) for (i, j) ∈ N(2). Notice

that the IEA X satisfies the McKean-Vlasov SDE given by

dX(i,j)(t) = −βDH(E[W (t)])(Ui, Uj)dt+ dL(0)
(i,j)(t)− dL(1)

i,j (t),

W (t)(x, y) = Law(X(i,j)(t) | (Ui, Uj) = (x, y)), (x, y) ∈ [0, 1](2),
t ∈ R+, (6.34)

where
(
X,L(0), L(1)

)
solves the Skorokhod problem with respect to [0, 1]. Note that given

{Ui}i∈N the IEA X is deterministic. In particular, W (t)(x, y) = δw(t)(x,y).

Proposition 6.3.6. Let w0 ∈ W[0,1] be a kernel. Let wσ and w be defined in equation (6.31)

and (6.32). Then, for every finite t > 0, sups∈[0,t]‖wσ(s)− w(s)‖� ≤ 2Cσ2t exp(Ct2) for

some universal constant C > 0.

Proof of Proposition 6.3.6. We first prove a slightly stronger result, that is, we show that

W σ converges to W in the MVG sense. The desired result therefore follows immediately.

The proof closely resembles the proof of Theorem 6.2.2. Let (Ω,F ,P) be as above and

Xσ, X,W σ,W be as above with the initial condition W σ(0)(x, y) = W (0)(x, y) = δw0(x,y).

Using the Lipschitzness of Skorokhod map as in the proof of Theorem 6.2.2, we observe that
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for any (i, j) we have∣∣∣Xσ
(i,j)(t)−X(i,j)(t)

∣∣∣2 ≤ Ct

∫ t

0
|b(wσ(s))(Ui, Uj)− b(w(s))(Ui, Uj)|2 + Cσ2|Bi,j(t)|2.

Summing over (i, j) ∈ [k]2 and diving by 1
k2

we obtain that for each k ∈ N we have

‖K(Xσ[k](t))−K(X[k](t))‖22 ≤ Ik(t) + Jk(t),

where Ik(t) = Ct

∫ t

0

1

k2

∑
(i,j)∈[k]2

|b(wσ(s))(Ui, Uj)− b(w(s))(Ui, Uj)|2 ds,

and Jk(t) := Cσ2
1

k2

∑
(i,j)∈[k]2

∣∣B(i,j)(t)
∣∣2.

By Doob’s maximal inequality [129, page 14, Theorem 3.8.iv] and Markov’s inequality we get

P
{

sups∈[0,t] Jk(s) ≥ 2Cσ2t
}
≤ C

4k2
. Using our assumption on b, we conclude that (compare

with (6.9))

sup
s∈[0,t]

‖K(Xσ[k](s))−K(X[k](s))‖2� ≤ Cβ2κ2�t

∫ t

0
‖W (s)−W σ(s)‖2� ds+ 2Cσ2t, (6.35)

with probability at least 1 − C
4k2

. Note that compared to equation (6.9) in the proof of

Theorem 6.2.2, the above inequality is much simpler. The reason being that the drift

function b depends only on MVG and not on X(i,j)(t). Secondly, the our initial condition

ensures that Xσ
(i,j)(0) = X(i,j)(0). At this step, we use the same argument as in the proof

of Theorem 6.2.2 to replace ‖K(Xσ[k](s))−K(X[k](s))‖2� with ‖W (s)−W σ(s)‖2� up to a

small error Ck = 64k−1/4 with probability at least 1− e−ck where ck =
√
k/20. Combining

all this and using Grönwall’s inequality [100] as in the proof of Theorem 6.2.2 we conclude

that

sup
s∈[0,t]

D2
2(K(Xσ[k](s)),K(X[k](s))) + sup

s∈[0,t]
‖W σ(s)−W (s)‖2�

≤ (Ck + 2Cσ2t)eCβ2κ2�t
2
, with probability at least 1− e−ck − C

4k2
.

Letting k → ∞, we conclude that sups∈[0,t]‖W σ(s)−W (s)‖2� ≤ 2Cσ2teCβ2κ2�t
2 . The desired

claim now follows from the fact that W → E[W ] is a contraction.

Proposition 6.3.7 (Non-asymptotic high probability error bound). Let Xσ
n be a solution

to equation (6.6) for Σn ≡ σ. Let the assumptions of Theorem 6.2.2 and Theorem 6.3.6
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hold. If the initial condition is i.i.d., then

sup
s∈[0,t]

‖K(Xσ
n (s))−W (s)‖2� ≤ Ctn

−1/56 log3/2 n+ (64n−1/14 + 2Cσ2t)eCβ2κ2�t
2
, (6.36)

with probability at least 1− 5n−3/7 − tn−
2

7κ2t . Here W (s)(x, y) = δw(s)(x,y) for a.e. (x, y) ∈

[0, 1](2), and s ∈ R+ following equation (6.31); and κ = 32
√
6
(
L2 + 2κ2�

)1/2.
Proof. To get a non-asymptotic error rate, we need to control on Ak and Bk(n) in equa-

tion (6.11). Observe that Bk(n) depends on the initial condition and in general it can be

arbitrarily slow. However, assuming that the initial condition is i.i.d., one can use Cheby-

shev’s inequality to obtain P
{
Bk(n) ≥ 66k−1/4

}
≤ k−3/2.

On the other hand, combining the arguments in [102, Proposition 4.5] and [150, Propo-

sition 8.12], it can be shown that there exists a constant Mt (depending only on t) such

that for any δ > 0 we have P
{
Ak ≥Mt(δ log(1/δ))1/4

}
≤ k−2 + tδ−1e

128
δ log(1/δ) e−kδ log(1/δ)/2.

To obtain above bound for Ak, we argue as follows. For each fixed ψ ∈ L, moment

computation yields t(C4,Γ(ψ, Ãk(s))) is sub-gaussian with norm at most 1√
k
. In partic-

ular, for any δ > 0 we have P
{
t(C4,Γ(ψ, Ãk(s)) ≥

√
δ log(1/δ)

}
≤ e−

kδ log(1/δ)
2 . Note

that the right side is independent of ψ. For any subset F ⊆ L define ∆k,F (s) :=

supψ∈F
∣∣∣t(C4,Γ(ψ, Ãk(s)))

∣∣∣. Fix ε > 0 and note that by Lemma 2.4.15 there exists a finite

set F ⊆ L such that |F | ≤ e
32
ε2 and |∆k,L(s)−∆k,F (s)| ≤ ε. Taking ε = 1

2

√
δ log(1/δ), we

get P
{
∆k,L(s) ≥

√
δ log(1/δ)

}
≤ P

{
∆k,F (s) ≥ 2−1

√
δ log(1/δ)

}
≤ e

128
δ log(1/δ) e−kδ log(1/δ)/2.

Repeating the proof of [102, Proposition 4.5], we obtain that (∆k,L)k∈N is

equicontinuous with high probability. That is, for any fixed δ > 0 we have

P
{

sup|s1−s2|≤δ,s1,s2∈[0,t]|∆k,L(s1)−∆k,L(s2)| ≥Mt

√
δ log(1/δ)

}
≤ 1

k2
. It now fol-

lows from a δ-net argument that P
{

sups∈[0,t]∆k,L(s) ≥Mt(δ log(1/δ))1/2
}

≤ k−2 +

tδ−1e
128

δ log(1/δ) e−kδ log(1/δ)/2. Following [150, Proposition 8.12], we have
∥∥∥Ãk(s)∥∥∥4

�
≤ ∆k,L(s).

This yields the desired conclusion. In particular, choosing δ = 64
√
k−1 log k and

λk = log(k)/
(
16 · 384t(L2 + 2κ2�)

)
, we have the left hand side of (6.11) bounded by

Mtk
−1/16 log3/2 k with probability at least 1 − k2

n − 4k−
1

κ2t − 2te−
√
k/20 − 2k−3/2, where

κ = 32
√
6
(
L2 + 2κ2�

)1/2.
Since t is fixed, we can choose k to be a suitable function of n, say k = n2/7. The proof
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is now complete with the help of Proposition 6.3.6 and a triangle inequality.

Proposition 6.3.8 (Convergence McKean-Vlasov (6.32) to equilibrium when σ = 0). Let

H be δ�-lower semicontinuous and satisfy Assumption 10 with λ ≥ 0 and L ∈ [λ,∞)∪{∞}.

Let w be the graphon valued curve as defined in (6.32). Let w∗ ∈ Ŵ[0,1] be a minimizer of

H, then

H(w(t))−H(w∗) ≤
δ22(w(0), w∗)

2βt
, t ∈ R+. (6.37)

Moreover, if λ > 0 and L < ∞ and w∗ ∈ Ŵ[0,1] is the unique minimizer of the strongly

convex function H, then for t ∈ R+,

δ2(w(t), w∗) ≤ e−βλtδ2(w(0), w∗), H(w(t))−H(w∗) ≤
L

2
e−2βλtδ22(w(0), w∗). (6.38)

Proof. Notice that βDH is the Fréchet-like derivative evaluation map of βH. The proof

immediately follows from [167, Remark 4.16] following [5, Remark 4.0.5, part (d)], [5, Corol-

laray 4.0.6] and Assumption 10.

The notion of (geodesic) convexity of functions on graphons can be found in [167, Defi-

nition 2.15]. When H is a linear combinations of homomorphism densities, it is only semi-

convex. However, one may regularize H by adding a large enough multiple of scalar entropy

to make it strictly convex [167, Section 5.1.1, Section 5.1.3] and satisfy the conditions for

exponential convergence in Proposition 6.3.8.

6.4 Remaining Proofs

6.4.1 Scaling limit of Metropolis

Properties of drift function

Lemma 6.4.1. Let Y be a standard normal random variable on R[r](2). For any v ∈ R[r](2)

and t > 0 we have

EY
[
Y exp

(
−t〈v, Y 〉+F

)]
= −2tv exp

(
t2‖v‖2F

)
Φ(

√
2t‖v‖F).
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Proof. Let Y be as above. Let π : y 7→ 〈v, y〉F and let X = π(Y ). Note that X = 〈v, Y 〉 ∼

N (0, 2‖v‖2F). The factor of 2 is due to symmetry. Observe that

E
[
Y exp

(
−t〈v, Y 〉+F

)]
= EX

[
exp
(
−tX+

)
EY [Y | 〈v, Y 〉 = X]

]
=

v

‖v‖2F
E
[
X exp

(
−tX+

)]
=

√
2v

‖v‖F
E
[
Z exp

(
−
√
2t‖v‖FZ

+
)]
,

where Z ∼ N(0, 1) is standard normal random variable. he proof follows by observing that

E[Z exp(−αZ+)] = −α exp
(
1
2α

2
)
Φ(α) and taking α =

√
2t‖v‖F.

Martingale quadratic variation

The proof of the following lemma follows from a standard argument using Donsker’s invari-

ance theorem and the Lipschitzness of Skorokhod map and is skipped.

Lemma 6.4.2 (Time at boundary of reflected RW). Let `n = dr−4σ2γnn
4e. Fix x ∈{

i/n2
∣∣ i = 0, . . . , n2

}
. Let S denote the symmetric random walk with step size 1

n2 reflected

at {0, 1} starting at x. Then,

lim
n→∞

1

γnn4

`n∑
k=1

1{0,1}{Sk} = 0, in probability.

We now compute the quadratic variation of the martingale M (n)
r (t) defined in Section 6.3.

Lemma 6.4.3 (Martingale Quadratic Variation). For r ∈ N, n ∈ N and t ∈ R+, let

M
(n)
r (t) :=

∑tn,r−1
`=0 ∆M

(n)
r,` where tn,r =

⌊
tr4/γn

⌋
. Then, the quadratic variation of Mn in

the time interval [0, t] converges to tσ2I for all t ∈ R+. That is, the following convergence

holds in probability:

lim
n→∞

tn,r−1∑
`=0

E
[(

∆M
(n)
r,`,(i,j)

)(
∆M

(n)
r,`,(i′,j′)

) ∣∣∣ F`] = tσ21
{
i = i′, j = j′

}
,

for all (i, j), (i′, j′) ∈ [r](2).

Proof. We first notice that for each k ∈ N we have E
[∥∥∥q̃(n)r,k+1 − q

(n)
r,k

∥∥∥2
2

∣∣∣∣ Fk] ≤ r2γ2n. Let Gk

be the sigma algebra generated by Fk∨
{
p
(n)
r,k+1

}
. Recall that given p(n)r,k+1, the iterate q(n)r,k+1

is obtained by running `n steps of independent symmetric random walk with step size 1
n2
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(with reflection at {0, 1}) starting at p(n)r,k+1. Fix (i, j) ∈ [r](2). Let Sk denote the symmetric

random walk with step size 1/n2 run for m steps starting at p(n)r,k+1,(i,j). Now observe that

E
[(
q
(n)
r,k+1,(i,j) − p

(n)
r,k+1,(i,j)

)2 ∣∣∣∣ Gk] = 1

n4

`n∑
m=1

1(0,1){Sk,m}+
1

2n4

`n∑
m=1

1{0,1}{Sk,m}

=
`n
n4

− 1

2n4

`n∑
m=1

1{0,1}{Sk,m}.

Set h(n)k = 1
2n4

∑`n
m=1 1{0,1}{Sm}. Note that limn→∞

∑tn,r−1
m=0

`n
n4 = tσ2. It follows that

lim
n→∞

∣∣∣∣∣∣
tn,r−1∑
`=0

E
[(

∆M
(n)
k,`,(i,j)

)2]
− tσ2

∣∣∣∣∣∣ ≤ lim
n→∞

r2γ2ntn,r + lim
n→∞

tn,r−1∑
`=0

h
(n)
k .

It is clear that r2γ2ntn,r → 0 as n→ ∞, and limn→∞
∑tn,r−1

k=0 h
(n)
k = 0 by Lemma 6.4.2.

For simplicity define ∆̂q
(n)
r,k,(i,j)

:= q
(n)
r,k+1,(i,j)−p

(n)
r,k+1,(i,j). If {i, j} 6= {i′, j′} then ∆̂q

(n)
r,k,(i,j)

and ∆̂q
(n)
r,k,(i′,j′) are independent given Gk. In particular,

E
[
∆̂q

(n)
r,k,(i,j)∆̂q

(n)
r,k,(i′,j′)

∣∣∣ Gk] = E
[
∆̂q

(n)
r,k,(i,j)

∣∣∣ Gk]E[∆̂q(n)r,k,(i′,j′)

∣∣∣ Gk]
≤ 1

n4

`n∑
m=1

1{0,1}{Sk,m},

where Sk,m is as above. Using Lemma 6.4.2 we conclude that

lim
n→∞

∣∣∣∣∣∣
tn,r−1∑
`=0

E
[
∆M

(n)
k,`,(i,j)∆M

(n)
k,`,(i′,j′)

]∣∣∣∣∣∣ ≤ lim
n→∞

tn,r−1∑
`=0

h
(n)
k = 0.

This completes the proof.

Away from boundary

In the following, we denote by S = (Sk)k∈Z+
a standard simple symmetric random walk.

Recall the KMT embedding theorem [136] which states that one can couple S with some

Brownian motion B such that

P
{

max
0≤k≤T

|Sk −B(k)|
n2

≥ C
logT + x

n2

}
≤ e−x,
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for any T ∈ N. Taking T = sn (and `n respectively), we obtain that for n sufficiently large

we have

P
{

max
0≤k≤sn

|Sk −B(k)|
n2

≥ C logn
n2

}
≤ P

{
max

0≤k≤`n

|Sk −B(k)|
n2

≥ C logn
n2

}
≤ 1

n4
.

Further observe that for a fixed δ > 0, we have that

P
{

max
0≤t≤sn/n4

|B(t)| ≥ δ

}
≤ P

{
max

0≤t≤`n/n4
|B(t)| ≥ δ

}
≤ 2Φ

(
δ

r−2σ
√
γn

)
.

We combine these observations to obtain the following lemma.

Lemma 6.4.4. Let S̃k = 1
n2Sk for every k ∈ Z+. Let ε > 0 be fixed. Then, for all n ∈ N

sufficiently large, we have

P
{

max
k≤sn

∣∣∣S̃k∣∣∣ ≥ ε/2

}
≤ P

{
max
k≤`n

∣∣∣S̃k∣∣∣ ≥ ε/2

}
≤ 1

n4
+ 2Φ

(
ε

4r−2σ
√
γn

)
.

Lemma 6.4.5. Let ε > 0 fixed. Let ` ∈ Z+ be such that q(n)r,` ∈ Aε. Then, for n sufficiently

large, we have∥∥∥E[∆q(n)r,`

∣∣∣ F`]− E
[
∆̃q

(n)
r,`

∣∣∣ F`]∥∥∥2
F
≤ 2

(
r2

n4
+ 2r2Φ

(
ε

4r−2σ
√
γn

))
,

with probability at least 1− r2

n4 − 2r2Φ
(

ε
4r−2σ

√
γn

)
.

Proof. Let ε > 0, r, ` be fixed. Let ∆̂q
(n)
r,` := q

(n)
r,`+1 − q̃

(n)
r,`+1. Begin by observing that∥∥∥E[∆q(n)r,`

∣∣∣ F`]− E
[
∆̃q

(n)
r,`

∣∣∣ F`]∥∥∥2
F
=
∥∥∥E[∆̂q(n)r,`

∣∣∣ F`]∥∥∥2
2
.

Let En,` be the event that q̃(n)r,`+1 ∈ Aε/2. Using Lemma 6.4.4 and union bound we conclude

that

P
{
Ẽn,`

}
≥ 1− r2

n4
− 2r2Φ

(
ε

4r−2σ
√
γn

)
.

Given p
(n)
r,`+1, we observe that ∆̂q

(n)
r,` has the same distribution as symmetric random walk

with step-size 1
n2 (reflected at boundary {0, 1}) run for `n,r steps. Let us denote this j-th step

of this walk by Sk,j . Also define a simple random walk with step-size 1
n2 (without reflection)

S̃k starting with the same initial condition as Sk. Given q̃(n)r,`+1 ∈ Aε/2, we can couple the walk

Sk and S̃k so that Sk,j = S̃k,j for all j ≤ T where T = min
{
i ∈ Z+

∣∣∣ ∣∣∣S̃k,i − S̃k,0

∣∣∣ ≥ ε/2
}

.
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That is, we couple the two walks so that they are equal till they move at least ε/2 distance

from the starting position. Now notice that

E
[
∆̂q

(n)
r,`

∣∣∣ G`] = E
[
∆̂q

(n)
r,` 1T≤`n

∣∣∣ G`]+ E
[
∆̂q

(n)
r,` 1T>`n

∣∣∣ G`].
using the bound ∆̂q

(n)
r,` ≤ 1 and Lemma 6.4.4 we have that

∥∥∥E[∆̂q(n)r,` 1T≤`n

∣∣∣ G`]∥∥∥2
F
≤ r2

n4
+ 2r2Φ

(
ε

4r−2σ
√
γn

)
.

On the other hand, using the fact that E
[
S̃k,`n

∣∣∣ G`] = 0, we obtain

∥∥∥E[∆̂q(n)r,` 1T>`n

∣∣∣ G`]∥∥∥2
F
=
∥∥∥E[S̃k,`n1T>`n ∣∣∣ G`]∥∥∥2F

=
∥∥∥E[S̃k,`n1T>`n ∣∣∣ G`]− E

[
S̃k,`n

∣∣∣ G`]∥∥∥2
F

=
∥∥∥E[S̃k,`n1T≤`n ∣∣∣ G`]∥∥∥2F ≤ r−2σ2γn

(
r2

n4
+ 2r2Φ

(
ε

4r−2σ
√
γn

))
.

Thus, we conclude that for n sufficiently large we have∥∥∥E[∆̂q(n)r,`

∣∣∣ F`]∥∥∥2
F
≤ 2

(
r2

n4
+ 2r2Φ

(
ε

4r−2σ
√
2γn

))
.

completing the proof.

Lemma 6.4.6. Let r ∈ N, for any k ∈ Z+, let q(n)r,k and q̃
(n)
r,k+1 be as defined in Step 1 of

our algorithm in Section 6.3. Then, there exists a universal constant c > 0 such that for all

n ∈ N \
[⌈

ecr/4
⌉]

, we have∥∥∥K(q̃(n)r,k+1

)
−K

(
q
(n)
r,k

)∥∥∥2
2
≤ 4γ2n + (16/c)γ2n logn =: en ≤ (32/c)γ2n logn,

with probability at least 1− 2n−4.

Proof. For every i, j ∈ [r], let (Si,j,k)k∈Z+
denote the 1-dimensional symmetric random walk

with step-size 1
n2 starting at 0. Let these random walks be independent up to the double

index symmetry for indices (i, j) ∈ [r](2). Recall that sn =
⌈
γ2nn

4
⌉
, and note that for any

i, j ∈ [r], given q
(n)
r,k,(i,j) we have

q̃
(n)
r,k+1,(i,j) − q

(n)
r,k,(i,j)

d
= Sko(Ssn).
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Since the Skorokhod map is 4-Lipschitz, we conclude that

P
{∥∥∥K(q̃(n)r,k+1

)
−K

(
q
(n)
r,k

)∥∥∥2
2
≥ en

}
≤ P

 1

r2

∑
(i,j)∈[r](2)

(Si,j,sn)
2 ≥ en/4

. (6.39)

We will now show that the quantity 1
r2
∑

i,j∈[r](2)(Si,j,sn)
2 is concentrated near its expecta-

tion, that is sn ·
(

1
n2

)2. From the Hanson-Wright concentration inequality [189],

P


∣∣∣∣∣∣ 1r2

∑
i,j∈[r](2)

(Si,j,sn)
2 − γ2n

∣∣∣∣∣∣ > tn

 ≤ P


∣∣∣∣∣∣ 1r2

∑
i,j∈[r](2)

(Si,j,sn)
2 − snn

−4

∣∣∣∣∣∣ > tn


≤ 2 exp

(
−cmin

{
t2n(

1
n2

)4
rs2n

,
tn(

1
n2

)2
sn

})
≤ 2 exp

(
−cmin

{
t2n
rγ4n

,
tn
γ2n

})
, (6.40)

for every tn ≥ 0, for some universal constant c > 0. Let us consider tn ≥ rγ2n. Then,

the above probability becomes 2 exp
(
−ctn/γ2n

)
. Moreover, for n ≥ ecr/4 if we choose tn =

(4/c)γ2n logn, we have that for all (i, j) ∈ [r](2),

1

r2

∑
i,j∈[r](2)

(Si,j,sn)
2 ≤ γ2n + (4/c)γ2n logn,

with probability at least 1− 2n−4, for en := 4γ2n + (16/c)γ2n logn ≤ (32/c)γ2n logn.

Lemma 6.4.7. Let ε > 0 be fixed, en be as defined in Lemma 6.4.6, and let q(n)r,` ∈ Aε where

Aε is defined in (6.25). Then,∥∥∥E[∆q(n)r,`

∣∣∣ F`]− γnr
−4br

(
q
(n)
r,`

)∥∥∥2
F
≤ Cr2

n4
+ 4r2β2n,re

3
n max{λ,L}+ 2r2Φ

(
ε

4r−2σ
√
γn

)
,

with probability at least 1− 2
n4 − 2r2

n4 − 4r2Φ
(

ε
4r−2σ

√
γn

)
.

Proof. Let I :=
∥∥∥K (q̃(n)r,`+1

)
−K

(
q
(n)
r,`

)∥∥∥2
2

and let An,` be the event that {I ≤ en}. In the

following we will work on this event. Set

J :=

exp
(
−βn,r

[
H
(
K
(
q̃
(n)
r,`

))
−H

(
K
(
q
(n)
r,`

))]+)
exp
(
−βn,r

〈
DH

(
K
(
q
(n)
r,`

))
,K
(
q̃
(n)
r,`+1

)
−K

(
q
(n)
r,`

)〉+) ,
From our assumption on (γn)n∈N, we have that for sufficiently large n, βγn log2 n ≤ 1.

Notice that by Assumption 10, we have

1− 2βn,rλI ≤ exp(−βn,rλI) ≤ J ≤ exp(βn,rLI) ≤ 1 + 2βn,rLI,
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if βn,rλI, βn,rLI ≤ 1, i.e., when n is sufficiently large. Define b(n)r at q(n)r,` as

E
[(
q̃
(n)
r,`+1 − q

(n)
r,`

)
exp
(
−βn,r

〈
DH

(
K
(
q
(n)
r,`

))
,K
(
q̃
(n)
r,`+1

)
−K

(
q
(n)
r,`

)〉+) ∣∣∣∣ Fk].
Then, on the event An,` we have

∥∥∥E[∆̃q(n)r,`

∣∣∣ Fk]− b
(n)
r

(
q
(n)
r,`

)∥∥∥2
F
≤ 4r2β2n,re

3
n max{λ,L}.

Let En,` be the event as in the proof of Lemma 6.4.4. On this event, we have∥∥∥E[∆q(n)r,`

∣∣∣ F`]− E
[
∆̃q

(n)
r,`

∣∣∣ F`]∥∥∥2
F
≤ C

(
r2

n4
+ 2r2Φ

(
ε

4r−2σ
√
γn

))
. (6.41)

Moreover, on the event En,` we also have that given Fk, the coordinates of the r × r

symmetric matrix
(
q̃
(n)
r,`+1 − q

(n)
r,`

)
are i.i.d. and have the same distribution as S̃sn .

Let Ỹn be r × r matrix with independent entries such that Ỹn,(i,j) be increment of the

symmetric random walk (without reflection) of step-size n−2 starting from q
(n)
r,`,(i,j) run for

sn =
⌈
γ2nn

4
⌉

steps. Let Br be an r × r symmetric matrix of standard Brownian motions.

On the event En,` ∩ An,`, we use the Berry-Esseen lemma (see [177, Theorem 16]) with a

union bound to obtain W2
2

(
Ỹn, Br(γ

2
n)
)
≤ Cr2

n4 , for some universal constant C > 0.

Let ∇Hr

(
q
(n)
r,`

)
= V . Define a function G(Y ) := Y exp

(
−βn,r〈V, Y 〉+F

)
. Note that G is a

bounded Lipschitz function of Y . Observe that b(n)r

(
q
(n)
r,`

)
= E

[
G
(
Ỹn

)]
. On the other hand,

we know that γnr−4br

(
q
(n)
r,`

)
= E[G(Br(γn))]. We conclude that on the event En,`∩An,` we

have ∥∥∥E[∆̃q(n)r,`

∣∣∣ F`]− γnr
−4br

(
q
(n)
r,`

)∥∥∥2
F
≤ Cr2

n4
+ 4r2β2n,re

3
n max{λ,L}.

The conclusion follows by using (6.41) and noticing that the

P{En,` ∩An,`} ≥ 1− 2

n4
− 2r2

n4
− 4r2Φ

(
ε

4r−2σ
√
γn

)
.
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Chapter 7

SCALING LIMIT OF ITERATED MATRIX PRODUCTS

7.1 Introduction

Beginning with the seminal work of Bellman [23], Furstenberg and Kesten [90] and

Berger [26] there is a significant work on the law of large number and CLT type results for

(the entries of the) product of random matrices and operators [89, 207, 213, 121, 206, 78].

Concentration inequalities for the product of random matrices have also been extensively

studied [81, 17, 130, 105, 59]. Iterated products of matrices have been studied in the context

of random walks on groups [145, 88, 25]. In this paper, we study the scaling limit for the

iterated products of triangular arrays of matrices in large dimensions.

To state the problem, let us consider a triangular array of n × n (possibly random)

matrices
((

A
(m)
n,k

)
k∈[m]

)
m∈N

and define the following iterated product of matrices

P (m)
n (k) :=

(
In +

µn
m
A

(m)
n,k

)
. . .
(
In +

µn
m
A

(m)
n,2

)(
In +

µn
m
A

(m)
n,1

)
, k ∈ [m], (7.1)

where µn is a dimension-dependent scaling factor. We set P (m)
n (0) = In. Our goal is to

establish the scaling limit for P (m)
n in equation (7.1) as m,n→ ∞. In the following, we first

explain the scaling limit as m → ∞ and then consider the limit as n → ∞. The role of µn

becomes important only when we consider the limit as n→ ∞. Therefore, in the following

discussion, we fix µn = 1.

A particularly important situation where such matrix products arise in more general-

ity is deep residual Neural Networks (NNs). Particularly, a deep residual NN with linear

activation and m ∈ N layers consists of a sequence of m matrices (An,k)k∈[m]. More gen-

erally, instead of a scaling of 1
nm as described in equation (7.1), one can consider τn,m ∈{

1
nm ,

1
n
√
m
, 1√

nm

}
and consider the following product. Given an input H0 ∈ Rn, the k-th

layer of the NN computes Hk ∈ Rn as Hk = Hk−1 + τn,mAn,kHk−1 = (In + τn,mAn,k)Hk−1,

for k ∈ [m]. The output of the NN is simply the average of Hm. Different choices of scaling
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of τn,m with respect to n and m lead to different parameterizations of the NN. We refer the

reader to [216, 217] and references within for the importance and implications of some of

the choices. We also refer the readers to [104, 64, 191, 101, 94, 6, 148, 218, 194, 33, 120] for

recent literature on deep neural network where the evolution of neurons are thought of as

appropriate Gaussian processes.

First, let us consider the scaling limit of P (m)
n , fixing the dimension n ∈ N, as m → ∞.

As n is fixed, we will drop µn for simplicity in the following discussion. Note that P (m)
n

satisfies following difference equation

P (m)
n (k + 1)− P (m)

n (k) =
1

m
A

(m)
n,k+1P

(m)
n (k), k ∈ [m− 1].

It is reasonable to expect that P (m)
n admits a scaling limit. That is, under appropriate

conditions on the curve An defined as An(t) := limm→∞A
(m)
n,bmtc for t ∈ [0, 1], we should

expect that the curve Pn,m defined as Pn,m(t) := P
(m)
n (bmtc) for t ∈ [0, 1], converges to

an absolutely continuous curve, say Pn, satisfying d
dtPn(t) = An(t)Pn(t) as m → ∞. If

An(t) ≡ An is a constant curve, then the solution to this differential equation is Pn(t) = etAn .

For a more general curve An, one may guess the solution of the above differential equation

to be Pn(t) = e
∫ t
0 An(s) ds. However, this is incorrect – unless An(s) and An(s

′) commute

for all s, s′ ∈ [0, t]. However, the correct solution can be defined using a non-commutative

analog of exponential that we define later.

Now consider the case where instead of
(
A

(m)
n,k

)
k∈[m]

, we have i.i.d. matrices
(
G

(m)
n,k

)
k∈[m]

with i.i.d. standard Gaussian coordinates and instead of equation (7.1), we consider the

iterated product of matrices such that

P (m)
n (k + 1)− P (m)

n (k) =
1√
m
G

(m)
n,k+1P

(m)
n (k).

Following a similar heuristic as above, one may expect that Pn,m converges to a matrix

valued SDE satisfying dPn(t) = dBn(t)Pn(t) for t ∈ [0, 1] as m→ ∞, where Bn is an n× n

matrix whose coordinates are i.i.d. Brownian motions.

In Theorem 7.2.4 we consider a general class of triangular sequence of random matrices

that encompasses both the cases above. That is, we consider

P (m)
n (k) :=

(
In +X

(m)
n,k

)
. . .
(
In +X

(m)
n,2

)(
In +X

(m)
n,1

)
, k ∈ [m], P (m)

n (0) := In,
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where

X
(m)
n,k :=

µn
m
M

(m)
n,k +

σn√
m
G

(m)
n,k , k ∈ [m], (7.2)

such that E
[
M

(m)
n,k

]
= A

(m)
n,k for every k ∈ [m]. We show that, under appropriate assumptions

and suitable time scaling, the iterated matrix product has a scaling limit that is given as

the unique solution Yn of an SDE. Moreover, we give the solution explicitly as a non-

commutative analogue of exponential of Yn, denoted Texp[Yn], that we define later (see

Definition 7.2.1). Let Pn,m(t) := P
(m)
n (bmtc), and An(t) := limm→∞A

(m)
n,bmtc, for t ∈ [0, 1],

as also defined earlier. We state below an informal version of Theorem 7.2.4.

Theorem 7.1.1 (Informal Theorem 7.2.4). The curve Pn,m uniformly converges to

Texp[Yn], where Yn(t) = µn
∫ t
0 An(s)ds+ σnBn(t), for t ∈ [0, 1].

Various authors have studied similar problems – in fixed dimension n ∈ N. For instance,

it is shown in [81] that if

Q
(m)
n,k =

(
In +

1

m
An,k

)
. . .

(
In +

1

m
An,2

)(
In +

1

m
An,1

)
, k ∈ [m], (7.3)

then Q(m)
n,m converges to eAn where An := limm→∞

1
m

∑m
k=1An,k (assuming this limit exists)

as m→ ∞. A particularly important case that this result covers is the case when {An,k}k∈N
are i.i.d. and have the expectation E[An,k] = An. In this particular case, the rate of

convergence was investigated in [105, 130]. It follows easily from the above result that if

(An,k)k∈N is a sequence of matrices such that limm→∞
1
m

∑m
k=1An,k = An then Q

(m)
n,bmtc →

etAn as m→ ∞. However, this theorem does not apply to the triangular array of matrices.

If we define the triangular array A
(m)
n,k := An,k for all k ∈ [m] and all m ∈ N, then our

result (Theorem 7.2.4) recovers this result (see Example 16). It should be noted that if((
A

(m)
n,k

)
k∈[m]

)
m∈N

is a triangular array of matrices such that An := limm→∞
1
m

∑m
k=1A

(m)
n,k

exists and also the limit Pn(t) := limm→∞ P
(m)
n (bmtc) exists, it is not necessarily true that

Pn(t) = etAn .

Our second problem concerns the iterated matrix product like equation (7.3) in very

large dimension (that is, as n → ∞). In the view of Theorem 7.2.4, it makes sense to

consider the limit of Texp[Yn] for a suitable class of semimartingale as n→ ∞. This raises
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an immediate question – namely, in what sense do we take limits of (curves of) n×n matrices

as n → ∞? We will return to this question, but before that let us remark that the scaling

µn in (7.1) becomes important here.

Let Mn denote the set of all n×n matrices. Notice in the simple case when A(m)
n,k = An

for all k ∈ [m] and m ∈ N for some fixed An ∈ Mn. Here, as m→ ∞, the product Qn,m in

equation (7.3) converges to eAn . Note that the coordinates of eAn are of the order O(en),

if the entries of An are O(1). This forces us to choose a suitable scaling µn. For instance,

if we consider the µn = 1
n in dimension as in equation (7.1), then eAn/n = In +O

(
n−1

)
for

large n ∈ N. Thus, the entrywise limit of eAn/n becomes trivial. Therefore, a more natural

object to consider is nEn where En := eAn/n − In. And, indeed the entries of nEn remain

bounded as n → ∞ – and therefore, one can hope to take the limit of nEn in some sense.

It is also instructive to consider the case when An is a matrix with, say, i.i.d. standard

Gaussian entries. In this case, one can see that nEn = An +O
(
1
n

)
. Therefore, it may have

a non-trivial limit.

Now, we come to meaning of limit. Consider the previous case, that is, where An is a

matrix of i.i.d. Gaussian entries and consider the matrix nEn = n
(
eAn/n − In

)
= An+O( 1n).

Intuitively, it makes sense to say that, as n → ∞, the matrix nEn converges to an ‘infinite

matrix’ or more precisely to an infinite exchangeable array (IEA) whose entries are i.i.d.

Gaussian. More generally, we define an IEA as a random variable X taking values in

RN×N, that is, X = (Xi,j)(i,j)∈N2 such that Law(X) = Law(Xσ) where Xσ
i,j = Xσ(i),σ(j)

for any finite permutation σ of N. Naturally, we say a matrix An ∈ Mn is exchangeable

if Law(An) = Law(Aσn) for all permutations σ of [n]. Note that given any matrix An,

one can obtain an exchangeable random matrix Ãn = Aσn where σ is a permutation of [n]

chosen uniformly at random. We can now define a notion of limit of a sequence of matrices

(An ∈ Mn)n∈N as n → ∞. We say that An converges to an IEA X if for every r ∈ N, the

r×r exchangeable matrix An{r} := (An(xi, xj))(i,j)∈[r]2 where x1, . . . , xr is chosen uniformly

at random from all r-subsets of [n] converges weakly to X[r] := (Xi,j)(i,j)∈[r]2 .

Before, we state our second main result, we consider another example. Let Gn be a

matrix with i.i.d. Gaussian coordinates, we can also consider n1/2En where En := eGn/
√
n−In.

Notice that, in this case, because of the CLT, the coordinates of 1
n(k−1)/2G

k
n are O(1).
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In particular, the coordinates of n1/2En =
∑∞

k=1
1
k!n

−(k−1)/2Gkn remain O(1) as n → ∞.

Therefore, one may expect a non-trivial limit for
(
n1/2En

)
n∈N even with this scaling. In

other words,
(
n1/2En

)
n∈N converges to an IEA with i.i.d. entries with zero mean and O(1)

variance. In the view of Theorem 7.2.4, we consider the limits of Texp[Yn] – with suitable

scaling and centering – for a semimartingale Yn(t) = µn
∫ t
0 An(s)ds + σnBn(t), t ∈ [0, 1].

Now we state an informal version of Theorem 7.2.6 – but before that we some definitions and

notations. A kernel W is a measurable function W : [0, 1]2 → R that is square integrable.

Let (Ui)i∈N be a collection of i.i.d. Uni([0, 1]) random variables and let W be a kernel.

We can construct a r × r exchangeable matrix W{r} := (W (Ui, Uj))(i,j)∈[r]2 and an IEA

W{∞} := (W (Ui, Uj))(i,j)∈N2 . If An is a n× n matrix, we will write An{r} for K(An){r}.

Theorem 7.1.2 (Informal Theorem 7.2.6). Let Yn(t) = µn
∫ t
0 An(s)ds + σnBn(t)

be a semimartingale. Let W be a continuous curve of kernel such that

sups∈[0,t]‖K(An)(s)−W (s)‖2 → 0 as n → ∞ for every t ∈ [0, 1]. Let En = Texp[Yn] − In.

Then, there exists a curve of kernels t 7→ Γ(t) such that

1. When µn = σn = n−1, then (nEn)n∈N converges to an IEA Γ(t){∞}+B∞.

2. When µn = σ2n = n−1, then n1/2En = n1/2(Texp[σnBn]− In) + O
(
n−1/2

)
converges,

as n→ ∞, to an IEA X satisfying X(t) = B∞(et − 1) for t ∈ [0, 1].

3. When µn = σ2n = n−1, then n1/2
(
n1/2En − n1/2(Texp[σnBn]− In)

)
converges to an

IEA with Gaussian entries with mean as in the case 1, i.e., Γ(t){∞} (albeit with a

non-trivial covariance).

7.2 Setup and Main Results

7.2.1 Iterated matrix product in fixed dimension

We now explore the scaling limit of iterated product of matrices as defined in (7.1) asm→ ∞

while the dimension n is kept fixed. As throughout this section we keep the dimension n

fixed, we will drop the scaling depending on n whenever convenient. We begin with some

definitions and notations.
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Definition 7.2.1 (Time ordered exponential). Let t 7→ Yn(t) be an n × n ma-

trix valued càdlàg semimartingale. For any k ∈ N and t ∈ R+, let ∆k(t) :={
(s1, . . . , sk) ∈ [0, t]k

∣∣ t ≥ sk ≥ sk−1 ≥ . . . s1 ≥ 0
}

and define

Jk(Yn)(t) :=

∫
∆k(t)

dYn(sk) . . . dYn(s1), k ∈ N, J0(Yn) ≡ In.

We define an non-commutative exponential Texp[ · ] of Yn as

Texp[Yn](t) :=
∞∑
k=0

Jk(Yn)(t), t ∈ R+. (7.4)

If t 7→ Yn(t) = tAn for some fixed matrix An, then Texp[Yn](t) = etAn for every t. Even

for a general (deterministic) absolutely continuous curve t 7→ Yn(t), the non-commutative

exponential Texp[Yn](t) admits a beautiful interpretation that we explain in Example 14.

Definition 7.2.2 (Poisson point process). Let N be a unit intensity Poisson point process

on R+. For every t ∈ R+, define Nt as the set of atoms from N occurring up to time t, such

that Nt(ω) = N(ω)∩ [0, t] for every realization ω. The set Nt is ordered in a non-decreasing

manner, reflecting the chronological order of atoms up to time t. Recall that conditioned on

|Nt| = k, the distribution of ordered tuple of points 0 ≤ s1 ≤ s2 ≤ . . . ≤ sk ≤ t in Nt has

uniform distribution on ∆k(t). We refer the reader to [43] for more detail on Poisson point

processes.

Example 14. Suppose Yn is a deterministic and absolutely continuous curve. Let Yn(t) =∫ t
0 An(s)ds for t ∈ R+, where the integral is applied coordinatewise. For k ≥ 1, it follows

that

Jk(Yn)(t) =

∫
∆k(t)

An(sk)An(sk−1) . . . An(s1)

k∏
j=1

dsj

= |∆k(t)|
∫
∆k(t)

An(sk)An(sk−1) . . . An(s1)dσk,t(sk, . . . , s1)

= etE

[ ∏
α∈Nt

An(α)

∣∣∣∣∣ |Nt| = k

]
P{|Nt| = k},

where |∆k(t)| is the volume (that is k-dimensional Lebesgue measure) of the simplex

∆k(t), σk,t is the uniform measure on ∆k(t), and the last line follows by observing that
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P{|Nt| = k} = e−t tkk! = e−t|∆k(t)| for every t ∈ R+. We define an empty product of matri-

ces to be In, and always interpret
∏

of a finite collection of matrices indexed by time as

denoting ordered multiplication going from left to right with increasing time indices. With

this notation,

Texp[Yn](t) = etE

[ ∏
α∈Nt

An(α)

]
, t ∈ R+.

The following proposition gives a characterization of Texp[ · ] of a semimartingale that

justifies the name non-commutative exponential.

Proposition 7.2.3. Let Yn be a continuous Mn-valued semimartingale. Then, there exists

a pathwise unique Mn-valued process Zn satisfying

Zn(t) = In +

∫ t

0
dYn(t) · Zn(t), t ∈ R+.

Moreover, Zn(t) = Texp[Yn](t) for all t ∈ R+.

We consider the product defined in equation (7.2), where
(
G

(m)
n,k

)
k∈[m]

is a sequence of

i.i.d. matrices with zero mean, and consider the following product

Pn,m(t) :=

bmtc∏
k=1

(
In +X

(m)
n,k

)
, m ∈ N, t ∈ [0, 1]. (7.5)

Assumption 11. There exists C,D ≥ 0 such that for every n ∈ N,

1. For every m ∈ N, and k ∈ [m], Cov
(
M

(m)
n,k ,�

)
nDIn.

2. For every m ∈ N, and k ∈ [m], the absolute value of elements in A
(m)
n,k is at most C.

3. The piecewise constant interpolation An,m of
(
A

(m)
n,k

)
k∈[m]

defined as An,m(t) :=

A
(m)
n,bmtc for t ∈ [0, 1], uniformly converges to a continuous curve An as m→ ∞.

4. For every m ∈ N,
(
G

(m)
n,k

)
k∈[m]

is a sequence of i.i.d. Wigner matrices with i.i.d.

standard Gaussian entries.

With the required assumptions stated above, we now state our first main result.
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Theorem 7.2.4 (Convergence to SDE for fixed dimension). Let
((

X
(m)
n,k

)
k∈[m]

)
m∈N

be

the triangular array defined in equation (7.2). Under Assumption 11, the curve Pn,m (as

defined in equation (7.5)) uniformly converges to Texp[Yn] as m→ ∞, where

Yn(t) := µn

∫ t

0
An(s)ds+ σnBn(t), t ∈ [0, 1],

and Bn is a n× n matrix with i.i.d. BM coordinates.

Example 15. Consider a simple example in the case when n = 1. Let B(t) be the standard

one dimensional Brownian motion. Then,

Jk(B)(t) =
1

k!
Hk(Bt),

where Hk is the k-th Hermite polynomial. In particular, we get that Texp[B](t) = eBt−t/2.

In other words, Texp[ · ] agrees with the so-called stochastic exponential for Brownian mo-

tion.

Now consider the product

Pm(t) :=

bmtc∏
i=1

(
1 +

Xi√
m

)
,

where Xi are i.i.d. Gaussian random variables. It follows from Theorem 7.2.4 that Pm(t)

converges to eBt−t/2 where Bt is a standard BM (compare with [79]).

Example 16. Let (An,k)k∈N be a sequence of n × n matrices and assume that

limm→∞
1
m

∑m
k=1An,k = An. Define a triangular array of n × n matrices A(m)

n,k = An,k

for k ∈ [m] and m ∈ N. It is easily checked that

1

m

bmtc∑
k=1

A
(m)
n,k → tAn, t ∈ [0, 1].

It follows from Theorem 7.2.4 that

Pn,m(1) =

(
In +

1

m
An,m

)
. . .

(
In +

1

m
An,2

)(
In +

1

m
An,1

)
converges to eAn as m→ ∞. This recovers the main result in [81].
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7.2.2 Iterated matrix product in large dimension

We now turn towards the limit of (7.1) as the dimension of the matrix n grows to

infinity. In the view of Theorem 7.2.4, it makes sense to consider the limit of Texp[Yn]

as n → ∞ for semimartingale t 7→ Yn(t) := µn
∫ t
0 An(s)ds + σnBn(t). As we explain

in Remark 7.2.5, the two interesting choices of the scaling are: µn = σn = n−1 and

µn = σ2n = n−1. For the following discussion, we will work with the case µn = σn = 1
n for

concreteness. As Texp[Yn] is a curve in Mn, we first need to define a notion for the limits

of matrices as their dimension n→ ∞. There are at least two natural ways to go about this.

I Let (An)n∈N be a sequence of n × n matrices. Let σ ∈ Sn be a permutation chosen

uniformly at random and let Ãn = Aσn where Aσ(i, j) = A(σ(i), σ(j)) for (i, j) ∈ [n]2. Thus,

Ãn is an exchangeable matrix, that is, Law
(
Ãn

)
= Law

(
Ãσn

)
for any σ ∈ Sn. Let Ω be

a Polish space. Equip ΩN2 with the usual product sigma algebra and define an Ω-valued

infinite exchangeable array (IEA) X as random variable taking values in ΩN2 such that

Law(Xσ) = Law(X) for every finite permutation σ of N. For our purposes Ω = R or

Ω = C(R). And, we will drop the mention of Ω wherever it is convenient. It is natural to

consider the limit of (An)n∈N to be an IEA. We refer to Section 2.1 for details, but roughly,

we say that An ∈ Mn converges to X as n → ∞ if An[r] :=
(
Ãn(i, j)

)
(i,j)∈[r]2

converges

weakly to X[r] := (X(i, j))(i,j)∈[r]2 for every r ∈ N.

Example 17. Consider the semi-martingale Yn = Bn√
n

, where Bn is a matrix whose coordi-

nates are i.i.d. BMs. Let us look at Texp[Yn]. It is instructive to consider the case when

n = 1, that is, let B be a standard BM. Note that

Jk(B)(t) =

∫ t

0
dB(sk)

∫ sk

0
dB(sk−1) . . .

∫ s2

0
dB(s1), t ∈ [0, 1].

It is well-known that Jk(B)(t) = 1
k!Hk(B(t)) for every t ∈ R+, where Hk is the k-th

Hermite polynomial [184, Proposition 3.8]. It follows that Texp[B](t) = exp
(
Bt − t

2

)
for

every t ∈ R+.
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Now consider the case n > 1. Fix k ∈ N and fix coordinates (i, j) ∈ [n]2. Note that for

Jk

(
Bn√
n

)
(t)(i, j) =

1

n1/2
· 1

n(k−1)/2

∑
α∈[n]k−1

Uα,k(t),

where if α = (i1, . . . , ik−1) ∈ [n]k−1, then

Uα,k(t) =

∫ t

0
dB(sk)(i, ik−1)

∫ sk

0
dB(sk−1)(ik−1, ik−2) . . .

∫ s2

0
dB(s1)(i1, j).

Notice that (Uα,k(t))α∈[n]k−1 are i.i.d. random variables with distribution 1
k!Hk(B(t)) where

Hk is k-th Hermite polynomial. Moreover, Uα,k and Uβ,k are independent for α 6= β.

Therefore, for every (i, j) ∈ [n]2,
√
nJk

(
Bn√
n

)
(t)(i, j) is again a Gaussian with variance tk

k!

since Var
[
1
k!Hk(B(t))

]
= tk

k! . Moreover, observe that Jk
(
Bn√
n

)
(t)(i, j) and Jk

(
Bn√
n

)
(t)(k, l)

are independent if (i, j) 6= (k, l).

It follows that Texp[Yn](t) converges an IEA I∞ as n → ∞ where I∞(i, j) := 1{i = j}

for all (i, j) ∈ N2. Noting that
{
n1/2Jk

(
Bn√
n

)
(i, j)

}
k∈N

is a collection of independent random

variables for every (i, j) ∈ [n]2, we conclude that every fixed coordinate of n1/2En, where

En(t) := Texp[Yn](t)−In converges to a Gaussian random variable with mean 0 and variance

(et−1) as n→ ∞. As the coordinates of n1/2En are independent, it follows that
(
n1/2En

)
n∈N

converges to an infinite exchangeable array where each coordinate is a time-changed BM.

Therefore, for large n, we see that Texp[Yn] ≈ In +
1√
n
Bn(et − 1) in law.

An IEA is also intimately related to kernels and graphons as we explain briefly. We

refer the reader to Section 2.1 for the detailed discussion. A kernel is a measurable map

W : [0, 1]2 → R. For most of our discussion, we consider the kernels that are bounded, say

|W (x, y)| ≤ 1 for a.e. (x, y) ∈ [0, 1]2. Given a kernel W , one can construct an infinite

exchangeable array as follows. Let {Ui}i∈N be a collection of i.i.d. Uni([0, 1]) random

variables. Define Xi,j :=W (Ui, Uj) for (i, j) ∈ N2. Then, X = (Xi,j)i,j∈N is an IEA.

Finally, for two kernels U, V , we define the kernel U · V as (U · V )(x, y) :=∫ 1
0 U(x, z)V (z, y)dz for a.e. (x, y) ∈ [0, 1]2. Let U : t 7→

∫ t
0 W (s)ds be an absolutely

continuous curve of kernels. We can extend the definition of Jk for k ∈ N to the kernels by

setting

Jk(U)(t) :=

∫
∆k(t)

W (sk) ·W (sk−1) ·W (s1)dsk · · · ds1.
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Also observe that n× n matrix An can be naturally identified with a kernel K(An) defined

as K(An)(x, y) = An(i, j) if (x, y) ∈ (i− 1/n, i/n]× (j − 1/n, j/n] for some (i, j) ∈ [n]2.

Example 18. Let t 7→ Yn(t) = 1
n

∫ t
0 An(s)ds be an absolutely continuous curve. Notice

that

K(Jk(Yn)(t)) =
1

n
Jk(K(Yn))(t), k ∈ N.

Let En := Texp[Yn](t) − In. Suppose that there exists some curve of kernels t 7→ W (t)

such that sups∈[0,t]‖K(An(s))−W (s)‖2 → 0 as n → ∞. Then, t 7→ nK(Jk(Yn)(t)) =

Jk(K(Yn)(t)) also uniformly converges in L2 norm to Jk(W ). In particular, nK(Jk(Yn)(t))

converges to Jk(U)(t). Therefore, we get that K(nEn)(U1, U2) converges – in probability –

to Γ(t)(U1, U2) where Γ(t) is the kernel Γ(t) :=
∑∞

k=1 Jk(U)(t).

Notice, however, that K(nEn)(U1, U2) is a random coordinate of nEn. More generally,

it follows that if {Ui}i∈N is a collection of i.i.d. Uni[0, 1] random variable and r ∈ N is

fixed, then r × r random submatrix (nEn)[r] of nEn converges – in probability – to r × r

matrix Γ(t){r}. In other words, (nEn)n∈N converges to IEA X defined as X(t) = Γ(t){∞}

as n→ ∞.

It would be important for the later use to define a curve Γ(U) for a curve of kernels

U : t 7→
∫ t
0 W (s)ds as

Γ(U)(t) :=

∞∑
k=1

Jk(U)(t) = (et − 1)E

[∏
s∈Nt

W (s)

∣∣∣∣∣ |Nt| ≥ 1

]
, (7.6)

and similarly Γ(Yn) for a curve of matrices Yn : t 7→
∫ t
0 µnAn(s)ds as

Γ(Yn)(t) :=

∞∑
k=1

Jk(Yn)(t), (7.7)

where Nt is a Poisson point process with unit intensity on interval [0, t] for t ∈ [0, 1].

Remark 7.2.5. Notice the difference in the scaling of n × n matrices in Example 17 and

Example 18. In Example 18 if we consider Yn = 1√
n

∫ t
0 An(s)ds, then as n → ∞ the

coordinates of Jk(Yn)(t) blow up for k ≥ 2 while the coordinates of J1(Yn)(t) are going to 0.

The 1
n scaling in this case therefore is necessary. On the other hand, in Example 17 if we
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rather consider Yn := Bn
n then

(
n1/2En

)
n∈N will converge to 0 IEA, while (nEn)n∈N converges

to IEA whose coordinates are independent BM. This explains our choice of µn = σn = 1
n

and µn = σ2n = 1
n as mentioned in the beginning of this section.

We now state our second main result.

Theorem 7.2.6 (IEA convergence). Let An be a continuous curve of n × n matrices and

let Yn be a Mn-valued semimartingale such that

dYn(t) = µnAn(t)dt+ σn dBn(t),

and define En(t) := Texp[Yn](t)− In for t ∈ [0, 1]. Let W ∈ C
(
[0, 1], L2([0, 1]2)

)
satisfy

lim
n→∞

sup
s∈[0,t]

‖K(An)(s)−W (s)‖2 = 0, t ∈ [0, 1].

Define U : t 7→ U(t) :=
∫ t
0 W (s)ds. Then the following statements hold true.

1. If µn = σn = n−1, then (nEn(t))n∈N converges, as n → ∞, to an IEA X(t) =

Γ(U)(t){∞} + B∞(t), where B∞(t) is an IEA with i.i.d. BM coordinates and is

independent of Γ(U)(t){∞}.

2. If µn = σ2n = n−1, then n1/2En = n1/2(Texp[σnBn]− In)+O
(
n−1/2

)
and it converges,

as n→ ∞, to an IEA X satisfying X(t) = B∞(et − 1) for t ∈ [0, 1].

3. If µn = σ2n = n−1, then n1/2
(
n1/2En − n1/2(Texp[σnBn]− In)

)
converges, as n → ∞,

to an IEA X satisfying X(t) = Γ(U)(t){∞} + Z(t), where Z(t) is a zero mean IEA

with explicit covariance described in the proof.

Notice that limiting IEA in case 2 in the above theorem is independent of the the limiting

curve of kernels W . In other words, the limit is trivial in some sense. It makes sense to do

another centering and scaling to obtain a non-trivial limit in this case – that is what we do

in case 3 in the above theorem.
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II Another closely related notion of convergence is the convergence in the sense of oper-

ators. Let W be a bounded kernel. One can associate with W a Hilbert-Schmidt integral

operator TW on L2([0, 1]) as

(TW f)(x) :=

∫ 1

0
W (x, y)f(y)dy, f ∈ L2([0, 1]), x ∈ [0, 1].

Using the correspondence between An and K(An), we can therefore, asso-

ciate a Hilbert-Schmidt operator with every An ∈ Mn. Let L2
n([0, 1]) :={

f ∈ L2([0, 1])
∣∣ f is constant a.e. on (i− 1/n, i/n]

}
. Note that L2

n is a linear subspace.

Let Pn be the projection operator on L2
n([0, 1]

2). Note that Pn is the integral operator

corresponding to the kernel nK(In) where In is the n × n identity matrix. Note that for

any An ∈ Mn, the operator TK(An) on L2([0, 1]) and TK(An) commutes with Pn. Recall

that a sequence of operators (Tn)n∈N on L2 are said to converge to T , in strong sense, if

‖Tnf − Tf‖2 → 0 for every f ∈ L2([0, 1]). Naturally, we say that (An ∈ Mn)n∈N converges

to an operator T on L2([0, 1]2) if
(
TK(An)

)
n∈N converges to T in strong sense. Note that

even if
(
TK(An)

)
n∈N converges to some operator T , the limiting operator T need not be

a Hilbert-Schmidt operator. For example, An := nIn converges (in the above sense) to

the identity operator idL2([0,1]) on L2([0, 1]) which is not compact and hence not a Hilbert-

Schmidt operator. Another important observation to make is that if An, Bn ∈ Mn then

TK(An)TK(Bn) = TK(An)·K(Bn) = TK
(
1
n
AnBn

). Notice that if (An ∈ Mn)n∈N is a sequence

of symmetric matrices and (K(An))n∈N converges in L2([0, 1]2) to a symmetric kernel W ,

then neAn/n converges to eTW where eT is the exponential of self-adjoint compact operator

defined via functional calculus (see Section 2.1 for more detail).

Theorem 7.2.7 (Operator convergence). For every n ∈ N, let Yn be a semimartingale such

that dYn(t) = µnAn(t)dt + σn dBn(t), where An is continuous. Set En := Texp[Yn] − In.

Suppose that (An)n∈N converges to a curve of operators T uniformly on compact intervals of

time. Let sups∈[0,t]‖T (s)‖op ≤ Ct for every t ∈ [0, 1]. Then, the following statements hold

as n→ ∞:

1. If µn = σn = 1
n , then nEn converges in operator norm to the curve of operator, TΓ(U),

uniformly over compact subsets of time.
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2. If µn = σ2n = 1
n , then n1/2En converges in operator norm to the constant curve of zero

operator, uniformly over compact subsets of time.

3. If µn = σ2n = 1
n , then n1/2

(
n1/2En − n1/2(Texp[σnBn]− In)

)
converges in operator

norm to the curve of operator TΓ(U), uniformly over compact subsets of time.

If K(An)(t) converges to a kernel W (t) in the cut metric, uniformly over compact subsets

of time t as n→ ∞, then An(t) converges to operators T (t) := TW (t) as n→ ∞ [150, Lemma

8.12], i.e.,
∥∥TK(An)(t)− TW (t)

∥∥
op ≤ ‖K(An)(t)−W (t)‖1/4� . Combining this with the fact

that TK(nIn) converges – in strong topology – to idL2([0,1]) as n → ∞. Thus, we obtain the

following corollary of Theorem 7.2.7.

Corollary 7.2.8. Let Yn be as in Theorem 7.2.7. Assume that K(An) converges in the

cut-norm to a continuous curve of kernels W as n→ ∞. Then the following hold as n→ ∞.

1. If µn = σn = 1
n , then nTexp[Yn] converges in – strong topology – to Texp[TU ](t),

where TU (t) :=
∫ t
0 TW (s) ds.

2. If µn = σ2n = 1
n , then nTexp[Yn] converges in – strong topology – to the identity

operator idL2([0,1]) on L2([0, 1]).

Before we begin the proofs, we end this section with the following remarks.

Remark 7.2.9 (IEA approximation). Following Theorem 7.2.6, we can infer the following

law approximations when n ∈ N is large.

1. When µn = σn = n−1, we have that

Texp[Yn](t) = In +
1

n
Γ(U)(t){n}+ 1

n
Bn(t) +

1

n
En(t),

where the coordinates of En(t) have O(1/n) variance.

2. When µn = σ2n = n−1, we have

Texp[Yn](t) = In +
1

n
Γ(U)(t){n}+ 1√

n
Bn(et − 1) +

1

n
Zn(t) +

1

n
En(t),
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where once again En(t) has entrywise variance of order O( 1n) and Zn(t) has Gaussian

entries with explicit covariance that is non-zero only for elements in the same row of

same column.

Remark 7.2.10. Following Remark 7.2.9, let h0 ∈ Rn and let ht := Texp[Yn](t)h0 for

t ∈ R+.

1. When µn = σn = n−1, it is easy to show (see Section 7.3.2) that the coordinates

of 1
nBn(t)h0 are i.i.d. Gaussian with variance n−2‖h0‖22, while the coordinates of

1
nEn(t)h0 are also Gaussian with variance of the same order O

(
n−2‖h0‖22

)
. In par-

ticular, for large n, we have the following approximation for ht

ht ≈ h0 +
1

n
Γ(U)(t){n}h0 +O

(
n−1‖h0‖2

)
,

where the above error in the approximation is coordinatewise. We also see that the

coordinates of h0 + 1
nΓ(U)(t){n}h0 are O

(
eCt‖h0‖2

)
.

2. When µn = σ2n = n−1, similar to the previous case, we obtain

ht = h0 +
1

n
Γ(U)(t){n}h0 +

1√
n
Bn(et − 1)h0 +

1

n
Zn(t)h0 +

1

n
En(t)h0,

where En(t) has Gaussian coordinates with variance O(1/n). In particular, just like

the previous case the entries of 1
nEn(t)h0 have variance of order O(n−2‖h0‖22). How-

ever, unlike the previous case, we notice that the coordinates of 1√
n
Bn(et − 1)h0 are

i.i.d. mean 0 Gaussian with variance (et − 1)‖h0‖22. And, similarly, the coordinates

of 1
nZn(t)h0 are zero mean Gaussians with variance and covariance between its co-

ordinates growing with t. This yields, the following approximation of ht for large

n,

ht ≈ h0 +
1

n
Γ(U)(t){n}h0 +

√
et − 1‖h0‖2ξ + ‖h0‖2ηt +O

(
n−1‖h0‖2

)
,

where ξ ∈ Rn is a vector of i.i.d. standard Gaussian random variables and ηt

is also a vector of Gaussian with each coordinate having variance of the order

O
(
(eCt − 1)2 + C2t4e2Ct

)
and absolute covariance between its coordinates of the order

O
(
C2t4e2Ct

)
. As previously, the approximation error O

(
n−1‖h0‖2

)
is coordinatewise

and we once again note that the coordinates of h0 + 1
nΓ(U)(t){n}h0 are O

(
eCt‖h0‖2

)
.
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The moral of the above discussion is that in the first case, we can approximate ht as h0 +
1
nΓ(U)(t){n}h0 up to a vanishing error. In the second case, we still have the approximation

of ht as h0 + 1
nΓ(U)(t){n}h0 plus a mean zero Gaussian noise. The signal has a magnitude

of Θ
(
eCt
)
. For t = o(1), noise is of the order O(Ct) with a correlation of the order O(Ct2).

For t = Ω(1), the noise is of the order Θ
(
(1 + Ct2)eCt

)
, and the absolute correlation is of

the order Θ
(

O(C2t4)
1+O(C2t4)

)
. This manifests itself via the fact that the noise has a variance that

is non-vanishing in dimension – but the noise in each coordinate can be described explicitly.

7.3 Proofs

Proof of Proposition 7.2.3. The existence and uniqueness of the solution follows from the

standard arguments for vector valued SDEs [128, Section 7.6]. We skip the details.

Let Yn be a semimartingale. We now show that Zn(t) := Texp[Yn](t) satisfies the SDE

Zn(t) = In +

∫ t

0
dYn(s)Zn(s).

To this end, recall that J0(Yn) ≡ In by definition. Note that J1(Yn) = Yn and for k ∈ N we

have

Jk(Yn)(t) =

∫ t

0
dYn(s)Jk−1(Yn)(s), t ∈ [0, 1].

It follows that

Texp[Yn](t) = In +

∞∑
k=1

Jk(Yn)(t)

= In +

∞∑
k=1

∫ t

0
dYn(s)Jk−1(s)

= In +

∫ t

0
dYn(s)

( ∞∑
k=1

Jk−1(Yn)(s)

)

= In +

∫ t

0
dYn(s)Texp[Yn](s), t ∈ R+.

This completes the proof.

Proof of Theorem 7.2.4. Recall that

Pn,m(t) :=

bmtc∏
k=1

(
In +X

(m)
n,k

)
, t ∈ [0, 1].
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Set Hp =
∏p
k=1

(
In +X

(m)
n,k

)
and H0 = Pn,m(0) = In. Notice that Pn,m is a piecewise

constant interpolation of Hp. Observe that

Pn,m(t)− Pn,m(0) =

bmtc∑
j=1

(Hj −Hj−1)

=

bmtc∑
j=1

X
(m)
n,j Hj−1

=
µn
m

bmtc∑
j=1

A
(m)
n,kHj−1 +

bmtc∑
j=1

MjHj−1,

where Mj =
µn
m

(
X

(m)
n,j − E

[
X

(m)
n,j

])
+ σn√

m
G

(m)
n,j for all j ∈ [bmtc]. Note that (MjHj−1)j∈[bmtc]

is a martingale difference sequence.

Consider the process

Pn(t) = In + µn

∫ t

0
An(s)Pn(s)ds+ σn

∫ t

0
dBn(s)Pn(s), t ∈ R+,

where Bn is a matrix of i.i.d. BMs. We now couple the process Pn with Pn,m. To do

so, we couple the Brownian motion Bn with Gaussian increments
(
G

(m)
n,k

)
k∈[m]

such that
1√
m
G

(m)
n,k = Bn((k+1)/m)−Bn(k/m) for every k ∈ [m] and m ∈ N. With this coupling, we

obtain

‖Pn,m(t)− Pn(t)‖2F ≤ 3tµ2n

∫ t

0

∥∥∥Ã(m)
n (s)Pn,m(s)−An(s)Pn(s)

∥∥∥2
F

ds

+ 3σ2n

∥∥∥∥∫ t

0
dBn(s)(Pn,m(s)− Pn(s))

∥∥∥∥2
F
+

3µ2n
m2

∥∥∥∥∥∥
bmtc∑
j=1

Z
(m)
n,j Hj−1

∥∥∥∥∥∥
2

F

,

where Z(m)
n,j = M

(m)
n,j − E

[
M

(m)
n,j

]
for all j ∈ [m] and all m ∈ N. We now set ∆m(t) :=

sups∈[0,t]‖Pn,m(s)− Pn(s)‖2F. And, obtain

∆m(t) ≤ 3tµ2n

∫ t

0

∥∥∥Ã(m)
n (s)

∥∥∥2
F
∆m(s)ds+ 3tµ2n

∫ t

0
ζn,m(s)‖Pn(s)‖2F ds

+ 3σ2n sup
s∈[0,t]

∥∥∥∥∫ s

0
dBn(r)(Pn,m(r)− Pn(r))

∥∥∥∥2
F

+ sup
s∈[0,t]

3µ2n
m2

bmsc∑
j,j′=1

Tr
[
H>
j−1Z

(m)>
n,j Z

(m)
n,j′Hj′−1

]
,
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where ζn,m(t) := sups∈[0,t]
∥∥∥Ã(m)

n (s)−An(s)
∥∥∥2

F
. Finally, since

∥∥∥Ã(m)
n (s)

∥∥∥2
F

≤ Cn2 for all

s ∈ [0, 1], for some constant C > 0. Since
(
Z

(m)
n,j

)
j∈[m]

are all independent for every m ∈ N,

and E
[
Z

(m)>
n,j Z

(m)
n,j

]
4 nDIn for all j ∈ [m] and every m ∈ N, taking expectations and using

Doob’s maximal inequality, we get

E[∆m(t)] ≤ 3(Ctn2µ2n + 4σ2n)

∫ t

0
E[∆m(s)]ds+ 3tµ2nζn,m(t)

∫ t

0
E
[
‖Pn(s)‖2F

]
ds

+ 24nDµ2nm
−1

∫ t

0
E
[
‖Pn(s)‖2F

]
ds+ 24nDµ2nm

−1

∫ t

0
E[∆m(s)]ds

= 3(Ctn2µ2n + 4σ2n + 8nDµ2nm
−1)

∫ t

0
E[∆m(s)]ds

+ 3(tµ2nζn,m(t) + 8nDµ2nm
−1)

∫ t

0
E
[
‖Pn(s)‖2F

]
ds.

Now we apply Grönwall inequality [100] to get

E[∆m(t)] ≤ 3(tµ2nζn,m(t) + 8nDµ2nm
−1)

∫ t

0
E
[
‖Pn(s)‖2F

]
ds · e3t(Ctn2µ2n+4σ2

n+8nDµ2nm
−1).

The claim now follows from the assumption that ζn,m(t) → 0 as m→ ∞.

7.3.1 Dimension going to infinity

In this section, we prove Theorem 7.2.6. We first give a brief intuition behind the proof.

The general philosophy is to rewrite nEn (or n1/2En depending on the case) as the sum of

two matrices. The first matrix has entrywise variance of order O(1) while the second one

has (entrywise) variance going to 0 as n→ ∞. The proof now follows by showing that the

first matrix (with entrywise O(1) variance) converges to the appropriate IEA. We should

remark that nEn is an infinite sum where each term has complicated dependence with each

other. This makes the problem of identifying the terms with vanishing variance non-trivial.

We explain this philosophy more concretely below.

Case 1: We first consider the case µn = σn = n−1. Begin by noticing that

Texp[Yn] = Texp
[∫ ·

0
µnAn(s)ds

]
+ σnBn +

∞∑
k=2

J̃k,
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where J̃k is the sum of all k-fold integrals that contain at least one (scaled) BM. Note

that

n(Texp[Yn]− In) = n

(
Texp

[∫ ·

0
µnAn(s)ds

]
− In

)
+Bn + n

∞∑
k=2

J̃k. (7.8)

On the other hand,

nK

(
Texp

[∫ t

0
µnAn(s)ds

]
− In

)
= (et − 1)E

[∏
s∈Nt

K(An(s))

∣∣∣∣∣Nt ≥ 1

]
.

From the assumption that K(An) converges to some kernel W (t) in L2([0, 1]2),

we obtain (et − 1)E
[∏

s∈Nt
K(An)(s)

∣∣Nt ≥ 1
]

converges in L2 to Γ(U)(t) :=

(et − 1)E
[∏

s∈Nt
W (s)

∣∣Nt ≥ 1
]
. A randomly chosen r × r submatrix of(

Texp
[∫ t

0 µnAn(s)ds
]
− In

)
therefore converges to Γ(U)(t){r} for i.i.d. Uni([0, 1])

random variables {Ui}i∈N.

It is reasonable to believe that, as n→ ∞, the sum n
(
Texp

[∫ ·
0 µnAn(s)ds

]
− In

)
+Bn

converges to the appropriate IEA X(t) = Γ(U)(t){∞}+B(t) where B is an IEA with

all BMs. On the other hand, we note that
∑∞

k=2 J̃k is a Gaussian random variable

with mean 0, and show that its variance is O
(
1
n

)
.

Case 2: Consider the case µn = σ2n = n−1. Just as above, let us rewrite

Texp[Yn] = Texp
[∫ ·

0
µnAn(s)ds

]
+

∞∑
k=1

J̃k.

Now notice that the same heuristic as above shows that
√
n
(
Texp

[∫ ·
0 µnAn(s)ds

]
− In

)
= O

(
1√
n

)
. On the other hand, rewrite∑∞

k=1 J̃k = (Texp[σnBn] − In) +
∑∞

k=2 Ĵk, where Ĵk is the sum of all k-fold in-

tegrals which contain at least one BM but not all are BMs. Following [184, page

151], we now notice that
√
n(Texp[σnBn](t)− In) has O(1) variance and it converges

to an IEA with entries distributed as Bet−1, where B is a one dimensional BM. We

show that
∑∞

k=2

√
nĴk(t) has variance of order O

(
1
n

)
. And, therefore, we conclude

that n1/2En converges to an IEA whose coordinates are i.i.d. and have the same

distribution as a BM.
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Case 3: In the same setting as µn = σ2n = n−1. Notice that the limiting IEA is obtained as

the limit of
√
n(Texp[σnBn]− In). And, this limit is trivial – in the sense that – the

limit does not depend on the deterministic sequence of matrices An. This is, however,

expected. Notice that with this choice of scaling the noise is much larger than the

‘signal’ or the deterministic term. To see the effect of the ‘signal’, one can consider

the limit of the matrix

n(En − (Texp[σnBn]− In)) = n(Texp[Yn]− Texp[σnBn])

= n

(
Texp

[∫ ·

0
µnAn(s)ds

]
− In

)
+

∞∑
k=2

nĴk.

As we mentioned earlier, the first term remain O(1) as n→ ∞ and we understand the

limit of this term. We further decompose the n
∑∞

k=2 Ĵk as follows. For k ≥ 2, write

Ĵk = Ĵk,0 + Ĵk,1, where Ĵk,0 is the sum of all k-fold integrals with exactly one BM

at either the first or the last integral. We then show that
∑∞

k=2 nĴk,0 is a zero mean

Gaussian with O(1) variance, while the remaining term
∑∞

k=3 nĴk,1 is mean 0 Gaus-

sian with vanishing variance. We therefore conclude that n(Texp[Yn]− Texp[σnBn])

converges to an IEA with independent Gaussian coordinates. Note that this limiting

the mean of this IEA is same as the IEA obtained in the case 1, but the variances are

different.

It is clear from the above heuristic that we will need to compute the variances of infinite

sum of Gaussian random variables which may be dependent. To do this, we need the

following lemma.

Let k ≥ 2 and let π = (zk, zk−1, . . . , z1, z0) be a (k + 1)-tuple where each zi ∈ [n]. For

p ≤ k, define

Ik,p,π(t) :=
∑
α∈(k

p
)

∫
∆k(t)

dUα,π(s), t ∈ [0, 1].

where dUα,π(s) =
∏k
i=1 dUα,i,(zi,zi−1)(si), and dUα,i(si) =


dBn(si), if i ∈ α,

An dsi, if i 6∈ α

. Also de-
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fine Ik,p(t) as

Ik,p,(x,y)(t) :=
∑

π s.t. (zk,z0)=(x,y)

Ik,p,π, (x, y) ∈ [n]2, t ∈ [0, 1].

Lemma 7.3.1. For k1, k2 ∈ N, p ≤ k1∧k1, π1 ∈ [n]k1+1, π2 ∈ [n]k2+1, t ∈ R+, and α ∈
(
k1
p

)
and β ∈

(
k2
p

)
such that π1(αi) = π2(βi) for all i ∈ [p]. Then∣∣∣∣∣

∫
∆k1

(t)

∫
∆k2

(t)
E[dUα,π1(s)dUβ,π2(τ )]

∣∣∣∣∣ ≤ Ck1−pCk2−p · |∆(p; k1, k2, α, β; t)|, (7.9)

where ∆(p; k1, k2, α, β) is the k1 + k2 − p dimensional space defined by

∆(p; k1, k2, α, β, t) := {(s, τ ) ∈ ∆k1(t)×∆k2(t) | sαi = τβi ∀ i ∈ [p]}.

Proof. Following the condition on π1 and π2, E
[
dUα,i,(zαi ,zαi−1)(sαi)dUβ,i,(z̃βi ,z̃βi−1)(τβi)

]
=

δsαi=τβi
for all i ∈ [p]. Therefore, in the following we assume that π1, π2 are such that

(zαi , zαi−1) = (z̃βi , z̃βi−1) for all i ∈ [p]. Therefore, the (k1 + k2)-dimensional Lebesgue

integral over ∆k1(t)×∆k2(t) gets reduced to a (k1 + k2 − p)-dimensional Lebesgue integral

over the resulting constraint set ∆(p; k1, k2, α, β; t). Since that the absolute value of the

coordinates of An are bounded by C ≥ 0, we get∣∣∣∣∣
∫
∆k1

(t)

∫
∆k2

(t)
E[dUα,π1(s)dUβ,π2(τ )]

∣∣∣∣∣ ≤ Ck1−pCk2−p · |∆(p; k1, k2, α, β; t)|.

Claim 1. We denote by δα(1) = α1−1, δα(2) = α2−α1−1 and similarly δα(i) = αi−αi−1−1

for i ∈ [p]. Also define δα(p+ 1) = k1 − αp. Note that
∑p+1

i=1 δα(i) = k1 − p. And, similarly

we define δβ(i) as well. Then,

|∆(p; k1, k2, α, β; t)| ≤
tp

p!

tk1−p

δα(1)! . . . δα(p+ 1)!

tk2−p

δβ(1)! . . . δβ(p+ 1)!
.

Proof of Claim 1. For each j ∈ [p + 1], define two collections of i.i.d. Uni([0, 1]) random

vectors, say Xj = (Xj
1 , . . . , X

j
δα(j)

) and Y j = (Y j
1 , . . . , Y

j
δβ(j)

). Let U = (U1, . . . , Up) be

another vector where Ui are i.i.d. Uni([0, 1]) random variables. We also set U0 = 0 and

Up+1 = t.



221

For a vector v ∈ Rn, we say v ∈ In(a, b) if b ≥ vn ≥ vn−1 ≥ v1 ≥ a. Given a vector

u = (u1, . . . , up) define the events

E1(u) := {Xj ∈ Iδα(j)
(uj−1, uj) ∀j ∈ [p+ 1]},

E2(u) := {Y j ∈ Iδα(j)
(uj−1, uj) ∀j ∈ [p+ 1]},

where u0 = 0 and up+1 = t. Now notice that

|∆(p; k1, k2, α, β, t)| = P{E1(U) ∩ E2(U)}

≤ tk1−p

δα(1)! . . . δα(p+1)!

tk2−p

δβ(1)! . . . δβ(p+1)!

∫
∆p(t)

du1 . . . dup.

We use the Lemma 7.3.1 to compute the variances of the error terms in Case 1 to 3

above.

Lemma 7.3.2. For every (x, y) ∈ [n]2,

1. Var
[
n
∑∞

k=2 J̃k,(x,y)(t)
]
= O

(
1
n

)
,

2. Var
[
n1/2

∑∞
k=2 Ĵk,(x,y)(t)

]
= O

(
1
n

)
, and

3. Var
[
n
∑∞

k=3 Ĵk,1,(x,y)(t)
]
= O

(
1
n

)
,

where each statement corresponds to error terms in Case 1, Case 2 and Case 3 respectively.

Proof.

1. Notice that

∞∑
k=2

J̃k(t) =
∞∑
p=1

Hn,p(t), Hn,p(t) :=
∞∑

k=p∨2
µk−pn σpnIk,p,(x,y)(t). (7.10)

The benefit of such rearrangement is that the random variables Hn,p(t) for all p ∈ N

are independent, that is, Hn,p1 and Hn,p2 are independent Gaussians. This allows us

to compute the variance of n
∑∞

k=1 J̃k(t) by adding Var[Hn,p(t)] over p ∈ N. In order
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to compute the variance of Hn,p(t), we need to compute the covariance between Ik1,p

and Ik2,p for k1, k2 ≥ p. Then,

Var

[
n

∞∑
k=2

J̃k,(x,y)(t)

]
≤ Var

n ∞∑
p=1

Hn,p(t)


= n2

∞∑
p=1

Var[Hn,p(t)]

= n2
∞∑
p=1

E

 ∞∑
k=p

µk−pn σpnIk,p,(x,y)(t)

2
= n2

∞∑
p=1

E

 ∞∑
k1,k2=p

µk1−pn µk2−pn σ2pn Ik1,p,(x,y)(t)Ik2,p,(x,y)(t)


= n2

∞∑
p=1

∞∑
k1,k2=p

µk1−pn µk2−pn σ2pn
∑
π1

∑
π2

E[Ik1,p,π1(t)Ik2,p,π2(t)]

The final two summations in the last expression above, can be rearranged as be written

as

∑
π1

∑
π2

E[Ik1,p,π1(t)Ik2,p,π2(t)] =
∑

α∈(k1
p
)

∑
β∈(k2

p
)

∑
π1,π2

∫
∆k1

(t)

∫
∆k2

(t)
E[dUα,π1(s)dUβ,π2(τ )],

where for every α ∈
(
k1
p

)
and β ∈

(
k2
p

)
, the above sum over π1 ∈ [n]k1+1 and

π2 ∈ [n]k2+1 are such that π1(αi) = π2(βi) for all i ∈ [p]. Notice that, without

this constraint on π1, π2, this summation potentially has nk1−1nk2−1 summands, but

due to the constraint some terms will be zero and can be dropped.

Let π1 = (zk1 , . . . , z0), and π2 = (z̃k2 , . . . , z̃0). Notice that the above expecta-

tion is 0 unless Uα,i,(zαi ,zαi−1) = Uβ,i,(z̃βi ,z̃βi−1) for i ∈ [p]. And, in this case,

E
[
dUα,i,(zαi ,zαi−1)(sαi)dUβ,i,(z̃βi ,z̃βi−1)(τβi)

]
= δsαi=τβi

for all i ∈ [p]. Therefore, in

the following we assume that π1, π2 are such that (zαi , zαi−1) = (z̃βi , z̃βi−1) for all

i ∈ [p], leading to at most nk1−1nk2−1n−p many non-zero terms. This observation,

and Lemma 7.3.1 allows us to bound the absolute value of the above sum as

nk1−1nk2−1 · n−p · Ck1−pCk2−p
∑

α∈(k1
p
)

∑
β∈(k2

p
)

|∆(p; k1, k2, α, β; t)|.
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Plugging back, and using the triangle inequality, we have

Var

[
n

∞∑
k=2

J̃k,(x,y)(t)

]

≤ n2
∞∑
p=1

∞∑
k1,k2=p

µk1−pn µk2−pn σ2pn n
k1−1nk2−1n−ptk1+k2−p

1

p!

(C(p+ 1))k1−p

(k1 − p)!

(C(p+ 1))k2−p

(k2 − p)!

= n2
∞∑
p=1

1

p!
(nσn)

2pn−(p+2)tpe2Ct(p+1)

≤ e2Ct
∞∑
p=1

1

p!

(
nσ2nte2Ct

)p
= e2Ct

(
exp
(
nσ2nte2Ct

)
− 1
)
= O

(
1

n

)
.

The last relation holds by noting that σn = 1
n and the Taylor approximation of the

exponential.

2. The proof is similar to the proof of part 1, where we have σn = n−1/2 instead of n−1

(and the prefactor n2 replaced by n). This yields, that Var
[
n1/2

∑∞
k=2 Ĵk,(x,y)(t)

]
≤

1
ne2Ct

(
exp
(
te2Ct

)
− 1
)
. We skip the details.

3. The proof is similar to the proof of part 1, where we have σn = n−1/2 instead of n−1,

and nk1−1nk2−1n−(p+1) number of non-zero terms instead of nk1−1nk2−1n−p many.

This yields, that Var
[
n
∑∞

k=3 Ĵk,1,(x,y)(t)
]
≤ 1

ne2Ct
(
exp
(
te2Ct

)
− 1
)
. We skip the de-

tails.

This completes the proof.

Lemma 7.3.3. For every ((i1, j1), t1), ((i2, j2), t2) ∈ [n]2 × R+, the covariance between

n
∑∞

k=2 Ĵk,0,(i1,j1)(t1) and n
∑∞

k=2 Ĵk,0,(i2,j2)(t2) is

Cn(((i1, j1), t1), ((i2, j2), t2))

:= 1{i1 = i2}
∫ min{t1,t2}

0

1

n

(
Γn,1(s)

>Γn,1(s)
)
(j1, j2)ds

+ 1{j1 = j2}
∫ t1

0

∫ t2

0
min{s1, s2}

1

n

(
Γn,2(s1; t1)Γn,2(s2; t2)

>
)
(i1, i2)ds2 ds1,

(7.11)
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where

Γn,1(s) := n

(
Texp

[∫ ·

0
µnAn(r)dr

]
(s)− In

)
,

Γn,2(s; t) := nTexp
[∫ ·

0
µnτs(An)(r)dr

]
(t− s)µnAn(s),

(7.12)

and τs(An) is the curve An shifted by s, i.e., τs(An)(r − s) := An(r) for all r ∈ [s, t], for

s ∈ [0, t], and all t ∈ R+.

Proof. The term nĴk,0 for k ≥ 2, has two kinds of terms. The first kind in which the BM

appears at the position 1, and the second kind in which the BM appears at the position k.

For the terms of the first kind, notice the following:

n·
∫ t

0
µnAn(sk)dsk

∫ sk

0
µnAn(sk−1)dsk−1 · · ·

∫ s3

0
µnAn(s2) · σnBn(s2)ds2

= n

∫ t

0
Jk−2

(∫ ·

0
µnτs2(An)(r)dr

)
(t− s2)µnAn(s2)σnB(s2)ds2,

where τs2(An) is nothing but the curve An shifted by s2, i.e., τs2(An)(s − s2) := An(s) for

all s ∈ [0, t− s2]. Summing over all such terms for k ∈ Z+ \ {0, 1}, we get that the above is

equal to ∫ t

0
nTexp

[∫ ·

0
µnτs2(An)(r)dr

]
(t− s2)µnAn(s2)σnBn(s2)ds2.

For the terms of the second kind, the argument is however simpler. Notice that

n·
∫ t

0
σn dBn(sk)

∫ sk

0
µnAn(sk−1)dsk−1 · · ·

∫ s2

0
µnAn(s1)ds1

= n ·
∫ t

0
σn dBn(sk)Jk−1(µnAn)(sk).

Summing over all such terms for k ∈ Z+ \ {0, 1}, we get that the above is equal to∫ t

0
σn dBn(sk) · n

(
Texp

[∫ ·

0
µnAn(r)dr

]
(sk)− In

)
.

The sum of the two kinds of term finally is

σn

∫ t

0
dBn(s)Γn,1(s) + σn

∫ t

0
Γn,2(s)Bn(s)ds. (7.13)
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Consider two pairs of indices ((i1, j1), t1) and ((i2, j2), t2) in [n]2×R+. Then the covari-

ance between the two pair of coordinates is

Cn(((i1, j1), t1), ((i2, j2), t2))

= E

∫ t1

0

∫ t2

0

1

n

n∑
k1,k2=1

dBn,(i1,k1)(s1)dBn,(i2,k2)(s2)Γn,1,(k1,j1)(s1)Γn,1,(k2,j2)(s2)


+ E

∫ t1

0

∫ t2

0

1

n

n∑
k1,k2=1

Bn,(k1,j1)(s1)Bn,(k2,j2)(s2)Γn,2,(i1,k1)(s1; t1)Γn,2,(i2,k2)(s2; t2)ds2 ds1


= 1{i1 = i2}

∫ min{t1,t2}

0

(
1

n

n∑
k=1

Γn,1,(k,j1)(s)Γn,1,(k,j2)(s)

)
ds

+ 1{j1 = j2}
∫ t1

0

∫ t2

0
min{s1, s2}

(
1

n

n∑
k=1

Γn,2,(i1,k)(s1; t1)Γn,2,(i2,k)(s2; t2)

)
ds2 ds1

= 1{i1 = i2}
∫ min{t1,t2}

0

1

n

(
Γn,1(s)

>Γn,1(s)
)
(j1, j2)ds

+ 1{j1 = j2}
∫ t1

0

∫ t2

0
min{s1, s2}

1

n

(
Γn,2(s1; t1)Γn,2(s2; t2)

>
)
(i1, i2)ds2 ds1.

This completes the proof.

We are now ready to prove Theorem 7.2.6. Recall that by our assumption there exists

a continuous curve t 7→ W (t) of kernels such that sups∈[0,t]‖K(An)(s)−W (s)‖2 → 0 as

n → ∞. Furthermore, we assume that sups∈[0,t]‖W (s)‖∞ ≤ C. Under these assumption,

the kernel Γ(U)(t) :=
∑∞

k=1 Jk(U)(t) is well defined and ‖Γ(U)(t)‖∞ ≤ eCt − 1. In the

following, we will use the notation Γ(t) instead of Γ(U)(t) for simplicity. Let us also define

the kernel Γn(t) = nK
(∑∞

k=1 Jk
(
An
n

))
=
∑∞

k=1 Jk(K(An)). It follows from our assumption

that sups∈[0,t]‖Γn(s)− Γ(s)‖2 → 0 as n → ∞. Analogous to Cn defined above, we define a

kernel C∞. Let

Γ1(s) := Γ(U)(s), Γ2(s; t) := Texp[U ](t− s)�W (s), s ∈ [0, t], t ∈ [0, 1],
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and define

C∞(((x1, y1), t1), ((x2, y2), t2))

:= 1{x1 = x2}
∫ min{t1,t2}

0

(
Γ1(s)

> � Γ1(s)
)
(y1, y2)ds

+ 1{y1 = y2}
∫ t1

0

∫ t2

0
min{s1, s2}

(
Γ2(s1; t1)� Γ2(s2; t2)

>
)
(x1, x2)ds2 ds1.

(7.14)

Lemma 7.3.4. Let W1 and W2 be two curves of kernels and let Ui =
∫ t
0 Wi(s)ds. Assume

that sups∈[0,t]‖Wi(s)‖∞ ≤ Ct for some Ct > 0 and for i = 1, 2. Define,

η(t) = sup
s∈[0,t]

‖W1(s)−W2(s)‖2 .

Then, for every fixed 0 ≤ s ≤ t ∈ R+ we have

‖Γ1(U1)(t)− Γ1(U2)(t)‖2 ≤ tCtetCtη(t),

‖Γ2(U1)(s; t)− Γ2(U2)(s; t)‖2 ≤
(
tCt(etCt − 1) + etCt

)
η(t).

Proof. The proof for the continuity of Γ1 follows exactly the same argument as in

Lemma 7.3.6, where we prove this result for a curve of operators on L2[0, 1]. The continuity

of Γ2 follows a similar argument that we give present here for completeness. Observe that

‖Γ2(U1)(s; t)− Γ2(U2)(s; t)‖2

≤ ‖(Texp[U1](t− s)− Texp[U2](t− s))�W1(s)‖2 + ‖Texp[U2](t− s)� (W1(s)−W2(s))‖2

≤ ‖Texp[U1](t− s)− Texp[U2](t− s)‖op‖W1(s)‖2 + ‖Texp[U2](t− s)‖op‖W1(s)−W2(s)‖2

≤ tCt(etCt − 1)η(t) + etCtη(t) =
(
tCt(etCt − 1) + etCt

)
η(t),

where the last line uses Lemma 7.3.6.

The proof of Theorem 7.2.6 in Case 1 and Case 2 now follows easily.

Proof of Theorem 7.2.6 Case 1 and Case 2

Case 1: Let (Ω,F ,P) supporting a collection of i.i.d. Brownian motions B∞ = (Bi,j)(i,j)∈N2

and a collection of i.i.d. Uni([0, 1]) random variables {Uj}j∈N. We define an IEA X

on this probability space, by setting X = Γ(U)(t){∞}+B∞.
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Let r ∈ N be fixed. Consider the r× r sampled submatrix (nEn){r} out of nEn. Note

that with probability at least 1− r2

n , the coordinates of (nEn){r} are distinct. In other

words, (nEn){r} is a (uniformly) random r × r submatrix of nEn with probability at

least 1− r2/n. On this event, we further assume that (nEn){r}(i, j) is driven by the

same Brownian motion Bi,j for every (i, j) ∈ [r]2.

On the above event, we couple (nEn){r} with X[r] where X[r](i, j) := Xi,j for (i, j) ∈

[r]2. That is, X[r] is the principle r × r submatrix of IEA X. Now observe that on

this event, using Lemma 7.3.2 we obtain

W2
2((nEn){r}(t), X[r](t)) ≤ 2en,r(t) + 2Var

[
n

∞∑
k=2

J̃k(t)

]
≤ 2en,r(t) + 2

(
r2

n

)
,

where

en,r(t) := ‖Γn(t){r} − Γ(U)(t){r}‖2F.

Now notice that

E

[
sup
s∈[0,t]

en,r(s)

]
≤ 2r2 sup

s∈[0,t]
‖mn(s)−m(s)‖22.

By our assumption we have that sups∈[0,t]‖mn(s)−m(s)‖2 → 0 as n → ∞. It fol-

lows that sups∈[0,t]W2
2((nEn){r}(t), X[r](t)) → 0 – in probability – as n → ∞. This

completes the proof in Case 1.

Case 2: Recall from the Case 2, we have that

n1/2En =
√
nΓ

(∫ ·

0
µnAn(s)ds

)
+
√
nΓ

(
Bn√
n

)
+ n1/2

∞∑
k=2

Ĵk,

where Var
[
n1/2

∑∞
k=2 Ĵk,(i,j)(t)

]
≤ Ct

n . By our assumption, we have that∥∥√n(Texp
[∫ ·

0 µnAn(s)ds
]
(t)− In

)∥∥
max ≤ Ct√

n
. Now observe that

√
nΓ
(
Bn√
n

)
has i.i.d.

coordinates with entries distributed as a time changed BM t 7→ B(et − 1).

Let (Ω,F ,P) be a probability space supporting an IEA B∞ and that we can define a

copy of Bn for every n ∈ N on the same probability space such that
√
nΓ
(
Bn√
n

)
(t) =

B∞[n](et − 1). With this coupling, it is immediate that

W2
2

(
(
√
nEn){r}(t), B∞[r](t)

)
≤ 8

(
r2Ct
n

)
,
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It follows that W2
2((

√
nEn){r}(t), B∞[r](t)) → 0 – with probability 1 – as n →

∞. This completes the proof of Case 2. We should note that the condition∥∥√n(Texp
[∫ ·

0 µnAn(s)ds
]
(t)− In

)∥∥
max ≤ Ct√

n
is enough to guarantee this conclu-

sion and this condition follows as long as the entries of sups∈[0,t]‖An(s)‖max ≤ C. In

particular, for Case 2, we do not need K(An) converging to a kernel W .

Proof of Theorem 7.2.6 Case 3

The proof in Case 3 is also similar but with some technical differences. Therefore, we first

present a heuristic argument before giving the rigorous proof. Recall from the decomposition

in Case 3, we have that

Ên := n(Texp[Yn]− Texp[σnBn]) = En,det + En,0 + En,1.

Set

En,det = n

(
Texp

[∫ ·

0
µnAn(s)ds

]
− In

)
En,0 =

∞∑
k=2

nĴk,0, En,1 =
∞∑
k=2

nĴk,1.

The proof strategy is similar to the first two cases with some technical differences that we

explain first. From Lemma 7.3.3, we have that entries of En,1 have variance O(1/n). Now,

notice that En,det = nΓ
(∫ ·

0 µnAn(s)ds)
)
. We know from our assumption that K(En,det)

converges in L2 to Γ(t). In particular, a randomly chosen r× r submatrix En,det{r} of En,det

converges to Γ(t){r} in probability. And, En,0 is a matrix with Gaussian processes. However,

unlike the previous cases, the entries of En,0 are correlated. This makes the coupling more

delicate. From Lemma 7.3.3 that the covariance kernel of En,0 is given by Cn.

Roughly, the idea of the proof is as follows. Let Ẽn = En,det + En,0. Ignoring the O(1/n)

term En,1, we notice that

Ẽn{r} = En,det{r}+Gn,r,

where Gn,r is an r× r matrix of mean zero Gaussian processes with covariance kernel given

by Kn,r such that Kn,r(((i1, j1), t1), ((i2, j2), t2)) = Cn(((xi1 , xj1), t1), (xi2 , xj2), t2)), where
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xl = dnUle for every l ∈ [r]. An important observation to make here is that En,det{r} and

Gn,r are conditionally independent given {Ui}i∈[r]. From our assumptions, it follows that

K(Cn) converges in L2 to a covariance kernel C∞. On some probability space we construct a

Gaussian process G∞ := (Gi,j)(i,j)∈N2 such that Gi1,j1(t1) and Gi2,j2(t2) have a covariance of

K∞(((i1, j1), t1), ((i2, j2), t2)) = C∞(((Ui1 , Uj1), t1), ((Ui2 , Uj2), t2)) for every (t1, t2) ∈ [0, 1]2

and (i1, j1), (i2, j2) ∈ [r]2. Since Kn,r and K∞,r are close and it is reasonable to believe that

Gn,r and B[r] = (Bi,j)(i,j)∈[r]2 are close. As we have already argued in Case 1, the matrix

En,det(t){r} ≈ Γ(t){r}. We therefore conclude that Ẽn{r} is close to Γ{r}+B∞{r}.

We now give a formal proof for completeness. Let I = [0, 1]2 × R+ and let C : I2 → R

be a covariance kernel defined as

C(((x1, y1), t1), ((x2, y2), t2)) := δx1=y1,x2=y2 min{t1, t2},

for (x1, y1; t1), (x2, y2; t) ∈ I. Let (Ω,F ,P) be a probability space on which we can define

a Gaussian process B that is indexed for every (x, y; t) ∈ I with covariance kernel C. Let

G(x, y; · ) be a process defined as

G(x, y; t) =

∫ t

0

∫ 1

0
dB(x, z; s)Γ1(s)(z, y)dz ds+

∫ t

0

∫ 1

0
Γ2(s; t)(x, z)B(z, y; s)dz ds,

(7.15)

for every (x, y; t) ∈ I. Notice that G has a covariance kernel given by C∞ defined in

Lemma 7.3.3.

Possibly after extending the probability space (Ω,F ,P) we assume that it supports a

collection of i.i.d. Uni([0, 1]) random variables {Ui}i∈N independent of B. Define an IEA Y

by setting

Yi,j := Γ(t)(Ui, Uj) +G(Ui, Uj ; t), (7.16)

for all (i, j) ∈ N2 and t ∈ R+.

On this probability space (Ω,F ,P) we now define a copy of Ẽn{r}. To do this, we first

define a process Gn indexed by I as

Gn(x, y; t) :=

∫ t

0

∫ 1

0
dB(x, z; s)K(Γn,1(s))(z, y)dz (7.17)

+

∫ t

0

∫ 1

0
K(Γn,2(s; t))(x, z)B(z, y; s)dz ds. (7.18)
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Now define an r × r matrix Yn,r such that

Yn,r(i, j)(t) := Γn(t)(Ui, Uj) +Gn(Ui, Uj ; t), (i, j) ∈ [r]2.

With probability at least 1 − r2/n, we have that dnUies are distinct for i ∈ [r]. And,

note that on this event, given U1, . . . , Ur, we have that Yn,r has the same law as Ẽn{r}. In

particular – with probability at least 1− r2/n – we obtain that

W2
2(Y (t)[r], Ên(t){r}) ≤ 2W2

2(Y (t)[r], Yn,r(t)) + 2Ct
r2

n

≤ 2‖Γn(t){r} − Γ(t){r}‖2F + ‖En,r,1(t)‖2F + ‖En,r,2(t)‖2F + 2Ct
r2

n
,

where

E2
n,r,1,(i,j)(t) :=

∫ t

0

(∫ 1

0
(K(Γn,1(s))(z, Uj)− Γ1(s)(z, Uj))dz

)2

ds

≤
∫ t

0

∫ 1

0
|K(Γn,1(s))(z, Uj)− Γ1(s)(z, Uj)|2 dz ds,

E2
n,r,2,(i,j)(t) :=

∫ t

0

∫ t

0

∫ 1

0
min{s1, s2}ξ(Ui, z, s1, t)ξ(Ui, z, s2, t)dz ds1 ds2

≤ t

∫ 1

0

(∫ t

0
ξ(Ui, z, s, t)ds

)2

dz ≤ t2
∫ t

0

∫ 1

0
|ξ(Ui, z, s, t)|2 dz ds,

where ξ(Ui, z, s, t) = K(Γn,2(s; t))(Ui, z)− Γ2(s; t)(Ui, z), for (i, j) ∈ [r]2. Now observe that

E
[
‖Γn(t){r} − Γ(t){r}‖2F

]
= r2‖K(Γn,1)(t)− Γ1(t)‖22

E
[
‖En,r,1‖2F

]
≤ r2

∫ t

0
‖K(Γn,1(s))− Γ1(s)‖22 ds,

E
[
‖En,r,2‖2F

]
≤ r2t2

∫ t

0
‖K(Γn,2(s; t))− Γ2(s; t)‖22 ds.

Define

ηn,r(t) := 2E
[
‖Γn(t){r} − Γ(t){r}‖2F + ‖En,r,1(t)‖2F + ‖En,r,2(t)‖2F

]
+ 2Ct

r2

n
.

By our assumption and Lemma 7.3.4, it follows that ηn,r(t) → 0 as n → ∞. We conclude

that W2
2(Y (t)[r], Êm(t){r}) → 0 as n→ ∞ – in probability.

Lemma 7.3.5. Let Cn and C∞ be as defined in Lemma 7.3.3 and equation (7.14) for every

n ∈ N. Let h0 ∈ L2([0, 1]) and {Ui}i∈N be i.i.d. Uni([0, 1]) random variables. Define
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Hn,0 = h(Ui) for every i ∈ [n] and n ∈ N. Let Zn(t) = (Gn(t)(Ui, Uj))(i,j)∈[n]2 for every

n ∈ N where Gn is as defined in equation (7.18). Then for any i1, i2 ∈ [n],

lim
n→∞

E

[(
1

n
Zn(t)Hn,0

)
i1

(
1

n
Zn(t)Hn,0

)
i2

]
= 1{i1 = i2}

∫ t

0
‖Γ(s)h‖22 ds. (7.19)

Proof. Following the definition of Cn,

E

[(
1

n
Zn(t)Hn,0

)
i1

(
1

n
Zn(t)Hn,0

)
i2

]

=
1

n2

n∑
j1,j2=1

Hn,j1E
[
Zn,(i1,j1)(t)Zn,(i2,j2)(t)

]
Hn,j2

=
1

n2

n∑
j1,j2=1

Hn,j1Cn(((Ui1 , Uj1), t), ((Ui1 , Uj1), t))Hn,j2

Separating the terms when j1 = j2 and otherwise, the above simplifies to

1

n2

n∑
j1=j2=1

Hn,j1Cn(((Ui1 , Uj1), t), ((Ui1 , Uj1), t))Hn,j2

+
1

n2

n∑
j1 6=j2=1

Hn,j1Cn(((Ui1 , Uj1), t), ((Ui1 , Uj1), t))Hn,j2

Let us first consider the case when i1 6= i2. Then as we take the limit of n → ∞, the first

term goes to zero, whereas the second term is exactly zero. For the case when i1 = i2, the

first term again goes to zero, but the second term survives. Plugging in the expression for

Cn in this case, we get that the above converges to

lim
n→∞

1

n2

n∑
j1,j2=1

h(Uj1)h(Uj2)

∫ t

0

(
Γ1(s)

> � Γ2(s)
)
(Uj1 , Uj2)ds

= lim
n→∞

∫ t

0

∫ 1

0

1

n2

n∑
j1,j2=1

h(Uj1)h(Uj2)Γ1(s)(z, Uj1)Γ1(s)(z, Uj2)dz ds

=

∫ t

0

∫ 1

0

 lim
n→∞

1

n

n∑
j1=1

Γ1(s)(z, Uj1)h(Uj1)

 lim
n→∞

1

n

n∑
j2=1

Γ1(s)(z, Uj2)h(Uj2)


=

∫ t

0

∫ 1

0
(Γ(s)h)2(z)dz ds =

∫ t

0
‖Γ(s)h‖22 ds.

7.3.2 Proof of Theorem 7.2.7

We will prove Theorem 7.2.7 in this section. We start with some simple observations that

intuitively explains why the result holds before giving the formal proof.
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Let f ∈ L2([0, 1]). Define fn ∈ Rn by setting fn,i = n
∫ i/n
(i−1)/n f(x)dx for i ∈ [n]. Note

that 1
n‖fn‖

2
2 ≤ ‖f‖22. Let Xn be an n× n matrix. Notice that

‖K(Xn)f‖22 =
1

n

n∑
i=1

 1

n

n∑
j=1

Xn,(i,j)fn,j

2

≤ ‖f‖22

 1

n2

n∑
i,j=1

X2
n,(i,j)

. (7.20)

In particular, if Xn,(i,j)s are mean 0 random variables with variance bounded by ς2n, then

E
[
‖K(Xn)f‖22

]
≤ ς2n‖f‖

2
2.

Note that this is giving an upper bound on the operator norm of K(Xn). In particular, if

ςn → 0 as n→ ∞ then ‖K(Xn)‖op → 0.

Notice that the above bound does not require any assumption on the correlations between

the entries of Xn. Taking all Xn,(i,j)s to be equal, we see that – in general – one can not do

better than this. However, when entries of the Xn,(i,j) are uncorrelated this bound is clearly

weak. Intuitively, when the entries in the row i, Xn,(i,j), are uncorrelated (and the variances

bounded by say ς2n) we expect the variance of 1
n

∑n
j=1Xn,(i,j)fn,j to be at most 1

n ς
2
n‖f‖

2
2.

In particular, E
[
‖K(Xn)f‖22

]
≤ ς2n

n ‖f‖
2
2. Therefore, K(Xn) converges to 0 operator as

n → ∞, even if ς2n = O(1) as n → ∞. In particular, if Xn is a matrix with i.i.d. Gaussian

coordinates, then it converges to a non-trivial IEA, but the limit of Xn, in operator sense,

is the 0 operator.

With this discussion, the proof is immediate. We write

nEn := En,det + E0
n,err + E1

n,err,

where En,det is an n×n matrix that converges to a deterministic kernel or operator in strong

sense and E0
n,err is a matrix with i.i.d. Gaussian coordinates with mean 0 and bounded

variance while E1
n,err is a matrix with mean 0 coordinates and variances bounded by 1

n . It is

clear from the above discussion that the proof follows if we could show that En,det converges

to the desired operator in strong sense.

Before we start the proof we prove the following lemma. Let S : t 7→
∫ t
0 T (s)ds be an

absolutely continuous curve of operators on L2[0, 1]. Recall that we can define Jk(S)(t) as

Jk(S)(t) :=

∫
∆k(t)

T (sk−1) . . . T (s1)dsk . . . ds1.
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Lemma 7.3.6. Let T1 and T2 be the curves of curve of operators and define Si(t) :=∫ t
0 Ti(s)ds for i ∈ [2]. Assume that sups∈[0,t]‖T1(s)‖op, sups∈[0,t]‖T2(s)‖op ≤ Ct for some

constant Ct > 0 for every t ∈ R+. Then,

‖Jk(S1)(t)− Jk(S2)(t)‖op ≤ η(t)Ck−1
t k

tk

k!
, k ≥ 1,

where η(t) = sups∈[0,t]‖T1(s)− T2(s)‖op for t ∈ R+. In particular, we have

sup
s∈[0,t]

‖Texp[S1](s)− Texp[S2](s)‖op ≤ η(t)t(etCt − 1), t ∈ R+.

Proof. Observe that

‖Jk(S1)(t)− Jk(S2)‖op ≤
∫
∆k(t)

‖T1(sk) . . . T1(s1)− T2(sk) . . . T2(s1)‖op dsk . . . ds1

≤
∫
∆k(t)

k∑
j=1

∥∥∥∥∥∥
k∏

i=j+1

T1(si) · (T1(sj)− T2(sj)) ·
j−1∏
i=1

T2(si)

∥∥∥∥∥∥
op

k∏
i=1

dsi

≤ kCk−1
t η(t)

∫
∆k(t)

dsk · · · ds1

≤ η(t)Ck−1
t k

tk

k!
.

Finally observe that

‖Texp[S1](s)− Texp[S2](s)‖op ≤
∑
k≥1

‖Jk(S1)(s)− Jk(S2)(s)‖op ≤ η(s)t(etCt − 1).

Taking supremum over s ∈ [0, t] we get the final result.

Proof of Theorem 7.2.7. We begin the proof in Case 1. Set

En,det = n

(
Texp

[∫ ·

0
µnAn(s)ds

])
, E0

n,err = Bn, and E1
n,err = n

∞∑
k=2

J̃k.

Following equation (7.8), we write

nTexp[Yn] = En,det + E0
n,err + E1

n,err.

Let f ∈ L2([0, 1]). Observe that

E

[
sup
s∈[0,t]

‖(K(nTexp[Yn](s))− En,det(s))f‖22

]

≤ 2E

[
sup
s∈[0,t]

(∥∥K(E0
n,err(s))f

∥∥2
2
+
∥∥K(E1

n,err(s))f
∥∥2
2

)]
≤ Dt

n
‖f‖22,
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where Dt ≥ 1 is a constant that depends only on t.

Let Tn be the integral operator corresponding to An and set ηn(t) :=

sups∈[0,t]‖Tn(s)− T (s)‖op. Similarly define the integral curve Sn of Tn. It follows that

sup
s∈[0,t]

‖Texp[Sn](s)− Texp[S](s)‖op ≤ ηn(t)tetCt → 0,

as n→ ∞.

The proof in the Case 2, follows exactly from the same argument, by noting that

‖En,det‖∞ ≤ 1√
n

in this case. We skip the details.

7.4 Discussion

7.4.1 Oja’s Algorithm

In this section, we analyze the Oja’s algorithm [168] which is perhaps, the most popular

algorithm for Streaming Principle Component Analysis. It is well known that under very

mild conditions, given i.i.d. sampled from a distribution, Oja’s algorithm asymptotically

converges to the top eigenvector of the second moment matrix of the distribution [147, 110].

Consider m ∈ N i.i.d. samples {xn,i}i∈[m] from a distribution over Rn with second

moment Σn � 0. The Oja’s algorithm starts with an initialization non-zero vector pn,0 ∈ Rd

computes qn,0 = pn,0/‖pn,0‖2 and at every step k ∈ [m] sets

pn,k =

(
In +

1

mn
· nxn,kx>n,k

)
qn,k−1, qn,k = pn,k/‖pn,k‖2.

Now notice that for any t ∈ [0, 1], the bmtc-th iterate

qn,bmtc = Pn,m(t) ·
bmtc∏
k=1

1

‖pn,k‖2
· qn,0,

where Pn,m(t) :=
∏bmtc
k=1

(
In +

1
mn · nxkx>k

)
. By assumption, we have E

[
xn,kx

>
n,k

]
= Σn for

every k ∈ [m]. Since we are always sampling i.i.d. samples for every m ∈ N, it also holds

that limm→∞Σn = Σn for every t ∈ [0, 1]. Applying Theorem 7.2.4, we find that (Pn,m)m∈N

uniformly converges to t 7→ Texp
[∫ ·

0 Σn
]
(t) = etΣn .

Since Oja’s algorithm re-scales the iterates at every iteration, in the limit as m → ∞,

the vector qn,bmtc, therefore, converges to the unit vector corresponding to etΣnq0. Let us
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call it qn(t). If Σn has an eigendecomposition VnΛnV
>
n for Λn = diag

(
(λn,i)

n
i=1

)
having its

diagonals arranged in descending order, and zn(t) := V >
n qn(t), and ∆n := λn,1 − λn,2, then

‖qn(t)− vn,1‖22 = ‖zn(t)− en,1‖22, (7.21)

where en,1 is the first element of the standard canonical basis of Rn. Notice that

z2n,1(t) =
z2n,1(0)

z2n,1(0) +
∑n

j=2 e−2t(λn,1−λn,j)z2n,j(0)
,

z2n,i(t) =
e−t(λn,1−λn,i)z2n,i(0)

z2n,1(0) +
∑n

j=2 e−2t(λn,1−λn,j)z2n,j(0)
, i ∈ [n] \ {1}.

(7.22)

Using the fact that
(
(1 + x)1/2 − 1

)2
≤ x, for all x ≥ 0, we find that

1

n
‖qn(t)− vn,1‖22 ≤ 2

‖zn(0)‖2∞
z2n,1(0)

· e−2t∆n .

7.4.2 Gossip Algorithms

Gossip algorithms are distributed algorithms that are used to average values over the nodes

of a graph. Simple applications arise when we have certain sensors capturing values over

a small region or space. And, in order to combat minor fluctuations in their readings,

the sensors need to average their readings in a distributed manner. Distributed averaging

also arises in many applications such as coordination of autonomous agents, estimation and

distributed data fusion on ad-hoc networks, and decentralized algorithms.

Let Gn = ([n], E) be an undirected graph with adjacency matrix An ∈ {0, 1}[n]
(2)

, and

let xn(0) ∈ Rn represent the initial values stored on the nodes of the graph. The goal

of the gossip algorithm is for each node to estimate 1
n

∑n
i=1 xn,i(0) in a distributed and

asynchronous manner. That is, the target is to approximate 1
n1n1

>
n xn(0) over the set of

nodes.

Each node has an independent clock that ticks at the times of a rate 1 Poisson process.

This corresponds to a single clock ticking at rate n Poisson process at times {Zk}k∈N. Let

Ik denote the [n]-valued random variable denoting the node whose clock ticked at time Zk,

for every k ∈ N. Let us denote [Zk, Zk+1) as the k-th time slot for every k ∈ N. Given An,

we can compute a matrix Pn such that for every i ∈ [n], Pi,j denotes the probability that
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node i is connected to node j. That is, if Dn is the diagonal matrix storing the degree of

every node on its diagonal, then Pn = D−1
n An. Let us assume that Pn is doubly stochastic.

The algorithm runs as follows. Let m ∈ N be the total number of steps that the

algorithm runs in a single round. Let Ik = i ∈ [n] at the k-th time slot. Then, node i

chooses a neighbor j ∈ [n] with probability Pi,j > 0 and node i updates its value as

xn,i(k + 1) = (1− αm)xn,i(k) + αm · 1

di

∑
j∈Ni

xn,j(k), k ∈ Z+,

where Ni ⊆ [n] denotes the neighbor set of node i, and |Ni| = di. Let Bn = In+αm(Pn−In).

Observe that this operation can be written as a linear transformation of xn(k). That is,

xn(k + 1) = Zn,kxn(k), where Zn,k with probability 1/n (for the event when the clock of

node i ticks in the k-th time slot) is the matrix that is all zero rows, except the i-th row

being the i-th row of Bn. Hence, E[Zn,k] = In +
αm
n (Pn − In) for every k ∈ [m].

Therefore, after time slot bnmtc, the values stored on the nodes of the algorithm is

xn(bnmtc) =
bnmtc∏
i=1

Zn,k · xn(0), t ∈ R+.

If αm = m−1, then following Theorem 7.2.4,

bnmtc∏
i=1

Zn,k → Texp
[∫ ·

0
(Pn − In)ds

]
(t) = exp(t(Pn − In)), t ∈ R+.

Therefore, the vector xn(bnmtc) converges to exp(t(Pn − In))xn(0) as m→ ∞.

Let (λn,i)i∈[n] denote the eigenvalues of Pn in descending order. Since Pn is a stochas-

tic matrix, all its eigenvalues are non-negative, moreover λn,1 = 1 and the corresponding

eigenvector is 1n. We can now compute the limit of the error as m→ ∞ as

lim
m→∞

∥∥∥∥xn(bnmtc)− 1

n
1n1

>
n xn(0)

∥∥∥∥
2

=

∥∥∥∥exp(t(Pn − In))xn(0)−
1

n
1n1

>
n xn(0)

∥∥∥∥
2

≤
∥∥∥∥ 1n1n1>n − exp(−t(In − Pn))

∥∥∥∥
2

‖xn(0)‖2.

Since the only non-zero eigenvalue of 1
n1n1

>
n is 1, the operator norm of the matrix 1

n1n1
>
n −

exp(−t(In − Pn)) is t(1 − λn,2). Therefore we get that the relative error in the limit is

bounded by e−t(1−λn,2).



237

We find that relative error depends on how small λn,2 be. As an example, if G were a

random d-regular graph, then it is well known that λn,2 converges to Θ(d−1/2) with high

probability [86], yielding that as n → ∞, the rate of convergence is e−T (1−Θ(d−1/2)) with

probability 1.

7.4.3 Convergence of Stochastic Gradient Descent (SGD)

Let (ai, bi)i∈[m] ⊂ Rn × R be a set of m ∈ N input output pairs of data points. The

output if modeled as a linear function of the input, gives us the standard linear regression

model, where the objective is to find a suitable linear predictor. If one assumes that bi =

n−1〈ai, x∗〉 + εi for i ∈ [m] for some x∗ ∈ Rn such that εis are all i.i.d. centered random

variables independent of (ai)i∈[m], then the objective is to solve the minimization problem

arg min
x∈Rn

1

2m

m∑
i=1

(
n−1〈ai, x〉 − bi

)2
.

Let us consider the particle SGD algorithm [61] that starts at x1 ∈ Rn and at iteration

k ∈ N, computes xk+1 as

xk+1 = xk − nηn,m,kak
(
n−1〈ak, xk〉 − bk

)
=
(
In −

ηm
n

· naka>k
)
xk + nηmakbk.

Unrolling the expression, following the popular choice [164], if we set ηn,m,k = 1
λk,nm

, where

λk,n > 0 is the least eigenvalue of E
[
aka

>
k

]
for every k, we get that at iteration bmtc for any

t ∈ [0, 1],

xbmtc =

bmtc∏
k=1

(
In −

naka
>
k

λk,nmn

)
· x1 +

n

m

bmtc∑
k=1

bmtc∏
j=k+1

(
In −

naja
>
j

λj,nmn

)
· ak
λk,n

(n−1a>k x
∗ + εk).

(7.23)

Let us define the piecewise constant interpolation of
(
E
[
aia

>
i

])
i∈[m]

as s 7→ Σn,m(s) and

assume that Σm uniformly converges to a curve Σn as m → ∞. Similarly define a, ε, λn

to the limit of the piecewise continuous interpolation of (ai)i∈[m], (εi)i∈[m] and (λi,n)i∈[m]

respectively as m→ ∞.
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Then, following Theorem 7.2.4, if (t 7→ xbmtc) → x as m→ ∞, then

x(t) = Texp
[
−
∫ ·

0

(
Σn
λn

)
(s)ds

]
(t)x(0)

+

∫ t

0
Texp

[
−
∫ ·

0
τs

(
Σn
λn

)
(r)dr

]
(s)

a(s)a(s)>

λn(s)
x∗ ds

+ n

∫ t

0
Texp

[
−
∫ ·

0
τs

(
Σn
λn

)
(r)dr

]
(s)

a(s)

λn(s)
ε(s)ds.

Taking expectation over a and ε, we get

E[x(t)] = Texp
[
−
∫ ·

0

(
Σn
λn

)
(s)ds

]
(t)x(0)

+

∫ t

0
Texp

[
−
∫ ·

0
τs

(
Σn
λn

)
(r)dr

]
(s)

(
Σn
λn

)
(s)x∗ ds.

In the simple case when Σ and λn are the constant curve of a positive definite matrix and

its smallest eigenvalue respectively, the above equation reduces to

E[x(t)] = Texp
[
−
∫ ·

0

Σn
λn

ds
]
(t)x(0) +

∫ t

0
Texp

[
−
∫ ·

0

Σn
λn

dr
]
(s)

Σn
λn

ds · x∗

= e−tΣn/λnx(0) +

∫ t

0
e−sΣn/λnx∗ ds = e−tΣn/λnx(0) + (In − e−tΣn/λn)x∗,

which implies

E[x(t)]− x∗ = e−tΣn/λn(x(0)− x∗). (7.24)

In other words, E[x(t)] converges exponentially fast to the minimizer x∗ of the optimization

problem. This rate, as one might expect depends on the condition number of the second

moment matrix. Note that equation (7.24) captures the general case when the sequence

of input-output pairs have time-varying distribution such that the second moment of the

distribution of the input converges to an L2-absolutely continuous curve under the chosen

scaling.

7.4.4 Infinitely deep and infinitely wide Residual Neural Network

Authors in [216] introduce the maximal update parameterization (µP) to initialize a deep

and wide neural network that enjoys various scale-free properties that allow hyperparameter

transfers across networks of different sizes. Consider a deep residual neural network defined
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as follows. Let x ∈ Rd be a fixed input, where d ∈ N is fixed. A m-layer network ŷ under

µP scaling takes the following form. For every i ∈ [n], compute

Hn,0 = Jx,

Hn,k = Hn,k−1 +
1√
nm

θ
(m)
n,k Hn,k−1, k ∈ [m],

ŷ(x) =
1

n

n∑
i=1

Hn,m,i.

The matrix J ∈ Rn×d is a fixed sampling matrix with (possibly random) entries of the

order Θ(1). An example of such a matrix is when all elements are i.i.d. and distributed

as N(0, 1). The trainable matrices
(
θ
(m)
n,k

)
k∈[m]

for every m ∈ N are the weight matrices

corresponding to every layer. At the time of initialization, these matrices are set to be

independent with i.i.d. N(0, 1) entries, that is θ(m)
n,k = G

(m)
n,k , where the elements in G(m)

n,k are

all i.i.d. standard Gaussian for every k ∈ [m] and every m ∈ N. As the network is trained,

the matrices
(
θ
(m)
n,k

)
k∈[m]

change to have non-zero mean that allows ŷ to change from zero

and learns the desired function. A reasonable way through which these weight matrices(
θ
(m)
n,k

)
k∈[m]

can be modeled is

θ
(m)
n,k =

1√
nm

M
(m)
n,k +G

(m)
n,k , k ∈ [m], m ∈ N, (7.25)

where
(
M

(m)
n,k

)
k∈[m]

are random matrices with mean
(
A

(m)
n,k

)
k∈[m]

respectively. Using the

above model, the layer bmtc of the network for any t ∈ [0, 1] computes

Hn,bmtc =

bmtc∏
k=1

(
In +

1

nm
M

(m)
n,k +

1√
nm

G
(m)
n,k

)
·Hn,0.

The iterative product of matrices in the above equation is nothing but Pn,m(t) as discussed

in Section 5.1 for σ2 = n−1. If we now assume that the piecewise constant interpolations(
A

(m)
n : t 7→ A

(m)
n,bmtc

)
m∈N

uniformly converge to a curve An in L2 as m → ∞, such that

supt∈[0,1]‖An(s)‖max ≤ C for some C ≥ 0, and Cov
(
M

(m)
n,k ,�

)
nDIn for all k ∈ [m], m ∈ N

for some D ≥ 0; then Theorem 7.2.4 tells us that Pn,m uniformly converges to Texp[Yn] as

m→ ∞, where

Yn(t) =
1

n

∫ t

0
An(s)ds+ 1√

n
Bn(t), t ∈ [0, 1],

where Bn is a n× n matrix with i.i.d. Brownian motions.
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7.4.5 Applications in financial modeling

The iterated product of matrices obtained from a triangular array is particularly important

when there is a fixed notion of continuous time, and measurements are made at various levels

of discretization. In finance modeling, m may denote the number of intervals within a year,

ranging from trading days to microseconds of annual trading activity. Here, n represents

the count of (dependent) financial instruments, often numbering in tens of thousands. To

examine changes in an instrument’s price from time-step k − 1 to k, consider the price of

the i-th instrument, Hn,k,i, written in the form:

Hn,k−1,i +
1

m
·

 1

n

n∑
j=1

M
(m)
n,k,(i,j)Hn,k−1,j

+
1√
m

·

 1√
n

n∑
j=1

G
(m)
n,k,(i,j)Hn,k−1,j

. (7.26)

The above expression indicates that the price Hn,k,i of instrument i at every time step

k ∈ [m], increases at a rate influenced by a linear combination of the (noisy) growth rates

M
(m)
n,k,(i,j) of all instruments j ∈ [n]. Additional noise is contingent upon the price of all

other instruments. Since there is an absolute notion of time t ∈ [0, 1] where t = 0 and

t = 1 indicate the start and end of a financial year, our analysis establishes a uniform

limiting framework applicable across all trading frequencies. Essentially, the evolution of

the price of n (or possibly infinite) financial instruments is dictated by the curve t 7→ An(t),

representing the continuous time-varying return. Examples of such models include the

dynamics of monetary reserves of n banks interacting via lending mechanisms [?].

It is easy to see that when n = 1, and A1 is a constant curve, we recover the classical

geometric Brownian motion.
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Chapter 8

SOME REMARKS AND FUTURE DIRECTIONS

We now give a summary of this thesis: we developed a notion of gradient flow on the

space of graphons. This is done following the general theory of gradient flows in metric

spaces as developed in [5]. Our main contribution, in this regard, is to specialize this theory

to the space of graphons. Restricting ourselves to a particular space, we prove some useful

results that may have practical significance. For instance, we show that the Euclidean

gradient flows on symmetric matrices well-approximate the gradient flows on graphons.

We then turn our attention to studying the scaling limits of the evolution of large graphs

that possess some symmetry. In particular, we consider a general class of SDEs (with

reflections) on symmetric matrices where the drift is a permutation invariant function of

matrices. Under appropriate assumptions, we establish a propagation of chaos phenomenon

for these processes. As a result, in the limit, these processes can be described by an infinite

exchangeable array whose coordinates satisfy a novel McKean-Vlasov type SDE. This is

particularly important for studying the evolution of networks in large dimensions. This

can be seen as a generalization of mean-field interacting particle systems. In this thesis,

we show that such SDEs naturally arise in the context of stochastic gradient descent with

noise for functions of symmetric matrices that satisfy permutation invariance property. It is

reasonable to expect that similar phenomenon in many natural models of graph evolution.

In Chapter 6, we consider a variant of the Metropolis chain on the stochastic block

models with r communities and n individuals in each community. The chain is designed

to minimize certain Hamiltonian that is permutation invariant. We take the number of

individuals n in each community to infinity and study the evolution of the r× r connection

probability matrix between communities. With a novel relaxation step in the Metropolis

chain, and with an appropriate scaling limit, we show that the r× r connection probability

matrix between communities converges to a matrix-valued diffusion. This diffusion has
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permutation invariant drift. Following a similar analysis as in Chapter 5 we show that, as

n → ∞, the trajectories of these r × r matrix-valued SDEs converge, in probability, to a

deterministic curve on the space of graphons. In other words, the relaxed Metropolis closely

approximates a deterministic curve on the space of graphons. En route, we extended some

of the formalism of so-called decorated graphons introduced in [153]. We refer to these

decorated graphons as measure-valued graphons. We introduced a metric analogous to the

cut metric on the space of measure-valued graphons and established its equivalence to the

topology given in [153]. We expect that this will be of independent interest. We further

established the equivalence of convergence of measure-valued graphons with the convergence

of infinite exchangeable arrays thus extending the results in [117, 118].

Finally, in Chapter 7, we consider the iterated product of matrices where at each step a

small perturbation of the identity matrix is multiplied from the left. We study the scaling

limit of such matrix products as the dimension goes to infinity. The iterated product of

matrices has a rich and long history as we refer in 7. Our contribution in this regard is

two-fold. Firstly, in the fixed dimension, we study the product of a triangular array of

matrices instead of the product of a sequence of matrices. This generalizes some of the

previous works. In fixed dimensions, the scaling limit of the iterated product of matrices is

given by a non-commutative exponential of a semimartingale. This description is explicit

but may not always be very easy. We provide a neat combinatorial interpretation of the

mean of this process. Our second contribution concerns the study of the limit of this

non-commutative exponential as the dimension goes to infinity. In this limit, we obtain an

infinite exchangeable array where the coordinates are Gaussian and the mean and covariance

of these coordinates can be explicitly described. This can also be seen as a matrix-valued

generalization of classical symmetric statistics [79].

We now describe some potential applications of the current work and point out some

immediate directions that naturally emerge out of the current work that needs further

research.
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8.1 A computational tool for extremal graph theory

Extremal graph theory is replete with problems that involve maximizing or minimizing cer-

tain graph functions. For instance, we mentioned the Mantel-Turán problem in Chapter 1.

As already explained, our theory does not yield any information about the structure of

the minimizer. However, as we exhibited in the example in Section 6.1.3, running a gradi-

ent flow for a function can provide insight into the structure of minimizers. Thus, it may

serve as a useful tool for obtaining candidate minimizer(s). For instance, as mentioned in

Chapter 3 the minimizers for the rate function of ERGM are only known in the so-called

replica symmetry regime where we know that the minimizers are constant graphons. This

effectively reduces the problem of finding minimizers to a calculus problem. Outside the

replica symmetry regime, even a reasonable conjecture for minimizers is often out of reach.

For concreteness, consider the problem of minimizing F(W ) := β1t(K2,W ) + β2t(K3,W )

for some (β1, β2) that is not in the replica-symmetry regime. One may run the gradient flow

of F(W ) for sufficiently long time and the resulting graphon would be a good candidate for

a minimizer of F(W ). On the other hand, our technique may also be of use in generating

counterexamples in some cases. For instance consider the problem of testing whether a

connected finite graph H with E(H) number of edges has Siderenko property (see [195]) or

not. This is equivalent to testing if the inequality

t(H,W ) ≥ t(K2,W )|E(H)| ,

is true or not. One can again run a gradient flow (Wt)t≥0 of F(W ) := t(H,W ) −

t(K2,W )E(H) over the space of graphons. If H does not have Siderenko’s property, then one

would expect that F(Wt) < 0 for sufficiently large t. It is worth emphasizing that this is a

heuristic idea. The homomorphism densities are generally non-convex functions (see 4.5.1)

and therefore the gradient flow may get stuck at a local minima or at a stationary point.

Deveoping a systematic method to handle this issue is an important problem that needs

significant future work.
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8.2 Constrained optimization on the space of graphons

We now describe a related theme that is not considered fully in this thesis and is the

next natural problem to study. As explained in Section 3.4, there is a significant in-

terest in studying the optimization of some convex function, say, the entropy function

E(W ) =
∫ ∫

h(W (x, y))ddy where h(p) = p log(p) + (1 − p) log(1 − p) over the subset of

graphons where the edge density t(K2,W ) = ε and the triangle density t(K3,W ) = τ

are fixed. One can consider more number of such constraints. While one can consider

a relaxation of this problem, that is, consider minimizing the functions like F (W ) :=

A(t(K2,W )− ε)2 +B(t(K3,W )− τ)2 + E(W ) with some large positive constants A and B.

This is not completely satisfying. The functions like A(t(K2,W )− ε)2 +B(t(K3,W )− τ)2

are generally only semi-convex. In particular, for large A and B, the function F becomes

non-convex (see 5.6.3). In this case, while the gradient flow curve still exists, there need not

be a unique minimizer and even the convergence to a stationary point is slow (see 5.6.3).

We again point out that the structure of the minimizer or stationary point is not within the

scope of current work but it is an active area of research.

Naturally, one may envision developing a Lagrange multiplier theory for optimization

with constraints on the space of graphons. This is an interesting and important direction

to pursue. However, as we have pointed out (see 4.5.1, 5.6.3), the homomorphism densities

are generally non-convex. Even the feasible region of parameters, where the intersection

of finitely many constraints is non-empty, has been the subject of intense research and is

known only in a few cases (see, for example, [181, 182, 180, 161, 162]).

We should mention that one of the most important problems in this area is Siderenko’s

conjecture. We explain the problem below. Let F be a bipartite graph. Siderenko’s con-

jecture states that minimizer of t(F,W ) over all graphons W : [0, 1]2 → [0, 1] such that∫ ∫
W dxdy = p is given by the constant graphon W ≡ p. It is known [149] that W ≡ p

is a local minimizer. One can replace F with some other class of graphs. The conjecture

is known to be true for the class of graphs F called norming graphs [103]. However, a full

characterization of norming graphs is unknown.
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8.3 Dynamic graphon-based interacting particle systems

As mentioned in Chapter 3, there is a significant interest in understanding the evolution

of interacting particle systems where the interaction is determined by an underlying graph.

We discussed this in detail in Chapter 3.

Our work concerns the evolution of the graph itself where the edges of the graph sym-

metrically interact with each other. We show that despite the complicated evolution of

such networks, for large n (the number of vertices), the evolution of the graph is close to a

deterministic curve of graphons. It is natural to study the evolution of graph-based particle

systems where the graph itself is evolving with time according to the dynamics considered

in our work. This problem is also important from a practical point of view. Most of the

literature on graph-based interacting particle systems is inspired by models of the behav-

ior of agents (e.g. financial markets) in an environment where not everyone interacts with

everyone else. It is reasonable to assume in this case that the environment itself evolves

with time. There is some work in this direction as we discussed in Chapter 3, however, the

evolution of the networks in those works depends only on the position of the agents and

not on the strength (edge-weights) of the network itself [19, 99, 21]. Such systems arise

in the study of gossip algorithms, epidemiology, SIR Model, and so on. We particularly

refer the reader to the introduction of [21] and the references therein for more details. For

instance [21] describes as a toy example a system of n children labeled 1, . . . , n and their

location at times t is denoted by X
(n)
i (t) for i = 1, . . . , n. While there is an underlying

network ξ(n) where the edge ξ(n)i,j (t) denotes the type of friendship between i and j. The

authors in [21] consider the case where the dynamics of the location X
(n)
i of the child i

depends on the joint empirical distribution of all the other children’s position and their

friendship with i. In their model the evolution of the friendship type ξ(n)i,j between i and j

only depends only on X
(n)
i and X

(n)
j . It is natural to imagine a more general model of a

graph-based interacting particle system that encompasses the two worlds. That is, one may

allow the network evolution to depend on the position of the agents (vertex weights) as well

as the strength of the connection (edge weights). For instance, in the previous example of

children and the friendship network, it is imaginable that the evolution of friendship also
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depends on the current status of the friendship and not just on the status of two individuals

(at least in a world we would all like to live).

8.4 Fluctuations of subgraph densities

In Chapter 5 and Chapter 6, we establish the convergence of matrix valued process, say Xn ∈

C([0, 1],Mn), with certain symmetries to some deterministic curve, say Γ ∈ C([0, 1],W),

on the space of graphons. This convergence entails that for any fixed finite graph F , the

homomorphism density (t(F,Xn(s)))s∈[0,1] converges to (t(F,Γ(s)))s∈[0,1]. This is analogous

to the law of large numbers. It is the natural next step to study the fluctuations of the

homomorphism density for these processes.

This should be compared to our discussion in Chapter 3. Recall that the fluctuations

of homomorphism densities of the random graph G(n,W ) generated from a graphon W is

subject to intensive research. However, the available results in the literature do not directly

apply to our case. For instance, fix t > 0, we show that the random matrix Xn(t) ∈ Mn

converges to some kernel Γ(t). In this case, however, Xn(t) is not the adjacency matrix

of G(n,Γ(t)). Therefore, while the convergence of homomorphism density follows from our

results, the fluctuations of such processes need to be studied in the future. The theory

developed for the generalized U -statistics and incomplete U -statistics have proved to be

useful tools to study the fluctuations of subgraph counts [119, 166] and it may be useful in

studying this problem.

8.5 Analysis of deep neural networks

We now discuss an important example that was one of our primary motivations for this

series of work. A neural network (NN) (see Figure 8.1) consists of b ∈ N hidden layers, an

initial input x0 ∈ Rd0 , and a terminal output ŷ(x0) ∈ R (say), computed by a sequence of

transformations

x0 7→ x1 ∈ Rd1 7→ x2 ∈ Rd2 7→ · · · 7→ xb ∈ Rdb 7→ ŷ.
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· · · · · · ŷ(x0)
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x1
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xi+1
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d0
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di
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db

Figure 8.1: Finite width Neural Network with multiple hidden layers

Each transformation involves a matrix Ai+1 ∈ Rdi+1×di , a vector βi+1 ∈ Rdi+1 , and the

transformation is defined as

xi+1 = σ(Ai+1xi + βi+1), (8.1)

for all i ∈ {0} ∪ [b− 1], where the function σ : R → R acts coordinate-wise. Finally, take ŷ

to be just the average of elements in xb.

The distribution of training data is given by a probability measure µ on Rd0 × R. The

goal of a NN is to minimize a risk function R, often a quadratic loss,

R (Ai, βi, i ∈ [b− 1]) := E(X,Y )∼µ

[
(Y − ŷ(X))2

]
, (8.2)

where the minimization is over all choices of the sequence of matrices Ai and vectors βi, for

i ∈ [b− 1].

Let us ignore the vectors βi from our discussion. The entries of the matrix Ai+1 can

be thought of as associated with the edges of the bipartite graph connecting the nodes in

layers i and i + 1. The output R in equation (8.2) does not depend on the labeling of the

nodes in either layer, in the sense that if we relabel the nodes and correspondingly permute

the rows and columns of Ai+1 the output R remains the same. Therefore the risk function

R can be thought of as a function of edge weights of a sequence of bipartite graphs that is
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invariant under vertex relabeling. A gradient descent algorithm on the NN tries to compute

the Euclidean gradient flow with respect to the edge weights to reach the minimum value of

R. One can again ask the question: as the number of vertices in each layer goes to infinity,

is there a scaling limit for the gradient flow of R? This is a multivariate generalization of

our set-up of the gradient flow of a function on graphons. Instead of a single graph, we have

a sequence of b graphs, all bipartite, and successive graphs share vertices. Many significant

problems are open in this area. For an NN with a single hidden layer, a similar analysis

has been successfully performed in [200, 201] where it is shown that the training of NN

can be modeled by a gradient flow on Wasserstein space. For deep neural networks, the

theory is still unsatisfying despite a large number of works. We believe that a multivariate

generalization of our work can address this challenge.

Another important insight and direction that our work (especially Chapter 7) opens up

is the following. Let us consider the model where the function σ is the identity σ(x) = x

and the vectors βi ≡ 0. In this case, we see that xd = AdAd−1 · A1x0, that is, the output

of the network is obtained via a sequence of products of matrices. In Chapter 7, we study

a particular model of iterated product of matrices where the dimensions are all the same.

This allows us to interpret the output of a deep NN (in infinite width and infinite depth

limit). Given the weight matrices, in this simple setting, we can describe the output.

However, it suggests (at least at the initialization) that the evolution of a fixed neuron can

be described as a Gaussian process whose covariance kernel can be described by a function

of some curve in L2([0, 1]2). More generally, one can think of the evolution of the full

network as a Gaussian process indexed by [0, 1] × R≥0 where the index [0, 1] essentially

models the location of a neuron and the index R≥0 represents the time. While this requires

a significant amount of future work, this is an important and promising direction. We

should again point out that in the current setup, we do not consider any training in the

network. It would be an interesting direction to analyze the training dynamics in deep

neural networks. One key issue that arises here is that at any positive time during the

training, the weight matrices are highly correlated. In recent times, many authors have

attempted similar analysis [104, 64, 191, 101, 94, 6, 148, 218, 194, 33, 120].
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