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Elastic waves and vibrations play central roles in numerous engineering fields and technolo-

gies such as impact mitigation, vibration isolation, ultrasonic imaging, and even electronic

filtering components. Enhanced control over such dynamics has the potential to enhance ex-

isting applications or create entirely new technologies, with one avenue of such control being

waveform manipulation using dispersion and nonlinearity. An attractive approach that has

seen significant advancement recently is the field of phononic crystals and acoustic metama-

terials, which use structure to tailor existing, and enable new, effective material properties.

One such structure is the granular crystal, defined as ordered arrays of discrete elastic parti-

cles in contact, which supports dispersion tailoring in addition to nonlinearity resulting from

the contact mechanics between the particles. This interplay between dispersion and nonlin-

earity has produced a large amount of research recently, however, it has mostly been limited

to macroscale systems with millimeter to centimeter-sized spheres. Such macroscale systems

have limited applicability to many engineering solutions with size and weight constraints.

Using microscale spheres to create architectured material with enhanced functionality is

a promising idea, however, the dynamic behavior can not be assumed to be identical to



macroscale systems because different physics are expected to become important at small

scales, the most consequential being adhesive forces. This work experimentally investigates

whether three-dimensional microgranular crystals support nonlinear dynamics analogous to

their macroscale counterparts, which is currently an open question. Key elements known to

allow wave tailoring in macroscale systems are studied individually before building up to di-

rect analysis of nonlinear dynamics in three-dimensional microgranular crystals. First, a two-

dimensional microgranular crystal monolayer adhered to a substrate is utilized to investigate,

within linear dynamical regimes, interparticle vibrational modes and horizontal-rotational

degrees of freedom, both known to affect propagation in three-dimensional systems. Using

this experimental design, horizontal-rotational interparticle modes were observed, and de-

scribed by a recently developed unified theory, for the first time in a microgranular crystal,

with the key takeaway being that adhesive forces enhance the role of rotations and form

interparticle networks that drastically alter the mode frequency. Next, the contact mechan-

ics of a microsphere monolayer was studied with three different methods of estimating the

adhesive force and compared by assuming an elastic contact mechanics model. This unique

comparison found the measurements varied widely, suggesting adhesion-induced plasticity

may play a major role for polymer microspheres. Subsequently, the behavior of a disordered

three-dimensional assembly of microspheres was explored by controlling static and dynamic

loading amplitudes, which directly reveal the nonlinear nature of the contact and the weakly

nonlinear dynamics that result from it. It was discovered that the nonlinear behavior was

drastically different from macroscale counterparts initially, however, the behavior was ap-

proximately similar after mechanical conditioning. Lastly, strongly nonlinear dynamics of

an ordered three-dimensional microscale granular crystal was investigated in a preliminary

study by characterizing the dependence of sound speed on acoustic wave amplitude and found

to behave approximately similar to macroscale systems, though additional data is needed

for a rigorous analysis. This finding bodes well for translating the promise of macroscale



granular crystals to the microscale. The work contained in this thesis lays out a path to

exploring even more complex microgranular crystal dynamics.
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Chapter 1

INTRODUCTION

1.1 Motivation

From sound waves traveling through air as a family sings happy birthday, to atomic lat-

tice vibrations transporting heat in a computer’s microprocessor, mechanical waves are ever

present whether we notice them or not. In some cases, mechanical waves, and the energy

they carry, are something that needs to be minimized. Sound isolation in homes, vehicles,

and industrial processes aims to either reflect incoming acoustic waves or convert the energy

into heat [1]. Concrete walls in an apartment complex have such a large impedance mis-

match with air that they reflect most acoustic energy. Many mufflers are designed to act

as acoustic resonators which force sound waves to reflect internally multiple times, during

which acoustic energy is partially converted to heat before exiting the tailpipe [2]. Isolation

of elastic waves traveling through solid material is similarly important for operation of recip-

rocating machinery, where selection of the material used to mount or secure the reciprocating

components can minimize harmful vibrations [3–5]. Impact mitigation, which is simply the

management of high amplitude transient elastic waves, is an age-old application still pursued

with great interest today [6], from protective gear for soldiers [7] or athletes [8,9] to vehicular

safety [10–12] and even spacecraft shielding from micrometeoroids [13].

In other cases, mechanical waves are necessary and leveraged as tools to perform various

goals, such as acoustic imaging and sensing technologies. Medical ultrasound is an essential

technique for imaging the human body using acoustic waves reflecting off different types of
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tissue to produce spatial information in a sonogram [14, 15]. This same approach is used to

image solid materials in a technique called Non-Destructive Testing (NDT) that can detect

flaws and cracks in structural components such as beams and welds [16, 17]. When small

wavelength acoustic pulses are used to image tissue biopsies and cells or flaws within mi-

crochips, the technique is called acoustic microscopy [18,19]. Not only does acoustic imaging

allow visualization of spatial informational, but mechanical properties can also be extracted

in some schemes [20]. At the other end of the spectrum, with much longer wavelengths,

Sonar is used for locating the position of large objects, typically underwater [21].

Mechanical waves can also be used to impart energy into objects remotely to perform various

tasks. When used in medicine, this is called therapeutic ultrasound which has seen growing

number of applications [22–24], most of which rely on focusing the acoustic waves to a

point. One of the more common uses, called extracorporeal shockwave therapy [25], is for

noninvasive pulverizing of kidney or gallstones such that fragments can be passed out of

the body naturally. Another application is for localized heating of tissue within the body,

called high intensity focused ultrasound [26], which can be used to ablate tumors. Various

other medical uses have been proposed, such as sonodynamic therapy which uses ultrasound

to locally activate drugs [23]. Applying force to small objects through acoustic waves has

seen an explosion of research in a technique called acoustic tweezers, in which microscopic

mechanical measurements can be obtained or continuous cell sorting by size and weight

can be achieved [27]. At extremely high amplitudes, solid objects can be joined through a

process called ultrasonic welding [28], which causes localized heating and melting at material

interfaces, typically for polymers and low melting temperature metals.

In terms of impact on our everyday lives, the most widespread application of acoustic waves in

elastic materials are surface acoustic wave (SAW) and bulk acoustic wave (BAW) filters [29],

which are used for radio frequency signal conditioning in mobile devices. These filters convert

electronic signals into acoustic waves through electrodes on piezoelectric materials then back

to electronic signals. By designing the electrode geometry in a specific way, only a narrow
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frequency band is efficiently excited and detected, allowing for passive filtering at a cost

and form factor that continues to dominate the mobile device industry today [30]. Whether

the goal is minimizing of transmission or utilization as a tool, mechanical waves are vital

in a wide array of research and applications. From the perspective of engineering, control

over mechanical waves has the potential to enhance existing applications or, with sufficient

ingenuity and scientific breakthroughs, create entirely new technologies.

1.2 Mechanical Waves and Dispersion

When exploring how mechanical waves can be manipulated, consider the famous tag line

from Ridley Scott’s classic sci-fi film Alien: “In space no one can hear you scream”. This

provides a succinct, albeit unnerving, recognition that all mechanical disturbances such as

acoustic waves require matter to support propagation, which in the vacuum of space, there

is little-to-none. Since matter is a requirement, and all matter has mechanical properties,

manipulation of acoustic waves can be achieved through material property tailoring, with

one avenue being sound speed and dispersion.

In the context of acoustics, dispersion is a non-constant sound speed, or strictly speaking

a phase velocity cp, that depends on wavelength λ. The equation for phase velocity is

generalized to account for this dependence cp(λ) = f(λ)λ, where f(λ) is the wavelength-

dependent frequency. An equivalent representation that’s typically preferred in acoustic

analysis is cp(k) = ω(k)/k, where k is the wavenumber defined as k = 2π/λ and ω(k) is

the wavenumber-dependent angular frequency. In simple terms, a sound speed that changes

with acoustic wavelength causes a broadband pulse made up of many wavelengths to spread

out in space and time, i.e., it “disperses” as it propagates.

To better understand dispersive properties, it’s instructive to first review non-dispersive

waves, where the sound speed is a constant, independent of frequency or wavelength [31].

The one-dimensional longitudinal wave equation, assuming no amplitude dependence or dis-

sipation, is given by Eq. 1.1, where u is particle displacement. The relationship between
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sound speed, frequency, and wavenumber can be graphically understood through a disper-

sion relation, which plots frequency as a function of wavenumber ω = ω(k). Since cp is

constant for a nondispersive medium, the dispersion relation is simply a straight line, where

the phase velocity at any wavenumber is the slope of a line connecting ω(k) and the origin,

shown in Fig. 1.1(a).

∂2u

∂t2
= cp

2∂
2u

∂x2
(1.1)

Figure 1.1: (a) Dispersion relation ω = ω(k) for a non-dispersive wave with constant cp. (b)

Propagation of a forward traveling broadband pulse in a non-dispersive medium, displayed by

plotting velocity V vs. time at three locations. The blue, red, and yellow curves correspond

to the pulse at positions x1, x2, and x3 such that x1 < x2 < x3. All amplitudes are normalized

by the maximum velocity V0 at x1.

A solution to this equation is given by Eq. 1.2 representing a forward traveling harmonic

wave with complex amplitude A. We have assumed that cp is a constant, such that all

harmonic waves will travel at the same speed irrespective of wavenumber. Now recognize

that a waveform of arbitrary shape, such as a broadband pulse, is simply the sum of infinite
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harmonic waves of different amplitudes A = A(ω) found via Fourier decomposition [32].

Therefore, all Fourier components of an arbitrary waveform will travel together with velocity

cp, resulting in a non-dispersive wave that does not change shape as it propagates. This is

demonstrated by propagation of a broadband pulse in Fig. 1.1(b). In this scenario, the only

tunable parameter available is the frequency-independent sound speed, and it is not possible

to alter the waveform shape using material properties.

u = Aei(kx−ωt) = Aeik(x−cpt) (1.2)

On the other hand, the central element of a dispersive wave is a non-constant sound speed

that depends on wavenumber and the dispersion relation is no longer a straight line. In

this case, certain wavenumbers travel at different speeds such that a broadband waveform

changes shape as it propagates, opening the prospect of waveform manipulation. Before

demonstrating an example of a dispersive wave, consider how a wavenumber-dependent phase

velocity can be achieved in physical systems. A one-dimensional longitudinal plane wave in

an elastic material has a phase velocity cp = (E/ρ)1/2, where E is the elastic modulus and ρ is

the mass density [32]. Moduli in some engineering materials can change with frequency, but

in elastic materials this dependency is typically very weak and usually is well approximated

as constant. Viscoelastic materials have frequency-dependent dynamic moduli, representing

a transition from viscous to elastic behavior [33], but this a dissipative phenomenon and

results in the conversion of kinetic energy to heat, which may not be desirable depending on

the application. When restricted to intrinsic material properties, the design space is limited,

and tailoring of acoustic waves in elastic materials is constrained.

One alternative to using intrinsic material properties for dispersion is to introduce material

structure. A simple example of structure-induced dispersion involves longitudinal waves

traveling along a one-dimensional monoatomic lattice of point masses M , connected by

springs of linear stiffness K, and equilibrium spacing a as shown in Fig. 1.2(a). In this

system, the dispersion relation is described by Eq. 1.3 and plotted in Fig. 1.2(b), where
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there are three important regimes. In the long wavelength regime, when ka ≪ π, we find

a mostly straight line, indicating propagation is approximately non-dispersive. In the short

wavelength regime, when ka approaches π, the dispersion relation begins to flatten, meaning

shorter wavelengths will have slower phase velocities, up till ka = π. This point is called the

cutoff frequency ωc = 2
√

K/M because frequencies above it are not allowed to propagate

and instead decay exponentially in space. These decaying waves, termed ’evanescent’, are

explained by inspecting Eq. 1.3 and recognizing that k becomes imaginary for ω > ωc, which

produces an exponential decay when inserted into the wave equation.

KM

a

Figure 1.2: (a) Schematic of a one-dimensional monoatomic lattice of masses M connected

by springs K with equilibrium spacing a. (b) Dispersion relation of the monoatomic lattice

with wavenumber normalized by spacing a and displaying approximate long- and short-

wavelength regimes, phase velocity cp at an arbitrary point, and cutoff frequency ωc. (c)

Propagation of a forward traveling broadband pulse in a monoatomic lattice. The blue, red,

and yellow curves correspond to the pulse at x1, x2, and x3 such that x1 < x2 < x3. All

amplitudes are normalized by the maximum velocity V0 at x1.
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ω = 2

√
K

M
sin(

ka

2
) (1.3)

An example of propagation in the short wavelength regime, but below the cutoff frequency,

is shown in Fig.1.2(c), where a broadband pulse of many different wavenumbers stretches

out according to its spectral content, with shorter wavelengths traveling slower than long

wavelengths. The stark difference between Figs. 1.1(b) and 1.2(c) demonstrate that by

altering the material structure, in this case by introducing discrete masses in a lattice instead

of continuous material, waveform manipulation is possible.

1.3 Phononic Crystals and Metamaterials

Recently, significant advancements have been made in tailoring effective properties of materi-

als called phononic crystals and metamaterials [34–36] which use structures with dimensions

near or below the acoustic wavelengths to achieve unusual or uncommon behavior, such as

bandgaps [37, 38], locally tunable properties [39], negative modulus [40–42], negative effec-

tive mass density [42, 43], and negative refractive index [44, 45]. The properties are thought

of as effective because the collective, rather than individual, behavior of these structures

is considered which simplifies the analysis by treating the repeating structures as a contin-

uum [36, 46–51]. Although the intrinsic material properties remain the same, the effective

material properties and behavior can be altered at will by designing the structure, thus

providing the opportunity to break from the constraints of intrinsic properties and tailor

behavior such as dispersion.

With phononic crystals, the key theme influencing dispersion is a periodic structure, hence

the term “crystal” included in the name [34–36, 48]. The previously described monoatomic

lattice is a simple theoretical example of a phononic crystal, with the structure, consisting

of the spacing ‘a’ between discrete masses, having significant influence over the dispersion.

A physical example of a phononic crystal is a compressed chain of steel spheres in contact

shown in Fig. 1.3(a), where elastic deformation is localized near the contacts between spheres,
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acting as linear springs at small displacements, and the spheres mostly move like rigid bodies,

analogous to the monoatomic lattice [52]. Other physical examples of phononic crystals

include alternating cells with different intrinsic material properties, such as steel pillars

surrounded by air [53] or tungsten carbide spheres surrounded by water [54] for two- and

three-dimensional systems, respectively, shown in Fig. 1.3(b,c). When a unit cell contains

alternating regions of two materials, the dispersion relations are similar to that of a diatomic

lattice, where the unit cell contains two different masses M1 and M2 connected in series

by two different spring constants K1 and K2. The dispersion relation is different from a

monoatomic lattice but is not relevant to this thesis and will not be discussed further.

Figure 1.3: Schematics of physical phononic crystals. (a) One-dimensional phononic crystal

made of steel spheres in contact, similar to Ref. [52]. (b) Two-dimensional phononic crystal

made of pillars surrounded by air and mounted on a substrate (shown in blue), similar to

Ref. [53]. In additional to behaving as a phononic crystal for waves traveling through air,

in which the pillars are approximately rigid, it can also behave as a metamaterial for waves

traveling through the substrate, in which the pillars’ resonant bending modes are excited,

as in Ref. [55]. (c) Three-dimensional phononic crystal made of tungsten carbide spheres

surrounded by water, ordered in a hexagonally-close-pack arrangement, similar to Ref. [54].

Metamaterials, unlike phononic crystals, do not fundamentally rely on periodicity to ma-
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nipulate dispersion, though in practice, many examples retain periodicity to ease analysis,

simplify fabrication, or to combine the effects of both classes of materials. The key theme

influencing dispersion in metamaterials is the inclusion of resonators that interact only with

the local material deformation, termed ‘locally resonant elements’ [34, 48, 56–58].

A simple example that builds off the monoatomic lattice is to put a smaller sphere inside a

hollow sphere, which makes up the chain, as shown in Fig. 1.4(a). Here the smaller spheres

of mass M2 are attached by springs of linear stiffness K2 to a single hollow sphere and only

interact with the local movement of the chain, thus acting as a locally resonant element.

The dispersion relation of this metamaterial, shown in Eq. 1.4 [43] and Fig. 1.4(b), exhibits

the splitting of the standard monoatomic lattice’s dispersion relation into two branches, a

result of the resonance of the internal mass. In the lower branch, the phase velocity slows

as it approaches the local resonance frequency w0 =
√

K2/M2 and does not cross it, ending

at the lower cutoff frequency ωc,l. This trait is called an avoided crossing in the context of

dispersion relations [59]. The upper branch begins at an onset frequency ωons above the local

resonance, thus creating a frequency ‘bandgap’ in which waves decay exponentially in space

and are not allowed to propagate. The upper branch ends at the upper cutoff frequency

ωc,u similar to the standard monoatomic chain acting strictly as a phononic crystal, which

is a result of the periodic structure of the masses, i.e., the underlying factor controlling the

ωc,u is the wavelength reaching the spacing λ = 2a (ka = π) of the masses M1. It should

be noted the upper cutoff frequency differs quantitatively from the monoatomic lattice by

the inclusion of the internal mass, but the basic concept of this being a phononic crystal

effect remains the same. For the exact relationships between lattice parameters and onset

and cutoff frequencies, see Refs. [43, 56].

M1M2ω
4 − [(M1 +M2)K2 + 2M2K1(1− cos(ka))]ω2 + 2K1K2(1− cos(ka)) = 0 (1.4)

An interesting trait of locally resonant metamaterials is that wavelengths considerably greater
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(b)

Figure 1.4: (a) Schematic of a metamaterial lattice, with the main chain composed of springs

K1 and masses M1 with locally resonant inclusions composed of springs K2 and masses M2.

(b) Dispersion relation of the metamterial lattice, with wavenumber k normalized by lattice

spacing a and frequency ω normalized by the inclusions’ resonant frequency ω0 =
√
K2/M2.

The lower cutoff, onset, and upper cutoff frequencies are labeled as ωc,l, ωons, and ωc,u

respectively. For the plot shown, M2/M1 = 1 and K2/K1 = 0.5

than the lattice spacing can be manipulated simply by tuning the local resonance, thus freeing

the phononic crystal constraint of needing wavelengths to approach the structure’s periodic

spacing in order to induce dispersion. In fact, replacing the discrete main chain of masses M1

with continuous material such as a bar would still yield a metamaterial with dispersion in-

duced by the attached local resonators. Various schemes of material structure have been used

to fabricate metamaterials of different scale. Liu et al. studied bulk waves traveling through
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an epoxy matrix with embedded silicone-coated centimeter-sized metal spheres acting as

resonant [41]. Interaction of surface waves with a metamaterial was studied by Achaoui et

al., where the structure consisted of microscale pillars, which have various resonant bending

modes, attached to a substrate [55]. Whether the root of dispersion being periodicity, as

with phononic crystals, or local resonance, as with metamaterials, manipulation of acoustic

waves using material structure has proven to be a compelling strategy as evidenced by the

significant research over the last several decades [36].

1.4 Mechanical Waves and Nonlinearity

Thus far, a linear relationship between stress and strain has been assumed, such that the

behavior does not depend on wave amplitude. Removing this restriction allows for additional

parameters to take advantage of. A systems dynamic response can change drastically when

nonlinear elasticity is introduced, resulting in qualitatively different waveforms and further

control over wave propagation. As a general concept across different disciplines, nonlinear-

ity has enabled some of the most meaningful advancements in history. For instance, the

electronic transistors and diodes required for modern day computing are nonlinear devices.

In the context of mechanical waves, nonlinear systems have been applied to areas such as

ultrasonic imaging [60], vibration control [61], and impact mitigation [62].

Continuing to build the upon the one-dimensional monoatomic lattice as an example, non-

linearity can be introduced by allowing springs with stiffness K = K(u) that depends on the

displacement. For the purposes of this work, a stiffness that increases with displacement,

i.e., a ‘stiffening nonlinearity’, will be considered because this is the behavior of the physical

systems examined in the following sections. The dynamics that result from this small change

are highly complex, but in simple terms, one effect is that the sound speed and shape of the

waveform can depend on wave amplitude. The nonlinear effect on sound speed can be under-

stood as the system becoming stiffer with increasing amplitude. Waveforms, by definition,

have displacements that vary in space, which when coupled with an amplitude dependent
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sound speed, can fundamentally alter their shape as they propagate. For example, the peak

of a compression pulse traveling in a medium with a stiffening nonlinearity will travel faster

than the rest of the waveform because of the greater stiffness at high amplitudes, resulting

in the pulse becoming steeper at the leading edge [63]. The opposite is true in the case of a

softening nonlinearity, such that the trailing edge of the pulse becomes steeper [64].

An interesting phenomenon can occur when nonlinearity interacts with dispersion of broad-

band pulses, wherein the pulse steepening is balanced out by dispersion to create a stable

waveform that does not change shape but travels at a speed that increases with excitation

amplitude [65, 66]. Such a wave is termed a soliton and has been the topic of significant re-

search in acoustic metamterials and phononic crystals over the past 30 years [52,56,67–71]. If

the linear springs of the monoatomic lattice are replaced with nonlinearly stiffening springs,

soliton formation can occur, as shown in Fig. 1.5, and a similar concept of the interplay be-

tween nonlinearity and dispersion is applicable in localized, temporally-periodic waves called

breathers [69, 72].

Even when excitation amplitude is small, such that the nonlinear springs can be approx-

imated as linear and nonlinear dynamics are neglected, tuning of the sound speed can be

achieved by statically compressing the material through which waves travel. In this case,

the acoustic waves can be thought of as small perturbations on the force-displacement curve

about an equilibrium displacement induced by static compression, such that a linear spring

constant can be approximated by the slope of the tangent line, as shown in Fig. 1.6. Static

compression changes the equilibrium displacement, thus altering the linearized spring con-

stant and sound speed in a monoatamic lattice as cp = a
√

Klin(ueq)/M , where Klin(ueq)

is the linearized spring stiffness at the equilibrium compressive displacement ueq and a is

the lattice spacing. Acoustic waves can be approximated as linear in these systems if the

dynamic displacement of the spring is much smaller than the equilibrium displacement. Re-

gardless if wave amplitude meets the criteria of linear approximation or not, nonlinearity

of the system has great potential to be exploited, either statically or dynamically, as an
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Figure 1.5: (a) Propagation of a forward traveling broadband pulse in a monoatomic lattice

with linear springs. (b) The same input pulse as (a) but traveling through a monoatomic

lattice with nonlinearly stiffening springs K(u) ∼ u1/2. In both panels the blue, red, and

yellow curves correspond to the pulse at x1, x2, and x3 such that x1 < x2 < x3 and all

velocities are normalized by the maximum velocity V0 at x1.

important parameter for wave manipulation.

1.5 Geometric Nonlinearity

Now that the utility of nonlinearity has been established, consider the physical realization

of such behavior. The root of nonlinear acoustic waves in solids is amplitude dependent

moduli, i.e., a nonlinear relationship between stress and strain, or more macroscopically,

between force and displacement. Materials can have intrinsic nonlinear moduli stemming

from multiple sources, such as alignment of polymer molecules in elastomers [73, 74] or

the transition from elastic to plastic deformation in ductile solids, but tailoring of intrinsic

properties is still limited to what materials can be synthesized. However, just as leveraging
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Figure 1.6: Force vs displacement of a nonlinearly stiffening spring defined by F = u3/2.

Dashed red lines indicate the slopes, i.e., the linearized stiffness, at two equilibrium displace-

ments ueq,1 and ueq,2.

designed structure holds promise to achieve a high degree of dispersion tailoring, controlling

nonlinearity from an effective material property standpoint is an attractive strategy. This

approach is called geometric nonlinearity to distinguish it from intrinsic material nonlinearity.

One structure that can produce geometric nonlinearity is a simple case from the broader field

of contact mechanics, in which two elastic bodies with curved surfaces are in contact with

each other, e.g., two elastic spheres being compressed together as shown in Fig 1.7. This

classic problem was solved by Heinrich Hertz by assuming a parabolic stress profile between

the bodies [75], and if two spheres are considered, the solution relating the force compressing

the spheres F and the displacement relative to the undeformed positions δ is given by Eq.

1.5, in which the effective elastic modulus Eeff = [(1 − ν1
2)/E1 + (1 − ν2

2)/E2]
−1, ν is

Poisson’s ratio, the effective contact radius Reff = [1/R1 + 1/R2]
−1 (equal to R/2 for two

spheres or R for a sphere and a planar surface), and subscripts correspond to each body.
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The key element of this solution is that there is a 3/2 power relation between force and

displacement. Stiffness of the contact is defined as the derivative K = dF/dδ, which when

applied in this case, produces a nonlinearly increasing stiffness proportional to K(δ) ∼ δ1/2

or equivalently K(F ) ∼ F 1/3.

Figure 1.7: Two elastic spheres being compressed by force F with relative displacement δ,

also known as static overlap or interpenetration depth.

F =
4

3
EeffReff

1/2δ3/2 (1.5)

When many individual elastic bodies are in contact, they collectively are termed ‘granular

media’, alluding to the discrete nature of these systems. Granular media is a wide field that

includes disordered and irregular particles, but to simplify analysis for wave propagation,

systems of macroscale uniform particles on the order of millimeters to centimeters are often

studied in one- or two-dimensional ordered arrays. This sub-field, called macroscale granular

crystals, has received significant attention since the 1980s [52, 56, 69, 76] due to supporting

highly complex nonlinear dynamics such as solitons and breathers. Consider the previously
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mentioned one-dimensional chain of spheres in Fig 1.3(a). This system has all the elements

of a nonlinear phononic crystal: Hertzian contact mechanics providing nonlinear springs

(assuming sufficient excitation amplitude), spheres acting as masses, and the uniform size

and ordered arrangement enforcing periodicity of the system. Higher dimensional systems,

such as ordered two- and three-dimensional packings of uniform spheres, retain these key

elements as well. Granular media can also act as a metamaterial with local resonance when

the grains are in contact with other elastic bodies, such as a single layer of spheres compressed

against an elastic substrate by an attractive force [77]. Each sphere acts as a mass attached

to the surface with a spring, therefore fulfilling the criteria of local resonance which can

interact with surface waves traveling through the substrate similar to the pillars in Fig.

1.3(b), although the nature of the contacts allows additional nonlinear tailoring. Whether

approaching these systems as phononic crystals, metamaterials, nonlinear mediums, or a

combination of all three, the structure of granular media has the potential to manipulate

waves by a variety of approaches.

Numerous creative applications of macroscale granular crystals have been demonstrated as

the field has matured in recent years. Acoustic lenses have direct application for ultrasonic

imaging and therapeutic procedures, and by taking advantage of the Hertzian geometric

nonlinearity in an array of granular crystal chains, Spadoni et al. created a lens with a

tunable focus by controlling the velocity of pulses within each chain individually via variable

precompression, such that the spatial phase delay causes constructive interference at a focal

point within the medium in contact with the lens [78].

Rectifiers, which allow energy transmission in only one direction, are one of the most essen-

tial electronic components used today, and typically composed of semiconductor junctions.

Extending such control of energy into the acoustic and mechanical realms could have ap-

plications in energy harvesting and vibration control. An acoustic rectifier scheme using

granular crystals was demonstrated by Boechler et al. that relied on inserting a small mass

defect into the chain and driving the system above the cutoff frequency. Depending on the
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defect location and driving amplitude, nonlinearly generated modes appear at frequencies

below the cutoff frequency and can propagate across the rectifier [79].

Impact mitigation and vibration control is another area where the unique dynamics of granu-

lar crystals hold great promise [56]. By utilizing a three-dimensional granular crystal network

of branched chains, Leonard et al. made significant performance improvements compared

to the continuous, homogenous materials typically used in these applications [62]. In addi-

tion to the branched network distributing the impact load in space, the combined dispersive

and nonlinear dynamics introduced by the granular geometry distribute the impact load in

time, providing additional performance for minimizing the peak load amplitude. Another

work by Leonard et al. manipulated wave front shape and direction of energy propagation

in a two-dimensional array of spheres with cylindrical intruders placed in the interstitial

spaces between spheres. By choosing either steel or polymer spheres and intruders, dramatic

differences in wave fronts were seen [80].

While significant insight has been gained using macroscale granular crystals with particles

diameters on the order of centimeters, and creative applications using these systems have

been proposed, translation of these advancements to widespread use from an engineering

standpoint has not be achieved. A major issue is that engineering applications usually have

space and weight constraints. When granular crystals are composed of collections of particles

with centimeter-scale diameters, often made of steel, one can imagine the how the potential

applications become rather limited.

1.6 Microscale Granular Crystals

Returning to the idea of thinking of a material as having effective properties influenced

by structure, consider taking these macroscale granular crystals, with their demonstrated

potential for mechanical wave and vibration manipulation, and shrink them down to the

microscale. Besides the obvious savings in weight and space, reducing the characteristic par-

ticle size also allows for access to higher frequencies and smaller wavelengths with potential
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applications in acoustic microscopy, surface acoustic wave (SAW) and bulk acoustic wave

(BAW) devices commonly used as electronic filters, and at extremely small scales, potentially

even heat management via phonon manipulation [81].

While there are important advantages of reducing the particle size, there may also be drastic

differences in behavior because different physics dominate microscale systems and can’t be

neglected. In the context of microscale granular crystals, the most important change to

consider is adhesion, which is an attractive surface force primarily caused by Van der Waals

intermolecular forces. Due to this attractive force acting on surfaces, a simple scaling analysis

reveals how important adhesion is for microscale particles. For spherical particles, surface

area A scales with particle radius r as A ∼ r2, while gravitational forces, proportional to

particle mass, scale with volume as V ∼ r3. A rough approximation for relative magnitude

of these forces is the surface area to volume ratio, which scales as r−1 and becomes very large

for microparticles. This explains why a centimeter sized spheres do not cling to each other,

but individual microparticles readily adhere and agglomerate into large clusters.

Incorporation of adhesive forces into the contact mechanics of microparticles has several

different approaches, with the typically used models based off of the Hertzian elastic solution

being the Derjaguin-Muller-Toporov (DMT) [82], Johnson-Kendall-Roberts (JKR) [83], and

Maugis-Dugdale (MD) models [84]. The DMT model is applicable for small and hard spheres,

where the attractive forces act only outside the contact area while JKR is best suited to large

and compliant spheres, where attractive forces act within the contact area. The MD model

represents a transition between DMT and JKR based off the Tabor parameter [85]. Since

the DMT model builds upon the Hertzian elastic contact, the force-displacement relation of

F ∼ δ3/2 holds, but due to adhesion, there is a constant attractive force of FDMT = 2πwReff ,

where w is the work of adhesion between the two materials in contact and Reff is the effective

contact radius defined in the same manner as for Eq. 1.5. To demonstrate the importance of

adhesion with calculations from Chapter 3, a 1 µm diameter polystyrene sphere located on

an alumina surface has a predicted adhesive force of FDMT = 0.36 µN, while the gravitational
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force on this sphere is seven orders of magnitude smaller at Fgrav = 5.5 fN.

The more obvious effect of these adhesive forces is that a constant precompressive load can

drastically affect the dynamics of systems with Hertzian nonlinearities, as was shown in

the previous section. The adhesive forces stiffen the system relative to the uncompressed

macroscale analogues by inducing an equilibrium interparticle displacement, therefore cre-

ating a higher excitation amplitude threshold beyond which nonlinear dynamics appear. In

the context of adhesion between particles and a substrate, the adhesion-induced deformation

of the contact allows the spheres act as mass-spring resonators attached to the surface, effec-

tively turning it into a metamaterial for surface waves [77]. These can be considered linear

oscillators when excitation amplitude is small compared to the equilibrium deformation, or

nonlinear oscillators when excitation amplitude is of similar magnitude or greater.

Less obvious effects of this adhesive precompression include supporting interparticle shear

forces, opening the door for rotational dynamics, which have been studied in detail in

macroscale granular crystals only within the past decade [86]. Adhesive forces can also

be large enough such that plastic deformation occurs, even in typically brittle materials

such as silica [87, 88], which causes deviations from the Hertzian power-law nonlinearity.

Another important factor when working at the microscale is the spatial organization and

load distribution of particles, which is known to be extremely important for determining

wave propagation characteristics [62, 89–92]. The dominance of adhesion over gravitational

forces is both a challenge for fabricating uniform samples, since particles tend to stick to

the first surface they contact, but also an opportunity: i) to form stable structures that

would otherwise require supports, or ii) to take advantage of low-cost fabrication techniques.

Self-assembly is a bottom-up fabrication method centered around controlling environmen-

tal conditions such that particles suspended in liquid will naturally organize into desired

arrays [93]. This approach is orders of magnitude less expensive than standard cleanroom

top-down fabrication methods, in addition to being better suited for scalability to fabricate

large amounts of material. Among various factors such as convective flow and evaporation,
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surface forces such as adhesion are essential to self-assembly. All research performed for this

thesis was conducted with self-assembled structures, with the various techniques that were

used detailed within each chapter. Considering that such fundamental differences exist be-

tween micro- and macroscale granular crystals, exploration of these systems at small scales

has increased in the past decade yet many questions remain open, particularly regarding

nonlinear dynamics.

Various research has been conducted on three-dimensional packings of microparticles but

has largely been limited to low excitation amplitude in the linear regime where probing the

nonlinear nature of the contacts was not the focus. The dispersion relation of a microscale

phononic crystal made of nanospheres was experimentally determined by Cheng et al., how-

ever the sphere assembly was infiltrated with fluids that supported acoustic waves, such that

interparticle contacts did not dominate the dynamic behavior [94]. Mattareli et al. studied

nanosphere assemblies without infiltrating fluids and modified the interparticle stiffness by

changing the contact geometry through thermal annealing [95]. Eigen vibrations of a disor-

dered film of silica nanoparticles was investigated to extract effective interparticle stiffnesses

by Ayouch et al., who were able to change the sound speed by converting interparticle sur-

face forces from Van der Waals bonds to hydrogen and covalent bonds [96]. In a related

study by Lisiecki et at., an ordered assembly of nanoparticles coated with dodecanoic acid

chains acting as interparticle springs were found to have a significant temperature dependent

stiffness, reversibly changing by a factor of over 3.5 when temperature was cooled from 435K

to 110K [97]. The effect of excitation amplitude on the dynamic response of microsphere

assemblies in the presence of liquid has been studied by Buttinoni et. al. [98] and Brum et.

al. [99], however, the presence of liquid, and the introduction of large viscous forces, signifi-

cantly alters acoustic wave propagation compared to the dry state. The liquid environment

also modifies attractive interparticle forces through the reduction of van der Waals forces

and formation of a repulsive electrostatic double layer [100].

Studies with disordered assemblies of spherical particles ranging from tens of microns to
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several millimeters in diameter have been investigated by changing static and/or dynamic

loading amplitudes and found results consistent with the Hertzian contact model [101–105],

although deviations have been observed where sound speed is more sensitive to static loads,

typically at low confining pressures [101, 103, 106]. Similar dependence of sound speed on

static load was also found using an ordered two dimensional assembly of compressed spheres

[107]. However, adhesive forces are far less dominant in this size range compared to spheres

on the order of a few microns or smaller, and the behavior cannot be assumed to be the

same. Acoustic waves traveling through geological materials that are partially or completely

composed of microscale particles have been investigated in the context of nonlinearity, but

these are excluded from further discussion due to the complexity of analysis for particles

with nonuniform size, shape, and composition [108–112].

Quasi-static force-displacement experiments on single micro- and nanospheres have also shed

light on the behavior of contact mechanics at this scale [87,113–117]. For example, measure-

ments using a micromanipulator mounted inside a scanning electron microscope have been

performed by Paul et al. and Romeis et al. [87, 113], where single silica nanospheres were

compressed by a flat diamond punch while simultaneously measuring force and displacement.

The contact mechanics were found to be well approximated as Hertzian up till the point of

plastic deformation and fracture, however, the dynamic response was not investigated. A

dynamic approach for studying the contact mechanics of single gold micro- and nanoparticles

adhered to a flat substrate was used by Guillet et al. [118], who used a noncontact photoa-

coustic measurement scheme that simultaneously obtained the breathing and axial contact

modes. The breathing mode can be directly related to the particle diameter, while the axial

contact mode is related to the stiffness of the contact. The ratio of these modes can be pre-

dicted by assuming a contact mechanics model, which was in approximate agreement with

Hertzian. However, the variable being changed was the particle diameter, and the nonlinear

force-displacement relationship was not investigated.

It’s clear from the literature on microscale granular crystals and disordered granular me-
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dia that the stiffness derived from interparticle contacts is a key element for acoustic wave

propagation and can be used to tune the sound speed. A few studies involving single par-

ticles, whether static [87, 113–116] or dynamic [118], suggest that the force-displacement

relationship can be reasonably approximated as Hertzian in certain cases, however, it re-

mains undetermined whether the collective acoustic behavior of microscale granular crystals

are capable of supporting nonlinear dynamics analogous to their macroscale counterparts.

Investigating the nonlinear behavior and how it relates to vibrations and acoustic wave prop-

agation is essential to translating the promise of granular crystals from macro- to microscale

and the broadening of practical applications that may result.

1.7 Organization of This Thesis

This thesis presents research conducted in the pursuit of understanding the open question

of what nonlinear dynamics are supported by three-dimensional microscale granular crys-

tals. Broadly, this starts out by probing the fundamental elements of such dynamics in

two-dimensional granular crystals adhered to surfaces, then builds up to high-amplitude

excitation of three-dimensional systems. The organization is as follows:

• Chapter 2: “Complex contact-based dynamics of microsphere monolayers revealed

by resonant attenuation of surface acoustic waves”. Collective dynamics of a two-

dimensional monolayer of microspheres were found to couple with surface acoustic

waves in an elastic substrate, inducing frequency-dependent attenuation due to three

microsphere resonant modes. Two of these modes were composed of horizontal and ro-

tational motion and highly dependent on interparticle contacts. Horizontal-rotational

and interparticle modes are known to influence wave propgation in three-dimensional

granular crystals. This extends a previous work of a similar system in which only

one-dimensional particle motion and particle-substrate contacts were considered.

• Chapter 3: “Laser-induced spallation of microsphere monolayers”. A monolayer of mi-

crospheres was excited with high amplitude bulk acoustic waves, such that the adhesion
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to the substrate was overcome and particle ejection occurred, allowing for non-contact

estimation of the pull-off force. By assuming an elastic contact mechanics model, the

pull-off force was compared with measurements of the microsphere resonance via laser

ultrasonics and visual estimation of the contact diameter via scanning electron micro-

scope. The comparison varied widely, suggesting plastic deformation in the contact

region.

• Chapter 4: “Longitudinal eigenvibration of few-layer granular crystals and the effect of

nanoscale contact bridges”. Standing wave vibrations of an ordered three-dimensional

granular crystal were investigated at various thicknesses in the linear regime at low

excitation amplitude. Variations in sample fabrication were shown to impact geometric

alterations of the contact region, with drastic effects on the stiffness and longitudinal

sound speed of the crystal.

• Chapter 5: “Acoustic wave propagation in disordered microscale granular media under

compression”. The nonlinear nature of interparticle contacts were directly probed in a

disordered three-dimensional microsphere assembly by measuring the reversible change

in sound speed under variable static and dynamic loading. The sound speed showed

significant deviations from Hertzian behavior when testing on the as-fabricated sample,

while after mechanical conditioning, the behavior was in approximate agreement. It

is hypothesized that the as-fabricated sample contains particle networks with solid

bridges of debris that alter the contact geometry, which then break under network

reformation during the conditioning process.

• Chapter 6: “Strongly nonlinear acoustic wave propagation within ordered three-dimensional

microscale granular crystals. The dependence of sound speed on acoustic wave am-

plitude in an ordered three-dimensional granular crystal was studied in preliminary

experiments, which found behavior similar assemblies of macroscale spheres that span

the linear, weakly nonlinear, and strongly nonlinear regime, where increasing amplitude

causes the sound speed to asymptotically approach a power law relationship.
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Chapter 2

COMPLEX CONTACT-BASED DYNAMICS OF
MICROSPHERE MONOLAYERS REVEALED BY RESONANT

ATTENUATION OF SURFACE ACOUSTIC WAVES 1

Contact-based vibrations play an essential role in the dynamics of granular materials. Signifi-

cant insights into vibrational granular dynamics have previously been obtained with reduced-

dimensional systems containing macroscale particles. We study contact-based vibrations

of a two-dimensional monolayer of micron-sized spheres on a solid substrate that forms a

microscale granular crystal. Measurements of the resonant attenuation of laser-generated

surface acoustic waves reveal three collective vibrational modes that involve displacements

and rotations of the microspheres, as well as interparticle and particle-substrate interactions.

To identify the modes, we tune the interparticle stiffness, which shifts the frequency of the

horizontal-rotational resonances while leaving the vertical resonance unaffected. From the

measured contact resonance frequencies we determine both particle-substrate and interpar-

ticle contact stiffnesses and find that the former is an order of magnitude larger than the

latter. This study paves the way for investigating complex contact-based dynamics of mi-

croscale granular crystals and yields a new approach to studying micro- to nanoscale contact

1Included in this chapter contains material from Refs. [119, 120]. Copyright 2016 by the American
Physical Society [119] and the American Institute of Physics [120].

Reprinted with permission from [M. Hiraiwa, M. Abi Ghanem, S. Wallen, A. Khanolkar, A. Maznev,
and N. Boechler, Complex Contact-Based Dynamics of Microsphere Monolayers Revealed by Resonant
Attenuation of Surface Acoustic Waves,” Physical Review Letters, vol. 116, no. 19, p. 198001, 2016.]
https : //doi.org/10.1103/PhysRevLett.116.198001 Copyright (2016) by the American Physical Society.

Reprinted from [A. Geslain, S. Raetz, M. Hiraiwa, M. Abi Ghanem, S. P. Wallen, A. Khanolkar, N.
Boechler, J. Laurent, C. Prada, A. Duclos, P. Leclaire, and J.-P. Groby, Spatial Laplace transform for
complex wavenumber recovery and its application to the analysis of attenuation in acoustic systems,”
Journal of Applied Physics, vol. 120, no. 13, p. 135107, 2016.], with the permission of AIP Publishing.



25

mechanics in multiparticle networks.

2.1 Introduction

Micro- and nanoscale particles in contact with other bodies experience strong adhesive forces

that induce deformation near the point of contact [121]. The understanding of contact

mechanics is critical to many fields, including areas such as surface science [121], contam-

inant removal [122], self-assembly [123], powder technology and processing [124, 125], and

biomedicine [126]. In systems with adhered micro- and nanoscale particles, low frequency

dynamic disturbances (compared to the intrinsic spheroidal modes of the spheres [127]) can

induce contact-based vibrational modes in single- and multiparticle systems, where the par-

ticles move like rigid bodies and the local region of deformation around the contact acts as

a spring [52].

Such contact-based vibrational modes form the foundation for the dynamics of particulate

assemblies. The contactbased dynamics of granular media play a critical role in fields such

as wave propagation in geological and other microstructured materials [52]. While there has

been significant progress in the study of the contact-based dynamics of macroscale granular

media [52,128], the dynamics of micro- to nanoscale particle assemblies are less understood.

This difference in scale is important from a fundamental perspective; in particular, adhesion

forces negligible for macroscale particles become critical at micro- to nanoscales.

At the macroscale, studies of reduced dimensional systems, such as one- and two-dimensional

granular arrays that are commonly referred to as “granular crystals,” have yielded significant

insights into the dynamics of granular materials [52,128]. In contrast, studies of the contact-

based dynamics of micro- to nanoscale particle assemblies have hitherto been restricted to

three-dimensional, typically disordered, settings [52, 95, 96, 129].

Recently, a contact resonance of microspheres assembled into a two-dimensional monolayer

adhered to a solid substrate was measured via its hybridization with surface acoustic waves

(SAWs) traveling in the substrate [77]. The results agreed well with a simple model where
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the particle motion was restricted to the vertical (out-of-plane) degree of freedom and the

interaction between the particles was disregarded. However, models involving both rotations

and interparticle interactions [130, 131] predicted more complex dynamics. For motion in

the sagittal plane, a close-packed monolayer of spheres on a solid substrate is expected to

yield three collective contactbased vibrational modes: one predominantly vertical, and two

of mixed horizontal-rotational character, all of which should interact with SAWs [130]. It

has remained a mystery as to why the previous experiment only showed the presence of a

single contact resonance mode.

In this work, we reveal the presence of all three contact resonances predicted for the micro-

sphere monolayer, by measuring the attenuation of SAWs using a scanned laser ultrasonic

technique. We test the model by changing the interparticle contact stiffness via the depo-

sition of a thin aluminum film on top of the spheres, which shifts the horizontal-rotational

contact resonance frequencies upwards. We further confirm the nature of the modes using

a complementary laser-ultrasonic technique that preferentially excites the vertical contact

resonance. In addition to providing direct evidence of the rotational-vibrational dynamics of

microgranular media, our work opens a new approach for the study of micro- to nanoscale

particle contact mechanics by enabling measurements of both the interparticle and particle-

substrate contact stiffness and offering insight into the role of shear contact rigidity.

2.2 Experimental Section

Our sample is a monolayer of D = 2.0µm diameter silica microspheres deposited on an

aluminum-coated glass substrate, as shown in Figs. 2.1(a) and 2.1(b). The aluminum layer

is 100 nm thick, and the glass is 1.5 mm thick. A wedge-shaped cell convective self-assembly

technique is used to assemble the monolayer on the substrate [132]. To obtain a planar

interface between substrate regions with and without the microsphere monolayer (hereafter

referred to as the monolayer and blank regions, respectively), we use a microcontact-printing

method, wherein a soft polydimethylsiloxane stamp is pressed into conformal contact with
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the microsphere monolayer and then is removed, such that the spheres detach from the

substrate in the stamped region (see Ref. [133] and Appendix A). A representative optical

microscope image of the resulting interface is shown in Fig. 2.1(a).
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Figure 2.1: [Color online] Overview of the experiment. (a) Microscope image of the interface

between monolayer and blank sample regions. The scale bar is 10 µm. (b) Schematic of the

scanned laser ultrasonic experimental setup. Normalized signal measured in the (c) blank

region and (d) 132 µm inside the monolayer region. (e) Normalized Fourier spectra of the

signals in (c) and (d) using the same colors. The red spectrum is the spectrum of a signal

measured 400 µm inside the monolayer region. Vertical dashed lines denote the identified

contact resonance frequencies. (f) Schematic of the dynamical model.

To generate and measure SAW propagation in our sample, we utilize a scanning laser-

ultrasonic technique, as shown in Fig. 2.1(b) (see Appendix A for details). We focus a

subnanosecond laser pulse, which serves as a “pump,” into a line on the aluminum surface of

the blank region of the substrate. The absorbed laser light launches broadband SAW pulses

that propagate as plane waves perpendicular to the line source. The acoustic response of

the sample is measured via a knife-edge photodeflection technique [134]. A “probe” beam

is incident through the substrate and focused to a small spot on the aluminum film. The
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reflected probe light is focused onto a fast photodetector, after being partially blocked by a

knife edge. Changes in the surface slope and refractive index caused by the SAWs deflect

the probe beam, which translates to a change in intensity on the photodetector. To obtain

spatial information, the sample is automatically scanned in the direction of the SAW prop-

agation. Both the pump and probe are initially focused onto the blank region, then moved

progressively closer to the interface, with the probe crossing into the monolayer region.

2.3 Results

Figures 2.1(c) and 2.1(d) show typical measured signals S, normalized to the maximum signal

amplitude S0 measured during the scan. Figure 1(c) corresponds to a probe position in the

blank region, and Fig. 1(d) corresponds to a probe position 132µm inside the monolayer

region. The distortion of the signal in Fig. 1(d) is a result of dispersion and dissipation

induced by the monolayer.

The Fourier spectra of the normalized signals in Figs. 2.1(c) and 2.1(d) are shown in Fig.

2.1(e). The spectrum corresponding to the signal in the monolayer region shows a sharp dip

at 108 MHz. We also observe two smaller dips surrounding this resonance, and denote the

three dips with vertical lines drawn at fI,0 = 49 MHz, fII,0 = 108 MHz, fIII,0 = 197 MHz.

We also show a third spectrum, corresponding to a location 400 µm inside the monolayer

region, which demonstrates the evolution of the attenuation zones.

To obtain position-dependent transmission spectra of SAWs traversing the interface, we nor-

malize the Fourier spectra at each position by the average Fourier spectra of the incident SAW

(averaged over all positions in the blank region). Figure 2.2(a) shows the measured transmis-

sion spectra as a function of distance from the interface. Three distinct attenuation maxima

are evident, corresponding to the identified dips in Fig. 2.1(e). We interpret themeasured

attenuation maxima as being caused by the interaction of SAWs with contact resonances

of the microsphere monolayer, as described by the recently developed model of Ref. [130].

In this model, the microspheres are considered as rigid bodies, and the sphere-substrate
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Figure 2.2: [Color online] (a-c) Transmission spectra for SAWs propagating across the

interface between blank and monolayer regions. The color bar denotes the magnitude of

the transmission coefficient. Horizontal dashed lines denote the identified contact resonance

frequencies for the uncoated monolayer. Short horizontal lines on the right of the panels are

the fitted contact resonance frequencies. Position denotes the distance from the interface. (a)

Uncoated microsphere monolayer. (b) 20 nm of aluminum coating. (c) 40 nm of aluminum

coating.

and sphere-sphere contacts are represented as normal and shear springs, as is shown in Fig.

2.1(f). This model predicts three collective vibrational modes of the monolayer involving

vertical, horizontal, and rotational motion of spheres in the sagittal plane.

At long wavelengths (compared to the particle spacing), one of the modes is purely vertical,

with a frequency given by:

fN =
1

2π

[
KN

m

]1/2
(2.1)

while two others are of mixed horizontal-rotational character, with frequencies given by:
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fRH =
1

2π

[(
KS

4m

)(
20γ + 7 +

√
400γ2 + 120γ + 49

)]1/2
fHR =

1

2π

[(
KS

4m

)(
20γ + 7−

√
400γ2 + 120γ + 49

)]1/2
,

(2.2)

where m = ρπD3/6 is the microsphere mass, KN is the particle-substrate normal stiffness,

KS is the particle-substrate shear stiffness, GS is the interparticle shear stiffness, and γ =

GS/KS. The interparticle normal contact stiffness GN does not affect these resonances at

long wavelengths. The frequency fRH corresponds to the predominantly rotational mode

and is always higher than the frequency of the predominantly horizontal mode fHR. If

the monolayer is placed on an elastic substrate, all three modes are predicted to interact

with SAWs [130]. In the absence of dissipation, this interaction results in the hybridization

and avoided crossing of the Rayleigh SAW with the contact resonances. In the presence of

dissipation, avoided crossing may or may not take place, but one would invariably expect a

peak in attenuation at the contact resonance frequency [135]. As can be seen from Eq. 2.1

and Eq. 2.2, fN is determined solely by the particle-substrate contact, whereas fRH and fHR

are affected by both contacts. Hence, if we increase the interparticle contact stiffness, only

fRH and fHR are expected to increase.

To test the model and verify the nature of the observed contact resonances, we coat the

microsphere monolayer with a thin aluminum layer using electron beam evaporation, which

stiffens the interparticle contact without affecting the particle-substrate contact (see Ap-

pendix A for SEM images of the aluminum deposition). Figures 2.2(b) and 2.2(c) show

transmission spectra for the samples coated with aluminum. The highest and the lowest

attenuation maxima shift upwards upon the deposition of the aluminum, while the middle

maximum remains nearly unaffected. The relatively small downshift of the middle resonance,

which is approximately consistent with the predicted frequency downshift of ∼ 4% due to

extra mass loading, confirms our assignment of the middle resonance to fN . In all cases, the

middle zone has the largest attenuation, indicating stronger coupling of this resonance to
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the propagating SAWs.

For further confirmation of the assignment of the resonances, we conduct a separate experi-

ment on the sample coated with 40 nm of aluminum, wherein a pump beam entering through

the substrate is focused to a large diameter (240 µm at 1/e2 intensity level) spot. In this

configuration, thermal expansion of the aluminum layer excites the vertical contact reso-

nance of the spheres directly, while horizontal-rotational resonances are not excited because

of symmetry constraints. The displacement of the spheres is measured with a grating inter-

ferometer [136], which is also only sensitive to vertical motion. The measured signal shown

in Fig. 2.3(b) contains oscillations at a frequency of ∼ 100 MHz, as can be seen from the

Fourier spectrum in Fig. 2.3(c), thus confirming the middle resonance in Figs. 2.2(a)–2.2(c)

as the vertical mode.

Figure 2.3: (a) Schematic of the experiment with large spot excitation and grating inter-

ferometer detection. (b) Normalized signal measured with the interferometer. (c) Fourier

spectrum of the signal in (b).

We compare the frequencies of the observed attenuation maxima shown in Fig. 2.2 with

those predicted by Eq. 2.1 and Eq. 2.2. While the equations have three unknown parameters

(KN , KS, and GS), we relate KS to KN via the Hertz-Mindlin contact model [137], which

leaves two independent parameters. In the Hertz-Mindlin contact model, assuming a no-slip

condition at the contact, the normal stiffness for a given contact is related to the shear

stiffness, such that KS/KN = 4G∗/E∗, where E∗ = [(1 − ν2
1)/E1 + (1 − ν2

2)/E2]
−1 is the
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effective Young’s modulus of the contact, and G∗ = [(2 − ν1)/G1 + (2 − ν2)/G2]
−1 is the

effective shear modulus, where E1 and G1 are the moduli for the silica microspheres, and E2

and G2 are the moduli for the aluminum substrate, as detailed in Appendix A. Using Eq. 2.1

and the measured value of fII,0 = fN , we find a particle-substrate normal contact stiffness of

KN = 4.0 kN/m, and thus also obtain the particle-substrate shear stiffness KS = 3.5 kN/m.

We then use a least-squares fit to determine the interparticle shear stiffness GS, where the

quantity ((fI − fHR)/fI)
2 + ((fIII − fRH)/fIII)

2 is minimized, with fHR and fRH defined as

in Eq. 2.2. For the uncoated sample, we obtain an interparticle shear stiffness of GS = 0.3

kN/m (see Appendix A for stiffness calcualtions). In Fig. 2.2, we denote the fitted contact

resonance frequencies using white solid lines on the right side of each panel. For the uncoated

sample, we see an excellent agreement between the measured attenuation frequencies and

the fitted contact resonance frequencies. For the sample coated with 40 nm of aluminum,

the agreement is not as good. This difference may be due to deviations from the physical

scenario described by our model due to the presence of the aluminum, including asymmetric

interparticle contacts and the formation of “necks”, which may lead to bending resistance

not taken into account in the model.

2.4 Discussion

A particularly intriguing result is that the interparticle shear contact stiffness is over an order

of magnitude smaller than the particle-substrate contact stiffnesses. As a comparison, we use

the Hertz-Mindlin elastic contact model with theDMTmodel of an adhesive contact [138] to

calculate theoretical contact stiffnesses. This results in predicted stiffnesses KN,DMT = 1.6

kN/m, KS,DMT = 1.4 kN/m, GS,DMT = 0.8 kN/m, which gives a ratio of less than 2 between

the particle-substrate and interparticle stiffnesses. Consistent with the trend observed in

recent studies [77, 139], the measured particle-substrate normal contact stiffness is also over

twice as large as predicted. A discrepancy between the estimated and measured values can

be ascribed to factors such as uncertainty in the work of adhesion [121], plastic deformation,

which may stiffen the contact [88, 140], or microslip at the contact, which may decrease the
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shear contact stiffness [141].

For instance, prior studies have shown higher than predicted adhesion between dielectrics

and reactive metals such as aluminum [142]. In addition, an examination of SEM images

(shown in Appendix A) showed that the interparticle contact network is not uniform: even

in closely packed regions, most particles do not form adhesive contacts with all six neighbors.

This raises the question of how adhesive contact networks form following self-assembly, and

may contribute to lower than predicted interparticle contact stiffnesses. Our measurement

approach offers a unique opportunity to investigate this issue.

We have also studied the effect of the microspheres on SAW dispersion. Figure 2.4 shows

the normalized magnitude of the two-dimensional Fourier transform of the scanned mea-

surements taken in the monolayer region. Figure 4 shows the normalized magnitude of the

two-dimensional Fourier transform of the scanned measurements taken in the monolayer

region. Figure 2.4(a) shows spectra corresponding to the uncoated sample. Figure 2.4(b)

shows spectra corresponding to the sample with 40 nm of aluminum. The spectra show a

line corresponding to Rayleigh SAWs in the substrate, which has three gaps or regions of

attenuation corresponding to the attenuation zones seen in Fig. 2.2. The highest and lowest

zones appear as lighter-colored, attenuated regions, whereas the middle zone shows a clear

gap with a curvature indicative of an avoided crossing. An emerging band gap can also be

seen at the lowest resonance in Fig. 2.4(b).

Using the fitted contact resonance frequencies with the effective medium model for a mono-

layer of microspheres on an elastic substrate [130], we plot the calculated dispersion curves

as the red dash-dotted lines in Fig. 2.4 (see Appendix A for material properties used). For

the strong middle resonance and also the emerging avoided crossing at the lowest resonance

in Fig. 2.4(b), we see reasonable agreement between experiment and theory in the curvature

of the branches, which confirms that our model captures the coupling strength between the

contact resonances and the SAWs. For resonances with weak coupling and low quality fac-

tors, hybridization gaps can appear as attenuation zones instead of avoided crossings [135],
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Figure 2.4: Surface acoustic wave dispersion in samples with (a) an uncoated monolayer

and (b) a 40 nm thick aluminum coating. The color plot denotes the normalized magnitude

of the calculated 2D Fourier spectra. The horizontal dashed and dotted lines correspond to

the identified contact resonance frequencies for the uncoated sample and the sample with

40 nm of aluminum, respectively. The short horizontal lines on the right of the panels are

the fitted contact resonance frequencies. The red dash-dotted lines are the dispersion curves

calculated using the fitted resonance frequencies.

which explains why weaker horizontal-rotational resonances were not identified previously in

Ref. [77].

As further analysis of the attenuation, we have applied a recently developed signal pro-

cessing method called Spatial LAplace Transform for COmplex Wavenumber (SLaTCoW)

recovery to the spatiotemporal data [120]. The 2D FFT used for Fig 2.4 only supplies a real

wavenumber magnitude by taking the FFT in the spatial domain, however, the attenuation

properties are not analyzed in this plot because attenuation is characterized by the complex

wavenumber. Briefly, the SLaTCoW method allows for analysis of the complex wavenumber

by taking the spatial laplace transform at each frequency, identifying the number of modes,

and minimizing the cost function (Eq. 3 in Ref. [120]) to solve for numberwave amplitude,
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phase, and real and imaginary parts of the complex wavenumber.

The SLaTCoW method is applied to the scanned data obtained from the uncoated sample,

which produces dispersion curves related to the real and imaginary wavenumbers k1
r and k1

i ,

as seen in Figs. 2.5(a,b), respectively. When analyzing only k1
r , only the normal resonance

fN is clearly seen because of the bending due to the avoided crossing, while fHR and fRH

do not appear because the weaker coupling does not induce a curvature of the dispersion

relation, just as in Fig. 2.4. Turning to the dispersion curve corresponding to the imaginary

wavenumber k1
i , the utility of the SLaTCoW method is apparent, as the imaginary compo-

nent shows peaks at all three resonance frequencies, with fN having the largest magnitude,

followed by fRH and lastly fHR. The magnitude of k1
i corresponds to the rate of attenua-

tion, which can also be seen by the spatial decay of the transimission spectra in Fig. 2.2(a),

where the SAW pulse decays fastest at fN and slowest at fHR. Using this method allows for

quantitative analysis of the attenuation which is not present with the 2D FFT in Fig. 2.4.

2.5 Conclusion

This work opens the door for the study of the contact based dynamics of low-dimensional

microgranular systems, which, in contrast to their macroscale counterparts [128], may have

additional acousto-optic [143] or acousto-plasmonic [144] functionalities, be rapidly and in-

expensively manufactured via self-assembly, and find future use in chip-scale applications.

The discovery of collective vibrational modes including rotations as well as displacements,

along with the characterization of shear and normal contact stiffnesses in microscale particle

assemblies, will lead to better and broader understanding of wave propagation in microgran-

ular media with applications in shock mitigation, energetic materials, seismic exploration,

and powder processing, and have implications for future studies of colloidal crystal sys-

tems [145,146]. This study reveals the critical role of particle rotations: for instance, without

rotations, the upper rotational-horizontal resonance would not be present [130]. Our charac-

terization method is complementary to existing techniques [118,147–149], as it is noncontact
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Figure 2.5: (a) Dispersion curves of SAWs propagating in a substrate with an adhered

microsphere monolayer, corresponding to the real part of the wavenumber,k1
r . Solid lines

are dispersion curves calculated using the SLaTCoW method. Red dash-dotted lines are

the dispersion curves calculated using a lossless model and the fitted contact resonance

frequencies (denoted by the horizontal dotted lines). Rayleigh (cR) and transverse (cT ) wave

speeds are the straight dotted and dashed lines, respectively. (b) Dispersion curves of SAWs

propagating in a substrate with an adhered microsphere monolayer calculated using the

SLaTCoW method, corresponding to the imaginary part of the wavenumber, k1
i . Horizontal

dotted lines denote the fitted contact resonance frequencies.

and nondestructive, offers information about equilibrium contact stiffnesses, and, in contrast

to other dynamic techniques involving isolated particles [118,147,148], enables the measure-

ment of the interparticle contact stiffness in a microscale multiparticle assembly. Finally,

the sensitivity to contact forces in the microgranular monolayer may be used in sensors for

bioanalytical [150] and other applications.

2.6 Collaborator Contributions

M. Abi Ghanem contributed to signal analysis, particularly the 2D FFT, and the concept

of electron-beam evaporation for coating on interparticle contacts. S. P. Wallen provided

guidance for using the contact resonance equations to design the experiments to tune the
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resonance via interparticle stiffness, as well as codes to produce and fit the theoretical dis-

persion relations. A. Khanolkar fabricated the microsphere samples via self-assembly. A. A.

Maznev provided guidance of interpretation of experimental results. A. Geslain, S. Raetz,

J. Laurent, C. Prada, A. Duclos, P. Leclaire, and J.-P. Groby developed and applied the

SLaTCoW method to the scanned spatiotemporal data.
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Chapter 3

LASER-INDUCED SPALLATION OF MICROSPHERE
MONOLAYERS 1

The detachment of a semiordered monolayer of polystyrene microspheres adhered to an

aluminum-coated glass substrate is studied using a laser-induced spallation technique. The

microsphere-substrate adhesion force is estimated from substrate surface displacement mea-

surements obtained using optical interferometry, and a rigid-body model that accounts for

the inertia of the microspheres. The estimated adhesion force is compared with estimates

obtained using an adhesive contact model together with interferometric measurements of

the out-of-plane microsphere contact resonance, and with estimated work of adhesion values

for the polystyrene-aluminum interface. Scanning electron microscope images of detached

monolayer regions reveal a unique morphology, namely, partially detached monolayer flakes

composed of single hexagonal close packed crystalline domains. This work contributes to the

fields of microsphere adhesion and contact dynamics, and demonstrates a unique monolayer

delamination morphology.

3.1 Introduction

Microparticle adhesion is central to fundamental areas such as surface science [121], geologi-

cal material mechanics [124], granular media dynamics [119], and even planet formation [152].

Improved understanding of microparticle adhesion has implications for applied areas includ-

ing self-assembly [123], laser cleaning of semiconductors [153], powder processing [124, 125],

1Included in this chapter is material from Ref. [151]. Reprinted with permission from [M. Hiraiwa, M.
Stossel, A. Khanolkar, J. Wang, and N. Boechler, ”Laser-Induced Spallation of Microsphere Monolayers,”
Langmuir, vol. 32, no. 31, pp. 7730-7734, 2016.] Copyright 2016 American Chemical Society.
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and drug delivery [115]. One method to study microparticle adhesion is to use laser-generated

acoustic waves to eject the particles from a surface. This method has previously been used

to study the adhesion of disordered assemblies of particles adhered to substrates [154, 155].

A closely related technique, which is typically used to study interfacial adhesion of thin

films, is laser-induced spallation [156], wherein, a laser-generated acoustic compression pulse

reflects from the free surface of the sample as a tensile pulse that causes delamination near

the surface.

In this work, we study the delamination of semiordered microsphere monolayers adhered to

an aluminum-coated glass substrate, which contain both hexagonal close packed (HCP) and

disordered domains, using a laser-induced spallation technique. The particle-substrate ad-

hesive force is estimated by monitoring the time-resolved displacements of the surface of the

monolayer-coated substrate via optical inteferometry, and applying a rigid-body model that

accounts for the microsphere inertia. We compare the estimated adhesive force with esti-

mates made using an adhesive contact model with measurements of the out-of-plane contact

resonance of the microspheres obtained using optical inteferometry [119], and with estimated

work of adhesion values for the polystyrene- aluminum interface. Scanning electron micro-

scope (SEM) images of the delaminated monolayer areas reveal a unique morphology wherein

the monolayer has fractured into flakes that have partially reattached to the substrate and

are composed of mostly single crystalline domains.

3.2 Experimental Section

A schematic of the sample used in this study is shown in Fig. 3.1(a). The substrate was

purchased from EMF Corp. and consists of a 1.5 mm thick glass slide coated with a 100

nm thick aluminum film used to reflect light during the optical inteferometry measurements.

A 400 nm thick aluminum film was applied on the opposite side via magnetron sputtering

in order to absorb the pump pulse laser light. A 10µm thick waterglass film is deposited

on the back of the 400 nm thick aluminum film via spin-coating, to increase the amplitude
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of bulk longitudinal waves traveling through the substrate. A monolayer of 1µm diameter

polystyrene (PS) microspheres is assembled on the top of the aluminum-coated substrate

using a modified Langmuir-Blodgett technique [157], in which the microspheres are self-

assembled at an air- water interface and then transferred to the substrate. This process

results in a semiordered monolayer, with HCP crystalline domains of differing orientations

as well as highly disordered regions, as can be seen in Fig. 3.1(b). To excite acoustic waves in

the substrate, pump laser light is focused on the 400 nm aluminum layer. In all experiments,

the plane of the sample surface is oriented vertically.

Figure 3.1: (a) Schematic of the sample and the laser-induced spallation setup. (b) SEM

image of an untested monolayer. (c) Measured surface displacement (black solid curve) and

calculated surface acceleration (red dashed curve) for a pump energy of 32 mJ. The marker

indicates the identified point of maximum tensile force at the microsphere- substrate contact.



41

In the laser-induced spallation experiments, the pump light (1064 nm wavelength, 5 ns pulse

duration) is focused to a spot size of approximately 2.5 mm diameter (determined by burn

marks on ZAP-IT paper). Since the excitation ablates the energy-absorbing aluminum layer,

new monolayer positions are tested after each pump pulse. To calculate the force acting on

the monolayer, surface displacements are monitored with a Michelson interferometer, which

consists of an argon laser (514.5 nm wavelength, continuous wave) focused on the 100 nm

aluminum layer below the microsphere monolayer to a spot with an estimated diameter of

approximately 30µm (at the 1/e2 intensity level). Interferometer signals are measured with a

photodetector of 300 ps rise time (Electro-Optics Technology, model ET- 2030) and digitized

on a 2.5 GHz oscilloscope (Tektronix DPO 7245C) at a sample rate of 20 Gsample/s. Surface

displacements are obtained from the measured signal via the interference equation shown in

Appendix B.

3.3 Results and Discussion

Figure 3.1(c) shows an example of the measured surface displacements induced by a 32 mJ

pump pulse, for a case in which spallation occurred. We observe the arrival of an acoustic

pulse of greater than 40 ns duration traveling at the longitudinal sound speed in the glass.

We obtain the acceleration of the substrate by numerically differentiating the measured sub-

strate displacement twice, and applying numerical smoothing to the photodetector output,

displacement, velocity, and acceleration signals, as detailed in Appendix B. An example of

such an acceleration profile, corresponding to the plotted displacement signal, is also shown

in Fig. 3.1(c).

To calculate the force acting at the particle-substrate contact, we employ a simple model

that accounts for the inertia of the microspheres and considers the microspheres to be rigid

bodies that follow the substrate surface motion until detachment [154]. We calculate the

force applied to the contact as F = ma, where m is the microsphere mass, calculated

using a density provided by the manufacturer (Corpuscular, Inc.) of 1.06 g/cm3, and a is
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the measured substrate acceleration. This type of model is valid when the pulse duration

is significantly longer than the period of the microsphere contact resonance (a vibrational

mode where the microsphere moves like a rigid body, but has localized deformation around

the point of contact that acts as a spring [118]). If the maximum tensile force induced at

the contact exceeds the adhesive force, microsphere detachment occurs.

To identify the threshold at which spallation occurs, and thus the microsphere-substrate

adhesive force, we make measurements over a range of pump pulse energies and search each

measurement location for potential monolayer detachment using an optical microscope. For

each pump energy, we observe a significant distribution in the measured surface acceleration,

which we attribute to variations in the pump laser intensity and sample variations, such as

the local thickness or consistency of the water glass layer. We identify a pump pulse energy

of 32 mJ as an approximate threshold for which spallation occurs. Monolayer detachment

is not consistently observed for pump pulse energies below 32 mJ, while the opposite is true

for energies above 32 mJ. For a pump pulse energy of 32 mJ, spallation of the monolayer

was observed for 5 out of the 10 tests conducted. By taking the average maximum decel-

eration measured for the 10 tests with 32 mJ pump pulse energy, and applying the inertial

microsphere model, we obtain an estimated adhesion force of Fspall = 0.22 ± 0.07µN. The

magnitude of the uncertainty of the estimated adhesive force is the sum of the standard devi-

ation of the identified maximum deceleration, and the average of the difference between the

smoothed and unsmoothed acceleration signals at the identified point of maximum deceler-

ation, multiplied by the microsphere mass, for the 10 measurements as detailed in Appendix

B. As such, we note that the amplitude of the error bars do not account for inaccuracies that

may result from fast changes in the substrate motion and the use of the inertial model, for

instance, in the case of resonant particle removal where the rigid body assumption no longer

holds.

After the spallation experiments, the sample is examined using a SEM. Images of the

postspallation monolayer are shown for varied excitation amplitudes in Fig. 3.2. A mono-
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layer region tested with a pump pulse just below the spallation threshold is shown in Fig.

3.2(a), and appears similar to the untested region, with no evidence of microsphere detach-

ment. When the pump energy is slightly increased, noticeable gaps in the monolayer are

observed, as is shown in Fig. 3.2(b). At higher energies, the amount of monolayer delami-

nation increases, as can be seen in Fig. 3.2(c). Since the adhesive force is expected to have

a statistical variation throughout the monolayer [158], it is not surprising that some patches

of monolayer remain adhered to the surface near the onset of microsphere removal. We also

observe that detached monolayer flakes resettle on the sample surface. Resettling of ejected

particles has been observed previously by others [154], despite the plane of the sample’s

surface being oriented vertically. This was explained by the slowing of ejected particles by

the Stokes drag in air, while long-range attractive forces eventually cause some particles to

readhere to the surface [154].

Figure 3.2: SEM images of a monolayer after excitation, which had surface acceleration (a)

below, (b) just above, and (c) significantly above the spallation threshold.

We find that almost all of the delaminated flakes are composed of single HCP crystalline

domains. We suggest that fracture of the monolayer into flakes is the result of interparticle

decohesion along the weak boundaries that develop during the spallation process. In previous

spallation experiments with continuous, ductile thin films, the excessive stress tended to lead

to large scale plastic deformation in the film manifested by “blister” formation following the

film delamination [159]. We speculate that the ordering of the monolayer flakes is due to
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stronger interparticle cohesion for HCP regions than disordered regions. For instance, in

disordered regions, particles are in contact with fewer of their neighbors, and as a result are

more susceptible to fragmentation caused by in-plane and shearing stresses induced during

the spallation process.

We compare the adhesion force obtained from the laser induced spallation experiments with

that estimated from the out-of-plane microsphere contact resonance measured on a different

region of the same sample. To excite the contact resonance, we generate a broadband bulk

longitudinal acoustic pulse using a configuration similar to the spallation experiment, but

at an amplitude significantly below the microsphere detachment threshold, as shown in Fig.

3.3(a). The out-of-plane contact resonance is excited upon arrival of the longitudinal wave,

while the horizontal-rotational resonances [130] are not excited due to symmetry constraints.

Out-of-plane displacements of the microspheres are measured using a grating interferometer

[136], wherein a probe beam is focused on the microspheres and a reference beam is focused

on a stationary region of the sample. Probe and reference beams (514 nm wavelength,

continuous wave) are both focused to a diameter of 240µm (at 1/e2 intensity level), while

the pump (532 nm, 430 ps pulse duration, 11µJ per pulse) is focused to a diameter of

400µm (at 1/e2 intensity level). The interferometric signal is measured with a photodetector

of 500 ps rise time (Electro- Optics Technology, model ET-2030A), digitized with a 2.5

GHz oscilloscope (Tektronix DPO 7245C) at a sample rate of 20 Gsamples/s, and low-

pass filtered with a cutoff frequency of 500 MHz. Using this setup, we obtain the signal

shown in Fig. 3.3(b). The signal exhibits oscillations that begin when the bulk longitudinal

acoustic wave arrives at the surface containing the microsphere monolayer. The Fourier

spectrum of the oscillations following the broadband pulse is shown in Fig. 3.3(c) along with

spectra corresponding to measurements made at two additional locations on the sample.

Each of the three measurements show a single clear peak with an average frequency of

f0 = 164 MHz. While we observe little variation in frequency between the three measurement

locations, we note that there can be large variation in the contact resonance frequency
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between different samples [160]. We relate the resonant frequency to the contact stiffness

by assuming the spheres act as a spring mass oscillator with resonant frequency f0, such

that f0 = 1/2π
√

Kc/m. By linearizing the Hertzian contact model around the equilibrium

contact area, we obtain the adhesive force in terms of the contact stiffness, Kc, such that

FCR = (2Kc/3)
3/RK2, where FCR is the adhesive force, K is the effective modulus, defined

as K = [(3/4)(((1 − ν2
s )/Es) + ((1 − ν2

l )/El))]
−1, and R is the effective radius of curvature

of the contact (equal to the microsphere radius for spherical-planar contact geometry) [75].

The effective modulus K is expressed in terms of Young’s modulus, E, and Poisson’s ratio,

ν, and the subscripts s and l denote the sphere and the substrate, respectively. Using elastic

properties of Young’s modulus El = 62 GPa and Poisson’s ratio νl = 0.24 for the aluminum

layer [161], and Es = 4.04 GPa and νs = 0.32 for the PS microspheres [139], we find an

adhesive force of FCR = 3.8 µN and a contact radius of 70 nm.

The adhesion force estimated from the contact resonance measurements is significantly larger

than the force estimated from the spallation measurements. To further investigate this dis-

crepancy, we measure the contact radius of the microspheres by taking an average of five

side-view SEM images of different microsphere-substrate contacts, for the same sample upon

which the spallation and contact resonance measurements were conducted. A representative

SEM image of the microsphere contact is shown in Fig. 3.4. According to the Hertzian

contact model, larger adhesive forces should result in larger contact radii. Using the esti-

mated adhesion forces with the Hertzian contact model, we predict a contact radius of 70

nm based on the contact resonance measurements, and a contact radius of 27 nm based on

the spallation measurements. From the SEM images, we measure an average contact radius

of 150 ± 20 nm, which is significantly larger than predicted by both measurements. As a

further point of comparison, using the Derjaguin- Muller-Toporov (DMT) model for adhered

microparticles [138, 162] we calculate an adhesive force of FDMT = 2πwR = 0.36µN and a

contact radius of 32 nm, where w = 0.113 J/m2 is the estimated work of adhesion between

PS and alumina (assuming a native oxide layer) [139]. While there can be significant uncer-
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Figure 3.3: (a) Schematic of the experimental setup used to measure the microsphere

contact resonance. The sample is the same as in Fig. 3.1a. (b) Measured signal. (c) Fourier

spectrum for measurements made on three different sample locations. The black curve in

panel c corresponds to the signal in panel b.

tainty in predicting work of adhesion values (particularly in the case of reactive metals such

as aluminum), and higher values of work of adhesion have been observed than are predicted

by van der Waals adhesion models [142], the size of the contact radius measured from the

SEM measurements would require unrealistically large adhesive forces in the context of an

elastic contact model. The large, measured contact radius may instead indicate the presence

of plastic deformation near the contact. By observing PS microspheres adhered to substrates

using a SEM, previous studies have also found the contact radius to be larger than predicted

by elastic contact models [163, 164].
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Figure 3.4: (a) Side-view SEM image of a microsphere monolayer. (b) Close up of the

interface between a microsphere and the substrate.

The presence of plastic deformation adds further complexity to the analysis, as the adhesion

force estimated from the contact resonance measurements and the contact radius estimated

from both the contact resonance and spallation measurements are based on an elastic contact

model. Estimation of the adhesion and contact properties utilizing an elastoplastic contact

model can prove challenging, both near particle equilibrium and separation, because of the

uncertainty involved with the choice of a plasticity model and the interplay of material

softening, hysteric material behavior, and geometric nonlinearity [165, 166].
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Independent of potential plastic deformation of the contact, it is surprising that the adhesion

force estimated from the spallation experiments, which did not involve the assumption of

any contact model, is so low, given the large contact radii observed in the SEM images.

This difference may be due to assumptions used in the spallation adhesion force estimation

process, such as the microspheres being approximated as rigid bodies. In addition, the

discrepancy between the adhesion force estimated from the contact resonance and spallation

measurements highlights a potential fundamental difference between the two methods related

to variations in particle size and particle-substrate adhesion. For instance, in the spallation

experiments, a few particles of larger size or weaker particle- substrate adhesion may pull

adhered neighboring particles away from the substrate at lower accelerations, and result in

the identification of an effectively lower detachment threshold. In contrast, in the contact

resonance measurements the observed resonance is representative of the average contact

stiffness across the measurement area, and would see the effect of polydispersity in broadening

of the resonance. In future studies, a more extensive comparison between dynamic adhesion

characterization methods and quasi-static, contact-based techniques, such as atomic force

microscopy [149], may prove useful in clarifying the sources of the observed discrepancies.

3.4 Summary and Conclusions

This work provides data regarding the adhesion, contact mechanics, and delamination of

microsphere monolayers. The unique monolayer flakes may find future application in laser

induced particle transfer applications [167], and provide an opportunity to study the in-plane

fracture mechanics of microsphere monolayers. Comparison of the contact properties esti-

mated from the spallation, contact resonance, and SEM measurements showed significant

discrepancies, which we speculate may stem from effects not accounted for in the modeling

process such as plastic deformation, nonrigid body microsphere dynamics, and variations

in particle size and adhesive forces. The microsphere monolayer studied in this work rep-

resents a microscale analogue of a macroscale granular crystal [128]. While many studies

have shown macroscale granular crystals to exhibit rich physics, the study of their microscale



49

counterparts is an emerging field [76]. This work paves the way for the study of spallation

and highly nonlinear phenomena in three-dimensional microscale granular crystals. Related

laser induced spallation techniques generating shear [168] or mixed-mode [159] elastic waves

may be useful to study the shear strength of adhered microparticles, or the propagation of

rotational modes in three-dimensional microscale granular crystals. Rotational modes have

only recently been observed in three-dimensional macroscale [86] and two-dimensional mi-

croscale granular crystals [119]. Finally, the microparticle adhesion measurements obtained

as part of this study may find future use in self-assembly, laser cleaning, powder processing,

or drug delivery applications.

3.5 Collaborator Contributions

Melicent Stossel collected data using the laser-induced spallation technique and assisted

with signal processing. Amey Khanolkar fabricated the samples via self-assembly. Professor

Junlan Wang provided use of the high-amplitude nanosecond laser setup and overall guidance

on all components of this chapter.
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Chapter 4

LONGITUDINAL EIGENVIBRATION OF MULTILAYER
COLLOIDAL CRYSTALS AND THE EFFECT OF

NANOSCALE CONTACT BRIDGES 1

Longitudinal contact-based vibrations of colloidal crystals with a controlled layer thickness

are studied. These crystals consist of 390 nm diameter polystyrene spheres arranged into

close packed, ordered lattices with a thickness of one to twelve layers. Using laser ultrasonics,

eigenmodes of the crystals that have out-of-plane motion are excited. The particle–substrate

and effective interlayer contact stiffnesses in the colloidal crystals are extracted using a dis-

crete, coupled oscillator model. Extracted stiffnesses are correlated with scanning electron

microscope images of the contacts and atomic force microscope characterization of the sub-

strate surface topography after removal of the spheres. Solid bridges of nanometric thickness

are found to drastically alter the stiffness of the contacts, and their presence is found to

be dependent on the self-assembly process. Measurements of the eigenmode quality factors

suggest that energy leakage into the substrate plays a role for low frequency modes but is

overcome by disorder- or material-induced losses at higher frequencies. These findings help

further the understanding of the contact mechanics, and the effects of disorder in three-

dimensional micro- and nano-particulate systems, and open new avenues to engineer new

types of micro- and nanostructured materials with wave tailoring functionalities via control

of the adhesive contact properties.

1Included in this chapter is material from Ref. [169].
[M. Abi Ghanem, A. Khanolkar, S. P. Wallen, M. Helwig, M. Hiraiwa, A. A. Maznev, N. Vogel, and N.

Boechler, Longitudinal eigenvibration of multilayer colloidal crystals and the effect of nanoscale contact
bridges,” Nanoscale, vol. 11, no. 12, pp. 5655-5665, 2019.] - Reproduced by permission of The Royal
Society of Chemistry.
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4.1 Introduction

Colloidal self-assembly has emerged as a “bottom-up” approach to manufacturing nanos-

tructured materials with controlled hierarchical architectures, and has enabled their fab-

rication inexpensively and on a large scale [93]. Primarily investigated for their unprece-

dented features in areas like photonics [143,170], plasmonics [171], and biosensing [172,173],

self-assembled colloidal crystals, which consist of ordered, close-packed lattices of micro- to

nanoscale spherical particles [174], have also shown promise in the context of their vibrational

dynamics or “phononic” properties [94, 175].

In a colloidal crystal, particles may be dispersed in a liquid or in a solid matrix, or the host

medium may be absent (e.g. a “dry” colloidal crystal) [176–178]. Macroscale analogues of dry

colloidal crystals, often referred to as “granular crystals”, have also been a topic of significant

interest due to their unique dynamics [52, 76, 128]. In granular crystals, spheres arranged in

close packed arrays can be thought to move similar to rigid bodies and interact via small

contact regions (compared to the particle size) that elastically deform and act as massless

springs. Such contact-based dynamics have underlied the large interest in granular crystals,

as the interplay of the contact nonlinearity, typically modeled by the Hertzian contact model

[75], coupled with dispersion induced by mechanisms such as structural periodicity [128]

and local resonances [86, 179, 180] have been shown to enable new acoustic wave tailoring

strategies [76, 128]. However, until recently, studies concerning the contact-based dynamics

of granular crystals have been restricted to systems composed of millimeter to centimeter-

sized spheres. Acoustic studies of colloidal crystals, on the other hand, mostly focused on

colloids in a host medium [94, 95, 181]. Until recently, the contact based dynamics of dry

colloidal crystals or “micro- to nanoscale granular crystals”, wherein the Hertzian contacts

are preserved and play a major role, remained an unexplored territory.

The contact-based dynamics of dry, two-dimensional (2D) colloidal crystal monolayers have

been examined in several recent studies [77, 119, 130, 160, 182, 183]. In these works, it was



52

shown that adhesive van der Waals forces [121] statically compress the interparticle and

particle–substrate contacts, and effectively linearized the crystal dynamics for small dis-

placements (relative to the static deformation). This compression resulted in the formation

of multiple contact resonances of the crystal, including modes with both translational as well

as coupled translational-rotational motion [119,130,182,183]. In contrast, the contact-based

dynamics of three-dimensional (3D) colloidal crystals remain largely unexplored. Using a

Brillouin Light Scattering spectroscopic technique, a previous study exploring 3D colloidal

crystal dynamics revealed a single resonant peak that was attributed to a band of contact-

based modes; however, the individual eigenmodes were not resolved [95]. Laser ultrasonic

techniques have also been used to measure the transmission of hypersonic acoustic waves

traveling through dry 3D colloidal crystals [143, 184]. In contrast to the study presented

herein, the vibrational modes observed in Ref. [184] were eigenmodes of isolated spheres

(with frequencies significantly higher than the contact-based modes concerned in this work).

A presence of an overdamped “low-frequency continuum mode” that was attributed to shear

waves was also suggested in Ref. [184]; however, its frequency was not identified. Similarly,

the measurements presented in Ref. [143] provided limited information concerning the acous-

tic modes of the crystal, no characterization of the interparticle contact stiffnesses, and, due

to the sintering of the crystal, we expect limited dynamic deformation of the particle con-

tacts was involved. Several studies have also explored the contact-mediated acoustics of 3D

colloidal films; however, these were either disordered [96,185], or the spheres were separated

by large ligands [97, 186, 187] or polymer tethers [129] that approach the particle size and

result in non- Hertzian contact mechanics.

In this work, we study the longitudinal contact-based vibration of self-assembled, dry, 3D

colloidal crystals with long range order of varied thicknesses, and measure multiple, discrete

eigenmodes of the crystal. In contrast to prior studies, using our laser ultrasonic technique,

we are able to access the low-frequency, contact-based modes of the 3D crystals, and our

spheres are not functionalized with large connective ligands that can cause deviation from the
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Hertzian mechanics of elastically deforming spheres in contact. We correlate the resulting

contact stiffnesses, extracted by way of a coupledoscillator model, with scanning electron

microscopy (SEM) and atomic force microscopy (AFM) observation of the contacts, and

find that nanometric bridges surrounding the contacts, which are much smaller than the

particle size, can more than triple the contact stiffness. In all cases, we find higher contact

stiffnesses for our self-assembled crystals than those predicted using adhesive elastic contact

models [137, 138]. We find also that the bridge sizes and contact stiffness vary with sample

fabrication method, and that the contact stiffness can decrease with increasing numbers of

crystal layers. By studying the quality factors of the measured eigenmodes, and comparing

them with an analytical model that estimates acoustic energy radiation into the substrate

based on the estimated impedance mismatch between the colloidal crystal and the substrate,

we gain insight into energy loss mechanisms in our system. From this comparison, we suggest

that energy leakage plays a large role for low frequency modes but is surpassed by disorder-

or material-induced losses as the modal frequency increases. Improved understanding of

the dynamics of self-assembled, dry, 3D colloidal crystals will help enable the design of new

microstructured materials with ultrasonic wave tailoring capabilities that leverage contact-

based nonlinearities analogous to those present in macroscale granular crystals [52, 76, 128].

We expect that potential applications for such materials may range from signal processing

to impact mitigation and energetic material design.

4.2 Methods

For the colloidal crystal fabrication, we use monodisperse polystyrene spheres of diameter

D = 390 nm that form a high crystalline order. The colloidal crystal is assembled on a

substrate that consists of a 1.5 mm glass microscope slide, which is coated with a 100 nm

thick layer of aluminum to absorb the optical pump energy and then a 20 nm thick silica

layer to facilitate the self-assembly process. The polystyrene spheres are synthesized using

a surfactant-free emulsion polymerization process [188]. The crystals are fabricated using a

vertical convective self-assembly technique [174, 189], using varied solvents and purification
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strategies, as is detailed in Appendix C. A 20 mL capacity glass scintillation vial is filled

with 10 mL of the colloidal suspension. The substrate is then held vertically while being

immersed in the suspension. The substrate and suspension are then left to dry in an oven or

in ambient laboratory conditions, as listed in Appendix C. After complete drying, colloidal

crystals with millimeter areas of defined and uniform thicknesses are obtained.

Laser ultrasonic characterization is performed with optical pump pulses (450 ps pulse dura-

tion, 532 nm wavelength, 7µJ pulse energy, and 1 kHz repetition rate) incident through the

glass slide are focused onto the aluminum film. The pump pulse is focused to an elliptical

spot (436µm × 76µm at 1/e2 intensity level) or a 200µm diameter circular spot, depending

on the size of the layer being characterized (see Appendix C for details). The vibrations are

detected with a phase-mask based interferometer [136] in which a single continuous wave

(CW) laser beam (514 nm wavelength and 52 mW average power) is incident on a phase-

mask and split into ±1 diffraction orders to produce probe and reference beams focused to

40µm diameter spots. The probe is focused through the colloidal film onto the aluminum

surface, while the reference beam is incident directly on the aluminum surface of a blank

region of the substrate. The separation between the probe and reference beams is 4 mm.

Upon reflection from the sample, the probe and reference are recrossed onto the phase mask,

and recombined interferometrically onto an amplified silicon photodetector where the signal

is digitized and recorded using an oscilloscope, and averaged over 104 − 106 pump pulses.

4.3 Results and Discussion

Our colloidal crystals consist of close-packed, ordered arrangements of polystyrene spheres of

diameter D = 390 nm, which are assembled on an aluminum-coated glass microscope slide,

and are fabricated by vertical convective self-assembly [174, 189], as shown in Fig. 4.1(a).

Regions with uniform layer thickness can be easily identified under a microscope from their

different coloration, as is illustrated in Fig. 4.1(c). In the most densely packed case, this

geometry represents perfectly registered stacks of hexagonally close-packed (HCP) or face-
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centeredcubic (FCC) colloidal monolayers. A representative SEM image of our colloidal

crystal can be seen in Fig. 4.1(d). The distinct structural coloration enables us to iden-

tify regions with defined layer thickness and thus study, in detail, the thickness-dependent

contact-based acoustic properties of the crystals. To characterize the longitudinal acoustic

response of the colloidal crystals, we use a laser ultrasonic technique that is illustrated in Fig.

4.1(b). Absorption of the pump pulse energy by the aluminum film induces a rapid thermal

expansion that excites mechanical vibration of the crystal and launches acoustic waves in

the substrate. In the colloidal crystal, longitudinal vibrations with out of plane motion are

predominantly excited, as the excitation of transverse vibrations is hindered by symmetry

constraints. These vibrations are detected with a phase-mask-based interferometer [136],

which is preferentially sensitive to out-of-plane displacements [119]. As a result of the semi-

transparency of the colloidal crystal, we expect that the probe signal contains contributions

due to displacement of the surface of the colloidal crystal, scattering and refractive index

changes within the colloidal crystal, and displacement of the aluminum–silica interface.

Figure 4.2(a) shows a signal acquired on a twelve-layer-thick region of a colloidal crystal

sample, using the optical characterization method shown in Fig. 4.2(b). A sharp initial

rise due to the arrival of the pump pulse at the sample followed by a slow decay associated

with thermal diffusion is observed. The periodic oscillations in the signal represent the out-

of-plane longitudinal vibrations of the colloidal crystal. The power spectrum (amplitude

squared of the Fourier transform spectrum) of the time-derivative of the signal in Fig. 4.2(a)

is shown in Fig. 4.2(b), wherein five spectral peaks can be distinguished. The fundamental

peak has a frequency f1 = 70 MHz. The intensities of the subsequent peaks decrease with

increasing frequency, such that the intensity of the fifth peak is over three orders of magnitude

lower than that of the fundamental peak. We suggest that this is due, in part, to the step-like

nature of the excitation, which more efficiently excites modes at lower frequencies, and the

increased susceptibility of shorter-wavelength, higher-frequency modes to disorder-induced

scattering [190]. Each of the modes identified in the spectrum shown in Fig. 4.2(b) are
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Figure 4.1: (a) Schematic of the multilayer convective self-assembly technique. (b) Illustra-

tion of the laser ultrasonic technique used to excite and measure eigenmodes of the colloidal

crystal. (c) Optical microscope image showing multiple regions of the colloidal crystal with

different layer thicknesses. (d) Representative SEM image of the colloidal crystal.

denoted by open diamond markers, and are plotted as function of mode number in Fig. 4.2(d)

using the same markers. We compare the measured frequencies to the modal frequencies of

a continuous film with boundaries that are fixed on one side and free on the other, given

by fi =
(2i−1)c

4H
, where i is the mode number, and c and H are the longitudinal sound speed

and thickness of the film, respectively [186]. In our sample, the substrate and the crystal are

mechanically coupled, with the substrate not strictly rigid. We expect much of the measured

vibrations to be confined to the colloidal crystal, due to the large impedance mismatch

between the crystal and the substrate. The modal frequencies of the continuous film fixed

to the substrate on one side are plotted using blue filled circle markers in Fig. 4.2(d), where

the sound speed of the film is chosen such that the frequency of its fundamental mode

matches the experimentally measured fundamental mode. From Fig. 4.2(d), we see that

the five measured modes approximately follow the linear trend of the calculated fixed-free
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film modes as the mode number increases. Similar observations have been made in previous

studies on nanocrystal superlattices interacting via ligands that have shown equally-spaced

modes [186].

While the observed modes are well described by the linear relationship corresponding to

the continuous film model, we develop a quasi-one-dimensional coupled oscillator model to

describe our system and analyze the contact stiffnesses, in which we treat the spheres as rigid

bodies connected by massless springs. Similar springs-in-series models (without the lumped

masses) have been previously used to study the quasistatic nanoindentation of multilayer

colloidal crystals composed of hollow silica nanospheres [191]. We implement a discrete

element model because the measured frequencies are lower than the lowest intrinsic spheroidal

mode of the particles (2.62 GHz) [127], and the discrete model enables us to separately

describe particle–substrate and interlayer contact stiffnesses. A schematic of our quasi-one-

dimensional coupled oscillator model is illustrated in Fig. 4.2(c). The particle–substrate

contact between the first layer and the substrate is represented by an axial contact spring

of stiffness KN , while the interparticle normal and shear contacts involved in subsequent

layers are represented by axial and transverse springs of stiffness GN and GS, respectively.

The normal and shear stiffnesses are modeled using linearized Hertzian [75] and Hertz–

Mindlin contact models [137]. We define an effective interlayer contact stiffness Ge oriented

along the out-of-plane direction, which incorporates the contributions from the three pairs

of interparticle normal and shear contact springs, and can be expressed as:

Ge = GN(2 + ν∗) (4.1)

where for statically compressed Hertzian and Hertz–Mindlin contacts, ν∗ = GS

GN
= 21−νP

2−νP
is

the ratio of the interparticle shear and normal contact stiffnesses, and νP is the Poisson’s ra-

tio of the polystyrene spheres (see Refs. [137,192] and Appendix C for stiffness calculations).

Using Eq. 4.1, the colloidal crystal can be simplified to a quasi one-dimensional coupled os-

cillator system, where each of the oscillators have mass per unit area M , and are connected
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Figure 4.2: (a) Time domain signal corresponding to the out-of-plane eigenvibrations of

a 12-layer-thick colloidal crystal. The signal amplitude S is normalized to its maximum

amplitude S0. (b) The solid red line denotes the power spectrum of the time-derivative of

the signal in (a), and the dashed blue line denotes the sum of five Lorentzians fitted to the

measured spectrum. (c) Schematic of the quasi-one-dimensional coupled oscillator model.

(d) Modal frequencies as a function of mode number. Black diamond markers are the modes

identified in (b) denoted by the same marker type. The blue circle markers represent the

calculated modal frequencies for a fixed-free continuum film adhered to a rigid substrate,

where the first mode is matched to the measured fundamental mode. The blue dashed line is

a visual guide to the blue circle markers, and represents a wave speed of 1060 m s-1. The green

markers represent the calculated modal frequencies of the coupled oscillator system using a

particle-substrate stiffness obtained via a monolayer region of the same sample measured in

(a, b) and an interlayer contact stiffness fitted to the fundamental measured mode (open

square markers), and to all five measured modes (filled circle markers). The error bar half-

widths in the measured spectral peaks denote the maximum shift in the position of the peaks

when the power spectrum time window is adjusted by up to 4 ns.
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to one another by springs of stiffness per unit area G. Here, M = m/AP and G = Ge/AP ,

where m is the mass of one of the spheres and AP =
√
3D2/2 is the area of the primitive

unit cell in the HCP lattice. Although the crystal may also be in the FCC configuration, we

assume HCP packing for the purpose of this article. The equivalent one-dimensional cou-

pled oscillator system reduces to a chain of spheres of mass m connected to one another by

springs of stiffness Ge, and connected to the substrate by a spring of stiffness KN . The mass

of the sphere is calculated using the density ρ = 1060 kg m-3 of polystyrene [139]. Since our

measurements are sensitive to the out-of-plane direction only and we excite primarily longi-

tudinal plane waves, we neglect adhesive contact forces in the transverse direction between

neighboring spheres within the same layer.

We first apply our quasi-one-dimensional coupled oscillator model to the spectrum shown in

Fig. 4.2(b). Using a single oscillator model, we first determine the particle–substrate contact

stiffness KN by measuring the out-of-plane contact resonance frequency f1, m for a monolayer

region of the same sample and using the relation KN = (2πf1,m)
2m. Using our coupled

oscillator model and the experimentally determined particle–substrate contact stiffness KN ,

we then solve for the effective interlayer contact stiffness Ge of the measured twelve layer

region (assuming that all interlayer effective contact stiffnesses are the same), by matching

each of the measured modes shown in Fig. 4.2(b) to the corresponding eigenfrequency.

Taking the average value of these effective interlayer stiffnesses, determined for each mode,

we obtain a value of Ge = 0.42 kN m-1. If only the fundamental mode is used, we obtain an

effective interlayer thickness Ge = 0.38 kN m-1, which is 8% lower than the corresponding

stiffness obtained by fitting all five measured modes. We note that these effective contact

stiffnesses are similar to the stiffness found in Ref. [95] for colloidal crystals composed of

similar-sized PS spheres with FCC packing. Using these effective interlayer stiffnesses, we

then recalculate and plot the resulting modes in Fig. 4.2(d), where the green open squares

were calculated using the stiffness found by fitting only the fundamental mode and the green

closed circles using all five measured modes. In both cases, the highest calculated mode
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deviates from the dispersion trend defined by the lower frequency modes due to the defect

caused by the differing particle–substrate contact stiffness.

To similarly characterize the contact stiffnesses of colloidal crystals of different layer thick-

nesses, we perform measurements on multiple samples with defined layer thicknesses, ranging

from one to twelve layers, as is shown in Fig. 4.3. Each sample was also fabricated using

different fabrication parameters, including particle concentration, solvent (deionized water or

ethanol), temperature of the drying environment, and number of times the colloidal suspen-

sion was centrifuged and the supernatant discarded to remove impurities from the solution.

A tabulated list of the fabrication parameters used for each sample is included in Appendix

C. We note that, in contrast to the spectrum shown in Fig. 4.2(b), fewer peaks were ob-

served for other measurement regions and samples. In addition to being a result of the higher

number of averages (106) used for the measurement location of Fig. 4.2(b), the presence of

the additional peaks in Fig. 4.2(b) suggests reduced dissipation, which consequently may

indicate lower disorder within that measurement area. This is further supported by an ob-

served higher quality factor of the fundamental mode for this region (Q ∼ 12), compared to

other measured regions (Q ∼ 3 − 7). The quality factor is obtained by fitting a Lorentzian

distribution to the fundamental mode in the measured power spectra.

Figure 4.3(a) shows the Fourier spectra measured for regions of different layer thicknesses

across the two samples where we could obtain a measurement of the out-of-plane contact

resonance in the monolayer region. The red curves in Fig. 4.3(a) correspond to the sample

characterized in Fig. 4.2, which we refer to as “Sample 1”, and the blue to a different sample,

which we refer to as “Sample 2”. Figure 4.3(b) shows the frequency of the fundamental

mode for all regions measured, as a function of the number of layers in that region. Each

marker type corresponds to a different sample. The red and blue markers in Fig. 4.3(b)

correspond to the spectra denoted by the same markers in Fig. 4.3(a). The gray markers

denote samples for which a resonance was not detected in the monolayer region. We suggest

that the absence of a monolayer resonance may be due to a combination of low quality
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Figure 4.3: (a) Fourier Transform spectra of the time-resolved interferometric signals

recorded from measurements on two colloidal crystal samples with thickness ranging from

one to twelve layers. The Fourier Transform amplitude is plotted in linear scale, and offset

for each layer thickness. (b) Frequencies of the fundamental mode plotted for colloidal crys-

tals of varying number of layers (n) in the two samples from the peaks in the spectra in (a).

The blue and red dashed lines indicate the frequencies of the fundamental eigenmode of a

coupled oscillator system using the particle–substrate contact stiffness from the monolayer

measurement (KN) and the measured mean effective interlayer contact stiffness (Ge,avg).

The gray markers represent frequencies of the fundamental modes of colloidal crystals fab-

ricated with differing selfassembly parameters, but for which a monolayer resonance could

not be measured. The green star marker represents the frequency measured on a monolayer

that was pre-assembled at an air/water interface and subsequently transferred to a solid

substrate. The inset highlights the variation of the effective interlayer contact stiffness for

different layer thicknesses (Ge,n) in the two samples shown in (a). Red makers and lines

correspond to Sample 1 and blue markers and lines to Sample 2 in all panels.
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factors observed for many of the monolayer regions, as can be seen by the broad peaks of the

monolayer spectra in Fig. 4.3(a), and the possibility that the monolayers have frequencies

above our detection bandwidth of ∼ 1 GHz. For all samples we observe a similar, and

expected, trend of decreasing fundamental mode frequency with increasing layer thickness.

As a point of comparison to the samples fabricated using the vertical deposition convective

self-assembly technique and prior studies on monolayer contact resonances [77,119,139,160],

we fabricated and measured a sample consisting entirely of a colloidal crystal monolayer

using a modified Langmuir–Blodgett technique involving pre-assembly of the monolayer at

an air/water interface and subsequent transfer to a solid substrate [157]. The monolayer

contact resonance on this air/water monolayer sample is found to be significantly lower

than those measured for the samples fabricated using the vertical convective self-assembly

technique, and is denoted by the green star marker in Fig. 4.3(b).

We repeat the previously described process to determine the effective interlayer contact

stiffness for the different layer thicknesses tested on Samples 1 and 2. As the effective

interlayer contact stiffness estimated using the fundamental and higher order modes was

found to be reasonably close, and we do not have access to higher order modes for many

of the regions tested, we fit only using the measured fundamental mode and the particle–

substrate contact stiffness, determined from the monolayer region on the same sample, to

find the effective interlayer contact stiffness for each thickness (Ge,n). The resulting effective

interlayer contact stiffnesses, normalized by the average interlayer contact stiffness (Ge, avg)

(across all layer thicknesses for the corresponding sample), are plotted in the insets Fig.

4.3(b1 and b2) as a function of thickness. The half-width error bars for each marker in

the insets represent the 8% error in the effective interlayer stiffness calculated using the

fundamental mode only or the first five eigenmodes in the coupled oscillator model. Each

sample is denoted with the same marker type and color throughout Fig. 4.3.

The insets in Fig. 4.3(b1 and b2) show the variation of the effective interlayer stiffness in

regions of differing thicknesses within the same sample. The effective interlayer stiffness
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measured on different layer thicknesses in Sample 1 shows little variation, with an average

value of 0.44 kN m-1. On the other hand, we find that the effective interlayer stiffness

decreases with increasing layer thickness in Sample 2, ranging from 1.2 kN m-1 in the bilayer

region to 0.35 kN m-1 in the twelve-layer region of the sample. We speculate the decrease in

stiffness could be due to increased disorder, as has been previously suggested in Ref. [185],

or to a reduced density of impurities near the contact with increasing layer thicknesses. The

presence of such impurities is to be expected as a by-product of colloidal synthesis processes.

A decreasing density of impurity aggregation near the contacts with increasing layer thickness

could thus also be expected, as thinner layers are deposited first in the drying process, and

the impurities would first aggregate in these regions, leaving the solution, and reducing

their availability for thicker layers deposited later in time. To verify the chemical nature

of such impurities, we conducted IR spectroscopy on the material left over by separating

the polystyrene particles from the colloidal dispersion, and then condensing and drying the

supernatant (shown in Fig. 4 in Ref. [188]). In addition to signals of polystyrene, the

IR spectrum of this material showed additional peaks associated with comonomer groups,

which confirmed the presence of shortchained polymers in the colloidal dispersion. Indeed,

spectroscopic and interfacial analyses of polymer colloidal dispersions reported previously in

the literature [193], have shown that impurities, consistent with what was found in our IR

spectroscopic measurements, occur in emulsion polymerization processes, and consist of low

molecular weight polymers that form during the process and remain water soluble. During

the assembly process, these impurities will be co-deposited by capillary forces at the contact

points between the colloidal particles and at the substrate/particle contact. Along these

lines, we note that the colloidal suspension for Sample 2 was centrifuged three times, while

the suspension for Sample 1 was only centrifuged once, as can be seen in the Appendix C.

The average interlayer stiffness calculated from measurements on all regions of Sample 2 is

0.68 kN m-1.

The red and blue dashed lines in Fig. 4.3(b) indicate the resulting fundamental eigenfre-



64

quencies of coupled oscillator systems with two to twelve masses connected to each other

via contact springs having stiffness equal to the measured average interlayer stiffness Ge,

avg and to the substrate via a contact spring of stiffness equal to the measured particle–

substrate contact stiffness KN for Sample 1 and 2, respectively. We find that the measured

frequencies follow the trend predicted by the coupled oscillator model, including in the case

of the samples where a monolayer resonance was not detected.

We find considerable disparity between the monolayer contact resonance frequency measure-

ments for the two colloidal crystal samples (∼ 1 GHz) and that for the monolayer fabricated

by the pre-assembly at the air/water interface (520 MHz). Table 1 lists the average ef-

fective interlayer stiffness and the particle–substrate contact stiffness calculated from the

measured frequencies for the two multilayer samples and the air/water monolayer sample.

Potential causes for this disparity, as well as comparisons with adhesive contact models will

be discussed in the following.

We compare the average effective interlayer stiffness and the particle–substrate contact

stiffness obtained from our measurements to estimates made using the Derjaguin–Muller–

Toporov (DMT) adhesive elastic contact model [138]. The DMT adhesive elastic contact

model is derived from the Hertz contact model [75], with the addition of a static adhesive

force. Based on the DMT model contact mechanics, the linearized normal contact stiffness

around the equilibrium displacement is expressed as KDMT = 3
2
(2πwRe

2E∗2)3/2 [77], where

w is the work of adhesion between the two surfaces in contact [121], Re is the effective radius

(equal to the radius of the sphere for the particle–substrate contact, and half the radius of

the sphere for the particle–particle contact) and E∗ = [(3/4)((1− ν2
P )/EP + (1− ν2

S)/ES)]
−1

is the effective modulus of the contact. Using a work of adhesion between the polystyrene

spheres and the silica coated substrate obtained using the Lifshitz theory of van der Waals

forces [121] of wP−S = 0.06 J m-2, and νP = 0.32, νS = 0.17, EP = 4.04 GPa and ES = 73

GPa as the Poisson’s ratio and Young’s modulus of the polystyrene sphere [139] and the

substrate [161], respectively, we estimate the linearized normal contact stiffness between the
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Table 4.1: Measured and predicted (using the Derjaguin–Muller– Toporov, or “DMT” adhe-

sive elastic contact model) particle–substrate and average interlayer contact stiffness. The

DMT model assumes wP−S = 0.06 J m -2 and wP−P = 0.06 J m -2

KN (kN m -1) Ge,avg (kN m -1)

Sample 1 1.3 0.4

Sample 2 1.6 0.7

Air/water monolayer 0.4 -

DMT model 0.1 0.1

particle and the substrate to be KN,DMT = 0.1 kN m-1. Similarly, we find Ge,DMT = 0.1 kN

m-1, using a work of adhesion between the spheres of wP−P = 0.06 J m-1 (see Appendix C).

From Table 4.1, we observe that the particle–substrate and the effective interlayer stiffnesses

predicted by the DMT model are much lower than all the corresponding measured contact

stiffnesses. The discrepancy between measured contact stiffnesses and those predicted by the

DMT model has been reported previously for silica [77, 119] as well as polystyrene micro-

spheres [139,160], and could be explained by the uncertainty in the work of adhesion between

contacting surfaces [121], plastic deformation [194], or solid [195] or liquid [122,140,176] ma-

terial bridges around the contacts.

To gain insight into the source of the difference between the measured contact stiffnesses

of the multilayer samples and the air/water monolayer sample, as well as that between the

measurements and DMT model prediction, we analyze the contact surface by means of scan-

ning electron microscopy. Representative side-view SEM images of the particle–substrate

contacts in the air/water monolayer sample, and the monolayer regions of the two multi-

layer colloidal crystal samples investigated in Fig. 4.2(a) (i.e., Sample 1 and Sample 2) are

shown in Fig. 4.4(a)–(c). The SEM image of the air/water monolayer sample, shown in

Fig. 4.4(a), indicates a large particle–substrate contact diameter (of ∼ 50 nm), which is
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significantly higher than that predicted by the DMT model (28 nm). The large contact

diameter in the air/water monolayer sample suggests that the spheres may have plastically

deformed under the action of adhesive forces during the self-assembly process [194]. The

SEM image of the monolayer region of Sample 1, shown in Fig. 4.4(b), reveals a similar

particle–substrate contact diameter as in the air/water monolayer sample. Although the

particle– substrate contact diameters in the air/water monolayer sample and Sample 1 ap-

pear to be comparable, the particle– substrate contact stiffness measured in Sample 1 being

over three times that measured in the air/water monolayer sample suggests that there may

be other mechanisms responsible for the added stiffness of the contacts. Side-view SEM

images of the particle–substrate contacts in the monolayer region of Sample 2, shown in Fig.

4.4(c), appear considerably different from the previous two cases. The spheres seem to be

partially embedded in a solid matrix that forms a ‘well’-like structure around the particle.

The well-like structures appear to be formed from a thin film on the substrate. However,

although the particle–substrate contacts in Samples 1 and 2 appear qualitatively different,

the contact stiffnesses measured on these samples were comparable.
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Figure 4.4: Scanning electron microscopy images of the monolayer regions in: (a) the

air/water monolayer sample; (b) Sample 1; and (c) Sample 2. We note some minor lateral

image distortion in the SEM image in panel (c). Scale bars represent 250 nm in all panels;

however, significant uncertainty should be assumed due to variations in the distance between

the focal plane and the contact. (d)–(f ) Tapping-mode Atomic Force Microscopy images of

the substrate after removal of the spheres. (g)–(i) Surface topology of the substrate along

the dashed line shown in the corresponding panel directly above. (j)–(l) Isometric views of

the AFM images of single ‘well’-like features on a 0.4µm x 0.4µm area of the substrate. All

panels in the same column correspond to the same sample.
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To further explore potential causes for the differing contact stiffnesses, we investigate the

topography of the surface of the substrate after removal of the spheres by tapping-mode

AFM. The spheres in the monolayer regions were removed by placing a piece of adhesive

tape on the monolayer region, followed by gentle application of pressure on the surface of

the tape. The spheres adhered to the tape when it was peeled off, leaving a region of

blank substrate on the sample. The AFM images of the regions of the substrate where the

monolayer was peeled off on the three samples are shown in Fig. 4.4(d)–(f ). For the case

of the air/water monolayer sample, the AFM image in Fig. 4.4(d) shows variations in the

surface height within ∼ 3 nm, which we attribute, in part, to the roughness of the silica

film deposited on the substrate. However, the AFM image also reveals ring-like patterns of

diameter ∼ 150 − 200 nm at the sites previously occupied by the spheres, suggesting that

these patterns could be due to residue on the surface. The corresponding AFM images of the

multilayer colloidal crystal samples show a similar, but more pronounced, substrate surface

topography. The AFM image of the substrate in Sample 1, shown in Fig. 4.4(e), shows very

pronounced ring-like structures, ∼ 5− 16 nm in height, with hemispherical openings. Even

more pronounced ring-like structures exceeding 20 nm in height are seen in the AFM image of

Sample 2, which is illustrated in Fig. 4.4(f ), and complements the relatively larger observed

contact stiffness. The diameter of the hemispherical openings of the ring-like structures in

Samples 1 and 2 is ∼ 160 − 200 nm, similar to that of the ring-like structures observed on

the air/water monolayer sample. Representative profiles of the surface height in the three

samples are plotted in Fig. 4.4(g)–(h). Isometric close-up views of the ring-like structures

revealed by the AFM images are shown in Fig. 4.4(j)–(l). A clear meniscus shape of solid

material around a central depletion caused by the removed sphere is seen.

The SEM and AFM images of the regions around the particle– substrate contacts in the

colloidal crystals compliment the contact stiffnesses obtained from the laser ultrasonic mea-

surements, and provide possible explanations for the discrepancies in the particle–substrate

contact stiffness between the air/water monolayer and multilayer samples, as well as discrep-
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ancies between our measurements and predictions made by the DMT contact model. For

instance, the ratio of the contact stiffness between the air/water and Sample 2 monolayers

was measured to be 3.3, as is shown in Table 4.1. The difference in contact stiffness can

be estimated by comparing the vertical particle deformation distance d1 with the height of

the added impurity d2 material such that K2/K1 =
√
(1 + d2/d1). Using a particle defor-

mation distance of d1 = 3 nm, calculated from the measured contact resonance frequency of

the monolayer, and assuming an impurity well height of d2 = 20 nm, we obtain a ratio of

contact stiffness K2/K1 = 2.7, which is close to the measured difference.

The previously described bridging can also be observed in the interparticle and particle-

substrate contacts in the multilayer regions of the colloidal crystal samples. Representative

views of the particle–substrate and interparticle contacts in the multilayer regions of Samples

1 and 2 are illustrated in Fig. 4.5(a) and (b), respectively. For both samples, a thin ‘bridging’

material (∼ 10 nm in width) is seen in the region around the particle–substrate contact,

as well as in the interstitial space between neighboring spheres. As before, the ‘bridging’

material is more evident in Sample 2 (shown in Fig. 4.5(b)), which can be seen as a continuous

thin film along the substrate that forms well-like structures around the particle–substrate

contact. Similar to the case of the monolayer regions, the material is also deposited at the

contact points between neighboring spheres. We attribute these solid bridges to the presence

of solid impurities within the colloidal suspension.

The differences between the various samples in this study, as seen from measurements of the

contact stiffnesses via laser ultrasonic characterization as well as in the SEM and AFM images

of the contacts, can be attributed to the different nature of the self-assembly fabrication

process. In the modified Langmuir–Blodgett technique, a floating monolayer of spheres is pre-

assembled at an air/water interface, which is then transferred onto a substrate [157]. Solid

impurities in the colloidal suspension, such as water-soluble polystyrene oligomers, other

reaction side-products from the emulsion polymerization process [188], or polymer impurities

that may leach from the vials containing the colloidal solution, are much more diluted as
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Figure 4.5: Scanning electron microscopy images illustrating particle–substrate and inter-

particle contacts in (a) a seven-layer-thick region of Sample 1 and (b) a six-layer-thick region

of Sample 2. The scale bar is 100 nm in both panels. The arrows indicate representative

material bridges observed between the contacts.

the water subphase provides an enormous reservoir. This may explain the smaller ring-like

structures seen in the AFM images of the air/water monolayer sample, Fig. 4.4(d). On the

other hand, the ‘bridging’ material seen between the sphere contacts in Samples 1 and 2 may

be formed by solid impurities occupying interstitial sites in the crystal lattice. Unlike the case

of the air/water pre-assembly technique, it is possible that the solid impurities in the vertical

deposition technique are pulled towards spheres that have already deposited on the substrate

by convective forces. Subsequently, these impurities are concentrated in liquid capillary

bridges that form between the spheres and the substrate, where they finally solidify upon

drying. As a result, the purity of the assembly suspension (i.e., the amount of impurities)

will determine the quality of the colloidal crystal sample, which in turn would be expected

to affect the contact properties, wherein cleaner suspensions should give less solid bridges

and suspensions with more solid impurities should result in colloidal crystals with more

solid bridges. As suggested earlier, multiple cycles of centrifuging the colloidal suspension

and removing the supernatant prior to self-assembly deposition can alter the quantity of

impurities in the colloidal suspension. The use of repeated centrifuge purification steps in
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the preparation of Sample 1 readily explains the slightly higher particle–substrate contact

stiffness in Sample 2 over Sample 1, and the thicker film on the surface of the substrate. In

addition to affecting the average interlayer contact stiffness of the multilayer, an increased

density of impurities at the lower layers may also contribute to the observed decrease in

stiffness with increasing layer thickness shown in Fig. 4.3(b2). Our measurements, therefore,

open avenues to potentially assess the packing and contact quality in three-dimensional

colloidal crystals.

For further insights into the mechanical wave propagation properties in our colloidal crystals,

we estimate the long wavelength longitudinal sound speed v in the colloidal crystal samples

from the measured average interlayer contact stiffnesses using the relation v =
√

Ge,avg

m
D∗,

where D∗ =
√
6
3
D is the unit cell spacing, and find v1 = 1166 m s-1 and v2 = 1445 m s-1 for

Samples 1 and 2, respectively. Our estimated values are about half the longitudinal sound

speed in bulk polystyrene, vPS = 2350 m s-1 [139], and about two times higher than the

sound speed calculated using the interlayer contact stiffness predicted by the DMT model,

vDMT = 617 m s-1. We also calculate the long wavelength sound speed obtained from the

observed contact diameter, assuming DMT contact mechanics. Using a contact diameter

of 150 nm yields a sound speed of 1582 m s-1, which is in reasonable agreement with the

sound speed calculated from the measured average interlayer stiffness. At the macroscale,

an uncompressed granular crystal is often described as a sonic vacuum (i.e., zero sound

speed) wherein the particle–particle interactions are purely nonlinear [76]. As this system

is compressed, it becomes more linear, with a finite low-amplitude sound speed. Compared

to sound speeds as low as ∼ 200 m s-1 measured in slightly compressed macroscale granular

crystals [102], the relatively high speeds in our samples suggest a highly linearized system.

Strategies to increase the coupling between macroscale spheres in contact and therefore

modify their dynamic response have been studied previously, for instance by welding a finite

chain of millimeter-sized steel spheres [196], where the contact diameter was ∼ 30% of

the sphere diameter. Controlling the size of the material bridges between the spheres may
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therefore be used as an analogous mechanism to tune the coupling between particles at the

micro- and nanoscale.

Finally, we compare the quality factors of the peaks of the measured eigenfrequencies to those

estimated from the acoustic impedance mismatch between the colloidal crystal and the glass

substrate. We estimate the acoustic impedance of the colloidal crystal to be Z1 = ρcv1 = 0.92

MPa s m-1, where v1 is the longitudinal sound speed calculated previously for Sample 1

using the average interlayer contact stiffness and effective density of the colloidal crystal of

ρc =
6ϕm
πD3 = 784 kg m-3, which is calculated using a solid volume fraction ϕ = 0.74 assuming

HCP packing. Similarly, we calculate the acoustic impedance of the glass substrate to be

Zs = ρsvs = 14.2 MPa s m-1, where ρs = 2500 kg m-3 is the density of the substrate and

vs = 5697 m s-1 is its sound speed [197]. The resulting amplitude reflection coefficient r at

the colloidal crystal/substrate interface is calculated to be r = Zs−Zl

Zs+Zl
= 0.88 We estimate

the expected quality factor of the fundamental mode, accounting for radiation from the

colloidal layer, using the relation Qi = π(2i−1)
1−r2

. For the fundamental mode (i = 1), we

estimate a quality factor of Q1 = 14, which is slightly larger than the observed quality factor

for the fundamental mode of the 12 layer thick region of Sample 1, and respectively larger

than the other measured fundamental modes. Furthermore, for the 12 layer thick region of

Sample 1, the measured quality factors of the higher-order peaks vary between ∼ 7 − 10,

which is in contrast to the increase in quality factor with mode number that is expected for

damping stemming from radiation into the substrate. The observed quality factors for the

higher-order, shorter-wavelength modes thus suggest additional susceptibility to material or

disorder-related loss mechanisms, including mechanisms arising from disorder in the contact

stiffnesses.

4.4 Conclusions

In summary, we have studied the contact-based longitudinal eigenvibrations of ordered, three-

dimensional colloidal crystals adhered to solid substrates. We identify regions of uniform
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layer thickness in the colloidal crystal by their structural color. This enables us to measure

the longitudinal eigenvibrations of the colloidal crystal as a function of layer thickness. Using

non-contact laser ultrasonic measurements, along with a coupled oscillator model, we extract

the particle–substrate and effective interlayer contact stiffness in the samples, and in one case

find the effective contact stiffness between each layer to decrease with increasing number

of layers. The laser ultrasonic measurements, supplemented by SEM and AFM images,

show that nanometric-sized bridges around the contacts can drastically affect the contact

stiffnesses. In the future, we expect that the rational control of contact stiffness via deposition

of solid bridges can be systematically exploited to tailor the acoustic properties of self-

assembled structures, which may in turn lead to a new class of tunable “micro- and nanoscale

granular crystals”. For instance, the intentional inclusion of additional short-chain polymers

in the solution could tune the contact stiffness by at least four times, as was shown in this

study (comparing the contact stiffness obtained using the Langmuir–Blodgett technique to

the one using vertical deposition). This study furthers the understanding of the dynamics of

self-assembled micro- and nanoparticulate structures, which may have potential for ultrasonic

wave tailoring applications analogous to macroscale granular crystals.

4.5 Collaborator Contributions

Several collaborators contributed to the work presented in this chapter. The project grew out

of an observation by M. Abi Ghanem of eigenmodes of a three-dimensional granular crystal

the author of this thesis had fabricated and was investigating for other purposes. The author

of this thesis provided guidance on sample fabrication and discussions and analysis of the

experimental results. The laser ultrasonic measurements and data analysis were performed

by M. Abi Ghanem and A. Khanolkar. Development of the coupled oscillator model and

contact stiffness calculations were performed by S. Wallen. The samples used in this chapter

were fabricated by M. Helwig and A. Khanolkar. Sample visualization via SEM and AFM

were performed by A. Khanolkar. A. Maznev gave guidance on the analytical analysis of

acoustic radiation.
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Chapter 5

ACOUSTIC WAVE PROPAGATION IN DISORDERED
MICROSCALE GRANULAR MEDIA UNDER COMPRESSION

1

We investigate the effect of dynamic and uniaxial static loading on the wave speeds and rise

times of laser generated acoustic waves traveling through a disordered, multilayer aggregate

of 2µm diameter silica microspheres, where the excited dynamic amplitudes are estimated

to approach the level of the static overlap between the particles caused by adhesion and

externally applied loads. Two cases are studied: a case where the as-fabricated particle

network is retained, and a case where the static load has been increased to the point where the

aggregate collapses and a rearrangement of the particle network occurs.We observe increases

in wave speeds with static loading significantly lower than, and in approximate agreement

with, predictions from models based on Hertzian contact mechanics for the pre- and post-

collapse states, respectively. The measured rise time of the leading pulse is found to decrease

with increasing static load in both cases, which we attribute to decreased scattering and

stiffening of the contact network. Finally, we observe an increase in wave speed with increased

excitation amplitude that depends on static loading, and whether the system is in the pre-

or postcollapse state. The wave speed dependence on amplitude and static load is found

to be in qualitative agreement with a one dimensional discrete model of adhesive spheres,

although the observed difference between pre- and post-collapse states is not captured. This

investigation, and the approach presented herein, may find use in future studies of the contact

1Included in this chapter is material from Ref. [198]. Reprinted with permission from M. Hiraiwa:
Springer, Granular Matter, ”Acoustic wave propagation in disordered microscale granular media under
compression,” M. Hiraiwa, S. P. Wallen, and N. Boechler, Copyright 2017.
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mechanics and dynamics of adhesive microgranular systems.

5.1 Introduction

The velocities of acoustic waves in granular media are known to be highly dependent on

applied static and dynamic loads, due to factors including the configuration of the internal

microstructure and the nonlinear mechanics of particles in contact [52]. This dependence

has had implications for applied areas, such as geological exploration and analysis [199],

and proven useful for studying the effective constitutive properties of granular media [52,

101–104, 106–108, 200–205]. The effect of applied static and dynamic loading on acoustic

wave propagation has been explored in many experimental studies of granular materials that

have particles with diameters ranging from tens of microns to several millimeters [52,66,70,

101–104,106,107,128,200,203,205]. This includes studies of assemblies of uniform spherical

particles [52,66,70,101–104,106,107,128,203,205], wherein highly nonlinear phenomena that

stem from the Hertzian mechanics [75] of spherical particles in contact, such as sonic vacua

and solitary wave propagation [52, 66, 70], have been demonstrated.

The dynamics of granular media having particles with diameters of a few microns and be-

low are of fundamental interest, as they involve physical phenomena distinct from their

macroscale counterparts. For instance, while interparticle adhesion [121] may be neglected

for systems of macroscale particles, it can play a major role in the dynamics of systems of

microscale particles, as has been demonstrated in several recent studies of two-dimensional

microscale granular crystals [77, 119, 130]. In microgranular systems, adhesive forces induce

large deformations at the particle contacts, which can effectively linearize the dynamical

response [52], induce plasticity near the contact [88], and increase the role of shear interac-

tions [119].

In this work, we investigate the dependence of acoustic wave speeds and pulse rise times on

applied dynamic and uniaxial static loading for a disordered, multilayer aggregate of 2µm

diameter silica microspheres, where the excitation amplitudes are estimated to approach



76

the level of the adhesion- and external-load-induced static overlap between the particles.

The wave speed is determined from the time of flight of a laser generated acoustic pulse

traveling through the multilayer. Two cases are considered: a “pre-collapse” case, in which

the as-fabricated particle network is mostly retained, and a “post-collapse” case, where the

particle network has rearranged after the applied static compressive stress was increased

to a point where the multilayer collapses. We find that these two cases exhibit distinct

behaviors. In the post-collapse case, we see a power law dependence of the sound speed

c on the static load F of approximately c ∝ F 1/6, consistent with previous experimental

studies [101–104, 107, 205] on granular assemblies, theoretical models [101, 201, 202] based

on Hertzian contact mechanics, and studies of the contact- and breathing-mode dynamics of

isolated sub-micron spheres [118]. In the pre-collapse case, we find an anomalous dependence

of sound speed on static load (where the sound speed increases much less than predicted by

Hertz theory). Deviation from the Hertzian 1/6 power law dependence has been observed

experimentally in systems consisting of spheres with diameters of a few hundred microns or

greater [101, 103, 106, 107] and also predicted theoretically [202, 204]. However, in contrast

to our work, these studies found a power law dependence with an exponent greater than

the Hertzian prediction (e.g. 1/4) and, in many cases, the exponent was found to be static

load dependent, wherein the exponent transitioned from 1/4 to 1/6 as static load increased

[101,103,107,202,204]. In addition to the wave speed dependence on static load, we observe

that the rise time of the first-arriving acoustic pulse decreases with increasing applied static

load for both cases. Finally, we study the amplitude dependence of the wave speeds in both

preand post-collapse cases. We find the amplitude dependence of wave speed depends on

the level of static loading, and whether the system is in the pre- or post-collapse state. The

dependence on amplitude and static load is found to be in qualitative agreement with a

one-dimensional (1D), discrete element model (DEM) describing waves propagating through

a compressed chain of adhesive spheres, although the observed differences between pre- and

post-collapse states are not captured.
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5.2 Experimental Setup

A schematic of the apparatus used for the experiments is shown in Fig. 5.1(a). The mi-

crosphere array is fabricated by depositing a suspension of microspheres into a well, which

dries to form a multilayer microgranular adhesive network. The microsphere suspension

consists of silica spheres, with D = 2µm diameter, in water, and has a concentration of 25

mg/mL (purchased from Corpuscular Inc.), he microsphere suspension is deposited on a 1.5

mm thick glass microscope slide coated with a 100 nm thick aluminum (Al) film (purchased

from EMF Corp.), which serves as the substrate. Sections of 180µm thick glass coverslips

are glued onto the Al- coated side of the substrate, such that the arrangement creates an

approximately 5 mm by 5 mm square well with a depth equal to the coverslip thickness. To

ensure the multilayer is thicker than the coverslip thickness, we use a solution volume greater

than the volume enclosed by the coverslips, which we contain by adding a slab of 3 mm thick

polydimethylsiloxane (PDMS) on top of the coverslip well that has a 5 mm by 5 mm square

cut out. The microsphere solution is deposited into this well and allowed to dry overnight,

after which the PDMS slab is removed. A scanning electron microscope (SEM) image of

the surface of the depositedmultilayer is shown in Fig. 5.1(b). Once dried, the multilayer

protrudes past the coverslips and has a slightly curved surface. To create a nominally flat

surface for the compression experiments, the top of the multilayer is removed by sliding a

razor blade along the coverslips, which results in a multilayer with a thickness of 180µm,

as is shown in the SEM images of Fig. 5.2(a,b). We note that the images in Fig. 5.2(a,b)

are likely not representative of the morphology throughout the thickness of the sample, as

modification with the razor blade primarily affects a region localized near the surface.

To apply a specified static load F0 to the microspheres, we designed and used the compression

setup shown in Fig. 1a. The substrate and microsphere-filled well are attached to a fixed

metal bracket. Opposite from the sample, a load cell washer with a hole through the center

(model LW1020-5, Interface Load Cells) is used to monitor the applied load, and is mounted

on a spring loaded, motorized translation stage. A 1.5 mm glass slide coated with 100 nm of
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Collapsed region

under transducer

Figure 5.1: [Color online] Overview of the experiment. (a) Schematic of the compression

setup. (b) SEM image of the as-deposited multilayer surface, prior to modification with the

razor blade and application of compression. (c) Photograph of a post-collapse multilayer,

taken at a 45◦ angle

gold (Au) purchased from EMFCorp. is cut into a 1 mm by 1 mm square using a diamond

saw, and mounted on the load cell with a 2 mm thick PDMS slab and clear glass slide

sandwiched in between. The role of the PDMS slab is to compensate for relative tilt between

the Au-coated slide and multilayer sample, as shown in Appendix D.

Acoustic pulse generation is accomplished by irradiating the Au film, which we will refer to as

the ‘transducer,’ with pulsed laser light (532 nm wavelength, 0.5 ns pulse duration, 1 kHz rep

rate, 400 µm spot size at 1/e2 intensity level). For ‘high’ and ‘low’ amplitude excitations,

we use pulse energies of 13 and 3.7 µJ per pulse, respectively. Rapid thermal expansion

induced by the absorption of the laser light launches a short duration acoustic pulse that

travels through the thickness of the multilayer. Acoustic pulses are detected with a grating

interferometer [136], which reflects both probe and reference beams off the same sample to aid
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Figure 5.2: SEM images of the multilayer surface in various states. (a,b) After having a

razor blade slid across the coverslip well. Pre- (c, d) and Post-collapse (e, f) states after

having the applied load cycled multiple times. Panels (b, d, f) are magnified versions of (a,

c, e), respectively

stability. For the grating interferometer, we use a continuous wave laser (514 nm wavelength

and 21 mW power for each of the probe and reference beams). Both the probe and reference

beams are focused on the Al film to a spot size of 240 µm (at 1/e2 intensity level), with

the probe positioned so that it is axially aligned with the pump beam. The reference beam

is separated from the probe beam by 5 mm, and is focused onto a stationary region of

the sample. Interferometric signals are detected with a silicon photodetector (ET-2030A,

Electro-Optics Technology Inc., 2 GHz bandwidth), recorded with a digital oscilloscope (2.5
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GHz bandwidth), and then averaged over 104 trials. Changes in multilayer thickness during

compression are measured using a laser distance sensor (model IL-030, Keyence Inc.), that

has 1 µm resolution.

5.3 Experimental Procedure

The steps in the experimental procedure are outlined in Fig. 5.3. A tabulated list of all

experiments conducted is listed in Appendix D.1. We initially condition the sample by cycling

the applied compression between approximate ‘minimum’ and ‘maximum’ conditioning loads

while monitoring the The minimum conditioning load is set to 0.25 N for all experiments,

while the maximum conditioning load ranges from FC = 2.0 to 3.1 N. The loading cycle

is repeated until the arrival time of the acoustic pulse converges to a steady value. After

the conditioning procedure is complete, we record acoustic measurements at various applied

static loads, from the minimum static load Fmin = 0.25 N to the maximum measurement

static load Fmax (which varies as shown in Appendix D.1). First, at Fmin, we measure

acoustic signals at the high- and low-excitation amplitudes, in that order. Next, acoustic

signals are measured at incrementally increasing static loads using only the high excitation

amplitude. Once Fmax is reached, we again measure acoustic signals at the high- and low-

excitation amplitudes. To demonstrate repeatability, this process is repeated three times

for one experiment (denoted as Experiment #4 in Appendix D.1). After obtaining acoustic

signals, changes in the multilayer thickness are measured using the laser distance sensor by

recording displacements at incrementally increasing static load, from Fmin to F0 = 2.0 N.

This displacement measurement process is repeated a total of three times for each experiment.

To minimize potential effects of the compression fixture tilting, the sensor is focused onto

a piece of cardboard spanning the hole in the load cell washer, such that it is aligned with

the axis of the pump. We subtract measurements performed on a bare substrate from those

performed on the multilayer sample to remove the displacement due to movement of the

fixture, mostly caused by compression of the 2 mm thick PDMS slab sandwiched between

the Au-coated transducer and the glass slide. We find a standard deviation of the sample
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displacements measured at a static load of F0 = 2.0 N to be 4 µm (no consistent trend in the

displacement variation was observed between repeated loading cycles), which we consider

the upper limit of possible changes in multilayer thickness at this load.

Condition 

sample

(cyclic loading)

Sound speed 

and amplitude 

dependence 

measurements

Collapse
Repeat steps 

1 and 2

1 2 3 4

Min. static load: 

measure high 

and low 

amplitude

Incrementally 

increase static 

load: measure at 

high amplitude

Max. static load: 

measure high 

and low 

amplitude

Repeat 3x (only for one pre- and post-collapse experiment 

to demonstrate repeatability of amplitude dependence)   

Figure 5.3: Outline of experimental procedure

After the experiments are performed on the as-fabricated multilayer, we increase the static

load until the multilayer buckles underneath the transducer. This involves large-scale struc-

tural rearrangement, where microspheres flow past the sides of the transducer, resulting in

a decreased multilayer thickness under the transducer and an increased multilayer thickness

in the immediately surrounding regions, as can be seen in Fig. 5.1(c). The buckling process

occurs rapidly and typically at static loads in the range of 3 to 6 N. After the collapse, we

further increase the load to 6.4 N to induce rearrangement and improve the uniformity of

contact between the multilayer and transducer. During the buckling and re-arrangement

process, the laser distance sensor is focused on the side of the fixture, so that we can simulta-

neously monitor acoustic signals and changes in multilayer thickness, which we estimate to

have been reduced from the original value of 180 µm to thicknesses ranging from 36 to 56 µm,

as is detailed in Appendix D.1. We note that our method for determining the post-collapse

multilayer thickness is approximate, as the measurements do not account for uneven sam-

ple thickness and transducer tilt. The cyclic loading, acoustic measurements at incremental
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static loads, amplitude dependence experiments, and laser distance measurements are then

performed in the same manner as the pre-collapse case, with the exception that the maxi-

mum conditioning load FC = 6.4 N for all post-collapse experiments. After completing the

acoustic measurements, the load is removed. We note that the region of granular material

under the transducer typically disintegrates upon removal of the applied load. A photograph

of a sample for which this region did not disintegrate, and the square collapsed region can be

seen, is shown in Fig. 5.1(c). Scanning electron microscope images of the multilayer surface

after having the load cycled with the transducer in the pre- and post-collapse states are

shown in Fig. 5.2(c-f).

5.4 Experimental Results: Dependence on Static Load

5.4.1 Pre-Collapse Case

Representative acoustic signals measured for the pre-collapse case are shown in Fig. 5.4. Each

of the measured signals S is normalized to the maximum amplitude of that signal S0. Time

t = 0 corresponds to the generation of the acoustic pulse at the Au-coated transducer surface.

Figure 5.4(a) shows a signal recorded at the minimum static load. We define a normalized

static load FR = (F0/N + Fadh)/Fadh, where F0 is the applied force, N = AT/(
1
2

√
3D2) is

the number of spheres that cover the Au-coated transducer area AT assuming hexagonal-

close-packing, Fadh = 2πwR = 0.20 µN is the adhesive force between the silica microspheres

estimated using Derjaguin-Muller-Toporov (DMT) contact mechanics [138, 162], w = 0.063

J/m2 is the work of adhesion between silica particles [119], and R is the Hertzian effective

radius of contact (equal to half the microsphere radius for the case of two identical spheres

in contact). For the case of Fig. 5.4(a), this results in a normalized minimum static load

of FR = 5.3. The arrival time of the leading acoustic pulse, which we term the ‘1L pulse,’

at the Al-coated substrate is identified as the point when the normalized signal amplitude

first reaches 0.1, and is denoted by the vertical solid line. The 1L pulse has a rise time

of approximately 33 ns, which we measure as the elapsed time between normalized signal



83

thresholds of 0.1 and 0.9. Using a granular multilayer thickness of 180 µm and the measured

transit time, we calculate a sound speed of 900 m/s. The calculated sound speed at the

minimum static load for each of the samples tested is listed in Appendix D.1. We observe

that the large initial pulse is followed by a second large pulse of approximately half the

amplitude of the first. This second pulse is followed, and sometimes preceded, by additional

small oscillations. As can be seen by the alignment with the vertical dashed lines in Fig. 5.4,

this second pulse, which we term the ‘3L pulse,’ has a transit time close to what we would

expect for reflections traveling through the multilayer and reflecting between the two metal-

coated glass slides. Previous studies on acoustic wave propagation in compressed granular

media have also observed the phenomenon of a primary pulse followed by smaller subsequent

oscillations, which were attributed to disorder-induced scattering [203]. Figure 5.4(b) shows

the data from Fig. 5.4(a), superimposed with a signal measured on the same sample during

the same load cycle (red curve), but at F0 = 2.0 N (corresponding to a normalized force of

FR = 36). We observe a faster arrival time, an increased sound speed of 1020 m/s, and a

shortened rise time of 24 ns.

The dependence of sound speed on static load, corresponding to the part of the loading cycle

where the static load is increased, for four different spots located on two different samples

is shown in Fig. 5.5. We show measured normalized sound speeds for a range of applied

static load ranging from Fmin = 0.25 N to F0 = 2.0 N, which encompasses all four data

sets. The sound speeds CL are normalized to the speed CL,min measured at the minimum

applied static load Fmin. We estimate the error in the applied static load to be FR = 0.44,

which is obtained by summing the smallest resolvable load cell output and the difference

between a load cell measurement and a known reference weight. As can be seen in Fig.

5.5, there are three experiments in close agreement and one that appears as an outlier.

We fit the four experiments with a power law relationship, and find the exponent to be

β = 0.06. This exponent is significantly smaller than the 1/6 (≈ .17) exponent predicted

by models based on Hertzian contact mechanics. Additional measurements were performed
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Figure 5.4: [Color online] (a,b) Representative measured signals for the pre-collapse case

using the low amplitude excitation. Black and red curves correspond to static loads of Fmin

(FR = 5.3) and F0 = 2.0 N (FR = 36). Vertical solid and dashed lines denote the arrival

times of the 1L and 3L pulses, respectively, for curves of the same color. Vertical dotted

lines are the time of first pulse arrival, plus the estimated round trip travel time for acoustic

pulses traveling in the glass substrates. (a) Extended time window for the signal measured

at static load Fmin. (b) Shortened time window, comparing the signals measured at static

loads of Fmin and F0 = 2.0 N.

by focusing the pump and probe beams at different locations across the transducer, as

described in Appendix D.2. Although the measured power law exponent β describing the

dependence of sound speed on static load varied across the transducer, all locations resulted

in an exponent significantly smaller than 0.17, with a mean value of β̄ = 0.02. As a reference,
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we plot the static load dependence of a 270µm thick PDMS sample (Sylgard 184 Silicone

Elastomer Kit mixed with a 10 : 1 base to curing agent ratio) in the place of the microsphere

multilayer, using the same experimental procedure, and find minimal change in sound speed

with static load, as is shown by the black triangle markers in Fig. 5.5. In contrast to the

experiments on the microsphere multilayers, the PDMS sample thickness decreases by a

significant amount during the application of the static load. However, as can be seen in Fig.

5.5, by accounting for the change in thickness using displacements obtained with the laser

distance measurements, this results in a nearly constant sound speed.

5.4.2 Post-Collapse Case

Representative time domain signals for the post-collapse case are shown in Fig. 5.6 in the

same manner as in Fig. 5.4. The signal is noticeably different from the pre-collapse case,

displaying a sharp rise followed by a slow decay superimposed with echoes, and a reduced

1L arrival time. The rise time has also decreased by approximately 45%. These observations

(excepting the slower decay) are consistent with expectations for a decrease in multilayer

thickness, where the reduced rise time is expected as a result of the decreased length for

scattering and dispersive effects to occur. An enlarged view of the data in Fig. 5.6(a) is

shown in Fig. 5.6(b), superimposed with the time domain signal at F0 = 2.0 N. Similar to the

pre-collapse case, the measured 1L arrival time decreases when the static load is increased,

and the 3L pulse arrives approximately when it is expected based on the 1L transit time. This

alignment can be contrasted with the estimated arrival times corresponding to reflections

within the glass substrates, which is denoted by the vertical dotted lines in Figs. 5.4 and

5.6.

The measured dependence of normalized sound speed on static load is shown in Fig. 5.7 for

four different regions across two samples. The dependence of normalized sound speed versus

normalized static load between the different experiments shows significantly more scatter

than the pre-collapse case, with exponents ranging from β = 0.11 to 0.25. By averaging
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Figure 5.5: [Color online] Dependence of sound speed CL (normalized to the sound speed

CL,min at the static load Fmin) on normalized static load FR, for the pre-collapse case, plotted

using a logarithmic scale on both axes. Circle markers correspond to microscale granular

experiments, with the colors denoting experiments performed at different positions on two

samples, as denoted in Appendix D.1. Error bars denote the difference between normalized

sound speeds calculated with the thresholds of S/S0 = 0.1 or 0.9 used to identify the pulse

arrival time. Horizontal error is estimated to be 0.44 in terms of normalized static load. The

dashed black line is fitted to the data, and has a slope of 0.06. The dotted red line has a slope

of 1/6. The black triangles denote sound speeds measured for a 270µm thick PDMS sample

as a function of applied static load. The yellow markers correspond to the data shown in

Fig. 5.4
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Figure 5.6: [Color online] (a,b) Representative measured signals for the post-collapse case

using the low amplitude excitation. Black and red curves correspond to static loads of Fmin

(FR = 5.3) and F0 = 2.0 N (FR = 36). Vertical solid and dashed lines denote the arrival

times of the 1L and 3L pulses, respectively, for curves of the same color. The vertical dotted

line is the time of first pulse arrival, plus the estimated round trip time for acoustic pulses

traveling in the glass substrates. (a) Extended time window for the signal measured at Fmin.

(b) Shortened time window, comparing the signals measured at static loads of Fmin and

F0 = 2.0 N

all four experiments, we find an exponent for the static load and sound speed power law

relationship of β̄ = 0.16, which is in approximate agreement with the 1/6 exponent predicted

based on Hertzian contact mechanics. Focusing the pump and probe onto different regions

of the transducer revealed that the rate of increase of the sound speed with static load is
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highly position dependent, as is shown in Appendix D.2. However, we observed no consistent

pattern of the spatial dependence when comparing pre- and post-collapse states, likely due

to the random nature in which the multilayer rearranges during the collapse.

Figure 5.7: [Color online] Dependence of sound speed CL (normalized to the sound speed

CL,min at the static load Fmin) on normalized static load FR, for the post-collapse case,

plotted in logarithmic scale on both axes. Circle markers correspond to microscale granular

experiments, with the colors denoting experiments performed at different positions on two

samples, as denoted in Appendix D.1. Error bars denote the difference between normalized

sound speeds calculated with the thresholds of S/S0 = 0.1 or 0.9. Horizontal error is esti-

mated to be 0.44 in terms of normalized static load. The dashed black line is fitted to the

data, and has a slope of 0.16. The dotted red line has a slope of 1/6. The black triangles

denote sound speeds measured for a 270µm thick PDMS sample as a function of applied

static load. The blue markers correspond to the data shown in Fig. 5.6
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5.4.3 Dependence of Rise Time on Static Load

In addition to altering the sound speed, static loading may affect the shape of waves prop-

agating through granular media by mechanisms including modification of the multilayer

dispersion or scattering characteristics. We consider these effects by measuring the rise time

of the 1L pulse as a function of static load. The rise times for the pre- and post-collapse

cases, normalized to the rise time at Fmin, are shown in Fig. 5.8. Each of the experiments has

the same marker color as the corresponding data in Figs. 5.5 and 5.7. We find that the rise

times systematically decrease with increasing static load (with the exception of the sample

corresponding to the pink markers in Fig. 5.8(b)). The PDMS film also shows a decreasing

rise time, although to a far lesser extent than the multilayer samples. This may be due

to frequency dependent attenuation, which was found to scale as ≈ 1/f 2 for PDMS [206].

The decreased thickness of the PDMS sample under increased loading may contribute to the

retention of high frequency components of the acoustic signal, and thus a faster rise time.

5.5 Experimental Results: Dependence on Excitation Amplitude

The effective nonlinearity of compressed granular media has previously been shown to depend

on the ratio of the interparticle displacements due to dynamic and static loads, such that

there exist near-linear, weakly nonlinear, and strongly nonlinear dynamical regimes [52]. To

study the dependence of wave speed on excitation amplitude in our granular multilayer, we

excite high- and low- amplitude acoustic pulses at static loads Fmin and Fmax. The transducer

displacements of the low- and high-amplitude excitations are estimated to be 0.51 and 1.9

nm by interferometrically measuring the free surface displacement of a separate microscope

slide that is coated with 100 nm of Au, but which is not in contact with any spheres, at

the same pump energies used in the experiments, as detailed in Appendix D. In comparison,

effective static overlaps at Fmin and F0 = 2.0 N estimated from DMT contact mechanics are

0.95 and 3.4 nm, respectively (see Appendix D.3). The relative excitation amplitudes and

static overlaps suggest weakly nonlinear dynamics, where, assuming Hertzian nonlinearity,
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Figure 5.8: [Color online] Dependence of pulse rise time, normalized to the pulse rise time

at Fmin, on normalized static load FR. a Pre-collapse case. (b) Post-collapse case. The black

triangles denote the rise time measured for a 270µm thick PDMS sample. The markers with

the same colors as in Figs. 5.5 and 5.7 correspond to the same experiment

the wave speed is expected to increase with excitation amplitude, and increase faster at lower

static loads. In our experiments, the high amplitude excitation is limited by melting of the

Au layer on the transducer. Even without the melting of the Au layer, similar challenges

in studying higher amplitude, highly nonlinear phenomena in adhesive, microscale granular

media arise due to the stochastic and irreversible reformation of the particle networks [207].

For the amplitude dependence experiments, we follow the procedure previously described in

Sect. 5.3, wherein high- and low- amplitude excitations are characterized at Fmin and then

Fmax. Acoustic signals measured over three repetitions of this process are shown in Fig. 5.9.
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The amplitude dependence for all experiments is shown in Fig. 5.10 (also see Appendix D),

where the lower static load is set to Fmin and the high static load is set to the various levels

of Fmax, ranging from F0 = 2.0 N (FR = 36) to F0 = 6.3 N (FR = 110). In all cases, the

increase of the high amplitude excitation sound speed relative to the low amplitude excitation

is greater at smaller static loads. The data appears to fall mostly into two groups, namely,

pre- and post-collapse cases. Overall, the post-collapse data generally shows a larger increase

in sound speed compared to the pre-collapse data. A possible explanation for this result is

that the contact geometry, and thus nonlinearity of the contact, is altered as a result of the

multilayer collapse and particle rearrangement.

5.6 Simulation of Dependence on Excitation Amplitude

We compare the experimental results with simulations of a DEM of waves propagating

through a 1D chain of adhesive spheres. We consider the sound speed as a function of

excitation amplitude and static load. The equations of motion (shown in Appendix D.3)

are solved via direct numerical integration, using a fourth-order Runge–Kutta scheme. The

chain is composed of 2µm diameter silica spheres represented as point masses connected by

Hertzian springs. Adhesion is modeled as a constant static load of Fadh. We model the

pre- and post-collapse cases by probing the 90th and 25th spheres to approximately match

the experimental multilayer thicknesses. To avoid capturing signals that contain boundary

reflections, chain lengths are chosen to be 30 spheres longer than the probing lengths. The

externally applied static loads considered range from 0.83 to 22µN, such that FR in our

simulations spans the entire range tested in the experiments, as determined from the range

of F0 tested, divided by the number of spheres covering the transducer area, assuming a

hexagonal-close-packed arrangement. The excitations are modeled as a displacement ap-

plied to the first sphere, with a time profile obtained by interferometrically measuring the

surface displacement of the previously described separate Au-coated microscope slide. In

analyzing the simulated data, arrival times are determined using the same criteria as for

the experimental data. Simulated time domain signals, with static loads chosen to match
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Figure 5.9: (a,b) Representative acoustic signals from the pre-collapse case at Fmin (a) and

Fmax (b) static loads for the experiment denoted by yellow markers in Figs. 5.5 and 5.8(a).

(c,d) Representative signals from the post-collapse case at Fmin (c) and Fmax (d) static loads

for the experiment denoted by blue markers in Figs. 5.7 and 5.8(b). Red and black curves

correspond to high- and low-excitation amplitudes, respectively. Cross markers denote a

threshold of S/S0 = 0.1. In panels (b,d), Fmax = 2.0 N

those used in Fig. 5.9, are shown in Fig. 5.11. We note significant differences between

the measured and simulated pulse shapes, which we attribute, in part, to disorder of the

granular media. The percent increase in sound speed for the high amplitude excitation with

respect to the low amplitude excitation as a function of the full range of static loads tested is

shown in Fig. 5.10. We find that while the simulated trend of less amplitude dependence of

the sound speed with increasing static load is in qualitative agreement with the experimen-
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Figure 5.10: Percent increase in sound speed of high amplitude excitation, relative to

low amplitude excitation, as a function of static load. The black circles represent the pre-

collapse case and the red x’s represent the post-collapse case. Data obtained from the same

location and state (pre- or post-collapse) are connected by solid lines. The error bar height

corresponds to the difference between sound speeds being calculated using thresholds of

S/S0 = 0.1 and S/S0 = 0.3. The average increase in sound speed at Fmin is 1.2± 0.8% and

4.3± 2.5% for the pre- and post-collapse cases, respectively, where the error is equal to the

standard deviation of all four experiments. Black and red dashed lines represent simulation

results for the pre- and post-collapse cases, respectively

tal data, the experimentally observed difference between pre- and post-collapse cases is not

captured in the simulations. Additional plots showing the simulated dependence of sound

speed on excitation amplitude and static load, for a larger range of excitation amplitudes,
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can be found in the supplementary material (see Appendix D).

Figure 5.11: (a) Representative simulated displacement signals at the 90th (green curve)

and 25th (black curve) spheres, representing the pre- and post-collapse cases, respectively.

Both signals are simulated using the low-amplitude excitation and Fmax. (b,c) Signals from

the 90th sphere, representing the pre-collapse case, at Fmin (b) and Fmax (c) static loads.

(d,e) Signals from the 25th sphere, representing the post-collapse case, at Fmin (d) and

Fmax (e) static loads. Red and black curves in (b–e) correspond to high- and low-excitation

amplitudes, respectively. Cross markers denote a threshold of S/S0 = 0.1. In panels (a,c,e),

Fmax = 2.0 N
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5.7 Discussion

A surprising finding of this study is the stark difference between the measured dependence

of sound speed on applied static load for the pre- and post-collapse states. A potential cause

for this observation is that, during the drying process, small amounts of contaminants in the

colloidal suspension may be drawn to the interparticle contacts via capillary forces, forming

solid bridges. Possible sources of contaminants could be residual silica, or polymers that

have leached from the plastic vial containing the microsphere solution. Solid bridges could

weaken the nonlinearity of the contact, reducing the sensitivity of sound speed to applied

static loads. During the collapsing process, new contacts would be formed in the dry state.

This explanation is also supported by the amplitude dependence experiments, in which we

find greater dependence of sound speed on excitation amplitude for the post-collapse case,

suggesting enhanced nonlinearity compared to the pre-collapse case.

Another potential explanation for the difference in sound speed dependence is that the stress

distribution across the transducer-multilayer interface is less uniform for the pre-collapse case.

For instance, if a significant portion of the static load is supported by a small region of the

multilayer, which is not being probed during the experiments, then the sound speed could

appear less sensitive to changes in static load than in a case with uniform stress. However,

while the dependence of sound speed on static load varied between different probed regions

of the transducer area, the measured exponents for the post-collapse case were consistently

higher than those of the pre-collapse case (i.e. for all positions except one). Furthermore,

if there had been reduced stress at the probe location for the pre-collapse case, then the

dependence of sound speed on excitation amplitude would be more sensitive (due to lower

static load) than the post-collapse case, which is the opposite of our findings. These results

suggest that the differences in pre- and post-collapse behavior are not due to inhomogeneity

of the applied load. Another possible cause of spatially dependent sound speed measure-

ments is elastic heterogeneity, which may result from variation in sphere packing. However,

the measurements made herein do not allow us to distinguish between the contributions of
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elastic heterogeneity and nonuniform stress application. Whatever the cause, this position

dependence is undesirable when determining the dependence of sound speed on static load,

particularly with the large variations shown in Appendix D.2. Our finding of an average

post-collapse exponent reasonably close to the predicted value of 1/6 suggests Hertzian me-

chanics, although confirmation requires further investigation due to the large uncertainty in

our measurements.

The decrease of rise time with increasing static loads may be influenced by multiple mech-

anisms, one of which is dispersion induced by the discreteness of a granular medium. For

instance, in a 1D discrete model system, acoustic waves travel with negligible dispersion at

low frequencies, but become dispersive near, and attenuated above, the cutoff frequencies of

the contact-based acoustic modes of the system. Within this context, the retention of higher

frequency content due to stiffening of the interparticle contacts would lead to decreased rise

times with increased static loading. Our granular medium is also disordered, which may cause

further dispersion via disorder-induced scattering and mode localization. Such phenomena

may result from inhomogeneity of the particle network, e.g., the existence of force chains,

where a subset of particles bear significantly higher loads compared to the average of the

entire assembly [91]. Force chain networks have been found to be dependent on static load,

with the distribution of contact forces, and thus contact stiffnesses, becoming more uniform

when static load is increased [92]. The distribution of contact stiffnesses has been found to

affect scattering of acoustic pulses in a frequency dependent manner, with higher frequencies

being predominantly affected and greater uniformity resulting in less scattering [208].

5.8 Conclusion

In this work, we have examined the dependence of the sound speed and pulse shape of acoustic

waves in a disordered, multilayer aggregate of silica microspheres on static loading and

excitation amplitude. Two cases are considered: the “pre-collapse” case, in which the particle

networks are similar to their as-fabricated state, and the “post-collapse” case, in which the
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applied static load is increased until the multilayer collapses, causing rearrangement and a

decrease in thickness. By incrementally increasing the applied static load on themultilayer

and measuring the time of flight of a laser generated acoustic pulse, we find that the sound

speed increases in approximate agreement with predictions from the Hertz contact theory

(c ∝ F 1/6) for the post-collapse case. For the pre-collapse case, we find an anomalous

dependence, where the increase in sound speed is much lower than predicted. We also find

a decrease in rise time of the leading acoustic pulse with increasing applied static load,

which we attribute to contact stiffening and a decrease of the inhomogeneity of the contact

networks. Finally, we find an amplitude dependence of the sound speed that is consistent

(with the exception of the observed differences between pre- and post-collapse behavior) with

1D DEM simulations of an adhesive Hertzian granular chain under compression.

This work may lead to future studies of nonlinear wave phenomena in microscale granular

systems. In particular, studies of well-ordered multilayers could help facilitate comparisons

with existing models of two- and three-dimensional granular materials [131,192,209] and their

underlying contact mechanics, as has been the case for macroscale granular crystals [52,128].

Rotational dynamics are also more prevalent for microspheres than their macroscale counter-

parts, due to stronger interparticle shear forces caused by adhesion [119, 130]. Experiments

on microscale granular materials may assist in the development of effective models to account

for such rotational dynamics [210], as well as provide a useful platform to study the inter-

play between rotation and nonlinearity [211]. Finally, this work may find use in the future

study of the dynamics of powder-like materials, including energetic materials and geologi-

cal materials, such as silts, as well as emerging types of self-assembled, microsphere-based

materials [93].

5.9 Collaborator Contributions

S. P. Wallen provided overall guidance and wrote the code for the one-dimensional granular

chain simulation used in this chapter.
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Chapter 6

STRONGLY NONLINEAR ACOUSTIC WAVE PROPAGATION
WITHIN ORDERED THREE-DIMENSIONAL MICROSCALE

GRANULAR CRYSTALS 1

6.1 Abstract

Nonlinearity, stemming from the contact geometry between discrete elastic particles, is a

central element of granular crystals and the various proposed applications. A basic feature

resulting from the geometric nonlinearity is that the sound speed can depend on the acoustic

wave amplitude, wherein the sound speed has been observed to asymptotically approach

a power law relation in the strongly nonlinear regime of three-dimensional aggregates of

millimeter-sized macroscale spheres. On the other hand, highly nonlinear dynamics of gran-

ular crystals with microscale particles have thus far remained unexplored, and the dynamic

response can not be assumed to be the same as their macroscale counterparts because differ-

ent physics, such as adhesive forces, becomes important at small scales. Here, the nonlinear

dynamic response of a three-dimensional granular crystal is characterized by measuring the

sound speed of an acoustic pulse at variable excitation amplitudes spanning the linear, weakly

nonlinear, and strongly nonlinear regimes. By accounting for the laser ultrasonic generation

mechanism, a power law dependence of sound speed on acoustic wave amplitude is observed,

with similar characteristics to macroscale experiments. This work is a preliminary explo-

ration of strongly nonlinear dynamics of a three-dimensional granular crystal with particle

diameter of a few microns or smaller and acts as a guide toward further research.

1Material within this chapter is from unpublished preliminary research.
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6.2 Introduction

Much of the unique phenomena observed in granular crystals stems from a collective nonlinear

dynamic response that depends on excitation amplitude [52, 56, 69, 76]. The field was born

out of the discovery that nonlinear waves called solitons, which form due to the interplay

between nonlinearity and dispersion, can be supported in one-dimensional granular crystals

made of centimeter sized spheres [52, 65, 66, 68–71]. Nonlinearity is similarly essential for

discrete breathers and shockwaves, both of which have subsequently been explored with great

interest [52, 69, 72, 212]. Such complex nonlinear dynamics allow for highly tunable systems

[76], with applications such as acoustic lenses [78], switches and rectifiers [79], and various

schemes for controlling wave front shape and direction for impact mitigation [56, 62, 80].

The main source of nonlinearity in granular crystals comes from the mechanics of elas-

tic spheres in contact, often modeled as the power law force-displacement relationship of

F ∼ u3/2, derived by Heinrich Hertz in the nineteenth century [75]. One of the most fun-

damental consequences of this relationship is that sound speed can depend on the applied

force, which has been experimentally investigated in assemblies of macroscale spheres. The

simplest case of a statically compressed one dimensional chain of macroscale spheres with

diameters ranging from millimeters to centimeters has been studied extensively, where the

phase velocity is known to depend on the relative magnitudes of the amplitude of wave Fmax

and the static compressive force F0, in which three regimes exist [52]. In the strongly non-

linear regime, solitons can form with phase velocities that are proportional to c ∼ Fmax
1/6,

where Fmax is the force amplitude of the wave [102], provided that Fmax is much larger than

the static compressive force F0. In the linear regime, when F0 >> Fmax and nonlinearity

is negligible, the phase velocity becomes dispersive and no longer depends on Fmax, instead

increasing proportional to c ∼ F
1/6
0 . The transition between the two, when Fmax ≈ F0, is

called the weakly nonlinear regime, where soliton formation occurs but the phase velocity

depends on both Fmax and F0.
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Wave propagation in macroscale three-dimensional granular crystals is more complex than

the one dimensional case [190], in part due to assemblies being highly sensitive to disorder

and polydispersity [107,213], which produce nonuniform contact force distributions [92], even

in hexagonally-close-packed crystalline arrays [214]. Contact force disorder can cause force

chains to develop [91, 111], which are particle networks that bear higher loads compared to

neighboring regions, and have been found to be responsible for wave front characteristics

in certain systems [89, 90]. Because of the disorder in three-dimensional granular crystals,

coherent solitons may not form in the same manner as one-dimensional crystals, however,

it has been found that disordered packings of macroscale spheres still exhibit qualitatively

similar dependence of phase velocity on wave amplitude, with linear, weakly nonlinear, and

strongly nonlinear regimes that scale with Fmax and F0 according to power law relationships

in agreement with the Hertzian contact solution [105, 215].

While there have been many studies examining nonlinear dynamics of macroscale granu-

lar crystals, there is relatively little understanding for their microscale counterparts, where

sphere diameters are of a few micrometers or below. The distinction is critical because differ-

ent factors come into play at small length scales, such as interparticle adhesive forces [121,216]

that can: i) linearize the system for low amplitudes [77,118,119,139,151,169], ii) induce plas-

ticity in the contact region [88, 151], and iii) increase the role of shear forces and rotational

dynamics [119], which are known to be supported in three-dimensional macroscale systems

under static compression [86, 192], and are especially relevant in the context of nonlinear

dynamics [211, 217].

Several studies on granular assemblies with particle diameters on the order of a few mi-

crometers or smaller have been conducted [95–97, 169, 187], however, all were limited to

low-amplitude excitation in the linear regime and did not explore nonlinear dynamics. Wave

front velocity has been explored in a floating two-dimensional microscale granular crystal [98],

however, the presence of liquid introduces large viscous and fluid dynamical forces and re-

duces interparticle adhesive forces [100], such that the dynamic response is expected to be
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significantly different from the dry state.

The contact mechanics of single micro- and nanospheres have been probed by quasi-statically

measuring force-displacement profiles, and mostly found Hertzian behavior up till the point

of plastic deformation and fracture [87,113–116]. Another work, focused on single-sphere dy-

namics, investigated the relationship between two vibrational modes of single gold nanospheres

adhered to a substrate and found behavior suggesting Hertzian contact mechanics, however,

only sphere diameter was varied, and the nonlinear dynamics were not directly probed.

Resonant frequency doubling of single-microspheres adhered to a substrate has been exper-

imentally observed and modeled by Saeedi Vahdat et. al. [218, 219], wherein the frequency

doubling resulted from nonlinear coupling between in-plane and out-of-plane modes. While

research on the contact mechanics of single sphere behavior provides valuable insight, the

collective nonlinear dynamics of three-dimensional granular crystals is expected to be more

complex.

A recent work published by the author of this thesis [198], reviewed in Chapter 5, explored

the effect of both static and dynamic force amplitudes on sound speed by measuring time-of-

flight of acoustic pulses through a three-dimensional disordered microscale granular assembly

while varying the static compressive force and excitation amplitude. While weakly nonlinear

dynamics were observed, with reversible sound speed increases of a few percent, the strongly

nonlinear regime was not explored because further amplitude increase caused melting of the

gold film acting as a laser ultrasonic transducer, which was undesirable for the repeatability

and the use of averaging over multiple excitation laser shots to improve the signal to noise

ratio.

In this chapter, a preliminary study of nonlinear dynamics of an ordered three-dimensional

microscale granular crystal is presented, wherein the sound speed is measured via time-of-

flight of high-amplitude acoustic pulses excited with laser-induced ablation. The amplitude

of the acoustic wave was found to not scale linearly with laser pulse energy, likely due

to transitioning generation mechanisms, and by taking this into account, a sound speed
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dependence on amplitude similar to macroscale experiments is observed. Comparison with

a previous experiment of similar design, but with laser spot sizes, did not show a clear

amplitude dependence, potentially suggesting the importance of large defects within the

granular crystal.

6.3 Methods and Results

For the granular crystal fabrication, we use monodisperse polystyrene spheres of diameter

D = 390 nm that form a high crystalline order. The granular crystal is assembled on a

substrate that consists of a 1.5 mm thick glass microscope slide, which is coated with a

100 nm thick layer of aluminum to reflect the probe laser and then a 20 nm thick silica

layer to facilitate the self-assembly process. The polystyrene spheres are synthesized using

a surfactant-free emulsion polymerization process [188]. The crystals are fabricated using

a vertical convective self-assembly technique [174, 189], and suspended in ethanol. A 20

mL capacity glass scintillation vial is filled with 10 mL of the colloidal suspension. The

substrate is then held vertically while being immersed in the suspension. The substrate and

suspension are then left to dry in ambient laboratory conditions. After complete drying,

colloidal crystals are obtained, as shown in Fig. 6.1(b), although cracks and defects exist

over large domains, as shown in Fig. 6.2. The free surface of the granular crystal is coated

with 500 nm of aluminum via electron beam evaporation to absorb the pump laser light for

ultrasound generation.

Laser ultrasonic characterization is performed with optical pump pulses (450 ps pulse du-

ration, 532 nm wavelength) incident on the 500 nm aluminum film on the free surface of

the granular crystal. The pump pulse is focused to an 80 µm diameter circular spot at 1/e2

intensity. The motion of the substrate surface attached to the granular crystal is detected

with a phase-mask based interferometer [136], in which a single continuous wave (CW) laser

beam (514 nm wavelength) is incident on a phase-mask and split into ±1 diffraction orders

to produce probe and reference beams focused to 40 µm diameter spots at 1/e2 intensity.
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Figure 6.1: (a) Laser ultrasonic experimental setup. (b) Respresentative SEM image the

edge of a fractured granular crystal to show the thickness and packing order. (c) Represen-

tative displacement profiles S divided by the maximum displacement amplitude Smax at one

sample location. Black and red curves correspond to thermoelastic (0.05 µJ) and ablative

(54.9 µJ) signals, respectively. (d) Velocity profiles V el divided by the maximum velocity

amplitude V elmax. Black and red curves correspond to thermoelastic (0.05 µJ) and ablative

(54.9 µJ) signals, respectively. Arrival times are determined when the normalized veloci-

ties cross a threshold of 0.03, indicated by the open circles. Velocities in (d) are found by

numerically taking the derivatives of the displacements in (c).
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100 μm

Figure 6.2: Top view SEM image of large domains with cracks and defects.

The probe and reference beams are focused through the glass substrate onto the 100 nm

aluminum film, such that the probe is axially aligned with the pump, while the references

is focused on a stationary portion of the substrate. The separation between the probe and

reference is large enough that surface waves traveling perpendicular to the optical axis are

not detected in the time frame of interest. Upon reflection from the sample, the probe and

reference are recrossed onto the phase mask, and recombined interferometrically onto an am-

plified silicon photodetector (ET-2030A, Electro-Optics Technology Inc., 2 GHz bandwidth)

where the signal is digitized and recorded using an oscilloscope.

To excite acoustic amplitudes sufficient to reach the strongly nonlinear regime, thermoelastic

generation, which is non-destructive, is not sufficient. Further increase of excitation ampli-

tude beyond the thermoelastic threshold results in ablation, in which the 500 nm aluminum

film evaporates and forms a high-pressure plasma that exerts a reaction force on the granular

crystal surface [134, 220]. Since this process is destructive, a new region of the sample must

be tested for each experiment, which introduces variability due to uneven thickness over large

sample areas and localized defects or alteration of crystalline arrangement, e.g., small regions

of square packing. Packing arrangement and defects were shown to alter contact stiffness
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and have a large effect on the dynamics of a two-dimensional granular crystal in Chapter

2 [119]. To account for this, a control experiment is first performed on the granular crystal

at each new sample region by exciting low-amplitude acoustic pulses with non-destructive

thermoelastic excitation (0.05 µJ pulse energy, 1 kHz rep rate, averaged over 1E4 pump

pulses). Next, the single-shot high-amplitude ablative excitation is performed using pump

energies ranging from 0.3 µJ − 54.9 µJ. Representative thermoelastic and ablative signals,

which are proportional to displacement of the interface between the granular crystal and

substrate, are shown in Fig. 6.1(c) after being smoothed over 40 data points.

Sound speed is determined by the arrival of the acoustic pulse at the substrate after traveling

through the granular crystal using a threshold of 0.03 of the normalized velocity profiles,

calculated by taking the derivative of the displacement and smoothed again, as shown in

Fig. 6.1(d). From here on, ’velocity’ refers to the particle velocity V el caused by the

acoustic wave, and ’speed’ refers to the speed of sound c, i.e., the speed at which disturbances

propagate. Calculating time-of-flight from the velocity profile is preferable because it is also

less sensitive to low-frequency noise and, for thermoelastic signals, occasionally there is a

small dip in the displacement before the main pulse, which approaches the noise floor and

does not consistently cross a suitable threshold, as can be seen in the thermoelastic data

in Fig. 6.1(c). This dip may be caused by transient effects of thermal diffusion during the

thermoelastic generation of acoustic waves [221,222], though it is not always observed which

we speculate is due to local packing differences that may also affect the pulse waveform and

change depending on the region tested. While small, the dip occurs over a short time period,

such that the amplitude is more pronounced in the velocity profile, as seen in Fig. 6.1(d).

The thermoelastic control experiment is incorporated into the analysis by calculating the

normalized sound speed as cL,norm =
cL,abl

cL,therm
, where cL,abl and cL,therm are the ablative and

thermoelastic sound speeds, respectively. The calculated cL,norm for ablative pump energies

ranging from 0.3 µJ − 54.9 µJ increases with greater pump energies, as shown in Fig. 6.3. If

the amplitude of the excitation scales linearly with pump energy, then a system with contacts



106

described by the Hertzian force-displacement relationship would be expected to approach

cL,norm ∼ (pump energy)1/6 in the strongly nonlinear regime. However, excitation amplitude

and pump energy may not have a linear relationship if ablative pump energies are near the

transition to thermoelastic generation, which is governed by different mechanisms [134,220].

Ideally, measurement of the granular crystal’s free surface displacement during ultrasound

generation would directly provide the excitation amplitude, however, such measurement is

difficult due to the vaporization of the metal film and subsequent plasma formation. Instead,

the excitation amplitude can be estimated by observing the velocity amplitude V elmax,abl of

the acoustic pulse, launched by the single-shot ablative excitation, that has transmitted

through the granular crystal and reaches the 100 nm aluminum film coated on the glass

substrate. This measure of acoustic wave amplitude, V elmax,abl, is plotted against pump

energy in Fig. 6.4 and shows the relationship is not linear, especially near ∼ 1 µJ where

a large jump in amplitude occurs. Note that units of velocity are given in millivolt per

second (mV/s) because interferometer calibration data was not taken at the time of the

experiment. The output of the interferometer, measured by the photodetector in units of

millivolts, is proportional to displacement, thus the unit of millivolt per second is equivalent

to an arbitrary unit of velocity.

To account for the effects of generation mechanism on excitation amplitude, cL,norm can be

plotted against the velocity amplitude of the transmitted acoustic pulse V elmax,abl for each

position on the granular crystal, as shown in Fig. 6.5(a). Note that V elmax,abl is the velocity

of the 100 nm aluminum film coated on the substrate, which can be assumed to be a linear

elastic material, and therefore proportional to the stress of the acoustic wave by means of

the characteristic impedance. Except for one outlier, the data largely appears to follow the

trend observed in [215], where low amplitudes showing little amplitude dependence are in the

linear regime, moderate amplitudes showing sound speed increases of a few percent are in the

weakly nonlinear regime, and high amplitudes showing sound speed increases of more than

∼10% approach the strongly nonlinear regime where a power law relationship is observed.
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Figure 6.3: Normalized sound speed cL,norm as a function of ablative pump energy on a

log-log scale. Each red point represents one experiment at a single position on the sample.

The black point represents the thermoelastic control experiments and has cL,norm set to 1.

The solid black line with a slope of 1/6 is added for a visual guide and corresponds to

the Hertzian solution for sound speed’s dependence on excitation amplitude in the strongly

nonlinear regime.

A slope of 1/6, representing the power law relationship for Hertzian contacts, is added as

a visual guide, and the data roughly approaches a similar trend as excitation amplitude is

increased. Just as variations of the local granular crystal thickness and packing is accounted

for by using the normalized sound speed, a similar procedure can be applied to the maximum

velocity, where the normalized maximum velocity is defined as V elmax,norm =
V elmax,abl

V elmax,therm
,

where V elmax,therm is the velocity amplitude of the thermoelastic acoustic wave. Plotting

cL,norm against V elmax,norm, as shown in Fig. 6.5(b), displays a similar trend as Fig. 6.5(a).

6.4 Discussion

Although the dependence of sound speed on excitation amplitude was observed to follow a

1/6 power law relation in strongly nonlinear macroscale experiments [105, 215] and simula-
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Figure 6.4: Amplitude of the transmitted acoustic particle velocity V elmax,abl, launched

from the single-shot ablative excitation and measured at 100 nm aluminum film coated on

the substrate, plotted against pump energy. The velocity unit is given in millivolts per second

(mV/s) by taking the derivative of the interferometer output, measured by a photodetector

in units of millivolts.

tions [223], it is not necessarily obvious a similar result would be expected with microscale

polymer spheres. In Chapter 4 [169], using the same polystyrene nanospheres, large con-

tact stiffnesses and contact radii were observed that suggest initial plasticity may be present

due to adhesive forces. Chapter 3 [151] similarly observed contact properties that suggest

plastic deformation induced by adhesion. If plastic deformation is present in the static

granular crystal, dynamic plasticity due to high-amplitude acoustic pulses should become

an even greater factor. The effects of plasticity have been studied at the level of single

contacts [224, 225] or along one-dimensional [226, 227] or two-dimensional [213] macroscale

granular crystals. A model and experimental validation for the sound speed of elastic-plastic

waves traveling through a macroscale one-dimensional granular chain was developed by Bur-

goyne et. al. [226], wherein the strongly nonlinear sound speed deviated from the power

law relationship with excitation amplitude according to the Hertzian model and asymptoti-
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(a)
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Figure 6.5: (a) Normalized sound speed cL,norm versus the amplitude of the ablation-

generated particle velocity V elmax,abl measured at the 100 nm aluminum film on the substrate

after transmitting through the granular crystal. (b) Normalized sound speed cL,norm versus

the normalized amplitude of particle velocity V elmax,norm, defined as V elmax,abl divided by

the amplitude of the thermoelastic-generated particle velocity V elmax,therm. The black point

represents the thermoelastic control experiments and has both cL,norm and V elmax,norm set

to 1.

cally approached a constant limiting value determined by the material properties. Given the

likelihood of preexisting plastic deformation, one could reasonably expect similar behavior

at the microscale, and this may indeed be true upon improving the accuracy of the exper-

iment described in this chapter by expanding the number of data points per pump energy

or increasing the maximum excitation amplitude by use of a higher powered laser. Further

complexity is expected to arise from strain-rate dependent mechanical properties of mate-

rials, which has been studied in the context of plastic deformation of macroscale metallic

spheres [225], and has been characterized for bulk polystyrene [228].

Lastly, it should be emphasized that the results presented in this chapter are preliminary
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and serve only as a possible preview of what to expect from a more rigorous study. The

whole picture may become more complicated upon expansion of the data set, as was the

case for the initial attempt at this experiment, where the laser spot diameters were twice

as large (pump = 160 µm 1/e2, probe = 80 µm 1/e2). These larger spot sizes have an area

similar to the large crystal domains shown in Fig. 6.2, and special care was not taken in this

initial experiment to avoid the large cracks and other defects from the region being tested.

The data for this experiment, shown in Fig. 6.6 using the same experimental procedure as

described previously, displays an increase in sound speed for all pump energies compared to

the thermoelastic control experiment, however, there is significant scatter and no correlation

between sound speed and excitation amplitude. This scatter and lack of correlation prompted

the change to smaller spot sizes and taking close care in selection of the testing region.

6.5 Conclusion

The dependence of sound speed on excitation amplitude was explored in a three-dimensional

microscale granular crystal using high-amplitude single-shot excitation, such that linear,

weakly nonlinear, and strongly nonlinear regimes were reached. Sound speeds appear to have

a power law dependence similar to macroscale experiments, though confirmation requires

more data points per pump energy. Analysis reaveals that the generation mechanism needs

to be accounted for by measuring the amplitude of the transmitted acoustic pulse, since

the lowest energy single-shot ablative pump pulses appear to approach the transition from

ablative to thermoelastic regimes. Special care must also be taken to avoid measuring on or

near large cracks in the granular crystal, which may explain the different behavior compared

to a previous data set where this was not the case.

Moving forward, more data points are needed, particularly for lower pump energies where

the signal to noise ratio is not as good for single-shot measurements. Improved sample

fabrication methods to avoid large cracks and defects, such using optical tweezers to place

individual microspheres [229], is another avenue to increase repeatability, however, perfect
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Figure 6.6: (a) Normalized sound speed cL,norm as a function of ablative pump energy on a

log-log scale. Red points represent the average cL,norm at each pump energy (n=5) and the

errorbars are the standard deviation. Each open black circle represents one experiment at

a single position on the sample. The solid black point represents the thermoelastic control

experiments and has cL,norm set to 1. The solid black line with a slope of 1/6 is added for

a visual guide. (b) Normalized sound speed cL,norm versus the amplitude of the ablation-

generated particle velocity V elmax,abl measured at the 100 nm aluminum film on the substrate

after transmitting through the granular crystal. (c) Normalized sound speed cL,norm versus

the normalized amplitude of particle velocity V elmax,norm, defined as V elmax,abl divided by

the the amplitude of the thermoelastic-generated particle velocity V elmax,therm.

ordering in the context of contact-mediated acoustic waves is likely not realistic with cur-

rently available methods, as disorder and non-repeatable wave forms remains an issue even in

macroscale two-dimensional granular crystals that are built manually by hand, with sphere-

by-sphere placement [107, 213]. Another change that may help distinguish the effects of
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intrinsic material nonlinearity, such as plasticity, from the effects of geometric nonlinearity

is the use of nanospheres that have a greater yield strength, e.g., the silica spheres used in

Chapter 5 [198]. The greater density of silica poses challenges for the vertical convective self-

assembly technique used in this chapter due to sedimentation, though others have solved this

by mechanical agitation through solution injection [230] or convection induced by a temper-

ature gradient [231]. Another factor to consider is the role of solid bridges caused by debris

in the self assembly process [169] that may decrease the effects of geometric nonlinearity

compared to the case without bridges, which could possibly be removed through selective

chemical etching. This work is the first characterization of strongly nonlinear dynamics in

an ordered microscale three-dimensional granular crystal and serves as a starting point for

further exploration of nonlinear phenomena that may be supported in similar systems, such

as solitary waves [52,65,66,68–71], discrete breathers [69,72], and shear to longitudinal mode

conversion [211, 217].

6.6 Collaborator Contributions

Nicolas Vogel provided guidance on the vertical convective self assembly sample fabrication

method used in this chapter.
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Chapter 7

CONCLUSIONS AND OUTLOOK

The work contained in this thesis was performed as piece-by-piece building blocks to explore

whether three-dimensional microscale granular crystals can support nonlinear dynamics sim-

ilar to macroscale systems, which have produced a large body of research over the past few

decades.

In Chapter 2, elements essential to three dimensional microgranular crystals were studies in

a two-dimensional system to simplify and reduce the number of variables. The first element

was exploring the linear dynamics of a monolayer of spheres when motion within a plane

is considered, i.e., vertical, horizontal, and rotational degrees of freedom. These degrees

of freedom are known to affect wave propagation in three-dimensional macroscale granu-

lar crystals [86], yet experimental observation and analysis of the two horizontal-rotational

monolayer modes through the lens of a unified theory in a microscale granular crystal was

lacking until the results from this chapter. Not only is this a step forward to understanding

dynamics of three-dimensional microgranular crystals, it also has implications for nonlin-

ear dynamics such as longitudinal to shear mode conversion, where particle rotations are

essential. Furthermore, the importance of adhesion is apparent because horizontal-rotation

modes were supported in the as-fabricated microgranular crystal, which was not the case for

macroscale systems that required application of externally applied loads [179,192,232]. The

second element was to study interparticle mediated vibrational modes in a monolayer, which

is important to wave propagation in three-dimensional granular crystals as such waves are

purely composed of interparticle-mediated modes. The findings within this chapter demon-

strate the importance of particle packing and network formation, which is a factor that
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dominates the microscale due to adhesion. Small packing variations and changes to the

interparticle network, tuned by deposition of a thin nanometric film of aluminum, altered

the resonant frequencies of interparticle modes drastically. Interparticle mediated modes in

two-dimensional macroscale systems have proven instrumental to understanding phenom-

ena such as force chains [90], thought to heavily influence the behavior of three-dimensional

systems, and the results in this chapter represent a potential avenue to do similar at the

microscale. Monolayer dynamics had been studied in a similar system previously, however,

interparticle mediated modes were not identified in that work, likely due to using a different

acoustic generation and detection technique.

In Chapter 3, the contact mechanics of a monolayer of polymer microspheres adhered to

substrate were explored, which is expected to be the fundamental source of geometric nonlin-

earity that produces nonlinear dynamics in microgranular crystals. Three different methods

of quantifying the contact behavior were compared by assuming a purely elastic Hertzian

contact, which accurately describes macroscale spheres in nearly all cases. However, with

polymer microspheres the results of the three techniques varied widely if Hertzian behavior

was assumed, suggesting inaccuracy of this model for the microspheres used in this chapter

and the possibility of plastic deformation in the contact region causing significant devia-

tions in nonlinear dynamics between micro- and macroscale granular crystals. This point

should be carefully considered when observing nonlinear behavior of polymer micropspheres

and when choosing microsphere material to conduct such studies. In addition to probing

the contact mechanics, one of the three methods used for comparison was particle ejection

via high-amplitude acoustic excitation, which is an intermediate step towards similar exci-

tation of three-dimensional microgranular crystals to observe nonlinear dynamics. Lastly,

this chapter further demonstrates the importance of particle network and adhesion by ob-

serving the morphology of the monolayer after ejection, namely, the formation of monolayer

“flakes” mostly composed of single crystalline domains from a sample with mixed ordered

and disordered regions.
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In Chapter 4 the linear dynamic behavior of a multi-layered three-dimensional microgranular

crystal was investigated by exciting low-amplitude standing acoustic waves and fitting the

measurements with a discrete coupled oscillator model. The stiffness was found to be much

higher than an elastic adhesive model prediction, due to solid bridges that form during the

fabrication process, in addition to the likely adhesion-induced plasticity. It was discovered

the fabrication technique used to produce three-dimensional microgranular crystals is espe-

cially susceptible to solid bridge formation, compared to a technique for monolayers. Solid

bridges, and the accompanying increase is contact stiffness, are highly detrimental to the

observation of nonlinear dynamics because the alteration on contact geometry requires a

greater excitation amplitude to reach the nonlinear regime. These results inform nonlinear

studies by drawing attention to the use of fabrication techniques and significant influence of

solid bridges in the contact region that may form as a result.

In Chapter 5, the nonlinear nature of the contact and its effect on wave propagation was

directly investigated in a disordered three-dimensional system of many silica microspheres

layers by measuring the sound speed of acoustic pulses under different static and dynamic

loads. A disordered arrangement was specifically chosen to better facilitate uniform appli-

cation of static loads across the entire sample. Informed by results of chapters Chapters 3

and 5, the choice of silica over polystyrene was made to reduce plasticity and the equilibrium

static overlap, such that nonlinear dynamics due to geometric nonlinearity can be observed at

lower amplitudes. By changing the static load the sound speed was reversibly tuned qualita-

tively analogous to macroscale granular crystals, however, the nonlinearity was initially much

weaker until the sample was mechanically conditioned with large scale rearrangement, after

which the sound speed was observed to increase roughly approximate to Hertzian prediction.

Following results from Chapter 4, it is hypothesized that the initial reduction in nonlinearity

was due to debris and contaminants in the contact region from fabrication creating solid

bridges and altering the geometry, which subsequently break upon particle rearrangement.

Nonlinear dynamics were also studied by comparing low- and high-excitation amplitudes,
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which was the first of its kind for a system of uniform spheres of a few microns or smaller

where adhesive forces are dominant. Similar to the static load results, the dynamic nonlinear

behavior was in roughly approximate agreement with Hertzian theory after rearrangement

conditioning, but significantly weaker prior to that. While analysis of nonlinear behavior

was mostly limited to the measured sound speed, this work hints that the complex nonlin-

ear dynamics seen in macroscale applications may be possible at the microscale because the

fundamental element of geometric nonlinearity similarly influences the dynamics in certain

cases. However, special consideration must be taken regarding the fabrication method and

conditioning, possibly through particle rearrangement or perhaps conditioning the contacts

to remove debris through horizontal-rotational modes.

In Chapter 6 the nonlinear dynamic response of a three-dimensional granular crystal was

explored in a preliminary study by measuring the sound speed of an acoustic pulse at vari-

able excitation amplitudes spanning the linear, weakly nonlinear, and strongly nonlinear

regimes. A particular challenge is that near the transition from ablative to thermoelastic

generation of acoustic waves, the amplitude does not increase steadily, likely due being in

a transitional regime between generation mechanisms. By accounting for this, a power law

dependence of sound speed on acoustic wave amplitude is observed, with similar charac-

teristics to macroscale experiments. The full picture may be more complex, as comparison

to an earlier experiment with larger spot sizes revealed a nearly constant increase in sound

speed, independent of excitation amplitude. Expanding the data set to include multiple

measurements for each excitation amplitude is needed for a rigorous analysis.

The overall results of this thesis demonstrate the important role of several phenomena

stemming from adhesion in microscale granular systems. The findings regarding horizontal-

rotational modes, network formation in two-dimensional systems, alterations of contact ge-

ometry during fabrication, adhesion-induced plasticity, and the dependence of sound speed

on static and dynamic loads are expected to be crucial considerations for any future research

in this field. By taking a systemic, gradual approach towards understanding the afore-
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mentioned phenomena, this thesis provides a platform to further explore the possibility of

architectured materials with tailored nonlinear dynamic functionalities similar to macroscale

granular crystals.

The next logical step on this path would be to further study nonlinear dynamics in a three-

dimensional microgranular crystal in detail. While Chapter 6 presented an initial explo-

ration, additional work is needed to improve the accuracy, by increasing the number of

measurements at each amplitude, and to elucidate the role of plasticity by performing simi-

lar measurements with particles that have a greater yield strength. Another proposal involves

restricting dynamics to a two-dimensional system, as in Chapter 2, which facilitates closer

experimental inspection of spatial information such as force chains along the interparticle

networks. The clarity of horizontal-rotational modes, and the ease of exciting such modes

via Rayleigh waves, provides a platform that may be well suited to exploration of highly non-

linear dynamics such as longitudinal to shear mode conversion. Two-dimensional imaging

of path propagation and position-dependent frequency analysis of a high-amplitude point

source excitation in such a system may reveal such dynamics, however, the experimental

design must consider possible issues such as confinement of particle motion to keep parti-

cles from completely ejecting from the monolayer and interaction with confining surfaces, as

discussed in the following.

A particular challenge of microscale granular crystals is that, for strongly nonlinear dynam-

ics to be observed, dynamic interparticle forces due to the acoustic wave need to be greater

than the static adhesive force, such that excitation will likely cause particles to separate from

their neighbors. Separated particles will either be completely ejected or adhere to another

surface after coming into contact, forming new contact networks that can alter the dynamic

response. Two- and three-dimensional macroscale granular crystals are known to be highly

sensitive to small changes in the contact network, despite spheres being able to move rel-

ative to each other and settle in nominally well-ordered arrays without adhering. At the

microscale or smaller, this issue is only exacerbated. Confinement of the granular crystal
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within a chamber would likely retain the nominal crystal ordering after high-amplitude ex-

citation, however, alteration of the contact network may persist due to introduction of new

surfaces that particles can adhere to. Therefore, experimentally investigating strongly non-

linear dynamics in microgranular crystals will likely involve destruction of the entire crystal,

or at least a permanent change of the contact network, requiring experiments that are single-

shot, bringing about additional issues of repeatability and signal to noise ratio, as described

in Chapter 6. Disorder is another challenge that is especially prevalent at the microscale

due to the fabrication methods and adhesion restricting ”settling” of three-dimensional ar-

rangements, as described in Chapter 6, though advances in assembly may start to address

this [229]. This thesis confronts some of the particular experimental challenges when faced

while exploring microscale granular crystals, while simultaneously demonstrating the rich

physics that make these structures so attractive for manipulation of mechanical waves.

Although much of this work is a fundamental exploration of the dynamical response of granu-

lar crystals, it also makes progress toward some immediate, practical applications on multiple

fronts. Observation of new monolayer hortizontal-rotational modes, and demonstration of

their tunability through modification of interparticle contacts, may find use in configurable

SAW filters for radio frequency signal processing in mobile devices by introduction of multi-

ple attenuation zones that can be tuned through altering the interparticle contact stiffness,

as achieved by metal deposition in Chapter 2. Additionally the rotational modes were found

to be highly sensitive to interparticle stiffness, which may be of useful for sensing applica-

tions such as bioanalytical devices [150]. Characterizing nonlinearity stemming from contact

mechanics is important for nearly all granular crystal applications that have been proposed

or demonstrated with macroscale spheres, such as acoustic rectification [79] and logic ele-

ments [233]. By reducing particle size to the microscale or smaller, similar devices may be

possible at much higher frequencies, even approaching that of lattice vibrations that con-

tribute to thermal conductivity [81]. Furthermore, since solitary waves in one-dimensional

chains interacting via Hertzian potentials have a constant spatial length of five particle di-
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ameters, extremely short wavelengths may be possible as particle sizes are reduced, allowing

for higher resolution acoustic microscopy [18,19]. Measuring the dependence of sound speed

on static and dynamic loads is one of the most fundamental ways to characterize the root of

more complex nonlinear dynamics, in addition to having a direct influence on several applica-

tions. For example, the dependence of sound speed on static and dynamic loads this is central

to acoustic lenses [78], which have applications in medical ultrasound or flaw detection in

structural materials. This is similarly important for some impact mitigation structures made

of granular crystals that have shown performance enhancements compared to commonly use

materials [62] or wave front shaping through designed anisotropy [80]. Lastly, the systems

studied in this thesis can be thought of as idealized and simplified models for natural granular

media, such as sand or soil, and provide insights to geological exploration [101, 199].

Whether microscale granular crystals can successfully be utilized for such applications de-

pends on addressing the challenges noted above, particularly disorder, which is likely to

be a limiting factor of translating the dynamics seen in macroscale granular crystals to

the microscale because many are predicated on dispersion induced by the crystalline order.

Disorder tends to increase when macroscale granular crystals are composed of two- or three-

dimensional assemblies, so developing a fabrication method that creates a microscale one-

dimensional chain could address this issue, though one must consider motion of additional

degrees of freedom if free-standing or, if the chain is confined, interaction with confining

surfaces. Beyond the obvious solution of improving the crystal order through more precise

fabrication methods, it may also be beneficial to research phenomena that require disorder,

instead of being hampered by it, such as Anderson localization [234,235] or the evolution of

force chain propagation [89–91].
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Appendix A

DETAILS FOR CHAPTER 2: COMPLEX CONTACT-BASED
DYNAMICS OF MICROSPHERE MONOLAYERS REVEALED
BY RESONANT ATTENUATION OF SURFACE ACOUSTIC

WAVES

A.1 Sample Fabrication

The aluminum-coated, soda lime glass microscope slide was purchased from EMF Corp.

The slide was rinsed with deionized water, acetone and isopropanol, and dried under air

flow. It was then hydrophilized in a hydrogen peroxide bath (80C◦) for fifteen minutes.

The microspheres were purchased from Corpuscular Inc. as a suspension of 5.0 wt% in

water. Prior to the deposition, the suspension was further diluted to 1.25 wt%, and was

ultrasonicated for 3 minutes. The angle of the wedge formed between the substrate and the

top glass slide was 3◦. We deposited 40µL of the diluted suspension into the wedge. The

whole setup was then placed on a tilt, such that the meniscus drying front receded upwards

on an incline of 15◦. The assembly was allowed to dry in ambient lab environment (40%

relative humidity, 22◦C). The PDMS stamp was made of Sylgard 184 with a curing agent

to base ratio of 1 : 10 and left to cure in an oven at 70◦C for a day to ensure solidification.

The aluminum coating was deposited via electron-beam evaporation. The thickness of the

evaporated aluminum layer was measured with a quartz crystal microbalance (QCM).

A.2 Sample Fabrication

The pulsed laser source used as the pump has 532 nm wavelength, 430 ps pulse duration,

energy of 4µJ per pulse, and 1 kHz repetition rate. In the scanned photodeection measure-
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ments, the light was focused to a spot of 1.2 mm × 20µm (axis length, at 1/e2 intensity

level). The resulting surface displacement of the propagating SAW pulse is estimated to be

150 pm [77]. The continuous probe laser has a wavelength 514 nm and average power of 4

mW at the sample. The probe passes through the glass substrate and is focused at the alu-

minum film to a 6µm diameter spot (at 1/e2 intensity level). A balanced detection scheme is

used, in which a metal coated right-angle prism acts as the knife edge for two photodetectors.

The separation between the focused pump and the probe beams was 850µm. In the grating

interferometer experiments, the probe has a diameter of 80µm (at 1/e2 intensity level) and

a power of 20 mW at the sample.

A.3 Spatiotemporal Signal Processing

For the spatiotemporal data shown in Fig. 2.1 1(c-e) and Fig. 2.3 3 in Chapter 2, we

compensate for the fixed pump-probe separation distance by shifting each measured signal

in time by xs = cR (where xs is the distance from a reference position, and cR = 3128 m/s

is the Rayleigh wave speed in the aluminum-coated glass substrate [236]). We then zero-pad

the signal at both beginning and end to obtain signals of uniform duration, and smooth with

a 500 MHz bandpass filter.

A.4 Images of the Contact

Figure A.1(a-c) shows scanning electron microscope (SEM) images for the same interparticle

contact in the uncoated sample, and after coating it with 20 nm and 40 nm of aluminum.

Figure A.2 shows SEM images for isolated spheres that demonstrate that the particle-

substrate contact is shaded from the aluminum deposition by the microsphere.
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Figure A.1: (a-c) SEM images of the same interparticle contact, corresponding to the

spectra of Fig. 2.2(a-c) in Chapter 2, respectively. The scale bar is 100 nm.

Figure A.2: SEM images showing the particle-substrate contact is shaded from the alu-

minum deposition. The scale bar is 1µm.

A.5 Material Properaties Used in Calculations

A Young’s modulus of E1 = 73 GPa and shear modulus of G1 = 31 GPa were used for the

silica microspheres [236], and moduli E2 = 62 GPa and G2 = 25 GPa were used for the

aluminum-coated substrate [161]. The microsphere mass was calculated using a density for

silica of ρ = 2.0 g/cm3, as provided by the manufacturer. For the calculation of the dispersion
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curves, the following parameters were used: longitudinal wave speed in the substrate cL =

5574 m/s, transverse wave speed in the substrate cT = 3438 m/s [2], substrate density

ρs = 2.5 g/cm3 [197], and unit cell area of As =
√
3D2/2. For the estimation of contact

stiffnesses from adhesive contact models, we use work of adhesions w = 0.094 J/m2 between

silica and alumina [77] (assuming a native oxide layer on the aluminum), and w = 0.063

J/m2 between silica particles [121].

A.6 Contact Resonance Frequencies

The frequencies of the identified attenuation maxima are listed in Table A.1. Each maximum

was identified based on when the transmission spectra reaches a specified threshold for each

of the three resonances. However, due to asymmetry in many of the transmission dips and

noise in the measured spectra these frequencies should be considered as approximate. Table

A.2 lists the fitted contact resonance frequencies plotted in Fig. 2.2 and Fig. 2.4 of the main

text.

Table A.1: Frequencies of the measured attenuation maxima.

Aluminum (nm) 0 20 40

fI (MHz) 49 53 61

fI (MHz) 108 106 106

fI (MHz) 197 242 290

Table A.2: Fitted contact resonance frequencies.

Aluminum (nm) 0 20 40

fHR (MHz) 48 54 66

fN (MHz) 108 106 106

fRH (MHz) 209 213 233
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A.7 Images of the Contact Network

Fig. A.3 shows scanning electron microscope (SEM) images of the microsphere contact

network.

Figure A.3: SEM images of the microsphere contact network. (b) Zoomed image of the

center of (a). The scale bar in both panels is 1µm.
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Appendix B

DETAILS FOR CHAPTER 3: LASER-INDUCED SPALLATION
OF MICROSPHERE MONOLAYERS

B.1 Interferometric signal processing procedure

The inteferometric signal measured for a pump energy of 32 mJ (corresponding to the data

presented in Fig. 3.1(c) of the main text), is shown in Fig. B.1(a). The arrival of the acoustic

pulse at the sample surface causes surface displacements, such that the interferometer’s

output intensity is altered. The measured interferometer signal intensity is related to the

surface displacement by:

V (t) =
Vmax + Vmin

2
+

Vmax − Vmin

2
sin(4πu(t)

λ0

+ ϕ) (B.1)

where Vmax and Vmin are the maximum and minimum measured interferometric signal

when the inteferometer is in- and out-of-phase, respectively, ϕ is the phase angle, λ0 is the

wavelength of the probe laser, and u(t) is the surface displacement [156]. We smooth the

photodetector output by applying a moving average filter with a span of 60 data points, as

shown in Fig. B.1(a). The surface displacements are found by solving the above equation for

u(t), which is smoothed with a span of 100 data points, as shown in Fig. B.1(b). The surface

velocity is obtained by numerical differentiation of the smoothed surface displacements, and

is again smoothed with a span of 100 data points, as shown in Fig. B.1(c). Lastly, the

acceleration is obtained by numerical differentiation of the smoothed surface velocity, after

which, the data is smoothed with a span of 100 data points, as shown in Fig. B.1(d). With

the rigid body model, the maximum tensile force occurs at the point of minimum acceleration,
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as shown by the marker in Fig. B.1(d). The error for individual spallation experiments is

determined by finding the difference between smoothed and unsmoothed curves at the point

of minimum acceleration. This is then averaged across all 10 spallation experiments and

multiplied by the microsphere mass to obtain the average error due to smoothing. The total

error associated with the inertial force at the spallation threshold of 32 mJ is calculated by

summing the average smoothing error and the standard deviation of the maximum tensile

inertial force of all 10 spallation experiments.

Figure B.1: (a) Photodetector output from the interferometer for a pump energy of 32 mJ.

(b) Surface displacements. (c) Surface velocity. (d) Surface acceleration. The marker in (d)

denotes the point of maximum deceleration. Black and red lines are the unsmoothed and

smoothed signals, respectively.
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Appendix C

DETAILS FOR CHAPTER 4: LONGITUDINAL
EIGENVIBRATION OF MULTILAYER COLLOIDAL

CRYSTALS AND THE EFFECT OF NANOSCALE CONTACT
BRIDGES

C.1 Sample Fabrication

The aluminum-coated soda lime glass substrates were cleaned by soaking in isopropanol and

acetone for ten minutes each, and then rinsed with deionized (DI) water and dried under

nitrogen flow. Following this, the substrates were coated with a 20-nm-thick silica layer

via chemical vapor deposition. The colloidal suspensions for these samples were purified by

centrifuging the suspension at 4000 rpm, discarding the supernatant and redispersing the

particles in DI water or ethanol. This purification procedure was repeated three times for

all samples, except in the case of Sample 2, where the colloidal suspension was centrifuged

once. Details of the self-assembly parameters and the layer thicknesses characterized for the

multilayer samples in this study are listed in Table C.1. The samples with the microsphere

suspension in water were left to dry in an oven at 75C◦, while the samples immersed in the

ethanol suspension were placed under a plastic container to avoid external air flows and left

to dry under ambient laboratory conditions.



146

Table C.1: Details of sample fabrication parameters for the multilayer samples.

Sample Concentration (%v/v) Solvent Drying Environment Centrifuged Layer Thicknesses Characterized Monolayer Resonance Detected

1 0.2 Ethenol Ambient 3x 1,2,3,4,5,7,8,12 Yes

2 0.01 DI Water Over, 75◦C 1x 1,2,3,4,5,9,12 Yes

3 1 Ethanol Ambient 3x 6,7 No

4 0.5 Ethanol Ambient 3x 2,3,4,5,6,7,8,9 No

5 0.3 Ethanol Ambient 3x 2,3,4,5,6,7,9 No

6 0.01 DI Water Oven, 75◦C 3x 2,3,4 No

7 0.01 DI Water Oven, 75◦C 3x 2,3,4,5,6 No

C.2 Laser Ultrasonic Setup Details

For the measurements on Sample 2, the pump beam was focused to an elliptical spot (436µm

× 76µm at the 1/e2 intensity level), whereas for all the other samples, the pump beam was

focused to a 200µm diameter circular spot. The interferometric signals were averaged over

104 pump pulses for all samples, except in the case of the measurements on the monolayer,

five-, seven-, eight- and twelve-layer regions of Sample 1, which were averaged over 106 pump

pulses to achieve an improved signal-to-noise ratio.

C.3 Signal Processing Procedure

Time-resolved signals were recorded at a positive and negative phase setting by varying the

optical path difference between the probe and the reference beams via a rotating fused silica

window placed in the path of the probe beam. The net signal was obtained by subtracting the

averaged waveforms collected at positive and negative phase settings. A segment of 0.75µs of

the signal starting from the sharp initial rise (corresponding to the arrival of the pump pulse)

was used for further signal processing. This segment of the signal was zero-padded after the

oscillations completely decayed below the noise floor, differentiated with respect to time to

remove the thermal decay component from the signal, and normalized with respect to its

maximum amplitude. A Fast Fourier Transform (FFT) was then applied to the normalized

signal.
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C.4 Work of Adhesion At TheSphere-Substrate and Sphere-Sphere Interfaces

We estimate the work of adhesion between identical polystyrene microspheres wP−P and that

between the polystyrene microspheres and the silica-coated substrate wP−S in terms of the

Hamaker constant A, using w = A
12πD0

2 (D0 = 0.165 nm is a standard value used for the

interfacial cutoff separation distance for a variety of media [121]). This coeffcient takes into

account the van der Waals forces between the two surfaces in contact. The expression for

the Hamaker constant A131 for two polystyrene surfaces (denoted as medium 1) interacting

across medium 3 (air) is:

A131 =
3kT

4
(
ϵ1 − ϵ3
ϵ1 + ϵ3

)2 +
3hνe1

16
√

(2)

(n1
2 − n3

2)2

(n1
2 + n3

2)3/2
(C.1)

where T = 293 K is room temperature, νe1 = 2.3 · 1015 Hz is the main electronic absorption

frequency of polystyrene in the UV, k is Boltzmann’s constant, h is Planck’s constant,

ϵ1 = 2.55 F/m and ϵ3 = 1.0 F/m are the permittivities of polystyrene and air, respectively,

and n1 = 1.56 and n3 = 1.00 are the refractive indices of polystyrene and air, respectively.

All of the preceding constants are tabulated in Ref. [121]. Using Eq. C.1, we calculate A131 =

6.53 · 10−20 J. This gives a work of adhesion wP−P = 0.06 J/m2 between the polystyrene

microspheres.

Similarly, we use Eq. C.1 to calculate the Hamaker constant for two silica surfaces (denoted

as medium 2) interacting in air (medium 3), with the corresponding material properties of

silica: permittivity ϵ2 = 3.8 F/m, refractive index n2 = 1.45, and electronic absorption

frequency in the UV νe2 = 3.2 · 1015 Hz [121]. We obtain A232 = 6.36 · 10−20 J. We use

a combining relation to obtain an approximate value for the Hamaker constant between

polystyrene and silica, A132 ≈
√
A131A232, such that A132 ≈ 6.44 ·10−20 J. The corresponding

work of adhesion between polystyrene and silica is wP−S = 0.06 J/m2.
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C.5 Calculation of the effective Interlayer Contact Stiffness Using the DMT
Model

The normal contact stiffness between two colloidal particles GN,DMT is derived from the

linearized force-displacement curve prescribed by the DMT model [138], and is expressed as,

GN,DMT = 3
2
(2πwP−PRe

2E∗
P−P

2)1/3 where wP−P is the work of adhesion between the two

polystyrene surfaces, Re is the effective radius (equal to half the radius of the particle), and

E∗
P−P is the effective modulus of the contact and is defined in terms of the Young’s modulus

EP and the Poisson’s ratio νP of the particle, E∗
P−P = 2

3
EP

1−νP 2 . The effective interlayer

normal contact stiffness Ge,DMT is then derived by accounting for the contributions of the

three normal GN,DMT and transverse GS contact springs each in an HCP unit cell along the

out-of-plane direction to be Ge,DMT = GN,DMT (2 + ν∗). where ν∗ = GS

GN,DMT
= 21−νP

2−νP
is the

ratio of the interparticle shear and normal contact stiffnesses [137, 192].

C.6 Estimation of Displacement Amplitude in the Aluminum Film

We estimate the thermoelastic strain in the aluminum film induced by the pump laser pulse

using the relation in reference [161], η0 = 3καL(1− R)/(APCξ0ρ0cL
2), where κ = 67.6 GPa

is the bulk modulus, αL = 23.1µm/m·K is the linear thermal expansion coefficient, ρ0 = 2.7

g/cm3 is the density, C = 2.46 MJ/m3, K is the volumetric heat capacity, R = 0.92 is the

optical intensity reflection coefficient, ξ0 = 6.8 nm is the optical penetration depth, cL = 6300

m/s is the longitudinal wave speed in aluminum [161], AP is the area of the pump spot, and

Q = 7 µJ/pulse is the pump pulse energy at the sample. From the thermoelastic strain, we

estimate the displacement in the aluminum film to be uz = η0ξ0 = 340 pm.
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Appendix D

DETAILS FOR CHAPTER 5: ACOUSTIC WAVE
PROPAGATION IN DISORDERED MICROSCALE

GRANULAR MEDIA UNDER COMPRESSION

D.1 Experiment list

Tabulated lists of the experiments conducted, which detail the measured multilayer thick-

nesses T , absolute measured sound speeds CL,min at the minimum static loads (based on the

measured thickness), maximum conditioning static loads FC , maximum measurement static

loads Fmax, and the marker colors used in Figs. 5.5, 5.7, and 5.8, are given in Tables D.1

and D.2 for the pre- and post-collapse cases, respectively.

Table D.1: Pre-collapse multiayer thicknesses, absolute sound speeds CL,min at the minimum

static load, maximum conditioning loads FC used during cyclic loading, and maximum static

loads Fmax used in amplitude dependence measurements. Marker color refers to Figs. 5.5

and 5.8(a) in the main text.

Exp. T (µm) CL,min (m/s) FC (N) Fmax (N) Color

#1 180 990 3.1 3.2 Pink

#2 180 970 3.1 3.1 Grey

#3 180 1100 2.0 2.0 Brown

#4 180 900 2.0 2.0 Yellow
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Table D.2: Post-collapse multiayer thicknesses, absolute sound speeds CL,min at the mini-

mum static load, maximum conditioning loads FC used during cyclic loading process, and

maximum static loads Fmax used in amplitude dependence measurements. Marker color

refers to Figs. 5.7 and 5.8(b) in the main text.

Exp. T (µm) CL,min (m/s) FC (N) Fmax (N) Color

#1 42 600 6.4 6.3 Pink

#2 48 1100 6.4 6.2 Grey

#3 36 710 6.4 6.3 Brown

#4 56 1000 6.4 2.0 Blue

Tabulated lists that detail the samples, and positions on those samples, tested for each ex-

periment for the pre- and post-collapse cases are listed in Tables D.3 and D.4, respectively.

All post-collapse experiments (except #4) were performed directly after pre-collapse experi-

ments of the same number, e.g., after completing pre-collapse experiment #1, the multilayer

was immediately collapsed and post-collapse experiment #1 was conducted.

Table D.3: Sample, and position on that sample, tested for each experiment in the pre-

collapse case. Experiment #5 denotes the position dependence experiments as detailed in

Appendix D.2.

Exp. Sample Region

#1 1 1

#2 1 2

#3 2 1

#4 2 2

#5 2 4
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Table D.4: Sample, and position on that sample, tested for each experiment in the post-

collapse case. Experiment #5 denotes the position dependence experiments as detailed in

Appendix D.2.

Exp. Sample Region

#1 1 1

#2 1 2

#3 2 1

#4 2 3

#5 2 4

D.2 Position Dependence

Sound speed measurements are conducted at five locations arranged in a cross pattern across

the transducer with a spacing of 0.25 mm, namely, left, center, right, up, and down. All

experiments, except for the ones listed in Table D.5, are performed at the center location.

The experimental procedure is the same as presented in Sec. 5.3 of the main text, although

fewer (4) static loads are measured. The power law exponent β at each position, its mean

β̄, and ratio of standard deviation σβ to β̄, is shown in Table D.5.

Table D.5: Position dependence of the power law exponent β at five positions along trans-

ducer surface, as a function of the collapse state (e.g. pre- and post-).

State Left Center Right Up Down β̄ σβ / β̄

Pre 0.01 0.04 0.03 0.01 0.03 0.02 0.62

Post 0.21 0.07 0.04 0.02 0.22 0.11 0.82
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D.3 Discrete Element Model Simulations

A statically compressed chain of adhesive spheres can be modeled as a one-dimensional lattice

of point masses interacting via nonlinear springs that follow the Hertzian force-displacement

law [52]. For identical spheres of mass m, the equation of motion of the displacement xn of

the nth sphere is given by

mẍn = A[α0 + xn−1 − xn]
3/2
+ − A[α0 + xn − xn+1]

3/2
+ ,

where A = R1/2[(3/2)((1 − ν2)/E)]−1 is a constant that depends on the geometric and

material properties of the spheres and R is the effective radius of contact, equal to half the

sphere radius [75]. For the material properties of silica, we use a Young’s modulus of E = 73

GPa and a Poisson’s ratio of ν = 0.17 [236]. We use a density of ρ = 2.0 g/cm3, as provided

by the manufacturer. The subscript (+) indicates that the bracketed terms vanish if their

arguments become negative, indicating loss of contact.

We consider left and right boundaries with prescribed displacements d(t) and 0, respectively,

where d(t) is the displacement of the excited surface (determined experimentally, see Ref.

[237]). The equations of motion of the left and right boundary spheres (having displacements

x1 and xN , respectively), are given by:

mẍ1 = A[α0 + d(t)− x1]
3/2
+ − A[α0 + x1 − x2]

3/2
+

mẍN = A[α0 + xN−1 − xN ]
3/2
+ − A[α0 + xN ]

3/2
+ .

For Fig. 5.10, external static loads applied to the chain range from 0.83 µN to 22 µN, and

for Fig. 5.11, Fmin = 0.25 N and Fmax = 2.0 N are considered by applying static loads

of 0.85 µN and 6.89 µN to the chain, respectively. Adhesion is accounted for by adding

a constant force of Fadh = 0.20 µN in all simulations. The external static loads applied
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to the chain are found by dividing the total static loads applied to the transducer by the

number of spheres that cover the transducer area, assuming hexagonal-close-packing. The

static overlap, as a function of adhesive force Fadh and externally applied static load F0, is

α0 = ((Fadh + F0)/(A))
2/3, according to the Hertzian contact model [75]. Assuming total

static loads of Fmin = 0.25 N and Fmax = 2.0 N, we find static overlaps of α0,min = 0.95 nm

and α0,max = 3.4 nm.

D.4 Transducer Tilt Correction With PDMS Blacking Slab

The role of the PDMS backing slab in our experiment is to compensate for slight misalignment

between the Au-coated transducer and the sample, such that contact uniformity is improved

between the transducer and the multilayer. To illustrate the effectiveness of this approach,

microscope images are taken looking at the interface between the transducer and an Al-

coated slide. Initially the Au-coated transducer is nearly brought into contact with the

Al-coated slide, such that a small gap remains, as shown in Fig. D.1(a). We first observe

uniform contact along the entire length of the Au-coated transducer edge at a static load of

0.08 N, as shown in Fig. D.1(b), which is well below the minimum static load of 0.25 N used

in our experiments.
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Transducer

ReflectionoffAl-coatedslide

(a)

(b)

Figure D.1: Microscope images of the transducer being compressed against an Al-coated

slide in the experimental setup just prior to contact (a) and at a static load of 0.08 N (b)

D.5 Excitation Amplitude

We estimate the excitation amplitudes by calibrating the interferometer sensitivity and mea-

suring the free surface displacements of an Au-coated slide. Following [136], the sensitivity

is calculated as:

dVsig/du = (Vmax − Vmin)
π

λ
(D.1)

where Vsig is the measured photodetector output voltage of the interferometer due to the

acoustic signal, u is the displacement normal to the surface, Vmax is the photodetector output

voltage at constructive interference, Vmin is the photodetector output voltage at destructive

interference, and λ = 514 nm is the wavelength of the probe. From Eq. D.1, we find the

maximum displacements of the high- and low-amplitude signals to be 1.9 nm and 0.51 nm,

respectively.
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D.6 Measured Dependence of Sound Speed on Excitation Amplitude

Tables D.6 and D.7 list the measured dependence of sound speed on excitation amplitude

and static load, as shown in Fig. 5.10 in Chapter 5, for the pre- and post-collapse states,

respectively.

Table D.6: Pre-collapse percent increase in sound speed for high amplitude relative to low

amplitude excitation for each experiment as a function of static load, where the Fmax is listed

in Table D.1.

Exp. Increase at Fmin (%) Increase at Fmax (%)

#1 1.7 0.53

#2 1.2 0.26

#3 0.12 -0.63

#4 1.8 0.038

Table D.7: Post-collapse percent increase in sound speed for high amplitude relative to low

amplitude excitation for each experiment as a function of static load, where the Fmax is listed

in Table D.2.

Exp. Increase at Fmin (%) Increase at Fmax (%)

#1 5.1 2.7

#2 7.5 0.72

#3 2.8 -0.61

#4 1.9 0.15
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D.7 Additional Plots of the Simulated Sound Speed Dependence on Excitation
Amplitude and Static Load

We simulate the sound speed as a function of excitation amplitude for static loads of Fmin =

0.25 N and Fmax = 2.0 N. In our simulation, the excitation amplitude is varied from 0.038

nm to 76 nm, and the sound speed is determined by probing the 90th and 25th spheres for

the pre- and post-collapse cases, respectively. The results are shown in Fig. D.2, with the

experimental excitation amplitudes indicated by the vertical lines.
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Figure D.2: Sound speed CL (normalized by the sound speed at the lowest excitation am-

plitude CL,0 versus maximum excitation amplitude umax for the pre-collapse case at static

loads of Fmin (a) and Fmax (b), and the post-collapse case at static loads of Fmin (c) and

Fmax (d). Black and red dashed lines represent the maximum excitation amplitude of the

low- and high-amplitude excitations, respectively. The excitation amplitude umax has been

scaled by the static overlap at the minimum (α0,min) or maximum (α0,max) static load. The

minimum and maximum applied static loads are set to Fmin = 0.25 N and Fmax = 2.0 N,

respectively.
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