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Department of Electrical Engineering

Synthetic biology can benefit from characterization and analysis of biological components that

enable simulation and engineering of large scale networks with complex behavior. In this thesis,

we introduce the Parameter Component Dependency (PCD) matrix, a characterization and analysis

framework that enables users to quantify the biological functions of interchangeable genetic com-

ponents, using datasets generated by combinatorial libraries composed of multiple components. We

use two synthetic auxin signaling pathways to demonstrate that PCD matrices represent hypotheses

about dependencies of model parameters to components. Using the PCD framework, we discrim-

inated and verified multiple such hypotheses systematically and gained mechanistic insights into

synthetic auxin signaling. We also present a case study of a synthetic biological system to demon-

strate that the PCD framework can be used to analyze systems with little a priori information. By

systematically searching through the PCD matrices, we showed that the dependency relationships

used to simulate the dataset is recovered exactly.
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Chapter 1

INTRODUCTION

1.1 Motivation

Synthesis of complex behavior in engineered biological systems is, in part, facilitated by the

characterization, standardization and modularity of constituent components. The provenance of this

observation coincides with that of the consideration of living systems as being “programmable man-

ufacturing systems” [1]. This inspired engineers to abstract away the details of molecular biology,

such as DNA sequences and protein interactions, to pose biological networks as systems appropriate

for the application of engineering solutions. One of the benefits of quantitative characterization and

simulations of complex systems is that they enable high level conceptual design of system behaviors

with a complexity that exceeds human intuition. Furthermore, simulation analysis allows engineers

to test the limits of particular designs and analyze systems without physically having to build them.

This results in overall reduction in the cost of the design-build-test cycle. Yet, the efforts in applying

engineering principles to biological systems face many obstacles.

One such obstacle is the lack of clarity about what makes a component engineerable, a com-

ponent being a recurring motif such as a transcription factor or promoter. Though knowing the

compositional details of a biological component, such as its DNA sequence, is the first step in char-

acterizing it, the information is not sufficient to conduct simulations analysis and apply engineering

analysis methods. For a component to have practical utility and be engineerable in synthetic biology,

it needs to be an encapsulation of one or more biological functions. Take electronics systems as an
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example and imagine carbon and clay cylinders designed as resistors in electronic circuits. These

components are useful for engineering circuit behaviors in that they serve the function of opposing

electric current. In other words, the identified electrical function of resistors are their respective

resistances. In addition, the identified function of a component not only needs to be descriptive

(“opposing electric current”), but quantitative (“the resistance of this resistor is 1 ohm”) to fully

enable informative simulation. Once such information is obtained, it can be incorporated into

mathematical representations of various system designs (structure or connectivity of the component

in conjunction with other components) to simulate and tune the behaviors of the systems. Therefore,

to fully elevate the utility of biological components to the level observed in other engineering fields,

similar characterization approaches, such as quantitatively identifying the context relevant functions

of components, are critical.

Often a biological component does not exist as a singular entity, but as a family of multiple

mechanistically homogeneous members that are small variations of one another. Thus, multiple

versions of a system, differing only by the identity of the specific component within, comprise a

suite of system variants where a range of similar, but quantitatively varied behaviors are observed.

There are many examples of naturally occurring components, such as the proteins found in the auxin

signal pathways [2] and DNA sequences that serve as bacterial promoters [3]. Additionally, with

advances in molecular biology, families of synthetic biological components are being developed as

well [4, 5, 6].

There are two benefits to identifying the functions of a family of components in ensemble.

First, identification reveals the range of this family’s function that, when applied to the analysis of

new systems built containing a member of the family, defines the limits of the system behavior.
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Second, it reveals the rank order among the family members with respect to the identified functions,

giving insights into which member ought to be substituted to tune the system behavior in the desired

direction. Therefore, characterizing different biological components adds increased engineering and

tuning capabilities to the synthetic biology toolkit.

Interestingly, a component existing as a multi-membered family may be critical to identifying

the function of the component. One way to identify a component’s function is to conduct a set of

controlled experiments where all experimental variables are held constant while only the component

of interest is varied. By analyzing the measured behavior of the suite of experiments for divergent

characteristics, any significant changes in the behavior across the suite are hypothesized to originate

from varying the component identity. Using this controlled approach, it is somewhat straightforward

to determine whether varying a component has a significant effect on the overall behavior of the

system. However, imagine the inverse of this process in simulation studies. To recreate the same

varying behaviors in simulation, not only the structure of its corresponding model (i.e. equations)

is needed, but information on which model parameters simulate the same change observed when

the component is substituted. Said differently, we are interested in extrapolating the information of

‘substituting this component causes the system to behave differently in this manner’ to ‘changing

these parameters in simulation results in the same change in system behavior as substituting this

component’. In this thesis, we consider the ability of a model parameter to simulate the same change

in systems behavior caused by a component substitution as a ‘dependency’ relationship of the

parameter to the component. Then we demonstrate that such dependent parameters of components

are representative of the biological functions of the components.

The pursuit of identifying the dependency relationship of parameters to components is more
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interesting when considering a suite of systems created by varying multiple families simultaneously.

These suites are called combinatorial libraries, and each system in a library is a unique combination

of multiple component variants joined in a cross-product manner. Imagine the following scenario

where a system is designed with two distinct components: through a simulation analysis, a single

model parameter was shown to significantly affect the system behavior. Engineers wishing to tune

the system to match some specification would then benefit from knowing the dependent relationship

of this parameter to either component, because there are fewer system variants to build – only the

variants that differ by the component that the parameter is dependent on – instead of building and

surveying the entire combinatorial library.

Through advances in DNA synthesis technology, the cost of the design-build-test cycles in

synthetic biology continues to decrease. This trend hints that engineering approaches where a large

number of system variants are generated by randomly introducing variations across the circuit is a

feasible option, and possibly reducess the need for developing engineering approaches that enable

rational design and deliberate tuning. But considering the continued progress of synthetic biology

research and its growing areas of application that demand ever increasing engineered complexity

of the field, it must be that the two approaches complement each other. Furthermore, perhaps

driven by the decreasing cost of synthesis, there are a number of examples of combinatorial libraries

of components in synthetic biology. Most of these systems are built to characterize, analyze and

determine the engineerability of specific biological components. Nevertheless, we acknowledge the

significance of this increasing trend in the number of combinatorial libraries as an indicator for the

need for streamlined and cost-effective analytical framework applicable to combinatorial libraries.

It is towards such a framework that this thesis is addressed.
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1.2 Specific Contributions

In this thesis, we introduce a characterization and analysis framework that elucidates core func-

tionalities of biological components, to elevate their engineerability and utility in synthetic biology.

The framework is specifically applicable to combinatorial libraries built by combining multiple

families of biological components in a cross-product manner. By revealing the quantitative rank

orders within component families, it aids in the process of conceptual designs and tuning of systems

composed of the characterized components. The analytical results have practical applications in both

systems and synthetic biology. In systems biology, where practitioners probe existing systems with

the focus on understanding the underlying mechanisms, model parameters represent specific system

characteristics such as reaction rates. Thus, identifying a parameter’s dependency on components is

equivalent to identifying the source of variations in a specific characteristic to the same component.

On the other hand, the same dependency relationship is beneficial in the construction-driven ana-

lytical approaches of synthetic biology in that it reduces the cost of engineering and tuning system

behaviors by identifying optimal strategies for which subset of system variations to construct and

test.

1.3 Overview

In Chapter 2, we review the motivation behind the need for developing biological components

in synthetic biology, followed by a discussion on tuning strategies employed in synthetic biology.

Additionally, a few relevant examples of synthetic combinatorial libraries and their major findings

are discussed. Then, we discuss the black box modeling philosophy that complements the traditional

mass-action kinetics oriented approach by adopting an agnostic view of the inner mechanisms of



6

systems of interest.

In Chapter 3, we introduce the Parameter Component Dependency (PCD) matrix for combina-

torial libraries of biological systems and their models. We show that each PCD matrix is a mathe-

matical representation of a hypothesis regarding the dependency of parameters to components, and

for a given system and model pair, there exists a finite number of parameter-component dependency

hypotheses, and thus a finite number of PCD matrices. We then present a metric for evaluating these

hypotheses by computing the ability of each PCD matrix, corresponding to a hypotheses, to fit the

model to the measured dataset. This is enabled by generating appropriate constraints of parameters

in optimization problems that estimate the parameter values. We further discuss that systematic

evaluation of PCD matrices is aided by representing the set of candidate of PCDs as a partially

ordered set [7]. The final section of the chapter discusses the double-layer optimizations that make

up the PCD framework.

In Chapter 4, we use a synthetic biological system to demonstrate the analytical workflow using

the PCD framework. Using the relatively small system and simulated data, we conduct an exhaustive

search of all possible hypotheses to show their varying performances, and show that the ‘true’

dependency relationship (used to simulate the dataset) can be fully recovered. We also present a

greedy approach that reduces the cost of identifying the true relationship, along with the caveats of

this approach and some heuristic solutions. To verify the framework against another method similar

in its objective, we discuss a feature selection method called the Sparse Group Lasso (SGL), and

present a comparative study of the PCD and the SGL. The chapter closes with a discussion on the

utility of systematic PCD optimization as means to illuminate the unknown effects of changing a

component to the system behavior that occur between components of combinatorial libraries.
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In Chapters 5 and 6, we apply the PCD framework to two synthetic auxin signaling pathways

engineered in Saccharomyces cerevisiae [8, 9]. Each chapter is prefaced with a brief introduction

to the edited version of the corresponding article. In Chapter 5, a combinatorial library consisting

of two of the three primary auxin pathway components is introduced. Using a priori knowledge of

the pathway proteins and the deliberate design and construction of the synthetic pathway, a number

of feasible hypothesis as well as some counterintuitive hypotheses are proposed and discriminated

using the PCD framework. We show that the result allows us to identify a small number of model

parameters that represent the synthetic pathway’s core biological functions – the synthesis rate and

auxin-mediated degradation rate of one of the components. Additionally, as the major outcome of

the PCD framework is its ability to appropriate variations in systems behavior to one or more com-

ponents, we show that a well-used statistical method, Analysis of Variance (ANOVA), illuminates a

similar relationship, albeit under some specific assumptions regarding the parameter estimates and

the linearity of the components contribution to behavior variations. In Chapter 6, a larger synthetic

auxin signaling pathway, built by adding a third component to the one discussed in Chapter 5, is

introduced. As in the previous chapter, the PCD framework is applied to achieve the same objective

of verifying hypotheses regarding the dependency relationships between model parameters and

system components. The resulting analysis verifies the findings from Chapter 5, that the auxin-

mediated degradation rate is one of the core biological functions of the two-component pathway.

Furthermore, as a larger system with a model with more parameters, this case-study highlights the

existence of multiple competing hypotheses that cannot be distinguished nor discriminated without

further experimentation. Thus, we discuss the possible utility of the PCD framework as the basis for

developing an experimental design workflow.
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Chapter 7 concludes the thesis with the summary of each chapter, discussions on outstanding

questions, and suggestions for future projects that address these questions. In Appendix A, an

overview of the Mathematica package written for the analysis discussed in Chapters 5 and 6, and a

brief discussion of the workflow using the package are presented. In Appendix B, the R codes used

for the Sparse Group Lasso and ANOVA analyses discussed in Chapters 4 and 5, respectively, are

presented. In Appendix C, we delve into the recurrent observation made in each chapter, a set of

indistinguishable PCD matrices, what we call an equivalency class of PCD matrices. We show that

an equivalency class is a form of competing hypotheses and present a preliminary analysis on a real

example of combinatorial library using a linear model [10].
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Chapter 2

BACKGROUND

Early works of synthetic biology consisted of proof of concepts that demonstrated that naturally

occurring small biological components can be repurposed – combined in new ways to give rise

to behaviors that are different from their contexts. For instance, a ring oscillator was constructed

by connecting three pairs of repressing transcription factors and promoters found in E. coli and l

phage [11]; this example demonstrated that it is possible to program cells with artificial behaviors.

Similarly repurposing biological components from different origins, mutually repressing pairs of

repressors and promoters gave rise to a toggle-switch behavior [12]; this example inspired a number

of synthetic biological systems demonstrating that cellular states can be manipulated to mimic

memory storage devices [13, 14, 15]. These examples signify the start of the synthesis based

approach to understanding biology. In [16], Carlson states that “Only when we can build a system

that quantitatively behaves as predicted should we say we understand (biology)”, capturing the

principles of synthetic biology. Thus, by building relatively simple circuits that mimic the complex

behaviors in nature, engineers aim to uncover the core networks that give rise to these behaviors that

are obstructed by various cumbersome evolutionary legacies as they exist currently in nature.

There are now even more examples of complex synthetic biology designs such as layered

logic gates [17], synchronized behaviors in colony growth [18], pattern formations [19], and pulse

generators [20]. The vast variety of synthetic designs indicates that the applications and resulting

benefits of synthetic biology are only limited by our imagination. However, lack of fundamental
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understanding of biological operations presents a challenge to this progress. In an article titled

“Five Hard Truths for Synthetic Biology” [21], obstacles such as lack of clarity in what defines a

part, unpredictable circuit behavior, unwieldy complexity, incompatible parts and lack of robustness

to variability in system behavior are discussed. This discussion is not isolated, as others have brought

forth similar observations in recent years [22, 23]. In the following sections, we discuss literature

that focus on the standardization and characterization of biological parts, or components, and exam-

ples of analysis and experimental designs that utilize combinatorial libraries. Then, we present

a strategy to address the main problem of insufficient characterization in engineering complex

systems: tuning. Tuning is an integral process to engineering synthetic biological systems, as even

the most carefully characterized parts tend to succumb to unpredictable emergent behaviors upon

compositions with other parts. The chapter closes with a brief discussion on black-box modeling

examples in synthetic biology, along with their advantages and disadvantages compared to models

identified using first principles, such as mass action kinetics.

2.1 Components Characterization

Engineering sufficiently complex systems with tunable behaviors requires modular constituent

components. Without them, the resulting system is a one-of-a-kind construction that requires

multiple costly design-build-test cycles to satisfy its specifications. Currently, there is no explicit

consensus of what is required to make a component modular, nor are there standardized approaches

to characterizing components. However, strategies to improve or engineer component character-

istics that increase modularity such as orthogonality (limited interference and interactions with

hosts’ native functionalities or other components of similar construction), reliability (equal levels

of variations regardless of contexts in which they perform), tunability (malleable and allow a range
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of system outputs) and composability (can be interconnected to build larger circuits with increased

complexity) are being actively pursued [24]. One successful strategy for optimizing modularity in

components is to borrow solutions from the field of controls engineering. For example, it is well

known that a negative feedback structure is effective at disturbance rejection [25]. Since synthetic

circuits built with open-loop structures were shown to be susceptible to stochastic fluctuations found

in most cellular environments [26, 27], researchers hypothesized that they can increase the circuits’

robustness by engineering negative feedback into the design [28, 29, 30]. Though the idea of posing

biological systems as well-defined networks is attractive, given the high complexity found even

in the smallest of biological system there are no standardized methods to how these systems can

be structured to make the processes of engineering and tuning amenable to theoretical analysis as

in other fields of engineering and science. Nevertheless, there are examples that demonstrate the

successful outcome of such an approach. For instance, Del Vecchio et al. applied a mixture of

control theory, mathematical biology and experimental techniques to characterize the unwanted

effects of interconnection on the input-output relationship, called retroactivity [31, 32, 33, 34].

By casting transcriptional networks as input-output systems, the authors measure retroactivity as

a function of measurable parameters. This allowed them to identify a set of strategies that minimize

retroactivity (e.g. insulator devices), and develop concrete in vivo solutions. This is an exciting

indication that the field is converging on developing streamlined engineering processes that take

practitioners from identifying and characterizing components from nature, designing networks that

match desired specifications, and constructing and tuning these networks in living systems [35, 36].
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2.2 Combinatorial Libraries

Combinatorial libraries are constructed by combining multiple components from different fam-

ilies in a cross-product manner. It often leads to large numbers of combinations, or system variants,

and is an effective optimization platform when coupled with high-throughput screening strategies

[37, 38, 39]. There are some examples of using combinatorial libraries in synthetic biology to

characterize and elucidate general rules to be used for engineering desired behavior. In [40],

combinations of diverse promoter regions – divided into three segments depending on their respec-

tive positions to the transcription start sites – were analyzed to better understand the relationship

between promoter function and architecture. The authors asked whether a set of general rules can

be identified from the large scale library and proposed mathematical models and metrics to score

individual performance. In [10], the authors addressed a similar objective of characterizing gene

expression by constructing a combinatorial library of multiple genes and synthetically modified

promoters. Using ANOVA to score each synthetic sequence’s ability to result in consistent protein

synthesis rate independent of the sequence, the authors identified general DNA sequences with high

robustness to the changing downstream gene [10]. In [4], by combining both synthetic and naturally

occurring transcription factors with many variations of bacterial promoters, the authors identified

pairs of transcription factors and promoters that exhibit high specificity. Finally, in an attempt to

decipher the complexity of chromatin regulation, Keung, et al. engineered combinatorial, spatial,

and temporal patterns of individual chromatin regulators [41]. In all these examples, because the

objectives of analyses were to survey the behavior of entire families of components, comprehensive

combinatorial libraries that consider nearly all combinations of components were built for analysis

and characterization, which tend to be labor intensive. However, if the objective of analysis was
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more synthesis-oriented, as in seeking the optimal combination that matches some design specifica-

tion, we may be abel to reduce the labor cost. For instance, an iterative approach can be implemented

to reduce the synthesis, screening and analysis cost. Given some design specification, a smaller

subset of combinations can be built and evaluated to reveal some variants that are closer to the

desired specification. Those can then be used as benchmarks to build the next set of combinatorial

libraries. This iterative strategy can be continued until the desired system is identified. Though this

approach is conceivably a cheaper alternative to a comprehensive search, it requires that some rank

order information regarding each family is known.

2.3 Tuning Strategies

Even with extensive characterizations of individual parts, the resulting systems behave differ-

ently than intended. Therefore, aside from parts characterization, an additional process of engi-

neering circuit behavior using both coarse- and fine-grained modification to match the specification

(tuning) is required. Tuning gene circuits has been identified as an integral process in engineering

synthetic circuits [42], and there are many strategies, such as RBS tuning [43, 44, 45], directed

evolution [46], high-throughput cloning [47], and promoter engineering [40]. However, with numer-

ous tuning strategies and modifiable loci in the gene regulatory networks available, engineers are

presented with the paradox of choice. For example, consider a simple gene expression cassette with

a single promoter driving the expression of a gene. Even in this minimal system, there are multiple

tuning knobs such as the promoter, RBS, or coding sequence. Considering that DNA recombination

and synthesis still carry non-negligible price tags, and the relationship between tuning knobs and the

downstream behavior may not be reliably predictive, it is prohibitively expensive to test all possible

combinations of settings at each tuning knob. Therefore, the need for identifying tuning knobs
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that result in the largest significant variations across the performance space is pressing. Such an

approach allows engineers to effectively survey the possible behaviors using fewer combinations,

identify the locus of variations that give rise to output performance that most closely resembles the

desired performance, and construct another combinatorial library that surveys smaller portion of the

performance landscape to pinpoint the optimal circuit [48, 49, 50, 51].

2.4 Model Identification

A well-used approach of model identification used for genetic regulatory networks is the identi-

fication of many known species and their interactions, then deriving ordinary differential equations

models using first principles. Models identified using this approach often have large numbers

of equations and parameters, which pose significant challenges during the parameter estimation

process. This is because without an extensive measurements of the system behavior, users tend to

be burdened with large estimation uncertainty [52, 53]. One way to address this problem is to reduce

the complexity of a model through analytical and heuristic methods such as time-scale separation

[54] or assumptions that some species have negligible contributions to the key dynamics of the

network. Alternatively, using the black-box model approach, we can abstract away unverifiable

details to build a model from the bottom up instead. Using this approach, the core dynamics

of the system are modeled using an agnostic view towards the inner mechanisms of interacting

molecules and biological species [55, 56]. For example, in [12], a simple two equation ODE model

was used to capture the toggle-switch behavior of the genetic regulatory network. Though the

model does not include well known interactions such as RNAp binding to a promoter site, transcript

degradation and its interaction with ribosome, it is sufficient in describing the observed dynamics

and delivering insightful predictions towards fine-tuning the behavior. In another example, an
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iterative model identification approach is employed where details are added to a model, starting

from a relatively simple model, increasing its ability to capture the observed dataset [57]. The

approach, in an effort to avoid overfitting system behaviors and risk losing predictive power of the

model, draws a threshold at the level of complexity allowed in the model. The approach sometimes

results in multiple competing hypotheses, and the authors postulate that these can be used to design

experiments that would yield hypothesis nullifying information. It is notable that the synthesis-

based approach to understanding biology brings us to build systems from the bottom-up; and the

corresponding approach to modeling requires us to discard as much satellite information as possible

in order to capture the core dynamics from top-down.
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Chapter 3

PARAMETER COMPONENT DEPENDENCY MATRIX

3.1 Notations

Each member of a combinatorial library is a system variant consisting of n interchangeable

components and is denoted by the n-tuple,

(C( j1)
1 ,C( j2)

2 , · · · ,C( jn)
n ), (3.1)

where the i-th component C( ji)
i of Eq 3.1 belongs to a set Ci with |Ci|= hi. The n-tuple is also alter-

natively denoted by S( j1, j2,··· , jn), where S denotes an individual system variant. There exists a total

of ’n
i hi unique combinations and the set containing the entire suite of system variants is denoted

by S. Figure 3.1A shows an example system composed of three interchangeable components, C1,C2

and C3 (n = 3). Figure 3.1B shows that each component family has 4, 5 and 3 variants – the library

has total of 4⇥ 5⇥ 3 = 120 system variants. Figure 3.1C shows two examples of system variants,

S(1,2,3) and S(4,1,2).

The experimental data collected from each system variant is denoted by D( j1, j2,··· , jn), and the set

containing the entire suite of dataset collected from S is denoted by D. Because interchangeable

components are mechanistically homogeneous, we assume that the architecture and the general

behavior of all variants are shared. Therefore, a single mathematical model for the entire suite of the

system variants is shared and denoted by f (q), where q = [k1,k2, · · · ,km] denotes the elementary
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Figure 3.1: A schematic of the construction of combinatorial libraries with three constituent com-
ponents. (A) Each member of the library, a system variant, is constituted of three interchangeable
components. (B) Each component family has multiple members. (C) Each unique combination is a
system variant, S( j1, j2,··· , jn).

parameter vector of the model with length m. For each system variant, an elementary parameter

vector is associated, q ( j1, j2,··· , jn) = [k( j1, j2,··· , jn)
1 , · · · ,k( j1, j2,··· , jn)

m ]. The set of all parameter vectors for

all system variants in S is denoted by Q= {q (1,1,···),q (1,2,···), · · · ,q (h1,h2,···)} and called the expanded

parameter vector set. Finally, the model predicted data of a system variant is denoted by D̂( j1, j2,··· , jn)

and is of the same type as the experimental data (e.g. time-series). Each D̂( j1, j2,··· , jn) is a function of

q ( j1, j2,··· , jn), and the set of all model predicted behaviors is denoted by D̂. Note that D̂ is a function

of the expanded parameter vector set, Q.
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To estimate Q, we define the following cost function,

J(Q) = kD( j1, j2,··· , jn)� D̂( j1, j2,··· , jn)k2

= kD( j1, j2,··· , jn)� f (q ( j1, j2,··· , jn))k2. (3.2)

The optimal Q⇤ satisfies the following,

Q⇤ = argmin
Q

J(Q). (3.3)

For some systems, additional constraints are included to the optimization problem to adhere to limits

on the parameters. For example, constraints can ensure that the estimated reaction rates are positive.

As discussed in Chapter 1, we seek dependency relationships between model parameters and

system components. We informally state that a parameter is dependent on a component if substi-

tuting the component for another one will change the value of the parameter. The formal definition

of dependency is as follows: consider that each dependency hypothesis – that some parameters

are dependent on some components – is represented by a boolean matrix, called the Parameter-

Component Dependency (PCD) matrix. For a given S and Q, a PCD of size m⇥n, M, is defined as

follows.

M(k, i) =

8
>><

>>:

1 : if the k-th parameter is dependent on the i-th component

0 : otherwise,

where M(k, i) denotes the entry in the k-th row and i-th column in the matrix. There exist a total of

2m⇥n different PCDs for a given S and Q pair. Each M may be indexed by the integer h, beginning
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with 0, where M0 corresponds to a matrix of zeros. Subsequent matrices are indexed using the

following formula,

h =
m

Â
k=1

n

Â
i=1

M(k, i)2mn�n(k�1)�i, (3.4)

which is the flattened matrix interpreted as binary. For example, the following 2⇥ 2 matrices are

indexed 13, 8, 3, and 0, respectively.

0

BB@
1 1

0 1

1

CCA ,

0

BB@
1 0

0 0

1

CCA ,

0

BB@
0 0

1 1

1

CCA ,

0

BB@
0 0

0 0

1

CCA . (3.5)

Using M, we can generate a set of constraints over Q, which is denoted by H(M). These constraints

are added to the optimization problem, such that for a given M, we solve the following modified

optimization problem.

minimize
Q

J(Q)

subject to H(M).

Using this constrained optimization formulation, we write the cost function as J(Q,M) from now

on, to indicate that the minimization of the cost is subject to M. In the next section, the procedure

for generating H(M) is introduced.

3.2 Contraints Generation

A set of equivalence constraints over the model parameters effectively reduces the number of

parameters that are being optimized in the constrained optimization. It also reduces the number

of unique quantities per system variant used to compare two or more system variants. From its
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definition, if M(k, i) = 1, then the k-th parameter is dependent on the i-th system component. This

implies that the parameter can assume different values for different component variants. On the other

hand, if M(k, i) = 0, then the k-th parameter is independent of the i-th system component, implying

that the parameter assumes a fixed value over the changing component variants. Therefore, when

M(k, i) = 0, we generate a set of constraints over the set of all possible parameter vectors that ensure

the k-th parameter corresponding to all hi component variants are equal to one another. In other

words, when M(k, i) = 0,

k( j1,··· , ji�1,1, ji+1,··· , jn)
k = k( j1,··· , ji�1,2, ji+1,··· , jn)

k = · · ·= k( j1,··· , ji�1, jhi ji+1,··· , jn)
k , (3.6)

where ji = 1, · · · ,hi and i = 1, · · · ,n. To generate constraints, we begin by identifying the positions

of all zeros in M. Then, for each position identify the set K(k,i) = {k( j1, j2,··· , jn)
k |M(k, i) = 0}. The

set K(k,i) is then partitioned into (’n
i hi)/hi groups (each group has hi elements) that have the

same superscripts except for at the i-th entry. Finally, H(M) is generated by asserting equivalence

relationship within each group of parameters.

In Figure 3.2A, we show an example of composable system, S, with n = 2,h1 = 6 and h2 = 4

to demonstrate the constraints generation process. Figure 3.2B shows a visualization of the two

dimensional space on which the combinatorial library of system variants is placed. Total of twenty-

four different system variants belong to the library, and two systems, S(2,3) and S(6,4), are indicated

with arrows and corresponding pictographic representations. Assuming that the system has a model

f (q) with parameter vector of length 1, the elementary parameter vector is shown in Figure 3.2,

along with the expanded parameter vector set with twenty-four elements, each element belonging to

a system variant indicated in Figure 3.2B.
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Figure 3.2: A system composed of two components with a model with a single parameter. (A) A
system composed of two interchangeable components. (B) Visualization of the two dimensional
space on which the combinatorial library of system variants is placed. Two of twenty-four variants,
S(2,3) and S(6,4), are indicated with arrows on the two dimensional space. (C) The elementary vector
of the system’s model, f (q), is of length 1. The expanded parameter vector set has twenty-four
elements, each element being a vector of length 1.
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In Figure 3.3, the four PCD candidates that correspond to the system shown in Figure 3.2 are

shown, M0,M1,M2 and M3. In all four panels in Figure 3.3, the 3-dimensional space depicts the

index of C1 components along the x-axis, the index of C2 components along the y-axis, and the

estimated values of k1 along the z-axis. The 2-dimensional space of (x,y) coordinates is the same

as the one shown in Figure 3.2B. In panel (A), we see that using M0 hypotheses, all values of

k1 belonging to the twenty-four system variants are constrained to the same value. In panel (B),

M1 implies that k1 has a dependency relationship to the second component, C2, but not to the first

component, C1. Therefore, the system variants that share the same second component variant and

different first component are grouped together with equivalence constraints asserted within each

group. In panel (C), M2 implies that k1 has a dependency relationship to the first component, but

not to the second component. Therefore, the system variants that share the same first component

variant and different second component are grouped together with equivalence constraints asserted

within each group. Finally, in panel (D), M3 implies that k1 has dependency relationships to both

components. Thus, there exits no specific equivalence constraints placed upon k1 estimates and they

are allowed to vary.

The objective of the PCD analysis framework is to find an M that results in low cost, J(Q,M),

with a sufficiently small number of nonzero, nnz(M). We consider nnz(M) in the optimization

because this value is equal to the number of unique quantities identified for a system variant, the

quantity we seek to minimize. Therefore, a parallel optimization,

minimize
Q

J(Q,M)

subject to nnz(M) µ,
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Figure 3.3: Parameter Component Dependency matrices and visualization of the constraints
generated from the system shown in Figure 3.2. Given that there are two components in the system
and the model has a parameter vector of length 1, there are four candidate PCDs, M0,M1,M2 and
M3. (A) M0 implies that the parameter k1 does not have a dependency relationship to either of the
two components, C1 or C2. Therefore, each parameter belonging to a system variant has an equal
value as another parameter belonging to another system variant. The 3-dimensional space depicts
the index of C1 components across the x-axis, the index of C2 components across the y-axis, and
the estimated values of k1 along the z-axis. The 2-dimensional space of (x,y) coordinates is the
same as the one shown in Figure 3.2B. (B) M1 implies that k1 has a dependency relationship to the
second component, C2, but not to the first component, C1. (C) M2 implies that k1 has a dependency
relationship to the first component, but not to the second component. (D) M3 implies that k1 has
dependency relationships to both the first and the second components.
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is possible where µ constrains the number of nonzero entries in M. Therefore, the PCD anal-

ysis framework is composed of two layers of constrained optimization - the inner and the outer

optimization levels. The inner optimization deals with estimating Q and its performance largely

depends on the accuracy of the optimization routines used in the process as well as by the quality

of initial guesses given to the routine. However, it is difficult to guarantee that the set of solutions

uncovered by the optimization routine is the global optimum, unless the model of the system results

in a convex optimization cost function. On the other hand, the objective of the PCD method is

identifying a set of quantities that capture the systematic functionalities of components. Therefore,

when a set of (local) optimal parameter values are identified, we are primarily concerned with

relationships (e.g. rankings) of these values with one another, and not the absolute values that may

invite comparisons with parameter values estimated under different contexts (e.g. initial condition

fed to an optimization routine). The outer optimization deals with estimating the optimal M and

its primary objective is comparable to feature selection problems (Section 4.4). In this thesis, given

that system analyses of combinatorial libraries and parts characterization problems are not generally

defined, the optimality of nnz(M) is determined heuristically.

3.3 PCD Candidates as a Powerset

In this section, we briefly introduce the theory of ordered sets, a branch of mathematics that for-

malizes our intuitive understanding of order using binary relations. Interestingly, the PCD method is

well-suited for presentations using the definitions and structures presented in the theory of ordered

sets. The following definitions can also be found in [7] along with more comprehensive discussion

on the theory.

Order and Ordered Set. Let P be a set. An order on P is a binary relation  on P such that, for
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H(M) = { }
k, i = 1, 1
while k <= m
while i <= n

if M(k,i) == 0,
1. K is a set containing all k(k,1, 2, ..., n)
2. partition K by superscripts with the same entries in all

positions except at the i-th position
3. assert equivalence relations among the parameters in each

partition
4. H(M) = H(M) [ equivalence relations generated in step 3.

i = i + 1
k = k + 1

Table 3.1: Pseudocode for generating H(M).

all x,y,z 2 P, the following three properties hold: reflexivity1, anti-symmetry2, and transitivity3. A

set P along with an order relation  is said to be an ordered set (or partially ordered set).

Order Preserving Map. Let P and Q be ordered sets. A map j : P ! Q is said to be order

preserving if x  y in P implies j(x) j(y) in Q. Order preserving maps also satisfy the following.

Let j : P ! Q and y : Q ! P be order preserving maps. Then the composite map j �y , given by

j(y(x)) for x 2 Q, is order-preserving.

Up-set and Down-set. Let P be an ordered set and Q ✓ P. Q is a down-set if, whenever x 2

Q,y 2 P and y  x, we have y 2 Q. Dually, Q is an up-set if, whenever x 2 Q,y 2 P and y � x, we

have y 2 Q. The down-set and up-set are denoted by # P and " P, respectively.

The Covering Relation. Let P be an ordered set and let x,y 2 P. We say x is covered by y, if

x < y and x  z  y implies z = x, and denote it by x � y. The latter condition demands that there be

1x  x
2x  y and y  x imply x = y
3x  y and y  z imply x  z
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Figure 3.4: Hasse diagram of P({1,2,3}). Each vertex corresponds to an element P and each
edge represents a covering pair.

no element z 2 P with x < z < y.

Hasse Diagrams. Let P be a finite ordered set. A Hasse diagram is a graph that represents P

by a configuration of nodes and interconnecting lines. The construction goes as follows: 1) To each

point x 2 P, associate a point P(x) of the euclidean plane R2, depicted by a small circle with centre

at P(x). 2) For each covering pair x,y in P, take a line segment `(x,y) joining the circle at P(x) to

the circle at P(y). 3) Carry out 1) and 2) such that, if x is covered by y, then P(x) is ‘lower’ than

P(y) and the circle at P(z) does not intersect the line segment `(x,y) if z 6= x and z 6= y. Figure 3.4

shows the Hasse diagram of P({1,2,3}).

Among multiple PCD candidates, there exists a hierarchical relationship that can be exploited to

find the optimal M. To highlight this hierarchical relationship, we use an alternative notation for M.

First, we denote the set of all entry positions in M of size m⇥n by X (m,n),

X (m,n) = {(k, i) | {1, · · · ,m}⇥{1, · · · ,n}}. (3.7)
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For example, a system-model pair with two interchangeable components and two parameters has a

corresponding

X (2,2) = {(1,1),(1,2),(2,1),(2,2)}. (3.8)

Then, we let M be denoted by an ordered pair of 1) the set of positions of all non-zero entries and

2) the matrix size. For example,

0

BB@
1 0

0 1

1

CCA (3.9)

is denoted by ({(1,1),(2,2)},(2,2)). The size of M is included for completeness, but will be

dropped from here on for simplicity. Using this notation, we see that the set of all candidate Ms

of size m⇥n is equivalent to the powerset of X (m,n), P(X (m,n)). For example, if (m,n) = (2,2),

P(X (2,2)) = {f ,

{(1,1)},{(1,2)},{(2,1)},{(2,2)}

{(1,1),(1,2)},{(1,1),(2,1)},{(1,1),(2,2)},

{(1,2),(2,1)},{(1,2),(2,2)},{(2,1),(2,2)},

{(1,1),(1,2),(2,1)},{(1,1),(1,2),(2,2)},

{(1,1),(2,1),(2,2)},{(1,2),(2,1),(2,2)},

{(1,1),(1,2),(2,1),(2,2)}}, (3.10)
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where f denotes the empty set. We then define an order on P(X (m,n)) as follows. For Mh1 ,Mh2 2

P(X (m,n)),

Mh1 ✓ Mh2 ) 8x : {x 2 Mh1 ) x 2 Mh2}. (3.11)

For example, the following statement is true.

0

BB@
0 0

0 1

1

CCA✓

0

BB@
1 0

0 1

1

CCA (3.12)

Using this order relation, we say that P(X (m,n)) is an ordered set, or equivalently write
⌦
P(X (m,n)),✓

↵
.

Figure 3.5 shows a Hasse diagram for the ordered set
⌦
P(X (2,2)),✓

↵
. Each vertex corresponds to

an M and each edge corresponds to a pair Mh1 � Mh2 with a covering relation. At the top of the

diagram is M0, a matrix of all zeros and at the bottom of the diagram is M15, a matrix of all ones.

Finally, a pair of (Mh1 ,M) where M 2# Mh1 is referred to as a predecessor-successor pair, and if

a predecessor-successor pair also has a covering relationship, the successor is also known as an

immediate successor4. Said plainly, an immediate successor is generated by replacing a single zero

on its predecessor matrix with a one.

3.4 Cost as an Order-Preserving Map

Building upon the definitions introduced in the previous section, the optimization cost J is shown

to be a map from the ordered set P(X (m,n)) to a real number, J : M ! R. Furthermore, it has the

4we often omit the term ‘immediate’.
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{(1,1),(1,2),(2,1),(2,2)}

{(1,1),(1,2),(2,1)} {(1,1),(1,2),(2,2)} {(1,1),(2,1),(2,2)} {(1,2),(2,1),(2,2)}

{(1,1),(1,2)} {(1,1),(2,1)} {(1,2),(2,1)} {(1,1),(2,2)} {(1,2),(2,2)} {(2,1),(2,2)}

{(1,1)} {(1,2)} {(2,1)} {(2,2)}

ø

Figure 3.5: Hasse diagram of P(X (2,2)). Each vertex corresponds to an M and each edge represents
a covering pair. The relation ✓ orders the set P(X (2,2)) from bottom to top. Inversely, the dual
relation ◆ orders the set from top to bottom.
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property of an order preserving map5, such that,

J(Q,Mh1)� J(Q,M), 8M ✓ Mh1 (3.13)

To prove Eq 3.13, we use the following toy-example: consider a system with one interchangeable

component (with two variants) and a model of the system with one parameter. This example

considers two PCD candidates, both of which are constants. Thus, M0 = [0] and M1 = [1], or

equivalently M0 = (f) and M1 = ({(1,1)}), and M0 ✓ M1. The respective constraints over the

parameters corresponding to the two matrices are,

H(M0) = {k(1)1 = k(2)1 },

H(M1) = f . (3.14)

Figure 3.6 shows the two possible scenarios that exist for the cost landscape. On both panels, H(M0)

and H(M1) are the diagonal line and the entire R2 (the green surface), respectively. The optimal

value, J⇤ for H(M0) and H(M1) are shown with green and black dots, respectively. In panel (A),

min J(k(1)1 ,k(2)1 ) lies directly on H(M0) implying that for both constraints H(M0) and H(M1), we

get min J(Q,M0) = min J(Q,M1). Conversely, in panel (B), min J(k(1)1 ,k(2)1 ) lies outside of H(M0)

line implying that min J(Q,M0)� min J(Q,M1). Finally, because increasing the dimensions of this

example setup does not distort the general conclusion, the proof holds with any arbitrary m,n � 1.

Generally speaking, Eq 3.13 implies a monotonicity of the function J over an ordered list of

predecessor-successor matrices. Thus, starting from the bottom of the Figure 3.5 and traveling up,

5Though, strictly speaking, it reverses the order.
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Figure 3.6: Two examples of constrained optimization in m,n = 1. The green surface represents the
2-dimensional space (k(1)1 ,k(2)1 ), the black diagonal line across the green surface corresponds to the
k(1)1 = k(2)1 line. The shaded purple curved space represents the cost landscape of J. The green and
black dots represent the optimal J values under the constraints, H(M0) and H(M1), respectively. (A)
Case (i) where the optimal J over the space (k(1)1 ,k(2)1 ) is directly on H(M0). (B) Case (ii) where the
optimal J over the space (k(1)1 ,k(2)1 ) is not on H(M0).

the path will result in non-increasing J values. Finally, this observation ensures that M0 and M2mn�1,

the bottom and top nodes in Figure 3.5, correspond to the maximum and the minimum costs over

all candidates of M, respectively. In the next chapter, we will demonstrate how this characteristic of

J is used to increase the efficiency of searching for the optimal M.
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Chapter 4

LEADER ELECTION SYSTEM

4.1 Introduction

In this chapter, we introduce a hypothetical synthetic biological system called the Leader Elec-

tion (LE) system to demonstrate the PCD matrix framework. The LE system is an adaptation of

a previously designed pattern-formation genetic circuit engineered in Escherichia coli, developed

as a proof of concept to test 1) the engineerability of growing microcolonies to form patterns in

2D [58], and 2) the expressibility of genetic regulatory networks, namely in executing the leader

election algorithm developed in distributed computing [59, 60, 61]. The algorithm uses randomness

to break symmetry in a group of uniform agents to generate a heterogeneous state [62]. Because

the developmental process of multicellular organisms exhibit the principle of symmetry breaking,

studying the LE algorithm may lead to a deeper understanding of the process: by designing relatively

simple and analytically tractable gene regulatory networks that can break symmetry, we gain an

unobstructed view of the core design principles employed by nature. Furthermore, such informa-

tion is an essential primitive for engineering novel synthetic behaviors in living systems involving

multicellular behaviors, such as coordination, competition, communications and cheating.

There are three states in the LE system - undecided, leader and followers. The initial state of the

LE system is a homogeneous population of undecided cells. At some point, some undecided cells

transition to leader cells, triggered by a random event coupled. This event is communicated with the

leader cells’ neighbors and triggers them to transition into followers. For example, the random leader
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selection event could be a gene expression initiated by a leaky promoter, and the communication

channel can be realized through a signaling molecule that diffuses through a cellular membrane.

The transition of undecided to followers can be realized through an expression of another gene (e.g.

for a transcriptional repressor) triggered by the incoming signaling molecule. The system can be

engineered so that the repressor inhibits the expression of GFP, so that the followers can be visually

distinguished by their lower fluorescence intensity compared to leaders that continue to express

GFP. Therefore, at the final state, the initially homogeneous population of cells is differentiated into

two distinct populations, those that express GFP (the leaders), and those that do not (the followers).

We assumed that the hypothetical LE system is engineered with three hypothetical interchange-

able components, C1,C2 and C3, with each component having five unique variants (h1 = h2 = h3 =

5). For example, these components could be the leaky promoter, the diffusing signaling molecule

and the transcriptional repressor from the example from the previous paragraph. By employing

five different variants of each component, we can create 53 = 125 unique combinations of LE

system variants. To describe the general behavior of the LE system, we identified a population

level ordinary differential equation model that captures the dynamics of the three states of the LE

system as follows.

ẇ = �k1w� k2wx

ẋ = k1w

ẏ = k2wx. (4.1)

The model has three states, w,x and y, representing the population density of undecided, leaders and
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followers, respectively. We assume that y can be measured by monitoring the GFP intensity. The

model has two parameters, k1 and k2, that denote the rate of transition from undecided to leader

state and the rate of transition from undecided to followers, respectively. The elementary parameter

vector of the model is q = [k1,k2], where each parameter is potentially dependent on one, two, three

or none of the three system components. In most real systems, the relationship between system

components and model parameters is unknown. However, for the purpose of this case study, we

invented arbitrary functions of the system components to generate the parameter values as follows

k( j1, j2, j3)
1 =

1

c( j1)
1

k( j1, j2, j3)
2 =

c( j2)
2

0.1+ c( j3)
3

, (4.2)

where c( j1)
1 ,c( j2)

2 and c( j3)
3 are values dependent on the choices of the first, second and third com-

ponent variants. For example, extending the example of the promoter, signaling molecule and

repressor, we can argue that the transition rate, k1, is dependent on the first component, the promoter,

because the leakiness of regulated gene expression is a property of the promoter. By the same

token, k1 is arguably independent of the second or the third component, signaling molecule or

repressor, because the leaky gene expression rate should not depend on the selection of these

components. For the purpose of data simulation c1,c2 and c3 were chosen from uniform distri-

butions, U(0.1,10),U(1,2), and U(0.1,1.5), respectively. Each simulated time-series was further

augmented to mimic experimental reality by adding normally distributed random variable, h ⇠

N(0,s). Given Eq 4.2, the PCD that correctly describes the dependency relationship of the model



35

0.5

1.0

0.5

1.0

0.5

1.0

0.5

1.0

4 8

0.5

1.0

4 8 4 8 4 8 4 8

0.0

0.0

0.0

0.0

0.0
0 4 80 4 80 0 0

C3
(1) C3

(2) C3
(3) C3

(4) C3
(5)

Time (a.u.)

ou
tp

ut
 (a

.u
.)

(C1
(2),C2

(4),_)

(C1
(3),C2

(4),_)

(C1
(4),C2

(4),_)

(C1
(1),C2

(4),_)

(C1
(5),C2

(4),_)

(C1
(2),C2

(3),_)

(C1
(3),C2

(3),_)

(C1
(4),C2

(3),_)

(C1
(1),C2

(3),_)

(C1
(5),C2

(3),_)

(C1
(2),C2

(2),_)

(C1
(3),C2

(2),_)

(C1
(4),C2

(2),_)

(C1
(1),C2

(2),_)

(C1
(5),C2

(2),_)

(C1
(2),C2

(1),_)

(C1
(3),C2

(1),_)

(C1
(4),C2

(1),_)

(C1
(1),C2

(1),_)

(C1
(5),C2

(1),_)

(C1
(2),C2

(5),_)

(C1
(3),C2

(5),_)

(C1
(4),C2

(5),_)

(C1
(1),C2

(5),_)

(C1
(5),C2

(5),_)

Figure 4.1: Simulated data set of the LE system variants. Each row and column corresponds to
the five different first and second components, respectively. Within each panel, the time-series
corresponding to the five different third components are shown with different plot markers.

parameters to the system components is

M =

0

BB@
1 0 0

0 1 1

1

CCA . (4.3)

Figure 4.1 shows the simulated LE data set, where the rows and columns correspond to the

different C1 and C2, respectively. Within each panel are five time-series that correspond to a set of

five LE variants that have the same C1 and C2 and different C3. It is shown that within each group,
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two different clusters of behaviors appear - one LE variant with C(5)
3 that have relatively faster

response and the other four LE variants that have slower response, and overlap with one another.

This pattern is not characteristic of the LE systems, but is rather a result of the randomly chosen c

values. Regardless, such patterns lend approaches that reduce the computational cost of parameter

estimation. In the case of C3 component variants, there exists a clear separation between {C(4)
3 }

and {C(1)
3 ,C(2)

3 ,C(3)
3 ,C(5)

3 }, and more importantly, this separation is consistent across the different

combinations of C1 and C2. This allows a smaller scale analysis that is targeted to the subset of the

data corresponding to {C(1)
1 ,C(2)

1 ,C(3)
1 ,C(4)

1 ,C(5)
1 }⇥{C(1)

2 ,C(2)
2 ,C(3)

2 ,C(4)
2 ,C(5)

2 }⇥{C(1)
3 ,C(4)

3 }. Upon

further inspection, similar reductions can be made across the C1 and C2 variants and we limit our

optimization of M to the subset of data corresponding to {C(1)
1 ,C(4)

1 }⇥{C(1)
2 C(4)

2 }⇥{C(1)
3 ,C(4)

3 }.

4.2 Exhaustive Search

There exist 26 = 64 candidate PCD matrices M, and the relatively small number allows us to

conduct a complete survey of the search space. Using the eight characteristically distinguishing

system variants identified in the previous section, we conducted an exhaustive search of all 64

candidates, M0 �M63. Their individual performances are normalized by J(Q,M0) (Figure 4.2). It

was observed that M0, the matrix representation of a hypothesis with the most strict constraints on

the parameter estimation, results in the highest cost, performing the worst in fitting the observed

data. This is most likely due to the fact that by forcing the optimization to fit the average behavior,

the cost function is equal to the overall variance of the simulated data, the theoretical upper limit

on the cost function1. To investigate a general trend, if any, in the cost as a function of nnz(M), the

estimates are grouped and ordered by nnz(M) (Figure 4.3). Though the mean cost decreases with

1within the boundary of earnest efforts of fitting the data using the given model
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increasing nnz(M), large one standard deviation bars indicate that there are large variances for some

groups, especially the groups corresponding to nnz = 2,3 or 4. This shows that not all M that share

the same nnz(M) perform equally, and indicates that nnz(M) are not the primary determinant of M

performance.

The matrix of all 1s, M63, reaches the minimum J(Q,M) over all candidate M because it has

the largest degrees of freedom for parameter estimation. This trend was previously predicted by

the order-preserving characteristic of J (Eq 3.13). Interestingly, it was shown that there are seven

other matrices that perform equally well, M35,M39,M43,M47,M51,M55 and M59. Since we search

for a matrix with low J and small nnz(M), we choose M35 with nnz(M35) = 3 as the optimal M,

which is equal to the matrix in Eq 4.3. Therefore, we demonstrated that through a complete survey

of the PCD candidates, the original matrix used to generate the simulated dataset can be recovered.

However, for moderately large m or n, the computational cost of a complete survey of the entire

search space becomes prohibitively expensive.

4.3 Greedy Algorithm

To develop a more efficient approach to identifying the optimal M, we consider implementing a

greedy approach, where the multivariate optimization is divided into multiple steps to choose a local

optimum at each iteration. To implement it, we first set M0, with the highest J(Q,M0), as the initial

point, and call it the predecessor matrix, denoted by iteration index, M0 [0]. Using this predecessor

matrix, we identify its successor matrices by replacing each 0 in the matrix with 1. We denote the

generating function for identifying the set of successor matrices given Mh by G (Mh) and define it as
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Figure 4.2: Normalized J(Q,Mh) of 64 candidates matrices of LE. The performance is computed
from the 2-norm difference between simulated data and model predicted output. Individual costs are
normalized by the cost of J(Q,M0). The simulated data used to compute the cost functions looked at
a subset of the system consisting of 8 unique system variants, which are combinations of 2 different
first, second and third components. The numbers of non-zero (nnz) element are color coded (red =
0, orange = 1, yellow = 2, green = 3, blue = 4, purple = 5, black = 0). The numbers at the bottom of
the bars indicate the candidate index (h).
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Figure 4.3: Average performances of 64 candidate M for LE, grouped by nnz. The error bars indicate
1 standard deviation of the performance within each group. There are 1 (nnz = 0), 6 (nnz = 1),
15 (nnz = 2), 20 (nnz = 3), 15 (nnz = 4), 6 (nnz = 5) and 1 (nnz = 6) matrices in each group,
respectively.
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Figure 4.4: Hasse Diagram and the costs of the set of M candidates of LE. (A) The diagram shows
pairs of M in covered relations and is a complete lattice, a graphical representation of the order
relationship within a powerset. In this diagram, it represents the order of the set, P(X (2,3)), the
candidate set of all M of LE. (B) The cost of each M are plotted and ordered by nnz(M). Notice that
the graph, by preserving the connectivities between predecessors and successors, is an isomorphism
of the Hasse diagram on the left. The path of the greedy algorithm is depicted with a bold blue line.

follows

G (M) = {M | M 2# M and nnz(M) = nnz(M)+1}. (4.4)

For example, G (M0) = {Mh | h = 32,16,8,4,2,1}. Then, for each immediate successor, we mini-

mize J(Q,Mh), and choose the matrix with the lowest cost as the next predecessor matrix,

M [t +1] = argmin
Mh

J(Q,Mh)

8 Mh 2 G (M [t]).

This step is iterated until either 1) M2mn�1 is reached and no more successors can be generated, or

2) the decrease in cost value from M[t] to M[t +1] is less than some user-defined threshold t .
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1. t = 0
2. M [t] = M 0
3. M[t +1] = argmin

M h
J(Q,M h)

8 M h 2 G (M[t])
4. t = t + 1

5. if
J(Q,M [t +1])� J(Q,M [t])

J(Q,M [t +1])+1
< t, terminate. Mˆ⇤= M[t]

6. Otherwise, repeat 3-4

Table 4.1: Pseudocode for greedy search for optimal M.

Figure 4.4B plots each (nnz(M),J(Q⇤,M)) pair on an (x,y) coordinate. Each point is connected

with its immediate predecessors and successors, preserving the covering relationship shown in panel

(A). The path of greedy algorithm is highlighted with a bold blue line. Because the cost reduction

from the iteration nnz = 3 to nnz = 4 is negligible, the algorithm terminates and chooses the matrix

of the previous iteration, M35. Thus, we showed that the optimal matrix recovered by the greedy

algorithm is the same as the one recovered by the complete survey.

4.4 Sparse Group Lasso and PCD

Linear models are frequently employed because their analytically tractable form yields fast

results, though most real and interesting systems are nonlinear. Regardless, the analytical meth-

ods developed for linear models can apply to nonlinear systems with useful outcomes, if not in

mechanical implementation but just for its logical approach to solving the problems at hand. Here,

we apply a linear model fitting algorithm to the problem of identifying dependency relationships

between model parameters and system components, and discuss whether the result is comparable

to that of the PCD analysis. First, we begin with the following equation which formulates a linear
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model in the matrix notation,

Y = Xb + e. (4.5)

In it, Y is an N ⇥ 1 vector of observations, X is an N ⇥ p feature matrix (or a design matrix), and

b and e are N ⇥1 vectors of parameters (or coefficients) and zero-mean normally distributed noise,

respectively. The general idea is that a system described by Eq 4.5 is tested or observed to yield the

observations, Y ; the observation is hypothesized to be a linear combination of some features, X ; and

the weights, or coefficients, of the combination is b , the vector we wish to estimate. To do so, the

following optimization problem is solved,

min
b

(kY �Xbk2 +g(b )) . (4.6)

The first term with `2-norm measures the distance between the observation and the model predicted

outcome, and g(·) is a function of b that imposes extra constraints on b . The methods of con-

straining b are called regularization, it identifies and eliminates redundant and irrelevant features

to avoid overfitting. Many different flavors g(·) exist such as ridge-regression [63, 64, 65], lasso

[66], LARS [67] and subset selection [68, 69]. The ridge-regression, in particular, uses `2-norm for

g(b ), which poses Eq 4.6 as a continuous variable optimization, allowing the application of many

efficient solvers [70, 71]. However, because the resulting estimates, though small in values, do not

get eliminated entirely, users are burdened with extraneous features. On the other hand, lasso and

LARS uses `1-norm to induce sparsity of b , resulting in the identification of the features with the

strongest effect on the system behavior.
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It can be argued that the objective of the PCD optimization discussed in previous sections,

specifically in regards to inducing parsimony by optimizing nnz(M), is a form of feature subset

selection problem, because both methods aim to reduce the number of features (or parameters) that

are used to describe a set of variant observation (or output behavior). Furthermore, the entries of

PCD are boolean, implying that the ‘features’ of parameter-component dependencies either exist or

they do not (a feature is either selected or it is not). Among the various subset selection methods,

group lasso considers the problem of selecting grouped variables for prediction in regression [72].

The goal is to select important main effects for accurate prediction, and this amounts to the selection

of groups of derived input variables. The key observation here is that groups of variables are more

relevant than individual variables, and the group lasso induces an entire group to be selected or

drop-out. An extension of this method to induce sparsity in the solution was introduced in [73],

called the sparse group lasso (SGL), and it solves the following convex optimization problem

min
b2Rp

 
kY �

L

Ầ
=1

X`b`k2
2 +l1

L

Ầ
=1

p
p`kb`k2 +l2kbk1

!
. (4.7)

Here, p predictors are divided into L groups, with p` denoting the number in group `, and X` and b`

denotes the predictors and the coefficient vector of the `-th group, respectively. The method is an

effective compromise between the lasso and the group lasso, yielding sparsity in both the group and

individual levels [74].

In this section, we use the sparse group lasso method to demonstrate that its results are com-

parable with the result of the PCD. In Table 4.2, the estimated model parameter for the eight LE

system variants are shown. These are parameter estimates obtained via M63, hence, no constraints

over the parameters. We use these values in the application of SGL, to avoid having any unverified



43

hypotheses affecting its outcome. Table 4.3 shows the resulting b̂ for various hyper parameter value

l , where decreasing l allows for solutions with less sparsity. It is shown that when l is large, all of

the b̂ are zeros (the first column). As l decreases, the penalty is lessened, and we can see that some

of the b̂ are allowed to be non-zeros. The key result here is the order in which different groups are

allowed to take on nonzero parameter values with decreasing l . For the SGL results for k̂1, the first

group to take on non-zero estimates is the one corresponding to C1, indicating that C1 is the most

significant source of variations in k̂1. This trend is maintained through the range of l , implying

that the variations in C2 and C3 are less significant in their effects to vary k1. For the SGL results

for k̂2, the first and second groups to take on non-zero estimates with decreasing l are the ones

corresponding to C3 and C2. This implies that these two components are the first and the second

significant sources of variations for k̂2. This result is generally comparable to the optimal PCD

found in previous sections, M35. One of the interesting results of the SGL is that the parameter-

component dependency relationship elucidated from it is quantitative. The relative values of b

estimates indicate the rank order among the different pairs of parameter-component, and contain

more information than ‘True/False’ as those found in a PCD matrix. However, we may be able

to assign similar relevant rankings of the strengths of parameter-component pairs using the PCD

matrix as well. For instance, in Figure 4.4B, the successive drops in cost at the different iterations

are varied, specifically the largest drops in cost occur in the first few iterations. By mapping back

the drop in cost, which is approximately equal to the increase in performance by the corresponding

hypothesis, to the PCD that generated it, we may be able to derive a similar information as those of

SGL.
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Table 4.2: Parameter estimates corresponding to a subset of eight LE system variants using inherited
initial guesses. Using the greedy algorithm, the parameter estimates were inherited starting from M0
to M63.

S(1,1,1) S(1,1,2) S(1,2,1) S(1,2,2) S(2,1,1) S(2,1,2) S(2,2,1) S(2,2,2)

k̂1 0.150 0.150 0.144 0.152 0.755 0.767 0.757 0.744
k̂2 1.278 3.453 0.902 2.340 1.277 3.454 0.903 2.337

4.5 Summary

In this chapter, we used a small simulated system called the Leader Election system, a synthetic

biological circuit that implements the Leader Election distributed algorithm, to demonstrate the

analytical framework of the PCD. We defined an arbitrary set of functions that predetermine the de-

pendency relationships between three system components and two model parameters. The functions

were used to generate arbitrary parameter values corresponding to 125 system variants, and these

values were used to simulate a population-level ODE model. By taking advantage of the relative

small number of PCD candidates, we were able to survey the performances of all candidates. The

survey revealed seven other M that performed as well as M63, which corresponds to the theoretical

lower boundary of the cost function. We chose the M with the lowest nnz(M) based on the criteria of

the outer-level optimization problem, seeking to optimize the parsimony. Using the complete survey

method, we demonstrate that the recovered M is equal to the one used in simulating the dataset

originally. This implies that there exists in the dataset, some information regrading the dependency

relationship between system components and the parameters of the system model. Furthermore, we

demonstrate that such information can be formally represented with a boolean matrix, PCD, and

by surveying all possible hypothesis regarding the dependency relationship, the “true” dependency
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Table 4.3: Fitted parameters of k̂1 and k̂2 using the sparse group lasso.

l 0.107 0.075 0.052 0.036 0.025 0.052 0.036
k̂1

b̂C(1)
1

0.00 -0.13 -0.22 -0.28 -0.33 -0.36 -0.38

b̂C(4)
1

0.00 0.13 0.22 0.28 0.33 0.36 0.38

b̂C(1)
2

0.00 0.00 0.00 0.00 0.00 0.00 0.00

b̂C(4)
2

0.00 0.00 0.00 0.00 0.00 0.00 0.00

b̂C(1)
3

0.00 0.00 0.00 0.00 0.00 0.00 0.00

b̂C(4)
3

0.00 0.00 0.00 0.00 0.00 0.00 0.00

l 0.319 0.220 0.154 0.107 0.075 0.052 0.036
k̂2

b̂C(1)
1

0.00 0.00 0.00 0.00 0.00 0.00 0.00

b̂C(4)
1

0.00 0.00 0.00 0.00 0.00 0.00 0.00

b̂C(1)
2

0.00 0.00 0.00 0.10 0.23 0.32 0.38

b̂C(4)
2

0.00 0.00 0.00 -0.10 -0.23 -0.32 -0.38

b̂C(1)
3

0.00 -0.39 -0.66 -0.85 -0.98 -1.07 -1.13

b̂C(4)
3

0.00 0.39 0.66 0.85 0.98 1.07 1.13

relationship can be recovered.

Next, in recognition of the prohibitively expensive cost of completely surveying all possible

PCDs with growing numbers of system components and model parameters, we implemented the

greedy algorithm. It was shown that the greedy search algorithm was successful in recovering the

optimal M using the simulated data of the LE system. The stopping criterion of the greedy algorithm

is determined heuristically; either by placing an upper-limit on the nnz(M), or if the reduction in the

cost from one iteration to the next is sufficiently small.

An alternative approach to optimize M is to take an advantage of the fact that if the algorithm
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is allowed to continue until reaching its final iteration, M2mn�1, the J(Q⇤,M2mn�1) approaches the

min J over all M (Section 3.3). In the LE example, through both an exhaustive search and the

greedy algorithm, we found that M35 is the optimal PCD, but only after both approaches were

executed fully. In the future work, in lieu of exhaustive search, we can adopt the following forward

and backward propagation approach: first, we let greedy search algorithm propagate forward until

reaching the M2mn�1, then we back propagate along the path, and choose the last M that has cost

J(Q,M)  J(Q,M2mn�1)+ t(J(Q,M0)� J(Q,M2mn�1)), where t is a design parameter that allows

users to arbitrarily set the desired threshold, and (J(Q,M0)� J(Q,M2mn�1)) is the complete range

of cost. For example, if t = 0.1, the algorithm chooses the first M that performs better than the 90%

of the cost differential between the entire range of max and min of the J(Q,M) over all M.

Because of the particular nature of hill-climbing optimization algorithms, it is possible for the

greedy algorithm to get stuck in a local optimum and not reach the global optima. Such a case can

be pictographically demonstrated using the Hasse diagram, such as the one shown in Figure 4.4(A).

It should be noted that any instance of J(Q⇤,M) on an (x,y) coordinate plot is an isomorphism of

the Hasse diagram, and that given the relationship in Eq 3.13, all line-segments in the graph have

slopes less than or equal to zero. In these diagrams, the isomorphisms of a PCD Hasse diagram, the

greedy algorithm is demonstrated to work if there is no lines intersecting the lowest line-segments

of the graph (the path followed by the greedy algorithm). If such an intersection occurs, the greedy

algorithm ends up following the path that diverges from the lowest line of the graph and it may not

merge with it until the final iteration. In Figure 4.5, we show an isomorphism of the Hasse diagram

that pictographically represents this case, while satisfying the non-positive slope constraints. Among

the sixteen candidates, the optimal M corresponds to the lowest green dot, but the greedy algorithm
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Figure 4.5: An isomorphism of a Hasse Diagram of P({1,2}) depicting an instance where the
greedy algorithm fails. The path of the greedy algorithm is depicted with a bold blue line. Among
the sixteen candidates, the optimal M corresponds to the lowest green dot, but the greedy algorithm
is shown to not recover this M. At the second iteration, the algorithm chooses from one of the
successors the best performer and updates. By getting stuck in a local optimal path, the algorithm
continues the iteration until the algorithm terminates with the M15.

is shown to not recover this M. The divergence occurs at the second iteration, and because it is

stuck in a local optimal path, the algorithm continues until the algorithm terminates with M15. As of

now, it is not known whether such a behavior can arise from some fundamental characteristics of a

composed system or of the model of the system. An in-depth investigation of the existence of such

characteristic would be beneficial in conducting the PCD analysis, as it would indicate the possible

greedy algorithm failure and directs users to implement alternative optimization algorithms.

Lastly, we demonstrated that the PCD analysis yields results consistent with that of a feature

selection algorithm called the sparse group lasso (SGL). The results of the SGL R package can

be interpreted to yield insights regarding dependency relationships between model parameters and

system components. Though it was the case in the LE system that both PCD and SGL yielded the

same results, in certain cases, the SGL method may yield inconsistent results as those of the PCD.
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Figure 4.6: An example of multiple local optima of two different system variants. When the free-
for-all estimation individually finds the q1 and q2 on the far right side of the cost landscape, it is fair
to attribute the parameter values to the systematic difference between the constituent components.
However, if the free-for-all estimation for q2 settles on the value on the left side of the cost landscape,
it is difficult to attribute the variations in the parameter values to the systematic difference, but
rather estimation error most likely caused by different initial conditions and the optimization solver’s
algorithm for searching the parameter space.

The general idea in using the SGL to elucidate the parameter-component dependency is to use the

estimated model parameters as the response vector, Y , and assign the group indices to correspond

to the component variant indices, the collection of which becomes the observation matrix, X , in

the regression formula. In doing so, it is critical that the model parameters are estimated with no

constraints regarding the existence of any parameter-component dependency. Said differently, the

parameters are estimated with no equivalence constraints, or with the M2mn�1 matrix (matrix of all

ones). This is to ensure that the parameters fairly capture the variations among component variants

without any a priori assumptions about their relationship to the components. In fact, this particular

relationship is precisely what the spare group lasso uncovers. Furthermore, the estimated parameters

of each system variant need be consistent to those of other system variants, in ways that they belong
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to relatively close proximity to one another. The reason for such a requirement is because of the

existence of multiple local optima. In Figure 4.6, an illustration of this is shown using an example

of 1-dimensional vector q and a combinatorial library with two system variants, S(1) and S(2), where

the curves indicate hypothetical cost landscapes of the two q . Assume unconstrained optimization

yielded the estimated values of ˆq (1) and ˆq (2) as the ones towards the right hand side of the figure.

The SGL applied to this set of estimates is likely to elucidate the variations in parameter estimates

arising from systematic differences between the components. However, if for a variety of reasons

(different starting guess given to the optimization solver, ruggedness of the cost landscape, particular

approaches in traversing the cost landscape used by optimization routines, etc.), estimated ˆq (2) value

corresponds to the value shown towards the left hand side of the figure, it is difficult to compare the

ˆq (1) and ˆq (2) fairly, such that the difference between them is caused only by the difference between

the component variants.

The systematic searches for the optimal PCD is useful in analyzing combinatorial libraries of

systems where little is known about the internal mechanism. Assuming some high level dynamics

of the system is captured by its model, the interpretation of model parameters and their dependency

relationships to system components revealed through the PCD framework may give practitioners

better insights about the system, such as which components contribute more strongly to variations

of system behavior.
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Chapter 5

AUXIN SIGNAL PATHWAY I: IAA DEGRADATION SYSTEM

The material presented in this chapter has been published in [8]. Our collaboration with a

plant biology research laboratory1 provided an opportunity to develop a custom analysis framework

that suits the unique construction scheme of the synthetic auxin signal pathway presented here.

The pathway satisfies the requirements of our problem statement, being composed of multiple

interchangeable components that each belongs to a family of mechanistically homogeneous proteins.

This collaboration aimed to address the origin of diversity observed in the auxin signal pathway pro-

teins as well as their potential use in building multicellular consortia-like behavior in Saccharomyces

cerevisiae. The article [8] is the first of the two publication series that comprised the foundation for

the PCD analytical framework presented in this thesis. The material has been edited with updated

notations where possible and marked with footnotes for commentaries.

5.1 Introduction

Auxin directs almost every aspect of plant biology, yet how specificity is generated from auxin

signaling components remains largely unresolved. A range of auxin-associated phenotypes, includ-

ing profound disruptions in development and severely compromised responses to environmental

signals, are caused by single amino acid substitutions that stabilize transcriptional co-repressors

called the Aux/IAAs or IAAs [75]. The diversity of these phenotypes and the size of the IAA family

1Dr. Jennifer Nemhauser, Department of Biology, University of Washington, Seattle, WA
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Figure 5.1: Plant auxin AFBs and IAAs integrated into the yeast ubiquitin pathway. Plant auxin
AFBs (TIR1 or AFB2) and YFP-tagged IAA repressors were integrated into the yeast ubiquitin
pathway, shown in grey.

suggest IAAs may provide specificity in auxin responses [76]. Functional studies support this idea,

as stabilized IAAs provoke different phenotypes even when expressed from the same promoter

[77, 78].

Auxin activates gene expression by enhancing IAA turnover through interaction with auxin

AFBs, a family of F-box proteins called TRANSPORT INHIBITOR RESISTANT 1 (TIR1) / AUXIN

SIGNALING F-BOX PROTEINS (AFBs) [2, 79], referred to here collectively as AFBs. Variation

in the affinities of IAA|AFB pairs has recently been observed [80]. How such differences relate

to degradation kinetics is still unclear. Labor-intensive seedling studies on a small number of IAA

proteins, in combination with analysis of stabilized IAA mutants, uncovered the importance of a

conserved region, termed domain II, in determining protein stability. The degron-containing IAA

domain II is both necessary and sufficient for interaction with TIR1 and the resulting auxin-induced

degradation [2, 79, 81, 82]. In addition, IAA-reporter fusions with diverse domain II sequences

show a range of degradation rates when over-expressed in Arabidopsis seedlings [83]. However, the
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ubiquity of the auxin pathway in plants and the difficulty in reconstituting the complete degradation

machinery in vitro have hindered further characterization of the molecular determinants of IAA

degradation rates.

As a complement to existing systems and to systematically characterize the potential tunability

of different IAA|AFB pairs, we engineered the auxin-induced degradation of IAA proteins in Sac-

charomyces cerevisiae (yeast) (Figure 5.1). Our synthetic system has several advantages: precise

control of auxin input levels, the ability to study IAA|AFB pairs in isolation, and the absence

of the many other plant pathways known to impact auxin signaling [84]. Our system allowed

a comprehensive survey of IAA turnover while recapitulating behaviors observed in plants. We

discovered that the particular AFB receptor used greatly impacted the rate of degradation and that

sequences outside of the degron-containing domain II accelerated or decelerated IAA degradation

in an IAA-specific manner. Moreover, we identified a mathematical model that provides a single

parameter to quantitatively describe degradation behavior.

5.2 Model Development and Discrimination

The primary objective of our quantitative analysis is to identify a small model, with as few

parameters as possible, that describes the differential degradation of IAA|AFB pairs observed in

experiments. Having few parameters avoids over-fitting, facilitates comparison among available

pairs, and provides a guide for the selection of parts during the rational design of new networks. A

computationally intractable number of candidate models can be generated by, for example, various

assumptions about the mechanism of degradation and the many molecular species involved. Com-

putational limits, therefore, require that we limit the number of candidate models by employing

current knowledge of the auxin signal pathway, basic assumptions about protein synthesis, and
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Figure 5.2: IAA degradation is highly variable. A range of IAA|AFB degradation rates were
obtained using time-lapse flow cytometry. Degradation curves were normalized to starting fluo-
rescence. IAAs are listed in order of the relative difference in degradation in the presence of TIR1
(light blue) versus AFB2 (dark blue). Strains expressing the F-box deficient mTIR1 (grey) show no
auxin-dependent degradation.

simple input-output concepts. We assess candidate models by fitting their parameters to the entire

data set, analyzing their qualitative fit, and then computing their residual fit. We fit our models to

experimental data using the nonlinear optimization function FindFit in Mathematica
TM where the

cost function is defined as

J1(q ( j1, j2)
s , fs) =

"

Â
( j1, j2)

Â
tm2T

⇣
y( j1, j2)(tm)� ŷ( j1, j2)(tm,q ( j1, j2)

(s) , fs)
⌘2
#1/2

, (5.1)
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where j1 denotes the index of the first component (IAA), j2 denotes the index of the second compo-

nent (AFB), s denotes the model index, y( j1, j2)(tm) denotes the measured output at t = tm, T denotes

the set of measurement times, q ( j1, j2)
s denotes the parameter vector for a model fs corresponding

to a system variant (C( j1)
1 ,C( j2)

2 ), or alternatively S( j1, j2), ŷ( j1, j2)(tm,q ( j1, j2), fs) denotes the predicted

output using the model fs and its parameter vector q ( j1, j2) at t = tm, and Qs denotes the set of

parameter vectors of all system variants (S) for model fs
2. The optimal Q satisfies the following,

Q( j1, j2)⇤
s = argmin

Q( j1 , j2)
s

J1(qs,
( j1, j2) ). (5.2)

Following the estimation, the residual of a model is defined as

J1( fs) =

2

64Â
j1, j2

Â
tm2T

0

@
y( j1, j2) (tm)� ŷ( j1, j2)

⇣
tm, fs,q ( j1, j2)⇤

s

⌘

y( j1, j2) (tm)

1

A
23

75

1/2

. (5.3)

Our approach is to develop candidate models with good qualitative fits, low residuals, and a

small number of parameters by incrementally increasing complexity via refinements that are based

on known mechanisms. In the model discrimination step, both quantitative and qualitative metrics of

each model are evaluated. It is true that quantitatively low residual is desired in general, however, the

analytical metric takes precedence. If a model is shown to be analytically incapable of fitting critical

features of experimental observation, the model is deemed structurally flawed, and is eliminated,

even if the quantitative metric is relatively low. Following are the two general qualitative features

observed in the experimental data.

1. Each degradation time-course includes an inflection point, such that the curve switches from

2h1 = 24,h2 = 2. The subscript on J1 is to differentiate it with Eq 3.2, introduced in Chapter 3.
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concave to convex (Figure 5.2).

2. Each dose-response curve (steady-state fluorescence measurement vs auxin concentration) is

nonlinear (Figure 5.3B).

These two features were used as qualitative criteria to which all models were subjected to. The

number of parameters for the model is computed over all experimental data sets, such that the total

number of parameters equals the number of parameters in the model multiplied by the number of

system variants (i.e. the number of distinct IAA|AFB pairs). After a model has been selected, we

reduced the total number of parameters by assuming that some of the parameters can be consolidated

for a specific group of system variants.

5.2.1 f0

We first consider the synthetic yeast system as a grey-box with a single input (auxin) and a single

output (YFP intensity). Therefore, we propose the following model, f0, which is a combination of

simple synthesis/degradation dynamics and exponential decay:

ẏ(t) = k1 � k2 y� k3 uy(t), (5.4)

where t denotes the time, y denotes the output, and u denotes the input. This model encodes the

hypothesis that the YFP-IAA fusion protein is subject to zeroth-order synthesis and first-order

degradation, and that the output degrades at a rate proportional to the input. The first two terms,

k1 and k2 y, represent the input-independent synthesis and degradation of the output, respectively.

The last term represents the degradation of output with the overall rate proportional to itself and the
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input. Thus, k1 is the synthesis rate, k2 is the basal degradation rate, and k3 is the input mediated

degradation rate. This model has residual J1( f0) = 49.31, and requires 144 distinct parameters (3

per IAA|AFB pair) to fit the entire data set. The model has a closed form analytical solution,

y(t) =
k1

k2 + k3u

 
1+

e�t(k2+k3u)k3u
k2

!
, (5.5)

which demonstrates a nonlinear relationship between u and the y, consistent with the qualitative

observation of the experimental data (Figure 5.3B, purple curve). However, the model cannot

capture the inflection of the curve (Figure 5.3A, purple curve). For a function to shift its convexity,

the second derivative has to equal zero at some t > 0 (and that t is the inflection point). However, f0

has second-order derivative,

ÿ(t) =
k1k3u(k2 + k3u)

k2
e�t(k2+k3u) (5.6)

which shows that for all parameters k1,k2,k3 > 0 and u � 0, ÿ(t) > 0. This represents f0 is funda-

mentally unable to capture one of the crucial features of the system.

5.2.2 f1

The inflection point and the related initial delay in the degradation curves suggest that the

IAA degradation mechanism comprises additional intermediate processes (e.g. formation of an

intermediate species). To model this feature, we add an internal state x. At this point, we do not

assume that x is any specific species or combination of species, just that it is formed and degraded.

In particular, we assume that the rate at which x is synthesized is proportional to the input, and that
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IAA14|TIR1. Experimental data are shown in black circles, and the fits are shown in purple, blue,
green and red for f0, f1, f2 and f3 models, respectively.

x affects the non-basal degradation of y. This second-order linear model, f1, is defined by

ẋ(t) = k1 u� k2 x(t)

ẏ(t) = k3 � k4 y(t)� k5 x(t), (5.7)

The model has residual J1( f1) = 81.68, and requires 240 distinct parameters (5 per IAA|AFB pair)

to fit the entire data set. The model captures the inflection point in time-course degradation curve

(Figure 5.3A, blue curve). However, the dose-response predicted by f1 is qualitatively different

from our observations. Analytically, the steady-state solution of f1 has a closed form,

x⇤ =
k1 u
k2

y⇤ =
k3 � k5 k1 u/k2

k4
. (5.8)
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which demonstrates that y⇤ has a linear relationship to u. Furthermore, because of this linear

relationship, the model predicts that the steady-state fluorescence decreases indiscriminately with

increasing amount of input, to the point where negative fluorescence is predicted (Figure 5.3B, blue

curve). The fact that f1 makes predictions that starkly contradict physical constraints demonstrates

that the model is qualitatively unfit for the given experimental data.

5.2.3 f2

Since the dose-response is nonlinear, we modify f1 by introducing a nonlinear term, making the

degradation term dependent on y(t). This second-order nonlinear model, f2, is,

ẋ(t) = k1 u� k2 x(t)

ẏ(t) = k3 � k4 y(t)� k5 x(t)y(t), (5.9)

which has a residual of J1( f2) = 24.54 and requires 240 distinct parameters (5 per IAA|AFB pair)

to fit the entire data set. The steady-state of output predicted by f2 are,

x⇤ =
k1 u
k2

y⇤ =
k2k3

k2k4 + k1k5u
. (5.10)

which demonstrates a nonlinear relationship between y⇤ and u, and satisfies one of the qualitative

features. There is no closed-form solution for the model, but numerical solution demonstrates that

the model captures the inflection point in the predicted time-course curves (Figure 5.3, green curve).
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5.2.4 f3

As mentioned before, the internal state x represents an unknown intermediate species (or com-

bination of species) that interacts with auxin input and the YFP-IAA output. It is feasible that more

than a single intermediate species is required to encompass the underlying dynamics. To investigate

whether this might be the case, we added a second internal state, z, as an intermediate state between

x and y. This third-order nonlinear model, f3, is

ẋ(t) = k1 u(t)� k2 x(t)

ż(t) = k3 x(t)� k4 z(t)

ẏ(t) = k5 � k6 y(t)� k7 z(t)y(t), (5.11)

which has a residual of J1( f3) = 33.30 and requires 336 distinct parameters (7 parameters per

IAA|AFB pair) to fit the entire data set. As in the case with f2, f3 captures the two qualitative

features of the system (Figure 5.3, red curve). It is notable that the computed residual is larger

than J1( f2), however, this is most likely the result of standard estimation error (e.g. non-optimal

initial condition or insufficient search space). Alternatively, f3 may represent a point at which the

saturation of model benefit gained by increasing model complexity is saturated.

5.2.5 Summary

We generated and evaluated four candidate models, f0, f1, f2, and f3, with respect to how well

each model captures the experimental observation, both quantitatively and qualitatively. f0 did not

capture the inflection observed in time-course degradation curves; f1 did capture the inflection, but
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did not capture the nonlinear dose-response behavior; f2 captures both the time-course and dose-

response data qualitatively; and f3 matches these behaviors with comparable quantitative metric to

f2. However, given the limitations of the experimental dataset (time-course to auxin step-input and

auxin dose response), f3, nor any more complex models, may not provide verifiable insights to the

system. Said differently, more complex models may result in lower quantitative fit metric, how-

ever, to balance the estimation uncertainty associated with higher complexity models, we require

richer perturbation of the system that reveals the appropriately higher complexity of the internal

mechanism. Therefore, f2 is arguably the simplest explanation for the observed phenomenon.

5.3 Parameter Reduction

Aside from f0, the model candidates considered in the previous section include one or more

internal states, x (and z), that are not readily associated with biological complexes. One way

to approach this is to consider the internal state simply as a mathematical necessity for fitting

the experimental observation. Another approach is to consider hypotheses as to what biological

complex – that we know to exist in the auxin-mediated IAA degradation pathway – can be associated

with x, and examine whether these hypotheses lend a useful quality to our model. One of the

hypothetical interpretations of x is that it is a complex formed between auxin and AFB. A simple

description of the mechanism in which IAA degrades in the presence of auxin and AFB is shown in

Figure 5.1, where auxin serves as a molecular glue, binding with an AFB and allowing the protein

to bind with IAA, further triggering the ubiquitylation of IAA. Therefore, we postulate that x is a

proxy of such a species.

Building on the hypothesis of model interpretation that x is a proxy of the auxin-bound AFB

complex, we associate each of the model parameters to the identity of the two different proteins,
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IAA and AFB. Firstly, parameters k1 and k2 are rates associated with synthesis and degradation of

auxin-bound receptor protein, where the synthesis is directly proportional to the input. In which

case, we further hypothesize that these two parameters are dependent on the identity of AFB but are

independent of the identity of the co-expressed IAA. Secondly, analogous interpretations are given

to k3 and k4; these are rates of synthesis and basal (input-independent) degradation of IAA-YFP, and

they are only dependent on the identity of the IAA and not on the identity of the AFB. Finally, k5

is unique among the model parameters such that it is dependent on the identities of both proteins.

Mathematically, k5 is the rate constant for how fast the output degrades, and such a degradation

process is proportional to the amount of x and y in the system. One can then assign a biochemically

feasible interpretation to the term, “when active AFB and IAA interact, the IAA degrades at a rate

proportional to k5”. As shown in Figure 5.2, the unifying feature of all IAA|AFB pairs is that they

degrade when auxin is added to the system in varying degrees. Such variation in degradation among

the IAA|AFB pairs can serve as a unique identifier for each pair, and we investigate whether a subset

of parameters can serve as the quantitative identifier. Note that these association of parameters to

reaction rates are based on a possible interpretation of the model, and should not be taken as a direct

representation of a true system. The parameters are crude amalgamations of multiple biochemical

processes but the resulting model is an elegant abstraction rid of unwieldy details.

In the previous section, when we fit candidate models to experimental data, all five of the f2

parameters,

q ( j1, j2) = [k( j1, j2)
1 ,k( j1, j2)

2 ,k( j1, j2)
3 ,k( j1, j2)

4 ,k( j1, j2)
5 ] (5.12)

were allowed to vary, resulting in five different parameter values for each IAA|AFB pair. This
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method, while allowing us to easily compare candidate models, makes it difficult to compare the

parameters of one IAA|AFB pair to another. For example, suppose we want to directly compare

the degradation rates of IAA17|TIR1 and IAA17|AFB2, which have mean fitted k5 values of 0.034

and 0.21, respectively. The large discrepancy in the two values suggests a large difference in the

respective degradation dynamics, but because each pair has other parameters that vary as well, the

differences in k5 are not the only source of the variation.

Therefore, we asked if some parameters may be common to a subset of the IAA|AFB pairs, and

if consolidating these common parameters would reduce estimation uncertainty. This approach is

sometimes called global curve fitting. A systematic generation of all possible global fitting hypothe-

ses for parameter reduction (identifying all possible combinations of common parameters across

the 48 IAA|AFB pairs, and five parameter model) would have been computationally expensive.

Fortunately, the model interpretation discussed previously provides a feasible guide as to which

hypotheses are more likely than others. With this estimation approach, we can reduce the variability

caused by other parameters and fairly compare parameter values. As k5 is the parameter associated

with both species in the model, it is unique to the identity of each IAA|AFB pair. Therefore, the

parameter is the primary quantity of interest in comparing the differential degradation among the

pairs.

First, we address an extreme case of parameter reduction, where we only let k5 vary for all

IAA|AFB pairs, and fix the rest of the parameters to be the same across all pairs. We denote this
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hypothesis z1, which provides an additional constraint on the optimization problem, defined by

min J1(Q, fs) = Â
j1, j2

Â
tm2T

|y( j1, j2)(tm)� ŷ( j1, j2)(tm,q ( j1, j2), fs)|2,

subject to k( j1, j2)
k = k( j01, j

0
2)

k ,

8 j1, j01 2 [1,h1], 8 j2, j02 2 [1,h2]

and k = 1,2,3,4. (5.13)

where, j1 and j2 denote the sets of IAA and AFB indices, respectively, and k denotes the parameter

index. The resulting parameter vector, Qz1 , has 52 distinct parameters (4 + 48 per pair) and results

in J1( f2,Qz1) = 48.9. Thus, z1 reduces the cardinality of the parameter vector to the point where an

IAA|AFB pair has only one parameter that differs from another pair. However, because z1 makes

both k3 and k4 be the same for all IAA|AFB pairs, it implies that the initial output value at t = 0 for

all IAA|AFB pairs are equal (y( j1, j2)(0) = k( j1, j2)
3 /k( j1, j2)

4 ). This is inconsistent with the experimental

data where initial levels of expression vary (Figure 5.4A). Therefore, z1 is invalidated based on its

conflict between the interpretation of the model and the experimental data 3.

Next, we propose a hypothesis alternative to z1 in which k1,k2,k3 and k4 are constrained, but

across a smaller subset of IAA|AFB pairs. For example, it was shown that AFBs do not have

differential effect on basal dynamics of IAA. Therefore, two IAA|AFB pairs with the same IAA

have a similar initial output - suggesting equal k1,k2,k3 and k4 values for these two pairs. We denote

3Hypothesis z1 is equal to M3 = ({(5,1),(5,2)},(5,2)), following the COO convention. Note that J1( f2,Qz1
) is then

equal to J(Q,M3) accepting that f2 is the default model in the analysis.
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this hypothesis by z11, and define the following optimization constraints.

k( j1, j2)
k = k( j1, j02)

k 8 j2, j02 2 [1,h2], and k = 1,2,3,4. (5.14)

The resulting parameter vector set, denoted Qz11 , has 144 distinct parameters, and results in J1( f2,Qz11)=

24.33. This decreased residual is a validation in which we let the model interpretation and the

fundamental details of the system guide our hypotheses generation. To verify this approach, we

generated an alternative hypothesis, z12, where IAA|AFB pairs with the same AFB, versus those

with the same IAA (z11), have equal k1,k2,k3 and k4. This hypothesis has the same cost function as

Eq 5.14 but with the following optimization constraint4,

k( j1, j2)
k = k( j01, j2)

k 8 j1, j01 2 [1,h1], and k = 1,2,3,4. (5.15)

Note that z12 was not generated based on the model interpretation as z11, but was proposed as a

counter example to our approach. The resulting residual is J1( f2,Qz12) = 36.62, where Qz12 has 56

distinct parameters, and the increased residual validates our approach. Comparing z1,z11 and z12

suggests that

1. larger numbers of distinct parameters tend to decrease the residual, and

2. when constraining the parameters across a smaller subset of IAA|AFB pairs, the model

interpretation serves as a helpful guide in generating reasonable hypotheses.

The higher residuals of hypotheses z1,z11 and z12 also suggest that for any two IAA|AFB

4Hypotheses z11 and z12 are equal to M683 = ({(1,1),(2,1),(3,1),(4,1),(5,1),(5,2)},(5,2)) and M343 =
({(1,2),(2,2),(3,2),(4,2),(5,1),(5,2)},(5,2)), respectively.
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pairs, more than one parameter ought to be allowed to vary (increasing degrees-of-freedom in the

parameter estimation) to fit both data sets. Therefore, we further investigate whether a specific

grouping of experimental data and parameter reduction hypotheses is possible. Each case of varying

parameter (in addition to k5), k1,k2,k3 or k4, is denoted with z21,z22,z23 or z24, respectively (the

four hypotheses are elements of the set z2k , where k = 1,2,3 or 4). Each hypothesis is associated

with data grouping that are supported by the model interpretation, depending on which parameter is

allowed to vary.

1. For z21 and z22, the additional parameter allowed to vary is dependent on the identity of

AFB and independent of the identity of the IAA. Therefore, IAA|AFB pairs are grouped by

their IAAs (each group containing two pairs, IAA j1 |TIR1 and IAA j1 |AFB2), resulting in 24

distinct groups. For each group, the parameters are estimated under the constraint,

subject to k( j1, j2)
k = k( j1, j02)

k

8 j2, j02 2 [1,2], k 2 {2,3,4} or {1,3,4}. (5.16)

These hypotheses imply that a group of IAA|AFB pairs that have the same IAA have the same

basal synthesis and degradation rates (k3 and k4) of the output. Furthermore, they imply that

the variations among each group can be captured by varying k5 and k1 for z21, or k5 and k2 for

z22. 5

2. For z23 and z24, the additional parameter allowed to vary is dependent on the identity of IAA

and independent of the identity of the AFB. Therefore, IAA|AFB pairs are grouped by their

5Hypotheses z21 and z22 are equal to M939 and M747, respectively.
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AFBs (each group containing 24 pairs, IAA j1 |AFB, where j1 = [1, · · · ,24]), resulting in two

groups. For each group, the parameters are estimated under the constraint,

subject to k( j1, j2)
k = k( j01, j2)

k

8 j1, j01 2 [1,24], k 2 {1,2,4} or {1,2,3}. (5.17)

The hypotheses imply that a group of IAA|AFB pairs that have the same AFB has the same

synthesis and degradation rates of the internal state (k1 and k2). Furthermore, they imply that

the variations among each group can be captured by varying k5 and k3 for z23, or k5 and k4 for

z24.6

Table 5.1 shows the residuals and the number of distinct parameters for various hypotheses

investigated. Compared to z1 hypotheses, z2 hypotheses tend to have lower residuals, owing to

the larger degrees-of-freedom given in the estimation constraints. Additionally, z24 has the low-

est residual even with the lowest number of distinct parameters. This suggests that for any two

IAA|AFB pairs, the differential dynamics between the two can be captured through varying the

basal rate parameters of IAA and the input-mediated degradation by the AFBs (k5). These two

dynamics, however, are independent of one another as discussed previously (Figure 5.4). Also,

single parameter variation studies suggests that a set of time-courses predicted by varying k3 or k4

have identical degradation profiles when normalized to their initial conditions (Figure 5.5). The

simulation study is also supported by experimental data of IAA1 and IAA1.1, where IAA1.1 is

a codon-optimized version of IAA1. This results in higher expression level for IAA1.1 relative

6Hypotheses z23 and z24 are equal to M375 and M351, respectively.
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Table 5.1: The residuals and the number of distinct parameters for f0, f1, f2 (including its
hypotheses), and f3.

Model & Hypothesis J1( f ) Number of distinct parameters
for 48 IAA|AFB pairs

f0 49.31 144
f1 81.68 240
f2 24.54 240

f2,z21 32.29 168
f2,z22 46.32 168
f2,z23 48.11 102
f2,z24 27.44 102

f3 30.63 336

to IAA1, which under the model interpretation, is equivalent to increasing k3 and leaving other

parameters the same. When the two curves are normalized to their initial conditions (Figure 5.3A),

the curves overlap closely. This is reflected by the close k5 values of IAA1 and IAA1.1 (Tables 5.2

and 5.3).
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Table 5.2: Estimated parameters for IAA|TIR1 pairs using z23.

AFB IAA Replicate k1 k2 k3 k4 k5
TIR1 1 1 1.08E-01 9.22E-02 4.29E+00 3.14E-03 3.44E-02
TIR1 1.1 1 1.08E-01 9.22E-02 8.69E+00 3.14E-03 3.22E-02
TIR1 2 1 1.08E-01 9.22E-02 6.86E+00 3.14E-03 3.54E-02
TIR1 3 1 1.08E-01 9.22E-02 9.03E+00 3.14E-03 2.62E-02
TIR1 4 1 1.08E-01 9.22E-02 9.74E+00 3.14E-03 2.58E-02
TIR1 6 1 1.08E-01 9.22E-02 8.44E+00 3.14E-03 2.02E-02
TIR1 7 1 1.08E-01 9.22E-02 7.62E+00 3.14E-03 3.05E-02
TIR1 8 1 1.08E-01 9.22E-02 3.29E+00 3.14E-03 3.17E-02
TIR1 9 1 1.08E-01 9.22E-02 7.39E+00 3.14E-03 3.34E-02
TIR1 10 1 1.08E-01 9.22E-02 5.02E+00 3.14E-03 2.55E-02
TIR1 11 1 1.08E-01 9.22E-02 4.61E+00 3.14E-03 9.46E-03
TIR1 12 1 1.08E-01 9.22E-02 8.91E+00 3.14E-03 2.67E-02
TIR1 13 1 1.08E-01 9.22E-02 8.24E+00 3.14E-03 3.54E-02
TIR1 14 1 1.08E-01 9.22E-02 5.16E+00 3.14E-03 3.17E-02
TIR1 15 1 1.08E-01 9.22E-02 6.67E+00 3.14E-03 1.91E-02
TIR1 17 1 1.08E-01 9.22E-02 6.74E+00 3.14E-03 3.03E-02
TIR1 18 1 1.08E-01 9.22E-02 7.44E+00 3.14E-03 2.89E-02
TIR1 19 1 1.08E-01 9.22E-02 5.71E+00 3.14E-03 2.41E-02
TIR1 20 1 1.08E-01 9.22E-02 9.99E+00 3.14E-03 2.21E-03
TIR1 26 1 1.08E-01 9.22E-02 8.03E+00 3.14E-03 2.66E-02
TIR1 27 1 1.08E-01 9.22E-02 4.06E+00 3.14E-03 3.18E-02
TIR1 28 1 1.08E-01 9.22E-02 8.20E+00 3.14E-03 2.09E-02
TIR1 31 1 1.08E-01 9.22E-02 6.72E+00 3.14E-03 4.88E-03
TIR1 32 1 1.08E-01 9.22E-02 2.47E+00 3.14E-03 3.81E-03
TIR1 1 2 1.42E-01 1.72E-01 3.89E+00 3.19E-03 4.43E-02
TIR1 1.1 2 1.42E-01 1.72E-01 9.00E+00 3.19E-03 3.77E-02
TIR1 2 2 1.42E-01 1.72E-01 5.77E+00 3.19E-03 4.14E-02
TIR1 3 2 1.42E-01 1.72E-01 8.67E+00 3.19E-03 3.19E-02
TIR1 4 2 1.42E-01 1.72E-01 1.05E+01 3.19E-03 2.59E-02
TIR1 6 2 1.42E-01 1.72E-01 8.79E+00 3.19E-03 2.00E-02
TIR1 7 2 1.42E-01 1.72E-01 7.07E+00 3.19E-03 4.00E-02
TIR1 8 2 1.42E-01 1.72E-01 2.92E+00 3.19E-03 5.02E-02
TIR1 9 2 1.42E-01 1.72E-01 7.56E+00 3.19E-03 4.07E-02
TIR1 10 2 1.42E-01 1.72E-01 4.76E+00 3.19E-03 2.74E-02
TIR1 11 2 1.42E-01 1.72E-01 4.71E+00 3.19E-03 1.54E-02
TIR1 12 2 1.42E-01 1.72E-01 8.83E+00 3.19E-03 3.45E-02
TIR1 13 2 1.42E-01 1.72E-01 8.46E+00 3.19E-03 4.07E-02
TIR1 14 2 1.42E-01 1.72E-01 5.32E+00 3.19E-03 3.05E-02
TIR1 15 2 1.42E-01 1.72E-01 5.71E+00 3.19E-03 2.14E-02
TIR1 17 2 1.42E-01 1.72E-01 6.30E+00 3.19E-03 4.23E-02
TIR1 18 2 1.42E-01 1.72E-01 8.19E+00 3.19E-03 3.51E-02
TIR1 19 2 1.42E-01 1.72E-01 5.39E+00 3.19E-03 3.22E-02
TIR1 20 2 1.42E-01 1.72E-01 9.59E+00 3.19E-03 3.54E-03
TIR1 26 2 1.42E-01 1.72E-01 9.27E+00 3.19E-03 2.85E-02
TIR1 27 2 1.42E-01 1.72E-01 3.92E+00 3.19E-03 3.78E-02
TIR1 28 2 1.42E-01 1.72E-01 7.87E+00 3.19E-03 3.02E-02
TIR1 31 2 1.42E-01 1.72E-01 6.81E+00 3.19E-03 6.23E-03
TIR1 32 2 1.42E-01 1.72E-01 2.55E+00 3.19E-03 5.39E-03
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Table 5.3: Estimated parameters for IAA|AFB2 pairs using z23.

AFB IAA Replicate k1 k2 k3 k4 k5
AFB2 1 1 1.49E-01 1.18E-01 4.48E+00 3.63E-03 4.59E-02
AFB2 1.1 1 1.49E-01 1.18E-01 9.77E+00 3.63E-03 4.47E-02
AFB2 2 1 1.49E-01 1.18E-01 8.09E+00 3.63E-03 4.65E-02
AFB2 3 1 1.49E-01 1.18E-01 1.13E+01 3.63E-03 6.14E-02
AFB2 4 1 1.49E-01 1.18E-01 1.16E+01 3.63E-03 6.05E-02
AFB2 6 1 1.49E-01 1.18E-01 8.55E+00 3.63E-03 7.06E-02
AFB2 7 1 1.49E-01 1.18E-01 7.19E+00 3.63E-03 8.35E-02
AFB2 8 1 1.49E-01 1.18E-01 3.16E+00 3.63E-03 1.05E-01
AFB2 9 1 1.49E-01 1.18E-01 8.01E+00 3.63E-03 7.29E-02
AFB2 10 1 1.49E-01 1.18E-01 5.80E+00 3.63E-03 5.16E-02
AFB2 11 1 1.49E-01 1.18E-01 5.87E+00 3.63E-03 2.08E-02
AFB2 12 1 1.49E-01 1.18E-01 9.16E+00 3.63E-03 5.04E-02
AFB2 13 1 1.49E-01 1.18E-01 9.57E+00 3.63E-03 5.52E-02
AFB2 14 1 1.49E-01 1.18E-01 6.25E+00 3.63E-03 6.45E-02
AFB2 15 1 1.49E-01 1.18E-01 7.94E+00 3.63E-03 2.47E-02
AFB2 17 1 1.49E-01 1.18E-01 6.04E+00 3.63E-03 1.04E-01
AFB2 18 1 1.49E-01 1.18E-01 8.57E+00 3.63E-03 5.80E-02
AFB2 19 1 1.49E-01 1.18E-01 5.96E+00 3.63E-03 5.65E-02
AFB2 20 1 1.49E-01 1.18E-01 1.07E+01 3.63E-03 2.67E-03
AFB2 26 1 1.49E-01 1.18E-01 1.06E+01 3.63E-03 4.42E-02
AFB2 27 1 1.49E-01 1.18E-01 4.49E+00 3.63E-03 6.19E-02
AFB2 28 1 1.49E-01 1.18E-01 8.85E+00 3.63E-03 4.14E-02
AFB2 31 1 1.49E-01 1.18E-01 7.50E+00 3.63E-03 1.07E-02
AFB2 32 1 1.49E-01 1.18E-01 2.85E+00 3.63E-03 2.51E-03
AFB2 1 2 1.27E-01 8.77E-02 3.72E+00 3.25E-03 4.46E-02
AFB2 1.1 2 1.27E-01 8.77E-02 9.23E+00 3.25E-03 3.59E-02
AFB2 2 2 1.27E-01 8.77E-02 7.84E+00 3.25E-03 3.82E-02
AFB2 3 2 1.27E-01 8.77E-02 8.45E+00 3.25E-03 5.28E-02
AFB2 4 2 1.27E-01 8.77E-02 1.02E+01 3.25E-03 5.87E-02
AFB2 6 2 1.27E-01 8.77E-02 8.10E+00 3.25E-03 6.08E-02
AFB2 7 2 1.27E-01 8.77E-02 6.33E+00 3.25E-03 7.79E-02
AFB2 8 2 1.27E-01 8.77E-02 2.66E+00 3.25E-03 9.07E-02
AFB2 9 2 1.27E-01 8.77E-02 7.16E+00 3.25E-03 5.58E-02
AFB2 10 2 1.27E-01 8.77E-02 5.49E+00 3.25E-03 5.23E-02
AFB2 11 2 1.27E-01 8.77E-02 5.63E+00 3.25E-03 2.04E-02
AFB2 12 2 1.27E-01 8.77E-02 8.07E+00 3.25E-03 4.96E-02
AFB2 13 2 1.27E-01 8.77E-02 8.90E+00 3.25E-03 4.47E-02
AFB2 14 2 1.27E-01 8.77E-02 5.43E+00 3.25E-03 7.30E-02
AFB2 15 2 1.27E-01 8.77E-02 7.37E+00 3.25E-03 2.29E-02
AFB2 17 2 1.27E-01 8.77E-02 5.05E+00 3.25E-03 1.12E-01
AFB2 18 2 1.27E-01 8.77E-02 8.16E+00 3.25E-03 4.71E-02
AFB2 19 2 1.27E-01 8.77E-02 4.67E+00 3.25E-03 7.35E-02
AFB2 20 2 1.27E-01 8.77E-02 9.29E+00 3.25E-03 3.03E-03
AFB2 26 2 1.27E-01 8.77E-02 9.99E+00 3.25E-03 3.77E-02
AFB2 27 2 1.27E-01 8.77E-02 3.93E+00 3.25E-03 6.17E-02
AFB2 28 2 1.27E-01 8.77E-02 7.56E+00 3.25E-03 4.12E-02
AFB2 31 2 1.27E-01 8.77E-02 6.90E+00 3.25E-03 1.06E-02
AFB2 32 2 1.27E-01 8.77E-02 2.68E+00 3.25E-03 4.25E-03
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The normalized degradation curves in Figure 5.5 further provide two notable features of the

model. First, they suggest that the two parameter k3 and k4 are, in fact, dependent parameters that

can be consolidated into a single parameter by normalizing the output. The normalized version of

f2 is

dx
dt

= k1 u(t)� k2 x(t)

dz
dt

= k4 � k4 z(t)� k5 x(t)z(t), (5.18)

where z = y/y0 = yk4/k3, the output normalized to its initial value. This procedure further reduces

the number of parameters to be estimated and decreases computational cost in estimation. The

differences in the estimated values of k5 are negligible between the two versions of model. A second

notable feature of the model is that the range of degradation profiles in experimental data can be

fitted just as well by varying k1 instead of k5. This feature is not surprising as varying k1 increase

the rate at which x increases, ultimately having the same effect on the output. However, because of

the way we interpret the model parameters, k1 is independent of the identity of IAA and conflicts

with our objective of identifying a degradation rate parameter that are unique to each IAA|AFB pair.

Therefore, we choose k5 as the single parameter that captures the differential degradation range we

observe among the IAA|AFB pairs.

Through iterative searches in model discrimination and parameter reduction, we identified a

single parameter that captures the differential degradation exhibited by the family of IAA|AFB pairs.

The reasoning behind finding a single parameter is largely inspired by the engineering principles

of modularity and composable parts. For example, an electric circuit is composed of individual

modular parts, such as resistors and transistors. The function of the circuit is tunable by swapping
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Figure 5.4: Degradation dynamics can be described using few parameters. (A) Our model
is described by two ODEs. Degradation curves for AFB2 strains expressing IAA1 (blue) or
yeast codon-optimized IAA1.1 (purple) are shown. (B) k5 is largely independent of expression
levels. IAA1 and IAA1.1 degradation curves overlap after normalization, although there is an
approximately 2-fold difference in k3 values.

out these modular parts, where the electrical functionality of each type of modular part is specified

by a number (i.e. a resistor is specified by its resistance). Casting this principle on the auxin

signaling pathway, we ask whether the IAA|AFB pair degradation module (in the larger scheme of

the auxin signal pathway) is a modular part, and if so, whether the biological functionality of the

module can be specified by a number. The functional feature of the IAA|AFB module, degradation,

demonstrates a large range of responses. Therefore, we hypothesize that the number that specifies

each IAA|AFB pair’s unique biological functionality is its degradation rate (k5).

Now that we have a data-sheet of k5 for a large group of IAA|AFB pair (Figure 5.6), the

hypothesis regarding the modularity of these pairs must be verified. It will require an auxin synthetic

network containing an IAA|AFB pair, where the part can be easily replaced with another pair. Using

a similar approach, a succinct mathematical representation of such a network can be devised, and

preferably, the k5 identified in this work will be a part of such a model. If a coherent function
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Figure 5.5: Parameter variations study of f2. Parameters of f2 are varied from 10% to 300% of the
nominal (estimated) values for IAA17|AFB2. The range was chosen based on the demonstrated
range of estimated parameters shown in Supplementary Table 7. The trend demonstrated here
is general for all IAA |AFB pairs. The resulting degradation curves are normalized to its initial
condition. The experimental data are shown in black dots and the black arrows indicate the direction
of parameter value increase.
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Figure 5.6: The biological function of the IAA|AFB module quantified. IAA|AFB2 pairs have
increased degradation rates (k5), a different rank order when compared to IAA|TIR1 pairs, and an
increased dynamic range between the slowest and fastest pairs. Parameters were estimated for two
independent replicates. All error bars represent one standard deviation.
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that maps the differential degradation rates (caused by using different IAA|AFB pairs) and the

differential outputs of the larger network can be identified, it will allow us to test to what extent and

under what context these pairs are modular. And if this is not the case, the question remains whether

there is another set of identifiable quantities for the IAA|AFB pairs that is a better specification

of their biological functionality and predictors of the composite network output. Furthermore, the

relationship between the k5 and the output of the network will illuminate the core interactions within

the network, aiding in increasingly accurate mathematical representations of the synthetic network.

These approaches will not only answer questions regarding the engineerability of auxin signaling

pathway, but also provide the basis for novel ways of system identification in biology.

5.4 ANOVA and PCD

The PCD approach of identifying the dependency relationship between model parameters and

system components benefits engineering new synthetic biology systems by guiding the strategies

to tune new systems. This is done by 1) simulation studies with identified models that illuminate

a small subset of parameters that can significantly alter the outcome in a desired way, 2) by ad-

justing the components that these parameters are dependent to, achieve the same alteration of the

output. Therefore, the PCD approach can be viewed as a way of establishing a relationship between

system behavior and system components, aided by establishing a relationship between the system

components and model parameters. Our objective is then similar to the objective of Analysis of

Variance (ANOVA), in which the source of variation in experimental outcome is appropriated to

experimental variables. In [85], it was shown that using ANOVA, variations in experimental data

can be attributed to multiple elements in a genetic expression cassette by inspecting a cross-product

family of these genetic expression elements. Our approach aims to uncover the relationship between
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Table 5.4: ANOVA table for components and their interactions for k̂1�5.

Component Df Sum.Sq % Sum. Sq Mean.Sq % Mean Sq F value P value
k̂1 AFB 1 6.92E-04 0.1 6.92E-04 2.5 5.52E-02 8.15E-01

IAA 23 1.59E-01 17.1 6.90E-03 25.2 5.51E-01 9.39E-01
AFB:IAA 23 1.66E-01 17.9 7.22E-03 26.4 5.77E-01 9.23E-01
Residuals 48 6.01E-01 64.9 1.25E-02 45.8

k̂2 AFB 1 4.37E-07 0.0 4.37E-07 0.0 7.38E-06 9.98E-01
IAA 23 1.87E+00 33.7 8.12E-02 46.0 1.37E+00 1.76E-01
AFB:IAA 23 8.29E-01 15.0 3.60E-02 20.4 6.09E-01 9.01E-01
Residuals 48 2.84E+00 51.3 5.92E-02 33.6

k̂3 AFB 1 1.60E+01 2.1 1.60E+01 35.3 5.05E+00 2.93E-02
IAA 23 4.95E+02 64.2 2.15E+01 47.4 6.78E+00 1.33E-08
AFB:IAA 23 1.07E+02 13.9 4.67E+00 10.3 1.47E+00 1.28E-01
Residuals 48 1.52E+02 19.8 3.17E+00 7.0

k̂4 AFB 1 7.81E-06 11.0 7.81E-06 79.3 1.17E+01 1.31E-03
IAA 23 1.55E-05 21.7 6.73E-07 6.8 1.00E+00 4.78E-01
AFB:IAA 23 1.59E-05 22.3 6.91E-07 7.0 1.03E+00 4.50E-01
Residuals 48 3.22E-05 45.1 6.70E-07 6.8

k̂5 AFB 1 5.66E-02 24.0 5.66E-02 89.2 6.26E+01 3.00E-10
IAA 23 8.64E-02 36.6 3.76E-03 5.9 4.15E+00 1.59E-05
AFB:IAA 23 4.97E-02 21.1 2.16E-03 3.4 2.39E+00 5.47E-03
Residuals 48 4.34E-02 18.4 9.05E-04 1.4

system components (experimental variables) and model parameters, rather than experimental out-

come. Therefore, we explore whether using the ANOVA methods on this particular problem set up

is suitable for achieving our objective.

We used a short R code (Appendix B) to generate the ANOVA summary coefficients of the

IAA|AFB experimental data (shown in Table 5.4). For each parameter estimate (estimated assuming

no constraints over the parameters to ensure that the analysis is uncorrupted by a priori assumption),

we assume it is a linear combination of effects caused by AFB, IAA and the interaction between

AFB and IAA. The relative fractions of Sum of Squares and the Mean of Squares are indicative of

the significance of each component attributing to the variations in the estimated parameters. For k̂1

and k̂2, it is shown that residuals (replicate errors) are a significant source of variations. However, the

large variations between replicate estimates can be attributed to various factors such as measurement
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noise, estimation noise and parameter uncertainty. For k̂3, 35.3% and 47.4% of variations are

attributed to the difference arising from AFB and IAA, respectively. Given that there is a very small

difference in the initial expression levels between each pair of system variants having the same IAA

and different AFB, and because k̂3 is effectively a proxy for the initial expression level, this result is

surprising. For k̂4 and k̂5, majority of variations in the estimated values are attributed to AFB, and

very little is attributed to IAA, or the interaction between AFB and IAA. However, rough inspection

of the experimental data suggests that this may not be the case. Since this is a bastardization

of the ANOVA method to solve our problem of associating variations in parameter to variations

in system components, we conclude that due to the large uncertainty that arises in unconstrained

parameter estimation, it is inconclusive to determine whether the ANOVA analysis is appropriate

for uncovering dependent relationships between model parameters and system components7.

5.5 Summary

The quantitative analysis presented in this chapter was divided into two phases: in the first phase,

the structure of the model was optimized and in the second phase, parameter reduction options were

explored with the model from the first phase. Both phases of analysis were driven by the goal of

having a succinct, quantitative representation that captured the source of variation observed in the

degradation rates of IAA due to AFBs. The results discussed in Section 5.3 precede, and therefore

motivate, the formalization of the PCD method introduced in Chapter 3.

Section 5.2 asks the question “is the model good enough?”, as in whether the model is adequate

by comparing the error variances estimated by the model and those obtained experimentally. If the

model predicted error variance is deemed smaller than the experimental error variance, the model is

7In Appendix C, we further investigate the approaches presented in [85], by applying the PCD analysis to their system.
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determined to be adequate [86]. This approach is quantitative in the sense that the performance of

the model is assumed to be purely numerical. However, we observed cases where the prediction of

a model is categorically different from an experimental response. For example, a linear model was

used to fit an experimental dose response adequately, even when the system behavior is fundamen-

tally nonlinear. Because we had a fairly strong conviction about the synthetic auxin signal pathway

and its underlying mechanism, we rejected models that are fundamentally faulty.

Section 5.3 asks the question “among several rival models, which is the best one?”, and demon-

strates a form of model discrimination that requires modelers to weigh the different aspects of

models - performance, complexity and predictive power. As the alternative hypotheses discussed

in Section 5.3 explore the dependent relationships between the model parameters (k1 through k5)

and the interchangeable system components (IAA and AFB), it is noted that the search for a smaller

subset of parameters to represent each unique system variant leans on heuristics and our interpreta-

tion of the model. The synthetic auxin signal pathway system and its 2 ODEs model, compared to

the one in Chapter 4, result in a search space 24 times larger and the computational cost of applying

the same systematic search methods is prohibitively expensive. Therefore, taking advantage of the

a priori knowledge of the underlying mechanisms is preferred, which allowed us to verify and

discriminate multiple hypotheses comparing their performances to the benchmark performance of

the unconstrained hypothesis. Considering that we observed multiple M that perform equally well,

it was acceptable to choose the hypothesis that is the closest to its description with the known

mechanism.

Moving forward, it would be beneficial to systematically design experiments for gaining better

insights of the system that discriminate competing hypothesis (i.e. multiple M with equal cost).
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For example, identifying a metric over the the possible input signals that measures their ability to

distinguish previously equally performing M would help us determine whether some experiments

are worth doing [87, 88]. Additionally, it would be interesting to investigate whether a set of

competing M reveals fundamental characteristics of the identified model of the system. It is shown

that owing to the structure of a model itself and various experimental limitations, some model

parameters are indistinguishable [89]. This observation implies that for a pair of Ms that are only

different in the position of the same pairs of indistinguishable parameters in its non-zero entries will

yield an approximately same cost8 because variations caused by these indistinguishable parameters

would result in the same model-predicted outcome. By using the analytical methods discussed in

[89] to determine whether the auxin model (Eq 5.9) contains indistinguishable parameters9, and

examining groups of Ms that contain these parameters, we would be able to develop an alternative

methods by which to identify parameter indistinguishability framed by PCD matrices10.

8within some error due to estimation error
9From Figure 5.5, and experimental observations, one would suspect that it does

10Some analysis addressing this problem is discussed in Appendix C.
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Chapter 6

AUXIN SIGNAL PATHWAY II: ARF ACTIVATION SYSTEM

The material presented in this chapter has been published in [9]. The pathway presented in

this chapter is an extension of the pathway discussed in Chapter 5 synthesized by adding another

family of mechanistically homogeneous proteins called the Auxin Response Factors (ARFs) found

in Arabidopsis thaliana. We aimed to identify a model describing the new system with minimal

modification to the model of the previous system. Additionally, we verified the result from Chapter 5

by testing the various possible hypotheses regarding the parameter-component dependency arising

within the new system. The material has been edited with updated notations where possible and

marked with footnotes for commentaries.

6.1 Introduction

Evolution depends on the plasticity of existing signaling pathways. The small molecule auxin

is linked to signaling modules that allowed plants to move to land, develop new organs and respond

to the environment [90, 91]. Despite the wide range of auxin responses, the core auxin signal

transduction pathway is quite simple, involving a small number of components from perception

through transcription. Auxin triggers the rapid turnover of Aux/IAA (IAA) proteins, which repress

the activity of Auxin Response Factor (ARF) transcription factors through recruitment of TOPLESS

(TPL) co-repressors [92, 93]. Auxin receptors (AFBs) are F-box proteins, which act as part of an

E3 ubiquitin ligase to catalyze the ubiquitination and subsequent degradation of IAAs when auxin is
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present [79, 94]. ARFs bound to auxin-responsive cis-regulatory elements (AuxREs) are then free

to regulate the expression of auxin target genes, which include the IAAs themselves [95, 96, 97].

How such a simple pathway can orchestrate the large number of context-specific responses regu-

lated by auxin is a long-standing question. Notably, each component in the auxin signaling pathway

belongs to a large gene family ([2, 91, 98]. In Arabidopsis, there are 6 AFBs, 23 ARFs and 29 IAAs.

Functional divergence between component family members could provide variation in response to a

generic auxin signal [76]. Members of the ARF family can be classified as transcriptional activators

or repressors ([95, 96], and the role of repressor ARFs in regulating auxin signaling is still a matter

of debate [99]. In addition, expression studies of auxin signaling gene families support the idea of an

“auxin pre-pattern” where certain combinations of co-expressed components generate auxin circuits

with distinct auxin response capabilities [100, 101]. However, due to the high level of redundancy

and co-expression of auxin signaling component family members, feedback, and interference from

other signaling pathways [102], the contributions of individual components to auxin circuit behavior

have remained elusive.

Here, we ported several variations of the auxin transcriptional response pathway from Ara-

bidopsis thaliana to Saccharomyces cerevisiae. In so doing, we defined a minimal Auxin Response

Circuit (ARC) sufficient to recapitulate auxin-induced transcription in a heterologous context. As

no feedback was engineered into these ARCs, they captured the dynamic potential of the simplest

forward response architecture. The ARC consists of five plant components: an AFB, an IAA,

TPL, an activating ARF transcription factor, and an auxin-responsive plant promoter (Figure 6.1).

The implementation of ARCs in yeast (ARCSc) relied on successful interfacing of the ARC with

other essential elements of the yeast degradation and transcriptional machinery (Figure 6.1B). This
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modular, plug-in nature of the ARC, similar to what was observed with Auxin-Induced Degradation

[103], highlights the likelihood that the ARC could be implemented in a variety of other eukaryotic

contexts. The suite of ARC variants represented in the ARCSc collection presented an opportunity

to quantitatively investigate the dynamic capabilities of the auxin response in isolation.

6.2 Model Identification

The model mirrors the construction of the ARCsc (Figure 6.2): Just as an ARF and a promoter

were added to the previously engineered AFB|IAA system, an additional equation for GFP (repre-

sented by g) was added to the previously identified mathematical model of the AFB|IAA system [8]

to obtain the following.

ẋ = k1u� k2x

ẏ = k3 � k4y� k5xy

ġ = �k6g+
k7

1+ k8y
. (6.1)

The time-dependent variables u,x,y and g represent the concentrations of auxin input, a lumped

internal state (combining the intermediate reactions involving the binding of auxin to the AFB

receptor and related molecular machinery), the IAA levels, and the GFP reporter, respectively.

The parameters describe the synthesis of the internal state (k1), the degradation and dilution of

the internal state (k2), expression of IAA (k3), degradation and dilution of IAA (k4), auxin-induced

degradation of IAA (k5), degradation and dilution of GFP (k6), non-repressed expression of the

reporter (k7), and the repression on the reporter (k8). The first two equations in the model are

identical to the model of the AFB|IAA system reported previously in Chapter 5. The third equation
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Figure 6.1: Auxin-induced transcription in yeast. (A) Network diagram of the forward auxin
response pathway in yeast. An auxin input increases association of a member of the TIR1/AFB
family of F-box proteins (AFB) and an IAA protein fused to the first 100 amino acids of the TPL
co-repressor (TPL-IAA). Auxin-induced association of an AFB and a TPL-IAA leads to degradation
of the TPL-IAA, thereby freeing a transcriptional activator in the ARF family to induce expression
of an output gene driven by a promoter containing an Auxin Response Element (pARE). (B) The
five A. thaliana components needed to recapitulate auxin response in S. cerevisiae are shown in light
green. They were: an AFB F-box receptor, an IAA, a TPL co-repressor, an ARF transcription factor
and an auxin responsive promoter. The remaining cellular machinery (grey) was supplied by yeast.
Fluorescence from a GFP reporter was used as a quantitative output. (C) Synthetic auxin-reversible
repression required fusion of a specific TPL truncation to the IAA protein. Flow cytometry was
used to monitor the induction of a GFP reporter following auxin treatment in circuits containing
either IAA14 with no repression domain (NO RD), shown in grey, or two different C-terminal TPL
truncations fused to IAA14. Auxin was added at time zero. TPL-N300 (dark blue) includes the
first 300 amino acids of TPL and excludes the multiple C-terminal WD repeats. Fusion of TPL-
N300 to IAA proteins results in reporter repression that is largely auxin insensitive. TPL-N100
(light blue) includes only the first 100 amino acids of TPL. When fused to an IAA, TPL-N100
provides auxin-reversible repression. Two replicate induction curves are shown for each circuit. (D)
Auxin-induced IAA degradation and subsequent transcriptional activation could be simultaneously
monitored in dual-labeled yeast strains. YFP-TPL-IAA3 and a Cerulean reporter driven by the
auxin responsive IAA19 promoter (pIAA19-CFP) were monitored following auxin treatment using
time-lapse microscopy and a microfluidic chamber.
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Figure 6.2: The block diagram of the ARCsc and its model. (A) The subcomponent, AFB|IAA, was
characterized in Chapter 5. The ARF and GFP components are added to synthesize the full circuit
ARCsc presented in this chapter. The output of the first component, IAA, interacts with ARF and
affects the system output, GFP. (B) The model for the ARCsc is extended by adding a third equation
for the GFP dynamics. The block diagram illustrates the analogous composition of both the physical
system and the mathematical model identification presented.

captures the dynamics of GFP output – the basal degradation and dilution rate, and the IAA depen-

dent expression rate. Because IAAs bind with ARF and inhibit the activation of GFP expression,

the GFP expression rate is inversely proportional to the amount of IAA. The model is not intended

to be mechanistic. Nevertheless, even without additional terms modeling ARF dynamics (e.g. by

directly modeling the inhibitory effect of IAA on GFP expression), the model fits the wide range

of GFP induction responses (Figure 6.3). In fact, adding a species representing the concentration

of ARF would introduce uncertainty to the parameter estimation that cannot be resolved because of

the low number of observable outputs.

6.3 PCD Analysis

The main question we answer in our analysis of the model is: which of the parameters k1 through

k8 are tuned by the choice of ARF or IAA. We call the proteins that make up the circuit, and in

particular the ARF and IAA, components. As can be seen from the data, the auxin response clearly

depends on the choice of components. For those aspects of the dynamics that are independent of

the changing components, we expect that the model parameters associated with the components
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of different IAAs. Auxin was added at time zero in all graphs. ARF7 and ARF19 showed
qualitatively similar patterns of auxin response, while the identity of the IAA had a dramatic effect
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(IAA17deg) had no effect on ARF activity. In addition, auxin response was mediated by IAA
degradation, as a naturally occurring IAA lacking a degron (IAA20) rendered the circuit insensitive
to auxin treatment.
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remain constant across ARCsc variants. For example, k1 is a parameter associated with the choice

of AFB [8] and when estimating the parameters of ARCsc circuits, all with the same AFB variant,

the value for k1 is constant for all members of the set. However, k3 is associated with the choice

of IAA; therefore, when estimating the parameters of ARCsc circuits with different IAAs, we

expect the parameter values to be different for each variant. This dependency implies that every

dependent parameter becomes a variable unique to an ARCsc variant (made up of unique constituent

components), and the set of these unique variables add to the number of characteristic features we

use to compare ARCsc variants with one another. Since we seek a small set of quantitative features

for simpler comparison across ARCsc variants for parsimonious representation, we aim to keep the

number of dependencies small.

We use a matrix to represent the relationship between parameters (k1 through k8) and compo-

nents (the IAAs and ARFs). In particular, we define the m⇥n Boolean matrix M for m-parameters

and n-components. Note that n refers to the number of component types that compose the system,

and not the number of interchangeable variants for a given component type. Here m = 8 and n = 2.

The entry M(k, i) is 1 if the k-th parameter is dependent on the choice of the i-th component, and is

0, otherwise.

To validate our interpretation of the parameters k1 through k8, we estimate M using pooled

experimental data. Note that there exists 2m⇥n candidates for M and each candidate is a hypothesis

regarding the parameter-component dependency. Some hypothesis perform better than others with

respect to how well it fits the range of behavior across a suite of system variants. These candidates

tend to have more non-zero entries because each non-zero entry effectively allows another degree-

of-freedom for fitting the experimental data. At the same time, the candidates with more non-zero
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entries ultimately result in larger number of unique variables per system variant. Therefore, we

search for an M that results in low model-fit residual with small number of non-zero entries.

We implemented the model fitting and component matrix search in Mathematica (Appendix A).

Given that there are 216 possible candidate matrices for the 2-component ARCsc circuits and the

8-parameter model, directly examining all of the candidates is prohibitively expensive in compu-

tational cost (approximately 2 hours per matrix using the NMinimize function in Mathematica).

Instead, we selectively choose and evaluate candidate matrices using a direct evaluation and greedy

search algorithm (Figure 6.4). Though efficient, the greedy algorithm sometimes fails to con-

sider other candidate matrices that are nearly equivalent in model-fit residual to the lowest value.

Repeated searches from different initial conditions, however, gave the same results in this case.

Generally, the model-fit residual decreases with increasing number of non-zero entries. However,

because of various uncertainties in measurement/experimental noise and estimation errors, the resid-

ual eventually saturates at some low value and further addition of non-zero entries do not decrease

it further. We defined an arbitrary threshold at which point the iterative search for optimal M halts.

The optimal matrix M⇤ (Figure 6.4) suggests the following interpretations regarding the ARCsc

and the model parameter.

� The expression strength of IAA (k3) is one of the strongest determinants of the ARCsc re-

sponse dynamics as it was consistently chosen as the first non-zero entry in multiple iterations

of greedy search algorithm. Additionally, the parameter is dependent on the choice of IAA

alone, and is independent of the ARF.

� The basal expression of GFP (k7) is dependent on the choice of ARF, but independent of the

choice of IAA.
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Figure 6.4: The model-fit residual as a function of the number of non-zero entries in the PCD. The
figure shows an instance of greedy search algorithm. The model-fit residual decreases as the number
of non-zero entries in the PCD increases.

� Somewhat unexpectedly, the auxin-mediated IAA degradation (k5) is dependent on the choice

of both IAA and ARF. One hypothesis is that ARF and AFB compete for binding with

IAA and when IAA is bound to ARF, AFB cannot bind – inhibiting auxin-mediated IAA

degradation.

� The affinity of IAA to ARF (k8) is dependent on the choices of IAA and ARF, which is

consistent with the model interpretation.

The findings of parameter-component dependency identified here could have been obtained, to

some degree, through qualitative observation of ARCsc responses (e.g. The minimal dependency

of k3 on the choice of ARF could have been elicited from noticing that the initial state of ARCsc

remains constant when a different ARF is used). However, by using the approach discussed here, we

systematically investigated different hypotheses and determined that not all of the model parameters

need be varied to account for the range of dynamic responses in ARCsc. Additionally, we have
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identified a minimal set of quantities that identify the biological functions of ARCsc.

6.4 Sensitivity Analysis

We defined two performance metrics to capture some of the characteristics of the system: The

initial state and the activation time. These metrics enable quantitative comparisons among the

homologous yeast synthetic systems (and later on guide the rational engineering of new synthetic

gene networks using the yeast synthetic system analyzed here).

The pre-auxin steady state. The following analytical expression for the initial state with u = 0

is

g0 =
k7k4

k6 (k4 + k3k8)
. (6.2)

Experimentally, it was shown that the maximal GFP intensity is dependent on the choice of ARF.

Therefore, to fairly compare initial state of GFP among the yeast synthetic systems with different

ARFs, the values were normalized by k7/k6, which corresponds to the maximal GFP expression

rate when y is zero. Thus the normalized value represents the relative fraction of the initial states of

GFP with respect to the maximal GFP intensity possible for the given ARF. Note that the relative

rankings of IAAs in ARF 19 and ARF7 are conserved for this metric (Figure 6.5).

Sensitivity analysis reveals how the initial state changes with a change in the model parameters

(Figure 6.6D) – specifically k3,k5, and k8. Each parameter was varied one at a time from the

minimum and the maximum estimated values. The pre-auxin steady state depends on the synthesis

rate of IAA and the affinity of IAA to ARF. At the same time, because the pre-auxin steady state

is measured before auxin is added to the system, the quantity is independent of the auxin-induced
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Figure 6.6: Model selection and sensitivity analysis of the auxin response pathway. (A) Grey-box
model of the auxin response pathway. The auxin input is represented by the variable u and the GFP
output of the reporter is represented by the variable g. The variable x represents a lumped internal
state, which combines multiple reactions including the binding of auxin to the AFB receptor, and the
variable y represents IAA protein levels. The model has eight parameters (k1 to k8) that intuitively
correspond to the biological processes listed in Table 6.1. We focused on three parameters with
strong effect on ARC dynamics: IAA expression level (k3), rate of auxin-induced IAA degradation
(k5), and IAA-ARF affinity (k8). (B) A graphical representation of the two performance metrics
used for sensitivity analysis: the pre-auxin steady state g0 and the activation time DT (t90 � t10).
Sample data from one ARC is shown as blue dots with a sample model fit in red. (C, D) Sensitivity
analysis of pre-auxin steady state g0 (C) and activation time DT (D) to model parameter values of
k3, k5 and k8 for each IAA. Each parameter was varied across its entire range of estimated values
derived from our experimental dataset, while all other parameters were held constant. Each IAA is
plotted as a single point, and the red line indicates the sensitivity curve computed from the model.
The pre-auxin steady state g0 was accurately predicted by k3 (expression level) and to a lesser extent
by k8 (ARF affinity) with k5 having little effect. In contrast, activation time DT was predicted with
high accuracy by k5 (auxin-induced degradation) alone. Error bars represent one standard deviation
(n = 2).
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IAA degradation (k5). Therefore, the initial state does not vary predictably as k5 is changed, and the

sensitivity analysis is consistent with this observation. Additionally, the effects of varying k3 and k8

are qualitatively equivalent – when either of the value is decreased, the initial state increases, and

vice versa. This result is consistent with the interpretation of the model parameters. As k3 represents

the basal expression rate of IAA, increasing the value has an effect of increasing the concentration

of IAA (y) present in the system (as long as k4 and k5 are fixed). Thus, it has the the effect of

increasing the k8y term in Eq 6.1. Considering the same effect can be simulated via increasing k8, it

is not surprising that these values would exhibit roughly equivalent sensitivity trend on the output,

g.

The activation time, DT . We define the activation time as the difference in time between when

10% GFP expression intensity (t10) and 90% GFP expression (t90) are reached. We set the initial
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Table 6.1: Parameter Interpretations

Parameter Biological interpretation
k1 assembly of auxin primed AFB receptor
k2 basal degradation/dissociation of auxin primed AFB receptor
k3 IAA expression
k4 basal degradation & dilution of IAA
k5 auxin-induced degradation of IAA
k6 basal degradation & dilution of GFP
k7 GFP expression
k8 ARF affinity of IAA

state as the 0% and the final state (refers to the post-auxin steady-state GFP intensity) as 100%.

The ODEs are numerically solved to approximate the activation time, because there is no analytical

solution to the model. As in the sensitivity analysis of the pre-auxin steady state, each parameter was

varied between the range of the estimated parameter values from the data, while the other parameters

are held constant (Figure 6.6E). The most striking trend is that the activation time is predicted with

high accuracy by k5 alone and that k3 or k8 are poor predictors of the activation time. This suggests

that when engineering a synthetic gene network using the ARCsc circuit which requires faster/slower

activation rate, it is far more advantageous to select an IAA with a higher/lower k5 than one with a

different k3 or k8.

The sensitivity analysis also suggests that varying k3 and k8 have similar effect on the DT .

This observation enforces our suspicion that these parameters are indistinguishable when the output

measurement is limited to the variable g. However, the ambiguity can be resolved if the output

measurements are extended to the variable y, because it allows us to estimate k3 – the expression rate

of IAA – independently of the k8. To verify this prediction, we pooled two data sets - GFP induction
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data and YFP-IAA degradation data to simulate the ability to observe the IAA concentration as well

as the GFP intensity. Though the YFP-IAA degradation data is collected from variations of ARCsc

circuit that lack the plant promoter, it is a close approximation of the standard ARCsc circuit, and

allowed us to estimate the approximate range of k3 for ARCsc circuits. Though mathematically

indistinguishable in sensitivity, IAAs with different k3 and k8 values have differential effects on the

circuit performance. In particular, the scatter plot of k3 and k8 shows little correlation, suggesting

that the two parameters are controlled independently within the IAA sequence and have partially

independent roles in output dynamics (Figure 6.7). We hypothesize that k3 is determined by the

transcriptional and translational efficiency of the IAA in question, whereas k8 is determined by the

affinity of the IAA for its target ARF.

6.4.1 Competition of multiple IAAs

We next engineered ARCSc competition variants that co-expressed pairs of IAAs to test whether

the inherent properties of competing IAAs could create a hierarchical sequence of auxin responses.

For the model identification, instead of modifying the model structure and introducing new variables

and parameters to represent the secondary IAA, we reinterpret the standard model1. Specifically, the

variable y was interpreted as the effective IAA. This is because without engineering the multiple-

IAA ARCsc to measure either or both of the IAA dynamics, it is difficult to decouple the effects

of individual IAAs. Therefore, we assume that there exists a lumped species whose behavior is a

combination of behaviors of the two IAAs.

As discussed before, the characteristic features of an IAA in ARCsc are quantified by k3,k5

and k8. Similarly, we assume the characteristic features of the effective IAA species of a mixed-

1The estimated parameters for the IAA-competition yeast synthetic systems are shown in the Table 6.3.
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IAA ARCsc are quantified by the same parameters. We further hypothesize that k5 and k8 of the

mixed IAA circuit are linear combinations of the parametric values of each individual IAA with

the weighting coefficient parametrized by a and b , respectively. These parameters approximate the

relative competitiveness in AFB- and ARF-binding of one of the two IAA in a mixed ARCsc system.

This relationship is written as follows.

k5,mixed-IAA = ak5,IAA j1
+(1�a)k5,IAA j2

(6.3)

k8,mixed-IAA = bk8,IAA j1
+(1�b )k8,IAA j2

. (6.4)

It was shown that mixed-IAA response dynamics often mimic the response of one of the individual

IAA ARCsc circuit more closer than the other. To determine whether this trend is bolstered by

either a strong relative competitiveness of AFB- or ARF-binding of a given IAA, we simulated

the effect of varying a and b simultaneously. To examine the preferential response dynamics of a

mixed ARCsc system, we define a metric w , that quantifies how closely the mixed ARCsc mimics

the IAA j1 behavior, as follows.

w =

R
|g(q( j1, j2), t)�g(q j2 , t)|dt
R
|g(q j1 , t)�g(q j2 , t)|dt

, (6.5)

where g(q( j1, j2)) is the response dynamics of a mixed ARCsc that co-expresses IAA j1 and IAA j2 .

IAA j1 has near 0 dominance, when a and b are both zeros, and complete dominance when they are

both ones. It was shown that with a low b (e.g. b = 0, IAA j1 entirely loses the competition

over ARF-binding to IAA j2 ), IAA j1 can still dominate the response by having a high relative

competitiveness in AFB-binding, a . On the other hand, with a low a , IAA j1 cannot dominate
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even with maximum b value. It is not surprising that competitiveness is better captured by a , since

it corresponds to k5 which was shown to affect the auxin response much more than k8. Note that one

cannot conclude from this analysis that a faster or slower k5 predicts the preferential behavior in the

two competing IAA circuits. Rather, we simply use a to describe which of two IAAs dominate by

showing which effective k5 results from the competition.
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Table 6.2: Estimated parameter values of the 21 synthetic yeast system homologs and the replicates.

IAA ARF num. of rep k1 k2 k3 k4
1.1 7 4 1.382E-01 1.027E-01 1.539E+00 3.440E-03
3 7 4 1.382E-01 1.027E-01 1.492E+00 3.440E-03
5 7 4 1.382E-01 1.027E-01 1.063E-01 3.440E-03
8 7 4 1.382E-01 1.027E-01 1.280E-01 3.440E-03

12 7 3 1.382E-01 1.027E-01 1.562E+00 3.440E-03
14 7 4 1.382E-01 1.027E-01 9.678E-01 3.440E-03
17 7 3 1.382E-01 1.027E-01 9.741E-01 3.440E-03
19 7 4 1.382E-01 1.027E-01 1.955E+00 3.440E-03
20 7 4 1.382E-01 1.027E-01 9.367E-01 3.440E-03
28 7 3 1.382E-01 1.027E-01 3.809E-01 3.440E-03
1 19 2 1.382E-01 1.027E-01 3.885E-01 3.440E-03

1.1 19 2 1.382E-01 1.027E-01 2.862E+00 3.440E-03
3 19 2 1.382E-01 1.027E-01 1.577E+00 3.440E-03
5 19 2 1.382E-01 1.027E-01 9.136E-02 3.440E-03
8 19 2 1.382E-01 1.027E-01 9.948E-01 3.440E-03

12 19 2 1.382E-01 1.027E-01 2.192E+00 3.440E-03
14 19 5 1.382E-01 1.027E-01 7.994E-01 3.440E-03
17 19 2 1.382E-01 1.027E-01 1.631E+00 3.440E-03
19 19 2 1.382E-01 1.027E-01 1.794E+00 3.440E-03
20 19 2 1.382E-01 1.027E-01 1.413E+00 3.440E-03
28 19 2 1.382E-01 1.027E-01 8.286E-01 3.440E-03

IAA ARF num. of rep k5 k6 k7 k8
1.1 7 4 1.242E-02 6.890E-03 4.329E+01 4.391E-03
3 7 4 7.248E-02 6.890E-03 4.329E+01 6.288E-03
5 7 4 2.397E-02 6.890E-03 4.329E+01 6.724E-03
8 7 4 4.736E-02 6.890E-03 4.329E+01 7.869E-03

12 7 3 1.346E-02 6.890E-03 4.329E+01 6.542E-03
14 7 4 9.224E-02 6.890E-03 4.329E+01 6.509E-03
17 7 3 3.683E-02 6.890E-03 4.329E+01 4.406E-03
19 7 4 1.116E-02 6.890E-03 4.329E+01 4.307E-03
20 7 4 -8.677E-05 6.890E-03 4.329E+01 5.796E-03
28 7 3 3.248E-02 6.890E-03 4.329E+01 3.376E-03
1 19 2 1.130E-02 6.890E-03 6.228E+01 3.200E-03

1.1 19 2 9.072E-03 6.890E-03 6.228E+01 3.441E-03
3 19 2 3.650E-02 6.890E-03 6.228E+01 7.309E-03
5 19 2 4.457E-02 6.890E-03 6.228E+01 8.261E-03
8 19 2 4.664E-02 6.890E-03 6.228E+01 2.431E-03

12 19 2 1.129E-02 6.890E-03 6.228E+01 5.533E-03
14 19 5 5.248E-02 6.890E-03 6.228E+01 7.582E-03
17 19 2 2.988E-02 6.890E-03 6.228E+01 5.201E-03
19 19 2 1.410E-02 6.890E-03 6.228E+01 6.332E-03
20 19 2 0.000E+00 6.890E-03 6.228E+01 4.981E-03
28 19 2 1.045E-02 6.890E-03 6.228E+01 3.801E-03
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Table 6.3: Estimated parameter values of the competition synthetic yeast system homologs and the
replicates.

Primary Secondary num. of
IAA IAA rep k1 k2 k3 k4

3 3 4 1.38E-01 1.03E-01 5.07E+00 3.44E-03
3 12 4 1.38E-01 1.03E-01 7.51E+00 3.44E-03
3 14 4 1.38E-01 1.03E-01 5.28E+00 3.44E-03
3 28 4 1.38E-01 1.03E-01 6.32E+00 3.44E-03

12 12 2 1.38E-01 1.03E-01 6.39E+00 3.44E-03
12 14 4 1.38E-01 1.03E-01 6.33E+00 3.44E-03
12 28 5 1.38E-01 1.03E-01 5.64E+00 3.44E-03
14 14 2 1.38E-01 1.03E-01 4.72E+00 3.44E-03
14 28 4 1.38E-01 1.03E-01 3.74E+00 3.44E-03
28 28 2 1.38E-01 1.03E-01 4.23E+00 3.44E-03

Primary Secondary num. of
IAA IAA rep k5 k6 k7 k8

3 3 4 6.72E-03 6.89E-03 9.91E+01 4.31E-03
3 12 4 4.76E-03 6.89E-03 9.91E+01 3.45E-03
3 14 4 9.48E-03 6.89E-03 9.91E+01 3.60E-03
3 28 4 7.54E-03 6.89E-03 9.91E+01 3.39E-03

12 12 2 2.46E-03 6.89E-03 9.91E+01 3.28E-03
12 14 4 5.73E-03 6.89E-03 9.91E+01 3.17E-03
12 28 5 4.26E-03 6.89E-03 9.91E+01 2.80E-03
14 14 2 1.50E-02 6.89E-03 9.91E+01 3.10E-03
14 28 4 1.17E-02 6.89E-03 9.91E+01 3.45E-03
28 28 2 3.36E-03 6.89E-03 9.91E+01 3.98E-03
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6.5 Summary

In this chapter, we discussed the analysis of a synthetic ARC system recapitulated in yeast for

characterization that is often challenging in planta. Building upon the results from the previous

chapter, the quantitative analysis of ARCsc and its model follows the same approach – directed by

the need to have a succinct, quantitative representation that captures the source of variation observed

in the combinatorial library of auxin signal pathway components. The analysis resulted in a small

set of parameters that uniquely identified the biological functions of IAAs and ARFs.

Similar to the results of the previous chapter, we observed sets of Ms that exhibit approximately

equal costs. The overlapping performances of multiple M with increasing nnz(M) possibly provides

us with an alternative stopping criteria for our greedy search algorithm. It would be interesting to

investigate the efficacy and efficiency of stopping the greedy search if all (or majority of) successor

matrices have costs with standard deviation smaller than some threshold (a metric for determining

how close these values are). Though exploring the different options for stoping criteria is an

interesting exercise that may lead to discovering generally applicable solutions for efficient search of

the PCD space, it is prudent to keep in mind that most such stopping criteria are heuristic strategies

to determine at which point we refuse to increase the degrees of freedom in the parameter estimation

for the sake of easier model interpretability and to avoid having too many ‘unique’ identifiers for

each system variant. The resulting M must be scrutinized for its ability to aptly represent the

underlying mechanism of system in question through further analysis and experimental design.
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Chapter 7

CONCLUSION & DISCUSSION

Until recently, approaches to understanding complex biological systems have been limited to

top-down methodologies, where existing organisms are studied by way of decomposition. Synthetic

biology, on the other hand, complements these approaches through methodologies of bottom-up

construction. By designing relatively simple and analytically tractable gene regulatory networks

and studying their characteristics, the synthesis-focused principles of synthetic biology embodies

the words of Richard Feynman - “What I cannot create, I do not understand”. Thus, understanding

the design principles of nature is an essential primitive for engineering and modifying complex

behaviors in living systems to realize practical applications in renewable energy resources, clinical

and pharmaceutical research, and bioremediation, to name a few. However, the progress of the field

is challenged by the lack of systematic understanding of biology, including clear identification of

constituent components and their corresponding biological functions. In this thesis, we aimed to

address this problem and develop an analytical framework to quantitatively identify the relevant

biological functions of system components to elevate their utility as engineerable parts.

In Chapter 3, we presented the PCD matrix that provides the framework for systematically

identifying the dependent relationships of model parameters to system components, and showed

that the interpretation of these relationships are used to identify and quantify the functions of

biological components. Given a combinatorial library of system variants composed of one or more

components and a general mathematical model of the system, we introduced how to formulate a
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complete set of PCD candidates. There are multiple hypotheses regarding dependency relationships

of model parameters to system components, and using the PCD framework to generate a set of

parameter constraints for each hypothesis, we presented a metric for measuring the ability of each

hypothesis to describe the systematic variations observed in the experimental dataset. Finally, we

presented the representation of the complete set of PCD candidates as a partially ordered set. This

representation allowed us to highlight the order-preserving characteristic of the cost function J over

PCD candidates leading to heuristic approaches that improve the systematic search for the optimal

PCD.

In Chapter 4, we used a hypothetical synthetic biology system called the Leader Election system

to demonstrate the application of the PCD framework, and presented two systematic approaches to

identify the optimal PCD – exhaustive search and a greedy search method. We demonstrated that

for a sufficiently small system (made up of few components) and its model (with few parameters),

the computational cost of screening performances of all candidate M is cheap and that a single

or a set of optimal PCDs is identified by using an arbitrary threshold on the number of key system

functionalities to be identified. However, as a PCD search space tends to increase exponentially with

the numbers of constituent components and model parameters, we proposed an alternative approach

using a greedy algorithm. The efficiency of searching for the optimal PCD can be improved using

the greedy algorithm by introducing a threshold on the number of desired key functionalities to

be identified. Because the greedy approach is a series of local optimizations, it is possible for

the algorithm to get stuck in local optima. The existence of such a scenario was supported by a

diagrammatic representation of the PCD search space as a complete lattice. It showed that though

the feature of the cost function as an order-preserving map, it does not guarantee a global optimum



101

in a greedy search. Investigating whether the behavior of the greedy algorithm getting stuck in local

optima can be predicted by some specific and identifiable features of the system and/or model of

interest may help practitioners apply an alternative method for identifying the optimal PCD. For such

a scenario, we proposed two alternative methods to address this problem, a forward-and-backward

propagation approach and a greedy search coupled with random searches. A compare-and-contrast

discussion of analytical results of the PCD and the SGL methods was presented using the LE system,

as well as the limitations of applying the SGL to help identify the biological functions of genetic

components as discussed in the scope of the thesis. Finally, we discussed that systematic searches

for the optimal PCD is useful in analyzing combinatorial libraries of systems where little is known

about the internal mechanism. Assuming some high level dynamics of the system is captured by its

model, the interpretation of model parameters and dependency relationships revealed through the

PCD framework may give practitioners better insights about the system, such as which components

contribute more strongly to variations of system behavior.

In Chapter 5, we introduced a synthetic signal pathway built inside of yeast using the plant

hormone, auxin. Taking advantage of the fact that each component of the auxin pathway naturally

belongs to a family of interchangeable proteins, a combinatorial library consisting of 48 unique

system variants was synthesized. In this chapter, the application of the PCD framework demon-

strated its ability to systematically discriminate and verify hypotheses about the inner mechanism

of systems, which is subtly different from its application in Ch. 4. The analytical results revealed

a small number of features of the IAA family that define their biological functions: the expression

level and the auxin-mediated degradation rate. This demonstrated the utility of the PCD framework

specifically for systems biology – by identifying quantities that allow practitioners to reason and
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hypothesize about the naturally occurring system, thereby studying the ‘what is’ aspect of biology.

Furthermore, because the PCD framework is a platform for formally representing each hypothesis

regarding the relationships between a combinatorial library system and its corresponding model,

it brought formality to hypotheses invalidation process as well as enabling clear dialogues among

practitioners of differing backgrounds.

Additionally, a series of simulation studies of IAA raised the question of whether independently

tuning the key characteristics of IAA is possible. Inspired by this question, a synthetic variation of

an IAA with only its expression level increased, while leaving the degradation rates consistent (both

basal and auxin-mediated) was built and tested. The experimental data verified that independent

tuning was indeed possible. This raised further questions regarding which region of the coding

sequence of IAA is responsible for the different characteristics (e.g. expression level, degradation

rates, AFB-binding rates) and whether they can be modified to create synthetic variations that

exactly match the specifications of new circuits. Moving forward, it would be interesting to build

and analyze a combinatorial library of IAAs that are cross-product combinations of the four internal

IAA domains. This would require identification of lower-level models of the IAA domains with

modified parameters that differentiate its key functions. Applying the PCD framework to this

experimental setup will probe the relationship between the compositional details of IAA and its

functions, answering the plant-biology inspired questions such as the evolutionary paths taken by

the IAA proteins, and provide synthetic biologists a set of fine-grained tuning strategies.

In Chapter 6, we applied the PCD framework to an extension of the synthetic auxin pathway

from Chapter 5. The iterative construction approach proved to be an interesting exercise in how

the analytical PCD result from one system translates to its extension system. A similar objective
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of verifying hypotheses about the relationship between model parameters and system components

was addressed. The analysis quantitatively identified a subset of parameters that are representative

of biological functions of ARF and IAA families. The results suggested that some of the previously

identified characteristics of IAAs suffer from retroactivity, or context-dependent behavior, common

in synthetic biology. Though the low dimensionality of the experimental data limited the scope of

analysis, it raised questions regarding whether new experiments can be designed from the results of

PCD analysis to definitively distinguish some of the competing hypotheses.

We believe that the PCD framework has practical applications in both systems and synthetic

biology. In systems biology, where practitioners probe existing systems with the focus on un-

derstanding the underlying mechanisms, distributing the functions of biological components into

multiple parameters help appropriate the sources of variations in system behaviors. On the other

hand, the dependency relationships reduce the cost of engineering and tuning systems by identifying

the optimal strategies for which system variations to construct and test.



104

Appendix A

MATHEMATICA PACKAGE DETAILS

A.1 Summary

A custom MathematicaTM package for the PCD analysis is available on

https://github.com/shellyjang. The package requires three objects - model f , data D and cost

function J - formatted in the following way.

Model. The model function, f, accepts two arguments - an expanded parameter set (p) and

an index of the system variant (tup). p is a multi-dimensional array with an indexing ordered

by k, j1, · · · , jn, where k denotes the index of the elementary parameter vector, js denote the

variant index of each component, and tup is a single list of form ([ j1, · · · , jn]). For example,

to fetch the value k(2,3,1)2 , we query p[[2, {2,3,1}]]. To simulate the behavior of the system

variant C(2,3,1) given p, we write f[p, {2, 3, 1}]. Within the function definition, each k-th

parameter should be specified as Fold[Part,p,Flatten[k, tup]]. The model can handle

any arbitrary function as long as the type of the output from the model matches the type of the data.

Data. The data array, data, is a multi-dimensional array with a flattened indexing order of

1 through ’i hi. The order of entry follows the standard combinations rule and follows the order

generated via Tuples[Table[Range[h[[ii]]],ii,n]]. The number of measurements

per entry (corresponding to a single system variant) must be equal to the number of output given by

the model f.

Cost Function. Users can define any arbitrary metric for the model error (e.g. 2-norm, •-norm).

https://github.com/shellyjang
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It takes the experimental data and the model predicted data, each specified by the same tup.

A.2 Functions

� parameter: The function outputs the elementary parameter vector of size m.

� totalParameter: The function outputs the expanded parameter vector of size m for a

system with n components, each component with hi variants. The vector of his is the last

input µ . The output of the function is a multi-dimensional array with indices in the order of

k, j1, · · · , jn.

� constraints: The function outputs the parameter constraints (H(M)) over the expanded

parameter vector generated from the input µ .

� initGuess: The function outputs the initial guess within a specified range formatted for the

NMinimize function used in fitInit. The range by default is set to 50% and 150% of the

nominal value. However, for inherited estimation, we suggest that these ranges are specified

with much smaller margins to ensure that the NMinimize does not choose an initial point

far enough from the inherited estimate parameters.

� res: The function outputs the user-defined cost between the data and the model prediction.

� fitInit: The function outputs the J(Q⇤,M) and Q⇤ with input arguments M, the sub-

selection of the dataset (user may choose to use all or some of the dataset to speed up the

estimation) and the initial guess for the parameters. Optionally, the user can specify the

maxIteration value, along with other optional optimization arguments such as accuracy and

precision goals for the NMinimize.
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� TolSearch: The function executes the greedy search algorithm and terminates when the

relative decrease in the cost from the predecessor to the successor is less than some user-

specified threshold.

A.3 Sample Code

The following code shows how the greedy search algorithm is implemented using the LE

system dataset from Chapter 4. Lines 1-10 specify the model; line 12 specifies the dimension

of the PCD; line 13 species the components indices for selecting subset of the dataset; lines

14-15 specify the expanded parameter set Q; lines 16 and 17 specify the tolerance of the greedy

algorithm and the maximum number of iterations allowed for the NMinimize; and line 19

runs the TolSearch algorithm and saves the intermediate results as a Mathematica readable file

(/private/tmp/11.mx). The experimental data is assumed to be preloaded.

1 f [p , tup ] := (model[p] =

2 First [y / .

3 NDSolve[{w’[t] == �Fold[Part, p, Flatten [{1, tup}]] w[t ] �

4 Fold[Part, p, Flatten [{2, tup}]] w[t ] x[ t ],

5 x ’[ t ] == Fold[Part, p, Flatten [{1, tup}]] w[t ],

6 y ’[ t ] == Fold[Part, p, Flatten [{2, tup}]] w[t ] x[ t ],

7 w[0] == 1,

8 x[0] == 0,

9 y[0] == 0}, {w, x, y}, {t , 10}]]) / ;

10 VectorQ[Flatten[p ], NumberQ];

11

12 {m, n} = {2, 3};
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13 sel = {{1, 4}, {1, 4}, {1, 4}};

14 pInit = {0.342, 1.459};

15 pInit = Table[#, {m}, {n}]&/@pInit;

16 tol = 0.1;

17 mI = 250;

18

19 TolSearch[parameter[m], m, n, sel, pInit , ” / private /tmp/11.mx”, tol , mI]
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Appendix B

R CODE

B.1 SGL analysis for LE

The following code shows the SGL implementation on the LE experimental data and model

(Section 4.4). Lines 4-6 specify the matrix indicating group indices of each system variant that a

parameter estimate corresponds to. Lines 8-9 specify the parameters obtained under unconstrained

optimization from the experimental data (i.e. using M2mm�1). Line 12 loads the SGL library [104]

and line 13 and 15 structure the matrix specified in lines 4-6 and a parameter estimate vectors, k1

and k2 respectively, into a format appropriate for SGL library. Lines 14 and 16 fit a regularized

generalized linear model via penalized maximum likelihood.

./code/LE SGL v1.R

1 ## LE system

2 ## Parameter level group lasso

3 ## Using the free-for-all fitted parameters, determine whether there are

significant groupings

4 X <� cbind( rep(c(1,0), each=4), rep(c(0,1), each=4),

5 rep(rep(c(1,0) ,each=2),2), rep(rep(c(0,1) ,each=2),2),

6 rep(c(1,0) , 4), rep(c(0,1) , 4) )

7 ## free-for-all estimates

8 k1 <� c(0.1500, 0.1497, 0.1440, 0.1523, 0.755067, 0.7671, 0.756938, 0.744231)

9 k2 <� c(1.27848, 3.453, 0.901603, 2.340, 1.27688, 3.454, 0.9030, 2.337)

10
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11 ## SPARSE GROUP LASSO

12 library (SGL)

13 datak1 <� list(x=X, y=k1)

14 fitSGLk1 <� SGL(data=datak1, index=rep(1:3, each=2), type=”linear”)

15 datak2 <� list(x=X, y=k2)

16 fitSGLk2 <� SGL(data=datak2, index=rep(1:3, each=2), type=”linear”)

17 fitSGLk1$beta[,seq(from=1,to=20,by=3)]

18 fitSGLk2$beta[,seq(from=1,to=20,by=3)]

B.2 ANOVA analysis for Auxin Signal Pathway I

The following code shows the ANOVA implementation on the Auxin signal pathway experi-

mental data and model (Section 5.4). Lines 2-6 import and structure the parameters obtained under

unconstrained optimization from the experimental data (i.e. using M2mm�1). Lines 9-10 and 12

specify the model parameter to be analyzed, and line 11 fits an ANOVA model.

./code/Auxin ANOVA.R

1 ## parametric ANOVA for AFB-IAA free-for-all fitting

2 library (xlsx)

3 thetaHat = read.xlsx( ’ ˜ / .dropbox�alt/Dropbox/auxsynbio/Quantitative Analysis/FinalValues/Compiled List of

Parameter Estimates.xlsx’, 3)

4 thetaHat = thetaHat[1:96,]

5 thetaHat$IAA = rep(c(letters [1:24]) , 4)

6 thetaHat$Replicate = rep(c(rep(toupper( letters [1]) , 24),rep(toupper( letters [2]) , 24)) ,2)

7

8 ## ANOVA (kk = 1, 2, 3, 4, 5)

9 kk = 1
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10 colnames(thetaHat)[3+kk] = ’k’

11 aov.k = aov(k ˜ Fbox ⇤ IAA, data=thetaHat)

12 colnames(thetaHat)[3+kk] = paste(’k’, toString (kk),sep=’’)
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Appendix C

BICISTRONIC DESIGN

C.1 Introduction

The bicistronic design (BCD) [10] is an engineered translational coupling architecture that

addresses the lack of reliability in conventional components used in synthetic biology. By encoding

short leader peptides followed by a downstream Gene of Interest (GOI), the engineered sequence

demonstrates a context independent behavior. Furthermore, the mathematical analysis defines the

‘quality’ of a genetic element, quantifying ‘the extent to which the activity of a part varies across

changes in context’. This is done by interpreting the results of standard ANOVA using R specific

to the objective of the research. The authors discuss the design and analysis of BCD along with

monocistronic designs (MCD), which serves as a control architecture. Pairwise combinations of

different BCDs (or MCDs) and GOIs are constructed and the resulting steady-state GFP fluorescence

levels are measured. This experiment design readily lends itself as a suitable dataset to test the

PCM analysis method, because the general system architecture its conserved while swapping out

mechanistically homogeneous system components. There exist two interchangeable components in

the system, the BCD (or MCD) and the GOI.

To draw a comparison between the PCD analysis method and the ANOVA framework discussed

in [10], we conducted two comparative analyses. First, to demonstrate the PCD analysis using the

BCD/MCD system, we formulate the system, the data set and the model following the conventions

introduced in Chapter 3. Second, to demonstrate the ANOVA framework and compare the
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interpretation with the PCD analysis in another system, we apply it to the Auxin Response Circuit

(ARCSc) introduced in Chapter 6.

C.2 PCD formulation

Components. There are n = 2 interchangeable components that make the BCD/MCD system -

the translation elements (i.e., MCD and BCD) and the GOI. These are denoted by C1 and C2,

respectively, with h1 = 22 and h2 = 8.

System. The system is denoted by a pair, (C(i)
1 ,C( j)

2 , where i = 1, · · · ,h1 and j = 1, · · · ,h2, and there

are 176 unique combinations of C1 and C2.

Data. For each S( j1, j2), there is a corresponding measurement of the output signal - GFP

fluorescence, D( j1, j2).

Model. In the article, the relationship between the GFP fluorescence and the varying components

(the BCD/MCD elements and the GOI) is defined as follows.

log(Fluorescence j1 j2) = f (q)

= a +Uj1 +GOIj2 +U : GOIj1 j2

This approach is commonly employed in statistical analyses and is a simple linear black-box model.

Though easier to manipulate analytically, the ability to infer the underlying mechanism of the system

from the model is limited because it assumes linear relationships among the individual components.

Parameters. The model has m= 4 parameters that each has an explicit relationship with BCD/MCD

and GOI:
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a independent of the choices of the BCD/MCD and the GOI

Uj1 dependent on the choice of the BCD/MCD

GOIj2 dependent on the choice of the GOI

U : GOIj1 j2 dependent on the choices of BCD/MCD and GOI

The elementary model parameter is denoted by q = [k1,k2,k3,k4]1, where we opted to replace the

authors’ nomenclature to be consistent with that of the previous chapters. The expanded parameter

set for all of the system variants is denoted by

Q = {q (1,1),q (1,2), · · · ,q (h1,h2)}

M. The S and Q result in a set of M of dimension 4⇥ 2, with 28 = 512 possible candidates. From

the implicit relationship discussed in the previous section, the following M is considered.

M39 =

0

BBBBBBBBBB@

0 0

1 0

0 1

1 1

1

CCCCCCCCCCA

However, before we proceed with the analysis of M39, we build our case by inspecting several other

M, such as M0 and M255.

M0. All entries in M0 are 0, and the matrix is one of the two extreme cases. The matrix represents

the hypothesis that the parameters of the proposed model are insensitive to the changing components

of the system. Thus, the model is hypothetically unable to capture the variations of the system and

1a = k1,Ui = k2,GOIj = k3,U : GOIi j = k4
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that the best the model can do is to represent the overall average behavior. The set of optimization

constraints, H(M0), is

[

k=1,2,3,4
{k(1,1)k = k(1,2)k = · · ·= k(h1,h2)

k }

Following the constraints, we can assume that there is only one representative parameter vector,

q (1,1), and the rest of the parameter vectors in the set Q are equal to q (1,1). Thus, the optimization

problem is formulated as

Q⇤ = argmin
Q

J(Q)

= argmin
Q

 
h1

Â
j1

h2

Â
j2

⇣
f (q (1,1))�D( j1, j2)

⌘2
!1/2

Solving the least-squares equation results in the optimal q (1,1) that satisfies the following relation-

ship,

f (q (1,1)) = k(1,1)1 + k(1,1)2 + k(1,1)3 + k(1,1)4

= µD

=
1

h1h2

h1

Â
i

h2

Â
j

D(i, j),

where µD is the average experimental data over D. From the linear model definition, it is shown that

there exists an infinite number of solutions for q (1,1) and the cost of the optimal parameter vector is,

J(Q,M0) =
q

h1h2s2
D,
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where s2
D is the variance of D.

M255. All entries in M255 are 1, and is the other extreme member in the set of candidate M. This

matrix represents the hypothesis that all parameter vectors are unique to their corresponding system

variants. Said differently, it hypothesizes that all four members of the parameter vector capture some

quantitative features of each system variant. The set of optimization constraints is an empty set.

H(M255) = f .

Following the convention, the optimal parameter set is obtained by solving the following,

Q⇤ = argmin
Q

J(Q)

= argmin
Q

h1

Â
j1

h2

Â
j2

⇣
f (q ( j1, j2))�D( j1, j2)

⌘2

Similar to the optimization problem using M0, which has the strictest constraints on the variables

and were underdetermined with an infinite number of solutions, M255 yields a result where there is

an infinite number of solutions. But, since the four parameters in individual q (i, j) can be chosen

arbitrarily to satisfy

f (q ( j1, j2)) = k( j1, j2)
1 + k( j1, j2)

2 + k( j1, j2)
3 + k( j1, j2)

4

= D( j1, j2),

the cost is 0.

Decomposition of M39. We would like to decompose M39 from earlier and discuss how each
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M can be interpreted and be used for invalidating the model. The decomposition results in the

following three M.

M32 =

0

BBBBBBBBBB@

0 0

1 0

0 0

0 0

1

CCCCCCCCCCA

, M4 =

0

BBBBBBBBBB@

0 0

0 0

0 1

0 0

1

CCCCCCCCCCA

, M3 =

0

BBBBBBBBBB@

0 0

0 0

0 0

1 1

1

CCCCCCCCCCA

- M32: The matrix represents the hypothesis that k2 is dependent on the choice of BCD/MCD, and

that the rest of the parameters are independent from the changing components. This results the

following H(M32),

 h1[

j1

{k( j1,1)
2 = k( j1,2)

2 = · · ·= k( j1,h2)
2 }

!
[
 

[

k=1,3,4
{k(1,1)k = k(1,2)k = · · ·= k(h1,h2)

k }
!

Following the constraints, we define a new set of h1 parameter variables as follows to reduce the

number of k2 parameters to be estimated from h1h2 to h1,

k( j1,i2)
2 = k( j1,�)

2 , 8i2 = 1, · · · ,h2.

Furthermore, there each of the parameters, k( j1, j2)
1 ,k( j1, j2)

3 and k( j1, j2)
4 , is reduced to a single value
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k1,k3 and k4, respectively. The cost function for M32 then becomes,

J(Q,M32) =
h1

Â
j1

h2

Â
j2

⇣
f (q ( j1, j2))�D( j1, j2)

⌘2

=
h1

Â
j1

h2

Â
j2

 
4

Â
k

k( j1, j2)
k �D( j1, j2)

!2

=
h1

Â
j1

h2

Â
j2

⇣
k( j1, j2)

1 + k( j1, j2)
2 + k( j1, j2)

3 + k( j1, j2)
4 �D( j1, j2)

⌘2

=
h1

Â
j1

h2

Â
j2

⇣
k1 + k( j1,�)

2 + k3 + k4 �D( j1, j2)
⌘2

To simplify the problem further, we assume that k1 + k3 + k4 = e , where e > 0 is a small positive

number. This results in the following solution for the k( j1,�)
2 .

k( j1,�)
2 =

1
h2

h2

Â
j2

D( j1, j2)� e

= µD( j1 ,�) � e,

where µD( j1 ,�) is the average value of the experimental data of the set {D( j1, j2) | 8 j2 = 1, · · · ,h2}.

The cost of the optimal parameter vector is approximately,

J(Q,M32) ⇡
h1

Â
j1

h2s2
D( j1 ,�) ,

where s2
D( j1 ,�) is the variance of experimental data set {D( j1, j2) | 8 j2 = 1, · · · ,h2}.

- M4: The matrix represents the hypothesis that k3 is dependent on the choice of GOI, and that

the rest of the parameters are independent from the changing components. This results the following
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H(M4),

 h2[

j2

{k(1, j2)3 = k(2, j2)3 = · · ·= k(h1,2)
2 }

!
[
 

[

k=1,2,4
{k(1,1)k = k(1,2)k = · · ·= k(h1,h2)

k }
!

Following the constraints, we define a new set of h2 parameter variables as follows to reduce the

number of k3 parameters to be estimated from h1h2 to h2,

k(i1, j2)3 = k(�, j2)
3 , 8i1 = 1, · · · ,h1.

Furthermore, there each of the parameters, k( j1, j2)
1 ,k( j1, j2)

2 and k( j1, j2)
4 , is reduced to a single value

k1,k2 and k4, respectively. Using the same procedure as for M32, the optimization problem results in

the following solution for the k( j1,�)
2 .

k(�, j2)
3 =

1
h2

h1

Â
j1

D( j1, j2)� e

= µD(�, j2) � e,

where µD(�, j2) is the average value of the experimental data of the set {D( j1, j2) | 8 j1 = 1, · · · ,h1}.

The cost of the optimal parameter vector is approximately,

J(Q,M4) ⇡
h2

Â
j2

h1s2
D(�, j2) ,

where s2
D(�, j2)

is the variance of experimental data set {D( j1, j2) | 8 j1 = 1, · · · ,h1}.

Comparing the performances of M32 and M4, we make the following observation. Because

s2
D( j1 ,�) and s2

D(�, j2)
correspond to the sum of variances in the experimental data set with respect
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to BCD/MCD and GOI, respectively, if the variance in the experimental data across BCD/MCD is

larger than the variance in the experimental data across GOI, M32 will perform worse than M4, and

the reverse is also true. Applying this observation to the result of [10], we can make the following

claim that M32 of the BCD data set will perform better than M32 of the MCD data set, because

BCD is less sensitive to the chaining GOI than MCD. This is indeed true - when the J(Q,M32) is

normalized by J(Q,M0), BCD shows increased reduction in the performance than MCD.

- M3: The matrix represents the hypothesis that the k4 is dependent on the choices of both

BCD/MCD and GOI, and the rest of the parameters are independent from the composition of the

system. The resulting H(M3) is,

[

k=1,2,3
{k(1,1)k = k(1,2)k = · · ·= k(h1,h2)

k }

As before, we reduce the parameters k( j1, j2)
1 ,k( j1, j2)

2 and k( j1, j2)
3 to a single value k1,k2 and k3,

respectively. The cost function for M3 then becomes,

J(Q,M3) =

 
h1

Â
j1

h2

Â
j2

⇣
k1 + k2 + k3 + k( j1, j2)

4 �D( j1, j2)
⌘2
!1/2

As this is an underdetermined problem, we arbitrarily choose k1,k2,k3 to satisfy k1 + k2 + k3 = e ,

and the optimal k( j1, j2)
4 are chosen to equal D( j1, j2)� e , respectively. And the performance is,

J(Q,M3) = h1h2e2

⇡ 0
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Because we can choose e to be arbitrarily small, J(Q,M3) can also be arbitrarily small.

C.3 Equivalence Classes

Because BCD/MCD has a linear model, the above analysis for M32,M4 and M3 applies to a

subset of M. For instance, the analysis of M32 is equivalent for M128,M8 and M2, all of which has

the common characteristic that the nnz = 1 and the single 1-entry is found in the first column. Thus,

these M belong to an equivalency class, where it is defined as,

E1 = {M | J(Q,M) =
h1

Â
j1

h2s2
D( j1 ,�)}

= {M128,M32,M8,M2}

Interestingly, there are other members of E1 and they satisfy the following:

� all entries in the second column are 0

� there is at least one non-zero entry in the first column

There exits other equivalency classes in the search space of M. For instance,

E2 = {M | J(Q,M) =
h2

Â
j2

h1s2
D(�, j2)}

E2 is consisted of M that are opposite of members of E1 with respect to which column of the matrix

are all 0. Therefore, each matrix in E2, all entries in the first column are 0 and there is at least one

non-zero entry in the second column.

Identifying the mapping between indistinguishable parameters and set building rules for

equivalence classes of M may serve as an interesting foundation for experimental design project
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discussed in Chapter 7. Here, a brief and incomplete theorem regarding equivalence classes in M is

introduced.

Theorem C.3.1 Two PCDs M0 and M00 are said to belong to an equivalence class E, if all elements

in (M0 [M00)\ (M0 \M00) can be paired up to ((k 0, i0),(k 00i00)) where

1. i0 = i00,

2. k 0 and k 00 are a pair of indistinguishable parameters.

It would be of interest to expand and verify this theorem by applying it to the case studies appearing

in [89].
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