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The thermonuclear fusion process in a D-T Z pinch is investigated by developing the multi-

component, deuterium-tritium-helium-electron, model including fusion reactions and inter-

species collisions via the WARPXM simulation framework. The geometric source terms are

implemented into WARPXM to solve axisymmetric problems in cylindrical coordinates with-

out changing the code’s infrastructure. The 5N -moment growth rates peak at the expected

wavenumber and further stabilize at large wavenumbers in a manner that agrees with previ-

ously published studies using higher fidelity kinetic models. The radially-sheared axial flow,

∂rvz ̸= 0, stabilizes the sausage instabilities significantly as observed in the Fusion Z-pinch

Experiment (FuZE) at the University of Washington. Braginskii viscosity and thermal con-

ductivity also indicates the stronger stabilizing effects with decreasing plasma collisionality.

The energetic alphas produced in the core of the Z-pinch plasma expand radially and in-

teract with the azimuthal magnetic field, which drives an axial current of alpha particles.

The primary energy cascade initiates from energetic alphas to electrons, and eventually the

electron energy transfers to the ions. The increase in fusion gain becomes significant when

the plasma pinch current exceeds 1.35 MA, which corresponds to a pinch radius equal to the

gyroradius of a D-T fusion alpha. While never reaching ignition, the fusion gain increases

from 8.14 to 151.8 with the increasing pinch current and 7% of the alpha heating fraction.
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Chapter 1

INTRODUCTION

Fusion energy holds significant promise as a clean and limitless energy source. Unlike

fossil fuels, fusion uses isotopes of hydrogen (e.g., deuterium and tritium) that are abundant

in nature or can be bred through a blanket[3]. Also, fusion has the potential to satisfy the

increasing global demand for energy and to achieve the long-term sustainability by producing

tremendous amounts of energy without emitting greenhouse gases and high-level radioactive

waste. While recent renewable energy sources (e.g., solar power, wind power, hydroelectric

power, and geothermal power) can also deliver a clean energy, fusion can work as a sta-

ble baseload power supply anywhere on earth without being affected by weather or other

environmental conditions. Moreover, well-controlled fusion is inherently safer than fission

reactions since fusion does not involve possible runaway chain reactions or meltdown. Un-

fortunately, it is still challenging to sustain fusion reactions for long durations due to the

existence of various plasma instabilities that occur on multiple temporal and spatial scales;

however, decades of dedicated research and international collaborations has made progress

and is delivering critical breakthroughs.

1.1 Motivation for Fusion Propulsion

The required electrical power and payload mass for spacecrafts are increased for modern

missions.[4] For an interplanetary space explanation within the solar system, a spacecraft

should change its velocity on the order of 104 m/s. From the rocket equation with as-

sumptions of the constant exhaust velocity and gravity-free space, increasing the enthalpy

of propellant or decreasing the payload mass fraction can produce high acceleration of a

spacecraft and reduce trip time
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∆vsc = vex ln
m0

mf

(1.1)

where vsc and vex are the spacecraft and exhaust velocities, respectively, and m0 and mf

are initial and dry masses of the spacecraft. The shorter trip time is not only economically

beneficial for robotic missions but can reduce the risk of lethal radiational exposures for

astronauts. However, larger enthalpy of the exhaust flow usually requires more external

power source which reduces the payload mass fraction. There exists a tradeoff between the

payload mass fraction and trip time to achieve an optimum thrust.

The methods to increase enthalpy of propellant classify the types of the propulsion sys-

tems such as chemical propulsion through combustion, electric propulsion using electrother-

mal or Lorentz forces, and nuclear propulsion converting fission or fusion energy directly.

While chemical propulsion is the oldest and most conventional method, the increase of en-

thalpy is limited by the chemical binding energy of propellant. Electric propulsion requires

a sufficiently large external power source to ionize and accelerate propellant gas. The solar

cell is a popular external power source for current electric propulsion, but solar power (elec-

tromagnetic field energy) drops as 1/r2 where r is the distance from the sun and restricts

possible missions beyond Earth orbit. The available energy through nuclear reactions is

also limited by nuclear binding force but the corresponding energies are 106 or 107 higher

than those of chemical reactions.[5] However, there are some difficulties to withstand ther-

mal stresses and control radiative flux on a spacecraft. Until today, there does not exist an

adequate propulsion system for deep space explorations. Plasma physics can describe the

naturally existing charged gas in space environments (e.g., the solar wind, the Van Allen

radiation belts) and control thermonuclear fusion. Electric propulsion is one example of

the practical applications of plasma physics over the past half century. Nuclear fusion can

be applied either to directly accelerate a propellant or to produce electrical power to drive

an electric propulsion system. Both approaches offer promising solutions for future space

exploration.
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1.2 Why Z-pinch Fusion Thruster

The major fusion reactor concepts can be classified by the four methods of confining the

plasma: Inertial Electrostatic Confinement (IEC), Magnetic Confinement Fusion (MCF),

Inertial Confinement Fusion (ICF), MagnetoInertial Fusion (MIF). IEC uses a spherical

grid to produce radial electric field for confining plasma and its simple device known as

Farnsworth-Hirsch fusor has been built by some hobbyists.[6] Although it has a simple and

low cost assembly, it is difficult to confine hot and dense plasma and achieve the fusion energy

breakeven Q = 1 due to kinetic instabilities leading to high energy and particle losses. MCF

(e.g., equilibrium Z pinches, tokamaks, spheromaks, stellarators, field-reversed configuration

(FRC) and magnetic mirrors) uses strong magnetic fields to confine relatively low-density

plasma for a long steady-state operation and attracts a lot of plasma physicists and engineers

trying to realize a fusion reactor. However, the typical MCF reactor size is too large to mount

on a spacecraft. ICF applies spherically distributed high-energy laser pulses onto the pellets

to be heated and compressed by implosions and ignites fusion reactions.[7] While ICF can

produce highly energized and dense plasma, it is difficult to secure the power source for the

laser pulses in space environment. MIF, for example fast Z pinch that quickly implodes a

cylindrical plasma, combines the aspects of MCF and ICF. A Shear-Flow-Stabilized (SFS) Z

pinch[8], which is equilibrium Z pinch and MCF approach, has self-generated magnetic fields

confining and compressing plasma due to the interactions between the azimuthal magnetic

fields and the axial current. The advantage of a Z-pinch is that it does not require external

magnetic field coils and thereby has reduced cost and complexity. Increasing axial current

produces higher plasma parameters and achieves smaller pinch radius. The Z-pinch fusion

thruster is described as the viable option for future space explorations by Shumlak et al. in

2006.[9] As plasma flows towards an open end of the Z pinch, its thermal energy heated by

fusion products expands and converts to directed kinetic energy and produces thrust.
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Figure 1.1: Schematic illustration for the Z-pinch fusion thruster

1.3 Importance of Alpha Heating

Deuterium-tritium (D-T) fusion is one of the most promising terrestrial fusion reaction since

it has the highest reactivity with the currently feasible temperature of the confined plasma.

2
1D+ 3

1T −−→ = 4
2He(3.5 MeV) + 1

0n(14.1 MeV) (1.2)

With sufficiently high magnetic fields, the high-temperature alphas can be magnetically

confined and heat D-T fuel. This alpha heating effect can significantly increase the fusion

gain, Q, which is defined as the ratio of fusion power to input power. Magnetic nozzles, which

are produced by external coils, have the potential to improve conversion of the thermal energy

of confined alphas into kinetic energy to obtain higher specific impulse and larger thrust.

Therefore, it is important to understand the dynamics of energetic alpha particles and their

interactions with the bulk Z-pinch plasma.
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Figure 1.2: Comparison of reaction rates for various fusion fuel temperature[1]

1.4 Outline for the Dissertation

The main components of this research are (1) implementing cylindrical coordinates to sim-

ulate axisymmetric plasmas, (2) including a model for thermonuclear fusion reactions in a

multi-species plasma, and (3) numerically investigating the dynamics of energetic alphas

and the effect of alpha heating in the D-T Z-pinch fusion. The all of numerical results

are obtained by using WARPXM version 1.5.9. The dissertation is organized as follows.

Chapter 2 describes the numerical methods and develops the WARPXM code with the ge-

ometric source terms needed to simulations in the cylindrical geometry, which is useful to

describe the physics of the plasma pinch. Chapter 3 presents the results of several bench-

mark tests for the geometric source terms. The comparisons between the simple analyti-

cal results and the numerical results validate the correct implementations of the geometric

source terms in WARPXM. Chapter 4 discusses the stability and dynamics of a shear-free

and shear-flow-stabilized Z-pinch that includes Braginskii transport, which accounts for non-



6

Maxwellian or non-ideal distribution functions[10]. Chapter 5 develops the multi-component

(e.g., deuterium-tritium-helium-electron) 5N -moment plasma model for Z-pinch fusion re-

actions and presents the numerical results of the 1D D-T Z-pinch dynamics as a result of

self-consistent fusion reactions and interspecies collisional interactions. This chapter includes

the study reactions such that some confined fusion alphas contribute to collisional heating of

the fusion fuel. Chapter 6 presents the conclusions and proposes future directions to extend

the research.
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Chapter 2

NUMERICAL METHODS

Washington Approximate Riemann Plasma eXtended modeling platform - Multi-core

(WARPXM)[11] solves the following partial differential equations (PDEs) in conservative

form by using the Discontinuous Galerkin (DG) Finite Element Method (FEM)

∂Q⃗

∂t
+∇ ·

↔

F = S⃗ (2.1)

where Q⃗ is the vector of conservative variables,
↔

F is the flux tensor, S⃗ is the vector of source

terms. Section 2.1 explains the fundamentals and advantages of using DG-FEM. Section 2.2

introduces the general expression of the geometric source terms and gives analytical exam-

ples in multiple different plasma fluid models. WARPXM has been developed for meshes

and equations described in Cartesian coordinates; however, cylindrical coordinates are use-

ful to describe the geometry of many MCF plasmas, such as the Z pinch. The geometric

source terms which were introduced by Srinivasan[12] for WARPX can also be implemented

into WARPXM to simulate axisymmetric problems in cylindrical coordinates. Section 2.3

describes the spatial gradients for the conservative variables in DG-FEM. The gradients are

used to apply L’Hôpital’s rule into the geometric source terms at r = 0 in cylindrical coor-

dinates and are used to implement the Braginskii viscosity tensor. The gradients can also

be used in Hall and resistive MHD models. Section 2.4 and Section 2.5 shows the boundary

conditions and the Runge-Kutta method used for time integration, respectively. Section 2.6

indicates the maximum possible CFL numbers in DG-FEM with the geometric source terms

to ensure stable numerical results.
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2.1 Discontinuous Galerkin Method

In the Finite Difference Method (FDM), which is the simplest and oldest numerical approach

introduced by Euler in 1768[13], the approximate numerical solutions Q⃗n, flux
↔

F n and source

terms S⃗n satisfy

dQ⃗n(x⃗
k, t)

dt
+∇ ·

↔

F n(x⃗
k, t)− S⃗n(x⃗

k, t) = R⃗(x⃗k, t) (2.2)

where x⃗k is the local node position and R⃗ is the residuals between the exact solution and

numerical solution. The flux and source terms are described in terms of Q⃗n and the deriva-

tives are approximated by applying Taylor expansions. Calculations can yield converged

numerical solutions and simulations with sufficiently small residuals. However, it is difficult

to apply the FDM for a problem with complex geometries and an unstructured mesh.

The Finite Volume Method (FVM) is introduced in the field of Computational Fluid

Dynamics (CFD) by Mc-Donald in 1971 and Mac-Cormack and Paullay in 1972[14] based on

the FDM, but includes the geometric flexibility. In general, the physical domain is discretized

into the finite volumes (cells) V k, and the integral form of the PDEs within each volume is

numerically solved.

d

dt

∫
V k

Q⃗ndV
k +

∮
Ωk

↔

F n · dΩ⃗k −
∫
V k

S⃗ndV
k = R⃗ (2.3)

The integrated numerical solutions, flux and source terms are evaluated as the cell-averaged

properties, and the choice of the numerical flux at the finite volume cell interface Ω⃗k iden-

tifies the types of the numerical scheme. While the FVM has the advantageous property of

satisfying local conservation, increasing the order of accuracy in space in a high-dimensional

problem requires a numerical stencil that expands over many cells and becomes nonlocal. To

increase the order of the local approximated solutions on the interface, which are obtained

by using the cell-averaged solutions, the FVM requires a particular number of cells that

restricts the grid structure and the geometric flexibility.

On the other hand, the FEM does not use cell averages to find the local approximated

solutions. The FEM was originally developed in the structural engineering fields by Hren-
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nikoff in 1941[15] and McHenry in 1943[16]. In the FEM, the local approximated solutions

Q⃗k
n in the element Dk are expressed as

Q⃗k
n(x⃗, t) =

Np∑
l=1

Q̄k
l (t)ψ

k
l (x⃗) =

Np∑
l=1

Q⃗k
l (x⃗

k
l , t)ℓ

k
l (x⃗) (2.4)

where Q̄k
l are the coefficients, ψk

l (x⃗) are the basis functions, Np is the total number of the local

nodes in each element Dk and ℓkl (x⃗) are the Lagrange basis polynomials. The first expression

using a polynomial basis function ψk
l (x⃗) is known as the modal form and the latter one using

the Lagrange basis polynomial ℓkl (x⃗) is known as the nodal form. It is important to mention

that the node location y⃗kl ∈ Dk associates with the Lagrange basis polynomial ℓkl (x⃗) by using

the shifted delta-function δ(x⃗− y⃗kl ); however, y⃗
k
l is independent of x⃗kl ∈ Dk used to describe

the coefficient Q⃗k
l (x⃗

k
l , t). The global approximated solutions Q⃗n are obtained by using the

piecewise local solutions Q⃗k
n,

Q⃗n(x⃗, t) =
K⊕
k=1

Q⃗k
n(x⃗, t) (2.5)

Similarly, the global flux and source terms are

↔

F n(x⃗, t) =
K⊕
k=1

↔

F
k

n(x⃗, t) =
K⊕
k=1

Np∑
l=1

↔̄

F
k

l (t)ψ
k
l (x⃗) =

K⊕
k=1

Np∑
l=1

↔

F
k

l (x⃗
k
l , t)ℓ

k
l (x⃗) (2.6)

S⃗n(x⃗, t) =
K⊕
k=1

S⃗k
n(x⃗, t) =

K⊕
k=1

Np∑
l=1

S̄k
l (t)ψ

k
l (x⃗) =

K⊕
k=1

Np∑
l=1

S⃗k
l (x⃗

k
l , t)ℓ

k
l (x⃗) (2.7)

WARPXM adopts the nodal form and the governing equations are

K⊕
k=1

Np∑
l=1

[
d

dt
Q⃗k

l (x⃗
k
l , t)ℓ

k
l (x⃗) +∇ ·

(
↔

F
k

l (x⃗
k
l , t)ℓ

k
l (x⃗)

)
− S⃗k

l (x⃗
k
l , t)ℓ

k
l (x⃗)

]
=

K⊕
k=1

Np∑
l=1

R⃗k
l (x⃗, t)

(2.8)

Einstein notation simplifies the representation as

Q⃗k
n(x⃗, t) =

Np∑
l=1

Q⃗k
l (x⃗

k
l , t)ℓ

k
l (x⃗) = Q⃗k

l (x⃗
k
l , t)ℓ

k
l (x⃗) (2.9)
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Applying the weighted residual method, the governing equations in a local frame become∫
Dk

[
d

dt
Q⃗k

l (x⃗
k
l , t)ℓ

k
l (x⃗)w

k
m(x⃗) + wk

m(x⃗)∇ ·
(

↔

F
k

l (x⃗
k
l , t)ℓ

k
l (x⃗)

)
− S⃗k

l (x⃗
k
l , t)ℓ

k
l (x⃗)w

k
m(x⃗)

]
dV k

=

∫
Dk

R⃗k
l (x⃗, t)w

k
m(x⃗)dV

k

(2.10)

where wk
m(x⃗) is the weight function (test function) and the choice of wk

m(x⃗) determines a

method of FEMs. The weighted residual methods is adapted by B. A. Szabo and G. C. Lee

in 1969.[17] If the weight function is chosen as the same to the basis function, wk
m(x⃗) = ℓkl (x⃗),

the method is known as the Galerkin method. Using the product rule and the divergence

theorem for the flux terms,∫
Dk

wk
m(x⃗)∇·

(
↔

F
k

l (x⃗
k
l , t)ℓ

k
l (x⃗)

)
dV k

=

∫
Dk

∇ ·
(

↔

F
k

l (x⃗
k
l , t)ℓ

k
l (x⃗)w

k
m(x⃗)

)
dV k −

∫
Dk

∇wk
m(x⃗) ·

↔

F
k

l (x⃗
k
l , t)ℓ

k
l (x⃗)dV

k

=

∫
Ωk

↔

F
k

l (x⃗
k
l , t)ℓ

k
l (x⃗)w

k
m(x⃗) · dΩ⃗k −

∫
Dk

∇wk
m(x⃗) ·

↔

F
k

l (x⃗
k
l , t)ℓ

k
l (x⃗)dV

k

(2.11)

which leads∫
Dk

[
d

dt
Q⃗k

l (x⃗
k
l , t)ℓ

k
l (x⃗)w

k
m(x⃗)−∇wk

m(x⃗) ·
↔

F
k

l (x⃗
k
l , t)ℓ

k
l (x⃗)− S⃗k

l (x⃗
k
l , t)ℓ

k
l (x⃗)w

k
m(x⃗)

]
dV k

= −
∫
Ωk

↔

F
k

l (x⃗
k
l , t)ℓ

k
l (x⃗)w

k
m(x⃗) · dΩ⃗k +

∫
Dk

R⃗k
l (x⃗, t)w

k
m(x⃗)dV

k

(2.12)

This equation can be simplified as

Mlm
d

dt
Q⃗k

l (x⃗
k
l , t)−Ailm ·

↔

F
k

l (x⃗
k
l , t)−MlmS⃗

k
l (x⃗

k
l , t)

= −
∫
Ωk

↔

F
k

l (x⃗
k
l , t)ℓ

k
l (x⃗)w

k
m(x⃗) · dΩ⃗k +

∫
Dk

R⃗k
l (x⃗, t)w

k
m(x⃗)dV

k
(2.13)

where Mlm is the mass matrix and Alm is the stiffness matrix such that

Mlm ≡
∫
Dk

ℓkl (x⃗)w
k
m(x⃗)dV

k (2.14)
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Ailm =

∫
Dk

ℓkl (x⃗)∇iw
k
m(x⃗)dV

k (2.15)

Note that the number of subscripts indicates the order of a tensor and those subscripts

do not describe the dimensions. In the FEM, the higher order of accuracy in space can

be easily achieved by choosing an appropriate order of the basis function without losing the

geometric flexibility. However, since the basis function is defined globally, inverting the global

mass matrix for time-dependent dynamics becomes quite computationally expensive and the

continuous FEM has difficulty at solving problems with discontinuities or problems described

by hyperbolic equations. To deal with those problems, the DG method was introduced by

Reed and Hill in 1973[18, 19].

In the DG method, the local approximated solutions Q⃗k
n are discontinuous but the in-

terface flux, which is known as the numerical flux and shared by the adjacent elements, is

continuous. Thus Eq. (2.12) becomes

∫
Dk

[
d

dt
Q⃗k

l (x⃗
k
l , t)ℓ

k
l (x⃗)w

k
m(x⃗)−∇wk

m(x⃗) ·
↔

F
k

l (x⃗
k
l , t)ℓ

k
l (x⃗)− S⃗k

l (x⃗
k
l , t)ℓ

k
l (x⃗)w

k
m(x⃗)

]
dV k

= −
∫
Ωk

↔

F
∗

l (x⃗
k
l , t)ℓ

k
l (x⃗)w

k
m(x⃗) · dΩ⃗k +

∫
Dk

R⃗k
l (x⃗, t)w

k
m(x⃗)dV

k

(2.16)

where
↔

F
∗

l (x⃗
k
l , t) is the numerical flux and

↔

F
k

l (x⃗
k
l , t) is called the internal flux. Similar to the

FVM, the choice of numerical flux identifies the type of numerical scheme, and limiter are

applied to improve numerical stability.
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2.2 Geometric Source Terms

The governing equation Eq. (2.1) in Cartesian coordinates is

∂Q⃗

∂t
+∇ ·

↔

F =
∂Q⃗

∂t
+


∂Fxx

∂x
+ ∂Fyx

∂y
+ ∂Fzx

∂z

∂Fxy

∂x
+ ∂Fyy

∂y
+ ∂Fzy

∂z

∂Fxz

∂x
+ ∂Fyz

∂y
+ ∂Fzz

∂z


=
∂Q⃗

∂t
+
∂Fij

∂qk
gikb⃗j = S⃗

=
∂Q⃗

∂t
+

∂

∂qk

(
F̄ij√
giigjj

)
gik
√
gjj b̄j = S⃗

=
∂Q⃗

∂t
+
∂F̄ij

∂qk
gikb̄j = S⃗

(2.17)

where qi is the generalized coordinates (q1, q2, q3) = (x, y, z), [gij] is the contravariant metric

tensor, b⃗ is the basis vector and b̄j is the normalized contravariant basis vector

b̄j =
b⃗j√
gjj

(2.18)

The indices follow the Einstein notation and the summations for a first-order tensor (vector)

can be simplified as

Q⃗ =
∑
j=1

Qj b⃗
j = Qj b⃗

j
(2.19)

where Qj are covariant components of Q⃗. Using contravariant components Qj and physical

components Q̄j,

Q⃗ = Qj b⃗
j = Qj b⃗j = Q̄j b̄

j (2.20)

In general curvilinear coordinates (e.g., cylindrical coordinates and spherical coordinates),

Qj ̸= Qj ̸= Q̄j. Similarly, a second-order tensor (matrix) can be expressed as

↔

F = F ij b⃗i ⊗ b⃗j = Fij b⃗
i ⊗ b⃗j = F̄ij b̄

i ⊗ b̄j (2.21)
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where the physical components F̄ij are

F̄ij = Fij

√
giigjj (2.22)

While none of those differences show up in Cartesian coordinates on a Euclidian space, the

covariance, the contravariance and the metric tensor are important to consider for spatial

derivatives in curvilinear coordinates. The brief summary of those notations in the Rieman-

nian geometry, particularly the tensor analysis in curvilinear coordinates[20, 21, 22, 23, 24],

is provided in Appendix A. In curvilinear coordinates, the divergence of a first-order flux

tensor (vector) is

∇ ·
↔

F =
∂F i

∂qi
− Γi

liF
l =

[
∂Fi

∂qk
− Γl

kiFl

]
gik

=

[
1√
gii
∂F̄i

∂qk
+ F̄i

∂

∂qk

(
1√
gii

)
− Γl

ki

F̄l√
gll

]
gik

(2.23)

where Γi
jk is the Christoffel symbol defined as

Γt
ij ≡

1

2
gtk
(
∂gjk
∂qi

+
∂gki
∂qj

− ∂gij
∂qk

)
(2.24)

Using Eq. (2.21), the divergence of a second-flux tensor becomes

∇ ·
↔

F =

[
∂F ij

∂qi
+ Γi

ilF
lj + Γj

ilF
il

]
b⃗j =

[
∂Fij

∂qk
− Γl

kiFlj − Γl
kjFil

]
gikb⃗j

=

[
1√
giigjj

∂F̄ij

∂qk
+ F̄ij

∂

∂qk

(
1√
giigjj

)
− Γl

ki

F̄lj√
gllgjj

− Γl
kj

F̄il√
giigll

]
gik
√
gjj b̄j

(2.25)

when implemented transforms the governing equation to

∂Q⃗

∂t
+∇ ·

↔

F

=
∂Q⃗

∂t
+

[
1√
giigjj

∂F̄ij

∂qk
+ F̄ij

∂

∂qk

(
1√
giigjj

)
− Γl

ki

F̄lj√
gllgjj

− Γl
kj

F̄il√
giigll

]
gik
√
gjj b̄j

= S⃗
(2.26)
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The divergence of a higher-order tensor can be derived in the similar manner. In Euclidean

space with an orthonormal basis (e.g., Cartesian coordinates), the metric tensor becomes

identical to the Kronecker delta δij (or the identity matrix
↔

I )

[
gij
]
Cart

= δij =


1 0 0

0 1 0

0 0 1

 (2.27)

which yields ∂
∂qk

(
1√
giigjj

)
and the Christoffel symbols are zero in Eq. (2.26). In curvilinear

coordinates, those terms are not necessarily zero and can be treated as geometric source

terms S⃗ such that

S⃗ =

[
−F̄ij

∂

∂qk

(
1√
giigjj

)
+ Γl

ki

F̄lj√
gllgjj

+ Γl
kj

F̄il√
giigll

]
gik
√
gjj b̄j (2.28)

Therefore, the governing equations in curvilinear coordinates can be expressed as

∂Q⃗

∂t
+

1√
giigjj

∂F̄ij

∂qk
gikb̄j = S⃗ + S⃗ (2.29)

Note that the spatial derivatives 1√
giigjj

∂F̄ij

∂qk
gikb̄j in cylindrical (curvilinear) coordinates are

different from the ones in Cartesian coordinates due to the different metric tensors. In

three-dimensional cylindrical coordinates where (q1, q2, q3) = (r, θ, z),

[
gij
]
Cyl

=


1 0 0

0 1
r2

0

0 0 1

 (2.30)

Comparing with Eq(2.27), the difference shows up in the i = k = 2 component of the spa-

tial derivatives 1√
giigjj

∂F̄ij

∂qk
gikb̄j; however, the axisymmetric assumption ∂

∂q2
= ∂

∂θ
= 0 causes

portions of the metric tensor to vanish. Thus, adding geometric source terms allows simu-

lating axisymmetric problems in cylindrical coordinates without changing the infrastructure

significantly in WARPXM.
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2.2.1 Maxwell’s Equations

The governing equations for plasma physics include Maxwell’s quations, specifically Ampère’s

law and Faraday’s law. Gauss’ laws for Electromagnetic (EM) fields should be satisfied by

initial conditions and boundary conditions. The typical expressions for Ampère’s law and

Faraday’s law are not in the conservative form. Ampère’s law and Faraday’s law are

−ϵ0µ0
∂E⃗

∂t
+∇× B⃗ = µ0J⃗ (2.31)

∂B⃗

∂t
+∇× E⃗ = 0 (2.32)

respectively and Gauss’ laws for EM fields are

ϵ0∇ · E⃗ = ρc (2.33)

∇ · B⃗ = 0 (2.34)

where E⃗ is the electric field, B⃗ is the magnetic field, J⃗ is the current density, ρc is the charge

density, µ0 is the permeability in vacuum and ϵ0 is the permittivity in vacuum. Considering

the curl of a first-order tensor
↔

F ,

∇×
↔

F =ϵijk
[
∂Fj

∂qi
− Γl

jiFl

]
b⃗k (2.35)

where

ϵijk =
1√

|det [gij]|
εijk (2.36)

ϵijk =
√
|det [gij]|εijk (2.37)

εijk = εijk =


+1 if (i, j, k) is an even permutation of (1, 2, 3)

−1 if (i, j, k) is an odd permutation of (1, 2, 3)

0 otherwise

(2.38)



16

ϵijk and ϵijk are covariant and contravariant permutation symbols, respectively and εijk =

εijk are permutation symbols known as the Levi-Civita symbols. Since the l-th Christoffel

symbols are symmetric

Γl
ij = Γl

ji (2.39)

the covariant derivatives multiplied by the permutation symbols can be simplified as

ϵijk
[
∂Fj

∂qi
− Γl

jiFl

]
b⃗k = ϵijk

∂Fj

∂qi
b⃗k (2.40)

which leads

∇×
↔

F =ϵijk
[
∂Fj

∂qi
− Γl

jiFl

]
b⃗k = ϵijk

∂Fj

∂qi
gkkb⃗

k

= ϵijk

[
1√
gjj

∂F̄j

∂qi
+ F̄j

∂

∂qi

(
1√
gjj

)]
gkk
√
gkkb̄k

(2.41)

Eq. (2.41) obviously indicates different tensor form compared with Eqs. (2.23) and (2.25).

However, the first term in Eq. (2.41) can be manipulated such that the spatial derivatives

in the divergence of a tensor in the conservative form and the second term can be treated as

geometric source terms. Maxwell’s equations can then be expressed as

∂Q⃗

∂t
+ ϵijk

1√
gjj

∂F̄j

∂qi
gkk
√
gkkb̄k = S⃗ + S⃗ (2.42)

where

S⃗ = ϵijkF̄j
∂

∂qi

(
1√
gjj

)
gkk
√
gkkb̄k (2.43)

Again, while the spatial derivatives ϵijk 1√
gjj

∂F̄j

∂qi
gkk
√
gkkb̄k in Cartesian coordinates are dif-

ferent from the ones in cylindrical coordinates due to the different metric tensors, they can

be treated by applying axisymmetric assumptions in cylindrical coordinates and adding

appropriate source terms to the Cartesian form of the governing equations. Therefore,

the Maxwell’s equations in cylindrical coordinates with the axisymmetric assumptions in

WARPXM can be manipulated to satisfy the conservative form of the governing equations,
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Eq. (2.1), by using the following physical components

Q⃗ =



Er

Eθ

Ez

Br

Bθ

Bz


(2.44)

↔

F =



0 −c2Bz c2Bθ

c2Bz 0 −c2Br

−c2Bθ c2Br 0

0 Ez −Eθ

−Ez 0 Er

Eθ −Er 0


(2.45)

S⃗ =



−c2µ0Jr

−c2µ0Jθ

−c2µ0Jz

0

0

0


(2.46)

S⃗ =



0

0

c2Bθ

r

0

0

−Eθ

r


(2.47)
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Note that at r = 0, the geometric source terms become singular. In three-dimensional

cylindrical coordinates, Eq. (2.43) can be expressed as

S⃗ = ϵijkF̄j
∂

∂qi

(
1√
gjj

)
gkk
√
gkkb̄k = −


0

0

F̄θ

r

 (2.48)

If the numerators of Eq. (2.48) satisfy the following conditions

lim
r→0

F̄θ = 0 (2.49)

and limr→0
∂F̄θ

∂r
exists, L’Hôpital’s rule can be applied to resolve the singular case such that

lim
r→0

F̄θ

r
= lim

r→0

∂F̄θ

∂r
(2.50)

In general, Eqs. (2.49) and the existence of the derivative can be satisfied by choosing

appropriate assumptions and boundary conditions at r = 0.

2.2.2 5N-moment Multi-Fluid Plasma Model

The governing equations for a fluid model for a multi-species plasma are derived by taking

moments of the Vlasov-Boltzmann equation (see Appendix B.1). The 5N -moment fluid

model consists of a continuity equation, a momentum equation, and an energy equation for

each of the N plasma species. In particular, the scalar energy equation in the 5N -moment

fluid model is obtained by using a tensor contraction of the dyadic products of the second

velocity moment. Thus, the continuity equation and the energy equation have the divergence

of a first-order flux tensor F⃗ , but the momentum equation contains the divergence of a

second-order flux tensor
↔

F . In general, a higher-moment fluid model is described by using

a higher-order tensor. From Eq. (2.23), the divergence of a first-order tensor in cylindrical

coordinates with axisymmetric assumptions is

∇ ·
↔

F =

[
1√
gii
∂F̄i

∂qk
+ F̄i

∂

∂qk

(
1√
gii

)
− Γl

ki

F̄l√
gll

]
gik

=
∂F̄r

∂r
+

�
�
��1

r

∂F̄θ

∂θ
+
F̄r

r
+
∂F̄z

∂z

(2.51)
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which yields the following geometric source terms

S =

[
−F̄i

∂

∂qk

(
1√
gii

)
+ Γl

ki

F̄l√
gll

]
gik = − F̄r

r
(2.52)

Also, Eq. (2.25) indicates the divergence of a second-order tensor in cylindrical coordinates

with the axisymmetric assumptions as

∇ ·
↔

F =

[
1√
giigjj

∂F̄ij

∂qk
+ F̄ij

∂

∂qk

(
1√
giigjj

)
− Γl

ki

F̄lj√
gllgjj

− Γl
kj

F̄il√
giigll

]
gik
√
gjj b̄j

=


∂F̄rr

∂r
+���1

r
∂F̄rθ

∂θ
+ F̄rr

r
− F̄θθ

r
+ ∂F̄zr

∂z

∂F̄rθ

∂r
+���1

r
∂F̄θθ

∂θ
+ F̄rθ

r
+ F̄θr

r
+ ∂F̄zθ

∂z

∂F̄rz

∂r
+���1

r
∂F̄θz

∂θ
+ F̄rz

r
+ ∂F̄zz

∂z


(2.53)

where

S⃗ =

[
−F̄ij

∂

∂qk

(
1√
giigjj

)
+ Γl

ki

F̄lj√
gllgjj

+ Γl
kj

F̄il√
giigll

]
gik
√
gjj b̄j

= −


F̄rr−F̄θθ

r

F̄rθ+F̄θr

r

F̄rz

r


(2.54)

Similar to Maxwell’s equations in axisymmetric cylindrical coordinates, the 5N -moment fluid

model can become undefined at r = 0 since the geometric source terms become singular. If

the numerators of Eqs. (2.52) and (2.54) satisfy the following conditions

lim
r→0


F̄r

F̄rr − F̄θθ

F̄rθ + F̄θr

F̄rz

 = 0 (2.55)
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and the derivatives of Eq. (2.55) exist, L’Hôpital’s rule can be applied to resolve the evalu-

ations at the geometric axis such that

lim
r→0


F̄r

r

F̄rr−F̄θθ

r

F̄rθ+F̄θr

r

F̄rz

r

 = lim
r→0


∂F̄r

∂r

∂
∂r
(F̄rr − F̄θθ)

∂
∂r
(F̄rθ + F̄θr)

∂F̄rz

∂r

 (2.56)

Therefore, in the 5N -moment multi-fluid plasma model, the conservative variables Q⃗α, the

flux
↔

Fα, the source terms S⃗α and geometric source terms S⃗α for each species α in axisymmetric

cylindrical coordinates are

Q⃗α =



ρα

ραuαr

ραuαθ

ραuαz

ϵα

Er

Eθ

Ez

Br

Bθ

Bz



(2.57)
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↔

Fα =



ραuαr ραuαθ ραuαz

ραuαruαr + Pαrr ραuαθuαr + Pαθr ραuαzuαr + Pαzr

ραuαruαθ + Pαrθ ραuαθuαθ + Pαθθ ραuαzuαθ + Pαzθ

ραuαruαz + Pαrz ραuαθuαz + Pαθz ραuαzuαz + Pαzz

ϵαuαr +
(
u⃗α ·

↔

Pα

)
· r̂ + hαr ϵαuαθ +

(
u⃗α ·

↔

Pα

)
· θ̂ + hαθ ϵαuαz +

(
u⃗α ·

↔

Pα

)
· ẑ + hαz

0 −c2Bz c2Bθ

c2Bz 0 −c2Br

−c2Bθ c2Br 0

0 Ez −Eθ

−Ez 0 Er

Eθ −Er 0


(2.58)

S⃗α =



0

ρcα (Er + uαθBz − uαzBθ) +
∑

β ̸=αRαβr

ρcα (Eθ + uαzBr − uαrBz) +
∑

β ̸=αRαβθ

ρcα (Ez + uαrBθ − uαθBr) +
∑

β ̸=αRαβz

ρcαu⃗α · E⃗ +
∑

β ̸=α

(
u⃗α · R⃗αβ + Qαβ

)
−c2µ0Jr

−c2µ0Jθ

−c2µ0Jz

0

0

0



(2.59)
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S⃗α = −1

r



ραuαr

(ραuαruαr + Pαrr)− (ραuαθuαθ + Pαθθ)

2ραuαθuαr + Pαθr + Pαrθ

ραuαzuαr + Pαzr

ϵαuαr +
(
u⃗α ·

↔

Pα

)
· r̂ + hαr

0

0

−c2Bθ

0

0

Eθ



(2.60)

where ρα and ρcα are the mass density and the charge density, respectively

ρα = nαmα (2.61)

ρcα = nαqα (2.62)

nα is the number density, mα is the mass and qα is the charge. u⃗α is the fluid bulk velocity

and J⃗ is the net current density

J⃗ =
∑
α

J⃗α =
∑
α

ρcαu⃗α (2.63)

ϵα is the total energy

ϵα =
1

γ − 1
Pα +

1

2
ραu

2
α (2.64)

where γ is the heat capacity ratio and Pα is the isotropic pressure satisfying

↔

Pα = Pα

↔

I +
↔

Πα (2.65)

where
↔

I is the identity matrix and
↔

Πα is the anisotropic pressure (Braginskii stress) tensor.[10](
r̂, θ̂, ẑ

)
are the physical unit vectors. h⃗α is the heat flux, R⃗αβ is the frictional force due to



23

the random collisions between species α and β and Qαβ is the frictional heat generation due

to the random collisions. Applying the following assumptions,

↔

Πα =
↔
0 (2.66)

h⃗α = 0⃗ (2.67)

R⃗αβ = 0⃗ (2.68)

Qαβ = 0 (2.69)

the generalized 5N -moment fluid model can be simplified as the ideal 5N -moment fluid

model such that

Q⃗α =



ρα

ραuαr

ραuαθ

ραuαz

ϵα

Er

Eθ

Ez

Br

Bθ

Bz



(2.70)
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↔

Fα =



ραuαr ραuαθ ραuαz

ραuαruαr + Pα ραuαθuαr ραuαzuαr

ραuαruαθ ραuαθuαθ + Pα ραuαzuαθ

ραuαruαz ραuαθuαz ραuαzuαz + Pα

(ϵα + Pα)uαr (ϵα + Pα)uαθ (ϵα + Pα)uαz

0 −c2Bz c2Bθ

c2Bz 0 −c2Br

−c2Bθ c2Br 0

0 Ez −Eθ

−Ez 0 Er

Eθ −Er 0



(2.71)

S⃗α =



0

ρcα (Er + uαθBz − uαzBθ)

ρcα (Eθ + uαzBr − uαrBz)

ρcα (Ez + uαrBθ − uαθBr)

ρcαu⃗α · E⃗

−c2µ0Jr

−c2µ0Jθ

−c2µ0Jz

0

0

0



(2.72)
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S⃗α = −1

r



ραuαr

ρα (uαruαr − uαθuαθ)

2ραuαθuαr

ραuαzuαr

(ϵα + Pα)uαr

0

0

−c2Bθ

0

0

Eθ



(2.73)

2.2.3 Ideal MHD Model

While this dissertation mainly focuses on the physics in the multi-fluid model, the geometric

source terms can also be implemented in various MagnetoHydroDynamic (MHD) models.

The following subsections provide the analytical forms of the geometric source terms for

the ideal, Hall and resistive MHD models. The typical and general MHD model is derived

by applying the following asymptotic approximations for a center-of-mass single-fluid model

extended from a 5N -moment two-fluid model.

1. Infinite speed of light

ϵ0 → 0

2. Negligible electron inertia

me → 0

where the speed of light c is

c =
1

√
ϵ0µ0

(2.74)
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In the generalized MHD model, the continuity equation is

∂ρ

∂t
+∇ · (ρu⃗) = 0 (2.75)

where ρ is the mass density and u⃗ is the fluid velocity. The momentum equation is

∂ (ρu⃗)

∂t
+∇ ·

(
ρu⃗u⃗+ P

↔

I +
↔

Π
)
= J⃗ × B⃗ (2.76)

where P is the isotropic pressure and
↔

Π is the anisotropic pressure tensor. The right hand

side of Eq. (2.76) can be expressed in terms of the divergence by using Ampére’s law, Eq.

(2.31), and Gauss’ law for magnetic fields, Eq. (2.34), such that

J⃗ × B⃗ =
1

µ0

(
∇× B⃗

)
× B⃗

=
1

µ0

[(
B⃗ · ∇

)
B⃗ − 1

2
∇(B⃗ · B⃗)

]
=

1

µ0

[
∇ ·
(
B⃗B⃗

)
−
(
∇ · B⃗

)
B⃗ −∇ ·

(
1

2
|B⃗|2

↔

I

)]
= ∇ ·

(
1

µ0

B⃗B⃗ − |B⃗|2

2µ0

↔

I

)
(2.77)

where |B⃗| is the magnitude of B⃗. Thus, Eq. (2.76) becomes

∂ (ρu⃗)

∂t
+∇ ·

(
ρu⃗u⃗+ P

↔

I +
↔

Π−

(
1

µ0

B⃗B⃗ − |B⃗|2

2µ0

↔

I

))
= 0 (2.78)

The generalized Ohm’s law is derived by applying the asymptotic approximations for the

momentum equation of electrons such that

E⃗ + u⃗× B⃗ = ηJ⃗ − 1

neqe

(
J⃗ × B⃗ −∇Pe −∇ ·

↔

Πe

)
(2.79)

where the frictional force R⃗ei is simply assumed to be

R⃗ei = neme (u⃗i − u⃗e) νei = −neqeηJ⃗ (2.80)

νei is the collision frequency between electrons and ions and η is the Spitzer resistivity[25,

26, 27]

η =
meνei
neq2

(2.81)
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Note that η and R⃗ei do not vanish with me → 0 asymptotic assumption since νei ∝ 1
me

. The

energy equation is

∂et
∂t

+∇ ·

((
et + P +

|B⃗|2

2µ0

)
u⃗+ u⃗ ·

↔

Π+ h⃗− 1

µ0

(
B⃗ · u⃗

)
B⃗

)

=
1

µ0

∇ ·

((
ete + Pe +

|B⃗|2

2µ0

)
∇× B⃗

neq
+

∇× B⃗

neq
·

↔

Πe −
1

µ0

(
B⃗ · ∇ × B⃗

neq

)
B⃗

−ηJ⃗ × B⃗ +
1

neq
∇Pe × B⃗ +

1

neq

(
∇ ·

↔

Πe

)
× B⃗

)
(2.82)

where etα is the total 5N -moment fluid energy with the magnetic field energy

etα ≡ ϵα +
|B⃗|2

2µ0

(2.83)

and et is the total energy in MHD model

et =
∑
α

etα =
∑
α

ϵα +
|B⃗|2

2µ0

(2.84)

Faraday’s law is

∂B⃗

∂t
+∇ ·

(
u⃗B⃗ − B⃗u⃗

)
= −∇×

(
ηJ⃗ − 1

neqe

(
J⃗ × B⃗ −∇Pe −∇ ·

↔

Πe

))
(2.85)

In the energy equation and Faraday’s law, the electric field is replaced by using the generalized

Ohm’s law. Thus, the time-evolution of the electric field (Ampére’s law) is not diretly solved,

which enables the governing equations in MHD model to consist of the continuity equation,

the momentum equations, the energy equation and Faraday’s law. In FEM, reducing the

size of the matrix is important to decrease the computational costs.

Applying the following assumptions

1. High collisionality
τii
τ

≪ 1

2. Small Larmor radius (high magnetization)

rLi
L

≪ 1
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3. Low resistivity (
me

mi

) 1
2 (rLi

L

)2 τ
τii

≪ 1

4. Thermal equilibrium

Ti ≃ Te

where τii is the ion-ion collision period, τ is the characteristic period, rLi is the ion Larmor

radius and L is the characteristic plasma length, the generalized MHD model is simplified

to the ideal MHD model
∂ρ

∂t
+∇ · (ρu⃗) = 0 (2.86)

∂ (ρu⃗)

∂t
+∇ ·

(
ρu⃗u⃗+ P

↔

I −

(
1

µ0

B⃗B⃗ − |B⃗|2

2µ0

↔

I

))
= 0 (2.87)

∂et
∂t

+∇ ·

((
et + P +

|B⃗|2

2µ0

)
u⃗− 1

µ0

(
B⃗ · u⃗

)
B⃗

)
= 0 (2.88)

∂B⃗

∂t
+∇ ·

(
u⃗B⃗ − B⃗u⃗

)
= 0 (2.89)

E⃗ + u⃗× B⃗ = 0 (2.90)

If the Maxwellian (or Maxwell-Boltzmann) distribution function is used to eventually derive

the generalized MHD model, the thermal equilibrium conditions is already included and

unnecessary to derive the ideal MHD model. Therefore, the governing equations in the

conservative form consist of the following variables

Q⃗I =



ρ

ρur

ρuθ

ρuz

et

Br

Bθ

Bz



(2.91)
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↔

F I =



ρur ρuθ ρuz

ρurur + P − 1
µ0

(
BrBr − |B⃗|2

2

)
ρuθur − 1

µ0
BθBr ρuzur − 1

µ0
BzBr

ρuruθ − 1
µ0

BrBθ ρuθuθ + P − 1
µ0

(
BθBθ − |B⃗|2

2

)
ρuzuθ − 1

µ0
BzBθ

ρuruz − 1
µ0

BrBz ρuθuz − 1
µ0

BθBz ρuzuz + P − 1
µ0

(
BzBz − |B⃗|2

2

)
(
et + P +

|B⃗|2
2µ0

)
ur − 1

µ0

(
B⃗ · u⃗

)
Br

(
et + P +

|B⃗|2
2µ0

)
uθ − 1

µ0

(
B⃗ · u⃗

)
Bθ

(
ϵ + P +

|B⃗|2
2µ0

)
uz − 1

µ0

(
B⃗ · u⃗

)
Bz

0 uθBr − Bθur uzBr − Bzur

urBθ − Bruθ 0 uzBθ − Bzuθ

urBz − Bruz uθBz − Bθuz 0


(2.92)

S⃗I =



0

0

0

0

0

0

0

0



(2.93)

S⃗I = −1

r



ρur

ρ (urur − uθuθ)− 1
µ0

(BrBr −BθBθ)

2
(
ρuruθ − 1

µ0
BrBθ

)
ρuzur

ρuruz − 1
µ0
BrBz

0

0

urBz −Bruz



(2.94)

2.2.4 Hall MHD Model

Hall MHD model is derived by applying the high collisionality, the low resistivity and the

thermal equilibrium approximations but the Larmor radius is not assumed small (low mag-

netization). Thus, the governing equations are

∂ρ

∂t
+∇ · (ρu⃗) = 0 (2.95)
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∂ (ρu⃗)

∂t
+∇ ·

(
ρu⃗u⃗+ P

↔

I −

(
1

µ0

B⃗B⃗ − |B⃗|2

2µ0

↔

I

))
= 0 (2.96)

∂et
∂t

+∇ ·

((
et + P +

|B⃗|2

2µ0

)
u⃗− 1

µ0

(
B⃗ · u⃗

)
B⃗

)

=
1

µ0

∇ ·

((
ete + Pe +

|B⃗|2

2µ0

)
∇× B⃗

neq
− 1

µ0

(
B⃗ · ∇ × B⃗

neq

)
B⃗ +

1

neq
∇Pe × B⃗

) (2.97)

∂B⃗

∂t
+∇ ·

(
u⃗B⃗ − B⃗u⃗

)
= −∇×

(
1

neq
J⃗ × B⃗ − 1

neq
∇Pe

)
(2.98)

E⃗ + u⃗× B⃗ =
1

neq

(
J⃗ × B⃗ −∇Pe

)
(2.99)

While the typical Hall MHD model does not typically include the diamagnetic drift term

∝ ∇Pe in the Ohm’s law, Eq. (2.99), the Hall MHD model in WARPXM includes the term.

Introducing

e⃗H ≡ − 1

µ0

((
ete + Pe +

|B⃗|2

2µ0

)
∇× B⃗

neq
− 1

µ0

(
B⃗ · ∇ × B⃗

neq

)
B⃗ +

1

neq
∇Pe × B⃗

)
(2.100)

E⃗H ≡ 1

neq

(
J⃗ × B⃗ −∇Pe

)
(2.101)

Eqs. (2.97) and (2.98) can be simplified as

∂et
∂t

+∇ ·

((
et + P +

|B⃗|2

2µ0

)
u⃗− 1

µ0

(
B⃗ · u⃗

)
B⃗

)
+∇ · e⃗H = 0 (2.102)

∂B⃗

∂t
+∇ ·

(
u⃗B⃗ − B⃗u⃗

)
+∇× E⃗H = 0 (2.103)

Therefore, the variables in the Hall MHD model are

Q⃗H = Q⃗I (2.104)
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↔

FH =
↔

F I +



0 0 0

0 0 0

0 0 0

0 0 0

eHr eHθ eHz

0 EHz −EHθ

−EHz 0 EHr

EHθ −EHr 0



(2.105)

S⃗H = S⃗I (2.106)

S⃗H = S⃗I −
1

r



0

0

0

0

eHr

0

0

EHθ



(2.107)

2.2.5 Resistive MHD Model

The resistive MHD model is derived by applying the high collisionality, the small Larmor ra-

dius (high magnetization) and the thermal equilibrium approximations but the low resistivity

approximation is not applied. Thus, the governing equations are

∂ρ

∂t
+∇ · (ρu⃗) = 0 (2.108)

∂ (ρu⃗)

∂t
+∇ ·

(
ρu⃗u⃗+ P

↔

I −

(
1

µ0

B⃗B⃗ − |B⃗|2

2µ0

↔

I

))
= 0 (2.109)

∂et
∂t

+∇ ·

((
et + P +

|B⃗|2

2µ0

)
u⃗− 1

µ0

(
B⃗ · u⃗

)
B⃗

)
= − 1

µ0

∇ ·
(
ηJ⃗ × B⃗

)
(2.110)
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∂B⃗

∂t
+∇ ·

(
u⃗B⃗ − B⃗u⃗

)
= −∇×

(
ηJ⃗
)

(2.111)

E⃗ + u⃗× B⃗ = ηJ⃗ (2.112)

Similar to the Hall MHD case, introducing

e⃗R ≡ 1

µ0

ηJ⃗ × B⃗ (2.113)

E⃗R ≡ ηJ⃗ (2.114)

Eqs. (2.110) and (2.111) can be simplified as

∂et
∂t

+∇ ·

((
et + P +

|B⃗|2

2µ0

)
u⃗− 1

µ0

(
B⃗ · u⃗

)
B⃗

)
+∇ · e⃗R = 0 (2.115)

∂B⃗

∂t
+∇ ·

(
u⃗B⃗ − B⃗u⃗

)
+∇× E⃗R = 0 (2.116)

Therefore, the variables in the resistive MHD model are

Q⃗R = Q⃗I (2.117)

↔

FR =
↔

F I +



0 0 0

0 0 0

0 0 0

0 0 0

eRr eRθ eRz

0 ERz −ERθ

−ERz 0 ERr

ERθ −ERr 0



(2.118)

S⃗R = S⃗I (2.119)
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S⃗R = S⃗I −
1

r



0

0

0

0

eRr

0

0

ERθ



(2.120)

2.3 Gradients of Conservative Variables

The Hall MHD and the resistive MHD models expressing J⃗ in terms of the curl of B⃗ include

spatial derivatives of conservative variables in the flux tensor and the geometric source terms,

particularly in e⃗H , E⃗H , e⃗R and E⃗R, which means
↔

F I =
↔

F I

(
Q⃗
)

but
↔

FH =
↔

FH

(
Q⃗,∇Q⃗

)
.

While J⃗ can be treated as the additional conservative variable by considering Kirchhoff’s

law (continuity equation), it is replaced by the curl of B⃗ in WARPXM to reduce the com-

putational costs. The current WARPXM adopts the Local Discontinuous Galerkin(LDG)

method[28, 18] and Interior Penalty (IP) method[29, 30, 18] to evaluate flux terms and

gradients. In the LDG method, the gradient of a conservative variable is defined as

↔
σ
k

n(x⃗, t) ≡ ∇Q⃗k
n(x⃗, t) = ∇

(
Q⃗k

l (x⃗
k
l , t)ℓ

k
l (x⃗)

)
(2.121)

Applying the weighted method in a local frame and the product rule,∫
Dk

↔
σ
k

nw
k
m(x⃗)dV

k =

∫
Dk

∇
(
Q⃗k

l (x⃗
k
l , t)ℓ

k
l (x⃗)

)
wk

m(x⃗)dV
k

=

∫
Dk

∇
(
Q⃗k

l (x⃗
k
l , t)ℓ

k
l (x⃗)w

k
m(x⃗)

)
dV k −

∫
Dk

Q⃗k
l (x⃗

k
l , t)ℓ

k
l (x⃗)∇wk

m(x⃗)dV
k

=

∫
Ωk

Q⃗∗
l (x⃗

k
l , t)ℓ

k
l (x⃗)w

k
m(x⃗)dΩ⃗

k −
∫
Dk

Q⃗k
l (x⃗

k
l , t)ℓ

k
l (x⃗)∇wk

m(x⃗)dV
k

(2.122)
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where Q⃗∗
l (x⃗

k
l , t) is the interface conservative variable that is continuous and shared by the

adjacent element. In the IP method, the following alternative gradient is used

↔
σ
k

n(x⃗
k
i , t) ≡ Q⃗k

l (x⃗
k
l , t)∇ℓkl |y⃗ki (2.123)

where the gradient of a basis function is assumed to satisfy the local approximations such

that

∇ℓkl (x⃗) =
Np∑
i=1

(
∇ℓkl |y⃗ki

)
ℓki (x⃗) (2.124)

2.4 Boundary Conditions

The Dirichlet boundary conditions Q⃗∗ in the DG method are applied as the averaged values

of the interior and exterior information[18] such that

Q⃗∗ =
1

2

(
Q⃗+ + Q⃗−

)
(2.125)

where ”−” notation indicates the interior information of the element and ”+” notation in-

dicates the exterior information in the ghost cells. WARPXM implements a homogeneous

Neumann (zero-gradient) boundary conditions if the interior and outer information are con-

tinuous at the interface such that Q⃗∗ = Q⃗− = Q⃗+. Boundary conditions are initially set for

the primary variables. Then, those primary variables on the boundaries are converted into

the conservative variables in WARPXM.

2.4.1 Axis Boundary Conditions

As the axis boundary conditions, the radial and azimuthal vector components are set to

zero, and the scalar variables and axial vector components are set to homogeneous Neumann

boundary conditions on the z-axis in cylindrical coordinates. For example, in the 5N -moment

multi-fluid model, the axis boundary conditions are applied for the primary variables and



35

the converted conservative, respectively, as follows

U⃗+
α =



ρ−α

−u−αr
−u−αθ
u−αz

P−
α

−E−
r

−E−
θ

E−
z

−B−
r

−B−
θ

B−
z



(2.126)

Q⃗+
α =



ρ−α

−ρ−αu−αr
−ρ−αu−αθ
ρ−αu

−
αz

ϵ−α

−E−
r

−E−
θ

E−
z

−B−
r

−B−
θ

B−
z



(2.127)

2.4.2 Conducting Wall Boundary Conditions

The conducting wall boundary conditions have continuous tangential components of E⃗ and

a normal component of B⃗.[31]

n̂× E⃗ = 0 (2.128)
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n̂ · B⃗ = 0 (2.129)

where n̂ is normal to the boundary surfaces. The boundary conditions can be simplified as

E⃗∥ = 0 (2.130)

B⃗⊥ = 0 (2.131)

Surface charges and currents on the interface allows the presence of a normal component of

E⃗ and tangential components of B⃗.

2.4.3 No-slip and Free-slip Wall Boundary Conditions

Either no-slip or free-slip wall boundary conditions can be applied. While the fluid velocities

are the same to the wall velocity in no-slip wall boundary conditions[32], the free-slip wall

sets tangential velocities as homogeneous Neumann boundary conditions. Both conditions set

the normal velocity to the wall velocity. Thus, the no-slip and free-slip boundary conditions

respectively can be expressed as

Q⃗+
α |Noslip =



ρ−α

2ρ−αv
wall
r − ρ−αu

−
αr

2ρ−αv
wall
θ − ρ−αu

−
αθ

2ρ−αv
wall
z − ρ−αu

−
αz

ϵ−α


(2.132)

Q⃗+
α |Freeslip =



ρ−α

2ρ−αv
wall
r − ρ−αu

−
αr

ρ−αu
−
αθ

ρ−αu
−
αz

ϵ−α


(2.133)
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2.4.4 Outflow Open Boundary Conditions

In outflow open boundary conditions, either temperature or pressure is set as a Dirich-

let boundary condition and other primary variables have homogeneous Neumann boundary

conditions.

U⃗+
α =



ρ−α

−u−αr
−u−αθ
−u−αz

2Pwall
α − P−

α


(2.134)

U⃗+
αT =



ρ−α

−u−αr
−u−αθ
−u−αz

2Twall
α − T−

α


(2.135)

2.5 Runge-Kutta Method for Time Evolution

WARPXM integrates the governing equations in time using the Runge-Kutta (RK) methods.[13,

33] Eq. (2.16) can be epressed as ordinary differential equations (ODEs)

dQ⃗k
l

dt
= L(Q⃗k

l , t) (2.136)

where L is the operator that represents the remaining terms in Eq. (2.16), and performing

intermediate calculations can achieve small residuals R⃗ ≃ 0. The Taylor expansion for Q⃗k
l

gives

Q⃗k
l (x⃗

k
l , t+∆t) = Q⃗k

l (x⃗
k
l , t) +

1

1!

dQ⃗k
l

dt
∆t+

1

2!

d2Q⃗k
l

dt2
(∆t)2 +

1

3!

d3Q⃗k
l

dt3
(∆t)3 +

1

4!

d4Q⃗k
l

dt4
(∆t)4 +O

(
(∆t)5

)
= Q⃗k

l (x⃗
k
l , t) +L∆t+

1

2!

dL

dt2
(∆t)2 +

1

3!

d2L

dt2
(∆t)3 +

1

4!

d3L

dt4
(∆t)4 +O

(
(∆t)5

)
(2.137)
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where L = L(Q⃗k
l , t) for simplicity. In the RK method, Eq. (2.137) is assumed to be

expressed in terms of the following known terms

Q⃗k
l (x⃗

k
l , tn+1) = Q⃗k

l (x⃗
k
l , tn) +

s∑
i=1

biL(Q⃗i, tn + ci∆t)∆t (2.138)

where s indicates the number of stages, ∆t = tn+1 − tn, and

Q⃗i = Q⃗k
l (x⃗

k
l , tn) +

i−1∑
j=1

aijL(Q⃗j, tn + cj∆t)∆t (2.139)

Q⃗1 = Q⃗k
l (x⃗

k
l , tn) (2.140)

a11 = c1 = 0 (2.141)

aij is known as the RK matrix, bi and ci are constant vectors. From Eq. (2.137), the ODE

solved with first order of accuracy is

dQ⃗k
l

dt
=
Q⃗k

l (x⃗
k
l , tn+1)− Q⃗k

l (x⃗
k
l , tn)

∆t
+O(∆t) (2.142)

which leads the discretized equations in the exact form as

Q⃗k
l (x⃗

k
l , tn+1) = Q⃗k

l (x⃗
k
l , tn) +L(Q⃗k

l , tn)∆t+O
(
(∆t)2

)
(2.143)

From Eq. (2.138), the first-stage RK method produces

Q⃗k
l (x⃗

k
l , tn+1) = Q⃗k

l (x⃗
k
l , tn) + b1L(Q⃗1, tn + c1∆t)∆t (2.144)

Using Eqs. (2.140) and (2.141), L(Q⃗1, tn + c1∆t) becomes

L(Q⃗1, tn + c1∆t) = L(Q⃗k
l , tn) (2.145)

Substituting Eq. (2.145) into Eq. (2.144),

Q⃗k
l (x⃗

k
l , tn+1) = Q⃗k

l (x⃗
k
l , tn) + b1L(Q⃗k

l , tn)∆t (2.146)

Comparing Eq. (2.146) with Eq. (2.143),

b1 = 1 (2.147)
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provides the consistent first order of accuracy for the first-stage RK method. Notice that

the first-stage and first-order explicit RK method correspond to the forward Euler method.

On the other hand, those constant values are not unique in higher-stage and higher-order

RK methods; hence, the choice of constants determines the type of the scheme. The second

order time derivative of Q⃗k
l is

d2Q⃗k
l

dt2
=
dL

dt
=
∂L

∂t
+
∂L

∂Q⃗k
l

dQ⃗k
l

dt
=
∂L

∂t
+
∂L

∂Q⃗k
l

L (2.148)

Thus, Eq. (2.137) expanded about t = tn gives

Q⃗k
l (x⃗

k
l , tn+1) = Q⃗k

l (x⃗
k
l , tn)∆t+L∆t+

1

2

(
∂L

∂t
+
∂L

∂Q⃗k
l

L

)
(∆t)2 +O

(
(∆t)3

)
(2.149)

In the second-stage RK method, Eq (2.138) gives

Q⃗k
l (x⃗

k
l , tn+1) = Q⃗k

l (x⃗
k
l , tn) + b1L∆t+ b2L(Q⃗2, tn + c2∆t)∆t (2.150)

L(Q⃗2, tn+ c2∆t) can be expressed by applying a Taylor expansion around (Q⃗k
l , tn) such that

L(Q⃗2, tn + c2∆t) = L(Q⃗k
l + a21L(Q⃗1, tn)∆t, tn + c2∆t)

= L +
1

1!

(
c2∆t

∂

∂t
+ a21L(Q⃗1, tn)∆t

∂

∂Q⃗k
l

)
L +O

(
(∆t)2

)
= L +

∂L

∂t
c2∆t+

∂L

∂Q⃗k
l

a21L(Q⃗k
l , tn)∆t+O

(
(∆t)2

) (2.151)

where

Q⃗2 = Q⃗k
l (x⃗

k
l , tn) + a21L(Q⃗1, tn) (2.152)

Substituting Eq. (2.151) into Eq. (2.150),

Q⃗k
l (x⃗

k
l , tn+1) = Q⃗k

l (x⃗
k
l , tn)+(b1+b2)L∆t+b2

(
c2
∂L

∂t
+ a21

∂L

∂Q⃗k
l

L

)
(∆t)2+O

(
(∆t)3

)
(2.153)

Comparing Eq. (2.153) with Eq. (2.149), the following constants provide the consistent

second order of accuracy in the second-stage RK method

b1 + b2 = 1 (2.154)
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b2c2 =
1

2
(2.155)

a21 = c2 (2.156)

Since there are only three equations but four unknowns, those constants cannot be deter-

mined uniquely. WARPXM adopts Heun’s method as the second order Total Variation

Diminishing Runge-Kutta method (TVDRK2)

(a21, b1, b2, c2) = (1,
1

2
,
1

2
, 1) (2.157)

Another possible and popular scheme is the midpoint method called ”RK2” in WARPXM

(a21, b1, b2, c2) = (
1

2
, 0, 1,

1

2
) (2.158)

The third- and fourth-order RK methods can be derived in a similar manner (see Ap-

pendix C). In WARPXM, the third-stage third-order RK method called as Strong-Stability

Preserving Runge-Kutta method (SSPRK3) uses

(a21, a31, a32, b1, b2, b3, c2, c3) = (1,
1

4
,
1

4
,
1

6
,
1

6
,
2

3
, 1,

1

2
) (2.159)

Another possible and common scheme is called ”RK3” in WARPXM using

(a21, a31, a32, b1, b2, b3, c2, c3) = (
1

2
,−1,−2,

1

6
,
2

3
,
1

6
,
1

2
, 1) (2.160)

The fourth-stage fourth-order RK method (RK4) uses

(a21, a31, a32, a41, a42, a43, b1, b2, b3, b4, c2, c3, c4) = (
1

2
, 0,

1

2
, 0, 0, 1,

1

6
,
1

3
,
1

3
,
1

6
,
1

2
,
1

2
, 1) (2.161)

2.6 Courant-Friedrichs-Lewy (CFL) Numbers

WARPXM defines the default CFL number as

CFLmax = amax
∆t

∆x
=

1

2k + 1
(2.162)

where amax is the fastest characteristic speed, k is the polynomial degree and k+1 corresponds

to the order of accuracy in space. This maximum CFL number is analytically proven by
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Cockburn and Shu for k = 0 and k = 1 in the RKDG method[34, 35, 36]. For RK methods

of order ν ≥ k + 1, Cockburn and Shu numerically obtained the maximum CFL numbers

which are greater than 1/ (2k + 1). For ν < k + 1, the numerically obtained maximum CFL

number is smaller; it is necessary to set more strict CFL limit to achieve the stable results.

For first and second order RK methods, the results are stable only if ν ≥ k + 1. These

analytical and numerical stability analysis are obtained for the homogeneous hyperbolic

equations, particularly for convection-dominated problems[34] and summarized in Tab. 2.1.

Table 2.1: CFLnumerical

CFLmax
for convection-dominated problems[34]

k

0 1 2 3 4

ν

1 1.00 - - - -

2 1.00 1.00 - - -

3 1.256 1.227 1.045 0.91 0.801

4 1.392 1.392 1.175 1.015 0.9

On the other hand, the governing hyperbolic equations for plasma often include inho-

mogeneous source terms. Also, there exist some characteristic frequencies (i.e., plasma fre-

quency, cyclotron frequency, and collision frequency) in plasmas that limit the time steps to

resolve the details of physics in numerical calculations. For example in the ideal 5N -moment

two-fluid model, WARPXM adopts the following maximum time step

∆tmax = min

(
CFLmax

∆x

c
, CFLmax

∆x

csi
, CFLmax

∆x

cse
,
0.1

ωpe

,
0.1

ωpi

,
0.1

ωce

,
0.1

ωci

)
(2.163)

where csα is the speed of sound and ωcα is a cyclotron frequency for species α. In particular,

the following two characteristic time steps set the maximum time step in the ideal 5N -

moment two-fluid model.

∆tmax = min

(
CFLmax

∆x

c
,
0.1

ωpe

)
(2.164)
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If the governing equations only include Maxwell equations,

∆tmax = CFLmax
∆x

c
(2.165)

Also, if a problem considers only neutral fluids,

∆tmax = CFLmax
∆x

csn
(2.166)

Fo most plasma problems, 0.1
ωpe

< CFLmax
∆x
c
. However, since the default maximum CFL

number decreases as the spatial order of accuracy increases and the choice of ∆x depends

on the desired accuracy and resolution, it is possible to have 0.1
ωpe

> CFLmax
∆x
c
. Table. 2.2

indicates the possible CFL numbers for the stable Z-pinch in the radial equilibrium using the

ideal two-fluid model via WARPXM. The details of the Z-pinch in the radial equilibrium are

described in Section 3.5. All calculations use small enough ∆x to satisfy 0.1
ωpe

> CFLmax
∆x
c
.

Table 2.2: CFLnumerical

CFLmax
for the radial equilibrium z-pinch in two-fluid model

k

0 1 2 3 4

ν

1 - - - - -

2 - 1.00 - - -

3 - 1.00 1.00 0.91 0.80

4 - 1.00 1.00 1.00 0.89

Note WARPXM does not allow CFL numbers larger than the default CFLmax, and thus

CFLnumerical

CFLmax
cannot exceed unity. The possible maximum CFL numbers in WARPXM match

well with the results shown in Table 2.1. Using first order of accuracy in space k = 0

with first or second order of RK methods ν ≤ 2, Ho[37] has numerically proven that the

calculations can be unconditionally unstable due to the imaginary eigenvalues obtained from

the inhomogeneous source terms in the ideal two-fluid model without fluxes. With the third
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or fourth order accuracy in time ν ≥ 3 and first order in space k = 0, the results are too

diffusive and cannot sustain the equilibrium conditions well.
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Chapter 3

BENCHMARK TESTS FOR GEOMETRIC SOURCE TERMS

The analytically described geometric source terms are numerically tested for several

benchmark problems by using purely Maxwell’s equations in Section 3.1, purely Euler equa-

tions in Section 3.2. Sections 3.3 and 3.4 test the viscosity tensor for the neutral fluid with

the geometric source terms, and the ideal 5N -moment two-fluid model and the ideal MHD

model are tested in Section 3.5.

3.1 Transverse Electro (TE), Transverse Magnetic (TM), and Transverse Elec-
troMagnetic (TEM) modes in a Cylindrical Waveguide

The dynamics of EM fields propagating through a vacuum waveguide are described by

Maxwell’s equations. As the benchmark tests for the geometric source terms in Maxwell’s

equations, an axisymmetric hollow cylindrical waveguide with the perfect conducting wall

is used to study vacuum EM field propagation. It is useful to assume that the EM fields

propagate into the positive axial direction such that

E⃗(r⃗, t) = E⃗0(r, θ)e
i(kzz−ωt) (3.1)

B⃗(r⃗, t) = B⃗0(r, θ)e
i(kzz−ωt) (3.2)

where k⃗ = kz ẑ is the wave vector. In vacuum, Maxwell equations can be simply expressed

in the form of wave equations (
1

c2
∂2

∂t2
−∇2

)E⃗
B⃗

 = 0 (3.3)

which reduces to (
ω2 + c2∇2

)E⃗
B⃗

 = 0 (3.4)
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The waveguide modes with only transverse E⃗ (E⃗z = 0) are called TE waves and modes with

only transverse B⃗ (B⃗z = 0) are called TM waves.[31] Transverse ElectroMagnetic (TEM)

modes have both E⃗ and B⃗ that are transverse to the axial direction and E⃗z = B⃗z = 0.

Solving Faraday’s law and Ampère’s law in vacuum for the transverse (r, θ) components of

the EM fields in terms of the axial components,
Er

Eθ

Br

Bθ

 =
i(

ω
c

)2 − k2z


kz

∂Ez

∂r
+ ω 1

r
∂Bz

∂θ

kz
1
r
∂Ez

∂θ
− ω ∂Bz

∂r

kz
∂Bz

∂r
− ω

c2
1
r
∂Ez

∂θ

kz
1
r
∂Bz

∂θ
+ ω

c2
∂Ez

∂r

 (3.5)

If Ez = Bz = 0 but the transverse EM fields exist (i.e., E⃗t ̸= 0 and B⃗t ̸= 0), the frequency ω

satisfies ω = ckz, and Eq. (3.4) reduces to a two-dimensional form

∇2
t

E⃗t

B⃗t

 = 0 (3.6)

where ∇2
t is the Laplacian operator for the transverse part

∇2
t = ∇2 − ∂2

∂z2
(3.7)

Also, the Gauss’s law for the transverse part

∇t · E⃗t = −∂Ez

∂z
(3.8)

∇t · B⃗t = −∂Bz

∂z
(3.9)

and the Ampère’s law and Faraday’s law yield

∇t × E⃗t = 0 (3.10)

∇t × B⃗t = 0 (3.11)

Eqs. (3.6), (3.8), (3.9), (3.10) and (3.11) imply that E⃗t and B⃗t are solutions of an electrostatic

and a magnetostatic problems, respectively. The TEM mode does not exist in a cylindrical
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vacuum waveguide surrounded by a single perfectly conducting wall since the electrostatic

fields vanish at the equipotential boundary. Note that the TEM mode can be supported

in a cylindrical waveguide only if there exist multiple and non-equipotential boundaries, for

example coaxial cables.[31]

Considering the general solutions of wave equations Eq. (3.3) in cylindrical coordinates

(see Appendix D), the axisymmetric (m = 0) TM mode is given by

Er

Eθ

Ez

Br

Bθ

Bz


=



ikz
k2c

(
kcJm−1(kcr)− mJm(kcr)

r

)
0

Jm(kcr)

0

i ω
c2k2c

(
kcJm−1(kcr)− mJm(kcr)

r

)
0


ei(kzz−ωt) =



−ikz
kc
J1(kcr)

0

J0(kcr)

0

−i ω
c2kc

J1(kcr)

0


ei(kzz−ωt) (3.12)

where Jm is the Bessel function of the first kind and

k2c =
(ω
c

)2
− k2z (3.13)

Similarly, the axisymmetric TE mode becomes

Er

Eθ

Ez

Br

Bθ

Bz


=



0

−i ω
k2c

(
kcJm−1(kcr)− mJm(kcr)

r

)
0

ikz
k2c

(
kcJm−1(kcr)− mJm(kcr)

r

)
0

Jm(kcr)


ei(kzz−ωt) =



0

i ω
kc
J1(kcr)

0

−ikz
kc
J1(kcr)

0

J0(kcr)


ei(kzz−ωt) (3.14)

Using the perfectly conducting wall boundary conditions at r = Lr, TM modes satisfy

Ez(r = Lr) = J0(kcLr) = 0 such that

kcLr = x0n (3.15)

where x0n is nth root of the Bessel function of the first kind such that J0(x0n) = 0. The

choice of m = 0 and n identifies the modes of the waves as TMmn mode, and thus Eq. (3.12)
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indicates one possible solution of TM0n mode. On the other hand, TE0n mode requires

∂Bz

∂r
|r=Lr = −kcJ1(kcLr) = 0 such that

kcLr = x1n (3.16)

For TEM waves, the perfectly conducting wall boundary conditions yield Eθ = Br = 0.

Using Eqs. (3.8) and (3.10), the simple and possible solutions of Er and Bθ are

Er =
1

r
ei(kzz−ωt) (3.17)

Bθ =
1

r
ei(kzz−ωt) (3.18)

The numerical results for each components of EM fields in TM01 modes are given in Figs.

3.1, 3.2, and 3.3 that are compared with the analytical solutions in Fig. 3.4 along z = 0.

Figs. 3.5, 3.6, and 3.7 are the numerical results of TE01 modes that are compared with the

analytical solutions in Fig. 3.8 along z = 0. The numerical results of EM fields in TEM01

modes are given in Figs. 3.9 and 3.10 that are compared with the analytical solutions along

z = 0 in Fig. 3.11. Those benchmark tests have the third order of accuracy in time and

space, and 40 and 10 elements in axial and radial directions, respectively.
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(a) t = 0 (b) t = 1
4
2π
ω

(c) t = 1
2
2π
ω (d) t = 3

4
2π
ω

Figure 3.1: Numerical results from WARPXM showing contours of Ez of a TM01 mode in

a waveguide that is benchmarked to the analytical solution. The longitudinal component of

electric fields Ez propagates through the cylindrical waveguide with the expected frequency

ω. (Simulations of TM01 mode in a waveguide are performed with WARPXM version 1.5.9

using input file TE TM waveguide modes.py)
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(a) t = 0 (b) t = 1
4
2π
ω

(c) t = 1
2
2π
ω (d) t = 3

4
2π
ω

Figure 3.2: Numerical results from WARPXM showing contours of Er of a TM01 mode in a

waveguide that is benchmarked to the analytical solution. The transverse component of elec-

tric fields Er is induced and propagates through the cylindrical waveguide with the expected

frequency ω. (Simulations of TM01 mode in a waveguide are performed with WARPXM

version 1.5.9 using input file TE TM waveguide modes.py)
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(a) t = 0 (b) t = 1
4
2π
ω

(c) t = 1
2
2π
ω (d) t = 3

4
2π
ω

Figure 3.3: Numerical results from WARPXM showing contours of Bθ of a TM01 mode

in a waveguide that is benchmarked to the analytical solution. The transverse component

of magnetic fields Bθ is induced and propagates through the cylindrical waveguide with

the expected frequency ω. (Simulations of TM01 mode in a waveguide are performed with

WARPXM version 1.5.9 using input file TE TM waveguide modes.py)
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Figure 3.4: Comparison of numerical solutions (solid lines) and analytical solutions (dotted

lines) of TM01 mode in a waveguide at z = 0. As the longitudinal electric fields propa-

gates, the transverse electromagnetic fields are induced. Numerical results obtained by using

geometric source terms in Maxwell equations match well with analytical solutions
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Figure 3.5: Numerical results from WARPXM showing contours of Bz of a TE01 mode in a

waveguide that is benchmarked to the analytical solution. The longitudinal component of

magnetic fields Bz propagates through the cylindrical waveguide with the expected frequency

ω. (Simulations of TE01 mode in a waveguide are performed with WARPXM version 1.5.9

using input file TE TM waveguide modes.py)
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Figure 3.6: Numerical results from WARPXM showing contours of Br of a TE01 mode in

a waveguide that is benchmarked to the analytical solution. The transverse component

of magnetic fields Br is induced and propagates through the cylindrical waveguide with

the expected frequency ω. (Simulations of TE01 mode in a waveguide are performed with

WARPXM version 1.5.9 using input file TE TM waveguide modes.py)
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Figure 3.7: Numerical results from WARPXM showing contours of Eθ of a TE01 mode in a

waveguide that is benchmarked to the analytical solution. The transverse component of elec-

tric fields Eθ is induced and propagates through the cylindrical waveguide with the expected

frequency ω. (Simulations of TE01 mode in a waveguide are performed with WARPXM

version 1.5.9 using input file TE TM waveguide modes.py)
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Figure 3.8: Comparison of numerical solutions (solid lines) and analytical solutions (dotted

lines) of a TE01 mode in a waveguide at z = 0. As the longitudinal magnetic fields propa-

gates, the transverse electromagnetic fields are induced. Numerical results obtained by using

geometric source terms in Maxwell equations match well with analytical solutions
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Figure 3.9: Numerical results from WARPXM showing contours of Bθ of a TEM01 mode in

a waveguide that is benchmarked to the analytical solution. The transverse component of

magnetic fields Bθ propagates through the cylindrical waveguide with the expected frequency

ω. (Simulations of TEM01 mode in a waveguide are performed with WARPXM version 1.5.9

using input file TE TM waveguide modes.py)
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Figure 3.10: Numerical results from WARPXM showing contours of Er of a TEM01 mode in

a waveguide that is benchmarked to the analytical solution. . The transverse component of

electric fields Er is propagates through the cylindrical waveguide with the expected frequency

ω. (Simulations of TEM01 mode in a waveguide are performed with WARPXM version 1.5.9

using input file TE TM waveguide modes.py)
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Figure 3.11: Comparison of numerical solutions (solid lines) and analytical solutions (dotted

lines) in TEM01 mode at z = 0. Numerical results obtained by using geometric source terms

in Maxwell equations match well with analytical solutions. Although TE01 or TM01 modes

require to apply L’Hôpital’s rule at r = 0 for the geometric source terms, TEM01 mode works

as the benchmark test for the geometric source terms without using L’Hôpital’s rule due to

the hollow cylindrical configuration.
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3.2 Rotational Hydrostatic Pressure

Considering the rotating, inviscid and neutral flow in equilibrium conditions with a constant

angular velocity ω, the governing equation is

ρn(u⃗n · ∇)u⃗n +∇Pn = 0 (3.19)

where

u⃗n = unθθ̂ = rωθ̂ (3.20)

Thus, Eq. (3.19) becomes

∂Pn

∂r
= ρnrω

2 (3.21)

Assuming the uniform density,

Pn(r) =
1

2
ρnω

2r2 + C (3.22)

where C is the constant of integration. On the other hand, assuming the uniform temperature

Tn,

ρn(r) = Ce
ω2r2

2kBTn (3.23)

Pn(r) = C
kBTn
mn

e
ω2r2

2kBTn (3.24)

where kB is Boltzmann constant and

Pn = nnkBTn (3.25)

The typical rotational hydrostatic analysis includes a gravity with the assumption of uniform

density that yields a parabolic pressure profile. However, a gravity and the uniform density

are not necessary in the ideal 5N -moment fluid model. The assumption of the uniform

temperature is useful to eliminate the heat flux term in the energy equation. The numerical

results are compared with the analytical results in Fig. 3.12 where the benchmark test has

the third order of accuracy in time and space with 32 elements.
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Figure 3.12: Radial profiles of mass density and temperature for a rotational hydrostatic flow.

Numerical results (solid lines) are compared with analytical results (dotted line) that are

benchmark tests for the geometric source terms in fluid Euler equations works. (Simulation

of a rotational hydrodynamic flow is performed with WARPXM version 1.5.9 using input file

rotating flow.py)

3.3 Taylor-Couette Flow

The Taylor-Couette flow is the result of viscous fluid flow between two rotating coaxial

cylinders. If the viscous fluid is between parallel plates instead of coaxial cylinders, the

viscous flow is known as the Couette flow where one plate moves tangentially and the other

one is fixed. In 1890, Couette described a viscometer to measure the viscosity of fluid

experimentally by rotating an outer cylinder[38]. Taylor mathematically investigated the

transition of the instability by increasing the rotational speed of the inner cylinder in 1923[39].

The governing equations are
∂ρn
∂t

+∇ · (ρnu⃗n) = 0 (3.26)

∂(ρnu⃗n)

∂t
+∇ · (ρnu⃗nu⃗n) +∇Pn +∇ ·

↔

Πn = 0 (3.27)

∂ϵn
∂t

+∇ · ((ϵn + Pn)u⃗n + u⃗n ·
↔

Πn) = 0 (3.28)
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where the index n indicates neutral fluid and the heat flux h⃗n is assumed to be zero. Assuming

Newtonian fluid and constant viscosity coefficients,

↔

Πn = −µ(∇u⃗n + (∇u⃗n)T )− λ(∇ · u⃗n)
↔

I

= −µ(∇u⃗n + (∇u⃗n)T ) +
(
2

3
µ− µ

′
)
(∇ · u⃗n)

↔

I
(3.29)

where µ is the shear viscosity coefficient, λ is the second coefficient of viscosity and µ
′
is the

bulk viscosity coefficient[40]

µ
′
=

2

3
µ+ λ (3.30)

The assumption of an incompressible flow can simplify the divergence of
↔

Πn as

∇ ·
↔

Πn = −µ∇2u⃗n −
(
1

3
µ+ µ

′
)
∇ (∇ · u⃗n)

= −µ∇2u⃗n − (µ+ λ)∇ (∇ · u⃗n)

= −µ∇2u⃗n

(3.31)

where

∇ · u⃗n = 0 (3.32)

As a benchmark test of the geometric source terms for a neutral viscous fluid, the steady

state azimuthal flow is described by

u⃗n(r⃗) = unθ(r)θ̂ (3.33)

Pn(r⃗) = Pn(r) (3.34)

where the solution is assumed to be axisymmetric and independent on z. Eqs. (3.26), (3.27)

and (3.31) give

ρn (u⃗n · ∇) u⃗n +∇Pn − µ∇2u⃗n = 0 (3.35)

which yields

−ρn
u2nθ
r

+
∂Pn

∂r
= 0 (3.36)

µ
(
∇2unθ −

unθ
r2

)
= µ

(
1

r

∂

∂r

(
r
∂unθ
∂r

)
− unθ

r2

)
= 0 (3.37)
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Solving for Pn and unθ,

unθ(r) = rC1 +
C2

r
(3.38)

Pn(r) = 2C1C2ρn ln (r) +
1

2
ρn

(
r2C2

1 −
C2

2

r2

)
+ C3 (3.39)

where C3 is an integral constant, and C1 and C2 are constants and can be determined by

using boundary conditions; for example, the no-slip wall boundary conditions yield

C1 =
Ωo − Ωi

(
Ri

Ro

)2
1−

(
Ri

Ro

)2 (3.40)

C2 = R2
i

Ωi − Ωo

1−
(

Ri

Ro

)2 (3.41)

Ri and Ro are the radii of an inner wall and an outer wall. Ω is a wall angular velocity. Using

the perturbation theory, Chandrasekhar[41] summarized the transition of the instability in

terms of a Taylor number Ta

Ta =
4Ω2

iR
4
i

ν2

(1− µΩ)
(
1− µΩ

η2

)
(1− η2)2

(3.42)

where ν is a kinematic viscosity and

µΩ ≡ Ωo

Ωi

(3.43)

η ≡ Ri

Ro

(3.44)

With a narrow gap, 1− η ≪ 1+η
2
, the Taylor number and the critical Taylor number Tcri are

Ta = −4C1Ωi

ν2
(Ro −Ri)

4 (3.45)

Tcri =
3430

1 + µΩ

, (3.46)

respectively[41]. The stable and unstable numerical results are compared in Figs. 3.13 and

3.14 that are compared with the analytical solutions along z = 0 in Fig. 3.15 where the

benchmark tests have the third order of accuracy in time and space, and 40 and 20 elements

in axial and radial directions, respectively.
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(a) Pressure (b) uθ

Figure 3.13: Contour maps of stable equlibrium solutions of hydrodynamic pressure and

hydrodynamic azimuthal velocity for Taylor-Couette flow that has the smaller Taylor number

than the critical Taylor number, Ta = 1733 < Tcri = 2205. This is one benchmark test for

viscosity with geometric source terms in LGL nodes. (Simulations of Taylor-Couette flow

are performed with WARPXM version 1.5.9 using input file Taylor Couette flow.py)

(a) Pressure (b) uθ

Figure 3.14: Contour maps of ustable solutions of hydrodynamic pressure and hydrodynamic

azimuthal velocity for Taylor-Couette flow that has the larger Taylor number than the critical

Taylor number, Ta = 2684 > Tcri = 2286 .This is another benchmark test for viscosity with

geometric source terms in LGL nodes. (Simulations of Taylor-Couette flow are performed

with WARPXM version 1.5.9 using input file Taylor Couette flow.py)
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(a) Ta = 1733 < Tcri = 2205
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Figure 3.15: Comparison of radial profile of pressure and azimuthal velocities in (a) stable

and (b) unstable Taylor-Couette flow at z = 0. Numerical results (solid lines) and analytical

results (dotted lines) are compared as the benchmark test for viscosity with geometric source

terms.

3.4 Hagen-Poiseuille Flow

The Hagen-Poiseuille flow results from a pressure drop due to the viscosity of a Newtonian

fluid thorough the cylindrical pipe is found by Poiseuille and Hagen in 1840[42, 43, 44]. The

theoretical analysis assumes incompressible and laminar flow. Since Taylor-Couette flow

does not include r = 0 in the calculation domain, the Hagen-Poiseuille flow provides a useful

benchmark test of the geometric source terms including r = 0 with viscosity. To avoid

using the second order derivatives by applying L’Hôpital’s rule at r = 0, Gauss-Legendre

quadrature[45] for 1D simulations or Gaussian quadrature[46] for 2D simulations are used

instead of using Legendre-Gauss-Lobatto quadrature[2]. Assuming that the axisymmetric

solution in steady state can be expressed as

u⃗n(r⃗) = unz(r)ẑ (3.47)

Pn(r⃗) = Pn(z) (3.48)
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the governing equation, Eq. (3.35), reduces to

∂Pn

∂z
− µ

1

r

∂

∂r

(
r
∂unz
∂r

)
= 0 (3.49)

For a constant axial pressure gradient, the first term and the second term in the left hand

side must be constant such that

∂Pn

∂z
= µ

1

r

∂

∂r

(
r
∂unz
∂r

)
= G (3.50)

Solving for unz and Pn,

unz(r) =
G

4µ
r2 + C1 ln (r) + C2 (3.51)

Pn(z) = Gz + C3 (3.52)

The assumption of the finite unz(r = 0) gives C1 = 0. Using fixed no-slip wall boundary

conditions,

C2 = − G

4µ
R2

o (3.53)

The numerical equilibrium results are shown in Fig. 3.16 that are compared with the an-

alytical results in 3.17. The benchmark tests have the third order of accuracy in time and

space, and 30 and 10 elements in axial and radial directions, respectively.

(a) Pressure (b) uz

Figure 3.16: Contour maps of equilibrium solutions of hydrodynamic pressure and hydrody-

namic axial velocity that derive Hagen-Poiseuille flow as the benchmark test with viscosity

in Gaussian quadrature nodes. (Simulations of Hagen-Poiseuille flow are performed with

WARPXM version 1.5.9 using input file Hagen Poiseuille flow.py)



66

0 2 4 6 8 10
z

0.0000

0.0002

0.0004

0.0006

0.0008

0.0010

Pr
es

su
re

+1
P Analytical P

(a) Axial profile of pressure

0.0 0.1 0.2 0.3 0.4 0.5
r

0.0000

0.0005

0.0010

0.0015

0.0020

0.0025

v z

vz Analytical vz

(b) Radial profile of axial velocity

Figure 3.17: Axial profile of pressure at r = 0 and radial profile of velocity at z = 0 for

Hagen-Poiseuille flow. Numerical results (solid lines) obtained by initiating uniform velocity

with pressure gradient reaches the equilibrium analytical results (dotted lines).

3.5 1D Z-Pinch in Radial Equilibrium

3.5.1 Z-pinch in Ideal 5N-moment Two-fluid Model

The radial equilibrium conditions for the Z-pinch in two-fluid model in a frame of reference

with no electric field satisfy

∇Pα = J⃗α × B⃗ (3.54)

∇× B⃗ = µ0J⃗ (3.55)

The following Bennett profile[47, 48] is one possible and well-known solution for the equilib-

rium Z-pinch

nα =
n0(

1 + r2

r2p

)2 (3.56)

Jαz = nαqαuαz (3.57)

Bθ = B0

2 r
rp

1 + r2

r2p

(3.58)
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where n0 and B0 are the peak number density and peak azimuthal magnetic fields, respec-

tively, and rp is the pinch radius defined as the radial position at the peak magnetic field.

The numerical results are compared with the analytical solutions in Fig. 3.18 and The

benchmark test has the third order of accuracy in time and space with 40 elements.
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Figure 3.18: 1D radial equilibrium Z pinch in the ideal two-fluid model. Numerical results

(solid lines) match with the analytical results (dotted lines). The geometric source terms

work well in the ideal 5N -moment two-fluid plasma model. (Simulation of 1D equilibrium

Z pinch in the ideal two-fluid model is performed with WARPXM version 1.5.9 using input

file zpinch 5moment 1D.py)

3.5.2 Z-pinch in ideal MHD model

In the ideal MHD model, the Bennett profile is

n =
n0(

1 + r2

r2p

)2 (3.59)

Bθ = B0

2 r
rp

1 + r2

r2p

(3.60)
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The numerical results in the ideal MHD model are compared with the analytical solutions

in Fig. 3.19. The benchmark test has the third order of accuracy in time and space with 40

elements.
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Figure 3.19: 1D radial equilibrium Z-pinch in the ideal MHD model. Numerical results (solid

lines) match with the analytical results (dotted lines). The geometric source terms works

well in the ideal MHD plasma model. (Simulation of 1D equilibrium Z pinch in the ideal

MHD model is performed with WARPXM version 1.5.9 using input file zpinch mhd 1D.py)

3.6 Summary of the Benchmark Tests

The benchmark tests of purely Maxwell’s equations, the neutral fluid equations, the ideal

5N -moment two-fluid model and the ideal MHD model demonstrate that the geometric

source terms have been implemented correctly. The numerical results match quite well with

the analytical solutions including r = 0 in cylindrical coordinates where L’Hôpital’s rule is

applied. In the following chapters, WARPXM with the geometric source terms is used to

solve more complicated axisymmetric problems to understand the Z-pinch plasma dynamics.
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Chapter 4

m = 0 SAUSAGE INSTABILITY IN 2D AXISYMMETRIC
Z-PINCH

The linear stability analysis for the pinch studied by Kruskal and Schwarzchild[49] and

Taylor[39] have indicated that a Z-pinch is sensitive to the pressure-driven m = 0 sausage

instability and the current-driven m = 1 kink instability. In 1995, Shumlak and Hartman

demonstrated the stabilizing effects of a sheared-flow on Z-pinch equilibrium[50]. Scheffel et

al. utilized the Vlasov-fluid model where ions are described in the kinetic model, but electrons

are treated as fluid to observe the finite Larmor radius effects in 1997.[51] In 2002, Sotnikov

et al. numerically investigated the physics of the shear-free and sheared Z-pinch by using

the ideal and Hall MHD model.[52] In 2018, Tummel et al. applied fully kinetic model to

investigate Fusion Z-pinch Experiment (FuZE) configurations.[8, 53] Note that kinetic results

fundamentally include nonlinear dynamics; however, Tummel’s work, while also nonlinear

studies, only follows the evolution through the linear phase, when perturbations remained

small, and observes only the early nonlinear physics. In 2021, Meier and Shumlak[54] ob-

tained nonlinear saturated results for m = 0 sausage instabilities in the FuZE configurations

by using 5N -moment two-fluid model with Braginskii transport. A viable fusion device must

operate for durations much longer than the time to reach nonlinear saturation. To observe

the stable nonlinear physics and fusion reactions in an axisymmetric Z-pinch, it is important

to investigate the sheared-flow stabilizing effects and Braginskii non-ideal transport effects

for the m = 0 sausage instability in WARPXM. The all numerical results shown in Ch. 4

have the third order accuracy in time and space, and 40 and 10 elements in axial and radial

directions, respectively.
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4.1 Shear-free Axisymmetric Z-pinch in Ideal Two-fluid and Ideal MHD Mod-
els

4.1.1 Initial Conditions

The equilibrium conditions follow the Bennett profile and the initial perturbations are applied

as follows.

nα =
n0(

1 + r2

r2p

)2 (1 + ϵ cos (kz)) (4.1)

Jz =
n0(

1 + r2

r2p

)2 quz (1− 0.5ϵ cos (kz)) (4.2)

where the axial velocities for each species are the same but opposite, which establishes a

frame of reference with no initial electric field

uiz = −uez =
1

2
uz (4.3)

The azimuthal magnetic fields are not perturbed

Bθ = B0

2 r
rp

1 + r2

r2p

(4.4)

and uniform temperature assumptions for each species give

Ti = Te = T0 (4.5)

The pinch current Ip is obtained by integrating the axial current density from r = 0 to the

pinch radius rp

Ip = 2π

∫ rp

0

rJzdr (4.6)

The characteristic physical parameters in FuZE configurations used for normalizations in

WARPXM are given in Table 4.1.

Table 4.1: Characteristic physical parameters for FuZE configurations

n0 [m−3] T0 [keV] Ip [kA] rp [mm]

4.25× 1024 1.27 150 0.91
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4.1.2 Results

The growth rates obtained by using the ideal 5N -moment two-fluid model for the shear-

free Z-pinch with rp/rLi = 5.8 are larger compared with the ideal MHD simulations but

comparable to the Hall MHD simulations with rp/rLi = 2.36 presented by Sotnikov et al.[52]

at the small-k modes (see Fig. 4.1). As increasing the wave number k, the growth rates show

the peak at krp ≈ 10. While the values of those growth rates are larger than the results

obtained by the former numerical studies done by Tummel et al.[48] with rp/rLi = 5.8 and

Scheffel et al.[51] with rp/rLi = 5, the two-fluid results also show the further stabilizing effects

at the large-k modes. To reduce computational costs, it is useful to use larger electron mass

ratio Ae = 1/25 instead of using Ae = 1/1836 at small-k modes. However, the effects of the

electron mobility appears significant if krp > 5. Using the ideal MHD model in WARPXM,

the growth rates match well with the results from Sotnikov et al.[52] and saturate around

γ rp
VA

≈ 0.8 with increasing k. The numerical results obtained by using the ideal 5N -moment

two-fluid model are given in Fig. 4.2 and Fig. 4.3 shows the ideal MHD results.
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Figure 4.1: Numerical results of the growth rates γ for the sausage instabilities in 2D axisym-

metric Z pinch with various different axial wavevector k for the axial perturbations obtained

by using various different plasma models. Two-fluid results (diamond markers) show higher

growth rates compared with both ideal MHD (blue dashdotted lines) and high-fidelity kinetic

results (square markers). However, the Hall MHD results (purple dashdotted line) indicate

comparable growth rates to those obtained by using the two-fluid model (diamond markers).
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Figure 4.2: Contour maps of ion mass density ρi with krp = 5 and Ae = 1/1836 obtained

by using ideal two-fluid model. The sausage instabilities grow rapidly and the numerical

solutions diverge at 4 Alfven transit time. (Simulations of 2D Z pinch in the ideal two-fluid

model are performed with WARPXM version 1.5.9 using input file zpinch 5moment 2D.py)
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Figure 4.3: Contour maps of mass density ρ with krp = 5 obtained by using the ideal MHD

model. The slower growth of sausage instabilities in the axisymmetric Z pinch from the ideal

MHD model indicates the higher stabilizing effects compared with the ideal two-fluid results,

and the calculations can be sustained until 4.5 Alfven transit time. (Simulations of 2D Z

pinch in the ideal MHD model are performed with WARPXM version 1.5.9 using input file

zpinch mhd 2D.py)
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It is interesting that the growth rates from the ideal 5N -moment two-fluid model present

larger values compared with the Tummel’s kinetic model and Sheffel’s Vlasov-fluid model.

This indicates that the kinetic ion has some stabilizing effects and the non-ideal terms in

the 5N -moment two-fluid model, for example Braginskii viscosity tensor, are anticipated to

produce similar stabilizing effects. While there are not enough information for the kinetic

electron effects at large-k modes, the both Vlasov-fluid and two-fluid results indicate shifted

peaks and monotonically decrease without having an inflection point. On the other hand,

the Sotnokov’s Hall MHD results show larger growth rates than the ideal MHD results, but

comparable to the ideal 5N -moment two-fluid results. This suggests that Hall effects (or the

mobility of electrons) are expected to produce some destabilizing effects at small-k modes.

4.2 Shear-Flow-Stabilized (SFS) Z Pinch in Ideal Two-fluid Model

A linear sheared flow profile is given to ions and electrons in addition to the initial conditions

for the shear-free cases.

uiz = −uez =
1

2
uz0 + uzs

r

rp
(4.7)

Since the number density and magnetic fields start with the Bennett equilibrium for the

shear-free Z pinch, the initial conditions do not satisfy equilibrium. Thereby, Maxwell’s

equations and momentum equations are expected to generate a radial electric field. Similar

to Tummel’s results, the stronger stabilizing effects and an improvement of the plasma con-

finement is observed for increasing velocity shear uzs (see Fig. 4.4). However, it is difficult

to achieve nonlinear saturation in the ideal two-fluid model due to the larger growth rates

and the lack of dissipation. The numerical contour maps for ion mass density with different

sheared flows are given in Figs. 4.5, 4.6, and 4.7.
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Figure 4.4: Total mass confined in the shear-free (blue line) and SFS Z pinches (red, green

and orange lines) with various different shear flow. The larger sausage instabilities lead to

more plasma losses; however the stronger shear profile improves the plasma confinement.
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Figure 4.5: Contour maps of ion mass density ρi of Z pinch with krp = 5 and T0 = 1270 eV in-

cluding sheared flow uzs = 0.25VA. While the shear profile with uzs = 0.25VA cannot stabilize

the sausage instability, the sheared flow starts to improve the plasma confinement compared

with the shear-free case in Fig. 4.2 (Simulations of 2D SFS Z pinch in the ideal two-fluid

model are performed with WARPXM version 1.5.9 using input file zpinch 5moment 2D.py)
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Figure 4.6: Contour maps of ion mass density ρi of Z pinch with krp = 5 and T0 = 1270 eV

including sheared flow uzs = 0.50VA. The shear profile with uzs = 0.50VA starts to stabilize

the sausage instability and further improves the plasma confinement
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Figure 4.7: Contour maps of ion mass density ρi of Z pinch with krp = 5 and T0 = 1270 eV

including sheared flow uzs = 0.75VA. The strong sheared profile with uzs = 0.75VA stabilizes

the sausage instability; however, the non-dissipative ideal two-fluid model cannot reach the

nonlinear saturation

4.3 Axisymmetric Z pinch with Braginskii Viscosity and Thermal Conductiv-
ity

Braginskii[10] analyzed general the plasma transport by using a moment approach in 1965.

The summary of the derivations of Braginskii equations are given in Appendix C. In the

axisymmetric cylindrical coordinates, Braginskii viscosity and thermal conductivity are, re-
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spectively,

↔

Π =


Πrr Πrθ Πrz

Πθr Πθθ Πθz

Πzr Πzθ Πzz

 (4.8)

and

h⃗α = −κα⊥∇⊥Tα ± κα∧

(
b̂×∇Tα

)
(4.9)

where the positive sign of κα∧ is for ions and the negative sign is for electrons due to the

opposite cyclotron direction. The azimuthal direction is parallel to the magnetic field, θ̂ ∥ B⃗.

The each components of the viscosity stress tensor
↔

Π and heat flux h⃗α are

Πθθ = −η0Wθθ (4.10)

Πzz = −η0
1

2
(Wzz +Wrr)− η1

1

2
(Wzz −Wrr)− η3Wzr (4.11)

Πrr = −η0
1

2
(Wzz +Wrr)− η1

1

2
(Wrr −Wzz)− η3Wzr (4.12)

Πzθ = Πθz = 0 (4.13)

Πrθ = Πθr = 0 (4.14)

where

↔

W = ∇u⃗α + (∇u⃗α)T − 2

3
(∇ · u⃗α)

↔

I (4.15)

and

h⃗⊥ =
(
b̂× h⃗

)
× b̂ (4.16)

h⃗∧ = b̂× h⃗ (4.17)
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The transport coefficients for viscosity and thermal conductivity are

ηi0 = 0.96niTiτii (4.18)

ηi2 = niTiτii

(
6
5
x2i + 2.23

)
∆ηi

(4.19)

ηi4 = niTiτiixi
(x2i + 2.28)

∆ηi

(4.20)

ηi1 = ηi2(2xi) (4.21)

ηi3 = ηi4(2xi) (4.22)

ηe0 = 0.733neTeτei (4.23)

ηe2 = neTeτei
(2.05x2e + 8.50)

∆ηe

(4.24)

ηe4 = neTeτeixe
(x2e + 7.91)

∆ηe

(4.25)

ηe1 = ηe2(2xe) (4.26)

ηe3 = ηe4(2xe) (4.27)

and

κi⊥ =
niTiτii
mi

(2x2i + 2.645)

∆κi

(4.28)

κi∧ =
niTiτii
mi

xi

(
5
2
x2i + 4.65

)
∆κi

(4.29)

κe⊥ =
neTeτei
me

(4.664x2e + 11.92)

∆κi

(4.30)

κe∧ =
neTeτei
me

xe

(
5
2
x2i + 21.67

)
∆κi

(4.31)
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where the ions are assumed to be singly ionized Zi = 1 and

xα = ωcαταi (4.32)

∆ηi = x4i + 4.03x2i + 2.33 (4.33)

∆ηe = x4e + 13.8x2e + 11.6 (4.34)

∆κi = x4i + 2.70x2i + 0.677 (4.35)

∆κe = x4e + 14.79x2e + 3.7703 (4.36)

τei =
1

νei
=

3 (4πϵ0)
2√meT

3
2
e

4
√
2πniZ2

i q
4 ln Λ

(4.37)

τii =
1

νii
=

3 (4πϵ0)
2√miT

3
2
i

4
√
πniZ4

i q
4 ln Λ

(4.38)

The odd coefficients for viscosity, ηα1 and ηα3 , can be obtained by replacing xα with 2xα. Con-

sidering the applicability of Braginskii equations, FuZE configurations, which have log10 (Kn) =

0.888, are in a collisional transition or collisionless regime that is out of the formal applica-

bility of Braginskii equations.

Figure 4.8: Applicability of plasma models based on the collisionality and charge

separation[2].
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As Knudsen number increases (as plasma becomes collisionless), although Braginskii

resistivity α decreases, viscosity coefficient η and thermal conductivity κ increase (see in Fig.

4.9). In a collisionless regime, the viscosity and thermal conductivity become unphysically

large. Thereby, Meier and Shumlak[54] extended the applicability of Braginskii equations by

applying several physics-based corrections for the transport coefficients.
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Figure 4.9: The radial profile of Braginskii transport coefficients for T = 100 eV (solid lines)

and T = 30 eV (dashed lines) Z pinch plasma satisfying the Bennett equilibrium. While

the resistive coefficients α decrease as temperature increases, the transport coefficients of

viscosity η and thermal conductivity κ increase. The magnitude of the coefficient β for Nernst

effect and Ettingshausen effect do not change with temperature; however, the magnetization

ωcτei changes the profiles of β around r = 0.
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In a resolved collisional regime where Braginskii equations are applicable, Braginskii

viscosity tensor
↔

Π ∝ ∇u⃗ and conductive thermal heat flux h⃗ ∝ ∇T are found to suppress

the m = 0 sausage instability (see Fig. 4.10). To increase Knudsen number, the initial

conditions are modified as shown in Table. 4.2. At large-k modes, the growth rates with

T0 = 10[eV ] start to be overdamped from PIC results. Hence, some corrections for the

coefficients of viscosity and thermal conductivity are required as Knudsen number further

increases. Considering the results obtained by using T0 = 30[eV ] and T0 = 100[eV ] with

the correction factors proposed by Meier and Shumlak[54], the effects of diffusivity in the

collisional transition regime is weakened. However, there still exists stronger diffusion at

large-k modes since the correction factors related with the collisionality work effectively if

the Knudsen number is greater than unity, Kn > 1. The contour maps of ion mass density

with Braginskii viscosity and thermal conductivity are shown in Fig. 4.11.

f τ
corr =

1

1 + τii
τdyn

=
1

1 + Kn
(4.39)

Table 4.2: Initial conditions with different temperatures lead various different regimes

n0[m
−3] T0[eV ] Ip[kA] rp[mm] log10 (Kn)

FuZE (collisionless) 4.25× 1024 1270 150 0.910 0.888

collisional case1 4.25× 1024 1 4.21 0.910 -4.57

collisional case2 4.25× 1024 10 13.3 0.910 -3.01

collisional case3 4.25× 1024 20 18.8 0.910 -2.49

collisional case4 4.25× 1024 30 23.1 0.910 -2.17

transition case1 4.25× 1024 50 29.8 0.910 -1.77

transition case2 4.25× 1024 100 42.1 0.910 -1.21
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Figure 4.10: Numerical results of the growth rates γ for the sausage instabilities in 2D

axisymmetric Z pinch with various different axial wavevector k for the axial perturbations

obtained by using 5N -moment two-fluid model with various different temperature compared

with the published results from a PIC kinetic model and ideal MHD results obtained by using

WARPXM. The diamond markers with dotted lines indicate the Braginskii results including

viscosity and thermal conductivity. As temperature increases, the stronger viscosity and

thermal conductivity mitigate the sausage instabilities and decrease the growth rates.
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Figure 4.11: Contour maps of ion mass density ρi of Z pinch with krp = 5 and T0 =

10 eV including viscosity and thermal conductivity. The dissipation due to the viscosity and

thermal conductivity cannot fully stabilize the sausage instabilities; however those diffusion

help to sustain the core of Z pinch and mitigate the plasma losses. (Simulations of 2D Z

pinch with viscosity and thermal conductivity are performed with WARPXM version 1.5.9

using input file zpinch 5moment 2D.py)
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4.4 Axisymmetric Z pinch with Braginskii Resistivity and Heat Generation

Braginskii resistivity for each species in the axisymmetric Z pinch are

R⃗ei
u = −α⊥ (u⃗e − u⃗i)⊥ + α∧

[
b̂× (u⃗e − u⃗i)

]
(4.40)

R⃗ie
u = −R⃗ei

u (4.41)

where the transport coefficients for resistivity for a singly ionized plasma Zi = 1 are

α⊥ =
mene

τei

(
1− 6.416x2e + 1.836

∆κe

)
(4.42)

α∧ =
mene

τei
xe

1.704x2e + 0.7796

∆κe

(4.43)

The heat generation terms Qαβ for each species are

Qie = 3ne
me

mi

νei (Te − Ti) (4.44)

Qei = −R⃗ei · (u⃗e − u⃗i)−Qie (4.45)

Since the both resistivity and heat generation terms decrease as plasma becomes collisionless,

the growth rates increase as temperature increases (see Fig. 4.12). In a collisional regime,

it is difficult to evaluate linear growth rates since resistivity rapidly dissipates the Z-pinch

equilibrium (see Fig. 4.14). It is necessary to initialize with small perturbations or deviations

from initial equilibrium conditions to apply a linear stability analysis appropriately. The

rapid dissipation of Z-pinch plasmas yields the poor plasma confinement (see Fig. 4.13).

In the collisional transition regime, resistivity is low enough to observe linear growth and

indicate some stabilizing effects until the Knudsen number reaches Kn ∼ 0.06. The contour

maps of ion mass density with resistivity and the sausage instability are given in Fig. 4.15.
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Figure 4.12: Numerical results of the growth rates γ for the sausage instabilities in 2D

axisymmetric Z pinch with various different axial wavevector k for the axial perturbations

obtained by using 5N -moment two-fluid model with various different temperature compared

with the published results from a PIC kinetic model and ideal MHD results obtained by using

WARPXM. The diamond markers with dotted lines indicate the Braginskii results including

resistivity and heat generation. As temperature increases, the growth rates increase due to

the weaker resistivity.
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Figure 4.13: Total mass confined in the Z pinch with sausage instabilities by using ideal

two-fluid model (blue line) and resistive two-fluid model with different temperature (red and

green lines). The strong resistivity (green) diffuses plasmas significantly and leads more

plasma losses compared with the ideal two-fluid case (blue)
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Figure 4.14: Contour maps of ion mass density ρi in Z pinch with krp = 5 and T0 = 10 eV

including resistivity and heat generation. The stronger resistivity in a collisional regime

diffuses plasmas significantly and it is difficult to observe the sausage instability. (Simulations

of 2D Z pinch with resistivity and heat generation are performed with WARPXM version

1.5.9 using input file zpinch 5moment 2D.py)
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Figure 4.15: Contour map of ion mass density ρi with krp = 5 and T0 = 50 eV including

resistivity and heat generation. In the beginning of the collisional transition regime, the

resistivity still has some diffusive and stabilizing effects for the sausage instability. (Simu-

lations of 2D Z pinch with resistivity and heat generation are performed with WARPXM

version 1.5.9 using input file zpinch 5moment 2D.py)
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4.5 Axisymmetric Z pinch with Full Braginskii Non-ideal Terms

The Braginskii equations include electron heat flux h⃗eu and thermal force R⃗T , which are

known as Ettingshausen effect and Nernst effect, respectively

h⃗eu = βTu
⊥ (u⃗e − u⃗i)⊥ + βTu

∧

[
b̂× (u⃗e − u⃗i)

]
(4.46)

R⃗T = −βuT
⊥ ∇⊥Te − βuT

∧

(
b̂×∇Te

)
(4.47)

The transport coefficients for the electron heat flux and thermal force for a singly ionized

plasma Zi = 1 are

βTu
⊥ = Teβ

uT
⊥ (4.48)

βTu
∧ = Teβ

uT
∧ (4.49)

βuT
⊥ = ne

5.101x2e + 2.681

∆κe

(4.50)

βuT
∧ = nexe

3
2
x2e + 3.053

∆κe

(4.51)

The Nernst effect can drive a current flow if there is a temperature gradient. Conversely,

the Ettingshausen effect can yield a temperature gradient if there is a current flow. These

two effects are known as the Onsager reciprocal relations[55, 56]. In the Bennett profile

with a uniform temperature, the Ettingshausen effect starts to provide the advection of

the energy flux that yields negative gradients of temperature in axial and radial directions.

Combining with the Nernst effects, the produced negative gradients of temperature drives

a radial motion of the plasma and decreases the axial current that eventually yields further

destabilizing effects of the sausage instability. Since the Ettingshausen effect does not lead to

diffusion behavior unlike resistivity, viscosity, and thermal conductivity, the Ettingshausen

effect is ignored in the following discussion to avoid including a large deviations from the

Bennett equilibrium condition.
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Figure 4.16: Numerical results of the growth rates γ for the sausage instabilities in 2D

axisymmetric Z pinch with various axial wavevector k for the axial perturbations obtained

by using 5N -moment two-fluid model compared with the published results from a PIC kinetic

model and ideal MHD results obtained by using WARPXM. The coefficients for viscosity

and thermal conductivity are corrected. The results using full Braginskii transport yield the

comparable growth rates to those obtained by using the kinetic model at krp = 3. However,

the diffusive effects become significantly larger in larger wavenumbers due to the weaker

corrections in a collisional transition regime.

As shown in Sec. 4.4, the strong resistivity dissipates the Z-pinch equilibrium rapidly;

therefore, it is necessary to implement simulations within the collisional transition regime to

observe the full Braginskii effects. However, the corrected viscosity and thermal conductivity

still has a larger diffusion effect in the collisional transition regime, particularly at large-k

modes. Combining with the resistivity, while the results with krp = 3 get closer to PIC

results, krp ≥ 5 modes are overdamped in Fig. 4.16. The contour maps of ion mass density

with full Braginskii transport are shown in Fig. 4.17.
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rp
VA

(c) t = 1.5
rp
VA

(d) t = 2.25
rp
VA

(e) t = 3.0
rp
VA

(f) t = 3.75
rp
VA

(g) t = 4.50
rp
VA

(h) t = 5.25
rp
VA

(i) t = 6.00
rp
VA

Figure 4.17: Contour maps of ion mass density ρi in the Z pinch with krp = 5 and T0 = 100 eV

including full Braginskii non-ideal terms except for Ettingshausen effect. The strong diffu-

sions lead large plasma losses and it is difficult to observe the sausage instability. (Simulations

of 2D Z pinch with the full Braginskii transport are performed with WARPXM version 1.5.9

using input file zpinch 5moment 2D.py)
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Chapter 5

DEUTERIUM-TRITIUM Z-PINCH FUSION REACTIONS

Fusion reactions and alpha heating in an axisymmetric, D-T-fueled Z pinch are numeri-

cally investigated using the 5N -moment multi-fluid plasma model. The Z pinch is modeled

as a four-fluid system (deuterons, tritons, alphas, and electrons) with self-consistent elec-

tromagnetic fields. Conservation of charge (0th moment), momentum (1st moment), and

energy (2nd moment) are described in terms of 5N-moment fluid variables and fusion reac-

tivity. The fusion reactivity is obtained by using a R-matrix fitting approach described by

Bosch and Hale[57]. At sufficiently high plasma currents, fusion alphas can be magnetically

confined[58]. The confined alphas collide with the Z-pinch plasma and lead to bulk plasma

heating, which is modeled using a Fokker-Planck collision operator for the fast alphas and

the Maxwellian Z-pinch plasma while preserving total energy. Several interesting physical

phenomena occur as a result of energetic alpha particle production from the fusion reactions.

5.1 Fusion Collision Operator

5.1.1 Boltzmann Collision Operator

The Boltzmann equation is

∂fα
∂t

+
p⃗

mα

· ∂fα
∂x⃗

+
F⃗

mα

· ∂fα
∂v⃗

=

(
δfα
δt

)
coll

(5.1)

where fα = fα(t, x⃗, v⃗) is velocity distribution function for a species s, p⃗ = mαv⃗ is momen-

tum, mα is mass, and F⃗ is force. The right hand side accounts for the time evolution of

the distribution function due to correlations, in particular, collisions with other species of

particles or particle generation through fusion or atomic reactions. The Boltzmann collision
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operator[59] between an incident particle a and a target (or background) particle b is(
δfa
δt

)
coll

≡ Ccoll
a (fa, fb) =

∫∫
vrel (fa(v⃗

′
a)fb(v⃗

′
b)− fa(v⃗a)fb(v⃗b))

dσ

dΩ
dΩdv⃗b (5.2)

where the primed velocities v⃗ ′
s are post-collision velocities, Ω is a solid angle in a veloc-

ity space for scattered particles, dσ
dΩ

is a differential scattering cross section, and vrel is a

magnitude of relative velocity

vrel ≡ |v⃗rel| = |v⃗b − v⃗a| (5.3)

For a fusion reaction, post-collision scattered velocities do not exist and a fusion cross section

σfus can be empirically obtained such that

Ccons
a (fa, fb) = −

∫
fa(v⃗a)fb(v⃗b)σfus(vrel)vreldv⃗b (5.4)

where the negative sign indicates the consumption of species a, which produces a sink.

5.1.2 0th moment

The 0th moment of the consumptive fusion collision operator is∫
Ccons

a (fa, fb)dv⃗a = −
∫∫

fa(v⃗a)fb(v⃗b)σfus(vrel)vreldv⃗bdv⃗a (5.5)

Suppose that the fuel plasma species a and b have drifting Maxwellian distributions and

thermal velocity vths ≡
√

2Ts

ms
is much faster than bulk fluid velocity us i.e., vths ≫ us, the

Taylor series of the drifting Maxwellian distribution function of species s with temperature

Ts[eV ] and number density ns is

fs(v⃗s) = ns

(
ms

2πTs

) 3
2

e−
ms|v⃗s−u⃗s|

2Ts

≃ ns

(
ms

2πTs

) 3
2

e−
msv

2
s

2Ts

[
1 + 2

v⃗s · u⃗s
v2ths

+O

((
us
v2ths

)2
)] (5.6)
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which then leads to

fa(v⃗a)fb(v⃗b) ≃
nanb

(2πT )3
(mamb)

3
2 e−

mav2a+mbv
2
b

2T

(
1 + 2

v⃗a · u⃗a
v2tha

)(
1 + 2

v⃗b · u⃗b
v2thb

)
+O

((
us
v2ths

)2
)

=
nanb

(2πT )3
(mamb)

3
2 e−

mav2a+mbv
2
b

2T

[
1 + 2

(
v⃗a · u⃗a
v2tha

+
v⃗b · u⃗b
v2thb

)]
+O

((
us
v2ths

)2
)
(5.7)

where temperature for incident and target particles are assumed to be approximately same,

T = Ta ≃ Tb. Since the cross-section area is a function of the relative velocity vrel, it is more

convenient to express v⃗a and v⃗b in terms of the center-of-mass velocity v⃗cm and the relative

velocity v⃗rel such that

v⃗a = v⃗cm − mred

ma

v⃗rel (5.8)

v⃗b = v⃗cm +
mred

mb

v⃗rel (5.9)

dv⃗adv⃗b = det
↔

Jdv⃗cmdv⃗rel (5.10)

where

v⃗cm ≡ mav⃗a +mbv⃗b
ma +mb

, (5.11)

↔

J is Jacobian

det
↔

J =
∂v⃗a
∂v⃗cm

∂v⃗b
∂v⃗rel

− ∂v⃗a
∂v⃗rel

∂v⃗b
∂v⃗cm

= mred

(
1

mb

+
1

ma

)
= 1, (5.12)

and mred is reduced mass

mred ≡
mamb

ma +mb

(5.13)

Hence, Eq. (5.5) becomes∫
Ccons

a (fa, fb)dv⃗a ≃ − nanb

(2πT )3
(mamb)

3
2∫∫

σfus(vrel)vrele
−mtotv

2
cm+mredv

2
rel

2T

[
1 +

mtot

T
u⃗cm · v⃗cm +

mred

T
u⃗rel · v⃗rel

]
dv⃗cmdv⃗rel (5.14)

where mtot is a total mass

mtot ≡ ma +mb (5.15)
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and u⃗cm and u⃗rel are center-of-mass fluid velocity and relative fluid velocity, respectively

u⃗cm =
mau⃗a +mbu⃗b
ma +mb

(5.16)

u⃗rel = u⃗b − u⃗a (5.17)

Note that
1

2
mav

2
a +

1

2
mbv

2
b =

1

2
mtotv

2
cm +

1

2
mredv

2
rel (5.18)

2

(
v⃗a · u⃗a
v2tha

+
v⃗b · u⃗b
v2thb

)
= 2

(
u⃗a
v2tha

+
u⃗b
v2thb

)
· v⃗cm − 2

mred

ma

v⃗rel ·
u⃗a
v2tha

+ 2
mred

mb

v⃗rel ·
u⃗b
v2thb

=
1

T
(mau⃗a +mbu⃗b) · v⃗cm +

mred

T
(u⃗b − u⃗a) · v⃗rel

=
mtot

T
u⃗cm · v⃗cm +

mred

T
u⃗rel · v⃗rel

(5.19)

Considering the second and third terms of the integral in Eq. (5.14),

mtot

T
u⃗cm ·

∫
v⃗cme

−mtotv
2
cm

2T dv⃗cm

∫
σfus(vrel)vrele

−mredv
2
rel

2T dv⃗rel = 0 (5.20)

mred

T
u⃗rel ·

∫
v⃗relσfus(vrel)vrele

−mredv
2
rel

2T dv⃗rel

∫
e−

mtotv
2
cm

2T dv⃗cm = 0 (5.21)

because the following integrands are both odd functions

v⃗cme
−mtotv

2
cm

2T : odd function

v⃗relσfus(vrel)vrele
−mredv

2
rel

2T : odd function

Thus, only the first term remains∫
Ccons

a (fa, fb)dv⃗a ≃ − nanb

(2πT )3
(mamb)

3
2

∫ ∞

−∞
e−

mtotv
2
cm

2T dv⃗cm

∫ ∞

−∞
σfus(vrel)vrele

−mredv
2
rel

2T dv⃗rel

= − nanb

(2πT )3
(mamb)

3
2

(
2πT

mtot

) 3
2
∫ ∞

−∞
σfus(vrel)vrele

−mredv
2
rel

2T dv⃗rel

= −nanb

(mred

2πT

) 3
2

∫ ∞

−∞
σfus(vrel)vrele

−mredv
2
rel

2T dv⃗rel

= −nanb < σfusvrel >

(5.22)
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where ∫ ∞

−∞
e−

mtotv
2
cm

2T dv⃗cm =

∫ ∞

0

4πv2cme
−mtotv

2
cm

2T dvcm =

(
2πT

mtot

) 3
2

(5.23)

and < σfusvrel > is an average reactivity

< σfusvrel >≡
(mred

2πT

) 3
2

∫ ∞

−∞
σfus(vrel)vrele

−mredv
2
rel

2T dv⃗rel (5.24)

It is important to note that for reactions between the same species, for example D–D

fusion, the factor of half is introduced because collisions between incident and target particles

are indistinguishable. Since two nuclei are consumed through a single reaction, Eq. (5.22)

can be rewritten as∫
Ccons

a (fa, fb)dv⃗a ≃ −1 + δab
1 + δab

nanb < σfusvrel >= −(1 + δab)Sab (5.25)

where δab is the Kronecker delta and Sab is a reactive source term in fluid equations

Sab ≡ − 1

(1 + δab)

∫
Ccons

a (fa, fb)dv⃗a ≃
1

(1 + δab)
nanb < σfusvrel > (5.26)

Note that the reactive source term is proportional to the reaction rate, and the 0th moment

of a fusion collision operator represents a rate of a consumption of nuclei.

5.1.3 1st moment

The 1st moment of the consumptive fusion collision operator multiplied by ma for reactions

of dissimilar species is

ma

∫
v⃗aC

cons
a (fa, fb)dv⃗a ≃ − nanb

(2πT )3
(mamb)

3
2∫∫

(mav⃗cm−mredv⃗rel)σfus(vrel)vrele
−mtotv

2
cm+mredv

2
rel

2T

[
1 +

mtot

T
u⃗cm · v⃗cm +

mred

T
u⃗rel · v⃗rel

]
dv⃗cmdv⃗rel

(5.27)

Again, since

v⃗cme
−mtotv

2
cm

2T : odd function
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v⃗relσfus(vrel)vrele
−mredv

2
rel

2T : odd function

only the following two terms remain

ma

∫
v⃗aC

cons
a (fa, fb)dv⃗a ≃ − nanb

(2πT )3
(mamb)

3
2[

ma

∫
mtot

T
v⃗cm(u⃗cm · v⃗cm)e−

mtotv
2
cm

2T dv⃗cm

∫
σfus(vrel)vrele

−mredv
2
rel

2T dv⃗rel

−mred

∫
e−

mtotv
2
cm

2T dv⃗cm

∫
mred

T
v⃗rel(u⃗rel · v⃗rel)σfus(vrel)vrele−

mredv
2
rel

2T dv⃗rel

]
(5.28)

Using integration by parts with Eq. (5.23)

ma

∫
mtot

T
v⃗cm(u⃗cm · v⃗cm)e−

mtotv
2
cm

2T dv⃗cm

∫
σfus(vrel)vrele

−mredv
2
rel

2T dv⃗rel

= ma

(
−
∫

(u⃗cm · v⃗cm)∇v⃗cme
−mtotv

2
cm

2T dv⃗cm

)(
2πT

mred

) 3
2

< σfusvrel >

= ma

(
2πT

mred

) 3
2
{
u⃗cm

∫
e−

mtotv
2
cm

2T dv⃗cm −
∫

∇v⃗cm

[
(u⃗cm · v⃗cm)e−

mtotv
2
cm

2T

]
dv⃗cm

}
< σfusvrel >

= ma
(2πT )3

(mredmtot)
3
2

< σfusvrel > u⃗cm

(5.29)

where ∇v⃗cm is a vector differential operator with respect to the center of mass velocity

−∇v⃗cme
−mtotv

2
cm

2T =
mtot

T
v⃗cme

−mtotv
2
cm

2T (5.30)

and ∫
∇v⃗cm

[
(u⃗cm · v⃗cm)e−

mtotv
2
cm

2T

]
dv⃗cm = 0 (5.31)
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Similarly,

−mred

∫
e−

mtotv
2
cm

2T dv⃗cm

∫
mred

T
v⃗rel(u⃗rel · v⃗rel)σfus(vrel)vrele−

mredv
2
rel

2T dv⃗rel

= mred

(
2πT

mtot

) 3
2
∫

(u⃗rel · v⃗rel)σfus(vrel)vrel∇v⃗rele
−mredv

2
rel

2T dv⃗rel

= −mred

(
2πT

mtot

) 3
2
{
u⃗rel

∫
σfus(vrel)vrele

−mredv
2
rel

2T dv⃗rel

+

∫
(u⃗rel · v⃗rel)∇v⃗rel(σfus(vrel)vrel)e

−mredv
2
rel

2T dv⃗rel

−
∫

∇v⃗rel

[
(u⃗rel · v⃗rel)σfus(vrel)vrele−

mredv
2
rel

2T

]
dv⃗rel

}
= −mred

(2πT )3

(mredmtot)
3
2

< σfusvrel > u⃗rel

−mred

(
2πT

mtot

) 3
2
∫
(u⃗rel · v⃗rel)∇v⃗rel(σfusvrel)e

−mredv
2
rel

2T dv⃗rel

(5.32)

where ∫
∇v⃗rel

[
(u⃗rel · v⃗rel)σfus(vrel)vrele−

mredv
2
rel

2T

]
dv⃗rel = 0 (5.33)

Hence,

ma

∫
v⃗aC

cons
a (fa, fb)dv⃗a ≃ − nanb

(2πT )3
(mamb)

3
2

[
(mau⃗cm −mredu⃗rel)

(2πT )3

(mredmtot)
3
2

< σfusvrel >

−mred

(
2πT

mtot

) 3
2
∫
(u⃗rel · v⃗rel)∇v⃗rel(σfusvrel)e

−mredv
2
rel

2T dv⃗rel

]

= −mau⃗ananb < σfusvrel > +mrednanb

(mred

2πT

) 3
2

∫
(u⃗rel · v⃗rel)∇v⃗rel(σfusvrel)e

−mredv
2
rel

2T dv⃗rel

(5.34)

Note

mau⃗cm −mredu⃗rel = ma
mau⃗a +mbu⃗b

mtot

− mamb

mtot

(u⃗b − u⃗a) = mau⃗a (5.35)

Including the effects of the collisions between same species of particles, the general form of

the 1st moment of the consumptive fusion collision operator is

ma

∫
v⃗aC

cons
a (fa, fb)dv⃗a ≃ −(1 + δab)mau⃗aSab − (1 + δab)R⃗ab (5.36)
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where R⃗ab is a rate of momentum transfer through fusion reactions

R⃗ab ≡ − 1

1 + δab
mrednanb

(mred

2πT

) 3
2

∫
(u⃗rel · v⃗rel)∇v⃗rel(σfusvrel)e

−mredv
2
rel

2T dv⃗rel

=
1

1 + δab
mrednanb

(mred

2πT

) 3
2

∫
(w⃗rel · v⃗rel)∇v⃗rel(σfusvrel)e

−mredv
2
rel

2T dv⃗rel

(5.37)

and w⃗rel is relative random velocity

w⃗rel = w⃗b − w⃗a = v⃗rel − u⃗rel (5.38)

w⃗s ≡ v⃗s − u⃗s (5.39)

Note that R⃗ab vanishes if u⃗rel ≃ 0 or v⃗rel ≃ w⃗rel. One possible case for u⃗rel ≃ 0 is that

the incident and target particles are the same species, for example D–D fusion. For the

interspecies fusion reaction, for example D–T fusion, the approximation of v⃗rel ≃ w⃗rel is

reasonable since the most fusion reactions occur at the tail of distributions. In Meier’s

plasma-neutral model[60], the same approximation v⃗rel ≃ w⃗rel is used for an atomic reaction.

Note that R⃗ba = −R⃗ab because v⃗b has the opposite sign for v⃗rel compared with v⃗a in Eqs.

(5.8) and (5.9).

5.1.4 2nd moment

The 2nd moment of the consumptive fusion collision operator with 1
2
ma for dissimilar parti-

cles is

1

2
ma

∫
v2aC

cons
a (fa, fb)dv⃗a ≃ − nanb

(2πT )3
(mamb)

3
2∫∫

1

2
ma

[
v2cm − 2

mred

ma

v⃗rel · v⃗cm +

(
mred

ma

)2

v2rel

]
σfus(vrel)vrele

−mtotv
2
cm+mredv

2
rel

2T

[
1 +

mtot

T
u⃗cm · v⃗cm +

mred

T
u⃗rel · v⃗rel

]
dv⃗cmdv⃗rel (5.40)

Since there are four odd functions,

v⃗cme
−mtotv

2
cm

2T : odd function
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v⃗relσfus(vrel)vrele
−mredv

2
rel

2T : odd function

v⃗cmv
2
cme

−mtotv
2
cm

2T : odd function

v⃗relv
2
relσfus(vrel)vrele

−mredv
2
rel

2T : odd function

only two terms survive

1

2
ma

∫
v2aC

cons
a (fa, fb)dv⃗a ≃ − nanb

(2πT )3
(mamb)

3
2∫∫

1

2
ma

[
v2cm +

(
mred

ma

)2

v2rel

]
σfus(vrel)vrele

−mtotv
2
cm+mredv

2
rel

2T dv⃗cdv⃗rel (5.41)

The first term is

1

2
ma

∫
v2cme

−mtotv
2
cm

2T dv⃗cm

∫
σfus(vrel)vrele

−mredv
2
rel

2T dv⃗rel

=
1

2
ma

3T

mtot

(
2πT

mtot

) 3
2
(
2πT

mred

) 3
2

< σfusvrel >

=
3

2

ma

mtot

T
(2πT )3

(mtotmred)
3
2

< σfusvrel >

(5.42)

where ∫ ∞

−∞
v2cme

−mtotv
2
cm

2T dv⃗cm =

∫ ∞

0

4πv4cme
−mtotv

2
cm

2T dvcm = 6
√
2π

3
2

(
T

mtot

) 5
2

(5.43)

The second term combined with Eq. (5.23) is

1

2
ma

(
mred

ma

)2 ∫
e−

mtotv
2
cm

2T dv⃗cm

∫
σfus(vrel)v

3
rele

−mredv
2
rel

2T dv⃗rel

=
mred

ma

(
2πT

mtot

) 3
2
(
2πT

mred

) 3
2

<
1

2
mredv

2
relσfusvrel >

=
mred

ma

(2πT )3

(mtotmred)
3
2

<
1

2
mredv

2
relσfusvrel >

(5.44)

where < 1
2
mredv

2
relσfusvrel > is an average kinetic energy transfer rate in the center-of-mass

frame

<
1

2
mredv

2
relσfusvrel >≡

(mred

2πT

) 3
2

∫
1

2
mredv

2
relσfus(vrel)vrele

−mredv
2
rel

2T dv⃗rel (5.45)
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Hence,

1

2
ma

∫
v2aC

cons
a (fa, fb)dv⃗a ≃ − nanb

(2πT )3
(mamb)

3
2[

3

2

ma

mtot

T
(2πT )3

(mtotmred)
3
2

< σfusvrel > +
mred

ma

(2πT )3

(mtotmred)
3
2

<
1

2
mredv

2
relσfusvrel >

]
= −3

2

ma

mtot

Tnanb < σfusvrel > − mb

mtot

nanb <
1

2
mredv

2
relσfusvrel >

(5.46)

Including the effects of collisions between the same species of particles and accounting for

internal degrees of freedom, the general form of the 2nd moment of the consumptive fusion

collision operator is

1

2
ma

∫
v2aC

cons
a (fa, fb)dv⃗a ≃ −(1 + δab)

1

γ − 1

ma

mtot

TSab − (1 + δab)
mb

mtot

Qab (5.47)

where γ is the specific heat capacity ratio and Qab is energy transfer rate

Qab ≡
1

1 + δab
nanb

(mred

2πT

) 3
2

∫
1

2
mredv

2
relσfus(vrel)vrele

−mredv
2
rel

2T dv⃗rel

=
1

1 + δab
nanb <

1

2
mredv

2
relσfusvrel >

(5.48)

Notice that the center-of-mass kinetic energy 1
2
mtotv

2
cm is consumed in the form of the thermal

energy loss, and the relative kinetic energy in the frame moving with the center of mass

1
2
mredv

2
rel is lost by transferring Qab.

5.2 Conservation Laws with Fusion Reactions

It is known that conservation of the number of particles is obtained by using a Hamilto-

nian formulation and Liouville’s theorem, which is valid for conservative forces, such as

the Lorentz force, for a collisionless Boltzmann equation[59, 61, 62]. As in Eq. (5.2), the

Boltzmann collision operator includes the effects of reversible collisions in time and space by

considering post-collision velocity distribution functions, and thus the conservation of the

number of particles is guaranteed. However, since the consumptive fusion collision operator

decreases post-collision particles in Eq. (5.4), the conservation of the number of particles
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is not necessarily satisfied for each species during a fusion reaction and must be explicitly

accounted. Similarly, the conservations of momentum and energy in a fluid model can be

obtained by taking the 1st and 2nd moment of the collisionless Boltzmann equation. With

the typical Boltzmann collision operator, the total momentum and energy in a multi-fluid

model can be conserved by transferring the change of momentum and energy into other

fluids1. Again, however, the momentum and energy transfer cannot be obtained by taking

the moments of the consumptive fusion collision operator due to the loss of particles. In this

section, the correlations between consumed and produced fluids through fusion reactions is

discussed by considering the conservation of total mass, total momentum, and total energy

in an adiabatic system.

5.2.1 Conservation of Total Mass (0th moment)

While the number of particles of a given species is not necessarily conserved through a fusion

reaction, the total number of protons and neutrons (and thereby the total mass) is conserved

Aa +Ab =
∑
s ̸=a,b

Asp
sn
s p

br
s (5.49)

whereAs is atomic mass number, psns is stoichiometry coefficient, and pbr(σfus) is a branching

ratio for a fusion reaction, for example, psnα = 3 and pbr = 1 for p−11B fusion

p + 11B −−−−→
pbrα = 1

3(= psnα ) 4He + 8.7 MeV (5.50)

For D−D fusion, psns = 1 and pbrs = 0.5 if deuteron energy is high enough to achieve the peak

of the fusion crosssection[65],

D + D −−−−−−−−→
pbrT = pbrp = 0.5

T(1.01 MeV) + p(3.02 MeV) (5.51)

D + D −−−−−−−−−→
pbr3He

= pbrn = 0.5

3He(0.82 MeV) + n(2.45 MeV) (5.52)

1Although the rigorous derivations of the conservation of momentum and energy require applying
Noether’s theorem in Hamiltonian fluid mechanics[63, 64], those discussions are beyond the scope of this
dissertation.
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Considering consumption and formation rates of nuclei through a fusion reaction,

(Aa +Ab)Sab =
∑
s ̸=a,b

As

∫
Cform

s dv⃗s (5.53)

where Cform
s is a formative fusion collision operator. Using Eqs. (5.49) and (5.53),∫

Cform
s dv⃗s = psns p

br
s Sab (5.54)

Therefore, the 5N-moment continuity equations for D-T fusion are

∂nD

∂t
+∇ · (nDu⃗D) = −SDT (5.55)

∂nT

∂t
+∇ · (nT u⃗T ) = −SDT (5.56)

∂nα

∂t
+∇ · (nαu⃗α) = SDT (5.57)

∂nn

∂t
+∇ · (nnu⃗n) = SDT (5.58)

SDT = nDnT < σDTvrel > (5.59)

pbrα = pbrn = 1 (5.60)

psnα = psnn = 1 (5.61)

For D-D fusion with a branching ratio of 1/2,

∂nD

∂t
+∇ · (nDu⃗D) = −2SDD (5.62)

∂nT

∂t
+∇ · (nT u⃗T ) =

1

2
SDD (5.63)

∂np

∂t
+∇ · (npu⃗p) =

1

2
SDD (5.64)

∂n3He

∂t
+∇ · (n3Heu⃗3He) =

1

2
SDD (5.65)

∂nn

∂t
+∇ · (nnu⃗n) =

1

2
SDD (5.66)

SDD =
1

2
n2
D < σDDvrel > (5.67)

pbrT = pbrp = pbr3He = pbrn =
1

2
(5.68)

psnT = psnp = psn3He = psnn = 1 (5.69)
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5.2.2 Conservation of Total Momentum (1st moment)

To conserve the total momentum,

(mau⃗a +mbu⃗b)Sab =
∑
s ̸=a,b

∫
msv⃗sC

form
s dv⃗s (5.70)

If a-b fusion produces a single species of nucleus c, for example p−11B fusion, the above

equation is sufficient to find the 1st moment of a formative fusion collision operator. However,

if a-b fusion produces multiple species like D−T fusion or 3He−T fusion, it is necessary to

evaluate the 1st moment for each product satisfying Eq. (5.70). Suppose that a-b fusion

produces nuclei c and d

a + b −−−−−−−−→
pbrc [%] = pbrd [%]

psnc c + psnd d (5.71)

v⃗c = v⃗ ′
cm − m′

red

mc

v⃗ ′
rel (5.72)

v⃗d = v⃗ ′
cm +

m′
red

md

v⃗ ′
rel (5.73)

v⃗ ′
cm ≡ mcv⃗c +mdv⃗d

mc +md

(5.74)

v⃗ ′
rel ≡ v⃗d − v⃗c (5.75)

m′
red ≡

mcmd

mc +md

(5.76)

m′
tot ≡ mc +md (5.77)

where the prime denotes post-collision properties. Assuming a formative fusion collision

operator is expressed in terms of a common integrand C ′ such that

Cform
c = psnc p

br
c

∫
C ′dv⃗d (5.78)

Cform
d = psnd p

br
d

∫
C ′dv⃗c (5.79)

where pbrs is assumed as constant and dv⃗cdv⃗d ∝ dv⃗cmdv⃗rel, the right hand side of Eq. (5.70)

becomes ∑
s ̸=a,b

∫
msv⃗sC

form
s dv⃗s =

∫∫
(psnc p

br
c mcv⃗c + psnd p

br
d mdv⃗d)C

′dv⃗cdv⃗d (5.80)
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Considering the momentum and kinetic energy conservation,

mav⃗a +mbv⃗b = mcv⃗c +mdv⃗d (5.81)

1

2
mav

2
a +

1

2
mbv

2
b =

1

2
mcv

2
c +

1

2
mdv

2
d (5.82)

In the classic hard sphere elastic collision with ma = mc and mb = md, Eqs. (5.81) and

(5.82) yield

v⃗ ′
cm = v⃗cm (5.83)

v⃗ ′
rel = −v⃗rel (5.84)

In fusion reactions, ma ̸= mc and mb ̸= md lead to

v⃗ ′
cm =

mtot

m′
tot

v⃗cm (5.85)

v′2rel =
mred

m′
red

v2rel +

(
1− mtot

m′
tot

)
mtot

m′
red

v2cm (5.86)

In general, a thermonuclear fusion reaction has a small mass defect m′
tot ≃ mtot so that the

approximated expressions become

v⃗ ′
cm ≃ v⃗cm (5.87)

v⃗ ′
rel ≃ −

√
mred

m′
red

v⃗rel (5.88)

v⃗c ≃ v⃗cm +

√
mredm′

red

mc

v⃗rel (5.89)

v⃗d ≃ v⃗cm −
√
mredm′

red

md

v⃗rel (5.90)

dv⃗cdv⃗d ≃ −
√
mred

m′
red

dv⃗cmdv⃗rel (5.91)

where the negative sign is selected in Eq. (5.88) as an analogy to the elastic collision in Eq.

(5.84). Hence, one possible expression of the integrand C ′ for a formative fusion collision

operator satisfying Eq. (5.54) is

C ′ = −

√
m′

red

mred

fafbσfusvrel (5.92)
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Note that including the mass defect is academic since the value is negligible. The 1st moment

of the formative collision operator for c and d are∫
mcv⃗cC

form
c dv⃗c ≃ psnc p

br
c

∫∫
(mcv⃗cm +

√
mredm′

redv⃗rel)fafbσfusvreldv⃗cmdv⃗rel

= psnc p
br
c

[
(mcu⃗cm +

√
mredm′

redu⃗rel)(1 + δab)Sab − (1 + δab)

√
m′

red

mred

R⃗ba

]
(5.93)∫

mdv⃗dC
form
d dv⃗d ≃ psnd p

br
d

∫∫
(mdv⃗cm −

√
mredm′

redv⃗rel)fafbσfusvreldv⃗cmdv⃗rel

= psnd p
br
d

[
(mdu⃗cm −

√
mredm′

redu⃗rel)(1 + δab)Sab − (1 + δab)

√
m′

red

mred

R⃗ab

]
(5.94)

Notice that the set of the above equations satisfy Eq. (5.70). Therefore, the 5N-moment mo-

mentum equations for D–T fusion with the assumptions of the total momentum conservation

and negligble mass defect are

∂(ρDu⃗D)

∂t
+∇ · (ρDu⃗Du⃗D) +∇PD − nDqD(E⃗ + u⃗D × B⃗) = −mDu⃗DSDT − R⃗DT (5.95)

∂(ρT u⃗T )

∂t
+∇ · (ρT u⃗T u⃗T ) +∇PT − nT qT (E⃗ + u⃗T × B⃗) = −mT u⃗TSDT + R⃗DT (5.96)

∂(ραu⃗α)

∂t
+∇·(ραu⃗αu⃗α)+∇Pα−nαqα(E⃗+u⃗α×B⃗) =

(
mαu⃗cm +

√
mredm′

redu⃗rel

)
SDT+

√
m′

red

mred

R⃗DT

(5.97)

∂(ρnu⃗n)

∂t
+∇·(ρnu⃗nu⃗n)+∇Pn−nnqn(E⃗+u⃗n×B⃗) =

(
mnu⃗cm −

√
mredm′

redu⃗rel

)
SDT−

√
m′

red

mred

R⃗DT

(5.98)

R⃗DT = −mrednDnT

(mred

2πT

) 3
2

∫
(u⃗rel · v⃗rel)∇v⃗rel(σfusvrel)e

−mredv
2
rel

2T dv⃗rel (5.99)

5.2.3 Conservation of Total Energy (2nd moment)

The conservation of the total fluid energy is

1

γ − 1
TSab + Qab =

∑
s ̸=a,b

∫
1

2
msv

2
sC

form
s dv⃗s (5.100)
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Similar to the 1st moment, assuming that a-b fusion produces nuclei c and d with negligble

mass defect, the right hand side of the above equation becomes∑
s ̸=a,b

∫
1

2
msv

2
sC

form
s dv⃗s =

∫∫ (
psnc p

br
c

1

2
mcv

2
c + psnd p

br
d

1

2
mdv

2
d

)
C ′dv⃗cdv⃗d (5.101)

The 2nd moments of the formative collision operator for c and d with constant pbrs are∫
1

2
mcv

2
cC

form
c dv⃗c ≃ psnc p

br
c (1 + δab)

[
1

γ − 1

mc

mtot

TSab +
m′

red

mc

Qab

]
(5.102)

∫
1

2
mdv

2
dC

form
d dv⃗d ≃ psnd p

br
d (1 + δab)

[
1

γ − 1

md

mtot

TSab +
m′

red

md

Qab

]
(5.103)

and the summation of these two equations satisfies Eq. (5.100). Therefore, the 5N-moment

fluid energy equations for D–T fusion with the assumptions of the total energy conservation

and negligble mass defect are

∂ϵD
∂t

+∇ · [(ϵD + PD)u⃗D]− nDqDu⃗D · E⃗ = − 1

γ − 1

mD

mtot

TSDT − mT

mtot

QDT (5.104)

∂ϵT
∂t

+∇ · [(ϵT + PT )u⃗T ]− nT qT u⃗T · E⃗ = − 1

γ − 1

mT

mtot

TSDT − mD

mtot

QDT (5.105)

∂ϵα
∂t

+∇ · [(ϵα + Pα)u⃗α]− nαqαu⃗α · E⃗ =
1

γ − 1

mα

mtot

TSDT +
mn

m′
tot

QDT (5.106)

∂ϵn
∂t

+∇ · [(ϵn + Pn)u⃗n]− nnqnu⃗n · E⃗ =
1

γ − 1

mn

mtot

TSDT +
mα

m′
tot

QDT (5.107)

QDT = nDnT <
1

2
mredv

2
relσfusvrel > (5.108)

<
1

2
mredv

2
relσfusvrel >≡

(mred

2πT

) 3
2

∫
1

2
mredv

2
relσfusvrele

−mredv
2
rel

2T dv⃗rel (5.109)

Notice that fusion energy is not introduced in this section, but it is considered in the next

section, since Boltzmann collision operator does not describe mass defect.

5.2.4 Mass Defect and Nuclear Binding Energy

Through a fusion reaction, nuclei combine and release some nuclear binding energy to achieve

a lower energy state. Considering the relation between nuclear binding energy EsBin and rest
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mass energy msc
2 for a particle s,

EsBin = ∆msc
2 = [Zsmp + (As − Zs)mn] c

2 −msc
2 (5.110)

where c is the speed of light and the relativistic effect is assumed to be negligible. Also Zs

is atomic number satisfying a conservation of charge

Za + Zb =
∑
s ̸=a,b

Zsp
sn
s p

br
s (5.111)

Assuming that the released binding energy is converted into isotropic kinetic energy of reac-

tion product particles,∑
s̸=a,b

EsBinp
sn
s p

br
s − (EaBin + EbBin) =

∑
s ̸=a,b

psns p
br
s

1

2
msv

2
sBir =

∑
s ̸=a,b

psns p
br
s

1

γ − 1
TsBir (5.112)

Using Eqs. (5.49), (5.110), and (5.111),

∑
s ̸=a,b

EsBinp
sn
s p

br
s − (EaBin + EbBin) =

[∑
s ̸=a,b

Zsp
sn
s p

br
s − (Za + Zb)

]
mpc

2

+

[∑
s ̸=a,b

Asp
sn
s p

br
s − (Aa +Ab)−

∑
s ̸=a,b

Zsp
sn
s p

br
s + (Za + Zb)

]
mnc

2

−

[∑
s ̸=a,b

msp
sn
s p

br
s − (ma +mb)

]
c2

=

[
(ma +mb)−

∑
s ̸=a,b

msp
sn
s p

br
s

]
c2

(5.113)

Hence, Eqs. (5.112) and (5.113) yield the conservation of the total rest mass energy through

a fusion reaction such that

(ma +mb)c
2 =

∑
s ̸=a,b

(
msc

2 +
1

γ − 1
TsBir

)
psns p

br
s (5.114)

Since the fluid energy equations obtained by taking the 2nd moment of Boltzmann equation

do not include the effects of the change of rest mass energy, it is necessary to explicitly add it

as the additional change of the internal energy. Thus, the energy equations for D–T fusion
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with the assumptions of the total fluid and rest mass energy conservations and a negligible

mass defect become

∂

∂t

(
ϵD + ρDc

2
)
+∇·[(ϵD+ρDc2+PD)u⃗D]−nDqDu⃗D·E⃗ = −

(
1

γ − 1

mD

mtot

T +mDc
2

)
SDT−

mT

mtot

QDT

(5.115)

∂

∂t

(
ϵT + ρT c

2
)
+∇·[(ϵT+ρT c2+PT )u⃗T ]−nT qT u⃗T ·E⃗ = −

(
1

γ − 1

mT

mtot

T +mT c
2

)
SDT−

mD

mtot

QDT

(5.116)

∂

∂t

(
ϵα + ραc

2
)
+∇·[(ϵα+ραc2+Pα)u⃗α]−nαqαu⃗α·E⃗ =

[
1

γ − 1

(
mα

mtot

T + TαBir

)
+mαc

2

]
SDT+

mn

m′
tot

QDT

(5.117)

∂

∂t

(
ϵn + ρnc

2
)
+∇ · [(ϵn + ρnc

2 + Pn)u⃗n] =

[
1

γ − 1

(
mn

mtot

T + TnBir

)
+mnc

2

]
SDT +

mα

m′
tot

QDT

(5.118)

Using continuity equations multiplied by msc
2, the final form of the 5N-moment energy

equations for D–T fusion are

∂ϵD
∂t

+∇ · [(ϵD + PD)u⃗D]− nDqDu⃗D · E⃗ = −
(

1

γ − 1

mD

mtot

T

)
SDT − mT

mtot

QDT (5.119)

∂ϵT
∂t

+∇ · [(ϵT + PT )u⃗T ]− nT qT u⃗T · E⃗ = −
(

1

γ − 1

mT

mtot

T

)
SDT − mD

mtot

QDT (5.120)

∂ϵα
∂t

+∇ · [(ϵα + Pα)u⃗α]− nαqαu⃗α · E⃗ =
1

γ − 1

(
mα

mtot

T + TαBir

)
SDT +

mn

m′
tot

QDT (5.121)

∂ϵn
∂t

+∇ · [(ϵn + Pn)u⃗n] =
1

γ − 1

(
mn

mtot

T + TnBir

)
SDT +

mα

m′
tot

QDT (5.122)

5.3 Fokker-Planck Collision Operator for Alpha Heating

The alpha heating can be obtained by considering the Fokker-Planck collision operator.

Assuming that the background plasma species have non-drifting Maxwellian distributions,

Cscat
α (fα, fMβ) =

mα

mα +mβ

∂

∂v⃗
·
(
να\βs v⃗fα

)
+

1

2

∂

∂v⃗
·
[
1

2
ν
α\β
⊥

(
v2

↔

I − v⃗v⃗
)
· ∂fα
∂v⃗

+ ν
α\β
∥

(
v⃗v⃗ · ∂fα

∂v⃗

)] (5.123)
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where the first term represents the momentum loss (slowing-down effect) and the second and

third terms indicate the energy diffusion

< ∆v⃗ >α\β

∆t
≡ −να\βs v⃗ (5.124)

< ∆v⃗∆v⃗ >α\β

∆t
≡ 1

2
ν
α\β
⊥ (v2

↔

I − v⃗v⃗) + ν
α\β
∥ v⃗v⃗ (5.125)

The parallel and perpendicular directions are evaluated based on the velocity of the incident

particle. In spherical velocity space, v⃗ = (v, vθ, vϕ) = (v, 0, 0) and Fokker-Planck collision

operator becomes

Cscat
α (fα, fMβ) =

mα

mα +mβ

1

v2
∂

∂v

(
v3να\βs fα

)
+

1

2

[
1

2
ν
α\β
⊥

∂

∂v⃗
·
(
v2

↔

I − v⃗v⃗
)
· ∂fα
∂v⃗

+
1

v2
∂

∂v

(
v4ν

α\β
∥

∂fα
∂v

)] (5.126)

Within the fluid context, a monoenergetic alpha distribution cannot be fully modeled. Thus,

similar to the Braginskii approach, an approximate Maxwellian is expanded by associated

Laguerre polynomials (or Sonine polynomials) L
(k)
l for the alphas

fα =
nα

π
3
2v3thα

e−X

∞∑
l=0

a
(k)
l L

(k)
l (X) (5.127)

where

X =
v2

v2thα
(5.128)

While it is understood that the alphas are poorly represented by an approximate Maxwellian

distribution, it is chosen to evaluate first-order effects of energetic fusion alphas on the bulk

plasma. Taking 0th moment and 2nd moment,

nα =

∫
fαdv⃗ = 4π

∫
v2fαdv

= 2π

∫
vfα2vdv

= 2π

∫
vthαX

1
2fαv

2
thαdX

= 2πv3thα

∫
X

1
2fαdX

(5.129)
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ϵα =

∫
1

2
mαv

2fαdv⃗ = 2πmα

∫
v4fαdv

= πmα

∫
v3thαX

3
2fαv

2
thαdX

= 2πTαv
3
thα

∫
X

3
2fαdX

(5.130)

Using the orthogonality of Laguerre polynomials,

∫
X

1
2fαdX =

nα

π
3
2v3thα

∫
X

1
2 e−X

∞∑
l=0

a
( 1
2)

l L
( 1
2)

l dX

=
nα

π
3
2v3thα

∫
X

1
2 e−Xa

( 1
2)

0 L
( 1
2)

0 L
( 1
2)

0 dX

=
nα

π
3
2v3thα

√
π

2
a
( 1
2)

0

(5.131)

∫
X

3
2fαdX =

nα

π
3
2v3thα

∫
X

3
2 e−X

∞∑
l=0

a
( 1
2)

l L
( 1
2)

l dX

=
nα

π
3
2v3thα

∫ (
3

2
− L

( 1
2)

1

)
X

1
2 e−X

∞∑
l=0

a
( 1
2)

l L
( 1
2)

l dX

=
nα

π
3
2v3thα

3
√
π

4

(
a
( 1
2)

0 − a
( 1
2)

1

) (5.132)

Hence, the Laguerre coefficients become

a
( 1
2)

0 = 1 (5.133)

a
( 1
2)

1 = −2

3

u2α
v2thα

(5.134)

Ignoring l ≥ 2 coefficients, the approximate Maxwellian distribution for alphas can be written

as

fα =
nα

π
3
2v3thα

e
− v2

v2
thα

(
1− 2

3

u2α
v2thα

L
( 1
2)

1

)
(5.135)
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Since the distribution function of alphas is isotropic in velocity space i.e., fα(v⃗) = fα(v), the

perpendicular diffusion term in Fokker-Planck collision operator becomes negligible(
v2

↔

I − v⃗v⃗
)
· ∂fα
∂v⃗

=

(
v⃗ × ∂fα

∂v⃗

)
× v⃗

=

(
v⃗ × ∂fα(v)

∂v

∂v

∂v⃗

)
× v⃗

=
∂fα(v)

∂v
(v⃗ × v̂)× v⃗

= 0⃗

(5.136)

which yields

Cscat
α (fα, fMβ) =

mα

mα +mβ

1

v2
∂

∂v

(
v3να\βs fα

)
+

1

2

1

v2
∂

∂v

(
v4ν

α\β
∥

∂fα
∂v

)
(5.137)

Using the Maxwell integral Ψ
(
xα\β

)
[66], the collision frequencies for the slowing-down effect

and energy diffusion can be written as

να\βs =

(
1 +

mα

mβ

)
Ψν

α\β
0 (5.138)

ν
α\β
∥ =

Ψ

xα\β
ν
α\β
0 (5.139)

where

Ψ
(
xα\β

)
≡ 2√

π

∫ xα\β

0

√
ye−ydy (5.140)

xα\β ≡ v2

v2thβ
(5.141)

ν
α\β
0 (v) ≡

4πnβq
2
αq

2
β

(4πϵ0)
2m2

αv
3
ln Λ (5.142)

Assuming vthi ≪ v ≪ vthe for the fast alphas,

να\es ≃ v3

v3c

mα

mi

ν
α\e
0 (v) =

4

3
√
π

mα

me

ν
α\e
0 (vthe) (5.143)

ν
α\e
∥ ≃ 4

3
√
π

v

vthe
ν
α\e
0 (v) (5.144)

να\is ≃
(
1 +

mα

mi

)
ν
α\i
0 (v) (5.145)
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ν
α\i
∥ ≃ v2thi

v2
ν
α\i
0 (v) (5.146)

where

v3c ≡ 3
√
π

4

me

mi

v3the (5.147)

The assumption of v ≪ vthe for monoenergetic alphas can be violated if vthe ≃ vthα such that

Te =
me

mα

Tα = 476.6 eV (5.148)

However, this electron temperature is not realistic for thermonuclear fusion reactions where

Te ∼ Ti ≥ 10[keV ]. Thus, it is reasonable to assume v ≪ vthe. On the other hand, the

energetic alphas slow down through collisions with the bulk 10 keV plasma. Thus, the

assumption of v ≫ vthi is not always valid, and the non-approximate equations, Eqs. (5.138)

and (5.139), are used for alpha-ion collisions. The Fokker-Planck collision operators for

alpha-electron and alpha-ion collisions are

Cscat
α (fα, fMe) ≃

1

v2
∂

∂v

(
v3να\es fα

)
+

1

2

1
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∂v

(
v4

4
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√
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)] (5.149)

and

Cscat
α (fα, fMi) ≃

1
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∂v

(
v3
mα
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(5.150)
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respectively. Taking the 2nd moment and using integration by parts

Qαe =

∫
1

2
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(5.151)

and

Qαi =

∫
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The first term becomes∫
ΨfαdX =
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∫
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(5.153)

Also ∫
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dX =
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and∫
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where

zα\i ≡ v2
(

1

v2thα
+

1

v2thi

)
(5.156)

vthαi ≡
√
v2thα + v2thi (5.157)
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Thus, Eq. (5.152) can be expressed as
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Similar to Braginskii equations, the slowing-down collision frequency ν
α\e
s is expressed in

terms of the typical collision frequency νeα such that

Qαe = −3ne
me

mα

νeα

[
(Tα − Te) +

2

3
Tα

u2α
v2thα

]
(5.159)
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(5.160)

where

να\es ≃ 4

3
√
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ν
α\e
0 (vthe) =

ne

nα

me

mα

νeα (5.161)

and
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3
2
e

ln Λ (5.162)

The previous analysis has assumed a non-drifting Maxwellian distribution for the bulk plasma

ions and electrons. However, since the Coulomb collision operator is Galilean invariant (see

Appendix E), adding an average flow to the Maxwellian distributions results in

Qαe = −3ne
me

mα

νeα

[
(Tα − Te) +

2

3
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|u⃗α − u⃗e|2
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]
(5.163)
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]
(5.164)
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5.4 1D D-T Z-pinch Fusion Simulation

5.4.1 Initial Conditions

Studying the dynamical evolution of a D-T Z-pinch plasma undergoing fusion reactions

requires initializing an equilibrium. Initial conditions satisfy the equilibrium Bennett profile

for four fluids

ne(r) =
n0(

1 + r2

r2p

)2 (5.165)

nD(r) = nT (r) =
1

2

 n0(
1 + r2

r2p

)2 − Zαnα0

 (5.166)

For numerical reasons, a low amplitude uniform and stationary alpha population with

nα/n0 ≪ 1 is initialized, so the ion number densities are slightly modified to maintain the

quasineutrality. Typical values for the following numerical simulations are nα/n0 = 10−30.

The azimuthal magnetic fields are the same as the two-fluid case

Bθ = B0

2 r
rp

1 + r2

r2p

(5.167)

where the axial electron velocity is uniform

uez = −1

2
uz0 (5.168)

but

uDz(r) = uTz(r) =
1

2
uz0

1

1− Zα
nα0

n0

(
1 + r2

r2p

)2 (5.169)

Initial temperature is uniform

Ti = Te = T0 (5.170)

The characteristic physical constants compared with the FuZE configurations are summarized

in Table 5.1. The 1D numerical results shown in the following sections have the third order

accuracy in time and space with 40 elements.
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Table 5.1: Initial conditions for D-T fusion configurations

n0[m
−3] T0[keV] Ip[kA] rp[mm]

FuZE 4.25× 1024 1.27 150 0.91

D-T fusion 1026 10.0 1350 0.60

5.4.2 Radial Expansion of Alphas and Alpha Driving Effect

The time evolution of primary fluid variables of alphas are given in Fig. 5.1. Due to the

continuous fusion reactions with SDT , the alpha number density nα increases. The expected

increment of the density in ∆t = τA = 0.617[ns] at r = 0 is

∆nα

n0

= SDT
τA
n0

= 6.17× 10−36nDnT < σfusvrel >∼ 1.54× 10−6 (5.171)

In an early phase (orange lines at t = 0.048τA in Fig. 5.1), radially expanding alphas leave

the calculation domain through the open boundary at r = 4rp and the expansion wave causes

the alpha temperature to drop. It is interesting that the alphas develop an axial velocity due

to the Lorentz force u⃗αr × B⃗θ. Then, the interaction between the axial motion of alphas and

sufficiently strong azimuthal magnetic fields restricts the radially outward motion of alphas

(red lines at t = 0.288τA in Fig. 5.1). This axial motion of alphas carries a portion of the

axial current which is called the alpha current in this dissertation.
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Figure 5.1: Time evolution of the radial profile of (a) number density nα (b) temperature Tα,

(c) radial velocity uαr, and (d) axial velocity uαz of alphas in 1D axisymmetric D-T four-fluid

Z pinch. Fusion reactions produce more alphas and fusion energy leads to radial expansion

of alphas that decreases the alpha temperature and increases radial velocity. The radial

motion of alphas interacts with the azimuthal magnetic field that produces an axial velocity

of alphas (orange lines in (c) and (d)). The axial motion of alphas produces a current and

interacts with azimuthal magnetic fields that results in a confining force on the alphas and

decreases their radial velocity. (Simulations of 1D D-T Z-pinch fusion in the four-fluid model

are performed with WARPXM version 1.5.9 using input file multifluid zpinch 1D.py)
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5.4.3 Alpha Heating and Energy Cascade

Comparing the collision frequencies for slowing down and energy diffusion in Tab. 5.2, the

slowing-down effect is found to be the primary effect in the Fokker-Planck collision operator

with 10 keV of plasma. Hence, to observe alpha heating, it is necessary to calculate until

the slowing-down period

τ
α\e
s

τA
=

1

ν
α\e
s τA

≃ 1023.2 (5.172)

where the Alfvén transit time is approximately one nanosecond, τA = rp
VA

= 0.617 ns, and the

slowing-down time is approximately one microsecond, τ
α\e
s = 0.631 µs. From Eq. (5.144),

the energy diffusion time is approximately one millisecond, τ
α\e
∥ = 0.221 ms. Thus, it is im-

portant to note that the alpha distribution can reach Maxwellian only if the energetic alphas

are confined for approximately one millisecond. However, the assumption of an approximate

Maxwellian distribution for alphas is still useful to capture first-order effects of collisional

interactions between the energetic fusion alphas and the bulk plasma. The comparison of

slowing-down frequency and energy diffusion frequency is summarized in Tab. 5.2.

Table 5.2: Comparison of frequencies for slowing-down and energy diffusion rates for 10 keV

plasma

ν
α\β
s /ν

α\β
0 ν

α\β
∥ /ν

α\β
0

alpha-electron 57.5 0.164

alpha-deuterium 3.00 5.71× 10−3

alpha-tritium 2.33 3.81× 10−3

Multi-fluid plasma simulations of high density plasmas are computationally expensive

since the electron plasma frequency becomes large and must be resolved by using an artifi-

cially heavier electron mass mi/mp = 0.01 ≪ 1. In the early phase of the simulations (at

t = 0.4τA in Fig. 5.2), 95.43%, 2.363%, and 2.208% of energy from alphas into electrons,
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deuterons, and tritons, respectively. As the electron temperature increases beyond the ion

temperature, electrons transfer energy to ions but alpha energy transfer to ions remains low.

The deuteron-electron and triton-electron energy transfer rates are 2.85 and 1.97 times higher

than the alpha-deuteron and alpha-triton energy transfers, respectively. As the alphas slow

down and their alpha temperature decreases, the energy transfer rate increases from alphas

to ions. Thus, the primary energy cascade flows from energetic alphas to electrons, and then

from electrons to deuterons and tritons.
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Figure 5.2: Comparison of the fraction of the volume integrated energy transfer rates for

each species: solid lines for energy transfer from alphas to electrons and ions: dashed lines

for energy transfer from electrons to ions. The primary energy transfer initiates from alphas

to electrons (blue solid line). The energy transfer rates from electrons to ions (dashed red

and green lines) are higher than those from alphas to ions (solid red and green lines). The

results demonstrate the energy cascade from alphas to electrons and from electrons to ions.
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Figure 5.3: Time evolution of the radial profile of (a) alpha Tα, (b) electron Te, (c) deuterium

TD, and (d) tritium TT of alphas in 1D axisymmetric D-T four-fluid Z pinch. Most of

energetic alphas leave the Z pinch and the small amount of confined alphas start to transfer

their energy into electrons so that Tα decreases and Te increases. As electron temperature

increases, the energy transfers from electrons in ions that leads the increment of TD and TT .

(Simulations of 1D D-T Z-pinch fusion in the four-fluid model are performed with WARPXM

version 1.5.9 using input file multifluid zpinch 1D.py)
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5.4.4 Bremsstrahlung Radiation

In classical electromagnetic theory, it is known that the acceleration or deceleration of a

charged particle results in the emission of electromagnetic radiation. The radiation produced

by electrons through Coulomb scattering with the ions is called bremsstrahlung radiation[31].

According to Goldston and Rutherford[67], the radiative power loss per unit volume can be

expressed as

prad = 0.75
∑
i

2π2nineZ
2
i q

6T
1
2
e

3
1
2 (4πϵ0)3m

3
2 c3h̄

(5.173)

where h̄ is reduced Planck constant h̄ = h
2π

and lowercase prad indicates the power per unit

volume. Including bremsstrahlung radiation as the loss term in the electron energy equation,

the electron temperature slightly decreases, and the amount of energy transfer from electrons

to ions become comparable to the energy transfer from energetic alphas to ions (see Fig. 5.4).
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Figure 5.4: Comparison of the fraction of the volume integrated energy transfer rates for

each species: solid lines for energy transfer from alphas into electrons and ions: dashed lines

for energy transfer from electrons into ions. The radiation energy loss of electrons leads lower

energy transfer from electrons to ions (dashed red and green lines)
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Figure 5.5: Time evolution of the radial profile of (a) alpha Tα, (b) electron Te, (c) deuterium

TD, and (d) tritium TT of alphas in 1D axisymmetric D-T four-fluid Z pinch including

Bremsstrahlung radiation. Comparing with Fig. (5.3), the Z pinch plasmas (electrons,

deuterons and tritons) have slightly lower temperature due to the radiation energy loss

of electrons. (Simulations of 1D D-T Z-pinch fusion with bremsstrahlung radiation are

performed with WARPXM version 1.5.9 using input file multifluid zpinch 1D.py)
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5.5 Ignition Conditions of D-T Z Pinch Fusion

The scientific feasibility of a fusion reactor can be evaluated in terms of the fusion gain Qsci

Qsci ≡
fusion power

external power input
=
PF

Pin

(5.174)

PF is the power released from the D-T fusion reaction

PF = PF n + PFα

=

∫
1

γ − 1

(
T fus
α + T fus

n

)
SDTdV

=
2πLz

γ − 1

(
T fus
α + T fus

n

) ∫ rp

0

nDnT < σfusvrel > rdr

(5.175)

where T fus
α = 3.5 MeV and T fus

n = 14.1 MeV are used for the resulting temperature of

alphas and neutrons, through fusion reactions. The volume integral is evaluated with the

axisymmetric assumption and 50-cm long Z pinch, Lz = 50[cm]. The required input power

to sustain sheared-flow-stabilized (SFS) Z pinch is discussed by Shumlak et al.[58],

Pin = Pth + Pflow + Prad (5.176)

where Pth and Pflow are thermal power and flow power, respectively, to compensate for losses

of thermal energy and kinetic energy. The primary thermal energy losses are a radial thermal

conduction to the surrounding wall and axial advection to the electrodes

Pth =
1

τE

2πLz

γ − 1

∫ rp

0

∑
s ̸=α,n

nsTsrdr (5.177)

where τE is a characteristic energy confinement time

1

τE
=

1

τ 0E
+

1

τflow
(5.178)

and τ 0E and τflow are a thermal conduction time and a characteristic advection time. Since

the Z pinch makes physical contact with the electrodes and the radial thermal conduction

must traverse a long distance through low plasma density and across a strong magnetic field,

the thermal energy loss due to the advection becomes more significant τ 0E ≫ τflow so that

τE ≃ τflow =
Lz

uz
(5.179)
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The kinetic energy loss is

Pflow =
1

τflow
2πLz

∫ rp

0

∑
s ̸=α,n

1

2
ρsu

2
srdr (5.180)

In Eq. (5.176), the radiative power loss represents the bremsstrahlung radiation. Taking the

volume integral of Eq. (5.173),

Prad = 2πLz

∫ rp

0

0.75
∑
i

2π2nineZ
2
i q

6T
1
2
e

3
1
2 (4πϵ0)3m

3
2 c3h̄

rdr (5.181)

The alpha heating discussed in Sec. 5.4 can partially offset the power losses and decrease

the required input power.

Q =
PF

Pth + Pflow + Prad − Pαh

(5.182)

where Pαh is the total energy transfer from energetic alphas to the Z-pinch plasma

Pαh = 2πLz

∫ rp

0

∑
s ̸=α,n

Qsαrdr (5.183)

It is important to note that the true ignition condition Qsci = ∞ is never achieved since

the SFS Z pinch configurations always require an external power source to drive the plasma

flow. Thus, the maximum scientific fusion gain is

Qmax =
PF

Pflow

(5.184)

Using the given initial conditions in Tab. 5.1, the fusion gain Q achieves breakeven Q =

8.14 > 1. The primary energy losses are thermal conduction and radiation. Although the

alpha heating does not completely compensate for the energy losses, it provides the higher

fusion gain Q ≃ 15 (see Fig. 5.6). Increasing pinch current from Ip = 1.35 MA to Ip = 2.55

MA, shown in Tab. 5.3, the fusion gain Q is further amplified to Q = 151.8 (see Fig. 5.10).
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Figure 5.6: Comparison of scientific fusion gain Qsci obtained from D-T Z-pinch fusion

reactions with alpha heating. Without including alpha heating (blue line), the fusion gain Q

slightly decreases since the expansion of the Z pinch due to the fuel consumptions decreases

ion temperature. The alpha heating effect (red line) contributes to increase fusion gain.
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Figure 5.7: Time evolution of the various different volume integrated power that are used to

evaluate the scientific fusion gain Q in the Z pinch. The primary energy losses are thermal

conduction (red solid line) and radiation (purple solid line) losses. Alpha heating (red dotted

line) partially compensates for the energy losses.

The fraction of alpha heating fc can be evaluated as

fc =
Pαh

PF

(5.185)

that is increased by confining more alphas resulting in the higher probability of collisional

interactions. The amount of magnetically confined alphas can be estimated by considering

rLα/rp
rLα
rp

=
2πmαvthα

µ0q

1

Ip
(5.186)

Hence, fc increases as pinch current Ip increases with the decreasing rLα/rp shown in Tab.

5.3. Interestingly, fc tends to saturate around fc ≃ 0.07 in Fig. 5.8. Considering the energy

equation for alphas without including the energy transfer from fuel plasmas,

∂ϵα
∂t

+∇ · [(ϵα + Pα) u⃗α]− nαqαu⃗α · E⃗ =
1

γ − 1
T fus
α SDT +

∑
β

Qαβ (5.187)

The contribution of kinetic energy can be eliminated by taking dot product of the momentum
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equation with u⃗α such that

1

γ − 1

dPα

dt
=

1

γ − 1
T fus
α SDT +

∑
β

Qαβ (5.188)

Subtracting the continuity equation multiplied by Tα/ (γ − 1),

1

γ − 1
nα
dTα
dt

=
1

γ − 1

(
T fus
α − Tα

)
SDT +

∑
β

Qαβ (5.189)

The above equation suggests that the steady state alpha temperature becomes Tα = T fus
α

if there is not energy transfer
∑

β Qαβ = 0. If fusion alphas are confined and collisional

interactions occur, the steady state solutions is achieved with

∑
β

Qαβ = − 1

γ − 1

(
T fus
α − Tα

)
SDT = −

∑
β

Qβα (5.190)

Considering the maximum possible value of fc with the assumption of uniform and constant

plasma density and temperature,

fc ≃
∑

β Qβα

1
γ−1

(
T fus
α + T fus

n

)
SDT

=
T fus
α(

T fus
α + T fus

n

) − Tα(
T fus
α + T fus

n

)
= 0.2− Tα(

T fus
α + T fus

n

)
(5.191)

While the fluid simulations do not reach steady state, the finite value of alpha temperature

limits the maximum value of fc. In the fluid simulations, alpha thermal energy confinement

time ταth can be evaluated as

ταth ≡
∫ rp
0
rnαTαdr(

T fus
α + T fus

n

) ∫ rp
0
rSDTdr

(5.192)

which is compared with various pinch current in Fig. 5.8. With the larger pinch current,

a higher density nα and a higher temperature Tα lead to a higher energy transfer rate, and
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then increase the alpha cooling rate. Hence, the increased nα and the decreased Tα result in

the saturation of fc.
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Figure 5.8: (a) Alpha heating fraction fc and (b) alpha thermal energy confinement time

ταth/τA. In these simulations, τA = 4.11×10−10 sec for Ip = 0.903 MA: τA = 6.17×10−10 sec

for Ip = 1.35 MA: τA = 1.16× 10−9 sec for Ip = 2.55 MA. The sufficiently strong magnetic

fields with the J⃗zα × B⃗θ force confine more alphas and increase fc and ταth. The increased

density nα and decreased temperature Tα from alpha heating leads to a saturation of fc.

(Simulations of 1D D-T Z-pinch fusion in the four-fluid model with different pinch current

are performed with WARPXM version 1.5.9 using input file multifluid zpinch 1D.py)

The alpha current that results from their axial motion can be evaluated in terms of fJα

such that

fJα =

∫ rp
0
rJαz(t)dr∫ rp

0
r
∑

s=D,T Jsz(t = 0)dr
(5.193)

While the current driven by electrons is expected to be constant in well-confined Z-pinch

plasmas, the current driven by ions decreases due to the ion consumption through fusion

reactions. Hence, fJα can be interpreted as the portion of ion current compensated by the

alpha current. A larger fJα contributes to sustaining the magnetic field and confining more
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alphas. The fraction of current driven by ion, electron, and the total current are calculated

as

fJi =

∫ rp
0
rJiz(t)dr∫ rp

0
rJiz(t = 0)dr

(5.194)

fJe =

∫ rp
0
rJez(t)dr∫ rp

0
rJez(t = 0)dr

(5.195)

fJtot =

∫ rp
0
r
∑

s Jsz(t)dr∫ rp
0
r
∑

s Jsz(t = 0)dr
(5.196)

As pinch current increases, confined alphas better compensate for ion current decrease due

to consumption. Interestingly, the alpha current fraction fJα tends to saturate around fJα ≃

0.1. Due to the ion current decrease from fusion reactions, the total current decreases and the

entire plasma expands. While more alphas are confined as time evolves, the expansion of the

pinch radius due to the total current decrease leads to a deceleration of alphas and electrons.

Thus, increasing nα with decreasing uαz provides the saturation of the alpha current fraction

fJα. The alpha current contributes to produce thrust in a Z-pinch fusion thruster such as

Fthrust = ṁūαz = ūαz

∫
ραu⃗α · dS⃗ = 2πūαz

∫ rp

0

rραuαzdr (5.197)

where ūαz is radially-averaged axial velocity

ūαz =
1

πr2p

∫
u⃗α · dS⃗ =

2

r2p

∫ rp

0

ruαzdr (5.198)

Considering specific impulse Isp,

Isp =
Fthrust

ṁg0
=
ūαz
g0

(5.199)

where g0 = 9.8067 m/s2 is the gravitational acceleration constant. The time evolutions of

axial momentum and axial velocity of alphas are shown in Fig. 5.11. In Fig. 5.12, mass

flow rate, radially-averaged axial velocity, thrust, and specific impulse for deuterons, tritons

and alphas are provided. While the alpha density is smaller than the Z-pinch ion densities,

the higher alpha axial velocity produces higher thrust and longer specific impulse. Fig.
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5.13 indicates that the thrust and specific impulse produced by alphas increases with the

increasing pinch current.

n0 [m−3] T0 [keV] Ip [kA] rp [mm] rLα/rp Q fc fJα

fusion case1 1026 10.0 1350 0.60 1.0 15.0 0.068 0.062

fusion case2 1026 10.0 2550 1.14 0.53 151.8 0.069 0.12

fusion case3 1026 10.0 903 0.40 1.5 6.90 0.047 0.024

Table 5.3: Characteristic physical properties with different pinch current. The fusion gain

Q including alpha heating, the fractions fc and fJα are evaluated at t = 800τA

It is important to note that pinch current is increased with the increasing pinch radius

and constant density and temperature that leads to constant peak magnetic field B0. In a

Bennett pinch, the pinch current is calculated as

Ip =

∫
J⃗ · dS⃗ =

2π

µ0

rpB0 (5.200)

where the peak magnetic field B0 can be obtained by considering the force balance equation

∇P = J⃗ × B⃗ and Ampère’s law such that

B2
0

µ0

= n0T0 (5.201)

The typical approach to obtain higher pinch current is increasing the magnetic field and

decreasing pinch radius; however, if the rate of magnetic field increase and the rate of pinch

radius decrease are identical, pinch current remains the same. In the simulations discussed

in this dissertation, the rate of pinch current increase is same to the rate of pinch radius

increase that leads to the magnetic fields remain the same in the Bennett Z pinch. Those

configurations can be achieved, for example, by using larger electrodes. Despite the unusual

configurations, it is important to remember that the increase of fusion gain can be obtained

by decreasing rLα/rp that yields high density of alphas and high collisionality within the

pinch radius.
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Figure 5.9: Comparison of current fraction for the three different cases (a) - (c) described

in Tab. 5.3. (d) shows an expanded view of the alpha current fraction fJα which is larger

for higher pinch currents. The decreasing total current leads to an expansion of the pinch

radius. As time evolves, more alphas are confined and the plasma continues to expand so

that increasing nα with decreasing uzα produces the saturation of fJα.
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Figure 5.10: Comparison of fusion gains Qsci and various different powers P to evaluate the

fusion gain with two different pinch current of Z pinch. (a) and (c) are for the case2 with

Ip = 2.55 MA and rLα/rp = 0.53. (b) and (d) are for the case3 with Ip = 0.903 MA and

rLα/rp = 1.5. As pinch current increases, the fusion gain significantly increases due to the

larger alpha heating effects.
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Figure 5.11: Time evolution of (a) axial momentum of alphas and (b) axial velocity of alphas

in the Z pinch with Ip = 1.35 MA and rLα/rp = 1.0. The axial velocity tends to become

uniform and slows down due to viscosity and the expansion of the Z pinch. While the axial

velocity is high, the axial momentum remains low due to the low density of alphas.
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Figure 5.12: Comparison of (a) mass flow rate, (b) normalized radially-averaged axial ve-

locity, (c) thrust, and (d) specific impulse for deuterons (red line), tritons (green line),

alphas (blue line), and the entire ions (orange line) in the Z pinch with Ip = 1.35 MA and

rLα/rp = 1.0. The radially-averaged axial velocity of alphas is significantly higher than that

of Z-pinch ions resulting in a significantly higher specific impulse for alphas. Ion thrust

decreases through fusion reactions; however, the axial motion of alphas with high velocity

produces larger thrust. Deuterons and tritons exhibit similar radially-averaged velocity and

specific impulse.
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Figure 5.13: Comparison of thrust and specific impulse produced by alphas for three different

cases as described in Tab. 5.3. As pinch current increases, both thrust and specific impulse

resulting from the alpha current increases.
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Chapter 6

CONCLUSIONS

6.1 Summary of the Dissertation

The SFS Z pinch is a promising concept for terrestrial fusion energy production and future

space exploration. In this dissertation, three main contributions have been made to extend

the capabilities of WARPXM simulation framework and to investigate the effects of fusion

reactions in D-T Z-pinch plasma. First, the geometric source terms which are originally

introduced by Srinivasan for WARPX are implemented into the WARPXM to model ax-

isymmetric problems in cylindrical coordinates. Second, the full Braginskii transport except

for Ettingshausen effect are developed and implemented to investigate the m = 0 sausage

instability in the axisymmetric Z pinch and to study the impact of plasma collisionality.

Third, the thermonuclear fusion process in a D-T Z pinch is investigated by developing

the multi-component, deuterium-tritium-helium-electron, plasma model that includes fusion

reactions and interspecies collisions to observe physical phenomena related with energetic

alpha particles.

6.1.1 Geometric Source Terms

WARPXM has been originally developed for a computational mesh and governing equations

described in Cartesian coordinates. To solve axisymmetric problems, the general expression

of the geometric source terms are introduced and several analytical benchmark tests are

implemented in multiple different models. For Maxwell’s equations, the TE, TM, and TEM

modes in a cylindrical waveguide are tested. The singular problem of the geometric source

terms are resolved by applying L’Hôpital’s rule at r = 0. As for Euler fluid equations, the

rotational hydrostatic pressure problem is implemented. To verify the implementation of
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viscosity with the geometric source terms, Taylor-Couette flow and Hagen-Poiseulle flow are

tested with Gaussian quadrature. To benchmark the plasma models, the Bennett equilibrium

of 1D Z pinch in ideal MHD and ideal 5N -moment two-fluid models are implemented. The

benchmark tests demonstrate correct implementation with numerical results that match the

analytical results.

6.1.2 Braginskii Transport Equations

The m = 0 sausage instability in the 2D axisymmetric Z pinch is investigated in ideal MHD

and 5N -moment two-fluid model with Braginskii transport. Comparing with the PIC kinetic

results, while the ideal MHD model provides comparable linear growth rates for the m = 0

sausage instability, the ideal 5N -moment two-fluid model indicates higher linear growth rates

that are comparable to Hall MHD results for the shear-free Z pinch. Thus, Hall effect or

some effects related to the electron mobility are expected to produce destabilizing effects.

While the SFS Z pinch in the ideal 5N -moment two-fluid model indicates the stronger stabi-

lizing effects and improves the plasma confinement with increasing shear velocity, nonlinear

saturation is not observed due to the large growth rates and the lack of dissipative effects.

Braginskii transports are introduced to more accurately model the expected physics, which

tends to mitigate the higher growth rates. Since the FuZE configuration is in a collisionless

regime due to the high temperature, the Braginskii equations are implemented within the

collisional or collisional transition regimes. In the collisional regime, the high resistivity dis-

sipates the Z pinch current. Resistive effects become negligible if Kn > 0.1 in a collisional

transition regime. The viscosity and thermal conductivity are found to have stabilizing ef-

fects for the shear-free Z pinch. However, as temperature increases (as plasma becomes

collisionless), the transport coefficients for the viscosity and thermal conductivity become

large so that the growth rates become overdamped. The correction factors proposed by

Meier are not accurate in the collisional transition regime due to the small Knudsen number

Kn ≃ 10−2 − 100 compared with a collisionless case where Kn ≥ 10. Hence, appropriate

correction factors for plasmas in a collisional transition regime with a smooth transition to
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Meier’s correction factors need to be developed.

6.1.3 D-T Z-pinch Fusion

As a novel contribution of this research, 1D 5N-moment four-fluid (deuterium-tritium-alpha-

electron) plasma model is developed. The fusion reactivities are obtained by using a R-matrix

fitting approach described by Bosch and Hale. The collisional interactions of the energetic

alphas and Maxwellian Z-pinch plasmas are modeled by using a Fokker-Planck collision

operator. While it lowers the fidelity of the model, an approximate Maxwellian distribution

is used to represent the energetic fusion alphas and to understand the first-order effects

of collisional interactions. With sufficiently high magnetic fields, the energetic alphas can

be magnetically confined. In an early phase, radially expanding alphas interact with the

azimuthal magnetic fields, which drives an axial motion of alphas. This alpha current can

compensate for the ion current decrease due to ion consumption by fusion reactions and can

mitigate the radial expansion of the pinch by producing a restoring J⃗zα×B⃗θ force. The alpha

heating can be observed by simulating for sufficiently long durations, which approximately

corresponds to a slowing-down period. The primary energy cascade is observed to initiate

from energetic alphas to electrons, and eventually the electron energy transfers to deuterons

and tritons. Using a pinch current of Ip = 1.35 MA, which corresponds to a pinch radius

equal to the gyroradius of alphas, the fraction of alpha heating to fusion energy fc reaches

to 10%, which amplifies the fusion gain Q increases from 5.43 to 10. Interestingly, the alpha

current compensate for 6% of the original ion current; however, the decreasing total current

leads to an expansion of the pinch. The higher pinch current of Ip = 2.55 MA provides a

saturated fc ≃ 7%. While the alpha heating fraction fc is similar to the lower pinch current

case with the smaller pinch radius, the significantly higher fusion gain Q = 151.8 is obtained.

6.2 Future Work

While this research enhances the capabilities of WARPXM and presents multiple contribu-

tions, there are several topics requiring additional work. The following sections highlight the
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possible future directions.

6.2.1 Hall MHD Model

The linear growth rates in the Hall MHD model are obtained by Sotnikov[52] with rp
rLi

=

2.36. To compare with the ideal two-fluid WARPXM results with rp
rLi

= 5.8, it is necessary

to develop the geometric source terms for the Hall MHD model in WARPXM including

hyperviscosity to stabilize the whistler waves.

6.2.2 Braginskii Transports in a Collisional Transition Regime

Prior to reaching fusion conditions, the SFS Z pinch confines plasmas with increasing tem-

perature during the Z-pinch assembly process[68, 69]. To mitigate the unphysically large

viscosity and thermal conductivity in the collisional transition regime, more accurate correc-

tion factors with smooth transitions to correction factors will be required to investigate the

dynamics of the SFS Z pinch.

6.2.3 Onsager’s Reciprocal Terms

The Onsager’s reciprocal terms, in particular Ettingshausen effect, are not investigated in

the Z-pinch simulations. Implementing rigorous benchmark tests for Onsager’s reciprocal

terms including Nernst effect will enhance the capabilities of WARPXM and produce more

physically accurate simulations.

6.2.4 Non-Maxwellian Alpha Distribution

Within the fluid context, a monoenergetic alpha distribution or slowing-down distribution

cannot be fully modeled. While a fully kinetic model has the highest fidelity, the computa-

tional cost becomes quite expensive for long-duration simulations to observe alpha heating

effects. Maxwellian approximations allow a computationally efficient fluid model and help

develop insight into how collisional interactions effect the plasma dynamics. Using a more re-
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alistic distribution function of energetic alphas, for example a delta function or slowing-down

distribution, will improve the fidelity of alpha heating simulations.

6.2.5 2D Z-pinch Fusion Simulations

Understanding the physics of alpha current is important to increase fusion gain, and it has

the potential to provide insights for achieving the ignition conditions in a SFS Z pinch. 2D

simulations will provide more detailed dynamics of alphas and help to determine a nonlinear

saturation.

6.2.6 High-Fidelity Kinetic and Multi-Fluid Models

The hybrid kinetic and multi-fluid model developed by Datta[70] or a hybrid multi-fluid and

Vlasov-Maxwell model developed by Ho[71] haves the potential to provide more detailed and

accurate descriptions of alpha current in the core of the Z pinch. The collisional interactions

with computed distributions will also yield rigorous insight for alpha heating.

6.2.7 D-D Z-pinch Fusion

D-T Z-pinch fusion is investigated in this work to observe alpha heating with feasible tem-

peratures. At the University of Washington, an experimental device known as FuZE[53]

achieved D-D fusion reactions. Comparing numerical results using D-D Z-pinch fusion with

the experimental results will be helpful to validate the numerical investigations.

6.2.8 Boundary Conditions for Z-pinch Fusion Thruster

For space propulsion applications, it is important to estimate the lifetime of electrodes due to

erosion. Developing boundary conditions for plasma-facing electrodes will help to investigate

the potential performance of a Z-pinch fusion thruster. Also, non-perfectly conducting wall

boundary conditions will be useful to enhance the capabilities of WARPXM and to perform

more physically accurate simulations.
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Appendix A

TENSOR ANALYSIS IN CURVILINEAR COORDINATES

A.1 Coordinate Transformations

Suppose that there exist N independent relations between two different frames of references

({xj|j = 1, 2, · · · , N}) and
(
{Xk|k = 1, 2, · · · , N}

)
such that

X1 = X1
(
x1, x2, · · · , xN

)
X2 = X2

(
x1, x2, · · · , xN

)
...

XN = XN
(
x1, x2, · · · , xN

)
(A.1)

where those involved functions are single-valued, continuous and have continuous spatial

derivatives. In contrast,

x⃗j =


x1
(
X1, X2, · · · , XN

)
...

xN
(
X1, X2, · · · , XN

)
 (A.2)

Eqs. (A.1) and (A.2) indicate transformations of coordinates (or vector space).

A.2 Covariance and Contravariance

The infinitesimal displacement dℓ⃗ in a vector space ({xj|j = 1, 2, · · · }) can be transformed

in a different vector space
(
{Xk|k = 1, 2, · · · }

)
by using the change of basis

dℓ⃗ = dℓ⃗
(
{xj|j = 1, 2, · · · }

)
=

N∑
j

dxj b⃗j = dxj b⃗j (A.3)

dℓ⃗ = dℓ⃗
(
{Xk|k = 1, 2, · · · }

)
=

N∑
k

dXkB⃗k = dXkB⃗k (A.4)
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where the Einstein notation simplifies a summation, and b⃗j and B⃗k are basis vectors for the

invariant dℓ⃗ under the change of basis such that

b⃗j =
∂ℓ⃗

∂xj
(A.5)

B⃗k =
∂ℓ⃗

∂Xk
=

∂xj

∂Xk

∂ℓ⃗

∂xj
=

∂xj

∂Xk
b⃗j (A.6)

The invariance of dℓ⃗ under the choice of basis vectors also yields

dXk =
∂Xk

∂xj
dxj (A.7)

Applying this change of basis, Eq. (A.6), for an arbitrary and invariant vector Q⃗

Q⃗ = qj b⃗j = QkB⃗k = Qk ∂x
j

∂Xk
b⃗j (A.8)

which yields

Qk =
∂Xk

∂xj
qj (A.9)

If certain quantity is transformed ({xj|j = 1, 2, · · · }) →
(
{Xk|k = 1, 2, · · · }

)
by ∂xj

∂Xk likewise

Eq. (A.6), the transformation is referred as a covariant transformation and the quantity is

called components of covariant tensor; B⃗k and b⃗j are covariant basis vector. On the other

hand, if a transformation is ruled by ∂Xk

∂xj like Eqs. (A.7) or (A.9), the transformation is

referred as a contravariant transformation and the quantity is called components of con-

travariant tensor. Hence, the transformation of contravariant basis vector is

B⃗k =
∂Xk

∂xj
b⃗j (A.10)

Also,

Q⃗ = qj b⃗
j = QkB⃗

k = Qk
∂Xk

∂xj
b⃗j (A.11)

yields

Qk =
∂xj

∂Xk
qj (A.12)
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Note the matrix form of coefficients for the covariant transformations is Jacobian matrix of

xj with respect to Xk

↔

J(X1, · · · , XN) =


∂x1

∂X1 · · · ∂x1

∂XN

...
. . .

...

∂xN

∂X1 · · · ∂xN

∂XN

 (A.13)

A.3 Metric Tensor

Considering the square of infinitesimal displacement,

dℓ2 = dℓ⃗ · dℓ⃗ = (⃗bj · b⃗k)dxjdxk = gjkdx
jdxk (A.14)

where
↔
g is the metric tensor and gjk is defined as

gjk ≡ b⃗j · b⃗k (A.15)

Since a dot product is commutative,
↔
g is symmetric. The orthogonal basis vectors yields

zero non-diagonal terms. Also, the general Riemannian space has a different metric tensor,

in particular gjj = 1 is known as Euclidean space. The magnitude of a basis vector is known

as the scale factor and a normalized basis vector is called as a unit vector

b̄j =
b⃗j√
gjj

(A.16)

In Cartesian coordinates (Euclidean space), the basis vector is identical to the unit vector

since gjj = 1, but generally not identical in curvilinear coordinates (Riemannian space).

From Eq. (A.14),

dℓ2 = gijdx
idxj = GkldX

kdX l (A.17)

Using Eqs. (A.7), (A.9) and (A.17),

GikQ
k = gnl

∂xn

∂X i

∂xl

∂Xk

∂Xk

∂xj
qj = gnl

∂xn

∂X i
δljq

j = gnl
∂xn

∂X i
ql (A.18)

Suppose that gnlq
l is treated as a single quantity, Eq. (A.18) indicates the covariant trans-

formation of the vector such that

Qi =
∂xn

∂X i
qn (A.19)
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where

qn = gnlq
l (A.20)

Similarly for contravariant tensors,

qn = gnlql (A.21)

Also, Eqs. (A.8) and (A.11) imply that the contravariant basis vector is dual basis for the

covariant basis vector such that

b⃗i · b⃗j = δij (A.22)

where δij is Kronecker delta. Hence

Q⃗ · b⃗i = qj b⃗j · b⃗i = qjδij = qi = gikqk = gikgkjq
j (A.23)

yields the relationships between covariant and contravariant metric tensor

gikgkj = gjkg
ki = δij (A.24)

and the relationships between covariant and contravariant basis vectors

b⃗i = gij b⃗
j (A.25)

b⃗i = gij b⃗j (A.26)

A.4 Christoffel Symbols

Considering spatial derivatives of vectors A⃗ = AiB⃗i with respect to general coordinates qj,

∂A⃗

∂qj
=
∂Ai

∂qj
B⃗i + Ai∂B⃗i

∂qj

=
∂Ai

∂qj
B⃗i + AiΓk

jiB⃗k

(A.27)

where Γk
ji is known as Christoffel symbols of the second kind satisfying

∂B⃗i

∂qj
= Γk

jiB⃗k (A.28)
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Dotting with B⃗l,

Γk
jiB⃗k · B⃗l = Γk

jiδ
l
k = Γl

ji =
∂B⃗i

∂qj
· B⃗l =

∂2ℓ⃗

∂qj∂qi
· B⃗l (A.29)

where

B⃗i =
∂ℓ⃗

∂qi
(A.30)

From Eq. (A.29), it is obvious

Γl
ji = Γl

ij (A.31)

Interchanging the dummy indices i and k in Eq. (A.27),

∂A⃗

∂qj
=

(
∂Ak

∂qj
+ AiΓk

ij

)
B⃗k (A.32)

This parenthesized quantity is called as the covariant derivative of Ak and common expres-

sions are

∇jA
k ≡ Ak

;j ≡
∂Ak

∂qj
+ AiΓk

ij (A.33)

On the other hand, the spatial derivatives of covariant vectors A⃗ = AiB⃗
i are

∂A⃗

∂qj
=
∂Ai

∂qj
B⃗i + Ai

∂B⃗i

∂qj
(A.34)

Using the dual basis relation,

∂

∂qj

(
B⃗i · B⃗i

)
=

∂

∂qj
δik = 0 (A.35)

Also

∂

∂qj

(
B⃗i · B⃗i

)
=
∂B⃗i

∂qj
· B⃗i + B⃗i · Γk

jiB⃗k

= γkjiB⃗
k · B⃗i + B⃗i · Γk

jiB⃗k

= γkjiδ
k
i + Γk

jiδ
i
k

(A.36)

where
∂B⃗i

∂qj
= γljiB⃗l (A.37)
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Hence, Eq. (A.34) can be re-written as

∂A⃗

∂qj
=

(
∂Ak

∂qj
+ Aiγ

k
ij

)
B⃗k

=

(
∂Ak

∂qj
− AiΓ

k
ij

)
B⃗k

(A.38)

Similar to Eq. (A.33), the parenthesized quantity is called as the covariant derivative of Ak

and common expressions are

∇jAk ≡ Ak;j ≡
∂Ak

∂qj
− AiΓk

ij (A.39)

Christoffel symbols can also be expressed in terms of metric tensors. Considering the

spatial derivative of Eq. (A.15),

∂gki
∂qj

=
∂b⃗k
∂qj

· b⃗i + b⃗k ·
∂b⃗i
∂qj

= Γl
kj b⃗l · b⃗i + b⃗k · Γl

ij b⃗l

= Γl
kjgli + Γl

ijgkl

(A.40)

Similarly,
∂gjk
∂qi

= Γl
jiglk + Γl

kigjl (A.41)

∂gij
∂qk

= Γl
ikglj + Γl

jkgil (A.42)

Eqs. (A.40), (A.41) and (A.42) lead Eq. (2.24)

Γl
ij ≡

1

2
glk
(
∂gjk
∂qi

+
∂gki
∂qj

− ∂gij
∂qk

)
(A.43)

where the half of parenthesized quantity is defined as the Christoffel symbols of the first kind

Γkij

Γkij ≡
1

2

(
∂gjk
∂qi

+
∂gki
∂qj

− ∂gij
∂qk

)
(A.44)

yielding

Γl
ij = glkΓkij (A.45)
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Appendix B

DERIVATIONS OF THE FLUID MODELS FOR PLASMA

B.1 5N-moment Multi-fluid Model

The multi-fluid model is derived by taking moments of Vlasov-Boltzmann equation. Vlasov-

Boltzmann equation for species α is

∂fα
∂t

+ v⃗ · ∂fα
∂x⃗

+
qα
mα

(
E⃗ + v⃗ × B⃗

)
· ∂fα
∂v⃗

=
δfα
δt

∣∣∣∣
coll

(B.1)

where fα(t, x⃗, v⃗) is the velocity distribution. The right hand side of Eq. (B.1) represents

collisional interactions and binary collisions between incident particles α and background

particles β can be expressed as

δfα
δt

∣∣∣∣
coll

=
∑
β

C(fα, fβ) (B.2)

Taking 0th moment,∫
∂fα
∂t

dv⃗ +

∫
v⃗ · ∂fα

∂x⃗
dv⃗ +

∫
qα
mα

(
E⃗ + v⃗ × B⃗

)
· ∂fα
∂v⃗

dv⃗ =
∑
β

∫
C(fα, fβ)dv⃗ (B.3)

which yields the continuity equation

∂nα

∂t
+∇ · (nαu⃗α) = 0 (B.4)

where number density nα is defined as

nα ≡
∫
fαdv⃗ (B.5)

and collisions are assumed not to create or destroy particles∑
β

∫
C(fα, fβ)dv⃗ = 0 (B.6)
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The 1st moment is∫
v⃗
∂fα
∂t

dv⃗ +

∫
v⃗v⃗ · ∂fα

∂x⃗
dv⃗ +

∫
v⃗
qα
mα

(
E⃗ + v⃗ × B⃗

)
· ∂fα
∂v⃗

dv⃗ =
∑
β

∫
v⃗C(fα, fβ)dv⃗ (B.7)

which leads the momentum equation

∂

∂t
(ραv⃗α) +∇ · (ραu⃗αu⃗α) +∇Pα +∇ ·

↔

Πα − nαqα(E⃗ + u⃗α × B⃗) =
∑
β ̸=α

R⃗αβ (B.8)

where ρα is mass density, Pα is isotropic scalar pressure, Πα is Braginskii viscosity tensor, w⃗

is random velocity, and R⃗αβ is momentum change due to collisions

ραu⃗α ≡
∫
v⃗fαdv⃗ (B.9)

Pα ≡
∫
mαw

2

3
fαdv⃗ (B.10)

↔

Πα ≡ mα

∫ (
w⃗w⃗ − w2

3

↔

I

)
fαdv⃗ (B.11)

w⃗ ≡ v⃗ − u⃗α (B.12)

R⃗αβ ≡ mα

∫
w⃗C(fα, fβ)dv⃗ (B.13)

The 2nd moment is∫
v⃗v⃗
∂fα
∂t

dv⃗+

∫
v⃗v⃗v⃗ · ∂fα

∂x⃗
dv⃗+

∫
v⃗v⃗

qα
mα

(
E⃗ + v⃗ × B⃗

)
· ∂fα
∂v⃗

dv⃗ =
∑
β

∫
v⃗v⃗C(fα, fβ)dv⃗ (B.14)

Using the dyadic product 1
2
mαv⃗v⃗, the following energy equation for 13-moment multi-fluid

model can be derived

∂

∂t

(
1

γ − 1

↔

Pα +
1

2
ραu⃗αu⃗α

)
+∇ ·

[(
1

γ − 1

↔

Pα +
1

2
ραu⃗αu⃗α

)
u⃗α

]
+∇ ·

↔⃗

hα

− qα

(
nαE⃗u⃗α +

∫
fα(v⃗ × B⃗)v⃗dv⃗

)
=
∑
β ̸=α

(u⃗αR⃗αβ +
↔

Qαβ)

(B.15)

The dot product 1
2
mαv⃗ · v⃗ yields 5N -moment multi-fluid model

∂

∂t

(
1

γ − 1
Pα +

1

2
ραu

2
α

)
+∇ ·

[(
1

γ − 1
Pα +

1

2
ραu

2
α

)
u⃗α

]
+∇ · (u⃗α ·

↔

Pα) +∇ · h⃗α

− qαnαu⃗α · E⃗ =
∑
β ̸=α

(u⃗α · R⃗αβ +Qαβ)

(B.16)
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where
↔

Pα is pressure tensor,
↔⃗

h and h⃗ are third-rank and first-rank heat flux tensor,
↔

Qαβ and

Qαβ are heat generations,
↔

Pα ≡
∫
w⃗w⃗fαdv⃗ = Pα

↔

I +
↔

Π (B.17)

↔⃗

hα ≡ 1

2
mα

∫
w⃗w⃗w⃗fαdv⃗ (B.18)

h⃗α ≡ 1

2
mα

∫
w2w⃗fαdv⃗ (B.19)

↔

Qαβ ≡ 1

2
mα

∫
w⃗w⃗Cαβdv⃗ (B.20)

Qαβ ≡ 1

2
mα

∫
w2Cαβdv⃗ (B.21)

In WARPXM, the fluid total energy is defined as

ϵα ≡ 1

γ − 1
Pα +

1

2
ραu

2
α (B.22)

which simplifies the energy equation in the 5N -moment multi-fluid model as the summation

of the thermal energy and fluid kinetic energy

∂ϵα
∂t

+∇ ·
[
(ϵα + Pα) u⃗α + (u⃗α ·

↔

Πα)
]
+∇ · h⃗α − qαnαu⃗α · E⃗

=
∑
β ̸=α

(u⃗α · R⃗αβ +Qαβ)
(B.23)
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Appendix C

DERIVATIONS OF BRAGINSKII TRANSPORT EQUATIONS

C.1 Chapman-Enskog Expansion

Considering the effect of collisional interactions in Vlasov-Boltzmann equation, Eq. (B.1),

there are three characteristic normalized parameters

∂fα
∂t

δfα
δt

∣∣
coll

∼
f
τ
f

ταβ

=
ταβ
τ

= ϵt (C.1)

v⃗ · ∂fα
∂x⃗

δfα
δt

∣∣
coll

∼
v f
L
f

ταβ

=
λmfp

L
= ϵL (C.2)

qα
mα
E⃗ · ∂fα

∂v⃗
δfα
δt

∣∣
coll

∼
q
m
E f

v
f

ταβ

=
E

mvth
qταβ

=
E

ED

= ϵE (C.3)

qα
mα
v⃗ × B⃗ · ∂fα

∂v⃗
δfα
δt

∣∣
coll

∼
qB
m
f

f
ταβ

= ωcταβ = ϵB (C.4)

where both ϵt and ϵL indicate the scale of collisionality, ED is known as Dreicer electric

field, which is a critical electric field for runaway electrons, and ϵB represents the effect of

magnetization. Thereby, the normalized Vlasov-Boltzmann equation can be written as

dfα
dt

=
∂fα
∂t

+ v⃗ · ∂fα
∂x⃗

+
qα
mα

(
E⃗ + v⃗ × B⃗

)
· ∂fα
∂v⃗

=
1

ϵ

δfα
δt

∣∣∣∣
coll

(C.5)

where ϵ has the order of ϵ ∼ ϵt ∼ ϵL ∼ ϵE ∼ ϵB. Assuming ϵ ≪ 1 in a weakly magnetized

plasma, the distribution function fα can be expanded as

fα ≃ fα0 + fα1 + fα2 + · · · (C.6)
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where the subscript denotes the order of ϵ. The linearized collision operator is

δfα
δt

∣∣∣∣
coll

=
∑
β

C(fα, fβ)

≃
∑
β

[C(fα0, fβ0) + C(fα0, fβ1) + C(fα1, fβ0) + C(fα1, fβ1) + · · · ]
(C.7)

Hence, Vlasov-Boltzmann equation can be expanded order by order

ϵ−1 order: 0 =
∑
β

C(fα0, fβ0)

ϵ0 order:
dfα0
dt

=
∑
β

[C(fα0, fβ1) + C(fα1, fβ0)]

ϵ1 order:
dfα1
dt

=
∑
β

[C(fα1, fβ1) + C(fα2, fβ0) + · · · ]

...
...

These expansions are known as Chapman-Enskog expansion[87]. From Boltzmann H the-

orem, it is known that Maxwellian distributions fMα with a state of thermodynamic equi-

librium, where temperature satisfies u⃗α = u⃗β and Tα = Tβ, become the solution of the ϵ−1

order of the equation.

fα0(t, x⃗, v⃗) = nα(x⃗, t)

(
m

2πTα(x⃗, t)

) 3
2

e−
m|v⃗−u⃗α(x⃗,t)|2

2Tα(x⃗,t) (C.8)

In a strongly magnetized plasma, ϵB ≫ 1,

ϵ−1 order: ωc(v⃗ × b̂) · ∂fα0
∂v⃗

=
∑
β

C(fα0, fβ0)

ϵ0 order:
∂fα0
∂t

+ v⃗ · ∂fα0
∂x⃗

+
qα
mα

E⃗ · ∂fα0
∂v⃗

+ ωc(v⃗ × b̂) · ∂fα1
∂v⃗

=
∑
β

[C(fα0, fβ1) + C(fα1, fβ0)]

...
...

Note that the non-drifting Maxwellian distribution in the frame moving with the background

fluid velocity u⃗β is still the solution of the ϵ−1 order of the equation.

ωc(v⃗ × b̂) · ∂fα0
∂v⃗

= ωc(v⃗ × b̂) · mα(u⃗α − u⃗β)

Tα
fα0 = 0 =

∑
β

C(fα0, fβ0) (C.9)
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Considering the total derivative of the Maxwellian distribution function,

dfα0
dt

=
∂fα0
∂t

+ v⃗ · ∂fα0
∂x⃗

+
qα
mα

(
E⃗ + v⃗ × B⃗

)
· ∂fα0
∂v⃗

(C.10)

Using the chain rule,

∂fα0
∂t

=
∂fα0
∂nα

∂nα

∂t
+
∂fα0
∂u⃗α

· ∂u⃗α
∂t

+
∂fα0
∂Tα

∂Tα
∂t

(C.11)

v⃗ · ∂fα0
∂x⃗

= v⃗ ·
(
∂fα0
∂nα

∂nα

∂x⃗
+
∂fα0
∂u⃗α

· ∂u⃗α
∂x⃗

+
∂fα0
∂Tα

∂Tα
∂x⃗

)
(C.12)

qα
mα

(
E⃗ + v⃗ × B⃗

)
· ∂fα0
∂v⃗

=
qα
mα

(
E⃗ + v⃗ × B⃗

)
·
[
−m (v⃗ − u⃗α)

Tα
fα0

]
(C.13)

Since fα0 is Maxwellian,
∂fα0
∂nα

=
1

nα

fα0 (C.14)

∂fα0
∂u⃗α

· ∂u⃗α
∂x⃗

=
mα

2Tα
w⃗ ·
[
∇u⃗α + (∇u⃗α)T

]
(C.15)

∂fα0
∂Tα

=

(
mαw

2
α

2Tα
− 3

2

)
fα0
Tα

(C.16)

where w⃗ is random velocity of alpha

w⃗ = v⃗ − u⃗α (C.17)

Also, Maxwellian fα0 allows to use the ideal 5N -moment fluid equations such that

∂nα

∂t
= −∇ · (nαu⃗α) = −u⃗α · ∇nα − nα (∇ · u⃗α) (C.18)

∂u⃗α
∂t

= − (u⃗α · ∇) u⃗α − ∇Pα

mα

+
qα
mα

(
E⃗ + u⃗α × B⃗

)
(C.19)

∂Tα
∂t

= −u⃗α · ∇Tα +
2

3
Tα (∇ · u⃗α) (C.20)

Collecting together all components for the total derivative of Maxwellian, dfα0/dt,

dfα0
dt

= fα0

{(
mαw

2

2Tα
− 5

2

)
w⃗ · 1

Tα
∇Tα +

mα

2Tα

(
w⃗w⃗ − w2

3

↔

I

)
:
[
∇u⃗α + (∇u⃗α)T

]}
(C.21)
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Notice that the first and second terms represent heat flux and viscosity tensor, respectively.

Since the Vlasov-Boltzmann equation can be expressed in terms of the total derivatives of

Maxwellian distribution and off-Maxwellian part f ℓ
α such that

dfα
dt

=
dfα0
dt

+
df ℓ

α

dt
=
∑
β

C(fα, fβ) (C.22)

, the heat flux and viscosity are found to be related with the off-Maxwellian part (thermo-

dynamic non-equilibrium condition) and collisional interactions

df ℓ
α

dt
−
∑
β

C(fα, fβ) = −dfα0
dt

= −fα0
{(

mαw
2

2Tα
− 5

2

)
w⃗ · 1

Tα
∇Tα +

mα

2Tα

(
w⃗w⃗ − w2

3

↔

I

)
:
[
∇u⃗α + (∇u⃗α)T

]}
(C.23)

C.2 Expansion of the Distributions around Maxwellian in terms of Legendre
and Laguerre Polynomials

In the velocity space using spherical coordinates v⃗ = (v, θ, ϕ), the distribution function f

can be expanded around the Maxwellian f0[62]

f(v⃗) = f(v, θ, ϕ) = f0(v) (1 +X)

= f0

∞∑
l=0

l∑
m=−l

b
(m)
l Y

(m)
l (θ, ϕ)

∞∑
i=0

a
(l+ 1

2
)

i L
(l+ 1

2
)

i

(
w2

v2th

) (C.24)

where w⃗ = v⃗− u⃗ is random velocity, Y
(m)
l is spherical harmonics and L

(l+ 1
2
)

i is the associated

Laguerre polynomials, which is also known as Sonine polynomials. Using a real basis of

spherical harmonics Ylm[61],

f(v, θ, ϕ) = f0

∞∑
l=0

l∑
m=−l

blmYlm(θ, ϕ)
∞∑
i=0

a
(l+ 1

2
)

i L
(l+ 1

2
)

i

(
w2

v2th

)
(C.25)

where

Y
(m)
l (θ, ϕ) =

√
2l + 1

4π

(l −m)!

(l +m)!
P

(m)
l (cosθ)eimϕ (C.26)
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Ylm(θ, ϕ) =

√
2l + 1

4π

(l − |m|)!
(l + |m|)!

P
(m)
l (cosθ)eimϕ (C.27)

and P
(m)
l is the associated Legendre polynomials. Considering l = 0, 1, 2, · · · ,

f(v, θ, ϕ) = f0

[
b00Y00

∞∑
i=0

a
( 1
2
)

i L
( 1
2
)

i +
1∑

m=−1

Y⃗1m · b⃗1m
∞∑
i=0

a
( 3
2
)

i L
( 3
2
)

i +

2∑
m=−2

↔

Y 2m :
↔

b2m

∞∑
i=0

a
( 5
2
)

i L
( 5
2
)

i + · · ·

]
(C.28)

This form of the expression is useful due to the orthogonality of polynomials in the moment

approach. Note that Grad[88] and Balescu[62] expanded the distribution in terms of Hermite

polynomials. Showing more explicit and useful expressions,

f(v, θ, ϕ) = f0

[(
N0L

( 1
2
)

0 +N1L
( 1
2
)

1 + · · ·
)

+2
w⃗

v2th
·
(
U⃗0L

( 3
2
)

0 + U⃗1L
( 3
2
)

1 + · · ·
)

+
12

5

w⃗w⃗ − w2

3

↔

I

nmv4th
:
(↔

P 0L
( 5
2
)

0 +
↔

P 1L
( 5
2
)

1 + · · ·
)
+ · · ·

]
(C.29)

where the coefficients Ni, U⃗i, and
↔

P i can be obtained by taking moments. For example,

considering 0th moment, ∫
fd3v ≡ n (C.30)

Using the expanded function, the 0th moment becomes∫
fd3v =

∫
Y00L

( 1
2
)

0 fd3w = 4π

∫
w2f0L

( 1
2
)

0

(
N0L

( 1
2
)

0 +N1L
( 1
2
)

1 + · · ·
)
dw

= 4π
n

π
3
2v3th

N0

∫
e−XL

( 1
2
)

0 L
( 1
2
)

0

1

2
X

1
2v3thdX

= nN0

(C.31)
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where X ≡ w2/v2th. Thus, N0 = 1. Similarly, taking a moment with L
( 1
2
)

1∫
L
( 1
2
)

1 fd3v =

∫ (
3

2
− mw2

2T

)
fd3v

=
3

2
n− 3

2T

∫
mw2

3
fd3v

=
3

2

(
n− P

T

)
= 0

(C.32)

Using the expanded function,∫
L
( 1
2
)

1 fd3v =

∫
Y00L

( 1
2
)

1 fd3w = 4π

∫
w2f0L

( 1
2
)

1

(
N0L

( 1
2
)

0 +N1L
( 1
2
)

1 + · · ·
)
dw

=
2√
π
nN1

∫
L
( 1
2
)

1 L
( 1
2
)

1 X
1
2 e−XdX

=
3

2
nN1 = 0

(C.33)

that leads N1 = 0. The moment with the random velocity is simply∫
mw⃗fd3v = 0 (C.34)

Since w⃗ ∝ Y⃗1m[61], the only diagonal terms of w⃗w⃗ tensor, w2
x = w2

y = w2
z = w2/3, contribute

from spherical harmonics such that∫
mY1mL

( 3
2
)

0 fd3v = 4πm

∫
f0L

( 3
2
)

0

2w2

3

v2th

↔

I ·
(
U⃗0L

( 3
2
)

0 + U⃗1L
( 3
2
)

1 + · · ·
)
w2dw

=
4

3
√
π
nmU⃗0 ·

↔

I

∫
w2

v2th
L
( 3
2
)

0 L
( 3
2
)

0 e−XX
1
2dX

=
4

3
√
π
nmU⃗0 ·

↔

I

∫
X

3
2L

( 3
2
)

0 L
( 3
2
)

0 e−XdX

= nmU⃗0 = 0

(C.35)

Thus, U⃗0 = 0. Taking a moment with L
( 3
2
)

1 ,∫
w⃗L

( 3
2
)

1 fd3v =

∫
w⃗

(
3

2
− mw2

2T

)
fd3v

= − 1

T

∫
1

2
mw2w⃗fd3v

= − 1

T
h⃗

(C.36)
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where h⃗ is heat flux. Using the expanded distribution,∫
Y1mL

( 3
2
)

1 fd3v = 4π

∫
f0L

( 3
2
)

1

2w2

3

v2th

↔

I ·
(
U⃗0L

( 3
2
)

0 + U⃗1L
( 3
2
)

1 + · · ·
)
w2dw

=
4

3
√
π
nU⃗1 ·

↔

I

∫
X

3
2L

( 3
2
)

1 L
( 3
2
)

1 e−XdX

=
5

2
nU⃗1

(C.37)

Hence,

U⃗1 = − 2

5nT
h⃗ (C.38)

The viscosity stress tensor
↔

Π can be obtained by

↔

Π =

∫
m

(
w⃗w⃗ − w2

3

↔

I

)
fd3v (C.39)

Since Y2m ∝ w⃗w⃗ − w2

3

↔

I , the only off-diagonal terms of Y2m where m = (−2,−1, 1) and

(wxwy, wywz, wxwz) contribute∫
mYsmL

( 5
2
)

0 fd3v =
4√
π

6

5

∫
L
( 5
2
)
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P 0L
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( 5
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)

0 e−XX
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√
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↔
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X

5
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0 L
( 5
2
)

0 e−XX
1
2dX

=
↔

P 0 =
↔

Π

(C.40)

The other coefficients are related with higher moments or higher order of spherical harmonics

and Laguerre polynomials. For 5N -moment fluid model, it is enough to consider

f(v, θ, ϕ) ≃ f0

[
1 + 2

w⃗

v2th
·
(
− 2

5nT
h⃗L

( 3
2
)

1

)
+

12

5

w⃗w⃗ − w2

3

↔

I

nmv4th
:

↔

Π

]
(C.41)

Applying Taylor expansion of Maxwellian distribution with w ≪ vth,

f(v, θ, ϕ) ≃ f̃0

[
1 + 2

v⃗

v2th
·
(
u⃗− 2

5nT
h⃗L

( 3
2
)

1

)
+

12

5

v⃗v⃗ − v2

3

↔

I

nmv4th
:

↔

Π

]
(C.42)

where the distribution function now is expanded around the non-shifted Maxwellian distri-

bution f̃0

f̃0 = n
( m

2πT

) 3
2
e−

mv2

2T (C.43)
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C.3 Approximated Fokker-Planck Collision Operator for Coulomb Scattering
with the Assumption of Small Mass Ratio

The Fokker-Planck collision operator can be expressed in terms of Rosenbluth potentials

Hβ(v⃗) and Gβ(v⃗)

C(fα, fβ) = − ∂

∂v⃗
·
(
f
< ∆v⃗ >

∆t

)
+

1

2

∂2

∂v⃗∂v⃗
:

(
f
< ∆v⃗∆v⃗ >

∆t

)
= − ∂

∂v⃗
·
{
Γαβ

[
mα

mα +mβ

fα
∂Hβ

∂v⃗
− 1

2

∂fα
∂v⃗

· ∂
2Gβ

∂v⃗∂v⃗

]} (C.44)

where the first term is for momentum loss and the second term is for temperature (or energy)

diffusion such that
< ∆v⃗ >

∆t
= Γαβ

∂Hβ

∂v⃗
(C.45)

< ∆v⃗∆v⃗ >

∆t
= Γαβ

∂2Gβ

∂v⃗∂v⃗
(C.46)

Hβ(v⃗) =

(
1 +

mα

mβ

)∫
fβ(v⃗β)

|v⃗ − v⃗β|
d3vβ (C.47)

Gβ(v⃗) =

∫
fβ(v⃗β) |v⃗ − v⃗β| d3vβ (C.48)

Γαβ ≡
4πq2αq

2
β ln Λ

(4πϵ0)2m2
α

(C.49)

Considering the linearized collision operator by using the linearized distributions around the

non-shifted Maxwellian distributions,

C(fα, fβ) ≃ C(f̃α0, f̃β0) + Cℓ
αβ (C.50)

where the first term becomes zero only if Tα = Tβ. Assuming the small mass ratio (e.g.,

electron-ion collision), mα/mβ ≪ 1, the first term in Eq. (C.44) involving Hβ becomes

negligible. According to Hinton[89], the second term can be evaluated as

∂2Gβ

∂v⃗∂v⃗
≃ nβ

w2
β

↔

I − w⃗βw⃗β

w3
β

(C.51)

where the following approximation is applied for the relative velocity v⃗ − v⃗′

|v⃗ − v⃗′| ≃ |v⃗ − u⃗β| = wβ (C.52)



170

Hence, the collision operator in the frame moving with the background fluid velocity u⃗β

becomes

C(fα, fβ) ≃
1

2
nβΓαβ

∂

∂w⃗β

·

w2
β

↔

I − w⃗βw⃗β

w3
β

· ∂fα
∂w⃗β

 (C.53)

Assuming uβ/vthα ≪ 1, the linearized collision operator with the first order terms can be

written as

C(fα, fβ) ≃ Cℓ(fα1, f̃β0) + Cℓ(f̃α0, fβ1)

=
1

2

nβΓαβ

v3

[
∂

∂v⃗
·
(
v2

↔

I − v⃗v⃗
)
· ∂fα1
∂v⃗

+
v⃗ · u⃗β
v2thα

f̃α0

]
(C.54)

As for the opposite interspecies collision (e.g., ion-electron collision), since the first term in

Eq. (C.44) involving Hβ is not negligible, the zeroth order term becomes negligible for small

mass ratio mα ≪ mβ or identical temperature Tα = Tβ.

C(f̃β0, f̃α0) =
1

ταβ

nαmα

nβmβ

(
1− Tα

Tβ

)
∂

∂v⃗
·
(
v⃗f̃β0

)
(C.55)

Cℓ
βα ≃ 1

nβmβ

(
R⃗αβ −

nαmαu⃗β
ταβ

)
· ∂f̃β0
∂v⃗

+
nαmα

nβmβταβ

∂

∂v⃗
·
(
v⃗fβ1 +

Tα
mα

∂fβ1
∂v⃗

)
(C.56)

where ταβ is the momentum transfer time (slowing-down period)

ταβ =
4

3
√
π

nβΓαβ(
v2thα + v2thβ

) 3
2

(
1 +

mα

mβ

)
(C.57)

and R⃗αβ is the momentum transfer rate obtained by taking the first moment of the linearized

collision operator

R⃗αβ ≡
∫
mαv⃗C(fα, fβ)d

3v =
nαmα

ταβ
u⃗β − nβmαΓαβ

∫
v⃗

v3
fα1d

3v (C.58)
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C.4 Transport Coefficients Obtained by Taking Moments

Taking the first moment of ϵ0 order equation for electrons in steady state ∂fe/∂t = 0 with

different orders of associated Laguerre polynomials,

∫
mev⃗

df̃e0
dt


L
( 3
2
)

0

L
( 3
2
)
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L
( 3
2
)

2

 =
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∇Pe − neqeE⃗

−5
2
ne∇Te
0



=

∫
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ℓ
ei


L
( 3
2
)

0

L
( 3
2
)

1

L
( 3
2
)

2

 d3v + neqe


U⃗e0 × B⃗

5
2
U⃗e1 × B⃗

35
8
U⃗e2 × B⃗



=


R⃗

(0)
ei

R⃗
(1)
ei

R⃗
(2)
ei

+ neqe


U⃗e0 × B⃗

5
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U⃗e1 × B⃗
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

(C.59)

Dotting with b̂, 
∇∥Pe − neqeE∥

−5
2
ne∇∥Te

0

 =


R⃗

(0)
ei

R⃗
(1)
ei

R⃗
(2)
ei

 · b̂ (C.60)

where the parallel equation can be proceeded as in the Spitzer[26] problem. According to

Hirshman and Sigmar[90, 91], the parallel components of the frictional force can be expressed

as 
R⃗

(0)
ei

R⃗
(1)
ei

R⃗
(2)
ei

 · b̂ =
∑
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ℓeβij

]
Uβ0∥

Uβ1∥

Uβ2∥

 (C.61)

where

ℓαβij =

(∑
k

nαmαναβM
ij
αk

)
δαβ + nαmαναβN

ij
αβ (C.62)

nαναβM
ij
αβ ≡

∫
v∥L

( 3
2
)

i−1C
ℓ

(
2v∥
v2thα

L
( 3
2
)

j−1f̃α0, f̃β0

)
d3v (C.63)
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nαναβN
ij
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d3v (C.64)

Hence, using the small mass ratio assumption me ≪ mi in the 5N -moment two-fluid model
R⃗

(0)
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which can be re-written as
R⃗
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where νei = Ziνee and
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Using Eq. (C.60), the parallel component of the heat flux with the transport coefficients can

be obtained as 
ue∥ − ui∥

− 2
5neTe

he∥

Ue2∥

 = − 1

nemeνei

[
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leading
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where
[
Λe

ij

]
=
[
Le

ij

]−1
. Crossing Eq. (C.59) with B⃗,
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(C.70)

For strongly magnetized plasmas, ϵB ≫ 1, the linearized distribution f̃α1 can be expanded

in powers of ϵ−1
B ,

f̃α1 ≃ f̃
(0)
α1 + f̃

(1)
α1 + · · · (C.71)

that yields

ϵ0B order:
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ϵ−1
B order:
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 (C.73)

...
...

While the original expression for the frictional coefficient matrix ℓijαβ is developed for the

Spitzer problems, which is independent to magnetic fields, it can be generalized by using v⃗

instead of using v∥[90] in Eqs. (C.63) and (C.64) such that
R⃗

(0)
ei

R⃗
(1)
ei

R⃗
(2)
ei
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Hence, the perpendicular components of the heat flux become

h⃗e⊥ = −5

2

neTe
meωce

b̂×∇Te +
3

2

neTe
ωceτei

b̂× (u⃗e − u⃗i)−

(
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4
+

√
2

Zi

)
neTeνei
meω2

ce

∇⊥Te (C.75)

Thus, the heat flux for electrons consists of the advective heat flux part h⃗eu, which is known

as Ettingshausen effect, and thermal conductivity part h⃗eT such that

h⃗e = h⃗eu + h⃗eT (C.76)
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(
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h⃗eT = − 25

4Le
11

neTe
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)
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meωce

b̂×∇Te (C.78)

Similarly, the frictional force R⃗ei consists of resistivity R⃗ei
u and thermal force R⃗ei

T , which is

known as Nernst effect,

R⃗ei = R⃗ei
u + R⃗ei

T (C.79)
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The transport coefficients for ion heat flux can be obtained by using the same approach with
R⃗

(0)
ie
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(1)
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 (C.82)
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0 3
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 (C.83)

R⃗ie = −R⃗ei (C.84)
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Appendix D

GALILEAN INVARIANCE OF COULOMB COLLISION
OPERATOR

Galilean invariant is an unchanged property after Galilean transformation. In the theory

of relativity, Galilean transformation can be replaced by the Lorentz transformations. The

general form of the collision operator is

δfα
δt

∣∣∣∣
coll

= −
∑
β

∇v⃗ · J⃗α\β (D.1)

where

J⃗α\β =
1

2
mαΓαβ

∫
u2I

↔
− u⃗u⃗

u3
·
[
fα(v⃗)

mβ

∂fβ(v⃗
′)

∂v⃗′
− fβ(v⃗

′)

mα

∂fα(v⃗)

∂v⃗

]
d3v′ (D.2)

Γαβ ≡
4πq2αq

2
β ln Λ

(4πϵ0)2m2
α

(D.3)

u⃗ = v⃗′ − v⃗ (D.4)

Considering J⃗α\β in the frame moving with velocity u⃗c, the velocity components can be

transformed as

w⃗ = v⃗ − u⃗c (D.5)

w⃗′ = v⃗′ − u⃗c (D.6)

u⃗ = v⃗ − u⃗c − (v⃗′ − u⃗c) = w⃗ − w⃗′ (D.7)

d3v′ = d3w′ (D.8)

∂

∂v⃗
=

∂

∂w⃗
(D.9)

∂

∂v⃗′
=

∂

∂w⃗′ (D.10)
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which yields

J⃗α\β =
1

2
mαΓαβ

∫
u2I

↔
− u⃗u⃗

u3
·
[
fα(w⃗)

mβ
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∂w⃗′ − fβ(w⃗
′)
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∂w⃗

]
d3w′ (D.11)

and the collision operator can be written as

δfα
δt

∣∣∣∣
coll

= −
∑
β

∂

∂v⃗
· J⃗α\β = −

∑
β

∂

∂w⃗
· J⃗α\β (D.12)

Thus, the Coulomb collision operator is Galilean invariant. This Galilean invariance allows to

consider the complicated form of the collision operator, for example, in the frame moving with

background fluid velocity u⃗β that eventually allows to use non-shifted Maxwellian background

distributions even if the background is not stationary. Note that the incident particles have

a relative fluid velocity u⃗α − u⃗β due to the relative frame of reference.
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Appendix E

THIRD AND FOURTH ORDER RUNGE-KUTTA METHODS

E.1 Third Order Runge-Kutta Method

The third order discretized equations in the exact form is

Q⃗k
l (x⃗

k
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l (x⃗
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where

d3Q⃗k
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In the third-stage RK method,

Q⃗k
l (x⃗

k
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L(Q⃗2, tn + c2∆t) and L(Q⃗3, tn + c3∆t) can be expanded around (Q⃗k
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l + a21L(Q⃗1, tn)∆t, tn + c2∆t)

= L +
1

1!

(
c2∆t

∂

∂t
+ a21L(Q⃗k

l , tn)∆t
∂

∂Q⃗k
l

)
L

+
1

2!

(
c2∆t

∂

∂t
+ a21L(Q⃗k

l , tn)∆t
∂

∂Q⃗k
l

)2

L +O
(
(∆t)3

)
(E.4)
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L(Q⃗3, tn + c3∆t) = L(Q⃗k
l + a31L(Q⃗1, tn)∆t+ a32L(Q⃗2, tn + c2∆t)∆t, tn + c3∆t)

= L +
1

1!

(
c3∆t

∂

∂t
+
(
a31L + a32L(Q⃗2, tn + c2∆t)

)
∆t

∂

∂Q⃗k
l

)
L

+
1

2!

(
c3∆t

∂

∂t
+
(
a31L + a32L(Q⃗2, tn + c2∆t)

)
∆t

∂

∂Q⃗k
l

)2

L +O
(
(∆t)3

)
(E.5)

where

Q⃗3 = Q⃗k
l (x⃗

k
l , tn) + a31L(Q⃗1, tn) + a32L(Q⃗2, tn + c2∆t) (E.6)

Collecting terms that involves the same power of ∆t,

L(Q⃗2, tn + c2∆t) = L +

(
c2
∂L

∂t
+ a21L

∂L

∂Q⃗k
l

)
∆t

+
1

2

c22∂2L∂t2 + 2a21c2L
∂2L

∂t∂Q⃗k
l

+ a221L
2 ∂2L(
∂Q⃗k

l

)2
 (∆t)2 +O

(
(∆t)3

)
(E.7)

L(Q⃗3, tn + c3∆t) = L +

(
c3
∂L

∂t
+ (a31 + a32)L

∂L

∂Q⃗k
l

)
∆t

+
1

2

c23∂2L∂t2 + 2a32c2
∂L

∂t

∂L

∂Q⃗k
l

+ 2a21a32L

(
∂L

∂Q⃗k
l

)2

+ 2c3(a31 + a32)L
∂2L

∂t∂Q⃗k
l

+(a31 + a32)
2L2 ∂2L(

∂Q⃗k
l

)2
 (∆t)2 +O

(
(∆t)3

)
(E.8)
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Substituting Eqs. (E.29) and (E.30) into Eq. (E.3),

Q⃗k
l (x⃗

k
l , tn+1) = Q⃗k

l (x⃗
k
l , tn) + (b1 + b2 + b3)L∆t

+

(
(b2c2 + b3c3)

∂L

∂t
+ (a21b2 + (a31 + a32)b3)L

∂L

∂Q⃗k
l

)
(∆t)2

+
1

2

(
(b2c

2
2 + b3c

2
3)
∂2L

∂t2
+ 2 (a21b2c2 + (a31 + a32)b3c3)L

∂2L

∂t∂Q⃗k
l

+2a32b3c2
∂L

∂Q⃗k
l

∂L

∂t
+
(
a221b2 + (a31 + a32)

2b3
)
L2 ∂2L(

∂Q⃗k
l

)2
+2a21a32b3L

(
∂L

∂Q⃗k
l

)2
 (∆t)3 +O

(
(∆t)4

)

(E.9)

Comparing Eq. (E.9) with Eq. (E.1),

b1 + b2 + b3 = 1 (E.10)

b2c2 + b3c3 =
1

2
(E.11)

a21b2 + (a31 + a32)b3 =
1

2
(E.12)

b2c
2
2 + b3c

2
3 =

1

3
(E.13)

a21b2c2 + (a31 + a32)b3c3 =
1

3
(E.14)

a32b3c2 =
1

6
(E.15)

a221b2 + (a31 + a32)
2b3 =

1

3
(E.16)

a21a32b3 =
1

6
(E.17)

While there are eight equations for eight unknowns, the system is not closed because there

actually exist only six independent equations. For example, Eqs. (E.15) and (E.17) produce

a21 = c2 (E.18)
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Also, Eqs. (E.11), (E.12) and (E.18 yield

a31 + a32 = c3 (E.19)

Therefore the following six equations are independent

b1 + b2 + b3 = 1 (E.20)

b2c2 + b3c3 =
1

2
(E.21)

b2c
2
2 + b3c

2
3 =

1

3
(E.22)

a32b3c2 =
1

6
(E.23)

a21 = c2 (E.24)

a31 + a32 = c3 (E.25)

E.2 Fourth Order Runge-Kutta Method

The fourth order discretized equations in the exact form is

Q⃗k
l (x⃗

k
l , tn+1) = Q⃗k

l (x⃗
k
l , tn)∆t+L∆t+

1

2

(
∂L

∂t
+
∂L

∂Q⃗k
l

L

)
(∆t)2

+
1

6

∂2L
∂t2

+ 2
∂2L

∂t∂Q⃗k
l

L +
∂L

∂Q⃗k
l

∂L

∂t
+

∂2L

(∂Q⃗k
l )

2
L2 +

(
∂L

∂Q⃗k
l

)2

L

 (∆t)3

+
1

24

∂3L
∂t3

+
∂2L

∂t2
∂L

∂Q⃗k
l

+
∂L

∂t

(
∂L

∂Q⃗k
l

)2

+ 3
∂L

∂t

∂2L

∂t∂Q⃗k
l

+ 3
∂L

∂t

∂2L(
∂Q⃗k

l

)2L
+

(
∂L

∂Q⃗k
l

)3

L + 3
∂3L

∂t2∂Q⃗k
l

L + 5
∂2L

∂t∂Q⃗k
l

∂L

∂Q⃗k
l

L + 4
∂2L(
∂Q⃗k

l

)2 ∂L
∂Q⃗k

l

L2

+3
∂3L

∂t
(
∂Q⃗k

l

)2L2 +
∂3L(
∂Q⃗k

l

)3L3

 (∆t)4 +O
(
(∆t)5

)

(E.26)
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where

d4Q⃗k
l

dt4
=
∂3L

∂t3
+
∂2L

∂t2
∂L

∂Q⃗k
l

+
∂L

∂t

(
∂L

∂Q⃗k
l

)2

+ 3
∂L

∂t

∂2L

∂t∂Q⃗k
l

+ 3
∂L

∂t

∂2L(
∂Q⃗k

l

)2L
+

(
∂L

∂Q⃗k
l

)3

L + 3
∂3L

∂t2∂Q⃗k
l

L + 5
∂2L

∂t∂Q⃗k
l

∂L

∂Q⃗k
l

L + 4
∂2L(
∂Q⃗k

l

)2 ∂L
∂Q⃗k

l

L2

+ 3
∂3L

∂t
(
∂Q⃗k

l

)2L +
∂3L(
∂Q⃗k

l

)3L2

(E.27)

In the fourth-stage RK method,

Q⃗k
l (x⃗

k
l , tn+1) = Q⃗k

l (x⃗
k
l , tn) + b1L∆t+ b2L(Q⃗2, tn + c2∆t)∆t

+ b3L(Q⃗3, tn + c3∆t)∆t+ b4L(Q⃗4, tn + c4∆t)∆t
(E.28)

L(Q⃗2, tn + c2∆t), L(Q⃗3, tn + c3∆t) and L(Q⃗4, tn + c4∆t) can be expanded around (Q⃗k
l , tn)

such that

L(Q⃗2, tn + c2∆t) = L(Q⃗k
l + a21L(Q⃗1, tn)∆t, tn + c2∆t)

= L +
1

1!

(
c2∆t

∂

∂t
+ a21L(Q⃗k

l , tn)∆t
∂

∂Q⃗k
l

)
L

+
1

2!

(
c2∆t

∂

∂t
+ a21L(Q⃗k

l , tn)∆t
∂

∂Q⃗k
l

)2

L

+
1

3!

(
c2∆t

∂

∂t
+ a21L(Q⃗k

l , tn)∆t
∂

∂Q⃗k
l

)3

L +O
(
(∆t)4

)
(E.29)

L(Q⃗3, tn + c3∆t) = L(Q⃗k
l + a31L(Q⃗1, tn)∆t+ a32L(Q⃗2, tn + c2∆t)∆t, tn + c3∆t)

= L +
1

1!

(
c3∆t

∂

∂t
+
(
a31L + a32L(Q⃗2, tn + c2∆t)

)
∆t

∂

∂Q⃗k
l

)
L

+
1

2!

(
c3∆t

∂

∂t
+
(
a31L + a32L(Q⃗2, tn + c2∆t)

)
∆t

∂

∂Q⃗k
l

)2

L

+
1

3!

(
c3∆t

∂

∂t
+
(
a31L + a32L(Q⃗2, tn + c2∆t)

)
∆t

∂

∂Q⃗k
l

)3

L +O
(
(∆t)4

)
(E.30)
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L(Q⃗4, tn + c4∆t)

= L +
1

1!

(
c4∆t

∂

∂t
+
(
a41L + a42L(Q⃗2, tn + c2∆t) + a43L(Q⃗3, tn + c3∆t)

)
∆t

∂

∂Q⃗k
l

)
L

+
1

2!

(
c4∆t

∂

∂t
+
(
a41L + a42L(Q⃗2, tn + c2∆t) + a43L(Q⃗3, tn + c3∆t)

)
∆t

∂

∂Q⃗k
l

)2

L

+
1

3!

(
c4∆t

∂

∂t
+
(
a41L + a42L(Q⃗2, tn + c2∆t) + a43L(Q⃗3, tn + c3∆t)

)
∆t

∂

∂Q⃗k
l

)3

L +O
(
(∆t)4

)
(E.31)

where

Q⃗4 = Q⃗k
l (x⃗

k
l , tn) + a41L(Q⃗1, tn) + a42L(Q⃗2, tn + c2∆t) + a43L(Q⃗3, tn + c3∆t) (E.32)

Collecting terms that involves the same power of ∆t,

L(Q⃗2, tn + c2∆t) = L +

(
c2
∂L

∂t
+ a21L

∂L

∂Q⃗k
l

)
∆t

+
1

2

c22∂2L∂t2 + 2a21c2L
∂2L

∂t∂Q⃗k
l

+ a221L
2 ∂2L(
∂Q⃗k

l

)2
 (∆t)2

+
1

6

c32∂3L∂t3 + 3a21c
2
2L

∂3L

∂t2∂Q⃗k
l

+ 3a221c2L
2 ∂3L

∂t
(
∂Q⃗k

l

)2 + a321L
3 ∂3L(
∂Q⃗k

l

)3
 (∆t)3 +O

(
(∆t)4

)
(E.33)
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L(Q⃗3, tn + c3∆t) = L +

(
c3
∂L

∂t
+ (a31 + a32)L

∂L

∂Q⃗k
l

)
∆t

+
1

2

c23∂2L∂t2 + 2a32c2
∂L

∂t

∂L

∂Q⃗k
l

+ 2a21a32L

(
∂L

∂Q⃗k
l

)2

+ 2c3(a31 + a32)L
∂2L

∂t∂Q⃗k
l

+(a31 + a32)
2L2 ∂2L(

∂Q⃗k
l

)2
 (∆t)2

+
1

6

c33∂3L∂t3 + 3a32c
2
2

∂2L

∂t2
∂L

∂Q⃗k
l

+ 6a32c2c3
∂L

∂t

∂2L

∂t∂Q⃗k
l

+ 6a32(a31 + a32)c2L
∂L

∂t

∂2L(
∂Q⃗k

l

)2
+6a21a32(c2 + c3)L

∂L

∂Q⃗k
l

∂2L

∂t∂Q⃗k
l

+ 3a21a32(a21 + 2(a31 + a32))L
2 ∂L

∂Q⃗k
l

∂2L(
∂Q⃗k

l

)2
+3(a31 + a32)c

2
3L

∂3L

∂t2∂Q⃗k
l

+ 3(a31 + a32)
2c3L

2 ∂3L

∂t
(
∂Q⃗k

l

)2 + (a31 + a32)
3L3 ∂3L(

∂Q⃗k
l

)3
 (∆t)3

+O
(
(∆t)4

)
(E.34)
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L(Q⃗4, tn + c4∆t) = L +

(
c4
∂L

∂t
+ (a41 + a42 + a43)L

∂L

∂Q⃗k
l

)
∆t

+
1

2

c24∂2L∂t2 + 2(a42c2 + a43c3)
∂L

∂t

∂L

∂Q⃗k
l

+ 2(a21a42 + (a31 + a32)a43)L

(
∂L

∂Q⃗k
l

)2

+2(a41 + a42 + a43)c4L
∂2L

∂t∂Q⃗k
l

+ (a41 + a42 + a43)
2L

∂2L(
∂Q⃗k

l

)2
 (∆t)2

+
1

6

c34∂3L∂t3 + 3(a42c
2
2 + a43c

2
3)
∂L

∂Q⃗k
l

∂2L

∂t2
+ 6a32a43c2

(
∂L

∂Q⃗k
l

)2
∂L

∂t
+ 6a21a32a43L

(
∂L

∂Q⃗k
l

)3

+6(a42c2 + a43c3)c4
∂L

∂t

∂2L

∂t∂Q⃗k
l

+ 6(a42c2 + a43c3)(a41 + a42 + a43)L
∂L

∂t

∂2L(
∂Q⃗k

l

)2
+6 (a21a42(c2 + c4) + (a31 + a32)a43(c3 + c4))L

∂L

∂Q⃗k
l

∂2L

∂t∂Q⃗k
l

+3
(
a221a42 + 2a21a42(a41 + a42 + a43) + (a31 + a32)a43 (a31 + a32 + 2(a41 + a42 + a43))

)
L2 ∂L

∂Q⃗k
l

∂2L(
∂Q⃗k

l

)2
+3(a41 + a42 + a43)c

2
4

∂3L

∂t2∂Q⃗k
l

+ 3(a41 + a42 + a43)
2c4L

∂3L

∂t
(
∂Q⃗k

l

)2
+(a41 + a42 + a43)

3L2 ∂3L(
∂Q⃗k

l

)3
+O

(
(∆t)4

)
(E.35)
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Substituting Eqs. (E.33), (E.34) and (E.35) into Eq. (E.28),

Q⃗k
l (x⃗

k
l , tn+1) = Q⃗k

l (x⃗
k
l , tn) + (b1 + b2 + b3 + b4)L∆t

+

(
(b2c2 + b3c3 + b4c4)

∂L

∂t
+ (a21b2 + (a31 + a32)b3 + (a41 + a42 + a43)b4)L

∂L

∂Q⃗k
l

)
(∆t)2

+
1

2

(
(b2c

2
2 + b3c

2
3 + b4c

2
4)
∂2L

∂t2
+ 2(a32b3c2 + a42b4c2 + a43b4c3)

∂L

∂Q⃗k
l

∂L

∂t

+2((a31 + a32)a43b4 + a21(a32b3 + a42b4))L

(
∂L

∂Q⃗k
l

)2

+2 (a21b2c2 + (a31 + a32)b3c3 + (a41 + a42 + a43)b4c4)L
∂2L

∂t∂Q⃗k
l

+
(
a221b2 + (a31 + a32)

2b3 + (a41 + a42 + a43)
2b4
)
L2 ∂2L(

∂Q⃗k
l

)2
 (∆t)3

+
1

6

(
(b2c

3
2 + b3c

3
3 + b4c

3
4)
∂3L

∂t3
+ 3((a32b3 + a42b4)c

2
2 + a43b4c

2
3)
∂2L

∂t2
∂L

∂Q⃗k
l

+6a32a43b4c2
∂L

∂t

(
∂L

∂Q⃗k
l

)2

+ 6a21a32a43b4L

(
∂L

∂Q⃗k
l

)3

+6(a32b3c2c3 + b4(a42c2 + a43c3)c4)
∂L

∂t

∂2L

∂t∂Q⃗k
l

+6 (a21a32b3(c2 + c3) + a21a42b4(c2 + c4) + (a31 + a32)a43b4(c3 + c4))L
∂L

∂Q⃗k
l

∂2L

∂t∂Q⃗k
l

+3
(
a21b2c

2
2 + (a31 + a32)b3c

2
3 + (a41 + a42 + a43)b4c

2
4

)
L

∂3L

∂t2∂Q⃗k
l

+6
(
a31a32b3c2 + a232b3c2 + (a41 + a42 + a43)b4(a42c2 + a43c3)

)
L
∂L

∂t

∂2L(
∂Q⃗k

l

)2
+3 [a21a32(a21 + 2(a31 + a32))b3+

(a221a42 + 2a21a42(a41 + a42 + a43) + (a31 + a32)a43(a31 + a32 + 2(a41 + a42 + a43)))b4
]
L2 ∂L

∂Q⃗k
l

∂2L(
∂Q⃗k

l

)2
+3
(
a221b2c2 + (a31 + a32)

2b3c3 + (a41 + a42 + a43)
2b4c4

)
L2 ∂3L

∂t
(
∂Q⃗k

l

)2
+(a321b2 + (a31 + a32)

3b3 + (a41 + a42 + a43)
3b4)L

3 ∂3L(
∂Q⃗k

l

)3
 (∆t)4 +O

(
(∆t)5

)
(E.36)
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Comparing Eq. (E.36) with Eq. (E.26),

b1 + b2 + b3 + b4 = 1 (E.37)

b2c2 + b3c3 + b4c4 =
1

2
(E.38)

a21b2 + (a31 + a32)b3 + (a41 + a42 + a43)b4 =
1

2
(E.39)

b2c
2
2 + b3c

2
3 + b4c

2
4 =

1

3
(E.40)

a32b3c2 + a42b4c2 + a43b4c3 =
1

6
(E.41)

(a31 + a32)a43b4 + a21(a32b3 + a42b4) =
1

6
(E.42)

a21b2c2 + (a31 + a32)b3c3 + (a41 + a42 + a43)b4c4 =
1

3
(E.43)

a221b2 + (a31 + a32)
2b3 + (a41 + a42 + a43)

2b4 =
1

3
(E.44)

b2c
3
2 + b3c

3
3 + b4c

3
4 =

1

4
(E.45)

(a32b3 + a42b4)c
2
2 + a43b4c

2
3 =

1

12
(E.46)

a32a43b4c2 =
1

24
(E.47)

a21a32a43b4 =
1

24
(E.48)

a32b3c2c3 + b4(a42c2 + a43c3)c4 =
1

8
(E.49)

a21a32b3(c2 + c3) + a21a42b4(c2 + c4) + (a31 + a32)a43b4(c3 + c4) =
5

24
(E.50)

a21b2c
2
2 + (a31 + a32)b3c

2
3 + (a41 + a42 + a43)b4c

2
4 =

1

4
(E.51)

a31a32b3c2 + a232b3c2 + (a41 + a42 + a43)b4(a42c2 + a43c3) =
1

8
(E.52)

a21a32(a21 + 2(a31 + a32))b3

+ (a221a42 + 2a21a42(a41 + a42 + a43) + (a31 + a32)a43(a31 + a32 + 2(a41 + a42 + a43)))b4 =
1

3

(E.53)
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a221b2c2 + (a31 + a32)
2b3c3 + (a41 + a42 + a43)

2b4c4 =
1

4
(E.54)

a321b2 + (a31 + a32)
3b3 + (a41 + a42 + a43)

3b4 =
1

4
(E.55)

While there are 19 equations for 13 unknowns, the system is not closed because there actually

exist only 10 independent equations such that

b1 + b2 + b3 + b4 = 1 (E.56)

b2c2 + b3c3 + b4c4 =
1

2
(E.57)

b2c
2
2 + b3c

2
3 + b4c

2
4 =

1

3
(E.58)

b2c
3
2 + b3c

3
3 + b4c

3
4 =

1

4
(E.59)

a32b3c2 + a42b4c2 + a43b4c3 =
1

6
(E.60)

a32c2b3c3 + a42b4c2c4 + a43b4c3c4 =
1

12
(E.61)

a32a43b4c2 =
1

24
(E.62)

a21 = c2 (E.63)

a31 + a32 = c3 (E.64)

a41 + a42 + a43 = c4 (E.65)
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Appendix F

ANALYTICAL SOLUTIONS OF WAVE EQUATIONS IN
CYLINDRICAL COORDINATES

The wave equation is
1

c2
∂2u

∂t2
= ∇2u (F.1)

where c is the characteristic wave speed. Using the separation of variables, the solution u

can be expressed as

u(t, r, θ, z) = T (t)R(r)Q(θ)Z(z) (F.2)

From Eq. F.1,

1

c2
RQZ

∂2T

∂t2
= TQZ

1

r

∂

∂r

(
r
∂R

∂r

)
+ TRZ

1

r2
∂2Q

∂θ2
+ TRQ

∂2Z

∂z2
(F.3)

For non-trivial solutions such as T (t) ̸= 0, R(r) ̸= 0, Q(θ) ̸= 0 and Z(z) ̸= 0, Eq. F.4 can

be rewritten as
1

c2
1

T

∂2T

∂t2
=

1

R

1

r

∂

∂r

(
r
∂R

∂r

)
+

1

Q

1

r2
∂2Q

∂θ2
+

1

Z

∂2Z

∂z2
(F.4)

Also the left hand side and the following terms in the right hand side should be constants

1

c2
1

T

∂2T

∂t2
= −k2c (F.5)

1

Q

∂2Q

∂θ2
= −m2 (F.6)

1

Z

∂2Z

∂z2
= −k2z (F.7)

which lead
∂2R

∂r2
+

1

r

∂R

∂r
+

[
(k2c − k2z)−

1

r2
m2

]
R = 0 (F.8)

Defining k as

k2 ≡ k2c − k2z (F.9)
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Eq. F.8 can be simplified as

∂2R

∂r2
+

1

r

∂R

∂r
+

[
k2 − 1

r2
m2

]
R = 0 (F.10)

Changing variable by using x = kr, Eq. F.10 can be expressed as the Bessel equation

∂2R

∂x2
+

1

x

∂R

∂r
+

[
1− m2

x2

]
R = 0 (F.11)

The general solutions for the Bessel equation are

R(x) = C1Jm(x) + C2Ym(x) = R(kr) = C1Jm(kr) + C2Ym(kr) (F.12)

where C1 and C2 are constants, Jm is the Bessel function of the first kind of order m and

Ym is the Bessel function of the second kind of order m. The general solutions for Eqs. F.5,

F.6 and F.7 are as follows

T (t) = C3e
±iωt (F.13)

Q(θ) = C4e
±imθ (F.14)

Z(z) = C5e
±ikzθ (F.15)

where

ω = kcc (F.16)

Note that the constants kc, m and kz have the negative in the right hand side of Eqs. F.5,

F.6 and F.7 to give the periodic solutions. It is natural to see the periodic solutions in the

azimuthal direction to satisfy the boundary conditions. However, it is not necessary to have

the negative signs for kc and kz. In fact, if they have the positive sign in the right hand side

of Eqs. F.5 and F.7,

T (t) = C6e
±ωt (F.17)

Z(z) = C7e
±kzθ (F.18)

which yields
∂2R

∂x2
+

1

x

∂R

∂r
−
[
1 +

m2

x2

]
R = 0 (F.19)
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The general solutions of Eq. F.19 are

R(x) = C8Im(x) + C9Km(x) (F.20)

where Im is the modified Bessel function of the first kind of order m and Km is the modified

Bessel function of the second kind of order m.
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