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Abstract

Dynamic Scheduling Policies in Production-Inventory Systems with Returns or Two
Classes of Demands

Jieling Han

Chair of the Supervisory Committee:

Associate Professor Apurva Jain

Information Systems & Operations Management

A major concern in operations and supply chain management research has been to de-

termine optimal policies to minimize costs in production and inventory systems. This

dissertation consists of two applications of production-inventory systems motivated

by the real world observations.

The first model is motivated by a high-tech company data center server inventory

control process. The firm has internalized the production process and faces server

returns at the same time. There are demands for both new and used products.

Returned servers can be used to serve the demand for use products directly, or be

remanufactured into new condition by the same production capacity. Unmet demands

are lost. The objective is to determine the optimal scheduling policy that minimizes

the discounted total cost. We model the system with a production-inventory model

with returns and show the optimal production inventory policy is of base stock type.

Efficient heuristics are proposed and the base model is extended to scenarios that

better described the real world situation. These scenarios include unmet demand are

backordered, bulk demands and returns depending on the demands.

The second model analyzes a model of a continuous-time production-inventory

system with a shared server serving two demands. Unsatisfied demands are backo-





rdered and standard holding and penalty costs apply at each inventory location. The

objective is to determine the optimal scheduling policy that minimizes the discounted

total cost. The distinguishing feature of our model is that the two demand classes

differ in their variability characteristics. The motivation for analyzing such a system

is driven by our observations in many real-life contexts where such a difference is re-

ported to exist. Very briefly, practical examples of why the variability of two demand

processes, served by the same capacity, may differ include (1) inherent differences

in the predictability of the demand, (2) some customers’ spiky purchasing pattern

influenced by low prices during promotions, (3) mixing emergency and scheduled de-

mands, and (4) the nature of two different markets. Our results allow us to shed some

light on implications for managers in such circumstances.
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Chapter 1

INTRODUCTION

1.1 Background

A major concern in operations and supply chain management research has been to

determine optimal policies to minimize costs in production and inventory systems.

Beginning with early single-location inventory models, research on centralized supply

chains introduced models that integrate the flow of goods between multiple inventory

locations (or echelons), such as a supplier’s warehouse and retail stores. Relative to

the research on multi-echelon inventory models, there has been much less work on

models that integrate manufacturing or production systems with inventory models.

Recent years, however, have seen a growing interest in determining optimal poli-

cies in production-inventory models. This dissertation formulates and analyzes two

production-inventory models that are motivated by the observations in retail supply

chains and data center operations.

Current theoretical interest in production-inventory models reflects the fact that

such an approach allows for combining different parts of supply chain functions in the

same framework and thus opens the possibility of looking for the best operating policy

for the whole supply chain. While practical implementation requires researchers to

look for decentralized solutions, the effectiveness of these solutions must be measured

against the centralized solutions that, for example, can analyze the effect of production

policy at one end of the supply chain on the inventory costs at the other end of supply

chains. Production-inventory models are well-suited to address that challenge. These

models are also well-equipped to consider another current supply chain issue, that of

product differentiation. Supply chains are increasingly facing customers that demand
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individualized products and services. Limited capacity and inventory must be shared

between different types of products and customers. Multiclass production-inventory

models can analyze such sharing through determination of optimal scheduling policies

to manage the capacity.

The two production-inventory models presented in this dissertation are motivated

by business issues that exhibit both characteristics above, the need for an integrated

analysis and the existence of multiple classes of demands.

1.1.1 Production-Inventory System with Returns

Value added recovery from used products or materials is gaining increasing importance

for the firms as a profitable and sustainable strategy ([18, 70]). Material reuse and

remanufacturing not only help firms reduce cost and protect environment, they also

help firms build brand image for social responsibilities towards environment. The

three simple reasons for why companies reuse products are summarized by [27] as

profit, people and planet.

Products are returned for many reasons. Customers may return new/used prod-

ucts under generous service satisfaction warranty. Products (such as electronics) with

value parts may be collected and returned for profit. In some regions, government

enforce companies to recollect products with hazard material. Regardless of the rea-

sons, the return flows complicates the inventory control [34, 17]. How to integrate

the returned used products into inventory and production planning has been the

concentration for recent research.

This model is motivated by the observations of a production inventory planning

manager at a California based data center. There are demands for new servers and

used servers which must both be satisfied by a shared capacity that either customizes

new servers or upgrades used servers. Used servers may be returned due to variety of

reasons such as underutilization or out-of-date. The focus is on optimizing production

/ inventory control operations in order to reduce total cost.
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1.1.2 Production-Inventory System with Different Variability

Variability in supply chains is studied extensively in literature. The classic paper from

[52] summarize four reasons for the Bullwhip effect: demand signal process, rationing

game, order batching and price variation.

This model is related to the price variation. It is motivated by the observations in

retail supply chains where a manufacturer uses shared production capacity to satisfy

demands from multiple retailed. The retailers have different price promotion policies

which bring variability in the demand process. Our research is in line with [41]. They

collect a sample of data from the manufacture of private-label cookies who satisfy de-

mands from several retailers. One retailer practices a Hi-Lo price promotion strategy

which leads to variability in his ordering process. The process can be approximated

with hyperexponential renewal process, and is supported by evidence from [41]. From

the modeling perspective, this model falls within the queuing literature where vari-

abilities come from the demand process, see [43].

In both these settings, managers would like to gain insights into the scheduling

policy for the shared capacity that will allow them to minimize the total cost. Our

models contribute to the literature by directly addressing these specific business set-

tings and developing insights for operating managers.

1.2 Continuous-Time Production-Inventory Systems

The models in this dissertation fall in the general class of continuous-time models

that integrate production capacity with inventory locations, usually in the context

of multiple classes of demands. Production or manufacturing models in literature

usually feature a queue-like behavior and inventory models usually feature a sales-

replenishment cycle. To combine the two, addition of production models to inventory

models recognizes that inventory replenishment lead time is a function of congestion

delay and processing time in the production model. In early literature, this lead
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time was often considered as fixed and exogenous to the model. Detailed modeling

of the production system allows for the lead time to be considered endogenous to the

model and makes it possible to analyze the effect of shared capacity between different

demand classes. Following the common practice in queuing and inventory literature,

these models usually have continuous-time and discrete demands.

As the literature reviews presented in chapter 2 and chapter 4 describe, earlier

models proposed static policies that made scheduling decisions without considering

the current state of the system. Given the complexity of the problem, much of

the work aimed at developing heuristics. In continuous-time models, under certain

assumptions, it was shown that the form of the optimal policy can be determined.

This dissertation advances this line of research by showing how to determine optimal

policy in models that go beyond the standard modeling assumptions of this literature,

Poisson demands and no returns.

1.2.1 Features of Models related to Optimal Control of Production-Inventory Systems

with Shared Resources

To find the optimal policy in a production-inventory system with a shared resource

is a complex challenge. As [75] stated, even with Poisson demand process and ex-

ponential service time, the derivation of the optimal policy requires the solution to

a multidimensional Markov decision process which is extremely difficult to compute.

Research emphasizing on describing the optimal policy usually falls within a restricted

frame work:

• All the classes of demands occur according to memoryless processes, such as

Poisson processes, Erlang process and etc.

• Servers are shared by performing multiclass of tasks.

• The server can only perform one task at a time.
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• Service time follows memoryless distribution, such as exponential distribution.

• Holding and backorder (or lost sales) costs are convex with the number of net

inventory.

• The goal is to find the optimal control policy to minimize the discounted total

cost, or average cost.

Pioneering work by Ha [36] was the first to show the structure of the optimal policy

in the context of two Poisson demand classes with equal production times. He trans-

formed the continuous-time system into discrete time system, and modeled the system

with a Markov decision process. Then, he characterized the structure of the optimal

policy and used dynamic programming to determine optimal policy parameters.

The difficulty of the analysis lies within the combinatorial nature of choosing an

optimal operation among a set of available operations at each decision epoch, anytime

an arrival or service occurs. As is well-known, dynamic programming suffers from the

curse of dimensionality which makes the system impractical to solve when the state

space is large. To address this difficulty, heuristics are often proposed. Heuristics often

use static rules that ignore the current state and are based only on fixed parameters

like arrival rates and cost.

Our models follow the general assumptions as presented above. But we add fea-

tures that are new to the literature. Specifically, one of our models uses a non-

Poisson process to model arrivals and in the other model, we model a return process.

While both of these additions are motivated by real business problems, the model-

ing complications they present allow us to advance the literature on continuous time

production-inventory models.

1.3 Summary of Models and Contributions

In this section, we provide an overview of models and contributions.
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1.3.1 Production-Inventory System with Returns

We develop and analyze a production-inventory model where the manufacturer faces

demand for both new and used products. Demand for the new products occur ac-

cording to a Poisson process and is satisfied out of the inventory of newly produced

finished new products. Demand for used products follows a separate Poisson process

and can be satisfied from the used product inventory. Customer may return products

after some use; these are stocked in a return product inventory. Returned products

can be used to serve the demand for use products directly, or be remanufactured into

new products. The production process, modeled as a single server queue, can produce

new finished products as well as refurbish return/used products into new products.

Standard holding costs and penalty costs apply. We focus on developing the optimal

production inventory policy for the firm in this setting.

While our model follows in the steps of existing production-inventory literature

and extends it, our interest in considering this question is not purely theoretical. We

are motivated by our observations in a California based data center of a large web-

services provider. This data center has a very large number of servers to handle traffic

for the firm’s services. A traffic manager is responsible for maintaining a certain num-

ber of these servers in order to provide a high level of response to customers. Given

the fast pace of technological change, these traffic managers often want to upgrade

their servers by returning them and replacing them with either new or refurbished

servers. Given the unpredictability of traffic volumes, these traffic managers often

either return their existing servers or demand new/refurbished servers. These returns

and demands are sent to the server inventory manager who has limited production ca-

pacity that can be either used to customize off-the-shelf servers received from outside

supplier or to refurbish servers returned by the traffic managers. The server inventory

manager is continuously making decisions about how to use the production capacity

and about the inventory levels of new and refurbished servers.
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Our model possesses the set of assumptions that describe the real world problem

properly, and are technically challenging. These assumptions include: 1) Demands

for both new and used products; 2) Unmet products are lost; 3) Product are returned

as used ones, which can satisfy used demands directly or can be remanufactured into

new products; and 4) Shared server can perform both producing and remanufactur-

ing, which leads to the number of potential decisions being 3. It is also the largest

number of decisions by a shared server that has been successfully analyzed. We show

the structure of the optimal policy is of state dependent base stock type. Priority

based heuristics are proposed to decide the production resource: 1) priority on using

raw material; 2) priority on using used product; 3) two-level threshold for choosing

between raw material and used product. In chapter 3, several related systems are

studied.

1.3.2 Effects of Variability in a Production-Inventory System

We develop and analyze a model of a continuous-time production-inventory system

with a shared server serving two demands. Unsatisfied demands are backordered and

standard holding and penalty costs apply at each inventory location. The objective is

to determine the optimal scheduling policy that minimizes the long term total cost.

The distinguishing feature of our model is that the two demand classes differ in their

variability characteristics. Because Poisson distributions are completely characterized

by a single parameter, modeling both demand classes with Poisson processes does not

allow us to have arrivals with, for example, equal means but different variances. To

capture the differences in demand variability, we model the inter-arrival times for one

demand class H as following hyperexponential distribution, and the other demand

class M following exponential distribution. This allows us to keep the model tractable

and understand the impact of variability differences on the structure of the optimal

policy. We show the form of the optimal policy and prove properties of optimal policy

parameters. Then we consider the cases where partial or full information about the
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demand arrival process is known.

The motivation for analyzing such a system is driven by our observations in many

real-life contexts where such a difference is reported to exist. Very briefly, practical

examples of why the variability of two demand processes, served by the same capacity,

may differ include (1) inherent differences in the predictability of the demand as in

[20], (2) some customers’ spiky purchasing pattern influenced by low prices during

promotions as in [41], (3) mixing emergency and scheduled demands as in [59], and

(4) the nature of two different markets as in [25]. Our results allow us to shed some

light on implications for managers in such circumstances.

The existing literature does not offer any insights about the structure of the op-

timal policy in case information of arrival process is known in the form of phase

information. We develop observations and results about the properties of switching

and stopping curves under different phases of class H arrival process. We start with

the observation that, given other state variables remain the same, if it is optimal to

produce class M when the class H arrival process is in on phase, it is also optimal

to produce class M when the class H arrival process is in off phase. Building on

this observation we are able to show, analytically and numerically, that the switching

curves under on and off phases may overlap but will not cross. These results allow

us to develop an understanding of the impact information about demand arrival pro-

cess can have on the structure of the optimal policy. Numerical results allow us to

show the impact on shapes of switching and stopping curves as the differences in the

coefficient of variations of two demand arrival process changes.

Our next step is to consider the case where the phase information is only partially

known. We model the system as a partially-observable Markov decision process.

Given the prior belief, about the probability of being in phase on and the transition

between the two phases, the belief at next decision epoch is updated according Bayes

rule. With numerical analysis, we numerically compute the optimal policies and their

corresponding costs of three models: (1) with full phase information, (2) with partial
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information of phase being in on, and (3) without phase information, but assume

Poisson arrival process for class H. Among other observations, we notice that the

discounted total costs of model (1) is no greater than for model (2), which is no

greater than the cost for model (3). This result shows the value of knowing phase

information.

The remainder of the dissertation is organized as follows. Chapter 2 studies a

production-inventory model with returns and lost sales. Chapter 3 relax the assump-

tions in chapter 2 and analyzes several related models. Chapter 4 studies the optimal

control in a production-inventory system with two classes of demands, and analyzes

the effects of variability.
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Chapter 2

DYNAMIC CONTROL FOR A
PRODUCTION-INVENTORY SYSTEM WITH SHARED

CAPACITY AND RETURNS

2.1 Introduction

We develop and analyze a production-inventory system where the manufacturer faces

demand for both new and used products. Demand for the new products occur ac-

cording to a Poisson process and is satisfied out of the inventory of newly produced

finished new products. Demand for used products follows a separate Poisson process

and can be satisfied from the used product inventory. Customer may return products

after some use; these are stocked in a return product inventory. Returned products

can be used to serve the demand for use products directly, or be remanufactured into

new products. The production process, modeled as a single server queue, can produce

new finished products as well as refurbish return/used products into new products.

Standard holding costs and penalty costs apply. We focus on developing the optimal

production inventory policy for the firm in this setting.

In presence of two different products that can be manufactured using the same

limited capacity but that differ in their cost implications, production and inventory

managers must determine a policy to decide which product should be produced next

and what are the right levels of inventory for each product. The optimal decisions

depend on the levels of inventory of each product at any given time. The production-

inventory literature (reviewed below) in recent years has focused on developing opti-

mal operating policy in these settings. Given the complexity of analyzing these models

with stochastic demand and production times, well-performing heuristic policies are
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also attractive. In our model, we have an additional complication. Product return

process that models return of units from consumers is also stochastic. Production

and inventory decisions must also take into account the inventory level of returned

products and the cost of carrying the return product. This not only increases the size

of required state space in the model, we show that this also considerably increases

the complexity in making optimal decision. We derive the form of the optimal policy,

show how to compute optimal parameters and develop effective heuristics.

While our model follows in the steps of existing production-inventory literature

and extends it, our interest in considering this question is not purely theoretical. We

are motivated by our observations in a California-based data center of a large Web-

services provider. This data center has a very large number of servers to handle traffic

for the firm’s services. A traffic manager is responsible for maintaining a certain num-

ber of these servers in order to provide a high level of response to customers. Given

the fast pace of technological change, these traffic managers often want to upgrade

their servers by returning them and replacing them with either new or refurbished

servers. Given the unpredictability of traffic volumes, these traffic managers often

either return their existing servers or demand new/refurbished servers. These returns

and demands are sent to the server inventory manager who has limited production ca-

pacity that can be either used to customize off-the-shelf servers received from outside

supplier or to refurbish servers returned by the traffic managers. The server inventory

manager is continuously making decisions about how to use the production capacity

and about the inventory levels of new and refurbished servers.

Data center operations are a fast growing area in high-tech businesses serving

large numbers of end-users. Facebook spent $606 million on servers, storage, network

gear and data center in 2011 and another $500 million in 2012 [57]. Google spent

$951 million on its data center operations in just the fourth quarter of 2011, with

infrastructure capital expenses of $3.4 billion for all of 2011 [57]. Some of the im-

portant aspects for a successful IT business include: maintain high site availability,
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site reliability, fast query responses and so on. Amazon cloud service EC2 guarantees

99.95% monthly availability, or partial credit back to the end users [1]. According to

[86], 40% of users abandon a website that takes more than 3 seconds to load. Slow

response to an e-commerce site may lead to huge loss of sales.

To meet and maintain these high standards of service, data centers use large

numbers of servers to handle the traffic and to store user information. Sever capacity

utilization rates are usually kept low. According to Best Practices Guide for Energy-

Efficient Data Center Design [50], most servers run below 20% utilization most of

the time while draw full power during the process. This leads to high costs and large

carbon footprints. In this setting, server inventory management is rapidly emerging

as an important area. The 2011 Data Center market Insight Report concludes data

center capacity planning and inventory control is one of the top concerns for data

center operations [47].

Our observations of this industry suggest two current strategies data centers are

using to better manage server inventory. The first strategy is that data centers are

internalizing the process of customizing the servers in place of relying on using stan-

dardized purchases from vendors. Google [32] customizes the power path in the servers

and eliminates the unnecessary hardware components that are default options in the

vendor gears. In 2011, Facebook is reported to shift from buying vendor gear and

lease data centers to build its own servers, racks and custom data centers, [56]. In-

ternal resources for such customization allow data centers to gain cost efficiency and

can also be used for upgrading existing servers. The second strategy is to use ad-

vanced tracking technology to continuously monitor sever characteristics such as heat

output, power consumption and utilization. These real-time system measures enable

managers to make frequent and faster decisions about retiring, adding, or upgrading

servers. Combination of such strategies has allowed Google to upgrade servers by

remanufacturing and re-purposing outdated servers and thus to avoid buying over

90,000 new, replacement machines since 2007 [33]. Given the increasing prominence
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of data center operations and specifically, the importance of server inventory manage-

ment, our observations in the previous paragraph lead us to the question of effective

operating policies that will allow the server inventory manager, who faces demands

both for new and used servers from traffic managers, to best use the ability to reman-

ufacture and upgrade servers. We first build a basic model that is aimed at capturing

the theoretical trade-offs inherent in the question faced by the inventory manager.

We present and analyze this model in the context of production-inventory literature

and determine the optimal policy. We then add several extensions to this model that

are designed to go beyond the theoretical trade-offs and capture real features that we

observed during our visits to the California-based data center mentioned above.

In our basic model, demands for the new products (new servers) and used products

(remanufactured servers) occur according to independent Poisson processes. Returned

serves arrivals also follow Poisson process. The manager can choose to produce a new

server, upgrade a returned server, or idle the production capacity. Finished new

or used items are kept in different inventory locations. Different holding costs are

charged at each inventory location. If there is not enough inventory to satisfy a

demand, the demand is lost and a penalty cost is charged. We develop a continuous-

time Markov dynamic program for this model. We prove that the optimal production

inventory policy is of the state-dependent base stock form where the state is captured

by the level of two types, new and used, of finished goods inventory and the level of

returned goods inventory. We show how to compute the policy parameters. As the

determination of optimal policy parameters is computationally intensive, we propose

a heuristic method. We show that the heuristic achieves close to optimal results.

The rest of the chapter is organized as following. Section 2.2 reviews the existing

literature related to production-inventory systems with returns. Section 2.3 estab-

lishes the basic model and proves the optimal policy. Section 2.4 develops a heuristic

method and compares its performance to optimal results. 2.5 concludes the paper.

In chapter 3, we extend our basic model to incorporate additional features observed
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from practice.

2.2 Literature Review

2.2.1 Literature Review of Production-Inventory Systems with Returns

In this section, we review the existing literature related to continuous production-

inventory systems with returns. We concentrate on the stochastic continuous-time

models since they are most relevant to the system we study. For a complete literature

review on deterministic models with returns, readers are referred to [72, 73, 39].

In the continuous-time models, decisions can be made any at point of time. The

goal is to minimize (or maximize) the system cost (or profit), either for expected

average cost (profit) rate or the expected total discounted cost (profit). Since our

research concentrate on the structure of the optimal control policy, we will review

literature that fall into this category.

Optimal Control in Production-Inventory Systems with Returns

Earlier literature in production-inventory system with returns study the system per-

formance under given and mostly static control policies, several recent papers study

the different perspectives in reverse supply chain setting and characterize the structure

of the optimal control policy.

[30] extend the model of [38] by investigating a make-to-stock queue with product

returns. There is capacity constraints, and unmet demand is backordered. Returns

are as good as serviceable products, and can be used to serve demand directly. The

author proves the optimality of a base stock policy to control production process and

derives an exact formula for the optimal base stock level.

[89] extend the model of [30], and analyzes the effects of interdependence between

the return and demand on the optimal control policy. But was only able to charac-

terize the structure of the optimal control policy when returns happen instantly.
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[26] study the effects of advanced return information by assuming returns are

announced in advance and be returned with some probability after some exponentially

distributed time. The structure of the optimal policy is characterized. Then they

compare the systems with and without the advanced return information and examine

the value of information.

[81] analyze an n-stage sequential production-inventory system with demand only

for finished goods. There are independent product returns happening at each stages,

and returns can be used for production directly.

In each case, the authors show the structure of the optimal control policy is state

dependent base stock type. When there are n classes of products, the base stock for

class i, i ∈ [1, n] depends on the joint inventory for the rest n− 1 classes of products.

Also, there are dynamic priority rule, sometimes called switching rules, in producing

different products. In most cases, the switching rules can divide the state space into

regions and the boundary curves exhibit monotone properties.

To make the models tractable for characterizing the optimal structure, there are

typical assumptions in the cost parameter, return process, and number of classes of

demands. Although individual assumption appears frequently in existing literature,

it is the combination of a set of assumptions that make the model unique and more

advanced. Common assumptions for existing literature for production-inventory sys-

tems with returns include: (1) Products are returned as serviceable products, so no

further re-manufacturing process is needed. This assumption usually helps simplify

the analysis since production control for the returned products are not considered.

(2) There is (are) only demand(s) for new products. This assumption makes the

returned products as production resources, and simplify analysis by neglecting the

tradeoff between satisfying demands between new and used products. (3) Unmet de-

mands are lost. The advantage of lost sales vs. backorder scenario is that the state

space of the system, usually measured by the product net inventory, is smaller than

the backorder scenario. While lost sales scenario only deals with non-negative net
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inventory, the backorder scenario includes both positive and negative net inventory.

So it generates extra difficulty in analyzing the optimal control policy over the whole

state space. However, several literature analyzed both lost sales and backorder sce-

narios and showed both optimal control policy exhibit similar structure. (4) Return is

independent from demand. Without this assumption, the system needs to keep track

of the life time of products on the market. To the best of our knowledge, no existing

paper has shown the structure of the optimal control policy with returns depending

on demand.

2.2.2 Literature Review of Other Related Models

Besides the literature in production-inventory system with returns, our research is

related to production-inventory system with inventory rationing for multiple classes

of demands. Most of literature consider multiple classes of demands that differ in the

cost parameters, for example, unit lost sales/backorder cost or demand arrival rate.

[90] first consider dynamic scheduling in a make-to-stock system in the context of two

identical products with same Poisson demand rates and equal exponential production

times. The production decision in their model is governed by a simple base-stock

policy for each product. [91] extend this model to multiple identical products and

considered general production times. [36] is one of the earliest to show the structure of

the optimal policy in the context of two Poisson demand classes with equal production

times. [7] analyze the inventory rationing with multiple production facility producing

multiple products. [6] analyze inventory rationing in an assemble-to-order system.

[31] consider the inventory rationing in a production-inventory system with advance

demand information. [8] analyze multiple customer classes with partial backordering.

In each case, the authors show there are a rationing levels for different demand classes,

below which the corresponding demand class cannot be satisfied. Unmet demand

are backordered or lost, depending on the model setting. The ranking of the class

parameters usually shed light on heuristics.
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Also, our research is related to the admission control literature in queuing systems.

In section 3.3, we extend the model to the case where multiple demand classes for new

product exist and how admission control affect the structure of the optimal policies.

For reviews of related literature, readers are referred to [71, 22, 48]. Recent examples

of the application of admission control in production-inventory system include [8, 40].

2.3 Model

2.3.1 Problem Description

We study a production-inventory system where the manufacturer faces demand for

both new and used products. Demands for the new products occurs according to a

Poisson process with rate λx. They are satisfied if there is inventory, or lost with

unit lost sales cost cx. The lost sales cost includes the loss of brand image or good

will for the manufacturer. In section 3.1, we show the model can be extended to the

backorder case. New products once sold may be returned, which occurs according

to an independent Poisson process with rate δ. Demands for the used products

occur according to a Poisson process with rate λy. They are also satisfied if there is

inventory, or lost with unit lost sales cost cy. We assume cy < cx since new products

are usually the major product, which is pricier and customer pay more attention to

it. The holding costs are hx and hy per item per unit time, with hy < hx since holding

cost is usually proportional the price.

The manufacturer has the flexibility of producing new product from raw material

or remanufacturing used product. We assume both the production time follow the

same exponential distribution with the rate µ. The same production time is reasonable

when both processes consist of similar operations. As for the datacenter case, there

is no significant time difference in building a new server from raw material or from

a used server. We further assume both operations are preemptive and there is no

set-up time in switching between operations. Because of the memoryless property
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Figure 2.1: Model setting

of the exponential distribution, to continue a interrupted job is equivalent to start

from the beginning. The assumption of no set-up time is also reasonable when the

set-up time is negligible compared to the production times. The assumptions on the

Poisson arrival of demands and exponential production times are similar to previous

literature such as [36, 82, 8, 26]. The memoryless property enable us to model the

system with Markov decision process, and show the structure of the optimal policy

with dynamic programming. For the stability of the system, we assume δ < λx + λy

and λx < µ. The first condition means that return rates must be smaller than the

total demand rate, otherwise the inventory for used product or new product will

keep increasing. Practically, demand is satisfied and then products can be returned.

Return rate cannot exceed its generating source, or the total demand rate. The second

condition means that demand for new product must be smaller than the production

rate. Figure 2.1 shows the configuration of the system.
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The manager of the production-inventory system seeks the optimal control policy

to minimize the discounted total cost over the infinite time horizon. At any time, he

can decide on the production operations: 1) produce one unit of new product from raw

material, 2) produce one unit of new product from used product if there is inventory,

and 3) not produce. Let X(t) be the inventory of new product at time t, and Y (t)

be the inventory for used product at time t, the system state can be described by

(X(t), Y (t)), where X(t), Y (t) ∈ N, N is the set of natural numbers. The manager

only needs to make production decision when the state changes including demand

occurrence, production completion or return occurrence.

In specifying details of our model, we have aimed at creating a balance between

our motivating context, a data center, and the need for maintaining tractability. We

are employing a continuous-time, discrete-state model. Availability of automated

tracking technologies and algorithmic decision making that is popular in a high-tech

industry like data centers makes is plausible to assume that changes in state will be

recognized in real time and decisions can be made in continuous time. The assumption

of continuous state recognizes that data centers use a very large number of servers

and a fluid approximation may be reasonable. The assumption of continuous state,

however, is primarily for the reasons of tractability. We choose to model the arrivals of

new and used server demands as Poisson processes. The generation of these demands

is the result of a complex process; traffic managers continuously observe changes in

the data demand from Web-users and use a heuristic decision process to determine

whether they should request a new server or a used server in case the demand from

Web-users shows an upward trend. There are cost implications for traffic managers

to hold theses servers. Therefore, in case the demand shows a sustained downward

trend, traffic managers return servers with low usage. Thus the generation of new and

used demands as well as returns is the result of a complex process that combines real

observations with traffic managers’ heuristic decision-making. In our basic model,

rather than speculating about the exact nature of this process, we simply model the
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results of this process as Poisson processes for new and used demands and returns.

In a later section, we extend our model to capture additional details of generation

of demands and returns. In addition, private communications with the inventory

managers of the data center suggest that, in their internal analysis, they too use

Poisson processes to model these arrivals.

Our assumptions about cost structures follow standard approach taken in such

models. They also reasonable reflect reality. We assume cy < cx since new servers

are more expensive than used servers. The holding costs are hx and hy per item per

unit time, with hy < hx since holding cost is usually proportional to the price. Our

assumption of equal service rates for customizing new servers and for upgrading old

ones is a reasonable approximation of what we observed at this data center. The

assumption of exponential service times and preemptive-service times, however, are

made for tractability and are standard in these types of production-inventory models.

Finally, the basic model assumes that unmet demands are lost. Later, an extension

considers the case of backlogged demands.

Let α be the time discount factor, and Ni(t) be the units of lost sales over time [0, t]

for product i, i ∈ {x, y}. The goal is to find the optimal control policy π to minimizes

the expected total discounted cost vπ(x, y) with starting state (x, y).π(t) ∈ {0, 1, 2},

where

π(t) =


0 Stay idle

1 Produce new product from raw material

2 Produce new product from used product

The expected discounted cost over an infinite planning horizon with starting state

(x, y) and policy π is defined as vπ(x, y), where

vπ(x, y) = Eπ
(x,y)

[∫ ∞
0

e−αth(X(t), Y (t))dt+
∑
i=x,y

∫ T

0

e−αtcidNi(t)

]
(2.1)

The optimal cost function v∗(x, y) satisfies v∗(x, y) = min
π
vπ(x, y).



21

Summary of Parameters:

• λx : Demand rate for the new product

• λy: Demand rate for the old product

• δ : Return rate for the old product

• µ : (Re)manufacture rate for both used and new product

• hx: Unit holding cost for new product (per time period)

• hy: Unit holding cost for used product (per time period)

• cx: Unit lost sales cost for new product

• cy : Unit lost sales cost for used product

• α : Discount rate

2.3.2 Uniformization and Bellman’s Equation

The decision process can be solved with a continuous Markov decision process. Fol-

lowing [67, 53], we uniformize the process with β = λx + λy + µ+ δ. The system can

be transformed into a discrete Markov decision process with all transitions happen at

the rate β.

Uniformization

The idea behind uniformization is to transform the continuous-time problem into a

discrete-time problem. In the original settings, the times between events are expo-

nentially distributed with different transition rates. For example, a demand for new
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product occurs on average every 1/λx unit of time; a return occurs on average ev-

ery 1/δ unit of time; a production completes on average after 1/µ unit of time. In a

complex system with multiple kinds of events, such as multiclass of demands, return,

production and etc., it is difficult to analyze the system directly.

Following [67, section 11.5], the system can be discretized with a uniformized

transition rate β. Consider the system where an event happens on average every 1/β

unit of time, where β = λx+λy+µ+δ, and with probability λx/β the event is a demand

for new product, with probability λy/β the event is a demand for used product, with

probability δ/β the event is a return, and with probability µ/β the event is a production

completion. This system is mathematically identical to the original system, but the

transition rate between any event is exponentially distributed with the same rate β.

Notice that in some cases, uniformization may introduce pseudo transitions into the

current state itself. See an example in section 4.3.

To evaluate the total discounted cost with discount factor α for the infinite time

horizon, [67, section 11.5, p.563] shows the mathematics deduction of using 1/α+β as

the coefficient of normalization, as seen in equation 2.3.

Optimality of the Bellman’s Equation

The optimal cost function v∗ satisfies the following optimality equation. It is also

called Bellman’s equation [5].

v∗(x, y) = Tv∗(x, y),∀x, y ≥ 0 (2.2)

Operator T is a contraction mapping defined as

Tv(x, y) =
1

α + β
[h(x, y) +λxT1v(x, y) +λyT2v(x, y) + δT3v(x, y) +µT4v(x, y)] (2.3)

with h(x, y) = hxx+ hyy and operators Ti, i = 1, 2, 3, 4 defined as follows,
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T1v(x, y) =

v(x, y) + cx if x = 0

v(x− 1, y) if x > 0

T2v(x, y) =

v(x, y) + cy if y = 0

v(x, y − 1) if y > 0

T3v(x, y) = v(x, y + 1)

T4v(x, y) =

min[v(x, y), v(x+ 1, y)] if y = 0

min[v(x, y), v(x+ 1, y), v(x+ 1, y − 1)] if y > 0

Operators T1 and T2 respectively indicates new and old demand must be satisfied

if there is inventory, otherwise the demand is lost and corresponding lost sales cost is

incurred. Operator T3 corresponds to the used product return. Once return occurs,

it must be accepted leading the inventory increase from (x, y) to (x, y+ 1). Operator

T4 is associated with the optimal production decisions. The choice is within stay

idle which leaves the state unchanged, produce new product from raw material which

increase inventory from (x, y) to (x + 1, y), or produce new product from returned

product if available (y > 0) which increase inventory from (x, y) to (x + 1, y − 1).

In summary, the optimal control policy chooses the feasible action that leads to the

states with the lowest cost.

Since Tv(x, y) is a contraction mapping [67, theorem 6.2.3, p.150], Banach fixed

point theorem ensures that lim
n→∞

vn(x, y), with vn+1(x, y) = Tvn(x, y), will converge to

the fixed-point of the operator T . It is the optimal value function v∗(x, y), and also

the unique solution of v∗(x, y) = Tv∗(x, y).

2.3.3 Optimal Policy under Discounted Total Cost

To analyze the structure of the optimal policy, we define these difference operators:

• First difference operators

– Dxv(x, y) = v(x+ 1, y)− v(x, y)
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– Dyv(x, y) = v(x, y + 1)− v(x, y)

– Dx−yv(x, y) = v(x+ 1, y − 1)− v(x, y)

• Second difference operators

– Dx,xv(x, y) = DxDxv(x, y) = Dxv(x+ 1, y)−Dxv(x, y)

– Dy,yv(x, y) = DyDyv(x, y) = Dyv(x, y + 1)−Dyv(x, y)

– Dx,yv(x, y) = DxDyv(x, y) = Dyv(x+ 1, y)−Dyv(x, y)

– Dx,x−yv(x, y) = DxDx−yv(x, y) = Dx−yv(x+ 1, y)−Dx−yv(x, y)

– Dy,x−yv(x, y) = DyDx−yv(x, y) = Dx−yv(x, y + 1)−Dx−yv(x, y)

Notice that in the discrete case, the order of applying the operators doesn’t affect the

result, e.g: Dx,yv = Dy,xv, Dx,x−yv = Dx−y,xv, and etc.

The analogy of the difference operators in the continuous domain are partial

derivatives. For a function v(x, y) defined in the discrete and continuous domain,

Dxv ↔ ∂v/∂x, Dx,yv ↔ ∂2v/∂x∂y and etc. Properties of partial derivatives in a con-

tinuous function determines the property for the function. For example, if for every

x ∂2v/∂x2 ≥ 0, v is convex in x. In the same manner, properties of the difference

operators applied on the discrete function also capture the properties of the discrete

function, if for every x Dx,xv ≥ 0, v is convex in x.

Definition 2.1. Let U be a set of real-valued functions defined on N2. If v ∈ U, then

for all x, y ≥ 0 :

A.1 Dxv(x, y) ≥ −cx, ∀x, y ≥ 0

A.2 Dx,xv(x, y) ≥ Dx,x−yv(x, y), ∀x ≥ 0, y > 0

A.3 Dx,x−yv(x, y) ≥ 0, ∀x ≥ 0, y > 0
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A.4 Dx,yv(x, y − 1) ≥ 0, ∀y > 0

A.5 Dy,yv(x, y) ≥ 0, ∀x, y ≥ 0

A.6 Dy,x−yv(x, y) ≤ 0, ∀x ≥ 0, y > 0

A.7 Dyv(x, y) ≥ −cy, ∀x, y ≥ 0

Lemma 2.1. If v ∈ U, then Tv ∈ U . Moreover, the optimal value function v∗ ∈ U.

To prove this lemma, we first propose a set of function satisfying the above prop-

erties A.1 to A.7. Then by showing operator T preserves all the properties and T is

a contraction mapping, we can conclude the optimal cost function v∗ satisfies all the

properties.

The difficulties of proof come from the number of properties, and the number of

decision choices in the min[· · · ] part in T4v. For each operator Tiv, i = 1 . . . 4, we

need to show it preserves all the properties listed in definition 2.1. Since properties

are based on difference operators and the state space is bounded below by 0, special

care needs to be taken when hitting the boundary. Also, the combinatorial nature in

comparing multiple the min[· · · ] creates great difficulty. To the best of our knowledge,

among existing literature that involve difference operator based properties related to

min[· · · ], the largest number of comparison values inside min[· · · ] is 3. Our model

achieves this dimensionality.

The structure of the optimal control policy can then be inferred from the proper-

ties. For continuity of the dissertation, we leave the details of the proof in appendix

A.1.

Intuitions behind the Properties

The intuitions behind the set of properties is the key to show the structure of the

optimal policy. Here we explain the intuition behind each property when applied to
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v∗.

• A.1 implies that when net hand inventory for new product is x+ 1, it is better

to satisfy the demand by reducing one unit on hand inventory than to keep the

inventory unchanged and incur a lost sales cost of cx. It guarantees demand

from new product is always satisfied.

• A.2 implies the marginal cost difference in producing new product from raw

material and from returned product, or Dxv−Dx−yv, is non-decreasing in new

product inventory x. So given y, there is a threshold value for x where Dxv −

Dx−yv changes sign. The threshold value of x serves as a switching point of

producing from raw material vs. producing from returned product.

• A.3 implies the marginal cost of producing new product from returned product,

or Dx−yv, is non-decreasing with new product inventory x. So given y, there

is a threshold value for x where Dx−yv changes sign. The threshold value of x

serves as a switching point of producing from returned product vs. being idle.

• A.4 implies that marginal cost of satisfying a unit demand for used product,

or Dyv, is non-decreasing with inventory of x. So given y, there is a threshold

value for x where Dyv changes sign.

• A.5 implies the marginal cost of having an extra unit of used product, or Dyv,

is non-decreasing with inventory of y. It implies v is convex in y.

• A.6 implies the marginal cost of producing one unit of new product with one

unit of used product, or Dx−yv, is non-increasing with inventory of y.

• A.7 is similar to A.1. It implies that when net hand inventory for used product is

y+ 1, it is better to satisfy the demand by reducing one unit on hand inventory
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than to keep the inventory unchanged and incur a lost sales cost of cy. It

guarantees demand from used product is always satisfied.

Theorem 2.1. Let B(y) = min[x ≥ 0|Dxv(x, y) > 0, Dx−yv(x, y) > 0], C(y) =

min[x ≥ 0|Dxv(x, y)−Dx−yv(x, y) > 0]. Given the inventory level (x, y), it is optimal

to be idle if the inventory for the new product x is no less than B(y). If not this

case, it is optimal to produce new product from used ones if the inventory for the

new product x is no less than C(y), and to produce new produce from raw material

otherwise.

B(y) and C(y) satisfy these properties:

1. B(y + 1) + 1 ≥ B(y)

2. C(y) ≥ C(y + 1)

Proof. At (x = B(y+1), y+1), by definition Dxv(x, y+1) > 0 and Dx−yv(x, y+1) >

0. By A.6 and A.3, Dx−yv(x + 1, y) ≥
A.3

Dx−yv(x, y) ≥
A.6

Dx−yv(x, y + 1) > 0. By

A.3, Dxv(x + 1, y) ≥
A.3

Dxv(x, y + 1) > 0. Since x + 1 = B(y + 1) + 1, we have

B(y + 1) + 1 ≥ B(y).

At (x = C(y), y), by definition Dxv(x, y)−Dx−yv(x, y) > 0. By A.4 Dx,yv(x, y) ≥

0, and A.6 Dy,x−yv(x, y) ≤ 0, so Dx,yv(x, y) − Dy,x−yv(x, y) ≥ 0. Thus Dxv(x, y +

1)−Dx−yv(x, y + 1) > Dxv(x, y)−Dx−yv(x, y) > 0. We have C(y) ≥ C(y + 1).

An Example of the Structure of the Optimal Policy

Figure 2.2 illustrates an example of the optimal control policy for a given set of

parameters (µ = 1, λx = 0.85, λy = 0.85, δ = 0.8, hx = 2, hy = 1, cx = 11.4, cy =

5.7, α = 0.05). The state space is divided by B(y), the production on/off curve, and

C(y), the production switching curve, into several regions.

• Some notations:
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Figure 2.2: The optimal control policy with parameter settings: (µ = 1, λx =

0.85, λy = 0.85, δ = 0.8, hx = 2, hy = 1, cx = 11.4, cy = 5.7, α = 0.05)
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– The blue diamond dots is for C(y): the production switching curve between

producing new product from raw material or from used product.

– The red dots is for B(y): the production on/off curve, when x is beyond

B(y) the production will stay idle. For example, B(y = 4) = 5

– The graph is connected from the left, meaning for state (x, y), x > 0, that

is on B(y) or C(y) the optimal action is the same as in state (x− 1, y).

– The black dotted directed lines indicate the potential sample paths after

applying the corresponding actions.

• Sample paths:

– At state (x = 4, y = 4), B(y = 4) = x < B(y) and x < C(y), then

the optimal policy is to produce a new product from raw material. The

potential next state will be (x = 4, y = 5) if the production completion

happens first among all the potential events (demands, returns, and etc.).

– At state (x = 7, y = 12), x < B(y) and x > C(y), then the optimal policy

is to produce new produce from used product. The potential next state

will be (x = 8, y = 11) if the production completion happens first among

all the potential events.

– At state (x = 8, y = 6), x > B(y), then the optimal policy is to be idle.

The potential next state can be (x = 7, y = 6) : a demand for new product

occurs first; (x = 8, y = 5) : a demand for used product occurs first; or

(x = 8, y = 7) : a return occurs first.

2.3.4 Optimal Policy under Average Cost

The similar results can be extended to the average cost case. Given a policy π, the

average cost function is
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Jπ(x, y) = lim
T→∞

sup
1

T
Eπ

(x,y)

[∫ T

0

e−αth(X(t), Y (t))dt+
∑
i=x,y

∫ T

0

e−αtcidNi(t)

]
(2.4)

The optimal policy π∗ satisfies J∗(x, y) = infπ J
π(x, y) for all the states (x, y). As

shown in [84], the optimal policy for the average cost is the limit of the discounted

cost policy when the discount factor α goes to 0. Thus they share the same structure

in the optimal policy. Moreover, the optimal average cost J∗ is the limit of αv∗(x, y)

when α goes to 0.

Theorem 2.2. The optimal policy under the average cost criterion share the same

structure as the optimal policy under the discounted total cost criterion. Furthermore,

there exists a finite constant average cost J∗ such that J∗(x, y) = J∗ for all states

(x, y).

The proof is similar to the proofs in [21, 8].

Proof. To show there exist an optimal policy under the average cost scenario, and for

the average cost to by finite and independent of the initial state, we need to show

the following two conditions hold [13, 84]: a) there exists a stationary policy π that

induces an irreducible positive recurrent Markov chain with finite average cost Jπ,

and b) the number of states for which one stage cost h(x, y) = hxx + hyy ≤ Jπ is

finite.

To prove condition a), define a two-threshold control policy (sx, sy), with sx, sy >

0. The production decision is determined as: 1) produce new product from used

product when x < sx and y ≥ sy; 2) produce new product from raw material when

x < sx and y < sy; 3) stay idle when x ≥ sx. It is straightforward to show that

the optimal cost under the two-threshold (sx, sy) policy is finite, and the transition of

states is bounded by (sx, 0). More details about the heuristics can be found in section

2.4.4, heuristic H3, with a transition diagram.
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As for condition b), since the one stage cost h(x, y) = hxx+hyy is non-decreasing

in x and y, the number of states for which h(x, y) = hxx + hyy ≤ γ is finite for any

positive value γ.

By [84], there exists a function f(x, y) and a constant average cost J∗ satisfying

the following inequality:

f(x, y) + J∗ ≥ h(x, y) + λxT1f(x, y) + λyT2f(x, y) + δT3f(x, y) + µT4f(x, y)

The optimal policy under the average cost scenario is the stationary policy that

minimize the right hand side of the above inequality, and yields a constant average

cost J∗. The properties of the optimal policy is decried by the properties of f(x, y).

Since the same operators T1 to T4 are applied to both v(x, y) and f(x, y), the structure

of the optimal policy under the average cost is the same as that of the discounted

total cost.

2.4 Heuristics

In this numerical study, we concentrate on the average cost problems since they don’t

depend on the discount factor and the starting state. The purpose of this numerical

study is to propose heuristics that are easy to implement, since the optimal policy is

state dependent and thus not easy to compute.

2.4.1 Computational Procedure

The average cost is computed by solving the corresponding dynamic program with

value iteration algorithm described in [67, Chapter 8]. The states space is truncated

with a positive value of boundary where the average cost is no longer sensitive to the

value of the boundary.

From section 2.3.4, we show the structure of the optimal policy under the average

cost is similar to that under the discounted cost. Thus the optimal policy for the

average cost is also of base-stock type. The heuristics are based on this intuition,

where heuristics H1 and H2 are within one parameter (sx) base stock policies with
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average cost C(sx), and heuristics H3 is of two-parameter (sx, sy) base stock policy

with average cost C(sx, sy). To find the optimal value for the parameter(s) in each

heuristics, we make the plausible assumption that the cost functions C(sx) (for H1,

H2) and C(sx, sy) (for H3) are unimodal. The assumption is checked on several

instances with exhaustive search. Based on the unimodularity assumption, we can

find the optimal sx and sy with brute force search or maximal gradient search.

The performances of the heuristics are measured by the cost increase percentage

of heuristics over the cost with optimal policy ∆JHi , where ∆JHi = JHi−J∗/J∗, J∗is

the optimal average cost and JHi is the optimal average cost under heuristic Hi,

i = 1, 2, 3. The lower ∆JHi is, the better the heuristics Hi approximates the optimal

policy.

2.4.2 Heuristics H1: Used Product First

Under heuristics H1, always produce new product from used product when new prod-

uct is below the threshold value sx. The production can be described as: 1) produce

new product from used product if x < sx, and y > 0; 2) produce new product from

raw material if x < sx, and y = 0; 3) stay idle when x ≥ sx. Since the production

priority is completely assigned to using used product.

2.4.3 Heuristics H2: Raw Material First

Heuristics H2 always produce new product from the raw material when new product

inventory is below the threshold value sx. The production can be described as: 1)

produce new product from raw material if x < sx; 2) stay idle when x ≥ sx.

This Markov chain, with state space finite in one dimension x and infinity in the

other y, is called 1D Markov chain [64]. While classic approaches provide exact ex-

pressions for the state probabilities, they may be difficult to analyze and complicated

to evaluate numerically. Algorithmic methods including matrix geometric methods

[60] and matrix analytic methods [51] can calculate the computational probability
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Figure 2.3: Transition diagram of the system under heuristics H2

efficiently when the 1D Markov chain has certain structures, such as the one shown

in figure 2.3.

2.4.4 Heuristics H3: Two-Threshold Policy

Heuristic H3 is a two-parameter base-stock policy (sx, sy), sx, sy ≥ 0. The production

process is turned on when the inventory for new product is less than threshold value

sx, otherwise the serve will stay idle. If needs to produce new product, produce

new product from raw material when used product inventory is less than threshold

value sy; or produce new product from the used product. The production decision is

determined as: 1) produce new product from used product when x < sx and y ≥ sy;

2) produce new product from raw material when x < sx and y < sy; 3) stay idle when

x ≥ sx. Notice that heuristics H1 , used product first, is a special case of H3 with

sy = 1; and heuristics H2 , raw material first, is a special case of H3 with sy = +∞.

The system transition diagram is shown in figure 2.4.
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Figure 2.4: Transition diagram with heuristics H3 : (sx, sy)

2.4.5 Experimental Design

The model evaluating average cost includes 8 parameters (λx, λy, δ, µ, hx, hy, cx, cy).

Without loss of generality, set µ = 1 and hy = 1 which is equivalent to choos-

ing time and monetary unit, see [26, p395]. To evaluate the system, we consider

parameter settings with 1) holding cost ratio hx
hy
∈ {1, 1.5, 2}; 2) newsvendor ratio

ci
ci+hi

∈ {0.8, 0.9, 0.99}, i = x, y; 3) system utilization λx
µ
∈ {0.8, 0.9, 0.99}; 4) de-

mand ratio λy
λx
∈ {0.25, 0.5, 0.75}; and 5) return ratio δ

λy
∈ {0.75, 1, 1.25}. The ratios

are typical measurements of the queuing system parameters, and we select three

values for each representing low, median and high levels. Based on the potential

parameter values, we further select three values for all the parameters, highlighted

in figure 2.1. Specifically hx ∈ {1, 1.5, 2}, cx ∈ {4, 13.5, 198}, cy ∈ {4, 9, 99}, λx ∈

{0.8, 0.9, 0.99}, λy ∈ {0.2, 0.45, 0.74}, δ ∈ {0.15, 0.45, 0.93}. We did numerical experi-

ments for the 729 combinations of the above values with µ = 1 and hy = 1.
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Table 2.1: Experimental design

The program runs on a personal computer with Intel Core i5 2.5GHz processor

and 8 GB memory. The computing time for each instance varies from around 10

seconds to 10 minutes. With brute force search on the optimal parameters (sx, sy),

the computational time will be very large if the optimal values is large.

2.4.6 Results Discussion

There are 729 combinations of settings for each of the heuristics. Out of the 729

combinations of the parameter values, newsratio(x)=cx/cx+hx ranges from 0.67 to 0.99,

newsratio(y) =cy/cy+hy ∈ {0.8, 0.9, 0.99} and δ/λy ranges from 0.2 to 4.65.

For H1, used product first, the average cost increase is 22.4%, with minimum ap-

proaching 0 and maximum at 146%. The distribution of the cost increase is positively

skewed, as shown in figure 2.5.

For H2, raw material first, the average cost increase is 127%, with minimum ap-

proaching 0, and maximum at 852%. The distribution of the cost increase is positively
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Figure 2.5: H1: used product first performance histogram

skewed, as shown in figure 2.6. Near 300 instances have cost increase less than 30%,

and the cost increase for the rest instances spread out relatively evenly from 30% to

442%.

We concentrate the analysis on the performance of the two-threshold heuristics

H3 since it is the general case of H1 and H2, and always yields the best policy among

these three. The distribution of the cost increase for H3 is shown in figure 2.7. The

maximum value of cost increase percentage ∆J , is 33.2% and the average is 4%.

When δ/λy < 1, the maximum value of ∆J is 7.2% with parameter settings as

(λx = 0.99, λy = 0.74, δ = 0.45, µ = 1, hx = 1, hy = 1, cx = 13.5, cy = 99); the average

value is 0.2%; and it achieves near optimal cost for many cases with near 0 cost increase

percentage. The δ/λy < 1 constrain comes from the intuition of demand process for

used product is satisfied from the on hand inventory, which is replenished solely by an

independent return process with rate δ. With δ/λy < 1, the on hand inventory for y

will not go to infinity even without the remanufacturing process. Even with δ/λy ≥ 1,
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Figure 2.6: H2: raw material first performance histogram

Figure 2.7: H3: two-threshold policy performance histogram
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the system may still be stable with the remanufacturing process. Thus we consider

both cases when δ/λy < 1 and δ/λy ≥ 1.

Even though heuristics H3 outperforms H1 and H2, a nature question to ask is

when will single parameter heuristics H1 and H2 perform well? We analyze the

instances for H3 with optimal sx = 1, instances for H3 with optimal sx =bound(x) ,

and observe what parameter settings do they have.

When will H1 (Used Product First) Perform Optimally?

184 combinations has optimal value at sy = 1, in which case H1will also perform opti-

mally (with the optimal sx and sy = 1). This instances all occur with corresponding

δ/λy > 1 (but not the other way around), and newsratio for y never takes value of 0.99.

The intuition is that when return rate is larger than demand for the used product, or

δ/λy> 1; and if cy is not too large compared to hy, or newsratioy ∈ {0.8, 0.9}, there

are enough replenishment for used product, and it is not too expensive to incur a lost

sales for used product. Strict priority to always remanufacture used product can be

optimal in these cases.

When will H2(Raw Material First ) Perform Optimally?

53 combinations has optimal value with sy equals the boundary for y (since space

needs to be truncated for the value iteration algorithm). In these cases, H2 with sy

set to a very large number (1000, in this case) performs very well with 4JH2 at the

level of 10−8 or less. The 53 instances all occur with corresponding δ/λy < 1 (but not

the other way around), and the newsratio for y being 0.99 (also not the other way

around). The intuition is that when there is not enough replenishment from returns

to satisfy the demand for used product, and the lost sales cost for used product is very

high compared to the holding cost, always use raw material to produce new product

can be optimal in these cases.
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The Effects of Return Rate δ

Figure 2.8 shows the performance among all heuristics v.s. δ/λy. In each graph, x-axis

shows the cost increase measure by 4JHi , and y-axis shows the value of δ/λy. In the

left upper graph, three heuristics are labeled by different colors. We can see that on

average the black one, or H3, performs best with narrow spread of cost increase under

all values of δ/λy. Red one, or H1, performs better than the green one, or H2.

Heuristics H3 outperform H1 and H2 is as expected, since H3 is the general case of

the other two. The intuition behind H1 outperform H2 (in the experiment settings)

is that H1 will always utilize used product, instead of solely holding them on hand

to satisfy demand from used product. When the holding cost of used product is

relatively high (for example, newsratioy < 0.9), in most cases it will be beneficial to

use H1 over H2.

We analyze the effects of δ on the cost increase percentage (∆JH3) using heuristics

(sx, sy) vs. using the optimal control policy. δ varies from 0.1 to 0.9. µ = 1, λy = 1.

We consider two cases based on newsvendor ratio, or newsratio= ci
ci+hi

, i ∈ {x, y}.

Figure 2.9, shows the result when newsratio is high, both 0.99 for x and y, with

parameter settings (λx = 0.8, λy = 0.4, δ, µ = 1, hx = 2, hy = 1, cx = 500, cy =

250). Figure 2.10 shows the result when newsratio is low, both 0.7 for x and y, with

parameter settings (λx = 0.8, λy = 0.4, δ, µ = 1, hx = 2, hy = 1, cx = 5, cy = 2.5). Our

observations are:

• sx is non-decreasing with δ. The intuition is when more return occurs, or δ

increases, it is more and more beneficial to convert the used product to new

product to keep the cost low, thus not decrease sx. Otherwise, the holding cost

of the used product will increase the average cost. The effect is more obvious

when the holding cost for used product is relatively high to the lost sales, as

shown the flat trend of sx in figure 2.9 vs. the increasing trend of sx in figure
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Figure 2.8: δ
λy

v.s. cost increase
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Figure 2.9: δ vs. ∆JH3 , with c
c+h

= 0.997

2.10.

• sy is non-increasing with δ. It is intuitive since when more returns occur, or δ

increases, we can keep less sy to hedge for the demand for used product. It will

be replenished quickly.

• The cost increase percentage, ∆JH3 , is non-decreasing with δ. When δ is very

low (at 0.1), there are not enough source for returned products, and on hand

inventory stays as low level. Since most of the demand for used products will

be lost, there won’t be many situation to decide on the production control.

Thus the optimal control policy doesn’t bring much benefit over heuristics. As

δ increases, the inventory for used products increases and optimal control policy

outperforms heuristics by always choosing the optimal production decision.
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Figure 2.10: δ vs. ∆JH3 when c
c+h

= 0.714

Effects of Holding Cost hx

We analyze the effects of hx on the cost increase percentage (∆JH3) . Two cases are

considered based on level of newsratio. Figure 2.11, shows the result when newsratio

is high. The parameter settings is (λx = 0.8, λy = 0.4, δ = 0.3, µ = 1, hx, hy = 1, cx =

500, cy = 250), and hx ranges from 1 to 10. The newsratio for both x and y are higher

than 0.99 for x and y with all instances of hx.

Figure 2.12 shows the result when newsratio varies. The parameter settings is

(λx = 0.8, λy = 0.4, δ = 0.3, µ = 1, hx, hy = 1, cx = 5, cy = 2.5), and hx ranges from

0.1 to 5. The newsratio for x ranges from 0.98 to 0.5, decreasing with the value of

hx. Newsratio for y is 0.7 for all instances of hx. Our observations are:

• sx is non-increasing with hx. This is intuitive since when hx increases, it is

more expensive to hold new product in inventory. The benefit of holding new

product inventory for future demand over not holding enough incurring lost

sales is decreasing with hx. To keep the balance between holding cost vs. lost

sales cost, sx is non-increasing with hx.
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Figure 2.11: hx vs. ∆JH3 when newsratiox > 0.98

• sy is not affected by hx. Since cost parameters for used product, (hy and cy)

don’t change, conjecture: sy depends on newsratio cy
cy+hy

when it’s large enough,

e.g: >0.9

• The cost increase percentage ∆JH3 , is very low (at level of 10−8) for all the

values of hx, even with the cost increase percentage jumps at hx = 6. ∆JH3 is

not monotone with hx, and there is no systematic pattern to relate the trend of

∆JH3 vs. the value of hx.

Effects of Lost Sales Cost cx

We analyze the effects of cx on the cost increase percentage (∆JH3). Parameter

settings is (λx = 0.8, λy = 0.4, δ = 0.3, µ = 1, hx = 2, hy = 1, cx, cy = 2.5). cx varies

from 2.75 to 25, and newsratio varies from 0.58 to 0.93. It increases with the value

of cx. Figure 2.13 shows the result. Our observations are:

• sx is non-decreasing with cx. When cx increases, it costs more to have a lost
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Figure 2.12: hx vs. ∆JH3 when newsratiox varies from 0.98 to 0.5

sales for new product. sx will not decrease to account for the increasing lost

sales cost.

• sy is non-decreasing with cx. Consider the inventory changes for used product

separately, both the replenishment and the demand process for the used product

are independent from cx. So the base stock sy will not be affected. If consider

inventory for used product as a production source for the new product, since

increase of cx will lead to higher sx, then sy will no decrease with cx.

• The cost increase percentage ∆JH3 is not monotone with cx.

Effect of Demand Rate λx

To analyze the effect of demand rate λx on the cost increase percentage ∆JH3 , we set

the parameters to (λx, λy = 0.4, δ = 0.3, µ = 1, hx = 2, hy = 1, cx = 500, cy = 250)

and let λx to vary from 0.4 to 0.98. The newsratio for both x and y are 0.99. Figure

2.14 shows the result.
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Figure 2.13: cx vs. ∆JH3 when newsratiox varies 0.58 to 0.93

• sx is non-decreasing with λx. This is intuitive since the higher the λx, the more

demand for x will be. To satisfy the increasing demand, sx will not decrease.

• sy is non-decreasing with λx. Consider the inventory changes for used product

separately, both the replenishment and the demand process for the used product

are independent from cx. So the base stock sy will not be affected. If consider

inventory for used product as a production source for the new product, since

increase of cx will lead to higher sx, then sy will no decrease with cx.

• The cost increase percentage ∆JH3 is not monotone with cx.

Summary of Effects of Different Parameters on H3

Table 2.2 shows the summary of the results. For the parameters given, it is interesting

to see that demand processes for new and used products are relatively independent.

For example, when changing the parameters for new product, λx, hx, cx, the value of

sy will not be affected. When changing the parameters for used product, λy, hy, cy, the
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Figure 2.14: λx vs. ∆JH3 when newsratio for x and y are 0.99

value of sx will not be affected. The potential reason can be the production process

of the new product, no matter which option to choose, will not affect the lead time

for the used product. So to balance the demand and replenish process for the used

product, sy will not be affected by the changed in parameters for new product.

2.5 Conclusion and Extensions

In this research, we consider a production-inventory system satisfying demand for

both new and used products. Customer may return products after some use, and

they are stocked in a return product inventory. Returned products served as an

extra production resource for the new product, and it is the only resource to satisfy

demand for used products. Unmet demands for both new and used products are lost.

Standard holding costs and penalty costs apply.

Our major contribution is that we show the structure of the optimal policy of

model under this set of assumptions: 1) Demands for both new and used products; 2)

Unmet products are lost; 3) Product are returned as used ones, which can satisfy used
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Table 2.2: Summary of Effects of Different Parameters on H3

demands directly or can be remanufactured into new products; and 4) Shared server

can perform both producing and remanufacturing. The structure for the optimal

production policy is of state dependent base-stock type where the base-stock level

for the used product is non-increasing with the inventory of new product. We then

propose three heuristics with one parameter or two-parameter. These parameters

serve as fixed thresholds for new and used products below which the operation will

stock the corresponding product. The two-parameter heuristics H3 performs very

well when return rate is no greater than used product demand rate. The cost increase

percentage is no larger than 7% with an average increase of 0.2%. When return rate

is greater than demand rate for used product, the cost increase percentage can be as

high as 33% with an average of 4%.

There are many directions for future research. First, for the two-parameter heuris-

tics, analytical solution will provide strong justification for its the good performance.

Existing literature (such as [43]) that analyze the system performance provide differ-

ent techniques (such as z-transformation) to solve the steady state probability, which

can be explored to our model.

Second cost parameter based priority rules can be explored. [36] analyze a model
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with two classes of demands served by a shared serve. They propose heuristics with

static priority rule based on backorder cost and production rate, and dynamic priority

rule based on the previous static rule plus the current inventories for both products.

These approaches shed light on how to fast choose the best options at any decision

epoch without solving the dynamic program.

The model we analyze in this chapter is confined to a strict set of assumptions

including unit demand that must be satisfied; unmet demands are backordered; there

is one demand class for new product and one for used product. They enable us to

characterize the structure of the optimal policy, but assume more than strict condi-

tions for a real world system. In chapter 3, we relax several assumptions and analyze

related systems that are more practical in real world setting. Although provide struc-

tural results are not available, numerical analysis suggest similar result such as state

dependent type base stock policies to be optimal.
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Chapter 3

RELATED SYSTEMS FOR PRODUCTION-INVENTORY
SYSTEMS WITH RETURNS

We have focused on developing and analyzing a model with a set of assumptions

that, we believe, captures the main features of our motivating context, server replace-

ment in a data center. In order to maintain analytical tractability, however, the basic

model assumed away some of the complexities that we observed during our visits to

the data center. In this section, we report on these complexities and extend our model

to address them. While we lose the ability to derive optimal policies for all of these

extensions, the framework developed in the previous section allows us to numerically

develop managerial insights. We relax the constraints from chapter 2 and analyze

several related systems.

3.1 Backorder Situation

The first of these extensions acknowledges the fact that when there is not enough

inventory to satisfy traffic managers’ demand for new or used servers, these demands

are not necessarily lost. The basic model had assumed that such unsatisfied demands,

once lost, may come back in future but that connection was not explicitly captured

in the model. Our actual observations suggest the traffic managers usually decide to

wait till they get what they need. In the context of our model, this is backordering.

We investigate if our results about the form of optimal policy in the basic model

continue to hold with this extensions. We rewrite the dynamic formulations for the

backorders scenario and show that the analysis of backorder model follows the same

steps as shown in the basic model. This allows us to prove the form of the optimal
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policy for the backorder model.

If the unmet demands for both new and used products are backordered instead of

lost, the optimal policy under the discounted total cost can be analyzed in a similar

way. The state space is described by (X̃(t), Ỹ (t)) ∈ Z2, Z is the set of the integers,

and X̃(t), Ỹ (t), are the net inventories for new and used products respectively. Since

returns serve as the only source for used products, it is required δ > λy for the system

being stable. Otherwise, the backorder queue may grow to infinity and incur the

corresponding backorder cost. Let bx and by be the per unit time backorder cost for

new and used products.

Summary of Parameters:

• λx : Demand rate for the new product

• λy: Demand rate for the old product

• δ : Return rate for the old product

• µ : (Re)manufacture rate for both used and new product

• hx: Unit holding cost for new product (per time period)

• hy: Unit holding cost for used product (per time period)

• bx: Unit backorder cost for new product (per time period)

• by : Unit backorder cost for used product (per time period)

• α : Discount rate

Let (X̃(0), Ỹ (0)) = (x, y) . The optimal cost function starting from time zero, with

discount factor α satisfies
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v∗(x, y) = T̃ v∗(x, y), ∀(x, y) ∈ Z

where T̃ is defined as

T̃ v(x, y) = 1
α+β

[h̃(x, y) + λxT̃1v(x, y) + λyT̃2v(x, y) + δT3v(x, y) + µT4v(x, y)],

with h̃(x, y) = hxx
+ + hyy

+ + bxx
− + byy

−. Operators T3 and T4 are defined in

section 2.3.2, and T̃1 and T̃2 are defined as

T̃1v(x, y) = v(x− 1, y)

T̃2v(x, y) = v(x, y − 1)

Define a set of functions ˜UBO that satisfies all the properties as U expect for

Dxv(x, y) ≥ −cx and Dyv(x, y) ≥ −cy.

Definition 3.1. Let ˜UBO be a set of real-valued functions defined on N2. If v ∈ ˜UBO,

then for all x, y ≥ 0 :

BO.1 Dx,xv(x, y) ≥ Dx,x−yv(x, y), ∀x ≥ 0, y > 0

BO.2 Dx,x−yv(x, y) ≥ 0, ∀x ≥ 0, y > 0

BO.3 Dx,yv(x, y − 1) ≥ 0, ∀y > 0

BO.4 Dy,yv(x, y) ≥ 0, ∀x, y ≥ 0

BO.5 Dy,x−yv(x, y) ≤ 0, ∀x ≥ 0, y > 0

Similar to proof of lemma 2.1, it can be shown that T̃ preserves all the properties

in Ũ , and the optimal cost function v∗satisfies all the properties. Then the structure

of the optimal policy is similar with backorders, as stated in theorem 3.1.

Theorem 3.1. There exists a production on/off curve B̃(y) = min[x ≥ 0|Dxv(x, y) >

0, Dx−yv(x, y) > 0] such that it is optimal to be idle when inventory for new product

x is no less than B̃(y). There exists a production switching curve C̃(y) = min[x ≥

0|Dxv(x, y)−Dx−yv(x, y) > 0] such that when producing for new product, it is optimal
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Figure 3.1: Optimal control policy with backorders

to produce from the used product when x is no less than C̃(y), and to produce from

raw material otherwise.

B̃(y) and C̃(y) satisfy these properties:

1. B̃(y + 1) + 1 ≥ B̃(y)

2. C̃(y) ≥ C̃(y + 1)

Figure 3.1 shows an example of the optimal control policy with backorder with pa-

rameter settings (hx = 2, hy = 1, bx = 20, by = 10, λx = 0.85, λy = 0.2, δ = 0.4, µ =

1, α = 0.05). Now the blue switching curve expands to the region with negative values

of x. The structure is very similar to the lost sales scenario.

3.2 Non-unitary Demand Situation

This extension reflects another observation we made about traffic managers’ ordering

behavior. Given that they can continuously monitor the server performance and
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user traffic, the traffic managers can order one unit of server at any time. This is

what we assumed in our basic model. In reality, however, traffic managers’ decision

making process exhibits a batching behavior. They often order multiple units at

the same time. This behavior appears to emanate from a natural tendency to focus

on such ordering decisions occasionally rather than continuously. In the context of

our model, we capture this behavior by allowing the demand arrivals to follow bulk

Poisson processes. We show how to modify the basic model’s dynamic formulation to

incorporate bulk arrivals.

Assume the demand for new and used products follow Poisson process with non-

unitary demand size di, i = x, y. The order size is bounded above by Di, i = x, y. Let

Pr{di = d} = pi(d), d = 1, ..., Di, and i = x, y. The demand can be partially fulfilled

if the on hand inventory is less than the demand size, but must be fulfilled with all

the on hand inventory. The non-satisfied proportion is lost inuring lost sales cost of

ci per unit product, i = x, y. We further assume returns happen in unit size. The

optimal cost function under the discounted cost scenario satisfies

v∗(x, y) = T̃ v∗(x, y), ∀(x, y) ∈ Z

where T̃ is defined as

T̃ v(x, y) = 1
α+β

[h(x, y)+λx
Dx∑
i=1

px(dx)T̃1v(x, y)+λy
Dy∑
i=1

py(dy)T̃2v(x, y)+δT3v(x, y)+

µT4v(x, y)],

with h(x, y) = hxx + hyy. Operators T3 and T4 are defined in section 2.3.2, and

T̃1 and T̃2 are defined as

T̃1v(x, y) = v(x− qx, y) + (dx − qx)cx
where qx = min{x, dx}

T̃2v(x, y) = v(x, y − qy) + (dy − qy)cy
where qy = min{y, dy}

Figure 3.2 shows an example of optimal control with bulk demands with demand

for new product uniformly distributed from 1 to 10. Demand for used product is

uniformly distributed from 1 to 5. Parameter settings are: hx = 2, hy = 1, bx =
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Figure 3.2: Optimal control with bulk demands for new and used products. Demand

for new product: U[1, 10]. Demand for used product: U[1, 5]. Parameter settings:

hx = 2, hy = 1, bx = 20, by = 10, λx = 0.85, λy = 0.3, δ = 0.1, µ = 1, α = 0.05

20, by = 10, λx = 0.85, λy = 0.3, δ = 0.1, µ = 1, α = 0.05.

3.3 Multiple Demand Classes for New Product

In this section, we consider the model with multiple demand classes for new product.

As for the data center case, initiatives and projects corresponding to different types

for demand classes that differ from the cost structure and demand processes.

Assume there are n classes of customers demanding the new products. Class

l has holding cost of hl per unit per time period, and cl per unit lost cost. The

demand for the new product for class l incur in unit size and follows Poisson pro-

cess with rate λl. l ∈ {1, 2, 3, · · · , n}. The state can be described with X(t) =

(x1(t), x2(t), · · · , xN(t), y(t)), where xl(t) is the on hand new product inventory for

class l. The optimal cost function under the discounted cost scenario satisfies

ṽ∗(x, y) = T̃ v∗(x, y), ∀(x, y) ∈ Z

where T̃ is defined as
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T̃ v(x, y) = 1
α+β

[h(x, y) +
n∑
l=1

λlT̃1vl(x, y) + λyT2v(x, y) + δT3v(x, y) + µT4v(x, y)],

with h(x, y) =
n∑
l=1

hlxl + hyy. Operators T2, T3 and T4 are defined in section 2.3.2.

T̃1 is defined as T̃1vl(x, y) = min[v(x − el, y), v(x, y) + cl], where el is the lth unit

vector of dimension n.

T̃1 corresponds to the optimal decision of satisfying demand from class l. It is

possible to reject a demand from a class and incur a lost sales cost cl, to save the

inventory for the future demand from other classes.

3.4 Dependent Returns on Demands

For the final extension, we dig a little deeper into the how the traffic manager makes

the ordering decisions. We have described earlier the main drivers of the traffic

managers’ decisions to demand a new or user server and to return one. These drivers

are: changes in user-traffic, rapid growth in server technology leading to obsolescence

in current server population, and the costs for traffic manager to keep a certain

number of servers in the population. While we do not offer a detailed model for the

traffic manager’s decision making, we capture how these drivers influence the demand

and return processes in our model. In this exercise, we discover and formalize the

dependence of the return process on the number of servers in the population. As

we had discussed earlier, traffic managers decide to return servers when the traffic

volumes shift to lower levels and it is possible to meet required service levels with fewer

servers. Thus fluctuations in traffic intensity drive the return process. Rather than

capturing all details of traffic fluctuations and the heuristics behind traffic manager’s

decision to return a server, we focus on the main modeling issue in this setting,

that the return of a server is dependent on the size of server population in a traffic

manager’s department.

We consider a model that considers the correlation between returns and demands,

as shown in figure 3.3. A similar model is described in [89] that assumes all the
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Figure 3.3: Dependent returns on demands

products are returned as new, and there is no demand for used products.

Comparing to the base model in section 2.3, this model assumes a satisfied demand

will lead to a return with probability p after a stochastic time. The time before the

return occurs is exponentially distributed with rate γ. This assumption is tested by

[16] on real data. They conclude with a statistical test that the assumption is rejected

for some products but not all.

To capture the dynamics of the returns, an extra variable is needed to record the

number of satisfied demand that may be returned. The state of the system is described

by (X(t), Y (t), N(t)) where X(t) is the on-hand inventory of the new product, Y (t)

is the on-hand inventory for the used product, and N(t) is the number of products

(including new and used) on the market.

Following the approach in [89], we categorize the system by whether N(t) is ob-

servable or not.

• When N(t) is not observable, the production and inventory manager only knows

the returns will be a proportion p of the total demand.
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Figure 3.4: Dependent returns on demands with zero lead-time

• When N(t) is observable, the production and inventory manager knows exactly

how many products are out in the market that may be returned. For data center

operations, advanced inventory monitoring technologies, such as RFID, enable

the real time tracking of servers in use, which is N(t).

3.4.1 Unobservable Market Population with Zero Return Lead-Time

We concentrate the analysis on the case where N(t) is unobservable and return lead-

time is zero, or 1/γ = 0. This limit case simplifies the analysis by neglecting N(t),

and it also provides a good estimates of the case with short return period for the

customers. Returned product returns will be stored in the used product inventory.

Figure 3.4 shows the system flow.

Optimal Value Function Let v∗(x, y) be the optimal cost function with starting

state (x, y). The optimal cost function v∗ satisfies the following Bellman’s equation

v∗(x, y) = Tv∗(x, y),∀x, y ≥ 0
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Operator T is a contraction mapping defined as

TBv(x, y) = 1
α+β

[h(x, y) + λxT1v(x, y) + λyT2v(x, y) + µT4v(x, y)]

with h(x, y) = hxx+ hyy and operators Ti, i = 1, 2, 3, 4 defined as follows,

T1v(x, y) =

v(x, y) + cx if x = 0

(1− p)v(x− 1, y) + pv(x− 1, y + 1) if x > 0

T2v(x, y) =

v(x, y) + cy if y = 0

(1− p)v(x, y − 1) + pv(x, y) if y > 0

T4v(x, y) =

min[v(x, y), v(x+ 1, y)] if y = 0

min[v(x, y), v(x+ 1, y), v(x+ 1, y − 1)] if y > 0

Structure of the Optimal Value Function

Definition. Let UC be a set of real-valued functions in N2. If v ∈ UC , then for all

x, y ≥ 0 :

C.1 pDyv(x, y) ≤ Dxv(x, y)− cx, ∀x, y ≥ 0

C.2 ∗Dx,xv(x, y) ≥ 0, ∀x ≥ 0, y > 0

C.3 ∗Dy,yv(x, y) ≥ 0, ∀x, y ≥ 0

C.4 Dyv(x, y) ≥ − cy
1− p

, ∀x, y ≥ 0

Conjecture. If a value function v ∈ UC, then TCv ∈ UC . Moreover, the optimal value

function v∗ ∈ UC.

There does not exist intuitive simple characterization of the structure of the opti-

mal value function. However, it is numerically shown that the optimal policy is state

dependent base stock type on both x and y. Comparing to the base model with inde-

pendent returns, this model does not satisfy properties similar to A.3 (Dx,x−yv) and
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Figure 3.5: The optimal control policy with return probability p = 0.3 and zero return

leadtime

A.4 (Dx,yv), without which the order of DxT4v(x, y),DyT4v(x, y), and Dx−yT4v(x, y)

cannot be determined. Then the combinatorial nature of the difference operators

applied on T4v(x, y) cannot go through the proof for all the properties. An exam-

ple of the optimal control policy is shown in figure 3.5. The parameter settings are

(µ = 1, λx = 0.85, λy = 0.6, p = 0.3, hx = 2, hy = 1, cx = 200, cy = 100, α = 0.05)

3.5 Conclusions

In this chapter, we have considered several extensions for the base model in chapter

2, a production-inventory system with returns. The extensions are motivated by the

observations from real life data center operations. For example, the unmet demand

for servers will usually be backordered since they are project based. Or the demand
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are usually requested in bulk to satisfy a reasonable customer size. Although we are

not able to characterize the structure of the optimal policy for the extension models,

numerically it is shown the optimal policies is of state dependent base stock type.

The assumptions of exponential production time, order interarrival time and re-

turn lead time reduce the complexity of the problems. The model can be extended

by substituting the exponential distribution to phase type distribution which approx-

imate other distributions more flexibly, and still retains the Markovian property.

Another potential direction for research is to combine the models into an inte-

graded system, which is more practical. In a complex system which includes features

such as backorder, lost sales, substitution, bulk order or dependent returns, it is not

realistic to prove the structure of the optimal policy. Numerical example indicates

the power and base stock policy, and efforts can be put into finding heuristics that

are efficient and simple to implement.
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Chapter 4

DYNAMIC CONTROL FOR A
PRODUCTION-INVENTORY SYSTEM WITH DEMAND

CLASSES WITH DIFFERENT VARIABILITY

4.1 Introduction

We develop and analyze a model of a continuous-time production-inventory system

with a shared server serving two demands. Unsatisfied demands are backordered and

standard holding and penalty costs apply at each inventory location. The objective is

to determine the optimal scheduling policy that minimizes the long term total cost,

and to develop insights into managing variability in such supply chains.

The distinguishing feature of our model is that the two demand classes differ

in their variability characteristics. It is motivated by the observations of real-life

contexts where a production-inventory system with shared server serves two classes

of demands with different variability. Very briefly, practical examples similar to this

situation include (1) inherent differences in the predictability of the demand as in

[20], (2) some customers’ spiky purchasing pattern influenced by low prices during

promotions as in [41], (3) mixing emergency and scheduled demands as in [59], and

(4) the nature of two different markets as in [25].

Since Poisson distributions are completely characterized by a single parameter,

modeling both demand classes with Poisson processes does not allow us to have ar-

rivals with, for example, equal means but different variances. To capture the differ-

ences in demand variability, we model the inter-arrival times for one demand class as

following hyperexponential distribution. This allows us to keep the model tractable

and understand the impact of variability differences on the structure of the optimal
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policy. We partially characterize the structure of the optimal policy and prove prop-

erties of optimal policy parameters. Then we consider the cases where partial or full

information about the demand arrival process is known. Our results allow us to shed

some light on implications for managers in such circumstances.

The rest of the chapter is organized as follows. Section 4.2 provides a review of

related literature. Section 4.3 describes the assumptions and basic model setting.

Section 4.4 analyze the model with full information and provide analytical results.

Section 4.5 extend the model to only knowing partial information. Section 4.6 provides

our conclusions and possible extensions.

4.2 Literature Review

There has been a growing interest in modeling of production-inventory systems and

in using the tools of continuous-time Markov decision process (MDP) to characterize

and compute the optimal policy for such systems. A large amount of literature utilize

make-to-stock queues framework to analyze system performance under given policies.

[90] first considered dynamic scheduling in a make-to-stock system in the context of

two identical products with the same Poisson demand rates and equal exponential

production times. They use a simple base-stock policy for each product, and results

in a corresponding production order. They also compare the performance of FCFS

rule with a longest queue rule that uses the current information about inventory levels

and then produces the class that needs more units to achieve its base-stock level. [91]

extends this model to multiple identical products and considered general production

times. [80] considers a multiclass M/M/1 make-to-stock queue with non-identical

products (demand rates, costs, and production times are different) and proposed and

evaluated several heuristic scheduling policies. The same system was then considered

by [65], who proposed a general approach to construct a policy and suggested a very

effective heuristic scheduling scheme.

Literature related to optimal control in continuous-time production-inventory sys-
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tems have concentrate on proving the structure of the optimal policy. [36] is one of

the earliest to show the structure of the optimal policy in the context of two Poisson

demand classes with equal production times. Unmet demands are backordered. He

model the system with MDP and show the structure of the optimal policy is of state

dependent base stock type. [35] analyze a similar model with multiple classes of de-

mands with lost sales. They show the similar structure from [36] extend to this model.

Rationing between the multiple classes is based on order of cost parameters. Since

then the technique has been applied to models that include a variety of features, such

as advance demand information, admission control, stock rationing and etc. [9] ana-

lyze the admission control in an assembly system with multiple stages and multiple

demand classes. The demands occur according to Poisson arrival processes. Products

are produced in variable batch sizes, one batch at a time, with exponentially dis-

tributed batch production times. They show the structure of the optimal production

policy and inventory allocation policy. [31] consider a make-to-stock supplier serving

multiple classes demands with a shared server. Demands occur according to Poisson

process. Imperfect advance demand information is provided, but announced demand

may be canceled. They model the system with MDP and show the structure of the

optimal production and inventory allocation decisions. In each case, the authors show

the optimal production/allocation policy for each product is of state-dependent base-

stock type, with certain monotonicity properties. For a detailed review on control

theory application to the production-inventory system, readers are referred to [63].

In the literature related to variability in supply chain, research have been con-

ducted to target different sources of variability such as processing time, demand ar-

rival process, and demand size variations. A few papers develop multiclass queuing

inventory models where arrivals or service can be general and thus can accommo-

date differences in variability. [61] allows general arrival processes for different classes

(MTO and MTS products) in her queuing-inventory model, and then focuses on

evaluating the performance measures. [65] also allow for general arrival and service
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processes for different classes in their MTS queuing model, and develop a dynamic

scheduling policy at the manufacturer’s queue. These papers have general models

also develop heuristics and approximations for performance measures. As for demand

size variations, [21] study a production-inventory system with multiple classes of de-

mands. Demand sizes are non-unitary and follow a discrete distribution. With the

total production time following k0-Erlang distribution, and each demand class follow-

ing Erlang distribution, the system is formulated with a MDP and structure of the

optimal policy is characterized.

The paper that comes closest to our work in focusing on differences in variability

characteristics of two demand classes in the context of production-inventory system is

[43]. That paper considers the scheduling problem in a make-to-stock queue with two

demand classes, one class experience Poisson arrivals and other experiences hyperex-

ponential renewal arrivals. Exact analysis is provided for the case when the demand

class with higher variability is given non-preemptive priority. They also proposed a

heuristics based on existing dynamic scheduling rule. We analyze a similar system but

focus on determining the optimal policy and understanding the impact of knowing

partial information about the structure of demand arrivals.

4.3 Model

Consider a production facility that produces and stocks two products, denoted as

class H and class M . The stochastic demand from any product is satisfied from

the on-hand inventory. Unmet demands are backordered. There are linear costs for

holding inventory and delaying orders. At any time, the production manager can

make one of the production decisions: not to produce, produce class H, produce class

M . The objective is to find the production policy that minimizes the discounted

expected total cost over infinite time horizon.

The production time for both classes is exponentially distributed with rate µ. The

changeover time for production is negligible, and the production process is preemp-



65

tive. The demand process for class M follows an independent Poisson process with

rate λm. The demand process for class H follows a hypoexponential renewal arrival

process, i.e., the distribution of the inter-arrival time is hypoexponentially distributed.

Hyperexponential distribution is a mixture of exponential distributions weighted by

a set of probabilities. The density function of a hyperexponential distributed random

variable H is

fH(h) =
n∑
j=1

fYj(h)kj

where Yi is exponentially distributed with rate rj, and kj ∈ [0, 1] is the probability

of H taking on the exponential distribution with rate rj. The hyperexponential

distribution is a common choice in queuing theory to give a high variability [85]. Its

coefficient of variation (standard deviation/mean) cv is at least than 1. Compared to

exponential distribution has a coefficient of variation of 1, the parameter setting in

hyperexponential distribution can be adjusted to reflect a wide range of variations.

Besides, the mixture of exponential distribution nature provides a nice structure that

can be analyzed as a time invariant system. Existing literature [43] utilizes this

structure to propose efficient heuristics.

When n = 2, there are two exponential distributions involved, and the hyperexpo-

nential distribution is referred to asH2. Let λ̄h be the intensity of the hyperexponential

renewal process, parameters for H2 can be determined as

k1 = 0.5

(
1 +

√
c2v − 1

c2v + 1

)
k2 = 1− k1

r1 = 2k1λ̄h

r2 = 2k2λ̄h

The arrival process of H2 can be modeled as an Interrupted Poisson Process (IPP)

with two phases on and off. In phase on, the demand arrives following a Poisson pro-

cess with rate λh; in phase off, no demand arrives. The two phases transit according

to an underlying Markov process. The duration of phase being on and off are expo-
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nentially distributed with rate η1 and η0. The parameters of the IPP arrival process

with respect to the hyperexponential distribution are [23]:

λh = k1r1

η1 =
k1k2(r1 − r2)2

λh
phase on

η0 =
r1r2
λh

phase off

We continue our analysis based on modeling arrival process for class H as an IPP.

It enables us to model the system with a continuous time Markov decision process

and simplify the analysis. The same system has been studied by [43]. It provides

an exact analysis when class H has non-preemptive priority, and them emphasizes

on analyzing heuristics. We emphasize on characterizing the structure of the optimal

policy. Our model is similar to [36], which is one of the earliest papers that prove the

structure of the optimal policy in multiclass make-to-stock queuing systems. In [36],

there are two demand classes with both demand arrivals following Poisson processes.

Our model assumes two demand arrival processes, with one following Poisson process

and the other following hyperexponential process. The hyperexponential process or

the equivalent IPP brings great difficulty in analyzing the optimal policy. To our

knowledge, we are the first paper to analyze the optimal policy of a system with such

level of complexity.

In section 4.4, we consider the case where the phase information is fully observable

by the decision maker, and show the partial structure of the optimal policy. Then in

section 4.5, we consider the case where the decision maker only knows the probability

of the phase information. By comparing these two systems, the value of knowing

phase information is evaluated.

4.4 Knowing Phase Information

Considering the case where the phase information of the IPP is known, e.g, the

production and inventory manager observes whether the current demand from class

H is in phase on or off. The state of the system at time t can be described as
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X(t) = (Xh(t), Xm(t), I(t)) where Xj(t) ∈ Z is the net inventory of class j at time

t, j ∈ {h,m}. I(t) = 1 denotes demand H being in phase on and I(y) = 0 denotes

demand H being in phase off. The inventory cost rate function at time t can be

denoted as c(X(t)) =
∑

j=h,m hjXj(t)
+ + bjXj(t)

−. We use x = (xh, xm, i) to denote

the initial inventory levels (Xh(0), Xm(0), i), and α ∈ (0, 1) for the discount rate. The

goal is to find the optimal control policy u to minimize the expected total discounted

costs vu(x) with starting state x = (xh, xm, i).

vu(x) = Eu
x [

∫ ∞
0

e−αtc(X(t))dt] (4.1)

Control policy u(t) ∈ {0, 1, 2} where

u(t) =


0 Stay idle

1 Produce product for class H

2 Produce product for class M

Let v∗(xh, xm, i) be the optimal expected discounted inventory cost over an infi-

nite time horizon with initial inventory (xh, xm, i). The optimal cost function satisfy

v∗(xh, xm, i) = min
u
vu(xh, xm, i), i ∈ {0, 1}.

Summary of Parameters

• λh: Demand rate for class H when phase is on

• λm: Demand rate for class M

• µ: Production rate for both H and M

• 1

η0
: Average time of being in phase off in the IPP process

• 1

η1
: Average time of being in phase on in the IPP process

• hh: Unit holding cost for class H per time period
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• hm: Unit holding cost for class M per time period

• bh: Unit backorder cost for class H per time period

• bm : Unit backorder cost for class M per time period

• α : Discount rate

Uniformization and Transition Probabilities

The decision process can be modeled as a continuous Markov decision process, since

all the transition time between any two events is exponentially distributed. However,

the different transition rates between events complicate the problem. To solve that,

we uniformize the inventory process by defining the uniformization rate γ = µ+λh +

λm + η0 + η1 [53, 67]. The system is transformed into a discrete Markov decision

process with all transitions happen at the rate γ, and actual event happens with a

corresponding probability as illustrated below:

• Transition probability: start from state (xh, xm, 1)

– If action is notProduce, then transit to

∗ (xh, xm, 0) with probability η1
γ

; (xh − 1, xm, 1) with probability λh
γ

;

(xh, xm − 1, 1) with probability λm
γ

; (xh, xm, 1) with probability η0+µ
γ

;

– If action is produceH, then transit to

∗ (xh, xm, 0) with probability η1
γ

; (xh − 1, xm, 1) with probability λh
γ

;

(xh, xm − 1, 1) with probability λm
γ

; (xh + 1, xm, 1) with probability µ
γ
;

(xh, xm, 1) with probability η0
γ

;

– If action is produceM , then transit to
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∗ (xh, xm, 0) with probability η1
γ

; (xh − 1, xm, 1) with probability λh
γ

;

(xh, xm − 1, 1) with probability λm
γ

; (xh, xm + 1, 1) with probability µ
γ
;

(xh, xm, 1) with probability η0
γ

.

• Transition probability: start from state (xh, xm, 0)

– If action is notProduce, then transit to

∗ (xh, xm, 1) with probability η0
γ

; (xh, xm − 1, 0) with probability λm
γ

;

(xh, xm, 0) with probability η1+λh+µ
γ

;

– if action is produceH, then transit to

∗ (xh, xm, 1) with probability η0
γ

; (xh, xm − 1, 0) with probability λm
γ

;

(xh + 1, xm, 0) with probability µ
γ
; (xh, xm, 0) with η1+λh

γ
;

– if action is produceM , then transit to

∗ (xh, xm, 1) with probability η0
γ

; (xh, xm − 1, 0) with probability λm
γ

;

(xh, xm + 1, 0) with probability µ
γ
; (xh, xm, 0) with probability η1+λh

γ
.

Notice that the uniformization creates pseudo transitions into the state itself. The

intuition is that time span is sliced into pieces with average length of 1/γ, starting

from(xh, xm, 0) has different set of next potential states than starting from (xh, xm, 1).

For example, there is transition from (xh, xm, 1) to (xh − 1, xm, 1) but not from

(xh, xm, 0) to (xh − 1, xm, 0). This difference creates the pseudo transitions into the

current state. As compared to model in the reverse supply chain (section 2.3.2 equa-

tion 2.3), no pseudo transition is created. More about uniformization can be found

in section 2.3.2.

The optimal cost functions v∗(xh, xm, i), i = (0, 1) , xh, xm ∈ Z satisfy the following

optimality equations:

v∗(xh, xm, 0) =
1

α + γ
[c(xh, xm) + η0v

∗(xh, xm, 1) + λmv
∗(xh, xm − 1, 0)

+(λh + η1 + µ)v∗(xh, xm, 0) + µT0v
∗(xh, xm, 0)]

(4.2)
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v∗(xh, xm, 1) =
1

α + γ
[c(xh, xm) + η1v

∗(xh, xm, 0) + λmv
∗(xh, xm − 1, 1)

+λhv
∗(xh − 1, xm, 1) + (η0 + µ)v∗(xh, xm, 1)

+µT1v
∗(xh, xm, 1)]

(4.3)

where the operators Ti, i = 0, 1 are defined as:

Tiv(xh, xm, i) = min{0, Dhv(xh, xm, i), Dmv(xh, xm, i)}

Operator Ti corresponding to the decision of whether or not to produce, and which

product to produce in phase i.

Structure of the Optimal Policy under Discounted Total Cost

To characterize the structure of the optimal policy, define these finite difference op-

erators:

• First difference operators

– Dhv(xh, xm, i) = v(xh + 1, xm, i)− v(xh, xm, i)

– Dmv(xh, xm, i) = v(xh, xm + 1, i)− v(xh, xm, i)i = 0

• Second difference operators:

– Dh,hv(xh, xm, i) = DhDhv(xh, xm, i) = Dhv(xh + 1, xm, i)−Dhv(xh, xm, i)

– Dm,mv(xh, xm, i) = DmDmv(xh, xm, i) = Dmv(xh, xm+1, i)−Dmv(xh, xm, i)

– Dh,mv(xh, xm, i) = DhDmv(xh, xm, i) = Dhv(xh, xm + 1, i)−Dhv(xh, xm, i)

The order of applying the operators doesn’t affect the result, e.g: Dh,mv = Dm,hv and

etc.

Properties of Switching Curves

In this section, we examine the structure of the optimal policy.
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Definition 4.1. Let V be the set of functions defined on Z2 × {0, 1}, where Z is the

set of integers. If v ∈ V , then for all (xh, xm, i) ∈ Z2 × {0, 1}:

D.1 Supermodularity: (Dh,mv(xh, xm, i) ≥ 0)

Intuition: Dhv(xh, xm, i) is increasing in xm, or equivalently, Dmv(xh, xm, i) is

increasing in xh. The property is equivalent to v(xh + 1, xm + 1, i) +

v(xh, xm, i) ≥ v(xh + 1, xm, i) + v(xh, xm + 1, i).

D.2 Diagonal dominance on H: Dh,hv(xh, xm, i) ≥ Dh,mv(xh, xm, i)

Intuition: Dmv(xh, xm, i) − Dhv(xh, xm, i) is decreasing in xh. The property is

equivalent to v(xh + 2, xm, i) + v(xh, xm + 1, i) ≥ v(xh + 1, xm, i) +

v(xh + 1, xm + 1, i).

D.3 Diagonal dominance on M :Dm,mv(xh, xm, i) ≥ Dh,mv(xh, xm, i)

Intuition: Dmv(xh, xm, i) − Dhv(xh, xm, i) is increasing in xm. The property is

equivalent to v(xh, xm + 2, i) + v(xh + 1, xm, i) ≥ v(xh, xm + 1, i) +

v(xh + 1, xm + 1, i).

D.4 (Dm −Dh)v(xh, xm, 0) ≤ (Dm −Dh)v(xh, xm, 1).

Intuition: when it’s off, the difference in producing one extra unit of M relative to

H is not higher than when it’s on. It is equivalent to Dmv(xh, xm, 0)−

Dhv(xh, xm, 0) ≤ Dmv(xh, xm, 1)−Dhv(xh, xm, 1), meaning v(xh, xm+

1, 1) + v(xh + 1, xm, 0) ≥ v(xh, xm + 1, 0) + v(xh, xm, 1).

D.5 Dhv(xh, xm, 1) ≤ Dhv(xh, xm, 0)

Intuition: the marginal cost of producing one extra unit of H is less when phase

is on than when it is off.
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Notice that for a function v ∈ V , supermodularity D.1 and diagonal dominance

D.2 implies v is convex in xh and xm.

Theorem 4.1. If v ∈ V , then Tiv ∈ V . Furthermore, the optimal cost function

v∗(xh, xm, i) ∈ V . i ∈ {0, 1}.

Proof. Details of the proof is in appendix B.1.

Theorem 4.2. Define B(xh, i) = min{xm|Dhv
∗(xh, xm, i) > 0, Dmv

∗(xh, xm, i) > 0} and

C(xh, i) = min{xm|Dmv
∗(xh, xm, i)−Dhv

∗(xh, xm, i) > 0}. Given the inventory and

phase information (xh, xm, i), it is optimal to be idle if the inventory for class M is

no less than B(xh, i). If not this case, it is optimal to produce class H when inventory

for class M is no less than C(xh, i), and to produce class M otherwise.

B(xh, i) and C(xh, i) satisfy these properties:

1. B(xh, i) is non-increasing in xh, for i = 0, 1.

2. C(xh, i) is non-decreasing in xh, for i = 0, 1.

3. C(xh, 1) ≤ C(xh, 0).

Proof. Since the optimal value function v∗ ∈ V , so v∗ satisfies the properties with

B(xh, i) and C(xh, i).

Part 1: At (xh, xm = B(xh, i), i), i = 0, 1, by definitionDhv(xh, xm = B(xh, i), i) >

0 and Dmv(xh, xm = B(xh, i), i) > 0. By property Dh,hv(xh, xm, i) ≥ 0, Dhv(xh +

1, xm = B(xh, i), i) ≥ Dhv(xh, xm = B(xh, i), i) > 0. In the same manner, by property

Dh,mv(xh, xm, i) ≥ 0, Dmv(xh + 1, xm = B(xh, i), i) ≥ Dmv(xh, xm = B(xh, i), i) > 0.

So B(xh, i) ≥ B(xh + 1, i) by definition of B(xh + 1, i).

Part 2: At (xh + 1, xm = C(xh + 1, i), i), i = 0, 1, by definition Dmv(xh + 1, xm =

C(xh+1, i), i)−Dhv(xh+1, xm = C(xh+1, i), i) > 0. By property Dh,hv(xh, xm, i) ≥

Dh,mv(xh, xm, i), we get Dmv(xh, xm = C(xh+1, i), i)−Dhv(xh, xm = C(xh+1, i), i) ≥
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Dmv(xh + 1, xm = C(xh + 1, i), i) − Dhv(xh + 1, xm = C(xh + 1, i), i) > 0. So

C(xh, i) ≤ C(xh + 1, i) by definition of C(xh, i).

Part 3: By definition of C(xh, i), (Dm−Dh)v(xh, C(xh, 1)−1, 1) < 0. By property

(Dm −Dh)v(xh, xm, 0) < (Dm −Dh)v(xh, xm, 1) we have (Dm −Dh)v(xh, C(xh, 1)−

1, 0) ≤ (Dm − Dh)v(xh, C(xh, 1) − 1m, 1) < 0. Since C(xh, 0) − 1 is the largest xm

such that (Dm −Dh)v(xh, C(xh, 0)− 1, 0) < 0, it must be C(xh, 1) ≤ C(xh, 0).

Proposition 4.1. Given (xh, xm), if at phase on it is optimal to produce M then it

is also optimal to produce M at phase off.

Proof. At state (xh, xm, i = 1), if it is optimal to produce M means xm < B(xh, i = 1)

and xm < C(xh, i = 1). With property C(xh, 1) ≥ C(xh, 0), we know xm < C(xh, i =

0).

4.4.1 Numerical Analysis for Knowing Phase Information Model

First, we provide a numerical examples to illustrate the structure of the optimal

policy when phase information is known. The optimal policy is calculated with value

iteration, details in appendix C.1. The state space is truncated to a finite space with

xh, xm ∈ [n, n̄]. We gradually change n and n until the optimal cost function is not

sensitive to the changes in the boundaries. In this case, [n = −30, n̄ = 30].

Approximation of the Value Functions

Since the state space is truncated to a finite space, the value functions at or beyond

the boundary states need to be approximated. We follow the approach in [36, section

4.4], which analyze a similar model with two Poisson demand processes. [36] shows

that ”when the inventory holding and backorder costs are linear, the value function

under all the policies in the experiments are asymptotically linear”. Specifically, when

the state variable xh, xm ∈ [n, n̄], for i = 0, 1

v(n, xm, i) = v(n+ 1, xm, i) +
bh
α
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v(xh, n, i) = v(xh, n+ 1, i) +
bm
α

v(n̄, xm, i) = v(n̄− 1, xm, i) +
hh
α

v(xh, n̄, i) = v(xh, n̄− 1, i) +
hm
α

An Example of the Optimal Policy

Consider a production-inventory system producing two classes of products with the

following pa maters: (µ = 1, λh = 2, λm = 0.8, η0 = 0.77, η1 = 0.23, hh = 3, hm =

3, bh = 80, bm = 100, α = 0.05). Figure 4.1 shows the optimal policy for this problem.

The state space is divided into several regions. The rectangular points are for

the switching curves C(xh, i), and the crosses are for the production on/off curves

B(xh, i). Blue points and crosses are for demand phase of H being on, and red

points and crosses for demand phase of H being off. B is non-increasing and C is

non-decreasing, as proved in theorem 4.2.

Notice that when xh < 0, the optimal policy for both phase on and off is to

produce class M , the switching curves C(xh, i) never cross xh axis. This is true for

this example since bh = 80 is less than bm = 100. [36] proves the static priority rule

when xh < 0, bh < bm and production rate for both classes are the same. The intuition

is when xh is backordered, the system behave as a make-to-order queue. Producing

one unit of H will save an immediate cost of bh at the rate of µ. Producing one unit

of M will save bm at the rate of µ as well. Since bh < bm, always M will save more,

which leads to the static priority in the region of xh < 0. The result corresponds to

the cµ rule in a make-to-order system as seen in [3].

The graph is connect from top. For the states with xm = B(xh, i) or C(xh, i),

the optimal policy is the same as states with xm = B(xh, i) + 1 and C(xh, i) + 1.

In this example, B(xh, 0) and C(xh, 0) intersect at (xh, xm) = (7, 3) and B(xh, 1)

and C(xh, 1) intersect at (xh, xm) = (9, 3). Consider the stock levels (sh, sm) =

(max{7, 9},max{3, 3}) = (9, 3), when the system starts from region X(sh, sm) =
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Figure 4.1: Optimal policy for production-inventory system with Poisson and hyper-

exponential demands

{(xh, xm) : xh ≤ sh, xm ≤ sm} it will never leave. So the optimal policy when states

starts from this region can be described as a base stock policy (sh, sm) for on/off,

together with C(xh, 0) and C(xh, 1) for switching production between class H and

M .

Effects of cv on the Optimal Policy

We analyze the effects of cvon the optimal policy on a set of problems with different

combinations of (η1, η2, λh). Since 1/η1 is the average time being in phase on and 1/η2

the average time being in phase off , and these two phases transit according to an

underlying Markov process. Then the probability of phase being in either value is

Pr(on) =

1
η1

1
η1

+ 1
η0

=
η0

η1 + η0

Pr(off ) = 1− Pr(on) =
η1

η1 + η0
Increasing η1 will decrease the percentage of time where there is positive demand
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Table 4.1: IPP parameters with λm = 0.45

Two Poisson Poisson + Hyperexponential

Problem I Problem II Problem III Problem IV

η1 0.5 0.1 0.77 0.9

η0 0.5 0.9 0.23 0.1

λh 0.45 0.5 1.96 2.0

cv 1 1.05 2.0 3.0

from class H. Increase λh will increase the intensity of demand for class H when

it is on. If demand from class H seldom happens, but occurs with great intensity,

overall hyperexponential renewal process will be variable. This is the intuition for

the test cases Problem I to IV. Problem I has two demand classes both following

Poisson process with identical parameter. Problem II to IV all have two demand

classes with one following Poisson process and the other following hyperexponential

renewal process. In table 4.1, we change the value combination of (η1, η2, λh) to vary

cv. The other parameters are (µ = 1, λh, λm = 0.45, η0, η1, hh = 3, hm = 3, bh =

80, bm = 100, α = 0.05).

Figure 4.2 shows the comparison between Problem I and II. For Problem I, there

is one production switching curve (in blue) and production stopping curve (in red). It

is consistent with the result from [36] which analyzes a similar model. For Problem II,

there are two set of curves corresponding to hyperexponential demand phase being on

in blue and off being red. The transition between the phases make the two separate

sets of control curves.

Figure 4.3 shows the comparison between Problem III and IV. With the increase

of cv, the gap between C(xh, 0) and C(xh, 1) is increasing. With a smaller cv (Problem

III), the duration for phase on is longer but with a lower intensity. With (xh = 5, 6, 7,
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Figure 4.2: Problem I vs. Problem II

xm =3) the optimal action is to produce class H.

4.5 Knowing Phase Probability

In many situations, demand information is not shared between supplier and retailer.

The manager for the production-inventory system (or the supplier) observes stochastic

demand from the retailer and use his prior knowledge to guess for the demand pattern

from the retailer. What kind of control policy should the manager use to achieve a

low total cost? In this section, we study this problem which is practical in real world

situations.

Suppose the manager cannot observe phase information (on/off ), but he has a

belief of demand from class H being in phase on or off. Let P1(t) be the probability

of phase being in phase on at time t, and 1− P1(t) be the probability of phase being
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Figure 4.3: Problem III vs. Problem IV

in off at time t. Consider a system that is identical to the one in section 4.3 except

for phase information is described by the probability p1. There are demands for class

H and M , with arrival processes follow Poisson process and hyperexponential renewal

process. At any point of time, the manager can decide to produce for H or M or stay

idle. Production time for both classes follow exponential distribution. Production is

preemptive. Standard linear holding and backorder costs apply. The notations are

the same as in section 4.3.

The state of the system can be described as (Xh(t), Xm(t), P1(t)), with Xh(t),

Xm(t) being the net inventory for class H and M at time t and P1(t) as defined previ-

ously. The manager makes decisions when the state changes, for example, production

completion and demand satisfied.

To analyze the system, we transform the continuous-time model to discrete time

model by uniformization with rate γ = µ + λh + λm + η0 + η1. Explanation of uni-
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formization can be found in section 2.3.2. With uniformization, the system becomes

time invariant and can be described by the state (xh, xm, p1). There are pseudo transi-

tions from the current state to itself, and the probability p1 will also update according

to different production decisions.

Why p1 = Pr(on) May Change?

Consider the case when phase information is known. Starting from (xh, xm, ?), sup-

pose the action is ”not produce”: if the current actual phase is on, then with proba-

bility 1− η1
γ

the next state will be on; if the original phase is off, then with probability

η0
γ

the next state will be off. Notice that 1 − η1
γ
6= η0

γ
, meaning even with the same

action, the current phase may change the probability of being on. Without the phase

information, the current phase is characterize by probability p1, and it will be updated

for the next stage.

Let p′1(x, y; action) = Pr((x, y)|(xh, xm, p1; action)) be the new probability of being

in on after any transition, we calculate p′1(x, y; action) for different actions.

Notations and Transition Probabilities:

• State: (xh, xm, p1), xh, xm ∈ Z, p1 ∈ [0, 1]. It implies that p1 = 0 means phase is

off, and p1 = 1 means phase is on.

• Transition probability: start from state (xh, xm, p1)

• If action is notProduce/idle:

– In the next states, the potential inventory levels for H and M include

(xh, xm) - no demand; (xh−1, xm) - demand for H occurs; and (xh, xm−1)

- demand for M occurs.

– Consider possible transition to (xh, xm, p
′
1). Let α1 = Pr((xh, xm), (xh, xm, p1; idle)),

being the probability of transit to a state with inventory levels at (xh, xm)
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if start from state (xh, xm, p1) and taking action idle. Then,

α1 = Pr((xh, xm), (xh, xm, p1; idle))

=
∑
i=0,1

pi Pr(xh, xm|xh, xm, i; idle)

=
∑
i=0,1

pi
∑
j=0,1

Pr(xh, xm, j|xh, xm, i; idle)

Then the belief of phase being in on can be updated in the following way.

p
′

1(xh, xm; idle) = Pr((xh, xm, 1)|(xh, xm, p1; idle))

=
Pr((xh, xm, 1), (xh, xm, p1; idle))

Pr((xh, xm), (xh, xm, p1; idle))

=

∑
i=0,1

pi Pr(xh, xm, 1|xh, xm, i; idle)

α1

We know that

Pr(on) = p1

Pr((xh, xm, 0)|(xh, xm, 1;idle)) =
η1
γ

Pr((xh, xm, 1)|(xh, xm, 1; idle)) =
η0 + µ

γ

Also,

Pr(off ) = 1− p1

Pr((xh, xm, 0)|(xh, xm, 0; idle)) =
η1 + µ+ λh

γ

Pr((xh, xm, 1)|(xh, xm, 0; idle)) =
η0
γ

Define

α1 = P ((xh, xm, p
′
1), (xh, xm, p1; idle))

then

α1 = p1
η0 + η1 + µ

γ
+ (1− p1)

λh + η1 + µ+ η0
γ

=
η0 + η1 + µ+ (1− p1)λh

γ
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So

p′1 =
p1

η0+µ
γ

+ (1− p1)η0γ
α1

=
η0 + p1µ

η0 + η1 + µ+ (1− p1)λh

– For p′1(xh − 1, xm; idle): Pr((xh − 1, xm, 1)|(xh, xm, 1; idle)) = λh
γ

. De-

fine α2 = Pr((xh − 1, xm); (xh, xm, p1; idle)), then α2 = p1
λh
γ

and p′1(xh −

1, xm; idle) = 1

– For p′1(xh, xm − 1; idle): Pr((xh, xm − 1, 1)|(xm, xh, 1; idle)) = λm
γ

, and

Pr((xh, xm−1, 0)|(xm, xh, 0; idle)) = λm
γ

. Define α3 = Pr((xh, xm−1); (xh, xm, p1; idle)),

then α3 = λm
γ

and p′1(xh, xm − 1; idle) = p1.

• If action is prodceH, in a similar manner, the transition probabilities can be

calculated as:

– α1 = Pr((xh, xm); (xh, xm, p1; produceH)) = η0+η1+(1−p1)λh
γ

, p
′
1(xh, xm; produceH) =

η0
η0+η1+(1−p1)λh

;

– α2 = Pr((xh−1, xm); (xh, xm, p1; produceH)) = p1
λh
γ

, p
′
1(xh−1, xm; produceH) =

1;

– α3 = PrP ((xh, xm−1); (xh, xm, p1; produceH)) = λm
γ

, p
′
1(xh, xm−1; produceH) =

p1;

– α4 = Pr((xh+1, xm); (xh, xm, p1; produceH)) = µ
γ
, p
′
1(xh+1, xm; produceH) =

p1.

• If action is produceM , in a similar manner, the transition probabilities can be

calculated as:

– α1 = Pr((xh, xm); (xh, xm, p1; produceM)) = η0+η1+(1−p1)λh
γ

, p
′
1(xh, xm; produceM) =

η0
η0+η1+(1−p1)λh

;

– α2 = Pr((xh−1, xm); (xh, xm, p1; produceM)) = p1
λh
γ

, p
′
1(xh−1, xm; produceM) =

1;
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– α3 = PrP ((xh, xm−1); (xh, xm, p1; produceM)) = λm
γ

, p
′
1(xh, xm−1; produceM) =

p1;

– α4 = Pr((xh, xm+1); (xh, xm, p1; produceM)) = µ
γ
, p
′
1(xh, xm+1; produceM) =

p1;

The optimal value function v∗(xh, xm, p1) can be shown to satisfy the following equa-

tion:

v∗(xh, xm, p1) = c(xh, xm)+p1λhv
∗(xh−1, xm, 1)+λmv

∗(xh, xm−1, p1)+T0v
∗(xh, xm, p1)

(4.4)

where

T0v(xh, xm, p1) = min



(η0 + η1 + µ+ (1− p1)λh)v(xh, xm,

η0+p1µ
(η0+η1+µ+(1−p1)λh)

)

(η0 + η1 + (1− p1)λh)v(xh, xm,
η0

η0+η1+(1−p1)λh
)

+µv(xh + 1, xm, p1)

(η0 + η1 + (1− p1)λh)v(xh, xm,
η0

η0+η1+(1−p1)λh
)

+µv(xh, xm + 1, p1)


(4.5)

Due to the complicated interaction between the probability transitions, it is diffi-

cult to analyze the optimal structure of the policy. Numerical analysis shows optimal

total discounted cost for knowing phase information is no higher than knowing the

phase probability, as shown in figure 4.3.

4.6 Conclusion and Extension

We model the production-inventory system with a Markov decision process (MDP),

and formulate it as a continuous-time infinite-horizon stochastic dynamic program.

We consider the situation where the demand variability (as measured by coefficient

of variation of inter-arrival times) of class H is higher than that of class M . We use
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hyper-exponential distribution to model the inter-arrival time of class H products

demand. The inter-arrival time for class M products demand is exponential. The

stochastic demand for any class is satisfied from the on-hand inventory, and unsat-

isfied demands are backordered. There are linear costs for holding inventory and

delaying orders. The production is preemptive, and we assume there is no set up or

switching cost for both products. At any time, the production manager observes the

phase information of class H demand, the current inventory for the two products,

and then chooses to take one of the production decisions: produce one unit of class

M , produce one unit of class H, or not to produce. The objective is to minimize

the discounted expected total cost over the infinite-time horizon. Let us further char-

acterize the demand process for class H. The demand inter-arrival times follow a

hyperexponential distribution. The corresponding demand arrival process is known

as Interrupted Poisson Process (IPP). An IPP is characterized by two phases, an on

phase with Poisson arrivals and an off phase with no arrivals. The durations of on

phase and off phase are exponentially distributed with different rates. The arrival

process switches between two states according to an underlying Markov chain. When

the phase information is fully observable, our dynamic formulation treats it as an

observed state variable.

Then we consider the case where the phase information is only partially known.

We model the system as a partially-observable Markov decision process with a prior

belief of phase for class H being on phase. The belief at next decision epoch is

updated according to Bayes rule. No simple structure for the belief model exists due

to the belief variable is continuous. Numerical analysis is conducted to compare the

total cost of the system under full and partial phase information. We interpret our

analytical and numerical results in the real world contexts that motivated us and

draw insights for managers in similar situations.

There are many directions for future research. We make the assumption that

unmet demands are backordered. It would be interesting to see whether the same
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results extend to the lost sales case. While our model is from the perspective of

production-inventory manager, it is possible to include his interaction with the retailer

for information sharing. Extensive literature study the information sharing under

static production control policy, but none has dealt with dynamic scheduling.
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Appendix A

APPENDIX OF CHAPTER 2

A.1 Proof of Lemma 2.1

The goal is to show T1 to T4 are all preserved under properties A.1 to A.7. By default,

∀x, y ≥ 0.

A.1.1 Proof of T1

T1v(x, y) =

v(x, y) + cx if x = 0

v(x− 1, y) if x > 0

A.1: ∀x ≥ 0

DxT1v(x, y)
[T1v(x+1,y)−T1v(x,y)]

=

−cx ≥ −cx if x = 0

Dxv(x− 1, y) ≥ −cx if x > 0

A.2: ∀x ≥ 0, y > 0

Dx,xT1v(x, y)
[DxT1v(x+1,y)−DxT1v(x,y)]

=

Dxv(x, y) + cx if x = 0

Dx,xv(x− 1, y) if x > 0

Dx−yT1v(x, y)
[T1v(x+1,y−1)−T1v(x,y)]

=

−Dyv(x, y − 1)− cx if x = 0

Dx−yv(x− 1, y) if x > 0

Dx,x−yT1v(x, y)
Dx−yT1v(x+1,y)−Dx−yT1v(x,y)

=

Dxv(x, y − 1) + cx ≥ 0 if x = 0

Dx,x−yv(x− 1, y) ≥ 0 if x > 0
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Dx,xT1v(x, y)−Dx,x−yT1v(x, y)=

Dx,yv(x, y − 1) ≥ 0 if x = 0

Dx,xv(x− 1, y)−Dx,x−yv(x− 1, y) ≥ 0 if x > 0

A.3: ∀x ≥ 0, y > 0

Implied in A.2

A.4: ∀x, y ≥ 0

DyT1v(x, y)
DyT1v(x,y+1)−DyT1v(x,y)

=

Dyv(x, y) ≥ −cy if x = 0

Dyv(x− 1, y) ≥ −cy if x > 0

Dx,yT1v(x, y)
DyT1v(x+1,y)−DyT1v(x,y)

=

0 ≥ 0 if x = 0

Dx,yv(x− 1, y) if x > 0

A.5: ∀x, y ≥ 0

Dy,yT1v(x, y)
DyT1v(x,y+1)−DyT1v(x,y)

=

Dy,yv(x, y) ≥ 0 if x = 0

Dy,yv(x− 1, y) ≥ 0 if x > 0

A.6: ∀x ≥ 0, y > 0

Dy,x−yT1v(x, y)
Dx−yT1v(x,y+1)−Dx−yT1v(x,y)

=

−Dy,yv(x, y − 1) ≤ 0 if x = 0

Dy,x−yv(x− 1, y) ≤ 0 if x > 0

A.7: ∀x, y ≥ 0

Implied in proof of A.4.

A.1.2 Proof of T2

T2v(x, y) =

v(x, y) + cy if y = 0

v(x, y − 1) if y > 0
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A.1: ∀x ≥ 0

DxT2v(x, y)
[T2v(x+1,y)−T2v(x,y)]

=

Dxv(x, y) ≥ −cx if y = 0

Dxv(x, y − 1) ≥ −cx if y > 0

A.2: ∀x ≥ 0, y > 0

Dx,xT2v(x, y)
[DxT2v(x+1,y)−DxT2v(x,y)]

=

{
Dx,xv(x, y − 1) if y > 0

Dx−yT2v(x, y)
[T2v(x+1,y−1)−T2v(x,y)]

=

Dxv(x, y − 1) + cy if y = 1

Dx−yv(x, y − 1) if y > 1

Dx,x−yT2v(x, y)
Dx−yT2v(x+1,y)−Dx−yT2v(x,y)

=

Dx,xv(x, y − 1) ≥ 0 if y = 1

Dx,x−yv(x, y − 1) ≥ 0 if y > 1

Dx,xT2v(x, y)−Dx,x−yT2v(x, y)=

0 ≥ 0 if y = 1

Dx,xv(x, y − 1)−Dx,x−yv(x, y − 1) ≥ 0 if y > 1

A.3: ∀x ≥ 0, y > 0

Implied in A.2

A.4: ∀x, y ≥ 0

DyT2v(x, y)
DyT2v(x,y+1)−DyT2v(x,y)

=

−cy ≥ −cy if y = 0

Dyv(x, y − 1) ≥ −cy if y > 0

Dx,yT2v(x, y)
DyT2v(x+1,y)−DyT2v(x,y)

=

0 ≥ 0 if y = 0

Dx,yv(x, y − 1) if y > 0

A.5: ∀x, y ≥ 0

Dy,yT2v(x, y)
DyT2v(x,y+1)−DyT2v(x,y)

=

Dyv(x, y) + cy ≥ 0 if y = 0

Dy,yv(x, y − 1) ≥ 0 if y > 0
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A.6: ∀x ≥ 0, y > 0

Dy,x−yT2v(x, y)
Dx−yT2v(x,y+1)−Dx−yT2v(x,y)

=


Dx−yv(x, y)−Dxv(x, y − 1)− cy

=−Dyv(x,y−1)−cy
≤ 0 if y = 1

Dy,x−yv(x, y − 1) ≤ 0 if y > 1

A.7:

Implied in proof of A.4.

A.1.3 Proof of T3

Since T3v(x, y) = v(x, y + 1), all the proof follow automatically from the properties.

A.1.4 Proof of T4

Proof. T4v(x, y) =

min[v(x, y), v(x+ 1, y)] if y = 0

min[v(x, y), v(x+ 1, y), v(x+ 1, y − 1)] if y > 0

Since T4 includes min of three components, we follow the approach by [36]. Let

w be a function on {0, 1, 2} × Z+ × Z+ such that

w(u, x, y) = 1
2
(1− u)(2− u)v(x, y) + u(2− u)v(x+ 1, y) + 1

2
u(u− 1)v(x+ 1, y − 1)

=


v(x, y) if u = 0

v(x+ 1, y) if u = 1

v(x+ 1, y − 1) if u = 2 when y > 0

Also define

g(x, y) = min[v(x, y), v(x+ 1, y), v(x+ 1, y − 1)] = min
u∈{0,1,2}

w(u, x, y)

So, Dyw(u, x, y) =


Dyv(x, y) if u = 0

Dyv(x+ 1, y) if u = 1

Dyv(x+ 1, y − 1) if u = 2 when y > 0

.

By property A.4 Dywu=1 ≥ Dywu=0, by property A.3 Dywu=2 ≤ Dywu=0. Thus

Dywu=1 ≥ Dywu=0 ≥ Dywu=2, when y > 0. When y = 0, Dywu=1 ≥ Dywu=0.
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Also, Dx−yw(u, x, y) =


Dx−yv(x, y) if u = 0

Dx−yv(x+ 1, y) if u = 1

Dx−yv(x+ 1, y − 1) if u = 2 when y > 0

.

In the same manner, we can determine when y > 0, Dx−ywu=2 ≥ Dx−ywu=1 ≥

Dx−ywu=0 by A.6 and A.3.

The following proof on T4 is based on the case when y > 0. When y = 0, the proof

is a subset of when y > 0. We omit the details for brevity.

A.1: To show ∀x, y ≥ 0, DxT4v(x, y) ≥ −cx is equivalent to show g(x, y) ≤

g(x+ 1, y) + cx

Let g(x+ 1, y) = w(u1, x+ 1, y), where u1 ∈ {0, 1, 2}

g(x, y) ≤ w(u1, x, y) ≤
A.1

w(u1, x+ 1, y) + cx = g(x+ 1, y) + cx

A.2: To show Dx,xT4v(x, y) ≥ Dx,x−yT4v(x, y) is equivalent to show g(x + 2, y −

1) + g(x+ 1, y) ≤ g(x+ 2, y) + g(x+ 1, y − 1).

Let g(x+ 2, y) = w(u1, x+ 2, y), g(x+ 1, y − 1) = w(u2, x+ 1, y − 1).

Case 1: Dywu2 ≤ Dywu1 , or the ordered pair of (u1,u2) are within these cases:

(1, 2), (0, 2), (1, 0)

g(x+ 2, y − 1) + g(x+ 1, y) ≤ w(u1, x+ 2, y − 1) + w(u2, x+ 1, y)

By A.2 ≤ w(u1, x+ 2, y) + w(u1, x+ 1, y − 1)− w(u1, x+ 1, y)

+w(u2, x+ 1, y)

By Dywu2 ≤ Dywu1 ≤ w(u1, x+ 2, y) + w(u1, x+ 1, y)− w(u1, x+ 1, y)

+w(u2, x+ 1, y − 1)

= g(x+ 2, y) + g(x+ 1, y − 1)

Case 2: Dywu2 > Dywu1

Case 2.1: u1 = 0, u2 = 1

g(x+ 2, y − 1) + g(x+ 1, y) ≤ w(u1 = 0, x+ 2, y − 1) + w(u2 = 1, x+ 1, y)

= v(x+ 2, y) + v(x+ 2, y − 1)

= g(x+ 2, y) + g(x+ 1, y − 1)

Case 2.2: u1 = 2, u2 = 1
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g(x+ 2, y − 1) + g(x+ 1, y) ≤ w(u2 = 1, x+ 2, y − 1) + w(u1 = 2, x+ 1, y)

= v(x+ 3, y − 1) + v(x+ 2, y − 1)

= g(x+ 2, y) + g(x+ 1, y − 1)

Case 2.3: u1 = 2, u2 = 0

g(x+ 2, y − 1) + g(x+ 1, y) ≤ w(u2 = 0, x+ 2, y − 1) + w(u1 = 2, x+ 1, y)

= v(x+ 2, y − 1) + v(x+ 2, y − 1)

By A.2 ≤ v(x+ 3, y − 1) + v(x+ 1, y − 1)

= g(x+ 2, y) + g(x+ 1, y − 1)

A.3: To show Dx,x−yT4v(x, y) ≥ 0 is equivalent to show g(x+1, y)+g(x+1, y−1) ≤

g(x+ 2, y − 1) + g(x, y).

Let g(x+ 2, y − 1) = w(u1, x+ 2, y − 1), g(x, y) = w(u2, x, y).

Case 1: Dx−ywu2 ≤ Dx−ywu1 , or the ordered pair of (u1, u2) are within these

cases: (1, 2), (2, 0), (1, 0)

g(x+ 1, y) + g(x+ 1, y − 1) ≤ w(u1, x+ 1, y) + w(u2, x+ 1, y − 1)

By A.3 ≤ w(u1, x+ 2, y − 1) + w(u1, x, y)− w(u1, x+ 1, y − 1)

+w(u2, x+ 1, y − 1)

By Dx−ywu2 ≤ Dx−ywu1 ≤ w(u1, x+ 2, y − 1) + w(u1, x+ 1, y − 1)

−w(u1, x+ 1, y − 1) + w(u2, x, y)

= g(x+ 2, y − 1) + g(x, y)

Case 2: Dx−ywu2 > Dx−ywu1

Case 2.1: u1 = 1, u2 = 2

g(x+ 1, y) + g(x+ 1, y − 1) ≤ w(u2 = 2, x+ 1, y) + w(u1 = 1, x+ 1, y − 1)

= v(x+ 2, y − 1) + v(x+ 2, y − 1)

By A.2 ≤ v(x+ 1, y − 1) + v(x+ 3, y − 1)

= g(x+ 2, y − 1) + g(x, y)

Case 2.2: u1 = 0, u2 = 2

g(x+ 1, y) + g(x+ 1, y − 1) ≤ w(u2 = 2, x+ 1, y) + w(u1 = 0, x+ 1, y − 1)

= v(x+ 2, y − 1) + v(x+ 1, y − 1)

= g(x+ 2, y − 1) + g(x, y)
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Case 2.3: u1 = 0, u2 = 1

g(x+ 1, y) + g(x+ 1, y − 1) ≤ w(u1 = 0, x+ 1, y) + w(u2 = 1, x+ 1, y − 1)

= v(x+ 1, y) + v(x+ 2, y − 1)

= g(x+ 2, y − 1) + g(x, y)

A.4: To show Dx,yT4v(x, y) ≥ 0 is equivalent to show g(x + 1, y) + g(x, y + 1) ≤

g(x+ 1, y + 1) + g(x, y).

Let g(x+ 1, y + 1) = w(u1, x+ 1, y + 1), g(x, y) = w(u2, x, y).

Case 1: Dywu2 ≤ Dywu1 , or the ordered pair of (u1,u2) are within these cases:

(1, 2), (0, 2), (1, 0).

g(x+ 1, y) + g(x, y + 1) ≤ w(u1, x+ 1, y) + w(u2, x, y + 1)

By A.4 ≤ w(u1, x+ 1, y + 1) + w(u1, x, y)− w(u1, x, y + 1)

+w(u2, x, y + 1)

By Dywu2 ≤ Dywu1 ≤ w(u1, x+ 1, y + 1) + w(u1, x, y + 1)− w(u1, x, y + 1)

+w(u2, x, y)

= g(x+ 1, y + 1) + g(x, y)

Case 2: Dywu2 > Dywu1

Case 2.1: u1 = 0, u2 = 1

g(x+ 1, y) + g(x, y + 1) ≤ w(u1 = 0, x+ 1, y) + w(u2 = 1, x, y + 1)

= v(x+ 1, y) + v(x+ 1, y + 1)

= g(x+ 1, y + 1) + g(x, y)

Case 2.2: u1 = 2, u2 = 1

g(x+ 1, y) + g(x, y + 1) ≤ w(u2 = 1, x+ 1, y) + w(u1 = 2, x, y + 1)

= v(x+ 2, y) + v(x+ 1, y)

= g(x+ 1, y + 1) + g(x, y)

Case 2.3: u1 = 2, u2 = 0

g(x+ 1, y) + g(x, y + 1) ≤ w(u2 = 0, x+ 1, y) + w(u1 = 2, x, y + 1)

= v(x+ 1, y) + v(x+ 1, y)

By A.2 ≤ v(x, y) + v(x+ 2, y)

= g(x+ 1, y + 1) + g(x, y)
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A.5: To show Dy,yT4v(x, y) ≥ 0 is equivalent to show 2g(x, y + 1) ≤ g(x, y + 2) +

g(x, y).

Let g(x, y + 2) = w(u1, x+ 1, y + 1), g(x, y) = w(u2, x, y).

Case 1: Dywu2 ≤ Dywu1 , or the ordered pair of (u1,u2) are within these cases:

(1, 2), (0, 2), (1, 0).

g(x, y + 1) + g(x, y + 1) ≤ w(u1, x, y + 1) + w(u2, x, y + 1)

By A.5 ≤ w(u1, x, y + 2) + w(u1, x, y)− w(u1, x, y + 1)

+w(u2, x, y + 1)

By Dywu2 ≤ Dywu1 ≤ w(u1, x, y + 2) + w(u1, x, y + 1)− w(u1, x, y + 1)

+w(u2, x, y)

= g(x, y + 2) + g(x, y)

Case 2: Dywu2 > Dywu1

Case 2.1: u1 = 0, u2 = 1

g(x, y + 1) + g(x, y + 1) ≤ w(u1 = 1, x, y + 1) + w(u2 = 0, x, y + 1)

= v(x+ 1, y + 1) + v(x, y + 1)

By A.6 ≤ v(x, y + 2) + v(x+ 1, y)

= g(x, y + 2) + g(x, y)

Case 2.2: u1 = 2, u2 = 1

g(x, y + 1) + g(x, y + 1) ≤ w(u2 = 1, x, y + 1) + w(u1 = 2, x, y + 1)

= v(x+ 1, y + 1) + v(x+ 1, y)

= g(x, y + 2) + g(x, y)

Case 2.3: u1 = 2, u2 = 0

g(x, y + 1) + g(x, y + 1) ≤ w(u2 = 0, x, y + 1) + w(u1 = 2, x, y + 1)

= v(x, y + 1) + v(x+ 1, y)

By A.4 ≤ v(x, y) + v(x+ 1, y + 1)

= g(x, y + 2) + g(x, y)

A.6: To show Dy,x−yT4v(x, y) ≤ 0, it is equivalent to show g(x+ 1, y) + g(x, y) ≤

g(x, y + 1) + g(x+ 1, y − 1).

Let g(x, y + 1) = w(u1, x, y + 1), g(x+ 1, y − 1) = w(u2, x+ 1, y − 1).



101

Case 1: Dx−ywu1 ≤ Dx−ywu2 , or the ordered pair of (u1, u2) are within these

cases: (0, 1), (0, 2), (1, 2)

g(x+ 1, y) + g(x, y) ≤ w(u1, x+ 1, y) + w(u2, x, y)

By A.6 ≤ w(u1, x, y + 1) + w(u1, x+ 1, y − 1)− w(u1, x, y)

+w(u2, x, y)

By Dx−ywu1 ≤ Dx−ywu2 ≤ w(u1, x, y + 1) + w(u1, x, y)− w(u1, x, y)

+w(u2, x+ 1, y − 1)

= g(x, y + 1) + g(x+ 1, y − 1)

Case 2: Dx−ywu1 > Dx−ywu2

Case 2.1: u1 = 1, u2 = 0

g(x+ 1, y) + g(x, y) ≤ w(u2 = 0, x+ 1, y) + w(u1 = 1, x, y)

= v(x+ 1, y) + v(x+ 1, y)

By A.5 ≤ v(x+ 1, y + 1) + v(x+ 1, y − 1)

= g(x, y + 1) + g(x+ 1, y − 1)

Case 2.2: u1 = 2, u2 = 0

g(x+ 1, y) + g(x, y) ≤ w(u2 = 0, x+ 1, y) + w(u1 = 2, x, y)

= v(x+ 1, y) + v(x+ 1, y − 1)

= g(x, y + 1) + g(x+ 1, y − 1)

Case 2.3: u1 = 2, u2 = 1

g(x+ 1, y) + g(x, y) ≤ w(u1 = 2, x+ 1, y) + w(u2 = 1, x, y)

= v(x+ 1, y) + v(x+ 2, y − 1)

= g(x, y + 1) + g(x+ 1, y − 1)

A.7: To showDyT4v(x, y) ≥ −cy, it is equivalent to show g(x, y) ≤ g(x, y+1)+−cy.

Let g(x, y + 1) = w(u1, x, y + 1), where u1 ∈ {0, 1, 2}

g(x, y) ≤ w(u1, x, y) ≤
A.7

w(u1, x, y + 1) + cy = g(x, y + 1) + cy

Since operator T is contraction mapping, with the fixed point theorem on the

Banach space we can show any sequence of value functions (vn) defined as vn+1 =

Tvn will converge to the optimal value function v∗, which is the unique solution of

v∗ = Tv∗. By induction, v∗ ∈ U .
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Appendix B

APPENDIX OF CHAPTER 4

B.1 Proof of Lemma 4.1

Proof: for any (xh, xm), v is super modular and has diagonal dominance.

Proof. Let w be a function on {0, 1, 2} × Z2 × {0, 1} such that

w(u, xh, xm, i) = 1
2
(1− u)(2− u)v(xh, xm, i)

+u(2− u)v(xh + 1, xm, i)

+1
2
u(u− 1)v(xh, xm + 1, i)

=


v(xh, xm, i) if u = 0

v(xh + 1, xm, i) if u = 1

v(xh, xm + 1, i) if u = 2

Also define

g(xh, xm, i) = min{v(xh, xm, i), v(xh + 1, xm, i), v(xh, xm + 1, i)}

= min
u∈{0,1,2}

w(u, xh, xm, i) where i ∈ {0, 1}

1. Sumpermodularity: The goal is to show for any (xh, xm),

g(xh + 1, xm, i) + g(xh, xm + i) ≤ g(xh + 1, xm + 1, i) + g(xh, xm, i)

2. Diagonal dominance: The goal is to show for any (xh, xm),

g(xh + 1, xm + 1, i) + g(xh, xm + 1, i) ≤ g(xh, xm + 2, i) + g(xh + 1, xm, i)

g(xh + 1, xm + 1, i) + g(xh + 1, xm, i) ≤ g(xh + 2, xm, i) + g(xh, xm + 1, i)
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Following [36], it is easy to show the supermodularity and diagonal dominance are

preserved under the optimal operator.

Proof: for any (xh, xm), (Dm−Dh)v(xh, xm, 0) ≤ (Dm−Dh)v(xh, xm, 1) is preserved

under T0 .

Proof.

(Dm −Dh)w(u, xh, xm, i) =


(Dm −Dh)v(xh, xm, i) if u = 0

(Dm −Dh)v(xh + 1, xm, i) if u = 1

(Dm −Dh)v(xh, xm + 1, i) if u = 2

Since v has diagonal dominance, (Dm − Dh)wu=1 ≤ (Dm − Dh)wu=0 ≤ (Dm −

Dh)wu=2. The goal is to show for any (xh, xm),

g(xh, xm + 1, 0) + g(xh + 1, xm, 1) ≤ g(xh + 1, xm, 0) + g(xh, xm + 1, 1)

Let u1, u2 ∈ {0, 1, 2} be such that

g(xh + 1, xm, 0) = w(u1, xh + 1, xm, 0)

g(xh, xm + 1, 1) = w(u2, xh, xm + 1, 1)

There are two cases to consider:

1. When (Dm −Dh)wu1 ≤ (Dm −Dh)wu2

Equivalently, the ordered pair (u1, u2) are within these cases: (1, 0), (1, 2), (0, 2)

or u1 = u2.

g(xh, xm + 1, 0) + g(xh + 1, xm, 1) ≤ w(u1, xh, xm + 1, 0) + w(u2, xh + 1, xm, 1)

≤ w(u1, xh + 1, xm, 0) + w(u1, xh, xm + 1, 1)

−w(u1, xh + 1, xm, 1) + w(u2, xh + 1, xm, 1)

≤ w(u1, xm + 1, xm, 0)− w(u1, xh + 1, xm, 1)

+w(u1, xh + 1, xm, 1) + w(u2, xh, xm, 1)

= g(xh + 1, xm, 0) + g(xh, xm + 1, 1)
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2. When (Dm −Dh)wu1 ≥ ((Dm −Dh)wu2)

Case 2.1: u1 = 2, u2 = 0

g(xh, xm + 1, 0) + g(xh + 1, xm, 1) ≤ w(u2 = 0, xh, xm + 1, 0)

By definition of w +w(u1 = 2, xh + 1, xm, 1)

= v(xh, xm + 1, 0) + v(xh + 1, xm + 1, 1)

By Dhv(1) ≤ Dhv(0) ≤ v(xh + 1, xm + 1, 0) + v(xh, xm + 1, 1)

= w(u1, xh + 1, xm, 0) + w(u2, xh, xm + 1, 1)

= g(xh + 1, xm, 0) + g(xh, xm + 1, 1)

Case 2.2: u1 = 2, u2 = 1

g(xh, xm + 1, 0) + g(xh + 1, xm, 1) ≤ w(u2 = 1, xh, xm + 1, 0)

By definition of w +w(u1 = 2, xh + 1, xm, 1)

= v(xh + 1, xm + 1, 0) + v(xh + 1, xm + 1, 1)

= w(u1, xh + 1, xm, 0) + w(u2, xh, xm + 1, 1)

= g(xh + 1, xm, 0) + g(xh, xm + 1, 1)

Case 2.3: u1 = 0, u2 = 1

g(xh, xm + 1, 0) + g(xh + 1, xm, 1) ≤ w(u1 = 0, xh, xm + 1, 0)

By definition of w +w(u2 = 1, xh + 1, xm, 1)

= v(xh, xm + 1, 0) + v(xh + 2, xm, 1)

By... ≤ v(xh + 1, xm, 0) + v(xh + 1, xm + 1, 1)

= w(u1, xh + 1, xm, 0) + w(u2, xh, xm + 1, 1)

= g(xh + 1, xm, 0) + g(xh, xm + 1, 1)

Note: This case is numerically tested to be true given:

(u1 = 0) ⇒ Dmv(xh + 1, xm, 0) ≥ 0 and Dhv(xh + 1, xm, 0) ≥ 0

(u2 = 1) ⇒ Dhv(xh, xm + 1, 1) ≤ 0 and (Dh −Dm)v(xh, xm + 1, 1) ≤ 0

Need to show:

(Dm −Dh)v(xh, xm, 0) ≤ (Dm −Dh)v(xh + 1, xm, 1)
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Proof: for any (xh, xm), Dhv(xh, xm, 1) ≤ Dh(xh, xm,0) is preserved under T0 .

Proof. Use the same definition of function w and g, the goal is to show that for any

(xh, xm)

g(xh + 1, xm, 1) + g(xh, xm, 0) ≤ g(xh + 1, xm, 0) + g(xh, xm, 1)

Let u1, u2 ∈ {0, 1, 2} be such that

g(xh + 1, xm, 0) = w(u1, xh + 1, xm, 0)

g(xh, xm, 1) = w(u2, xh, xm, 1)

LetDi be the difference operation on phase variable i, e.g:Div(xh, xm, 0) = v(xh, xm, 1)−

v(xh, xm, 0). We have

Diw(u, xh, xm, 0) =


Div(xh, xm, 0) if u = 0

Div(xh + 1, xm, 0) if u = 1

Div(xh, xm + 1, 0) if u = 2

By property (d), Diwu=1 ≤ Diwu=0. By property (c), Diwu=1 ≤ Diwu=2. We

separate the cases by comparing Diwu=0 and Diwu=2.

1. When Diwu=1 ≤ Diwu=0 ≤ Diwu=2

Case 1.1: Diwu1 ≤ Diwu2

The ordered pair of (u1, u2) is within these cases of (1, 0), (1, 2), (0, 2) or u1 = u2.

g(xh + 1, xm, 1) + g(xh, xm, 0) ≤ w(u1, xh + 1, xm, 1) + w(u2, xh, xm, 0)

By property (d) ≤ w(u1, xh + 1, xm, 0) + w(u1, xh, xm, 1)

−w(u1, xh, xm, 0) + w(u2, xh, xm, 0)

By Diwu1 ≤ Diwu2 ≤ w(u1, xh + 1, xm, 0)− w(u1, xh, xm, 0)

+w(u1, xh, xm, 0) + w(u2, xh, xm, 1)

= w(u1, xh + 1, xm, 0) + w(u2, xh, xm, 1)

= g(xh + 1, xm, 0) + g(xh, xm, 1)
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Case 1.2: Diwu1 ≥ Diwu2

Case 1.2.1: u1 = 2, u2 = 0

g(xh + 1, xm, 1) + g(xh, xm, 0) ≤ w(u2 = 0, xh + 1, xm, 1) + w(u1 = 2, xh, xm, 0)

= v(xh + 1, xm, 1) + v(xh, xm + 1, 0)

By (c) and Dm,h ≥ 0 ≤ v(xh + 1, xm + 1, 0) + v(xh, xm, 1)

= w(u1, xh + 1, xm, 0) + w(u2, xh, xm, 1)

= g(xh + 1, xm, 0) + g(xh, xm, 1)

Case 1.2.2: u1 = 0, u2 = 1

g(xh + 1, xm, 1) + g(xh, xm, 0) ≤ w(u1 = 0, xh + 1, xm, 1) + w(u2 = 1, xh, xm, 0)

= v(xh, xm + 1, 1) + v(xh + 1, xm, 0)

= w(u1, xh + 1, xm, 0) + w(u2, xh, xm, 1)

= g(xh + 1, xm, 0) + g(xh, xm, 1)

Case 1.2.3: u1 = 2, u2 = 1

g(xh + 1, xm, 1) + g(xh, xm, 0) ≤ w(u1 = 2, xh + 1, xm, 1) + w(u2 = 1, xh, xm, 0)

= v(xh + 1, xm + 1, 1) + v(xh + 1, xm, 0)

By... ≤ v(xh + 1, xm + 1, 0) + v(xh + 1, xm, 1)

= w(u1, xh + 1, xm, 0) + w(u2, xh, xm, 1)

= g(xh + 1, xm, 0) + g(xh, xm, 1)

2. When Diwu=1 ≤ Diwu=2 ≤ Diwu=0

Case 2.1: Diwu1 ≤ Diwu2

The ordered pair of (u1, u2) is within these cases of (1, 0), (1, 2), (2, 0) or u1 = u2.

The remaining is the same as case 1.1.

Case 2.2: Diwu1 ≥ Diwu2
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Case 2.2.1: u1 = 0, u2 = 2

g(xh + 1, xm, 1) + g(xh, xm, 0) ≤ w(u1 = 0, xh + 1, xm, 1) + w(u2 = 2, xh, xm, 0)

= v(xh + 1, xm, 1) + v(xh, xm + 1, 0)

By property (c) ≤ v(xh + 1, xm, 0) + v(xh, xm + 1, 1)

= w(u1, xh + 1, xm, 0) + w(u2, xh, xm, 1)

= g(xh + 1, xm, 0) + g(xh, xm, 1)

Case 2.2.2: u1 = 0, u2 = 1

It is identical to case 1.2.2.

Case 2.2.3: u1 = 2, u2 = 1

g(xh + 1, xm, 1) + g(xh, xm, 0) ≤ w(u1 = 2, xh + 1, xm, 1) + w(u2 = 1, xh, xm, 0)

= v(xh + 1, xm + 1, 1) + v(xh + 1, xm, 0)

By... ≤ v(xh + 1, xm, 0) + v(xh, xm + 1, 1)

= w(u1, xh + 1, xm, 0) + w(u2, xh, xm, 1)

= g(xh + 1, xm, 0) + g(xh, xm, 1)

Note: for case 1.2.3 and case 2.2.3, when u1 = 2 and u2 = 1, it is tested that

numerically these two inequalities hold regardless of the sign of Dm,iv(xh, xm, 0). The

goal is to show Dm,iv(xh + 1, xm, 0) ≤ 0 when

(u1 = 2) for w(u1, xh + 1, xm, 0)

⇒ Dmv(xh + 1, xm, 0) ≤ 0, (Dm −Dh)v(xh + 1, xm, 0) ≤ 0

(u2 = 1) for w(u2, xh, xm, 1)

⇒ Dhv(xh, xm, 1) ≤ 0, (Dm −Dh)v(xh, xm, 1) ≥ 0

Since c(X(t)) =
∑

j=h,m hjXj(t)
+ + bjXj(t)

− is separable, it is supermodular and

has diagonal dominance. Hence, c(X(t)) ∈ V . Since V is closed under addition and

multiplication by positive scalars, and from the fixed point theorem, v∗ ∈ V .
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Appendix C

ALGORITHMS

C.1 Value Iteration

C.1.1 Description

Value iteration [5] is a simple yet powerful algorithm to solve Markov decision process

(MDP) optimally. The algorithm first initializes the values function for all states

arbitrarily, for example, all zeros. Then, in each iteration, value function on each

state is updated according to Bellman’s equation by choosing the action that leads

to the successive state with least cost. The Bellman residual for a state is defined as

the absolute difference of a state value before and after applying Bellman’s equation.

Value iteration stops when the value function converges, which corresponds to the

error term, or the largest residual term among all the states, becomes less than a

pre-defined threshold value δ in the algorithm 1. A Bellman equation is a contraction

mapping if for every state, its Bellman residual never increase with the iteration

number [15, Chapter 2]. The fixed point theorem ensures the convergence of the

algorithm.

C.1.2 Algorithms

Following the definition in [15, Chapter 2], define a MDP M =< S,A,Ap, T, C > and

a threshold value δ, where

• S is a finite set of discrete states.

• A is a finite set of all applicable actions.
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• Ap : S → P (A) is the applicable function. Ap(s) denotes the set of actions that

can be applied in state s, and P (A) is the power set of A.

• T : S × A × S → [0, 1] is the transition function describing the probability of

an action execution.

• C : S × A→ R+ is the cost of executing an action in a state.

Value iteration converges to the optimal value function in time polynomial in |S| [54].

Algorithm for Discounted Total Cost

Algorithm 1 Value iteration

Input: an MDP M =< S,A,Ap, T, C >, δ : the threshold value

Initialize V arbitrarily

While true do

error ← 0

for each state s ∈ S do

oldV ← V (s)

V (s)← mina∈Ap(s)[C(s, a) +
∑

s′∈S Ta(s
′|s)V (s)]

residual(s)← |V (s)− oldV |

error ← max(error, residual(s))

if error < δ then

return V



110

Value Iteration for Average Cost

The idea behind value iteration for the average cost is that the minimal (optimal)

average cost is bounded by the limit of lim
n→∞

[V (x)− Vn−1(x)], as seen in theorem 2.2

and [83].

Algorithm 2 Value iteration for average cost

Input: an MDP M =< S,A,Ap, T, C >, δ : the threshold value δ

Initialize V arbitrarily

While true do

error ← 0

ms ← N̄ (N is a large positive number)

Ms ← N (N is a negative number)

for each state s ∈ S do

oldV ← V (s)

V (s) = mina∈Ap(s){c(s, a) +
∑

s′∈S Ta(s
′ |s)V (s)}

ms = min{|V (s)− oldV |,ms}

Ms = max{|V (s)− oldV |,Ms}

error ← |ms −Ms|

if error < δ then

return ms
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Appendix D

VALUE ITERATION CODE

Here are the codes for value iteration for the base model in section 2.3, production-

inventory system with returns and lost sales. It finds the optimal policy under the

total discounted cost scenario. The program will stop when value functions for all the

states converge.

Other models, with backorder, non-unitary demand and ect.; or under average

cost scenario are implemented in the similar way.

D.1 ’state.h’

This file defines the data structure of the state space and state.

1 #ifndef STATE H

2 #define STATE H

3

4 #include <vector>

5

6 class s t a t e

7 {

8 private :

9 int x1 ;

10 int x2 ;

11 double f ;

12 double o l d f ;

13 int b e s t a c t i o n ;

14 int be s t adm i s s i o n a c t i on ;

15

16 public :
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17 s t a t e ( int x1 , int x2 ) : x1 ( x1 ) , x2 ( x2 ) , f ( 0 . 0 ) , o l d f ( 0 . 0 )

, b e s t a c t i o n (−1) , b e s t adm i s s i o n a c t i on (−1) {}

18 s t a t e ( int x1 , int x2 , double f ) : x1 ( x1 ) , x2 ( x2 ) , f ( f ) ,

o l d f ( f ) , b e s t a c t i o n (−1) , b e s t adm i s s i o n a c t i on (−1) {}

19 int x1 ( void ) { return x1 ; }

20 int x2 ( void ) { return x2 ; }

21 double f ( void ) { return f ; }

22 double o l d f ( void ) { return o l d f ;}

23 void change va lue ( double f ) { f = f ; }

24 void change o ld va lue (double f ) { o l d f = f ;}

25 int be s t a c t i o n ( void ) { return b e s t a c t i o n ; }

26 int be s t admi s s i on a c t i on ( void ) {return be s t adm i s s i o n a c t i on

;}

27 void mod i f y be s t a c t i on ( int a ) { b e s t a c t i o n = a ; }

28 void mod i f y be s t admi s s i on ac t i on ( int b) {

be s t adm i s s i o n a c t i on = b ; }

29 } ;

30

31 class space

32 {

33 private :

34 int n ;

35 int m ;

36 s t a t e ∗ i n i t i a l ;

37 std : : vector<s t a t e∗> s t a t e s ;

38

39 // parameters

40 double H1 ; // NEW

41 double H2 ; // OLD

42 double MU; // PRODUCTION

43 double B1 ; // LOST SALES FOR NEW

44 double B2 ; // LOST SALES FOR OLD

45 double P1 ; // PRODUCTION COST FOR NEW
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46 double P2 ; // PRODUCTION COST FOR OLD

47 double LAMBDA1; // NEW

48 double LAMBDA2; // OLD

49 double DELTA; // RETURNED

50 double ALPHA; // DISCOUNT RATE

51

52 double NORMALIZECOST;

53 double EPSILON;

54 double MAXITER;

55

56 public :

57 space ( int , int ) ;

58 long index ( int , int ) ;

59 double i t e r a t i o n ( int ) ;

60 int v i ( int ) ;

61 int setParameters (double h1 , double h2 , double mu, double b1 ,

double b2 , double p1 , double p2 , double lambda1 , double

lambda2 ,

62 double de l ta , double alpha ) {H1=h1 ; H2=h2 ; MU=mu; B1=b1 ;

B2=b2 ; P1=p1 ; P2=p2 ; LAMBDA1=lambda1 ; LAMBDA2=lambda2

; DELTA=de l t a ; ALPHA=alpha ;

63 NORMALIZECOST=LAMBDA1+LAMBDA2+DELTA+MU+ALPHA; EPSILON=1e

−2; MAXITER=1e6 ; return 1 ;}

64

65 // f o r co s t ra t e

66 double h( int x1 , int x2 ) ;

67 } ;

68 #endif
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D.2 ’value iteration.cpp’

To use the value iteration method, state space needs to be truncated to a finite space.

We examine different values of the boundaries until the values / policy is not sensitive

to the boundary value. In this case, both x and y are bounded above at 30 and below

at 0 (due to lost sales scenario).

The main functions include:

• iteration (line 74 - 200): This is one iteration in the value iteration algorithm

for all the states. It updates state values from the neighbor states. The new

state value is calculated in line 181.

• vi (line 204 - 220): This is the value iteration algorithm. It runs iteration until

all the values in the state space converges.

1 // va lue i t e r a t i o n . cpp : Def ines the entry po in t f o r the conso l e

a p p l i c a t i o n .

2 //

3

4 #include ” s tda fx . h”

5 #include ” s t a t e . h”

6 #include ” time . h”

7 #include <s t r i ng>

8 #include <iostream>

9 #include <fstream>

10 using namespace std ;

11

12 double s t a r t ingVa lue ;

13

14 double

15 space : : h ( int x1 , int x2 )

16 {

17 double currentH = 0 ;
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18 i f ( x1 < 0)

19 {

20 x1 = −x1 ;

21 currentH += x1 ∗ B1 ;

22 }

23 else

24 currentH += x1 ∗ H1 ;

25

26 i f ( x2 < 0)

27 {

28 x2 = −x2 ;

29 currentH += x2 ∗ B2 ;

30 }

31 else

32 currentH += x2 ∗ H2 ;

33

34 return currentH ;

35 }

36

37 space : : space ( int n , int m ) : n (n) , m (m)

38 {

39 int i , j , k = 0 ;

40

41 for ( i = n ; i <= m; ++i ) {

42 for ( j = n ; j <= m; ++j ) {

43 // add boundary cond i t i on s here

44 s t a t e ∗ s = new s t a t e ( i , j ) ;

45 // s t a t e ∗ s = new s t a t e ( i , j , 100) ;

46 s t a t e s . push back ( s ) ;

47 i f ( i == 0 && j == 0 )

48 i n i t i a l = s ;

49 ++k ;

50 }
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51 }

52 cout << k << ” s t a t e s were generated \n” ;

53 }

54

55 long

56 space : : index ( int x1 , int x2 )

57 {

58 i f ( x1 < n )

59 x1 = n ;

60 i f ( x1 > m )

61 x1 = m ;

62 i f ( x2 < n )

63 x2 = n ;

64 i f ( x2 > m )

65 x2 = m ;

66

67 long ind = x2 − n ;

68 ind += ( x1 − n ) ∗ ( m − n + 1) ;

69

70 return ind ;

71 }

72

73 double

74 space : : i t e r a t i o n ( int i t e r )

75 {

76 double e r r o r = 0 . 0 ;

77 std : : vector<s t a t e ∗> : : i t e r a t o r s i ;

78 int x1 , x2 ;

79

80 double T1v , T2v , T3v , T4v ;

81 double bes t va lue T2 = 0 ;

82 double bes t va lue T4 = 0 ;

83
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84 for ( s i = s t a t e s . begin ( ) ; s i != s t a t e s . end ( ) ; ++s i ) {

85 s t a t e ∗ s = (∗ s i ) ;

86 x1 = s−>x1 ( ) ;

87 x2 = s−>x2 ( ) ;

88

89 i f ( x1 == 0 && x2 == 0)

90 s ta r t ingVa lue = s−>f ( ) ;

91

92 double o ld va lu e = s−>o l d f ( ) ;

93

94 double value ;

95 long index1 = 0 , index2 = 0 , index3 = 0 , index4 = 0 ,

index5 = 0 ;

96 s t a t e ∗ s1 , ∗ s2 , ∗ s3 , ∗ s4 , ∗ s5 ;

97

98 // handle boundary cond i t i on s

99 i f ( x1 == m && x2 == m )

100 continue ;

101

102 i f ( x1 == m ) {

103 index1 = index ( m −1, x2 ) ;

104 s1 = s t a t e s [ index1 ] ;

105 value = s1−>o l d f ( ) + H1 / ALPHA;

106 // va lue = ( s1−>f ( ) + H1 / ALPHA)/NORMALIZECOST;

107 s−>change va lue ( va lue ) ;

108 continue ;

109 }

110

111 i f ( x2 == m ) {

112 index1 = index ( x1 , m −1 ) ;

113 s1 = s t a t e s [ index1 ] ;

114 value = s1−>o l d f ( ) + H2 / ALPHA;

115 // va lue = ( s1−>f ( ) + H2 / ALPHA)/NORMALIZECOST;
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116 s−>change va lue ( va lue ) ;

117 continue ;

118 }

119

120

121 // f i nd a l l s u cc e s so r s

122 i f ( x1 > n ) {

123 index1 = index ( x1−1, x2 ) ;

124 }

125 s1 = s t a t e s [ index1 ] ;

126

127 i f ( x2 > n ) {

128 index2 = index ( x1 , x2−1) ;

129 }

130 s2 = s t a t e s [ index2 ] ;

131

132 index3 = index ( x1+1, x2 ) ;

133 s3 = s t a t e s [ index3 ] ;

134

135 index4 = index ( x1 , x2+1) ;

136 s4 = s t a t e s [ index4 ] ;

137

138 i f ( x2 > n ) {

139 index5 = index ( x1+1, x2−1) ;

140 }

141 s5 = s t a t e s [ index5 ] ;

142

143 double be s t va l u e = 1e50 ;

144

145 i f ( x1 == 0)

146 T1v = s−>o l d f ( ) + B1 ;

147 else {

148 i f ( x1 > 0)
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149 T1v = s1−>o l d f ( ) ;

150 }

151

152 i f ( x2 == 0)

153 T2v = s−>o l d f ( ) + B2 ;

154 else

155 T2v = s2−>o l d f ( ) ;

156

157 T3v = s4−>o l d f ( ) ;

158

159 // Update T4v

160 // Firs t , t e s t when x2 == 0

161 i f ( s−>o l d f ( ) < s3−>o l d f ( ) )

162 {

163 T4v = s−>o l d f ( ) ;

164 s−>mod i f y be s t a c t i on (0 ) ;

165 }

166 else

167 {

168 T4v = s3−>o l d f ( ) ;

169 s−>mod i f y be s t a c t i on (1 ) ;

170 }

171

172 i f ( x2 > 0)

173 {

174 i f ( s5−>o l d f ( ) < T4v)

175 {

176 s−>mod i f y be s t a c t i on (2 ) ;

177 T4v = s5−>o l d f ( ) ;

178 }

179 }

180

181 value = (h( x1 , x2 ) + LAMBDA1 ∗ T1v + LAMBDA2 ∗ T2v +
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DELTA ∗ T3v + MU ∗ T4v) /NORMALIZECOST;

182

183 s−>change va lue ( va lue ) ;

184

185 double d i f f = value − o ld va lu e ;

186 i f ( d i f f < 0 )

187 d i f f = −d i f f ;

188

189 i f ( d i f f > e r r o r )

190 e r r o r = d i f f ;

191 }

192 cout << ” I t e r a t i o n ” << i t e r << ” ” << i n i t i a l −>f ( ) << ” ends .

e r r o r : ” << e r r o r << std : : endl ;

193

194 // r ep l a c e a l l the o l d f wi th f

195 for ( s i = s t a t e s . begin ( ) ; s i != s t a t e s . end ( ) ; ++s i ) {

196 s t a t e ∗ s = (∗ s i ) ;

197 s−>change o ld va lue ( s−>f ( ) ) ;

198 }

199 return e r r o r ;

200 }

201

202

203 int

204 space : : v i ( int f i l e I n d e x )

205 {

206 int i t e r = 0 ;

207 double e r r o r = 1 . 0 ;

208

209 // Value i t e r a t i o n f o r opt imal co s t f unc t i on

210 while ( e r r o r > EPSILON && i t e r < MAXITER) {

211 e r r o r = i t e r a t i o n ( ++i t e r ) ;

212 }
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213 cout << ”Optimal va lue func t i on : ” ;

214 i f ( i t e r >= MAXITER)

215 cout << ”Maximum number o f i t e r a t i o n reached ! ” << endl ;

216 else

217 cout <<”Number o f i t e r a t i o n s i s ” << i t e r << endl ;

218 cout << ” f ( 0 , 0 ) = ” << s t a r t ingVa lue << endl ;

219 return i t e r ;

220 }

221

222

223 int main ( int argc , char ∗ const argv [ ] )

224 {

225 c l o c k t s t a r t i n g = c lock ( ) ;

226 char c ;

227 s ta r t ingVa lue = 0 ;

228 space ∗ sp = new space (0 , 30) ;

229

230 //H1, H2, MU, B1 , B2 , P1 , P2 , LAMBDA1, LAMBDA2, DELTA, ALPHA

231 sp−>setParameters (2 , 1 , 1 , 20 , 10 , 8 , 4 , 0 . 85 , 0 . 4 , 0 . 6 , 0 . 0 5 ) ;

232 sp−>v i (1 ) ;

233 return 0 ;

234 }
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