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Abstract

Development of new technologies for precision torsion-balance experiments

Matthew D. Turner

Chair of the Supervisory Committee:
Professor Jens H. Gundlach

Department of Physics

Torsion balances were first used for precision measurements of physics centuries ago and continue to be
used to probe physical forces and test for new physics. Improving beyond current limits requires better
sensitivity and better ability to monitor or reduce unwanted systematic effects. This dissertation describes two
technologies developed to aid in these improvements. The first is an interferometric quasi-autocollimator—an
optical readout device inspired by quantum weak-value amplification and capable of an angular sensitivity of
10 picoradians per root hertz. The second is a gravity gradiometer torsion balance with a mass quadrupole that
can be changed in situ. This balance uses a wirelessly powered non-magnetic rotary actuator, also developed as

part of this work, which will enable additional approaches to systematics and torsion-balance science.






All kingdoms have a law given; And there are many kingdoms; for there is no space in the which there is no
kingdom; and there is no kingdom in which there is no space, either a greater or a lesser kingdom. And unto

every kingdom is given a law; and unto every law there are certain bounds also and condlitions.

And again, verily | say unto you, he hath given a law unto all things, by which they move in their times and their
seasons; And their courses are fixed, even the courses of the heavens and the earth, which comprehend the earth

and all the planets.

Unto what shall I liken these kingdoms, that ye may understand? Behold, all these are kingdoms, and any man

who hath seen any or the least of these hath seen God moving in his majesty and power.

—Doctrine and Covenants 88:36-38,42-43,46-47
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Chapter 1

Introduction

Both projects described in this thesis were motivated by considering ways to monitor the leading systematic
uncertainty in our equivalence principle tests: variations in the local gravitational gradient. To explain more, it

will be helpful to explain the nature of the gravitational gradient and methods of measurement.

1.1 Gravitational gradients

The gravitational gradient is a tensor field equivalent to the second spatial derivative of the gravitational potential,
or the gradient of each component of the gravitational field. Put in simpler terms, the gravitational gradient is
a measure of how much “down” or the acceleration due to gravity changes when you move from one point in

space to another nearby point. Expressed mathematically, the gravity gradient
r=veg=-veVvo,

where g is the gravitational field and @ the gravitational potential. Expressed in Cartesian coordinates, the gravity

gradient might naively be expected to have nine components, as
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However, because gravity is a conservative field that obeys Gauss’s law, the tensor is symmetric and, in free

space, traceless, resulting in five independent components:

[y rxy Iy
=Ty, Ty Ty
[y Iﬂyz I

with Ty + Ty, + Tz = 0. The fact that the tensor has five independent components can also be deduced
by identifying the gradient as a quadrupole field, in which case it can be described in terms of the spherical
harmonics I'p, T'21, and I'p, with I';; and I'y; being complex valued. We will mainly refer to the Cartesian

components, but conversion can be done using these relations [1]:
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The maximal diagonal-term gradient I';; and cross-term gradient I';; (i # j) from a point mass m at distance r are

T, =—6

T, = 2G3m (1.1)
r
and
3Gm
ii= 55 (1.2)

The gravitational gradient is a spatial derivative of an acceleration, and so has dimensions of acceleration per
distance, which is equivalently units of per time squared or of frequency squared. Rather than using units of 1/s
or Hz?, and since surveyed values are commonly on the order of 100 X 102 Hz* [2], a unit called the eotvos

(Eo here, also abbreviated E) has been defined to be equal to 1072 Hz>. For reference, the vertical gradient



Aay (fm/s?) Aaw (fm/s?)
residual gravity gradients 1.6+£0.2 03+1.7
tilt 1.2+£0.6 —0.2+0.7
magnetic 0.0+0.3 0.0+0.3
temperature gradients 00=+1.7 00=+1.7

Table 1.1: Systematics and uncertainties for northward and westward differential accelerations for a Be-Ti
pendulum. [4].

component I';; on the Earth’s surface is about 3 kEo, and the maximal cross-term gradient component (I'y,, 'y,
or I'y;) from a mass of 100 kg at a distance of 1 m is 10.0 Eo.

The gravitational gradient is the sum of the gradient from all surrounding matter, and thus is sensitive to
mass changes in the local environment. Changes in the water table or the level or nearby bodies of water are
a natural source of gradient variations. Due to the masses involved and the dependence on the cube of the
distance, cultural noise is less likely to be significant. A 20-ton bus would have to be brought within 12 meters
to produce a gradient change of 1 Eo, but nearby excavation or building projects have the potential to result in
larger changes. For example, a construction project near our laboratory has involved the excavation of ~10> m?

of soil at a distance of about 120 m from the lab [3], giving an expected gradient change of about 10 Eo.

1.2 Motivation

Our group’s NewWash experiment is at the limit of equivalence-principle violation tests conducted to date
and has the best limits on potential new Yukawa forces for distances up to 100 Mm. The sensitivity of this
experiment has been limited by statistical noise, but systematic uncertainties are close to the same magnitude,
with variations in the local gravity gradient being the leading term as shown in For this and earlier
equivalence principle experiments we have put estimated bounds on the variation in the gravitational gradient
by replacing the science pendulums with gradiometer pendulums, which are designed to have large gravitational
moments, and collected runs of data before and after science runs. The result from one such run, taken during
a week with significant rain, is shown in

Although the repurposing of our torsion balance setups as gradiometers has allowed for very precise mea-
surement of the local gravitational gradient, it does not allow for simultaneous monitoring of the gradient during

experimental runs. A separate standalone system is needed to do this, and this need was the initial motivation
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Figure 1.1: A measurement of the I';; gradient during a rainy week, from [5].

for the two parts of this work.

1.3 Gradiometry

The standard gravitational gradient unit is named after Lorand Eotvos, who pioneered the use of torsion balances
in measuring gravitational gradients and testing the equivalence principle. Describing his first gradiometer,

Eotvos said [6]:

It was just a simple, straight stick that | used as instrument, specially loaded at both ends, enclosed
into a metal sheath to protect it from the wind and temperature changes. Upon this stick every single
mass, be it near or far, exerts a directing force; but the wire upon which it hangs resists, and whilst
resisting it twists, with the degree of this twist showing us the exact magnitude of the forces acting
upon the stick. This is a Coulomb balance, and that is all there is to it. It is simple, like the flute of
Hamlet, you only have to know how to play on it, and just like the musician who can delight you
with splendid variations, the physicist can, on this balance, with no less delight determine the finest
variations of gravity. This way we can peer into such depth of the crust of the Earth, that neither our

eyes, nor our longest drills could reach.

As explained, the gradiometer consisted of a rod with weights at each end, which hung from a wire within a

protective casing. A horizontal gravity gradient (I'y, or I';y —I'y,) produces a torque on such an arrangement, and



the magnitude of the torque could be read out optically using a telescope to view the reflection of a fixed scale
seen in a mirror on the pendulum. Later verisons had one weight suspended from a wire below the pendulum
rod, which enabled the gradiometer to measure additional gradient components: T, and I';. These devices
demonstrated the utility of gravity gradiometry in geological surveys and were employed for oil and mineral
prospecting until supplanted by gravimeters and modern gradiometers.

In the past fifty years, new gradiometers have been developed for both prospecting and submarine navigation
[7]. (They are valuable for submarine navigation because they are completely passive —no signals are generated
that might be detected by an enemy.) These gradiometers consist of sets of paired accelerometers. Gradient
components are calculated by taking the difference between each pair and dividing by the distance between
them, so each pair must be carefully matched so that common-mode signals cancel out properly. Besides being
prohibitively expensive, commercial systems are not designed for long-term gradient monitoring and so are not
suitable for our application. Since our expertise is in torsion balances we chose to pursue a torsion-balance
based solution.

When measuring a varying value over time, naturally occuring instrument drift can be indistinguishable from
a drift in the value of interest. When the measurement is not expected to vary, instrument drift is simply a source
of noise. Modulation provides a way around this —instrument drift will stay at low frequency, while variations in
the measured value get upconverted to a higher frequency with the modulation. Our group has employed a few
methods to produce a modulated signal in torsion balance measurements. For experiments which measure the
torque on a torsion pendulum due to a source mass, we have either rotated a source mass [8, 9]] or repositioned
it linearly [10]. For our experiments that use natural objects, such as landscape features or astronomical bodies,
as source masses, controlling the position of the source mass is not feasible, so we instead modulate its effect
on the torsion pendulum by rotating the entire torsion balance [4}, |5]..

We initially investigated the feasibility of rotating a gradiometer torsion balance faster than the swing frequency
of the pendulum. Torsion balance readout at frequencies above the torsional oscillation frequency require higher
readout sensitivity due to the response drop-off above resonance. This drove an angular readout requirement
of 10 prad/VHz at 10 Hz. Although we determined that this approach was not feasible due to instability of a
rotating pendulum when surrounded by rotating objects [[11], we were able to meet this readout requirement
with the development of a new device described in describes a second approach with a new method

of modulation: repositioning components of the torsion pendulum in situ.






Part I

An interferometric quasi-autocollimator



Chapter 2

Angular sensing

The ability to measure small angular deflections quickly, precisely, and accurately is important in many fields of
experimental physics. In the Eot-Wash experimental gravity group at the University of Washington, our torsion
balance experiments depend upon our ability to measure minuscule angular deflections [4, [12].

The simplest form of light-based angular readout might be an optical lever, as shown in (13].
Collimated light is reflected off of a target mirror and onto a position-sensitive detector (PSD). Gain is proportional
to the distance between the target and the detector (Ax = 20I). The optical lever is sensitive to displacements
of the target: if the incident light is not normal to the mirror in the plane of interest, then the beam spot will
move on the detector if the target moves perpendicular to its surface, with Ax = 20Ay. For lever length I, this
corresponds to an effective angular measurement error of A6 = OAy/I.

Most of our group’s balances make use of an optical autocollimator, which collimates the light from a point
source, reflects it one or more times off of a target mirror, and then focuses the light onto a position-sensitive
photodetector using the original collimating lens as shown in By placing the light source and detector

in the focal plane of the lens (with the assistance of a beamsplitter), a conversion between transverse position-

-]

Figure 2.1: Schematic diagram of an optical lever. A collimated beam of light is reflected off of the target and
onto a position-sensitive detector (PSD).



(-

Figure 2.2: Schematic diagram of an autocollimator. Light from a pinhole is collimated, reflected off of the target,
and focused onto a position-sensitive detector (PSD).

-~

and momentum-space is made. An angular deflection of the target mirror results in a change in the transverse
momentum of the returning light, which is converted to a transverse displacement of the beam spot on the
detector. A longitudinal displacement of the target mirror could result in a change in the position of the returning
light on the lens, but this would be converted to a change in the transverse momentum of the light incident
on the detector and not on the position of the focused beam spot, making the autocollimator insensitive to
displacements of the target. Using the same lens for collimation and focusing (hence the “auto-") reduces the
effect of optical aberrations from the lens, and because the beam is spread out for reflection off of the target,
imperfections in its surface can be effectively averaged away. Our group’s best standard autocollimators have a
sensitivity of ~ 4 nrad/VHz . Amplification of the signal can be increased by using longer focal length lenses, at

the cost of a larger system size, or by repeated reflections off of the target.

Angular deflection measurements can also be made by interferometric setups, which compare the length of
two different optical paths by recombining coherent light that has been sent along each path and measuring the
intensity of the resulting interference. These are inherently differential measurements, requiring a comparison
either between two points on the target or between the target and a fixed reference. Using two points on
the target cancels out common-mode displacements. Instability in the light source can introduce noise, as the
difference in path length is measured in wavelengths. Although the range over which interference will occur is
limited only by the coherence length of the light, the absolute path length difference is only known modulo a
half-wavelength. To achieve a dynamic range larger than this, peak/trough crossings can be tracked or a second

system can be used to provide extra information.

For any of these devices, systems limited by instrument noise can be improved by using a number of
measurement devices in parallel, with the noise dropping with the square root of the number of devices. In
the case of an autocollimator this can be done using a one- or two-dimensional array of light sources that are

imaged onto a detector capable of resolving each beam spot, as reported by Cowsik et al. [14]. A multi-slit



autocollimator developed by our group has demonstrated sensitivities below 1 nrad/VHz [15].

An investigation into the feasiblity of rotating a torsion pendulum about its fiber axis at a frequency much
higher than its natural frequency led to interest in developing a device with a sensitivity better than 10 prad/VHz.
Although other limitations precluded the development of this rotating torsion balance, we were able to develop
a device that did meet this sensitivity requirement. The device is based upon the work of John Howell’s group

at Rochester [[16+18]], which was in turn inspired by the concept of weak-value amplification.

10



Chapter 3

Weak-value amplification

Weak-value amplification (WVA) is a quantum effect first posited by Aharanov et al. in 1988 [[19]. Using this
phenomenon the value of a measurement can be effectively amplified by proper preselection and postselection

of the ensemble of particles used to make the measurement.

As an introductory example, consider a beam of spin-1/2 particles traveling in y that have been preselected
to have spin up (= +1/2) in the z basis. The particles are later separated according to their spin in the x basis
and those with spin up (= +1/2) are kept or postselected. For this remaining ensemble, their initial spin was up
in z and their final spin was up in x. If nothing interacted with the particles between the preselection and the
postselection, then the spin during that time will not have changed. Thus, for the intermediate time, one might
say that the value of the particles’ spin is both +1/2 when projected into z and +1/2 when projected into x. This
would suggest that the spin has a value of V2/2 directed at 45° between the x- and z-axes. Obviously this is
a non-physical conclusion, and in fact was made with the assumption that no interaction with (and hence no

observation of) the particles’ spin was made during this intermediate time.

Now suppose that an interaction with an outside system is added between the preselection and postselection,
causing a transverse displacement (Ar) of the particles proportional to their spin as measured 45 degrees between
x and z. The initial uncertainty in the x-z position of the electrons (e.g. the beam width ¢,) sets a scale for
which this interaction may be considered small or weak: Ar <« g,. If the interaction is weak, then the effect of
the interaction on the transverse position is much smaller than the initial uncertainty and the interaction does
not disturb the spin of the particles. This also means that no information about the interaction is available by
looking at a single particle. However, when the position of a sufficiently large number of particles (Ny > o%/Ar?)

is averaged, the shift in position can be resolved and will be found to correspond to a spin of V2/2 (surprisingly,

11



given that the spin of a spin-1/2 particle was being measured). Given that the actual magnitude of the spin is
known, this could also be considered as an amplification of the interaction.

In the given example the gain is quite small—only V2 larger than what would be gained by measuring
without the pre- and postselection. The more orthogonal the initial and final states are made to be, however, the
greater the gain. If the postselected state was chosen to be much closer to spin down (=—1/2) in the z basis, the
magnitude of the intermediate backprojected spin must have a value much larger than 1/2, giving an amplification
factor much larger than 1. In fact, as the postselected spin approaches —1/2 in the z basis, the amplification will
approach infinity. This amplification comes at a cost, however, as the number of particles that make it through
the postselection will drop. Given some number of incoming particles Ny and an amplification factor A, where
A =1 for the case where the initial and final selection states are the same, the number making it through the
postselection Ny = Np/A?, a general result for WVA. With the resulting displacement Ar = AAr, the number
of postselected particles necessary to resolve the displacement is Ny = 62/(AArg)?, giving a required incoming
number of Ny = AZNf = af/Aré. In other words, the quantum limit of the measurement is independent of the
amplification factor —quantum noise cannot be overcome. As will be shown later, however, this amplification
does have benefits in systems that are not quantum limited.

In general terms, a weak-value measurement consists of a preselection of a certain quantum state; an
interaction with the system to be measured, which entangles the state of the particles with one of their continuous
degrees of freedom; and a postselection on a different state. The measurement is made “weak” by requiring
that the direct result of each interaction, as measured in the continuous degree of freedom, be smaller than the
uncertainty in that degree of freedom. By making the preselection and postselection states nearly orthogonal,
the effect of the interaction, as observed in the selected degree of freedom after postselection, can be greatly
amplified. As already stated, this amplification comes at the cost of a decreased sample size: the number of
postselected particles is inversely proportional to the square of the amplification factor.

Since its proposal, WVA has been highly controversial, and continued work by Aharanov et al. still leads to
argument [20]. However, experimental realization of weak-value amplification was demonstrated by Ritchie et
al. in 1991 [21], and has since been used in a number of demonstrations and experiments, including the first
measurement of the photonic spin Hall effect [22} [23]. It was also the basis for the development of an optical

setup highly sensitive to mirror rotations, which will be discussed in the next chapter.

12



Chapter 4

The Rochester device

A paper by Dixon et al. from John Howell’s group at the University of Rochester describes a device that uses
weak-value amplification to measure angular deflection [16]. Their device, subsequently referred to as the
Rochester design, is based on a Sagnac interferometer.

In a free-space Sagnac interferometer, collimated light is directed into a beamsplitter. The beamsplitter
splits the light into two beams traveling the same circuit, which is formed by a set of mirrors, but in opposite
directions. After completing their circuits the two beams are recombined at the original beamsplitter. (A three-
mirror example design is shown schematically in ) For a perfectly aligned setup this would result in
total constructive interference in the direction from which the beam entered (the “light port”) and total destructive
interference in the other exit direction (the “dark port”). Sagnac interferometers can also be constructed using
fiber optics or a ring-shaped lasing medium.

The Rochester design, shown schematically in uses a free-space Sagnac geometry with an inten-
tional phase offset introduced between the two paths. This phase offset is produced either by the combination
of a half-wave plate and a Soliel-Babinet compensator or by a small out-of-plane deflection of one of the mirrors
(see [17]) and allows some light to exit via the dark port. Interference between the beams causes sufficiently
small in-plane deflections of the target (or, in fact, any of the mirrors) to result in movement of the beam spot
at the dark port, with the movement of the spot being proportional to the deflection of the target and inversely
proportional to the square root of the fraction of light exiting the dark port.

Put in our earlier WVA terms, photons are the particles used to make the measurement. The photons
are directed into the Sagnac interferometer, where the selection basis consists of the two paths available to

the photons. The preselected state is a superposition of the two paths, and the observed degree of freedom

13
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Figure 4.1: Schematic diagram of a Sagnac autocollimator. A beam of light is sent in opposite directions around
the same path by means of a beamsplitter. Perfect alignment would result in total constructive interference of
the light exiting in the direction of the light source (the “light port”) and total destructive interference at the
remaining side of the beamsplitter (the “dark port”).

Pol.

: HWP

SRR
SBC
Figure 4.2: Schematic diagram of the Rochester device. A phase offset between the two paths allows some light

to exit the dark port. In-plane rotations of any mirror causes a shift of the position of the beam spot at the dark
port.



is the transverse momentum of the photons in the plane of the interferometer. The postselection is done
by recombining the beams at the dark port of the beamsplitter, with the postselected state determined by
the phase difference between the light traveling the two paths. For in-plane mirror deflections resulting in a
change in transverse momentum smaller than the transverse momentum uncertainty, weak-value amplification
results in proportional displacements of the beam spot at the dark port. As in the case of an autocollimator, a
conversion between momentum-space and position-space occurs, but here comes about because the weak-value
amplification factor is imaginary. The magnitude and sign of the amplification factor can be adjusted by varying
the phase offset of the two paths.

The Rochester design offers the same intrinsic quantum noise (i.e. photon shot noise) limit as an autocollima-
tor, as explained by Starling et al. [17]]. However, it has certain advantages when compared to an autocollimator.
Both an autocollimator and the Rochester design have an enhanced signal-to-quantum-noise ratio when com-
pared with a simple beam-deflection setup with the same collimated beam diameter. The ratio improves in an
autocollimator because focusing the beam onto the detector reduces the position uncertainity or quantum noise.
In the the case of the Rochester device, the ratio improves because the signal is larger, which also improves the
ratio of the signal to technical (e.g. electronic or digitization) noise. Another advantage is that the design is size
independent—the amplification factor and sensitivity do not depend on the size of the setup or the focal length of
afocusing lens. Additionally, the number of photons incident on the detector for a given signal-to-quantum-noise
ratio is lower compared to that of an autocollimator, allowing for the use of low-saturation-intensity detectors.
It should also be noted that a Michelson interferometer has the same intrinsic quantum noise limit as an auto-
collimator and the Rochester design [24]. Compared to a Michelson interferometer, the Rochester design and
autocollimators are less sensitive to optical-path-length fluctuation and have the possible advantage of making a
position-based, rather than intensity-based, measurement.

Besides being free to rotate about the axis of the torsion fiber, torsion balances also swing. If the Rochester
setup were used to monitor a torsion balance, displacements normal to the mirror surface would result in equal
displacements (multiplied by V2) of the laser spot on the detector, as shown in Such displacements
would be indistinguishable from rotation of the pendulum. Despite the implementation of swing-damping
techniques, our torsion pendulums have displacement noise amplitudes of about 5 pm, which would limit angular

detection using the Rochester setup to sensitivities well above those available with our existing autocollimators.
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Figure 4.3: Schematic diagram of the effect of longitudinal displacement of the target mirror in the Rochester
device.



Chapter 5

The IQuUAC

To make the benefits of the Rochester device available for use in an autocollimator replacement, we have
developed an angle-measuring device designed to be insensitive to translations and out-of-plane displacements
of the target mirror. We refer to this device as an interferometric quasi-autocollimator (iQuAC). In order for the
device to be insensitive to target displacements, the laser beams incident on the target must be approximately
normal to the reflecting surface. This requires an extra degree of freedom by which the two paths of the Rochester

design can be distinguished, which is provided by manipulating the polarization of the beams.

In one form of our design, shown in the light passes through a polarizer and into a 50/50 beam
splitter. The reflected light then reflects off two mirrors and passes through a half-wave plate, which rotates
the polarization by 90 degrees, allowing it to pass through a polarizing beam splitter. It then passes through
a quarter-wave plate, reflects off the target mirror at normal incidence, and returns through the quarter-wave
plate. The two passes through the quarter-wave plate rotate the polarization by another 90 degrees, causing the
light to reflect off the polarizing beam splitter. The light then is reflected by three mirrors and is returned to the
50/50 beam splitter. Light that initially passes through the 50/50 beam splitter follows the same path in reverse.
An intentional slight out-of-plane misalignment of one of the non-target mirrors allows for some light to exit the
nominally dark port of the interferometer due to the resulting difference in path lengths. An in-plane rotation
of the target results in a displacement of the beam spot at the dark port, and the magnitude of the out-of-plane
misalignment controls the weak-value amplification factor of the displacement. The mirror arrangement in the
interferometer is such that the two paths between the two beam splitters are of equal length, fixing the target
in the center of both paths between the light and dark ports and mitigating the effects of out-of-plane angular

displacements of the target. For the weak-value amplification to occur, the number of reflections in each path
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Figure 5.1: Schematic diagram of one form of the interferometric quasi-autocollimator (iQUAC).

must be such that one path has an even number of reflections after the target and the other has an odd number,
resulting in the light from the two paths having opposite in-plane transverse momentum due to reflections off the
target when exiting the dark port. This requirement precludes the use of a more symmetric arrangement, such
as removing the dogleg and placing the polarizing beam splitter and non-polarizing beam splitter at opposite
corners of a simple rectangle.

We constructed an iQUAC setup using a 10-mW, 660-nm diode laser (QPhotonics QFLD-660-10S) con-
nected via a single-mode fiber to a 3.4-mm diameter collimator (Thorlabs F280FC-B), standard optics, and a
5-mm position-sensitive photodetector (OSI Optoelectronics SL5-1), shown in The signal from the
photodetector was amplified, low-passed, and then digitized and read using a data-acquisition board. A piezo-
electric disk (Piezo Kinetics ND 0.205-0.000-0.080-502) connected to a signal generator was used to generate
in-plane angular displacements of one of the mirrors. It was calibrated by removing the 50/50 beam splitter and
making a simple beam-deflection measurement. A 2-Hz sine-wave voltage signal was applied to the piezoelectric
disk and used as a calibration signal to determine the weak-value amplification factor.

A noise plot from the setup is shown in We observe a noise floor of less than 10 prad/vHz in
the 10-200 Hz band. Below 10 Hz 1/ f noise dominates and above 200 Hz acoustic pickup increases. This noise
floor was only achieved by enclosing the setup in a polystyrene box and suspending the optical breadboard from

three points by approximately 150 rubber bands (Alliance 117B), as shown in
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Figure 5.2: A photograph of the iQUAC prototype.
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Figure 5.3: A plot of the noise floor of an implemented iQUAC setup. A 620-prad calibration signal is visible at
2 Hz. A weak-value amplification factor of 60, as compared to a beam-deflection measurement, was measured
for this data.
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Figure 5.4: The setup used to isolate the iQUAC demonstrator from seismic and acoustic noise sources.



Chapter 6

Conceptual derivation

Howell et al. have provided the mathematical quantum-mechanical and classical derivation of the weak-value
amplification scheme used by both the Rochester design and our design [[18]. The classical description can also

be explained in conceptual terms.

Suppose a spatially-uniform coherent source is directed into the interferometer. If the system were to be
exactly aligned with zero phase offset between the two paths, complete destructive interference would occur at
the dark port. If the target were to be rotated in plane, a series of equally spaced fringes, oriented perpendicular
to the plane of the apparatus, would appear due to the opposite transverse momenta of the two beams. The
center point would have zero intensity, and the fringe spacing would be inversely proportional to the angle of
the target. The introduction of a phase offset between the two paths would result in the fringe pattern being
displaced by the same phase, regardless of the fringe spacing (or angle of the target), so that the intensity of the
center point is the same for any angular displacement of the target. A representation of these fringes is shown
in Figare 6.1}

Now suppose that a source with a Gaussian profile is used. The fringe pattern would still be present but
would be multiplied by the beam profile. For sufficiently small angular deflections, the fringe spacing would
be large compared to the width of the beam, and the fringe pattern in the region of the beam spot could be
approximated by a linear function. A linear function of a small slope multiplied by a zero-centered Gaussian is

approximately equal to a Gaussian of equal width that has been translated by some distance, i.e. for bo < a,

- (x - bo? /a)2

(a+ bx)exp [—x2 / (202)] ~ aexp o
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Figure 6.1: Two simulated images and horizontal intensity profiles for plane-wave interference at the dark port
with a deflection angle of 200 prad and phase offsets of 0 and /2. The interference pattern shifts by twice the
phase offset.
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Figure 6.2: A series of simulated images and horizontal intensity profiles of the dark port output for a constant
phase offset of ¢ = 0.01 and decreasing deflection angle O (left to right, top to bottom). The intensity axis is
rescaled to accomodate the 40,000-fold decrease in peak intensity from the first plot to the last.



For sufficiently wide fringe spacing (or small angular deflections), the fringe pattern in the region of the Gaussian

can be approximated by the linear function
sin®(¢p/2) — 2koO(sin ¢)x,

where ¢ is the phase offset, ky the wave number, 6 the angular deflection of the target, and x the transverse

position. Replacing the values in [Equation 6.1|and approximating for small values of ¢ gives a translation of

8koa?0/¢. This result corresponds to an amplification, as compared to a simple beam-deflection setup with
target-detector separation Iy, of 4kyo?/ (¢ It4), and matches the result of Howell et al. A representation of the

multiplication of a changing fringe pattern with a Gaussian profile is shown in
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Appendix A

Exact derivation

Dixon et al. have introduced a method to make interferometric weak-value measurements of optical beam
deflections [16]. The quantum mechanical descriptions given by both their original and later papers make use
of approximations to derive the final observable [18]. It is also possible to obtain the value of interest without

the use of approximations while maintaining a quantum mechanical description.

The description presented by Dixon et al. begins with the state

W) = fdx Y(x)|x) exp(—ixAk)|v;) (AT)

where x is the transverse position, {(x) is the initial position wave function, k is the momentum shift given by
the mirror, A the system operator [O)(O] — [O) ), and [1);) the system state [;) = (ie’?/2|O) + e~ @/2[0Y)/ V2.
The states |O) and |O) represent the which-path information. From this point the referenced papers expand the
exponential to first order in k, which allows the system operator to act directly on the state |¢;). The final system

state [(r) = (|O) +1O))/ V2 is then applied, and the result is factored and reexponentiated to obtain

(gbfl\lf) = (1/)f|1/)i> fdx P(x)|x) exp(—ixAqyk), (A.2)

where the weak value A, = (l/)f|A|1[)1>/<1/Jf|l/1i>. This technique does have the benefit of clearly displaying the
weak-value amplification effect by replacing A with the weak value, but the result is not the exact solution, as

confirmed by comparison with the classical derivation in [18].

The expansion of the exponential was likely prompted by the existence of an operator in the exponent. Let
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us now consider the full expansion of the exponential,

- zxAk)” o~ XA iPARKe
exp(— 1xAk) = Z =1-ixAk — > + R (A.3)

For notational simplicity, we choose to now represent the which-path information in matrix form. We choose

the representation

1 0
|O) = and |O) =] |, (A.4)
0 1
which results in
- |1 o0
A= . (A.5)
0 -1

One may now recognize that A> = I, where [ is the identity matrix (as is the case with the Pauli matrices). By

replacing even powers of A with [ and odd powers with A, the above expansion is simplified:

exp(— ixAk) = — ikxA - ?f+ @A.
n=0, even n=1, odd
=[ cos(—kx) + iA sin(—kx) (A.6)
=[ cos(kx) — iA sin(kx)
B cos(kx) + i sin(kx) 0
B 0 cos(kx) — i sin(kx)
) R
o |

Note that the series expansion used here, which serves to elucidate the mathematics, is not truncated: no

approximations have been made.

The final state ({/|W) can be now be found by inserting the simplified exponential, as well as the vector

forms of the initial and final system states,

i/2

wy= 2| | and = 2|
)=— an =— |
V2 e / V21
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into[Equation A.1} giving
(Yrl¥) :(z,bflfdx P(x)lx) exp(—ixAk)[p;)
Z%(l ) f dx Y()k) e; eok]%[j:/;]
=% f dx P(x)|) (1 —z)[jz/::J (A.8)

:% fdx 1)l}(x)pC) (iei((p/2+kx) _ ie—i((])/2+kx))

=— fdx P(x)|x) sin(¢p/2 + kx).

It should be noted that this result is equivalent to that obtained by the classical treatment in [18].

Given this simplification, the position expectation

o J AWl )W)
[ dx(WIp ) (sl W)

(A.9)

can be calculated exactly for certain beam profiles. For the case of a Gaussian profile, where 1(x) = exp(—x?/(40?)),
the integrals are known, and the expectation value is found to be

2ko? sin ¢

exp(2k202) — cos ¢ (A-10)

(XGaussian) =

To compare this solution with the approximate result of the original papers, we expand to first order in k and

second order in ¢, giving
2ka*p  4ko?

1_1+¢2/2— e (A11)

<xGaussian > ~
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Chapter 7

Pendulum and actuator development

The objective of this work was to develop a low-drift gravity gradiometer. Although a gravity gradiometer was
the initial goal, undertaking this work also led to the first known demonstration of a torsion pendulum with
actuated components in which a property of the pendulum could be adjusted in situ. Included in this was the
development of a non-magnetic wirelessly powered rotary actuator

The basic idea of this project was to create a torsion pendulum with a quadrupole mass distribution that can
be rotated about an axis perpendicular to the torsion fiber without mechanical interaction with the pendulum.
Allowing for the mass arrangement to be put in at least 8 different positions, as shown in would allow
for measurements of both the xy and xz components of the gravity gradient and cancellation of any potential
effects linked to the full rotation cycle, such as a changing center of mass or magnetic torques.

The only component of the proposed system that presented any new challenges was the actuator. Beyond
the basic capability of rotating the mass arrangement, two criteria for the actuator needed to be met. First, the
actuator must be able to be wirelessly powered or driven for a long (>1 month) period of time by an on-board
battery. Opening a torsion balance’s vacuum chamber and interacting with the pendulum comes with time and
material costs as well as risks, such as the possibilities of breaking the fiber or damaging the vacuum seals.

Second, the mass configuration must be precisely positionable.

7.1 Early iterations

The initial approach to the problem of rotating weights on the pendulum involved tests with two different DC

motors. The first motor was a 6-V DC gearmotor with a 297.92:1 gear ratio (Pololu item #994). This gearbox
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Figure 7.1: The initial concept for an active-mass gravity gradiometer pendulum showing the rotation of two
masses on a wheel attached to a torsion pendulum. The masses are shown in different color simply to aid in
tracking their positions for a full 360° cycle.

was directly connected to a wheel cut from aluminum sheet. We powered the motor by a capacitor recharged
by an on-board button-cell battery and triggered motion by shining a light on a photodiode. The pendulum is
shown in Even before testing its suitability as a torsion balance, the system exhibited two problems:
large disturbances in the “wobble” mode due to the change in angular momentum of the wheel and difficulties

in driving the wheel to the desired location.

The problem of the disturbances was resolved by switching to a slightly different motor unit that has an
extended shaft on the motor extending out the opposite side of the gear box, presumably for use with a
rotational encoder (Pololu item #2218). Fortuitously, the gear box had an odd number of gears, so this shaft
turned in the opposite direction as the gearbox output. We designed a small aluminum reaction wheel such that
the ratio of its moment of inertia to that of the primary wheel matched the gear reduction ratio and attached
it to the extended shaft as shown in This arrangement mostly canceled out the change in angular
momentum of the pendulum inherent in starting and stopping the wheel, reducing the disturbances that were
previously observed by an order of magnitude. Backlash in the gearbox prevented a total elimination of the

disturbances.

The difficulty in positioning the wheel was somewhat resolved by cutting semicircular notches into the wheel

and attaching a roller-lever snap-action switch to the pendulum body, with the roller pressing against the outside
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Figure 7.2: A CAD rendering of an early prototype using a DC gear motor.

Figure 7.3: A CAD rendering of an early prototype with a reaction wheel attached the the motor’s shaft. The
reaction wheel, which turns in the opposite direction of the main wheel attached to the gearbox output, serves
to cancel out the change in angular momentum when starting and stopping the main wheel.



Figure 7.4: A CAD rendering of the second-phase prototype with a custom-built gearbox driven by a 3.2 mm
DC motor. The gearbox top plate and wheel shield are not shown.

edge of the wheel. The compression of the spring was adjusted such that the motor’s torque was sufficient to
drive the roller out of the notch. After an initial pulse, the motor would be turned off and the wheel allowed
to coast to the next position, where the roller was pressed into the notch by its spring, stopping the wheel.
Once this system was put into a vacuum chamber and its behavior observed, however, it became apparent that
the pendulum’s changing magnetic dipole, due to the rotation of the motor’s rotor, would preclude its use for
gradiometry. (Although the magnetic nature of the motor made it unsuitable for this application, it did make
feedback quite simple: a large spool of wire was placed outside the chamber, which when driven by the DAQ

produced a magnetic field capable of controlling the pendulum’s position.)

The magnetic dipole on the pendulum was reduced by replacing the first motor and off-the-shelf gearbox
with atiny (3.2 mm x 8 mm) coreless DC electric motor (Shicoh F7) and a custom-built 668.25:1 gearbox, with
the last gear being the pendulum wheel, as shown in This arrangement was wirelessly powered by
an induction coil arrangement, with a rectifying diode in series with the coil and a smoothing capacitor in parallel
with the motor. (Without the capacitor the motor would not turn.) However, despite the motor being coreless
and the permanent magnets being very small, variations in the local magnetic field were still strong enough
to cause noise above acceptable levels. We then imposed a third criteria for the actuator: that it be entirely
non-magnetic. Since standard batteries have steel or nickel components, this narrowed our earlier criteria to

require that the mechanism be wirelessly powered.
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Other actuator options were considered but not tested in depth. Various types of piezoelectric-based
actuators are available. The most promising might have been the rotary piezo stages made by PCBMotor, but the
challenges associated with providing the high-voltage power required by piezos to the pendulum discouraged
any useful investigation. Other types of piezo motors are available but also require high-voltage power and are
typically very expensive or have steel components. Another option considered was a coreless universal electric
motor, which uses coils instead of permanent magnets on both the rotor and the stator. No suitably small or
coreless off-the-shelf models were found. Even if one had been available, the efficiency may have been too low
to make it practical for this application, as heating of the pendulum later turned out to be a possible limiting

factor.

7.2 New rotary actuator

A brief investigation of the possibility of driving a linear-to-rotary conversion mechanism with a dual-coil solenoid
actuator (analogous to a universal motor) led to the identification and development of such a mechanism, the

discovery of a more suitable linear actuator, and a final demonstrator pendulum.

7.2.1 Basic mechanism and wheel

The idea of using a solenoid as the prime mover led to a search for a suitable linear-to-rotary conversion
mechanism. A crude mechanism, developed for use in a hobbyist 3D printer and pictured in was
discovered and adapted for use in this application by increasing the step resolution and making other minor
modifications described later. Initial prototyping was done in laser-cut acrylic. Later prototypes and the final

version were milled from aluminum.

The functional part of the wheel is an irregularly-shaped circular groove, shown in which has
offset valleys in the inner and outer walls. A pin is seated into the groove, oriented perpendicularly to the wheel
surface. Movement of the pin towards the center of the wheel while contacting the inner wall of the groove
causes the wheel to rotate until the pin reaches an inner valley, and movement of the pin away from the center
moves the wheel until the pin is in an outer valley. The valleys are offset so that movement of the pin from an
outer valley to an inner, or vice versa, always causes the wheel to rotate in the same direction. shows

the movement of the pin from the wheel’s frame of reference.
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Figure 7.5: A frame from the video providing the inspiration for the rotary actuator [25].

Figure 7.6: A 1:1-scale sketch of the final wheel design showing the groove used for drive and indexing.

Figure 7.7: 4:1-scale diagram of the movement of the actuator pin from the wheel frame of reference. Starting in
an outer valley, the pin moves inward until it contacts the inner wall of the groove. It continues to move inward,
rotating the wheel. After a set distance, the pin moves outward until it contacts the outer wall and forces further
rotation, completing a single cycle.



Property Value
product name Flexinol 150LT Muscle Wire
supplier Dynalloy Inc.
diameter 150 pm
recommended loading force 3.15N

lifetime 100,000 cycles
nominal transition temperature 70°C
contraction against bias spring 3%

Table 7.1: Specifications of the Nitinol wire used in the pendulum nitispec

7.2.2 Nitinol

Although the development of our linear-to-rotary mechanism was prompted by the idea of using a two-coil
solenoid, we quickly identified a more suitable linear actuator. Nitinol, a nickel-titanium alloy, is acommon shape-
memory alloy (SMA) that is used in a number of industrial and consumer applications [26]. SMAs are materials
that can be deformed and then restored to an original shape by heating through a crystalline phase transition.
In some applications, such as eyeglass frames, the transition temperature is set through the alloy composition
to be below standard ambient temperatures, so that the material returns to the original state immediately. For
actuators the transition temperature is chosen to be higher than expected ambient temperatures so that the
action can be initiated by heating the material. In addition to recovering from deformations, the material can
also recover from small elongations, which is the mode used in our actuator. Off-the-shelf linear actuators using
Nitinol are available (such as the Miga NanoMuscle), which employ a mechanical advantage to amplify small
contractions, but in our pendulum these features are not necessary: a single length of Nitinol wire and a bias

spring are sufficient to convert the rotary mechanism into an electrically powered actuator. The specifications of

the wire used in the actuator are given in|Table 7.1

7.3 Final assembly

The final pendulum assembly, as shown in is based around the aluminum chassis, which is a long
aluminum bar with a bored channel passing lengthwise through roughly half its length, a narrower cross-section
for the other half, and mounting points for the Nitinol wire, the wheel, and two end plates. The Nitinol wire is

held by nuts on two screws at the narrower end of the chassis. These screws pass through oversized holes in the
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Figure 7.8: A photograph of the final pendulum.

chassis, are wrapped with polyimide sheet within the holes, and have nylon washers immediately outside the
holes to electrically isolate their heads and attached nuts from the chassis. The screws also serve as connection
points between the terminals of the inductive coil and the Nitinol wire. A short acetal tube (the slider) sits in the
bored channel, where it is free to slide. A titanium pin passes through a pair of oppositely placed holes in the
tube. The holes were drilled undersized and slit by a small distance parallel to the cylinder axis to give a tight
fit on the pin. One side of the pin passes through a slot in the body, which prevents the rotation of the slider
within the channel and allows the pin to seat into the groove of the wheel. The axle of the wheel is formed by
a brass screw protruding perpendicularly from the chassis, which holds a brass bushing about which the wheel
turns. The bias force for the Nitinol is provided by a brass compression spring held within the bored channel
between the slider and a spacer at the end of the bore. The Nitinol wire passes through the spring and bore of

the slider and is folded in half about the pin.

The changing gravitational quadrupole of the pendulum is provided by two weights made from brass hex
stock and weighing 62 g each. Pan-headed screws passing through countersunk holes in the weights and into
tapped holes in the wheel fix the weights into well-defined positions 180° apart. The effective radius of gyration

of the weights about the wheel axle is 34 mm.

Two end plates are attached to the top and bottom of the pendulum body by brass screws passing through
slots in the plates into tapped and vented holes. The torsion fiber is attached to the top plate and the secondary

coil of the inductive power supply is attached to the bottom. These plates allow the fiber position and coil
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position to be adjusted to accommodate changes in the wheel and weights during development. Adjustment is

necessary to allow for the pendulum to hang vertically and for the coil to be positioned along the fiber axis.
Other pendulum features include a gold-coated glass mirror epoxied to the pendulum body for autocollimator

readout and an aluminum shield plate, which is held by the wheel axle and serves as the surface on which the

potential difference of the feedback electrode exerts a force.
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Chapter 8

Complete apparatus

This chapter will cover the hardware and software involved in measuring and controlling the behavior of the
pendulum, including readout and feedback on its torsional mode and rotation of the actuator. We identify a

number of modifications that could be made to improve the performance and reduce the cost of this instrument

i Chapter 1]

8.1 Hardware

The hardware consists of both the mechanical structure surrounding and supporting the pendulum and the
control system, which includes an autocollimator and camera for input and the feedback electrode, power
coil, and “anticoil” for output. Data acquisition and instrument control is done primarily through a National

Instruments USB-6211 card and managed by a custom LabVIEW program documented in [section 8.2}

8.1.1 Structure

The system is housed in a stainless-steel bell jar. A custom aluminum breadboard was fabricated to mount on
existing points and provide access to the necessary electrical and mechanical feedthroughs. A post supports
a plate holding three enmeshed gears with axles that seat into holes in the plate. The first gear is securely
connected via a rod to a rotary feedthrough in the baseplate of the vacuum vessel. The torsion fiber is connected
to the last gear. This setup, a “phi-top” in our group’s vernacular and shown in allows for manual

adjustment of the pretorque angle of the pendulum.
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Figure 8.1: A photograph of the top of the pendulum stand showing the phi-top assembly, swing damper,
pre-hanger, upper slug, and the upper clamping screw of the main fiber.

8.1.2 Torsion fiber

The torsion fiber consists of three separate tungsten fibers connected in series. As with our other experiments, the
initial connection to the phi-top is made with a “pre-hanger”, a short fiber of thicker diameter that serves to isolate
the main fiber from tilts. Our group has previously found that using a larger diameter fiber at the uppermost
connection point reduces the magnitude of tilt-twist coupling due to fiber eccentricity . In addition, since
this is our first pendulum with active masses, it is also our first torsion balance with a “post-hanger”, which

serves to isolate the main fiber from changes in the center of mass of the pendulum. The relevant properties of

these fibers are given in

The pre- and post-hangers are connected to the main fiber by copper and aluminum slugs into which the fiber
screws connect. The upper slug sits within a magnet arrangement, shown in to provide eddy-current
damping of swing. The lower slug serves as a thermal sink to smooth the spread of heat from the pendulum into

the main fiber.

The pre- and post-hanger use our group’s standard fiber screws and crimp tubes, but the grip provided by
the crimp tubes on the smaller diameter main fiber was not reliable in supporting the weight of the pendulum.

The main fiber instead uses the clamping screws shown in which consist of a small aluminum block
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Figure 8.2: A photograph of one of the clamping screws for the main fiber.

Fiber Diameter Length Spring constant
Pre-hanger | 76pm 10.9cm 4.7x10"®*Nm/rad
Main fiber 41 pm 24.8cm 1.7x 107" Nm/rad

Post-hanger | 76pum 3.7cm 1.4 x 107> N m/rad

Total - 8 cm 1.6 X 107" N m/rad

(including slugs and screws)

Table 8.1: Torsion fiber properties

with two set screws —one extending from the block for connection to the slugs and one for clamping the fiber.
The fiber is sheathed and centered inside the clamp by a short length of small-diameter copper tubing. (The

tubing is available at low cost as EDM electrode material.)

8.1.3 Control system
Autocollimator

Angular readout of the torsional mode of the pendulum is done using a simple autocollimator (see|chapter 2). We
constructed the autocollimator from off-the-shelf optical and optomechanical components, including a convex
lens, three beam tubes, a cube-mounted beamsplitter, and optical mounting posts. The light source is a 532-nm
laser diode powered by a current-regulated circuit and located behind a pinhole. After reflecting off a mirror
on the pendulum the light is refocused onto a position-sensitive detector (Edmund Scientific 58-283). Although
this particular detector is designed for 2D operation, we ganged together the top and bottom leads on each side
to reduce it to a 1D detector and simplify vertical alignment. The current from each channel is amplified by
transimpedence amplifiers and then differenced and summed by in-vacuum op-amps before being passed to the

DAQ card.

Using a focal length of 200 mm and a detector width of 4 mm, the nominal difference-over-sum conversion
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Figure 8.3: An autocollimator noise plot, taken using a stationary mirror, showing a white-noise floor of less than
100 nrad/vHz and 1/\/]7 noise below 0.5 Hz.

to radians should be 1/200. This was confirmed based on a measurement referencing the known deflection per

turn of a Thorlabs mirror mount. A noise curve taken from a reading against a fixed mirror is shown in

Camera

The position of the pendulum wheel is monitored using a generic USB webcam, shown in that
was converted into a vacuum-compatible camera. The gooseneck cable was removed and the four wires were
connected to an electrical feedthrough made by epoxying (Varian Torr Seal) copper pins into four holes drilled
through a vacuum flange. The camera fit inside a vacuum nipple and a window was attached at one end and
the feedthrough at the other. Putting the camera within this vacuum-tight enclosure allowed it to remain in
atmospheric-pressure air, reducing the chance of arcing or overheating.

The feedthrough and electrical connections limit communications with the camera to USB1 protocol, which,
along with the lack of light in the chamber, only allowed for snapshots of the pendulum rather than continuous
video monitoring. USB1 protocol is enforced by connecting the camera to the computer through a USB1 hub.
Two white LEDs were positioned to shine against the chamber wall, which reflects and diffuses their light onto
the pendulum. The LEDs are connected to a DC power supply with an inline MOSFET controlled by the DAQ
card.

Because of space constraints in the chamber, a mirror is used to allow the camera to see the pendulum. In
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Figure 8.4: A photograph of the USB camera that was placed inside a vacuum nipple to create a low-cost vacuum
compatible camera. An AAA battery is shown for scale.

Figure 8.5: A photograph of the installed vacuum-compatible camera.



Figure 8.6: A photograph showing the electrode (center), anticoil (above electrode), and power coil (on base-
plate). The post to the left of the electrode is a bumper that limits the rotation of the pendulum away from the
electrode.

addition to its primary purpose of monitoring the wheel rotation, the camera can also be used to identify the

position of the pendulum when it goes off the detector.

Feedback electrode

As with some other torsion balances built by our group , the WashCycle pendulum is held in electrostatic
feedback. This is especially necessary due to the unexplained and relatively large torque experienced by the
pendulum when it is powered. We installed a single feedback electrode with a large active area, shown in
which acts against the pendulum shield. The electrode is an aluminum plate securely fastened to and
electrically isolated from a post. The electrode’s potential difference from the grounded structure and pendulum
is driven by an amplifier, which amplifies a voltage signal from the DAQ card by a factor of 14. A 10-k2 resistor
placed in series with the electrode limits the current for safety and for when shorts to the pendulum occur.

To limit the rotation of the pendulum away from the electrode, we placed an aluminum post a significant
distance away from the shield side of the pendulum on the opposite end as the electrode. The pendulum does
not come into contact with this post during normal operation, but it reduces the time to damp and catch the

pendulum after large disturbances.
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Power coil

As noted in the pendulum is powered by an inductive-coil arrangement. A larger drive coil affixed
to the baseplate surrounds a smaller coil on the pendulum. The drive coil consists of ~100 turns of wire on
an 32-mm diameter aluminum spool. The spool is slotted to reduce the formation of eddy currents within the
spool. The secondary coil has ~100 turns of wire on a 13-mm diameter polycarbonate spool.

The AC current for the coil is provided by an amplifier driven by an amplitude-modulated function generator,
with the amplitude set by an analog output from the DAQ card. In the final setup the function generator is set to

produce a 5-kHz 6.8-V peak-to-peak sine wave at full amplitude, which the amplifier amplifies by a factor of 3.6.

Anticoil

As mentioned, an unexplained torque is exerted on the pendulum when it is powered. This torque exceeds the
torque available from the feedback system, so a second coil was installed above the feedback electrode, with
its axis perpendicular to the pendulum’s shield. Passing an AC current through this coil, which consists of 10
turns on a 25-mm diameter slotted aluminum spool, exerts a torque on the pendulum via eddy-current forces,
countering the unwanted torque from the power coil. Because of its role this coil is referred to as the “anticoil”.
The anticoil is powered by an amplifier driven by a PWM output from the DAQ card, which provides a current
of 6 A. The torque on the pendulum is set by changing the frequency of the PWM signal. The anticoil only exerts
a torque on the pendulum when the current is changing, which, for a square wave, only happens at the edges.
The angular impulse from one edge does not depend on the PWM frequency, but the frequency does set the

number of edges per second, which makes the time-averaged torque go linearly with the frequency.

8.2 Software

Only the features involved in normal operation of the current system are documented here. The program has a

number of additional features, many being vestigal additions created during development and earlier prototypes.

8.2.1 Acquisition and preprocessing

The DAQ card collects the difference and sum signals from the autocollimator at 200 Hz. The data is low-passed
and averaged down to 20 Hz before passing through a notch filter at 690 mHz and a low-pass filter at 1 Hz to

remove the swing and wobble modes from the signal. These secondary filters are disabled for better feedback
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response when catching the pendulum. The data is then passed to the feedback loop and further downsampled

for recording.

8.2.2 PID feedback

The potential for the feedback electrode is determined by a manually tuned PID (proportional-integral-derivative)
loop. Because the derivative term (D-term) acts to reduce the angular momentum of the pendulum, to be
properly tuned it must have some relationship to the moment of inertia of the pendulum. As the weights move
from their vertical to horizontal positions, the moment of inertia of the pendulum roughly doubles, necessitating
a corresponding change in the D-term. We addressed this by first tuning and recording the D-terms for these
two positions, Dy and Dy. We then added code to generate the D-term D(0) for the intermediate positions
using the function

D(6) = Dy + (Dy — Dy) cos? 0. (8.1)

Because the electrostatic torque on the pendulum goes with the square of the potential difference between
the pendulum and the electrode, the square root of the PID output is used to set the voltage of the electrode after
applying a gain factor. For ease of operation the PID loop has other features such as a bumpless integral term

(I-term), which rescales the integral accumulator when the loop gain is adjusted. A description of the calibration

of the feedback system is given in

8.2.3 Switching
Moving the pendulum to a new position (“switching”) consists of a number of steps:
1. Alogged switching flag is set to 1 to identify in the data that a switch routine is in progress.

2. The I-term of the PID loop is pinned to its current value to limit the effect of the switching torque and the

anticoil on the science signal.

3. The LEDs are switched on and a series of ten exposures is taken by the camera, which is necessary to allow
the camera to adjust to the low light levels. The last exposure is displayed and stored. USB signal issues
have sometimes caused the camera to stop working. If this happens the software will attempt to restart
the USBT hub. If this fails to re-enable the camera, the software will simply proceed with the rest of the

sequence.

4. The D-term of the PID loop is changed to the appropriate value for the next position, as described above.
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5. The power coil and anticoil are switched on for 15s.
6. The power coil signal amplitude is ramped down over 300 ms to provide a degaussing effect.
7. After a wait time of 20 s corresponding to the Nitinol relaxation time, the I-term is unpinned.

8. The switching flag is reset to 0.

8.2.4 Data recording

When recording is enabled the user is prompted for a filename. A header section is written, documenting static
parameters such as sample rate and PID coefficients (these parameters are locked during recording), followed

by the data stream for each channel. Data is written at 10 Hz.
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Chapter 9

Data analysis and test signal

The data analysis software used to validate the hardware prototype is written in Octave and has been written to
be used within a single Octave session. The goal of the data analysis is to extract, fit, and quantify the sinusoidal
signals corresponding to multipole components of the local gravitational field. This is done by importing the data,
cutting and averaging switch cycles, flattening and segmenting, fitting the segments, and performing statistical

analysis of the fit results.

9.1 Data import

An import command prompts for the dataset filename and then generates a data structure within the current
Octave workspace, reading data from the header and the following time series into corresponding fields within
the structure. In addition to importing the time series given within the data file, new time series based on
the imported data are created, e.g., the difference-over-sum of the autocollimator signals and the square of the
feedback voltage. The filename is also stored within the structure, and it or a comment field input by the user
are used to refer to the run in plot legends, etc. Importing additional runs converts the data structure into an
array of data structures, allowing each run to be referenced by its index in the analysis commands. Subsequent

analysis commands store their output in the respective structures.
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9.2 Cuts and averaging

For the gradient measurement the integral term is used as the science signal. At low frequencies the I-term is
equivalent to the feedback signal, and the inherent low-pass filtering from the integral makes visual inspection
of the signal straightforward, whereas inspection of the feedback signal would be hindered by high-frequency
noise. For the analysis the information from each step is reduced to a single value. To do this the steps are
separated (“chopped”) according to the switching flag. Only full steps, i.e., steps preceded and followed by a
switch, are kept, and only data between switching routines is used. Because switching times are sometimes
irregular due to camera resets, etc., the length of chops could potentially vary. To prevent this the chops are
limited to the length of the shortest period between switches, imposed by measuring backward from the start
of the subsequent switch routine. The length of the chops is further limited to a user-specified value, again
measured backward from the following switch, to exclude post-switch settling time from the data analysis. The
result of this process is a number of chops one less than the number of switches in the run, with each chop
consisting of an equal length of data immediately preceding a switch.

With earlier wheel designs, occasional mechanical disturbances in the switching produced some steps in
which sufficient settling had obviously not occurred by the time the next switch occurs. To exclude these steps
a cut is performed based on the standard deviation within each chop. The threshold is set very conservatively
to only exclude chops in which settling has been significantly delayed. There is also a general cut on the
autocollimator sum signal to ensure that the pendulum is on the detector for the entire chop. The average values
of the integral term for the retained chops, along with their indices and the wheel angle, are passed along to the

next analysis steps.

9.3 Drift subtraction and segmentation

In order to extract the sinusoidal signals from the data, the long-term drift is first removed. This is done by
defining an “anchor angle” within each full rotation. The specific angle chosen has no significant effect on the
results —the distribution of the resulting fits from all possible anchor angles are within the statistical uncertainty
of the fits. A cubic-spline interpolation is made between subsequent anchor points and subtracted from the data.
If an anchor point is missing from any cycle, i.e., it was discarded due to failing one of the cuts, then the data
between the preceding and following anchor points is discarded.

Following the drift subtraction the data is segmented into subsequent lengths corresponding to two full

rotations, each beginning at an anchor point. This data, along with the wheel positions, is used by the fitting
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routine.

9.4 Fitting and averaging

Each 48-point segment is fit for sine and cosine components at the fundamental rotation frequency and the
second to fourth harmonics, as well as a DC offset, for a total of nine parameters. The fit routine is based on the
ols2 function from Charlie Hagedorn’s thesis work [29], which is a modification of the ols function included in

Octave and returns values and errors for each component of the fit.

After performing the fitting for each segment, the fits for each segment can be averaged, weighted by their

respective errors, to produce an overall average fit for the run. The weighted mean g, is produced by the formula

ﬁw=—

p (9.1)
a2

where B, are the fit parameters and o, their errors. The weighted error o, is given by

1 1 (Bn = Bu)?
U"’:\/za;ZN—lz = (9.2)

The resulting values for the second harmonic are multiplied by a scaling factor to convert the feedback signal

into a gradient measurement in Sl units.

9.5 Calibration

Calibration is necessary to convert the values returned by the system into meaningful measurements. Our group’s
previous work has used different methods for calibrating systems either running with or without feedback. For
systems without feedback the calibration can be done with two factors: one relating the signal returned by
the autocollimator to the twist angle of the pendulum and another relating the twist angle to the torque on
the pendulum. The autocollimator calibration can be obtained by using a calibrated adjustable mirror, and the
twist-to-torque calibration factor (for signals at frequencies well below the pendulum resonance) is simply the
torsional spring constant of the fiber. Given a known moment of inertia of the pendulum, this can be calculated

by measuring the resonant frequency of the pendulum. The response function of an internally damped harmonic
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oscillator,
Plw) 1/x
W) (1-w?/wd)+i/Q’

(9.3)

where ¢(w) is the angular deflection, 7(w) the torque, « the spring constant, w and wy the observed and resonant
angular frequencies, and Q the mechanical quality factor of the fiber, can be used to back out the torque for a
given deflection and frequency. The quality factor can be determined by measuring the decay of oscillation after
a disturbance larger than the background noise level.

For our balances that operate in feedback, a different calibration relating the feedback signal to torque is
required. This has been obtained for these balances by rotating a known mass arrangement around the pendulum
at a fixed frequency and measuring the resulting feedback signal [10, 28]. Using the gravitational moments of
the pendulum and the external masses the expected gravitational torque on the pendulum can be calculated.
Together, the measured feedback signal and expected torque give the necessary conversion factor.

In the case of the WashCycle prototype, the location did not lend itself to installing a rotating mass arrange-
ment. An alternative method sufficient for a proof-of-concept measurement was used instead. Extra code was
added to the control software to allow the option of sinusoidally varying the feedback set point. This allowed
the pendulum to be driven at an oscillation of set amplitude and frequency and was intended to provide a direct
scaling between the feedback signal and torque.

Given that the nominal electrostatic force Fr between two parallel plates at a potential difference V is

& ()A V2
Fr = ,
EZ Top

(9.4)

where A is the overlapping area of the plates and d the distance between the plates, the torque exerted on the

pendulum would be

_&ALV?
242 7

T = (9.5)

where ¢ is the distance between the center of the feedback electrode and the pendulum’s torsion axis, with the
sign convention of movement toward the electrode being negative. The opposing torque 71 from the torsion

fiber as a function of displacement angle and using the same sign convention is

1r(P) = (o — P), (9.6)

where « is the torsional spring constant of the fiber and ¢ the pretorque angle. Given the quadratic dependence

on d and the difficulty of measuring it in situ, we meant to determine a scaling factor B between the feedback
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signal and torque by determining the relationship between the observed twist angle and the feedback.

As mentioned above, we used the integral term as the science signal; this is valid because the feedback
signal and the integral term are equivalent at low frequencies (frequencies below the ratio of the integral gain to
the proportional gain). Hereafter feedback signal will refer to the integral feedback term, and the square of the
feedback voltage will be replaced using V2 = Ks(Sp + AS), where S = Sy + AS is the feedback signal, with S,
equal to the feedback signal in steady state when ¢ = 0, as measured by the autocollimator, and Ks the feedback
gain with units of V2. Hence

k(o — ) = B(So + AS), 9.7)

which given the definition of Sy reduces to
K

B= AS (9.8)

Fitting to the calibration sinusoids in angle and feedback signal and using the known « gives B, with the intention
of using this to scale the feedback signal to torque and, using the pendulum’s gravitational moment, the incident

gravitation gradient.

However, after the science runs had concluded and the experiment decommissioned, it was determined that
the calibration was incorrect. This error is due to the non-negligible dependence of the electrostatic torque on

the displacement angle of the pendulum. A more accurate equation for the electrostatic torque is
€0A5V2 _ EoAst(S() + AS)

’[E: =

2(d + tp)? 2(d + L)

(9.9)

This breaks the linear relationship between AS and ¢ given above. Instead we solve for two different scaling
factors: D, the scaling between AS and equilibrium angle, and H, the feedback signal to torque conversion ratio

when ¢ = 0.

We can solve for the first scaling factor by equating the torque from the torsion fiber with the electrostatic

torque, as
_ eALK(Sy + AS)

K (o — ) = 2+ E (9.10)

expanding to

2K (Pod? + 2¢0dl + Pol*P* — d*Pp — 2d€p* — (*¢°) = e9gALKs(Sp + AS). (9.11)
Given that Sy is defined to be the necessary feedback signal in steady state when ¢ = 0, the terms on each side
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not containing ¢ and AS are equal, reducing the equation to
2k 2podlep + PP — d>p — 2dL* — £2¢) = egACKsAS. (9.12)
With the assumption that ¢ < 1, higher order terms in ¢ can be ignored, leaving

24k 2ol — d) ~ £gALKSAS. (9.13)

We can further simplify the approximation by recognizing that, given that the pretorque angle is known

empirically to be of order 1, 2¢¢¢ > d. This gives the scaling factor

¢ £AKs
D_AS_4dK(1‘[)0' (9.14)

This scaling can be extracted from the calibration routine, which also allows for a determination of d, as

_ EQAKS

= . 9.15
4xpoD ©.15)
The pretorque angle ¢y is not known, but by solving the equation for the pretorque equilibrium
_ 80A€K§SO
Kby = =2, (9.16)
it can be obtained in terms of the measured parameters and d, giving
d = 2D{S,. (9.17)

The desired conversion ratio H can then be obtained by substituting the value for d into the expected electrostatic

torque from AS when ¢ = 0, giving
AT =0)  gAKs

H =- :
AS 8D2(S2

(9.18)

This factor H, obtained from the calibration routine result and other measured parameters, can be used along
with the relevant quadrupole moment components of the weights to obtain the conversion ratio between the

feedback signal and gravitational gradient. The quadrupole moment components, taking ¥ to be parallel to the
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weight rotation axis as shown in can be approximated as

1
Jxy = 510(1 + cos 260) and (9.19a)

1
Gyz = 510 sin 20, (9.19b)

where Ij is the moment of inertia of the weights about the fiber axis when the weight axis is horizontal and 0 is
the angle of the weight axis with respect to the horizontal. The amplitude of the O-dependent variation in these
quadrupoles is the same: Iy/2.
The torque from a gravitational gradient I';; is simply ¢ = —g;;T;;, and so the feedback signal to gradient
conversion factor M;; when the pendulum is locked in feedback at ¢ = 0 is given by
Iii H
M= 2 9.20
15 R T 4, (9.20)
The torque from the two gradient components of interest are orthogonal in 6, having the same angular periods
of 180° and being out of phase by 45°. They correspond with the fitted sin 26 and cos 26 terms resulting from

the fit described in the previous section. Using the amplitude of the 6-dependence for the moments given in

[Equation 9.19aland [Equation 9.19b]gives the final scaling from fitted amplitudes to gravitational gradient:

2H
Mxy = Myz =M= I_ (921)
0

The values for all measured and derived parameters used in this section, based on a calibration run taken

after the science campaign, are given in[Table 9.1
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Parameter Value Description Source
K 150 nN m/rad torsional spring constant of fiber free-run measurement
Iy 140 mgm? moment of inertia of weights at 9 = 0 CAD model
A 35cm? area of feedback electrode direct measurement
¢ 44 mm radial distance to center of feedback electrode direct measurement
Ks 2350 V2 feedback signal gain adjustable factor
B 6.9nNm incorrect feedback signal to torque scaling factor calibration fit
D 46.0mrad feedback signal to equilibrium angle scaling factor calibration fit
So 0.83 steady-state feedback signal at ¢ =0 measurement
d 3.4mm electrode-shield separation derived
oo 790 mrad pretorque angle derived
H —140nNm feedback signal to torque at ¢ = 0 derived
M —2.0MEo 20 signal to gravitational gradient derived

Table 9.1: Feedback calibration parameters.




Chapter 10

Results

Although the goal of this project was the development of a low-cost gravity gradiometer, an intermediate and
necessary goal for the chosen solution was the identification or development of a rotary actuator that could
be used on the pendulum. A few key successes along with the results of a final measurement run with the

gradiometer are discussed here.

10.1 Successes

10.1.1 Actuator reliability

After producing the initial vacuum-compatible pendulum and operating it for a number of days, the actuator
would get stuck. Three modifications were needed to improve the actuator’s reliability to acceptable levels.

Since it could be observed in post-failure analysis that the throw of the slider had decreased and that the
tension in the Nitinol wire was reduced, the first modification was to improve the attachment of the wire to
the pendulum body. This was done by replacing the nylon screws used to clamp the wire with brass screws,
electrically isolated as described in due to a suspicion that the nylon screws were not capable of
providing sufficient clamping force on the wire.

After improving the clamping of the wire, failures still occurred, and we suspected that the wire was irrecov-
erably stretching itself when the slider pin reached the valley of the inner wall. We first addressed this by cutting
relief slots into the wheel , but we found this to cause too much of a disturbance to the pendulum when the pin

slipped over the corner into the slot. This design was replaced by one which extended the “downward” slope

farther than was necessary for cycling, as shown in
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A final change to improve actuator reliability involved the slider and an education in vacuum-compatible
lubricants. The original brass slider appeared to be binding in its bore, despite the application of powdered
graphite to the sliding surfaces. After some discussion and research, we discovered that graphite is known to
not be a vacuum-compatible lubricant, as it requires water to be present to allow the the crystal planes to slide
against each other [30]. (We later discovered that graphite is also known to cause corrosion in aluminum in the
presence of water [31].) Molybdenum disulfide (“dry moly”) lubricant was substituted but appeared to exhibit
the same behavior, although to a lesser degree. Finally, the brass slider was replaced with an acetal slider, which
has not exhibited similar issues.

After these modifications, the rotary actuator has been able to operate continuously for multiple weeks without
missing a step, making thousands of steps and over one hundred full rotations. The run of successful rotations
appeared to be curtailed only by the rising gas pressure in the valved-off vacuum chamber (see ,
which increased the thermal conduction away from the Nitinol and prevented it from making full contractions at

the preset power level.

10.1.2 Feedback lock

Just as important as the reliability of the actuator is the reliability of the feedback system in holding the pendulum
in lock for a sufficient amount of time to take a measurement in each position. As mentioned in
powering the pendulum produces a torque on the pendulum greater than the maximum torque of the feedback
electrode. This was a problem because it could push the pendulum out of feedback and off the detector, causing
delays as the pendulum was caught and potentially causing collisions with the electrode or the bumper installed
opposite the electrode, possibly disturbing the fiber and changing the equilibrium torque. We attempted various
schemes to compensate for this torque such as releasing the pendulum from feedback before powering the coil,
to allow it to build some momentum opposite to the coil torque, or pinning the pendulum to the electrode with
a large feedback potential before powering the coil, to prevent it from building momentum that would result in
a collision. In the end, Jens Gundlach suggested adding a coil that could push back against the pendulum. This
resulted in the anticoil described in the earlier chapter. The anticoil is powered at a set frequency and amplitude
while the coil is powered. Although it should be possible to integrate the anticoil into the feedback loop, simply
tuning the drive signal to match the torque from the coil was sufficient (and a lack of available hardware at the
time precluded such integration).

Using the anticoil, the pendulum stays on the detector for the whole switching cycle. As shown in

it is not fully locked in place while the coil is powered and the wheel is moving, but the excursions are smaller
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Figure 10.1: A plot of the pendulum angle during a switching cycle. The excursions cover just over half of the
autocollimator range. Features of the trace correspond with coil activation and pin and wheel movement.

than the range of the detector and the feedback system quickly recovers after the coil is turned off. The magnitude
of the excursions depend on the wheel position, probably due to the changing moment of inertia and possibly
due to a changing center of mass. In a few instances (about 30 in the 3300 switches used in the results) the
excursions did go outside the range of the detector but most were small enough that the system still recovered.
The others resulted in the effective end of that run. Many of the excursions happened in a single run, all at the

same wheel positions, which points to the anticoil being mistuned during that run.

10.1.3 Reduced cycle time

Once we were able to make the switching and feedback reliable enough for continuous data taking, the issue
became one of time. We are fighting against 1/ f noise, which results in the measurement sensitivity becoming
worse as the signal frequency is decreased [32]]. Measuring at a higher signal frequency, corresponding to faster
rotation of the wheel, should give better sensitivity.

The coil is only powered for 15s for each switch, but the cycle must be longer than that to allow for the
Nitinol to cool and relax. At lower vacuum pressures cooling is dominated by conduction into the pendulum
body and with a turbopump running relaxation of the Nitinol took about 200s. Relaxation time was decreased
to about 60s by adding PTFE bumpers that press against the wire at two points along its length. The larger

surface area of the pendulum allows heat to escape at a reasonable rate through the residual gas. Even so, with
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the turbopump on, cycle times below a certain threshold allow the temperature of the pendulum to rise above
the transition point of the Nitinol and prevent the Nitinol from relaxing. A cycle time of 400 s allows for enough

cooling of the pendulum for continuous cycling to occur.

We observed a consistent drift in the feedback signal after the pendulum is switched. This appears to be a
thermal effect, possibly due to changing properties of the post-hanger. In addition to allowing sufficient time for
the Nitinol to relax and the pendulum to cool, a longer cycle time also allows for a reduction in the drift prior to
the next switch, as the drift rate drops exponentially along with the drift.

To reduce the cooldown time and allow for faster settling of the feedback we allowed the pressure in the
vacuum chamber to increase, initially by turning off the turbopump and only using the roughing pump and
finally by valving off the chamber from the roughing pump and not pumping on it at all. Given the mass of the
pendulum, thickness of the torsion fiber, and magnitude of the signals of interest, the noise due to gas damping
of the pendulum is not significant, which was shown by comparing the noise spectrum at different pressures.
Running at increased pressures reduced the Nitinol relaxation time to 15s, but the drift in the signal is still
substantial. The average change in the feedback signal for the final 15s (360 s after the power input is turned
off) corresponds to a gravitational gradient drift of 3 Eo/s. Given this large residual drift, variations between
cycles in total heat delivered via the coil or in the cooldown rate could potentially have a significant effect on the

measurement, either in systematic effects or decreased sensitivity.

10.2 Gradient measurement

10.2.1 Test signal

To test the system’s ability to measure a gravitational gradient, we built a support system with block-and-tackle
for a 25-kg weight, which allowed for easy positioning of the weight in two positions along the same vertical axis
and at roughly equal distances above and below the horizontal plane passing through the pendulum wheel . The
weight was suspended by a crossbeam supported at both ends. The two positions of the weight were at roughly
equal vertical distances above and below the center of the pendulum weights. For the gravitational gradient at
the pendulum’s location, switching the weight between these two positions has the effect of flipping the sign of
the portion of the I'y, component due to the weights while leaving the I'y, component unchanged.

The actual change in the relevant gradient component, I';;, at the pendulum’s location due to moving the

weight can be easily calculated. With weight of mass m and center of mass xo = (xo, Yo, Z0), the gravitational
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Parameter | Value Description
m 25kg mass of test weight
AZ 18cm vertical displacement distance (from center)
42 cm radial distance
57° angular position
AT, —32Eo | calculated change in the gravitational gradient

Table 10.1: Test signal parameters.

acceleration at position x due to the weight is given by

- x—x0)X+ (v — 1)y + (z — 20)2
g(x,xo)z—GmI:O_:P:—Gm( i 4 ]/ozy ( ‘;)3/2. (10.1)
0 [(x = x0)* + (¥ — ¥0)* + (z — 20)?]

To get the gradient component I',;, we must take either the y-derivative of the z-component or vice versa, giving

yzr

(v — yo)(z — z0)
[(x = x0)? + (y — yo)* + (z — 20)?]

(10.2)

d d
ryz(x/ XO) = a_ygz(x/ XO) = &gy(x/ XO) = _3Gm 5/2'

Taking the center of the pendulum to be at the origin and the upper and lower weight positions of x. =
(Rcos ¢, —R sin ¢, +AZ) in the Cartesian coordinates given in|Figure 7.1} switching the weight between the two

positions gives a change of the considered component of the gravitational gradient at the pendulum as

AZRsin ¢

ATy (x=0) =Ty2(0,x4) = T'2(0,x-) = —6Gmm-

(10.3)

The measured parameters and resulting gradient change are given in[Table 10.1

10.2.2 Measurement results

After iterative improvements we reached a point where the torque noise when switching was comparable to the
noise without switching, as shown in We then conducted a series of science runs, with the test
weight position alternating for each run. This campaign resulted in thirteen runs with usable data before the
actuator failed. (Some runs were unusable due to the pendulum being knocked out of lock, presumably due to
activity in and around the room housing the setup.)

The resulting measurement for each usable run are shown in We can perform a fit against the
weight position, a constant offset, and a linear drift in time, which results in the values shown in[Table 10.2]and
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Figure 10.2: A comparison of the torque noise for the averaged cuts from two runs with the pendulum wheel
stationary and switching. A signal at the full-rotation frequency (104 uHz) in the switching run was fit for and
removed before taking the FFT.

Fit measurement Value
ATy, —55+11Eo
drift 2.1+ 0.3 Eo/d

offset (weight centered) | —87 = 6Eo

Table 10.2: Measurement fit with drift and offset.

the lines shown in the plot. We resolved a signal with the expected sign and a magnitude slightly more than
two standard deviations away from the expected value. This discrepancy could be due to measurement noise,

miscalibration, or a drift in calibration.

The limiting noise in the apparatus may be due to floor tilt, which could be coupling to the pendulum’s twist
through the feedback system. Tilting the apparatus about the horizontal axis parallel to the electrode surface
changes the pendulum-electrode spacing and should result in apparent torque noise. The magnitude of the
tilt-to-torque coupling is set by the spacing and the pretorque. (The expected torque coupling for tilts about
the axis perpendicular to the electrode surface, resulting in a change in the effective lever arm of the feedback
electrode, is smaller by the ratio of lever arm to electrode separation—about an order of magnitude.) With a

vertical distance L between the top fiber attachment point and the center of the electrode and floor tilt A, the
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Figure 10.3: The measurements from the science campaign shown with 1-¢ error bars. The position of the test
weight was alternated for each measurement run, but some runs were excluded due to loss of feedback lock.

change in torque At is given by

é‘oAfKSso
=——"" 922" 10.4
TQ+AT 2(d+LA17)2’ ( )
with
e0AC KsS
To = K(PO = —%. (10.5)
Assuming LAn < d gives
_ 2LAq
AT~ — y K. (10.6)

With L = 56cm and the additional values given in the tilt-to-torque coupling factor is expected to
be —39puN m/rad. Applying this factor to tilt noise collected by a tiltmeter (AGI 755) clamped to the vacuum
chamber’s baseplate gives the the resulting expected torque noise shown in overlaid with the
feedback torque spectrum taken at the same time, with the pendulum wheel stationary. The effective torque
sensitivity limit of the autocollimator, given the fiber spring constant, and a thermal noise limit for Q = 100
[32] are shown for comparison. Suggestions for addressing the suspected tilt coupling are included in the next

chapter.
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Figure 10.4: Comparison of the feedback torque, expected torque due to the tilt feedthrough, equivalent torque
limit of the autocollimator, and an estimated thermal noise limit for Q = 100.



Chapter 11

Recommended next steps

The work to this point has served as a demonstration of the feasibility of implementing an active-mass torsion
pendulum in a scientific application and also the applicability of such a pendulum to gravity gradient measurement.
The observed noise in the device makes it unsuitable for the intended gradient monitoring, but the actuator design
is immediately usable for occasional mass repositionings, and minor upgrades may produce a device that can be
used for the motivating application. This chapter explains some of the changes and work needed to use such an

apparatus as a gravity-gradient-monitoring system and to improve its sensitivity.

11.1 Measuring the full I';; gradient

As explained in the gravity gradient tensor in free space can be fully specified with five real scalar
components. In Cartesian coordinates these correspond to the I', I'y;, I'z, and any two of I'y,, 'y, and I',.. Two
of these, I'y; and I, are related to the real and imaginary components of the I';; moment of the gravity gradient
as expressed in spherical harmonics, which is of primary interest in terms of systematic errors in a measurement
using a rotating torsion balance. The active-mass torsion balance prototype is only able to measure half of the
I'21, since it measures only I'y, and I';, (where § is parallel to the weight rotation axis). One way to measure
the full I';; would be to make a measurement with a second pendulum oriented perpendicularly to the first, but
such an arrangement will not be measuring the two components at the same point. An alternative would be to
place the apparatus on a simple turntable that cycles it between the two required orientations on a timescale
longer than the wheel-rotation period.

In addition to providing a way to measure the full I';; moment, using this turntable would also allow for
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measurements in the two opposite orientations, for a total of four different orientations separated by 90°. This
would provide sufficient information to remove the gravitational effect of components of the torsion balance
system on the measurement, giving a better measurement of the absolute gravitational gradient rather than
just tracking changes in the relative gradient. This would only remove the effect of system components on the
turntable, but since those would be the objects closest to the pendulum they would have a larger effect on the
measurement than any stationary components.

Although the problem of measuring the full I';; moment at one location can be solved by rotating the
apparatus, a similar problem lies in measuring the gravitational gradient at the actual point of interest, e.g., the
location of a science pendulum. This problem can be addressed to some extent by arranging a set of gradiometers
around the point of interest and interpolating the value at the center. This would also solve the above problem

of acquiring the full Ty1, as its two components could simply be interpolated by separate pairs of gradiometers.

11.2 Recommended modifications and upgrades

A number of changes could be made to make deployment of an array of instruments more practical and effective,
including reductions in size and cost, improved self-monitoring, and continuous calibration.

The system is currently housed in a large stainless steel bell jar. While this arrangement is convenient for
prototyping, it is not practical either to purchase or to surround an experiment with a number of these. The bell
jar could reasonably be replaced with an 8-in vacuum nipple, with a reducing flange and narrower nipple on the
top to support the torsion fiber.

The coil, anticoil, and feedback electrode are currently driven using a precision function generator and three
precision amplifiers. Only the feedback electrode needs a precision supply, and it does not need a high-current
supply, though it does presently require a higher voltage than the DAQ card can provide. The coil drivers could
be replaced with simple switching circuits on DC supplies, which should be properly protected against the
inductive loads.

The reliability of the actuator could be improved either by lengthening the pendulum body to allow for a
longer length of Nitinol or by reducing the wheel diameter. Reducing the wheel diameter will require reducing
the width of the groove and the diameter of the pin, so the stiffness of the pin material sets a lower bound on
the wheel size. Addition of a computer vision system to monitor the wheel angle and provide alerts when the
wheel becomes stuck would be straightforward and would increase confidence in the system performance.

For precision monitoring an ongoing or periodic calibration would be warranted. Although the expected
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calibration could be monitored indirectly, through the same calibration method already implemented here or
by monitoring the pendulum-electrode separation, a true gravitational calibration would be more robust against
changes. This could be implemented using a mass multipole rotated or repositioned at a frequency above
the rotation rate of the wheel. Care would have to be taken to not decrease the sensitivity of the balance by

introducing extra noise.

11.3 Improving the sensitivity

As discussed in|section 10.2.2} the sensitivity of the prototype appears to be limited by the tilt-to-torque coupling

due to the feedback electrode. As shown there, the coupling is proportional to the pretorque, and the pretorque
was set to be much higher than in our other balances in order to give the single-electrode feedback enough
dynamic range to keep control of the pendulum when the wheel was powered. The anticoil was added to assist
in controlling the pendulum, but the pretorque was kept at the same level. It is possible that the system was
capable of maintaining control of the pendulum at a lower pretorque, but since it was decommissioned prior
identifying tilt coupling as the likely limiting factor, we cannot now test this.

If the system were to be recommissioned, the next step would be to investigate whether the noise level is a
function of the pretorque. This could be done without the wheel turning. If this were found to indeed be the
case, efforts should be made to both decrease the low-frequency tilt and to upgrade the anticoil control system to
allow for proportional feedback, rather than just using a set frequency and amplitude for each switching routine.
If this were still not sufficient, a second anticoil could be installed to provide an opposing torque, forming a
bidirectional high-gain feedback system used only during switching. In tandem with these measures, a continued
investigation of the root cause of the disturbance necessitating the anticoil may be fruitful.

The other known noise sources are the thermal noise inherent in the pendulum system and the autocollimator
noise. Estimated torque spectrums for these are shown in Converting into gradient sensitivities
using the proper scaling factor gives an autocollimator limit of 5 Eo/vHz with the same 400-s switching time. This
could be improved by a factor of ~40 by using one of our group’s multi-slit autocollimators [15]. The sensitivity
can also be improved by reducing the mass of the pendulum, which would allow for a smaller diameter and
weaker fiber, and by increasing the wheel’s gravitational quadrupole by moving the masses farther from the

center.
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