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Understanding the computational power of quantum devices has become a central focus of modern physics,

driven in part by the promise of new discoveries in fundamental science. The properties of quantum many-

body systems are encoded in a Hilbert space whose dimension grows exponentially with the number of

constituent degrees of freedom, and the intricate patterns of quantum correlations that such systems develop

resist the compression on which classical methods rely. As a result, many quantities of central physical

interest, most notably real-time dynamics and non-equilibrium phenomena, lie beyond the reach of even the

most powerful classical supercomputers. Quantum computers evade this barrier by construction: because

the device is itself a controllable quantum system, it can store and evolve many-body states with resources

that scale only polynomially in the system size. The simulation of physical systems is therefore among the

primary applications of quantum computation, and arguably its original motivation. Although errors and noise

still limit the coherence times of current hardware, quantum simulators have now reached the stage of being

functional scientific instruments, capable of practical simulations that challenge their classical counterparts.

Extracting scientific value from these devices, however, requires more than raw hardware capability.

Generic, hardware-agnostic algorithms are often prohibitively expensive on near-term machines, and so



specialized methods must be developed that are informed by the physics of the problem itself. Insights from

quantum many-body theory, the symmetries and gauge invariance of the target system, the structure of its

correlations and entanglement, and the way errors propagate through its dynamics, can be built directly into

simulation, measurement, and error-suppression protocols, dramatically reducing the resources they demand.

Developing such physics-informed methods is the unifying theme of this dissertation.

The research presented here contributes to both the practical and conceptual formulations of quantum

simulation, for systems spanning a range of subfields from condensed matter to high-energy physics. The

first part develops time evolution algorithms in both analog and digital settings. A framework for quantifying

and optimizing algorithmic errors in Rydberg-atom simulators is presented, revealing that at a given level of

device noise there exists an optimal time step. A hardware-efficient digitization of SU(2) lattice gauge theory

(LGT) is then presented that remains resource efficient at all values of the gauge coupling; quantum circuits

implementing time evolution are constructed and simulations are performed on superconducting quantum

hardware.

The second part of this thesis focuses on the efficient measurement of observables relevant for quantum

simulation. Building on the investigation of the non-equilibrium dynamics of an SU(2) LGT, its quantum

complexity is measured experimentally with the aid of a novel error mitigation technique. Classical shadows

protocols are then developed that leverage gauge invariance to achieve an exponential reduction in sample

complexity compared to standard local schemes. Finally, a tomographic protocol based on a novel ansatz

for non-Gaussian states is introduced and used to efficiently measure the build-up of level repulsion in a

system of weakly interacting fermions, opening new avenues for studying non-equilibrium dynamics and

thermalization.



The dissertation concludes with new approaches for combining fault tolerance with near-term simulation

techniques, demonstrated through experiments on quantum devices. By balancing circuit depth against the

protection afforded by fault-tolerant gadgets, beyond break-even performance is achieved for the calculation

of local observables relevant to quantum simulation.



TABLE OF CONTENTS

Page

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv

List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xviii

Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xxi

Dedication . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xxiv

Chapter 1: Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1 Nature as a Computer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Primer on Quantum Simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.3 Model Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.4 Outline of this Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

Chapter 2: Optimization of Algorithmic Errors in Analog Quantum Simulations . . . . . . . . . 18

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.2 Hamiltonian Engineering Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.3 Characterization of Error Type and Error Rate . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

Chapter 3: Simulating Fully Gauge-Fixed SU(2) Hamiltonian Dynamics on Digital Quantum
Computers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.2 Two Plaquette Hamiltonian . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.3 Digitization of the Mixed Basis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.4 Circuits for Time Evolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.5 Real-Time Dynamics in Two Plaquettes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

3.6 Discussions and Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

i



Chapter 4: Measuring Non-Stabilizerness in an SU(2) Lattice Gauge Theory . . . . . . . . . . . 74

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.2 Non-Stabilizerness of Two Plaquettes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

4.3 Walsh Based Error Mitigation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

4.4 Measurement of Non-Stabilizerness on a Quantum Device . . . . . . . . . . . . . . . . . . 88

4.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

Chapter 5: Classical shadows for sample-efficient measurements of gauge-invariant observables 93

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

5.2 Lattice Gauge Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

5.3 Dual Pairs Protocols . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

5.4 Dual Product Protocol . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

5.5 Numerical Demonstrations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

5.6 Protocol Comparisons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

5.7 Discussion and Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

Chapter 6: Measuring the Entanglement Structure of Non-Gaussian States . . . . . . . . . . . . 124

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

6.2 Non-Gaussian States . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

6.3 Derivation of Parameterization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

6.4 Quench Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

6.5 Early-time Dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

6.6 Early Time Growth of Non-Gaussianity . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

6.7 Thermalization Dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

6.8 Discussion of Symmetries and Choice of the Initial State . . . . . . . . . . . . . . . . . . . 144

6.9 Experimental Application . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147

6.10 Cost, efficiency, and noise . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

6.11 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

Chapter 7: Realizing Error Suppression in Partially Fault-Tolerant Quantum Simulations with
IBM Quantum Computers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

7.2 Fault Tolerance in the [[4, 2, 2]] Code . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

7.3 Error-Detected Quantum Simulations of The Ising Model . . . . . . . . . . . . . . . . . . . 159

7.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

ii



Chapter 8: Concluding Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

Appendix A: Appendix to Chapter 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171
A.1 Constant-Field Method Error Rate Derivation . . . . . . . . . . . . . . . . . . . . . . . . . 171
A.2 Derivation of the π

2 -Pulse Error . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172
A.3 First-Order Product Formula Error . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173
A.4 Analysis of the Interaction Sums . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 177

Appendix B: Appendix to Chapter 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180
B.1 Explicit Form of Quantum Circuits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180
B.2 Explicit Matrix Elements of Hamiltonian Operators . . . . . . . . . . . . . . . . . . . . . . 180
B.3 Table of Lowest Energy Eigenstates in the character Irrep Basis . . . . . . . . . . . . . . . . 188

Appendix C: Appendix to Chapter 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 190
C.1 The Non-Stabilizerness of Indicator States . . . . . . . . . . . . . . . . . . . . . . . . . . . 190
C.2 Estimators for Stabilizer Entropies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193
C.3 Walsh-Paley Based Reconstruction of Wavefunction Probabilities . . . . . . . . . . . . . . . 194

Appendix D: Appendix to Chapter 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 198
D.1 Details of Sample Complexity Bound . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 198
D.2 Protocols with Fixed Boundary Conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . 199

Appendix E: Appendix to Chapter 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 203
E.1 ORP Details . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 203
E.2 Block Placement Selection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 207
E.3 Circuit Scheduling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 209
E.4 Quantum Simulation Details . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 211
E.5 Classical Simulation Details . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 214
E.6 Details on Filtering Metrics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 214
E.7 Fault Tolerant Benchmarking of Circuit Elements . . . . . . . . . . . . . . . . . . . . . . . 225
E.8 Additional Analysis of Encoding Improvement . . . . . . . . . . . . . . . . . . . . . . . . 231
E.9 Classical Simulations of False-Vacuum Decay Dynamics . . . . . . . . . . . . . . . . . . . 237
E.10 Other Layouts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 243
E.11 Tables of Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 245

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 253

iii



LIST OF FIGURES

Figure Number Page

2.1 Mapping hardware interactions to a target Hamiltonian through pulse engineering The device
Hamiltonian Hdev can be used to emulate a target system of interest with Hamiltonian Htar
using Trotter-like methods (top path) or continuous driving methods (bottom path). In the
limit of perfect pulses (equivalently, infinite magnetic field), the dashed curves implement the
target time evolution exactly. The solid curves represent the mappings that are approximate
due to algorithmic errors. These errors increase the overall error when mapping between
Hamiltonians due to idle errors and when implementing the time evolution operator U(t)
(Trotter errors). Algorithmic errors affect constant-field time evolution engineering methods
as well. The constant-field method C1 and one of the Trotter methods S1 are labeled as
resulting time evolution methods within the space of possible U(t) operators. . . . . . . . . 21

2.2 Pulse sequences for generating Heisenberg evolution from ZZ interactions, corresponding
to Eqs. (2.6), (2.8) - (2.11) For each pulse sequence, the magnetic-field strength (in units
of Ω) is given as a function of time (in units of ϵ = π

2Ω ). The length of each sequence U is
denoted by τU . The idling times ti are shown in the graphics for each of the Trotter sequences. 24

2.3 Graphical description of leading order error Different leading-order error terms contributing
to the error rate analysis of the four Trotter methods considered in this chapter. The optimal
scaling is given by the negative slope of each line at k1 = 1 and the corresponding error rate
scaling is given by the k1 = 1 intercept. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.4 Error rates and bounds Comparison of analytic bounds for the error rate for a single Trotter
step from Eqs. (2.22) and (2.23) to numerical results as a function of the device parameter ϵ
for 2×2 systems. The analytic bounds consistently exceed the numerical results by factors of
O(1)−O(10), which is an expected consequence of using the triangle inequality to evaluate
the bounds. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

2.5 Effects of different step sizes The effect of multiple Trotter steps on errors for 2 × 2
systems with ϵ ∼ 10−5 and pulse sequences S1/2 and S1. The quantity δ1 − δn =∣∣∣∣Utrot(T )− e−iHXXXT

∣∣∣∣ − ∣∣∣∣∏n Utrot(T/n)− e−iHXXXT
∣∣∣∣ is positive when taking many

small steps of Utrot(T/n) replicates e−iHXXXT better than taking one large step Utrot(T ).
Here, T = nτU and τU is chosen optimally according to the Eq. (2.21). Taking many steps
to reach a total time T is beneficial for S1/2 and S1 compared to taking a single large step
when the step size is chosen optimally. This demonstrates the importance of choosing the
step size correctly to take advantage of the Trotter error scaling. . . . . . . . . . . . . . . . 32

iv



2.6 Error rates for different pulse sequences Numerical error rates corresponding to Eq. (2.14)
for a single Trotter step (Floquet period for C1) for 2 × 2 systems. The slopes of lines on
these log-log plots indicate the scaling of the error rate for each method (see Table 2.1) and
the y-intercepts give the scaling prefactor. The lines for S1/2,S1, and C1 are the same as the
numerical ones in Fig. 2.4. Current device capabilities report pulse control to the ns level ,
meaning pulse sequences with ϵ ∼ O(10−5) can be applied, indicated by the dashed vertical
line. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3.1 Spectrum of the Two Plaquette System a) Two plaquette system with open boundary conditions.
The system contains seven links, numbered 1 through 7, with the physical links denoted as
κ = 1, 2. The magnetic degrees of freedom X̂1, X̂2 are associated with each plaquette. The
dashed lines that run around each plaquette denote the loops used in the max tree gauge
fixing procedure. b) Spectrum of the Hamiltonian for different bare couplings. The solid
lines show the solution obtained by FEM. The black dashed line on the bottom shows the
energy bound of Eq. (3.35). The gray lines denote the strong coupling limit of the character
irrep spectrum. This limit is found by ignoring the contribution of the magnetic Hamiltonian,
which is only valid when the gauge coupling is large. c) Low-lying spectrum of the character
irrep Hamiltonian in the strong coupling limit. The first and fourth excited state are two-fold
degenerate and each state is a linear superposition of the stacked basis states. See Table B.4
for further details. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.2 Digitization of the Wavefunction The continuous range of ω is digitized on a discrete grid.
As such the wave function will only be sampled at a discrete set of points. For the closest
approximation to the undigitized theory, the maximum value of ωmax ≤ 2π must be chosen. 54

3.3 Convergence properties of the two plaquette wavefunction a) A slice of the ground state
wave function for different values of the gauge coupling. As the gauge coupling decreases,
the wave function becomes more concentrated around ω1 = 0, although it must go to 0 at
both boundaries due to the Dirichlet boundary conditions. b) Convergence of the ground
state energy to the undigitized value as the digitization resolution Nω is increased. The
convergence is plotted for a variety of ωmax. After quick convergence to ϵ0 ∼ 10−3 a slower
exponential approach occurs, followed by a plateau. c) (top) Convergence to the ground state
energy as ωmax is varied. The dashed lines correspond to the full two plaquette system while
the solid lines correspond to the system without any first-derivative interactions. The effect
of the first derivative reduces the precision that can be achieved. Even though this term limits
precision, digitization errors are still below those due to time-evolution algorithms. (bottom)
The absolute value of the derivative of the energy w.r.t the truncation. It was heuristically
found that the truncation at which this derivative takes a minimum corresponds to the optimal
truncation for the analytically solvable case. This method is still applicable even when the
exact solution is not known. d) The solution of the stationary condition for a range of gauge
couplings. The agreement is very good with the analytical solution Eq. (3.53). . . . . . . . . 55

v



3.4 Accuracy of the ν Truncation a) Calculation of the time dependent magnetic energy for
the low-energy state |5⟩, defined in Eq. (3.54), as the maximum ν value is increased for
g = 0.5 and Nω = 10. This choice of digitization resolution ensures that any errors due to
the ω1, ω2 truncation will be at the percent level. b) The probability ⟨Πν>1⟩ of leaking out of
the ν = 0, 1 sector as a function of time for g = 0.5, Nω = 10 and νmax = 5. . . . . . . . . . 57

3.5 Circuits for the digitization presented in Sec. 3.4.1, which constructs sub-components for
each class of differential operators a) Implementation of the exact exponential of the second
derivative, making use of Discrete Sine Transforms. This subcircuit only entangles qubits
within each ω register and does not touch the ν register. The ancillas a1, a2 associated with
each ω register are the outermost qubits. b) An important circuit identity used in this work:
The exponential of an N−body Pauli string P is implemented by the staircase of CXs
connecting all the qubits participating in the gate, followed by an RZ(θ) rotation on one of
the qubits and then another CX staircase. The green single qubit gates denote a local change
of bases to change P into a string of Zs on all qubits e.g. if there is an X on qubit i then this
will be a Hadamard H and if it is a Y then it will be a Hadamard followed by a phase gate
HS. The different shades denote that the local basis change can depend on the particular
Pauli string P being implemented. c) Circuits for implementing first order derivatives and
mixed derivatives using the finite difference representation. (top) Implements the exponential
of a single first derivative. Each element in this circuit implements one of the terms in the
sum Eq. (3.65). The bottom qubit of each step is the target qubit for both the Vk and CRZ

gates. (bottom) An example of one of circuit elements e−it ∂
∂ω1

∂
∂ω2 that interleaves the top

circuit. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

3.6 Trotter error for the circuits presented in Sec. 3.4.1, which constructs sub-components for
each class of differential operators Noiseless simulator results for the expectation value of
the magnetic Hamiltonian at a different number of Trotter steps. . . . . . . . . . . . . . . . 60

3.7 Approximation for time evolution circuits presented in Sec. 3.4.2 a) The expectation value of
the magnetic part of the Hamiltonian for differing digitization resolutions and percentage of
terms dropped. Rapid convergence is observed for nq ≥ 3 and for truncation levels δ < .6.
b) Different stages of the time evolution operator for a second-order Trotter step. The silver
circuit denotes the entire Trotter step. The blue sub-circuits act only on the ω registers,
typically involving the largest angles, and is identical for each. The green sub-circuits couple
each ω register to the ν register and the circuit structure is again identical for both ω. The
yellow sub-circuit couples everything and generally contains the smallest rotations, therefore
being the elements most affected by small-angle truncations. It also involves the highest
weight terms, and so focusing on truncating these elements allows the circuit to be compressed
at only a small cost in algorithmic error. c) The accuracy of first- and second-order Trotter on
magnetic observables. Repeating the blue sub-circuit in the second step allows the circuit to
take much larger time steps while only needing a small amount of extra gates to implement. . 65

vi



3.8 Upper bounds on resource estimates for the Pauli Truncation circuits The cumulative weight
of the Pauli decomposition of H□□ is shown as a function of the truncation percentage δ. The
color of the curves denotes the magnitude of the coefficient in the decomposition. The blue
point demonstrates the truncation level and actual gate depth used in the quantum simulation
in this work, highlighting the effect of circuit compilation. . . . . . . . . . . . . . . . . . . 68

3.9 Quantum simulation of ⟨HB⟩ dynamics a) The time evolution due to H□□ at gauge coupling
g = 0.5. The dashed line corresponds to the solution obtained by directly taking the matrix
exponential of the digitized Hamiltonian and the solid line is the Trotterized evolution. The
points are the mitigated results from ibm fez. b) The physical layout of the Heron chip. The
highlighted regions are an example of the parallel layouts used to generate the data point at
t = 0.6. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

4.1 Digital quantum simulation of Two Plaquettes a) The two-plaquette system with open bound-
ary conditions is gauge-fixed using max tree gauge fixing. The system contains seven links,
numbered 1 through 7, with the physical links denoted as κ = 1, 2. The magnetic degrees of
freedom X̂1, X̂2 are associated with each plaquette. The dashed lines that run around each
plaquette denote the loops used in the max tree gauge-fixing procedure. b) The digitized
Hamiltonian is compiled into digital quantum gates via Trotterization that approximate e−iHt.
Shown below the circuit diagram is an example of initial state amplitudes given by a smooth
gaussian profile in ω1, ω2 and the final amplitudes after time evolution by the circuit. To
measure the non-stabilizerness, many copies of the time evolved state are prepared and then a
set of single qubit Clifford gates are sampled from the ensemble Cl(2)⊗n and appended to
the end of each time-evolved state. These copies are subsequently measured and the noisy
bitstring distributions are recorded. c) From the set of random measurements, error mitigation
can be applied to the expectation values of different Pauli Z strings ⟨Zk⟩ to estimate the noise-
less values. These mitigated expectation values can be used to reconstruct the error-mitigated
bitstring distribution p(s), which can then be used to calculate non-linear functions of the
state, like the Stabilizer Rényi Entropy or the purity. . . . . . . . . . . . . . . . . . . . . . . 76

4.2 Non-Stabilizerness of low-energy eigenstates a) Non-stabilizerness of ground state |e0⟩ (top)
and first two excited eigenstates |e1⟩ , |e2⟩ (bottom). For large gauge coupling, the non-
stabilizerness plateaus to a constant value for |e1⟩ , |e2⟩, which are degenerate in this limit.
For a fixed resolution, once a certain coupling is reached, the ωmax truncation begins to
decrease from 2π, causing the effective support of the wavefunction over ω1 − ω2 to change
at a different rate with g, which is signified by the transparent lines (these lines are not shown
for the bottom plot). b) Non-stabilizerness in degenerate subspace S12. The states that have
the minimum non-stabilizerness in this subspace are separable, while the states that have
the maximum non-stabilizerness can be characterized by their properties under ω1 − ω2

exchange. c) Convergence of non-stabilizerness with increasing digitization resolution for
first ten even eigenstates. d) Time evolution ofM2 for different values of gauge coupling
(top) and different levels of Pauli truncation ϵ in Hamiltonian (bottom). In the top plot,
multiple digitization resolutions ranging from nq = 3 to nq = 6 are shown for each value of
the coupling. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
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4.3 Walsh hierarchy of smooth wavefunctions a) Different Walsh bands for two-dimensional
function of ω1, ω2 (top) with Walsh indices and associated coefficients (below). The lowest,
most significant, bands are highlighted in blue, and the next most significant are shown in
red. The strategy to reconstruct the wavefunction involves starting from the shells closest
to the origin and working out in each direction. Once a shell is filled, the next shell starts
being filled. b) Reconstructed wavefunction probability density for fixed ω2 at different
Walsh cutoffs k∗. The solid black lines correspond to exact reconstruction where the cutoff is
removed. Both a strong coupling wavefunction at g = 2 and a weak coupling wavefunction
at g = 0.6 are shown. c) Number of Walsh bands needed to reconstruct distribution p(ω1, ω2)
up to fixed error δ = .1/.04 (top/bottom) as function of nq. The number of bands in each
case increases linearly, corresponding to an exponential growth in the number of required
Walsh coefficients until a plateau is reached. The different points in the plot denote the values
of g for which the ground state wavefunction was calculated. . . . . . . . . . . . . . . . . . 87

4.4 Quantum measurement of non-stabilizerness a) Bitstring distributions for specific instance
of random Cliffords. The raw data (left) shows small populations of many bitstrings whose
populations are spuriously amplified by the noise of the quantum device. The bitstring
distribution after application of BSDR (right) removes these spurious populations and restores
much of the probability mass to the true bitstring. b) Values of non-stabilizerness over time.
The solid lines correspond to evolution due to the exact propagator and the Trotterized circuit.
The circles represent the calculations from the raw data and the diamonds represent the
mitigated data. The raw data is almost constant, and the features of the dynamics are highly
suppressed. The mitigated values are able to accurately track the real time dynamics for all
times studied. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

5.1 Sample-efficient measurements of gauge-invariant observables in Z2 LGT. Illustration of Z2

LGT in (2 + 1)D and its Ising dual. For the LGT qubits reside on links l of the lattice and
Gauss law constraints Gs are associated with sites s. The Hamiltonian consists of plaquette
(magnetic) terms W□ =

∏
l∈□ σ

z
l and on-site (electric) terms σxl . In the dual description as a

(2 + 1)D Ising model the qubit degrees of freedom are associated with the plaquette. There
is a one-to-one correspondence between operators and states within the physical Hilbert
space of the LGT, independent of boundary conditions: the magnetic terms map to Pauli-Z
operators on the Ising qubits and the electric terms map to two-body Pauli-X terms acting
on the qubits across the relevant link. In the inverse map from the Ising model to the LGT,
single X operators on the Ising side of the duality map to a string of σx operators along some
path γ to an arbitrary reference plaquette □0. For PBC, the dual Ising model obeys a global
parity constraint and such single-body X operators are unphysical. . . . . . . . . . . . . . 94
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5.2 Symmetry respecting randomization protocols We introduce three symmetry-aware random
measurement protocols—Global and Local Dual Pairs and Dual Product—designed to es-
timate gauge-invariant observables efficiently, leveraging prior knowledge that expectation
values of gauge-variant operators vanish. For Global Dual Pairs, random pairs of Ising qubits
are chosen and random two-body symmetry-respecting unitaries associated with these degrees
of freedom are mapped back to the LGT side of the duality as the randomizing operations
prior to measurement. Local Dual Pairs is similar but leverages a promise of geometric
locality in the observables of interest to limit the choice of pairs to local patches. Finally,
the Dual Product protocol is constructed from the standard Product Protocol applied to the
dual Ising model. This protocol slightly breaks symmetry when we have periodic boundary
conditions (PBC) since such operations are not parity-respecting. A trade-off exists between
sample complexity and circuit depth. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

5.3 Schematic overview of the Global Dual Pairs protocol with periodic boundary conditions
(PBC). Step 1. A pairing, π, of dual lattice sites is chosen uniformly at random. For each pair,
a random unitary U[ij] is constructed in the Ising formulation. Step 2. For each pair [ij] ∈ π,
the dual unitary U[ij] = Φ−1[U[ij]] is implemented on the LGT side of the duality and a
computational basis measurement is performed. Step 3. The output bit string is mapped back
to the dual Ising theory, where efficient shadow channel inversion is performed to estimate
expectation values of gauge-invariant observables O. . . . . . . . . . . . . . . . . . . . . . 99

5.4 LGT–Ising duality for mapping a (parity-respecting) entangling operation Φ−1(YiXj). While
this operation is two-body on the Ising side (left panel), it corresponds to an extended
operation in the LGT (right panel) acting between plaquettes i and j along a path γij , which
is arbitrary except for its fixed endpoints. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

5.5 Overview of the Local Dual Pairs protocol. The Local Dual Pairs protocol is a variant of our
scheme for geometrically local gauge-invariant observables that have support on a patch of at
most L× L. Step 1 consists of picking a random tiling τ ∈ T and, then, picking a random
pairing repeated within each patch of the tiling in order to construct an associated random
unitary Uπ. Step 2 consists of applying the associated unitary Uπ on the LGT side of the
duality, followed by measurement in the computational basis. Step 3 is the post-processing
step, which proceeds essentially identically to the Global Dual Pairs protocol restricted to a
given patch of a tiling, where the data is filtered to a single choice of tiling according to the
support of a given target variable. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

5.6 An ancilla enables mixing PBC (even parity) and tPBC (odd parity) sectors. a) Adding an
ancilla a to a reference link r allows us to enforce either PBC or tPBC in the Z2 LGT. b) In
the Dual Product protocol, the z-component of the state of the link r is “copied” to the ancilla
a via a CNOT. The randomizing unitaries, chosen according to the usual Product Protocol,
but applied to the Ising degrees of freedom, then mix between the PBC and tPBC sectors on
the LGT side of the duality. In the right panel, we show how the plaquette and Gauss law
operators change with the ancilla a: The plaquette operators no longer share a link, while the
Gauss law operator is effectively extended by a fifth leg, σxr → σxrσ

x
a . . . . . . . . . . . . . 110
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5.7 Schematic overview of the Dual Product protocol with periodic boundary conditions (PBC).
Step 1. Randomly choose a unitary Uprod consisting of a single qubit Clifford gate on each
Ising qubit. Step 2. The dual unitary Uprod = Φ−1[Uprod] is implemented on the LGT side
of the duality and a computational basis measurement is performed. Step 3. The output bit
string is mapped back to the dual Ising theory, where efficient shadow channel inversion is
performed to estimate expectation values of gauge-invariant observables O. . . . . . . . . . 111

5.8 Numerical demonstration. a) Examples of a ribbon (blue) and loop (red) operator on both the
Z2 LGT and Ising side of the duality. b) Estimates of ribbon (of maximal length) and loop
operator (two plaquettes) expectation values on a minimal lattice of size Nx = 3, Ny = 2
with PBC via Global Dual Pairs, Dual Product, and Product protocols, compared to the
exact solution for the ground state of the Z2 LGT as a function of the coupling g. Error
bars represent the standard deviation of the median of means estimator over 50 experimental
repetitions of ν = 1000 shots each. c) Average relative error ϵavg (see Eq. (5.32)) versus
number of samples ν for the same loop and ribbon operator as in panel (b) for the Product,
Dual Product and Global Dual Pairs protocols for the ground state corresponding to coupling
g = 0.5. d) Average relative error ϵavg versus volume for loop and ribbon operators of
fixed weight and operators with extensive weight for the Global Dual Pairs and Dual Product
protocols. In particular, for the ribbon operators the extensive weights are 2,4,6, and 8 and
for the loop operators they are 2,4,4, and 6, for systems sizes V = 4, 6, 7, 10. The average is
taken over 50 experimental repetitions of ν = 1000 shots each using the ground state of the
Z2 LGT with coupling g = 0.5. The sample cost of the Global Dual Pairs protocol depends
both on the operator weight in the dual Ising theory and the size of the lattice, whereas the
Dual Product protocol depends only on operator weight. . . . . . . . . . . . . . . . . . . . 116

5.9 a) An illustration of an example loop operator of the sort considered in the discussion in
Section 5.6.2. b) An illustration of an example (set of) ribbon operators of the sort considered
in the discussion in Section 5.6.2. The way in which one picks paths to connect the end points
is arbitrary, as all choices are equivalent up the action of Gauss law operators. . . . . . . . . 118

6.1 Non-Gaussian state reconstruction. a) Few-body correlation measurements (e.g. four-point
correlations C(4)) on a subsystem A of a fermionic quantum simulator are used to reconstruct
the reduced state ρA. Besides single-site resolved imaging, this requires pair-wise tunneling
operations Ukl between sites k and l. After classical post-processing, the protocol gives
access to the entanglement spectrum εi. b) The state reconstruction is based on an expansion
around Gaussian states ρg, which form a subset of integrable states in the Hilbert spaceH. To
probe the onset of quantum chaos, we go to non-Gaussian states ρ̃ by including higher-order
correlations. c) Four-point correlations lead to non-Gaussian matrix elements ⟨m| ρA |n⟩
with Hamming distance dH(m,n) = 0, 2, 4 (top, middle, bottom). . . . . . . . . . . . . . . 125

6.2 Elemental Diagrams. a) Propagator diagrams carrying index p. b) Source terms, represented
by diamonds carrying index p with the corresponding occupations number mp, np. c) k-point
vertex carrying indices i1, ..., ik. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133
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6.3 Construction of I1 and I2 Interaction Diagrams. Starting from the Gaussian diagram as the
generating functional (top), 4-point vertices are introduced. The diagram for I1 is constructed
on the left and the diagram for I2 is constructed on the right following the rules discussed in
this section. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

6.4 Diagrams contributing at O(C̃(4)). a) I1: Propagators connect repeated indices of the vertex,
all sources are paired up. b) I2: One propagator connects one set of repeated indices of the
vertex, the other two end in sources. Some sources can be paired, others remain unconnected.
c) I3: All propagators connect to sources. . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

6.5 Non-equilibrium evolution of reconstructed state. a,b) Non-Gaussianities θ(σ), see Eq. (6.30),
build up analogously for the exact state ρA [(a)] and the reconstructed state ρ̃ [(b)], as indicated
by the dashed line which shows a linear fit to the early time behavior θ(ρA). Here we show
numerical data for a system of size N = 10, NA = 5 with 10 different initial states (shaded
lines) and their averages (solid line). c) We test the accuracy of the state reconstruction
through the spectral error of levels i of the entanglement spectra {ϵ̃}, {ϵg} for different
interaction strengths U (at a fixed time). The non-Gaussian parameterization reduces the
error to O(U2) relative to the Gaussian parameterization with error O(U). . . . . . . . . . . 138

6.6 Evolution of level statistics of non-Gaussian state parameterization a,b) The gap ratio
distributions of both, the parameterization ρ̃ (filled, purple) and the exact state ρA (unfilled,
gold), evolve from Poisson (pink dashed) at time τ = 0.015 to GUE (black dashed) at time
τ = 0.47, thus signaling the onset of quantum ergodic evolution. c) The average gap ratio ⟨r⟩
grows with time and saturates to the value ∼ 0.6 indicating level repulsion (GUE). Data is
shown for a system of size N = 10, NA = 5, interaction strength U = 5.6× 10−3; averages
are taken over 10 different initial states, where shaded regions signify 95% confidence
intervals. The dashed gray lines signify the times displayed in (a) and (b). . . . . . . . . . . 139

6.7 Average gap ratio of exact state and non-Gaussian parameterization a) The average gap
ratio of the exact state over a range of times Jt and interaction strengths U/J . The black
dashed line shows the crossover from a Poisson distribution to GUE, indicating quantum
chaos through level repulsion. b) The average gap ratio for the parameterization qualitatively
reproduces that of the exact state over the times and interaction strengths studied. . . . . . . 140

6.8 Self-similarity of non-Gaussian correlations. a) Example of a “density-density” correlation,
C̃

(4)
ijji with i ̸= j, for the same interaction strengths as shown in Fig. 6.5. For U = 10−3, 10−2,

the correlations collapse onto the same curve when rescaled by the interaction strength. As
U ∼ J, J ′ oscillations begin to appear on top of this curve that breaks this behavior. b)
Example of a “pair-density” correlation function C̃(4)

ijki with i ̸= j ̸= k. c) Example of a
“pair-pair” correlation function (i ̸= j ̸= k ̸= l). . . . . . . . . . . . . . . . . . . . . . . . . 140

6.9 Rank of the state. Growth of rank for a system of N = 10 during the free evolution averaged
over 30 random initial states. The pink region shows the range of growth rates over the
averaged states. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

6.10 Position space initial state. a) The average gap ratio of the exact state with a position space
initial state. b) The average gap ratio ⟨r⟩ (t) predicted by the parameterization. . . . . . . . 146
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6.11 Shot noise analysis. a) The build-up of level repulsion for N = 8, NA = 4 averaged across 4
initial states. The gold line represents the exact result, the purple line represents the ansatz
with exact four-point functions, and the blue dots denote the ansatz measured with finite shots;
the shading indicates the number of samples used. b) An example of four-point function
(points) compared to the exact four-point function (continuous curve). The error bars are
given by the standard deviation from the mean and the number of shots are NS = 5 · 104 . . 150

7.1 Error Detection in Quantum Simulations on Heavy-Hex Topology. a) The stabilizers and
logical operators that act on data qubits d0-d3 in the [[4, 2, 2]] error-detecting code. The
Z-stabilizer is shown in red and the X-stabilizer is shown in blue. Logical operators are
grouped into commuting sets represented by the color. b) The placement of code blocks
(grey) onto the ibm boston quantum processor. Each code block has four data qubits (black)
and two ancillas for Z- and X-stabilizer extraction (red and blue respectively). Bridge
qubits between blocks used for routing are shown in green. c) Circuit operation for encoded
quantum simulations. Dashed outlines indicate nFT operations, while solid outlines indicate
FT gadgets. Each code block starts in the “compute” configuration (shown in the left box
in the center). Within each code block, the logical |00⟩ state is prepared with a nFT circuit.
Non-FT logical operations (orange boxes) are performed in the compute configuration,
example circuits of which are shown at the bottom. The blue boxes represent FT syndrome
extraction done in the “syndrome” configuration within each block (right two boxes), which
is implemented with the circuit shown in the bottom. Applications of logical operations and
syndrome extraction are repeated R times in any given computation. . . . . . . . . . . . . . 158

7.2 Encoded Simulations of Dynamics in the 1D Ising Model. a) The realized logical connectivity
grid by the block placement in Fig. 7.1b). Logical qubits (b, lb) (grey) are joined by intra-
block gates (hatched orange) and inter-block gates (orange). The black outline traces the gates
used to simulate a 1D chain. b) The energy density ⟨Hn⟩ computed from MPS simulations
as a function of time t and logical qubit n = (b, lb) for gz = 0.5 (top) and gz = 1.5
(bottom). A size-three true-vacuum bubble located at the center is evolved with nT = 500
Trotter steps of size δt = 0.1. The black rectangle shows the t for which device results
are compared in c). c) Comparison of encoded (blue) and unencoded (grey) magnetization
⟨Zn⟩ from ibm boston to MPS simulations (black) at t = 8, corresponding to 16 Trotter
steps of δt = 0.5 for gz = 0.5 (top) and gz = 1.5 (bottom). The encoded simulations
shown have R = 1 syndrome extraction rounds. d) The cumulative distribution function
(CDF) of the per-qubit, per-time absolute error |⟨Z⟩meas − ⟨Z⟩MPS| for each value of gz .
The median error (dotted vertical lines) and CDFs corresponding to one layer (R = 1) of
syndrome measurements are shown compared to unencoded results (solid and dashed lines
respectively). Results up to t = 4 are used, where an encoding improvement is observed.
e) The signal-survival factor α, defined in Eq. (7.7), as a function of t for various R (colored
lines) and each value of gz compared to unencoded results (dashed grey line). The shading
for t = 4-8 represents times excluded for the CDFs shown in d). The insets show the residual
error σ in the fit. The statistical uncertainty is determined through bootstrap resampling. . . 160
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7.3 Encoded Simulations of the 2D Ising Model. a) The magnetization ⟨Zn⟩ of a 3 × 3 true-
vacuum bubble as a function of time t for gz = 0.5 (top row) and gz = 1.5 (bottom row),
computed from MPS simulations with δt = 0.1. The black solid and dashed rectangles show
cross-sections of the grid at t = 4 for which data is plotted in b). b) Encoded (blue) and
unencoded (grey) results from ibm boston compared to MPS results (black) for the horizontal
(solid) and vertical (dashed) cross-sections outlined in a), as a function of logical qubit number
n = (b, lb). The encoded data has R = 1 syndrome measurement rounds. c) Cumulative
distribution functions (CDFs) of the per-qubit, per-time absolute error |⟨Z⟩meas − ⟨Z⟩MPS|
for both values of gz . The median error and CDFs corresponding to encoded runs with R = 1
syndrome measurements and unencoded runs are shown compared to unencoded results
(solid and dashed lines respectively). d) The signal-survival factor α as a function of t for
various R (colored lines) and each value of gz , compared to unencoded results (dashed grey
line). The insets show the residual error σ in the fit. The statistical uncertainty is determined
through bootstrap resampling. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

7.4 Encoding Improvement in α. Percent improvement in α of encoded over unencoded results
as a function of time t for 1D and 2D simulations. Results with R = 1 syndrome extraction
rounds for the melting regime (gz = 0.5) are shown in shades of red, and the localized
regime (gz = 1.5) is shown in shades of blue. The shading represents statistical uncertainty
determined through bootstrap resampling. . . . . . . . . . . . . . . . . . . . . . . . . . . . 164

A.1 Error scalings Scaling of the contributions E to the error from different sources in a single
Trotter step of the pulse sequences S1/2 and S1 as a function of system geometry. Ny is
varied on the x axis and each line represents the contribution to the error with a different value
of Nx. Here the analytic bounds of Eqs. (A.38) - (A.41) are compared to values obtained by
numerically evaluating the norm of Eq. (2.15) for each type of contribution. Note that in the
latter three panels, the Nx = 1, Ny = 1 points are much lower than the rest of the Nx = 1
lines because of the fact that there are three-body contributions to the error for these terms;
when the system has less than three sites, these contributions are absent, leading to a much
smaller error. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176

A.2 J1, J2, J3 sums evaluated for explicit array configurations with fits. The extent of the array in
the x direction is Nx = 20 atoms. While there is a deviation for smaller array sizes, a linear
scaling is still seen. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178

D.1 Summary of LGT-Ising duality for PBC and FBC. a) Hilbert space structure and operators
for Z2 LGT with PBC and b) for the corresponding Ising dual which is subject to a parity
constraint. Spheres mark one local spin-1/2 d.o.f. c) For FBC, the LGT includes bulk and
boundary Gauss laws, as well as plaquette and electric operators. d) The dual Ising theory for
FBC is no longer parity constraint but electric operators dualize differently in bulk and on the
boundary. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 200
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D.2 Implementation of Global Dual Pairs with Fixed Boundary Conditions Example of a) loop
and b) ribbon operators forNx = 3 andNy = 3 with FBC via the modified Global Dual Pairs
protocol, compared to the exact solution of the Z2 LGT ground state. Error bars represent
standard deviation of the mean over a single experiment of ν = 5000 shots. . . . . . . . . . 202

E.1 Convergence of ORP on ibm boston. Four Trotter steps of size δt = 0.4 are applied to four
code blocks, each initialized in the |00⟩ state, with couplings gx = gz = 1. The solid line
shows ⟨Z(0,0)⟩ computed through ORP as a function of the number of detectors k used in the
postselection criterion, with the noiseless MPS prediction given by the horizontal dashed line.
The corresponding acceptance fraction is shown by the dotted line (right axis). The vertical
red dotted line marks the value of k∗ chosen by the plateau-finding algorithm. . . . . . . . . 206

E.2 Example [[4, 2, 2]] Code Block Placement onto Heavy-Hex Connectivity. Several blocks
(grey) are shown placed onto a heavy-hex connected quantum processor. Data qubits are
given in black, Z- and X-type ancillas are shown in red and blue respectively, and a bridge
qubit is shown in green. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 208

E.3 Encoded Trotter Step Circuits. a) An example placement of two blocks in the compute
configuration. Data qubits are given in black, Z- and X-type ancillas are shown in red and
blue respectively, and a bridge qubit is shown in green. b) The CNOT fanout necessary
for implementing a RZZ between logical qubits (17, 0) and (20, 1) (dark orange), with the
associated SWAP gate converted to CNOTs. c) A Trotter step involving logical qubits in
blocks 17 and 20, with the inter-block gate between qubits (17, 0) and (20, 1). Single-logical-
qubit gates (yellow) and intra-block RZZ (light orange) are folded into the CNOT fanout
required for the inter-block RZZ gate, the last part of which is shown in dark orange. Block
20 exits the Trotter step in frame f = 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 210

E.4 Circuits for Switching Between Compute and Syndrome Block Configurations. a) The compute
and syndrome block configurations as shown in the center of Fig. 7.1c). Data qubits are shown
in black, Z-type ancillas are shown in red, and X-type ancillas are shown in blue. b) The
circuit to switch from the compute to the syndrome configuration. c) The corresponding
circuit to switch from the syndrome to the compute configuration. The syndrome extraction
circuit applies a SWAP(d2, d3), which is taken into account in the configuration switching
circuit. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 213

E.5 Comparison of ∆j and βj Predictions on ibm boston. The metrics ∆j and βj are calculated
using Eq. (E.8) and Eq. (E.11) respectively. The two solid lines show the predicted value of
⟨Z⟩ as a function of the number k of detectors used in postselection for ∆j (dark) and βj
(light). The horizontal dashed line is the noiseless MPS prediction. The vertical dashed lines
correspond to the value of k∗ returned from the plateau finding algorithm using ∆j (dark)
and βj (light). The expectation value is from four Trotter steps on four code blocks. . . . . . 223
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E.6 Depiction of Most Important Detectors Calculated for the logical observable O = Z(b=0,0),
as determined by the rankings calculated in Table E.4. Highlighted in red are the locations
of the seven most important detectors, as determined by both ORP and Pauli-propagation.
The grey region shows the observable’s circuit backwards lightcone, containing all of the
detectors that are connected to the observable through gates. The dark blue region captures the
physical revserse-lightcone of O, showing the detector locations where the back-propagated
observable has the largest Pauli weights. . . . . . . . . . . . . . . . . . . . . . . . . . . . 225

E.7 Logical Error Rate of Different Circuit Components a) The different FT and nFT circuit
elements whose logical error rates are considered in App. E.7.1. The green elements de-
note initialization gadgets, labeled FT (solid) and nFT (dashed). The bottom two circuits
RFT/RnFT are FT/nFT initialization gadgets followed by a nFT logical rotation RZZ . b) The
LER of the two different initialization gadgets. The grey region is where nFT crosses to
a lower LER than the FT procedure. The grey and black dashed lines represent O(p) and
O(p2) scaling for the logical error rate pL. c) The LER for the FT and nFT initialization
followed by a logical rotation. d) The LER of the syndrome extraction circuits for multiple
rounds. e) The LER of syndrome extraction as a function of number of rounds for different p. 227

E.8 Memory Experiment Performance of Multiple Rounds on ibm boston a) The Total Variation
Distance (TVD) from the logical |00⟩ state over 60 rounds of syndrome extraction. b) The
acceptance fraction over 60 rounds. c) Suppression of errors at leading order as a function of
number of syndromes used for postselection. . . . . . . . . . . . . . . . . . . . . . . . . . . 230

E.9 Ancilla vs. No-Ancilla Rotations. a) The top row shows ancilla-free circuits G2 and G4

implementing e−iπ/8Z(b,0)Z(b,1) within a single code block (left) b and e−iπ/8Z(a,0)Z(b,0) be-
tween two code blocks a and b (right). The bottom row shows circuits G′

2, G′
4 with ancilla

qubits that implement the same rotations. b) The LER pL as a function of the physical error
rate p for the circuits in a). The logical error rate is computed by taking the average over
Haar-random states under repeated rotations with depolarizing noise. . . . . . . . . . . . . . 230

E.10 Postselection Performance and Signal Survival in Encoded Simulations. a) The signal-
survival factor α as a function of logical qubit over all t for gz = 0.5 (top) and gz = 1.5
(bottom). Encoded results with R = 1 are given in blue, and unencoded results are shown in
grey. Results for the 1D chain are shown in the left column, and 2D grid results are shown in
the right column. The shading represents one standard deviation of the α distribution over
qubits. Error bars on individual points represent uncertainty determined through bootstrap
resampling. b) Convergence of an example observable on qubit (14, 1) at t = 5 as a function
of the number of detectors kept for postselection k. The shading represents uncertainty from
bootstrap resampling. Results from the unencoded runs and from MPS are given by grey and
black dashed horizontal lines. The vertical black dotted line shows the k∗ selected by the
plateau finding algorithm. Acceptance rates for each k are shown by the dotted grey line. . . 232
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E.11 Comparison of α for Corner and Bulk Qubits in 2D Simulations. The signal-survival factor α
is shown for encoded runs as a function of time t for R syndrome extraction rounds (colors)
compared to unencoded runs (grey). The left panel shows α for corners of the grid (logical
qubits with two neighbors), and the right panel shows α for bulk qubits (those with more than
two neighbors). The insets show the error in the α fits, σ. Results from the localized regime
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venture pitch. Jordi Arnau Montañá López - despite your brief time in Seattle, it was always wonderful

hanging out and learning about the mathematically rigorous side of quantum; I hope to visit you in Munich

soon and always look forward to catching up over Zoom. I also benefited greatly from collaborations with

Robert Ott, Torsten Zache, Jacob Bringewatt, and Andreas Elben. I learned a great deal from all four and I

value the insights we were able to discover and share together. To the friends I made at the QSC Summer

School in 2024 - Sohan, Adrian, Abdel, Mary, and Kevin - it was great getting to know you all at ORNL, and

I am always happy when we reconnect at conferences.

Transitioning to my non-quantum friends, I must thank Murali Saravanan and Will Marshall (and Nikita).

We shared many memories and experiences spanning multiple years and addresses in Seattle. I will always

look back fondly on our adventures, and appreciate the collective patience with me for often forgetting to

close the shower curtain after use and for using too much oil to cook. To Kent Wilson - one of my first

roommates in Seattle, I’m glad we have been able to stay in touch despite moving down separate paths as the

years move on.

In the summer of 2025, I interned at HRL Laboratories, working on noise modeling and tensor network

simulations of their TN3 spin qubit device. It was an amazing experience that completely reframed my

xxii



perspective on quantum, due largely to the efforts of Daniel Volya, Chris Swank, Stephen Carr, Nic Ezzell,

Liam O’Brien, Thaddeus Ladd, and the rest of the Quantum Theory and Simulation (QTS) group. I am

grateful for how welcoming the group was, for the value they placed on learning and exploration, and for

allowing me to fall back in love with research. While the actions of certain government agencies may have

complicated my immediate return, I do not believe our story is over yet.

Finally, to my parents, who have been my emotional support system for much of my life and have helped

me become the person I am today. My mother is kind, caring, and almost always willing to put up with

whatever mood I am in. Knowing that she has my back regardless of the situation, but will also call me out

and tell me when I am out of line, gives me great comfort. My father is equally caring, fiercely rational,

and very good at grounding me in reality. His advice in life is always sound though somewhat aphoristic,

except when it comes to picking stocks (to be clear: he is very good at it, but for some reason, any time I have

listened, I have only picked losers). I measure my love for them as an ocean: impossible to quantify exactly,

but vast, stretching as far as the eye can see.

...C, I’m on my way.

xxiii



DEDICATION

To Garrett Odell, for igniting my curiosity about the world at a young age.

xxiv





1

Chapter 1

INTRODUCTION

1.1 Nature as a Computer

One of the most exciting frontiers in fundamental science is that of complexity. It has many faces, from

macroscopic, non-linear dynamical systems obeying the laws of classical physics, all the way down to

microscopic systems that are governed by the laws of quantum mechanics. In every case it is what gives

rise to the weird and wonderful phenomena observed in nature, and it is the same richness that makes

those phenomena so challenging to calculate. Pen and paper calculations must usually give way to exascale

computing clusters and multi-threaded GPUs to gain even the slightest degree of predictive power. There is

no clearer example than the properties of quantum systems that contain more than a few interacting degrees

of freedom, which in this work will be referred to as quantum many-body systems (QMBS).

Quantum many-body systems are ubiquitous in nature and have the capacity to describe systems ranging

from materials science and chemistry [1, 2], to the structure of the most extreme astrophysical environments

like black holes [3]. In particular, interacting quantum fields, one of the most fundamental representations of

nature, have natural representations as QMBS when regularized by a lattice. Quantum fields are the natural

language for describing particle and nuclear physics, and many of the outstanding problems in these areas

can only be addressed by solving Quantum Chromodynamics (QCD), the theory of the strong force [4–6].

QCD describes the interactions of quarks and gluons, determining the properties of nuclear matter. One

of the theory’s most important features is that it exhibits asymptotic freedom [7], which means that at high

energies the interaction strength is weak and the theory describes freely propagating quarks. In this regime,

many properties of interest can be calculated through perturbation theory [8]. However, as the energy scale is

lowered, the interaction strength increases and perturbation theory is no longer applicable. Quarks and gluons

form bound states known as hadrons and require non perturbative methods to understand their structure. At

this stage, the only ab initio way to make predictions about QCD is through Lattice QCD, which makes
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use of Monte Carlo importance sampling of the QCD path integral [9–13]. Lattice QCD has been able to

successfully predict quantities like decay rates, scattering amplitudes, masses and more [14–17]. However,

for cases where one is interested in finite-density behavior or real-time dynamics, the field configurations that

are sampled in Monte Carlo become complex and one encounters a sign problem [18].

It has been recognized for a long time that quantum many-body systems are challenging to simulate. While

the reasons for this are manifold, one of the central issues is that the size of the quantum mechanical state

space, known as the Hilbert Space and denoted byH, grows exponentially with the number of constituents

of the system. These constituents are generally comprised of qudits, which are quantum mechanical d level

systems. For a system of N qudits, the dimension of the Hilbert Space is dim(H) = dN . This thesis deals

mostly with the case d = 2, known as a “qubit”, and d will be reserved to represent other quantities. For

N = 1, all quantities of interest can easily be calculated by hand. As N grows, systems up to about N ∼ 30

can be simulated on a conventional laptop computer. After this point, holding the entire statevector in memory

requires petabytes of storage, and even the most powerful supercomputers can only reach N = 48 using

exact matrix methods [19].

Having observed this scaling of the space requirements for simulating quantum systems, it is natural to

wonder whether it is really necessary to model the entirety of the Hilbert space to make accurate predictions

of physical observables. Sometimes it is not, and there exist sophisticated methods that can compress the

relevant information of a quantum state, thereby giving access to larger system sizes. In many cases of

interest, however, the answer is yes, and the reason lies in the fundamental structure of correlations enabled

by quantum mechanics. One source of these correlations is a property known as entanglement, a feature that

arises from the collective description of multiple quantum systems. As a simple example, take two Hilbert

spacesHA andHB , for systems A and B respectively. The joint Hilbert space is obtained by taking a tensor

product HAB = HA ⊗HB such that the basis states of the joint space have the form |ψ⟩ = |ψA⟩ ⊗ |ψB⟩,
where |ψA⟩ ∈ HA and likewise forB. Despite the fact that basis states ofHAB decompose as tensor products,

forming superpositions can lead to states in the joint spaceHAB that cannot be decomposed as a product of

the two subsystems. If A and B are both single qubits, an example of such an entangled state is the Bell state,

defined as

|Φ⟩ = 1√
2
(|00⟩+ |11⟩) (1.1)

The correlations between the two subsystems carry uniquely quantum mechanical signatures, and have
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been tested to high accuracy in experiments [20]. As the number of qubits grows, the set of entanglement

structures that admissible states can express grows with it, and it is precisely this proliferation that resists the

compression mentioned above. In these cases the exponentially large Hilbert space is truly needed to describe

the many-body quantum mechanical phenomena at hand.

To understand why quantum computers are useful in this regard, one must step back to see how compu-

tational difficulty is quantified. NP (nondeterministic polynomial time) is the class of decision problems

whose proposed solutions can be verified in polynomial time by a classical computer, even when finding a

solution may take far longer. The traveling salesman problem is a classic example: checking whether a given

route is short enough is easy, whereas discovering the best route may be hard. The NP-complete problems

are the hardest in NP, in the sense that any NP problem can be efficiently transformed into them, so an

efficient solution to one would solve all of NP. Turning to the quantum world, BQP (bounded-error quantum

polynomial time) is the class of problems a quantum computer can solve efficiently with high probability,

the quantum analogue of the classical class P, and it contains tasks such as integer factoring through Shor’s

algorithm. QMA (quantum Merlin-Arthur) is in turn the quantum analogue of NP, the class of problems

whose quantum proof can be efficiently verified by a quantum computer. A central QMA-complete problem

is estimating the ground-state energy of a quantum system, the local Hamiltonian problem, so that BQP

stands to QMA much as P stands to NP, solving against verifying with quantum resources on both sides.

It is no coincidence that this canonical hard problem is a physics problem: the difficulty of characterizing

quantum systems is exactly what makes their simulation a natural target for quantum hardware.

While it presents a challenge on one hand, the apparent complexity of quantum mechanics can also

serve as a boon. In 1980, Paul Benioff devised a method of computing based on evolution under the

Schrödinger equation, uniting ideas from discrete classical computing with the unitary evolution present in

quantum mechanics [21]. The first true description of a quantum computer, however, came from Richard

Feynman [22, 23]. Feynman’s view considers Nature as a computation, proceeding in step according to

some predetermined set of local rules. Utilizing classical hardware, representing quantities like entanglement

requires computing resources scaling exponentially with volume. However, using a manifestly quantum

mechanical substrate to do the computation allows one to represent the necessary correlations using resources

that scale proportionally to the volume of the system. In this regard, quantum computers are able to perform

computations with an exponential separation in efficiency compared to their classical counterparts.

From this vision, enormous effort has gone into harnessing large quantum systems to perform calculations
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beyond the computational reach of classical processors, in search of a so-called quantum advantage. While

the status of current quantum hardware keeps a concrete demonstration of advantage out of reach, one can

still implement practical simulations. Practical simulation is a heuristic term, defined only for the purposes of

this dissertation. It means that while deep circuits cannot be run and physical error rates remain relatively

high, quantum programs can be executed at a scale that requires more specialized classical methods to match

(e.g. tensor networks or Clifford simulators). Additionally, there are techniques that can be used to counteract

the effects of hardware errors, allowing results from real quantum devices that contain a meaningful quantum

mechanical signature. One of the true values in practical simulation is that they provide a new avenue for

development of both theory and methods that will accelerate the arrival of the computational capabilities

forecast by Feynman.

Among the many schemes that may hold the promise of a quantum computational advantage, or at least a

whisper of practical utility, the one that stands at the forefront is the simulation of fundamental physics. With

problem classes ranging from thermal and ground state preparation to non-equilibrium dynamics, simulating

physics is one of the most exciting near-term applications of quantum hardware. This thesis focuses on the

last of these, the non-equilibrium time evolution of a quantum system, which reduces to the following: given

the Hamiltonian H of a system, implement the unitary time evolution operator given by

U = e−iHt (1.2)

where t is the evolution time and i is the imaginary unit. Apart from capturing the dynamics of many

interesting quantum systems, this problem appears in many other quantum applications like quantum phase

estimation (QPE) [24, 25] and the variational quantum eigensolver (VQE) [26].

1.2 Primer on Quantum Simulation

This section provides an abstract example of what a general quantum simulation entails. Along the way,

concrete examples will be provided that demonstrate standard techniques that are used to accomplish this

goal. The problem of Hamiltonian simulation can be broken into five main steps: (i) encode the problem into

a register of qubits, (ii) prepare the initial state, (iii) evolve the state according to U , (iv) measure the state, (v)

classical post-processing on the measurement data.
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1.2.1 Encoding

The importance of the first step cannot be overstated, as it can be likened to choosing a good basis for

performing the calculation. For systems found in condensed matter, like spin systems, the mapping into

qubits is natural. However for more exotic systems like those found in high-energy physics (HEP), there

are many different bases to choose from, all with different convergence properties and different potential

hardware implementations. In this context, the particular choice of basis is referred to as a digitization. The

most foundational example of this is due to Jordan, Lee, and Preskill (JLP) [27, 28], work that is considered

the gold standard in quantum simulation. In these works it is rigorously proven that scattering in scalar field

theory lies in BQP. Part of this result hinges on the choice of basis, which among other things allows the

quantum field to be represented on very few qubits.

1.2.2 State Preparation

Once the representation of the system is chosen, the initial state must be prepared. Generally one begins with

the fiducial state |0⟩⊗N and applies a state preparation unitary Uprep to arrive at |ψinit⟩ = Uprep |0⟩⊗N . The

type of states one would like to prepare depends strongly on the phenomena of interest. In the context of

quantum field theories, generally it is the low energy eigenstates of the Hamiltonian that are of interest. Taking

the lattice scalar field as an example, each site can be represented as a Harmonic oscillator. In the absence of

an interaction, e.g. a λϕ4 term, the ground state can be represented as a Gaussian in field space, for which

efficient state preparation procedures have been developed [29]. As it turns out, including the interaction does

not fundamentally change this picture. Excitations can be placed on top of this, such as wavepackets, allowing

one to study scattering events relevant for collider physics. For states that have exponentially decaying

correlations, it is possible to design very scalable, shallow circuits that efficiently prepare the wavefunction to

high fidelity. There are some cases where state preparation is not required. Studies of thermalization and

quantum chaos provide a central example of this, where one is interested in the time evolution of a system

due to a chaotic Hamiltonian, which for the purposes of this work is defined as one whose spectrum exhibits

Wigner-Dyson statistics [30–34] and can be treated using random matrix theory (RMT). Such systems display

a property known as universality, meaning that after sufficiently long evolution times, many of the initial

details of the dynamics get erased and only a small number of conserved quantities, like energy, determine

the properties of the state. To see these dynamics, the initial state must have overlap with eigenstates that are
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far away from the edges of the spectrum, and so for most chaotic Hamiltonians, any product state will be

sufficient.

1.2.3 Time Evolution

Once the desired initial state is prepared, the time evolution operator must be compiled into quantum gates.

There are a vast number of ways to implement this operator, among which is by use of the product formulas,

also known as a Trotter-Suzuki decomposition or “Trotterization” [35, 36]. This approach stems from the

Baker-Campbell-Hausdorff (BCH) formula, which states that for two real or complex matrices A and B, their

exponential may be expressed as

eAeB = eC , C = A+B +
1

2
[A,B] +

1

12
[A, [A,B]]− 1

12
[B, [B,A]] + . . . (1.3)

where C is a formal series of commutators that does not necessarily converge. While this expression may

seem incredibly unwieldy in the context of quantum simulation, its implications are far reaching. Consider a

Hamiltonian acting on a system of spins which is a sum of terms H =
∑

i∈ΓHi where Γ denotes a set of

sets of spins and Hi is a Hermitian operator supported on spins in i. Expressing the full exponential e−iHt in

terms of a native quantum gate set may not be possible. Expressing the exponential of each of these terms

individually simplifies the operator structure such that the entire evolution may be approximated as a product.

The first-order Trotter decomposition can be expressed as

I1(t) =
∏
i∈Γ

e−iHit (1.4)

Generally such a formula will not be a good approximation of the true propagator U , as it amounts to keeping

only the first term in the BCH series. By inspecting the form of higher order commutators, the overall norm

of these terms will be controlled by any prefactors that dress the operators in the sum. If the evolution time t

is sufficiently small, then the higher order terms will be suppressed by powers of t and can be dropped with

error O(t2). While this limits the evolution time achievable with a single step, a sequence of many first order

steps can be taken to achieve a desired evolution time, increasing the error by a factor of t. As the number of

steps is taken to infinity the following limit holds

lim
n→∞

(∏
i

e−iHit/n

)n

= e−iHt (1.5)
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By careful rearrangement of the terms in a product formula, even better convergence can be achieved. For

example, symmetrizing the first-order product formula constructs a second-order product formula defined as

I2(t) = I1(−t/2)†I1(t/2) (1.6)

which for a given time step has error of order O(t3). Higher-order product formulas can be recursively

constructed in a similar manner, pushing the approximation error to higher orders in t. Beyond its use in

quantum simulation, Trotterization has also found widespread applicability in many areas of computational

physics, from numerically evaluating partition functions of quantum systems in Quantum Monte Carlo to

providing a time evolution method, TEBD, in Matrix Product States.

1.2.4 Measurement

Once the quantum state has been evolved, it is necessary to perform measurements to extract the desired

information. In all cases, the output from a quantum device is a bitstring s, a list whose entries are either 0 or

1, corresponding to the result for each qubit. For a register of N qubits, the probability of seeing a particular

bitstring is determined by Born’s rule from quantum mechanics, namely p(s) = | ⟨s|ψ⟩ |2. By running the

circuit many times, the probability distribution p can be reconstructed. From this distribution, the expectation

value and uncertainty of some observable O can be estimated using bootstrap resampling. As a concrete

example, take O = ZiZj for qubits i, j. Since O is diagonal, given the measured distribution p(s) the mean

can immediately be estimated as

⟨O⟩ =
∑
s

p(s)(−1)si+sj (1.7)

where the sum is over all 2N possible bitstrings. When O contains off-diagonal matrix elements, e.g. it

contains Xs or Y s on a set of qubits, then prior to measurement a local change of basis is applied that

diagonalizes the observable in the readout basis. As any observable may be decomposed into a sum of Pauli

strings, this method allows one to estimate general observables. For general observables, this can still be

non-trivial for two reasons. Since the number of Paulis for a system grows exponentially with the number of

qubits, observables that decompose as a sum of exponentially many Paulis require estimating a great number

of individual observables and essentially forces one to resort to full state tomography. Second, it is possible

that over the course of the computation the information that one is interested in has been smeared over the

exponentially large Hilbert space and so the resources required for readout will also scale exponentially with

system size, causing a signal-to-noise problem.
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More powerful methods have been proposed, among which are a class of techniques known as random

measurement protocols. These protocols have been used to estimate a variety of quantities from fidelities to

Rényi entropies. The random measurement approach involves constructing an ensemble of unitaries and for

each shot, randomly sampling an element of this ensemble to append to the end of the circuit and measuring.

Generally this approach will still have a measurement overhead that is exponential in sample size, although in

some cases it is a less severe exponential overhead than in the naive approach. One of the most well known

random measurement techniques that is able to estimate a large number of relevant observables is “Classical

Shadows” [37]. The sampled unitaries and associated measurement bitstrings are collected, forming the

shadow table {Ui, si}. It is useful to view the average effect of this protocol on a state ρ as a quantum channel

called the shadow channelM(·), i.e. ρ→M(ρ). From the shadow table, the list of classical snapshots of

the state ρ̂i =M−1[U †
i |si⟩ ⟨si|Ui] can be used to estimate the expectation value of an arbitrary observable.

While the associated sample complexity depends heavily on the ensemble of unitaries sampled from, on

average very few measurements are needed for a wide variety of observables. For simulations where one

is interested in the expectation value of a local observable, such as a local magnetization of spins or the

chiral condensate in the Schwinger model, shadows will typically be less performant than reconstructing the

bitstring distribution. However, for global observables like fidelity or entanglement, classical shadows can

require far fewer measurements than other approaches. An additional advantage is that the data in the shadow

table can be re-used for many different observables, spawning the phrase “measure first, ask questions later”.

1.2.5 Post-processing of Results

One ever present feature of modern day quantum simulators that has so far had no mention is the presence

of noise. Understanding how to deal with noise has so far been one of the primary tasks in most practical

simulations to date. In the absence of a fully fault tolerant quantum device, circuits must be designed in

both a shallow and scalable way so that the device does not decohere before a meaningful signal can be

extracted. Even with optimal circuits, errors will still happen, and they must be mitigated accordingly [38].

One immediate tool is to use a physics informed post-selection. This approach leverages the fact that

physical systems have symmetries and conserved quantities associated with them. If one is doing ground

state simulations of a system with a U(1) symmetry, any state subject to the dynamics of the Hamiltonian

must conserve the total charge, and so any measurement result that lives in a different charge sector heralds
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an error during the computation and should be discarded. For more general cases, a variety of powerful error

mitigation strategies have been developed for this purpose. Two techniques that should be included in any

quantum simulation workflow are Dynamical Decoupling (DD) [39] and Pauli Twirling (PT) [40]. Dynamical

Decoupling reduces idle errors, i.e. errors that affect qubits that are not actively undergoing an operation, by

subjecting them to sequences of operations whose logical effect on the encoded information is the identity,

but which average out errors that occur during the sequence. This sequence occurs on a shot-by-shot basis.

To mitigate errors at the ensemble level, Pauli Twirling applies Pauli operators to the beginning and end

of a quantum gate so that logically the same gate is applied, but coherent errors of the form eiθP for some

Pauli P are transmuted into incoherent errors on average. Mitigating incoherent errors can be advantageous

compared to coherent errors as their effect on expectation values is easier to model, generally taking the form

of some multiplicative or additive bias. This bias factor can be canceled by running reference circuits that

either systematically amplify the noise or learn its impact on observables some other way, e.g. as is done with

Zero Noise Extrapolation (ZNE) [41]. One drawback of many of these methods is that they are heuristic and

are unable to remove all systematic sources of uncertainty. Probabilistic Error Cancellation (PEC) [42] stands

apart as a promising method that is provably free of bias, however its shot overhead grows exponentially with

the depth of the circuit, making it unfeasible for overly complex calculations.

1.3 Model Systems

This section reviews various types of many-body systems that are relevant to different parts of this thesis. Each

will contain one or two specific examples that serve as archetypes for models of their specified class. Before

turning to specific examples, it is useful to fix the two axes along which these systems will be compared. The

first is the dimension of the local Hilbert space. Spin and fermionic systems have finite dimensional local

spaces, whereas the gauge fields considered at the end of this section carry continuous, group-valued degrees

of freedom and therefore infinite dimensional local spaces. The second axis is the structure of the spectrum.

In each class there is a solvable limit, in which the Hamiltonian reduces to a quadratic form that can be

diagonalized exactly, and an interacting regime in which this structure is lost and the dynamics becomes

ergodic. The archetypes below are chosen to sit on either side of this divide.



10

1.3.1 Fermionic Models

Consider a one dimensional lattice with N sites, each hosting a set of operators ci and c†i that satisfy the

Canonical Anti-Commutation Relations (CAR)

{ci, cj} = 0, {c†i , cj} = δij (1.8)

The Hilbert space of a single site is given byH = span(|0⟩ , |1⟩) with basis states whose relation to the ci, c
†
i

is described with the compact notation

ci |αi⟩ = αi |1− αi⟩ (1.9)

c†i |αi⟩ = (1− αi) |1− αi⟩ (1.10)

(1.11)

where αi ∈ {0, 1}. This also motivates the definition of the number operator ni = c†ici, which counts the

number of excitations on the site. The Hilbert space F of the entire lattice is described by the N−fold tensor

product of each of the single site Hilbert spaces. This Fock space decomposes into the following direct sum

F =

N⊕
γ=0

Hγ (1.12)

where each of the Hγ is spanned by states of the form |α1, . . . , αN ⟩ such that
∑

i ni |α1, . . . , αN ⟩ =

γ |α1, . . . , αN ⟩. A defining feature of fermionic systems is that moving one excitation through another picks

up a phase. This appears at the operator level through the relations

ci |α1, . . . , αN ⟩ = (−1)
∑i−1

k αiαi |α1, . . . , 1− αi . . . , αN ⟩ (1.13)

c†i |α1, . . . , αN ⟩ = (−1)
∑i−1

k αi(1− αi) |α1, . . . , 1− αi . . . , αN ⟩ (1.14)

where the overall phase depends on the ordering of the fermionic modes, which is arbitrary. This phase is not

observable, however, since any fermionic operator corresponding to a physical observable must commute

with the parity operator defined by P = (−i)N ∏2N
i=1 γi, where γ2i = −i(c†i − ci) and γ2i−1 = c†i + ci are

Majorana fermions that satisfy {γi, γj} = 2δij and are Hermitian γi = γ†i .

A simple fermionic model that describes noninteracting particles hopping between adjacent lattice sites is

H = J
∑
i

c†ici+1 + h.c. (1.15)
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where h.c. denotes the Hermitian conjugate. Note that the only terms that appear in this Hamiltonian are

bilinear in the ci, c
†
i . Models of this type, that are quadratic in these operators, are exactly solvable as the

Hamiltonian can be diagonalized in a plane wave basis. States that can be written as the exponential of a

quadratic fermionic Hamiltonian are known as Gaussian states and their properties are completely determined

by

C
(2)
ij = Tr[ρc†icj ] (1.16)

in the sense that any higher-order correlation function can be decomposed into a sum of products of the

entries of C(2), a property known as Wick’s theorem. In terms of the Majorana operators introduced above,

the most general quadratic Hamiltonian, including pairing terms that do not conserve particle number, can be

written compactly as H = i
4

∑
ij Aijγiγj for an antisymmetric matrix A.

An extremely useful expression for the density matrix of a gaussian state in terms of the correlation matrix

is

ρ = det(C(2))× e
−∑

ij

[
log C(2)

1−C(2)

]
ij

c†i cj
(1.17)

where the prefactor is due to normalization. From this expression, many interesting quantities like the

entropy can be directly calculated from the spectrum of C(2) using Wick’s Theorem, a factorization that is

reminiscent of free field theories [43, 44] or of Isserlis’ theorem in probability theory [45]. This last point has

a sharp computational consequence. Because the entire state is fixed by the polynomially many entries of

C(2), dynamics generated by a quadratic Hamiltonian can be simulated efficiently on a classical computer

by evolving C(2) alone, rather than the exponentially large state vector; in the circuit picture these are the

matchgate, or free fermion, circuits. It is exactly this classical tractability that is lost once interactions are

switched on.

Moving from the solvable to the more general interacting case, another level of complexity can be reached

by adding an extra term to the free-fermionic Hamiltonian

H = J
∑
i,σ

c†i,σci+1,σ + h.c. (1.18)

+U
∑
i

ni,↑ni,↓ (1.19)

where the σ correspond to an extra label that has been added denoting the spin of an excitation. This is

known as the Fermi-Hubbard model, and is a paradigmatic model in condensed matter physics, hosting
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a variety of phases of matter and considered classically intractable1 in two and higher dimensions [47].

Physically the model encodes a competition between the hopping term, which favors delocalization, and

the onsite repulsion, which favors localized, singly occupied sites; at strong coupling and half filling this

competition drives the system into a Mott insulating phase. The presence of the quartic term in time evolution

generates non-Gaussian correlations that take the state off the manifold of Gaussian states, causing it to

become quantum chaotic and eventually thermalize. Since this term removes the Gaussian structure, no

efficient classical description of the general dynamics is known, which is precisely what makes the model a

natural target for quantum simulation.

1.3.2 Spin Models

Spin systems are defined by a lattice of spins that hosts a set of Pauli operators {Xi, Yi, Zi} on each site.

Spins do not satisfy the same set of exchange statistics that fermions do, and should instead be viewed as a

system of bosons whose number levels are truncated to {0, 1}. Operators on the same site anti-commute,

e.g. {Xi, Zi} = 0 and satisfy XiZi = iYi. A spin-12 is nothing other than a qubit, so spin models map onto

quantum hardware with no encoding overhead at all, a directness that makes them the default setting for many

practical quantum simulations. One of the canonical systems that can be built out of such operators is the

Mixed Field Ising Model (MFIM)

H = J
∑
i

ZiZi+1 + h
∑
i

Xi + g
∑
i

Zi (1.20)

where the g, h terms correspond to external magnetic fields that couple to individual spins.

The value of g determines the classical solvability of this model. For g = 0, this model is integrable and

can be mapped to free fermions [48]. Considering first the limit h≫ J (disordered), the ground state of this

system will have all the spin aligned in X basis eigenstates so that the energy is minimized. On the other

hand, in the J ≫ h (ordered) limit, all the spins will be aligned/anti-aligned in Z basis depending on the sign

of J . Thus, at comparable values of J ∼ h there is competition between the two non-commuting terms. The

system is driven through a quantum phase transition at J = h, which is also the limit in which the Ising field

theory arises.

1In one dimension, this model is solvable via the Bethe ansatz [46], however adding a next-to-next-to-nearest neighbor hopping term

makes it again unsolvable.



13

For g ̸= 0, by contrast, the integrability is spoiled and the model is ergodic and capable of generating

highly complex states. This is why the model recurs as a minimal, hardware friendly setting for studies of

quantum chaos and thermalization. Despite this, it is exceedingly easy to implement at the level of quantum

gates, only requiring single qubit gates and nearest-neighbor interactions, making it a powerful testbed for

developing quantum simulation techniques. More general spin models, such as the Heisenberg and XXZ

chains, are obtained by adding XX and Y Y couplings, and a similar dichotomy between integrable and

chaotic regimes persists. These are minimal additions to the Ising model that bring it closer to describing

realistic behavior in magnetic materials.

1.3.3 Lattice Gauge Theories

Gauge fields diverge from the former two types of models considered as, in many cases, they have infinite

dimensional local Hilbert spaces. This is particularly true for non-abelian Gauge theories, whose local

degrees of freedom are group-valued. The most common formulation in regards to quantum simulation is

the Hamiltonian formulation, where time is kept continuous and space is discretized on a lattice. Recalling

that the role of a gauge field is to transport color charge, the “pure gauge” Hamiltonian (i.e. no matter) in D

spatial dimensions can be taken to live on a hypercubic lattice with group degrees of freedom on the links.

The Hilbert space of a single link is L2(G, dg), which is the space of square-integrable wavefunctions over

the gauge group G with Haar measure dg. A generic wavefunction is expressed in the group element basis as

|ψ⟩ =
∫
dgψ(g) |g⟩ (1.21)

where distinct group elements are orthogonal. The basic operator degree of freedom that lives on a link l is

the link operator Ul, which is group element valued. This can be viewed as the lattice version of a Wilson

line. Gauge transformations are generated by exponentiation of the elements of the Lie algebra Ea
L,R, which

are known as the electric operators. Here a denotes the color charge and L/R denote which side of the link

the operator acts on.

A crucial feature of Gauge theories is Gauss’ Law which enforces local charge conservation, stating that

the theory must be invariant under arbitrary gauge transformations. Defining the Gauss Law operator Ga(n)

on site n

Ĝa(n) =
d∑

i=1

[
Êa

R (n− ei, ei)− Êa
L (n, ei)

]
(1.22)
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then the condition that physical states must satisfy is

Ĝa(n) |Ψphys⟩ = 0 (1.23)

Gauss’ law is therefore not an equation of motion but a constraint that carves a physical subspace out of

a much larger kinematical Hilbert space. Faithfully simulating the theory requires either working directly

within this subspace or energetically penalizing states that violate the constraint, a complication with no

counterpart in the spin and fermionic models above.

Therefore, the Hamiltonian that defines this theory must be gauge invariant, which means in practical terms

it must be constructed out of simple objects that have no free color indices. For the electric operators, this can

be done by contracting the color indices to get the electric part of the Hamiltonian Ea
LE

a
L = Ea

RE
a
R = E2.

This object is known as the quadratic Casimir and it commutes with all elements of the group Lie algebra.

The magnetic part of the Hamiltonian is formed by noting that the product of link operators around any closed

loop will be gauge invariant. On a hypercubic lattice, the smallest possible closed loop is composed of four

links in a single plane, an object known as a “plaquette”. Noting that the link operators are group-valued, the

product must be traced over. Summing both the electric and magnetic parts over the entire lattice results in

the famous Kogut-Susskind Hamiltonian [49]

H =
g2

2a

∑
l

E2
l +

1

2ag2

∑
P

Tr 2I− P − h.c. (1.24)

where P denotes a plaquette, the sum is over all plaquettes, and the h.c. is added to make the sum over

plaquettes Hermitian.

The Hamiltonian above describes the gauge field on its own. In most theories of interest it is coupled to

dynamical matter, introduced as fermionic fields on the lattice sites whose hopping is dressed by the link

operators so as to stay gauge invariant, schematically ψ†
n Un ψn+1. Gauss’ law then ties the divergence of the

electric field at a site to the charge of the matter sitting there, making concrete the statement that gauge fields

transport charge. The simplest realization is the Schwinger model, Quantum Electrodynamics (QED) in one

spatial dimension, which despite its simplicity already displays confinement and a nonzero chiral condensate,

and for that reason has become the standard benchmark for quantum simulation of gauge theories.

As the link Hilbert space is infinite dimensional, simulating this theory on qubits requires a digitization,

which means truncating the group-valued degrees of freedom to a finite local basis. The two terms of the

Hamiltonian favor opposite bases: the electric term is diagonal in the representation, or “electric”, basis
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natural at strong coupling, whereas the magnetic term is diagonal in the group element basis natural at weak

coupling. Any finite qubit register must truncate one of these, so the quality of a chosen digitization depends

on which regime of the coupling g one wishes to reach. Physical predictions are ultimately recovered only in

the continuum limit a→ 0, where by asymptotic freedom the bare coupling itself must be driven toward zero,

connecting this lattice construction back to the high energy behavior of QCD. However, understanding how

to take the continuum limit of the Kogut-Susskind Hamiltonian in a way that allows for extrapolation and RG

flows is highly non-trivial and very much an area of active research.

1.4 Outline of this Thesis

The chapters of this thesis cover the projects for which I was a primary author, ordered in such a way to

reflect the quantum simulation workflow described above. This thesis is organized as follows:

Chapter 2 begins with analog quantum simulation, where the model of interest is emulated through

Hamiltonian engineering rather than gate-based compilation. Focusing on simulations of Heisenberg-model

dynamics built from native Ising interactions and strong drive fields, we quantify the algorithmic errors

introduced by Trotterization and by the continuous “spiral” drive protocol, derive bounds on the associated

error rates, and show how the free parameters of these protocols can be optimized to minimize algorithmic

error at fixed experimental resources. This analysis is a step toward fully quantified uncertainties in analog

simulations of quantum spin systems. This work was done in collaboration with Nikita Zemlevskiy and

Stephan Caspar and was published in Physical Review A 109 (5), 052425 [50].

Chapter 3 turns from analog to digital simulation, and from spin models to non-Abelian gauge theories.

Using a Fully Gauge-Fixed formulation of SU(2) lattice gauge theory, in which all redundant degrees of

freedom are removed and Gauss’ law is automatically satisfied, we develop and benchmark quantum circuits

for simulating the real-time dynamics of a two-plaquette system in a mixed-basis formulation that remains

accurate across all values of the gauge coupling. This work charts a course toward simulations of larger

two-dimensional non-Abelian systems. This work was done in collaboration with Dorota Grabowska and

Zhiyao Li and is drawn from arXiv:2512.22782 [51].

Chapter 4 examines what makes such simulations genuinely hard, studying the quantum complexity of the

same class of theories through the lens of non-stabilizerness, or “magic” – a resource beyond entanglement

that quantifies the difficulty of classically simulating a quantum state. We measure the non-stabilizerness
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generated by the dynamics of an SU(2) lattice gauge theory using random measurements, connecting the

resource requirements of gauge theory simulations to fundamental notions of classical simulability. A central

development of this work is an approach to error mitigation of bitstring distributions, which has applicability

in a variety of other settings. This work was done in collaboration with Dorota Grabowska and is drawn from

arXiv:2606.14842 [52].

The next two chapters address the complementary challenge of extracting physics from a quantum

simulator once a state has been prepared. Chapter 5 develops the measurement side for lattice gauge theories,

introducing three randomized measurement protocols, based on the framework of classical shadows, that

are tailored to systems with local (gauge) symmetries. Exploiting the duality between the Z2 lattice gauge

theory in (2 + 1) dimensions and the Ising model, these symmetry-aware protocols achieve up to exponential

reductions in sample complexity for estimating gauge-invariant observables relative to symmetry-agnostic

schemes, at the cost of modestly deeper randomization circuits. This work was done in collaboration with

Jacob Bringewatt, Andreas Elben, and Niklas Mueller and was published in Quantum 10, 2127 [53].

Chapter 6 extends the measurement program to analog platforms with limited control, developing a

method for reconstructing the entanglement structure of quantum states from the few-body correlation

functions accessible in such experiments. Based on a systematic expansion of the many-body Wigner

functional around Gaussian states, the approach uses measured two- and four-point functions to reconstruct

entanglement Hamiltonians and their spectra, and is demonstrated on the post-quench thermalization dynamics

of an extended Fermi-Hubbard chain, where it captures signatures of quantum chaos that Gaussian-state

descriptions miss entirely. This work was done in collaboration with Robert Ott, Torsten Zache, and Niklas

Mueller and was published in Physical Review Letters 135 (4), 040201 [54].

Finally, Chapter 7 confronts the errors of present-day hardware directly through lightweight quantum

error detection. We report Hamiltonian simulation experiments on IBM’s heavy-hexagonal architecture using

many interacting blocks of the [[4, 2, 2]] error-detecting code, enabled by shallow syndrome extraction circuits

tailored to the native qubit connectivity and a selective-filtering strategy that postselects on the detection events

most relevant to a given logical observable, avoiding the exponential shot loss of full postselection. Encoded

simulations of the mixed-field Ising model in one dimension outperform their unencoded counterparts despite

a several-fold increase in circuit depth, achieving beyond break-even estimation of local observables without

any error mitigation, while the delocalized nature of the encoding relaxes connectivity constraints enough to

enable two-dimensional false-vacuum decay simulations at lower overall depth than direct implementation.
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This work was done in collaboration with Nikita Zemlevskiy, Sarah Powell, Sebastian Grieninger, Xiaojun

Yao, Dorota Grabowska, Zhiyao Li, Anne Lashbrook, Ziyuan Li, and Martin Savage and is drawn from

arXiv:2607.24947 [55].
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Chapter 2

OPTIMIZATION OF ALGORITHMIC ERRORS IN ANALOG QUANTUM
SIMULATIONS

2.1 Introduction

Simulation of quantum many-body systems has been an outstanding goal of the scientific community for

decades. Despite the enormous success of classical methods in determining static properties of quantum

systems, they suffer from superpolynomial resource scaling for many real-time and finite-density phenomena

[28, 56–60]. Quantum computing (QC) has the potential to perform such calculations with realistic resource

costs [21, 22]. A variety of noisy intermediate-scale quantum (NISQ) devices are becoming available for

science, and while the applicability of these devices is limited by various factors, interesting results can

already be obtained for modest calculations [61–66]. In contrast to digital QC, which utilizes discrete logic

gates to process information, analog QC operates by continuously modulating parameters of the experimental

apparatus, e.g. a magnetic field. Analog simulation is possible in cases where the problem of interest can be

mapped to a simulator’s native Hamiltonian exactly, or with controllable error [67]. Hybrid digital-analog

quantum simulation protocols have also been proposed [68, 69]. Although the analog approach is more

limited than digital methods, current device capabilities show that beyond-classical results may be possible

with analog simulation due to larger possible system sizes [70–73].

Systems of many interacting spins are a common starting point for a number of the quantum simulations

to date [74–76], due to the ease of mapping physical problems to the effective Hamiltonians describing many

NISQ devices. One of the most highly studied spin models is the Heisenberg model, which serves as a testing

ground for condensed matter systems [77, 78], as well as a universal model for quantum computing [79].

Simulations of the Heisenberg model constitute a proposed step towards achieving quantum advantage [80];

these simulations can be mapped to processes relevant for high-energy particle physics [81–84], quantum

gravity [85], QCD processes [86, 87], and other applications. Many of the analog platforms that are currently

available can be naturally described by the Ising model, which has proven to be a flexible testbed for studying

a broad variety of physics [88], as well as a system where Heisenberg interactions can be realized [89–101].
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Systems supporting Ising interactions include trapped ions [74, 102, 103], neutral atoms [72, 95, 104, 105],

nuclear spins [106, 107], and superconducting qubits [75, 108, 109].

Major limitations of all these devices are the numerous sources of error that accompany any particular

simulation. Several error correction schemes have been proposed for analog quantum computation [110, 111],

but they have not yet been implemented on devices available today. Because of this, the ability to quantify

these errors is crucial to make precise statements about a simulation. The three main sources of error that are

important to consider for the purposes of simulation are the encoding error, the algorithmic error, and the

hardware error [112]. The encoding and algorithmic error come from the approximations that are made in

translating physics to a form best suited for a particular device (e.g., Hilbert space truncations, commutator

error for product formulas, etc.). The hardware error comes from experimental imperfections and noise on a

device, which is usually uncontrolled and needs to be dealt with using error mitigation. Much work has been

done examining Trotter errors [38, 113–115] and errors induced by analog devices [116–119] individually,

but little attention has been paid to the interplay of these different sources of error. As it turns out, there are

particular choices of parameters that will minimize the cumulative error within and across these different

categories.

With the advent of analog quantum simulation, an understanding of uncertainties stemming from mapping

physical problems and implementations of simulation algorithms is now necessary. This chapter investigates

the interplay of two types of algorithmic errors occurring in digital quantum computations on analog systems,

Trotter errors and idle errors. Trotter errors arise due to the decomposition of the evolution operator into a

finite product formula of non-commuting unitaries. Idle errors, on the other hand, stem from the inability of

analog systems to turn off interactions while applying local pulses (gates). Continuously driven fields have

also recently been shown to implement Heisenberg-type evolution in Ising systems [101]; such methods incur

errors similar to idle errors as well. The decomposition of the algorithmic error into Trotter and idle errors is

shown in Fig. 2.1.

On a perfect device, improving precision is straightforward if these two error sources are analyzed

independently. In the absence of realistic device constraints, decreasing the Trotter step size is guaranteed to

decrease the Trotter error, and decreasing the pulse width on the device lowers the idle error contribution.

However, these error sources play against each other on real-world machines. For example, taking many

short Trotter steps will incur a large error if the idle errors are high in the device. Furthermore, taking very

small Trotter steps may be impossible due to limited pulse width. Therefore, it is necessary to analyze these
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effects collectively to find the parameters that maximize the precision of the output from simulations on a

real device. In this chapter, a general framework for analyzing the error scaling of engineered time evolution

methods is presented and is used to compare the performance of the aforementioned methods. We compare

with numerical results for an analog simulator with (quasi-) local Ising interactions and global longitudinal

and transverse-field addressing. This analysis gives the optimal choice of simulation parameters as a function

of device parameters. In Section 2.2, the general Hamiltonian engineering methods are described, Section 2.3

introduces the types of algorithmic error studied, Section 2.4 presents the results of the error analysis, and

Section 2.5 discusses the implications of this chapter’s findings.
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Trotterization

Floquet mapping

Pulse
engineering

Hdev

Htar

S1

C1
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Figure 2.1: Mapping hardware interactions to a target Hamiltonian through pulse engineering The device

Hamiltonian Hdev can be used to emulate a target system of interest with Hamiltonian Htar using Trotter-like

methods (top path) or continuous driving methods (bottom path). In the limit of perfect pulses (equivalently,

infinite magnetic field), the dashed curves implement the target time evolution exactly. The solid curves

represent the mappings that are approximate due to algorithmic errors. These errors increase the overall error

when mapping between Hamiltonians due to idle errors and when implementing the time evolution operator

U(t) (Trotter errors). Algorithmic errors affect constant-field time evolution engineering methods as well.

The constant-field method C1 and one of the Trotter methods S1 are labeled as resulting time evolution

methods within the space of possible U(t) operators.

2.2 Hamiltonian Engineering Methods

Consider a general Hamiltonian that may be implemented in various experimental systems:

Hdev(t) = Hidle +Hdrive(t),

Hidle =
∑
i<j

Jij (cxXiXj + cyYiYj + czZiZj) ,

Hdrive(t) = B⃗(t) ·
(∑

i

S⃗i

)
. (2.1)
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Using carefully engineered pulse sequences of the global magnetic field B⃗(t), the coefficients cx,y,z in Hidle

can be modified into any target Hamiltonian Htar = H ′
idle in the interaction picture, obeying cx + cy + cz =

c′x + c′y + c′z and min cx,y,z ≤ c′x,y,z ≤ max cx,y,z [120]. The targeted Hamiltonian Htar arises through

dynamical decoupling of the strong magnetic fields |B⃗(t)| ≤ Ω≫ max Jij

Htar =
1

τ

∫ τ

0
dt Udrive(t)

† Hidle Udrive(t),

i∂tUdrive(t) = Hdrive(t)Udrive(t),

Udrive(0) = I, (2.2)

where an average is taken over a period τ of the pulse sequence with B⃗(t+ τ) = B⃗(t) and Ω is the maximum

field strength that can be implemented on the device. The rest of the chapter focuses on the concrete case of

emulating the isotropic Heisenberg c′x,y,z =
1
3 evolution from Ising interactions cz = 1, cx,y = 0

Hidle = HIsing =
∑
i<j

JijZiZj → Htar = HXXX =
∑
i<j

Jij
3

(XiXj + YiYj + ZiZj) . (2.3)

Consider two types of pulse engineering methods, intermittent and continuous driving. Intermittent

driving is inspired by Trotterized time-evolution on digital quantum computers. The strong magnetic field

allows approximate global X , Y , or Z π
2 -rotations through short pulses ϵ = π

2Ω ≪ J−1
ij at the maximal field

strength Ω

R±
X(ϵ) = exp


−iϵ∑

i<j

Ji,jẐiẐj ∓
iπ

4

∑
j

X̂j

,
R±

Y (ϵ) = exp


−iϵ∑

i<j

Ji,jẐiẐj ∓
iπ

4

∑
j

Ŷj

,
R±

Z (ϵ) = exp


−iϵ∑

i<j

Ji,jẐiẐj ∓
iπ

4

∑
j

Ẑj

.
(2.4)

Note that at infinite Ω these are exact rotation gates. These pulses effectively permute the coefficients cx,y,z ,

yielding a set of global gates which can be composed in the usual Trotter-like fashion. There have been

several recent developments showing Trotter-like methods of Hamiltonian engineering where similar target

systems are recovered [89–100]. For the native Ising interactions of Eq. (2.3), there are global evolutions

generated by native XX , Y Y and ZZ gates
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RZZ(t) = exp
{(
−itHIsing

)}
,

R±
XX(t, ϵ) = R∓

Y (ϵ)RZZ(t)R
±
Y (ϵ),

R±
Y Y (t, ϵ) = R∓

X(ϵ)RZZ(t)R
±
X(ϵ).

(2.5)

Taking the product of these three gates defines a sequence which is referred to as “pseudo-first order”

S1/2(⃗t, ϵ) = RZZ(tz)R
+
Y Y (ty, ϵ)R

+
XX(tx, ϵ). (2.6)

S stands for the pulse sequence and the subscript indicates the error scaling with ϵ. As in digital product

formulas, order is defined by the scaling of the error with the parameters of the sequence. For instance, a

first-order sequence has errors that only scale like O(t2, ϵt, ϵ2). The “pseudo”-modifier indicates that this

sequence generates unwanted errors at order O(ϵ) which contribute to Htar in Eq. (2.2). Such errors are

avoidable if the alternative gate set

R̃±
XX(t, ϵ) = R±

Y (ϵ)RZZ(t)R
±
Y (ϵ),

R̃±
Y Y (t, ϵ) = R±

X(ϵ)RZZ(t)R
±
X(ϵ),

(2.7)

is used to define a “true-first order” method

S1(⃗t, ϵ) = RZZ(tz)R̃
+
Y Y (ty, ϵ)R̃

+
XX(tx, ϵ). (2.8)

Applying π
2 -pulses in the same direction twice leads to destructive interference of the error terms plaguing

S1/2. This comes at the cost of a residual global Z rotation by π. This overall rotation is easy to keep track

of and correct for in subsequent stages of a simulation. To extend this Trotter-like approach, we present a

“pseudo-second order” sequence, S̃1, which carefully rearranges the gates in S1 to remove errors at order

O(t2)

S̃1(⃗t, ϵ) = RZZ(tz/2)R
+
X(ϵ)RZZ(ty/2, ϵ)R̃

+
XX(tx, ϵ)RZZ(ty/2)R

−
X(ϵ)RZZ(tz/2). (2.9)

Finally, there is the fully symmetrized version of S1 according to the formula S2(⃗t, ϵ) = S1(⃗t, ϵ)S1(−t⃗,−ϵ)†

[121]. As one would expect, all errors O(ϵ2, ϵt, t2) vanish due to the symmetry, making this a “true-second

order” sequence

S2(⃗t, ϵ) = RZZ(tz/2)R̃
+
Y Y (ty/2, ϵ)R̃

+
XX(tx/2, ϵ)R̃

−
XX(tx/2, ϵ)R̃

−
Y Y (ty/2, ϵ)RZZ(tz/2). (2.10)
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Figure 2.2: Pulse sequences for generating Heisenberg evolution from ZZ interactions, corresponding to

Eqs. (2.6), (2.8) - (2.11) For each pulse sequence, the magnetic-field strength (in units of Ω) is given as a

function of time (in units of ϵ = π
2Ω ). The length of each sequence U is denoted by τU . The idling times ti

are shown in the graphics for each of the Trotter sequences.

These pulse sequences are illustrated in Fig. 2.2. The parameter t⃗ = (tx, ty, tz) specifies the amount of

time to evolve without a magnetic field in the respective frames XX,Y Y,ZZ. They obey τc′i = ti +O(ϵ)

since the finite pulse width also contributes to these coefficients, and the ti need to be adjusted accordingly. It

is important to reiterate that the sequences S1 and S̃1 reproduce evolution under HXXX up to a global Z

π-rotation, which is accounted for in this analysis.

The constant drive field method of Refs. [101, 122] is an example of continuous driving. Similar methods

have been explored in various contexts within simulations [123]. This approach involves the constant driving
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field

B⃗(t) =
Ω√
3



√
2

0

1


. (2.11)

In contrast with finite pulses, this method has the effect of gradually rotating the interaction term around

the Bloch sphere. It is straightforward to show that after a full period τC1 = 4ϵ = 2π/Ω, the generated Htar

reproduces HXXX at leading-order in ϵ. The error analysis for the constant field method is less involved

than for the pulse sequences, since there is only one parameter ϵ. The engineered Hamiltonian in Eq. (2.2) is

nothing but the leading-order term in the Magnus expansion

Uint(t) = Udrive(t)
†U(t) = e

∑
k Ωk(t), τC1Htar = i Ω1(τC1). (2.12)

Due to the scaling Ωk(τ) = O(τk), the expected error is of order O(τ2) = O(ϵ2), which is equivalent to

a first-order Trotter formula. This method is referred to as C1 with C standing for constant-field, and the

subscript again indicating the error scaling with ϵ. C1 is shown graphically in the bottom panel of Fig. 2.2.

The methods presented in this chapter for approximating desired Hamiltonians using pulse engineering,

as well as the methods described for analyzing the errors incurred, are general and can be applied to any case

of Eq. (2.1). The next section describes how to analyze and quantify the errors associated with different time

evolution methods.

2.3 Characterization of Error Type and Error Rate

Consider the problem of simulating evolution for a total time T , which is broken up into steps of length τ in

physical time. As seen in Fig 2.2, the time it takes to implement a single step on the device varies for each

sequence; these are labeled by τU for a pulse sequence U . This section analyzes the error accrued during

a single step of the sequences described and shows how to optimize the length of this step to minimize the

error. The contributions of different sources of error are isolated by considering a time evolution operator U

that is a smooth function of two parameters t and ϵ that admits the following Taylor expansion:

U(t, ϵ) =
∞∑

k1=0

∞∑
k2=0

tk1ϵk2Utk1ϵk2 , Utk1ϵk2 =
1

k1!k2!
∂k1t ∂

k2
ϵ U(t, ϵ)

∣∣
t,ϵ=0

. (2.13)
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The figure of merit that will be used to compare the error scaling of the different evolution methods is the

error rate

RU (t, ϵ) =
1

τU (t, ϵ)

∣∣∣∣∣∣U(t, ϵ)− e−iτU (t,ϵ)Htar

∣∣∣∣∣∣ ≤ 1

τU (t, ϵ)

∞∑
k1=0

∞∑
k2=0

tk1ϵk2
∣∣∣∣∣∣EU ;tk1ϵk2

∣∣∣∣∣∣ , (2.14)

where

EU ;tk1ϵk2 = Utk1ϵk2 −
1

k1!k2!
∂k1t ∂

k2
ϵ e

−iτU (t,ϵ)Htar
∣∣
t,ϵ=0

(2.15)

are defined to be the error terms that contribute at O(tk1 , ϵk2). As before, Htar describes the system to be

simulated (here it is HXXX ), and τU (t, ϵ) is the optimal step size for a given time evolution U and parameters

t and ϵ. In principle, any norm can be used in Eq. (2.14); throughout this chapter the spectral norm induced

by the Hilbert space two-norm is used, which is defined by: ||A|| = sup
v

||Av||2
||v||2 . While the error for a single

application of U will always decrease with step size τU , multiple applications may cause this error to grow

unfavorably. The error accrued per step, the error rate RU , is used to account for varying step size.

The different terms EU ;tk1ϵk2 can be characterized as follows. Terms with k2 = 0 are the standard Trotter

error, as these come strictly from the algorithm used to simulate time evolution (i.e. commutator error from

Trotter-Suzuki formulas). The magnitude of this type of error is controlled by t. Terms with k1 = 0 are

called “idle errors” and come strictly from the inability to implement ideal single qubit rotations. For the

device considered in this chapter, the source of idle error is due to the persistent Ising interaction during
π
2 -pulses. The magnitude of this type of error is controlled by ϵ, which is inversely related to the maximum

magnetic-field strength. Terms that correspond to k1, k2 ̸= 0 are referred to as “mixed errors”, and these can

be thought of as O(ϵk2) idle error that is propagated through the simulation by the O(tk1) action of the time

evolution algorithm.

In the Trotter-like digital methods there is freedom in the choice of τU . The aforementioned sources of

error can balance against one another to give overly pessimistic simulation results. This means that not all

choices of τU are equally good, and some choices will give more error than others. To be precise, for a given

time evolution method U , the optimal step size τU is split into

τU (t, ϵ) = 3(trot + tcomp + t), (2.16)

where trot corresponds to the evolution due to the rotation gates, tcomp is the compensation for unwanted

evolution due to those gates, and t is optional evolution time. The factor of 3 comes from mapping
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HIsing → HXXX in Eq. (2.3). The optimization of τU proceeds as follows. trot is fixed by the sequence, and

so tcomp must be applied to match Htar evolution at leading-order in the expansion of Eq. (2.13). t is then

chosen to minimize the contribution of terms not canceled by tcomp to RU ; the optimal choice of t is labeled

t∗. Here no assumptions are made about the relative smallness of t and ϵ, only that they are small enough to

give systematically improvable expansions for each type of error such that Eq. (2.13) may be truncated at

finite-order.

The freedom in choosing τU for the Trotter sequences lies in the choice of t⃗ appearing in Eqs. (2.6)-(2.10).

Specifically, t⃗ is chosen so that ti = tcomp,i + t where t is the optional evolution time of Eq. (2.16) (this is

expanded upon in Appendix A.3). An important upshot of this relation is that all product formulas have a

minimum value of τU where ti = 0 for some i (e.g., corresponding to τS1 = 6ϵ). In other words, for given

experimental parameters and a given sequence, the step size τU cannot be made arbitrarily small. Therefore

the optimization of t must be constrained such that τU is always larger than its minimal value.

The optimal choice of t (assuming this is greater than the minimal simulation time) is then given by

tU∗ = argmin
ti>0

[RU (t)] . (2.17)

For the low-order product formulas considered in this chapter, the solution becomes analytically tractable.

Explicit expressions for these bounds are presented in subsequent sections, with derivations in Appendix A.3.

For the constant-field method C1, the step size is completely set by the Floquet period τC1 = 4ϵ and so this

method only incurs (algorithmic) error as a function of ϵ. There is a useful graphical view of the relevant

error terms that makes the optimal scaling of t and error rate with ϵ manifest. The error rate in Eq. (2.14) is

expanded using Eq. (2.13) and truncated based on the leading-order Trotter and idle errors (i.e. the lowest

powers of strictly k2 or k1 respectively). This leaves a finite number of terms contributing to the error rate in

unique powers of t and ϵ, which can be represented as a curve k2 = B(k1) in the k1− k2 plane, as in Fig. 2.3.

Specifically, the error rate series becomes

RU (t) ≤
1

τU (t, ϵ)

(
tn+1

∣∣∣∣EU ;tn+1

∣∣∣∣+ ϵm ||EU ;ϵm ||+
m−1∑
k=1

tκϵk
∣∣∣∣EU ;tκϵk

∣∣∣∣) , (2.18)

where κ is defined such that

∣∣∣∣EU ;tκϵk
∣∣∣∣ ̸= 0, inf

(∣∣∣∣EU ;tκ−1ϵk
∣∣∣∣ , ∣∣∣∣EU ;tκϵk−1

∣∣∣∣) = 0 (2.19)
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Figure 2.3: Graphical description of leading order error Different leading-order error terms contributing to

the error rate analysis of the four Trotter methods considered in this chapter. The optimal scaling is given by

the negative slope of each line at k1 = 1 and the corresponding error rate scaling is given by the k1 = 1

intercept.

for some fixed k. By working in the asymptotic limit, which is defined as ϵ≪ 1 with t ∝ ϵα for some number

α, the error rate scaling may be analyzed in terms of the individual powers of each of the contributing error

terms. The leading-order k1 error is α(k1 − 1) + B(k1), where 1 is subtracted because τU (t, ϵ) = O(t, ϵ).

The optimal error rate, for a given choice of α, then scales with ϵ as

sup
k1

α(k1 − 1) + B(k1). (2.20)

This quantity then needs to be minimized over α. This is a modified Legendre transform of B, where α and

k1 form a conjugate pair. Because of this, the optimal scaling of the error rate is given by B(k1 = 1) and

the optimal scaling α is given by − dB
dk1

∣∣∣
k1=1

. Comparing Fig. 2.3 to the results below demonstrates these

properties. An upshot of this analysis is that for curves whose slope at k1 = 1 is undefined (e.g. S̃1), there

are actually a range of optimal scalings between the slopes from the left and right side that give rise to the

same optimal error rate.
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2.4 Results

2.4.1 Analytic Results

This section gives the results of applying the analysis presented in the previous section to the Hamiltonian

engineering methods of Section 2.2. Specifically, U = S1/2,S1, C1 are used to demonstrate the analysis

described above, with details of the calculations contained in Appendices A.1 and A.3. To isolate the

contributions of different sources of error E to the error rate, the expansion of Eq. (2.13) is applied to the two

Trotter sequences. A bound on these contributions is then placed by separating the part of the expression

depending on the geometry of the system from the operator content. The leading-order contributions to the

error are found to be O(N). These are given in Eqs. (A.38) - (A.41).

As described in the previous section, the optimal step size τU is found by first choosing tcomp to cancel

leading-order error terms and optimizing t to minimize the remaining terms at leading or next-leading order,

the result of which is shown in Eqs. (A.22) and (A.23). τU is expected to vary for different sequences since

the error made depends on the sequence used. The magnitudes of the different leading-order contributions to

the error are used to find t∗. Subject to the constraints described in the previous section, the optimal t∗ values

are (up to O(1) factors determined by system geometry, see Eqs. (A.42) and (A.43))

tS1/2∗ = O(ϵ
1
2 ), tS1∗ = 0. (2.21)

The step size for C1 is fixed by τC1 , so there is no optimization to be done for the constant-field method.

The error rate (Eq. (2.14)) is the main point of comparison between different pulse sequences. It is

computed by using the individual error source contributions EU ;{... } and the optimal step sizes t∗ to find the

error rate scaling as a function of ϵ for the sequences S1/2 and S1

RS1/2
≲ ϵ

1
2

√√√√√
 ∑

i̸=j ̸=k

JikJkj

∑
i̸=j

Jij

 = O(ϵ
1
2N),

RS1 ≲ ϵ

 ∑
i̸=j ̸=k

JikJkj +
∑
i̸=j

J2
ij

 = O(ϵN).

(2.22)

Here O(1) factors are again neglected for clarity. The full expressions can be found in Eqs. (A.44) and (A.45).

To find the error rate for the constant-field method, the evolution implemented on the device is expanded in a

Magnus series and the Heisenberg terms are subtracted off at leading-order to get a bound for RC1 . Dropping
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O(1) factors, the error rate for this method is given by:

RC1 ≲ ϵ

 ∑
i̸=j ̸=k

JijJjk +
∑
i̸=j

J2
ij

 = O(ϵN). (2.23)

The error rates are found to be extensive quantities, which is not surprising: the number of terms in the

Hamiltonian increases with the system size. For comparing systems of different sizes and analyzing local

observables, the error rate density is useful: RU
N .

The methods described in this chapter can be used to map between device and target Hamiltonians obeying

a simple relation described in Section 2.2. As an example of this, the setup of Ref. [95] can accommodate

time evolution methods similar to those presented in previous sections. Their work assumes an experimental

system with dipole XX + Y Y interactions, and tunable X and Y magnetic fields. With this setup, the

pulse sequences of Eqs. (2.6), (2.8) - (2.10) implementing Trotterized time evolution carry over without

change to emulate an isotropic Heisenberg system. In addition, if a tunable Z magnetic field is assumed, the

constant-field method of Eq. (2.11) works as well. Following the analysis for RU , the method proposed in

Ref. [95] has a O(
√
ϵ) error rate scaling, similar to S1/2, with a slightly different prefactor.

There exist many sequences that have the same error scaling. Examples of this are the sequences S1
and S̃1, which are essentially reordered versions of each other. The method of Ref. [95] and S1/2 also both

have ERU = O(
√
ϵ). This non-uniqueness comes from the fact that different combinations of ±π

2 -rotations

may yield the same evolution and similar scaling but with different prefactors due to the combination of

the errors incurred (see Appendix A.2). This chapter shows low-lying sequences up to O(ϵ2) in the error

scaling. It is possible to extend these using the standard Trotter methods [121] to stitch them together to create

higher-order sequences. Furthermore, as the subscript on C1 suggests, it is possible to create higher-order

variants of constant-field methods by stitching together lower-order methods in the appropriate manner, e.g.,

C2(2ϵ) = C1(ϵ)C1(−ϵ).

2.4.2 Numerical Results

The reliance of this analysis on inequalities rooted in the triangle inequality is a source of inflation of the

derived upper bounds. In practice, cancellations between different terms give rise to a smaller error overall,

compared to the worst-case bounds. Realistic values for the error rate can be found by evaluating Eq. (2.14)

numerically to understand the extent to which our bounds ignore these cancellations.
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Figure 2.4: Error rates and bounds Comparison of analytic bounds for the error rate for a single Trotter step

from Eqs. (2.22) and (2.23) to numerical results as a function of the device parameter ϵ for 2× 2 systems.

The analytic bounds consistently exceed the numerical results by factors of O(1)−O(10), which is an

expected consequence of using the triangle inequality to evaluate the bounds.

For concreteness, the physical Hamiltonian underlying experimental systems of Rydberg atoms [124,125]

is used for the rest of the paper, corresponding to cx = cy = 0, cz = 1 in Eq. (2.1). Rydberg atoms have

an all-to-all coupling mediated by a Van der Waals interaction (i.e. Jij = C6
|r⃗i−r⃗j |6 ). This interaction only

depends on the geometry of the Rydberg array which is assumed to be fixed for the duration of the simulation.

In this chapter, the values of C6 = O(106) MHz µm6 and the lattice spacing a = O(1) µm are fixed to

realistic values based on current hardware parameters [126]. Changing these parameters is equivalent to

rescaling the maximum field strength Ω, so numerical calculations are performed with these constants fixed.

In reality, devices require some time to change the magnetic fields; this time is determined by the slew rate.

This analysis assumes the ideal case of an infinite slew rate for simplicity, although including realistic slew

rates does not change the results qualitatively.

The individual contributions E are compared to the numerical values (obtained by directly evaluating the

E terms in Eq. (2.15)) in Fig. A.1 as a function of system configuration. The results for the error rates of Eqs.

(2.22) and (2.23), along with their numerical counterparts, can be seen in Fig. 2.4. In both Fig. 2.4 and Fig.

A.1, we see the analytic bounds exceed the numerical values. This happens because the inequalities applied

to derive the bounds effectively ignore the cancellations between various terms that happen in practice.
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Figure 2.5: Effects of different step sizes The effect of multiple Trotter steps on errors for 2× 2 systems with

ϵ ∼ 10−5 and pulse sequences S1/2 and S1. The quantity

δ1 − δn =
∣∣∣∣Utrot(T )− e−iHXXXT

∣∣∣∣− ∣∣∣∣∏n Utrot(T/n)− e−iHXXXT
∣∣∣∣ is positive when taking many small

steps of Utrot(T/n) replicates e−iHXXXT better than taking one large step Utrot(T ). Here, T = nτU and τU

is chosen optimally according to the Eq. (2.21). Taking many steps to reach a total time T is beneficial for

S1/2 and S1 compared to taking a single large step when the step size is chosen optimally. This demonstrates

the importance of choosing the step size correctly to take advantage of the Trotter error scaling.

So far, the error for a single Trotter step has been considered. Fig. 2.5 investigates whether it is better to

take many Trotter steps or a single large step by considering the quantity δ1−δn =
∣∣∣∣Utrot(T )− e−iHXXXT

∣∣∣∣−∣∣∣∣∏
n Utrot(T/n)− e−iHXXXT

∣∣∣∣. For a given Trotter time evolution method Utrot, this quantity measures how

much closer Utrot with n steps is to the true time evolution than Utrot with one large step. Considering this

figure, the effect of the different error contributions on the overall error for each pulse sequence becomes

evident: while decreasing ϵ will always decrease the error, the choice of the step size τU is of crucial

importance to be able to take advantage of the scaling properties of Trotter formulas. In other words, a

poorly chosen τU may inhibit successive application of the sequence and incur more error than a single

large application as a result of constructive interference of different E contributions. Figs. 2.4 and 2.5 also

demonstrate the order-of-magnitude difference between the rate at which errors accrue for S1/2 and S1.
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2.5 Discussion

While simulation of real-life physical systems remains an outstanding goal, the onset of devices capable of

supporting analog quantum simulation provides a path forward in the near-term. Because of the level of

control and the large number of qubits compared to digital quantum computers, these devices are attractive

platforms for attempts at simulating classically inaccessible physics. Control and understanding of errors are

important for any quantitative study. As demonstrated in this chapter for the case of analog simulations, the

error on real-life devices is not always minimized by trivially minimizing the sources of error individually.

Instead, parameters of the simulation must be chosen specifically to maximize the precision of the simulation

metrics of interest given the physical limitations of the device. This chapter has outlined and shown examples

of the analysis necessary to quantify the error incurred by methods of simulating Hamiltonians using analog

quantum devices. Different sources of error and the interplay between them have been investigated, and

the growth of these contributions with system parameters has been described. The analytic results provide

worst-case guarantees for the methods presented; in practice, numerical simulations of the methods give more

realistic reflections of the error. The error rate as a function of minimal π
2 -pulse duration ϵ is used to compare

the effectiveness of several time evolution methods. For methods emulating time evolution under HXXX

starting from HIsing, error rates are shown in Fig. 2.6, and relevant features and parameters are given in

Table 2.1. Extensions of this analysis method may include using different norms, since typically only a small

subset of the Hilbert space is of interest, such as low-energy effective field theory spaces [127]. Furthermore,

physically-relevant observables may have additional protection from errors due to their locality [128], and

properties of the physical system being simulated may combine with algorithmic and device errors to produce

unexpectedly different results [129]. Overall, the considerations presented in here are important for many

analog quantum simulations on devices whose evolution is naturally described by Ising-type Hamiltonians

such as Hdev. The discussion presented is an important step toward a complete quantification of uncertainties

for quantum simulation on analog devices.

Current device precision capabilities may limit the ability to implement the time evolution methods that

have been presented. To implement a sequence whose error grows as O(ϵ), the device should have control

of the pulse width at O(ϵ2) or better precision. If such control is not possible, then the errors will wash out

any algorithmic scaling assumed by this analysis. Because of this, it is important to consider the level of

control that current devices have. Recently, nanosecond level control has been demonstrated on a Rydberg
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Figure 2.6: Error rates for different pulse sequences Numerical error rates corresponding to Eq. (2.14) for a

single Trotter step (Floquet period for C1) for 2× 2 systems. The slopes of lines on these log-log plots

indicate the scaling of the error rate for each method (see Table 2.1) and the y-intercepts give the scaling

prefactor. The lines for S1/2,S1, and C1 are the same as the numerical ones in Fig. 2.4. Current device

capabilities report pulse control to the ns level , meaning pulse sequences with ϵ ∼ O(10−5) can be applied,

indicated by the dashed vertical line.

system [126]. This corresponds to ϵ2 ∼ O(10−9), meaning sequences using ϵ ∼ O(10−5) can be supported.

This value of ϵ is shown by the dashed vertical line in Fig. 2.6. Although constant-field methods such as C1
do not require rapid switching of the magnetic field, decreasing ϵ shortens the Floquet period, which makes

the engineered time evolution more accurate. In other words, the level of control of the pulse width ϵ limits

both types of time evolution engineering methods considered in this work. From Fig. 2.6, it can be seen

that at the level of control available today, S2 outperforms all other considered engineering methods. Unless

the minimal pulse width ϵ ∼ O(10−1), there is benefit to using higher-order formulas at the cost of rapid

magnetic-field switching.

Many devices that implement Hamiltonians of the form of Hdev are also able to modify the geometry of

the system, such as allowing arbitrary placement of sites in the experimental plane of the apparatus using

optical tweezers [130]. The ability to run experiments with such configurations has been proposed to simulate

interesting physical phenomena such as nontrivial θ dependence in non-linear σ-models [83], dynamical



35

Comparison of Time Evolution Methods

Method
Error

rate
τU t⃗rot t⃗comp t∗

S1/2 O (
√
ϵ) O (

√
ϵ) (ϵ, ϵ, 2ϵ) (ϵ, ϵ, 0) O (

√
ϵ)

S1 O(ϵ) 6ϵ (ϵ, ϵ, 2ϵ) (ϵ, ϵ, 0) 0

S̃1 O(ϵ) 6ϵ (ϵ, 2ϵ, ϵ) (ϵ, 0, ϵ) 0

S2 O(ϵ2) 12ϵ (2ϵ, 2ϵ, 4ϵ) (2ϵ, 2ϵ, 0) 0

C1 O(ϵ) 4ϵ - - -

Table 2.1: The error rates, step size, and step parameters for each method to simulate HXXX evolution. The

three rightmost columns show the breakdown of τU into the evolution due to the rotations trot, the evolution

to compensate for the rotations tcomp, and the optimal optional evolution time t∗. t∗ is given by Eqs. (2.17)

and (2.21), and following similar analysis for the other Trotter sequences. For C1 the step size corresponds to

the Floquet period τC1 = 4ϵ. The essentially identical properties of S1 and S̃1 and the better error rate scaling

of S2 at the cost of longer device time can be seen.

quantum phase transitions [131], systems with topological order [132], and optimizations for 2+1-dimensional

gauge theory simulations [133]. These changes to the geometry would enter the error analysis in the form of

modifying the sums in the bounds of Eqs. (2.22) and (2.23).

The interactions that can natively be supported on devices described by Hdev are limited. Because of

this, Hamiltonian engineering is an attractive way to emulate other models. While this chapter constitutes an

important step towards quantifying the errors involved in mapping a physical problem to an analog device, a

collective study including other sources of error such as device imperfections and other limitations would

be necessary for complete control of uncertainties of an analog quantum simulation. The dynamics of

Heisenberg evolution are of broad interest in physics, and analog simulations are enabling their study today.

Therefore, a full understanding of the impact of errors and approximations on analog quantum simulations of

the Heisenberg model is vital in a path toward scientifically practical results. With the errors under control,

data from simulations of systems beyond the reach of classical computers may be used to make predictions



36

about nature.
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Chapter 3

SIMULATING FULLY GAUGE-FIXED SU(2) HAMILTONIAN DYNAMICS ON DIGITAL
QUANTUM COMPUTERS

3.1 Introduction

Gauge theories describe a wide array of physical systems from condensed matter and nuclear physics [134–

138] to the fundamental interactions of the Standard Model [4–8,139,140]. A compelling example is Quantum

Chromodynamics (QCD), an SU(3) gauge theory which provides a precise and quantitative description of

the strong nuclear force over a broad range of energies. Due to its strongly-coupled nature at low energies, it

gives rise to a complex array of emergent phenomena that cannot be identified from the underlying degrees of

freedom. Additionally, ab-initio calculations of its properties are crucial for comparing theoretical predictions

of the Standard Model to experimental results. A fully-systematic approach to carry out computations of QCD

in the low-energy regime is the numerical estimation of the lattice regulated path integral via Monte Carlo

importance sampling. This approach is computationally expensive, requiring high-performance computing,

but has been remarkably successful in computing certain properties of QCD.1 For example, many single-

hadron observables, such as the hadron vacuum polarization contribution to the muon anomalous magnetic

moment and the hadron spectrum with QED and isospin breaking effects, can be calculated with sub-percent

accuracy [142]. Additionally, several two-hadron observables, such as the decay amplitude for K → ππ and

direct CP violation can be reliably extracted from lattice QCD simulations [143]. However, these classical

simulation methods encounter severe sign problems when applied to real-time dynamics or systems with

finite chemical potential.

In recent years, there has been growing interest in utilizing quantum computers to study physical processes

that appear out of reach to classical approaches. Quantum simulation provides a powerful alternative

framework for exploring large many-body quantum systems, enabling first-principle investigations of out-of-

equilibrium dynamics [21–23, 63, 73, 81, 144–164] and the discovery of novel phases of quantum matter [71,

1For an in-depth review, see Ref. [141]
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165–173]. These methods have already been applied to a variety of gauge groups including Z2 [174, 175],

U(1) [156–158, 161, 163, 176–200], SU(2) [62, 164, 201–218], and SU(3) [64–66, 219–227]. Remarkable

progress on both the algorithmic [57, 228–231] and hardware [232–237] fronts has pushed the frontier of

near-term quantum simulations to systems exceeding 100 qubits [238–242]. These advances have opened

the door to studying a broad range of phenomena in strongly interacting theories, such as scattering in

high-energy collisions [193, 238, 243–249], processes in nuclear physics [65, 198, 199, 250–255], string-

breaking [149, 150, 230, 256, 257] and hadronization and energy loss [258–260].

A key step toward realizing large-scale lattice gauge theory simulations on quantum hardware is the devel-

opment of efficient, physically-faithful representations of the formally infinite Hilbert space. The fundamental

task is encoding the continuous gauge group into discrete degrees of freedom that can be implemented on a

quantum device. There exist a variety of approaches that utilize group-theoretic constructions to address this

task, including group irreducible representation (irrep) bases [66,205–207,209,219,261–268], group-element

bases [204, 216, 218, 269, 270], discrete subgroups [271–278], deformed gauge groups [214, 224], and dual

bases [186, 189, 279–282]. Each of these choices, however, presents its own particular limitations, ranging

from inefficiency at weak coupling, complications with systematic improvement, and difficulties in making

physically-accurate predictions. Therefore, it is of vital importance to compare these various formulations,

with a particular focus on the resources necessary for extracting experimentally-relevant measurements.

A recently introduced basis, the mixed basis [216, 218], serves as a middle ground between the irrep and

group element representations of the gauge group. With the removal of gauge-redundant degrees of freedom,

as well as the use of a coupling-dependent digitization scheme, this basis is believed to provide a resource-

efficient formulation of SU(2) for all values of the gauge coupling. This is of particular importance when

extracting physical parameters from numerical simulations, due to the necessary tunings of bare couplings to

reach the appropriate large volume continuum limits.

The present work develops algorithms for simulating the real-time dynamics of the minimal non-trivial

example of a fully gauge-fixed SU(2) Hamiltonian: two plaquettes with open boundary conditions. Sec. 3.2

provides a short review of gauge theory Hamiltonians and gauge fixing. It also details the group element,

mixed and character irrep bases, each of which is optimized for distinct coupling regimes. Sec. 3.3 analyzes the

mixed basis in detail, presenting the corresponding digitization scheme and mapping of the Hamiltonian into

quantum circuits for time evolution. It also provides resource estimates for larger-scale simulations. Sec. 3.4

gives two different methods for translating the digitization into quantum circuits that can be implemented
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onto Noisy Intermediate-Scale Quantum (NISQ)-era devices. Finally, Sec. 3.5 presents the results of a

real-time simulation on ibm fez, a 156-qubit superconducting chip. An in-depth explanation of the various

error-mitigation strategies that are utilized in order to extract results from the noisy quantum simulation is

also presented. Finally, Sec. 3.6 discusses the implications of this work and proposes directions for future

work and extensions to larger system sizes.

3.2 Two Plaquette Hamiltonian

This section provides a concise overview of how to formulate lattice gauge theories using maximal-tree gauge

fixing [283], as well as how to remove the remaining global gauge transformation. It also introduces several

different bases that can be used to derive analytic results for a wide range of (bare) coupling values. For a

pedagogical review about formulating gauge theories on the lattice and understanding gauge symmetries in

the max-tree construction, see Ref. [216]. Operators on the Hilbert space will generally be denoted with a hat,

however when the meaning is unambiguous, the hat will be omitted for readability.

3.2.1 Gauge Fixing Lattice Gauge Theories

The Kogut-Susskind Hamiltonian [49] is the starting point of this work. Written in terms of electric field link

operators and magnetic plaquette operators, the general form of a lattice gauge Hamiltonian is

Ĥ =
g2

2a

∑
ℓ∈links

Ê2
ℓ +

1

2g2a

∑
p∈plaq.

Tr
[
2− P̂p − P̂ †

p

]
(3.1)

where each plaquette is constructed out of gauge link operators, g is the gauge coupling, and a is the lattice

spacing, usually set to the identity. Before introducing the commutation relations of the operators that appear

in this Hamiltonian, it is beneficial to understand how these operators are related to the mathematics of Lie

groups.

Typically, a gauge link operator is defined as the path-ordered Wilson line of the gauge field,

Urs(ℓ) ≡
[
P exp

(
i

∫ n+ei

n
dxµAµ(x)

)]
rs

(3.2)

where the gauge link ℓ(n, ei) originates at point n and extends in the direction ei and r, s are color indices.

The Hilbert space of this operator is the space of all square-integrable wavefunctions L2(G, g) over the Lie

group G with respect to the Haar measure dg. Therefore, any gauge link operator can be written in the group
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Figure 3.1: Spectrum of the Two Plaquette System a) Two plaquette system with open boundary conditions.

The system contains seven links, numbered 1 through 7, with the physical links denoted as κ = 1, 2. The

magnetic degrees of freedom X̂1, X̂2 are associated with each plaquette. The dashed lines that run around

each plaquette denote the loops used in the max tree gauge fixing procedure. b) Spectrum of the Hamiltonian

for different bare couplings. The solid lines show the solution obtained by FEM. The black dashed line on the

bottom shows the energy bound of Eq. (3.35). The gray lines denote the strong coupling limit of the character

irrep spectrum. This limit is found by ignoring the contribution of the magnetic Hamiltonian, which is only

valid when the gauge coupling is large. c) Low-lying spectrum of the character irrep Hamiltonian in the

strong coupling limit. The first and fourth excited state are two-fold degenerate and each state is a linear

superposition of the stacked basis states. See Table B.4 for further details.
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element basis as

Ûrs(ℓ) ≡
∫
dgℓ urs(gℓ) |gℓ⟩ ⟨gℓ| (3.3)

where urs are the matrices that define the group elements in the fundamental representation. The full Hilbert

space is simply the tensor product of the local Hilbert spaces of each link.

The electric operators are also defined using the group element Hilbert space. In particular, the electric

operators are responsible for translations in the space of group elements,

Θ̂Lh = eiϕ
a(h)Êa

L Θ̂Rh = eiϕ
a(h)Êa

R (3.4)

where ϕa(h) are parameters typically called normal coordinates, where a ∈ {1, . . . , dim(G)}. The operators

Θ̂ act on the group element basis states as

Θ̂Lh |g⟩ = |h−1g⟩ Θ̂Rh |g⟩ = |gh−1⟩ ; (3.5)

since the left and right electric field operators act on states differently, both need to be present for non-Abelian

gauge theories.

The electric field operators satisfy the commutation relations[
Êa

L, Ê
b
L

]
= −ifabcÊc

L

[
Êa

R, Ê
b
R

]
= ifabcÊc

R[
Êa

L, Ê
b
R

]
= 0 (3.6)

and given that the left and right electric operators commute, they each furnish an independent Lie algebra.

Additionally, each electric operator has a commutation relation with the gauge link operator[
Êa

L, Û
(r)
mn

]
= T

(r)a
mm′Û

(r)
m′n

[
Êa

R, Û
(r)
mn

]
= Û

(r)
mn′T

(r)a
n′n (3.7)

where r indicates the representation and is not summed over.

So far, there has been no mention of gauge invariance in this discussion, though all the ingredients are now

in place. For a theory that is gauge invariant, there exist states that are equivalent to each other; these states are

related via gauge transformations. In deriving the Kogut-Susskind Hamiltonian from the Wilson action, Weyl

gauge is imposed. This is an incomplete gauge-fixing condition and purely spatial gauge transformations still

remain. A gauge transformation Ω at the lattice site n is performed by applying the operator

Θ̂Ω(n) ≡ exp
(
iϕa(Ω)Ĝa(n)

)
(3.8)
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where Ĝa is the Hermitian operator

Ĝa(n) =
d∑

i=1

[
Êa

R(n− ei, ei)− Êa
L(n, ei)

]
(3.9)

and is commonly called the Gauss Law operator. When this operator acts on any state in the physical

subspace,

Ĝ(n) |Ψphys⟩ = 0 ∀n (3.10)

is satisfied. It is important that these equivalent states are not treated as distinct. One possible approach for

avoiding this is gauge-fixing, a method for choosing a single representative state from each set of equivalent

states.

Gauge fixing on a spatial lattice can be done systematically, without the need to solve the Gauss law

equation at each site. Instead, the residual spatial gauge transformations that are still present after Weyl

gauge-fixing are used to set certain gauge links to the identity. Every time a gauge transformation is used

to fix a specific gauge link, neighboring links are also transformed. In two or more spatial dimensions,

it is not possible to set all the gauge links to the identity, which is consistent with gauge bosons being

dynamical in these dimensions. Ref. [283] showed that the largest set of gauge links that can be set to the

identity are those that make up a maximal tree.2 This convention removes all of the residual spatial gauge

transformations except for those at a single lattice site, which will be taken to be the origin. This last spatial

gauge transformation, which is a global gauge transformation, must be treated differently. Once all the spatial

gauge redundancy is fully removed, the resultant Hamiltonian only spans the physical subspace and there are

no more equivalent states.

This process has been completed for SU(2) lattice gauge Hamiltonians in two- and three-dimensions

in Ref. [216, 218]. In the first work, the Kogut-Susskind Hamiltonian is gauge-fixed using the maximal

tree gauge fixing procedure and rewritten in terms of new canonically-conjugate operators, ÊaL,R(κ) and

X̂(κ). The operators ÊaL,R(κ) are related to parallel-transported electric link operators and X̂(κ) are related

to parallel-transported gauge links; both sets of operators are transported along a path P (κ). In terms of these

2A maximal tree is a set of all gauge links such that if any additional link was added to the set, the lattice would now contain a closed

loop. See Ref. [216] for more details
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variables, the Hamiltonian is given by

ĤE =
g2

2a

∑
ℓ

 ∑
κ∈t+(ℓ)

ÊaL(κ)−
∑

κ∈t−(ℓ)

ÊaR(κ)

2

ĤB =
1

2g2a

∑
p

Tr

(
Î −

∏
κ∈p

X̂(κ)σ(κ)

)
+ h.c. (3.11)

where
∑

p and
∑

ℓ denotes sums over all plaquettes and all links of the lattice, t±(ℓ) is the set of all physical

links such that ℓ is contained in the path P as a positive/negative link and σ = ±1, depending on whether the

link is traversed in the positive or negative orientation. The precise form of the Hamiltonian depends on the

chosen max-tree and path convention; physical results will be convention-independent.

In addition, Ref. [216] provides a group-element basis for constructing the Hilbert space of the Hamiltonian

of Eq. (3.11). Using the axis-angle representation of rotations in three-dimensional space, each loop variable

is represented by a two-dimensional matrix

X̂ =

 cos ω
2 − i cosϑ sin ω

2 −ie−iφ sinϑ sin ω
2

−ieiφ sinϑ sin ω
2 cos ω

2 + i cosϑ sin ω
2

 (3.12)

where the variables have ranges

ω ∈ [0, 2π], θ ∈ [0, π], ϕ ∈ [0, 2π] . (3.13)

The corresponding canonically-conjugate variables are given by

ÊR/L =
1

2

(
Σ̂± L̂

)
. (3.14)

In axis-angle coordinates, L̂ is given by

L̂x = i

(
sinφ

∂

∂ϑ
+ cotϑ cosφ

∂

∂φ

)
L̂y = i

(
− cosφ

∂

∂ϑ
+ cotϑ sinφ

∂

∂φ

)
L̂z = −i ∂

∂φ
, (3.15)

which is simply the (conventional) angular momentum operator. The operator Σ̂ can be written in terms of L̂

and the position vector η̂ as

Σ̂ = 2iη̂
∂

∂ω
+ cot

ω

2

(
η̂ × L̂

)
, (3.16)
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where η̂ is the axis of rotation in three-dimensional space,

η̂ ≡ (sinϑ cosφ, sinϑ sinφ, cosϑ) . (3.17)

The operator Σ̂ is analogous to the boost operator of the Lorentz group. The commutation relations of these

two operators are [
L̂a, L̂b

]
= iϵabcL̂c[

Σ̂a, Σ̂b
]
= iϵabcL̂c[

Σ̂a, L̂b
]
= iϵabcΣ̂c , (3.18)

whereas the commutation relations for the Lorentz group operators have a relative minus sign for the second

and third commutation relation. The Haar measure for each link in this basis is

dg = 4 sin2
ω

2
sinϑdω dϑ dφ (3.19)

The fixing of the last (global) gauge transformation is carried out in Ref. [218]. The key insight of that

work is that the Hamiltonian can be conceptualized as a system of rods all connected together at the origin.

The κth rod has length ωκ and its orientation is given by the polar angle ϑκ and azimuthal angle φκ. Such a

system can be written either in a lab-frame coordinate system or in a body-frame coordinate system. An Euler

rotation relates these two coordinate systems. In the lab-frame coordinate system, the location of each rod is

parameterized as in Eq. (3.17). This same configuration of rods can be written using body-frame variables,

coupled with an Euler rotation. The definition of the body frame is arbitrary, but Ref. [218] chooses to define

the ẑ axis of the body frame by aligning it with one rod and the x̂− ŷ plane via the location of another rod.

In this coordinate system, the location of each rod is given by

η1 = R · (0, 0, 1) (3.20)

η2 = R · (sinΘ, 0, cosΘ)

ηµ = R · (sin θµ cosϕµ, sin θµ sinϕµ, cos θµ) µ ≥ 3

where R is the rotation matrix written in terms of Euler angles. Rotation of the full system leaves the lengths

of each rod invariant. In carrying out the change of basis to go from the lab-frame coordinate system to the

body-frame coordinate system, the remaining global gauge transformation is made visible. The Hamiltonian
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can then be trivially fixed to the total gauge-singlet sector and only depends on the variables {ωκ,Θ, θµ, ϕµ};
all dependence on the Euler angles is eliminated from the Hamiltonian. Ref. [218] provides the explicit forms

of all possible electric bilinears as well as magnetic loop operators in this new coordinate system. The new

basis is called the ‘sequestered basis’, as all the dependence on the total charge of the system is sequestered

into the Euler angles. The focus of this chapter is to simulate the two plaquette version of this system, on a

NISQ-era device.

3.2.2 Two Plaquette Hamiltonian

Using Eq. (3.11) and a loop convention where each loop only encompasses one plaquette, the Hamiltonian

for the two plaquette system with open boundary conditions, shown in Fig. 3.1a, is given by

Ĥ□□ =
g2

2

(
4 Ê21 + 6 Ê22 − 2 ÊR2 · ÊL2 +2 ÊR1 · ÊR2 − 4 ÊR1 · ÊL2

)
+

1

g2

(
4− tr X̂1 − tr X̂2

)
. (3.21)

The lattice spacing has been set to the identity, as is conventionally done, and

ÊLκ · ÊLκ = ÊRκ · ÊRκ ≡ Ê2κ , (3.22)

where κ is not summed over. A basis that spans the Hilbert space of Ĥ□□ must be defined to analyze the

real-time behavior of this system. Additionally, both Êκ and X̂ are infinite-dimensional operators and the

basis needs to be truncated. The calculation of any physical observable is basis-independent but truncation

will affect this universality. The effects should disappear as the truncation is removed. This chapter utilizes

three different bases to measure both static and dynamic properties.

Group Element Basis

In the group element basis, the eigenstates |g⟩ of the gauge link operators (or the loop operators) are the basis

states. Any parameterization of |g⟩ can be used for defining the action of the Hamiltonian on the Hilbert

space but some parameterizations are advantageous from the perspective of digitization and global gauge

fixing. For SU(2), two natural parameterizations are Euler angles or axis-angle coordinates. The axis-angle

parameterization is particularly convenient [216, 218]. Any wavefunction that spans only the physical Hilbert

space i.e. any gauge-singlet wavefunction is given by

⟨ω1 ω2Θ⟩Ψ = Ψ(ω1, ω2,Θ)
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≡ u(ω1, ω2,Θ)

4 sin ω1
2 sin ω2

2

(3.23)

where the rescaled wavefunction u(ω1, ω2,Θ) is introduced to simplify later calculations. The magnetic

component of the fully gauge-fixed Hamiltonian is diagonal and only depends on the radial coordinates ω1

and ω2,

H
(B)
□□ =

2

g2

(
2− cos

ω1

2
− cos

ω2

2

)
. (3.24)

The electric component of the Hamiltonian can be determined by evaluating each of the electric bilinears

that appear in Eq. (3.21). The explicit expressions for the electric bilinears are relegated to Appendix B.2.1.

Combining the various elements together, the electric component of the Hamiltonian is given by

H
(E)
□□ = −g

2

2

[{
4

(
∂2

∂ω2
1

+ cot
ω1

2

∂

∂ω1

)
− 2 csc2

ω1

2
N +

(
cot

ω2

2

∂

∂ω1

)(
sinΘ

∂

∂Θ

)
+ (ω1 ↔ ω2)

}
+

(
1

2
cot

ω1

2
cot

ω2

2

)(
sinΘ

∂

∂Θ

)
−
(
1

2
cosΘ cot

ω1

2
cot

ω2

2
− 1

2

)
N
]

(3.25)

where N is the differential operator,

N = − ∂2

∂θ2
− cot θ

∂

∂θ
. (3.26)

In this basis, H□□ is a partial differential operator and its spectrum can be found numerically using

Finite Element Methods (FEM). FEM is a general numerical approach for solving low-dimensional partial

differential equations that utilizes a discrete mesh of the computational domain.3 In order to ensure that

the eigenfunctions of H□□ are normalizable and that the mesh does not encounter any singularities, FEM

is applied to solve for the rescaled wavefunctions, u(ω1, ω2,Θ). In this case, the radial coordinates, ω1,2

have a range of [0, 2π] with Dirichlet boundary conditions while the angular coordinate Θ has range [0, π]

with Neumann boundary conditions. Fig. 3.1b plots the low-energy spectrum as a function of the bare

gauge coupling. These solutions provide a beneficial ‘exact’ solution to which the mixed basis and character

irrep basis can be compared. This is particularly helpful, as while the these bases can be used for larger

system sizes, the FEM approach faces insurmountable computational barriers when applied to larger systems.

Without fully gauge-fixing, FEM could not even be applied to the two-plaquette system as, for example,

the (naively parameterized) two-plaquette version of the Kogut-Susskind Hamiltonian involves twenty-one

parameters (three quantum numbers for each of the seven links).

3This is in contrast to Finite Difference Methods (FDM), which approximate differential operators as finite differences on discrete

grid.
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Mixed Basis

In the mixed basis, the states that span the Hilbert space are labeled by the continuous variables ω1, ω2 and

the discrete quantum number ν. This discrete quantum number is related to the angular variable Θ via

⟨Θ⟩ ν = Pν(Θ) (3.27)

with Pν(Θ) the (rescaled) Legendre polynomial of degree ν.4 Legendre polynomials are used to span the

Hilbert space because they are the eigenfunctions of the operator N ,

NPν(θ) = ν(ν + 1)Pν(θ) . (3.29)

The matrix elements in this basis are found by calculating

〈
ω′
1ω

′
2ν

′∣∣Ĥ□□
∣∣ω1ω2ν

〉
=

∫
d(cosΘ)d(cosΘ′) ⟨ν ′⟩Θ′

×
〈
ω′
1ω

′
2ν

′∣∣Ĥ□□
∣∣ω1ω2ν

〉
⟨Θ⟩ ν

=

∫
d(cosΘ)P ∗

ν′(Θ)H□□Pν(Θ) (3.30)

where H□□ is the sum of the magnetic and electric Hamiltonians, written in the group element basis in

Eq. (3.24) and Eq. (3.25).

To convert between the group element basis and the mixed basis, only four integrals need to be calculated:

∫
d(cosΘ)Pν′(Θ)



1

N

cosΘ

sinΘ ∂
∂Θ


Pν(Θ) . (3.31)

4The conventional normalization of the Legendre polynomials is∫ θ

0

d(cos θ)Pν′(θ)Pν(θ) =
2

2ν + 1
δν′ν (3.28)

but due to the requirement that the basis states of the Hilbert space be orthonormal, the Legendre polynomials in this work are

rescaled.
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The results of these integrals, tabulated in Appendix B.2.2, are used to recast expressions in H□□. The

necessary digitization, particularly of the components that depend on ωκ, will be discussed below in Sec. 3.3.

Using the mixed basis, it is possible to derive a strong bound on the ground state energy of the two

plaquette system. Recall that the ground state energy of a Hamiltonian, E0, can be bounded from above by

the expectation value of that Hamiltonian in any state Ψ,

EΨ ≡ ⟨Ψ|Ĥ|Ψ⟩ ≥ E0 . (3.32)

In general, the goodness of this bound depends on how well the wavefunction Ψ matches the true ground

state. A good ansatz for the two plaquette system is found by assuming that the ground state does not depend

strongly on Θ and therefore the functional dependence of the ground state on ωκ is encapsulated in the

differential operator

−2g2
(
∂2

∂ω2
κ

+ cot
ωκ

2

∂

∂ωκ

)
+

2

g2

(
1− cos

ωκ

2

)
, (3.33)

which is the component of the Hamiltonian that is diagonal in ν for each ω. This differential equation is

related to that of the Mathieu equation. Therefore, the ansatz for the ground state is

u(ω1, ω2,Θ) =
se2(−8/g4, ω1/4)se2(−8/g4, ω2/4)√

2
(3.34)

where Ψ and u are related via Eq. (3.23). The parity odd Mathieu function, sen(q, x) has period π when n is

even or 2π when n is odd. For this system, n has to be even for ψ to be finite on the full range of ωκ. With

this ansatz, EΨ is

EΨ =
g4b2

(
−8/g4

)
− 4g4 + 16

4g2

=


3
√
2 g ≪ 1

4/g2 g ≳ 1

(3.35)

where bn(q) is the characteristic number that guarantees that sen(q, x) has period π or 2π. Comparing this

ansatz to the FEM solution demonstrates that there is very good agreement between the two for a wide range

of gauge couplings.

Character Irrep Basis

The Kogut-Susskind Hamiltonian is formulated in the group irrep basis, also called the electric basis. The

eigenstates of the single link Hilbert space are |JMLMR⟩ where J is the total angular momentum and ML
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(MR) is the angular momentum projected onto the ẑ axis of the lab (body) frame; J is also commonly referred

to as the irrep of SU(2) group. In analogy, the basis of the Hilbert space of the fully gauge-fixed two-plaquette

Hamiltonian can be chosen to be |J1 J2 ν⟩ where J1,2 are again irreps of SU(2). The relationship between

the group element basis and this basis is

⟨ω1 ω2Θ⟩ J1 J2 ν = χJ1
ν (ω1)χ

J2
ν (ω2)Pν(Θ) (3.36)

where χJ
ν are (rescaled) generalized character functions of the irreps of the rotation group. These functions

satisfy the differential equation,[
∂2

∂ω2
+ cot

ω

2
+ J(J + 1)− ν(ν + 1)

4 sin2 ω
2

]
χJ
ν (ω) = 0 (3.37)

where J are integers and half-integers and ν are integers, bounded by 2J ≥ ν ≥ 0. An explicit construction

of these character functions is done via Clebsch-Gordan coefficients,

χJ
ν (ω) =

iλ

2
√
π

∑
M

e−iMωCJM
JMν0 (3.38)

where the prefactor of 1/(2
√
π) arises due to the requirement that the basis states are orthonormal.

Relevant matrix elements can be calculated for generic J1, J2 and ν by making use of recurrence relations

for the character functions [284]. The complete expressions are presented in Appendix B.2.3. A key result is

that the magnetic component of the Hamiltonian only changes the Jκ quantum numbers by at most ±1/2.

In contrast, the electric component of the Hamiltonian only changes the ν quantum number by at most ±1.

With these matrix elements, it is possible to construct a finite-dimensional Hamiltonian, with cutoff Jmax
κ .

Note that ν is naturally truncated due to the requirement that

2Min(J1, J2) ≥ ν ≥ 0 (3.39)

and since the Hamiltonian is symmetric under J1 ↔ J2 exchange, as is evident from the differential form of

the Hamiltonian, both J1 and J2 have the same cut-off.

Solving for the spectrum in the strong coupling limit is simple, as the electric component preserves the

quantum numbers J1, J2 and the contributions from the magnetic component can be ignored. Additionally,

since the quantum number ν is bounded from above by 2Min(J1, J2), for a given J1, J2, the relevant sub-

block of the Hamiltonian is finite-dimensional. In short, in the strong coupling limit, at leading order, the

Hamiltonian is block-diagonal. The results for the lowest states are shown in Fig. 3.1c and in Table B.4.
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This basis can be used for other values of the gauge coupling if the magnetic component of the Hamiltonian

is included. In this case, the Hamiltonian is no longer diagonal in J1,2 and its spectrum cannot be found

analytically. Using exact diagonalization for different values of Jmax
κ , it can be shown that at small values

of the gauge coupling, the energy eigenstates diverge as 1/g2. However, using FEM, it is shown that the

low-lying eigenstates become independent of g in the limit of small g. These large truncation errors at weak

coupling are why electric bases are disfavored for this regime.

3.3 Digitization of the Mixed Basis

The Hilbert space degrees of freedom that may be represented by a register of qubits is finite and so a

finite representation of the continuous gauge field must be determined. This is commonly referred to as a

‘digitization’ (distinct from ‘discretization’, which corresponds to representing a continuous space-time on

a lattice). This section focuses on the manner in which the mixed basis can be digitized, in particular the

derivatives with respect to ω. Of key importance is how to efficiently implement derivative operators onto a

quantum device, which will be the focus of the next section.

3.3.1 Conventions

In the following sections, various ideas and tools will appear in slightly different contexts. Therefore, to ease

notation and presentation, the following conventions are made.

For a single qubit, one may define the set of Pauli operators

σα = {I,X, Y, Z} . (3.40)

For N -qubits, the set of all Pauli strings (modulo phase) is the Pauli group, and is defined as

PN = {⊗N
l=1σ

αl
l | αl = 0, 1, 2, 3} . (3.41)

This group defines a complete basis for the set of all Hermitian operators O (e.g. a Hamiltonian or density

matrix) on N qubits, and is normalized as

TrPP ′ = 2N δP,P ′ ∀P, P ′ ∈ P . (3.42)

Given such a Hermitian operator O on N qubits, its (normalized) Pauli decomposition is denoted as

D(O) =

{
(P,

1

2N
TrPO) | P ∈ PN

}
. (3.43)
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D(O) will be used to either denote the set of pairs as shown above or the sum itself, where the meaning will

be clear based on context.

3.3.2 Formulating Gauge Field Operators

An important feature of a good digitization is that observables (e.g. expectation values of Hermitian operators)

converge quickly to the continuum limit as the resolution is increased. For fast convergence, the range of

support of the wavefunctions of interest must be fully covered in both field and conjugate momentum space.

In particular, if the support of the wave function is not sufficiently covered then predictions for observables

will not converge to the correct solution. If the region of field space covered is much larger than the support

of the wave function, then the digitization will sample regions of the wave function that are exponentially

small and the convergence will be slow. The following digitization achieves good convergence properties by

optimally spanning the regions of wave function support.

The continuous gauge field degrees of freedom represented by {ω1, ω2} ∈ [0, 2π)⊗2 must be embedded

into a register of 2nq qubits with Hilbert space dimension 22nq . This is done by letting each ωi take values

on a grid of size 2nq with the range [0, ωmax). The discretized variables are denoted as ωi, for i = 1, 2 and

assigned values

ωi = δω(n+ 1/2) n ∈ {0, . . . , 2nq − 1} δω = ωmax/2
nq . (3.44)

When performing classical simulations when the system is not embedded into qubits, the total grid size is

denoted as Nω. In addition to the two ω-registers, there is an additional quantum number ν that takes integer

values and requires an additional nν qubits, giving a total simulation Hilbert space of size 22nq+nν . This

layout is graphically illustrated in Fig. 3.2.

There are three types of terms that appear in the Hamiltonian, namely the first-order derivatives of ωi, the

second-order derivatives of ωi and functions of ωi. Their action on the qubit register are treated separately.

The field variable ωi is defined by the operator

ω̂ =
δω

2

2nqI −
nq−1∑
j=0

2jẐj

 (3.45)

where Ẑj is the Pauli Ẑ operator acting on the jth qubit. Functions of ω̂ can then be constructed as D(f(ω̂)),
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explicitly

f(ω̂) =
∑

P∈{I,Z}⊗nq

fPP

fP =
1

2nq
Tr[f(ω̂)P ] (3.46)

where the sum above is over all strings of Pauli Z operators. The second-order derivatives can be implemented

using the exact lattice Laplacian with Dirichlet boundary conditions, which is given by

∂2

∂ω2
7→ DST−1

II (−k̂2)DSTII (3.47)

where DSTII is a variation of the Discrete Sine Transform (DST), reflecting the boundary conditions in field

space:

(DSTII)kn =


√

2
N sin

π(n+ 1
2
)(k+1)

N , for k ̸= N − 1√
1
N sinπ(n+ 1

2), for k = N − 1

. (3.48)

Note that k̂ is the lattice momentum operator, which is diagonal in Fourier space with eigenvalues πk/ωmax

with k ∈ {1, . . . , N}. It has been shown that when using this exact formulation, the matrix elements of this

term converge faster than polynomial to the continuum value as the grid spacing δω goes to zero [27, 28, 112,

285]. Therefore it is advantageous to use compared to a finite difference approach.

The first-order derivative is, however, formulated using the finite central difference

(
∂

∂ω

)
kn

=


1

2δω , for k − n = 1,

− 1
2δω , for k − n = −1,

0 else

(3.49)

The consequence of using the finite difference is that the digitized form of H□□ will only have polynomial

convergence towards the continuum Hamiltonian as the spacing in field space is decreased. However, in the

context of quantum simulation, even for large δω this error will generally be subleading to algorithmic errors

stemming from approximations to continuous time evolution. While it is desirable to use spectral methods for

the first-order derivative, as was done for the Laplacian, the Dirichlet boundary conditions complicate such

an approach. This can be understood intuitively because the DST acts on data with odd symmetry, e.g. a sine

wave. A first derivative maps functions with odd symmetry to functions with even symmetry, and thus is
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incompatible with the use of a DST. Other types of spectral methods for first order derivatives with Dirichlet

boundary conditions have been formulated, but often require non-uniform grid spacings, for example using

Chebyshev nodes [286]. This approach is undesirable as such grid choices have denser coverage towards the

boundaries of the field region. This causes both oversampling of the singularities of the Hamiltonian as well

as asymmetric sampling of the wavefunctions for low g.

3.3.3 Optimal Gauge Field Truncation

In analogy with digitizations of scalar fields, the gauge field is truncated at some value ωmax ≤ 2π. Fig. 3.3a

shows the amplitude of the ground state wave function

u0(ω1, ω2) =
∣∣⟨ω1, ω2⟩ψgs

∣∣2 (3.50)

along the ω1 axis (ω2 = π/2) for different coupling strengths. As the gauge coupling is decreased, u0

becomes increasingly localized at small ω1, decaying exponentially for large values. Therefore, the optimal

ωmax must be characterized as a function of gauge coupling. This is done by considering the precision

ϵ0 =

∣∣∣∣1− E′
0

E0

∣∣∣∣ (3.51)

where E′
0 is the ground state energy predicted by the digitization and E0 is the ‘true’ ground state energy.

Similar results are observed for low-lying eigenstates. The solutions for the digitization are compared to

those found via FEM methods in Fig. 3.1b, the strong coupling solutions of Sec. 3.2.2 and the ansatz of

Eq. (3.34), and are in good agreement. The solutions found via FEM are of particular use, and they have a

relative precision of approximately 10−4.

Fig. 3.3b shows the precision for different choices of ωmax truncation as a function of digitization

resolution Nω. The convergence is characterized by three stages. The first stage is rapid convergence to

ϵ0 ∼ 10−3 level for small Nω. Following this, the precision decays more slowly, though still exponentially,

as Nω is increased. Eventually, a plateau is reached. The precision value of this plateau decreases as ωmax

increases. There are sharp spikes observed before the plateau is reached, which are attributed to the digitized

solution crossing the FEM solution, as opposed to approaching it. Such crossings are purely incidental and

should not be interpreted as signs of optimality in representation of the wavefunction. Since the precision of

the FEM solution is limited, it is not possible to study convergence below precision levels of 10−4. Despite

this it is clear that even for grid sizes as low as Nω = 8 (nq = 3) it is possible to reach ϵ0 ∼ 10−3 levels of



54

Figure 3.2: Digitization of the Wavefunction The continuous range of ω is digitized on a discrete grid. As

such the wave function will only be sampled at a discrete set of points. For the closest approximation to the

undigitized theory, the maximum value of ωmax ≤ 2π must be chosen.

precision. This is at least an order of magnitude below algorithmic error due to time-evolution and on par

with device noise-levels for near-term devices.

The optimal truncation is found by scanning over a range of ωmax values for a fixed g,Nω and calculating

the corresponding ϵ0. The top plot of Fig. 3.3c shows the precision ϵ0 for H□□. Also considered is the

‘free’ effective theory of H□□, where terms containing a first derivative are subtracted off. The theory is not

completely free, as there is still a collective ν quantum number, but the interactions due to the first derivatives

are no longer present. This theory is studied to understand how ϵ0 behaves without the error induced by first

derivatives. The ground state of the latter Hamiltonian can be found exactly and is given by the ansatz in

Eq. (3.34). The corresponding energy is Eq. (3.35). For the system without first derivatives, the precision

decays exponentially in ωmax until the optimal value is reached, and then increases due to over-sampling

regions of field space where the wave function has no support. However, once first derivatives are included,

the precision plateaus at a value orders of magnitude higher, and can only be increased by increasing Nω.

Thus there is a range of choices of ωmax. The sharp dips are again due to crossings and should be ignored

when considering the optimality of ωmax.
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Figure 3.3: Convergence properties of the two plaquette wavefunction a) A slice of the ground state wave

function for different values of the gauge coupling. As the gauge coupling decreases, the wave function

becomes more concentrated around ω1 = 0, although it must go to 0 at both boundaries due to the Dirichlet

boundary conditions. b) Convergence of the ground state energy to the undigitized value as the digitization

resolution Nω is increased. The convergence is plotted for a variety of ωmax. After quick convergence to

ϵ0 ∼ 10−3 a slower exponential approach occurs, followed by a plateau. c) (top) Convergence to the ground

state energy as ωmax is varied. The dashed lines correspond to the full two plaquette system while the solid

lines correspond to the system without any first-derivative interactions. The effect of the first derivative

reduces the precision that can be achieved. Even though this term limits precision, digitization errors are still

below those due to time-evolution algorithms. (bottom) The absolute value of the derivative of the energy

w.r.t the truncation. It was heuristically found that the truncation at which this derivative takes a minimum

corresponds to the optimal truncation for the analytically solvable case. This method is still applicable even

when the exact solution is not known. d) The solution of the stationary condition for a range of gauge

couplings. The agreement is very good with the analytical solution Eq. (3.53).
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The gauge field truncation can be optimized without knowing the exact value of the ground state energy

by looking at the derivative of the energy with respect to ωmax. It is empirically observed that the optimal

ωmax can equivalently be defined by the stationary condition

ωmax = argmin
ω

∣∣∣∣∂Ei(ω)

∂ω

∣∣∣∣ . (3.52)

This condition can also be observed for the digitization of the scalar field. Fig. 3.3d (bottom) shows the

derivative of the ground state energy predicted by the digitization. For the system without first derivatives, the

minimum of these curves align with the points where the ground state energy most closely approaches the

expression Eq. (3.35). When first derivatives are included, the precision plateaus at low values for a range of

ωmax. The optimal truncation in the absence of first derivatives is found by scanning over a range of gauge

couplings and finding the solution of stationary condition, Eq. (3.52). Fig. 3.3d shows that the numerical

solution found by the scan closely matches the analytical solution [216]

ωmax = min

g(N − 1)

√√
8π

N
, 2π

 (3.53)

which was found by minimizing ⟨[∂/∂ω, ω]− 1⟩ for the ground state of a single plaquette.

In addition to the truncation of the gauge field, the discrete quantum number ν must also be truncated.

An advantage of the mixed basis is that the low-lying eigenstates are supported solely in the ν = 0, 1 sector,

and so only a single qubit is required to represent this quantum number. Furthermore, H□□ only connects

states that have |ν − ν ′| ≤ 1, and so for low-energy simulations heavy truncations on this degree of freedom

will have little effect on the precision. To study the effect of different ν truncations on the time evolution of

observables, the system is initialized in the state

|5⟩ = 1√
5
(|E0⟩+ |E1⟩+ |E2⟩+ |E3⟩+ |E4⟩) (3.54)

where |En⟩ is the nth eigenstate of the digitized Hamiltonian and then time evolved according to different

maximum ν values νmax. Fig. 3.4a shows the time dependence of the expectation value for the magnetic

part of the Hamiltonian HB . As νmax is increased, the values of ⟨HB⟩ rapidly converge to the same curve,

suggesting that νmax = 2 is already sufficient for extracting high-precision estimates of observables.

The leakage out of the ν = 0, 1 sectors is also studied. Defining the projector onto states with ν > 1 as

Πν>1 = I−
∑
J1,J2

(|J1J20⟩ ⟨J1J20|+ |J1J21⟩ ⟨J1J21|) , (3.55)
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the expectation value ⟨Πν>1⟩ encodes the probability that the state has leaked out of the low-energy ν = 0, 1

subspace. Fig. 3.4b shows the leakage probability as a function of time. As the state evolves, the leakage

does not grow noticeably over time, showing that a low-energy state with little support on values of ν > 1

will not evolve to states with larger support over a range of times.
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<latexit sha1_base64="vaqVRZy49TocxekljoeeHDlrqvk=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoOgl7ArEj0GvXiMYB6SLGF2MkmGzM4uM71iWPIVXjwo4tXP8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMY3Uz95iPXRkTqHscx90M6UKIvGEUrPXSQP2EanE26xZJbdmcgy8TLSAky1LrFr04vYknIFTJJjWl7box+SjUKJvmk0EkMjykb0QFvW6poyI2fzg6ekBOr9Eg/0rYUkpn6eyKloTHjMLCdIcWhWfSm4n9eO8H+lZ8KFSfIFZsv6ieSYESm35Oe0JyhHFtCmRb2VsKGVFOGNqOCDcFbfHmZNM7LXqVcubsoVa+zOPJwBMdwCh5cQhVuoQZ1YBDCM7zCm6OdF+fd+Zi35pxs5hD+wPn8Ae8dkIM=</latexit>

b)

<latexit sha1_base64="/5ZegzK7gF+AKKdv4y1aqmyB9Rc=">AAAB+3icbVDLTgJBEJzFF+IL9ehlIjHxRHaNQY9ELx4hESSBDZkdGpgwO7uZ6TUhm/0Cr/oF3oxXP8YP8D8cYA8CVtJJpao73V1BLIVB1/12ChubW9s7xd3S3v7B4VH5+KRtokRzaPFIRroTMANSKGihQAmdWAMLAwlPweR+5j89gzYiUo84jcEP2UiJoeAMrdT0+uWKW3XnoOvEy0mF5Gj0yz+9QcSTEBRyyYzpem6Mfso0Ci4hK/USAzHjEzaCrqWKhWD8dH5oRi+sMqDDSNtSSOfq34mUhcZMw8B2hgzHZtWbif953QSHt34qVJwgKL5YNEwkxYjOvqYDoYGjnFrCuBb2VsrHTDOONpulLYFmE8DM5uKtprBO2ldVr1atNa8r9bs8oSI5I+fkknjkhtTJA2mQFuEEyAt5JW9O5rw7H87norXg5DOnZAnO1y8EyZUY</latexit>

1
<latexit sha1_base64="wZy12S97jZRQKARFU+36eleFyNk=">AAAB+3icbVDLSsNAFL2pr1pfVZdugkVwVZIi1WXRjcsW7APaUCbTm3boZBJmJkIJ+QK3+gXuxK0f4wf4H07bLGzrgQuHc+7l3nv8mDOlHefbKmxt7+zuFfdLB4dHxyfl07OOihJJsU0jHsmeTxRyJrCtmebYiyWS0OfY9acPc7/7jFKxSDzpWYxeSMaCBYwSbaRWbViuOFVnAXuTuDmpQI7msPwzGEU0CVFoyolSfdeJtZcSqRnlmJUGicKY0CkZY99QQUJUXro4NLOvjDKyg0iaEtpeqH8nUhIqNQt90xkSPVHr3lz8z+snOrjzUibiRKOgy0VBwm0d2fOv7RGTSDWfGUKoZOZWm06IJFSbbFa2+JJMUWcmF3c9hU3SqVXderXeuqk07vOEinABl3ANLtxCAx6hCW2ggPACr/BmZda79WF9LlsLVj5zDiuwvn4BBmCVGQ==</latexit>

2
<latexit sha1_base64="Lxs1DXa1L/Ha0idzVRW5C954uog=">AAAB+3icbVDLSsNAFL2pr1pfVZdugkVwVRKV6rLoxmUL9gFtKJPpTTt0MgkzE6GEfIFb/QJ34taP8QP8D6dtFrb1wIXDOfdy7z1+zJnSjvNtFTY2t7Z3irulvf2Dw6Py8UlbRYmk2KIRj2TXJwo5E9jSTHPsxhJJ6HPs+JOHmd95RqlYJJ70NEYvJCPBAkaJNlLzelCuOFVnDnuduDmpQI7GoPzTH0Y0CVFoyolSPdeJtZcSqRnlmJX6icKY0AkZYc9QQUJUXjo/NLMvjDK0g0iaEtqeq38nUhIqNQ190xkSPVar3kz8z+slOrjzUibiRKOgi0VBwm0d2bOv7SGTSDWfGkKoZOZWm46JJFSbbJa2+JJMUGcmF3c1hXXSvqq6tWqteVOp3+cJFeEMzuESXLiFOjxCA1pAAeEFXuHNyqx368P6XLQWrHzmFJZgff0CB/eVGg==</latexit>

3
<latexit sha1_base64="sBS4YydybaTDBhG+/uQcpT+1TdQ=">AAAB93icbVDLSgNBEJyNrxhf0auXwSB4Crsi0WPQi8cI5gHJEmYnvcmQ2dllplcIy36BV/0Cb179Gj/A/3CS7MEkFjQUVd10dwWJFAZd99spbW3v7O6V9ysHh0fHJ9XKacfEqebQ5rGMdS9gBqRQ0EaBEnqJBhYFErrB9GHud19AGxGrZ5wl4EdsrEQoOEMrPd0MqzW37i5AN4lXkBop0BpWfwajmKcRKOSSGdP33AT9jGkUXEJeGaQGEsanbAx9SxWLwPjZ4tCcXlplRMNY21JIF+rfiYxFxsyiwHZGDCdm3ZuL/3n9FMM7PxMqSREUXy4KU0kxpvOv6Uho4ChnljCuhb2V8gnTjKPNZmVLoNkUMLe5eOspbJLOdd1r1Bu15n2RT5mckwtyRTxyS5rkkbRIm3AC5JW8kXcndz6cz2VjySkmzsgKnK9fe5yT3g==</latexit>

4
<latexit sha1_base64="n8gLZTHzJ5xv3NT0+oSmW8ISzto=">AAACCHicbVBLSgNBFOzxG+Mv6tJNYxBchRmR6DLoxmUE84FkDD2dN0mTng/db8QwzAU8gVs9gTtx6y08gPewk8zCJBY8KKreox7lxVJotO1va2V1bX1js7BV3N7Z3dsvHRw2dZQoDg0eyUi1PaZBihAaKFBCO1bAAk9CyxvdTPzWIygtovAexzG4ARuEwhecoZEeughPmKIIgGYUe6WyXbGnoMvEyUmZ5Kj3Sj/dfsSTAELkkmndcewY3ZQpFFxCVuwmGmLGR2wAHUNDFoB20+nXGT01Sp/6kTITIp2qfy9SFmg9DjyzGTAc6kVvIv7ndRL0r9xUhHGCEPJZkJ9IihGdVED7QgFHOTaEcSXMr5QPmWIcTVFzKZ5iI8DM9OIstrBMmucVp1qp3l2Ua9d5QwVyTE7IGXHIJamRW1InDcKJIi/klbxZz9a79WF9zlZXrPzmiMzB+voFdqOa5Q==</latexit>

time t

Figure 3.4: Accuracy of the ν Truncation a) Calculation of the time dependent magnetic energy for the

low-energy state |5⟩, defined in Eq. (3.54), as the maximum ν value is increased for g = 0.5 and Nω = 10.

This choice of digitization resolution ensures that any errors due to the ω1, ω2 truncation will be at the

percent level. b) The probability ⟨Πν>1⟩ of leaking out of the ν = 0, 1 sector as a function of time for

g = 0.5, Nω = 10 and νmax = 5.

3.4 Circuits for Time Evolution

In this section the digitization presented above is translated into quantum circuits that can be implemented on

current quantum devices. The circuit architecture for implementing time evolution is not unique, and two

distinct approaches are developed that have different depths based on the level of digitization that is required

for the simulation task.

In the first approach to circuit design, a single Trotter step is formed from component sub-circuits. This

has the advantage of avoiding any pre-computation of circuits as the form of the components are already

known. Additionally, most of these components have an asymptotic scaling that is no more than quadratic in
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nq. For the component implementing a diagonal unitary that encodes various transcendental functions, exact

implementations scale exponentially in the number of elementary gates with nq, the number of qubits used to

digitize ω1 and ω2. While this is seen as an unavoidable feature of this system, implementing such gates up to

a desired level of precision scales more favorably than the worst-case exponential [287].

This approach gives the greatest benefit when high resolution in field space is required. When the number

of qubits per plaquette is of order one, it is advantageous to employ a different approach. This begins by

directly decomposing the Hamiltonian into a sum of Pauli strings and implementing the time evolution

operator by a series of rotations. This approach scales exponentially in nq, although dropping strings with

weights below some threshold is found to give circuit-depth reductions that outweigh the losses in accuracy.

The second approach is more suited to simulation tasks where only low resolution in field space is necessary.

The following sections give explicit circuit decompositions for each of these approaches and studies the

accuracy and different approximations that go into each. The relative resource counts are then compared.

3.4.1 Circuit from Differential Operators

This approach proceeds by organizing the terms in the two-plaquette Hamiltonian according to the highest

order differential operator each term contains. In particular, the terms in the Hamiltonian are grouped in the

following way

H□□ = H∂2 +H∂ +Hω (3.56)

where H∂2 collects all the terms that have only a second derivative, H∂ contains any terms that have

a first order derivative, and Hω is all remaining terms, i.e. those that are only functions of ω with ν-

dependent coefficients. The total time evolution operator is Trotterized according to these groupings,

e−itH□□ ≈ e−itH∂2e−itH∂e−itHω .

The circuits for e−itH∂2 and e−itHω are straightforward, and mirror the circuits involved in simulating the

scalar field. The Laplacian term is implemented by switching to the Fourier basis with a DSTII , which is

based off of the Quantum Fourier Transform (QFT) [288]. In this basis each second derivative is diagonal

and proportional to the square of the conjugate momentum operator k̂2,

k̂2 =
π

ωmax

2nq − 1

2
I −

nq−1∑
j

2j−1Zj

2

(3.57)
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<latexit sha1_base64="y9mOMq68f7V/WX0aQhoxS2xCG/o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0QPtev1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDsKY2U</latexit>a1
<latexit sha1_base64="s7/ZJMe1/9qle4A2fxV6w+AIRCM=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgqSQi1WPRi8cK9gOaEDabSbt0sxt2N4US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8KGNUadf9tiobm1vbO9Xd2t7+weGRfXzSVSKXBDpEMCH7EVbAKIeOpppBP5OA04hBLxrfz/3eBKSigj/paQZBioecJpRgbaTQtn1NWQyFL1IY4lnohXbdbbgLOOvEK0kdlWiH9pcfC5KnwDVhWKmB52Y6KLDUlDCY1fxcQYbJGA9hYCjHKaigWFw+cy6MEjuJkKa4dhbq74kCp0pN08h0pliP1Ko3F//zBrlOboOC8izXwMlyUZIzRwtnHoMTUwlEs6khmEhqbnXICEtMtAmrZkLwVl9eJ92rhtdsNB+v6627Mo4qOkPn6BJ56Aa10ANqow4iaIKe0St6swrrxXq3PpatFaucOUV/YH3+AKnHk7E=</latexit>

!̃1

<latexit sha1_base64="0Qum/SUu76G15l2puzCsEe15W4U=">AAAB+XicbVBNS8NAEN34WetX1KOXYBE8laRI9Vj04rGC/YAmhM1m0i7dzYbdTaGE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvyhhV2nW/rY3Nre2d3cpedf/g8OjYPjntKpFLAh0imJD9CCtgNIWOpppBP5OAecSgF43v535vAlJRkT7paQYBx8OUJpRgbaTQtn1NWQyFLzgM8SxshHbNrbsLOOvEK0kNlWiH9pcfC5JzSDVhWKmB52Y6KLDUlDCYVf1cQYbJGA9hYGiKOaigWFw+cy6NEjuJkKZS7SzU3xMF5kpNeWQ6OdYjterNxf+8Qa6T26CgaZZrSMlyUZIzRwtnHoMTUwlEs6khmEhqbnXICEtMtAmrakLwVl9eJ91G3WvWm4/XtdZdGUcFnaMLdIU8dINa6AG1UQcRNEHP6BW9WYX1Yr1bH8vWDaucOUN/YH3+AKtLk7I=</latexit>

!̃2

<latexit sha1_base64="fEYB18708xNLzyXDtxlc6Ix7+eA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBidY3i</latexit>⌫

<latexit sha1_base64="ph0RdONjF7yUvF7rn2JPqUGlK+0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWNF+wFtKJPtpl262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVlDVpLGLVCVAzwSVrGm4E6ySKYRQI1g7GtzO//cSU5rF8NJOE+REOJQ85RWOlB+xX+6WyW3HnIKvEy0kZcjT6pa/eIKZpxKShArXuem5i/AyV4VSwabGXapYgHeOQdS2VGDHtZ/NTp+TcKgMSxsqWNGSu/p7IMNJ6EgW2M0Iz0sveTPzP66YmvPYzLpPUMEkXi8JUEBOT2d9kwBWjRkwsQaq4vZXQESqkxqZTtCF4yy+vkla14tUqtfvLcv0mj6MAp3AGF+DBFdThDhrQBApDeIZXeHOE8+K8Ox+L1jUnnzmBP3A+fwDtrY2V</latexit>a2

<latexit sha1_base64="a3feAt1Iy/LFDOAz6EoJhGYwrFU=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEN5akSHVZdNNlBfuANg2T6aQdOnkwcyOUUPBX3LhQxK3f4c6/cdJmoa0HLhzOuXfm3uPFgiuwrG+jsLa+sblV3C7t7O7tH5iHR20VJZKyFo1EJLseUUzwkLWAg2DdWDISeIJ1vMld5ncemVQ8Ch9gGjMnIKOQ+5wS0JJrnrBBesmh4ab9mEjgRAyqs5lrlq2KNQdeJXZOyihH0zW/+sOIJgELgQqiVM+2YnDS7EUq2KzUTxSLCZ2QEetpGpKAKSedrz/D51oZYj+SukLAc/X3REoCpaaBpzsDAmO17GXif14vAf/GSXkYJ8BCuvjITwSGCGdZ4CGXjIKYakKo5HpXTMdEEgo6sZIOwV4+eZW0qxW7VqndX5Xrt3kcRXSKztAFstE1qqMGaqIWoihFz+gVvRlPxovxbnwsWgtGPnOM/sD4/AFd7ZXF</latexit>

e�itH@2
<latexit sha1_base64="mXjKshi+1256BGudnecDn2BmE7s=">AAACC3icbVDLSsNAFJ3UV62PRl26CRbBVUlEqsuiLuyuYl/QljCZ3rZDJ5MwcyOWkE/wC9zqF7gTt36EH+B/mD4WtvXAhcM593IuxwsF12jb30ZmbX1jcyu7ndvZ3dvPmweHDR1EikGdBSJQLY9qEFxCHTkKaIUKqO8JaHqjm4nffASleSBrOA6h69OB5H3OKKaSa+Y7CE8Y3z7UEjeuVBLXLNhFewprlThzUiBzVF3zp9MLWOSDRCao1m3HDrEbU4WcCUhynUhDSNmIDqCdUkl90N14+nhinaZKz+oHKh2J1lT9exFTX+ux76WbPsWhXvYm4n9eO8L+VTfmMowQJJsF9SNhYWBNWrB6XAFDMU4JZYqnv1psSBVlmHa1kOIpOgKc9OIst7BKGudFp1Qs3V8UytfzhrLkmJyQM+KQS1Imd6RK6oSRiLyQV/JmPBvvxofxOVvNGPObI7IA4+sXzc2bkQ==</latexit>

DSTII

<latexit sha1_base64="mXjKshi+1256BGudnecDn2BmE7s=">AAACC3icbVDLSsNAFJ3UV62PRl26CRbBVUlEqsuiLuyuYl/QljCZ3rZDJ5MwcyOWkE/wC9zqF7gTt36EH+B/mD4WtvXAhcM593IuxwsF12jb30ZmbX1jcyu7ndvZ3dvPmweHDR1EikGdBSJQLY9qEFxCHTkKaIUKqO8JaHqjm4nffASleSBrOA6h69OB5H3OKKaSa+Y7CE8Y3z7UEjeuVBLXLNhFewprlThzUiBzVF3zp9MLWOSDRCao1m3HDrEbU4WcCUhynUhDSNmIDqCdUkl90N14+nhinaZKz+oHKh2J1lT9exFTX+ux76WbPsWhXvYm4n9eO8L+VTfmMowQJJsF9SNhYWBNWrB6XAFDMU4JZYqnv1psSBVlmHa1kOIpOgKc9OIst7BKGudFp1Qs3V8UytfzhrLkmJyQM+KQS1Imd6RK6oSRiLyQV/JmPBvvxofxOVvNGPObI7IA4+sXzc2bkQ==</latexit>

DSTII

<latexit sha1_base64="SfGrfVmz0K977ysIHSnPX+Lafio=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBC8GHaDRI9BLx4jmAcma5idTJIhs7PLTK8QlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyJ1j+OY+yEdKNEXjKKVHs47Q4rpaPJY7haKbsmdgSwTLyNFyFDrFr46vYglIVfIJDWm7bkx+inVKJjkk3wnMTymbEQHvG2poiE3fjq7eEJOrdIj/UjbUkhm6u+JlIbGjMPAdoYUh2bRm4r/ee0E+1d+KlScIFdsvqifSIIRmb5PekJzhnJsCWVa2FsJG1JNGdqQ8jYEb/HlZdIol7xKqXJ3UaxeZ3Hk4BhO4Aw8uIQq3EIN6sBAwTO8wptjnBfn3fmYt6442cwR/IHz+QM1YJCi</latexit>

�k̂2

<latexit sha1_base64="a3feAt1Iy/LFDOAz6EoJhGYwrFU=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEN5akSHVZdNNlBfuANg2T6aQdOnkwcyOUUPBX3LhQxK3f4c6/cdJmoa0HLhzOuXfm3uPFgiuwrG+jsLa+sblV3C7t7O7tH5iHR20VJZKyFo1EJLseUUzwkLWAg2DdWDISeIJ1vMld5ncemVQ8Ch9gGjMnIKOQ+5wS0JJrnrBBesmh4ab9mEjgRAyqs5lrlq2KNQdeJXZOyihH0zW/+sOIJgELgQqiVM+2YnDS7EUq2KzUTxSLCZ2QEetpGpKAKSedrz/D51oZYj+SukLAc/X3REoCpaaBpzsDAmO17GXif14vAf/GSXkYJ8BCuvjITwSGCGdZ4CGXjIKYakKo5HpXTMdEEgo6sZIOwV4+eZW0qxW7VqndX5Xrt3kcRXSKztAFstE1qqMGaqIWoihFz+gVvRlPxovxbnwsWgtGPnOM/sD4/AFd7ZXF</latexit>

e�itH@2

<latexit sha1_base64="SfGrfVmz0K977ysIHSnPX+Lafio=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBC8GHaDRI9BLx4jmAcma5idTJIhs7PLTK8QlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyJ1j+OY+yEdKNEXjKKVHs47Q4rpaPJY7haKbsmdgSwTLyNFyFDrFr46vYglIVfIJDWm7bkx+inVKJjkk3wnMTymbEQHvG2poiE3fjq7eEJOrdIj/UjbUkhm6u+JlIbGjMPAdoYUh2bRm4r/ee0E+1d+KlScIFdsvqifSIIRmb5PekJzhnJsCWVa2FsJG1JNGdqQ8jYEb/HlZdIol7xKqXJ3UaxeZ3Hk4BhO4Aw8uIQq3EIN6sBAwTO8wptjnBfn3fmYt6442cwR/IHz+QM1YJCi</latexit>

�k̂2

<latexit sha1_base64="A8Ry0Xb8Ey4L6NChfQb/W2kxdbU=">AAACEHicbVDLTsJAFJ36RHzVx85NIzFxI2mNQZdEXcgOI68EkEyHC0yYPjJza8SmP+EXuNUvcGfc+gd+gP9hC10IeJKbnJxzb87NsX3BFZrmt7awuLS8sppZy65vbG5t6zu7NeUFkkGVecKTDZsqENyFKnIU0PAlUMcWULeHV4lffwCpuOdWcORD26F9l/c4oxhLHX2/hfCI4fVdJeqEpVJ0H55YUUfPmXlzDGOeWCnJkRTljv7T6noscMBFJqhSTcv0sR1SiZwJiLKtQIFP2ZD2oRlTlzqg2uH4+8g4ipWu0fNkPC4aY/XvRUgdpUaOHW86FAdq1kvE/7xmgL2LdshdP0Bw2SSoFwgDPSOpwuhyCQzFKCaUSR7/arABlZRhXNhUii3pEDDpxZptYZ7UTvNWIV+4PcsVL9OGMuSAHJJjYpFzUiQ3pEyqhJEn8kJeyZv2rL1rH9rnZHVBS2/2yBS0r19eWJ13</latexit>

DST�1
II

<latexit sha1_base64="A8Ry0Xb8Ey4L6NChfQb/W2kxdbU=">AAACEHicbVDLTsJAFJ36RHzVx85NIzFxI2mNQZdEXcgOI68EkEyHC0yYPjJza8SmP+EXuNUvcGfc+gd+gP9hC10IeJKbnJxzb87NsX3BFZrmt7awuLS8sppZy65vbG5t6zu7NeUFkkGVecKTDZsqENyFKnIU0PAlUMcWULeHV4lffwCpuOdWcORD26F9l/c4oxhLHX2/hfCI4fVdJeqEpVJ0H55YUUfPmXlzDGOeWCnJkRTljv7T6noscMBFJqhSTcv0sR1SiZwJiLKtQIFP2ZD2oRlTlzqg2uH4+8g4ipWu0fNkPC4aY/XvRUgdpUaOHW86FAdq1kvE/7xmgL2LdshdP0Bw2SSoFwgDPSOpwuhyCQzFKCaUSR7/arABlZRhXNhUii3pEDDpxZptYZ7UTvNWIV+4PcsVL9OGMuSAHJJjYpFzUiQ3pEyqhJEn8kJeyZv2rL1rH9rnZHVBS2/2yBS0r19eWJ13</latexit>

DST�1
II

<latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>=

<latexit sha1_base64="Fpk7vcctueFSbWpxQktuqWFcATM=">AAAB9HicbVDLTgJBEJzFF+IL9ehlIjHxRHaNQY9ELx4xkUcCK5kdGpgwO7vO9JKQDd/hxYPGePVjvPk3DrAHBSvppFLVne6uIJbCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMFGiOdR5JCPdCpgBKRTUUaCEVqyBhYGEZjC6nfnNMWgjIvWAkxj8kA2U6AvO0Eo+PKaig0NARmvTbrHklt056CrxMlIiGWrd4lenF/EkBIVcMmPanhujnzKNgkuYFjqJgZjxERtA21LFQjB+Oj96Ss+s0qP9SNtSSOfq74mUhcZMwsB2hgyHZtmbif957QT7134qVJwgKL5Y1E8kxYjOEqA9oYGjnFjCuBb2VsqHTDOONqeCDcFbfnmVNC7KXqVcub8sVW+yOPLkhJySc+KRK1Ild6RG6oSTJ/JMXsmbM3ZenHfnY9Gac7KZY/IHzucPq/uSDQ==</latexit>

ei✓P
<latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>=

<latexit sha1_base64="8HbeAy6ARzs/JrVALG4qfrIzwcA=">AAAB8nicbVBNSwMxEM36WetX1aOXYBHqpeyKVI9FLx6r2A/cLiWbZtvQbLIks0JZ+jO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MBHcgOt+Oyura+sbm4Wt4vbO7t5+6eCwZVSqKWtSJZTuhMQwwSVrAgfBOolmJA4Fa4ejm6nffmLacCUfYJywICYDySNOCVjJv+89VrowZEDOeqWyW3VnwMvEy0kZ5Wj0Sl/dvqJpzCRQQYzxPTeBICMaOBVsUuymhiWEjsiA+ZZKEjMTZLOTJ/jUKn0cKW1LAp6pvycyEhszjkPbGRMYmkVvKv7n+SlEV0HGZZICk3S+KEoFBoWn/+M+14yCGFtCqOb2VkyHRBMKNqWiDcFbfHmZtM6rXq1au7so16/zOAroGJ2gCvLQJaqjW9RATUSRQs/oFb054Lw4787HvHXFyWeO0B84nz98xZDB</latexit>

RZ(✓)

<latexit sha1_base64="3RUGWPHeWV+2iZ3FZ/qbmmcbp1s=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoOgl7ArEj0GvXiMYB6SLGF2MkmGzM4uM71iWPIVXjwo4tXP8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMY3Uz95iPXRkTqHscx90M6UKIvGEUrPXSQP2FKzybdYsktuzOQZeJlpAQZat3iV6cXsSTkCpmkxrQ9N0Y/pRoFk3xS6CSGx5SN6IC3LVU05MZPZwdPyIlVeqQfaVsKyUz9PZHS0JhxGNjOkOLQLHpT8T+vnWD/yk+FihPkis0X9RNJMCLT70lPaM5Qji2hTAt7K2FDqilDm1HBhuAtvrxMGudlr1Ku3F2UqtdZHHk4gmM4BQ8uoQq3UIM6MAjhGV7hzdHOi/PufMxbc042cwh/4Hz+AO2XkII=</latexit>

a)

<latexit sha1_base64="vaqVRZy49TocxekljoeeHDlrqvk=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoOgl7ArEj0GvXiMYB6SLGF2MkmGzM4uM71iWPIVXjwo4tXP8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMY3Uz95iPXRkTqHscx90M6UKIvGEUrPXSQP2EanE26xZJbdmcgy8TLSAky1LrFr04vYknIFTJJjWl7box+SjUKJvmk0EkMjykb0QFvW6poyI2fzg6ekBOr9Eg/0rYUkpn6eyKloTHjMLCdIcWhWfSm4n9eO8H+lZ8KFSfIFZsv6ieSYESm35Oe0JyhHFtCmRb2VsKGVFOGNqOCDcFbfHmZNM7LXqVcubsoVa+zOPJwBMdwCh5cQhVuoQZ1YBDCM7zCm6OdF+fd+Zi35pxs5hD+wPn8Ae8dkIM=</latexit>

b)

<latexit sha1_base64="bfPuqQoSl3b81ODUUlUdvn8Avlk=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoOgl7ArEj0GvXiMYB6SLGF2MkmGzM4uM71iWPIVXjwo4tXP8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMY3Uz95iPXRkTqHscx90M6UKIvGEUrPXSQP2HKzibdYsktuzOQZeJlpAQZat3iV6cXsSTkCpmkxrQ9N0Y/pRoFk3xS6CSGx5SN6IC3LVU05MZPZwdPyIlVeqQfaVsKyUz9PZHS0JhxGNjOkOLQLHpT8T+vnWD/yk+FihPkis0X9RNJMCLT70lPaM5Qji2hTAt7K2FDqilDm1HBhuAtvrxMGudlr1Ku3F2UqtdZHHk4gmM4BQ8uoQq3UIM6MAjhGV7hzdHOi/PufMxbc042cwh/4Hz+APCjkIQ=</latexit>

c)

<latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>=
<latexit sha1_base64="s7/ZJMe1/9qle4A2fxV6w+AIRCM=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgqSQi1WPRi8cK9gOaEDabSbt0sxt2N4US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8KGNUadf9tiobm1vbO9Xd2t7+weGRfXzSVSKXBDpEMCH7EVbAKIeOpppBP5OA04hBLxrfz/3eBKSigj/paQZBioecJpRgbaTQtn1NWQyFL1IY4lnohXbdbbgLOOvEK0kdlWiH9pcfC5KnwDVhWKmB52Y6KLDUlDCY1fxcQYbJGA9hYCjHKaigWFw+cy6MEjuJkKa4dhbq74kCp0pN08h0pliP1Ko3F//zBrlOboOC8izXwMlyUZIzRwtnHoMTUwlEs6khmEhqbnXICEtMtAmrZkLwVl9eJ92rhtdsNB+v6627Mo4qOkPn6BJ56Aa10ANqow4iaIKe0St6swrrxXq3PpatFaucOUV/YH3+AKnHk7E=</latexit>

!̃1

<latexit sha1_base64="0Qum/SUu76G15l2puzCsEe15W4U=">AAAB+XicbVBNS8NAEN34WetX1KOXYBE8laRI9Vj04rGC/YAmhM1m0i7dzYbdTaGE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvyhhV2nW/rY3Nre2d3cpedf/g8OjYPjntKpFLAh0imJD9CCtgNIWOpppBP5OAecSgF43v535vAlJRkT7paQYBx8OUJpRgbaTQtn1NWQyFLzgM8SxshHbNrbsLOOvEK0kNlWiH9pcfC5JzSDVhWKmB52Y6KLDUlDCYVf1cQYbJGA9hYGiKOaigWFw+cy6NEjuJkKZS7SzU3xMF5kpNeWQ6OdYjterNxf+8Qa6T26CgaZZrSMlyUZIzRwtnHoMTUwlEs6khmEhqbnXICEtMtAmrakLwVl9eJ91G3WvWm4/XtdZdGUcFnaMLdIU8dINa6AG1UQcRNEHP6BW9WYX1Yr1bH8vWDaucOUN/YH3+AKtLk7I=</latexit>

!̃2

<latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>=

<latexit sha1_base64="Yn4FUbA9ZpYWpTp7727OaUkUyeQ=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy5bsA9oB8mkd9rYTGZIMkIZ+gVuXCji1k9y59+YtrPQ1gOBwznnkntPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8H4duZ3nlBpHst7M0nQj+hQ8pAzaqzUbDyUK27VnYOsEi8nFchh81/9QczSCKVhgmrd89zE+BlVhjOB01I/1ZhQNqZD7FkqaYTaz+aLTsmZVQYkjJV90pC5+nsio5HWkyiwyYiakV72ZuJ/Xi814bWfcZmkBiVbfBSmgpiYzK4mA66QGTGxhDLF7a6EjaiizNhuSrYEb/nkVdK+qHq1aq15Wanf5HUU4QRO4Rw8uII63EEDWsAA4Rle4c15dF6cd+djES04+cwx/IHz+QOtK4zf</latexit>

P
<latexit sha1_base64="KnbCDkzAuurfh2+yNJl739PtpjQ=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseiF48V7Ae0sWw2k3TpZjfsboQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IOVMG9f9dkpr6xubW+Xtys7u3v5B9fCoo2WmKLSp5FL1AqKBMwFtwwyHXqqAJAGHbjC+nfndJ1CaSfFgJin4CYkFixglxkr91mM+CEkcg5oOqzW37s6BV4lXkBoq0BpWvwahpFkCwlBOtO57bmr8nCjDKIdpZZBpSAkdkxj6lgqSgPbz+clTfGaVEEdS2RIGz9XfEzlJtJ4kge1MiBnpZW8m/uf1MxNd+zkTaWZA0MWiKOPYSDz7H4dMATV8YgmhitlbMR0RRaixKVVsCN7yy6ukc1H3GvXG/WWteVPEUUYn6BSdIw9doSa6Qy3URhRJ9Ixe0ZtjnBfn3flYtJacYuYY/YHz+QNuaZFf</latexit>

P †<latexit sha1_base64="bbCpaPFk9NYXxMBoqehGvELV46w=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx7xwSPChswODUyYnd3MzJqQDZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR9dRvPqHSPJIPZhyjH9KB5H3OqLHS/V33sVssuWV3BrJMvIyUIEOtW/zq9CKWhCgNE1TrtufGxk+pMpwJnBQ6icaYshEdYNtSSUPUfjo7dUJOrNIj/UjZkobM1N8TKQ21HoeB7QypGepFbyr+57UT07/0Uy7jxKBk80X9RBATkenfpMcVMiPGllCmuL2VsCFVlBmbTsGG4C2+vEwaZ2WvUq7cnpeqV1kceTiCYzgFDy6gCjdQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwBE4KNrg==</latexit>

RZ
<latexit sha1_base64="b1eQ5b5xDlfVAUBGo2GLuA9aEp8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELxwhkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKELjNc=</latexit>

H
<latexit sha1_base64="b1eQ5b5xDlfVAUBGo2GLuA9aEp8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELxwhkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKELjNc=</latexit>

H

<latexit sha1_base64="Yn4FUbA9ZpYWpTp7727OaUkUyeQ=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy5bsA9oB8mkd9rYTGZIMkIZ+gVuXCji1k9y59+YtrPQ1gOBwznnkntPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8H4duZ3nlBpHst7M0nQj+hQ8pAzaqzUbDyUK27VnYOsEi8nFchh81/9QczSCKVhgmrd89zE+BlVhjOB01I/1ZhQNqZD7FkqaYTaz+aLTsmZVQYkjJV90pC5+nsio5HWkyiwyYiakV72ZuJ/Xi814bWfcZmkBiVbfBSmgpiYzK4mA66QGTGxhDLF7a6EjaiizNhuSrYEb/nkVdK+qHq1aq15Wanf5HUU4QRO4Rw8uII63EEDWsAA4Rle4c15dF6cd+djES04+cwx/IHz+QOtK4zf</latexit>

P
<latexit sha1_base64="KnbCDkzAuurfh2+yNJl739PtpjQ=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseiF48V7Ae0sWw2k3TpZjfsboQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IOVMG9f9dkpr6xubW+Xtys7u3v5B9fCoo2WmKLSp5FL1AqKBMwFtwwyHXqqAJAGHbjC+nfndJ1CaSfFgJin4CYkFixglxkr91mM+CEkcg5oOqzW37s6BV4lXkBoq0BpWvwahpFkCwlBOtO57bmr8nCjDKIdpZZBpSAkdkxj6lgqSgPbz+clTfGaVEEdS2RIGz9XfEzlJtJ4kge1MiBnpZW8m/uf1MxNd+zkTaWZA0MWiKOPYSDz7H4dMATV8YgmhitlbMR0RRaixKVVsCN7yy6ukc1H3GvXG/WWteVPEUUYn6BSdIw9doSa6Qy3URhRJ9Ixe0ZtjnBfn3flYtJacYuYY/YHz+QNuaZFf</latexit>

P †<latexit sha1_base64="bbCpaPFk9NYXxMBoqehGvELV46w=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx7xwSPChswODUyYnd3MzJqQDZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR9dRvPqHSPJIPZhyjH9KB5H3OqLHS/V33sVssuWV3BrJMvIyUIEOtW/zq9CKWhCgNE1TrtufGxk+pMpwJnBQ6icaYshEdYNtSSUPUfjo7dUJOrNIj/UjZkobM1N8TKQ21HoeB7QypGepFbyr+57UT07/0Uy7jxKBk80X9RBATkenfpMcVMiPGllCmuL2VsCFVlBmbTsGG4C2+vEwaZ2WvUq7cnpeqV1kceTiCYzgFDy6gCjdQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwBE4KNrg==</latexit>

RZ
<latexit sha1_base64="b1eQ5b5xDlfVAUBGo2GLuA9aEp8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELxwhkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKELjNc=</latexit>

H
<latexit sha1_base64="b1eQ5b5xDlfVAUBGo2GLuA9aEp8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELxwhkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKELjNc=</latexit>

H
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Figure 3.5: Circuits for the digitization presented in Sec. 3.4.1, which constructs sub-components for each

class of differential operators a) Implementation of the exact exponential of the second derivative, making

use of Discrete Sine Transforms. This subcircuit only entangles qubits within each ω register and does not

touch the ν register. The ancillas a1, a2 associated with each ω register are the outermost qubits. b) An

important circuit identity used in this work: The exponential of an N−body Pauli string P is implemented by

the staircase of CXs connecting all the qubits participating in the gate, followed by an RZ(θ) rotation on one

of the qubits and then another CX staircase. The green single qubit gates denote a local change of bases to

change P into a string of Zs on all qubits e.g. if there is an X on qubit i then this will be a Hadamard H and

if it is a Y then it will be a Hadamard followed by a phase gate HS. The different shades denote that the

local basis change can depend on the particular Pauli string P being implemented. c) Circuits for

implementing first order derivatives and mixed derivatives using the finite difference representation. (top)

Implements the exponential of a single first derivative. Each element in this circuit implements one of the

terms in the sum Eq. (3.65). The bottom qubit of each step is the target qubit for both the Vk and CRZ gates.

(bottom) An example of one of circuit elements e−it ∂
∂ω1

∂
∂ω2 that interleaves the top circuit.
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Figure 3.6: Trotter error for the circuits presented in Sec. 3.4.1, which constructs sub-components for each

class of differential operators Noiseless simulator results for the expectation value of the magnetic

Hamiltonian at a different number of Trotter steps.

The circuit implementing a DSTII is shown in Fig 3.5a. While using the QFT as an algorithmic primitive,

extra elements (not shown) are required to enforce the boundary conditions. The DST circuit requires an

additional ancilla qubit changing the qubit count per gauge variable to be nq + 1. Hω is completely diagonal

in the mixed basis and so it can be represented as sum of Pauli Z strings. It is implemented using the primitive

shown in Fig. 3.5b with ν-dependent rotation angles.

The construction of the circuits for e−itH∂ is more involved. Recalling the results from Sec. 3.2.2 and

Sec. 3.2.2, the matrix representation of the Hamiltonian is organized into (ν, ν ′) sectors, where nontrivial

sectors satisfy the selection rule |ν − ν ′| ≤ 1. The ν = ν ′ case only involves the circuits already discussed.

For ν ̸= ν ′, the Hamiltonian H∂ is expressed as

H∂ =
∑
ν

H+
ν |ν⟩ ⟨ν + 1|+

∑
ν

H−
ν |ν⟩ ⟨ν − 1| (3.58)

where the expressions for H±
ν are given in Appendix B.2.2.

The coupling of different ν sectors is reminiscent of a finite difference matrix in ν space. As already noted,

implementing such an operator exactly requires a prohibitive number of gates. This is where the expressive
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power of the mixed basis shines through. Truncating to νmax = 1 gives the off-diagonal Hamiltonian the form

H∂ = σ+H+
0 + σ−H−

1 (3.59)

where σ±, defined as

σ± =
1

2
(X ± iY ) , (3.60)

acts on the single-qubit ν-register. Applying HS† to the ν-register turns the projectors into

σ± 7→ 1

2
(Z ± iX) , (3.61)

where H is a Hadamard and S is a π/2 phase gate. Thus under this transformation, H∂ maps to

H∂ 7→
1

2

(
Z ⊗Hsym − iX ⊗Hanti

)
(3.62)

where Hsym, Hanti are the symmetric and anti-symmetric parts of H+
0 ,5

Hsym = H+
0 +H−

1

Hanti = H+
0 −H−

1 . (3.63)

Explicitly, these components are given by

Hsym =
1√
3

∂

∂ω1

∂

∂ω2
+

1

4
√
3
cot
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2
cot

ω2

2

Hanti = −
1
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√
3

(
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ω1

2

∂

∂ω2
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ω2

2

∂

∂ω1

)
.

The complete time evolution induced by the first derivatives may be approximated by

e−itH∂ ≈ e−itg2Z⊗Hsyme−itg2X⊗Hanti

≈ e−i g
2t√
3
Z⊗ ∂

∂ω1

∂
∂ω2 e

−i g2t

4
√
3
Z⊗cot

ω1
2

cot
ω2
2

e
− g2t

2
√
3
X⊗cot

ω1
2

∂
∂ω2 e

− g2t

2
√
3
X⊗cot

ω2
2

∂
∂ω1

(3.64)

where the tensor product separates the ν register from the ω registers and the dependence of gauge coupling

has been reinserted.

5H+
0 and H−

1 are Hermitian conjugates
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Therefore, the problem of implementing the time evolution due to the H∂ terms is reduced to exponentia-

tion of the finite difference operator. It has been recognized that this operator can be recast as a sum of Matrix

Product Operators (MPO) [289] with an induced Trotter error of t2(nq − 1)/2 . To see this, one starts from

the identity

∂

∂ω
7→ −i

2δω

∑
k

I⊗nq−k⊗ (3.65)

Vk

(
−π
2

)(
Zk ⊗ |1⟩ ⟨1|⊗k−1

)
V †
k

(
−π
2

)
.

where Ẑk is the Pauli Ẑ operator on the kth qubit in the corresponding register and Vk(ϕ) is a unitary change

of basis defined by

Vk(ϕ) =

(
k−1∏
m

CXm
k

)
Pk(ϕ)Hk (3.66)

where CXm
k is a CNOT gate with control on qubit m and target on qubit k, Pk(ϕ) = diag(1, eiϕ) is a phase

gate on qubit k, and Hk is a Hadamard on qubit k, not to be confused with a Hamiltonian. After taking the

exponential and Trotterizing the sum over k in Eq. (3.65), the operator e−t∂/∂ω can be implemented by a

sequence of controlled CRZ1,...,k−1
k (t/δω) rotations for each qubit in the register k, where CRZ1,...,k−1

k (θ)

is a controlled RZ(θ) with target k and controls 1, . . . , k − 1.

Inspection of Eq. (3.64) shows that it is insufficient to implement terms just of the form e−t∂/∂ω, as

there are entangling operations between the two gauge variable registers and the ν register. Therefore, it is

necessary to modify the above circuits by interleaving the extra operations between each set of Vk and V †
k .

As an example, the first term will need to implement an operator which is the product of a first derivative on

each ω. Expanding the MPO expression for the first derivative gives

∂

∂ω1

∂

∂ω2
7→ − 1

4δω2

∑
k,k′

I⊗nq−kI ′⊗nq−k′⊗

VkV
′
k

(
ZkZ

′
k ⊗ |1⟩ ⟨1|⊗k−1 |1′⟩ ⟨1′|⊗k′−1

)
V †
k V

′†
k

where the (un)primed operators denote operators acting on the (ω1)ω2 register and the argument of the Vk, V ′
k

have been suppressed. A similar interleaving can be made for the remaining terms in Eq. (3.64), and for

concreteness, the circuit structures for the case just discussed are shown in Fig. 3.5c.

Fig. 3.6 shows different numbers of first-order Trotter steps of these circuits at various times t. If the

noise profile of the device is partially or completely characterized, there exists an optimal step size for a target
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total simulation time [50, 290]. For even a single first-order step, this method remains accurate at up to a step

size of approximately t = 0.5, at which point dephasing is observed and deviations from the exact curve

begin to grow. Modifying these circuits to perform a second-order step, with error that falls off as O(t3) is

straightforward, and requires modifications of the Vk circuits as outlined in [289].

3.4.2 Circuits by Pauli Truncation

Simulating time evolution requires converting the digitized time evolution operator U = e−itH□□ into a

sequence of two-qubit gates directly implementable on a quantum device. The most straightforward way

to do this, while not the most efficient, is to calculate D(H□□). Once this decomposition is performed, the

sum in the exponent of U can be split into a product over Paulis using a Trotter-Suzuki formula, which

approximates the exact time evolution operator. This time evolution operator UT (t) =
∏

P e
−itcPP , where

(P, cp) ∈ D(H□□), can be turned into circuit-level operations using the identity displayed in Fig. 3.5b.

Generally this procedure will have a two-qubit gate count that scales as O(42nq+nν ). However, many of the

rotations, particularly those corresponding to high weight strings, will have small angles that do not greatly

impact the expectation value of observables over some range of evolution times. The rotations with small

angles less than θmin can be dropped, which gives a compressed approximation of the exact time evolution

operator.

It is necessary to understand the impact of dropping small angles for different levels of gauge field

digitization and at different values of the gauge coupling. By removing these terms, the system is evolved

instead by the Hamiltonian

Hδ = H□□ + θminV

V = −
∑

cP≤θmin

(
cP
θmin

)
P (3.67)

where δ corresponds to the percentage of terms in the Pauli decomposition that have coefficient below θmin.

The time evolution implemented on the device is given by the unitary

Uδ(t) = UUθ(t) (3.68)

where the Uθ (and its component) matrix, given by

Uθ(t) = e−iθmin
∫ t
0 dτVI(τ)
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VI(τ) = e−iτH□□V eiτH□□ , (3.69)

is the error term in the interaction picture. Therefore the extent to which the perturbation V grows under

the dynamics of the two plaquette system directly controls the appropriate level of truncation. The error in

evolution on some observable O is quantified by

⟨O(t)⟩δ = ⟨U †
θO(t)Uθ ⟩ . (3.70)

which is the time-evolved value of the observable. This is compared to the untruncated value ⟨O(t)⟩ (δ = 0).

To understand the effect of Pauli truncation error, the system is initialized in the state |5⟩ defined in

Eq. (3.54) and the expectation value of the magnetic part of the Hamiltonian HB is calculated. Fig 3.7a

shows this expectation value for various levels of truncation and gauge field digitization. For a coarse field

digitization of nq = 2, the expectation value is generally more sensitive to truncations. As the digitization

resolution is increased, a larger percentage of the terms in the Pauli decomposition are able to be dropped,

showing that an increasingly small fraction of the terms in the decomposition are responsible for capturing the

relevant dynamics. For diagonal matrices, this can be understood via the Sequency Hierarchy Truncation [287].

The extension to non-diagonal matrices has not yet been developed, but similar arguments should hold.

Having truncated the Hamiltonian to retain only the Pauli strings that are most relevant for implementing

time evolution, the time evolution operator Uδ must be converted into a quantum circuit. To minimize the

number of CNOTs each Trotter step contains, the Pauli rotations are grouped to model the terms that appear

in the Hamiltonian. This structure is presented in Fig. 3.7b. The first group includes strings that only act on

individual ω registers, the second group involves strings that couple a single ω register to the ν register and

have a Z acting on the ν register, and the third group includes strings that act on all of the qubits. The reason

for classifying the rotations in this way is two-fold. First, as already mentioned, this grouping respects how

the digitized Hamiltonian couples different quantum numbers, and so this structure establishes a hierarchy

in the significance of how each term contributes to time evolution. The terms in group three generally have

much smaller rotation angles and are the ones to be dropped first. Second, clustering terms that act on smaller

subsets of qubits makes compilation easier, as only CNOT cancellations over a subset of qubits need to

be considered. For compilation the open source software package bqskit is used [291]. The circuit that

implements the ith group is defined to be Ui, and so the first-order product formula is UT = U3U2U1. As

group one is restricted to weight-nq Paulis, it will generally involve fewer CNOTs to implement, and therefore
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Figure 3.7: Approximation for time evolution circuits presented in Sec. 3.4.2 a) The expectation value of the

magnetic part of the Hamiltonian for differing digitization resolutions and percentage of terms dropped.

Rapid convergence is observed for nq ≥ 3 and for truncation levels δ < .6. b) Different stages of the time

evolution operator for a second-order Trotter step. The silver circuit denotes the entire Trotter step. The blue

sub-circuits act only on the ω registers, typically involving the largest angles, and is identical for each. The

green sub-circuits couple each ω register to the ν register and the circuit structure is again identical for both

ω. The yellow sub-circuit couples everything and generally contains the smallest rotations, therefore being

the elements most affected by small-angle truncations. It also involves the highest weight terms, and so

focusing on truncating these elements allows the circuit to be compressed at only a small cost in algorithmic

error. c) The accuracy of first- and second-order Trotter on magnetic observables. Repeating the blue

sub-circuit in the second step allows the circuit to take much larger time steps while only needing a small

amount of extra gates to implement.

it is advantageous to use the second-order Trotter formula U ′
T = U−

1 U3U2U
+
1 , where U±

1 involve the same

set of operations as U1 with the rotation angle cP t replaced by cP t/2 and ± denotes the same/reversed

ordering of operations as compared to U1. The explicit rotations for each term U1, U2, U3 are recorded in

Appendix B.1.
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Fig. 3.7c shows the evolution of the magnetic energy using both first- and second-order formulas for a

variable number of Trotter steps. The second-order method allows for longer steps, giving similar levels

of accuracy as three steps of first-order Trotter but a notably smaller number of CNOTs. Also shown for

comparison is the exact evolution at δ = 0.66 levels of truncation. Even with over half of the Pauli strings

dropped, for long enough times, the error will be subleading to algorithmic error due to Trotterization.

3.4.3 Resource Estimates

To count the gates needed to implement a Trotter step using the differential operator method, the three stages

are considered individually. For the Laplacian term, the quantum DST circuits can be implemented using

O(n2q) elementary quantum gates, where the quadratic scaling is a direct result of the use of the Quantum

Fourier Transform. The diagonal momentum operator requires an additional n2q gates, so this entire stage

requires only O(n2q).

Implementing the time evolution e−t∂/∂ω requires at most 9n2q−33nq+34 CNOT gates for nq ≥ 3 [289].

Using the interleaving method previously discussed, the two qubit gate count is the product of the gate counts

for the two types of terms that are interleaved, e.g. e−it ∂
∂ω1

∂
∂ω2 will require (9n2q − 33nq + 34)2 ∼ O(n4q).

The decomposition of the other terms involving functions of ω1, ω2 in Eq. (3.64) will asymptotically require

O(22nq+1) Z strings that must be classically pre-computed. This situation mirrors the counts estimated

for compact U(1) gauge theories [197]. In this case it was found that using the Walsh basis to encode

functions of the gauge variables and truncating interactions with small angles was sufficient to break the

exponential scaling to polynomial, suggesting an efficient path forward to completely reducing the scaling

to polynomial in nq. In absence of these more specialized methods the gate count for a single Trotter step

using the differential operator method will scale as O(22nq+1). It is once more emphasized that the only

place where the exponential scaling enters is in exactly implementing the diagonal functions of ω1, ω2.

Turning now to the gate counts for the Pauli truncation method, even though a large percentage of the

gates can be dropped to calculate time-evolved quantities up to some specified level of error, the scaling

will generally be exponential in the number of qubits per plaquette. However, for large-scale simulations it

may be more efficient to utilize the qubit budget for increasing the lattice volumes as opposed to increasing

the resolution in field space. For instance, on a two-dimensional (L + 1) × (L + 1) lattice, the dominant

interaction is between pairs of plaquettes. The number of such interactions is
(
L2

2

)
, which is quartic in the
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linear dimension L. This suggests that the only exponential scaling is due to resolving the Hilbert space at

each physical link. As already seen in the previous section, ground state properties can be resolved with

precision of 10−3 already at nq = 3. Understanding the resource requirements for the Pauli truncation circuits

up to per-mille precision is done by considering the number of two-qubit gates needed for time-evolution.

Analytically decomposing H□□ into Pauli strings for arbitrary nq is challenging, and so an upper-bound

on the number of two-qubit gates is estimated by observing that every Pauli string of weight w ≥ 2 in the

Hamiltonian will require 2(w − 1) CNOTs, as shown in Fig. 3.5b. The estimate

#(Two Qubit) ≤
∑

P∈D(H□□)

2(w(P )− 1) (3.71)

is numerically calculated for digitization resolutions of H□□ up to nq = 6. Fig. 3.8 shows the upper bound

as a function of the percentage of truncated strings from the Hamiltonian. This upper bound still scales

exponentially in the number of qubits per plaquette, although this scaling can be improved by a factor of

2− 3 with appropriate truncation. In addition, careful compilation of the circuits can bring this number down

by another factor of ∼ 2. However, compilation is also generally a hard problem, so to compare the raw

estimate to the number of post-compilation gates, the number of gates used on the quantum device in this

work is also shown.
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Figure 3.8: Upper bounds on resource estimates for the Pauli Truncation circuits The cumulative weight of

the Pauli decomposition of H□□ is shown as a function of the truncation percentage δ. The color of the

curves denotes the magnitude of the coefficient in the decomposition. The blue point demonstrates the

truncation level and actual gate depth used in the quantum simulation in this work, highlighting the effect of

circuit compilation.

3.5 Real-Time Dynamics in Two Plaquettes

This section presents the results of a real-time simulation on the 156 qubit ibm fez superconducting quantum

chip. The circuit architecture used is the Pauli truncation approach presented in Sec. 3.4.2 at a truncation

level of δ = 0.66 on five qubits (nq = 2, nν = 1). Preparing the example low-energy state |5⟩ in Eq. (3.54)

requires additional circuits for state preparation. To isolate the performance of the time evolution circuits,

the system is initialized in the product state |00000⟩. Note that all of the states in the Hilbert space that H□□

acts upon satisfy Gauss’ law, and so this product state is still a valid physical state. The system is then time
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evolved at gauge coupling g = 0.5 and the expectation values of the magnetic part of the Hamiltonian ⟨HB⟩
are measured. For the gauge coupling considered here, D(HB) has the following explicit decomposition into

Pauli observables:

HB = 0.386 I ⊗ I ⊗ I ⊗ I ⊗ I − 0.0701 I ⊗ I ⊗ I ⊗ I ⊗ Z − 0.1445 I ⊗ I ⊗ I ⊗ Z ⊗ I

+ 0.0326 I ⊗ I ⊗ I ⊗ Z ⊗ Z − 0.0701 I ⊗ I ⊗ Z ⊗ I ⊗ I − 0.1448 I ⊗ Z ⊗ I ⊗ I ⊗ I

+ 0.0325 I ⊗ Z ⊗ Z ⊗ I ⊗ I . (3.72)

Fig. 3.9a shows the evolution of this observable from time t = 0.1 to t = 0.6, in increments of 0.1. To make

maximum use of the device, up to 20 copies of the circuit were run in parallel at different locations on the

chip, with 100 active qubits for every job. To limit the effect of cross-talk error between different parallel

circuits, the layout routing was chosen such that at least one inactive qubit separated any active qubits in

different subcircuits. An example of the layout used to generate the t = 0.6 data point is shown in Fig. 3.9b.

0.0 0.2 0.4 0.6

time t

0.0

0.2

0.4

0.6

hH
B
i

Second Order Trotter

Exact

ibm fez

<latexit sha1_base64="iARHGXjT0WeHfQxjhwaUPo5oNgs=">AAACA3icbVDLSgNBEJyNrxhfUY9eBoOgl7ArEj0GvXiMYB6SLGF20kmGzOwuM71iWHL0C7zqF3gTr36IH+B/uJvswSQWNBRV3XR3eaEUBm3728qtrK6tb+Q3C1vbO7t7xf2DhgkizaHOAxnolscMSOFDHQVKaIUamPIkNL3RTeo3H0EbEfj3OA7BVWzgi77gDBPpoYPwhDE7m3SLJbtsT0GXiZOREslQ6xZ/Or2ARwp85JIZ03bsEN2YaRRcwqTQiQyEjI/YANoJ9ZkC48bTgyf0JFF6tB/opHykU/XvRMyUMWPlJZ2K4dAseqn4n9eOsH/lxsIPIwSfzxb1I0kxoOn3tCc0cJTjhDCuRXIr5UOmGccko7ktnmYjwDQXZzGFZdI4LzuVcuXuolS9zhLKkyNyTE6JQy5JldySGqkTThR5Ia/kzXq23q0P63PWmrOymUMyB+vrF7Y/mNo=</latexit>

a)
<latexit sha1_base64="YMI1W72jx+V7bYAZ04tOdFFlcaM=">AAACA3icbVDLSgNBEJyNrxhfUY9eBoOgl7ArEj0GvXiMYB6SLGF20kmGzOwuM71iWHL0C7zqF3gTr36IH+B/uJvswSQWNBRV3XR3eaEUBm3728qtrK6tb+Q3C1vbO7t7xf2DhgkizaHOAxnolscMSOFDHQVKaIUamPIkNL3RTeo3H0EbEfj3OA7BVWzgi77gDBPpoYPwhLF3NukWS3bZnoIuEycjJZKh1i3+dHoBjxT4yCUzpu3YIbox0yi4hEmhExkIGR+xAbQT6jMFxo2nB0/oSaL0aD/QSflIp+rfiZgpY8bKSzoVw6FZ9FLxP68dYf/KjYUfRgg+ny3qR5JiQNPvaU9o4CjHCWFci+RWyodMM45JRnNbPM1GgGkuzmIKy6RxXnYq5crdRal6nSWUJ0fkmJwSh1ySKrklNVInnCjyQl7Jm/VsvVsf1uesNWdlM4dkDtbXL7fYmNs=</latexit>

b)

Figure 3.9: Quantum simulation of ⟨HB⟩ dynamics a) The time evolution due to H□□ at gauge coupling

g = 0.5. The dashed line corresponds to the solution obtained by directly taking the matrix exponential of

the digitized Hamiltonian and the solid line is the Trotterized evolution. The points are the mitigated results

from ibm fez. b) The physical layout of the Heron chip. The highlighted regions are an example of the

parallel layouts used to generate the data point at t = 0.6.

Due to the inherent noisiness of current machines, utilizing various layers of error mitigation was crucial
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in obtaining these results. Once the bare circuits are created and layouts chosen, Dynamical Decoupling

(DD) [39, 292] was added to suppress idle errors and further mitigate the effects of cross-talk between qubits.

In addition, Pauli Twirling (PT) [40] and measurement twirling [293] are applied to each circuit. In many

cases, these methods allow the dominant noise channels of the device to be approximated as a depolarizing

channel. The benefit is that the impact of a depolarizing channel on observable estimates is effectively dealt

with using the final mitigation technique, Operator Decoherence Renormalization (ODR) [199, 213, 225, 294].

ODR is a very powerful error mitigation technique that allows the raw data from the device to be

‘renormalized’ in order to extract accurate physical results. For this method, two types of circuits are run

on the quantum device. The first is the circuit for the physical process of interest, referred to as the physics

circuit. The second, called the mitigation circuit, is a circuit that has the same pattern of single- and two-qubit

gates, but is classically efficient to simulate. Classically simulating the mitigation circuit provides a noise-free

and therefore numerically exact result to which the quantum simulation can be compared. Assuming the

dominant error channel can be approximated by sufficiently weak depolarizing noise, the quantum estimate of

the observable O will deviate from the true value by a multiplicative factor pO, i.e. ⟨O⟩meas = pO⟨O⟩true. If

the physics circuit is affected by the noise in the same way as the mitigation circuit, the factors of pO between

both are the same. Therefore, the renormalized estimate of the physical observable is given by

⟨Ophys⟩true = ⟨Ophys⟩meas
⟨Omit⟩true

⟨Omit⟩meas
(3.73)

where the subscripts meas/true denote the estimate using the raw/renormalized quantum data and the

subscripts phys/mit denote the physics/mitigation circuits.

For this technique to work, the choice of mitigation circuit is of central importance. For the smaller time

steps, the physics circuits were ‘Cliffordized’, meaning that the rotation angles of all RZ gates were rounded

to the nearest π/2. This transforms the mitigation circuit into a Clifford circuit with the same gate instructions

as the physics circuit. When the time step grows large enough, the Cliffordization procedure can return a

mitigation circuit that has vanishing expectation values, causing Eq. (3.73) to become inapplicable. In this

case the Trotter structure of the circuit is utilized for designing the mitigation circuit. For all but t = 0.1, two

steps of the second order formula were used, each with time step t/2, to reach time t. The gate sequence of

this circuit can be rearranged so that when the second step has time step −t/2, the first step will be undone

and the resultant state will be the initial state. As such all expectation values of Pauli Z strings will be 1 and

so ODR can be used at minimal addition to circuit depth.
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To generate the points in Fig. 3.9a, between 20 and 60 Pauli twirls are used with eight measurement twirls

per Pauli twirl and 100 shots per circuit. The measurement twirls are averaged together and then ODR is

applied to each Pauli twirl. The resultant renormalized Pauli twirls are then bootstrap resampled to get the

mean and standard error for each run. These values are reported in Table 3.1, which also includes the depth

of the circuit for each time step as well as the exact value of the Trotterized evolution. The exact value is

calculated by Exact Diagonalization.

Time t depth ibm fez Trotter

0.1 25 0.0637 (16) 0.0683

0.2 48 0.2013 (41) 0.2015

0.3 48 0.3834 (41) 0.3846

0.4 51 0.5509 (54) 0.5510

0.5 51 0.6269 (82) 0.6137

0.6 51 0.549 (11) 0.5471

Table 3.1: Estimated and exact values of ⟨HB⟩ as a function of time.

3.6 Discussions and Conclusion

Gauge theories are ubiquitous in descriptions of nature, appearing in the Standard Model, many condensed

matter systems and theories of gravity. Ab initio calculations of their properties are vital for comparing

theoretical predictions to experimental results. This is particularly true for QCD, whose strongly-coupled

nature at low energies gives rise to a complex array of emergent phenomena as well as important contributions

to high-energy processes. While massive theoretical and algorithmic developments in classical computing

have allowed us to probe many aspects of gauge theories, there remain a plethora of open questions that do not

seem amenable to these methods. For example, the determination of the phase diagram of finite-density QCD
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and direct, nonperturbative calculations of real-time dynamics of hadrons appear inaccessible via classical

techniques due to sign and signal-to-noise problems. Even our knowledge of whether the electroweak

gauge interactions in the Standard Model can be given a precise, nonperturbatively regularized definition

using lattice field theory faces similar difficulties, as sign problems obstruct the verification of candidate

regularizations of chiral gauge theories.

Quantum simulations of Hamiltonian formulations of lattice gauge theories provide a powerful alternative

framework for exploring strongly correlated quantum systems. There is an increased need for theoretical

tools that make target systems amenable for such quantum simulations. For lattice gauge theories, a necessary

step is constructing a finite-dimensional representation of the Hamiltonian, so that the continuous gauge

groups of the Standard Model can be encoded into a discrete register of qubits. Ideally, this encoding can

be efficiently simulated at all values of the (bare) gauge coupling and is also systematically improvable. In

the last decade, many Hamiltonians for both Abelian and non-Abelian gauge theories have been constructed.

The proposal put forth in Refs. [216, 218], combining gauge fixing and a basis inspired by the axis-angle

representation of SU(2), is one such promising approach for simulating real-time dynamics that have hitherto

been inaccessible on classical devices.

The focus of this work was constructing the full algorithmic pipeline for simulating the real-time dynamics

of the fully gauge-fixed two plaquette system with open boundary conditions, working in the mixed basis.

While the explicit focus was on the two plaquette system, many of the developments are applicable to larger

systems in two- and three-dimensions. The workflow started from the Hamiltonian written in the group

element basis and ended with the measurement of an observable on a quantum processor. Throughout the

development of this workflow, several key points were addressed.

First, this work validated that previously introduced mixed-basis truncation schemes work well for larger

system sizes; an avenue for additional study is whether this scheme, particularly the optimal value of ωmax

given in Eq. (3.53), will continue to provide small truncation errors as system size is increased further. An

important development in this work was demonstrating how the inclusion of first-order derivatives, only

present in systems with two or more plaquettes, inhibits the exponential convergence predicted by the

Nyquist-Shannon theorem. In particular, approximating first derivatives with finite-differences introduces

digitization errors that scale polynomially with the truncation scale. This work demonstrated that with a

qubit allowance of three qubits per plaquette, the low-energy properties of the two-plaquette system could

be recovered with a precision of 10−3. However, it is not clear how this precision depends on the lattice
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volume and therefore an important question that must be addressed in future work is whether the inclusion of

first-derivative terms dramatically limits the precision achievable in this formulation. Such first derivative

terms appear in many other quantum many-body systems beyond SU(2), and developing formulations of

such terms compatible with quantum simulation is an area where more developments are needed.

Second, this work presented two distinct algorithms for implementing time-evolution on a digital quantum

computer. The two algorithms had different quantum resource scalings and thus had different regimes

of applicability. The first, described in Sec. 3.4.1, sorted the Hamiltonian according to the highest order

differential operator that each term contained. A sub-circuit was constructed for each type of term. The

benefit of this algorithm is that it scales more favorably in circuit depth for a large number of qubits and

gives a Trotterization scheme with less error. Additionally, it can be easily adapted for systems with a larger

number of plaquettes. However, it could not be implemented on currently-available quantum processors due

to its depth. The second algorithm, presented in Sec. 3.4.2, decomposed the Hamiltonian directly into Pauli

strings, truncating the Pauli strings that had a coefficient below some a posteriori determined value. This

resulted in a quantum circuit that was sufficiently small as to be simulated on ibm fez.

Lastly, this work determined an error mitigation strategy for simulating the real-time dynamics of the

two-plaquette system on NISQ-era hardware. Previously-developed methods, namely Dynamical Decoupling,

Pauli Twirling and Operator Decoherence Renormalization, were all necessary to achieve percent-level

agreement between the quantum and classical results. It is not yet clear how the necessary quantum resource

will scale with lattice volume and gauge coupling. Furthermore, different low-energy observables may require

different error mitigation strategies.

The fully gauge-fixed two-plaquette SU(2) Hamiltonian is a very fruitful system for understanding

some of the hurdles that lie ahead on the path to simulating QCD on quantum processors. It is a relatively

simple system, exactly solvable using FEM, but contains both non-Abelian gauge dynamics and non-trivial

interacting degrees of freedom. This work charts a course towards simulations of larger two- and three-

dimensional systems while also demonstrating the viability of the mixed-basis formulation for studying the

properties of SU(2) gauge theories at all values of the gauge coupling.
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Chapter 4

MEASURING NON-STABILIZERNESS IN AN SU(2) LATTICE GAUGE THEORY

4.1 Introduction

Applications of quantum computers to simulating particle and nuclear physics have attracted considerable

interest in recent years, enabling ab initio studies of key phenomena such as particle collisions, confinement,

and thermalization [21–23, 59, 81, 144, 148, 154, 184, 199, 225, 230, 238, 243, 245, 247, 253, 295, 296]. Gauge

theories play a central role in the Standard Model and so their lattice regularizations, known as Lattice

Gauge Theories (LGT), have been a primary area of focus [62, 64–66, 149, 151, 157, 158, 161, 176, 181, 182,

192, 194, 207, 211, 220–222, 226, 227, 246, 266, 268, 281, 282, 297, 298]. These are paradigmatic models of

strongly-coupled quantum many-body systems and describe a wide array of physical systems, making them

ideal targets for future quantum simulators.

Much of the difficulty in understanding the properties of strongly-coupled systems stems from their

underlying quantum complexity properties. Initially, quantum complexity was understood through the lens of

entanglement, a mechanism that allows for correlations in systems beyond what is possible classically [147,

299–302]. However, it has been realized that entanglement is not the only property responsible for the

observed complexity in quantum systems, with non-stabilizerness [303–308], or “magic”, being another

essential resource. Non-stabilizerness quantifies the amount of non-Clifford resources needed to prepare a

particular state. While first viewed as a quantifier of computational complexity, the time evolution of non-

stabilizerness has been linked to physical phenomena like quantum chaos and thermalization [309–311]. More

recently, its relevance to high-energy physics has been explored in contexts like particle interactions [312,313],

the AdS-CFT correspondence [314] and string-breaking [315, 316]. However, systematic studies of the role

of non-stabilizerness in the dynamical properties of non-abelian LGTs remain relatively unexplored.

One additional subtlety when studying non-stabilizerness in the context of LGTs is that the Hilbert space

of the gauge field is formally infinite dimensional. Non-stabilizerness is naturally defined on qudit degrees of

freedom, which have finite local dimension. Therefore to both simulate such theories and make contact with
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standard measures of non-stabilizerness, it is necessary to “digitize” the Hilbert space. This renders the gauge

field finite so that it may be mapped onto a register of qudits. There is no unique way to perform this mapping,

and a variety of different bases have been developed [204, 205, 209, 214, 216, 261, 271, 273, 280, 317]. Among

these bases, the mixed basis has emerged as one that can faithfully represent the gauge field across a wide

array of different gauge couplings by combining both continuous magnetic variables and discrete electric

variables to describe the wavefunction.

This work studies the dynamics of non-stabilizerness in non-abelian LGTs by considering pure gauge

SU(2) in the mixed basis. The smallest non-trivial system in this formulation is that of two interacting

plaquettes, whose low-energy spectrum is described by smooth functions of two magnetic variables and a

single electric variable. Central to this work is the development of a novel approach for mitigating errors

in bitstring distributions, called Bit String Decoherence Renormalization (BSDR). This approach takes

advantage of the fact that the amplitudes of such smooth wavefunctions admit a hierarchical expansion in

terms of operators whose errors can be efficiently mitigated. Similar hierarchies have been utilized in the

context of state preparation [287, 318, 319] and error correction [320] for a variety of different quantum

applications, like options pricing, machine learning, and solving differential equations [321, 322]. This

mitigation method, in conjunction with randomized measurement protocols, can additionally allow for the

extraction of a number of non-trivial state properties beyond just the non-stabilizerness, like entanglement

and the Inverse Participation Ratio [323].

This work is organized as follows. Section 4.2 introduces the relevant measure of non-stabilizerness

and numerically examines its properties in both low-energy eigenstates as well as the dynamical setting of

a quantum quench. Section 4.3 first presents the measurement protocol used to extract non-stabilizerness

from the quantum device and introduces an improved estimator that significantly increases the efficiency of

the calculation. Then, the novel mitigation technique is developed and its range of applicability is reported.

Section 4.4 reports the non-stabilizerness measurements on an IBM quantum computer, ibm marrakesh.

Finally, Section 4.5 offers concluding remarks and outlines directions for future work.



76

Figure 4.1: Digital quantum simulation of Two Plaquettes a) The two-plaquette system with open boundary

conditions is gauge-fixed using max tree gauge fixing. The system contains seven links, numbered 1 through

7, with the physical links denoted as κ = 1, 2. The magnetic degrees of freedom X̂1, X̂2 are associated with

each plaquette. The dashed lines that run around each plaquette denote the loops used in the max tree

gauge-fixing procedure. b) The digitized Hamiltonian is compiled into digital quantum gates via

Trotterization that approximate e−iHt. Shown below the circuit diagram is an example of initial state

amplitudes given by a smooth gaussian profile in ω1, ω2 and the final amplitudes after time evolution by the

circuit. To measure the non-stabilizerness, many copies of the time evolved state are prepared and then a set

of single qubit Clifford gates are sampled from the ensemble Cl(2)⊗n and appended to the end of each

time-evolved state. These copies are subsequently measured and the noisy bitstring distributions are recorded.

c) From the set of random measurements, error mitigation can be applied to the expectation values of

different Pauli Z strings ⟨Zk⟩ to estimate the noiseless values. These mitigated expectation values can be

used to reconstruct the error-mitigated bitstring distribution p(s), which can then be used to calculate

non-linear functions of the state, like the Stabilizer Rényi Entropy or the purity.
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4.2 Non-Stabilizerness of Two Plaquettes

Having mapped the continuous Hilbert space of the gauge field into a finite-dimensional quantum system, its

quantum complexity can be quantified by the non-stabilizerness. On a system of n qubits the Pauli group1

is defined as P = {⊗n
i σi | σi ∈ I,X, Y, Z}. The n qubit Clifford group Cl(n) is defined as the group

of unitaries that normalize P , and the stabilizer states are the set of states that are fixed by the action of

Cl(n). Computations involving only gates from Cl(n) acting on stabilizer states can be performed efficiently

classically [324]. The non-stabilizerness quantifies the distance of a state from the set of stabilizer states, and

as such captures one notion of the quantum complexity of a state.

A measure of non-stabilizerness [305] that is computable for larger systems of qubits is the Stabilizer

Rényi Entropy (SRE). A pure state ρ = |ψ⟩ ⟨ψ| is decomposed as

ρ =
1

d

∑
P∈P

cPP, cP = trρP (4.1)

where d = 2n. The purity of the state enforces the condition
∑

P |cP |2/d = 1, implying that the set of squared

coefficients |cp|2/d form a probability distribution. The entropies of this distribution are the α-Stabilizer

Rényi Entropies and are defined by

Mα =
1

1− α log
1

d

∑
P

|cP |2α (4.2)

This quantity vanishes for stabilizer states and is non-increasing under application of non-Clifford unitaries

for α ≥ 2, making it a good measure of non-stabilizerness from a resource theory perspective [325].

Consequently, this work uses the specific case of M2. A system can be said to have a large amount of

non-stabilizerness if, for example,M2 grows extensively with system size. For mixed states the definition

of the SRE must be modified since the set of Pauli expectations no longer forms a distribution. In this case,

these expectations must be normalized by the purity, which is expressed as

S2 =
1

d

∑
P

|cP |2 (4.3)

and allows the SRE to be defined for mixed states. This definition only reliably detects stabilizer states when

the purification of the state is itself a stabilizer [326].

1To form a group, P must also include the possible phases ±1,±i. It is standard convention in the literature to refer to the set of all

n qubit Pauli operators without phases as the Pauli group.
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4.2.1 Non-Stabilizerness of Low-Energy Eigenstates

The low-energy spectrum of the digitized mixed-basis is comprised of smooth functions encoded into

wavefunction amplitudes. Understanding the complexity of preparing such states will inevitably involve

describing the stabilizer properties of such wavefunctions. Previous studies of ground state non-stabilizerness

in the electric basis [327] show markedly different behavior than in the mixed basis, emphasizing the

importance of basis choice when studying the theory at different values of the gauge coupling. The electric

basis diagonalizes the Hamiltonian in the strong coupling limit, and so the eigenstates in this limit are

trivially stabilizers. The mixed basis serves as an intermediate choice between the electric and magnetic

representations and the eigenstates in the mixed basis exhibit non-vanishing non-stabilizerness at all values of

the gauge coupling.

Figure 4.2a) (top) showsM2 for the ground state as a function of the gauge coupling. For large values

of the coupling, the non-stabilizerness approaches the value calculated using the strong-coupling ground

state wavefunction. In this limit, the wavefunction has the functional form u0(ω1, ω2) = sin ω1
2 sin ω2

2 and

the non-stabilizerness isM2 ∼ 1.4. As the gauge coupling is decreased, the support of the wavefunction,

i.e.where it is not exponentially small, starts to decrease and becomes concentrated around ω1, ω2 close to zero.

At intermediate values of the gauge coupling, g ∼ O(1), the non-stabilizerness oscillates log-periodically,

i.e.with minima that occur regularly with respect to log g. Once g reaches the value such that ωmax, as given

by Eq. (3.53), is less than 2π, the range of ω decreases with the support of the wavefunction and qualitatively

different behavior is observed.

To understand the origin of these oscillations, it is instructive to consider a simpler wavefunction that is

constant for ω1, ω2 < C for 0 ≤ C ≤ 2π and vanishing outside this region. When such a state is encoded

into a system of 2n qubits, the cutoff C will correspond to an integer between 0 and 2n − 1, as in Eq. (3.44).

As shown in Appendix C.1, the non-stabilizerness of such constant wavefunctions will have minima when the

integer representation of C coincides with a power of two. When the wavefunction varies over its range of

support, as is the case with the ground state of the two-plaquette system, there will instead be a minimum near

a power of two. As the support of the ground state wavefunction decreases with g, the observed log-periodic

oscillatory behavior occurs.

The behavior of non-stabilizerness in the first and second excited eigenstates |e1⟩ and |e2⟩, shown in

Fig. 4.2a) (bottom), closely mirrors that of the ground state, with saturation at large gauge coupling followed
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Figure 4.2: Non-Stabilizerness of low-energy eigenstates a) Non-stabilizerness of ground state |e0⟩ (top) and

first two excited eigenstates |e1⟩ , |e2⟩ (bottom). For large gauge coupling, the non-stabilizerness plateaus to a

constant value for |e1⟩ , |e2⟩, which are degenerate in this limit. For a fixed resolution, once a certain

coupling is reached, the ωmax truncation begins to decrease from 2π, causing the effective support of the

wavefunction over ω1 − ω2 to change at a different rate with g, which is signified by the transparent lines

(these lines are not shown for the bottom plot). b) Non-stabilizerness in degenerate subspace S12. The states

that have the minimum non-stabilizerness in this subspace are separable, while the states that have the

maximum non-stabilizerness can be characterized by their properties under ω1 − ω2 exchange. c)

Convergence of non-stabilizerness with increasing digitization resolution for first ten even eigenstates. d)

Time evolution ofM2 for different values of gauge coupling (top) and different levels of Pauli truncation ϵ in

Hamiltonian (bottom). In the top plot, multiple digitization resolutions ranging from nq = 3 to nq = 6 are

shown for each value of the coupling.

by subsequent oscillatory behavior as the gauge coupling decreases. The most striking feature is that the

non-stabilizerness of both eigenstates approaches the same value in the strong coupling limit, owing to the

degeneracy of |e1⟩ and |e2⟩ in the same limit. This degeneracy is related to both the separability of HE and

the ω1 ↔ ω2 swap symmetry implemented by the operator T12 =
1
d

∑
P∈Pnq

P1 ⊗ P2, where d = 2nq , Pnq

is the set of 4nq nq-qubit Pauli strings (including the identity), and Pj denotes the string P acting on the ωj
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register. In the strong coupling limit, |e1⟩ and |e2⟩ form a two-dimensional subspace S12 = span(|e1⟩ , |e2⟩)
that is composed of states of the form |ψ(ϑ, φ)⟩ = cos ϑ

2 |e1⟩ + eiφ sin ϑ
2 |e2⟩ and is parameterized by the

two angles (ϑ, φ). In this subspace, HE is diagonal whereas HB is not. Treating HB as a perturbation for

large but finite g using degenerate perturbation theory, it is seen that the basis states of S12 that diagonalize

this perturbation have the same non-stabilizerness.

This equivalence may naively suggest that from the perspective of Hamiltonian simulation, the best basis

to choose is the one that is aware of the structure of the perturbation, namely the one that splits the degeneracy.

However, considering the range of values of the non-stabilizerness over the entire subspace S12 reveals a

different picture. Figure 4.2b) shows the non-stabilizerness over S12 as a function of ϑ and φ. The states

that maximize and minimize non-stabilizerness over S12 can be characterized by how they transform under

T12. The basis is chosen such that the coordinate (0, 0) corresponds to the state that is symmetric under ω

exchange while the coordinate (π, 0) corresponds to one that is anti-symmetric. The states that minimize the

non-stabilizerness lie at the coordinates (π/2, 0) and (π/2, π), corresponding to separable states of the form

|ψ⟩ = |f(ω1)⟩⊗ |g(ω2)⟩ with f(ω) = sin ω
2 and g(ω) = sinω. The states with the highest non-stabilizerness

are defined by the coordinates (mπ/4, nπ/2) with m,n ∈ {1, 3}. These states can be defined by the property

that exchange of ω1, ω2 is equivalent to complex conjugation of the amplitudes, i.e.|ψ⟩∗ = T12 |ψ⟩. This

demonstrates that the most advantageous basis for quantum simulation may not always be the one that

respects the structure of the Hamiltonian, and instead is the one that minimizes complexity.

Finally, the convergence of the non-stabilizerness with increasing digitization resolution is studied.

Low digitization resolutions have the effect of coarse-graining small-scale variations in the wavefunction

amplitudes, lowering the perceived non-stabilizerness. As the resolution is increased, these variations can

have a non-trivial contribution to the resource requirements, causing the non-stabilizerness to grow extensively

with the number of qubits. On the other hand, for smooth wavefunctions whose frequency spectrum decays

quickly, increasing the resolution does not noticeably change the overall structure of the state and the non-

stabilizerness will plateau below the expectation for typical, Haar random, quantum states. For the purposes

of simulating these states in the continuum limit, this suggests that it is only necessary to simulate the state

up to a minimum resolution, aligning with the expectation that the mixed basis requires a low number of

quantum resources for different values of g.

For low-energy states |ei⟩, the convergence to the infinite resolution limit (nq → ∞) is exponential.

To understand how quickly this convergence happens, the non-stabilizerness for the first ten eigenstates is
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calculated for a fixed coupling of g = 1. The non-stabilizerness at infinite resolutionM∞
2 is extracted by

fitting its values at finite nq to the curveMnq

2 (|ei⟩) = ae−bnq +M∞
2 , with the finite nq deviation being

shown in Fig. 4.2c). While there is modest variance in the rates of convergence, all but one of the states

studied reaches 10−2 precision with respect to the continuum value once nq = 6. This stands in contrast

to the required digitization levels for extracting values for local observables such as the energy density, for

which it has been shown that as few as nq = 3 qubits are required to get within per-mille precision of the

continuum value [51]. This difference demonstrates that capturing the full complexity of a quantum state is

not necessary for calculating the value of local observables in quantum simulations.

4.2.2 Time Evolution and Truncation Effects

The convergence of non-stabilizerness with digitization in the low-energy subspace becomes especially

relevant when considering time evolution. This behavior is studied by considering the following quench-like

scenario: The system is prepared in a superposition of low-lying eigenstates of the Hamiltonian at some fixed

gauge coupling g0 then evolved with the Hamiltonian at a different coupling g. The exact superposition is not

important, only that the states in it are sufficiently far from the middle of the spectrum so that over the ranges

of times considered the time-evolved state does not mix with energy bands that contain a number of states

that grow extensively with system size. For concreteness, the initial state is an equal superposition of the first

three eigenstates, |ψ(0)⟩ = (|e0⟩+ |e1⟩+ |e2⟩)/
√
3, which has energy on the order of the mass gap of the

system.

Fig. 4.2d) (top) shows the time-evolved non-stabilizerness for g0 = 10, very close to the strong-coupling

limit, for g = {0.6, 1, 2}. For g = 2 the time evolution does not rapidly mix eigenstates of the g0 Hamiltonian

and therefore the non-stabilizerness exhibits small oscillations between the initial states. As g is decreased,

the time evolution induces mixing between the initial state and other eigenstates in increasingly higher energy

bands, causing the oscillations to grow and then subsequently diminish as the dynamics become dominated

by ramp-like behavior. The same type of growth is observed when initializing the system in eigenstates

corresponding to small g and then time evolving at values of larger g. This behavior can be understood by

recognizing that the value of the gauge coupling changes the eigenbasis of the Hamiltonian and therefore

time-evolving the eigenstate of one Hamiltonian with another Hamiltonian has the effect of introducing

more components into the functional decomposition of the wavefunction. The number of components that
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contribute non-trivially will depend on how closely the two eigenbases overlap. This suggests, that for

wavefunctions representing smooth functions, a greater number of components will give a higher amount of

non-stabilizerness.

When simulating real-time dynamics on a quantum device, it is necessary to also consider how approxi-

mations to the time evolution operator modify the complexity of the prepared state. The circuits in this work

are constructed by decomposing the Hamiltonian into a sum of Pauli strings and dropping strings that have

sufficiently small prefactors from the decomposition. When viewed from the perspective of Trotterization,

this has the effect of removing many small Rz rotations (up to Cliffords) and so it is expected that as long as

the prefactor is small enough the complexity of the state will not be affected. Figure 4.2d) (bottom) shows

the time evolution of |ψ(0)⟩, where ϵ percent of Pauli string with the smallest coefficients are removed from

the Hamiltonian. Surprisingly, as many as ϵ ≈ 0.6 of the Paulis, corresponding to 60% of the total operator

content of the Hamiltonian, can be removed with no visual change to the non-stabilizerness, allowing for the

complexity dynamics to be studied on the quantum device for deeper circuit depths.

4.3 Walsh Based Error Mitigation

This section outlines the techniques used for measuring the non-stabilizerness on a quantum device. The

distribution of measured bit strings is the primary observable used to calculateM2. Obtaining accurate

estimates from quantum hardware necessitates the development of techniques that allow one to account for the

effects of noise present on a device. Since the non-stabilizerness depends on the entire bitstring distribution,

without a priori knowledge of this distribution, naive scaling arguments would imply a mitigation overhead

that grows proportionally to the number of bitstrings, i.e.exponentially with system size. An approach tailored

for mitigating the noise in bit string distributions, that in certain cases ameliorates the dependence on system

size, is presented. It is shown that for wavefunctions that are the digitizations of smooth functions, e.g.

eigenstates of the two-plaquette system, it is sufficient to mitigate a constant number of observables.

4.3.1 Random Measurements and Improved Estimator

Measuring the non-stabilizerness of a state on a quantum device is made possible through the use of

randomized measurements [306]. The protocol begins by randomly sampling NU single-qubit Clifford

unitaries, forming an ensemble of circuits that are averaged over. Once the desired state is prepared, the
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random Clifford rotations are applied to each qubit, measured NM times and the outcome bitstrings are

recorded. This setup is illustrated in Fig. 4.1b). The collection of NM outcomes, per random Clifford,

gives an estimate for a probability distribution in the computational basis p(s), where the dependence on the

Clifford unitary has been suppressed. For the measured distribution, the following estimators are computed

O
(2)
j =

∑
s1,s2

2−w(s1⊕s2)p(s1)p(s2) (4.4)

O
(4)
j =

∑
s1,s2,s3,s4

2−w(s1⊕s2⊕s3⊕s4)

p(s1)p(s2)p(s3)p(s4) (4.5)

where w(s) denotes the Hamming weight of the bitstring s and the subscript j ∈ {1, . . . , NU} indexes the

circuit in the measurement ensemble. Averaging O(2)
j , O

(4)
j over the ensemble of random Cliffords provides

experimental estimates of the Stabilizer Rényi EntropyM2 and the purity S2, which are given by

M2 = − logX(4) + log dX(2) − log d

S2 = dX(2) (4.6)

in the limit NU →∞, where X(ℓ) = 1
NU

∑NU
j=1O

(ℓ)
j .

The expressions for the estimators O(2)
j and O(4)

j involve summing over 16n terms and so the classical

post-processing cost of the calculation can be prohibitive for large n. It is beneficial to introduce an improved

estimator, which is simply a re-writing of Eq. (4.4). The derivation fundamentally relies on the Walsh-

Hadamard (WH) transform of a Boolean function f(s), denoted f̂(k) =
∑

s f(s)(−1)k·s. For notational

convenience the WH transform will be denoted as ck = f̂(k) and referred to as the Walsh coefficients. While

the use of the WH transform has recently been recognized to give advantages in similar contexts [328–330],

the fact that the estimators O(ℓ)
j are written in terms of bitstrings allows the equations to be written in closed

form. Specifically for ℓ = 2, 4, the estimators are given by

O
(ℓ)
j =

1

d2

∑
k

3w(k)p̂ℓj(k) ; (4.7)

details of this derivation are in Appendix C.2. The key observation is that while the original expression for

M̃2 involved summing over 16n different terms, the improved expression only sums over 2n. Implementing

the WH transform requires O(n2n) operations, but it is also possible to put single-qubit Hadamards after
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the sequence of random Cliffords and then make computational basis measurements. This reduces post-

processing to strictlyO(2n) at the potential cost of extra hardware error. Single-qubit error rates are generally

an order of magnitude below that of two-qubit gates and so this is not expected to be a large contribution to

the error budget on current-day NISQ-devices. This reduction in complexity enables the estimators to be

easily evaluated on a laptop for the same system sizes that are accessible via exact diagonalization (n ∼ 24).

4.3.2 Error Mitigation Technique

Error mitigation refers to a host of techniques that aim to reduce the effects of device noise on measured

quantities, often involving application of compensating factors in post-processing. Many powerful techniques

have already been developed that correct noisy expectation values of operators [38,40,115,293]. However, the

observables O(2),(4) are functions of p(s) and require getting mitigated estimates of the bitstrings themselves.

Different strategies for accomplishing this have been developed in different contexts, including matrix

inversion [331], maximum likelihood estimation [332–334], and Monte-Carlo sampling [335]. This work

introduces a novel approach to error mitigation called Bit String Decoherence Renormalization (BSDR),

aimed at mitigating the bitstring distributions p(s) relevant for calculating quantities like non-stabilizerness

or Rényi entropies.

A quantum state |ψ⟩ written in the computational basis is given by |ψ⟩ =∑s e
iϕs
√

p(s) |s⟩. Similarly,

projectors onto the computational basis states can be written as

|s⟩⟨s| =
∑
k

(−1)k·sZk (4.8)

where Zk denotes a string of Pauli Z operators and k is a length n bitstring. Here, Zk means there is an

identity on qubit j if the jth entry of k is 0 and Z where the jth entry is 1. The desired bitstring distribution

can therefore be formulated as an expectation value

p(s) = Trρ |s⟩⟨s| (4.9)

with ρ = |ψ⟩⟨ψ|. It then follows straightforwardly that the bitstring distribution p(s) is just the WH transform

of the Walsh coefficients ck, which coincide with the set of expectation values for Z strings. This suggests

that to mitigate the distribution p(s), one should mitigate the Z expectation values and then reconstruct p(s)

from the set of mitigated observables. A secondary implication of the equivalence between p(s) and ck is that

the estimators Eq. (4.7) for non-stabilizerness and purity can be expressed directly in terms of the Clifford
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averaged Z expectation values. Using this approach, the noisy estimate for the bitstring probability is given

by

p̃(s) =
∑
k

(−1)k·sc̃k (4.10)

where the tilde denotes the mitigated estimate for both p(s) and ck. Defining the bias of the estimate to be

Bias(p(s)) = p̃(s)− p(s), then Bias(p̃(s)) =
∑

k(−1)k·s Bias(ck), which implies that when the mitigation

method for the observables is unbiased, the estimator p̃(s) is also unbiased.

To understand why inferring p(s) from mitigated observables is advantageous, it is important to note that

the noise affecting hardware can generally be modeled as Pauli noise

E(ρ) =
∑
P

aPPρP (4.11)

where the sum runs over all Pauli strings and 0 ≤ aP ≤ 1 ∀P . The effect on an expectation value is simply

rescaling by a coefficient r, i.e.TrE(ρ)O = rTrρO, with r defined as

r =
∑

P∈O+

ap −
∑

P∈O−
ap (4.12)

where O+/− are the set of Pauli strings that commute/anti-commute with O. While Pauli noise acts in

a predictable way for Pauli string observables, the effect on bitstrings is generally more complicated and

not just a rescaling. Observable mitigation methods like Zero-Noise Extrapolation (ZNE) and Operator

Decoherence Renormalization (ODR) [199, 213, 225, 294] take advantage of this structure, assuming that the

noise strength is weak enough so that r can be canceled. While there is likely a regime of noise strength for

which a simple relation between the bitstring probabilities and noise strength holds, the fact that p(s) is a

combination of many Pauli strings obfuscates the point at which this limit becomes appropriate. Therefore,

applying the wealth of methods for mitigating observables O and using these mitigated values to infer the

bitstring distribution is found to be much more effective.

4.3.3 Walsh Based Reconstruction

It is undesirable to require mitigating every ck, as their number scales exponentially with the number of

qubits. However, for states that encode smooth functions such as the low-energy states of the two-plaquette

system, the Walsh coefficients admit a hierarchy that allows for efficient reconstruction. This idea has been

used before in the context of compression for digital signals. To understand how this hierarchy appears, it is
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necessary to define some notation. The sequency of a bitstring is the digital analog of frequency, defined as the

number of sign changes in the row of the n-qubit Hadamard matrix H2 ⊗ · · · ⊗H2, with H2 = (X +Z)/
√
2

the single-qubit Hadamard, indexed by that bitstring under natural (binary) ordering. The sequency ordering

is then obtained by re-indexing rows according to the decimal value of their bit-reversed Gray code: for

each bitstring k, one computes its Gray code representation, reverses the order of its bits, i.e.reflects the

bitstring left-to-right, and ranks rows by the resulting decimal values in ascending order. The ν th sequency

band is defined by the collection of sequency ordered bitstrings that lie in the range 2ν−1 to 2ν − 1. For

multivariate functions defined on a D-dimensional interval (D = 2 for the two-plaquette eigenstates), each

band is characterized by a tuple of band coefficients. As shown explicitly in Appendix C.3, for sufficiently

smooth functions the coefficients in each band can generally be bounded as

cν ∼
D∏
i=1

1

2νi
(4.13)

which gives a prescription for how reconstruction should proceed.

Fig. 4.3a) describes the strategy for reconstruction, taking the ground state of the two-plaquette system at

couplings g = 0.6 and g = 2 as concrete examples. The bands with greater influence on the reconstruction

will have the lowest band indices (ν1, ν2), and so starting from the origin the index of each band is incremented

individually, alternating between ν1 and ν2. The bottom figure explicitly shows the entire sequency spectra,

with the bands containing the lowest, most dominant coefficients highlighted. It is actually unnecessary to

calculate all of the coefficients within each band, as only including the most dominant coefficient generally

gives the largest improvement. However, how these maximum coefficients are distributed within bands is

non-trivial, and without further knowledge of the specific function, one must mitigate the entire band to

account for its contribution. Fig. 4.3b) shows the reconstruction quality at various cutoffs compared to the

exact wavefunction for fixed ω2. For low cutoffs only the shape of the distribution is recovered, although as

the cutoff is increased the profile of the reconstructed distribution becomes indistinguishable from the exact

curve.

To measure the quality of the reconstruction, denote the reconstructed distribution up to sequency number

k∗ as p(s; k∗). The error between the exact distribution p(s) and p(s; k∗) is quantified by the Total Variational

Distance (TVD), δ, defined by

δ(p1, p2) =
1

2

∑
s

|p1(s)− p2(s)| (4.14)
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Figure 4.3: Walsh hierarchy of smooth wavefunctions a) Different Walsh bands for two-dimensional function

of ω1, ω2 (top) with Walsh indices and associated coefficients (below). The lowest, most significant, bands

are highlighted in blue, and the next most significant are shown in red. The strategy to reconstruct the

wavefunction involves starting from the shells closest to the origin and working out in each direction. Once a

shell is filled, the next shell starts being filled. b) Reconstructed wavefunction probability density for fixed ω2

at different Walsh cutoffs k∗. The solid black lines correspond to exact reconstruction where the cutoff is

removed. Both a strong coupling wavefunction at g = 2 and a weak coupling wavefunction at g = 0.6 are

shown. c) Number of Walsh bands needed to reconstruct distribution p(ω1, ω2) up to fixed error δ = .1/.04

(top/bottom) as function of nq. The number of bands in each case increases linearly, corresponding to an

exponential growth in the number of required Walsh coefficients until a plateau is reached. The different

points in the plot denote the values of g for which the ground state wavefunction was calculated.
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and which satisfies the properties of a distance over distributions. Assuming the hierarchy in Walsh coefficients

satisfies the condition Eq. (4.13), it is shown in Appendix C.3 that for a D-dimensional function the TVD is

bounded as

δ ≤
√
DCD

6
∆
∑
j

2−mj (4.15)

where mj = ⌊log2 k∗j ⌋ denotes the most significant bit of the cutoff k∗j in the jth direction, C ≈ 1.356 is a

constant, and ∆ denotes the maximum derivative of the function over its whole domain when considered on a

continuous interval, i.e.an infinitely-resolved digitization. Crucially, assuming that the underlying distribution

is sufficiently smooth, the bound becomes independent of nq. Fig. 4.3c) shows the number of bands required

to reach a constant TVD of δ = 0.04 and δ = 0.1 as a function of system size n, for a range of gauge

couplings g = {0.6, 1, 2}. As the size is increased, the number of bands increases linearly (corresponding to

an exponential increase in coefficients), until the critical threshold is hit, at which point the curves plateau,

demonstrating an independence from system size.

4.4 Measurement of Non-Stabilizerness on a Quantum Device

Using the circuits approximating time evolution due to the Pauli-truncated Hamiltonian approach outlined

in Sec. 4.2, a second-order Trotter step at varying time steps is simulated on IBM’s Heron r2 device,

ibm marrakesh. The non-parallelizable CNOT depth is 51, which to the authors’ knowledge is the deepest

circuit where the non-stabilizerness has been measured on a quantum device. The number of Clifford circuits

sampled ranged from NU = 100 to NU = 200. Running many circuits in parallel on a single chip was crucial

for allowing economic use of the quantum resources. This required a carefully chosen layout, prioritizing

high performing qubits. To choose the layout, the calibration parameters of the chip were queried before each

run and the qubits were filtered based on having readout error less than 0.05 and having connections to other

qubits with two-qubit gate error rate less than 0.01. Once the filtered set of qubits were chosen, contiguous

patches of five qubits were found such that every patch was separated by at least one inactive qubit on the

device. This approach minimized cross-talk between resonators.

The error mitigation methods used were Pauli Twirling (PT), measurement twirling, dynamical decoupling,

and BSDR. For each individual circuit, the measurement twirls were averaged together, and then BSDR was

applied to individual Pauli twirls, allowing for effective renormalization of p(s). Each shot of the physics

circuit was Pauli twirled 28 times and then measurement twirled 5 times, where the number of measurements
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NM for each Pauli twirl were split evenly among the measurement twirls. The random Cliffords were omitted

on the mitigation circuits so that a single set of mitigation circuit runs could be applied to all the physics

circuits, allowing most of the quantum resources used to be applied to the physics circuits.

Figure 4.4a) (top) shows an example bitstring distribution from one particular random Clifford with the

raw results and the mitigated results (where all the twirls are averaged over). The primary effect of the noise

is to transfer probability from the most significant strings and distribute it among the less likely strings. This

redistribution of probability can have a severe impact on the predicted value of non-stabilizerness from the

device, and so applying the mitigation technique developed in this work is crucial. By mitigating the ⟨Zk⟩
and inferring the distribution p(s) from the mitigated operators, the effects of the small but many erroneous

bitstrings are suppressed and the most likely ones are amplified, restoring their significance.

The predictions of the non-stabilizerness are shown in Fig. 4.4b), and the numerical values are presented in

Table 4.1. It is immediately apparent that without mitigation, the experimentally measured non-stabilizerness

is higher than that predicted by classical simulation of the Trotter evolution, and the variation over time is

suppressed. It is counterintuitive that the unmitigated non-stabilizerness is higher than that of the noiseless

circuit in light of results on the complexity of noisy quantum circuits [336]. This effect can be understood by

considering the Pauli spectrum of a state, i.e.the set of all expectation values of Pauli strings. For stabilizer

states on n qubits, there will be 2n Paulis that have expectation value plus or minus one, and the rest will

be exactly zero. On the other hand, states with high non-stabilizerness generally have many nonzero Pauli

expectation values with small magnitude. As previously observed, Pauli noise will reduce the magnitude of

large expectation values and with finite measurement statistics, expectation values that should vanish exactly

will be estimated to have a small but nonzero value. These effects taken together will cause the otherwise

highly structured Pauli spectrum of a low magic state to resemble the more generic spectrum of a high magic

state.
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Time t Cliffords NU raw mitigated Trotter

0.1 100 1.893 (33) 1.13 (23) 1.271

0.2 150 1.921 (37) 1.58 (15) 1.623

0.3 150 1.923 (37) 1.57 (15) 1.487

0.4 200 1.736 (28) 1.29 (18) 1.168

0.5 100 2.030 (38) 2.06 (14) 1.93

0.6 100 2.056 (42) 1.85 (21) 2

Table 4.1: Raw, mitigated and Trotter values ofM2 as a function of time. The raw values are determined by

using the bitstring distributions that are read directly off of the device without any post-processing.

4.5 Conclusion

Quantum simulation promises to answer questions about strongly-interacting many-body systems beyond

the reach of current approaches. Non-abelian gauge theories are an appealing target, as their symmetries

hinder analytic progress and large Hilbert spaces create computational barriers. This work improves the

simulation of these theories in two ways: by investigating the quantum complexity of an SU(2) LGT in the

mixed basis and by developing methods for efficient measurement of quantum information quantities on a

quantum device. First, the Stabilizer Rényi Entropy was calculated for a system of two interacting plaquettes.

The non-stabilizerness of low-lying eigenstates was determined and its convergence with local Hilbert space

dimension studied. Extrapolating from increasingly resolved digitization levels, nq = 6 qubits per plaquette

were sufficient to reach one percent of the SRE value for low-energy eigenstates, which is 2-3 times the

number of qubits needed for comparable precision in local observables like the energy [51]. It was also

shown that different combinations of degenerate eigenstates can alter the required resources for simulating

low-energy physics. Second, randomized measurement schemes were improved by rewriting conventional
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Figure 4.4: Quantum measurement of non-stabilizerness a) Bitstring distributions for specific instance of

random Cliffords. The raw data (left) shows small populations of many bitstrings whose populations are

spuriously amplified by the noise of the quantum device. The bitstring distribution after application of BSDR

(right) removes these spurious populations and restores much of the probability mass to the true bitstring. b)

Values of non-stabilizerness over time. The solid lines correspond to evolution due to the exact propagator

and the Trotterized circuit. The circles represent the calculations from the raw data and the diamonds

represent the mitigated data. The raw data is almost constant, and the features of the dynamics are highly

suppressed. The mitigated values are able to accurately track the real time dynamics for all times studied.

estimators as a weighted sum over Clifford-averaged expectation values, reducing classical post-processing

from O(16n) to O(n2n) via the Fast Walsh-Hadamard Transform. This work is the first application of this

method to non-stabilizerness measurement protocols.

This connection between the non-stabilizerness estimator and operator expectation values motivated the

central contribution of this work: a novel error mitigation scheme for bitstring distributions, called BSDR.

The key insight is that common noise channels on current devices can be expressed as Pauli noise, which

is more effectively corrected at the operator level. For states admitting a hierarchy in their Walsh spectrum,

such as the low-energy subspace of field theories like the scalar field and SU(2) in the mixed basis, as well as

states arising in applications such as PDEs and machine learning, only a constant number of observables is

needed to reach a fixed error level in the reconstructed distribution.

BSDR was applied to real data from randomized measurements on IBM quantum devices, where raw
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results failed to capture time variations of non-stabilizerness. The mitigated results more accurately show the

time dependency and the buildup of non-stabilizerness after a quench from a stabilizer state. This timescale is

connected to quantum chaos and ergodicity [310, 311], making BSDR suitable for studying non-equilibrium

quantum dynamics on real devices through the lens of bitstring distributions [337].

Extending this work to numerical studies of more plaquettes is an important future step. It has been

recognized that the non-stabilizerness, in particular a basis-independent measure like the non-local magic,

can serve as signals for the internal structure of bound particles. Understanding the implications of this

for gauge fields is a promising direction [338–340]. Furthermore, systematic studies comparing the non-

stabilizerness in other bases like the electric representation and connecting this to the practical gate complexity

and non-Clifford resources required in simulation are essential for reaching larger lattice volumes.

Another vital direction is determining how the Walsh spectrum of a state is related to other measures of

complexity like non-stabilizerness and non-Gaussianity. It has been shown that for certain quantum states,

a hierarchy in the non-Gaussian correlation structure allows for efficient representations [54]; extending

this concept to the realm of sequency truncation may allow for experimentally-friendly probes of otherwise

complex observables. Additionally, understanding the underlying structure in the Walsh spectrum between

states that are considered complex by different classes of resource theories may elucidate new phenomena in

the context of quantum chaos and non-equilibrium dynamics.

Finally, it is expected that the BSDR error mitigation strategy presented in this work will find great use

in many other simulation tasks relevant for high energy physics. As an example, many of the primitives

that are used to construct wavepackets in scattering experiments, namely plane waves and Gaussian profiles,

constitute smooth functions and so BSDR should prove to be beneficial [238, 243, 332]. Using BSDR

will be advantageous for studying complex observables like the non-Stabilizerness, Rényi entropy, Inverse

Participation Ratio, and other quantities that are strongly sensitive to device noise.
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Chapter 5

CLASSICAL SHADOWS FOR SAMPLE-EFFICIENT MEASUREMENTS OF
GAUGE-INVARIANT OBSERVABLES

5.1 Introduction

Programmable quantum simulators and computers enable the investigation of large many-body systems, for

instance, opening new routes for studying systems out-of-equilibrium [73, 145–150, 230, 341] or discover

emergent phases of matter [71, 165, 166] that elude classical algorithms. A key point is that one can not only

simulate such complex quantum states, but also characterize them at scale. This includes both the extraction

of observables to study the properties of these systems [37, 342], but also verification and benchmarking of

the computational devices themselves [156, 343–349].

A broad range of methods have been developed to characterize quantum states, from tomography protocols

that aim to reconstruct the full state [345,350–356] to randomized measurement schemes [357–362], including

classical shadows [37, 363–374], which bypass full tomography and often allow efficient estimation of many

properties directly from measurement data. The latter are especially popular in experiments [361, 374–381],

since many variants can be realized on current devices using only simple operations and computational-basis

measurements.

Randomized measurement protocols are designed to be general and state-agnostic, following the philos-

ophy of “measure first, ask questions later” [382]. This flexibility, however, can increase the learning cost

unnecessarily. In practice, prior knowledge about the structure of unknown states or relevant observables

can guide measurement pre-processing [383, 384]. Key examples include symmetries—such as particle

number or permutation symmetry—arising from the target state, the observables, or hardware constraints on

measurement operations [358, 365, 385–389]. A common feature is that exploiting prior knowledge reduces

the measurement cost but can increase circuit complexity.

Systems with local symmetries, such as Lattice Gauge Theories (LGTs), exhibit distinctive Hilbert space

structures and state properties. Quantum simulation of LGTs is a key application for quantum computers

and simulators [151], owing to their central role in describing high-energy and nuclear physics [59, 82,
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�z
<latexit sha1_base64="XgK9K76YbQxcgOh+zSidq+Qy0cM=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmLiiewagx6JXjxi4gIJrKRbutDQdte2a4Ib/oQXDxrj1b/jzX9jgT0o+JJJXt6bycy8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUEeqTmMeqHWJNOZPUN8xw2k4UxSLktBWOrqd+65EqzWJ5Z8YJDQQeSBYxgo2V2l3NBgLfP/XKFbfqzoCWiZeTCuRo9Mpf3X5MUkGlIRxr3fHcxAQZVoYRTielbqppgskID2jHUokF1UE2u3eCTqzSR1GsbEmDZurviQwLrccitJ0Cm6Fe9Kbif14nNdFlkDGZpIZKMl8UpRyZGE2fR32mKDF8bAkmitlbERlihYmxEZVsCN7iy8ukeVb1atXa7XmlfpXHUYQjOIZT8OAC6nADDfCBAIdneIU358F5cd6dj3lrwclnDuEPnM8fNoWQGg==</latexit>

�z

<latexit sha1_base64="XgK9K76YbQxcgOh+zSidq+Qy0cM=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmLiiewagx6JXjxi4gIJrKRbutDQdte2a4Ib/oQXDxrj1b/jzX9jgT0o+JJJXt6bycy8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUEeqTmMeqHWJNOZPUN8xw2k4UxSLktBWOrqd+65EqzWJ5Z8YJDQQeSBYxgo2V2l3NBgLfP/XKFbfqzoCWiZeTCuRo9Mpf3X5MUkGlIRxr3fHcxAQZVoYRTielbqppgskID2jHUokF1UE2u3eCTqzSR1GsbEmDZurviQwLrccitJ0Cm6Fe9Kbif14nNdFlkDGZpIZKMl8UpRyZGE2fR32mKDF8bAkmitlbERlihYmxEZVsCN7iy8ukeVb1atXa7XmlfpXHUYQjOIZT8OAC6nADDfCBAIdneIU358F5cd6dj3lrwclnDuEPnM8fNoWQGg==</latexit>

�z

<latexit sha1_base64="XgK9K76YbQxcgOh+zSidq+Qy0cM=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmLiiewagx6JXjxi4gIJrKRbutDQdte2a4Ib/oQXDxrj1b/jzX9jgT0o+JJJXt6bycy8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUEeqTmMeqHWJNOZPUN8xw2k4UxSLktBWOrqd+65EqzWJ5Z8YJDQQeSBYxgo2V2l3NBgLfP/XKFbfqzoCWiZeTCuRo9Mpf3X5MUkGlIRxr3fHcxAQZVoYRTielbqppgskID2jHUokF1UE2u3eCTqzSR1GsbEmDZurviQwLrccitJ0Cm6Fe9Kbif14nNdFlkDGZpIZKMl8UpRyZGE2fR32mKDF8bAkmitlbERlihYmxEZVsCN7iy8ukeVb1atXa7XmlfpXHUYQjOIZT8OAC6nADDfCBAIdneIU358F5cd6dj3lrwclnDuEPnM8fNoWQGg==</latexit>

�z

<latexit sha1_base64="r7sAvRqIFfW4DxBVqgyzFwi65rY=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewagx6JXjxi4gIRVtItXWhou5u2ayQb/oUXDxrj1X/jzX9jgT0o+JJJXt6bycy8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUEeqTmMeqHWJNOZPUN8xw2k4UxSLktBWOrqd+65EqzWJ5Z8YJDQQeSBYxgo2V7ruaDQR+yJ4mvXLFrbozoGXi5aQCORq98le3H5NUUGkIx1p3PDcxQYaVYYTTSambappgMsID2rFUYkF1kM0unqATq/RRFCtb0qCZ+nsiw0LrsQhtp8BmqBe9qfif10lNdBlkTCapoZLMF0UpRyZG0/dRnylKDB9bgoli9lZEhlhhYmxIJRuCt/jyMmmeVb1atXZ7Xqlf5XEU4QiO4RQ8uIA63EADfCAg4Rle4c3Rzovz7nzMWwtOPnMIf+B8/gD8VpEk</latexit>

�x

Figure 5.1: Sample-efficient measurements of gauge-invariant observables in Z2 LGT. Illustration of Z2 LGT

in (2 + 1)D and its Ising dual. For the LGT qubits reside on links l of the lattice and Gauss law constraints

Gs are associated with sites s. The Hamiltonian consists of plaquette (magnetic) terms W□ =
∏

l∈□ σ
z
l and

on-site (electric) terms σxl . In the dual description as a (2 + 1)D Ising model the qubit degrees of freedom are

associated with the plaquette. There is a one-to-one correspondence between operators and states within the

physical Hilbert space of the LGT, independent of boundary conditions: the magnetic terms map to Pauli-Z

operators on the Ising qubits and the electric terms map to two-body Pauli-X terms acting on the qubits across

the relevant link. In the inverse map from the Ising model to the LGT, single X operators on the Ising side of

the duality map to a string of σx operators along some path γ to an arbitrary reference plaquette □0. For PBC,

the dual Ising model obeys a global parity constraint and such single-body X operators are unphysical.

295, 296, 390], condensed matter systems [391–394], fermion-to-qubit mappings [395–397], and because

of connections to quantum error correction [398–400]. We will show that incorporating prior knowledge

when designing randomized measurement schemes for LGTs leads to especially pronounced trade-offs

between sample complexity and circuit complexity. The common eigenspace of local symmetry constraints is

exponentially smaller than the full Hilbert space used in the simulation (though still exponentially large in

system size) and this can enable large, even exponential, improvements in sample complexity. However, such

schemes require more complex circuit implementations, and analytical tasks—particularly the analysis and
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<latexit sha1_base64="nPrttMJbHzvxz2nui4OTnTumrt4=">AAACCnicbVA9TwJBEN3zW/xCLW1WiYkVuTMGLYkWaqUmIiRAyNwywIa7vcvuHJFcqG38KzYWGmPrL7Dz37gghYIv2eTlvZnZmefHgTTkul/OzOzc/MLi0nJmZXVtfSO7uXVnokQLLIkoiHTFB4OBVFgiSQFWYo0Q+gGW/e7Z0C/3UBsZqVvqx1gPoa1kSwogKzWyuzXCe0rPIWkjv1Q90BIU8SvfoO6BnTJoZHNu3h2BTxNvTHJsjOtG9rPWjEQSoiIRgDFVz42pnoImKey8TC0xGIPoQhurlioI0dTT0SkDvm+VJm9F2j67x0j93ZFCaEw/9G1lCNQxk95Q/M+rJtQ6qadSxQmhEj8ftZKAU8SHufCm1Cgo6FsCQku7Kxcd0CDIppexIXiTJ0+Tu8O8V8gXbo5yxdNxHEtsh+2xA+axY1ZkF+yalZhgD+yJvbBX59F5dt6c95/SGWfcs83+wPn4Br4kmvM=</latexit>

Gauge Invariant Observable
<latexit sha1_base64="BaTvKroJK8qjOLfVo4MdOVjYNXI="></latexit>

ÔLGT = h��1 (ODual)i

<latexit sha1_base64="NPSx9zIox220eim2aLZBkU3tayc=">AAACA3icbVDLSgMxFM34rPVVdaebYBFclRkRdSm6cVkfrUI7lEx6pwaTzJDcEYeh4MZfceNCEbf+hDv/xvSx8HUgcDjnXm7OiVIpLPr+pzcxOTU9M1uaK88vLC4tV1ZWmzbJDIcGT2RiriJmQQoNDRQo4So1wFQk4TK6OR74l7dgrEj0BeYphIr1tIgFZ+ikTmW9jXCHxXmuFKDJ6RnYFDgK3et3KlW/5g9B/5JgTKpkjHqn8tHuJjxToJFLZm0r8FMMC2ZQcAn9cjuzkDJ+w3rQclQzBTYshhn6dMspXRonxj2NdKh+3yiYsjZXkZtUDK/tb28g/ue1MowPwkLoNEPQfHQoziTFhA4KoV1hXGCZO8K4Ee6vlF8zwzi62squhOB35L+kuVML9mp7p7vVw6NxHSWyQTbJNgnIPjkkJ6ROGoSTe/JInsmL9+A9ea/e22h0whvvrJEf8N6/AA5cmHE=</latexit>

Symmetry Respecting
<latexit sha1_base64="crTxDYCCDQmeMJY4mZDM3QBYD3M=">AAAB/XicbVDLSsNAFJ34rPUVHzs3wSK4KolIdVl047KKfUAbymQyaYdOZsLMjdiG4q+4caGIW//DnX/jtM1CWw9cOJxzL/feEyScaXDdb2tpeWV1bb2wUdzc2t7Ztff2G1qmitA6kVyqVoA15UzQOjDgtJUoiuOA02YwuJ74zQeqNJPiHoYJ9WPcEyxiBIORuvZhB+gjZHdYhDJmo6k67tolt+xO4SwSLycllKPWtb86oSRpTAUQjrVue24CfoYVMMLpuNhJNU0wGeAebRsqcEy1n02vHzsnRgmdSCpTApyp+nsiw7HWwzgwnTGGvp73JuJ/XjuF6NLPmEhSoILMFkUpd0A6kyickClKgA8NwUQxc6tD+lhhAiawognBm395kTTOyl6lXLk9L1Wv8jgK6Agdo1PkoQtURTeohuqIoBF6Rq/ozXqyXqx362PWumTlMwfoD6zPH5CilfY=</latexit>

Randomization

<latexit sha1_base64="8UVxn31zZjGQHuKjL7I+/6sxS24=">AAAB/3icbVDLSsNAFJ34rPUVFdy4CRahbkoiUl0W3bisYNpCW8pketsOnUzCzI1YYhb+ihsXirj1N9z5N04fC209MHA4517umRPEgmt03W9raXlldW09t5Hf3Nre2bX39ms6ShQDn0UiUo2AahBcgo8cBTRiBTQMBNSD4fXYr9+D0jySdziKoR3SvuQ9zigaqWMf+p20hfCAqR6FWVZs4QCQnnbsgltyJ3AWiTcjBTJDtWN/tboRS0KQyATVuum5MbZTqpAzAVm+lWiIKRvSPjQNlTQE3U4n+TPnxChdpxcp8yQ6E/X3RkpDbeIFZjKkONDz3lj8z2sm2Ltsp1zGCYJk00O9RDgYOeMynC5XwFCMDKFMcZPVYQOqKENTWd6U4M1/eZHUzkpeuVS+PS9UrmZ15MgROSZF4pELUiE3pEp8wsgjeSav5M16sl6sd+tjOrpkzXYOyB9Ynz+LN5Zz</latexit>

Usym(✓)
<latexit sha1_base64="8UVxn31zZjGQHuKjL7I+/6sxS24=">AAAB/3icbVDLSsNAFJ34rPUVFdy4CRahbkoiUl0W3bisYNpCW8pketsOnUzCzI1YYhb+ihsXirj1N9z5N04fC209MHA4517umRPEgmt03W9raXlldW09t5Hf3Nre2bX39ms6ShQDn0UiUo2AahBcgo8cBTRiBTQMBNSD4fXYr9+D0jySdziKoR3SvuQ9zigaqWMf+p20hfCAqR6FWVZs4QCQnnbsgltyJ3AWiTcjBTJDtWN/tboRS0KQyATVuum5MbZTqpAzAVm+lWiIKRvSPjQNlTQE3U4n+TPnxChdpxcp8yQ6E/X3RkpDbeIFZjKkONDz3lj8z2sm2Ltsp1zGCYJk00O9RDgYOeMynC5XwFCMDKFMcZPVYQOqKENTWd6U4M1/eZHUzkpeuVS+PS9UrmZ15MgROSZF4pELUiE3pEp8wsgjeSav5M16sl6sd+tjOrpkzXYOyB9Ynz+LN5Zz</latexit>

Usym(✓)
<latexit sha1_base64="8UVxn31zZjGQHuKjL7I+/6sxS24=">AAAB/3icbVDLSsNAFJ34rPUVFdy4CRahbkoiUl0W3bisYNpCW8pketsOnUzCzI1YYhb+ihsXirj1N9z5N04fC209MHA4517umRPEgmt03W9raXlldW09t5Hf3Nre2bX39ms6ShQDn0UiUo2AahBcgo8cBTRiBTQMBNSD4fXYr9+D0jySdziKoR3SvuQ9zigaqWMf+p20hfCAqR6FWVZs4QCQnnbsgltyJ3AWiTcjBTJDtWN/tboRS0KQyATVuum5MbZTqpAzAVm+lWiIKRvSPjQNlTQE3U4n+TPnxChdpxcp8yQ6E/X3RkpDbeIFZjKkONDz3lj8z2sm2Ltsp1zGCYJk00O9RDgYOeMynC5XwFCMDKFMcZPVYQOqKENTWd6U4M1/eZHUzkpeuVS+PS9UrmZ15MgROSZF4pELUiE3pEp8wsgjeSav5M16sl6sd+tjOrpkzXYOyB9Ynz+LN5Zz</latexit>

Usym(✓)

<latexit sha1_base64="fQ+z7QFtWsHSXQy1MRsW4orVVHc=">AAAB/HicbVBNSwMxEM36WevXao9egkXwVHZFqseiBz1WsB/QLiWbZtvQbLIks2JZ6l/x4kERr/4Qb/4b03YP2vpg4PHeDDPzwkRwA5737aysrq1vbBa2its7u3v77sFh06hUU9agSijdDolhgkvWAA6CtRPNSBwK1gpH11O/9cC04UrewzhhQUwGkkecErBSzy11gT1CdiNUSASuE67NpOeWvYo3A14mfk7KKEe95351+4qmMZNABTGm43sJBBnRwKlgk2I3NSwhdEQGrGOpJDEzQTY7foJPrNLHkdK2JOCZ+nsiI7Ex4zi0nTGBoVn0puJ/XieF6DLIuExSYJLOF0WpwKDwNAnc55pREGNLCNXc3orpkGhCweZVtCH4iy8vk+ZZxa9Wqnfn5dpVHkcBHaFjdIp8dIFq6BbVUQNRNEbP6BW9OU/Oi/PufMxbV5x8poT+wPn8AfYJlP0=</latexit>

Global Pairs
<latexit sha1_base64="QwKZCRJgyGxlN1XJxtQ8Ohfnosk=">AAAB+3icbVA9SwNBEN3zM8avM5Y2i0GwCnci0TJoY2ERwXxAcoS9zV6yZG/32J2ThCN/xcZCEVv/iJ3/xk1yhSY+GHi8N8PMvDAR3IDnfTtr6xubW9uFneLu3v7BoXtUahqVasoaVAml2yExTHDJGsBBsHaiGYlDwVrh6Hbmt56YNlzJR5gkLIjJQPKIUwJW6rmlLrAxZPeKEoHrhGsz7bllr+LNgVeJn5MyylHvuV/dvqJpzCRQQYzp+F4CQUY0cCrYtNhNDUsIHZEB61gqScxMkM1vn+Izq/RxpLQtCXiu/p7ISGzMJA5tZ0xgaJa9mfif10khug4yLpMUmKSLRVEqMCg8CwL3uWYUxMQSQjW3t2I6JJpQsHEVbQj+8surpHlR8auV6sNluXaTx1FAJ+gUnSMfXaEaukN11EAUjdEzekVvztR5cd6dj0XrmpPPHKM/cD5/AC8FlI0=</latexit>

Local Pairs
<latexit sha1_base64="72A6lAWA+N0sozJjT/5qqaPtPAg=">AAACD3icbVDLSsNAFJ3UV62vaJduBovgqiQi1WVRFy4r2Ae0oUymt+3QyYOZGzGEfoRf4Fa/wJ249RP8AP/DNM3Cth64cDjnXs7luKEUGi3r2yisrW9sbhW3Szu7e/sH5uFRSweR4tDkgQxUx2UapPChiQIldEIFzHMltN3JzcxvP4LSIvAfMA7B8djIF0PBGaZS3yz3EJ4wuY2YpA0VDCKO075ZsapWBrpK7JxUSI5G3/zpDQIeeeAjl0zrrm2F6CRMoeASpqVepCFkfMJG0E2pzzzQTpI9P6WnqTKgw0Cl4yPN1L8XCfO0jj033fQYjvWyNxP/87oRDq+cRPhhhODzedAwkhQDOmuCDoQCjjJOCeNKpL9SPmaKcUz7WkhxFZtA1ou93MIqaZ1X7Vq1dn9RqV/nDRXJMTkhZ8Qml6RO7kiDNAknMXkhr+TNeDbejQ/jc75aMPKbMlmA8fULMEmdbA==</latexit>

Dual Product

<latexit sha1_base64="cdateEyp9xyssYSmXVlmlxmcVFU=">AAACE3icbVBLTgJBEO3BH+Jv1IULNx2JiSsyYwy6JLpxiVE+CRDS0xTQoXtm0l1jnEw4hidwqydwZ9x6AA/gPZwBFgK+pJKX96q6up4XSmHQcb6t3Mrq2vpGfrOwtb2zu2fvH9RNEGkONR7IQDc9ZkAKH2ooUEIz1MCUJ6HhjW4yv/EI2ojAf8A4hI5iA1/0BWeYSl37qI3whEmVaRRM0vtYKUAdj7t20Sk5E9Bl4s5IkcxQ7do/7V7AIwU+csmMablOiJ0ke5dLGBfakYGQ8REbQCulPlNgOsnkgDE9TZUe7Qc6LR/pRP07kTBlTKy8tFMxHJpFLxP/81oR9q86ifDDCMHn00X9SFIMaJYG7QkNHGWcEsa1SP9K+ZBpxjHNbG6Lp9kIMMvFXUxhmdTPS265VL67KFauZwnlyTE5IWfEJZekQm5JldQIJ2PyQl7Jm/VsvVsf1ue0NWfNZg7JHKyvX8mun2Q=</latexit>

Partial Symmetry
<latexit sha1_base64="QE2WkyB11hj/64fxoQP68ee2SGo=">AAACG3icbVDLTgIxFO34RHyhLl3YSExckRlj0CXRjUsk8kiAkE65QEOnM2nvGHHC0s/wC9zqF7gzbl34Af6H5bEQ8CRNTs45N7f3+JEUBl3321laXlldW09tpDe3tnd2M3v7FRPGmkOZhzLUNZ8ZkEJBGQVKqEUaWOBLqPr965FfvQdtRKjucBBBM2BdJTqCM7RSK3PUQHjApAQmAo5CdWmJqXYYiMdxYNjKZN2cOwZdJN6UZMkUxVbmp9EOeRyAQi6ZMXXPjbCZMI2CSximG7GBiPE+60LdUsUCMM1kfMiQnlilTTuhtk8hHat/JxIWGDMIfJsMGPbMvDcS//PqMXYum4lQUYyg+GRRJ5YUQzpqhbaFtufLgSWMa2H/SnmPacbRdjezxdesDzjqxZtvYZFUznJePpe/Pc8WrqYNpcghOSanxCMXpEBuSJGUCSdP5IW8kjfn2Xl3PpzPSXTJmc4ckBk4X79u/KLw</latexit>

Respecting Randomization

<latexit sha1_base64="8UVxn31zZjGQHuKjL7I+/6sxS24=">AAAB/3icbVDLSsNAFJ34rPUVFdy4CRahbkoiUl0W3bisYNpCW8pketsOnUzCzI1YYhb+ihsXirj1N9z5N04fC209MHA4517umRPEgmt03W9raXlldW09t5Hf3Nre2bX39ms6ShQDn0UiUo2AahBcgo8cBTRiBTQMBNSD4fXYr9+D0jySdziKoR3SvuQ9zigaqWMf+p20hfCAqR6FWVZs4QCQnnbsgltyJ3AWiTcjBTJDtWN/tboRS0KQyATVuum5MbZTqpAzAVm+lWiIKRvSPjQNlTQE3U4n+TPnxChdpxcp8yQ6E/X3RkpDbeIFZjKkONDz3lj8z2sm2Ltsp1zGCYJk00O9RDgYOeMynC5XwFCMDKFMcZPVYQOqKENTWd6U4M1/eZHUzkpeuVS+PS9UrmZ15MgROSZF4pELUiE3pEp8wsgjeSav5M16sl6sd+tjOrpkzXYOyB9Ynz+LN5Zz</latexit>

Usym(✓)
<latexit sha1_base64="8UVxn31zZjGQHuKjL7I+/6sxS24=">AAAB/3icbVDLSsNAFJ34rPUVFdy4CRahbkoiUl0W3bisYNpCW8pketsOnUzCzI1YYhb+ihsXirj1N9z5N04fC209MHA4517umRPEgmt03W9raXlldW09t5Hf3Nre2bX39ms6ShQDn0UiUo2AahBcgo8cBTRiBTQMBNSD4fXYr9+D0jySdziKoR3SvuQ9zigaqWMf+p20hfCAqR6FWVZs4QCQnnbsgltyJ3AWiTcjBTJDtWN/tboRS0KQyATVuum5MbZTqpAzAVm+lWiIKRvSPjQNlTQE3U4n+TPnxChdpxcp8yQ6E/X3RkpDbeIFZjKkONDz3lj8z2sm2Ltsp1zGCYJk00O9RDgYOeMynC5XwFCMDKFMcZPVYQOqKENTWd6U4M1/eZHUzkpeuVS+PS9UrmZ15MgROSZF4pELUiE3pEp8wsgjeSav5M16sl6sd+tjOrpkzXYOyB9Ynz+LN5Zz</latexit>

Usym(✓)
<latexit sha1_base64="8UVxn31zZjGQHuKjL7I+/6sxS24=">AAAB/3icbVDLSsNAFJ34rPUVFdy4CRahbkoiUl0W3bisYNpCW8pketsOnUzCzI1YYhb+ihsXirj1N9z5N04fC209MHA4517umRPEgmt03W9raXlldW09t5Hf3Nre2bX39ms6ShQDn0UiUo2AahBcgo8cBTRiBTQMBNSD4fXYr9+D0jySdziKoR3SvuQ9zigaqWMf+p20hfCAqR6FWVZs4QCQnnbsgltyJ3AWiTcjBTJDtWN/tboRS0KQyATVuum5MbZTqpAzAVm+lWiIKRvSPjQNlTQE3U4n+TPnxChdpxcp8yQ6E/X3RkpDbeIFZjKkONDz3lj8z2sm2Ltsp1zGCYJk00O9RDgYOeMynC5XwFCMDKFMcZPVYQOqKENTWd6U4M1/eZHUzkpeuVS+PS9UrmZ15MgROSZF4pELUiE3pEp8wsgjeSav5M16sl6sd+tjOrpkzXYOyB9Ynz+LN5Zz</latexit>

Usym(✓)

<latexit sha1_base64="nPrttMJbHzvxz2nui4OTnTumrt4=">AAACCnicbVA9TwJBEN3zW/xCLW1WiYkVuTMGLYkWaqUmIiRAyNwywIa7vcvuHJFcqG38KzYWGmPrL7Dz37gghYIv2eTlvZnZmefHgTTkul/OzOzc/MLi0nJmZXVtfSO7uXVnokQLLIkoiHTFB4OBVFgiSQFWYo0Q+gGW/e7Z0C/3UBsZqVvqx1gPoa1kSwogKzWyuzXCe0rPIWkjv1Q90BIU8SvfoO6BnTJoZHNu3h2BTxNvTHJsjOtG9rPWjEQSoiIRgDFVz42pnoImKey8TC0xGIPoQhurlioI0dTT0SkDvm+VJm9F2j67x0j93ZFCaEw/9G1lCNQxk95Q/M+rJtQ6qadSxQmhEj8ftZKAU8SHufCm1Cgo6FsCQku7Kxcd0CDIppexIXiTJ0+Tu8O8V8gXbo5yxdNxHEtsh+2xA+axY1ZkF+yalZhgD+yJvbBX59F5dt6c95/SGWfcs83+wPn4Br4kmvM=</latexit>

Gauge Invariant Observable
<latexit sha1_base64="BaTvKroJK8qjOLfVo4MdOVjYNXI="></latexit>

ÔLGT = h��1 (ODual)i

<latexit sha1_base64="8UVxn31zZjGQHuKjL7I+/6sxS24=">AAAB/3icbVDLSsNAFJ34rPUVFdy4CRahbkoiUl0W3bisYNpCW8pketsOnUzCzI1YYhb+ihsXirj1N9z5N04fC209MHA4517umRPEgmt03W9raXlldW09t5Hf3Nre2bX39ms6ShQDn0UiUo2AahBcgo8cBTRiBTQMBNSD4fXYr9+D0jySdziKoR3SvuQ9zigaqWMf+p20hfCAqR6FWVZs4QCQnnbsgltyJ3AWiTcjBTJDtWN/tboRS0KQyATVuum5MbZTqpAzAVm+lWiIKRvSPjQNlTQE3U4n+TPnxChdpxcp8yQ6E/X3RkpDbeIFZjKkONDz3lj8z2sm2Ltsp1zGCYJk00O9RDgYOeMynC5XwFCMDKFMcZPVYQOqKENTWd6U4M1/eZHUzkpeuVS+PS9UrmZ15MgROSZF4pELUiE3pEp8wsgjeSav5M16sl6sd+tjOrpkzXYOyB9Ynz+LN5Zz</latexit>

Usym(✓)
<latexit sha1_base64="8UVxn31zZjGQHuKjL7I+/6sxS24=">AAAB/3icbVDLSsNAFJ34rPUVFdy4CRahbkoiUl0W3bisYNpCW8pketsOnUzCzI1YYhb+ihsXirj1N9z5N04fC209MHA4517umRPEgmt03W9raXlldW09t5Hf3Nre2bX39ms6ShQDn0UiUo2AahBcgo8cBTRiBTQMBNSD4fXYr9+D0jySdziKoR3SvuQ9zigaqWMf+p20hfCAqR6FWVZs4QCQnnbsgltyJ3AWiTcjBTJDtWN/tboRS0KQyATVuum5MbZTqpAzAVm+lWiIKRvSPjQNlTQE3U4n+TPnxChdpxcp8yQ6E/X3RkpDbeIFZjKkONDz3lj8z2sm2Ltsp1zGCYJk00O9RDgYOeMynC5XwFCMDKFMcZPVYQOqKENTWd6U4M1/eZHUzkpeuVS+PS9UrmZ15MgROSZF4pELUiE3pEp8wsgjeSav5M16sl6sd+tjOrpkzXYOyB9Ynz+LN5Zz</latexit>

Usym(✓)
<latexit sha1_base64="8UVxn31zZjGQHuKjL7I+/6sxS24=">AAAB/3icbVDLSsNAFJ34rPUVFdy4CRahbkoiUl0W3bisYNpCW8pketsOnUzCzI1YYhb+ihsXirj1N9z5N04fC209MHA4517umRPEgmt03W9raXlldW09t5Hf3Nre2bX39ms6ShQDn0UiUo2AahBcgo8cBTRiBTQMBNSD4fXYr9+D0jySdziKoR3SvuQ9zigaqWMf+p20hfCAqR6FWVZs4QCQnnbsgltyJ3AWiTcjBTJDtWN/tboRS0KQyATVuum5MbZTqpAzAVm+lWiIKRvSPjQNlTQE3U4n+TPnxChdpxcp8yQ6E/X3RkpDbeIFZjKkONDz3lj8z2sm2Ltsp1zGCYJk00O9RDgYOeMynC5XwFCMDKFMcZPVYQOqKENTWd6U4M1/eZHUzkpeuVS+PS9UrmZ15MgROSZF4pELUiE3pEp8wsgjeSav5M16sl6sd+tjOrpkzXYOyB9Ynz+LN5Zz</latexit>

Usym(✓)

<latexit sha1_base64="FKt5EDXSX6B2vBvHJ4tuDDMSAr4=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgqSQi1WOxF48V7Ae0oWy203bpZhN2J8US+k+8eFDEq//Em//GTZuDtj4YeLw3szvzglhwja77bRU2Nre2d4q7pb39g8Mj+/ikpaNEMWiySESqE1ANgktoIkcBnVgBDQMB7WBSz/z2FJTmkXzEWQx+SEeSDzmjaKS+bfcQnjCtC6q1EcW8b5fdiruAs068nJRJjkbf/uoNIpaEIJFlr3Q9N0Y/pQo5EzAv9RINMWUTOoKuoZKGoP10sfncuTDKwBlGypREZ6H+nkhpqPUsDExnSHGsV71M/M/rJji89VMu4wRBsuVHw0Q4GDlZDM6AK2AoZoZQprjZ1WFjqihDE1bJhOCtnrxOWlcVr1qpPlyXa3d5HEVyRs7JJfHIDamRe9IgTcLIlDyTV/JmpdaL9W59LFsLVj5zSv7A+vwBHuWT/g==</latexit>

Classical
<latexit sha1_base64="UVmEItzA3GUFoHWVTADgpN2Bf+4=">AAAB/3icbVA9SwNBEN2LXzF+RQUbm8Mg2BjuRKJl0MYygvmAJIS9zSRZsrd77M6J4UzhX7GxUMTWv2Hnv3GTXKGJDwYe780wMy+IBDfoed9OZml5ZXUtu57b2Nza3snv7tWMijWDKlNC6UZADQguoYocBTQiDTQMBNSD4fXEr9+DNlzJOxxF0A5pX/IeZxSt1MkftBAeMImUwdNIKwbGcNkfd/IFr+hN4S4SPyUFkqLSyX+1uorFIUhkghrT9L0I2wnVyJmAca4VG4goG9I+NC2VNATTTqb3j91jq3TdntK2JLpT9fdEQkNjRmFgO0OKAzPvTcT/vGaMvct2wmUUI0g2W9SLhYvKnYThdrkGhmJkCWWa21tdNqCaMrSR5WwI/vzLi6R2VvRLxdLteaF8lcaRJYfkiJwQn1yQMrkhFVIljDySZ/JK3pwn58V5dz5mrRknndknf+B8/gApwJbb</latexit>

post-processing

<latexit sha1_base64="69pUBmYiyIezZMPAfFyp7ByxdCU=">AAACBXicbVDLSsNAFJ34rPVVdekmWARXJRGpLou6cFnBPqANZTK9aYdOZsLMjVhC136BW/0Cd+LW7/AD/A+TNgvbeuDC4Zx7ufcePxLcoON8Wyura+sbm4Wt4vbO7t5+6eCwaVSsGTSYEkq3fWpAcAkN5CigHWmgoS+g5Y9uMr/1CNpwJR9wHIEX0oHkAWcUU6nTRXjC5DamYtIrlZ2KM4W9TNyclEmOeq/00+0rFocgkQlqTMd1IvQSqpEzAZNiNzYQUTaiA+ikVNIQjJdMT57Yp6nStwOl05JoT9W/EwkNjRmHftoZUhyaRS8T//M6MQZXXsJlFCNINlsUxMJGZWf/232ugaEYp4QyzdNbbTakmjJMU5rb4ms6AsxycRdTWCbN84pbrVTvL8q16zyhAjkmJ+SMuOSS1MgdqZMGYUSRF/JK3qxn6936sD5nrStWPnNE5mB9/QKY+5nq</latexit>

Dual
<latexit sha1_base64="69pUBmYiyIezZMPAfFyp7ByxdCU=">AAACBXicbVDLSsNAFJ34rPVVdekmWARXJRGpLou6cFnBPqANZTK9aYdOZsLMjVhC136BW/0Cd+LW7/AD/A+TNgvbeuDC4Zx7ufcePxLcoON8Wyura+sbm4Wt4vbO7t5+6eCwaVSsGTSYEkq3fWpAcAkN5CigHWmgoS+g5Y9uMr/1CNpwJR9wHIEX0oHkAWcUU6nTRXjC5DamYtIrlZ2KM4W9TNyclEmOeq/00+0rFocgkQlqTMd1IvQSqpEzAZNiNzYQUTaiA+ikVNIQjJdMT57Yp6nStwOl05JoT9W/EwkNjRmHftoZUhyaRS8T//M6MQZXXsJlFCNINlsUxMJGZWf/232ugaEYp4QyzdNbbTakmjJMU5rb4ms6AsxycRdTWCbN84pbrVTvL8q16zyhAjkmJ+SMuOSS1MgdqZMGYUSRF/JK3qxn6936sD5nrStWPnNE5mB9/QKY+5nq</latexit>

Dual

<latexit sha1_base64="FKt5EDXSX6B2vBvHJ4tuDDMSAr4=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgqSQi1WOxF48V7Ae0oWy203bpZhN2J8US+k+8eFDEq//Em//GTZuDtj4YeLw3szvzglhwja77bRU2Nre2d4q7pb39g8Mj+/ikpaNEMWiySESqE1ANgktoIkcBnVgBDQMB7WBSz/z2FJTmkXzEWQx+SEeSDzmjaKS+bfcQnjCtC6q1EcW8b5fdiruAs068nJRJjkbf/uoNIpaEIJFlr3Q9N0Y/pQo5EzAv9RINMWUTOoKuoZKGoP10sfncuTDKwBlGypREZ6H+nkhpqPUsDExnSHGsV71M/M/rJji89VMu4wRBsuVHw0Q4GDlZDM6AK2AoZoZQprjZ1WFjqihDE1bJhOCtnrxOWlcVr1qpPlyXa3d5HEVyRs7JJfHIDamRe9IgTcLIlDyTV/JmpdaL9W59LFsLVj5zSv7A+vwBHuWT/g==</latexit>

Classical
<latexit sha1_base64="UVmEItzA3GUFoHWVTADgpN2Bf+4=">AAAB/3icbVA9SwNBEN2LXzF+RQUbm8Mg2BjuRKJl0MYygvmAJIS9zSRZsrd77M6J4UzhX7GxUMTWv2Hnv3GTXKGJDwYe780wMy+IBDfoed9OZml5ZXUtu57b2Nza3snv7tWMijWDKlNC6UZADQguoYocBTQiDTQMBNSD4fXEr9+DNlzJOxxF0A5pX/IeZxSt1MkftBAeMImUwdNIKwbGcNkfd/IFr+hN4S4SPyUFkqLSyX+1uorFIUhkghrT9L0I2wnVyJmAca4VG4goG9I+NC2VNATTTqb3j91jq3TdntK2JLpT9fdEQkNjRmFgO0OKAzPvTcT/vGaMvct2wmUUI0g2W9SLhYvKnYThdrkGhmJkCWWa21tdNqCaMrSR5WwI/vzLi6R2VvRLxdLteaF8lcaRJYfkiJwQn1yQMrkhFVIljDySZ/JK3pwn58V5dz5mrRknndknf+B8/gApwJbb</latexit>

post-processing

Figure 5.2: Symmetry respecting randomization protocols We introduce three symmetry-aware random

measurement protocols—Global and Local Dual Pairs and Dual Product—designed to estimate

gauge-invariant observables efficiently, leveraging prior knowledge that expectation values of gauge-variant

operators vanish. For Global Dual Pairs, random pairs of Ising qubits are chosen and random two-body

symmetry-respecting unitaries associated with these degrees of freedom are mapped back to the LGT side of

the duality as the randomizing operations prior to measurement. Local Dual Pairs is similar but leverages a

promise of geometric locality in the observables of interest to limit the choice of pairs to local patches.

Finally, the Dual Product protocol is constructed from the standard Product Protocol applied to the dual Ising

model. This protocol slightly breaks symmetry when we have periodic boundary conditions (PBC) since such

operations are not parity-respecting. A trade-off exists between sample complexity and circuit depth.
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inversion of the associated shadow channels—become challenging.

In this chapter, we introduce three protocols for sample-efficient measurement of gauge-invariant observ-

ables in Z2 LGT in (2+1)D, for which a dual Ising formulation allows rigorous analysis. We analyze the

trade-offs between sampling and circuit complexity, provide an analytic inversion of the quantum channel

underlying the shadow protocol, and establish rigorous performance guarantees. The three variants are:

a. Dual Pairs Protocols. These are inspired by the “All-Pairs” approach of Ref. [387], where shot-wise

random connectivity between qubit pairs is used to implement particle-number-preserving random-

ization. Our protocols additionally leverage the LGT–Ising duality: most components are analyzed

‘virtually’ via the duality, while physical operations are carried out on the LGT state realized on the

device. Unlike Ref. [387], where particle-number-preserving randomization was introduced primarily

for hardware reasons, here it directly reduces sampling cost. We develop two variants in Section 5.3:

i. The Global Dual Pairs Protocol, applicable to arbitrary gauge-invariant observables, exponen-

tially improves sampling efficiency over standard protocols.

ii. The Local Dual Pairs Protocol is tailored for geometrically local gauge-invariant observables,

yields further improvements in sampling efficiency and reduces both sampling and circuit com-

plexity compared to the Global Dual Pairs Protocol.

b. The Dual Product Protocol exploits the Ising–LGT duality without relying on an all-pairs structure. It

achieves the best sampling efficiency among our protocols but is also the most demanding in terms of

circuit resources, requiring depth O(V 2) (with V the system volume) and an additional ancilla qubit

for periodic boundary conditions; it is discussed in Section 5.4.

All protocols are benchmarked against the ‘standard’ classical shadow protocol, the Product Protocol, which

applies single-qubit Clifford randomization [37], and which uses no prior information about the state or the

observables to be predicted.

The paper is organized as follows: In Section 5.2, we introduce the Z2 LGT and its duality to the Ising

model. Section 5.3 presents the two variants of the Dual Pairs Protocol—the Global Dual Pairs and Local

Dual Pairs protocols. In Section 5.4, we describe the Dual Product Protocol. Numerical demonstrations of

all protocols are given in Section 5.5. Finally, in Section 5.7, we discuss the implications of our results and

outline future directions, including extensions to other LGTs, potentially beyond the Abelian case.
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5.2 Lattice Gauge Theory

Lattice Gauge Theories (LGTs), are models in which the local degrees of freedom, on links (i.e. edges of

the lattice graph), are associated with elements of a group, subject to a set of local symmetry operators

imposing constraints on the Hilbert space that involves their neighbors. These operators, Gauss laws, may not

mutually commute (they do for LGTs based on Abelian groups), but commute with the Hamiltonian ensuring

invariance of eigenstates under gauge transformations, see e.g., Refs. [49, 401, 402] for reviews.

A simple example is the Z2 LGT [403, 404] in 2+1 spacetime dimensions. The underlying Abelian group

Z2 has two elements, corresponding to local states encoded in spin-12 degrees of freedom (qubits) residing on

the links of a rectangular Nx ×Ny lattice; see Fig. 5.1. The Hamiltonian is given by

H = −
∑
□

W□ − g
∑
l

σxl , (5.1)

where W□ :=
∏

l∈□ σ
z
l is the plaquette operator and σx,zl are Pauli operators acting on link l. Gauss law

operators are defined at each site s (node of the lattice graph) as

Gs =
∏
l∈s

σxl , (5.2)

where l ∈ s denotes links emanating from a site. These operators commute with the Hamiltonian, [H,Gs] = 0,

and thus label superselection sectors; that with Gs|ψ⟩ = |ψ⟩ ∀s is usually of interest (called the “physical”

subspace). Gauge-invariant operators are invariant under local symmetry transformations

UOSU
† = OS , U :=

∏
s∈S

(Gs)
α(s) , (5.3)

and their expectation value can be non-zero in a physical state. Here, α(s) is an integer for cyclic groups

such as Z2 (α(s) ∈ {0, 1} for Z2), and S denotes the set of sites (or links between sites) on which OS

has support. For LGTs with continuous groups, Gs are replaced by exponentiated Gauss law generators,

Gs → eiGs with real, continuous α(s); multiple non-commuting Gauss law operators exist per site in the

non-Abelian case [49, 401, 402]. A lattice can feature different boundary conditions, which can lead to

additional superselection sectors. For periodic boundary conditions (PBCs), discussed in the main text, two

additional operators Vx ≡
∏

ℓ∈Px
σxℓ , and Vy ≡

∏
ℓ∈Py

σxℓ define superselection sectors; the periodic paths

Px/y are shown in the right panel of Fig. 5.1 in blue and red, respectively. Other boundary conditions, such

as fixed boundary conditions (FBC) are discussed in Appendix D.2.
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The Z2 LGT is dual to an Ising model in the following sense: Let L(H) denote the space of bounded

linear operators acting on the (physical) LGT Hilbert space Hphys. A fixed (Vx, Vy) sector can be mapped

exactly onto a dual Ising model [403–406], using the map, Φ : L(Hphys) → L(Hdual), with dual (qubit)

d.o.f.s placed at the centers of plaquettes □,

Φ(W□) = Z□ , Φ(σxl ) = X□X□+â , (5.4)

where, w.o.l.g, Vx = Vy = 1, X□ and Z□ are Pauli operators, and □ + â are the plaquettes adjacent to link l.

The inverse map is

Φ−1(Z□) =W□ , Φ−1(X□) =
∏
l∈γ□

σxl . (5.5)

Here γ□ is a path from a reference plaquette □r to □, as depicted in the bottom left panel of Fig. 5.1. The

choice of □r is arbitrary and no observable depends on it. The corresponding dual Hamiltonian is

H = −
∑
□

Z□ − g
∑
□

(X□X□−x̂ +X□X□−ŷ), (5.6)

a (2+1)D transverse field Ising model with PBC; □− x̂ (□− ŷ) are the plaquette to the left (below) of □. For

PBC (but not for other boundary conditions), the product of plaquette operators satisfies the operator identity∏
□W□ = 1. This maps, on the Ising side, to a parity constraint

∏
□ Z□ = 1 required for the duality to hold.

A counting of degrees of freedom confirms the exactness of the duality: the LGT has 2NxNy qubits (one

per link), subject to NxNy − 1 independent Gauss law constraints. Including the decomposition into sectors

labeled by Vx and Vy, this results in NxNy − 1 physical degrees of freedom per sector—precisely matching

the number of d.o.f.s in the parity-constrained Ising model. Thus, the physical Hilbert space within a given

Vx, Vy sector is of dimension 2NxNy−1 whereas the full Hilbert space is exponentially larger with dimension

22NxNy . The duality, which can be generalized to arbitrary boundary conditions, will allow us to design

several symmetry-respecting random measurement protocols, and to derive explicit performance guarantees,

in the next two sections.
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Figure 5.3: Schematic overview of the Global Dual Pairs protocol with periodic boundary conditions (PBC).

Step 1. A pairing, π, of dual lattice sites is chosen uniformly at random. For each pair, a random unitary U[ij]

is constructed in the Ising formulation. Step 2. For each pair [ij] ∈ π, the dual unitary U[ij] = Φ−1[U[ij]] is

implemented on the LGT side of the duality and a computational basis measurement is performed. Step 3.

The output bit string is mapped back to the dual Ising theory, where efficient shadow channel inversion is

performed to estimate expectation values of gauge-invariant observables O.

5.3 Dual Pairs Protocols

Here, we present two protocols—the Global Dual Pairs and Local Dual Pairs schemes—for estimating

gauge-invariant observables. Both protocols improve sample complexity compared to the symmetry-ignorant

standard Product Protocol [37], which applies local Clifford randomization, here, to the 2NxNy qubits

associated with the links of the Z2 LGT. The advantage arises because the Product Protocol randomizes the

exponentially larger full Hilbert space, whereas our protocols randomize only over the physical subspace.

The Global Dual Pairs protocol is the most general, requiring only that the target observables be gauge-

invariant, and achieves an exponential reduction in sampling complexity relative to the Product Protocol. The
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Local Dual Pairs protocol, designed for geometrically local gauge-invariant observables, provides additional

improvements in both sampling and circuit complexity.

5.3.1 Global Dual Pairs Protocol

Overview

The Global Dual Pairs protocol for estimating gauge-invariant observables, without additional restrictions,

is illustrated schematically in Fig. 5.3. For simplicity of presentation, we assume that both Nx and Ny

are even, although this is not a requirement. The system realized in experiment, where measurements are

performed, is the LGT; the dual Ising model serves purely as a conceptual tool for constructing the protocol

and a computational tool for the classical pre- and post-processing. It is applied to a physical input state in

the LGT, i.e., a simultaneous +1 eigenstate of all Gauss law operators. The protocol proceeds as follows:

Step 1 (Classical Pre-processing): Consider the dual Ising model consisting of V = Nx ·Ny spins. Select,

uniformly at random, a pairing π that partitions all spins into disjoint pairs. For each pair [ij] ∈ π, choose a

random two-qubit unitary U[ij]. For systems with PBCs, a technical, but non-essential, requirement is that

U[ij] respects the Z2 parity symmetry, as detailed below. No such constraint applies e.g. for FBCs. This

Ising-side random unitary factorizes as

Uπ =
⊗
[ij]∈π

U[ij]. (5.7)

Step 2 (Quantum Measurement): Perform the random measurement on the quantum state on the Z2 LGT

side of the duality associated with the dual unitary corresponding to Eq. (5.7):

Uπ := Φ−1(Uπ). (5.8)

A circuit decomposition of Uπ can be computed from Uπ with classical time complexity O(V ) by applying

Eq. (5.5) to each of the Pauli rotation gates in the circuit decomposition of Uπ. Following this rotation,

perform computational basis measurements on all LGT qubits to obtain a bit string s⃗ ∈ {0, 1}2V .

Step 3 (Classical Post-processing): Map the bit string s⃗ to an associated Ising dual bit string b⃗ ∈ {0, 1}V

for classical post-processing on the Ising side of the duality. In particular,

|⃗b⟩ ⟨⃗b| := Φ (|s⃗⟩ ⟨s⃗|) . (5.9)
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Mapping from a bit string s⃗ to a bit string b⃗ reduces to determining the parity around each plaquette and can

be performed with classical time complexity O(V ). Details can be found in Section 5.3.1.

Finally, invert the shadow channelM defined on the Ising side of the duality as

M◦ Φ (ρ) := E
U,⃗b

[
U † |⃗b⟩ ⟨⃗b|U

]
, (5.10)

where ◦ denotes the composition of linear maps and U is the Ising-side unitary generated in Step 1. Here, ρ is

the state of the system as on the LGT side of the duality and Φ (ρ) is the associated state in the dual picture.

This channel can be easily inverted to obtain an Ising-side classical shadow

Φ̂ (ρ) :=M−1
(
U † |⃗b⟩ ⟨⃗b|U

)
, (5.11)

associated with each sampled U, b⃗. The details are described below. Using these shadows, expectation values

of local observables can be computed once the observables of interest have also been mapped to the dual

picture, again with a classical cost ∈ O(V ).

At this point, it is important to remind the reader that the experiment, including the states, unitary

operations, and measurements, is implemented on LGT states (in Step 2), while the Ising duality is only a

conceptual and (classical) numerical tool for defining the unitaries and efficiently inverting the associated

channel.

Random Symmetry-Respecting Unitaries

In this section, we detail the structure and cost of implementing the random symmetry-respecting unitaries

Uπ constructed in the Ising picture in Step 1 and implemented on the LGT states in Step 2. For systems with

PBCs, we choose each local unitary U[ij] to respect parity symmetry. In the absence of a symmetry constraint,

U[ij] instead is simply chosen as a generic two-qubit Haar-random unitary. Specifically, for the case with

parity symmetry, we consider a decomposition,

U[ij] = Uodd ⊕ Ueven, (5.12)

where Uodd, Ueven are Haar random 2× 2 unitaries independently drawn from a circular unitary ensemble

(CUE) acting on the relevant parity sector. Such unitaries can be parameterized, up to an irrelevant global
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phase, as [361]

Uodd/
even

=

 ei(α+γ) cos(β) e−i(α−γ) sin(β)

−ei(α−γ) sin(β) e−i(α+γ) cos(β)

 (5.13)

for appropriate choices of α, β, and γ, with circuit realization

,

i e iα
2
Z

U−(β)
e i γ

2
Z e iα

2
Z

U+(β)
e i γ

2
Z

j e−iα
2
Z e−i γ

2
Z e−iα

2
Z e−i γ

2
Z

(5.14)

where U±(β) ≡ exp{iβ2 (YiXj ±XiYj)} correspond to the even/odd parity sectors. (We work in the even

sector.) To translate this circuit to the LGT side of the duality, we use

Φ−1(Z□) =W□, □ ∈ {i, j}, (5.15)

and

Φ−1(YiXj ±XiYj) =

i
∏
l∈γij

σxl
∏
l′∈□j

σzl′ ± i
∏
l∈γij

σxl
∏
l′∈□i

σzl′ , (5.16)

where γij is some choice of path between plaquettes i and j, as depicted in Fig. 5.4 for the YiXj term of this

operator.

Eq. (5.16) implies that implementing Φ−1(U±(β)) requires a unitary rotation with Pauli weight that

scales with the distance between the plaquettes i, j. As the Pauli weight of a rotation directly determines the

circuit depth of a decomposition into a standard gate set, this results in a higher circuit depth when compared

to the standard Product protocol; for the Global Dual Pairs protocol it is O(V ). Another consideration is

the choice of paths γij , which determine how the unitaries U[ij] are implemented in parallel. In practice, a

reasonable, though not necessarily optimal, solution to this path selection problem can be obtained using a

greedy algorithm [407] that identifies non-intersecting paths for each pair [ij] ∈ π.

As an upper bound, without parallelization, the circuit depth scales as O(V 2): one factor of V arises

from the number of such pairs, and the second from the decomposition of each high-weight Pauli rotation

into elementary gates. In Section 5.6.2 we shall see that the large circuit depth for the Global Dual Pairs

protocol compared to the Product protocol is counteracted by a large reduction in sample complexity.
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Figure 5.4: LGT–Ising duality for mapping a (parity-respecting) entangling operation Φ−1(YiXj). While

this operation is two-body on the Ising side (left panel), it corresponds to an extended operation in the LGT

(right panel) acting between plaquettes i and j along a path γij , which is arbitrary except for its fixed

endpoints.

Mapping of Measurement Outcomes

In this subsection, we discuss the first part of Step 3 of the Global Dual Pairs protocol where we map

measurement outcomes s⃗ ∈ {0, 1}2V to dual bit strings b⃗ ∈ {0, 1}V as described in Eq. (5.9). The mapping

is relatively simple: the parity of the measurement outcomes around a given plaquette corresponds to the

measurement outcome that would result if we had directly measured Z□ on that same plaquette in the dual

Ising theory. Thus, computing the parity of s⃗ for each plaquette allows us to determine the bit string b⃗ that

results from a computational basis measurement in the dual picture. This process requires classical time

complexity O(V ). After this mapping, we treat the inversion of the channel purely as a classical shadows

scheme in the dual picture, as elaborated further in the following section.

Inverting the Channel

In this subsection, we discuss the second part of Step 3 of the Global Dual Pairs protocol—–the inversion

of the channel defined in Eq. (5.10). We focus on the case with PBCs, where the Ising dual retains a global

parity constraint. Our approach to analyzing the channel inversion adapts techniques originally developed
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in Ref. [387] for systems with particle number conservation. Other boundary conditions, where no such

symmetry remains on the Ising side, lead to somewhat different (but simpler) inversion procedures and are

discussed in Section D.2.

Let PV denote the set of all pairings of the NxNy = V sites of the dual lattice (centers of plaquettes in

the original lattice). Assuming that Nx and Ny are both even, V is also even so that all sites can be paired up.

The number of pairings is |PV | := (V − 1)!!. Formulated on the Ising side of the duality, the Global Dual

Pairs channel is given as an average over channels defined for each of the possible pairings π ∈ PV (as each

pairing is selected with uniform probability):

M(·) = 1

|PV |
∑
π∈PV

Mπ(·). (5.17)

Then,Mπ(ρ) decomposes into a product over channels acting non-trivially on each pair [ij] ∈ π yielding

M(·) = 1

|PV |
∑
π∈PV

∏
[ij]∈π

M[ij](·), (5.18)

Finally, these pairwise channels act on the Ising-side state Φ(ρ) as

M[ij] ◦ Φ (ρ) = E
U[ij],bi,bj

[
U †
[ij] |bibj⟩ ⟨bibj |U[ij]

]
, (5.19)

where U[ij] are two-qubit unitaries selected according to Eq. (5.12) and bi, bj are the measurement outcomes

mapped to the dual qubits i, j, as described in the previous section. Because of the parity symmetry, the

image Φ (ρ) block diagonalizes into even and odd parity sectors as

Φ (ρ) = Φ (ρ)even ⊕ Φ (ρ)odd . (5.20)

The same decomposition occurs for the channelM(·). Thus, we can evaluateM[ij] ◦ Φ(ρ) as a direct sum

over the even and odd parity blocks. Using that Uodd, Ueven are sampled from a 2-design, the combined

action of channel and isomorphism on the state ρ is [408]

M[ij] ◦ Φ (ρ) =
⊕

p∈even,odd

1

3

(
Φ (ρ)p +Tr

[
Φ (ρ)p

])
. (5.21)

Any gauge-invariant observable can be written on the Ising side of the duality in the basis of Pauli strings

S ∈ {I, Z,X, Y }⊗V with an even number of X,Y operators. Using Eq. (5.21), we evaluate the action of

M[ij] on substrings SiSj ,

M[ij][SiSj ] =
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
SiSj , SiSj ∈ {II, ZZ}
1
3SiSj , SiSj ∈ {IZ, ZI} ∪ {X,Y }2

0, otherwise ,

(5.22)

indicating thatM is diagonal, making inversion almost trivial: the non-trivial component of the inversion is

all contained in the Ising duality. In particular, for a Pauli string S,

M (S) =
fα

3wXY /2
S, (5.23)

where wXY = wX +wY is the total number of X and Y operators in the string S, f is the fraction of pairings

π ∈ PV for whichMπ(S) ̸= 0,

f = |PwXY |
|PV−wXY

|
|PV |

, (5.24)

where |Pm| is the number of pairings of m objects, and α is an amplitude associated with permutations of the

Z and I operators within S:

α =
1

|PwI+wZ |

wZ∑
m=0 s.t.

m∼=wZ(mod 2)

(
1

3

)m(wZ

m

)(
wI

m

)
m!︸ ︷︷ ︸

num. of IZ pairings

|PwZ−m||PwI−m|︸ ︷︷ ︸
num. of ZZ, II pairings

, (5.25)

where wZ and wI are the number of Z and I operators in the operator string S respectively, and V =

wXY + wZ + wI . The sum in Eq. (5.25) is over the number of pairs m of Z operators with I operators,

where the notation indicates that m increments by two for each term in the sum, starting from either 0 or 1

depending on the parity of wZ . As seen in Eq. (5.22) these pairings are the pairings that yield a non-trivial

contribution to the amplitude. If wZ = 0, then α = 1.

Upon invertingM, the number of samples ν needed for predicting, with high probability, the expectation

values of M observables {Oj}Mj=1 of interest up to an additive error ϵ can be bounded as [37],

ν ∈ O
(
logM

ϵ2
max

j
Var(oj)

)
, (5.26)

where oj := Tr[Φ̂[ρ]O], where Φ̂[ρ] is the (Ising side) shadow as given in Eq. (5.11). The operator variance

can be bounded as (see Section D.1):

Var(oj) ≤
3wXY /2

fα
∥Oj∥2∞. (5.27)
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Thus, to reach constant error ϵ a number of samples scaling as 3wXY /2/(fα) are needed. While the expressions

for f and α in Eqs. (5.24) and (5.25) are somewhat unwieldy, it is easy to determine whether the scaling is

polynomial or exponential in system size. In particular, under the assumption that, asymptotically in system

size, wI = Θ(V ) and wXY + wZ = O(1), we can use Stirling’s approximation to show that

fα = Θ
(
V (wZ−kdual)/2

)
. (5.28)

Note that wZ ≤ kdual. Thus, for constant norm observables, a polynomial number of samples in the system

size are needed to reach a constant error ϵ. The full costs of this protocol, including the O(V ) costs of

performing the mappings between the LGT and Ising models and the poly(V ) costs of computing the

coefficients f and α, are summarized in Table 5.1.

5.3.2 Local Dual Pairs Protocol

In this section, we introduce a variant of the Global Dual Pairs protocol, referred to as Local Dual Pairs

protocol, designed for the measurement of geometrically local observables rather than general k-local ones.

This modification exploits the assumption that all observables of interest act non-trivially only on local

patches of the lattice with constant size L×L. Under this locality constraint, the sample complexity, classical

cost of channel inversion, and the Pauli weight of the required quantum circuits are all significantly reduced.

For simplicity, we assume that Nx and Ny are divisible by L. We consider the set T of all distinct tilings

of the lattice into adjacent L× L patches. As shifting a given tiling by L units in either the x or y direction

on the lattice recovers the same tiling, the number of tilings is |T | = L2. With this setup, the Local Dual

Pairs protocol proceeds as follows:

Step 1 (Classical Pre-processing): Pick a random tiling τ ∈ T . Then, pick a pairing π ∈ PL2 of sites in a

single tile and consider that same pairing in each tile. The set of all such pairings PL2 per tiling τ ∈ T has

size |PL2 | = (L2 − 1)!!. As in the Global Dual Pairs protocol, construct a unitary Uπ associated with the

pairing π.

Step 2 (Quantum Measurement): As in the Global Dual Pairs protocol, apply the unitary Uπ = Φ(Uπ)

on the Z2 side of the duality and make a computational basis measurement.
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Figure 5.5: Overview of the Local Dual Pairs protocol. The Local Dual Pairs protocol is a variant of our

scheme for geometrically local gauge-invariant observables that have support on a patch of at most L× L.

Step 1 consists of picking a random tiling τ ∈ T and, then, picking a random pairing repeated within each

patch of the tiling in order to construct an associated random unitary Uπ. Step 2 consists of applying the

associated unitary Uπ on the LGT side of the duality, followed by measurement in the computational basis.

Step 3 is the post-processing step, which proceeds essentially identically to the Global Dual Pairs protocol

restricted to a given patch of a tiling, where the data is filtered to a single choice of tiling according to the

support of a given target variable.



108

Step 3 (Classical Post-processing): Again, as in the Global Dual Pairs protocol, map the output bit string

to its corresponding bit string b⃗ in the Ising dual. Repeat the above sequence of steps a total of ν times. To

estimate a geometrically local observable O, we filter the dataset to retain only those samples corresponding

to a single τ ∈ T for which O is supported within one of its patches. This filtering is efficient as the

number of tilings is L2. From this subset, we restrict the corresponding dual output bit strings b⃗ and the

unitaries
⊗

patches Uπ to the patch on which O acts non-trivially. Using this restricted data, we perform the

post-processing as in the Global Dual Pairs protocol on the local patch. For data restricted to this patch, the

associated channelM coincides with that of the Global Dual Pairs protocol and can therefore be inverted in

the same manner.

Given the filtered data of a single relevant tiling τ ∈ T , the fraction flocal of pairings that contribute in

the Local Dual Pairs protocol

flocal = |PwXY |
|PL2−wXY

|
|PL2 | , (5.29)

and the coefficient α are calculated as in Eq. (5.25), but with wI replaced by the number of identity operators

in a given basis operator string S within the relevant patch.

A diagram summarizing this protocol can be found in Fig. 5.5 and a summary of the cost of the protocol can

be found in Table 5.1.

5.4 Dual Product Protocol

At this stage, the reader may have noticed that the parity symmetry, and the associated “all-pairs” structure

on the Ising side, are not essential for an efficient measurement scheme (indeed, no parity symmetry exists

under other boundary conditions). The improvement in sampling complexity arises solely from exploiting the

LGT–Ising duality which eliminates the exponential overhead between the gauge-invariant subspace and the

full Hilbert space.

This suggests an alternative approach: (virtually) applying the standard Product Protocol on the Ising side

of the duality, which we refer to as the Dual Product Protocol. The scheme is conceptually straightforward,

apart from one important caveat: For PBC, the protocol mixes the even and odd parity sectors of the dual

Ising theory, where only the even sector is dual to the LGT. On the LGT side, the parity constraint appears as

an operator identity,
∏

□W□ = 1, rather than a symmetry: there is no component of the full LGT Hilbert

space corresponding to the odd sector.
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To obtain a one-to-one correspondence between the full Ising theory (including both parity sectors) and

an (extended) LGT, we introduce on the LGT side an ancilla qubit a to control the lattice boundary condition,

as shown in Fig. 5.6. Picking an arbitrary reference plaquette □r and selecting one of its four boundary links

r, we designate that link as the control and the ancilla a, initially in the state |0⟩, as the target of a CNOTr→a

operation. As illustrated in Fig. 5.6, this operation effectively “copies” the magnetic (z-basis) state of link r

into the ancilla, while leaving the electric basis unchanged. The two plaquettes that originally shared link

r are thereby separated: one now contains r, and the other contains the ancilla a. The plaquette identity∏
□W□ = 1 then becomes

∏
□W□ = σzaσ

z
r . Thus, we have effectively promoted the operator identity∏

□W□ = 1 to a symmetry
∏

□W□ = σzaσ
z
r with the original theory without the ancilla corresponding to the

sector where σzaσ
z
r = 1.

Introducing the ancilla also affects electric operators (defined in the x-basis). In particular,

CNOTr→aσ
x
rCNOTr→a = σxrσ

x
a (5.30)

so that every electric operator involving the reference link r—including Gauss-law and ribbon operators—is

effectively modified as σxr → σxrσ
x
a . For example, the two Gauss-law operators that originally shared r now

each become five-legged, see Fig. 5.6. The states of the original Z2 LGT with periodic boundary conditions

are mapped by the CNOTr→a operation to the extended system including the ancilla where the original z-state

of link r is encoded in the two-qubit subspace |00⟩ , |11⟩ of the pair (r, a). Crucially, however, the ancilla

allows the boundary condition to be dynamically controlled by the state of a, enabling superpositions of

PBC (
∏

□W□ = 1) and twisted PBC (tPBC,
∏

□W□ = −1). In this enlarged formulation of the LGT-Ising

duality the entire Ising space can now be represented on the LGT side: σzaσ
z
r = 1 (PBC) corresponds to the

even-parity sector, while σzaσ
z
r = −1 (tPBC) corresponds to the odd-parity sector.1

The Dual Product protocol now consists simply of single-qubit Clifford rotations on the Ising side, which

mix the parity sectors. On the LGT side of the duality this mixes the
∏

□W□ = 1 (PBC) and
∏

□W□ = −1
(tPBC) sectors. By virtue of the initial state being in the

∏
□W□ = 1 (PBC) sector the shadow protocol that

breaks this symmetry will still yield an estimate of
∏

□W□ = 1, in expectation.

In detail, the steps of the Dual Product Protocol are as follows:

1This is analogous, e.g., to how ancillas can induce disorder-free localization without explicitly breaking lattice symmetries [409,410].
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Figure 5.6: An ancilla enables mixing PBC (even parity) and tPBC (odd parity) sectors. a) Adding an ancilla

a to a reference link r allows us to enforce either PBC or tPBC in the Z2 LGT. b) In the Dual Product

protocol, the z-component of the state of the link r is “copied” to the ancilla a via a CNOT. The randomizing

unitaries, chosen according to the usual Product Protocol, but applied to the Ising degrees of freedom, then

mix between the PBC and tPBC sectors on the LGT side of the duality. In the right panel, we show how the

plaquette and Gauss law operators change with the ancilla a: The plaquette operators no longer share a link,

while the Gauss law operator is effectively extended by a fifth leg, σxr → σxrσ
x
a .

Step 1 (Classical Pre-processing): Select a unitary operator Uprod on the dual Ising qubits of the form

Uprod =
⊗

j Uj where each Uj is a random single qubit Clifford gate acting on site j (i.e. Hadamard or S

gates, which may be generated by single qubit X and Z rotations).

Step 2 (Quantum Measurement): Introduce the ancilla a in the LGT state and apply CNOTr→a, effec-

tively “copying” the σz-basis value of an arbitrary link r into a, while also transforming σxr → σxrσ
x
a . The

original state is preserved, now embedded in a slightly larger Hilbert space. Then, use Uprod = Φ−1(Uprod)

to apply operations on the LGT state: the generalized duality is understood to map two neighboring Z
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Figure 5.7: Schematic overview of the Dual Product protocol with periodic boundary conditions (PBC). Step

1. Randomly choose a unitary Uprod consisting of a single qubit Clifford gate on each Ising qubit. Step 2.

The dual unitary Uprod = Φ−1[Uprod] is implemented on the LGT side of the duality and a computational

basis measurement is performed. Step 3. The output bit string is mapped back to the dual Ising theory, where

efficient shadow channel inversion is performed to estimate expectation values of gauge-invariant observables

O.

operators on the Ising side to separate plaquettes on the LGT side—one containing r and the other containing

a. Simultaneously, every occurrence of σxr is replaced by σxrσ
x
a when mapping electric operations (i.e., those

involving X in the Ising dual). These operations mix the parity-even and parity-odd sectors of the Ising dual
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and create superpositions between PBC and tPBC in the LGT (see Fig. 5.7 for an illustration). Following this

we perform computational basis measurements to obtain a bit string s⃗.

Step 3 (Classical Post-processing): Map the bit string s⃗ to the corresponding Ising dual bit string b⃗ for

channel inversion. Compared to the previously discussed protocols, s⃗ is now one bit longer due to the ancilla,

but the mapping follows Eq. (5.9): the parity around each plaquette is determined, with the key difference

that plaquette □r no longer shares a link with its neighbor. As a result, the parities of the bit strings associated

with each plaquette are now completely independent. Once b⃗ is obtained, post-processing reduces to the

standard Product protocol applied to the Ising degrees of freedom, with a straightforward shadow channel

inversion as outlined in [37].

We emphasize once more that the protocol effectively estimates the LGT (magnetic) boundary condition

(i.e., the parity on the Ising side), thus effectively discarding previously known information, with periodic

boundary conditions appearing only in expectation. The protocol can estimate arbitrary gauge invariant

observables for which its sample complexity can be better than the Global Dual Pairs protocol: In particular,

Var(oj) ≤ 4kdual∥Oj∥2∞, (5.31)

where kdual is the locality of the operator of interest in the dual theory, and ∥O∥∞ is evaluated on the dual

Ising Hilbert space [37]. Thus, via Eq. (5.26), the sample cost is constant in system size for gauge invariant

observables that are kdual-local on the Ising side of the duality, while for Global Dual Pairs the sample cost is

polynomial in system size.2

For costs beyond sample complexity, the dominant classical computational cost is due to the mapping

between the Ising theory and the LGT, which is linear in system size. Finally, the required circuit depth to

implement the unitary rotations on the LGT side is quadratic in the system size due to the need for rotations

generated by ribbon operators starting at the reference qubit r.

5.5 Numerical Demonstrations

To enable the use and testing of our protocols, we provide Python code to perform the analysis for Global Dual

Pairs and the Dual Product protocol [411]. To demonstrate the accuracy and sampling costs of the symmetry

2Here, we use locality in the sense that a k-local operator acts non-trivially on k qubits (has Pauli weight k), in contrast to the notion

of geometric locality leveraged in the Local Dual Pairs protocol.
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aware protocols (Global Dual Pairs and Dual Product) compared to the standard symmetry-ignorant Product

protocol for estimating gauge-invariant observables, we numerically simulate the protocols applied to the

ground state of the Z2-LGT Hamiltonian in Eq. (5.1) for various system sizes and couplings g. We estimate

both ribbon operators OR with Φ[OR] = XiXj and loop operators OL =
∏

l∈L σ
z
l , where L is a closed loop,

as pictured in Fig. 5.8a. Our protocols accurately recover the expectation values of these observables, and we

perform a system size scaling analysis. As predicted by the analysis in the previous section, for observables

with extensive non-trivial support on the LGT side of the duality, we observe exponential (in system size)

sample complexity improvements of the Global Dual Pairs versus the Product protocol.

Fig. 5.8b shows a minimal example comparing Global Dual Pairs, Dual Product, and Product estimation

for both a ribbon operator and loop operator as compared to the true values as a function of the coupling

strength g for a fixed system size (Nx, Ny) = (3, 2). We consider (i) a ribbon operator of the form

OR = σxi σ
x
j and (ii) a single plaquette loop operator of the form OL =

∏
j∈□ σ

z
j . The estimates for these

example observables are computed using a fixed number of experimental shots ν = 1000 for all protocols.

The plots show the mean and standard deviation of these estimates over 50 runs of the experiment. In each

experiment, we employ a median-of-means estimator with block sizes of approximately
√
ν, which is the

standard choice in this setting as it suppresses the effect of outliers in the shadow table data [37].3 The true

expectation values of the observables are also shown, and we see that all protocols provide accurate estimates

with comparable standard deviation of the mean. As expected, the error bars for a fixed number of shots for

the Global Dual Pairs and Dual Product protocols compared to the Product protocol depends on the relative

weight of the observables on the LGT side versus the Ising side of the duality. For instance, for the particular

ribbon operator considered, on the Ising side of the duality the operator weight is kdual = 2, whereas on the

LGT side of the duality the operator weight is k = 3, and, consequently, the error bars are slightly worse for

the Product protocol than the symmetry-aware protocols. For the loop operator considered, the difference

in error between the two protocols is more pronounced, as kdual = 2 and k = 6, and the error bars for the

Product protocol are significantly larger for the same number of shots.

The expected behavior of the relative error for fixed samples is shown in Fig. 5.8c, where we compare the

Global Dual Pairs, Dual Product and Product protocols, showing the scaling of the average relative error over

3While we used median of means estimation for easy comparison with much of the classical shadows literature, we note that,

consistent with Ref. [377], empirically, we saw no real difference between median of means estimation compared to the simple

sample mean.
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M experimental repetitions

ϵavg :=
1

M

M∑
m=1

|⟨O⟩shadow,m − ⟨O⟩exact|
|⟨O⟩exact|

, (5.32)

as a function of the number of samples ν (per experiment) for fixed V and fixed coupling g = 0.5 for the same

representative loop and ribbon operator as in Fig. 5.8b. Although all protocols exhibit the expected 1/
√
ν shot

noise scaling with sample number ν, the Global Dual Pairs and Dual Product protocols achieve significantly

lower errors than the Product protocol for any fixed ν, in agreement with our analytical predictions.

As previously noted and further analyzed below, the relative accuracy of the protocols depends on the

operator weight of the observables being considered. To demonstrate how the errors of the Global Dual Pairs

and Dual Product protocols depend on the operator weight of the observables being estimated in the Ising

picture, we compute the relative error averaged over M = 50 experimental repetitions, ϵavg, as a function of

system size V for two different representative loop and ribbon operators, shown in Fig. 5.8d. In particular, we

show results for observables where the observable weight (on the Ising side) is constant and extensive in V .

We use a fixed number of samples per experiment (ν = 1000) and fixed coupling g = 0.5. The system sizes

we can simulate numerically are too small to reliably verify the asymptotic scaling given by the error bounds

of Eq. (5.27), but the qualitative behavior matches the expectations from our analytic results, namely, the cost

of the Global Dual Pairs and Dual Product protocols increases with the Pauli weight of the observables on the

Ising side of the duality. In the numerical examples shown, the size of systems for which we show data is

limited by the classical emulation of the Z2 LGT input state, not by the complexity of our protocols.
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Arbitrary Gauge-Invariant Observables

Protocol
Circuit

Depth
Classical Cost per

Sample

Number of Samples

Global Dual Pairs (this

work)

O(V 2) O (poly(V )) O
(

1
ϵ2 poly(V )

)

Dual Product (this work) O(V 2) O(V ) O
(

1
ϵ2

)
Product [37] 1 Θ(k) ⊂ O(V ) O

(
1
ϵ2 4

k
)
⊂ O

(
1
ϵ2 4

V
)

Geometrically Local, Gauge-Invariant Observables

Protocol
Circuit

Depth
Classical Cost per

Sample

Number of Samples

Local Dual Pairs (this

work)

O(L4) O (poly(V )) O
(

1
ϵ2 poly(L)

)

Dual Product (this work) O(V 2) O(V ) O
(

1
ϵ2

)
Product [37] 1 Θ(k) ⊂ O(L2) O

(
1
ϵ2 4

k
)
⊂ O

(
1
ϵ2 4

L
)

Table 5.1: Summary of costs for estimating the expectation value of a gauge-invariant observable O with

∥O∥∞ = 1 to an additive error ϵ. We assume that O is k-local on the LGT side of the duality or kdual-local

on the Ising side and, also, assume that kdual ∈ Θ(1). Recall that V = NxNy is the size of the (dual) lattice

and, for the Local Dual Pairs protocol, L is the linear size of the geometrically local patches considered.

Circuit depths for implementing the random rotations in the Dual Pairs and Dual Product protocols are based

on the standard decomposition of Pauli rotations into two qubit gates and assume no parallelization of the

randomizing unitaries.
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Figure 5.8: Numerical demonstration. a) Examples of a ribbon (blue) and loop (red) operator on both the Z2

LGT and Ising side of the duality. b) Estimates of ribbon (of maximal length) and loop operator (two

plaquettes) expectation values on a minimal lattice of size Nx = 3, Ny = 2 with PBC via Global Dual Pairs,

Dual Product, and Product protocols, compared to the exact solution for the ground state of the Z2 LGT as a

function of the coupling g. Error bars represent the standard deviation of the median of means estimator over

50 experimental repetitions of ν = 1000 shots each. c) Average relative error ϵavg (see Eq. (5.32)) versus

number of samples ν for the same loop and ribbon operator as in panel (b) for the Product, Dual Product and

Global Dual Pairs protocols for the ground state corresponding to coupling g = 0.5. d) Average relative error

ϵavg versus volume for loop and ribbon operators of fixed weight and operators with extensive weight for the

Global Dual Pairs and Dual Product protocols. In particular, for the ribbon operators the extensive weights

are 2,4,6, and 8 and for the loop operators they are 2,4,4, and 6, for systems sizes V = 4, 6, 7, 10. The

average is taken over 50 experimental repetitions of ν = 1000 shots each using the ground state of the Z2

LGT with coupling g = 0.5. The sample cost of the Global Dual Pairs protocol depends both on the operator

weight in the dual Ising theory and the size of the lattice, whereas the Dual Product protocol depends only on

operator weight.
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5.6 Protocol Comparisons

The cost of shadows protocols are characterized in terms of their asymptotic performance for generic

observables, typically depending on the Pauli weight of the target observable. For standard, symmetry-

ignorant schemes, observables represented by constant-length Pauli strings are independent of system size,

but for arbitrary Pauli strings, such as arise for generic gauge-invariant observables, the Pauli weight grows

with system size. The sampling-cost reductions achieved by our protocols stem from the fact that, for a given

target observable, the effective Pauli weight can differ non-trivially between the two sides of the duality. Here,

we discuss the relative performance of the various protocols in more detail for specific classes of observables.

5.6.1 Comparing symmetry-aware protocols: Dual Pairs versus Dual Product Protocols

The Global Dual Pairs protocol and the Dual Product protocol accomplish the same goal, measuring any

gauge invariant observable. The sample cost of the Dual Product protocol for gauge invariant observables

with kdual = Θ(1) is significantly better, at least asymptotically, than the Global Dual Pairs protocol, i.e.

constant as opposed to polynomial in system size. This asymptotic gain is largely free: the classical costs per

sample are both dominated by the mapping between the dual Ising theory and the LGT, yielding a polynomial

in system size cost. The circuit depths for implementing the random unitaries are also both O(V 2). However,

the constant factors are slightly better for the Global Dual Pairs protocol since, unlike the Dual Product

protocol, the unitary rotations can be parallelized.4 Thus, since the Dual Product protocol suffers from only a

constant factor worsening of circuit depth to move from polynomial to constant sample complexity, in the

asymptotic regime it is simply the better protocol when compared to Global Dual Pairs. However, this may

not hold for small systems or for all observables.

When comparing the Dual Product and Local Dual Pairs protocols, and assuming geometrically local

observables, the Local Dual Pairs protocol is superior. Even for geometrically local observables, the Dual

Product scheme requires implementing rotations generated by ribbon operators extending to a reference

plaquette, which prevents any reduction in the circuit depth of the randomizing unitaries. It is important to

emphasize that these conclusions change in minor ways when we consider alternative boundary conditions;

see for instance Section D.2 for a discussion of fixed boundary conditions.

4Parallelization is not possible for the Dual Product protocol because all rotations are generated by a ribbon operator that intersects

with the reference plaquette □r that defines the duality.
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Figure 5.9: a) An illustration of an example loop operator of the sort considered in the discussion in

Section 5.6.2. b) An illustration of an example (set of) ribbon operators of the sort considered in the

discussion in Section 5.6.2. The way in which one picks paths to connect the end points is arbitrary, as all

choices are equivalent up the action of Gauss law operators.

5.6.2 Comparing symmetry-aware to symmetry-ignorant protocols: Dual Pairs and Dual Product versus

Product Protocols

The standard approach for measuring k-local observables is the Product protocol, applied directly to the

experimentally realized LGT system. Here, we compare this approach to the three symmetry-aware protocols

developed in this work that make use of a virtual Ising system, without restrictions regarding the geometric

locality of the observables of interest.

Compared to symmetry-aware protocols, the Product protocol offers a significantly lower circuit depth: it

requires only a single layer of single-qubit unitaries, whereas, e.g., the Global Dual Pairs protocol involves

Θ(V 2) high-weight Pauli rotations, each acting onO(V ) qubits. However, this simplicity comes at the cost of

exponentially increased sample complexity for the worst case observables. To see the origin of the difference

in sample complexity, recall that for the Product protocol, Var(oj) ≤ 4k∥O∥2∞, where k is the locality of

the operator in the LGT, and ∥O∥∞ is evaluated on the full Hilbert space of the LGT [37] absent any gauge

constraints. In contrast to the Product protocol, the Global Dual Pairs and Dual Product protocols have a

sample cost that depends on the operator locality in the dual Ising theory, kdual.
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In the worst case (for a symmetry-ignorant protocol), gauge invariant observables have k ≫ kdual.

For instance, for an observable of the form XiXj (in the Ising picture), kdual = 2, but the corresponding

observable on the LGT side of the duality can have k ∼ V if the plaquettes i, j are separated by a distance of

the order of the system size. Consequently, for such observables, the Product protocol requires a number of

samples exponential in the system size, whereas the Global Dual Pairs protocol requires only polynomial

samples in the system size and the Dual Product protocol requires constant samples. Intuitively, these

improvements are due to the exponential reduction in dimension from the full to the physical Hilbert space of

the LGT.

Beyond this extreme example, the difference in sample complexity between the Product protocol and

the symmetry-aware protocols will depend on the particular observable(s) considered. To illustrate this,

we examine how the locality of gauge-invariant observables differ on either side of the duality for several

representative examples. In what follows, we let wi for i ∈ {X,Y, Z} stand for the number of σx, σy,

σz operators, respectively, for some operator on the LGT side of the duality. Thus, k = wX + wY + wZ .

Similarly, we let w̃i denote the same for X , Y , and Z operators, respectively, on the Ising side of the duality,

such that kdual = w̃X + w̃Y + w̃Z .

Our first example is the Wilson loop illustrated in Fig. 5.9a: a closed product of magnetic variables,∏
ℓ∈P◦ σ

z
ℓ , which, in any Abelian LGT, can be equivalently expressed as the product of plaquette operators

enclosed by the loop. We consider two limiting cases: (i) a rectangular Wilson loop of size Nh × Nv,

where Nh and Nv denote the horizontal and vertical extents of the loop, respectively; and (ii) a ”line” of

adjacent plaquettes of size N ′
h× 1, as illustrated in Fig. 5.9a. This may include the worst-case scenario where

NhNv ∝ V , the total system volume. The corresponding Pauli weights are as follows: for case (i), the LGT-

side weight is k = wZ = 2(Nh +Nv), while the Ising-side weight is kdual = w̃z = NhNv. Thus, for these

observables, the Global Dual Pairs protocol yields a sampling advantage only when NhNv < 2(Nh +Nv),

which holds when either Nh or Nv is less than or equal to 2. In contrast, for case (ii), the LGT-side weight

is k = wZ = 2N ′
h + 2, while the Ising-side weight is kdual = w̃Z = N ′

h. Both examples show that

symmetry-aware schemes are not universally optimal for all observables.

The large advantage of the Global Dual Pairs over the Product Protocol is driven mostly by “electric”

observables, i.e., those involving electric operators σxℓ in the LGT (X operators in the Ising dual). More

generally, consider observables that are products of p pairs of Pauli X (and Y , which are products of electric

and magnetic observables) operators on the Ising side, with kdual = w̃X + w̃Y = 2p, see Fig. 5.9b for



120

illustration. For the case of p pairs XiXj , the mapping to an operator in the LGT is not unique—all give the

same expectation value in the gauge invariant sector. In practice, on the LGT side, one would optimize by

finding a collection of configurations with minimal cumulative Manhattan distance, resulting in a weight

k =
∑

{la}a≤p
la, while the Ising side weight is simply the smaller p. Considering Y operators corresponds

to products of electric and magnetic operators in the LGT with an even greater Pauli weight, while the

corresponding weight in the Ising dual stays the same.

This shows that, unsurprisingly, the largest individual gains are observed for electric gauge-invariant

observables rather than magnetic ones, since the Gauss laws—responsible for reducing the physical Hilbert

space—are defined in the electric basis 5. For context, the key advantage of classical shadows is the ability to

estimate multiple (non-commuting, i.e., with different eigenbasis) observables with the same samples. Thus,

while sample complexity improvements may not be present for selected individual observables, provided

we want to be able to estimate many arbitrary gauge invariant observables the upper bounds on sample

complexity that we provide in Table 5.1 accurately reflect the sample complexity for estimating M arbitrary

gauge-invariant observables, up to the log(M)/ϵ2 factor in Eq. (5.26).

The classical computational cost (per sample) of inverting the shadow channel is comparable between the

Product protocol, and the symmetry-aware Global Dual Pairs and Dual Product protocols. For both protocols

the per sample classical cost is dominated by the ∈ O(poly(V )) due to computing the mapping from the

measurement outcomes to dual bit strings (i.e. the mapping s⃗→ b⃗). For Global Dual Pairs, one must also

pre-compute f and α for a given observable, as described in Section 5.3.1. An overall comparison of the

(worst case) resource costs for the Product, Dual Product, and Dual Pairs protocols is given in Table 5.1.

5.7 Discussion and Outlook

In this chapter, we introduced three variants of randomized measurement schemes tailored for systems with

local (gauge) symmetries. We analyzed their use for estimating gauge-invariant observables in Z2 LGT,

leveraging a LGT–Ising duality which enables detailed analysis and the derivation of formal guarantees. We

systematically determined, for any given set of observables, a practical advantage over symmetry-agnostic

alternatives, and provide explicit algorithms supported by numerical implementations [411].

5One could therefore argue that no advantage exists if measurements are restricted to magnetic observables only. However, in that

case, any random measurement protocol would be entirely unnecessary, as all such observables commute and could simply be

measured in the same fixed basis.



121

As with most protocols that make use of prior information—in this case, local (gauge) symmetry—a

tradeoff between a reduction in sampling and an increase in circuit complexity arises. For NISQ-era devices,

circuit complexity is most often quantified by CNOT depth: while the standard Product protocol [37], can be

achieved in constant depth, the (Global) Dual Pairs and Dual Product protocols we propose require entangling

(although still shallow) circuits. For instance, for the Global Dual Pairs protocols, the required unitary

rotations for a given pairing requires a depth of 2N − 2, where N is the number of plaquettes between any

two pairs, implying a total CNOT depth of O(V 2), shown in Table 5.1. Similar circuit depths are required for

the Dual Product protocol due to the need for ribbons going to the reference plaquette □r for all rotations.

For geometrically local observables, this can be reduced by the Local Dual Pairs protocol to O(L4), while

maintaining an exponential improvement (in L) in sample complexity over the standard Product protocol.

In the near-to-intermediate term whether or not the polynomial increase in circuit depth associated with

tailoring shadow protocols is worth the exponential gains in sample complexity will depend on the platform

and the ability to implement circuits of sufficient depth without incurring large errors due to imperfect gates.

However, in fault-tolerant quantum processors—assuming that the timescales for implementing logical gates

are comparable to or better than those for measurement and readout—the potential exponential reduction in

sample complexity constitutes an unalloyed advantage when simulating Z2 LGT directly.

Nonetheless, in practice, the same Ising-LGT duality that allows us to rigorously analyze the performance

of the shadows protocols could be used to directly simulate the dual Ising model [148] instead of the LGT,

and avoid the large circuit depth overheads required. In this case, the sample complexity for our shadows

schemes would be identical, but the circuit depths would be significantly smaller. Our work, thus, should not

be primarily understood as an explicit simulation protocol for Z2 LGT, but rather the key components are

(a) a rigorous analysis of a constructive shadows protocol for an explicit model, demonstrating the circuit

depth-sample complexity trade-off intrinsic to symmetry-preserving shadows [388] that is expected for

LGTs; and (b) a blueprint for analyzing more general LGTs, including non-Abelian LGTs relevant to high

energy and nuclear physics such as SU(2) and SU(3) LGTs even if dualities may be hard to find or do not

exist.

Indeed, while the central insight of our work relies on the Ising–LGT duality specific to Z2 (and by

extension ZN , and in the appropriate limit, U(1) [404]) LGTs, many elements of our protocols generalize

naturally. All steps of the protocols considered can be cast fully in the language of the LGT, rather than the

dual Ising model. In this sense, the Z2 LGT case serves as a useful starting point, as the presence of a duality
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allows for a rigorous analysis of the channel and shadow protocol. Building on this foundation, one can move

beyond this simple setting by using these insights as a blueprint for more general LGTs—particularly to

non-Abelian LGTs or models whose local Hilbert spaces do not resemble qubits (including LGTs based on

compact groups)—where the corresponding gauge-invariant randomizing operations follow directly. However,

what channels these randomizing operations represent and if (and how efficiently) they can be inverted remains

a major challenge. We presently are not aware of a simple analogous approach for non-Abelian LGTs for

which dualities, so far, are challenging to construct [412–418]. This raises the question of whether similar

sampling-efficient protocols can be devised for arbitrary LGTs, and whether their existence implies an

underlying Ising-like duality, or their absence indicates its nonexistence. An interesting development in

this context is the recent demonstration of charge-singlet measurements in quantum simulations of SU(Nc)

LGT [172, 419]. In the absence of a duality, one could study the corresponding channels numerically in

small-scale instances, but extracting scaling from this is a challenge. Overcoming these hurdles is a primary

goal for future work.

A variety of alternative approaches to symmetry-respecting shadows have been recently proposed. One

promising direction [420] employs classical shadows to learn unknown symmetries of quantum systems,

potentially offering a ”bootstrap” method for constructing symmetry-respecting classical shadows. Ref. [388]

introduces a general framework to construct symmetry-respecting shadows under the assumption of oracle

access to a unitary that block diagonalizes the system in the irrep basis of the associated symmetry. Another

established approach uses symmetric approximate unitary k-designs for LGTs [386], which allow simple

channel inversion once the symmetry-sector dimensions are known but require deep random circuits. Recent

results on log-depth approximate unitary k-designs could extend to random circuits with symmetries [421–

423]. Applying such constructions to systems with gauge symmetries is likely to be highly favorable when

estimating properties of the state beyond k-local observables [424, 425]. Finally, there exist other symmetry-

ignorant shadow tomography schemes that occupy an intermediate regime between the Product and Dual

Pairs protocols in terms of both sampling cost and circuit complexity. Notable examples include the locally

entangled schemes of Ref. [426] and the shallow shadow schemes of Refs. [368, 374]. The potentially

exponential advantages observed in our setting stem from explicitly exploiting gauge symmetry and, thus,

will extend to these settings.

Significant progress has been made in understanding the impact of noise on standard schemes [427–430],

and the development of derandomized variants [384]. These ideas are likely extendable to the symmetry-
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respecting circuits. However, a particularly interesting complication arises: noise can break the very

symmetries that these protocols are designed to exploit. This symmetry breaking can lead to biased estimators

and necessitates a fundamentally different error analysis. Relatedly, the impact of small gauge violations in

the input state on the performance of our protocols remains an interesting open question. On the other hand,

symmetry-aware measurement schemes can enable powerful error mitigation schemes, as they allow one to

effectively project the measured state into a symmetric subspace [431].
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Chapter 6

MEASURING THE ENTANGLEMENT STRUCTURE OF NON-GAUSSIAN STATES

6.1 Introduction

Recent advances in quantum simulation have opened the door to understanding quantum many-body systems

at unprecedented levels [59, 82, 105, 432–434]. These advances have come with a bevy of methods for

characterizing quantum states from experimental measurements, ranging from full quantum state tomogra-

phy [345,352], over randomized measurement protocols [37,361,382] and (entanglement) Hamiltonian learn-

ing [171,435–439], to many-body interference [147,440–443] or higher-order correlation functions [444,445].

An important goal of such methods is to reveal the structure of complex many-body states, including

entanglement for characterizing quantum phases in equilibrium [386, 446, 447] or chaos and thermaliza-

tion [302, 405, 448, 449].

Common approaches to measure entanglement structure incur costs in sample size or computational

resources that grow exponentially with the (sub)system’s size, which makes them challenging to scale up.

Moreover, these protocols are difficult to realize in experiments without full local or universal control,

examples include analog quantum simulators based on ultra-cold atomic and molecular systems [432, 450–

452], or high-energy and nuclear physics experiments [59, 82, 295, 434]. In such experiments, instead, one

typically extracts information by measuring few-body correlation functions.

Motivated by these restrictions, we address the following question: How much physics of entanglement

can be captured if access is limited to lower order correlations? Specifically, as illustrated in Fig. 6.1, we

show how to utilize exact non-perturbative correlation functions accessible in experiments for constructing

approximations to a quantum state based on an expansion of the many-body Wigner functional around

Gaussian states. We expect our parameterization to capture accurate descriptions during early times, where

higher correlations are small, and late times, particularly when the system is near thermal equilibrium.

As an example, we illustrate our approach with numerically simulated thermalization dynamics of a

weakly-coupled extended Fermi-Hubbard chain after a quantum quench. Here, we focus on the reconstruction

of a non-equilibrium state’s entanglement spectrum and analyze its level spacing distribution, which serves
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Figure 6.1: Non-Gaussian state reconstruction. a) Few-body correlation measurements (e.g. four-point

correlations C(4)) on a subsystem A of a fermionic quantum simulator are used to reconstruct the reduced

state ρA. Besides single-site resolved imaging, this requires pair-wise tunneling operations Ukl between sites

k and l. After classical post-processing, the protocol gives access to the entanglement spectrum εi. b) The

state reconstruction is based on an expansion around Gaussian states ρg, which form a subset of integrable

states in the Hilbert spaceH. To probe the onset of quantum chaos, we go to non-Gaussian states ρ̃ by

including higher-order correlations. c) Four-point correlations lead to non-Gaussian matrix elements

⟨m| ρA |n⟩ with Hamming distance dH(m,n) = 0, 2, 4 (top, middle, bottom).

as an indicator of quantum chaos, a prerequisite for thermalization. Our work demonstrates how going

beyond Gaussian state descriptions – which are known to fail even qualitatively already for early times –

can quantitatively capture aspects of the chaotic evolution of the system’s entanglement structure. Finally,

we briefly discuss methods for probing such phenomena in analog fermion quantum simulators, based on
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existing and forthcoming experimental capabilities [453–458].

6.2 Non-Gaussian States

We discuss an approach for representing generic quantum states by expanding their Wigner functionals in

terms of correlation functions. We consider a system ofN fermionic modes described by creation/annihilation

operators c†i/ci where {c†i , cj} = δij (i, j ∈ {0, 1, .., N − 1}), and focus on connected two- and four-point

functions,

C
(2)
ij ≡ Tr[ρ c†icj ] (6.1a)

C
(4)
ijkl ≡ Tr[ρ c†ic

†
jckcl]− C

(2)
il C

(2)
jk + C

(2)
ik C

(2)
jl . (6.1b)

For simplicity, we restrict ourselves to a U(1) symmetric state, e.g. a state with definite total particle number

NF =
∑

i c
†
ici. Correlations of this form are accessible in current and near-term neutral-atom experiments,

illustrated in Fig. 6.1(a) and discussed below 1.

For the case of a subsystem defined by NA < N modes, the corresponding reduced state ρA = TrĀ (ρ)

is equivalently described by a (bipartite) entanglement Hamiltonian (EH) HA ≡ − log[ρA] [446], with

entanglement spectrum {εi}. For Gaussian states, the EH is simply given by the covariance matrix, C(2), as

HA = −∑ij log[C
(2)(1− C(2))−1]c†icj + const [459]. This class of states falls short of capturing even the

qualitative indicators of thermalization expected from the entanglement dynamics of the system, as we will

argue below. Specifically, Gaussian states fall into a small “corner” of the many-body Hilbert spaceH that

cannot be chaotic, whereas even small deviations away from that region will show signatures of quantum

chaos consistent with random matrix theory [460, 461], see Fig. 6.1(b).

Our approach is to write the state as a sum of a Gaussian ρg, entirely determined byC(2), and non-Gaussian

part δρ,

ρ ≡ ρg + δρ (6.2)

thereby reducing the problem to finding an expression for δρ. To proceed, we utilize the formalism of

fermionic coherent states [462] where ρ may be expressed as

ρ =

∫
d2ηd2α eW (η) e

∑
i αiη

∗
i −ηiα

∗
i |α⟩ ⟨−α| (6.3)

1It is not essential to deal with fermions, extending our approach to bosonic models, and to higher order correlations, is straightforward.



127

with α,η being tuples of anti-commuting Grassmann numbers, α ≡ {αi, α
∗
i . . . }N , |α⟩ are the correspond-

ing coherent states, and W (η) is the Wigner functional. We assume that W (η) takes the form

W (η) =
∑
i,j

C
(2)
ij η

∗
j ηi +

1

4

∑
i,j,k,l

C
(4)
ijklη

∗
l η

∗
kηjηi (6.4)

with i, j, k, l ∈ {0, .., NA − 1}, which is justified for small |C(4)| ≪ |C(2)|. We note that C(2) and

C(4) are not approximated and should be obtained from experiment, or computed non-perturbatively 2.

Working in the mode basis |n⟩ where ρg is diagonal, we derive explicit expressions for the matrix elements

δρmn = ⟨m|δρ|n⟩,

δρmn

ρg,nn
=


1
2

∑
i,j(−1)ni+nj

C̃
(4)
ijji

fn
i fn

j
if dH(m,n) = 0∑

i,j,k(−1)ni+φ(j,k;{i},n) C̃
(4)
ijik

fn
i fn

j fn
k
Γ
njmk
mjnk if dH(m,n) = 2

1
4

∑
i,j,k,l(−1)φ(i,j;{k,l},n)+φ(k,l;{i,j},n)sgn(i− j)sgn(k − l) C̃

(4)
ijkl

fn
i fn

j fn
k fn

l
Γ
mimjnknl
ninjmkml if dH(m,n) = 4

(6.5)

where ρg,nn =
∏

p f
n
p are the diagonal matrix elements of the Gaussian state and fnp ≡ npgp + (1 −

np)(1 − gp), gp is the pth eigenvalue of C(2), C̃(4) is the four-point correlation in the basis where C(2) is

diagonal, and dH(m,n) is the hamming distance between the m and n occupation bitstrings. The symbol

Γi1,i2,...,ik
i′1,i

′
2,...,i

′
k′
≡∏k

a δia,0
∏k′

a δi′a,1 is defined so as to highlight the matrix structure of the δρ and is pictorially

represented in Fig. 6.1(c). The phases φ(i, j; {k, l},n) ≡∑max(i,j)−1
s=min(i,j)+1 ns count the occupation between

modes i and j excluding the modes k and l. The parameterization exactly reproduces all correlations up to

1-body (2-point) and 2-body (4-point) and will be hereafter referred to as ρ̃. We demonstrate its application

using an example of a fermionic system.

6.3 Derivation of Parameterization

We now provide a detailed derivation of the parameterization introduced above, filling in the steps between

Eq. (6.4) and Eq. (6.5), and illustrating a general approach that can be extended to include higher-order

correlation functions. First, we will present some basic identities and clarify the conventions used. Then, we

will derive Eq. (6.5). Additionally, we introduce a diagrammatic formulation that aids intuition and can be

2Our ansatz is unrelated to time-dependent perturbation theory.
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straightforwardly extended beyond the two-body correlations demonstrated here. The fermionic coherent

state formalism for the Wigner functional follows the conventions of Cahill and Glauber [462]. Our derivation

is built on fermionic states consisting of modes i = 0, . . . , N − 1, with creation and annihilation operators

obeying the usual anticommutation relation {ci, c†j} = δij . Coherent states, denoted as |γ⟩ ≡ D(γ)|0⟩, are

defined by the action of the displacement operator D(γ) ≡ exp
(∑

i c
†
iγi − γ∗i ci

)
. Here, cn|0⟩ = 0 defines

the Fock vacuum, and γ ≡ (γ0, γ
∗
0 , . . . ) represents a tuple of 2N Grassmann variables that anticommute.

Grassmann integration uses the convention that
∫
d2γ ≡

∫ ∏
i dγidγ

∗
i , and

∫
dγiγj =

∫
dγ∗i γ

∗
j = δij .

We will make use of the completeness relation I =
∫
d2γ γγ∗D(γ) and other standard relations found

in [462]. Products of fermionic or Grassmann variables will contain an arrow ↼ or ⇀ to denote decreasing

or increasing mode ordering, unless the ordering does not matter (such as for products of bi-linear terms).

Derivatives, including the product rule, for Grassmann variables follow [462].

6.3.1 Evaluation of non-Gaussian Wigner functional

Inserting Eq. (6.3) into Eq. (6.4) yields

ρA =

∫
d2ηd2α e

∑
ij C

(2)
ij η∗j ηi1 +

1

4

∑
i,j,k,l

C
(4)
ijklη

∗
l η

∗
kηjηi

 e
∑

i αiη
∗
i −ηiα

∗
i |α⟩ ⟨−α|

+O
(
C(6)

)
(6.6)

where only the leading order dependency in C(4) has been kept. This expression can be separated into two

terms, ρA ≡ ρg + δρ

ρg =

∫
d2ηd2α e

∑
ij C

(2)
ij η∗j ηie

∑
i αiη

∗
i −ηiα

∗
i |α⟩ ⟨−α| , (6.7)

δρ =
1

4

∑
i,j,k,l

C
(4)
ijkl

∫
d2ηd2α η∗l η

∗
kηjηie

∑
ij C

(2)
ij η∗j ηi

e
∑

i αiη
∗
i −ηiα

∗
i |α⟩ ⟨−α| (6.8)
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where the first line is identified with the Gaussian part of ρA 3 and the second is the perturbation. We are

interested in the matrix elements in the Fock basis, ρg,mn ≡ ⟨m|ρg|n⟩, δρnm ≡ ⟨m|δρ|n⟩, where we

assume that |n⟩ ≡
↼∏

i(c
†
i )

ni |0⟩ where n ≡ (n0, . . . ) with ni ∈ 0, 1, and the left-pointing arrow means that

the modes are in descending order. To proceed, we change to the Grassmann coordinates ξi =
∑

j Uijηj ,

where U is the matrix that diagonalizes C(2). With this change the integrals over ξ and α factorize and the

Gaussian part becomes

ρg,mn =

∫
d2ξd2α e

∑
i giξ

∗
i ξi+αiξ

∗
i −ξiα

∗
i ⟨m|α⟩ ⟨−α|n⟩

= det[−C(2)]

∫
d2αe

∑
i

α∗
i αi
gi ⟨m|α⟩⟨−α|n⟩ (6.9)

where det[−C(2)] ≡∏i(−g
(2)
i ) and gi, i = 0, N − 1 are the eigenvalues of the correlation matrix C(2) and

⟨m|α⟩ =
⇀∏
a

(αa)
ma exp{−α

∗
aαa

2
} (6.10)

⟨−α|n⟩ =
↼∏
a

exp{−α
∗
aαa

2
}(−α∗

a)
na . (6.11)

The Gaussian matrix elements become

ρg,mn = det[−C(2)]

∫
d2α e

∑
i[

1
gi

−1]α∗
i αi

×
⇀∏
a

(αa)
ma

↼∏
a

(−α∗
a)

na

= δmn

∏
i

[nigi + (1− ni)(1− gi)] , (6.12)

where δmn ≡
∏

i δmini . In the second equality we made use of the following identity,∫
d2αie

λα∗
i αiαi

mi(−α∗
i )

ni = δmini [λ− ni(1 + λ)] . (6.13)

After computing the Gaussian component, we proceed deriving the quartic contribution, δρ [Eq. (6.8)],

which incorporates two-body correlations. To simplify the derivation, we note first that a specific term in the

integrand of Eq. (6.8) can be written as

η∗l η
∗
kηjηie

∑
i αiη

∗
i −ηiα

∗
i =

∂

∂αl

∂

∂αk

∂

∂α∗
j

∂

∂α∗
i

e
∑

i αiη
∗
i −ηiα

∗
i (6.14)

3Note that one can bring the Gaussian part into an alternative form [459], noting that in the diagonal basis ρg =

det
(
C(2)

)
exp{−∑

ij log[C
(2)(1 − C(2))−1c†i cj ]} =

∏
i gi[

1−gi
gi

]n̂i , where n̂i are the number operators in the C(2) eigen-

basis. Taking the matrix elements ⟨m|ρg|n⟩ yields the expression we work with in this chapter.
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Integrating Eq. (6.8) by parts in the α coordinates moves the derivative terms to act on ⟨m|α⟩ ⟨−α|n⟩. As

with the Gaussian case, we switch to the ξ basis where C(2) is diagonal, denoting the four-point function in

this basis as C̃(4) where C̃(4)
ijkl ≡

∑
abcd UiaUjbC

(4)
abcdU

†
ckU

†
dl. The ξ integrals may be evaluated as before, and

yet another integration by parts, this time in the α variables, gives

δρmn =
1

4
det[−C(2)]

∑
ijkl

C̃
(4)
ijkl

∫
d2α

[
∂

∂αl

∂

∂αk

∂

∂α∗
j

∂

∂α∗
i

∏
p

e
α∗
pαp

gp

]
⟨m|α⟩ ⟨−α|n⟩ (6.15)

The derivative terms in Eq. (6.15) are evaluated using the product rule for Grassmann numbers,

∂

∂αl

∂

∂αk

∂

∂α∗
j

∂

∂α∗
i

∏
p

e
α∗
pαp

gp =
δilδjk − δikδjl

gigj

∏
p̸=i,j

e
α∗
pαp

gp

+
δjkαiα

∗
l − δikαjα

∗
l

gigjgl

∏
p̸=i,j,l

e
α∗
pαp

gp

+
δilαjα

∗
k − δjlαiα

∗
k

gigjgk

∏
p̸=i,j,k

e
α∗
pαp

gp

+
αiαjα

∗
kα

∗
l

gigjgkgl

∏
p̸=i,j,k,l

e
α∗
pαp

gp (6.16)

Here, in second line we implicitly assume that i ̸= j ̸= l, and in the third i ̸= j ̸= k, and in the fourth

i ̸= j ̸= k ̸= l, otherwise these terms vanish. Inserting Eq. (6.16) into Eq. (6.15) gives

δρmn ≡ 2
∑
i,j

I
(i,j)
1 + 4

∑
i,j,k

I
(i,j,k)
2 +

∑
i,j,k,l

I
(i,j,k,l)
3 , (6.17)

where we abbreviated

I
(i,j)
1 =

1

4gigj
det[−C(2)] C̃

(4)
ijji

∫
d2α

∏
p̸=i,j

e
α∗
pαp

gp

×
∏
q

e−α∗
qαq

⇀∏
a

(αa)
ma

↼∏
b

(−α∗
b)

nb (6.18)

When m ̸= n, there will be an unpaired Grassmann number and the entire integral will vanish, conse-

quently Eq. (6.18) is non-zero only if m = n. To compute the remaining integrals, one combines the

Grassmann variables into bilinear form ∼ α∗
iαi and, using Eq. (6.13), one finds

I
(i,j)
1 =

1

4
C̃

(4)
ijjiδmn(−1)ni+nj



131

×
∏
p̸=i,j

[npgp + (1− np)(1− gp)] . (6.19)

The second term of Eq. (6.17) can be written as

I
(i,j,k)
2 =

1

4gigjgk
det[−C(2)]C̃

(4)
ijik

∫
d2α αjα

∗
k

×
∏

p̸=i,j,k

e
α∗
pαp

gp

∏
q

e−α∗
qαq

⇀∏
a

(αa)
ma

↼∏
b

(−α∗
b)

nb . (6.20)

The Grassmann integrals only evaluate to a non-zero result if they appear once and the integration is over

bilinears of the same mode. This is only the case if nk = 0, mj = 0, nj = 1, and mk = 1, as well as

na = ma for a ̸= i, j. To represent this condition we introduce the abbreviation Γ
njmk
mjnk ,

Γi1,i2,...,ik
i′1,i

′
2,...,i

′
k′
≡

k∏
a

δia,0

k′∏
a

δi′a,1 , (6.21)

where an index placed in superscript indicates that the corresponding mode should be unoccupied ni = 0,

and an index in subscript means that the mode is occupied ni = 1. A mode i can only appear in either super-

or subscript. We further use the following identity,

αjα
∗
k

⇀∏
a

(αa)
ma

↼∏
b

(−α∗
b)

nb = (−1)φ(j,k;n)α∗
kαk α

∗
jαj

⇀∏
a̸=k

(αa)
ma

↼∏
b̸=j

(−α∗
b)

nb (6.22)

where φ(j, k; {i},n) =
∑

j<s<k ns if j < k and φ(j, k; {i},n) =
∑

k<s<j ns if j > k, counting the

occupation between modes j and k, ignoring the occupation of mode i. Inserting this identity into Eq. (6.20)

yields

I
(i,j,k)
2 =

1

4
C̃

(4)
ijik(−1)φ(j,k;{i},n)(−1)niΓ

mjnk
njmkδnimi

×
∏

p̸=i,j,k

δnpmp [npgp + (1− np)(1− gp)] . (6.23)

The final contribution is given by

I
(i,j,k,l)
3 =

1

4gigjgkgl
det[−C(2)]C̃

(4)
ijkl

∫
d2α αiαjα

∗
kα

∗
l

×
∏

p̸=i,j,k,l

e
α∗
pαp

gp

∏
q

e−α∗
qαq

⇀∏
a

(αa)
ma

↼∏
b

(−α∗
b)

nb (6.24)
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Here again Grassmann integrals evaluate to a non-zero result only if every Grassmann variable appears

exactly linearly in the integrand. Consequently, nk, nl,mi,mj = 0, mk,ml, ni, nj = 1, and na = ma if

a ̸= i, j, k, l. To reorganize the integrand into Grassmann bilinears, we use the following identity

Γ
mimjnknl
ninjmkmlαiαjα

∗
kα

∗
l

⇀∏
a̸=i,j

(αa)
ma

↼∏
b̸=k,l

(−α∗
b)

nb

= Γ
mimjnknl
ninjmkml(−1)φ(i,j;{k,l},n)+φ(k,l;{i,j},n)

× sgn(i− j)sgn(k − l)(α∗
kαk)(α

∗
l αl)

× (α∗
iαi)(α

∗
jαj)

⇀∏
a̸=i,j,k,l

(αa)
ma

↼∏
b̸=i,j,k,l

(−α∗
b)

nb , (6.25)

where sgn(x) gives the sign of x and φ(i, j; {k, l}n) is defined below Eq. (6.22). Finally,

I
(i,j,k,l)
3 =

1

4
C̃

(4)
ijkl(−1)φ(i,j;{k,l},n)+φ(k,l;{i,j},n)

× sgn(i− j)sgn(k − l)Γmimjnknl
ninjmkml

×
∏

p̸=i,j,k,l

δnpmp [npgp + (1− np)(1− gp)] (6.26)

Combining Eqs. (6.17-6.19) yields our final result, Eq. (6.5). The derivation can be generalized to include

higher order correlation functions by keeping additional terms in Eq. (6.8) and using the Grassmann identities

that we presented. Such derivation is significantly simplified by a diagrammatic representation, akin to

Feynman diagram expansions, that we will illustrate below.

6.3.2 Diagrammatic Rules

The matrix elements of the Gaussian part ρg,mn, as well as all higher-order terms in δρmn are obtained

by an expansion of the fermionic Wigner functional. This involves manipulations that contain multiple

Grassmann-valued derivatives and integrals where attention must be paid to their anti-commutative nature.

We now outline a diagrammatic approach that simplifies these computations, providing intuition and allowing

us to extend the approach to higher-orders without losing the rigor of the algebra that accounts for the

anti-commuting nature of the variables. We will draw on analogies from Feynman diagram evaluation in

Quantum Field Theory, but note that the language introduced is to build intuition only and should not be

taken literally.
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Figure 6.2: Elemental Diagrams. a) Propagator diagrams carrying index p. b) Source terms, represented by

diamonds carrying index p with the corresponding occupations number mp, np. c) k-point vertex carrying

indices i1, ..., ik.

.

The elemental components of our diagrammatic derivation are summarized in Fig. 6.2, showing the

“propagator” in (a), “source term” in (b), and “(4-point)-vertex”in (c). We will now discuss how these elements

can be used to construct the matrix elements of ρ. The lowest-order Gaussian part is given by

ρgmn ≡
∏
p

δmpnpf
n
p , (6.27)

where fnp ≡ npgp + (1− np)(1− gp). It will play a role akin to a generating functional for all higher order

terms based on an expansion in terms of the k-ality of (potentially multiple) vertices.

We refer to the subsequent terms, involving C̃(4), C̃(6) . . . and their products, as “interaction diagrams”.

Their construction is illustrated pictographically in Fig. 6.3 for the leading-order case involving only C̃(4).

Here, the Gaussian terms and C̃(4) serve as the starting points for these interaction diagrams. Each vertex

contributes a factor C̃(k)
i1,...,ik

/(k/2)!2. To construct them, one must first distinguish between different cases of

the 4-point function C̃(4): either two pairs of indices, one pair of indices are equal, or all indices are different.

For example, the left panel of Fig. 6.3 shows the derivation of the diagram I1 involving C̃(4)
ijji. In this process,

the “open” indices i ̸= j are removed from the product over p derived from the Gaussian terms. For each

open index, one writes down a propagator, as well as one n-type (represented by an incoming arrow on the

diamond symbol) and one m-type (represented by an outgoing arrow) source term for every open index. One

begins by first connecting the propagators to the vertex in all possible ways so that the indices match. Some

propagators may form a closed loop connecting repeated indices of C̃(4), in this case the diagram incurs no
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Figure 6.3: Construction of I1 and I2 Interaction Diagrams. Starting from the Gaussian diagram as the

generating functional (top), 4-point vertices are introduced. The diagram for I1 is constructed on the left and

the diagram for I2 is constructed on the right following the rules discussed in this section.

additional factor and the corresponding index is simply summed over. Otherwise, a propagator’s end point

must be connected to an n- or m-type source. Finally, one directly connects m- and n-type source terms

if their indices match, in this case they contribute a factor of (−1)naδmana . Some source terms may be left

unmatched, see for instance the bottom right panel of Fig. 6.3 where mk and nj with k ̸= j are unmatched.

In this case, they result in a factor of Γnkmj
mknj . The left panel of Fig. 6.3 illustrates the unique way that C̃(4)

ijji

can be connected, while the right panel of the same figure depicts the diagram for the term I2 which involves
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Figure 6.4: Diagrams contributing at O(C̃(4)). a) I1: Propagators connect repeated indices of the vertex, all

sources are paired up. b) I2: One propagator connects one set of repeated indices of the vertex, the other two

end in sources. Some sources can be paired, others remain unconnected. c) I3: All propagators connect to

sources.

the “pair-density” correlation function C̃(4)
ijik; the Gaussian contribution is not explicitly shown.

Additionally, because of the anti-commutative nature, we must account for phases that originate from

un-paired sources (with open arrows). We denote the ordered set of in-going indices as Jin, the ordered set

of out-going indices as Jout, and J = Jout ∪ Jin as their union, where the ordering is the same as how the
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indices appear in the corresponding k-point vertex C̃(k)
i1,...,ik

. For example, for the diagram depicting I2, shown

in the right panel of Fig. 6.3, Jin = {k} and Jout = {j} while for I3 Jin = {k, l} and Jout = {i, j}. We

then define φ̃ =
∑

f,g∈J φ(f, g;J/{f, g},n) which sums the occupations of n between all pairs (f, g) of

external indices regardless of whether they are in-going or out-going, ignoring the occupations of the external

indices not in the pair denoted by J/{f, g}. The diagram is multiplied by a phase factor Φ which is

Φ = (−1)φ̃
∏

a<b<#Jin

sgn (Jin,a − Jin,b)

×
∏

a<b<#Jout

sgn (Jout,a − Jout,b) (6.28)

where Jin,a and Jout,a denote the ath-element of Jin and Jout respectively, # is the cardinality of a set, and

sgn(x) gives the sign of x.

6.3.3 Properties of the Parameterization

We now discuss the parameterization’s properties, including its spectrum and matrix structure. The non-

Gaussian contribution derived in this chapter is Hermitian δρ = δρ† and has zero trace Tr [δρ] = 0. However,

it does not constitute a bona fide quantum state, as ρ+ δρ is not always a positive operator if only C̃(4) is

included. This is a consequence of feeding only partial information into the parameterization: Generically,

if C̃(4) increases, so will higher-order correlations, C̃(6), C̃(8) . . . . If they are not included, the magnitudes

of negative eigenvalues increase with C̃(4), indicating that the approximation being used becomes invalid.

Including them will lead to a positive semi-definite matrix. In practice this is a minimal numerical effect

when used within the applicability of the ansatz: Even for small but non-trivial C̃(4), there may be a few

negative eigenvalues, although with extremely small magnitudes. Nevertheless, this can cause problems when

computing the entanglement Hamiltonian numerically by taking the matrix-logarithm of a state. We resolve

this issue and define a proper state by diagonalizing the matrix and projecting the Schmidt spectrum onto the

closest classical probability distribution under the 2-norm using the approach of [463].

The non-Gaussian part δρ has diagonal and off-diagonal components. The diagonal part includes

contributions from connected 4-point functions corresponding to “density-density” correlations, specifically

C̃
(4)
ijji with i ̸= j. On the other hand, “pair-density” correlations, such as C̃(4)

ijki with i ̸= j ̸= k, contribute to

off-diagonal elements, where the occupations m and n, when written as a bitstring, differ by a Hamming

distance of dH(m,n) = 2. Additionally, “pair-pair” correlations, C̃(4)
ijkl with i ̸= j ̸= k ̸= l, connect quasi-
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particle states with a Hamming distance of dH(m,n) = 4. In our numerical simulations we observed that

including only the diagonal two-body ’density-density’ correlations is insufficient to produce level repulsion

when the underlying state behaves chaotically. We attribute this behavior to uncorrelated neighboring

eigenvalues (as in a Poissonian distribution), which is preserved by the diagonal two-body correlations.

Thus the ability to measure off-diagonal correlations, not just simple non-Gaussian density correlations, is

important to diagnose the phenomena we study in the main text.

6.4 Quench Setup

We apply the non-Gaussian state parameterization to study the non-equilibrium dynamics after a quantum

quench of a Fermi-Hubbard chain of spinful fermions with Hamiltonian [464]

H(J, J ′, U) = J
∑
l,s

c†l+1scls + J ′∑
l,s

c†l+2scls + h.c.

+ U
∑
l

nl↑nl↓ (6.29)

where l labels the lattice site, s = ↑, ↓ labels the spin, and nls = c†lscls is the number operator 4. Utilizing

exact diagonalization [465], we initialize a random eigenstate of H0 = H(1, 1/8, 0), which is Gaussian, and

then evolve with H(1, 1/8, U) for a fixed value of interaction strength U . This quench setup allows us to

study the build-up and evolution of non-Gaussian correlations. We monitor the entanglement structure of the

exact time evolved state and the parameterization ρ̃, utilizing exact correlation functions.

6.5 Early-time Dynamics

In the early-time stage of the evolution, there are two regimes distinguished by the dynamics, τ/NA ≪ 1

and τ/NA ≥ O(1) with τ = tU . In the first regime, the four-point correlations grow quickly, with

higher-order correlations being suppressed by powers of the interaction strength. For the second regime,

higher-order correlations give a non-negligible contribution to ρA. We introduce a metric θ that measures the

non-Gaussianity of a state,

θ(σ) ≡ arccos
√
F(σ|σg) (6.30)

4Extended by next-to-nearest neighbor tunneling, this model is not integrable even in one spatial dimension
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Figure 6.5: Non-equilibrium evolution of reconstructed state. a,b) Non-Gaussianities θ(σ), see Eq. (6.30),

build up analogously for the exact state ρA [(a)] and the reconstructed state ρ̃ [(b)], as indicated by the dashed

line which shows a linear fit to the early time behavior θ(ρA). Here we show numerical data for a system of

size N = 10, NA = 5 with 10 different initial states (shaded lines) and their averages (solid line). c) We test

the accuracy of the state reconstruction through the spectral error of levels i of the entanglement spectra {ϵ̃},
{ϵg} for different interaction strengths U (at a fixed time). The non-Gaussian parameterization reduces the

error to O(U2) relative to the Gaussian parameterization with error O(U).
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Figure 6.6: Evolution of level statistics of non-Gaussian state parameterization a,b) The gap ratio

distributions of both, the parameterization ρ̃ (filled, purple) and the exact state ρA (unfilled, gold), evolve

from Poisson (pink dashed) at time τ = 0.015 to GUE (black dashed) at time τ = 0.47, thus signaling the

onset of quantum ergodic evolution. c) The average gap ratio ⟨r⟩ grows with time and saturates to the value

∼ 0.6 indicating level repulsion (GUE). Data is shown for a system of size N = 10, NA = 5, interaction

strength U = 5.6× 10−3; averages are taken over 10 different initial states, where shaded regions signify

95% confidence intervals. The dashed gray lines signify the times displayed in (a) and (b).

where F(σ|σ′) = Tr[σσ′]
max{Tr[σ2],Tr[σ′2]} is the max-fidelity [466], and σg is the Gaussian part of σ as in Eq. (6.2).

In Fig. 6.5, we show the deviation of the exact state from a Gaussian state, θ(ρA), in (a) and the deviation of

the parameterization θ(ρ̃) in (b), for both time regimes. At first the infidelity grows quadratically in τ , i.e.

1−F = O(τ2), implying that both θ(ρA) and θ(ρ̃) will grow linearly during this stage. The dashed line in

(b) represents the linear part of θ(ρA) overlayed on θ(ρ̃), highlighting that the growth is the same. Once the

second stage of evolution has been reached, the expansion restricted to 1- and 2-body correlations is no longer

quantitative, indicating that higher-order correlations not included in ρ̃ are now contributing to the dynamics.

For small couplings U ≪ J, J ′ we also observe that θ has a self-similar profile in time (solid purple, dashed

pink), which is inherited from the underlying correlations of ρA.
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Figure 6.7: Average gap ratio of exact state and non-Gaussian parameterization a) The average gap ratio of

the exact state over a range of times Jt and interaction strengths U/J . The black dashed line shows the

crossover from a Poisson distribution to GUE, indicating quantum chaos through level repulsion. b) The

average gap ratio for the parameterization qualitatively reproduces that of the exact state over the times and

interaction strengths studied.
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Figure 6.8: Self-similarity of non-Gaussian correlations. a) Example of a “density-density” correlation, C̃(4)
ijji

with i ̸= j, for the same interaction strengths as shown in Fig. 6.5. For U = 10−3, 10−2, the correlations

collapse onto the same curve when rescaled by the interaction strength. As U ∼ J, J ′ oscillations begin to

appear on top of this curve that breaks this behavior. b) Example of a “pair-density” correlation function

C̃
(4)
ijki with i ̸= j ̸= k. c) Example of a “pair-pair” correlation function (i ̸= j ̸= k ̸= l).
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6.6 Early Time Growth of Non-Gaussianity

In this section, we provide additional quantitative details on the early-time dynamics of the quantum quench.

Specifically, we examine the dynamics of our measure of non-Gaussianity by comparing the deviation

between the exact state, θ(ρA), and our parameterization, θ(ρ̃), from a Gaussian state. As shown in Fig. 6.5(a)

and (b), we observed that for small couplings U ≪ J, J ′, θ grows linearly and exhibits self-similarity during

the early times. Both θ(ρA) and θ(ρ̃) behave similarly in this regime, so our discussion focuses on θ(ρA).

Specifically, without loss of generality, we consider the dynamics of the full ρ instead of the reduced ρA

because we have checked that θ(ρ) exhibits the same linear growth as θ(ρA).

The system is composed of N sites with interactions described by Hamiltonian H = H0 +HI , where

H0 = J
∑

l,s c
†
l+1scls + J ′∑

l,s c
†
l+2scls + h.c. and HI = U

∑
l nl↑nl↓. The full system is translationally

invariant with periodic boundary conditions, and so we define momentum-space mode operators

b†kσ =
1√
N

∑
l

eiklc†lσ . (6.31)

Because ρ is pure Tr[ρ2] = 1, allowing us to write the fidelity as F(ρ|ρg) = Tr[ρρg]/max{Tr[ρ2g],Tr[ρ2]} =
Tr[ρρg], where ρg is the Gaussian state with the same two-point correlations as the exact state. In this study,

the quench begins from the initial plane wave state,

ρ(0) = |n0⟩ ⟨n0| , |n0⟩ =
∏
k

(b†kσ)
(n0)kσ |0⟩ (6.32)

where n0 is the initial occupation of momentum modes written as a bitstring and |0⟩ is the Fock vacuum. The

fidelity, as a function of evolution time, is

F = ⟨n0|ei(H0+HI)tρg(t)e
−i(H0+HI)t|n0⟩

= ⟨n0|eiHI tρg(t)e
−iHI t|n0⟩+O(JUt2) . (6.33)

In the second line, we separated the time evolution operator into its free and interacting components, using the

first-order Trotter-Suzuki formula, and we used the fact that |n0⟩ is an eigenstate of the free Hamiltonian H0.

Likewise, the Gaussian state may be written as ρg = [
∏

k,σ gkσ] exp{∑k,σ log[gkσ(1−gkσ)−1]b†kσbkσ}where

the indices k ∈ {−π, ..., π − 2π/N}, σ ∈ {↑, ↓}. Here, the two-point function ⟨b†kσbk′σ′⟩ = gkσδkk′δσσ′ is

diagonal in the plane wave basis for translationally invariant systems. The early time behavior of the gkσ
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can be found by solving the Heisenberg equations of motion ∂t(b
†
kσbkσ) = i[H0 +HI , b

†
kσbkσ]. In the plane

wave basis H0 =
∑

kσ εkb
†
kσbkσ and

HI =
U

N

∑
k1,k2,k3,k4

δ(k1 + k2 − k3 − k4)b†k1,↑b
†
k2,↓bk1,↓bk3,↑

with εk = 2[J cos(k) + J ′ cos(2k)], and so integrating the equations of motion gives

gkσ(t) = gkσ(0)+
iU

N

∫ t

0
ds

∑
k1,k2,k3,k4

δ(k1 + k2 − k3 − k4)

× ⟨[b†k1,↑b
†
k2,↓bk1,↓bk3,↑, b

†
kσbkσ]⟩ (s)

≈ (n0)kσ +
iUt

N
Gkσ (6.34)

where we have used the fact the initial state is |n0⟩ and

Gkσ =
∑

k1,k2,k3,k4

δ(k1 + k2 − k3 − k4)

⟨[b†k1,↑b
†
k2,↓bk1,↓bk3,↑, b

†
kσbkσ]⟩ (0) .

In defining Gkσ we have treated the commutator term as stationary on the timescales considered, which

is an approximation that is used in the literature [467]. With knowledge of gkσ, at early times we may

express the Gaussian state as ρg(t) = B(t) |n0⟩ ⟨n0|B†(t) with B(t) = exp{ iUt
N

∑
k,σ Gkσ/[(n0)kσ(1 −

(n0)kσ)]b
†
kσbkσ}, which comes from expanding log[gkσ(1− gkσ)−1] for small Ut. Thus Eq. (6.33) becomes

F = ⟨n0| eiHI tB(t) |n0⟩ ⟨n0|B†(t)e−iHI t |n0⟩+O(JUt2)

= ⟨n0| (1 + iHIt+
iUt

N

∑
kσ

Gkσb
†
kσbkσ) |n0⟩

× ⟨n0| (1− iHIt−
iUt

N

∑
kσ

Gkσb
†
kσbkσ) |n0⟩+O(τ2)

= 1 +O(τ2) , (6.35)

where on the second line we have expanded the exponents for small Ut.

In conclusion, we have shown that the terms linear in τ = Ut cancel, and so the fidelity F will decrease

from 1 at most quadratically in τ . Because we defined the distance θ(ρ) = arccos
√
F(ρ|ρg), we expect that

θ(ρ) grows linearly at early times.
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We attribute the observed self-similarity to the system’s two-body (“four-point”) correlations, although

the exact mechanism remains unknown to us at this point and deserves further study. To illustrate this

effect, Fig. 6.8 shows selected four-point functions used in the calculation of θ(ρ̃) as functions of τ for the

same values of U as in Figure Fig. 6.5 (a) and (b). For U ≪ J, J ′, the correlations collapse onto the same

curve. However, for U ∼ J, J ′, oscillations on this curve begin to grow until all resemblance to the small U

correlations is lost.

As a measure for how accurately the parameterization captures the entanglement spectrum {ϵi} of the

exact state, we consider the spectral error

∆i = |εi − ε′i| (6.36)

where {ε′i} is the entanglement spectrum of either ρ̃ or ρg. In Fig. 6.5(c), we show the spectral error

between ρg, ρ̃ and ρA in levels i = 0, 10, 50, 100 as a function of τ with t = 10/J fixed. The figure shows

that, for small interaction strength, the spectral error between ρg and ρA (dashed, pink) behaves as O(U),

while the spectral error between ρ̃ and ρA (dashed, purple) scales as O(U2). Thus ρ̃ captures the leading

order in U dependence of ρA, and furnishes a better approximation of the exact state than just ρg. For larger

interaction strengths neither ρg nor ρ̃ accurately estimate the spectrum of ρA.

6.7 Thermalization Dynamics

The statistical distribution of the entanglement spectrum {εi} is an indicator of quantum ergodicity and

chaos [460]. Specifically, we consider the gap ratio [448]

ri =
min(δi, δi−1)

max(δi, δi−1)
(6.37)

where δi = εi+1 − εi. Figs. 6.6(a),(b) show the gap ratio distributions Pt(r) of ρA and ρ̃ averaged across

symmetry sectors and different initial states. These are compared to both a non-repulsive Poisson distribution

and a Gaussian Unitary Ensemble (GUE). At early times the level statistics of both the exact state and

parameterization are consistent with Poisson behavior while subsequent times show (GUE) level repulsion.

Fig. 6.6(c) shows the average gap ratio ⟨r⟩ (t) of the parameterization versus the exact state over time,

demonstrating that the level statistics of the exact state are reproduced. Fig. 6.7 shows the average gap ratio

over a range of interaction strengths U/J and time Jt, comparing both ρA in a) with ρ̃ in b). Even at large U
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the parameterization captures the level statistics of the exact state, and accurately reproduces the transition

line between Poisson and GUE distributions.

A Gaussian state cannot exhibit level repulsion because its EH is quadratic and parameterized solely

by C(2). Regardless of C(2), the EH cannot show level repulsion, except in the single-particle sector, simply

because of the inherent level degeneracies in the many-particle sectors of a quadratic Hamiltonian. The

incorporation of small C(4)s is sufficient to break this degeneracy after short time evolution. The time scale

at which this happens, nearly identical for the exact and the parametrized state, reveals a crucial insight: the

emergence of quantum chaos necessitates the presence of two-body correlations of a certain magnitude.

6.8 Discussion of Symmetries and Choice of the Initial State

We now discuss the symmetries, relevant for this study, of the Fermi-Hubbard model with a next-nearest-

neighbor hopping [468]. One U(1) symmetry is local particle number conservation,

N =
∑
l

nl,↑ + nl↓ . (6.38)

For a subsystem of size NA, there are 2NA + 1 particle number sectors with associated quantum numbers

n ∈ {0, ..., 2NA}. Additionally, the model has an SU(2) symmetry, generated by the spin operators

Si =
1

2

∑
l

∑
r,r′

c†l,r
(
σi
)
rr′ cl,r′ (6.39)

where l ∈ {0, ..., NA − 1}, r, r′ ∈ {↑, ↓} and σ⃗ = {σx, σy, σz} is a vector of Pauli matrices. This symmetry

corresponds to global angular momentum conservation. The quantum numbers associated with this symmetry

are the eigenvalues of the total magnetization operator Ŝz = 1
2

∑
l nl↑ − nl↓ and the Casimir operator

S2 = (Sx)2 + (Sy)2 + (Sz)2. There are 2NA + 1 quantum number sectors associated with Sz , denoted by

m ∈ {−NA, ..., NA} and NA + 1 quantum numbers associated to S2, denoted by s ∈ {0, ..., NA(NA + 1)}.
The three operatorsN,Sz and S2 form the symmetry operators whose eigensectors are important for analyzing

the dynamics of this model in this chapter. In practice, one must project the state ρA(t) into these symmetry

sectors when analyzing the level distribution of the entanglement Hamiltonian, because eigenvalues from

different sectors remain trivially uncorrelated when the initial state also respects these symmetries.

There is also a particle-hole like symmetry that exists at half-filling, i.e. n = NA (see [469]), however its

details are largely irrelevant for our purposes. Additionally, modifications of the model may feature additional
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Figure 6.9: Rank of the state. Growth of rank for a system of N = 10 during the free evolution averaged over

30 random initial states. The pink region shows the range of growth rates over the averaged states.

symmetries, such as e.g., non-Abelian η-pairing symmetry [469], however they are either not relevant for us

or explicitly broken. Space-time symmetries are broken explicitly when one restricts the state to a subsystem.

In this study, we focus on initial momentum-space Fock states given by Eq. (6.32). We now discuss how

to choose such an initial state for the quench experiment that allows measurement of the build-up of level

repulsion. Because studying level repulsion requires block-diagonalizing the state into symmetry sectors, and

because the model has so many symmetries reflected in the measured correlation functions, one option is to

resolve all of them when analyzing ρA. Another is to break the symmetry explicitly by the initial condition.

Opting for a combination of the two, we will break the S2 and particle-hole symmetries of the model by

choice of a suitable initial state. The particle-hole symmetry is broken by choosing an initial state that is not

at half-filling. The S2 symmetry may be broken by choosing a state that is not an eigenstate of the Casimir,

i.e. O0 = [ρ0, S
2] ̸= 0. The algorithm for finding such an initial state is as follows:

1. Choose a global number sector n that is away from half-filling (i.e. n ̸= NA).

2. Randomly generate a trial product state in the Fock basis, Eq. (6.32), that satisfies
∑

kσ(n0)kσ = n
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3. Check Tr[O†
0O0] ̸= 0. If this condition is satisfied, accept this initial state and proceed with time

evolution. If it is not, return to step 2.
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Figure 6.10: Position space initial state. a) The average gap ratio of the exact state with a position space

initial state. b) The average gap ratio ⟨r⟩ (t) predicted by the parameterization.

An alternative strategy is to start from initial position-space Fock states

|ñ0⟩ =
∏
k

(c†kσ)
(ñ0)kσ |0⟩ (6.40)

which are un-entangled product states, making their experimental preparation simpler. Symmetries can be

adjusted in the exact same way as for momentum-space states. Since such a state is a product state and

therefore a very specific type of Gaussian state, it has zero entanglement and an initially trivial entanglement

Hamiltonian with rank RA = 1. Consequently, our primary observable, the entanglement gap ratio, is

initially undefined. To enable comparison with a generic Gaussian state, we first evolve the state with the free

Hamiltonian H0 for a duration t0 before turning on interactions, i.e.

|ψ⟩ (t) =


e−itH0 |ñ0⟩ for t < t0

e−i(t−t0)(H0+HI)e−it0H0 |ñ0⟩ for t ≥ t0
(6.41)
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During the onset period, we monitor the effective rankRA ≡ limα→0 exp{ 1
1−α log(Tr[ρα])} of the bipartite

reduced density matrix. It increases until it reaches full rank while remaining a Gaussian state, see Fig. 6.9.

We ensure that t0 is always chosen large enough to achieve full rank before turning on interactions. In

experiment, the turning on of interactions could be realized by keeping the two fermion species in separate

lattices first before bringing them together using a reconfigurable array of optical tweezers or moving a

spin-selective optical lattice.

After the interactions are turned on, our analysis is identical to that of the momentum state quench.

Fig. 6.10 shows the average gap ratio over a range of interaction strengths for both ρA and ρ̃. Even for large

U the parameterization captures the level statistics of the exact state, and accurately maps the cross over

between uncorrelated levels (Poisson) and level-repulsion (GUE).

6.9 Experimental Application

Our approach can be applied in conjunction with current ultracold-atom simulators to address entanglement

structure in experiments. We consider platforms which load fermionic atoms into optical lattices to realize

Hubbard models with tunable nearest-neighbor hopping and on-site interaction strengthsU [432,451,470,471]

similar to the model considered in Eq. (6.29).

To extract the entanglement structure using the above protocol, we require spin-resolved measurements

of both diagonal fermion density correlations ⟨ninj⟩ as well as off-diagonal fermion correlations ⟨c†icj⟩,
⟨c†ic

†
jckcl⟩ across the subsystem, see Fig. 6.1(a). Besides site-resolved imaging techniques, such as quantum

gas microscopes [105], this requires the ability of realizing tunneling operations between arbitrary pairs of

sites i and j in the subsystem. The required tunneling operations can for instance be efficiently implemented

using optical tweezers [453, 472].

To understand how one can use pair-wise tunneling to measure off-diagonal correlations, we write the

operator c†icj = Sx
ij + iSy

ij , where Sx
ij = 1

2(c
†
icj + c†jci) and Sy

ij = −i
2 (c†icj − c

†
jci). By applying π/2-

tunneling operations, Ux
ij(π/2) = exp{−iπ4Sx

ij} and Uy
ij(−π/2) = exp{iπ4S

y
ij}, we bring Sx

ij and Sy
ij , and

thus c†icj , into diagonal form where they are read from measurements of the local occupation numbers. The

same technique can be applied to another set of sites in parallel to obtain the four-body operators. In general,

one needs to perform NA(NA − 1) measurements for one-body correlations, where NA is the number of

modes in the subsystem (including spin), and NA(NA − 1)(NA − 2)(NA − 3) + O(N2
A) measurements
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for two-body correlations. k-body correlations require measurements in O(N2k
A ) bases where for k →∞

one performs, at exponential cost, full tomography. Furthermore, generalized measurement protocols based

on random atomic beam splitter operations in optical lattices [385, 473–477] can be applied in the present

context.

The advantage of our method is the use of polynomial (in system size) number of correlation func-

tions—standard observables in experiments—as input, rather than requiring full state tomography. However,

depending on the specific application, a complexity analysis must also account for the sampling cost associ-

ated with estimating correlation functions to the desired precision and, if targeting the EH’s level spacing

distribution, the classical representation of the reduced density matrix, which we address in 6.10. Our analysis

suggests that the spectral properties of the EH we target may be costly to resolve, potentially exponentially

so—especially at early times, where higher-order correlations tend to be overestimated with finite shots. This

direction has only recently begun to be addressed [478, 479].

The accuracy of approximation is dependent on the strength of correlations that the state exhibits, which

one has no a priori knowledge of in a quantum simulation experiment. Convergence can be explicitly tested

by measuring higher-order correlations and incorporating them into the parameterization, as described now.

6.10 Cost, efficiency, and noise

The method proposed here enables the reconstruction of an approximate quantum state using lower-order

correlation functions. Applications—such as extracting the level distribution of an associated entanglement

Hamiltonian—incur costs in both the sampling complexity of measuring the correlation functions and in the

classical postprocessing required. These procedures are also sensitive to noise. In the following, we address

these challenges and note that strict complexity-theoretic performance guarantees remain an open question

warranting further investigation.

We begin by addressing the cost associated with classical postprocessing—specifically, whether our

application requires storing the (exponentially large) reduced density matrix on a classical computer in order

to compute its spectrum. In principle, it is not necessary to store the full matrix to access spectral information.

Instead, one can apply generalized degenerate perturbation theory to an order consistent with the included

correlation functions. To illustrate this approach, we combine the Gaussian part with the diagonal contribution
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of δρ into a single diagonal matrix,

Dmn = δmn(ρg,nn + δρnn) . (6.42)

We work in the occupation basis where ρg is diagonal and δρnn are the corresponding contributions with

dH(n,n) = 0 from Eq. (6.5). The remaining contributions with dH(m,n) = 2 or 4 form the perturbation

Vmn. We can thus calculate the perturbed eigenvalues D′
nn of ρ = D + V as

D′
nn = Dnn +

∑
m̸=n

VnmVmn

Dn −Dm
. (6.43)

The sum over all occupation numbers m is not exponentially large in the subsystem size because for any

given n only contributions with dH(m,n) = 2 or 4 from the four-point functions arise, which reduces the

amount of terms to be computed to a number polynomial in subsystem size, specifically O(N4
A). This shows

that one can have access to the entanglement spectrum without classically reconstructing the reduced state as

a matrix.

Proceeding this way allows for the estimation of certain eigenvalues—for example, the lowest-lying

levels—at a given order, but it is insufficient to capture level repulsion at low orders in perturbation theory, see

e.g. [480]. The entire reduced state must be explicitly constructed from our parameterization and diagonalized

which incurs a cost exponential in subsystem size, though importantly does not scale with the size of the full

system. This holds despite the fact that two- and four-point functions carry sufficient information to discern

level repulsion. Fortunately, since level repulsion is a universal quantity, it is sufficient to choose a subsystem

large enough to yield meaningful level statistics, but still small enough to be classically representable.

Second, we now address the effect of shot noise on reconstructing the spectral statistics. In Fig. 6.11 (a) we

emulated the measurement protocol for 4 initial states at times τ = 0.01, 0.02, 0.05, 0.08, 0.1, 0.2, 0.3, 0.4, 0.5

for four runs with NS = 104, 3 · 104, 5 · 104, 8 · 104, where NS is the number of shots for each basis in which

correlation functions are extracted, for each run. After times τ ≥ .05, we observe that the gap ratio from

the estimated four point functions is able to closely track the gap ratio from the exact four-point functions.

However, for the first few time steps the convergence to the exact prediction is observed to be much slower,

behavior that can be attributed to the typical size of non-Gaussian correlations at very early times.

Fig. 6.11 (b) depicts the real part of an example four-point function with the associated finite-shot estimate

at τ = 0.01, 0.1, 0.2, 0.3, 0.4, 0.5, which for τ = 0.01 is of the orderO(10−6) while the shot-noise estimated

value is O(10−3), both smaller than the two-point functions which are O(10−1). At later times the four-point



150

Time ⌧

A
ve

ra
g
e

G
ap

R
at

io
hr
i(

t)

F
ou

r-
P
oi

n
t

a)
b)

0.0 0.2 0.4

0.3

0.4

0.5

0.6

0.7

Poisson

GUE

ΩA

Ω̃

1 · 104

3 · 104

5 · 104

8 · 104

<latexit sha1_base64="mXrqNg7Nht8AJoCGrVHXDaA4o7w=">AAAB9XicbVBNT8JAEJ3iF+IX6tHLRmKCF9IiQY9ELh4xkY8ECtkuW9iw3Ta7Ww1p+B9ePGiMV/+LN/+NC/Sg4EsmeXlvJjPzvIgzpW3728psbG5t72R3c3v7B4dH+eOTlgpjSWiThDyUHQ8rypmgTc00p51IUhx4nLa9SX3utx+pVCwUD3oaUTfAI8F8RrA2Ur/eT4qVy9kgsZ3y1WyQL9glewG0TpyUFCBFY5D/6g1DEgdUaMKxUl3HjrSbYKkZ4XSW68WKRphM8Ih2DRU4oMpNFlfP0IVRhsgPpSmh0UL9PZHgQKlp4JnOAOuxWvXm4n9eN9b+jZswEcWaCrJc5Mcc6RDNI0BDJinRfGoIJpKZWxEZY4mJNkHlTAjO6svrpFUuOdVS9b5SqN2mcWThDM6hCA5cQw3uoAFNICDhGV7hzXqyXqx362PZmrHSmVP4A+vzB5m5kUw=</latexit> C
(4

)
0
1
2
3

0.0 0.2 0.4
°0.04

°0.03

°0.02

°0.01

0.00

0.010 0.025
10°7

10°5

10°3

10°1

<latexit sha1_base64="x40xnzDQ2JOpq10pFv7QTn12G44=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgqSQi1WPRixehgv2ANpTNZtIu3XywOymW0H/ixYMiXv0n3vw3btoctPXBwOO9GWbmeYngCm372yitrW9sbpW3Kzu7e/sH5uFRW8WpZNBisYhl16MKBI+ghRwFdBMJNPQEdLzxbe53JiAVj6NHnCbghnQY8YAziloamGYf4Qmz+1zF1IfZwKzaNXsOa5U4BamSAs2B+dX3Y5aGECETVKmeYyfoZlQiZwJmlX6qIKFsTIfQ0zSiISg3m18+s8604ltBLHVFaM3V3xMZDZWahp7uDCmO1LKXi/95vRSDazfjUZIiRGyxKEiFhbGVx2D5XAJDMdWEMsn1rRYbUUkZ6rAqOgRn+eVV0r6oOfVa/eGy2rgp4iiTE3JKzolDrkiD3JEmaRFGJuSZvJI3IzNejHfjY9FaMoqZY/IHxucPNd6UDQ==</latexit> M
ag

n
it

u
d
e

Time ⌧

Figure 6.11: Shot noise analysis. a) The build-up of level repulsion for N = 8, NA = 4 averaged across 4

initial states. The gold line represents the exact result, the purple line represents the ansatz with exact

four-point functions, and the blue dots denote the ansatz measured with finite shots; the shading indicates the

number of samples used. b) An example of four-point function (points) compared to the exact four-point

function (continuous curve). The error bars are given by the standard deviation from the mean and the

number of shots are NS = 5 · 104

function has grown sufficiently such that it can be accurately measured while still being small enough for the

parameterization to remain valid.

In general, experimental imperfections and shot noise tend to overestimate higher-order correlation

functions relative to those of Gaussian states which are structurally special. This leads to an overestimation of

level repulsion. Taken together, these observations highlight that estimating entanglement-related properties

of near-Gaussian states is a subtle and nuanced task. While initial complexity-theoretic results provide

valuable insights [478, 479], this merits further investigation.

6.11 Conclusions

In this section, we addressed the entanglement structure of quantum states, i.e. entanglement Hamiltonians

and their spectrum, from the perspective of lower-order k-body correlation functions. Our approach is based
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on a systematic expansion of the Wigner function around Gaussian states, where non-Gaussian contributions

are constructed directly from higher-order correlations. While our primary example focused on k = 1 and 2,

the method can be systematically extended to all orders. Furthermore, the approach is model-independent

and applicable in higher dimensions.

Our motivation for this study was multi-fold. On one hand, our approach provides a practical avenue for

measuring the entanglement structure in analog quantum simulator experiments with limited control. Espe-

cially at weak-coupling, these experiments could enable the exploration of quantum chaos and thermalization

at late times, connecting entanglement dynamics to the growth of lower-order correlations. We posit that

the parameterization we have developed is useful at late times near-thermal equilibrium, where states are

expected to be close to Gaussian. Thus our approach offers a pathway from the early to the late stages of the

thermalization dynamics [481–485].

One area that remains unexplored is the connection between correlation functions and entanglement

in high-energy and nuclear physics experiments. In ultra-relativistic heavy ion collisions many-particle

correlations are a key experimental observable [486,487]. Despite the lack of direct access to any off-diagonal

correlations in experiment, correlation functions are central for theoretical descriptions, including effective

kinetic theory [488] and hydrodynamics [489]. Within these frameworks, our approach may see use for

studying physics encoded in the entanglement spectrum. Furthermore, the intersections of our approach

with other theoretical tools available for studying quantum-many body dynamics, such as matrix product

states [490] or time-dependent variational techniques [491, 492] ought to be explored. Our technique is more

broadly applicable for characterizing quantum states without resorting to full tomography, e.g. to probe

phases of matter through the low-energy spectrum of the EH [446] or to evaluate measures of quantum

complexity [308]. Finally, non-Gaussianity can be viewed as a quantum information theoretic resource [493–

495]. Its role for measuring complexity of quantum many-body systems should be explored [305, 307, 313,

496–499].
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Chapter 7

REALIZING ERROR SUPPRESSION IN PARTIALLY FAULT-TOLERANT QUANTUM
SIMULATIONS WITH IBM QUANTUM COMPUTERS

7.1 Introduction

Performing quantum simulations with sufficient precision to compute many scientifically relevant observables

requires levels of error suppression attainable only through quantum error correction (QEC) [500–504]. The

qubit and gate overhead of fault-tolerant (FT) quantum computation has so far kept large-scale QEC out of

reach for practical quantum simulations. Leveraging high gate fidelities and flexible connectivity, recent

demonstrations on trapped ions [505, 506] and neutral atoms [507–509] have achieved “beyond break-even”

performance, with the encoded error rate falling below the unencoded rate [510]. Solid-state platforms

have seen similar success, albeit in more restricted settings [511–518]. These results suggest that in certain

cases, presently available hardware can benefit from FT implementations beyond what error mitigation alone

can achieve. Realizing this benefit in quantum simulations requires carefully balancing the error-rate (ER)

improvements from FT against its associated overhead.

An approach to computing with encoded qubits that is compatible with currently available hardware is

to supplement FT components with non-FT (nFT) ones, allowing some physical errors to go undetected

in exchange for lower circuit overhead [519–524]. In this partially FT approach, for a physical error rate

p,1 nFT components contribute a factor of Ap to the logical error rate (LER), whereas FT components that

remove O(p) errors provide a suppression of Bp2, giving a total logical error rate of pL(p) = Ap + Bp2.

By carefully designing the nFT components such that A ≪ B ≪ 1, the computation can go below the

“pseudothreshold”, i.e., p such that pL(p) < p. The nFT components generally consist of logical rotations,

for which a fully FT implementation would require magic state injection [525] or code switching [526, 527].

Although topological codes such as the surface code [528, 529] and the heavy-hex code [530] are naturally

suited to limited-connectivity devices [531], the measurement and decoding overhead of their lattice-surgery

1In practice many processes contribute to p. In this work p characterizes the combined error rate of all of these processes, which is

typically dominated by two-qubit gate errors.
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operations places them out of reach for present-day simulations [532].

While the full power of QEC may still be beyond reach, immediate improvements can be achieved

through the adoption of lightweight, low-overhead quantum error detection (QED) encodings [533–539]. A

motivation for this work is to use FT to advance quantum simulations of lattice gauge theories [540–546]

describing the fundamental forces of Nature [59, 82, 295, 390, 434, 547]. The mappings and dynamics of such

simulations are organized by symmetries that group the degrees of freedom into repeating units. As such, it

is natural to study FT schemes whose code blocks coincide with these units.2 The recently studied Iceberg

codes are a family of [[n+ 2, n, 2]] codes that use two extra physical qubits to encode n logical qubits into a

single block [502, 505, 533, 548–552]. Using multiple interacting code blocks of the [[4, 2, 2]] Iceberg code,

we perform Hamiltonian simulations on IBM’s heavy-hexagonal quantum computers and achieve beyond

break-even performance on the calculation of local observables. This is done through the development of

shallow syndrome extraction circuits designed for the device’s native qubit connectivity. We implement

nFT logical rotations, minimizing their depth by selecting specific code block layouts and gate scheduling.

One unavoidable feature of QED codes is the exponential loss of ensemble size as the number of syndrome

extraction rounds increases. For a computation with many code blocks, this loss prohibits running even a

single round of syndrome extraction if all shots record an error and are discarded. This work proposes a

selective-filtering strategy, Observable-Ranked Postselection (ORP), that discards detection events based

on their probability of causing a logical error, determined through correlations between syndrome flips and

logical observable values.

We demonstrate the benefits of these QED methods through simulations of false-vacuum decay in the

1+1D and 2+1D Mixed-Field Ising model (MFIM). Despite a two to six times increase in circuit depth,

encoded 1D simulations outperform their unencoded counterparts in estimating local observables by 2-6%

in the regimes considered in this work. As the logical degrees of freedom are spread across a block rather

than being localized to a single physical qubit, the encoding relaxes the connectivity constraints of a logical

computation. As a result, encoded simulations on a 2D square lattice are therefore possible at a 1.5 times

lower overall circuit depth than a direct unencoded implementation. There, the encoding improvement grows

with circuit depth, exceeding 200% at late times. Importantly, we compare the performance of encoded

2In the Schwinger model (quantum electrodynamics in 1+1D), for example, a spatial site maps to two qubits, e.g. Refs. [182, 184,

199, 225], suggesting the use of code blocks that implement two logical qubits.
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and unencoded circuits without any error mitigation schemes that utilize auxiliary circuits to “learn” the

noise [41, 42, 52, 184, 199, 213, 294, 553–555]. This choice isolates the improvements due to QED from those

introduced by mitigation schemes. In both 1D and 2D, we find that infrequent error detection in systems

mapped to many Iceberg-code logical qubits occupies a crossover regime between NISQ-era heuristics and

fully FT computation.

Sections 7.2–7.4 constitute the main text of this chapter and are designed to be read sequentially. Sec-

tion 7.2 describes the implementation of multiple blocks of the [[4, 2, 2]] code on heavy-hex connectivity,

as well as the details of our detector filtering technique, ORP. Section 7.3 presents results of encoded and

unencoded simulations of the Ising model on ibm boston. Section 7.4 concludes with a discussion of the

results and the role of encoded computations in the early FT era of quantum simulation for scientific discovery.

The appendices to this chapter contain information supporting the results in the main text. App. E.1 elaborates

on ORP. App. E.2 explains the procedure used to determine optimal device layouts. Logical circuit scheduling

is discussed in App. E.3. App. E.4 and App. E.5 provide the details and design choices behind our quantum

and classical simulations, respectively. The remaining appendices provide further information and expand on

these discussions.

7.2 Fault Tolerance in the [[4, 2, 2]] Code

The key consideration behind the FT design of logical circuits is that the spread of errors should be controlled

and minimized. Namely, such circuits should not introduce more errors than they can detect, and they should

not propagate detectable errors into undetectable ones. This work implements a version of FT that is inspired

by level-1 FT (1-FT) [504] by choosing “gadgets”, i.e. subcircuits that implement an encoded operation, that

satisfy the following conditions:

1. A gadget with no errors during operation detects one input error and outputs at most one error.

2. A gadget with one error during operation and no input errors outputs at most one error.

For modest-sized circuit gadgets, such as those used in this work, these conditions can be verified by

classical simulations. Two-qubit gates are the operations that typically suffer from the highest levels of noise

and therefore set the dominant physical error rate. While faulty two-qubit gates can in principle produce
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undetectable errors at the same rate as single-qubit errors, this work finds that using these conditions as

criterion for FT is sufficient for practical error suppression.

The [[4, 2, 2]] code is a Calderbank-Shor-Steane (CSS) code [556] that forms two logical qubits from four

physical qubits, and is the smallest code in the family of Iceberg codes. It is a distance d = 2 code and so is

capable of detecting single-qubit errors. The stabilizers of this code, shown on the left side of Fig. 7.1a), are

given by

SX = X0X1X2X3, SZ = Z0Z1Z2Z3 . (7.1)

These operators define the codespace as the joint +1-eigenspace of SX and SZ , i.e., the even-parity sector of

the four-qubit Hilbert space. The logical |00⟩ state is a four-qubit GHZ state, |GHZ(4)⟩ = 1/
√
2(|0000⟩+ |1111⟩),

and the logical operators on the codespace are given by

Xi = Xi+1X3 , Zi = Z0Zi+1 (7.2)

for i = 0, 1 and are shown on the right side of Fig. 7.1a). Any operator that contains only an even number of

physical Xs and Zs preserves the codespace, so errors of this form correspond to undetectable logical errors.

Further, since operators on the logical space are equivalent up to multiplication by the stabilizers, the only

errors this code fails to detect must contain two Xs or two Zs.

7.2.1 The [[4, 2, 2]] Code on Heavy-Hex Quantum Computers

To perform encoded computations on a quantum device, it is necessary to choose a hardware embedding that

allows for efficient FT syndrome extraction and shallow implementation of logical operations. Six physical

qubits are used to represent each [[4, 2, 2]] code block: four data qubits d0-d3 and two ancilla qubits ax, az

used for syndrome readout and logical operations. The embedding of a single code block into the heavy-hex

connectivity requires one degree-3 vertex and two degree-2 vertices. Within this single-block topology,

logical operations and syndrome extraction have different optimal arrangements of qubits. We call these the

“compute” and “syndrome” configurations, which are shown in Fig. 7.1c) in the center of the circuits. The FT

syndrome extraction circuit shown at the bottom right of Fig. 7.1c) measures SX and SZ simultaneously and

requires all code blocks to have the same topology. During syndrome extraction, the ancillas ax and az also

act as mutual error flags, controlling the proliferation of “hook” errors that propagate from ancilla to data

qubits [549, 557–559]. This circuit is derived from Ref. [560] and is verified to be 1-FT through classical
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simulations. The circuits required to switch between the compute and syndrome configurations (and the gate

overhead) are given in App. E.4.

To maintain scalability and locality of logical operations, we represent logical qubits with multiple

[[4, 2, 2]] code blocks. The optimal block placement is chosen in several steps which are explained in App. E.2.

Avoiding noisy two-qubit gates and qubits with high measurement error rates, the maximum number of code

blocks we find is 21, corresponding to 42 logical qubits. Logical qubits are labeled by their block and qubit

number within the block:

(b, lb) with lb ∈ {0, 1} . (7.3)

Any given placement of code blocks can realize a number of distinct logical connectivity graphs. This work

selects the placement that has the most square-grid-like logical connectivity graph from all possible 21-block

placements, which is relevant for the 2D simulations discussed in Sec. 7.3. See App. E.2 for more details on

the layout selection process. The chosen block placement on ibm boston has four missing internal edges

and is shown in Fig. 7.1b). This block placement has both directly adjacent blocks, and blocks that have a

“bridge” qubit between them, shown in green.

7.2.2 Observable-Ranked Postselection (ORP)

Postselection is the task of identifying and discarding shots corrupted by errors. Syndrome measurements

serve as imperfect proxies for identifying these affected shots, both due to the partially FT approach used in

this work and because multiple errors can incorrectly return the logical state into the codespace. As a result,

errors affecting logical information will not always trigger a syndrome. Further, a logical observable will

be unaffected by errors that are causally disconnected from it or otherwise commute with it. We introduce

ORP to sidestep the exponential shot loss associated with complete postselection.3 This method ranks error

detection events by their probability of causing a logical error and uses this ranking to iteratively clean the

measured dataset.

Active reset of the ancilla qubits between rounds consumes device coherence time, and so resets are

omitted in this work. Each measured outcome therefore reflects the accumulated parity of syndrome

3The form of the exponential shot loss is a constant plus an exponential in the number of rounds of stabilizer measurements. The

constant is determined by the ratio of the size of the codespace to the physical-qubit space. It is typically small enough to be

neglected for practical ensemble sizes.



157

measurements in the computation up to that point [561]. The measurement outcome for syndrome type-g

on block b and round r is denoted as sj = s(g,b,r). These are combined into “detectors” by comparing each

stabilizer’s outcome sj to its value in a previous round,

vj+1 = sj−1 ⊕ sj+1 , (7.4)

where j ± 1 is shorthand for (g, b, r ± 1) and ⊕ is the XOR operation implementing modulo-2 addition. The

definition (7.4) implies a detector only fires (vj = 1) when this comparison is violated. Crucially, in the

absence of errors, all detectors will take the deterministic value vj = 0.

A detector vj’s impact on a given observable O is inferred by conditioning ⟨O⟩ on the value of vj by

∆j =
∣∣⟨O⟩vj=0 − ⟨O⟩vj=1

∣∣ , (7.5)

which measures the correlation between detection events and logical errors that bias ⟨O⟩. For the jth

detector, ∆j can be interpreted as quantifying the effective probability that, given a detection event, a

logical error occurred [512, 521, 562].4 Detectors are then ranked by ∆j , and ORP uses this ranking to

postselect on detection events with high ∆j . A cut at level k keeps only shots in which none of the top-k

detectors fire, resulting in a sequence of increasingly strict cuts with smaller ensemble sizes and progressively

cleaner estimates of ⟨O⟩k. Each time the cutoff k is increased, the proportion of shots containing harmful

errors relative to the remaining ensemble size decreases, and so the expectation value of a logical observable

progressively approaches the noiseless value until it plateaus at a level set by the undetectable errors. However,

the ensemble size also decreases with increasing k, inflating the statistical uncertainty on ⟨O⟩k. The optimal

cut level therefore balances the bias from residual device noise against the variance from shot loss.

Since the residual bias is bounded below by the undetectable errors, once the shots carrying the dominant

detectable errors have been removed ⟨O⟩k stops moving and its distribution is consistent with statistical

fluctuations alone. We identify plateaus in k over which this criterion holds, indicating that the estimate

has converged. The optimal cut level k∗ is chosen to be at the lower edge of the most stable plateau, and

ORP uses this value to compute ⟨O⟩k∗ . Technical details of ORP and the plateau-finding algorithm are given

in App. E.1 and alternatives considered are discussed in App. E.6.

4For a local observable O, the detectors selected by ORP are found to coincide with the backwards lightcone of O, such that

detectors causally disconnected from O have values of ∆j parametrically smaller than those within the lightcone. This is discussed

in App. E.6.5.
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<latexit sha1_base64="o4FXf7bDO6hMfJS7XP0T9ys4YJA=">AAACC3icbVDLTsJAFJ3iC/EB6tJNIzFxRVpj0CXRjUuM8kiAkOn0FibMTJuZWyNp+AS/wK1+gTvj1o/wA/wPW2Ah4ElucnLOvTk3x4sEN+g431ZubX1jcyu/XdjZ3dsvlg4OmyaMNYMGC0Wo2x41ILiCBnIU0I40UOkJaHmjm8xvPYI2PFQPOI6gJ+lA8YAziqnULxW7CE+Y3I+Vr0MJk36p7FScKexV4s5JmcxR75d+un7IYgkKmaDGdFwnwl5CNXImYFLoxgYiykZ0AJ2UKirB9JLp4xP7NFV8Owh1Ogrtqfr3IqHSmLH00k1JcWiWvUz8z+vEGFz1Eq6iGEGxWVAQCxtDO2vB9rkGhmKcEso0T3+12ZBqyjDtaiHF03QEmPXiLrewSprnFbdaqd5dlGvX84by5JickDPikktSI7ekThqEkZi8kFfyZj1b79aH9TlbzVnzmyOyAOvrF5bEnA4=</latexit>

Syndrome
<latexit sha1_base64="ajL0Z/AeZrpKapuc44hQ8ykI22Y=">AAACDXicbZBLSgNBEIZ74ivG10SXbgaD4CrMiESXQRFcRjAPSIbQ06kkTXoedNdowpAzeAK3egJ34tYzeADvYU8yC5P4Q8HPX1VU8XmR4Apt+9vIra1vbG7ltws7u3v7B2bxsKHCWDKos1CEsuVRBYIHUEeOAlqRBOp7Apre6CbtNx9BKh4GDziJwPXpIOB9zijqqGsWOwhjTG7HKClLo2nXLNlleyZr1TiZKZFMta750+mFLPYhQCaoUm3HjtBNqETOBEwLnVhBRNmIDqCtbUB9UG4ye31qneqkZ/VDqStAa5b+3Uior9TE9/SkT3Golntp+F+vHWP/yk14EMUIAZsf6sfCwtBKOVg9LoGhmGhDmeT6V4sNaQpB01q44kk6Aky5OMsUVk3jvOxUypX7i1L1OiOUJ8fkhJwRh1ySKrkjNVInjDyRF/JK3oxn4934MD7nozkj2zkiCzK+fgE4oZzy</latexit>

Extraction

<latexit sha1_base64="pkqoaMNziDmdji/+ZP5B5eJb0LY=">AAACA3icbVDLSgNBEJyNrxhfUY9eBoOgl7ArEj0GvXiMYB6SLGF20kmGzOwuM71iWHL0C7zqF3gTr36IH+B/uJvswSQWNBRV3XR3eaEUBm3728qtrK6tb+Q3C1vbO7t7xf2DhgkizaHOAxnolscMSOFDHQVKaIUamPIkNL3RTeo3H0EbEfj3OA7BVWzgi77gDBPpoYPwhDE/m3SLJbtsT0GXiZOREslQ6xZ/Or2ARwp85JIZ03bsEN2YaRRcwqTQiQyEjI/YANoJ9ZkC48bTgyf0JFF6tB/opHykU/XvRMyUMWPlJZ2K4dAseqn4n9eOsH/lxsIPIwSfzxb1I0kxoOn3tCc0cJTjhDCuRXIr5UOmGccko7ktnmYjwDQXZzGFZdI4LzuVcuXuolS9zhLKkyNyTE6JQy5JldySGqkTThR5Ia/kzXq23q0P63PWmrOymUMyB+vrF7lxmNw=</latexit>

c)
<latexit sha1_base64="7Dhj1dyNXaXRm0+HXluDp9twdyk=">AAACCHicbVDLSsNAFJ3UV62vqks3wSK4KolIdVl048JFBfuANpbJ9KYdOpmEmRuxhP6AX+BWv8CduPUv/AD/w0nbhW09cOFwzr2cy/FjwTU6zreVW1ldW9/Ibxa2tnd294r7Bw0dJYpBnUUiUi2fahBcQh05CmjFCmjoC2j6w+vMbz6C0jyS9ziKwQtpX/KAM4pGeuggPGF6G/WNIMbdYskpOxPYy8SdkRKZodYt/nR6EUtCkMgE1brtOjF6KVXImYBxoZNoiCkb0j60DZU0BO2lk6/H9olRenYQKTMS7Yn69yKlodaj0DebIcWBXvQy8T+vnWBw6aVcxgmCZNOgIBE2RnZWgd3jChiKkSGUKW5+tdmAKsrQFDWX4is6BMx6cRdbWCaNs7JbKVfuzkvVq1lDeXJEjskpcckFqZIbUiN1wogiL+SVvFnP1rv1YX1OV3PW7OaQzMH6+gUCdZs9</latexit>

Logical
<latexit sha1_base64="8G3uAqnI7uXbtC+4zIzGOFCCdQM=">AAACDHicbVDLSsNAFJ3UV62vqEs3wSK4KolIdVl047KKfUAbymR62w6dPJi5KZbQX/AL3OoXuBO3/oMf4H84SbOwrQcuHM65l3M5XiS4Qtv+Ngpr6xubW8Xt0s7u3v6BeXjUVGEsGTRYKELZ9qgCwQNoIEcB7UgC9T0BLW98m/qtCUjFw+ARpxG4Ph0GfMAZRS31TLOL8ITJQ4iZoGY9s2xX7AzWKnFyUiY56j3zp9sPWexDgExQpTqOHaGbUImcCZiVurGCiLIxHUJH04D6oNwk+3xmnWmlbw1CqSdAK1P/XiTUV2rqe3rTpzhSy14q/ud1YhxcuwkPohghYPOgQSwsDK20BqvPJTAUU00ok1z/arERlZShLmshxZN0DJj24iy3sEqaFxWnWqneX5ZrN3lDRXJCTsk5ccgVqZE7UicNwsiEvJBX8mY8G+/Gh/E5Xy0Y+c0xWYDx9Qt3bJyK</latexit>

Rotations

<latexit sha1_base64="b1eQ5b5xDlfVAUBGo2GLuA9aEp8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELxwhkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKELjNc=</latexit>

H
<latexit sha1_base64="b1eQ5b5xDlfVAUBGo2GLuA9aEp8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELxwhkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKELjNc=</latexit>

H

<latexit sha1_base64="b1eQ5b5xDlfVAUBGo2GLuA9aEp8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELxwhkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKELjNc=</latexit>

H

<latexit sha1_base64="b1eQ5b5xDlfVAUBGo2GLuA9aEp8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELxwhkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKELjNc=</latexit>

H

<latexit sha1_base64="b1eQ5b5xDlfVAUBGo2GLuA9aEp8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELxwhkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKELjNc=</latexit>

H

<latexit sha1_base64="beVzdjwhl1EsShprEhKlSnEGJYY=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQiVW+FXjxWsLWQhrLZTNqlm2zYnYgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5QSq4Rsf5tkpr6xubW+Xtys7u3v5B9fCoq2WmGHSYFFL1AqpB8AQ6yFFAL1VA40DAQzBuzfyHR1Cay+QeJyn4MR0mPOKMopG8PsIT5i0ZwnRQrTl1Zw57lbgFqZEC7UH1qx9KlsWQIBNUa891UvRzqpAzAdNKP9OQUjamQ/AMTWgM2s/nJ0/tM6OEdiSVqQTtufp7Iqex1pM4MJ0xxZFe9mbif56XYXTt5zxJM4SELRZFmbBR2rP/7ZArYCgmhlCmuLnVZiOqKEOTUsWE4C6/vEq6F3W3UW/cXdaaN0UcZXJCTsk5cckVaZJb0iYdwogkz+SVvFlovVjv1seitWQVM8fkD6zPH6oBkX4=</latexit>

Code
<latexit sha1_base64="sjUXFUXJi692Eceb6JPjAsR+ipA=">AAAB/nicbZBLSwMxFIUz9VXra1RcuQkWwVWZEam6K7jRXQX7gHYomTTThmYyQ3JHrEPBv+LGhSJu/R3u/Dem01lo64HAxzn3kuT4seAaHOfbKiwtr6yuFddLG5tb2zv27l5TR4mirEEjEam2TzQTXLIGcBCsHStGQl+wlj+6muate6Y0j+QdjGPmhWQgecApAWP17IMusAdIbyQHTgR/zOxJzy47FScTXgQ3hzLKVe/ZX91+RJOQSaCCaN1xnRi8lCjgVLBJqZtoFhM6IgPWMShJyLSXZs+f4GPj9HEQKXMk4Mz9vZGSUOtx6JvJkMBQz2dT87+sk0Bw4aVcxgkwSWcXBYnAEOFpF7jPFaMgxgYIVaYBiumQKELBNFYyJbjzX16E5mnFrVaqt2fl2mVeRxEdoiN0glx0jmroGtVRA1GUomf0it6sJ+vFerc+ZqMFK9/ZR39kff4AWp2WYA==</latexit>

Initialization
<latexit sha1_base64="EzbXEDry/DhSnfjWx/+PfYbCqGY=">AAACD3icbVBLSwMxGMzWV62vVY9egkXxVLIiVW8FLx4r2Ad0l5JN0zY0myxJVijb/gMv/hUvHhTx6tWb/8ZsuwdtHQgMM9+XZCaMOdMGoW+nsLK6tr5R3Cxtbe/s7rn7B00tE0Vog0guVTvEmnImaMMww2k7VhRHIaetcHST+a0HqjST4t6MYxpEeCBYnxFsrNR1TyfIwldYDDiFvpFw4ku7kN2XIjTNna5bRhU0A1wmXk7KIEe96375PUmSiApDONa646HYBClWhhFOpyU/0TTGZIQHtGOpwBHVQTrLM4UnVunBvlT2CANn6u+NFEdaj6PQTkbYDPWil4n/eZ3E9K+ClIk4MVSQ+UP9hEMbOysH9piixPCxJZgoZv8KyRArTIytsGRL8BYjL5PmecWrVqp3F+XadV5HERyBY3AGPHAJauAW1EEDEPAInsEreHOenBfn3fmYjxacfOcQ/IHz+QMqx5wi</latexit>

|0000i ! |00i

<latexit sha1_base64="eEE3eZ+RZOlAJWHTzPsZdYjTv5A=">AAAB/3icbVDLTgIxFL2DL8QX6tJNIzFxRWaMQZdENy4xcYAEJqRTCjR0OpP2jgmZsPAL3OoXuDNu/RQ/wP+wwCwEPUmTk3Puyb09YSKFQdf9cgpr6xubW8Xt0s7u3v5B+fCoaeJUM+6zWMa6HVLDpVDcR4GStxPNaRRK3grHtzO/9ci1EbF6wEnCg4gOlRgIRtFKfrcfo+mVK27VnYP8JV5OKpCj0St/2xxLI66QSWpMx3MTDDKqUTDJp6VuanhC2ZgOecdSRSNugmx+7JScWaVPBrG2TyGZq78TGY2MmUShnYwojsyqNxP/8zopDq6DTKgkRa7YYtEglQRjMvs56QvNGcqJJZRpYW8lbEQ1ZWj7WdoSajrmOLW9eKst/CXNi6pXq9buLyv1m7yhIpzAKZyDB1dQhztogA8MBDzDC7w6T86b8+58LEYLTp45hiU4nz+f35cl</latexit>. . .

<latexit sha1_base64="oKAGubWc9ZfjxjffHRcokMrb8iU=">AAAB8nicbVBNSwMxEM36WetX1aOXYBHqpeyKVL0VvHisYj9wu5Rsmm1Ds8mSzApl6c/w4kERr/4ab/4b03YP2vpg4PHeDDPzwkRwA6777aysrq1vbBa2its7u3v7pYPDllGppqxJlVC6ExLDBJesCRwE6ySakTgUrB2ObqZ++4lpw5V8gHHCgpgMJI84JWAl/773WOnCkAE565XKbtWdAS8TLydllKPRK311+4qmMZNABTHG99wEgoxo4FSwSbGbGpYQOiID5lsqScxMkM1OnuBTq/RxpLQtCXim/p7ISGzMOA5tZ0xgaBa9qfif56cQXQUZl0kKTNL5oigVGBSe/o/7XDMKYmwJoZrbWzEdEk0o2JSKNgRv8eVl0jqverVq7e6iXL/O4yigY3SCKshDl6iOblEDNRFFCj2jV/TmgPPivDsf89YVJ585Qn/gfP4AehCQuA==</latexit>

RZ(✓)

<latexit sha1_base64="oKAGubWc9ZfjxjffHRcokMrb8iU=">AAAB8nicbVBNSwMxEM36WetX1aOXYBHqpeyKVL0VvHisYj9wu5Rsmm1Ds8mSzApl6c/w4kERr/4ab/4b03YP2vpg4PHeDDPzwkRwA6777aysrq1vbBa2its7u3v7pYPDllGppqxJlVC6ExLDBJesCRwE6ySakTgUrB2ObqZ++4lpw5V8gHHCgpgMJI84JWAl/773WOnCkAE565XKbtWdAS8TLydllKPRK311+4qmMZNABTHG99wEgoxo4FSwSbGbGpYQOiID5lsqScxMkM1OnuBTq/RxpLQtCXim/p7ISGzMOA5tZ0xgaBa9qfif56cQXQUZl0kKTNL5oigVGBSe/o/7XDMKYmwJoZrbWzEdEk0o2JSKNgRv8eVl0jqverVq7e6iXL/O4yigY3SCKshDl6iOblEDNRFFCj2jV/TmgPPivDsf89YVJ585Qn/gfP4AehCQuA==</latexit>

RZ(✓)

<latexit sha1_base64="MEEgpK0vntU244kWk/WJoWxKCLQ=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRbBiyURqXoreNFbBfsBbSib7aRdutmE3Ym0hP4VLx4U8eof8ea/cftx0NYHA4/3ZpiZFySCa3Tdbyu3tr6xuZXfLuzs7u0f2IfFho5TxaDOYhGrVkA1CC6hjhwFtBIFNAoENIPh7dRvPoHSPJaPOE7Aj2hf8pAzikbq2sUOwgize4mgzgMRs+Gka5fcsjuDs0q8BSmRBWpd+6vTi1kagUQmqNZtz03Qz6hCzgRMCp1UQ0LZkPahbaikEWg/m90+cU6N0nPCWJmS6MzU3xMZjbQeR4HpjCgO9LI3Ff/z2imG137GZZIiSDZfFKbCwdiZBuH0uAKGYmwIZYqbWx02oIoyk4QumBC85ZdXSeOi7FXKlYfLUvVmEUeeHJMTckY8ckWq5I7USJ0wMiLP5JW8WRPrxXq3PuatOWsxc0T+wPr8AXaIlLQ=</latexit>

Inter-block
<latexit sha1_base64="pBgBatr6u7tInwBHvb89iAxgZzo=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCF0siUvVW8KK3CvYD2lA22027dLMJuxNpCfkrXjwo4tU/4s1/47bNQVsfDDzem2Fmnh8LrsFxvq3C2vrG5lZxu7Szu7d/YB+WWzpKFGVNGolIdXyimeCSNYGDYJ1YMRL6grX98e3Mbz8xpXkkH2EaMy8kQ8kDTgkYqW+Xe8AmkN5LUOTcFxEdZ3274lSdOfAqcXNSQTkaffurN4hoEjIJVBCtu64Tg5cSBZwKlpV6iWYxoWMyZF1DJQmZ9tL57Rk+NcoAB5EyJQHP1d8TKQm1noa+6QwJjPSyNxP/87oJBNdeymWcAJN0sShIBIYIz4LAA64YBTE1hFDFza2YjogiFExcJROCu/zyKmldVN1atfZwWanf5HEU0TE6QWfIRVeoju5QAzURRRP0jF7Rm5VZL9a79bFoLVj5zBH6A+vzB3BplLA=</latexit>

Intra-block

<latexit sha1_base64="rTpOojueAKsXq7DcPTDVPcfkOhs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI1VvBi8eK9gPaUCbbTbt0swm7G6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKGvQWMSqHaBmgkvWMNwI1k4UwygQrBWMbqZ+65EpzWP5YMYJ8yMcSB5yisZK99h76pXKbsWdgSwTLydlyFHvlb66/ZimEZOGCtS647mJ8TNUhlPBJsVuqlmCdIQD1rFUYsS0n81OnZBTq/RJGCtb0pCZ+nsiw0jrcRTYzgjNUC96U/E/r5Oa8MrPuExSwySdLwpTQUxMpn+TPleMGjG2BKni9lZCh6iQGptO0YbgLb68TJrnFa9aqd5dlGvXeRwFOIYTOAMPLqEGt1CHBlAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QNYJ43U</latexit>az

<latexit sha1_base64="1pyKJHHa34vTHkx8sHiOSuCG0ls=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI1VvBi8eK9gPaUCbbTbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKGvQWMSqHaBmgkvWMNwI1k4UwygQrBWMbqZ+65EpzWP5YMYJ8yMcSB5yisZK99h76pXKbsWdgSwTLydlyFHvlb66/ZimEZOGCtS647mJ8TNUhlPBJsVuqlmCdIQD1rFUYsS0n81OnZBTq/RJGCtb0pCZ+nsiw0jrcRTYzgjNUC96U/E/r5Oa8MrPuExSwySdLwpTQUxMpn+TPleMGjG2BKni9lZCh6iQGptO0YbgLb68TJrnFa9aqd5dlGvXeRwFOIYTOAMPLqEGt1CHBlAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QNVH43S</latexit>ax

<latexit sha1_base64="I80UhdWl206m8+5SPTl9xF/PRrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWtB/QhrLZbNqlm03YnQil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqEccp92M6UCISjKKVHsK+2y9X3Ko7B1klXk4qkKPRL3/1woRlMVfIJDWm67kp+hOqUTDJp6VeZnhK2YgOeNdSRWNu/Mn81Ck5s0pIokTbUkjm6u+JCY2NGceB7YwpDs2yNxP/87oZRtf+RKg0Q67YYlGUSYIJmf1NQqE5Qzm2hDIt7K2EDammDG06JRuCt/zyKmldVL1atXZ/Wanf5HEU4QRO4Rw8uII63EEDmsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wfsgo2N</latexit>
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Figure 7.1: Error Detection in Quantum Simulations on Heavy-Hex Topology. a) The stabilizers and logical

operators that act on data qubits d0-d3 in the [[4, 2, 2]] error-detecting code. The Z-stabilizer is shown in red

and the X-stabilizer is shown in blue. Logical operators are grouped into commuting sets represented by the

color. b) The placement of code blocks (grey) onto the ibm boston quantum processor. Each code block has

four data qubits (black) and two ancillas for Z- and X-stabilizer extraction (red and blue respectively).

Bridge qubits between blocks used for routing are shown in green. c) Circuit operation for encoded quantum

simulations. Dashed outlines indicate nFT operations, while solid outlines indicate FT gadgets. Each code

block starts in the “compute” configuration (shown in the left box in the center). Within each code block, the

logical |00⟩ state is prepared with a nFT circuit. Non-FT logical operations (orange boxes) are performed in

the compute configuration, example circuits of which are shown at the bottom. The blue boxes represent FT

syndrome extraction done in the “syndrome” configuration within each block (right two boxes), which is

implemented with the circuit shown in the bottom. Applications of logical operations and syndrome

extraction are repeated R times in any given computation.
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7.3 Error-Detected Quantum Simulations of The Ising Model

The rich collective behavior emerging from simple nearest-neighbor spin interactions in the Ising model

makes it an ideal platform for real-time quantum simulations. Recent work has used it to examine the

dynamics of thermalization [563], string breaking/confinement [230,564], scattering [243,565], and Majorana

edge modes [566]. This work focuses on simulations of false-vacuum decay under quench dynamics in the

MFIM in 1D and 2D. False-vacuum decay has been well studied in both 1D and 2D using classical [567–577]

and quantum methods [578–581]. This work extends the tensor network study of Ref. [571] to nonzero

longitudinal field. The MFIM Hamiltonian with open boundary conditions (OBCs) is

H = −J
∑
⟨ij⟩

ZiZj −
∑
i

(
gxXi + gzZi

)
. (7.6)

The sum over ⟨ij⟩ denotes nearest-neighbor coupling in 1D and couples adjacent logical qubits on a 2D

lattice.

False-vacuum decay phenomenology models the nucleation of true-vacuum bubbles from a false-vacuum

background and their subsequent evolution [582, 583]. This work studies the quench dynamics of product-

state bubbles, i.e., the evolution of bubbles after their nucleation. Our simulations begin in a product state

|ψ(t = 0)⟩ =∏i∈BXi|1⟩⊗N on N qubits, where B is the initial true-vacuum bubble region. Recent work

has predicted that bubbles melt for |gz|/|gx| < 1 and remain localized for |gz|/|gx| > 1 in the limit of

large J [584], respectively indicating the presence and absence of false-vacuum decay. We work with the

couplings J = 1, gx = 0.75, and identify a bubble-melting regime at gz = 0.5 and a localized regime at

gz = 1.5, where the bubble’s extent is fixed by the quench dynamics. This phenomenon is driven by the

linear potential between bubble walls that causes the momentum of excitations to wrap around the Brillouin

zone, resulting in bubble oscillations known as Bloch oscillations [585]. In 1D, the oscillation of the bubble

width (equivalently, Stark localization of the interface [567, 576]) is predicted to have an amplitude set by the

ratio rmax ∼ |gx|/|gz|.
In quantum simulations using the encoding discussed in the previous section, logical operations between

qubits (b, 0) and (b, 1) within a block b are straightforwardly implemented in the compute configuration,

shown in Fig. 7.1c). Depending on how adjacent blocks are placed relative to one another, some logical

inter-block gates require routing through ancilla and bridge qubits. These inter-block gates constitute the

bulk of the depth in our time evolution circuits. The MFIM Hamiltonian (7.6) is realized by the operations
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Figure 7.2: Encoded Simulations of Dynamics in the 1D Ising Model. a) The realized logical connectivity

grid by the block placement in Fig. 7.1b). Logical qubits (b, lb) (grey) are joined by intra-block gates

(hatched orange) and inter-block gates (orange). The black outline traces the gates used to simulate a 1D

chain. b) The energy density ⟨Hn⟩ computed from MPS simulations as a function of time t and logical qubit

n = (b, lb) for gz = 0.5 (top) and gz = 1.5 (bottom). A size-three true-vacuum bubble located at the center

is evolved with nT = 500 Trotter steps of size δt = 0.1. The black rectangle shows the t for which device

results are compared in c). c) Comparison of encoded (blue) and unencoded (grey) magnetization ⟨Zn⟩ from

ibm boston to MPS simulations (black) at t = 8, corresponding to 16 Trotter steps of δt = 0.5 for gz = 0.5

(top) and gz = 1.5 (bottom). The encoded simulations shown have R = 1 syndrome extraction rounds.

d) The cumulative distribution function (CDF) of the per-qubit, per-time absolute error |⟨Z⟩meas − ⟨Z⟩MPS|
for each value of gz . The median error (dotted vertical lines) and CDFs corresponding to one layer (R = 1)

of syndrome measurements are shown compared to unencoded results (solid and dashed lines respectively).

Results up to t = 4 are used, where an encoding improvement is observed. e) The signal-survival factor α,

defined in Eq. (7.7), as a function of t for various R (colored lines) and each value of gz compared to

unencoded results (dashed grey line). The shading for t = 4-8 represents times excluded for the CDFs shown

in d). The insets show the residual error σ in the fit. The statistical uncertainty is determined through

bootstrap resampling.
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Figure 7.3: Encoded Simulations of the 2D Ising Model. a) The magnetization ⟨Zn⟩ of a 3× 3 true-vacuum

bubble as a function of time t for gz = 0.5 (top row) and gz = 1.5 (bottom row), computed from MPS

simulations with δt = 0.1. The black solid and dashed rectangles show cross-sections of the grid at t = 4 for

which data is plotted in b). b) Encoded (blue) and unencoded (grey) results from ibm boston compared to

MPS results (black) for the horizontal (solid) and vertical (dashed) cross-sections outlined in a), as a function

of logical qubit number n = (b, lb). The encoded data has R = 1 syndrome measurement rounds.

c) Cumulative distribution functions (CDFs) of the per-qubit, per-time absolute error |⟨Z⟩meas − ⟨Z⟩MPS| for

both values of gz . The median error and CDFs corresponding to encoded runs with R = 1 syndrome

measurements and unencoded runs are shown compared to unencoded results (solid and dashed lines

respectively). d) The signal-survival factor α as a function of t for various R (colored lines) and each value

of gz , compared to unencoded results (dashed grey line). The insets show the residual error σ in the fit. The

statistical uncertainty is determined through bootstrap resampling.

Zi, Xi, ZiZj available on our logical connectivity graph.

7.3.1 Results from IBM’s Quantum Computers

We simulate the dynamics of a 1D chain under the Hamiltonian in Eq. (7.6) using the logical qubit grid

realized by the block placement shown in Fig. 7.1b). By retaining all intra-block connections and removing

specific inter-block edges from the grid, we implement a chain of 42 logical qubits shown in Fig. 7.2a).
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The expectation value of the energy density Hn = −JZnZn+1 − (gxXn + gzZn) as a function of time

and logical qubit n = (b, lb) determined from MPS simulations is shown in Fig. 7.2b). For gz = 0.5 the

bubble oscillates about its center, while for gz = 1.5 it remains localized. This behavior is expected from the

Bloch-oscillation picture of App. E.9, in which rmax falls from well above the bubble size to comparable with

it, and is consistent with the melting/localization transition reported in Ref. [584]. The magnetization ⟨Zn⟩
from encoded results determined through ORP and unencoded runs on ibm boston are compared to MPS

results for t = 8 in Fig. 7.2c). Deviations from MPS expectations are quantified through the absolute error

|⟨Z⟩meas − ⟨Z⟩MPS|. The cumulative distribution function (CDF) of the absolute errors over all qubits and

t ≤ 4 is shown in Fig. 7.2d) for both values of gz . The largest encoding improvement in median absolute

error is found to be 36.1%± 3.3% up to t = 4 for gz = 0.5 and R = 1 (corresponding to a single syndrome

extraction round at the end of the circuit). The median absolute error is lower for encoded runs and the

improvement is consistent for both gz . Further, their CDFs lie predominantly to the left of unencoded CDFs,

overlapping only at large absolute errors. Error detection is found to concentrate the bulk of the distribution

at small errors but retains a tail of poorly-performing samples. This is consistent with most qubits and gates

operating just below the pseudothreshold, with several outliers.

To quantify how faithfully the encoded circuit reproduces the ideal dynamics independent of the overall

signal magnitude, ⟨Z⟩meas is fit to ⟨Z⟩MPS with a line through the origin. The slope α is the signal-survival

factor and σ is the root-mean-square of the fit residuals

⟨Z⟩meas = α⟨Z⟩MPS + ϵ , σ =

√
1

n

∑
i

ϵ2i . (7.7)

Here the sums run over all n samples of the observable (for a given qubit and time). The signal-survival α = 1

indicates perfect retention, while α < 1 implies signal loss due to noise, so higher values of α at comparable

σ indicate more faithful results. Figure 7.2e) shows α and σ as a function of t for both couplings and various

numbers of syndrome extraction rounds R. Here R denotes the application of up to R syndrome extraction

rounds, with at most one syndrome round per Trotter step. Encoded runs for all values of R are found to

outperform their unencoded counterparts up to intermediate times, after which only small-R encoded results

for gz = 1.5 show an improvement in α. As expected, α trends lower with t due to the accumulation of

undetected errors. The typical encoding improvement in the localized regime compared to the melting regime

over all t is attributed to a narrower backwards lightcone at gz = 1.5, which restricts error propagation to a

smaller spatial region and lets the encoding detect a greater fraction of errors. Several points in the melting
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regime break the monotonic decay of α; this is again attributed to the faster propagation of errors at gz = 0.5.

Since α is similar for unencoded runs at gz = 0.5 and 1.5, this suggests that encoding is more effective when

dynamics are slow and error propagation is limited.

An unforeseen feature of the encoding improvement is its dependence on R, represented by the colors in

Fig. 7.2e). Early-time results show a modest advantage of increased syndrome extraction frequency (larger

R), but beyond t ∼ 4 this reverses and fewer extraction rounds perform better. This indicates that conserving

coherence outweighs the benefit of additional syndrome extractions, and is due to the interplay between ORP

and error behavior in the absence of ancilla resets. Without resets, an ancilla that detects an error remains

in |1⟩, and subsequent logical operations that couple to it inject effective errors that propagate through the

system. ORP removes some of this contamination, but the degradation with extraction frequency reveals its

limitation: error detection events that ORP does not choose leave coherent contamination in the retained

shots. Notably, adding resets does not significantly improve α, indicating that the coherence-time cost of

resets roughly cancels the benefit of eliminating syndrome-induced error propagation. See App. E.8 for a

detailed analysis of this effect.

Two-dimensional lattice simulations are implemented by using all inter- and intra-block edges in the

logical connectivity graph shown in Fig. 7.2a). Figure 7.3a) shows the magnetization ⟨Zn⟩ on the grid for

several selected times determined from MPS simulations. Although the dynamics in 2D is found to be slower

than in 1D, an initial 3× 3 bubble is still found to spread for gz = 0.5 and remain localized for gz = 1.5.

Figure 7.3b) shows ⟨Zn⟩ for horizontal and vertical cross-sections on the grids in a) at t = 4 (solid and

dashed outlines respectively). While unencoded results show significant decoherence toward ⟨Zn⟩ = 0,

encoded results computed with ORP are closer to MPS expectations. The encoding largely removes the

geometric overhead associated with representing a square lattice on heavy-hex hardware, and only the depth

overhead from Trotter step serialization is present. The retained geometric overhead is reflected in large

unencoded circuit depths, and the encoding improvement is expected to be larger than in 1D simulations. The

CDFs of the absolute error over all logical qubits and times are shown in Fig. 7.3c), with encoded CDFs lying

entirely to the left of their unencoded counterparts. Further, the median absolute error for encoded runs is

seen to be significantly smaller than unencoded runs. The largest encoding improvement in median absolute

error is found to be 56.9%± 0.8% for gz = 0.5 and R = 1. Both the unencoded and encoded distributions

show higher median error in Fig. 7.3c) compared to Fig. 7.2d) due to increased circuit depth.

The encoded signal-survival factor α is found to exceed unencoded values for all times and all R with the
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Figure 7.4: Encoding Improvement in α. Percent improvement in α of encoded over unencoded results as a

function of time t for 1D and 2D simulations. Results with R = 1 syndrome extraction rounds for the

melting regime (gz = 0.5) are shown in shades of red, and the localized regime (gz = 1.5) is shown in

shades of blue. The shading represents statistical uncertainty determined through bootstrap resampling.

exception of R = 16 past t ∼ 4 (Fig. 7.3d)). Similar to the CDFs, the α values are observed to decrease faster

in 2D than in 1D. Further, the improvement from encoding is significantly larger than in 1D. App. E.8 shows

that α drops significantly and the improvement disappears for R = 4, 8, 16 when postselection is removed.

This indicates that the improvement in α seen in Fig. 7.3 is largely due to postselection as opposed to reduced

gate depth. In contrast to 1D, the decay of α is observed to be monotonic, which we attribute to the slower

proliferation of undetectable errors. Runs with R = 1, 2 are found to produce comparable results, indicating

that the gain from more syndrome measurement rounds is balanced with the added errors from longer circuits.

Figure 7.4 shows the percentage improvement in α over time for R = 1 in 1D and 2D simulations. The

improvement in the results from runs with encoding grows approximately linearly in 2D, with an average

slope of 23.5± 0.8% in the melting regime and 22.8± 0.5% in the localized regime. Because each caught

error prevents corruption over a lightcone volume scaling as O(t2) in 2D compared to O(t) in 1D, detection

has greater leverage in 2D and the encoding improvement grows with t. The greater than 200% improvement

in 2D is also driven by rapidly decohering unencoded results, as is similarly seen in Fig. 7.3b). Dynamics

at gz = 0.5 and gz = 1.5 are more similar in 2D than in 1D, explaining their close trajectories in Fig. 7.4.
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Beyond t ∼ 4.5, the melting regime in 1D shows a disadvantage from encoding because of the proliferation

of errors enabled by fast dynamics. In 1D, the encoding improvement is approximately constant: for gz = 0.5

an improvement is seen up to to t = 4.5 (average improvement of 5.99 ± 0.99%), and for gz = 1.5 the

average improvement is 2.5± 0.23% over all t. Additional analysis of these results is shown in App. E.8 and

data, including acceptance rates, is given in App. E.11. Together, these results show that both the density of

nFT gates and the dynamics being simulated affect the encoding improvement.

7.4 Discussion

The partially FT quantum simulations performed in this work using IBM’s quantum computers provide

a concrete demonstration of the benefit of encoded error detection on contemporary hardware. Despite

significant overhead associated with encoding and the shot loss resulting from postselection, results obtained

using our scheme show improvements for both 1D and 1D simulations. These results reside in a crossover

regime between NISQ heuristics and fully FT device operation [519], which shapes our circuit design. Our

circuits combine FT syndrome extraction with nFT logical operations, resulting in jointly optimized circuit

overhead and error resilience properties. Increased frequency of syndrome extraction is seen to improve

results at early times, as expected from a fully-FT computation. Late-time performance instead benefits from

the nFT reduction in overhead provided by sparser error detection. This balance reflects a central tradeoff in

the crossover regime: more syndrome measurements aid filtering but consume some of the coherence time of

the quantum computer. A similar tradeoff exists for the addition of ancilla resets following syndrome readout.

Designed to operate inside this tradeoff, ORP postselects on a ranked subset of observable-relevant checks and

recovers much of the benefit of full postselection without an exponential loss in statistics. The implementation

of a QEC code would avoid the filtering machinery built to manage the postselection overhead. Our circuit

design choices and error-detection scheme are tailored to the specific simulation and observables of interest.

We expect this kind of customization to be a persistent feature of the crossover regime.

The potential for encoded advantage in quantum simulation is underscored by its sensitivity to device

performance. The absence of an advantage on devices with slightly worse error rates (O(10−3)) and coherence

times (O(100µs)) than ibm boston shows that even modest improvement in device characteristics is enough

to cross the pseudothreshold. Since our figure of merit is local observable estimation, our results do not

directly imply a favorable logical error-rate scaling. However, the improvement in observable estimation
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suggests that state-of-the-art devices are in the vicinity of the pseudothreshold for encoding procedures with a

small footprint. This reinforces the understanding that any improvement in the crossover regime is tied to

specifics of code choice, overhead, and hardware operating point rather than being a generic feature of the

encoding, and should become more robust and widespread as physical fidelities improve.

While the encoded improvements found in this work hold across dynamics and dimensionality, both

encoded and unencoded results would likely benefit further from error mitigation. Studying FT constructions

that remove leading-order errors, alongside mitigation techniques that suppress higher-order contributions, is a

very promising direction and should be pursued. This includes both standard error mitigation techniques based

on physical-noise learning [40–42, 52, 199, 213, 293, 294], as well as potential techniques operating directly

on syndrome information. The incorporation of such techniques involves circuit and observable-dependent

design choices, and the implications for the encoded advantage remain to be seen.

Beyond the direct advantage in observable estimation, encoding expands the versatility of logical compu-

tations where no shallow unencoded analog exists. It enables simulations whose direct unencoded implemen-

tation carries substantially higher overhead from connectivity constraints alone. The 2D lattice simulations in

this work illustrate this: the realized connectivity graph is costly to embed directly on heavy-hex hardware.

This approach extends to more complex logical connectivities, such as three-dimensional lattices required for

lattice gauge theories, e.g. Refs. [59, 82, 295, 390, 434] and the Fermi-Hubbard model, e.g. Ref. [586]. As

these constraints relax, we expect a more diverse range of simulations to become feasible in the crossover

regime, where the dominant constraints shift to coherence time and circuit depth. The benefit of encoding

is therefore not limited to solely improving the accuracy of a given simulation, but also extends to making

entirely new classes of simulations accessible.
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Chapter 8

CONCLUDING REMARKS

Nature, when examined at its smallest scales, is governed by quantum mechanics, and the phenomena

it produces are as rich as they are difficult to predict. For some of these phenomena, perturbative methods

provide systematic and controlled understanding; for a far larger set, no such expansion exists and the

collective behavior of many interacting degrees of freedom must be confronted directly. It is precisely these

highly-correlated regimes, the low-energy dynamics of QCD, the physics of strongly-interacting electrons,

and the non-equilibrium evolution of quantum many-body systems, that stand to benefit most immediately

from quantum simulation. The premise of this thesis, laid out in Chapter 1, is that such systems are most

naturally studied on computational hardware that shares their underlying structure: nature as a computer and

the computer as a snapshot of nature.

The work presented in this dissertation contributes to different stages of the quantum simulation pipeline.

All are unified by the use of physics-informed methods, exploiting the symmetries, structure, and approximate

descriptions of the physical system being simulated, rather than treating the simulation as an oracle. Chapters 2,

3, and 4 focused on implementing time evolution and quantifying the resulting errors. Chapter 2 developed

a framework for optimizing algorithmic errors in analog quantum simulations, showing that the interplay

between Trotterization and the native resource dynamics of an analog device can be tuned to minimize

the total simulation error. Chapter 3 used a Fully Gauge-Fixed formulation of the SU(2) Hamiltonian and

simulated its dynamics, demonstrating its effectiveness and efficiency at a range of different gauge couplings

and culminating in real-time simulations on superconducting hardware. Chapter 4 turned to the quantum

complexity of these simulations themselves, studying the dynamics of non-stabilizerness. There it was shown

that the low-energy subspace converges exponentially to its continuum non-stabilizerness with the number of

qubits per plaquette, and that aggressive truncations of the Hamiltonian leave the complexity dynamics of a

quench essentially unchanged, permitting deeper time evolution than naive circuit constructions would allow.

Chapter 4 also marks the transition from implementing time evolution to addressing the second half of

the pipeline: measurement. Extracting a quantity as fragile and globally sensitive as the stabilizer Rényi
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entropy from modern quantum devices is foremost a noise problem, and the chapter’s central contributions

are measurement-theoretic in nature: a rewriting of randomized-measurement estimators as Clifford-averaged

operator expectation values and the Bit String Decoherence Renormalization (BSDR) scheme, which mitigates

errors in entire bitstring distributions by exploiting the hierarchical nature of smooth wavefunctions. These

tools turned raw device data into quantitative tracking of complexity growth after a quench. Chapters 4, 5,

and 6 together develop methods for efficiently extracting complicated quantities from quantum simulators.

Chapter 5 introduced classical shadow protocols tailored to systems with local symmetries, using the duality

between Z2 lattice gauge theory and the Ising model to obtain rigorous, and in some cases exponential,

reductions in the sample complexity of estimating gauge-invariant observables. Chapter 6 addressed the

extraction of entanglement structure itself, showing that an expansion of the many-body Wigner functional

around Gaussian states allows the entanglement spectrum of a weakly non-Gaussian state to be reconstructed

from experimentally accessible few-body correlation functions.

An underlying theme throughout this thesis has been complexity, a quantity that admits several distinct

but complementary characterizations. The first is the computer-science perspective of complexity classes,

which asks which problems can be solved or verified efficiently, and which places Hamiltonian simulation

squarely inside BQP. The second is operational, i.e. how many elementary steps (circuit depth, gate count,

measurement samples) must be performed to guarantee a solution to a given accuracy. The error bounds of

Chapter 2, the resource estimates of Chapter 3, and the sample complexity guarantees of Chapter 5 all are

of this flavor. The third characterization is intrinsic to the quantum states themselves, using measures that

uniquely quantify the resources a state contains. Entanglement is one such measure, non-stabilizerness is

another, and non-Gaussianity is a third. These are the “Big Three”, the three axes, of quantum complexity as

it pertains to quantum many-body systems and quantum phenomena. The first two have received much of

the spotlight, as they respectively bound the performance of tensor network and stabilizer-based classical

simulation methods. It is likely, however, that non-Gaussianity will play an increasingly important role in the

coming years, as fermionic quantum simulators mature and as the boundary between efficiently simulable

(Gaussian) and genuinely complex dynamics is probed in experiments of the type proposed in Chapter 6.

These three notions of complexity are not independent, and the results of Chapter 6 offer a concrete bridge

between them. Level repulsion in the entanglement spectrum, i.e. the emergence of Wigner-Dyson statistics

in the gap ratios of the entanglement Hamiltonian, appears once the state has developed sufficient complexity

across all three axes, and it is a diagnostic of quantum chaos and the onset of thermalization. In other words,
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resource measures and a physical phenomenon switch on together. Counter examples to this exist [478], but

are contrived and do not capture the behavior of quantum many-body systems generally. The fact that the

difficulty of classically describing a state and the physics of its thermalization furnish two complementary

descriptions bolsters the perspective of nature as a computer: the complexity of a physical process is not

incidental to the physics, but central to it.

Quantum simulations will change substantially over the next several years, and the first steps in that

transformation will come from synthesizing fault-tolerant constructions with the techniques we already have,

rather than waiting for fully error-corrected machines to arrive. The final chapter of this thesis, Chapter 7,

makes first steps in this direction by performing Hamiltonian simulations on logical qubits encoded in many

interacting blocks of the [[4, 2, 2]] error detection code. The philosophy is deliberately pragmatic: rather

than demanding full fault tolerance, the computation mixes fault-tolerant components and shallow syndrome

extraction circuits with carefully constructed non-fault-tolerant logical rotations, keeping the leading-order

contribution to the logical error rate small. With these ingredients, encoded simulations of Ising dynamics

in one dimension outperform their unencoded counterparts despite a several-fold increase in circuit depth,

and without any error mitigation applied to either. These results indicate that today’s devices sit at the

pseudothreshold, and that the boundary between the NISQ era and the Fault-Tolerant era will not be a sharp

line but a crossover, defined by practical approaches to simulation.

The progress that the field of quantum simulation has witnessed over the course of completing this

dissertation has been remarkable. At its outset, the field was coming off of Google’s quantum supremacy

claim, devices offered a few tens of noisy qubits, and it was genuinely unclear how quantum technologies

would find broad usage, let alone when. Today, “if” is no longer seriously in question; “When” remains

debated, but the conversation is shaped largely by the community’s focus on asymptotic advantages à la Shor.

These milestones are important, but they measure the field against its most distant horizon rather than its

nearest opportunities.

The regime of non-asymptotic utility, practical advantage on problems of finite, scientifically relevant

size, remains comparatively unexplored. There is a lack of widespread, hands-on usage of quantum devices

and very few researchers routinely perform practical simulations of the type discussed in this dissertation. A

useful comparison is to the recent trajectory of artificial intelligence. In many ways these two technologies,

quantum and AI, find themselves in opposite positions. Large Language Models (LLMs) work in practice but

lack many underlying theoretical guarantees, while quantum computing works in theory but noisy devices
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have limited its practice. No one anticipated how powerful LLMs would become until practitioners simply

scaled them and found that things kept improving; the decisive ingredient was not a theorem but rather

empirical engagement with real systems. Quantum simulation has not yet had this moment, partially because

comparatively little effort is directed at making calculations practical rather than provable. The experience

gathered in this thesis suggests that such engagement is rewarded and that one often finds that the situation on

real devices is considerably better than the literature would suggest. The physics-informed methods developed

here are offered in that spirit: as tools for closing the gap between what is proven possible asymptotically and

what can be computed, today, about the quantum many-body systems that nature has given us.
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Appendix A

APPENDIX TO CHAPTER 2

A.1 Constant-Field Method Error Rate Derivation

For the choice of B⃗(t) given by (2.11), time evolution in the interaction picture is given by

UIsing(t, 0) = expT

{
−i
∫ t

0
dt′Hint(t

′)
}
,

where Hint(t) =
1
2

∑
i̸=j JijZi(t)Zj(t), Zi(t) = 2e⃗(t) · S⃗i, and

e⃗(t) =
1

3



2
√
2 sin2

(
Ωt
2

)
−
√
6 sinΩt

1 + 2 cosΩt


. (A.1)

The error rate at Floquet periods τC1 = 2π
Ω (i.e., the period of e⃗(t)) is given by

ERC1(τC1) =
1

τC1

∣∣∣∣∣∣∣∣expT

{
−i
∫ τC1

0
dtHint(t)

}
− exp

{
−iτC1

3
HXXX

}∣∣∣∣∣∣∣∣ . (A.2)

To get the tightest possible bounds on ERC1 with minimal application of triangle inequalities, the two

propagators are organized in powers of Ω (equivalently powers of τC1). For the target evolution,

exp
{
−iτC1

3
HXXX

}
= 1− iτC1

3
HXXX −

τ2C1
18
H2

XXX +O(τ3C1).

Working up to second-order in a Magnus expansion, the Floquet evolution gives:

expT

{
−i
∫ τC1

0
dtHint(t)

}
= e−i

∑∞
k=1 Ωk(τC1 ) (A.3)

= 1−
(
iΩ1(τC1)− iΩ2(τC1) +

1

2
Ω2
1(τC1)

)
+O(τ3C1), (A.4)

where

Ω1(τC1) =
∫ τC1

0
dtHint(t) =

τC1
3
HXXX , (A.5)
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Ω2(τC1) =
1

2

∫ τC1

0
dt1

∫ t1

0
dt2[Hint(t1), Hint(t2)]. (A.6)

Evaluating Eq. (A.6) and defining e⃗i = e⃗(ti)

Ω2(τC1) = −i
∫ τC1

0
dt1

∫ t1

0
dt2

(
8
∑

i̸=j ̸=k

JijJjk

(
e⃗1 · S⃗i

)(
(e⃗1 × e⃗2) · S⃗j

)(
e⃗2 · S⃗k

)

+ 2
∑
i̸=j

J2
ij (e⃗1 · e⃗2) (e⃗1 × e⃗2) · S⃗j

)
, (A.7)

and the following definitions to simplify expressions,

Λαβγ(t1, t2) = (e⃗1)α (e⃗1 × e⃗2)β (e⃗2)γ , (A.8)

Λ̃α(t1, t2) = (e⃗1 · e⃗2) (e⃗1 × e⃗2)α , (A.9)

the Ω1 terms exactly cancel the target Heisenberg evolution, giving the error rate at leading-order in τC1 as:

ERC1(τC1) =
1

τC1
||Ω2(τC1)||+O(τ3C1) (A.10)

≤ 1

2πΩ

(∣∣∣∣∣∣∣∣∫ 1

0

∫ t1

0
dt1dt2Λ(t1, t2)

∣∣∣∣∣∣∣∣
 ∑

i̸=j ̸=k

JijJjk


+

∣∣∣∣∣∣∣∣∫ 1

0

∫ t1

0
dt1dt2Λ̃(t1, t2)

∣∣∣∣∣∣∣∣
∑

i̸=j

J2
ij

) (A.11)

=
2ϵ

π

√142 + 24π2

18

 ∑
i̸=j ̸=k

JijJjk

+
1

3

∑
i̸=j

J2
ij

 (A.12)

= O(ϵN). (A.13)

A.2 Derivation of the π
2 -Pulse Error

As noted in the main body of the paper, the global rotation gates cannot be perfectly implemented due to

the persistent Ising interaction. The deviation from the ideal behavior is found using a Magnus expansion,

following Appendix A of Ref. [122]:

Υ±
X(ϵ) = RX

(
∓π
2

)
R±

X(ϵ) = exp

(
−i
∑
k=1

χ±
k ϵ

k

)
, (A.14)

Υ±
Y (ϵ) = RY

(
∓π
2

)
R±

Y (ϵ) = exp

(
−i
∑
k=1

ν±k ϵ
k

)
. (A.15)
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To derive the error rate bounds, it is only necessary to work to O(ϵ2) in Υ±
X,Y . The expressions for χ±

1,2 and

ν±1,2 are:

χ±
1 =

∫ 1

0
dte±

iπt
4

∑
i Xi

∑
i<j

JijZiZj

 e∓
iπt
4

∑
i Xi

=
∑
i<j

Jij

(
YiYj + ZiZj

2
± YiZj + ZiYj

π

)
, (A.16)

ν±1 =
∑
i<j

Jij

(
XiXj + ZiZj

2
∓ XiZj + ZiXj

π

)
, (A.17)

and

χ±
2 =

−i
2

∫ 1

0

∫ t1

0
dt1dt2

e± iπt1
4

∑
i Xi

∑
i<j

JijZiZj

 e∓
iπt1
4

∑
i Xi , e±

iπt2
4

∑
i Xi

∑
i<j

JijZiZj

 e∓
iπt2
4

∑
i Xi


= −i

∑
i<j,m<n

JijJmn

(
1

π2
[YiYj , ZmZn]±

1

8π
[YiYj − ZiZj , ZmYn + YmZn]

)
=

1

π

∑
i,m̸=j

JijJjm
YiXjZm +XjZmYi

π
± YiYmXj + ZiXjZm + YmXjYi +XjZmZi

8
, (A.18)

ν±2 = − 1

π

∑
i,m̸=j

JijJjm
XiYjZm + YjZmXi

π
∓ XiXmYj + ZiYjZm +XmYjXi + YjZmZi

8
. (A.19)

A.3 First-Order Product Formula Error

As an example, the analysis of Section 2.3 is applied to the product formulas S1/2 and S1, with the specific

choice Htar = HXXX . The result of this analysis will be Eqs. (2.21) and (2.22). The error rate formulas are

ERS1/2
≤ 1

τS1/2
(t, ϵ)

(
t2
∣∣∣∣∣∣ES1/2;t

2

∣∣∣∣∣∣+ ϵ
∣∣∣∣∣∣ES1/2;ϵ

∣∣∣∣∣∣) , (A.20)

ERS1 ≤
1

τS1(t, ϵ)

(
t2
∣∣∣∣ES1;t2

∣∣∣∣+ ϵ2
∣∣∣∣ES1;ϵ2

∣∣∣∣+ tϵ ||ES1;tϵ||
)
. (A.21)

The choices of t that optimize the error rates are

tS1/2∗ = ϵ
1
2

√√√√√
∣∣∣∣∣∣ES1/2;ϵ

∣∣∣∣∣∣∣∣∣∣∣∣ES1/2;t
2

∣∣∣∣∣∣ +O(ϵ), (A.22)

tS1∗ = ϵ

(√
4− 2 ||ES1;tϵ|| −

∣∣∣∣ES1;ϵ2
∣∣∣∣∣∣∣∣ES1;t2

∣∣∣∣ − 2

)
. (A.23)
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The corresponding error rate bounds (valid for tS1/2∗, tS1∗ > 0) are given by

ERS1/2
≤ 2

√∣∣∣∣∣∣ES1/2;t
2

∣∣∣∣∣∣ ∣∣∣∣∣∣ES1/2;ϵ

∣∣∣∣∣∣ϵ 1
2 +O(ϵ), (A.24)

ERS1 ≤
(
2
√∣∣∣∣ES1;t2

∣∣∣∣ (4 ∣∣∣∣ES1;t2
∣∣∣∣+ ∣∣∣∣ES1;ϵ2

∣∣∣∣− 2 ||ES1;tϵ||
)
+ ||ES1;tϵ|| − 4

∣∣∣∣ES1;t2
∣∣∣∣) ϵ. (A.25)

An important point to consider is that Eq. (A.23) suggests that tS1∗ may be negative, while in both Eq.

(A.20) and (A.21), tS1/2∗ and tS1∗ were assumed to be positive numbers. This apparent contradiction simply

reflects the fact that this is an optimization problem whose solution is on the boundary tS1∗ = 0. It is now

clear which error terms must be calculated to recover the optimal step sizes and the error rates, which is done

below.

A.3.1 First-Order Error in ϵ

At leading-order in ϵ and t, Eqs. (2.6) and (2.8) take the form

S1/2 = 1− i
∑
i<j

Jij (txXiXj + tyYiYj + tzZiZj)

− iϵ
∑
i<j

Jij

(
XiXj + YiYj + 2ZiZj +

2

π
(YiZj + ZiYj −XiZj − ZiXj)

)
, (A.26)

S1 = RZ(π)

1− i∑
i<j

Jij (txXiXj + tyYiYj + tzZiZj)− iϵ
∑
i<j

Jij (XiXj + YiYj + 2ZiZj)

 .

(A.27)

The leading-order target evolution is 1−iτU (t, ϵ)HXXX , and matching these evolutions requires tx, ty = ϵ+t

and tz = t. These choices imply that τU (t, ϵ) = 2ϵ+ t. With these choices, the leading-order Heisenberg

evolution is the same for S1/2 and S1, implying that τS1/2
= τS1 . The individual terms in the expansion

(2.13) are

S1/2;t = −i
∑
i<j

Jij (XiXj + YiYj + ZiZj) , (A.28)

S1;t = RZ(π)

−i∑
i<j

Jij (XiXj + YiYj + ZiZj)

 , (A.29)

S1/2;ϵ = −2i
∑
i<j

Jij

(
XiXj + YiYj + ZiZj +

YiZj + ZiYj −XiZj − ZiXj

π

)
, (A.30)
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S1;ϵ = RZ(π)

−2i∑
i<j

Jij (XiXj + YiYj + ZiZj)

 . (A.31)

The error terms that contribute to the error rates at this order are

ES1;t, ES1;ϵ = 0, (A.32)

ES1/2;t = 0, (A.33)

ES1/2;ϵ = −
2i

π

∑
i<j

Jij ((Yi −Xi)Zj + Zi(Yj −Xj)) . (A.34)

There is O(ϵ) error appearing for S1/2 which causes the t ∝ √ϵ scaling. To find the optimal t∗ for S1,

higher-order terms must be calculated.

A.3.2 Higher-Order Error in ϵ, t

The error terms that contribute to the error rates are (up to a factor of RZ(π))

ES1;t2 = 8i
∑

i̸=j ̸=k

JijJjk (XiYjZk − YiXjZk − YiZjXk) , (A.35)

ES1;ϵ2 = 2i
∑

i̸=j ̸=k

JijJjk

(
8YiZjXk − 4(YiXj +XiYj)Zk

+
7(YiXjYk −XiYjXk) + Zi(Yj −Xj)Zk

π

)
+

12i

π

∑
i̸=j

J2
ij(Xi − Yi), (A.36)

ES1;tϵ = 8i
∑

i̸=j ̸=k

JijJjk

(
2YiZjXk −

3

2
XiYjZk +

1

2
YiXjZk +

YiXjYk −XiYjXk

π

)
+

8i

π

∑
i̸=j

J2
ij(Xi − Yi). (A.37)

A.3.3 Evaluation of Prefactors

The scaling prefactors in Eqs. (A.22) and (A.23) require evaluation of the following quantities:∣∣∣∣∣∣ES1/2;ϵ

∣∣∣∣∣∣ ≤ 4
√
2

π
J1, (A.38)∣∣∣∣ES1;ϵ2

∣∣∣∣ ≤ 28J3 +
12
√
2

π
J2, (A.39)

||ES1;tϵ|| ≤ 25J3 +
8
√
2

π
J2, (A.40)
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Figure A.1: Error scalings Scaling of the contributions E to the error from different sources in a single Trotter

step of the pulse sequences S1/2 and S1 as a function of system geometry. Ny is varied on the x axis and each

line represents the contribution to the error with a different value of Nx. Here the analytic bounds of Eqs.

(A.38) - (A.41) are compared to values obtained by numerically evaluating the norm of Eq. (2.15) for each

type of contribution. Note that in the latter three panels, the Nx = 1, Ny = 1 points are much lower than the

rest of the Nx = 1 lines because of the fact that there are three-body contributions to the error for these terms;

when the system has less than three sites, these contributions are absent, leading to a much smaller error.

∣∣∣∣∣∣ES1/2;t
2

∣∣∣∣∣∣ = ∣∣∣∣ES1;t2
∣∣∣∣ ≤ 8

√
3 + 2

√
3J3, (A.41)

where the factors J1, J2, J3 are defined in Eqs. (A.46) - (A.48). As explained in Section 2.4, numerics are

used to see the values of the different E terms in practice. Eqs. (A.38) - (A.41) are compared to values

obtained numerically as a function of system size in Fig. A.1.
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With these expressions, calculating Eqs. (2.21) and (2.22) is now straightforward.

tS1/2∗ ≈ .3
√
J1
J3
ϵ
1
2 +O(ϵ), (A.42)

tS1∗ = 0. (A.43)

Note that calculating tS1∗ using the bounds derived gives a negative number, which is why Eq. (A.43) is zero;

this conclusion is supported by numerics. The corresponding optimal error rate bounds are

ERS1/2
≤ 12.2

√
J1J3ϵ

1
2 +O(ϵ), (A.44)

ERS1 ≤ (14J3 + 2.7J2)ϵ. (A.45)

A.4 Analysis of the Interaction Sums

Throughout the main text, various sums over the Ising interaction terms appear. These sums encapsulate

the geometry of the device used. Nx is the horizontal extent of the atoms and Ny is the vertical extent.

These sums depend very cleanly on total number of atoms N = NxNy. In the following analysis it is

assumed that the configuration of atoms in the experimental apparatus is two-dimensional and rectangular

(i.e. Nx, Ny ≥ 2). The sums analyzed are:

J1(N) =
∑
i̸=j

Jij = J̃11N − J̃12, (A.46)

J2(N) =
∑
i̸=j

J2
ij = J̃21N − J̃22, (A.47)

J3(N) =
∑

i̸=j ̸=k

JijJjk = J̃31N − J̃32. (A.48)

By explicit numerical evaluation of the sums for the considered system sizes, the following fits are found,

which are plotted in Fig. A.2:

J̃11 = 4.46, J̃12 = −36.74,

J̃21 = 3.91, J̃22 = 28.35,

J̃31 = 4.05, J̃32 = −63.58.
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Figure A.2: J1, J2, J3 sums evaluated for explicit array configurations with fits. The extent of the array in the

x direction is Nx = 20 atoms. While there is a deviation for smaller array sizes, a linear scaling is still seen.

To see how this scaling arises, consider the J1 sum, which may be written as:

J1 =
C6

a6

Nx,Ny∑
x1=1
y1=1

Nx,Ny∑
x2=x1+1
y2=y1+1

1

((x2 − x1)2 + (y2 − y1)2)3

=
C6

a6

Nx,Ny∑
x1=1
y1=1

Nx−x1
Ny−y1∑
x′
2=1

y′2=1

1

((x′2)
2 + (y′2)

2)3

≤ C6

a6

Nx,Ny∑
x1=1
y1=1

∫ ∞

1

dx′2dy
′
2

((x′2)
2 + (y′2)

2)3
.

The integral converges to some constant, so we see (for N = NxNy) that

J1 = O(Na−6).

Scalings for J2 and J3 may be shown in a similar fashion. This scaling may be understood intuitively in the

following manner. The power law interactions are rapidly decaying and so the dominant contribution to these
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sums will be given by a single sum over an effective nearest-neighbor interaction. For a square array, this

implies a ∼ 4N scaling, which is seen in Fig. A.2. The deviation in the fit values from the ideal 4N scaling

stem from the fact that the fits include values from geometrically thin arrays (e.g., 2× 20), where boundary

interactions play a larger role.
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Appendix B

APPENDIX TO CHAPTER 3

B.1 Explicit Form of Quantum Circuits

This section gives explicit forms for the circuits that are constructed in Sec. 3.4.2 by specifying the Pauli

decomposition D(H□□). The circuit used to calculate Fig. 3.9a is formed by exponentiating the terms in this

decomposition. Table B.1 gives the terms in the decomposition that were retained for the circuits implemented

on the quantum device, whereas Table B.2 gives the terms in the decomposition that were dropped.

The subcircuit column specifies the specific subcircuit, U1, U2 or U3, represented in accordance with their

graphical depiction in Fig. 3.7b. The Pauli String column denotes a specific Pauli string, where the left-most

index corresponds to the top wire in the circuit element and the rightmost corresponds to the bottom wire.

The δ column denotes at which truncation level the corresponding string would be dropped. For Fig. 3.9a, the

truncation level of 0.66 is chosen. As such, all entries in Table B.1 have values δ > 0.66 and all entries in

Tables B.2, B.3 have values δ < 0.66.

B.2 Explicit Matrix Elements of Hamiltonian Operators

This appendix contains the explicit expression for various electric bilinear operators that appear in the

Hamiltonian. The matrix elements of these operators are presented in three different bases: group element,

mixed and character irrep.

B.2.1 Group Element Basis

In the group element basis, the Hilbert space basis states are spanned by the three continuous variables,

ω, θ, ϕ. Using this representation, the electric bilinear matrix elements are given by

E21 = −
(
∂2

∂ω2
1

+ cot
ω1

2

∂

∂ω1

)
+

1

4
csc2

ω1

2
N

E22 = −
(
∂2

∂ω2
2

+ cot
ω2

2

∂

∂ω2

)
+

1

4
csc2

ω2

2
N
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ER2 · EL2 = E2
2 −

1

2
N

E1R · E2R = − cosΘ
∂2

∂ω1∂ω2

+
1

2
sinΘ

(
cot

ω2

2

∂

∂ω1
+ cot

ω1

2

∂

∂ω2

+
1

2
cot

ω1

2
cot

ω2

2

∂

∂Θ

)
− 1

4

(
1 + cosΘ cot

ω1

2
cot

ω2

2

)
N

E1R · E2L = E1R · E2R +
1

2
N (B.1)

where N is the operator for which the Legendre polynomials are eigenfunctions, given in Eq. (3.26)

B.2.2 Mixed Basis

The mixed basis and the group element basis are related via

⟨ω′
1 ω

′
2 ν⟩ω1 ω2Θ = Pν(Θ)δ(ω1 − ω′

1)δ(ω2 − ω′
2) (B.2)

To convert the Hamiltonian from the group element basis to the mixed basis, these four integrals

∫
d(cosΘ)Pν′(Θ)Pν(Θ) = δν′ν (B.3)∫

d(cosΘ)Pν′(Θ)NPν(Θ) = ν(ν + 1)δν′ν∫
d(cosΘ)Pν′(Θ) cosΘPν(Θ) =

(ν + 1) δν′ν+1√
(2ν + 1)(2ν + 3)

+
ν δν′ν−1√

(2ν + 1)(2ν − 1)∫
d(cosΘ)Pν′(Θ) sinΘ

∂Pν(Θ)

∂Θ
=

ν (ν + 1) δν′ν+1√
(2ν + 1)(2ν + 3)

− ν (ν + 1) δν′ν−1√
(2ν + 1)(2ν − 1)

are used. Note that the unconventional normalization on Pν(Θ) is due to the requirement that the Hilbert

space basis be orthonormal.
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B.2.3 Character Irrep Basis

The characer irrep basis and the group element basis are related via

⟨J1J2ν⟩ω1ω2Θ = χJ1
ν (ω1)χ

J2
ν (ω2)Pν(Θ) (B.4)

where χJ
ν (ω) are generalized character functions of the irreducible representations of the rotation group.

These functions are normalized such that∫ 2π

0
4 sin2

ω

2
χJ ′
ν (ω)χJ

ν (ω) = δJJ ′ (B.5)

where the factor of four is due to the explicit form of the Haar measure for SU(2) parameterized using the

axis-angle coordinates.

To convert between the group element basis and the character irrep basis, several matrix elements need to

be computed. For the magnetic Hamiltonian, the only relevant matrix element is

〈
J ′
1 J

′
2 ν

′∣∣Tr X̂1

∣∣J1 J2 ν〉 = 1√
2
δ
J ′
2J2
δν′ν (B.6)

×
(√

(2J1 − ν + 1)(2J1 + ν + 2)

(J1 + 1)(2J1 + 1)
δ
J ′
1J1+

1
2

+

√
(2J1 − ν)(2J1 + ν + 1)

J1(2J1 + 1)
δ
J ′
1J1− 1

2

)
, (B.7)

with the matrix element for Tr X̂2 the same, except with the exchange of 1↔ 2. For the electric component

of the Hamiltonian, the relevant matrix elements are

〈
J ′
1 J

′
2 ν

′∣∣Ê2κ∣∣J1 J2 ν〉 = Jκ(Jκ + 1)δ
J ′
1J1
δ
J ′
2J2
δν′ν〈

J ′
1 J

′
2 ν

′∣∣ÊR2 · ÊR2

∣∣J1 J2 ν〉 = δ
J ′
1J1
δ
J ′
2J2
δν′ν

×
(
J2(J2 + 1)− ν(ν + 1

2

)
〈
J ′
1 J

′
2 ν

′∣∣ÊR1 · ÊR2

∣∣J1 J2 ν〉 = −1

4
δ
J ′
1J1
δ
J ′
2J2

×
(
ν(ν + 1)δν′ν + δν′ν+1

c+J1νc
+
J2ν

(ν + 1)√
(2ν + 1)(2ν + 3)

+δν′ν−1

c−J1νc
−
J2ν

ν√
(2ν + 1)(2ν − 1)

)
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〈
J ′
1 J

′
2 ν

′∣∣ÊR1 · ÊL2

∣∣J1 J2 ν〉 = 1

4
δ
J ′
1J1
δ
J ′
2J2

×
(
ν(ν + 1)δν′ν − δν′ν+1

c+J1νc
+
J2ν

(ν + 1)√
(2ν + 1)(2ν + 3)

−δν′ν−1

c−J1νc
−
J2ν

ν√
(2ν + 1)(2ν − 1)

)
(B.8)

where in the first expression κ = 1, 2 and the coefficients c±Jν are given by

c+Jν =
√

(2J + ν + 2)(2J − ν)

c−Jν =
√

(2J + ν + 1)(2J − ν + 1) (B.9)

The full Hamiltonian will not be given here, though key components will. Of particular interest are

the components that contain only first derivatives with respect to the ω variables, grouped into H∂ . This

Hamiltonian is given by

H∂ =
∑
ν

|ν⟩ ⟨ν + 1|H+
ν +

∑
ν

H−
ν |ν⟩ ⟨ν − 1| (B.10)

where H± are

H+
ν = Aν

∂

∂ω1

∂

∂ω2
+Bν

(
cot

ω1

2

∂

∂ω2
+ cot

ω2

2

∂

∂ω1

)
+

1

4
(ν(ν + 1)Aν − 2Bν) cot

ω1

2
cot

ω2

2

H−
ν = Dν

∂

∂ω1

∂

∂ω2
+ Cν

(
cot

ω1

2

∂

∂ω2
+ cot

ω2

2

∂

∂ω1

)
+

1

4
(ν(ν + 1)Dν − 2Cν) cot

ω1

2
cot

ω2

2
(B.11)

with the coefficients

Aν =
(ν + 1)√

(2ν + 1)(2ν + 3)

Bν = − (ν + 1)2

2
√
(2ν + 1)(2ν + 3)

Cν =
ν2

2
√
(2ν − 1)(2ν + 1)

Dν =
ν√

(2ν − 1)(2ν + 1)
. (B.12)

The relation that H+
ν = (H−

ν+1)
† ensures hermiticity of the overall expression.
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For the quantum simulations presented in this work, only H+
0 and H−

1 is needed and so they are written

out explicitly here:

H+
0 =

1√
3

∂

∂ω1

∂

∂ω2
+

1

4
√
3
cot

ω1

2
cot

ω2

2

− 1

2
√
3

(
cot

ω1

2

∂

∂ω2
+ cot

ω2

2

∂

∂ω1

)
= (H−

1 )† . (B.13)
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Subcircuit Pauli String Coefficient Truncation Percentage δ

I⊗X -4.358185 0.9857

Z⊗Z 3.049102 0.9429

X⊗X -2.468268 0.9143

X⊗ I 1.565659 0.8571

Y⊗Y -1.396263 0.7857

I⊗Z 0.884597 0.7429

Z⊗ I 0.519954 0.7143

Z⊗ I⊗ I -3.778734 0.9571

Z⊗Z⊗ I -1.678690 0.8857

Z⊗ I⊗Z -1.452504 0.8143

Z⊗Z⊗Z -1.392269 0.7571

X⊗ I⊗ I⊗ I⊗ I 0.283820 0.6857

Y⊗ I⊗Y⊗ I⊗ I -0.226330 0.6714

Table B.1: Terms in the Pauli string decomposition of H□□ that are retained in the circuits. The colored

circuit elements correspond to those in the main text. The Pauli string column denotes the rotations e−icpP in

the circuit for each string P with corresponding coefficient cp. The truncation percentage δ denotes the

fraction of Pauli strings that would need to be truncated for this term to have the smallest coefficient. As an

example, all terms in this table were included in the circuit which was run at δ = .66 and so all δ values in

this table are greater than .66.
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Subcircuit Pauli String Coeff. δ

Y⊗ I⊗ I⊗ I⊗Y -0.226330 0.6571

X⊗ I⊗ I⊗Z⊗ I 0.189503 0.6429

X⊗Z⊗ I⊗ I⊗ I 0.189503 0.6286

X⊗ I⊗Y⊗ I⊗Y -0.180485 0.6143

Y⊗ I⊗Y⊗Z⊗ I -0.151118 0.6000

Y⊗Z⊗ I⊗ I⊗Y -0.151118 0.5857

X⊗ I⊗ I⊗ I⊗Z 0.136188 0.5714

X⊗ I⊗Z⊗ I⊗ I 0.136188 0.5571

X⊗Z⊗ I⊗Z⊗ I 0.126529 0.5429

Y⊗X⊗Y⊗ I⊗ I 0.113165 0.5286

Y⊗Y⊗X⊗ I⊗ I -0.113165 0.5143

Y⊗ I⊗ I⊗X⊗Y 0.113165 0.5000

Y⊗ I⊗ I⊗Y⊗X -0.113165 0.4857

X⊗ I⊗ I⊗Z⊗Z 0.110025 0.4714

X⊗Z⊗Z⊗ I⊗ I 0.110025 0.4571

Y⊗ I⊗Y⊗ I⊗Z -0.108602 0.4429

Y⊗ I⊗Z⊗ I⊗Y -0.108602 0.4286

X⊗ I⊗Z⊗Z⊗ I 0.090931 0.4143

X⊗Z⊗ I⊗ I⊗Z 0.090931 0.4000

X⊗ I⊗Y⊗X⊗Y 0.090243 0.3857

X⊗ I⊗Y⊗Y⊗X -0.090243 0.3714

X⊗X⊗Y⊗ I⊗Y 0.090243 0.3571

X⊗Y⊗X⊗ I⊗Y -0.090243 0.3429

Y⊗ I⊗Y⊗Z⊗Z -0.087739 0.3286

Table B.2: The columns are the same as in the Table B.1. This table (continued in Table B.3) contains all of

the Pauli string in the decomposition D(H□□) that were dropped in the quantum simulations. As such all

entries in the δ column are less than δ = .66. Note that all of the terms dropped are included in the yellow

circuit element. They all have either an X or a Y located on the ν register. Additionally, they are generally

much higher weight and have support on a greater number of qubits.
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Subcircuit Pauli String Coeff. δ

Y⊗Z⊗Z⊗ I⊗Y -0.087739 0.3143

Y⊗X⊗Y⊗Z⊗ I 0.075559 0.3000

Y⊗Y⊗X⊗Z⊗ I -0.075559 0.2857

Y⊗Z⊗ I⊗X⊗Y 0.075559 0.2714

Y⊗Z⊗ I⊗Y⊗X -0.075559 0.2571

X⊗Z⊗ I⊗Z⊗Z 0.073463 0.2429

X⊗Z⊗Z⊗Z⊗ I 0.073463 0.2286

X⊗ I⊗Z⊗ I⊗Z 0.065348 0.2143

Y⊗ I⊗Z⊗X⊗Y 0.054301 0.2000

Y⊗ I⊗Z⊗Y⊗X -0.054301 0.1857

Y⊗X⊗Y⊗ I⊗Z 0.054301 0.1714

Y⊗Y⊗X⊗ I⊗Z -0.054301 0.1571

X⊗ I⊗Z⊗Z⊗Z 0.052795 0.1429

X⊗Z⊗Z⊗ I⊗Z 0.052795 0.1286

X⊗X⊗Y⊗X⊗Y -0.045121 0.1143

X⊗X⊗Y⊗Y⊗X 0.045121 0.1000

X⊗Y⊗X⊗X⊗Y 0.045121 0.0857

X⊗Y⊗X⊗Y⊗X -0.045121 0.0714

Y⊗X⊗Y⊗Z⊗Z 0.043870 0.0571

Y⊗Y⊗X⊗Z⊗Z -0.043870 0.0429

Y⊗Z⊗Z⊗X⊗Y 0.043870 0.0286

Y⊗Z⊗Z⊗Y⊗X -0.043870 0.0143

X⊗Z⊗Z⊗Z⊗Z 0.042652 0.0000

Table B.3: Continuation of Table B.2.
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B.3 Table of Lowest Energy Eigenstates in the character Irrep Basis

The energy spectrum of the two plaquette Hamiltonian in the strong coupling limit can be found exactly when

working in the character irrep basis. This is due to the electric component of the Hamiltonian being block

diagonal, with each block of finite dimension 2Min(J1, J2) + 1; the magnetic component is negligible and

can be ignored. The energies and expressions for the several lowest lying eigenstates are shown in Table B.4.
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Level of State Degeneracy In Irrep Basis: |J1, J2, ν⟩ Energy

Ground None |0, 0, 0⟩ 0

| 12 , 0, 0⟩

First Excited Two-Fold 3
2g

2

|0, 1
2 , 0⟩

Second Excited None 1
2 | 12 , 1

2 , 0⟩ −
√
3
2 | 12 , 1

2 , 1⟩ 9
4g

2

Third Excited None
√
3
2 | 12 , 1

2 , 0⟩+ 1
2 | 12 , 1

2 , 1⟩ 13
4 g

2

|1, 0, 0⟩

Fourth Excited Two-Fold 4g2

|0, 1, 0⟩

1√
3
|1, 1

2 , 0⟩ −
√

2
3 |1, 1

2 , 1⟩

Fifth Excited Two-Fold 9
2g

2

1√
3
| 12 , 1, 0⟩ −

√
2
3 | 12 , 1, 1⟩

1√
3
|1, 1

2 , 0⟩ −
√

2
3 |1, 1

2 , 1⟩

Sixth Excited Three-Fold
√

2
3 | 12 , 1, 0⟩+ 1√

3
| 12 , 1, 1⟩ 6g2

1
3 |1, 1, 0⟩ − 1√

3
|1, 1, 1⟩+

√
5
3 |1, 1, 2⟩

Table B.4: Energies and explicit eigenstate constructions for the seven lowest-lying eigenstates of the two

plaquette Hamiltonian in the strong coupling limit. For the states that are degenerate in this limit, the

magnetic Hamiltonian breaks the degeneracy and splits the states.
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Appendix C

APPENDIX TO CHAPTER 4

C.1 The Non-Stabilizerness of Indicator States

This section develops a toy model for understanding the behavior of non-stabilizerness in the ground state of

the two-plaquette system. For a system of dn qubits, the basis states are defined by a tuple of d variables

x⃗ = (x1, . . . , xd), each taking values in {1, . . . , 2n − 1}. A cutoff C is defined as C =
∑n−1

j=0 Cj2
j

where the coefficients Cj denote the binary expansion of C. Given such a binary expansion of a cutoff,

it is useful to define the set of bitstrings Sj as those that lie within two adjacent powers of two, j and l,

i.e.Sj = {x|2j ≤ x ≤ 2j + 2l}. The d-dimensional indicator state |Θd(C)⟩ is defined as

|Θd(C)⟩ =
∑
x⃗

f(x⃗) |x⃗⟩ , f(x⃗) ∝


Aj max(x⃗) ∈ Sj

0 else
(C.1)

where the proportionality denotes up to normalization. This state encodes an indicator function on basis states

such that it takes value Aj if the largest entry of x⃗ lie within two adjacent powers of two in the cutoff’s binary

expansion and vanishes otherwise. Solving for the non-stabilizerness of this general state can be complicated,

but its structure can be constrained in a way that allows it to be exactly solvable.

First consider the one-dimensional state such that the cutoff has expansion C = 2a + 2b with a ≥ b,

i.e.there are only two powers of two in the cutoff’s binary expansion. For x1 ∈ S1 then the amplitude of the

state is A and if it lies within S2 the amplitude is B, with |S1| = 2a and |S2| = 2b. The normalization of this

state is ⟨Θ1⟩Θ1 = A22a +B22b. The non-stabilizerness of this state is found by considering the expression

forM2 in terms of the amplitudes [587]

e−M2 =
∑

s1,s2,s3,s4

cs1cs2cs3cs̃4c
∗
s̃1c

∗
s̃2c

∗
s̃3c

∗
s4 (C.2)

where

s̃1 = s2 ⊕ s3 ⊕ s4 s̃2 = s1 ⊕ s3 ⊕ s4 s̃3 = s1 ⊕ s2 ⊕ s4 s̃4 = s1 ⊕ s2 ⊕ s3 . (C.3)

As the amplitudes are purely real, evaluation of the right hand side can be reduced to assessing for a

given quadruplet of bitstrings (s1, s2, s3, s4) the Sj membership of the corresponding (s̃1, s̃2, s̃3, s̃4). This
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membership only depends on which Sj the original quadruplet is in and so for J ≤ n− 1 possible Sj there

are
(
J+3
4

)
distinct cases that must be evaluated. For cutoff choice C = 2a +2b this reduces to 5 distinct cases,

namely how many of the si are in S1 and how many are in S2, where the number of valid quadruples for each

case being denoted as ti. The bitstring representation of any si ∈ S1 can be any combination of 0 or 1 until

the ath bit, whereas any si ∈ S2 will have a 1 at the ath bit and have any combination of 0 and 1 until the bth

bit and 0 in all other positions. The counts ti are enumerated as follows:

1. None in S2: For any si ∈ S1, XOR-ing it with another sj ∈ S1 will result in another string in S1.

There are t0 = 24a combinations of such strings.

2. One in S2: Consider the case where s1 ∈ S2, s2, s3, s4 ∈ S1. As with the previous case s̃1 will

trivially be in S1. For the remaining s̃j , the ath bit is 1 due to s1 and so s̃j is necessarily an element of

S2. This implies the bits in positions b, . . . , a− 1 must be 0, implying that the pair in S1 must have bit

patterns that cancel one another. The bits in positions 0, . . . , b− 1 are unfixed, and so the total number

of configurations is

t1 = 4× 2b ·
∑

patterns

(2b)3

= 4 · 2b · 2a−b · 23b

= 4× 2a+3b (C.4)

where the 4 accounts for the different ways to place the element of S2 and the sum is over patterns in

bit positions b, . . . , a− 1.

3. Two in S2: Consider the case where s1, s2 ∈ S2, s3, s4 ∈ S1. This implies that s̃3, s̃4 ∈ S1 for any

choice of s1, s2. By the logic of the previous case, for s̃1, s̃2 ∈ S2 the constituent bitstrings s3 and s4

must match in positions b, . . . , a−1. There are 22b choices for pairs of s1 and s2, and so t2 = 6×2a+3b,

where the factor of 6 comes from all the ways of choosing two elements of the quadruplet to be in S2.

4. Three in S2: Consider the case where s1, s2, s3 ∈ S2, s4 ∈ S1. All of s̃1, s̃2, s̃3 will trivially be in S1.

Further, s̃4 will always be in S2 as s1, s2, s3 will always have 0 in bit positions b, . . . , a− 1. Therefore

t3 = 4× 2a+3b given all of the ways to choose the element of S1 from the quadruplet.
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5. All in S2: When all the si are in S2, the s̃j will trivially be in S2 and so t4 = 24b

Collecting all of the contributing terms from the cases above and assigning them their corresponding

factors of A and B gives the final expression for the non-stabilizernessM2 of

M2 = − log

(
A824a + 14A4B42a+3b +B824b

(A22a +B22b)4

)
(C.5)

As a special case of the above equation, consider when a = b and A = B, which corresponds to a state with

cutoff C a power of two. The argument of the logarithm becomes unity and so the state is a stabilizer state.

For A ̸= B, these points will be minima. This suggests that the oscillations observed in the ground state of

the two-plaquette system are an instance of the more generic behavior where states supported on a power of

two number of basis states are generally closer to stabilizer states.

Having considered the case of one dimension, the two-dimensional case follows straightforwardly. In

particular, the computational basis quadruplets (s1, s2, s3, s4) decompose into x and y directions such that

the constraints act independently. Therefore, there are 25 total cases, corresponding to all products of the

five cases discussed in the one dimensional case. The number of contributing terms for each of the 25 is just

a product of the terms in the constituent one-dimensional cases. For cases (2, 2), (3, 3), (4, 4), (2, 4), (4, 2)

there are different summands, depending on whether the strings in S2 for the x and y directions fall on the

same amplitude c(sy ,sx) or different amplitudes. Summing all of the 25 cases gives the numerator∑
s1,s2,s3,s4

cs1cs2cs3cs̃4c
∗
s̃1c

∗
s̃2c

∗
s̃3c

∗
s4 ∝ 28aA8 +

(
14 · 22a+6b + 28 · 25a+3b

)
A4B4

+
(
120 · 22a+6b + 48 · 25a+3b

)
A2B6

+
(
28b + 28 · 2a+7b + 24a+4b+1 + 14 · 22a+6b

)
B8 (C.6)

where the proportionality is up to the normalization of the state
√

4aA2 + (2a+b+1 + 4b)B2. Specializing to

the case with A = B, the non-stabilizerness of this state can then be expressed as

M2 = − log

(
28a + 76 · 25a+3b + 148 · 22a+6b + 28 · 2a+7b + 2 · 24a+4b + 28b

(2a + 2b)8

)
(C.7)

When a = b the non-stabilizerness vanishes, whereas for any b < a the non-stabilizerness will be non-zero.

Therefore when the support of the indicator function is a power of two the state is stabilizer, and it is

maximized when it is in-between a power of two, causing the oscillations in the non-stabilizerness of the

ground state observed in the main body.
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C.2 Estimators for Stabilizer Entropies

C.2.1 Estimator Derivation

This section gives a complete derivation for the estimators given in the main text. Begin by considering the

more general case of estimating the observable

O(m) =
∑

{s1...,sm}
A−w(⊕isi)

∏
i

p(si) (C.8)

where w is the weight of a bitstring and ⊕isi denotes the element-wise XOR of all the si. The strategy will

be to rewrite the kernel A−w(⊕isi) as the Walsh-Hadamard transform of a set of undetermined coefficients

{ak}. Explicitly the ansatz is

A−w(⊕isi) =
∑
k

ak(−1)k·(⊕isi) (C.9)

and so all that remains is to determine the values of the ak. Plugging this in to the expression for the estimator

O(m) gives

O(m) =
∑

{s1,...,sm}

∑
k

ak(−1)k·(⊕isi)
∏
i

p(si)

=
∑
k

ak
∏
i

∑
si

(−1)k·sip(si)

=
∑
k

akp̂mj (k) (C.10)

where p̂(k) is the Walsh-Hadamard transform of the measurement distribution and in the second line we have

factorized the product among the four replicas. Now all that is left is to determine the expression for the ak.

This is done by taking the Inverse Walsh-Hadamard Transform of Eq. (C.9)

ak =
1

d

∑
s

A−w(s)(−1)k·s

=
1

d

∏
b

∑
sb

A−sb(−1)kbsb

=
1

d

∏
b

(
1 +

(−1)kb
A

)

=
1

d

(
1 +

1

A

)n−w(k)(
1− 1

A

)w(k)

(C.11)
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where in the second line the sum over s has been factorized into a sum over the individual bits. The observables

O(2), O(4) correspond to the cases m = 2, 4 respectively and A = −2. This gives the final expressions in the

main text Eq 4.7.

C.3 Walsh-Paley Based Reconstruction of Wavefunction Probabilities

C.3.1 One Dimension

This section first describes the general grounds by which the Total Variational Distance (TVD) between the

exact bitstring distribution and the reconstructed distribution may be bounded by the sequency spectrum

of the underlying distribution. Then the dominant coefficients in each sequency band of relevant classical

functions are calculated to give tight bounds on the reconstruction quality. Finally, different noise models are

considered to understand how different types of noise might affect the reconstruction quality of the bitstring

distributions.

To bound the TVD between two distributions, it is useful to view it as the L1 norm of the probability

vector p(s)− p(s; k∗). The L2 norm of the vector is related to the Mean Squared Error (MSE)

ε(p1, p2) =
√∑

s

(p1(s)− p2(s))
2 (C.12)

By an application of the Cauchy-Schwarz inequality the following bound applies

δ(p1, p2) ≤
√
d

2
ε(p1, p2) (C.13)

where d = 2n is the length of the vector for n qubits. The MSE between the exact and reconstructed

distributions is

∑
s

(p(s)− p(s; k∗))2 =
∑
s

(
1

d

∑
k>k∗

(−1)k·sck
)2

=
1

d2

∑
s

∑
k,k′>k∗

(−1)s·(k+k′)ckck′

=
1

d

∑
k>k∗

c2k (C.14)

where the third line used the orthogonality of Walsh functions. Therefore to bound the MSE it is crucial to

understand the asymptotic decay of the sequency spectra. For convenience k∗ will start at the beginning of

the band ν, thereby providing a worst case estimate for all elements of the band. In practice, starting at an
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arbitrary index in the block gives a small improvement to the error which is sub-leading to the improvement

by including only the first element.

Under the assumption that the bitstring distribution is encoded by a smooth function f(x), it has been

shown that the Paley-ordered coefficients of degree k obey the following bound [588]

|ck| ≤ F × 2−q(k) (C.15)

where the prefactor F = max
x
|f (r)(x)| is the maximum of the rth derivative of f over the domain of x,

r =
∑

i ki is the number of ones in k, and q(k) =
∑

i iki+ r(k). The function q(k) obeys the following shift

property q(2m + s) = (m+ 1) + q(s) relating bitstrings between blocks. The decay of the reconstruction

error Eq. (C.14) can therefore be expressed as∑
k>k∗

1

4q(k)
=

n−1∑
j=m

1

4j+1

2j−1∑
k=0

1

4q(k)
(C.16)

=
n−1∑
j=m

1

4j+1

j∏
i

∑
ki∈{0,1}

1

4ki(i+1)
(C.17)

=

n−1∑
j=m

1

4j+1

j∏
i

(
1 +

1

4i+1

)
(C.18)

≤ C

3

(
1

4m
− 1

4n

)
(C.19)

where C =
∏n

i (1+1/4i+1) < 1.356 is a constant for n→∞; the first line represents the sum over different

bands. The MSE is bounded by

ε2(p1, p2) ≤
CF̃ 2

3d

(
1

4m
− 1

4n

)
(C.20)

(C.21)

where F̃ = max
k

F . Assuming that n is large, the TVD dependence of the cutoff is

δ(p(s), p(s; k∗)) ≤ max
r,s
|p(r)(s)|

√
C

12

1

2m
(C.22)

where m denotes the most significant bit of the cutoff k∗. Most notably, the only dependence on system

size comes from the dependence on the derivatives. It is clear that for bitstring distributions that vary on the

scale of individual bits, this will incur a factor exponential in system size. However for sufficiently smooth

functions, namely those that have bounded derivative as n→∞, to achieve a constant TVD it is sufficient to

calculate only the coefficients up to a particular band.
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C.3.2 Multiple Dimensions

The case of encoding a D-dimensional function f : RD → R on the interval [0, 1)⊗Dis now considered. In D

dimensions, the Paley-ordered Walsh functions are given by Wk(x) =
∏D

j=1Wkj (xj) where k denotes a list

of Walsh indices. It is useful to introduce the following functions

Y (k, x) =
∏
j

y(kj , xj), y(ki, xi) =
1

(r(ki)− 1)!

∫ t

0
dτWki(τ)(xi − τ)r(ki)−1 (C.23)

where t, τ ∈ RD and k is a vector of bitstrings. The Walsh functions Wk and y satisfy the following

properties:

1.
∫ 1
0 (
∏

i t
αi
i Wki)dt = 0 if αj < r(kj)

2. y(ki, t) =
∫ t
0

∫ t1
0 · · ·

∫ tr−1

0 Wki(tr)dtr . . . dt1

3.
∫ 1
0 y(ki, t)dt = 2−q(ki)

which are analogous to the single dimensional conditions given in [589].

Denoting the block index of the band vector of k as ν, there are
∏D

j=1 2
νj−1 terms in the same band as k,

defining a hypercube with corresponding side-lengths in k space.

The bound on the Walsh coefficient ck is found by first expanding f up to order ρ =
∑

j r(kj) around the

boundary point (1, . . . , 1)

f(x) =
∑
|α|<ρ

∂αf

α!
(x−1)α+Rρ(x), Rρ(x) =

∑
|α|=ρ

ρ(x− 1)α

α!

∫ 1

0
ds(1−s)ρDαf(1+s(x−1)) (C.24)

where α = (α1, . . . , αD) is a multi-index of differentiation orders in each direction, |α| = α1 + · · ·+ αD,

and Dα =
∏

i ∂αi . The term Rr(x) is simply the integral form of the remainder for a Taylor expansion, and t

parameterizes a line from the boundary point 1 to the point x. The Walsh coefficient ck is found by integrating

the series term by term against the Walsh function, where Property 1 causes the first terms to vanish.

ck =
∑
α

ρ

α!

∫ 1

0
dτWk(τ)(x− 1)α

∫ 1

0
ds(1− s)rDαf(1 + s(x− 1)) (C.25)

The integral over s is bounded by ∆ = max
x

f (α)(x), which is the maximum value of the directional

derivatives specified by α over the integration region. Again by Property 1, the only term in the sum over α
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that does not vanish is the combination of α’s that matches the ranks of the corresponding index vector ν.

Using properties 2 and 3, the Walsh coefficient is then given by

|ck| ≤ ∆ρ
∏
j

1

r(kj)!

∫ 1

0
dτjWkj (τj)(xj − 1)r(kj) (C.26)

= ∆
ρ∏

j r(kj)

∫ 1

0
dτY (k, τ) (C.27)

≤ D∆
∏
j

2−q(νj) (C.28)

which is analogous to the bound in the one dimensional case with an extra factor of d in front. Considering

the case where the cutoff in each direction is k∗j , the error will be given by summing over all k outside this

hypercube defined by C = ⋃j Aj where Aj = {k|kj > k∗j }. Applying a union bound to this sum gives the

following

∑
k∈C

1

4q(k)
≤

D∑
j=1

∑
k∈Aj

1

4q(k)

=
∑
j

∑
kj>k∗j

4−q(kj)
∏
i̸=j

∑
ki

4−q(ki)

= CD−1
∑
j

∑
kj>k∗j

4−q(kj) (C.29)

=
CD

3

∑
j

(
1

4mj
− 1

4n

)
(C.30)

where the final line follows from using the single variable sum over j and mj is the most significant bit of the

cutoff k∗j . Once again, assuming large n, the bound on the TVD becomes

δ ≤
√
DCD

6
∆
∑
j

2−mj (C.31)

This bound is not tight in terms of its dependence on the dimension D. Crucially, for constant finite D and a

sufficiently smooth function, the bound is independent of the number of qubits used in the digitization.
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Appendix D

APPENDIX TO CHAPTER 5

D.1 Details of Sample Complexity Bound

Here, we provide details for the derivation of the bound on sample complexity for the Global Dual Pairs

protocol for Z2 LGT with PBC. In particular, we provide a derivation of Eq. (5.27). From Lemma S1

of [37], for a traceless operator O, the variance of the corresponding shadow expectation value oj , where

EU,b(oj) = Tr(ρO),

Var(oj) = Var
(
Tr
[
Φ̂[ρ]O

])
≤ ∥O∥2shadow, (D.1)

where ρ is the unknown quantum state and, thus, Φ̂[ρ] is the Ising-side classical shadow of this state. The

so-called shadow norm is defined as

∥O∥2shadow = max
σ

EU

∑
b⃗∈{0,1}n

⟨⃗b|UσU † |⃗b⟩ ⟨⃗b|UM−1[O]U † |⃗b⟩2 , (D.2)

where U are the random unitaries applied before measurement, b⃗ are the measurement outcomes (i.e. bit

strings), σ is some quantum state, andM is the shadow channel (see Eq. (5.10)). To apply these expressions,

we must consider the operator O on the Ising side of the duality.

Without loss of generality, assume that O is a single Pauli string. Then, from Eq. (5.23), M acts

proportionally to identity and is trivial to invert yielding:

M−1(O) =
3wxy/2

fα
O, (D.3)

where we recall that wxy is the total number of X and Y operators in the (Ising-side) operator string O, f is

the fraction of pairings π ∈ PV for whichMπ(O) ̸= 0 (Eq. (5.24)), and α is an amplitude associated with

permutations of Z and I operators within the operator O (Eq. (5.25)). Thus, the shadow norm is bounded as

∥O∥2shadow = max
σ

E
U,⃗b
⟨⃗b|UM−1[O]U † |⃗b⟩2 ≤ 3wxy/2

fα
∥O∥2∞, (D.4)

where we use that ⟨⃗b|UOU † |⃗b⟩2 ≤ λmax(O)2, where λmax(O) is the largest eigenvalue of O. Substituting

this bound on the shadow norm into Eq. (D.4) yields Eq. (5.27).
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D.2 Protocols with Fixed Boundary Conditions

In this Appendix, we explicitly describe the duality with fixed boundary conditions (FBC) (Section D.2.1),

i.e. where the electric flux entering the system is fixed, and explain in detail the Global Dual Pairs protocol in

this formulation, including a numerical example (Section D.2.2). The Local Dual Pairs and Dual Product

protocols can be generalized along similar lines.

D.2.1 Duality with FBC

We now describe how the duality is modified in the presence of fixed boundary conditions (FBC). The case of

periodic boundary conditions (PBC) is discussed in the main text and, for reference, is also summarized in

Fig. D.1a and b. The LGT–Ising duality under FBC is illustrated in Fig. D.1c (LGT side) and d (Ising side).

A key difference from the PBC case is the absence of global superselection operators (Vx, Vy). With

FBC, there are Nx(Ny − 1) +Ny(Nx − 1) qubit degrees of freedom residing on the links of the lattice, and

NxNy − 1 independent Gauss-law constraints. The subtraction by one arises from the identity
∏

sGs = 1,

which includes both bulk and boundary sites s of the lattice. As a result, the number of remaining physical

degrees of freedom is NxNy −Nx −Ny + 1. This matches the number of degrees of freedom in the dual

Ising system, which consists of (Nx − 1)(Ny − 1) dual spins located on the plaquettes. The explicit operator

mapping is detailed in Fig. D.1c and d. For clarity, we label operators as belonging to the bulk or the boundary,

depending on their location. The electric variables in the bulk, σxl , and all magnetic terms W□ map to the

dual theory just as in Eq. (5.4). However, electric operators σxl on the boundary map to a single X□ operator.

That is,

Φ(σxl ) = X□, (for l on boundary), (D.5)

where □ is the single plaquette adajcent to the boundary link l; see Fig. D.1b for an illustration. Equation (D.5)

implies that for σxl operators located at the lattice corners, the two electric fields meeting at a corner both

map to the same dual operator X□. This reflects that the corner σxl operators are equivalent up to the action of

the local Gauss law operator. The dual Hamiltonian for Z2 LGT in 2+1d with FBC can be written as,

HFBC
dual = −

∑
□

Z□ − g
∑

l∈boundary
Xηl − g

∑
□∈blk

(X□X□−x̂ +X□X□−ŷ),

where ηl runs over plaquettes adjacent to l, □ ∩ l ̸= ∅. Unlike the PBC case, there is no parity symmetry

constraint in the dual, matching with the fact that on the LGT side it is no longer true that
∏

□W□ = 1.
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Figure D.1: Summary of LGT-Ising duality for PBC and FBC. a) Hilbert space structure and operators for Z2

LGT with PBC and b) for the corresponding Ising dual which is subject to a parity constraint. Spheres mark

one local spin-1/2 d.o.f. c) For FBC, the LGT includes bulk and boundary Gauss laws, as well as plaquette

and electric operators. d) The dual Ising theory for FBC is no longer parity constraint but electric operators

dualize differently in bulk and on the boundary.

D.2.2 Adapting the Global Dual Pairs Protocol to FBC

The Global Dual Pairs protocol with FBC is essentially identical to the PBC case discussed in the main

text, except that the parity symmetry constraint is no longer imposed. Accordingly, for each pairing π, and

for pairs [ij] ∈ π, we apply a randomizing unitary U[ij] drawn from a full two-qubit (approximate) unitary
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2-design, i.e., without enforcing parity symmetry. For these pairs [408],

M[ij]

[
Φ[ρ]

]
=

1

5

(
Φ[ρ] + Tr

[
Φ[ρ]

])
. (D.6)

Thus, the action on an operator string SiSj ∈ {I,X, Y, Z}⊗2 is

M[ij][SiSj ] =


SiSj , SiSj = II

1
5SiSj , otherwise.

(D.7)

Consequently,M is diagonal and easily invertible. That is,

M[S] = α̃S, (D.8)

where α̃ is the amplitude associated with S, defined as

α̃ =
1

|PV |

⌊kdual/2⌋∑
m=0

1

5kdual−m

(
kdual
2m

)
|P2m|︸ ︷︷ ︸

double pairings

(
V − kdual
kdual − 2m

)
(kdual − 2m)!︸ ︷︷ ︸

single pairings

(D.9)

where kdual is the number of non-identity operators in S (i.e. the Pauli weight of S), and where the sum is

over the number of pairings m that pair non-trivial operators with one another (“double pairings”). Unlike

the PBC case, all pairings contribute and, thus, there is no FBC equivalent to the fraction f in Eqs. (5.23)

and (5.24). Pairings that pair a single non-trivial operator with an identity operator are denoted a “single

pairing.” Assuming that kdual = Θ(1), and, using Stirling’s approximation we find that α̃ ∼ 1/poly(V ).

Thus, following a computation nearly identical to that in Section D.1, the sample cost remains polynomial in

the system size, as in the PBC case.

Figure D.2 presents a numerical demonstration of the Global Dual Pairs protocol with FBC, implemented

on a (Nx, Ny) = (3, 3) lattice. We estimate a loop operator OL in (a), and a ribbon operator OR in panel (b).

The FBC adaptation accurately reproduces the expected values across a broad range of coupling strengths. In

addition, the convergence to the exact result is quicker for the loop observable OL compared to the ribbon

operator OR, which while having higher weight on the Z2 side of the duality, has lower weight compared to

OR on the Ising side.
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Figure D.2: Implementation of Global Dual Pairs with Fixed Boundary Conditions Example of a) loop and b)

ribbon operators for Nx = 3 and Ny = 3 with FBC via the modified Global Dual Pairs protocol, compared to

the exact solution of the Z2 LGT ground state. Error bars represent standard deviation of the mean over a

single experiment of ν = 5000 shots.
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Appendix E

APPENDIX TO CHAPTER 7

E.1 ORP Details

E.1.1 Detector Construction From Syndromes

Syndrome measurements record the eigenvalue of a stabilizer at the time of measurement, and connecting

this value to the underlying error mechanisms is done through the construction of detectors. A detector vj

is a parity of various syndrome measurements that has a deterministic value for a noiseless circuit [590],

where j = (g, b, r) is a “space-time” label denoting the stabilizer g, block b, and round r that the detector

measures. The same construction applies to both X-type and Z-type detectors: the generator index g runs

over the X stabilizers to build the X detectors and over the Z stabilizers to build the Z detectors, with each

detector formed only from syndrome bits of a single stabilizer within a single block. The two stabilizer

types are therefore structurally identical, and differ only through the “temporal boundaries”, or how detectors

are constructed at initialization and when terminal measurements on the data qubits are made. In this case

detectors are set by the logical state in which each block is prepared and the basis in which it is measured out.

No-reset circuits. For the no-reset circuits used in this work, the ancilla measuring a given stabilizer is not

reinitialized between cycles, so its outcome records the running parity of that stabilizer’s eigenvalue history

rather than its instantaneous eigenvalue. The deterministic combination is then the parity of two syndrome

measurements in the same code block two cycles apart [561],

vj+1 = sj+1 ⊕ sj−1 , (E.1)

where j±1 is shorthand for (g, b, r±1), so that the intervening cycle is skipped. Taking the parity across two

cycles cancels the accumulated history carried by the unreset ancilla and isolates the change in the stabilizer

eigenvalue, ensuring that an isolated error flips only a small, bounded set of detectors. For the first detector

with j = 1, the syndrome measurements are padded with a reference value of 0 (so no error has occurred at

the beginning of the circuit). This padding renders the first detector deterministic for every stabilizer whose

eigenvalue is fixed by the state preparation. In this work, each block of the [[4, 2, 2]] code is initialized in



204

|00⟩, which is a simultaneous +1 eigenstate of both SX and SZ . Both stabilizer eigenvalues are therefore

fixed at preparation, and the padding yields a deterministic first detector for the X-type and Z-type stabilizers

alike. Errors during initialization will go undetected unless the the preparation circuits is itself FT, however

since |GHZ(4)⟩ circuits are exceptionally shallow errors during this stage do not contribute very much to

the overall logical error rate. Had the block instead been prepared in a bare computational-basis product

state, only the Z-type stabilizers would be fixed by the preparation. The X-type eigenvalue on the other

hand would be random and its first detector would form only once two in-circuit syndrome measurements are

available and their relative parities are deterministic. At the final cycle the data-qubit readout reconstructs the

stabilizers compatible with the measurement basis, and this reconstructed value plays the role of sj+1 in the

boundary detector, closing the space-time volume. For R rounds, the final detector in the measurement basis

reads

vR+1 = sR−1 ⊕ sR ⊕

 ⊕
d∈supp(g)

d

 , (E.2)

where supp(g) are the data qubits on which stabilizer g is defined; in this work it is always the SZ stabilizer

as measurements are always be made in the Z basis. For the simulations with only a single stabilizer-

measurement round, the two-cycle rule has no earlier in-circuit round to reference, and the 0-padding

convention makes each detector coincide with its stabilizer measurement, v1 = s1. Because the GHZ

initialization fixes both eigenvalues, this holds for the X-type and Z-type stabilizers alike, supplemented by

the measurement-basis boundary detector,

v2 = s1 ⊕

 ⊕
d∈supp(SZ)

d

 . (E.3)

Reset circuits. When the ancilla is instead reset to |0⟩ after each syndrome measurement, its outcome reports

the instantaneous stabilizer eigenvalue rather than a running parity. The detector then reduces to the parity of

syndrome measurements in consecutive cycles,

vj = sj−1 ⊕ sj , (E.4)

where the index convention is the same as in the no-reset case and the same padding convention supplies the

reference value for the first detector. Similarly, the construction of the X and Z detectors and the initialization

boundary are unchanged, and both stabilizer types again acquire a deterministic first detector from the GHZ
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preparation. The only modification at the terminal boundary is that the reconstructed data value is compared

against a single syndrome measurement round,

vR+1 = sR ⊕

 ⊕
d∈supp(g)

d

 , (E.5)

since sR is already the instantaneous eigenvalue. The remaining practical difference is in which detectors

are flipped by an error: a measurement fault flips a pair of adjacent detectors, vj and vj+1, rather than the

next-nearest pair vj and vj+2 produced in the no-reset case, so the time-like edges connect neighboring rather

than next-neighboring cycles.

E.1.2 Detector Selection

The following plateau-finding algorithm is used with ORP to determine which detectors should be used for

postselection.

1. Given an observable O, detectors vj are ranked in order of decreasing ∆j = |⟨O⟩vj=0 − ⟨O⟩vj=1|.1

2. A sweep over cutoff levels k is done, where each level k only retains shots for which none of the top-k

detectors record an error. Final blockwise parity postselection is always applied regardless of k. This

produces a sequence of postselected expectation values ⟨O⟩k with bootstrapped uncertainties σk. The

acceptance fraction among all blockwise parity-even shots fk is recorded for each k.

3. A reference value is built by combining the most heavily filtered levels using an inverse-variance

weighted average,

Oref =

∑
k∈{kref}⟨O⟩k/σ

2
k∑

k∈{kref} 1/σ
2
k

, (E.6)

where {kref} includes levels k that satisfy fmin ≤ fk ≤ fref.

4. Starting from large k and moving down, a plateau is found by looking for the longest run of k where

|⟨O⟩k −Oref| ≤ zσk.

1Since O is defined up to conjugation by SX and SZ , the calculation of ∆j depends on which data qubits are used to compute ⟨O⟩.
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Figure E.1: Convergence of ORP on ibm boston. Four Trotter steps of size δt = 0.4 are applied to four code

blocks, each initialized in the |00⟩ state, with couplings gx = gz = 1. The solid line shows ⟨Z(0,0)⟩
computed through ORP as a function of the number of detectors k used in the postselection criterion, with the

noiseless MPS prediction given by the horizontal dashed line. The corresponding acceptance fraction is

shown by the dotted line (right axis). The vertical red dotted line marks the value of k∗ chosen by the

plateau-finding algorithm.

5. The selected value k∗ is the most permissive k in this run. If a sufficiently long plateau isn’t found, the

cut level is set to be k∗ = argmin
k

[(⟨O⟩k −Oref)
2 + σ2k].

This procedure is carried out on the held-out half of the results, and the resulting k∗ is applied to the

complementary half to report ⟨O⟩k∗ . This work uses the parameters fmin = 0.005, fref = 0.05, z = 1,

although the quality of ⟨O⟩k is observed to be similar for a range of parameters. Observables for all times

t and logical qubits (b, lb) are calculated using this algorithm. An example of the convergence of local

expectation values for four blocks on ibm boston as a function of the number of detectors used in the

postselection criteria is shown in Fig. E.1. The plateau-finding algorithm successfully chooses a point within

the vicinity of the noiseless MPS prediction, predicting ⟨Z⟩ = 0.85(2) compared to an ideal value of 0.88.

While the associated acceptance fraction decreases exponentially, choosing to filter only on k∗ detectors does

not leave the total ensemble exponentially small in system size.
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E.2 Block Placement Selection

The goal of layout selection is to arrange the logical qubits so that they closely resemble some target geometry,

in our case a regular square lattice that we call a “logical grid”. The heavy-hex quantum processor’s physical

connectivity, combined with the choice of logical connectivity, creates a large search space of candidate

logical grids. This can be formulated as a rectangle placement problem, since each [[4, 2, 2]] block encodes

two logical qubits, we represent it as a 2× 1 rectangle occupying two sites of a square lattice. Two logical

qubits couple when their blocks occupy adjacent lattice sites such that they are directly connected by a

physical gate. We apply this formulation to the heavy-hex connectivity, though it generalizes to arbitrary

device geometries.

We first enumerate all placements Pi of blocks onto the device that maximize the number of blocks used,

subject to the heavy-hex connectivity and excluding a set of qubits with poor performance. For ibm boston

(avoiding four noisy qubits), we find 42 different embeddings Pi supporting 21 code blocks each, i.e., 42

logical qubits per embedding.

Within a given Pi, logical qubits within two blocks are allowed to couple if their blocks are adjacent

or share a single “bridge” qubit on the device. An example of this is shown in Fig. E.2, where blocks 20

and 17 are directly adjacent, while blocks 17 and 14 are considered adjacent through the green bridge qubit.

Relabeling logical qubits (b, 0)↔ (b, 1) or ancillas ax ↔ az within a block leaves the intra-block topology

unchanged, so we treat these configurations as equivalent. For a given placement Pi, the realized edge set is

E(Pi) = {(b, 0), (b, 1)}b∈Pi︸ ︷︷ ︸
intra-block, always present

∪
{
{(a, la), (b, lb)} :

(a, la) adjacent to (b, lb) ∀b ∈ Pi

}
, (E.7)

i.e., the set of intra-block edges and available adjacent inter-block edges. The degree of a given vertex v is

deg(v) = 1 +#{inter-block edges}, and we require 2 ≤ deg(v) ≤ 4 for all v.

Finding the best logical grid is a combinatorial optimization over the space of edge configurations,

which is too large to search exhaustively. Instead, we use simulated annealing [591] to find the approximate

solution. Each candidate configuration is scored as S(E) = |E| − λ(κ(E)− 1). Here κ(E) is the number

of connected components and λ is a large positive coefficient that penalizes disconnected graphs. This
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Figure E.2: Example [[4, 2, 2]] Code Block Placement onto Heavy-Hex Connectivity. Several blocks (grey)

are shown placed onto a heavy-hex connected quantum processor. Data qubits are given in black, Z- and

X-type ancillas are shown in red and blue respectively, and a bridge qubit is shown in green.

form allows the algorithm to briefly pass through disconnected configurations to reach higher-scoring

connected ones. In the annealing search, modifications E′ to the current layout E are accepted with the

probability paccept = min(1, e(S(E
′)−S(E))/T ), where T (t) = T0 (Tend/T0)

t/(Nit−1) is the cooling schedule

which specifies the search rate. A periodic reheating every Rh steps, T ← max(T, Treheat) to escape local

minima is included. We use the parameters T0 = 4, Tend = 0.01, Treheat = 2, Rh = 6000, Nit = 25000.

The set of allowed updates are single-rectangle relocations, single rectangle rotations, two-rectangle

swaps, and three-rectangle cyclic swaps. In addition, with probability 0.15 an under-realized block (one that

is not yet coupled to all its available neighbors) is relocated to a spot that maximizes its realized edges. This

prevents the algorithm from getting stuck on grids with thin chains attached. This process is repeated 500

times for every placement Pi with random seeds. The parameters for the simulated annealing are heuristically

chosen to determine a suitable logical grid. With this algorithm, we find the grid shown in Fig. 7.1b), which

has 66 logical edges (45 inter-block and 21 intra-block).2 App. E.10 discusses other block placements that

may be more favorable on similar heavy-hex quantum processors.

2In principle, the Trotter step depth could be optimized jointly with the layout. This work does not do so and instead fixes it in

advance. Trotter step optimization is discussed in App. E.3.
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E.3 Circuit Scheduling

Once the optimal logical grid is determined, a Trotter step of the Hamiltonian in Eq. (7.6) must be built.

Naive placement of inter-block ZZ rotations results in deep circuits and long idle times. As shown later

in this section, finding the optimal Trotter step for a given grid reduces to determining the best placement

of inter-block gates Ue(δt) = e−iδt/2Z(a,la)Z(b,lb) . The logical operations within a single block are defined

in Eq. (7.2). It is assumed that blocks start in the compute configuration shown in the center of Fig. 7.1c).

In each block b, Z(b,0) and X(b,1) can be implemented directly in this configuration while Z(b,1) and X(b,0)

require SWAP(d1, d2). A block’s frame f ∈ {0, 1} records whether d1 and d2 have been swapped relative to

their starting position. Together with intra-block gates, inter-block gates on both logical qubits within a block

require at least one frame toggle per Trotter step.

Given two blocks a and b, and a single connection point between them (a direct connection or through

a bridge qubit), the shallowest implementation of the unitary Ue applies CNOT fanout on both blocks (to

accumulate the required parity), applies a Z rotation on the central qubit, and uncomputes the accumulated

parities by applying the fanouts in reverse.3 An example of such a circuit between qubits (17, 0) and (20, 1)

is shown in Fig. E.3b). The depths of the inter-block ZZ gadgets between all neighboring pairs (a, la), (b, lb)

are shown in Table E.1. Three choices leave the logical circuit invariant, but may lower the depth: the

orientation of block ob ∈ {0, 1} (whether ax ↔ az is applied), lb ∈ {0, 1} which specifies whether the

(b, 0)↔ (b, 1) relabeling is applied, and we controlling which connection to use between two blocks when

multiple exist. We parameterize the schedule with A = {o, l, w} for all blocks and edges in the logical grid.

Within a block, couplings in the same frame share the same accumulated Z-parity, so this parity is computed

once per frame segment via a single fanout.

Scheduling for a fixed A is itself a combinatorial optimization problem: even with the gate placements

fixed, the ordering and layering of two-qubit gates into a minimum-depth circuit has a search space too large

to explore exhaustively. The schedule for a given A is determined using the constrained-satisfaction solver

CP-SAT from the package ortools [592, 593]. This is possible because of commutation between the terms

of each Trotter step. Together with fixing f = 0 at the start of each Trotter step and placement of single qubit

gates described below, this constrains the Trotter step to a single consistent ordering on all blocks, leaving

3In the case where two adjacent blocks have two connections, such as blocks 14 and 19 in Fig. E.2, the algorithm selects a schedule

that may use both connections to minimize overall circuit depth.
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RZ

<latexit sha1_base64="u//wYe5c8xCXCso2f/Pbp9R4vtk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkViR4DXjzGRx6QLGF2MpsMmZ1dZnqFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dYSqFQc/7dgpr6xubW8Xt0s7u3v5B+fCoaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3cz81hPXRiTqEccpD2I6UCISjKKVHu577V654rneHGSV+DmpQI56r/zV7Scsi7lCJqkxHd9LMZhQjYJJPi11M8NTykZ0wDuWKhpzE0zmp07JmVX6JEq0LYVkrv6emNDYmHEc2s6Y4tAsezPxP6+TYXQdTIRKM+SKLRZFmSSYkNnfpC80ZyjHllCmhb2VsCHVlKFNp2RD8JdfXiXNC9evutW7y0rNzeMowgmcwjn4cAU1uIU6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8Kdo2Y</latexit>

RX
<latexit sha1_base64="RJjOFmhIPEyOkOlOy70vMyXgAzY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkViR4DXjzGRx6YLGF20psMmZ1dZmaFEPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uMBVcG8/7cgorq2vrG8XN0tb2zu5eef+gqZNMMWywRCSqHVKNgktsGG4EtlOFNA4FtsLR1cxvPaLSPJH3ZpxiENOB5BFn1Fjp7rb30CtXPNebg/wlfk4qkKPeK392+wnLYpSGCap1x/dSE0yoMpwJnJa6mcaUshEdYMdSSWPUwWR+6pScWKVPokTZkobM1Z8TExprPY5D2xlTM9TL3kz8z+tkJroMJlymmUHJFouiTBCTkNnfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C+//Jc0z1y/6lZvzis1N4+jCEdwDKfgwwXU4Brq0AAGA3iCF3h1hPPsvDnvi9aCk88cwi84H98Nfo2a</latexit>

RZ

<latexit sha1_base64="u//wYe5c8xCXCso2f/Pbp9R4vtk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkViR4DXjzGRx6QLGF2MpsMmZ1dZnqFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dYSqFQc/7dgpr6xubW8Xt0s7u3v5B+fCoaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3cz81hPXRiTqEccpD2I6UCISjKKVHu577V654rneHGSV+DmpQI56r/zV7Scsi7lCJqkxHd9LMZhQjYJJPi11M8NTykZ0wDuWKhpzE0zmp07JmVX6JEq0LYVkrv6emNDYmHEc2s6Y4tAsezPxP6+TYXQdTIRKM+SKLRZFmSSYkNnfpC80ZyjHllCmhb2VsCHVlKFNp2RD8JdfXiXNC9evutW7y0rNzeMowgmcwjn4cAU1uIU6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8Kdo2Y</latexit>

RX
<latexit sha1_base64="RJjOFmhIPEyOkOlOy70vMyXgAzY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkViR4DXjzGRx6YLGF20psMmZ1dZmaFEPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uMBVcG8/7cgorq2vrG8XN0tb2zu5eef+gqZNMMWywRCSqHVKNgktsGG4EtlOFNA4FtsLR1cxvPaLSPJH3ZpxiENOB5BFn1Fjp7rb30CtXPNebg/wlfk4qkKPeK392+wnLYpSGCap1x/dSE0yoMpwJnJa6mcaUshEdYMdSSWPUwWR+6pScWKVPokTZkobM1Z8TExprPY5D2xlTM9TL3kz8z+tkJroMJlymmUHJFouiTBCTkNnfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C+//Jc0z1y/6lZvzis1N4+jCEdwDKfgwwXU4Brq0AAGA3iCF3h1hPPsvDnvi9aCk88cwi84H98Nfo2a</latexit>

RZ

<latexit sha1_base64="RJjOFmhIPEyOkOlOy70vMyXgAzY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkViR4DXjzGRx6YLGF20psMmZ1dZmaFEPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uMBVcG8/7cgorq2vrG8XN0tb2zu5eef+gqZNMMWywRCSqHVKNgktsGG4EtlOFNA4FtsLR1cxvPaLSPJH3ZpxiENOB5BFn1Fjp7rb30CtXPNebg/wlfk4qkKPeK392+wnLYpSGCap1x/dSE0yoMpwJnJa6mcaUshEdYMdSSWPUwWR+6pScWKVPokTZkobM1Z8TExprPY5D2xlTM9TL3kz8z+tkJroMJlymmUHJFouiTBCTkNnfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C+//Jc0z1y/6lZvzis1N4+jCEdwDKfgwwXU4Brq0AAGA3iCF3h1hPPsvDnvi9aCk88cwi84H98Nfo2a</latexit>

RZ

<latexit sha1_base64="u//wYe5c8xCXCso2f/Pbp9R4vtk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkViR4DXjzGRx6QLGF2MpsMmZ1dZnqFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dYSqFQc/7dgpr6xubW8Xt0s7u3v5B+fCoaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3cz81hPXRiTqEccpD2I6UCISjKKVHu577V654rneHGSV+DmpQI56r/zV7Scsi7lCJqkxHd9LMZhQjYJJPi11M8NTykZ0wDuWKhpzE0zmp07JmVX6JEq0LYVkrv6emNDYmHEc2s6Y4tAsezPxP6+TYXQdTIRKM+SKLRZFmSSYkNnfpC80ZyjHllCmhb2VsCHVlKFNp2RD8JdfXiXNC9evutW7y0rNzeMowgmcwjn4cAU1uIU6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8Kdo2Y</latexit>

RX

<latexit sha1_base64="RJjOFmhIPEyOkOlOy70vMyXgAzY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkViR4DXjzGRx6YLGF20psMmZ1dZmaFEPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uMBVcG8/7cgorq2vrG8XN0tb2zu5eef+gqZNMMWywRCSqHVKNgktsGG4EtlOFNA4FtsLR1cxvPaLSPJH3ZpxiENOB5BFn1Fjp7rb30CtXPNebg/wlfk4qkKPeK392+wnLYpSGCap1x/dSE0yoMpwJnJa6mcaUshEdYMdSSWPUwWR+6pScWKVPokTZkobM1Z8TExprPY5D2xlTM9TL3kz8z+tkJroMJlymmUHJFouiTBCTkNnfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C+//Jc0z1y/6lZvzis1N4+jCEdwDKfgwwXU4Brq0AAGA3iCF3h1hPPsvDnvi9aCk88cwi84H98Nfo2a</latexit>

RZ

<latexit sha1_base64="u//wYe5c8xCXCso2f/Pbp9R4vtk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkViR4DXjzGRx6QLGF2MpsMmZ1dZnqFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dYSqFQc/7dgpr6xubW8Xt0s7u3v5B+fCoaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3cz81hPXRiTqEccpD2I6UCISjKKVHu577V654rneHGSV+DmpQI56r/zV7Scsi7lCJqkxHd9LMZhQjYJJPi11M8NTykZ0wDuWKhpzE0zmp07JmVX6JEq0LYVkrv6emNDYmHEc2s6Y4tAsezPxP6+TYXQdTIRKM+SKLRZFmSSYkNnfpC80ZyjHllCmhb2VsCHVlKFNp2RD8JdfXiXNC9evutW7y0rNzeMowgmcwjn4cAU1uIU6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8Kdo2Y</latexit>

RX
<latexit sha1_base64="RJjOFmhIPEyOkOlOy70vMyXgAzY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkViR4DXjzGRx6YLGF20psMmZ1dZmaFEPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uMBVcG8/7cgorq2vrG8XN0tb2zu5eef+gqZNMMWywRCSqHVKNgktsGG4EtlOFNA4FtsLR1cxvPaLSPJH3ZpxiENOB5BFn1Fjp7rb30CtXPNebg/wlfk4qkKPeK392+wnLYpSGCap1x/dSE0yoMpwJnJa6mcaUshEdYMdSSWPUwWR+6pScWKVPokTZkobM1Z8TExprPY5D2xlTM9TL3kz8z+tkJroMJlymmUHJFouiTBCTkNnfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C+//Jc0z1y/6lZvzis1N4+jCEdwDKfgwwXU4Brq0AAGA3iCF3h1hPPsvDnvi9aCk88cwi84H98Nfo2a</latexit>

RZ
<latexit sha1_base64="RJjOFmhIPEyOkOlOy70vMyXgAzY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkViR4DXjzGRx6YLGF20psMmZ1dZmaFEPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uMBVcG8/7cgorq2vrG8XN0tb2zu5eef+gqZNMMWywRCSqHVKNgktsGG4EtlOFNA4FtsLR1cxvPaLSPJH3ZpxiENOB5BFn1Fjp7rb30CtXPNebg/wlfk4qkKPeK392+wnLYpSGCap1x/dSE0yoMpwJnJa6mcaUshEdYMdSSWPUwWR+6pScWKVPokTZkobM1Z8TExprPY5D2xlTM9TL3kz8z+tkJroMJlymmUHJFouiTBCTkNnfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C+//Jc0z1y/6lZvzis1N4+jCEdwDKfgwwXU4Brq0AAGA3iCF3h1hPPsvDnvi9aCk88cwi84H98Nfo2a</latexit>

RZ

<latexit sha1_base64="PwFN/zJE8RkhnoJovgWcVpUg+E8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD159UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimGN34mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6aV9VvVq1dn9daVTzOIpwBudwCR7UoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A/CcjO0=</latexit>

17

<latexit sha1_base64="078Tx5JP6JBbe9orlK30Dd/tXhQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimGN34mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6adeqXr1av7+qNKp5HEU4g3O4BA+uoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A+eFjOc=</latexit>

20

<latexit sha1_base64="PwFN/zJE8RkhnoJovgWcVpUg+E8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD159UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimGN34mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6aV9VvVq1dn9daVTzOIpwBudwCR7UoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A/CcjO0=</latexit>

17

<latexit sha1_base64="078Tx5JP6JBbe9orlK30Dd/tXhQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimGN34mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6adeqXr1av7+qNKp5HEU4g3O4BA+uoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A+eFjOc=</latexit>

20

<latexit sha1_base64="RJjOFmhIPEyOkOlOy70vMyXgAzY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkViR4DXjzGRx6YLGF20psMmZ1dZmaFEPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uMBVcG8/7cgorq2vrG8XN0tb2zu5eef+gqZNMMWywRCSqHVKNgktsGG4EtlOFNA4FtsLR1cxvPaLSPJH3ZpxiENOB5BFn1Fjp7rb30CtXPNebg/wlfk4qkKPeK392+wnLYpSGCap1x/dSE0yoMpwJnJa6mcaUshEdYMdSSWPUwWR+6pScWKVPokTZkobM1Z8TExprPY5D2xlTM9TL3kz8z+tkJroMJlymmUHJFouiTBCTkNnfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C+//Jc0z1y/6lZvzis1N4+jCEdwDKfgwwXU4Brq0AAGA3iCF3h1hPPsvDnvi9aCk88cwi84H98Nfo2a</latexit>

RZ

<latexit sha1_base64="vQcvVhyIuBV6PhUXiYBIBnOeW2A=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoOgl7ArEvUW8OIxgnlIsoTZySQZMju7zPSKYclXePGgiFc/x5t/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSrYAaLoXidRQoeSvWnIaB5M1gdDP1m49cGxGpexzH3A/pQIm+YBSt9NBB/oQpPZt0iyW37M5AlomXkRJkqHWLX51exJKQK2SSGtP23Bj9lGoUTPJJoZMYHlM2ogPetlTRkBs/nR08ISdW6ZF+pG0pJDP190RKQ2PGYWA7Q4pDs+hNxf+8doL9Kz8VKk6QKzZf1E8kwYhMvyc9oTlDObaEMi3srYQNqaYMbUYFG4K3+PIyaZyXvUq5cndRql5nceThCI7hFDy4hCrcQg3qwCCEZ3iFN0c7L8678zFvzTnZzCH8gfP5A+rikHk=</latexit>

a)
<latexit sha1_base64="KQNslqZijONhErjAekuBXZJxmg8=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSLopSQi1WPBi8cK9kPaUDbbTbt0Nwm7E7GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUkS8gQIlbyeaUxVI3gpGN1O/9ci1EXF0j+OE+4oOIhEKRtFKD13kT5gF55NeqexW3BnIMvFyUoYc9V7pq9uPWap4hExSYzqem6CfUY2CST4pdlPDE8pGdMA7lkZUceNns4Mn5NQqfRLG2laEZKb+nsioMmasAtupKA7NojcV//M6KYbXfiaiJEUesfmiMJUEYzL9nvSF5gzl2BLKtLC3EjakmjK0GRVtCN7iy8ukeVHxqpXq3WW5VsnjKMAxnMAZeHAFNbiFOjSAgYJneIU3RzsvzrvzMW9dcfKZI/gD5/MH6RmQbw==</latexit>

b)
<latexit sha1_base64="PV44fZsH/4lI4KsfRTNOtz1Qfos=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSLopSQi1WPBi8cK9kPaUDbbTbt0Nwm7E7GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUkS8gQIlbyeaUxVI3gpGN1O/9ci1EXF0j+OE+4oOIhEKRtFKD13kT5ix80mvVHYr7gxkmXg5KUOOeq/01e3HLFU8QiapMR3PTdDPqEbBJJ8Uu6nhCWUjOuAdSyOquPGz2cETcmqVPgljbStCMlN/T2RUGTNWge1UFIdm0ZuK/3mdFMNrPxNRkiKP2HxRmEqCMZl+T/pCc4ZybAllWthbCRtSTRnajIo2BG/x5WXSvKh41Ur17rJcq+RxFOAYTuAMPLiCGtxCHRrAQMEzvMKbo50X5935mLeuOPnMEfyB8/kD6p+QcA==</latexit>

c)

Figure E.3: Encoded Trotter Step Circuits. a) An example placement of two blocks in the compute

configuration. Data qubits are given in black, Z- and X-type ancillas are shown in red and blue respectively,

and a bridge qubit is shown in green. b) The CNOT fanout necessary for implementing a RZZ between

logical qubits (17, 0) and (20, 1) (dark orange), with the associated SWAP gate converted to CNOTs. c) A

Trotter step involving logical qubits in blocks 17 and 20, with the inter-block gate between qubits (17, 0) and

(20, 1). Single-logical-qubit gates (yellow) and intra-block RZZ (light orange) are folded into the CNOT

fanout required for the inter-block RZZ gate, the last part of which is shown in dark orange. Block 20 exits

the Trotter step in frame f = 1.

the depth as the only free objective. The objective minimizes the total depth with the additional degree of

freedom that the exit frame need not be f = 0. The parameters A are determined by coordinate descent.

A full Trotter step of the Hamiltonian (7.6) can be implemented at no extra depth using the schedule of

inter-block RZZ gates, provided the logical grid satisfies the conditions in App. E.2. The single-logical qubit

gates and the intra-block two-logical qubit gates can be folded into the inter-block RZZ gates. These fanouts

already collect the XX and ZZ parities required for single qubit X- and Z-rotations. Since each vertex v

on the selected lattice has 2 ≤ deg(v) ≤ 4, all four single-logical-qubit rotations can be implemented in all

blocks with the addition of only single-physical-qubit rotations. The parity required for the intra-block RZZ

is also collected in each fanout at the time of the SWAP(d1, d2) application, so the addition of this interaction

also carries no extra two-qubit depth cost. The specific location at which each single-logical-qubit gate and

the intra-block RZZ is inserted depends on both the block’s current frame and the structure of the particular

inter-block ZZ gadget being used. An example of a Trotter step spanning two adjacent blocks is shown in

Fig. E.3c), with the inter-qubit and intra-qubit gates highlighted. Since a Trotter step does not necessarily

return every block to f = 0, consecutive odd-numbered Trotter steps are appended in reverse order, so that

frames of all blocks are restored to f = 0 after even nT .
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Blocks
(a, b)

Two-qubit gate depth
Blocks
(a, b)

Two-qubit gate depth
(la, lb) (la, lb)

(0,0) (0,1) (1,0) (1,1) (0,0) (0,1) (1,0) (1,1)

(0, 1) 6 8 8 10 (10, 13) 4 8 6 8
(0, 2) 4 8 6 8 (11, 12) 6 8 8 10
(1, 3) 6 8 8 10 (11, 14) 4 8 6 8
(2, 4) 6 8 8 10 (11, 15) 6 8 8 10
(2, 9) 6 10 8 10 (12, 15) 6 8 8 10
(3, 5) 4 8 6 8 (13, 14) 6 8 8 10
(3, 7) 4 8 6 8 (13, 16) 4 8 6 8
(4, 9) 4 8 6 8 (13, 19) 6 10 8 10
(5, 6) 6 8 8 10 (14, 15) 4 8 6 8
(5, 7) 6 8 8 10 (14, 17) 8 10 10 12
(5, 8) 6 8 8 10 (14, 19) 6 10 8 10
(6, 8) 6 8 8 10 (15, 17) 4 8 6 8
(6, 9) 4 8 6 8 (16, 18) 4 8 6 8

(6, 11) 6 8 8 10 (16, 19) 6 8 8 10
(7, 8) 6 8 8 10 (17, 19) 6 10 8 10

(8, 11) 6 8 8 10 (17, 20) 4 8 6 8
(8, 12) 4 8 6 8 (19, 20) 6 10 8 10
(9, 10) 6 8 8 10

Table E.1: The inter-block RZZ CNOT fanout depth for pairs of logical qubits (la, lb) between pairs of code
blocks (a, b) corresponding to the block placement shown in Fig. 7.1b). The depth includes CNOTs used for
SWAPs and bridge qubits where necessary.

E.4 Quantum Simulation Details

While more efficient time evolution techniques and Trotter step implementations are possible for unencoded

circuits and MPS simulations, we execute circuits with the same Trotter order to hold observable expectation

values fixed. Further, results from encoded and unencoded runs with the same number of shots are compared,

resulting in biased unencoded results with small error bars. The “extra” shots in the unencoded runs could be

instead used to efficiently mitigate errors in the results through noise-learning methods [40–42, 199, 213, 293,

294]. Ideally, syndromes would be measured after every operation that could spread errors to multiple qubits.

In practice this is prohibitively costly due to limited device coherence time. Tables E.2 and E.3 show the

overhead in terms of depth, gate counts, and coherence time for encoded and unencoded runs in 1D and 2D,
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Unencoded R = 1 R = 2 R = 4 R = 8 R = 16

# measurements 42 126 168 252 420 756
Measurement
duration (dt)

446 446 671 1121 2021 3821

Total
duration (dt)

6017 10171 11139 13075 16947 26451

Depth 116 272 297 347 447 719
# 2-qubit
gates

1126 3266 4112 5804 9188 16404

# shots 32000 32000 32000 32000 32000 32000

Table E.2: Details of 1D Chain Simulations on ibm boston at t = 8. The columns compare unencoded

counts to counts in encoded runs with various numbers of syndrome extraction rounds R. The second row

shows the total number of measurements (both mid-circuit and terminal). The maximum coherence time used

by measurements on any qubit in units of dt = 4× 10−9s is given in the third row. The fourth row gives the

total duration of the circuit. Depths, total numbers of two-qubit gates, and numbers of shots executed are

given in the fifth, sixth and seventh rows respectively

Unencoded R = 1 R = 2 R = 4 R = 8 R = 16

# measurements 42 126 168 252 420 756
Measurement
duration (dt)

446 446 671 1121 2021 3821

Total
duration (dt)

19135 13931 14935 16943 20959 30591

Depth 626 443 470 524 632 912
# 2-qubit
gates

4286 5540 6414 8162 11658 19418

# shots 32000 32000 32000 32000 32000 32000

Table E.3: Details of 2D Grid Simulations on ibm boston at t = 8. The same rows and columns as Table E.2

but for the 2D simulations presented in Sec. 7.3.

respectively. Given that the two-qubit gate duration is 17 dt to 22 dt on ibm boston, both the encoded and

unencoded circuits have significant idle time. The circuits in this work do not exceed the median coherence
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<latexit sha1_base64="rTpOojueAKsXq7DcPTDVPcfkOhs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI1VvBi8eK9gPaUCbbTbt0swm7G6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKGvQWMSqHaBmgkvWMNwI1k4UwygQrBWMbqZ+65EpzWP5YMYJ8yMcSB5yisZK99h76pXKbsWdgSwTLydlyFHvlb66/ZimEZOGCtS647mJ8TNUhlPBJsVuqlmCdIQD1rFUYsS0n81OnZBTq/RJGCtb0pCZ+nsiw0jrcRTYzgjNUC96U/E/r5Oa8MrPuExSwySdLwpTQUxMpn+TPleMGjG2BKni9lZCh6iQGptO0YbgLb68TJrnFa9aqd5dlGvXeRwFOIYTOAMPLqEGt1CHBlAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QNYJ43U</latexit>az

<latexit sha1_base64="1pyKJHHa34vTHkx8sHiOSuCG0ls=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI1VvBi8eK9gPaUCbbTbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKGvQWMSqHaBmgkvWMNwI1k4UwygQrBWMbqZ+65EpzWP5YMYJ8yMcSB5yisZK99h76pXKbsWdgSwTLydlyFHvlb66/ZimEZOGCtS647mJ8TNUhlPBJsVuqlmCdIQD1rFUYsS0n81OnZBTq/RJGCtb0pCZ+nsiw0jrcRTYzgjNUC96U/E/r5Oa8MrPuExSwySdLwpTQUxMpn+TPleMGjG2BKni9lZCh6iQGptO0YbgLb68TJrnFa9aqd5dlGvXeRwFOIYTOAMPLqEGt1CHBlAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QNVH43S</latexit>ax

<latexit sha1_base64="I80UhdWl206m8+5SPTl9xF/PRrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWtB/QhrLZbNqlm03YnQil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqEccp92M6UCISjKKVHsK+2y9X3Ko7B1klXk4qkKPRL3/1woRlMVfIJDWm67kp+hOqUTDJp6VeZnhK2YgOeNdSRWNu/Mn81Ck5s0pIokTbUkjm6u+JCY2NGceB7YwpDs2yNxP/87oZRtf+RKg0Q67YYlGUSYIJmf1NQqE5Qzm2hDIt7K2EDammDG06JRuCt/zyKmldVL1atXZ/Wanf5HEU4QRO4Rw8uII63EEDmsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wfsgo2N</latexit>

d0
<latexit sha1_base64="hiw2Gu02+Ee7GgjGH3gvEOlkByI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWtB/QhrLZbNqlm03YnQil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqEccp92M6UCISjKKVHsK+1y9X3Ko7B1klXk4qkKPRL3/1woRlMVfIJDWm67kp+hOqUTDJp6VeZnhK2YgOeNdSRWNu/Mn81Ck5s0pIokTbUkjm6u+JCY2NGceB7YwpDs2yNxP/87oZRtf+RKg0Q67YYlGUSYIJmf1NQqE5Qzm2hDIt7K2EDammDG06JRuCt/zyKmldVL1atXZ/Wanf5HEU4QRO4Rw8uII63EEDmsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wfuBo2O</latexit>

d1

<latexit sha1_base64="b1Xql9+FqmRwhPvvtCyiT3L94VE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmRqreCF48V7Qe0oWw2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAqujet+O2vrG5tb24Wd4u7e/sFh6ei4pZNMMWyyRCSqE1CNgktsGm4EdlKFNA4EtoPR7cxvP6HSPJGPZpyiH9OB5BFn1FjpIexX+6WyW3HnIKvEy0kZcjT6pa9emLAsRmmYoFp3PTc1/oQqw5nAabGXaUwpG9EBdi2VNEbtT+anTsm5VUISJcqWNGSu/p6Y0FjrcRzYzpiaoV72ZuJ/Xjcz0bU/4TLNDEq2WBRlgpiEzP4mIVfIjBhbQpni9lbChlRRZmw6RRuCt/zyKmlVK16tUru/LNdv8jgKcApncAEeXEEd7qABTWAwgGd4hTdHOC/Ou/OxaF1z8pkT+APn8wfvio2P</latexit>

d2

<latexit sha1_base64="cWUm9HilJe6ve8z+QmZkFpeFN3Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqt4KXjxWtB/QhrLZTNqlm03Y3Qil9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IBVcG9f9cgorq2vrG8XN0tb2zu5eef+gpZNMMWyyRCSqE1CNgktsGm4EdlKFNA4EtoPRzcxvP6LSPJEPZpyiH9OB5BFn1FjpPuyf98sVt+rOQf4SLycVyNHolz97YcKyGKVhgmrd9dzU+BOqDGcCp6VepjGlbEQH2LVU0hi1P5mfOiUnVglJlChb0pC5+nNiQmOtx3FgO2NqhnrZm4n/ed3MRFf+hMs0MyjZYlGUCWISMvubhFwhM2JsCWWK21sJG1JFmbHplGwI3vLLf0nrrOrVqrW7i0r9Oo+jCEdwDKfgwSXU4RYa0AQGA3iCF3h1hPPsvDnvi9aCk88cwi84H9/xDo2Q</latexit>

d3

<latexit sha1_base64="rTpOojueAKsXq7DcPTDVPcfkOhs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI1VvBi8eK9gPaUCbbTbt0swm7G6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKGvQWMSqHaBmgkvWMNwI1k4UwygQrBWMbqZ+65EpzWP5YMYJ8yMcSB5yisZK99h76pXKbsWdgSwTLydlyFHvlb66/ZimEZOGCtS647mJ8TNUhlPBJsVuqlmCdIQD1rFUYsS0n81OnZBTq/RJGCtb0pCZ+nsiw0jrcRTYzgjNUC96U/E/r5Oa8MrPuExSwySdLwpTQUxMpn+TPleMGjG2BKni9lZCh6iQGptO0YbgLb68TJrnFa9aqd5dlGvXeRwFOIYTOAMPLqEGt1CHBlAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QNYJ43U</latexit>az
<latexit sha1_base64="I80UhdWl206m8+5SPTl9xF/PRrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWtB/QhrLZbNqlm03YnQil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqEccp92M6UCISjKKVHsK+2y9X3Ko7B1klXk4qkKPRL3/1woRlMVfIJDWm67kp+hOqUTDJp6VeZnhK2YgOeNdSRWNu/Mn81Ck5s0pIokTbUkjm6u+JCY2NGceB7YwpDs2yNxP/87oZRtf+RKg0Q67YYlGUSYIJmf1NQqE5Qzm2hDIt7K2EDammDG06JRuCt/zyKmldVL1atXZ/Wanf5HEU4QRO4Rw8uII63EEDmsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wfsgo2N</latexit>

d0
<latexit sha1_base64="hiw2Gu02+Ee7GgjGH3gvEOlkByI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWtB/QhrLZbNqlm03YnQil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqEccp92M6UCISjKKVHsK+1y9X3Ko7B1klXk4qkKPRL3/1woRlMVfIJDWm67kp+hOqUTDJp6VeZnhK2YgOeNdSRWNu/Mn81Ck5s0pIokTbUkjm6u+JCY2NGceB7YwpDs2yNxP/87oZRtf+RKg0Q67YYlGUSYIJmf1NQqE5Qzm2hDIt7K2EDammDG06JRuCt/zyKmldVL1atXZ/Wanf5HEU4QRO4Rw8uII63EEDmsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wfuBo2O</latexit>

d1

<latexit sha1_base64="1pyKJHHa34vTHkx8sHiOSuCG0ls=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI1VvBi8eK9gPaUCbbTbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKGvQWMSqHaBmgkvWMNwI1k4UwygQrBWMbqZ+65EpzWP5YMYJ8yMcSB5yisZK99h76pXKbsWdgSwTLydlyFHvlb66/ZimEZOGCtS647mJ8TNUhlPBJsVuqlmCdIQD1rFUYsS0n81OnZBTq/RJGCtb0pCZ+nsiw0jrcRTYzgjNUC96U/E/r5Oa8MrPuExSwySdLwpTQUxMpn+TPleMGjG2BKni9lZCh6iQGptO0YbgLb68TJrnFa9aqd5dlGvXeRwFOIYTOAMPLqEGt1CHBlAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QNVH43S</latexit>ax
<latexit sha1_base64="b1Xql9+FqmRwhPvvtCyiT3L94VE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmRqreCF48V7Qe0oWw2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAqujet+O2vrG5tb24Wd4u7e/sFh6ei4pZNMMWyyRCSqE1CNgktsGm4EdlKFNA4EtoPR7cxvP6HSPJGPZpyiH9OB5BFn1FjpIexX+6WyW3HnIKvEy0kZcjT6pa9emLAsRmmYoFp3PTc1/oQqw5nAabGXaUwpG9EBdi2VNEbtT+anTsm5VUISJcqWNGSu/p6Y0FjrcRzYzpiaoV72ZuJ/Xjcz0bU/4TLNDEq2WBRlgpiEzP4mIVfIjBhbQpni9lbChlRRZmw6RRuCt/zyKmlVK16tUru/LNdv8jgKcApncAEeXEEd7qABTWAwgGd4hTdHOC/Ou/OxaF1z8pkT+APn8wfvio2P</latexit>

d2

<latexit sha1_base64="cWUm9HilJe6ve8z+QmZkFpeFN3Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqt4KXjxWtB/QhrLZTNqlm03Y3Qil9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IBVcG9f9cgorq2vrG8XN0tb2zu5eef+gpZNMMWyyRCSqE1CNgktsGm4EdlKFNA4EtoPRzcxvP6LSPJEPZpyiH9OB5BFn1FjpPuyf98sVt+rOQf4SLycVyNHolz97YcKyGKVhgmrd9dzU+BOqDGcCp6VepjGlbEQH2LVU0hi1P5mfOiUnVglJlChb0pC5+nNiQmOtx3FgO2NqhnrZm4n/ed3MRFf+hMs0MyjZYlGUCWISMvubhFwhM2JsCWWK21sJG1JFmbHplGwI3vLLf0nrrOrVqrW7i0r9Oo+jCEdwDKfgwSXU4RYa0AQGA3iCF3h1hPPsvDnvi9aCk88cwi84H9/xDo2Q</latexit>

d3

<latexit sha1_base64="Tet3E/Vpw3V4pj1OTlxMgpIq/eU=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJVgETyURqR4LXjxWtB/QhrLZTtulm03YnYgx9Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5QSy4Rtf9tgpr6xubW8Xt0s7u3n7ZPjhs6ShRDJosEpHqBFSD4BKayFFAJ1ZAw0BAO5hcz/z2AyjNI3mPaQx+SEeSDzmjaKS+Xe4hPGJ2l8qBikKY9u2KW3XncFaJl5MKydHo21+9QcSSECQyQbXuem6MfkYVciZgWuolGmLKJnQEXUMlDUH72fzwqXNqlIEzjJQpic5c/T2R0VDrNAxMZ0hxrJe9mfif101weOVnXMYJgmSLRcNEOBg5sxScAVfAUKSGUKa4udVhY6ooQ5NVyYTgLb+8SlrnVa9Wrd1eVOoXeRxFckxOyBnxyCWpkxvSIE3CSEKeySt5s56sF+vd+li0Fqx85oj8gfX5A5Jik6g=</latexit>

Syndrome
<latexit sha1_base64="kU+SN3Aks0jb5OvEOJVPuv1xHkE=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqeyKVI+FXjxWsB/QriWbZtvQJLsks2pZ+j+8eFDEq//Fm//GbLsHbX0w8Hhvhpl5QSy4Adf9dgpr6xubW8Xt0s7u3v5B+fCobaJEU9aikYh0NyCGCa5YCzgI1o01IzIQrBNMGpnfeWDa8EjdwTRmviQjxUNOCVjpvg/sCdJGJOME2GxQrrhVdw68SrycVFCO5qD81R9GNJFMARXEmJ7nxuCnRAOngs1K/cSwmNAJGbGepYpIZvx0fvUMn1lliMNI21KA5+rviZRIY6YysJ2SwNgse5n4n9dLILz2U66ynxRdLAoTgSHCWQR4yDWjIKaWEKq5vRXTMdGEgg2qZEPwll9eJe2Lqler1m4vK/XLPI4iOkGn6Bx56ArV0Q1qohaiSKNn9IrenEfnxXl3PhatBSefOUZ/4Hz+AD9tkvk=</latexit>

Compute

<latexit sha1_base64="nxNZVyPiALtO8gzw4QXR2ClHSxQ=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoOgl7ArIXoMePEYwTwkWcLsZJIMmdldZnrFsOQrvHhQxKuf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANlyLkDRQoeTvWnKpA8lYwvpn5rUeujYjCe5zE3Fd0GIqBYBSt9NBF/oQpvZj2iiW37M5BVomXkRJkqPeKX91+xBLFQ2SSGtPx3Bj9lGoUTPJpoZsYHlM2pkPesTSkihs/nR88JWdW6ZNBpG2FSObq74mUKmMmKrCdiuLILHsz8T+vk+Dg2k9FGCfIQ7ZYNEgkwYjMvid9oTlDObGEMi3srYSNqKYMbUYFG4K3/PIqaV6WvWq5elcp1SpZHHk4gVM4Bw+uoAa3UIcGMFDwDK/w5mjnxXl3PhatOSebOYY/cD5/AOlhkHQ=</latexit>

a)
<latexit sha1_base64="d7WbM/HPX7m03g2S9LXZct9NV/Q=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoOgl7ArIXoMePEYwTwkWcLsZJIMmdldZnrFsOQrvHhQxKuf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANlyLkDRQoeTvWnKpA8lYwvpn5rUeujYjCe5zE3Fd0GIqBYBSt9NBF/oRpcDHtFUtu2Z2DrBIvIyXIUO8Vv7r9iCWKh8gkNabjuTH6KdUomOTTQjcxPKZsTIe8Y2lIFTd+Oj94Ss6s0ieDSNsKkczV3xMpVcZMVGA7FcWRWfZm4n9eJ8HBtZ+KME6Qh2yxaJBIghGZfU/6QnOGcmIJZVrYWwkbUU0Z2owKNgRv+eVV0rwse9Vy9a5SqlWyOPJwAqdwDh5cQQ1uoQ4NYKDgGV7hzdHOi/PufCxac042cwx/4Hz+AOrnkHU=</latexit>

b)
<latexit sha1_base64="uod8Xf+iyRQ047ZcPHXktdQrB2Y=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoOgl7ArIXoMePEYwTwkWcLsZJIMmdldZnrFsOQrvHhQxKuf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANlyLkDRQoeTvWnKpA8lYwvpn5rUeujYjCe5zE3Fd0GIqBYBSt9NBF/oQpu5j2iiW37M5BVomXkRJkqPeKX91+xBLFQ2SSGtPx3Bj9lGoUTPJpoZsYHlM2pkPesTSkihs/nR88JWdW6ZNBpG2FSObq74mUKmMmKrCdiuLILHsz8T+vk+Dg2k9FGCfIQ7ZYNEgkwYjMvid9oTlDObGEMi3srYSNqKYMbUYFG4K3/PIqaV6WvWq5elcp1SpZHHk4gVM4Bw+uoAa3UIcGMFDwDK/w5mjnxXl3PhatOSebOYY/cD5/AOxtkHY=</latexit>

c)
<latexit sha1_base64="rTpOojueAKsXq7DcPTDVPcfkOhs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI1VvBi8eK9gPaUCbbTbt0swm7G6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKGvQWMSqHaBmgkvWMNwI1k4UwygQrBWMbqZ+65EpzWP5YMYJ8yMcSB5yisZK99h76pXKbsWdgSwTLydlyFHvlb66/ZimEZOGCtS647mJ8TNUhlPBJsVuqlmCdIQD1rFUYsS0n81OnZBTq/RJGCtb0pCZ+nsiw0jrcRTYzgjNUC96U/E/r5Oa8MrPuExSwySdLwpTQUxMpn+TPleMGjG2BKni9lZCh6iQGptO0YbgLb68TJrnFa9aqd5dlGvXeRwFOIYTOAMPLqEGt1CHBlAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QNYJ43U</latexit>az

<latexit sha1_base64="1pyKJHHa34vTHkx8sHiOSuCG0ls=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI1VvBi8eK9gPaUCbbTbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKGvQWMSqHaBmgkvWMNwI1k4UwygQrBWMbqZ+65EpzWP5YMYJ8yMcSB5yisZK99h76pXKbsWdgSwTLydlyFHvlb66/ZimEZOGCtS647mJ8TNUhlPBJsVuqlmCdIQD1rFUYsS0n81OnZBTq/RJGCtb0pCZ+nsiw0jrcRTYzgjNUC96U/E/r5Oa8MrPuExSwySdLwpTQUxMpn+TPleMGjG2BKni9lZCh6iQGptO0YbgLb68TJrnFa9aqd5dlGvXeRwFOIYTOAMPLqEGt1CHBlAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QNVH43S</latexit>ax

<latexit sha1_base64="I80UhdWl206m8+5SPTl9xF/PRrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWtB/QhrLZbNqlm03YnQil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqEccp92M6UCISjKKVHsK+2y9X3Ko7B1klXk4qkKPRL3/1woRlMVfIJDWm67kp+hOqUTDJp6VeZnhK2YgOeNdSRWNu/Mn81Ck5s0pIokTbUkjm6u+JCY2NGceB7YwpDs2yNxP/87oZRtf+RKg0Q67YYlGUSYIJmf1NQqE5Qzm2hDIt7K2EDammDG06JRuCt/zyKmldVL1atXZ/Wanf5HEU4QRO4Rw8uII63EEDmsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wfsgo2N</latexit>

d0
<latexit sha1_base64="hiw2Gu02+Ee7GgjGH3gvEOlkByI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWtB/QhrLZbNqlm03YnQil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqEccp92M6UCISjKKVHsK+1y9X3Ko7B1klXk4qkKPRL3/1woRlMVfIJDWm67kp+hOqUTDJp6VeZnhK2YgOeNdSRWNu/Mn81Ck5s0pIokTbUkjm6u+JCY2NGceB7YwpDs2yNxP/87oZRtf+RKg0Q67YYlGUSYIJmf1NQqE5Qzm2hDIt7K2EDammDG06JRuCt/zyKmldVL1atXZ/Wanf5HEU4QRO4Rw8uII63EEDmsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wfuBo2O</latexit>

d1
<latexit sha1_base64="b1Xql9+FqmRwhPvvtCyiT3L94VE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmRqreCF48V7Qe0oWw2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAqujet+O2vrG5tb24Wd4u7e/sFh6ei4pZNMMWyyRCSqE1CNgktsGm4EdlKFNA4EtoPR7cxvP6HSPJGPZpyiH9OB5BFn1FjpIexX+6WyW3HnIKvEy0kZcjT6pa9emLAsRmmYoFp3PTc1/oQqw5nAabGXaUwpG9EBdi2VNEbtT+anTsm5VUISJcqWNGSu/p6Y0FjrcRzYzpiaoV72ZuJ/Xjcz0bU/4TLNDEq2WBRlgpiEzP4mIVfIjBhbQpni9lbChlRRZmw6RRuCt/zyKmlVK16tUru/LNdv8jgKcApncAEeXEEd7qABTWAwgGd4hTdHOC/Ou/OxaF1z8pkT+APn8wfvio2P</latexit>

d2
<latexit sha1_base64="cWUm9HilJe6ve8z+QmZkFpeFN3Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqt4KXjxWtB/QhrLZTNqlm03Y3Qil9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IBVcG9f9cgorq2vrG8XN0tb2zu5eef+gpZNMMWyyRCSqE1CNgktsGm4EdlKFNA4EtoPRzcxvP6LSPJEPZpyiH9OB5BFn1FjpPuyf98sVt+rOQf4SLycVyNHolz97YcKyGKVhgmrd9dzU+BOqDGcCp6VepjGlbEQH2LVU0hi1P5mfOiUnVglJlChb0pC5+nNiQmOtx3FgO2NqhnrZm4n/ed3MRFf+hMs0MyjZYlGUCWISMvubhFwhM2JsCWWK21sJG1JFmbHplGwI3vLLf0nrrOrVqrW7i0r9Oo+jCEdwDKfgwSXU4RYa0AQGA3iCF3h1hPPsvDnvi9aCk88cwi84H9/xDo2Q</latexit>

d3

<latexit sha1_base64="rTpOojueAKsXq7DcPTDVPcfkOhs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI1VvBi8eK9gPaUCbbTbt0swm7G6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKGvQWMSqHaBmgkvWMNwI1k4UwygQrBWMbqZ+65EpzWP5YMYJ8yMcSB5yisZK99h76pXKbsWdgSwTLydlyFHvlb66/ZimEZOGCtS647mJ8TNUhlPBJsVuqlmCdIQD1rFUYsS0n81OnZBTq/RJGCtb0pCZ+nsiw0jrcRTYzgjNUC96U/E/r5Oa8MrPuExSwySdLwpTQUxMpn+TPleMGjG2BKni9lZCh6iQGptO0YbgLb68TJrnFa9aqd5dlGvXeRwFOIYTOAMPLqEGt1CHBlAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QNYJ43U</latexit>az

<latexit sha1_base64="I80UhdWl206m8+5SPTl9xF/PRrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWtB/QhrLZbNqlm03YnQil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqEccp92M6UCISjKKVHsK+2y9X3Ko7B1klXk4qkKPRL3/1woRlMVfIJDWm67kp+hOqUTDJp6VeZnhK2YgOeNdSRWNu/Mn81Ck5s0pIokTbUkjm6u+JCY2NGceB7YwpDs2yNxP/87oZRtf+RKg0Q67YYlGUSYIJmf1NQqE5Qzm2hDIt7K2EDammDG06JRuCt/zyKmldVL1atXZ/Wanf5HEU4QRO4Rw8uII63EEDmsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wfsgo2N</latexit>

d0

<latexit sha1_base64="hiw2Gu02+Ee7GgjGH3gvEOlkByI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWtB/QhrLZbNqlm03YnQil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqEccp92M6UCISjKKVHsK+1y9X3Ko7B1klXk4qkKPRL3/1woRlMVfIJDWm67kp+hOqUTDJp6VeZnhK2YgOeNdSRWNu/Mn81Ck5s0pIokTbUkjm6u+JCY2NGceB7YwpDs2yNxP/87oZRtf+RKg0Q67YYlGUSYIJmf1NQqE5Qzm2hDIt7K2EDammDG06JRuCt/zyKmldVL1atXZ/Wanf5HEU4QRO4Rw8uII63EEDmsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wfuBo2O</latexit>

d1

<latexit sha1_base64="1pyKJHHa34vTHkx8sHiOSuCG0ls=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI1VvBi8eK9gPaUCbbTbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKGvQWMSqHaBmgkvWMNwI1k4UwygQrBWMbqZ+65EpzWP5YMYJ8yMcSB5yisZK99h76pXKbsWdgSwTLydlyFHvlb66/ZimEZOGCtS647mJ8TNUhlPBJsVuqlmCdIQD1rFUYsS0n81OnZBTq/RJGCtb0pCZ+nsiw0jrcRTYzgjNUC96U/E/r5Oa8MrPuExSwySdLwpTQUxMpn+TPleMGjG2BKni9lZCh6iQGptO0YbgLb68TJrnFa9aqd5dlGvXeRwFOIYTOAMPLqEGt1CHBlAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QNVH43S</latexit>ax

<latexit sha1_base64="b1Xql9+FqmRwhPvvtCyiT3L94VE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmRqreCF48V7Qe0oWw2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAqujet+O2vrG5tb24Wd4u7e/sFh6ei4pZNMMWyyRCSqE1CNgktsGm4EdlKFNA4EtoPR7cxvP6HSPJGPZpyiH9OB5BFn1FjpIexX+6WyW3HnIKvEy0kZcjT6pa9emLAsRmmYoFp3PTc1/oQqw5nAabGXaUwpG9EBdi2VNEbtT+anTsm5VUISJcqWNGSu/p6Y0FjrcRzYzpiaoV72ZuJ/Xjcz0bU/4TLNDEq2WBRlgpiEzP4mIVfIjBhbQpni9lbChlRRZmw6RRuCt/zyKmlVK16tUru/LNdv8jgKcApncAEeXEEd7qABTWAwgGd4hTdHOC/Ou/OxaF1z8pkT+APn8wfvio2P</latexit>

d2

<latexit sha1_base64="cWUm9HilJe6ve8z+QmZkFpeFN3Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqt4KXjxWtB/QhrLZTNqlm03Y3Qil9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IBVcG9f9cgorq2vrG8XN0tb2zu5eef+gpZNMMWyyRCSqE1CNgktsGm4EdlKFNA4EtoPRzcxvP6LSPJEPZpyiH9OB5BFn1FjpPuyf98sVt+rOQf4SLycVyNHolz97YcKyGKVhgmrd9dzU+BOqDGcCp6VepjGlbEQH2LVU0hi1P5mfOiUnVglJlChb0pC5+nNiQmOtx3FgO2NqhnrZm4n/ed3MRFf+hMs0MyjZYlGUCWISMvubhFwhM2JsCWWK21sJG1JFmbHplGwI3vLLf0nrrOrVqrW7i0r9Oo+jCEdwDKfgwSXU4RYa0AQGA3iCF3h1hPPsvDnvi9aCk88cwi84H9/xDo2Q</latexit>

d3

<latexit sha1_base64="1pyKJHHa34vTHkx8sHiOSuCG0ls=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI1VvBi8eK9gPaUCbbTbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKGvQWMSqHaBmgkvWMNwI1k4UwygQrBWMbqZ+65EpzWP5YMYJ8yMcSB5yisZK99h76pXKbsWdgSwTLydlyFHvlb66/ZimEZOGCtS647mJ8TNUhlPBJsVuqlmCdIQD1rFUYsS0n81OnZBTq/RJGCtb0pCZ+nsiw0jrcRTYzgjNUC96U/E/r5Oa8MrPuExSwySdLwpTQUxMpn+TPleMGjG2BKni9lZCh6iQGptO0YbgLb68TJrnFa9aqd5dlGvXeRwFOIYTOAMPLqEGt1CHBlAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QNVH43S</latexit>ax

<latexit sha1_base64="rTpOojueAKsXq7DcPTDVPcfkOhs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI1VvBi8eK9gPaUCbbTbt0swm7G6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKGvQWMSqHaBmgkvWMNwI1k4UwygQrBWMbqZ+65EpzWP5YMYJ8yMcSB5yisZK99h76pXKbsWdgSwTLydlyFHvlb66/ZimEZOGCtS647mJ8TNUhlPBJsVuqlmCdIQD1rFUYsS0n81OnZBTq/RJGCtb0pCZ+nsiw0jrcRTYzgjNUC96U/E/r5Oa8MrPuExSwySdLwpTQUxMpn+TPleMGjG2BKni9lZCh6iQGptO0YbgLb68TJrnFa9aqd5dlGvXeRwFOIYTOAMPLqEGt1CHBlAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QNYJ43U</latexit>az

<latexit sha1_base64="I80UhdWl206m8+5SPTl9xF/PRrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWtB/QhrLZbNqlm03YnQil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqEccp92M6UCISjKKVHsK+2y9X3Ko7B1klXk4qkKPRL3/1woRlMVfIJDWm67kp+hOqUTDJp6VeZnhK2YgOeNdSRWNu/Mn81Ck5s0pIokTbUkjm6u+JCY2NGceB7YwpDs2yNxP/87oZRtf+RKg0Q67YYlGUSYIJmf1NQqE5Qzm2hDIt7K2EDammDG06JRuCt/zyKmldVL1atXZ/Wanf5HEU4QRO4Rw8uII63EEDmsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wfsgo2N</latexit>

d0

<latexit sha1_base64="hiw2Gu02+Ee7GgjGH3gvEOlkByI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWtB/QhrLZbNqlm03YnQil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqEccp92M6UCISjKKVHsK+1y9X3Ko7B1klXk4qkKPRL3/1woRlMVfIJDWm67kp+hOqUTDJp6VeZnhK2YgOeNdSRWNu/Mn81Ck5s0pIokTbUkjm6u+JCY2NGceB7YwpDs2yNxP/87oZRtf+RKg0Q67YYlGUSYIJmf1NQqE5Qzm2hDIt7K2EDammDG06JRuCt/zyKmldVL1atXZ/Wanf5HEU4QRO4Rw8uII63EEDmsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wfuBo2O</latexit>

d1

<latexit sha1_base64="b1Xql9+FqmRwhPvvtCyiT3L94VE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmRqreCF48V7Qe0oWw2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAqujet+O2vrG5tb24Wd4u7e/sFh6ei4pZNMMWyyRCSqE1CNgktsGm4EdlKFNA4EtoPR7cxvP6HSPJGPZpyiH9OB5BFn1FjpIexX+6WyW3HnIKvEy0kZcjT6pa9emLAsRmmYoFp3PTc1/oQqw5nAabGXaUwpG9EBdi2VNEbtT+anTsm5VUISJcqWNGSu/p6Y0FjrcRzYzpiaoV72ZuJ/Xjcz0bU/4TLNDEq2WBRlgpiEzP4mIVfIjBhbQpni9lbChlRRZmw6RRuCt/zyKmlVK16tUru/LNdv8jgKcApncAEeXEEd7qABTWAwgGd4hTdHOC/Ou/OxaF1z8pkT+APn8wfvio2P</latexit>

d2
<latexit sha1_base64="cWUm9HilJe6ve8z+QmZkFpeFN3Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqt4KXjxWtB/QhrLZTNqlm03Y3Qil9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IBVcG9f9cgorq2vrG8XN0tb2zu5eef+gpZNMMWyyRCSqE1CNgktsGm4EdlKFNA4EtoPRzcxvP6LSPJEPZpyiH9OB5BFn1FjpPuyf98sVt+rOQf4SLycVyNHolz97YcKyGKVhgmrd9dzU+BOqDGcCp6VepjGlbEQH2LVU0hi1P5mfOiUnVglJlChb0pC5+nNiQmOtx3FgO2NqhnrZm4n/ed3MRFf+hMs0MyjZYlGUCWISMvubhFwhM2JsCWWK21sJG1JFmbHplGwI3vLLf0nrrOrVqrW7i0r9Oo+jCEdwDKfgwSXU4RYa0AQGA3iCF3h1hPPsvDnvi9aCk88cwi84H9/xDo2Q</latexit>

d3

<latexit sha1_base64="b1Xql9+FqmRwhPvvtCyiT3L94VE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmRqreCF48V7Qe0oWw2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAqujet+O2vrG5tb24Wd4u7e/sFh6ei4pZNMMWyyRCSqE1CNgktsGm4EdlKFNA4EtoPR7cxvP6HSPJGPZpyiH9OB5BFn1FjpIexX+6WyW3HnIKvEy0kZcjT6pa9emLAsRmmYoFp3PTc1/oQqw5nAabGXaUwpG9EBdi2VNEbtT+anTsm5VUISJcqWNGSu/p6Y0FjrcRzYzpiaoV72ZuJ/Xjcz0bU/4TLNDEq2WBRlgpiEzP4mIVfIjBhbQpni9lbChlRRZmw6RRuCt/zyKmlVK16tUru/LNdv8jgKcApncAEeXEEd7qABTWAwgGd4hTdHOC/Ou/OxaF1z8pkT+APn8wfvio2P</latexit>

d2
<latexit sha1_base64="cWUm9HilJe6ve8z+QmZkFpeFN3Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqt4KXjxWtB/QhrLZTNqlm03Y3Qil9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IBVcG9f9cgorq2vrG8XN0tb2zu5eef+gpZNMMWyyRCSqE1CNgktsGm4EdlKFNA4EtoPRzcxvP6LSPJEPZpyiH9OB5BFn1FjpPuyf98sVt+rOQf4SLycVyNHolz97YcKyGKVhgmrd9dzU+BOqDGcCp6VepjGlbEQH2LVU0hi1P5mfOiUnVglJlChb0pC5+nNiQmOtx3FgO2NqhnrZm4n/ed3MRFf+hMs0MyjZYlGUCWISMvubhFwhM2JsCWWK21sJG1JFmbHplGwI3vLLf0nrrOrVqrW7i0r9Oo+jCEdwDKfgwSXU4RYa0AQGA3iCF3h1hPPsvDnvi9aCk88cwi84H9/xDo2Q</latexit>

d3
<latexit sha1_base64="1pyKJHHa34vTHkx8sHiOSuCG0ls=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI1VvBi8eK9gPaUCbbTbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKGvQWMSqHaBmgkvWMNwI1k4UwygQrBWMbqZ+65EpzWP5YMYJ8yMcSB5yisZK99h76pXKbsWdgSwTLydlyFHvlb66/ZimEZOGCtS647mJ8TNUhlPBJsVuqlmCdIQD1rFUYsS0n81OnZBTq/RJGCtb0pCZ+nsiw0jrcRTYzgjNUC96U/E/r5Oa8MrPuExSwySdLwpTQUxMpn+TPleMGjG2BKni9lZCh6iQGptO0YbgLb68TJrnFa9aqd5dlGvXeRwFOIYTOAMPLqEGt1CHBlAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QNVH43S</latexit>ax

<latexit sha1_base64="rTpOojueAKsXq7DcPTDVPcfkOhs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI1VvBi8eK9gPaUCbbTbt0swm7G6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKGvQWMSqHaBmgkvWMNwI1k4UwygQrBWMbqZ+65EpzWP5YMYJ8yMcSB5yisZK99h76pXKbsWdgSwTLydlyFHvlb66/ZimEZOGCtS647mJ8TNUhlPBJsVuqlmCdIQD1rFUYsS0n81OnZBTq/RJGCtb0pCZ+nsiw0jrcRTYzgjNUC96U/E/r5Oa8MrPuExSwySdLwpTQUxMpn+TPleMGjG2BKni9lZCh6iQGptO0YbgLb68TJrnFa9aqd5dlGvXeRwFOIYTOAMPLqEGt1CHBlAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QNYJ43U</latexit>az
<latexit sha1_base64="I80UhdWl206m8+5SPTl9xF/PRrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWtB/QhrLZbNqlm03YnQil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqEccp92M6UCISjKKVHsK+2y9X3Ko7B1klXk4qkKPRL3/1woRlMVfIJDWm67kp+hOqUTDJp6VeZnhK2YgOeNdSRWNu/Mn81Ck5s0pIokTbUkjm6u+JCY2NGceB7YwpDs2yNxP/87oZRtf+RKg0Q67YYlGUSYIJmf1NQqE5Qzm2hDIt7K2EDammDG06JRuCt/zyKmldVL1atXZ/Wanf5HEU4QRO4Rw8uII63EEDmsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wfsgo2N</latexit>

d0
<latexit sha1_base64="hiw2Gu02+Ee7GgjGH3gvEOlkByI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWtB/QhrLZbNqlm03YnQil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c789hPXRiTqEccp92M6UCISjKKVHsK+1y9X3Ko7B1klXk4qkKPRL3/1woRlMVfIJDWm67kp+hOqUTDJp6VeZnhK2YgOeNdSRWNu/Mn81Ck5s0pIokTbUkjm6u+JCY2NGceB7YwpDs2yNxP/87oZRtf+RKg0Q67YYlGUSYIJmf1NQqE5Qzm2hDIt7K2EDammDG06JRuCt/zyKmldVL1atXZ/Wanf5HEU4QRO4Rw8uII63EEDmsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wfuBo2O</latexit>

d1

Figure E.4: Circuits for Switching Between Compute and Syndrome Block Configurations. a) The compute

and syndrome block configurations as shown in the center of Fig. 7.1c). Data qubits are shown in black,

Z-type ancillas are shown in red, and X-type ancillas are shown in blue. b) The circuit to switch from the

compute to the syndrome configuration. c) The corresponding circuit to switch from the syndrome to the

compute configuration. The syndrome extraction circuit applies a SWAP(d2, d3), which is taken into account

in the configuration switching circuit.

times on ibm boston.4 However, degradation with depth is still observed, dominated by qubits with low

T1/T2 times, high measurement error rates, or regions with faulty two-qubit gates. The 1D encoded circuits

are two to six times deeper than their unencoded counterparts. This is similarly reflected in the durations

and total gate counts. Table E.3 shows the geometric overhead of embedding a square lattice onto heavy-hex

connectivity for the unencoded circuits, which are ∼ 1.5 times deeper than the shallowest encoded circuit.

This is one of the driving factors of their degrading performance as seen in Fig. 7.3, and is also reflected in

inflated gate counts and durations.

Switching between the compute and syndrome block configuration introduces a depth ∼ 15 overhead at

each syndrome measurement.5 Figure E.4 shows the SWAP circuits necessary to switch between the compute

and syndrome configuration necessary for the syndrome extraction circuit , which are shown at the bottom

right of Fig. 7.1c).

4The median T1 and T2 times on ibm boston were 234µs and 275µs when the data in this work was taken.

5Some of this depth is reduced by CNOT cancellations with the Trotter steps in practice.
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E.5 Classical Simulation Details

Matrix product state simulations are used as a classical comparison to the results from ibm boston. Despite

the quench dynamics, for the 1D chain this is efficient because of the small system size, while In 2D the cost

grows sharply. Mapping an L×L grid onto a 1D MPS introduces long-range couplings, and the entanglement

across a cut scales with the linear cut length. Faithfully representing a general state on a 2D lattice requires a

max bond growing roughly exponentially in L, with per-step cost O(L2 max bond3). The required max bond

is set by the entanglement, which grows in time as the quench spreads correlations. While more efficient

classical simulation techniques for 2D lattices exist, such as tree tensor networks, belief propagation, and

sparse Pauli dynamics, MPS is used for simplicity.

Time evolution is simulated by applying Trotter steps with max bond = 1500 and singular-value cutoff of

cutoff = 10−8. Two sets of simulations are run. Late-time simulations with δt = 0.1 with up to nT = 500

(corresponding to Fig. E.16) are used to confirm the presence of physical effects absent at early times and

washed out by large δt. While truncation errors in 1D simulations are negligible, significant error accumulates

for a 2D lattice. The missing links of the logical connectivity grid shown in Fig. 7.2a) modify the conventional

“snake” MPS ordering, which likely modifies the convergence. The error, quantified by the norm of the

MPS wavefunction at nT = 100 (the latest time in Fig. E.16) is O(10−3). While this value is relatively

large, changing max bond from 1200 to 1500 only modifies observables at O(10−2) which is sufficient for

this qualitative study. The latter simulations execute the exact unencoded circuits run on ibm boston with

δt = 0.5 and up to nT = 20 Trotter steps for a noiseless comparison to device results. The truncation errors

in these simulations, both for 1D and 2D lattices, are negligible. Larger values of δt deform the dispersion

relation and add an additional quench to the dynamics [243, 568, 594]. The localized regime (gz = 1.5) is

observed to spread entanglement less than the melting regime (gz = 0.5). The results of the 5× 5 simulations

displayed in Fig. E.17 were computed by qiskit statevector simulation.

E.6 Details on Filtering Metrics

This appendix presents a detailed analysis of the filtering metric ∆j used in ORP. It also introduces βj , an

alternative metric based on linear regression. First, both of these quantities are defined in App. E.6.1. Then, a

worked example on a small system of one code block and two rounds of syndrome measurements is given

in App. E.6.2 to provide a concrete implementation of these metrics. After, App. E.6.3 introduces a general,
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high-level description of errors in terms of the correlations among detector measurements and correlations

between detector and observable measurements. The quantities ∆j and βj are then expressed in terms of the

general model parameters in App. E.6.4, demonstrating the types of errors that they filter. These expressions

simplify substantially when considered in a weak-noise limit, and can be seen to directly connect to the

probability of an error detection event propagating to a logical error on an observable. Finally, App. E.6.5

connects the detectors chosen based on the ∆j ranking, as done in ORP, to the backwards lightcone of a

target local observable using Pauli Propagation.

In what follows, the observables considered are Pauli strings and are denoted by O when considered as

operators, with expectation values denoted as ⟨O⟩. The result of a single measurement of such an observable

will be denoted as Q (Qi when the measurement is a member of an ensemble, where i is the shot index),

which can take values Q ∈ {−1, 1}. Expectation values and conditional expectation values of Q over an

ensemble are denoted as E[·] and E[·|·]. More general observables can be decomposed into a weighted sum of

Pauli strings, and many of the following results can be extended to this context.

E.6.1 Definitions of ∆j and βj

Recall the definition of ∆j from Eq. (7.5), rewritten as an expectation value over shots

∆j =
∣∣E[Q|vj = 0]− E[Q|vj = 1]

∣∣ . (E.8)

This quantity is calculated by taking the difference in the expectation values of observable Q over shots

postselected on the detector vj not detecting/detecting an error respectively. To define βj , let Xi be a length

Nd vector of detector outcomes for a single shot, so thatX is anNs×(Nd+1) matrix whereNd is the number

of detectors and Ns is the number of shots. The first column of X is all 1s, and captures detector-independent

behavior. The relationship between a particular detector outcome and the value of the logical observable can

be modeled as

Qi = β0 +

Nd∑
j=1

βj Xij + εi , (E.9)

where β0 is a shot-independent bias term and εi is an error term that accounts for observable behavior that is

not explainable by the detector values. This relation is represented as a matrix equation Q⃗ = Xβ⃗ + ε⃗ where

Q⃗ collects all Qi into a vector. To minimize the cumulative error across all shots, we seek β∗ which is the
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solution of the following minimization

β∗ = argmin
β

L(Q⃗,X, β) , (E.10)

where L(Q⃗,X, β) = ||Q⃗−Xβ||22 is the 2-norm of the error vector ε. The solution to Eq. (E.10) satisfies the

normal equation

XTXβ∗ = XT Q⃗ . (E.11)

The metric βj is then the magnitude of the j-th element of the vector β∗ = (XTX)−1XT Q⃗.

E.6.2 A Worked Example of Calculating ∆j and βj

As an explicit example, consider a circuit with one [[4, 2, 2]] code block and two rounds of SZ syndrome

measurements and no SX measurements (using one ancilla without resets, with measurements recorded

to classical bits) corresponding to three detectors. The initial state is |00⟩ and the observable of interest is

O = Z0. For each shot, we consider the different times during syndrome extraction that an X error can occur.

For the set of Ns = 4 measurements in this example, the outcomes on codeblock A are:{
[syndrome | data]

}
=
{
[ 0 0 | 0 0 0 0] , [ 1 0 | 1 0 0 0] , [ 0 1 | 0 0 0 1] , [ 0 0 | 1 0 0 0]

}
,

(E.12)

where the notation [syndrome | data] describes a measurement outcome. In the first shot, no error occurred. In

the second shot, an error occurred before the first syndrome measurement. In the third shot, an error occurred

between the first and second round of extraction. In the fourth shot, an error occurred after the second round

of extraction. The detectors and observable outcomes (with notation [v1 v2 v3 | Qi]) using the construction

in App. E.1.1 are then given by,

[ 0 0 0 | +1 ] , [ 1 0 0 | −1 ] , [ 0 1 0 | +1 ] , [ 0 0 1 | −1 ] . (E.13)

The values of ∆j can then be calculated as,6

∆1 = 4/3 , ∆2 = 4/3 , ∆3 = 4/3 . (E.14)

6This example is a pure memory experiment on a single block, and so each detector heralds errors equally impacting the logical

information causing all ∆j to be equal. Adding more blocks or nFT logical rotations would introduce a hierarchy in the ∆j , which

is the case for the simulations presented in the main text.
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To calculate the βj , the detector matrix X and observable vector Q⃗ are constructed as,

X =



1 0 0 0

1 1 0 0

1 0 1 0

1 0 0 1


, Q⃗ =



+1

−1

+1

−1


, (E.15)

and the vector of βj is given by β∗ =
[
(XTX)−1XTQ

]
j>0

= −[2, 0, 2].

E.6.3 Model of Error Mechanisms

This section presents a higher-level description of the noise on a quantum processor, inspired by the treatments

in Ref. [512, 595]. This model stands in contrast to a circuit-level noise model, which describes the

probabilities of a specific error occurring, where the probabilities of flipping a detector or causing a logical

error are derived quantities. Instead, this model treats error mechanisms that flip detectors as the fundamental

objects and directly assigns probabilities to these events, which is favorable when compared to a circuit-level

noise model because the probability of a detector flip can be directly calculated from the raw device data. We

will refer to the underlying causes of detector flips as ‘mechanisms’ to emphasize that detector flips are due

to the aggregate effect of a number of different underlying physical errors [562]. In general there is no single

underlying process that can be identified with the flip of a detector on a quantum computer.

Let G = (V,E) be a graph describing the errors, where V is a set of nodes and E are the edges.

Each node vj ∈ V corresponds to a detector and can be flipped by error mechanisms ej , eij ∈ E with

ej/eij = Bernoulli(pj/pij) respectively. A single index j corresponds to a flip of detector vj if ej = 1 and

the two indices (i, j) correspond to different “pair” processes flipping two detectors vi, vj if eij = 1. Triplet

processes (i, j, k) and higher could be included to enhance the expressivity of this model, adding hyperedges

to the error graph G, but analyzing these higher-order structures is beyond the scope of the current work.

For brevity, both single node j and pair processes (i, j) will be denoted by a single index m. The support

supp(em) of an error mechanism em is defined by the set of detectors that are flipped when that mechanism

occurs.

If an error mechanism occurs, it flips the value of an observable Q with probability qm. For an individual
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physical error in a Clifford circuit with Pauli noise, the observable flip probability is deterministic, qm ∈ {0, 1},
corresponding to whether the resulting error flips the operator. The mechanisms of the present model are

cumulative: each (pm, qm) aggregates all microscopic faults sharing the same detector signature, with pm the

combined rate of the class and qm its occurrence-weighted average flip probability. An intermediate value of

qm therefore arises whenever the errors identified by a detector induce faults with different logical actions,

and is expected even in Clifford experiments, for instance when a Pauli error coincides in detector signature

with a leakage or crosstalk process. Intermediate values likewise arise for individual faults under non-Clifford

gates.

The error mechanisms are taken to be mutually independent. The measured value of a logical observable

O for a single shot is then represented as

Q = QI

∏
m

(−1)fm , (E.16)

where QI ∈ {−1, 1} is the noiseless value of Q7 and fm ∈ {0, 1} correspond to parity flips of the

measured observable so that Q ∈ {−1, 1}. The noiseless value QI = −1 with probability λ depends on the

encoded wavefunction and fm = 1 indicates process m has occurred and flipped the logical observable, i.e.

P (fm = 1) = qmpm. Separating the measured Q into its ideal part QI and associated parity flips fm allows

one to treat the effect of noise independently of the encoded information in the state. This is an approximation

that is only strictly true for Clifford circuits and restricted types of noise, e.g. stochastic Pauli noise. Therefore

the circuits presented in the main text will exhibit correlations between detector and observable values that

are not captured by this model. However, its simplicity affords both analytical tractability and insight, and it

is empirically found to capture certain features of device noise like dependence on the magnitude of ⟨O⟩.

E.6.4 Expressing ∆j and βj in Terms of Detector Probabilities

Calculations for ∆j

This section expresses Eq. (E.8) in terms of the probabilities pm, qm. A detector vj can be written in terms of

the error mechanisms em that it detects as

vj =
⊕

em∈E|j∈supp(em)

em , (E.17)

7E[QI ] approaches the noiseless value of the observable ⟨O⟩ for a large ensemble size.
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where the condition em ∈ E | j ∈ supp(em) will be denoted as m ∋ j. In words, vj is defined the relative

parity of the error mechanisms whose support contains it. First, we seek to solve for the expectation value

E[Q|vj = b] where b ∈ {0, 1}. We begin by separating the product over m in Eq. (E.16) into those whose

support supp(em) contains j and those where it does not

E[Q|vj = b] = E

QI

∏
m̸∋j

(−1)fm
E

∏
m∋j

(−1)fm
∣∣∣∣ vj = b


= ⟨O⟩Bj × E

∏
m∋j

(−1)fm
∣∣∣∣ vj = b

 . (E.18)

Here, ⟨O⟩ = 1− 2λ and Bj =
∏

m̸∋j(1− 2pmqm) denotes the background effect of the error mechanisms

that do not touch detector j. Thus, we must simplify the remaining expectation value in Eq. (E.18). Consider

a single mechanism en whose support contains j. The expectation value is written in terms of the conditional

outcomes of en,

E

[
(−1)

∑
m∋j

fm∣∣ vj = b

]
=

∑
c∈{0,1}

P (en = c | vj = b) (1− 2qn)
c E

(−1) ∑
m∋j,m̸=n

fm∣∣∣ ⊕
m∋j,m̸=n

em = b⊕ c


= P0(en | vj = b)E

(−1) ∑
m∋j,m̸=n

fm∣∣∣ ⊕
m∋j,m̸=n

em = b


+ P1(en | vj = b) (1− 2qn)E

(−1) ∑
m∋j,m̸=n

fm∣∣∣ ⊕
m∋j,m̸=n

em = b̄

 ,

(E.19)

where Pb(v) = P (v = b). In the first line, the total parity has been conditioned on the value en = c, which

shifts the target parity to b⊕ c and introduces a factor (1− 2qn)
c; here ⊕ denotes addition modulo 2. In the

second line, b̄ denotes the flipped value of b. The conditional probabilities are solved for by using

Pc(en|vj = b) =
P (en = c, vj = b)

P (vj = b)
= (1− c− pn + 2cpn)

Pb⊕c(v
′
j)

Pb(vj)
, (E.20)

where the notation v′j denotes the detector with mechanism n removed. Both these quantities can be solved

for by observing that

Pb(vj) + Pb̄(vj) = 1 , Pb(vj)− Pb̄(vj) = (−1)b E[(−1)vj ] , (E.21)
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with

E[(−1)vj ] =
∏
m∋j

E[(−1)em ] =
∏
m∋j

(1− 2pm) , (E.22)

implying that

Pb(vj) =
1

2

1 + (−1)b
∏
m∋j

(1− 2pm)

 . (E.23)

Returning to evaluating Eq. (E.19), the process of removing a node is now repeated. Denote the detector

with k mechanisms removed as v(k)j =
⊕

m∋j−k

em, with v
(0)
j = vj , and the expectation value with k

mechanisms removed as

E
(k)
b = E

[
(−1)

∑
m∋j−k

fm∣∣ v(k)j = b

]
, (E.24)

where Eq. (E.19) denotes the first step in this iteration. Generalizing to all nodes, the iterative equation reads

Pb(v
(k)
j ) E

(k)
b = (1− pnk

) Pb

(
v
(k+1)
j

)
E

(k+1)
b + pnk

(1− 2qnk
) Pb̄

(
v
(k+1)
j

)
E

(k+1)

b̄
for k ≥ 0 ,

(E.25)

where nk denotes the removed mechanism. Note that the R.H.S of this equation only refers to the mechanisms

that have j in their support, without the removed mechanism nk. For both values of b, Eq. (E.25) can be

written as a matrix equation,

V (k) = Mnk
V (k+1), V (k) =

P0(v
(k)
j )E

(k)
0

P1(v
(k)
j )E

(k)
1

 , Mnk
=

 (1− pnk
) (1− 2qnk

)pnk

(1− 2qnk
)pnk

(1− pnk
)

 .

(E.26)

After all M mechanisms containing j have been removed, the parity is even and the sum vanishes, giving

the base case V (M) = (1, 0)T . The matrix Mnk
can be diagonalized by the basis E(k)

± = P0(v
(k)
j ) E

(k)
0 ±

P1(v
(k)
j ) E

(k)
1 , with E(M)

± = 1, allowing the iteration relation to be solved exactly,

E
(0)
± =

∏
m∋j

[
(1− pm)± (1− 2qm)pm

]
. (E.27)

Rewriting this in terms of the original E(0)
0 and E(0)

1 , the desired expectation value is then given by,

E[Q|vj = b] = ⟨O⟩ Bj

∏
m∋j

(1− 2pmqm) + (−1)b ∏
m∋j

(1− 2pm(1− qm))

1 + (−1)b ∏
m∋j

1− 2pm
. (E.28)
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Finally, the filtering metric is obtained by subtracting the two conditional expectation values. Denote the

three products over mechanisms containing j as,

Aj =
∏
m∋j

(1− 2pmqm) , Cj =
∏
m∋j

(
1− 2pm(1− qm)

)
, Dj =

∏
m∋j

(1− 2pm) , (E.29)

so that

E[Q|vj = b] = ⟨O⟩ Bj
(Aj + (−1)bCj)

(1 + (−1)bDj)
. (E.30)

Subtracting the b = 0 case from the b = 1 case gives

∆j =

∣∣∣∣∣2⟨O⟩Bj
AjDj − Cj

1−D2
j

∣∣∣∣∣ . (E.31)

The denominator is directly measurable: comparing with the parity probability derived above,Dj = 1− 2P1(vj),

so that 1 − D2
j = 4P1(vj)

(
1 − P1(vj)

)
. Expanding to leading order in the mechanism probabilities,

AjDj − Cj ≈ −4
∑

m∋j pmqm and 1−D2
j ≈ 4

∑
m∋j pm, giving

∆j ≈
∣∣∣∣∣2⟨O⟩

∑
m∋j

pmqm

/∑
m∋j

pm

∣∣∣∣∣ . (E.32)

The denominator can be viewed as the cumulative “firing” rate for all processes whose support contains

detector vj , while the numerator is this same quantity weighted by the probability of that process causing

a logical error. Thus, ∆j takes on the interpretation of an effective probability of all processes affecting vj

that cause a logical error, weighted by ⟨O⟩. As such, detectors that take on higher values of ∆j should be

postselected on first, as these are the most detrimental to the encoded information. This forms the basis of

ORP.

This analysis reveals that the scale of ∆j is set by the value of the logical observable and the background

factor Bj . If ⟨O⟩ ≪ 1 or if the background attenuation is large, i.e., Bj ≪ 1, and all the individual firing rates

pm are close to 1, then every value of ∆j will take on parametrically small values. Due to finite measurement

statistics, it can become challenging to resolve differences at this scale, reducing the effectiveness of ∆j as a

quality metric distinguishing different detectors.

Calculations for βj

In the limit of many shots, 1
Ns
XTX and 1

Ns
XT Q⃗ converge to matrices of moments. The normal equation

(Eq. (E.11)) can be expressed component-wise explicitly in terms of the moments of detectors vj and
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observable Q  1 E[vk]T

E[vj ] E[vjvk]


β

∗
0

β∗k

 =

 E[Q]

E[Qvj ]

 , j, k = 1, . . . , Nd . (E.33)

Eliminating β∗0 = E[Q]−∑k E[vk]β∗k from the remaining rows reduces this to

Gβ∗ = a , (E.34)

for the connected two point functionGjk = E[vjvk]−E[vj ]E[vk] and aj = E[Qvj ]−E[Q]E[vj ], with the bias

recovered from the eliminated row. Each moment is evaluated using the products derived above. Rewriting

the detectors in terms of parities, vj = 1
2

(
1− (−1)vj

)
, the one-point functions are

E[vj ] =
1−Dj

2
, E[Q] = ⟨O⟩BjAj , (E.35)

where the second expression is independent of the choice of j. For the two-point function, the shared

mechanism ejk cancels from the parity vj ⊕ vk, so that E[(−1)vj⊕vk ] = DjDk/(1− 2pjk)
2, and

E[vjvk] =
1

4

(
1−Dj −Dk +

DjDk

(1− 2pjk)2

)
, E[v2j ] = E[vj ] =

1−Dj

2
, (E.36)

where the diagonal follows from v2j = vj for a detector. The cross moment follows from the conditional

expectation derived above, or directly from E[Q(−1)vj ] = ⟨O⟩BjCj ,

E[Qvj ] =
⟨O⟩Bj

2
(Aj − Cj) . (E.37)

The connected components are then given as,

Gjk =
DjDk

4

(
1

(1− 2pjk)2
− 1

)
(j ̸= k) , Gjj =

1−D2
j

4
, aj =

⟨O⟩Bj

2
(AjDj − Cj) .

(E.38)

The limit of weak noise, pm ≪ 1, is used to simplify the expressions. Expanding to leading order, Dj ≈
1− 2

∑
m∋j pm and (1− 2pjk)

−2 − 1 ≈ 4pjk, so that

Gjk ≈ pjk (j ̸= k) , Gjj ≈ pj +
∑
k ̸=j

pjk , aj ≈ −2⟨O⟩
(
pjqj +

∑
k ̸=j

pjkqjk

)
, (E.39)

where in aj the terms carrying rates alone cancel between AjDj and Cj , leaving the flip-weighted sums. The

normal equation then reads(
pj +

∑
k ̸=j

pjk

)
β∗j +

∑
k ̸=j

pjk β
∗
k = −2⟨O⟩

(
pjqj +

∑
k ̸=j

pjkqjk

)
. (E.40)
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Figure E.5: Comparison of ∆j and βj Predictions on ibm boston. The metrics ∆j and βj are calculated

using Eq. (E.8) and Eq. (E.11) respectively. The two solid lines show the predicted value of ⟨Z⟩ as a function

of the number k of detectors used in postselection for ∆j (dark) and βj (light). The horizontal dashed line is

the noiseless MPS prediction. The vertical dashed lines correspond to the value of k∗ returned from the

plateau finding algorithm using ∆j (dark) and βj (light). The expectation value is from four Trotter steps on

four code blocks.

Here, the RHS is the same magnitude as the numerator of ∆j for the same detector. Furthermore, omitting

the second term on the LHS yields β∗j = ∆j , showing that the correlations that cause these two metrics

to differ are the pair processes pij that connect two detectors. Specifically, ∆j attributes the logical error

caused by pair mechanisms eij to both detectors vi and vj . The regression, on the other hand, splits the

contribution of eij between vi and vj in proportion to all the other rates of mechanisms that have vj in their

support. Therefore, a ranking based on ∆j quantifies the probability that detection events at vj result in a

logical error, whereas a ranking based on βj quantifies the degree to which the logical error rate is uniquely

attributed to the detector vj . This distinction suggests that ∆j is a more effective measure for identifying

the noisiest shots, and thus ∆j is used in ORP to produce the results in the main text. However, in practice,

filtering based on βj or ∆j is found to give comparable results, see e.g. Fig. E.5.
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E.6.5 The Lightcone of the Filtered Hierarchy

To connect the detector ranking chosen by ∆j to the properties of a partially FT circuit U , we Pauli-propagate

the observable O on which ∆j is conditioned backward through U to the location of each detector vj . The

propagated observable can be represented as

Õ = UOU †

=
∑
P

cpP , (E.41)

where the sum is over all Pauli strings P . For a detector vj=(g,b,r), located at code block b in round r, its

ranking, as determined by Pauli-propagation, is given by

γj =
1

N
∑

P :supp(P )∈b
|cP | (E.42)

where the sum is over all Pauli strings that have support (i.e. non-identity components) contained in code

block b, and N =
∑

P |cP | is a normalization that ensures 0 ≤ γj ≤ 1. The ranking based on ∆j is set by

the magnitude of ∆j .

As an example, Table E.4 shows a comparison between the detector ranking determined by γj and the

detector ranking determined by ∆j using simulated results. The rankings are computed for the observable

Detector
ranking

1 2 3 4 5 6 7 8 9 10

∆j v(0,1) v(0,2) v(0,4) v(0,3) v(0,5) v(1,1) v(1,2) v(3,1) v(3,3) v(3,4)

γj v(0,5) v(0,4) v(0,3) v(0,2) v(0,1) v(1,1) v(1,2) v(1,3) v(2,1) v(3,5)

Table E.4: Comparison Between Detector Ranking Using Pauli-propagation and ORP. The top row shows the

position in the ranking, where 1 is the highest ranking and 10 is the lowest ranking among the detectors

shown. The middle row shows the detectors v(b,r) ranked by their ∆j value and the bottom row shows them

ranked by their γj value. The rankings are computed for the observable Z(b=0,0) using a four-block circuit

consisting of nT = 4 Trotter steps with step size δt = 0.1, and one syndrome extraction round per Trotter

step, starting from an all |00⟩ initial state. The rankings are computed for gx = gz = 1.

Z(b=0,0) on four code blocks b = 0, 1, 2, 3 with nT = 4 Trotter steps and a syndrome extraction rate of one
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SX
<latexit sha1_base64="R9DhNARZjH+TwcOv+zjYZMOKrJk=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNQY8kXjxikEeEDZkdGpgwO7uZmTUhGz7BiweN8eoXefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT27nffkKleSQfzDRGP6QjyYecUWOlRqP/2C+W3LK7AFknXkZKkKHeL371BhFLQpSGCap113Nj46dUGc4Ezgq9RGNM2YSOsGuppCFqP12cOiMXVhmQYaRsSUMW6u+JlIZaT8PAdobUjPWqNxf/87qJGd74KZdxYlCy5aJhIoiJyPxvMuAKmRFTSyhT3N5K2JgqyoxNp2BD8FZfXietq7JXLVfvK6VaJYsjD2dwDpfgwTXU4A7q0AQGI3iGV3hzhPPivDsfy9ack82cwh84nz8Q0o2h</latexit>

SZ

<latexit sha1_base64="DcuCudflyYW6JEQgFg0Qb0jyU4Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF4+V2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2Rx0B+WKW3UXIOvEy0kFcjQG5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8NbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbSvql6tWnu4rtSv8ziKcAbncAke3EAd7qEBLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QMNyo2f</latexit>

SX
<latexit sha1_base64="R9DhNARZjH+TwcOv+zjYZMOKrJk=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNQY8kXjxikEeEDZkdGpgwO7uZmTUhGz7BiweN8eoXefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT27nffkKleSQfzDRGP6QjyYecUWOlRqP/2C+W3LK7AFknXkZKkKHeL371BhFLQpSGCap113Nj46dUGc4Ezgq9RGNM2YSOsGuppCFqP12cOiMXVhmQYaRsSUMW6u+JlIZaT8PAdobUjPWqNxf/87qJGd74KZdxYlCy5aJhIoiJyPxvMuAKmRFTSyhT3N5K2JgqyoxNp2BD8FZfXietq7JXLVfvK6VaJYsjD2dwDpfgwTXU4A7q0AQGI3iGV3hzhPPivDsfy9ack82cwh84nz8Q0o2h</latexit>

SZ

<latexit sha1_base64="DcuCudflyYW6JEQgFg0Qb0jyU4Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF4+V2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2Rx0B+WKW3UXIOvEy0kFcjQG5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8NbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbSvql6tWnu4rtSv8ziKcAbncAke3EAd7qEBLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QMNyo2f</latexit>

SX
<latexit sha1_base64="R9DhNARZjH+TwcOv+zjYZMOKrJk=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNQY8kXjxikEeEDZkdGpgwO7uZmTUhGz7BiweN8eoXefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT27nffkKleSQfzDRGP6QjyYecUWOlRqP/2C+W3LK7AFknXkZKkKHeL371BhFLQpSGCap113Nj46dUGc4Ezgq9RGNM2YSOsGuppCFqP12cOiMXVhmQYaRsSUMW6u+JlIZaT8PAdobUjPWqNxf/87qJGd74KZdxYlCy5aJhIoiJyPxvMuAKmRFTSyhT3N5K2JgqyoxNp2BD8FZfXietq7JXLVfvK6VaJYsjD2dwDpfgwTXU4A7q0AQGI3iGV3hzhPPivDsfy9ack82cwh84nz8Q0o2h</latexit>

SZ

<latexit sha1_base64="DcuCudflyYW6JEQgFg0Qb0jyU4Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF4+V2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2Rx0B+WKW3UXIOvEy0kFcjQG5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8NbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbSvql6tWnu4rtSv8ziKcAbncAke3EAd7qEBLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QMNyo2f</latexit>

SX
<latexit sha1_base64="R9DhNARZjH+TwcOv+zjYZMOKrJk=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNQY8kXjxikEeEDZkdGpgwO7uZmTUhGz7BiweN8eoXefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT27nffkKleSQfzDRGP6QjyYecUWOlRqP/2C+W3LK7AFknXkZKkKHeL371BhFLQpSGCap113Nj46dUGc4Ezgq9RGNM2YSOsGuppCFqP12cOiMXVhmQYaRsSUMW6u+JlIZaT8PAdobUjPWqNxf/87qJGd74KZdxYlCy5aJhIoiJyPxvMuAKmRFTSyhT3N5K2JgqyoxNp2BD8FZfXietq7JXLVfvK6VaJYsjD2dwDpfgwTXU4A7q0AQGI3iGV3hzhPPivDsfy9ack82cwh84nz8Q0o2h</latexit>

SZ

<latexit sha1_base64="DcuCudflyYW6JEQgFg0Qb0jyU4Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF4+V2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2Rx0B+WKW3UXIOvEy0kFcjQG5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8NbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbSvql6tWnu4rtSv8ziKcAbncAke3EAd7qEBLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QMNyo2f</latexit>

SX
<latexit sha1_base64="R9DhNARZjH+TwcOv+zjYZMOKrJk=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNQY8kXjxikEeEDZkdGpgwO7uZmTUhGz7BiweN8eoXefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT27nffkKleSQfzDRGP6QjyYecUWOlRqP/2C+W3LK7AFknXkZKkKHeL371BhFLQpSGCap113Nj46dUGc4Ezgq9RGNM2YSOsGuppCFqP12cOiMXVhmQYaRsSUMW6u+JlIZaT8PAdobUjPWqNxf/87qJGd74KZdxYlCy5aJhIoiJyPxvMuAKmRFTSyhT3N5K2JgqyoxNp2BD8FZfXietq7JXLVfvK6VaJYsjD2dwDpfgwTXU4A7q0AQGI3iGV3hzhPPivDsfy9ack82cwh84nz8Q0o2h</latexit>

SZ

<latexit sha1_base64="DcuCudflyYW6JEQgFg0Qb0jyU4Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF4+V2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2Rx0B+WKW3UXIOvEy0kFcjQG5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8NbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbSvql6tWnu4rtSv8ziKcAbncAke3EAd7qEBLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QMNyo2f</latexit>

SX
<latexit sha1_base64="R9DhNARZjH+TwcOv+zjYZMOKrJk=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNQY8kXjxikEeEDZkdGpgwO7uZmTUhGz7BiweN8eoXefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT27nffkKleSQfzDRGP6QjyYecUWOlRqP/2C+W3LK7AFknXkZKkKHeL371BhFLQpSGCap113Nj46dUGc4Ezgq9RGNM2YSOsGuppCFqP12cOiMXVhmQYaRsSUMW6u+JlIZaT8PAdobUjPWqNxf/87qJGd74KZdxYlCy5aJhIoiJyPxvMuAKmRFTSyhT3N5K2JgqyoxNp2BD8FZfXietq7JXLVfvK6VaJYsjD2dwDpfgwTXU4A7q0AQGI3iGV3hzhPPivDsfy9ack82cwh84nz8Q0o2h</latexit>

SZ
<latexit sha1_base64="DcuCudflyYW6JEQgFg0Qb0jyU4Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF4+V2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2Rx0B+WKW3UXIOvEy0kFcjQG5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8NbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbSvql6tWnu4rtSv8ziKcAbncAke3EAd7qEBLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QMNyo2f</latexit>

SX
<latexit sha1_base64="R9DhNARZjH+TwcOv+zjYZMOKrJk=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNQY8kXjxikEeEDZkdGpgwO7uZmTUhGz7BiweN8eoXefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT27nffkKleSQfzDRGP6QjyYecUWOlRqP/2C+W3LK7AFknXkZKkKHeL371BhFLQpSGCap113Nj46dUGc4Ezgq9RGNM2YSOsGuppCFqP12cOiMXVhmQYaRsSUMW6u+JlIZaT8PAdobUjPWqNxf/87qJGd74KZdxYlCy5aJhIoiJyPxvMuAKmRFTSyhT3N5K2JgqyoxNp2BD8FZfXietq7JXLVfvK6VaJYsjD2dwDpfgwTXU4A7q0AQGI3iGV3hzhPPivDsfy9ack82cwh84nz8Q0o2h</latexit>

SZ

<latexit sha1_base64="FDt8+U9/PIxOj52WEWFamdpvpd8=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRC9C0IvHCOYByRJmJ5NkyOzsMtMbCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K4ilMOi6305ubX1jcyu/XdjZ3ds/KB4eNUyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go/uZ3xxzbUSknnAScz+kAyX6glG0UnPcTfXt5bRbLLlldw6ySryMlCBDrVv86vQiloRcIZPUmLbnxuinVKNgkk8LncTwmLIRHfC2pYqG3Pjp/NwpObNKj/QjbUshmau/J1IaGjMJA9sZUhyaZW8m/ue1E+zf+KlQcYJcscWifiIJRmT2O+kJzRnKiSWUaWFvJWxINWVoEyrYELzll1dJ46LsVcqVx6tS9S6LIw8ncArn4ME1VOEBalAHBiN4hld4c2LnxXl3PhatOSebOYY/cD5/ACt2j3o=</latexit>vr=3
<latexit sha1_base64="tS/h2klQxxeYXa6vvH64sTFLwPY=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKiF6EoBePEcwDkiXMTjrJkNnZZWY2EJZ8hBcPinj1e7z5N06SPWhiQUNR1U13VxALro3rfju5jc2t7Z38bmFv/+DwqHh80tRRohg2WCQi1Q6oRsElNgw3AtuxQhoGAlvB+H7utyaoNI/kk5nG6Id0KPmAM2qs1Jr0UnVbmfWKJbfsLkDWiZeREmSo94pf3X7EkhClYYJq3fHc2PgpVYYzgbNCN9EYUzamQ+xYKmmI2k8X587IhVX6ZBApW9KQhfp7IqWh1tMwsJ0hNSO96s3F/7xOYgY3fsplnBiUbLlokAhiIjL/nfS5QmbE1BLKFLe3EjaiijJjEyrYELzVl9dJ86rsVcvVx0qpdpfFkYczOIdL8OAaavAAdWgAgzE8wyu8ObHz4rw7H8vWnJPNnMIfOJ8/LPuPew==</latexit>vr=4

<latexit sha1_base64="R9DhNARZjH+TwcOv+zjYZMOKrJk=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNQY8kXjxikEeEDZkdGpgwO7uZmTUhGz7BiweN8eoXefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT27nffkKleSQfzDRGP6QjyYecUWOlRqP/2C+W3LK7AFknXkZKkKHeL371BhFLQpSGCap113Nj46dUGc4Ezgq9RGNM2YSOsGuppCFqP12cOiMXVhmQYaRsSUMW6u+JlIZaT8PAdobUjPWqNxf/87qJGd74KZdxYlCy5aJhIoiJyPxvMuAKmRFTSyhT3N5K2JgqyoxNp2BD8FZfXietq7JXLVfvK6VaJYsjD2dwDpfgwTXU4A7q0AQGI3iGV3hzhPPivDsfy9ack82cwh84nz8Q0o2h</latexit>

SZ
<latexit sha1_base64="DcuCudflyYW6JEQgFg0Qb0jyU4Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF4+V2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2Rx0B+WKW3UXIOvEy0kFcjQG5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8NbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbSvql6tWnu4rtSv8ziKcAbncAke3EAd7qEBLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QMNyo2f</latexit>

SX

<latexit sha1_base64="DobF+vvSKkQJSgdkHXQDOZ4ETSo=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRi9C0IvHCOYByRJmJ5NkyOzsMtMbCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K4ilMOi6305ubX1jcyu/XdjZ3ds/KB4eNUyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go/uZ3xxzbUSknnAScz+kAyX6glG0UnPcTfXt1bRbLLlldw6ySryMlCBDrVv86vQiloRcIZPUmLbnxuinVKNgkk8LncTwmLIRHfC2pYqG3Pjp/NwpObNKj/QjbUshmau/J1IaGjMJA9sZUhyaZW8m/ue1E+zf+KlQcYJcscWifiIJRmT2O+kJzRnKiSWUaWFvJWxINWVoEyrYELzll1dJ46LsVcqVx8tS9S6LIw8ncArn4ME1VOEBalAHBiN4hld4c2LnxXl3PhatOSebOYY/cD5/AC6Aj3w=</latexit>vr=5

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1

<latexit sha1_base64="2fvfthwg1mRLBhwA3jth0GTm+tU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyVy1XG1el2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH+zjME=</latexit>
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Figure E.6: Depiction of Most Important Detectors Calculated for the logical observable O = Z(b=0,0), as

determined by the rankings calculated in Table E.4. Highlighted in red are the locations of the seven most

important detectors, as determined by both ORP and Pauli-propagation. The grey region shows the

observable’s circuit backwards lightcone, containing all of the detectors that are connected to the observable

through gates. The dark blue region captures the physical revserse-lightcone of O, showing the detector

locations where the back-propagated observable has the largest Pauli weights.

round per Trotter step, as illustrated in Fig. E.6. The ∆-rankings are computed using classical simulations

subject to two-qubit depolarizing noise with error rate p = 0.003, which is comparable with error rates

on current IBM hardware. These rankings are found to be consistent with those computed from hardware

results. Although the two orderings do not match exactly, ORP is consistent with Pauli-propagation, since

the set of the top-k detectors selected typically are the same, with the most important detectors residing

in the code block containing the observable being measured. Figure E.6 shows the locations of the most

important detectors chosen by the two methods and illustrates how the highest ranked detectors selected by

ORP coincide with the local observable’s backwards lightcone.

E.7 Fault Tolerant Benchmarking of Circuit Elements

E.7.1 Logical Error Rates of Circuit Gadgets

This appendix numerically studies the logical performance in the simulations by calculating the logical error

rate (LER) as a function of the device error rate. The noise model assumes a two-qubit depolarizing channel,

defined as

E(ρ) = (1− p)ρ+ p

15

∑
P ̸=I

PρP (E.43)



226

where p ∈ [0, 1] is the physical error rate and the sum is over all two-qubit Paulis P , excluding the identity.

Additionally, single-qubit gates are followed by a single-qubit depolarizing channel with error rate p/10. In

the numerical experiments, the ideal state is a logical |00⟩, which is a GHZ state on four qubits. A logical

error occurs when there is a physical that keeps the state in the codespace C and goes undetected by the

syndrome measurements. Removing shots where a nontrivial syndrome is detected is equivalent to projecting

the noisy state back onto the codespace, defined by the projector

ΠC =
1

4
(1 + SZ)(1 + SX) , (E.44)

where undetectable errors take the state out of the simultaneous +1 eigenspace of SZ and SX . For a state ρ

whose noisy evolution is given by ρ̃, the LER is defined by

pL = 1− FL, FL = Tr ρρ̃ΠC . (E.45)

The LER pL can be expressed as a function of p. For p small, the leading order contribution is a good

approximation for how pL scales with p. For level-0 FT (no encoding) the leading order scaling is O(p).
Gadgets that are 1-FT have leading order behavior O(p2), and so mixing both types results in an LER of the

form pL = Ap + Bp2, where the constants A,B encode the geometric features of a circuit. In particular,

A represents nFT circuit features that can cause undetectable errors while B represents the extra circuit

overhead required to detect errors. The relative magnitudes of A and B can have meaningful impacts on the

error rates, and in some cases imply that a nFT circuit gadget can give superior performance to its encoded

counterpart. An example of this is seen by comparing the nFT rotations used in this work to a FT approach

like magic state injection.

The clearest examples of the improved performance of including nFT elements are the |00⟩ initialization

circuits that prepare a four-qubit GHZ state. A simple nFT way of preparing this state requires a CNOT depth

of four, whereas a 1-FT technique for preparing such a state on heavy-hex topology requires a CNOT depth

of seven followed by two measurements. Both of these circuits are shown in Fig. E.7a), with their respective

LERs determined from classical simulations shown in Fig. E.7b) over a range of p. When considering the

LER of both of these circuit gadgets, the FT circuit has error suppression quadratic in p compared to the

lack of suppression in the nFT case. For devices with long measurement times, idle errors can occur on the

data qubits being measured, amplifying the FT overhead B by almost an order of magnitude and increasing

the number of errors. Together with a two-qubit gate depth almost twice that of the nFT gadget, these extra
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Figure E.7: Logical Error Rate of Different Circuit Components a) The different FT and nFT circuit elements

whose logical error rates are considered in App. E.7.1. The green elements denote initialization gadgets,

labeled FT (solid) and nFT (dashed). The bottom two circuits RFT/RnFT are FT/nFT initialization gadgets

followed by a nFT logical rotation RZZ . b) The LER of the two different initialization gadgets. The grey

region is where nFT crosses to a lower LER than the FT procedure. The grey and black dashed lines

represent O(p) and O(p2) scaling for the logical error rate pL. c) The LER for the FT and nFT initialization

followed by a logical rotation. d) The LER of the syndrome extraction circuits for multiple rounds. e) The

LER of syndrome extraction as a function of number of rounds for different p.

circuit elements degrade the performance at large enough p. This is reflected in the LER curves, where the

FT pL passes the nFT value at a physical error rate of p ∼ 0.2.

Considering both FT and nFT elements together in the same circuit qualitatively modifies this picture.

In particular, examining the leading-order expansion for pL reveals a crossover point at p∗ ≈ A/B such

that for p > p∗ there is a region of quadratic suppression of errors, which then degrades to a linear decay

with no suppression for p ≲ p∗. Examples of such behavior are shown in Fig. E.7c), which compares the

effect of both FT and nFT state preparation, followed by a logical rotation (nFT) and syndrome extraction
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(FT). The extra circuit depth pushes the LER high enough such that the nFT state prep is no longer able to

outperform its FT counterpart. Further, even though the asymptotic error dependence is linear, the addition

of FT components can push the LER below that of nFT rotations. The suppression at intermediate p > p∗

indicates that for physical error rates that are small but not yet below threshold, there are still advantages in

error suppression gained by incorporating FT elements into circuit design. Finally, Fig. E.7d) analyzes the

LER of the syndrome extraction circuits with FT initialization. Here, all of the circuit elements are 1-FT and

so pL = O(p2). The overhead factor B increases with the number of syndrome measurement rounds, but

then quickly plateaus to an O(1) constant as shown in Fig. E.7e).

E.7.2 Memory Experiments

To assess the effectiveness of the syndrome extraction circuits used in this work, memory experiments are

performed on ibm boston where both FT and nFT state prep are followed by many rounds of syndrome

extraction. Assuming noiseless circuit operation, the system will remain in the logical |00⟩ = 1√
2
(|0000⟩+

|1111⟩) state, and measurements in the Z-basis result in either “0000” or “1111” bitstrings. Noise populates

other bitstrings with a non-zero probability, with some being detected by syndrome extraction and others

causing undetectable errors. The undetected errors will appear as even parity bitstrings with Hamming-weight

two in the final bitstring distribution. After postselecting all shots whose syndrome measurements flagged an

error, the filtered probability distribution is compared to that of an ideal GHZ state using the Total Variation

Distance (TVD) defined by

TVD(q, q′) =
1

2

∑
s

|q(s)− q′(s)| , (E.46)

where the sum is over all bit strings, q is the measured distribution and q′ is the GHZ distribution, with

q′(“0000”) = q′(“1111”) = 0.5. Figure E.8a) shows the TVD of the postselected distribution as a function

of the number of syndrome extraction rounds. The four curves compare (1) no DD and reset, (2) no DD and

no reset, (3) DD and no reset and (4) DD and no reset with nFT state prep over the course of 60 rounds of

syndrome extraction (all with a circuit depth of 761 CNOTs). Incrementally adding in DD and removing resets

have dramatic impacts on the error, lowering it by over an order of magnitude. The nFT state preparation

contains more errors for a few rounds of syndrome extraction, but remains comparable to the FT state over

many rounds. Figure E.8b) shows the corresponding acceptance fraction for these cases, defined as the

number of measurements that record no errors. This fraction decreases exponentially with the number of
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rounds, with DD having the most profound effect on preserving shot lifetime.

The [[4, 2, 2]] code is a distance-2 code, and so all events contributing to the LER at first order in the

physical error rate p are be flagged, and pL will scale as O(p2). Observing this scaling in quantum hardware

runs requires tuning the physical error rate, which is not possible to do directly. We leverage the fact that

syndrome extraction acts as the logical identity in the codespace, and so multiple rounds of extraction can

serve to amplify the effective physical error rate. As such, the physical error rate can is increased by modifying

which rounds of syndrome extraction are postselected against. Specifically, instead of considering the results

of syndrome measurements on every round, we only consider postselecting on the final round of extraction.

To account for the errors from initializing the code state |00⟩, a constant number of syndromes are additionally

postselected on. As a proxy for the LER pL, we count the fraction of even parity Hamming-weight 2 bitstrings

that survive the postselection, which at leading order is proportional to the number of undetectable errors that

occurred. Figure E.8c) shows the fraction of undetected errors as a function of the number of rounds with

an increasing number of syndromes postselected at the beginning. This fraction grows quadratically with

the number of rounds, and this number is interpreted as the scaling factor for the physical error rate. At low

amplification, this fraction plateaus due to nFT state prep errors and finite measurement statistics, whereas at

high amplification there is a plateau due to exceeding the pseudothreshold. Therefore, the scaling should be

understood as appearing in an intermediate regime, in the plot approximately between rounds 8-30.

E.7.3 Rotations with Ancilla Qubits

A method to reduce the error spread by nFT rotations, at the cost of ancillas and measurements, was

studied in Refs. [520, 596]. This method couples an ancilla qubit prepared in |0⟩ to the rotation circuit in

such a way that the bulk of single-qubit X errors are concentrated on the ancilla qubit. As an example,

let P = ZZ and P ′ = ZZZ where the first two qubits are data and the last one is an ancilla. Then

e−iθP ′
= e−iθP |0⟩ ⟨0|+ eiθP |1⟩ ⟨1| and the correct rotation is recovered by postselection on ancilla state

|0⟩. Figure E.9a) shows such circuit pairs G2/G
′
2 and G4/G

′
4, implementing ZZ-rotations within a block

and between logical qubits of neighboring blocks. In these circuits, the only errors that spread to become

high-weight errors are Z-errors indistinguishable from logical rotations. Ancilla measurements can be

deferred to the end of the circuit, provided later errors do not affect them. Since X errors are accumulated
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Figure E.9: Ancilla vs. No-Ancilla Rotations. a) The top row shows ancilla-free circuits G2 and G4

implementing e−iπ/8Z(b,0)Z(b,1) within a single code block (left) b and e−iπ/8Z(a,0)Z(b,0) between two code

blocks a and b (right). The bottom row shows circuits G′
2, G′

4 with ancilla qubits that implement the same

rotations. b) The LER pL as a function of the physical error rate p for the circuits in a). The logical error rate

is computed by taking the average over Haar-random states under repeated rotations with depolarizing noise.

on the ancilla qubit, an undetectable (logical) error can occur when two physical errors cancel 8. Note that

applying this gadget with an ancilla qubit in state |1⟩ implements a rotation with the opposite angle, which

is a logical error that is detectable via postselection on ancilla measurement. The implications of this are

8This cancellation can be studied using an error model with X errors only on the ancilla qubit.
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discussed in App. E.8.

While this method enables detecting more errors, its gate and measurement overhead introduces additional

errors. To determine which approach is best-suited for currently available hardware, we compare implementa-

tions of e−iπ/8Z(b,0)Z(b,1) within a single code block b and e−iπ/8Z(a,0)Z(b,0) between two code blocks a and b.

The data qubits are positioned within code blocks so that SWAP gates are not required to implement these

rotations. The circuits in Fig. E.9a) are repeatedly applied such that a net θ = 2π rotation is implemented. The

logical error rate pL is determined from classical simulations with depolarizing noise by computing the fidelity

of the initial state ρ with the noisy final state ρ̃, pL = 1− Tr(ρρ̃ΠC). Since the effect of rotations depends

on the initial state, we compute the Haar average of pL over all initial states. A two-design is necessary to

compute the Haar average of the fidelity [597]. The set of stabilizer states forms a three-design [598], so one-

and two-qubit stabilizer states are used as initial states for the circuits in Fig. E.9a). The LER as a function

of physical error rate p for eight repeated π/4 rotations of G2, G
′
2, G4, G

′
4 is shown in Fig.E.9b). Both

implementations exhibit pL = O(p) scaling. The ancilla method G′
2 is found to have a two to three times

smaller prefactor than G2, and G4 is found to be roughly equivalent to G′
4 on average when accounting for

errors detected by the [[4, 2, 2]] code. This suggests that although the ancilla method can offer an advantage

in specific cases, consistent with Refs. [520, 596], the two approaches perform similarly on average under

depolarizing noise. Further, this examination assumes noiseless (and instantaneous) measurements. On

realistic hardware, a measurement consumes significant coherence time and introduces measurement errors.

For these reasons the simulations in this work are carried out with the standard NISQ logical rotation gadget.9

E.8 Additional Analysis of Encoding Improvement

E.8.1 Qubit Dependence

Figure E.10 shows additional metrics comparing encoded to unencoded runs presented in Sec. 7.3. As seen in

Fig. 7.4, the encoding improvement in 1D is most pronounced at early and intermediate times, and decreases

at late times. In 2D, the improvement grows with time. Figure E.10a) shows α per logical qubit across all

t. For both 1D and 2D simulations, the encoded α values are on average higher than the unencoded, but

are broadly distributed. Several outliers are present in both encoded and unencoded results; these can be

matched to locations on the quantum processor with faulty gates or qubits with high measurement error rate

9Ancillas are used to implement rotations between blocks through bridge qubits where necessary, see App. E.3.
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Figure E.10: Postselection Performance and Signal Survival in Encoded Simulations. a) The signal-survival

factor α as a function of logical qubit over all t for gz = 0.5 (top) and gz = 1.5 (bottom). Encoded results

with R = 1 are given in blue, and unencoded results are shown in grey. Results for the 1D chain are shown in

the left column, and 2D grid results are shown in the right column. The shading represents one standard

deviation of the α distribution over qubits. Error bars on individual points represent uncertainty determined

through bootstrap resampling. b) Convergence of an example observable on qubit (14, 1) at t = 5 as a

function of the number of detectors kept for postselection k. The shading represents uncertainty from

bootstrap resampling. Results from the unencoded runs and from MPS are given by grey and black dashed

horizontal lines. The vertical black dotted line shows the k∗ selected by the plateau finding algorithm.

Acceptance rates for each k are shown by the dotted grey line.

or low T1/T2 times. Pauli twirling of the coherent and amplitude-damping/dephasing components of the

noise could convert part of this structured error into a stochastic Pauli channel more amenable to detection

and postselection. Omitting these blocks in the analysis improves results considerably, consistent with most

regions of the quantum processor having an operating error rate just below the pseudothreshold. However,

this exclusion is not done in the results reported in the main text. Further, the per-qubit encoded points carry

visibly larger bootstrap uncertainties than the unencoded points, which is an expected feature of shot loss

from postselection and increased circuit depth due to encoding. The results obtained from the simulations in

2D have a significantly larger spread than those from simulations in 1D, and are generally noisier (lower α).

This again is a consequence of the deeper circuits required to implement a dense logical connectivity.

Figure E.10b) shows the effects of the plateau-finding algorithm explained in App. E.1 for qubit (14, 1) at
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Figure E.11: Comparison of α for Corner and Bulk Qubits in 2D Simulations. The signal-survival factor α is

shown for encoded runs as a function of time t for R syndrome extraction rounds (colors) compared to

unencoded runs (grey). The left panel shows α for corners of the grid (logical qubits with two neighbors),

and the right panel shows α for bulk qubits (those with more than two neighbors). The insets show the error

in the α fits, σ. Results from the localized regime (gz = 1.5) are used.

t = 5, as an example. As detectors are added, the acceptance fraction (grey dotted line) falls steeply while the

estimate settles onto a plateau in approaching the MPS value (black dashed line) and away from the biased

unencoded result (grey dashed line). The plateau-finding algorithm selects k∗ (blue dotted vertical line) at the

onset of this stable region. If such a value is not found, the algorithm selects k∗ to minimize the squared error,

as explained in step five of the plateau-finding algorithm in App. E.1.2, and examples of this are shown in

both 2D plots in Fig. E.10b) and in the gz = 1.5 1D plot. Across all times and qubits, most show similar

convergence behavior with the exception of especially faulty device regions.

Figure E.11 shows the difference in α between corner and bulk qubits in 2D grid simulations with

gz = 1.5. Corners are defined as logical qubits with two connections, while bulk qubits have deg > 2. Since

corners have fewer logical connections, fewer gates act on them and as a result they are less noisy. In addition,

the backwards lightcone on corner qubits is smaller, reducing the amount of errors that can affect observables

there. This is reflected in the larger α values in the left panel of Fig. E.11 compared with the right. Further,

the σ values quantifying the spread in the α fit are smaller, indicating the corners more consistently reproduce

the MPS expectations.
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Figure E.12: Group Velocity in the 1D and 2D Ising Model. a) The group velocity v(k) as a function of

momentum k for gz = 0.5 (blue) and gz = 1.5 (red) calculated in a 20-qubit 1D chain with periodic

boundary conditions. b) The group velocity |v(kx, ky)| for a 5× 5 2D lattice with gz = 0.5 (left) and

gz = 1.5 (right). Dispersion relations are calculated using exact diagonalization, and a spectral derivative is

used to compute v(kx, ky).

E.8.2 Coupling Dependence

As shown in Fig. 7.4, the encoding improvement is roughly independent of gz for 1D and 2D. However, α

fits for both encoded and unencoded runs are consistently higher for gz = 1.5 than 0.5, which is seen in

Figs. 7.2e) and 7.3d). This difference originates in how far excitations (and errors) can propagate in each

system. As shown in Fig. E.12a), the maximum group velocity v(k) = dE(k)/dk is substantially larger

at gz = 0.5 than at gz = 1.5 in 1D, where the stronger longitudinal field slows the propagation front.10 A

similar, but less dramatic difference exists in 2D, shown in Fig. E.12b). The consequence of larger v(k) for

local observables is a larger backwards lightcone. This implies more errors have the ability to affect a given

⟨Zn⟩ in the melting regime at fixed t. At a fixed number of syndrome extraction rounds R, errors can spread

more under faster dynamics before they are caught by error detection. This is the reason that α is consistently

smaller in the melting regime (seen in Figs. 7.2e) and 7.3d), and degrades faster. Further, the group velocity

in 2D is significantly smaller than in 1D. The melting regime in 1D has by far the largest v(k), ∼ 2.5 times

larger than gz = 1.5 in 1D and ∼ 5 times larger than 2D v(kx, ky). The fluctuations in α in Fig. 7.2e) are

10These calculations are done using exact diagonalization with periodic boundary conditions. The limits of this method prevent

determining the group velocity for our lattice geometry with missing links, so a smaller uniform lattice is used instead.
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attributed to this difference. Since the difference in v(kx, ky) between the regimes is only 0.04 in 2D, errors

propagate at more similar speeds, which explains why the α plots in Fig. 7.3d) are more similar than in 1D.

This dependence on the backwards lightcone suggests that more frequent syndrome extraction is necessary

for simulations of faster dynamics. Unfortunately, the coherence time overhead is found to suppress most of

the advantage of more frequent syndrome measurement in our simulations.

E.8.3 Reset Dependence

As a result of omitting resets on ancilla qubits after syndrome measurements, an ancilla that fires remains

in the state |1⟩ until a subsequent error measurement flips it back to |0⟩.11 Any inter-block RZZ(θ) rotation

that uses this ancilla in its implementation therefore applies the opposite rotation RZZ(−θ). Interspersing

these opposite-angle inter-block rotations among the correct ones partially cancels the intended coupling

J , producing an effective “slowed-down” interaction Jeff = J(1− 2pflip), where pflip is the probability that

the mediating ancilla is in |1⟩ at the time of the gate. The effect is amplified when two ancillas are used to

implement the inter-block RZZ(θ) rotation. Figure E.13 shows the average Jeff over all inter-qubit couplings

as a function of time for various amounts of syndrome extraction rounds R. In 1D, the reduction in J is

smaller in the localized regime, where the stronger longitudinal field gz suppresses the spread of correlations

along the chain. This results in a lower average pflip for gz = 1.5. The differences in Jeff between regimes

and dimensions is again attributed to the group velocity which governs the propagation speed of errors. Since

errors propagate slower at gz = 1.5, the effects of incorrect rotations take longer to spread. This slowdown

could be further studied by running MPS simulations with the couplings Jeff, but this is not done in this work.

The effective reduction in J could be removed entirely with the introduction of ancilla resets after

syndrome measurements, and is the primary reason that high-R simulations are found to perform worse than

low-R simulations. Increasing syndrome measurement frequency adds more opportunities for stale ancillas

to artificially inject errors into the simulation, and if the corresponding detection events are not selected

for postselection (e.g., by ORP), they contaminate the results. With ancilla resets, this problem is absent.

However, ancilla resets consume a significant amount of coherence time, and as a result errors are nevertheless

introduced. We find that the implementation of resets does not significantly change the R-dependence of

11The absence of resets also means that leakage on an ancilla persists across all subsequent rounds, since there is no re-initialization

to return a leaked ancilla to the computational subspace.
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Figure E.13: Effective Inter-Block Coupling Under Residual Ancilla Sign Flips on ibm boston. a) The

effective inter-block coupling ⟨Jeff/J⟩ as a function of time t averaged over all inter-block connections in the

1D simulations shown in Fig. 7.2 for gz = 0.5 (top) and gz = 1.5 (bottom). Different R values indicate

amount of syndrome measurements. b) The same as a) but for 2D results presented in Fig. 7.3.

the results, with the exception of the highest values of R. Even for R = 16, where the improvement from

resets is largest, the α values do not exceed those of low R, indicating that the added coherence time injects

more errors than the syndrome measurement rounds are able to detect. The implementation of faster resets

on the hardware will likely shift this balance. This is another example of the tradeoff between the NISQ

considerations of gate depth and coherence time and FT requirements.

E.8.4 Geometric Dependence in 1D Simulations

The encoded results presented in Fig. 7.3 show a large improvement over unencoded runs, increasing with

time to a greater than 200% improvement at late times. This is partially due to the geometric gate depth

overhead of embedding a square lattice onto heavy-hex connectivity. Unencoded circuits are 1.5 times deeper

than encoded circuits at the latest time considered (see Table E.3). To isolate the encoding improvement from

the geometric overhead, we compare the encoded results without any postselection to unencoded results in

Fig. E.14. The CDF plots show that encoding without postselection has a small improvement at gz = 0.5 and

a negligible improvement at gz = 1.5. The decay of the signal-survival factor α shows the performance of
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Figure E.14: Encoding Improvement Without Postselection in 2D Simulations. a) Cumulative distribution

functions (CDFs) of the per-qubit, per-time absolute error |⟨Z⟩meas − ⟨Z⟩MPS| for both values of gz . The

median error and CDFs corresponding to R = 1 syndrome measurements are shown compared to unencoded

results (solid and dashed lines respectively). b) The signal-survival factor α as a function of t for various R

(colored lines) and each value of gz , compared to unencoded results (dashed grey line). The insets show the

residual error σ in the fit.

the encoded circuits over time without postselection. At early times, encoded circuits without postselection

perform worse than unencoded as a result of added circuit depth to perform syndrome measurements. At

intermediate and late times, low-R encoded runs outperform unencoded due to the geometric overhead.

Comparing to Fig. 7.3d), the maximum decrease in α from omitting postselection is ∼ 0.4. This indicates

that much of the improvement seen in Fig. 7.3 is due to encoding as opposed to the geometric overhead in

unencoded circuits. Thus, removing errors that can potentially spread to O(t2) qubits plays a large role in the

improvement observed in 2D simulations.

E.9 Classical Simulations of False-Vacuum Decay Dynamics

Phase transitions play a key role in early-universe dynamics as well as in many condensed matter systems.

For high energy physics, a particularly important question is whether the Higgs field is in a true vacuum or in

a false metastable vacuum. The phase transition from a false vacuum to a true vacuum is known as false-
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vacuum decay and underlies a range of early-universe phenomena, from cosmological phase transitions and

bubble nucleation to the possible fate of the electroweak vacuum [582, 583]. This section describes a simple

1D model for false-vacuum decay in spin systems as intuition for the oscillation and localization behavior

observed in the simulations in the main text. Classical MPS simulations carried out in the same regimes

considered in Sec. 7.3 are shown to support this intuition where analytical calculations are unavailable.

In false-vacuum decay phenomenology, the metastable “false” vacuum decays to the stable and ener-

getically favored “true” vacuum by quantum tunneling [582, 583]. In the semiclassical regime, thermal

or quantum fluctuations typically nucleate localized bubbles of true vacuum. Bubbles exceeding a critical

size then lower the energy through expansion, driving conversion of the system to the true vacuum. The

method in this work provides a lattice realization of false-vacuum decay through quench dynamics of a spin

system [569, 599]. Rather than directly studying bubble nucleation, we prepare a fixed, finite system in a

ferromagnetic initial state with a true-vacuum bubble in the center and follow its unitary time evolution. The

presence of “decay” in this setup is indicated by the melting of the true-vacuum bubble, and decay is absent

when the bubble remains localized.

Section 7.3 observes a difference in encoded quantum simulation performance between the gz = 0.5

(melting regime) and gz = 1.5 (localized regime). The melting or localization of true-vacuum bubbles in our

simulations is due to domain-wall oscillations known as Bloch oscillations [585]. The following analysis

considers two domain walls in a 1D chain. The Hamiltonian (7.6) assigns a fixed energy per flipped spin, so

the bubble’s potential energy is linear in its size r

V (r) = −χr , χ = 2m|gz| , m =

(
1−

(
gx
|J |

)2
)1/8

, (E.47)

where m is the spontaneous magnetization at gz = 0 [600]. Unitary time evolution under H conserves

total energy, but converts the potential energy into the kinetic energy of expanding bubble walls. As V (r)

changes from bubble expansion, the relative momentum of the bubble walls k changes, as given by Hamilton’s

equations,

dk

dt
= −dV

dr
= χ . (E.48)

Neglecting corrections due to nonzero gz , the dispersion relation for a single domain wall is

E(k) = 2|J |
√

1 + g2x + 2gx cos k . (E.49)
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Since E(k) is periodic, the group velocity v(k) = dE(k)/dk changes sign as the momentum is increased in

the Brillouin zone, resulting in oscillations of the bubble width

r(t) =
4

χ

(
E
(
k0 +

χ

2
t
)
− E(k0)

)
. (E.50)

The maximum amplitude of these oscillations is

rmax =
4

χ
(E(π)− E(0)) =

8|J ||gx|
m|gz|

, (E.51)

and the period is

TB =
4π

χ
=

2π

m|gz|
. (E.52)

Although strictly valid only in the analytically tractable gz → 0 limit, and not at the couplings considered

in our simulations, this analysis provides intuition for how oscillations arise in the domain-wall initial state.

An equivalent treatment in the large-J limit maps the system to free fermions in a linear potential [574, 584],

where the extent of oscillations is also found to be rmax ∼ |gx|/|gz|. Reference [584] finds a transition

between the bubble-melting and localized regimes at |gz|/|gx| ∼ 1 for large J . Systems with |gz|/|gx| < 1

are found to thermalize, while |gz|/|gx| > 1 shows evidence of slower decay. Results from our simulations

at J = 1 are consistent with these findings. Figure E.15 shows the energy density determined from MPS

simulations through the relaxation dynamics following a quench under the Hamiltonian (7.6) in 1D. Initial

bubble states |ψ(t = 0)⟩ =∏i∈BXi|1⟩⊗N with bubble sizes |B| = 1, 2, 3 are shown in the columns. The

top row shows the bubble-melting regime (gz = 0.5). Faint oscillations about the center of the bubble are

seen for sizes two and three, consistent with Bloch oscillations with a period TB ∼ 12 and rmax ∼ 10. Since

our simulations are far outside the small-gz or large-J regime, we cannot compare these to predictions of

TB or rmax from the analysis above. The bottom row (gz = 1.5) shows the bubble localized to all accessible

times for sizes two and three. This is consistent with Eq. (E.51), where larger gz makes rmax comparable to

the bubble size and prevents oscillations. A size one bubble is seen to decay for both values of the coupling

because the Bloch mechanism requires separation between the two bubble walls for the linear potential to act

on, which does not exist for a single flipped spin. This confirms the localization is not due to Z-field pinning,

in which a strong longitudinal field suppresses interface-moving spin flips when |gz| ≫ |gx|.
We find similar behavior in 2D simulations. Figure E.16 shows ⟨Zn⟩ determined from MPS simulations

throughout the lattice for a selection of times. The dynamics in 2D is found to be slower than in 1D, which is
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Figure E.15: Classical Simulations of False-Vacuum Decay Dynamics in 1D. An initial true-vacuum bubble

of size one, two, three (columns) at the center of the 42-qubit chain is evolved with gz = 0.5 (top row) and

gz = 1.5 (bottom row). The color in the heatmap shows the energy density ⟨Hn⟩ as a function of logical

qubit position n = (b, lb) and time t. The time evolution uses nT = 500 Trotter steps of size δt = 0.1 and is

computed with MPS.

also evidenced by the group velocities shown in Fig. E.12. Further, the melting and localization dynamics

is anisotropic due to the irregular geometry realized by the logical qubit connectivity. For gz = 0.5 sizes

2× 2 and 3× 3, the initial bubble is seen to spread more towards the right and bottom as a result of missing

edges on the left and top boundaries. These missing edges also artificially localize the bubble for gz = 1.5.

However, physics-driven localization (as opposed to localization driven by missing links) is still seen on the

right and bottom, consistent with the dynamics seen in 1D simulations. Additionally, the bottom right qubit

of the 3× 3 bubble for gz = 1.5 melts off as a result of a missing vertical edge that would connect it to the

rest of the bubble.12

To remove the contributions to the melting and localization dynamics from missing links, we compare

12The global quench of the background contributes a significant amount to the observed dynamics, which is seen in the relaxation

dynamics shown in Figs. E.15 and E.16.
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Figure E.16: Classical Simulations of False-Vacuum Decay Dynamics on a 2D Lattice with Missing Edges.

An initial true-vacuum bubble of size 1× 1, 2× 2, 3× 3 (rows) at the center of the 42-qubit lattice is evolved

with gz = 0.5 (top) and gz = 1.5 (bottom). The qubit colors show the magnetization ⟨Zn⟩ as a function of

logical qubit position n = (b, lb) and time t (columns). The time evolution uses nT = 100 Trotter steps of

size δt = 0.1 calculated with MPS. The logical connectivity grid corresponds to Fig. 7.2a) with all available

edges used.

the results of our realized grid to simulations on a uniform 5× 5 lattice. The comparison of ⟨Zn⟩ is shown

for several selected times in Fig. E.17. This figure confirms that melting and localization consistent with

Bloch oscillations are present in the absence of grid irregularities. The top row of the gz = 0.5 panel of

Fig. E.17 shows a recurrence for the 1× 1 bubble. This happens due to boundary effects and is absent in 1D

simulations in Fig. E.15. This is additionally verified by MPS simulations of a 7× 7 lattice. The 2× 2 bubble
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Figure E.17: Classical Simulations of False-Vacuum Decay Dynamics on a Uniform 2D Lattice. An initial

true-vacuum bubble of size 1× 1, 2× 2, 3× 3 (rows) at the center of the 5× 5 lattice is evolved with

gz = 0.5 (top) and gz = 1.5 (bottom). The qubit colors show the magnetization ⟨Zn⟩ as a function of logical

qubit position n = (b, lb) and time t (columns). The time evolution uses nT = 500 Trotter steps of size

δt = 0.1 and is calculated with statevector simulations.

is seen to melt for gz = 1.5. This melting is slower than for gz = 0.5 and is also impacted anisotropically by

the boundary. This is consistent with the findings of Ref. [574] where |gz|/|gx| ≫ 1 significantly slows down

but does not fully prevent melting.

Together, these classical simulations show that the size-three bubbles (1D) and 3× 3 bubbles (2D) studied

in Sec. 7.3 melt for gz = 0.5 and remain localized for gz = 1.5, consistent with the Bloch oscillation picture.

While the dynamics in 2D is significantly slower and the contrast between the melting and localized regimes
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is less pronounced, the same qualitative behavior holds, supporting the interpretation of the device results

in the main text. Although our couplings lie outside the small-gz and large-J limits where the oscillation

amplitude and period can be predicted analytically, the melting and localization observed here match the

Bloch oscillation mechanism qualitatively.

E.10 Other Layouts

As discussed in Sec. 7.2.1, there is significant freedom in [[4, 2, 2]] code block placement onto the heavy-hex

connectivity. In this work, we select a placement that avoids particularly faulty qubits and gates. The

block placement options are further expanded if this constraint is lifted. While the maximum number of

blocks is still 21 (corresponding to 42 logical qubits), the properties of the resulting placement may be more

favorable. In particular, the resulting logical connectivity graph may be more similar to a regular square

lattice. Figure E.18a) shows an example of one such placement. This placement uses 144 active physical

qubits, compared to 136 in Fig. 7.1b), a result of more bridge qubits present. An example of the resulting

logical connectivity graph possible with this placement is shown in Fig. E.18b). This grid has 51 inter-block

edges (72 edges total), whereas the grid used in the main text (Fig. 7.2a)) has 45 inter-block edges (66 edges

total). Importantly, this grid has fewer missing interior edges, which significantly contribute to the dynamics

in our simulations. This suggests that more regular square lattice simulations are possible using the current

generation of quantum computers with more uniform characteristics.

It is not possible to regularly tile a heavy-hex connectivity device with blocks that have the topology

required for our syndrome extraction circuits (center of Fig. 7.1c)). Therefore bridge qubits are necessary,

which contribute significantly to the depth of inter-block gates. A regular tiling with our block topology is

possible if blocks are allowed to share ancillas. An example of such a placement is shown in Fig. E.19. This

placement supports a higher encoding rate, using 126 physical qubits to encode 48 logical qubits with 24

overlapping blocks. In addition, the logical connectivity graph possible with this placement is more dense,

allowing for three-body gates between triples of neighboring blocks (with ancilla shuttling). In an overlapping

block placement, code blocks share ancilla qubits (shown in green) that are used only for syndrome extraction,

and data qubits (black) are permanently tied to a given block. This removes the overhead of bridge qubits.

Since data qubits of neighboring blocks are located physically closer, inter-block gates are considerably

shallower, which is favorable for the total depth budget. The tradeoff associated with overlapping layouts
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Figure E.18: Block Placement and Logical Connectivity Graph in the Absence of Faulty Qubits and Gates.

a) An example of a block placement (grey) of 21 blocks assuming no faulty qubits and gates on a heavy-hex

quantum computer. Within each block, the data qubits are shown in black, Z-ancillas are shown in red,

X-ancillas are shown in blue, and bridge qubits are shown in green. b) The resulting connectivity between

logical qubits (grey) optimized for similarity to a square lattice. Thick orange hatched edges represent

intra-block connections and thin orange edges show inter-block connections.

is that syndrome extraction must now be serialized as a result of ancilla sharing. Figure E.19 splits the

blocks into two groups (shown in red and blue), corresponding to the serial order in which syndromes

must be measured. Ancilla shuttling is also required in this scenario, which introduces an overhead larger

than that of switching between the compute and syndrome layouts in Fig. 7.1c). Further, the conversion

to detectors discussed in Sec. 7.2.2 and E.1 is modified due to ancilla sharing. Syndrome measurement is

by far the highest overhead in coherence time, which is doubled by serialization. This work finds that the

quality of local observables measured degrades significantly faster with overlapping code blocks compared to

non-overlapping placements, and for this reason the non-overlapping placement is used.
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Figure E.19: Overlapping Block Placement. Code blocks are split into two groups (red and blue) for

serialized syndrome extraction. Data qubits within each block are shown in black and shared ancilla qubits

are shown in green.

E.11 Tables of Results

Tables E.5, E.6 and E.7 show the data from ibm boston corresponding to Fig. 7.2. A 1D 42-logical qubit

chain is run with δt = 0.5 for gz = 0.5 and gz = 1.5. The initial state in each of these simulations is a

size-three true-vacuum bubble product state. Tables E.8,E.9, E.10 and E.11 show the corresponding data for

the 2D lattice simulations displayed in Fig. 7.3. The initial state on the 42-logical qubit lattice is a 3 × 3

true-vacuum bubble product state. Table E.12 reports the acceptance rate of R = 1 runs for 1D and 2D

simulations for both values of gz .
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Table E.5: Magnetization in 1D Simulations at t = 8. For each logical qubit (b, lb) (first column), ⟨Zn⟩ from
MPS results (second and fifth columns) is compared to unencoded results (third and sixth columns) and
encoded results with R = 1 syndrome extraction rounds (fourth and seventh columns). The left columns
show gz = 0.5 and the right columns show gz = 1.5. The uncertainty is determined through bootstrap
resampling.

⟨Zn⟩
Logical

qubit (b, lb)
gz = 0.5 gz = 1.5

MPS Unencoded R = 1 MPS Unencoded R = 1

(13, 1) 0.217 0.100(6) 0.098(19) -0.568 -0.486(5) -0.329(27)
(13, 0) 0.142 0.131(5) 0.113(16) -0.372 -0.250(5) -0.385(26)
(10, 1) 0.084 0.090(5) 0.081(17) -0.138 -0.066(5) -0.244(36)
(10, 0) -0.079 -0.006(6) 0.000(21) -0.445 -0.213(5) -0.256(11)
(9, 0) 0.003 -0.006(6) -0.019(21) -0.381 -0.263(5) -0.249(11)
(9, 1) 0.082 0.009(6) 0.019(34) -0.330 -0.260(5) -0.299(18)
(4, 0) 0.080 -0.043(6) 0.024(32) -0.289 -0.263(6) -0.248(22)
(4, 1) 0.099 0.022(6) 0.071(32) -0.381 -0.248(6) -0.239(33)
(2, 0) 0.115 0.055(6) 0.065(18) -0.407 -0.283(5) -0.269(20)
(2, 1) 0.130 0.109(5) 0.057(13) -0.342 -0.229(5) -0.229(46)
(0, 0) 0.175 0.121(6) 0.067(46) -0.379 -0.297(5) -0.202(31)
(0, 1) 0.124 0.076(6) 0.056(15) -0.351 -0.286(5) -0.136(18)
(1, 0) 0.071 0.044(6) 0.009(32) -0.317 -0.223(5) -0.132(31)
(1, 1) 0.029 0.043(6) 0.030(18) -0.397 -0.286(6) -0.106(42)
(3, 1) 0.068 0.115(6) -0.020(17) -0.347 -0.166(6) -0.152(35)
(3, 0) 0.071 0.109(6) 0.015(43) -0.374 -0.194(5) -0.268(18)
(7, 1) 0.029 0.071(5) -0.010(29) -0.228 -0.151(6) -0.223(11)
(7, 0) -0.090 -0.026(5) -0.090(50) -0.371 -0.271(5) -0.269(34)
(5, 0) -0.011 -0.028(6) 0.029(17) -0.348 -0.245(5) -0.237(40)
(5, 1) 0.145 0.096(6) 0.082(17) -0.549 -0.462(5) -0.450(26)
(6, 1) 0.206 0.217(6) 0.163(41) 0.623 0.549(5) 0.555(21)
(6, 0) 0.170 0.219(5) 0.149(47) 0.928 0.806(3) 0.813(10)
(11, 0) 0.245 0.223(5) 0.211(30) 0.809 0.677(4) 0.595(12)
(11, 1) 0.142 0.108(6) 0.087(17) -0.705 -0.499(5) -0.489(13)
(8, 0) -0.071 -0.058(6) -0.108(30) -0.304 -0.231(6) -0.179(10)
(8, 1) -0.108 -0.070(6) -0.089(14) -0.329 -0.291(5) -0.345(32)
(12, 1) -0.001 -0.005(6) -0.010(28) -0.252 -0.206(6) -0.137(32)
(12, 0) 0.084 0.038(6) 0.012(17) -0.373 -0.249(5) -0.309(39)
(15, 1) 0.095 0.024(6) 0.083(20) -0.275 -0.152(5) -0.191(13)
(15, 0) 0.100 0.052(6) 0.063(28) -0.403 -0.318(5) -0.243(20)
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Logical
qubit (b, lb)

gz = 0.5 gz = 1.5

MPS Unencoded R = 1 MPS Unencoded R = 1

(14, 1) 0.101 0.096(5) -0.002(11) -0.403 -0.242(6) -0.237(30)
(14, 0) 0.088 0.171(5) -0.010(12) -0.280 -0.053(6) -0.163(39)
(17, 0) 0.080 0.104(5) -0.012(11) -0.333 -0.199(5) -0.252(19)
(17, 1) 0.066 0.076(6) 0.040(18) -0.357 -0.293(5) -0.246(13)
(20, 0) 0.054 0.059(5) 0.032(10) -0.425 -0.335(5) -0.258(26)
(20, 1) 0.067 0.076(6) 0.007(15) -0.274 -0.200(5) -0.135(9)
(19, 0) 0.088 0.067(6) -0.016(40) -0.323 -0.229(5) -0.288(22)
(19, 1) 0.013 0.012(5) -0.048(50) -0.383 -0.290(5) -0.233(9)
(16, 1) -0.077 -0.074(6) -0.024(20) -0.443 -0.278(5) -0.245(26)
(16, 0) 0.083 0.012(6) 0.089(11) -0.139 -0.125(6) -0.247(14)
(18, 0) 0.142 0.120(6) 0.099(11) -0.372 -0.203(5) -0.489(35)
(18, 1) 0.217 0.166(6) 0.054(23) -0.568 -0.301(6) -0.468(17)

|⟨Z⟩meas − ⟨Z⟩MPS|
%

gz = 0.5 gz = 1.5

Unenc. R = 1 R = 2 R = 4 R = 8 R = 16 Unenc. R = 1 R = 2 R = 4 R = 8 R = 16

0% 0.000(0) 0.000(0) 0.000(0) 0.000(0) 0.000(0) 0.000(0) 0.001(0) 0.000(0) 0.000(0) 0.000(0) 0.000(0) 0.000(0)

10% 0.009(0) 0.005(1) 0.007(1) 0.007(1) 0.008(1) 0.013(1) 0.014(1) 0.009(1) 0.012(1) 0.010(1) 0.011(1) 0.016(1)

20% 0.016(1) 0.014(1) 0.016(1) 0.015(1) 0.017(1) 0.023(1) 0.031(1) 0.018(1) 0.020(1) 0.021(1) 0.023(1) 0.028(1)

30% 0.022(1) 0.021(1) 0.025(1) 0.024(1) 0.027(1) 0.037(2) 0.048(1) 0.033(1) 0.033(1) 0.039(2) 0.041(2) 0.051(2)

40% 0.031(1) 0.031(1) 0.034(1) 0.035(1) 0.040(1) 0.051(1) 0.062(1) 0.047(1) 0.049(2) 0.056(2) 0.062(2) 0.083(3)

50% 0.040(1) 0.039(1) 0.043(1) 0.046(1) 0.055(1) 0.065(1) 0.074(1) 0.067(2) 0.066(2) 0.074(2) 0.084(2) 0.137(3)

60% 0.050(1) 0.049(1) 0.053(1) 0.057(2) 0.068(2) 0.081(2) 0.091(1) 0.084(2) 0.086(2) 0.095(2) 0.124(3) 0.213(4)

70% 0.062(1) 0.061(2) 0.066(2) 0.075(2) 0.082(2) 0.098(2) 0.109(1) 0.108(2) 0.111(2) 0.127(3) 0.167(3) 0.282(4)

80% 0.078(1) 0.076(2) 0.083(2) 0.091(2) 0.105(2) 0.128(2) 0.129(1) 0.137(2) 0.143(2) 0.161(3) 0.215(3) 0.349(4)

90% 0.109(1) 0.104(3) 0.115(3) 0.123(3) 0.136(3) 0.173(4) 0.165(1) 0.170(3) 0.197(3) 0.217(4) 0.283(4) 0.421(4)

100% 0.306(5) 0.398(28) 0.370(15) 0.386(22) 0.429(14) 0.582(19) 0.291(5) 0.330(17) 0.455(22) 0.478(19) 0.548(21) 0.750(23)

Table E.6: Absolute Error in 1D Simulations. The absolute error |⟨Z⟩meas − ⟨Z⟩MPS| by decile (first column)

is compared between unencoded runs (second and seventh columns) and encoded runs for various numbers of

syndrome extraction rounds R (columns 3-6 and 8-11). The left columns show gz = 0.5 and the right

columns show gz = 1.5. The uncertainty is determined through bootstrap resampling.
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Signal-survival factor α(σ)

t
gz = 0.5 gz = 1.5

Unenc. R = 1 R = 2 R = 4 R = 8 R = 16 Unenc. R = 1 R = 2 R = 4 R = 8 R = 16

0.0 0.983(19) 0.989(12) 0.987(9) 0.987(12) 0.988(9) 0.986(11) 0.983(19) 0.988(10) 0.987(11) 0.987(10) 0.989(10) 0.984(13)

0.5 0.931(34) 0.955(44) 0.959(44) 0.947(46) 0.953(42) 0.954(46) 0.929(36) 0.954(39) 0.955(44) 0.955(44) 0.956(40) 0.959(35)

1.0 0.905(45) 0.948(44) 0.938(43) 0.941(44) 0.937(45) 0.916(89) 0.898(47) 0.944(38) 0.942(42) 0.949(43) 0.943(42) 0.924(66)

1.5 0.878(65) 0.918(79) 0.893(85) 0.897(76) 0.897(73) 0.870(110) 0.877(61) 0.913(71) 0.908(74) 0.911(74) 0.927(62) 0.922(89)

2.0 0.870(67) 0.918(66) 0.887(69) 0.883(65) 0.851(83) 0.828(136) 0.888(58) 0.927(68) 0.930(66) 0.915(67) 0.939(70) 0.912(106)

2.5 0.841(78) 0.875(80) 0.841(80) 0.871(80) 0.823(98) 0.771(129) 0.913(55) 0.960(58) 0.966(60) 0.951(71) 0.983(67) 0.953(84)

3.0 0.820(67) 0.829(90) 0.802(80) 0.768(96) 0.724(99) 0.694(116) 0.908(45) 0.922(76) 0.945(85) 0.904(69) 0.927(72) 0.839(91)

3.5 0.777(74) 0.834(53) 0.822(62) 0.802(70) 0.757(83) 0.692(95) 0.893(40) 0.918(55) 0.934(55) 0.914(65) 0.864(72) 0.713(77)

4.0 0.777(62) 0.923(42) 0.805(44) 0.767(44) 0.721(60) 0.642(74) 0.864(37) 0.886(79) 0.874(71) 0.857(74) 0.798(81) 0.636(97)

4.5 0.755(57) 0.766(47) 0.876(56) 0.723(46) 0.739(55) 0.639(83) 0.824(44) 0.859(72) 0.858(67) 0.792(82) 0.731(116) 0.539(120)

5.0 0.842(45) 0.725(46) 0.699(56) 0.682(48) 0.569(53) 0.346(58) 0.801(50) 0.800(71) 0.816(88) 0.784(98) 0.703(127) 0.480(140)

5.5 0.898(51) 0.592(49) 0.636(58) 0.568(49) 0.448(48) 0.265(49) 0.776(61) 0.810(78) 0.766(94) 0.723(107) 0.645(145) 0.430(146)

6.0 0.845(43) 0.593(52) 0.591(58) 0.449(42) 0.378(46) 0.127(42) 0.757(59) 0.771(77) 0.729(94) 0.696(102) 0.598(129) 0.371(152)

6.5 0.822(47) 0.572(53) 0.529(51) 0.327(49) 0.291(41) 0.157(38) 0.750(64) 0.753(87) 0.731(86) 0.670(113) 0.603(141) 0.345(146)

7.0 0.760(44) 0.542(63) 0.426(50) 0.223(56) 0.152(40) 0.039(33) 0.741(60) 0.757(74) 0.715(84) 0.686(100) 0.583(123) 0.285(135)

7.5 0.802(46) 0.481(45) 0.465(48) 0.259(41) 0.179(34) -0.019(22) 0.737(58) 0.750(74) 0.701(82) 0.687(90) 0.568(126) 0.255(119)

8.0 0.779(42) 0.552(38) 0.420(39) 0.253(33) 0.110(40) 0.123(30) 0.735(56) 0.728(81) 0.679(79) 0.667(90) 0.534(117) 0.246(115)

Table E.7: Signal-Survival Factor for 1D Simulations. The signal-survival factor α calculated as a function of
time t (first column) in unencoded results (second and seventh columns) is compared to encoded results for
various numbers of syndrome extraction rounds R (columns 3-6 and 8-11). The left columns show gz = 0.5
and the right columns show gz = 1.5. The uncertainty is the residual error σ in the α fits.
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⟨Zn⟩
Logical

qubit (b, lb)
gz = 0.5 gz = 1.5

MPS Unencoded R = 1 MPS Unencoded R = 1

(13, 1) -0.558 -0.113(6) -0.257(16) -0.093 0.094(6) -0.147(34)
(13, 0) -0.725 -0.159(6) -0.362(25) -0.116 0.047(6) -0.094(13)
(10, 1) -0.694 -0.134(6) -0.357(9) -0.111 -0.003(5) -0.123(13)
(10, 0) -0.538 -0.095(5) -0.283(14) -0.138 -0.017(6) -0.191(10)
(9, 0) -0.524 -0.139(5) -0.069(24) -0.375 -0.142(5) -0.127(17)
(9, 1) -0.640 -0.206(6) -0.284(26) -0.145 -0.092(6) 0.004(18)
(4, 0) -0.603 -0.253(5) -0.388(17) 0.005 -0.078(5) -0.102(13)
(4, 1) -0.617 -0.262(5) -0.352(12) -0.036 -0.058(5) -0.115(10)
(2, 0) -0.706 -0.210(5) -0.418(17) -0.134 0.017(6) -0.223(28)
(2, 1) -0.686 -0.216(5) -0.408(17) -0.279 -0.102(5) -0.230(24)
(0, 0) -0.627 -0.271(6) -0.180(44) -0.087 -0.110(6) -0.119(14)
(0, 1) -0.770 -0.235(5) -0.278(27) -0.139 -0.080(6) -0.067(26)
(1, 0) -0.732 -0.205(5) -0.103(24) -0.137 -0.025(5) -0.085(30)
(1, 1) -0.554 -0.166(6) -0.098(48) -0.087 -0.025(5) -0.148(15)
(3, 1) -0.432 -0.089(6) -0.228(29) -0.165 -0.075(5) -0.153(32)
(3, 0) -0.620 -0.147(5) -0.289(23) -0.186 -0.056(6) -0.185(31)
(7, 1) -0.457 -0.037(6) -0.298(32) -0.043 -0.081(6) -0.115(30)
(7, 0) -0.403 -0.071(6) -0.296(18) -0.208 -0.102(6) -0.179(29)
(5, 0) -0.249 -0.075(6) -0.199(19) -0.283 -0.097(5) -0.288(10)
(5, 1) 0.182 0.166(5) 0.203(33) 0.658 0.333(5) 0.420(14)
(6, 1) 0.597 0.201(5) 0.579(22) 0.695 0.242(5) 0.652(29)

Table E.8: Magnetization in 2D Simulations at t = 4, first half. For each logical qubit (b, lb) (first column),

⟨Zn⟩ from MPS results (second and fifth columns) is compared to unencoded results (third and sixth

columns) and encoded results with R = 1 syndrome extraction rounds (fourth and seventh columns). The left

columns show gz = 0.5 and the right columns show gz = 1.5. The uncertainty is determined through

bootstrap resampling.
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⟨Zn⟩
Logical

qubit (b, lb)
gz = 0.5 gz = 1.5

MPS Unencoded R = 1 MPS Unencoded R = 1

(6, 0) 0.696 0.231(5) 0.597(16) 0.804 0.371(5) 0.704(32)
(11, 0) 0.762 0.343(5) 0.642(12) 0.845 0.479(5) 0.656(15)
(11, 1) 0.678 0.335(5) 0.579(23) 0.506 0.323(5) 0.466(9)
(8, 0) 0.330 0.149(5) 0.285(23) 0.486 0.267(5) 0.442(15)
(8, 1) -0.263 -0.077(6) -0.159(24) -0.364 -0.135(5) -0.304(35)
(12, 1) -0.199 -0.129(6) -0.182(15) -0.268 -0.286(5) -0.234(18)
(12, 0) -0.125 -0.079(6) -0.176(11) -0.120 -0.099(5) -0.123(31)
(15, 1) -0.219 -0.083(5) -0.147(49) -0.215 -0.125(6) -0.216(32)
(15, 0) 0.162 0.094(6) 0.164(35) 0.212 0.156(5) 0.310(17)
(14, 1) 0.520 0.248(5) 0.493(12) 0.751 0.350(5) 0.655(16)
(14, 0) 0.228 0.168(5) 0.487(38) 0.767 0.245(5) 0.649(27)
(17, 0) -0.412 -0.095(6) -0.288(27) -0.212 -0.007(6) -0.172(13)
(17, 1) -0.107 -0.005(5) -0.170(15) -0.297 -0.068(5) -0.273(46)
(20, 0) -0.289 -0.065(6) -0.215(11) -0.127 -0.144(6) -0.013(39)
(20, 1) -0.576 -0.277(5) -0.313(15) -0.219 -0.191(5) -0.194(11)
(19, 0) -0.679 -0.374(5) -0.434(10) -0.102 -0.081(6) -0.078(39)
(19, 1) -0.709 -0.287(5) -0.481(22) -0.396 -0.168(5) -0.246(26)
(16, 1) -0.742 -0.351(5) -0.618(25) -0.365 -0.256(6) -0.249(20)
(16, 0) -0.630 -0.262(5) -0.507(21) -0.076 -0.023(6) -0.109(20)
(18, 0) -0.282 -0.092(5) -0.227(25) -0.261 -0.230(6) -0.298(10)
(18, 1) -0.279 -0.123(6) -0.200(16) -0.205 -0.134(6) -0.133(31)

Table E.9: Magnetization in 2D Simulations at t = 4, Continued. The remaining logical qubits from

Table E.8, following the same column structure. For each logical qubit (b, lb) (first column), ⟨Zn⟩ from MPS

results (second and fifth columns) is compared to unencoded results (third and sixth columns) and encoded

results with R = 1 syndrome extraction rounds (fourth and seventh columns). The left columns show

gz = 0.5 and the right columns show gz = 1.5. The uncertainty is determined through bootstrap resampling.
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|⟨Z⟩meas − ⟨Z⟩MPS|
%

gz = 0.5 gz = 1.5

Unenc. R = 1 R = 2 R = 4 R = 8 R = 16 Unenc. R = 1 R = 2 R = 4 R = 8 R = 16

0% 0.000(1) 0.000(0) 0.000(0) 0.000(0) 0.000(0) 0.000(0) 0.000(0) 0.000(0) 0.000(0) 0.000(0) 0.000(0) 0.000(0)

10% 0.047(2) 0.014(1) 0.013(1) 0.016(1) 0.016(1) 0.021(2) 0.016(1) 0.011(1) 0.011(1) 0.010(1) 0.011(1) 0.015(1)

20% 0.109(1) 0.035(2) 0.033(2) 0.037(2) 0.046(2) 0.063(3) 0.042(1) 0.022(1) 0.021(1) 0.022(1) 0.024(1) 0.029(2)

30% 0.163(2) 0.063(2) 0.060(2) 0.067(2) 0.081(2) 0.097(3) 0.072(1) 0.036(2) 0.035(1) 0.036(2) 0.041(2) 0.052(2)

40% 0.215(2) 0.091(2) 0.090(2) 0.102(2) 0.118(2) 0.150(3) 0.102(1) 0.052(2) 0.049(2) 0.051(2) 0.057(2) 0.072(2)

50% 0.281(2) 0.123(2) 0.131(3) 0.137(3) 0.165(3) 0.205(4) 0.134(1) 0.067(2) 0.066(2) 0.065(2) 0.074(2) 0.101(2)

60% 0.347(2) 0.172(3) 0.173(3) 0.193(3) 0.222(4) 0.300(4) 0.177(1) 0.087(2) 0.086(2) 0.084(2) 0.096(2) 0.132(3)

70% 0.403(2) 0.255(4) 0.257(4) 0.277(4) 0.315(5) 0.421(5) 0.222(1) 0.113(2) 0.113(2) 0.110(2) 0.123(2) 0.173(3)

80% 0.456(2) 0.342(4) 0.349(5) 0.373(4) 0.425(5) 0.505(4) 0.279(2) 0.146(2) 0.142(2) 0.147(3) 0.162(3) 0.231(3)

90% 0.527(2) 0.448(4) 0.467(4) 0.495(5) 0.548(5) 0.599(4) 0.398(2) 0.200(4) 0.206(4) 0.222(4) 0.236(5) 0.341(6)

100% 0.669(5) 0.667(21) 0.672(20) 0.747(36) 0.766(25) 0.792(34) 0.763(6) 0.518(27) 0.501(15) 0.535(26) 0.540(19) 0.855(28)

Table E.10: Absolute Error in 2D Simulations. The absolute error |⟨Z⟩meas − ⟨Z⟩MPS| by decile (first

column) is compared between unencoded runs (second and seventh columns) and encoded runs for various

numbers of syndrome extraction rounds R (columns 3-6 and 8-11). The left columns show gz = 0.5 and the

right columns show gz = 1.5. The uncertainty is determined through bootstrap resampling.

Signal-survival factor α(σ)

t
gz = 0.5 gz = 1.5

Unenc. R = 1 R = 2 R = 4 R = 8 R = 16 Unenc. R = 1 R = 2 R = 4 R = 8 R = 16

0.0 0.988(6) 0.988(10) 0.988(12) 0.984(16) 0.986(12) 0.984(18) 0.982(37) 0.987(13) 0.985(15) 0.987(11) 0.985(13) 0.981(16)

0.5 0.862(41) 0.947(37) 0.948(41) 0.943(40) 0.943(44) 0.944(44) 0.850(73) 0.944(44) 0.942(45) 0.946(42) 0.949(33) 0.940(43)

1.0 0.770(79) 0.918(48) 0.917(52) 0.912(48) 0.918(51) 0.883(78) 0.757(106) 0.907(54) 0.909(48) 0.918(48) 0.913(54) 0.879(75)

1.5 0.688(76) 0.896(63) 0.885(66) 0.899(70) 0.861(71) 0.833(104) 0.662(109) 0.892(63) 0.888(68) 0.884(65) 0.881(72) 0.864(90)

2.0 0.597(79) 0.851(84) 0.845(91) 0.867(81) 0.817(95) 0.744(135) 0.607(112) 0.879(69) 0.866(70) 0.858(68) 0.860(78) 0.810(104)

2.5 0.524(72) 0.791(112) 0.787(106) 0.773(109) 0.738(129) 0.664(151) 0.553(98) 0.860(78) 0.855(64) 0.854(77) 0.850(76) 0.762(102)

3.0 0.459(73) 0.734(115) 0.735(115) 0.710(122) 0.667(131) 0.537(159) 0.534(85) 0.854(66) 0.849(68) 0.843(78) 0.836(76) 0.734(102)

3.5 0.411(68) 0.675(126) 0.684(125) 0.642(117) 0.590(140) 0.434(170) 0.487(72) 0.836(72) 0.845(69) 0.812(63) 0.830(68) 0.725(78)

4.0 0.348(63) 0.606(133) 0.627(123) 0.555(133) 0.492(137) 0.323(153) 0.474(66) 0.834(68) 0.831(74) 0.814(71) 0.778(70) 0.620(89)

4.5 0.305(60) 0.551(124) 0.519(124) 0.506(130) 0.387(144) 0.241(144) 0.416(61) 0.788(65) 0.764(77) 0.768(73) 0.730(82) 0.547(95)

5.0 0.251(60) 0.485(121) 0.452(121) 0.412(115) 0.337(139) 0.209(127) 0.370(60) 0.722(64) 0.703(62) 0.725(69) 0.645(86) 0.417(83)

5.5 0.215(54) 0.418(116) 0.395(115) 0.374(127) 0.270(128) 0.143(119) 0.322(57) 0.660(74) 0.668(66) 0.621(71) 0.592(94) 0.321(90)

6.0 0.174(53) 0.399(113) 0.349(110) 0.296(109) 0.248(130) 0.097(74) 0.280(58) 0.618(74) 0.609(68) 0.591(67) 0.558(84) 0.192(64)

6.5 0.149(48) 0.328(99) 0.321(108) 0.267(116) 0.204(110) 0.087(80) 0.241(54) 0.561(70) 0.575(72) 0.598(81) 0.521(87) 0.123(66)

7.0 0.119(45) 0.296(100) 0.276(95) 0.229(100) 0.160(108) 0.047(47) 0.206(52) 0.535(74) 0.543(69) 0.531(81) 0.479(84) 0.117(43)

7.5 0.095(41) 0.263(82) 0.266(100) 0.191(96) 0.133(94) 0.050(48) 0.180(50) 0.505(62) 0.521(66) 0.503(79) 0.444(81) 0.072(36)

8.0 0.074(38) 0.243(87) 0.207(81) 0.167(95) 0.124(75) 0.035(33) 0.161(48) 0.481(64) 0.482(52) 0.471(67) 0.405(78) 0.055(36)

Table E.11: Signal-Survival Factor for 2D Simulations. The signal-survival factor α calculated as a function

of time t (first column) in unencoded results (second and seventh columns) is compared to encoded results

for various numbers of syndrome extraction rounds R (columns 3-6 and 8-11). The left columns show

gz = 0.5 and the right columns show gz = 1.5. The uncertainty is the residual error σ in the α fits.
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Acceptance rate

t
Chain Grid

gz = 0.5. gz = 1.5 gz = 0.5 gz = 1.5

0.0 0.341± 0.339 0.436± 0.347 0.414± 0.355 0.289± 0.314

0.5 0.372± 0.309 0.292± 0.310 0.312± 0.273 0.268± 0.280

1.0 0.307± 0.291 0.343± 0.286 0.339± 0.299 0.298± 0.261

1.5 0.324± 0.300 0.338± 0.264 0.303± 0.228 0.247± 0.251

2.0 0.308± 0.264 0.241± 0.246 0.229± 0.201 0.252± 0.231

2.5 0.297± 0.261 0.294± 0.253 0.226± 0.196 0.274± 0.221

3.0 0.295± 0.281 0.321± 0.258 0.208± 0.188 0.205± 0.183

3.5 0.260± 0.227 0.293± 0.214 0.200± 0.167 0.233± 0.197

4.0 0.235± 0.201 0.249± 0.241 0.176± 0.147 0.208± 0.191

4.5 0.226± 0.209 0.228± 0.177 0.255± 0.179 0.169± 0.160

5.0 0.254± 0.230 0.310± 0.224 0.196± 0.162 0.249± 0.199

5.5 0.210± 0.151 0.183± 0.148 0.255± 0.185 0.211± 0.172

6.0 0.246± 0.196 0.226± 0.203 0.200± 0.177 0.218± 0.141

6.5 0.210± 0.188 0.231± 0.197 0.229± 0.178 0.216± 0.165

7.0 0.209± 0.195 0.214± 0.197 0.139± 0.081 0.227± 0.155

7.5 0.228± 0.190 0.233± 0.207 0.173± 0.136 0.173± 0.124

8.0 0.197± 0.161 0.187± 0.179 0.201± 0.158 0.171± 0.129

Table E.12: Acceptance Rates of R = 1 Encoded Simulations. The acceptance rates are shown for both 1D

simulations (second and third columns) and 2D simulations (fourth and fifth columns) as a function of time t

(first column). These encoded simulations use R = 1 syndrome extraction rounds, corresponding to the data

reported in the main text. The uncertainty represents the standard deviation over all qubits for a given t. The

uncertainty is the standard deviation over all qubits for each t.
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[471] J. Léonard et al. Realization of a fractional quantum hall state with ultracold atoms. Nature,
619(7970):495–499, 2023.

[472] D. Bluvstein et al. A quantum processor based on coherent transport of entangled atom arrays. Nature,
604(7906):451–456, 2022.

[473] P. Naldesi et al. Fermionic correlation functions from randomized measurements in programmable
atomic quantum devices. Physical Review Letters, 131(6):060601, 2023.

[474] M. Gluza and J. Eisert. Recovering quantum correlations in optical lattices from interaction quenches.
Physical Review Letters, 127(9):090503, 2021.

[475] A. Zhao, N. Rubin, and A. Miyake. Fermionic partial tomography via classical shadows. Physical
Review Letters, 127(11):110504, 2021.

[476] J. Denzler et al. Learning fermionic correlations by evolving with random translationally invariant
hamiltonians. Physical Review Letters, 133(24):240604, 2024.

[477] M. Tran et al. Measuring arbitrary physical properties in analog quantum simulation. Physical Review
X, 13(1):011049, 2023.

[478] A. Gu et al. Simulating quantum chaos without chaos. October 2024. arXiv:2410.18196 [quant-ph].

[479] L. Bittel et al. Optimal trace-distance bounds for free-fermionic states: Testing and improved tomogra-
phy. PRX Quantum, 6(3):030341, 2025.
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[540] B. Pató and N. Klco. Trade-offs in Gauss’s law error correction for lattice gauge theory quantum
simulations. February 2026. arXiv:2602.22121 [quant-ph].

[541] A. Rajput, A. Roggero, and N. Wiebe. Quantum error correction with gauge symmetries. npj Quantum
Information, 9(1):41, 2023.

[542] L. Spagnoli, A. Roggero, and N. Wiebe. Qudit stabiliser codes for ZN lattice gauge theories with
matter. February 2026. arXiv:2602.20661 [quant-ph].

[543] M. Turco, L. Spagnoli, and A. Roggero. Binary Gauss Stabilizers for Abelian Lattice Gauge Theories.
July 2026. arXiv:2607.14861 [quant-ph].

[544] L. Spagnoli, A. Roggero, and N. Wiebe. Fault-tolerant simulation of Lattice Gauge Theories with
gauge covariant codes. Quantum, 10:1968, 2026.

[545] X. Yao. Quantum error correction codes for truncated SU(2) lattice gauge theories. Physical Review
D, 113(11):114512, 2026.



289

[546] M. Carena et al. Quantum error thresholds for gauge-redundant digitizations of lattice field theories.
Physical Review D, 110(5), 2024.

[547] Z. Davoudi et al. Report of the Snowmass 2021 Topical Group on Lattice Gauge Theory. In Snowmass
2021, 2022. arXiv:2209.10758 [quant-ph].

[548] J. Roffe et al. Protecting quantum memories using coherent parity check codes. Quantum Science and
Technology, 3(3):035010, 2018.

[549] R. Chao and B. Reichardt. Quantum error correction with only two extra qubits. Physical Review
Letters, 121(5):050502, 2018.

[550] C. Self, M. Benedetti, and D. Amaro. Protecting expressive circuits with a quantum error detection
code. Nature Physics, 20(2):219–224, 2024.

[551] E. Chertkov et al. Error detection without postselection in adaptive quantum circuits. Physical Review
Research, 8(2):023057, 2026.

[552] A. Vezvaee et al. Demonstration of high-fidelity entangled logical qubits using transmons. Nature
Communications, 17(1):3281, 2026.

[553] Y. Li and S. Benjamin. Efficient variational quantum simulator incorporating active error minimization.
Physical Review X, 7(2):021050, 2017.

[554] E. Dumitrescu et al. Cloud quantum computing of an atomic nucleus. Phys. Rev. Lett., 120:210501,
2018.

[555] A. Kandala et al. Error mitigation extends the computational reach of a noisy quantum processor.
Nature, 567(7749):491–495, 2019.

[556] A. Calderbank and P. Shor. Good quantum error correcting codes exist. Physical Review A, 54:1098,
1996.

[557] R. Chao and B. Reichardt. Fault-tolerant quantum computation with few qubits. npj Quantum
Information, 4:42, 2018.

[558] C. Chamberland and M. Beverland. Flag fault-tolerant error correction with arbitrary distance codes.
Quantum, 2:53, 2018.

[559] R. Chao and B. Reichardt. Flag fault-tolerant error correction for any stabilizer code. PRX Quantum,
1(1):010302, 2020.

[560] B. Reichardt. Fault-tolerant quantum error correction for Steane’s seven-qubit color code with few or
no extra qubits. Quantum Science and Technology, 6(1):015007, 2021.



290

[561] G. Gehér et al. To reset, or not to reset—that is the question. npj Quantum Information, 11(1):39,
2025.

[562] R. Blume-Kohout and K. Young. Estimating detector error models from syndrome data. April 2025.
arXiv:2504.14643 [quant-ph].

[563] D. Jaschke, L. Carr, and I. de Vega. Thermalization in the quantum Ising model—approximations,
limits, and beyond. Quantum Science and Technology, 4(3):034002, 2019.

[564] F. Surace and A. Lerose. Scattering of mesons in quantum simulators. New Journal of Physics,
23(6):062001, 2021.

[565] N. Zemlevskiy. Exclusive scattering channels from entanglement structure in real-time simulations.
March 2026. arXiv:2603.15621 [quant-ph].

[566] X. Mi et al. Noise-resilient edge modes on a chain of superconducting qubits. Science, 378(6621):785–
790, 2022.

[567] M. Kormos et al. Real-time confinement following a quantum quench to a non-integrable model.
Nature Physics, 13(3):246–249, 2017.

[568] A. Milsted et al. Collisions of false-vacuum bubble walls in a quantum spin chain. PRX Quantum,
3(2):020316, 2022.

[569] G. Lagnese et al. False vacuum decay in quantum spin chains. Physical Review B, 104(20):L201106,
2021.

[570] C. Yin, F. Surace, and A. Lucas. Theory of metastable states in many-body quantum systems. Physical
Review X, 15(1):011064, 2025.
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