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Abstract

Development of a 5 N-moment Multi-Fluid Plasma Model
for D-T Fusion in an Axisymmetric Z Pinch

Yu Takagaki

Chair of the Supervisory Committee:
Uri Shumlak
Department of Aeronautics & Astronautics

The thermonuclear fusion process in a D-T Z pinch is investigated by developing the multi-
component, deuterium-tritium-helium-electron, model including fusion reactions and inter-
species collisions via the WARPXM simulation framework. The geometric source terms are
implemented into WARPXM to solve axisymmetric problems in cylindrical coordinates with-
out changing the code’s infrastructure. The 5/N-moment growth rates peak at the expected
wavenumber and further stabilize at large wavenumbers in a manner that agrees with previ-
ously published studies using higher fidelity kinetic models. The radially-sheared axial flow,
0yv, # 0, stabilizes the sausage instabilities significantly as observed in the Fusion Z-pinch
Experiment (FuZE) at the University of Washington. Braginskii viscosity and thermal con-
ductivity also indicates the stronger stabilizing effects with decreasing plasma collisionality.
The energetic alphas produced in the core of the Z-pinch plasma expand radially and in-
teract with the azimuthal magnetic field, which drives an axial current of alpha particles.
The primary energy cascade initiates from energetic alphas to electrons, and eventually the
electron energy transfers to the ions. The increase in fusion gain becomes significant when
the plasma pinch current exceeds 1.35 MA, which corresponds to a pinch radius equal to the
gyroradius of a D-T fusion alpha. While never reaching ignition, the fusion gain increases

from 8.14 to 151.8 with the increasing pinch current and 7% of the alpha heating fraction.
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rr:  Larmor radius

rp:  pinch radius of a Z-pinch, which is the radial position of the peak azimuthal mag-
netic fields

we:  cyclotron frequency
wp:  plasma frequency
vep:  collision frequency
6p:  skin depth

74:  Alfvén transit time
Top: collision period

I:  viscosity

h: heat flux

Rap: frictional force
Q.p: heat generation
opus: fusion crosssection area
V.o relative velocity

S: reactive source term
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Chapter 1

INTRODUCTION

Fusion energy holds significant promise as a clean and limitless energy source. Unlike
fossil fuels, fusion uses isotopes of hydrogen (e.g., deuterium and tritium) that are abundant
in nature or can be bred through a blanket[3]. Also, fusion has the potential to satisfy the
increasing global demand for energy and to achieve the long-term sustainability by producing
tremendous amounts of energy without emitting greenhouse gases and high-level radioactive
waste. While recent renewable energy sources (e.g., solar power, wind power, hydroelectric
power, and geothermal power) can also deliver a clean energy, fusion can work as a sta-
ble baseload power supply anywhere on earth without being affected by weather or other
environmental conditions. Moreover, well-controlled fusion is inherently safer than fission
reactions since fusion does not involve possible runaway chain reactions or meltdown. Un-
fortunately, it is still challenging to sustain fusion reactions for long durations due to the
existence of various plasma instabilities that occur on multiple temporal and spatial scales;
however, decades of dedicated research and international collaborations has made progress

and is delivering critical breakthroughs.

1.1 Motivation for Fusion Propulsion

The required electrical power and payload mass for spacecrafts are increased for modern
missions.[4] For an interplanetary space explanation within the solar system, a spacecraft
should change its velocity on the order of 10* m/s. From the rocket equation with as-
sumptions of the constant exhaust velocity and gravity-free space, increasing the enthalpy
of propellant or decreasing the payload mass fraction can produce high acceleration of a

spacecraft and reduce trip time



AVge = Vey In 0 (1.1)

mpy

where v,. and v, are the spacecraft and exhaust velocities, respectively, and my and my
are initial and dry masses of the spacecraft. The shorter trip time is not only economically
beneficial for robotic missions but can reduce the risk of lethal radiational exposures for
astronauts. However, larger enthalpy of the exhaust flow usually requires more external
power source which reduces the payload mass fraction. There exists a tradeoff between the

payload mass fraction and trip time to achieve an optimum thrust.

The methods to increase enthalpy of propellant classify the types of the propulsion sys-
tems such as chemical propulsion through combustion, electric propulsion using electrother-
mal or Lorentz forces, and nuclear propulsion converting fission or fusion energy directly.
While chemical propulsion is the oldest and most conventional method, the increase of en-
thalpy is limited by the chemical binding energy of propellant. Electric propulsion requires
a sufficiently large external power source to ionize and accelerate propellant gas. The solar
cell is a popular external power source for current electric propulsion, but solar power (elec-
tromagnetic field energy) drops as 1/r? where r is the distance from the sun and restricts
possible missions beyond Earth orbit. The available energy through nuclear reactions is
also limited by nuclear binding force but the corresponding energies are 10° or 107 higher
than those of chemical reactions.[5] However, there are some difficulties to withstand ther-
mal stresses and control radiative flux on a spacecraft. Until today, there does not exist an
adequate propulsion system for deep space explorations. Plasma physics can describe the
naturally existing charged gas in space environments (e.g., the solar wind, the Van Allen
radiation belts) and control thermonuclear fusion. Electric propulsion is one example of
the practical applications of plasma physics over the past half century. Nuclear fusion can
be applied either to directly accelerate a propellant or to produce electrical power to drive
an electric propulsion system. Both approaches offer promising solutions for future space

exploration.



1.2 Why Z-pinch Fusion Thruster

The major fusion reactor concepts can be classified by the four methods of confining the
plasma: Inertial Electrostatic Confinement (IEC), Magnetic Confinement Fusion (MCF),
Inertial Confinement Fusion (ICF), Magnetolnertial Fusion (MIF). IEC uses a spherical
grid to produce radial electric field for confining plasma and its simple device known as
Farnsworth-Hirsch fusor has been built by some hobbyists.[6] Although it has a simple and
low cost assembly, it is difficult to confine hot and dense plasma and achieve the fusion energy
breakeven () = 1 due to kinetic instabilities leading to high energy and particle losses. MCF
(e.g., equilibrium Z pinches, tokamaks, spheromaks, stellarators, field-reversed configuration
(FRC) and magnetic mirrors) uses strong magnetic fields to confine relatively low-density
plasma for a long steady-state operation and attracts a lot of plasma physicists and engineers
trying to realize a fusion reactor. However, the typical MCF reactor size is too large to mount
on a spacecraft. ICF applies spherically distributed high-energy laser pulses onto the pellets
to be heated and compressed by implosions and ignites fusion reactions.[7] While ICF can
produce highly energized and dense plasma, it is difficult to secure the power source for the
laser pulses in space environment. MIF, for example fast Z pinch that quickly implodes a
cylindrical plasma, combines the aspects of MCF and ICF. A Shear-Flow-Stabilized (SFS) Z
pinch[8], which is equilibrium Z pinch and MCF approach, has self-generated magnetic fields
confining and compressing plasma due to the interactions between the azimuthal magnetic
fields and the axial current. The advantage of a Z-pinch is that it does not require external
magnetic field coils and thereby has reduced cost and complexity. Increasing axial current
produces higher plasma parameters and achieves smaller pinch radius. The Z-pinch fusion
thruster is described as the viable option for future space explorations by Shumlak et al. in
2006.[9] As plasma flows towards an open end of the Z pinch, its thermal energy heated by

fusion products expands and converts to directed kinetic energy and produces thrust.
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Figure 1.1: Schematic illustration for the Z-pinch fusion thruster

1.3 Importance of Alpha Heating

Deuterium-tritium (D-T) fusion is one of the most promising terrestrial fusion reaction since

it has the highest reactivity with the currently feasible temperature of the confined plasma.

2D+ 3T — = 2He(3.5 MeV) + jn(14.1 MeV) (1.2)

With sufficiently high magnetic fields, the high-temperature alphas can be magnetically
confined and heat D-T fuel. This alpha heating effect can significantly increase the fusion
gain, (), which is defined as the ratio of fusion power to input power. Magnetic nozzles, which
are produced by external coils, have the potential to improve conversion of the thermal energy
of confined alphas into kinetic energy to obtain higher specific impulse and larger thrust.
Therefore, it is important to understand the dynamics of energetic alpha particles and their

interactions with the bulk Z-pinch plasma.
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Figure 1.2: Comparison of reaction rates for various fusion fuel temperature[I]

1.4 Outline for the Dissertation

The main components of this research are (1) implementing cylindrical coordinates to sim-
ulate axisymmetric plasmas, (2) including a model for thermonuclear fusion reactions in a
multi-species plasma, and (3) numerically investigating the dynamics of energetic alphas
and the effect of alpha heating in the D-T Z-pinch fusion. The all of numerical results
are obtained by using WARPXM version 1.5.9. The dissertation is organized as follows.
Chapter 2| describes the numerical methods and develops the WARPXM code with the ge-
ometric source terms needed to simulations in the cylindrical geometry, which is useful to
describe the physics of the plasma pinch. Chapter 3| presents the results of several bench-
mark tests for the geometric source terms. The comparisons between the simple analyti-
cal results and the numerical results validate the correct implementations of the geometric
source terms in WARPXM. Chapter [ discusses the stability and dynamics of a shear-free

and shear-flow-stabilized Z-pinch that includes Braginskii transport, which accounts for non-



Maxwellian or non-ideal distribution functions[10]. Chapter |5 develops the multi-component
(e.g., deuterium-tritium-helium-electron) 5N-moment plasma model for Z-pinch fusion re-
actions and presents the numerical results of the 1D D-T Z-pinch dynamics as a result of
self-consistent fusion reactions and interspecies collisional interactions. This chapter includes
the study reactions such that some confined fusion alphas contribute to collisional heating of
the fusion fuel. Chapter [6] presents the conclusions and proposes future directions to extend

the research.



Chapter 2

NUMERICAL METHODS

Washington Approximate Riemann Plasma eXtended modeling platform - Multi-core
(WARPXM)[IT] solves the following partial differential equations (PDEs) in conservative
form by using the Discontinuous Galerkin (DG) Finite Element Method (FEM)

0Q .

S+ V-F=S$ (2.1)

where Q is the vector of conservative variables, I? is the flux tensor, S is the vector of source
terms. Section [2.1| explains the fundamentals and advantages of using DG-FEM. Section
introduces the general expression of the geometric source terms and gives analytical exam-
ples in multiple different plasma fluid models. WARPXM has been developed for meshes
and equations described in Cartesian coordinates; however, cylindrical coordinates are use-
ful to describe the geometry of many MCF plasmas, such as the Z pinch. The geometric
source terms which were introduced by Srinivasan[I2] for WARPX can also be implemented
into WARPXM to simulate axisymmetric problems in cylindrical coordinates. Section [2.3
describes the spatial gradients for the conservative variables in DG-FEM. The gradients are
used to apply L’Hopital’s rule into the geometric source terms at » = 0 in cylindrical coor-
dinates and are used to implement the Braginskii viscosity tensor. The gradients can also
be used in Hall and resistive MHD models. Section [2.4] and Section [2.5| shows the boundary
conditions and the Runge-Kutta method used for time integration, respectively. Section [2.6
indicates the maximum possible CFL numbers in DG-FEM with the geometric source terms

to ensure stable numerical results.



2.1 Discontinuous Galerkin Method

In the Finite Difference Method (FDM), which is the simplest and oldest numerical approach
introduced by Euler in 1768[13], the approximate numerical solutions Q,, flux F ,» and source
terms S, satisfy

dQn (7", 1)

T’+v-?n(fk,t) ~ 5@ = R 1) (2.2)

where #* is the local node position and R is the residuals between the exact solution and
numerical solution. The flux and source terms are described in terms of Cjn and the deriva-
tives are approximated by applying Taylor expansions. Calculations can yield converged
numerical solutions and simulations with sufficiently small residuals. However, it is difficult
to apply the FDM for a problem with complex geometries and an unstructured mesh.

The Finite Volume Method (FVM) is introduced in the field of Computational Fluid
Dynamics (CFD) by Mc-Donald in 1971 and Mac-Cormack and Paullay in 1972[14] based on
the FDM, but includes the geometric flexibility. In general, the physical domain is discretized
into the finite volumes (cells) V¥, and the integral form of the PDEs within each volume is

numerically solved.

d -
— [ QndV* + ]{

il 3 P, - dsr - /V Saavt =& (2.3)
The integrated numerical solutions, flux and source terms are evaluated as the cell-averaged
properties, and the choice of the numerical flux at the finite volume cell interface OF iden-
tifies the types of the numerical scheme. While the FVM has the advantageous property of
satisfying local conservation, increasing the order of accuracy in space in a high-dimensional
problem requires a numerical stencil that expands over many cells and becomes nonlocal. To
increase the order of the local approximated solutions on the interface, which are obtained
by using the cell-averaged solutions, the FVM requires a particular number of cells that
restricts the grid structure and the geometric flexibility.

On the other hand, the FEM does not use cell averages to find the local approximated

solutions. The FEM was originally developed in the structural engineering fields by Hren-



nikoff in 1941[15] and McHenry in 1943[16]. In the FEM, the local approximated solutions

QF in the element D* are expressed as

ZQZ Yo (@ ZQZ (2.4)

where QF are the coefficients, 1 (F) are the basis functions, N, is the total number of the local
nodes in each element D* and ¢¥(Z) are the Lagrange basis polynomials. The first expression
using a polynomial basis function ¥ (%) is known as the modal form and the latter one using
the Lagrange basis polynomial ¢§(F) is known as the nodal form. It is important to mention
that the node location " € D¥ associates with the Lagrange basis polynomial ¢§ (%) by using
the shifted delta-function 6(Z — ¢¥); however, 7 is independent of ZF € D* used to describe
the coefficient Ql (#F,t). The global approximated solutions Qn are obtained by using the

piecewise local solutions QF,

“ K “ K Sk K “
Fo(Zt) =@ F@0) =@ Fi(vf(@) =@ Fi (@, 06 (&) (2.6)
k=1 k=1 I=1 k=1 l=1
K K NP K Np

k=1 k=1 I=1 k=1 [=1

WARPXM adopts the nodal form and the governing equations are

éNZ {%@f(ff,t)ff(f) +V- (ﬁl (T, ) (7 )) - Qk(ff,t)ﬁf(f)} =P &k

k=1 1=1

Einstein notation simplifies the representation as

Z (a7, 1) = QF (@ )6 (@) (2.9)
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Applying the weighted residual method, the governing equations in a local frame become

[ [aatatotem@ « @y (Fetodo) - et ot @] o
= | REE @)Vt

(2.10)

where wk (Z) is the weight function (test function) and the choice of w¥ (Z) determines a
method of FEMs. The weighted residual methods is adapted by B. A. Szabo and G. C. Lee
in 1969.[17] If the weight function is chosen as the same to the basis function, w¥ (7) = ¢5 (%),
the method is known as the Galerkin method. Using the product rule and the divergence

theorem for the flux terms,
—k
[ wh@v. (F <ff,t>£f<f>) avt
Dk
- [ v (Fatod@ut@) o - [ voh@-Fatod@at
Dk Dk

- | it ot@ut@ i - [ voh@ - Fat @t

o (2.11)

which leads
d —— ., . ., ok . . .
[ [t ot@ut@ - vabio) - Fi@tom@ - Stk od @l @) at
- [ Bt ot@u @+ [ G el @t
QF Dk

This equation can be simplified as
mlm Qz (7, )—ﬂz’lm‘Fz (&) — M SE(T] 1)
- [ Bk ot@ul @i+ [ @ el @t
QF DF

where 171, is the mass matrix and A}, is the stiffness matrix such that

mmE/EMMM@Wk (2.14)
Dk
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T = [ @9 (@ (2.15)
Dk-

Note that the number of subscripts indicates the order of a tensor and those subscripts
do not describe the dimensions. In the FEM, the higher order of accuracy in space can
be easily achieved by choosing an appropriate order of the basis function without losing the
geometric flexibility. However, since the basis function is defined globally, inverting the global
mass matrix for time-dependent dynamics becomes quite computationally expensive and the
continuous FEM has difficulty at solving problems with discontinuities or problems described
by hyperbolic equations. To deal with those problems, the DG method was introduced by
Reed and Hill in 1973[18] [19].

In the DG method, the local approximated solutions Q”; are discontinuous but the in-

terface flux, which is known as the numerical flux and shared by the adjacent elements, is

continuous. Thus Eq. (2.12)) becomes

d 0 5 _) 5 ok . . _—— . .
[ [Fatat otehe - vt @ - Fatod@ - stk od @l @] av

—— | Fahod@ul @) -+ [ @@ out@avt
Ok

Dk

<k ok
where F, (ZF,t) is the numerical flux and F, (¥F,t) is called the internal flux. Similar to the
FVM, the choice of numerical flux identifies the type of numerical scheme, and limiter are

applied to improve numerical stability.
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2.2 Geometric Source Terms

The governing equation Eq. ([2.1)) in Cartesian coordinates is

= = ox 8y
oQ o 0Q OF, BFZ
E—i_V'F:E_‘_ y+ayy+ Yy
ag;z 8Fyz _|_ 8Fzz
0 oF;;
= ;f * 5 ,j iy = § (2.17)

where ¢’ is the generalized coordinates (¢', ¢, ¢*) = (z,v, 2), [¢¥] is the contravariant metric

tensor, b is the basis vector and ¢’ is the normalized contravariant basis vector

"
Vi

The indices follow the Einstein notation and the summations for a first-order tensor (vector)

Bj:

(2.18)

can be simplified as
Q=> Qi =Q;i (2.19)
j=1

where (); are covariant components of Cj Using contravariant components )7 and physical

components @),

Q=Qb = Qb = Q¥ (2:20)

In general curvilinear coordinates (e.g., cylindrical coordinates and spherical coordinates),

Qj # Q) # Q;. Similarly, a second-order tensor (matrix) can be expressed as

F=Fibeb,=Fb @b = Fbl @ (2.21)
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where the physical components F}; are
Fyj = Fyi\/giigh (2.22)

While none of those differences show up in Cartesian coordinates on a Euclidian space, the
covariance, the contravariance and the metric tensor are important to consider for spatial
derivatives in curvilinear coordinates. The brief summary of those notations in the Rieman-
nian geometry, particularly the tensor analysis in curvilinear coordinates|20, 2], 22] 23] 24],
is provided in Appendix [A] In curvilinear coordinates, the divergence of a first-order flux

tensor (vector) is

FFl]k

| (2.23)

_ | LOFE 50 1 B
=|l—7—=5% inx | 77— | "tk
/gu 8qk aqk /gm /gll
where F;k is the Christoffel symbol defined as

89 ik agki ag’i'
th S L ) 2.24
g (3q’ - d¢  0¢k (2.24)

Using Eq. (2.21)), the divergence of a second-flux tensor becomes

OF"
dq*

v.ﬁz[

+ T4 FY +F§ZF”] b; = [8 J

g ~ Dhifli = F;jFﬂ} gy
(2.25)

9" gl

1 OF; - 0 1 F
— |9 By | —— | - T, —— T,
gigin 0g" 7 0¢" \ \/gigii Vo' \/—

when implemented transforms the governing equation to

0Q
E-i-v
aé) oF; _ & 1 . By . Fy p—
F S I 1. RV
[ /gng]j aq ( /gzzg]]> ki /gllgjj kj /giigll g 9
:§

(2.26)
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The divergence of a higher-order tensor can be derived in the similar manner. In Euclidean
space with an orthonormal basis (e.g., Cartesian coordinates), the metric tensor becomes

identical to the Kronecker delta ¢;; (or the identity matrix I)

1 00
[gij}Cart - 5U =10 10 (227)
0 01

which yields a%c < \/1_) and the Christoffel symbols are zero in Eq. (2.26)). In curvilinear
g“g]]

coordinates, those terms are not necessarily zero and can be treated as geometric source

terms & such that

- 0 1 3 i zk /

Therefore, the governing equations in curvilinear coordinates can be expressed as

S:

@ + 1 aFlJ sz]

-S4+ 8 2.29
giigii Og* * (2:29)

81] ik,

w/g”g]] aqk g

different from the ones in Cartesian coordinates due to the different metric tensors. In

Note that the spatial derivatives / in cylindrical (curvilinear) coordinates are

three-dimensional cylindrical coordinates where (¢!, ¢, ¢*) = (1,0, 2),

1 0 0
ey = [0 & 0 (230
0O 0 1

Comparing with Eq(2.27)), the difference shows up in the i = k = 2 component of the spa-

. . OF,; ikTi . . .
tial derivatives —=— -4 ¢"*7: however, the axisymmetric assumption -2 = 2 = 0 causes
/g’L’LgJJ 8(] ’ ’ 8(] 89

portions of the metric tensor to vanish. Thus, adding geometric source terms allows simu-

lating axisymmetric problems in cylindrical coordinates without changing the infrastructure

significantly in WARPXM.
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2.2.1 Mazxwell’s Equations

The governing equations for plasma physics include Maxwell’s quations, specifically Ampere’s
law and Faraday’s law. Gauss’ laws for Electromagnetic (EM) fields should be satisfied by
initial conditions and boundary conditions. The typical expressions for Ampere’s law and

Faraday’s law are not in the conservative form. Ampere’s law and Faraday’s law are

OE _ =
—Eo/LQE +V x B = /LOJ (231)
0B -
— E=0 2.32
BN +V x (2.32)

respectively and Gauss’ laws for EM fields are
&V - E = p. (2.33)

V-B=0 (2.34)

where E is the electric field, B is the magnetic field, J is the current density, p. is the charge
density, pg is the permeability in vacuum and ¢ is the permittivity in vacuum. Considering

the curl of a first-order tensor F',

© . F. -
V x F =ik {(g—qg = Fé-in] by (2.35)

where
1

Vdet [g;;]] 7
ek = \/|det [g;;]|e"7* (2.37)

+1 if (i,7,k) is an even permutation of (1,2, 3)

(2.36)

€ijk

(

gk =" =< 1 if (1,7,k) is an odd permutation of (1,2, 3) (2.38)

0 otherwise
\
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€ij and €% are covariant and contravariant permutation symbols, respectively and &, =
£ are permutation symbols known as the Levi-Civita symbols. Since the I-th Christoffel
symbols are symmetric

I, =Tl (2.39)
the covariant derivatives multiplied by the permutation symbols can be simplified as

. [OF; - B OF =
ik | 220 Pl | by, = ¢RI, 2.4
‘ [qu 4 l] FT g 240)

which leads

o [OF L OF,
V x F :Ewk |:a—qi - FézF‘l:| bk = Ez’jka_qgkkl_)’k

)

(2.41)

y 1 oF; - 0
= ¢k +F,—
NG gt 0q" \ \/ g7
Eq. (2.41)) obviously indicates different tensor form compared with Eqgs. (2.23) and (2.25)).
However, the first term in Eq. (2.41)) can be manipulated such that the spatial derivatives
in the divergence of a tensor in the conservative form and the second term can be treated as

geometric source terms. Maxwell’s equations can then be expressed as

@ + Eijk gkk Vg bk S + S (2.42)

ot Vg 61

where

§ = eiikp, 0

(5

Again, while the spatial derivatives ek —L_ 255\ /gkkpk in Cartesian coordinates are dif-
g —~ g J g
Vo

ferent from the ones in cylindrical coordinates due to the different metric tensors, they can

) IRV s (2.43)

be treated by applying axisymmetric assumptions in cylindrical coordinates and adding
appropriate source terms to the Cartesian form of the governing equations. Therefore,
the Maxwell’s equations in cylindrical coordinates with the axisymmetric assumptions in

WARPXM can be manipulated to satisfy the conservative form of the governing equations,
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Eq. (2.1)), by using the following physical components

QL
|

(2.44)

e
I

(2.45)

_CQMOJT
— 1o Jy
_C2IU/OJZ

9a1)
I

(2.46)

S=1 " (2.47)

e
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Note that at r = 0, the geometric source terms become singular. In three-dimensional

cylindrical coordinates, Eq. (2.43) can be expressed as

0
o S 1 -
S=e"F [ —— | g/ g0 = — | 0 2.48

J%z(@) K . (2.48)

T

If the numerators of Eq. (2.48)) satisfy the following conditions

lim Fy =0 (2.49)
r—0

and lim,_,q % exists, L’Hopital’s rule can be applied to resolve the singular case such that

. F, . 0F,
lim — = lim —
r—=0 T r—=0 Or

In general, Eqs. (2.49) and the existence of the derivative can be satisfied by choosing

(2.50)

appropriate assumptions and boundary conditions at r = 0.

2.2.2  5N-moment Multi-Fluid Plasma Model

The governing equations for a fluid model for a multi-species plasma are derived by taking
moments of the Vlasov-Boltzmann equation (see Appendix [B.1)). The 5N-moment fluid
model consists of a continuity equation, a momentum equation, and an energy equation for
each of the N plasma species. In particular, the scalar energy equation in the 5/N-moment
fluid model is obtained by using a tensor contraction of the dyadic products of the second
velocity moment. Thus, the continuity equation and the energy equation have the divergence
of a first-order flux tensor ]3, but the momentum equation contains the divergence of a
second-order flux tensor ]? . In general, a higher-moment fluid model is described by using
a higher-order tensor. From Eq. , the divergence of a first-order tensor in cylindrical

coordinates with axisymmetric assumptions is

V.F= G

1 9F, - 0 1 F
= —— + I = | —T},—
/gu 8qk aqk’ ( /gu ) k gll
OF, 10F, F, OF.

=—"+= =+

or 00 + r 0z

(2.51)
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which yields the following geometric source terms

_ 0 1 . B
= rae (V) i

Also, Eq. (2.25)) indicates the divergence of a second-order tensor in cylindrical coordinates

_ b (2.52)

with the axisymmetric assumptions as

o [ 1 oF,; - 0 1 F Fy
V-F= — B — | -Th—= - l 9" g7
/gzzg]] aqk ]aqk ( /gugjj) k /gllg]j / zz U
aFm +16 G | For Fee +8Fzr (2.53)
— 8FT9 + 18809 + re + F9r + anO
S LB By 2
where

R _ D 1 F; .
S=|-F;— | —— It J r ¢* /it
T gk /giigjj> t ki gl gis + /giigl g
e (2.54)
e F’I‘9+F9’I‘
Frz

Similar to Maxwell’s equations in axisymmetric cylindrical coordinates, the 5 N-moment fluid
model can become undefined at r = 0 since the geometric source terms become singular. If

the numerators of Eqgs. (2.52)) and (2.54)) satisfy the following conditions

im |7 " =0 (2.55)
0 F’r@ + F@r
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and the derivatives of Eq. (2.55) exist, L’Hopital’s rule can be applied to resolve the evalu-

ations at the geometric axis such that

. or,
r or
FTT_FGH o) (F F )
. . gy \Lrr — 1706
lim - TF =1lim | 7" (2.56)
r—0 ro+For r—0 0 (I n
FurtFle 2(Fro + Fiy)
Fr, OF,,
L r ] L or ]

Therefore, in the 5 N-moment multi-fluid plasma model, the conservative variables Cja, the
flux F,, the source terms §a and geometric source terms §a for each species « in axisymmetric

cylindrical coordinates are

Pa
Palar
Palab

pauozz

Qo= | E, (2.57)




e

Palar
Pallartar + Parr
PalorUad + Par@
Palarleaz + Parz
o
€qlor + (ﬁa . Pa> -7
0
2B,
—62B9

QCQl
|

Pollab
PalladUar + Pogr
PallabUas + Pago
PalladUaz + Pag:

€allag + (a’a : f’a> 0+ hog
—?B,
0
2B,

+ hfar

0
pea (Er + 6o B: = 1a:Bg) + 540 Rapr
Pea (Bg + oz By — UarB2) + 352 Rapo
Pea (Ez + Uar By — tapBr) + 352, Rap:
Peatle - E + > bta (ﬁa : ﬁag + 9a5>
_CQIMOJT‘
—? 1oy
—C2M0Jz
0
0
0
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Paleoz
PallazUar + Paz?“
PalazUah + Pozz@

pauazuaz + Pazz

And

€alaz + (ﬁa : Pa) '2+ho¢z

C2 Bg
—c2B,

(2.59)
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Pallar
(Patiartior + Parr) — (Patiastas + Pase)
200UahUar + Pogr + Parg
Paliazlar + Poz
Cattar + (T Po) -7+ hay
Sq = —— 0 (2.60)

Eq

where p, and p., are the mass density and the charge density, respectively
Pa = NaMeg, (2.61)

Pea = Nala (2.62)

ng is the number density, m,, is the mass and ¢, is the charge. i, is the fluid bulk velocity

and J is the net current density

j: Z tfa = chaﬁa (263)

67

€, is the total energy

1 1,
n=——Po+ =pa 2.64
o = g Pat 5patta (2.64)

where v is the heat capacity ratio and P, is the isotropic pressure satisfying
P,=P,I+11, (2.65)

where [ is the identity matrix and I1, is the anisotropic pressure (Braginskii stress) tensor. [10]

(f’, é, 2) are the physical unit vectors. ﬁa is the heat flux, ﬁag is the frictional force due to
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the random collisions between species a and 8 and Q4 is the frictional heat generation due

to the random collisions. Applying the following assumptions,

M, = 0
ho =0
Boy=0
Qa5 =0

(2.66)

(2.67)

(2.68)

(2.69)

the generalized 5N-moment fluid model can be simplified as the ideal 5 N-moment fluid

model such that

Pa
Palar
Palab

pauozz

(2.70)



e

Pallar
PallarUar + Py
Palarltap
Pallartaz
(€a + P.) tar
0

Pallay
PalbasUar
Pallaglas + P
PallagUaz
(€a + Po) Uag
—?B,

0
2B,

0

Pca (Er + uaaBz - uazBG>
Pea (EG + uazBr - ua'rBz)
Pea (Ez + uarBG - uaOBr)

—

Pealle - E
— oy
—? 1oy
— g,

0
0
0

Pallaz
PallazUar
PallazUay

Paliazlaz + Fo
(€a + Po) Uqz
2By

—?B,

0
—E,
E,
0
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(2.71)

(2.72)



2.2.8 Ideal MHD Model

Pallar
Pa (uaruar - ua@“a@)
2po¢uoc9uocr
PallazUar

(ea + Pa) Uqr
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(2.73)

While this dissertation mainly focuses on the physics in the multi-fluid model, the geometric

source terms can also be implemented in various MagnetoHydroDynamic (MHD) models.

The following subsections provide the analytical forms of the geometric source terms for

the ideal, Hall and resistive MHD models. The typical and general MHD model is derived

by applying the following asymptotic approximations for a center-of-mass single-fluid model

extended from a 5 N-moment two-fluid model.

1. Infinite speed of light

2. Negligible electron inertia

where the speed of light ¢ is

€ — 0

me — 0

o
I

y/ €00

(2.74)
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In the generalized MHD model, the continuity equation is

dp
LoV (pd) =0 2.75
5 TV (p) (2.75)
where p is the mass density and « is the fluid velocity. The momentum equation is
a i > > - N
%+V~<pﬁﬁ+Pl+H>:JxB (2.76)

where P is the isotropic pressure and II is the anisotropic pressure tensor. The right hand

side of Eq. (2.76)) can be expressed in terms of the divergence by using Ampére’s law, Eq.
(2.31)), and Gauss’ law for magnetic fields, Eq. (2.34]), such that

jxé:i(VxB> x B
Ho
1 = g 1 — —
=—||B B—--V(B-B
Ho {< V> 2V( )}
1 . L\ o o (2.77)
== [v (BB) - (v : B) B-v (—13\21)}
Mo
.
_v.(Ltas-BLy
Ho Ho
where ]é | is the magnitude of B. Thus, Eq. 1) becomes
T “ P 1 SN é 24
000 g | paa+pi+ii— (55— BL7)) Zo (2.78)
ot Ho 2410

The generalized Ohm’s law is derived by applying the asymptotic approximations for the

momentum equation of electrons such that

Et+iaxB=nJ— <f><§—VPe—V-ﬁe> (2.79)

neQe
where the frictional force R,; is simply assumed to be
Rei = neme (ﬁz - ﬁe) Vei = _neqen‘] (280)
Ve; 1s the collision frequency between electrons and ions and 7 is the Spitzer resistivity[25],

26, 27]
o Mele;

2.81
o (2.81)
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Note that n and ﬁei do not vanish with m, — 0 asymptotic assumption since v,; mi The

energy equation is

) BJ? o o1 /= _
% v (e s BE ﬁ+ﬁ-H+h——<B~ﬁ)B
ot 210 Ho

1 B2 B B o 15 B\ =
L o (e o BEYVXB VB 5 1 (5 VXBY g (282
Ho 2410

1 - 1
VP, x B+

—nfx B+
Neq )

(V . ﬁe> x B
where e, is the total 5N-moment fluid energy with the magnetic field energy

|B?
a =€+ — 2.83
e €0 + o ( )

and e; is the total energy in MHD model
|BP?
= Ca=3 at T (2.84)
e o 0

Faraday’s law is

Vv (@-Bi)=vx (n L (FxBovnovil)) e

In the energy equation and Faraday’s law, the electric field is replaced by using the generalized
Ohm’s law. Thus, the time-evolution of the electric field (Ampére’s law) is not diretly solved,
which enables the governing equations in MHD model to consist of the continuity equation,
the momentum equations, the energy equation and Faraday’s law. In FEM, reducing the
size of the matrix is important to decrease the computational costs.

Applying the following assumptions

1. High collisionality

Tii
— <1
-

2. Small Larmor radius (high magnetization)

TLi
— 1
7 <
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3. Low resistivity

4. Thermal equilibrium

where 7;; is the ion-ion collision period, 7 is the characteristic period, r; is the ion Larmor
radius and L is the characteristic plasma length, the generalized MHD model is simplified
to the ideal MHD model

dp S
helld . = 2.
5 TV (pl) =0 (2.86)
i o 1 == |B]?=
208 g | paa+pi— [ L55-"PL1)) —o (2.87)
ot Ho Ho
dey ’§|2 - Lz \3
5 +V ((et—l— + o u o ( u> (2.88)
OB = =
OB o (-5 A2\ _ 2.89
5 +V < Bu) 0 ( )
E+ixB=0 (2.90)

If the Maxwellian (or Maxwell-Boltzmann) distribution function is used to eventually derive
the generalized MHD model, the thermal equilibrium conditions is already included and
unnecessary to derive the ideal MHD model. Therefore, the governing equations in the

conservative form consist of the following variables

p
Py

Pug

:Ql
I

(2.91)




2.2.4

pur

B2
purur + P — (BTBT - %)
pUrug — “—10B7‘Bg

puruz — oo BrB;

2p0
0

. ~
(et+P+ 1B] >u,.7710(3'ﬁ)37.

urBg — Brug

urBz — Bruz

Hall MHD Model

pug

pugur — ﬁBsBr
1 LB
pugug + P — o (BSBS - ==

P
PUYU o BypB.

5|2 5
(et+P+%>ug7ﬁ(B<u)Bg
ug By — Bgur
0

ugB., — Bgu

l
(an] [a) ] ] (a] [a) ] (ew]

P,

2 (purug — ;%OBTB")
PUZ Uy

L B.B,

UpUy —
PUris Ho

0
0
urBz - Bruz

§2
pusus + P — ;- (BZBZ - %)

(

p (upu, — ugug) — % (B, B, — ByBy)

pPUZ

pUzUPr — %BZ By

puzug — =Bz Bp

512
5+P+7‘2M‘0)u2 _ L
UyByr — Byu,
uzBg — Bzug

0
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(B @) B.

(2.92)

(2.93)

(2.94)

Hall MHD model is derived by applying the high collisionality, the low resistivity and the

thermal equilibrium approximations but the Larmor radius is not assumed small (low mag-

netization). Thus, the governing equations are

9
9LV (pit) =0

ot

(2.95)
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(2.97)
[o 200 | neq Ho Neq Ne
B L 1 - - 1
a—+v-(ﬁ —Bﬁ)——VX( TxB— VP6> (2.98)
ot Nneq neq
EtvaxB= (fx §—VP6> (2.99)
Neq

While the typical Hall MHD model does not typically include the diamagnetic drift term
x VP, in the Ohm’s law, Eq. (2.99), the Hall MHD model in WARPXM includes the term.

Introducing
1 B|? B 1 B\ 5 1 _
tuz - (epep+ BEYYXB L[5 VXBYy s Lop o 5] 2100
Ho 20 | meq o Neq Neq
. 1 /-
En= (J x B — VPe) (2.101)
neq
Egs. (2.97) and (2.98) can be simplified as
%, B|? 1 /=2 N\ 3
%t g ([e+p+!BE ﬁ——(B-ﬁ)B +V- =0 (2.102)
ot 240 o
OB L .
E—FV'(?I —Bﬁ)—i-VXEH:O (2'103)

Therefore, the variables in the Hall MHD model are

Qn =Qr (2.104)
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0 0 0
0 0 0
0 0 0
o © 0 0 0
Fg=F;+ (2.105)
€Hr €Ho €Hz
0 EHZ _EH9
_EHZ 0 EHr
Ewg —Eny, 0
Sy =5; (2.106)
0
0
0
Sg=8—- (2.107)
r €Hr
0
0
_EHG_

2.2.5 Resistive MHD Model

The resistive MHD model is derived by applying the high collisionality, the small Larmor ra-
dius (high magnetization) and the thermal equilibrium approximations but the low resistivity

approximation is not applied. Thus, the governing equations are

9 + V- (pi) =0 (2.108)
ot
7 P NN _’2<—>
000 g | paa+pi— (Las-BL7)) Zo (2.109)
ot Ho Ho
de, B\ . 1 /5 2\ = 1 -
%y, P+ 2 a- 2 (B.@)B)=——v. B 2.11
Ly (<+ Ve L (5.5 5) =~ Le.(xB) e



Egs. (2.110) and (2.111)) can be simplified as

o) BI? 1 /= .
% g (e +ps+!BE ﬁ——(B-ﬁ)B LV Ep=0
ot 2410 o

OB L .
EJrV-(zIB—Bﬁ)%—VxER:O

Therefore, the variables in the resistive MHD model are

@R = @I
0 0 0
0 0 0
0 0 0
o o 0 0 0
Fr=F;+
€Rr €Ro €Rz
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(2.111)

(2.112)

(2.113)

(2.114)

(2.115)

(2.116)

(2.117)

(2.118)

(2.119)
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o
0
0
A A 0 (2.120)
" | ers
0
0
_ERQ_

2.3 Gradients of Conservative Variables

The Hall MHD and the resistive MHD models expressing J in terms of the curl of B include
spatial derivatives of conservative variables in the flux tensor and the geometric source terms,
particularly in €y, Ey, € and ER, which means 1?1 = }H?I (Q) but ]?H = ]?H (Cj, V@)
While J can be treated as the additional conservative variable by considering Kirchhoff’s
law (continuity equation), it is replaced by the curl of B in WARPXM to reduce the com-
putational costs. The current WARPXM adopts the Local Discontinuous Galerkin(LDG)
method |28, 18] and Interior Penalty (IP) method[29] B0, 18] to evaluate flux terms and

gradients. In the LDG method, the gradient of a conservative variable is defined as

«k

5,(#,1) = V@i(7.1) = v (QHa, k(@) (2.121)
Applying the weighted method in a local frame and the product rule,

[ gat@av = [ v (Gt ob@) b @t
Dk Dk

[ v (@@t od@ut@)at - [ Gt od@vad@at
Dk Dk

[ Gt od@uh@ad - [ Gt ot@veh@art
Ok Dk
(2.122)
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where Qf(ff,t) is the interface conservative variable that is continuous and shared by the

adjacent element. In the IP method, the following alternative gradient is used

«k

o, (T 1) = QN t)VIF| (2.123)

U
where the gradient of a basis function is assumed to satisfy the local approximations such

that
NP

Vi@ =Y (wf y) 5() (2.124)

i=1
2.4 Boundary Conditions

The Dirichlet boundary conditions Cj* in the DG method are applied as the averaged values

of the interior and exterior information[I8] such that

Qg = % (Q* + @‘) (2.125)

7

where ”—" notation indicates the interior information of the element and ”+” notation in-
dicates the exterior information in the ghost cells. WARPXM implements a homogeneous
Neumann (zero-gradient) boundary conditions if the interior and outer information are con-
tinuous at the interface such that Cj* = Cj_ = @*. Boundary conditions are initially set for

the primary variables. Then, those primary variables on the boundaries are converted into

the conservative variables in WARPXM.

2.4.1 Auxis Boundary Conditions

As the axis boundary conditions, the radial and azimuthal vector components are set to
zero, and the scalar variables and axial vector components are set to homogeneous Neumann
boundary conditions on the z-axis in cylindrical coordinates. For example, in the 5 N-moment

multi-fluid model, the axis boundary conditions are applied for the primary variables and
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the converted conservative, respectively, as follows

Ur=|-E- (2.126)

Q=1 —E- (2.127)

2.4.2  Conducting Wall Boundary Conditions

The conducting wall boundary conditions have continuous tangential components of E and

a normal component of B.[31]

AxE=0 (2.128)
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h-B=0 (2.129)

where 7 is normal to the boundary surfaces. The boundary conditions can be simplified as

Ej =0 (2.130)

B, =0 (2.131)
Surface charges and currents on the interface allows the presence of a normal component of

E and tangential components of B.

2.4.3 No-slip and Free-slip Wall Boundary Conditions

Either no-slip or free-slip wall boundary conditions can be applied. While the fluid velocities
are the same to the wall velocity in no-slip wall boundary conditions[32], the free-slip wall
sets tangential velocities as homogeneous Neumann boundary conditions. Both conditions set
the normal velocity to the wall velocity. Thus, the no-slip and free-slip boundary conditions

respectively can be expressed as

Pa
20, 0" — pug,
Cj;f’Noslip = [2p0yd — pou, (2.132)
2p, 02" = pug,
€a
Pa
2p, 0" — pug,
Q§|Freeszz‘p = Pa Uy (2.133)
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2.4.4 QOutflow Open Boundary Conditions

In outflow open boundary conditions, either temperature or pressure is set as a Dirich-
let boundary condition and other primary variables have homogeneous Neumann boundary

conditions.

(2.134)

2Pl — P

U;FT = —ua_e (2.135)

2T wall T
2.5 Runge-Kutta Method for Time Evolution

WARPXM integrates the governing equations in time using the Runge-Kutta (RK) methods.[13]
33] Eq. (2.16]) can be epressed as ordinary differential equations (ODEs)

dQr

_ Sk
=L@ (2.136)

where [ is the operator that represents the remaining terms in Eq. (2.16]), and performing
intermediate calculations can achieve small residuals R ~ 0. The Taylor expansion for Qf

gives

GGt i+ A0 = Gt + L9 apy LED g LD (o LDE (o s 6 ((anp)

T~ o ae 3! at’ 41 dt
0 1dL, ., 1d&L LdL, . ., 5
= QF(zF, )+£At+§ﬁ(At) + gz ——(At)? + EW(AQ + O ((At)°)

(2.137)
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where £ = I(Qf,t) for simplicity. In the RK method, Eq. (2.137) is assumed to be

expressed in terms of the following known terms

S

QP tnar) = QF (@ tn) + )0l (Dot + ¢ A1) AL (2.138)

i=1

where s indicates the number of stages, At =t,.1 —t,, and

i—1

Qi = QF (@ tn) + Y _ il (9,10 + c; At)At (2.139)
7=1

= Q1 (T tn) (2.140)

a1 = C1 = 0 (2141)

a;; is known as the RK matrix, b; and ¢; are constant vectors. From Eq. (2.137]), the ODE

solved with first order of accuracy is

dQF  QF} tun) — QF(EF 1)
dtl— Lt N LD 4+ 0(AY) (2.142)

which leads the discretized equations in the exact form as

(T 1) = GE(EE 1) + L(GE L)AL+ O (A1) (2.143)
From Eq. (2.138)), the first-stage RK method produces

QF (T toi1) = QF (T, 1,) + byoL (D1, 1, + 1 AL) AL (2.144)
Using Egs. and (2.141)), £(91,t, + ¢1At) becomes
LDy, b + 1 AL) = L(GQF 1) (2.145)
Substituting Eq. into Eq. (2.144),
QF(E tuir) = QF (T 1) + 1L (QF 1) Al (2.146)
Comparing Eq. with Eq. ,

by =1 (2.147)



39

provides the consistent first order of accuracy for the first-stage RK method. Notice that
the first-stage and first-order explicit RK method correspond to the forward Euler method.

On the other hand, those constant values are not unique in higher-stage and higher-order
RK methods; hence, the choice of constants determines the type of the scheme. The second

order time derivative of QF is

B2QF AL 0L oL dQE  OL oL
_ b ~ WO 9= 2.14
dt? dt ot + oQr dt ot + anE (2.148)

Thus, Eq. (2.137) expanded about t = t,, gives

QF(E tnr) = QF (@t At + LAL + = (%’f + gg 4’) (At)*+ O ((At)*)  (2.149)
l

In the second-stage RK method, Eq gives
QH(TE tar) = GF(EF, 1) + biL AL + byl (D, 1 + caAL)AL (2.150)
L (Qg, tn + c2At) can be expressed by applying a Taylor expansion around (@f, tn) such that
L(Dy, by + 2 A) = L(QF + a0 L (91, 1) AL, t, + c2AL)

1 ) 9
=L+ i <02Ata + a21of(917 )A 9 *k> L+0 ((At)Q) (2-151)

l

oL oL 3
=L+ ECQAt + 3@f CL21°C(Q;€7 tn)At+ O ((At)Z)

where

= Q (), tn) + a21L (D1, 1) (2.152)

Substituting Eq. (2.151]) into Eq. (2.150),
oL oL

Ql (ZEZ s n+1) Ql (ZL’Z s ) (b1+b2)o€At+b2 (CQE + 91 ——=— an I) (At)2+0 ((At)3) (2153)

Comparing Eq. (2.153)) with Eq. (2.149)), the following constants provide the consistent

second order of accuracy in the second-stage RK method

by +by =1 (2.154)
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1
bQCQ = 5 (2155)
91 = C2 (2156)

Since there are only three equations but four unknowns, those constants cannot be deter-
mined uniquely. WARPXM adopts Heun’s method as the second order Total Variation
Diminishing Runge-Kutta method (TVDRK2)

(a/217b1)b2702> - (]-a 71) (2157)

Another possible and popular scheme is the midpoint method called "RK2” in WARPXM

1 1
(a/217b17b27c2) - (5707175) (2158)

The third- and fourth-order RK methods can be derived in a similar manner (see Ap-
pendix [C)). In WARPXM, the third-stage third-order RK method called as Strong-Stability
Preserving Runge-Kutta method (SSPRK3) uses

11112 1
bi,bo, b =(1,-,-,=,=, = 1, - 2.1
(a217a317a32a 1, Y2, 3,02,63) ( ’4’4’67673’ 72) ( 59)

Another possible and common scheme is called "RK3” in WARPXM using

1 1211
b1, 02,0 =(=-,—1,-2,—-,—,—,=,1 2.160
<a217a317a327 1,Y2, 3,02763> (2a ) ’6’376’2’ ) ( )

The fourth-stage fourth-order RK method (RK4) uses

1 1

(a217 asi, asz, A41, Ga2, @43, b1, ba, b3, by, Ca, c3, 04) = (57 0, 57

2.6 Courant-Friedrichs-Lewy (CFL) Numbers

WARPXM defines the default CFL number as

At 1

CFLma:v = Umax— ~ —
Gmae Ny = ok 11

(2.162)

where a,,,. is the fastest characteristic speed, k is the polynomial degree and k+1 corresponds

to the order of accuracy in space. This maximum CFL number is analytically proven by
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Cockburn and Shu for £ = 0 and k£ = 1 in the RKDG method[34] 35 36]. For RK methods
of order v > k + 1, Cockburn and Shu numerically obtained the maximum CFL numbers
which are greater than 1/ (2k 4 1). For v < k + 1, the numerically obtained maximum CFL
number is smaller; it is necessary to set more strict CFL limit to achieve the stable results.
For first and second order RK methods, the results are stable only if v > k£ + 1. These
analytical and numerical stability analysis are obtained for the homogeneous hyperbolic

equations, particularly for convection-dominated problems[34] and summarized in Tab. 2.1]

Table 2.1: “Eknumerical for convection-dominated problems[34]

CFLmaax
k
0 1 2 3 4
1] 1.00 - - - -
2| 1.00 | 1.00 - - -
) 31 1.256 | 1.227 | 1.045 | 0.91 | 0.801
41139211392 | 1.175 | 1.015 | 0.9

On the other hand, the governing hyperbolic equations for plasma often include inho-
mogeneous source terms. Also, there exist some characteristic frequencies (i.e., plasma fre-
quency, cyclotron frequency, and collision frequency) in plasmas that limit the time steps to
resolve the details of physics in numerical calculations. For example in the ideal 5 N-moment

two-fluid model, WARPXM adopts the following maximum time step

Aty = min (ommﬁ,C*Fngﬁ,CFLmﬁE 0101 ﬂ)
C

,—, —, (2.163)

Csi Cse Wpe Wpi Wee Wei
where ¢, is the speed of sound and w,, is a cyclotron frequency for species a. In particular,
the following two characteristic time steps set the maximum time step in the ideal 5N-

moment two-fluid model.

Ax 0.1) (2.164)

Atypae = Min <CF Law—,
c

Wpe
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If the governing equations only include Maxwell equations,

A
Atpas = CF Lnay— (2.165)
c
Also, if a problem considers only neutral fluids,
A
At s = OF Lynas — (2.166)
CS’VL

Fo most plasma problems, 341 < CF Lmax%. However, since the default maximum CFL
pe

number decreases as the spatial order of accuracy increases and the choice of Az depends
on the desired accuracy and resolution, it is possible to have 2716 > CF me%. Table.
indicates the possible CFL numbers for the stable Z-pinch in the radial equilibrium using the
ideal two-fluid model via WARPXM. The details of the Z-pinch in the radial equilibrium are
described in Section . All calculations use small enough Az to satisfy th >CF Lmax%.

Table 2.2: W for the radial equilibrium z-pinch in two-fluid model

k
0 1 2 3 4

-1 1.00 | - - -
1.00 | 1.00 | 0.91 | 0.80
- | 1.00 | 1.00 | 1.00 | 0.89

e~ w [\ —
1

Note WARPXM does not allow CFL numbers larger than the default CF'L,,,,, and thus

CFLnunLer'icul

cppierteal cannot exceed unity. The possible maximum CFL numbers in WARPXM match

well with the results shown in Table 2.I] Using first order of accuracy in space k = 0
with first or second order of RK methods v < 2, Ho[37] has numerically proven that the
calculations can be unconditionally unstable due to the imaginary eigenvalues obtained from

the inhomogeneous source terms in the ideal two-fluid model without fluxes. With the third
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or fourth order accuracy in time v > 3 and first order in space k = 0, the results are too

diffusive and cannot sustain the equilibrium conditions well.
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Chapter 3
BENCHMARK TESTS FOR GEOMETRIC SOURCE TERMS

The analytically described geometric source terms are numerically tested for several
benchmark problems by using purely Maxwell’s equations in Section [3.1] purely Euler equa-
tions in Section Sections and test the viscosity tensor for the neutral fluid with
the geometric source terms, and the ideal 5 N-moment two-fluid model and the ideal MHD
model are tested in Section [3.5

3.1 Transverse Electro (TE), Transverse Magnetic (TM), and Transverse Elec-
troMagnetic (TEM) modes in a Cylindrical Waveguide

The dynamics of EM fields propagating through a vacuum waveguide are described by
Maxwell’s equations. As the benchmark tests for the geometric source terms in Maxwell’s
equations, an axisymmetric hollow cylindrical waveguide with the perfect conducting wall
is used to study vacuum EM field propagation. It is useful to assume that the EM fields

propagate into the positive axial direction such that

E(7,t) = Eo(r,0)e'"== (3.1)

B(7,t) = By(r, §)e'h=>=1 (3.2)

where k = k.Zz is the wave vector. In vacuum, Maxwell equations can be simply expressed

in the form of wave equations
1 02 E
(—— - v2) =0 (3.3)

which reduces to

(w? 4 V?) =0 (3.4)
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The waveguide modes with only transverse £ (Ez = 0) are called TE waves and modes with
only transverse B (B, = 0) are called TM waves.[31] Transverse ElectroMagnetic (TEM)
modes have both E and B that are transverse to the axial direction and EZ = éz = 0.
Solving Faraday’s law and Ampere’s law in vacuum for the transverse (r,6) components of

the EM fields in terms of the axial components,

OE. 198,
L, k% +wi%
. 10F OB

E9 — ? kz; 602 —w 6: (3 5)

2
w _ 12 0B, w 10FE,
Byl (%) — k2 |k% — g loE

10B, 0FE,
By ke e+ 2%,

If £, = B, =0 but the transverse EM fields exist (i.e., E, # (0 and B, #0), the frequency w

satisfies w = ck,, and Eq. (3.4)) reduces to a two-dimensional form
E
V2 =0 (3.6)
B,

where V? is the Laplacian operator for the transverse part

2 s O
V;=V"— 9.2 (3.7)
Also, the Gauss’s law for the transverse part
~ oFE
N At .
Vi By = —— (3.8)
= 0B
By = ——= :
Vi By =—— (3.9)
and the Ampere’s law and Faraday’s law yield
V. x E, =0 (3.10)
Vt X ét =0 (311)

Eqgs. , , , and |D imply that E, and B, are solutions of an electrostatic

and a magnetostatic problems, respectively. The TEM mode does not exist in a cylindrical
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vacuum waveguide surrounded by a single perfectly conducting wall since the electrostatic
fields vanish at the equipotential boundary. Note that the TEM mode can be supported
in a cylindrical waveguide only if there exist multiple and non-equipotential boundaries, for
example coaxial cables.[31]

Considering the general solutions of wave equations Eq. in cylindrical coordinates
(see Appendix [D)), the axisymmetric (m = 0) TM mode is given by

E, it (kch_l(kcr) —~ ’”"—“””) —it= ]y (ker)
Ey 0 0
E, I (ker . Jo(ker .
_ ( ) ez(kzszt) _ 0( ) ez(kzszt) (312)
B, 0 0
By| |izh (kch_1(kcr) - —meT<ch>) —iz= S (ker)
B, 0 0
where J,, is the Bessel function of the first kind and
2
k2 = (f) 2 (3.13)
c
Similarly, the axisymmetric TE mode becomes
E. 0 0
E, it (kcjm_l(kcr) . WM—W) P2y (ker)
EZ _ 0 ei(kzz—wt) _ 0 ei(kzz—wt) (314)
B, i85 (Koo (or) — 2220 ik (k)
By 0 0
| B: | I T (ker) | i Jo(ker)

Using the perfectly conducting wall boundary conditions at r = L,, TM modes satisfy
E.(r=L,)= Jy(k.L,) = 0 such that

koL, (3.15)

= Ton

where zy, is nth root of the Bessel function of the first kind such that Jy(z¢,) = 0. The
choice of m = 0 and n identifies the modes of the waves as TM,,,,, mode, and thus Eq. (3.12)
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indicates one possible solution of TMg, mode. On the other hand, TEg, mode requires

a@% ’rer = _kcJ1<kcL7«) = 0 such that

kL, = 21, (3.16)

For TEM waves, the perfectly conducting wall boundary conditions yield Fy = B, = 0.
Using Egs. (3.8)) and (3.10)), the simple and possible solutions of E, and By are

1 .

B, = —¢itk=2=wh) (3.17)
T
1 i(krz—wt)

By = —e"'\* (318)
T

The numerical results for each components of EM fields in TMy; modes are given in Figs.
B.1] and that are compared with the analytical solutions in Fig. along z = 0.
Figs. 3.6, and are the numerical results of TEg; modes that are compared with the
analytical solutions in Fig. [3.§  along z = 0. The numerical results of EM fields in TEMy,
modes are given in Figs. and that are compared with the analytical solutions along
z = 0 in Fig. |3.11] Those benchmark tests have the third order of accuracy in time and

space, and 40 and 10 elements in axial and radial directions, respectively.
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Figure 3.1: Numerical results from WARPXM showing contours of E, of a TMy; mode in
a waveguide that is benchmarked to the analytical solution. The longitudinal component of
electric fields E, propagates through the cylindrical waveguide with the expected frequency
w. (Simulations of TMy; mode in a waveguide are performed with WARPXM version 1.5.9
using input file TE_TM_waveguide_modes.py)
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Figure 3.2: Numerical results from WARPXM showing contours of E, of a TMy; mode in a
waveguide that is benchmarked to the analytical solution. The transverse component of elec-
tric fields E, is induced and propagates through the cylindrical waveguide with the expected
frequency w. (Simulations of TMy; mode in a waveguide are performed with WARPXM
version 1.5.9 using input file TE_TM _waveguide_modes.py)
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Figure 3.3: Numerical results from WARPXM showing contours of By of a TMy; mode
in a waveguide that is benchmarked to the analytical solution. The transverse component
of magnetic fields By is induced and propagates through the cylindrical waveguide with
the expected frequency w. (Simulations of TMy; mode in a waveguide are performed with

WARPXM version 1.5.9 using input file TE_TM_waveguide_modes.py)
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Figure 3.4: Comparison of numerical solutions (solid lines) and analytical solutions (dotted

lines) of TMy; mode in a waveguide at z = 0. As the longitudinal electric fields propa-

gates, the transverse electromagnetic fields are induced. Numerical results obtained by using

geometric source terms in Maxwell equations match well with analytical solutions
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Figure 3.5: Numerical results from WARPXM showing contours of B, of a TEg; mode in a
waveguide that is benchmarked to the analytical solution. The longitudinal component of
magnetic fields B, propagates through the cylindrical waveguide with the expected frequency
w. (Simulations of TEg; mode in a waveguide are performed with WARPXM version 1.5.9

using input file TE_TM_waveguide_modes.py)
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Figure 3.6: Numerical results from WARPXM showing contours of B, of a TEg mode in
a waveguide that is benchmarked to the analytical solution. The transverse component
of magnetic fields B, is induced and propagates through the cylindrical waveguide with
the expected frequency w. (Simulations of TEg; mode in a waveguide are performed with

WARPXM version 1.5.9 using input file TE_TM_waveguide_modes.py)
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Figure 3.7: Numerical results from WARPXM showing contours of Fjy of a TEy mode in a
waveguide that is benchmarked to the analytical solution. The transverse component of elec-
tric fields Ejy is induced and propagates through the cylindrical waveguide with the expected
frequency w. (Simulations of TEy mode in a waveguide are performed with WARPXM
version 1.5.9 using input file TE_TM_waveguide_modes.py)
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Comparison of numerical solutions (solid lines) and analytical solutions (dotted

lines) of a TEg; mode in a waveguide at z = 0. As the longitudinal magnetic fields propa-

gates, the transverse electromagnetic fields are induced. Numerical results obtained by using

geometric source terms in Maxwell equations match well with analytical solutions
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Figure 3.9: Numerical results from WARPXM showing contours of By of a TEMg; mode in
a waveguide that is benchmarked to the analytical solution. The transverse component of
magnetic fields By propagates through the cylindrical waveguide with the expected frequency
w. (Simulations of TEMg; mode in a waveguide are performed with WARPXM version 1.5.9
using input file TE_TM_waveguide_modes.py)
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Figure 3.10: Numerical results from WARPXM showing contours of E, of a TEMy; mode in
a waveguide that is benchmarked to the analytical solution. . The transverse component of
electric fields E, is propagates through the cylindrical waveguide with the expected frequency
w. (Simulations of TEMg; mode in a waveguide are performed with WARPXM version 1.5.9
using input file TE_TM_waveguide_modes.py)
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Figure 3.11: Comparison of numerical solutions (solid lines) and analytical solutions (dotted

lines) in TEMy; mode at z = 0. Numerical results obtained by using geometric source terms

in Maxwell equations match well with analytical solutions. Although TEqy or TMy; modes

require to apply L'Hopital’s rule at » = 0 for the geometric source terms, TEMy; mode works

as the benchmark test for the geometric source terms without using L’Hopital’s rule due to

the hollow cylindrical configuration.
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3.2 Rotational Hydrostatic Pressure

Considering the rotating, inviscid and neutral flow in equilibrium conditions with a constant

angular velocity w, the governing equation is

pn (U, - V), + VP, =0 (3.19)
where
i = Upgh) = rwb (3.20)
Thus, Eq. (3.19) becomes
0P,
o = Pnrw? (3.21)
Assuming the uniform density,
Loy
Pu(r) = gpu’r® + C (3.22)

where C'is the constant of integration. On the other hand, assuming the uniform temperature

1217

w2r2
pn(r) = Ce?*5Tn (3.23)
kT, w??
P,(r) = C=2=2 25T (3.24)
mpy
where kg is Boltzmann constant and
P, = n,kgT, (3.25)

The typical rotational hydrostatic analysis includes a gravity with the assumption of uniform
density that yields a parabolic pressure profile. However, a gravity and the uniform density
are not necessary in the ideal 5N-moment fluid model. The assumption of the uniform
temperature is useful to eliminate the heat flux term in the energy equation. The numerical
results are compared with the analytical results in Fig. where the benchmark test has

the third order of accuracy in time and space with 32 elements.
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Figure 3.12: Radial profiles of mass density and temperature for a rotational hydrostatic flow.
Numerical results (solid lines) are compared with analytical results (dotted line) that are
benchmark tests for the geometric source terms in fluid Euler equations works. (Simulation
of a rotational hydrodynamic flow is performed with WARPXM version 1.5.9 using input file
rotating_flow.py)

3.3 Taylor-Couette Flow

The Taylor-Couette flow is the result of viscous fluid flow between two rotating coaxial
cylinders. If the viscous fluid is between parallel plates instead of coaxial cylinders, the
viscous flow is known as the Couette flow where one plate moves tangentially and the other
one is fixed. In 1890, Couette described a viscometer to measure the viscosity of fluid
experimentally by rotating an outer cylinder[3§]. Taylor mathematically investigated the
transition of the instability by increasing the rotational speed of the inner cylinder in 1923[39].

The governing equations are

dpn, q
0 _ 2
5 + V- (pntin) =0 (3.26)
W +V - (puilyily) + VP, + V - 11, = 0 (3.27)
% L ((en+ P)ity + il - T1,) = 0 (3.28)

ot
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where the index n indicates neutral fluid and the heat flux ﬁn is assumed to be zero. Assuming

Newtonian fluid and constant viscosity coefficients,

Axd

I, = —u(Vit, + (Va,)") = ANV - @)1
2

= —u(Vit, + (Vi,)") + <§u - //) (V@)1

(3.29)

where p is the shear viscosity coefficient, X is the second coefficient of viscosity and 4 is the

bulk viscosity coefficient [40)]

;2
po=gh +A (3.30)

The assumption of an incompressible flow can simplify the divergence of 11, as

Rsd

1 /
V-1, = —uV3i, — (§u+u)V(V-ﬁn)

= — V2, — (4 NV (V - iQ,) (3.31)
= —uV>i,
where
Vi, =0 (3.32)

As a benchmark test of the geometric source terms for a neutral viscous fluid, the steady

state azimuthal flow is described by
T (F) = tng(r)0 (3.33)

Po(r) = Pa(r) (3.34)

where the solution is assumed to be axisymmetric and independent on z. Egs. (3.26]), (3.27))
and (3.31)) give

pn (i - V) iy, + VP, — uVZ%i, =0 (3.35)
which yields
2
uzy 0P,
—pn— =0 3.36
r * aor (3.36)

2, tno) _ (1O Oung\ tno) _
H <V Uno = > — K (r or <T or > 72 ) =0 (3:37)
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Solving for P, and t,,

Ung(r) = rCy + % (3.38)
1 20re O3
P,(r) =2C1Cop, In (1) + AU Ci — 3 +C3 (3.39)

where (3 is an integral constant, and C; and C5 are constants and can be determined by

using boundary conditions; for example, the no-slip wall boundary conditions yield

¢ = R <%2) (3.40)
- (&)
Cy = R? i~ (3.41)

22
- (&)
R; and R, are the radii of an inner wall and an outer wall. 2 is a wall angular velocity. Using

the perturbation theory, Chandrasekhar[41] summarized the transition of the instability in

terms of a Taylor number T,

e (1 we) (1- )

T, 3.42
ZE (e 242
where v is a kinematic viscosity and
Q
) 3.43
Ho = o (3.43)
R;
= — 3.44
=g (3.44)
With a narrow gap, 1 —n < HT”, the Taylor number and the critical Taylor number T,; are
4C41€;
T, =——5— (R, — R)" (3.45)
v
3430
cri — 5 (346)
1+ po

respectively[41]. The stable and unstable numerical results are compared in Figs. and
that are compared with the analytical solutions along z = 0 in Fig. [3.15] where the
benchmark tests have the third order of accuracy in time and space, and 40 and 20 elements

in axial and radial directions, respectively.
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Figure 3.13: Contour maps of stable equlibrium solutions of hydrodynamic pressure and
hydrodynamic azimuthal velocity for Taylor-Couette flow that has the smaller Taylor number
than the critical Taylor number, T, = 1733 < T,,; = 2205. This is one benchmark test for
viscosity with geometric source terms in LGL nodes. (Simulations of Taylor-Couette flow

are performed with WARPXM version 1.5.9 using input file Taylor_Couette_flow.py)
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Figure 3.14: Contour maps of ustable solutions of hydrodynamic pressure and hydrodynamic
azimuthal velocity for Taylor-Couette flow that has the larger Taylor number than the critical
Taylor number, T, = 2684 > T,,; = 2286 .This is another benchmark test for viscosity with
geometric source terms in LGL nodes. (Simulations of Taylor-Couette flow are performed

with WARPXM version 1.5.9 using input file Taylor_Couette_flow.py)
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Figure 3.15: Comparison of radial profile of pressure and azimuthal velocities in (a) stable
and (b) unstable Taylor-Couette flow at z = 0. Numerical results (solid lines) and analytical
results (dotted lines) are compared as the benchmark test for viscosity with geometric source

terms.

3.4 Hagen-Poiseuille Flow

The Hagen-Poiseuille flow results from a pressure drop due to the viscosity of a Newtonian
fluid thorough the cylindrical pipe is found by Poiseuille and Hagen in 1840[42] [43] [44]. The
theoretical analysis assumes incompressible and laminar flow. Since Taylor-Couette flow
does not include r = 0 in the calculation domain, the Hagen-Poiseuille flow provides a useful
benchmark test of the geometric source terms including » = 0 with viscosity. To avoid
using the second order derivatives by applying L’Hopital’s rule at » = 0, Gauss-Legendre
quadrature[45] for 1D simulations or Gaussian quadrature[46] for 2D simulations are used
instead of using Legendre-Gauss-Lobatto quadrature[2]. Assuming that the axisymmetric

solution in steady state can be expressed as
U (7) = Up,(1)2 (3.47)

Po(7) = Pyo(2) (3.48)
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the governing equation, Eq. (3.35)), reduces to

or, 10 ( 8um):0 (3.49)

-——|r
0z 'ur or or
For a constant axial pressure gradient, the first term and the second term in the left hand

side must be constant such that

0P, 10 [ Oun.\
Solving for u,, and P,,
Uz (1) = %7‘2 +Ciln(r) + Cy (3.51)
P.(z2) =Gz +C4 (3.52)

The assumption of the finite u,,(r = 0) gives C; = 0. Using fixed no-slip wall boundary

conditions,

Cy=——

(3.53)

The numerical equilibrium results are shown in Fig. that are compared with the an-
alytical results in [3.17, The benchmark tests have the third order of accuracy in time and

space, and 30 and 10 elements in axial and radial directions, respectively.
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Figure 3.16: Contour maps of equilibrium solutions of hydrodynamic pressure and hydrody-
namic axial velocity that derive Hagen-Poiseuille flow as the benchmark test with viscosity
in Gaussian quadrature nodes. (Simulations of Hagen-Poiseuille flow are performed with

WARPXM version 1.5.9 using input file Hagen_Poiseuille_flow.py)
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Figure 3.17: Axial profile of pressure at » = 0 and radial profile of velocity at z = 0 for
Hagen-Poiseuille flow. Numerical results (solid lines) obtained by initiating uniform velocity

with pressure gradient reaches the equilibrium analytical results (dotted lines).

3.5 1D Z-Pinch in Radial Equilibrium

3.5.1 Z-pinch in Ideal 5N-moment Two-fluid Model

The radial equilibrium conditions for the Z-pinch in two-fluid model in a frame of reference
with no electric field satisfy

VP, =J,x B (3.54)
V x B = poJ (3.55)

The following Bennett profile[47, 48] is one possible and well-known solution for the equilib-

rium Z-pinch
1o

Mo = ——— (3.56)
(1 + —)

Jor = NaQallas (3.57)

By = By—=2 (3.58)

1+ 5
p
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where ng and By are the peak number density and peak azimuthal magnetic fields, respec-

tively, and r, is the pinch radius defined as the radial position at the peak magnetic field.

The numerical results are compared with the analytical solutions in Fig. and The

benchmark test has the third order of accuracy in time and space with 40 elements.
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Figure 3.18: 1D radial equilibrium Z pinch in the ideal two-fluid model. Numerical results

(solid lines) match with the analytical results (dotted lines). The geometric source terms

work well in the ideal 5N-moment two-fluid plasma model. (Simulation of 1D equilibrium

Z pinch in the ideal two-fluid model is performed with WARPXM version 1.5.9 using input

file zpinch_5moment_1D.py)

3.5.2  Z-pinch in ideal MHD model

In the ideal MHD model, the Bennett profile is

(3.59)

(3.60)
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The numerical results in the ideal MHD model are compared with the analytical solutions

in Fig. [3.19, The benchmark test has the third order of accuracy in time and space with 40

elements.
104~ —0p 1.0 TN — Be
\ Analytical p /| ~ Analytical Bg
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0.8 \ 0.8 \\
\ ~
/ N
0.6 \ 0.6 l/ \~\
e \ o / ‘\
£ @ ’/ ~—~
0.4 0.4 I;
/
\ /
0.2 0.2 f
[
\\\\\\\ |
— |
o+t - 004!
0.0 02 0.4 06 0.8 10 0.0 02 04 06 08 10
r r
(a) p (b) By

Figure 3.19: 1D radial equilibrium Z-pinch in the ideal MHD model. Numerical results (solid
lines) match with the analytical results (dotted lines). The geometric source terms works
well in the ideal MHD plasma model. (Simulation of 1D equilibrium Z pinch in the ideal
MHD model is performed with WARPXM version 1.5.9 using input file zpinch_-mhd_1D.py)

3.6 Summary of the Benchmark Tests

The benchmark tests of purely Maxwell’s equations, the neutral fluid equations, the ideal
5N-moment two-fluid model and the ideal MHD model demonstrate that the geometric
source terms have been implemented correctly. The numerical results match quite well with
the analytical solutions including » = 0 in cylindrical coordinates where L’Hopital’s rule is
applied. In the following chapters, WARPXM with the geometric source terms is used to

solve more complicated axisymmetric problems to understand the Z-pinch plasma dynamics.
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Chapter 4

m =0 SAUSAGE INSTABILITY IN 2D AXISYMMETRIC
Z-PINCH

The linear stability analysis for the pinch studied by Kruskal and Schwarzchild[49] and
Taylor[39] have indicated that a Z-pinch is sensitive to the pressure-driven m = 0 sausage
instability and the current-driven m = 1 kink instability. In 1995, Shumlak and Hartman
demonstrated the stabilizing effects of a sheared-flow on Z-pinch equilibrium[50]. Scheffel et
al. utilized the Vlasov-fluid model where ions are described in the kinetic model, but electrons
are treated as fluid to observe the finite Larmor radius effects in 1997.[51] In 2002, Sotnikov
et al. numerically investigated the physics of the shear-free and sheared Z-pinch by using
the ideal and Hall MHD model.[52] In 2018, Tummel et al. applied fully kinetic model to
investigate Fusion Z-pinch Experiment (FuZE) configurations. |8, [53] Note that kinetic results
fundamentally include nonlinear dynamics; however, Tummel’s work, while also nonlinear
studies, only follows the evolution through the linear phase, when perturbations remained
small, and observes only the early nonlinear physics. In 2021, Meier and Shumlak[54] ob-
tained nonlinear saturated results for m = 0 sausage instabilities in the FuZE configurations
by using 5 N-moment two-fluid model with Braginskii transport. A viable fusion device must
operate for durations much longer than the time to reach nonlinear saturation. To observe
the stable nonlinear physics and fusion reactions in an axisymmetric Z-pinch, it is important
to investigate the sheared-flow stabilizing effects and Braginskii non-ideal transport effects
for the m = 0 sausage instability in WARPXM. The all numerical results shown in Ch.
have the third order accuracy in time and space, and 40 and 10 elements in axial and radial

directions, respectively.
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Shear-free Axisymmetric Z-pinch in Ideal T'wo-fluid and Ideal MHD Mod-

4.1
els

4.1.1  Initial Conditions
The equilibrium conditions follow the Bennett profile and the initial perturbations are applied

(4.1)

1o 5 (14 ecos (kz))

as follows.
Ng =
(1+5
p
o
J, = 5qu (1 — 0.5¢ cos (kz)) (4.2)
(1+3
P
where the axial velocities for each species are the same but opposite, which establishes a
frame of reference with no initial electric field
1
iz — — Uez = ZUz 4.3
u u S U (4.3)
The azimuthal magnetic fields are not perturbed
2
By = B, ! +P:_§ (4.4)
p
(4.5)

and uniform temperature assumptions for each species give
T, =T.=To

The pinch current I, is obtained by integrating the axial current density from r = 0 to the
(4.6)

pinch radius 7,
I, =2m / rJ.dr
0

The characteristic physical parameters in FuZE configurations used for normalizations in

WARPXM are given in Table [£.1]

Table 4.1: Characteristic physical parameters for FuZE configurations

Ly [kA] 7y [mm]

_3} TO [keV}
150 0.91

1.27

No [Hl

4.25 x 10*
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4.1.2  Results

The growth rates obtained by using the ideal 5N-moment two-fluid model for the shear-
free Z-pinch with r,/r;; = 5.8 are larger compared with the ideal MHD simulations but
comparable to the Hall MHD simulations with r,/rz; = 2.36 presented by Sotnikov et al.[52]
at the small-k modes (see Fig. . As increasing the wave number k, the growth rates show
the peak at kr, ~ 10. While the values of those growth rates are larger than the results
obtained by the former numerical studies done by Tummel et al.[48] with r,/r;; = 5.8 and
Scheffel et al.[51] with r,/ry; = 5, the two-fluid results also show the further stabilizing effects
at the large-k modes. To reduce computational costs, it is useful to use larger electron mass
ratio A, = 1/25 instead of using A, = 1/1836 at small-k modes. However, the effects of the
electron mobility appears significant if kr, > 5. Using the ideal MHD model in WARPXM,
the growth rates match well with the results from Sotnikov et al.[52] and saturate around
7(/—2 ~ 0.8 with increasing k. The numerical results obtained by using the ideal 5/N-moment

two-fluid model are given in Fig. and Fig. shows the ideal MHD results.
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Figure 4.1: Numerical results of the growth rates v for the sausage instabilities in 2D axisym-
metric Z pinch with various different axial wavevector k for the axial perturbations obtained
by using various different plasma models. Two-fluid results (diamond markers) show higher
growth rates compared with both ideal MHD (blue dashdotted lines) and high-fidelity kinetic
results (square markers). However, the Hall MHD results (purple dashdotted line) indicate

comparable growth rates to those obtained by using the two-fluid model (diamond markers).
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(a) t=0 (b) t = 0.757% (c) t = 1.5
Va Va
(d) t =2.25¢% (e) t = 3.0v% (f) t =3.75¢%

Figure 4.2: Contour maps of ion mass density p; with kr, = 5 and A, = 1/1836 obtained
by using ideal two-fluid model. The sausage instabilities grow rapidly and the numerical
solutions diverge at 4 Alfven transit time. (Simulations of 2D Z pinch in the ideal two-fluid

model are performed with WARPXM version 1.5.9 using input file zpinch_5moment_2D.py)
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(b) t = 0.75¢% (c) t = L5gk
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(d) t =2.25¢% (e) t = 3.0¢% (f) t =3.75¢%

(g)t= 4.5%

Figure 4.3: Contour maps of mass density p with kr, = 5 obtained by using the ideal MHD
model. The slower growth of sausage instabilities in the axisymmetric Z pinch from the ideal
MHD model indicates the higher stabilizing effects compared with the ideal two-fluid results,
and the calculations can be sustained until 4.5 Alfven transit time. (Simulations of 2D Z
pinch in the ideal MHD model are performed with WARPXM version 1.5.9 using input file
zpinch_mhd_2D.py)
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It is interesting that the growth rates from the ideal 5 N-moment two-fluid model present
larger values compared with the Tummel’s kinetic model and Sheffel’s Vlasov-fluid model.
This indicates that the kinetic ion has some stabilizing effects and the non-ideal terms in
the 5 N-moment two-fluid model, for example Braginskii viscosity tensor, are anticipated to
produce similar stabilizing effects. While there are not enough information for the kinetic
electron effects at large-k modes, the both Vlasov-fluid and two-fluid results indicate shifted
peaks and monotonically decrease without having an inflection point. On the other hand,
the Sotnokov’s Hall MHD results show larger growth rates than the ideal MHD results, but
comparable to the ideal 5 N-moment two-fluid results. This suggests that Hall effects (or the

mobility of electrons) are expected to produce some destabilizing effects at small-k modes.

4.2 Shear-Flow-Stabilized (SFS) Z Pinch in Ideal Two-fluid Model

A linear sheared flow profile is given to ions and electrons in addition to the initial conditions
for the shear-free cases.
1

r
iz — —Uez = ZUz 28 4.7
u u 2u0—|—u " (4.7)

Since the number density and magnetic fields start with the Bennett equilibrium for the
shear-free Z pinch, the initial conditions do not satisfy equilibrium. Thereby, Maxwell’s
equations and momentum equations are expected to generate a radial electric field. Similar
to Tummel’s results, the stronger stabilizing effects and an improvement of the plasma con-
finement is observed for increasing velocity shear u.; (see Fig. [{.4). However, it is difficult
to achieve nonlinear saturation in the ideal two-fluid model due to the larger growth rates

and the lack of dissipation. The numerical contour maps for ion mass density with different

sheared flows are given in Figs. [4.5] [4.6] and [4.7]
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Figure 4.4: Total mass confined in the shear-free (blue line) and SFS Z pinches (red, green
and orange lines) with various different shear flow. The larger sausage instabilities lead to

more plasma losses; however the stronger shear profile improves the plasma confinement.
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(a) t=0 (b) t = 0.75¢% (c) t = 15gk

02 I‘ |

(d) t =2.25¢% (e) t = 3.0¢% (f) t =3.75¢%

Figure 4.5: Contour maps of ion mass density p; of Z pinch with k7, = 5 and Ty = 1270 eV in-
cluding sheared flow u., = 0.25V4. While the shear profile with u., = 0.25V4 cannot stabilize
the sausage instability, the sheared flow starts to improve the plasma confinement compared
with the shear-free case in Fig. (Simulations of 2D SFS Z pinch in the ideal two-fluid
model are performed with WARPXM version 1.5.9 using input file zpinch_5moment_2D.py)
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(a) t=0 (b) t = 0.75¢% (c) t = 15gk

(d) t =2.25¢% (e) t = 3.0¢% (f) t =3.75¢%

Figure 4.6: Contour maps of ion mass density p; of Z pinch with kr, = 5 and Ty = 1270 eV
including sheared flow u., = 0.50V4. The shear profile with u,, = 0.50V4 starts to stabilize

the sausage instability and further improves the plasma confinement
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(a) t=0 (b) t = 0.75¢% (c) t = 15gk

(d) t =2.25¢% (e) t = 3.0¢% (f) t =3.75¢%

Figure 4.7: Contour maps of ion mass density p; of Z pinch with kr, = 5 and Ty = 1270 eV
including sheared flow u., = 0.75V4. The strong sheared profile with u., = 0.75V stabilizes
the sausage instability; however, the non-dissipative ideal two-fluid model cannot reach the

nonlinear saturation

4.3 Axisymmetric Z pinch with Braginskii Viscosity and Thermal Conductiv-
ity
Braginskii[10] analyzed general the plasma transport by using a moment approach in 1965.

The summary of the derivations of Braginskii equations are given in Appendix [C] In the

axisymmetric cylindrical coordinates, Braginskii viscosity and thermal conductivity are, re-



spectively,

HT‘T‘

o o
I
e

zr

and

fro = —KOV Ty + KO (6 x vn)

Hr9 Hrz
gy 1o,
Hzé' sz

30

(4.8)

(4.9)

where the positive sign of % is for ions and the negative sign is for electrons due to the

opposite cyclotron direction. The azimuthal direction is parallel to the magnetic field, 6 I B.

The each components of the viscosity stress tensor IT and heat flux l_ia are

g9 = —moWoe

1 1
sz = _7]05 (sz + Wrr) - 7]15 (sz - Wrr) - 773Wzr

1 1
Hrr = _7705 (sz + Wrr) - 7715 (WTT‘ - sz) o 773Wzr

Iy =1y, =0

Hr9 - HGr =0

where
“~ N LT 2
W = Vi, + (Vi,) — 3
and
EL: <6Xﬁ> X
f_lj/\:l;x}_lj

(4.10)
(4.11)
(4.12)

(4.13)
(4.14)

(4.15)

(4.16)

(4.17)



The transport coefficients for viscosity and thermal conductivity are

(227 +2.23)

= n; 1;Ty;
7]2 n T, Ani
- (27 +2.28)
y = n LTy ————=
ny = niLiTix A,

ny = n5(2;)
N3 = 773(2%‘)
ng = 0.733nTe7e;

(2.0522 + 8.50)
Ay

(22 4+ 7.91)
Aye

My = Nel eTei
e
Ny, = neTeTeiQ:e

nt = n5(2x.)

ns = 13 (2z.)

and

m; Ay
. nTmy (547 +4.65)
Ra = Z;
m; Ayi
. Nl o Te; (4.6643:3 + 11.92)
FL= m A,
Tore (222 4 21.67
"i?\ — n T Te (2 )

Me Am‘
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(4.18)
(4.19)
(4.20)

(4.21)
(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)
(4.29)
(4.30)

(4.31)
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where the ions are assumed to be singly ionized Z; = 1 and

To = WeaTai (4.32)
A, =z} 4 4.0327 + 2.33 (4.33)
Ay = xt +13.822 + 11.6 (4.34)
Ay = o} +2.7027 + 0.677 (4.35)
Awe = 22 +14.792% 4 3.7703 (4.36)

ol

Vei B 4271, Z2q* In A

3
1 3(4me)? i T2

Tiis = — = (o) 7 i (4.38)
Vi; 4y/mn; Zq  In A

1 3(4re)’ /mo T (437)

Tei

The odd coefficients for viscosity, n{ and 75, can be obtained by replacing x,, with 2z,. Con-
sidering the applicability of Braginskii equations, FuZE configurations, which have log,, (Kn) =
0.888, are in a collisional transition or collisionless regime that is out of the formal applica-

bility of Braginskii equations.

T Euler Navier-Stokes Boltzmann
1
<
= ' 5N-Moment 13N-
S 2fMoment w/ transport Moment
8’ Vlasov
_5-
Ideal MHD Non-ideal MHD
T 1F T T T T T T T T 1 f—P
-0 5 4 3 2 - 0 1 2 oo
Unresolved Resolved Collisional Collisionless
Collisional Regime  Collisional Regime  Transition Regime Regime
Iog1 O(Kn)

Figure 4.8: Applicability of plasma models based on the collisionality and charge

separation[2].
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As Knudsen number increases (as plasma becomes collisionless), although Braginskii
resistivity a decreases, viscosity coefficient 7 and thermal conductivity x increase (see in Fig.
. In a collisionless regime, the viscosity and thermal conductivity become unphysically
large. Thereby, Meier and Shumlak[54] extended the applicability of Braginskii equations by

applying several physics-based corrections for the transport coefficients.

— @ (T=100[eV]) ==: a;(T=30[eV))
— (T=100leV]) == &, (T=30leV])
— aW(T=100[eV]) == a\(T=30[eV])

— B{TT=100leV) -~ B{T(T=30[eV))
— BY(T=100leV) == BY
— B{T(T=100[eV)) =~ B{T(T=30[eV]))

0.6

resistivity a
thermal force coefficients g7
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— Kj(T=100[eV]) == K|(T=30[eV])
— KL(T=100[eV]) == K, (T=30[eV])
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0.00 0.00 [ ____________ :="'=::-‘:::__
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(c) Ton viscosity n* (d) Ton thermal conductivity

Figure 4.9: The radial profile of Braginskii transport coefficients for 7" = 100 eV (solid lines)
and T" = 30 eV (dashed lines) Z pinch plasma satisfying the Bennett equilibrium. While
the resistive coefficients o decrease as temperature increases, the transport coefficients of
viscosity 17 and thermal conductivity  increase. The magnitude of the coefficient 3 for Nernst
effect and Ettingshausen effect do not change with temperature; however, the magnetization

w,Te; changes the profiles of # around r = 0.
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In a resolved collisional regime where Braginskii equations are applicable, Braginskii
viscosity tensor ﬁ Vi and conductive thermal heat flux h oc VT are found to suppress
the m = 0 sausage instability (see Fig. . To increase Knudsen number, the initial
conditions are modified as shown in Table. [£.2] At large-k modes, the growth rates with
Ty = 10[eV] start to be overdamped from PIC results. Hence, some corrections for the
coefficients of viscosity and thermal conductivity are required as Knudsen number further
increases. Considering the results obtained by using Ty = 30[eV] and Ty = 100[eV] with
the correction factors proposed by Meier and Shumlak[54], the effects of diffusivity in the
collisional transition regime is weakened. However, there still exists stronger diffusion at
large-k modes since the correction factors related with the collisionality work effectively if
the Knudsen number is greater than unity, Kn > 1. The contour maps of ion mass density

with Braginskii viscosity and thermal conductivity are shown in Fig.

1 1
o = = 4.39
corr 1 + _Tii 1 + KI] ( )

Tdyn

Table 4.2: Initial conditions with different temperatures lead various different regimes

no[m 3] ToleV] I,[kA] r,[mm] logio (Kn)
FuZE (collisionless) 4.25 x 10** 1270 150  0.910 0.888

collisional casel 4.25 x 10 1 4.21 0.910 -4.57
collisional case2 4.25 x 10* 10 13.3 0.910 -3.01
collisional case3 4.25 x 10* 20 18.8 0.910 -2.49
collisional cased ~ 4.25 x 10** 30 231 0.910 -2.17
transition casel ~ 4.25 x 10** 50 29.8  0.910 -1.77

transition case2 4.25 x 10%* 100 42.1 0.910 -1.21
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Figure 4.10: Numerical results of the growth rates v for the sausage instabilities in 2D
axisymmetric Z pinch with various different axial wavevector k for the axial perturbations
obtained by using 5/ N-moment two-fluid model with various different temperature compared
with the published results from a PIC kinetic model and ideal MHD results obtained by using
WARPXM. The diamond markers with dotted lines indicate the Braginskii results including
viscosity and thermal conductivity. As temperature increases, the stronger viscosity and

thermal conductivity mitigate the sausage instabilities and decrease the growth rates.
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Figure 4.11: Contour maps of ion mass density p; of Z pinch with kr, = 5 and Ty =
10 eV including viscosity and thermal conductivity. The dissipation due to the viscosity and
thermal conductivity cannot fully stabilize the sausage instabilities; however those diffusion
help to sustain the core of Z pinch and mitigate the plasma losses. (Simulations of 2D Z
pinch with viscosity and thermal conductivity are performed with WARPXM version 1.5.9
using input file zpinch_5moment_2D.py)
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4.4 Axisymmetric Z pinch with Braginskii Resistivity and Heat Generation

Braginskii resistivity for each species in the axisymmetric Z pinch are

R = —ay (i, — ), + ap |bx (@, — )| (4.40)
R* = —R¢ (4.41)

where the transport coefficients for resistivity for a singly ionized plasma Z; = 1 are

MeNe 6.41622 + 1.836
= - : 4.42
au = et ( ) (1.42)
mene 1.7042% 4+ 0.7796
= e < 4.43
“n Tes v Ane ( )
The heat generation terms (),p for each species are
Qie = Bne%yei (Te - E) (444)
Qei = —Rei + (e — 10;) — Que (4.45)

Since the both resistivity and heat generation terms decrease as plasma becomes collisionless,
the growth rates increase as temperature increases (see Fig. . In a collisional regime,
it is difficult to evaluate linear growth rates since resistivity rapidly dissipates the Z-pinch
equilibrium (see Fig. . It is necessary to initialize with small perturbations or deviations
from initial equilibrium conditions to apply a linear stability analysis appropriately. The
rapid dissipation of Z-pinch plasmas yields the poor plasma confinement (see Fig. [4.13)).
In the collisional transition regime, resistivity is low enough to observe linear growth and
indicate some stabilizing effects until the Knudsen number reaches Kn ~ 0.06. The contour

maps of ion mass density with resistivity and the sausage instability are given in Fig.
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Figure 4.12: Numerical results of the growth rates v for the sausage instabilities in 2D
axisymmetric Z pinch with various different axial wavevector k for the axial perturbations
obtained by using 5/ N-moment two-fluid model with various different temperature compared
with the published results from a PIC kinetic model and ideal MHD results obtained by using
WARPXM. The diamond markers with dotted lines indicate the Braginskii results including
resistivity and heat generation. As temperature increases, the growth rates increase due to

the weaker resistivity.
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Figure 4.13: Total mass confined in the Z pinch with sausage instabilities by using ideal

two-fluid model (blue line) and resistive two-fluid model with different temperature (red and

green lines). The strong resistivity (green) diffuses plasmas significantly and leads more

plasma losses compared with the ideal two-fluid case (blue)



90

(b) t = 0.75¢% (c) t = L.5gk
(e) t = 3.0v% (f) t =3.75¢%
(g) t = 4.507% (h) t = 5.25¢%

Figure 4.14: Contour maps of ion mass density p; in Z pinch with kr, = 5 and T = 10 eV
including resistivity and heat generation. The stronger resistivity in a collisional regime
diffuses plasmas significantly and it is difficult to observe the sausage instability. (Simulations
of 2D Z pinch with resistivity and heat generation are performed with WARPXM version
1.5.9 using input file zpinch_5moment_2D.py)
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Figure 4.15: Contour map of ion mass density p; with kr, = 5 and T, = 50 eV including
resistivity and heat generation. In the beginning of the collisional transition regime, the
resistivity still has some diffusive and stabilizing effects for the sausage instability. (Simu-
lations of 2D Z pinch with resistivity and heat generation are performed with WARPXM
version 1.5.9 using input file zpinch_5moment_2D.py)
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4.5 Axisymmetric Z pinch with Full Braginskii Non-ideal Terms

The Braginskii equations include electron heat flux Ei and thermal force Ry, which are

known as Ettingshausen effect and Nernst effect, respectively
By = AT (= ), + 80" [bx (i, — )| (4.46)

Rr =BTV ,T, — g7 (z% X VTe> (4.47)

The transport coefficients for the electron heat flux and thermal force for a singly ionized

plasma Z; =1 are

Tu — 1,847 (4.48)
Tu = T,84 (4.49)
5.10122 + 2.681
T, 3”{“ (4.50)
3.2
322 +3.053
uT nq:TTA— (4.51)

The Nernst effect can drive a current flow if there is a temperature gradient. Conversely,
the Ettingshausen effect can yield a temperature gradient if there is a current flow. These
two effects are known as the Onsager reciprocal relations[55, 56]. In the Bennett profile
with a uniform temperature, the Ettingshausen effect starts to provide the advection of
the energy flux that yields negative gradients of temperature in axial and radial directions.
Combining with the Nernst effects, the produced negative gradients of temperature drives
a radial motion of the plasma and decreases the axial current that eventually yields further
destabilizing effects of the sausage instability. Since the Ettingshausen effect does not lead to
diffusion behavior unlike resistivity, viscosity, and thermal conductivity, the Ettingshausen
effect is ignored in the following discussion to avoid including a large deviations from the

Bennett equilibrium condition.
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Figure 4.16: Numerical results of the growth rates v for the sausage instabilities in 2D
axisymmetric Z pinch with various axial wavevector k for the axial perturbations obtained
by using 5 N-moment two-fluid model compared with the published results from a PIC kinetic
model and ideal MHD results obtained by using WARPXM. The coefficients for viscosity
and thermal conductivity are corrected. The results using full Braginskii transport yield the
comparable growth rates to those obtained by using the kinetic model at kr, = 3. However,
the diffusive effects become significantly larger in larger wavenumbers due to the weaker

corrections in a collisional transition regime.

As shown in Sec. [£.4] the strong resistivity dissipates the Z-pinch equilibrium rapidly;
therefore, it is necessary to implement simulations within the collisional transition regime to
observe the full Braginskii effects. However, the corrected viscosity and thermal conductivity
still has a larger diffusion effect in the collisional transition regime, particularly at large-k
modes. Combining with the resistivity, while the results with kr, = 3 get closer to PIC
results, kr, > 5 modes are overdamped in Fig. The contour maps of ion mass density

with full Braginskii transport are shown in Fig.
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(b) t = 0.75¢% (c) t = L.5gk
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Figure 4.17: Contour maps of ion mass density p; in the Z pinch with kr, = 5 and T, = 100 eV
including full Braginskii non-ideal terms except for Ettingshausen effect. The strong diffu-
sions lead large plasma losses and it is difficult to observe the sausage instability. (Simulations
of 2D Z pinch with the full Braginskii transport are performed with WARPXM version 1.5.9

using input file zpinch_5Smoment_2D.py)
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Chapter 5
DEUTERIUM-TRITIUM Z-PINCH FUSION REACTIONS

Fusion reactions and alpha heating in an axisymmetric, D-T-fueled Z pinch are numeri-
cally investigated using the 5N-moment multi-fluid plasma model. The Z pinch is modeled
as a four-fluid system (deuterons, tritons, alphas, and electrons) with self-consistent elec-
tromagnetic fields. Conservation of charge (0th moment), momentum (1lst moment), and
energy (2nd moment) are described in terms of 5N-moment fluid variables and fusion reac-
tivity. The fusion reactivity is obtained by using a R-matrix fitting approach described by
Bosch and Hale[57]. At sufficiently high plasma currents, fusion alphas can be magnetically
confined[58]. The confined alphas collide with the Z-pinch plasma and lead to bulk plasma
heating, which is modeled using a Fokker-Planck collision operator for the fast alphas and
the Maxwellian Z-pinch plasma while preserving total energy. Several interesting physical

phenomena occur as a result of energetic alpha particle production from the fusion reactions.

5.1 Fusion Collision Operator

5.1.1 Boltzmann Collision Operator

The Boltzmann equation is

0 70 F 9 5
é_i_i.ij‘_i__.if: ﬁ (5_1)
ot me O  m, OU 0t ) ool
where f, = fu(t,Z, V) is velocity distribution function for a species s, p'= m,U is momen-
tum, m, is mass, and F is force. The right hand side accounts for the time evolution of
the distribution function due to correlations, in particular, collisions with other species of

particles or particle generation through fusion or atomic reactions. The Boltzmann collision
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operator[59] between an incident particle a and a target (or background) particle b is

5f a co - N - N do 5
= o (fun£) = [ [ 0 (B TDRE) - L(EIAE) a0, (52)
ot ) . ds2
where the primed velocities v, are post-collision velocities, €2 is a solid angle in a veloc-
ity space for scattered particles, j—g is a differential scattering cross section, and v, is a
magnitude of relative velocity
Urel = ’Urel‘ = ’ﬁb - ga’ (53)

For a fusion reaction, post-collision scattered velocities do not exist and a fusion cross section

0 fus can be empirically obtained such that

Cgons(fmfb) = _/fa(ga)fb(ﬁb)afus(Urel)vreldgb (54)

where the negative sign indicates the consumption of species a, which produces a sink.

5.1.2 0th moment

The 0th moment of the consumptive fusion collision operator is

/Cgons(fa’ fb)dga = —/ fa(Ua)fb(ﬁb)afus(vrel)vreldﬁbdﬁa (55)

Suppose that the fuel plasma species a and b have drifting Maxwellian distributions and
thermal velocity vy = 4 /% is much faster than bulk fluid velocity ug i.e., vy > us, the
Taylor series of the drifting Maxwellian distribution function of species s with temperature

Ts[eV] and number density n; is

3
2 ms|Us—Us|
fs(l_)'s) — ’]’Ls (2 T ) e_ 2Ts
Tl

T 2

Vs * Us Us
IS ()

vths vths




which then leads to

3 7’mav3+mbv% 17@ . ﬁa /E}) . ﬁb uS 2
(mamy)2e 2T (1+2 ) <1+2 +0O
(27T)3 UtQha Utth Uths
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nan mavd-+myo? AR T AT us \ 2
- L (mamy)iem [1+2< — 2 b)}ﬂ@ ( . >
(2rT) Vtha Vihb Uths

where temperature for incident and target particles are assumed to be approximately same,

(5.7)

T =T, ~T,. Since the cross-section area is a function of the relative velocity v,, it is more

convenient to express v, and vj in terms of the center-of-mass velocity v, and the relative

velocity v, such that

- o Myed
Vg = VUem — rel
a
N — Myed -
Up = Uem + Urel
my

dv,dvy, = det JdVe,dV,q

where
maffa + mbUb

—
C

m
me + My

<>
J 1s Jacobian

detJ = —— = — === — + —
a'Ucm avrel avrel a'Ucm mp r

s 817a an 8’17(1 817b ( 1 1 )
= Myed = 17

and m,..q 1s reduced mass

MeMMy
Myped = ——————
red my T ™
Hence, Eq. (5.5) becomes
cons = o Tg Ty 3
/Ca (far fo)dUa ~ _W(mamb)2
7mtotvgm+mredvg ol Miot _, — Myed _, — — —
// Ufus (Urel)vrele 2T ‘ 1 + Toucm * Uem + %urel : Urel] dvcmdvrel

where my,; is a total mass

Miot = Mg + my

(5.12)

(5.13)

(5.14)

(5.15)
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and ., and 1, are center-of-mass fluid velocity and relative fluid velocity, respectively

maﬁa + mbﬁb

Upp = ————— 5.16
o = e (5,16
Beg = Ty — 1y (5.17)
Note that
1 2 2 2 2
3Mala + 5V, = S MotV + 5 MredVrer (5.18)
Uy~ Ug Uy - U u, U, . Myed U, Myed U,
2(a2 a+ b2 b):2(2a +_b)'Ucm—2 redUTEZ. 2a +2 redvrd_Tb
Vtha Uthb Ytha  Vtnb a Vtha My Uthb
= ?(maua + mb“b) *Uem + = ( Uy — ua) * Urel (519)
o mtOt — — mred — —
— Tucm *Uem + —Urel * Urel
Considering the second and third terms of the integral in Eq. (5.14)),
Miot - mtotvcm redvrel
Toucm ' /Ucm6 dvcm / Ufus<vrel>vrele dvrel =0 (520)
Myed _, N _mred'ugel = mtot”cm
%urel . /Urelo-fus<vrel)vrele 2T dvrel/ dvcm =0 (521)

because the following integrands are both odd functions

2
MtotVem

Ueme 2T : odd function

2
MpedVrel

Uyt fus(Uret)Urere” 27 1 odd function

Thus, only the first term remains

= n nb 3 oe _ mtot Ugm & _ m'redvzel N
/Cgons(fm fb)dva ~ ——(27:T)3 (mamb) 2 / e AUy, / O fus (Urel)vrele T U
—00 —00
3
 Ngmy s 2T\ 2 [ redv?el Jit
- = W (mamb) Moy - Ufus (Urel>vrel€ Urel
mred % & redvggl
—MNgNp ol O fus (Urel>vrele dvrel
—0o0

= —NgNp < O fyusUrel >

(5.22)
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where .
O mygpvl o0 . 27T 2
_ MtotYem ,_, _ MtotYem m
/ e 2T AUy, = / 42 e o dUey = ( ) (5.23)
oo 0 Mot
and < 0 y,sUre > 1S an average reactivity
3 o0 2
_ mred 2 _ Mred¥rel -
< O fusUrel >= ( ) Ufus(“rel)vrele 2T dvrel (524)
2nT oo

It is important to note that for reactions between the same species, for example D—D
fusion, the factor of half is introduced because collisions between incident and target particles
are indistinguishable. Since two nuclei are consumed through a single reaction, Eq. ((5.22)

can be rewritten as

1+5ab

_—1 n 5ab ngny < O fusUrel >= —(1 + 5ab)c‘s)ab (525)

[ it i, =

where 0, is the Kronecker delta and 8y, is a reactive source term in fluid equations

1
(14 6ap)

1

Sop = — -
b (1+ 6)

NNy < O fusUpel > (5.26)

[ et i, =

Note that the reactive source term is proportional to the reaction rate, and the Oth moment

of a fusion collision operator represents a rate of a consumption of nuclei.

5.1.3 1st moment

The 1st moment of the consumptive fusion collision operator multiplied by m, for reactions

of dissimilar species is

NNy

— — 3
my / ,Uacgons(fa’ fb)dva ~ — (27TT)3 (mamb)z
— — ) ( ) —mtc’tvgm-‘—m"e‘iv%el 1 mtot — — mred — — d—» d—»
(mavcm_mredvrel O fus\Urel Urele_ 2T [ + Tucm *VUem + Turel * Urel Vemn AUrel

Again, since

2
MtotVem

Ueme 2T : odd function

(5.27)



100

2
MpedVrel

Uret0 fus(Uret)Urere” 27 1 odd function

only the following two terms remain

o [ e ) 2~ )

Mot o - 5 _ Mot Vam 5 Tedv'%el
me Ucm(“cm . Ucm)e 2T dvcm Ufus (Urel)vrele dvrel
T

mtotvcm Myed - . - 'red”rgl
—Myed e dvcm T/Urel (urel : Urel)afus (Urel)vrele dvrel (528)
Using integration by parts with Eq. (5.23)
2 2
mtgt = = _mtotvcm _™MredYrel ,_,
me Tvcm (ucm Ucm)e dvcm / O fus (Urel)vrele 2T dvr@l
21T\ 2
N R mtotv(‘m m 2
= My (_ /(ucm : Ucm)vﬁcme dvcm) ( ) < O fusUrel >
Myed
27T\ ? 2
e 2 . mtot ”cm o _ MtotVem .
= Mg ( ) {ucm/ dvcm /vvun |: Uem - Ucm)e 2T :| dvcm} < Ufusvrel >
Myed
(27T)3 .
=Mg———3 < OfusUrel > Ucm

(mredmtot> 2

(5.29)

where V3

Vem

is a vector differential operator with respect to the center of mass velocity

2 2
MtotVem Miot _ MiotVem

e 2T = —— Qe 2T (5.30)

and

/v’Ucm |:(ﬁcm : 17677’7)6 mwtvcm dvcm - 0 (531)
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Similarly,

2
MredVrel

_mtot”im — Myed - — _ —
—Myed € 2T dvcm T Urel (urel . Urel)afus (Urel)vrele 2T dvrel

2
MredVrel

/(ﬁrel ’ 77rel)0'fus (Urel)vrelvﬁrelei i dﬁrel

27TT % N _ mredvzel N
= —Myed Uprel O fus (Urel)vrele 2T dv’/’el

Mot

\
3
3
&
A~
B
S|3
S 1N
~

2
MredVrel

+ /(ﬁrel : ﬁrel)vf)’,.el(Ufus(vrel)vrel)e_ 2r dﬁrel

— — _% —
_/vﬁrez |:(u7"€l : Urel>0fus(vrel)vrele o :| dvrel}

(27T)3 .
= —Myed>— 3 < OfusUrel > Urel
(mredmtot> 2
3
27TT 2 - - 7m7‘ dvae —
— Myed ( ) /(urel : vrel)vﬁml (O'fusvrel)e o7 ldvrel
Mot
(5.32)
where
N N _mrcdvgel N
/vf)}el (urel . /Urel)afus (/Urel)vrele 2T dvrel =0 (533)
Hence,
. . NN 3 . . o2rT)3
ma/vanons(fa, Jo)dvg ~ —#(mﬂmb)2 (MaUem — 77”L,nedu,,€l)(—)§ < O fusUrel >
( ™ ) mredmtot)2
3
2nT\ 2 - 5 _mred”zel -
—Myed ( ) /(urel . Urel)vﬁml(o-fusvrel>e 2T dvrel
Mot
m. d % m dUQZ
— — — _—_red rel ,,
= —MgUgNaNy < O fyusUrel > F+MpedMa (27;;> /(urel : 'Urel)vﬁrel(o-fusvml)e T AUy
(5.34)
Note
. . Mally + Mplly — MMy, .
Mealeom — Myedlpe] = Mg —— — (1l — Ug) = My, (5.35)

Myot Myot

Including the effects of the collisions between same species of particles, the general form of

the 1st moment of the consumptive fusion collision operator is

Mg / gacgons(fa’ fb)dﬁa = _(1 + 5ab)maﬁa8ab - (1 + 5@1))@(11) (536)
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where Ry, is a rate of momentum transfer through fusion reactions

3 1 m’f’@d % — — _ mT'EdU'I%el N
mab = =5 Myedal < > (urel ' Urel)vﬁrel<0-fusvrel)€ 2T dvrel
1+ 0ap 27T
; ] (5.37)
_ 1 Myed \ 2 - - _ MredVrel di
- 1 + 5ab MyedTa My T (wrel . UTel)vaml (O-fusvrel)e 2T Urel
and 1w, is relative random velocity
Wyrel = Wp — Wq = VUrel — Urel (538)
U_js = 775 - ﬁs (539)

Note that @ab vanishes if @, >~ 0 or U, =~ wW,y. One possible case for ., ~ 0 is that
the incident and target particles are the same species, for example D—D fusion. For the
interspecies fusion reaction, for example D—T fusion, the approximation of ¥, ~ W, is
reasonable since the most fusion reactions occur at the tail of distributions. In Meier’s
plasma-neutral model[60], the same approximation ¥, ~ ¢ is used for an atomic reaction.

Note that f/_éba = —(/izb because vj, has the opposite sign for v, compared with v, in Eqgs.
53 and (59).
5.1.4  2nd moment

The 2nd moment of the consumptive fusion collision operator with %ma for dissimilar parti-

cles is

1 NgN 3
2 cons = a’th E
—myg | v:C fa, fr)dv, >~ — MaMyp) 2
2 a a~a ( as ) a (27TT)3( a )
2
1 9 mred = = mred 2 _mtotvgm“’mredvzel
Ema Ve — 2 My Urel * Uem + My Vel O-fus(vrel)vrele 2T
mtot — — m’l"@d — — — —
|:]- + Tucm * Uem + Turel * Urel dvcmdvrel (540)
Since there are four odd functions,
2
MtotVem

Ueme 2T : odd function



2
MpedVrel

Uret0 fus(Uret)Urere” 27 1 odd function

2
2 _ MtotVem

UemVan€ 2T @ odd function

2
MredVrel

Urelvfelafus(vrel)vrele_ 27 : odd function

only two terms survive

1 ) . Ng Ny 3
5ma/1)(16’5,‘:0”8(%fb)dva = _(277T)3(mamb)2
) Mred ) 2 _TotVemt MredVrel [,
// §ma Uzm + ( ane ) Ugel Ufus(UTEZ)UT€l€ o dUchrel
a

The first term is
1 m 2 m 1)2
2 _MtotYem ,_, _MredYrel ,_,
ima Ucme 2T dvcm Ufus (Urel)vrele 2T dvrel

13T (sz)g (27rT>3
= Mg < O fusUrel >

2 Mot Mot Myed

3 m 21T)3
=_-—T ( ) 5 < OfusUrel >
2 Mot (mtotmred) 2

where

5
0o 2 oo 2 T \ 2
_ MtotYem ,_, __MtotVem 3
/ vfme 2T dUpy, = / 47rv§‘me 2T AUy, = 622
_ 0 Mot

o0

The second term combined with Eq. (5.23)) is
1 Myed 2 Mot v MyedVy l
re _ MtotYcm ,_, _red”re =
§ma < > /6 2T dvcm / Ufus (Urel)viele 2T dvrel

mgq
3 3
Mred (27TT)2 (27T)2 1 , N
= —MypedV. lafusvrel
mg Myt Myed 2 e

3
Mg (27T 1 5
- 3 < émredvrelafusvrel >
Mq (mtotmred) 2
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(5.41)

(5.42)

(5.43)

(5.44)

where < %mTedvzelafusvrel > is an average kinetic energy transfer rate in the center-of-mass

frame

1 m 5 1 Mred?
2 _ red \ 2 2 _Mred¥rel ,_,
< §mredvrel O fusUrel >= ( ol ) §mredvrel O fus (Urel)vrel € 2T dvrel

(5.45)
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Hence,

1
3Ma /vng‘)”s(fa, fo)dv, ~ —

[3 ma . (277)° My (20T)? 1

Njw

(mamy)

2
5 3 < OfusUrel > + 3 < Emredvrelo-fusvrel > (546)
Mot (mtotmred) 2 Mq (mtotmred) 2
3 mg my 1

2
= -3 Tngny < O fusUrel > — NeNp < ZMypedVe10 fusVrel >
2 Mot Mot 2

Including the effects of collisions between the same species of particles and accounting for
internal degrees of freedom, the general form of the 2nd moment of the consumptive fusion

collision operator is

1 m, mp

TSy — (1+ 5ab)
Y — L Myot Mot

1
5ma/v;f;Cgf’"‘f‘(fa, Jo)dvy >~ —(1 + 0p) Qap (5.47)

where v is the specific heat capacity ratio and Q,, is energy transfer rate

1 m d % 1 _m7'edv72»el =
Qab = Mgy ( = ) _mredvzelo-fus(vrel)vrele 2T dvrel
1+ 0y onT 2 5 48
2
= ré-abnanb < §mredvrel0-fusvrel >

Notice that the center-of-mass kinetic energy %mmtvfm is consumed in the form of the thermal

energy loss, and the relative kinetic energy in the frame moving with the center of mass

2

<, 1s lost by transferring Q.

1
5 MyedV
5.2 Conservation Laws with Fusion Reactions

It is known that conservation of the number of particles is obtained by using a Hamilto-
nian formulation and Liouville’s theorem, which is valid for conservative forces, such as
the Lorentz force, for a collisionless Boltzmann equation[59, 61, [62]. As in Eq. , the
Boltzmann collision operator includes the effects of reversible collisions in time and space by
considering post-collision velocity distribution functions, and thus the conservation of the
number of particles is guaranteed. However, since the consumptive fusion collision operator

decreases post-collision particles in Eq. ((5.4), the conservation of the number of particles
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is not necessarily satisfied for each species during a fusion reaction and must be explicitly
accounted. Similarly, the conservations of momentum and energy in a fluid model can be
obtained by taking the 1st and 2nd moment of the collisionless Boltzmann equation. With
the typical Boltzmann collision operator, the total momentum and energy in a multi-fluid
model can be conserved by transferring the change of momentum and energy into other
ﬂuidﬂ. Again, however, the momentum and energy transfer cannot be obtained by taking
the moments of the consumptive fusion collision operator due to the loss of particles. In this
section, the correlations between consumed and produced fluids through fusion reactions is
discussed by considering the conservation of total mass, total momentum, and total energy

in an adiabatic system.

5.2.1 Conservation of Total Mass (0th moment)

While the number of particles of a given species is not necessarily conserved through a fusion

reaction, the total number of protons and neutrons (and thereby the total mass) is conserved

Ao+ Ay =Y APy (5.49)
s#a,b

where Aj is atomic mass number, p:" is stoichiometry coefficient, and py, (0 f,s) is a branching

ratio for a fusion reaction, for example, pi” = 3 and py, = 1 for p —''B fusion
p+ B ——3(=pl") ‘He + 8.7 MeV (5.50)
Py =

For D—D fusion, p™® = 1 and p? = 0.5 if deuteron energy is high enough to achieve the peak

of the fusion crosssection[65],

D+D —— —— T(1.01 MeV) + p(3.02 MeV) (5.51)
Py =ph =
D+D——0— *He(0.82 MeV) + 1(2.45 MeV) (5.52)
p’i?{e = p”r =Y

LAlthough the rigorous derivations of the conservation of momentum and energy require applying
Noether’s theorem in Hamiltonian fluid mechanics[63] [64], those discussions are beyond the scope of this
dissertation.



Considering consumption and formation rates of nuclei through a fusion reaction,

(Ao + Ap)Sap = > _ A / clorm g,

s#a,b

where C/°"™ is a formative fusion collision operator. Using Eqs. (5.49) and (5.53)),

\/Cgormdﬁs = pzanT ab

Therefore, the 5N-moment continuity equations for D-T fusion are

on .

@_D + V . (nDuD) = _SDT
t

0

% + V- (nTﬁT) = _CS)DT
Ong, .
% + V- (naua) = (S)DT
a n —

(;; + V. (nnun) = CS)DT
Spr = npnr < OprUpe >
pZ[T = pzr = 1
Py =p," =1

For D-D fusion with a branching ratio of 1/2,

on .
_D + V . (TLDUD) = —QSDD
ot
8nT 1
LIRS vAR ir) = =8
ot + (npir) 59DD
on . 1
a_tp + V . (npup) = ECSDD
ons . 1
atHe + V . (nSHeU3He) == §(SDD
on, 1
V- n _)n ==&
gr TV (natla) = 58D
1,
Spp = §7ZD < OpDUrel >
br br br br 1
pT:pp :p3He:p1z :é
pr =1y =D, =P, =1
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(5.53)

(5.62)

(5.63)
(5.64)
(5.65)
(5.66)
(5.67)

(5.68)

(5.69)
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5.2.2  Conservation of Total Momentum (1st moment)

To conserve the total momentum,
(Mgt +myiiy)Say = Y | me0.CL™di, (5.70)
s#a,b
If a-b fusion produces a single species of nucleus ¢, for example p —''B fusion, the above
equation is sufficient to find the 1st moment of a formative fusion collision operator. However,
if a-b fusion produces multiple species like D—T fusion or *He—T fusion, it is necessary to
evaluate the 1st moment for each product satisfying Eq. . Suppose that a-b fusion

produces nuclei ¢ and d

a+b— 5 pe 4 pt 5.71
= e (5-7)
/
7, =0~ Dredgr (5.72)
m/
Uy =1 4 =y (5.73)
mq
g = Mol mally (5.74)
Me + My
7 =T — 7, (5.75)
/ memg
m. = 5.76
red me +md ( )
my,, = me+my (5.77)

where the prime denotes post-collision properties. Assuming a formative fusion collision

operator is expressed in terms of a common integrand C” such that

Clom = pophr / C'd, (5.78)

Cherm = pyrply / C'dv, (5.79)
where pls”” is assumed as constant and dv,.dvy o< dil.,dT,e, the right hand side of Eq. ((5.70)

becomes

> [ m,clormds, = / / (PSPl e, + p3 Y maty) C' di.di, (5.80)
s#a,b
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Considering the momentum and kinetic energy conservation,

MaTy + MpTy = MeVe + MyUy (5.81)
1 1 1 1
Emavz + mevg = chvf + amdvg (5.82)

In the classic hard sphere elastic collision with m, = m, and m;, = my, Eqs. (5.81) and

(5.82) yield
Vem = gcm (583)

—/

U’I’el - _177”61 (584)

In fusion reactions, m, # m. and my, # my lead to

Miot
—/ ol —
U = ——Uem (5.85)
Mot
Myed Mot Mot
U:il - / U?el + 11— / / Uzm (586)
mred Mot mred

In general, a thermonuclear fusion reaction has a small mass defect m},, ~ my, so that the

approximated expressions become

T Uy, (5.87)

Myed

- red —

Uy ™ =y | ——Urel (5.88)
mred

/
- . V mTCdmredU (589)

Ve = VUem rel
me
/
= = mredmre -
Ty ot Ty — Ll red (5.90)
mq

di,diy ~ — [ iy e (5.91)
Myeq
where the negative sign is selected in Eq. (5.88) as an analogy to the elastic collision in Eq.

(5.84). Hence, one possible expression of the integrand C’ for a formative fusion collision

operator satisfying Eq. (5.54) is
/
O/ _ Myped fafbo-fusv’r‘el (592)
V Myed
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Note that including the mass defect is academic since the value is negligible. The 1st moment

of the formative collision operator for ¢ and d are

= orm j= sn, br = s g =
/mcUcCZ dvc =P D //(mcvcm + mredmredvrel)fafbgfusvreldvcmdvrel

_ S m.g =
B pinpgr [<mcu0m * mmdm;”edurel)(l + 5ab>5ab - (1 + 5ab) m. Zmb“]

(5.93)

— fo’rm = L ST br — / — — —
/mdUdOd dvd = Pa Pq (mdvcm -V mredmredvrel)fafbo-fusvreldvcmdvrel

—

o — /e i,
- pznpgr [(mducm o mredm;eduml><1 + 5ab>(‘5)ab - (1 + 5ab> dmab

Myed

(5.94)
Notice that the set of the above equations satisfy Eq. (5.70). Therefore, the 5N-moment mo-
mentum equations for D—T fusion with the assumptions of the total momentum conservation

and neglighle mass defect are

d(ppu ., . .
% + V- (,ODﬁDﬁD> + VPD - anD(E + ﬁD X B) - —mDﬁDSDT — SRDT (595)
priix) riiy) + VP B+ iy x B) = —myii 7
T + V- (pTuTuT) +VPr — anT( —+ up X ) = —mpurSpr + Rpr (596)
6<paﬁa) — = o — >3 hd / — m;”ed 5
T+V'(pauaua)+vpa_nQQQ(E+uaXB) = (maucm + mredmredur6l> CS)DT"‘ mDT
red
(5.97)
a n _)12 - - - 3 — - ! =
%_{_V'(pﬂuﬂuﬂ)_‘_vpn_TLHQII(E+UIIXB) = (mizucm Y/ mredm;«edurel> CS)DT_ mredeT
red
(5.98)
= mTed 2 = = _ mredvgel =
mDT = —MyeaNpNT ( ) (Urel : ,Urel)vf)‘rel(afusvrel)e = dvrel (599)
2T
5.2.8 Conservation of Total Energy (2nd moment)
The conservation of the total fluid energy is
1 1 2 ~form 3
staﬁgzab => / 5 msv;CL (5.100)

s#a,b
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Similar to the 1st moment, assuming that a-b fusion produces nuclei ¢ and d with neglighle

mass defect, the right hand side of the above equation becomes

1
/ —mw?CIomdT, = // <pf:"plc”"2mcv +p§”pgr2mdvd> C'dv,dvy (5.101)
s#a,b

The 2nd moments of the formative collision operator for ¢ and d with constant p?" are

1 1 C !

/ —vaCQCZOdevC ~ ppP (14 o) {— mn TSy + m’”eanb} (5.102)
2 v = Lo me
1 /

/ mdvﬁCf "M ATy ~ PP (1 + Oup) {ﬁ - tTSab + TZanb} (5.103)

and the summation of these two equations satisfies Eq. (5.100]). Therefore, the 5N-moment
fluid energy equations for D—T fusion with the assumptions of the total energy conservation

and neglighle mass defect are

Oe . L = 1 m m
—D + V- [(GD + PD)“D] — Npgdpup - EF=—— D TCS)DT — r QDT (5104)
ot v — 1My Mot
Oer . L = 1 myp mp
— 4+ v [(ET + PT)UT] — Nrqrurt - E = —— TCS)DT — QDT (5105)
ot ¥ — 1My Mot
Oe - 1 m m
—2 4V [(eq + P)y] — nagotly - E = ———=T8 e 5.106
T + V- [(€q + Po)ta] — nagat S pr + 20T ( )
Oe - 1 m m
Z A n Pn _)n — TpQn _)n = —— - T8 - Q 5.107
ot + (e, + P,)u,] — nyq,u PO pr + . DT ( )
1 2
Qpr = npnr < o MredVrei0 fusUrel > (5.108)
< 1 2 > <mred>g /1 2 red”reld (5 109)
=MyedVyerO fusUre = =MyedVyer0 fusUre e Ure .
2 dYrel? f l 27T 2 dYrel? f l l

Notice that fusion energy is not introduced in this section, but it is considered in the next
section, since Boltzmann collision operator does not describe mass defect.

5.2.4 Mass Defect and Nuclear Binding Energy

Through a fusion reaction, nuclei combine and release some nuclear binding energy to achieve

a lower energy state. Considering the relation between nuclear binding energy &,p;, and rest
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mass energy msc? for a particle s,
8sBin = A7nsc2 = [Zsmp (ﬂ Z )mn] - msc2 (51].0)

where ¢ is the speed of light and the relativistic effect is assumed to be negligible. Also Z;
is atomic number satisfying a conservation of charge
Zot 2= ZppY (5.111)
s#a,b
Assuming that the released binding energy is converted into isotropic kinetic energy of reac-
tion product particles,

Z 8sanpznpgr - (8aBin + (gszn Z pinpgTQms sBir — Z pianTT sBir (5112)
s#a,b s#a,b s#a,b

Using Egs. (5.49), (5.110)), and (5.111]),

p
s#a,b s#a,b
D AT = (At A) = D 2"+ (Za + Z) | M
s#a,b s#a,b (5 113)
[z e — (o )|
s#a,b

(ma +mp) = mspi”pﬁ’”]
s#a,b

Hence, Eqgs. (5.112]) and (5.113)) yield the conservation of the total rest mass energy through

a fusion reaction such that
2 2 1 sn, br
(Mg +myp)c” = Z msc® + ——Tspir | D3P, (5.114)
v—1
s#a,b
Since the fluid energy equations obtained by taking the 2nd moment of Boltzmann equation

do not include the effects of the change of rest mass energy, it is necessary to explicitly add it

as the additional change of the internal energy. Thus, the energy equations for DT fusion
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with the assumptions of the total fluid and rest mass energy conservations and a negligible

mass defect become

0 . L o= 1 m m

o (GD + pDC2)+v'[(ED+pD02+PD)uD]_nDQDuD'E = (——=—2T+mpc® ) Spr——Qpr

ot v — LMy Mot
(5.115)

0 R 1 m m

— (er + prc®)+V-[(er+prc®+ Pr)ir)—nrqrir £ = — | —— LT+ mec? ) Spr——2Qpr

ot v = 1My Mot
(5.116)

0 — 1 mea my,

B (ea + pa02)—|—V-[(ea+pac2+Pa)ﬁa]—naqaﬁa.E = {Tl < T+ TaBir) + macg} Spr+—;

8 Mot Mot

(5.117)

a 1 mn ma

A, (En + p/zcz) + V : [(EIZ + pncz + Pn)ﬁn] e T + T;sz'r + mnCQ CS)DT + I gzDT

ot v —1 \ Mot tot
(5.118)

Using continuity equations multiplied by mgc?, the final form of the 5N-moment energy

equations for D—T fusion are

0 B - 1
D +V- [(ED + PD)ﬁD] — NpgpUp - E=——— b T )Spr — mr Qpr (5119)
ot v = 1Mo Mot
Oer . L o= 1 myp mp
— + V- |(er + Pp)ir] — nrqrir - E = — | —— T|Spr— Qpr (5.120)
ot v — I mye Mot
%o L G (0 + P)il] i B e — (Mo ) Sor+ T 0pr (5121
* [\€a a)Ua] — Naldaley T aBir .
ot e v =1 \ Mo b or Mt o
% et P = —— (o T ) Spr 4+ 20 (5.122)
* |\ En n)Up| = —— nBir .
ot 7 =1 gy B DT o DT

5.3 Fokker-Planck Collision Operator for Alpha Heating

The alpha heating can be obtained by considering the Fokker-Planck collision operator.

Assuming that the background plasma species have non-drifting Maxwellian distributions,

Me 0

Ozcat(fa7fM,8> = M% : (V;)‘\Bﬁfa)

(5.123)
10 1 a\s 2 oo Gfa a\B [ -- 8fa
200 {5“ (U ! UU) o T\ o

gzDT
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where the first term represents the momentum loss (slowing-down effect) and the second and
third terms indicate the energy diffusion

< AT >\
_ v\By

= 124
A7 (5.124)

< ATAT >\8
At

The parallel and perpendicular directions are evaluated based on the velocity of the incident

1 « < N a\f -
= §I/L\5(v2[ — U0) + Vi (5.125)

particle. In spherical velocity space, ¥ = (v,vg,v4) = (v,0,0) and Fokker-Planck collision
operator becomes

Ma iﬁ (Usl/?\ﬂfa)

Mg + mg v? v
11 a\p 8 = a.fOé 1 a 4 a\ﬂafo‘
T3 [2 Vs (PT-) G2+ g 0

Within the fluid context, a monoenergetic alpha distribution cannot be fully modeled. Thus,

Ca™ (fas Frt5) =
(5.126)

similar to the Braginskii approach, an approximate Maxwellian is expanded by associated

Laguerre polynomials (or Sonine polynomials) Ll(k) for the alphas

fo= 0 X Zal(k)L ) (5.127)
7r2vtha
where
02
Uthoz

While it is understood that the alphas are poorly represented by an approximate Maxwellian
distribution, it is chosen to evaluate first-order effects of energetic fusion alphas on the bulk

plasma. Taking Oth moment and 2nd moment,

= / fadi = 47 / v fodv

= 27r/vfa2vdv

(5.129)
= 27T/vthaXéfavfhadX

= 210, , / X3 fodX
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1
€q = /chﬂﬂfadﬂ’: 27rma/v4fadv
= e / v X3 foud dX (5.130)

= 2Tl / X2 fdX

Using the orthogonality of Laguerre polynomials,

/XifadX = _Je /Xéexzal(Q)Ll(2)dX
=0

7T-%U?hoz
= /X%e—Xa§2)L§2)L§2>dX (5.131)
3.3
T2V,
_ e VT (3)
— o 5 ao
T20;,
. i 1
/XzfadX = = /Xie XZal(2>Ll(2)dX
T2 Vtha 1=0
Ng, 3 1 T e (1) (L
_ T/ (§_L$2)) xte xS a1y (5.132)
T2 Utha 1=0
ne 37 3 3
= 3 3 4 (a(() )_ag ))
T2 Utha
Hence, the Laguerre coefficients become
1
a<2) =1 5.133
0
(3) _ _2uq
= —— 5.134
“ 3Ut2hoz ( )

Ignoring [ > 2 coefficients, the approximate Maxwellian distribution for alphas can be written

as

2
« - 5 2 2 1
fa = §7’L e Ytha (1 — g Za L$2)) (5135)

Utha



115

Since the distribution function of alphas is isotropic in velocity space i.e., f,(U) = fo(v), the

perpendicular diffusion term in Fokker-Planck collision operator becomes negligible

<v2?—m7>.%— (Ux%> X 7

ov ov
(. Ofalv)Ov .
- (” * "o &7) v (5.136)
= 0]‘;51)) (T x D) x T
=0
which yields
oty g 1D e VLD (sl 1
o Jas Jaas) = Mg + mpgv? v (07 o) + 202av \" I “ov (5.137)

Using the Maxwell integral ¥ (2\?)[60], the collision frequencies for the slowing-down effect

and energy diffusion can be written as

o\ = (1 + %) v (5.138)
mg
(o3 \Ij o
Y V= L) v (5.139)
where
2 ;170‘\/6
(V) = N / Vye dy (5.140)
0
g = U
=0 (5.141)
(Y
thf
a\p 47Tn,3q§4q,[23
vy (V) = o — —InA (5.142)
(4meg)” m2v3
Assuming vy,; < v < vy for the fast alphas,
3
a\e U_mo‘ a\e _ 4 mg a\e
Vs im0 (W) =37= Jrm (Vihe) (5.143)
a\e 4 a\e
o =5 (0) (5.144)

V >~ — U,
0
I 3ﬁ Vthe

poN (1 + ma) l/g\i(v) (5.145)

7
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oz\'L vt2hi o\i

v S (v) (5.146)
where

V3 = T\/_%U?he (5.147)

(2

The assumption of v < vy, for monoenergetic alphas can be violated if vy >~ vy, such that

T, =

(5.148)

Mmq

However, this electron temperature is not realistic for thermonuclear fusion reactions where
T. ~ T; > 10[keV]. Thus, it is reasonable to assume v < vy.. On the other hand, the
energetic alphas slow down through collisions with the bulk 10 keV plasma. Thus, the
assumption of v > wvy,; is not always valid, and the non-approximate equations, Eqs.
and , are used for alpha-ion collisions. The Fokker-Planck collision operators for

alpha-electron and alpha-ion collisions are

e 110 (, 4 v ..0f
scat a\e - 4 a\e a
Co s fute) = 5 55 (W) + 5355, ( 3V Ve 81})
10 1v3_ 0 4 of
—,\e = 7 ()3 — “the 2 a\e o
5 12 Hu (1} fo‘) 2 12 a ( 3\/— (Uthe) 90 ) (5.149)

10 1 m, v2 ,0f,
_ e | L9 s ¢ Uhe o
Vs [v2 Jv (v3fa) +5 2mg v2 Ov <U Jv )]

and

sca 0 Mme a\i 11 0 1) i azafa
Ca t(fanfMi) =~ a_ (USE‘I/VO\ fa) -+ 5_28_ < ;}QL ] 0\ av )
0 Mo NiZE a\e 103, 0 (Ve niZ? o of,

( 3 o <“the>‘1’fo<) arw ( e (vthe)\p%>

i e

Y [1 9 (3 Mo 3V e ey, fa) L L 0 (%?ﬁﬂya\e\p%

Uthe

v2 v m; 4 my, v 4 m, ° ov

72
=y | L () e D (1w

v2 0 2ma v2 Qv

(5.150)

)
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respectively. Taking the 2nd moment and using integration by parts

1
:/§mav20(§cat(fomee)dg
1 0 1m 5O,
_ o\e - 2~ (,3 e 2 e?
175 47T/ 5 Ml L% (U fa) +5 2 ma Uthe 3y, (U B )} dv
0 1m ,Of.
— a\e 2 (3 — e 2 2 o
= 2Tm V5 {/v 7 (v fa) dv + QmQU”‘e/U 50 (v 9 ) dv]
1m 30fa
— _ a\e 3 e 2 a
2mmy s {/ fa2vdv + — 5 m vt,w/ rmn }
= —2mma v\ {/ UfhaX%fadX - g%vfhe/vfa%dv}

= —2mma vl o\ { / X3 fdX — §ﬁ“the / X3 fadX]

2 Na U tha
o 3T,
pole [6_ _ __na}

(5.151)

= _mavthoz S T 2 T
2 2
= —3n v\ {(Ta - T,) + 3Ta1;—"‘]
Vtha

and

_ / L2 C (f Fare)

s e?”LZ 1 m; 0 1 8fa
= \ 347‘(’/ =MV |: fa) 2m Ufhzav (—\I/%)] dv
O fa
/\Ifaid } (5.152)

iZ2 i /a a\i
— _opl Lmauiy®\e {vtha/\lffadX i Uchl/ . fadv:|
m

Te «

= g% Lmguivd, v\ [/ U f, m /\I! fadX}
mOL

Ne

ZZ
= —27rn mav?’l/a\e [/ U f,2vdv

Te
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The first term becomes

/\IffadX— n3 /\I!eX< 32L >
T2V, Vtha
N 0 _x 2 u?
" Lin (5.153)
2 3 )
_ 3na /eX |:\I,"Ut£1a (1_2 Za ( )) 2 u (5) } dX
T2V, Uthi 3 Viha 3v
o Tom; ) 2 u? 2 u 1
e [y 2 2 5»}
Wivfha T; me 3 t 3
Also
XWX = 2 [ e X/gvienV gx
\/_
1 ) v 20
_— tha thz —d/[)
\/_ / Vthi Vit (5.154)
3 .3 :
- = VthaVthi . /e—za\imdza\i
g vthivtho‘ (Utha + Uthi)§
_ Utth' U?ha
Ucha U?hai
and

X\IIL( dxX = — / Fre f;”) v
/ \/_ Uthi

where

2
2%

2
Utha

3 02
2 /Ut2ha
e ? \ /Za\z (5 . za\z

3 .3
2 1 VihaVthi

VT VihiVija (Vo T v?hi)g

2
1 — Uthi
,02
thai

2
Uthi > d a\i
2 2 <
Vtha T Vihi
2 .3
_ 3 Vi Viha
~ 5.2 .3
2 vtha Uthai
2 .3
_ 3 Vi Viha

2 3
2 Uthcn' Uthai

(5.155)
. 1 1
22N = 2 (2— + T) (5.156)
Vtha  Ythi
Vthai = \/ Vira T Vs (5.157)
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Thus, Eq. (5.152)) can be expressed as

2
n; 4 Ja\e Ng My
mav Uthoz s

Qai:_27r n 53 m,
e 7T2vtha @

T / 2 2 u: (1 , 2 w2 (1
By (1020200 e [y (122 0 o
i 30fa  3Uiha 30,

2 ..3
Me nZZZ Uthe a\e
e T2 Sthe T2
Mo Ne Vi,

T, 2 u?
Flieias) -1 /\If —XdX___ Za_
T'i 3Utha 3Utha
_ M T Vine e Vit Vo {(T__l)( : ) S }
2

=-3

\ e—XL dX}

ala
) ’ 2 ) le Uthaz 3 T Utha

Mo T 7')thcy Utha /Uthai
2,3
Me N; 45 VU u?
= —3n,. al\e eﬁgt_h@ [(Ta —T) (1 ) + =T, }

mi T Uthon' Uthon 3 vtha

(5.158)

Similar to Braginskii equations, the slowing-down collision frequency v \¢ i expressed in

terms of the typical collision frequency v, such that

m 2 u?
ae — -3 e_e ea Ta - Te _Ta_a 5.159
Q " maV |:( ) * 3 Utgha:| ( )
72 3 2 2l
Qui = 3,1, e TiZE Vide [(Ta—n) (1_ ug )+_Taz;_a] (5.160)
mey mi Ne Vipai Uthon 3 Vtha
where
4 mOC a\e ne me
Sa\e e Vo\ (Vie) = i Vea, (5.161)
and
AN 21, Z2 ¢
Voo = Mool 1y A (5.162)

3 (4mep)? \/_T2

The previous analysis has assumed a non-drifting Maxwellian distribution for the bulk plasma
ions and electrons. However, since the Coulomb collision operator is Galilean invariant (see

Appendix , adding an average flow to the Maxwellian distributions results in
2 ity — .|

o @ -1 4 2 e el
3 tha

|ty — ;| 2 iy —
(T —T) [ 1 - 25— | + ST 25— (5.164)

Uthai 3 vtha

Qae - _Sne e

a

(5.163)

2,3
B M Me N L7 Vg,
Qai - _Sne_yea T T T3

Ma Mi Ne Vjppi
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5.4 1D D-T Z-pinch Fusion Simulation

5.4.1 Initial Conditions

Studying the dynamical evolution of a D-T Z-pinch plasma undergoing fusion reactions
requires initializing an equilibrium. Initial conditions satisfy the equilibrium Bennett profile
for four fluids

ne(r) = —0 (5.165)

2
(1 i —3)
P
no

2
<1+;—§>
P

For numerical reasons, a low amplitude uniform and stationary alpha population with

— Zaneo (5.166)

DN | —

np(r) = np(r) =

Na/no < 1 is initialized, so the ion number densities are slightly modified to maintain the
quasineutrality. Typical values for the following numerical simulations are n,/ng = 1073,

The azimuthal magnetic fields are the same as the two-fluid case

By = By—2= (5.167)

where the axial electron velocity is uniform

1
Uer = _Euz() (5168)
but
1 1
up,(r) = ur,(r) = U0 e (5.169)
1- Z,me (14 2)
Initial temperature is uniform
T,=T.=T, (5.170)

The characteristic physical constants compared with the FuZE configurations are summarized
in Table 5.1 The 1D numerical results shown in the following sections have the third order

accuracy in time and space with 40 elements.
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Table 5.1: Initial conditions for D-T fusion configurations

nom=3]  TylkeV] I,[kA] r,[mm]
FuZE 4.25 x 10% 1.27 150 0.91
D-T fusion 10% 10.0 1350 0.60

5.4.2  Radial Expansion of Alphas and Alpha Driving Effect

The time evolution of primary fluid variables of alphas are given in Fig. [5.1] Due to the
continuous fusion reactions with Spr, the alpha number density n, increases. The expected

increment of the density in At = 74 = 0.617[ns] at r =0 is

An,,
Do S A = 6.17 x 1070 png < 0 pustia >~ 1.54 x 1076 (5.171)
o g

In an early phase (orange lines at t = 0.0487,4 in Fig. , radially expanding alphas leave
the calculation domain through the open boundary at r = 4r, and the expansion wave causes
the alpha temperature to drop. It is interesting that the alphas develop an axial velocity due
to the Lorentz force @, X ég. Then, the interaction between the axial motion of alphas and
sufficiently strong azimuthal magnetic fields restricts the radially outward motion of alphas
(red lines at ¢t = 0.2887,4 in Fig. . This axial motion of alphas carries a portion of the

axial current which is called the alpha current in this dissertation.
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Figure 5.1: Time evolution of the radial profile of (a) number density n,, (b) temperature Ty,

(c) radial velocity u,,., and (d) axial velocity u,. of alphas in 1D axisymmetric D-T four-fluid

Z pinch. Fusion reactions produce more alphas and fusion energy leads to radial expansion

of alphas that decreases the alpha temperature and increases radial velocity. The radial

motion of alphas interacts with the azimuthal magnetic field that produces an axial velocity

of alphas (orange lines in (c¢) and (d)). The axial motion of alphas produces a current and

interacts with azimuthal magnetic fields that results in a confining force on the alphas and

decreases their radial velocity. (Simulations of 1D D-T Z-pinch fusion in the four-fluid model

are performed with WARPXM version 1.5.9 using input file multifluid_zpinch_1D.py)



123

5.4.8 Alpha Heating and Energy Cascade

Comparing the collision frequencies for slowing down and energy diffusion in Tab. [5.2] the
slowing-down effect is found to be the primary effect in the Fokker-Planck collision operator
with 10 keV of plasma. Hence, to observe alpha heating, it is necessary to calculate until

the slowing-down period

a\e

s ]_

E o~ 10232 (5.172)
TA vs Ty

where the Alfvén transit time is approximately one nanosecond, 74 = ;—i = 0.617 ns, and the

slowing-down time is approximately one microsecond, 75 \¢ = 0.631 pus. From Eq. |D
the energy diffusion time is approximately one millisecond, T‘?\e = 0.221 ms. Thus, it is im-
portant to note that the alpha distribution can reach Maxwellian only if the energetic alphas
are confined for approximately one millisecond. However, the assumption of an approximate
Maxwellian distribution for alphas is still useful to capture first-order effects of collisional

interactions between the energetic fusion alphas and the bulk plasma. The comparison of

slowing-down frequency and energy diffusion frequency is summarized in Tab. [5.2]

Table 5.2: Comparison of frequencies for slowing-down and energy diffusion rates for 10 keV

plasma

a\B ;. a\p a\B ;. a\B
Vs\ /Vo\ V”\ /Vo\

alpha-electron 57.5 0.164
alpha-deuterium 3.00 5.71 x 1073
alpha-tritium 2.33 3.81 x 1073

Multi-fluid plasma simulations of high density plasmas are computationally expensive
since the electron plasma frequency becomes large and must be resolved by using an artifi-
cially heavier electron mass m;/m, = 0.01 < 1. In the early phase of the simulations (at

t = 0.474 in Fig. p.2), 95.43%, 2.363%, and 2.208% of energy from alphas into electrons,
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deuterons, and tritons, respectively. As the electron temperature increases beyond the ion
temperature, electrons transfer energy to ions but alpha energy transfer to ions remains low.
The deuteron-electron and triton-electron energy transfer rates are 2.85 and 1.97 times higher
than the alpha-deuteron and alpha-triton energy transfers, respectively. As the alphas slow
down and their alpha temperature decreases, the energy transfer rate increases from alphas
to ions. Thus, the primary energy cascade flows from energetic alphas to electrons, and then

from electrons to deuterons and tritons.

10°

o 271(Que + Qap + Qur)dr

r

"2nrQapdr/ [

,_
0

I

102

100 10t 10? 10°
t/ta

Figure 5.2: Comparison of the fraction of the volume integrated energy transfer rates for
each species: solid lines for energy transfer from alphas to electrons and ions: dashed lines
for energy transfer from electrons to ions. The primary energy transfer initiates from alphas
to electrons (blue solid line). The energy transfer rates from electrons to ions (dashed red
and green lines) are higher than those from alphas to ions (solid red and green lines). The

results demonstrate the energy cascade from alphas to electrons and from electrons to ions.
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Figure 5.3: Time evolution of the radial profile of (a) alpha T, (b) electron T, (c) deuterium
Tp, and (d) tritium 77 of alphas in 1D axisymmetric D-T four-fluid Z pinch. Most of
energetic alphas leave the Z pinch and the small amount of confined alphas start to transfer
their energy into electrons so that 7T, decreases and T, increases. As electron temperature
increases, the energy transfers from electrons in ions that leads the increment of Tp and Tr.
(Simulations of 1D D-T Z-pinch fusion in the four-fluid model are performed with WARPXM

version 1.5.9 using input file multifluid_zpinch_1D.py)
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5.4.4  Bremsstrahlung Radiation

In classical electromagnetic theory, it is known that the acceleration or deceleration of a
charged particle results in the emission of electromagnetic radiation. The radiation produced
by electrons through Coulomb scattering with the ions is called bremsstrahlung radiation[31].
According to Goldston and Rutherford[67], the radiative power loss per unit volume can be

expressed as

27 nmequ T2
rad = 0.75 5.173
Prod = Z 33 (4mep) 3m3 c3h ( )

where h is reduced Planck constant i = 5+ and lowercase p,.q indicates the power per unit
271'

volume. Including bremsstrahlung radiation as the loss term in the electron energy equation,

the electron temperature slightly decreases, and the amount of energy transfer from electrons

to ions become comparable to the energy transfer from energetic alphas to ions (see Fig. [5.4)).

10°

I

o 27(Qqe + Qap + Qar)dr

"2mrQapdri |

r
0

I

1072

100 10! 10? 10°
t/ta

Figure 5.4: Comparison of the fraction of the volume integrated energy transfer rates for
each species: solid lines for energy transfer from alphas into electrons and ions: dashed lines
for energy transfer from electrons into ions. The radiation energy loss of electrons leads lower

energy transfer from electrons to ions (dashed red and green lines)
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Figure 5.5: Time evolution of the radial profile of (a) alpha T, (b) electron T, (c) deuterium
Tp, and (d) tritium 77 of alphas in 1D axisymmetric D-T four-fluid Z pinch including
Bremsstrahlung radiation. Comparing with Fig. , the Z pinch plasmas (electrons,
deuterons and tritons) have slightly lower temperature due to the radiation energy loss
of electrons. (Simulations of 1D D-T Z-pinch fusion with bremsstrahlung radiation are

performed with WARPXM version 1.5.9 using input file multifiuid_zpinch_1D.py)
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5.5 Ignition Conditions of D-T Z Pinch Fusion

The scientific feasibility of a fusion reactor can be evaluated in terms of the fusion gain ),

Qo = fusion powe‘r _ Pr (5.174)
external power input  P;
Pr is the power released from the D-T fusion reaction
Pp = Pp, + Prq
1
_ fus fus
= / —’y — (Ta + T;? ) SprdV (5175)
2L,

Tp
- (TO{“S + Tﬂf“s) / NpNr < O fysUrel > 1dT
- 0

where T/% = 3.5 MeV and T/ = 14.1 MeV are used for the resulting temperature of
alphas and neutrons, through fusion reactions. The volume integral is evaluated with the
axisymmetric assumption and 50-cm long Z pinch, L, = 50[cm|. The required input power

to sustain sheared-flow-stabilized (SFS) Z pinch is discussed by Shumlak et al.[58],
Pin = -Pth + Pflow + Prad (5176)

where Py, and Py, are thermal power and flow power, respectively, to compensate for losses
of thermal energy and kinetic energy. The primary thermal energy losses are a radial thermal

conduction to the surrounding wall and axial advection to the electrodes

1 2xL, [
Py = —2" / S nTyrdr (5.177)
BT~ 1 0 sF#a,n
where 75 is a characteristic energy confinement time
1 1 1
— =+t (5.178)

TE  Tp Tfiow
and 7% and Tflow are a thermal conduction time and a characteristic advection time. Since
the Z pinch makes physical contact with the electrodes and the radial thermal conduction
must traverse a long distance through low plasma density and across a strong magnetic field,

the thermal energy loss due to the advection becomes more significant 7 >> T, s0 that

L,
TE = Tflow = U_ (5179)

z
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The kinetic energy loss is

Pflow =

27TL/ Z —psulrdr (5.180)

Tflow 0 SFEQ,N

In Eq. (5.176)), the radiative power loss represents the bremsstrahlung radiation. Taking the
volume integral of Eq. (5.173)),

om2nine 225 TE
Pmd:27rLz/ 0752 mnn i (5.181)
0 32 (47ep) 3m2c3h

The alpha heating discussed in Sec. |5.4] can partially offset the power losses and decrease
the required input power.
Pp

= 5.182
Q Pth+Pflaw+Prad_Pah ( )

where P, is the total energy transfer from energetic alphas to the Z-pinch plasma

P, =2xL, / > Quardr (5.183)

0 sF#a,n

It is important to note that the true ignition condition Q),; = oo is never achieved since
the SF'S Z pinch configurations always require an external power source to drive the plasma

flow. Thus, the maximum scientific fusion gain is

Pp

Qmam = Pflow

(5.184)

Using the given initial conditions in Tab. [5.I] the fusion gain @ achieves breakeven Q) =
8.14 > 1. The primary energy losses are thermal conduction and radiation. Although the
alpha heating does not completely compensate for the energy losses, it provides the higher
fusion gain @ ~ 15 (see Fig. . Increasing pinch current from I, = 1.35 MA to I, = 2.55
MA, shown in Tab. the fusion gain @ is further amplified to @ = 151.8 (see Fig. |5.10)).
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Figure 5.6: Comparison of scientific fusion gain ()4 obtained from D-T Z-pinch fusion
reactions with alpha heating. Without including alpha heating (blue line), the fusion gain Q
slightly decreases since the expansion of the Z pinch due to the fuel consumptions decreases

ion temperature. The alpha heating effect (red line) contributes to increase fusion gain.
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Figure 5.7: Time evolution of the various different volume integrated power that are used to
evaluate the scientific fusion gain @) in the Z pinch. The primary energy losses are thermal
conduction (red solid line) and radiation (purple solid line) losses. Alpha heating (red dotted

line) partially compensates for the energy losses.

The fraction of alpha heating f. can be evaluated as

Pah
fc_

— 1
5 (5.185)

that is increased by confining more alphas resulting in the higher probability of collisional
interactions. The amount of magnetically confined alphas can be estimated by considering

TLa/Tp
TLa 2TMaViha 1

—_ = — 5.186
Tp Hoq [p ( )

Hence, f, increases as pinch current I, increases with the decreasing rp,/r, shown in Tab.
[b.3] Interestingly, f. tends to saturate around f.~ 0.07 in Fig. [5.8] Considering the energy

equation for alphas without including the energy transfer from fuel plasmas,

Oe,, . L o= 1 s
oV (€0 + Pa) o] = Natialla - £ = mTO{ Spr + %: Qus (5.187)

The contribution of kinetic energy can be eliminated by taking dot product of the momentum
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equation with , such that

1 dP, 1 o
1 :7_1ng Spr+ Y Qap (5.188)
B

Subtracting the continuity equation multiplied by T,/ (v — 1),

1 T, 1
o _ (1" —T,) Spr + Z Qup (5.189)
B

'y—lna d  y—1

The above equation suggests that the steady state alpha temperature becomes T, = T/%*
if there is not energy transfer Z,B Qo = 0. If fusion alphas are confined and collisional

interactions occur, the steady state solutions is achieved with
1
E _ fus __ —_ _ §

Considering the maximum possible value of f, with the assumption of uniform and constant

plasma density and temperature,

f ~ Zﬁ Qﬁa
7%1 <Tojfus+7—;zfus> SDT
Tgus Ta
= - 5.191
(T(){us+7;2]‘us> (T(){us+7;2]‘us> ( )
—0.2—

Ty

2
(72 + 707

While the fluid simulations do not reach steady state, the finite value of alpha temperature
limits the maximum value of f.. In the fluid simulations, alpha thermal energy confinement
time 7,4, can be evaluated as
_ forp gy dr
Tath = 7 7 ”
(Taus + frn us> Op T(‘S)DTdr

(5.192)

which is compared with various pinch current in Fig. |5.8f With the larger pinch current,

a higher density n, and a higher temperature 7T, lead to a higher energy transfer rate, and
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then increase the alpha cooling rate. Hence, the increased n,, and the decreased T, result in

the saturation of f,.

10° 10
— lp=1.35[MA] and ria/rp = 1.0 — I, =1.35[MA] and ria/r, = 1.0
—— Ip=2.55[MA] and ri4/r, = 0.53 I, = 2.55[MA] and rio/r, = 0.53

10t —— 1,=0.903[MA] and ri4/r, = 1.5 — 1,=0.93(MA] and rir, = 1.5

10-2 4

fe
Tath/Ta

10-3 4

104 4
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tlta t/ta

(a) fe (b) Tatn/Ta

Figure 5.8: (a) Alpha heating fraction f. and (b) alpha thermal energy confinement time
Tath/Ta- In these simulations, 74 = 4.11 x 107! sec for I, =0.903 MA: 74 =6.17 x 10719 sec
for I, = 1.35 MA: 74 = 1.16 x 107 sec for I, = 2.55 MA. The sufficiently strong magnetic
fields with the fza X é@ force confine more alphas and increase f. and 7,,. The increased
density n, and decreased temperature T, from alpha heating leads to a saturation of f..
(Simulations of 1D D-T Z-pinch fusion in the four-fluid model with different pinch current
are performed with WARPXM version 1.5.9 using input file multifluid_zpinch_1D.py)

The alpha current that results from their axial motion can be evaluated in terms of f;,

such that

forp rJa.(t)dr

frr > e—p.r Js=(t = 0)dr

While the current driven by electrons is expected to be constant in well-confined Z-pinch

fra = (5.193)

plasmas, the current driven by ions decreases due to the ion consumption through fusion
reactions. Hence, f;, can be interpreted as the portion of ion current compensated by the

alpha current. A larger f;, contributes to sustaining the magnetic field and confining more
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alphas. The fraction of current driven by ion, electron, and the total current are calculated

as
_ Jy e (t)dr
fri= T r it = 0ydr (5.194)
B forp rJe. (t)dr
Jre = T rJo(t = O)dr (5.195)
Ji . s(t)r 5196

thot = frprzs Jsz(t _ O)dT’

0

As pinch current increases, confined alphas better compensate for ion current decrease due
to consumption. Interestingly, the alpha current fraction f;, tends to saturate around f;, >~
0.1. Due to the ion current decrease from fusion reactions, the total current decreases and the
entire plasma expands. While more alphas are confined as time evolves, the expansion of the
pinch radius due to the total current decrease leads to a deceleration of alphas and electrons.
Thus, increasing n,, with decreasing u,., provides the saturation of the alpha current fraction

f7a- The alpha current contributes to produce thrust in a Z-pinch fusion thruster such as
- Tp
Fiprust = Mgy = uaz/paﬁa -dS = 27ruaz/ T Poladr (5.197)
0

where 1, is radially-averaged axial velocity

1 - i
Upy = — /ﬁa -dS = —/ TUgdr (5.198)
0
Considering specific impulse I,

F rus Uz

mgo 90

where gy = 9.8067 m/s? is the gravitational acceleration constant. The time evolutions of
axial momentum and axial velocity of alphas are shown in Fig. (.11} In Fig. [5.12] mass
flow rate, radially-averaged axial velocity, thrust, and specific impulse for deuterons, tritons
and alphas are provided. While the alpha density is smaller than the Z-pinch ion densities,
the higher alpha axial velocity produces higher thrust and longer specific impulse. Fig.
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indicates that the thrust and specific impulse produced by alphas increases with the

increasing pinch current.

no (m™3] Ty [keV] I, [kKA] 7, [mm] rr./7 Q fe fra

fusion casel 10%6 10.0 1350 0.60 1.0 15.0 0.068 0.062
fusion case2 10%6 10.0 2550 1.14 0.53 151.8 0.069 0.12
fusion case3 1026 10.0 903 0.40 1.5 6.90 0.047 0.024

Table 5.3: Characteristic physical properties with different pinch current. The fusion gain

@ including alpha heating, the fractions f. and f;, are evaluated at t = 80074

It is important to note that pinch current is increased with the increasing pinch radius
and constant density and temperature that leads to constant peak magnetic field By. In a

Bennett pinch, the pinch current is calculated as

L2
I,= / JdS = Iu—ﬂ—TpBO (5.200)
0

where the peak magnetic field By can be obtained by considering the force balance equation
VP =.Jx B and Ampere’s law such that
B2
=0 — ngTy (5.201)
Ho

The typical approach to obtain higher pinch current is increasing the magnetic field and
decreasing pinch radius; however, if the rate of magnetic field increase and the rate of pinch
radius decrease are identical, pinch current remains the same. In the simulations discussed
in this dissertation, the rate of pinch current increase is same to the rate of pinch radius
increase that leads to the magnetic fields remain the same in the Bennett Z pinch. Those
configurations can be achieved, for example, by using larger electrodes. Despite the unusual
configurations, it is important to remember that the increase of fusion gain can be obtained
by decreasing r,/r, that yields high density of alphas and high collisionality within the

pinch radius.
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Figure 5.9: Comparison of current fraction for the three different cases (a) - (¢) described
in Tab. (d) shows an expanded view of the alpha current fraction f;, which is larger
for higher pinch currents. The decreasing total current leads to an expansion of the pinch
radius. As time evolves, more alphas are confined and the plasma continues to expand so

that increasing n, with decreasing u., produces the saturation of f,.
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Figure 5.10: Comparison of fusion gains (). and various different powers P to evaluate the
fusion gain with two different pinch current of Z pinch. (a) and (c) are for the case2 with
I, = 2.55 MA and rp,/r, = 0.53. (b) and (d) are for the case3 with I, = 0.903 MA and
TLo/Tp = 1.5. As pinch current increases, the fusion gain significantly increases due to the

larger alpha heating effects.
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Figure 5.11: Time evolution of (a) axial momentum of alphas and (b) axial velocity of alphas

in the Z pinch with I, = 1.35 MA and r,/r, = 1.0. The axial velocity tends to become

uniform and slows down due to viscosity and the expansion of the Z pinch. While the axial

velocity is high, the axial momentum remains low due to the low density of alphas.
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Figure 5.12: Comparison of (a) mass flow rate, (b) normalized radially-averaged axial ve-

locity, (c) thrust, and (d) specific impulse for deuterons (red line), tritons (green line),

alphas (blue line), and the entire ions (orange line) in the Z pinch with I, = 1.35 MA and

TLa/Tp = 1.0. The radially-averaged axial velocity of alphas is significantly higher than that

of Z-pinch ions resulting in a significantly higher specific impulse for alphas.

Ton thrust

decreases through fusion reactions; however, the axial motion of alphas with high velocity

produces larger thrust. Deuterons and tritons exhibit similar radially-averaged velocity and

specific impulse.
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Figure 5.13: Comparison of thrust and specific impulse produced by alphas for three different
cases as described in Tab. As pinch current increases, both thrust and specific impulse

resulting from the alpha current increases.
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Chapter 6
CONCLUSIONS

6.1 Summary of the Dissertation

The SFS Z pinch is a promising concept for terrestrial fusion energy production and future
space exploration. In this dissertation, three main contributions have been made to extend
the capabilities of WARPXM simulation framework and to investigate the effects of fusion
reactions in D-T Z-pinch plasma. First, the geometric source terms which are originally
introduced by Srinivasan for WARPX are implemented into the WARPXM to model ax-
isymmetric problems in cylindrical coordinates. Second, the full Braginskii transport except
for Ettingshausen effect are developed and implemented to investigate the m = 0 sausage
instability in the axisymmetric Z pinch and to study the impact of plasma collisionality.
Third, the thermonuclear fusion process in a D-T Z pinch is investigated by developing
the multi-component, deuterium-tritium-helium-electron, plasma model that includes fusion
reactions and interspecies collisions to observe physical phenomena related with energetic

alpha particles.

6.1.1 Geometric Source Terms

WARPXM has been originally developed for a computational mesh and governing equations
described in Cartesian coordinates. To solve axisymmetric problems, the general expression
of the geometric source terms are introduced and several analytical benchmark tests are
implemented in multiple different models. For Maxwell’s equations, the TE, TM, and TEM
modes in a cylindrical waveguide are tested. The singular problem of the geometric source
terms are resolved by applying L’Hopital’s rule at » = 0. As for Euler fluid equations, the

rotational hydrostatic pressure problem is implemented. To verify the implementation of
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viscosity with the geometric source terms, Taylor-Couette flow and Hagen-Poiseulle flow are
tested with Gaussian quadrature. To benchmark the plasma models, the Bennett equilibrium
of 1D Z pinch in ideal MHD and ideal 5N-moment two-fluid models are implemented. The
benchmark tests demonstrate correct implementation with numerical results that match the

analytical results.

6.1.2 Braginskit Transport Equations

The m = 0 sausage instability in the 2D axisymmetric Z pinch is investigated in ideal MHD
and 5 N-moment two-fluid model with Braginskii transport. Comparing with the PIC kinetic
results, while the ideal MHD model provides comparable linear growth rates for the m = 0
sausage instability, the ideal 5/ N-moment two-fluid model indicates higher linear growth rates
that are comparable to Hall MHD results for the shear-free Z pinch. Thus, Hall effect or
some effects related to the electron mobility are expected to produce destabilizing effects.
While the SF'S Z pinch in the ideal 5/ N-moment two-fluid model indicates the stronger stabi-
lizing effects and improves the plasma confinement with increasing shear velocity, nonlinear
saturation is not observed due to the large growth rates and the lack of dissipative effects.
Braginskii transports are introduced to more accurately model the expected physics, which
tends to mitigate the higher growth rates. Since the FuZE configuration is in a collisionless
regime due to the high temperature, the Braginskii equations are implemented within the
collisional or collisional transition regimes. In the collisional regime, the high resistivity dis-
sipates the Z pinch current. Resistive effects become negligible if Kn > 0.1 in a collisional
transition regime. The viscosity and thermal conductivity are found to have stabilizing ef-
fects for the shear-free Z pinch. However, as temperature increases (as plasma becomes
collisionless), the transport coefficients for the viscosity and thermal conductivity become
large so that the growth rates become overdamped. The correction factors proposed by
Meier are not accurate in the collisional transition regime due to the small Knudsen number
Kn ~ 1072 — 10° compared with a collisionless case where Kn > 10. Hence, appropriate

correction factors for plasmas in a collisional transition regime with a smooth transition to
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Meier’s correction factors need to be developed.

6.1.3 D-T Z-pinch Fusion

As a novel contribution of this research, 1D 5N-moment four-fluid (deuterium-tritium-alpha-
electron) plasma model is developed. The fusion reactivities are obtained by using a R-matrix
fitting approach described by Bosch and Hale. The collisional interactions of the energetic
alphas and Maxwellian Z-pinch plasmas are modeled by using a Fokker-Planck collision
operator. While it lowers the fidelity of the model, an approximate Maxwellian distribution
is used to represent the energetic fusion alphas and to understand the first-order effects
of collisional interactions. With sufficiently high magnetic fields, the energetic alphas can
be magnetically confined. In an early phase, radially expanding alphas interact with the
azimuthal magnetic fields, which drives an axial motion of alphas. This alpha current can
compensate for the ion current decrease due to ion consumption by fusion reactions and can
mitigate the radial expansion of the pinch by producing a restoring fw X Eg force. The alpha
heating can be observed by simulating for sufficiently long durations, which approximately
corresponds to a slowing-down period. The primary energy cascade is observed to initiate
from energetic alphas to electrons, and eventually the electron energy transfers to deuterons
and tritons. Using a pinch current of I, = 1.35 MA, which corresponds to a pinch radius
equal to the gyroradius of alphas, the fraction of alpha heating to fusion energy f. reaches
to 10%, which amplifies the fusion gain () increases from 5.43 to 10. Interestingly, the alpha
current compensate for 6% of the original ion current; however, the decreasing total current
leads to an expansion of the pinch. The higher pinch current of I, = 2.55 MA provides a
saturated f. ~ 7%. While the alpha heating fraction f. is similar to the lower pinch current
case with the smaller pinch radius, the significantly higher fusion gain ¢ = 151.8 is obtained.

6.2 Future Work

While this research enhances the capabilities of WARPXM and presents multiple contribu-

tions, there are several topics requiring additional work. The following sections highlight the
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possible future directions.

6.2.1 Hall MHD Model

The linear growth rates in the Hall MHD model are obtained by Sotnikov[52] with ;= =
2.36. To compare with the ideal two-fluid WARPXM results with :T” = 5.8, it is necessary
to develop the geometric source terms for the Hall MHD model in WARPXM including

hyperviscosity to stabilize the whistler waves.

6.2.2  Braginskii Transports in a Collisional Transition Regime

Prior to reaching fusion conditions, the SF'S Z pinch confines plasmas with increasing tem-
perature during the Z-pinch assembly process[68, 69]. To mitigate the unphysically large
viscosity and thermal conductivity in the collisional transition regime, more accurate correc-
tion factors with smooth transitions to correction factors will be required to investigate the

dynamics of the SFS Z pinch.

6.2.3 Onsager’s Reciprocal Terms

The Onsager’s reciprocal terms, in particular Ettingshausen effect, are not investigated in
the Z-pinch simulations. Implementing rigorous benchmark tests for Onsager’s reciprocal
terms including Nernst effect will enhance the capabilities of WARPXM and produce more

physically accurate simulations.

6.2.4 Non-Maxwellian Alpha Distribution

Within the fluid context, a monoenergetic alpha distribution or slowing-down distribution
cannot be fully modeled. While a fully kinetic model has the highest fidelity, the computa-
tional cost becomes quite expensive for long-duration simulations to observe alpha heating
effects. Maxwellian approximations allow a computationally efficient fluid model and help

develop insight into how collisional interactions effect the plasma dynamics. Using a more re-
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alistic distribution function of energetic alphas, for example a delta function or slowing-down

distribution, will improve the fidelity of alpha heating simulations.

6.2.5 2D Z-pinch Fusion Simulations

Understanding the physics of alpha current is important to increase fusion gain, and it has
the potential to provide insights for achieving the ignition conditions in a SF'S Z pinch. 2D
simulations will provide more detailed dynamics of alphas and help to determine a nonlinear

saturation.

6.2.6 High-Fidelity Kinetic and Multi- Fluid Models

The hybrid kinetic and multi-fluid model developed by Datta[70] or a hybrid multi-fluid and
Vlasov-Maxwell model developed by Ho[71] haves the potential to provide more detailed and
accurate descriptions of alpha current in the core of the Z pinch. The collisional interactions

with computed distributions will also yield rigorous insight for alpha heating.

6.2.7 D-D Z-pinch Fusion

D-T Z-pinch fusion is investigated in this work to observe alpha heating with feasible tem-
peratures. At the University of Washington, an experimental device known as FuZE[53]
achieved D-D fusion reactions. Comparing numerical results using D-D Z-pinch fusion with

the experimental results will be helpful to validate the numerical investigations.

6.2.8 Boundary Conditions for Z-pinch Fusion Thruster

For space propulsion applications, it is important to estimate the lifetime of electrodes due to
erosion. Developing boundary conditions for plasma-facing electrodes will help to investigate
the potential performance of a Z-pinch fusion thruster. Also, non-perfectly conducting wall
boundary conditions will be useful to enhance the capabilities of WARPXM and to perform

more physically accurate simulations.
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Appendix A
TENSOR ANALYSIS IN CURVILINEAR COORDINATES

A.1 Coordinate Transformations

Suppose that there exist N independent relations between two different frames of references
({$J|] = 1a 27 o 7N}) and ({Xk|k = 1727 e aN}) such that
X!l — x! (wl’xZ’ o ’xN)

X2:X2 (.Tl,l'Q,“‘ ’xN)

XN _ xN (xl,x2,~-- ’xN>
where those involved functions are single-valued, continuous and have continuous spatial
derivatives. In contrast,

ol (Xl,XQ,u- ’XN)
7= : (A.2)
v (Xl,XQ,--- ,XN)
Eqgs. and indicate transformations of coordinates (or vector space).

A.2 Covariance and Contravariance

The infinitesimal displacement d? in a vector space ({27]j =1,2,---1}) can be transformed

in a different vector space ({X*|k =1,2,---}) by using the change of basis

N
Al =dl ({a]j =1,2,---}) = Y dalb; = da’b (A.3)
J

N
Al =dl ({X*|k=1,2,---}) = > dX*B, = dX"Bj (A.4)
k
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where the Einstein notation simplifies a summation, and gj and By, are basis vectors for the

invariant d¢ under the change of basis such that

.ol
LA e B AT
B, — - = , A6
T OXF T 09Xk o 9xXkY (A.6)
The invariance of df under the choice of basis vectors also yields
oxr
k _ J
dX" = o dx (A.7)
Applying this change of basis, Eq. 1) for an arbitrary and invariant vector Cj
- - _ oxd -
Q=¢b,=Q"By, = Qk@Xk b (A.8)
which yields
oxk
b= J A9
Q=551 (A.9)
If certain quantity is transformed ({7]j = 1,2,---}) = ({X*|k =1,2,---}) by g)@ likewise

Eq. (A.6), the transformation is referred as a covariant transformation and the quantity is

called components of covariant tensor; By and b; are covariant basis vector. On the other

%)g like Egs. 1’ or , the transformation is

referred as a contravariant transformation and the quantity is called components of con-

hand, if a transformation is ruled by

travariant tensor. Hence, the transformation of contravariant basis vector is

— oxXFk ...
k _
BY = oI v (A.10)
Also,
- oxXk_
G=af = QB = QT (A1)
yields
0x?
Qk W% (A~12)
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Note the matrix form of coeflicients for the covariant transformations is Jacobian matrix of

27 with respect to X

ozl ozl
B XN
JX - XNy = e (A.13)
oz oz
axT T 9xN

A.3 Metric Tensor

Considering the square of infinitesimal displacement,
d? = dl - dl = (b; - by)da? da® = gjpda? da® (A.14)
where ¢ is the metric tensor and gjx is defined as
gjk = gj by (A.15)

Since a dot product is commutative, ¢ is symmetric. The orthogonal basis vectors yields
zero non-diagonal terms. Also, the general Riemannian space has a different metric tensor,
in particular g;; = 1 is known as Euclidean space. The magnitude of a basis vector is known

as the scale factor and a normalized basis vector is called as a unit vector

—

_ b;
bj -
vV Yjj

In Cartesian coordinates (Euclidean space), the basis vector is identical to the unit vector

(A.16)

since gj; = 1, but generally not identical in curvilinear coordinates (Riemannian space).

From Eq. (A.19),

A = g, da'de’ = GdX*dX' (A.17)
Using Eqs. (A7), (A9) and (&.17),

ox™ Oxl 0XF i ox™ ox"

GirQ" = gm0 = g7 050 = Guzgsmd (A.18)

Suppose that g,;q' is treated as a single quantity, Eq. (A.18)) indicates the covariant trans-

formation of the vector such that
B ox™

Qi (A.19)
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where
Gn = i’ (A.20)
Similarly for contravariant tensors,

¢" = g"aq (A.21)

Also, Egs. (A.8) and (A.11)) imply that the contravariant basis vector is dual basis for the

covariant basis vector such that

1

b’ by =6 (A.22)
where 53 is Kronecker delta. Hence
G-V =gt b =6 = ¢ = g%q, = g% gy’ (A.23)
yields the relationships between covariant and contravariant metric tensor
9" 9k = ging"™ = 6 (A.24)
and the relationships between covariant and contravariant basis vectors
gz’ = gz’jgj (A.25)
b = gb; (A.26)

A.4 Christoffel Symbols

Considering spatial derivatives of vectors A= Aiéi with respect to general coordinates ¢/,

04  9A! - OB,
oq oq? + oq?

: (A.27)
_ 9B 4 AT B
N oq? it gk
where F"fi is known as Christoffel symbols of the second kind satisfying
0B, .
=I'%By (A.28)

g’



Dotting with él,

z o 0B, 5 = 97
k l k sl l v l
B, B'=Tke =T, = ' . §

oq? - 07 0q’ .
where .
aq
From Eq. (A.29), it is obvious
I _ il
Iy =1y

Interchanging the dummy indices 7 and k in Eq. (A.27)),

OA  [9AF L\ =
= (g 45 ) B
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!

(A.29)

(A.30)

(A.31)

(A.32)

This parenthesized quantity is called as the covariant derivative of A¥ and common expres-

sions are
On the other hand, the spatial derivatives of covariant vectors A= A,B are
OA  0A, 5, OB
oy Og’ oq? ( )
Using the dual basis relation,
0 L 0
(BB = 0k =0 A.35
O¢’ ( g * ( )
Also
0 [z = oB" = = —
2 B’-Bi> -2 B +B.T-B
oq’ < O¢’ * gk
_ %’Z‘gk B+ B F?Z‘ék (A.36)
= 7]1?1'6,@? + F?iéz}e
where .
0B -
= (A.37)
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Hence, Eq. (A.34) can be re-written as

0A (04 ~
== (2 Ank ) B
dg? ( oy ”)

(aAk A, rk) B*
oq?

(A.38)

Similar to Eq. (A.33]), the parenthesized quantity is called as the covariant derivative of Ay

and common expressions are

Ak

Vidy = Ay =5 -

ik
— AT (A.39)

Christoffel symbols can also be expressed in terms of metric tensors. Considering the
spatial derivative of Eq. (A.15),

agkz agk - - 051
g’ oq’ + Ok oq’

R A4
— T4 b b+ by - TLb, (A.40)
= T + Tgu
Similarly,
da.
% = Fé-igug + Pi;igjl (A.41)
09;;
aqj =T + Thyga (A.42)
Rqs. (A0, (AAT) and (A2 lead Fq. (227)
1 dgjx | Ogri 09y
Il =g [ =2 L A.43
i =59 (aqz + dgf  Ogk ( )

where the half of parenthesized quantity is defined as the Christoffel symbols of the first kind

Dkij
9gjx  Ogri  0gij
: - — A.44
(aqz " d¢7  Og" (A-44)

yielding
Il = g™ Ty (A.45)
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Appendix B
DERIVATIONS OF THE FLUID MODELS FOR PLASMA

B.1 5N-moment Multi-fluid Model

The multi-fluid model is derived by taking moments of Vlasov-Boltzmann equation. Vlasov-

Boltzmann equation for species « is

%+*%+—Q(E+ x B) - Oa _ Oa

(B.1)

v ot |

where f,(t,Z, V) is the velocity distribution. The right hand side of Eq. (B.1]) represents
collisional interactions and binary collisions between incident particles a and background

particles [ can be expressed as

Ofa
ot

coll

_Zc<fowfﬁ) (B'Q)
B

Taking Oth moment,
8fa — afoz da - — ] afa —
/Wd +/U a—d +/ma <E+UX > —d Z/ foé,fﬁ (B3)

which yields the continuity equation

ong,
ot

+ V- (natiy) =0 (B.4)
where number density n,, is defined as

naz/fadﬁ (B.5)

and collisions are assumed not to create or destroy particles

Z/O(fa,fﬁ)dﬁzo (B6)
B
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The 1st moment is

/v%d +/**.%d +/*Tio; (E—i—ﬁx “) (m Z/ (far f5)dG  (B.7)

which leads the momentum equation

d o = n =
57 (Pate) + V + (patlatia) + V Py + V- 1o = naga( E + tia x B) = > Rag (B.8)
B#a

where p, is mass density, P, is isotropic scalar pressure, Il is Braginskii viscosity tensor, w

is random velocity, and ﬁag is momentum change due to collisions

paily = / fadi (B.9)
m w2
P, = / ‘;) fodT (B.10)
I, = ma/ (lﬁlﬁ' — ?[> fadv (B.11)
G=7—1, (B.12)
Ry = m, / GO (o, f5)dT (B.13)

The 2nd moment is
L 0fa . Ofa . Ga fa / .
B+ixB — B.14
/ . dv+/ a$dv+/ ma< i ) S %j TGC(fu, f5)d7 (B.14)

Using the dyadic product %ma{fﬁ', the following energy equation for 13-moment multi-fluid

model can be derived
0 1 = 1 1 =« 1 &
N, —Pa + _paﬁaﬁa + V . —Pa + _paﬁaua ua + v : ha
ot \y—1 2 v

— (naﬁﬁa + / fal(T X é)ﬁdﬁ) = (iiaBag + Qup)

The dot product %moﬁ - U yields 5 N-moment multi-fluid model

0 1 1 1 1 < -
_(,-)/TPQ_‘_ S Pl )+V |:<—P+ Z Pl )ﬁa:|+v'(ﬁa'Pa)+v'ha

ot 2 v—1 2
— QaNaly - E = Z(ﬁa . éaﬁ + Qup)
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—

where P, is pressure tensor, h and h are third-rank and first-rank heat flux tensor, (5 and

(Qap are heat generations,

P, = /u?qﬂfadﬁ — P41 (B.17)
3 1 ol .
hy = §ma/wwwfadv (B.18)
B | Y
he = §ma WW fodU (B.19)
o 1 o .
Qop = §ma/ww0a5dv (B.20)
1 o
Qop = JMa [ W Copdv (B.21)
In WARPXM, the fluid total energy is defined as
1 1
€ = TPQ + §pau3 (B.22)

which simplifies the energy equation in the 5 N-moment multi-fluid model as the summation
of the thermal energy and fluid kinetic energy

Oeq . L e - L =
i—i—V- (ea—i—Pa)ua—l—(umHa)}+V'ha—qanaua-E

ot
= (it~ Rap + Qup)
Ba

(B.23)
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Appendix C
DERIVATIONS OF BRAGINSKII TRANSPORT EQUATIONS

C.1 Chapman-Enskog Expansion
Considering the effect of collisional interactions in Vlasov-Boltzmann equation, Eq. (B.1J),

there are three characteristic normalized parameters

t «
5 fa - TG (C.1)
W}coll %
= 8foz f
U %x VL Ampp Co
DA (€.2)
ot leoll TaB
Yo [, Ofa 9t
wE S 4Bl B B _ s
%} f mug, T =B (C.3)
ot lcoll TafB qTap D
= ~ 7 = WcTap = €B (04)

%
ot lcoll

TaB
where both ¢, and €, indicate the scale of collisionality, Fp is known as Dreicer electric

field, which is a critical electric field for runaway electrons, and e represents the effect of

magnetization. Thereby, the normalized Vlasov-Boltzmann equation can be written as

dfa afa — afoc Ga — - S 8fa o 1 5foz
n o5 T (BroxB) Gr= ok

= —_— v -
dt ot or — my
where € has the order of € ~ ¢ ~ €, ~ €g ~ e€g. Assuming ¢ < 1 in a weakly magnetized

(C.5)

coll

plasma, the distribution function f, can be expanded as

fazfa0+fal+fa2+"' (C6)
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where the subscript denotes the order of €. The linearized collision operator is

oal > Clnnf)

6t coll
~ Z (fa0, £50) + C(fa0, f51) + C(far, f30) + C(far, fr) + -]

(C.7)

Hence, Vlasov-Boltzmann equation can be expanded order by order

¢! order: 0= Z C(fa0, f0)
® order: dfa0 _ Z (fa0s f81) + C(far, fs0)]
: p a0, /81 als 50
¢! order: Afar Z (fo1, fa1) + C(fa2, fao) +- -]
. dt - aly JB a2, J B0

These expansions are known as Chapman-Enskog expansion[87]. From Boltzmann H the-
orem, it is known that Maxwellian distributions f3;, with a state of thermodynamic equi-
librium, where temperature satisfies @, = ug and T, = Tj, become the solution of the ¢~

order of the equation.

m|T—iig (7,t)|2

fao(t, T, 0) = ng (7T, e @D (C.8)

1
S:
N\
[\
<
23
&l
\_/
~~
N

In a strongly magnetized plasma, eg > 1,

_ — 7 8fa
¢! order: we(U x b) - 5170 = Z (fa0, f30)
& order: 9fa0 L7 0fa0 +Q_aﬁ_ dfa0 +wo(7 % l;) Ofa1

ot o7 m o : o7 :Z focvaﬁl +C(foc17fﬁ0)]
@ B

Note that the non-drifting Maxwellian distribution in the frame moving with the background

fluid velocity g is still the solution of the e~ order of the equation.

7 afocO —

el B) - 20— Ma (o — ts)
v

T,

b) - fao=0=">_C(fa0: fa0) (C.9)
B
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Considering the total derivative of the Maxwellian distribution function,

dfaO o afon — afon do . afon

— : = (E+7xB 1
a o " 8:Z’+ma( +7xB) 52 (C.10)
Using the chain rule,
8foz(] _ afao ana afon . aﬁa afao aTa (C 11)
ot on, Ot ou, Ot oT, ot '
L O0fao o [(Ofa0Ong  Ofao Ols  Ofao 0T,
. — . . 12
Uz Y (Gna 07 " oa, or ot oF (G-12)
Ga ~ — ] afozl) o Ga - — o _m(ﬁ_ ﬁa)
m—a<E+v><B>- = (E+v><B> { T e (C.13)
Since f,o is Maxwellian,
afon 1
= —Ja C.14
on. — ndeo (C.14)
afa() aﬁa ma — — - \T
. — . 1
oi, 0% 20, [W“ + (Vi) ] (C.15)
Ofa0 mew? 3\ fao
= a_ 210 1
oT, ( 2T, 2) T, (C-16)
where 0 is random velocity of alpha
W= 17—, (C.17)
Also, Maxwellian f,o allows to use the ideal 5 N-moment fluid equations such that
ong . . .
% ==V (naty) = =ty - Vg — 1o (V- U,) (C.18)
aﬁa o N - Vpa o = — =4
= = (e V) o = +m—a(E+ua><B> (C.19)
oT, 2
= — _‘Oz . Ta —Ta ° _’a 2
5 Ug - VT, + 5 (V- ty) (C.20)

Collecting together all components for the total derivative of Maxwellian, df,o/dt,

dfao mew? 5\ _ 1 me (.. w?e . L \T
—0 = _Z VT, + -2 ——1): |Vii, + (Vi, 21
dt 0{( 2T, 2> I 2T, (ww 3 [ o+ (Vi) ] (C.21)
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Notice that the first and second terms represent heat flux and viscosity tensor, respectively.
Since the Vlasov-Boltzmann equation can be expressed in terms of the total derivatives of
Maxwellian distribution and off-Maxwellian part f% such that

dfo  dfa
= t° ZC far I5) (C.22)

, the heat flux and viscosity are found to be related with the off-Maxwellian part (thermo-

dynamic non-equilibrium condition) and collisional interactions

dfg ZO faafﬁ dfa()

mew? 5\ . 1 Mo (. we . T
__fao{( 2Ta _Q)w'iVTa—Fﬁ(ww_?I)'[vua+(vua) i|}

C.2 Expansion of the Distributions around Maxwellian in terms of Legendre
and Laguerre Polynomials

In the velocity space using spherical coordinates v = (v, 6, ¢), the distribution function f

can be expanded around the Maxwellian f,[62]
f@) = fv,0,0) = folv) (1+.X)
)y (m () ) (W
BV (0,0) 3 0l L (—)

)
1=0 m=—1 i=0 th

(C.24)

1
m) i spherical harmonics and L 2) §5 the associated

where @ = ¥ — @ is random velocity, ¥,
Laguerre polynomials, which is also known as Sonine polynomials. Using a real basis of

spherical harmonics Y}, [61],

e ! & 1 1 w?
F,0,6)=fo 3 > bimYim(0 ALY S (—2> (C.25)

=0 m=-—I i:0

where

m A+ 1(L—m) o
v, ><9,¢>=\/ T costhee (C.26)
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2l = m])! S imé

and Pl(m) is the associated Legendre polynomials. Considering [ =0,1,2,---,

booyooza )L% + Z Ylm blmzﬁl L(%

m=—1

f(v,@,qb) fO

>3 o)
Z Yom : meZa D) (c28)
m=—2
This form of the expression is useful due to the orthogonality of polynomials in the moment
approach. Note that Grad[88] and Balescu[62] expanded the distribution in terms of Hermite

polynomials. Showing more explicit and useful expressions,

F(v,0,0) = fo [(NOL5%> + NI )

+2 . (UOL 4L )
vth
12ww——2}>
s (Pl + P ) | (C29)
5 nmuy,

where the coefficients V;, ﬁi, and P; can be obtained by taking moments. For example,

considering Oth moment,
/fdsv =n (C.30)

Using the expanded function, the Oth moment becomes

1 1 1 1
/fd% = /YOOLgﬂdew = 47r/w2fong) (NOng> + My ) dw

1y (1
— dr No/e‘XLéQ)LéQ)éXévtth (C.31)

T2 vfh

= nNO



1
where X = w?/v?,. Thus, Ny = 1. Similarly, taking a moment with ng)

Using the expanded function,

/Lié)fd%:/yooL fd3w—47r/wfo (NOL()+N1L()+...>dw

2 331 -
—ﬁan/Ll Ly’ Xze %dX

3
:§HN1 =0

that leads Ny = 0. The moment with the random velocity is simply

/mzﬁfd% =0

2 2
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(C.32)

(C.33)

(C.34)

Since 1 o Y4, [61], the only diagonal terms of @i tensor, w? = w? = w? = w?/3, contribute

)

from spherical harmonics such that

3y L (3
/mYlm fd3v—47rm/f0 ( L(()Q)+U1L§2)+...>w?dw

w? (3)+(3) o X 1
= ——nmU, ] —Lg* Ly* Xz2dX
3ﬁ”m o

4 = 9 3.3, (3)
:ﬁnm%i/)ﬁLo Ly e *dX

= nmﬁo =0

. 3
Thus, Uy = 0. Taking a moment with L§2),

L3 (3  muw?
/wa fdgv:/w<§— 5T ) d*v

(C.35)

(C.36)
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where £ is heat flux. Using the expanded distribution,

() p 3. 2% ¢ 2
Vi Ly? fdPv = dm [ foli ¥ =21 - 0,082 + 0,0 + .. ) widw
Uih,
4 = o 33 (3
=320 I/X2L12 Ly e XdX (C.37)
5 4
—§TLU1
Hence,
— 2 —
Uy =———h C.38
T (C.38)

The viscosity stress tensor ﬁ can be obtained by
o 2
1= /m (ww - —]) fd*v (C.39)

Since Y5, o< wWw — “’?217 the only off-diagonal terms of Y3, where m = (—2,—1,1) and

(wywy, wyw,, wyw,) contribute

46 [ ¢ )wi (3) _x
MY L Dy = Ly’ Dp oLy e X X2dX
vs ) W

465 [1
= ——PO/—w—4L( DX XEdx
NG 9 vl (C.40)

Py | X2Ly? e XX2dX
15\/_0/2 2

—Po I

The other coefficients are related with higher moments or higher order of spherical harmonics

and Laguerre polynomials. For 5 N-moment fluid model, it is enough to consider

>

W 2 - o)\ 1200 -2 o
0, ) ~ 142— [ ———=hL;? ——3 1 C.41
f(0,0,0) = fo |1+ v, ( s5nT ! ) * 5 nmup, ( )
Applying Taylor expansion of Maxwellian distribution with w < vy,
7 1207 — 21
v — <~
0 142—- _’——hL — 3.1 C.42
J(0.0.0) = fo |1+ vE (u 5nT ) 5 nmu}, ( )

where the distribution function now is expanded around the non-shifted Maxwellian distri-

bution fo

fo=n (ﬂf e (C.43)
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C.3 Approximated Fokker-Planck Collision Operator for Coulomb Scattering
with the Assumption of Small Mass Ratio

The Fokker-Planck collision operator can be expressed in terms of Rosenbluth potentials

Hg(v) and G(0)

0 < AT > 1 02 < ATAT >
C(f“’fﬁ>__a_q7'<f Al )+§817817'(f Al )
_ _2‘ T mey 8H5 . lﬁfa ) (‘32G5

07 " |ma+ms’® 00 207 0007

where the first term is for momentum loss and the second term is for temperature (or energy)

(C.44)

diffusion such that

< AT > 0Hg
= —_— 4
At o7 (C.45)
< ATAT > 0*Gp
a5 (C-46)
- Mq fﬁ(ﬁﬁ) 3

= (1420 [ L2, (C47)
Go(0) = [ Fa() 17~ Tl o, (9

B 47rqiq§ InA
ap = W (C.49)

Considering the linearized collision operator by using the linearized distributions around the

non-shifted Maxwellian distributions,

C(fom fﬁ) = C(fam fﬁO) + Cﬁﬁ (050)

where the first term becomes zero only if 7, = Ts. Assuming the small mass ratio (e.g.,
electron-ion collision), my,/mg < 1, the first term in Eq. (C.44) involving Hg becomes
negligible. According to Hinton[89], the second term can be evaluated as

82G,8 w%[ — @U/glﬁﬂ
— 2~y
OvOU g wg

(C.51)

where the following approximation is applied for the relative velocity v — ¢/

’17— 17/’ ~ |17— ﬁg‘ = w,g (052)
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Hence, the collision operator in the frame moving with the background fluid velocity g

becomes
0 |wil —Wews Of,
CMB — : 3 : —
Owg wy O0wg

Cfar f5) = gnal (C.53)

Assuming ug /v, < 1, the linearized collision operator with the first order terms can be

written as

C(far f5) = C*(far, fs0) + C*(fao. f51)
_ Lnglag { 9 (Uﬁ _ gg) 9 4V '2“6]2(10] (C.54)

3 —
2w 0v Vihe

ov

As for the opposite interspecies collision (e.g., ion-electron collision), since the first term in
Eq. (C.44)) involving Hp is not negligible, the zeroth order term becomes negligible for small

mass ratio m, < mg or identical temperature T;, = Tj.

Cliom foo) = 222 (1= 22) 2L (o) (©55)

Tap NpMp Tlg 317

- (éaﬁ = n“mauﬂ) | _neme O (afm + Eaf‘“> (C.56)

ngmg ToB 0T  ngmgTag v me OU

where 7,5 is the momentum transfer time (slowing-down period)

4 ngly My
Tas = 3 b (1 + —) (C.57)
VT (Vfha + Vig)?

and fiag is the momentum transfer rate obtained by taking the first moment of the linearized

collision operator

NaMq

Ug — ngmalagp / 2%fodd?’v (C.58)

Rop = / Ma0C(fa, f)d*0 =

«,
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C.4 Transport Coefficients Obtained by Taking Moments
Taking the first moment of ¢y order equation for electrons in steady state df./0t = 0 with

different orders of associated Laguerre polynomials,

3 =
Ll VP, — neq.E
_dfeo | (3 5
/mev dt L12 = —gneVTe
)
L 0
€)) = 5
= /mevC’fi ng) d*v + neqe %_’61 x B (C.59)
3 . _
Ly 857, x B
EES) _’eO X E
A 507, <
Dotting with b,
Vi Fe = negeE) Ry
—2n.V) T, = ES) b (C.60)
A3®

0
where the parallel equation can be proceeded as in the Spitzer[26] problem. According to

Hirshman and Sigmar[90, [01], the parallel components of the frictional force can be expressed

R Ugo|
ES) b= Z Vfg} Up| (C.61)
ES) ’ Upy|
where
E%B = (Z namayaﬁM;]}J dap + namal/aﬂN;% (C.62)
k
(C.63)

3 20 (3) ~ =
/ tiatite) (UQ—L%)lfao, fﬁo) d*v

ij
nayagMaﬁ =
tha



nayagNZfB =

3 ~ 20 3y
/ULEE)ICK (faO; 1}2—”L§2_)1f50> dS’U
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(C.64)
thi

Hence, using the small mass ratio assumption m, < m; in the 5N-moment two-fluid model

ﬁi?) Zi gZz %ZZ UEOH
éi? b= —NeMelee %Zi V2 + %ZZ. %5 + %Zi Us
5(2)
R Bz, ®2407 12487 0,
Zi 0 0 [Uy
%ZZ- 0 0O [Usy
which can be re-written as
Rg‘)) UeOH - Ui0|| Ue|| — Uj)|
R)S) . E) = —MNeMele; I:GCZ] Uel” = —NeMelei [I{ﬂ —ﬁhe” (066)
égf) U62|| UeQH
where v.; = Z;v.. and
1 3 15
2 8
[(L5]=12 L2+8 2249 (C.67)
15 3v2 | 69 45v2 | 433
s 4z, T16 6z, T 61

Using Eq. (C.60)), the parallel component of the heat flux with the transport coefficients can

be obtained as

Ue|| — Ui ) V| Pe = neqe )
e1—1
—semhel | = o L) —5n,VT, (C.68)
UeQH 0
leading
5 Af 25 _n .1 (M%)

he = -3 eTeﬁ e|l| — W __Zl == Ae - = V Te C69
= —gnelegy (e —wa) = 2= ( Tl Al (C.69)



where [Af] = [Ifj}_l. Crossing Eq.
(jeOL
_, 1
Uer | = o B?
UeZJ_
ExB
B2
= 0
0

C.59

VP,
3, VT, - RY | xB

neqB

with B ,

— g E — RY
_F®
Bxﬁg?)—BxVPe
3ncb x VT, + b x R
bx R?
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(C.70)

For strongly magnetized plasmas, e > 1, the linearized distribution f.; can be expanded

in powers of €5,

Jor = Jod + Jed) + -+

that yields

0 .
€p order:

-1 .
€z order:

0o ExB — —Lbx VP,
gw | = qLBZS x VT,
U5, 0

U bx R

08| = oy [0 A
U, b R

(C.71)

(C.72)

(C.73)

While the original expression for the frictional coefficient matrix Effﬁ is developed for the

Spitzer problems, which is independent to magnetic fields, it can be generalized by using v

instead of using v[90] in Egs. (C.63) and (C.64) such that

RY @, — G
R’gi) = —nemeyei |:°EZ:| — _5n§Te }_ie (074)
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Hence, the perpendicular components of the heat flux become

heL -

5) eTe ~ 3 eTe ~ N - 13 2 eTe el
2= e b x (@, — i) - <—+ f) Ry, 1, (C.75)

b T+ =
X VIt 4 Z; | mew?

2 MeWee WeeTei

Thus, the heat flux for electrons consists of the advective heat flux part l_ii, which is known

as Ettingshausen effect, and thermal conductivity part E% such that

he = hS + RS (C.76)
5 L€ A 3 nT. -
hy == eTe 10 e i b —_=° b _)e — _)7; C.77
w= gelepe (e —wig) bt 522 x (e — ) (C.77)
- 25 n.T, . 13 V2)\ nTove 5 nT, -
he = — vV, T.b— | = V.T,— = bx VT, C.78
T AL Ml I (4 + Zi> Mew?2, L MeWee % ( )

Similarly, the frictional force R,; consists of resistivity fifj and thermal force f{%, which is

known as Nernst effect,

R.; = RY + RS (C.79)
.y 1 mele; . » Mol -
R% = n.g————=Jb sy C.80
U n qASO nqu I + n.q2 1 ( )
Ny 5L¢ ~ 3 ne -
R =20y T px VT C.81
’ 2°COEOVH 2wce7—ei % V ( )

The transport coefficients for ion heat flux can be obtained by using the same approach with

RY i,
R | = —nmmvy [L5] | Ua (C.82)
R)ES) lsz
0 0 O
(L] =v2 |0 1 (C.83)

KIS
S5 i

Ri = —Re (C.84)
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Appendix D

GALILEAN INVARIANCE OF COULOMB COLLISION
OPERATOR

Galilean invariant is an unchanged property after Galilean transformation. In the theory
of relativity, Galilean transformation can be replaced by the Lorentz transformations. The

general form of the collision operator is

0 fa

=2 ==y v eV (D.1)

ot coll

where .
JOCIE / =i [fo@)f() [)0h@®] py  (po
2 u? mg OV Mme OV
dmqqsIn A

o= —F— D.3
77 (dmeg)?m2 (D-3)
i=0 -0 (D.4)

Considering J°\P in the frame moving with velocity ., the velocity components can be

transformed as

F=7—1i, (D.5)
W =i — i, (D.6)
G= Tl — (7 —,) = @ — (D.7)
d*v' = d*uw'’ (D.8)
o o 0o
0 % a0
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which yields

7=t | u'l = @i {fm Ofs() _ foli) 8fa(u7)} S (D)

u? mg 0w me  OW

and the collision operator can be written as
of, a0 - o =
e I e e L D.12
IEREEE W o1

ot
Thus, the Coulomb collision operator is Galilean invariant. This Galilean invariance allows to

coll

consider the complicated form of the collision operator, for example, in the frame moving with
background fluid velocity s that eventually allows to use non-shifted Maxwellian background
distributions even if the background is not stationary. Note that the incident particles have

a relative fluid velocity i, — tg due to the relative frame of reference.
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Appendix E
THIRD AND FOURTH ORDER RUNGE-KUTTA METHODS

E.1 Third Order Runge-Kutta Method

The third order discretized equations in the exact form is

ot oQk

l

~ oL oL

2 2 2
+1<a£ y L . oLoL oL, (aoc

+ — +
or " TowgkT T aQr 0t T (9Qk)? 0Q;
(E.1)
where
., 2
d3Q;c _ PL N PL Iy a;.[‘a;.[’ n %L an 02.r L2 8;-[) 7z (EQ)
ag>— 0 g0k oQF ot aQkor  (0QF)? 0Q;

In the third-stage RK method,
Ql (l‘l s n—i—l) Ql ((El s ) + bleEAt + bQOE(QQ,t + CgAt)At + bgeE(Qg,t + CgAt)At (E3)

£(§2, tn + coAt) and £(§37 t, + c3At) can be expanded around (ij, t,) such that

I(gz, tn + CQAt) = of(éf —+ aglof(gl, tn)At, tn -+ CQAt)

1 0 Sk 0
=L + ﬂ <02Ata + a21°C(Ql 7tn)AtaQ§g) L (E4)

2
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cE(QQ,, tn + CgAt) = f(@;ﬂ + CL31£(§1, tn)At + aggof(gg, tn -+ CQAt)At, tn + C3At)

ot

1 9 5 0
=Lt <03At— (agloc + agL (Qa, tn + cht)> At@) L (E.5)

2
1 0 = d 3
+ 5 (CgAta + (aglef + (IggoC(QQ, tn + CQAt)) Atw) L + O ((At) )

where

Ql (Q?l y ) + a31£(§1, tn) —+ a32£(§2, tn —+ CgAt) (E6)

Collecting terms that involves the same power of At,

- oL oL
L(Qo, bty + c2At) = L + (Cgﬁ -+ a21£an > At

1| ,0°L 0*L 0*L
+ o | BT+ 2amed a3 L2 | (A2 O ((ADP)
2 ot =
8758@, (862?)
(E.7)
, oL oL
95(93, tn + CgAt) =0 —+ (Cgﬁ —+ (CL31 =+ CL32) 8@?) At
, 02 L 0L 0L oL 0*L
= = 2 =
3 ( Yo T ogr sl ( f)  2es{oa + asQ)Iatan (E.8)

0*L
(0at)

+(asy + azy)?L? (At)* + O ((At)*)



Substituting Egs. ) and (| into Eq. ( -

Ql (Il Jtng1) =

QF(Z* 1) + (b + by + bs)LAE

0.L 0L )
=+ ((bQCQ + b363)§ + (a2162 + ((131 + a32>b3> a@k> (At>

l

1 0?L oL
+ 5 <(b203 + b3C§)W + 2 (a216262 + (CL31 + &32)b3€3) iata@f
oL 0L 0?L
+2a3203¢0 ——- 5 + (a31b2 + (a3 + as2)?bs) L —
o (oat)
2
oL
+2a21a32b3£ (a Hk) (At)3 +0 ((At)4)
l

Comparing Eq. (E.9) with Eq. (E.1)),

b1+b2+b3:1

1
bQCQ + b3€3 =

DO |

1
ag1bs + (asy + ase)bs = =

1
bgcg + bgCg =

wl

Wl =

ag1boco + (asy + asg)bscs =

1
asabscy = 6
2 2 1
az,bo + (ag) + azx) bz = =

1
2103203 = 6
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(E.9)

(E.10)

(E.11)
(E.12)
(E.13)
(E.14)
(E.15)
(E.16)

(E.17)

While there are eight equations for eight unknowns, the system is not closed because there

actually exist only six independent equations. For example, Eqs. and - produce

ag1 = C2

(E.18)
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Also, Eqs. (E-TI), (E12) and (E-I8 yield

azi + az2 = C3 (E.19)

Therefore the following six equations are independent

1
bQCQ + 6363 = § (E21)
1
bgC% + bgC% = § (E22)
1
a32b302 == 6 (E23)
a91 = Co (E24)
azi + az2 = C3 (E.25)

E.2 Fourth Order Runge-Kutta Method

The fourth order discretized equations in the exact form is

2

2 2 2 2
i1 8f+28{£+6{%+ 8;’5 L2+ a;'f L | (At)?
o otoQf  oQF Ot (0QF)?

QP tusr) = QF () Al + LA+ ! (8;.5 + %cf) (At)?

LU (ee vror or(oc\ or L oL FsL
24 ( o T o2 ggk ot \ aQF ot ptoQk ot (a@k)2 (E.26)
l

3 3 2 2
TANPIT AP T VLT
oQk 01203k 0t0Qk 0Qk <6Qk> aQk

BL BL
+3 SL7 + L7 | (AN + O ((At)°)

ot (acjgf) (a@f)
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where

“Gt_or oL or oL (or\ oL L oL oL
At ot o2 a@f ot a@f ot atan ot (8@@)2
l

3 3 2 2
+ a;'f L+3 6°€£+58°€ a{£+4 60628:5052 (E.27)
oQr o200 otoQr 9Qk <@Q';c> oQr
3 3
+3 oL, + 0L 2

SN2 NE!
or(ogt) (o)
In the fourth-stage RK method,

QF (T tasr) = QF(TF, 1) + biL At + byl (Ds, b, + 2 AL) AL -

+ b3l (D3, + C3ADAL + byl (D4, by + caAE) AL

£(§2,tn + o At), I(Qg,tn + c3At) and £(§4,tn + ¢4At) can be expanded around (Qf,tn)

>£

such that

L(Dg, ty + o AL) = L(QF + a9 L (91, t,) AL, £, + c2AL)

1 0
—C,E—Fﬁ(CQAta +G21£ Ql’

1 9 9 (E.29)
+ 5 (CQAta + a21o€ Ql 5 @)
1 B o\
Nk 4

I(gg, tn + CgAt) = £(@f + aglo[)(gl, tn)At + aggaf(gg, tn + CgAt)At, tn + CgAt)
1 0
=0 + — CgAta -+ <CL31°C + ClggcC Qg,t -+ CgAt At—

1!
) (E.30)

) L+0 (A

)
-1-% (@A]ﬁ% -+ (agll’ + ageL( Qo b, + e At) ) At
)

1
+ 5 <63At2 ((IgloC + CL32°C Qg,t + CQAt At

ot o0

l



L(Qy, by + caAL)

1
o+ el 4 Ati
1! an

5 <a41£ + a42£(§2, tn + c2AL) + G43£(§3, bn + C3At)>

1 0 - -
+ 5 <C4Ata + <a41°[’ + CL42°E(QQ, tn + CgAt) + CL43°E(93, tn + CgAt)) At

1 0 - > 0
—+ 5 <C4At& <a41£ —+ &4235(92, tn + CgAt) —+ &4335(93, tn + CgAt)) Ata _,;g
where
Q= QF (ZF, ta) + anL (91, t,) + asL (Do, ty + c2AL) + agsL (D3, 1, + c3At)
Collecting terms that involves the same power of At,
~ oL
oC(QQ, tn + CQAt) =L + | co— + aglcf aOE At
ot an
1 L 0*L 2
+ 3 o p— 9 + 2a2102£a G + aglc[’Q% (At)?
o )
1 3L BL PL PL
+ 5 ch— Bl + 3ag oL ———— 200" + 3a3,coL? —— + ay L3 —3 (At)
Q] ot (an) (an
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- oL oL
L(9Q3,t, + 3At) =L + | cs——— + (az1 + aze)L— | At
(Qs 3At) (3815 (as1 + asz) an>
2
K, 02 L oL 0L oL *L
+ = ( 552 + 2a39c9—— BN 8@ —— + 2ag1a32L <@> + 2c3(as: ‘I'Cl?a)cfata@;c
0*L
+(a31 + CL32)2@E2 SN2 (At)2
(00t)
W1 0383°E+3 Ca2£6i+6 C&,[’ L + Gagy(az, + a )cIaOC 0*L
6 | 39 a32Co o 0@ (32C2C3 ot oz an 32(a31 82)C2el —<8Qk>
l
oL 0>L oL O*L
+6ag1a32(ca + ¢3)L — —— + 3agazz(ag + 2(az; + az)) L= —
oG 0toQ} o0t (o)
5 . OBL 9 , OBL 5 5 OBL 3
+3(a31 + agg)CgoCa 28 = + 3((131 =+ (132) CgcC ﬁ + (a31 + agg) OE NG (At)
20} ot (0Gt) (o0t)

+ 0 ((At)Y)
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5 oL oL
L(Qutn + caAl) = L+ <C4_ + (@41 + as + a43)c€£> At

ot !
2
0, 02 L &,C oL oL
+3 ( e + 2(ascs + CL4303) Qk + 2(az1a42 + (a3 + azz)aa3)L (T@“)
+2(as +ap+a )CIaz;.CvL(a +ap+a )24’82;[ (At)?
41 1 Qg2 + A43)C4 OO 41 1 (42 + Q43 2

! (6@{“)

3
8305 oL 0?L oL GI oL
+ 8753 3(a4202 + @4303)8Qk o2 + 6asaa43¢2 T@f 875 + 6agi azaaazL ﬁ

!
oL 0L oL 0>.L
e 3158@;“ + 6(ag2cs + ag3cs)(aqr + asn + ags)L —

+6(a4262 + a4303)64 R —
ot (273k)°
(0a)

oL L

+6 (ag1aaa(c2 + ) + (a1 + ags)aas(cs + ca)) eC@Q k OtoQk

oL 9*L
+3 (a3ya42 + 2021042 (041 + sz + ass) + (as1 + azz)ass (ag + ase + 2(as + as2 + as3))) eCZank —3
' (0g})

PL PL
+3(as1 + asz + as3)c; oamn T 3(an + as + a43)2c4e£’ﬁ
oroq) ot (an)
PL
NE!
(0at)
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Substituting Eqgs. (E.33)), (E.34) and (E.35)) into Eq. (E.28)),

f(ff tn1) = Qz (xz ) + (b1 + bo + b + by) LA

ot Sk

oL oL
<(bzc2 + bs3cs + baca) —— + (a21b2 + (as1 + as2)bs + (a4 + a2 + asz)bs) 9 ) (At)z
!

2L 0L 0L

1
+ = ((bQC% + bgcg —+ b4Ci)W (a32b302 + CL42b4CQ -+ a4gb403) a k at

2

oL
+2((a31 + a32)a43b4 + agl(a32b3 + a42b4))c[’ <T@>
l

*L
+2 (ag1boca + (a1 + as2)bscs + (ag1 + ago + ag3)bscy) L

ooQr

0%L
(0Gt)”

BL 0L oL
ﬁ + 3((&32b3 + a4gb4)c§ + CL43b4C§)W@

oL [ oL oL
+6asaa43bsco—— (a_—»> + 6ag1a32a43b4L (8 )

+ (a3,b2 + (as1 + az2)’bs + (a1 + asz + as3)’by) L (At)?

1
+ 6 ((bgcg + bgcg + b4Ci)

ot \0Q; o
oL 824‘
ot otogh

+6(a32630203 + b4(a4202 + CL43C3)C4)

oL L

+6 (ag1asebs(ca + c3) + ag1aubs(ca + c4) + (as1 + asz)assbs(cs + c4)) £_a@;c 8t8@f

BL
H20Qk

oL 9*L
+6 (CL31G325302 + aZybscy + (a1 + asz + asz)ba(ascs + 04303)) L—

ot (a@’ff

+3 (azleCg + (agl + agg)bgcg) + (CL41 + ayo + a43)b4ci) L

+3 [ag1as2(az; + 2(as; + as))bs+

oL L
(a§1a42 + 2a91a42(a41 + ag2 + ay3) + (as1 + asz)asz(as + aze + 2(agn + ase + a43)))b4} L
o0t (o)’
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ot (aG)
3 3 3 g 0L 4 5
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Comparing Eq. (E36) with Eq. (E26).

by +by+bs+bs=1 (E.37)

1
bQCQ + b363 + b4C4 = 5 (E38)

1

a21b2 =+ (a31 + agg)bg + (CL41 + ayo + (143)174 = 5 (E39)

1
bgcg + bgC% + b4Ci = g (E40)

1
azobsco + asabsco + asgbscsy = G (E.41)
1
(@31 + as2)aasbs + as (asebs + asby) = 6 (E.42)
1
anbacy + (az1 + asz)bscs + (as1 + @z + ass)bscy = 3 (E.43)
1

agle + (a31 -+ a32)2b3 + (CL41 + [e7%)) + (143)2b4 = § (E44)

1
bgcg + bgcg + b4Ci = Z__L (E45)
(aggbg + G42b4>C% + CL43b4C§ = E (E46)

1
bico = — E.47
A32A4304C2 o1 ( )
1
a21a32a43bs = Y (E.48)
a32b3Cocs + by(agocs + agzcs)cy = 3 (E.49)
5
a21a32b3(Cy + €3) + ag1ageby(ca + c4) + (as1 + ase)agsbs(cs + c4) = 21 (E.50)
1

a2lb2C§ + (as1 + a32)b3C§ + (aq1 + age + a43)b4ci = 1 (E-51)
az1a32b3co + G§25362 + (@41 + agz + as3)bs(asncs + agzcs) = 3 (E.52)

asiazs(as + 2(az + asz))bs
1
+ (a§1a42 + 2a91a42(aq1 + ago + ag3) + (as1 + asz)ass(asy + ase + 2(aqy + age + aq3)))by = 3

(E.53)
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1
a§1b262 + (as + a32)2b303 + (a4 + age + a43)gb404 =1 (E.54)

1
a3,by + (a1 + a32)’bs + (a41 + @ + a43)°by = 1 (E.55)

While there are 19 equations for 13 unknowns, the system is not closed because there actually

exist only 10 independent equations such that

bi+ by + by + by = 1 (E.56)
1
bQCQ + bgCg + b4C4 == 5 (E57)
1
bzcg + b30§ + b4Ci = g (E58)
1
bgcg + bgcg + b4Ci = Z (E59)
1
a32b362 + a4gb402 + a4gb403 = 6 (EGO)
&320217303 + CL4Qb4CQC4 + CL43b4CgC4 = E (E61)
a b ! (E.62)
a Co = — .
320439402 24
91 = Co (E63)
azi + az2 = C3 (E.64)

41 + Qa2 + a4z = C4 (E.65)
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Appendix F

ANALYTICAL SOLUTIONS OF WAVE EQUATIONS IN
CYLINDRICAL COORDINATES

The wave equation is

=V (F.1)

where ¢ is the characteristic wave speed. Using the separation of variables, the solution u

can be expressed as

u(t,r,0,z) =T()R(r)Q(0)Z(z) (F.2)
From Eq.
T 10 [ OR 1 8262 82
—RQZ o7 = TQZ = ( ar) + TRZ = + TRQS (F.3)

For non-trivial solutions such as T'(t) # 0, R(r) # 0, Q(0) # 0 and Z(z) # 0, Eq. can

be rewritten as

11T 119 (0R\ 118°Q 187 (F.4)
2T o Rror\' or)  Qrroer " Z 922 '

Also the left hand side and the following terms in the right hand side should be constants
110°T

2T or ~ ke (F.5)
1 92Q
10%Z
which lead
0’R 10R 1
a7 Ty ek~ m R =0 9

Defining k as
k= k> — k? (F.9)

(& z
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Eq. can be simplified as

1

2R 1
il @+ [kQ — ﬁmﬂ R=0 (F.10)

ar2 ' ror
Changing variable by using x = kr, Eq. can be expressed as the Bessel equation

0’R 10R m?
W—FEE—F[l——}R—O (Fll)

12

The general solutions for the Bessel equation are
R(z) = CiJp(z) + oYy (z) = R(kr) = CyJy(kr) + CoY,, (kr) (F.12)

where C1 and C2 are constants, J,, is the Bessel function of the first kind of order m and
Y, is the Bessel function of the second kind of order m. The general solutions for Egs. [F.5]
.6 and are as follows

T(t) = Cge™™" (F.13)
Q(0) = Cyet™mo (F.14)
Z(2) = Cse*it? (F.15)
where
w = k. (F.16)

Note that the constants k., m and k, have the negative in the right hand side of Egs. [F.5]
and to give the periodic solutions. It is natural to see the periodic solutions in the
azimuthal direction to satisfy the boundary conditions. However, it is not necessary to have
the negative signs for k. and k.. In fact, if they have the positive sign in the right hand side

of Egs. and [F.7]
T(t) = Cge™" (F.17)

Z(2) = Cre*k:? (F.18)

which yields

@ 10R . m?
ox?  x Or

+ —} R=0 (F.19)

2
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The general solutions of Eq. are
R(z) = Csl(x) + Co Ky () (F.20)

where I,,, is the modified Bessel function of the first kind of order m and K, is the modified

Bessel function of the second kind of order m.
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