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Geometry and algorithms for signal recovery:
from convex duality to non-convex formulations

Kellie J. MacPhee

Chair of the Supervisory Committee:
Dmitriy Drusvyatskiy

Department of Mathematics

Structured signal recovery is a central task in a variety of scientific applications, and naturally

leads to non-linear and non-convex optimization problems that present many interesting

mathematical and algorithmic challenges. In this work, we showcase results for three

approaches to solving convex and non-convex optimization problems motivated by structured

signal recovery.

First, we generalize and strengthen the theory of gauge duality in convex optimization.

This includes developing a perturbation framework for gauge duality, establishing optimality

conditions, and generalizing the gauge results to all nonnegative and convex functions.

Second, we investigate a generalization of subgradient methods, originally designed for convex

functions, to functions that are only weakly convex but enjoy the geometric advantage of

sharpness. We see that subgradient methods on this class of functions converge at a local

linear rate. Finally, we extend our work to the stochastic setting, presenting results for

stochastic model-based minimization of functions with high-order growth. These results relax

the traditional requirement of a global Lipschitz constant and allow for higher-order growth in

the function to be minimized, using the tools of Legendre functions and Bregman divergences.

Throughout and wherever possible, we emphasize applications arising in the context of

signal recovery, and provide numerical illustrations of our results.
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Chapter 1

INTRODUCTION

Scientific applications, ranging from X-ray crystallography to image processing, often lead

to noisy, nonlinear measurements from which a signal must be recovered. Often such recovery

problems can be cast as the minimization of an appropriate penalty on the misfit between

the predicted and the observed data, at which point mathematical optimization methods

can aid in finding a solution. However, the natural optimization problems that arise may be

intractable for a variety of reasons, with common challenges stemming from non-convexity

and non-smoothness of the function to be minimized.

Broadly speaking, there are two approaches to dealing with non-convex optimization

problems. The first is to apply an optimization method designed to work well in the convex

setting directly to the non-convex problem, and hope for favorable convergence behavior to

extend to this setting as well. By “favorable” we typically mean both convergence to a global

minimizer (given an appropriate initialization), and a “fast” rate of convergence. When the

objective function is smooth, for example, gradient descent coupled with an appropriate

initialization is by far the most popular method in use, but must contend with the challenges

of saddle points and local minimizers. In non-smooth optimization, there is no similarly

universal “local search” procedure, and the appropriate method depends more heavily on

context.

The second approach to solving these non-convex problems, which came into focus in the

mid-2000’s with the advent of compressed sensing, is the approach of convex relaxations. This

method involves first approximating the original non-convex problem by a convex surrogate

(e.g. by replacing a sparsity or rank constraint with a 1-norm or nuclear norm, or a general

non-convex function with its convex envelope), and then solving this “relaxation” using
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traditional methods for convex optimization. A series of influential works in the field of

compressed sensing [4, 5, 11, 36, 39] spearheaded this approach, which is now widely used

in applications with a sparse or low-rank structure, including phase retrieval and matrix

completion [6, 7]. Some convex relaxations also involve a lifting procedure, which embeds

the problem in a higher-dimensional space to allow the use of efficient convex optimization

methods; one example is the celebrated max-cut formulation of Goemans and Williamson [21],

another is the PhaseLift formulation of phase retrieval [6].

Convex relaxations are typically optimized over a space of very large dimension n, with

the goal being to recover the signal based on a much smaller number of measurements m.

Optimization problems over the primal space of dimension n are therefore computationally

expensive, even in the convex setting. To avoid these inefficiencies, Friedlander and Macêdo [20]

pioneered a method using the framework of gauge duality to solve convex relaxations of phase

retrieval and blind deconvolution problems by optimization over a dual space of dimension

m << n. In this work, we generalize the optimality conditions and primal-from-dual recovery

framework derived in [20] to hold for general gauge optimization problems, significantly

extending the utility of this approach. We also extend these results to hold for nonnegative

convex functions which are not gauges, including common loss functions used in machine

learning and statistics such as the Huber loss, hinge loss, and other piecewise linear-quadratic

loss functions.

The convex relaxation approach is advantageous because it allows the use of well-developed

tools from convex optimization, but this approach can be inefficient or even impossible in

certain settings. Not all non-convex problems are well-approximated by a convex relaxation,

and relaxations can be plagued by the above-mentioned issues of high-dimensionality. Due to

these drawbacks, recently attention has returned to considering local search methods similar

to gradient descent, applied directly to the non-convex problem.

For example, one important class of non-smooth, non-convex functions which have garnered

recent attention is the class of composite functions f = h ◦ c, given by the composition of a

convex function h with a smooth map c [10,13,15]. In the composite optimization setting, the
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prox-linear method has been shown to be very effective [12–15,25]. The prox-linear approach

has been applied, in particular, to a robust variant of the phase retrieval problem [10,14, 16].

Composite functions fall within the more general category of weakly convex functions –

those that become convex after the addition of a quadratic term α‖ · ‖2. Weak convexity is a

historically well-studied subject [8, 18,31,34], but only recently has the combination of weak

convexity with a characteristic called sharpness been identified as leading to fast rates of

convergence for simple non-convex optimization methods. In the context of phase retrieval,

the works [16] and [14] recently showed that sharpness holds (for a particular variant of the

problem), and Davis, Drusvyatskiy, and Paquette showed that a simple subgradient method

converges linearly given a sufficiently close initialization [10]. In this work, we will see that

these same convergence guarantees hold for general weakly convex and sharp problems, and

that these two conditions combine to give a fast linear rate of convergence.

When the function to be minimized is only available through a stochastic sampling

mechanism, which occurs for example in the setting of statistical learning, similar results have

been shown as well [9,15]. In particular, [9] proved that stochastic model-based minimization

procedures, applied to non-smooth and weakly convex functions, converge at the rate O(k−1/4).

One of the major contributions of [9] was in first determining an appropriate way to measure

the rate of convergence for these methods applied to non-smooth and non-convex objective

functions. In this work, we generalize these results to allow for higher-order function growth

by incorporating problem geometry via Bregman divergences, in an approach that significantly

generalizes the mirror descent method which the reader may be familiar with.

1.1 Outline

The mathematical content of this dissertation is organized as follows. The remainder of

Chapter 1 is devoted to a more detailed discussion of the background material and a

summary of the mathematical contributions contained in later chapters. Chapter 2 focuses

on optimization in the convex setting, developing a perturbation approach and optimality

conditions for the gauge duality and perspective duality framework. Chapters 3 and 4 then
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delve into the non-convex setting. Chapter 3 describes conditions under which subgradient-

type methods applied to non-convex problems converge linearly, and includes numerical

experiments illustrating this phenomenon. Chapter 4 extends this work, adapting these

methods to the given problem geometry and allowing for higher-order function growth than is

possible in the setting of Chapter 3. Chapters 2, 3, and 4 contain material from the following

papers, respectively:

• A.Y. Aravkin, J.V. Burke, D. Drusvyatskiy, M.P. Friedlander, and K.J. MacPhee.

Foundations of gauge and perspective duality. SIAM Journal on Optimization, 28(3),

2018.1

• D. Davis, D. Drusvyatskiy, K.J. MacPhee, and C. Paquette. Subgradient methods

for sharp weakly convex functions. Journal of Optimization Theory and Applications,

179(3), 2018.2

• D. Davis, D. Drusvyatskiy, and K.J. MacPhee. Stochastic model-based minimization

under high-order growth. arXiv:1807.00255, 2018.

1.2 Duality theories for convex optimization

Duality theories, ubiquitous in convex optimization and more generally in mathematics, play

a central role in transforming a difficult mathematical problem into a more tractable one.

The idea of pairing a given object (whether a set, a function, or an optimization problem)

with a second object of similar type allows us to approach problems from a complementary

perspective, often opening up new routes to a solution. In this section, we consider the

application of duality theories to solving convex signal recovery problems, such as the convex

relaxations discussed previously. We will be specifically interested in optimization problems

1© 2018 Society for Industrial and Applied Mathematics, reprinted within scope of author’s rights in
connection with scholarly works and professional activities.

2© 2018 Springer Nature, reprinted with permission.
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involving gauge functions, a generalization of norms. This framework has been successfully

applied in the context of phase retrieval and blind deconvolution [20], and our results, detailed

in Chapter 2, allow extensions to a wider range of application settings.

Specifically, we will be interested in problems of the form

minimize
x

κ(x) subject to ρ(b− Ax) ≤ σ, (Gp)

where κ and ρ are non-negative and convex functions. Such problems arise when b is our

observed data, A is a (linear) measurement operator, ρ is a penalty on the data misfit for a

candidate solution x, and κ is a structure-inducing regularizer, for example the 1-norm for

sparsity or nuclear norm for low-rank structure. For the sake of brevity, we will focus our

introductory discussion on the case when κ and ρ are gauge functions (to be defined); the

more general case is treated in Chapter 2.

1.2.1 Background and notation

Before continuing, we pause to fix notation and recall relevant definitions from convex analysis.

We define R to be the extended real line, R∪±∞. We assume that all functions we encounter

are proper, meaning they take a finite value at least at one point and never take the value

−∞. Recall that a function f : Rn → R is convex if for any x, y ∈ Rn and 0 ≤ λ ≤ 1, we have

f(λx+ (1− λy)) ≤ λf(x) + (1− λ)f(y).

Equivalently, convexity can be characterized in terms of the epigraph of f , which is defined as

epi f := {(x, r) ∈ Rn × R : f(x) ≤ r}.

Then f is convex if and only if epi f is a convex set, and similarly we say that f is closed if

and only if epi f is a closed set.

For a convex function f the subdifferential ∂f(x) at a point x is a set-valued generalization

of the gradient, defined for nonsmooth functions. It is given by the set of affine underestimators

of f based at the point x:

∂f(x) := {v|f(x) + 〈v, y − x〉 ≤ f(y), ∀y}.
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In particular, if f is smooth then we have ∂f(x) = {∇f(x)}. The subdifferential thus

describes the variability of the function f , locally around the point x, and is critical to the

variational approach that we will soon consider for deriving duality relationships in convex

optimization.

Modern treatment of duality in the context of convex optimization problems derives from

a perturbation or sensitivity analysis, which was elegantly formalized by Rockafellar and

Wets [35]. The traditional and ubiquitous Fenchel duality fits into this framework, relying on

the duality correspondence between convex functions f : Rn → R and their Fenchel conjugates

f ∗ : Rn → R. The latter is the function defined as

f ∗(y) := sup
x

[〈x, y〉 − f(x)].

When f is closed and convex, we have the bi-conjugate relation (f ∗)∗ = f . In general, we

will have (f ∗)∗ ≤ f .

Gauge functions, which significantly generalize norms, have an additional duality corre-

spondence with their polar gauges. A convex function κ : Rn → [0,+∞] is called a gauge if it

is nonnegative, vanishes at the origin, and is positively homogeneous (i.e. κ(λx) = λκ(x) for

all x ∈ Rn and λ > 0). The geometric theory of polarity for convex cones suggests pairing a

gauge κ with an associated polar gauge, which we denote as κ◦ : Rn → R+ and define by

κ◦(y) := sup
κ(x)≤1

〈x, y〉.

Note that if κ is a norm, then κ◦ is precisely the corresponding dual norm. Equivalently, we

could frame this in terms of polarity of cones by considering the epigraphs:

epiκ◦ = {(y,−λ)|(y, λ) ∈ (epiκ)◦}.

Similar to the case for Fenchel conjugates, when κ is closed we have the symmetric relation

(κ◦)◦ = κ.

First investigated by Freund [19] in 1987, the theory of gauge duality exploits this

relationship between gauges and their polars in a similar manner to the way in which Fenchel
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conjugacy is exploited in Fenchel duality. The two operations yield significantly different dual

problems, yet both can be derived via the general perturbation framework of [35].

With this notation in mind, the gauge dual problem paired with (Gp) is as follows:

minimize
y

κ◦(ATy) subject to 〈b, y〉 − σρ◦(y) ≥ 1. (Gd)

In contrast to the primal problem and the usual Fenchel or Lagrange dual, (Gd) has both

small dimension m� n and the linear operator appearing in the objective rather than the

constraint. As a result, if κ◦ is simple we can compute subgradients of the objective function

κ◦ ◦AT using the chain rule, and thus projection-based algorithms are feasible for (Gd). This

method is exploited in [20] for problems in phase retrieval and blind deconvolution.

1.2.2 Perturbation framework for duality

Consider the generic optimization problem

inf
x∈Rn

ϕ(x) (1.2.1)

where ϕ : Rn → R is some convex function. Duality in convex optimization corresponds to

defining a second optimization problem which encodes the sensitivity of the optimal value

of (1.2.1) to perturbations in the objective function ϕ. More specifically, we introduce a

perturbation parametrized by the variable y ∈ Rm and define the value function

p(y) = inf
x
f(x, y),

where f(x, y) : Rn×Rm → R is a convex function chosen to satisfy f(x, 0) = ϕ(x). Then p(0)

corresponds to the optimal value of the original problem (1.2.1), and this naturally yields the

primal-dual pair of optimization problems

p(0) = inf
x
{ϕ(x) = f(x, 0)} and p∗∗(0) = sup

y
{ψ(y) = −f ∗(0, y)}. (1.2.2)

Here p∗∗ is the double-conjugate of the convex function p, and thus by solving the dual

problem we obtain the lower bound p∗∗(0) ≤ p(0).
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Under certain regularity conditions, the two optimal values are equal, and both are

attained. That is, we can find some x∗ and y∗ such that

ϕ(x∗) = p(0) = p∗∗(0) = ψ(y∗).

Moreover, we obtain the following characterization of such optimal solutions in terms of the

subdifferential of the perturbation function f and its conjugate.

Theorem 1.2.1. Under appropriate regularity conditions, the following are equivalent.

(a) x∗ is primal optimal and y∗ is dual optimal,

(b) (0, y∗) ∈ ∂f(x∗, 0),

(c) (x∗, 0) ∈ ∂f ∗(0, y∗).

Under slightly stronger regularity conditions, we also have that

y∗ is dual optimal ⇐⇒ y∗ ∈ ∂p(0),

which says precisely that the variability of the value function p near zero is governed by y∗.

Thus, the optimal dual variables y∗ measure sensitivity of the optimal value of the primal

problem to the perturbation we have defined.

This general duality framework can be applied with different choices of the perturbation

function f . Fenchel duality, Lagrange duality, and gauge duality can each be seen as particular

examples. A major result contained in Chapter 2 is the derivation of this perturbation

framework for gauge duality.

1.2.3 Gauge duality

Exploiting the fact that κ and ρ in (Gp) are gauges, we can instead define the following per-

turbation scheme. First, using a standard trick we rewrite (Gp) as the equivalent optimization

problem

inf
µ≥0, x

µ subject to ρ(b− Ax) ≤ σ, κ(x) ≤ µ. (Gp)
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We then define the perturbed optimization problem by

vp(y) := inf
µ≥0, x

{µ|ρ (b− Ax+ µy) ≤ σ, κ(x) ≤ µ} .

The major difference between this gauge duality perturbation and the usual Fenchel duality

perturbation is the multiplicative relationship between the dual variable y and the optimal

value µ of the primal problem. A careful computation shows that the dual problem defined

by this perturbation recovers the gauge dual problem (Gd).

1.2.4 Optimality conditions and primal-from-dual recovery

Of course, finding a minimizer y∗ for the gauge dual problem (Gd) is usually not satisfactory

on its own; what we really want is a minimizer x∗ for the original problem (Gp). Thus,

conditions relating the optimal solutions of (Gp) and (Gd) are critical. Such optimality

conditions can be derived via Theorem 1.2.1 using our perturbation scheme, assuming a

standard constraint qualification holds for the feasible regions of (Gp) and (Gd). We call this

constraint qualification strict feasibility.

We show in the work of Chapter 2 that strict feasibility corresponds to zero lying in the

interior of the domain of the value functions p and p∗∗, and thus from Theorem 1.2.1 we

obtain the following optimality conditions for gauge duality.

Theorem 1.2.2. If the pair (x∗, y∗) is primal-dual feasible for (Gp) and (Gd), then (x∗, y∗)

is primal-dual optimal if and only if it satisfies the following four conditions:

ρ(b− Ax∗) = σ or ρ◦(y∗) = 0 (primal activity) (1.2.3a)

〈b, y∗〉 − σρ◦(y∗) = 1 (dual activity) (1.2.3b)

〈x∗, ATy∗〉 = κ(x∗) · κ◦(ATy∗) (objective alignment) (1.2.3c)

〈b− Ax∗, y∗〉 = ρ(b− Ax∗) · ρ◦(y∗). (constraint alignment) (1.2.3d)

These conditions are analogous to the KKT conditions for Lagrange duality, but do not

require smoothness of the objective and constraint functions. The alignment conditions
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(1.2.3c)-(1.2.3d) correspond to equality holding in the Hölder-like inequalities

〈x,ATy〉 ≤ κ(x) · κ◦(ATy) and 〈b− Ax, y〉 ≤ ρ(b− Ax) · ρ◦(y),

which hold for every x and y as an immediate consequence of the definition of the polar gauge.

These conditions can be exploited for recovery of primal solutions x∗ given an optimal y∗.

As a simple example, consider the setting of sparse recovery in which we have κ = ‖ · ‖1.

Then κ◦ = ‖ · ‖∞, and the objective alignment condition (2.3.5c) corresponds to

〈x∗, ATy∗〉 = ‖x∗‖1 · ‖ATy∗‖∞,

which holds precisely when the the support of x∗ aligns with the coordinates of ATy∗ having

maximal absolute value. Thus a gauge dual solution y∗ immediately recovers the sparsity

pattern in the coordinates of optimal solutions x∗ for the gauge primal. This is interesting

in its own right, as knowledge of the appropriate sparsity pattern allows us in principle to

reduce the dimension in the primal problem (Gp) and solve the resulting low-dimensional

problem directly.

1.2.5 Extension to non-gauge functions

In Chapter 2, we also extend the optimality conditions and gauge duality relationships

detailed above to non-gauge functions. In particular, the gauge functions κ and ρ can be

replaced by any nonnegative, nonconvex function. This possibility is achieved by “lifting” the

non-gauge functions via the perspective transform, and applying the gauge duality results to

the perspective functions. Pulling back the results gives us similar optimality conditions and

duality relationships, which can be applied to common loss functions such as the piecewise

linear-quadratic penalties.

1.3 Weak convexity and sharpness in non-convex optimization

Rather than solving a dual problem and subsequently recovering a primal-optimal solution,

we can also work directly with the primal problem. In this section, we consider methods for
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solving general constrained optimization problems of the form

min
x∈X

g(x), (1.3.1)

where X is a closed and convex set, and g is a potentially non-smooth and non-convex

function. We will use the notation g∗ to denote the value of the above minimum, and X ∗ to

denote the set of minimizers, i.e. the set of points x∗ ∈ X with g(x∗) = g∗.

1.3.1 Setting the scene with convexity

When g is convex, classical (projected) subgradient methods for solving (1.3.1) proceed as

given in Algorithm 1. Here the notation projX (y) means the nearest point of X to y (i.e. the

projection of y onto X ).

Algorithm 1: Subgradient method

Data: Initial point x0 and stepsize sequence {αk ≥ 0}k≥0

Step k: (k ≥ 0)

Choose ζk ∈ ∂g(xk)

if ζk 6= 0 then

Set xk+1 = projX

(
xk − αk · ζk

‖ζk‖

)
else

Set xk+1 = xk

end

Subgradient methods differ primarily in their choice of the stepsize sequence {αk}, and are

perhaps the simplest approach to optimization for non-smooth convex problems. In general,

however, the worst-case convergence rates for subgradient methods can be fairly slow. For

convex problems with Lipschitz objective functions, after T iterations a subgradient method

with appropriate stepsize sequence will find a point yT satisfying g(yT )− g∗ ≤ O(1/
√
T ) [3].

This rate has been shown to be optimal over all black-box optimization algorithms for this

problem class [28, 29]. In comparison, when the objective function g is smooth (differentiable

with Lipschitz gradient), this rate improves to O(1/T ) [3].
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Without further assumptions on the function g, we can only guarantee these rates of

convergence in terms of function values, and we have no guarantees on the convergence rate

of the sequence xk. A superior mode of convergence is convergence at a linear rate, which

occurs when the iterates satisfy

dist(xk+1;X ∗) ≤ q · dist(xk;X ∗), for some q ∈ [0, 1).

Here the distance function between a point z and a set C is defined as dist(z;C) := minx∈C ‖z−

x‖.

In order for subgradient methods to converge at a linear rate we must impose additional

regularity conditions on the problem of interest. The appropriate condition here is sharpness,

defined by the inequality

g(z)−min
x∈X

g(x) ≥ µ · dist(z;X ∗) holds for all z ∈ X ,

where µ > 0 is the sharpness constant. In words, µ−sharpness means that the function g

grows linearly away from its solution set.

For non-smooth convex functions which are L-Lipschitz, and µ-sharp, the subgradient

method (with an appropriate choice of stepsizes) exhibits a linear rate, with q =
√

1− (µ/L)2.

Results of this type date back to the 60’s and 70’s [17, 22,32, 33,37], while some more recent

approaches have appeared in [24,38,40].

1.3.2 Linear convergence for non-convex problems

A natural question to ask is whether the subgradient method, and the convergence results

detailed above, can be extended to the setting of non-convex optimization. In short, we will

see that for the class of sharp and weakly-convex objective functions g, the answer is yes.

Before we can formally address this question, though, we must define what we mean by a

subgradient in this non-convex setting.

To that end, we define the Fréchet subdifferential of g at x, denoted ∂g(x), as the set of
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all vectors v ∈ Rd satisfying

g(y) ≥ g(x) + 〈v, y − x〉+ o(‖y − x‖) as y → x. (1.3.2)

Here the term o(t) represents any quantity satisfying o(t)/t→ 0 as t→ 0+. When g is convex,

this reduces to our earlier definition of the subdifferential. When g is weakly-convex, the

Fréchet subdifferential coincides with other common definitions of the subdifferential. We say

that g is ρ-weakly convex [30] if the perturbed function x 7→ g(x) + ρ
2
‖ · ‖2 is convex for some

ρ ≥ 0. In particular, g itself may not be convex.

We will say that a point x̄ ∈ X is stationary for the target problem (1.3.1) if

g(x)− g(x̄) ≥ o(‖x− x̄‖) as x→ x̄ in X .

That is, x̄ is stationary precisely when the zero vector is a subgradient of g + δX at x̄.

We note that for a ρ−weakly convex function g, its subgradients given in (1.3.2) auto-

matically satisfy the much stronger property:

g(y) ≥ g(x) + 〈v, y − x〉 − ρ

2
‖y − x‖2, ∀x, y ∈ Rd, v ∈ ∂g(x). (1.3.3)

Weakly convex functions are widespread in applications, one source being the composite

problem class:

F (x) := h(c(x)), (1.3.4)

where h : Rm → R is convex and L-Lipschitz, and c : Rd → Rm is a C1-smooth map with

β-Lipschitz gradient. A straightforward argument shows that F is ρ−weakly convex with

ρ ≤ Lβ. The elements of the subdifferential ∂F (x) are straightforward to compute through

the chain rule [35, Theorem 10.6, Corollary 10.9]:

∂F (x) = ∇c(x)∗∂h(c(x)) for all x ∈ Rd.

In general, weak convexity coupled with sharpness of the function g gives us a tube around

the solution set X ∗ that contains no extraneous stationary points:

T :=

{
x ∈ X : dist(x;X ∗) < 2µ

ρ

}
.



Ch 1: Introduction 14

Given an initial point that lies within a slight contraction of this tube, we show in Chapter 3

that the standard linearly convergent subgradient methods of Algorithm 1, originally designed

for convex problems, achieve similar rates for weakly convex and sharp objective functions.

That is, for γ > 0 we define the following tube

Tγ :=

{
x ∈ X : dist(x;X ∗) < γ · µ

ρ

}
and the constant

L := sup {‖ζ‖ : ζ ∈ ∂g(x), x ∈ T1} . (1.3.5)

Observing that µ and L play reciprocal roles in characterizing the shape of the function g,

we define the ratio τ := µ/L as a measure of conditioning.

With this notation in mind, we define the weakly-convex and sharp extension of the

subgradient method to be simply Algorithm 1 with the additional restriction that the initial

point x0 must lie in Tγ for some specified γ ∈ (0, 1). We focus on three stepsize rules: Polyak

stepsize [17, 32], geometrically decaying stepsize [22, 37], and constant stepsize [24, 38, 40].

The stepsize definitions and resulting convergence guarantees are summarized in Table 1.3.1.

Note that the Polyak stepsize requires knowledge of the true minimum g∗, but no other

information. For the geometrically decaying stepsize, we must fix a λ > 0 and q ∈ (0, 1),

which are required to satisfy some conditions in terms of γ, µ, and L. Finally, note that the

constant stepsize method (with α sufficiently small) gives linear convergence to within a fixed

distance of the solution set; this distance depends on the choice of α.

Chapter 3 contains proofs of these results, as well as illustrations of the convergence

behavior for numerical examples of (real) phase retrieval and covariance matrix estimation.

1.4 Bregman functions and high-order growth

The subgradient methods previously considered can be seen as a special case of what we term

model-based minimization procedures. Model-based minimization procedures, given a function

f to be minimized and an iterate xk, set the next iterate to be the minimizer of a local model
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Table 1.3.1: A summary of the results contained in Chapter 3. We list the convergence rates

of three variants of Algorithm 1 applied to sharp, weakly-convex problems.

Stepsize Upper Bound on dist2(xk;X ∗)

Polyak: αk = g(xk)−g∗

‖ζk‖

(
1− (1− γ)τ 2

)k
dist2(x0;X ∗)

Geometric Decay: αk = λ · qk
(
1− (1− γ)τ 2

)k ·max
{
λ
2

τ
2 , dist(x0;X ∗)2

}
Constant: αk = α E∗ + max{qk(dist(x0;X ∗)2 − E∗), 2α2}

of the function f based at the point xk. That is, these methods iterate the steps

xk+1 = argmin
y

{
fxk(y) + η · d(y, xk)

}
(1.4.1)

where fxk is a local model of the objective function f near the point xk, d(·, ·) is a “distance”

measure penalizing large deviations from the current iterate, and η > 0 is a step-size parameter.

Gradient and subgradient methods take the models fxk to be linear, i.e.

fxk(y) = f(xk) + 〈vk, y − xk〉, vk ∈ ∂f(xk) (1.4.2)

and the distance measure to be d(y, x) = 1
2
‖y − x‖2. When f is convex, the model (1.4.2)

is a global under-estimator of the function f . When f is weakly-convex, (1.4.2) globally

underestimates f up to a quadratic error term (by definition of the subdifferential). The results

of Chapter 3 show that with an appropriate choice of the stepsize η, the subgradient method

can overcome weak convexity in the original function f and obtain favorable convergence

guarantees, under the additional assumption of sharpness.

In settings where computing an exact (sub)gradient vk is expensive or impossible, for

example in machine learning applications where the objective function f contains either a large

finite sum or an expectation, stochastic optimization is a common alternative. Stochastic

model-based methods, including the popular stochastic gradient descent, simply replace

the models fxk given above by stochastic counterparts. That is, stochastic methods first
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sample a random variable ξ ∼ P , and then minimize a stochastic model fxk(·, ξ) such that

Eξ[fxk(y, ξ)] ≈ f(y) for points y near xk. These methods are often applied to problems of the

form

min
x∈Rd

F (x) := f(x) + r(x) (1.4.3)

where we only have access to the function f via a stochastic sampling mechanism, and r

is a regularization term used to prevent overfitting or induce a particular structure in the

solution.

Assuming a global Lipschitz-type property for the stochastic models, Davis and Drusvy-

atskiy [9] show that the stochastic model-based minimization procedure, applied to weakly

convex functions, drives a natural stationarity measure to zero at the rate O(k−1/4). The

stationarity measure they consider is the gradient of the Moreau envelope Fλ, defined by

Fλ(x) := inf
y

{
F (y) + 1

2λ
‖y − x‖2

2

}
. (1.4.4)

The Moreau envelope Fλ can be thought of as a smoothed version of the original function F ,

with smoothing parameter λ > 0.

Global Lipschitz assumptions are widespread in the optimization literature, but recent

literature has highlighted the fact that many problems of interest do not satisfy these

conditions [1, 2, 23, 26, 27]. The aim of Chapter 4 is to relax this global Lipschitz assumption,

using the tools of Legendre functions and Bregman divergences. Under mild technical

conditions, we will show that the stochastic model-based minimization algorithm drives the

gradient of the Bregman envelope (to be defined) to zero at the rate O(k−1/4), where the size

of the gradient is measured in the local norm induced by a Legendre function Φ. Much of

this work is inspired by the ideas of relative smoothness and relative continuity presented

in [26,27].

1.4.1 Legendre functions and Bregman divergences

A Legendre function Φ: Rd → R is a function satisfying:
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1. (Convexity) Φ is proper, closed, and strictly convex. That is, the epigraph of Φ is

non-empty and closed, and for all x, y ∈ Rd with x 6= y, we have strict inequality in the

convexity inequality:

λΦ(x) + (1− λ)Φ(y) < Φ(λx+ (1− λ)y), ∀λ ∈ (0, 1).

2. (Essential smoothness) The domain of Φ has nonempty interior U := int(dom Φ), Φ is

differentiable on U , and for any sequence {xk} ⊂ U converging to a boundary point of

dom Φ, it must be the case that ‖∇Φ(xk)‖ → ∞.

Each Legendre function Φ induces a distance-like measure DΦ called a Bregman divergence,

which is defined by

DΦ(y, x) := Φ(y)− Φ(x)− 〈∇Φ(x), y − x〉, ∀x, y.

Note that the strict convexity of Φ ensures DΦ(y, x) ≥ 0 for all x and y, with equality holding

if and only if x = y. In addition, we can define a notion of weak-convexity relative to the

function Φ as follows: the function h is ρ−weakly convex relative to Φ if

h(y) ≥ h(x) + 〈v, y − x〉 − ρDΦ(y, x), ∀x, y.

1.4.2 Stationarity measure

We now introduce the stationarity measure that we will use to describe the convergence rate

of the stochastic model-based minimization procedure with Bregman divergences. Analagous

to the Euclidean setting, we define the Bregman envelope

FΦ
λ (x) := inf

y

{
F (y) +

1

λ
DΦ(y, x)

}
,

and the associated Φ-proximal map

proxΦ
λf (x) := argmin

y

{
F (y) +

1

λ
DΦ(y, x)

}
.
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Note that in the Euclidean setting with Φ = 1
2
‖ · ‖2, these definitions coincide with the

standard Moreau envelope and proximal mapping.

We will measure the convergence guarantees of our algorithm based on the rate at which

the quantity

E
[
DΦ

(
proxΦ

λF (x), x
)]

(1.4.5)

tends to zero for some fixed λ > 0.The meaning of this quantity becomes more apparent after

making slightly stronger assumptions on the Legendre function Φ. Namely, if Φ is 1-strongly

convex with respect to some norm ‖ · ‖ and twice differentiable at every point in U , then we

have the following result.

Theorem 1.4.1 (Smoothness of the Φ-envelope). Suppose Φ is 1-strongly convex and twice-

differentiable on U . Then for any small enough positive λ, the envelope FΦ
λ is differentiable

at any point x ∈ U with gradient given by

∇FΦ
λ (x) :=

1

λ
∇2Φ(x)

(
x− proxΦ

λF (x)
)
.

For x ∈ U , we define the local norm ‖y‖x :=
∥∥∇2Φ(x)y

∥∥
∗ which has corresponding dual

norm ‖v‖∗x =
∥∥∇2Φ(x)−1v

∥∥ . Then Theorem 1.4.1 tells us that for small positive λ and x ∈ U

we have √
DΦ

(
proxΦ

λF (x), x
)
≥ λ√

2
‖∇FΦ

λ (x)‖∗x.

Thus the square root of the Bregman divergence, which we will show tends to zero along the

iterate sequence at a controlled rate, bounds the local norm of the gradient ∇FΦ
λ . Since the

function FΦ
λ is a smoothed version of the original function F , in the setting of Theorem 1.4.1

we will see that the gradient of a smooth approximation to F tends to zero at a given rate.

1.4.3 Stochastic model-based minimization with Bregman divergences

Given a Legendre function Φ and associated Bregman divergence DΦ, which are well-adapted

to the geometry of the problem (1.4.3) and the stochastic models fx(·, ξ), the stochastic

model-based minimization algorithm of Chapter 4 proceeds as in Algorithm 2. The constant
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ρ is the weak-convexity constant of the stochastic models fx(·, ξ) + r(·), while the constant τ

controls the growth of the stochastic models away from the true function values, measured in

terms of the Bregman divergence:

Eξ[fx(y, ξ)− f(y)] ≤ τDΦ(y, x), ∀x, y ∈ U ∩ dom r

We also require a Lipschitz-type property, relative to the Bregman divergence, for the

stochastic models f(·, ξ). Note, however, that this is quite different from the common global

Lipschitz assumption, as the Bregman divergence can account for higher-order function

growth.

Algorithm 2: Stochastic Model Based Minimization

Data: x0 ∈ U ∩ dom r, real λ < (τ + ρ)−1, a nonincreasing sequence {ηt}t≥0 ⊆ (0, λ),

and iteration count T .

Step t = 0, . . . , T :


Sample ξt ∼ P

Set xt+1 = argmin
x

{
fxt(x, ξt) + r(x) + 1

ηt
DΦ(x, xt)

}
 ,

Sample t∗ ∈ {0, . . . , T} according to the discrete probability distribution

P(t∗ = t) ∝ ηt
1− ηtρ

.

Return xt∗

The convergence guarantee for Algorithm 2, although obtained for arbitrary nonincreasing

stepsize sequences {ηt}, simplifies in the case that ηt is constant. In particular, we obtain the

following result, which shows that our expected stationarity measure decreases at the rate

O(1/
√
T ). Similar results are detailed in Chapter 4 for general stepsize sequences.
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Theorem 1.4.2 (Convergence rate for constant stepsize). Fix some α > 0 and number of

iterations T , and set the stepsize as ηt = 1

λ
−1

+α
−1√

T+1
for all indices t = 1, . . . , T . Then the

point xt∗ returned by Algorithm 2 satisfies:

E [DΦ (x̂t∗ , xt∗)] ≤
λ2(FΦ

λ (x0)−minF ) + λL
2
α
2

4
+ λ((r(x0)−inf r))

λ
−1−ρ+α

−1

1− λ(τ + ρ)
·
(
λ−1 − ρ
T + 1

+
1

α
√
T + 1

)
for x̂t∗ = proxΦ

λF (xt∗).

This concludes our overview of the results contained in this dissertation. Please see

Chapters 2-4 for further details.
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[20] M. P. Friedlander and I. Macêdo. Low-rank spectral optimization via gauge duality.

SIAM Journal on Scientific Computing, 28(3):A1616–A1638, 2016.

[21] M. X. Goemans and D. P. Williamson. Improved approximation algorithms for maximum

cut and satisfiability problems using semidefinite programming. Journal of the ACM

(JACM), 42(6):1115–1145, 1995.

[22] J. Goffin. On convergence rates of subgradient optimization methods. Mathematical

Programming, 13(3):329–347, 1977.
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Chapter 2

FOUNDATIONS OF GAUGE AND PERSPECTIVE DUALITY

This chapter represents joint work with Aleksandr Y. Aravkin, James V.

Burke, Dmitriy Drusvyatskiy, and Michael P. Friedlander. The contents

appeared in SIAM Journal on Optimization, Aug 2018, 28-3 (p. 2406-2434).

Abstract: We revisit the foundations of gauge duality and demonstrate that it can

be explained using a modern approach to duality based on a perturbation framework. We

therefore put gauge duality and Fenchel-Rockafellar duality on equal footing, including

explaining gauge dual variables as sensitivity measures, and showing how to recover primal

solutions from those of the gauge dual. This vantage point allows a direct proof that optimal

solutions of the Fenchel-Rockafellar dual of the gauge dual are precisely the primal solutions

rescaled by the optimal value. We extend the gauge duality framework to the setting in which

the functional components are general nonnegative convex functions, including problems with

piecewise linear quadratic functions and constraints that arise from generalized linear models

used in regression.

2.1 Introduction

Sensitivity of the optimal values and solutions of optimization problems, with respect to

perturbations in the problem data, is a central concern of Fenchel-Rockafellar duality theory.

Lagrange duality can be regarded as a special case of this theory, in which perturbations

to the data are introduced in a particular manner. Gauge duality, on the other hand, as

introduced in 1987 by Freund [13], was developed without any reference to sensitivity. It

relies instead on a special polarity correspondence that exists for nonnegative, positively

homogeneous convex functions that vanish at the origin; these are known as gauge functions.
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In 2014, Friedlander, Macêdo, and Pong [15] made partial progress towards connecting gauge

and Lagrange dualities. In the present work, we show that gauge duality may be regarded

as a particular application of Fenchel-Rockafellar duality theory that is different than the

one required for Lagrange duality. This connection provides a useful vantage point from

which to develop new algorithms for an important class of convex optimization problems. We

also describe how gauge duality theory can be extended beyond the optimization of gauge

functions to the optimization of all convex functions that are bounded below. We call this

extension perspective duality.

A convenient and fully general formulation for our approach is the problem

minimize
x

κ(x) subject to ρ(b− Ax) ≤ σ, (Gp)

where A : Rn → Rm is a linear map, b is an m-vector, and κ and ρ are closed gauge functions.

For many applications, the function κ is used to regularize the problem in order to obtain

solutions with certain desirable properties. For example, in statistical and machine-learning

applications the regularizer κ is often a nonsmooth, structure-inducing function; e.g., the

1-norm, which is frequently used to encourage sparsity in the solution. The function ρ may

be regarded as a penalty function, such as the 2-norm, that measures the degree of misfit

between the data b and the linear model Ax, and may reflect a statistical model of the noise

in the data b. The perspective duality extension enables us to consider optimization problems

with a wider range of applications by allowing functions κ and ρ that are not positively

homogeneous, including the Huber function used for robust regression [17], the elastic net

used for group detection [28], and the logistic loss used for classification [1, 18].

The formulation (Gp) gives rise to two different “dual” problems:

maximize
y

〈b, y〉 − σρ◦(y) subject to κ◦(ATy) ≤ 1, (Ld)

minimize
y

κ◦(ATy) subject to 〈b, y〉 − σρ◦(y) ≥ 1. (Gd)

Here ρ◦ and κ◦ are the polars of ρ and κ, which are also gauge functions; see section 2.2.1 for

a precise definition. In the important case σ = 0, we interpret σρ◦ as the indicator function
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of the closure of the domain of ρ◦ (see the discussion in section 2.2.3). The first problem (Ld)

is the standard Lagrangian (or Fenchel-Rockafellar) dual, which is the dual problem typically

considered in connection with convex optimization problems. Strong duality, reflected in the

equality

val (Gp) = val (Ld),

and in the attainment of the optimal value of the Lagrange primal-dual pair, holds under

mild interiority conditions often referred to as the Slater constraint qualification. The second

problem (Gd) is the gauge dual and is less well-known. Under interiority conditions similar

to those required by Lagrange duality, strong duality holds in the gauge duality setting; this

is reflected in the analogous equality

1 = val (Gp) · val (Gd),

and in the attainment of the optimal value of the gauge primal-dual pair.

In certain contexts, the gauge dual (Gd) can be preferable for computation to the primal

(Gp) and the Lagrangian dual (Ld), particularly when the polar κ◦ has a special structure.

Friedlander and Macêdo [14], for example, use gauge duality to derive an effective algorithm

for an important class of low-rank spectral optimization problems that arise in signal-recovery

applications, including phase recovery and blind deconvolution. Indeed, the effectiveness of

numerous convex optimization algorithms—particularly first-order methods—relies on being

able to project easily onto the constraint set. The appearance of the linear map A in the

constraints of both (Gp) and (Ld) means that such methods may not be efficient, though some

recent methods have been proposed that circumvent this difficulty [24]. In contrast, the map

A appears in the gauge dual (Gd) only in the objective, and computing subgradients of this

objective only requires subgradients of κ◦, together with the ability to efficiently implement

matrix-vector multiplication. Moreover, typical applications occur in the regime m � n.

For example, m is often logarithmic in n [6, 7, 11,26]. Because the dual variables y of (Gd)

lie in the much smaller space Rm, projections onto the feasible region may be computed

efficiently, depending on the context. An example of how an interior method may be used for
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this purpose is given in section 2.5.2.

2.1.1 Approach

This paper has two main goals. The first goal, addressed in section 2.3, is to show how

the foundations of gauge duality can be derived via a perturbation framework pioneered by

Rockafellar [20,21], in which the optimal value and optimal solution depend on parameters

to the problem. We follow Rockafellar and Wets [23, 11.H], who consider an arbitrary convex

perturbation function F on Rn × Rm that determines how the parameters enter the problem,

and define the value functions

p(u) := inf
x
F (x, u) and q(v) := inf

y
F ?(v, y). (2.1.1)

This set-up immediately yields the primal-dual pair

p(0) = inf
x
F (x, 0) and p??(0) = sup

y
−F ?(0, y) ≡ −q(0). (2.1.2)

Fenchel-Rockafellar duality theory flows from an appropriate choice of F . We show that

gauge duality fits equally well into this framework under a judicious choice of the perturbation

function F , thereby putting Fenchel-Rockafellar and gauge duality theories on an equal

footing. Strong duality, primal-dual optimality conditions, and an interpretation of the gauge

dual solutions as sensitivity measures—i.e., subgradients of the value function—quickly follow;

cf. section 2.3.2. These results, in particular, answer an open question posed by Freund in

his original work [13], which asked for an interpretation of gauge dual variables for problems

with nonlinear constraints. It also completes a partial analysis by Friedlander et al. [15] on

the interpretation of gauge dual variables as sensitivity measures.

This viewpoint allows us to prove a striking relationship between optimal solutions of

the primal and optimal solutions of the Lagrangian dual of the gauge dual: the two coincide

up to scaling by the optimal value (section 2.3.5). Consequently, Lagrangian primal-dual

methods applied to the gauge dual can be used to recover solutions of the original primal
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problem. We illustrate this idea in section 2.7 with an application of Chambolle and Pock’s

primal-dual algorithm [8] to a specific problem instance.

The second goal of this paper is to extend the applicability of the gauge duality paradigm

beyond gauges to capture more general convex problems. Section 2.4 extends gauge duality

to problems involving convex functions that are merely nonnegative, and by an appropriate

translation, functions that are bounded from below. The approach is based on using the

perspective transform of a convex function [20, p. 35], which increases a function’s domain

from Rn to Rn+1 and makes it positively homogeneous, enabling the property that is key

to the application of gauge duality. We term the resulting dual problem the perspective

dual. The perspective-polar transformation, needed to derive the perspective dual problem,

is developed in section 2.4. Concrete illustrations of perspective duality for the family of

piecewise linear-quadratic functions, which are often used in data-fitting applications, and for

the setting of generalized linear models, are given in section 2.5. We further explore examples

of optimality conditions and primal-from-dual recovery in section 2.6. Numerical illustrations

for a case-study of perspective duals comprise section 2.7.

2.2 Notation and assumptions

The derivation of our results relies on standard notions from convex analysis. Unless otherwise

specified, we generally follow Rockafellar [20] for standard definitions and notation, including

domains and epigraphs, relative interiors, convex conjugate functions, subdifferentials, polar

sets, etc. In this section we collect less well-known definitions and notation used throughout

the paper, and establish blanket assumptions on the problem data.

Let R := R ∪ {+∞} denote the extended real line, and R+ := {x ∈ R | x ≥ 0 } denote

the nonnegative extended reals. Let f : Rn → R and g : Rm → R denote general closed

convex functions. For a closed convex set C ⊆ Rn, its convex indicator δC is the closed convex

function whose value is zero on C and +∞ otherwise. Let cone C := {λx | λ ≥ 0, x ∈ C }

denote the cone generated by C. We often abbreviate fractions such as (1/(2µ)) to (1/2µ).
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2.2.1 The perspective transform

For any convex function f : Rn → R, its perspective is the function on Rn+1 whose epigraph

is the cone generated by the set (epi f) × {1}. Because this transform is not necessarily

closed—even when f is closed—we choose to work with its closure, and redefine the transform

as

fπ(x, λ) :=


λf(λ−1x) if λ > 0

f∞(x) if λ = 0

+∞ if λ < 0,

(2.2.1)

where f∞(x) is the recession function of f [20, Theorem 8.5]. A calculus for the perspective

transform f 7→ fπ is described by Aravkin, Burke, and Friedlander [2, Section 3.3] and,

for the infinite-dimensional case, by Combettes [9, 10], where properties of the perspective

transform are described in detail. We often apply more than one transformation to a function,

and in such cases, the multiple transformations are applied in the order that they appear;

e.g., fπ◦ := (fπ)◦.

2.2.2 Gauge functions

The following is only a brief description of gauge functions. A complete description is given

by Rockafellar [20, Section 15].

A convex function κ : Rn → R is called a gauge if it is nonnegative, positively homogeneous,

and vanishes at the origin. The symbols κ : Rn → R and ρ : Rm → R will always denote

closed gauges. The polar of a gauge κ is the function κ◦ defined by

κ◦(y) := inf {µ > 0 | 〈x, y〉 ≤ µκ(x), ∀x } , (2.2.2)

which is also a gauge and satisfies κ◦◦ = κ when κ is closed [20, Theorem 15.1]. For example,

if κ is a norm then κ◦ is the corresponding dual norm. Note the identity

epiκ◦ = { (y,−λ) | (y, λ) ∈ (epiκ)◦ } . (2.2.3)
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It follows directly from (2.2.2) and positive homogeneity of a gauge function that its polar

can be characterized as the support function to the unit level set, i.e.,

κ◦ = δ∗Uκ = sup { 〈u, ·〉 | u ∈ Uκ } where Uκ := {u | κ(u) ≤ 1 } . (2.2.4)

Moreover, κ and κ◦ satisfy a Hölder-like inequality

〈x, y〉 ≤ κ(x) · κ◦(y) ∀x ∈ domκ, ∀y ∈ domκ◦, (2.2.5)

which we refer to as the polar-gauge inequality. The zero level set

Hκ := {u | κ(u) = 0 }

plays a key role when σ = 0. It is straightforward to show that

U◦κ = Uκ◦ , U∞κ = Hκ , (domκ)◦ = Hκ
◦ , and H◦κ = cl domκ◦ (2.2.6)

whenever κ is closed, where U∞κ is the recession cone for Uκ [20, Section 8]. We include proofs

of (2.2.6) in section 2.8.

2.2.3 Assumptions on the feasible region

Define the following primal and dual feasible sets:

Fp := {u | ρ(b− u) ≤ σ } and Fd := { y | 〈b, y〉 − σρ◦(y) ≥ 1 } . (2.2.7)

The nonnegativity of ρ implies that the Slater condition can fail when σ = 0, and thus special

attention is required. In this case, we make the replacement

(ρ, σ) ⇒ (δHρ , 1) whenever σ = 0. (2.2.8)

This replacement yields a gauge optimization problem whose solution set and optimal value

coincide with those of (Gp). Observe that because Hρ is a closed convex cone, δHρ = δ∗H◦ρ is

a closed gauge that satisfies, by virtue of (2.2.6), δ◦Hρ = δH◦ρ = δcl dom ρ
◦ . This motivates the

convention made immediately following (Gd) that

σρ◦ := δcl dom ρ
◦ ≡ δH◦ρ when σ = 0. (2.2.9)
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The replacement (2.2.8) allows us to make the useful assumption that σ > inf ρ, which

significantly streamlines our analysis. The convention (2.2.9) also makes sense from an

epigraphical perspective, because the functions σρ◦ epigraphically converge to δcl dom ρ
◦ as

σ ↓ 0 [23, Proposition 7.4(c)].

The gauge primal (Gp) and dual (Gd) problems are said to be feasible, respectively, if the

following intersections are nonempty:

A−1Fp ∩ (domκ) and ATFd ∩ (domκ◦).

Similarly, the primal and dual problems are said to be relatively strictly feasible, respectively,

if the following intersections are nonempty:

A−1
(
riFp

)
∩ (ri domκ) and AT riFd ∩ (ri domκ◦).

If the intersections above are nonempty, with interior replacing relative interior, then we say

that the problems are strictly feasible. We have

riFp =

{u | b− u ∈ ri dom ρ, ρ(b− u) < σ } if σ > 0

{u | b− u ∈ riHρ } if σ = 0,

riFd =

{ y | y ∈ ri dom ρ◦, 〈b, y〉 − σρ◦(y) > 1 } if σ > 0

{ y | y ∈ riH◦ρ, 〈b, y〉 > 1 } if σ = 0,

which follows from Rockafellar [20, Theorem 7.6] when σ > 0, and from the convention (2.2.9)

when σ = 0.

We assume throughout that ρ(b) > σ. Otherwise, Fp contains the origin, which is a

trivial solution of (Gp). This assumption is consistent with classical applications in signal

processing and machine learning, where the corresponding assumption is that the data b does

not entirely consist of noise.

2.3 Perturbation analysis for gauge duality

Modern treatment of duality in convex optimization is based on an interpretation of multipliers

as giving sensitivity information relative to perturbations in the problem data. No such
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analysis, however, has existed for gauge duality. In this section we show that for a particular

kind of perturbation, the gauge dual (Gd) can in fact be derived via such an approach.

2.3.1 General perturbation framework

Our analysis is based on a perturbation theory described by Rockafellar and Wets [23, 11.H].

In this section we summarize the main results from [23] that we need. Fix an arbitrary

convex function F : Rn×Rm → R, and consider the value functions defined by (2.1.1)–(2.1.2).

Observe the equality q(0) = −p??(0). For example, Fenchel-Rockafellar duality for the

problem

minimize
x

f(Ax) + g(x), (2.3.1)

is obtained from the general perturbation theory by setting F (x, u) = f(Ax+ u) + g(x). In

that case, the primal-dual pair takes the familiar form

p(0) = inf
x

{
f(Ax) + g(x)

}
and p??(0) = sup

y

{
−f ?(−y)− g?(ATy)

}
.

Under certain conditions, described in the following theorem, strong duality holds, i.e.

p(0) = p??(0), and the optimal values are attained.

Theorem 2.3.1 (Multipliers and sensitivity [23, Theorem 11.39]). Consider the primal-dual

pair (2.1.2), where F : Rn × Rm → R is proper, closed, and convex.

(a) The inequality p(0) ≥ −q(0) always holds.

(b) If 0 ∈ ri dom p, then equality p(0) = −q(0) holds and, if finite, the infimum q(0) is

attained with ∂p(0) = argmaxy−F
?(0, y). Similarly, if 0 ∈ ri dom q, then equality p(0) =

−q(0) holds and, if finite, the infimum p(0) is attained with ∂q(0) = argminx F (x, 0).

(c) The set argmaxy−F
?(0, y) is nonempty and bounded if and only if p(0) is finite and

0 ∈ int dom p.
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(d) The set argminx F (x, 0) is nonempty and bounded if and only if q(0) is finite and

0 ∈ int dom q.

(e) Optimal solutions are characterized jointly through the conditions

x̄ ∈ argminx F (x, 0)

ȳ ∈ argmaxy −F
?(0, y)

F (x̄, 0) = −F ?(0, ȳ)

 ⇐⇒ (0, ȳ) ∈ ∂F (x̄, 0) ⇐⇒ (x̄, 0) ∈ ∂F ?(0, ȳ).

Proof. The only difference between the statement of this theorem and that in [23, Theorem

11.39] is in part (b). Here, we make use of the relative interior rather than the interior.

Thus, we only prove part (b). Suppose 0 ∈ ri dom p. If p(0) = −∞, then p(0) = −q(0)

follows by Part ((a)). Hence we can assume that p(0) is finite, and conclude that p is proper.

By [20, Theorem 23.4], ∂p(0) 6= ∅, and given φ ∈ ∂p(0),

p(0) ≤ p(u)− 〈φ, u〉 = inf
x

 F (x, u)−

〈0

φ

 ,

x
u

〉 ∀u.

By taking the infimum over u and recognizing the right-hand side as −F ?(0, φ), we deduce that

p(0) ≤ −F ?(0, φ) ≤ −q(0). Combining this with Part (a) yields p(0) = −F ?(0, φ) = −q(0).

Hence φ ∈ argmaxy−F
?(0, y) 6= ∅. Conversely, given any φ ∈ argmaxy−F

?(0, y), we have

p(0) = −F ?(0, φ) = inf
x,u

F (x, u)−

〈0

φ

 ,

x
u

〉
= inf

u
{p(u)− 〈φ, u〉} ≤ p(v)− 〈φ, v〉 ∀ v,

and so φ ∈ ∂p(0). The case 0 ∈ ri dom q follows by an analogous argument.

2.3.2 A perturbation for gauge duality

We now show that the problems (Gp) and (Gd) constitute a primal-dual pair under the

framework set out by theorem 2.3.1. The key is to postulate the correct pairing function F .
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In the derivation below, we show that the gauge primal-dual pair corresponds to the primal

and dual value functions

vp(u) := inf
µ>0, x

{µ | ρ (b− Ax+ µu) ≤ σ, κ(x) ≤ µ } , (2.3.2a)

vd(t, θ) := inf
y
{κ◦(ATy + t) | 〈b, y〉 − σρ◦(y) ≥ 1 + θ } , (2.3.2b)

where, as in (Gd), we use the convention described by (2.2.8) and (2.2.9). The parameters

u and (t, θ) are perturbations to the primal and dual gauge problems, respectively. This

perturbation scheme differs significantly from that used in Fenchel-Rockafellar duality—

cf. (2.3.1)—because of the product µu.

We begin by observing that vp(0) is equal to the optimal value of the primal (Gp). Because

u and µ appear as a product in this definition, it is convenient to reparameterize the problem

by setting λ := 1/µ and w := x/µ. The positive homogeneity of κ and ρ allows us to

equivalently phrase the primal value function as

vp(u) = inf
λ>0, w

{ 1/λ | ρ(λb− Aw + u) ≤ σλ, w ∈ Uκ } .

In particular, this reparameterization shows that the value function vp is convex because it is

the infimal projection of a convex function, and it is proper when the primal (Gp) is feasible.

We now construct the function F appearing in theorem 2.3.1 associated with this duality

framework. In this construction, we assume that σ > 0, possibly making the replacement

(2.2.8) if σ = 0. Note that minimizing 1/λ is equivalent to minimizing −λ for λ ≥ 0. Define

the convex function F : Rn × R× Rm → R by

F (w, λ, u) := −λ+ δ(epi ρ)×Uκ

W

w

λ

u


 , where W :=


−A b Im

0 σ 0

In 0 0

 .
Observe that the matrix W is nonsingular.

Because (0, 0, 0) ∈ domF , and κ and ρ are closed, the function F is closed and proper.

This pairing function gives rise to the infimal projection problems

p(u) := inf
λ≥0,w

F (w, λ, u) and q(t, θ) := inf
y
F ?(t, θ, y), (2.3.3)
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which correspond to the general definitions shown in (2.1.1). Note that the function p is the

reciprocal of vp, as formalized in the following lemma (stated without proof).

Lemma 1. Equality vp(u) = −1/p(u) holds provided that vp(u) is nonzero and finite. More-

over, vp(u) = 0 if and only if p(u) = −∞, and p(u) = 0 if and only if vp(u) = +∞.

We now compute the conjugate of F , which is needed to derive the dual value function q.

By Rockafellar and Wets [23, Theorem 11.23(b)],

F ?(t, θ, y) = cl inf
z,β,r

 δ?(epi ρ)×Uκ


z

β

r


∣∣∣∣∣∣∣∣∣ W

T


z

β

r

 =


t

θ

y

+


0

1

0


 ,

where the closure operation cl is applied to the function on the right-hand side with respect

to the argument (t, θ, y). Using the definition of W , the constraint in the description of F ?

is precisely (r − ATz, 〈b, z〉+ σβ, z) = (t, θ + 1, y), and the unique vector that satisfies these

constraints is (z, β, r) = (y, σ−1(θ + 1− 〈b, y〉), t+ ATy). The closure operation is therefore

superfluous, and we obtain

F ?(t, θ, y) = δ?(epi ρ)×Uκ


y

σ−1(1 + θ − 〈b, y〉)

t+ ATy


= δ?epi ρ

 y

σ−1(1 + θ − 〈b, y〉)

+ δ?Uκ(t+ ATy).

Since δ?epi ρ(z1, z2) = δepi ρ
◦(z1,−z2) and δ?Uκ = κ◦ by (2.2.3) and (2.2.4), this reduces to

F ?(t, θ, y) = δepi ρ
◦

 y

−σ−1(1 + θ − 〈b, y〉)

+ κ◦(t+ ATy).

The application of theorem 2.3.1 asks that we evaluate these conjugates at (t, θ) = (0, 0),

which yields the expression

F ?(0, 0, y) =

 κ◦(ATy) if 〈b, y〉 − σρ◦(y) ≥ 1

+∞ otherwise.
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Thus, the dual problem

−q(0, 0) = − inf
y
F ?(0, 0, y) = sup

y
−F ?(0, 0, y)

recovers, up to a sign change, the required gauge dual problem (Gd) when σ > 0. When σ = 0,

we also recover the gauge dual problem (Gd) by making the appropriate substitutions (2.2.8)

under the convention (2.2.9).

This discussion justifies the definition of the dual perturbation function vd(t, θ) :=

infy F
?(t, θ, y), which is equivalent to the expression (2.3.2b). Note that vd(0, 0) is the

optimal value of (Gd). In summary, (−1/vp) and vd, respectively, play the roles of p and q as

defined in (2.3.3). In the application of theorem 2.3.1, we identify x with (w, λ), and v with

(t, θ).

2.3.3 Proof of gauge duality

We now use the perturbation framework from section 2.3.2 to prove weak and strong duality

results for the gauge duality setting. theorem 2.3.2 [15, section 5] is already known, but the

proof via perturbation is new.

The following auxiliary result ties the feasibility of the gauge pair (Gp) and (Gd) to the

domain of the value function. The proof of this result, which is largely an application of the

calculus of relative interiors, is deferred to section 2.8.

Lemma 2 (Feasibility and domain of the value function). If the primal (Gp) is relatively

strictly feasible, then 0 ∈ ri dom p. If the dual (Gd) is relatively strictly feasible, then

0 ∈ ri dom vd. The analogous implications, where the ri operator is replaced by the int

operator, hold under strict feasibility (not relative).

The duality relations in the gauge framework follow analogous principles to Lagrange

duality, except that instead of an additive relationship between the primal and dual optimal

values the relationship is multiplicative. The following theorem summarizes weak and strong

duality for gauge optimization.
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Theorem 2.3.2 (Gauge duality [15]). Set νp := vp(0) and νd := vd(0, 0). Then the following

relationships hold for the gauge primal-dual pair (Gp) and (Gd).

(a) (Basic Inequalities) It is always the case that

(i) (1/νp) ≤ νd and (ii) (1/νd) ≤ νp.

In particular, if νp = 0 (resp. νd = 0), then (Gd) (resp. (Gp)) is infeasible.

(b) (Weak duality) If x and y are primal and dual feasible, then

1 ≤ νpνd ≤ κ(x) · κ◦(ATy).

(c) (Strong duality) If the dual (resp. primal) is feasible and the primal (resp. dual) is

relatively strictly feasible, then νpνd = 1 and the gauge dual (resp. primal) attains its

optimal value.

Proof. To simplify notation, in this proof we denote the optimal value of the primal value

function by p0 ≡ p(0).

Part (a). We begin with the inequality (i). theorem 2.3.1 guarantees the inequality

p0 ≥ − inf
y
F ?(0, 0, y) = −νd. (2.3.4)

By lemma 1, whenever νp is nonzero and finite, equality p0 = −1/νp holds, which together

with (2.3.4) yields (i). If, on the other hand, νp = +∞, then (i) is trivial. Finally, if νp = 0,

lemma 1 yields p0 = −∞, and hence (2.3.4) implies νd = +∞, and (i) again holds. Thus,

(i) holds always. To establish (ii), it suffices to consider the case νd = 0. From (2.3.4) we

conclude p0 ≥ 0, that is either p0 = 0 or p0 = +∞. By lemma 1, the first case p0 = 0 implies

νp = +∞ and therefore (ii) holds. The second case p0 = +∞ implies that the primal problem

is infeasible, that is νp = +∞, and again (ii) holds. Thus (ii) holds always, as required.

Part (b). Because the gauge primal and dual problems are both feasible, νp and νd are

nonzero and finite so the result follows from part (a).
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Part (c). Suppose the dual is feasible and the primal is relatively strictly feasible. In

particular, both νp and νd are nonzero and finite by part (a). Hence 1 ≤ νpνd = −νd/p0. On

the other hand, by lemma 2 the assumption that the primal is relatively strictly feasible

implies 0 ∈ ri dom p. This last inequality implies p0 = p(0) is finite, and hence p(·) is proper.

theorem 2.3.1(b) tells us that p0 = −νd and the infimum in the dual νd is attained. Thus we

deduce 1 = νpνd, as claimed.

Conversely, suppose that the primal is feasible and the dual is relatively strictly feasible.

Then, by lemma 2, 0 ∈ ri dom q . This in turn implies p0 = −νd and that the infimum in p(0)

is attained. Since the primal is feasible, by lemma 1, p0 is nonzero, and hence 1 = νpνd and

the infimum in the primal is attained.

2.3.4 Gauge optimality conditions

Our perturbation framework can be harnessed to develop optimality conditions for the gauge

pair that relate the primal-dual solutions to subgradients of the corresponding value function.

This yields a version of parts (b) and (d) in theorem 2.3.1 that are specialized to gauge

duality.

Theorem 2.3.3 (Gauge multipliers and sensitivity). The following relationships hold for the

gauge primal-dual pair (Gp) and (Gd).

(a) If the primal is relatively strictly feasible and the dual is feasible, then the set of optimal

solutions for the dual is nonempty and coincides with

∂p(0) = ∂(−1/vp)(0).

If it is further assumed that the primal is strictly feasible, then the set of optimal

solutions to the dual is bounded.

(b) If the dual is relatively strictly feasible and the primal is feasible, then the set of optimal

solutions for the primal is nonempty with solutions x∗ = w∗/λ∗, where

(w∗, λ∗) ∈ ∂vd(0, 0) and λ∗ > 0.
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If it is further assumed that the dual is strictly feasible, then the set of optimal solutions

to the primal is bounded.

Proof. Part (a). Because (Gp) is relatively strictly feasible, it follows from lemma 2 that

0 ∈ ri dom p, and because the dual is feasible, p(0) is finite. theorem 2.3.1 and lemma 1 then

imply the conclusion of Part (a). The statement on the boundedness of the set of the optimal

solutions to the dual follows from theorem 2.3.1.

Part (b). Because (Gd) is relatively strictly feasible, it follows from lemma 2 that

0 ∈ ri dom vd, and because the primal is feasible, vd(0) is finite. theorem 2.3.1 then implies

that the optimal primal set is nonempty, and argminw,λ F (w, λ, 0) = ∂vd(0, 0). Because the

primal and dual problems are feasible, any pair (w∗, λ∗) ∈ argminw,λ F (w, λ, 0) must satisfy

λ∗ > 0 by theorem 2.3.2 and lemma 1. Thus, this inclusion is equivalent to x∗ = w∗/λ∗

being optimal for the primal problem, with optimal value 1/λ∗. This proves Part (b). The

statement on the boundedness of the set of the optimal solutions to the primal again follows

from theorem 2.3.1.

We use the sensitivity interpretation given by theorem 2.3.3 to develop a set of necessary

and sufficient optimality conditions that mirror the more familiar KKT conditions from

Lagrange duality. For a primal-dual optimal pair (x∗, y∗), the condition ρ◦(y∗) = 0 charac-

terizes a degenerate case when σ > 0 because in that case the primal constraint is inactive

at x∗ (i.e., ρ(b − Ax∗) < σ). On the other hand, the dual constraint is always active at

optimality because the positive homogeneity of the dual objective and the dual constraint

imply 〈b, y∗〉 − σρ◦(y∗) = 1. The full primal-dual optimality conditions for gauge duality are

described in the following theorem.

Theorem 2.3.4 (Optimality conditions). Suppose both problems of the gauge dual pair (Gp)

and (Gd) are relatively strictly feasible, and the pair (x∗, y∗) is primal-dual feasible. Then
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(x∗, y∗) is primal-dual optimal if and only if it satisfies the conditions

ρ(b− Ax∗) = σ or ρ◦(y∗) = 0 (primal activity) (2.3.5a)

〈b, y∗〉 − σρ◦(y∗) = 1 (dual activity) (2.3.5b)

〈x∗, ATy∗〉 = κ(x∗) · κ◦(ATy∗) (objective alignment) (2.3.5c)

〈b− Ax∗, y∗〉 = σρ◦(y∗). (constraint alignment) (2.3.5d)

Proof. First suppose that (x̄, ȳ) satisfies (2.3.5a)-(2.3.5d). By theorem 2.3.2, to show that

(x̄, ȳ) is primal-dual optimal it is sufficient to show that κ(x̄) · κ◦(ATȳ) = 1. Add (2.3.5c) and

(2.3.5d) to obtain

〈b, ȳ〉 = κ(x̄) · κ◦(ATȳ) + σρ◦(ȳ).

By combining the above with (2.3.5b) we obtain κ(x̄) · κ◦(ATȳ) = 1, as desired.

Suppose now that (x∗, y∗) is primal-dual optimal. We begin by assuming that σ > 0 and

obtain the case σ = 0 by applying the result for the σ > 0 case under the replacement (2.2.8).

By the positive homogeneity of κ◦ and the optimality of y∗, (2.3.5b) holds. Also note that

κ(x∗) and κ◦(ATy∗) are both nonzero and finite because of the strong duality guaranteed by

theorem 2.3.2.

Define λ∗ := 1/κ(x∗) and w∗ := λ∗x∗, so that κ(w∗) = 1. By theorem 2.3.1(e) and

theorem 2.3.3(b), we must have (0, 0, y∗) ∈ ∂F (w∗, λ∗, 0). Since the primal problem is

relatively strictly feasible, we can apply [20, Theorem 23.9] to deduce the characterization

∂F (w, λ, 0) = −


0

1

0

+W TN (epi ρ)×Uk


λb− Aw

σλ

w

 , (2.3.6)

where N C(·) denotes the normal cone to a set C. We now consider two cases. First, suppose

ρ(λ∗b − Aw∗) = λ∗σ. Then (2.3.5a) holds, and by straightforward computations involving
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only (2.2.4) and the definitions of normal cones and subdifferentials, we have

N (epi ρ)×Uk


λ∗b− Aw∗

σλ∗

w∗

 = N epi ρ

λ∗b− Aw∗
σλ∗

×N Uk(w∗),
where

N epi ρ

λ∗b− Aw∗
σλ∗

 = cone (∂ρ(λ∗b− Aw∗)× {−1})

and N Uk(w
∗) = { v | κ◦(v) ≤ 〈v, w∗〉 }. Substitute these formulas into (2.3.6) to obtain

∂F (w∗, λ∗, 0) =




v − µATz

µ(〈b, z〉 − σ)− 1

µz


∣∣∣∣∣∣∣∣∣ µ ≥ 0, z ∈ ∂ρ(λ∗b− Aw∗), v ∈ N Uκ(w∗)

 .

We deduce the existence of z∗ ∈ ∂ρ(λ∗b− Aw∗) and µ∗ ≥ 0 such that

y∗ = µ∗z∗ (2.3.7a)

µ∗(〈b, z∗〉 − σ) = 1 (2.3.7b)

κ◦(µ∗ATz∗) ≤ 〈µ∗ATz∗, w∗〉. (2.3.7c)

Note that µ∗ = 0 cannot satisfy (2.3.7b), hence (2.3.7c), together with the polar-gauge

inequality and the fact that κ(w∗) = 1, implies

κ◦(ATy∗) · κ(w∗) = κ◦(ATy∗) ≤ 〈ATy∗, w∗〉 ≤ κ◦(ATy∗) · κ(w∗).

Equality must hold in the above, and dividing through by λ∗ > 0 we see that (2.3.5c) is

satisfied. Finally, we aim to show that (2.3.5d) holds using the fact that y∗ ∈ µ∗∂ρ(λ∗b−Aw∗).

From the characterization (2.2.4) of the polar, we have

∂ρ(u) = argmax
y
{ 〈y, u〉 | ρ◦(y) ≤ 1 } . (2.3.8)

In particular, this characterization implies 〈y∗/µ∗, λ∗b − Aw∗〉 ≥ 〈0, λ∗b − Aw∗〉 = 0. If

ρ(λ∗b− Aw∗) = 0, then by the polar-gauge inequality (2.2.5) we have

0 ≤ 〈y∗, λ∗b− Aw∗〉 ≤ ρ(λ∗b− Aw∗) · ρ◦(y∗) = 0,
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which gives condition (2.3.5d) after dividing through by λ∗. On the other hand, if ρ(u) > 0

then the set (2.3.8) is given by { y | ρ(u) = 〈y, u〉, ρ◦(y) = 1 }. Thus when ρ(λ∗b−Aw∗) > 0,

we again have 〈y∗/µ∗, λ∗b − Aw∗〉 = ρ◦(y∗/µ∗) · ρ(λ∗b − Aw∗), and multiplying through by

µ∗/λ∗ and applying (2.3.5a) gives (2.3.5d).

We have shown the forward implication of the theorem when ρ(λ∗b − Aw∗) = λ∗σ.

The other case we need to consider is when ρ(λ∗b − Aw∗) < λ∗σ, or equivalently when

ρ(b− Ax∗) < σ. An easy argument (e.g., see [12, Proposition 2.14(iv)]) shows

N epi ρ(λ
∗b− Aw∗, λ∗σ) = N dom ρ(λ

∗b− Aw∗)× {0}.

Similar to the first case, we now have

∂F (w∗, λ∗, 0) =



v − ATz

〈b, z〉 − 1

z


∣∣∣∣∣∣∣∣∣ z ∈ N dom ρ(λ

∗b− Aw∗), v ∈ NUκ(w∗)

 .

We deduce that y∗ ∈ N dom ρ(λ
∗b−Aw∗) and also that 〈b, y∗〉 = 1 and κ◦(ATy∗) ≤ 〈ATy∗, w∗〉.

Again, because κ(w∗) = 1, the polar-gauge inequality implies (2.3.5c) holds.

We now show that ρ◦(y∗) = 0 and 〈b− Ax∗, y∗〉 = 0, which, if true, establishes (2.3.5a)

and (2.3.5d) are satisfied as well. First note that y∗ ∈ N dom ρ(u) implies y∗ ∈ (dom ρ)◦, which

implies ρ◦(y∗) = 0 by (2.2.6) . Thus, by (2.3.5b), (2.3.5c), and the fact that κ(x∗)·κ◦(ATy∗) = 1

from theorem 2.3.2, we have

〈b− Ax∗, y∗〉 = 1− κ(x∗) · κ◦(ATy∗) = 0.

Thus if (x∗, y∗) is primal-dual optimal, then (2.3.5a)-(2.3.5d) hold, as claimed. This finishes

the proof for σ > 0.

Let us now consider the case when σ = 0 and apply what we have just proved to the pair

(Gp) and (Gd) under the replacement (2.2.8). Then (x∗, y∗) is primal-dual optimal if and only

if the conditions (2.3.5a)-(2.3.5d) hold with (ρ, σ) = (δHρ , 1), i.e.,

δH◦ρ(y
∗) = 0, 〈x∗, ATy∗〉 = κ(x∗) · κ◦(ATy∗),

〈b, y∗〉 − δH◦ρ(y
∗) = 1, 〈b− Ax∗, y∗〉 = 0.
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If we combine this with primal feasibility, ρ(b− Ax∗) = 0, and use the identity (2.2.9) that

0 · ρ◦ = δH◦ρ , then these conditions are equivalent to (2.3.5a)-(2.3.5d) for σ = 0, ρ, and ρ◦ as

written above.

The following corollary describes a variation of the optimality conditions outlined by

theorem 2.3.4. These conditions assume that a solution y∗ of the dual problem is available,

and gives conditions that can be used to determine a corresponding solution of the primal

problem. An application of the following result appears in section 2.6.

Corollary 1 (Gauge primal-dual recovery). Suppose that the primal-dual pair (Gp) and (Gd)

are each relatively strictly feasible. If y∗ is optimal for (Gd), then for any primal feasible x

the following conditions are equivalent:

(a) x is optimal for (Gp);

(b) 〈x,ATy∗〉 = κ(x) · κ◦(ATy∗) and b− Ax ∈ ∂(σρ◦)(y∗);

(c) ATy∗ ∈ κ◦(ATy∗) · ∂κ(x) and b− Ax ∈ ∂(σρ◦)(y∗),

where, by convention, σρ◦ = δcl dom ρ
◦ when σ = 0.

Proof. We use the optimality conditions given in theorem 2.3.4. As noted before, by the

optimality of y∗ we automatically have equality (2.3.5b) in the dual constraint.

We first show that (b) implies (a). Suppose (b) holds. Then (2.3.5c) holds automatically.

From the characterization (2.2.4) of the polar, we have

σρ◦(y∗) =


σ · sup

ρ(z)≤1

〈y∗, z〉 if σ > 0

δcl dom ρ
◦(y∗) if σ = 0

 = sup
ρ(z)≤σ

〈y∗, z〉, (2.3.9)

where the case σ = 0 uses the convention (2.2.9). Thus, ∂(σρ◦)(y∗) is the set of maximizing

elements in this supremum. Because b−Ax ∈ ∂(σρ◦)(y∗), it holds that ρ(b−Ax) ≤ σ. If we

additionally use the polar-gauge inequality, we deduce that

σρ◦(y∗) = 〈y∗, b− Ax〉 ≤ ρ(b− Ax) · ρ◦(y∗) ≤ σρ◦(y∗),
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and therefore the above inequalities are all tight. Thus conditions (2.3.5a) and (2.3.5d) hold,

and by theorem 2.3.4, (x, y) is a primal-dual optimal pair.

We next show that (a) implies (b). Suppose that x is optimal for (Gp). Then the first

condition of (b) holds by (2.3.5c), and (2.3.5a) and (2.3.5d) combine to give us

σρ◦(y∗) = ρ(b− Ax) · ρ◦(y∗) = 〈b− Ax, y∗〉.

This implies that z := b− Ax is a maximizing element of the supremum in (2.3.9), and thus

b− Ax ∈ ∂(σρ◦)(y∗).

Finally, to show the equivalence of (b) and (c), note that by the polar-gauge inequality,

〈x,ATy∗〉 = κ(x) · κ◦(ATy∗) if and only if x minimizes the convex function κ◦(ATy∗)κ(·) −

〈·, ATy∗〉. This, in turn, is true if and only if 0 ∈ κ◦(ATy∗) ∂κ(x) − ATy∗, or equivalently,

ATy∗ ∈ κ◦(ATy∗) · ∂κ(x).

2.3.5 The relationship between Lagrange and gauge multipliers

We now use the perturbation framework for duality to establish a relationship between gauge

dual and Lagrange dual variables. We begin with an auxiliary result that characterizes the

subdifferential of the perspective function (2.2.1). Combettes [10, Prop. 2.3(v)] also describes

an equivalent formula for the subdifferential, though the derivation and subsequent form of

the expression are very different. The formula in lemma 3 is more suitable for our purposes.

Lemma 3 (Subdifferential of perspective function). Let g : Rn → R be a closed proper convex

function. Then for (x, µ) ∈ dom gπ, equality holds:

∂gπ(x, µ) =

{ (z,−g?(z)) | z ∈ ∂g(x/µ) } if µ > 0

{ (z, γ) | (z,−γ) ∈ epi g?, z ∈ ∂g∞(x) } if µ = 0.

Proof. Recall that the subdifferential of the support function to any nonempty closed convex

set C is given by ∂δ?C(x) = argmax { 〈z, x〉 | z ∈ C } [20, Theorem 23.5 and Corollary 23.5.3].

By [20, Corollary 13.5.1], gπ = δ?C, where C = { (z, γ) | g?(z) ≤ −γ } is a closed convex set. If
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(x, µ) ∈ dom gπ, then C is nonempty and

∂gπ(x, µ) = argmax
(z,γ)∈C

{ 〈(x, µ), (z, γ)〉 } = argmax
(z,γ)∈C

{ 〈z, x〉+ µγ } .

Suppose now that µ > 0. Then

sup
(z,γ)∈C

{ 〈z, x〉+ µγ } = sup
z∈dom g

?
{ 〈z, x〉 − µg?(z) } = µ · sup

z∈dom g
?
{ 〈z, x/µ〉 − g?(z) } . (2.3.10)

Using the expression for the subdifferential of a support function, (z, γ) achieves the supremum

of (2.3.10) if z ∈ ∂g(x/µ) and −γ = g?(z). On the other hand, if µ = 0 then

sup
(z,γ)∈C

〈z, x〉 = sup
z∈dom g

?
〈z, x〉 = δ?dom g

?(x) = g∞(x).

Again using the expression for the subdifferential of a support function, (z, γ) achieves the

supremum of (2.3.10) if and only if z ∈ ∂g∞(x) and (z,−γ) ∈ epi g?.

We now state the main result relating the optimal solutions of (Gp) to the optimal

solutions of the Lagrange dual of (Gd).

Theorem 2.3.5. Suppose that the gauge dual (Gd) is relatively strictly feasible and the primal

(Gp) is feasible. Let (Lp) denote the Lagrange dual of (Gd), and let νL denote its optimal

value. Then

z∗ is optimal for (Lp) ⇐⇒ z∗/νL is optimal for (Gp).

Proof. We first note that (Lp) can be derived via the framework of theorem 2.3.1 through

the Lagrangian value function

h(w) = inf
y

{
κ◦(ATy + w) + δ〈b,·〉−σρ◦(·)≥1(y)

}
.

Here h plays the role of p in theorem 2.3.1; cf. [23, Example 11.41]. Strong duality in theo-

rem 2.3.2 guarantees that h(0) is nonzero and finite, and by lemma 2,

(Gd) relatively strictly feasible =⇒ (0, 0) ∈ ri dom vd =⇒ 0 ∈ ri domh.



Ch 2: Foundations of Gauge and Perspective Duality 47

Thus, it follows from theorem 2.3.1 that the optimal points z∗ for (Lp) are characterized by

z∗ ∈ ∂h(0). Note also that h(0) = νL.

On the other hand, by theorem 2.3.3(b) the solutions to (Gp) are precisely the points

w∗/λ∗ such that (w∗, λ∗) ∈ ∂vd(0, 0). Thus to relate the solution sets of (Lp) and (Gp), we

must relate ∂h(0) and ∂vd(0, 0).

For θ in a neighborhood of zero and all t, by positive homogeneity of κ◦ and ρ◦ we have

vd(t, θ) = (1 + θ)h

(
t

1 + θ

)
= inf

y

{
(1 + θ)κ◦

(
ATy +

t

1 + θ

)
+ δ〈b,·〉−σρ◦(·)≥1(y)

}
.

Thus by lemma 3, ∂vd(0, 0) = { (z,−h?(z)) | z ∈ ∂h(0) } . However, for z ∈ ∂h(0) the Fenchel-

Young equality gives us

0 = 〈0, z〉 = h?(z) + h(0) = h?(z) + νL.

Thus we obtain the convenient description

∂vd(0, 0) = ∂h(0)× {h(0)} = ∂h(0)× {νL}

and the set of optimal solutions for (Gp) is precisely 1
νL
∂h(0).

2.4 Perspective duality

We now move on to an extension of the gauge duality framework, which allows us to consider

functions that are not necessarily positively homogeneous, but continue to be nonnegative

and convex. (The same framework applies to functions that are bounded below because these

can be made nonnegative by translation.) For the remainder of the paper, consider functions

f : Rn → R+ and g : Rm → R+, that are closed, convex and nonnegative over their domains.

In this section we derive and analyze the perspective-dual pair

minimize
x

f(x) subject to g(b− Ax) ≤ σ, (Np)

minimize
y, α, µ

f ](ATy, α) subject to 〈b, y〉 − σg](y, µ) ≥ 1− (α + µ). (Nd)
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The functions f ] and g] are the polars of the perspective transforms of f and g. This transform

is a key operation needed to derive perspective duality. In the next section we describe

properties of that transform and its application to the derivation of the perspective-dual pair.

Throughout this section, we assume that σ > infu g(u) ≥ 0.

2.4.1 Perspective-polar transform

Given a closed proper convex function f : Rn → R+, define the perspective-polar transform

by f ] := (fπ)◦.

An explicit characterization of the perspective-polar transform is given by

f ](z,−ξ) = inf {µ > 0 | 〈z, x〉 ≤ ξ + µf(x), ∀x } . (2.4.1)

This representation can be obtained by applying the definition of the gauge polar (2.2.2) to

the perspective transform as follows:

f ](z,−ξ) = inf {µ > 0 | 〈z, x〉 − ξλ ≤ µfπ(x, λ), ∀x,∀λ }

= inf {µ > 0 | 〈z, x〉 − ξλ ≤ µλf(x/λ), ∀x,∀λ > 0 }

= inf {µ > 0 | 〈z, λx〉 − ξλ ≤ µλf(x), ∀x,∀λ > 0 } ,

which yields (2.4.1) after dividing through by λ. Rockafellar’s extension [20, p.136] of the

polar gauge transform to nonnegative convex functions that vanish at the origin coincides

with f ](z,−1).

The following theorem provides an alternative characterization of the perspective-polar

transform in terms of the more familiar Fenchel conjugate f ?. It also provides an expression

for the perspective-polar of f in terms of the Minkowski function generated by the epigraph

of the conjugate of f , i.e.,

γepi f
?(x, τ) := inf {λ > 0 | (x, τ) ∈ λ epi f ? } ,

which is a gauge. Nonnegativity of f is not required for the first part of this result.
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Theorem 2.4.1. For any closed proper convex function f with 0 ∈ dom f , we have fπ?(z,−ξ) =

δepi f
?(z, ξ). If, in addition, f is nonnegative, f ](z,−ξ) = γepi f

?(z, ξ).

Proof. Because of the assumptions on f , we have fπ(x, 0) = lim inf
λ→0

+ fπ(x, λ) for each

x ∈ Rn [20, Corollary 8.5.2]. Thus we obtain the following chain of equalities:

fπ?(z,−ξ) = sup { 〈z, x〉 − λξ − fπ(x, λ) | x ∈ Rn, λ ∈ R }

= sup { 〈z, x〉 − λξ − λf(λ−1x) | x ∈ Rn, λ > 0 }

= sup { 〈z, λy〉 − λξ − λf(y) | y ∈ Rn, λ > 0 }

= sup {λ · supy { 〈z, y〉 − ξ − f(y) } | λ > 0 }

= sup {λ(f ?(z)− ξ) | λ > 0 } = δepi f
?(z, ξ).

This proves the first statement. Now additionally suppose that f is nonnegative. Because

fπ is closed, it is identical to its biconjugate, and so fπ(x, λ) = δ?epi f
?(x,−λ). Also, epi f ? is

closed and convex, and contains the origin because f is nonnegative. Therefore, it follows

from [20, Corollary 15.1.2] that

f ](z,−ξ) ≡ fπ◦(z,−ξ) = δ?◦epi f
?(z, ξ) = γepi f

?(z, ξ).

The following result relates the level sets of the perspective-polar transform to the level

sets of the conjugate perspective. This result is useful in deriving the constraint sets for

certain perspective-dual problems for which there is no closed form for the perspective polar;

cf. theorem 2.5.4.

Theorem 2.4.2 (Level-set equivalence). Let f : Rn → R+ be a nonnegative, closed proper

convex function with 0 ∈ dom f . Then, for any (z, ξ, µ) ∈ Rn × R× R,

f ](z, ξ) ≤ µ ⇐⇒ [ 0 ≤ µ and f ?π(z, µ) ≤ −ξ ].
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Proof. The following chain of equivalences follows from theorem 2.4.1:

f ](z, ξ) ≤ µ ⇐⇒ γepi f
?(z,−ξ) ≤ µ

⇐⇒ inf {λ > 0 | (z,−ξ) ∈ λ epi f ? } ≤ µ

⇐⇒ inf {λ > 0 | f ?(z/λ) ≤ −ξ/λ } ≤ µ

⇐⇒ inf {λ > 0 | f ?π(z, λ) ≤ −ξ } ≤ µ.

(2.4.2)

Define α = inf {λ > 0 | f ?π(z, λ) ≤ −ξ }.

We first show that f ](z, ξ) ≤ µ implies 0 ≤ µ and f ?π(z, µ) ≤ −ξ. By (2.4.2), 0 ≤ α ≤ µ.

If α < µ, there exists λ with 0 < λ < µ such that f ?π(z, λ) ≤ −ξ. Because f is nonnegative,

µf ≥ λf , and thus (µf)? ≤ (λf)?. In particular,

f ?π(z, µ) = (µf)?(z) ≤ (λf)?(z) = f ?π(z, λ) ≤ −ξ.

On the other hand, if α = µ, there exists a sequence λk → µ such that f ?π(z, λk) ≤ −ξ for

each k. Now by the lower semi-continuity of f ?π, we obtain

f ?π(z, µ) ≤ lim inf
k→∞

f ?π(z, λk) ≤ −ξ.

This establishes the forward implication of the theorem.

For the reverse implication, suppose 0 ≤ µ and f ?π(z, µ) ≤ −ξ. If 0 < µ, it follows

from (2.4.2) that f ](z, ξ) ≤ µ. Now suppose otherwise that µ = 0. We want to show

f ](z, ξ) ≤ 0. By hypothesis, (z, 0,−ξ) ∈ epi f ?π. Thus there exists a sequence (zk, µk, rk)

with limk→∞(zk, µk, rk) = (z, 0,−ξ) and f ?π(zk, µk) ≤ rk for all k. With no loss in generality,

we can assume that µk > 0 for all k. Then for each k, we have µkf
?(zk/µk) ≤ rk for which

we have the following equivalences:

µkf
?(zk/µk) ≤ rk ⇐⇒ sup

w
{ 〈w, zk〉 − µkf(w) } ≤ rk

⇐⇒ 〈w, zk〉 ≤ rk + µkf(w), ∀w ∈ Rn

⇐⇒ µk ≥ inf {λ > 0 | 〈w, zk〉 ≤ rk + λf(w), ∀w ∈ Rn }

⇐⇒
(2.4.1)

µk ≥ f ](zk,−rk),

which gives f ](z, ξ) ≤ 0 = µ in the limit, since f ] is closed.
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Calculus rules

Two useful calculus rules are now developed that govern the perspective-polar transform

when applied to gauge functions and separable sums.

Example 2.4.3 (Gauge functions). Suppose that f is a closed proper gauge. Then

f ](z, ξ) = f ◦(z) + δR−(ξ).

Use expression (2.4.1) for this derivation. When ξ > 0, take x = 0 in the infimum in (2.4.1)

to deduce that f ](z, ξ) = +∞. On the other hand, when ξ ≤ 0, the positive homogeneity of f

implies that f ](z, ξ) = f ◦(z). We leave the details to the reader. More generally, if f vanishes

at the origin, then f ](z, ξ) = +∞ for all ξ > 0.

Example 2.4.4 (Separable sums). Suppose that f(x) :=
∑n

i=1 fi(xi), where each convex

function fi : Rni → R+ is nonnegative. Then a straightforward computation shows that

fπ(x, λ) =
∑n

i=1 f
π
i (xi, λ). Furthermore, taking into account [15, Proposition 2.4], which

expresses the polar of a separable sum of gauges, we deduce

f ](z, ξ) = max
i=1,...,n

f ]i (zi, ξ).

2.4.2 Derivation of the perspective dual via lifting

We now derive the relationship between the primal and dual problems (Np) and (Nd) by

lifting (Np) to an equivalent gauge optimization problem, and then recognizing (Nd) as its

gauge dual.

Theorem 2.4.5 (Gauge lifting of the primal). A point x∗ is optimal for (Np) if and only if

(x∗, 1) is optimal for the gauge problem

minimize
x,λ

fπ(x, λ) subject to ρ



b

1

1

−

A 0

0 1

0 0


x
λ


 ≤ σ, (2.4.3)

where ρ(z, µ, τ) := gπ(z, τ) + δ{0}(µ) is a gauge function.
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Proof. By definition of fπ, x∗ is optimal for (Np) if and only if the pair (x∗, 1) is optimal for

minimize
x,λ

fπ(x, λ) subject to λ = 1, gπ(b− Ax, 1) ≤ σ.

The following equivalence follows from the definition of ρ:

[λ = 1 and gπ(b− Ax, 1) ≤ σ ] ⇐⇒ ρ(b− Ax, 1− λ, 1) ≤ σ.

Thus we arrive at the constraint expressed in (2.4.3).

Corollary 2 (Gauge dual). Problem (Nd) is the gauge dual of (2.4.3).

Proof. It follows from the canonical dual pairing (Gp) and (Gd) that the gauge dual of (2.4.3)

is

minimize
y,α,µ

fπ◦


AT 0 0

0 1 0



y

α

µ




subject to 〈(y, α, µ), (b, 1, 1)〉 − σρ◦(y, α, µ) ≥ 1.

(2.4.4)

Because ρ is separable in (z, µ) and β, it follows from [15, Proposition 2.4] that

ρ◦(y, α, µ) = max { gπ◦(y, µ), δ◦{0}(α) } .

Since δ◦{0}(α) is identically zero, the result follows.

The next result generalizes theorem 2.3.2 to the case where f and g are convex and

nonnegative but not necessarily gauges. We use a construction parallel to the one in (2.2.7),

and for this section only redefine the feasible sets by

Fp := {u | g(b− u) ≤ σ }

Fd := { (y, α, µ) | 〈b, y〉 − σg](y, µ) ≥ 1− (α + µ) } .

Thus, (Np) is relatively strictly feasible if

A−1 riFp ∩ (ri dom f) 6= ∅.
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Similarly, (Nd) is relatively strictly feasible if there exists a triple (y, α, µ) such that

(ATy, α) ∈ ri dom f ] and (y, α, µ) ∈ riFd.

Strict feasibility follows the same definitions, where the operation ri is replaced by int.

Theorem 2.4.6 (Perspective duality). Let νp and νd, respectively, denote the optimal values

of the pair (Np) and (Nd). Then the following relationships hold for the perspective dual pair

(Np) and (Nd).

(a) (Basic Inequalities) It is always the case that

(i) (1/νp) ≤ νd and (ii) (1/νd) ≤ νp.

Thus, νp = 0 and νd = 0, respectively, imply that (Nd) and (Np) are infeasible.

(b) (Weak duality) If x and (y, α, µ) are primal and dual feasible, then

1 ≤ νpνd ≤ f(x) · f ](ATy, α).

(c) (Strong duality) If the dual (resp. primal) is feasible and the primal (resp. dual) is

relatively strictly feasible, then νpνd = 1 and the perspective dual (resp. primal) attains

its optimal value.

Proof. Parts (a) and (b) follow immediately from the analogous result in theorem 2.3.2,

together with theorem 2.4.5 and corollary 2.

Next we demonstrate that (Np) is relatively strictly feasible if and only if (2.4.3) is

relatively strictly feasible. By the description of relative interiors of sublevel sets given

in [20, Theorem 7.6], (2.4.3) is relatively strictly feasible if and only if there exists a point

(x, 1) ∈ ri dom fπ such that

(b− Ax, 0, 1) ∈ ri dom ρ and ρ(b− Ax, 0, 1) = g(b− Ax) < σ.
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We now seek a description of ri dom fπ. We have

dom fπ = { (x, µ) | fπ(x, µ) <∞}

= cl ({0} ∪ { (x, µ) | µ > 0, f(x/µ) <∞}) = cl cone (dom f × {1}).

By [20, Corollary 6.8.1], the above description yields

ri dom fπ = { (x, µ) | µ > 0, x ∈ µ ri dom f } .

Thus (x, 1) ∈ ri dom fπ if and only if x ∈ ri dom f . Similarly,

dom ρ = { (y, 0, µ) | (y, µ) ∈ dom gπ } ,

and so

ri dom ρ = { (y, 0, µ) | (y, µ) ∈ ri dom gπ } = { (y, 0, µ) | µ > 0, y ∈ µ ri dom g } .

In particular, the condition (b− Ax, 0, 1) ∈ ri dom ρ is equivalent to b− Ax ∈ ri dom g. Thus

the conditions for relative strict feasibility of (2.4.3) and (Np) are identical.

A similar argument verifies that (Nd) is relatively strictly feasible if and only if (2.4.4) is

relatively strictly feasible. Strong duality then follows from relative interiority, corollary 2,

theorem 2.4.5, and the analogous strong-duality result in theorem 2.3.2.

2.4.3 Optimality conditions

The following result generalizes theorem 2.3.3 to include the perspective-dual pair.

Theorem 2.4.7 (Perspective optimality). Suppose (Np) is strictly feasible. Then the tuple

(x∗, y∗, α∗, µ∗) is perspective primal-dual optimal if and only if

g(b− Ax∗) = σ or g](y∗, µ∗) = 0 (primal activity)

〈b, y∗〉 − σg](y∗, µ∗) = 1− (α∗ + µ∗) (dual activity)

〈x∗, ATy∗〉+ α∗ = f(x∗) · f ](ATy∗, α∗) (objective alignment)

〈b− Ax∗, y∗〉+ µ∗ = g(b− Ax∗) · g](y∗, µ∗). (constraint alignment)
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Proof. By construction, x∗ is optimal for (Np) if and only if (x∗, 1) is optimal for its gauge

reformulation (2.4.3). Apply theorem 2.3.3 to (2.4.3) and the corresponding gauge dual (Nd)

to obtain the required conditions.

The following result mirrors corollary 1 for the perspective-duality case.

Corollary 3 (Perspective primal-dual recovery). Suppose that the primal (Np) is strictly

feasible. If (y∗, α∗, µ∗) is optimal for (Nd), then for any primal feasible x ∈ Rn, the following

conditions are equivalent:

(a) x is optimal for (Np);

(b) 〈x,ATy∗〉+ α∗ = f(x) · f ](ATy∗, α∗) and (b− Ax, 1) ∈ σ∂g](y∗, µ∗);

(c) ATy∗ ∈ f ](ATy∗, α∗) · ∂f(x) and (b− Ax, 1) ∈ σ∂g](y∗, µ∗).

Proof. By construction, x is optimal for (Np) if and only if (x, 1) is optimal for its gauge

reformulation (2.4.3). Apply corollary 1 to (2.4.3) and its gauge dual (Nd) to obtain the

equivalence of (a) and (b). To show the equivalence of (b) and (c), note that by the polar-gauge

inequality, 〈(x, 1), (ATy∗, α∗)〉 ≤ fπ(x, 1) · f ](ATy∗, α∗) for all x, or equivalently,

〈x,ATy∗〉+ α∗ ≤ f(x) · f ](ATy∗, α∗), ∀x.

The inequality is tight for a fixed x if and only if x minimizes the function

h := f ](ATy∗, α∗)f(·)− 〈·, ATy∗〉 − α∗. This in turn is equivalent to 0 ∈ ∂h(x), or

ATy∗ ∈ f ](ATy∗, α∗) · ∂f(x).

This shows the equivalence of (b) and (c) and completes the proof.

Section 2.6 illustrates an application of corollary 3 for recovering primal optimal solutions

from perspective-dual optimal solutions.
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2.4.4 Reformulations of the perspective dual

Two reformulations of the perspective dual (Nd) may be useful depending on the functions

f and g involved in (Np). First, an important simplification of the perspective dual occurs

when one or both of these functions are gauges.

Corollary 4 (Simplification for gauges). If f is a gauge, then a triple (y∗, α∗, µ∗) is optimal

for (Nd) if and only if α∗ ≤ 0 and (y∗, µ∗) is optimal for

minimize
y,α

f ◦
(
ATy

)
subject to 〈b, y〉 − σg](y, µ) ≥ 1− µ.

If, in addition, g is a gauge, then a triple (y∗, α∗, µ∗) is optimal for (Nd) if and only if α∗ ≤ 0,

µ∗ ≤ 0, and y∗ solves (Gd).

Proof. Follows from the formulas for f ] and g] established in section 2.4.1.

Theorem 2.4.2 also allows us to express the level sets of g] in terms of its conjugate polar

as in the following corollary.

Corollary 5. The point (y∗, α∗, µ∗) is optimal for (Nd) if and only if there exists a scalar ξ∗

such that (y∗, α∗, µ∗, ξ∗) is optimal for the problem

minimize
y,α,µ,ξ

f ](ATy, α)

subject to 〈b, y〉 − σξ = 1− (α + µ), g?π(y, ξ) ≤ −µ, ξ ≥ 0.

Proof. By introducing the variable ξ := (〈b, y〉+α+ µ− 1)/σ in (Nd), the result follows from

theorem 2.4.2.

2.5 Examples: piecewise linear-quadratic and GLM constraints

From a computational standpoint, the perspective-dual formulation may be an attractive

alternative to the original primal problem. The efficiency of this approach requires that the

dual constraints are in some sense more tractable than those of the primal. For example, we

may consider the dual feasible set “easy” if it admits an efficient procedure for projecting
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onto that set. In this section, we examine two special cases that admit tractable dual

problems in this sense. The first case is the family of piecewise linear quadratic (PLQ)

functions, introduced by Rockafellar [22] and subsequently examined by Rockafellar and

Wets [23, p.440], and Aravkin, Burke, and Pillonetto [3]. The second case is when g is a

Bregman divergence arising from a maximum likelihood estimation problem over a family of

exponentially distributed random variables.

For this section only, we will assume for the sake of simplicity that the objective f is a

gauge, so that the perspective dual in each of this cases simplifies as in corollary 4. The more

general case still applies.

2.5.1 PLQ constraints

The family of PLQ functions is a large class of convex functions that includes such commonly

used penalties as the Huber function, the Vapnik ε-loss, and the hinge loss. The last two are

used in support-vector regression and classification [3]. PLQ functions take the form

g(y) = sup
u∈U
{ 〈u,By + b〉 − 1

2
‖Lu‖2

2 } , U := {u ∈ R` | Wu ≤ w } , (2.5.1)

where g is defined by linear operators L ∈ R`×` and W ∈ Rk×`, a vector w ∈ Rk, and an

injective affine transformation B(·) + b from Rk to R`. We may assume without loss of

generality that B(·) + b is the identity transformation, since the primal problem (Np) already

allows for composition of the constraint function g with an affine transformation. We also

assume that U contains the origin, which implies that g is nonnegative and thus can be

interpreted as a penalty function. Aravkin, Burke, and Pillonetto [3] describe a range of PLQ

functions that often appear in applications.

The conjugate representation of g, given by

g?(y) = δU(y) + 1
2
‖Ly‖2,

is useful for deriving its polar perspective g]. In the following discussion, it is convenient to

interpret the quadratic function −(1/2µ)‖Ly‖2 as a closed convex function of µ ∈ R−, and

thus when µ = 0, we make the definition −(1/2µ)‖Ly‖2 = δ{0}(y).
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Theorem 2.5.1. If g is a PLQ function, then

g](y, µ) = δR−(µ) + max
{
γU(y), −(1/2µ)‖Ly‖2

}
= δR−(µ) + max

{
−(1/2µ)‖Ly‖2, max

i=1,...,k
{W T

i y/wi }
}
,

where W T
1 , . . . ,W

T
k are the rows of W that define U in (2.5.1).

Proof. First observe that when g is PLQ, epi g? = { (y, τ) | y ∈ U , 1
2
‖Ly‖2 ≤ τ }. Apply

theorem 2.4.1 and simplify to obtain the chain of equalities

g](y, µ) = γepi g
?(y,−µ) = inf {λ > 0 | (y,−µ) ∈ λ epi g? }

= inf {λ > 0 | y/λ ∈ U , (1/2λ2)‖Ly‖2 ≤ −µ/λ }

= δR−(µ) + max
{
γU(y), −(1/2µ)‖Ly‖2

}
.

Because U is polyhedral, we can make the explicit description

γU(y) = inf {λ > 0 | y ∈ λU }

= inf {λ > 0 | W (y/λ) ≤ w } = max

{
0, max

i=1,...,k
{W T

i y/wi}
}
.

This follows from considering cases on the signs of the W T
i y, and noting that w ≥ 0 because

U contains the origin. Combining the above results, the theorem is proved.

The next example illustrates how theorem 2.5.1 can be applied to compute the perspective-

polar transform of the Huber function.

Example 2.5.2 (Huber function). The Huber function [17], which is a smooth approximation

to the absolute value function, is also its Moreau envelope of order η. Thus it can be stated in

conjugate form as

hη(x) = sup
u∈[−η,η]

{
ux− (η/2)u2

}
= sup

u

{
ux− [δ[−η,η](u) + (η/2)u2]

}
,
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which reveals h?η(y) = δ[−η,η](y) + (η/2)y2. We then apply theorem 2.4.1 to obtain

h]η(z, ξ) = γh?η(z,−ξ)

= inf {λ > 0 | (z,−ξ) ∈ λ epih?η }

= inf {λ > 0 | |z|/λ ≤ η, (η/2λ)z2 ≤ −ξ }

= δR−(ξ) + max
{
|z|/η, −(η/2ξ)z2

}
.

Note that this can easily be extended beyond the univariate case to a separable sum by

applying the result of Example 2.4.4.

We can now write down an explicit formulation of the perspective dual problem (Nd)

when the primal problem (Np) has a PLQ-constrained feasible region (i.e., g is PLQ) and a

gauge objective (i.e., f is a closed gauge). The constraint set of (Nd) simplifies significantly

so that, for example, a first-order projection method might be applied to solve the problem.

Apply theorem 2.5.1 and introduce a scalar variable ξ to rephrase the dual problem (Nd) as

minimize
y, µ, ξ

f ◦
(
ATy

)
subject to 〈b, y〉+ µ− σξ = 1, µ ≤ 0, ξ ≥ 0,

Wy ≤ ξw, −(1/2µ)‖Ly‖2 ≤ ξ.

(2.5.2)

We can further simplify the constraint set using the fact that

[
‖Ly‖2 ≤ −2µξ and µ ≤ 0, ξ ≥ 0

]
⇐⇒

∥∥∥∥∥∥
 2Ly

ξ + 2µ

∥∥∥∥∥∥
2

≤ ξ − 2µ, (2.5.3)

Thus, projecting a point y onto the feasible set of (2.5.2) is equivalent to solving a second-order

cone program (SOCP). In many important cases, the operator L is extremely sparse. For

example, when g is a sum of separable Huber functions, we have L =
√
ηI. Hence in many

practical cases, particularly when m� n and the dual variables are low-dimensional, this

projection problem could be solved efficiently using SOCP solvers that take advantage of

sparsity, e.g., Gurobi [16].
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2.5.2 Generalized linear models and the Bregman divergence

Suppose we are given a data set {(ai, bi)}mi=1 ⊆ Rn+1, where each vector ai describes features

associated with observations bi. Assume that the vector b of observations is distributed

according to an exponential density p(y | θ) = exp[〈θ, y〉−φ?(θ)− p0(y)], where the conjugate

of φ : Rn → R is the cumulant generating function of the distribution and p0 : Rn → R serves

to normalize the distribution. We assume that φ is a closed convex function of the Legendre

type [20, p.258]. The maximum likelihood estimate (MLE) can be obtained as the maximizer

of the log-likelihood function log p(y | θ).

In applications that impose an a priori distribution on the parameters, the goal is to

find an approximation to the MLE estimate that penalizes a regularization function f (a

surrogate for the prior). We assume a linear dependence between the parameters and feature

vectors, and thus set θ = Ax, where the matrix A has rows ai. A regularized MLE estimate

could be obtained by solving the constrained problem

minimize
x

f(x) subject to dφ?(Ax;∇φ(b)) ≤ σ,

where dφ(v;w) := φ(v)− φ(w)− 〈∇φ(w), v − w〉 is the Bregman divergence function, and σ

is a positive parameter that controls the divergence between the linear model Ax and the

first-moment ∇φ(b) relative to the density defined by φ [4].

We use corollary 5 to derive the perspective dual, which requires the computation of the

conjugate of g(z) := dφ?(z;∇φ(b)):

g?(y) = sup
z
{ 〈z, y〉 − dφ?(z;∇φ(b)) }

= sup
z
{ 〈z, y〉 − φ?(z) + φ?(∇φ(b)) + 〈b, z −∇φ(b)〉 }

= φ?(∇φ(b))− 〈b,∇φ(b)〉+ φ(y + b),

where we simplify the expression using the inverse relationship between the gradients of φ

and its conjugate. Assume for simplicity that f is a gauge, which is typical when it serves as
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a regularization function. In that case, the perspective dual reduces to

minimize
y,µ,ξ

f ◦(ATy)

subject to φπ(y + ξb, ξ) ≤ ξ[〈b,∇φ(b)〉 − φ?(∇φ(b))− σ]− 1, ξ ≥ 0;
(2.5.4)

cf. Corollaries 4 and 5.

Example 2.5.3 (Gaussian distribution). As a first example, consider the case where the bi

are distributed as independent Gaussian variables with unit variance. In this case, φ := 1
2
‖ · ‖2

and the above constraints specialize to

1
2ξ
‖y‖2 + 〈b, y〉 ≤ −(1 + σξ), ξ ≥ 0.

This is an example of a PLQ constraint, which falls into the category of problems described in

section 2.5.1.

Example 2.5.4 (Poisson distribution). Consider the case where the observations bi are

independent Poisson observations, which corresponds to φ(θ) = θ log θ − θ and φ?(y) = ey.

Straightforward calculations show that the perspective dual constraints for the Poisson case

reduce to
m∑
i=1

zi log(zi/ξ) ≤ βξ +
m∑
i=1

zi − (1 + σξ), z = y + ξb, ξ ≥ 0,

where β =
∑m

i=1(bi + bi log bi) is a constant. By introducing new variables, this can be further

simplified to require only affine constraints and m relative-entropy constraints. To solve

projection subproblems onto a constraint set of this form, we note that

F (x, y, r) = 400(−log(x/y)− log(log(x/y)− r/y)− 4 log(y))

is a self-concordant barrier for the set { (x, y, r) | y > 0, y log(y/x) ≤ r } , which is the epi-

graph of the relative entropy function; see Nesterov and Nemirovski [19, Proposition 5.1.4]

and Boyd and Vandenberghe [5, Example 9.8]. Standard interior methods can therefore be

used to project onto the constraint set.
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Example 2.5.5 (Bernoulli distribution). When the observations bi are independent Bernoulli

observations, which corresponds to φ(θ) = θ log θ + (1− θ) log(1− θ) and φ?(y) = log(1 + ey),

the perspective dual constraints in (2.5.4) reduce to

m∑
i=1

[zi log(zi/ξ) + (ξ − zi) log((ξ − zi)/ξ)] ≤ βξ − (1 + σξ), z = y + ξb, ξ ≥ 0,

where β =
∑m

i=1(bi log bi + (1− bi) log(1− bi)) is a constant. By introducing new variables,

this can be rewritten with only affine constraints and 2m relative-entropy constraints. Thus

the projection subproblems can be solved as in the Poisson case.

2.6 Examples: recovering primal solutions

Once we have solved the gauge or perspective dual problems, we have two available approaches

for recovering a corresponding primal optimal solution. If we applied a (Lagrange) primal-dual

algorithm (e.g., the algorithm of Chambolle and Pock [8]) to solve the dual, then theorem 2.3.5

gives a direct recipe for constructing a primal solution from the algorithm’s output. On the

other hand, if we applied a primal-only algorithm to solve the dual, we must instead rely on

corollary 1 or corollary 3 to recover a primal solution. Interestingly, the alignment conditions

in these theorems can provide insight into the structure of the primal optimal solution, as

illustrated by the following examples.

2.6.1 Recovery for basis pursuit denoising

Our first example illustrates how corollary 1 can be used to recover primal optimal solutions

from dual optimal solutions for a simple gauge problem. Consider the gauge dual pair

minimize
x

‖x‖1 subject to ‖b− Ax‖2 ≤ σ (2.6.1a)

minimize
y

‖ATy‖∞ subject to 〈b, y〉 − σ‖y‖2 ≥ 1, (2.6.1b)

which corresponds to the basis pursuit denoising problem. The 1-norm in the primal objective

encourages sparsity in x, while the constraint enforces a maximum deviation between a

forward model Ax and observations b.
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Let y∗ be optimal for the dual problem (2.6.1b), and set z = ATy∗. Define the active set

I(z) = { i | |zi| = ‖z‖∞ }

as the set of indices of z that achieve the optimal objective value of the gauge dual. We

use corollary 1 to determine properties of a primal solution x∗. In particular, the first part

of corollary 1(b) holds if and only if x∗i = 0 for all i /∈ I(z), and sign(x∗i ) = sign(zi) for

all i ∈ I(z). Thus, the maximal-in-modulus elements of ATy∗ determine the support for

any primal optimal solution x∗. The second condition in corollary 1(b) holds if and only if

b−Ax = σy∗/‖y∗‖2. In order to satisfy this last condition, we solve the least-squares problem

restricted to the support of the solution:

minimize
x

‖b− Ax− σ (y∗/‖y∗‖2)‖2
2 subject to xi = 0 ∀i /∈ I(z).

(Note that y∗ 6= 0, otherwise the primal problem is infeasible.) The efficiency of this least-

squares solve depends on the number of elements in I(z). For many applications of basis

pursuit denoising, for example, we expect the support to be small relative to the length of x,

and in that case, the least-squares recovery problem is expected to be a relatively inexpensive

subproblem. We may interpret the role of the dual problem as that of determining the

optimal support of the primal, and the role of the above least-squares problem as recovering

the actual values of the support.

2.6.2 Sparse recovery with Huber misfit

For an example where the constraint is not a gauge function, consider the variant of (2.6.1a)

minimize
x

‖x‖1 subject to h(b− Ax) ≤ σ, with h(r) =
m∑
i=1

hη(ri), (2.6.2)

where hη is the Huber function; cf. theorem 2.5.2. This problem corresponds to (Np) with

f(x) = ‖x‖1 and g = h. Suppose that the tuple (y, α, µ), with µ < 0, is optimal for the

perspective dual, and that (Np) attains its optimal value. Because f is a gauge, corollary 4



Ch 2: Foundations of Gauge and Perspective Duality 64

asserts that α = 0, and thus corollary 3(b) reduces to the conditions

〈x,ATy〉 = f(x) · f ◦(ATy) (2.6.3a)

(b− Ax, 1) ∈ σ∂h](y, µ). (2.6.3b)

As we did for the related example in section 2.6.1, we use (2.6.3a) to deduce the support of

the optimal primal solution. It follows from theorem 2.5.1 that because g is PLQ,

h](y, µ) = δR−(µ) + max

(
max
i=1,...,k

{W T
i y/wi}, −(1/2µ)‖Ly‖2

)
.

In particular, because h is a separable sum of Huber functions, W = [I −I]T , w is the

constant vector of all ones, and L =
√
ηI. Since µ < 0, it follows that

∂h](y, µ) = ∂
(
max

{
‖y‖∞,−(η/2µ)‖y‖2

})
(y, µ).

For the set { v1, . . . , v2m+1 } :=
{
y1, . . . , ym,−y1, . . . ,−ym,− η

2µ
‖y‖2

}
, let J(y, µ) := { j | |vj| = maxi=1,...,2m+1 |vi| }

be the set of maximizing indices. Then

∂h](y, µ) = conv {∇vj | j ∈ J(y, µ) } ,

where conv denotes the convex hull operation. More concretely, precisely the following terms

are contained in the convex hull above:

•
(
− η
µ
y, η

2µ
2‖y‖2

2

)
if − η

2µ
‖y‖2 ≥ ‖y‖∞;

• (sign (yi) · ei, 0) if i ∈ [m] and |yi| = ‖y‖∞ ≥ − η
2µ
‖y‖2,

where ei is the ith standard basis vector. Note that if an optimal solution to (Np) exists,

then corollary 3 tells us that (−(η/µ)y, (η/2µ2)‖y‖2) must be included in this convex hull,

otherwise it is impossible to have (b− Ax, 1) ∈ ∂h](y, µ).

In summary, corollary 3 tells us that to find an optimal solution x for (Np), we need to

solve a linear program to ensure that (b− Ax, 1) ∈ conv {∇vj | j ∈ J(y, µ) } subject to the

optimal support of x, as determined by (2.6.3a). In cases where the size of the support is

expected to be small (as might be expected with a 1-norm objective), this required linear

program can be solved efficiently.
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2.7 Numerical experiment: sparse robust regression

To illustrate the usefulness of the primal-from-dual recovery procedure implied by theo-

rem 2.3.5, we continue to examine the sparse robust regression problem (2.6.2), considered

by Aravkin et al. [2]. The aim is to find a sparse signal (e.g., a spike train) from measure-

ments contaminated by outliers. These experiments have been performed with the following

data: m = 120, n = 512, σ = 0.2, η = 1, and A is a Gaussian matrix. The true solution

x ∈ {−1, 0, 1} is a spike train which has been constructed to have 20 nonzero entries, and

the true noise b− Ax has been constructed to have 5 outliers.

We compare two approaches for solving problem (2.6.2). In both, we use Chambolle

and Pock’s (CP) algorithm [8], which is primal-dual (in the sense of Lagrange duality) and

can be adapted to solve both the primal problem (2.6.2) and its perspective dual (2.5.2).

Other numerical methods could certainly be applied to either of these problems, such as

Shefi and Teboulle’s dual moving-ball method [25]. We note that a primal-only method, for

example, applied to (2.5.2), would require us to use the methods of section 2.6 rather than

theorem 2.3.5 for the recovery of a primal solution.

The CP method applied to problem (2.3.1) at each iteration k computes

yk+1 := proxαyf
?

(
yk + αyA[2xk − xk−1]

)
xk+1 := proxαxg(x

k − αxATyk+1),

where proxαf (x) := argminy{f(y) + 1
2α
‖x− y‖2

2}. The positive scalars αx and αy are chosen

to satisfy αxαy‖A‖2 < 1. Setting f = δh(b−·)≤σ, and g = ‖ · ‖1 yields the primal problem

(2.6.2). In this case, the proximal operators proxαf? and proxαg can be computed using the

Moreau identity, i.e.,

proxαf?(x) = x− prox(αf
?
)
?(x) = x− αΠf (x/α)

proxαg(y) = y − prox(αg)
?(y) = y − ΠαB∞(y/α),

where Πf is the projection onto the sublevel set in the definition of f and ΠαB∞ is the
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projection onto the infinity-norm ball of radius α. We implement Πf using the Convex.jl [27]

and Gurobi [16] software packages.

On the other hand, to apply CP to the perspective dual problem (2.5.2), one instead

takes f = (‖ · ‖)◦ = ‖ · ‖∞ and g = δQ, where Q is the constraint set for (2.5.2), and take A

to be the corresponding adjoint to the operator in (2.6.2). To compute proxαyg, which is the

projection onto Q, we solve the SOCP (2.5.3) using Gurobi. To evaluate proxαf? , we again

use the Moreau identity and project onto level sets of ‖ · ‖1.

fig. 2.7.1 compares the outcomes of running CP on the primal and perspective dual

problems. This experiment exhibited similar behavior when run 500 times with different

realizations of the random data, and so here we report on a single problem instance. Note that

performing an iteration of CP on the perspective dual is significantly faster than performing

an iteration of CP on the primal because ΠQ can be computed much more efficiently than

Πf (see the discussion in section 2.5.1). This also appears to make convergence of CP on the

perspective dual more stable, as seen in fig. 2.7.1(a). fig. 2.7.1(c)-(d) illustrate the sparsity

patterns of the iterates xk relative to those x. Notably, we recover the correct sparsity

patterns using theorem 2.3.5. The recovery procedure outlined in section 2.6.2 also recovers

the correct sparsity pattern, when applied to the final perspective dual iterate.

2.8 Discussion

Gauge duality is fascinating in part because it shares many symmetric properties with

Lagrange duality, and yet Freund’s 1987 development of the concept flows from an entirely

different principle based on polarity of the sets that define the gauge functions. On the other

hand, Lagrange duality proceeds from a perturbation argument, which yields as one of its

hallmarks a sensitivity interpretation of the dual variables. The discussion in section 2.3 reveals

that both duality notions can be derived from the same Fenchel-Rockafellar perturbation

framework. The derivation of gauge duality using this framework appears to be its first

application to a perturbation that does not lead to Lagrange duality. This new link between

gauge duality and the perturbation framework establishes a sensitivity interpretation for
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gauge dual variables, which has not been available until now.

One motivation for this work is to explore alternative formulations of optimization problems

that might be computationally advantageous for certain problem classes. The phase-retrieval

problem, based on an SDP formulation, was a first application of ideas from gauge duality

for developing large-scale solvers [14]. That approach, however, was limited in its flexibility

because it required gauge functions. The discussions of section 2.4 pave the way to new

extensions, such as different models of the measurement process, as described in section 2.5.2.

Another implication of this work is that it establishes the foundation for exploring a

new breed of primal-dual algorithms based on perspective duality. Our own application of

Chambolle and Pock’s primal-dual algorithm [8] to the perspective-dual problem, together

with a procedure for extracting a primal estimate, is a first exploratory step towards developing

variations of such methods. Future directions of research include the development of such

algorithms, along with their attendant convergence properties and an understanding of the

classes of problems for which they are practicable.
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Figure 2.7.1: The CP algorithm applied to sparse robust regression (section 2.7). Dashed lines

indicate CP applied to the primal problem (2.6.2), and solid lines indicate CP applied to its

perspective dual (2.5.2) where the primal solution is recovered via the method of theorem 2.3.5.

Plots show (a) normalized deviation of objective value ‖xk‖1 from optimal value ‖x‖1; (b) infeasibility

measure max(h(b−Axk)− σ, 0) for iterate xk; (c) number false zeros in iterate xk relative to x; (d)

number of false nonzeros in iterate xk relative to x.
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Appendix

2.A.1 Proof of (2.2.6)

We prove each fact in succession.

1. (U◦κ = Uκ◦). By definition of the polar gauge and the polar cone, we have y ∈ Uκ◦ if

and only if

sup { 〈x, y〉 | κ(x) ≤ 1 } ≤ 1 ⇐⇒ y ∈ U◦κ .

2. (U∞κ = Hκ). Suppose x ∈ Hκ. Then for any u ∈ Uκ and λ > 0, by sublinearity of κ we

have κ(u+ λx) ≤ κ(u) + λκ(x) ≤ 1 + λ · 0 = 1. Thus x ∈ U∞κ , and Hκ ⊆ U∞κ . Suppose

now that y ∈ U∞κ \Hκ. Then in particular, κ (y/κ(y) + λy) ≤ 1 for all λ > 0. But then

by positive homogeneity, (1/κ(y) + λ)κ(y) ≤ 1, for all λ > 0. This is a contradiction

since κ(y) > 0, so we conclude that Hκ = U∞κ .

3. ((domκ)◦ = Hκ
◦). By positive homogeneity of κ and the definition of the polar gauge,

y ∈ Hκ
◦ if and only if

sup
κ(x)≤1

〈x, y〉 = 0 ⇐⇒ sup
κ(x)<∞

〈x, y〉 = 0 ⇐⇒ y ∈ (domκ)◦.

4. (H◦κ = cl domκ◦). Apply the third equality, replacing κ by κ◦, and then take polars on

both sides. This concludes the proof.

2.A.2 Proof of Lemma 2

With no loss in generality, we can assume that σ > 0, because if σ = 0, we use the

convention (2.2.8) and its implication (2.2.9).
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First suppose that the primal (Gp) is relatively strictly feasible. A point u lies in the

domain of p if and only if the system

(u, 0, 0) ∈M

w
λ

+ (epi ρ)× Uκ, where M :=
[
A −b
0 −σ
−I 0

]
,

is solvable for (w, λ). Thus the set (dom p)× {0} × {0} coincides with

L
⋂

(rangeM + (epi ρ)× Uκ) , (2.8.1)

where L := { (a, b, c) | b = 0, c = 0 } is a linear subspace. We aim to show (0, 0, 0) is in the

relative interior of (2.8.1), which will show 0 ∈ ri dom p. Use [20, Lemma 7.3] and [20, Theorem

7.6] to obtain

ri epi ρ = { (z, r) ∈ (ri dom ρ)× R | ρ(z) < r }

riUκ = {x ∈ ri domκ | κ(x) < 1 } .

From relative strict feasibility of (Gp), the fact that σ > 0, and again [20, Theorem 7.6],

we deduce existence of an x ∈ ri domκ with b − Ax ∈ ri dom ρ and ρ(b − Ax) < σ. Fix

a constant r > κ(x) and define the pair (w, λ) := (x/r, 1/r). Then we immediately have

(bλ−Aw, σλ) ∈ ri epi ρ and κ(w) < 1. It follows that the vector −M [ wλ ] lies in (ri epi ρ)×riUκ.

Thus (0, 0, 0) lies in the intersection

L
⋂

(rangeM + [(ri epi ρ)× riUκ]) . (2.8.2)

Use [20, Theorem 6.5, Corollary 6.6.2] to deduce that (2.8.2) is the relative interior of the

intersection (2.8.1). Thus y = 0 lies in the relative interior of dom p as claimed.

Next, suppose that the gauge dual (Gd) is strictly feasible. By definition of F ?, the tuple

(w, λ) lies in the domain of vd if and only if

(w, 0,−λ) ∈ (domκ◦ × epi(σρ◦ − 〈b, ·〉+ 1))− rangeB, with B :=
[
A
T

I
0

]
.

Thus dom vd is linearly isomorphic to the intersection

L′
⋂

((domκ◦ × epi(σρ◦ − 〈b, ·〉+ 1))− rangeB) , (2.8.3)
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where L′ is the linear subspace L′ := {(a, b, c) | b = 0}.

However, by [20, Lemma 7.3], relative strict feasibility of the dual (Gd) amounts to the

inclusion

(0, 0, 0) ∈ (ri domκ◦ × ri epi(σρ◦ − 〈b, ·〉+ 1))− rangeB.

Strict feasibility of (Gd) implies, via [20, Corollary 6.5.1, Corollary 6.6.2], that (0, 0, 0) is in

the relative interior of the intersection (2.8.3), and thus 0 ∈ ri dom vd, as claimed.

Finally, the exact same arguments, but with relative interiors replaced by interiors, will

prove the claims relating strict feasibility and interiority. This concludes the proof.
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Chapter 3

SUBGRADIENT METHODS FOR SHARP WEAKLY CONVEX
FUNCTIONS

This chapter represents joint work with Damek Davis, Dmitriy Drusvyatskiy,

and Courtney Paquette. The contents appeared in Journal of Optimization

Theory and Applications, Dec 2018, 179-3 (p. 962-982).

Abstract: Subgradient methods converge linearly on a convex function that grows

sharply away from its solution set. In this work, we show that the same is true for sharp

functions that are only weakly convex, provided that the subgradient methods are initialized

within a fixed tube around the solution set. A variety of statistical and signal processing

tasks come equipped with good initialization, and provably lead to formulations that are

both weakly convex and sharp. Therefore, in such settings, subgradient methods can serve as

inexpensive local search procedures. We illustrate the proposed techniques on phase retrieval

and covariance estimation problems.

3.1 Introduction

Typical methods for statistics and signal processing tasks follow the two-step strategy: (i)

find a moderately accurate solution at a low sample complexity cost (e.g., using spectral

initialization), and (ii) refine the approximate solution by an iterative “local search algo-

rithm” that converges rapidly under natural statistical assumptions. For smooth problem

formulations, the term “local search” almost universally refers to gradient descent or a close

variant thereof; see e.g. [1, 2, 4, 7, 21, 22, 24, 38]. For nonsmooth and nonconvex problems, the

meaning of local search is much less clear. In this work, we ask the following question.
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Is there a generic gradient-based local search procedure for nonsmooth and non-

convex problems, which converges linearly under standard regularity conditions?

We answer this question positively for the class of weakly convex functions, i.e. those

that become convex after a sufficiently large quadratic perturbation. We show that standard

subgradient methods, originally designed for sharp convex problems, locally converge linearly

when applied to sharp functions that are only weakly convex. We focus on three stepsize rules:

Polyak stepsize [18,30], geometrically decaying stepsize [19,34], and constant stepsize [23,36,39].

As a proof of concept, we illustrate the resulting algorithms on phase retrieval and covariance

estimation problems.

3.2 Discussion

Our approach is rooted in subgradient methods for convex optimization. To motivate the

discussion, consider the constrained optimization problem

min
x∈X

g(x), (3.2.1)

where g is an L-Lipschitz convex function on Rd and X is a closed and convex set. Given a

current iterate xk, subgradient methods proceed as follows:
Choose any ζk ∈ ∂g(xk)

Set xk+1 = projX

(
xk − αk ·

ζk
‖ζk‖

)
 .

Here, the symbol projX (y) denotes the nearest point of X to y and {αk} is a specified stepsize

sequence. The choice of the sequence {αk} determines the behavior of the scheme, and is

the main distinguishing feature among subgradient methods. In this work, we will only

be interested in subgradient methods that are linearly convergent. As usual, linear rates

of convergence of iterative methods require some regularity conditions to hold. Here, the

appropriate regularity condition is sharpness [3, 32] (or equivalently a global error bound):

there exists a real µ > 0 satisfying

g(z)−min
x∈X

g(x) ≥ µ · dist(z;X ∗) for all z ∈ X ,
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where X ∗ denotes the set of minimizers of (3.2.1), and dist(z;X ∗) denotes the distance of

z to X ∗. Assuming sharpness holds, subgradient methods with a judicious choice of {αk}

produce iterates that converge to X ∗ at the linear rate
√

1− (µ/L)2. Results of this type

date back to the 60’s and 70’s [18, 19, 30, 31, 34], while some more recent approaches have

appeared in [23,36,39].

Various contemporary problems lead to formulations that are indeed sharp, but are only

weakly convex and locally Lipschitz. Recall that a function g is ρ-weakly convex [26] if the

perturbed function x 7→ g(x) + ρ
2
‖ · ‖2 is convex for some ρ ≥ 0.1 Note that weakly convex

functions need not be smooth nor convex. A quick computation (Lemma 3.3.1) shows that,

if g is µ-sharp and ρ-weakly convex, then there is a tube around the solution set X ∗ that

contains no extraneous stationary points:

T :=

{
x ∈ X : dist(x;X ∗) < 2µ

ρ

}
.

In this work, we show that the standard linearly convergent subgradient methods, originally

designed for convex problems, apply in this much greater generality, provided they are

initialized within a slight contraction of the tube T . The methods exhibit essentially the

same linear rate of convergence as in the convex case, while the weak convexity constant ρ

only determines the validity of the initialization. We focus on three stepsize rules: Polyak

stepsize [18, 30], geometrically decaying stepsize [19, 34], and constant stepsize [23, 36, 39]. As

a proof of concept, we illustrate the resulting algorithms on phase retrieval and covariance

estimation problems.

Our current work sits within the broader scope of analyzing subgradient and proximal

methods for weakly convex problems [9, 11, 13–16, 26, 27]; see also the recent survey [12].

In particular, the paper [9] proves a global sublinear rate of convergence, in terms of a

1To the best of our knowledge, the class of weakly convex functions was introduced in 1972 in a local
publication of the Institute of Cybernetics in Kiev, and then used in [26]. These are the functions that are
lower bounded by a linear function up to a little-o term that is uniform in the base point. The term ρ-weak
convexity, as we use it here, corresponds to the setting when the error term is a quadratic. A number of
other names are used in the literature instead of ρ-weak convexity, such as semi-convex, prox-regular, and
lower-C2.
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natural stationarity measure, of a (stochastic) subgradient method on any weakly convex

function. In contrast, here we are interested in subgradient methods that are locally linearly

convergent under the additional sharpness assumption. The arguments we present are all

quick modification of the proofs already available in the convex setting. Nonetheless, we

believe that the drawn conclusions are interesting and powerful, opening the door to generic

local search procedures for nonsmooth and nonconvex problems.

3.3 Notation

Throughout, we consider the Euclidean space Rd, equipped with an inner-product 〈·, ·〉 and

the induced norm ‖x‖ :=
√
〈x, x〉. The distance and the projection of any point y ∈ Rd onto

a set X , are defined by

dist(y;X ) := inf
x∈X
‖y − x‖ and projX (y) := argmin

x∈X
‖y − x‖,

respectively. Note that projX (y) is nonempty as long as X is a closed set. The indicator

function of a set X , denoted by δX , is defined to be zero on X and +∞ off it.

3.3.1 Weakly Convex Functions

Our main focus is on those functions that are convex up to an additive quadratic perturbation.

Namely, a function g : Rd → R ∪ {+∞} is called ρ-weakly convex (with ρ ≥ 0), if the

assignment x 7→ g(x) + ρ
2
‖x‖2 is a convex function. The algorithms we consider will all

use generalized derivative constructions. Variational analytic literature highlights a number

of distinct subdifferentials (e.g. [20, 25, 28, 33]); for weakly convex functions, all of these

constructions coincide. Consider a ρ-weakly convex function g. The subdifferential of g at x,

denoted ∂g(x), is the set of all vectors v ∈ Rd satisfying

g(y) ≥ g(x) + 〈v, y − x〉+ o(‖y − x‖) as y → x. (3.3.1)
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Though the condition (3.3.1) appears to lack uniformity with respect to the basepoint x, the

subgradients of g automatically satisfy the much stronger property:

g(y) ≥ g(x) + 〈v, y − x〉 − ρ

2
‖y − x‖2, ∀x, y ∈ Rd, v ∈ ∂g(x). (3.3.2)

Indeed, this follows quickly by applying the subgradient inequality to the convex function

g + ρ
2
‖ · ‖2. Thus we may use the two conditions, (3.3.1) and (3.3.2), interchangeably for

weakly convex functions. We note in passing that localizing condition (3.3.2) leads to so-called

prox-regular functions, introduced in [29].

Weakly convex functions are widespread in applications and are typically easy to recognize.

One common source is the composite problem class:

min
x

F (x) := h(c(x)), (3.3.3)

where h : Rm → R is convex and L-Lipschitz, and c : Rd → Rm is a C1-smooth map with

β-Lipschitz gradient. An easy argument shows that F is Lβ-weakly convex. This is a

worst case estimate. In concrete circumstances, the composite function F may have a much

more favorable weak convexity constant ρ. The elements of the subdifferential ∂F (x) are

straightforward to compute through the chain rule [33, Theorem 10.6, Corollary 10.9]:

∂F (x) = ∇c(x)∗∂h(c(x)) for all x ∈ Rd.

For a discussion of some recent uses of weakly convex functions in optimization, see the

short survey [12]. Throughout the paper, we will use the following two running examples to

illustrate our results.

Example 3.3.1 (Phase retrieval). Phase retrieval is a common computational problem, with

applications in diverse areas such as imaging, X-ray crystallography, and speech processing.

For simplicity, we will focus on the version of the problem over the reals. The (real) phase

retrieval problem seeks to determine a point x satisfying the magnitude conditions,

|〈ai, x〉|2 ≈ bi for i = 1, . . . ,m,
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where ai ∈ Rd and bi ∈ R are given. Note that we can only recover the optimal x up to a

universal sign change, since |〈ai, x〉| = |〈ai,−x〉|. In this work, we will focus on the following

optimization formulation of the problem [10,15,17]:

min
x

1

m

m∑
i=1

|〈ai, x〉2 − bi|.

Clearly, this is an instance of (3.3.3). Indeed, under mild statistical assumptions on the

way ai are generated, the formulation is ρ-weakly convex, for some numerical constant ρ

independent of d and m [15, Corollary 3.2]. Moreover, under an appropriate model of the

noise in the measurements, the problem is sharp [15, Propostion 3]. It is worthwhile to

mention that numerous other approaches to phase retrieval exist, based on different problem

formulations; see for example [4, 5, 35, 37].

Experiment set-up: All of the experiments on phase retrieval will be generated according

to the following procedure. In the exact set-up, we generate standard Gaussian measurements

ai ∼ N(0, Id×d), for i = 1, . . . ,m, and generate the target signal x̄ ∼ N(0, Id×d). We then set

bi = 〈ai, x̄〉2 for each i = 1, . . . ,m. In the corrupted set-up, we generate ai and x̄ as in the

exact case. We then corrupt a proportion of the measurements with outliers. Namely, we set

bi = (1− zi)〈ai, x̄〉2 + zi|ζi|, where zi ∼ Bernoulli(0.1) and ζi ∼ N (0, 100).

Example 3.3.2 (Covariance matrix estimation). The problem of covariance estimation from

quadratic measurements, introduced in [6], is a higher rank variant of phase retrieval. Let

a1, . . . , am ∈ Rd be measurement vectors. The goal is to recover a low rank decomposition of a

covariance matrix X̄X̄T , with X̄ ∈ Rd×r for a given 0 ≤ r ≤ d, from quadratic measurements

bi ≈ aTi X̄X̄
Tai = trace(X̄X̄Taia

T
i ).

Note that we can only recover X̄ up to multiplication by an orthogonal matrix. This problem

arises in a variety of contexts, such as covariance sketching for data streams and spectrum

estimation of stochastic processes. We refer the reader to [6] for details. In our examples, we
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will assume m is even and will focus on the potential function2

min
X∈Rd×r

1

m

m∑
i=1

∣∣∣〈XXT , a2ia
T
2i − a2i−1a

T
2i−1

〉
− (b2i − b2i−1)

∣∣∣ . (3.3.4)

Under exact measurements, i.e., bi = aTi X̄X̄
Tai and under appropriate statistical assumptions

on how ai are generated, the formulation (3.3.4) is ρ-weakly convex for a numerical constant

ρ, independent of d or m, and is sharp. Indeed, this is a simple consequence of two results,

namely [6, Corollary 1] and [38, Lemma 5.4]. It is possible to show that the objective is also

sharp when the measurements are corrupted by gross outliers. This guarantee is beyond the

scope of our current work, and will appear in a different paper.

Experiment set-up: All of the experiments on covariance matrix estimation will be

generated according to the following procedure. In the exact set-up, we generate standard

Gaussian measurements ai ∼ N(0, Id×d) for i = 1, . . . ,m, and generate the target matrix

X̄ ∈ Rd×r as a standard Gaussian. We then set bi = ‖X̄Tai‖2
F for each i = 1, . . . ,m. In the

corrupted set-up, we generate ai and X̄ as in the exact case. We then corrupt a proportion

of the measurements with outliers. Namely, we set bi = (1 − zi)‖X̄Tai‖2
F + zi|ζi|, where

ζi ∼ N (0, 100) and zi ∼ Bernoulli(0.1). All plots will show iteration counter k versus the

scaled Procrustes distance dist(Xk,X ∗)/‖X̄‖ = min
Ω
T

Ω=I

‖ΩXk − X̄‖F/‖X̄‖F .

3.3.2 Setting of the Paper

Throughout the manuscript, we make the following assumption.

Assumption A. Consider the optimization problem

min
x∈X

g(x), (3.3.5)

satisfying the following properties for some real ρ ≥ 0 and µ > 0.

2Note this potential function is different from the direct generalization of the one used in phase retrieval,

minx

∑
i

∣∣∣‖XTai‖
2 − bi

∣∣∣. The reason for the more exotic formulation is that the differences a2ia
T
2i −

a2i−1a
T
2i−1 in (3.3.4) allow the authors of [6] to prove sharpness of the objective function by appealing to

an `2/`1 restricted isometry property of the resulting linear map. See [6, Section III.B] for details. It is
not clear if the naive objective function is also sharp with high probability under reasonable statistical
assumptions.
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1. (Weak-convexity) The function g : Rd → R is ρ-weakly convex, and the set X ⊂ Rd

is closed and convex. The set of minimizers X ∗ := argmin
x∈X

g(x) is nonempty.

2. (Sharpness) The inequality

g(z)−min
x∈X

g(x) ≥ µ · dist(z;X ∗) holds for all z ∈ X .

We will say that a point x̄ ∈ X is stationary for the target problem (3.3.5) if

g(x)− g(x̄) ≥ o(‖x− x̄‖) as x→ x̄ in X .

That is, x̄ is stationary precisely when the zero vector is a subgradient of g + δX at x̄.

Shortly, we will discuss subgradient methods that converge linearly to X ∗ under appropriate

initialization. As a first step, therefore, we must identify a neighborhood of X ∗ that is devoid

of extraneous stationary points of (3.3.5). This is the content of the following lemma.

Lemma 3.3.1 (Neighborhood with no stationary points).

The problem (3.3.5) has no stationary points x satisfying

0 < dist(x;X ∗) < 2µ

ρ
. (3.3.6)

Proof. Fix a stationary point x ∈ X \ X ∗ of (3.3.5). Choosing an arbitrary x̄ ∈ projX ∗(x),

observe

µ · dist(x;X ∗) ≤ g(x)− g(x̄) ≤ ρ

2
‖x− x̄‖2 =

ρ

2
· dist2(x;X ∗).

Dividing through by dist(x;X ∗), the result follows.

In light of Lemma 3.3.1, for any γ > 0 we define the following tube

Tγ :=

{
x ∈ X : dist(x;X ∗) < γ · µ

ρ

}
and the constant

L := sup {‖ζ‖ : ζ ∈ ∂g(x), x ∈ T1} . (3.3.7)
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Lemma 3.3.1 guarantees that the tubes Tγ contain no extraneous stationary points of the

problem for any 0 < γ ≤ 2. Moreover, observe that µ and L play reciprocal roles; consequently,

the ratio τ := µ/L should serve as a measure of conditioning. The following lemma verifies

the inclusion τ ∈ [0, 1].

Lemma 3.3.2 (Condition measure). The inclusion τ ∈ [0, 1] holds.

Proof. Consider an arbitrary point x ∈ T1 \ X ∗ and choose any x̄ ∈ projX ∗(x). By Lebourg’s

mean value theorem [8, Theorem 2.3.7], there exists a point z in the open segment (x, x̄) and

a vector ζ ∈ ∂g(z) satisfying

g(x)− g(x̄) = 〈ζ, x− x̄〉. (3.3.8)

Trivially z lies in T1, and therefore ‖ζ‖ ≤ L. Using this estimate and sharpness in (3.3.8)

yields the guarantee

µ · dist(x;X ∗) ≤ g(x)− g(x̄) ≤ ‖ζ‖ · ‖x− x̄‖ ≤ L · dist(x;X ∗).

The result follows.

To summarize, we will use the following symbols to describe the parameters of the problem

class (3.3.5): ρ is the weak convexity constant of g, µ is the sharpness constant of g, L is

the maximal subgradient norm at points in the tube T1, and τ is the condition measure

τ = µ/L ∈ [0, 1].

3.4 Polyak subgradient method

In this section, we consider the Polyak subgradient method for the problem (3.3.5). A

preliminary version of this material applied to the phase retrieval problem appeared in [10];

we present the arguments here for the sake of completeness.

The Polyak subgradient method is summarized in Algorithm 3. The method requires

knowing the optimal value minx∈X g(x). In a number of circumstances, this indeed is
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reasonable (e.g. exact penalty approach for solving nonlinear equations). The latter sections

explore subgradient methods that do not require a known optimal value.

Algorithm 3: Polyak Subgradient Method

Data: Initial point x0 ∈ Rd

Step k: (k ≥ 0)

Choose ζk ∈ ∂g(xk)

if ζk 6= 0 then

Set xk+1 = projX

(
xk −

g(xk)−minx∈X g(x)

‖ζk‖
2 ζk

)
else

Set xk+1 = xk

end

The following theorem shows that Algorithm 3, originally proposed for convex problems,

enjoys the same linear convergence guarantees for functions that are only weakly convex,

provided it is initialized within a certain tube of the optimal solution set.

Theorem 3.4.1 (Linear rate). Fix a real 0 < γ < 1. Then Algorithm 3 initialized at any

point x0 ∈ Tγ produces iterates that converge Q-linearly to X ∗. That is, for each index k ≥ 0

we have

dist2(xk+1;X ∗) ≤
(
1− (1− γ)τ 2

)
dist2(xk;X ∗). (3.4.1)

Proof. We proceed by induction. Suppose that the theorem holds up to iteration k − 1. We

will prove the inequality (3.4.1). To this end, observe that the inductive hypothesis implies,

dist(xk;X ∗) ≤ dist(x0;X ∗), and therefore xk lies in Tγ. Observe that in the case ζk = 0, we

have xk+1 = xk by the definition of the subgradient method and xk ∈ X ∗ by Lemma 3.3.1;

hence (3.4.1) holds trivially. Therefore, we may suppose ζk 6= 0 for the rest of the proof.

Choose now a point x̄ ∈ projX ∗(xk). Taking into account that projX is nonexpansive, we
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successively deduce

‖xk+1 − x̄‖2 ≤
∥∥∥(xk − x̄)− g(xk)−g(x̄)

‖ζk‖
2 ζk

∥∥∥2

= ‖xk − x̄‖2 +
2(g(xk)− g(x̄))

‖ζk‖2 · 〈ζk, x̄− xk〉+
(g(xk)− g(x̄))2

‖ζk‖2

≤ ‖xk − x̄‖2 +
2(g(xk)− g(x̄))

‖ζk‖2

(
g(x̄)− g(xk) +

ρ

2
‖xk − x̄‖2

)
+

(g(xk)− g(x̄))2

‖ζk‖2

= ‖xk − x̄‖2 +
(g(xk)− g(x̄))

‖ζk‖2

(
ρ‖xk − x̄‖2 − (g(xk)− g(x̄))

)
≤ ‖xk − x̄‖2 +

(g(xk)− g(x̄))

‖ζk‖2

(
ρ‖xk − x̄‖2 − µ‖xk − x̄‖

)
= ‖xk − x̄‖2 +

ρ(g(xk)− g(x̄))

‖ζk‖2

(
‖xk − x̄‖ −

µ

ρ

)
‖xk − x̄‖.

Combining the inclusion xk ∈ Tγ with sharpness, we therefore deduce

dist2(xk+1;X ∗) ≤ ‖xk+1 − x̄‖2 ≤
(

1− (1− γ)µ2

‖ζk‖2

)
‖xk − x̄‖2.

The result follows.

As a numerical illustration, we apply the Polyak subgradient method (Figure 3.4.1)

to our two running examples, phase retrieval and covariance matrix estimation. Notice

that a linear rate of convergence is observed in all experiments except for two, with the

rate improving monotonically with an increasing number of measurements m. In the two

exceptional experiments, the number of measurements m is too small to guarantee that the

initial point x0 is within the basin of attraction, and the subgradient methods stagnates.

3.5 Subgradient method with constant stepsize

Recall that the Polyak subgradient method (Algorithm 3) crucially relies on knowing the

minimal value of the optimization problem (3.3.5). Henceforth, all the subgradient methods

we consider are agnostic to this value. That being said, they will require some estimates on the
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Figure 3.4.1: Polyak subgradient method. (Left) Phase retrieval with the exact

set-up; d = 5000 and m ∈ {11000, 12225, 13500, 14750, 16000, 17250, 18500}. (Right)

Covariance matrix estimation with the exact set-up; d = 1000, r = 3, m ∈

{5000, 8000, 11000, 14000, 17000, 20000}. In both experiments, convergence rates uniformly

improve with increasing m.

problem parameters (µ, ρ, L). We begin by analyzing a subgradient method with a constant

stepsize (Algorithm 4). Constant-stepsize schemes are often methods of choice in practice.

We will show that when properly initialized, the subgradient method with constant stepsize

generates iterates xk such that dist(xk;X ∗) converges linearly up to a certain threshold.

Algorithm 4: Subgradient method with constant stepsize

Data: Initial point x0 ∈ Rd and stepsize α > 0

Step k: (k ≥ 0)

Choose ζk ∈ ∂g(xk)

if ζk 6= 0 then

Set xk+1 = projX

(
xk − α · ζk

‖ζk‖

)
else

Set xk+1 = xk

end
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The analysis we present fundamentally relies on the following estimate, often used in the

analysis of subgradient methods. To simplify notation, for any point x ∈ Rd, we set

E(x) := dist2(x;X ∗).

Whenever x has an index k as a subscript, we will set Ek := E(xk). The following lemma

will feature in both the constant and geometrically decaying stepsize schemes.

Lemma 3.5.1 (Basic recurrence). Consider a point x ∈ T1 and a nonzero subgradient

ζ ∈ ∂g(x), and define x+ := projX

(
x− α ζ

‖ζ‖

)
for some α > 0. Then the estimate holds:

E(x+) ≤
(
1 + ρα

L

)
E(x)− 2ατ

√
E(x) + α2. (3.5.1)

Proof. Choose an arbitrary point x̄ ∈ projX ∗(x). Observe

‖x+ − x̄‖2 ≤
∥∥∥(x− x̄)− α ζ

‖ζ‖

∥∥∥ = ‖x− x̄‖2 + 2α
‖ζ‖ · 〈ζ, x̄− x〉+ α2

≤ ‖x− x̄‖2 + 2α
‖ζ‖ ·

(
g(x̄)− g(x) +

ρ

2
‖x− x̄‖2

)
+ α2

≤
(

1 +
αρ

‖ζ‖

)
‖x− x̄‖2 − 2αµ

‖ζ‖
· ‖x− x̄‖+ α2.

Thus the inequality holds:

E(x+) ≤
(

1 + αρ
‖ζ‖

)
E(x)− 2αµ

‖ζ‖ ·
√
E(x) + α2,

and consequently taking into account α/‖ζ‖ ≥ α/L we have

E(x+) ≤ sup
t≥α/L

{
(1 + ρt)E(x)− 2µt ·

√
E(x) + α2

}
.

Notice, the function inside the supremum is linear in t with slope given by s := ρE(x) −

2µ
√
E(x). The inclusion x ∈ T1 directly implies s ≤ 0. Therefore the supremum on the

right-hand-side is attained at t = α
L

, yielding the claimed estimate (3.5.1).

In light of Lemma 3.5.1, we can now prove that the quantities Ek = E(xk) converge

linearly below a certain fixed threshold. The proof is a modification of that in [23, Section 4].
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Lemma 3.5.2 (Contraction inequality). Fix a constant 0 < α < τµ
ρ

and let {xk}k≥0 be the

iterates generated by Algorithm 4. Define the quantity

E∗ :=

(
αL

µ+
√
µ2 − αρL

)2

. (3.5.2)

Then whenever an iterate xk lies in T1, the estimate holds:

Ek+1 − E∗ ≤ qk(Ek − E∗),

where qk := 1 + α
L

(
ρ− 2µ√

Ek+
√
E
∗

)
satisfies qk < 1.

Proof. Looking back at the estimate (3.5.1), consider the following equation in the variable e:

e =
(
1 + αρ

L

)
e− 2ατ ·

√
e+ α2. (3.5.3)

An easy computation shows that the minimal positive solution to (3.5.3) is exactly E∗, defined

in (3.5.2). Note that E∗ is well-defined by the inequality α ≤ τ · µ
ρ
.

Subtracting (3.5.3) from (3.5.1) yields the estimate

Ek+1 − E∗ ≤ (1 + αρ
L

)(Ek − E∗)− 2ατ(
√
Ek −

√
E∗)

=

(
1 + α

L

(
ρ− 2µ√

Ek+
√
E
∗

))
(Ek − E∗).

Finally, noting
√
E∗ =

αL

µ+
√
µ2 − αρL

=
µ−

√
µ2 − αρL
ρ

≤ µ

ρ
,

we obtain

ρ− 2µ
√
Ek +

√
E∗

< ρ− 2µ

2µ/ρ
= 0.

This completes the proof of the lemma.

Iterating Lemma 3.5.2, we see that the quantities Ek decrease to a value at most E∗ at

a linear rate. Figure 3.5.1 illustrates this behavior on our two running examples. It is also

clear from the figure that the linear rate of convergence improves as Ek tends to E∗. An
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explanation is immediate from the expression for qk in Lemma 3.5.2. Indeed, as Ek decreases,

so do the contraction factors qk, and for Ek ≈ E∗, we have qk ≈ (1− τ 2) + αρ
L

. Thus as the

stepsize tends to zero, the limiting linear rate coincides with an ideal rate of ≈ 1− τ 2.

Even though Ek could be smaller than E∗ and q could be negative, it is apparent from

Figure 3.5.1 that even after Ek becomes smaller than E∗, all the following values Ek stay

close to E∗. This is the content of the following theorem. The convex version of this theorem

appears in [23, Theorem 1].

Figure 3.5.1: Constant stepsize subgradient method. (Left) Phase retrieval with the corrupted

set-up; d = 1000, m = 3000, and α ∈ {1, 1/3, 1/9}. (Right) Covariance matrix estimation

with the corrupted set-up; d = 1000, r = 3, m = 10000, and α ∈ {1, 1/3, 1/9}. The lower

curves correspond to smaller stepsizes in both experiments.

Theorem 3.5.1 (Convergence of fixed stepsize subgradient method).

Fix constants 0 < γ < 1 and α satisfying

0 < α <
γτ√

1 + 2τ 2
· µ
ρ
. (3.5.4)

Let xk be the iterates generated by Algorithm 4 with stepsize α and initial point x0 ∈ Tγ.
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Define the constants

E∗ :=

(
αL

µ+
√
µ2 − αρL

)2

and D :=

√
max{E0, 2α

2 + E∗}.

Then for each index k, the estimates hold:

√
Ek ≤ D < γµ

ρ
and Ek − E∗ ≤ max

{
qk(E0 − E∗), 2α2

}
,

where the coefficient q := 1 + α
L

(
ρ− µ

D

)
satisfies 0 < q < 1.

Proof. We first verify the claims that are independent of the iteration counter. To this end,

observe that (3.5.4) directly implies α < τ · µ
ρ
, and therefore E∗ is well defined. Next, we

show D < γµ
ρ

. Indeed, noting
√
E∗ < ατ−1 and using (3.5.4), we deduce

D2 = max{E0, 2α
2 + E∗} ≤ max{E0, α

2(2 + τ−2)} <
(
γµ

ρ

)2

.

Next, we show the inequalities 0 < q < 1. To this end, observe

−1 ≤ −τα
D

< α
L

(
ρ− µ

D

)
≤ (1− γ−1) · ρα

L
< 0,

where the first inequality follows from the inequality, α ≤ D, and the third follows from the

inequality, D < γµ
ρ

. Thus we conclude 0 < q < 1, as claimed.

We now proceed by induction. Fix an index k and suppose as inductive hypothesis that

for each index i = 0, 1, . . . , k, the estimates hold:

√
Ei ≤ D and Ei − E∗ ≤ max

{
qi(E0 − E∗), 2α2

}
.

Let us consider two cases. Suppose first Ek ≥ E∗. Then by applying Lemma 3.5.2, we deduce

Ek+1 − E∗ ≤
(

1 + α
L

(
ρ− 2µ√

Ek+
√
E
∗

))
(Ek − E∗)

≤
(
1 + α

L

(
ρ− µ

D

))
(Ek − E∗)

= q(Ek − E∗).
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Suppose now that the second case, Ek < E∗, holds. Then Lemma 3.5.2 implies

Ek+1 ≤ Ek + αρ
L

(Ek − E∗)− 2ατ(
√
Ek −

√
E∗)

≤ max
E∈[0,E

∗
]
{E + αρ

L
(E − E∗)− 2ατ(

√
E −

√
E∗)}

= max{E∗, α
L

(2µ
√
E∗ − ρE∗)}.

Subtracting E∗, we conclude

Ek+1 − E∗ ≤ max{0, 2τα
√
E∗} ≤ 2α2.

Thus in both cases, we have the estimate

Ek+1 − E∗ ≤ max
{
q(Ek − E∗), 2α2

}
.

In particular, we immediately deduce
√
Ek+1 ≤ D. Applying the inductive hypothesis, we

conclude

Ek+1 − E∗ ≤ max
{
q ·max{qk(E0 − E∗), 2α2}, 2α2

}
= max{qk+1(E0 − E∗), 2α2}.

The theorem is proved.

3.6 Geometrically decaying stepsize

In the previous section, we showed linear convergence of the constant stepsize scheme up to a

fixed tolerance E∗. To obtain a linearly convergent method to the true solution set, we will

allow the stepsize to decrease geometrically. The analogous strategy in the convex setting

goes back to Goffin [19], and our argument is a direct generalization of [19] to the weakly

convex setting. The intuition for why one may expect linear convergence under such stepsizes

may be gleaned from the Polyak method under the optimal stepsize

αk =
g(xk)−minx∈X g(x)

‖ζk‖
.
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It is easy to verify that since the Ek tend to zero Q-linearly, the stepsizes αk tend to zero

R-linearly. We implement such a geometrically decaying stepsize in Algorithm 5 and prove

linear convergence of the method in Theorem 3.6.1. In the proof, we use the notation

Ek := dist2(xk;X ∗) as in the previous section.

Algorithm 5: Subgradient method with geometrically decaying stepsize

Data: Constants λ > 0 and 0 < q < 1.

Step k: (k ≥ 0)

Choose ζk ∈ ∂g(xk)

Set stepsize αk = λ · qk

if ζk 6= 0 then

Set xk+1 = projX

(
xk − αk ζk

‖ζk‖

)
else

Set xk+1 = xk

end

Theorem 3.6.1. Fix a real 0 < γ < 1 and suppose τ ≤
√

1
2−γ . Set

0 < λ ≤ γµ2

ρL
and q :=

√
1− (1− γ)τ 2,

where λ is assumed finite. Then the iterates xk generated by Algorithm 5, initialized at some

point x0 with dist(x0;X ∗) ≤ λ

τ−
√
τ
2−(1−ρλL−1−q2)

, satisfy:

dist2(xk;X ∗) ≤ max
{
λ
2

τ
2 , dist(x0;X ∗)2

}(
1− (1− γ)τ 2

)k
. (3.6.1)

Proof. We will prove the result by induction. To this end, suppose the bound (3.6.1) holds

for all i = 0, . . . , k. Appealing to Lemma 3.5.1. and using the relation αk = λqk, we obtain

Ek+1 ≤

(
1 +

ρλqk

L

)
Ek − 2λτqk

√
Ek + λ2q2k. (3.6.2)

Define the constant M := max
{
λ
τ
, dist(x0;X ∗)

}
. Recall the induction assumption guarantees

√
Ek ≤ Mqk. Let us therefore fix some value R ∈ [0,M ] satisfying

√
Ek = Rqk. Inequality
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(3.6.2) then implies

Ek+1 ≤ max
R∈[0,M ]

{
R2q2k +

ρλR2

L
q3k − 2λτRq2k + λ2q2k

}
.

Note that the expression inside the maximum is a convex quadratic in R and therefore the

maximum must occur either at R = 0 or R = M . We therefore deduce

Ek+1 ≤ q2k ·max

{
λ2, M2 +

ρλ

L
M2qk − 2λτM + λ2

}
. (3.6.3)

To complete the induction, it is therefore sufficient to show

λ2 ≤M2q2 and M2 +
ρλ

L
M2qk − 2λτM + λ2 ≤M2q2. (3.6.4)

We begin by verifying the first property. Note M ≥ λ
τ
. Hence, it suffices to show that τ ≤ q.

Observe that the assumption τ ≤
√

1
2−γ directly implies

τ 2 + (1− γ)τ 2 ≤ 1.

Rearranging yields τ 2 ≤ 1− (1− γ)τ 2 = q2. Hence, the first condition in (3.6.4) holds.

Next we show that M satisfies the second property in (3.6.4). Rearranging the expression,

we must establish (
1 +

ρλ

L
qk − q2

)
M2 − 2λτM + λ2 ≤ 0. (3.6.5)

We will show that the quadratic on the left-hand-side in M has two real positive roots. To

this end, a quick computation shows that the two roots are

λτ ±
√
λ2τ 2 − λ2

(
1 + ρλ

L
qk − q2

)
1 + ρλ

L
qk − q2

=
λ

τ ∓
√
τ 2 −

(
1 + ρλ

L
qk − q2

) .
To see that the discriminant is non-negative, observe

τ 2 −
(

1 +
ρλ

L
qk − q2

)
≥ τ 2 −

(
1 +

ρλ

L
− q2

)
≥ τ 2 − (1 + γτ 2 − q2) = 0.

Thus the convex quadratic in (3.6.5) has two real roots. Observe M ≥ λ/τ and therefore M

is greater than the minimal root. It suffices therefore to argue that M is smaller than the
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largest root. If M = λ/τ , then this is clearly true. Otherwise, it must be that M =
√
E0. Our

assumption on the initial distance
√
E0 then guarantees that

√
E0 is smaller than the largest

positive root of (3.6.5), as claimed. Hence the condition (3.6.5) holds, and the induction is

complete.

In the convex setting, ρ = 0, Theorem 3.6.1 recovers the guarantees in Goffin [19].

Theorem 3.6.1 demonstrates a precise relationship between the initial distance, the constant

λ which controls the rate, and the constants τ and ρ. In particular, the larger the initial

distance, the larger λ needs to be to guarantee convergence. It is now straightforward to see

how one should set the parameters q and λ to guarantee linear convergence within the tube

Tγ.

Corollary 3.6.1. Fix a real 0 < γ < 1 and suppose τ ≤
√

1
2−γ and ρ > 0. Set

λ :=
γµ2

ρL
and q :=

√
1− (1− γ)τ 2.

Then the iterates xk generated by Algorithm 5, initialized at any point x0 ∈ Tγ, satisfy:

dist2(xk;X ∗) ≤
γ2µ2

ρ2

(
1− (1− γ)τ 2

)k
. (3.6.6)

Proof. Looking back at Theorem 3.6.1, we see that dist(x0;X ∗) satisfies the assumed upper

bound:

dist(x0;X ∗) < γµ

ρ
=
λ

τ
≤ λ

τ −
√
τ 2 − (1− ρλL−1 − q2)

.

Since λ
τ

= γµ
ρ

, we conclude that max
{

dist(x0;X ∗), λ
τ

}
≤ γµ

ρ
. The result immediately follows

after applying Theorem 3.6.1.

We now illustrate the performance of Algorithm 5 on our two running examples in

Figure 3.6.1. Empirically, we observed that λ > 0 and 0 < q < 1 must be tuned for

performance, which is what we did in the experiments. We observe linear convergence in all

cases, and the convergence rate of the method improves monotonically as the chosen rate q is

decreased. The Polyak scheme pictured in Figure 3.4.1 clearly outperforms all other methods,
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while the geometrically decaying stepsize scheme performs much better than the constant

stepsize scheme in Figure 3.5.1. That being said, we should stress that the Polyak subgradient

method requires knowledge of the optimal value of the problem, which is often unavailable.

We also note that the work [23] provides schemes which can indeed automatically adapt to

the unknown parameter µ for convex problems. We leave extensions of such algorithms to

weakly convex problems for future work.

Figure 3.6.1: Geometrically decaying stepsize. (Left) Phase retrieval with the cor-

rupted set-up; d = 1000, m = 3000, q ∈ {0.983, 0.989, 0.993, 0.996, 0.997}. (Right) Co-

variance matrix estimation with the corrupted set-up; d = 1000, r = 3, m = 10000,

q ∈ {0.986, 0.991, 0.994, 0.996, 0.998}. The depicted rates uniformly improve with lower values

of q, in both figures.
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Chapter 4

STOCHASTIC MODEL-BASED MINIMIZATION UNDER
HIGH-ORDER GROWTH

This chapter represents joint work with Damek Davis and Dmitriy

Drusvyatskiy.

Abstract: Given a nonsmooth, nonconvex minimization problem, we consider algorithms

that iteratively sample and minimize stochastic convex models of the objective function.

Assuming that the one-sided approximation quality and the variation of the models is

controlled by a Bregman divergence, we show that the scheme drives a natural stationarity

measure to zero at the rate O(k−1/4). Under additional convexity and relative strong

convexity assumptions, the function values converge to the minimum at the rate of O(k−1/2)

and Õ(k−1), respectively. We discuss consequences for stochastic proximal point, mirror

descent, regularized Gauss-Newton, and saddle point algorithms.

4.1 Introduction

Common stochastic optimization algorithms proceed as follows. Given an iterate xt, the

method samples a model of the objective function formed at xt and declares the next iterate

to be a minimizer of the model regularized by a proximal term. Stochastic proximal point,

proximal subgradient, and Gauss-Newton type methods are common examples. Let us

formalize this viewpoint, following [15]. Namely, consider the optimization problem

min
x∈Rd

F (x) := f(x) + r(x). (4.1.1)

where the function r : Rd → R∪ {∞} is closed and convex and the only access to f : Rd → R

is by sampling a stochastic one-sided model. That is, for every point x, there exists a family of



Ch 4: Stochastic Model-Based Minimization Under High-Order Growth 101

models fx(·, ξ) of f , indexed by a random variable ξ ∼ P . This setup immediately motivates

the following algorithm, analyzed in [15]:
Sample ξt ∼ P,

Set xt+1 = argmin
x

{
fxt(x, ξt) + r(x) +

1

2ηt
‖x− xt‖2

2

}
 , (4.1.2)

where ηt > 0 is an appropriate control sequence that governs the step-size of the algorithm.

Some thought shows that convergence guarantees of the method (4.1.2) should rely at

least on two factors: (i) control over the approximation quality, fx(·, ξ) − f(·), and (ii)

growth/stability properties of the individual models fx(·, ξ). With this in mind, the paper [15]

isolates the following assumptions:

Eξ[fx(x, ξ)] = f(x) and Eξ[fx(y, ξ)− f(y)] ≤ τ

2
‖y − x‖2

2 ∀x, y, (4.1.3)

and there exists a square integrable function L(·) satisfying

fx(x, ξ)− fx(y, ξ) ≤ L(ξ)‖x− y‖2 ∀x, y. (4.1.4)

Condition (4.1.3) simply says that in expectation, the model fx(·, ξ) must globally lower

bound f(·) up to a quadratic error, while agreeing with f at the base point x; when (4.1.3)

holds, the paper [15] calls the assignment (x, y, ξ) 7→ fx(y, ξ) a stochastic one-sided model of

f . Property (4.1.4), in contrast, asserts a Lipschitz type property of the individual models

fx(·, ξ).1 The main result of [15] shows that under these assumption, the scheme (4.1.2)

drives a natural stationarity measure of the problem to zero at the rate O(k−1/4). Indeed,

the stationarity measure is simply the gradient of the Moreau envelope

Fλ(x) := inf
y

{
F (y) + 1

2λ
‖y − x‖2

2

}
, (4.1.5)

where λ > 0 is a smoothing parameter on the order of τ .

The assumptions (4.1.3) and (4.1.4) are perfectly aligned with existing literature. Indeed,

common first-order algorithms rely on global Lipschitz continuity of the objective function or of

1The stated assumption (A4) in [15] is stronger than (4.1.4); however, a quick look at the arguments shows
that property (4.1.4) suffices to obtain essentially the same convergence guarantees.
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its gradient; see for example the monographs [5,31,33]. Recent work [2,8,26,29,30], in contrast,

has emphasized that global Lipschitz assumptions can easily fail for well-structured problems.

Nonetheless, these papers show that it is indeed possible to develop efficient algorithms

even without the global Lipschitz assumption. The key idea, originating in [2, 29,30], is to

model errors in approximation by a Bregman divergence, instead of a norm. The ability

to deal with problems that are not globally Lipschitz is especially important in stochastic

nonconvex settings, where line-search strategies that exploit local Lipschitz continuity are

not well-developed.

Motivated by the recent work on relative continuity/smoothness [2, 29, 30], we extend the

results of [15] to non-globally Lipschitzian settings. Formally, we simply replace the squared

norm 1
2
‖ · ‖2 in the displayed equations (4.1.2)-(4.1.5) by a Bregman divergence

DΦ(y, x) = Φ(y)− Φ(x)− 〈∇Φ(x), y − x〉,

generated by a Legendre function Φ. With this modification and under mild technical condi-

tions, we will show that algorithm (4.1.2) drives the gradient of the Bregman envelope (4.1.5)

to zero at the rate O(k−1/4), where the size of the gradient is measured in the local norm

induced by Φ. As a consequence, we obtain new convergence guarantees for stochastic

proximal point, mirror descent2, and regularized Gauss-Newton methods, as well as for an

elementary algorithm for stochastic saddle point problems. Perhaps the most important

application arena is when the functional components of the problem grow at a polynomial

rate. In this setting, we present a simple Legendre function Φ that satisfies the necessary

assumptions for the convergence guarantees to take hold. We also note that the stochastic

mirror descent algorithm that we present here does not require mini-batching the gradients,

in contrast to the previous seminal work [24].

When the stochastic models fx(·, ξ) are themselves convex and globally under-estimate

f in expectation, we prove that the scheme drives the expected functional error to zero at

2This work appears on arXiv a month after a preprint of Zhang and He [42], who provide similar convergence
guarantees specifically for the stochastic mirror descent algorithm. The results of the two papers were
obtained independently and are complementary to each other.
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the rate O(k−1/2). The rate improves to Õ(k−1) when the regularizer r is µ-strongly convex

relative to Φ in the sense of [30]. In the special case of mirror descent, these guarantees

extend the results for convex unconstrained problems in [29] to the proximal setting. Even

specializing to the proximal subgradient method, the convergence guarantees appear to be

different from those available in the literature. Namely, previous complexity estimates [7, 21]

depend on the largest norms of the subgradients of r along the iterate sequence, whereas

Theorems 4.7.1 and 4.7.2 replace this dependence only by the initial error r(x0)− inf r.

The outline of the manuscript is as follows. Section 4.2 reviews the relevant concepts of

convex analysis, focusing on Legendre functions and the Bregman divergence. Section 4.3

introduces the problem class and the algorithmic framework. This section also interprets

the assumptions made for the stochastic proximal point, mirror descent, and regularized

Gauss-Newton methods, as well as for a stochastic approximation algorithm for saddle

point problems. Section 4.4 discusses the stationarity measure we use to quantify the rate

of convergence. Section 4.5 contains the complete convergence analysis of the stochastic

model-based algorithm. Section 4.6 presents a specialized analysis for the mirror descent

algorithm when f is smooth and the stochastic gradient oracle has finite variance. Finally, in

Section 4.7 we prove convergence rates in terms of function values for stochastic model-based

algorithms under (relative strong) convexity assumptions.

4.2 Legendre functions and the Bregman divergence

Throughout, we follow standard notation from convex analysis, as set out for example by

Rockafellar [37]. The symbol Rd will denote an Euclidean space with inner product 〈·, ·〉 and

the induced norm ‖x‖2 =
√
〈x, x〉. For any set Q ⊂ Rd, we let int Q and clQ denote the

interior and closure of Q, respectively. Whenever Q is convex, the set ri Q is the interior of

Q relative to its affine hull. The effective domain of any function f : Rd → R∪ {∞}, denoted

by dom f , consists of all points where f is finite. Abusing notation slightly, we will use the

symbol dom(∇f) to denote the set of all points where f is differentiable.

This work analyzes stochastic model-based minimization algorithms, where the “errors”
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are controlled by a Bregman divergence. For wider uses of the Bregman divergence in

first-order methods, we refer the interested reader to the expository articles of Bubeck [10],

Juditsky-Nemirovski [27], and Teboulle [40].

Henceforth, we fix a Legendre function Φ: Rd → R ∪ {∞}, meaning:

1. (Convexity) Φ is proper, closed, and strictly convex.

2. (Essential smoothness) The domain of Φ has nonempty interior, Φ is differentiable on

int(dom Φ), and for any sequence {xk} ⊂ int(dom Φ) converging to a boundary point

of dom Φ, it must be the case that ‖∇Φ(xk)‖ → ∞.

Typical examples of Legendre functions are the squared Euclidean norm Φ(x) = 1
2
‖x‖2

2,

the Shannon entropy Φ(x) =
∑d

i=1 xi log(xi) with dom Φ = Rd
+, and the Burge function

Φ(x) = −
∑d

i=1 log(xi) with dom Φ = Rd
++. For more examples, we refer the reader to the

articles [1, 3, 22,39] and the recent survey [40].

We will often use the observation that the subdifferential of a Legendre function Φ is

empty on the boundary of its domain [37, Theorem 26.1]:

∂Φ(x) = ∅ for all x /∈ int(dom Φ).

The Legendre function Φ induces the Bregman divergence

DΦ(y, x) := Φ(y)− Φ(x)− 〈∇Φ(x), y − x〉,

for all x ∈ int(dom Φ), y ∈ dom Φ. Notice that since Φ is strictly convex, equalityDΦ(y, x) = 0

holds for some x, y ∈ int(dom Φ) if and only if y = x. Analysis of algorithms based on the

Bregman divergence typically relies on the following three point inequality; see e.g. [41,

Property 1].

Lemma 4 (Three point inequality). Consider a closed convex function g : Rd → R ∪ {+∞}

satisfying ri(dom g) ⊂ int(dom Φ). Then for any point z ∈ int(dom Φ), any minimizer z+ of

the problem

min
x

g(x) +DΦ(x, z),
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lies in int(dom Φ), is unique, and satisfies the inequality:

g(x) +DΦ(x, z) ≥ g(z+) +DΦ(z+, z) +DΦ(x, z+) ∀x ∈ dom Φ.

Recall that a function f : Rd → R ∪ {∞} is called ρ-weakly convex if the perturbed

function f + ρ
2
‖ · ‖2

2 is convex [34]. By analogy, we will say that f is ρ-weakly convex relative

to Φ if the perturbed function f + ρΦ is convex. This notion is closely related to the relative

smoothness condition introduced in [2, 30].

Relative weak convexity, like its classical counterpart, can be caracterized through general-

ized derivatives. Recall that the Fréchet subdifferential of a function f at a point x ∈ dom f ,

denoted ∂̂f(x), consists of all vectors v ∈ Rd satisfying

f(y) ≥ f(x) + 〈v, y − x〉+ o(‖y − x‖) as y → x.

The limiting subdifferential of f at x, denoted ∂f(x), consists of all vectors v ∈ Rd such that

there exist sequences xk ∈ Rd and vk ∈ ∂̂f(xk) satisfying (xk, f(xk), vk)→ (x, f(x), v).

Lemma 5 (Subdifferential characterization).

The following are equivalent for any locally Lipschitz function f : Rd → R.

1. The function f is ρ-weakly convex relative to Φ.

2. For any x ∈ int(dom Φ), y ∈ dom Φ and any v ∈ ∂̂f(x), the inequality holds:

f(y) ≥ f(x) + 〈v, y − x〉 − ρDΦ(y, x). (4.2.1)

3. For any x ∈ int(dom Φ) ∩ dom(∇f), and any y ∈ dom Φ, the inequality holds:

f(y) ≥ f(x) + 〈∇f(x), y − x〉 − ρDΦ(y, x). (4.2.2)

If f and Φ are C2-smooth on int(dom Φ), then the three properties above are all equivalent to

∇2f(x) � −ρ∇2Φ(x) ∀x ∈ int(dom Φ). (4.2.3)
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Proof. Define the perturbed function g := f + ρΦ. We prove the implications 1⇒ 2⇒ 3⇒ 1

in order. To this end, suppose 1 holds. Since g is convex, the subgradient inequality holds:

g(y) ≥ g(x) + 〈w, y − x〉 for all x, y ∈ Rd, w ∈ ∂g(x). (4.2.4)

Taking into account that Φ is differentiable on int(dom Φ), we deduce ∂̂g(x) = ∂̂f(x)+ρ∇Φ(x)

for all x ∈ int(dom Φ); see e.g. [38, Exercise 8.8]. Rewriting (4.2.4) with this in mind

immediately yields 2. The implication 2⇒ 3 is immediate since ∂̂f(x) = {∇f(x)}, whenever

f is differentiable at x.

Suppose 3 holds. Fix an arbitrary point x ∈ int(dom Φ) ∩ dom(∇f). Algebraic manipula-

tion of inequality (4.2.2) yields the equivalent description

g(y) ≥ g(x) + 〈∇f(x) + ρ∇Φ(x), y − x〉 for all y ∈ dom Φ. (4.2.5)

It follows that the vector ∇f(x)+ρ∇Φ(x) lies in the convex subdifferential of g at x. Since f is

locally Lipschitz continuous, Rademacher’s theorem shows that dom(∇f) has full measure in

Rd. In particular, we deduce from (4.2.5) that the convex subdifferential of g is nonempty on

a dense subset of int(dom g). Taking limits, it quickly follows that the convex subdifferential

of g is nonempty at every point x ∈ int(dom g) Using [9, Exercise 3.1.12(a)], we conclude

that g is convex on int(dom g). Moreover, appealing to the sum rule [38, Exercise 10.10],

we deduce that ∂g(x) = ∅ for all x /∈ int(dom Φ), since ∂Φ(x) = ∅ for all x /∈ int(dom Φ).

Therefore ∂g is a globally monotone map globally. Appealing to [38, Theorem 12.17], we

conclude that g is a convex function. Thus item 1 holds. This completes the proof of the

equivalences 1⇔ 2⇔ 3.

Finally suppose that f and Φ are C2-smooth on int(dom Φ). Clearly, if f is ρ-weakly

convex relative to Φ, then second-order characterization of convexity of the function g = f+ρΦ

directly implies (4.2.3). Conversely, (4.2.3) immediately implies that g is convex on the interior

of its domain. The same argument using [38, Theorem 12.17], as in the implication 3⇒ 1,

shows that g is convex on all of Rd.

Notice that the setup so far has not relied on any predefined norm. Let us for the moment
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make the common assumption that Φ is 1-strongly convex relative to some norm ‖ · ‖ on Rd,

which implies

DΦ(y, x) ≥ 1
2
‖y − x‖2. (4.2.6)

Then using Lemma 5, we deduce that to check that f is ρ-weakly convex relative to Φ, it

suffices to verify the inequality

f(y) ≥ f(x) + 〈v, y − x〉 − ρ

2
‖y − x‖2 for all x, y ∈ dom Φ, v ∈ ∂f(x).

Recall that a function f : Rd → R is called ρ-smooth if it satisfies:

‖∇f(y)−∇f(x)‖∗ ≤ ρ‖y − x‖ for all x, y ∈ Rd,

where ‖ · ‖∗ is the dual norm. Thus any ρ-smooth function f is automatically ρ-weakly convex

relative to Φ. Our main result will not require Φ to be 1-strongly convex; however, we will

impose this assumption in Section 4.6 where we augment our guarantees for the stochastic

mirror descent algorithm under a differentiability assumption.

4.3 The problem class and the algorithm

We are now ready to introduce the problem class considered in this paper. We will be

interested in the optimization problem

min
x

F (x) := f(x) + r(x) (4.3.1)

where

• f : Rd → R is a locally Lipschitz function,

• r : Rd → R ∪ {∞} is a closed function having a convex domain,

• Φ: Rd → R ∪ {∞} is some Legendre function satisfying the compatibility conditions:

ri(dom r) ⊆ int(dom Φ) and ∂(r + Φ)(x) = ∅ for all x /∈ int(dom Φ). (4.3.2)
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The first two items are standard and mild. The third stipulates that r must be compatible

with Φ. In particular, the inclusion ri(dom r) ⊆ int(dom Φ) automatically implies (4.3.2),

whenever r is convex [37, Theorem 23.8], or more generally whenever a standard qualification

condition holds.3 To simplify notation, henceforth set U := int(dom Φ).

4.3.1 Assumptions and the Algorithm

We now specify the model-based algorithms we will analyze. Fix a probability space (Ω,F , P )

and equip Rd with the Borel σ−algebra. To each point x ∈ dom f and each random element

ξ ∈ Ω, we associate a stochastic one-sided model fx(·, ξ) of the function f . Namely, we

assume that there exist τ, ρ, L > 0 satisfying the following properties.

(A1) (Sampling) It is possible to generate i.i.d. realizations ξ1, . . . , ξT ∼ P

(A2) (One-sided accuracy) There is a measurable function (x, y, ξ) 7→ fx(y, ξ) defined on

U × U × Ω satisfying both

Eξ [fx(x, ξ)] = f(x), ∀x ∈ U ∩ dom r

and

Eξ [fx(y, ξ)− f(y)] ≤ τDΦ(y, x), ∀x, y ∈ U ∩ dom r. (4.3.3)

(A3) (Weak convexity of the models) The functions fx(·, ξ) + r(·) are ρ-weakly convex

relative to Φ for all x ∈ U ∩ dom r, and a.e. ξ ∈ Ω.

(A4) (Lipschitzian property) There exists a square integrable function L : Ω→ R+ such

that for all x, y ∈ U ∩ dom r, the following inequalities hold:

fx(x, ξ)− fx(y, ξ) ≤ L(ξ)
√
DΦ(y, x), (4.3.4)√

Eξ
[
L(ξ)2

]
≤ L.

3Qualification condition: ∂∞r(x)∩−NdomΦ(x) = {0}, for all x ∈ dom r ∩ dom Φ; see [38, Proposition 8.12,
Corollary 10.9].
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Some comments are in order. Assumption (A1) is standard and is necessary for all

sampling based algorithms. Assumption (A2) specifies the accuracy of the models. That

is, we require the model in expectation to agree with f at the basepoint, and to globally

lower-bound f up to an error controlled by the Bregman divergence. Assumption (A3) is very

mild, since in most practical circumstances the function fx(·, ξ) + r(·) is convex, i.e. ρ = 0.

The final Assumption (A4) controls the order of growth of the individual models fx(y, x) as

the argument y moves away from x.

Notice that the assumptions (A1)-(A4) do not involve any norm on Rd. However, when Φ

is 1-strongly convex relative to some norm, the properties (4.3.3) and (4.3.4) are implied by

standard assumptions. Namely (4.3.3) holds if the error in the model approximation satisfies

Eξ [fx(y, ξ)− f(y)] ≤ τ

2
‖y − x‖2, ∀x, y ∈ U.

Similarly (4.3.4) will hold as long as for every x ∈ U ∩dom r and a.e. ξ ∈ Ω the models fx(·, ξ)

are L(ξ)-Lipschitz continuous on U in the norm ‖ · ‖. The use of the Bregman divergence

allows for much greater flexibility as it can, for example, model higher order growth of the

functions in question. To illustrate, let us look at the following example where the Lipschitz

constant L(ξ) of the models fx(·, ξ) is bounded by a polynomial.

Example 4.3.1 (Bregman divergence under polynomial growth). Consider a degree n

univariate polynomial

p(u) =
n∑
i=0

aiu
i,

with coefficients ai ≥ 0. Suppose now that the one-sided Lipschitz constants of the models

satisfy the growth property:

fx(x, ξ)− fx(y, ξ)
‖x− y‖2

≤ L(ξ)

√
p(‖x‖2) + p(‖y‖2)

2
for all distinct x, y ∈ Rd.

Motivated by [29, Proposition 5.1], the following proposition constructs a Bregman

divergence that is well-adapted to the polynomial p(·). We defer its proof to Appendix 4.7.1.

In particular, with the choice of the Legendre function Φ in (4.3.5), the required estimate

(4.3.4) holds.
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Proposition 1. Define the convex function

Φ(x) =
n∑
i=0

ai

(
3i+ 7

i+ 2

)
‖x‖i+2

2 . (4.3.5)

Then for all x, y ∈ Rd, we have

DΦ(y, x) ≥ p(‖x‖2) + p(‖y‖2)

2
· ‖x− y‖2

2,

and therefore the estimate (4.3.4) holds.

The final ingredient we need before stating the algorithm is an estimate on the weak

convexity constant of F . The following simple lemma shows that Assumptions (A2) and (A3)

imply that F itself is (τ + ρ)-weakly convex relative to Φ.

Lemma 6. The function F is (τ + ρ)-weakly convex relative to Φ.

Proof. We first show that the function g := F+(ρ+τ)Φ is convex on ri(domF ). To this end, fix

arbitrary points x, y ∈ ri(dom g), and note the equality ri(dom g) = U∩ri(dom r) [37, Theorem

6.5]. Choose λ ∈ (0, 1) and set x̄ = λx+ (1− λ)y. Taking into account (A3), we deduce

g(x̄) = f(x̄) + r(x̄) + (ρ+ τ)Φ(x̄)

= Eξ[fx̄(x̄, ξ) + r(x̄) + ρΦ(x̄)] + τΦ(x̄)

≤ Eξ[λ(fx̄(x, ξ) + r(x) + ρΦ(x)) + (1− λ)(fx̄(y, ξ) + r(y) + ρΦ(y))] + τΦ(x̄)

= λEξ[fx̄(x, ξ) + r(x)] + (1− λ)Eξ[fx̄(y, ξ) + r(y)] + τΦ(x̄) + λρΦ(x) + (1− λ)ρΦ(y)

= λEξ[fx̄(x, ξ) + r(x)− τDΦ(x, x̄)] + (1− λ)Eξ[fx̄(y, ξ) + r(y)− τDΦ(y, x̄)]

+ λτ(Φ(x̄) +DΦ(x, x̄)) + (1− λ)τ(Φ(x̄) +DΦ(y, x̄)) + λρΦ(x) + (1− λ)ρΦ(y).

(4.3.6)

Now observe

Φ(x̄) +DΦ(x, x̄) = Φ(x)− (1− λ)〈∇Φ(x̄), x− y〉,

and similarly

Φ(x̄) +DΦ(y, x̄) = Φ(y)− λ〈∇Φ(x̄), y − x〉.
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Hence algebraic manipulation of the two equalities above yields the expression

λτ(Φ(x̄) +DΦ(x, x̄)) + (1− λ)τ(Φ(x̄) +DΦ(y, x̄)) = λτΦ(x) + (1− λ)τΦ(y).

Continuing with (4.3.6), we obtain

g(x̄) ≤ λf(x) + r(x) + (1− λ)(f(y) + r(y))

+ λτΦ(x) + (1− λ)τΦ(y) + λρΦ(x) + (1− λ)ρΦ(y)

= λ[f(x) + r(x) + (τ + ρ)Φ(x)] + (1− λ)[f(y) + r(y) + (τ + ρ)Φ(y)]

≤ λg(x) + (1− λ)g(y).

We have thus verified that g is convex on ri(dom g). Appealing to (4.3.2) and the sum

rule [38, Exercise 10.10], we deduce that the subdifferential ∂g(x) is empty at every point in

x /∈ ri(dom g), and therefore ∂g is a globally monotone map. Using [38, Theorem 12.17], we

conclude that g is a convex function, as needed.

In light of Lemma 6, we also make the following additional assumption on the solvability

of the Bregman proximal subproblems.

(A5) (Solvability) The convex problems

min
y

{
F (y) +

1

λ
DΦ(y, x)

}
and min

y

{
fx(y, ξ) + r(y) +

1

λ
DΦ(y, x)

}
,

admit a minimizer for any λ < (τ + ρ)−1, any x ∈ U , and a.e. ξ ∈ Ω.4 The minimizers

vary measurably in (x, ξ) ∈ U × Ω.

Assumption (A5) is very mild. In particular, it holds automatically if (i) Φ is strongly

convex with respect to some norm, or if (ii) the functions fx(·, ξ) + r(·) + ρDΦ(·, x) and

F + (τ + ρ)Φ are bounded from below and Φ has bounded sublevel sets [40, Lemma 2.3].

We are now ready to state the stochastic model-based algorithm we analyze—Algorithm 6.

4Note the minimizers are automatically unique by Lemma 4
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Algorithm 6: Stochastic Model Based Minimization

Data: x0 ∈ U ∩ dom r, real λ < (τ + ρ)−1, a nonincreasing sequence {ηt}t≥0 ⊆ (0, λ),

and iteration count T .

Step t = 0, . . . , T :


Sample ξt ∼ P

Set xt+1 = argmin
x

{
fxt(x, ξt) + r(x) + 1

ηt
DΦ(x, xt)

}
 ,

Sample t∗ ∈ {0, . . . , T} according to the discrete probability distribution

P(t∗ = t) ∝ ηt
1− ηtρ

.

Return xt∗

4.3.2 Examples

Before delving into the convergence analysis of Algorithm 6, in this section we illustrate

the algorithmic framework on four examples. In all cases, assumptions (A1) and (A5) are

self-explanatory. Therefore, we only focus on verifying (A2)-(A4). For simplicity, we also

assume that r(·) is convex in all examples.

Stochastic Bregman-proximal point. Suppose that the models (x, y, ξ) 7→ fx(y, ξ)

satisfy

Eξ[fx(y, ξ)] = f(y) ∀x, y ∈ U ∩ dom r.

With this choice of the models, Algorithm 6 becomes the stochastic Bregman-proximal point

method. Analysis of the deterministic version of the method for convex problems goes

back to [13, 14, 22]. Observe that Assumption (A2) holds trivially. Assumption (A3) and

Assumption (A4) should be verified in particular circumstances, depending on how the models

are generated. In particular, one can verify Assumption (A4) under polynomial growth of the

Lipschitz constant, by appealing to Example 4.3.1.
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Stochastic mirror descent. Suppose that the models (x, y, ξ) 7→ fx(y, ξ) are given by

fx(y, ξ) = f(x) + 〈G(x, ξ), y − x〉,

for some measurable mapping G : U × Ω → Rd satisfying Eξ[G(x, ξ)] ∈ ∂f(x) for all x ∈

U ∩ dom r. Algorithm 6 then becomes the stochastic mirror descent algorithm, classically

studied in [6,31] in the convex setting and more recently analyzed in [2,29,30] under convexity

and relative continuity assumptions. Assumption (A2) simply says that f is τ -weakly convex

relative to Φ, while Assumption (A3) holds trivially with ρ = 0. Assumption (A4) is directly

implied by the relative continuity condition of Lu [29]. Namely it suffices to assume that

there is a square integrable function L : Ω→ R++ satisfying

‖G(x, ξ)‖∗ ≤ L(ξ)

√
D(y, x)

‖y − x‖
∀x, y ∈ U,

where ‖ · ‖ is an arbitrary norm on Rd, and ‖ · ‖∗ is the dual norm. We refer to [29] for more

details on this condition and examples.

Gauss-Newton method with Bregman regularization. In the next example, suppose

that f has the composite form

f(x) = Eξ[h(c(x, ξ), ξ)],

for some measurable function h(y, ξ) that is convex in y for a.e. ξ ∈ Ω and a measurable map

c(x, ξ) that is C1-smooth in x for a.e. ξ ∈ Ω. We may then use the convex models

fx(y, ξ) := h (c(x, ξ) +∇c(x, ξ)(y − x), ξ), ξ) ,

which automatically satisfy (A3) with ρ = 0. Algorithm 6 then becomes a stochastic

Gauss-Newton method with Bregman regularization.

In the Euclidean case Φ = 1
2
‖ · ‖2, the method reduces to the stochastic prox-linear

algorithm, introduced in [20] and further analyzed in [15]. The deterministic prox-linear

method has classical roots, going back at least to [11,23,36], while a more modern complexity
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theoretic perspective appears in [12, 18, 19, 28, 32]. Even in the deterministic setting, to make

progress, one typically assumes that h and ∇c are globally Lipschitz. More generally and in

line with our current work, one may introduce a different Legendre function Φ. For example,

in the case of polynomial growth, the following propositions construct Legendre functions that

are compatible with Assumptions (A2) and (A4). We defer their proofs to Appendix 4.7.3. In

the two propositions, we assume that the outer functions h(·, ξ) are globally Lipschitz, while

the inner maps c(·, ξ) may have a high order of growth. It is possible to also analyze the

setting when h(·, ξ) has polynomial growth, but the resulting statements and assumptions

become much more cumbersome; we therefore omit that discussion.

Proposition 2 (Satisfying (A2)). Suppose there are square integrable functions L1, L2 : Ω→

R+ and a univariate polynomial p(u) =
∑n

i=0 aiu
i with nonnegative coefficients satisfying

|h(v, ξ)− h(w, ξ)|
‖v − w‖2

≤ L1(ξ) ∀v 6= w,

‖∇c(x, ξ)−∇c(y, ξ)‖op

‖x− y‖2

≤ L2(ξ)(p(‖x‖2) + p(‖y‖2)) ∀x 6= y.

Define the Legendre function Φ(x) :=
∑n

i=0
ai(3i+7)
i+2

‖x‖i+2
2 . Then assumption (A2) holds with

τ := 4
3
E [L1(ξ)L2(ξ)].

Proposition 3 (Satisfying (A4)). Suppose there are square integrable functions L1, L2 : Ω→

R+ and a univariate polynomial q(u) =
∑n

i=0 biu
i with nonnegative coefficients satisfying

|h(v, ξ)− h(w, ξ)|
‖v − w‖2

≤ L1(ξ) ∀v 6= w,

‖∇c(x, ξ)‖op ≤ L2(ξ) ·
√
q(‖x‖2) ∀x, ξ.

Then with the Legendre function Φ(x) =
∑n

i=0
bi
i+2
‖x‖i+2

2 , assumption (A4) holds with L(ξ) =
√

2L1(ξ)L2(ξ).

To construct a Bregman function compatible with both (A2) and (A4) simultaneously,

one may simply add the two Legendre functions constructed in Propositons 2 and 3.
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Stochastic saddle point problems. As the final example, suppose that f is given in the

stochastic conjugate form

f(x) = E
[

sup
w∈W

g(x,w, ξ)

]
,

where W is some auxiliary set and g : Rd ×W × Ω → R is some function. Thus we are

interested in solving the stochastic saddle-point problem

inf
x

E
[

sup
w∈W

g(x,w, ξ)

]
+ r(x). (4.3.7)

Such problems appear often in data science, where the variation of w in the “uncertainty set”

W makes the loss function robust. One popular example is adversarial training [25]. In this

setting, we have g(x,w, ξ) = L(x + w, y, ξ), where L(·, ·) is a loss function, y encodes the

observed data, and w varies over some uncertainty set W , such as an `p-ball.

In order to apply our algorithmic framework, we must have access to stochastic one-sided

models fx(·, ξ) of f . It is quite natural to construct such models by using one-sided stochastic

models gx(·, w, ξ) of g. Indeed, it is appealing to simply set

fx(y, ξ) = gx(y, ŵ(x, ξ), ξ) for any ŵ(x, ξ) ∈ argmax
w

gx(x,w, ξ). (4.3.8)

All of the model types in the previous examples could now serve as the models gx(·, w, ξ),

provided they meet the conditions outlined below.

Formally, to ensure that (A1)-(A5) hold for the models fx(y, ξ), we must make the

following assumptions:

1. The mapping (x, ξ)→ supw∈W g(x,w, ξ) is measurable and has finite first moment for

every fixed x ∈ U ∩ dom r.

2. The function gx(·, w, ξ) is ρ-weakly convex relative to Φ, for every fixed x ∈ U ∩ dom r,

w ∈ W , and a.e. ξ ∈ Ω.

3. There exists a mapping ŵ : U × Ω→ Rm satisfying

ŵ(x, ξ) ∈ argmax
w

gx(x,w, ξ),
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for all x ∈ U ∩ dom r and a.e. ξ ∈ Ω with the property that the functions (x, y, ξ) 7→

gx(y, ŵ(x, ξ), ξ) and (x, y, ξ) 7→ g(y, ŵ(x, ξ), ξ) are measurable.

4. For all x, y ∈ U ∩ dom r, we have

Eξ [gx(x, ŵ(x, ξ), ξ)] = Eξ [g(x, ŵ(x, ξ), ξ)]

and

E [gx(y, ŵ(x, ξ), ξ)− g(y, ŵ(x, ξ), ξ)] ≤ τDΦ(y, x).

5. There exists a square integrable function L : Ω→ R+ such that

gx(x, ŵ(x, ξ), ξ)− gx(y, ŵ(x, ξ), ξ) ≤ L(ξ)
√
DΦ(y, x), for all x, y ∈ U ∩ dom r.

Given these assumptions, let us define fx(y, ξ) as in (4.3.8) We now verify properties (A2)-(A4).

Property (A2) follows from Property 4, which implies that E [fx(x, ξ)] = f(x) and

Eξ [fx(y, ξ)− f(y)] = Eξ
[
gx(y, ŵ(x, ξ), ξ)− sup

w∈W
g(y, w, ξ)

]
≤ Eξ [gx(y, ŵ(x, ξ), ξ)− g(y, ŵ(x, ξ), ξ)]

≤ τDΦ(y, x).

Property (A3) follows directly from Property 2. Finally, (A4) follows from Property 5.

4.4 Stationarity measure

In this section, we introduce a natural stationarity measure that we will use to describe the

convergence rate of Algorithm 6. The stationarity measure is simply the size of the gradient

of an appropriate smooth approximation of the problem (4.3.1). This idea is completely

analogous to the Euclidean setting [15, 16]. Setting the stage, for any λ > 0, define the

Φ-envelope

FΦ
λ (x) := inf

y

{
f(y) +

1

λ
DΦ(y, x)

}
,
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and the associated Φ-proximal map

proxΦ
λf (x) := argmin

y

{
F (y) +

1

λ
DΦ(y, x)

}
.

Note that in the Euclidean setting Φ = 1
2
‖ · ‖2, these two constructions reduce to the standard

Moreau envelope and the proximity map; see for example the monographs [35, 38] or the

note [17] for recent perspectives.

We will measure the convergence guarantees of Algorithm 6 based on the rate at which

the quantity

E[DΦ

(
proxΦ

λF (xt∗), xt∗
)

] (4.4.1)

tends to zero for some fixed λ > 0. The significance of this quantity becomes apparent

after making slightly stronger assumptions on the Legendre function Φ. In this section only,

suppose that Φ: Rd → R∪{+∞} is 1-strongly convex with respect to some norm ‖·‖ and that

Φ is twice differentiable at every point in int(dom Φ). With these assumptions, the following

result shows that the Φ-envelope is differentiable, with a meaningful gradient. Indeed, this

result follows quickly from [4]. For the sake of completeness, we present a self-contained

argument in Appendix 4.7.4.

Theorem 4.4.1 (Smoothness of the Φ-envelope). For any positive λ < (τ+ρ)−1, the envelope

FΦ
λ is differentiable at any point x ∈ int(dom Φ) with gradient given by

∇FΦ
λ (x) :=

1

λ
∇2Φ(x)

(
x− proxΦ

λF (x)
)
.

In light of Theorem 4.4.1, for any point x ∈ int(dom Φ), we may define the local norm

‖y‖x :=
∥∥∇2Φ(x)y

∥∥
∗ .

Then a quick computation shows that the dual norm is given by

‖v‖∗x =
∥∥∇2Φ(x)−1v

∥∥ .
Therefore appealing to Theorem 4.4.1, for any positive λ < (τ + ρ)−1 and x ∈ int(dom Φ) we

obtain the estimate √
DΦ

(
proxΦ

λF (x), x
)
≥ λ√

2
‖∇FΦ

λ (x)‖∗x.
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Thus the square root of the Bregman divergence, which we will show tends to zero along the

iterate sequence at a controlled rate, bounds the local norm of the gradient ∇FΦ
λ .

4.5 Convergence analysis

We now present convergence analysis of Algorithm 6 under Assumptions (A1)-(A5). Hence-

forth, let {xt}t≥0 be the iterates generated by Algorithm 6 and let {ξt}t≥0 be the corresponding

samples used. For each index t ≥ 0, define the Bregman-proximal point

x̂t = proxΦ
λF (xt).

To simplify notation, we will use the symbol Et[·] to denote the expectation conditioned

on all the realizations ξ0, ξ1, . . . , ξt−1. The entire argument of Theorem 4.5.1—our main

result—relies on the following lemma.

Lemma 7. For each iteration t ≥ 0, the iterates of Algorithm 6 satisfy

Et [DΦ(x̂t, xt+1)] ≤ 1+ηtτ−ηt/λ
1−ηtρ

DΦ(x̂t, xt) + (Lηt)
2

4(1−ηtρ)
+ ηt

1−ηtρ
Et [r(xt)− r(xt+1)] .

Proof. Taking into account assumption (A3), we may apply the three point inequality in

Lemma 4 with the convex function g = fxt(·, ξt) + r(·) + ρDΦ(·, xt) and with ( 1
ηt
− ρ)DΦ(·, xt)

replacing the Bregman divergence. Thus for any point x ∈ int(dom Φ), we obtain the estimate

fxt(x, ξt)+r(x)+
1

ηt
DΦ(x, xt) ≥ fxt(xt+1, ξt)+r(xt+1)+

1

ηt
DΦ(xt+1, xt)+

(
1

ηt
− ρ
)
DΦ(x, xt+1).

(4.5.1)

Setting x = x̂t, rearranging terms, and taking expectations, we deduce

Eξ[fxt(x̂t, ξt)+r(x̂t)− fxt(xt+1, ξt)− r(xt+1)]

≥ 1

ηt
Et [(1− ηtρ)DΦ(x̂t, xt+1)−DΦ(x̂t, xt) +DΦ(xt+1, xt)] .

(4.5.2)

We seek to upper bound the left-hand-side of (4.5.2). Using assumptions (A2) and (A4), we
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obtain:

Et
[
fxt(x̂t, ξt)− fxt(xt+1, ξt)

]
≤ Et

[
fxt(x̂t, ξt)− fxt(xt, ξt) + L(ξ)

√
DΦ(xt+1, xt)

]
= Et

[
fxt(x̂t, ξt)− f(x̂t)

]
+ Et

[
L(ξ)

√
DΦ(xt+1, xt)

]
− f(xt) + f(x̂t)

≤ τDΦ(x̂t, xt) + Et
[
L(ξ)

√
DΦ(xt+1, xt)

]
− f(xt) + f(x̂t).

(4.5.3)

By the definition of x̂t as the Bregman-proximal point, we have

f(x̂t) + r(x̂t) +
1

λ
DΦ(x̂t, xt) ≤ f(xt) + r(xt). (4.5.4)

The right hand side of (4.5.2) is thus upper bounded by

τDΦ(x̂t, xt) + Et
[
L(ξ)

√
DΦ(xt+1, xt)− f(xt)− r(xt+1)

]
+ f(x̂t) + r(x̂t)

≤ τDΦ(x̂t, xt) + Et
[
L(ξ)

√
DΦ(xt+1, xt) + (r(xt)− r(xt+1))

]
+ f(x̂t) + r(x̂t)− f(xt)− r(xt)

≤
(
τ − 1

λ

)
DΦ(x̂t, xt) + Et

[
L(ξ)

√
DΦ(xt+1, xt) + (r(xt)− r(xt+1))

]
where the last inequality follows from (4.5.4). Combining this estimate with (4.5.2), we obtain

1

ηt
Et [(1− ηtρ)DΦ(x̂t, xt+1)−DΦ(x̂t, xt) +DΦ(xt+1, xt)]

≤
(
τ − 1

λ

)
DΦ(x̂t, xt) + Et

[
L(ξ)

√
DΦ(xt+1, xt) + (r(xt)− r(xt+1))

]
.

Multiplying through by ηt and rearranging yields

(1− ηtρ)Et [DΦ(x̂t, xt+1)]

≤
(

1 + ηtτ −
ηt
λ

)
DΦ(x̂t, xt) + Et

[
ηtL(ξ)

√
DΦ(xt+1, xt)−DΦ(xt+1, xt)

]
+ ηtEt [r(xt)− r(xt+1)] .

(4.5.5)

Now define γ :=
√
Et [DΦ(xt+1, xt)]. Note that Cauchy-Schwarz implies

Et
[
ηtL(ξ)

√
DΦ(xt+1, xt)

]
≤ ηtLγ.
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Using this estimate in (4.5.5), we obtain

(1− ηtρ)Et [DΦ(x̂t, xt+1)] ≤
(

1 + ηtτ −
ηt
λ

)
DΦ(x̂t, xt) + ηtLγ − γ2

+ ηtEt [r(xt)− r(xt+1)] .

Maximizing the right hand side in γ (i.e. taking γ = Lηt
2

), yields the guarantee

(1− ηtρ)Et [DΦ(x̂t, xt+1)] ≤
(

1 + ηtτ −
ηt
λ

)
DΦ(x̂t, xt) +

(Lηt)
2

4
+ ηtEt [r(xt)− r(xt+1)] .

Dividing through by 1− ηtρ completes the proof.

We can now prove our main theorem.

Theorem 4.5.1 (Convergence rate). The point xt∗ returned by Algorithm 6 satisfies:

E
[
DΦ

(
proxΦ

λF (xt∗), xt∗
)]

≤ λ2

1− λ(τ + ρ)

FΦ
λ (x0)−minF∑T

t=0
ηt

1−ηtρ

+
L2∑T

t=0
η
2
t

4λ(1−ηtρ)∑T
t=0

ηt
1−ηtρ

+

η0
λ(1−η0ρ)

(r(x0)− inf r)∑T
t=0

ηt
1−ηtρ

 .

Proof. Using the definitions of xt+1 and x̂t along with Lemma 7, we obtain

Et
[
FΦ
λ (xt+1)

]
≤ Et

[
F (x̂t) +

1

λ
DΦ(x̂t, xt+1)

]
≤ Et

[
F (x̂t) +

1

λ(1− ηtρ)

((
1 + ηt

(
τ − 1

λ

))
DΦ(x̂t, xt) +

(Lηt)
2

4

)]
+

ηt
λ(1− ηtρ)

Et [(r(xt)− r(xt+1))]

= FΦ
λ (xt) +

ηt
λ

(
τ + ρ− 1/λ

1− ηtρ

)
DΦ(x̂t, xt) +

(Lηt)
2

4λ(1− ηtρ)

+
ηt

λ(1− ηtρ)
Et [r(xt)− r(xt+1)] .

Recursing and applying the tower rule for expectations, we obtain

E
[
FΦ
λ (xT+1)

]
≤ FΦ

λ (x0) +
T∑
t=0

(
ηt
λ

(
τ + ρ− 1/λ

1− ηtρ

)
E[DΦ(x̂t, xt)] +

(Lηt)
2

4λ(1− ηtρ)

)

+
T∑
t=0

ηt
λ(1− ηtρ)

E [r(xt)− r(xt+1)] .

(4.5.6)
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Taking into account that ηt is nonincreasing yields the inequality

T∑
t=0

ηt
λ(1−ηtρ)

(r(xt)− r(xt+1)) ≤ η0
λ(1−η0ρ)

(r(x0)− inf r).

See the auxiliary Lemma 10 for a verification. Combining this bound with (4.5.6), using the

inequality E [Fλ(xT+1)] ≥ minF , and rearranging, we conclude

1

λ

(
1

λ
− τ − ρ

) T∑
t=0

ηt
1− ηtρ

E[DΦ(x̂t, xt)] ≤ FΦ
λ (x0)−minF + L2

T∑
t=0

η2
t

4λ(1− ηtρ)

+
η0

λ(1− η0ρ)
(r(x0)− inf r),

or equivalently

T∑
t=0

ηt
1− ηtρ

E [DΦ(x̂t, xt)] ≤
λ2(FΦ

λ (x0)−minF )

1− λ(τ + ρ)
+

λ2L2

1− λ(τ + ρ)

T∑
t=0

η2
t

4λ(1− ηtρ)

+
λ2η0

λ(1− λ(τ + ρ))(1− η0ρ)
(r(x0)− inf r).

Dividing through by
∑T

t=0
ηt

1−ηtρ
and recognizing the left-hand-side as E[DΦ(x̂t∗ , xt∗)], the

result follows.

As an immediate corollary of Theorem 4.5.1, we have the following rate of convergence

when the stepsize ηt is constant.

Corollary 6 (Convergence rate for constant stepsize). For some α > 0, set ηt = 1

λ
−1

+α
−1√

T+1

for all indices t = 1, . . . , T . Then the point xt∗ returned by Algorithm 7 satisfies:

E
[
DΦ

(
proxΦ

λF (xt∗), xt∗
)]
≤
λ2(FΦ

λ (x0)−minF ) + λL
2
α
2

4
+ λ((r(x0)−inf r))

λ
−1−ρ+α

−1

1− λ(τ + ρ)
·
(
λ−1 − ρ
T + 1

+
1

α
√
T + 1

)
.

4.6 Mirror descent: smoothness and finite variance

Assumptions (A1)-(A5) are reasonable for the examples described in Section 4.3.2, being in

line with standard conditions in the literature. However, in the special case that f is smooth

and we apply stochastic mirror descent, Assumption (A4) is nonstandard. Ideally, one would
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like to replace this assumption with a bound on the variance of the stochastic estimator of

the gradient. In this section, we show that this is indeed possible by slightly modifying the

argument in Section 4.5.

Henceforth, let Φ be a Legendre function and set U := int(dom Φ). In this section, we

make the following assumptions:

(B1) (Sampling) It is possible to generate i.i.d. realizations ξ1, . . . , ξT ∼ P

(B2) (Stochastic gradient) There is a measurable mapping G : U × Ω→ Rd satisfying

Eξ [G(x, ξ)] = ∇f(x), ∀x ∈ U ∩ dom r.

(B3) (Relative Smoothness) There exist real τ,M ≥ 0, such that

−τDΦ(y, x) ≤ f(y)− f(x)− 〈∇f(x)〉y − x ≤MDΦ(y, x) ∀x, y ∈ U ∩ dom r.

(B4) (Relative convexity) The function r is ρ-weakly convex relative to Φ.

(B5) (Strong convexity of Φ) The Legendre function Φ is 1-strongly convex with respect

to some norm ‖ · ‖.

(B6) (Finite variance) The following variance is finite:

Eξ
[
‖G(x, ξ)−∇f(x)‖2

∗
]
≤ σ2

2
<∞.

Henceforth, we denote by fx(·, ξ) the linear models

fx(y, ξ) := f(x) + 〈G(x, ξ)〉y − x,

which are built from the stochastic gradient estimator G. With this notation in hand, let us

compare Assumptions (B1)-(B5) with Assumptions (A1)-(A4). Evidently, Assumptions (B1)

and (A1) are identical. Upon taking expectations, Assumptions (B2) and (B3) imply the
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stochastic one-sided accuracy property (A2) for the linear models fx(·, ξ), while (B4) directly

implies (A3). Assumptions (B5) and (B6) replace the Lipschitzian property (A4).

Finally, we reiterate that the relative smoothness property in (B3) was recently introduced

in [2, 30] for smooth convex minimization, and extended to smooth nonconvex problems

in [8] and to nonsmooth stochastic problems in [26, 29]. This property allows for higher

order growth than the standard Lipschitz gradient assumptions, commonly analyzed in the

literature. We refer the reader to [2, 30] for various examples of Bregman functions that arise

in applications.

For the sake of clarity, Algorithm 7 instantiates Algorithm 6 in our setting.

Algorithm 7: Mirror descent for smooth minimization

Data: x0 ∈ U ∩ dom r, positive λ < (τ + ρ)−1, a sequence {ηt}t≥0 ⊆
(
0, λ

1+λM

)
, and

iteration count T

Step t = 0, . . . , T :


Sample ξt ∼ P

Set xt+1 = argmin
x

{
〈G(xt, ξt)〉x+ r(x) + 1

ηt
DΦ(x, xt)

}
 ,

Sample t∗ ∈ {0, . . . , T} according to the discrete probability distribution

P(t∗ = t) ∝ ηt
1− ηtρ

.

Return xt∗

As in Section 4.5, the convergence analysis relies on the following key lemma. We let

{xt}t≥0 be the iterates generated by Algorithm 7 and let {ξt}t≥0 be the corresponding samples

used. For each index t ≥ 0, we continue to use the notation x̂t = proxΦ
λF (x) and let Et[·] to

denote the expectation conditioned on all the realizations ξ0, ξ1, . . . , ξt−1.

Lemma 8. For each iteration t ≥ 0, the iterates of Algorithm 7 satisfy

Et [DΦ(x̂t, xt+1)] ≤ 1 + ηtτ − ηt/λ
(1− ηtρ)

·DΦ(x̂t, xt) +
1

4
· (σηt)

2

(1− ηt(M + 1
λ
))(1− ηtρ)

.

Proof. Following the initial steps of the proof of Lemma 7, we arrive at the estimate (4.5.2),
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namely

1

ηt
Et [(1− ηtρ)DΦ(x̂t, xt+1)−DΦ(x̂t, xt) +DΦ(xt+1, xt)]

≤ Et
[
fxt(x̂t, ξt) + r(x̂t)− fxt(xt+1, ξt)− r(xt+1)

]
. (4.6.1)

We now seek to bound the right-hand side of (4.6.1) using (B3)-(B6). To that end, the

following bound will be useful:

fxt(xt+1, ξt) = f(xt, ξt) + 〈G(xt, ξt), xt+1 − xt〉

≥ f(xt, ξt) + 〈∇f(xt), xt+1 − xt〉 − ‖G(xt, ξt)−∇f(xt)‖∗‖xt+1 − xt‖.

Taking expectations of both sides and applying Cauchy-Schwarz and (B3)-(B6), we obtain

Et
[
fxt(xt+1, ξt)

]
≥ Et [f(xt) + 〈∇f(xt), xt+1 − xt〉]− Et [‖G(xt, ξt)−∇f(xt)‖∗‖xt+1 − xt‖]

≥ Et [f(xt+1)−MDΦ(xt+1, xt)]−
√
Et
[
‖G(xt, ξt)−∇f(xt)‖2

∗
]√

Et
[
‖xt+1 − xt‖2

]
≥ Et [f(xt+1)−MDΦ(xt+1, xt)]− σ

√
Et
[

1
2
‖xt+1 − xt‖2

]
≥ Et [f(xt+1)−MDΦ(xt+1, xt)]− σ

√
Et [DΦ(xt+1, xt)]. (4.6.2)

Continuing, add fxt(x̂t, ξt) to both sides of (4.6.2), rearrange, and apply (B3) to obtain

Et
[
fxt(x̂t, ξt)− fxt(xt+1, ξt)

]
≤ Et

[
fxt(x̂t, ξt)− f(xt+1) +MDΦ(xt+1, xt)

]
+ σ
√

Et [DΦ(xt+1, xt)]

≤ Et [f(x̂t)− f(xt+1) + τDΦ(x̂t, xt) +MDΦ(xt+1, xt)] + σ
√
Et [DΦ(xt+1, xt)]. (4.6.3)

On the other hand, by the definition of x̂t we have

f(x̂t) + r(x̂t) +
1

λ
DΦ(x̂t, xt) ≤ f(xt+1) + r(xt+1) +

1

λ
DΦ(xt+1, xt).

Inserting this equation into (4.6.3), we obtain

Et [f(x̂t) + r(x̂t)− f(xt+1)− r(xt+1)]

≤ Et
[(
M + 1

λ

)
DΦ(xt+1, xt) +

(
τ − 1

λ

)
DΦ(x̂t, xt)

]
+ σ
√
Et [DΦ(xt+1, xt)]. (4.6.4)
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Combining (4.6.4) with (4.6.1) gives the estimate

1

ηt
Et [(1− ηtρ)DΦ(x̂t, xt+1)−DΦ(x̂t, xt) +DΦ(xt+1, xt)]

≤
(
M + 1

λ

)
Et [DΦ(xt+1, xt)] +

(
τ − 1

λ

)
DΦ(x̂t, xt) + σ

√
Et [DΦ(xt+1, xt)],

Multiplying through by ηt and rearranging, we obtain

Et
[
(1− ηtρ)DΦ(x̂t, xt+1) +

(
1− ηt

(
M + 1

λ

))
DΦ(xt+1, xt)

]
≤
(
1 + ηt(τ − 1

λ
)
)
DΦ(x̂t, xt) + σηt

√
Et [DΦ(xt+1, xt)].

Now define γ :=
√
Et [DΦ(xt+1, xt)], and rewrite the above as

Et [(1− ηtρ)DΦ(x̂t, xt+1)] ≤
(
1 + ηtτ − ηt

λ

)
DΦ(x̂t, xt) + σηtγ −

(
1− ηt(M + 1

λ
)
)
γ2.

Maximizing the right hand side in γ, i.e. taking γ = σηt

2
(

1−ηt
(
M+

1
λ

)) , we conclude

Et [(1− ηtρ)DΦ(x̂t, xt+1)] ≤
(
1 + ηtτ − ηt

λ

)
DΦ(x̂t, xt) +

1

4
· (σηt)

2

1− ηt(M + 1
λ
)
,

as desired.

With Lemma 8 at hand, we can now establish a convergence rate of Algorithm 7.

Theorem 4.6.1. The point xt∗ returned by Algorithm 7 satisfies:

E
[
DΦ

(
proxΦ

λF (xt∗), xt∗
)]
≤ λ

(1−(τ+ρ)λ)

λ(FΦ
λ (x0)−minF )∑T

t=0
ηt

1−ηtρ

+
σ2∑T

t=0
η
2
t

(1−ηt(M+1/λ))(1−ηtρ)

4
∑T

t=0
ηt

1−ηtρ

 .

Proof. Using Lemma 8, we obtain

Et
[
FΦ
λ (xt+1)

]
≤ Et

[
f(x̂t) +

1

λ
DΦ(x̂t, xt+1)

]
≤ Et

[
f(x̂t) +

1

λ(1− ηtρ)

(
(1 + ηtτ − ηt/λ)DΦ(x̂t, xt) +

1

4
· (σηt)

2

1− ηt(M + 1/λ)

)]
= FΦ

λ (xt) +
ηt
λ

(
τ + ρ− 1/λ

1− ηtρ

)
DΦ(x̂t, xt) +

(σηt)
2

4λ(1− ηt(M + 1/λ))(1− ηtρ)
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Recursing and applying the tower rule for expectations, we obtain

E
[
FΦ
λ (xT+1)

]
≤ FΦ

λ (x0)+
T∑
t=0

(
ηt
λ

(
τ + ρ− 1/λ

1− ηtρ

)
E [DΦ(x̂t, xt)] +

(σηt)
2

4λ(1− ηt(M + 1/λ))(1− ηtρ)

)
Rearranging and using the fact that E [Fλ(xT+1)] ≥ minF , we obtain

T∑
t=0

ηt
λ

(
1/λ− τ − ρ

1− ηtρ

)
E [DΦ(x̂t, xt)] ≤ FΦ

λ (x0)−minF +
σ2

4λ

T∑
t=0

η2
t

(1− ηt(M + 1/λ))(1− ηtρ)

or equivalently

T∑
t=0

ηt
1− ηtρ

E [DΦ(x̂t, xt)] ≤
λ2(FΦ

λ (x0)−minF )

1− (τ + ρ)λ
+

λσ2

4(1− (τ + ρ)λ)

T∑
t=0

η2
t

(1− ηt(M + 1/λ))(1− ηtρ)
.

Dividing through by
∑T

t=0
ηt

1−ηtρ
and recognizing the left-hand-side as E[DΦ(x̂t∗ , xt∗)], the

result follows.

As an immediate corollary, we obtain a convergence rate for Algorithm 7 with a constant

stepsize.

Corollary 7. For some α > 0, set ηt = 1

M+λ
−1

+α
−1√

T+1
for all indices t = 1, . . . , T . Then

the point xt∗ returned by Algorithm 7 satisfies:

E
[
DΦ

(
proxΦ

λF (xt∗), xt∗
)]
≤
λ2(FΦ

λ (x0)−minF ) + λ(σα
2

)2

(1− (τ + ρ)λ)
·
(
M + λ−1 − ρ

T + 1
+

1

α
√
T + 1

)
.

4.7 Rates in function value for convex problems

In this final section, we examine convergence rates for stochastic model based minimization

under convexity assumptions and prove rates of converge on function values. To this end,

we will use the following definition from [30]. A function g : Rd → R ∪ {∞} is µ-strongly

convex relative to Φ if the function g − µΦ is convex. Notice that µ = 0 corresponds to plain

convexity of g.

In this section, we make the following assumptions:

(C1) (Sampling) It is possible to generate i.i.d. realizations ξ1, . . . , ξT ∼ P
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(C2) (One-sided accuracy) There is a measurable function (x, y, ξ) 7→ fx(y, ξ) defined on

U × U × Ω satisfying both

Eξ [fx(x, ξ)] = f(x), ∀x ∈ U ∩ dom r

and

Eξ [fx(y, ξ)] ≤ f(y), ∀x, y ∈ U ∩ dom r. (4.7.1)

(C3) (Convexity of the models) The exists some µ ≥ 0 such that the functions fx(·, ξ)+r(·)

are µ-strongly convex relative to Φ for all x ∈ U ∩ dom r and a.e. ξ ∈ Ω.

(C4) (Lipschitz property) There exists a square integrable function L : Ω→ R+ such that

for all x, y ∈ U ∩ dom r, the following inequalities holds:

fx(x, ξ)− fx(y, ξ) ≤ L(ξ)
√
DΦ(y, x), (4.7.2)√

Eξ
[
L(ξ)2

]
≤ L.

(C5) (Solvability) The convex problems

min
y

{
F (y) +

1

λ
DΦ(y, x)

}
and min

y

{
fx(y, ξ) + r(y) +

1

λ
DΦ(y, x)

}
,

admit a minimizer for any λ > 0, any x ∈ U , and a.e. ξ ∈ Ω. The minimizers vary

measurably in (x, ξ) ∈ U × Ω.

Thus the only difference between assumptions (C1)-(C5) and (A1)-(A5) is that in ex-

pectation the stochastic models f(·, ξ) are global under-estimators (C2) and the functions

f(·, ξ) + r(·) are relatively strongly convex, instead of weakly convex (C3). Note that under

assumptions (C1)-(C5), the objective function F is µ-strongly convex relative to Φ; the

argument is completely analogous to that of Lemma 6.

Henceforth, we let {xt}t≥0 be the iterates generated by Algorithm 6 (with τ = ρ = 0)

and let {ξt}t≥0 be the corresponding samples used. For each index t ≥ 0, we continue to use

the notation x̂t = proxΦ
λF (x) and let Et[·] to denote the expectation conditioned on all the
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realizations ξ0, ξ1, . . . , ξt−1. We need the following key lemma, which identifies the Bregman

divergence DΦ(x∗, xt), between the iterates and an optimal solution, as a useful potential

function. Notice that this is in contrast to the nonconvex setting, where it was the envelope

FΦ
λ (xt) that served as an appropriate potential function.

Lemma 9. For each iteration t ≥ 0, the iterates of Algorithm 6 satisfy

Et [(1 + ηtµ)DΦ(x∗, xt+1)] ≤ DΦ(x∗, xt) +
(Lηt)

2

4
+ ηtEt [r(xt)− r(xt+1)]− ηt(F (xt)− F (x∗)),

where x∗ is any minimizer of F .

Proof. Appealing to the three point inequality in Lemma 4 and (C3), we deduce that all

points x ∈ dom r satisfy

fxt(x, ξt)+r(x)+
1

ηt
DΦ(x, xt) ≥ fxt(xt+1, ξt)+r(xt+1)+

1

ηt
DΦ(xt+1, xt)+

(1 + ηtµ)

ηt
DΦ(x, xt+1).

(4.7.3)

Setting x = x∗, rearranging terms, and taking expectations, we deduce

1

ηt
Et [(1 + ηtµ)DΦ(x∗, xt+1)−DΦ(x∗, xt) +DΦ(xt+1, xt)]

≤ Et
[
fxt(x

∗, ξt) + r(x∗)− fxt(xt+1, ξt)− r(xt+1)
]
. (4.7.4)

We seek to upper bound the right-hand-side of (4.7.4). Assumptions (C2) and (C4) imply:

Et
[
fxt(x

∗, ξt)− fxt(xt+1, ξt)
]
≤ Et

[
fxt(x

∗, ξt)− fxt(xt, ξt) + L(ξ)
√
DΦ(xt+1, xt)

]
= Et

[
fxt(x

∗, ξt)− f(x∗)
]

+ Et
[
L(ξ)

√
DΦ(xt+1, xt)

]
− f(xt) + f(x∗)

≤ Et
[
L(ξ)

√
DΦ(xt+1, xt)

]
− f(xt) + f(x∗).

The left hand side of (4.7.4) is therefore upper bounded by

Et
[
L(ξ)

√
DΦ(xt+1, xt)− f(xt)− r(xt+1)

]
+ f(x∗) + r(x∗)

= Et
[
L(ξ)

√
DΦ(xt+1, xt) + (r(xt)− r(xt+1))

]
− (F (xt)− F (x∗)).
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Putting everything together, we arrive at

1

ηt
Et [(1 + ηtµ)DΦ(x∗, xt+1)−DΦ(x∗, xt) +DΦ(xt+1, xt)]

≤ Et
[
L(ξ)

√
DΦ(xt+1, xt) + (r(xt)− r(xt+1))

]
− (F (xt)− F (x∗))

Multiplying through by ηt and rearranging yields

Et [(1 + ηtµ)DΦ(x∗, xt+1)] ≤ DΦ(x∗, xt) + Et
[
ηtL(ξ)

√
DΦ(xt+1, xt)−DΦ(xt+1, xt)

]
+ ηtEt [r(xt)− r(xt+1)]− ηt(F (xt)− F (x∗)).

Now define γ :=
√
Et [DΦ(xt+1, xt)]. By Cauchy-Schwarz, we have that Et

[
ηtL(ξ)

√
DΦ(xt+1, xt)

]
≤

ηtLγ. Thus we obtain

Et [(1 + ηtµ)DΦ(x∗, xt+1)] ≤ DΦ(x∗, xt) + ηtLγ − γ2 + ηtEt [r(xt)− r(xt+1)]− ηt(F (xt)− F (x∗))

≤ DΦ(x∗, xt) +
(Lηt)

2

4
+ ηtEt [r(xt)− r(xt+1)]− ηt(F (xt)− F (x∗)),

where the last inequality follows by maximizing the right-hand-side in γ.

We are now ready to prove convergence guarantees in the case that µ = 0.

Theorem 4.7.1 (Convergence rate under convexity). For all T > 0, we have

E

[
F

(
1∑T
t=0 ηt

T∑
t=0

ηtxt

)
− F (x∗)

]
≤
DΦ(x∗, x0) +

∑t
t=0

(ηtL)
2

4
+ η0(r(x0)− inf r)∑T

t=0 ηt
,

where x∗ is any minimizer of F .

Proof. Lower-bounding the left-hand-side of Lemma 9 by zero DΦ(x∗, xt+1), we deduce

ηt [F (xt)− F (x∗)] ≤ (Lηt)
2

4
+ ηtEt [r(xt)− r(xt+1)] + Et[DΦ(x∗, xt)−DΦ(x∗, xt+1)]

Applying the tower rule for expectations yields

T∑
t=0

ηtE [F (xt)− F (x∗)]

≤
T∑
t=0

(ηtL)2

4
+ E

[
T∑
t=0

ηt(r(xt)− r(xt+1))

]
+ E

[
T∑
t=0

(DΦ(x∗, xt)−DΦ(x∗, xt+1))

]
.
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Using Jensen’s inequality, telescoping and using the auxiliary Lemma 10, we conclude

E

[
F

(
1∑T
t=0

T∑
t=0

ηtxt

)
− F (x∗)

]
≤
DΦ(x∗, x0) +

∑t
t=0

(ηtL)
2

4
+ η0(r(x0)− inf r)∑T

t=0 ηt
,

as claimed.

As an immediate corollary of Theorem 4.5.1, we have the following rate of convergence

when the stepsize ηt is constant.

Corollary 8 (Convergence rate under convexity for constant stepsize). For any α > 0 and

corresponding constant stepsize ηt = α√
T+1

, we have

E

[
F

(
1

T + 1

T∑
t=0

xt

)
− F (x∗)

]
≤
DΦ(x∗, x0) + (αL)

2

4
+ α(r(x0)− inf r)

α
√
T + 1

,

where x∗ is any minimizer of F .

The final result of this section proves that Algorithm 6, with an appropriate choice of

stepsize, drives the expected error in function values to zero at the rate Õ( 1
k
), whenever

µ > 0.

Theorem 4.7.2 (Convergence rate strongly convex case). Suppose that ηt = 1
µ(t+1)

for all

t ≥ 0. Then for all T > 0, we have

E

[
F

(
1

T + 1

T∑
t=0

xt

)
− F (x∗) + µDΦ(x∗, xT+1)

]
≤

L
2
(1+log(T+1))

4µ
+ r(x0)− inf r + µDΦ(x∗, x0)

T + 1

where x∗ is any minimizer of F .

Proof. Using Lemma 9 and the law of total expectation, we have

E [F (xt)− F (x∗)] ≤ ηtL
2

4
+ E

[
(r(xt)− r(xt+1)) +

1

ηt
DΦ(x∗, xt)−

(1 + ηtµ)

ηt
DΦ(x∗, xt+1)

]
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Setting ηt = 1
µ(t+1)

, averaging, and applying Jensen’s inequality yields

E

[
F

(
1

T + 1

T∑
t=0

xt

)
− F (x∗)

]
≤ 1

T + 1

T∑
t=0

L2

4µ(t+ 1)
+

E [r(x0)− r(xT+1)]

T + 1

+
1

T + 1

T∑
t=0

E [µ(t+ 1)DΦ(x∗, xt)− µ(t+ 2)DΦ(x∗, xt+1)]

≤
L
2
(1+log(T+1))

4µ
+ r(x0)− inf r + µDΦ(x∗, x0)

T + 1

− E
[

(T + 2)

(T + 1)
µDΦ(x∗, xT+1)

]
,

where the last inequality follows from telescoping the terms in the sum and using the lower

bound r(xT+1) ≥ inf r. This completes the proof.
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Appendix: proofs of auxilliary results

4.7.1 Proof of Proposition 1

Let us write

Φ = Φ̂ + Φ̃,

for the two functions

Φ̂(x) :=
n∑
i=0

ai
i+ 2

‖x‖i+2
2 and Φ̃(x) :=

n∑
i=0

3ai‖x‖i+2
2 .

The result [29, Equation (25)] yields the estimate

DΦ̂(y, x) ≥ 1

2

n∑
i=0

ai‖x‖i2 · ‖x− y‖2
2 ∀x, y.

Thus the proof will be complete once we establish the inequality,

DΦ̃(y, x) ≥ 1

2

n∑
i=0

ai‖y‖i2 · ‖x− y‖2
2 ∀x, y. (4.7.5)

To this end, fix an index i, and set η := 3(i+ 2) and Φ̃i(x) := 3ai‖x‖i+2
2 . We will show

DΦ̃i
(y, x) ≥ ai

2
‖y‖i2 · ‖x− y‖2

2,

which together with the identity, DΦ̃(y, x) =
∑n

i=0 DΦ̃i
(y, x), completes the proof of (4.7.5).

A quick computation shows that

DΦ̃i
(y, x) = 3ai

(
‖y‖i+2

2 + (i+ 1)‖x‖i+2
2 − (i+ 2)‖x‖i2〈x, y〉

)
.

Let us consider two cases. First suppose that η1/i‖x‖2 ≥ ‖y‖2. In this case, [29, Proposi-

tion 5.1] implies

DΦ̃i
(y, x) ≥ aiη

2
‖x‖i2 · ‖x− y‖2

2 ≥
ai
2
‖y‖i2 · ‖x− y‖2

2,

as desired.
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Now suppose that ‖y‖2 ≥ η1/i‖x‖2. We will show that DΦ̃i
(y, x) ≥ η−1DΦ̃i

(x, y), which

will complete the proof since

η−1DΦ̃i
(x, y) ≥ ai

2
‖y‖i · ‖x− y‖2

2,

by [29, Proposition 5.1]. To that end, we compute

DΦ̃i
(y, x) = 3ai

(
‖y‖i+2

2 + (i+ 1)‖x‖i+2
2 − (i+ 2)‖x‖i2〈x, y〉

)
≥ η−1DΦ̃i

(x, y) = ai
i+2

(
‖x‖i+2

2 + (i+ 1)‖y‖i+2
2 − (i+ 2)‖y‖i2〈x, y〉

)
⇐⇒ (1− η−1(i+ 1))‖y‖i+2

2 + η−1(i+ 2)‖y‖i2〈x, y〉 ≥ (η−1 − (i+ 1))‖x‖i+2
2 + (i+ 2)‖x‖i2〈x, y〉

⇐= (1− η−1(i+ 1))‖y‖i2
(
‖y‖2 +

η−1(i+ 2)

(1− η−1(i+ 1))
〈x, y〉

)
≥ (i+ 2)‖x‖i2〈x, y〉.

Let us show that the last inequality is true: First, we upper bound the right hand side

(i+ 2)‖x‖i2〈x, y〉 ≤
(i+ 2)

η(1+i)/i
‖y‖i+2.

Next, we lower bound the left hand side:

(1− η−1(i+ 1))‖y‖i2
(
‖y‖2 +

η−1(i+ 2)

(1− η−1(i+ 1))
〈x, y〉

)
≥ (1− η−1(i+ 1))

(
1− η−1(i+ 2)

η1/i(1− η−1(i+ 1))

)
‖y‖i+2

2

=
(

1− η−1(i+ 1 + (i+2)

η
1/i )

)
‖y‖i+2

2 .

Therefore, we need only verify that η satisfies

(i+ 2)

η(1+i)/i
≤
(

1− η−1(i+ 1 +
(i+ 2)

η1/i
)

)
⇐⇒ (i+ 2) ≤ η(1+i)/i − η1/i(i+ 1)− (i+ 2)

⇐⇒ 2(i+ 2) ≤ η1/i (η − (i+ 1))) ,

which holds by the definition of η. Thus the result is proved.
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4.7.2 An auxiliary lemma on sequences.

Lemma 10. Consider any nonincreasing sequence {at}t≥0 ⊂ R++ and any sequence {bt}t≥0 ⊂

R. Then for any index T ∈ N, we have

T∑
t=0

at(bt − bt+1) ≤ a0(b0 − b∗),

where we set b∗ = inft≥0 bt.

Proof. We successively deduce

T∑
t=0

at(bt − bt+1) =
T∑
t=0

at[(bt − b∗)− (bt+1 − b∗)]

= a0(b0 − b∗)− aT (bT+1 − b∗) +
T−1∑
t=0

(at+1 − at) (bt+1 − b∗)

≤ a0(b0 − b∗),

as claimed.

4.7.3 Proofs of Propositions 2 and 3

Proof of Proposition 2. Using the fundamental theorem of calculus and convexity of the

function x 7→ p(‖x‖2) we compute

‖c(x, ξ) +∇c(x, ξ)(y − x)− c(y, ξ)‖2

=

∥∥∥∥∫ 1

0

(∇c(x+ t(y − x), ξ)−∇c(x, ξ)) (y − x) dt

∥∥∥∥
2

≤
∫ 1

0

‖∇c(x+ t(y − x), ξ)−∇c(x, ξ)‖op ‖y − x‖2 dt

≤ L2(ξ)‖y − x‖2
2

∫ 1

0

(p(‖x+ t(y − x)‖2) + p(‖x‖2)) t dt

≤ L2(ξ)‖y − x‖2
2

∫ 1

0

((1− t)p(‖x‖2) + tp(‖y‖2)) + p(‖x‖2)) t dt

≤ 2L2(ξ)

3
‖y − x‖2

2 · (p(‖x‖2) + p(‖y‖2)).
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Hence, we deduce

h (c(x, ξ) +∇c(x, ξ)(y − x), ξ)− h (c(y, ξ), ξ) ≤ L1(ξ) · ‖c(x, ξ) +∇c(x, ξ)(y − x)− c(y, ξ)‖2

≤ 2
3
L1(ξ)L2(ξ)‖y − x‖2

2 · (p(‖x‖2) + p(‖y‖2))

≤ 4
3
L1(ξ)L2(ξ) ·DΦ(y, x),

where the last inequality follows form Proposition 1. Taking expectations yields the claimed

guarantee.

Proof of Proposition 3. We successively compute

h (c(x, ξ), ξ)− h (c(x, ξ) +∇c(x, ξ)(y − x), ξ) = L1(ξ)‖∇c(x, ξ)(y − x)‖2

≤ L1(ξ)L3(ξ) ·
√
q(‖x‖2)‖y − x‖2

≤
√

2L1(ξ)L3(ξ) ·
√
DΦ(y, x),

where the last line follows from [29, Equation (25)]. The result follows.

4.7.4 Proof of Theorem 4.4.1

First we rewrite FΦ
λ , using the definition of the Bregman divergence, as

FΦ
λ (x) = inf

y

{
F (y) +

1

λ
Φ(y)− 1

λ
〈∇Φ(x)〉y

}
− 1

λ
Φ(x) +

1

λ
〈∇Φ(x)〉x

= − sup
y

{
〈1
λ
∇Φ(x)〉y −

(
F +

1

λ
Φ

)
(y)

}
− 1

λ
Φ(x) +

1

λ
〈∇Φ(x)〉x

= −
(
F +

1

λ
Φ

)?(
1

λ
∇Φ(x)

)
− 1

λ
Φ(x) +

1

λ
〈∇Φ(x)〉x.

Note that F + 1
λ
Φ is closed and

(
1
λ
− (ρ+ τ)

)
-strongly convex. Thus the conjugate (F + 1

λ
Φ)?

is differentiable. By the chain and sum rules for differentiation, we have

∇FΦ
λ (x) = −1

λ
∇2Φ(x)

[
∇
(
F +

1

λ
Φ

)?](
1

λ
∇Φ(x)

)
+

1

λ
∇2Φ(x)x

=
1

λ
∇2Φ(x)

(
x−

[
∇
(
F +

1

λ
Φ

)?](
1

λ
∇Φ(x)

))
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The (sub)gradient of a convex conjugate function is simply the set of maximizers in the

supremum defining the conjugate, so that[
∇
(
F +

1

λ
Φ

)?](
1

λ
∇Φ(x)

)
= argmax

y

{
〈1
λ
∇Φ(x)〉y −

(
F +

1

λ
Φ

)
(y)

}
= argmin

y

{
F (y) +

1

λ
DΦ(y, x)

}
= proxΦ

λF (x).

Putting everything together, we obtain, ∇FΦ
λ (x) = 1

λ
∇2Φ(x) (x− x̂), as desired.
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