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Abstract

A Function-Based Approach to High-Precision Volumetric Design and Fabrication

Christopher Uchytil

Chair of the Supervisory Committee:
Duane Storti
Department of Mechanical Engineering

This work addresses the challenges of representing, designing, and interacting with high
resolution volumetric models for computer-aided design (CAD) applications by presenting
a novel function-based representation (F-rep) geometric modeling kernel aimed at providing
the capabilities to efficiently design, visualize, and interrogate large scale volumetric mod-
els. F-Reps provide a model basis which allows for unambiguous and highly parallelizable
point membership classification (PMC) [8, 63, 42] while still supporting modeling techniques
common to traditional boundary representation (B-Rep) geometry kernels. Our geometric
modeling kernel framework consists of two components: a novel interpreter used to evaluate
user-defined models and a sparse volume data structure which stores output produced by
the interpreter for visualization and manipulation. Together these two components, in con-
junction with the graphics processing unit (GPU), provide the means to support large-scale
volumetric modeling applications at scales and speeds not currently achievable by exist-
ing software tools. Chapter 2 discusses the geometry kernel interpreter and sparse volume
database implementations. Performance metrics are included which demonstrate significant
improvements over existing methods in both evaluation and rendering performance as well as
supported model size. In the interest of supporting an efficient design process, it is desirable
to incorporate into the modeler analysis tools to interrogate properties of the model as it

is created. As an initial step toward incorporating analysis tools, Chapter 3 covers a novel



integration technique that can be applied to volumetric models created through the F-Rep
geometry kernel to measure integral properties, like center of mass, useful for model valida-
tion. The integration technique utilizes Federer’s coarea formulation providing a means to

integrate functions sampled over a grid when the integrand is not known analytically.
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Chapter 1
INTRODUCTION



Solid modeling refers to theories and computations that define and manipulate digital rep-
resentations of physical objects and their properties. The representations and computations
used in solid modeling are based on sound mathematical and physical principles, innovative
and compact data structures, and efficient and reliable algorithms. Solid modeling supports
the creation, exchange, visualization, evolution, analysis, animation, interrogation, anno-
tation, manufacturing, and fabrication of digital models [82]. Solid models are developed
through the use of computer-aided design (CAD) systems, which in turn typically utilize
a geometric modeling kernel defining the operations and representations available for de-
signing and storing models. Traditional CAD software tools implement geometry kernels
which describe models using a boundary-representation (B-Rep) that aims to define a solid
as a collection of surface patches properly connected to separate internal regions from the
exterior ambient space. New fabrication technologies like additive manufacturing (AM) have
pushed the boundaries on what is manufacturable, extending the gamut of parts that can
be built beyond what is feasibly represented with existing B-Rep systems. AM technologies
provide a mechanism for converting digital models to physical parts through direct control
over local material deposition, meaning full utilization of AM systems necessitates a com-
plete description throughout the interior of the model. The information needed for AM
fabrication corresponds more directly to a volumetric representation; however, volumetric
models encounter practical limitations. Conversion of B-Rep model descriptions into a volu-
metric form can be challenging due to the computational cost and potential robustness issues
associated with B-Rep point membership classification (PMC). Volumetric representations
can also be difficult to handle at scales supported by AM technologies, with existing AM
systems capable of micron-level features (including internal variations in material or process
properties) across meter-sized build volumes [4]. The corresponding voxel models can include
hundreds of billions of elements with associated memory requirements running upwards of
terabytes. Current modeling software is incapable of designing and representing models at
these resolutions, and the issue will only be exacerbated by enhanced capabilities of future

AM systems.



This work provides an alternative geometric modeling kernel which utilizes a function-
based representation (F-Rep) for model description. The geometry kernel consists of an
interpreter used to evaluate user-defined model functions and a sparse volume database
which stores output produced by the interpreter. Chapter 2 discusses the geometry kernel
interpreter and sparse volume database implementations and includes performance metrics
demonstrating improvements in evaluation speeds, rendering performance, and supported
model size compared to existing methods. In addition to the geometry kernel, Chapter 3
presents a novel integration technique which can be applied to models generated by the

geometry kernel, useful for interrogating properties of the model during the design process.



Chapter 2
F-REP GEOMETRY KERNEL



2.1 Background

2.1.1 Function Representation

A function-representation (F-Rep) defines a solid object as a half-space via the inequality
{f(r) <0,r = (z,9,2,...)} where f(r), the “geometric defining function”, is a real valued
continuous function. A geometric defining function implicitly defines the geometry of an
object while a level-set of the function, typically the 0 level-set, specifies the boundary or
surface of the solid. This implicit definition gives rise to the alternate terminology “implicit
model”. The sign of the function value produced when evaluating the defining function
also indicates set membership (i.e. inside vs outside the model), allowing for robust point
membership classification (PMC) [8, 18, 63]. F-Reps serve as a powerful alternative to B-
Reps in representing solid models and have been used in numerous applications; from the

modeling of micro-structures [65] to large scale terrain [23].

fsphere<x7y7 2,7’) :$2+y2+z2 _T2 (21)

Implicits are conventionally considered difficult to render directly. Traditionally there
have been two methods by which an implicit can be visualized. The first involves poly-
gonization of an implicitly defined level-set using algorithms like marching cubes or dual
contouring [54, 37, 3| followed by polygon rendering via rasterization. The polygonization
approach takes advantage of the extensive software and hardware support for polygonal
mesh visualization, however there are also drawbacks involving robustness and accuracy, of-
ten leading to geometric features like spikes and sharp edges being lost [53, 20]. Polygonal
meshes cannot exactly represent curved surfaces; shading methods can be employed to make
the surface mesh appear smooth, but polygonization inevitably introduces geometric arti-
facts that degrade accuracy of the model. Polygonization is also not guaranteed to produce
a mesh corresponding to the boundary of a valid 3D solid. As a result, it is wise to avoid
relying on the robustness of PMC based on polygonized models [53, 20]. The second and

more common method for F-Rep visualization is ray casting/tracing; models are rendered



by testing for intersections between the region described by the model’s geometric defining
function and rays cast through space. However, finding the F-Rep surface in a robust fashion
while also limiting the computational cost associated with determining an intersection is a
challenging problem equivalent to root-finding. The cost incurred by evaluating intersections
for each of the hundreds of thousands or even millions of rays has proved to make real-time
visualization a difficult task. The inability to render at a real-time rate has been a major
contributing factor to the lack of wide-spread adoption of F-Reps as a form of modeling [27].
A sizable portion of research around F-Reps has been focused on reducing the computational
cost required for evaluation and visualization. In the following sections we discuss the history

of existing techniques aimed at reducing this computational burden.

Analytic Techniques [

Analytic techniques involve computing the ray-implicit intersection by solving the closed
form expression of the geometric defining function along each ray. When the function repre-
senting the geometry is limited to polynomials of low degree the roots of these polynomial
equations can be solved directly and correspond to intersections between the ray and the
geometry’s surface. Hanrahan [30] , Wijk and Jarke [88], Wyvill and Trotman [90], Nishita
et al. [62], and Sherstyuk [80] present some of the earliest work involving applications of
analytic techniques for solving ray-implicit intersections. Hanrahan [30] demonstrates the
use of Descartes’ rule of signs to solve polynomials of degree 5 or higher by subdividing the
ray into disjoint segments each containing a single root. The segments can then be traversed
to find the intersection point corresponding to the root. Wijk and Jarke [88] focuses on
solving intersections for various sweep-defined objects through the use of Sturm sequences.
Wyvill and Trotman [90] presents work utilizing Laguerre’s method to robustly compute
all roots of a polynomial along a ray in order to support model construction through CSG
operations; models are represented through a tree composed of primitives. The roots of each
primitive are computed independently along a ray and are then iterated over to find the first

surface intersection. Nishita et al. [62] proposes an alternative to Laguerre’s method, opting



to instead express the geometric defining function along the ray using Bezier functions and
to then employ Bezier clipping, which uses the convex hull property of Bezier curves, to ac-
celerate the intersection computations. Finally, Sherstyuk [80] illustrates how the geometric
defining function can be approximated via piece-wise quadratic polynomials along the ray

to increase intersection computations at the cost of a less accurate solution.

Lipschitz Techniques 1

Kalra and Barr [38] presents the first application of a Lipschitz-based ray tracing technique
through the use of “LG-surfaces”. An LG-surface is defined as an implicit with a bounded and
computable first derivative. The L of LG-surface refers to the defining function’s Lipschitz

constant, the maximum rate of change of the defining function over a region R,

{f(z1 = f(z2)) < Ll|zy — 22|, 21, 22 € R} (2.2)

while G refers to the maximum rate of change of the defining function along the parameterized

ray.

{9(ta) = 9(t)) < Gllta — toll, tur ty € T, where g(t) =d- Vf(d-t +0)}  (2.3)

With a bounded and known first derivative a tight fitting spatial partitioning can be con-
structed which is guaranteed to contain the implicit surface. The portion of the ray contained
within the bounding box is then repeatedly subdivided based on the signs of the geometric
defining function until the surface is found.

When a solution can not be computed analytically other approaches are required to deter-
mine ray-implicit intersections. A common brute force alternative used in several Lipschitz-
based techniques is that of ray-marching. A ray intersection is determine first by dividing
the ray into segments of a predefined size and then iterating over the segments, evaluating
the defining function at each iteration. If a particular segment contains a value from the

defining function that is less than the level-set specifying the surface the ray has intersected



the geometry. The difficulty of applying ray-marching is in defining an adequate step size:
too large and the marching algorithm might skip over geometry, too small and the visual-
ization may no longer be interactive. Hart introduces the concept of Sphere Tracing, first
implemented in [32] and further expanded upon in [33], a robust adaptive-step ray-marching
technique guaranteed not to penetrate an implicit surface. Sphere Tracing uses the Lipschitz
constant which bounds the rate of change of the defining function to define a dynamic step
size which reduces the total number of evaluations and is resilient to over-stepping of the
surface. Each point along the ray defines the origin of an “unbounding sphere” with a radius
equal to the step-size which reliably does not include a ray-surface intersection. In contrast
to LG-surfaces, Sphere Tracing does not require the need to evaluate the derivative of the
defining function. The only requirements are that the defining function be continuous and

have a bound on the magnitude of the gradient.

Interval Techniques I

Interval analysis (IA) is a technique first introduced by Moore [57, 58] initially developed
as a method for tracking error inherent in finite-precision floating point representation of
real numbers. TA involves extending functions from operation on real inputs to operate over

intervals representing sets of real numbers. A generic interval z is defined as:

&= (z,z) where {r e R |z <z < 7} (2.4)

The bounds of the interval can be exactly represented in floating point and spans a range
which contains the desired and possibly unrepresentable value. The interval extension, f' )
of the real function f, defines how the function operations on intervals and satisfies the

following condition:

{f(z) € f(@) Vx e} (2.5)

An interval extension (IE) operates on intervals and returns an interval whose range



contains all possible output values of the real function for any real value in the input interval

57, 83).

Mitchell [55] employ IA as a form of root isolation to aid in computing an analytic
solution to determine ray intersections. The ray origin along with a specified end point
define an interval which can be recursively bisected until only one root is contained within
the interval range. In a follow up to Mitchell [55], Duff [15] demonstrates how IA can be used
to construct a hierarchical spatial partitioning in much the same way as the Lipschitz-based
spatial partitioning method presented by Kalra and Barr [38]. Further, Duff [15] shows that
when constructing an implicit through CSG style operations, within each spatial partition a
reduced order representation of the defining function can be constructed which preserves the
geometry. By omitting geometric primitives comprising the defining function which do not
overlap with a given region of space, the total number of function evaluations required to
produce the implicit within that region is reduced. Affine arithmetic (AA) [19], an alternative
form of range analysis developed to overcome the dependency problem inherent within A, is
incorporated by De Cusatis et al. [13] into a ray tracing algorithm in an attempt to generate

tighter bounds than those observed when using [A.

GPGPU Computing

The early 2000s brought with it the introduction of general purpose GPU (GPGPU) com-
puting model [31], marking a transition in focus of F-Rep based research. While not suitable
for all workloads, the GPU provides significant performance gains over the CPU for prob-
lems compatible with GPU-based parallelism. Most methods described thus far meet this
requirement making the GPU an ideal candidate for future research. There was both a heavy
focus on migrating existing techniques to the GPU for new performance gains as well as shift

away from the CPU for future research due to its compute limitations.
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Analytic Techniques I

With the advent of the GPGPU computing model analytic techniques have fallen slightly
out of favor. This is due in large part to the restrictions imposed on the geometric defining
function, the often less GPU-friendly algorithms required to compute roots, and because the
computational overhead required for alternative methods like ray-marching are much less
significant when performed on the GPU [51]. Nonetheless, Loop and Blinn [51], Kanamori
et al. [40], and Singh and Narayanan [81] each present analytic approaches which leverage
the processing power of the GPU to greatly improve implicit visualization. Loop and Blinn
implement a ray tracer targeted at rendering algebraic surfaces approximated by piecewise
Bernstein polynomials. Kanamori et al. and Singh and Narayanan each present GPU adap-
tations of previously discussed work developed for the CPU, the former adapting Nishita et
al. [62] and the latter adapting Mitchell [55].

Lipschitz Techniques 11

Keinert et al. [43] present a modified sphere tracing technique designed to further reduce
the number of steps required to intersect the surface. An over-stepping heuristic is imple-
mented to accelerate the marching process and allows for step sizes that exceed the bounds
of traditional sphere tracing. After each step, a check is performed to ensure that unbound-
ing spheres of two consecutive marching steps overlap. In cases where this check fails the
sphere tracing implementation falls back to normal sphere tracing. Seyb et al. [77] intro-
duce a variant of sphere tracing, dubbed Non-linear Sphere Tracing (NLST), to support
visualization of implicits that have undergone non-linear deformations, a feature useful for
model articulation. Instead of applying the non-linear deformation to the geometric defining
function, the deformation is applied to the ray such that the marching algorithm steps over
the distorted ray in undistorted space. More recently Galin et al. [21] focused on improving
sphere tracing through the inclusion of a local Lipschitz bound. Typically the bound used

when sphere tracing is a global bound, limiting the overall efficiency when marching through
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areas of the geometric defining function which contain smaller local Lipschitz bounds. When
accounting for the local Lipschitz bound the total number of steps required to intersect the

surface can be reduced significantly.

Interval Techniques I1

Sanjuan-Estrada et al. [73], like Mitchell [55], illustrate the use of IA in isolating roots of
analytic functions to find solutions to the ray intersection problem on the GPU. Knoll et al.
demonstrate first on the CPU [48] and later on the GPU [45], how IA as well as reduced AA,
a modified form of AA better suited for the GPU, can be applied to compute intersections

of general implicit surfaces.

Foundational Literature: A Closer Look

In addition to difficulties associated with F-Rep rendering, F-Reps take a monolithic ap-
proach to modeling; all modifications made to a model’s geometry reside in a single expres-
sion. As a model grows in complexity, even modifications that apply only to localized regions
make the model globally more expensive to evaluate. Duff [15] addresses this issue through
the use of TA as discussed in Chapter 2.1.1. However, Duff’s approach is not implemented on
the GPU and requires that models be defined exclusively through CSG. Here we discuss the
work from Keeter [42] which extends the work from Duff in several ways and also provides
the primary motivation for our work. We present an in-depth overview to give context to
what we discuss in Chapter 2.2.

Keeter builds from ideas described in Duff and uses an IA-based algorithm to reduce the
evaluation cost of F-Rep models. Duff’s inclusion of TA allows for individual CSG primitives
to be removed, or “pruned”, within regions of space where the primitives do not contribute
to the overall geometry. A pruned defining function contains fewer operations thus reducing
the work required in evaluating the model’s defining function. Instead of describing a model
through a single equation, space is divided into regions each containing a pruned version of

the original defining function. However, as Keeter points out, Duff’s implementation is not
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amenable to GPU-based hardware primarily due to the heterogeneous workloads required
in evaluating each spacial region. Keeter presents an efficiently parallelizable alternative,
replacing the geometric primitives of the CSG model representation with pure mathematical
expressions. The base implementation supports algebraic (4, -, *, /, sqrt), transcendental
(sin, cos, asin, acos, atan, exp, log), and piecewise (abs, min, max) functions.

To facilitate Keeter’s approach to model representation, Keeter implements a GPU inter-
preter along with an encoding format which translates individual mathematical operations
into a series of commands to be executed by the interpreter. While less efficient than a model-
specific program, the inefficiencies resulting from interpreter overhead are often dwarfed by
the computational gains resulting from avoidance of operation evaluations which do not
contribute to the model’s local geometry. In addition, compiling and storing hundreds of
thousands of model-specific programs each containing their own unique pruned geometric
defining function is computationally intractable.

The encoding format for the geometric defining function is produced from a directed
acyclic graph (DAG) which describes the sequence of mathematical operations to be per-
formed. Each operation inside the DAG is represented within the encoding as a “clause”.
Each clause contains an operation encoding, or “op code”, and an accompanying list of slots,
which contain the memory being operated on; unary operations are assigned one slot while
binary operations are provided two. When grouped together, the clauses form a tape which
the interpreter iterates over to compute the defining function. Tape evaluation occurs in two

phases:

e Phase 1 receives both a tape as well as an interval region over which the tape should

be pruned.

e Phase 2 is fed the pruned tape output of phase 1 along with position values for which
the tape should be evaluated

Phase 1 can also be applied recursively over progressively smaller interval ranges to further
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reduce the tape provided to the second phase. Pruning of the tape takes place when a
minimum or maximum operation is encountered. If the range spanned by each input interval
provided to the minimum or maximum function are disjoint, one of the two intervals will
never contribute to the final solution. The section of tape which produces the redundant
interval can be omitted without modification to the resulting geometry. It should be noted
that a pruned tape is only valid (i.e. the underlying geometry remains unchanged) over
the input interval region provided during its construction in phase 1. As a result of this
two phase pipeline, the thousands of unique GPU programs are replaced with thousands of

pruned copies of the original DAG, each applying to its own sub-region.

2.1.2  Sparse Volume Data Structures

Volumetric data structures, most commonly represented through the use of a voxel grid,
are used in many application domains. The voxel grid serves as a discretized representation
of three-dimensional Euclidean space. Points within voxel space are indexed with integer
coordinates. Grid points of a voxel space hold information on a given property contained
within the region of space: from binary values indicating occupancy, to floating point values
representing a sampling from a continuous function. Voxel grids are typically stored in a
dense form, as a block of contiguous memory. While convenient, dense voxel grid memory
requirements are frequently too costly. Additionally, it can often be the case that only a
fraction of the entire dense volume is needed at any given time. Sparse grids represent an
attractive alternative, significantly reducing memory consumption by only allocating memory
for data to describe the relevant properties in regions of space within a volume that are
needed. Support for sparse grid functionality incurs costs such as a larger overhead in
querying individual grid elements. There are a myriad of ways in which a grid can be made
sparse, each with its own set of advantages and drawbacks. The severity of a given drawback
is domain specific meaning no one-size-fits-all implementation exists.

The most frequent drivers of sparse grid development come from domains which require

large scale simulations and/or visualization, both of which also benefit greatly from utiliza-
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tion of the GPU. In turn, the GPU’s limited and non-expandable video memory is less of
a hindrance as a result of the decreased memory requirements brought by sparse grids. In
addition to being domain dependent, sparse grid implementations are also data dependent;
the types of data contained within a sparse grid play a significant role in how the grid is
constructed. Here we present relevant literature and discuss how the data and domain re-
quirements shape the development of GPU-based sparse volume data structures to better
understand their strengths and weaknesses in various applications. It should be noted that
we choose to focus on sparse volume data structures developed after the introduction of the
GPGPU computing model. For a more thorough examination of sparse grid implementa-

tions, including CPU-based sparse grids, see [2, 5, 29].

Binary Data

Binary data voxel grids are traditionally what come to mind when thinking of voxels. Each
point within the voxel grid stores a binary value indicating if the space spanned by the
voxel is occupied. Voxels are often used as an alternative primitive type to triangles when
representing surfaces or solid objects. Grids of voxels are frequently constructed from existing
objects defined through surface-based representations.

Laine and Karras [49] demonstrate a novel GPU-based approach to the construction of
a sparse voxel octree (SVO), a modified octree structure, which functions as a volumetric
alternative to mesh-based surface representations. An SVO, like an octree, recursively bisects
the spatial domain along each coordinate direction until a maximum depth level is reached.
Because this subdivision process produces 8 child regions at each bisection, the sparse tree
structure is referred to as an octree. Early termination occurs if the geometry contained
within the region of space fully occupies the region. Leaf nodes of the SVO correspond
directly to voxels in the grid while nodes at higher depth levels equate to voxels which span
a larger region of the voxel grid. The sparse grid space saving measures reduce the total
memory footprint of the voxel grid at the cost of increased voxel access time.

When approximating smooth geometry with a voxel grid, significant error can be intro-
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duced. To deal with such errors, Laine and Karras incorporate triangle data of the existing
geometry into the SVO. Each occupied grid point of the SVO also stores information about
the triangle(s) which intersect the voxel. When rendering each voxel, the normal used for
rendering is based off of the normal of the triangle instead of the normal of the voxel allowing
for finer detail without the need for further voxel grid refinement.

Kampe et al. [39] improve on the memory limitations imposed by the SVO by transform-
ing the tree into a directed acyclic graph (DAG) to produce a new sparse voxel structure
dubbed Sparse Voxel DAG (SVDAG). SVDAG saves on memory by merging identical sub-
trees contained within the SVO. Kampe et al. present several example SVDAGs that provide
significant memory reduction over their SVO equivalent, with one example providing a mem-
ory reduction of 25x. In addition to a reduced memory, footprint traversal time is no worse
than an SVO and, in some cases, may even improve as a result of many branches sharing
the same memory address. Dado et al. [11] and Dolonius et al. [14] both improve on the
initial implementation of SVDAG by incorporating color information into the sparse tree,
something the original implementation was not capable of.

Further refinements to the SVDAG where proposed by Villanueva et al. [87] in which
greater branch merging could be achieved. By storing nodes in a default orientation along
with a transformation, rotationally symmetric subtrees can be merged together, further

reducing the overall sparse volume structure.

Scalar Data

While binary data sparse voxel structures provide the largest compression rates, treating all
data within a grid as binary is not always possible. Take for example a grid containing scalar
values representing fluid data from a fluid simulation. The voxel values are associated with
physical properties needed to compute the simulation; simply knowing which voxels have
fluid in them is not sufficient. The techniques used for binary data are not all applicable to
scalar data so alternative voxel structures are needed so that scalar data can be made sparse.

Hadwiger et al. [28] present a scalar valued voxel space subdivision strategy aimed at real-
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time visualization of implicit surfaces sampled on a regular grid. The volume is subdivided
into two grid levels: a course grid which partitions the primary volume into smaller sub-
volumes, and a fine grid to facilitate empty space skipping. The sub-volumes which make up
the course grid are referred to as bricks and are designed to circumvent memory limitations of
graphics hardware. Individual bricks are designed to fit onto the GPU and can be streamed
when needed allowing for volumes exceeding video memory to be rendered. The fine grid
is composed of blocks each of which store the minimum and maximum function values of
all voxels contained within. When rendering a given level-set of the implicit function, if not
contained within the range spanned by the minimum and maximum function values, the
block can be skipped. The memory limitations for a given volume no longer equal the total
volume, but instead the number of bricks containing the level-set being rendered.

Ruijters and Vilanova [71] detail a similar subdivision strategy. Like, [28], the first grid
level involves splitting the primary volume into bricks which fit onto the GPU. Where the two
methods differ is in the subdivision strategy of the subsequent layer. Instead of decomposing
each brick into blocks, each brick is assigned an octree containing information on voxel
occupancy determined by the region’s visibility. This octree is then used as an acceleration
structure during the rendering process.

In an effort to eliminate volume bricking Knoll el al. [47, 46] devise an SVO-like oc-
tree structure used not only as a ray tracing accelerator, but also to hierarchical compress
scalar volumes. The octree constructions is accomplished via a bottom up method in which
neighboring voxels with matching values are recursively merged together. While memory
reductions as high as 10x were reported, compression rates are tied heavily to data variance.
Because the octree must fit completely onto the GPU this method is not suitable for all
scalar volumes, especially those with large variance.

A fully adaptive method is presented by Gobbetti et al. [25] which further reduces the
memory requirements for interactive visualization of large volumes. To achieve this Gobbetti
et al. take advantage of the fact that only parts of the total volume are visible at any given

time and it is only these visible regions that need to be moved to the GPU. A fixed size
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working set of uniform bricks, or “brick pool”, is allocated along with a view-dependent
octree which is updated on each frame based on region visibility. During visualization of
the grid, all visible octree nodes are assigned a brick and the necessary data is dynamically
streamed to the GPU. In contrast to the SVO, whose nodes hold individual values, the octree
leaves of this structure store groups of values stored in bricks. Octree visibility is assessed
not only on occlusion but also on distance. Traversal of the octree is stopped early when far
away and brick assignment is extended to internal bricks. When assigned a brick, internal
nodes store a lower resolution sub-sampled regions reducing the total streaming overhead.
This is especially useful when rendering volumes from far away where a full resolution brick

isn’t necessary.

Crassin et al. [10] produce work developed independently of [25] but which shares many
similarities while also providing improvements in key areas. Instead of constructing an
octree, Crassin et al. opt to instead implement an N3-tree; a tree where each dimension is
subdivided into N uniform children. (In the case of N = 2, this results in a standard octree).
N3-trees allow for a trade-off between traversal efficiency and memory efficiency by adjusting
both the depth and breadth of structure. In the case of homogeneous regions, tree nodes
can also be assigned constant values eliminating unnecessary brick streaming and increasing
brick availability. Lastly, the node brick pointer overhead is greatly reduced decreasing the

total tree memory overhead.

Hoetzlein [35] and Gao et al. [22] extend support of existing CPU sparse grids to the
GPU. Gao et al. focus on adaption of the Sparse Page Grid (SPGrid), a structure proposed
by Setaluri et al. [76] for large scale fluid simulations. SPGrid, and the GPU equivalent
GSPGrid, forgo a tree-based adaptive scheme in favor of a pyramid of sparsely populated
uniform grids designed to accelerate sequential and neighbor data accesses, operations com-
monly performed within a simulation. Hoetzlein introduces GVDB, a GPU-based sparse grid
structure inspired by Museth’s OpenVDB [61]. GVDB aims to provide functionality mirror-
ing that of OpenVDB through support of efficient stencil operations and dynamic changes to

topology. In an approach similar to Crassin et al., GVDB pairs an N3-tree with a voxel atlas
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comprised of bricks assigned to tree nodes. A novel memory pooling architecture is used to
store the tree topology resulting in major performance improvements over existing methods.
Wu et al. [89] further iterate on GVDB providing greater support for dynamic topology
updates as well as develop a GPU optimized matrix-free conjugate gradient solver for fluid
simulations. More recently Museth provided a GPU extension of OpenVDB in the form
of NanoVDB [60]; a linearized, read-only representation of the OpenVDB structure. While
limited in use outside of direct volume rendering due to its read-only nature, NanoVDB pro-
vides impressive results in render-based workloads. Kim et al. [44] also extend OpenVDB
with NeuralVDB by incorporating neural networks to learn the sparse grid topology and
volumetric data contained within. The trained networks greatly reduce memory needed to
store the sparse grid, but the requirement for both training and decoding steps provide a

significant challenge for implementation of real-time applications.

2.1.8 Contributions

Our geometry kernel design addresses issues associated with current F-Rep geometry kernels
and their applications to CAD. While existing kernels, like the one presented by Keeter [42],
can achieve impressive rendering speeds, they do not provide a means of efficiently accessing
data produced by an F-Rep model’s defining function outside of a rendering context. The
data derived from an F-Rep model is treated as ephemeral, existing only for the length of
a render frame. Interacting with a model in any context outside of rendering is typically
implemented by first tessellating the model’s surface. This approach not only makes com-
mon CAD operations like computing a model’s bulk properties reliant on the robustness
and accuracy of the tessellation process, it also results in the discarding of all volumetric
information obtained by querying the F-Rep. To overcome such limits on access to data
for the underlying F-Rep, our geometry kernel is designed to both improve performance
over existing F-Rep geometry kernels and to address the challenges of managing large scale
volumetric data produced by F-Rep evaluation, avoiding the need for surface tessellation.

Contributions include:
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e Just-in-time (JIT) compilation of user-created model defining functions, improving

interpreter performance.

e Enhanced pruning capabilities which extend prunability to the arithmetic operations,

allowing for additional defining function optimization.

e Reduced memory requirements for storing optimized copies of a model’s defining func-

tion.

e Integration of a sparse volume data structure to efficiently manage and store data

produced by the interpreter.

e A demonstration of how the sparse volume data structure can be utilized to efficiently
perform CAD operations like slice decomposition and bulk property evaluation without

the need for surface tessellation.

e A thorough evaluation of rendering performance, demonstrating improvements in frame-

rate and supported model grid size compared to existing methods.
2.2 Programmable F-Rep Interpreter

2.2.1 Model Representation

Within modeling software, the geometry kernel defines the allowable set of operations which
can be used to describe a model and forms the foundation from which a model is constructed.
Our approach is to implement a geometry kernel which uses a general-purpose interpreter
on the GPU to handle model evaluation. Models are defined through function composition;
individual functions representing mathematical operations are exposed to the user and can
be composed form a hierarchical graph structure, or “function composition tree”, describing
a model’s geometric defining function. The mathematical operations behave as an assembly

language for authoring models. This approach is similar in principle to Keeter, but deviates
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Figure 2.1: A defining function for a unit disk depicted as a function composition tree where
each node in the tree represents an algebraic operation. z and y represent the x and y

components of a given point in space for which the function is evaluated at.

significantly in regards to implementation to enable support of additional features such as
JIT compilation.
An example function composition tree associated with Equation 2.6, which defines a unit

disc in R? or a unit radius cylinder aligned with the z-axis in R3, is provided in Figure 2.1.

faisk(z,y) <0 where fas(z,y) = Va2 +y?—1 (2.6)

The interpreter traverses the composition tree, evaluating the function associated with
each node, to build the model. While this approach to evaluation is typically less efficient
when compared to a model-specific program, we JI'T compile and locally optimize the defining

function to reduce interpreter overhead.

2.2.2 JIT Operation Grouping

Our interpreter supports a range of built-in mathematical operations, including functions
corresponding to algebraic operations, which can be used to construct a model. In addition
to the fixed set of base operations, our interpreter uses a novel JI'T compilation scheme,
allowing for dynamic expansion of the interpreter’s function set to reduce the cost associated

with interpreter evaluation.
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Figure 2.2: A function composition tree representing the unit disk in which the algebraic
operations have been merged into a single node. Instead of defining the disk using several
functions as can be seen in Figure 2.1, JIT compilation allows for the defining function to
be represented using one function which combines all algebraic operations together. This
reduces the number of functions in the composition tree enabling faster evaluation by the

interpreter.

A primary drawback of interpreters is the overhead required to fetch and execute instruc-
tions. Each node in the function composition tree has a corresponding instruction which
represents a mathematical function to be called by the interpreter. The larger the tree, the
more functions that need to be called, the greater the interpreter overhead necessary to eval-
uate the tree. When performing localized evaluation, the total number of instructions can
be reduced by eliminating, or “pruning”, branches of the function composition tree which
cannot affect local geometry [42]. We apply pruning when possible but, as detailed in Chap-
ter 2.2.5, only certain classes of operations are capable of pruning the function composition
tree. Defining functions containing few to no prunable candidate operations either cannot
be locally optimized or may not offset evaluation cost enough to warrant usage of the in-
terpreter. We employ JIT compilation as an additional optimization strategy to operations

which do not meet the pruning classification.

To reduce interpreter overhead the function composition tree is simplified by grouping
together sequential non-prune candidate operations. Each sequence of operations is merged,
or “fused”, together to form a single function, or “operation group”, which requires only

one interpreter instruction to execute. Operations which are capable of pruning the function



22

Algorithm 1: Constructs operation groupings for a function composition tree.

Function ConstructOpGroup (node, op_group) is
for child #n node.children do

if child can prune then
child_op_group < new OpGroup()

ConstructOpGroup(child, child op_group)
op_group.children.append(child_op_group)

else
op_group.merge(child)

| Construct0OpGroup(child, op_group)

composition tree are kept independent of operation groups as to preserve all possible local
reductions of the function composition tree. Figure 2.2 demonstrates how the algebraic
operations which form the unit disk’s defining function from Equation 2.6 can be packaged
into a single new function replacing the tree of composed algebraic functions from Figure

2.1.

Operation groups are generated automatically through the geometry kernel by travers-
ing the function composition tree and recursively merging parent nodes with their children
as described in Algorithm 1. Once the function composition tree is fully traversed, an ad-
ditional optimization pass is applied to each operation group where repeat expressions and
intermediate values are identified for reuse and stored locally within slots. It should be noted
that we do not implement this step directly and instead take advantage of NVIDIA’s CUDA
compiler to handle value reuse identification. Instead, we topologically sort each operation
group subgraph and store values using static single-assignment. The compiler then produces

optimized code during interpreter compilation.

Listing 2.1 shows the result of the topological sorting pass applied to the fgq operation

group from Figure 2.2. For reasons explained in Chapter 2.2.6, identification of repeat
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expressions is limited to operation groups and is not applied to the function composition

tree as a whole.

Listing 2.1: C++4 implementation of the fgs operation group generated by the geometry
kernel. Static single-assigment is used so that the CUDA compiler is able to further optimize

the operation group implemenation.

float f_disk(float* stack){
float var_0 = f_sqre(stack[0]); //z
float var_1 = f_sqre(stack[1]); //y

float var_2 f_add(var_0, var_1);
float var_3 = f_sqrt(var_2);
float var_4 = f_sub(var_3, stack[2]); //1

return var_4;

2.2.8  Operation Encoding

In order to facilitate communication between the CPU, where function composition trees
are constructed, and the GPU interpreter, where function composition trees are evaluated,
we assign each node of the function composition tree an operation identifier, or “opcode”,
which the interpreter uses to obtain a reference to the associated function. The set of built-
in operations are assigned opcodes which index into a fixed function table. For operation
groups, the geometry kernel assigns opcodes that index into a dynamically generated JIT

function table.

2.2.4  Compilation Pipeline

In addition to opcode generation, we register newly constructed operation groups with
the interpreter so they can be compiled for use during evaluation on the GPU. We con-
struct a string representation of each registered operation group to be JIT compiled using

NVRTC, NVIDIA’s runtime compilation library [9]. NVRTC produces parallel thread exe-
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cution (PTX) files which are loaded by the CUDA linker to generate a CUDA module. Each
time a new operation group is defined, the module must be recompiled to update the JIT
function table. Caching is employed at several levels of the compilation pipeline to both
prevent unnecessary compilation and to make recompilation as fast as possible. Compilation
is deferred until just before the interpreter is executed to avoid repeated compilations when

introducing multiple new functions.

2.2.5 Pruning

After interpreter compilation, we move the function composition tree to the GPU. A final
preprocessing step is applied to the defining function where branches of the function compo-
sition tree which have no affect on localized regions of the geometry are omitted, or “pruned”.
Pruning produces locally simplified function composition trees that preserve model geometry
while avoiding unnecessary function evaluations. Because functions in the composition tree
often influence the geometry only in localized regions, it is worthwhile to avoid unnecessary
evaluations of a component function outside of the region where it contributes to defining
the geometry. Without pruning, adding new localized features makes the function compo-
sition tree globally more expensive to evaluate, and large amounts of compute time can be
spent evaluating functions within the composition tree which do not contribute to the local
geometry.

The pruning component of the GPU interpreter is supported by employing interval arith-
metic (IA) [57, 58], a technique initially developed as a method for tracking error inherent in
finite-precision floating point representation of real numbers. TA involves extending functions
from operating on real inputs to operating over intervals representing sets of real numbers.

A generic interval z is defined as:

&= (z,z) where {r e R |z <z <z} (2.7)

The interval extension, f, of the real function f, satisfies the following condition:



25

{f(z) € f(3) Yz e i} (2.8)

An interval extension (IE) operates on intervals and returns an interval whose range
contains all possible output values of the real function for any real value in the input interval.
We use IA to enable pruning by identifying components of the function composition tree that
do not contribute to the model’s geometry in a given sub-region [42].

Pruning is performed during evaluation of the IE of the model’s defining function which
we generate by replacing each function, f,, comprising the function composition tree with its
IE, fn We built our own IA library which defines the IE of standard mathematical operations
using a suite of rounding-controlled floating-point intrinsics provided within CUDA. A point,
p = {z,y, z}, provided as input to the defining function is also replaced with an axis aligned
box represented through coordinate intervals, p = {&, ¢, 2}. As the function composition tree
is traversed, attempts to prune the tree are initiated at any node containing an operation
designated as a “prunable candidate”. Any binary function belonging to the fixed set of
built-in interpreter operations is classified as a candidate for pruning if assigned a “prune
function” within the geometry kernel. A prune function specifies the criteria by which one
of the binary function’s interval inputs is incapable of contributing to the output. When
the prune function successfully identifies an input as not contributing, the branch of the
function composition tree producing the non-contributing interval can be omitted without
modification to the resulting geometry within the interval region p. The pruned function
composition tree can then be used in place of the unpruned function composition tree when
evaluating any point or subinterval contained in p.

The most straightforward candidates for pruning in a F-Rep implementation of CSG
are min and max, which implement union and intersection respectively. The prune functions
associated with min and max are able to identify non-contributing components of the function
composition tree by checking for disjoint input intervals (Algorithm 2). An illustration which
uses color-coding to demonstrate how pruned function composition trees manifest themselves

within a model is provided in Figure 2.3. The model’s defining function consists of a single
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Algorithm 2: Prune function associated with the min operation. Each choice is
comprised of two bits, one indicating if an input has been pruned and the other

specifying which input was pruned.

Function PruneFuncMin(lhs, rhs) is

if lhs < rhs then
| return LHS_CHOICE

else if rhs < lhs then
L return RHS_CHOICE

else
L return NO_CHOICE

prune candidate function, f;,, which combines a sphere and block resulting in a function
composition tree with a total of three pruned tree permutations. Each color on the model
corresponds to one of the three pruned tree arrangements. The first pruned configuration,
shown in green, appears at the interface between the sphere and the block. In this region
the input intervals provided to f.;, during tree pruning are not disjoint, indicating that
both fiphere and fpiock are capable of contributing to the model’s geometry. Pruning in this
region produces a function composition tree with no omitted operations and evaluation of
the defining function requires traversal of the full unpruned tree. In the red and blue regions
of the model the input intervals to f.;, are disjoint, producing pruned function composition
trees with removed branches. Areas of the model in red denote a pruned tree which omits

fsphere While blue regions omit fpiock.

We extend the list of supported prunable candidate functions beyond the min and max
operations in the geometry kernel from Keeter [42] by including prune functions for addition,
subtraction, multiplication, and division. Inclusion of the algebraic operation also motivates
our support to introduce user control to selectively disable pruning candidacy. While pruning
of min and max inputs is generally desired, the algebraic functions require much stricter

criteria when identifying non-contributing inputs and do not typically result in successfully
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Figure 2.3: A rendering of an F-Rep model with shading based on a color-coding of pruned
function composition trees. Each color represents a unique pruned tree configuration as-
signed to a leaf node of the sparse volume structure used to store the model. There are a
total of three pruned tree permutations: fspnere pruned (red), fulock pruned (blue), and no
pruning (green). fulock and fiphere €ach represent an operation grouping containing the defin-
ing functions for the block and sphere respectively, while f,;, defines the union operation

via the min function.

pruned inputs. For example, addition requires one input to be tightly bounded to (0,0)
for pruning to take place. However, there are many modeling operations like lofting, which
routinely occur with intervals known to meet such algebraic pruning criteria. User-controlled
disabling of operation prunability allows for pruning optimizations to be applied in situations
where an operation is expected to produce a pruned output, and saves the interpreter from
having to call prune functions when identification of non-contributing intervals is unlikely.
The geometry kernel is also free to incorporate operation which are no longer prunable into

operation groups, further simplifying the function composition tree.

2.2.6 FEuvaluation

Evaluation of either the model’s defining function or IE involves traversing the function
composition tree. A vector valued input p, specifying either a three-dimensional region or
point in space is provided to the interpreter to begin evaluation. Regions, represented through

intervals, describe axis-aligned volumes over which the IE should be evaluated. Points, on
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Algorithm 3: The interpreter’s main loop. A context is constructed to store the
evaluation stack. Traversal is achieved by alternating between descending and as-

cending the function composition tree until each node has been visited.

Function EvaluateTree (tree, p) is
ctx +— CreateContext(p)

node < tree.root_node

while true do
node < Descend(node, tree, ctx)

node < Ascend(node, tree, ctx)

if node is tree.root_node then
L break

return ctx.stack.pop()

the other hand, define a location for which the defining function should be computed. The
input type of p controls if the scalar or IE function tables are loaded, dictating whether the
defining function or its IE is evaluated. Given a point p, the interpreter’s main execution loop
(Algorithm 3) traverses the function composition tree using a top-down approach, alternating
between descent and ascent until each node has been visited (Algos. 4 and 5). Functions
associated with internal nodes are evaluated after their children have been visited while leaf
nodes are executed when reached (Algos. 6 and 7). Intermediate values produced while
traversing the tree are stored within a stack-based memory system; leaf node evaluations
push new values onto the stack and internal node evaluations both pop old values from,
and push new values onto the stack. The essential distinction made between evaluation of
the defining function and its IE is found in Algorithm 6, where we call the prune function
associated with the prunable candidate operation which can lead to pruning of the input

branches.

Each region provided as input to the IE of the defining function can potentially have a

distinct pruned function composition tree. Minimizing the memory consumption of prune
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Algorithm 4: Descends the function composition tree to a leaf node. Nodes which

have been pruned use the pruned tree bitmask to alter traversal directions.

Function Descend(node, tree, ctx) is
while node has children do

if node has been pruned then
L choice « ctx.choice[node.idx]

node <« tree.nodes[node.children|choice]]

else
L count < ctx.count[node.depth]

node < tree.nodes[node.children|count]]

L return node

Algorithm 5: Ascends the function composition tree from a leaf node until an
internal node is reached which has not been pruned and has children yet to be
traversed. Fach node reached during the ascent which no longer has children to

traverse and has not been pruned has its function evaluated.

Function Ascend(node, tree, ctz) is

while node is not tree.root_node do
node < tree.nodes[node.parent]

count <— ++-ctx.count[node.depth]

if count = len(node.children) then
| EvaluateNode(node, ctx)

else if node is not pruned then
| L break

return node
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trees is crucial, as we are concerned primarily with large volumes containing many regions
over which a significant number of pruned trees may be generated. To avoid excessive mem-
ory utilization we store the locally optimized trees in a compact representation which does
not require generating copies of the initial function composition tree. Successfully pruned
branches are encoded as traversal decisions which are used during subsequent evaluations to
skip over irrelevant components of the defining function. Each prune decision is stored as two
bits, a “prune bit” and a “choice bit”. An active prune bit specifies that a branch of the tree
has been pruned, while the choice bit determines the direction to traverse if pruned. During
evaluation of the defining function’s IE, when a prunable candidate operation is encountered
with an inactive prune bit its prune function is evaluated. If either input to the function is
determined not to contribute, the prune and choice bit associated with the prunable opera-
tion are updated and used on subsequent visits to direct traversal, skipping pruned branches
(Algorithm 4 and 6). Each prune and choice bit pair constitute a single prune decision and,
when combined with all other prune and choice bits, form a bitmask representing a pruned
function composition tree. The bitmask serves as a compact and lightweight representation
allowing for millions of pruned tree copies (associated with numerous spatial sub-domains)
to be stored with minimal memory overhead. The bitmask-based approach helps maximize
memory access speeds by maintaining only a single copy of the function composition tree

which can be cached and accessed efficiently by all GPU threads.

Our need to minimize pruned tree memory usage also makes it difficult to apply the
slot-based value-reuse optimization, used within operation groups and in earlier work by
Keeter, to the entire function composition tree. Complications arise in the slot-based method
with the inclusion of branch pruning; as branches are pruned, slots may become inactive.
Information pertaining to the slots each operation reads from and writes to must be updated
and maintained for each pruned tree. This information becomes prohibitively expensive when
storing even a moderate number of pruned trees. While implementation differences prevent
direct comparison between our pruned tree representation and Keeter’s, estimates can be

made to illustrate the memory savings of our approach. For example, Keeter benchmarks
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Algorithm 6: Determines if a tree node can be pruned and calls the necessary prune
function if prunable. After attempting to prune the node, the function associated

with the node is called.

Function EvaluateNode (node, ctz) is

if ctx.type ¢s INTERVAL_TYPE and node is prunable then
args < ctx.stack.pop()

choice « ctx.prune_table[node.opcode](args)

ctx.choice[node.idx] «+ choice

| ctx.stack.push(args)

| EvaluateFunction(node, ctx)

Algorithm 7: Evaluates the function associated with the node and pushes the
return value onto the context stack. The fixed table consists of all the built-in
operations supported by the interpret while the JIT table contains all JIT compiled

operation groups.

Function EvaluateFunction(node, ctz) is
args < ctx.stack.pop()

switch node.table do

case FIXED_TABLE do
| « ctx.fixed_table[node.opcode](args)

case JIT_TABLE do
| f < ctx.jit_table[node.opcode](args)

B c’;x.stack.push(f)
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his geometry kernel using a bear head model, provided by Hazel Fraticelli and Anthony
Taconi, with a defining function consisting of 541 terms, 27 of which are CSG operations.
Keeter allocates pruned tree nodes in blocks of 64, totalling 512 bytes (8 bytes per node).
Provided every pruned tree is reduced to a single 64 node chunk, the lower bound on memory
consumption for a single pruned tree is 512 bytes. Our pruned tree bitmasks representation
requires 2 bits per CSG operation, totaling 8 bytes per pruned tree, consuming at least 64
times less memory. Storing 1,000, 000 unique pruned trees requires between 512 MB and 4.5
GB using Keeter’s geometry kernel while our implementation needs only 8 MB.

Instead of using the slot-based memory system, our solution is to implement the hybrid
scheme detailed in this section. A stack is used to store output produced during traversal of
the function composition tree, while slots are used within the confines of operation groups to
maintain support of value reuse. Prunable candidate operations are excluded from operation
groups preventing value reuse between branches, leaving slots within operation groups unaf-
fected when a branch is pruned. The hybrid implementation allows for value reuse without

the overhead required to track slot related information.

2.3 GPU Sparse Voxel Database

2.3.1 Data Layout

To manage high resolution models we use a spacial subdivision approach to store function
values and pruned function composition trees produced by the interpreter in a compact and
accessible form. We implement an N3-tree sparse volume data structure which builds from
the memory pooling system of both OpenVDB and GVDB [61, 35]. The design of the N3-
tree consists of nodes at multiple levels forming a grid hierarchy. The subdivision factor, N,
of the hierarchy is configurable in much the same way as OpenVDB and GVDB; a target
tree topology configuration is specified as a vector of values representing the log, resolution
of each grid level. For example, a configuration of (4, 3, 2) corresponds to a 3-level tree where

each leaf brick contains (2*)? voxels, interior nodes contain (23)? leaf node children, and top
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Figure 2.4: A visual representation of the data and topology layout of our N3-tree sparse data
structure. Each depth level of the tree has an associated pool group which stores information
on the tree. The pool group is divided into individual pools each storing a grouping of data,
or “property”, for all nodes at a given depth level. Every pool can be accessed via an index
to obtain a node-specific copy of a property. The root depth of the tree consists of a single
node while the internal and leaf depths can contain multiple nodes. In addition to the pool
groups which describes the topology layout, a geometry pool group containing voxel bricks
storing output of the interpreter is allocated alongside the leaf depth. The geometry pool
group is divided into channels each of which describes a single value at a given voxel location.
Leaf nodes reserve voxel bricks from the geometry pool group to store model information

generated by the interpreter corresponding to the node’s location in space.



34

level nodes contain (2%)? interior node children. The resulting sparse grid supports up to
5123 voxels.

We store the N3-tree in an efficient memory layout through the use of an allocator which
provides the means to access the N3-tree data on both the CPU and GPU. Museth and
Hoetzlein observe that while node data and resolution vary between grid levels, nodes at
a particular level are divided similarly. As such, we allocate a “pool group” at each tree
depth level responsible for storing node data (Figure 2.4). A pool group is organized into
individual pools of the same number of elements. Each pool within a pool group describes
a collection of data, or “property”, for all nodes, while entries of each pool can be accessed
via an index to obtain all properties for a single node. Organization through memory pools
and node properties provides a highly configurable approach to tree representation.

The default configuration of our N3-tree consists of a primary pool group allocated at each
depth level. This primary pool group is referred to as the topology pool group as it stores the
connectivity information of the hierarchical grid. The topology pool group is composed of
three properties; Node, Children, and Geometry (Figure 2.5). The Node property’s primary

responsibility is to maintain information related to the following:
e depth: topology pool group which the node belongs to
e topology_idx: location of the node within its topology pool group

e parent: topology_idx of the node’s parent, located in the pool group one depth level
higher

e origin: node’s spatial position within the sparse grid

Together, depth and topology_idz form a value pair which uniquely define a node within the
tree.

The Children, and Geometry properties track depth dependent information. Topology
pool groups at depths other than the leaf depth store the Children property, maintaining
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information on each node’s children. The Children property defines a bitmask used to track
active children and an index to store the position of the first active child in the topology pool
group one depth level lower. During N3-tree construction, a node’s children are allocated
in a single batch so that they are contiguous in memory. A child node can be accessed by
adding children_idx to the sum of all active bits within children_mask up to the desired child
node’s position.

At the leaf depth of the N3-tree, the subdivisions are associated with the grid at its
full resolution. Node children are replaced with function values produced by interpreter
evaluation of the model’s defining function, sampled at each grid location spanned by the leaf
node. The sample function values represent model geometry and are stored in small groups of
voxels, or “voxel bricks”, containing a number of elements equal to the leaf depth subdivision
factor. The Children property is replaced with the Geometry property to track leaf node voxel
brick ownership. Voxel bricks are kept in a separate pool group, referred to as the geometry
pool group, which is allocated along side the leaf depth topology pool group. Individual
pools within the geometry pool group are referred to as channels, terminology we adopt
from GVDB, and contain voxel bricks which store information describing a single attribute
(e.g. function values representing model geometry). The Geometry property contains an
index, geometry_idx, pointing into the geometry pool group representing node ownership
of a voxel brick. As voxel bricks are assigned to nodes, we update the contents via the
interpreter. Additionally, the N3-tree can be extended to support multi-resolution grids by
allocating additional geometry pool groups and including the Geometry property alongside

depth levels outside the leaf depth.

2.8.2 Construction

N3-tree construction involves identifying and selectively activating nodes within the tree
which contain model geometry. We denote the set of active N3-tree nodes which intersect
the model as the model’s topology. To obtain a model-node intersection, we must determine

if the surface level-set of the defining function intersects the node (i.e. a multi-dimensional



36

equivalent to the root finding problem). The process of obtaining model-node intersections
has historically limited usage of sparse volume structures due to the associated computa-
tional cost. Traditional methods involve evaluating a majority of the grid and activating
regions which contain grid values within some user-definable range of the level-set defining
the surface, a process which is computationally intractable for large grids.

Recall that an interval returned by a function’s IE contains all possible output values of
the real function for any real value in the input interval. We leverage this property of TA to
determine active regions of the N3-tree using the IE of the model’s defining function. The
output interval, F, produced by evaluating the defining function’s IE, contains all possible
real values of the defining function within the input interval region p. The interval range of
F' then determines if the region P may contain model geometry.

To build the N3-tree we implement a recursive algorithm on the GPU which takes ad-
vantage of the interpreter and model defining function to simultaneously prune the function
composition tree and determine active nodes of the N3-tree (Algorithm 8). Our algorithm,
ConstructTopology, is launched to initially operate on the root node of the N3-tree. For
each potential child node, a thread is created on the GPU to evaluate the IE of the defining
function using the interpreter. Evaluation of a topology node’s children occurs within a
single thread-block on the GPU so that all threads in the block iterate over the same pruned
function composition tree, eliminating thread divergence. The input p provided to the inter-
preter by each thread corresponds to an axis-aligned box defined by intervals which cover the
region occupied by the child node. Evaluating F = f (p) allows for complete classification
of the child node. One of three possible outcomes is produced based on the output interval

result:

e 0 < F: The child node is fully outside the model and does not need to be allocated.

e 0 € F': The child node cannot be classified as fully interior or exterior to the model.

It may contain a portion of the model so further subdivide is required.
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Node property Children property Geometry property
Attribute Type Attribute Type Attribute Type
depth uint8 children_mask uint32[(2")3/32] geometry_idx uint64
flags uint16 children_idx uint64
origin uint32(3]
parent uint64

topology_idx uint64

Figure 2.5: Each data structure defines a property used to represent our N? tree. The value
of N within the Children property represents the logs number of children for a given tree

depth level specified in the topology configuration.

e 0> F : The child node is fully interior to the model. If dynamic topology, introduced
in Chapter 2.3.3, is enabled then the node is marked as dynamic to be constructed

later if needed. Otherwise, the node is subdivided to further resolve the grid.

In each case where the grid must be subdivided, a recursive call to ConstructTopology is
made in which the root node input is replaced by the newly constructed child node. A parent
node’s interval range is subdivided such that each child node interval is a sub-interval of its
parent, allowing the pruned function composition tree output of the parent node to be used in
place of the non-pruned function composition tree during evaluation. Subdivision is repeated
until a maximum depth is reached or all children have been fully classified. The minimal
memory footprint of our bitmask-based pruned tree representation allows for all pruned
trees generated during topology construction to be stored alongside the associated node by
introducing a new pool property to the N3-tree which stores each bitmask. Additionally, the
node classification provided by F'is encoded within each N3-tree node to differentiate nodes
interior to the model from nodes which might contain a portion of the model’s surface.

Once model topology is determined, model geometry is evaluated on-demand at active
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Algorithm 8: Identifies and activates nodes of the N3-tree using the IE of the

model’s defining function.

Function ConstructTopology (tree, depth, parent) is
N <« log2_child_count(depth)

for n in (2V)? in parallel
p < child_region(parent, n)

F' « EvaluateTree(tree, p)

if 0 € F' then
| set_bit_on(parent.children_mask, n)

else if ' < 0 then

if dynamic topology enabled then
| set_bit_on(parent.dynamic_mask, n)

else

| set_bit_on(parent.children_mask, n)

count <— count_on(parent.children_mask)
children < reserve_memory(count)
for n in (2V)? in parallel

if bit_is_on(parent.children_mask, n) then
child < initialize_child(parent, children, n)

if depth # 0 then
| ConstructTopology(tree, depth - 1, child)
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N3-tree leaf nodes. Voxel brick assignment and geometry evaluation occur when a value
from the grid is requested. The N3-tree leaf node containing the desired grid value reserves
a voxel brick and updates the brick contents using the interpreter. The pruned function
composition tree associated with the region spanned by the node is used in place of the
unpruned tree to reduce evaluation time. When the number of active leaf nodes is less than
or equal to the geometry pool group size, each leaf node can be assigned a unique voxel brick.
In situations where the leaf node count exceeds geometry pool group capacity, voxel bricks
are obtained from the geometry pool group in a least recently used (LRU) fashion. By using
the interpreter to evaluate the geometry as-needed, we reduce the in-memory footprint of

the sparse grid to that of just the grid topology.

2.3.8  Dynamic Nodes

Our N3-tree structure optionally makes use of “dynamic nodes” which we introduce to
decrease the memory required to store model topology by allocating and constructing a bulk
of the N3-tree dynamically. Models which approximately fill the space spanned by an N3-
tree occupy close to the entire volume, resulting in nearly every node at every level of the
N3-tree being allocated. In such scenarios, nodes interior to the model comprise a majority
of the total node allocations. As a result, the handling of “interior nodes”, nodes fully inside
the model, has the potential to drastically reduce memory requirements for storing model
topology. Some sparse grid structures, including OpenVDB and GVDB, support alternative
approaches to interior node representation. One such approach is to replace interior node
children with a constant value, assumed to apply to all grid entries spanned by the node,
indicating the grid should not be subdivided further. Another strategy is to disregard interior
node allocations altogether and only allocate memory for nodes intersecting the model’s
narrow band surface level-set. In rendering-related applications these approaches are often
satisfactory as the focus is on the model’s surface geometry. In other applications like CAD,
function values within the model can be sufficiently important as to require the grid be fully

resolved interior to the model.
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Existing internal node representations do not provide ways to reduce topology memory
requirements without sacrificing grid resolution. Our solution to handling the issue of interior
node allocation is to implement dynamic nodes, which provide a means to fully resolve the
grid through dynamic construction of the model’s topology. To accommodate dynamic nodes
the topology pool groups comprising the N3-tree are initially sized to fit only non-dynamic,
or “static”, nodes (i.e. nodes which cannot be classified as fully interior or exterior) and are
extended by a user-controlled value, D, of new nodes which represent dynamic nodes. An
additional property is added to each topology pool group to track dynamic children as well

as dynamic node ownership.

During N3-tree assembly, when dynamic topology is enabled, nodes determined to be
interior to the model’s geometry are classified as dynamic and are not subdivided further. The
newly added dynamic property contains a bitmask which uses set bits to indicate dynamic
status of child nodes. Once the N3-tree is built, if a child node is requested which corresponds
to an active entry in the parent node’s dynamic bitmask, the parent node reserves one of
the allocated dynamic nodes, sets the dynamic node as its child, and records the node
index to reflect dynamic node ownership. This process is repeated at each depth level
until a dynamic leaf node is constructed, which can then be assigned a voxel brick to be
evaluated by the interpreter. The result is a “dynamic branch” which extends from the
first non-dynamic parent node down to a leaf node and remains active until any dynamic
node within the dynamic branch is reassigned to another dynamic branch. By adjusting the
value of D, internal node allocations can be directly controlled. Setting D to zero eliminates
internal node allocations altogether, useful in situations where grid values inside the model
are not needed (e.g. when rendering the surface of the model). This produces topology
with a memory footprint comparable to existing alternative interior node representations.
In situations where interior nodes are needed, the number of allocated dynamic node count

can be set accordingly.
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Figure 2.6: A rendering of an F-Rep wood screw designed and visualized using our geometry
kernel. The top row shows two views of the wood screw rendered with shading based on a
simple diffuse illumination model. The images in the bottom row show the same views of the
wood screw but with shading based on a color-coding of the pruned function composition
tree. Each colored region on the screw corresponds to a particular pruned tree configuration
belonging to an N3-tree leaf node. The color is generated by converting the bits of a node’s
pruned tree into a single integer, scaling the integer to the range [0, 1], and mapping that
range to the HSV color space. Prune bits which appear earlier in the pruned tree cause
larger color differences from pruned bits which appear later in the tree due to occupying

more significant bits of the resulting integer value.
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2.3.4  Visualization

We display models with a ray-casting rendering algorithm that makes use of the hierarchical
3D digital differential analyzer (DDA) developed by Museth [59] and later adapted to the
GPU by Hoetzlein. We divide the rendering process into two phases which are repeated until
each ray intersects the model or exits the N3-tree. We also allocate a node buffer and a ray
buffer to track ray information between passes. The node buffer stores topology_idz values of
leaf nodes while the distance buffer maintains information on total distance traveled along

each ray.

The first rendering phase involves determining ray-model intersections. To start, rays
are tested for intersection against the N3-tree. Any intersection found results in traversal
of the N3-tree via the 3D DDA until a leaf node is found or the tree is exited. Successful
leaf node intersections result in traversal of the leaf node’s voxel geometry brick. We assume
only C° continuity of the model’s defining function and use a uniform step size to march
through a voxel brick. Interpolation is used to estimate values of the defining function at
points along the ray until either the brick is exited or a ray-surface intersection is found.
For shading purposes, surface normals are determined by computing the gradient of the
function at the point of intersection (e.g. using finite differences). In cases where the class of
defining function is limited, for example to signed distance functions, techniques like sphere
tracing can be integrated into the DDA to dynamically set the voxel step size to enhance

performance.

During traversal, active leaf nodes encountered which have not yet been assigned a voxel
brick cause the ray to stop traversal and record the current ray distance and leaf node
topology_idx in the distance and node buffer. To prevent a node from being added to the
node buffer multiple times, one bit is reserved within the flag attribute of the Node property
which is checked and atomically set before an attempt is made to record the node. The
second rendering phase is triggered if the node buffer contains a non-zero number of entries

after the first phase completes, indicating that active leaf nodes were hit that have not yet
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been assigned geometry. Unassigned voxel bricks, or voxel bricks belonging to nodes which
have already been traversed during the first phase, are assigned to nodes recorded in the
node buffer. The contents of the newly assigned voxel bricks are updated by the interpreter
and the node flag is reset. Because the interpreter is implemented on the GPU, bricks can be
updated directly on the GPU avoiding costly memory transfers between the CPU and GPU.
The first phase is repeated and each ray uses the value recorded in the distance buffer to
resume traversal from where it left off. These two rendering phases are repeated until the first
phase finishes with an empty node buffer indicating that the rendering is completed. Because
geometry is evaluated on-demand and evaluation is informed by ray-model intersection, only
visible N3-tree nodes have their voxel bricks contents updated, reducing total evaluation

overhead when viewing large models.

2.8.5 Slice Decomposition

Model slice decomposition, or “slicing”, is the process by which a model is decomposed into
a representation 3D printers can interpret to enable manufacturing of a physical copy of the
model. For high-resolution volumetric models, a raster-based printing process is typically
used as the means of manufacturing and takes as input a stack of images corresponding
to horizontal slices of the model. Model slicing within our framework is enabled through
the N3-tree and consists of two steps. The first step involves iterating over active N3-tree
leaf nodes and collecting all voxels along a particular z-height into a slice buffer. Similar to
visualization, all leaf nodes which have not yet been assigned geometry are assigned voxel
bricks from the geometry pool group which are updated using the interpreter before their
voxel contents are extracted. The second and final step is to move the slice buffer from the
GPU to the CPU where the buffers are saved as images. Support can be extended to vector-
based printers by introducing a third step which extracts the level-set contours defining the
model’s surface from the slice buffer.

Printer resolution along the Cartesian axes of a raster-based additive manufacturing

system are typically not identical, for example the Stratasys J750 PolyJet 3D printer has
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Figure 2.7: The bear head, gear, and architecture model from [42] used to benchmark our

geometry kernel.

an x and y resolution of 42 microns while its z axis has a resolution of 14 microns. To
accommodate axes with different resolutions, we implement coordinate-specific grid spacings
to support sampling on non-cubic voxels. Evaluation of the defining function and its IE
remain the same, all that is altered is the value p provided as input to the interpreter. The
resulting slice images are distorted but recover the original geometry when printed due to

the printer scaling along each axis.

2.3.6  Bulk Properties

A model’s physical characteristics, like center of mass, are useful for validating aspects of the
model’s design. Computing these properties requires integrating over the model’s geometry.
We evaluate volume, surface, and line integrals using methods presented by Yurtoglu et
al. [91], an integration approach which operates on arrays of function values sampled on a
regular grid. Integral contributions arise from a stencil computation applied to each grid
point. Non-zero contributions occur where the stencil crosses over the level-set defining the
model’s surface. The node classification provided by TA during construction of the model
topology allows for efficient filtering of topology nodes which do not contain the model’s

surface. Only nodes which produce a non-zero integral contribution are evaluated.
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2.4 Results

Waiting minutes to hours to construct and view models has a severely negative effect on pro-
ductivity. The productivity consideration puts a significant emphasis not just on supporting
large scale volumetric models, but doing so at reasonable rates on the kind of computing
hardware typically used by designers and engineers. To validate our geometry kernel’s re-
sponsiveness we characterize its performance in two ways. First, we compare our geometry
kernel with the kernel presented in Keeter [42], which at the time was a state-of-the art GPU
implementation of libfive [41], a library used as a basis for the kernel within the CAD soft-
ware nTopology. Comparisons are made through a render-based workload involving complex
models. Second, we benchmark the geometry kernel under a standard additive manufactur-
ing workload involving generation of raster slice data of a high resolution model. In addition
to benchmarking, we utilize our slicing pipeline to produce slice stack data of a wood screw
which we fabricate using a 3D printer. All discussion and tables below describe performance
on two systems: a lower end laptop equipped with a GTX 1650-Max Q GPU and Intel i7-
1065G7 CPU as well as a higher end desktop computer containing an RTX 3090 and Intel
i7-11700K. These systems are chosen to illustrate the capabilities of the geometry kernel on

hardware corresponding to well-separated portions of the spectrum of computing power.

2.4.1 Performance Comparison

Due to substantial differences in geometry kernel implementation, direct comparisons of in-
dividual components of our kernel and the kernel presented by Keeter are difficult. The
kernel implementation from Keeter requires that the interval pruning and geometry eval-
uation of a model be reevaluated every frame, and uses a screen-aligned and orthographic
coordinate system which ties the model resolution directly to the resolution of the screen
(e.g. a 20482 model volume requires a 2048% screen resolution to visualize). Within our ker-
nel implementation the N3-tree stores pruning information as well as model geometry, thus

evaluation of these properties need not be performed each frame. The N3-tree is built once,
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Table 2.1: Rendering benchmark results for the bear head model over various grid sizes and
topology configurations. Performance was measured on a laptop equipped with a GTX 1650
Max-Q and a desktop containing a GTX 3090. Table entries containing a dash denote results
which are omitted due to requiring either an unreasonable time scale to complete or more

memory than is available on the GPU.

Configuration FVD MPR
# of Nodes Node | Build (ms) | Trav. (ms) | Eval. (ms) FPS FPS
Grid | Topology
Static Dynamic Occup. 1650 | 3090 | 1650 | 3090 | 1650 | 3090 | 1650 | 3090 | 1650 | 3090

3,3,3) 34,696 55,547 | 34% 15| 23| 110 31 81 12 42 1 150
4,3,2) 8,247 5,585 | 42% 3.1 0.7] 120 29 | 110 18 32| 140 12 84
5,3,1) 1,882 475 | 58% 1.0 0.7 160 45| 200 51 23 | 100

5123

3,3,3,1) 139,874 504,411 | 31% 62| 7.8| 140 32| 190 25 40 | 150
4,3,3) 34,696 55,547 | 34% 15| 23| 180 54 | 290 44 26 | 100 3 23
5,3,2) 8,247 5,585 | 42% 3.0 0.7] 210 55 | 560 94 18 78
3,3,3,2) 556,700 4,300,532 | 29% | 210 30 | 200 43| 2400 | 300 28 | 110

(

(

(

(

1024% | (

(

(
2048 | (4,3,3,1) | 139,874 504,411 | 31% | 61| 80| 190 | 51| 80| 100| 22| 87| —| 4

(

(

(

(

(

(

(

5,3,3) 34,696 55,547 | 34% 15| 23| 280 84 | 1600 | 220 14 58
2,223,035 | 35,495,926 | 28% | 640 | 120 — 92 — | 930 — 84

40963 556,700 4,300,532 | 29% | 210 30 — 55 — | 1300 — 63 — —
139,874 504,411 | 31% 61| 8.5 — 88 — | 640 — 49

)
)
)
3,3,3,4) | 8,897,005 | 288,394,003 | 27% | | 370| —| 170| —| 950 | | 68
)
)

81923 2,223,035 | 35,495,926 | 28% — | 115 — | 100 — | 3900 — 48 — —

556,700 4,300,532 | 29%




47

before rendering begins, and geometry is evaluated and stored as needed in the geometry
pool group of the N3-tree. Additionally, our rendering approach allows for a fixed dimension
screen to render a model of any resolution. The N3-tree also provides support for advanced
rendering techniques like level-of-detail control which significantly improves performance for
higher resolution models, when geometry voxel bricks approach the size of a pixel. Given
these large differences, we use rendering frame-rate of the model at its maximum resolution
as the metric for comparison as it best quantifies end-to-end performance of each geometry

kernel.

Tables 2.1, 2.2, and 2.3 contain performance metrics for three different models, shown in
Figure 2.7, from [42] using both Keeter’s and our geometry kernel. The bear head model
supports limited pruning due to the small number of min and max functions, making it
a good candidate for JIT optimization. The gear and architecture model contain larger
numbers of min and max functions, limiting JIT optimization. Results for our kernel are
presented under the table header “FVD” (function-based volumetric design) while Keeter’s
are contained under the “MPR” (massively parallel rendering) header. We include results
for each geometry kernel up to the point at which either the GPU runs out of memory or

produces a frame-rate that is lower than one frame-per-second, denoted by a dash.

Table 2.1 includes an extensive parameter sweep of various topology configurations to
characterize the affects of model topology on rendering performance and topology construc-
tion, while the remaining tables present more concise results covering only the topology
configuration which produces the most favorable rendering performance for a given grid size.
The “Configuration” header in Table 2.1 details the topology configuration, number of active
N3-tree leaf nodes, and occupancy rate specifying the percentage of the dense grid occupied
by the model. To obtain the number of active voxel elements contained within the sparse
grid, the grid size can be multiplied by the occupancy fraction. For our geometry kernel, in
addition to frame-rate, we include timing results which detail additional work required for
the first render frame. In particular, we present timing results for the sparse grid construc-

tion, as well as visible geometry identification and evaluation. Lastly, all rendering results
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Table 2.2: Rendering benchmark results for the gear model.

FVD MPR

Build (ms) | Trav. (ms) | Eval. (ms) FPS FPS

1650 | 3090 | 1650 | 3090 | 1650 | 3090 | 1650 | 3090 | 1650 | 3090
5122 | 20| 50| 64| 26| 73| 10| 50| 180| 30| 133
10243 | 55| 10| 96| 23| 250| 27| 40| 150| 11| 70
2048% | 240 | 29| 160| 34| 860| 81| 31| 120| 3| 25
40963 | 650 | 110 | 270 | 53 5600 | 800 | 22| 8| 1| 7
81923 | — | 480 | — | 120 1100 65| — | —

Grid

for our kernel are determined using a fixed screen size of 1280 x 720.

Comparing frame-rate results between geometry kernels shows that our kernel outper-
forms Keeter’s on each of the three models, with rendering improvement of over 10x. We
are also able to visualize models at interactive rates at grid sizes previously unachievable.
Variability in rendering performance of our geometry kernel is due in large part to geom-
etry pool capacity and N3-tree topology configuration which are discussed in detail in the
following two paragraphs.

Geometry pool capacity dictates the number of geometry bricks which can be stored and
reused for multiple rendering frames. Topology nodes which have not yet been assigned
geometry prevent rays from progressing through the N3-tree while rendering, requiring that
new geometry be evaluated by the interpreter and that the tree be traversed again once
the geometry has been updated, as described in Section 2.3.4. The timings associated with
this process are provided under the “Traverse” and “Evaluate” table columns. Minimizing
the number of tree traversal passes is key to achieving an optimal frame-rate. The ratio of

visible geometry to geometry pool capacity should preferably be less than or equal to one
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Table 2.3: Rendering benchmark results for the architecture model.

FVD MPR
Build (ms) | Trav. (ms) | Eval. (ms) FPS FPS

Grid
1650 | 3090 | 1650 | 3090 | 1650 | 3090 | 1650 | 3090 | 1650 | 3090

5123 3.1 0.5 72 18 32 | 45 35 | 150 47 | 250
10243 11 1.2 89 23 88 14 32 | 117 16 | 116
20483 43 | 3.7 ] 110 25 | 310 50 24 91 6 44
40963 | 180 15 | 140 28 | 1100 | 150 21 79 2 14
81923 — 29 — 30 — | 180 — 77

so that complete tree traversal can be achieved in a single pass. The drop in frame-rate to
below one frame-per-second when rendering each of the three models using our kernel is a
result of visible geometry exceeding the allocated geometry pool capacity (and each GPU’s
total memory capacity). Each frame requires close to a complete reevaluation of all visible
geometry greatly reducing performance.

The N3-tree topology configuration specifies the spatial subdivision of the grid, and thus
how the underlying grid is partitioned. Varying the N3-tree topology alters 3D DDA traversal
time as well as geometry voxel brick dimension. When looking at variations in leaf depth
topology configuration for a given grid size in Table 2.1, the downward trend in frame-rate
timings indicate that smaller leaf node sizes support more responsive rendering. Larger leaf
nodes correspond to larger geometry bricks and an increased grid occupancy. The larger
geometry bricks are also more costly to traverse when intersected during rendering and limit
geometry pool brick allocations due to requiring more memory. Conversely, smaller leaf
nodes increase total N3-tree node count, raising model topology memory requirements. N3-

tree build times, shown under the ”Build” column of each table, also increase with smaller
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Table 2.4: Slicing benchmark results for the wood screw model over various grid sizes and

topology configurations. Performance was measured on a laptop equipped with a GTX 1650

Max-Q and a desktop containing a GTX 3090. Table entries containing a dash denote results

which are omitted due to requiring an unreasonable time scale to complete.

# of Nodes Node | Evaluate (s) | CPU to GPU (s)
Grid Topology
Static Dynamic | Occup. | 1650 3090 1650 3090

(3,3, 3> 4,587 1,168 | 35% 0.130 | 0.055

128% x 512 (4,3,2) 1,170 48 | 59% 0.066 | 0.032 | 0.086 0.023
(5,3,1) 228 0] 89% 0.065 | 0.032
(3,3,3,1) 17,311 13,068 | 23% 0.390 | 0.120

2562 x 1024 <4 3,3) 4,587 1,168 | 35% 0.190 | 0.065 | 0.220 0.085
(5,3,2) 1,170 48 | 59% 0.140 | 0.055
(3,3,3,2) 67,329 | 122,107 | 18% 1.300 | 0.450

5122 x 2048 | (4,3,3,1) 17,311 13,068 | 23% 0.470 | 0.160 | 1.200 0.409
(5,3,3) 4,587 1,168 | 35% 0.320 | 0.120
(3,3,3,3) 265,867 | 1,054,306 | 16% 3.900 | 1.700

10242 x 4096 | (4,3,3,2) 67,329 | 122,107 | 18% 2.100 | 0.780 | 7.500 2.900
(5,3,3,1) 17,311 13,068 | 23% 1.400 | 0.360
(3,3,3,4) | 1,056,319 | 8,763,007 | 15% | 23.000 | 8.400

20482 x 8192 | (4,3,3,3) 265,867 | 1,054,306 | 16% | 12.000 | 3.600 | 59.000 | 21.000
(5,3,3,2) 67,329 | 122,107 | 18% | 12.000 | 3.700
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leaf node sizes as a result of having to evaluate the IE of the model’s defining function over
more node regions. An optimal topology configuration is therefore application dependent,
with smaller leaf nodes being more favorable for rendering and larger leaf nodes being more
favorable to tree construction. It should be noted that we do not provide rendering results
over varying internal node topology configurations. We use the 3D DDA algorithm from
GVDB, for which metrics on how internal node size variations affects frame-rate are discussed
by Hoetzlein [35]. We concur with the conclusion that an internal node configurations on

the order of N = 3 provide optimal results.

2.4.2  Model Slicing

The second metric by which we gauge performance of our geometry kernel is through the
model slicing process described in Section 2.3.5. To demonstrate the effectiveness of our
slicing pipeline and characterize how it scales with grid size we design and slice a wood
screw model depicted in Figure 2.6. Table 2.4 presents slicing performance metrics for the
screw model over several topology configuration and increasingly larger grid sizes. The
”FEvaluation” column reports time taken to evaluate all leaf node geometry and extract the
geometry into slice buffers, while the ”GPU to CPU” column reports time needed to move
the slice buffers from the GPU to the CPU. Total slice time is obtained by adding the two
columns together.

Evaluating and filling the slice buffer dominates total slice time for smaller grid sizes
while GPU to CPU transfer time becomes the dominant factor as the grid size increases.
For a given grid size, slice evaluation time is affected by N3-tree topology, primarily leaf
node size. Leaf node geometry bricks with a voxel count that allows the GPU to achieve
maximum compute throughput when evaluating a model’s defining function produce more
optimal timings. This typically corresponds to larger leaf node sizes. However, as leaf node
size increases voxel grid occupancy also rises, equating to more total evaluations of the
model’s defining function. Evaluation count and compute throughput compete against one

another resulting in grid-size dependent optimal topology configurations. For smaller grid
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sizes, where the total voxel count is low, larger leaf brick sizes perform more favorably. As
the grid size increases, a leaf node size which strikes a balance between voxel grid occupancy
and compute throughput produces the best timings. For both the GTX 1650 and RTX
3090, the preferred configuration initially corresponds to one with a leaf node size of (2°)3
but transitions to (2%)3 at the largest grid resolution. We also use the slicing pipeline to
fabricate the wood screw using a Stratasys J750 PolyJet 3D printer and provide images of a

representative slice stack as well as the finished print in Figure 1.

2.5 Future Work

Here we present several directions for future research with a focus on performance improve-

ments to the geometry kernel.

2.5.1 Topology Fvaluation

Our topology construction algorithm builds a model’s topology in a single pass. However,
during visualization a majority of a model’s topology may be occluded. Ideally, only the
visible topology would be constructed. Extending our view-dependent geometry evalua-
tion scheme to model topology construction would reduce both the compute and memory
requirements needed for visualization. A view-dependent evaluation would also aid in fur-
ther reducing pruned tree memory requirements as only the visible topology regions would

produce pruned tree data.

2.5.2  Geometry Evaluation

Geometry evaluation consumes a bulk of total model evaluation time. We use techniques
such as tree pruning and view-dependent evaluation to significantly reduce this evaluation
cost. However, after any edit has been made to the defining function we discard all geometry
and rebuild the model from scratch. Incorporation of strategies which identify geometry that
does not change between model edits would further reduce the compute overhead required

when frequently modifying models, a common occurrence in CAD applications.
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2.5.8 Interval Bounds

We use TA to inform topology construction so that model geometry is not needed to determine
region occupancy. A is conservative in its evaluation estimate resulting in spurious topology
node allocations which do not contain model geometry. Replacing or augmenting TA with
alternative techniques, for example affine arithmetic, which improve accuracy would aid in
generating topology that more tightly fits to the model’s geometry, reducing both model

evaluation time and memory requirements.
2.6 Discussion

We have presented an F-Rep geometry kernel designed for large scale volumetric modeling
applications including large-volume, high-resolution CAD and additive manufacturing. The
modeler consists of a novel F-Rep GPU interpreter and a sparse volume data structure. Our
F-Rep geometry kernel builds from previous work by Keeter and provides improvements in
the form of JIT compilation, increased function prunability, and a reduction of the memory
footprint for storing pruned trees. The sparse volume data structure we develop is used to
store interpreter output and provides the means to visualize and manipulate high resolution
volumetric data. In addition, our geometry kernel framework performs well on GPU-enabled
systems ranging from laptops to desktops, and further performance enhancements are ex-
pected as a result of ongoing improvements in GPU computing throughput, data transfer

rates, and memory capacity.
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Chapter 3
COAREA GRID-BASED VOLUME INTEGRALS
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3.1 Background

3.1.1 Integration Techniques

Numerical evaluation of integrals is a task that finds significant application in a variety of
areas including fluid mechanics [66], dynamics and vibrations [56, 72|, naval architecture [6],
economics [24], and many other fields. When dealing with numerical integration of functions
of a single variable, this topic is often referred to as numerical quadrature [12]. There is a
vast literature discussing methods for performing numerical quadrature [67] several of which
date back to famous names like Newton [16] and Gauss [34]. Gonnet provides an extensive

review of quadrature methods with a detailed discussion of error estimates [26].

Numerical integration over general multi-dimensional domains is identified by Thiagara-
jan and Shapiro as a central problem in engineering and scientific computation. They discuss
two typical approaches: (1) conversion to a boundary integral using the divergence theorem,
and (2) approximation of the domain by a union of simple cells for which there are well
established integration methods. Noting that good approximations of complex geometry
by non-conforming cells leads to boundary fragmentation and high computing costs, they
proceed to develop an effective adaptive integration method with conforming boundary cells

[85).

Yurtoglu et al. [91] present an alternative approach that combines voxel methods with
wavelet analysis to compute integrals over implicitly defined domains. The voxelized nature
of this approach enables computation of integrals based on grids of sample values of the inte-
grand and the implicit function that defines the integration domain. The quadrature values
arise as a sum of voxel contributions from a generalized stencil computation that is highly
parallelizable enabling fast implementations. Formulations were presented for path, surface,
and volume integrals; however the volume integral formulation relies on construction of a
vector potential whose gradient corresponds to the integrand. This would require knowledge

of the analytic form of the integrand.
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3.1.2 Contributions

This works fills the gap in Yurtoglu et al. [91] by presenting an approach to fast computation
of volume integrals based on regular grids of sampled data without requiring an analytic
form of the integrand. The essential inputs to the integration method proposed in this
paper consist of grids of regularly sampled values of the integrand and the function that
implicitly defines the domain of integration. If instead the integrand and implicit defining
functions are given directly as functions, those functions can be sampled on a regular grid to
provide the expected inputs. Alternatively, if the domain is specified geometrically, there is
extensive literature on how to construct function-based representations (F-Reps) for a wide
range of geometry [17, 64, 79, 78]. The theoretical basis of this new approach is provided
by combining Yurtoglu et al.’s grid-based surface integral formulation [91], traditional one-
dimensional quadrature, and Federer’s coarea formula [75]. Note that the method presented
in this paper is intended for applications involving grids of sampled data (e.g. 3D imaging

and direct numerical simulation).

3.2 Volume Integral Formulation

Federer’s coarea formula provides a direct and reliable means for converting an integral over

a domain implicitly defined by a function f to an integral over the level sets of f:

/// gVl de/ // q dS dn (3.1)
Q(0) R<0JJ f=1(n) N Q(0)

where Q(n) = {(z,y,2) € R? | f < n} and we follow the convention that the integration
domain is bounded by the level set n = 0.

The right hand side of the coarea formula can be separated into two parts: the inner two-
dimensional integral which computes an area integral over a given level set and the outer
one-dimensional integral which sums the contributions from each level set to produce the

volume.
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Figure 3.1: Level sets of the two-dimensional function f(z,y) = ((£)2+ (4)?—1)((z —1)?+

(y+1)2—1)). The lightly shaded region shows the domain defined implicitly by f < 0. The

darker region corresponds to the level-set contribution n = —8.
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Is(q, f,m) = // qdS = // q ds (3.2)
F=Ym) N Q(0) 9Q(n)

We evaluate the integral on the right-hand side of Eq. (3.2) using the grid-based surface

integral formulation [91]:

Isa. )= [ / s

(3.3)
= [[[ —awxtrm - w1951 v
where the occupancy function is
1 f<
x(f,m) = ! (3.4)
0 f>n

and B is an axis-aligned bounding box satisfying Q(0) C B C R3.
Computing the volume integral [[ fQ(O) g dV = Iy (g, f,0) corresponds to choosing q =
gV f||~* which results in:

Iy(g, f.0) = ///Q(O)g dv

_ / Is(alIV AN, £m) dn (3.5)
R<0

N / /// —g Vx(fon) - VISPV d

Since the geometric domain is implicitly defined by f < 0, the non-trivial contributions
over R come from the finite interval 1 € [fin, 0], where f,,;, is the minimum of f in €(0).

The final version of the volume integral formula becomes

0

Iv(g, £.0) = / / /B —gVx(fom) - VIV AR AV dy (3.6)

fmin

Note that application of the coarea formula introduces an additional factor of ||V f||~!

which acts as a weighting term that accounts for the local spacing between level sets. While
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Figure 3.2: Visualization of the region of mixture fraction ratios between 0.3 and 0.4 of fpyg

this factor can introduce infinities at singular points of f, the grid-based surface integral
formulation already includes this factor so identification and removal of contributions from
isolated singular points is built-in. (For non-pathological functions, the singular points form
a set of measure zero, and their exclusion is assumed in the underlying convergence proof

[69].)

3.3 Discretization

The coarea formula gives the volume integral as an integral over the level set values of
integrals on the level sets, and our computational approach combines established methods

for each. We employ the grid-based surface integral formulation for the integrals over the
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level sets, and we apply a one-dimensional quadrature to sum the contributions from each
level set. For simplicity of presentation we employ Simpson’s rule, a well-known method
from the Newton-Cotes quadrature family. (Newton-Cotes quadrature rules have uniform
sampling, but other rules can be applied equally well.) We denote the spacing between
level sets to be 61 and Ig(n) is defined as the surface integral of g||V f||™! over the level set

f=m=—ton.

Is(n) = Is(g|V fII7", f.m)
(3.7)
/ / / —gVx(fn) - VIV IR AV

Simpson’s rule approximates the volume integral as a linear combination of the weighted
surface integrals on the level sets corresponding to the discrete set of values {no,...,nr} as

follows:

2 Ts(m)+

475(771) + 475(773) + 1t 4INS(TIT—3) + 473(77T—1)+

I (g, £,0) =

B B N N (3.8)
2Is(n2) + 2Is(na) + -+ - + 2Is(Nr—a) + 205 (nr—2)+

TS(ﬂT))

Each term corresponds to a surface integral described by Eq. (3.7) evaluated using the

grid-based method [91] to produce voxel contributions of the form

e T P
of ox(fme) | Of Ox(fme) | Of Ox(fyme) 3.9
3 _g% axt+8y t+8z th (3.9)
N of2 af2 of2
o Toy T

7:7j7k
with uniform grid spacing h. (For simplicity we assume that each coordinate direction has

the same uniform grid spacing.)
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We compute the Cartesian representations of the gradients, V f and Vy, so the compo-
nents correspond to partial derivatives with respect to the coordinates. The partial deriva-
tives are computed numerically using a stencil based on the genus two Daubechies wavelet
connection coefficients [69] (which coincides exactly with the usual fourth order accurate
central difference stencil). For example, the z-components are computed according to the

formulas:

Ofiin 11 p 9 1

L T Ry S ik — — firo 3.10
o N 12f 2.5k 3f 15k + 3f+1,],k: 12f+2,g,k (3.10)
B h 12X 2,7,k 3X 15k T SX +1,5.k 12X 12,5,k ( )

3.4 Implementation

Performing the quadrature specified in Eq. (3.5) leads to summing contributions from inte-
grals over level sets with a weighting function accounting for the variable spacing between
adjacent level sets; thus we find it both convenient and appropriate to refer to the contribu-
tion from an individual level set as a ”shell”. Figure 3.1 illustrates the essential concepts of
implicitly defined domains, level sets, and shells. The shaded region indicates the domain of
integration defined implicitly by f(z,y) = ((£)*+(%)?—1)((z—1)*+(y+1)*—1)) < 0. The
solid curves indicate level sets where f(z,y) = n for n € [-14,—-12,—10, —8, -6, —4, —2, 0],
with spacing dn = 2. The darker shading indicates the shell bounded by the level sets
associated with n = —10 and n = —8.

We created a parallel implementation of the grid-based coarea volume integral formulation
in Python using the Numba package [50] that allows access to CUDA, a GPU-based parallel
computing platform [9]. The integration scheme is implemented in two ways, one using a sin-
gle kernel function to compute a fixed number of level sets and another that launches a kernel

for a single level set allowing for adaptive refinement of the one-dimensional quadrature.

For the adaptive method a kernel function is launched for each shell to compute an
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Figure 3.3: Histogram of the DNS data over the interval [0,0.5]. Frequency corresponds to

the fraction of grid points with whose fpyg values lie in a bin of width 0.005.

array of voxel contributions according to Egs. (3.9) and (3.10). Each voxel contribution is
weighted by the corresponding coefficient in the quadrature formula and added into the voxel
contribution array. For each shell kernel a reduction is performed to sum the entries in the
voxel contribution array to produce the total level set contribution to the one-dimensional
integral. The level set range is then subdivided and a higher resolution one-dimensional
integral is computed. Based on the difference between the low and high resolution one-

dimensional integrals, local subdivisions continue until either an error threshold is met or a

maximum subdivision depth is reached.
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Figure 3.4: The L?-norm of the residual error in integrating all trivariate polynomials of
order up to three (x'y/z* with 4,5,k > 0 and i + j + k < 3) over a unit sphere. The data for
the solid lines is the error for the Characteristic and AW methods (presented in [84]) as a
function of octree depth (labeled on the upper horizontal axis). The data for dashed lines is
the error for the coarea method averaged over 10 jittered trials with grid size 323, 643, and

1283 respectively as a function of level set count (labeled on the lower horizontal axis).
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3.5 Results

We begin this section by applying the grid-based coarea integration method to produce results
for comparison with examples presented in Thiagarajan and Shapiro [84]. We then proceed
to a problems where analytical solutions are not known: an example due to Saye [74] with
an open domain and logarithmic integrand and a data set produced from a direct numerical
simulation of combustion [7]. Note that the effect of varying stencil size for finite difference
evaluation of derivatives was treated in [91], and we proceed maintaining the conclusion that
a standard central difference stencil of radius 2 is an appropriate choice. We use Simpson’s
quadrature rule for all one-dimensional integrals but note again that the coarea method can

be employed with any one-dimensional quadrature method.

Thiagarajan and Shapiro presented and established the effectiveness of their adaptively
weighted finite cell method (AW) [84] for multi-dimensional quadrature by choosing examples
with known analytical results to support error comparison the characteristic function version
of FCM presented by Abedian et al. [1]. In particular Thiagarajan and Shapiro considered
integrals of polynomials over the unit sphere, and we start by applying the coarea method

to these same problems.

Figure 3.4 illustrates convergence results for the grid-based coarea integration method
along with results presented by Thiagarajan and Shapiro for the characteristic method and
their AW method. For each method, we plot the L? norm of the residual error over all
trivariate polynomials of order up to three (z'y/z* where 4,5,k > 0 and i + j + k < 3)
integrated over a unit sphere as a function of a refinement measure. For the characteristic and
AW methods, the relevant refinement measure is the level of octree subdivision. A second
labeling of the horizontal axis shows the number of level set values which is the relevant
measure for the coarea method. Because of the dual labeling of the horizontal axis, attempts
at one-to-one comparisons should be done with caution. However, several observations can
be reliably made: (1) For a given grid refinement, the coarea method converges as the

number of level sets increases corresponding to the usual refinement of a one-dimensional
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quadrature; and (2) given a sufficiently refined grid of sample value, a number of level sets
can be computed to achieve errors smaller than those of the characteristic method and
comparable to the errors for the AW method.

It should also be noted that, despite its deterministic nature, the results in Fig. 3.4 for
the coarea method are presented with error bars. This is because particular grid alignments
produce fortuitously small errors [91]. In order to present more reliable error estimates, the
data presented is the mean and standard deviation over 10 trials that are jittered by applying
the coordinate transform {z,y, 2z} — {x — zc, ¥y — Yo, 2 — 2.} With 2z, y., 2. € [—h, h].

Thiagarajan and Shapiro chose a particular case, specifically fQ 22dV | to provide more
detailed error information. We use this case to enable a more direct error comparison. Tables
1 and 2 give the AW error for an octree refinement level, followed by the coarea level set
count needed to obtain a comparable error for a given level of grid refinement. The final
column gives timing information for the coarea computation performed on a laptop equipped
with an NVIDIA GeForce GTX 1650 Max-Q GPU.

Table 3.1 presents results based on a grid of 64% sample values. The GPU-parallel im-
plementation of the coarea method produces results at interactive rates (with computation
times less than the 16 ms refresh time for a 60 Hz display). At this level of sampling re-
finement, the errors produced by AW at octree depths 1, 2 and 3 can be achieved by the
coarea method with an appropriate number of shells (2!, 2*, and 2% respectively). For such
a coarse grid, the errors in the area integrals that define the shell contributions are too large
to enable overall errors comparable to the 2.81 x 10™* achieved by AW with octree depth 4.

The corresponding results for a 1283 grid are shown in Table 3.2. At this level of sampling
refinement, the error produced by AW with octree refinement depth 1, 2, 3, and 4 can be
roughly matched by a coarea computation with shell count 2!, 23, 27, and 2'° respectively.
The more refined grids and improved accuracy cause some increase in computational costs,
but the execution times remain below 100 ms.

We now move on to problems for which analytical solutions are not available. The first

example, due to Saye, involves integrating over a domain defined as the region within the
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Table 3.1: Percent error in computing fQ 22dV for the AW method at varying octree depth
levels, the number of level sets needed for corresponding error via coarea on a 642 grid, and
timing for the coarea computation. Timings were computed using on a laptop equipped with

an NVIDIA GeForce GTX 1650 Max-QQ GPU.

AW Coarea
Error (%) | Depth | Level sets Timing (ms)
1.17e+0 1 2! 8
6.78e-2 2 24 8
4.62¢-3 3 28 15
2.81e-4 4 — —

box B = {(z,y,2) | z,y € [-4.25,4.25], z € [-2.125,2.125]} with the following implicit

defining function and integrand:

fsaye = cos(z) sin(y) + cos(y) sin(z) + cos(z) sin(x) < 0 (3.12)

Gsaye = In((2® + y* + 2%)/4.25% + 3/8) (3.13)

for which Saye provides a reference value Iy = f f fQ Gsaye dV = 6.26192376... . This
problem provides a challenge even for the integration methods in commercial grade software.
For example, we evaluated this integral using the NIntegrate method in Mathematica [36].
Treating the integral as an immersed boundary problem, i.e. integrating over the box, B,
and restricting the support by including a factor of x( fsaye) in the integrand and applying an
adaptive refinement method enables NIntegrate to obtain reasonable values for this integral.

The default settings for the global adaptive refinement method produce an error of about
1% in 5.8 seconds. Adjusting an optional parameter value (MaxErrorIncreases) can reduce
the error at the cost of increased computing times. For example an error of 1.4 x 1072% was

obtained in 8 seconds. Higher accuracy results were achievable (errors of 3.9 x 107*% and
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Table 3.2: Percent error in computing fQ 22dV for the AW method at varying octree depth
levels, the number of level sets needed for corresponding error via coarea on a 1283 grid, and

timing for the coarea computation.

AW Coarea

Error (%) | Depth | Level sets Timing (ms)

1.17e4-0 1 2! 28
6.78e-2 2 23 28
4.62e-3 3 27 34
2.81e-4 4 210 89

1.5 x 107°%) but with computing times (35 seconds and 5.5 minutes respectively) that were
far from the interactive range. Applying the coarea method to the problem, a result with

4 x 1072% error was obtained in 100 ms.

Next we present examples of volume integrals involving data from direct numerical sim-
ulation (DNS) of a fluid flow [70]. In this case, instead of being given the implicit function
fpons, we are given values of fpys on a regular grid with 256 grid points along each axis of
a bounding box corresponding to a unit cube. This is the sort of input data, grids of values
rather than functions defined over a continuous domain, that motivates development of the
method presented in this paper. The data set corresponds to a local mixture fraction so

exact values are restricted to fpys € [0, 1].

The DNS is initialized with equal quantities of unmixed fluids so the starting configuration
of the data consists largely of 0’s and 1’s with a median value of 0.5. The data set used occurs
very early in the simulation so there are still large regions of unmixed fluid with values very
close to 0 and 1, and the median remains close to 0.5. The stoichiometric surface, which
corresponds to the fpys = 0.35 level set, is of special interest for combustion studies. The
area of this level set was reported in [91]; here we expand to compute the volume of a

stoichiometric region defined by mixture ratios fpys € [0.3,0.4] as depicted in Fig. 3.2.
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Applying the coarea method, we determined that this region occupies 1.47% of the volume
of the simulation domain, and the computation took 150 ms. For comparison, tessellating
a single level set using a standard implementation of marching cubes [86] takes 220 ms for
this 256% data set.

Next we consider the volume integral over a wider range of mixture ratios fpng € [0,0.5].
The majority of mixture fraction values in this range are concentrated near 0 as illustrated
by the histogram shown in Fig. 3.3. Due to the clustering of values near 0 there are regions
where the function is very nearly flat. Ensuring that such flat regions are well sampled by the
level sets requires a very small spacing between level set values, and very small level set value
spacing across the entire range involves a very large number of level sets and unnecessary
computational costs. The standard way of managing allocation of sampling resources is to
employ locally adaptive refinement, so we now apply adaptive refinement of the level set
values following Algorithm 1 in [26]. Using the adaptive scheme with maximum subdivision
depth of 15, the coarea method took 2.0 seconds to compute that the region occupies 49.78%

of the total simulation volume.
3.6 Discussion

We introduced a new grid-based coarea formulation for computing volume integrals over
implicitly defined domains. The grid-based coarea volume integral formulation benefits from
the solid mathematical foundation provided by Federer’s coarea formula, the wavelet analysis
convergence proof for the grid-based surface integral formulation, and known properties of
standard methods for one-dimensional numerical quadrature.

To provide initial evidence for the effectiveness of the new grid-based coarea volume
integral formulation, in particular we applied it to compute known examples presented by
[84] involving integrals of polynomials over the unit sphere. The coarea results show reliable
convergence, and increasing the grid refinement and quadrature shell count produces reliable
error reduction. Comparison with results of the AW method presented by Thiagarajan and

Shapiro [84] demonstrates that, given a sufficiently refined grid of input data and a sufficient
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level set count, the coarea method can achieve comparable error results at interactive speeds.

Following the initial convergence study, we consider problems that lack analytical so-
lutions: Saye’s example and computation of volumes associated with specified ranges of
mixture ratios produced by direct numerical simulation of fluid mixing. Saye’s example pro-
vides analytic expressions for both the defining function, f, and the integrand, g; however
it still provides challenges because the integrand is non-trivial and the defining function is
a trigonometric polynomial which would define an open region without specification of a
bounding box. Even using commercial grade software, it may take a significant amount of
time to compute accurate results for this problem. Using the coarea method we computed
the value of Saye’s integral to an accuracy of 4 x 1072% in 100 ms.

The final examples involve integrals based on data from direct numerical simulation of
fluid mixing. No analytic expression is given for the implicit defining function; instead the
data consists of a grid of computed values of the mixture fraction, fpyg. The grid-based
coarea method is motivated precisely by this type of problem and succeeded in computing
the volume of a stoichiometric region in 150 ms. We then proceeded to compute the volume
for a mixture fraction range including 0 which is an accumulation value, so the fpyg data set
includes large regions where the function values are nearly constant. The coarea method can
be successfully applied, and implementation of a standard adaptive scheme for quadrature
refinement can provide significant reduction in computation time for this problem.

The grid-based coarea method presented here provides an alternative approach to com-
puting volume integrals of well-behaved functions on implicitly-defined domains. (For links
into the separate literature on integration of singular functions typically associated with
potential theory, see the work of Greengard and collaborators [68, 52].) Like previously pub-
lished grid-based methods [91], the grid-based coarea volume integral formulation presented
in this paper applies directly in cases where only a grid of sampled values is provided for
the geometric defining function and/or the integrand. Provided that the grids of sampled
values are sufficiently refined, the coarea method can often achieve accuracy comparable to

existing state-of-the-art methods for computing volume integrals. Perhaps most importantly,
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the coarea method is also highly parallelizable and in many cases produces integral results

at interactive rates.
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