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Noah Simon

Department of Biostatistics

This thesis explores two research problems in Chapters 1 and 2. Chapter 1 combines

pivotal penalized estimation, with matrix completion, to introduce a new matrix completion

problem, where the optimal tuning parameter does not depend on the variance of the noise.

We consider this new “scaled matrix completion” problem, and compare it to standard matrix

completion problem. Chapter 2 develops a new cell deconvolution method for data from

NanoString Technologies nCounter platform, a relatively new sequencing platform. We assess

the performance of this cell deconvolution method with simulated data and experimental

data.
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GLOSSARY

C: expression reference matrix used in the cell deconvolution algorithm.

CV: coefficient of variation.

MC: matrix completion.

MD: matrix decomposition.

MSE: mean square error.

MDSE: median square error.

NTC: nominal target concentration.

SNR: signal-to-noise ratio.

SVD: singular value decomposition.

||X||∗: nuclear norm of X; ||X||∗ :=
n∑
i

σi(X).

σI(X): i-th largest singular value of X.

λ: tuning parameter.
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INTRODUCTION

0.1 Relation between Chapter 1 and Chapter 2

Both chapters 1 and 2 deal with matrix decomposition (MD) problems. The key idea of

MD is that there exists latent structures in the data, and that by uncovering that structure

one can obtain a compressed representation of the data. In chapter 1, we consider matrix

completion, which is a MD problem with low-rank structure: Here, one assumes that the

mean of a data matrix can be written as the outer product of an (a priori unknown) matrix

with few columns and a matrix with few rows. In chapter 2, we consider decomposing a

gene expression matrix (or vector) of a mixture of cell-types as the product of a reference

expression matrix (of pure types) and a proportion matrix (or vector). Unlike in chapter

1 where we did not know either of two factor matrices, here we assume the reference gene

expression matrix to be known. We only need to estimate the proportion matrix (or vector)

in chapter 2.

In both chapters the solution to the matrix decomposition problem can be characterized

as the minimum of an optimization problem. In both chapters, to attain this minimum, we

use gradient methods. In chapter 1, we consider two slightly different optimization problems

related to matrix completion, using lasso-like and scaled-lasso-like objective functions. In

both of the problems, minimizers can be found using the proximal gradient descent frame-

work. In chapter 2, we encode our deconvolution problem into a regression-like objective

and give a simple gradient descent algorithm to approximately minimize it. Additional tech-

niques including backtracking line search, warm starts, and cross-validation are discussed in

both chapters.

The emphasis of chapter 1 and chapter 2 is different. The methods in chapter 1 are

already proposed and discussed in the literature. The focus of chapter 1 is, in particular,
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the association between optimal tuning parameter and standard deviation of the noise for

both lasso-like and scaled-lasso-like formulations of the matrix completion problem. The

methods in chapter 2 were developed in this thesis, in particular for the estimation of cell

proportions using a particular recent gene expression platform. The focus of chapter 2 is the

discussion of these methods, and their evaluation (in terms of adjusted MDSE) for simulated

and experimental data.
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Chapter 1

SCALED MATRIX COMPLETION

1.1 Introduction

In this chapter we consider combining pivotal penalized estimation, discussed in the con-

text of high-dimensional linear regression [3], with matrix completion [6]. This results in

a penalized matrix completion, where the optimal tuning parameter does not depend on

the variance of the noise. We consider this new “scaled matrix completion” problem, and

compare it to the standard matrix completion problem.

1.1.1 Motivating example

Matrix completion, which was first introduced in [6], solves the following problem: the

recovery of an incomplete data matrix based on its observed entries.

There are a number of practical scenarios in which matrix completion applies. One

archetypal example is the Netflix problem: Suppose a group of consumers was asked to rate

a selection of movies they have watched. Based on this survey, we want to infer their potential

interests on movies each individual has not watched. From the survey data, a matrix M with

consumer index as column and the movie index as row can be created. The (i, j)-th entry

Mi,j of the matrix M can be interpreted as consumer i’s feedback on movie j. Since we would

not expect consumers to have watched and rated all movies listed in the survey, we will get a

partially-answered survey and an incomplete matrix M correspondingly. With that, we can

restate our task of inference on consumers’ preference for new movies based on their ratings,
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as completing the incomplete matrix M from its observed entries.

M1,1 ? M1,3 · · · · · · ? · · · M1,n

M2,1 M2,2 M2,3
. . .

...

? M3,2 M3,3 ?
. . .

...

...
. . . . . . . . . . . . . . .

...

...
. . . . . . . . . . . . . . .

...

...
. . . Mi,j ? ? Mi,n

...
. . . Mi+1,j+1 ? ?

? · · · · · · · · · · · · ? Mm,n−1 Mm,n


The goal of matrix completion, in this context, is to approximate a given matrix M , with a

low-rank matrix X, and fill in the missing entries of M .

1.1.2 Low-rank approximation

But why are we using a low-rank matrix for approximation?
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What does the rank stand for? In the Netflix problem, if we have m consumers and n

movies to rate. One might imagine that entires of M are determined by r hidden consumer

features such as gender, age, marital status and occupation, etc. In particular, one might

imagine a simple linear relationship between average rating, and those features:

Mm×n = Am×rBr×n



movie1 movie2 ... movien

consumer1 m11 m12 . . . m1n

consumer2 m21 m22 . . . m2n

...
...

... . . .
...

...
...

... . . .
...

consumerm mm1 mm2 . . . mmn


=



feature1 feature2 ... ... featurer

consumer1 a11 a12 . . . . . . a1r

consumer2 a21 a22 . . . . . . a2r

...
...

... . . . . . .
...

...
...

... . . . . . .
...

consumerm am1 am2 . . . . . . amr





movie1 movie2 ... movien

feature1 b11 b12 . . . b1n

feature2 b21 b22 . . . b2n

...
...

... . . .
...

...
...

... . . .
...

...
...

... . . .
...

featurer bk1 bm2 . . . brn


Here, M is a product of two matrices of rank r: a factor weight matrix, A ∈ Rm×r, and

a rating effect matrix, B ∈ Rr×n. In particular, each row of A represents a consumer as a

weighted sum of the r underlying features and each column of B represents the rating effect

of r underlying features on one movie. The rank can be intuitively taken as the number of

those hidden features. In practice, we only want to find a few most predictive hidden features

for ratings. Hence, the low-rank structure is ideal. In general, the low-rank approximation is

a common sense approach which seeks the simplest explanation that fits the observed data
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[6]. Other applications of low-rank approximation include, but are not limited to hidden

partitioning [35] and image compression [38].

1.1.3 Previous studies on matrix completion

Not all incomplete matrices M can be recovered. For example, one cannot fully recover a

matrix if, for some rows, only one entry was observed. Thus, after the introduction of matrix

completion, researchers have studied and shown many properties necessary for a matrix to

be efficiently completed, such as low-rank-structure, limited proportion of missing entries,

decent signal-to-noise ratio and the relationship between dimension n and the rank r. We

give one result here which was described in [6]:

Suppose entries are missing at random and we observe k entries from an n by n matrix

M . Let r denote the rank of the M , It was shown in [6] that M can be recovered with high

probability if

k ≥ Cn1.2r log n. (1.1)

Condition (1.1) assumes the rank r is not too large. In fact, if the 1.2 exponent is replaced

by 1.5, the recovery result holds for all values of rank r [6].

1.1.4 Optimization language

A matrix completion estimate is often given as the solution to a convex problem. In the

following section, we discuss this further.

Given a m× n matrix Y, we observe:

Yij = µij, ij ∈ Ω, (1.2)

where here and below Ω is the index set of observed entries.

Our goal is to find a matrix of minimal rank that is close to Y on the observed entries.
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One might consider solving

minimize rank(µ)

s.t. µij = Yij, (i, j) ∈ Ω

(1.3)

However, the optimization (1.3) is not trivial to solve for two related reasons:

1. Minimizing the rank is NP-hard

2. The known algorithms which provide the exact solution for (1.3) require time doubly

exponential in the dimension n of the matrix in both theory and practice [6]

It is standard practice to replace the rank function rank(µ) with a convex relaxation, the

nuclear norm ||µ||∗. The substitution intuitively makes sense since the rank function counts

the number of non-vanishing singular values while the nuclear norm sums their amplitude

[6]. This convex relaxation solves

minimize ||µ||∗

s.t. µij = Yij, (i, j) ∈ Ω

(1.4)

This new problem (1.4) is convex and its minimizer can be efficiently found [25].

The discussion about matrix completion so far is based on the assumption that we observe

Y without noise, which is usually not true in practice. It is natural to extend it to the case

where Y is observed with noise:

Yij = µij + Zij, (i, j) ∈ Ω (1.5)
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where Z is a mean 0, noise term. In this case, we will be solving:

min
µ∈Rm×n

1

2

∑
(i,j)∈Ω

(Yij − µij)2 + λ‖µ‖∗ (1.6)

Here, the nuclear norm ||µ||∗ is a penalty term and λ is a tuning parameter which controls

how much we want to penalize a large nuclear norm ||µ||∗.

Alternatively, if we define PΩ as the projection operator onto Ω, we can rewrite (1.5) as

PΩ(Y ) = PΩ(µ) + PΩ(Z) (1.7)

and we are solving

min
µ∈Rm×n

1

2
||PΩ(Y )− PΩ(µ)||2F + λ||µ||∗ (1.8)

Problem (1.8) is similar to the lasso estimator (1.10) that we will discuss shortly except

that the penalty term in lasso is the `1 norm. We will use the same method (proximal

gradient descent) as is sometimes used for solving lasso [21] to solve the problem (1.8).

It was shown in [14] that a major shortcoming of lasso is its need for a tuning parameter.

The optimal value of the tuning parameter depends on a number of a priori unknown quan-

tities and therefore it can be difficult to calibrate in practice. In order to begin to alleviate

this issue, authors have recently proposed modifications to the lasso for which the tuning

parameter does not depend on the variance of the error. In this chapter, we will evaluate

the adaptation of this modification to the matrix completion scenario.

As a preparatory step, we introduce and compare the lasso and scaled lasso with an

emphasis on the tuning parameter selection.

1.1.5 Tuning parameter selection

Consider the linear model

Y = Xβ0 + σε (1.9)
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where Y ∈ Rn is a response vector, X ∈ Rn×p a design matrix, σ > 0 a constant, and ε ∈ Rn

a noise vector. For the ease of explanation, we assume that the distribution of the noise

vector ε has variance 1 so that σ is the standard variation of the entire noise σε.

Lasso

The lasso estimator [30] β̂ is a solution of the minimization problem:

β̂ := arg min
β∈Rp

{
||Y −Xβ||22

n
+ λ||β||1

}
(1.10)

It is well understood that, to optimize for mean-squared-error (MSE), one should choose a

tuning parameter-value, λ, on the order of

λ ∼ σ||XT ε||∞
n

(1.11)

(1.11) indicates that the optimal tuning parameter λ in the lasso depends on the standard

deviation of the noise, σ, which is usually unknown in practice. To avoid this problem, the

square-root lasso was introduced and studied in [3].

Square-Root Lasso

For a fixed tuning parameter λ0, the Square-root lasso is defined similarly to the Lasso:

β̂sqr := arg min
β∈Rp

{
||Y −Xβ||2√

n
+ λ0||β||1

}
(1.12)

For optimal MSE, the tuning parameter λ0 here should be on the order of

λ0 ∼
||XT ε||∞

n
(1.13)

which no longer requires the estimation of σ. Additional intuition for this is given in [15]:

One can see that the square-root lasso optimization problem (1.12) is equivalent to:

β̂sqr := arg min
β∈Rp

{
||Y−Xβ||22

n
||Y−Xβ||2√

n

+ λ0||β||1

}
(1.14)

the factor
||Y−Xβ||22√

n
in the numerator of the first term is the same as the first term in lasso

(1.10). The additional factor in the denominator ||Y−Xβ||2√
n

acts like an inherent estimator of

the standard deviation of the noise σ, therefore the tuning parameter λ0 is “σ-free“[15].
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Scaled Lasso

Scaled lasso, which was introduced in [29], yields the same estimate of β as the square-root

lasso (1.12). In scaled lasso, one simultaneously estimates the unknown regression coefficients

β̂b and the scale σ̂2
b by solving:

(
β̂b, σ̂

2
b

)
:= arg min

β∈Rp,σ2>0

{
||y −Xβ||22

nσ
+ σ + λ||β||1

}
(1.15)

The solution path of the scaled lasso is 1-to-1 with the lasso path, the benefit being that

in scaled lasso the penalty parameter is now scale independent (“σ-free“).

We conclude by noting that in [31], the name “scaled lasso” was used to refer to the

estimator (
β̂b, σ̂

2
b

)
:= arg min

β∈Rp,σ2>0

{
||Y −Xβ||22

nσ2
+ log σ2 +

2λ0||β||1
σ

}
(1.16)

This estimator is not equivalent to the version of the scaled/square-root lasso detailed above.

In this thesis, when referring to the “scaled lasso”, we mean the solution to (1.15).

Square-Root MC and Scaled MC

We introduce the lasso-like and scaled-lasso-like formulations for matrix completion problems

here. For the ease of exposition, we call the following two formulations square-root MC and

scaled MC for the rest of the thesis.

Let q be the number of observed entries.

1. Square-Root MC

µ̂sqr := arg min
µ∈Rm×n

{
||PΩ(Y )− PΩ(µ)||F√

q
+ λ||µ||∗

}
(1.17)

2. Scaled MC

(
µ̂b, σ̂

2
b

)
:= arg min

µ∈Rm×n,σ2>0

{
||PΩ(Y )− PΩ(µ)||2F

qσ
+ σ + λ||µ||∗

}
(1.18)
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As in the lasso case, (1.17) and (1.18) give identical solutions for the same λ-value. Also,

as in the lasso case, the solution path for the scaled/square-root MC estimator is identical

to the solution path of the standard MC estimator. However, as we will empirically show,

the tuning parameter λ which optimizes MSE for the scaled/square-root MC estimator does

not depend on the variance of the noise (unlike for the standard MC estimator).

1.2 Methods

We use proximal gradient descent to solve standard MC (1.8) and scaled MC (1.18). Here,

we introduce proximal gradient descent [36] and other techniques used in the simulation

study.

1.2.1 Proximal gradient descent

The proximal gradient descent (or generalized gradient descent) is widely used in convex

optimization. As the generalization of the gradient descent, proximal gradient descent applies

to problems with the objective function with the following form:

f(ν) = g(ν) + h(ν),

where the objective function f(ν) can be written as the sum of g(ν), a convex, differentiable

function, and h(ν), a convex but not necessarily differentiable function. In standard MC

(1.8), we have g(ν) := 1
2
||PΩ(Y )− PΩ(µ)||2F and h(ν) := λ||µ||∗

Then we can think about two ingredients needed for proximal gradient descent:

1. ∇g(ν) = − (PΩ(Y )− PΩ(µ))

2. the prox operator: proxt(µ) = argminZ
1
2t
||µ− Z||2F + λ||Z||?

It was shown in [4] that

proxt(µ) = Sλt(µ),matrix soft-thresholding at the level λ
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Here Sλ(µ) is defined by:

Sλ(µ) = UΣλV
T ,

where µ = UΣV is a singular value decomposition (SVD), and Σλ is diagonal with

(Σλ)ii = max {Σii − λ, 0} .

The proximal gradient update step is:

µ← proxt (µ− t∇g(µ)) (1.19)

= Sλt(µ+ t(PΩ(Y )− PΩ(µ))). (1.20)

We use (1.20) to solve standard MC (1.8). Details are given in Algorithm (1).

For scaled MC (1.18), we can combine proximal gradient descent with block coordinate

descent [27], and cyclically update the µ̂ and σ̂2.

• Fix σ̂2, and update µ using proximal gradient descent as we did in lasso

• Fix µ̂, and update the σ̂2 by σ ← ||Y − µ̂||F

Details of this algorithm are given in Algorithm (2).

Algorithm 1: Solver for Standard MC

1 Choose λ;

2 while stopping criteria was not met do

3 U ← Ω ∗ Y + (1− Ω) ∗Θ;

4 Θ← Sλ(U) ;

5 end
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Algorithm 2: Solver for Scaled MC

1 Choose λ;

2 Initialization σ;

3 while stopping criteria was not met do

4 U ← Ω ∗ Y + (1− Ω) ∗Θ;

5 Θ← Sσλ(U) ;

6 σ ← ||Y −Θ ∗ Ω||2;

7 end

1.2.2 Optimal tuning parameter selection

A sequence of λs were used for each set of training values (dimension n, rank, proportion

of missing entries p). The “optimal tuning parameter” that we will refer to, is the λ-value

with the smallest prediction error (or MSE in the context). Since the true µ is known in

the simulated data, we compare it to µ̂ to evaluate the MSE. In real applications with µ

unknown, one could use cross-validation error.

λ? = argminλ (MSE(µ̂)) (1.21)

MSE(µ̂) =
1

q2
||PΩ(µ̂)− PΩ(µ)||2F (1.22)

1.2.3 Warm start

Warm starts were used in solving both standard MC (1.8) and scaled MC (1.17). Warm

starting [8] is a technique to reduce the running time of iterative methods by using the solu-

tion of a slightly different optimization problem as an initial point for the current problem.

Specifically in this thesis, we solve our problem along a decreasing sequence of λ-values and

use the solution of the problem with the previous λ-value as the initial point for the current

problem.
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1.3 Simulation Study

1.3.1 Overview

It is well studied [3] that the optimal tuning parameter λ? for scaled lasso is invariant to

the standard deviation of the noise σ. We show this invariance still holds for the scaled

MC. Keeping all other factors (dimension n, rank k, the proportion of missing entries, etc.)

constant, we assess how λ? changes with σ, for both standard MC and the scaled MC.

1.3.2 Data

For each set of parameters:

The dimension of the matrix : n

The matrix rank : r

Percent of missing entries : p

Standard deviation of the noise : σ

We generate the Y := µ+ ε in following steps:

1. Entries of µ were generated independently from the standard normal distribution

2. SVD was then used to make the µ have the rank r

Decompose µ→ UΣV T

Set Σii = 0 to get Σ?,where i = r + 1, r + 2, . . . , n

Update µ← UΣ?V T

3. The gaussian noise ε was generated from normal distribution N(0, σ) and added to the

µ to get the Y ← µ+ σ



15

4. A mask matrix, Ω, with entries either 0 or 1, where 0 indicates unobserved en-

tries and 1 for observed entries, was generated from bionomial ditribution: Ωij ∼

Binomial(n2, 1, 1− p)

5. Update Y with Ω: Y ← Ω ∗ Y

1.3.3 Results

Figure 1.1 shows that regardless of the selection of n, when keeping rank r and percent

of missing p constant, the optimal tuning parameter λ? for standard MC increases as the

standard deviation of the noise σ increases, while the optimal tuning parameter for scaled

MC does not vary with σ.

If we look at the scaled MC alone, Figure 1.2 shows that the optimal tuning parameter

λ? is invariant to σ regardless of n, p and r.

Although λ? is affected by σ differently in standard MC and scaled MC, we see similar

trends of how λ? is associated with n, r in both problems. Specifically,

1. Bigger λ? is expected for larger dimension n

2. Bigger λ? is expected for larger rank r

1.4 Discussion

We showed that the optimal tuning parameter λ? of scaled MC is invariant to the standard

deviation of the noise, σ. While in a single penalty problem, this may not make too much

difference (generally cross validation will be performed over a sequence of lambda-values),

in problems involving additional penalties (eg. additive models, or matrix completion with

additional structure), this may allow us to decrease computational burden by either coupling

tuning parameter values or a priori selecting a tuning parameter value for the nuclear-norm

penalty. Future work could involve studying the invariance of optimal tuning parameter in
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Figure 1.1: Optimal tuning parameter with sigma for scaled MC and standard MC
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Figure 1.2: Optimal tuning parameter with sigma for scaled MC
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problems with multiple penalties for scaled MC. The relationship between optimal tuning

parameter values in single and multiple penalty problems is also of interest.
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Chapter 2

CELL DECONVOLUTION WITH NANOSTRING DATA

2.1 Introduction

2.1.1 Biological background

In deconvolution, we aim to identify properties and concentrations of components from an

observed mixture. In the context of molecular biology, deconvolution methods have been

used to identify constituent cell-types in a tissue, along with their relative proportions.

Knowledge of the relative proportion of cell-types can be quite useful in biomedical appli-

cations. For example, changes in tissue composition are often indicative of disease progression

or drug response. In malignant tumors, levels of infiltrating immune cells are associated with

tumor growth, cancer progression and patient outcome. Unfortunately, calculating relative

proportion of cell-types can be difficult. Experimental methods, like immunohistochemistry

and flow cytometry, fail to perform well not only because they require significant time, effort

and expense, but because they may also result in insufficient RNA abundance in the sample

preparation step. For example, tissue disaggregation before flow cytometry can lead to lost

or damaged cells. There is interest in computational methods that, in silico, deconvolve

proportions from a mixture.

2.1.2 State of the art

Computational cell deconvolution methods can be generally categorized into two groups:

reference-based and reference-free. Reference-based methods are supervised methods requir-

ing the gene-expression of cell types to be known. Reference-free methods are unsupervised

methods for use when the number of cell types or their expression are not fully available.
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Several cell deconvolution methods have been proposed [28, 1, 11, 22, 17, 37, 39]. These

methods perform accurately on distinct cell subsets in mixtures with well-defined composi-

tion (for example, blood) but are criticized as being less effective for mixtures with unknown

content and noise (for example, solid tumors) [20]. As a remedy for these limitations, CIR-

BERSOR, a novel method with application of linear support vector regression (SVR) [2] was

proposed. CIBERSORT requires an input matrix of reference gene expression signatures,

to estimate the relative proportions of each cell type of interest [20]. The most significant

current limitation of CIBERSORT, and indeed all signature reference based methods, is the

fidelity of reference profiles [16]. In addition, CIBERSORT is less effective with highly corre-

lated features [16]. However, none of these methods provides quantitative information about

both cancer and non-malignant cell type proportions directly from tumor gene expression

profiles. To overcome this, EPIC [23] was introduced as a robust approach to simultaneously

Estimate the Proportion of Immune and Cancer cells (EPIC) from bulk tumor gene expres-

sion data. Unfortunately, these methods are not applicable to all measurement platforms —

we discuss this in more depth next.

2.1.3 Opportunities

Variation in RNA expression data can be attributed to a variety of factors including the qual-

ity of the starting material, the level of cellularity and RNA yield, the platform employed,

and the person performing the experiment. Modeling of the variation or the error distri-

bution is fundamental to parametric cell-deconvolution methods. It is necessary to develop

platform-specific methods as different sequencing platforms perform differently in terms of

error distribution.

We focus on one specific platform, the NanoString Technologies nCounter platform in this

chapter. The NanoString Technologies nCounter platform hybridizes fluorescent barcodes

directly to specific nucleic acid sequences, allowing for the nonamplified measurement of up

to 800 targets within one sample [26, 9]. Assessing expression values without the need for

amplification (which may cause technical artifacts) is potentially a very large advantage. A
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number of papers have shown that the NanoString platform is, in many ways, comparable

with other technologies [33, 34, 10]. However, unlike Microarray and RNA sequencing data,

where the error is believe to follow log-normal distributions, NanoString expression counts

have a Gaussian error.

Since the NanoString Technologies nCounter platform is a relatively new technology, most

existing cell deconvolution methods were designed for platforms like microarrays and RNA

sequencing. Few efforts have been made to tailor deconvolution to NanoString Technolo-

gies. In this chapter, we propose a cell-deconvolution algorithm for NanoString data. This

methodology could also be applied to any expression data with error distribution similar to

the NanoString platform.

2.1.4 Error distribution of the NanoString data

The error distribution of NanoString data was evaluated by studying the ERCC1 sample

measured by NanoString Technologies Platform. The ERCC was designed to have mimic

mRNAs with a series of Nominal Target Concentrations2.

There are two properties of error distribution that differentiate the NanoString data from

other platforms: (1) the errors are normally distributed, and (2) the standard deviation of

the error is a relatively linear function of the mean (i.e. the coefficient of variation is nearly

constant as the mean changes). Our deconvolution method was developed to particularly

1To control for these variation in the RNA expression, a common set of external RNA controls has been
developed by the External RNA Controls Consortium (ERCC), an ad-hoc group of academic, private,
and public organizations hosted by the National Institute of Standards and Technology (NIST). The
controls consist of a set of unlabeled, polyadenylated transcripts designed to be added to an RNA analysis
experiment after sample isolation, in order to measure against defined performance criteria. Up until the
design of such universally accepted controls, it has been difficult to execute a thorough investigation of
fundamental analytical performance metrics. From the trusted brand of quality RNA reagents, Ambion
ERCC Spike-In Control Mixes are commercially available, pre-formulated blends of 92 transcripts, derived
and traceable from NIST-certified DNA plasmids. The transcripts are designed to be 250 to 2,000 nt in
length, which mimic natural eukaryotic mRNAs.

2Nominal Target Concentration (NTC) quantifies how much synthetic alien mRNA targets we spike in
each sample, the target with 0 NTC is absent from the sample, which is commonly used to measure the
background noise. Other synthetic alien mRNA targets are spiked in at NTC of 0.125,0.5,2,8,32,128 fM,
fM is femto molar.
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Figure 2.1: Scatterplot

accommodate these two properties.

We first graphically and numerically show that NanoString counts have a nearly normal

error distribution. We then show that Coefficient of Variation (CV) is relatively constant as

the true concentration changes, especially when the concentration is large.

We see, from Scatterplot 2.1 and Table 2.1 that the CV starts high (60.35%) when the

Nominal Target Concentration (NTC) is 0; it then decreases and stays at around 15%. It

is an important finding since it means the standard deviation of the noise grows at roughly

the same order as the concentration. We would not worry too much about the high CV in

the low concentration since, in practice, low-expressed genes are screened out in the quality

control process. The stable CV property also indicates the NanoString data error cannot

be simply modeled as an additive normal error with fixed variance (as this would imply a
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decreasing CV). To see the normality of NanoString data, we then looked at Q-Q plots of

NanoString data. For Each plot, we have the expression counts with the same concentrating.

Q-Q plots in Figure 2.2 indicate the normal distribution to be a reasonable approximation

for the error distribution.

Based on our empirical findings that the CV is relatively stable and the errors are normal,

we consider the model:

y = β0 + µ+ µε, ε ∼ N(0, σ0) (2.1)

where y is the expression of the mixture measured on one gene, β0 is an additive background

noise, µ is the true expression count (unobserved), ε is a normal error with mean 0 and

standard deviation σ0. The model meets our needs of normal error and stable CV which can

be verified in (2.2) and (2.3).

y ∼ N(β0 + µ, µσ0) (2.2)

CV =
SD(y)

mean(Y )
=

µσ0

β0 + µ

µ→∞−−−→ σ0 (2.3)

Now if we measure the mixture expression on n genes instead of only 1, assume independence

of our measurements, and that the mixture comes from p cell types, we can write (2.1) in a

multivariate form

Y
n×1

= β0
n×1

+ C
n×p
× α

p×1
(1 + CV ε) , ε ∼ N(0,1) (2.4)

where Y is the expression vector of the mixture measured on n genes, β0 is a vector denot-

ing additive background for each gene, C is the cell-type expression profile matrix, where

each column represents the (known) expression profile on n genes for one cell type, α is the

proportion vector we are estimating (indicating the mixture of each cell-type in our sample),

µi := [Cα]i, the i-th element of Cα, is the true expression of gene i in the mixture (unob-

served) and CV is the coefficient of variation. ε is an error vector following the multivariate

normal distribution with mean vector of 0, and identity covariance.
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Figure 2.2: Q-Q Plots
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One can easily verify that, conditional on a fixed C, Y follows a multivariate normal

distribution:

Y ∼ N(φ,Σ) (2.5)

where

φ = β0 + C × α

and

Σ = CV ∗ diag (Cα)

2.2 Methods

2.2.1 Estimator

Similar to the ordinary least estimator (OLS) in linear regression, we seek the estimates

which minimize the sum of the squares of error ε.

We re-write (2.4) to get:

εi =
1

CV

(
Yi − β0,i

µi
− 1

)
(2.6)

and then substitute µi by (Cα)i to get

|ε|2 =
1

CV 2

∑
i

(
Yi − β0,i

(Cα)i
− 1

)2

(2.7)

In this thesis, we assume the background noise vector β0 to be known and only estimate

α. With this assumption, by minimizing |ε|2, we get the estimator of the form:

α̂ = argminα
1

2n

∑
i

(
yi − β0,i

(Cα)i
− 1

)2

(2.8)

2.2.2 Gradient descent

For the rest of the section, we discuss optimization of (2.8) . We use gradient descent with

a backtracking strategy for step-size optimization to ensure that each step decreases the

objective.
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Given the objective function (or loss function),

J =
1

2n

∑
i

(
yi − β0,i

(Cα)i
− 1

)2

we have the component of the gradient in α

∇J = − 1

2n

n∑
i=1

(
yi − β0,i

(Cα)2
i

)(
yi − β0,i

(Cα)i
− 1

)
Ci

2.2.3 Backtracking line search

We used a backtracking line search [12] to optimize step-size. In (unconstrained) opti-

mization, the backtracking line search strategy is used as part of a line search method, to

compute how far one should move along a given search direction. It depends on two con-

stants δ ∈ (0, 0.5) and γ ∈ (0, 1). Let η be the step size. The backtracking line search starts

with unit step size η = 1 and then reduces it by the factor γ until the stopping criteria

f (x− η∇f(x)) ≤ f(x) − δη||∇f(x)||2 is met. The constant δ can be interpreted as the

fraction of the decrease in f predicted by linear extrapolation that we will accept. Although

we only got positive values from the algorithm in the simulation study, the backtracking line

search in this context is not guaranteed, to give positive α estimates. One can put constraints

to force the algorithm to give positive results.

Algorithm 3: Backtracking line search

1 Set iteration counter k = 0, initial guess x0, choose initial η = 1;

2 while f
(
xk − ηk∇f(xk)

)
> f(xk)− δηk||∇f(xk)||2 do

3 ηk = γηk;

4 end

5 xk+1 = xk − ηk∇f(xk) and update k = k + 1;

6 Go to 1 until ||∇f(x(k))|| < ε;
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2.2.4 Stopping criteria

The relative change in loss function of the current iterate compared to the previous iterate

is evaluated. We set a precision threshold for this relative loss change. The algorithm is

stopped either when (1) the relative loss change is below the precision threshold, or (2) the

pre-specified maximum number of steps were taken. For the latter, we call it a “difficult

problem” and indicate “not enough steps for this level of precision”. The default maximum

run is 1000. When there are many cell types, few genes or strong correlation between cell-

types, we find that 1000 steps may not be enough to reach convergence. However, these are

also cases where there is often not enough signal for strong statistical performance at any

level of computational convergence.

2.2.5 Evaluation criteria

The Median Square Error (MDSE) adjusted for the number of cell types p was used to

quantify the prediction error. The unadjusted prediction error is problematic especially when

the number of cell types p is large. Since all true proportions add up to one
∑p

i=1 αi = 1,

one will see smaller αi and thus smaller difference (α̂i − αi) when p increases. This leads

to a negative association between p and unadjusted prediction error which contracts our

intuition, since increasing the cell types should not make the prediction easier. We use median

square error (MDSE) instead of mean square error (MSE) because the median is more robust

to outliers than mean is (otherwise occasional simulation iterates with convergence issues

can skew performance). This is especially useful when we look at the association between

prediction errors and other factors (dimension n, number of cell types p) when prediction

errors are close to 0. For example, when we assess the consistency of the estimator, the

prediction error is close to 0 when n is large.

Adjusted MDSE = Median

(
p∑
i=1

(p (α̂i − αi))2

)
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Unadjusted MDSE = Median

(
p∑
i=1

(α̂i − αi)2

)

2.3 Simulation study

2.3.1 Overview

We numerically assess how our cell deconvolution method is affected by the following factors,

in terms of the MDSE:

1. Number of genes (biomarkers) n

2. Number of cell types to deconvolve p

3. Coefficient of Variation (CV )

4. Correlation between cell-types (or genes (biomarkers))

Intuitively, the more uncorrelated genes (biomarkers) and the less cell types we have, the

easier the task is. The large coefficient of variation could play a role by inducing small

signal-to-noise ratio, but the magnitude of its effect needs to be evaluated. High similarity

between expression profiles of different cell types also makes deconvolution more difficult.

Correlation between genes within cell types can also be problematic — in some sense the

difficulty of the problem is related to the number of uncorrelated measurements we have

on each cell type (correlation between genes decreases this number). In practice, biological

knowledge can be used to select uncorrelated sets of genes that differentiate the various cell

types to partly mitigate these issues.

2.3.2 Data generation

To mimic scenarios in which deconvolution might be more or less difficult, we simulated

data with varying degrees of similarity (induced by correlation) between cell types. The

correlation between cell types is reflected in the reference expression matrix C.
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Reference expression matrix C

Rows of the reference expression matrix C were generated independently from a multivariate

normal distribution with specified mean vector θ and covariance matrix Ω.

C = [C1, . . . , Cn]T

Ci ∼ N(θ,Ω)

Mean vector θ

We first generated the standard deviation σi of each cell-type from a truncated normal

distribution N(20, 8) (left truncated at 0). The selection of N(20, 8) was nothing special

but to generate postive values with high probability. With pre-specified CV and standard

deviation σi of each cell-type, we calculate the mean vector θ by

θi =
σi
CV

Covariance matrix Ω

The correlation matrix was generated under a block diagonal matrix structure. In each

block, all diagonal entries are 1, and all off diagonal entries are a pre-specified value ρ. We

set ρ = 0 for the uncorrelated cell-type scenario and ρ > 0 for correlated cell-types scenario.

We then used the standard deviation σi of each cell-type and the correlation matrix to get

the covariance matrix Ω.

The mixture expression vector Y

With C, pre-specified background vector β0, and true proportion vectors α, Y is generated

from the multivariate normal distribution with mean vector and covariance matrix specified

by in (2.4).
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Figure 2.3: Adjusted MDSE ∼ n

2.3.3 Results

Number of biomarkers n

Figure 2.3 shows that the Adjusted-MDSE decreases with increasing n for all choices of

p, CV and correlation between cell types. Although larger p , CV and high correlation

between cell types make the deconvolution harder in terms with larger Adjusted-MDSE, the

deconvolution method still achieve small Adjusted MDSE when n is large.

To assess the asymptotic consistency of the estimator, we re-plotted the Adjusted MDSE

and n in log-log scale. Figure 2.4 indicates that the slope is roughly identical across all

simulation settings, thus the convergence rate is the same in all settings. Figure 2.3 and 2.4

jointly indicate the the estimator is asymptotically consistency in terms of adjusted MDSE.
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Figure 2.4: Log-Log plot of Adjusted MDSE ∼ n

Figure 2.5: Adjusted MDSE ∼ p
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Figure 2.6: Adjusted MDSE ∼ CV when correlation = 0

Figure 2.7: Adjusted MDSE ∼ correlation
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Number of cell types p

It is shown in Figure 2.5 that Adjusted MDSE increases with p. This trend is uniform for

all choices of n, CV and correlations. When n is large, the effect of p on Adjusted MDSE

is relatively small. This is in concordance with our intuition that, increasing the number of

cell types makes the deconvolution harder but we can compensate for the effect of large p on

the Adjusted MDSE by having large n.

Correlation between cell types

It is shown in Figure 2.7 that the Adjusted MDSE increases with higher correlation. The

correlation between cell types affects the adjusted MDSE by decreasing the number of ef-

fective biomarkers. To compensate the effect of high correlation, one needs to have more

biomarkers.

Coefficient of Variation CV

It is shown in Figure 2.6 that the Adjusted MDSE increases with large CV for all choices of

n and p when cell types are uncorrelated. The effect size of CV is relatively small when the

number of biomarkers n is large.

2.4 Performance on the real data

The cell deconvolution method was performed on real sample data from two experiments:

(1) Brain and Human-Reference mix experiment and (2) Protein mix experiment

2.4.1 Sample and Data Preparation

Brain and HR mix sample

The Pure Brain sample and the pure HR sample were mixed by technicians with two pro-

portions: 25%Brain + 75%HR and 75%Brain + 25%HR. Two mixed samples and two pure
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samples (100%Brain and 100%HR) were each measured three times on 48 biomarkers through

NanoString Technologies.

The aggregated measurement of each sample was obtained by taking the mean of three

replicates. We excluded biomarkers not highly correlated with true proportions to get a total

39 biomarkers from 48. The expression of each mixed samples was taken as one Y . The

expression profile matrix C was constructed by combining expressions of pure Brain sample

and pure HR sample. The background vector and slope parameter were assumed to be 0

and 1. The CV was specified as 0.2, as what we estimated from the ERCC sample. The

correlation of two pure samples is calculated to be 0.609.

Protein mixed sample

The CCRF-CEM sample and the HEK293 sample were mixed by technicians with four

proportions: 50%CCRF-CEM + 50%HEK293, 80%CCRF-CEM + 20%HEK293, 5%CCRF-

CEM + 95%HEK293 and 1%CCRF-CEM + 99%HEK293 . Four mixed samples and two

pure samples (100%CCRF-CEM and 100%HEK293) were each measured three times on 31

biomarkers through NanoString Technologies.

The aggregated measurement of each sample was obtained by taking the mean of three

replicates. We excluded biomarkers not highly correlated with true proportions to get a total

17 biomarkers from 31. The expression of each mixed samples was combined to form Y . The

expression profile matrix C was constructed by combining expressions of pure Brain sample

and pure HR sample. The background vector and slope parameter were assumed to be 0

and 1. The CV was specified as 0.2, as what we estimated from the ERCC sample. The

correlation of two pure samples is calculated to be 0.903.

2.4.2 Results

For Brain and HR mix samples, the proportion estimates and the relative deviance are shown

in Table 2.2 and Table 2.3. Protein mixed sample results are shown in the Table 2.4 and

Table 2.5.
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For both samples, we see some deviance of estimates from the truth which we did not see

in the simulated results. There are four major potential reasons causing such deviance:

1. Improper normalization of the C matrix

2. Improper specification of background vector

3. Correlation between cell types

4. Insufficient number of biomarkers (n) relative to the number of cell types

(p)

For 1, ideally, the pure samples used to construct the C matrix should be all in the

same amount in order to get the unbiased proportion estimate. Any improper or lack of

normalization would lead to bias. For example, in Brain and HR mixed experiment, if k

unit of pure Brain sample and m unit of pure HR sample were used to construct the C, the

estimated proportion of Brain would be 1
k

times of the true, and the estimated proportion

of HR would be 1
m

times of the true. For the ease of illustration, we name those k and m as

amplification factors. This kind of bias introduced by improper normalization of C can be

reduced by forcing proportions to add up to 1 when amplification factors are equal (k = m)

across pure samples. However, in the sample preparation stage, the amplification factor is a

latent variable and can vary with samples.

For 2, generally, misspecification of any parameters used to perform the algorithm would

lead to bias. Misspecification of background is more of an issue when biomarkers are ex-

pressed at the low level. This is when the background noise is much bigger than the signal

itself. Misspecification of CV is also an issue since the constant CV property does not hold

when genes are expressed at the low level as we saw in Table (2.1).

3 and 4 do not introduce bias but increase the variance of the estimate. A high correlation

between cell types can be thought as small number of effective biomarkers. If the effective

sample size is smaller than the number of cell types, we have no way to deconvolve the
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mixed sample. Given the fact that CCRF-CEM and the HEK293 are highly correlated

with correlation 0.903 for selected biomarkers, the number of effect biomarkers is very likely

not sufficient to give a precise estimate. The correlation can be reduced by selecting good

biomarkers.

2.5 Discussion

The cell deconvolution method developed in this thesis performs well when the effective

sample size is large even with some correlation between cell types. The discussion in the

simulation study can serve as guidance for sample preparation in any future deconvolution

study. Technicians could consider increasing the number of biomarkers if cell types are highly

correlated.

We only looked at the correlation between cell types and assumed biomarkers to be

independent in the simulation study. Future work could extend this to a framework where

biomarkers are correlated. We also assumed the background noise vector to be estimated

precisely. It would also be of interest to estimate background level (either jointly as part of

the optimization problem, or prior to deconvolution).
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Table 2.1: Coefficient of variation

NTC1 CV2 Mean SD3

0.00 60.35% 11.89 7.18

0.12 19.94% 98.31 19.60

0.50 18.15% 182.38 33.11

2.00 15.32% 854.01 130.85

8.00 15.37% 4233.89 650.55

32.00 15.17% 17541.32 2661.70

128.00 16.34% 57140.12 9338.50

1 Nominal Target Concentration

2 Coefficient of Variation:= SD
Mean

3 Standard Deviation
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Table 2.2: Estimated proportions of Brain HR mixed samples

Sample1 Sample2

α1 (0.25, 0.75) (0.75,0.25)

α̂2 (0.341, 0.708) (0.778, 0.391)

α̂?3 (0.325, 0.675) (0.665, 0.335)

1 the true proportion.

2 the estimated proprotion.

3 the normalization (proportions add up to 1) of α̂.
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Table 2.3: Relative deviance of proportion estimates from true for Brain HR mixed samples

Sample1 Sample2

α1 (0.25, 0.75) (0.75,0.25)

Relative deviance of α̂2 (36.59%, -5.59%) (3.71%, 56.55%)

Relative deviance of α̂?3 (30.14%, -10.05%) (-11.30%, 33.89% )

1 the true proportion.

2 (α̂− α)/α ∗ 100.

3 (α̂? − α)/α ∗ 100.
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Table 2.4: Estimated proportions of protein mixed samples

Sample1 Sample2 Sample3 Sample4

α1 (0.50, 0.50) (0.20, 0.80) (0.05, 0.095) (0.01, 0.99)

α̂2 (0.387, 0.657) (0.140, 0.872) (0.032, 0.841) (0.004, 0.814)

α̂?3 (0.371, 0.629) (0.138, 0.862) (0.037, 0.963) (0.005, 0.995)

1 the true proportion.

2 the estimated proprotion.

3 the normalization (proportions add up to 1) of α̂.
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Table 2.5: Relative deviance for protein mixed samples

Sample1 Sample2 Sample3 Sample4

α1 (0.50, 0.50) (0.20, 0.80) (0.05, 0.095) (0.01, 0.99)

Relative deviance

of α̂ 2

(-22.6%, +31.4%) (-30.2%, +8.95%) (-35.8%, -11.5%) (-55.7%, -17.7%)

Relative deviance

of α̂?3

(-25.9%, +25.9%) (-31.0%, +7.74%) (-26.5%, 1.39%) (-45.9%, +10.5%)

1 the true proportion.

2 (α̂− α)/α ∗ 100.

3 (α̂? − α)/α ∗ 100.
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