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The three-dimensional organization of the genome plays an important part in regulating numerous

basic cellular functions, including gene regulation, differentiation, the cell cycle, DNA replication,

and DNA repair. Assays like Hi-C measure DNA-DNA contacts in a high-throughput fashion,

and inferring accurate 3D models of chromosomes can yield insights hidden in the raw data. For

example, structural inference can account for noise in the data, disambiguate the distinct structures

of homologous chromosomes, orient genomic regions relative to nuclear landmarks, and serve as

a framework for integrating other data types. Accordingly, many methods have been developed to

infer 3D structures from Hi-C data.

However, many challenges remain. Importantly, although many methods exist to infer the 3D

structure of haploid genomes, accurately inferring a diploid structure from Hi-C data is still an

open problem. Indeed, the diploid case is very challenging, because Hi-C data does not typically

distinguish between homologous chromosomes. Inference is also complicated in the setting of

low-coverage or high-resolution data, which can lead to poor performance and high computational

costs.

This work describes two methods for inferring 3D diploid chromatin structures from Hi-C data.

The first approach extends a previously published haploid method and enables diploid inference via

the addition of two constraints. We demonstrate the accuracy of this method on simulated data,

and we also use the method to infer 3D structures for mouse chromosome X, confirming that the



inactive homolog exhibits a bipartite structure, whereas the active homolog does not.

Our second method addresses the difficulties presented by low-coverage or high-resolution data

via multiscale optimization, an optimization strategy that solves a large optimization problem by

building upon the solutions to smaller versions of the problem. Similar approaches have been

successfully employed in the context of haploid structural inference methods. However, because

many organisms of interest are diploid, we sought to develop a multiscale optimization approach

that infers the structure of diploid genomes. We use simulations to show that integrating multiscale

optimization into our first method significantly improves the accuracy of inferred structures.



TABLE OF CONTENTS

Page

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

Chapter 1: Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Experimental techniques used to assess chromatin structure . . . . . . . . . . . . . 1
1.2 The utility of working with 3D chromatin structures . . . . . . . . . . . . . . . . . 2
1.3 Methods to infer 3D chromatin structure from contact count matrices . . . . . . . . 3
1.4 Challenges in chromatin structural inference . . . . . . . . . . . . . . . . . . . . . 4
1.5 Organization of dissertation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

Chapter 2: Inferring diploid 3D chromatin structures from Hi-C data . . . . . . . . . . . 6
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.2 Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

Chapter 3: A multi-resolution optimization strategy for inferring 3D genome architec-
ture from Hi-C data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
3.2 Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
3.3 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
3.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

Chapter 4: Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
4.1 Significance of contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
4.2 Further validating inferred homologs . . . . . . . . . . . . . . . . . . . . . . . . . 51
4.3 Limitations of our approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
4.4 Potential improvements on our method . . . . . . . . . . . . . . . . . . . . . . . . 53

i



4.5 Inferring single-cell chromatin structures . . . . . . . . . . . . . . . . . . . . . . . 54
4.6 Comparing and integrating our method with microscopy data . . . . . . . . . . . . 55

Appendix A: Appendix to “Inferring diploid 3D chromatin structures from Hi-C data” . . . 68

Appendix B: Appendix to “A multi-resolution optimization strategy for inferring 3D genome
architecture from Hi-C data” . . . . . . . . . . . . . . . . . . . . . . . . . . 69

ii



LIST OF FIGURES

Figure Number Page

2.1 Inferring 3D structure using ambiguous diploid data. Each observed count (left) corresponds to
a sum of four pairs of genomic loci (right). The Poisson model must be adjusted to account for this
ambiguity. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.2 Constraints improve ambiguous inference. The simulated data consists of a single diploid chro-
mosome with 9.3 × 106 reads and 343 beads, the size of which corresponds to mouse chromosome
X at 500 kb resolution. (A) The quality of the inferred structure, as measured by three different er-
ror scores (y-axis), improves upon application of the bead-chain connectivity constraint (𝜆1 = 108)
and the homolog separation constraint (𝜆2 = 1010). Best results are seen when both constraints are
applied simultaneously. Each point corresponds to a single inferred structure, and colors indicate
the simulated true structure from which counts were derived. “Null” indicates inference performed
without the Poisson model. Corresponding 𝑝-values are in Supplementary Table A.1. (B) A sim-
ulated chromosome is shown alongside inferred versions of the same chromosomes using various
strategies. Each panel also lists the RMSD and distance error associated with the given structure,
relative to the true structure. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.3 Inference with ambiguous and disambiguated data. The simulated data consists of a single
chromosome with 9.36 reads and 343 beads, the size of which corresponds to mouse chromosome
X at 500 kb resolution. The quality of the inferred structure, as measured by three different error
scores (y-axis), improves when one or both ends of a contact are disambiguated, and best results
are seen in the latter case. “A” indicates ambiguous data, “U” indicates unambiguous data, and “P”
indicates partially ambiguous data. Each point corresponds to a single inferred structure, and colors
indicate the simulated true structure from which counts were derived. Corresponding 𝑝-values are
in Supplementary Table A.2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.4 Bipartite structure of the mouse inactive X chromosome. The bipartite index (y-axis) at each
genomic distance bin (x-axis) for the active (orange) and inactive (blue) homologs of the mouse
X chromosome. The black line corresponds to the known boundary between superdomains of the
inactive homolog at bin 146. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

iii



3.1 Multi-resolution optimization improves diploid inference on simulated ambiguous data. The
simulated data consists of a diploid genome with a total of 1, 374 beads and 107 ambiguous reads.
Structures were inferred via three different inference methods (x-axis): without multi-resolution op-
timization, multi-resolution optimization with the naive approach, and multi-resolution optimization
with our novel negative binomial model. The 𝛼 parameter was either fixed at the same value used
during simulation (A) or jointly inferred alongside the structure (B). Each point corresponds to a
single inferred structure, and colors indicate the simulated true structure from which counts were
derived. Significant differences are indicated (pairwise t-test, Bonferroni corrected p-value < 0.05).
There were significant improvements in the combined error score (y-axis, Section 3.3.3) when multi-
resolution optimization was applied with the negative binomial model, relative to multi-resolution
optimization with the naive approach or inference without multi-resolution optimization. Each of
the ten individual datasets shows the best results with the negative binomial multi-resolution model.
For results on each constituent of the combined error score, see Supplementary Figures B.1 and B.2. 49

3.2 Novel constraints improve diploid inference on simulated ambiguous data. The simulated data
consists of a diploid genome with a total of 1, 374 beads and 107 ambiguous reads. Structures were
inferred via two different inference methods: without multi-resolution optimization (A) and multi-
resolution optimization with our novel negative binomial model (B). Inference was performed using
either the two constraints described in Cauer et al., 2019 [18] or our two novel constraints (x-axis).
The 𝛼 parameter was fixed at the same value used during simulation. Each point corresponds to a
single inferred structure, and colors indicate the simulated true structure from which counts were
derived. Significant differences are indicated (pairwise t-test, p-value < 0.05). The combined error
score (y-axis, Section 3.3.3) is significantly better when the novel constraints were applied, and the
magnitude of difference is most pronounced in the context of multi-resolution optimization. How-
ever, in both cases, each of the ten individual datasets shows the best results with the new constraints.
For results on each constituent of the combined error score, see Supplementary Figures B.3 and B.4. 49

iv



B.1 When simulated diploid structures are inferred from ambiguous data with 𝛼 fixed at the true
value, multi-resolution optimization improves accuracy along multiple measures. The simu-
lated data consists of a diploid genome with a total of 1, 374 beads and 107 ambiguous reads. Struc-
tures were inferred via three different inference methods (x-axis): without multi-resolution opti-
mization, multi-resolution optimization with the naive approach, and multi-resolution optimization
with our novel negative binomial model. The 𝛼 parameter was fixed at the same value used during
simulation. Each point corresponds to a single inferred structure, and colors indicate the simulated
true structure from which counts were derived. Significant differences are indicated (pairwise t-test,
Bonferroni corrected p-value < 0.05). Various intra-molecular (A, B, C, D) and inter-molecular (E,
F) structural similarity scores are shown (y-axis). The negative binomial-based multi-resolution
model significantly outperforms single-resolution inference on all six measures. When comparing
between the two multi-resolution optimization strategies, the negative binomial model yields sig-
nificantly better intra-molecular similarity scores as well as significantly better intra-chromosomal
inter-homolog distance error (F). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

B.2 When jointly inferring simulated diploid structures and 𝛼 from ambiguous data, multi-resolution
optimization improves accuracy along multiple measures. The simulated data consists of a
diploid genome with a total of 1, 374 beads and 107 ambiguous reads. Structures were inferred via
three different inference methods (x-axis): without multi-resolution optimization, multi-resolution
optimization with the naive approach, and multi-resolution optimization with our novel negative
binomial model. The value of 𝛼 was jointly inferred alongside the structure. Each point corre-
sponds to a single inferred structure, and colors indicate the simulated true structure from which
counts were derived. Significant differences are indicated (pairwise t-test, Bonferroni corrected p-
value < 0.05). Various intra-molecular (A, B, C, D) and inter-molecular (E, F) structural similarity
scores are shown (y-axis). The negative binomial-based multi-resolution model significantly out-
performs single-resolution inference as well as inference with the naive multi-resolution model on
all six similarity scores. Each of the ten individual datasets shows improvement on all measures
with the negative binomial multi-resolution model. . . . . . . . . . . . . . . . . . . . . . 71

v



B.3 Novel constraints improve single-resolution diploid inference accuracy along multiple mea-
sures in the context of simulated ambiguous data. The simulated data consists of a diploid
genome with a total of 1, 374 beads and 107 ambiguous reads. Structures were inferred without
multi-resolution optimization. Inference was performed using either the two constraints described
in Cauer et al., 2019 [18] or our two novel constraints (x-axis). The 𝛼 parameter was fixed at the
same value used during simulation. Each point corresponds to a single inferred structure, and colors
indicate the simulated true structure from which counts were derived. Significant differences are in-
dicated (pairwise t-test, p-value < 0.05). Various intra-molecular (A, B, C, D) and inter-molecular
(E, F) structural similarity scores are shown (y-axis). The novel constraints significantly outperform
those of Cauer et al. with regard to intra-molecular both inter-molecular scores (E, F). However, the
Cauer et al. constraints significantly outperform ours on intra-molecular RMSD and distance error
(A, B). No significant differences are seen when comparing intra-molecular TM-score or GDT (C,
D). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

B.4 Novel constraints improve multi-resolution diploid inference accuracy along multiple mea-
sures in the context of simulated ambiguous data. The simulated data consists of a diploid
genome with a total of 1, 374 beads and 107 ambiguous reads. Structures were inferred via multi-
resolution optimization with our novel negative binomial model. Inference was performed using
either the two constraints described in Cauer et al., 2019 [18] or our two novel constraints (x-axis).
The 𝛼 parameter was fixed at the same value used during simulation. Each point corresponds to a
single inferred structure, and colors indicate the simulated true structure from which counts were de-
rived. Significant differences are indicated (pairwise t-test, p-value< 0.05). Various intra-molecular
(A, B, C, D) and inter-molecular (E, F) structural similarity scores are shown (y-axis). The novel
constraints significantly outperform those of Cauer et al. with regard to intra-molecular TM-score
and GDT (C, D) as well as both inter-molecular scores (E, F), but no significant differences are seen
when comparing intra-molecular RMSD or distance error (A, B). . . . . . . . . . . . . . . . 73

vi



ACKNOWLEDGMENTS

Bill Noble has been an incredible mentor and PI during my time in the lab. Thank you for your

helpful guidance on all aspects of my work, I couldn’t have wished for a better PI.

I would also like to thank my collaborators, who have invested a lot of time in my projects

and provided me with truly invaluable advice and ideas over the years. Thanks to Jean-Philippe

Vert for helping me develop the multi-resolution inference approach as well as teaching me about

optimization and statistics, and thanks to Nelle Varoquaux for sharing her extensive knowledge

about chromatin structural inference and best practices in software development.

To the members of my committee, thank you for the rich insight and advice you’ve provided

me over the years. I also appreciated your guidance on structuring the timeline of my PhD.

In addition, I would like to thank all current and past members of the Noble lab for their per-

spectives and suggestions, and for providing a cheerful work environment. In particular, I would

like to thank Gürkan Yardımcı, for his mentorship and guidance throughout the project described

in Chapter 1, as well as Mozes Jacobs, for his hard work in improving functionality of and access

to the PASTIS software.

Lastly, to my partner, thank you for your unwavering support throughout this long process.

vii



DEDICATION

To my partner, Erik.

viii



1

Chapter 1

INTRODUCTION

The three-dimensional organization of the genome plays an important part in regulating numer-

ous basic cellular functions, including gene regulation [68, 80], differentiation [45, 24], the cell

cycle [60], DNA replication, and DNA repair [51]. Numerous lines of evidence also link changes

in diverse components of 3D genome architecture to many different diseases, including cancer,

laminopathies, cohesinopathies, and limb malformation diseases [46]. Furthermore, chromatin has

been shown to exhibit a hierarchy of 3D architectures, which undergo dynamic rearrangement dur-

ing normal development. However, relatively little is known about the large-scale 3D structure of

chromatin.

1.1 Experimental techniques used to assess chromatin structure

The three-dimensional organization of the genome can be experimentally assessed by both sequence-

and imaging-based techniques.

Most sequence-based approaches rely on crosslinking of spacially adjacent chromatin frag-

ments, followed by isolation and sequencing of the paired sequences. Many of these assays are

based on chromatin conformation capture (3C) [22], an early technique that probed pairwise inter-

actions between select loci. 3C and its derivatives use ligation to maintain connectivity between

the crosslinked genomic fragments [50, 66, 37, 29, 59, 26, 39, 57, 60, 67]. These methods out-

put interactions between pairs of loci. Ligation-independent techniques have also been developed

[65, 5, 94, 20, 78, 69], many of which are able to assess multiway contacts between three or more

simultaneously interacting loci in addition to pairwise contacts [65, 5, 94]. Some sequence-based

methods enrich for specific proteins [29, 59, 26, 20, 78, 94] or genomic regions [39, 57, 69] of inter-
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est, whereas others yield genome-wide interactions [50, 66, 37, 65, 5]. While these techniques were

originally developed for bulk data, in which an entire population of cells is measured together, many

have since been extended to work with data from single cells [60, 67, 44, 1]. Of these methods,

none have been adopted as widely as Hi-C [50], an early genome-wide ligation-based technique.

Recent advances in super-resolution microscopy [32, 73, 33, 36], microfluidics, and high-throughput

oligonucleotide-based FISH protocols [8, 6] have enabled assessment of genome-wide chromatin

conformation with unprecedented resolution and throughput. Briefly, these techniques involve hy-

bridizing different probes to sequential segments of each chromosome to enable super-resolution

tracing of chromatin folding. Multiplexing is used to achieve massive throughput. The methods

include multiplex FISH imaging [63, 86], ORCA [54], Hi-M [31], OligoFISSEQ [62], and OligoS-

TORM [7]. Due to the nature of these techniques, they provide data on the single-cell level. How-

ever, these methods have not been adopted as broadly as sequence-based techniques.

1.2 The utility of working with 3D chromatin structures

While direct analyses of contact counts can address many questions of interest, inferred 3D struc-

tures can provide additional value over the original counts matrices. For example, 3D models of

genome architecture can facilitate interpretation, account for noise, and enable integration of other

data types [14]. Structural inference can also orient multiple genomic regions relative to each other

or to nuclear landmarks [3]. Such higher-order interactions arise from accurately inferring 3D struc-

tures from two-dimensional data. Chromatin structures also have potential to be used in ways not yet

explored. For example, it might be interesting to determine whether the 3D structures themselves

contain recurring features and patterns beyond those visible in contact counts matrices.

For diploid organisms, structural inference also has the potential to distinguish between ho-

mologous chromosomes [83, 64, 88, 9, 18, 21], as raw contact count data does not discriminate

intra-homologous interactions from inter-homologous interactions. Phased heterozygous single

nucleotide variant (SNV) data, if available for the sample being assayed, can be used to phase a

small portion of the read pairs. Such data is typically derived from parental genotype information,

although it can also be computationally extracted from the contact count itself using methods such
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as HaploSeq [75]. Either way, the contact counts matrix composed of reads that are phased on each

end is generally very sparse, thus limiting interpretation. Some researchers augment this matrix

by assuming all contacts phased on only one end to be derived from intra-homologous interac-

tions. However, this assumption is clearly not correct, and the resulting inaccuracies likely lead to

problems when this data is used as input to subsequent analyses.

Diploid contact counts that are unphased or improperly phased cannot be used to compare be-

tween homologous chromosomes or assess their relative orientations. Such analyses are especially

interesting in the context of chromosome X inactivation [53, 11], allele-specific expression [77, 70]

and homolog pairing [43] Reliably phased contact counts data would also enable other potentially

interesting avenues for research, such as capitalizing on the mostly shared genetic and environ-

mental conditions between homologous sequences to assess the impact of heterozygous SNVs on

chromatin architecture.

1.3 Methods to infer 3D chromatin structure from contact count matrices

Numerous methods have been developed to infer three-dimensional structures from contact count

matrices (reviewed by [51]). While many of these methods could plausibly apply to the output of

any sequence-based assay of chromatin architecture, nearly all have been developed with Hi-C in

mind and subsequently validated with Hi-C data. These methods can be broadly divided into two

categories based on whether or not multiple structures are inferred from an individual Hi-C matrix.

“Consensus” methods infer a single 3D structure per contact counts matrix [25, 22, 81, 84, 3, 49, 34].

These approaches can be applied to bulk or single-cell Hi-C data. On the other hand, “ensemble”

approaches infer entire populations of 3D structures that jointly explain the observed contact counts

[64, 83, 16, 38, 42, 82, 30, 55, 87, 90, 41]. Ensemble approaches are designed to be applied specif-

ically to bulk data, and claim to mimic the biological heterogeneity in a population. While this is

theoretically a more accurate way to assess the cells assayed by bulk Hi-C experiments, ensemble

approaches are inherently underdetermined, as the number of unknown parameters is very large.

These methods are also typically much more computationally costly than consensus approaches,

which likely limits their widespread adoption by biologists. However, while consensus approaches
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are a natural choice for analysis of single-cell Hi-C data, the structure produced may not resem-

ble any individual cell in the population. Consensus approaches also rely on local optimization

techniques that may miss the global optimum, whereas most ensemble approaches use alternative

techniques, such as Markov chain Monte Carlo sampling [16].

The consensus approaches can be further categorized based on whether they use a probabilistic

loss function. Many consensus methods first convert contact counts to a estimated distance matrix

using some simple heuristic, then apply multidimensional scaling (MDS) to convert this distance

matrix into a 3D structure. Other approaches use statistical models of contact counts to better

account for noise.

1.4 Challenges in chromatin structural inference

Despite the abundance of 3D structural inference methods, many challenges remain. In general,

accuracy suffers as coverage, and thus the ratio of signal to noise, decreases. While probabilistic

methods may be better suited to noisy data, they typically incur higher computational costs than

MDS-based approaches. Low coverage can also be managed by decreasing the resolution of the

inferred structure, but this is not desirable because some features are only visible at high resolution.

Some recently published datasets have sufficient coverage to enable high-resolution analyses [68],

but computational requirements increase exponentially as resolution increases. Additionally, there

is great interest in inferring structures for single-cell datasets, which are inherently low-coverage.

To our knowledge, only six existing methods are capable of inferring diploid chromatin struc-

tures from bulk Hi-C data. Two of these methods are “ensemble” methods that infer a population

of structures from a given Hi-C experiment [83, 64]. The other four are “consensus” methods,

meaning that they infer a single structure per counts matrix [88, 9, 18, 21]. The method intro-

duced by Belyaeva et al. infers chromatin structures via a MDS-based method [9]. It only accepts

unphased counts as input, and any available phasing information must be obscured. In order to

resolve diploid structures, this method requires data from experiments that measure multiway chro-

matin interactions between three or more simultaneously interacting loci in addition to the pairwise

counts provided by Hi-C. Another method, ASHIC solves the diploidy problem via an expecta-
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tion–maximization algorithm that iterates between predicting the homolog assignments of unphased

Hi-C data and inferring a diploid 3D structure via a probabilistic loss function [88]. However, it can

only infer one chromosome at a time, and extending the method to solve whole-genome structures

would not be trivial. Additionally, ASHIC requires a portion of the input counts to be phased a

priori. Another diploid inference method, SNLC [21], also requires phased data as input. Addi-

tionally, a large portion of the data is discarded. If less than a certain percentage of the total reads

associated with given locus are phased on both ends, that locus is labeled as “unphased” and any

phased reads mapped to this locus are discarded. Otherwise, the locus is labeled as “phased” and

all unphased reads mapping to this are discarded. Reads that are phased on one end but not another

are also discarded. SNLC first infers the spatial coordinates of “phased” loci via semidefinite pro-

gramming, then fills in the positions of “unphased” loci via numerical algebraic geometry, local

optimization, and clustering. The fourth approach, PASTIS, relies on a Poisson model of contact

counts and disambiguates homologous chromosomes with the help of additional constraints [18].

PASTIS is the only diploid structural inference method that is simultaneously capable of inferring

structures in the absence of phased data and is also able to accept any available contacts that are

phased on one or both ends.

1.5 Organization of dissertation

The remaining chapters in this thesis discuss two methods for inferring consensus diploid chromatin

structures from bulk Hi-C data, the latter of which builds upon the former. Chapter 3 describes

PASTIS, the first published method to achieve this task [18]. It is itself an extension of a previous

probabilistic method for inferring the chromatin structures of haploid genomes [84]. The modi-

fied approach outlined in the subsequent chapter substantially improves the quality of inference of

diploid genomes. It utilizes a technique called multiscale optimization, an optimization strategy

that solves a large optimization problem by building upon the solutions to smaller versions of the

problem [58]. Lastly, concluding thoughts are provided in Chapter 4.
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Chapter 2

INFERRING DIPLOID 3D CHROMATIN STRUCTURES FROM HI-C
DATA

This chapter is adapted from the following work:

A. G. Cauer, G. Yardimci, J.-P. Vert, N. Varoquaux, and W. S. Noble. Inferring diploid 3D chro-

matin structures from Hi-C data. In Katharina T. Huber and Dan Gusfield, editors, 19th Interna-

tional Workshop on Algorithms in Bioinformatics (WABI 2019), volume 143 of Leibniz Interna-

tional Proceedings in Informatics (LIPIcs), pages 11:1–11:13, Dagstuhl, Germany, 2019. Schloss

Dagstuhl–Leibniz-Zentrum fuer Informatik

2.1 Introduction

The 3D organization of the genome plays an important role in regulating basic cellular functions,

including gene regulation [68, 80], differentiation [45, 24], and the cell cycle [61]. Chromosome

conformation capture techniques such as Hi-C measure the frequency of interactions between pairs

of loci, thereby allowing a systematic analysis of genome structure. Although Hi-C contact matrices

yield valuable insights, modeling and visualizing genome structures in 3D can unveil relationships

and higher-order structural patterns that are not apparent in the raw data [25, 83, 61, 51] by pro-

viding a humanly interpretable 3D structure, orienting genomic regions relative to various nuclear

landmarks, and serving as a framework for integrating other data types [12]. Embedding contact

count data in a 3D Euclidean space can also reduce noise in the underlying Hi-C data.

Previous methods to inferring chromatin structure from population Hi-C data fall into one of

two broad categories. “Ensemble” approaches create populations of 3D structures that jointly ex-

plain the observed Hi-C data [64, 83, 16, 38, 42, 82, 30, 55, 87, 90, 41]. Theoretically, structural

ensembles can mimic the heterogeneity of cells in a population. However, these methods are fre-
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quently underdetermined because there are often more parameters to estimate for a large population

of cells than data points. Ensemble models can also be difficult to validate and interpret. “Con-

sensus” approaches, on the other hand, make the assumption that bulk Hi-C data can be accurately

summarized in a single, consensus 3D structure [25, 22, 81, 84, 3, 49, 34]. Modeling a single struc-

ture tends to be less computationally demanding than modeling an entire population of structures.

Furthermore, the resulting model has the advantage of relatively straightforward visualization and

interpretation.

For either ensemble or consensus approaches, a particular challenge is presented by Hi-C data

derived from diploid organisms. As in most high-throughput sequencing experiments, a typical Hi-

C experiment does not produced phased data; that is, the data does not distinguish between allelic

copies. Thus, an observation of a single Hi-C contact between loci 𝑖 and 𝑗 corresponds to one of

four possible events: either copy of locus 𝑖 coming into contact with either copy of locus 𝑗. Any

3D inference method that aims to model diploid genomes must accurately account for this allelic

uncertainty.

A variety of strategies have been developed to account for diploidy in Hi-C 3D models. In

general, ensemble models face less of a challenge on this front, since the two allelic copies can

be treated like additional members of the ensemble. Among consensus methods, by far the most

common approach is to assume that the two homologous copies of a given chromosome share the

same 3D structure [84, 49, 92] and then to model each chromosome separately.

We are aware of only three previous attempts to model diploidy in non-ensemble methods.

Previously, we described an extension of our PASTIS software to handle the near-haploid cell line

KBM7 [4]. We proposed to infer jointly the distribution of contact counts between homologs and

the 3D structures by maximizing a constrained and relaxed likelihood. However, this relaxation is

unsatisfying, as it yields non-integer counts modeled as random Poisson variables. More recently,

two separate research groups have developed methods for modeling diploid genomes from single-

cell data [15, 79]. However, these methods cannot be directly applied to bulk Hi-C data, which is

much more widely available.

In this work, we propose a method to infer diploid consensus 3D models from Hi-C data. Our
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approach builds upon PASTIS [84], which infers 3D models by using a Poisson model of Hi-C

counts coupled with a simple biophysical model of polymer packing. The key idea of extending

PASTIS to infer diploid genomes is to explicitly model the uncertainty of allelic assignments for

each observed read. We consider two distinct settings: the more challenging setting where the data

is fully ambiguous, and the setting where a subset of the reads can be mapped to a single parental al-

lele. To assist in inference, we incorporate several constraints into our objective function, reflecting

our prior knowledge of genome architecture. Through extensive simulations, we demonstrate that

our approach can successfully model two distinct homologous chromosome structures, given a suf-

ficient number of reads, even when the data is fully ambiguous. We also apply our approach to real

Hi-C data derived from a first generation (F1) cross of two divergent mouse strains (F121 and Cas-

taneus). The resulting diploid model of the X chromosome exhibits the expected “superdomain”

structure [23], and is quite distinct from the inferred structure of the inactive X.

2.2 Method

Hi-C experiments involve sequencing pairs of interacting DNA fragments. Specifically, cells are

cross-linked, DNA is digested using a restriction enzyme, and interacting fragments are then ligated

together. Fragments are subsequently sequenced through paired-end sequencing, and each mate is

associated with one interacting locus. Hi-C data can then be summarized in a symmetric 𝑛 × 𝑛

contact count matrix 𝐶 , where each row and column corresponds to a genomic locus and each

matrix entry 𝑐𝑖𝑗 to the number of time those two loci have been observed to interact.

For diploid organisms, reads from homologous chromosomes cannot be distinguished from one

another, and the resulting Hi-C matrix aggregates contact counts from homologous chromosomes

into a single Hi-C matrix (Figure 2.1). The challenge of inferring diploid structures from Hi-C

data lies in disambiguating the contact counts from the two homolog chromosomes. We call these

aggregated counts “ambiguous,” and denote by 𝐶𝐴 the corresponding contact count matrix. If the

parental genomes are known a priori, then a small proportion of reads can be mapped to each

haplotype: contact counts from the two homolog chromosomes can be disambiguated based on

heterozygous positions, yielding a single-allele Hi-C count matrix [68, 23]. We refer to these counts



9

as “unambiguous” and denote the corresponding matrix by 𝐶𝑈 . On the other hand, if only one mate

can be mapped uniquely to one of the homologous chromosome, then the contact count is only

partially disambiguated between the two homologs. We refer to these as “partially ambiguous”

contact counts, and we denote the corresponding matrix by 𝐶𝑃 .

We model chromosomes as 𝑚 evenly-spaced beads, and we denote by 𝐗 = (𝑥1,⋯ , 𝑥𝑚) ∈ ℝ3×𝑚

the coordinate matrix of the structure. The variable 𝑚 denotes the total number of beads in the

genome, and 𝑥𝓁 ∈ ℝ3 corresponds to the 3D coordinate of the 𝓁th bead. In the case of a haploid

structure, the number of beads corresponds to the number of rows and columns in the contact count

matrix 𝐶: 𝑛 = 𝑚.

2.2.1 Inferring haploid structures with a Poisson model

Before we turn to inferring diploid structures, let us first review the approach proposed by PASTIS [84]

to infer haploid 3D structures from a bulk Hi-C contact map 𝐂. PASTIS models the interaction

frequency between genomic loci 𝑖 and 𝑗 as a random independent Poisson variable, where the in-

tensity of the Poisson distribution is a decreasing function 𝑓 of the Euclidean distance between the

two beads (𝑑𝑖𝑗). Leveraging relationships found from studying biophysical properties of DNA as

a polymer, PASTIS sets this function as follows: 𝑓 (𝑑𝑖𝑗) ∼ 𝑑𝛼𝑖𝑗 , 𝛼 < 0. The 𝛼 parameter can be set

using prior knowledge (e.g., 𝛼 = −3), or inferred jointly with the 3D structure. Inference is thus

performed by maximizing the likelihood of the following Poisson model:

𝑐𝑖𝑗 ∼ Poisson
(

𝑏𝑖𝑏𝑗𝛽𝑑
𝛼
𝑖𝑗

)

, (2.1)

where 𝛽 scales for the total number of contacts in the matrix (“coverage”), and 𝑏𝑖 and 𝑏𝑗 are locus-

specific biases that are estimated using a standard procedure [40].

Our strategy to infer diploid structures builds upon this approach. Note that inferring a diploid

structure from “unambiguous” contact counts 𝐶𝑈 is similar to inferring a haploid structure from a

classic Hi-C experiment, with the only difference concerning the biases, which are computed using

all contact counts available per locus.
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Figure 2.1: Inferring 3D structure using ambiguous diploid data. Each observed count (left) corresponds to a
sum of four pairs of genomic loci (right). The Poisson model must be adjusted to account for this ambiguity.

2.2.2 Modeling contact counts of diploid structures with a Poisson model

We propose to extend PASTIS to diploid genomes by leveraging the properties of each type of Hi-C

contact map: ambiguous, partially ambiguous, and unambiguous. Let us first take a closer look at

the common scenario, where the data is fully ambiguous.

For a given ambiguous contact count matrix𝐶𝐴, each observed contact count 𝑐𝐴𝑖𝑗 between a given

pair of loci (𝑖, 𝑗) corresponds to the sum of four different unambiguous contact counts (Figure 2.1):

𝑐𝐴𝑖𝑗 =
∑

𝓁∶Φ(𝓁)=𝑖

∑

𝑝∶Φ(𝑝)=𝑗
𝑐𝑈𝓁𝑝 , (2.2)

where Φ ∶ [1, 𝑛] → [1, 𝑚] is the mapping that associates bead 𝓁 with locus 𝑖. Leveraging the prop-

erty that the sum of 𝑖 independent Poisson random variables of intensities 𝜆𝑖 is a Poisson variable

of intensity
∑

𝑖 𝜆𝑖, we model the interaction count as

𝑐𝐴𝑖𝑗 ∼ Poisson

(

𝑏𝑖𝑏𝑗𝛽
𝐴

∑

𝓁∶Φ(𝓁)=𝑖

∑

𝑝∶Φ(𝑝)=𝑗
𝑑𝛼𝓁𝑝

)

, (2.3)

where 𝑚 is the number of loci, 𝑛 is the number of beads, 𝑑𝓁,𝑝 is the Euclidean distance between

beads 𝓁 and 𝑝, and 𝛽𝐴 is a scaling factor determined by the coverage of the ambiguous contact

count matrix.
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Similarly, for a given partially ambiguous contact count matrix𝐶𝑃 , each observed contact count

𝑐𝑃𝑖𝑗 between a given pair of loci corresponds to the sum of two unambiguous contact counts, and is

modeled by the interaction frequency of two pairs of loci.

𝑐𝑃𝑖𝑗 ∼ Poisson

(

𝑏𝑖𝑏𝑗𝛽
𝑃

∑

𝓁∶Φ(𝓁)=𝑖
𝑑𝛼𝓁𝑗

)

(2.4)

𝛽𝑃 is a scaling factor determined by coverage of the partially ambiguous contact count matrix.

We can thus cast the 3D structure inference as maximizing the log-likelihood

max
𝐗

(𝑋) = 𝑈 (𝑋) + 𝑃 (𝑋) + 𝑁 (𝑋)

=
∑

1≤𝑖<𝑗≤𝑚
𝑐U
𝑖𝑗 log(𝑏𝑖𝑏𝑗𝛽

U𝑑𝛼𝑖𝑗) − 𝑏𝑖𝑏𝑗𝛽
U𝑑𝛼𝑖𝑗+

∑

1≤𝑖≤𝑛

∑

1≤𝑗≤𝑛,𝑖≠𝑗
𝑐P
𝑖𝑗 log

(

𝑏𝑖𝑏𝑗𝛽P ∑

𝓁∶Φ(𝓁)=𝑖
𝑑𝛼𝓁𝑗

)

− 𝑏𝑖𝑏𝑗𝛽P ∑

𝓁∶Φ(𝓁)=𝑖
𝑑𝛼𝓁𝑗+

∑

1≤𝑖<𝑗≤𝑛
𝑐A
𝑖𝑗 log

(

𝑏𝑖𝑏𝑗𝛽A ∑

𝓁∶Φ(𝓁)=𝑖

∑

𝑝∶Φ(𝑝)=𝑗
𝑑𝛼𝓁𝑝

)

− 𝑏𝑖𝑏𝑗𝛽A ∑

𝓁∶Φ(𝓁)=𝑖

∑

𝑝∶Φ(𝑝)=𝑗
𝑑𝛼𝓁𝑝

(2.5)

Note that this approach holds for polyploid genomes in addition to diploid genomes.

2.2.3 Incorporating prior knowledge

Because the resulting optimization is challenging, we add two constraints that reflect our prior

knowledge about chromatin 3D structure: two neighboring beads should not be too far apart from

one another, and homologs of most organisms occupy distinct territories [79, 76, 10, 63].

The first constraint maintains bead-chain connectivity by minimizing the variance in the dis-

tance between neighboring beads:

ℎ1(𝐗) = |𝜔|

∑

𝓁∈𝜔 𝑑
2
𝓁,𝓁+1

(
∑

𝓁∈𝜔 𝑑𝓁,𝓁+1
)2

− 1 , (2.6)
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where 𝜔 includes all beads except for cases where the given bead (𝓁) and the subsequent bead

(𝓁 + 1) lie on different molecules. This ensures that only intra-molecular distances are included in

the constraint. This type of constraint has been used previously in Simba3D [72].

The second constraint aims to disentangle the structures of the two homologs, and operates on

the distance between homolog centers of mass. Specifically, it compares the expected distances

between homolog centers of mass for chromosome 𝜓 (𝑟𝜓 ), as estimated prior to diploid inference,

with the actual distances between homolog centers of mass in the current inferred structure (𝑟′𝜓 ), as

defined below:

𝑟′𝜓 =
‖

‖

‖

‖

‖

‖

1
|♂𝜓 |

∑

𝑗∈♂𝜓

𝐗𝓁 −
1

|♀𝜓 |

∑

𝑝∈♀𝜓

𝐗𝑝

‖

‖

‖

‖

‖

‖

, (2.7)

where 𝜓 denotes the chromosome, and ♂𝜓 and ♀𝜓 denote the set of beads associated with the two

homologs of chromosome 𝜓 . The constraint penalizes structures in which the distance between

homolog centers of mass is less than the distance expected for that chromosome. It takes the form

ℎ2(𝐗) =
∑

𝜓
max

(

0, 𝑟𝜓 − 𝑟′𝜓
)2
. (2.8)

We note that such a penalty may be interpreted as a log-prior in a Bayesian setting, where the

distance between homolog centers of mass of chromosome 𝑐 is a priori normally distributed with

mean 𝑟𝜓 .

When unambiguous data is available, the values of 𝑟𝜓 may be estimated via the distances be-

tween homolog centers of mass in an extremely coarse-grained structure inferred from unambigu-

ous data alone. Alternatively, when unambiguous data is not available, 𝑟𝜓 may be estimated as the

mean distance between chromosome centers of mass in a coarse-grained structure inferred from

ambiguous data, since this distance is expected to be similar to that between homologs.

We penalize the likelihood in Equation 2.5 and solve the following optimization problem via

L-BFGS-B, a widely used quasi-Newton method[13]:

max
𝐗

(𝑋) + 𝜆1ℎ1(𝑋) + 𝜆2ℎ2(𝑋) , (2.9)
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where 𝜆1 and 𝜆2 are penalization parameters, the values of which were chosen via a grid search.

A version of PASTIS that implements the diploid inference approach is available at https://

github.com/hiclib/pastis.

2.2.4 Data

Simulated Hi-C data

To validate our approach, we generated 10 simulated genomes with coverage, number of beads,

and ratios of disambiguated contact counts corresponding to those of Hi-C data from the mouse

Patski cell line (described in Section 2.2.4) at 500 kb resolution. We also generated additional sets

of 10 simulated genomes with the same number of beads, varying the proportion of ambiguous,

unambiguous, and partially ambiguous contact counts.

To simulate “true” structures, we applied a random walk algorithm. This algorithm places beads

successively along each chromosome, constraining each bead to lie within a given distance of the

previous bead, provided the new bead does not overlap with any of the previously placed beads and

that the entire homolog fits within a sphere of a predefined radius. We then derive unambiguous

counts using the following model:

𝑐𝑖𝑗 = Poisson
(

𝛽𝑑𝛼𝑖𝑗
)

, (2.10)

where 𝛼 = −3, corresponding to a previously used theoretical exponent for the contact-to-distance

transfer function [84]. To convert unambiguous counts to ambiguous or partially ambiguous counts,

we summed contacts from the appropriate pairs of loci. In all experiments, we simulated a 343-

bead chromosome with 9.3 × 106 reads, which corresponds to the number of beads and reads in

the real data we examined. All simulated Hi-C data used for this project is available at available at

https://noble.gs.washington.edu/proj/diploid-pastis/.

https://github.com/hiclib/pastis
https://github.com/hiclib/pastis
https://noble.gs.washington.edu/proj/diploid-pastis/
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Real Hi-C data

We applied our method to publicly available in situ DNAse Hi-C of Patski fibroblast mouse kidney

cells [23]. This line was derived from F1 female embryos, obtained by mating a BL6 female with

a Spretus male. The BL6 female had an Hprt mutation, so hypoxanthine-aminopterin-thymidine

medium was used to select for cells with X chromosome inactivation on the maternal allele. All

real Hi-C data used for this project is available at available at https://noble.gs.washington.

edu/proj/diploid-pastis/.

2.2.5 Structure similarity measures

We use the following quantitative measures of similarity between 3D structures to determine the

quality of structures inferred from simulated data and assess the stability of chromatin structures

across biological replicates.

Root mean square deviation (RMSD) is a common way of comparing two three dimensional

structures described by their coordinates 𝐗, 𝐗′ ∈ 𝑅3×𝑚. RMSD is defined as

𝑅𝑀𝑆𝐷 = min
𝑋∗

√

∑𝑚
𝑖=1(𝐗𝑖 − 𝐗∗

𝑖 )2

𝑚
, (2.11)

where 𝐗∗ is obtained by translating, rotating, and rescaling 𝐗′ (𝐗∗ = 𝑠𝐑𝐗′ − 𝐭 where 𝐑 ∈ 𝑅3×3

is a rotation matrix, 𝐭 ∈ 𝑅3 is a translation vector, and 𝑠 is a scaling factor). RMSD values are

computed independently on each homolog of each chromosome and summed.

Distance error [84] assesses the similarity between two distance matrices. This measure assigns

more weight to long distances than RMSD. It is given by

𝑑𝑖𝑠𝑡𝐸𝑟𝑟𝑜𝑟 = min
𝑋∗

√

∑

𝑖∈𝛾(𝑑𝑖(𝐗) − 𝑑𝑖(𝐗∗))2

𝑚
, (2.12)

where 𝛾 is a set of distances of interest (e.g., intra-chromosomal distances). The structure 𝐗∗ is

obtained by rescaling 𝐗′ (𝐗∗ = 𝑠𝐗′ where 𝑠 is a scaling factor). To distinguish discrepancies in

https://noble.gs.washington.edu/proj/diploid-pastis/
https://noble.gs.washington.edu/proj/diploid-pastis/
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intra-chromosomal structure from those affecting the relative orientation of each pair of homologs

or the relative orientation of different chromosome pairs, we compute distance error in two ways.

Intra-chromosomal distance error is computed separately for each homolog of each chromosome,

and 𝛾 encompasses distances between all beads of the given homolog. Inter-homolog distance error

is computed separately for chromosome pair, and 𝛾 encompasses distances connecting all beads of

two different homologs of a given chromosome. For both measures, values are summed for all

chromosomes.

2.3 Results

2.3.1 Constraints improve ambiguous inference.

First, we assessed the accuracy of our method on simulated datasets (Section 2.2.4) using ambigu-

ous data alone, with and without our proposed constraints. Because of the lack of disambiguated

contact counts, we expected this inference task to be difficult. Our results demonstrated that the two

sets of constraints—bead-chain connectivity and homolog separation—are necessary for successful

inference. In the absence of the constraints, ambiguous inference performed poorly (Figure 2.2).

Specifically, inferred homolog structures overlapped one another, and adjacent beads sometimes

had large gaps between one another. The homolog separation constraint (Equation 2.8) and the

bead-chain connectivity constraint (Equation 2.6) were specifically designed to address these prob-

lems. Therefore, we repeated the inference with each constraint individually and the two constraints

in combination. In this experiment, we compared results generated with and without each con-

straint at the optimal 𝜆 values (𝜆1 = 108 and 𝜆2 = 1010, respectively). The results showed that

RMSD and distance error are lowest when both constraints were incorporated (Figure 2.2), and

error scores obtained from structures inferred with both constraints were significantly lower than

those obtained from structures inferred without constraints (pairwise t-test, Bonferroni corrected

𝑝-value <0.05, Supplementary Table A.1). 3D structures produced with the constraints had fewer

large gaps between neighboring beads and exhibited distinct territories for the two homologs. With

both constraints, optimization on a heterogeneous CPU cluster running at 1.90-2.4 GHz took an
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average of two hours to converge (averaged over 50 jobs).

As an additional control for the previous experiment, we sought to confirm that the Poisson

model for ambiguous diploid contact counts improved inference above what could be attained by

the constraints alone. Accordingly, we compared results generated with simulated ambiguous data

to “null” structures, which were inferred with the same initialization and constraints but without the

Poisson model. Both measures of intra-homolog similarity showed a clear improvement when the

Poisson model was incorporated in inference (Figure 2.2). On the other hand, the inter-homolog

distance error did not improve with the addition of the Poisson model, suggesting that the constraints

are the primary influence in orienting the homologs relative to one another.

A

B Inferred

Simulated No constraints
Homolog
separation
constraint

Bead-chain
connectivity

constraint
Both constraints

Figure 2.2: Constraints improve ambiguous inference. The simulated data consists of a single diploid chromo-
some with 9.3×106 reads and 343 beads, the size of which corresponds to mouse chromosome X at 500 kb resolution.
(A) The quality of the inferred structure, as measured by three different error scores (y-axis), improves upon application
of the bead-chain connectivity constraint (𝜆1 = 108) and the homolog separation constraint (𝜆2 = 1010). Best results
are seen when both constraints are applied simultaneously. Each point corresponds to a single inferred structure, and
colors indicate the simulated true structure from which counts were derived. “Null” indicates inference performed
without the Poisson model. Corresponding 𝑝-values are in Supplementary Table A.1. (B) A simulated chromosome is
shown alongside inferred versions of the same chromosomes using various strategies. Each panel also lists the RMSD
and distance error associated with the given structure, relative to the true structure.
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Figure 2.3: Inference with ambiguous and disambiguated data. The simulated data consists of a single chro-
mosome with 9.36 reads and 343 beads, the size of which corresponds to mouse chromosome X at 500 kb resolution.
The quality of the inferred structure, as measured by three different error scores (y-axis), improves when one or both
ends of a contact are disambiguated, and best results are seen in the latter case. “A” indicates ambiguous data, “U”
indicates unambiguous data, and “P” indicates partially ambiguous data. Each point corresponds to a single inferred
structure, and colors indicate the simulated true structure from which counts were derived. Corresponding 𝑝-values are
in Supplementary Table A.2.

2.3.2 Best results obtained by incorporation of disambiguated data.

We expected that more accurate structure inference could be achieved using data where one or more

ends of each contact count was disambiguated, relative to fully ambiguous data. We also expected

that unambiguous data, in which both ends of each contact count are disambiguated, would yield

better models than partially ambiguous data, in which only one end of each contact count is dis-

ambiguated. To test these hypotheses, we simulated partially ambiguous data and unambiguous

data. Across all similarity measures, inference with unambiguous data performed best, and infer-

ence with ambiguous data performed worst, as expected (Figure 2.3). Partially ambiguous contacts

seem especially beneficial in inference of intra-homolog structure, since intra-homolog RMSD and

distance error of structures inferred with partially ambiguous counts was significantly lower than

intra-homolog RMSD and distance error of structures inferred with ambiguous counts (pairwise

t-test, Bonferroni corrected 𝑝-value <0.05, Supplementary Table A.2).

2.3.3 Inference successfully identifies the superdomain structure of the inactive X chromosome.

Deng et al. [23] previously showed that inactive X chromosome adopts a bipartite structure with

two large superdomains, whereas the active homolog does not. We sought to validate our approach

by inferring the mouse X chromosome structure and examining the degree to which each homolog
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Figure 2.4: Bipartite structure of the mouse inactive X chromosome. The bipartite index (y-axis) at each genomic
distance bin (x-axis) for the active (orange) and inactive (blue) homologs of the mouse X chromosome. The black line
corresponds to the known boundary between superdomains of the inactive homolog at bin 146.

exhibits a bipartite structure. Bipartite structure was assessed via the “bipartite index,” which refers

to the ratio of the frequency of counts within each superdomain to those between superdomains

[23]. To determine the bipartite index of an inferred 3D structure, we induced counts by applying

the biophysical model used during inference (Equation 2.10) to the distances between beads.

We inferred a 3D structure for the mouse X chromosome at 500 kb resolution and computed

the bipartite index at each bin along the chromosome. The boundary between superdomains of the

inactive X chromosome has been shown to center at position 72.8–72.9 Mb (mm9, corresponding to

bead 146 in our structure) [23]. In our analysis, the bipartite index of the inferred inactive homolog

exhibited a prominent peak around position 75 Mb (corresponding to bead 150), whereas the active

homolog only had a relatively small peak at this position (Figure 2.4). This observation suggests

that the inference method has successfully recovered this known feature of the mouse inactive X

chromosome.
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2.4 Discussion

Three-dimensional structural inference of diploid genomes is a challenging problem because most

Hi-C data is inherently ambiguous and does not discriminate between contact counts from the two

homologs of a given chromosome. Even in the rare cases when parental genotype information

is available, only a minority of reads can be disambiguated. As a consequence, many inference

methods have modeled a single structure per diploid chromosome [84, 49, 92]. Such an approach

assumes that the two homologous copies of a given chromosome have the same 3D structure and

prevents structural inference of more than one chromosome at a time. Because of these limitations,

the degree of structural similarity between homologous autosomes is not currently well understood.

In this work, we show how to carry out true diploid structural inference by modifying the ob-

jective function of PASTIS, a previously published haploid inference method [84]. PASTIS models

each contact count via a Poisson distribution of a biophysical model between pairwise distances

connecting the corresponding beads. In this work, we model each diploid contact count as the

sum of biophysical models between all possible distances between the corresponding bead on each

homolog. We combine this modified Poisson model with two constraints that limit the scope of

possible solutions to more realistic structures. One constraint enforces even spacing of beads along

the chain of the chromosome, and the other serves to spatially separate homologs. Using simula-

tions, we show that the most accurate structures are obtained by inferring with the Poisson model

in conjunction with both constraints. We note that the homologs of our simulated structures oc-

cupy distinct territories. While this is the case for many organisms, there are some exceptions

[56, 79, 76, 10, 63]; therefore, the weight assigned to the homolog separation constraint should be

tuned for each organism based on prior knowledge. These analyses were performed at the relatively

coarse resolution of 500 kb, and the relationship between resolution, coverage, computational cost,

and accuracy of this method remains unexplored.

A limitation to this method involves the distribution of contact count data, which may be better

fit by a negative binomial model than a Poisson model [17]. Unfortunately, our method of diploid

inference relies on a specific property of Poisson models, namely, that the sum of multiple Poisson
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variables is also a Poisson variable. Another caveat involves the biophysical model used during

inference (Equation 2.10), which may not accurately capture the relationship between contact counts

and pairwise distances in all situations. For example, this relationship may vary depending on the

organism, resolution, genomic distance range, and cell cycle status [93, 2, 3, 48, 28]. We also note

that in the completely ambiguous case, it is possible that the inferred homologs represent different

subpopulations within the sample rather than separating the two haplotypes.

We envision several ways in which diploid PASTIS could be further improved. First, diploid

PASTIS could allowing for joint estimation of the 𝛼 parameter of the biophysical model alongside

the 3D structure, as is possible for haploid PASTIS. Second, results could potentially be improved by

incorporating a multiscale optimization strategy, in which a high-resolution structures is inferred

in a stepwise fashion through multiple rounds of inference with gradually increasing resolution.

Similarly, inference of the whole genome may be improved by a stepwise approach where each

chromosome is first inferred individually before being placed in the context of the whole genome.
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Chapter 3

A MULTI-RESOLUTION OPTIMIZATION STRATEGY FOR
INFERRING 3D GENOME ARCHITECTURE FROM HI-C DATA
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3.1 Introduction

The three-dimensional organization of the genome plays an important part in regulating numer-

ous basic cellular functions, including gene regulation [68, 80], differentiation [45, 24], the cell

cycle [60], DNA replication, and DNA repair [51]. Numerous lines of evidence also link changes

in diverse components of 3D genome architecture to many different diseases, including cancer,

laminopathies, cohesinopathies, and limb malformation diseases [46]. However, there is still much

to discover about the large-scale 3D structure of chromatin. Chromatin conformation capture as-

says, such as Hi-C [50], probe chromatin structure by quantifying interactions between pairs of

loci. While direct analyses of contact counts can address many questions of interest, inferred 3D

structures can provide additional value over the original counts matrices. For example, 3D models

of genome architecture can facilitate interpretation, account for noise, enable integration of other

data types [14], orient genomic regions relative to each other or to nuclear landmarks [3], and dis-

criminate between the homologs of a diploid organism [18].

Numerous methods have been developed to infer three-dimensional structures from Hi-C con-

tact count matrices (reviewed by [51]). These methods can be broadly divided into two categories

based on whether or not multiple structures are inferred from an individual bulk Hi-C matrix.

“Consensus” approaches assume that bulk Hi-C data can be represented by a single 3D structure

[25, 22, 81, 84, 3, 49, 34], whereas “ensemble” approaches infer populations of 3D structures that

jointly explain the observed contact counts [64, 83, 16, 38, 42, 82, 30, 55, 87, 90, 41]. The consen-

sus approaches can be further categorized based on whether they use a probabilistic loss function.

Many consensus methods first convert contact counts to a estimated distance matrix using some

simple heuristic, then apply multidimensional scaling (MDS) to convert this distance matrix into a

3D structure. Other approaches use statistical models of contact counts to better account for noise.

Despite the abundance of methods, many challenges remain. In general, accuracy suffers as cov-

erage, and thus the ratio of signal to noise, decreases. While probabilistic methods may be better

suited to noisy data, they typically incur higher computational costs than MDS-based approaches.

Low coverage can also be managed by decreasing resolution, but this is not desirable because some
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features are only visible at high resolution. Some recently published datasets have sufficient cover-

age to enable high-resolution analyses [68], but computational requirements increase significantly

as resolution increases. Additionally, there is great interest in inferring structures for single-cell

datasets, which are inherently low-coverage.

To facilitate inference in difficult settings, previous methods have employed multiscale opti-

mization, an optimization strategy that solves a large optimization problem by building upon the

solutions to smaller versions of the problem [58]. Multiscale-based approaches have a number of

theoretical benefits. For example, multiscale optimization may help navigate complex and non-

convex loss functions, and lead to final solutions with smaller energies than the local optima found

by non-multiscale methods. This is because the smaller problems that multiscale optimization

solves first may have relatively low-dimensional search spaces, and the landscape of potential solu-

tions to the full problem is constrained by the solutions obtained by these smaller problems. Addi-

tionally, multiscale approaches may reduce computational cost, depending on the relative costs of

the full problem and its various sub-problems.

We are aware of three previous methods that use multiscale optimization in the context of chro-

matin structural inference from bulk or single-cell Hi-C data, all of which inferred one consensus

structure for a given counts matrix. Two of these methods, Rieber et al. and Segal et al., first per-

formed structural inference on partitions of Hi-C data and then assembled the resulting structures

relative to one another [71, 74]. The third method, Rosenthal et al., gradually increased resolution

in successive rounds of optimization [72]. All three methods were reported to improve the accuracy

of inferred structures and reduce computational cost.

Despite these benefits, each method also had significant drawbacks. For one, the methods Rieber

et al. and Segal et al. do not use probabilistic models. The code from Segal et al. is also not publicly

available. Furthermore, the Rieber et al. and Rosenthal et al. methods have substantial limitations

related to the function they use to convert between counts and distances. All three methods employ

a commonly used counts-to-distance transfer function derived from a biophysical model of polymer

packing [50]. Given an appropriate exponent, this function defines a realistic relationship between

counts and Euclidean distances. Despite its advantages, the exponent used in this transfer function
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depend on cell cycle [48] and organism [28]. Accordingly, in order to avoid systematic biases in

the inferred structure, the exponent must be tuned to each dataset. However, Rieber et al. and

Rosenthal et al. do not offer a way to tune the exponent. Furthermore, while the transfer function

is also highly dependent on resolution [93, 92, 84], Rieber et al. and Rosenthal et al. apply the

same transfer function to different resolutions of the counts matrix. This limits the accuracy of the

structures inferred by these methods.

Lastly, like most structural inference methods, the three multiscale-based approaches are not ca-

pable of interring chromatin structures from diploid Hi-C data that is unphased, as nearly all diploid

data is. Unphased diploid data does not discriminate between homologs of a diploid chromosome.

Although phased heterozygous SNVs, if available, can be used to phase a portion of the reads, the

resulting matrix of counts that are phased on both ends is typically extremely sparse. Thus, struc-

tural inference of diploid genomes is an inherently difficult task. When used on unphased diploid

data, haploid inference methods can only be applied one chromosome at a time, and they make the

unrealistic assumption that both copies of the target chromosome adopt identical 3D conformations.

To our knowledge, only six existing methods are capable of inferring diploid chromatin struc-

tures from bulk Hi-C data. Two of these methods are “ensemble” methods that infer a population

of structures from a given Hi-C experiment [83, 64]. The other four are “consensus” methods,

meaning that they infer a single structure per counts matrix [88, 9, 18, 21]. The method intro-

duced by Belyaeva et al. infers chromatin structures via an MDS-based method [9]. It only accepts

unphased counts as input, and any available phasing information must be obscured. In order to

resolve diploid structures, this method requires data from experiments that measure multiway chro-

matin interactions between three or more simultaneously interacting loci in addition to the pairwise

counts provided by Hi-C. Another method, ASHIC solves the diploidy problem via an expecta-

tion–maximization algorithm that iterates between predicting the homolog assignments of unphased

Hi-C data and inferring a diploid 3D structure via a probabilistic loss function [88]. ASHIC can

only infer one chromosome at a time, and extending the method to solve whole-genome structures

would not be trivial. Additionally, ASHIC requires a portion of the input counts to be phased a

priori. Another diploid inference method, SNLC [21], also requires phased data as input. Addi-



25

tionally, a large portion of the data is discarded. If less than a certain percentage of the total reads

associated with a given locus are phased on both ends, then that locus is labeled as “unphased” and

any phased reads mapped to this locus are discarded. Otherwise, the locus is labeled as “phased”

and all unphased reads mapping to this locus are discarded. Reads that are phased on one end

but not another are also discarded. SNLC first infers the spatial coordinates of “phased” loci via

semidefinite programming, then fills in the positions of “unphased” loci via numerical algebraic

geometry, local optimization, and clustering. The fourth approach, PASTIS, relies on a Poisson

model of contact counts and disambiguates homologous chromosomes with the help of additional

constraints [18]. PASTIS is the only diploid structural inference method that is simultaneously

capable of inferring structures in the absence of phased data and is also able to accept any avail-

able contacts that are phased on one or both ends. However, none of these diploid methods utilize

multiscale optimization.

Accordingly, we have developed a diploid multiscale optimization approach for chromatin struc-

tural inference that rectifies the limitations of previous multiscale methods. Our method, based on

PASTIS, uses probabilistic models of contact counts and tunes the counts-to-distance relationship

based on the given dataset. Importantly, our updated version of PASTIS also resolves the strict

dependence of the counts-to-distance relationship on resolution by approximating the relationship

between high-resolution contact counts and low-resolution distances via a novel statistical model.

Because many organisms of interest are diploid, we designed our multiscale optimization approach

to be capable of inferring the structures of both haploid and diploid genomes. Our approach starts by

inferring low resolution structures, then slowly increases resolution in subsequent rounds of infer-

ence. This multi-resolution version of PASTIS is compatible with multiscale methods that first infer

high-resolution substructures before assembling them into a whole-genome structure, and could be

extended to incorporate such a strategy. We use simulations and analysis of real Hi-C data to show

that this approach dramatically improves the accuracy of inferred structures.
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3.2 Approach

3.2.1 Inferring chromatin structure with PASTIS

Inferring haploid structures

We begin by briefly summarizing the PASTIS method for haploid and diploid chromatin structural

inference, previously described in Varoquaux et al. and Cauer et al. [84, 18]. In PASTIS, chromo-

somes are represented by evenly-spaced beads on a string. The coordinate matrix of the inferred

structure is denoted by𝐙 = (𝑥1,⋯ , 𝑥𝑚) ∈ ℝ3×𝑚, where𝑚 is the total number of beads in the genome

and 𝑧𝓁 ∈ ℝ3 corresponds to the 3D coordinate of the 𝓁-th bead. PASTIS models the frequency of

interaction between two genomic loci, 𝑖 and 𝑗, as a Poisson variable, where the intensity of the Pois-

son distribution is a decreasing function 𝑓 (⋅) of the Euclidean distance 𝑑𝑖𝑗 between the two beads.

Based on a simple biophysical model of polymer packing [50], PASTIS uses the counts-to-distance

transfer function

𝑓 (𝑑𝑖𝑗) ∼ 𝑑𝛼𝑖𝑗 , 𝛼 < 0. (3.1)

Because the relationship between counts and distances can vary between datasets, the 𝛼 parameter

can optionally be jointly inferred alongside the 3D structure. Thus, optimization maximizes the

log-likelihood of the following Poisson model of the counts between two loci (𝑐𝑖𝑗):

𝑐𝑖𝑗 ∼ Poisson
(

𝑏𝑖𝑏𝑗𝛽𝑑
𝛼
𝑖𝑗

)

, (3.2)

where 𝛽 scales for the total number of counts in the matrix (“coverage”), and 𝑏𝑖 and 𝑏𝑗 indicate

locus-specific biases [40]. The optimization problem is solved using L-BFGS-B, a commonly used

quasi-Newton method [13].

Inferring diploid structures

Inference of diploid organisms presents additional challenges because reads from homologous chro-

mosomes cannot typically be distinguished from one another unless the parental genomes are known
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a priori or inferred from Hi-C reads [75]. Parental genotype information allows a small subset of

reads to be mapped to a given haplotype based on phased heterozygous positions [68, 23]. We call

counts in which it is clear which homologs are being connected “unambiguous” and refer to con-

tacts that are unphased on both ends as “ambiguous.” Contacts which are phased on one end and

unphased on the other are described as “partially ambiguous.”

When inferring chromatin structures for diploid organisms, Cauer et al. makes use of all avail-

able contacts, regardless of whether one or both ends of a contact are phased, and is even capable

of inferring a 3D structure when all reads are ambiguous. Inference with unambiguous counts can

be performed using a model analogous to the one used in haploid inference. However, ambiguous

contact counts must be disambiguated during inference. Each observed ambiguous contact count

𝑐𝐴𝑖𝑗 between a given pair of loci (𝑖, 𝑗) corresponds to the sum of four different unambiguous contact

counts 𝑐𝑈𝓁𝑝:

𝑐𝐴𝑖𝑗 =
∑

𝓁∶Φ(𝓁)=𝑖

∑

𝑝∶Φ(𝑝)=𝑗
𝑐𝑈𝓁𝑝 , (3.3)

where 𝑛 is the number of loci, 𝑚 is the number of beads, and Φ ∶ [1, 𝑚] → [1, 𝑛] is the mapping

that associates bead 𝓁 with locus 𝑖. The same relationship also applies to the counts-to-distance

transfer function (Equation 3.1):

𝑑𝛼𝑖𝑗 =
∑

𝓁∶Φ(𝓁)=𝑖

∑

𝑝∶Φ(𝑝)=𝑗
𝑑𝛼𝓁𝑝 . (3.4)

Therefore, each ambiguous interaction count is modeled as

𝑐𝐴𝑖𝑗 ∼ Poisson

(

𝑏𝑖𝑏𝑗𝛽
𝐴

∑

𝓁∶Φ(𝓁)=𝑖

∑

𝑝∶Φ(𝑝)=𝑗
𝑑𝛼𝓁𝑝

)

, (3.5)

where 𝛽𝐴 is a scaling factor determined by the coverage of the ambiguous contact count matrix and

𝑑𝓁,𝑝 is the Euclidean distance between beads 𝓁 and 𝑝.

Due to the challenge of inferring distinct homolog structures from primarily unphased data,

Cauer et al. also incorporated two constraints reflecting prior knowledge about chromatin 3D struc-
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ture. The “bead-chain connectivity constraint” discourages large gaps between neighboring beads,

thus enforcing the expectation that genomically adjacent regions co-localize in 3D. In addition, the

“homolog separation constraint” disentangles the structures of the two homologs by ensuring that

intra-homolog distances are smaller than inter-homolog distances [18].

3.2.2 Multi-resolution optimization

Our multiscale optimization approach enables accurate, full-resolution inference by building a se-

ries of models of increasing resolution, a strategy we refer to as “multi-resolution optimization.”

In this approach, we first infer a coarse resolution structure, starting with randomly initialized bead

coordinates. The inferred coarse-resolution structure is then linearly interpolated and used to ini-

tialize inference of a higher-resolution structure. Subsequent optimizations continue to increase

resolution until the desired level of detail is obtained. In our method, each optimization doubles

the resolution over that of the previous optimization. This basic strategy is similar to that taken by

Rosenthal et al. [72].

One difficulty that arises in the context of this multi-resolution strategy is to define the relation-

ship between counts and distances across different resolutions. At any one resolution, the relation-

ship between counts and distances can be approximated by a counts-to-distance transfer function, as

is done by PASTIS and many other chromatin structural inference methods [84, 72, 71, 74] (Equa-

tion 3.1). However, the relationship between counts and distances is highly dependent on resolution

[93, 92, 84]. Although two previous chromatin structural inference methods have attempted to uti-

lize low-resolution structures to improve high-resolution inference [72, 71], neither accounted for

the impact of resolution on the counts-to-distance relationship. For multi-resolution optimization to

succeed, the counts-to-distance transfer functions used at each resolution should be in agreement.

We resolve this challenge by approximating the relationship between high-resolution counts and

low-resolution distances as follows.

We begin by defining some important notation. Let 𝑋 = {𝑥1,… , 𝑥𝑚𝑋} and 𝑌 = {𝑦1,… , 𝑦𝑚𝑌 }

represent sets of consecutive high-resolution beads, each of which corresponds to a single low-
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resolution bead, defined by 𝑥 = 1
𝑚𝑋

∑𝑚𝑋
𝓁=1 𝑥𝓁 and 𝑦 = 1

𝑚𝑌

∑𝑚𝑌
𝑝=1 𝑦𝑝, respectively. We define the

difference between these low-resolution beads as Δ𝑋𝑌 = 𝑥 − 𝑦, and model the difference between

sets of high-resolution beads, 𝑥𝓁−𝑦𝑝 (for 𝓁 = 1,… , 𝑚𝑋 , 𝑝 = 1,… , 𝑚𝑌 ), as a random variable with

mean of Δ𝑋𝑌 . The Euclidean distances between high-resolution beads 𝓁 and 𝑝 are denoted by

𝑑𝓁𝑝 = ‖𝑥𝓁 − 𝑦𝑝‖, and 𝑐𝑖𝑗 denotes the high-resolution counts associated with these distances. As in

Varoquaux et al. and Cauer et al., 𝑐𝑖𝑗 is modeled as a Poisson random variable, parameterized as

described above (Section 3.2.1) [84, 18].

To infer a low-resolution structure from 𝑐𝑖𝑗 , we must derive a tractable expression for 𝑃 (𝑐𝑖𝑗 ∣

‖Δ𝑋𝑌 ‖) that is parameterized by distances between low-resolution beads (‖Δ𝑋𝑌 ‖). To accomplish

this, we approximate the law of the random parameter 𝑑𝛼𝑖𝑗 by a gamma distribution. Then, the law of

𝑐𝑖𝑗 becomes a negative binomial. In order to formulate the gamma distribution in terms of distances

between low-resolution beads, we first estimate the mean and variance of 𝑑𝛼𝑖𝑗 as a function of these

low-resolution distances and the transfer function parameter 𝛼. We then use moment matching to

assign the parameters of the gamma distribution.

To facilitate approximation of the mean and variance of 𝑑𝛼𝑖𝑗 , we assume that the difference be-

tween high-resolution beads (𝑥𝓁 and 𝑦𝑝) is related to the difference between low resolution beads

(Δ𝑋𝑌 ) by

𝑥𝓁 − 𝑦𝑝 = Δ𝑋𝑌 + 𝜀𝜅𝓁𝑝 , (3.6)

where 𝜅𝓁𝑝 is an independent standard normal vector (𝜅𝓁𝑝 ∼  (0, 𝐼3)). Thus, 𝜀 determines the

difference between 𝑥𝓁 − 𝑦𝑝 and Δ𝑋𝑌 for each of the three dimensions in 3D space. Consequently,

𝜀 scales how similar high-resolution distances are to their corresponding low-resolution distance.

Estimation of the mean and variance of 𝑑𝛼𝑖𝑗 can be further simplified by disentangling the mo-

ments of 𝑑𝛼𝓁𝑝 from the low-resolution distance, ‖Δ𝑋𝑌 ‖. To illustrate, we rewrite 𝑑𝛼𝓁𝑝 as follows:

𝑑𝛼𝓁𝑝 = ‖Δ𝑋𝑌 + 𝜀𝜅𝓁𝑝‖
𝛼 = ‖Δ𝑋𝑌 ‖

𝛼 ×
‖

‖

‖

‖

Δ𝑋𝑌

‖Δ𝑋𝑌 ‖
+ 𝜀

‖Δ𝑋𝑌 ‖
𝜅𝓁𝑝

‖

‖

‖

‖

𝛼

. (3.7)

This allows us to obtain the mean and variance of 𝑑𝛼𝓁𝑝 in terms of the mean and variance of Λ, a
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system where the low-resolution beads are spatially separated by a unit of 1. We denote the mean

and variance of Λ as 𝑚(𝛼, 𝜀) and 𝑣(𝛼, 𝜀), respectively. It follows that

𝔼[𝑑𝛼𝓁𝑝] = ‖Δ𝑋𝑌 ‖
𝛼 ⋅ 𝑚(𝛼, 𝜀) (3.8)

Var[𝑑𝛼𝓁𝑝] = ‖Δ𝑋𝑌 ‖
2𝛼 ⋅ 𝑣(𝛼, 𝜀) , (3.9)

where 𝔼 indicates the mean and Var is the variance.

We approximate𝑚(𝛼, 𝜀) and 𝑣(𝛼, 𝜀) by fitting a polynomial function to a simple simulation prior

to optimization. Using the assumption described in Equation 3.6, we simulate Λ across a range of 𝜀

and 𝛼 values (−8 ≤ log 𝜀 ≤ 4, step 0.1 and −4 ≤ 𝛼 ≤ −1, step 0.1). Specifically, we model a system

of two low-resolution beads that are separated by a unit of 1, each of which will be associated with

10, 000 high-resolution beads. We utilize Equation 3.6 to simulate 10, 0002 distances between these

sets of high-resolution beads for the given value of 𝜀. Because we do not expect high-resolution

beads of a biological structure to overlap, simulated high-resolution distances below a given cutoff

are set to that cutoff. Enforcing a lower limit on the high-resolution distances is also necessary to

prevent 𝑚(𝛼, 𝜀) and 𝑣(𝛼, 𝜀) from being infinite. We arbitrarily set this minimum distance cutoff to

0.5, a value at which no more than 5% of high-resolution distances are thresholded for any given

value of 𝜀. The resulting high-resolution distances are then raised to the power of 𝛼 to yield Λ.

We next fit polynomial functions to the mean and variance of the simulated Λ. The polynomial

coefficients are subsequently used to approximate 𝑚(𝛼, 𝜀) and 𝑣(𝛼, 𝜀) during optimization, and 𝜀

and 𝛼 are jointly inferred alongside the low-resolution structure.

In the diploid case, we sum the means and variances of 𝑑𝛼𝓁𝑝 across homologs.

𝔼[𝑑𝛼𝑖𝑗] =
∑

𝓁∶Φ(𝓁)=𝑖

∑

𝑝∶Φ(𝑝)=𝑗
𝔼[𝑑𝛼𝓁𝑝] (3.10)

Var[𝑑𝛼𝑖𝑗] =
∑

𝓁∶Φ(𝓁)=𝑖

∑

𝑝∶Φ(𝑝)=𝑗
Var[𝑑𝛼𝓁𝑝] (3.11)

This strategy mirrors the approach by which Cauer et al. achieves diploid inference in the absence
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of multiscale optimization [18].

Once the mean and variance of 𝑑𝛼𝑖𝑗 have been estimated, we approximate the law of 𝑑𝛼𝑖𝑗 by a

Gamma distribution using moment matching (shape 𝑘𝑋𝑌 =
𝔼[𝑑𝛼𝑖𝑗 ]

2

Var[𝑑𝛼𝑖𝑗 ]
, scale 𝜃𝑋𝑌 =

Var[𝑑𝛼𝑖𝑗 ]

𝔼[𝑑𝛼𝑖𝑗 ]
). This

yields the following negative binomial likelihood:

𝑃 (𝑐𝑖𝑗 ∣ ‖Δ𝑋𝑌 ‖) =
Γ
(

𝑐𝑖𝑗 + 𝑘𝑋𝑌
)

𝜃𝑐𝑖𝑗𝑋𝑌
Γ
(

𝑘𝑋𝑌
)

𝑐𝑖𝑗! (𝜃𝑋𝑌 + 1)𝑐𝑖𝑗+𝑘𝑋𝑌
, (3.12)

where Γ denotes the gamma function.

To improve numerical stability during calculation of the log likelihood, we use Stirling’s ap-

proximation of the log gamma function:

log Γ(𝑥) ≈ 𝑥 log 𝑥 − 𝑥 + 1
2
log 2𝜋

𝑥
+ 𝐵𝑁 (𝑥), (3.13)

where

𝐵𝑁 (𝑥) =
𝑁
∑

𝑛=1

𝐵2𝑛

2𝑛(2𝑛 − 1)𝑥2𝑛−1
, (3.14)

and𝐵𝑛 are Bernoulli numbers. This results in the following log likelihood for a given low-resolution
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distance and its associated high-resolution counts:

(‖Δ𝑋𝑌 ‖, 𝛼, 𝜀 ∣ 𝑐𝑖𝑗) = − 1
𝑚𝑋𝑚𝑌

∑𝑚𝑋
𝑖=1

∑𝑚𝑌
𝑗=1 𝑘𝑋𝑌 log(1 + 𝜃𝑋𝑌 𝛽𝑏𝑖𝑏𝑗) − 𝐵𝑁 (𝑘𝑋𝑌 + 1)

+ 1
𝑚𝑋𝑚𝑌

∑𝑚𝑋
𝑖=1

∑𝑚𝑌
𝑗=1𝐵𝑁 (𝑐𝑖𝑗 + 𝑘𝑋𝑌 + 1)

+ 1
𝑚𝑋𝑚𝑌

(

∑𝑚𝑋
𝑖=1

∑𝑚𝑌
𝑗=1 𝑐𝑖𝑗

)

(

log 𝜃𝑋𝑌 𝛽 + log(𝑘𝑋𝑌 + 1) − 1
)

− 1
𝑚𝑋𝑚𝑌

∑𝑚𝑋
𝑖=1

∑𝑚𝑌
𝑗=1 𝑐𝑖𝑗 log(1 + 𝜃𝑋𝑌 𝛽𝑏𝑖𝑏𝑗)

+ 1
𝑚𝑋𝑚𝑌

∑𝑚𝑋
𝑖=1

∑𝑚𝑌
𝑗=1(𝑐𝑖𝑗 + 𝑘𝑋𝑌 + 0.5) log

(

𝑐𝑖𝑗
𝑘𝑋𝑌 +1

+ 1
)

+ 1
𝑚𝑋𝑚𝑌

∑𝑚𝑋
𝑖=1

∑𝑚𝑌
𝑗=1 log

(

𝑐𝑖𝑗
𝑘𝑋𝑌

+ 1
)

(3.15)

This term is then summed for all low-res distances to yield the final log likelihood for a given counts

matrix (𝐶):

(𝐙, 𝛼, 𝜀 ∣ 𝐶) =
∑

𝑋

∑

𝑌

(

‖Δ𝑋𝑌 ‖, 𝛼, 𝜀 ∣ 𝑐𝑖𝑗
)

(3.16)

As in Cauer et al., the likelihoods for ambiguous (𝐶𝐴), unambiguous (𝐶𝑈 ), and partially am-

biguous (𝐶𝑃 ) counts matrices are then summed as follows:

(𝐙, 𝛼, 𝜀 ∣ 𝐶𝐴, 𝐶𝑈 , 𝐶𝑃 ) = (𝐙, 𝛼, 𝜀 ∣ 𝐶𝐴) + (𝐙, 𝛼, 𝜀 ∣ 𝐶𝑈 ) + (𝐙, 𝛼, 𝜀 ∣ 𝐶𝑃 ) (3.17)

3.2.3 Incorporating prior knowledge during diploid multi-resolution inference

Due to the inherent difficulty of diploid inference, Cauer et al. introduced two constraints that limit

the range of solutions to realistic results by incorporating prior knowledge [18]. While these con-

straints successfully improved results during standard diploid inference, both constraints have limi-

tations, some of which may pose a challenge during multi-resolution optimization or when applied
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to data from certain organisms. Consequently, we reformulated the constraints to be more widely

applicable.

Maintaining continuity of consecutive beads in diploid structures

We expect that the 3D structure of each homolog of each chromosome should not exhibit large gaps

between genomically adjacent beads. Cauer et al. [18] maintained this continuity between neigh-

boring beads by minimizing the variance in the distances between neighboring beads - a strategy

previously employed by Rosenthal et al. [72]:

ℎ1(𝐙) = |𝜔|

∑

𝓁∈𝜔 𝑑
2
𝓁,𝓁+1

(
∑

𝓁∈𝜔 𝑑𝓁,𝓁+1
)2

− 1 , (3.18)

where 𝜔 includes all beads except for cases where the given bead (𝓁) and the subsequent bead

(𝓁 + 1) lie on different molecules. This ensures that only intra-molecular distances are included in

the constraint.

Unfortunately, the variance in the distances between neighboring low-resolution beads may

differ from the variance in the distances between neighboring high-resolution beads. Therefore, the

ideal penalty for this constraint is dependent on resolution, which is impractical in the context of

multi-resolution inference. The difficulty arises because the function by which the ideal constraint

penalty changes across different resolutions is unknown - it depends on the relative orientation of the

high-resolution beads in the particular structure being inferred. Therefore, the penalty would have

to be tuned experimentally at every resolution, which is computationally costly, time-consuming,

and inconvenient for the user.

To resolve this issue, we maintain bead-chain connectivity via a different approach, in which

the mean and variance of the distances between neighboring beads is derived from the counts data.

To achieve this, we make two simplifying assumptions. First, we assume that the distances between

neighboring beads do not depend on parent of origin, and that consequently the counts correspond-

ing to these distances do not differ between the maternal and paternal homologs. Second, we assume

that inter-homolog distances are a negligible contributor to the ambiguous counts associated with
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the distances between neighboring beads. Therefore, for the purposes of this constraint, we hide

any available phasing information and treat all counts as ambiguous. We refer to the ambiguated

contact counts corresponding to distances between neighboring beads as 𝑐∗𝑖,𝑖+1, where and 𝑖 and 𝑖+1

are on the same chromosome. At high resolution 𝑐∗𝑖,𝑖+1 is a single interaction bin. However, during

low-resolution inference, it represents a set of high-resolution bins, all of which correspond to the

given low-resolution 𝑖 and 𝑖 + 1.

We then relate these counts to the distances between neighboring beads via the log likelihoods

described in Sections 3.2.1–3.2.2. The bead-chain connectivity constraint then takes the form

ℎ1(𝐙, 𝛼, 𝜀) =
1

2|𝜔∗
|

(

∑

𝑖∈𝜔∗

(2𝑑♂
𝑖,𝑖+1 ∣ 𝑐

∗
𝑖,𝑖+1) +

∑

𝑖∈𝜔∗

(2𝑑♀
𝑖,𝑖+1 ∣ 𝑐

∗
𝑖,𝑖+1)

)

, (3.19)

where 𝜔∗ includes all loci in the ambiguated counts matrix except for cases where the given lo-

cus (𝑖) and the subsequent locus (𝑖 + 1) lie on different chromosomes. This ensures that only

intra-chromosomal counts are included in the constraint. Thus, 𝑑♂
𝑖,𝑖+1 and 𝑑♀

𝑖,𝑖+1 are the distances

between neighboring beads on the paternal and maternal homologs of each chromosome, respec-

tively. When inferring high-resolution structures,  refers to the log likelihood of the Poisson model

(Section 3.2.1). At low resolution,  refers to the log likelihood of the multi-resolution negative

binomial model (Section 3.2.2).

In order to maintain continuity of the beads in each molecule, this constraint must be applied to

all genomically neighboring beads. However, genomic loci with very few counts across all of their

interaction bins, such as those that are poorly mappable or contain high repeat content, are typically

masked from inference to avoid artifacts in the 3D structure. Therefore, we applied this constraint

to 𝑑𝑖,𝑖+1 associated with such loci using the mean of 𝑐∗𝑖,𝑖+1 across all 𝜔∗.

Enforcing separation of homologous chromosomes

For a given chromosome, we anticipate that intra-homolog distances are, on average, shorter than

inter-homolog distances. However, this prior belief is not enforced by our statistical model of con-

tact counts or by the bead-chain connectivity constraint. Without an additional constraint to ensure
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an appropriate distance between homologous chromosomes, inference on unphased data produces

structures in which homologous chromosomes overlap more than would be expected [18]. There-

fore, Cauer et al. added a second constraint to maintain a minimum distance between the centers of

mass of homologous chromosomes [18]. This constraint compares the expected distances between

homolog centers of mass for chromosome 𝜓 (𝑟𝜓 ), as estimated prior to diploid inference, with the

distances between homolog centers of mass in the current inferred structure (𝑟′𝜓 ). The constraint

penalizes structures in which the distance between homolog centers of mass is less than the dis-

tance expected for that chromosome. The expected distances between homolog centers of mass are

estimated prior to inference based on an extremely course-grained draft structure. In the absence

of phased data, the draft structure is inferred as if the data were haploid, with only one molecule

inferred for each chromosome, and 𝑟𝜓 is taken as the mean distance between chromosome centers

of mass.

Although Cauer et al. demonstrated that this constraint performed well with simulated and

mouse data, it has noteworthy limitations. First, because the constraint operates on molecule cen-

ters of mass, it is only suitable for organisms whose chromosomes form distinct territories, which

is not the case for many species [35]. Second, the inference of draft structures required to estimate

𝑟𝜓 adds to computational requirements, and the inferred values of 𝑟𝜓 may be inaccurate. Lastly, this

constraint does not enforce an upper limit on 𝑟′𝜓 , which could potentially lead to homologs being

too far apart.

To resolve these issues, we formulated a constraint that separates homologs by working with the

distribution of all inter-homolog distances, rather than operating on the distances between homolog

centers of mass. We expect that the distribution of distances between beads on different homologs

of each chromosome is similar to the distribution of distances between beads on different chromo-

somes, the latter of which is directly related to the distribution of inter-chromosomal counts. We

enforce this expectation with a constraint that uses Kullback–Leibler (KL) divergences [47] between

distributions. Specifically, we compare the distribution of high-resolution inter-chromosomal am-

biguated counts (𝑐∗inter−chrom𝑖𝑗 , where 𝑖 and 𝑗 are on different chromosomes) with a negative binomial

distribution that is parameterized by high-resolution inter-homolog (𝑑𝛼𝓁𝑝)
inter−hmlg (where 𝓁 and 𝑝
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are beads on different homologs of the same chromosome).

In order to use the similarity between these two distributions to separate homologous chromo-

somes, we must make a simplifying assumption about the nature of inter-chromosomal distances.

In general, the ambiguous counts between loci 𝑖 and 𝑗 correspond to 𝑑𝛼𝑖𝑗 , which is itself a sum of

𝑑𝛼𝓁𝑝 across all four combinations of homologs (see Equation 3.4). Our primary objective function,

(𝐙, 𝛼, 𝜀) (see Sections 3.2.1 and 3.2.2), does not make any assumptions about the relationship

between the terms in this sum. However, for the purposes of this constraint, we assume that the

distribution of high-resolution distances between a given pair of molecules is the same regardless

of whether those molecules share the same parental origin and regardless of whether they are ho-

mologs of the same chromosome. We thus anticipate the following relationship between the mean

of high-resolution inter-chromosomal ambiguated counts and the mean of high-resolution inter-

homolog (𝑑𝛼𝓁𝑝)
inter−hmlg:

𝔼
[

𝑐inter−chrom𝑖𝑗

]

≈ 𝔼
[

4(𝑑𝛼𝓁𝑝)
inter−hmlg

]

(3.20)

Our goal now is to use the values of 4(𝑑𝛼𝓁𝑝)
inter−hmlg to parameterize a negative binomial distribution

with a variance that is approximately equal to Var
[

𝑐inter−chrom𝑖𝑗

]

.

This negative binomial distribution is derived as follows. We first fit a gamma distribution to the

set of high-resolution inter-homolog 4(𝑑𝛼𝓁𝑝)
inter−hmlg. When inferring a high-resolution structure, the

parameters of this gamma distribution, 𝑘inter−hmlg and 𝜃inter−hmlg, are obtained via moment match-

ing, using the mean and variance of 4(𝑑𝛼𝓁𝑝)
inter−hmlg. When inferring a low-resolution structure, this

gamma distribution is derived as a mixture of the gamma distributions associated with every inter-

homolog low-resolution distance bin, each of which is parametrized by 𝑘𝑋𝑌 and 𝜃𝑋𝑌 (Section 3.2.2).

This gamma mixture model is then multiplied by 4 to yield the desired gamma distribution. We

next compound this gamma distribution with a Poisson, which results in a negative binomial distri-

bution. The choice of a Poisson distribution reflects our Poisson model of high-resolution counts

(Equation 3.2).

The constraint then minimizes the difference between this negative binomial distribution (de-

fined as 𝑄) and the distribution of high-resolution inter-chromosomal ambiguated counts (defined
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as 𝑃 ) by minimizing the KL divergence between the two:

ℎ2(𝐙, 𝛼, 𝜀) = − 1
|𝑃 |

𝐷KL (𝑃 ∥ 𝑄) . (3.21)

3.2.4 Full objective

The log likelihood of counts is combined with the constraints to produce the following objective

function, which we solve using L-BFGS-B [13]:

𝑓 (𝐙, 𝛼, 𝜀) = max
𝐙,𝛼,𝜀

(1
𝜏

)

(𝐙, 𝛼, 𝜀) + 𝜆1ℎ1(𝐙, 𝛼, 𝜀) + 𝜆2ℎ2(𝐙, 𝛼, 𝜀) , (3.22)

where 𝜆1 and 𝜆2 are penalization parameters for each constraint and 𝜏 is the total number of counts

bins across all given Hi-C matrices. Note that this formulation differs slightly from the objective

used by Cauer et al., which does not divide by 𝜏 [18].

Tuning the counts-to-distance transfer function

Because the relationship between counts and distances depends on a variety of factors, including

species [28] and stage of the cell cycle [48], we allow for 𝛼 to be inferred jointly alongside the

structure. Varoquaux et al. described an approach for inferring the structure and 𝛼 together using

a coordinate descent algorithm that iterates between maximizing 𝑓 (𝐙, 𝛼, 𝜀) with respect to 𝛼 and

maximizing 𝑓 (𝐙, 𝛼, 𝜀) with respect to 𝐙 [84]. We apply a similar approach to infer 𝛼.

However, inference of 𝛼 in the multi-resolution and diploid settings presents additional chal-

lenges. Diploidy complicates the optimization landscape for both single- and multi-resolution in-

ference. Furthermore, due to the approximate nature of the low-resolution negative binomial model

and the flexibility introduced by inferring 𝜀, inferring 𝛼 during multiscale optimization is unlikely

to yield satisfactory results. Therefore, we perform 𝛼 inference at high resolution using a modified

coordinate descent approach. To limit computational complexity, we only use intra-chromosomal

counts during this process. And to guard against the possibility that the imperfect assumptions made

by our homolog separation constraint have an exaggerated impact on the value of 𝛼, this constraint
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is omitted during the process of updating 𝛼 given the current structure (but included when updating

the structure given 𝛼). Once the modified coordinate descent process converges, a whole-genome

structure is inferred using the final value of 𝛼. The whole-genome structure may be inferred with

or without multiscale optimization.

3.3 Methods

3.3.1 Phased diploid yeast Hi-C data

We applied our method to publicly available Hi-C of diploid yeast generated by Kim et al. [43].

The datasets we used were generated from the diploid ILY456 line created by Kim et al. This line

is a hybrid between the Saccharomyces cerevisiae and Saccharomyces uvarum strains of budding

yeast. Although these strains have maintained nearly complete synteny [27], they are also diverged

enough that nearly all of the Hi-C contacts can be phased on both ends [43]. We used a total of five

datasets, which were generated using four experimental conditions: exponentially growing cultures,

saturated cultures, galactose-induced cultures, and cultures arrested by the anti-mitotic agent noco-

dazole. Kim et al. generated two experimental replicates for the exponentially growing cultures,

and all other conditions had one replicate. The five datasets used here are publicly available at the

NCBI Sequence Read Archive (accession numbers: SRR4433970, SRR4433972, SRR4433973,

SRR4433974, SRR4433975).

Processing of Hi-C reads was performed similarly to Kim et al. [43]. Briefly, reads were mapped

to a combined reference containing genomes for both species, and subsequently binned into fixed-

width fragments [43]. As in Kim et al., reads that did not uniquely map to either S. cerevisiae or

S. uvarum were discarded. Although Kim et al. used a bin size of 32 kb, we used bin sizes of 8 kb

and 16 kb to better assess the multi-resolution approach. In all other respects, our initial processing

and binning of the reads was as described in Kim et al.

After binning the reads, we performed an additional processing step, not present in Kim et al.,

to establish a direct correspondence between loci on the maternal and paternal homologs, since

such a correspondence is necessary for PASTIS to infer diploid genomes. Although the genomes
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of S. cerevisiae and S. uvarum are highly similar, the genomic coordinates of a given sequence may

differ between the two. Therefore, we remapped the binned reads onto a shared genomic coordinate

system.

This shared genomic coordinate system was determined on a chromosome-by-chromosome ba-

sis. For each chromosome, the mapping between all loci on S. cerevisiae and all loci on S. uvarum

was determined via the “bin offset” of the centromeric loci, where the bin offset between locus 𝑖

on S. cerevisiae and locus 𝑗 on S. uvarum is defined as 𝑖 − 𝑗. Using the same bin offset for all loci

of a given chromosome ensured that the spacing between loci on the S. cerevisiae homolog of the

shared genomic coordinate system matched the spacing between loci on the S. uvarum homolog.

For a given chromosome, the shared genomic coordinate system was based on the sequence of the

species in which that chromosome was smallest.

In order to avoid artifacts in the remapped counts matrices, we next excluded regions suspected

to be non-syntenic between S. cerevisiae and S. uvarum. To facilitate this process, we first estab-

lished homology between the binned genomic coordinates of each species by counting the number

of homologous gene annotations in each locus—-an approach described by Kim et al. for the pur-

poses of assessing proximity between homologs loci. As in Kim et al., we excluded isolated homol-

ogous interaction bins, which may arise from repetitive sequences. We subsequently restricted the

homology assignments to be one-to-one by selecting the locus pairings with the greatest number of

shared homologous genes. Chromosome labels were swapped in cases where the majority of loci

on a given S. cerevisiae chromosome associated with a different chromosome on S. uvarum. All

loci with inter-chromosomal homology assignments were then masked from the shared genomic

coordinate system. Loci at the telomeres for which homology was unknown were also masked.

Once the Hi-C counts were assigned to the genomic coordinate system, the data were filtered

to remove poorly mappable regions as well as loci where the mapping between species was sus-

pected to be incorrect. Both filtering steps were performed using the summed counts from all five

datasets, and each individual dataset was subsequently updated to mask the loci that were filtered

out. We first removed loci whose total genome-wide interactions were below the 3rd percentile.

Next, because we do not expect large differences between the homologs with regard to the counts
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between genomically neighboring loci, we removed loci for which the ratio of such counts was

above the 94th percentile. Lastly, any masked regions at the beginning or end of each chromosome

were removed from the dataset, so that those beads would not be inferred.

3.3.2 Simulated Hi-C data

Simulation approach

Simulations were performed as in Cauer et al. [18]. We simulated “true” consensus chromatin

structures via a random walk algorithm. This algorithm ensures that each bead is situated near

its genomic neighbors. It also prevents overlap of beads and confines the entire structure of every

molecule to a sphere of predefined radius.

Contact counts were derived from these true structures via the following model, which mirrors

the PASTIS counts-to-distance transfer function:

𝑐𝑖𝑗 = Poisson
(

𝛽𝑑𝛼𝑖𝑗
)

, (3.23)

where 𝛽 determines coverage and 𝛼 = −3, corresponding to a previously used theoretical exponent

for the contact-to-distance transfer function [84, 18]. To create ambiguous counts, we summed

unambiguous contacts from the appropriate pairs of loci. While this simple approach to simulating

contact counts would not be suitable for comparing methods that use this counts-to-distance transfer

function to methods that related distances and counts via a different approach, all of the inference

methods we evaluated with these simulations rely on the same PASTIS transfer function, rendering

the comparison fair.

Simulated genome structure and counts

To validate our approach, we generated a set of 10 simulated diploid genome structures, with num-

ber of chromosomes and beads per chromosome corresponding to the 16 kb diploid yeast hybrid

between S. cerevisiae and S. uvarum from Kim et al. (described in Section 3.3.1) [43]. In order
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to evaluate multi-resolution optimization with and without the complicating factor of unphased

diploid data, we simulated both ambiguous and unambiguous counts matrices. We also varied cov-

erage of the simulated reads, with simulated read depths chosen to emulate low-, medium-, and

high-coverage experimental data (NUMBER-OF-READS , NUMBER-OF-READS , and NUMBER-OF-

READS reads, respectively). The medium-coverage datasets contain approximately as many reads

as obtained for S. cerevisiae x S. uvarum hybrid Hi-C datasets in Kim et al. [43]. In order to ensure a

realistic relationship between different molecules, we verified that the percentage of inter-molecular

counts was consistent with the S. cerevisiae x S. uvarum Hi-C data from Kim et al. The genomic

bins that were masked in Section 3.3.1 were also masked in the simulated counts matrices.

3.3.3 Structure similarity measures

We used a variety of structural similarity scores to evaluate inference results against expected 3D

structures and examine the stability of inferred structures. Each similarity measure is applied to a

pair of three-dimensional structures described by their coordinates 𝐒,𝐒′ ∈ ℝ3×𝑚𝐒 , where 𝐒 indicates

the target structure and 𝐒′ indicates the predicted structure.

Root mean square deviation

Root mean square deviation (RMSD), a common measure of similarity between three-dimensional

structures, is defined as follows:

RMSD =

√

√

√

√

1
∑

𝛾1
|𝛾1|

∑

𝛾1

min
𝐒∗

[

∑

𝑖∈𝛾1

(

𝑠𝑖 − 𝑠∗𝑖
)2

]

, (3.24)

where 𝛾1 is a set containing beads of interest (e.g., beads in a given molecule). The structure 𝐒∗ is

obtained by optimally translating, rotating, and reflecting 𝐒′ via Procrustes transformation (𝐒∗ =

𝐑𝐒′ − 𝐭 where 𝐑 ∈ ℝ3×3 is an improper rotation matrix, 𝐭 ∈ ℝ3 is a translation vector).

We use RMSD to assess the similarity of each individual molecule in the genome. Here, 𝛾1
denotes the set of beads in a given molecule. This allows for each molecule to be aligned separately.
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An RMSD score of 0 would indicate that all molecules in 𝐒 and 𝐒′ are identical, regardless of the

relative orientation of these molecules.

Distance error

We also compared structures by computing the root mean squared error between their distance

matrices, a measure we refer to as “distance error” [84, 18]. Distance error assigns more weight to

long distances than RMSD. Distance error also enables us to compare the relative orientation of two

of more molecules because the distances connecting between molecules can be assessed separately

from the distances within each molecule. It is defined as

distError =
√

1
|𝛾2|

∑

(𝑖,𝑗)∈𝛾2

(

‖𝑠𝑖 − 𝑠𝑗‖ − ‖𝑠′𝑖 − 𝑠
′
𝑗‖

)2
, (3.25)

where 𝛾2 is a set containing pairs of beads that correspond to distances of interest (e.g., intra-

molecular distances).

We use distance error for three purposes. First, we evaluate the similarity of intra-molecular

distances. Second, we compare all inter-molecular distances together. Lastly, we separately ex-

amine the relative orientation of each pair of homologous chromosomes via inter-homolog intra-

chromosomal distances. A distance error score of 0 would indicate that the set of distances being

compared are identical.

Global Distance Test

The Global Distance Test (GDT) [89] is commonly used to evaluate local similarity of protein

structures, but it can be applied to any pair of structures for which there is a direct correspondence

between the beads. It is useful to examine local structural similarity because even reasonably similar

structures may differ in the relative orientation of compact domains. In such cases, the regions of

similarity may be overlooked by other structural similarity measures. GDT aligns small fragments

of 𝐒 and 𝐒′, then iteratively extends these fragments to determine the maximum number of beads

on 𝐒 that fall within a specified distance cutoff of their corresponding bead on 𝐒′. The final GDT
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score for a given distance cutoff is taken as the maximum number of beads within this cutoff at

convergence.

Because the use of a single distance cutoff would not fully describe the similarity between two

structures, GDT is typically reported as a sum across a variety of distance cutoffs—the GDT “total

score” (GDT-TS). When used for the analysis of protein structures, these cutoffs are 1, 2, 4, and 8 Å.

When applying GDT-TS to chromatin structures, we first rescale both structures such that the mean

distance between neighboring beads in each molecule of 𝐒 is equal to the mean distance between

consecutive 𝐶𝛼 atoms of protein structures (3.8 Å) [19]. This allows us to assess the GDT-TS of

chromatin structures using the same distance cutoffs used for proteins. GDT-TS outputs values in

(0, 1], with higher values indicating greater local similarity.

We use GDT-TS to assess local structural similarities for each individual molecule. We then

take the mean of these results, weighted by the number of beads in each molecule.

Template modeling score

In order to specifically assess global structural similarities, we also compared structures using the

template modeling score (TM-score) [91]. Compared to RMSD and distance error, in which a few

large local errors can have a substantial impact on the final score, the TM-score gives a more global

estimate of similarity because it weighs small errors more strongly than large ones. TM-score also

differs from GDT-TS, which is a measure of local structural similarity. It is defined as follows:

TM-score = 1
∑

𝛾1
|𝛾1|

∑

𝛾1

max
𝐒∗

⎡

⎢

⎢

⎢

⎣

∑

𝑖∈𝛾1

1

1 + 𝜐2𝛾1
(

𝑠𝑖−𝑠∗𝑖
𝑑0(|𝛾1|)

)2

⎤

⎥

⎥

⎥

⎦

, (3.26)

where 𝛾1 is a set containing beads of interest (e.g., beads in a given molecule) and 𝑑0(|𝛾1|) =

1.24 3
√

|𝛾1| − 15 − 1.8 normalizes for the number of beads assessed. The structure 𝐒∗ is obtained

by optimally translating, rotating, and reflecting 𝐒′ via an iterative search algorithm, as described

in Zhang et al. [91] (𝐒∗ = 𝐑𝐒′ − 𝐭 where 𝐑 ∈ ℝ3×3 is a Kabsch’s rotation matrix, 𝐭 ∈ ℝ3 is a

translation vector). Because TM-score is dependent on structure size, we rescaled 𝐒 and 𝐒′ as in



44

Section 3.3.3, and 𝜐𝛾1 indicates the scaling factor for each set of beads being evaluated.

We use the TM-score to provide the most global view of how similar two individual DNA

molecules are. Accordingly, 𝛾1 indicates the set of beads in each molecule. Like GDT-TS, TM-

score outputs values in (0, 1], with higher values indicating greater global similarity.

Combined score

Although evaluating each similarity measure individually can give detailed information about the

ways in which two structures are similar, there is also utility in defining a single score to indicate

overall structural similarity. We compute such a score by taking the weighted mean of normalized

similarity scores. A total of 70% of this “combined score” accounts for intra-molecular similarity,

with each intra-molecular score (RMSD, intra-molecular distance error, GDT-TS, and TM-score)

contributing equally to this total. The inter-molecular distance error contributes 20% to the com-

bined score, and the distance error of inter-homolog intra-chromosomal distances contributes 10%.

To ensure that the components of the combined score are on the same scale, we must normalize

them prior to taking the weighted mean. We normalize each score between the target and predicted

structures, 𝑒(𝑆, 𝑆 ′), against 𝑒(𝑆, 𝑆◦), where𝑆◦ is a “baseline” structure inferred without constraints

and without multi-resolution optimization. The normalized score, 𝑒norm(𝑆, 𝑆 ′), is defined as fol-

lows:

𝑒norm(𝑆, 𝑆 ′) =

⎧

⎪

⎨

⎪

⎩

1 − 1−𝑒(𝑆,𝑆′)
1−𝑒(𝑆,𝑆◦)

, if 𝑒 ∈ {TM-score, GDT-TS}

1 − 𝑒(𝑆,𝑆′)
𝑒(𝑆,𝑆◦)

, otherwise
(3.27)

This normalization results in 𝑒norm(𝑆, 𝑆 ′) values in [−∞, 1], with higher values indicating greater

similarity and a value of 0 indicating that performance is equivalent with that of the baseline.

3.3.4 Naive approach to multi-resolution inference

In addition to the approach outlined in Section 3.2.2, we also experimented with a simpler ap-

proach, similar to that proposed by Rosenthal et al. [72]. In general, to infer any low-resolution

structure, contact counts must be formulated in terms of distances between low-resolution beads.
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The naive approach uses the same Poisson model and transfer function for the relationship between

high-resolution counts and high-resolution distances as it does for the relationship between low-

resolution counts and low-resolution distances.

3.3.5 Tuning the constraints

Optimal constraint penalties (𝜆1 and 𝜆2) were determined via grid search. Separate grid searches

were performed for each inference setting. During multi-resolution optimization, constraints were

tuned based on performance at the final resolution. The combination of penalties that maximized

the combined error score between target and predicted structures (Section 3.3.3) was used for sub-

sequent analyses. Constraints were not used when inferring structures from entirely unambiguous

counts data because they are not necessary in this setting.

3.4 Results

3.4.1 Multi-resolution optimization improves accuracy of structures inferred from simulated data

We assessed the performance of multi-resolution optimization using simulated datasets, which have

the advantage of involving a predefined “true” structure. In general, we expect structures inferred

with multi-resolution optimization to be more similar to the true structure than those inferred with-

out a multi-resolution strategy. In addition to the negative binomial model of multi-resolution op-

timization, we also examined the results of a “naive” multi-resolution approach, in which the same

transfer function is applied at high and low resolution [72]. Because the relationship between counts

and distances is not consistent across high and low resolution [93], we expect that applying the same

transfer function across resolutions will result in overdispersion of the Poisson at low resolutions.

We therefore anticipate that the naive multi-resolution approach will be less accurate than the neg-

ative binomial multiscale model.

We evaluated the performance of our multi-resolution optimization approach on simulated diploid

Hi-C data (Section 3.3.2). The number of beads per chromosome in the simulated datasets cor-

responds to the diploid yeast genome at 16 kb, resulting in a total of 1, 374 beads. We generated
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10 datasets, each with 107 simulated ambiguous reads. Structures were inferred using the mod-

ified bead-chain connectivity constraint (Section 3.2.3) as well as the modified homolog separa-

tion constraint(Section 3.2.3), with optimal constraint penalties (𝜆1, 𝜆2) determined via grid search

(Section 3.3.5). In all cases where multi-resolution optimization was applied, we inferred high-

resolution structures via 5 rounds of optimization at progressively increasing resolutions, each of

which doubled the resolution above what was obtained in the previous optimization round. Infer-

ence began with a 145 bead structure at the lowest resolution.

As anticipated, the simulation results suggest that our negative binomial model of multi-resolution

optimization improves accuracy of the inferred structures above what can be attained with the naive

multi-resolution approach or with single-resolution inference. Per the combined structural similar-

ity score (Section 3.3.3), the negative binomial model of multi-resolution optimization significantly

outperforms both other inference strategies (Figure 3.1). Improvements are seen when inference

is performs using the true value of 𝛼 (pairwise 𝑡-test, Bonferroni corrected 𝑝-values < 0.001 for

comparison with single-resolution inference and 0.006 for comparison with the naive model) as

well as when 𝛼 is inferred jointly alongside the structure (pairwise 𝑡-test, Bonferroni corrected 𝑝-

values 0.001 for comparison with single-resolution inference and 0.004 for comparison with the

naive model). The negative binomial multi-resolution approach also significantly outperformed

single-resolution inference on each constituent of the combined structural similarity score. We ad-

ditionally saw improved performance of the negative binomial model when compared to the naive

multi-resolution model on five of the six individual similarity scores (Supplementary Figures B.1

and B.2). The improved results of the negative binomial model over the naive model suggest that

accurately adapting the counts-to-distance transfer function across resolutions is important in ob-

taining the best results.

3.4.2 New constraints improve inference with multi-resolution optimization without interfering

with single-resolution inference

Cauer et al. [18] demonstrated that successful diploid inference with PASTIS requires constraints

that reflect prior knowledge of the structure. In particular, genomically adjacent beads are expected
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to colocalize in 3D space, as enforced by the bead-chain connectivity constraint. Additionally,

we expect some amount of separation between the homologs of a chromosome, which is formally

maintained by the homolog separation constraint. Although these constraints successfully enabled

single-resolution inference in Cauer et al., each constraint was associated with a theoretical weak-

ness, either in general or specifically in the context of multi-resolution optimization. Therefore, we

reformulate both constraints as described here (Section 3.2.3).

In brief, we were concerned that the previously published [18] bead-chain connectivity con-

straint, which minimizes the variance in the distance between genomically neighboring beads,

would need to be applied with different penalties at different resolutions. We consequently re-

worked this constraint such that resolution does not impact how strongly the constraint must be

applied (Section 3.2.3). With regard to the homolog separation constraint, the equation in Cauer

et al. operated on the distance between homolog centers of mass, which may not be relevant for

organisms with a Rabl-like genome. Therefore, we adjusted the constraint to work with all inter-

homologous distances instead (Section 3.2.3). Our goal was to improve results obtained with multi-

resolution optimization, ideally without impairing canonical single-resolution inference. We also

aim to demonstrate that our modified homolog separation constraint does not impair structural in-

ference for genomes that do not follow a Rabl-like orientation.

To evaluate the reformulated constraints, we compared performance of the old and new con-

straints on simulated ambiguous diploid data (Section 3.3.2). As before, the number of chromo-

somes and chromosome sizes mirror the structure of the diploid yeast genome at 16 kb, with each of

the 10 datasets containing 107 simulated reads. For each simulated dataset, both the percentage of

counts between different chromosomes and the percentage of counts between homologs of a given

chromosome were consistent with the Hi-C data from Kim et al. [43]. Beads in each molecule

were confined to a spherical territory, and simulated structures do not appear to have a Rabl-like

orientation (Section 3.3.2). For each pair of constraints, optimal constraint penalties (𝜆1, 𝜆2) were

determined via grid search (Section 3.3.5).

The simulation results show that structures inferred with the new constraints are more accurate

than those inferred with the Cauer et al. constraints. Per the combined structural similarity score
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(Section 3.3.3), our novel constraints yield significantly better results than the constraints from

Cauer et al. These improvements are seen for both single-resolution inference and multi-resolution

inference with the negative binomial model, although the relative improvement is greater in the con-

text of multi-resolution inference (Figure 3.2, pairwise 𝑡-test, 𝑝-values 0.001 for single-resolution

and 0 for multi-resolution inference). For both single-resolution and multi-resolution inference, the

new constraints significantly improved accuracy on both inter-molecular structural similarity scores

(Supplementary Figures B.3 and B.4, pairwise 𝑡-test, 𝑝-values < 0.05). This demonstrates that the

novel homolog separating constraint is able improve the relative orientation of homologous chromo-

somes, even when the structure does not have a Rabl-like orientation. Results with intra-molecular

structural similarity scores were more complicated, but show the expected superiority of the new

constraints in the context of multi-resolution optimization. The Cauer et al. constraints yielded sig-

nificantly better RMSD and distance error when used with single-resolution inference, and the novel

constraints significantly improved TM-score and GDT when used with multi-resolution inference

(Supplementary Figures B.3 and B.4). Because we anticipated that the ideal penalty of the Cauer et

al. bead-chain connectivity constraint would vary based on resolution, and these results were gener-

ated with a single penalty across all resolutions, we suspect that the novel bead-chain connectivity

constraint improved intra-molecular similarity in the context of multi-resolution inference because

it is not dependent on resolution.
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A. True 𝛼 B. Inferred 𝛼

Figure 3.1: Multi-resolution optimization improves diploid inference on simulated ambiguous data. The sim-
ulated data consists of a diploid genome with a total of 1, 374 beads and 107 ambiguous reads. Structures were inferred
via three different inference methods (x-axis): without multi-resolution optimization, multi-resolution optimization
with the naive approach, and multi-resolution optimization with our novel negative binomial model. The 𝛼 parameter
was either fixed at the same value used during simulation (A) or jointly inferred alongside the structure (B). Each point
corresponds to a single inferred structure, and colors indicate the simulated true structure from which counts were
derived. Significant differences are indicated (pairwise t-test, Bonferroni corrected p-value < 0.05). There were signif-
icant improvements in the combined error score (y-axis, Section 3.3.3) when multi-resolution optimization was applied
with the negative binomial model, relative to multi-resolution optimization with the naive approach or inference with-
out multi-resolution optimization. Each of the ten individual datasets shows the best results with the negative binomial
multi-resolution model. For results on each constituent of the combined error score, see Supplementary Figures B.1
and B.2.

A. Single-resolution B. Multi-resolution

Figure 3.2: Novel constraints improve diploid inference on simulated ambiguous data. The simulated data
consists of a diploid genome with a total of 1, 374 beads and 107 ambiguous reads. Structures were inferred via two
different inference methods: without multi-resolution optimization (A) and multi-resolution optimization with our
novel negative binomial model (B). Inference was performed using either the two constraints described in Cauer et al.,
2019 [18] or our two novel constraints (x-axis). The 𝛼 parameter was fixed at the same value used during simulation.
Each point corresponds to a single inferred structure, and colors indicate the simulated true structure from which
counts were derived. Significant differences are indicated (pairwise t-test, p-value < 0.05). The combined error score
(y-axis, Section 3.3.3) is significantly better when the novel constraints were applied, and the magnitude of difference
is most pronounced in the context of multi-resolution optimization. However, in both cases, each of the ten individual
datasets shows the best results with the new constraints. For results on each constituent of the combined error score,
see Supplementary Figures B.3 and B.4.
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Chapter 4

CONCLUSION

4.1 Significance of contributions

The 3D organization of the genome plays an important part in regulating a broad array of basic

cellular functions [68, 80, 45, 24, 60]. Additionally, numerous lines of evidence now link changes in

the diverse components of 3D genome architecture to many different human diseases. The analysis

methods and software produced by this thesis can help shed light on the specific mechanisms by

which 3D genome derangement causes disease phenotypes.

Chapter 2 describes the first method for inferring consensus diploid chromatin structures from

bulk Hi-C data. The optimization process used to achieve this goal is also novel. For instance, am-

biguous contact counts are modeled as the sum of the interactions between all pairs of unambiguous

contact counts for a given pair of genomic loci. This approach enables inference to use unphased

data, which makes up the majority of the Hi-C reads produced by nearly all samples and is often

the only type of data available. The method also accepts contacts phased on one or both ends, if

available, and the inclusion of such data further improves inference. Inference also relies on two

constraints, one of which is novel.

Chapter 3 introduces a multi-resolution optimization strategy that substantially improves the

quality of structures inferred from diploid data. This method is the first to accurately model the

counts-to-distance relationship at different resolutions. In order to improve low-resolution inference

and more accurately model the genomic structures of organisms that do not form chromosome

territories, both of the constraints introduced in Chapter 2 were replaced with novel constraints in

Chapter 3.
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4.2 Further validating inferred homologs

In the future, it would be useful to further demonstrate that the 3D structures inferred from ambigu-

ous Hi-C data alone are meaningful. Resolving accurate diploid chromatin structures is a difficult

problem, and a robust characterization of the solutions provided by diploid structural inference

methods such as PASTIS would provide additional confidence in these approaches. The following

experiments have not been conducted for any of the previously published diploid-compatible con-

sensus chromatin structural inference methods, and it would be interesting to use these experiments

to compare among diploid approaches.

First, we could validate structures using microscopy data from super-resolution chromatin trac-

ing experiments [7, 63, 86, 54, 31, 62]. Since this comparison is between a structure derived from

bulk data and the structures of thousands of single cells, we would assess similarity in the distances

between loci rather than comparing the 3D structures themselves. This would allow us to conve-

niently compare the inferred distances with the mean or median of the microscopy-based distances.

It would also be useful to compare inferred and expected structures with regard to the structural

similarity between homologs of a given chromosome. For simulated data, we could assess this

directly by comparing inferred structures against the true structure. We could also assess the yeast

data generated by Kim et al. [43] in this manner, as discussed in Sections 3. Lastly, we could

evaluate the bipartite index (Section 2.3.3) of structures inferred from the mouse X chromosome.

Unlike the results described in Section 2, we would hide all available phasing information and treat

all counts as ambiguous.

4.3 Limitations of our approach

We wish to highlight three significant limitations of our method. The first two limitations also ap-

ply to the multitude of chromatin structural inference methods that use the same counts-to-distance

transfer function as PASTIS [72, 88, 71, 74] The final limitation is only relevant to the compar-

atively small number of of 3D inference methods that rely on a Poisson model of contact counts

[72, 88] Resolution of these limitations has the potential to improve inference with either bulk or
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single-cell data in the haploid or diploid setting.

First, the counts-to-distance transfer function (𝑓 (𝑑𝑖𝑗) ∼ 𝑑𝛼𝑖𝑗 , 𝛼 < 0) may not be appropriate

for inter-molecular distances. This transfer function is based on a simple biophysical model of

polymer packing [50], and provides a convenient and well-supported method for relating intra-

molecular counts to distances. While this counts-to-distance transfer function is commonly used

for both haploid and diploid methods [72, 88, 71, 74] we are unaware of any approach that uses

an alternative transfer function for inter-molecular distances. Although establishing the correct

counts-to-distance relationship for inter-molecular data is not trivial, such an alternative transfer

function would not only benefit PASTIS but many other structural inference as well.

There is also room for improvement in the way this counts-to-distance transfer function is ap-

plied to intra-molecular distances. Both PASTIS and most other methods that utilize this transfer

function use the same value of 𝛼 for all interactions. Segal et al. infer a separate 𝛼 for each chro-

mosome [74]. Because their approach infers individual chromosomes separately before assembling

them into a whole-genome structure, this strategy is necessary for their method. However, it may be

beneficial to explore whether using a different 𝛼 for each chromosome is generally advantageous.

The value of 𝛼 could also be modified based on other genomic features. For example, the distances-

to-counts relationship may be affected by chromatin compaction and allowing the transfer function

to differ between regions of open and closed chromatin may improve results.

The second limitation involves the Poisson model used to model high-resolution contact counts.

As evidenced by recent work from Varoquaux et al., the Poisson distribution is unlikely be the best fit

for the Hi-C data. Varoquaux et al. extended the haploid inference capabilities of PASTIS to model

counts as a negative binomial distribution, rather than a Poisson [85]. The authors demonstrate

that the data has higher variance than is predicted by the Poisson model, a phenomenon known

as “overdispersion.” The use of a negative binomial model uncouples the mean from the variance,

resolving the issue of overdispersion. This approach was shown to be especially advantageous when

structures were inferred from low-coverage bulk Hi-C datasets. Furthermore, accurate modeling of

the mean-variance relationship is likely to be a critical component of single-cell inference.

However, accounting for the overdispersion of high-resolution counts data is complicated in the
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context of our diploid structural inference method. To model the ambiguous and partially ambigu-

ous interaction counts, our method relies on the property that the sum of 𝑖 independent Poisson

random variables of intensities 𝜆𝑖 is a Poisson variable of intensity
∑

𝑖 𝜆𝑖. There is no analogous

property for the sum of negative binomial random variables. The gamma distribution also lacks this

property; however, moment matching provides a very good approximation for the sum of gamma-

distributed random variables, a feature that we apply to allow for multi-resolution diploid inference

in Section 3. It may be possible to solve the problem of overdispersion by modeling high-resolution

counts as a gamma distribution. Because the gamma distribution is continuous, the integer-based

counts could be transformed by normalization and scaling prior to inference. In the context on

multi-resolution optimization, a gamma-based model of high-resolution counts would result in a

gamma-gamma compound distribution, also known as the beta prime distribution, at low resolu-

tion.

4.4 Potential improvements on our method

There are also other strategies, aside from rectification of the above limitations, that may benefit

chromatin structural inference. These strategies could be applied to the inference of either bulk or

single-cell structures with PASTIS or other methods.

First, PASTIS and any other multi-resolution inference methods [72] may yield superior results

when combined with one of the multiscale optimization approaches that assembles a whole-genome

structure in a piecewise manner [74, 71]. These methods infer individual chromosomes in isolation

before incorporating them into a whole-genome structure. The approach described by Segal et

al. [74] seems especially promising, since the relative orientations of any compact subunits in the

chromosomal structures are allowed to shift during the process of assembling the chromosomes

into a whole-genome structure.

Another approach that might benefit structural inference, particularly in the context of noisy

data, involves utilizing counts from significantly interacting loci, as determined by methods such

as FitHiC [2]. These significant interaction loci could be weighted more strongly during infer-

ence, or inference could simply be limited to these significant interactions. The latter strategy has
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successfully been employed in a previously published structural inference method [64]. While it

may be impossible to distinguish significantly interacting loci from high-resolution single-cell Hi-C

data, which tends to be extremely sparse, significantly interacting loci could still be identified from

low-resolution data and subsequently used during a multi-resolution inference approach.

4.5 Inferring single-cell chromatin structures

The variability between cells presents an additional barrier to progress in the field. A consensus

structure inferred from population data may not resemble any individual cell, but ensemble meth-

ods that operate on population data are extremely underdetermined. Therefore, to assess variability

between cells and more accurately determine chromatin structure, it is essential to use single-cell

Hi-C data. There would be great utility in methods that can address these barriers and simplify

optimization, validation, and analysis of single-cell chromatin structures. The following two strate-

gies could be applied to any preexisting single-cell method and may also be helpful in adapting a

consensus approach previously used on bulk Hi-C data for use with single-cell datasets.

While inferring structures from single-cell Hi-C experiments is necessary to address the vari-

ability between cells, single-cell data presents additional difficulties for 3D structural inference.

First, inferring the structure of each cell is computationally expensive. Second, the data for any

particular cell is incredibly sparse, since only a subset of all chromosomal contacts are measured.

One could resolve the former challenge by only building models for a set of representative cells.

Since we expect the structures of certain cells to be redundant, a well-chosen set of cells should

be able to represent most of the information in the full population. Limiting inference to represen-

tative cells would also aid interpretability of the results. The latter challenge could be addressed

by aggregating counts from each representative cell with data from other highly similar cells using

weights that reflect degrees of similarity.

If sparsity is still a problem, even after aggregating counts from similar cells, it may be beneficial

to add a restraint that prevents pairs of loci that lack contacts in bulk Hi-C from coming into contact

in any of the single-cell models. The rationale is that the absence of bulk Hi-C contacts between

pairs of loci can be assumed universal to all cells, whereas we wouldn’t want to constrain by the
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presence of contacts in bulk Hi-C data because it isn’t clear which individual cells gave rise to these

contacts.

4.6 Comparing and integrating our method with microscopy data

While most chromatin structural inference methods use only the counts produced by chromatin con-

formation capture assay as input, inference techniques that also include orthogonal datasets from

the same cell population could enable a more accurate and detailed picture of subnuclear 3D archi-

tecture. For example, it may be interesting to incorporate data from microscopy of chromatin-bound

nuclear proteins or whole-genome chromosome tracing techniques [7, 63, 86, 54, 31, 62]. Because

the limitations and biases inherent in chromatin conformation capture assays may not necessarily

overlap with those of the orthogonal assays, the techniques used could compensate for each other’s

weaknesses. Furthermore, superposition of this orthogonal data on the inferred structure could po-

tentially yield insights into the spatial relationships between DNA and various subnuclear structures

and compartments (speckles, pores). It could also shed light on the variability of 3D architecture

across otherwise homogeneous populations of cells.

However, joint inference of single-cell Hi-C data and orthogonal single-cell datasets, such as

those that result from microscopy, poses a challenge: it is difficult to determine which cell in the

orthogonal dataset best corresponds to each cell in the Hi-C data. While it may be possible to solve

this problem by evaluating structural similarity scores between all microscopy-based structures and

all structures inferred from single-cell Hi-C data alone, this process would be computationally costly

and may yield sub-optimal results. The inferred structures would need to be rescaled and aligned

to match the size and orientation of the microscopy-based structures, and the structural similarity

score used during alignment would need to capture the most important global features of chromatin

structures. When working with microscopy of nuclear proteins, these tasks are particularly chal-

lenging because the images do not reveal the relative ordering of the genomic loci to which proteins

are bound. Alternatively, the output of multiple assays could be integrated using an “in silico co-

assay” method such as MMD-MA [52], which embeds cells profiled by different experiments into

a learned latent space.
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Appendix A

APPENDIX TO “INFERRING DIPLOID 3D CHROMATIN
STRUCTURES FROM HI-C DATA”

Table A.1: Constraints improve ambiguous inference. Each entry is a Bonferroni adjusted 𝑝-value for a 𝑡-test
applied to the specified pair of methods. Values <0.05 are in boldface.

RMSD
per homolog

Distance error
per homolog

Distance error,
inter-homolog

No constraints Bead-chain connectivity 0.0458 0.0104 0.275
No constraints Homolog separation 1.3 0.222 4.14
No constraints Both constraints 0.00309 0.00667 0.0179
No constraints Both constraints + Null 0.0000404 0.00000773 0.0000883
Bead-chain connectivity Homolog separation 0.00731 0.00588 1.62
Bead-chain connectivity Both constraints 4.89 8.74 0.159
Bead-chain connectivity Both constraints + Null 0.000018 0.00000054 0.000263
Homolog separation Both constraints 0.0018 0.00713 0.183
Homolog separation Both constraints + Null 0.0000397 0.152 0.103
Both constraints Both constraints + Null 0.0000179 0.00000387 0.981

Table A.2: Inference with ambiguous and disambiguated data. Each entry is a Bonferroni adjusted 𝑝-value for
a 𝑡-test applied to the specified pair of methods. Values <0.05 are in boldface.

RMSD
per homolog

Distance error
per homolog

Distance error,
inter-homolog

Ambiguous Partially ambiguous 0.000231 0.0000669 0.654
Ambiguous Unambiguous 3.36E-09 2.88E-08 0.00000369
Partially ambiguous Unambiguous 0.00000462 0.00000345 0.00000342
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Appendix B

APPENDIX TO “A MULTI-RESOLUTION OPTIMIZATION STRATEGY
FOR INFERRING 3D GENOME ARCHITECTURE FROM HI-C DATA”
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Intra-molecular similarity
A. B.

C. D.

Inter-molecular similarity
E. F.

Figure B.1: When simulated diploid structures are inferred from ambiguous data with 𝛼 fixed at the true
value, multi-resolution optimization improves accuracy along multiple measures. The simulated data consists of a
diploid genome with a total of 1, 374 beads and 107 ambiguous reads. Structures were inferred via three different infer-
ence methods (x-axis): without multi-resolution optimization, multi-resolution optimization with the naive approach,
and multi-resolution optimization with our novel negative binomial model. The 𝛼 parameter was fixed at the same value
used during simulation. Each point corresponds to a single inferred structure, and colors indicate the simulated true
structure from which counts were derived. Significant differences are indicated (pairwise t-test, Bonferroni corrected
p-value < 0.05). Various intra-molecular (A, B, C, D) and inter-molecular (E, F) structural similarity scores are shown
(y-axis). The negative binomial-based multi-resolution model significantly outperforms single-resolution inference on
all six measures. When comparing between the two multi-resolution optimization strategies, the negative binomial
model yields significantly better intra-molecular similarity scores as well as significantly better intra-chromosomal
inter-homolog distance error (F).
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Intra-molecular similarity
A. B.

C. D.

Inter-molecular similarity
E. F.

Figure B.2: When jointly inferring simulated diploid structures and 𝛼 from ambiguous data, multi-resolution
optimization improves accuracy along multiple measures. The simulated data consists of a diploid genome with a
total of 1, 374 beads and 107 ambiguous reads. Structures were inferred via three different inference methods (x-axis):
without multi-resolution optimization, multi-resolution optimization with the naive approach, and multi-resolution
optimization with our novel negative binomial model. The value of 𝛼 was jointly inferred alongside the structure. Each
point corresponds to a single inferred structure, and colors indicate the simulated true structure from which counts
were derived. Significant differences are indicated (pairwise t-test, Bonferroni corrected p-value < 0.05). Various
intra-molecular (A, B, C, D) and inter-molecular (E, F) structural similarity scores are shown (y-axis). The negative
binomial-based multi-resolution model significantly outperforms single-resolution inference as well as inference with
the naive multi-resolution model on all six similarity scores. Each of the ten individual datasets shows improvement
on all measures with the negative binomial multi-resolution model.
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Intra-molecular similarity
A. B.

C. D.

Inter-molecular similarity
E. F.

Figure B.3: Novel constraints improve single-resolution diploid inference accuracy along multiple measures in
the context of simulated ambiguous data. The simulated data consists of a diploid genome with a total of 1, 374 beads
and 107 ambiguous reads. Structures were inferred without multi-resolution optimization. Inference was performed
using either the two constraints described in Cauer et al., 2019 [18] or our two novel constraints (x-axis). The 𝛼
parameter was fixed at the same value used during simulation. Each point corresponds to a single inferred structure,
and colors indicate the simulated true structure from which counts were derived. Significant differences are indicated
(pairwise t-test, p-value < 0.05). Various intra-molecular (A, B, C, D) and inter-molecular (E, F) structural similarity
scores are shown (y-axis). The novel constraints significantly outperform those of Cauer et al. with regard to intra-
molecular both inter-molecular scores (E, F). However, the Cauer et al. constraints significantly outperform ours on
intra-molecular RMSD and distance error (A, B). No significant differences are seen when comparing intra-molecular
TM-score or GDT (C, D).
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Intra-molecular similarity
A. B.

C. D.

Inter-molecular similarity
E. F.

Figure B.4: Novel constraints improve multi-resolution diploid inference accuracy along multiple measures in
the context of simulated ambiguous data. The simulated data consists of a diploid genome with a total of 1, 374 beads
and 107 ambiguous reads. Structures were inferred via multi-resolution optimization with our novel negative binomial
model. Inference was performed using either the two constraints described in Cauer et al., 2019 [18] or our two novel
constraints (x-axis). The 𝛼 parameter was fixed at the same value used during simulation. Each point corresponds to a
single inferred structure, and colors indicate the simulated true structure from which counts were derived. Significant
differences are indicated (pairwise t-test, p-value < 0.05). Various intra-molecular (A, B, C, D) and inter-molecular
(E, F) structural similarity scores are shown (y-axis). The novel constraints significantly outperform those of Cauer
et al. with regard to intra-molecular TM-score and GDT (C, D) as well as both inter-molecular scores (E, F), but no
significant differences are seen when comparing intra-molecular RMSD or distance error (A, B).
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Table B.1: Notation

Variable Definition

𝐙 3D structure

𝑚 Number of beads in 𝑍

𝑧𝓁 3D coordinate of the 𝓁th bead in 𝑍

𝐶 Haploid contact counts matrix

𝐶𝐴, 𝐶𝑈 , and 𝐶𝑃
Diploid contact counts matrices: ambiguous (𝐴), unambiguous (𝑈 ),

and partially ambiguous (𝑃 )

𝑛 Number of loci in a given counts matrix

𝑐𝑖𝑗 High-resolution haploid contact counts between loci 𝑖 and 𝑗

𝑐𝐴𝑖𝑗
High-resolution ambiguous diploid contact counts between loci 𝑖 and

𝑗

𝑐𝑈𝓁𝑝
High-resolution unambiguous diploid contact counts between loci 𝓁

and 𝑝

𝑐𝑃𝑖𝑗
High-resolution partially ambiguous diploid contact counts between

loci 𝑖 and 𝑗.

𝑐∗𝑖𝑗
High-resolution ambiguated diploid contact counts between loci 𝑖 and

𝑗, where any available phasing information is hidden

𝛽 Coverage parameter for a given haploid counts matrix

𝛽𝐴 Coverage parameter for a given ambiguous diploid counts matrix

𝛽∗
Coverage parameter corresponding to a given ambiguated diploid con-

tact counts matrix

𝑏𝑖 and 𝑏𝑗 Hi-C bias associated with loci 𝑖 and 𝑗, respectively

𝑑𝓁𝑝 Euclidean distance between beads 𝓁 and 𝑝

𝛼 Exponent in counts-to-distance transfer function
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Φ ∶ [1, 𝑚] → [1, 𝑛]

Mapping from bead 𝓁 to locus 𝑖. For haploid or unambiguous data,

this is a one-to-one mapping, and 𝓁 = 𝑖. Otherwise, it is a many-to-

one mapping.

𝑑𝛼𝑖𝑗

𝑑𝛼𝑖𝑗 =
∑

𝓁∶Φ(𝓁)=𝑖
∑

𝑝∶Φ(𝑝)=𝑗 𝑑
𝛼
𝓁𝑝, where 𝑑𝛼𝓁𝑝is the counts-to-distance

transfer function applied to high-resolution distances between beads

𝓁 and 𝑝. For haploid or unambiguous counts, 𝑑𝛼𝑖𝑗 = 𝑑𝛼𝓁𝑝.

𝑋 and 𝑌

Sets of consecutive high-resolution beads, each of which corresponds

to a single

low-resolution bead (𝑥 and 𝑦, respectively)

𝑚𝑋 and 𝑚𝑌 Number of beads in 𝑋 and 𝑌 , respectively

𝑥𝓁 3D coordinate of the 𝓁th bead in 𝑋

𝑦𝑝 3D coordinate of the 𝑝th bead in 𝑌

𝑥 and 𝑦
Low-resolution beads, corresponding to the center of mass of 𝑋 and

𝑌 , respectively.

Δ𝑋𝑌 Difference between the low-resolution beads 𝑥 and 𝑦

𝜅𝓁𝑝 Independent standard normal vector (𝜅𝓁𝑝 ∼  (0, 𝐼3))

𝜀

Determines the difference between 𝑥𝓁 − 𝑦𝑝 and Δ𝑋𝑌 for each of the

three dimensions in 3D space.

Consequently, 𝜀 scales how similar high-resolution distances are to

their corresponding low-resolution distance.

Λ
A set of high-resolution 𝑑𝛼𝓁𝑝 associated with two low-resolution beads,

where the low-resolution beads are separated by a unit of 1

𝑚(𝛼, 𝜀) Mean of Λ

𝑣(𝛼, 𝜀) Variance of Λ

𝑘𝑋𝑌
Shape parameter of the gamma distribution that is associated with dis-

tances between 𝑋 and 𝑌
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𝜃𝑋𝑌
Scale parameter of the gamma distribution that is associated with dis-

tances between 𝑋 and 𝑌

Γ(⋅) The gamma function

𝐵𝑁 (⋅) Component of the Stirling approximation to 𝑙𝑜𝑔Γ(⋅)

𝐵𝑛 Bernoulli numbers

| ⋅| Cardinality of a given set - the number of items in the set.

𝜔
The set of all bead indices such that 𝓁 ∈ 𝜔 and 𝓁 + 1 are on the same

molecule

𝜔∗
The set of indices in the ambiguated counts matrix such that 𝑖 ∈ 𝜔∗

and 𝑖 + 1 are on the same chromosome

𝑑♀
𝑖,𝑖+1, 𝑑

♂
𝑖,𝑖+1

The distances between neighboring beads on the paternal and maternal

homologs of each chromosome, respectively


The log likelihood of the Poisson model (at high resolution) or the

multi-resolution negative binomial model (at low resolution)

𝑟𝜓
The expected distances between homolog centers of mass for chromo-

some 𝜓 , as estimated prior to diploid inference

𝑟′𝜓
The distances between homolog centers of mass for chromosome 𝜓 in

the current inferred structure

𝑐∗inter−chrom𝑖𝑗

High-resolution inter-chromosomal ambiguated counts between loci 𝑖

and 𝑗, where 𝑖 and 𝑗 are on different chromosomes

(𝑑𝛼𝓁𝑝)
inter−hmlg

Counts-to-distance transfer function applied to high-resolution dis-

tances between beads 𝓁 and 𝑝, where 𝓁 and 𝑝 are on different ho-

mologs.

𝑘inter−hmlg, 𝜃inter−hmlg Shape and scale parameter of the gamma distribution of (𝑑𝛼𝓁𝑝)
inter−hmlg

𝑃
The distribution of high-resolution inter-chromosomal ambiguated

counts
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𝑄

The negative binomial distribution that is parameterized by high-

resolution inter-homolog (𝑑𝛼𝓁𝑝)
inter−hmlg, where 𝓁 and 𝑝 are beads on

different homologs.

ℎ1(𝐙) The bead-chain connectivity constraint

ℎ2(𝐙) The homolog separation constraint

𝜆1 Penalization parameter for the bead-chain connectivity constraint

𝜆2 Penalization parameter for the homolog separation constraint

𝜏 The total number of counts bins across all inputted Hi-C matrices

𝑓 (𝐙, 𝛼, 𝜀)
The objective function, including the log likelihood of the counts and

any constraints

𝔼[⋅] Mean

Var[⋅] Variance

𝐒 Target 3D structure, in similarity score calculation

𝐒′ Predicted 3D structure, in similarity score calculation

𝐒∗
3D structure obtained by optimally translating, rotating, and reflecting

𝐒′

𝑆◦
A baseline 3D structure inferred without constraints and without

multi-resolution optimization

𝑠𝑖 The 𝑖th bead of 𝑆

𝑠∗𝑖 The 𝑖th bead of 𝑆∗

𝛾1 A set containing beads of interest

𝛾2 A set containing pairs of beads that correspond to distances of interest

𝜐𝛾1 For TM-score, the scaling factor for each set of beads being evaluated

𝑒norm(𝑆, 𝑆 ′) The normalized error score e between 𝐒 and 𝐒′


	List of Figures
	Introduction
	Experimental techniques used to assess chromatin structure
	The utility of working with 3D chromatin structures
	Methods to infer 3D chromatin structure from contact count matrices
	Challenges in chromatin structural inference
	Organization of dissertation

	Inferring diploid 3D chromatin structures from Hi-C data
	Introduction
	Method
	Results
	Discussion

	A multi-resolution optimization strategy for inferring 3D genome architecture from Hi-C data
	Introduction
	Approach
	Methods
	Results

	Conclusion
	Significance of contributions
	Further validating inferred homologs
	Limitations of our approach
	Potential improvements on our method
	Inferring single-cell chromatin structures
	Comparing and integrating our method with microscopy data

	Appendix to ``Inferring diploid 3D chromatin structures from Hi-C data''
	Appendix to ``A multi-resolution optimization strategy for inferring 3D genome architecture from Hi-C data''

