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Abstract

Engineering Solutions to Scale Up Trapped-lon System

Le Minh Anh Nguyen
Chair of the Supervisory Committee:

Sara Mouradian
Department of Electrical and Computer Engineering

Trapped-ion quantum processors offer some of the lowest gate error rates among qubit plat-
forms, encoding quantum information in ionic energy levels and entangling qubits via shared
motional modes. Despite this maturity, scaling to large qubit numbers while maintaining
high-fidelity control remains a central challenge. This thesis addresses two key bottlenecks
in laser-based trapped-ion systems: trap geometry and laser delivery.

The first contribution is a quantitative framework for evaluating trap geometries with
respect to scalability, applied to three electrode designs: a conventional surface trap, a
“end-surface” multi-wafer trap, and a symmetric “cross-rf” multi-wafer trap [I]. Multi-wafer
designs, particularly the cross-rf trap, show substantial improvements in harmonicity, trap
depth, radial trap frequency, and heating rate. However, the gnd-surface trap is identified
as the most promising path to scaling due to its significantly simpler fabrication.

The second contribution is the initial implementation of a photonic integrated circuit
(PIC) for scalable laser delivery to 9°Ca* ions. Operating at 729 nm, the PIC supports slow
thermal tuning and fast nanosecond-scale modulation, with a path toward FPGA integration.
Coupling of a frequency-stabilized laser into the PIC was demonstrated.

Together, these contributions advance a modular architecture for trapped-ion quantum
computation in which trap geometry and optical control are each independently engineered

for large-scale operation.



TABLE OF CONTENTS

Page

ist of Figures| . . . . . . . . ii
............................................ vi
[Chapter 1: Introduction|. . . . . . .. 1
|Chapter 2: Theory|. . . . . . . 4
2.1 Physical Implementation| . . . . . . .. ... ... ... L 4
[2.2  Single-qubit (1Q) Gate|. . . . . . . . . ... oo 15
[2.3 Two-qubit (2Q) Gate|. . . . . . . . . ..o 19
|[Chapter 3: Trap Geometry| . . . . . . . .. Lo 29
3.1 Trap Geometries and Simulation Methods| . . . . . . .. ... ... ... ... 29
3.2 Figures of merits| . . . . . ... 34
3.3 Expected Experimental Performancel . . . . . . . ... ... ... ... 39
[3.4 Practicality] . . . . . . .. 43
|[Chapter 4: Light Delivery|. . . . . . . . oo oo 46
4.1 Photonic Integrated Circuit| . . . . . . . .. ... ... ... ... ... 47
4.2 Optical Setup and Characterization| . . . . . . . . ... .. ... ... ..... 49
4.3 Next Steps: FPGA Integration and Experimental Application| . . . . . . . .. ol
|Chapter 5: Conclusions and Outlook{. . . . . . ... ... ... ... ........ 53
Bibliography| . . . . . . . . . 55
[Appendix A:  Useful mathematical definitions| . . . . . . .. ... ... .. ... ... 67
[A.1l Pauli Matrices| . . . . . . .« . . 67



LIST OF FIGURES

Figure Number

Page

Bl

(a) The Bloch sphere provides a geometric representation of all possible pure

states of a qubit, parameterized by polar angle 6§ and azimuthal angle .

The north and south poles correspond to the computational basis states |0)

and [1). (b) Relevant energy levels of the “*Ca™ ion. The qubit is encoded

in the 4sS; » ground state |0) and the metastable 3d*Ds state |1), which

are coupled by the 729 nm electric quadrupole “clock” transition used for

qubit manipulation. The long natural lifetime of the Dj/, state (7 = 1.17 s)

suppresses spontaneous emission. State-dependent fluorescence on the 397 nm

S1/2 ¢> P10 transition provides qubit readout: an ion in |0) scatters photons

(“bright”), while an ion shelved in [1) remains dark.. . . . . . . .. .. ...
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(a) The four-rod electrode geometry of a linear Paul trap, where two oppos-

ing electrodes are driven by a radio-frequency (rf) source of V¢ cos (¢t + ¢),

while the remaining two electrodes are held at ground. The resulting time-

dependent quadrupole field creates a net radial confinement when €).¢ 1s much

larger than the 1on’s motion. In this limit, the micromotion driven at {2.¢

averages out and the ion undergoes slow secular harmonic oscillation at fre-

quency w, about the RF null at the trap center. (b) Representative radial

pseudopotential at the axial midpoint (z = 0) of a linear Paul trap similar to

(a). The pseudopotential approximation replaces the time-varying field with

an effective static potential, valid when w, < {)¢, and forms a harmonic well

for ion confinement) . . . . . ..
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(a) Energy level diagram of the quantum harmonic oscillator (QHO) with

Hamiltonian Hqpo from ([2.40)), describing the secular motion of a trapped ion

at frequency w,. The equally spaced levels fiw,(n+1/2) define the Fock states

In), with ladder operators @ and a' stepping between them. The overlaid

wavefunctions v, (r) from (2.44) show the growing spatial extent and node

count with n, reflecting increasing positional uncertainty and kinetic energy.

(b) Phase-space representation of the displacement operator D(«) acting on

the motional ground state [0),. The complex displacement « encodes both

the magnitude || and direction of the shift, producing a coherent state |«),

at (Re(a), Im(a)) = (0.5,0.5). . . . . . ...
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(a) Spin-motion energy level diagram of the Mglmer-Sgrensen (MS) interac-

tion. Fach ion is simultaneously driven by two lasers, one on the blue sideband

(Q&ﬁ )) and the other on the red sideband (Qg{?)), each detuned by A from

the motional sideband frequency. The four resulting coupling paths interfere

constructively to entangle the two-qubit spin states while leaving the net mo-

tional state unchanged. (b) Phase-space trajectories of the spin-dependent

displacement from (2.119). The [00) and [11) spin components trace closed

circular orbits of equal radius but opposite orientation, each accumulating a

geometric phase proportional to the enclosed area. Loop closure at a(7T) =0

guarantees the motional mode disentangles from the qubit register at the gate

time. (c) Population dynamics under the MS interaction, initialized in |00).

The populations Py and P; undergo coherent oscillation and at #gate (2.121)),

Pyy = P;; = 0.5 and Pieq = 0, indicating the target maximally entangled

Bell state has been prepared.| . . . . . . . . ... oL
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(a-c) Electrode geometries for the surface trap, “gnd-surface” trap, and “cross-

rt” trap, respectively. rt electrodes are shown in red, dc electrodes in blue, and

grounded electrodes in black. The parameter h denotes the wafer separation

in the two multi-wafer designs and is varied. (d-f) Two-dimensional pseu-

dopotential maps of the x-y radial cross-section at z = 0 for the geometries

in (a-c), respectively. The rf-null point marks the ion equilibrium position

above the electrode plane define as y = d. The distance from the ion to the

nearest electrode-surtace 1s rg and xg 1s the distance from nearest rtf rail to

the origin. (g-1) One-dimensional pseudopotential slices at z = 0, z = 0 for

(a-b), and along r = /22 + y2 for (c), used to extract the trap depth. The

red dashed line marks the saddle point of the pseudopotential, whose value

relative to the rt-null minimum defines the trap depth and sets the maximum

ion kinetic energy before escape.) . . . . . .. ... oL 0L
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(a) Mean phonon number (n) as a function of time during the MS gate, trac-

ing the phase-space loop of Fig.[2.4(b). The motional excitation increases and

returns to zero at tgate, with a maximum occupation of (n) = 0.5. (b) Radial

trap frequency wraq as a function of mean phonon number (n), fitted with

quadratic (ax” + bz + ¢) and quartic (ax® 4 bz> + cx® 4+ dz + €) polynomials.

(c) Anharmonicity-induced frequency shift wy,q((n) = 0.5) — wraq((n) = 0) as

a function of the ground-state trap frequency wy.q({(n) = 0). The quartic fit,

which 1s a better approximation of a real trapping potential and shows signit-

icant frequency shifts, motivates the harmonicity figure ot merit itroduced

1 Section 3,220 . . . .o

[3.3

lon height d as a function of water separation h tor the gnd-surtface and cross-rt

trap geometries, with the surface trap shown as a reference. Both multi-water

designs show an increasing d with h, as the growing electrode separation

pushes the rf-null point further from the substrate.| . . . . . . . ... ... ..
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Harmonicity k, defined tfrom the 2nd-order coefficient ot a quadratic fit to a

radial electric potential (with £ = 1 for a perfect quadrupole), as a function

of waler separation h for the gnd-surtace and cross-rt traps, with the surtace

trap shown for reference. A larger k indicates a more harmonic potential, in

which the cross-rf trap substantially outpertorms both designs, owing to its

symmetric electrode geometry, though k decreases with h. The gnd-surface

trap improves modestly over the surface trap reference for h greater than the

ri—rt electrode spacing, but drops sharply below it at smaller h where wafer

proximity breaks the near-quadrupole symmetry.| . . . . . . .. ... ... ..
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Trap depth D as a function of watfer separation h for the gnd-surface and cross-

rf trap designs, with the surface trap shown as a reference (D ~ 1 meV). The

logarithmic scale spans nearly three orders of magnitude, highlighting the

improvement of both multi-water designs over the conventional surtace trap.| .
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(a) Radial trap frequency wy,q as a function of wafer separation h for the

multi-water trap designs with the surface trap shown for reference. Both

multi-wafer designs substantially exceed the surface trap, with frequencies

generally increasing at smaller h as the electrode geometry improves har-

monicity and reduces rq. The gnd-surtace trap drops sharply when h talls be-

low the rf—rt electrode spacing, consistent with the harmonicity degradation

seen in Fig. [3.4] (b) Radial trap frequency as a function of Q¢ at Vi =10V

for the three trap geometries at fixed h = 105 pm for the multi-wafer designs.

Gray dashed lines indicate constant instability parameter g; the filled points

mark the harmonicity-scaled operating ¢ used in (c¢) (¢ = 0.905 for cross-rf,

q = 0.333 for gnd-surface, ¢ = 0.250 for surface). At equal ¢, the multi-wafer

traps achieve higher w;,q4, demonstrating that improved harmonicity directly

enables higher trap frequencies for a given drive. (c¢) Maximum achievable

radial tfrequency at V¢ = 10V as a tunction of h, using the harmonicity-

scaled ¢ from (b). The cross-rf trap achieves a more than 10x improvement

over the surface trap (6.12MHz vs. 1.00 MHz) at A = 105 pum, while the

gnd-surface trap peaks at 2.84 MHz when h equals the RF—RF' electrode sep-

aration. Purple circles in (a) and (c) mark the A = 105 um operating point
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Motional heating rate n for the multi-wafer trap designs, normalized to the

surface trap heating rate ng, as a function of wafer separation h. The heating

rate is estimated from the empirical scaling n oc w, 1y * where the competing

dependences on trap frequency and electrode distance are set by each geom-

etry. The cross-rt trap achieves nearly an order of magnitude reduction in

heating rate across most of the range studied, while the gnd-surface trap’s

improvement depends heavilyon h.f. . . . . . ... ..o
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.1 (a) Photograph of a silicon nitride (SizN4) wafer containing three PICs fabri-

| cated 1n parallel; the device used in this work is highlighted with a blue box.

(b) Microscope image of a single dual-ring-assisted Mach-Zehnder modulator

(DRMZM), the core optical switching element of the PIC. (¢) Microscope im-

age of the input grating coupler array (4 x 4) and output grating coupler array

(1 x 16), oriented at 90° to each other for polarization-based separation [2].

| The 16-channel output array maps directly onto a linear ion chain, with each

| channel addressing an individual jon site.| . . . . . .. ... ... ... ....

@.2  (a) Schematic and (b) photograph of the optical setup used to characterize

the PIC at 729 nm. The input beam passes through a half-wave plate (HWP)

and a quarter-wave plate (QWP) to match the polarization required by the

grating couplers. A 2X objective focuses the beam onto the chip surtace.

Transmitted light 1s monitored simultaneously by a photodiode for real-time

power measurements and a camera for chip imaging, enabling both alignment

and coupling efficiency characterization. A flashlight allows for white-light

imaging of the chip surface. (c) Photograph of the PIC mounted on a chip

carrier with a Thorlabs TECHS thermoelectric element and AD590 tempera-

ture transducer for chip temperature stabilization, used to thermally tune the

ring resonators into alignment with the 729 nm laser. The entire assembly is

mounted on a three-axis translation stage to achieve precise spatial overlap

between the focused input beam and the on-chip grating couplers.|. . . . . . .
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Chapter 1
INTRODUCTION

The building blocks of modern digital technology are tiny electronic devices made of
semiconductive materials known as transistors. Transistors store and manipulate binary
information (represented by logical states 0 and 1) by operating in either a conducting
(“on”) or insulating (“off”) state. This binary switching behavior forms the foundation of
classical computation. As the number of transistors integrated onto a single chip increases,
so too does the amount of information that can be processed and stored, leading directly to
improved computational performance. In 1965, Gordon Moore, co-founder of Intel, observed
that the number of transistors that could be placed on a chip doubled approximately every
year, a trend that is now known as Moore’s law. Moore’s law held for more than half a
century as advances in fabrication techniques enabled transistors to shrink to ever smaller
dimensions, reaching feature sizes on the order of a few nanometers by 2016 [3], [4]. However,
this trend cannot continue indefinitely. As transistor dimensions approach atomic length
scales, the assumptions of classical physics begin to break down, and quantum mechanical
effects emerge that fundamentally disrupt conventional transistor operation.

Given the apparent limitations imposed by the slowing of Moore’s law, one may ask
whether computational power will stagnate for the foreseeable future. The answer is no.
Throughout history, technological constraints have repeatedly inspired new paradigms, and
the impending limits of classical scaling are no exception. The use of quantum mechanical
phenomena themselves as the basis for a new computational framework is particularly com-
pelling [5]. Quantum computers offer the potential for quantum advantage [6l [7, 8], defined
as the ability to solve certain problems intractable for classical computers within any realistic
timeframe. This advantage arises from quantum entanglement that allows quantum systems
to explore computational spaces in fundamentally different ways from classical machines.

To build quantum hardware capable of enabling computation, a physical platform must



satisfy DiVincenzo’s criteria [9], a set of conditions necessary for the realization of a universal

quantum computer:

A scalable physical platform with well-defined qubits.

The ability to reliably initialize the system to a known state.

The ability to implement a universal set of quantum logic gates.

Long coherence times relative to gate operation times.

The ability to perform qubit-selective measurement.

A wide range of physical platforms have been proposed for quantum computation, includ-
ing superconducting circuits, trapped ions, neutral atoms, and solid-state defects. Among
these, trapped-ion quantum processors have emerged as a particularly promising candidate
and currently exhibit some of the lowest error rates for entangling gate operations |10} 11,
12), (13 [14]. In trapped-ion systems, quantum information is encoded in the electronic states
of ions confined by electromagnetic fields, while their shared motional modes enable inter-
actions between qubits. These systems have enabled a variety of quantum technologies,
including atomic clocks [15], quantum sensors [16], and both analog [17] and digital [18| [19]
quantum computers. Qubits encoded in the electronic states of trapped ions benefit from
fast and high-fidelity state preparation and measurement (SPAM) [20], as well as high-
precision single- and two-qubit operations implemented using either optical |21} 22, 23] or
microwave-based [24] 25], 26] gate schemes. Despite these advantages, a central challenge for
trapped-ion platforms remains the ability to scale to large numbers of qubits while simulta-
neously maintaining high-fidelity quantum operations.

This thesis aims to investigate and propose solutions to two key challenges affecting
laser-based gate operations in trapped-ion systems: scalable trap geometry and scalable laser
delivery. While trap geometry has been the focus of extensive research across the trapped-
ion community, there is currently no comprehensive framework for quantitatively assessing
the scalability of new trap designs. In this work, such a framework is developed and applied,
and a novel scalable trap architecture is proposed that has the potential to further advance
the state of the art. In parallel, scalable optical gate delivery is examined. Conventional

approaches rely on bulk free-space optics or trap-integrated photonic components. Here, we



introduce an alternative approach based on a separate photonic integrated circuit (PIC),
decoupled from the ion trap, that enables flexible and scalable optical control through a
field-programmable gate array (FPGA) platform.

Chapter 2 reviews the theoretical foundations of quantum bits, including their represen-
tation as two-level electronic states, the quantum harmonic oscillator model, and the physical
implementation using °Ca™ ions in an oscillating electromagnetic field. It also covers the
implementation of single-qubit and entangling gates using laser-driven interactions. Chap-
ter 3 examines the impact of trap geometry on the scalability and fidelity of gate operations.
Chapter 4 presents an FPGA-controlled photonic integrated circuit for scalable laser deliv-
ery. Finally, Chapter 5 summarizes the results of this research and outlines directions for

future work.



Chapter 2
THEORY

2.1 Physical Implementation

This section establishes the foundations for using trapped ions as a platform for quantum
computation. We begin by introducing the two-level system that forms the basis of a qubit,
with its physical realization given by discrete electronic energy levels of the 4°Cat ion. We
then describe the principles of ion trapping, including the generation of confining electromag-
netic potentials. Finally, we show how the trapping potential, together with the quantized

motion of the ion, gives rise to a quantum harmonic oscillator description.

2.1.1 Ions as Qubits
The Two-level System

In this section, we provide a brief overview of the two-level system, which forms the basis for
quantum computation. Fig. illustrates the Bloch sphere [27], which provides a geometric
representation of all possible states of a single quantum bit. Here, 6 represents the rotation
angle of the state |¢) around the zz-plane while ¢ is the rotation angle around the zy-plane.
In this representation, the logical basis states |0) and |1) correspond to the north and south
poles of the sphere along the z-axis, and are eigenstates of the Pauli operator o,. More
generally, the Pauli matrices define the Cartesian axes of the Bloch sphere, with o, oy,
and o, corresponding to measurements along the z-, y-, and z-directions, respectively. The
eigenstates of each Pauli operator are represented by antipodal points on the sphere along
the corresponding axis. Appendix summarizes all the useful mathematical expression of
the Pauli matrices.

The set of all possible qubit states spans a complex vector space known as the Hilbert
space. For a two-level quantum system, this Hilbert space is two-dimensional. Unlike a

classical bit, which can exist only in the states “on” or “off”, a qubit may exist in a coherent
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Figure 2.1: (a) The Bloch sphere provides a geometric representation of all possible pure
states of a qubit, parameterized by polar angle 8 and azimuthal angle ¢. The north and south
poles correspond to the computational basis states |0) and |1). (b) Relevant energy levels
of the ©°Ca™ ion. The qubit is encoded in the 4s2S; /2 ground state |0) and the metastable
3d%Djy /2 state [1), which are coupled by the 729 nm electric quadrupole “clock” transition
used for qubit manipulation. The long natural lifetime of the Ds/, state (7 = 1.17 s)
suppresses spontaneous emission. State-dependent fluorescence on the 397 nm Sy /5 <> Py o
transition provides qubit readout: an ion in |0) scatters photons (“bright”), while an ion

shelved in |1) remains dark.

superposition of the basis states [0) and |1). An arbitrary pure qubit state is written as [27]

) = COS<Z> 10) + € sin(Z) ). (2.1)

Information about the state of a qubit is obtained by measuring physical observables,
which are represented in quantum mechanics by Hermitian operators. One of the most
important observables is the energy of the system, described by the Hamiltonian operator

7. The energy eigenstates |1 ) satisfy the eigenvalue equation

H i) = Ey |¥r) (2.2)

where E}, is the corresponding energy eigenvalue.

For a time-dependent quantum state | (¢)), where ¢ is time, the Hamiltonian governs the



temporal evolution of the system through the time-dependent Schrédinger equation [2§],

H19(0) = ih 5 [o(e) (2.3

This equation describes how quantum states evolve under the influence of the system Hamil-
tonian. For a time-independent Hamiltonian, the formal solution of Eq. (2.3) can be ex-

pressed in terms of the time-evolution operator

Ut) = exp<—;;7:[t> . (2.4)
The quantum state at time ¢ is then given by

[ () = U(#) [(0)). (2.5)

Ion of Choice: 4°Cat Ion

Tons most commonly used for the physical implementation of quantum information platforms
are alkaline-earth metals from Group II of the periodic table [29]. These elements possess
two valence electrons; after single ionization, only one valence electron remains, resulting
in an atomic structure that closely resembles that of a hydrogen atom. This hydrogen-like
structure greatly simplifies both theoretical analysis and experimental control. In this thesis,
we focus on the “°Ca¥ ion.

Owing to its even mass number (A = 40), “°Ca* has zero nuclear spin and therefore ex-
hibits no hyperfine structure [29], further simplifying its level structure, as shown in Fig. .
Calcium atoms are ionized to become “°Ca™, which is then subjected to SPAM procedures.
We mainly concentrate on the manipulation of a qubit encoded in the atomic transition
4528, /2 <> 3d 2D /2 of 40Cat. This transition is an electric quadrupole transition at a wave-
length of 729 nm and has an exceptionally narrow natural linewidth of I'/(27) ~ 136 mHz,
corresponding to a metastable lifetime of 7 ~ 1.168(7) s [30]. The long coherence time
associated with this metastable excited state is a key advantage of trapped-ion quantum
platforms. The 397 nm transition shown in Fig. 2:Ip is used for fluorescence-based readout,

producing a signal with a probability determined by the population of the |0) state.



In the absence of external driving fields, the atomic Hamiltonian of this two-level system

can be written as

N huw
Hatom = io—m (26)

where wy; is the transition frequency between the qubit states.

2.1.2 Trapping Potential

(a) 4. (b) Pseudopotential at z = 0.0
o100

Viecos(Quet + )

0050
,,
0.000
. 0.025
¥ —0.050

005089

¥ immi

-0.075

-0.100
=0.100-0,075-0,050=0.025 0.000 0.025 0050 0075 0.000

u [mim}

Figure 2.2: (a) The four-rod electrode geometry of a linear Paul trap, where two opposing
electrodes are driven by a radio-frequency (rf) source of Vi¢cos (st + ¢), while the remain-
ing two electrodes are held at ground. The resulting time-dependent quadrupole field creates
a net radial confinement when €2, is much larger than the ion’s motion. In this limit, the
micromotion driven at )+ averages out and the ion undergoes slow secular harmonic os-
cillation at frequency w, about the RF null at the trap center. (b) Representative radial
pseudopotential at the axial midpoint (z = 0) of a linear Paul trap similar to (a). The pseu-
dopotential approximation replaces the time-varying field with an effective static potential,

valid when w, < ., and forms a harmonic well for ion confinement.

In 1989, Wolfgang Paul was awarded the Nobel Prize in Physics for the development of
the radio-frequency ion trap [31], which enables the confinement of charged particles using
oscillating electric fields. In a Paul trap, confinement in two directions, referred to in this

thesis as the radial directions, is achieved using a time-dependent radio-frequency (rf) field



(shown in Fig. , while confinement along the remaining axial direction is provided by a

static (dc) electric potential. The total electric potential inside the trap can be written as:
q’(l’,y,%t) - (I)dc(mayvz) +q)rf(x7yazvt)' (27)

Both components may be expressed as quadrupole fields [32] such that

Ve c c c ¢
Dye(z,y,2) = 222 (k32 + ky°y® + ki2?) (2.8)
‘/r I I I
D¢z, y,2,t) = 2Rf2 (k:wfac2 + k:yfy2 + szzQ) cos(Qt + Gyf). (2.9)

Here, V4. and V;¢ are the amplitudes of the applied dc and rf voltages, respectively, R is the
characteristic trap dimension, 2t is the rf drive angular frequency, and ¢.¢ is the phase of
the 1f field. The dimensionless coefficients k9¢, . and kXf . characterize the trap geometry.

x9y7z x’y7z

Since the electric potential satisfies Laplace’s equation in free space,
V2® =0, (2.10)

The coefficients obey the constraints k, + &k, + k., = 0.
The equations of motion for the ion can be separated along each spatial direction. We
consider the electric force acting on an ion of mass m and charge e along an arbitrary

r-direction where r =z, y or z,

d?r oo
o _ 9% 2.11
mdt2 ¢ or ( )

Taking the derivative of the potential in Eq. (2.7) with respect to arbitrary r yields

oo r

_ dc rf
E = ﬁ (Vdckr + ‘/rfkr COS(Qrft + ¢rf)) . (212)
Substituting this (2.12)) expression into the Eq. (2.11) gives
d’r er de of
e (Vdckir + Vitk, cos(Qut + qbrf)) . (2.13)

Mathieu Form of the Equation of Motion

The equation of motion can be rewritten in the standard Mathieu form [33],

d?r

a2 + (ar —2¢rcos2¢)r =0, (2.14)



where the dimensionless variable ( is defined by
2< = Qrft + gbrf- (215)

Using the relation
d*r B 0% d?r
a2 4 d¢?’
the dimensionless Mathieu stability parameters a, and ¢,, associated with the dc and rf

fields respectively, are obtained as

4eVy kde 2eV, kit

= —" =" 2.16
o mO4R? @ mQO4R? (2.16)
For each spatial direction 7, the solution of the Mathieu equation (2.14]) may be expressed

using Floquet theory [33] as

u(¢)=A Z Cop cos[(2n +&,)C + B], (2.17)

n=—oo
where A and B are constants determined by the initial conditions, Cs,, are Fourier coeffi-
cients, and &, is the characteristic multiplier. Transforming back to the time domain from

Eq. [2.15] the corresponding frequency components are given by

(2n £ &)yt

Wrn = 5 (2.18)
The fundamental secular frequency in an arbitrary direction u is given by
Q
Wy = 57‘2 i (2.19)

where, for |a,| < 1 and |g,| < 1, the characteristic multiplier may be approximated as

2
£ ~ \/ar—i—%. (2.20)

In an ideal linear Paul trap, the dc confinement in the radial directions vanishes, such
that a, = a, ~ 0, while no 1f field is applied along the axial direction, implying ¢. = 0.

However, due to electrode imperfections, stray fields, and practical design constraints, these



conditions are generally not perfectly satisfied in experimental implementations.

the fundamental motional frequency in the radial direction is

w L eVrfk:;fy
e 2V/2 V2mQ, e R?

and in the axial direction is
Vahe  [eVackde
2 mR?

W, =

10

Overall,

(2.21)

(2.22)

where the second equalities are written in terms of experimentally relevant parameters.

R = ry denotes the distance from the trapped ion to the nearest electrode surface.

Pseudopotential

In a realistic trapping field, the ion trajectory decomposes into a slowly varying secular

component U and a rapidly oscillating micromotion component p [32], such that

r=U+ .

(2.23)

with (i) p < U and (i) 2> U. With these assumptions, (2.14) may be approximated as

d’p

ac = —(ar — 2g, cos2Q)U

For a, ~ 0, integration yields

w= —%Z/{cos%.

Substituting Eq. (2.25) into Eq. (2.23)), the total trajectory becomes

r= (1 — —cosQ()
Substituting this expression for r back into Eq. (2.14)), we obtain
d2
di(jg = —(a, — 2¢, cos 2() (1 — Z cos 2()

(2.24)

(2.25)

(2.26)

(2.27)

The above analysis provides explicit expressions for the accelerations experienced by an

ion in the oscillating electric fields. This result forms the basis for understanding the concept

of the pseudopotential, which will be formally defined shortly. To derive the pseudopotential,

one must consider the time-averaged acceleration of the ion over one rf drive period.
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We first examine the contribution arising from the micromotion component p. From
Eq. (2.24)), the micromotion is periodic with the rf frequency. Consequently, its acceleration

averages to zero over one rf period

d’u 1 ™ d?p B
<dc2> = 77/0 a2 d=0. (2.28)

Next, we consider the time-averaged acceleration of the secular motion /. Unlike the
micromotion, this component does not average to zero over one rf period. Using the same
assumptions (i) and (ii) as before, and [ > U, we can approximate U ~ 7. The time-averaged
acceleration is then obtained by integrating Eq. (2.27)) over one rf period:

d*u 1 [™d?r ¢
—ZNVN==| Z=d¢=—(ar + WU =—E2U. 2.29
(%) =7 [ Gac=—la+ Fu=-g (2:20)

s

where &, is defined as in Eq. (2.20). Again, switching to real-time scale from Eq. (2.15)), the

average acceleration of an ion is,

&2 £20?
<dt2> == tu. (2.30)

We can now define the pseudopotential, which represents the effective potential generated

by the time-averaged acceleration of the secular motion. In one direction r, the pseudopo-

d*U dD,

This relation is analogous to the standard equation of motion for an ion in an electric field,

tential D, is defined such that

mi = —eV®(r), where ®(r) is the instantaneous electric potential and r is the ion position

vector. Integrating Eq. (2.31)) along the arbitrary r-direction yields

1
D=2 kgt (2.32)

Next, we consider the squared magnitude of the rf electric field gradient,

‘/Yr2 T I T
|Vd? = }Ti (k)2 + (kyfy)2 + (K2)%]. (2.33)

Using this result, the three-dimensional (3D) pseudopotential can be written in compact

form as
2

€
PP(.%',y7Z) :Dx+Dy+Dz: m‘vq)rf(x7y7z)|2' (234)
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D, ~ 0 for the rf field is only creating the pseudopotential in the radial plane. Fig. 2:2b
is the time-average potential for a standard linear Paul trap, where the center is the rf-null

point of essentially zero potential and the location of an ion.

Quantum Harmonic Oscillator

Ions trapped in electric fields can be optically cooled to the point where their motional energy
becomes quantized. This motivates the introduction of the quantum harmonic oscillator
(QHO), coherent states, and the operators that act on the motional states of the ions [34].

These concepts are essential for the analysis of qubit gates presented in later sections.

0.6

(a) (b) . Bta)
) la)n
0.4 {
a1
ho(ata + E) [n) 0.3
. — la
E’ 0.2 1
Shaw, /2 12) 01
3hw/2 [1) 0.0 \O).
hw /2 [0) -0.11 ‘

-0.2
-02 -01 00 01 02 03 04 05 06

Re(a)
Figure 2.3: (a) Energy level diagram of the quantum harmonic oscillator (QHO) with Hamil-
tonian 7:LQHO from , describing the secular motion of a trapped ion at frequency w.
The equally spaced levels fiw,(n + 1/2) define the Fock states |n), with ladder operators
@ and a' stepping between them. The overlaid wavefunctions v, (r) from show the
growing spatial extent and node count with n, reflecting increasing positional uncertainty
and kinetic energy. (b) Phase-space representation of the displacement operator ﬁ(oz) acting

on the motional ground state |0),,. The complex displacement « encodes both the magnitude

|a| and direction of the shift, producing a coherent state |a), at (Re(a), Im(a)) = (0.5,0.5).

In the quantum description, the ion’s position and momentum are represented by the

operators 7 and p. Analogously to the classical case, the total energy of a particle in the
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oscillator is given by the sum of its kinetic and potential energies in one direction (1D),

yielding the Hamiltonian

H _ P L (2.35)
QHO = 2m+ Qmw,,r , .

where w, is the motional frequency defined in Eq. (2.19)).
The harmonic oscillator potential is represented by the quadratic curve shown in Fig. 2.3h.
We introduce the annihilation and creation ladder operators, which correspond to the re-

moval or addition of a single phonon,

1
0 = ——— (mw, 7 +ip) (2.36)
2hmw,
1
ol = ——— (mw,# — ip), (2.37)

v 2hmew,

which satisfy the canonical commutation relation [a,a'] = 1. The position and momentum

operators can then be expressed as

P =oo(a+a') and ;a:g(af—a), (2.38)
0
where
h
= 2.39
70 =\ 2, (2.39)

is the zero-point spread, i.e., the spatial extent of the ion’s wavefunction in its lowest-energy

state. Substituting Eq. (2.38]) into Eq. (2.35)) yields the Hamiltonian in its standard form,
N 1
Hqouo = hwy (&Td + 2) , (2.40)

with ground-state energy Ey = hw, /2.

The number operator a'a acts on the Fock (number) states |n) as
ala|n) =n|n). (2.41)

The oscillator therefore possesses a discrete ladder of energy eigenstates (Fig. ), where
each Fock state |n) corresponds to a quantized motional excitation (a phonon) with eigen-

value n € N. The ladder operators raise or lower the motional quantum number by one,

alny =+/nn—1), (2.42)
atln)y =vn+1|n+1), (2.43)
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corresponding physically to the removal or addition of a single phonon, respectively. The

energy eigenstates have wavefunctions

]. r 1/4 r 7mwr'r2
(1) = (mw) Hn( m;f r)e 3k, (2.44)

V2np! \ mh
where H,, are the Hermite polynomials. The corresponding probability densities |1, (r)|?,
overlaid on the energy levels in Fig. [2:3h, describe the spatial distribution of the ion in the

nth motional state, with spatial spread
on =00y (2n+1). (2.45)

Rather than specifying the exact position of the ion, the wavefunction provides the proba-
bility distribution of position measurements.

An important operator associated with the oscillator is the displacement operator demon-

strated in Fig. 2.3p,

D(«a) = exp <adT - a*d) , aeC. (2.46)

It generates coherent states from the vacuum,

lal?2 ™

@), = D(a)[0), =) e 2 —=n) =) culn). (2.47)
n=0 n=0

Vn!

Using Eq. (2.38)), the expectation values of position and momentum in a coherent state are

(#) = (a| 7 la) = o9 (o (& + al) |a) = 200 Re(w), (2.48)
(#) = (ol pla) = oo (a] (4" — a)[a) = - Im(a), (2.49)
0o 0o

(Ar)? = (%) — (7)* = op, (2.50)
R . h?
(Ap)* = () = (B)* = |- (2.51)
90
Their product
ArAp = g, (2.52)

saturates the Heisenberg uncertainty bound,

ArAp >

N | St

. (2.53)
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Thus, coherent states are minimum-uncertainty states: they achieve the lowest possible un-
certainty product allowed by quantum mechanics and represent the closest quantum analogue
to classical oscillatory motion, with |a|? = 7 setting the amplitude. The phonon occupation
probabilities P, (n) = |c,|? follow a Poisson distribution with mean phonon number 7 = |a/|?

and standard deviation v/n.
2.2 Single-qubit (1Q) Gate

In this section, we formulate the dynamics of a trapped ion interacting with an external

driving field, providing the foundation for the implementation of optical gates.

Interaction picture

Let 7:Lﬁeld denote the Hamiltonian describing the coupling of the ion to an external driving

field. The energy associated with this perturbation is given by the expectation value

E(t) = (¢ (t)[Hseal (1)), (2.54)

where [¢(t)) is the time-evolved quantum state introduced in Eq. (2.5). For theoretical
convenience, it is useful to express the interaction in terms of the initial state [¢)(0)). This
is achieved by transforming into the interaction picture, defining the interaction-picture
Hamiltonian [28§]

A~

Hine (t) = UT () Heea U (1), (2.55)

where U(t) describes the unperturbed evolution of the system. This transformation allows
the dynamics induced by the driving field to be treated relative to the natural evolution of
the ion.

Logic gates in trapped-ion systems are implemented using an electromagnetic field with

drive frequency wgy. A monochromatic plane-wave solution of the wave equation is
E(r,t) = Egcos(wgt —K -t + ¢,), (2.56)
where

e E( = Eyé€ is the electric-field amplitude with polarization unit vector € = (e, €y, €2),
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e K= (K,, Ky, K.) is the wave vector with magnitude K = |K| = wgy/c = 27/,
e r = (x,y, 2) is the position vector of the ion, and

e ¢, is the optical phase offset of the laser relative to the qubit reference frame.

We restrict the internal dynamics of the ion to an effective two-level system spanned by

the states |0) and |1). The interaction with the driving field takes the form [I8] [35]
;Lzﬁeld - _Q : E(I‘, t)v (257)

where Q represents the effective quadrupole coupling of the ion to the electric field. The

strength of this interaction is characterised by the Rabi frequency
" = |Q-Eg| x EgVT. (2.58)

The Rabi frequency €2, which sets the transition rate between the two energy levels, is
proportional to the driving-field amplitude Ey and to the square root of the natural linewidth
I'. For a long-lifetime qubit such as the “°Ca* ion, I is small (Section . This hierarchy
of timescales will be exploited in the rotating wave approximation (RWA) introduced below.

Since the driving field induces transitions between |0) and |1), the interaction Hamilto-

nian can be written in terms of the Pauli operator &,

Heerq = —h6, cos(wgt — K -1+ ¢,). (2.59)
Electronic interaction picture We first transform into the interaction picture defined
by the atomic Hamiltonian from Eq. (2.6)). The corresponding unitary transformation is

Untom(t) = e i atomt — g=iw0110=/2, (2.60)

Applying this transformation gives the interaction Hamiltonian

HEL™(8) = Uliom (t) HiietaUntom (t) (2.61)
= —h§) (65 coswoit — Gy sinwoit) cos(wgt — K -1+ ¢,). (2.62)

Next, we consider the quantized motion of the trapped ion. Restricting the motion to a

single direction r, the spatial phase becomes

K -r=K,. (2.63)
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Introducing the Lamb-Dicke parameter n = K,09, where o is the ground function spread

from . Plugging the position operator from Eq. , we can write
K-r=na'+a). (2.64)
Using Euler’s formula, cosf = %(ew + e~), the field term becomes
cos(wat — K 1) = % [ei(wdt+¢o)e4n(af+a) n efi(wdt+¢o)ein(df+&)] _ (2.65)
In the Lamb-Dicke regime (n < 1), the exponentials can be expanded to first order,
M@ +a) o 1 L in(al + a). (2.66)
Substituting this expansion gives

N h$) . . . .
Hea =~ 0 [ez(“’dt*%) + e iwattoo) _ gilwal o) (5T 4 ) 4 miwatto) (5T 4 a)} . (2:67)

Motional interaction picture The QHO time-evolution operator given the Hamiltonian

from Eq. (2.40) is

Uquol(t) = ¢ ittamot — —iwrt(@la+1/2), (2.68)

Transforming into this interaction picture yields

- hQ
Hint(t) = —5 (65 coswoit — Gy sinwoit)
[ ei@att®o) _ jpei(wat+do) <e+iwutd‘r + e*l’Wu%) + h.c.} : (2.69)

Complete interaction picture It is convenient to express the Hamiltonian using the
raising and lowering operators 1. Using the identity from Eq. (A.21), the interaction

Hamiltonian becomes

7:[int — _? (eiw01t&+ + efiwmt&_)
. [ei(wdH‘b") — inetWattoo) (e”“’“th + eii‘”“t&> + h.c.} . (2.70)

Now, defining the laser drive frequency detuning from the qubit transition frequency as

0 = wqg — wo1, we expand Eq. (2.70) and collect oscillating terms by multiplying the Pauli
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operators through the full bracket of Eq. , including the hermitian conjugate explicitly.
This yields two frequency contributions: terms oscillating at +(wq — wo1) = £, and terms
oscillating at +(wg+wp1). Since the laser operates near-resonantly, wy ~ wp1, the latter sat-
isfy wg+wo1 =~ 2wgr > €2, meaning they oscillate far more rapidly than the driven dynamics

and are discarded under the RWA. The surviving interaction Hamiltonian is therefore

~ hQ . ) ) ) )
Hint (1) ~ —7{6_1%&4_ {e_”” + ine_“% (e‘“"rt& + e“‘“rth)}

| | o | (2.71)
+ €+z¢>o&_ [eJrzét _ Z-neJrz&t (efzwrt& + €+zwrtd‘f)} }

Carrier transition

For single-qubit rotations on the carrier transition, the laser drive frequency is resonant with
the electronic transition frequency (wg = wo1, i.e. 6 = 0). Within the Lamb-Dicke regime,
where the ion’s motional excursion is much smaller than the laser wavelength, we further
require {2 < w,, meaning the Rabi frequency is far below the trap frequency. This ensures
that the RWA is valid, allowing the rapidly oscillating terms at +w,. With the initial laser
phase ¢y = 0, the Hamiltonian of Eq. reduces to

. hQ
carrier ~ _7 Og, (272)

where the effective Rabi frequency Q' = 2. The corresponding time-evolution operator is

~ 2 Q¢
L)

Ucarrier (t) — e_iHcarriert/h =€ &x- (273)

For an ion initially prepared in |0), the state evolves as
|1(t)) = cos <Q2/t> |0) + isin (?) 1) . (2.74)
The probability of finding the ion in the excited state |1) is therefore
Py(t) = sin? (?) : (2.75)

A complete population transfer (a m-pulse) occurs when

™

V=7 = te = O (2.76)
Similarly, a 7/2 pulse that prepares the equal superposition state has duration
T
tejg = —. 2.77
/2 20/ ( )
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2.3 Two-qubit (2Q) Gate

While single-qubit rotations enable control of individual qubits, universal quantum compu-
tation additionally requires the ability to generate entanglement between qubits. In trapped-
ion systems, this is commonly achieved through the Mglmer—Sgrensen (MS) gate [36, 37],
which couples the internal electronic states of multiple ions via their shared collective mo-
tional modes, acting as a quantum bus. The gate employs a bichromatic laser field whose
two frequency components are symmetrically detuned from the carrier transition, located
near the red and blue motional sidebands of a collective vibrational mode, thereby driving a
state-dependent force that displaces the shared motional mode along a trajectory in phase
space. When the gate time is chosen such that this trajectory closes exactly, the motion
disentangles from the qubit register, leaving behind an effective spin—spin interaction that
generates entanglement between the ions.

Consider ions confined in the same trapping potential and interacting with a bichromatic
laser field that is symmetrically detuned from the motional sidebands by a small amount
A < w,, where w, is the frequency of the collective vibrational mode. The applied field

contains two frequency components
wg = wp1 (w,« + A), (2.78)
which simultaneously drive the red and blue motional sidebands, corresponding to detunings

Orsh = _(wr + A)a Obsh = +(wr + A) (2'79)

Red Sideband Substituting § = d,sp = —(w, + A) into Eq. gives et = eti(wrtA)t,
The motional terms in the &, bracket then oscillate at +A for & and +(2w, + A) for af, and
symmetrically for 6_. Applying the rotating-wave approximation under A < w,., all terms
oscillating at +(w, + A) and £(2w, + A) are dropped. The surviving near-resonant terms
i

are 6pa et and 6_afe " yielding the red-sideband Hamiltonian

S _“7;19 <&+ G e HiAT =) _ &_dfe—i(m—qbrsb)) . (2.80)
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Acting explicitly on the joint spin-motion states |0,n) and |[1,n — 1),

inh$ ,
—7“72 Ve tAbw) |1 1) = FiQug, [1,n — 1) (2.81)
inh§2

;Clrsb ‘07 TL> =

Hrsp |1, — 1) = +——/ne A1) |0, n) = KO, 0, n) . (2.82)

where the time- and phase-dependent red-sideband Rabi frequency is,

oy =~ 5 25

Blue Sideband Substituting § = dpgp, = +(w, + A) gives et = ¢~/@utB) By the same

RWA argument as before, the surviving near-resonant terms are 6,afe ™" and 6_a "2,

yielding the blue-sideband Hamiltonian

(6+&T6_i(At+¢bsb) —5. 68 e+i(At+¢bsb)) ) (2.84)

Acting explicitly on |0,n) and |1,n + 1),

A inh$ .

Hbsb ’O>n> = e Vi + 1 e_Z(AH—(bbSb) |17 n -+ 1> = Fdbsb ’1777‘ + 1> ) (285)

inh§2
2

ﬂbsb ’17 n+ 1> =+ vn +1 e+i(At+¢bSb) |07 ’I’L> = hﬂ});sb |07 n> . (286)

where, again the phase- and time-dependent blue-sideband Rabi frequency is,

MV AL it
2

Qpsp = (2.87)

The sideband Hamiltonians Eqgs. (2.80) and (2.84) reveal the fundamental mechanism by

which spin and motional degrees of freedom become entangled. In both cases the coupling
strength is set not by the bare Rabi frequency 2, but by the sideband Rabi frequencies
Qrsh and Qpgp . On the red sideband, the ion can only be excited if n > 1, since
a10),, = 0; the process simultaneously flips the qubit |0) — |1) and removes one phonon. On
the blue sideband, no such restriction applies: excitation is possible from any Fock state,
and each transition adds one phonon. These two complementary processes form the basis of
entangling gates. As illustrated in Fig. 2:4h, the combination of both sidebands on two ions,
for example, opens four spin-motion coupling paths from the initial state |00,n). The key
feature of the MS gate is that while these paths generate spin-motion entanglement during
the gate, the motional mode is fully disentangled from the qubit register at the gate time,

leaving behind a purely electronic entangled state.
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2.3.1 Mglmer—Sorensen Hamiltonian

To implement the MS gate, the red- and blue-sideband beams co-propagate with equal and
opposite detunings A. We introduce the spin phase and motional phase

¢bsb + Qbrsb ¢bsb d)rsb
d)spln - fa ¢m0t10n - 2 (288)

s0 that dpsh = Pspin + Pmotion aNd Prsh, = Gspin — Pmotion-

In a chain of N ions there are N collective motional modes with frequencies w, ; for
j = 1,...,N. Each mode is characterised by its normal-mode transformation matrix b;;,
where the component b;; describes the participation of ion 7 in mode j, and satisfies the

orthonormality relations

N N
Z bij bik = ;i and Z bij bij = ik (2.89)
=1 j=1

The Lamb-Dicke parameter coupling ion ¢ to mode j is

h
nij = bij Ky 00,5 = bij Kr\/Zw, (2.90)

where K, is the laser wave-vector projection along the direction of motion and m is the ion
mass. The bichromatic field simultaneously drives all modes, with detuning from mode j
given by
Aj = wq — wo1 — Wrj. (2.91)
Summing Egs. and over all ions ¢ and modes j, and substituting ¢.q, =
Gspin — Pmotion aNd Phsh = Pspin + Pmotion:

N
His(t) = Y (1, + il

i=1
= Z Q'LT/Z]

o &EL) e+i¢spin (&jei(Ajt+¢motion) _|_ &;:ei(Ajt‘i’(bmotion))]

0'+

i¢spin (djei(Ajt+¢motion) _.I_ &;e_i(Ajt'i'd)motion))

— _% Z anlj (&$)6_1¢spin _ a-g)e+7'¢spin)
2%

. (&jei(Ajt+¢lnotion) + &;efi(Ajt+¢motion)> . (292)
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Figure 2.4: (a) Spin-motion energy level diagram of the Mglmer-Sgrensen (MS) interaction.
Each ion is simultaneously driven by two lasers, one on the blue sideband (Q}(Jlsf)) and the
other on the red sideband (Qg{f)), each detuned by A from the motional sideband frequency.
The four resulting coupling paths interfere constructively to entangle the two-qubit spin
states while leaving the net motional state unchanged. (b) Phase-space trajectories of the
spin-dependent displacement from . The |00) and |11) spin components trace closed
circular orbits of equal radius but opposite orientation, each accumulating a geometric phase
proportional to the enclosed area. Loop closure at a(7T) = 0 guarantees the motional mode
disentangles from the qubit register at the gate time. (¢) Population dynamics under the MS
interaction, initialized in [00). The populations Pyy and P;; undergo coherent oscillation and
at tgate , Poo = P11 = 0.5 and Pjxeq = 0, indicating the target maximally entangled

Bell state has been prepared.
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The spin bracket can be decomposed using 6+ = (6, £ i6y)/2, giving
60 — O etitumin — i cos gy () — sin upin 617, (2.93)

which yields the general MS Hamiltonian

HMS Z Z Qmij (cos Ospin O a — SN Pgpin 0 a )

zljl

(a CZ(A t+¢mot10n) + 7,(A t+¢lnot10n)>‘ (294)

Equation shows that the spin axis of the state-dependent force is controlled by ¢spin,
while ¢motion sets the quadrature of the motional displacement.

We now apply the phase condition ¢yg, = 0 and ¢psp, = 7, which gives ¢gpin = 7/2 and
Gmotion = /2. Substituting cos(r/2) = 0, sin(r/2) = 1, and e*7/2 = +i, Eq. ( ([2-94) reduces

to

s (t Zsm] ~60) (e " — ialemiA)
Z anz] a, () < e*’LA t A€+’L'Ajt) , (295)

yielding the standard MS Hamiltonian

’HMS Zh Z Z sz] ( Nt &je_'_iAjt)’ (2.96)

=1 j=1
where each term describes a state-dependent displacement of mode j conditioned on the
spin state of ion ¢ along 6, with coupling strength set by 7;; and ;.
2.3.2  Time Evolution via the Magnus Expansion

A central challenge in time-dependent quantum mechanics is computing the propagator U (t)

generated by a Hamiltonian 7:l(t) that does not commute with itself at different times,

[H(t1), H(ta)] £ 0 for ty # to. (2.97)

In such cases, the exponentiation of (2.4]) fails because it implicitly assumes commutativity.

The Magnus expansion [38] resolves this by writing the exact propagator as a single matrix
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exponential,

U(t) = MO, (2.98)

where M(t) = S.°° | M,,(t) is an anti-Hermitian operator, MT(t) = —M (t), constructed as
a series of nested commutator integrals. Because M (t) is anti-Hermitian at every truncation

order, UT(t)U(t) = e~ MBM®) = [ is guaranteed to be unitary. The first three terms are

M (t) = _'/tdtl H(tr), (2.99)
= o2 / dty / ! dty [H(tr), H(t2)], (2.100)

R t1 to
M3(t) == 6713/0 dtl 0 dtQ/O dtg

~

ta), H(ts)]] + [H(ts), [ﬁ(tQ),ﬂ(tl)]D. (2.101)

/
—
X
—~
~
—
>
—
>
—~

Physically, M is the time-averaged generator-the answer one would obtain if all infinitesimal
rotations commuted. My is the first correction, encoding the total accumulated error from
ignoring the ordering of those rotations. Higher orders correct the corrections, each one

burying the previous inside a deeper commutator bracket.

First Magnus term. Inserting (2.96)) into (2.99) and performing the integral,

N N
=336 (ay®)a'? —a)a?), (2.102)

i=1 j=1

where the complex displacement amplitude is

7719 —iA
ij(t) = QJA (78t — 1), (2.103)

sm<A2jt> ’ . (2.104)

The operator in (2.102)) is the generator of a coherent displacement of mode j conditioned

with magnitude

7ij 8%
| (t)] = i]

on the spin state of the ion 7. conditioned on the spin state of ion i. As shown in Fig. 2:4b,
each spin component traces a circular arc of radius 7;;€2;/2A; in phase space, with the tra-
jectory originating at the vacuum state |0), at the origin. The spin-dependent nature of the
displacement means that different spin eigenstates are displaced along distinct trajectories,

generating entanglement between the spin and motional degrees of freedom during the gate.
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Second Magnus term. The commutator of 7:lMs(t1) and 7:[Ms(t2) is

p N N N |
e, o1 =~ 353" ey o0t
i=1 k=1 j=1
aferin et et ayetit] (2105)

Using [a;, &;] = 1, the bosonic commutator reduces to a pure scalar,

[&}e—mjtl ~ajetidit, d;{e—iAjtz _ &je-‘riAjtz} = —2isin(Aj(ty — t2)). (2.106)

Substituting back, we obtain

. N N
N N ih (i) A
[Hns(t), Hois(t2)] = = > sinfAj(t = t2)] Y Y Qimij Qg 6106, (2.107)

j=1 i=1 k=1

It is natural at this point to introduce the collective spin operator

— Z ' (2.108)

which will appear explicitly once we specialise to uniform couplings. For now, the coupling
weights €2;m;; remain explicit. Since the commutator (2.107) is proportional to products
of 6, operators — which all commute with one another — all higher-order Magnus terms

vanish identically. Substituting (2.107)) into the second-order Magnus term

M2(t 2h2/dt1 /tldtg HMs(tl) HMS(tQ)] (2.109)

and evaluating the time-ordered double integral using

t1
/dtl/ dtg sm tl —tg)) A Sln(A t), (2.110)

2
Aj

we obtain
N N
t)=—iY > Oult)ePslF), (2.111)
i=1 k=1
where the accumulated geometric phase is

N
Qinig Qpen .
Oult) =) %(Ajt —sin(At)). (2.112)
j=1 J
This term contains no motional operators; it is a purely geometric phase proportional to the

area enclosed by the phase-space trajectory a;(t) up to time ¢.
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Exact propagator. Collecting M, (12.102) and M, (2.111)), the exact time-evolution

operator is
R N N N N '
Unms(t) = eXP[Z > ol (aij(t) al — ag(t) dj) —i» > Ou(t)seM | (2.113)
i=1 j=1 ‘

The first term generates spin-dependent displacements of the motional modes, while the
second describes the effective spin—spin interaction responsible for entanglement generation.
Since [M, Ms] = 0 (the commutator of the first term containing bosonic operators with M,
of only spin operators vanishes because bosonic and spin operators act on separate Hilbert

spaces, and all 6, operators commute among themselves), the exponential factorises exactly,
N N ‘ N N ‘
Ghus(t) = [ (3 as0)5) p[ SY el
j=1 i=1 i=1 k=1

where ﬁj is the displacement operator from (2.46)) for motional mode j.

2.8.83 Entanglement generation

Assuming constant parameters of 2, , and A, the propagator (2.114]) reduces to

Unis(t) = D(e(t)Sy) exp[—i ©(t) S2], (2.115)

where S’x = (}g(gl) + 63(52) from (2.108]) and

Q
alt) = ﬁ

(e7A1 —1), ot) = (532)22 (At — sin(At)). (2.116)

We then consider two ions initialized in their electronic ground states, coupled to a single

shared motional mode initially in the vacuum state,
1(0)) = |00) @ |0),, - (2.117)
It is convenient to decompose the spin state in the &, eigenbasis so that,
1
00) = 5 () = H=)e = [0 +1==).)- (2.118)

An eigenstate |s;s2), satisfies S, |s152), = (s1+ s2)|s152),. The displacement operator

ﬁ(a(t)gm) couples the spin and motional degrees of freedom through its operator-valued
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argument. However, when acting on a spin eigenstate, S, can be replaced by its eigenvalue

(s1 + s2). Consequently, its action factorizes as

A~

D(a(t)S) (Is182), ®10),,) = |s182), @ |(51 + s2) a(t)) (2.119)

n’

showing that the motional state undergoes a displacement with amplitude conditioned on
the spin configuration as in Fig. . Applying the displacement operator of UMS(t) to the
initial state (2.118]) yields

o—10(t)S2

() =5

(1++) 1+2a()),, = 1+-), [0),
=), 10, + =), [=2a(1)),, ). (2.120)

At intermediate times «/(t) # 0, spin and motion are entangled, since each spin configuration

is correlated with a distinct motional coherent state. The loop-closure condition

oT)=0 — T= %” (2.121)

disentangles the motion and leaves a purely spin operation,

. 2
Ups(T) = e 10N o(T) =21 (?X) : (2.122)

Using S’% =2/ + 265(51)6;&2) and absorbing the global phase arising from the identity term,
Unis(T) ~ exp[—2i ©(T) (Ve (?)]. (2.123)
Acting on |00) ¢ gives

[(T)) = cos(20(T)) |00) — isin(20(T)) |11) (2.124)

which is a superposition of |00) and |11) with the motional mode fully disentangled. The

gate is maximally entangling when 20(7T') = /4, requiring

Qn 1
— = 2.12
N (2.125)
Under this condition, the output state
~ 1 .
Ois(T) [00) = —= (100) — i [11)) 4 ® [0}, (2.126)

2
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is a maximally entangled Bell state, with the motional mode fully disentangled from the
electronic states. The population dynamics of this process are shown in Fig. 2.4k, where Py
and Py reach equal populations of 0.5 at the gate time tgate = 1", where T' is the time for a
single full loop closure from ([2.121]).

The theoretical framework developed in this chapter establishes the quantitative link
between the physical trap and the fidelity of quantum gate operations. The pseudopotential
analysis shows that the trapping geometry directly sets the radial secular frequency wyaq,
which in turn governs both the Lamb—Dicke parameter 1 and the sideband Rabi frequencies
Qb and Qpgp that drive the MS interaction. Any deviation of the trapping potential from
a perfect harmonic well introduces a phonon-number-dependent shift in w, during the gate,
causing the phase-space trajectory of Eq. to fail to close exactly, leaving a residual
spin-motion entanglement at the gate time [39]. Simultaneously, the laser must deliver
a pulse of precisely defined frequency, phase, and duration to each ion site to realize the
7 /2-pulse and sideband transitions required by the MS protocol. These two requirement, a
harmonic trapping potential and precise, individually addressed optical control, motivates
the two engineering investigations that form the core of this thesis: the comparative analysis
of scalable trap geometries in Chapter[3] and the development of a photonic integrated circuit

for programmable laser delivery in Chapter [4]
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Chapter 3
TRAP GEOMETRY

Traditionally, trapped-ion experiments use a macroscopic linear Paul trap shown in
Fig. in Section with a deep and harmonic trapping potential [3I]. However,
the bulky structure limits the number of qubits in a given volume. 2D surface-electrode
traps have emerged as an alternative to the traditional 3D Paul trap [40] and are cur-
rently the prevailing choice for trapped-ion experiments due to their versatility and scala-
bility. Indeed, surface traps underpin the most advanced trapped-ion quantum information
processors to date, enabling high-fidelity quantum computing demonstrations with tens of
qubits [41) 42, 43, [44], 45 13] including initial demonstrations towards fault-tolerant en-
coding [I3] and operation [46]. Still, the field remains far from a utility-scale trapped-ion
quantum processor.

Though many factors hinder the scalability of trapped-ion quantum technologies, here we
focus on the effect of the trap electrode geometry on gate performance and power dissipation.
We begin by introducing three candidate trap geometries and the simulation framework used
to characterize them. We then investigate why the shaping of the trapping potential, and
specifically its deviation from a perfect harmonic well, has a direct impact on entangling
gate fidelity (Section [3.1)). This motivates the set of figures of merit (FoM) developed in
Section [3.2] which we subsequently use to compare the expected experimental performance

(Section and practicality (Section of the three designs.

3.1 Trap Geometries and Simulation Methods

The geometry of the rf electrodes fixes the shape and confinement of the radial trapping
potential, which in turn directly impacts the fidelity of laser-driven gate operations. As
seen from Section [2.3] motional frequencies of ions have an intimate effect on entanglement.

While there are entangling gate schemes that do not use the motional modes [47, 48], or
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that can be run arbitrarily fast [49, [50], many platforms currently rely on gates with a speed
limit set by the radial trap frequency [51]. Moreover, a higher trap frequency will reduce
gate errors due to electric field noise [52]. However, the requirement to trap many ions
in high-radial-frequency potentials suggests that power dissipation may become a problem
if not accounted for during trap optimization. Any scalable trap geometry must therefore
balance high trap frequency, low power dissipation, industrial reproducibility, and sufficient

optical access for the necessary control beams.

Electrode Configurations With these constraints in mind, we consider three distinct
trap geometries for their suitability for scaling trapped-ion quantum systems, shown in
Fig. a surface trap (Fig. B.1h) [40], a “gnd-surface” trap consisting of the same surface
trap with an added ground plane above the electrodes (Fig. [3.1p), and a miniature linear
Paul trap, or “cross-rf” trap (Fig. |3.1c). We do not fully optimize the trap geometries,
but rather explore the effect of wafer separation h on the trapping field for the two multi-
wafer designs. We restrict our discussion to the scaling of the radial trapping potential,
as this is completely defined during trap fabrication, while the axial trapping field is set
post-fabrication by the voltages applied to the dc electrodes. We will generally apply an

rf-source of amplitude Vi = 10 V and drive frequency Q¢ = 27 x 20 MHz.

Simulation Method We simulate the electric field due to each rf electrode to obtain
the pseudopotential for a given geometry using COMSOL Multiphysics with the boundary
element (BE) method. In the BE method, the boundary constraints defined by the electrodes
are used to define the integral form of Maxwell’s equations for the structure of interest, which
are then solved on a pre-defined mesh. This method has been validated against experiments
in several previous studies [53}, 54, 55, [56], 57, 58]. The full simulation volume is 8 x 8 x 5 mm?3,
meshed with a built-in adaptive routine at an element size of 100 pm. A finer meshing volume
of 0.6 x 0.6 x 0.5 mm?3 is centered at the expected rf-null point, with element sizes of 1-10 pm
and a minimum of 1 pm at the ion location. This ensures that meshing errors remain smaller
than errors due to fabrication imperfections. Each simulation takes approximately half an

hour to run. In the following sections, the trapping performance of each trap geometry is
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Figure 3.1: (a-c) Electrode geometries for the surface trap, “gnd-surface” trap, and “cross-
rf” trap, respectively. rf electrodes are shown in red, dc electrodes in blue, and grounded
electrodes in black. The parameter h denotes the wafer separation in the two multi-wafer
designs and is varied. (d-f) Two-dimensional pseudopotential maps of the z-y radial cross-
section at z = 0 for the geometries in (a-c), respectively. The rf-null point marks the ion
equilibrium position above the electrode plane define as y = d. The distance from the ion to
the nearest electrode-surface is ro and zg is the distance from nearest rf rail to the origin. (g-
i) One-dimensional pseudopotential slices at z = 0, x = 0 for (a-b), and along r = \/Wy2
for (c), used to extract the trap depth. The red dashed line marks the saddle point of the
pseudopotential, whose value relative to the rf-null minimum defines the trap depth and sets

the maximum ion kinetic energy before escape.
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investigated for varying wafer separation h; for the cross-rf trap, the horizontal electrode-
electrode spacing is also kept at h to maintain the symmetry of the potential (see Fig.|3.1kc),

while all other parameters are kept constant.

The Effects of Trapping Potential on Optical Gates

Motional excitation during MS gate

{n(t)

0 25 50 75 100 125 150 175 200

t(us)
1.00003 500 - " R )
¢ ax*+bx+cx’+dx+e
®) st ©

¢ a+bx+c

1wl
Hit

1 -00"0033;*+00.¢§++++

1.00002 +

:-ﬁ_----
i :':
=0) (Hz)

g

0.5) — wraal(n)

1.00001 4

Wrad (MHZ)

9

= _-ce=lg
= —

1.00000 +

=== (M)=0.5
¢ axt+bxi+ox?+dxte
¢ axi+bx+c

——

Wrag ((N)

0.99999 4

o

ottt Y o
Figure 3.2: (a) Mean phonon number (n) as a function of time during the MS gate, tracing
the phase-space loop of Fig. b). The motional excitation increases and returns to zero
at tgate, With a maximum occupation of (n) = 0.5. (b) Radial trap frequency wpaq as
a function of mean phonon number (n), fitted with quadratic (az® + bz + ¢) and quartic
(az*4-ba®+cx?® +dz+e) polynomials. (c) Anharmonicity-induced frequency shift wyaq((n) =
0.5) — wraa({n) = 0) as a function of the ground-state trap frequency wyaq({n) = 0). The
quartic fit, which is a better approximation of a real trapping potential and shows significant

frequency shifts, motivates the harmonicity figure of merit introduced in Section [3.2.2

Before defining the FoM used to compare the three trap geometries, we first establish the
link between the trapping potential and the laser-based operation, specifically entanglement.

During the MS gate with the time propagator (2.114)), the spin-dependent displacement
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drives the ions into excited motional states. The excitation reaches its maximum at tgate/2,
corresponding to the largest phase-space displacement, and returns to the initial state at
tgate When the trajectory closes. This behaviour is shown in Fig. , where the mean
phonon number (n(t)) peaks at (n) = 0.5, consistent with the displacement amplitude
lams(T'/2)| given the MS gate condition in Eq. (2.125). Each phonon number corresponds
to a characteristic spatial spread of the motional wavefunction, as given by Eq. .

To quantify how trap anharmonicity affects laser-driven gate operations, we consider two
key aspects: (i) how the effective curvature of the trapping potential, used to extract the
radial trap frequency via Eq. , changes as the ion moves through different Fock states
during the MS gate, and (ii) how this curvature differs when extracted using harmonic
(quadratic) versus anharmonic (quartic) approximations to the potential. We simulate a
surface-electrode trap with COMSOL Multiphysics similar to the one in Fig. 3.1, but with
a spatial resolution of 0.1 nm. For a ground-state radial trap frequency of 27 x 1 MHz,
the corresponding wavefunction spread is o9 =~ 11.2 nm. We perform the analysis along
the y-direction, which exhibits the weakest symmetry and is therefore most sensitive to
anharmonic effects.

Figure[3.2b shows the extracted radial trap frequency as a function of phonon occupation
number. As (n) increases, the spatial extent of the wavefunction grows, and this spread
defines the region over which the potential is fitted to extract its curvature. For both
quadratic (blue) and quartic (orange) fits, the variation in trap frequency over the range
(n) = 0 to 5 remains on the order of tens of Hz, which is negligible compared to the MHz-
scale trapping frequency. At (n) = 0.5, the error bars for different fitting models do not
overlap indicating a statistically significant shift that depends on both the motional state
and the anharmonicity of the trapping potential.

A more pronounced effect emerges when comparing the frequency shift between the
maximally excited state ((n) = 0.5) and the ground state across different baseline trap
frequencies, as shown in Fig. [3.:2c. The frequency shift increases with the ground-state
trap frequency and can reach several hundred Hz, particularly when using the quartic fit,
which more accurately captures the anharmonicity of the trapping potential. While higher

ground-state trap frequencies are generally desirable [59], this reveals an important trade-off:
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increasing the trap frequency also amplifies the sensitivity of the system to anharmonicity
during the MS gate. Frequency shifts on the order of hundreds of Hz are sufficient to
introduce detuning errors in the MS interaction that can limit gate fidelities below the
fault-tolerant threshold of 99.99%.

This analysis provides strong motivation for minimizing trap anharmonicity, which we
now formalize, together with ion height, trap depth, and trap frequency, as the FoM used

to compare the scalability of the three geometries.
3.2 Figures of merits

We evaluate the three designs through three figures of merit (FMs): harmonicity & (Sec-
tion |3.2.2)), trap depth D (Section [3.2.3]), and radial trapping frequency wyaq (Section (3.2.4])).
Before introducing these, we first discuss the ion height, which, while not a direct figure of

merit, influences several of the quantities defined below.

3.2.1 Ion Heights

The ion height, d, is the vertical distance between the rf-null point and the bottom wafer, as
indicated in Figs. B.Id-f. The position of the rf null does not directly impact the scalability
of a trapped-ion system, but it does influence the achievable trap frequency (Section [3.2.4))
and heating rate (Section and has implications for optical addressing [60, [61]. We note
that d can also be controlled by changing the lateral geometry of the electrodes [62], but
here we focus on the relationship between trapping height d and wafer separation h for the
multi-wafer traps.

Fig.[3:3| presents the ion height d derived from simulations as a function of h, the distance
between wafers. The trap height for the surface trap is shown in red for reference. Our
uncertainty for the estimation of d is defined by our mesh size of 1pm. This uncertainty
could be reduced with interpolation or a finer mesh. For the cross-rf trap, the rf-null point is
always directly between the two wafers, or d = h/2. As expected, as h increases, the rf-null

point of the gnd-surface trap approaches that of the bare surface trap.
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Figure 3.3: Ion height d as a function of wafer separation h for the gnd-surface and cross-rf
trap geometries, with the surface trap shown as a reference. Both multi-wafer designs show
an increasing d with h, as the growing electrode separation pushes the rf-null point further

from the substrate.

3.2.2  Harmonicity

Harmonicity, k, measures how closely the trapping field resembles an ideal harmonic poten-
tial. From Eq. in Section ki = —k}r,f = 1 for a perfect quadrupole field. Deviations
from this can cause gate errors due to increased cross-Kerr nonlinearity [63], 64], and the
entangling gate control must be optimized with the particular anharmonicity in mind [65].
Anharmonicity also reduces the achievable trap frequency for a given drive voltage in two
ways. First, it reduces the amount of applied voltage converted to a quadratic trapping
potential as described in (2.21]). It also reduces the experimentally accessible extent of the
stability region of the dynamic trapping field [66, [67, [68]. A full multipole expansion of the
field can provide further insight into the expected ion dynamics and provide corrections to
the trap frequencies [69], but here we only consider harmonicity.

We determine radial harmonicity by performing a quadratic fit of the electric potential
along the two radial axes. For the multi-wafer traps, we investigate how harmonicity changes

with wafer separation h. The cross-rf trap is symmetric and we conducted the fit along the
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diagonal axis as describe in Fig. . For the surface and gnd-surface traps, k, < k; due to
the asymmetry of the y-axis. Fig. shows k:;f = k as a function of A for the two multi-wafer
traps. The error bars derived from the quadratic fit are smaller than the symbol size and
are all less than 0.001.

The surface trap design (red line) suffers from large anharmonicity due to the highly
non-symmetric geometry. The gnd-surface trap exhibits a modest increase in harmonicity
in comparison to the surface trap for most heights. However, it suffers a steep decrease in
k when h is less than the rf-rf electrode distance. For large separation, the configuration
effectively transitions into a surface-electrode trap. In contrast, the harmonicity of the cross-

rf trap is inversely proportional to A and is generally high due to its symmetric geometry.
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Figure 3.4: Harmonicity k, defined from the 2nd-order coefficient of a quadratic fit to a radial
electric potential (with k = 1 for a perfect quadrupole), as a function of wafer separation h
for the gnd-surface and cross-rf traps, with the surface trap shown for reference. A larger
k indicates a more harmonic potential, in which the cross-rf trap substantially outperforms
both designs, owing to its symmetric electrode geometry, though k decreases with h. The
gnd-surface trap improves modestly over the surface trap reference for h greater than the
rf—rf electrode spacing, but drops sharply below it at smaller h where wafer proximity breaks

the near-quadrupole symmetry.
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Figure 3.5: Trap depth D as a function of wafer separation h for the gnd-surface and cross-rf
trap designs, with the surface trap shown as a reference (D =~ 1 meV). The logarithmic scale
spans nearly three orders of magnitude, highlighting the improvement of both multi-wafer

designs over the conventional surface trap.

3.2.8 Trap depth

The trap depth D is the minimum potential energy difference between the rf-null point and
the saddle point, which is indicated by a red arrow in Figs. [B.1g-i. D defines the maximum
kinetic energy an ion can have without escaping confinement. Low trap depth can hinder
ion loading and increase ion loss due to background gas collisions |70, 55]. As above, we
only consider the contribution from the rf trapping fields and do not consider the effect of
the dc potential, as that is determined post-fabrication by the voltages applied to the dc
electrodes.

Fig. shows the relationship between D and A for the multi-wafer traps. The trap
depth for the surface trap design is shown in red. We use the same trapping parameters as in
previous sections, 2, = 27 x 20 MHz and Vi = 10 V. For both multi-wafer traps D generally
increases with decreasing h. Though again the field of the gnd-surface trap is distorted when

the wafer height is less than the rf-rf electrode separation, reducing D.
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3.2.4  Trap frequency

In an ideal harmonic system, the first stability region of the Matthieu equation spans the
entire range 0 < ¢ < 1 [32], 67] and ideally €.t and Vi would be chosen such that ¢ ~ 1
increases the trap frequency achievable for a given voltage, as illustrated in Fig. [3.6pb.
However, for surface traps, the trap frequency is generally kept at w < 0.1, or g <
0.3 |71}, 31] to achieve stable trapping. This deviation from the ideal case is attributed to
the anharmonicity of the trap, which is not captured by the idealized potential derived from
the Matthieu Equation [35]. Thus, the achievable radial trap frequency depends on the trap
geometry through both the harmonicity k£ and the trapping position rg.

The cross-rf wafer trap is symmetric along the principle radial axes indicated in Fig. [3.1].
For the surface and the gnd-surface wafer trap we simply focus on the radial frequency wy to
be consistent with the axis we have chosen for harmonicity and trap depth. Fig. [3.6h shows
the radial frequency of a 4°Ca™ ion in the three trap designs for Qs = 27 x 20 MHz and
Vit = 10 V. As above, we vary the wafer separation A for the two multi-wafer trap designs.
The trap frequency for the surface trap under the same drive parameters is shown in red as
a reference.

The trap frequency generally increases with smaller h, although trap frequency reduces
when h is less than the electrode-electrode separation for the gnd-surface trap. Fig. |3.6(b)
shows the relationship between €., the g-parameter, and the trapping frequency for the
three trap designs for Vi = 10V. For the two multi-wafer traps h = 105 pm as marked in
Fig.|3.6(a). At the same ¢, the multi-wafer traps produce a higher radial trap frequency, with
the cross-rf trap having a slightly better performance. High trap depth [67] and high har-
monicity [72] allow for certain traps to operate at much higher instability ¢ value, increasing
the attainable radial trap frequency [72].

Trap frequency can be increased by increasing the trap drive amplitude,V;¢. However,
the maximum voltage is set by the breakdown field of the dielectric used to separate neigh-
boring electrodes [73]. Moreover, for large-scale trapped-ion systems, increased rf amplitude
and frequency will increase power dissipation, which can be limiting, especially for systems

working at cryogenic temperatures. This is discussed further in Section [3.3] Therefore, it
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is important to understand the maximum trap frequency that can be achieved given a set
drive amplitude.

Fig. [3.6c shows the maximum achievable frequency for Vi = 10V as a function of h.
To find this, we pick an operating ¢ parameter for each trap by scaling a typical working
parameter for surface traps (¢ = 0.250) with the harmonicity of each design, e.g. ¢ =
qstk% [32]. This results in ¢ = 0.905 for the cross-rf trap, matching recent results in a
miniature 3D-printed trap [72], and a more modest ¢ = 0.333 for the gnd-surface trap.
These g parameters are indicated in Fig. [3.6b. This ¢ parameter then defines the drive
frequency for a given V¢ with . These parameters then give the maximum achievable
trap frequency for a given rf drive amplitude from . As seen in Fig. , the multi-
wafer traps show a gain in maximum trap frequency due to the increased harmonicity. In
particular, the cross-rf trap provides a more than 10x improvement over the surface trap
design considered here (6.12 MHz vs 1.00 MHz). For the gnd-surface trap in particular, we
find that the maximum trap frequency (2.84 MHz) is achieved when the wafer height equals
the rf-rf electrode separation. These results can be used to focus design optimization for
other electrode geometries and highlight the importance of the harmonicity of the trapping

potential.
3.3 Expected Experimental Performance

In this section we explore the expected experimental performance of the three trap designs.
We use the field-dependent parameters presented above to understand the expected heating
rate and how the necessary voltage and expected power dissipation scales with target trap

frequency.

3.5.1 Heating Rate

Noisy electric fields at frequencies near the secular trap frequency w, cause a time-dependent
increase in the thermal population of an ion’s motional modes [74] [75], causing entangling

gate errors [76]. The origin of electric field noise is not well understood [52], but the average
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Figure 3.6: (a) Radial trap frequency wy,q as a function of wafer separation h for the multi-
wafer trap designs with the surface trap shown for reference. Both multi-wafer designs
substantially exceed the surface trap, with frequencies generally increasing at smaller h as the
electrode geometry improves harmonicity and reduces ry. The gnd-surface trap drops sharply
when h falls below the rf—rf electrode spacing, consistent with the harmonicity degradation
seen in Fig. 3.4, (b) Radial trap frequency as a function of Q¢ at Vi = 10V for the three
trap geometries at fixed h = 105 pm for the multi-wafer designs. Gray dashed lines indicate
constant instability parameter g; the filled points mark the harmonicity-scaled operating q
used in (c) (¢ = 0.905 for cross-rf, ¢ = 0.333 for gnd-surface, ¢ = 0.250 for surface). At
equal ¢, the multi-wafer traps achieve higher w;,q, demonstrating that improved harmonicity
directly enables higher trap frequencies for a given drive. (c) Maximum achievable radial
frequency at Vif = 10V as a function of h, using the harmonicity-scaled ¢ from (b). The
cross-rf trap achieves a more than 10x improvement over the surface trap (6.12 MHz vs.
1.00 MHz) at h = 105 pum, while the gnd-surface trap peaks at 2.84 MHz when h equals the

RF-RF electrode separation. Purple circles in (a) and (c¢) mark the h = 105 um operating

point used in Section |3.3
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increase in phonon number, or the heating rate 77, generally fits the following trend [52]:

7o w, 2rgt (3.1)

Unfortunately, w and ry generally counteract each other as in Eq. . The expected
heating rates of the three trap designs, normalized to the expected heating rate of a surface
trap (Eq. ), are shown in Fig. W This indicates that with all other factors kept equal,
the cross-rf trap would enjoy nearly an order of magnitude lower heating rate than the other
two designs, and the gnd-surface trap can still achieve approximately half the heating rate
of a surface trap. This may be negated by the introduction of more surface area, depending
on the origin of the noise. Still, multi-wafer traps can help reduce the heating rate under

the assumption that the electric field noise is not affected by trap geometry.
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Figure 3.7: Motional heating rate 7 for the multi-wafer trap designs, normalized to the
surface trap heating rate n,, as a function of wafer separation h. The heating rate is
estimated from the empirical scaling 71 oc w, 27“0* 4 where the competing dependences on
trap frequency and electrode distance are set by each geometry. The cross-rf trap achieves
nearly an order of magnitude reduction in heating rate across most of the range studied,

while the gnd-surface trap’s improvement depends heavily on h.
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3.8.2  Achieving a Target Trap Frequency

Here we compare the performance of the surface trap design and the two multi-wafer traps
when A = 105 pm (highlighted in Fig. . This wafer height provides both high harmonicity
and large trap frequency for both multi-wafer trap designs. The rf-null position d and
harmonicity k are set by the trap geometry. We use the operating ¢ parameters found
in Section and reported in Table [3.1] Here, we use the values of d, k, and ¢ to
calculate the minimum trap voltage and drive frequency needed to achieve a target trap
frequency of wyaq = 27 x 10 MHz using Eq. and Eq . This is summarized in
Table This example underlines the importance of harmonicity again — as in Fig. [3.6(c),
a higher harmonicity reduces the necessary source voltage and frequency by increasing the
workable ¢ parameter and by improving the conversion efficiency between applied voltage
and trap frequency. Thus, the multi-wafer traps require significantly reduced drive voltage
and frequency with respect to the surface trap geometry. This will be particularly important
if trapped-ion systems are to increase the number of ions per chip.

The drive parameters define the expected power dissipation for each of the trap geome-
tries. Power dissipation can occur due to electrical and dielectric losses. Here we focus on
electrical power consumption as dielectric loss varies with material. COMSOL simulations
show that the capacitance of the rf electrodes in the three trap designs are all around 0.1 pF
(Csurface = 91.0fF, Coand-surface = 115.0fF, and Cirossef = 89.51F). In practice, the capaci-
tance will likely be dominated by the trace layout and external wiring with standard values
on the order of 10 pF [77, [78, [79, [61]. Thus we present the power dissipation normalized to

the system capacitance, which scales with the amplitude and frequency of the rf drive [80]:
P x V3QZ. (3.2)

As seen in Table the cross-rf (gnd-surface) trap will need orders-of-magnitude less power
with respect to a surface trap due to reduced drive amplitude and frequency. This further

highlights the need for high harmonicity to enable operation at ¢ ~ 1.
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Table 3.1: Simulated experimental performance. Experimental values of the inves-
tigated FoM and the heating and power scaling for each trap geometry. The errors on the
reported values are discussed in the text and are limited by the resolution of the simulations

which limits the estimation of d.

Geometry d k q wrad/2m Vg Q)27 P
[pm] [MHz|  [kV] [MHz] (norm)
surface 90 0.210 0.250 10 15 110 1

gnd-surface | 46  0.280 0.333 10 4.0 85  4.0x 1072
cross-rf 60  0.697 0.905 10 0.42 31 6.1 x 107°

3.4 Practicality

3.4.1 Fabrication

Sections and [3.3] suggest that the two multi-wafer designs present a path forward to
achieving significantly reduced power dissipation for a given target trap frequency, a key to
increasing the number of trap sites in a trapped-ion quantum computer. However, multi-
wafer traps complicate fabrication and reduce the overall optical access. Here, we consider
how the increased complexity of the multi-wafer traps will affect the overall reliability and
performance.

Surface-electrode ion traps can be fabricated using traditional clean-room microfabri-
cation techniques [40]. Simple planar geometries are straightforward to make on a variety
of different substrates, and advanced fabrication techniques have been leveraged to create
complex surface electrode traps offering specific functionalities such as high optical access
through the trap [61] and junctions between trapping zones 81, [82] 57, 83].

Multi-wafer traps are more difficult to fabricate that surface traps, but traps with ge-
ometries similar to the cross-rf trap discussed here have been demonstrated with a variety of
different techniques. Solutions include manual wafer stacking |84, [85] and cleanroom-based
MEMS techniques for monolithic ion traps [86]. Wafer alignment can be quite precise, with

reported angular, lateral, and wafer separation errors of less than 0.05°, 2pum, and 5 um,
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respectively for a 2cm x 2 cm chip [85].

The gnd-surface trap is significantly simpler than the cross-rf multi-wafer trap and can
take advantage of all the microfabrication techniques developed for high performance surface
traps. The ground plane is unpatterned and thus lateral misalignment has no impact on the
trap parameters. Errors in the trap height will change the ion position but will not distort
the potential. Thus, though it provides more modest gains with respect to a surface trap

the simplicity may improve repeatability and reliability

3.4.2  Optical Access

The main focus of this manuscript has been the effect of trap geometry on the radial trapping
potential. However, a truly scalable architecture must also include optical control including
fast control of the spectral, temporal, and spatial degrees of freedom across the visible
spectrum [87]. In general, current experiments take advantage of the large optical access
of well-engineered surface traps to excite ions with lasers parallel to the trap and collect
fluorescence from the top hemisphere, which has unimpeded optical access. However, as
architectures begin to tile trapping regions in a 2D plane [88] [44] this will not be sufficient.
Instead, the optical control beams will likely need to come from below or above the trap.
In surface traps, this has been achieved by integrating slits under the ions [6I] or with
integrated photonics and grating couplers [60, [89, 90, [9T].

In previous demonstrations of multi-wafer traps similar to our cross-rf design, optical
access was achieved through the opening between the rf and ground electrodes, both perpen-
dicular and parallel to the wafers [85] [84] [86, ©92], (93] [94]. In this case, the electrode-electrode
separation will define the achievable numerical aperture for both excitation and fluorescence
collection. The gnd-surface trap design does not naturally provide the same separation be-
tween electrodes for optical access. However, we propose two possible solutions. First, the
ground plane could be made from a transparent wafer (e.g. borosilicate) with a grounded
coating of a transparent conductive material such as indium-tin-oxide. This would enable
all of the benefits laid out in the previous sections without a large change the optical access

with respect to the surface trap. However, there will likely still be small reflections from
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each interface, and care will have to be taken to reduce the effect of this stray light. Second,
openings in the ground plane could be engineered for collection and excitation, similar to
previous high optical access surface traps [61]. While this would change the electrical trap
properties, co-optimization of electronic and optical properties is an opportunity for future
work.

Meanwhile, rather than integrating photonic components directly into the trap substrate,
an independent photonic integrated circuit (PIC) can provide flexible, programmable control
of the gate beams while remaining compatible with any of the trap geometries discussed
above. In the following chapter, we present such an approach: an FPGA-controlled silicon
nitride PIC operating at 729 nm that targets the 4s 25’1/2 ~ 3d2D5/2 qubit transition of

40Cat and is designed to scale to large numbers of independently addressed ions.
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Chapter 4
LIGHT DELIVERY

The ability to precisely deliver and modulate laser light to individual ions in a trap
is as central a challenge to scaling trapped-ion quantum computers as the trap geometry
itself. As discussed in Chapter [2], laser-based gate operations require optical control across
multiple ions, each of which must be individually addressed with high spatial and temporal
resolution, along with spectral stability.

Two broad approaches to light delivery have emerged. Conventional free-space optical
setups route laser beams through bulk optical elements such as acousto-optic modulators
(AOMs), beam splitters, and mirrors [95, 21 17]. AOMs offer fast, high-extinction mod-
ulation, but each additional ion channel requires its own dedicated optics and alignment
procedure, and the resulting setups become increasingly difficult to stabilize, reproduce, and
miniaturize as the number of ions grows. Trap-integrated photonic circuits offer a comple-
mentary set of advantages: many optical channels can be defined lithographically on the
trap chip itself, dramatically improving scalability and alignment [60}, 90, [89] 06, 97]. How-
ever, embedding photonics into the trap substrate couples the optical and electrical design
constraints, complicating fabrication and limiting the flexibility to pair a given light deliv-
ery system with different trap geometries, a limitation that is especially relevant given the
diversity of trap architectures explored in Chapter

In this chapter, we present an alternative approach that combines the modularity of
free-space optics with the scalability of integrated photonics: a standalone silicon nitride
photonic integrated circuit (PIC), decoupled from the ion trap, operating at the 729 nm qubit
transition of °°Ca™ and controlled by a field-programmable gate array (FPGA). Because the
PIC is an independent module connected to the trap only through free space or fiber optics,
the same platform can be paired with any of the trap geometries discussed in Chapter

without redesigning the light delivery system.
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4.1 Photonic Integrated Circuit

The PIC used in this work is a silicon nitride (SigN4) atom-control photonic integrated circuit
following the design of Menssen et al. [2]. Silicon nitride is chosen for its low optical loss,
transparency across visible wavelengths—including the 729 nm qubit transition of °Cat—
and compatibility with CMOS fabrication processes. Figure f.Th shows a wafer containing
three PICs fabricated in parallel, illustrating the mass-producibility of the platform; the
specific device used for characterization and future trapped-ion experiments is highlighted
by the light blue box.

The core optical element is the dual-ring-assisted Mach-Zehnder modulator (DRMZM),
shown in Fig. f.Ip. Each DRMZM consists of a Mach-Zehnder interferometer with a ring
resonator coupled to each arm. In the overcoupled regime, each ring acts as a phase amplifier:
the small phase shifts produced by fast but weak piezoelectric actuators are amplified to
a full ~ 27 phase shift per ring. By independently tuning the operating point of both
rings, the amplitude and phase in each arm can be set to achieve destructive interference
at the output, yielding extinction ratios exceeding 30 dB. This architecture is robust to
fabrication variations, since the two tunable rings provide sufficient degrees of freedom to
compensate for imperfections in the beamsplitter ratios that would otherwise limit extinction
in a conventional Mach-Zehnder modulator [2].

Light is coupled into the chip through a 4 x 4 array of input grating couplers and exits
through a 1 x 16 array of output grating couplers (Fig. ), with the input and output
gratings oriented at 90° to enable separation via a polarizing beamsplitter. In the trapped-
ion configuration, the output array maps directly onto a linear ion chain, with each channel

addressing an individual ion site.

Slow (thermal) tuning. A resistive heater coil integrated alongside each ring resonator
shifts the resonant wavelength via the thermo-optic effect. As fabricated, ring resonances
are scattered over hundreds of picometers across the 16-channel array, making simultaneous
operation at a single laser frequency impossible without correction. Thermal tuning pro-

vides the necessary picometer-scale adjustment to align all channels to a common operating
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Figure 4.1: (a) Photograph of a silicon nitride (Si3N4) wafer containing three PICs fabricated
in parallel; the device used in this work is highlighted with a blue box. (b) Microscope image
of a single dual-ring-assisted Mach-Zehnder modulator (DRMZM), the core optical switching
element of the PIC. (¢) Microscope image of the input grating coupler array (4 x 4) and
output grating coupler array (1 x 16), oriented at 90° to each other for polarization-based
separation [2]. The 16-channel output array maps directly onto a linear ion chain, with each

channel addressing an individual ion site.
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wavelength. Once calibrated, the heater setpoints need only be updated to compensate for

slow environmental drifts.

Fast (piezo-electric) modulation. Each ring is equipped with an aluminum nitride
(AIN) piezoelectric actuator that mechanically deforms the waveguide, shifting the reso-
nance on nanosecond timescales. Menssen et al. demonstrated voltage switching times of
(5.840.4) ns and pulse-area repeatability with a standard deviation of 9.8 x 10~% over 1000
consecutive pulses at 780 nm, making the switching compatible with the single-qubit rota-
tions and sideband transitions required for the Mglmer—Sgrensen gate (Chapter . During
gate operations, the thermal setpoint holds each resonator near the target wavelength while

the fast piezoelectric channel rapidly toggles the transmission to define the pulse sequence.

4.2 Optical Setup and Characterization

Stable operation of the PIC requires that the input laser frequency be held constant relative
to the qubit transition. The 729 nm laser is frequency-stabilized via a Pound-Drever—Hall
(PDH) lock implemented with a Toptica laser system and a high-finesse reference cavity,
keeping the laser linewidth well below the natural linewidth of the qubit transition (Sec-
tion and ensuring that frequency noise does not limit gate fidelity. The stabilized
laser is locked to 729.129 nm, chosen to lie within the tunable range of the PIC resonators
under thermal control.

The optical setup is shown in Fig. f.2h-b and is built on a standard optical breadboard.
The input beam passes through a half-wave plate (HWP) and a quarter-wave plate (QWP)
to maximize coupling into the PIC. It then passes through a polarizing beamsplitter (PBS),
which pickoffs a fraction of the beam for power monitoring, followed by two steering mirrors
for alignment adjustment. A 2x objective focuses the beam onto the chip surface. Fine
alignment between the beam and the on-chip grating input is achieved using a three-axis
translation stage (Fig. M@) Transmitted and reflected optical signals are monitored simul-
taneously by a photodiode, which provides real-time power measurements, and a camera,
which images the near-field mode profiles at the chip outputs.

To align the PIC resonators with the stabilized laser, the chip temperature is regulated
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Figure 4.2: (a) Schematic and (b) photograph of the optical setup used to characterize the
PIC at 729 nm. The input beam passes through a half-wave plate (HWP) and a quarter-wave
plate (QWP) to match the polarization required by the grating couplers. A 2x objective
focuses the beam onto the chip surface. Transmitted light is monitored simultaneously by
a photodiode for real-time power measurements and a camera for chip imaging, enabling
both alignment and coupling efficiency characterization. A flashlight allows for white-light
imaging of the chip surface. (c) Photograph of the PIC mounted on a chip carrier with
a Thorlabs TECH8 thermoelectric element and AD590 temperature transducer for chip
temperature stabilization, used to thermally tune the ring resonators into alignment with
the 729 nm laser. The entire assembly is mounted on a three-axis translation stage to achieve

precise spatial overlap between the focused input beam and the on-chip grating couplers.
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using a thermoelectric cooler (TEC) mounted beneath the chip carrier (Fig. [1.2¢). A Thor-
labs TECHS single-stage heating element, paired with an AD590 thermistor affixed to the
chip, provides local temperature measurement and feeds a PID controller that stabilizes
the chip to a user-defined setpoint. To observe the thermal resonance shift, we attempted
to scan the Toptica laser frequency using a triangular piezo-voltage waveform. However,
the laser’s tunable range proved insufficient to span the resonance-to-resonance wavelength
interval required by the thermal tuning scheme (> 0.1 nm). As a result, full thermal char-
acterization of the resonator alignment was not completed at this stage, and we proceeded

to PCB integration for FPGA control, as described in the following section.
4.3 Next Steps: FPGA Integration and Experimental Application

The characterization work presented above establishes that the PIC can be efficiently coupled
at the target wavelength. The remaining steps to transform this platform into a functional
gate-driving system are twofold: integrating fast electronic control via an FPGA, and de-

ploying the system alongside an operational trapped-ion experiment.

FPGA control. The next phase is to interface the PIC with an FPGA control board that
drives the fast electro-optic modulators described in Section This requires a custom
printed circuit board (PCB) routing voltage control lines from the PIC to the FPGA’s
digital output channels. To minimize signal distortion at nanosecond timescales, the PIC
will be diced from the wafer and wire-bonded directly to the PCB, providing low-inductance
electrical connections. The DC control firmware has been implemented [cite], while the RF

component is currently being developed by a collaborator.

Integration with a trapped-ion experiment. With FPGA control in place, the PIC
platform will be deployed alongside a vacuum-chamber-based trapped-ion setup. The grating
array output of the PIC will be imaged onto the ion plane through a viewport, delivering
the 729 nm gate beam to individual °Ca™ ions. Because the PIC is a standalone module
connected to the trap only through free-space or fiber optics, it can be paired with any of the

trap geometries characterized in Chapter [3| without modification to the light delivery system.
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This decoupled architecture provides a clear path toward scaling: additional PIC channels
can be added to address more ions, while the trap design is independently optimized for

gate fidelity and power dissipation.
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Chapter 5
CONCLUSIONS AND OUTLOOK

This thesis addressed two interconnected challenges in scaling laser-based trapped-ion
quantum processors: trap geometry design and scalable light delivery.

We developed a quantitative framework for evaluating trap geometries through three
figures of merit, harmonicity, trap depth, and radial trap frequency, and applied it to a
surface trap, a gnd-surface trap, and a symmetric cross-rf multi-wafer trap. We showed that
trap anharmonicity introduces frequency shifts during the Mglmer—Sgrensen gate sufficient
to limit fidelities below the 99.99% fault-tolerant threshold, establishing harmonicity as a
central design metric. The cross-rf trap achieved the highest harmonicity, enabling operation
at ¢ = 0.905 and yielding a significant improvement in maximum radial trap frequency over
the surface trap for the same drive amplitude (6.12 MHz vs. 1.00 MHz), with an estimated
power reduction of over four orders of magnitude for a target frequency of 2w x 10 MHz and
a nearly order-of-magnitude lower expected heating rate. The gnd-surface trap offered more
modest gains with significantly simpler fabrication.

In parallel, we couple a silicon nitride photonic integrated circuit operating at 729 nm as
a scalable platform for laser delivery to “°Ca™ ions. We demonstrated fiber-to-chip coupling,
setup for thermal tuning of ring resonators to a frequency-stabilized laser, and verified trans-
mission through both the resonator and grating array outputs. The two-stage control archi-
tecture, slow thermal alignment combined with fast electro-optic modulation on nanosecond
timescales, provides the precision and speed required for high-fidelity gate operations, while
the standalone design decouples the light delivery system from the trap geometry.

Looking ahead, the comparative analysis of the provided FoM enables systematic progress
on the optimization of scalable trap geometry. For the PIC, the immediate next step is FPGA
integration for programmable fast modulation, followed by scaling to multiple independently

controlled channels. The goal is to run two experiments, one with a gnd-surface trap with
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trap-integrated optical access and another with the PIC of 16-channels for multi-qubit op-
erations on a linear ion chain. Both of these future experiments can open the door for
further evaluation of the scalability of each engineering perspective and allow for further

advancement of utility-scale trapped-ion systems.
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Appendix A

USEFUL MATHEMATICAL DEFINITIONS

A.1 Pauli Matrices

The Pauli matrices are a set of three 2 x 2 complex matrices that correspond to orthonormal

axes on the Bloch sphere, as shown in Fig. [2.1la. They are given by
Oy = , oy = , 0, = . (A.1)

These matrices satisfy

det(oy) = —1, Tr(ox) =0, (A.2)
and therefore are traceless and have unit magnitude determinant.
The Pauli matrices obey the important product relation
00 = 51]f + iEijkaky (AS)

where I is the 2 x 2 identity matrix. The indices 4, j, and k label the Cartesian directions
x, y, and z, and therefore correspond to the three Pauli matrices o, oy, and o.. Here, d;;
is the Kronecker delta and €;; is the three-dimensional Levi-Civita symbol. The Kronecker

delta is defined as
1 ifi=j,
0ij = (A4)
0 ifi#j,
and the Levi-Civita symbol is given by
+1 for even permutations of (z,y, 2),
€ijk = § —1 for odd permutations of (z,y, 2), (A.5)
0  if any two indices are equal.

The Pauli matrices are involutory, satisfying

ol =1. (A.6)
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This property leads to an important exponential identity, which can be derived using the

Taylor expansion

xX > xn
=) — (A7)
n=0
Using al% = f, one finds
¢k = cosO I + isinf oy, (A.8)

An important property of the Pauli matrices is given by their commutation and anti-

commutation relations. They satisfy
[O’j, O'k] = Ziejkiai, (A9)

and

{0,000} = 2031 (A.10)

Each Pauli matrix has two eigenvalues, +1 and —1, corresponding to the two possible
measurement outcomes of a spin—% system along a given axis. The eigenvalue equation for
a Pauli matrix oy, is given by

ok ) = A|¢), (A.11)

where A € {+1,—1} is the eigenvalue and [¢) is the corresponding eigenvector.
For the operator o,, which forms the computational basis commonly used in quantum

information theory,

1 0
0 1
o, |0y = +10), o, 1)y =—11). (A.13)
Similarly, for o,
1 (1 1 1
[+ =7 v e =— ; (A.14)

oz |E), = £|E), . (A.15)
and, for oy,

(A.16)
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oyl 4), = £ |£), . (A.17)

The eigenstates of different Pauli operators are mutually unbiased. For example, an eigen-

state of o, has equal probability of being measured in either eigenstate of o, or o,. More

generally, for an arbitrary unit vector n, the operator

On =MN:0 = Ny0; + Nyoy +Nn,0, (A.18)

has eigenvalues +1, with eigenvectors corresponding to quantum states polarized along the

direction n on the Bloch sphere.
The Pauli operators &, and &, arises from the two-level restriction:

Gr = 1) (0, &= o)1, (A.19)
— Gy, =0_+04, 0y=1i(6_-—054) (A.20)

This gives the identity
(A.21)

Gz coswoil — Gy sinwpit = gty oot 5
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