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CHAPTER I: INTRODUCTION

This is a study of the effects of boundary layer and axial pipe nonuni-
formity on the quality of the flow initiated by a non-steady expansion wave in
a long tube. Non-steady expansion waves have been employed to generate gas
flow in shock tubes and shock tunnels, although in these facilities the test
gas is usually the fluid behind the shock wave rather than that behind the ex-
pansion wave. Continuous-flow wind tunnels have been invaluable in the past,
but it has become increasingly uneconomical and impractical to simulate the
high Reynolds number flows around modern aircraft in this type of facility;
therefore, quasi-steady testing faci]iﬁies have achieved renewed importance.
Among these short duration flow facilities, Ludwieg tubes offer the most con-
venient way of producing high Reynolds number and high-mass-flux fiow for aero-
dynamic testing (References 1 and 2).

The Ludwieg tube was first suggested by H. Ludwieg in 1955 as a testing
facility (Reference 3). It uses the flow écce]erated by a non-steady expansion
wave as the test gas. A sketch of such a facility is shown at the bottom of
Figure 1. It consists of a long cylindrical tube with one end closed and the
other end connected to a nozzle and test section assembly. The test section
can either discharge into a large dump tank or into the atmosphere through some
muffling device. A diaphragm or quick-opening valve can be located either at
the nozzle inlet, as shown in Figure 1, or downstream of the test section. The
tuve is first pressurized, then by rupturing the diaphragm or opening the valve,
a non-steady expansion wave is generated within the tube and propagates towards
the closed end while the expanded gas flows into the nozzle. When the expan-
sion wave hits the closed end, it reflects back as another expansion wave.

The available test time of this facility is the time between the opening of the

diaphragm and the arrival of the head of the refiected expansion wave at the
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3
nozzle inlet. Figure 1 also shows a x-t diagram for the case where the vis-
cosity and heat conductivity of the test gas are neglected. Here x is the
position along the tube and t is the time after the opening of the diaphragm.
Region 4 is the region in front of the expansion wave and Region 3 is the region
behind the expansion wave. There exists a non-steady one dimensional relation-
ship between the two regions: For a given condition in Region 4 the condition
in Region 3 depends on the specific heat ratio of the gas and the Mach number
in Region 3. This relationship is listed in Appendix A, together with the
equation for the available test time of this facility.

In the ideal case the viscosity of the gas is neglected such that Region
3 is a uniform region; in actuality, the viscosity of the gas is non-zero.
Because of the viscosity of the gas, a non-steady boundary layer builds up
within and behind the éxpansion wave. The growth of the boundary layer gener-
ates secondary waves- in the flow external to the boundary layer; the properties
of this core flow will be perturbed and become functions of x and t. In this
study, the effects of the boundary layer on the flow quality within and behind
the expansion wave will be analyzed. Furthermore, it may in practice
be difficult to avoid vafiations in the diameter of the tube and the tempera-
ture of gas in Region 4. Such axial nonuniformities introduce further pertur-
bations in the flow behind the expansion wave and their effects on flow quality
will also be examined here.

This non-steady boundary layer has received some attention in the past,
presumably through the work of Mirels (Reference 4) and Becker (References 5
and 6). Their models for the boundary layer are reviewed in Chapter II, to-
gether with a discussion of Becker's analysis (Reference 5) for the effect of
the boundary layer on the uniformity of the core flow; the latter was the first

detailed attempt to analyze such a problem. It provided the general magnitude



of the perturbations at the nozzle inlet. Later, Cable and Cox (Reference 7)
calculated the static pressure drop during the test time simply from the shear-
ing stress along the tube wall. Although the results thus obtained were in
agreement with their experimental results, both the analytical and the experi-
mental results were for specific conditions and had limited applicability.

In Chapter III, the effects of thin boundary layers and small variations
in tube diameter and initial temperature are analyzed, using the general method
suggested by Demyanov (Reference 9), Spence and Woods (Reference 10). This
method involves the modification of the continuity equation for the core flow
to include the displacement effect of the boundary layer, and it uses this
thickness as a starting point. The expansion wave is replaced by a fictitious
"expansion shock" in order to simplify the analysis. The analysis then yields
closed torm solutions for the perturbations of the core flow at any point behind
the expansion wave,—

In Chapter IV, the same basic approach is extended to the effect of the
boundary layer on the flow within the non-steady expansion wave. The results
thus obtained assist in indicating the validity of the assumption of an expan-
sion shock at high Mach numbers. In Chapter V, the analytical results for the
effects of boundary layers and variations in tube diameter obtained in Chapter
III are compared with measurements of static pressure in a small Ludwieg tube.
Finally, in Chapter VI, the 1limiting case of fully-developed pipe flow behind
an expansion wave is studied. From experiments, the static pressure at the
nozzle inlet is found to decay approximately exponentially. It is shown that
the characteristic time of the pressure decay can be estimated by a simple

method based on the pressure loss in the steady pipe flow.

The simple closed form results obtained in this investigation provide a

clear picture of the real condition of the flow initiated by the expansion wave;
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they will also be useful in the design of Ludwieg tubes or other facilities

using a non-steady expansion wave to generate gas flows.
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CHAPTER II: THE BOUNDARY LAYER BEHIND
A NON-STEADY EXPANSION WAVE

Most of the perturbations in the core flow can be traced back to the non-
steady boundary layer. Mirels (Reference 4) and Becker (Reference 5 and 6)
have studied the laminar and turbulent boundary layer behind a non-steady ex-
pansion wave. Because the Reynolds number of the flow behind the expansion
wave is usually so high that a very large portion of the boundary layer is
turbulent, only the turbulent pari of Mirels' and Becker's models will be re-

viewed here.

II-1. Mirels' and Becker's Models for the Boundary Layer

In his analysis, Mirels assumes that the expansion wave is so thin that it
can be replaced by a discontinuity propagating with the speed of the head of

the expansion wave, a In a coordinate moving with the discontinuity, the

e
flow is steady, and the growth of the boundary layer behind the discontinuity
is described by a steady momentum integral equation. In such a moving coordi-
nate, the fluid velocity relative to the wall is assumed to have a seventh-
power profile; the density is given by a polynomial containing the 1/7th and
2/7th power of the distance from the wall. The Blasius relation for the skin
friction along a flat plate has been extended to the wave-fixed coordinate and
to include the compressibility of the gas. For constant wali temperature,
Mirels concludes that the thickness of the boundary layer in the moving coordi-
nate is dependent on the Mach number of the flow and the distance behind the
discontinuity surface.

Becker considers the boundary layer within the expansion wave. In the
laboratory-fixed coordinate, the boundary layer is described by a non-steady

momentum integral equation. Both the velocity and the density relative to the

wall are assumed to have a seventh-power law profile. The skin friction law is
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similar to the one that Mirels uses. If the temperature at the wall is the

same as that in Region 4, the thickness of the boundary layer will be a func-
tion of the local Mach number and the distance behind the head of the expan-
sion wave.

Becker also considers the boundary layer behind a discontinuity surface
moving with speed V. The properties of the gas behind the discontinuity sur-
face are assumed to be the same as those behind the expansion wave. Following
the previous procedure, Becker finds the thickness of the boundary layer de-
pendent on the ratio of the velocity outside the boundary layer to the velocity
V, and on the distance behind the discontinuity surface. He also concludes
that the density can be considered constant across the boundary layer without
making any large error in computing its thickness: at M, = 0.5, the error is
only 2%. Assuming that at the tail of the expansion wave the thickness of the
boundary layer within the expansion wave is equal to that behind a discontinuity
surface with same speed V, Becker finds a single speed V for each M,. This
means, as far as the boundary layer behind the expansion wave is concerned,
that the flow can be considered generated by a moving discontinuity surface.
The ratio of such V to a, for different M3 is plotted in Figure 2.

Figure 3 is a plot of the displacement thickness of the boundary layer at
the origin of the expansion wave, evaluated for nitrogen and T, = 300°K. In
this figure Mirels' result has been converted to a laboratory-fixed coordinate,
and the displacement thickness has been nondimensionalized by the diameter of
the tube. As might be expected, both models are in agreement at low Mach num-
ber, but diverge at high Mach number where neither model can be correct. Re-
cently, Starr and Schueler (Reference 7) have taken measurements which indicate
the boundary layer might be thicker than Becker's model predicts. In Appendix

C Becker's method has been extended to velocity profiles with different power
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Figure 2: The Velocity of the Discontinuity Surface (V)
Based on Becker's Method, Y=1.4.
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laws; however, more experimental results must be obtained before an accurate

model for the boundary layer can be established.

I1I-2. Beckeéer's Treatment of Flow Uniformity

In his treatment of the effect of the boundary layer on the fiow behind
the expansion wave, Becker (Reference 5) introduces a source term in the conti-
nuity equation for the case of thin boundary layers. This source term is as-
sumed to be proportional to the normal velocity at the edge of the boundary
Tayer in the laboratory-fixed coordinate. In evaluating the perturbations at
the open end of the tube, Becker assumes that the source term is independent of
the position, which is inconsistent with the growth of the boundary layer,
especially near the tail of the expansion wave. Furthermore, Becker's results
are for the perturbation at the open end of the tube; it will become quite
complicated when Becker's method is extended to_ca]cu]ate the perturbations at
any point within the tube, and a simple closed form solution may not be obtain-
able. In the present study, consistent closed form expressions will be developed

for the complete core flow.
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CHAPTER III: CORE FLOW UNIFORMITY BEHIND THE EXPANSION WAVE

After reviewing several methods used in analyzing the effect of the
boundary layer on the flow behind a moving shock wave (Reference 9,10,11,12)
the mefhod suggested by Demyanov (Reference 11) and extended by Spence and
Woods (Reference 12) was selected as most appropriate for the present study as
long as the boundary layers remain thin. This method gives not only a rigor-
ous base for analyzing the effect of the boundary layer (Reference 13), but

also provides a simple procedure to obtain closed form solutions.

III-1. Characteristic Velocity of the Expansion Wave (U,)

In order to simplify the analysis, the non-steady expansion wave is re-
placed by the "expansion shock" as shown in Figure 4. This is a surface of
discontinuity moving with a characteristic velocity of the expansion wave, U,
The gas is assumed to change from the condition in Region 4 to the condition
in Region 3 immediately upon crossing the expansion shock. Although U, can be
chosen to correspond to the speed of the head (Reference 10) or tail of the
expansion wave, or some intermediate speed (Becker uses the mean between the
speed of the head and tail of the expansion wave (Reference 5)), U° is chosen
here based on a physical argument which holds for the complete operation range
of M, in Ludwieg tubes.

Consider the control volume between the closed end of the tube and the
nozzle inlet. As the expansion shock propagates towards the closed end with a
speed U,, the total mass of gas within this control volume decreases with time
while the expanded gas flows out of this section. The time rate of mass de-
creasing for unit cross-sectional area is (p“ - ps)U° while the mass flux
flowing out is p3|u3|. Applying the continuity equation to this control

volume,

(o, - PV, = Py lu,l (M
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- |u3|
or Uo p“/pa —

Using the non-steady one-dimensional relationship listed in Appendix A,

- fu,] - [Us]
U

(a,‘/aa)z/’f'1 -1 (1 + Y—él TR EARE ’

a1+ )Y o

or (2)
Figure 5 shows the ratio U,/a, for different M, and the ratio of the
speed of the tail of expansion wave (a - |u3|) toa,. Itcan be seen that the
speed U, based on Equation (2) lies between a, and (a, - |u3|), and is always
larger than the speed V obtained by Becker (see Figure 2) though both approach
a, as M, approaches zero. The thickness of the boundary layer behind the dis-
continuity moving with U, can be calculated from Becker's model by replacing V

by Uo. The result for the region behind the expansion wave agrees very well
with that obtained by Becker by matching the thickness of the boundary layer at
the tail of expansion wave: even at M,=0.90, the difference is within 75%.
Therefore, as far as the thickness of the boundary layer behind the expansion
wave is concerned, replacing the expansion wave by the expansion shock moving

with the characteristic velocity U, is a good approximation even at high M,.

II1I-2. Basic Equations

In order to obtain the basic equations governing the core flow behind the
expansion shock propagating with U , the method suggested by Spence and Woods
is used. The relative thickness of the boundary layer (6/q,),and variations
in tube diameter and in initial temperature (T“) are assumed to be small while
L/D, is >> 1. Here D, is the diameter of the tube at the nozzle inlet

(i.e. x=0) and L is the tube length.



| 1 l 1
0 0.2 0.4 0.6 0.8 1.0

M

Figure 5: The Characteristic Velocity of the Expansion Wave (U,) and the Velo-
city of the Tail of the Expansion Wave, v=1.4.
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Following Spence and Woods, the non-steady continuity equation in cylin-

drical coordinates can be written as

3 4, 3 L =
ot * ax (ou) + r ar (pvr) 0

where u and v are the velocity component in the axial and radial directions
respectively, and r is the radial coordinate. Multiplying this equation by r

and integrating with respect to r from 0 to D/2 yields

]

D/2 D/2 D/2
S r %% dr + J r %; (pu)dr = -=(pvr) o
0

0
here D is the diameter of the tube at any position. Since at the wall

(r = D/2) u=v=0, the above equation can also be written as

D/2 D/2
J rpdr + 3—-j roudr = 0 ,
0

o
¥

9X
0

For L/D, >> 1, the properties of the gas outside the boundary layer can
be assumed functions x and t only, that is, they are independent of r. If
G/Do << 1, D is a function of x only, and dD/dx =~ 0(5/00), the above equation

can be integrated into the following form:

30 J |
e, d - 43, - 43 -
3t *ax (Pel) = D ﬁfjo (pg = P)ay} + 3 ax{y: (pgg - puldy}
2 dD '
“PlUe DI (3)

subscript e denotes the condition of the gas external to the boundary layer;
y is the distance from the wall and terms of order (8/D,)? have been neglected.
Equation (3) is the continuity equation for the core flow with mass addition

terms due to the boundary layer and diameter changes.
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For a given M, the thickness of the bounda?y layer is a function of the

distance behind the discontinuity. If

Pe - Ps

. C 0(%/p,)

then
8 .8 :
'g_f {}o (pe - p)dy} + %’ {{ (peue - pu)dy}

(S
i tog(y,-ug) - o(Up-udldy}

1]
|
&

Here s U t - x is the distance behind the surface of discontinuity.
Let pe(UO'"e) W J [Pe (U, -ug ) - p(U -u)]dy where 6 is the dis-
placement thickness of the boundary layer in a coordinate moving with U,.

Equation (3) can be simplified into

ap
_e 49 = 43 —u )&* y 240
5t 5% (Pele) D35 Pe(lUsUed8y] - P¥s Tax - (4)
The momentum equation for the core flow is
au ou op
- e e _
ezt Ve ) T < 0 (5)

For the gas outside the boundary layer, the entropy of each gas particle

is assumed constant, that is, the particle path is also the constant entropy

line, then
(e wdm(F) - o ®
e

Equations (4), (5) and (6) are the basic equations for the properties of
the gas external to the boundary layer.' It should be emphasized that the ef-
fect of the boundary layer is through a source term on the right-hand side

of the continuity equation. Physically, when a gas partiéle moves downstream
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in the core flow, it is not going to encounter any shearing stress or heat

transfer. However, due to the displacement effect of the boundary layer, the
effective tube diameter becomes a function of x and t, and this is represented
by the source term in the continuity equation.

Combining equations {4} and (6), and assuming the gas is perfect, yields

op ap ou
1 (e e —e _ 43 *
ag? (Bt + U 5% ) * Peax 5 35 [Pe(UsmUeldy]
2 dD
“PeYeDdx - - - A7)
Let D = D,+D°, and p, = p,+27s Py = P,*p7s 3, = agta”, ug, = -|u3|+u‘,. -

where p”, p”, a~ and u” represent their respective perturbed parts. p"/p,,
P*/pss @ /a s U/ |u,y| and D°/p, are of the order 6/p,. Simplifying Equations
(7) and (5),

- ‘ i ds>
1 (307 _ 4., 12 ou” _ 4 L
_a_?.(s%— - idf‘; 'g?(")"' Py 3y~ ~ D, Pa(Uo”|“3|)HT
2 db
+ pa'"a'ﬁ:'af— ) (&
du” wu” p- -
pa( Et— - |u3| ax ) + 3% 0 . (9)

The displacement thickness of the boundary layer in the laboratory-fixed

coordinate is assumed to have the form

- - */
y}s (Q&Eﬁ:_i ) * (10)

Here K is a coefficient dependent on the value of M3 and the boundary layer
model used, while ReD is the Reynolds number based on D, and the unperturbed

0
flow of Region 3. The exponents of the Reynolds number and the dimensionless

distance H&Eﬁ:.i. are the results of the 1/7th power velocity profile. The
0
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form of Equation 10 is thus consistent with Mirels' and Becker's models

(Section II-1.). As discussed in Chapter II, the density across the boundary
layer can be considered constant at least in the limit of Tow to moderate Ma'

From the definition of displacement thickness, it can then be shown that

* U, + Ju

3 u,

)JO?

Equations (8), (9) and (10) can be put into the following form:

] (u p” | lu, | g;‘ ) + 1__2u”

p,azfu T\ "0 5 lug| 3%
“1/s gz or- d_ (-
= K(Rep )V® (E0)7V5 + 25 (0/p,) . (1)
Bty U, 1 3p . -
U 55 = luslag* T 0, (12)

where X = x/D, and t = U t/D, are the dimensionless Tlength and time.

I11-3. The Characteristics and the General Solutions of the Linearized Equa-
tions

Equations (11) and (12) are the linearized equations for the velocity
and pressure perturbations of the core flow. They form a system of hyperbolic
equations (Reference 14). The characteristics of this system of equations are
independent of u” and p”, and have slopes a,-|u,| and a3+lu3l identical to the
slopes of the characteristics of the unperturbed flow behind the expansion

wave. The characteristic variables are chosen to be

= Ug/a, (= = = Ugra, = -
= - 0L%3 (%- = - 0/%3 (%
n =t M 1 (t-x) and E = t o1 (t-x) (13)
where M, = UO/a3 +M, is the Mach number of the unperturbed flow in the

coordinate moving with speed U;. n refers to the family of characteristics
propagating in the -x direction, while £ is the family propagating in the +x

direction. Figure 6 shows the unperturbed path of the expansion shock and the
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Figure 6:

: ==
L/Dgp X

Schematic for the Characteristics of the Flow Behind the
Expansion Shock.
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two families of characteristics in the (x,t) coordinates. It should be
pointed out that the £=0 characteristic corresponds to the tail of the expan-
sion wave. In the region between the £=0 characteristic and the expansion
shock, £ is positive while downstream of the £=0 characteristic £ is negative.
The perturbations of the gas in this latter region are studied in this chapter,
while Chapter IV considers the perturbations of the flow within the expansion
wave,

Since the coefficients in Equations (11) and (12) are constant, u” and p”©
can be found easily. In dimensionless forms they can be written as

. = 2 s My oz osve/s L 2, DO(X)
g KRep ) = @B + 5 5

p.a_ju 0

3 3'3

+ f(€) - g(n), - (14)

u” '= 5 1 1 iz =\4/s 2 D°(x)
TuT = g KRep ) = olt-x)" + O

+ f(g) + g(n), (15)

where f(£) and g(n) are two unknown functions resulting from the integration

- process. These two functions can be found by applying the boundary conditions
at the two ends of the gas column. (The derivations of Equations (13), (14)
and (15) can be found in Appendix B).

111-4. The Boundary Condition at the Expansion Shock

In order to calculate U , it is obvious from Equation (1) that p, and |u3|
must be known first. In other words, U, depends on the conditions of the gas
in front of and behind the expansion shock. When there are variations in T“,
the gas in front of the expansion shock is not uniform even though p, 1is con-
stant. The condition of the gas behind the expansion shock is disturbed due to
the effects of the boundary layer and of pipe axial nonuniformities. Hence,

the propagation speed of the expansion shock is also perturbed. Letting U(t)
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denote the speed of the expansion shock at any instant of time, Equation (1)

can be generalized into
U(E) [P (B) - o, (B)1 = u (R)o,(F) . (16)

Here P, is the density of the gas in front of the expansion shock, while Pe and
u, are the density and velocity of the gas behind the éxpansion shock. Since
they are functions of t, they are also functions of t which is a dimensionless
time. Equation (16) becomes Equation (1) when P = Py and Ug = -|u3|.

If the differences between P,> Pgs Ug and their respective unperturbed
values are small, U will be close to U, and the real path of the expansion
shock will be very close to the unperturbed path. To the first approximation,
the difference between the perturbed and unperturbed path of the expansion
shock can be neglected, that is, Equation (16) holds along the path x = Ut

(or x = t). Equation (16) can be rewritten in the following form,

u(E) = U(R)DT - o, (B)/0,(E))

' < 2
= Py ae(t). )
= U(t 1 - = —————r .
(t) [ P (t) (auo(t) (16a)
Taking the pressure of the gas in Region 4 to be constant, it follows that
a 2 a 2
Py e - _Py (el
du. = dU[] 'Pe(%)] u[ b2 (a..) Pe
P, 2e Py (2e )2 da,
+ 22—Fda -2 =] —|. (17)
e, e e( a, a,
Let
p, () = p,o * pr(%),
pe(-'E) = Pa + p’(E)s
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ae(f) = aa + a’(i),_
U(E) = UO + U‘(E)’
a,, and p,, are the values of a, and p, at x=0 while the order of a /a,,,

p;/puo, p‘/pa, a‘/a3 and U°/U, is < 1. Since due x u’, dpe = p” and dU, = us,

Equation (17) becomes

‘

ut = U - p"(a’)]-U{ s

Py, a, 2 Pu a8 (2 ay”
+2 223" - . 18
Py Ay p3 ( dyo auo} (18)

The entropies of the gas particles in front of and behind the expansion shock

are assumed to be the same, so that

»

B

p3=-—-T'( -—. (]9)

840

Recalling the Riemann Invariants

and remembering in the ideal case

Y-1
a7 Ll =

then
a’ - Y-1 u* = a’. (20)
Combining Equations (18), (19), (20), (2), and (A1) and (A4) in Appendix A,

the boundary conditions for u” and p” along the unperturbed path of the expan-

sion shock are obtained:

U LL(au_O)z/Y" ai_
- - U dj ‘aj dy o a, 21
Py, U Uo ,auo y 2/y-1 ¥ 3o > (21a)
3 3l3 [___(3__ -1 ]
3 ‘as
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Uy E.'.L(L)Z/Y Ya,
u”  _ Uo 2a; 'as au0 (21b)
|03| Uo auo)z/Y 1. ]] )
a a

Evaluating Equations (14) and (15) at the unperturbed path of the expan-

sion shock (i.e. x =%, £=n= 1),

- _ 2M; D (%) - -
P,a, us ) 1-M, D, +f(R) - 9(t) (22a)
u” _ .2 D(%) = -
T T T op, B re®) (22b)

Substituting Equations (21) into (22) gives

U(t) _ U 221)2/7" a'(%)

f(E) = Yo as ‘djy dyop 3 (t) 1 D“tl
!9.(_3._ 2/Y-1 ]] 2,0 1-M; D, ’
_La g,
z a, () 1 pi(¥)
t) = -2
9(t) a,, 1+M, D
3’(5) L 21 ag(g) ©)
f = Y 33, Awo ’ aylg
or (€) _lb_(.?ﬂ;) 2/Y-1 ] ]] a,,
a3 \ag
1D
L e
o) = - el 1 pdn) (20)

*Ta,, 1M, Do

Since g(n) is constant along n = constant, it is easily seen from Figure 6 that
g(n) must have the form shown in Equation (24) for the region behind the expan-

sion wave (i.e. in the £ £ 0 region),
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I1I-5. The Boundary Conditions at the Nozzle Inlet (i.e. x=0)

The unknown function f(£) for the region behind the expansion wave (i.e.
£ < 0 region) must be solved before u” and p” can be obtained. This function
f(£) can be obtained by applying the appropriate boundary conditions at the
nozzle inlet. Because the basic equations are linear, the effects of boundary
layer, of tube diameter change, and of initial temperature distribution on the
boundary conditions can be considered separately and then superimposed to ob-

tain the total effect.

Effect of the Boundary Layer fI(g)

As the boundary layer grows, the effective diameters at the nozzle inlet
and at the throat of the nozzle decrease with time, and the effective Mach
number at the nozzle inlet will also become time dependent. If the nozzle is
much shorter than the tube, then at any instant in time, the Mach number at the
nozzle inlet can be-calculated from the ratio of the effective cross-section
area at the nozzle inlet to that at the throat of the nozzle by the one-dimen-
sional steady channel flow relationship. In general, the relationship between
the growth of the boundary layer at the nozzle inlet and that at the throat
depends on the contour of the nozzle, and is quite complicated. Ih the case of
low M, and thin boundary layer at the nozzle inlet, however, the thickness of
the boundary layer af the nozzle throat can be neglected. In this case, the
Mach number at the nozzle inlet depends only on the local displacement thickness
of the boundary layer. If the Mach number at the nozzle throat is always 1,
then from the one-dimensional steady channel flow relationship, one obtains

dA 1My dMe (25)
A 1+ x%l_Mg M,

where A is the geometric cross-sectional area at the nozzle inlet. Since

*
dA 45 /

— -

A Do
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where 6% is the displacement thickness at the nozzle inlet, and

M . |
_e . M o ou Y-1p~
= W (T 2 by )

3

the entropy of the gas being constant, Equation (25) becomes

1-M3 u” -1
- (S* = Y L
4 /Do 1+ él M, (lu ! 2 P, ) (26)

Referring back to Equation (10),

§* . 5 “1/s 3 ¥/®
o = 16 K(ReDO) t . (27)

Applying Equations (14) and (15) at the nozzle inlet where

1-

=

3— - -
= - t = at ’
f ot ow
_ oMy o
n = M +1 t = Bt ’

0

and considering only the boundary layer effect,

- _s /s M A S I
p,a, u3 4 K(Re D ) 2-1 t fI(at) M, p, ’
uw*_ _ 5 -1/ 1 =4/s -
m = 4K(ReD°) M%"] t + fI(at) .

Combining these two equations with Equations (26) ana (27) one obtains,

flod) = - §K(Rey )T & Vs

- -1
(1 + SLwd)z-1) « M) (1 + 52 MM,)
(1 + L my) (Mg-1) (1)
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or ) = -3 Kirey ) (B

Y"] 2 Y']
(L T MG-D) + (-0 + 5 MM for g < 0

(1 + S m)z-1)(1-42)

. (28)

It should be noted that f;(€) is a function of M,,p, and T,, only.

Effect of the Change of Diameter fII(E)

When the effect of the boundary layer is neglected, the ratio of the cross-
sectional area at the nozzle inlet to that at the throat of the nozzle is con-
stant, therefore, the Mach number at the nozzle inlet is constant. In other

words,

T_Tu‘ = -2 (29)
u3 a3 .

the negative sign is due to the fact that in the unperburbed case the gas flows
in the -x direction. Since the change in T“ is also neglected here, the en-

tropy of each gas particle is the same. From

Y-1/2Y

T . Y-1p2 (30)

From Equations (14), (15) and (24), p” and u” become

py3,lY,l M, b ™y Py
u” z 1__ D°(Bt)
and Tu_gT = fH(OLt) - _—]+M3 D, . (31)
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Combining Equations (29), (30) and (31), one obtains

1- Sl D” (%)
- 2 3 ‘
f..(at) = s
H (1+ Shm)em) Do
Y-] » B
1-—=—M D*(5 &)
or  fyyle) = z o (32)

(1+ Shw)em) Do

The function fII(g) depends not only on M3 but also on the distribution of dia-

meter along the axis of the tube.

Effect of Initial Temperature Variations f ()

In this case, the Mach number at the nozzle inlet (x=0) is a constant,
but the entropy of the gas is not because the initial temperature (T“) varies.
Since the entropy of each gas particle is constant, the particle paths are also
the constant entropy paths. For small perturbations, the actual particle path
is very close to the unperturbed particle path. If the expansion wave is re-
placed by an expansion shock, the unperturbed particle path passing any pcint

(x,t) can be shown to be

xS
(x - x) = (-Ju])(t - ﬁ;° ,
or % = ToaeT (3t et ) (33)
3

where Xg is the initial position of the gas particle passing x at t (see

Figure 7), and is = x,/D,. For x = x=0,

=

X, = o
S llo + u,

3

T = 2 34
% 3 (34)

ot
.
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Figure 7:

(x,t)
UNPERTURBED
|U3| PARTICLE PAI\g\O‘\
pr?:;$jd‘~
Uo
Xs
(xs’tﬂ;)
Xs

Schematic for the Unperturbed Particle Path.
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From the relationship

2Y/Y-1
Pe (a_e)
Py a, ’
it follows
- - a‘(i ) )
P~ 2Y a3’ _*'7s
P, Y-1 (a3 a0 ) ’ (35)

where the last term on the right-hand side represents the difference in the
entropy of the gas due to T at is.

From Equations (14), (15) and (24), p” and u” become

- - a, (Bt) 1 p”
= + 1 =
p,a, U] frrp(ot) + % a,, ™, p, °® (36)
a, (Bt)

u’ z
TuT = fronled) - % =55
By combining Equations (29), (35) and (36),

Y1y oo
1- 5 M a0(88) 1
1+ lél M, 8o 1+ Xy A ’

frupled) = %

Y-1 -(B 2(Ma £
or fryp(E) = % V- M e ] 2(w, 5)
IIINS? — 72 Y-1 a - Y-1 a
1 + - M, 40 1 + > M, 40

(37)

III-6. Results and Discussions

With fI(g), fII(g) and fIII(g) given by Equations (28), (32) and (37)
respectively, the pressure and velocity perturbations of the flow behind the

expansion wave are given by:
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s = 5 ~1/s Moz =y4/s
= 7 K(R et (-
p,a,lu, 7 X eno) MZ-1 (t-x)
| X Y-1
S Ut L) -1) + -1 + Smm)
’ (1 + ) 051 (1)
b _/

v

due to boundary layer

- Y-1 (8.
+ 2Ms Do(x) , -5 M D"(5 &) +.1 __Din)
1-M2 D . Y=l D 1+M, D
3 "o (1 + W Ma)(]'l'Ma) 0 3 -0
~— /
. Y
due to change of diameter
Y-1 -8 as(Ma g
1-—5-M au(a £) ] l'(Mo aJ a, (n)
+ 4 Y-1 a - Y-1 a th dyo ? (38) .
] + —-é— M3 40 ] + ——2— M3 40
. v /)
due to variation in T,
uw_ _ 5 =l 1 3ozt
T = % K(ReDo) moT (F X)
Y-1 Y-1
s (1+ 52 M) (MG-1) + (1-M5) (1 + 5= MM,)
> (1 + Shw)z-n(1-m2)
& _

v

due to boundary layer
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Y=1 .8
L2 p®, 't M VEE 1 py)
]'M% DO (] + ._Y_E_]_ M3)(‘|+M3) DO ]+M3 Do

\ . . . . ‘ o
v

due to change of diameter

y-1 (8 a’ Ms £ .
1+ 5lM fe 1 Elu, 2 30
- /
'

due to variation in T,

It is obvious from the derivation that Equations (38) and (39) are valid
for £ < 0 (i.e. behind the expansion wave) and t s L/U, (i.e. before the expan-
sion shock reaches the closed end). As the temperature is almost constant
across the boundary layer, the waves propagating in the -x direction have a
maximum speed in the core flow. Therefore, when the expansion wave is replaced

by the expansion shock, the test time, t » 1s determined by the intersec-

e.sl
tion of the n = constant characteristic passing through (L,L/Uo) and x=0. In

other words

= L1
tes. °© U, B »
Upt
= __,_E_:_E_-_ = l.l-'-— .
or tes. = 79 5D, (40)
The ratio of te s to te W is shown in Figure 8 for different Ma, where
t is the test time calculated from the propagation of the unperturbed ex-

e.w.
pansion wave. It can be seen that even at M, = 0.5, the difference is only 17%.

The fact that the tube is closed will not modify the flow at any position

along the tube until the n = L/D, characteristic reaches that particular



32

o'l

8°'0

“pl=n * M0,75% 1o o3ey 3yl :g 9unbL4

¢
o0 W 4o 20
I

Ol

'M'a‘l’/ 'S'a;



33
position; therefore, Equations (38) and (39) are valid for the whole region
bounded by the £=0 and n = L/D, characteristics and x=0, (Figure 6).
Once the pressure and velocity perturbations are known, the perturbations
of speed of sound, Mach number, stagnation pressure and stagnation temperature
can be calculated. The perturbation due to the boundary layer, change of dia-

meter and variation of T, will be discussed separately below.

Effect of Boundary Layer

The set of equations for the perturbations in the core flow are as follows:

- 5 -1/s Mg 2 =y4/5
= = K(Re t-x
p'a'ap‘al'ua[ g K(Rep ) """ gy (E-X)

(1 + LLayi-1) + (- (0 + Ll wmy)

- (s ——s , (41)
- 2
(1 + L1 M) (M2-1)(1-42)
uw _ 5 -1/s 1 = = 4/5
-[—u-a—l- = 7 K(REDO) M%'] (t-X)
& 0 Llwdymz-1) + (-1 + S wm,) )
T \a Y-1 2 2 ’
(1 + == M) (M-1) (1-M))
a~ _ Y-1p~ . (43)
a, 2Y P,
M- u’ a’
—_— = - + —-— (44)
M, |u3| a, ’
T a~
= = 2 - Y (45)
T3 a3
T_t_: = Ta_ (v-1) M2 (M:-) P (46)
Tis Tis 3 M, LR
p,” T~ - | - T,”
t . Ysrt _I7 p- . XY__t
el 16 ool o T . (47)
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It should be noted that only terms of first order in the perturbations have

been retained.

The first term on the right-hand sides of Equations (41) and (42) repre-
sent the perturbations caused by the local displacement thickness. This causes
a positive pressure and velocity perturbation and a negative Mach number per-
turbation. On the other hand, the boundary condition at the nozzle inlet re-
quire that the Mach number increases according to the one-dimensional steady
channel flow relationship. Therefore, secondary non-steady expansion waves are
sent back from the nozzle inlet to satisfy this boundary condition, and the
effect of these waves is represented by the second term %n Equations (41) and
(42).

Figures 9a and 9b show the profile of the pressure perturbation in the flow
behind the expansion wave at a given instant of time for different Ma. Here
the abscissa, x/[(a, - |u3|)t], which is equal to 1 at the tail of the expan-

sion wave and 0 at the nozzle inlet. The ordinate is

p_’_ (ReDo)l/s

Ps (a, - |u,1)t/D,1"/8

While Figure 9a is for low to moderate Mach numbers, Figure 9b is for high

Mach numbers. Figure 10a and Figure 10b are similar plots for the velocity
perturbation. It can be seen that for any given M, both pressure and velocity
perturbations are positive at the tail of expansion wave, decrease as x de-
creases, and become negative at the nozzle inlet. This is due to the fact that
the characteristics behind the expansion wave are parallel to the tail of the
expansion wave. Therefore, while the perturbations at the nozzle inlet are
governed by the boundary condition, they are governed only by the local dis-

placement thickness at the tail of the expansion wave. It should be mentioned
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that for a given time t, (a3 - Iual)t decreases as M, increases, therefore,

™ and 5 * are steeper at higher M, than that at Tower M,.

the slopes,

The static ﬁressure and velocity perturbatioh at the nozzle inlet ét thé
end of the test time are shown in Figure 11 for different Ma. These results
are for nitrogen with T . = 300°K, and the test time is taken to be %-%:-. It
can be seen that the static pressure perturbation has a stronger M, dependence
than the velocity perturbation, and for most M, —u’/lual is larger than -p“/p,.
Since the second terms in Equations (41) and (42) contain (1-M§) in the denom-
inator, both -u‘/|u3| and -p”/p, approach = as M_ approaches 1. The perturba-
tions of Mach_number, stagnation pressure and stagnation temperature at the
nozzle inlet at the end of test time are shown in Figure 12. The Perturbation
of the stagnation temperature is smaller than that of stagnation pressure which
is always smaller than that of the static pressure.

By comparison, Becker's resd]ts cannot be represented in forms as con-
venient as Equations (41) and (42). In Figure 13, the static pressure, veloc-
jty and stagnation pressure perturbations at the nozzle inlet have been plotted
against M,. These results are for nitrogen at T,o = 300°K with 6%/D = 0.06'at
the nozzle inlet. Under such condition, the nozzle inlet is nearly filled with
boundary layer. The solid lines are based on Becker's results, while the dotted
lines are the results of the présent analysis. The stagnation pressure pertur-
bation based on the present analysis is higher than that predicted by Becker's
result, however, the opposite is true for the velocity and static pressure per-
turbations. The agreement between these two different analyses are relatively
close, this may be due to the fact that since only the perturbations at the noz-
zle in]ef are considered, the assumption.which Becker made concerning the depend-
ence of the source term is fairly accurate (see Section II-2). It should be

mentioned that even with this thick boundary layer, the perturbation in stagna-

tion pressure is only a few percent of its unperturbed value.
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Figure 11: Boundary Layer Induced Velocity and Pressure Perturbations at the
Nczzle Inlet and the End of Test Time, Nitrogen with T,, = 300°K.
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Figure 12. Boundary Layer Induced Mach Number, Stagnation Pressure and Stagna-
tion Temperature Perturbations at the Nozzle Inlet and the End of
Test Time, Nitrogen with T,, = 300°K.
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Figure 13: Comparison of the Boundary Layer Induced Perturbations at the Nozzle
Inlet Predicted by Two Different Analyses, 6"_‘/Do at the Nozzle Inlet

Equals 0.06, Y= 1.4.
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For a given boundary layer thickness at the nozzle inlet, as M, increases,
the thickness of boundary layer at the nozzle throat also jncreases. At high
M, the boundary layer thickness at the throat should not be neglected. From
the one-dimensional steady channel flow relationship, it can be shown that if
this boundary layer thickness is taken into consideration, the perturbation of
Mach number at the nozzle inlet is smaller than if this boundary layer thick-
ness is neglected, and hence Equatfons (41) to (45) overestimate the perturba-
tions at high M,. Therefore the boundary condition in this chapter is valid
only for low M3 and thin boundary layer at the nozzle inlet. In ggnera], the
appropriate boundary condition for high M3 will be difficult to obtain in closed
form. The growth of the boundary layer between the nozzle inlet and nozzle
throat depends on the geometry of the nozzle and is obtainable by numerical
analysis (e.g. Reference 15). Such calculations were not carried out in the
present study because of the other inconsistencies in the analysis at high M,.

In an eaf]ier paper (Reference 16), Equation (41) was simplified at low
M, by neglecting all the terms of M§ and higher order. This is equivalent to

replacing Equation (26) with:

dM -

-48* S RV G 1 M 26a
4%/p, W, Tu, 7' 27 b, (262)

»

The static pressure perturbations thus obtained were found to agree very well
with the experimental results even at high M, (see also Chapter V). At high
M,» for the same 6*/[)o at the nozzle inlet, the simplified boundary condition
given by Equation (26a) yields a smaller perturbation in Mach number than that
given by Equation (26). As explained earlier, if the throat boundary layer
thickness is taken into consideration at high Ma, this perturbation is ex-

pected to be smaller. Therefore, while Equation (26) is valid only for Tow M,»

Equation (26a) is consistent at Tow M and more appropriate at high M.
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Although this analysis for the perturbations in the core flow is based on
the assumption that the boundary 1§yer has a 1/7th power velocity profile,
boundary layers with 1/7th to 1/9th profiles have been observed in other exper-
iments (Reference 8). In Appendix C, the present analysis is extended to
boundary layers with 1/nfh power velocity profiles. When Becker's approach to
the growth of the boundary layer behind a discontinuity surface moving with
velocity V is extended to a 1/nth power velocity profile, the displacement
thickness of the boundary layer turns out to be similar to Equation (10), with

K and the exponents of the Reynolds number and U°E-x dependent on n; the
0

density across the boundary layer can be considered constant. Expressions
similar to Equations (41) and (42) are derived for static pressure and velocity
perturbations. Figure 14 plots the static pressure and velocity perturbations
at the nozzle inlet at the end of test time for n=7 and 10. m is the power in
skin friction law as discussed in Appendix C. It can be seen that the effect

of n on the perturbations is small.

Effect of the Change of Diameter

When the effects of boundary layer and variations in T, are neglected, the

static pressure and velocity perturbations at any point (x,t) are

Y"] » _B.
S P ¢ WP . b°(g &)
paaa u3 ]-M Do (] + ._Y_él Ma)(]+M3) Do
1 __D’(n)
t T B, (48)
- Y-] »
v oLo2 px, - YEE

-M4 -
ol ~ T D TG lm)em) Do

. _._'1 _Jn).Dl’) . (49)
] Ma 0
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Figure 14: Velocity and Static Pressure Perturbations Induced by Boundary
Layers with Different Velocity Profile, Nitrogen with T, , = 300°K.
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Since the entropy of the gas is constant, the relations for the perturba-
tions in speed of sound, Mach number, temperature, stagnation temperature and
stagnation pressure are the same as given by Equations (43) to (47).
When applied to the nozzle inlet (i.e. x=0), Equations (48) and (49) can

be simplified into

c . 2 D”(pt) | 48
p,a,lu] (1 + Z%l-Ma)(1+M3) D, J (48a)
u’ (y-1)M, D-(8t) .

(49a)

U] (1 + SLu)(remy) Do

Hence at any given time t, the perturbations at the nozzle inlet depend only on
the variations from D, of the diameter at x=gt. |

It can be seen from Equations (48) and (49) that the perturbations at any
point (X,t) consist—of three parts: the local value of D”, the effect of the
boundary condition at the nozzle inlet, and the difference of diameter at some
point upstream of X. These effects are illustrated in Figure 15. Generally,
it is impossible to draw any conclusion about the perturbations without spéci-
fying the distribution of diameter. However, the perturbations at the nozzle
inlet are linearly dependent on the diameter at some specific point along the
tube, and can be calculated in term of D'/Do. The perturbations in static
pressure, velocity, and temperature thus obtained at the nozzle inlet for Y=1.4
are shown in Figure 16. The perturbations are seen to be 0.1 -~ 1 times}D’/D°
for moderate M,. Because the Mach number at x=0 is constant, p°/p, and T'/T3

are identical to pt‘/pta and T;/Tta, respecticely, at the nozzle inlet.
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Figure 16: Effect of Changes in Tube Diameter on the Core Flow Perturbations
at the Nozzle Inlet, Y=1.4.
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Effect of Initial Temperature Variations

For this case, Equations (38) and (39) can be simplified into

- M -
au(ﬂfg)+ -5 M a(fe)

_.EI__T=-. ]] L
FLHLS 1+ 5, e 1+ M

N
<
1
——)
o
F
(-3

3 2 3
- )
e a,
- M -
R a..(ﬁ;-é-)H 1-Ylw (B )
[uy] 1+ 51y, 2 T+ Tlu %
_y 2kln)
2 Ay

(50)

(51)

In Equations (50) and (51), the static pressure and velocity perturbations are

written in terms of "the variations of initial speed of sound (a;), which bears

the relationship a;/a,, = % T./T,, with the variation of initial temperature
4/ %40 W tyo0

(T“). Although the entfopy is constant for individual gas particles, it is

different for different particles. The perturbations in the speed of sound

and the stagnation pressure are

2t L x1pn, B0

ag 2¥ p, 3, ’

EL: =....Y_.(1t_‘.-T_‘.) +-L' = _Y_. I.t_‘._za“(xs)
Prs  Y-T'Ts Ty 3 Y-1 Ty Ayo

(52)

(53)

Expressions for the perturbations in Mach number, temperature and stagnation

temperature are the same as given in Equations (44), (45) and (46).
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For x=0, Equations (50), (51) and (52) become

» Ma-
g _ 1 2, (¥, t) 1 a,(gt)
- = - 1 ~ + 7T , (50a)
P,a,lu, 1+ 52w, w0 1+ oM e
M, =
a, (2% Y-1 . =
U' - - .l I'( 0 )- 2 M3 al.'(Bt) R (5]3)
[u 3| 1+ 1y Ao 1+ XLy Ay
2 2 3
» M -
P4 Ed a —a.t
at . L—.lp_+.."_i&__z_ , (52a)
a, 2 p, 2,0
M; -
a; (ﬁ% t)
The term represents the variation of entropy of the gas particle

40

occupying the nozzle inlet at t. The perturbations at the nozzle inlet at any
time t depend on the variations of initial temperature at M,/M,t and 8t along
the tube, as shown in Figure 17a; the perturbations at any other point (X,t),
however, depend on the variations of initial temperature at four points (viz.

M3-§3 5- » N and is) along the tube as shown in Figure 17b.
0

=

Figure 18 shows the perturbations in static pressure, velocity, and
temperature at the nozzle inlet at the end of test time for a linear initial
temperature distribution. Here AT“/T“ is the variation of T“ at the closed end
It is obvious that the perturbations are 0.1 - 1 times AT, /T, for moderate M,.
Because the Mach number at the nozzle inlet is constant, p’/p3 and T%/T, at

that position are identical to pt’/pt3 and Tt’/Tta, respectively.
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Figure 18: Effect of a Linear Initial Temperature Distribution on the Core Flow
Perturbations at the Nozzle Inlet, Y= 1.4.
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CHAPTER IV: CORE FLOW UNIFOPMITY WITHIN THE EXPANSION WAVE

As mentioned in Chapter I, Becker pioneered the study of the viscous ef-
fect within the Ludwieg tube, however, he did not consider the effect of the
boundary layer on the flow within the expansion wave. In a recent paper, such
an effect was considered by Hall (Reference 18), but his emphasis was on the
effect of laminar boundary layer. In this chapter, the effect of the non-
steady turbulent boundary layer on the uniformity of the core flow within the
expansion wave is studied. The basic approach is the same as in the previous
chapter. Besides being an extension of the work in Chapter III, the result of
this study will be useful for assessing the validity of the expansion shock

assumption at high Mach number.

IV-1. Equations for the Flow Within the Expansion Wave

Even in the ideal case, the flow within the expansion wave is non-steady
and the methocd of characteristics must be used in order to calculate the prop-
erties of the flow. Following Becker (Reference 5), one can define ¢ =
1 - X as dimensionless distance between any point x and the head of the

t
. 40
expansion wave at time t, then along each ¢ = constant line, the unperturbed

properties of the flow remain constant (Reference 5, 14, 17). In other words,
for a given condition in Region 4, the flow properties are a function of ¥

only. For centered waves, the condition of isentropy leads to:

2 = a,(l-yr W = a,0-8 (54)
Y-1 N Yoo
=T 0 Sy s 0B = T,0-9 (55)

p; = p,,(1 -%}-w)z/y'l = p,,(1 -%)s s (56)
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N I A I AU L (57)
Uy = - a,lgEr V) a,(E¥) (58)
2y
= Y+ - _5
S el A (59)
Y

where the subscript i refers to the unperturbed conditions in the flow within
the expansion wave, and the right-hand expressions in Equations (54) to (59)

are for Y = 1.4.

IV-2. Linearized Equations

Since only the effect of the boundary layer is considered, the continuity

equation takes a simj1ar form to Equation (3),

3t ) =

O'-k-

)
* 9X (peue

8
—a-t-J (pg-p)dy
0

cl-::

s

3

+ T I(peue-pu)dy . (3a)
[}

The momentum equation is the same as Equation (5),

ou ou ap
e e e _
pe( ot * Ue 3x ) + oX 0 * ()

And the condition of particle isentropy also holds, that is,

R

(g—t+ue—g7) an - = 0 . (6)

P
<
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Equations (3a) and (6) can be combined to give

ap ap du
] e e e _ 5_-;_)__
a?e‘(at O b, 3t jo(pe‘P)d_y
)
4 3 .
*5‘0"37 Jo(peue-pu)dy . (60)
Assuming

u_ . 1/7 o - EJ_\! B!”_ y 1/7
0 (y/8) , and o b + (1 e ) (%) . (Reference 5)

where P is the density at the wall, then

5
- Wyo
j (eg-pddy = o, (1-5")5
0

8
K _ 2 7 Fw
Jo(peue-pu)dy = °e“e('§‘7§5‘")5

Substituting the above into Equation (60), the governing equations become

L(Pe,y e e .o, 1.0y
ag ot e 9x Pe 3x Do ot |Pe p )8
e
4 3 2 7 Pu
*W'a'i[%“e '9"-72‘—)5] ’ (61)
e
au ou ap
e & & =
Pe (§TT'+ Ue 3x ) * X 0 . (62)

As discussed In Chapter II, the thickness of the turbulent boundary layer

within the expansion wave was given by Becker (Reference 5) as

5 = (a,t)° (\;’f-;ﬁ)l/5 0-196 (7 . 0.193p - 0.006y%) */*

. w7/5

(a,00)"/% G0 @20 (63)
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At ¢ =1 (i.e. Mi = 1) the value of & as given by the second expression is 20%
less than that given by the first expression; for simplicity, the second ex-
pression is used in this analysis.

The properties of the core flow within the expansion wave, similar to those
behind the expansion wave, can be separated into the perturbed and the unper-
turbed parts, except in this case the latter part is a function of x and t. If

the wall temperature remains as Tuo, then

For small perturbations, Equations (61) and (62) can be simplified into

—13-(22:-+ u, B+ oy api) - X 12 - (Bpi u Egi
a, ot i 3x X Y a;t p at i 9x
& rogud (%- ;—Z-T—i-o-)J} \ l;. (64a)
(B u 2w ) B (5w )
+%%'- =0 . (64b)

Here all the terms of order (G/DD)Z and higher are neglected. (The details of
the derivation of Equations (64a) and (64b) can be found in Appendix D).

IV-3. Solutions of the Linearized Equations

Equations (64a) and (64b) form a system of partial differential equations

essentially similar to Equations (11) and (12), but the present equations are
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quasi-linear with coeffic which are known functions of x and t. It can
be shown easily that this system of equations is hyperbolic (Reference 14)
with characteristic directions given by (ai + ui) and (- a; + "i)‘ Following

References 5 and 14, the two characteristic variables are chosen as

X, . (65)

X 3
)

1}
ct
~—~
o
+

and w.

5a,, » forYy=1.4 (66)

y as defined earlier, is a dimensionless distance between any point x and the
head of the expansion wave at time t, while w represents the time when a
= constant characteristic intersects the head of the expansion wave. 1In

terms of these two characteristic variables, Equations (64a) and (64b) become

24 83y, (0.196y4/5 w/S (Vuoy4/5 #/5 1 Uy3/S
R T N AN
1517 401 13
- v - mxwttexm ) - (67)
1Ay, 28y (0.196y4/° v/s Vuay1/s  9/8
Aw * 1 - y.(Z) "D ( 3 ) 40 4o (auo) ®
6
w25 1s;7 401 13 _
(-9 VN e vt V) = 0 (68)
Here
= - .'Q 6 - ..;t_. -,
Aoz op,(1-8)" tu+ s P (69a)
= - }p. 6 * - _!.:._ -
b=, (1- 9% - shp (69b)

(The derivation of Equations (67) and (68) can be found in Appendix D).
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From Equation (68) it follows that

A = C(w)(] - Eba -1 - &)3 3233,(0.196)u/s ) 4/5

40 40

_ 401

v -
o Rt J“ 0 (- ey

l.;
13 2
t gz V) '
Along the head of the expansion wave, (i.e. ¥ = 0) u” and p” are zero, and the

second term in the above equation is also zero. Hence C(w) must equal to zero

for any value of w. If (1 - %)'17/5 is expanded by a binomial series, i.e.

(1 -%)'”/5 = 1+ e,

then L =

0.196\4/5 Puoano®/S Vi 1/s Y3 9/5 12/s
-]0( 3 ) Do (auo) (] - 6) w lp

(0 35 . 0.0?363 v - 0. 00692 ¥) . (70)

From Equation (67), one obtains

Do 3,0

A = gg (0.196)“/5 Cuoauogls (Vu0)1/5 9/5[ (1 - w) (0

- 0.08363 0.00692 12y (7 L Y¥/® /% (I

401 13,
" TmxBVteox27 Y )] . (71)

The constant of integration is zero because both u” and p” approach zero

~as t approaches zero.
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Combining Equations (70) and (71) to solve for p” and u~”,

== @Y &Y o

p‘t
7 12/5
. w_/"’ 7.y /s, (&35, o.?§363 v - o.ggsgz 2)
1,7 401 13,
t 3 (5 72x36“’+50x27“’)] , . (72)

u’ 0.196,4/5 ,asoty4/5 , V4o \1/5 . 7/5T 17
= 10(=52) (=) (3 l’°) !/ [--57:(1

a, D,
Yy 12/s 0.35 , 0.04363 , _ 0.00692
3 V(ST TR s T V)
1.7 401 13 .,
tglgg-rxm vt 50x27“’)] (73)

IV-4. Results and Discussion

Equations (72) and (73) can be rewritten in the following form:

p. . 0.196,4/5 (auoty4/S Vuo 37
ARG R A e [5 (1

_yy12/5 . 0.35 . 0.04363  _ 0.00692 .
&) V(T v - T V)

1,7 _ 401
5 g - e vt we W] E (722)
u’ 0.19644/5 ,3uwot\4/5 , Vg (1/s 2/5[ 37
Tor = 2@ G e V[ o
_yre/s, (035, 0.0063 000692 ya)
1,7 _ 401 13
R R A R a2 (732)
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The perturbations of other properties in the core flow are:

.a_‘_ = 1 K = Y_-_]..&‘. = X:_]..-L’ R (74)
a; 2 Ti 2 05 2Y P;

ool 2o

M Tur*ay (7%)
T.” T, - . p.”~

A E VO 1 E I (. NP S, -4 R (76)
Tei e UL Pej

When 0 € y € 1, the p” and u” given by Equations (72a) and (73a) are posi-
tive. Thus, the effect of boundary layer is to reduce the basic changes in
pressure, velocity, temperature, etc. The same conclusion has been drawn by
Hall (Reference 18) for the case of laminar boundary layer.

From the derivation of Equations (72) and (73), it is obvious that the
perturbations at any point within the expansion wave are functions of ¢ and t
only, and are independent of the flow downstream. This is because the charac-
teristics for the linearized equations are the same as that for the unperturbed
flow in which the characteristics are divergent. The perturbations at the tail
of expansion wave are independent of the boundary condition at the nozzle inlet;
similar results have been obtained in the previous chapter.

The perturbations in static pressure and velocity at the tail of the ex-
pansion wave can be evaluated from Equations (72a) and (73a) by replacing ¥

with ¥, |u;| with |u,|, and p; with p,. Here ¢, is given by

6M,

3

Figure 19 shows such perturbations for nitrogen at T = 300°K. The pressure
perturbation increases as M, increases, while the velocity perturbation peaks

at about M, = 0.4. Equivalent perturbations based on the results of the
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Figure 19. Boundary Layer Induced Velocity and Static Pressure Perturbations at
the Tail of the Expansion Wave, Nitrogen with Tl’o = 300°K.
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previous chapter are also shown in Figure 19. Here the velocity perturbation
has a maximum value at around M, = 0.7. Although the perturbations based on
the expansion shock model are consistently larger, the two models are generally
in agreement: even at M3 = 0.9, the difference in static pressure perturbation
is just 55%, while there is a factor of two difference in the two velocity per-
turbations. From this comparison, it can be concluded that the expansion shock

model is still reasonably accurate even at high Mach number.

IV-5. Matching the Perturbations at the Tail of the Expansion Wave

An attempt has been made to calculate an effective U, by matching p” and
u” at the unperturbed tail of the expansion wave. For the flow behind the ex-
pansion wave, the non-steady expansion wave is replaced by an expansion shock
moving with unknown velocity Uo. The static pressure and velocity perturba-
tion at any point behind the expansion wave are given by Equations (14) and
(15). When evaluatéa at the unperturbed tail of expansion wave, i.e. £ =0

and n = 2t/(M, + 1), these perturbations are

BZ =, [ § Kirep ) W1<m“f“f““

p3 Do) UO/a3

+ £(0) - g( 2] ., (77)
uz _ 5 -1/s 1 Mo = 1yu/5 i /5
T - 7R T (g

v £(0) + o (78)

f(0) can be set equal to zero without losing generality. K has the same func-
tional dependence on M3 and |u3]/U° as in Becker's model. The static pressure
and velocity perturbation at the same position can also be calculated from

Equations (72a) and (73a); they are set equal to Equations (77) and (78). Thus,
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two equations of unknown U, and g(przééjo are obtained. The U, obtained by
0

solving these two equations turns out to be larger than a,,, with the ratio
U,/a,, ranging from 1.12 at M, = 0.1 to 1.25 at M, = 0.9. The displacement
thickness of the boundary layer based on this value of U, is much larger than
that obtained by Becker (Reference 5; see also Chapter II): even at M, = 0.1
there is a factor of two differences in the displacement thickness at the tail
of the expansion wave.

The evident failure of this attempt may be due to the fact that only the
first order terms are considered. Under such conditions, the divergence of
the characteristics from their unperturbed positions are neglected; the govern-
ing equations change from quasi-linear to linear across the unperturbed tail of
the expansion wave. Taking into ¢onsideration the second and higher order terms,
not only will the tail of expansion wave be perturbed, but the governing equa-
tions will change gradually from one form to another in this region. In other
words, the second order terms are expected to be important at the tail of ex-
pansion wave. Unfortunately, the governing equations become non-linear when

these terms are included; closed form solution may not be obtainable.
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CHAPTER V: EXPERIMENTS ON THE EFFECTS OF THE
BOUNDARY LAYER AND INITIAL PIPE NONUNIFORMITY

Experiments were carried out in order to check the analysis in Chapter III
and their extrapolation to high Ma, thick boundary layers and large pipe non-
uniformities. These involved the measurement of the static pressure perturba-

tion at the nozzle inlet throughout the test period.

V-1. Experiments for the Effect of Boundary Layer

The apparatus consisted mainly of a supply tube made up of sections of
cold drawn seamless carbon steel pipe with 2.5 cm i.d. and 1.59 cm wall. Two
of these sections were 3.56 m long and a third was 6.5 m. Various combinations
were used in order to vary the overall length. One end of the supply tube was
connected to gas bottles while the other end was connected to the nozile-
diaphragm assembly and then to a stainless steel dump tank 1 m in diameter and
1 m long. Figure 20 depicts the apparatus.

The nozzles used here were not contoured nozzles but were plates 1.25 cm
thick with either many small holes located within 1.25 cm from the center or a
single large hole at the center. The Mach number behind the expansion wave
was altered by changing the plates. For M, < 0.5, four plates of different
specifications were used: one plate with twenty-seven 2 mm holes, one with
sixty-five 2 mm holes, one with one 2 cmhole, and the fourth with one 2.08 cm
hole. They correspond to M, = 0.106, 0.24, 0.4, and 0.5, respectively. For a
reason which will be explained later, two extra plates were used: one with a
1.07 cm hole and the other with a 1.64 cm hole; these correspond to M, = 0.106
and 0.24. For M, > 0.5, because the difference between the area at the nozzle
inlet and at the nozzle throat is very small, a plate with a single hole of
2.54 cm diameter was used, and the open area of the diaphragm served as the

nozzle throat. The diaphragms were made of soft aluminum 1.59 mm thick and
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were placed between the nozzle plate and the dump tank. They were scribed and
then ruptured by pressurizing the supply tube.

A Model 603A Kistler Pressure Transducer was used for the measurement of
static pressure. This transducer was mounted on a flange 1.25 cm thick with a
2.54 cm hole at the center. The flange was located upstream of the nozzle.

The distance between the centerline of the transducer and the upstream edge

of the holes on the nozzle plate was approximately 1 cm. The signal from the
transducer was first amplified by a Kistler Charge Amplifier and then displayed
on the screen of an oscilloscope; an accelerometer was used as a triggering

device for the oscilloscope.

Results. A sample static pressure trace obtained for nitrogen with p, =
60 atm, T, , = 300°K, M, = 0.106 and L/D, = 280 is shown in Figure 21. Trace A
was a reference trace taken at a known pressure level close to the nominal P,
value. The expansion wave is seen to clear the gauge in the first millisecond
of run time, dropping the pressure to the nominal p, value. The expanded verti-
cal scale of the trace shows that the subsequent decline in pressure is nearly
linear, in approximate agreement with t“lsdependence predicted by Equation (41).
Similar measurement have been made at different M3 and also at L/D, = 540, with
P, ranging from 30 atm to 130 atm.

For fixed M, and L/D,, the shape of the static pressure trace did not show
any pressure dependence. When M, was equal to or exceeded 0.4, the static
pressure was nearly constant for the first 5 to 7 milliseconds and then declined
linearly. This may be due to the finite opening time of the diaphragm. Be-
cause the diaphragm did not open instantaneously, the expansion wave became
non-centered, and the static pressure at the nozzle inlet dropped to a value
slightly higher than p, within a millisecond and then decreased gradually to
p, within the next few milliseconds. For L/D, = 540 and at high Mach numbers,

the rate of pressure decline decreased during the last part of the test time,
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Figure 21:

—= 5 msec/div.

Static Pressure Trace for the Effect of
the Boundary Layer.
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because the boundary layer was so thick that a small part of the flow became
fully developed pipe flow. For M, = 0.106 and 0.24, the results obtained with
nozzle plates with a single hole were simi1a( to those with nozzle plate having
many small holes; this indicating that the pressure decline is independent of
the flow details in the neighborhood of the gauge station.

The results of the static pressure perturbation at the end of the test
time are shown in Figure 22. For M3 equal to or less than 0.5, P, is calculated
from p,, while for M, larger that 0.5, p, is measured from the static pressure
trace with an error of less than 4%. When the results are presented in a nor-
malized fashion such as Figure 22, no dependence on L/D, can be observed, as
Aexpected from the analysis. The circular symbols are for individual runs,
while the bars on some symbols represent the extreme limits of the results of
at least ten separate experiments at fixed Ma. The magnitude of p”/p, ranges
from 1% at M, = 0.106 and L/D, = 280 to 20% at high M, and L/D, = 540.

In some of the experiments, thin-film heat transfer gauges were located at
different positions along the tube to measure T,. Although they showed that
small axial temperature gradients could be setup in the gas due to compression
heating during the charging process, the perturbations in T, were at most 1%
and its effect on these experiments could generally be neglected (see Figure 18).

The static pressure perturbation predicted by Equation (41) is shown as
curve A in Figure 22. The agreement between the experimental results and curve
A is good at low Ms; as M, increases, the agreement becomes poorer, with curve
A consistently giving larger perturbations. As M, = 0.5, the predicted value
is nearly double the experimental result. The simplified form of Equation (41)
for small M, (Reference 16) is also shown in Figure 22 as curve B. The agree-
ment between curve B and the experimental results are surprisingly good even
at high Mach number. The reason for such good agreement has been discussed in

Section III-6.
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V-2, Experiment for the Effect of Initial Pipe Nonuniformity

Effects of the Change of Diameter.

The experimental setup was similar to the one used in the previous sec-
tion, except in this case the supply tube consisted of two sections of tube
with different internal diameters. The first section was the 3.56 m long tube
used in the previous experiments while the second section, located upstream of
the first, was 3.16 m long cold drawn seamless steel pipe with either 2.86 cm
i.d. and 1.59 cm wall, or 3.18 cm i.d. and 1.59 cm wall, or 3.81 cm i.d. and
1.59 cm wall. Uhen the expansion wave enters the second section of the supply
tube, a compression wave will be reflected back due to the increase of the dia-
meter; hence the static pressure trace at the nozzle inlet shows a sudden rise
when the reflected compression wave arrives. This rise in static pressure has

been measured for different M, and changes in tube diameter.

Results. Figure_23 is a sample static pressure trace obtained for nitrogen
with g, = 70 atm, Tuo = 300°K, and M3 = 0.106; the internal diameter of the
second section of the supply tube was 3.18 cm. Trace A was a reference trace
taken at a known pressure level close to the neminal P, value. It can be seen
that the reflected compression wave arrived at the nozzle inlet at 18 msec
causing a jump in the static pressure. Similar measurements have been made at
different M, and tube diameter, with p, ranging from 30 atm to 130 atm. The
results of this set of experiments are presented in Figure 24. Each of the
circular, triangular or cross symbol represents a single run, while the bar on
some symbols represent the experimental limits of at least 5 runs at fixed Ma.
The predicted value given by Equation (48a) in Chapter III are also shown. The
experimental value of the static pressure perturbation are not only Tower than
the predicted value but also have a different dependence on Maz for a fixed

change in diameter, the experimental results show a maximum value between



69

2.8% p,/div.

—_—

—_— 5 msec/div.

Figure 23: Static Pressure Trace for the Effect of Changes in Tube Diameter.
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Figure 24: Experimental Pesults of Static Pressure Perturbations Induced by a

Change in Tube Diameter Located 3.56 m Downstream.
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M, = 0.2 and 0.4 while the predicted value increases with M,. This discrepancy
between the experimental and analytical results is due to the boundary layer
jn the first section of the supply tube. As far as the effect of change in dia-
meter on the perturbation of the flow is concerned, this boundary layer will
introduce two effects. First, when the reflected compression wave due to the
change of diameter propagates downstream, it will propagate into a convergent
tube rather than a tube with constant area; the compression wave is expected to
become stronger (Reference 19). Also, due to the growth of the boundary layer,
the Mach number at the nozzle inlet increases with time, and this will reduce
the static pressure perturbation given in Equation (48a).

In order to show that this discrepancy between experimental and analytical
results is indeed due to the effect of the boundary layer, a second set of ex-
periments has been performed with the length of the first section of the supply
tube cut down to 0.915 m, while the second section can be either the tube of
2.86 c¢cm i.d. or 3.18 cm i.d. The results of the second set of experiments are
presented in Figure 25a and 25b together with the corresponding results from
the first set of experiments. Figure 252 is for the case where the change of
diameter is one-eighth of D, while Figure 25b is for a change of diameter of
one-fourth of D,. &/D, is the ratio of the length of the first section of the
supply to its diameter tube. Since Equation (48a) corresponds to zero boundary
layer thickness, its values are designated as the case of 2/Do = 0 in Figures
25a and 25b. The results from the second set of experiments are closer to the
prediction of Equation (48a) than the corresponding results from the first set
of experiments, and it is seen that the results from the second set of experi-
ments level off at high M while the corresponding reuults from the first set
decreases with M . Since the only difference between these two set of experi-
ments is the length of the first section of supply tube, or to be precise, the

thicknesses of the boundary layer at the nozzle inlet, it is safe to conclude
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that the discrepancy between the results of the first set of experiments and
the analytical results is due to the boundary layer.

AH attempt has been made to modify the analysis in order to include the
effecf of the boundary layer in the first section of the supply tube. Instead
of using the boundary condition of constant Mach number at the nozzle inlet,

the boundary condition

dM
- e . u” L, Y-1p-
SR el T % %)

js used. It has been discussed in Section III-6 that this boundary condition
gives a good prediction of the effect of the boundary layer on the core fiow
static pressure perturbations even at high Ma. Here

6*

D,

_ 5 ~1/5 o 4/5
= EK(REDD) t

and u‘/u3 and p‘/p3 are given by Equation (31). The pressure perturbation at

the nozzle inlet is given by

D% o M, Sk(re, )P 8 A —+ B
p 3 4 D Y-1 Y-1
3 0 1 + - M3 1+ 5 M,
.1 _DAst)
T R, D, (80)

It is obvious that for fixed M3 and D‘/Do, the static pressure perturbation
at the nozzle inlet given by Equation (80) is a weak function of p,. The pres-
sure perturbation is shown in Figures 25a and 25b for p = 81 atm. For D”/D,
= 1/8, the results of the first set of experiments agrees with the predicted
value given by Equation (80) only at very low Ma; at moderate or high M, the
experimental results are higher. The predicted values given by Equation (80)
are slightly higher than the results of the second set of experiments up to

M, = 0.7. For D7/D, = 1/4, the agreement between the predicted and experimental
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values are better than for D”/D, = 1/8. . It should be emphasized that Equation
(80) includes only the effect of the change of Mach number at the nozzle inlet
due to the boundary layer; no attempt has been made to estimate the change of
the strength of the reflected wave caused by the change of diameter as it pro-
pagates downstream. The neglect of such effect is the reason why at high M,

the predicted values of Equation (80) corresponding to the first set of exper-

jments are negative while the experimental values are positive.

Effect of Initial Temperature Variations

Detailed experimental study has not been carried out to measure the effect
of initial temperature variations on the core flow static pressure perturbation.
Several problems arise in setting up a known initial temperature distribution
inthe gas. First, the axial initial temperature distribution must be measured
accurately because the static pressure perturbation is expected to be propor-
tional to the initiaﬁ temperature variation. Secondly, as the heat conduction
in the gas is slow, the gas must be held stationary within the tube long enough
to provide uniform temperature at each position along the tube; this requires
both the use of steady temperature heating elements for the gas and a mechani-
cally or electrically activated puncher to rupture the diaphragm. Finally,
mixing of the gas caused by the temperature differences must be minimized.
Although a systematic experimental study of the effect of initial temperature
variation was not undertaken, a few experiments established that the predicted

magnitude are of the right general order.
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CHAPTER VI: UNIFORMITY OF FULLY-DEVELOPED
PIPE FLOW BEHIND AN EXPANSION WAVE

In Chapter III and IV, the causes of flow non-uniformity, i.e. the thick-
ness of the boundary layer, the change of diameter and initial temperature, are
assumed to be small, their analytical results are compared with experimental
results in Chapter V. In this chapter, the case where the flow is dominated by
large viscous effects is considered, i.e. the fully-developed pipe flow behind

a non-steady expansion wave.

VI-1. Experiment

A series of experiments were carried out wherein the static pressure was
measured at the exit of very long aspect ratio tubes. The apparatus was similar
to that used in Chapter V, except in this case, the supply tube consisted of 304
stainless steel high pressure tubing with 6.35 mm i.d. and 1.65 mm wall. The
total length of the-supply tube was 13.9 m. M, was varied by using different
nozzle plates each with a single hole at the center. A 1.§Zénm_ﬁhipk flange
with a single hole of 2.54 cm diameter was located between the nozzle plate and
the diaphragm, allowing the use of the same diaphragm as in the study of Chapter
V. The Kistler Pressure Transducer was located upstream of the nozzle plate
as in Chapter V. The pressure in the supply tube ranged from 30 to 130 atm.
Based on Becker's results, the boundary layer at the nozzle inlet will occupy
the whole tube when the head of the expansion wave is just a few meters down-
stream; this distance is about 4 m at M, = 0.1, decreases to 1.7 m at M; = 0.5.
Although fully-developed pipe flow will not occur instantly when 6/D = 0.5,
there is no doubt that a very large portion of the flow behind the expansion
wave will become fully-developed during most of the test time for the present

experiments.
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Results. Figure 26a is a sample static pressure trace for nitrogen with

p, = 57 atm, T,, = 300°K, and M, = 0.1. The expansion wave clears the gauge

N
in the first two milliseconds, dropping the pressure to the nominal P, value.
The pressure then declines almost linearly until the reflected expansion wave

arrives at 84 msec, a time that is about 13% larger than t This reflected

e.w.”’
expansion wave is weaker than the unperturbed reflected wave. Figure 26b and
26c are similar static pressure traces for M3 = 0.235 and 0.71. The pressure
traces for M3 = 0.42 and 0.534 are similar to those of Figure 26b and 26c.

The static pressure traces shown in Figure 26 can be fitted to an exponen-

At, where the characteristic

tially decaying shape represented by Pe = pae'
time, A, can itself be a function of t. Based on experimental results, A de-

creases with time at fixed M,: at M, =0.71, the value of A at 80 msec is half
that at 20 msec. At fixed time, the value of A increases with M, If both the

At

value and the change of A are small, then e™"'“ can be expanded to

1 - At + %(At)2 + ....

When (At)2? and higher order terms are neglected, this gives a linear decline in
static pressure which agrees with the pressure trace shown in Figure 26a. For
each static pressure trace, A was calculated at each 10 milliseconds interval
from 20 msec to 80 msec after the opening of the diaphragm. The results are
shown in Figure 27, where each vertical bar represents the extreme limits of A
based on at least five experiments at fixed Ma.

It should be mentioned that at M, = 0.1, the percentage static pressure
perturbation at the end of test time based on the result of Chapter III is
about 8%, while the experimental results are around 7%. This indicates that
for low Ms, the results of Chapter III are still reasonably accurate even for

fully-developed pipe flow.
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VI-2. Analysis

In analyzing the fully-developed pipe flow behind a non-steady expansion
wave, the approach used in Chapters III and IV are not appropriate. In that
approach, while a source term is introduced in the continuity equation for the
displacement effect of the boundary layer, the momentum equation contains no
shearing stress term and the entropy of each gas particle is constant. After
the boundary layer has filled the tube completely, not only will the shearing
stress become important, but the entropy of each gas particle will no longer
be constant. Although Trimpi and Cohen (Reference 9) tried to calculate the
effect of the boundary layer behind a moving shock wave by introducing a wall
shear term in the momentum equation, the assumption that the flow is only per-
turbed slightly from the ideal condition makes their analysis inapplicable for
the fully-developed pipe flow case. Becker (Reference 5) also studied the
full-developed pipe flow behind an expansion wave; however, his assumption of
small perturbation is questionable.

Since the entropy of the gas is not a constant, the energy equation must
be used together with the continuity and momentum equations. Consider a sec-
tion of the tube of length Ax as the conirol volume. The conservation equa-

tions for the flow within the control volume are

D/2 | D/2
2. [ 2mpurdr]Ax = 0,

Continuity: Btj 2mpraxdr + [%;
0

D/2 D/2
or %’E J prdr + 3 J purdr = 0 (81)
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D/2 D/2
Momentum: % 2mpurAxdr + [g-x- 2mpurdr]Ax
0 0
D/2
= - -g—x 2mprdr]Ax - TrDJ'rwdx
0
D/2 D/2
or 3 urdr + & u?rdr
ot P X e
1] 0
D/2
_ ) d D
= -5 prdr - > T, s as Ax >0 . (82)
0
Here T is the shearing stress at the wall.
D/2 D/2
Energy: —g—t- 2m(h + Lu2)prAxdr + [-g—x- 2mpu(h
0 0
D/2
+ Lu?)rdrjAx = -g-f 2mpraxdr + D q dx

oX

D/2 D/2
or %f J o(h + Lu?)rdr + 3 rou(h + %u?)dr
0 : 0

D/2

= %E. p’rcly‘-i-%q\ﬁf , as Ax->0 , (83)
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here a, js the heat transfer at the wall. Let F be any property of the gas

and define F as

eyl
1

b/2 D/2 D/2
Frdr J rdr = 78)7 J Frdr

0 0 0

then Equations (81), (82) and (83) become

9,3 oo .
U , 3 (svry - -3 _D
5t * 5x (PU%) X 2w (85)

3 [BR + %ou) + o [BUR + 5 o) = $B+

Njo

qQ, - . (88)

If the density, velocity and temperature distribution on the cross-section of
the tube are known, then pu, pw&, Ph, puh, pu° can be written in terms of pu,
ou?, ph, puh and pu®, respectively. Combined with the equation of state, Equa-
tions (84), (85), and (86) form a set of (4) equations with unknows p, u, h and
p. Since thé flow is fully-developed, the condition of the flow will be quite
different from the unperturbed condition and the linearizing of the governing
equations will not be appropriate. Hence, the governing equations are non-
lTinear and simple closed form solutions are not expected. However, the decay
of the static pressure at the nozzle inlet and the characteristic time A may

be obtained from the following argument:

x/L , t*

Let x*

(a, - lu,Dt/L 5 0¥ = B/o,

%* - * = n *
u u/|u3| s P7 = p/?a s Ty TW/P3 .
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and assume that pu = pu, pu® = PU?, then the continuity and momentum equation

become
1y 3p*F 3p*u* :
(a, = lu]) Se=+ lu,| SH= = 0, (87)
ap*u* sp*u*? _ 4L
(2, - fuy) 2B+ o] 2« - R G ghet) . (89

Consider the region far downstream from the tail of the expansion wave,

j.e. x* = ot* with o << 1, then —¢ d_ - %-5%; , and Equations (87) and (88)

oxX*
become
3p* Us| 3p*u*
(aa - |U3|) ag* + |03[ gt* = 0 s
) ap*u* . lus| dp*u*® _ 13p* AL »
(ay - lu,]) S+ 5 S5 sTh*T’(o e D Tw )
op* o lus| .« 30% Jus| % du* _
or (a, - Ju ) g+ g vt P -0 o
dp*u* . lus] . Bp*u* . Jus] _u + u*
(a, - |u|) F—* 5V St o PV R

__Ps 13p* 4L _ «
pglual(o St o W)

Since u* is of the order of one,

*%
- 3p_
l?'l'”*’a'%? > (a; - u,]) 57 >

*

ap U
and J_-LLU*—%‘E_ >> (a - 'ual) at*

as long as lglL >> (a3 - |u3|).
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In other words, if o << T—%&%T- » the %?' terms in the continuity and momentum
3

equations are smaller than the %;-terms and can be neglected.

Furthermore, since

3pu’ e ap*u*? pp*u*?
8x__ . 8pi /ox . pslua]® TAX* _ 2 _ OX*
3p/oX ~  op/ox P 3p* '3~ op*

3 OxX* OX*

For M, << 1, §%§£-<< 3P . Therefore, the momentum equation can be simplified

I £ VLI -1 (89)

Here Ce is the drag coefficient defined as

T, © cf%ﬁﬁz-

If Blasius' law of friction is used (Reference 20)

¢, =1 10.316 (Rep) 0%,
where (Reg) 025 - (Q%g)-o.zs . (Palz:[Do)-O.ZS ) (Reuo)-o.zs
then CP 5%: [0.316(ReD°)'0‘25] Fii2
= - E%:-[O.B]G(Reoo)'o'zs] % (8 . (90)
Sinceg—x::%-o——g-f . Hence,
-8 = - g 10.316 (Rep )0 F) v (&
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13 . .1 (o -0.25, yy (2
or 55t " 2D, [0.316(ReD°) ] YUO(E) . (91)
If g-z constant, then from Equatién (91)

) 20 [0.316(Re, )'°°25] Y, (3)°

p/p, = e . (92)

Here the boundary condition that at t=0, E=p3 has been used. According to

Equation (92), the characteristic time for pressure decay A is given by

= -0.25 Uy2
A = ZD (0. 316(Re ) ] YUo(a) . (93)
A has a weak dependence on the pressure level through the Reynolds number.
Since g-is assumed to be approximately constant, the characteristic time A

given by Equation (93) is not a function of time.
In order to be consistent with the skin friction law, the distribution of

the velocity should be

U - (-l _2"‘ 1/7

= —— s

umax

umax(x,t) is the velocity of the gas along the center of the tube. Hence,

D/2
- _ 8 _ 49
u = pz J urdr = &5 Ynax

0

and A can be written as

)0-28) yu, (&)? (-n2%) (98)

I
A= - [0.316(Rep

u
Although the exact value of"---lg‘-"‘-i must be obtained from the solution of the

u
system of non-linear governing equations, it turns out when gax is calculated
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by the following method, the values of A given by Equation (94) are in rough
agreement with the experimental results:

Let u o, = U; * u”, where u” is the velocity perturbation at the tail
of the expansion wave at the instant when the boundary layer thickness at the
nozzle inlet equals the radius of the tube. The value of u” can be calculated
from Equation (42) in Chapter III. With a é a,, the values of A for different
M, are shown in Figure 27. In this figure, the pressure of the supply tube (p“)
is taken to be 81 atm which is the average pressure level used in the experi-
ments. It is seen that the values of A calculated in this manner are in rough
agreement with the experimental values of A even at high Ma. Slightly better
agreement can be obtained if U, is replaced by the velocity V obtained by
Becker through the matching of the boundary layer thicknesses at the tail of

the expansion wave (see Section II-1).
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CHAPTER VII: CONCLUSIONS

The effects of thin boundary layers, of small variations in tube dia-
meter, and of small variations in initial temperature on the perturbations of
the core flow behind a non-steady expansion wave have been analyzed using a
single basic approach. When the governing equations are linearized, simple
closed form solutions have been obtained by applying boundary conditions at the
two ends of the gas column. This is done by replacing the expansion wave by a
fictitious "expansion shock," and by using the steady boundary condition at the
nozzle inlet that the Mach number increases through the displacement effect of
the boundary layer. The boundary layer weakens the expansion wave and gives a
positive perturbation in the static pressure and velocity at the unperturbed
tail of the expansion wave, while the increase in Mach number at the nozzle
inlet contributes to negative perturbations in the static pressure and velocity
there. At the nozzle inlet, the predicted value of static pressure perturba-
tion at the end of test time changes from 1.25 x ’IO"’(p,,Do)I/5 / (L/D)“/5
. (ATM-M)I/5 at M, = 0.1 to a value of one order of magnitude larger at M,
= 0.5. Although the analysis has weakness at high Ms, the measured static
pressure perturbations at such Mach numbers can still be predicted with reason-
able accuracy by the boundary condition dA/A = -dM/Ms. For the effects of
variations in tube diameter and initial temperature, the analysis predicts.that
the percentage perturbations in static pressure, velocity, and static tempera-
ture increase with M,» but are generally of the same order of the percentage
change in tube diameter and initial temperature.

The same basic analytical approach has been applied to the effect of the
thin boundary layer on the uniformity of the core flow within the non-steady
expansion wave. The linearized governing equations yield closed form solutions

for the static pressure and velocity perturbations. When evaluated at the
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unperturbed tail of the expansion wave, these perturbations are in good agree-
ment with the corresponding predictions obtained by using the "expansion shock"
model. This supports the experimental finding that, as far as the uniformity
of the core flow behind the expansion wave is concerned, the expansion wave can
indeed be replaced by the "expansion shock" without introducing a large error.
The decay of static pressure at the nozzle inlet when the flow behind the
expansion wave is a fully-developed pipe flow has been measured. The decay of

the static pressure can be represented by E/p3 = e"At

with A being the charac-
teristic time for the decay of pressure. At a fixed time, the value of A in-
creases with Ma, while for a fixed M3 the value of A decreases slightly with
time. Although a simple method has been established by which the value of A
can be estimated within a factor of 2 or 3 accuracy, the governing equations
for such flow are non-linear and numerical methods may have tb be used for

further improvement.
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APPENDIX A: SOME USEFUL FORMULAS FOR THE DESIGN OF LUDWIEG TUBE

Since the nozzle is much shorter than the supply tube, the unperturbed
Mach number behind the expansion wave (M,) can be calculated from the ratio of
the cross-section area at the nozzle inlet to that at the throat by the one-

dimensional steady channel flow relationship. If the nozzle is choked, this

becomes
Do 1 2 Y-1 4(Y]15
= e—— --— 2 =
-9 - (75 (1 + E M) . (A1)

where D* is the diameter at the nozzle throat.
The speed of sound, temperature, density, static pressure, velocity,

stagnation temperature and stagnation pressure behind the expansion wave are:

a - Y=1 y y-1 '

ar = (+5 M) (A2)

T, | ¥-1 -2

T (1 +5=M,) (A3)
-2/Y-1

33._:-_- .‘-Y:J—

" (1+ 5 M,) (A4)
-2Y/Y-1

Ps - Y-1

b (1+ 5 M,) | (A5)

u, = -aqua/(] + I_‘ZLJ. Ma) (AG)

T Y-1 2
rees 007 Wy o

2
Tuo Ma)
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———
Pe (1 + 1 Mz)"1
— = 3 — - A
Pa 2 /(l Yzl Ma)ZY/Y 1 (a8)

The test time of Ludwieg tube (te W ) is

a1 1+Y/2(Y-1)

4 S Y-1
tew. ~ 3 T+M, [1+ = M,] (A9)
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APPENDIX B: THE CHARACTERISTICS AND GENERAL
SOLUTIONS OF EQUATIONS (11) AND (12)

Equations (11) and (12) are rewritten as

1 3p”~ _ 3p-Yy, 1 3u”
srTaT (U 5 - ualig)

fu,l %
= -1/ (-x)"Y/5 + 24 (D)
K(Rep )7H/* (E-X)7V/* + 2g¢ (/) (81)
13p% y 207 oy 2 .
prax T Boar T Uy ° - (82)

Following the procedure mentioned in Sections 21 and 22 in Reference 14,

since

uﬁfluajz_l)_l(_uu _uu)z
pyaz|ugip aZlu, ] ~ pglu,]/ 4 0,3 Ug] p:g%rair
vz ) v u2
CTH paaaiual2 G
2
- '7—4¥r-‘rr < 0 ;
P3azilUs

Equations (B1) and (B2) form a system of hyperbolic first order partial dif-
ferential equations.
The slopes of characteristics at any point satisfies the equation

2

U 2 ZUB lual 1
paaaiual ¢ Thas ¢ ( Psa3  Pylu,] ) ° (B3)
where z is the slope of the characteristic in t-x plane. The solutions are

g, = fagptal o, (B4)

_ a, + Ju ] (B5)
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In the t-x plane, the slopes become a, - |U3| and -(a, + lu ), same as the
slopes of the characteristics of the unperturbed flow behind the expansion

wave. As in Equation (13), the characteristic variables are chosen to be

- U - - - - -
FER B NGO IEI B G (86)

x and t can then be expressed as

X = 5%; [(M+1)(a, = Ju,|)n + (M-1)(a, + |u)E] (87)

2l
n

I(M,+1)n - (M-1)E] . (8)

Equations (B1) and (B2) can be replaced by

Uo - Uy (a; - lusl) Uo -
+ +
SRR CH T R A
K_ -1/5 ;3 ov=1/5 | 2 d[D'(i)/DO]}Mo+1 -
- {5 (et (BT LEDEE R e 0, (69)
UO - Uo (a3+|u3L) Uo -
p3a3IU,] Pg * L P;a5]us] ' 0363'] U

K -1/s ;3 =\=1/5 . 2 dID7(X)/Do]lMo-1 _
+ {E:'(RGDO) (£-%) + or Ix } 5 = 0 . (B10)

If the x and T are substituted by Equations (B7) and (B8), then Equations (B9)
and (B10) can be integrated with the following results:

Uy . Uo - {—K -1/s[ as(M2-1)7-1/s
, p” + o (Re,, ) [—-3-————
p§a§|u3| p3a3|u3] P, D, 2y,

5 u/s au, D”(X)Mo+1
. E’(E'n) + (Mo+1)(;3 - ]ua[) D, 2

+

2Uo
Perm) . 1)
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u - __ Ut . _[K ~1/s [ag(M3-1) “i/s S n\/s
pgagiu;T'p pa,Ju [ Y ‘k§;(ReD°) [ 2U, ] 7(&-n)

_ au, D’(il} Mp-1 _ 2U,
p,(M-T){a, + Tu,J) D, Z " b.a, g(n) , (812)

where f(£) and g(n) are unknown functions resulting from the integrating pro-

cess. Combining Equations (B11) and (Bi2) yieids

- _ 5 “1/s (z_ay/s , 2My DI(R)
s TuT - e K(Rep ) (RN 5 5

+ f(g) - g(n) (B13)
u” _5 1 “1fs 2 =\4/ 2 D7(x
T 7w K(Rep )~ (E-%) nwa._nio_l

+ £(g) + g(n) . | (B14)
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APPENDIX C: CORE FLOW PERTURBATIONS DUE TO THE BOUNDARY

LAYER WITH 1/p th POWER LAW VELOCITY PROFILE

The Thickness of the Boundary Layer Behind a Discontinuity Surface
Moving with Velocity V.

In this section, Becker's method for solving the boundary layer behind a
discontinuity surface moving with velocity V is applied to the boundary layer
with any power law velocity profile. It is assumed that the gas changes from
the condition in Region 4 to the condition in Region 3 across the discontinu-

jty surface (see sketch).

-luyls Py 0 2,

T — e St S—— ——— q——

—

8 T~ X
V777777777777 7/7/7 7/ ]

In the laboratory-fixed coordinate, the continuity and momentum equations

for the boundary layer are

3p 4 3dpU . dpV _

5 T x| By o, (e
u, g,y o Pe o (c2)

P i3t X 3y X W

where u and v are the velocity component in the x and y direction. Integrate

Equation (C2) with respect to y from O to «, then



ou au ou - e
J@r*m7+wwﬂy-'1u*f
0 0 0
3P
s - a_X- - Tw s (CS)

where Ty is the wall shear stress. The momentum equation of the flow outside

the boundary layer is

ou au ap
e &)= . ¢ .
pe(ﬁf— * Ue 3% ) 3X (ca)

From Equation (C1)
yB 9
ov = - J(s%+-§%g-)dy . . (c5)

Substitute Equations (C5) and (C4) into (c3) yields

o y
5 TR
J [p—a%-l- pu £ - —!j (—E"‘-e—)dY] dy
0

0
oo

Bue ou
(5e 5+ Pele 32) ¥ = %y (ce)
o .

Since

[13 [z oo - of a0

Equations (C6) become
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J[p-g%+ pug-:-:--ue(—g% 992) +u(_a+_9__)
o .

au ou

e e -
e 3T " Pele T IW T 7Ty
or 2 (ou-pu)dy - | u, 2= (o-p)dy +| < (oulu-u )1d
3t ele e 3t e X e/ 1Y
0 0 0
o0
au
+ : == (pu-p ue)dy = -1,
Since Pe and U are constant, the above equation becomes
8™ s [ 28
Pele 5t~ * Yo 3T | (PP * gty 5 = T, . (¢7)
0

¢* and 6 are the displacement and momentum thickness of the boundary layer.
Equation (C7) is the non-steady momentum integral equation describing the growth
of the boundary layer.

Following Becker's approach, let

/n
ol (3 , (ce)
Py P 1/
B = S (1-)E) T

where P is the density at the wall. Then

© 8
* 1 = p_u_
- dy = 1 - d
8 Pele I (Pele ou) & S( Pe U e) Y
' 0 0

= [_.2_ - ﬂ”_ n ] ) (CQ)
2 " o Tnt1)(n+2) ’
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0 )
_ 1 u u
8 = —— | pu(u-u)dy = 2 (1 - =)dy
Pele Io (Y f Pele ue)
- [ ') 2n 5 (c10)
(n+2) (n+3) Pe (n+1) (n+2(n+3) ] ?
and (P-pg) dy = o (p -1)dy = - pe(l - 5_')?Fﬁ' (c17)
0 o © e ’

The wall shear is assumed to have the following form:

Pw - %E(%)-m(lﬁﬂgfm

(c12)
Pele

where E and m are constants depending on the value of n. Since the wall tem-
perature is approximate T“, and the temperature within the boundary layer is
nearly constant, the values of E and m for different n can be obtained from

Reference 21, and are listed in the following table:

n 7 8 9 10

E | 0.0252 {0.0206 {0.0190 | 0.0148
m {0.250 |0.222 0.200 | 0.182

Substitute Equations (C9), (C10) and (C11) into Equation (C7), yields

n 38 Pwy 1 236
Pelle [n+2 Pe ln+]Hn+2§] ot~ uepe(] - Fe')mﬁ

2 n Py 2 198 _
* et | Ty ey * e FTW Y] 3% © YW
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or 1_[__n 2 ]36 [ n
Ug [(n+2) (n+1) (n+1)(n+2) Pe ot (n+2){(n+3)
p T
W 2n 38 _ W
pe (n+1)(n+2){ n+3)]ﬁ - peufe : (c13)
Let p=p,, Ug = -Iual, VeV, and since the direction of the velocity at the

edge of the boundary layer is in the -x direction, Equation (C13) can be re-

written as

1 n 2 as _ n
fu,| [(n+2)(n+1) (n+1)(n+2) pa] ot [(n+25(n+3$

o} -m
w 2n _@_5_ = 8y\-m |U3|6
t o, ey ax - BER T S, =
Pu 0
361+m ] n+2 E'; 1"‘"‘ n(n+1) - 2n EE
or 5t Tu ] (neT)(n+2) - ax (n+T)(n*2) (n+3)
-m
- s em e el (ag
3
The solution of Equation (C14) is
-m -Mm
s <5 (1em) E(D) (lg-i-l-) Ll (ve-x)
.G(IUBI E"_“. (c18)
- ) ?
lus]  Pwy . 1
where G( Tl Pa) : (c16)

o)
n+2 -5"-3"- n(n+l) + 2n — Da Lus|
{n+1)(n+2) (h+1)(n+2)(n+37’ v

Equation (C15) satisfies the boundary condition that 5=0 at x=Vt.
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Since T ~ T., therefore Eﬁ'= =, ASO0SM 51,12 EE-Z 0.695. For

p p |
this range of Eﬂ-and n27, G (J{}iL , Ew-) ~ G (J{;iL ) 1 ). In other words, as
3 3

far as the growth of the boundary layer is concerned, the density can be con-
sidered constant across the boundary layer. With this approximation, Equations

\

(€9), (€10), and (C16) become

§‘*=TL17 : | (c17)
3 n+
S n
S n+1)(n+2 > (c18)
Us _ n+]
6 (Luel , 1) - —S o (c19)
nt2 V

and the thickness of the boundary iayer is

-m -
s o € freey] " (L) Koo o( L 1),

1/1+m

-m -m/ 1+m
or § = { %.(]+m) E [Tn+]n — } } (J%E}L)
lusl g (lusl /T 1/14m
el e (felkl ) ] (Vt-x) : (c20)
* -m/1+m Ly A M/1m
Therefore G- = T (14m) K(J_“_SJSP_(’.) (l&_&) \ (c21)
-m 1/1+m

I Sk n
where K = 35 &) {% (1+m) E [W]

[ llg(lul, )] (c22)
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* : '
%— and G(-%Fd-, 1) ‘are given by Equations (c18) and (C19). When n=7, Equa-

tion (C20) gives the same expression as obtained by Becker (Reference 5).

Uniformity of the Core Flow Behind thé Non-stéady Expansion Wave due to
the Boundary Layer with 1/n Power Law Velocity Profile

In this section, the analysis used in Chapter III is extended for the
boundary layer with 1/n power law velocity profile. The displacement thickness
of the boundary layer behind the expansion shock is given by Equation (C21)
with V replaced by U,, and Equation (11) becomes |

1 op”~ ap”~ 1 au”
U L - u L + Ze—
CHIN ( °5t lu,| ax ) [u,T 5%

-m/1+m (E_i)-m/1+m

= K(Re . (c23)

Do)
Since only the effect of the boundary layer is considered, the source term due

to the variation in diameter has been neglected in Equation (C23). The momentum

equation is the same as Equation (12)

au” u” . 1 3p7 _
—_ - —_t — =
U, luy| 2% o 3% 0o (c24)
Equations (C21) and (C€22) form the set of governing equations of u” and p~.
Since the coefficients are the same as in Equations (11) and (12), the charac-

teristics variables are the same as given by Equation (13). However, the solu-

tion to Equations (C23) and (C24) are

. (o) K o (re ) (R
= (1+m) K 5= (Re t-x
Paa,lu, M- 1 D,

+ f(g) - gln) (c25)
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TuT ° (1+m) K ﬁfl:'T'(ReD )T/ (g g)1/14m

+ f(g) + gln) (c26)

with f(£) and g(n} are unknown functions.
Following the same procedure used in Section III-4, g(n)=0 and Equations

(c25) and (C26) become

= (1+m) K,—,,?’-"'%T(Reno)""”*’“ (t-x) /1"

paas u3
+ (&) . (c27)
ul

T = (vm Kﬁ%—]TT(ReDO)"“”’"“ (01 e f(e) L (c28)

Using the same boundary condition at the nozzle inlet as in Section III-5

yields
£(e) = - (1+m) K(Rey )TV (&yl/Tem (c29)
0
Y-1
1+ -—-— M3)(M3 = 1) + (1 - M3)(1 + = MM,)
. ( 7 ; 2 : s, for g s
(1+ ‘E"Ma)(Mo -1 - Ma)
_ _1-M

where I e

1/n
Therefore, for the boundary layer with-%— = (%J velocity profile,
e

the static pressure and velocity perturbations in the core flow behind the ex-

pansion wave are

‘ - -m/1+m [ Mo o o 1/14m _ E\1/T4m
ST * () KRy )T [ ey @RV - @

(1+—«-—M)(M 1)+ (- M)+ ]MM)
» (C30)
(1+—-—M)(M2 1)(1 - M2)
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o -m/1+m [_1 z_sy1/1+4m y1/1+m
T = () Krep ) [W.'—T (E-%) - &

(1+ l%lMﬁ)(Mz -1+ (1- M)+ 3(-‘5_-1-"13""0)]
0+ Sy - 00 - )

(c31)

The perturbations on speed of sound, Mach number, static temperature, stagna-
tion temperature and stagnation pressure are the same as Equations (43) to (47).

When n=7, Equations (C30) and (C-31) are identical to Equations (41) and (42).
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APPENDIX D: THE DERIVATION AND SOLUTION OF EQUATIONS (64a) AND (64b)

Equations (61) and (62) in Chapter IV are restated here for convenience,

op op ou o
1 e e e - 4 3 Wy 8
?Wi"“eﬁ') Pedx ~ D at["e(]'p)s]
e 0 e
4 3 2_1 %
* D, ax[pe“e(g’n pe)5] ' (o1)
ou ou op
e e e _

Since the temperature of wall remains at T . during the whole test time,

fu _ Te
— = +— , and Equation (D1) becomes
e 40
ap p du T
] e, . ‘e e . 4 3_ .2 )8
—a'g(at * Ue 3% )+pe§'x_ - D, at[pe(] TW)B:'
LA, (2.1 ey, (03)
D 3x [Pele\9 " T2 T ] '

Let a, = a1.+a s Pg = P3P P pi+p » and Ug = Ustu, where 855 Pys Pys and Uy

are given by Equations (54), (56), (57) and (58). Assuming %—; R 07 B ang W

3 " ey TPy Y
are of the order of §/D,, which is smaller than 5T * 5% ° 3T ° or == Equa-
tions (D3) and (D2) can be simplified into

op. op. ou. - - op.
1 (i i 1,1 (3p” P 4 o L
3'1?'(at U 5x )+°1' X +a8(at TR ax)
., 9p. ap. du
2 _a’(’*i i - i du
'aiz a1(at T U ) P 3% T Py ax
T, , T.
J_y8 4 3_ 2 _ 7 _i
0



au- a ap P4 au-
i i Ju -
and o5t * 1ax) *"( tup et g )
. olU. ou, -
- ——l —_l. 22_. =
e (at ¥ Y 3x )+ oX o . (D)

In Equations (D4) and (D5), terms of order (%FJZ and higher are neglected.
0

Since
) p. ap. du,
1 i 1 i _
E{(at Uit )t ey e = 0,
. 3p.
(1 . el i R
°'\t‘“1‘ax)+ax o

and the entropy of the gas is constant, i.e.

~ - Y1pt | Y1p®
2Y P; 2 p.

QJIQJ

i
Equations (D4) and (D5) become

- - oP,

L B v ) BLLE (P By,
ot s bRl - ]
* 3 Pi”i(%'%%)ﬁ]} ’ (D6)
oy (e g B u ) e Be (b uy )0 B = 0 L (o)

These two equations are the same as Equations (64a) and (64b), respectively.

Equations (D6) and (D7) can be rewritten as

op- +aui op”~ au” +y

1
= + o,
a.i ot aiz oX 1 9X i i 0




ap~
oX

Since Pis Uy» T

tively, it can

and

Equations
equations with
tion 21 and 22
form a hyperbol

Dy
dx .
dt
and dx

ey et
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aui

ou” u”

u. — =

i1 9x

au i

3p.
3% Pt P ek

+ p. 0 (D9)

1.1
37'p X

; and & are given by Equations (57), (58), (55) and (63), respec-
be shown that for Y=1.4,

. IR 1(5, _x |
- it rax) - (D10)
= - LPs Xx (5 X__\®
- 6 a,, t2( g+ 6a,,t ) > (011)
(1- -T-"—)a = L (185 [ (a g)tt (ayl/®
i T 3 Pyoldye a
40 40
x 1 X /5 19 x
6a, ) T 0-33)" Grzwaxt o EWE: ). (2)
T,
2_7__1. = 0.196y4/5 4/s
Y (9 72 qu )6] ( 3 ) puo(auot)
V55 x x_ ' 91
(3*&mx) t0-zx) (- 52
97 _x 49 X
-ImEnEtsxaw L) (013

(D8) and (D9) form a system of quasi-linear partial differential
unknowns p” and u”. Following the procedure mentioned in Sec-
in Reference 14, it can be shown that Equations (D8) and (D9)

jc system of equations with the slopes of characterisitics given
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The two characteristic variables are chosen as

= X
lp - ] .'" a t ' (D]4)
40
5 X ’

The physical meaning of these two variables has been explained in Chapter IV.

In terms of ¢y and w, X and t become

1-

X = a w (D16)
a9
and t = ——E . (D17)
1-%°
Equations (D8) and (D9) can be replaced by
du, op. ps Ou;
Loe P Doy L% 1 1 %P5y P2
a? Py * a; Y ¥ [p (¥ Ef'ax 3? p; oX ) tu a; X
ap. T.
1__d 4 119 S 3_ 2
+37?'§'x—)] t, - 83t[°1 (1 T )6]+ax[p1u1(9
1 0 4o
7 N
'ﬁm)s]}t‘” =0 (D18)
. au ap. p, AU,
] p1 - ” ] 1 .I _L__:l_ » __1____1_
apw'a—.uw*‘[P(Y?W"ap )t (TR
i i i i® i
ap. T.
17 4 113 - 3 2
”"{'37)} tw‘ﬁ’o‘{s at[°1 (1 Tuo 6] "o [91”1(9

_.;.Z_Tl—)a]}tw =0 . (D19)



op. ou,
When a5 Pys ’a—xl » and -,&1— on the left-hand side of Equation (D18), are substi-

tuted by Equations (54), (56), (D10), and (D11), Equation (D18) becomes

BRI )PS50V NS T\ L R I
001 -8 G+ [350 -8 “”3awtp]t

A0 Pu w
T T
aso [ 1 3 i 2 7 i -
-4 D, {‘8"5'5[91 (1 'TTO)GJ [p1u1 9 - 7'2‘?—)6]}% =0
IR Tt N
40 40
4 210 (]_ﬂ)z 13 (1-...1..)5] 3_ [pu (_g
D, 6’ | 83t | T 3 9
T.
-.;.Z_Tl_)g]}tw -0 . . (D20)
40

Similarly, Equation (D19) becomes

6 4y ot o7 € 4o+ P
-[pho(’l-%) tu —'a—':o-p]w + [puo(]-"é" u +a ]tw

40
(1 E)st' g 3r0 (7 .Y l@._,: (]_Ii_)a]
TPyt T § - D, 6/ 1873t LPi Too
T.
) 2 71 i -
+§£[piui(§-ﬁ?)5]}tw 0 . (DZ])
bstitute 2 - u; ( -7—-11—)5 t and t, with the
Sust1ue§€p ) ’ax PiYi\ 9 - 72 Tuo * v
appropriate functions of ¥ and w, and define
= - i & - ..._t.:_. e
A = puo(] 6) tu” + a, p ’ (D22)
= - y). & - _.A.l. e
A = p,‘o(] 6) tu 3 P ’ (023)
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Equations {D20) and (D21) become

A+ %_ﬁ__ 4a:o GQ;%QQ)"/S v l”,'*/5 (gfqu/s A a - %)3/5
V- e ey vl = 0 (028)

Aw + %_1 1 %-+ 23:0 (0.;96)“/50“0 uou/s (Z::)I/S (] %»'2/5
V- RV e v 0 - (028)

Equation (D25) yields

L0 40

A AT R AR ORATANTRS X

a0

-17/s 7/5 7 401 1
Ja RV et X VI

satisfying the boundary condition that at the head of expansion wave (i.e. y=0)
u” and p~ are both zero. If (1 - %)-17/5 is expanded by the binomial series,

then the above equation becomes

- ]Oauo (0.]96)"/5
3

D 40 “o“/S (23301/5 w9/5 (1 - %93

0 40

12/5 {o]gs 0.04363 , _ 0. 00692 2y . (D26)

Y
Combining Equation (D24) and (D26) yields

p = 202w (0.196 196)“/5

s/s ,Vyo\1/5 9/5 [5 ?
0 VoLt {50 -

Pyoluo a,,

1
2/s [0135 0.0?;63 v - 0. 00692 v2] + (1 -

- by /e /e

740 13
- 77xw ¥ o x27 V! } , (D27)
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satisfying the boundary condition that at t=0 (i.e. w=0), u” and p” are both
zero.

From Equations (D26) and (D27) it can be shown that

_g_:_ - (0 ]96)"’/5 (auot)‘*/s (Vuo )1/5 (1 - }62)5 lP7/5
37 /5 (035 , 0.00363 , _ 0.00692
* {3‘4‘_‘ “ - %)') ‘J’[ 12 ]7 11’ lPZ]
401 13
gl 72x36"’+ wxzy W1} . (028
and u” = 10 (2136 u/s ,asot\u/s , Vuo (1/5 7/5
. Q138 2ty (o
17 (L Yy1e/e 035, 0.04363 , _ 0.00692
R AU AT 7V V]
1.7 401
3 iy e e 1) - (029)

the same as Equations (72) and (73) in Chapter IV.
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