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The thesis concerns asymptotic behavior of particle systems and the underlying Markov
chains used to model various natural phenomena. The objective is to describe and analyze
stochastic models involving spatial structure and evolution over time. Fundamental objects
of interest in such systems include the equilibrium measure which the system converges
to, the phenomenon of phase transition in the long term behavior and the time taken to
converge to stationarity. In this thesis, we present three examples highlighting the above
aspects.

In Chapter |2 we will discuss Competitive Erosion: a multi-particle system introduced
by James Propp in 2003, as a generalization of a fundamental growth model known as
Internal Diffusion Limited Aggregation. In this model, each vertex of the graph is occupied
by a particle, which can be either red or blue. New red and blue particles are emitted
alternately from their respective bases and perform random walk. On encountering a par-
ticle of the opposite color they remove it and occupy its position. We consider competitive
erosion on discretizations of smooth planar simply connected domains. Chapter |2| estab-
lishes positively, a conjecture of Propp regarding conformal invariance of the the model
at stationarity, by showing that, with high probability the blue and the red regions are

separated by an orthogonal circular arc on the disc and by a suitable hyperbolic geodesic



on a general ‘smooth’ simply connected domain.

In Chapter [3] we discuss a family of conservative stochastic processes known as Ac-
tivated Random Walk (ARW) which interpolates between ordinary random walk and the
Stochastic Sandpile; the latter being a canonical example of Self Organized Criticality. These
processes are conjectured to exhibit a sharp change in long time behavior, depending on
the value of certain parameters. Informally, ARW is a particle system on Z with mass con-
servation. One starts with a mass density x> 0 of initially active particles, each of which
performs a symmetric random walk at rate one and falls asleep at rate ). Sleepy parti-
cles become active on coming in contact with other active particles. We investigate the
question of fixation/non-fixation of the process and show for small enough ) the critical
mass density for fixation is strictly less than one. Moreover, the critical density goes to
zero as )\ tends to zero. This positively answers two open questions from Dickman, Rolla,
Sidoravicius (J. Stat. Phys., 2010) and Rolla, Sidoravicius (Invent. Math., 2012).

In Chapter 4, we discuss a model of constrained Glauber dynamics, known as the East
Process, exhibiting sharp convergence to equilibrium. The East process is a 1D kinetically
constrained interacting particle system, introduced in the physics literature in the early 90’s
to model liquid-glass transitions. Informally, it is a two spin ({0,1}) system on Z where
every site at rate one tries to randomize its spin using a fresh Bernoulli(p). However the
move is suppressed unless the site to the left is in the 0 state. Thus the Glauber dynamics
move is carried out only in the presence of a certain ‘kinetic’ constraint. Spectral gap
estimates of Aldous and Diaconis in 2002 imply that its mixing time on L sites has order L.
Since the relaxation time is of a smaller order than the mixing time it is natural to expect
a sharp convergence to equilibrium. Proving this, is the goal of this chapter, where we

establish Cutoff for mixing, with an optimal O(+/L)-window.
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Chapter 1

INTRODUCTION

1.1 Background

A central approach to understanding statistical mechanics is through interacting particle
systems with infinite volume of particles or large but finite number of particles. The field
of interacting particle systems began as a branch of probability theory in the late 1960’s.
The objective was to describe and analyze stochastic models involving spatial structure and
evolution over time and develop an understanding of the phenomenon of phase transition
in various context and classifying the classical Gibbs states. These are used extensively
to model many naturally occurring processes in various contexts: neural networks, tumor

growth, spread of infection, and behavioral systems, for example.

From a more mathematical point of view, interacting particle systems represents a nat-

ural departure from the established theory of Markov processes.

Quoting from Tom Liggett’s ‘Interacting Particle systems”: ‘A typical interacting particle
system consists of finitely or infinitely many particles which, in the absence of the interaction,
would evolve according to independent finite or countable state Markov chains. Superimposed
on this underlying motion is some type of interaction. As a result of the interaction, the
evolution of an individual particle is no longer Markovian. The system as a whole is of course
Markovian. However, it is a large and complex Markov process which differs in many respects
from the processes such as Brownian motion on Euclidean spaces which motivated much of
the development of standard Markov process theory. Thus, while some connections with the

Markovian universe are maintained, substantial departures from it occur as well.”

For the reader unfamiliar with this area of probability, I include some basic examples

of such systems, variants of which will recur throughout this thesis.



i. Stochastic Ising model: The (ferromagnetic) Ising Model on a finite graph G = (V, E)
with parameter 5 > 0 and no external magnetic field is defined as follows. Its set
of possible configurations is 2 = {1, —1}", where each configuration o € ) assigns
positive or negatives spins to the vertices of the graph. The probability that the system

is at a given configuration ¢ is given by the Gibbs distribution

exp(f),., 1(o(x) = a(y)))
Z

where 7 is the normalizing constant, (y ~ = denotes that the edge (z,y) € E.) The
Gibbs measure is associated with the standard ‘Glauber’ or ‘Heat Bath’ dynamics where
spin at a uniformly chosen vertex is randomized according to the conditional distribu-

tion given the spin of the remaining vertices.

ii. Internal diffusion limited aggregation (IDLA): This is one of the most basic growth
models where n particles start at a point and each particle does a continuous time
random walk independent of others till it finds an empty site at which point it occu-
pies it and stops, is a fundamental growth model on graphs. This was first proposed
by Meakin and Deutch in 1986 as a model of industrial chemical processes such as

electropolishing, corrosion and etching and has been studied extensively since.

iii. Abelian Sandpile model: A primary example of self organized criticality (a concept
elaborated later in subsection [1.3.2)) where one starts with particles/chips at every
vertex of an underlying graph. The state of the system tries to reach stability by
‘toppling’ a site which has at least as many particles as neighbors, it sends one particle
to every neighboring site. The system is said to be stable if no site can topple. The final
distribution of particles turns out to be independent of the order in which unstable
vertices are toppled. In the stochastic version, particles take one step of the random

walk on the graph.

Other examples include the Contact process and the Exclusion Process. The interested



reader is referred to [[67] for a rich introduction to the subject.

Based on non rigorous heuristics, remarkable conjectures about such models exist in
the natural sciences literature. This thesis is based on understanding some of these mod-
els and making progress towards formal verification of these conjectures. This involves
applications of ideas and tools from several other areas of mathematics such as complex

analysis, partial differential equations and potential theory.
1.2 Main objects of interest

Particle systems exhibit rich behavior in various situations. Some of the main objects of

study about such models are the following:

e Equilibrium measure: The long range behavior of the underlying Markov chain and
characterization of the invariant or equilibrium measure. In many infinite situations
the equilibrium measure is not necessarily unique. In Markov chains exhibiting spa-
tial correlations, the invariant measure typically exhibits rich geometric properties.
In Chapter [2| we establish conformal invariance (invariance under composition by
smooth angle preserving complex valued maps) for a two dimensional competing

particle system.

e Phase transition and critical behavior: Many particle systems have an underlying
parameter in the definition, for e.g. the temperature in Ising model, initial mass
density in Sandpile models. Often in such situations the model exhibits strong de-
pendence on the value of these parameters and one observes a sharp phase transi-
tion as the parameter crosses a particular critical value. It is well known that such
phase transitions occur in the mixing time and uniqueness of Gibbs measures for the
stochastic Ising model, on many graphs, as the temperature of the system crosses
a critical value. Various models of statistical mechanics are known to exhibit phase

transitions out of equilibrium.

A family of mass conservative stochastic dynamics used to understand the phenomenon



of Self Organized Criticality including the Stochastic Sandpile are believed to exhibit
certain absorbing state phase transitions: i.e. the system fixates or stays active de-

pending on the initial mass density. More details can be found in Section|1.3.2

e Mixing time: A quantity of paramount importance in finite systems, is the mix-
ing time: amount of time needed for a Markov chain to reach equilibrium. Precise
bounds on such quantities help us bound the running time of algorithms used to
sample from the invariant measure. In Chapters [2| and |4 we investigate such ques-
tions for various natural systems. In many settings, it is expected that distance to
equilibrium describes a sharp transition and it is possible to locate the mixing time
precisely, (cf. Chapter [4). This phenomenon was introduced as Cutoff in the litera-
ture, by Aldous and Diaconis. See [33] for examples of chains showing cutoff and

the intuition behind occurrence of this phenomenon.

1.3 Summary of the results.

In this section we present a broad outline of this thesis. All the results in this article
will be based on models defined on the Euclidean Lattice resulting in strong dependence.
Analogous models on trees are typically easier to understand because of the underlying
recursive structure. In chapter |2 we study a competing particle system which models
spontaneous interface formation. We prove a conjecture about the invariance of the long
term behavior under “composition” by smooth angle preserving (conformal) maps. This
is the phenomenon known as Conformal invariance, occurring widely in many statistical
physics models like percolation, Ising model etc. It is a classical fact that planar Brownian
motion is conformally invariant.

In Chapter [3|we discuss results regarding phase transition for certain mass conservative
dynamics and in Chapter[4we discuss precise mixing time results for a class of spin systems

and constrained ‘heat bath’ dynamics.



1.3.1 Chapter[2} Competing growth model and conformal invariance

A competing version of IDLA (cf. example ii. in Section|1.1) was proposed by James Propp
in 2003 with two types of particles doing IDLA on a graph alternately where particles
of either color treats sites with particle of the opposite color as an empty site. Many
similar models, including competing first passage percolation [50] have been widely used
to model behavior of cohabiting species under various natural conditions. One of the
primary objects of interest in such models is the interface between various territories.
Understanding the behavior of interfaces in various growth and related models has been
a major success story with recent proofs of several deep results with connections to the

Kardar-Parisi-Zhang universality class.
Based on behavior of Reflecting Brownian Motion, Propp predicted the following:

Conjecture: As the mesh size goes to zero at stationarity the territories of the two
colors would be separated by the geodesic with respect to the hyperbolic metric which
by definition is conformally invariant. On the disc, these geodesics are the circular arcs

orthogonal to the boundary. See Fig[2.1]

The last decade and a half has seen tremendous progress in the study of conformally
invariant two dimensional processes related to percolation, Ising model, self-avoiding poly-
mers. This resulted in the discovery of the Stochastic Loewner evolutions as scaling limits
of the above models, and the Fields medal winning works of Lawler, Werner, Schramm,

and Smirnov, (c.f. [85]).

(Ganguly, Peres [47]) : We confirm Propp’s prediction on ‘nice’ enough simply con-
nected domains. See Chapter [2| for precise statements and technical assumptions. The
technical content of this work involves tools from electrical network theory to understand
the behavior of random walk in bounded domains and convergence of Green function in

the discrete Neumann setting to the continuous counterpart.



1.3.2  Chapter[3} Absorbing state phase transition in conservative dynamics

Dhar [27,28] proposed certain collections of communicating finite automata as models of
self organized criticality (SOC), which describes a system that has a critical point as an
attractor. In most of the examples of SOC simple local moves give rise to complex global
properties. These represent systems which under their natural evolution are driven to a
state at the boundary between stable and unstable states without any fine-tuning of param-
eters. Modern statistical mechanics offers a large and important class of driven-dissipative
lattice systems that naturally evolve to a critical state, which is characterized by power-
law distributions of the sizes of relaxation events (a paradigm example is the emergence of
avalanches caused by small perturbations). In many mathematically interesting and phys-
ically relevant cases such systems are attracted to a stationary critical state without being
specifically tuned to a critical point. In particular, it is believed that this phenomenon lies
behind random fluctuations at the macroscopic scale, and creation of self-similar shapes in
a variety of growth systems. Due to strong non-locality of correlations and dynamic long-
range effects, classical analytic and probabilistic techniques fail in most cases of interest,
making the rigorous analysis of such systems a major mathematical challenge. Studies of
the above phenomenon are confined to very few models, and its conceptual understanding
is extremely fragmented.

One prime example in this context is the so called Abelian Sandpile on a graph where
one starts with particles/chips at every vertex. The state of the system tries to reach
stability by ‘toppling’ a site which has at least as many particles as neighbors, it sends one
particle to every neighboring site. The system is said to be stable if no site can topple. The
final distribution of particles turns out to be independent of the order in which unstable
vertices are toppled, a property known as the Abelian property (also shared by IDLA). For
a wonderful exposition and list of examples see the survey [17]].

Activated Random Walk: Notice that the sandpile model described above is determinis-
tic given the initial configuration of particles. Consider the following random version on

Z known as the Stochastic Sandpile (SSM): start with particles at every site on the line by



sampling i.i.d. from any distribution with mean . Any unstable site topples by emitting
two particles which take independently one step of the simple random walk. The most
important phenomenon of interest in the study of SSM is the phase transition related to
the long term fixation/non-fixation of the system i.e. whether one observes activity in any
finite window about a point (say the origin) infinitely often or not. It is known that there
exists a critical initial mass density of particles below which the system fixates almost
surely. One of the major open problems in this area is to show that the critical density
is strictly less than one. However this has turned out to be extremely challenging. The
following family of processes were proposed as approximations to the SSM: Start with
particles at every site on the line by sampling i.i.d. from a distribution with mean x like
in SSM. Each particle can be in one of the two following states A (active) and S (sleepy).
Initially all the particles are in active state. Each active particle does a continuous time
nearest neighbor symmetric random walk on Z at rate 1. Sleepy particles do not move.
Also each active particle undergoes the transition A — S at rate A > 0 independent of
everything else. Note that the case when )\ is infinity is a variant of SSM. For a fixed sleep
rate ), as the particle density y increases, it is expected that the system shows a transition
from almost sure local fixation to staying active forever almost surely.

Predictions in the physics literature: The critical density satisfies y. — 0 as A — 0
and p. — 1 as A — oo. Moreover the value of p. should be universal, i.e. u. should not
depend on the particular p parametrized distribution of the initial configuration (Geomet-
ric, Poisson, etc.). At criticality the system is predicted not to stabilize, even though the
density of active particles vanishes as time goes to infinity. Moreover the asymptotic decay
of density of activity should obey a power law. For more details see [76].

One of the first mathematically rigorous results about ARW was established in [78]]
where it is shown that for every A > 0 there is a critical particle density . € [/\%l, 1] such
that ARW(u, \) locally fixates almost surely when i < p. and stays active almost surely

when ;1 > .. Quoting from [78], Section 7],

‘A proof that p. < 1 for the SSM and ARW remains as an open problem in any



dimension. For the ARW, it should hold for all \, and moreover . — 0 as A — 0.

Yet, even a proof that . < 1 for some A > 0 is missing.”

Chapter [3|is based on the the following result:

(Basu, Ganguly, Hoffman [13]]): We positively resolve the above conjecture for small A

and in fact show that indeed p. goes to zero as A tends to zero.

1.3.3 Chapter{} Constrained spin systems: pinpointing mixing time

Another fundamental quantity of interest about a Markov Chain is its mixing time i.e. the
time taken to converge to equilibrium. There are various notions of convergence and in
this chapter I will focus on convergence in the total variation metric. Formally for two

measures p, ¥ on a common space €, the total variation distance is,

|l = vllrv = sup u(A) = v(A).
ACQ

For more details, see Chapter (4. Given the above for any ¢ € (0, 1), the e— mixing time of

a Markov Chain is defined to be
Tmix(e) = inf{t : || Pz, ) — 7||rv < e for all z € Q},

where 7 is the stationary measure of the Markov chain and P,(x,-) is the distribution at
time ¢ starting from state z.

Cutoff: A sequence of Markov chains is said to have cutoff if it shows a sharp transition
in its convergence, i.e. there exists 7,, (location) and w,(¢) (window size for any ¢ € (0, 1))
with w,(¢) = o(7},) such that for the n-th Markov chain in the sequence, the e-mixing time,
Thix(¢) satisfies,

Thix(€) = Ty, + wy(e).

Simple random walk on an interval or a cycle is well known to not exhibit cutoff



whereas the simple random walk on the hypercube does. See for e.g [|66] for excellent
exposition, intuition and examples of chains with and without cutoff. There exists nat-
ural necessary conditions for cutoff to occur in terms of the spectral gap (smallest non
zero eigenvalue) of the associated generator of the Markov chain, i.e. the relaxation time
(1/spectral gap) should be asymptotically of a smaller order than the mixing time. How-
ever it turns out to be not sufficient (for counter examples see [66]]). Nevertheless it is still
believed to suffice for many ‘naturally’ occurring chains. Showing cutoff usually turns out
to be extremely hard and in the few cases where it has been established, the analysis has
been very case specific. Some recent remarkable results about mixing and cutoff for spin
systems can be found in [68]] and other articles by the same authors.

The East process is a one-dimensional spin system that was introduced in the physics liter-
ature by Jackle and Eisinger [52] in 1991 to model the behavior of cooled liquids near the
glass transition point. Each site in Z has a {0, 1}-value (vacant/occupied), and, denoting
this configuration by w = {w, }.cz, the process attempts to update w, to 1 atrate 0 < p < 1
(a parameter) and to 0 at rate ¢ = 1 — p, only accepting the proposed update if w, ; = 0
(a “kinetic constraint”). That the spectral gap of the above chain on finite intervals is
uniformly bounded away from O for any p € (0,1) was first proved in a beautiful work
of Aldous and Diaconis [2] in 2002. Standard bounds then imply that 7, for the East
process on an interval is up to constants L (the length of the interval). Thus the necessary
condition for cutoff is indeed satisfied by the East process. Chapter |4]is based on the fol-
lowing result:

(Ganguly, Lubetzky and Martinelli [46]]) : We establish the phenomenon of cutoff for the
East process on an interval of length L at location L /v, (v = v(p)) with a v/L window. The

window size turns out to be optimal because of a central limit theorem.
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Chapter 2
COMPETING GROWTH MODEL AND CONFORMAL INVARIANCE

2.1 Competitive Erosion

i -1 -1

t=20 t = 1666 t = 5000

Figure 2.1: Competitive erosion on the unit disc, spontaneously forms an interface. i and
—i form the red source and blue source respectively. In the initial state each vertex of a
mesh of size & is independently colored blue with probability 1/3 and red otherwise. After
5000 time steps of competitive erosion, the red and blue regions have separated with the
interface being an orthogonal circular arc.

2.2 Interface dynamics

In 2003, Propp introduced competitive erosion: a graph-theoretic model of interface dy-
namics maintained in equilibrium by equal and opposing forces. The model has the fol-

lowing underlying data:

o A finite connected graph G = (V, E) with vertex set V' and edge set E.
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e Probability measures ;; and pp on V.
e Aninteger 0 < k < #V — 1.

Competitive erosion is a discrete-time Markov chain (S(t)); > o on the space
{SCV:|S|=k}.
One time step is defined by
S(t+1)=(S(t)u{X:}) —{YV:} (2.2.1)

where X is the first site in S(¢)° visited by a simple random walk whose starting point
has distribution x; and Y; is the first site in S(t) U {X;} visited by an independent simple
random walk whose starting point has distribution . As in Fig. we will think of
every vertex colored either ‘blue’ or ‘red’ and S(¢) will denote the set of blue vertices. If
the distributions p; and u» have well-separated supports, one expects that these dynamics

separate the graph into coherent red and blue territories.

Thus competitive erosion is a competing version of Internal DLA which is a fundamental
growth model; first proposed by Meakin and Deutch in 1986 as a model of industrial
chemical processes such as electropolishing, corrosion and etching. Competing particle
systems modeling co-exitence of various species etc, have been the subject of intense study
in physical sciences as well as mathematics: competing versions of the Richardson model
were considered in [|8,50], processes modeling annihilation between competing species
were studied in a series of works, see for e.g. [[18,/19]. The study of competitive erosion
was initiated in [45] where the reader can find a detailed introduction of the process. The
underlying graph considered in [45]] was the cylinder (the product of a path and a cycle).
However the original question asked by Propp ([75]) was in the setting where the underly-

ing graph is a discrete approximation to a general smooth simply connected domain. The
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process was predicted to exhibit conformal invariance. Confirming this is the goal of the

chapter. More on comparison with Internal DLA is presented in Section

Many 2D lattice models of physical phenomena are believed to have conformally in-
variant scaling limits: percolation, Ising model, self-avoiding polymers, dimer models etc.
The last decade and a half has witnessed tremendous progress in understanding such
models. Below we mention some of the seminal works; conformal invariance of various
observables related to dimer models, was established by Kenyon (see [|56-58]]), Lawler,
Schramm, Werner [|64] proved convergence of loop erased random walk to a conformally
invariant scaling limit while conformal invariance in percolation and spin systems was

shown by Smirnov, see [85] and the references therein.

2.2.1 Conformal Invariance and informal setup

We consider the case when the underlying graph is a discretization of a smooth bounded
planar simply connected domain Ui.e. V =U, := 2Z?NU and k = |a|U,|] for some fixed
a € (0,1/2]. Consider the case when the underlying domain is the unit disc D thought of
as a subset of the complex plane C. Simulations (Fig. show if the measures x; and
1o are Dirac measures on —i, i, then after running the process for some time the blue and
red regions are separated with the boundary being an orthogonal circular arc such that
the blue region has « fraction of the total area. Let us call this region D). For a general
domain U with two points (x, z,) on the boundary, one can obtain the corresponding U/,
by conformally mapping I to U with —¢, s mapped to x1, 2, respectively and using the area
measure on U to ensure that Uy, contains « fraction of area(U), (see Fig[2.3). Precise
definitions are provided in subsection[2.2.3]

It was predicted by Propp in 2003 based on the conformally invariant nature of harmonic
measure that competitive erosion should exhibit conformal invariance. That is, for any rea-
sonably regular domain U and the erosion chain on U,, with & = |«|U,,|| and the blue and

red sources being z;, ¥, respectively the blue region should “converge” to U, as n grows
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large. Our main result confirms this.

However for technical reasons we need 4, 110 to be “smooth” and supported in the interior
on U instead of being point masses. We will work with uniform measures on all lattice
points inside small ‘blobs’ of radii §/4 lying inside U, and also at distance ¢ from the points
1, o respectively. See Fig[2.2]i.

The main result then involves sending ¢ to 0 to “approximate” the Dirac measures at xy, 5.
We now present the statement of our main result.

To improve readability at this point we postpone the precise description of the technical
assumptions including the definitions of the blobs. These are discussed right after the

statement of the theorem (subsection [2.2.3)).

. i,

Figure 2.2: On the left: uniform measure on the two blobs close to the points z, 25 act as
“smooth” approximations of the corresponding Dirac measures. On the right: The red and
blue territories have separated out after running the erosion chain with the blue region
being “close” to U, if the blobs are small enough.

2.2.2 Main result

Recall that o € (0, 1] is the fraction of blue vertices. Let a bounded simply connected planar
domain “U C C is smooth” mean that the boundary of U is an analytic curve (equivalently
the conformal map from U to D has a conformal extension across the boundary, see [74),

Prop 3.1]).
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Let
Qﬁ,n = {S cU, : |S| = |_Oz|Un|J, U(a,g) NnU, CS C U(a+5) N [Un}, (2.2.2)

Note that because of the smoothness of the domain U, the boundaries of U,y and U,

are ©(e) away from each other. o will be fixed throughout the rest of the chapter.

Theorem 2.2.1. (Main Result) Let U C C be a smooth bounded simply connected domain.
Consider the competitive erosion chain on U, = UN 72 with blob radii §/4 and |«|U,|] blue
vertices. Then, given € > 0 for § < dy(¢) there exists a positive constant d = d(e, §) such that
for all large enough n = 2™,

Tom(Gen) > 1 — e (2.2.3)

where S is the set of blue vertices sampled from =, the stationary measure of the chain.

See Fig[2.1|and [2.2]ii. Note that for brevity we suppress the centers of the blobs in the
notation 7,,. The centers are points chosen at distance at least g from the boundary of U

and also at distance ¢, from z, x5 respectively (see Fig|2.4)), formally described in Section

Informally the above theorem says the following: consider the erosion chain on the dis-
cretization of any smooth domain U with points z;,z, on the boundary. Suppose that «
fraction of the vertices are blue. If the blobs from which the blue and red random walks
start are small enough and close enough to x; and z, then as the mesh size goes to zero,
at stationarity, the blue region looks like the set Uy, in the sense that on the U, side’
of a small band around the boundary of U, the vertices are all blue and similarly on the
‘other side’, all vertices are red. As discussed above, the sets U, for various domains U
can be obtained from each other via conformal maps. Thus Theorem establishes that
competitive erosion is conformally invariant.

Note that the mesh size goes to 0 at dyadic scales. This is for technical convenience.

Reasons are elaborated in Section [2.2.5] iii.
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2.2.3 Formal definitions and setup

In this section we make precise all the definitions and the entire setup leading to the state-
ment of Theorem We will also present a more quantitative version of the result.

For any two points z,y € C, d(z,y) will be used to denote the euclidean distance between
them. For any set A C C and any « € C denote by d(z, A), the distance between the point
and the set. D will be used to denote the unit disc centered at the origin in the complex

plane. B(z,¢) denotes the open euclidean ball of radius ¢ with center z.

Throughout the rest of the chapter;, all our domains will be bounded, simply connected, smooth

(as described before the statement of Theorem and hence we will drop the adjectives.
Definition 2.2.1. For any domain B C C denote by 0B the boundary of B.

For a domain U and points z1, 2z, € OU let

p:D—-U (2.2.4)
v:U—D

be conformal maps such that ¢ o 1, 1 o ¢ are the identity maps on the respective domains
and ¢ (z;1) = —i, ¥(x2) = i. The existence of such maps is guaranteed by the Riemann
Mapping Theorem. See for e.g.: [[1, Chapter 6]. In fact there exists more than one pair
of (¢,1) since a conformal map between domains has three degrees of freedom and here
we have fixed the value at only two points. However we choose a particular pair (¢, 1)

assumed to be fixed throughout the rest of the chapter. For any 5 € R define

Us = {zeU:%log‘%

> 5}, (2.2.5)

The constant & is not important. It falls out of some natural integrals involving the Brow-
nian motion heat kernel appearing later in the chapter. Thus for the disc, D4 is a region

containing —: and enclosed by an orthogonal circular arc (geodesic with respect to the hy-
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perbolic metric) symmetric with respect to i and —i. For a general domain U, we transfer
the regions via conformal maps and the boundaries still remain geodesics as they are con-

formally invariant. See Fig. However for our purposes we need an area parametriza-

* £2

—1

Figure 2.3: Hyperbolic geodesics are circular arcs on the disc. They are invariant un-
der conformal maps. However since conformal maps are not area preserving D, can get
mapped to U, for some o/ # « .

tion of the regions Us. Given a € (0, 1), let § = (a) be such that
area(Ug) = a area(U). (2.2.6)

Let
U(a) = Uﬁ(a). (227)

We now describe the set up in the statement of Theorem formally.

Setup 1. Given U we take U, = U N (1Z?), as our vertex set. As the edges of our graph
we take the usual nearest-neighbor edges of U, though of as a subset of £Z2. However we
delete every such edge which intersects U°. Since U is assumed to be smooth, U,, will be a

connected for large enough n. See Remark below.

Fix a € (0,3], and take k = |a|U,|]. Let zy,25 € dU. The following defines the blobs
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mentioned in the statement of Theorem For small enough § > 0 let y;,y, € U be

such that

d(ﬂ%yi) =9

Fori = 1,2, let U; = B(y;, g). As discrete approximations of U; we take

)
Ui,n = B(Zi,na Z) N Un
where z; , € %ZQ is the closest lattice point to y;. Define y; to be the uniform measure on

Ui -

Thus the blobs are the sets U; and U, and p;’s are uniform over U, ,. Note that in
the above, y,’s were just required to satisfy certain properties and other than that were
completely arbitrary. Also we abuse notation a little in the definition of the blobs, n should
be thought of as large and hence U,, (the underlying graph) should not be confused with
the blobs U; and U,.

Remark 2.2.1. The smoothness assumption on U allows us to choose the y;’s. This is
formally proved in Corollary [2.10.1] See Fig. The connectedness of U,, for large
enough n follows since near the boundary U looks like a half plane locally, see (2.10.1).

It will be instructive to prove first the following weaker version of Theorem [2.2.1]

Statistical version of Theorem

As mentioned already, to highlight the symmetrical roles played by S(¢) and its comple-
ment (see (2.2.1)), we will think of the states as 2-colorings (blue and red) rather than

sets. In this language S(¢) will denote the set of all blue vertices.
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|

Figure 2.4: y;’s are points at distance ¢ from z;’s. They are at distance at least 2 from JU.
The blobs are discs of radius % centered at the y,’s.

Formally define,

Q:=Q, ={cc{l, 2} #{z cU,:0(zx) =1} = |a|U,|]} (2.2.8)
Q= ={cc{1,2}V #{zx €U, :0(zx) =1} = |a|U,|] +1}.

We let,

1 zeS(t)
o(x) = (2.2.9)

2 x¢St).
Thus the competitive erosion chain S(¢), can be thought of as a Markov chain o;, t =
0,1,2,..., on ). However for later purposes we need the following notation which keeps
track of the full process,

o, t=0,1/2,1,3/2,2,... (2.2.10)

where 0, € Q) or 0, € ) depending on whether ¢ is an integer or a half integer. Clearly a
single time step of the chain consists of a step from (2 to €’ followed by a step from 2’ back
to 2.

Given ¢ > 0, define A. := A, . to be the set of all configurations o € €2, such that,

#{r € Uy : 0(x) = 2} en?, (2.2.11)

#{r € U, 1o(x) =1} < en?,

N
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where U, was defined in (2.2.7). Thus informally if ¢ is small, €2,. is the set of all
configurations where the amount of “dust” particles of the wrong color has small density.

See Fig. The next result shows that the stationary measure of A, . is large.

Figure 2.5: A typical configuration in (2, . for small ¢ with small number of particles of the
“wrong” color. By Theorem the stationary measure of the erosion chain concentrates
on such configurations.

Theorem 2.2.2. . Let U be as in Setup Ijand € > 0. Then there exists 5o = do(¢) such that
forall 5 < §pand n =2" > N(6),

Wé,n(An,e) Z 1-— e—Dn2

where D = D(e,6,U) > 0, where 75, the stationary measure of the erosion chain on U,, with

¢ as in Setup [I}

2.2.4 Comparison with IDLA

Internal diffusion limited aggregation (IDLA) is a fundamental model of a random interface
moving in a monotone (outward) fashion. IDLA involves only one species with an ever-
growing territory

It +1)=I{t)U{X,}
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where X; is the first site in /(¢)° visited by a simple random walk whose starting point has
distribution x;. Competitive erosion can be viewed as a symmetrized version of IDLA:
whereas I(t) and I(t)¢ play asymmetric roles, S(¢) and S(t)¢ play symmetric roles in
(2.2.1). IDLA on a finite graph is only defined up to the finite time ¢t when I(¢) is the
entire vertex set. For this reason, the IDLA is usually studied on an infinite graph and the
theorems about IDLA are limit theorems: asymptotic shape [63]], order of the fluctuations
[9,10,/54]1, and distributional limit of the fluctuations [55]]. In contrast, competitive ero-
sion on a finite graph is defined for all times, so it is natural to ask about its stationary
distribution. To appreciate the difference in character between IDLA and competitive ero-
sion, note that the stationary distribution of the latter assigns tiny but positive probability
to configurations that look very different to the final figure in Fig. Thus competitive

erosion will occasionally form these exceptional configurations.

2.2.5 Remarks about Theorems and Setup

i. Since U is smooth, using Schwarz reflection ¢ and hence ) can be extended con-
formally across the boundary onto some neighborhoods of D and U. In particular
this implies that |¢’| and |¢’| are bounded away from 0 and oo on U and D respec-
tively. See [|74, Prop 3.1]. This bi-Lipschitz nature of the maps will be used in several

distortion estimates throughout the rest of the chapter.

ii. Note that the blob sources U; lie entirely in the interior of U and the measures y;
should be thought of as “smooth” approximations to point masses at points xy, - as

d — 0. Also by choice |U; ,,| = |Us,|. This will be technically convenient.

iii. Lastly we discuss the choice of the dyadic mesh sizes in the statements of Theorems

[2.2.1]and [2.2.2] The technical core of the proof of the theorems involve convergence

of the random walk on U,, under proper scaling of time to Reflected Brownian motion
on U. The proof of this appears in [20] and subsequent local CLT estimates have

been obtained in [25]]. However both the above papers assume dyadic discretization
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in their proofs. Since the proof of our results rely heavily on the aforementioned

convergence results we stick to the dyadic discretization in our statements as well.

2.3 Sketch of the proofs and organization of the chapter

To prove Theorem i.e. the stationary distribution concentrates on the small set
A. = A, ., we identify a Lyapunov function w(-) on the state space. That is a function
which attains its global maximum in 4. and increases in expectation in one step of the

process when starting outside A, i.e. if 0y ¢ A,
E(U](O’l) — U)(Uo) ‘ 00) >a>0. (2.3.1)

For more on Lyapunov functions see [43]]. To construct such a function w(-) we proceed

by defining the following discrete Green function: for any z € U,,,

o2n? &

&) =m0 s

P,(X(t) € Uy,) — Po(X(t) € Uy,,) dt, (2.3.2)

where PP, (-) is the measure induced by the continuous time random walk on the graph U,
started from z with mean holding time ;5. This choice of holding time is made to ensure
that the random walk converges to Reflecting Brownian motion on U. Thus the above
function is the expected difference in the amount of time random walk spends in U, ,, and

in U,, respectively. Now for any ¢ € Q2 U Q) we define the weight function,

where forc e QU andi = 1,2

Bi(o) ={x €U, :0(z) = i}. (2.3.3)
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Recalling S(t) from the definition of competitive erosion we note that S(¢) = B;(o;). Now

recall the map ¢ from (2.2.4).

Theorem states that: up to translation by a constant G, (x) is close to the function
“log ‘% if the blob sizes are small and n is large.

This justifies why w(o) is maximized if all the blue vertices are in U, (see ([2.2.7)). The
proof of the above is technical and involves developing a convergence theory for discrete
Green function with Neumann boundary conditions (this is done in [48]). The proofs rely
on local central limit theorems for convergence of random walk on U,, to Reflected Brow-
nian motion in U. Some of these estimates were obtained very recently in [20]], [25]] and
[42].

The technical core in the chapter consists of the following:

e Proof of Theorem[2.5.1], which uses an electrical resistance argument involving Rayleigh’s
monotonicity principle to establish the drift (2.3.1).

Once is established we use Azuma’s inequality to argue that the process w(oy)
spends nearly all its time in a neighborhood of its maximum. These ingredients together
with a general estimate relating hitting times to stationary distributions (Lemma |2.5.7))
establish Theorem

To prove Theorem from Theorem [2.2.2] we show that starting erosion from a config-
uration o € A., the remaining dust particles (red particles in U(,_.)) get wiped off quickly.
This is shown using robust IDLA estimates on U, starting from the random environment

o. Proof of such estimates constitutes the remaining technical challenge.

2.3.1 The level set heuristic

We now mention a heuristic that justifies the construction of the function w(-) outlined
in the previous subsection and predicts the location of the competitive erosion interface.

Consider the case of “well-separated” measures i1, ji2. on general finite connected graph,
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which we assume for simplicity to be r-regular. Let g be a function on the vertices satisfying

Ag = py — pio (2.3.4)

where A denotes the Laplacian Ag(z) := 1 > y~e(9(x) — g(y)) and the sum is over vertices
y neighboring z. Since the graph is assumed connected, the kernel of A is one-dimensional
consisting of the constant functions, so that equation determines g up to an additive
constant.

The boundary of a set of vertices S C V' is the set
0S ={veV\S : v~ wfor somew € S}, (2.3.5)

where v ~ w denotes that they are neighboring vertices. Consider a partition of the vertex
set V = S, U BUS,; where 9S; = B = 9S5. (Think of S; and S, as the blue and red
territories respectively, of the sort we might expect to see in equilibrium, and the sites in
their common boundary B have indeterminate color.)

Let g; for i = 1,2 be the Green function for random walk started according to u; and

stopped on exiting S;. These functions satisfy

Ag; = p; ons;,

g = 0 onfS;.

The probability that simple random walk started according to ; first exits S; at z € B is
—Ag;(z). To maintain equilibrium in competitive erosion, we seek a partition such that

Ag; = Ags i.e. they are roughly equal, on B, that is

A(91 - 92) ~ U — Ha,
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(exact equality holds except on B). Thus by (2.3.4), the function g — (¢; — g2) is approx-
imately constant. Since g; vanishes on B, the equilibrium interface B should have the
property that

g is approximately constant on B.

The partition that comes closest to achieving this goal takes S; to be the level set
S1={z : g(x) < K} (2.3.6)

for a cutoff K chosen to make #5; = k. An application of the maximum principle shows
that for this choice of 5}, the maximum and minimum values of g — (¢; — ¢2) differ by at

most

max ) — 7
x€S1,y¢S1,x~y ’g( ) g(y>|

suggesting that the right notion of “well-separated” measures p; and s is that the resulting
function ¢ has small gradient.

In our case as in Setup |1} y; is the uniform measure on U, ,,. It is easy to check and shown
in that AG,, = 1 — po where G,, was defined in (2.3.2). This shows why the choice

of the weight function is “natural”.

2.3.2 Organization of the chapter

In Section we show that the competitive erosion chain has a unique communicating
class of recurrent states. The proof of the main result appears in Section Theorem
is proven in Section The key idea behind the proof of Theorem is the
construction of a suitable Lyapunov function as discussed in the previous subsection. This
construction involves defining a suitable potential function. This is done is Section
Theorem [2.5.1] states that the constructed function indeed can be used as a Lyapunov
function by establishing the drift condition (2.3.1). The proof of this theorem poses the
main technical challenge which we address in Section Theorem is one of the
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main convergence results that we use in this chapter which states that the Lyapunov func-
tion is asymptotically conformally invariant. We discuss a sketch of the proof in Section
The complete proof appears in [48]].

Theorem follows from Theorem and hitting time estimates for sub-martingales
and a general result in markov chains relation hitting times to stationary measure. Sec-
tion is devoted to this. The proof of the main result relies on additional robust IDLA
estimates on U,, which are provided in the Section Some basic geometric facts are
proved in Section [2.10}

2.3.3 Assumptions, notations and conventions

i. Through out this chapter, by random walk on U,,, we will mean the continuous time
random walk with exp(2n?) waiting times unless specifically mentioned otherwise.
This is done to ensure that the random walk density converges to that of RBM. A fact

which would be used heavily through out the chapter.

We now recall some of the notations already used and introduced some new notations to
be used throughout the rest of the chapter. We will denote the complex plane by C. As
already used earlier for any two points =,y € C, d(z,y) will denote the euclidean distance
between them. Also for any set A C C and any « € C denote by d(z, A), the distance
between the point and the set and similarly d( A, B) denotes the distance between two sets
A, B C C. B(z,¢) denotes the open euclidean ball of radius ¢ with center .

For any process and a subset A of the corresponding state space 7(A) will denote the hit-
ting time of that set (we drop the dependence on the process in the notation since it will
be clear from context). 1(-) will be used to denote the indicator function. For any process
and a subset A of the corresponding state space 7(A) will denote the hitting time of that
set. When w is a state in the space and A is a set of states, we will write {7(A) < K | w} to

denote the event that, starting from w, the process hits A in at most K steps.
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We will often use the same letter (generally C, D, c or d) for a constant whose value may
change from line to line. We use =< to denote that two quantities that are equal up to

universal constants. Also O(-),€)(-), ©(:) are used to denote their usual meaning.

2.4 Connectivity properties

Implicit in the statement of Theorem is the claim that competitive erosion has a
unique stationary distribution. In this section we formally define the competitive erosion

chain and prove this claim.

2.4.1 Formal definition of competitive erosion

Recall U,, from Setup [1} We will use U,, to denote both this graph and its set of vertices.
1

Fort = 0,1,2,... let (Xs(t))s > o and (YS(HQ))S > o be independent simple random walks in

U,, with

1 1 (t+3)
PXY =) = - = Py, =
= T T G, T T

for all 2y, 2z € Uy ,,, Uy, respectively. That is, each walk X ) starts uniformly on U, ,, and
each walk Y (+32) starts uniformly on U, . Given the state S(¢) of the competitive erosion

chain at time ¢, we build the next state S(¢ + 1) in two steps as follows.

S(t+5) = S U{XY,)

where 7(¢) = inf{s > 0 : X" ¢ 5(t)}. Let

B 1 (t+3)
St+1)=8(t+5) —{V, A}

where 7(t + 1) = inf{s > 0 : YS(H%) € S(t+ 3)}. As already stated in (2.2.9) this formally
defines the evolution of the process o, on 2, U €Y, (see (2.2.8)).
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2.4.2 Blocking sets and transient states

We show that the erosion chain has an unique irreducible class and hence has a well

defined stationary measure.

Definition 2.4.1. Call a subset A C U,, blocking if U, \ A is disconnected and the subsets

U;,,\A and U,,,\ A lie in different components.

Definition 2.4.2. For two disjoint blocking subsets A, B C U,, we say that A is over B if

1. Aand U,,\B lie in different components of U,,\ B; and

2. B and U,,\A lie in different components of U,,\ A.

Lemma 2.4.1. The competitive erosion chain has exactly one irreducible class. Moreover any

o € ) that has a blue blocking set over a red blocking set is transient.

Proof. We first claim the following: there exists o, € ), such that for i = 1,2, o, !(:) is a
connected set containing U, ,,. This is true in the continuous setting clearly by taking the
sets to be U, and U¢, (see (2.2.7)). To find such subsets in U, we look at U, N U, and
its complement. These sets might not be connected and might not have the exact number
of points. However using the smoothness of U, and considering the sets bounded by a
lattice path approximating the boundary of U, and making minor perturbations adding
and removing only O(n) many vertices gives us such sets. The details are omitted.

Now to prove the first part notice that from any o one can reach o,. Since in the target
configuration there is exactly one blue component B and red component R, we look at
the closest vertex with ¢ value 2 from U, ,, in B. Since there is a blue path from U, ,, to
that point the Markov chain allows us to change it to 1 and similarly at the other end in R.
Thus we are done by repeating this.

To prove the second part we prove that starting from o, one cannot reach any configuration
like the one on the right which has one blue blocking set over another red blocking set.

We formally prove this by contradiction. Let o be a configuration with a blue blocking set
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B over a red blocking set A. Now the erosion chain evolves as oy, 012, 01,03/ ... where
for every non-negative integer k o, € Q and o441/0 € .

Assume now that there is a path 0y, 01/2,01,03/2...,0, = 0. Let 7" and 7" be the last times
along the path such that at least one vertex of A is blue and similarly B contains at least
one red vertex respectively. If such a time does not exist let us call it —co. Since oy does
not have a blue blocking set over a red blocking set, max(7/, 7") > —ooc.

7’ must be a half integer (since at half integers there is one more blue particle) and similarly
7" must be an integer. Thus 7" # 7”. Next we see that we cannot have 7" < 7”. This is
because then for all times greater than 7/, A is entirely red. Thus no blue walker crosses A
at any time greater than 7’. So B must already be blue at 7' and stays blue through till ¢
implying that 7 < 7/. By similar argument we cannot have 7’ > 7”. Hence we arrive at a

contradiction. n

2.5 Proof of Theorem

The goal of this section is to prove Theorem modulo some results whose proofs will
be deferred to later sections. We first restate formally the crucial statistics mentioned in

Section to be used throughout the chapter. Recall from (2.3.2),

e The discrete Green function : for any x € U,

2n? &

&) = 1m0 )y

P.(X(t) € Uy,) — P (X(t) € Ug,,) dt — c. (2.5.1)

where fori = 1,2, P,(X(t) € U,,,) is the probability that random walk on U, started
from z, is in U, ,, at time ¢. ¢ = ¢(d) is a centering constant we introduce to ensure

that if § is small and n is large then the Green function is close to the function

64, |vla) i
s

This follows from Theorem and Lemma ¢(0) can be written in terms of
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the RBM heat kernel on U. The explicit form of ¢ does not affect the arguments and

appears later in (2.9.2).

e The weight function: for o € Q U (Y,
w(o) = ) Gulx) (2.5.3)

where B (o) is defined in (2.3.3).

2.5.1 Technical results

We start by defining the following ‘good set’. Consider the following way to divide our

domain U according to the geodesics defined in (2.6.8). Let
...a_1,0Qp,01,0Q2, ...

be such that d(va,,Ve,,,) = 12—0, foralli=...—1,0,1,2,... and ag = § (recall the definition
Up from (2.2.5)). Thus number of a,’s is linear in n. Also away from the points x;, z» on
(see (2.6.8) is a bounded function with bounded

the boundary the function log mg;z

non zero derivative and hence as long as d(v,,, {z1,22}) > a for some a > 0 (independent

of n),

1
|Cli — CLifl‘ = @(ﬁ> (254)

where the constants in the O(-) notation depends on a and U. Let us define

U® .= U, \U (2.5.5)

Aj41°
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Given ¢ > 0, define,
Q) := Qy (o) to be the set of all configurations o € (2, (2.5.6)

such that there exists at most en many negative i’s such that UY N B, # @, (see (2.3.3) for
definition of B,) and at most en many positive i's such that UY N B; # @. Thus in words
Q. consists of configurations where at most 2en many shells U contain vertices of the

‘wrong’ color.

Recall the erosion chain ;. As mentioned in Section the next result is one of the
key technical ingredients of the chapter. It shows that the weight function has a positive

drift if the configuration is outside the set €).).

Theorem 2.5.1. Given ¢ > 0, there exists a = a(¢) > 0 such that for all small enough J, and

all n = 2™ large enough, (depending on 0) if o € ), then
E(w(oy) —w(o) | 09 = 0) > a.

The proof is quite involved and is deferred to Section Next we state a few properties
of the Green function (see (2.5.1))) and the weight function w(-) whose proofs are deferred
to subsection The following result proves a uniform upper bound of the weight

function independent of §.

Lemma 2.5.1. There exists a constant D such that for all § small enough and n = 2™ > N(J),

forall o € Q, lw(o)| < Dn?.

The above statement is a consequence of the following fact: recall from (2.5.2)) that

Y(z)—i
P(z)+i

sen large enough the weight function divided by n? should approximate the integral of

. Now if n is cho-

as ¢ goes to 0 the Green function approaches the function % log ‘

s

the above function over the blue region. The lemma now follows from the fact that the

+1

function log ‘58

is integrable.
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Let us denote by
Wax 1= sup w(o). (2.5.7)

oeq)
The next lemma shows that the weight function is uniformly close to its maximum value

over the set A, (Table [2.1])

Lemma 2.5.2. For ¢ > 0. There exists constants dy(c), ((¢) such that for 6 < dy and large

enough n = 2" > N(9),

inf wy > Wyax — (N° (2.5.8)
oc€A:
where ( goes to 0 with e.
As mentioned above the Green function approaches the function 67T—4 log ‘% ,asn —

oo followed by ¢ going to 0. Thus in particular it blows up in the limit. The next lemma
established the “logarithmic singularity” of the limit by determining the rate of blow up of

the function as ¢ goes to 0.

Lemma 2.5.3. For all small enough 9,

lim sup sup |G, (2)| =< |log(d)]. (2.5.9)

n=2m ZGUn

We define another ‘good’ set. Given a number ¢, let,

I, ={0 €Q:w(0) > Wnax — 2617°}. (2.5.10)

Remark 2.5.1. Given ¢ > 0 there exists ¢ < ¢ < &; such that for all 6 < dy(¢) and
n=2"> N(J),
., cA.Cly,.

Moreover both €, e, go to 0 as ¢ goes to 0. Also there exists 3 such that .,y C A..

Thus the above remark strengthens Lemma It says that not only does the weight

function stay close to its maximum on A, but A. is roughly a level set of the weight
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Set Description Defined in
g. all the sites out side an ¢ band are the right color 2.2.2)
A, at most 2en? sites have the wrong color 2.2.11
I, weight function within en? of its maximum (2.5.10)
Q) | at most en different ‘levels’ have sites of the wrong color 2.5.6

Table 2.1: Different kinds of good sets.

function i.e. the actual level sets I'.’s can be approximated by the sets .A.’s and vice versa.

For proofs of Lemmas[2.5.1], [2.5.2] [2.5.3|and Remark see subsection [2.6.3]

2.5.2 Hitting time estimates

The next result proves a uniform bound on the hitting time of the set A. .

Lemma 2.5.4. Given €1,e5 > 0 for all § < do(e1,¢2), there exists C,d such that for all
n=2"> N(J) forall o € Q,

2

Py (7(As; N Q) > Cn?) < e (2.5.11)

EO—<T(A€1 N Q(az))) < Cn?
where 0 is the parameter appearing in Setup

Now we show that once the process has hit A, it tends to stay “close” to the set for a

long time. By Remark the next result suffices.

Lemma 2.5.5. Given ¢, > 0 there exists dy(c1) such that for all § < ¢, there exists a positive

constant d = d(ey, d) such that for all large enough n = 2™ > N(0) and any ¢ € {2

inf Py(r(\Iae,) > ) >1— e,

O'GFEl

The above results follow from a general lemma about hitting times for submartingales.
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The statement has a few parameters and could be difficult to read. However for subse-

quent applications it would allow us to plug in various values for the parameters.

Let w(t) be a stochastic process taking values in an abstract set D. Also let g : D — R be

a real valued function. Let F; be the filtration generated by the process up to time ¢ and

X = g(w(t)).

Lemma 2.5.6. [[45, Lemma 9] Let Ay, Az, a; > 0. Suppose

lg(w)] < A forallweD (2.5.12)

| X; — X 1] < Ayforallt. (2.5.13)
Also suppose that B C D is such that for any time t
E(X; — Xy 1| Fie1) > al(w(t—1) ¢ B) (2.5.14)

then

. Ey(7(b)) < 2. Moreover F,(1(B) > T) < exp (—%) for all w € D such that

g(w) > Ay — as for some as; > 0 and any T such that ay — a,T < 0.

ii. Now consider the special case when B is a level set i.e suppose for some a, > 2A,,
B=A{w:g(w) > A —as} and B' = {w : g(w) < A; — 2a4} . Then for all w € B and

allT>%

A ai aiT*
P,(r(B")>T)>1— |exp ~ AT + exp BESYEn
2 2

where T' = exp (—min(“i’a%ﬁ))

32A2T

Using the above result the proofs of Lemmas [2.5.4|and |2.5.5|follows easily.
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Proof of Lemma The proof follows from Lemma i. The stochastic process we
consider is the erosion chain o,. X; = w(o;) is the weight function defined in (2.5.3). We

make the following choice of parameters.

Ay = Dn? appearing in Lemma 2.5.1
Ay = Clog(d) for alarge enough universal constant C'

a; = a(e) appearing in Theorem [2.5.1]
(3D + 1)n?
aq .

as =2Dn? T =

(2.5.12)) is satisfied satisfied by Lemma That (2.5.13) is satisfied by our choice of A,
follows from Lemma Thus by Lemma i. the result follows. O

Proof of Lemma The proof follows from Lemma ii. Let
X(t) = w(or)

where w(-) is the weight function defined in (2.5.3). We make the following choice of

parameters:

B=T.,B =Ty, a4 =n*T =n?
Al = Wmax (See " )7

Ay = Clog(d) for a large enough universal constant C,

a1 = a(e3) appearing in Theorem [2.5.1]

The drift condition (2.5.14) is satisfied by a; = a(e3) where a(-) appears in Theorem [2.5.1]
min(s%,a%)nQ

e~ 1© . Thus by

DO =

and e; in Remark|2.5.1] Now by the above choice of parameters 7" =
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Lemma[2.5.6]4. forall o € I,

sln2 _a(s)2n2

Py(7(Tae,) >T)>1—[e 18 +e 1o

Hence the proof is complete. O

2.5.3 Proof of Theorem

We will use the following general lemma relating hitting times and stationary measure.
The result roughly says the following: consider any Markov chain and subsets A C B of
the state space . If the hitting time of the set A is uniformly “small” compared to the exit

time of B after hitting A, then B has large stationary measure.

Lemma 2.5.7. [49, Prop 1.4] Let w(-) be an irreducible Markov chain on a finite state space
M. Suppose A, B C M. Let

t, = meagEx(T(A)) (2.5.15)
ty = meiEEx(T(B)) (2.5.16)
Then,
m(B) < al :
t1+ 1t

where 7 is the stationary distribution of the Markov chain w(-) on M.

We now finish off the proof of Theorem Notice that by the lower containment in
Remark it suffices to prove that for given small enough ¢ for all large enough n = 2™

m(Dye) > 1 — e~ (2.5.17)

for some ¢ = ¢(g,9,U) > 0. The proof now follows immediately from Lemma with
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the following choices of the parameters:
A=T.,B=0\Ta,ty = din? ty = ™",

where ¢, ¢y, d;, do are chosen such that the hypotheses (2.5.15) and (2.5.16) of Lemma
are satisfied. Lemmas [2.5.4] and [2.5.5] allow us to do that. O

2.6 Technical Preliminaries

In this section we will develop some preliminary tools needed for the proof of Theorem

2.6.1 Discrete Green Function

Recall that we consider continuous time random walk on U,, (Section ii). Callit X (¢).
For z,y € U, let
P, (X (t) =) (2.6.1)

denote the chance that the random walk on U, starting from z is at y at time ¢. For no-
tational simplicity we suppress the n dependence in P since the graph will be clear from
context. Similarly for any set A C U, let P,(X(¢) € A) denote the chance that the random
walk is in A at time ¢ starting from z. Recall the definition of the function G,, on U,, from

(2.5.7): for any = € U,

2n? o

N |U1,n| 0

Go(2) [P (X (t) € Uyp,) — Po(X(t) € Us,)]dt — c. (2.6.2)

where ¢ = ¢(¢) is some constant explicitly mentioned in (2.9.2)). The fact that the integral

in G, is absolutely integrable follows immediately from the following lemma.

Lemma 2.6.1. [48, Lemma 3.1] Given U as in Setup |1| there exists a constant D = D(U)
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and a time T = T(U) such that, for all large enough n,

sup |P.(X(t) € Uy,) — P.(X(t) € Uy,,)| < 22"

ern

forallt > T.

The above is a straightforward consequence of the mixing rate of random walk and the

fact that since by choice |U; ,,| = |Us,,|, (see subsection ii.),

WRW(ULn) = WRW(UQ,n),

where 7y is the stationary measure for the random walk on U,,.

For any function f : U, — R define the laplacian Af : U, — R: for any z € U,

Af@) = @)~ 57 () 263)

T
y~z

where d, is the degree of the vertex x and y ~ x denotes that y is a neighbor of z.

Lemma 2.6.2. Consider the function G,(-) on U,,. Then,

1

M=o,

(1(Uy,) — 1(Uzn)), (2.6.4)

where for any subset A C U,, 1(A) denotes the indicator of the set A.

Proof. Proof follows from definition of G,, and looking at the first step of random walk

which by definition is of expected duration 5-;. Thus we have

1

Gl =10,

(1) ~ 1(Uz,))(x) + 7 3 Caly)

T Y~z

and hence the lemma. O]
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2.6.2 Conformal invariance of Green function

In this section we state a key technical result establishing conformal invariance of the Green

function. We define the following function on the smooth domain U :

x 16

B area(U;) (1(T2) = 1(Ty)), (2.6.5)

where U; and U, are defined in Setup (1} Again 16 is a constant that appears for the same
reason that 64 appears in (2.2.5) and is not important.

Recall the functions ¢ and ¢ from (2.2.4). Now let us call ©/(U;) = A;. Then

= 16

fop= m(l(AQ) —1(Ay)). (2.6.6)

For any U as in Setup |1}, define the function G, : U — R such that forall z ¢ Uify € D is
such that ¢(y) = z, then

Gu(z) = = f o d(O)lo' (O log(|(¢ = y)(1 = Cy)I*)d&dn, (2.6.7)

T Jl<a

where ¢ = ¢ + in). The above expression is well defined on U since by Section i,
the maps ¢,v can be extended to neighborhoods containing D, U respectively. Notice
the dependence of G, on ¢ through f. However for brevity we choose to suppress the
dependence on ¢ in the notation. The definition of the function might be a little mysterious

at this point (the reason for our choice is explained in Section |2.9.1]). Nevertheless Lemma

,uptoa

2.6.3| shows that as § goes to 0, the function approaches the function log mg;z

multiplicative constant. Since the above function is conformally invariant by definition,

this establishes that the function G.(-) is “asymptotically” conformally invariant.
Even though the function G,, in (2.6.2) is defined on the graph U,,, in this section we
use interpolation to think of it as a function on the closure of the whole domain, U. We

are now ready to state one of the main convergence results of this chapter establishing
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asymptotic conformal invariance of G, (-). We start with the interpolation scheme. We
follow the scheme mentioned in [25, Pf of Theorem 2.12] ( also appears in [42, Pf of
Theorem 2.2.8]).

For all z € 1Z?\U,, define G,,(z) = 0. Now having defined G,,(z) for all z, € 1Z? we define
it on C and hence by restricting on U. This is done by interpolating G,,(x) by a sequence
of harmonic extensions along simplices,

i. First extend it along the edges using the value on the verices in 172

i1. Then extend it to the squares using the value on the edges.

Thus the function is extended to the entire complex plane C. By abuse of notation in the

following result we call the extended function G, (-) as well.

Theorem 2.6.1. [48, Theorem 3.1] For all small enough 4,

lim sup |G,(2) — G.(2)| = 0.
n=2m €l
The basic outline is sketched in Section For the complete proof see [48]]. We
end this section by making a few observations about the function G, (-) and hence by the
aforementioned theorem, about the asysmptotics of the function G,,.
Let us define the following one parameter family of curves for any U which form the
boundary of the sets Us defined in (2.2.5)). For any /5 € R define

Z)—Z

U(
W(z) 41

4
v(U) ={2€U: % log’ = S} (2.6.8)

We will often suppress the dependence on U and denote the above just by ~4 for brevity, if
the underlying domain is clear from context. It is well known that for any 5 € R, 73 is a
hyperbolic geodesic. In case of the disc, 74’s are circular arcs orthogonal to 0D symmetric

with respect to —i and i. For more details regarding the hyperbolic metric see [1].

The following is a uniform convergence result of G, (-) away from the points xy, 5.
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Lemma 2.6.3. Let U be as in Setup |1} Given a < 1,

64 zZ)—1
lim sup |G.(z) — —log v(z) || =
620 oo T W(z) 41
d(z,x1)>6%
d(z,29)>5%

Proof. Recall that the map ¢ is bi-Lipschitz by subsection i. Thus it suffices to show
that

lim sup

0—0 2€D:
d(z,—i)>60
d(z,i)>8a

Recall the sets A;, Ay, C D from (2.6.6). Note that by hypothesis

U, C B(ZL’1,25> NU

and hence

Ay C B(—i,C5)ND (2.6.9)

for some constant C' ( where C'/2 is the Lipschitz constant of ). Similar containment

holds for U, and A,. Now notice that by the change of variable formula for i = 1, 2,

1 . / -
area(Us) /A 1- foa(Ql¢ (C)|2d§dn' = 16. (2.6.10)

These facts along with (2.6.7) clearly imply that

64 Pz—i]%—O(é)} 2.6.11)

G* o ¢(Z) = ?10g m

where the constant in the O(-) term depends only on C in (2.6.9). Thus

off e ) e 2]

)
Since a < 1 we have gm% S0 = 0. Thus sending § to 0 we see that the RHS uniformly
— a

Z—1

z+1
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converges to 0 on the set {z € D : min(|z — i|, |z + i|) > §°}. Hence we are done. O

Since the function log }j—jrj , has logarithmic singularities at i and —i as 6 — 0 by Lemma
the function G, (z) blows up near the singularities z;, z,. The following lemma de-

termines the rate at which the blow up occurs.

Lemma 2.6.4. For a < 1 and all small enough 6, for all z € U such that d(z,z;) < §*
G.(2) = [log(d)]

and similarly if d(z, ) < %
G.(2) = —|log(8)].

The constants in the =< notation depend on a only.

Proof. We only show the first case since the argument for the other case is similar. Hence
we assume d(xy, z) < 0% Also using the bi-Lipschitz property of ¢ it suffices to show that

for all z € D such that d(z, —i) < 6,
(G0 9)(z) = [log(d)].
Using (2.6.7)) we do it in two steps. We first show the following:

@.
1

: ' 20 —Z = 0
T 5 L ()~ LA QIO 0 — 2 < (o5,

Clearly

T L HAOI(OP ogc ~ £ldc = O()
I¢l<1

area(Uy) m
since d(z, As) > d(x1,x2)/2 for § small enough. Since v is bi-Lipschitz, A, is con-
tained in a ball of radius C'0 and contains a ball of radius ¢ for some constants C, ¢

not depending on ¢ which implies that area(A;) = ©(4?). Also |¢| is bounded away
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from 0 and oo.

Thus for any z € D we have

11 1 [
- A (0?1 —zld¢| = O||= 1 — z|dOd
[ Pl dac| = 0|5 [ [ sl — s

1 cé

area(Uy)
_ 0 ( ﬁ/o rlog(r)dr)
= O([log(9)])-

)

The lower bound follows immediately since d(z, A;) < §°.

We now prove a similar bound for the term

! l/ (1(A1) — 1(A2)) (16 () P log |1 — CldC.
[¢l<1

area(Uy) 7

Again it is easy to check that

Ty [ A os 1 - C2ld = O().
[¢l<1

area(Up)

To find the exact order of the term

! l/ 1(A4)(O)1¢(O) log [1 - Czd¢
[¢l<1

area(U;)

recall from Setup (1] d(U;,0U) = ©(6) and hence d(A;,0D) = O(J). Thus for any
¢ € A}, we have C§ < |1—(z|. Also since d(z,z;) < 6* by hypothesis |1 —(z| < O(§?).

Therefore,

! 1Amummmwmm%u—M@xm%@u

area(Up)



43

Thus putting (i) and (ii) together we are done. O

2.6.3 Proofs of some earlier statements.

In this section we provide the proof of some of the statements stated earlier.

Proof of Lemma It follows immediately from Lemmas [2.6.3] and Theorem
2.6.1] O

Proof of Lemma Clearly by (2.6.7) and Lemmas [2.6.3] [2.6.4, G.(z) is a bounded

continuous function on U (where the bound is O(|log(d)|). Thus approximating integral

by Riemann sums we get

1
[ 16 Gldgan = i 3 (6.0

zn €Uy

where z = £ + in. The proof will then immediately follow from Theorem if we can

show that
lim sup/ |G (2)| d€dn < oc.
U

6—0

Now notice that

. B 64 W(z) —i
tim [ (G dedn = [ Z o] SE)
D

64 AN Z—1

= = log| ——|| d&d
2 [ oel 25 acan
0.

<

dedn (2.6.12)

The first equality is a consequence of Lemmas [2.6.3|and [2.6.4] The second equality is just

the change of measure formula. The last inequality holds since |¢’(z)| is bounded and the

function log| j—jr” is an integrable function on the disc. Thus we are done. O
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Proof of Lemma Let us denote by o, a configuration where every vertex in Uy,
except possibly O(n) many, is colored blue. The O(n) correction is needed since every
configuration has exactly |«|U, || many blue vertices. By Lemma for all z € U such
that min(d(z, z1),d(z,z2)) > d* we have,

64

Gu(z) = — log|ZEz; . z\ +o(1). (2.6.13)

By Lemma on the remaining set of measure O(6%), one has |G.| = O(|log(d)]|). This
along with Theorem implies that given any number ¢ for small enough ¢ and n =
2™ > N(J) we have,

64 P(z) —1i
) el ) < e

\w(a*) - wmax‘ < CnQ- (2614)

Wmax —

From Lemmas|2.6.3|and |2.6.4]it follows that the function G, (z) (as § goes to 0) is uniformly

integrable i.e. given any a there exists b = b(a) (b(a) — 0 as a goes to 0) such that,

limsupsup/ G.(2)d€dn < b
A

6—0 A

where the supremum is taken over all subsets A of U of measure at most a. Using this and
Theorem we thus have the following : Given any constant a there exists a constant
b = b(a) such that for all small enough § and n = 2™ > N(§):

Gr(zn)| < bn? 2.6.15
sup Y [Ga(zn)] < bn ( )

n
|A] < an2 zn€A

where b = b(a) tends to 0 as a tends to 0. Thus for any ¢ € A. by (2.6.15)),

lw(o) —w(o,)| < b(2e)n?.
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Hence we are done by (2.6.14). O

Proof of Remark The upper containment follows from (2.5.8). The lower contain-
ment follows from (2.6.13) and Theorem [2.6.1]. O

We are now ready to prove the main technical result of this chapter.
2.7 Proof of Theorem|2.5.1]

The proof is quite long and involved and constitutes the technical core of the chapter. The
argument has to be divided into cases depending on ¢. Thus we split the result into two
theorems. We will suppress the ¢ dependence in the notations we define subsequently
for brevity whenever there is no scope for confusion. We start with some definitions and

notation.

Definition 2.7.1. Given o € Q U )’ (see (2.2.8) for definition) for i = 1,2, let R; = R;(0)
be the set of all points in U,, of color i reachable by a monochromatic path of color i from
a point in U, ,, ( we do not allow the endpoint to be the opposite color). Note that R; and

R, are disjoint.

Clearly by definition

E[w(al) — "LU(00> | g = Uo] = E[GH(XT(Rl(O’Q))) — Gn(YT(R2(01/2)))] (271)

where X, (g, (s,)) is the point at which the random walk exits R,(0) and similarly the
second term. The expectation in the first term is over p; (starting distribution of the blue
random walk, see Setup[1]) Note the expectation in the second term is over p, as well as
the random intermediate configuration oy /5, (see (2.2.10)).

For any z € U, a > 0 define

C(z,a) :== 0B(z,a) N U, i.e. the part of the boundary inside U. (2.7.2)
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Figure 2.6: The blue connected region containing the blue blob is R; and similarly R,.
Note that the two red islands and the blue island are not included in either set. Also recall
(even though not in figure) that if a part of the blue blob is colored red, it is not included
in the set R;.

Recall the weight function w(-) from (2.5.3). We now state the first theorem towards the
proof of Theorem The theorem roughly says that if either diameter of R; is “small”

or R, connects a region “close” to xz, to a region “close” to x; then the drift in Theorem

is like |log(d)|. See Fig[2.7|and [2.8]

Theorem 2.7.1. Let U be as in Setup |1} Then there exists constants
O<ars<a; <1

and ¢y such that for § < dp and all n = 2™ > N(0) if o € Q is such that either

i. Ry does not intersect C(y;,d2) or;

ii. Ry intersects C(yi,d2) and Ry intersects C'(yy,01) or

switching the roles of Ry and R in the above two cases

iii. Ry does not intersect C(ys,d2) or;
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iv. Ry intersects C'(ys,d2) and R; intersects C(yso, 01)

then
Elw(o1) —w(oyg) | 09 = o] < |log(d)]. (2.7.3)

The reason for the above is roughly the following: (we only discuss the first two cases.)

e In case i. diameter of R; is small implies that the blue random walk stops before
exiting a small ball. Thus the first term in is roughly |log(d)| by Lemma[2.6.4]
Now by standard random walk estimates one can show that the red walk is likely to
exit R, before coming close to z;. Thus the second term in is much smaller

and hence the result follows.

e In case ii. by hypothesis there is a red path which connects U, to a small ball around
y; of radius 0* for some a. Then it becomes likely that the blue random walk starting
from U, ,, will hit this path and hence exit R; before going too far from z; again
makes the first term in (2.7.1) roughly |log(d)|. The rest of the arguments are then
the same as in the previous case which shows that the second term in (2.7.1)) is much

smaller.

Before providing the formal proof we first state a lemma regarding random walk on U,,.

Let P,(-) denote the random walk probability measure started from .

Lemma 2.7.1. [48, Lemma 5.2] For all U, x; as in Setup

lim lim sup sup sup  P.{7(B(z1,e)) <7(B1)}| =0

=0 puoo ceQUOY ZGUn\B(xl,%)

where By = By(0) was defined in (2.3.3).
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Figure 2.7: llustrating the case when the diameter of R; is less than §, and hence the blue
walker stops within B(x1, d2).

The above lemma says that uniformly from any point 2 at distance 1/2 (any constant
would work) from z, and all configurations ¢ € Q U ' the chance that the random walk
does not hit B; before reaching at distance ¢ from z; goes to 0 as € goes to 0. Note that
since B; is the set of all blue particles by definition wzw (B1) = o — o(1) where the o(1)
goes to 0 as n goes to infinity. The proof of the above lemma for general sets of measure

at least « appears in [48]]. We are now ready to prove Theorem 2.7.1

Proof of Theorem

By symmetry it suffices to prove the theorem for the first two cases.

Proof of case i. Let az < as < a; < 1 be constants to be specified later. Let §3 = §** and p(d3)
be the probability that the random walk started uniformly from U, ,, hits B(x,, d;) before
hitting B, (o) (the set of blue sites) which has size a area(U)n? + O(n). Now observe that in
this case there exists universal D, D, > 0 (not depending on §,n) such that for all small

enough 4, and large enough n

E(w(o1) = w(oo)|oo) > Diflog(dz)| — [p(d3)Do|log(d)] + (1 — p(d3)) Da| log(ds)[].  (2.7.4)
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To see (2.7.4) we first recall (2.7.1)).
Elw(o1) —w(00) | 0 = 00] = E|[Gr(Xr(Ri(00)) = Gn(Xr(Ra(o12))]-

By hypothesis R, does not intersect B°(z,d2). See Fig Hence the blue random walk
stops before exiting B(z,0,). Thus from Theorem Lemma it follows that the
first term is at least D;|log(d2)|. Now the second term is at most O(]|log(¢d)|) by Theorem
and Lemma if the red random walk enters the ball B(z;,d3) before hitting
B (01/2) which happens with probability at most p(d3). Otherwise it is at most D, |log(ds)|
by Lemma and Theorem |2.6.1

Since p(d3) goes to 0 as ¢ goes to 0 we can suitably choose a3 < a, to be done. Note that

we do not need q; for this argument. It appears in the proof of the next case.

03 %

L1

Figure 2.8: Illustrating the case when R, connects B(y2, ) to a point in the neighborhood
of xq.

Proof of case ii. By hypothesis there exists a path + of red vertices connecting B(x, 6;)
and B¢(xy, d2). Thus it should be likely that the blue random walk started from U, ,, will hit
~ before exiting B(z1,d;). This is precisely the content of the next lemma which roughly
says if a connected set A of large enough diameter is close enough to U, ,, then random

walk starting from U, ,, is more likely to hit the set A before exiting a large enough ball.



50

Lemma 2.7.2. [48, Lemma 5.5] Let 0 < £; < &9. Assume A C U, is a connected set such
that
d(Ul,n, A) < £1.

Also assume AN (U, \B(y1,¢2)) # @. Then

sup Po(r(Un\B(yr, 2)) < 7(A)) < ¢ (2)

xEULn

Y

for some C = C(U) < 1 independent of n.

Thus by the above lemma,

inf P, (7(7) < 7(B(21,02))) > 1 — C82/%) (2.7.5)

€Uy n

for some C' = C(U) < 1. Thus

E (1(01) ~w(00)|on) > Dy[log(82)]| ~C'*%/%) Dy log(8) |~ [p(82) | 108 (8) | +(1—p(52)) Dol log(8:)]].
(2.7.6)

This is because G, (X (r,(s,))) is at least |log(d,)| if the blue random walk stops before ex-

iting B(x1,d,)) which happens with chance at least 1 — C'°(%2/%) by (2.7.5)). Otherwise it

is at least —O(|log(9)]|) since that is the minimum value G,, takes by Theorem and

Lemma Bound on G, (X;(r,0, /2)) is exactly as in case i.

Now one can suitably choose constants a3 < ay < a; such that the RHS in both (2.7.4)
and (2.7.6) are ©(|log(¢)|). Thus like case i. the proof follows by suitably choosing a;’s for
i = 1,2, 3. The proof of Theorem [2.7.1|is hence complete. O

Now to finish the proof of Theorem we have to consider the cases not considered

in Theorem Thus we first make the assumption,

Assumption 1. : ¢ does not fall in any of the four cases in the statement of Theorem[2.7.1]
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Throughout the sequel till the completion of the proof of Theorem we will
work under the above assumption.
That is both R;, Ry extend beyond B(x1,ds), B(z2,d2) respectively and also R, does not
reach B(z,0;) and similarly R; does not reach B(xs, d;). Thus under Assumption

B(x1,0)( R, = @ (2.7.7)
B(Ig,él)ﬂRl = .

Notice that fori =1, 2,
Ui, C B(yi, 61)
(see Setup (1] for definition of U;,,) for small enough 4, since ¢, = 6 for some a < 1.

Remark 2.7.1. We now claim the following. Given any small enough ¢ for all n > N(J)

there exists a set A, ,, C U, such that A4, ,, is connected and,

§
By, Zl) NU, C A, C B(y1,61) NU,.

Similarly one has A,, corresponding to y». This is a simple consequence of the fact that

the locally near the boundary U looks like a half plane, see (2.10.1)). We omit the details.

Now since

)
Ui,n - B(yza Zl) N Un - Ai,n7

it immediately follows from definition of R; that for: = 1,2

Ri U Ai,n

are two disjoint connected subsets of U,,. For technical reasons sometimes it will be con-
venient to work with the following larger set instead of R;. Let U,\{R; |J A1} = Ule Ci;
where C; ; are the connected components of U,\{R;|JA1,)}. Let {R2|JA2,} C Cy. De-
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fine
Ry =R JAin | (2.7.8)
ik
In words R, is the set R, |J A, along with all the red holes filled in. Similarly define R,.
Note that for i = 1,2, R; is connected. Note that R, depend on o which we choose to

suppress for notational cleanliness. See Fig.

Figure 2.9: Illustrating the difference between the sets R; and R, for i = 1, 2. Note that in
the latter the holes are filled in.

Given A C U, we define two types of boundary of A,

OoutA = {y€ A°: € Asuchthatx ~ y} (2.7.9)
OmA = {xe€A: Jye A°such that z ~ y}.

Definition 2.7.2. Let U} denote the graph U,, along with all the diagonals of the squares

that are entirely in U,,. We will call connected subsets of U} as x— connected subsets of U,,.

Remark 2.7.2. Since both R; and R¢ are connected by Remark it follows by [88,

Lemma 2] that both d,,, R, and 9;, R, are *—connected.

We now proceed towards completing the proof of Theorem The proof will be
based on an electrical resistance argument. We first review some basic facts about energy

of flows on graphs.
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2.7.1 Energy and flows on finite graphs.

For a graph G = (V| E), let w ~ v signify that w is a neighbor of v. Also let £ be the set of
directed edges where each edge in E corresponds to two directed edges in F, one in each
direction (except for self-loops, which correspond to just one directed edge in £). A flow is
an antisymmetric function f : £ — R (i.e. a function satisfying f(w,v) = —f(v,w)). Note

that by definition the value of a flow on a self loop is 0. Define the energy of a flow f by,
EN) =5 Y. flv,w) (2.7.10)

For any flow f : E — R define the divergence, div f : V — R by,

div f(v) =Y f(w,v). (2.7.11)
Note that for any flow,
S odive= Y fla.y)+ fly.z) =0, (2.7.12)
zeV z,yeV

yn~x

since f is antisymmetric. For disjoint subsets A, B C V and a flow f we say that the flow is
from A to B if div f(z) = 0 for all vertices except vertices of A and B and the divergences
across vertices of A and B are non negative and non positive respectively. For more about

flows see [|66, Chapter 9]. For any function F': V — R define the gradient VF : E — R by

VF(v,w)=F(w) — F(v).

Recall the definition of laplacian from (2.6.3)). Thus clearly for any F': V' — R,

[div (VF)](v) = dy.(AF)(v), (2.7.13)
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where d, is the degree of the vertex v. The next result is a standard summation by parts

formula.

Lemma 2.7.3. For any function F': V — R,

= F(v)d,.AF(v)

veV

The proof follows by definition and expanding the terms. We omit the details.

We now discuss some energy interpretations of the Green function G,,(-) defined on U,

in (2.6.2). The next lemma is a standard result adapted to our setting.

Lemma 2.7.4 (Thomson’s principle). £(VG,,) < £(0) for all flows 6 on U,, such that
) 4
div = —— [1(U1,n) - 1(U27n)} .

Proof. First observe that by and (2.7.13), the flow VG, has the same divergence
condition as above. Note the 4 appears since every vertex in U, ,, and U, ,, has degree 4.
The proof now follows by standard arguments. See [66, Theorem 9.10]. We sketch the
main steps. One begins by observing that the flow VG,, satisfies the cycle law i.e. sum of

the flow along any cycle is 0. To see this notice that for any cycle
T1,XL2,...T = T1

where z;’s € U,
k—1

k—1
ZV (Tis Tit1) Z n(Tiy1) — Gu(z:)) = 0.
i=1

=1
The proof is then completed by first showing that the flow with the minimum energy must
satisfy the cycle law, followed by showing that there is a unique flow satisfying the given
divergence conditions and the cycle law which implies that VG, is the unique minimizer.

]
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For notational cleanliness we introduce the following notation.

1
1
= h-fe (2.7.16)

Thus rewriting (2.6.4)) in this notation we get

AG, = f. (2.7.17)
Stopped Green functions.
Fori=1,2,and o0 € QU ' define
Gin(z) = Gin(0)(x) = 20°E, / CFX (1)t (2.7.18)
0

where X (¢) is the continuous time random walk on U,,, as defined in (2.6.1)) and
7 = 1(0) == T(R;(0)), (2.7.19)

i.e. hitting time of R¢(o) for the random walk X;, where R = R;(0) was defined in Defini-
tion Similar to (2.5.1) we again suppress the dependence on ¢ in the notation G ,,.

Now notice,

AG;,(0)(z) = f(z)forx e Ri(o) (2.7.20)
Gijn(d)lmn\Ri(g) = 0. (2721)

Recalling notation for the energy of a flow from (2.7.10), we state the following key
lemma, which translates Theorem to a statement about difference in energies of

flows.
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Lemma 2.7.5. Under Assumption

E(w(ay) — w(oy) | 00 = o) > %[5(%”(00) — E(VG1n(00)) — E(VGan(00)[R-7.22)

Thus using the above result our approach to proving Theorem involves lower
bounding the RHS in the above equation.
Before proving Lemma we make a few more observations about the functions G, ,,
to be used later. First notice that if X, was a discrete time random walk then is

exactly the same as

T;—1

E. > f(Xp), (2.7.23)

k=0
where 7; is now the exit time of the discrete random walk.

Thus for the rest of the section for notational convenience we will switch to the sum
notation and hence think of the random walk as discrete time.

The next remark gives us a crude upper bound for the stopped Green functions G, .

Remark 2.7.3. Fori =1,2and any o € QU (7,

1
lin}s;}p sup Gin(x) =0 (5—2> :
n=2 $6Ui,n

m—r o0

A sharper upper bound of O(log(3)) can be obtained with a little more work. However

for our purposes this will suffice.

Proof. Recall B;(c) from (2.3.3)). Since R; C B; it follows that 7(R¢) < 7(BY¢). As a simple
consequence of the fact that the L., mixing time of the discrete time random walk on U, is
O(n?) (for a proof see [48, Lemma 5.4]) and the fact that both B;, B, have ©(n?) vertices,
one gets that for i = 1, 2,

sup E(7(B,)) = O(n?),

(L’ElUn
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Since B; = B§ from the above discussion we get that,

sup E(7;) = O(n?),

.’L'GUn

where 7; appears in (2.7.19). Now the remark follows once we observe that by (2.7.23)),

1
Gin(x) < ——Fqu (7).
‘[Ui,n|

]

Remark 2.7.4. By (2.7.7) under Assumption (1, R; does not intersect U, , which is the

support of f, and similarly R, does not intersect U, ,, which is the support of f;.

Thus becomes
71(0)—1
Gra(0)(z) =Ky Z J1(Xk)] (2.7.24)
k=0
To(0)—1
Gon(0)(x) =B, [ > (X)),
k=0
and and become
AG;n(0)(x) = fi(z)for x € Ri(0) (2.7.25)
Giyn(O)‘Un\Ri(g) = 0. (2726)

An easy but useful observation is the following:

Lemma 2.7.6. Under Assumption 1| for any o € €,

E[(Gan(01/2)(x) | 00 = 0)] < Gan(0)(2) (2.7.27)

for all z € U, where the expectation in the first term is over the random intermediate state

01/2, (see (2.2.10)).
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Proof. The proof immediately follows from (2.7.24)) since 75(01/2) < 72(00) as 01/, has one

more blue particle than oy. O

Proof of Lemma

Let us denote the random walk starting uniformly from U, ,, by X} and the random walk

starting uniformly from U, ,, by Y;. Recall (2.7.1)),
E(w(o1) —w(oo) | 00 = 0) = E(Gn(Xr,(00) = Grn(Yra(or0))

where the expectation on the right is over the random walks X},Y,. We start with the

following telescopic sum,
Gn(Xn(ao)) = Gn(X0)+[Gn(Xl)_Gn(XO)]+[Gn(X2)_Gn<X1)]+‘ . '+[GH(XT1(00)>_GH(X71(00)—1)]'
Now clearly

E(Gn(Xit1) — Ga(Xi) | Fi) = —=AGL(Xi)1(71(00) > 7)

where F; is the filtration generated by o, and the random walk X, up to time i. Taking

expectation on both sides we get,

E(Gn(Xn(UO))) = E[Gn(XO) - Z AGTL(X(IC/\n(Uo))*l)}'

k>0

A similar equation holds for E(G,(X,(, ,))). Plugging in both of them we get,

E<GTL<XT1(O'0)) - Gn(YTQ(Ul/Q))) - E[Gn<XO) - Z AGTL(X(k/\Tl(O'O))—l) - Gn(%) + Z AGn(Kk/\TQ(Ul/Q))—l)]

k>0 k>0

(2.7.28)
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1
E(Gn(Xo) — =) Gl = [x(2) = (Gn, AG,) = 2E(VGy). (27.29)
CEEUH
where all inequalities but the last are by definition. The last inequality is by Lemma [2.7.3

and the fact that all vertices in U, ,, U U,,, have degree 4. Also,

]Ex Z AGn( (kAT1(00))— ]E Z fl (kAT1(00))— ) Gl,n(00)<x)7
k>0 k>0
where the first equality is by (2.7.25) and the second equality is by definition (2.7.24).
Similarly

E, Y AG(Yinry(orp)-1) = —E(Gan(012) ()

k>0

Hence by the above discussion, notice in (2.7.28),

Z AG k/\‘r1 (00))—

k>0

E[Z AGn( (kAT1(00)) ) | XO]]

k=0

= E[G1,,(00)(X0)]-

Similarly we have E[}_, . ( AGn(Yikrry(o0))-1)] = —E[Gon(01/2)(Y0)]. Thus

E(w(o1) —w(oo) | 00) Z G (z) — Z Gn(z) fo(x) — Z Gl,n<00)(x)f1(x)]
- E[Z Gan(o12) () f2()],
> lz Golw) fi(2) = 3 Gula) o Z Grn(00)( >]
— ) Gan(00) () folw),

UZ,n
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where for the inequality we replace the last term using Lemma Now by Lemma/[2.7.3]
and (2.7.25)

> Graln)filx) = {E(VGL)

x€U1
1
Y Ganl®)falz) = 7E(VGan).
J?EUQ,n
Thus we are done using these and (2.7.29) in the above inequality. O

We need a few more definitions and results to use the inequality in Lemma to
prove Theorem Recall the standard gluing operation on any multigraph G = (V, E)
where certain subsets of vertices are identified (“glued”) and they act as a single vertex.
Any edge between two identified vertices now act as a self loop in the glued graph. For
more on glued graphs see [69]]. Also in the sequel we will often specify a graph by just
referring to the set of vertices which will be a subset of the vertex set of U,,. The graph
then would be the sub graph induced on the set of vertices from U,,.

For the following definitions, recall (2.7.8) and (2.7.9).

Definition 2.7.3. i. Fori = 1,2, let ]%;’“t denote the graph with vertex set ]O%i U aoutﬁzi

with the following subset of vertices,
{Rz U aoutéi} \R;

glued.

ii. Fori = 1,2, let R;” denote the graph with vertex set R; with the following subset of

vertices,

glued.
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The set of glued vertices now acting as a single vertex will be denoted by v (the under-

lying graph will be clear from context).

With the above definition, V(G ,,) is a flow on ég“t. (2.7.25) and (2.7.26) are the same as

A(Gin)(z) = fiforallz € R (2.7.30)
Gin(d) = 0. (2.7.31)

Analogous to G, (see (2.7.24)) for i = 1,2, we define G7, to be the function on Ri" such
that
Gro (@) =By Y filXp)1((k < 7(RE U 0 I2))), (2.7.32)
k=0

i.e. the random walk is stopped on hitting R{ or the boundary O R;. It is easy to verify

that

A(Gy)(x) = f forallaw € R\ R, (2.7.33)
Gin(b) = 0. (2.7.34)

Notice that by (2.7.12), the above information determines the laplacian (equivalently di-
vergence) at v in the glued graphs }O%;?“t, R;" respectively.

Let us form the following abbreviations
E(VG,) = €. (2.7.35)
Also fori =1, 2,

E(VGin) = & (2.7.36)
ENVG:) = & (2.7.37)
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For brevity we write (2.7.22)) in terms of the above abbreviations,
1
E(w(oy) —w(og) | 00) > Z[E — & — &) (2.7.38)

Remark 2.7.5. Notice that the arguments in the proof of Lemma are not special to

the potential function G, i.e. [66, Theorem 9.10] also gives us the following two facts:
i. &= mein £(0) where the minimum is taken over all flows # on R%“ such that

forall z € R;.

ii. & = mein £(6) where the minimum is taken over all flows # on R such that
divd(z) = 4fi(z)

forall x € Ri\amzle-.

With the preceeding preparation, the proof of Theorem follows from a series of
lemmas which we prove next. We first prove a monotonicity result. It is standard but we

include it for completeness.

Lemma 2.7.7. If o € () satisfies Assumption (1| then for i = 1,2,

where &;, £} are defined in (2.7.36) and (2.7.37)) respectively.

Proof. Wlog we take i = 1. By Lemmaand (2.7.30) we have &, = eré?ut Gin(x)dfi(z),
and similarly by (2.7.33) we have & = >  zin G7,(2)4/1(2). The lemma now follows
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since

Gr, < Gin (2.7.39)

which immediately follows from definitions of G, ,,, G1,((2.7.24) and (2.7.32)) and the
simple fact that,
T(RS U i Ry) < 7(RY).

]

The previous lemma shows that £ > &£'. The next lemma says that nevertheless they

are close to each other.
Lemma 2.7.8. There exists a 3 > 0 such that if o € ) satisfies Assumption[I|then for i = 1,2,

. 1
&~ &1=0(5)

where the constant in the O depends on ¢ appearing in Setup

To prove the above we need a few preliminary lemmas first. Let,
0. = V(Gi,) (2.7.40)

Thus is the same as &; := £(0.). Hence by Remark i1. 0, has minimum
energy among all the flows on R‘" with the same divergence condition. Even though R
is obtained from a subgraph of U,, by identifying some vertices we will denote the edges
of this graph by the corresponding edges of U,,. The next lemma is a conservation of flow

result. It says that the total flow across O, Ry is at most a constant.

Lemma 2.7.9.

Y. Y bu(zy) <4

. Py
v€0in 1 YyERI\d;n Ry

Proof. We start with the observation that for all such z,y as in the sum, G7,(z) = 0 and

G1.,.(y) = 0 which follows by definition. Hence 0.(r,y) > 0 for all such (z,y). Now by
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(2.7.12)

By (2.7.33) for any = € R such that z € R\di, R,
div (6,)(2) = 4f1.

Note above that even though the graph is not regular the 4 appears since every vertex in

the support of f; has degree 4. Also

ddiv(b)(z) = > A+ D > bly.x).

y~zx

ZE]EPI" ZGRl\Bmél xeamf%l U RS YERI\O;, 121
The LHS is 0 and the first sum on the RHS is at most 4. Thus we are done. O

We state two more lemmas. The first result is a Beurling type estimate which says that
for any connected subset A of U,, with large enough diameter which is at a certain distance
away from U, , the probability that random walk started from a neighboring site of A, hits
U, ,, before hitting A decays as a power law in n. The result is standard on the whole

lattice. The proof in our case with the necessary adaptions is provided in [48]].

Lemma 2.7.10. [[48, Lemma 5.1] Fix ¢ > 0. Consider A C U,, be x—connected (Definition
2.7.2). Also suppose that min(diam(A),d(U;, A)) > c (here the diameter is in terms of

euclidean distance not graph distance). Then for large n, for all such A,

sup P, (7(Uy,) < 7(A4)) < g

r~A nﬁ

for some positive (3, C depending only on ¢ and U. Here x ~ A means that x ¢ A and there

exists y € A such that x is a neighbor of y.

The next result is a basic isoperimetry inequality saying that the boundary of the set R,

is not small.
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Lemma 2.7.11. There exists a ¢ = ¢(0, U) such that
min(diam(@inél), diam(@outél)) > c

where 0 appears in Setup

Proof. Clearly it suffices to just show that
diam(8;, Ry) > ¢

since every vertex in Oy has a neighbor in Do 1. Recall that by definition U;,, C R,
and Uy, C éf. We first prove the lemma for the disc D. It is easy to notice that for the disc
there exists a ¢ = ¢(d) such that for any ball B of radius ¢, D; and D, are connected by a
lattice path in D,,\ B. Now since O 1 separates D ,,, Dy ,, this shows that diam(@inél) > c.
The general proof now follows by using the bi-Lipschitz nature of the conformal map ¢ in

(12.2.4). ]

We are now ready to prove Lemma Roughly the following will be our strategy:
wlog we take i = 1. Recall 6, is a flow on Ri". We will construct a flow 6, on
]%‘1’“’5 from 6, by defining the value of the flow on the edges from O Ry 10 0, R, (the extra
edges in ]%ﬁ“t not in }gi’i”) and keeping the value of the flow on all other edges same as 6.,.

¢, will have the same divergence as VG, ,. Thus
EF <& <E(0), (2.7.41)

where the first inequality is by Lemma |2.7.7]and the second inequality by Remark i.
Then we would show that

£6,) - & =0(-7)

for some /3 and thus complete the proof. Formally we do the following.

Proof of Lemma We construct a flow 6; on Z%‘l’“t: For each y in Ry N @nél choose



T E 8()“,5]0%1 such that y ~ x (such an x exists by definition of 8in]i21). Let

01(y, x) = Z 0.(z,y), foreachy € Ry N Opm B

zER
z~Yy

61(y',2") = 0 for all other edges with ¢/’ in OBy, 7' € Opur R

= 0, everywhere else.

We first claim that
& < E(0y).

By Remark i. this will follow if we can show for all y € R,

div (61)(y) = dy(AG1,)(y) = 4f1(v),

where d, is the degree of y in Foi‘f“t. We know by definition that

div (6.)(y) = dy(AGT,)(y) = 4f1(y) for all y € Ri\Oin Ry

66

(2.7.42)

(2.7.43)

Also by construction #; = 6, on all the edges except the boundary edges of O;n 1. Now by

(2.7.8)
d<U1,n> aznél) Z 51/4

Thus f |, ;= 0. Hence to verify (2.7.43) it suffices to show that

div (61) |y, s, = 0

(2.7.44)

Lety € OBy N Ry. By construction we know that there exists exactly one x € Do 1 such

that
‘91 (y7 I) 7é 0
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Also
91<y7x) = Z 6*(273/) = Z 91(2,3/),

ZERy zERy
zry zry

where the first equality is by definition and for the second inequality we use the fact that

0, = 0, for all the edges in the sum by construction. Thus

div(@)(y) = Y Oi(w,y) =0,

we Rout
wny
and (2.7.42)) is verified. By (2.7.41) the proof of the lemma will be complete once we
show that
E(0r) — & < O(=).

nbp
Now we claim that

1
sup Y 0.(y,2) = O(=).
y€Din R1 zERy n

zy

(2.7.45)

First notice that 9;, 2, satisfy the hypotheses of Lemma :
e By @.7.44), d(0;, 1, U;) > 6, /4.
e The connectedness hypothesis is satisfied by Remark[2.7.2]
e The diameter lower bound follows from Lemma

Thus by Lemma |2.7.10, for any y € OBy and z ~ v,
P, (r(U omit) = O [ =
Z(T( 1,n) < T( in 1)) - ﬁ )

where the constant in the O term depends on 4; and U. Since f; is positive only on U,
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and 0 everywhere else by (2.7.32)) it follows that

Gla(2) < P (7(Uin) < 7(0nlt)) sup G, (2)

meUl,n

< P, (T(UM) <7(amj%1)) sup Gn(z).

z€U1,n

The last inequality follows since for all 2 € U, by (2.7.39), G7 ,(z) < G1,(x). Thus by

Remark we get,
0.(y, 2) = G7,(2) < O(—),

where the first equality follows from the fact that ¢, = VG7, and G7 ,(y) = 0. Since 0, = 0.

on all but the boundary edges,

gl —-€6.) = oY Y le(z=yl)?
y€Bim Ry ™Y
< <saupg D0l D] D 16.(z))
Y€k 2y yEdin Ry #™Y
1
)

N

o(

where the last inequality is due to Lemma and (2.7.45). Hence

. 1
E1—&E < &) —E0,) = O(m)
where the first inequality is by (2.7.42). O

Remark 2.7.6. From Lemma it follows that

1
E—E—E>E—E —&— O

). (2.7.46)

By (2.7.38) and the above remark, to prove Theorem [2.5.1} it suffices to prove a lower
bound for the quantity
E-& —&.
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We start with the following weaker version which shows it is always non negative.

Weak version of Theorem

Lemma 2.7.12. If o € Q satisfies Assumption [1| then

E—E—6>0

Proof. Let us take the optimal flow 6 for £ on U, i.e.

0 =VG,. (2.7.47)

Fori =1,2, let,

R

= 6 |équt al’ld

N

g = 0

N

Din
Rz‘

be the restrictions on k?* and R respectively. Now by (2.7.17) and Remark it

follows that,

div(0;)(z) = Af; forall z € R, (2.7.48)
div(0:)(z) = 4f; for all z € R\ R (2.7.49)

for i = 1,2 where f; was defined in (2.7.14) and (2.7.15). Thus the flows 0, and 5;* on

ke and R have the same divergence as VG;,, and VG, respectively. Hence by Remark

2.7.5]
E < E0:),E < EB7).

Recall the definitions of C'; , from (2.7.8). Since R, = U,,\C1 x is connected and { Ry | J A2, } C
Ci ., by definition Ry C C1 k- Thus the edge set of the graphs Z%i”, f%g“t are disjoint. There-
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fore

E=E0)>E0

fin) +E(O | ggu) = EOF) + E(0:) > & + &, (2.7.50)
Hence we are done. [

However as already mentioned before, proof of Theorem demands a stronger
wired

quantitative version of Lemma |2.7.12. We now proceed to obtain that. Let U, be the

same graph as U,, but with the following set of vertices
OBty | J{z € Ry 1 o(z) = 2} J{z € RS 1 o(a) = 1} (2.7.51)

glued. The points that are glued are all the red vertices in Ry (which cause the blue ran-
wired

dom walk to stop) and similarly all the blue vertices in U,\R;. Now in U, the glued

vertices act as a single vertex. Let us denote it by 1.

In the proof of Lemma [2.7.12] we took the flow V@, on U, and restricted it to &i* and
Ry, To prove Theorem instead of restricting VG,,. we will construct another flow

wired

wired
on U, and then restrict it. We first construct the flow on U, . Recall f from (2.7.16).

wired wire

d
Lemma 2.7.13. There exists a unique flow 6 on U, with the following properties:

L.

wired
div( 0 ) l{riurapwwe = Af [{RiUR P\
wired

div( 6 )(-) = 0 for all other vertices except tv.

il
wired
0 =min&(g)

g

wired wired

where the infimum is taken over all flows g on U, which has the same divergence as 6 .

wired

Note that using the above data and (2.7.12), div( 6 )(wv) is determined exactly.
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wired

Proof. For brevity let us call the set of flows g on U,, satisfying the above divergence condi-

tions as F. That the set is non empty follows since clearly by (2.7.17) the flow V(G,,)

wired
n

is in this set.

Now let

wired

E = inf E(g). (2.7.52)

gEF

By standard arguments using compactness, see proof of [|[66, Theorem 9.10], there exists
wired

a unique minimizer ¢ of the energy minimization problem. O

wired
Remark 2.7.7. Let 6 be asin Lemma|2.7.13| The restrictions,

wired wired
wired wired
2 - 0 |égut

under Assumption [1|satisfy the following divergence conditions

wired o
dw( 0 1)(!13’) = 4f1(l’) for all z € Rl\ﬁle

wired

dZU( 0 2)(y) = 4f2<y) for all Y < RQ.

Proof. Note that no vertex in either Rl\amél or R, was in the set of glued vertices in
wired
(2.7.51). Now by Remark [2.7.4/fori = 1,2, f

r,= fi- The remark thus follows since ¢
by definition satisfies the divergence conditions. O

wired wired

Hence by Remark |2.7.5|\we have & < E( 6 1), and & < E( 0 o).

Remark 2.7.8. Similar to (2.7.50]) we have

wired wired wired wired wired wired

=E( 0 )20 |p)TECH |pu)=E(0 )+ECH 2) > & +Es
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Therefore we have

1 wired wired 1
E-6-6E2E-E6-&-0(5) = £~ € +{5 —5;‘-52}—()%)
wired 1
> &- & —O(m)

where the first inequality follows from (2.7.46). Hence to prove Theorem by (2.7.38)

it suffices to show that

wired

E— & >c¢ (2.7.53)

for some constant ¢ = ¢(¢).

Notice that & — wic‘?ed is nothing but the drop in voltage when points at various voltages
are glued together to get wﬁzd from U,. This is the well known Rayleigh’s monotonicity
principle. For more details see [|69, Chap 2]. However for our purposes we need a quanti-
tative version. To estimate such voltage drops we state and prove two technical lemmas.
Let U, be a graph obtained from U, by gluing certain pairs of points. Let A be a set of
k pairs of points (zy,2!), ... (2, z,) which are among the pairs glued to obtain U,,. Recall
from (2.7.47), 6 = VG,,. Consider the restricted flow VG, |5, (the flow that VG, induces

on U,). Let # denote the flow on U,, such that
£(0) = inf{&(g)}, (2.7.54)
g

where the infimum is taken over all flows g on U,, which has the same divergence as ¢ |;; .
Existence of § follows by a standard compactness argument as in the proof of [66, Theorem

9.10], (this has already been used in the proof of Lemma [2.7.13)).

Lemma 2.7.14. Let A C U,,, 0 and 0 be as defined above. Suppose for each 1 < i < k, there

exists simple paths in U,, joining (z;, z.) of length d; then,

£(0) < £(6) — 2= gz(;{?— jn(zé)}
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where D is the maximum number of paths that intersect some edge.

Thus the lemma measures the amount of voltage drop when points at different poten-

tials are glued together.

Proof. W.l.o.g. assume for all ¢, that G, (z;) > G,,(z}). Take a path joining 2/ to z; of length
d;. Think of it as oriented towards z;. Since on U,,, z; and 2! are glued, the path becomes a
directed cycle. Let us denote it by 7;. Also let 5; be the same cycle in the reverse orientation.
We first create a new flow 6, on U,, by sending an additional amount of flow 3 along ;

foralli=1,... k. Thus

—B1(e € ;)

k
=1

0a(e) = 0(e) + Zﬁl(g € %)+

J

for all directed edges e, where every undirected edge in U,, appears with both orientations.
Now the additional flow along an edge is at most D3 since by hypothesis every edge is in

at most D many cycles. An easy computation by expanding the squares now shows that

E(04) < E(0) + 28 Z(Gn(zi) — G (2) + D?*p? Z d;.

Optimizing the RHS over  we see that,

Notice that since all the paths VZ become cycles in U,, and sending additional mass along
cycles does not change the divergence of the flow, div (04 |5 ) = div (¢ | ), (note however
that 6, and 6 do not have the same divergence on U,,). Hence by (2.7.54), £(0) < £(04 5.

) < £(04) and the proof is complete. O
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By the above discussion and (2.7.53)), to use Lemma in the proof of Theorem
one has to estimate the d;’s and D appearing in the statement of the lemma. That is
the purpose of the next lemma. The statement of the lemma is rather crude but will suffice
for our purposes.

Recall the definition of U® from (2.5.5).

Lemma 2.7.15. Given a smooth domain U for any small enough d > 0 (depending on U),
there exists D,a > 0 such that for all § < §y(d) and all n = 2™ > N(6) the following is true:
For any set A C U,, containing dn points in distinct U%’s , there exists at least dn/10 disjoint

pairs (21, 21), - - . (2an/10, 24, /10) Of elements of A such that:
i. |Gn(zj) — Gu(2)| > afor j=1,...,dn/10,

ii. There exist paths in U, between z; and 2/, of length at most Dn, such that no edge in U,

intersects more than 2 paths.

Remark 2.7.9. It will be useful later, to note that any set A C U,, with |A| > ¢n? for some
constant ¢ independent of n satisfies the hypothesis of the above lemma for a certain value

of d = d(c,U).

Proof of Lemma it. Recall from that all the U%’s have width at least
100/n. Now let z; € AN U®. We will pair z; from different U®’s Now the only difficulty
can come if the points lie close to the boundary where the graph does not look like Z2.
However in that case for each such z; one can take a path in U,, away from the boundary
of the set U, ending at say y;, which lies entirely in U®~Y U U® U U (smoothness of U
(see (2.10.1))) allows us to do that. Now to avoid intersection of these paths we will only
consider points z; in U that are not consecutive.

The proof is now completed by pairing points y; into pairs (y;, y;) such that corresponding
U® for the elements of a pair are at least d/10 apart. That the elements of each such
pair (y;,y;) can be joined using disjoint lattice paths of length at most Dn for some D

depending only on U is easy to see. We omit the details. See Fig
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Figure 2.10: Figure illustrating the proof of Lemma |2.7.15|for the case of the circle where
points in different U® are connected by almost edge disjoint paths.

Proof of i. Recall that by the above construction for any pair z; and 2} the corresponding
UC)’s are at least d/10 apart. Thus by Theorem and Lemma there exists d, such
that given § < §y

lim inf[inf (G, (z;) — Gn(2)] > ¢,

n=2m J J
m—o0

for some constant ¢ depending only on d and U. O

2.7.2  Proof of Theorem

In combination with Theorem [2.7.1| it suffices to prove Theorem under Assumption

To this end we will show: for all o € Qfs) there is a set A which is a subset of the set

wired

in (hence is glued to get U, from U,) such that: A satisfies the hypothesis of
Lemma [2.7.15]

Before showing the above we first discuss why it suffices. Immediately using Lemma
we have pairs (zy,2), ... (2, 2,) with & = Q(n) which are glued and have paths
connecting them of length O(n) such that no edge appears in more than 2 paths. Also,
Gn(zj) — Gp(2)) > ¢, for j = 1... k. Recall wigd from (2.7.52). Thus using Lemma [2.7.14

wired

we get, £ < & —d, for some constant d = d(¢). Hence we are done by (2.7.53).
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We now proceed to showing existence of such sets A (the arguments will be rather
crude and not optimal in any sense. However since we are interested only in statements

up to constants this suffices):

Recall 5 from Let
Poa>Bs>Po>Ba>Po=0>01>PB2> B3> (2.7.55)

such that for all i = —4, -3, ..., 3,
d(Vg,V8:.) = €1 (€1 is specified soon).

See Fig. Recall (2.7.8) and (2.7.9). Now consider the following cases:

Figure 2.11: ~3,’s on either side of 73 to measure how far the boundary of Ry, the blue
curve , deviates from .

i. 0;, Ry is a subset of Up_,,
ii. 0;, R, is a subset of Us,,
iii. O Ry intersects U, and Ug, | for some i € {—4,...,3},

iv. O, Ry is a subset of U5_, NUg,,
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We choose ¢, < 155 such that,

area(Ug _, NUg) 6/100 (2.7.56)

for all 7 = —4,...3. (100 is just a large enough number and is nothing special) Also let

¢’ > 0 be such that the left hand side in (2.7.56)) is at least £'.

The arguments for cases i., 7i. are symmetric and hence to avoid repetition we provide
arguments only for case i.
By hypothesis O;n 21 lies entirely in Ug_,. Now by arguments similar to the proof of Lemma
ii. for large enough n, any two points in U, N U§_| are connected by a path in U,
B-1+e
R;". Recall by definition area(U§ ) = (1 —a)area(U). Thus, area(Ug_ ) > (1—a)area(U)+¢".
Hence number of blue vertices in U, N U§_ is atleast e/n?. Recall from that both

which lies entirely in U,, N U¢ 2 (hence does not intersect 8;, ;). Thus U,, N Uj_, isin

wired

o~1(2) N Ry and o—(1) N RS are glued to obtain U, from U,,. Thus at least ¢/n? vertices

are glued and hence we are done by Remark

Case iii. By hypothesis in this case 9, R, (which is a *— connected set by Remark
intersects different level sets of the function G,,. Thus the intersection with the different
level sets could be taken to be A in the usage of Lemma 2.7.15

Formally we do the following: by hypothesis 9;, R, intersects both Ug, and Uj, | Now by

compactness there is some constant ¢ = ¢(/3, 1, U) such that for all i = —4, ..., 3,

d(’75i775i+1) >c

Since 9, R, is *—connected (Remark [2.7.2), it intersects at least dn many U®’s for some
d = d(c). Thus A = 0;, R, satisfies the hypothesis of Lemma [2.7.15| and is also glued by
(2.7.51). Therefore we are done.

Case iv. Recall that by hypothesis o € Qfg) and 8mf{1 is a subset of U5_, N Ug,. Since
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o €Qf, ande; < there exists at least dn many U(’s containing at least one red vertex

£
100°
all of which are in U, N Ug_, or similarly there exists at least dn many U®’s containing at
least one blue vertex all of which are in U,, N Ug,. We take the set of such points to be A.

The proof of Theorem is thus complete. O

2.8 Proof of Theorem [2.2.1|

Given the preceding results the proof of the main theorem follows by similar arguments as
in the proof of the main result in [45]]. We first state the following two hitting time results.

Recall the sets from Table 2.1

Lemma 2.8.1. Given any ¢ > 0 there exist a positive constant ¢, such that for all small
enough ¢ (blob size) there exist positive constants ¢ = c(e,d),d = d(e,0), such that for all

large enough n = 2™ and o € Q) N A,

1/3

P,(7(Goa) >dn?) < e ", (2.8.1)

Lemma 2.8.2. Given ¢ > 0 there exist a positive constant ¢’ such that for all small enough §
(blob size), there exists b = b(e,d),d = d(e,d) > 0 such that for all large enough n = 2™ and
oceg.nN F,S//Q

Py (7(G/s) > ed”w) >1—¢

The proof of the above two lemmas involve arguments involving IDLA on U, and is
postponed to Section We now show how to finish the proof of Theorem [2.2.1] using

the above.

Lemma 2.8.3. Let 7. = inf{t : S(¢t) € G.}. For any ¢ > 0, for small enough o, there exist
positive constants ¢ = c(g,0),d = d(e,0), N = N(6) such that for all n = 2™ > N and all

subsets S C U, of cardinality |an?| we have

1/3

P(r. > dn* | S(0) =S) < e ™
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Proof. We will prove something stronger which will be used in the proof of Theorem [2.2.1]
However for brevity we first need some notation. We start by recalling the sets in Table

Given any positive ¢; and ¢, define the set
C€1,€2 - gEl N F€2'

We claim that for small enough ¢,¢’ > 0 there exists constants D, D’ > 0 such that for all

large enough n = 2™ and any o € €,

Py (7(Carfa zrjp) > D) < e P77 (2.8.2)

Eo (7(Ct/arp) < 2Dn?) (2.8.3)

(2.8.3) clearly follows from (2.8.2)) as the latter holds for any starting ¢ and hence the

expected hitting time is clearly dominated by Dn? times a geometric variable with mean

2. Also showing (2.8.2) clearly proves Theorem since C.i/a /5 C G- Let

T =7(Te), 7" = T(Fg,/z)

™ = T(Q(E) N Agl), " = T(g€1/4).

where the £; in the definition of 7" is the same as the one in the hypothesis of Lemma
Now to show (2.8.2)) we notice the following containment of events for any positive
A:

[{7—/ < An2} N {TH > e | 0'7—/} n {TW < ATL2 | UT’} N {T”” < ATL2 | UT’”}] - {T(C€1/4,e’/2> < 3An2}

To see why this containment holds we first notice that I'.,)y C I'.;. Thus the first two
events imply that the process hits the set I'./» in An® steps and stays inside for an expo-
nential (in n) amount of time, and in particular stays in I'./, from time An? through time

3An?. In addition, the third and fourth events together imply that regardless of where the
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chain is at time An?, the chain enters .y N A., by time 2An? and then enters G../4 by time
3An®. Hence in the intersection of the four events, the hitting time of C../4 ./ j5 = G.1/4NTer/2
is at most 3An?. Let D = 3A. Now for a large enough constant A, there exists D’ > 0 such

that the probabilities of of all the four events on the left hand side are at least 1 — e~ 2",

This follows by Lemmas [2.5.4} [2.5.5} and respectively. Hence by the union bound,
(2.8.2) follows for a slightly smaller value of D’'. O

2.8.1 Proof of Theorem

Note that (2.8.2) is true for all small enough choices of ¢ and ¢’. However given € > 0, by
Lemma there exist ¢/, b, d > 0 such that for all large enough n = 2™, and o0 € C. ./

1/3

P, (1(G5) > e™*) > 1 — et (2.8.4)

For such an ¢’ the proof of Theorem follows by using Lemma with the following

choices of parameters:
A = Ce’;‘,t’;‘//27 B = g§1/47t1 — 2Dn2’t2 — ednl/f’)

The above choice of parameters satisfy the hypotheses of Lemma by and
(2.8.4). O

The remainder of the chapter provides a sketch of the proof of Theorem [2.6.1] and
finally in Section [2.11| we finish off with the proofs of Lemmas[2.8.1]and [2.8.2]

2.9 Outline of the Proof of Theorem|[2.6.1|

We provide the sketch of the main steps in the proof of Theorem The full proof
appears in [48]. The proof relies on results based on convergence of random walk on U,
to Reflected Brownian motion on U. For a formal definition of Reflected Brownian motion
on U see [25, Definition 2.7], [11,/20,24]. Throughout the rest of the section we will
denote it by B;. The basic idea behind proving Theorem is to show that the function
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G.(z) is the same as,

9 00
G(Z) = m/ﬁ [Pz(Bt < Ul) — Pz(Bt € UQ)] dt — c. (291)

The constant ¢ is chosen such that the integral of GG along 0U is 0. Formally, we parametrize
the boundary OU by 6 € [0, 27) via the conformal map ¢ (2.2.4). We then fix ¢ such that

Go ¢(g)% = 0. (2.9.2)

I¢1=1

Compare the above expression with G,,(-) defined in (recall that the constant c is
the same in both expressions). The proof of Theorem has two parts. One part shows
that G,, converges to GG, (see Lemma[2.9.2). This will follow by convergence of the random
walk measure on U,, to B;. For more on this see [20], [25] and the references therein. The
remaining step then is to show that indeed G, = G. This will be proved using the fact
that the density for Reflected Brownian motion is a fundamental solution to the Neumann

problem and hence the function G is roughly satisfies,

0? o 4

(@ ; @) G = roay (1(02) ~ 1(0) (2.9.3)

with Neumann boundary conditions. One then checks that G, is a solution to the above
problem. The proof is then complete by uniqueness of the solution of such a problem. For

brevity we will adopt the following notation

Recall (2.6.3). Thus we use A to denote the laplacian in both the continuous and discrete

setting since there will be no scope of confusion.



82

2.9.1 Closed form of the limit.

Theorem 2.9.1. [48, Theorem 4.2] Let U be as in Setup (1} For all z € U,
G(2) = Gi(2). (2.9.4)

As discussed above, to show this informally one identifies GG as a solution to a second order
partial differential equation also satisfied by G,. The result then follows by uniqueness of
such a solution. To give a general idea we quote a result in the theory of boundary value

problems with Neumann boundary condition which is used in the proof.

Lemma 2.9.1. Let function w € C*(U) N C*(U) be a function on U satisfying the following

properties
Alw) =

ov

where % denotes the normal derivative and f € L'(R,U). Then

wod(z) =d+ T OO og(¢ )1 - C2) P (2.9.5)
where
1 wedl)
omi /aD ¢ de =d.

Proof. The result for the case U = D (the unit disc) is stated as [[14, Theorem 8]. The

above lemma now follows by change of variable under composing with the map ¢. O

Theorem now follows roughly by arguing that the function G(-) satisfies Lemma
with AG = —2—(1(U,) — 1(U,)) and noticing that G, is nothing but f in Lemma

area(Uy)

replaced by % (1(Uz) — 1(U,)). However formally one works with “smoother”

area(Uyp)
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versions of (1(U,) — 1(U,)). The detailed proof appears in [48].

Remark 2.9.1. Recall the constant c in (2.9.1) such that.

dg
| Gool) =0
cl=1 S
Consider the the special case of the unit disc i.e. U = D with point #; = —i,zs = ¢ and
y1 = —(1 —0)i, yo = (1 — J)i. Now owing to the invariance of Reflected Brownian motion

on D under the transformation { — —(, one sees that the integral in (2.9.1))

2 [o¢]
_]m)/o [P.(B, € Dy) — P.(B, € Dy)] dt

area(
is odd, (because with the choice of ¥, y,, we have D, = —ID,). Thus ¢ is 0 and

2

G(2)= s /OOO[PZ(Bt € D)) — P.(B, € Dy)] dt.

2.9.2 Convergence

The last missing piece is to show that the function GG,, converges to G. To this end we now

state the following lemma which along with Theorem proves Theorem [2.6.1

Lemma 2.9.2. [48, Lemma 4.8] For all small enough 9,

Jim sup| o) — G(a)| =0

n=2m IEE
where G is defined in (2.9.1)).

Note again the suppressing of § in the above statement. The proof of the lemma uses
the local CLT estimates for random walk approximation of Reflected Brownian motion ob-

tained in [25, Theorem 2.12]. The complete proof appears in [48]].
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~~~~~

------------- €> = (Zl7 ZQ)

1. ii.

Figure 2.12: i. Locally the region near the boundary looks like a half plane. ii. Illustrating

the proof of Corollary|2.10.1

Proof of Theorem The proof follows immediately from Lemma and Theorem
2.9.11 O

2.10 Basic geometric properties of U

We include a short discussion of some basic geometric properties of U,, used before in the
chapter. The following is a well known property of the boundary of U as in Setup[I}: since
the boundary dU is analytic there exists a C' > 0 and an ¢, such that for all x € U there

exists an orthogonal system of coordinates centered at x = (1, z3) such that for all € < ¢
B(z,e) NU = {(a},2}) € B(x,e) : 2] € (x1 — e, 21 +¢), 25 > f(2})} (2.10.1)
and
() — o] < Ol — z |

The above is a simple consequence of Taylor expansion up to second order of the curve
locally near z. See Fig i. As a simple corollary of the above fact we see that U satisfies

the following property which shows that the y;’s in Setup |1/ can indeed be chosen.




85

Corollary 2.10.1. Let U be as in Setup|1| Then there exists 6, = 6,(U) such that for all z € U
and 0 < 0 there exists y € U such that d(y,x) < 6 and B(y,6/2) C U.

Recall that d(y, =) is the euclidean distance between x and y. B(y, ) denotes the euclidean

ball of radius § with center at y.

Proof. Choose 8y < £o/4 such that C63 < 15—(% where ¢y and C' appear in (2.10.1). For any
d < 9y the lemma is immediate if d(x,0U) > §/2. since then we can choose y = z.
Otherwise let z = (21, 22) € OU be the closest point on the boundary to z. Now in the local

coordinate system centered at z as in (2.10.1)) choose y = (21, 22 + 6/2). Then
d(z,y) < d(z,z) + d(z,y) <6.

Also clearly B(y,d/2) C U and hence we are done. See Fig ii.

Concluding remarks

Note that Theorem only proves concentration of the interface.

Fluctuations. A natural next step would be to find the order of magnitude of fluctuations
of the interface.

Higher dimensions. One can also study the process in higher dimensions and try to char-
acterize the hyper surface separating the two colors at stationarity. It is natural to guess
that it should be the level set of the analogous higher dimensional potential function which
is harmonic in the interior of the corresponding domain and has positive and negative sin-
gularities at the two sources with Neumann boundary conditions.

Multiple particles. Proving a theorem analogous to Theorem [2.2.1|for Competitive Erosion

with more than two particles remains an intriguing challenge.
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2.11 Generalized IDLA estimates

We finish off with the proofs of Lemmas[2.8.1] and [2.8.2| that were used in Section We

start with a generalized IDLA estimate. For definitions and other results on standard IDLA

on the square lattice see [63]]. However our setting will be different in two aspects:

e The graph will be U,, instead of Z>.

e At time 0 some of the sites will be filled unlike the standard setting where every site

is vacant initially.

Formally we have the following: recall U® from and U, from (2:2.7). We start
an IDLA process on U,, with the random walks starting uniformly from U, ,, (see Setup
with the following initial condition: All the sites in U,,\{U, N U, } are filled along with an
arbitrary ¢'n many U®’s for some small ¢’ > 0. Let us now fix an ¢ > D&’ (D is just a large
enough constant to be specified later). The next result will bound the size of the cluster
after en? particles have been released similar to standard bounds (see for eg: [63]). Let

the IDLA cluster (set of filled sites) at time ¢ be A,.

Theorem 2.11.1. (IDLA upper bound) There exists ¢, C depending only on U, « such that
given small enough ¢ > 0 and starting with any initial condition as described above, for all

1/3
?

large enough n, with probability at least 1 — e~<(Ven)
Acnz\Ao C {U\U(a—cyz)} NU,].

Remark 2.11.1. Note that the distance between the geodesics which act as boundaries
of Uy, and U,y are up to universal constants, ¢ apart for all small . Thus the above
theorem is rather crude and says that the aggregate of en? particles cannot grow beyond
an ‘annulus’ of width /e (recall that the initial cluster was inside U\U,) except for £'n

many U®’s) even though one should expect it to be . However it suffices for our purpose.

The precise definition of IDLA is provided along with the proof of the above.
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<

Figure 2.13: ~; and 7, denote the boundaries of U(,) and U,_( ) respectively. If the intial
aggregate contains all of the region above v; i.e. (U\U(,)) and at most ¢'n where ¢/ < ¢
many thin strips U® (see (2.5.5)) then in en? rounds of IDLA on U, where the random
walks start from U, ,,, the aggregate does not occupy any site below v, i.e. the new part of
the aggregate stays in {U\U(,_¢/z)}-

2.11.1 Proofs of Lemmas|2.8.1land |2.8.2

With the help of the above theorem we now finish all the remaining proofs. A correspond-
ing lower bound analogous to Theorem [2.11.1| will be the content of the proof of Lemma
We follow the approach in [63]]. Similar statements for IDLA on the entire lattice
7? have cleaner proofs owing to symmetry of Z?. However in our setting we need more
robust approaches and we will rely on certain heat kernel bounds for the random walk on
U,, from [25]], which are summarized in [48]]. We first quote the following hitting time

estimate.

Lemma 2.11.1. [48, Lemma 5.3] Given small enough ¢ > 0, for all z € U, N U,_ /), and
y € U, such that d(y, z) < &3,

log(1/d(y, 2))

P,(r(2) < r(UA{U, N Uon}) = (L

),

where the constant in the © notation depend on ¢, o, U.

Proof of Lemma Since by hypothesis ¢ € Q) N A., it has at most £;n* red
vertices in U(,) N'U,, and similarly at most ;n* blue vertices in Ufa) NU,,. To show that the

configuration reaches G..,» we need to show that the red particles in U,__.,4 gets wiped off
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and similarly the blue particles on the other side. Because of the obvious similarity in the
situations we will provide argument only for the former case.

Now notice that the red cluster in erosion is clearly dominated by the IDLA process
as described in Theorem with the initial aggregate being the set of red vertices in
0. Thus by Theorem with probability at least 1 — e<vVe")'* no red walker reaches
U(a—c, 7 in the next C1en? rounds where C, depends on C;. Observe that on the above
event the blue cluster insider U,_¢,,z dominates a ‘killed’ IDLA process where the blue
walkers start uniformly from U, ,, and perform IDLA but are killed on hitting the boundary
of the set U, N U(,_¢,,= (since there is no interaction with red random walkers). Thus it
suffices to show that in the next C,en? rounds of the ‘killed’ IDLA process the blue walkers
will occupy and hence wipe off all the red vertices in U,_.1/4) (at most en? ), which
amounts to proving a lower bound for the ‘killed’ IDLA aggregate for the blue walkers.
We adapt the proof in [63]]. For any positive integer ¢ we associate the following stopping

times to the ** blue walker:

e o': the stopping time in the killed IDLA process
e 7': the hitting time of z € U,

e 7': the exit time of the set Uta—ciyyz) N U,

For z € U, NUy_.1/4) We define the random variables,

Chren?
N = Z 1(;i<4+), the number of blue walkers that visit » before stopping
=1
Cien?
M = Z 1(7i<7i), the number of blue walkers that visit z before exiting U,_c, .z
i=1
Cien?
L = Z 1(si<ri<ri), the number of blue walkers that visit z before exiting U ,_¢, /)

=1
but after stopping.
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Note that random walkers can stop in two ways: either by occupying an ‘empty’ (red)

vertex or by exiting U,_c¢, 7. Thus N > M — L. Hence,

P(Z ¢ Aclmz) = P(N = 0) <P(M < a) + P(L > a). (2.11.1)
where the last inequality holds for any a. Now by definition,

E(M) = Cien’Py,, (7(2) < 7(U, N {U\Ua_cyy5) })), (2.11.2)

where Py, , (-) denotes the measure when the random walk starts uniformly from U, ,,. We
now bound the expectation of L. Define the following quantity: let independent random

walks start from each ‘empty’ (red) site in U(,_¢,, and let

L= Z 1(7(2) < 7(U, N {U\U(o_c, 5 }) for the walker starting at w).

Clearly L is stochastically dominated by L. Hence the RHS of ([2.11.1) can be upper
bounded by P(M < a) +P(L > a). Now

EL)= Y  Pur(z) <70 {U\U_coy)}))-
UJE]U(Q_CZ\/g)ﬁUn

w:empty

Note that by hypothesis there exists at most £;n* empty (red) vertices in U, ¢, /5 N U,.
Since the above sum is over a set of size at most ;n?, by Lemma [2.11.1| we have the

following,

n2

E(L) < C'\/E

11ogn

n2

E(M) 2 C”Cl€

logn

for some constants C’, C"”. The first bound follows by summing the bound in Lemma|2.11.1
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over a set of points y, of size e,n? (this is maximized when all the points are in a ball
of radius ,/z; around z). The latter bound follows since uniformly for any point z €
UnNU q—c1/4y, the blue random walk starting uniformly from U, ,, has a chance C; = C(e,U)

of reaching a point £* close to z before exiting U,_c, \/g)ﬂ Now once the random walker

reaches such a point, using Lemma [2.11.1|we get the bound of C"”:2—. We now choose &;

n?_
logn

small enough so that E(L) < E(M)/4. Choose a = E(M)/2. Now using Azuma’s inequality

for indicator variables we get
P(L > a) < exp(—dn) and P(M < a) < exp(—dn)
for some constant d > 0. Thus in (2.11.1) we get

P(M < a)+P(L > a) < 2exp(—dn).

The proof of the lower bound now follows by taking the union bound of the at most £,n?,

empty z € U, NU,_.1/4) i.e. such that o(z) is red. N

2.11.2 Proof of Lemma

For any set A C (2 define the positive return time 7 (A) to be inf{t > 1: 0, € A}. We break
the proof into a couple of lemmas. Recall Table

Lemma 2.11.2. Given positive numbers ¢, ¢ there exist ¢’ such that for all small enough ¢

(blob size) there exists D = D(e, c,0) such that for any o € Q) N I'w

> en?) < e P (2.11.3)

!Formally one can take a tube of a small enough width joining a point in the ‘interior of’ U,, (say 10e
away from the boundary) to any point z and see that the random walk stays in that tube and hits the end
with the point z with constant probability C; = C (¢, U), independent of n. That the random walk starting
from Uy ,, reaches such an interior point before exiting U, _¢, . z) is a straightforward consequence of the
heat kernel estimates [48, Theorem 5.2].
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for all large enough n = 2™.

Proof. The proof follows from Lemma i. First let o/ = o, for the competitive erosion

chain starting from oy = 0. If 0’ € () we are done. Otherwise since o € I,

z = w(0") > Wpae — N7
Now let

X(t) = w(or41)

where w(-) is the weight function defined in (2.5.3). Thus X (0) = z. We make the follow-

ing choice of parameters:

B = Q(E), Al = Wmazx, Ag = 10g(1/5)
a1 = a(e) appearing in Theorem [2.5.1]
ay = e'n? with ¢/ < a;1¢/2,T = cn?.
The choice of ay works since o € I'., by hypothesis. Also the choice of ¢’ ensures that

as — a;T < 0 and hence the hypothesis of Lemma i. is satisfied. Thus for ¢’ = “¢ by
Lemma i.forallo € Q. NIy,

Po(7(Qe)) > T) < exp (—DnQ) ,

for some D = D(e,c,0). Since 71 (€))) starting from o is one more than 7(Q.)) starting

from o’ we are done. O]

Lemma 2.11.3. For all small ¢ > 0 there exists ¢ > 0 such that for all small enough §
(blob size) there exists a constant b(d,¢) such that for large enough n = 2™ and any o €
Q(E) NIy N g€1/47

1/3

Po(77(Q) < T(\Goa)) > 1 — e
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Proof. Since o € Q) N G.1/4, by Theorem [2.11.1| (since clearly IDLA dominates erosion),
P, (1(Q\G.1/1) > dn?) > 1 — ¢ "

for some d, h depending on ¢, §. Now using ¢ = d/2 in Lemma [2.11.2| we get that we can
choose ¢’ such that for any o € Q) NI'o N G1/4

P, (7+(Qe) > dn?/2) < e P (2.11.4)
for some positive constant D. Thus for such an ¢’,

Po(77(Qe) S T(NGas)) = Po(r7(Qe) < dn?/2) = Po(T(Q\Gra) < dn)

—_hnl/3 _ 2
1 —e "™ — g=Pn”,

Vv

Hence we are done by choosing b = £. O

2.11.3 Proof of Lemma

We will specify ¢’ later. However notice that for any small enough ¢’ if o € I'.//, then by
Lemma there exist positive constants ¢, d depending on " and the blob size such that
for large enough n = 2™,

Py(r' > ™) > 1 — e % (2.11.5)

where 7/ = 7(Q\I'./). Now notice that by hypothesis o € G. and hence ¢ € ), for some
constant ¢ = ¢(U). Let 7(3), 7(2) . . . be successive return times to {2(..), i.e. 71y = 0 and for all
1 >0,

T(Z+1) = ]nf{t 0t > T(i)7 O € Q(CE)}

The following containment is true for any positive ¥': Let s := ¢”™"*. Then

{7(G54) < s} c{3i < ssuchthato; ¢ I'o/ jU (U {{7’ Gli) < Tyt N {0T< € Fg}}) :

7=0
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The above follows by first observing whether there exists any i < ¢”"* such that o; ¢ I'...

Also let j be the first index such that
7(5) < T(Goya) < TG40

Notice that on the event {7(G¢,,) < s}, we have j < s. Also by definition on the event

{oi € I'. for alli < s}, we have o, € T’ N Qe) N G.1/4. Thus by the union bound,

P, (7(G%.) < ™) < P(3i < ssuchthato, ¢ I.)

eb/n1/3

+ D ({%) € T N Qee) NGarsa} N {7(Gorsa) < T(j+1)}) :
=1
Recall that by hypothesis o € I'.//,. Thus by (2.11.5) for any small enough &’ there exists
d = d(¢’,6) > 0 (where ¢ is the blob size) such that for any &’ > 0 the first term is less
than e~ for large enough n. Also notice that by Lemma [2.11.3{ we can choose ¢’ such
that every term in the sum is at most e~""* for some constant b > 0. Thus for such an ¢/,

putting everything together we get that for any & > 0 and large enough n,

eb/n1/3

g2 _pn1/3
<e dn + § e bn '
i=1

N

B,(7(Gta) < )
Hence by choosing ' < b we get that for large enough n,
]P)(T( ;:1/4) < 617’77,1/3> < Qe(b'—b)nl/g‘
The proof is thus complete. O
All that is left to be done is to provide the proof of Theorem|[2.11.1l The argument will

be a modification of the argument in [39]] adapted to our setting (for the sake of reference

we will follow the same notation as in [39] throughout this section). Let S C U,. We
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now precisely define the IDLA process in our setting. In order to define IDLA, we first
define adding one particle started at xz to an existing aggregate S. For x € U, denote
by A(S;z) the IDLA aggregate obtained as follows: Let & = (£(0),£(1),...) be a random
walk on U, started at £(0) = = and let t¢ be the first time this walk is not in S. Define
A(S;z) := SU{{(ts)}. Also consider a slightly more general process, where the growth
of the aggregate is stopped at certain stopping times, e.g., upon exiting a set 7. Denote
by A(S;x — T), the aggregate obtained by letting a particle randomly walk from x, but
pausing it if it exits 7', which is defined as follows. Let ¢ be a random walk on U, started
at z. Let tg be the first time this walk is not in S as above, and let ¢; be the first time ¢
exits 7. Define A(S;z — T) := S U {{(ts A (tr — 1))}. To keep track of the position of a

paused particle, define

f(tT) if tT < t5'7

1 otherwise,

P(S;x—1T)=

so | means that the particle is already absorbed, in the aggregate. Given vertices x, . .., xy
in U, and a set 7', define A(S;z,...,2, — T) to be the IDLA aggregate formed from
an existing aggregate S by k particles, started at xy, s, ...z, and paused upon exiting
T. Formally we use induction: Sy = S, S; = A(Sj_1;z; — T) for j € {1,2,...k} and
A(S;x1,...,x, — T) = Sk. Again to keep track of paused particles, define P(S; xy, ...,z —
T) to be the sequence of particles paused in this process, i.e. if p; = P(S;_1;2; — T') for
j € {1,...,k}, then P(S;z,...,x, — T) is the sequence (p; : p; #L1). We recall the
Abelian property of IDLA: A(S;xy,..., ;) has the same distribution as A(A(S;x1, ...,z —
T); P(S;x1,...,xx — T)). For more details about the Abelian property see [63]] and the

references therein.

Proof of Theorem [2.11.1] We begin by stating two lemmas from [39]] adapted to our
setting. Recall U from (2.2.5), (should not be confused with U,, which denotes the graph)
and the ‘shells’ U® from (2.5.5)).
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Lemma 2.11.4. [39, Lemma 5] Fix an interval I € R. There exists small constants ¢, s, such
that for all large enough n and positive integer r with n'/¢ < r < en and 3 € I, the following
holds: Let x € U, N {U\Ug} and let S C {U\Ug, =} NU, be so that [S N [U, N Ug]| < e17.
Moreover let A be a set which intersects at most ¢, fraction of the U’s between U and Upyz,

Let & be a random walk started at = and stopped upon hitting Ug -. Then,
PEN (Us\(SUAUUgz)) # @) >,

forn=n(1,U).

Recall Uy C Ug for any 8’ > (. The above lemma says that if the size of the intersection
of the set S with the region between Uy and Ug, - is not large then there is a constant
chance that the random walk starting from U,, N {U\Ups} will visit sites in Uz\Ug = which
are neither in S nor in A before hitting Ug, -. After analyzing the behavior of a single
particle, we can analyze the behavior of the whole aggregate. The following lemma says
that, with high probability, a constant fraction of the aggregate is absorbed in a wide

enough (yet still very fine) annulus. Recall the hypothesis about the initial cluster in

Theorem 2.11.11

Lemma 2.11.5. [[39, Lemma 6] Let I be as above. There exist ¢,c1,e9 > 0 and p < 1 such
that for all n large enough, for all n'/? < k < en? and x4, ..., 7, € U, N {U\Ug}, and for all
S C [U, n{U\Ug}| where € I. Moreover as in the previous lemma, let B be a set which

intersects at most e, fraction of the U"’s between Uy and U, w2, then,
P(|A (s UB; 21,2k — Uy N {U\Uﬁ+M}) \S U B| < e2k) < p*

The above lemma says that if at any time the aggregate is a subset of U\Uz along with

some ¢, fraction of the U(?’s between Ug and U g2 then in the next £ rounds a constant

n

fraction of particles fill up sites in U\IUﬁ+ w172 with high probability.
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Before proving the above lemmas we prove Theorem
Proof of Theorem Recall from that Us = U,). And clearly U, ¢z C
Ug,c, = for some C; depending on C, (due to the same reasoning as in (2.5.4)). Thus it
suffices to prove that the growth cluster will not touch any new points in C Ug, ¢,z for
some (.

The proof is along the lines of [[39] and consists of inductively constructing a sequence
of aggregates A(;, by pausing the particles at different distances m; from the starting set
U, . If k; is the number of paused particles, we choose the next distance m;;, at which
we pause the particles again, in terms of m; and k;. We iterate this procedure until there

are less than n'/3

paused particles. Since there are too few particles now, we naively bound
the growth of the cluster from this point on.

Define Ay, m;, P;, k; as follows: A be the initial set of filled sites as in the hypothesis
of Theorem my = y/en and Aq) be the cluster after en? random walks were
released uniformly from U, (see Setup (1) and stopped on hitting Ug, where 3, = 3+ ™.
Correspondingly let P, be the the sequence of stopped particles and k; = |P;|. We now
define A;), P; for all j > 1: For j > 1 define m,, in the following way: (this is where we

make the adaptations from [|39] since in our setting the initial cluster has some particles

and hence not all the sites in U,, N Ug, are empty. Consider the sequence

m; + /{3]1/2, m; + 2]{3]1/2, m; + 31{5]1/2, cee
Recall U® from (2.5.5). Let ¢ be the smallest integer such that at most £;’th fraction of the
‘shells’ T
shells’ U" between U5+[mj+(e—1)k;/2}/n and Um[mﬁ%l_/g]/n
cluster A (¢, is the same as in the hypothesis of Lemma [2.11.5). We define m/; and m;,

to be m; + (¢ — 1)/<:]1}/2

contain particles from the initial

and m; + Ek;/ ? respectively. That is we define m;1 to be the smallest
number of the right scale such that there are enough empty sites between Ug,,, .,/ and
Up-m /n-

Let A(j+1) = A(A(j); P] — U, N {U\U,BerjH/n}); and f)j-i-l = P(A(j); P] — U, N

{U\Ug4m,,,/m}) and let k;j;1 = |Pj;1]. Also let J be the (random) first time at which
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k; < n'/3. We do not stop the particles after this point and hence by construction,
Ay = Ay for any j > J + 1. As mentioned earlier the Abelian property guaran-
tees that A1) has the same law as the IDLA cluster with m, = en? particles. Naively
Ay CULN{U\Ug o, sntc(ernni/3)m y for some constant C' = C'(U),. This follows by the

1/3

following crude bound: since there are at most n'/® particles left and initially at most 'n

many shells U® filled up, the growth from .J onwards cannot be more than by &'n + n!/3

shells U®. By Lemma [2.11.5|for some ¢, < 1,

1/3

PE2< i< JANn 1 k> (1—e) k| <PE2<j<JAn ki > (1—e)kj 1] < np”

Since k, < en? by hypothesis this implies that with probability at least 1 — np""’*, we have

J < n and k; decreases geometrically at each step, hence,

my =my + (m} —mi) + k> + (mly —ma) + ...+ (mly_, —my_q) + k:}/_Ql (2.11.6)
] J-1
1/2 /
<my+ ky = (1) + ;(mz — my).

Now we finish by bounding 3"/ (m/, — m;). Notice that by construction at least ¢,’th frac-
tion of all the shells between m) — m, intersect the initial cluster. Also by hypothesis on
the initial cluster number of such shells is at most ¢'n < en/D (recall the hypothesis of
Theorem we specify the value of D here). Thus ¢, thll(m’g —my) < 5n and hence
choosing D = é we get that Zzz_ll(m’g —my) < en. Also naively k; < en? and hence putting
everything together with probability at least 1 — np™’*, m; < Cmy = C'\/en, for some ab-

solute constant C. Thus A,y does not intersect Ug ¢, - and hence we are done. O

We now provide the proofs of Lemmas|[2.11.4/and [2.11.5|

Proof of Lemma We stop the random walk ¢ when it hits Ug,, /o, (call the

point at which it stops as y) and look at the ball of radius ¢r/n (for some small con-
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stant ¢) around it. Because of the smoothness assumption on U even if y lies close to the
boundary of U, [{B(y,cr/n) N U,}| > 2dr?, for some d = d(c,U). Now if & < d then
{B(y,cr/n) NU,}\S| > dr?. Also by hypothesis there are at most ;7 shells U® initially
with particles at time 0 and hence |[{B(y,cr/n) N U,}\{S U initial particles}| > dr?/2 by
choosing suitably small ¢ = £;(c¢).The result now follows from the heat kernel estimate
in [48, Theorem 5.2] which shows that the probability that the random walk started at y
hits the set { B(y, cr/n) N U, }\{S Uinitial particles} before exiting B(y,r/2n) is a constant

independent of r, n. O

Proof of Lemma The proof of [39, Lemma 6] uses [39, Lemma 5]. The same
arguments as in [39, Lemma 6] using Lemma |2.11.4] above instead of [39, Lemma 5]

completes the proof. O
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Chapter 3

ABSORBING STATE PHASE TRANSITION IN CONSERVATIVE
DYNAMICS

3.1 The model description and main result

Consider the following continuous time interacting particle system on Z. Start with par-
ticles at every site on the line by sampling i.i.d. from a certain distribution with mean pu.
Each particle can be in one of the two following states A (active) and S (sleepy). Initially
all the particles are in active state. Each active particle does a continuous time nearest
neighbour symmetric random walk on Z at rate 1. Sleepy particles do not move. Also each
active particle undergoes the transition A — S at rate A > 0 independent of everything
else. Sleepy particles undergo the transition S + A — 2A instantaneously, i.e., a sleepy
particle at € Z becomes active instantaneously when an active particle visits the site z.
Also the transition A — S is observed only if at that time the active particle was the only

particle at its site, i.e. the instantaneous transitions 24 — A + S — 2A is not observed.

Definition 3.1.1. The above process is known as Activated Random Walk, which we de-

note by ARW(u, A\) or simply ARW throughout the rest of the chapter.

Formal definition appears in Section It is possible to view ARW as a particular case
of the general class of reaction-diffusion system that were introduced in the late 1970’s
by F. Spitzer and has since been studied extensively. In the non-equilibrium statistical
mechanics literature, ARW and its closed variants (especially with A — oo) have been
studied in connection with the the phenomenon of self-organised criticality. Before pro-
viding proper definitions, we review the pertinent questions and state the main results of
this chapter. The most important phenomenon of interest in the study of ARW is the long

term fixation/non-fixation of the system i.e. whether one observes sustained activity in any
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finite window about a point (say the origin) infinitely often or not.

Clearly the answer should depend on the initial particle density ;1 and the sleep rate
A. The primary focus of interest in studying ARW centres around the phase transition
phenomenon. For a fixed sleep rate A, as the particle density u increases, it is expected
that the system shows a transition from almost sure local fixation to staying active forever
almost surely. One of the first mathematically rigorous results about ARW was established
in [|78] where it is shown that for every A > 0 there is a critical particle density ) € [%H, 1]
such that ARW(u, \) locally fixates almost surely when ;1 < p) and stays active almost
surely when p > p,. That the above probabilities are 0 or 1 is a simple consequence of
the ergodicity of the starting distribution and translation invariant nature of the events.
However, even though it is believed that for all A\ < oo, pu, is strictly less than 1, a proof
has so far been missing.

These problems have been re-iterated in [38], [22] and [[87]. In this chapter we will
only consider ARW and for easy reference purpose we now record below the conjectures

in our setting.

Conjecture 1. For ARW(u, \) on Z, we have that u, < 1 for all A > 0.

Conjecture 2. In the same set-up as Conjecture 1, 1, — 0 as A — 0.

The main result of this chapter immediately provides a positive resolution of Conjec-

ture 1 for small ).

Theorem 3.1.1. Given p > 0 there exists A\, > 0 such that ARW (p, \) on Z with particle

density p and sleep rate X stays active almost surely for all A < A,,.

It was also established in [[78] that u) in a non-decreasing function of \. As a conse-

quence we obtain the following corollary resolving Conjecture 2:

Corollary 3.1.2. For ARW(u, \) on Z, the critical particle density p, — 0 as A — 0.
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Remark 3.1.3. For any A > 0, it is easy to heuristically explain why u, should be at most
one. If 4 > 1, then on an average “there are more particles than sites”, and since at
most one particle can fall asleep at a site, the system should not fixate. This argument
is formalized in [6,78,,83]] in different settings, see Section for details. However,
establishing 11, < 1 requires understanding how activity is being sustained forever due to
particle interaction, i.e. sleepy particles being woken up by active particles over and over.

This makes the analysis substantially more difficult.

3.1.1 Background

In the recent years, studies in non-equilibrium statistical mechanics have offered up a
number of mathematically challenging interacting particle processes which exhibit phase
transitions far away from equilibrium. A particular class of conservative models that has
drawn significant attention is one where though the particles are conserved, they can exist
in one of the two states: active and inactive. Typically an inactive particle becoming active
requires interaction with one or more active ones. Paradigm examples in this class includes
conserved lattice gases [|81] and Sandpile models with stochastic update rules [|36}71.72].
In infinite volume, these models are believed to exhibit so called absorbing-state phase tran-
sition from an active phase as some model parameter (typically particle density) is varied.
In finite volume, when run with a carefully controlled driven-dissipative mechanism, these
systems are believed to exhibit the phenomenon of self-organised criticality [35}[37], where
the system is attracted to a critical state, even though it is not explicitly tuned to this critical
value.

The transitions in these models are believed to belong to a universality class, the so-
called Manna class. Whether the Manna class exists as an autonomous universality class
separate from the universality class of directed percolation (DP) seems not to have a
broadly accepted answer among physicists at this point [[12,|65], it appears beyond the
state-of-the-art techniques to obtain mathematically rigorous results on the critical or near-

critical behaviour of these models (see [22] for some progress). Even the more basic ques-
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tions of existence of phase transitions seem challenging and has only been settled in a
few particular cases. One of the main challenges in studying these systems is the intricate
long-range interaction caused by the conservation of particles, which makes it harder to

apply some of the standard techniques in rigorous statistical mechanics.

A major motivation to study ARW in the above general class of models is the following
Stochastic Sandpile Model (SSM), a variant of Manna’s model [71,72]. In SSM, started
with an initial particle configuration of product measure with density u, a site with an
isolated particle instantaneously becomes inactive, whereas at any site containing d > 2
remain active, and at rate 1, emits two particles using independent symmetric random
walk steps, leaving (d — 2) particles at the site (observe the contrast to the deterministic
sandpile model). Compared to the deterministic sandpile model (see e.g. [28]), much
less is rigorously known about SSM. It was only recently proved in [78] that there exists
tie € [3,1] such that the system fixates for ;1 < i and remains active for x> p.. Numerical
simulations suggest that . ~ 0.9489, it remains a major mathematical challenge to prove
e < 1. It is reasonable to expect that ARW is a sufficiently good (and possibly more
mathematically tractable) approximation to SSM and thus captures some of its crucial

aspects. In particular as A — oo, ARW corresponds exactly to the model studied in [|53].

ARW can also be viewed as a special case of driven-diffusive epidemic processes. In this
process a healthy particle does a simple random walk at rate D4 > 0 and each infected
particle does a simple random walk with rate Dg > 0, infecting all particles that it steps
on, and recuperating at rate A\. ARW corresponds to the special case D, = 0. This model,
in the case D4 = Dp was introduced by Spitzer in late 1970s, but was rigorously studied in
detail much later in [59-62]. Although numerical studies have predicted different regimes
of critical behaviour for D4 < Dg and D4 > Dpg, not much is rigorously known for the
case D, # Dp (see [21] for the study of a related model), in partcular, it is not understood
whether the behaviour for D4 = 0 (i.e. ARW) should be the same as the behaviour for

0< Dy < Dg.

For more background and a fuller history of ARW and related processes, the interested
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reader is referred to [38,78] and the references therein; see [73] for a detailed account of

non-equilibrium phase transitions in lattice models.

There have been a flurry of rigorous results on ARW in the last few years, mostly in
the wake of the breakthrough paper [78], where, as mentioned above, the existence of an
absorbing-state phase transition was established on Z for both ARW and SSM. This paper
crucially uses a construction of the ARW process using the Diaconis-Fulton representation
and the so-called Abelian property (see the next section). An upper bound of one on the
critical density for ARW was also established in [78]] for any A > 0. The same upper bound
was also established in [|6] for ARW on unimodular graphs using mass transport principle
and in [|83] for general bounded degree graphs using a comparison with certain internal
aggregation models. The results of [83] also implies that critical density is positive for
ARW for any Z for \ = oco. This result has recently been established for any A > 0 and any
d in [84] using a multi-scale argument. As far as the critical value is concerned the only
result is by [22] for the case A = oo, where it is shown that the system on Z¢ fixates for all
i < 1, thus in conjunction with the results of [6,/83] establishing ;. = 1. The behaviour
of ARW at criticality is also largely open, the essentially only result is for A = oo, in which
case the system does not fixate at criticality [22]. For more detailed predictions on the

behaviour of ARW, see [38]].

So far we have concerned ourselves with the model where the active particles perform
a simple symmetric random walk, and that scenario will be the focus of the present work.
However one could consider a situation where the random walk steps are biased, and in
certain cases, such models are better understood. The study of the biased ARW started
with an unpublished argument of Hoffman and Sidoravicius (see [22, Theorem 1]) that

considers the case of totally asymmetric walks and establishes that the critical density is

_ A

te = 137 and further that the system does not fixate at criticality. More recently ARW on

74 with asymmetric (but not necessarily totally asymmetric) jump distribution has been
studied in [|80,/87]. It is shown in [87] that in d = 1, when the jump distribution is biased,

Conjecture 2 holds and Conjecture 1 holds for small sleep rate. In a very recent paper
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[[80] the same has been established for d > 2 sharpening a previous result of [[87] which
stated that the system does not fixate for small A and p sufficiently close to one. We refer
the reader to the lecture notes of Leonardo Rolla [79] for more details on the previously

known results on ARW.

Despite this impressive progress in the study of biased ARW, Conjecture 1 and Conjec-
ture 2 has so far remained open for symmetric ARW (we shall always mean the symmetric
case by ARW unless otherwise mentioned), and it appears that the methods employed can-
not be (easily) adapted to understand Conjecture 1 and Conjecture 2 for symmetric ARW

on Z.

In this chapter we partly solve Conjecture 1 and as a consequence prove Conjecture
2. The proof considers truncated versions (with finite universe) of ARW as has been used
in several other arguments regarding this model in the literature . The new ingredients
include a novel use of the Abelian property (see Section which allows us to study
a slightly different labeled variant of ARW which is dominated by the actual ARW (i.e.
under a coupling, fixation of the latter implies the same for the former). More details

appear in Section (3.2.1

3.2 Formal definitions and setup

We follow [78] in formally describing the set-up of ARW. Let Ny, = Ny U p where p is a
formal symbol (whose meaning will be clear soon). The state space {2 will be the space
of all bi-infinite sequence with elements of Ny, i.e., Q@ = N{,. For any time ¢ > 0, n; € Q
will denote the state of the system i.e. 7,(z) denotes the number of particles at x € Z at
time ¢. n,(z) = p denotes that the only particle at = at time ¢ is in state S (is asleep).
Following notation from [78]] we formally let |p| = 1 so that irrespective of the state of
the particles, |7,(z)| denotes the number of particles at site = at time ¢. For notational

convenience we define the following addition and multiplication operations on N,, to
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describe the A + .5 — 24 and A — S transitions.

p+0=0+p=p
p+tn=n+p=n+1.
pl=p

pn=n forn > 1.

Let for z € Z and n € Q, A(n(x)) denote the number of active particles at site x in configu-
ration 7. With the above notation formally the process evolves as follows: for each site ,

we have the transitions 7 — 7, ,n at rate A(n,(z))31,—s=1, and n — 7, ,n at rate AA(n;(z)),

where
n(z)+1  z=y
Tey(M(Z) =19 n(z) -1 z=u (3.2.1)
n(z)  otherwise.
Similarly

() = 4 P E= (3.2.2)
n(z) otherwise.

We shall refer to this models as Activated Random Walk and call it ARW for brevity
throughout the rest of the chapter.
Let P¥ denote the law of the process started from an initial configuration distributed

according to v. Throughout the rest of the chapter we will focus on v being a product

measure with identical coordinate projections which in particular implies ergodicity.

One needs to argue that such a process is well-defined even starting with infinitely
many particles. To this end we could use the general theory of interacting particle systems

developed in [|67], or appeal to a construction due to Andjel [7] which shows the process
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is well-defined under some mild finiteness condition on v, and can be approximated in a
suitable sense by its finite truncations. See [78] for more details on this.

We say that the system has particle density yu if E,(19(0)) = p. Thus ARW (u, \) will
denote the activated random walk process with initial density i and sleep rate A\ (note
that we choose to suppress the dependence of the distribution v and just keep track of the

particle density).

Definition 3.2.1. ARW started from any configuration is said to locally fixate if for every

x € Z, m:(x) becomes constant eventually. Otherwise we say that the system stays active.

3.2.1 Key ideas and outline of the proofs

To prove Theorem we first adopt the usual approach of approximating the infinite
system by considering ‘truncated” ARW on large but finite boxes (see Lemma [3.3.1]). The
goal is to then show that by choosing the box to be large enough, the number of times
a particle gets emitted from the origin can be made larger than any finite constant with
probability bounded away from 0. More specifically we run several rounds of the truncated
process with growing intervals, with the origin as one of the end points. The intervals are
chosen to be growing exponentially in size and it is argued that the total number of times
particles gets emitted from the origin in the ¢ round dominates a Ber(3) random variable.
Also by construction we ensure that the rounds are independent. Thus the total number of
particles emitted at the origin up to the ¢"* round dominates a Bin(¢, ) random variable.
Using Lemma [3.3.1|one then argues that since the activity at the origin in the finite volume
is arbitrarily large the origin does not fixate in the infinite volume system almost surely.
Thus Theorem follows. This argument is made precise in Section [3.3.3]

Proving the claim that the total number of times particles gets emitted from the origin
in the /" round dominates a Ber(%) random variable is done by showing that for a large
enough interval with not too few particles it is exponentially unlikely (in the size of the
interval) for the finite volume system to stabilize inside the interval without any particle

touching the boundary (recall that the origin was chosen to be one of the end points of the
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interval). Thus with probability almost 1/2 particles hit the origin (probability of hitting
either of the boundary points is close to 1, and both are equally likely to happen by the left

right symmetry of the starting configuration and the dynamics).

The technical core of this chapter consists of proving the exponential upper bound on
the probability of the event mentioned above. The proof includes a novel use of Abelian
Property which allows the reduction to a study of a labeled variant of the ARW which
makes things technically feasible (see Section [3.4). Roughly we show the following which
is made precise as the content of Lemma We start by renormalizing space: i.e. con-
sider the lattice points K7Z = {...,—2K — K,0, K,2K,...}. Also consider a large interval
[—r, 7], with at least & particles (recall that y is the particle density). For convenience of
explanation, for the moment we assume that the initial particles are supported only on
K7. We now show that for A is small enough, the probability that this finite system stabi-
lizes without hitting either —r or r is =" for some ¢ > 0 depending only on x. We choose
K> % and then show that at the end of the stabilization process for A small enough it is
unlikely to have many particles asleep in any interval of length K. Since we start with not
too few particles this implies that particles must escape through the boundary and in the

process hit them with high probability.

A statistic of fundamental importance in our analysis of the ARW and the study of other
abelian systems is the so called ’'Odometer function’ : the number of times a particle was
emitted from a site till stabilization. (see for a formal definition). For other uses
of the odometer see [[70]. The proof proceeds as the following: fix a sequence z = {0 =
2y ZL0K, 2K, 20, 2K 20K - - - 2 = 0}. We bound the probability that the odometer
function at the points KZ N [—r, r] is the sequence z after the truncated process on [—r, 7]
has run till stabilization (this happens in finite time almost surely due to the finiteness of
the universe). Since by choice 2, = z_, = 0, on the the above event, —r,r do not emit
particles. The probability bound as a function of z turns out to be small enough to allow

us to take an union bound over all such sequences z and end up with e~“".

The proof of the above relies heavily on a new and novel renormalized variant of the
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standard Diaconis Fulton representation of abelian systems (see [29]). Roughly one way
to run the ARW dynamics, as done in [78]], is to start with a probability space where at
each site on Z one has ‘stacks’ of left, right or sleep instructions used by particles when
they are emitted, (see (3.3.2)). The odometer function at a site is then the number of ele-
ments from the corresponding stack used till stabilization. For our purposes we introduce
‘renormalized’ variants of the above where the stacks are only at the renormalized lattice
points KZ and instead of being steps of length one, are lazy random walk paths stopped
on hitting the nearest point in the set K7Z. The laziness of the walk corresponds to the

sleep instructions. See (3.4.3) for precise definitions.

3.2.2 Organisation of the chapter

In Section [3.3| we collect all the basic preliminaries about the truncated (finite universe)
ARW and Abelian property. In Section we show how to complete the proof of The-
orem [3.1.1| assuming the statement of the key Lemma In Section we develop a
labeled variant of the ARW dynamics and reduce Lemma to Lemma about the
labeled ARW dynamics. Section develops a few technical preliminaries needed for the
proof of Lemma which is completed in Section using a careful union bound over

the possible odometer values. We finish with some open questions in Section
3.3 Finite volume dynamics and Abelian property

For our purposes we now define a truncated version of the ARW(u, \) dynamics. Recall
that the initial configuration 7, is distributed according to some product measure v with
particle density u. Let vy, be the restriction of v on the finite box [-M, M| and PM .= Pvu
be the corresponding law of the process. The next result shows that to prove Theorem
[3.1.1] it suffices to consider the measures PM.

To see this consider the following modification of the ARW dynamics. Given a configu-
ration n on Z, and M € N, let 75, denote the restriction of n on [— M, M]. With the initial

configuration 7,,, consider ARW process with the restriction that particles that move out
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of [—M, M] are deleted from the system (alternatively they fall asleep immediately irre-
spective of everything else). Since initially there are (almost surely) finitely many particles
in the system, and since any particle not falling asleep will eventually exit [— M, M] it is
easy to argue that this process will stabilize almost surely, i.e., all particles will fall asleep
in finite time.

The object of interest at this point is the number of transitions happening at the origin,
we call this u,,(0) (formal definitions appear in the next subsection). One now considers a
coupling all the truncated ARWs on one common probability space. We denote the under-
lying measure by & (formal definition appears in §[3.3.1). As an important consequence
of the so called ‘Abelian Property’ it follows that under the above coupling the sequence
upr(0) is nondecreasing in M. Let

w(0) := lim wuy(0). (3.3.1)

M—o0

We then have the following lemma.

Lemma 3.3.1. [78, Lemma 4] Let v be a translation invariant ergodic measure with finite

particle density E,(n(0)) < oo. Then
P¥(the system locally fixates) = Z(u(0) < c0) € {0, 1}.

We refer to [77]], which is an older arXiv version of [[78], for a proof of the above
Lemma. As already mentioned before the 0 — 1 law is a direct consequence of ergodicity.
In the next subsection we formally define the coupling of the truncated processes men-

tioned above and precisely state the monotonicity property used to define u(0).

3.3.1 Coupling of truncated ARW’s

To construct the coupling of truncated ARWs we shall take resort to a Diaconis-Fulton rep-

resentation [29,40] of this process where the process is implemented through a sequence
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of instructions attached to the sites. The advantage of this representation is the so called
Abelian Property, which allows one to disregard the order in which different steps were
performed in certain settings. The relevant elements of the Diaconis-Fulton representation
in our context was developed in [78, Section 3], and we closely follow their treatment
for the rest of this and the next subsection. We start by introducing a series of notations.
Recall the transitions 7, , and 7, , from and (3.2.2). Now consider the following

array of random variables:

§—21) &1y o o e
S = §-22) 12 So02) S0z Se2 - (3.3.2)

where ¢, ;) are independent for any = € Z and j € N and moreover,

Teo—1 With probability ﬁ

§(x.j) =\ Twews1 with probability m (3.3.3)

Trp  With probability 2.

We would call the &, j)’s instructions at the site = and the underlying product measure .
Using these instructions one can define a discrete time version of the ARW process in the
following way: We start by defining the notion of stability of a site x with respect to a

configuration 7 € €.

Definition 3.3.1. For any n € 2 we say a site = € Z is stable if n(x) = 0 or p, and otherwise

we call it unstable.

Thus given a configuration n € ) at each discrete time step ¢, one can choose an
unstable site = and use the first unused element from the stack &,., and use it to perform
the transition to a configuration ' at time step (¢t+1). We call such an operation “toppling”

at site . Formally we keep track of the number of topplings at every site as a function of
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time ¢. Let

h:=(h(z):z €Z) (3.3.4)

where h(z) denote the number of topplings at =, which we will call the odometer function
at z. hy(-) will be used to denote the odometer function at time ¢. For later purposes it will
be convenient to keep track of both the odometer function h; and the configuration 7,. To

this end define the toppling operation at = acting on the pair (7, h) by

P, (77’ h) = <€(m7h(x)+1)(77)7 h + 5x)a

i.e. we use 5, +1), the first unused element of the stack at z to topple, and  increases by

1 at z.

Definition 3.3.2. We say that ®, is legal if = is unstable i.e. n(z) > 1. For any sequence
a = (x1,z9,...,7r) We define the sequence of topplings at x;, followed by z, and so on
through till =4, by ®,, i.e. &, = &, ... ®,,. We now say that « is a legal sequence if ¢, is
legal for &; ;... ®; foralli=1,...k.

We abuse notation a little to denote by h, the odometer function after performing the

sequence of toppling given by «;, i.e. for any x € Z,

ha(z) =Y 1oy = x). (3.3.5)
=1

We also define the natural ordering on €2 and the space of odometer functions: for n,7 € 2
we say that n > 7 if n(z) > 7j(z) for all z € Z. Similarly for odometer functions h, h, we say

h > hif h(x) > h(z) for all = € Z. We also write (n, h) > (7, h) if n > 77 and h = h.
The most basic property of the above process is the so called Abelian Property which
says that given two sequence of legal topplings which result in the same odometer function
(see (3.3.5)), the final configuration is the same in both the cases i.e. the order in which

topplings are performed does not matter.
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Lemma 3.3.2. (Abelian Property) Given any two legal sequence of topplings « and o' such
that h,, = h,, then
q)cx(n> =y (77)

To see why the above is true notice that for each site x,y € Z with = # y any pair
of legal topplings, one at x and the other at y commutes. The sequence of topplings at
a single site + do not commute however since the compositions of 7, , and 7, .1, clearly
depends on the order of composition. However given the stacks {{, ;} (see (3.3.2)) and
the function h,(-) one knows in which order the topplings at a single site = occurs.

Before providing a formal proof of the above we now list some basic facts about the

toppling operation in the following observation.

Observation 3.3.3. The toppling operation as described above has the following proper-

ties:

i. If « is a legal sequence for 7, then ®,(n) depends on « only through h,(-). This is
immediate from Lemma

ii. ®,(n) is non-increasing in h,(x) and non-decreasing in h,(z), z # «. This is easy by
observing that a toppling at x can only decrease the number of particles at =, whereas

a toppling at another site can only increase it.
iii. If x is unstable in  and 7y(z) > n(x), then « is unstable in 7.

iv. Moreover if 1y > 7, then ®,(n9) > @, (7).

Items iii. and iv. above are obvious.

Proof of Lemma [3.3.2] Let |a| denote the length of the sequence «. Since h, = hy clearly
la| = |&/|. The proof now follows by induction on |«|. Clearly if || = 1, there is nothing
to prove. Otherwise let & = (z1,%2,...,2%) and & = (y1,99,...yx). Now if x; = y; we

are done by induction, considering the sequences (xo,...x) and (ys,...y;) with initial
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configuration ®,, (n) = ®,,(n). If x; # y; notice that since h,/(y;) > 1 and h, = h,/, there
exists a j < k such that z; = y;. Let j, be the minimum such j. Now consider the sequence
o = (Tjy, ¥1, Ty Tjo—1, Tjg41, - - -, Tx). We now notice that ®,(n) = &, (n). To see this
first observe that «, is a legal sequence. This is because initially the toppling ®., is legal
since o' is legal. Also since xz, does not occur in (z1, ...x;,_) by the discussion before the
proof, ®,, commutes with ®,, 1 < i < jo — 1. Thus ®,(n) = ®,, (7). Now considering
a;, and o’ we are done by the previous case since both the sequences have the same first

element. Thus

Pa(n) = oy, (1) = Pur(n).

3.3.2 Consequences of the Abelian Property

As mentioned before, for our purposes we will be often interested in finite ARW dynamics

restricted to an interval. We start with the following definition.

Definition 3.3.4. Let V be a finite subset of Z. A configuration 7 is said to be stable in V' if
all the sites x € V' are stable. We say that a sequence of topplings « is contained in V' if all

its elements are in V, and we say that « stabilizes 7 in V' if every x € V is stable in ®,(n).

Lemma 3.3.3. (Least Action Principle, [78, Lemma 1]) Given a set V, if «, 5 are two legal
sequences of topplings such that [ is contained in V and « stabilizes nin V then hg < h,, L.e.

all the topplings in (8 are also needed in «.

Proof. The proof is similar to the proof of Lemma [3.3.2] and uses induction on |3|. Let v =
(21, x9,...2x)and B = (y1,v2, .. y;). Since §islegal, y; is unstable and hence must occur in
a. Let j be the first index such that z;, = y;. Thus o, = (z;,, 21,22 .. Tjo—1, Tjo41, - - -, Th)
is also legal and has the same end configuration as a. The proof now follows by induc-
tion by looking at the sequences (z1,...%j,—1, Zjy+1,---,%x) and (yo, . ..y,) and the starting

configuration ®,, (n). O
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As a simple corollary we obtain the following.

Lemma 3.3.4. ([78, Lemma 2]) If a and 3 are both legal toppling sequences for n that are

contained in V' and stabilize n in V, then h, = hg . In particular, ®,(n) = ®3(n).
Proof. By Lemma|3.3.3| hs < h, as well as h, < hg and hence we are done. O

We now state a simple but crucial monotonicity result that allows us define «(0) in

(3.3.1). First we define formally the odometer function appearing in (3.3.1).

Definition 3.3.5. (Truncated odometer) Given n € 2, a set of vertices V, and any legal

stabilizing sequence « as in Lemma define the truncated odometer,
uy (+) ==y v () == ha(-). (3.3.6)

Note that by Lemma uy(-) is a well defined quantity. We also define the final

configuration

Neov = Pu(n) (3.3.7)

which is also well defined by the above lemma. For our purposes we will only consider

finite boxes i.e. V' = [~ M, M|, for some positive integer M. For brevity we define
Upnr - — u[—M,M]- (338)

Lemma 3.3.5. (Monotonicity, [78, Lemma 3]) For vertex sets V' C V' and configurations
n<1,

Umv < un/y/.
Proof. Let o and (3 be legal stabilizing sequences for the two systems. By iii. and iv. in

Observation we see that « is also a legal sequence for . Thus we are done by Lemma
B.33l O

Using Lemma one can define u, o, = lim/_ u. Note also that Lemma [3.3.5|

implies that u, ., does not depend on the increasing sets [—M, M|, and any sequence of
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sets increasing to Z would have the same limit. When the underlying configuration is clear
from context we will denote u, . (-) just by u(-) as stated in (3.3.1).
A configuration 7 is said to be stabilizable if u(z) < oo for all z € Z. (one can easily see

that almost surely u(-) is finite everywhere or infinite everywhere).

We now finish off the section with the statement of some technical lemmas and deduce
the proof of Theorem from them. The rest of this chapter will be devoted to the proof

of the lemmas.

3.3.3  Proof of Theorem[3.1.1]

Before proceeding further with technical arguments, we now discuss the key steps in the
proof of Theorem By Lemma it suffices to show the following: for any p > 0
for small enough sleep rate, almost surely, the sequence {uy(0)}yen (see ([3.3.8) takes
arbitrarily large values. To show this we look at the following sequence of intervals of

exponentially growing size.

Vi =[0,2°]
Vi = [07 28]
w — [0’ 23£+2]

Recall 7 is the initial configuration on Z distributed as the product measure v. Let 5
denote the restriction of 7 to the interval [, = [23¢, 3 - 23‘]. Observe that I,’s are just the
middle halves of the interval V, and are mutually disjoint for ¢ € Z. Since v is a product
measure, {7¥},cy are independent samples from measures {v1, }een respectively where vy,
denotes the coordinate projection of the product measure v onto the interval I,.

We then consider running rounds of truncated ARWs with initial data ¥ for and vertex

set V, for ¢ = 1,2,.... That is, in the /-th round, we ignore all the particles that are not
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() on the interval V;, using the elements

initially in /, and stabilize the initial configuration
of the stacks (see (3.3.2)) that have not been used upto (¢ —1)-th round. Notice that in this
sequential process, we are ignoring certain active particles from previous rounds, however
using Lemma this will suffice for our purpose of obtaining a lower bound on the
odometer counts. Let w, denote the increase in the odometer count at 0 during the ¢-th
round of the process described above. We shall show that > |, w, becomes arbitrarily large.

To this end we have the following lemma.

Vi

Figure 3.1: The interval of activity V in the ¢ round.

Lemma 3.3.6. {wy}sen are mutually independent. Further, for ;o > 0 and X sufficiently small

depending on i we have that for all large /,

v P(we>0) >

| =

We postpone the proof of Lemma for the moment and instead show first how this

implies Theorem (3.1.1

Proof of Theorem[3.1.1] It follows from Lemma that >°,° w, = oo, v ® F-almost
surely. Observe that at the end of the /-th round, the odometer function at the origin takes

value Zle w;. Now recall uy,(0) from (3.3.6). Thus by Lemma we would be done
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once we show for ¢ > 1,

¢
uy, (0) > Zwi. (3.3.9)
i=1

To see the above notice the following: all the steps up to the /** round are legal even though
they need not be stabilizing in V,. Indeed while running the rounds we ignore particles
from previous rounds which can affect the process in two ways. In our sequential operation
described above, a particle that is asleep at the end of a round is static throughout all
the next rounds, whereas while stabilizing n on V, these particles can be woken up by
movements of particles in later rounds. Also some of the sleep instructions implemented
during the ¢** round might not be implemented in the actual stabilization process on V.
This is because other particles from previous rounds might be present at the site (recall
that these particles are ignored while running the /-th round, so in the /-th round these
sleep instructions might actually have been implemented). However crucially, even though
the sequence of topplings up to round ¢ need not be stabilizing, all the steps are legal with
respect to the stabilization process on the set V, with initial particle configuration being 7

restricted to V. Thus (3.3.9) follows by Lemma [3.3.3 O

It remains to prove Lemma3.3.6/ The main step is to show that if the number of particles
in the configuration 7® is not too small, it is exponentially unlikely in the length of the
interval V; that during the ¢-th round of the operation described above (i.e., stabilizing the
initial configuration 1) of particles in the interval ;) none of the particles actually move

out V. Formally we prove the following key lemma.

Lemma 3.3.7. Fix u > 0. Let 7, be a particle distribution supported on [—r,r] such that
the total number of particles in 7, is at least pur. Let &7, = denote the law of the ARW dy-
namics with initial configuration 7,y and the stacks with law & (as in (3.3.2)). Then for X

sufficiently small depending on y then there exists ¢ = c¢(u, A) > 0, such that for all large r

Py (max{u(T)(—2r), uy(2r)} = 0) <e @,
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where u()(+) := u[_ay2,(-) denotes the odometer function (see (3.3.8)).
We finish off this section by proving Lemma using Lemma (3.3.7]

Proof of Lemma [3.3.6] Recall that since the intervals I, are disjoint, the initial configura-
tions n“) are independent samples from the distributions v;, for £ = 1,2, . ... Also observe
that, because of the independence of the elements of the stack, the joint distribution of
the unused elements of the stack at the end of the (¢ — 1)-th round (i.e. the stack that is
being used for the /-th round) is the same as the law &2 of the original stacks, and further
this is independent of the elements of the stack that have been used in the first (¢ — 1)
rounds. This implies that w, are mutually independent and further that for each ¢ > 1, the
distribution of w, (under v ® &) is the same as the law of wuy,(0) under v;, ® Z.

Let |[n)| denote the number of particles in the configuration distributed as v,. Due to

an obvious translation invariance in the system, Lemma implies that

702354—2

vy, @ & (max{uw(O),uw(Z?’“Q)} =0, ]77(5)\ > u23€) <e

Observe that by strong law of large numbers for ¢ sufficiently large we have vy, (|n“| > u2%)

and hence for /¢ sufficiently large

6_623€+2

vi, ® 2 (max{uy,(0),uy,(2°%)} > 0) >0.9— >

N | —

Notice that the interval I, and V, are both symmetric about 2?**!. Because v, is a
product measure with identical marginals, and the dynamics of ARW possesses an inherent
left-right symmetry, it follows by a reflection about 23*! that uy,(0) and uy,(23+?) has

identical distributions under the measure v;, ® &. The lemma follows. O

The rest of this chapter is devoted to the proof of Lemma Recall the stacks and the
underlying measure & from (3.3.2). In case of finite vertex sets (which will be the focus
of our analysis ) by Lemma [3.3.2] the final odometer function and the particle distribution

is just a function of the stacks and the initial particle configuration. However for our
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purposes we need a different set of stacks, labeled particles, and a certain toppling rule.
This is described elaborately in the next section and termed as Labeled ARW dynamics.
Thus to distinguish the two, we denote the description of ARW so far (equivalently the
measure space corresponding to .# (see and the initial particle configuration 7) as
Unlabeled ARW dynamics'| The next section also provides a coupling between the two

‘processes’.

3.4 Labeled ARW Dynamics

We begin by trying to understand why Lemma should be true, i.e., why is it unlikely
that upon stabilizing the configuration in [—2r, 2r] with initial particle distribution in [—r, 7]
the odometer at both —2r and 2r is 0. Typically we shall have about 2, many particles
in our system. Notice that on the event max{u)(—2r),uq)(2r)} = 0, all the 2ur particles
eventually fall asleep in the interval [—2r, 2r]. Now consider K a very large integer > .
Divide the interval [—2r, 2r| into subintervals [i/{, (i + 1) K] of length K each. In the final
configuration, we typically expect only a small number of particles asleep on each interval
[iK, (i + 1)K] if A is sufficiently small depending on K. Indeed, whenever a particle is
released from the site i K it is extremely likely (by taking A\ small) that this particle will
reach either (i — 1)K or (i + 1) K without falling asleep in between. Further, in such a case,
it wakes up all the sleepy particles in either [i K, (i + 1)K] or [(: — 1)K, iK]. Hence it is
unlikely that 2ur many particles will fall asleep in 4r/ K many intervals of length K each.

To make this intuition into a proof, we shall introduce a different set of stacks con-

taining instructions, where, instead of a single step, the instructions now will consist of a

random walk path that tells the particle (started at i K) its steps until it reaches iK + K.

!Note the abuse of notation since there is no canonical process in the discrete time setting and any order
of toppling eventually lead to the same statistics by Lemma3.3.2]
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3.4.1 Random Walk Stacks

Let A > 0 and consider the lazy symmetric random walk S,(-) with laziness %H on Z
started from the origin, i.e. 55(0) = 0 and in each discrete time step, t =0, 1,2, . ..
0  with probability %H
Sa(t+1) —S\(t) = 1 with probability 2(/\+1) (3.4.1)

—1 with probability

2(/\+1

independent of everything. Now for any positive integer K let 7({—K, K} denote the
hitting time of the set {— K, K'} for the walk 5,(-) and let

Ska() =S AT({=K, K}))

be the killed random walk, i.e. S)(-) stopped on hitting {— K, K'}.

We now define a probability space where instructions will be the killed random walk

paths instead of single steps as in (3.3.2). We consider the renormalized lattice,
K7 =... —2K,~K,0,K, 2K, ..., (3.4.2)

and the following set of instructions at the points KZ (which we shall sometimes refer to

as lattice points):

C(—z,l) C(—1,1) C(o,l) C(1,1) C(2,1)
= . (=22 C-12 o2 C1 (o2 - (3.4.3)

where (, ;) are independent for any = € Z and j € N and moreover,

Clayj) = K + Sral+), (3.4.9)
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i.e. the elements ((, ;) are ii.d copies of random walk paths Sk ,(-) started at K and
stopped on hitting z K + K. We will still continue to think of the random walk steps to be
distributed as the elements .y in (3.3.2) namely:

7..—1 with probability m

T..+1 Wwith probability (3.4.5)

1
200+1)

7.,  with probability ALH

where z is the current location of the random walk. That is left and right steps in the
random walks would be interpreted as instruction to go left or right, whereas lazy steps
would be interpreted as sleep instructions. However, how these instructions act upon
the configurations will be slightly different from the standard ARW dynamics of § as

explained below. We call the above product measure &2, analogous to Z.

3.4.2 Labeled Particles and Labeled ARW Dynamics

With the above stacks we now define a variant of the ARW dynamics from the discussion
following Definition To define the modified dynamics, we shall restrict ourselves to
initial particle configurations supported on K'Z. In this setting the particles will be labeled.
The labels will keep changing over time and will be from the set Z x N.

Labeling Scheme: Suppose we start with a configuration 7, supported on KZ. The
first co-ordinate of the label of all the particles starting at /X’ will be i. The second label is
arbitrarily chosen to be: 1 to the number of points on that lattice site. That is, if there are
n; particles at iK to start with they are labeled (i, 1), (¢,2),...,(¢,n;) in an arbitrary way.
See Figure

As mentioned above the labels are not static and evolve with time. Any particle of label
(1, 7) will change its label when it hits the lattice points (: — 1)K or (i + 1)K in which case
the label would change to (i’, j) where ¢/ = ¢ + 1 according to the lattice point hit and j

is the smallest positive integer such that the label (7', j) has never been used before in the
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(i,1) ® (i+_171): (i+'2,1) .
(¢,54)- <i+.175> o (i+.276) o
) 23S (i+1)K (i+2)K -

Figure 3.2: Initial labeling

history of the process. A particle with label (7, -) will sometimes be referred to as a particle
emitted from i K.

We now introduce a toppling scheme for the labeled process analogous to § To
do that we first associate with each particle a random walk from the stacks (3.4.3).

Associating Random Walks with Particles: The first time a particle acquires label
(a,b) (recall that our labeling rule implies that at this time the particle must be at aK), it
gets associated with the random walk (,;y which stays associated with the particle till it
changes its label next.

Next we define how to use the random walks to topple particles. Informally we do
the following. Whenever we decide to topple a particle with label (a,b), we use the first
unused step of the random walk ((, ;). Let 7 be the total number of steps in ((,) (i.e., until
the random walk hits a K + K). Whenever the particle is toppled later before 7, say for the
i-th time, the toppling step is the i-th step of (.. We now provide a formal description.

Toppling Rule and Labeled particle dynamics: Recall the transitions A — S and
A+ S — 2A between particles in active and sleepy states from § and that only A
particles could be toppled. We introduce a particle interaction which is a slight variant
of that dynamics, where the particles with different first labels do not interact. We shall
call this variant, the labeled ARW dynamics and it will always be defined on a finite uni-
verse V. That is, we shall fix a finite subset ' of Z and and particles outside V' become
instantaneously inactive and stay inactive for ever. To distinguish from the standard ARW

dynamics from §[3.3.1, we denote the state of active and sleepy particles in the labeled
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ARW dynamics by A and S respectively.

Consider stacks distributed according to &2, and a particle configuration 7, distributed
supported on KZ. Fix V and let all particles in V initially be in A state. Consider the
labeling scheme described above. For our purposes we shall work with particular order
of topplings. To this end we start by defining the lexicographic order on the labels: i.e.
(a,b) < (e,d)ifa<bora=bandc < d.

At each time ¢, we topple the A particle with the smallest label, say (a, b), which is well
defined as we are restricted to the finite set VE] To topple, use the first unused instruction
of random walk (.. The left and right step instructions from the random walks are
interpreted as before and used to move the particle one step to left or right respectively.
The lazy steps in the random walks are interpreted as sleep instructions. However, in the
labeled dynamics:

A + S — 2A transition occurs only when the label of the two particles have same first
co-ordinate. Let us illustrate this with an example. Consider an S particle at y € (akK, (a +
1)K) with label (z,j). Notice that by definition either # = a or = a + 1. Now if an A
particle is toppled from y 4 1 and moves to y, the transition A 4+ S — 2A occurs only if the
A particle has label of the form (z,-). Thus in words the above says that a particle which
was emitted from a lattice site a X' € K7 can be woken up only by another particle emitted
from a K.

A — S transition is allowed to happen only when the label of no other particle at that
site has the same first co-ordinate. Notice the difference with A — S transition. Thus as
observed before the particles with different first labels do not interact.

The system is said to stabilize if all the particles in V are in S state (recall that a particle

that moves out of V' is inactive forever). As before it is easy to argue that as V' is finite

2Note that in Unlabeled ARW dynamics, particles were unlabeled and hence the definition of the process
involved toppling sites rather than particles unlike here.

3As a consequence that now we are allowed to have two S particle per site provided they have different
first label. Moreover, if there are two S particles at y € (i, (i + 1)K) (one with first label i and another
with (i 4+ 1)) and an A-particle with first label i moves to y. It then wakes up the S- particle at y with label
i, but not the one with label i + 1, i.e., in such a situation we have a A 4+ 25 — 24 + S transition.
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and the number of particles is finite the system stabilizes almost surely in finite time. We
define the odometer function and the final configuration analogous to and
respectively.

Note in Unlabeled ARW dynamics there was no toppling rule unlike here and hence
to ensure that and are well defined we had to invoke the abelian property
(Lemma|3.3.2)). However in the labeled dynamics the toppling rule is fixed and hence there
is no ambiguity in the definitions of the final odometer count and the final configuration.

Let us denote the odometer function and the final configuration by

Uy v (+) and 1, oo v (3.4.6)

respectively, (note the dependence on the intitial configuration is suppressed).

Now we want to relate the Labeled ARW dynamics with Unlabeled ARW dynamics.
Since by definition in the labeled process, particles with different first labels do not inter-
act, one would expect more active to sleepy transitions and less sleepy to active transitions,
than the unlabeled process. So started with the same initial configuration it is expected
that the labeled dynamics is quicker to stabilize (in a stochastic sense). To make this for-
mal we need to define a coupling between the measures &2 and &, (the law of the stacks

used in the unlabeled and the labeled dynamics respectively, see (3.3.2), (3.4.3)).

3.4.3 Coupling Labeled ARW Dynamics with Unlabeled ARW dynamics

Fix a finite subset IV C 7Z. Given an initial particle configuration n supported on V, we
define a natural coupling P, of the stacks .# and .7, having laws & and &, respectively.
The coupling is run in three rounds. Note the labeled process is only defined when the

initial configuration is supported on KZ. This is what the first round achieves.

First Round: We run Unlabeled ARW dynamics in V where we topple all active particles

in Z\ KZ. After the end of this round the system only has active particles at V' N KZ. Call
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the configuration of active particles 7 (supported on K7Z).

Second Round: In this round we describe a ‘natural’ coupling of Unlabeled ARW dy-
namics and the Labeled ARW dynamics starting from 7). The coupling P will be Markovian
and will ensure that the ARW processes are exactly the same for all times. This is done
in the following way: recall the labeling of the particles and toppling rule described in
Section Also recall that by the Abelian property (Lemma the final statistics
of Unlabeled ARW dynamics are independent of the order in which particles or sites are
toppled. Thus in order to couple with the labeled process we choose the same toppling
rule as the latter. Namely, we topple the same particle in both the processes and couple
the stacks .# and ., such that the two processes stay identical throughout. Note that this

is possible due to the following two reasons:

e The steps of the random walk (., in (3.4.3) have the same distribution as &. ) in
(3.3.2), as already remarked in (3.4.5)).

e Arguing inductively, if the particle configuration stays the same in both the versions
under P up to the " toppling, since an A particle is always an A particle, the ¢ + 1%

toppling would be legal in both the processes.

As a consequence of the above the stabilizing sequence in the Labeled dynamics would
always be a legal sequence in Unlabeled ARW dynamics. Thus this round of the coupling
runs till the labeled dynamics has been stabilized in V.
Note that potentially many of the particles in 7 that were not in 77 and hence not toppled
in the second round could have woken up in the process rendering the configuration run-
ning in Unlabeled ARW dynamics unstable. The last round takes care of these remaining
particles.

Third round: Independently sample the rest of the stacks .# and .#,. Use the former
and run Unlabeled ARW dynamics till stabilization toppling arbitrarily (by Lemma [3.3.2]

does not change the final distribution).
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Thus we have completed the description between the two processes. The following

observation is trivial from the definition of P,,.

Observation 3.4.1. Under the coupling P, described above, uy (-) started from 7 is lower

bounded by . (-) (see (3.4.6)) starting from 7.

Thus to prove Lemma it suffices to lower bound wu. [, (-) started from 7 (notice
that 7 is a particle configuration supported on K7Z whose distribution depends on 7, but
independent of the stack .#,) where 7 is an initial configuration supported on [—r, r| with

at least pr particles. This is the content of the next two lemmas.

Lemma 3.4.1. Fix i > 0. There exists K = K(u) and A = (i, K') > 0 such that the follow-
ing is true for all r sufficiently large. Consider an initial particle configuration 1) supported on
[—r,7] N KZ with at least & particles. Then there exists ¢ > 0 such that for all sufficiently
large r,

P (max{te ) (=2r), Uy (2r)} = 0) < e (3.4.7)

where 2, ; denotes the law of the Labeled ARW Dynamics started with the initial particle

configuration 7 and (. y)(+) := U [—2r.2](+)-

Lemma 3.4.2. Recall the coupling P, from above. For any n supported on [—r,r| with at

least pr many particles, for \ sufficiently small there exist ¢ > 0 such that

~ /'I/T —Cr
Pylil < By < e

where |7)| denote the number of particles in 7.

Proof. For any particle in 7, at y € ((x — 1)K, zK), notice that for A\ sufficiently small
depending on K, each particle has a chance at least 2 of reaching {(z — 1)K, K} before
falling asleep independent of each other. Since all such particles are in 7, the conclusion
now follows from the fact that there are at least ur particles in n and a large deviation

estimate. O]
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We finish off this Section with the proof of Lemma The rest of this chapter is

devoted to proving Lemma (3.4.1

Proof of Lemma[3.3.7] The proof follows from a combination of Lemma [3.4.2) Lemma
and Observation O

In the following section we develop the remaining technical results needed for the

proof of Lemma [3.4.1

3.5 Technical Preliminaries

Recall the set-up of Lemma [3.4.1} fix K = K(u) sufficiently large and r sufficiently large
depending on K and a particle configuration 7 supported on [—r, 7] N KZ that contains at
least &~ many particles. Consider Labeled ARW dynamics on [—2r, 2| starting with initial
configuration 7). We shall denote the law of this process by &, ;. Let 1), denote the final
configuration and for K € (—2r, 2r) let 1), . denote the final configuration of the particles

labeled (z, -). It is trivial to observe that 7, ., is supported on ((z — 1)K, (x + 1)K).

Recall also from (3.4.7) that u.,(x) counts the number of times a labeled particle is
toppled at a site = up to stabilization. However for our purposes we need to determine
how many elements (random walk paths) from the stacks in (3.4.3) have been used. For

K € KZ, define the renormalized odometer as:
M (z) := max {j : a particle labeled (z, j) was emitted} , (3.5.1)

i.e. the number of random walk paths ((,.) in (3.4.3) that were used until stabilization.

Now we define certain statistics of the process which will be used in the proof of Lemma

For each # K € [—2r,2r], we keep track of the net number of particles labeled (z, -)
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(emitted from x K) hitting (xr — 1)K, K — 1, xK + 1 and (z + 1) K respectively by

=Lz -1+« z)(n), (3.5.2)

respectively. Note that we are counting the net number of particles in all the counts, i.e.
if a particle moved back and forth across xK a few times to eventually land somewhere
in the interval (2K, (x + 1)K), it just contributes 1 to R(z —) but not to R(x — x + 1).

On the other hand he particle since and 0 to others. See Figure Next we make a

>

(x— 1)K K (z+ 1)K

Figure 3.3: The particle (z, 1) eventually lands to the right of x K and hence contributes
one to R(x —). On the other hand the particle (z,2) hits (x — 1)K and hence contributes
one to L(+ x) and L(x — 1 < z).

crucial observation that the statistics in (3.5.2]) are “local” functions of the Labeled ARW
dynamics. This is the reason behind defining the Labeled dynamics in such a way that

particles with different first labels do not interact. We make things formal below.
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3.5.1 Single site dynamics
For any = € Z consider Labeled ARW dynamics in V, = ((z — 1)K, (x + 1)K) started with
m particles at z. Then the quantities analogous to (3.5.2) will be denoted by

LSS’

r—1+=x

(m), LE,(m), B2% (m), R, 41 (m) (3.5.3)

r—x+1

respectively. Thus the above can be thought as a localized version of the labeled ARW

dynamics. The final configuration in this process will be denoted by 75° (m).

Consider labeled ARW dynamics started with initial configuration 7 stabilised in (—2r, 2r).
The particles with label (z, -) are toppled only at certain times say 7y, 7, . . .. Thus the quan-

tities in (3.5.2)) are functions of the configurations at these times. By definition

{(x> 1)7 (:Ea 2)7 T ($7M($))}

are the different labels of such particles.

Now compare the above with the restricted system where the vertex setis ((zr—1) K, (z+
1)K) and the initial configuration of M (x) labeled active particles at /. Notice that owing
to the labeling scheme and the labeled toppling rule the movement at times 7, 7, ...
as described above is exactly the same as in the single site dynamics. All this can be

formalized by an easy induction on M (z), hence we have the following observation.

Observation 3.5.1. For a fixed initial configuration 7 recall the definition of M (-) given in
(3.5.1). For each x € Z such that zK € (—2r,2r), the quantities in are the same
as the respective quantities in with m = M (z), where both dynamics use the same
stack .7, (see (3:4.3)). Moreover 75%(M(x)) = 7y, i.€., the eventual distribution of the

particles labeled (z, -) is same in both processes.

Notice the restricted process clearly is just a function of M (z) and the stack at x(

{¢@,)}). Hence the above observation says that after the labeled system has fixated the



130

distribution of the particles labeled (x,-) and the other local statistics defined in
are just functions of the stack {((, ;) : j € N} at z and M (x) (the renormalized odometer
value at ). We also note that there might be particles labeled (z + 1,-) in the interval
((x — 1)K, (x + 1)K) after fixation. However the stack at x allows us to determine the

distribution of particles labeled (z, -). This fact will be crucially used in the proof of Lemma

3.4.1l
3.6 Proof of Lemma

The proof follows by a careful union bound over the possible values that the function M (-)
(see (3.5.1)). We start by describing the rough idea before providing formal arguments.
Recall the event from (3.4.7)).

A= {max{ug. ) (=2r), ugn (2r)} = 0} (3.6.1)

and that the initial configuration 7 is supported on [—r, ] with 2 > |7)] > 5. Note that
in (3.4.7) we only assume the lower bound on |7)|. However by monotonicity (Observation
iv.) it suffices to assume the upper bound as well.

Observation 3.6.1. On A, no particle hits {—2r,2r} and hence at least & particles fall

asleep inside (—2r, 2r).

We shall need the following notation to keep track of the net flux of particles across

lattice sites. Namely for every = € 7Z, let

Ff=R(x =) - Lz <z +1) (3.6.2)

F =L+ 2z)—R(x—1—2)

where R(-) and L(-) are defined in (3.5.2). Thus F, and F, denote the net number of
particles moving across the points K — .5 and K + .5 respectively.

For a positive integer ay and integers f;, f, , let D = D(aq, f3", f; ) denote the event
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that the following equalities hold.
M(0) =ao, Fyf = [, Fy = fy - (3.6.3)

For a fixed triple (ao, f;", f; ) we shall show that D N A is unlikely, and Lemma [3.4.1]
shall follow from a union bound over different triples. It turns out that we need to consider
two cases, we start with the following case, where M (0) = aq is ‘small’. i.e. bounded by a

polynomial in r.

3.6.1 M(0) is small.

Recall the probability measure 2, ; from Lemma [3.4.1}

Lemma 3.6.1. Fix (ag, f;", f;') as above with aq < r® and |fyf|,|f5 | < 2ur. There exists K =
K (u) sufficiently large such that for X sufficiently small and for some constant ¢ = c¢(u, A) > 0,
for all large enough r,

P if(AND(ao, [, fy)) <e . (3.6.4)

For the rest of this subsection, fix (ao, f;", f; ) as in Lemma [3.6.1] Recall also that 7,
the initial configuration of active particles, supported on KZ N [—r, | has already

been fixed.
Given the stack at 0, (i.e. {(o,) : j € N}) using Observation and the fact that
M(0) = ap, one can compute ry := R(0 —). Since F; = f; by definition (3.6.2)),
0=L0+1)=rg— f;. (3.6.5)

Now ¢, together with the stack at K, i.e., {(;; : j € N}, can be used to calculate M (1)

upto some (typically small) error. In general, given /,,, one can work out the value of M (x)
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upto some error. Let /,(-) := L5%, (-) where the latter was defined in (3.5.3])). We have

rz—1+2x

the following lemma.

Lemma 3.6.2. For any x € Z and every realization of the stack at xK (i.e. {( ) : j € N},
(see (3.4.3) ) 4.(-) is a non decreasing function with jump size at most 2K.

Proof. Notice that for j > 0, we have
C(5+ 1) = L(j) + La

where /, denotes the net number of particles going to (z — 1)K in the following process:
Start with initial configuration of S particles distributed according to 15%(;j). Add an addi-
tional A particle with label (z,j 4+ 1) at 2K (this will wake up S particle present at 2K, if
any), call this initial configuration 7,. Now run labeled ARW dynamics with 7, stabilizing
on ((z — 1)K, (x + 1)K) using the remaining parts of corresponding stack elements. This
immediately shows monotonicity. To see the bound on the jump length note that ¢, < |n.|.
Since 7, can have at most two particles at /K, and at most one particles at any other site

in ((z — 1)K, (z + 1)K), the second assertion of the lemma follows. O

Now it might turn out that for some realization of the stack {( ;) : 7 € N}, /,(-) does
not take the value ry — f; and hence D(ay, f;", f; ) cannot hold. On the other hand since
the function /¢,(-) is not strictly increasing it might also happen that ¢,(-) = ry — f, on a

non empty interval of integers. Let the interval be
[M.(1), M.(1) + w(1)], (3.6.6)

for some positive integer M, (1) and w(1) > 0, i.e. for all y € [M, (1), M.(1) +w(1)], l1(y) =
ro — fo . In this case, based on the information so far (i.e. D(ao, f,", f; ) and the stacks at
0 and K) one cannot determine the exact value of M (1) and it could potentially be any
element in the interval [M, (1), M, (1) + w(1)].

Now, observe that if we knew the value of M (1) € [M.(1), M,(1)+w(1)], it would also be
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possible to work out the value f;" from the stack at K and hence the value of /, as well. So
recursively, assuming we know that value M (z) and using stack at (x + 1)K, using Lemma
and Observation [3.5.1] we can identify a interval [M,(z + 1), M,(z+ 1) + w(z +1)] in
which M (z + 1) must be contained. Such an interval being empty implies our assumption
on the values M (0), M(1),..., M(z) (and also F;;") must be incorrect. Formally we use the

following parametrization.

Definition 3.6.2. Let S;; 1 (j) be the number of labeled sleepy particles in the configura-
tion 7°9(j) (by definition all of them have label (i, -)) between (Ki, K (i + 1)) and similarly
S;i-1(j) denotes the number of sleepy (i, -) labeled particles between (K (i — 1), K (i)]. Also
following Observation let §i7i+1 = 5'1'7”1(]\/[(@')) and Sm»,l = 51-71-,1(M(i)) be the (i, )

labeled sleepy particles in 7, .

Fix a sequence of non negative integers,

y= {5+ D D)0 = 01y - D) @67)

Given the triple (ao, f3, f; ), we now define a filtration {.%;},>, generated by the vari-
ables (.. (also depending on the initial particle configuration 7 and y) as follows. For
convenience of reading, we shall denote the filtration by the set of random variables that

generate it. We start by defining,

Fo = {{0,1),€0.2)s - - - C(0,a0) }- (3.6.8)

We now recursively define a sequence of functions all of which will be progressively
measurable with respect to the filtration .%; (yet to be fully defined). For i > 0, assume

ly,... 0 ayq,...,a; and fi, ..., f;" have already been defined. Let

)

We now define the filtration .%; recursively for y such that y(0),y(1), ..., y(i) is realiz-
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able (also recursively defined below) . Assume .%, ....%;, have been defined. Analogous

to ([3.6.6), define M, (i + 1) and w(i + 1) by

if such numbers exist. Call the sequence {y(0),y(1),...y(i + 1)} realizable if (a) either
i=0o0r{y(0),y(1),...y(:)} is realizable and (b) M, (i+ 1) and w(i + 1) as above exist and

y(i+ 1) <w(i + 1). In such a situation define
For a realizable sequence {y(0),y(1),...y(i + 1)}, define

Fiv1 = F; U{C(iﬂ,l), C(i+1,2)7 e g(i+1,a¢+1}'

Now by definition R;1_,(ai+1), Sit1,i+2(ai+1) are %, measurable. Also define

= + fit = Sii(a;) = Sizri(aiv); (3.6.11)

i+1

NGK+1,(i+1) K]

where |7j5| denote the number of particles of 7 contained in B C Z. That f, is %,

measurable is now a simple consequence of (3.6.11). Thus by the above discussion, us-
ing (3.6.9),(3.6.11) and (3.6.10) repeatedly we inductively construct the filtration .%; for

realizable sequences.
Now for i < 0, we construct in the exactly similar way a filtration .%;, and a sequence
of functions M, (i), w(i), a;, 7; and f;, recursively going from right to left and starting with
(ao, fo ). The sequence {y(i),...,y(0)} is called realizable if y(i) < w(7). Finally, we call
y realizable if {y(—2% +1),...,y(—2),y(-1),y(0)} and {y(0),y(1),y(2),...,y(% — 1)} are
both realizable.
Following is a consequence of Observation[3.5.1} suppose (y(0),...,y(i)) (resp. (y(i),...,y(0)))

is realizable, and M (i) = a;. Then, on D(ay, fy, fy ) N A, there exists y(i + 1) > 0 (resp.
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y(i —1) > 0) such that (y(0),...,y(i+1)) (resp. (y(i —1),...,y(0))) is also realizable. This

leads to the following observation.

Observation 3.6.3. On D(a, fi, fo) N A, there exists a (unique) y as in such
that y is realizable and M (i) = M. (i) + y(i) for each i. Further for such an y, we have
l;=L(j =1+ j)and f;” = F forall j > 0 where ¢; and f;" are defined as in and
respectively.

It might be instructive to think of the path y as a path in a tree of possibilities of the

odometer values at various points, out of which the process picks only one.

" 1
L) ) |
—— - - - ------ . ——
ag M. (1) + (1)
PR /NGO REN .l
7~ A 1
fo
0 K 2K

Figure 3.4: The paths of various colors denote the different realizable sequences.

Denote by R(y) the event that y is realizable and M (i) = M,(i) + y; for all i. Also for
J > 0 (resp. j < 0), let R(y;j) denote the event that {y(0),...y(j)} is realizable (resp.
{y(4),...,y(0)} is realizable) and M (i) = M., (i) +y; for all i € {0,1,...,5} (resp.for all
i€{j,j+1,...,0}). We now state for any y and the triple (ao, fi, fo) asin Lemma
a quantitative upper bound on the probability of the event R(y) "D N A.
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Lemma 3.6.3. There exists ¢ > 0 such that for any K sufficiently large depending on i, there
exists \x sufficiently small, such that for A < Ak, and y as in (3.6.7),

‘@*,ﬁ(R(g) NDN A) < €2K€7‘ur/26762i Yi

To start with recall from Observation|3.6.1}, on A,

2r
)

Z [Siiv1 + Siio1] = % (3.6.12)

i=—2r41

Fix y as in (3.6.7). To prove Lemma we prove the following,
2r/K—1 &, . &, .
E (eZiz—zr/m[Sw+1+5w—ﬂ1[72@ nDN A]) < e xivi, (3.6.13)

The proof of Lemma then follows by Markov’s inequality and the observation that on
the event DN A

ZzT/K71

e i:72r/K+1[§i,i+1+§i,ifl] > ehr/?. (3.6.149)

We now proceed toward proving ([3.6.13). We shall prove the following for all j €
{1,...,2r/K — 1}:

E [e[sj,j+1+sj,j_1]1[n(g; HNDNA yj_l] < eV, (3.6.15)
Similarly for j € {—-2r/K +1,...,—1},
E [en 1901 [R(yz ) D A] | F] < (36.16)

Clearly the above bounds for all j implies (3.6.13). Note that in the above equations
we do not consider 5‘0,1 + 5’0,_1. However we naively bound it by 2K (since at most 2K
particles with first label 0 can fall asleep in the interval (—K, K) ). This accounts for

the extra e/ term in (3.6.13)). We shall only show (3.6.15)), the other bound will follow
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similarly. Before proceeding further we need some notation: recall the random walk paths
() in are lazy (with parameter )\) stopped on hitting the nearest renormalized
lattice point (multiple of K) to the left or to the right. By symmetry each random walk
path has probability 1/2 of hitting either neighbor. Call a random walk path (. a left
instruction (resp. right instruction) if it is killed at hitting (x — 1)K (resp. (z + 1)K)
before taking any lazy step. Clearly for any x > 0 and A = A(K, x) sufficiently small
P (s, is a left instruction) > 1 — x and similarly for a right instruction. Fix any ¢ > 0.
Let R be such that the probability of having a right instruction in R i.i.d. samples of the

random walk paths is at least 1 — .

For every = € Z, given (,, we define the following stopping times measurable with
respect to the filtration

Recall /,(-) from Lemma and define
7 =7 (x) :=inf{t: ,(t) > {, — 3K R} (3.6.18)

Let 73 = 7, + R. Also define 7, to be the first time after 7; such that there are at least
3K R many left instructions among the random walk paths ((; -, 11) - . . {(z,-). Clearly 7, >
71 + 3K R and hence 7, > 73. Also notice that using Lemma [3.6.2} on the event that M, (z)
exists,

M., (z) € [r3,74].

We now bound the maximum number of sleepy particles with first label = ever to be on

the interval ((z — 1)K, (z + 1)K ) between times [73, 4], i.e.

max Sx7x+1(t) -+ gx,xfl(t)-

T3<t< T

Condition on ¥;(7;) and consider 5% (). Clearly |n5%(m)| < 2K, and all these particles

have parts of random walk paths attached to it, which have not been revealed yet, and has
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the laws of independent lazy random walks (started at their respective current locations),
and killed on hitting {(x—1)K, (z+1) K }. Choose X small enough such that with probability
at least 1 — ¢ all these remaining random walk paths corresponding to the particles in
n>%(m1) will not take any lazy steps at all (i.e., before hitting (z — 1)K or (x+1)K). Further,
choose ) sufficiently small so that with probability 1 — ¢, ¢, ; is either a left instruction or
a right instruction for all j € {m + 1,71 + 2,...,74}. Again this is possible since for A
sufficiently small, the chance of observing either a left instruction or a right instruction

can be made arbitrarily close to one.

By choice of R with probability at least 1 — 2¢ there has been at least a left instruction

and a right instruction in the interval (7, 73]. Let
s; = min{k > 7 : (,x is a left instruction}, sy = min{k > 7y : (,; is a right instruction}

and set s = s; V so. Now consider n5°(s). By definition all the intermediate sleepy particles
from 7°%(7,) have been woken up. Now since with probability 1—& none of their remaining
paths contain any sleep instruction. Moreover with failure probability at most € no random
walk ¢, ; for j € [sq,74] will have no lazy steps and hence no new particles fall asleep.
Hence with probability at least 1 — 4<, we have S, ,_,(t) = 0 for all ¢ € [s, 74]. Taking care

of S, .41(t) in a similar manner it follows that with conditional probability at least 1 — 8¢

max Sy 1(t) + Spes1(t) = 0. (3.6.19)

T3<t<Tg

With this preparation, let us now return to the proof of (3.6.15)).

Proof of (3.6.15).

Fix j > 0. We want to prove

E [G[S’j,j+1+5j,j—1]1 [R(g’]) NDN A} | gj_l] <e i,



139

Recall from previous discussion and using (3.6.9) ¢; is .%#;_; measurable. Recall also the

filtration ¥;(¢) from (3.6.17) and the stopping time 7, = 7,(j) from (3:6.18). Define
Fi1n = Fj_1UY;(11). We compute

E e[gj,jﬂ-&-gj,j—l]l [R(ghy) NDN .A] | ﬁj—l,n] .

Let B, denote the event that M, (j) exists and S;;_1(M.(j)) + S;j41(M.(5)) > 0. It follows
from (3.6.19) that for B, := R(y;j) N DN .ANB; we have

P[BQ | ﬂj—lﬂ'l] < 8e. (3620)

Now starting from M.(j), we try to bound the probability that R(y; j) holds, i.e., in partic-

ular,

G (ML(5) + ;) = G(M.(7)).

Clearly for this to happen, (;; cannot be a left instruction for any & € [M,(j)+1, M.(j)+y;].
Let B; denote this event. Clearly B3, is independent of 3, and .%#;_; ,, and for X sufficiently
small,

P[By] < (0.51)%. (3.6.21)

Now consider a constant C to be specified later (whose purpose will be clear soon). Let
B4 denote the event that at least one of the random walks ((; ar«(j)+1), - - - s ((j,m+(j)+c) takes

a lazy step (see (3.4.1))). By taking A = A\(C') small enough

]P)[B;l | ﬁj_lyﬁ] < E. (3622)

We then conclude,

E | elSis+1+S5i-111 [R(g;j) NDN ./4] | ﬁj—l,n]
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e*8(0.51)v ify; >C
< (3.6.23)

9ee?K + (1 —8¢)(0.51)% ify; < C
The first case in the above computation is straightforward: we use the fact S;;; + S;, 1
is at most 2K and from (3.6.21), P[R(y;j) "D N A || #;_1-] < (0.51)%. For the second

case, notice for y; < C,
E G[Sj’j+l+gj’j_1]1[7€(g;j) NDN ./4] | gj—l,ﬁ] < ]P)(BQUB4 | ﬂj_lﬂ—l)@ﬂ{‘HP)(B;ﬂBg | ﬁj—l,n)'

The second conclusion in (3.6.23)) now follows from (3.6.20), (3.6.21) and (3.6.22)). Now
¢ in (3.6.23) can be chosen to be small enough (depending on (') such that, averaging

over ¥;(r;) we get that
E €[§j7j+1+§j,j71]1 [R(ghj) NDN .A] | 32.]'_1} < (052)%

This completes the proof of (3.6.15) and (3.6.16) can be established similarly.

Now we complete the proofs of Lemma and Lemma

Proof of Lemma[3.6.3] Using (3.6.15) and and the naive bound of 2K on Sy, +
So.—1 as discussed right after (3.6.16), we have

r/K=1 & &
B (=il Sl Ry j) n D0 A]) < e (0.52) 50
Thus using (3.6.14) and Markov’s inequality we get,
Z.(R(y)NDNA) < K err/2(0.52)% 1

completing the proof of Lemma |3.6.3 O

Proof of Lemma Using Lemma and summing over all possible sequences y (see
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(3.6.7)) and using Observation we get

r/K
P.i(Dlag, 7, fe)NA) < e Kenr/? (ﬁ) <e 7. (3.6.24)

for some ¢ > 0 choosing K = K () to be large enough, where the last inequality holds for
large enough r. This establishes ([3.6.4)) and completes the proof. O

Next we analyse the remaining case i.e. when M (0) is large.

3.6.2 M(0) is large.

Recall the renormalized odometer M (-) from (3.5.1). To complete the proof of Lemma
3.4.1} we still need to deal with the case when A (0) > r®. We have the following lemma.

Lemma 3.6.4. In the set-up of Lemma we have
P, 7(M(0) > O A) e @ (3.6.25)

for some constant ¢ > 0.

Proof. For i € Zand T > 1, let L}(T') (resp. R;(T)) denote the number of random walks
among {¢;;;j € {1,...,T}} that reach (i — 1)K (resp. (¢ + 1)K). Clearly, for each i and
T, L{(T) ~ Bin(T, 1). By Azuma-Hoeffding inequality and a union bound, there exists a
constant ¢ > 0 such that with probability at least 1 — e~ ", the following event occurs.

T2/3

e {vl € (T 2y 9T 3 A LUT) — RT)| < T} - (3.6.26)

We show below that on H N A, M(0) < r% clearly this implies the statement of the

lemma.

Observe that on H N {M(0) > r°}, we have

R(0 —1) > Méo) - M(g)2/3 —2K.
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Also recall that, by the assumption on 7, |F;"| < 2ur, |F, | < 2ur for each 4. Using (3.6.2)

this implies that for any i > 0,
L+ i+1)>R(i—i+1)—dur

We can thus conclude that for each i > 0,

M(i+1) N M(i+1)%3

5 5 > M(i)/2 — M(i)*?/2 — 2K — 4ur.

The above simplifies to,
M(i+1) > M (i) — max(M (i), M(0))*?® — 2K — 4pr.

Let i, € {1,2,...,3%} be the index at which M(-) is maximized. It follows that /(%) >
M(i,) — M(i,)?3.r — (2K + 4u)r > 0 for r sufficiently large, since by hypothesis M (i, ) >
M(0) > r® Hence HN AN{M(0) > r°} = &, and we are done.

[

Finally we put everything together to establish Lemma [3.4.1

3.6.3 Proof of Lemma

By the assumption on 7, notice that |F; |, |F, | < 2ur. Hence taking a union bound over
all triples (ao, fi, f, ) satisfying the conditions in the statement of Lemma [3.6.1], it follows
from Lemma [3.6.7] that

P(A, M(0) < %) < e /2,

Lemma now follows from the above and Lemma O
3.7 Concluding Remarks and Open Questions

Thus we have shown that ARW on Z remains in active phase even starting with arbitrar-

ily low density of particles provided the sleep rate is sufficiently small. In particular this
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implies that the critical density u, < 1 for small enough sleep rate A\. However our un-
derstanding of the process is still far from complete. Investigating the following seem the

natural next step.

1. What happens when ) is large? It is believed that for any A finite, p, < 1. However
the only known results in this direction is that x, < 1 for all A ([6[78,83]) and u, = 1
for A = oo [22]. Observe that, our arguments, though wasteful at many places, uses
crucially that X can be taken to be arbitrarily small, it is not clear whether it is possible

to improve upon this.

2. ARW on Z%: Does Theorem hold for ARW on Z? for d > 2? It is believed that

the answer to this question is affirmative.

3. Critical density for SSM: For the Stochastic Sandpile Model, is the critical density
i strictly less than one? As mentioned before, numecial evidence suggests an affir-
mative answer to this question, while the best known rigorous bound in [78] gives
ie < 1. A strict inequality here would be a substantial progress because of the same

reasons as in Remark [3.1.3l
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Chapter 4

CONSTRAINED SPIN SYSTEMS: PINPOINTING MIXING TIME

4.1 Background

The East process is a one-dimensional spin system that was introduced in the physics
literature by Jackle and Eisinger [[51] in 1991 to model the behavior of cooled liquids near
the glass transition point, specializing a class of models that goes back to [44]. Each site in
Z has a {0, 1}-value (vacant/occupied), and, denoting this configuration by w, the process
attempts to update w, to 1 at rate 0 < p < 1 (a parameter) and to 0 at rate ¢ = 1 — p, only
accepting the proposed update if w, ; = 0 (a “kinetic constraint™).

It is the properties of the East process before and towards reaching equilibrium — it is
reversible w.r.t. 7, the product of Bernoulli(p) variables — which are of interest, with the
standard gauges for the speed of convergence to stationarity being the inverse spectral-gap
and the total-variation mixing time (gap~' and T,,;,) on a finite interval {0, ..., L}, where
we fix wy = 0 for ergodicity (postponing formal definitions to §4.2)). That the spectral-gap
is uniformly bounded away from O for any p € (0, 1) was first proved in a beautiful work
of Aldous and Diaconis [2] in 2002. This implies that T, is of order L for any fixed

threshold 0 < € < 1 for the total-variation distance from 7.

For a configuration w with sup{z : w, = 0} < oo, call this rightmost 0 its front X (w); key
questions on the East process w(t) revolve the law ' of the sites behind the front at time ¢,
basic properties of which remain unknown. One can imagine that the front advances to the
right as a biased walk, behind which p* & 7 (its trail is mixed). Indeed, if one (incorrectly!)
ignores dependencies between sites as well as the randomness in the position of the front,
it is tempting to conclude that x' converges to , since upon updating a site x its marginal

is forever set to Bernoulli(p). Whence, the positive vs. negative increments to X (w) would
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have rates ¢ (a O-update at X (w)+ 1) vs. pg (a 1-update at X (w) with a 0 at its left), giving
the front an asymptotic speed v = ¢* > 0.

Of course, ignoring the irregularity near the front is problematic, since it is precisely
the distribution of those spins that governs the speed of the front (hence mixing). Still, just
as a biased random walk, one expects the front to move at a positive speed with normal
fluctuations, whence its concentrated passage time through an interval would imply total-
variation cutoff — a sharp transition in mixing — within an O(+/L)-window.

To discuss the behavior behind the front, let Qr denote the set of configurations w"
on the negative half-line Z_ with a fixed O at the origin, and let w"(¢) evolve via the
East process constantly re-centered (shifted by at most 1) to keep its front at the origin.
Blondel [15]] showed (see Theorem that the process w"(t) converges to an invariant
measure v, on which very little is known, and that X (w(t)) converges in probability to a

positive limiting value v as ¢ — oo (an asymptotic velocity) given by the formula

v=q—pqg" where ¢ =v(w_1=0).
(We note that ¢ < ¢* < ¢/p by the invariance of the measure v and the fact that v > 0.)
The East process w(t) of course entails the joint distribution of w(¢) and X (w(t)); thus,
it is crucial to understand the dependencies between these as well as the rate at which
w¥(t) converges to v as a prerequisite for results on the fluctuations of X (w(t)).
Our first result confirms the biased random walk intuition for the front of the East

process X (w(t)), establishing a CLT for its fluctuations around vt (illustrated in Fig. [4.1).

Theorem 4.1.1. There exists a non-negative constant o, = o.(p) such that for all w € Qp,

tlim X (w(t)=v P,as, (4.1.1)
E., [X (w(t))] = vt + O(1), (4.1.2)
lim 1 Var,, (X (w(t))) = o2 (4.1.3)

t—o00
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20000 40000 60000 80000 100000

Figure 4.1: Trajectory of the front of an East process for p = ; along a time interval of 10°,
vs. its mean and standard deviation window.

Moreover, X (w(t)) obeys a central limit theorem:

W N N(0,0?) wrt. P,ast— oo. 4.1.4)

A key ingredient for the proof is a quantitative bound on the rate of convergence to v,

showing that it is exponentially fast (Theorem [4.3.1). We then show that the increments
&= X(w(n)) — X(w(n —1)) (n € N) (4.1.5)

behave (after an initial burn-in time) as a stationary sequence of weakly dependent ran-
dom variables (Corollary4.3.1)), whence one can apply an ingenious Stein’s-method based
argument of Bolthausen [[16] from 1982 to derive the CLT.

Moving our attention to finite volume, recall that the cutoff phenomenon (coined by
Aldous and Diaconis [5]]; see [4,31]] as well as [30] and the references therein) describes

a sharp transition in the convergence of a finite Markov chain to stationarity: over a negli-
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5 10 15 20
Figure 4.2: The invariant measure v behind the front of the East process (showing v(w_; =

0) simulated via Monte-Carlo for p € {0.2,0.3,0.4}.)

gible period of time (the cutoff window) the distance from equilibrium drops from near 1
to near 0. Formally, a sequence of chains indexed by L has cutoff around ¢; with window
wyp, = o(ty) if T (L, €) = t; + O(wy) for any fixed 0 < e < 1.

It is well-known (see, e.g., [[32, Example 4.46]) that a biased random walk with speed
v > 0 on an interval of length L has cutoff at v~' L with an O(v/L)-window due to normal
fluctuations. Recalling the heuristics that depicts the front of the East process as a biased
walk flushing a law p! = = in its trail, one expects precisely the same cutoff behavior.

Indeed, the CLT in Theorem |4.1.1| supports a result exactly of this form.

Theorem 4.1.2. The East process on A = {1,2,..., L} with parameter 0 < p < 1 exhibits
cutoff at v—'L with an O(v/L)-window: for any fixed 0 < e < 1 and large enough L,

Tix(L,€) =v 'L+ 0O (@‘1(1 —¢€) \/E> ;

where ® is the c.d.f of N (0, 1) and the implicit constant in the O(-) depends only on p.

While these new results relied on a refined understanding of the convergence of the

process behind the front to its invariant law v (shown in Fig. 4.2]), various basic questions
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on v remain unanswered. For instance, are the single-site marginals of » monotone in
the distance from the front? What are the correlations between adjacent spins? Can one
explicitly obtain ¢* = v(w_; = 0), thus yielding an expression for the velocity v? For the
latter, we remark that the well-known upper bound on 7},;;, in terms of the spectral-gap

(Eq. (4.2.2)), together with Theorem [4.1.2] gives the lower bound (cf. also [26])

I gap(Lp,z)) _ gap(£)
vzl o log (L/(p A q) ~ log (1/(p Ag))

4.2 Preliminaries and tools for the East process

4.2.1 Setup and notation

Let Q = {0, 1}% and let Q* C ) consist of those configurations w € ) such that the variable
X(w) :=sup{z : w, = 0} is finite. In the sequel, for any w € Q* we will often refer to X (w)

as the front of w. Given A C Z and w € Q2 we will write w, for the restriction of w to A.

(i) The East process. For any w € Q2 and z € Z let ¢, (w) denote the indicator of the event
{wz—1 = 0}. We will consider the Markov process {w(t)}:>o on 2 with generator
acting on local functions (i.e. depending on finitely many coordinates) f : Q — R
given by

Lfw) =) ew) m(f)w) = fw),

z€
where 7,(f)(w) = pf(W®Y) + ¢f (W) and w®V w9 are the configurations in
() obtained from w by fixing equal to 1 or to 0 respectively the coordinate at x. In
the sequel the above process will be referred to as the East process on 7Z and we will
write P (-) for its law when the starting configuration is w. Average and variance
w.rt. to P,(-) will be denoted by E,[-] and Var,(-) respectively. Similarly we will

write P (-) and E.[-] for the law and average at a fixed time ¢ > 0. If the starting
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configuration is distributed according to an initial distribution 1 we will simply write

P,(-) for [ dn(w)P,(-) and similarly for E,[-].

It is easily seen that the East process has the following graphical representation. To
each x € 7Z we associate a rate-1 Poisson process and, independently, a family of
independent Bernoulli(p) random variables {s,, : k¥ € N}. The occurrences of the
Poisson process associated to = will be denoted by {¢,, : £ € N}. We assume inde-
pendence as x varies in Z. That fixes the probability space. Notice that almost surely
all the occurrences {t, ; }ren ez are different. On the above probability we construct
a Markov process according to the following rules. At each time ¢, ,, the site x queries
the state of its own constraint ¢,. If and only if the constraint is satisfied (¢, = 1)
then ¢, ,, is called a legal ring and the configuration resets its value at site = to the
value of the corresponding Bernoulli variable s, ,. Using the graphical construction

it is simple to see that if w € Q* then

P, (w(t) € 0Vt > 0) = 1.

The half-line East process. Consider now a € Z and let 2 consist of those configura-
tions w € ) with a leftmost zero at a. Clearly, for anyw € Q%, P, (w(t) € Q*Vt > 0) =1
because ¢, (w) = 0 for any = < a. We will refer to the corresponding process in Q* as
the East process on the half-line (a, o). Notice that in this case the variable at a + 1
will always be unconstrained because ¢,(w) = 1 for all w € Q*. The corresponding

generator will be denoted by £, ).

The finite volume East process. Finally, if A C 7Z is a discrete interval of the form
A =[a+1,...a+ L], the projection on Q, = {0,1}* of the half-line East process on
(a,0) is a continuous time Markov chain because each vertex = € A only queries the
state of the spin to its left. In the sequel the above chain will be referred to as the

East process in A. Let £, denote the corresponding generator.



150

The main properties of the above processes can be summarized as follows (cf. [41]
for a survey). They are all ergodic and reversible w.r.t. to the product Bernoulli(p) mea-
sure 7 (on the corresponding state space). Their generators £, L, ), La are self-adjoint

operators on L*(7) satisfying the following natural ordering:

gap(L) < gap(L(a,00)) < gap(La).

Remark. By translation invariance the value of gap(L(, )) does not depend on a and,

similarly, gap(£,) depends only on the cardinality of A.

As mentioned before, the fact that gap(£) > 0 (but only for p ~ 1) was first proved by

Aldous and Diaconis [2], where it was further shown that
6*(@+o(1))10g2(1/® < gap([,) < 6*(ﬁ+0(1))10g2(1/(ﬂ as q i 0, (4.2.1)

the order of the exponent in the lower bound matching non-rigorous predictions in the
physics literature. The positivity of gap(L£) was rederived and extended to all p € (0, 1)
in [23] by different methods, and the correct asymptotics of the exponent as ¢ | 0 —
matching the upper bound in — was very recently established in [26]]. It is easy to
check (e.g., from [23]) that lim,_,, gap(£) = 1, a fact that will be used later on.

For the East process in A it is natural to consider its mixing times Ty, (L, €), € € (0,1),
defined by

Tix(L, €) = inf {t + max |P() — || < e},

where || - || denotes total-variation distance. It is a standard result for reversible Markov

chains (see e.g. [3,,/66,[82]) that

1 1 1
Tix(L,€) < =gap(La)~" <2 + log —*) log —, (4.2.2)
2 s €

where 7} := min,cq, 7(w). In particular T}, (L, €) < ¢(p)Llog1l/e. A lower bound which

also grows linearly in the length L of the interval A follows easily from the finite speed of
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information propagation: If we run the East model in A starting from the configuration of
w = 1 except for a zero at the origin, then, in order to create zeros near the right boundary
of A a sequence of order L of successive rings of the Poisson clocks at consecutive sites

must have occurred. That happens with probability O(1) iff we allow a time which is

linear in L (see §4.2.4/and in particular Lemma [4.2.2).

4.2.2 The process behind the front

Given two probability measures v, on Q2 and A C Z we will write || — v||5 to denote the
total variation distance between the marginals of ; and v on 2, = {0, 1}*.

When the process starts from a initial configuration w € Q* with a front, it is convenient
to define a new process {w" (f)};>0 on Qp := {w € Q* : X(w) = 0} as the process as seen
from the front [|15]. Such a process is obtained from the original one by a random shift
—X(w(t)) which forces the front to be always at the origin. More precisely we define on

Qp the Markov process with generator £F = L¥ 4 £5 given by

LEf(w) =) enlw) [ma(f)(w) = f(w)],

<0

Lof(w) = (1 =p) [f(97w) = f()] +peow) [f(I7w) = f(w)],

where )

0 ifr=0

(ﬁiw)x: 1 ifx >0

w,+1 otherwise.
\

That is, the generator £ incorporates the moves of the East process behind the front plus

+1 shifts corresponding to whenever the front itself jumps forward/backward.

Remark. The same graphical construction that was given for the East process w(t) applies
to the process w¥ (¢): this is clear for the East part of the generator LF; for the shift part £5,

simply apply a positive shift ¥+ when there is a ring at the origin and the corresponding
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Bernoulli variable is one. If the Bernoulli variable is zero, operate a negative shift .
With this notation, the main result of Blondel [[15] can be summarized as follows.

Theorem 4.2.1 ([[15]). The front of the East process, X (w(t)), and the process as seen from
the front, w¥ (t), satisfy the following:

(i) There exists a unique invariant measure v for the process {wF (t)};>o. Moreover; ||v —

7| (—o0,—a] decreases exponentially fast in x > 0.

(i) Let ¢* := v(w_1 = 0) and let v = q — pqg*. Then v > 0 and for any w € Qp,

lim —X(w(t)) % )
t—o00

Thus, if the East process has a front at time ¢t = 0 then it will have a front at any later

time. The latter progresses in time with an asymptotically constant speed v.

4.2.3 Local relaxation to equilibrium

In this section we review the main technical results on the local convergence to the sta-
tionary measure 7 for the (infinite volume) East process. The key message here is that
each vacancy in the starting configuration, in a time lag ¢, induces the law 7 in an interval
in front of its position of length proportional to ¢. That explains why the distance between

the invariant measure v and = deteriorates when we approach the front from behind.

Definition 4.2.1. Given a configuration w € ) and an interval I we say that w satisfies the
Strong Spacing Condition (SSC) in [ if the largest sub-interval of I where w is identically
equal to one has length at most 101log |/|/(| log p|A1). Similarly, given §, ¢ € (0,1/4), we will
say that w satisfies the (¢, ¢)-Weak Spacing Condition (WSC) in / if the largest sub-interval

of I where w is identically equal to one has length at most §|/|°.

For brevity, we will omit the (9, ¢) dependence in WSC case when these are made clear

from the context.
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Proposition 4.2.2. There exist universal positive constants ¢*, m independent of p such
that the following holds. Let A = [1,2,...,/] and let w € Q be such that wy = 0. Further
let A(w) be largest between the maximal spacing between two consecutive zeros of w in A

and the distance of the last zero of w from the vertex ¢. Then

[BL — wlla < £(c"/q) ) et tantnm),

To prove this proposition, we need the following lemma.

Lemma 4.2.1. There exist universal positive constants c*, m independent of p such that the
following holds. Fix w € Q with wy =0, let { € Nand let f : Q_ o) — Rwith || f||o < 1. Let
also my(f) denote the new function obtained by averaging f w.r.t. the marginal of = over the

spin at x = (. Then,
B [f(w(t) = me(/)(w()] | < (¢*/gq)fet O, (4.2.3)

Remark. If we replaced the r.h.s. of with (2v2/(p A q))Z e~t82P(£) | then the state-
ment would coincide with that in [15, Proposition 4.3]. Notice that as p | 0, the term
¢* /q does not blow up— unlike 21/2/(p A g)—and as remarked below (4.2.1), gap(£) stays
bounded away from 0. Hence, as p | 0, the time after which the r.h.s. in becomes
small is bounded from above by Cj x ¢ for some universal C; > 0 not depending on p. This

fact will be crucially used in the proofs of some of the theorems to follow.

Proof of Lemma As mentioned in the remark using [15, Proposition 4.3] it suffices to
assume that p < 1/3. Fix w as in the lemma and let Q7 ,, be the set of all configurations
w" € (_o0,] Which coincides with w on the half line (—oc, 0]. The special configuration in
Qf_, 4 which is identically equal to one in the interval [1, {] will be denoted by w*. Observe

that, using reversibility together with the fact that the updates in (—oo, 0] do not check the
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spins to the right of the origin,

S mugW)Ew [F(@' ()] = By [mrg(f)(@(®)]

w’EQ‘(*’_OOx]

Y (@) By ()W (1) = B [rag(FHw®)] - 4.2.4)

w/EQ?)—oo,Z]

Using the graphical construction as a grand coupling for the processes with initial condition
in Qf_w“, it is easy to verify that, at the hitting time 7, of the set {w' € Q_w g : w, = 0}
for the process started from w*, the processes starting from all possible initial conditions
in Qf_ , have coupled. Let ' € €2, be distributed according to ;. Then using the

grand coupling,

B [f(w(®) = me(S) W] = [Eury y [f (@(t) = (&' (2) + me (/)W) = me( ) (w(B))] |
<4 sup P@Eze[l,0]: w.(t) #w.(t))

! w
w EQ(*OO,Z]

< 4IP)W* (Tg > t)

< AP, (X (W (1)) < 0).

The first equality follows by adding and subtracting E,, [ ¢(f)(w(t)] from the Lh.s. and
then using (4.2.4). The rest of the inequalities are immediate from the above discussion.
In order to bound the above probability, we observe that the front X (w*(¢)), initially at
x = 0, can be coupled to an asymmetric random walk £(¢), with ¢(resp.p) as jump rate
to the right(resp. left), in such a way that X (w*(t)) > &(¢) for all ¢ > 0. Since we have
assumed that p < 1/3, by standard hitting time estimates for biased random walk there
exist universal constants ¢, m such that, for ¢ > ¢/, the above probability is smaller than

e—mt- D
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Proof of Proposition Let w €  be such that wy = 0. Then

max_|E, [f(w(t)) — 7 (f)]|

[:Qa—R
lflle <1

< max By [f(w(t) = m(f) (@) |+ max [E, [m(f)(w(t)) —m(f)]]

f:QA'—)R [:Qa—R

lfllo <1 fllo <1

< (¢*/q)@Wet EPON 1 max By, [m(f)(w(t) =7 ()],
[:Qa—R
fllo <1

where we applied the above lemma to the shifted configuration in which the origin coin-
cides with the rightmost zero in A of w.
We now observe that the new function 7,(f) depends only on the first / — 1 coordinates of

w and that ||m(f)||cc < 1. Thus we can iterate the above bound (¢ — 1) times to get that

B, — mlla <2 max (B [£((®) = ()] < e fq)> e e, s
flle <1

Corollary 4.2.3. Fixw € Q*, ¢ € Nand let I = [X(w), X(w) + £ — 1]. Then

sup || BL — |l ;e < (¢ /q)fe " EPEAM), (4.2.5)
weN*
sup P, (w(t) does not satisfy SSC in 1) < ¢(c*/q) e " EP(EINm) 4 =9, (4.2.6)
wen*
sup P,, (w(t) does not satisfy WSC in I) < (¢*/q)‘e "t B=p(EAm) 4 g0t (4.2.7)
weN*

Proof. By construction, A (w) = £ for any w € Q*. Thus the first statement follows at once

from Proposition The other two statements follow from the fact that
7 ({w : w does not satisfy SSCin [1,...,0]}) < ¢7°

and

7 ({w : w does not satisfy the WSCin [1,...,4]}) < ™. O
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4.2.4 Finite speed of information propagation

As the East process is an interacting particle system whose rates are bounded by one, it is
well known that in this case information can only travel through the system at finite speed.

A quantitative statement of the above general fact goes as follows.

Lemma 4.2.2. For v < y € Z and 0 < s < t, define the “linking event” F(x,y;s,t) as the
event that there exists a ordered sequence s < t, < t,41 < --- <t, <tors<t, <t,;<
-+ < t, < tofrings of the Poisson clocks associated to the corresponding sites in [z,y| N Z.

Then there exists a constant vy, such that, for all |y — x| > vpax(t — s),
P(F(z,y;s,1)) <e 7V

Proof. The probability of F'(z,y;s,t) is equal to the probability that a Poisson process of

intensity 1 has at least |x — y| instances within time ¢ — s. O

Remark 4.2.1. An important consequence of the above lemma is the following fact. Let
0 < s < t and let F; be the o-algebra generated by all the rings of the Poisson clocks and all
the coin tosses up to time s in the graphical construction of the East process. Fix z < y < z

and let A, B be two events depending on {w, }, <. and {w, }.>. respectively. Then

P, {w(t) € ANB}N F(y,z;s,t)° | Fs)
=P, ({w(t) € A} | Fo) P, ({w(t) € B} N F(y, 2;8,1)° | ).

This is because: (i) on the event F(y,z;s,t)¢ the occurrence of the event B does not
depend anymore on the Poisson rings and coin tosses to the left of y; (ii) the occurrence
of the event A depends only on the Poisson rings and coin tosses to the left of x because of

the oriented character of the East process.

The finite speed of information propagation, together with the results of [2]], implies
the following rough bound on the position of the front X (w(t)) for the East process started

from w € Q* (also see, e.g., [15, Lemma 3.2]).
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Lemma 4.2.3. There exists constants v, > 0 and v > 0 such that

jéls]i:) P, (X (w(t)) € [X(w) + Vmint, X (W) + Vmaxt]) > 1 — e

Remark 4.2.2. When p | 0 one can obtain the above statement with v,;, — 1 and ~
uniformly bounded away from 0 by using our Proposition [4.2.2] instead of [15, Proposi-

tion 4.3] in the proof of [[15, Lemma 3.2].

The second consequence of the finite speed of information propagation is a kind of
mixing result behind the front X (w(¢)) for the process started from w € Q*. We first need

few additional notation.

Definition 4.2.4. For any a € Z, we define the shifted configuration ¥,w by
Vol = Weia, VX € Z.

Proposition 4.2.5. Let A C (—oo, —¢]NZ and let B C {0, 1}*. Assume ¢ > 2uyax(t — ).

Then for any w € Q* and any a € Z the following holds:

‘Ew []1{19X<w<5>>[w(t)]eB}]l{X(w(t»:a} |fs} — E, [l{ﬂX(w<s>>[w<t>]eB} |fs} B [Tix()=ay | Fs] ‘
= 0(e™).

To see what the proposition roughly tells we first assume that the front at time s is at 0.
Then the above result says that at a later time ¢ any event supported on (—oo, —/] is almost

independent of the location of the front.
Proof. Recall the definition of the event F'(z,y; s, t) from Lemma and let

By = F (X (w(s)) — €, X(w(s)) —£/2 —1;s,t)
By = F (X(w(s)) —£/2, X (w(s));s,t).
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We now write

Loy ooy lo@lreBY L ix @) =a} = Loy wdlreB Lix @@)=a} L5y Ling)

+ Lo o o@reBy Lix=ay [1 = Loy Lisg] -

We first note that given F; for any a < X (w(s)) — ¢/2,

Lix(w)=ayLingy = 0,

and hence

Ey [1x()=a}Lissy | Fs] =0

Thus, we may assume that a > X (w(s)) — ¢/2. Now

E, []l{ﬁan[w(t)]AeB}ﬂ{X(w(t»:a}]l{Bf}ﬂ{Bs} | fs}

=B, []l{ﬁan[w(t)]AeB}]l{Bf} | Fs} B [Lixm=aLiss) | F]

because under the assumption that « > X(w(s)) — ¢/2, the two events are functions
of an independent set of variables in the graphical construction (cf. Remark [4.2.1). By
Lemma we know that P(B{ | F,) < e%, i = 1,2 and the proof is complete. O

4.3 The law behind the front of the East process

Our main result in this section is a quantitative estimate on the rate of convergence as
t — oo of the law 1!, of the process seen from the front to its invariant measure v. Consider
the process {w" (t)};>0 seen from the front (recalling §4.2.2) and let !, be its law at time ¢

when the starting configuration is w.



Theorem 4.3.1. For any p € (0, 1) there exist « € (0, 1) and v* > 0 such that

sup | g, = Vll-ore,0 = O(e™).

wENR

Moreover, o and v* can be chosen uniformly as p — 0.
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A corollary of this result — which will be key in the proof of Theorem — is

to show that, for any w € (), the increments in the position of the front (the variables

¢, below) behave asymptotically as a stationary sequence of weakly dependent random

variables with exponential moments.

Fix Al > 0 and let t,, = nA for n € N. Define
&n = X(w(tn)) — X(w(tn-1)),

so that

X(@(t) =) &+ X)) = X(@tn)], N=[t/Al.

n=1

Recall also that «, v* are the constants appearing in Theorem [4.3.1]

Corollary 4.3.1. Let f : R — [0, 00) be such that e71*l2(z) € L'(R). Then

Cy = sup K, [f(&)?] < o0

UJGQF

Moreover, there exists a constant v > 0 such that

sup [Eq, [f(&)] — B, [f(&)]| = O(e™) ¥n>1,

wEQF

sup |Cov,, (&5, 6a) — Cov,, (€1,60—) | = O(e) AO(e ") Vi<

UJEQF

(4.3.1)

(4.3.2)

(4.3.3)

(4.3.4)

'In the sequel we will always use the letter A to denote a time lag. Its value will depend on the context

and will be specified in advance.
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and

sup |Covy, (f(&), f(&)) | =O0(e %), Vi< n, (4.3.5)

wENR

where the constants in the rh.s. of (4.3.3) and (4.3.5) depend on f only through the
constant Cy. Finally, for any k,n € N such that v*k > nvy,, and for any bounded £ : R" —
R,

E,, [F(gk,gkﬂ,...,gm_l)} _E, [F(&,&,...,fnﬂ ‘ —0 (). (4.3.6)

sup
wEeNE
To prove Theorem we will require a technical result, Theorem below, which

can informally be summarized as follows:

e Starting from w € (2%, at any fixed large time ¢, with high probability the configura-
tion satisfies WSC apart from an interval behind the front X (w(t)) of length propor-

tional to t¢ .

o If the above property is true at time ¢, then at a later time ¢’ = ¢ 4 const x ¢¢ the law of
the process will be very close to 7w apart from a small interval behind the front where

the strong spacing property will occur with high probability.

Formally, fix a constant « to be chosen later on and ¢ > 0. Let ¢ = t¢, where ¢ appears in the
WSC and let t; = t — kl/vmin- Let S, denotes the set of configurations which fail to satisfy
SSC in the interval [—3(vmax/Vmin)k ¢, —xlog ) N Z and let W,, be those configurations
which fail to satisfy WSC in the interval [—vy,t, —¢) N Z.

Theorem 4.3.2. It is possible to choose § small enough and « large enough depending only
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on p in such a way that for all t large enough the following holds:

sugg) wh Wes) = O(e_te/Q), (4.3.7)
wellp
sué) W (Se | Fe,) = O(t_7€) + 1w, (w(te)), (4.3.8)
wellp
sup 1 1 Fr) = Tl ot 3o ominint] = O(€™) 4 Dy, (w(te))- (4.3.9)
wellp

Moreover, k stays bounded as p | 0.

4.3.1 Non-equilibrium properties of the law behind the front: Proof of Theorem

We begin by proving (4.3.7). Bounding sup,cq, 1, (W) from above is equivalent to
bounding sup,cq, P.(w(t) € W;,) from above, where W}, denotes the set of configura-
tions w € Q* which do not satisfy the spacing condition in [X (w) — vmint, X (w) — ).

Using Lemma4.2.3] with probability greater than 1—e~7* we can assume that X (w(t)) €
[Umint, Umaxt]. Next we observe that, for any a € [vyint, Umaxt], the events { X (w(t)) = a} and

{w(t) € Wy, } imply that there exists z € Z with the following properties:

The hitting time 7, := inf{s > 0 : X(w(s)) = z} is smaller than ¢;

o w(t) is identically equal to one in the interval I, := [z, z + 0 (vmin £)/2];

The linking event F'(z, a; 7., t) defined in Lemma occurred.

In conclusion, using twice a union bound (once for the choice of a € [vyint, Umaxt] and once
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for the choice of x € [0, a — /]) together with the strong Markov property at time 7,., we get

P (w(t) € Wy,)
Umaxt a—¥¢

<eH Y Y PF@ @ ) Lje-azuma(-m))

a=Vmint =0

VUmax® a—

é vnllll
+ Z |:||]P)w(‘rz 7TH]ac +p2( g ] ]l{|$ al < vmax(t—72)}

a=Upint ==

*

2 (Umln )
< (Vmaxt)’ {ew + 27" + V20 (Vinint)° (%) e Tmax (PN 3 (ot

Above we used Lemma in the case | —a| > vUnax(t—7,) and (4.2.5) of Corollary
otherwise. The statement (4.3.7)) now follows by taking 6 small enough.

We now prove (4.3.8). As before we give the result in the East process setting (i.e. for
the law P (- | F;) and S, replaced by its random shifted version S;). We decompose the
interval [ X (w(t)) — 3(Vmax/Vmin )k ¢, X (w(t)) — klog ¢)] N Z where we want SSC to hold into
[ X (w(tr)), X(w(t)) — klogl] and [X (w(t)) — 3(Vmax/Vmin)k £, X (w(te))]-

Note that by Lemma we can ignore the events {X (w(t,)) > X(w(t)) — xlog ¢} and
{X(w(?)) = 3(vmax/vmin )k € > X (w(te))}-

We now proceed in two steps: (1) we show that SSC occurs with high probability in the
first interval. Here we do not use the condition that w(t,) ¢ W;,. (2) we prove the same

statement for the second interval. Here instead the fact that w(t,) ¢ Wy, will be crucial.

- Step (1). Let A = 5logl/(|logp| A 1). For any intermediate time s € [t,t —
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(K/Umax) log ¢], Corollary together with the Markov property at time s show that

P, (w(t), = 1V € [X(w(s)), X(w(s)) + A] | Fy)

< IPu(- | Fs) — 7T||[X(w(s)),x(w(s))+A} + 7 (wy = 1 V2 € [X(w(s)), X(w(s)) + A])

oA
<A (%) e~ (= Eap(E)m) | AT (4106 (4.3.10)

Above we used the fact that ¢ — s > k/vnax log £. Hence, x can be chosen depending only

on p such that (4.3.10) holds and « stays bounded as p | 0.

We now take the union of the random intervals [X (w(s)), X (w(s)) + A] over discrete times
s of the form s; = ¢, + j/¢?, j = 0,1,...,n and n such that s, = t — (k/vpax) log £. Thus
n = O(*)=0(t3). The aim here is to show that, with high probability, the above union is
actually an interval containing the target one [X (w(t,)), X (w(t)) — xlog /], with the addi-
tional property that it does not contain a sub-interval of length A where w(¢) is constantly

equal to one (which will then imply (4.3.8)), with room to spare).

We now upper bound the probability that the set Uj_;[X (w(s;)), X (w(s;)) + A] is not an
interval. It is an easy observation that if X (w(s,)) > X(w(so)) then the aforementioned

event occurs if X (w(s;j4+1)) — X(w(s;)) < A for j =0,1,...n. Now by the lower bound in

Lemma[4.2.3]
P(X (w(sa) > X(@(s0)) 2 1=~

fOI' some constant c. AISO
S Bu(X (wls1) = X(eo(sy)) = A)
< B[P, (F(X(w(s;)). X(@(s) + A sy, s0) | )]

J

<ne ® =0@t™%).
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Above F'(X(w(sj)), X(w(s;)) + A; s, s;41) is the linking event and we used Lemma

because A >> (sj41 — ;).

Moreover, Lemma implies that x can be chosen (bounded as p | 0), such that with

probability greater than
1 — e t=s0) _pmlt=sn) — 1 _ (7109,
the front X (w(t)) satisfies
X(w(t)) < X(w(sn)) + Vmax(t = sn) < X(w(sn)) + #log

Thus
[(X(w(te)), X(w(t)) — klog €] C UF_o[X(w(s;)), X(w(s;)) + Al

with probability 1 — O(¢~10).
Finally, using (4.3.10) and union bound, the probability that there exists j < n such

that w(¢) is identically equal to one in [X (w(s;)), X (w(s;)) + A] is O(¢~7¢) uniformly in the

configuration at time ¢,.

In conclusion we proved that SSC holds with probability 1 — O(¢~%¢) in an interval con-

taining [ X (w(t,)), X (w(t) — rlog ¢]. The first step is complete.

- Step (2). Let 2* = max{r < X(w(tr)) =35 (Vmax/Vmin)€ : W(t¢), = 0}. Since w(te) ¢ W,
such a zero exists. Moreover, w(t,) ¢ Wy, implies that w(t,) has a zero in every sub-interval
of [z*, X (w(t,)) — ] of length §t* = §¢. Hence we can apply Proposition [4.2.2]to the interval
[z*, X (w(t,))] to get that

_t€/2
IPL( | Fip) = Tl x(ieey) = Ole™ ),

by choosing « large enough. Since by Remark Umin — 1 a@s p | 0, we can choose « to
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be bounded as p | 0. Also
7 (w: wviolates SSC in [z*, X (w(t,))]) = O@t™™).

Thus we have proved that SSC holds in [z*, X (w(t,))] with probability 1 — O(¢t~™).

Finite speed of propagation in the form of Lemma guarantees that, with proba-
bility 1 — O(e %)), 2* < X (w(t)) — 26 (Vmax/Vmin)¢- The proof of (4.3.8)) is complete.

It remains to prove (4.3.9). Let A := [~ Umint, —3(Vmax/Vmin) k€] N Z and let A C {0, 1}2.
Recall Definition of the shifted configuration ¥,w and that ¢, = t — kl/vy;,. Then
(4.3.9) follows once we show that

P (xupw(t)s € A | F,) = m(A)] < e

whenever w(t,) satisfies WSC in the interval I = [X(w(t;)) — Umint, X (w(t¢)) — ¢]. This
property is assumed henceforth. Let us decompose P,, (¥ x@w(t)a € A | F,) according to

the value of the front:

Po (Ix (@ (t) € A Fy) = > Bu [Tppawnear Lixn=a) | Fu] -
a€Z
Using Lemma [4.2.3] 0 < X (w(t)) — X (w(tr)) < vmax(t — t¢) occurs with probability greater
than 1 — e77(—%), Thus

> Eo [Lppaw@aeay Lixw=ay | Fio]

a€Z

= Z Ew []l{ﬁaw(t)AEA} ]I{X(w(t)):a} | thj| + e—y(t_tz)‘

a€”Z
0<a—X(w(tg)) < Umax(t—tg)

By definition, the event {J,w(t)an € A} is the same as the event {w(t)r+, € A}. Using the
restriction that |a— X (w(t¢))| < vmax(t—%¢), the choice of A and the fact that (viax/Vmin )K€ >

Umax(t—1t¢), we get Ad+a C (—o0, X (w(tr)) — 2(Umax/Vmin)k¥]. Thus, the event {w(t)s1q, € A}
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satisfies the hypothesis of Proposition 4.2.5] which can then be applied to each term in the

above sum to get

> Eu [1{gaw(nea) Lixtw=ay | Fi]
O<a—X(w(t;)§Z< VUmax (t—t¢)
= > Eo [Lawnenr | Fu] Bo [Lix@m)=a) | Fo] +O(le™).

a€Z
0<a—X(w(te)) < Vmax(t—t¢)

Finally we claim that, for any a such that 0 < a — X (w(t;)) < vmax(t — t¢), if  is chosen

small enough and « large enough depending on p (bounded as p | 0),
By [ (puunea) | Fi] = 7(A) + O0(e"). (4.3.11)

To prove it we apply Proposition to the interval I = [ X (w(t;)) — Vmint, X (w(te)) — £])
to get that

*

s|1T|e
1B | F) =l < 1] (;) (=t an(Onm), 4312

where |I| = O(t) is the length of I, since by assumption w(¢,) satisfies WSC in /. Because of
our choice of the parameters (¢, t,) the r.h.s. of is O(e~*"*) if 6, k. are chosen small
enough and large enough respectively depending on p. Since by Remark[4.2.2] v, — 1 as
p 1 0, k can be chosen to be bounded as p | 0.

The claim now follows because {w : J,w € A} C {0, 1}*+2, with

A+a= [_Umint + a, —3(Umax/vmin)’%€ + a]

C [X(w(te)) — Uminte, X (w(te)) — (Vmax/Vmin)&E] C 1,

together with the translation invariance of 7 expressed by 7 ({w : Y,w € A}) = w(A). This
establishes (4.3.9) and concludes the proof of Theorem Notice that at all points in

the proof, x was chosen to be bounded as p | 0. ]
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4.3.2 On the rate of convergence to the invariant measure v: Proof of Theorem [4.3.1]

The proof is based on a coupling argument. There exists v* > 0 such that, for any ¢ large

enough and for any pair of starting configurations (w,w’) € Q x Qp,
11, = ti =m0 < e (4.3.13)

with (¢, a) independent of (w,w’). Also v*,a can be chosen uniformly as p | 0. Once
this step is established and using the invariance of the measure v under the action of the

. F
semigroup e~

ma—wmwwp:Mé—/ﬁwwm;mﬂwm

< [l = p lna < e

We now prove (4.3.13)). We first fix a bit of notation.
Given e € (0,1) and alarge t > 0, let Ay = (k/vmin )t Where & is the constant appearing

in Theorem |4.3.2}, let Ay, = kelogt and define A = A; + A,. We then set
toz(l—ﬁ)t, tn:tn,1+A, nzl,...N, N:Lﬁt/AJ

It will be convenient to refer to the time lag [t, 1,t,) as the n'®-round. In turn we split
each round into two parts: from ¢,,_; to s, :=t,_1 + A and from s, to ¢,,. We will refer to
the first part of the round as the burn-in part and to the second part as the mixing part. We
also set I, = [—Umintn + 2UmaxAn, 0]. Observe that I, # @ for any n < N + 1 if € is chosen
smaller than v, /vmax and ¢ is large enough depending on e.

Next, for any pair (u, 1/) of probability measures on a finite set, we denote by MC(y, /)
their maximal coupling, namely the one that achieves the variation distance between , 1/

in the variational formula (see, e.g., [66]),

|l — || = nf{M(w # ") : M a coupling of u, u'}.
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If (i, ) are probability measures on () and A is a finite subset of Z, we define the A-

maximal coupling MCy (p, 1) as follows:

a) first sample (wy,w), ) according to the maximal coupling of the marginals of x, i/ on Qy;

b) then sample independently (wz\a, w’Z\ ) according to their respective conditional distri-

bution a(- | wa). (- | w)).

Finally the basic coupling for the East process will be the one in which two configurations
evolve according to the graphical construction using the same Poisson clocks and the same
coin tosses.

We are now ready to recursively construct the coupling M/, of uf, u!, satisfying
(4.3.13). For lightness of notation, in the sequel the starting configurations (w,w’) will

be sometimes omitted.

Definition 4.3.2 (The coupling M! ). We first define a family {M (™} of couplings for

!
oY)

{(uly, ) Y0y as follows. M(© is the trivial product coupling. Given M, the coupling

M+ at time t,.4; is constructed according to the following algorithm:

(a) Sample (w(t,),w'(t,)) from M™. If they coincide in the interval I, then let them

evolve according to the basic coupling for a time lag A;

(b) otherwise, sample (w(s,),w’(s,)) at the end of the burn-in part of round(n + 1) via the
A,-maximal coupling M C,, for the laws p’r(- | F,) and u’7 (- | F3,) at the configura-

OJ/

tions (w(t,),w (t,)) from step (a). Here A,, = [—vminSn, —3 (Vmax/Vmin) K.

(i) If (w(sn),w'(sn)) are not equal in the interval A,, then let them evolve for the

mixing part of the round (i.e., from time s, to time ¢, ;) via the basic coupling.
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(ii) If instead they agree on A,, then search for the rightmost common zero of
(w(sp),w'(sp)) in A, and call z, its position. If there is no such a zero, define
x, to be the right boundary of A,. Next sample a Bernoulli random variable ¢
with Prob(¢ = 1) = e~222, The value ¢ = 1 has to be interpreted as correspond-
ing to the event that the two Poisson clocks associated to x, and to the origin in

the graphical construction did not ring during the mixing part of the round.

(1) If & =1, set w(tyi1)e., = w(Sy),, and similarly for «’. The remaining part of
the configurations at time ¢,,,; is sampled using the basic coupling to the left
of x, and the maximal coupling for the East process in the interval [z, +1, —1]

with boundary condition at z, equal to w(s,,).,.

(2) If £ = 0 we let evolve (w(s,),w(s,)) with the basic coupling conditioned to

have at least one ring either at x, or at the origin or both.

The final coupling M, will be obtained by first sampling (w(tx),w'(ty)) from M*) and
then by applying the basic coupling for the time lag (¢ — ty).

It is easy to check that {M (™} is indeed a family of couplings for { (x!7, ) }2 . Define

now

pni= M™ (w # «' in the interval I,,)

and recall that ¢ is the exponent entering in the definition of the round length A.

Claim 4.3.3. There exist ¢y > 0 such that, for all ¢ < ¢y and all ¢ large enough depending

on e,

PN = O(e_ta)7
for some positive o = a(e).
Proof. The claim follows from the recursive inequality:

te/2

Prs1 < Ce ™ 4 p,(1 — e7282/2), (4.3.14)
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for some constant C. In fact, if we assume (4.3.14) and recall that e=242 = ¢t=2%¢ we get

py < Ce L (1= e22/2) 4 (1—e72/2) 4 ]+ (1 - e722/2)"

<207 4 (1= e2222)Y = O(e),

provided that 1 — €(1 + 2x) > ¢/3, i.e. € < 3/(4 + 6k), since N > ct'~¢ for some constant c.
Notice crucially that since x was bounded as p | 0 in the statement of Theorem [4.3.2} ¢,

and «(e) can be chosen uniformly as p | 0.

To prove (4.3.14) we use Lemma together with Theorem We begin by exam-

ining the possible occurrence of two very unlikely events each of which will contribute to

the constant term in (4.3.14).

e The first possibility is that w(t,) = w'(t,) in the interval I,, and F'(ay,, pny1;tn, tai1) OC-
curred. Here a, = —vmint, + 20maAn is the left boundary of I, and similarly for a,, ;.
The linking event could in fact move possible discrepancies between w(t,),w’(t,) sitting
outside 7, to the inside of /,,,;. Since |a, — ani1| > Umax(tns1 — tn), Lemma shows

that this case gives a contribution to p,;; which is O(e~lenan+1l) = O(e=vmaxt®),

e The second possibility is that either w(¢,) or w'(¢,) do not satisfy the (d, ¢)-weak spacing
condition in [—wvynt,, —t5]. The bound (4.3.7) of Theorem shows that the contri-

bution of such a case is O(e*"*).

Having discarded the occurrence of the above “extremal” situations, we now assume that
(w(tn),w'(t,)) are such that: (i) they are different in the interval I,; (ii) they satisfy the
(0, €)-weak spacing condition in [—uvy,t,, —t5]. It will be useful to denote by G, the set of
pairs (w, w) fulfilling (i) and (ii) above.

We will show that, uniformly in (w, @) € G,, the probability that at the end of the round
(w(A),(A)) are not coupled inside the interval I,,;; is smaller than (1 — 1e7242). That

clearly proves the second term in (4.3.14).
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To prove that, recall the definition of the A,-maximal coupling MC}, , fix (w, @) € G,

and consider the event B that:

(i) at the end of the burn-in part of the round w(A;) = ©(A;) in A,,,

(ii) the vertex z, appearing in (ii) of step (b) of Definition is within elog ¢ from the
right boundary of A, and w(A),, = ©(Ay)., =0,

(iii) w(A;) and @(A,) satisfy SSC in the interval [—3(Vimax/Vmin)Kt¢, —re€log t].

Theorem proves that, uniformly in w,® € G,,,
MCAn(B) >1— O<€7te/2) _ O(t77e) _pelogt -1 O(pelOgt).

The first error term takes into account the variation distance from 7 of the marginals in A,
of P21 and P4", the second error term bounds the probability that either w(A;) or &(A;)
do not satisfy the SSC condition in the interval [—3(vmax/Vmin)Kt¢, —re€logt] and the third
term bounds the 7-probability that the event in item (ii) does not occur.

Next we claim that, for any « large enough and any z € A, at distance at most €logt

from the right boundary of A,

sup P (w(A) # G(A) in Loy | B, {. = 2}.{€ = 1))

w,WEGR

*

elogt
< elan—anl 4 3¢ (C_) e~ D2(gap(£)Am) _ O(t™2). (4.3.15)
q

The first term in the r.h.s. is the probability that the linking event F(a,, a,1; A1, A) oc-
curred. The second term comes from Proposition[4.2.2|and it bounds from above the prob-
ability that, under the maximal coupling for the East process in the interval [z, + 1, —1]
and in a time lag A,, we see a discrepancy.

In conclusion, the probability that w(A) = @(A) in [, is larger than

MC, (B)(1 = o(1))P(§ =1) =

—2A
e 72,

DN | —
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thus proving the claim. O

We are now in a position to finish the proof of Theorem Let v* = Upin — 3€Umax
and let ay = —vninty + €vmaxt be the left boundary of the interval Iy = [ay, 0]. Since by

Remark |4.2.2] v,,;, converges to 1 as p | 0, v* can be chosen uniformly as p | 0.

Pick two configurations w(ty),w’(ty) at time ¢, and make them evolve under the basic
coupling until time ¢. Clearly the events {w(ty), = W' (ty). Vo € Iy} and {Fz € [—v*t,0] :
we(t) # Wl (t)} imply the linking event F'(ay, —v*t;ty,t) from Lemma By construc-

tion |v*t — an| = €Vpmaxt > Umax(t — ty) for large enough ¢. Therefore,

M, Bz e[t 0] w, #w,) < py+P(Flan, —v*t; ty, 1))

< O(efta) + €7E,UmaXt7

as required. Moreover, by the proof of Claim [4.3.3] « can be chosen uniformly as p | 0.

Thus we are done. O

4.3.3 Mixing properties of the front increments: Proof of Corollary 4.3.1]
To prove (4.3.2) we observe that, for any n > v,. A, the event |&;| > n implies the

occurrence of the linking event F'(0,n;0,A). Lemma now gives that

E, [f(&)?] € max Af(a:)2 + Z f(n+1)%" < co. (4.3.16)

| <o
|| < vmax S A

In order to prove (4.3.3) we apply the Markov property at time ¢,,_; and write

E. [f(€)] = / dyitn () B [(61)].

At this stage we would like to appeal to Theorem to get the sought statement. How-
ever Theorem only says that, for any ¢ large enough, p!, is very close to the invariant
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measure v in the interval [—v*¢, 0]. In order to overcome this problem, for any w € Qr and
any ¢t > 0 we define ®,(w) € Qr as that configuration which is equal to w in [—v*¢, 0] and
identically equal to 1 elsewhere. Then, under the basic coupling, the front at time ¢ starting
from ®,(w) is different from the front starting from w iff the linking event F'(—v*¢,0;0,A)

occurred.

In conclusion, if v*t,,_; > VpaxA,

sup
wENR

[ duts @B 160 - [ itz ) B, 160

1/2

< P(F(—v"ty_1,0;0, A))"/? sup E,, [f(&)?]

wEQR

ot 4 1/2
Le /zsupEw[f(fl)Q]/.

wENR

We can now apply Theorem to get that

' / Ay () Bay,_ o) [ (6] = B, [£(6)

—v¥t, _ 1/2 o
g |:Sup H:utn b V“[l/i*tn 1,0] +e tn-1/2 sup Ew [f(é-l)Q] / - O<€ t"_1/2).

weR weNR

To prove (4.3.4) suppose first that v*(j—1) > vnpax(n—j) where v* is the constant appearing
in Theorem [4.3.1l Then we can use the Markov property at time ¢;_; and repeat the

previous steps to get the result. If instead v*(j — 1) < vmax(n — j) it suffices to write

COVW (ﬁj,f’n) = COVw (gjaEw[gn | ‘th])

and apply (4.3.3) to E,[¢, | F,] to get that in this case

sup |Cov,, (&,&,)] = O(e77"=9)7) (4.3.17)

wENR

for some constant v depending on v*, v,,,.«. Following the exact steps as above after replac-

ing &;,¢, by f(&;), f(&,) yields (4.3.5). Finally, (4.3.6) follows from exactly the same steps
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leading to the proof of (4.3.3)). ]

4.4 Proofs of main results

4.4.1 Proof of Theorem

We begin with the proofs of (4.1.1) and (4.1.2).

As far as (4.1.2) is concerned, this follows directly from observing that

d

ZB X ()] = ¢ = ppi(w(=1) = 0) = v+ 0(™).

Appealing to (4.3.1) and Corollary[4.3.1|we get immediately that for any w € Qp
E, [(X(w(t) —vt)/t)"] = O(t™?)

and (4.1.1)) follows at once.

We next prove (4.1.3). Using Corollary with f(z) = 22, we get that, for any n

large enough,
Var,,(&,) = Var, (&) + O(e™™").

Hence

Nt

> Var, (&) + Var, (X (w(t) — X (w(ty))) | = A7 Var, (&).

lim —
t—oo t

Moreover, (4.3.4]) implies that

.2
lim -
t—oo t

Zt COVW(fj, fn) + Zt COVw(@n X(w(t)) - X(w(tN))>]

j<n n=1

- % Z COVV (517 gn) )

n>2
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the series being absolutely convergent because of (4.3.17)). In conclusion, for any w € Qg

lim %Varw (X(w(t)) = A Var, (&) + 2 Z Cov, (&1,&,) |- (4.4.1)

t—o00
n>2

Next we show that for p small enough the r.h.s. of (4.4.1)) is positive. We first observe that

there exists ¢ = ¢(p) such that limsup, o+ ¢(p) < oo and

supZ\COVV &,6,) | < clp). (4.4.2)

n>2

To prove (4.4.2) assume without loss of generality that A € N and write & = Zz & and

&n = Z?A(n DA+ ¢!, where the increments ¢! ’s refer to a unit time lag. Thus

> [Cov, (61,60 | ZZ Z Cov,, (€,€)) |

n>2 n>2 i=1 j=(n—1)A+1

The claim now follows from (4.3.4) together with the fact that the constants o, v* are

uniformly bounded away from zero as p — 0.

Thus, in order to show that the r.h.s. of (4.4.1)) is positive, it is enough to show that it

is possible to choose A and p such that Var, (£;) > lim sup ¢(p).

Recall that ¢* = v(w_; = 0). Then a little computation shows that

d

2 Var, (X(w(t))) = ¢ +pg” — 2p Cov, (X(w(®)), Lwea=y)
> q+pg" — 2p Var, (X (w(t)"* (¢"(1 — ¢")"/* (4.4.3)
> g+ pg* — pVar, (X (w(t))"?, (4.4.4)

where O = {w € " : wx(,)-1 = 0}.

If [Var, (€1)]"* < 9422 for all A > 0, then (#.4.4) implies that

A, Vers (&) =
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Otherwise there exists A > 0 such that [Var, (51)}1/ > % ; hence, the desired inequal-

ity (4.1.3) follows by taking p small enough.

It remains to prove (4.1.4). If o* = 0, then necessarily
Slip Var, (&) < o0.
In this case the Chebyshev inequality suffices to prove that, for any w € Qp,
(X(w(t) —vt)/VE =% 0, ast— oc.

If instead o* > 0, we appeal to an old result on the central limit theorem for mixing
stationary random fields [[16]. Unfortunately our mixing result, as expressed e.g. in Corol-
lary (cf. (4.3.6)), is not exactly what is needed there and we have to go through
some of the steps of [[16] to prove the sought statement.

Consider the sequence {¢;} defined above (with e.g. A = 1) and let §; = & — vA.
Further let S, = Z?Zl &;. Tt suffices to prove that, for all w € Qp, the law of S, /o.\/n
converges to the normal law N(0,1). As in [16] let fy(z) = max [min(x, N), —N] and let

fn(z) ==z — fn(x). Clearly Var(fy(;)) — 0 as N — oo uniformly in ;.
Then Corollary 4.3.1] (4.3.5)) implies that

5 [ S @) - Ew[fN@]]

nl/2

~ L5 cov, (&) Ful)

jk=1

converges to 0 as N — oo uniformly in n. Hence it is enough to prove the result for the
truncated variables fy(¢;). For lightness of notation we assume henceforth that the &;’s

are bounded.

Let now ¢, = n'/? and let

Sj,n = Zﬂ\kf]\ ééngka Oy = ZEUJ [gsj,n] 5 .7 € {17 s >n}'
k=1
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The decay of covariances (4.3.4) implies that «,, = Var,(S,) + o(1). Hence it is enough
to show that S, /,/a, is asymptotically normal. The main observation of [[16], in turn

inspired by the Stein method [86]], is that the latter property of S,,//a, follows if

hmeWA—&yW%ﬂ:m VA € R. (4.4.5)

n—00

In turn (4.4.5) follows if (see [[16, Egs. (4)-(5)])

. . 2]
S B [(1 ~ o ;’fjsj,n) |=0 (4.4.6)
. 1 L —i\-Sn_ . 1
Tim O%E{ 22541—6 VA —iAS;) || =0 (4.4.7)
n o (Sn=S5n)
lim — B[ =] =0, (4.4.8)
n—oo 4 /Quy, = _

As in [16], the mixing properties and easily prove that and
hold. As far as is concerned the formulation of Theorem forces us to argue a
bit differently than [16]]. We first observe that, using the boundedness of the variables ¢;’s,
(4.4.8) is equivalent to

—0, VAeR (4.4.9)

b

1 n L (5n=Si0)
§ ]Ew éj eM ven
=L

J=tn

Fix two numbers M and L with L < M /10 (eventually they will be chosen logarithmically
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increasing in n) and write

— m! /O,
()™ (S =S\
> (i )' (( 2 )) 1 s
el . [ Sin)) < gy
LS LG /(S — S \™
+ e VE — Z (iA) (S in) 1 (sn-s;
= ml NS {I—7=2 )51}

Let us first examine the contribution of Y(j ) and Y(j ) to the covariance term (4.4.9). Using

the boundedness of the variables {¢;}"_, there exists a positive constant ¢ such that:

LM-H
[Sﬂ } VI

. 1Sn=55.01 1/ (S — S;0)
w[gjygjﬁ} < cvnmaxE, {“' v } P, (|M|>L .
Van

Jgn

Lemma 4.4.1. There exists ¢ > 0 such that, for all n large enough and any 5 = O(logn),

B

E, [eﬁ Van } < 27, (4.4.10)

Moreover, there exists ¢ > 0 such that, for all n large enough and all L < logn,

P, |M| >L) <e V. (4.4.11)
VvV On

Assume for the moment the lemma and choose L = M/10 and M = logn. We can

conclude that

LM+1:|

M!

1 <& _ , , L
— > B |G+ v | <ovn {e ? 4
n =t
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so that

We now examine the contribution of Yl(j ) to (4.4.9). Recall

Su=Sim= > &

1<1<n
|i_j|>£n

Thus clearly,

yefeor]- L3S () ¥ wloffal.

=L, idyeim i=k
ming |ix—j|>Cn

where the labels iy, .. .4, runin {1,2,... ,n}.

Lemma 4.4.2. Let M = logn. Then, forany m < M, any j € {{,,...,n}and any {iy,...in}

satisfying miny, |i, — j| > ¢, it holds that
E[& &)1 = o).
i=k
Here « is the mixing exponent appearing in Theorem

Assuming the lemma we get immediately that also

SEAGIIET:

Jj=tn

li L
1m
n—00 /Oy,

and (4.4.9) is established. In conclusion, (4.1.4) would follow from Lemmas{4.4.114.4.2

Proof of Lemma|.4.1} Let us begin with (4.4.10). For simplicity we prove that, for any

constant 3 = O(logn), E, [exp(8S,/v/n)] < e for some constant ¢ > 0. Similarly one
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could proceed for E,, [exp(—/3S,/+/n)] and get that

E, [exp(6’8n|/\/ﬁ)] < E, [exp(@Sn/\/ﬁ)} + E, [exp(—BSn/\/ﬁ)} < 26052-

We partition the discrete interval {1,2, ..., n} into disjoints blocks of cardinality n'/?. Given
a integer k, by applying the Cauchy-Schwarz inequality a finite number of times depend-
ing on x, it is sufficient to prove the result for S, replaced by the sum Sl(;) of the &;’s
restricted to an arbitrary collection B of blocks with the property that any two blocks in B

are separated by at least « blocks.

Fix one such collection B and let B be the rightmost block in 5. Let ng be the largest
label in B which is not in the block B and let t3 = ngA be the corresponding time. Further
let Zp => ieB éj. If ck > vmax Where c is the constant appearing in Theorem we can
appeal to to obtain

B, [exp(825/ V)| Fip] = By [exp(8Z5/v/m)] + O e ),
Using the trivial bound Z3//n = O(n~?/3) we have
E, [exp(cZp/vn)] =1+ g Var, (Zg) + O(8%*n~"/%) Var, (Zp),
where Var,(Zp) = O(n'/3) thanks to (4.3.4). Above we used the trivial bound
E, [|Z5’] < en'/?Var,(Zp).
In conclusion, using the apriori bound g < logn, we get that

2
E. [exp(325/ Vi) | Fiy] <14l
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The Markov property and a simple iteration imply that,

2
E, [exp (BSZ({”WE)] < [Hc%] < exp(d8?),

uniformly in the cardinality |B| of the collection. The bound (4.4.10) is proved.
The bound (4.4.11)) follows at once from (4.4.10) and the exponential Chebyshev in-

equality
Pw | (Sn - S],n)| > L < 6,6[] Ew eXp<| (Sn - S],n) D ’
A/, Voo,
with 5 = eL, ¢ being a sufficiently small constant. O

Proof of Lemma Fix j € [1,...,n] and m < logn, together with a choice of labels
1<y << ... <, <n such that miny ’Zk —j‘ > gn Let tik = ’lkA
e If i, < j — /, then we can apply the Markov property at time ¢

lary to get

together with Corol-

7:777,

a/3

E, [Ej ﬁ éik]
i=k

e If instead there exists b < m — 1 such that i, < j < i,,; we need to distinguish between

m
< efna/s]Ew [H’Equ < cme
i=k

two sub-cases.

(a) For all k¥ > b+ 2 it holds that i, — i,_; < n'/® and in particular t,, — t,,1 < n'/5A. In

this case the fact that ¢,,1 — jJA > ¢,, and vyax(tm — tyr1) < £, together with (4.3.6), imply

that
B [6 T[4 —E.[6 I &) |5 11 &] + o(e—n"”polym))] .
i=k i=k i=b+1

The conclusion of the lemma then follows from the previous case i,, < j — ¢,,.

(b) We now assume that &* := max{k > b+ 1: ir,; > i +n'/%} < n. By repeating the

previous step with the Markov property applied at time ¢; , we get

ik*

E, [gjf[&k] =E, [gjf[&k} (Ey[ ﬁ ék} +O<e—n‘*/3poly(n)>) )

i=k*+1
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By iterating the above procedure we can reduce ourselves to case (a) and get the sought

result. =

As Lemmas 4.4.1 imply (4.1.4), this concludes the proof of Theorem[4.1.1l [

Remark 4.4.1. The above proof also established that the limiting variance o2 is strictly

positive for all p small enough.

4.4.2  Proof of Theorem

Given the interval A = [1,..., L] and w € Q4, let PA be the law of the process started from

w. Recall that
[PAY — Y| = inf{ M (w(t) # «'(t)) : M a coupling of PA* and P/},
and introduce the hitting time
7(L) = inf{t : X(w(t)) = L},

where the initial configuration is identically equal to one (in the sequel 1). It is easy to
check (see, e.g., [41]) that at time 7(L) the basic coupling (cf. §4.2.1) has coupled all
initial configurations. Thus

dry(t) < sup [[PA — PN < PA(r(L) > 1)

w,w’

Using the graphical construction, up to time 7(L) the East process in A started from the
configuration 1 coincides with the infinite East process started from the configuration w* €

Qr with a single zero at the origin. Therefore

Py (r(L) > t) < P (X (w(?)) < L),
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thus establishing a bridge with Theorem Recall now the definition of ¢, from Theo-
rem and distinguish between the two cases o, > 0 and o, = 0.

e The case o, > 0. Here we will show that

Toix(L€) = v 'L+ (14 0(1)) == (1 - ) VL. (4.4.12)

2372

For s € R, let t, = L/v 4 sv/L. Then (4.1.3)) implies that

Py (X (w(t)) < L) = P, (XW(W) — vt _ ) q)<_v:js>

VL/v

as L — oo. Hence,
3/2

lim sup dy(L/v 4+ sV'L) < CD(—U

L—oo

S). (4.4.13)

o
To prove a lower bound on the total variation norm, set a;, = log L (any diverging sequence

which is o(v/L) would do here) and define the event
Ay = (wy(t) =1forallz € (L —ag, L]).
Then
PY(A) > P (X(w(t)) < L—ag) and nw(A;) =p™ = o(1),

and so any lower bound on P, (X (w(t,)) < L — ay) would translate to a lower bound on

dr(t,) up to an additive o(1)-term. Again by (4.1.3)),

3/2

S)
O«

Py (X(W(t*)) <L-— CZL) = Py~ (X(w% vt < —0v3%s — CLL\/U/_L> — <I><—U

as L. — oco. Thus we conclude that

v3/2

lim inf (L /v + sVL) > cp(_ S). (4.4.14)
L—oo

O«

Eq. (4:4:12) now follows from ([@.4.13) and (4.4.14) by choosing s = o,v~%2d~1(1 — ¢).
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e The case 0, = 0. Here a similar argument shows that
Twix(L,€) = v 'L+ O.(1),

using the fact (following the results in §4.3)) that sup,, sup, Var, (X (w(t))) < oo if 0, = 0.

This concludes the proof of Theorem (4.1.2 O
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