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Abstract
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Jeffrey Bilmes
Department of Electrical & Computer Engineering

We demonstrate that submodular functions, with fine-tuned hyperparameters, serve as extremely effective
data subset (i.e., summary) selectors, better than the current state-of-the-art, for training machine learning
systems on data subsets. To search and reduce the hyperparameter space, we introduce meta-summarization
a technique designed to enhance computational efficiency of hyperparameter tuning. Meta-summarization
chooses a subset of summaries based on their inter-summary diversity starting from a large set of generated
summary candidates. This significantly reduces the summaries to train on relative to training on all of
them. This approach enables meta-summarization to find the best performing hyperparameters for a
submodular function faster than other hyperparameter search techniques, significantly reducing computation
and time. We demonstrate that summaries generated using fine-tuned submodular functions outperform
subset selection benchmarks such as DC-Bench (by & 3% absolute) and DeepCore (by = 2% absolute). Fine
tuned submodular functions also outperform random and state-of-the-art k-means based subset selection for
training a popular ViT-based (vision transformer) architecture, DaViT [20], on ImageNet, thus setting a

new state-of-the-art for supervised subset selection.
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1 Introduction

We study the problem of data subset selection in supervised learning, i.e. selecting a representative subset
(or summary) of a larger dataset for more efficient model training. This problem is of special importance in
today’s era of big data where computation costs and carbon emissions from training AI models are becoming
an environmental and financial concern [81] [I0] [64]. We approach the data subset selection problem from
the perspective of maximizing a submodular function (SF) [27] instantiated over the whole dataset with the

“right” set of parameters. A submodular function f, : 2" — R is defined as
fo(w|A) > fg(v|B) <= ACBYveV (1)

where V is the ground set, A, B C V, and ¢ are parameters of fs. The notation f(z|Y") denotes the valuation

of the element z in the context of set Y. It is defined as

A
f]X) = flou X) = f(X) (2)
A constrained submodular maximization problem can be expressed as

S* = argmax fy(X) (3)
Xez

where 7 a collection of sets which define a given constraint (e.g., independent sets of a matroid). Submodular
maximization is an NP-hard problem but the greedy algorithm with respect to function gains gives a constant
factor approximation guarantee of 1—1/e [73] for cardinality constrained monotone submodular maximization
(i.e. T={I:|I| <k} where k is the cardinality limit). We can see from Equation[[|that f, has a diminishing
returns property, and thus specific instances of SFs such as the facility location function, monotone-concave
composed with modular, etc. naturally model set element diversity [75, [9T]. Our summary is a set S obtained
after running a submodular maximization algorithm A,,,., (such as Greedy, Stochastic Greedy [69], Parallel
Greedy [16] etc.) on the problem defined in Equation [3] More details can about the algorithms that we use
can be found in Section [3

Using submodular maximization for data subset selection has been considered for over a decade [60} [59].
It is often the case that useful submodular functions are instantiated via a similarity kernel (Ky) defined
over set elements. Constructing Ky typically entails choosing parameters such as the feature extractor on
raw data points and the similarity metric between data points. Nowel to this paper, we demonstrate that
the choice of parameters ¢ (which includes adjustments to the corresponding Ky such as parameters of the
similarity metric and other optional transforms as well as selection of fy itself) significantly impacts the
quality and diversity of the subset S obtained via submodular maximization when evaluated based on held-out

test-set accuracy. The central idea of this paper is to highlight the absolute necessity of fine-tuning the



Histogram and Kernel Density Estimate (KDE) of Test Accuracies for CIFAR10 IPC 1 by varying SF parameters ¢
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Figure 1: Histogram and kernel density estimate of test accuracies on CIFAR-10 dataset when selecting
one Image Per Class (IPC) obtained by varying parameters ¢. The plot shows test accuracies from 936
different summaries from 936 submodular functions after meta-summarization (Section [2). The mean (stdev)
accuracy of uniformly-at-random subsets of the same size is 0.154 (0.28).

parameters ¢ of a submodular function fy in the context of data subset selection. It is not sufficient to plug-in
an arbitrary submodular function for a summarization task, just as it is not sufficient to plug-in an arbitrary
untrained neural network for a classification task. Our results go far beyond incremental improvements.
Indeed, we show that well-tuned submodular functions serve as state-of-the-art data subset selectors.

Motivating Example. Figure [I| shows the histogram and corresponding kernel density estimation [15]
of test accuracies obtained by training a model on summaries generated by f4 using different parameters
¢. We notice from Figure [I] that there is a significant spread of accuracies as we vary the parameters of fy.
For some settings of ¢, we see that SF-based selection performs worse than even the mean (which is 0.154)
of multiple runs of simple uniformly-at-random subset sampling. This further motivates us to tune fy for
subset selection, since a poor choice of parameters ¢ could (catastrophically) fail to give desired performance
(the far left tail of the histogram).

Building on this motivation, our approach consists of the following three steps to fine-tune submodular
functions: (1) generate summaries using grid-search over the submodular function hyperparameter space
® (¢ € @); (2) Perform Meta-Summarization (again using submodularity) to summarize the generated
summaries down to a smaller set of summaries (to bypass the expensive model training on all generated
summaries). Computing summaries is much faster & cheaper since it consumes only CPU cycles, as opposed
to model training on summaries which requires GPU cycles (see Section [2] for meta-summarization details);
(3) Train & evaluate models on only the meta-summarized summaries (Algorithm [I| gives details).

How do we differ from previous work? Submodular functions have been widely used in the context
of data summarization and subset selection (relevant literature is described in Section [4]), but there lacks a
comprehensive empirical study that benchmarks their effectiveness in the context of fine-tuned supervised
subset selection. The most similar work to ours includes CRIAG [70], MILO [44] and [42]. CRIAG maximizes

a facility location (FL) function [68] 98] using a Euclidean similarity measure to select subsets for faster model



training. They use features which are the gradients with respect to the last layer of the model. Although
CRAIG uses an FL function, they do not perform submodular fine-tuning or meta-summarization. The
purpose of our work is not to propose a new similarity measure, or feature extractor, but rather to show
that submodular functions should be tuned before applying them to select subsets. Thus, any new similarity
measure of feature extractor can be seamlessly integrated into our general framework.

MILO is a recent work which uses submodular functions for data subset selection. Although the “tuning”
in MILO paper’s title refers to standard deep-model architecture hyperparameter tuning (rather than the
submodular fine-tuning we refer to in the present work), MILO does perform a bit of submodular tuning but
it is limited to only an RBF kernel width tuning under a fixed cosine similarity metric. MILO also does
not perform further similarity transforms & submodular fine-tuning such as our similarity matrix nearest
neighbor KNN adjustment and a gravity-based transform (see Appendix [A| for further details). Moreover,
MILO does not use any meta-summarization and greedy order training (Section [2| for details), and hence
there is a possibility that they train on redundant summaries. This is unlike meta-summarization which is
specifically optimized to train models on a diverse set of distinct summaries. Additionally, MILO selects new
a new subset every R epochs, whereas we select a single static subset at the beginning of model training. We
note, however, that our approach can be easily extended to selecting dynamic subsets every R epochs which
we leave to future work.

The [42] paper uses submodular functions such facility location and disparity min [43] (although disparity
min is not submodular) for supervised subset selection. Their setting, however, is limited to the simple
non-parametric K-NN classifier. Moreover, they do not perform meta-summarization.

The papers [95], 96}, 62}, 84], 60, 59, @] use submodular selection for speech and natural language data,
where datasets & models are smaller (< 10000 examples) and low dimensional, and they do not perform any
fine-tuning, whereas we use much larger and higher dimensional vision datasets (CIFAR-10 [52], CIFAR-100,
TinyImagenet [71], and Imagenet-1K [79] 19]).

[95] performs submodular function based selection, but their approach is to relate submodular functions to
traditional models such as Naive Bayes and K-Nearest Neighbor classifiers, whereas we perform subset selection
to train modern neural networks such as ResNets [31], ConvNets [85], and a vision transformer (ViT) |20} 21].
Furthermore, the papers [96] 57, [95] for speech and active learning do not involve a meta-summarization
stage, which is novel in our approach.

Our contributions can be summarized as: (1) We introduce a principled hyperparameter fine-tuning
strategy for submodular functions used for data-subset selection which involves a novel meta-summarization
procedure. Meta-summarization saves enormous computation by training on only a diverse and representative
set of summaries generated by the grid-search hyperparameter sweep; (2) we empirically demonstrate that
the greedy order of training on meta-summarized summaries finds the maximum and minimum accuracies of
the hyperparameter sweep much faster than training on summaries in a random order (an example can be

seen in Figure [3)); (3) we set a new state-of-the-art for subset selection on computer vision datasets using



submodular functions. We beat the DC-Bench baseline by an average of =~ 3% (absolute) and the DeepCore
benchmark by an average of = 2% (absolute) across all datasets and subset sizes; (4) our source code is
highly modular and new datasets, feature extractors, submodular functions, hyperparameters, and subset
selection benchmarks can be integrated for further evaluation. Our open-source code along with instructions
to reproduce results can be found in the supplimentary material. We explain our approach in further detail

in the next section.

2 Tuning Submodular Functions

Summary Generation. Commonly used strategies for hyper-parameter search include grid search [76],
sequential search [33], Bayesian optimization [26], random search [4] etc. We use grid search to generate
summaries corresponding to each configuration of our hyperparameter space since: (1) it is trivially
parallelizable unlike sequential and Bayesian search (which can be parallelized although using more involved
algorithms); and (2) random, sequential, and Bayesian search techniques require computation of the final
objective of hyperparameter optimization for each configuration. In our case, the final objective is the
test accuracy obtained after training a model on a data subset (i.e., a summary), the computation of
which is expensive (since it requires model training on a GPU) relative to summary generation. This is
in contrast to our approach which first uses grid search to quickly generate all summaries (generating a
summary is computationally inexpensive since submodular maximization requires only CPU cycles and can
easily be parallelized) and then we train only on a few representative summaries out of all the generated
summaries (obtained via meta-summarization, explained in Section . All summaries are generated using
the Submaraine command line interface [8]. Let us call the set of all summaries generated by grid search as
S (a meta groundset). Our goal is to show that it is critical to fine-tune parameters of an SF for the purpose
of subset selection, and propose an efficient meta-summarization based strategy for tuning. Alternative
hyperparameter tuning strategies are orthogonal to our work and can be seamlessly combined into our
framework. We defer the study of fine-tuning SFs using other hyperparameter optimization algorithms to a
future work.

Meta Summarization. Model training on all summaries in S is computationally expensive. Moreover,
it is possible that different hyperparameter configurations result in the same summary indices (i.e., it is
possible for argmax fy, = argmax fy, with ¢1 # ¢2). To avoid such redundant trainings, to avoid similar
trainings (where arg max fy, ~ argmax fy,), and to avoid unnecessary training on all summaries generated
from the hyperparameter sweep (as would grid search do), we summarize S down to a representative set Q.
We use a submodular function instantiated using a Jaccard similarity measure [34] between elements in S.

The Jaccard matrix is computed using the Submarine CLI [8] by passing in S being the input. The Jaccard



Algorithm 1 Meta Summarization Procedure

1: Input: S (all summaries from hyperparameter sweep), n = |S| (number of summaries),

2: J (Jaccard similarity matrix between sets in S).

3: Output: Q (summaries we want to train on, i.e. @ C §), C (conditional curvature array).

4: Q10 > Initialize meta summaries to null set
5: Instantiate fy,s following Equation [j]

6: Gmax = maXiCS\Q(fms (Z|Q))

7: while g4, > 0 do > Loop while gains are > 0 since at 0 subsequent summaries are fully redundant.
8: Tmag = arg maxics\g(fms (119Q)) > Get element index corresponding to maximum gain value
9: Q + Q. append(imaz) > Append to preserve the order.
10: cc + current conditional curvature

11: C + C.append(cc)

12: 9maz = maXiCS\Q(fms (iQ))

13: After getting Q, use conditional curvature array C' to decide when to stop training (see Figure @

Conditional Curvature vs Greedy Index for Meta-Summarization of ImageNet (64 x 64), Gravity Sweep
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Figure 2: Meta-summarization conditional curvature for an ImageNet (64 x 64) sweep. We observe the
conditional curvature plot and note that after index ~ 1200, the curvature is almost unity. We thus selecting
summaries at this point, since thereafter summaries are quite similar to the earlier ones.

similarity (intersection over union) between two sets X and Y is defined as:

XNy

J(X’Y) - m.

We instantiate a meta-summarization (ms) FL function using this Jaccard matrix as follows:

Jns(X) = D max J(X,Y) (5)
Yes

To obtain a representative set of summaries of S, i.e., Q, we first need to specify the number of summaries
that we are “willing” to train on, i.e. |Q|. We make this decision based on the order provided by greedy
algorithm as it maximizes the submodular function and based on a quantity we call the conditional curvature.
Given a greedy order of summaries ¢, s, ... define Q; = {q1,¢2,...,¢}. Then the conditional curvature is
defined as cc; = 1 — fins(qi|Qi—1)/ fms(q:). We note that this quantity is inspired by standard submodular
curvature [39,92] but is geared towards an ordering. The conditional curvature is used exactly as implemented
in Submarine [§]. Note that cc; is not monotone, but it does tend to reach its maximum value of unity (1)
once the meta summarization has exhausted all diversity in the order. Hence we choose a threshold once we

find an 4 such that cc; > 7 where 7 is a threshold. This is shown in Figure [2] (for ImageNet (64 x 64)).



Training on Summaries in Greedy Order. We train the model, starting from scratch (random
initial parameters) in each case, on candidate summaries presented in an order provided by the greedy
submodular maximization algorithm run on the meta-summarization function f,,s mentioned above. as
seen in Algorithm [I, We leverage the insight that submodular function naturally models diversity, and that
greedy algorithm run up to cardinality constraint k also provides summarizes with cardinality constraint &’
for all £ < k. This means that each next choice by greedy should be distinct from previous choices, and so
it is likely that the greedy order will touch as many different kinds summaries as quickly as possible as it
proceeds through its steps. For this reason, the meta-summarization’s greedy order should allow us to gauge
the performance of that particular hyper-parameter space as early as possible. This is because that greedy
chooses set “elements” (which are summary subsets in the meta-summarization case) that are least similar to
previously chosen summaries. Thus, we expect to see many different summaries in any prefix of the greedy
order. We show from Figure [3] that the greedy order finds both the best and worst performing summaries
(as measured by test accuracy) in the hyperparameter sweep (for CIFAR-10) faster than a large ensemble of
random orders (i.e., 1000 random permutations in this case). This motivates us to train our model on the
greedy order (Q) from meta-summarization in order to find a good summary as quickly as possible, rather
than simply training on summaries randomly or via a grid search (or Bayesian reasoning, etc.).

The utility of meta-summarization & training on greedy order, therefore, is two-fold. First, it gives us
a diverse set of summaries to train on as early as possible. The user (i.e., a machine learning researcher)
has the ability to specify the number of summaries they wish to train on. They can make this choice
based on computational constrains or based on how quickly the gains of the function f,,s decreases,
as mentioned earlier in Section Secondly, the greedy order training helps us identify the best and
worst performing hyperparameter configurations early on in the training, hence helping us judge the
effectiveness of a particular hyperparameter sweep early on in the training. Obviously, we do not care
about the worst performing hyperparameter configuration and we only care about the worst performing
hyperparameter configuration. However, the worst performing hyperparameter configuration (and a diverse
set of hyperparameter configuration performances) comes as a byproduct of testing summaries in the greedy
(diverse first) order. Our contention is that, while the present work is a form of using submodularity for
fine-tuning submodular hyperparameters, our submodular-order meta-hyperparameter search could be used
in any situation where hyperparameter tuning (or, say, neural architecture search or AutoML) is needed, but

we leave this latter case to future work.

3 Experiments & Results

We evaluate our approach on standard computer vision datasets namely CIFAR-10 [52], CIFAR-100 [52],
TinyImageNet [54], and ImageNet [I9]. It must be noted all results are reported by first selecting a subset,

and training a model from scratch (random initialization) on only the selected subset. This different from
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Test Accuracy vs Greedy Order Index for CIFAR10, IPC 1
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Figure 3: Running maximum and minimum test accuracy while training model on summaries in greedy
order obtained from the meta-summarization stage. This figure shows that greedy order finds the best test
accuracy (top left green box) faster than the average best index out of 1000 random permutations (top
middle green box). Also, the greedy order finds the best significantly earlier than 95% confidence (top right
green box), which is where 95% of the 1000 random permutations have found the best accuracy. The blue
dots in this figure show the accuracies plotted in greedy order. Incidentally, we also note that since the
greedy order is a form of diverse-first order, it also finds the worst performing accuracy (bottom left red
box) and a diversity of different performing accuracies faster than both the average worst accuracy of the
random orders (bottom middle red box) as well as the 95% confident worse performing accuracy (bottom
right red box). The above behavior is the same across many different data sets, machine learning models,
and summary sizes as shown in Section E

the adaptive (or active) subset selection setting [0, [7'7, [00] which select new subsets every R epochs based
partially on a partially trained model. Our approach can be easily extended to the adaptive setting, but this
is a digression from the main goal of the paper which is to show that fine-tuned submodular functions are
strong subset selectors.

Which Submodular Functions do we use? We use the Facility Location (FL) function which has
shown to be effective in previous work such as [95], [70]. The FL function over a ground set V of training

samples and evaluated on a set X C V is defined as:

fi(X) = max S(v, 7) (6)

veV

where S is matrix of similarity values between set elements of the ground set, i.e. v € V. The FL
function has additional advantages. This includes that it is monotone non-decreasing, i.e. VA, B C V then
ACB < fn(A) < fu(B). Cardinality constrained monotone submodular maximization gives a 1 —1/e
constant factor approximation guarantee which is a better guarantee than maximization of non-monotone
submodular functions such as graph-cut [24, [100]. Also, the query complexity (i.e., complexity of each
function evaluation) of FL is O(n?), as opposed to, say, a determinantal point process (DPP) which involves
an O(n?®) determinant evaluation. To perform submodular maximization, we use the Minoux accelerated
greedy algorithm [67] which is a faster version of the standard greedy algorithm [73] with the same 1 —1/e

approximation guarantee. We choose all subsets to be class balanced in order for a fair comparison with

11



baselines [29, [I7]. We utilize a partition matroid rank constraint (Appendix [C|for more details) to ensure
class balance which, using the greedy procedure, still offers a 1/2 guarantee in the worst case but in practice
it is significantly better than this (simple small-scale empirical experiments show that its performance is
upwards of 98% of an exhaustive search).

Tuned Submodularity Outperforms Coreset Baselines on DC-Bench. We compare tuned
submodularity against DC-Bench [I7] which is primarily a dataset distillation (DD) [80] benchmark, but it
includes subset selection baselines as well such as Herding [97], Forgetting [89], and (what we call, see below)
Nearest Neighbor K-Means based selection (NNKMeans). As is standard, a 3-layer ConvNet [53] [85] [87] is
trained on subsets of CIFAR-10 and CIFAR-100 while a 4-layer version of the same architecture is used for
TinyImagent and Imagenet, following the standard setting in DC-Bench [I7] for fair comparison of results.
We use the low resolution (64 x 64) ImageNet dataset following the dataset distillation literature (DD use
the low resolution ImageNet for computational reasons). We also include an additional baseline where the
subset is selected using a single “off-the-shelf” submodular function, with a dense Euclidean similarity matrix
without additional transforms. We call this Untuned Submodular, since we do not perform any fine-tuning to
obtain parameters of this SF, but rather heuristically choose the set of parameters for the FL (this can be
thought of as a lower bound to our approach of fine-tuned submodular). The subset size is defined in terms
of Images Per Class (IPC), and hence all the subsets are class balanced. Figure [5|shows tuned submodularity
(green) outperforms the state-of-the-art NNKMeans across all datasets and subset sizes by an average of 2.5%.
We see that fine-tuned submodularity significantly improves over untuned submodular. This provides further
evidence that fine-tuning is necessary to obtain the best performance when using a submodular function for
subset selection. Interestingly, we also see that untuned submodular (yellow) outperforms NNKMeans across
most datasets and subset sizes.

Aside - a note on NNKMeans. DC-Bench proposes what we call Nearest Neighbor K-Means based
selection [I7] in the year 2022 which they call “K-Center”. However, the term “K-Center" is used for a
various objective for subset selection [50), [82] 23] 99| dating at least as far back as 2006. Hence, to avoid the
discrepancy in terminology, we call the DC-Bench baseline “NNKMeans”.

Figure [4] shows the comparison of Tuned Submodularity vs. representative & more computationally
expensive works on dataset distillation such as Distribution Matching (DM) [102], Differentiable Siamese
Augmentation [I01], and Dataset Condensation [103]. Dataset distillation [93] inherently has an advantage
over subset selection because it allows synthesizing new data points over simply selecting representative
points from the whole dataset. This makes dataset distillation more competitive at much smaller sizes due
to the flexibility of combining aspects from various images into a single newly synthesized image. We see
from Figure [4] that distillation outperforms tuned submodularity and NNKMeans at smaller subset sizes. As
subset size increases, however, fine-tuned submodularity even beats DD (and always beats NNKMeans).
We do not include the state of the art Matching Training Trajectories [I3] distillation baseline in Figure

since both it is extremely computationally expensive and also since our goal is not to outperform dataset

12



Accuracy vs Images Per Class for CIFAR-10
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Figure 4: Fine-tuned submodularity vs. dataset distillation baselines [17] at varying IPC.

distillation, but rather demonstrate that it is possible to fine-tune a SF to outperform even certain distillation
baselines as subset sizes increase. Further details can be found in [I7].

Accuracy Comparisons (with DC-Bench) across Datasets and Images Per Class (IPC)
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Figure 5: Test Accuracy Comparison with Subset Selection Baselines as reported in DC-Bench [17]. Each
row is a particular dataset, whereas each column indicates a given subset size expressed in terms of images
per class (IPC). The selected subsets are class balanced.

Tuned Submodularity Outperforms all Baselines in DeepCore. DeepCore [29] is a coreset
benchmark with ~ 12 subset selection methods [46] [70} 38] etc. The subset size is defined in terms of a
percentage (p) of the whole dataset (class-balanced subsets selected). We train a ResNet18 model for 200
epochs on subsets following the setting in DeepCore for a fair comparison. We can see from Figure [Ga]
(CIFAR-10) and Figure [6b] (CIFAR-100) that Tuned Submodularity outperforms all baselines reported in
DeepCore by ~ 2%. It must be noted that random is a strong baseline as reported in the original DeepCore

paper but this is outperformed by Fine-Tuned Submodularity.

Tuned Submodularity Outperforms Random & NNKMeans Baselines for ViT Training. We eval-
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Accuracy vs Selection Ratio Comparison with DeepCore, on CIFAR-10 Accuracy vs Selection Ratio Comparison with DeepCore, on CIFAR-100
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Figure 6

uate fine-tuned submodularity against random subset selection and state-of-the-art NNKMeans on the recent
Dual Attention Vision Transformer [20] (DaViT) on full-resolution ImageNet (Figure[7). This demonstrates
the applicability of submodular subset selection for training vision transformer based architectures in addition
to convolutional based ones. Figure [7] shows fine-tuned submodularity consistently outperforming random
and (what is often considered state-of-the-art) NNKMeans baselines across various selection percentages. We
leave benchmarking against the wide array of other subset selection baselines on DaViT training as future
work, due to the computationally expensive nature of training ViT models.

Fine-tuning Submodularity is Faster than NNKMeans. Figure [§ illustrates the timing numbers
for NNKMeans vs. fine-tuned submodularity, as well as speedups of fine-tuned submodular over NNKMeans.
Fine-tuned submodularity has a speedup of > 2x over NNKMeans for every selection ratio even though

NNKMeans performs worse. Thus, fine-tuning submodularity is both faster and better.

Accracy Comparison of DaViT on ImageNet
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Figure 7: Comparison of fine-tuned submodular against random and state-of-the-art NNKMeans baselines for
training a vision transformer DaViT [20] on full-resolution ImageNet-1K. The fine-tuned submodular approach
consistently outperforms both baselines across all selection percentages, demonstrating its effectiveness in
subset selection for such vision transformer-based architectures.

4 Related Literature

Coresets are (often weighted) subsets of data constructed to approximate characteristics such as loss,
geometric structure etc. of the whole dataset for applications such as model training, clustering, and so
on. Grad-Match [46] and Glister [47] construct coresets by matching proxy objectives such as validation

loss and model gradients between the subset and whole dataset. Papers [45] 88, 48] include applications
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Tuned Submodular vs. NNKMeans Timing Comparison for DaViT on ImageNet
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Figure 8: Figure showing fine-tuned submodularity is > 2x faster than NNKMeans for subset selection for
training the DaViT model on ImageNet. NNKMeans is expensive due to the very high-dimensional gradient
based features that we use showing NNKMeans poorly scales to such high-dimensional cases.

of Grad-Match & Glister for efficient hyperparameter tuning, replay buffer selection in continual learning,
and in semi-supervised learning, respectively. CRAIG [70] constructs a facility location (FL) [98] [23]
function based on a similarity matrix between gradients, and selects subsets using submodular maximization.
Papers [41], 55, [51] use submodular mutual information maximization [38] to select subsets for downstream
tasks like domain adaptation, semi-supervised learning, and rare category object detection. The paper [90]
uses sensitivity sampling but this becomes computationally intractable for larger datasets. The paper [74]
uses periodic random sampling after every, say R, epochs, for faster model training & convergence. Their
setting is fundamentally different from ours since they repeatedly sample random subsets every few epochs,
which potentially allows them to explore many more training samples, while we select a single fixed subset at
the beginning of model training. Other classic coreset work [65] [32] 1T}, 12, [I], 30] have stronger theoretical
performance guarantees, but evaluate only on smaller and lower dimensional datasets. We point the reader
to [25] for a detailed review of coreset approaches. In contrast to previous coreset work, we are the first to
present a principled fine-tuning strategy for submodular functions for the purpose of data subset selection in
a supervised learning setting.

Submodular Functions (SF) and optimization algorithms have been widely studied in theoretical &
empirical work like [60, 9] [73, ©94] 18| 67, 69 B7, 27]. The classic paper [(3] proved the constant factor
1 — 1/e approximation guarantee for monotone cardinality constrained submodular maximization using a
greedy algorithm on function gains. Accelerated greedy [67] further improved the runtime by using a priority
queue to store element gains (we leverage this algorithm in our work). [69] introduced a faster stochastic
version of the greedy algorithm and showed it to work well in practice. Furthermore, numerous works on

submodular minimization have been proposed [86] [66, [36, [35] We direct the reader to a detailed review of
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submodular optimization [22], 27] 63} [7] for further information.

Submodularity in Machine Learning. SFs have been used to select representative subsets of data in
modalities such as speech, vision, natural language, etc. The papers [60, 95 [62] 96] are a line of work exploring
use of SF maximization for the automatic speech recognition task. Additionally |9, 49, 58| 6T, 57, 56 14, 3], [84]

employ SFs for NLP tasks such as machine translation and multi-document extractive summarization [72].

5 Conclusions, Limitations and Future Directions

We demonstrated that it is necessary to fine-tune submodular functions when applying them to data
subset selection to achieve optimal performance. Our findings suggest that when tuned appropriately, SFs
outperform existing subset selection baselines such as DC-Bench [I7], DeepCore [29], as well as on Vision
Transformer Model training [20] on data subsets. We note that evaluating a facility location is O(n?) making
it computationally infeasible for large ground set sizes, but recent work addresses this [5]. Although our
current work is limited to the scale of the ImageNet-1K dataset (=~ 1.3M samples) currently, we envision
easily extending our work to the scale of larger datasets such as ImageNet-21K, multimodal vision-language
datasets such as DataComp [28], and so on. Scaling submodularity involves computational challenges, but it
can be tackled with FL functions instantiated with sparse matrices, using feature based functions (which
are evaluable in O(n) instead of O(n?)), and faster submodular optimization algorithms. Practitioners may
use our highly modular & easy to use codebase to integrate newer datasets, modalities, subset selection

algorithms, ultimately contributing to data-efficient machine learning.
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Appendices: On Fine-Tuning Submodular Functions for Data Subset Selection

A Details on Hyperparameters

Feature Extractors. We use the following three types of features -
e Activation Based. Activations from the pretrained vision transformer part of CLIP [7§].

e Activation Based. Activations from the penultimate layer of a one-epoch trained model. The model
is chosen in accordance to the benchmark that we are comparing against. For example, to compare
against DC-Bench [I7], we train a depth 3 convnet (or depth 4, depending on the dataset) for one
epoch and use the penultimate layer activation as features. We choose the convnet since we train the
same model to compare against DC-Bench (for a fair comparison). We do the same using ResNet18

[31] to compare against the DeepCore [29] benchmark.

e Gradient Based. For comparing against DC-Bench and DeepCoreWe, use gradients of all the model
parameters with respect to the loss of a given data-points as features, similar to [70]. However, while
[70] use only the gradients with respect to the last layer parameters, our feature vector has gradients
with respect to all the model parameters. The model is trained for one-epoch, similar to [I7]. More
specifically, if (z,y) is the datapoint, £ is the loss, § are all the model parameters, M! is a model

trained for one epoch, and z is the feature vector, then
z = flatten(VoL(M(2),y)) (7)

For DaViT training, we train the ViT model for 2 epochs, and compute gradients with respect to only
the last 2 layers of the model (still giving us a 790K dimensional gradient vector) due to computational

resource constrains.

Similarity Kernels. We use the following similarity kernels. All similarity kernels are constructed using

Submarine [§] (for low dimensional features) and FAISS [40] (for high dimensional features). -

e Simeuclid. Simeuclid is based on the euclidean distance measure. Given two feature vectors z; and

zj, exponent parameter -y, simeuclid similarity matrix S is defined as
5(1,5) = max(llzi - zll2) — llzi — 2113 (8)

where [|.||2 is L2 norm, and « is a parameter that we tune over.

In practice we use vy € {1075,107%,1073,1072,10~%,5 x 1071,1,2,5,10}.

e RBF. Given feature vectors z; and z;, kernel width w, matrix normalization specification d, the radial
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basis function similarity kernel [83] is defined as

S(i.9) = ewp (122211 (9)

w X d

We tune over the w and d parameters. In practice we use w € {107°,107%,1072,1072,1071,5 x
1071,1,2,5,10}, and d € {Min, Max, None, Sum, Mean} where the specification defined by d is

computed on the euclidean distance matrix E(%,j) = ||z; — 2;]|2.

e Cosine. Given the standard cosine similarity matrix C(i,j) = m and standard vector dot
i i

product operator -, we use the following variants of C'

Ci=1+C (10)

Cy = ReLU(C) (11)

where ReLU(x) = max(0,z). C'1 and C2 ensure that all entries in the matrices positive. Positive values
in C'1 and C2 are necessary for the facility location function to be submodular. There are no additional

parameters associated with the cosine similarity variants that we need to tune.

Transforms on Similarity Kernel. In addition to tuning over different choices of feature extractors,
similarity matrices & corresponding parameters, we perform additional transforms on the similarity matrix

such as -

e K-Nearest Neighbor Transform. We assymetrize the similarity matrix S using the K-Nearest
neighbor (KNN) transform. For each row of the similarity matrix S, the KNN transform preserves

only the top K similarity values and zeros out the remaining values.
Sknn(i,:) = top_k_sim(S(i,:)) (12)

The KNN transform is useful for preventing early saturation of the conditional curvature of the FL
function, as seen from Figure @ In practice we tune the K-Value (k) in the KNN transform over the
following values - k& € 2 x {0.25,0.5,1,1.25,1.5,1.75,2.0, s}, where n is the ground set size, s is the
summary size. % intuitively denotes the number of data-points that are to be “represented for" by each

summary point. We choose % as the reference point, and tune over values lesser and greater than % by

a few multiplicative factors, as shown earlier.

e Gravity Transform. The gravity transform can be interpreted as a soft version of the KNN transform.
Instead of zero-ing out similarities after a certain KValue, the gravity transform increases similarity

values above a certain percentile, while reducing similarity values after below that percentile. Given
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Conditional Curvature vs Greedy Index for CIFAR-10 Summarization w and w/o KNN
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Figure 9: Conditional curvature obtained by running greedy maximization algorithm on similarity matrix
with and without the K-Nearest Neighbor transform. It can be seen that using KNN (blue) prevents
saturation of conditional curvature (red).

g € (—100,100) (“strength" of gravity transform) and a fulcrum value f € [0,100] (which essentially
indicates a percentile point towards or away from which the similarity values are pulled/pushed), the

gravity transform is expressed mathematically as

1
Jap®) = CiTiom® —1)e 11 (13)
where a = giol%o — 1 and B = ﬁ. Intuitively, the gravity transform can be thought of as

“pulling" /“pushing" similarity values towards the point defined by f on this histogram of similar-
ities, depending on whether the gravity value is positive/negative. In practice, we use f € {1,50,75}

and we tune only over negative gravity values, g € {—99, —50, —10}.

The KNN and Gravity Transform is used exactly as it is implemented in Submarine [§].

Mixture of Submodular Functions. In our experiments we use a weighted mixture of submodular
functions of the form. We use a mixture of three weighted submodular functions each corresponding to one
type of feature extraction method (2 activation based, and 1 gradient based). This weighted mixture is of

the form -
fo=wif} +wafl +wsf] (14)

We tune over different values of weights wi,ws, and ws. The f(;, f(% and fg correspond to a facility location
functions corresponding to each of the three types of feature extractors. All other parameters are the same

(i.e., ¢). We use the following combinations for weights -

(w17w27w3) € {(27038)7(27276)3(27474)3 (15)
(2, 6, 2)7 (2,8, 0)7 (4, 0,6), (4, 2, 4), (4, 4, 2), (47 6, 0), (16)
(6,0,4),(6,2,2),(6,4,0),(8,0,2), (8,2,0), (10,0,0) } (17)
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We utilize Weights & Biases [6] for experiment tracking and performing hyperparameter sweeps.

B Specific Hyperparameter Sweeps Performed

Searching over all hyperparameter configurations as defined in Appendix [A]is not computationally feasible
due to the exponential nature of hyper-parameter spaces with respect to the number of hyper-parameters,
and available computational resources. Hyperparameters described in Appendix [A] result in ~ 300K unique
parameter configurations for each dataset, and selection ratio, tuning over which is intractable. We thus
divide the hyperparmater space into smaller and tractable subspaces, and apply summary generation,
meta-summarization, and greedy order training on the smaller configuration spaces, and report the best

obtained test-set accuracies amongst the smaller hyperparameter spaces.

C Partition Matroid

Matroid. A matroid (F,Z) is defined over a ground set E and a set of independent sets Z, and each

I €Z,1CE. The set of independent sets Z satisfy the following properties
e Jcl
e [fAcZ, and BC A, then BeT.
e IfAcZ, BeZ, and |B| > |A], then 3b € B\ A, such that AU {b} € Z.

More details on matroids can be found in [22].

Partition Matroid. A partition matroid’s (P = (E,Z)) independent sets have the property
I={XCE: | XNE|<k,Vi=1,2,...,1l} (18)

where E; C F and E; N E; = @, and |J, E; = E (i.e., a partition of E), and k;’s are limits imposed on each
partition (! is the number of partitions). The rank function r, for a partition matroid is defined as
i=l
rp(X) = max(|X N E|, k) (19)
i=1

We define a partition matroid P¢ for our submodular maximization as follows

e F;’s are partitions defined using class labels C, i.e. each partition consists of data-points of a specific

class, say ¢;.
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e The limits k; for each partitions are equal to the subset size for each class (which is nothing but the

total subset size divided by the number of classes, since the subsets are class balanced).
Given a total subset size s (= Zzzll k;), we impose the following constrains
o ,(X*)=sand
o | X* =35

Both of the above constrains ensure that X* is class balances and also | X*| = s. Here X* is the set that
results from greedy submodular maximization. Hence, our submodular maximization problem can be defined

as

X*= argmax f(X) (20)
rp(X)=s,|X|=s

In all our experiments we optimize Equation [20] to obtain subsets. The partition matroid constrain is used as
a submarine [8] command line argument, since the partition matroid constrained optimization implementation

is available in Submarine.

D Envelope Plot Generation Method

Envelope Plot Quantities. Algorithm [2]illustrates our strategy to obtain the envelope plots. We plot
the following quantities in the envelope plots: (1) Running maximum (C£¢%) and minimum (C&¢*Y) test
accuracy of the greedy order as obtained by running the greedy maximization algorithm on the Jaccard
similarity matrix during meta-summarization, (2) Mean and +1 standard deviation of running maximum
(Crand) and minimum (C*22) of 1000 random permutations of test accuracy to simulate random search of
the space of generated summaries. These quantities are plotted against the index (a-axis) which denotes the

index at which the hyperparameter search methods (i.e., greedy, random) obtain a certain accuracy. This

allows us to compare how fast a certain search method obtains a certain test accuracy.

Envelope Plot Annotations. Furthermore, we annotate each envelope plot at certain points (explained
next) allowing us to visually inspect the advantage of a greedy training order over random orders. We
annotate the envelope plots at the with the following points (1) The points at which the running maximum
and minimum of the greedy order achieves the global maximum and minimum test accuracy respectively, of
the hyperparameter space. We denote these points as gmax and gmin (2) To quantify the effectiveness of the

random hyperparameter search order, we annotate the following points:

e Mean Index. We calculate the index at which the running maximum and minimum of a certain random
order amongst the 1000 random orders (permutations) achieves the global maximum and minimum.

We calculate the mean of all such indices for each of the 1000 random orders (i.e., permutations), and
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Algorithm 2 Envelope Plot Generation Method

1:

H
=

=
N =

_ =

._.
=

17:

18:

19:

© %NS g wh

Input: A, (array of test accuracies in greedy order), p (number of random permutations), ¢ (length of

Ag)
Output: pgiiie, Oiiiaas Hermins ernin
Amax < max(Ay), Amin < min(A4,) > Initializae global max/min accuracies
P < permute(Ay,p) > P is the matrix of p permutations of A, i.e., P € RP**
Ccrand ¢ empty(RP*F), Crand « empty(RP*Y) > Running max/min of random orders
Ccgreedy ¢ empty(R1*Y), Cﬁ?dy € empty (R *¢) > Running max/min of greedy order.
for i =1to pdo > Iterating over all p permutations
for j =1to ¢ do > Iterating over the accuracies in each permutation
Crand(j 5 maxjeqi,2,...;3 P(i,7") > Populate random order running max. array
Cﬁ‘;d (i,5) «+ mingreq12,..,5} P(i,j") > Populate random order running min. array
: for j=1to ¢ do
CEreedy (5) <= maxjieq1 0, 53 Ag(5') > Populate greedy order running max. array
CirlCHCdy(j) < min Jre{1,2,...5) A ( o) > Populate greedy order running min. array
for j=1to/ dO > Calculate mean and std. dev. of max/min of random orders
and d
pimin () = 5 20 Cx??;; (4, 1)
d 2
ot (7) « ¢ 1 (Crmd(j,1) — pznd (7))
d d
Hemin () 4 Cﬁi‘ﬁ (J,9)

ran ran ran 2
le(!il \/ Z Cnllnd (], Z) uclnl(ril (]))
Plot: prand (4), orand (; ) rand (5 - prand 5y - cgreedy 5y - ogreedy 5y a¢ functions of j € {1,2,...,0}.

cmax cmax Mlen cmin max min

Algorithm 3 Annotation of Mean Indices

1:

Input: P (matrix of random permutations from Algorithm , p (number of permutations), £ (length of

4,)
Output: rjgan, poean > Mean index of global max/min point of random orders.
Initialize: 8" =0, rpid™ =0
for i =1 to p do
rmeat = rme® 4+ min(arg Max ey ., Cr’n;f( ) > Sum lowest max. achieving indices
T = Thin + min(argmin;e o C’mm (1,7)) > Sum lowest min. achieving indices
Thhee = Tmax” > Final values of average max. index
Tt = $ > Final values of average min. index

annotate these indices, for both the global maximum and minimum. These indices are denoted by

mean

Tmax

and re" for the global maximum and minimum respectively. These annotations allow us to
benchmark of how random hyperparameter search performs on an average with respect to the greedy

order. This procedure is illustrated in Algorithm [3]

e 95%-ile Index. Next, we annotate the smallest index at which at least 95% of the random hyperpa-

rameter search orders (i.e. permutations) achieved the global maximum and minimum of test accuracies.

0y
95% and r95/{>

max min

We denote these points by r respectively. The 95 percentile points allow us to compare
greedy order global maximum with the index after which with high probability (which we quantify
as 95% of the random orders having achieved the global maximum (minimum)) random orders have

achieved the global maximum (minimum) of test accuracies. Algorithm [4| demonstrates this procedure.
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Algorithm 4 Annotation of 95% Indices

1: Input: Crond, C;fi?ld, Amaxs Amin, D, £ > Quantities as defined in Line 1 Algorithm
2: Output: T?fz‘é, Tgizz’ > 95%—ile indices for max. and min.
3: Initialize: cpax = 0, cppin =0 > Counter of permutations that have reached global max./min.
4: Initialize: t.c = 0.95 X p, tin = 0.95 X p > Target 95-percentile count
5: for i =1 to ¢ do

6: for j =1to pdo

7 if Cr2nd(53) > A.x then > Check if running max reached global max
8: Cmax € Cmax T 1

9 if e > fax then

10: 9%

11: exit all nested loops > Exit loop if count has reached 95-percentile threshold
12: for i =1 to ¢ do > Similar procedure as above for min.
13: for j =1to pdo

14: if Crand(j7) > A, then

15: Cmin ¢ Cmin + 1

16: if cmin = tmin then

17: 5%

18: exit all nested loops

E Block Iteration based Similarity Matrix Construction

Why use blocking-based iterative similarity matrix construction? Gradient based similarity matrix
calculation involves high-dimensional feature vectors since gradient of model parameter with respect to
the loss is often a very high dimensional vector, due to the large number of model parameters. The high
dimensionality of the feature vectors makes it challenging to accommodate the entire design matrix X € R"*¢
in the computer memory (either CPU or GPU memory), which will subsequently be used to calculate the
similarity matrix S. This effect is especially pronounced in the case of calculating the similarity matrix for
gradient based features of the DaViT [20] model due to the large number of parameters in ViT based models.
We calculate the gradients with respect to only the last two layers of the model. The dimensionality of the
gradient-based feature vector in this setting is 790,000 which amounts to a design matrix of size 4 Terabytes,

using single-precision floating point (32 bit) representation, which is more than our compute infrastructure.

To overcome this compute-imposed limitation, we break down our design matrix X € R"*? into smaller
chunks which are feasible to fit into our compute memory and calculate the similarity values of these smaller
chunks with each other in a doubly-nested loop based iterative fashion. These calculated similarity matrices
are then assigned at appropriate spots in the larger similarity matrix. This provides us an alternate approach
to construct large similarity matrices, specifically for the ImageNet dataset. Algorithm [5] illustrates our

blocking-based procedure.
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Algorithm 5 Similarity Matrix Calculation for Gradient Based Features - Iterative Blocking Trick

1: Input: Network model M, loss function £, dataloader D, mini-batch size b

2: Output: Similarity matrix S

3: Initialize: Similarity matrix S of dimensions (|D|, |D|) with zeros

4: Initialize: Batch start indices for outer and inner loops: startouter = 0 and startiper = 0

5: for each mini-batch Boyger in D do > Outer loop to iterate through matrix rows in batches
6: startipner = 0

7 Gouter < COMPUTEGRADIENTS(Bouter; N, £) > Use Algorithm |§|
8: for each mini-batch Bjner in D do > Inner loop to iterate through matrix columns in batches
9: Ginner +— COMPUTEGRADIENTS(Binner, N, £)
10: Sblock = compute similarity matrix(Gouter, Ginner) > Pairwise batch similarity (R®*?)
11: S[startouter + b, startinner + 0] < Sblock > Assign submatrix with similarity values
12: startinper < Startinner + 0 > Update column counter
13: startouter < startouter + 0 > Update row counter

14: return S

Algorithm 6 Compute Gradients

1: function COMPUTEGRADIENTS(B, M, L) > Input: Mini-batch, model, loss function
2 (X,y)« B > Unpack batch
3: ¥ — M(X) > Forward pass
4: < L(y,y) > Compute loss
5 G + Autograd(¢, M.parameters()) > Batch gradients using autograd package
6 return G

F Greedy Order Meta-Summarization Running Accuracy Plots

In this section, we provide additional plots akin to that which was shown in Figure [3] but for other datasets,
models, and summary sizes. We see in these plots that in all cases, the greedy meta-summarization order of the
summaries finds the best summary quite early, significantly earlier than the 95% confidence. In other words,
if we were to take the summaries in a random order (which is equivalent to random hyperparameter search),
we would find the best (and worst) performing summary much later than when we search hyperparameters
in the greedy order.

The meta-summarization order results for CIFAR-10 are shown for various IPCs in Figure [I0} Figure [I1]
and Figure[I3and histograms corresponding to these results are shown in Figure [77] Figure[I2] and Figure [[4]

The meta-summarization order results for CIFAR-100 are shown for various IPCs in Figure [I5] and
Figure [I7] and histograms corresponding to these results are shown in Figure [I6] and Figure [I8]

The meta-summarization order results for TinyImagenet are shown for various IPCs in Figure [19| and
Figure [2I] and histograms corresponding to these results are shown in Figure 20| and Figure 22]

The meta-summarization order results for Imagenet (64 x 64) are shown for various IPCs in Figure
Figure Figure [27] Figure [29] and histograms corresponding to these results are shown in Figure [24]
Figure [26] Figure [28] and Figure

We note that the plots for the other cases (e.g., other IPCs, Selection Percentages, Benchmarks etc.)
are quite similar and thus are not shown here since we have already provided a proliferation of such plots

and adding more does not make the point any clearer. The bottom line is that the greedy order for
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meta-summarization, and testing the summaries in this order, yields a process that finds the best performing

summary much more quickly than random search.
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G Tabular Results

G.1 DC-Bench

Table [I] shows that Fine-Tuned Submodular functions outperform all reported coreset baselines in DC-Bench

[I7] across all datasets and all IPC (images per class). Visualization of these results can be seen in Figure

in the main text.
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G.2 DeepCore

Table [2| shows that Fine-Tuned Submodular functions outperform all reported baselines in DeepCore [29]
across all datasets and all IPC (images per class). Visualization of these results can be seen in Figure @ in

the main text.

G.3 Vision Transformer Training on Subsets

Table [ compares Fine-tuned submodularity with NNKMeans and Random Subsets. Table [ is the tabular
representation of the data in Figure[7] Table [f]is the tabular representation of Figure [§] We show that in
addition to outperforming NNKMeans, Fine-tuned submodularity is > 2x faster than NNKMeans for subset

selection (i.e, to generate a summary).

NNKMeans vs. Fine-Tuned Submodularity Test-set accuracy. We conjecture that NNKMeans per-
forms poorly due to bad initialization of K-centers before starting the K-Means algorithm. We use FAISS [40]

to perform NNKMeans. We use FAISS since it is highly optimized and hence much better for running the
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K-Means algorithm at scale. FAISS utilizes GPU cores to run the K-Means algorithm. The default FAISS
initialization of the K-Means is uniformly at random (which can be arbitrarily bad), which might be the root
cause of NNKMeans failing catastrophically. Given that NNKMeans is extremely expensive to run on high
dimensional features and large scale datasets (as seen from Figure [5| and Table |5, we run it for only one seed
initialization of initial K-Means. Additionally, for some classes in ImageNet we observe that NNKMeans selects
redundant data-points even after fully converging, demonstrating a potential problem with NNKMeans. This
is further exacerbated by the fact that downstream training of DaViT on ImageNet subsets is computationally
expensive, denying us the opportunity to train many different subsets generated by NNKMeans to obtain the

best one. We leave benchmarking with better NNKMeans initialization such as K-Means++ [2] to future work.

NNKMeans vs. Fine-Tuned Submodularity Timing Analysis. Fine-tuned submodularity is > 2x
faster than NNKMeans since NNKMeans needs to recompute the gradient based features for each class for
every selection ratio each time we run NNKMeans since the features can’t be stored on disk due to space

limitations (total size of design matrix is ~ 4TB due to high dimensional gradient features). This is in
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contrast to Fine-Tuned submodularity, which requries only a one-time computation of a similarity martrix
using the blocking method (explained in |E[) which is < 20GB. Once, we construct this similarity matrix,
we can generate subsets of any size as we wish using the greedy algorith. Hence, while reporting the time
to construct the similarity matrix as in Table [5] we report amortized time across all selection ratios for
a fair comparison. Furthermore, we also note that generating summaries using fine-tuned submodularity
consumes only CPU compute, whereas NNKMeans using FAISS consumes GPU cycles, making it financially
expensive from the perspective of energy consumption. Despite NNKMeans having access to GPU parallelism,

Fine-Tuned submodular is faster.

H Best Performing Hyperparameter Settings

We show the best performing hyperparameter settings for different datasets, selection percentages, architec-
tures and benchmarks in Table [6] Table [7, Table [§|and Table[9] For cells in which a certain hyperparameter

is not applicable, the cell is marked with a dash (-).
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Histogram and Kernel Density Estimate (KDE) of Test Accuracies for CIFAR100 IPC 10 by varying SF parameters ¢
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I Details on Computing Infrastructure

Submodular Summary Generation. All summaries using submodular greedy maximization algorithm
were generated on Intel Xeon CPUs. These CPUs were available as a part of local compute as well from a

cloud provider. We note submodular summary generation requires CPU only cloud instances.

Model Training on Summaries. Model training was performed on different GPUs based on com-
putational requirements of the datasets and models. The GPUs used specifially were: NVIDIA A100,
NVIDIA P100, NVIDIA V100, NVIDIA GeForce GTX 1080 Ti. These GPUs were available as a part of

local compute as well from a cloud provider.
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Test Accuracy vs Greedy Order Index for Tinylmagenet, IPC 10

Random Order 95% Max. ldx. w

Greedy Order Max. ldx. —\ Rand. Order Max. Avg. ldx. w

——m
% oo

®eoe :gﬁ.q&
° @ o e o o

S0 &

o060 o® %o oo e
Random Order Running Max Mean
Random Order Running Max Mean + 1 Std. Dev.
Random Order Running Min Mean

Random Order Running Min Mean + 1 Std. Dev.
Greedy Order Running Max
Greedy Order Running Min
Accuracies (Greedy Order)

S

Rand. Order Min. Avg. Idx. —L Greedy Order Min. ldx. Random Order 95% Min. Idx. —}
0 1000 2000 3000 4000
Greedy Order Index

Figure 21

39



800

[=2)
[
(=)

400

Density/Frequency

200

0.016

0.014

e
o
=
o

0.010

Test Accuracy

0.008

Greedy Order Min. ldx.

0.006

0.004

800

600

400

Density/Frequency

200

Histogram and Kernel Density Estimate (KDE) of Test Accuracies for Tinylmagenet IPC 10 by varying SF parameters ¢

mmm Histogram
== KDE

0.08 0.10 0.12 0.14

Test Accuracy

Figure 22

Test Accuracy vs Greedy Order Index for ImageNet (64 x 64), IPC 1
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Test Accuracy vs Greedy Order Index for ImageNet (64 x 64), IPC 2
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Histogram and Kernel Density Estimate (KDE) of Test Accuracies for ImageNet (64 x 64) IPC 2 by varying SF parameters ¢
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Test Accuracy vs Greedy Order Index for ImageNet (64 x 64), IPC 50

Greedy Order Max. Idx. —1 (Rl @it s, Az, (b 3 Random Order 95% Max. ldx. 3
R — ]
o
°o° o ° )
®o ° ° ° ° °
® \. °
%
e ®° o o
S ° ° °
° ® e - - -
° O ° .'. === Random Order Running Max Mean
l“. A *. ﬂ Sl I | Random Order Running Max Mean == 1 Std. Dev.
O . O = Random Order Running Min Mean
. : o " Random Order Running Min Mean + 1 Std. Dev.
°

== Greedy Order Running Max
° = = Greedy Order Running Min
®  Accuracies (Greedy Order)

= T S — -
Greedy Order Min. Idx. ) L Rand. Order Min, Avg. ldx. Random Order 95% Min. ldx. 1
0 50 100 150 200 250 300 350

Greedy Order Index

Figure 29
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Dataset IPC Random Herding  Forgetting NNKMeans Tuned Submodular (Ours) ‘ Full Data
1 1544028 21.54+1.2 1354+1.2 2516+0.45 28.26 +0.74
CIFAR-10 10 31.00+0.48 31.6+0.7 233+1.0 41.49+0.73 44.97 +£0.30 86.0 £ 0.1
50  50.554+0.32 40.4+0.6 23.3+£1.1 56.00+0.29 57.50 + 0.26
1 445+0.15 84+03 45+0.2 10.89+0.17 13.35 +0.09
CIFAR-100 10  18.64+0.25 17.3+0.3 15.1+0.3 25.04+0.30 27.29 +£0.10 56.7 +0.2
50 34.66+0.41 33.7+0.5 30.54+0.3 38.64+0.43 41.61 +0.27
1 1.65+0.11 28+0.2 1.6 +0.1 3.03+0.12 4.2+0.13
TinyImagenet 10 6.88 +0.25 6.34+0.2 5.14+0.2 11.38 £0.26 13.28 £ 0.16 39.83 £ 0.0
50 18.62+0.22 16.7+0.3 15.0+£0.3 22.024+0.40 25.04 + 0.32
1 0.5+0.1 - - 1.0£0.0 1.57 £0.04
) . . 2 09+0.1 - - 1.84+0.0 2.46 £0.04
Imagenet (64 x 64 resolution) 5 5 o) - - 6.1+ 0.0 7.59 + 0.08 33.8+0.3
50 12.3+2.3 - - 13.62 4+ 0.0 18.36 +0.18

Table 1: Tuned Submodularity vs. Subset Selection Baselines in DC-Bench [I7]. Tuned Submodularity
outperforms all subset selection baselines across all datasets and subset sizes. Herding [97] and Forgetting
[89] are computationally expensive for ImageNet and hence we do not benchmark against them for ImageNet.

Fraction 0.1% 0.5% 1% 5% 10% 20%
Random 21.0+£03 308+0.6 36.7+1.7 645+1.1 757+20 871405

CD 15.8 20.5 23.6 38.1 58.8 81.3

Herding 20.2 27.3 34.8 51.0 63.5 74.1

K-Center Greedy 18.5 26.8 31.1 51.4 75.8 87.0

Least Confidence 14.2 17.2 19.8 36.2 57.6 81.9

Entropy 14.6 17.5 21.1 35.3 57.6 81.9

Margin 17.2 21.7 28.2 43.4 59.9 81.7

Forgetting 21.4 29.8 35.2 52.1 67.0 86.6

GraNd 17.7 24.0 26.7 39.8 52.7 78.2

Cal 22.7 33.1 37.8 60.0 71.8 80.9

DeepFool 17.6 22.4 27.6 42.6 60.8 83.0

CRAIG 22,5 27.0 31.7 45.2 60.2 79.6

GradMatch 17.4 25.6 30.8 47.2 61.5 79.9

Glister 19.5 27.5 32.9 50.7 66.3 84.8

FL 22.3 31.6 38.9 60.8 4.7 85.6

GC 24.3 34.9 42.8 65.7 76.6 84.0

Tuned Submodular (Ours) 28.61 38.22 43.1 66.6 79.35 88.15

Table 2: Tuned Submodular vs. baselines reported in the DeepCore [29] paper on CIFAR-10. Bold indicates
the best performing method. Underline indicates the second best. Tuned Submodular outperforms all
baselines across all selection ratios.

Fraction 10% 20% 30% 40% 50% 60%
Random 32.0+09 53.6+06 63.6+05 672+05 71.0+03 73.1+04
K-Center Greedy 33.9 56.2 64.5 69.8 72.1 74.3
Margin 18.7 38.2 58.1 65.1 70.1 73.3
Forgetting 35.4 54.7 64.6 68.6 71.5 73.7
GraNd 30.8 49.4 62.8 68.1 70.5 72.5
Glister 36.4 55.5 63.9 69.1 71.2 73.5
SSP-Easy 32.8 50.0 62.5 67.9 70.2 73.4
SSP-Hard 29.7 53.3 63.2 67.8 71.3 72.9
SP-Easy 33.6 53.0 63.0 67.4 70.5 73.3
SP-Hard 31.2 53.6 63.0 68.0 71.1 73.0
GraphCut 36.3 56.0 65.5 69.5 71.1 73.8
Un-Tuned Submodular 37.47 57.16 64.38 68.53 71.49 73.48
Tuned Submodular 42.92 58.53 66.33 69.61 72.94 74.73

Table 3: Tuned Submodular vs. baselines reported in the DeepCore [29] paper on CIFAR-100. Bold indicates
the best performing method. Underline indicates the second best. Tuned Submodular outperforms all
baselines across all selection ratios.
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Fraction (%) 0.1% 0.5% 1% 5% 10%

Random 0.5+0.34 398+0.735 11.18+£0.21 39.7+£0.21 59.50+£ 0.54
NNKMeans 0.696 4.676 9.762 37.708 53.74
Tuned Submodular (Ours) 0.922 5.6 12.98 42.0 60.426

Table 4: Tuned Submodular vs. Random Subset Selection for training a Vision Transformer Model [20], on
full resolution ImageNet. Tuned Submodular outperforms random subset selection across all selection ratios.

Selection Method Timing Components 01% 0.5% 1% 5% 10%
Time (s) Time (s) Time (s) Time (s) Time (s)
Number of KMeans iterations to converge 1 15 25 20 20
Gradient /Feature Computation Time 22322 22322 22322 22322 22322
NNKMeans FAISS KMeans Convergence Time 4020 33152 55935 38610 40112
Nearest Neighbor Computation Time 1243 1559 1607 1925 1741
Store NNKMeans index time 0.8 5.1 0.949 2.14 2.72
Total NNKMeans Time 27585.8 57038.1  79864.949  62859.14  64177.72
Blocking Based Similarity Matrix Computation Time 45250 45250 45250 45250 45250
Blocking Based Similarity Matrix Computation Time 9050 9050 9050 9050 9050
(Amortized)
Submodular Sparse Matrix Construction Time 446 446 446 446 446
Sparse Matrix Construction Time (Amortized) 89.2 89.2 89.2 89.2 89.2
Greedy Max Wall Clock Time Actual 4415.07 12889.76 14442.8 17077.57  20396.65
Meta Summarization Time 4.614 125 284 1559 1676
Total Submodular Time (incl. sweep) 13558.884  22153.96 23866 27775.77  31211.85

Table 5: Comparison of Timing of Tuned Submodularity vs. NNKMeans for training DaViT [20] on ImageNet.

. . Gravity  Gravity Similarity = SimEuclid RBF RBF
Setting Feat Types FL Weights Model (Epoch) KNN Value Fulerum Moetric Exp. KW Divide By
CIFAR—]IQ PC Gradient 1 ConvNet (1) 1000 - - RBF - 2 None
Gradient, Cosine,
CIFARl_éU' e Activation, 0.4,0.4,0.2 COD(‘:NSEI\?E"(?)LIP’ 5000 —10 1 SimEuclid, 5 - -
Activation onvie SimEuclid
y Gradient, Cosine,
CIFAR; (1)0" PG Activation, 0.2,0.2,0.6 C"“(‘;N‘tlélt)* (f)LIP' 2000 ~10 50 SimEuclid, 0.1 - -
o Activation onviet SimEuclid
CIPAI;:IO’ 01 Gradient 1 ResNet18 (1) 50 - - RBF - 2 None
o
CIFAT‘{;O’ 05 Gradient 1 ResNet18 (1) 4000 - - RBF - 1 None
%
CIFAR-10, 1 % Gradient 1 ResNet18 (1) 4000 - - RBF - 0.01 None
CIFAR-10, 5 % Activation 1 CLIP 4000 - - SimEuclid 0.001 - -
CIFAR-10, 10 % Gradient 1 ResNet18 (1) 4000 - - RBF - 2 Max
CIFAR-10, 20 % Gradient 1 ResNet18 (1) 100 - - RBF - 5 None

Table 6: Hyperparameter settings achieving best test-set accuracy for CIFAR-10, DC-Bench and DeepCore.

. . Gravity  Gravity Similarity SimEuclid RBF RBF
Setting Feat Types FL Weights Model (Epoch) KNN Val. Fulerum Metric Exp. KW  Divide By
CII;S(I:}{-IM)U., Gradient 1 ConvNet (1) 300 - - RBF - 2 Mean
Gradient, Cosine,
IR 00 Activation, 04,0200  ComNet (1) (f)LIP' 500 =50 1 SimEuclid,  0.0001 - -
Activation onviet SimBEuclid
- Gradient, . Cosine,
lelfCR;tOU’ Activation, 0.4,0.2,0.4 Cmggitléiz (IC)LIP’ 500 ~50 75 SimEuclid, 1 - -
Activation SimEuclid
CIFAI;IOU., 10 Cradiont L ResNet1 (1) 5 . . RBF . 10 PNorm
CIFAIE;OU‘ 20 Gradient 1 ResNet18 (1) 50 - - RBF - 10 Max
(]
CIFAR;OO" 30 Gradient 1 ResNet18 (1) 50 - - RBF - 10 Max
(]
CIFARL;OQ 40 Gradient 1 ResNet18 (1) 20 - - RBF - 0.0001 PNorm
(]
_ 5
CIFAT%/M)U., 50 Gradient 1 ResNet18 (1) 20 - - RBF - 5 Mean
o
(,IFAI;wU. 60 Gradient 1 ResNet18 (1) 5 - - RBF - 0.001 Sum

Table 7: Hyperparameter settings achieving best test-set accuracy for CIFAR-100, DC-Bench and DeepCore.
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Gravity  Gravity Similarity = SimEuclid RBF RBF

Setting Feat Types FL Weights Model (Epoch) KNN Val. Fulerum Metric Exp. KW Divide By
TinyImageNet, Activation, . SimEuclid,
IPC 1 Activation 0.6,0.4 ConvNet (1), CLIP 500 -10 50 SimEuclid 0.5 - -
TinyImageNet, Activation, . - . - SimEuclid,
IPC 10 Activation 0.6,04 ConvNet (1), CLIP 500 -10 50 SimEuclid 1 B .
TinyImageNet, Activation, - . SimBEuclid,
IPC 50 Activation 0.5,0.5 ConvNet (1), CLIP 10 -99 1 SimFuclid 0.01 - -

Table 8: Hyperparameter settings achieving best test-set accuracy for TinyImageNet.

s . Gravity  Gravity Similarity = SimEuclid RBF RBF
Setting Feat Types FL Weights Model (Epoch) KNN Val. Fulerum Moetric Exp. KW Divide By
ImageNet (64 x Activation, i SimEuclid,

64), IPC 1 Activation 0.9,0.1 ConvNet (1), CLIP 1300 -7 50 SimEuclid ! B .
ImageNet (64 x Activation, . e - SimEuclid,

64), IPC 2 Activation 10 ConvNet (1), CLIP 1000 ™ 50 SimBuclid 1 - .
ImageNet (64 x Activation, N - SimEuclid,

64), IPC 10 Activation 0.9,0.1 ConvNet (1), CLIP 1100 —50 50 SimBuclid 0.01 - -
ImageNet (64 x Activation, - SimEuclid,

64), IPC 50 Activation 0.2,0.8 ConvNet (1), CLIP 1100 =75 75 SimFuclid 0.5 - -
ImageNet, 0.5 % Gradient 1 DaViT (2) 100 —50 50 RBF - 0.5 PNorm
ImageNet, 1 % Gradient 1 DaViT (2) 100 —-99 50 RBF - 10 Sum
ImageNet, 5 % Gradient 1 DaViT (2) 50 —99 50 RBF - 0.001 PNorm
ImageNet, 10 % Gradient 1 DaViT (2) 600 -99 75 RBF - 10 Max

Table 9: Hyperparameter settings achieving best test-set accuracy for ImageNet, DC-Bench and DaViT
training.
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