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Jose Nathan Kutz
Department of Applied Mathematics

Control is the factor that delineates quantum science from quantum engineering. Model-based
optimal control is a modern approach to practical control engineering. It designs control laws
using optimization based on dynamical models of the system. If models are perfect, then
successful control is realized by simply applying optimal control using the ideal predictions
as needed. However, when models aren’t perfect, directly applying optimal control produces
undesired outcomes due to inaccurate predictions. In this case, we must turn to data-driven
methods to improve modeling or control design. This thesis explores two novel ways to
incorporate data to control quantum systems that are imperfectly modeled. First, we pursue
data-driven modeling, and introduce a physics-informed regression-based approach to learn a
model for the quantum control dynamics directly from time series measurements. Second, we
pursue data-driven control design, and apply model predictive control to synthesize optimal
controls for robust quantum state preparation. In addition to these two novel results, the
necessary background in quantum mechanics is provided. Also, data-driven modeling and
optimal control are reviewed and contextualized within quantum optimal control. We conclude
by offering our perspective on future directions for data-driven approaches to model-based

quantum optimal control.
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Chapter 1
QUANTUM MECHANICS

“IRolf| Landauer criticized this work very pointedly; he emphasized that computers
are made out of physical apparatuses and not out of Hamiltonians, and... it does not

constitute a serious model of computation if the imperfections in these apparatuses

are not dealt with in the analysis.”
— DAvID DIVINCENZO & DANIEL Loss [17]

We introduce the mathematical description of quantum mechanics by asking four moti-

vating questions!:

1. How can we encode all our information? (§1.1: States)
2. How do we combine different pieces of information? (§1.2: Compositions)
3. How do we extract information from our encoding? (§1.3: Measurements)

4. How does this information change with time? (§1.4: Dynamics)

IThis approach comes courtesy of Daniel Lidar’s helpful lecture notes on open quantum systems [120].
He attributes the idea to Michael Nielson and Isaac Chuang’s Quantum Computation [149].



Figure 1.1: The Bloch sphere is a way to represent two-level pure states. Each pure state [i)
corresponds to a point on the surface of the sphere. By construction, the X, Y, and Z axes
point in the directions that correspond to the positive eigenstates of the o, o,, and o, Pauli
matrices.

1.1 States

How can we encode all our information?

1.1.1  Closed systems

In a closed quantum system, we study things isolated from the rest of the world. We call our
isolated quantum states pure states. They can be understood as a model for idealized quantum
systems with negligible interactions outside themselves. Quantum computers attempt to
mitigate the effect of the environment as much as possible so that they can calculate using
the dynamics of pure states. Of course, as emphasized in the quote introducing this chapter,
pure quantum systems are an idealization-however, they are still a good starting point.

A pure quantum state is represented by an element |¢) of a vector space over the complex
numbers. This quantum vector space may have finitely many dimensions d, so that the state
space is C?. More generally, this quantum vector space may be a space of functions, like
how a periodic function is fully described by the coefficients of its Fourier series or how a

distribution is defined by its value over each position on the real line. In this general case,



the state space is a Hilbert space, H. We usually call quantum state spaces by this general
term, Hilbert spaces, although in this chapter we presume the C% case unless otherwise noted.
Quantum states are equivalent up to constant factors, i.e. rays. This means that the physical
part of a quantum state vector comes entirely from the direction it points in the Hilbert
space. For convenience, the states are normalized so (¢|¢) = 1, with (-|-) the vector inner

product. This leaves the representation of the state invariant up to an unphysical phase

factor, |) = e |1).

Working with vector spaces becomes more concrete once we pick a basis. For C¢ choose

d
=D

the standard orthonormal basis, {|;) where |j) is the length d vector with 1 at position
j and 0 everywhere else. We can expand our quantum state in this basis: |¢) = Z;lzl a; 7).
Now we can start to see how the state vector encodes information about our system: each |j)
is a unique possible state for our system, orthogonal to the others. Moreover, the coefficients
a; = (|7) encode the probability of the measuring the outcome |j) via the rule P[j] = |a;|*.
This is called the Born rule?. Observe that our previous choice of normalization, (1[) =1,

corresponds to a statement about probabilities adding up correctly,

L= (@) = D lasl* = 3 _Plj) (1.1)

1.1.2  Open systems

Multiple quantum states can be studied simultaneously, but some adjustments are required.

If {|1%) }7_, is an ensemble of pure quantum states with relative contributions weighted by

2The Born rule is actually a consequence of assigning probabilities to the various components of our basis.
That is, the Born rule emerges if measurements are described by independent projectors like |j)(j| as long
as there are at least three such outcomes. This is called Gleason’s theorem (see Box 1.2, Reference [195]).



Example 1: Qubits, Part 1

A qubit is an element of a Hilbert space with two dimensions, 1)) € C2. There are four

real numbers parameterizing an arbitrary vector. After accounting for the unphysical

overall phase and the normalization, we can parameterize the qubit with two angles, so

) _cos<9) ]O>+81n(g)ei¢|1>. (1.2)

By defining a polar angle 6 and azimuthal angle ¢ on a unit sphere, we can represent
every unique state of the qubit with a unique point on the surface of this unit sphere.
This representation is called the Bloch sphere (Figure 1.1). It is used to build intuition
for two-level quantum dynamics and to help understand single qubit gates in quantum

computation.

wy, = P[k], notice that

= Z (Jlx) (Prld) (1.4)
= 3D il (Wl ) w (1.5)
= Tr||j)XJ] (Z Wy kawk\)] (1.6)

Define p = 3 ,_, wg [¢g)¢x|. This is called the density operator or density matriz, and it
generalizes the quantum state to open quantum systems. For a pure state, notice pr = |t XWg|.

The mapping from density matrices to mixtures of pure states is not unique.

Density matrices are the set of all trace-one, positive semi-definite®, linear operators acting

3A positive semi-definite operator acting on C¢ is also Hermitian (see Exercise 2.24, Reference [119]).



on a Hilbert space, H. We will denote this alternative state space by D(H). It is a convex
set. The inner product of this state space is the Hilbert-Schmidt inner product, Tr[p; po].

Example 2: Qubits, Part II

Example 1 discussed how a pure state could be represented by a point on the surface

of the unit sphere. To represent the density matrix, p, by a vector, ¢, we also need
to use all the points on the inside of the unit sphere. Let 7}, be the representation of
the pure state p; on the surface of the Bloch sphere. By the linearity demonstrated in
Equation (1.6), the mixed state is ¥ = >, _, wy¥. It is bounded above by

1] =

D wdi|| <Y willTi] = 1. (1.7)
k=1 k=1

To find a lower bound, consider the pure-state mixture 1|0) 4+ 1 |1). On the Bloch

sphere, this corresponds to averaging the north and south poles,

1-
T=-7+

5Z+5(-2)=0 (1.8)

N —

This is known as the totally-mized state.

1.2 Compositions

How do we combine different pieces of information?

If we have two Hilbert spaces H; and Hs, we can combine them with the tensor product,
H1 ® Hy (or Kronecker product, in the case of C% and C%). The tensor product is used,
instead of say, a direct sum, because in quantum mechanics we can have states of the combined
system that are entangled—they cannot be written separately in the basis of the two original

spaces. For example,

Q%Om1®mb+ﬁD1®Hb)€@2®C2 (1.9)



is a valid entangled quantum state known as a Bell state. Said another way, this state
cannot be represented by a pair of vectors on the pair of Bloch spheres for the two qubits.
Compositions allow us to study interactions between a system and environment-we do so
using the space Hs @ Hp.
Consider a lattice of n two-level systems. Each state is a vector in C? so
H=C@C®. - C*=C” (1.10)

Vv
n times

This is how we would represent a quantum register comprised of n qubits with which we
might intend to do some quantum computation; notice the dimension grows exponentially
with each new qubit. In this context, we often leave out the ®, writing |00) = |0), ® |0), for
a two-qubit system. This is the quantum curse-of-dimensionality (albeit, to call it a curse is
to lament some of the advantage offered by a quantum computation; we might even consider

this quantum advantage a “blessing of dimensionality” [50]).

1.3 Measurements

How do we extract information from our encoding?

For our introduction to quantum measurement, we appeal to the textbook Quantum

Measurement and Control by Howard Wiseman and Gerard Milburn [195].

1.3.1 Projective measurements (PVM)

A quantum observable is defined to be a Hermitian operator acting on the Hilbert space of
the system. Because it is Hermitian, the spectral theorem tell us that an observable A can be
written in a basis of projectors, A= > MI,. The projectors may involve some degeneracy,
I, = 25:1 I\, €)X\, £], but the important part is they are orthonormal, like the standard basis
we used to decompose the quantum state space in Section 1.1. In a projective measurement,

the outcome of measuring an operator is one of its eigenvalues, A\. The probability is given by



the Born rule, first mentioned in Section 1.1:
P\ = Tr [ﬂw]. (1.11)

The posterior state of the system directly after the measurement is given by the projection

postulate, X o
1L, |4) P I pII
PN’ PIA]

thy) = (1.12)

The quantum state is transformed in a well-defined way by the quantum measurement. This
formalism is called projective measurement, or a projection-valued measure measurement

(PVM measurement).

Remark 1.3.2. Based on Equation (1.11), the expected value of an observable is

E[A] = S AP =S AT [ﬂw} _ [Ap] (1.13)

1.3.3 POVM measurements

The projective measurements from Section 1.3.1 are often insufficient for real experiments. One
major concern is that an experimentalist does not usually measure the quantum system under
study in such a direct way. Instead, the experimentalist measures an environment coupled to
the system, like an electromagnetic field coupled to an atom. Suppose the experimentalist
starts by delineating a pure system and environment, |S) ® |E). The experiment runs and
the system entangles with the environment under a unitary transformation?, U(|S) @ |E)).

Now, let the experimentalist measure the environment to find some result A\. The projection

4We mean for U to represent dynamics, see Section 1.4.



postulate (Equation (1.12)) states

_ @A) U (15) ® | E))
[5x) @ |A) = VB (1.14)
_ @) AUIE)[S) (1.15)
P[A]

where 1 ® |\) is a mapping of |S") € Hg to [S') @ |A), and My = (A| U |E) is a measurement
operator that only acts on Hg. Therefore, we have a generalized notion of measurement in

HS:

. MA |S) _ MAPSMi
[Sy) = 0k PSS = N (1.16)
with
P = ((S| @ (ENUT (1@ MAN U (1S) ® |E)) = (S| M{M,|S) (1.17)

The process of obtaining this more general measurement on the system using a projective
measurement on the environment is known as Naimark’s dilation theorem. The operator
Ex=M ;M A is known as an effect. Because they are connected to probabilities, we can say

something interesting about effects. Observe

=Y PN =T [Exps} (1.18)

for any state pg; hence, effects are complete, >, E\, = 1. This is the only restriction
on effects®. This formalism based on effects is called Positive-Operator Valued Measure

measurement. This is almost always presented by its acronym, POVM measurement.

1.4 Dynamics

How does this information change with time?

SEffects are usually also noted as being positive semi-definite and Hermitian (see §2.2.6 in Reference [119]);
we can quickly confirm that (¢| E |¢) = (p| MTM |p) > 0.



Example 3: Measuring a qubit

The point of this exercise is to see how measurement (of an entangled environment)
can affect the state of a qubit. Start with a qubit in |0) € Hg. Suppose that in order
to measure the qubit, we entangle it with a qubit environment in some state |E) € Hg

by way of the following circuit (shown here is a Hadamard and CNOT gate):

0) —H] (1.19)

|1E) D

In the computational basis (|00), [01), |10), |11)), this circuit is equivalent to the action

of the matrix

10 1 0

g L1 01 (1.20)
V2o 1 0 -1
10 -1 0

Now, suppose we measure the state of the environment. Looking at Equation (1.15),
we can recall the definition of the measurement operator (acting on the system) which
results from the process of measuring |0) in the environment: My = (1® (0))B(1®|E)).
Consider two cases: |E) = |0), or |E) = |1).

1 (1 1
Case I: (0|B|0) = — 1.21
o= (1.21)

1 0 O
Case II: (0|B|1) = — (1.22)

v2 \1 -1

T
Our system state is |0) € Hg, or <1 0) . Inspecting Equation (1.15), we see that in

Case I, the measurement does not change the state. Meanwhile, in Case II, we see that




10

T T
measurement has the effect of mapping (1 0) to (0 —1> . Therefore, depending
on the state of the environment, our measurement may or may not have an effect on

the system qubit.

1.4.1 Closed systems

The time evolution of a closed quantum system is modeled by unitary operators acting on

the system’s Hilbert space,

(1)) = U(t,0) [1(0)) - (1.23)

The infinitesimal dynamics are generated® by the quantum Hamiltonian H; this can be ex-

pressed using the Schodinger equation for either the state or the unitary operators themselves,

L d . d .
i () = HO W), ihs U = AOU). (1.24)

The quantum Hamiltonian can be obtained from a classical Hamiltonian using a procedure
called canonical quantization, where canonically conjugate variables from Hamilton’s equations,
like position x and momentum p, are replaced by non-commuting observables, i.e. [z, p] = ih.
The equivalent of Schrodinger’s equation for the density matrix is the quantum Liouville
equation,

i1 (1) = [H, p(1)]. (1.25)

Remark 1.4.2. Recall the expression for the expected value of an observable in Equation (1.13).

Using the cyclic property of the trace, we can write

~

E[A] = Tr [Ap(t)} ~Tr [UTAUp(O)] =Ty [A(t)p(oﬂ (1.26)

6Unitary operators (UTU = 1) preserve probability. To do so, they must be generated (U = AU)
by a skew-Hermitian operator (AT = —A); writing U(dt) = e?4U(0), we observe U(dt)TU(dt) =
U(0)te=AdteAdtrr(0) = 1.
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Placing the time dependence on the observables is called the Heisenberg picture, in contrast

to placing the time dependence on the state which is called the Schrodinger picture.

Remark 1.4.3. In a quantum computer, gates are the unitary transformations acting on the
qubit register. Standard one-qubit gates include the Pauli matrices: for example o, is a
bit flip gate, o, : {|1) — |0),]0) — |1)}. This can be a bit confusing because o, is also
the z-spin measurement operator. Notice that the Pauli matrices are special because they
correspond to both a Hermitian operator and a unitary transformation; equivalently, they

have real eigenvalues on the unit circle, i.e. the eigenvalues are +1.
1.4.4  Open systems

In the case of a system coupled to an environment, it is not trivial to see what the dynamics
of the system might be. Indeed, the first thing we need to understand is how to define the
state of the system given p(t) € Hs ® Hg. To start, suppose we have a separable state given
by p(t) = ps(t) ® pe(t). In this case, we can easily trace out the environmental degrees of

freedom to find our system state,

Trplps(t) ® pp(t)] = ps(t) Trelpp(t)] = ps(t). (1.27)

Moreover, we maintain that the system state should still be defined by pgs(t) = Trg[rho(t)]
even for entangled systems that cannot be separated into components exclusively in the
system or environment. If Mg is a system-only observable, this definition of a system state

uniquely provides that

Trs[Msps(t)] = Trs[Ms Trglp(t)]] = Trssl(Ms © 1g)p(t)] = E[Ms).  (1.28)

Even though we have shown that pg(t) can be defined from p(t), we still need to address
what the dynamics of this system look like; if ps(t) = ®s(ps(0)), what can we say about the

system-only flow map” ®s? It turns out that even finding such a map can be impossible

"The term for maps like ®g is superoperator, meaning it acts linearly on operators, ®g : D(Hs) — D(Hs).
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(see Reference [120], Section VI); however, for most of the dynamics we study, we can show
that ®g exists and find general rules regarding its structure. Suppose we again start with a
system and environment, and make the critical choice that they are initially decoupled such
that p(0) = ps(0) ® > v |v) (v|. We have enumerated the various states in the environment
in an eigenbasis. We expect to find the system dynamics by tracing out the environment like

in Equation (1.27),

ps(t) = TegU(t)p(0)UT(¢)] (1.29)

= Z (| U(t) (ﬂs(o) ® ZV lv) (u]) UT(t) | ) (1.30)

v

= 3" K (®ps(0) L, (1) = B(ps(0)) (131)

with K, (t) = /v (u|U(t) |v) as the system-only Krauss operators. This general expression
for the system dynamics is the Krauss operator sum representation. It is also known as a
quantum process or channel. Notice the similarity to the generalized measurements and effects
in Section 1.3.3. Measurement is a type of quantum dynamics. Axiomatically, a quantum
process is any linear map D(H) — D(H) that is completely positive and trace-preserving®
(this pair of properties is often abbreviated CPTP). All CPTP maps can be expressed (though

not uniquely) using the Krauss operator sum representation.

1.4.4.1 GKSL equation

Unitary evolution involves a single Krauss operator, p(t) = U(t)p(0)U(¢)". We know from
Section 1.4.1 that unitary evolution is generated by the Hamiltonian. Is there something
like a Hamiltonian which acts as a generator for all quantum processes? The answer turns

out to be yes. Following Reference [120]| Section IX, we consider the short-time expansion of

8 Again, trace preserving is a statement about the conservation of probability and provides a normalization
condition 3, KK, = 1.



Example 4: Error channels acting on qubits

13

Recall Example 3 where a measurement of an entangled environment could flip a qubit,
depending on the state of the environment. Suppose that the state of the environment
was 0 with probability p (recall this does not change the system state) and 1 with
probability 1 — p (recall this flips the system state). The dynamics of the system are

now

, ps with prob. p
pg = : (1.32)
O.ps0, Wwith prob. 1 —p

This is a type of quantum dynamics which captures the idea of random qubit flips. It
evokes the bit flip error of classical computing, so we call this type of dynamics an
error channel and denote using £(+). Notice that it is necessary to represent the system

dynamics using the Krauss operator sum,

ps =E(p) = pps + (1 = p)0,ps0.. (1.33)

Observe that this error channel does indeed satisfy the normalization condition, p1 +

(1 -p)o; =1.
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quantum channels:

p(dt) = p(0) + ag—(tt))todt + O(dt?) (1.34)

Z Ko (dt)p(0) KT (dt) (1.35)

Define® Ky =1 + Lodt and K, = /dtL, for a > 1. With these definitions in hand,

pldt) = Ka(dt)p(0) K[ (dt) (1.36)
= p(0) + dt(Lop(0) + p(0)L§ + D | Lap(0)LL) + O(dt?) (1.37)

a>1

Decomposing Ly = A — iH into Hermitian and skew-Hermitian parts, we have

p(dt) = p(0) + dt(—i[H, p(0)] + {A, p(0)} + Y _ Lap(0)LL) + O(dt?) (1.38)

a>1

We can use the Krauss operator normalization to find A to 1st order, so

= p(0) + dt(=ilH, p(0)] + 3" Lapl0)L}, — S{LLLa, p(0)}) + O(?) (139

a>1
To get unitless operators, replace L, — /VaLo. Assuming that initial time was arbitrary
(equivalently, that the dynamics can only depend on the current initial condition), we replace

our short-time expansion around ¢ = 0 with any time ¢. This plays the role of the Markov

9We need one operator to capture the Krauss operator normalization, and at least one other to find
something beyond unitary evolution. The factors of time are set so that each operator appears at order dt
in the expansion.
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assumption for this dynamical system. We now state our final result:

"= - O]+ 17l ( ap(t ——{LTLa,p( )}) (1.40)

a>1

;

-~

Lalo(t)] Lplp®)]

= Lp(1)].

This is the GKSL equation (an abbreviation for its namesakes Gorini, Kossakowski, Sudarshan,
and Lindblad), or the Lindblad master equation. We call £ the Lindbladian, which is known
as a superoperator because it acts on operators, £ : D(H) — D(#H). The Lindbladian can
be decomposed into a unital part and a dissipative part, £L = Ly + Lp. The unital part is
equivalent to the Hamiltonian part of the quantum Liouville equation (Equation (1.25)). The
dissipative part captures Markovian effects from the environment. It is worth noting that
we can derive the same equation while allowing for time-dependent H(t) and () > 0 (see

Reference [120]).
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Chapter 2

QUANTUM CONTROL

“The difference between science and technology is the ability to engineer your
surroundings to your own ends, and not just explain them. In the Second Quantum
Revolution, we are now actively employing quantum mechanics to alter the quantum

face of our physical world.”
— JONATHAN DOWLING & GERARD MILBURN [52]

In a control model, our purpose is to modify the natural behavior of a system to our
liking. We act on a physical system using whatever forces are at our disposal. Let x(t) € FY
be a state vector over some field F. Perhaps this state vector is a real vector of positions and
momenta governed by Hamilton’s equations of motion. Alternatively, perhaps the state vector
contains the complex coefficients of a finite-dimensional quantum wavefunction. In either
case, the state x(¢) may evolve over time on its own accord due to some intrinsic dynamics.
Our intent is to act on such a system. We represent our actuation using a time-dependent
control function u(t) € RM. If the change in x(t) is entirely determined by the current state
and the current control, then we can write down an ordinary differential equation for the

control dynamics:

(1) = £(x(t),u(t), 1) (2.1
Linear control dynamics are the simplest non-trivial class of control dynamics,
x(t) = Ax(t) + Bu(t). (2.2)

There is a closed form solution for the state at all times for a given initial condition and control

function. The linear case is the place to start when coming up with theoretical concepts
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about control. We will come back to it later when we need to introduce basic concepts in

control theory.

Arguably the next simplest class of systems is bilinear control dynamics,

x(t) = Ax(t) + Z u;(t)B;x(t). (2.3)

It turns out that quantum control dynamics are bilinear. In particular, the Hamiltonian of a
quantum system is often H = Hy + u(t)H; with Hy called a drift or internal Hamiltonian and
H; a control or interaction Hamiltonian. This chapter will follow the emergence of bilinear
control dynamics in quantum mechanics for a few representative systems. These systems will
be derived in a regime called the semiclassical approximation. In this approximation, the
quantum degrees of freedom are reserved for the system being controlled, and the fields doing
the controlling are kept as classical variables. In the last section of this chapter, we look at a
class of classical nonlinear control dynamics from an operator theoretic perspective. We show

that this perspective also leads us to bilinear control dynamics.

2.1 Molecules and atoms

The first derivation we will make is the interaction of a quantum particle with a classical
electric field. The quantum particle might be an atom or molecule. We will find the
interaction term is governed by the coupling of the quantized particle’s dipole to the incident

electromagnetic field. We will use Reference [11] and Reference [30] to guide us.

To start, let’s consider a handful of charged particles in free space. The only fields in
this problem are the ones produced by the particles. We will add a subscript s to emphasize
system. The classical Hamiltonian for this system combines the kinetic energy of the particles
with the energy of the fields produced by the particles. It ends up looking similar to a bunch

of charged particles in a potential with a Coulomb (self-)interaction Hepu = D i ¢;Ps(x;) in
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a potential ®,, except for the addition of a radiation term, Hg,q , i.e.

=z

1 2
S . Heou Hpoa 2.4
2m] A,(x5))" + Heoou. + HRad (2.4)

»

Jj=1

The details are explained in the following remark.

Remark 2.1.1. Derivation of Equation (2.4). In Hy, the first term is the kinetic energy
in terms of canonical momentum, and the second term is the Coulomb potential energy.
The latter emerges from the energy of the field produced by the particles. Consider the
field energy, 3 [ dx <5OE§ + ﬁBg) The electric field can be decomposed into two parts,
E; = E;; + Eyr. The first is a longitudinal part that is irrotational (V X Eg; = 0), and the
second is a transverse part that is sourceless (V - E¢r = 0). The two parts are orthogonal
under reasonable boundary conditions at infinity ([ dx Ey - Eg, = 0). We can transfer
the decomposition to the level of the vector and scalar potentials, By, = —(0;As + V&,) 1.
We choose the Coulomb gauge so V - A, = 0 is transverse. Hence, E;;, = —V®,. Upon
integrating by parts, the longitudinal part of the electric field can be shown to be the Coulomb
component of the energy, Hoou. = 3 [ dx eo(E =1 ( o1 350(x — xj) ®,(x). Notice
we have introduced a distribution of point charges. In we are careful and neglect self-energies,
Hepu = % Zk# ¢iqk|x; — xk|_1. Finally, define the leftover transverse part to be the

radiative component of the energy, Hp,q = % [ dx (50(E8T)2 + i(BsF). O

Suppose we introduce additional fields produced by some other charges and currents.
Suppose further that these new sources are fixed by us and do not otherwise interact. As a
result, the external fields (denoted by subscript e) add linearly to the field terms interacting
with the particles. This is due to the linearity of Maxwell’s equations. The Hamiltonian

becomes

2

1
% — GA(x)) — G A(X)))? + ¢;Pe(x;)) + Heou. + Hraa.- (2.5)
j=1 7

Our first approximation is that the particles are close to each other, so the Coulomb
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interaction dominates the interaction of the particles and their field. Thus, the contribution
of A, can be neglected, and the only remaining fields coupled to the particles are the external

fields,

=z

1
2m. qJAe(XJ))Z + q]q)e(X])) + HCoul. + HRad.- (26)
j=1 7%

Our second approximation is to apply first quantization, in which we model the system of
particles as quantum mechanical and leave external fields as classical variables. This is a
semiclassical approximation. Going forward, we intend to restrict ourselves to the Hilbert
space of the particles. Notice that the radiative term acts only on the field, a separate Hilbert
space from the one which describes the particles. We exchange the canonical variables for

operators, and arrive at our quantum Hamiltonian for the particles:

=z

1 ) . .
2 j qu€<Xj))2 + qjq)e(xj)) + HCoul.- (27)
mj

w0

J=1

Further simplification is possible using a third approximation, the long-wavelength ap-
proximation. We suppose that our particles are localized around the origin and that our

external fields do not vary across the length scale of the particle system. Consider a gauge

transformation x(x,t) = —x - A(0,t) (note we still remain in the Coulomb gauge). Compute:
A(x,t) = Alx, 1) + Vx(x,t) = Alx.1) — A(0,1) 23)
' (x,t) = (x,t) — x(x,t) = D(x,t) +x - 0, A(0,1) (2.9)

For simplicity, fix the potential such that ®(0,¢) = 0. Expanding to first order and applying

the long-wavelength approximation,

Al(x,1) ~ 0 (2.10)

O'(x,t) ~ 0(0,t) +x- VO(0,£) + x - A(0,) = —x - E. (2.11)
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Define the dipole operator d= Zj ¢;X;. The particle Hamiltonian is now
N R
Z—“"- + Hepu, — d - E(0, 1) (2.12)
2m;

Fix the direction of the electric field and attach a control such that E(0,t) = u(t)Ey, and
define

Yo
0= Z_AQ'_‘_HCOUI. (213)
= m
H =-d-E, (2.14)
SO
H = Hy+ u(t)H;. (2.15)

The internal Hy describes the structure of the atom or molecule and H; couples the energies.

In the next example, we consider the common case where the multilevel approximation
involves only two levels. This gives us a binary representation which can be used to encode
information similar to a classical bit. In quantum information, this two-level state is referred

to as a qubit.

2.2 Particles with spin

The second example we study is a quantum particle interacting with a classical magnetic
field. Recall that the magnetic field interacts with charged particles based on their angular
momentum. This can be the orbital angular momentum of an electron bound to a nucleus.
In quantum mechanics, this might also be the intrinsic angular momentum of the electron
itself-a distinctly quantum property of fundamental particles evocatively referred to as spin.
The spin of a fundamental point particle does not emerge out of any rotation or orbital
motion. Instead, it is a defining property of the particle. Electrons, protons, and neutrons
are examples of spin-1/2 particles. The Hilbert space of a spin-!/2 particle is intrinsically

two-dimensional. Example 6 introduced a situation where we restrict our quantum control
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Example 5: Multilevel approximation

Starting from Equation (2.15), consider solving the spatial wavefunction of the bare
system. This is found via the time-independent Schrédinger wave equation (with x — x
and p — —ihV),

ihoo(x,te) = Hop(x, o). (2.16)

Because Hj is a linear differential operator it has an eigenbasis {¢x(x,%o)} with corre-
sponding energies {¢}. The time-dependence is ¢x (X, o) = Pr(x, to) exp{—ick(t —to)}.
We can expand any wavefunction in this basis so ¥(x,t) = >, ¢ (t)or(x,tp). We can
also expand Hj in this basis. If we can assume our initial population is limited to a
finite range of energies and that the dynamics retains this truncation, we can make the
multilevel approrimation to obtain a bilinear matrix differential equation for a finite
list of coefficients,

ihdye(t) = Ac(t) + u(t)Be(t). (2.17)

system to two levels. Spin can couple to the magnetic field like a spatial angular momentum.

The result for one particle is a control system of the form
A~ . ’}/ N
H(t) = 5 (Be(t) - 9) (2.23)

where B, is a time-dependent external magnetic field and & = [6,,0,,6.]T is a vector

containing the Pauli operators.

Spins provide a natural opportunity to consider a coupled lattice or network of particles
interacting with an external magnetic field. One experimental realization is a molecule where
each constituent ion has a spin as shown in Figure 2.1 This type of system is analogous to a
network of coupled qubits on a quantum chip. Coupled spins live in a Hilbert space combined
by tensor products, so

V=18 --01965,010---01 (2.24)
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Consider Equation (2.15) for a single two-level atom with ground and excited states
denoted by |g) and |e). For convenience, set the energy difference to be such that

A~

Hy = %62. In this basis, the dipole operator is

) X< X |e 0 de;
q_ [lolaxle) lalaxler) _ | —dles +e6,)  (2.18)

(el gx|g) (e|gx|e) deq 0

where (e| ¢X |g) = dey with d the real-valued magnitude and (g| gx|g) = (e|gx|e) =0
by parity®. Consider a single mode w of some driving electric field with polarization
es and amplitude modulated by f(t),i.e. E(t) = f(t) (e;e~™" — €5¢™") so that the full

dipole term is
—d-E=—df(t)(es - €;6_e " —¢4- €0 ' +€)- e — € €50,e™"). (2.19)

This is rather unwieldy; we can simplify by moving to a rotating frame. Let the

state counter-rotate according to the isolated effect of the bare Hamiltonian, i.e.

1) = U, [¢) = exp{it“26. } [¢). The dynamical operator in the rotating frame can be

found using the chain rule,

ihdy |) = ihdy(U,) [1) + ihU,dy [)
= (n (00} + 0 HUT) U, 19) = Hy10). (2.20)

The rotating frame eliminates the bare Hamiltonian, ¢h dt(Ur)UTT + ﬁTHOU: = 0. Before
addressing the remaining dipole term Ur(—(AiE)(A]J , the following lemma about rotations

of raising and lowering operators will be useful:

Lemma 2.1.1.

exp{igéz}@E exp{—i%&z} = exp{+ip}tos




In the rotating frame, two terms in the full dipole term pick up an additive phase.
Neglecting these fast-rotating terms is known as the rotating-wave approximation

(RWA)®. Using Lemma 2.1.1 and the RWA, the full dipole contribution is:

Ur<—d . E)UT = _df(ed . efa-iefi(oﬂrwo)t —€y- 6;&,€i(w7w0)t

A —i(w—wo)t A t
+€y - epoe T e ghg el

Q

_df (ed . G;a'_ei(w_w())t — 62 . efa'_"_e_i(w_wo)t)

= —d fleq- e}| (64 cos(wyt) — 0y sin(w,t)) (2.21)

where ¢ = arg{e; - €}} and w, = w — wy + ¢. If we are careful about our choice

of drive w, we can activate either 6, (w, = 0 mod 7) or 6, (w, = %

5 mod 7). By

superposition, we can even include both, permitting an in-phase control about ¢, and
out-of-phase control about ¢,. Define the control over the envelope of these drives by
a;j(t) = df;(t)
within the RWA is

€4+ €5 | where j € {z,y}. The full Hamiltonian in the rotating frame

~ A

H, = U,(t)(~d - B)UI (1) = a, ()6, — a,(1)3,. (2.22)

The Coulomb potential is symmetric with respect to position, so an expectation value of position
will vanish over the full space.

be.g., Reference [30] §3

23
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VYN

Figure 2.1: (Adapted from Figure 2.8 in Reference |11]). The molecule Mn12 involves three
different kinds of Manganese ions (shown as black, gray, and white circles). The ions have
intrinsic spin and interact pairwise along the illustrated couplings (shown as lines). The
system can be described by a Hamiltonian for a network of spins.

acts non-trivially only on the j-th site of the lattice or network. There are many ways that
particles with spin might interact among each other. Two of the more common choices for

interactions are [11]

Definition 2.2.1. Heisenberg interaction. The Heisenberg interaction is given by the

Hamiltonian

1 o
Hy = 1 Z JigD . 5",

i<k
where Jj;, are the coupling constants.
Definition 2.2.2. Ising interaction. The Ising interaction is given by the Hamiltonian
7 1N 50w
1= ZZ jkOZ 0z "
i<k
2.3 Circuits

In Section 2.1 and Section 2.2 we used examples based on atoms to motivate dipole and

spin control. In this section, we consider circuits which have a quantized energy spectrum
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Example 7: Transverse-field Ising model

We can use the Ising interaction to write down a quantum version of the classical Ising
model. To make the model quantum, two separate non-commuting observables must
be introduced for the on-site and coupling terms of the model (w.l.o.g. we choose 7,
and 7, respectively). Consider nearest-neighbor interactions with fixed on-site energy

and coupling strength. We have

J

Hypp=—h» 69 —J) ¢+ (2.25)
J

which is called the transverse-field Ising model (also, the Heisenberg model). The model
is bilinear whether we treat the on-site coefficient h or the coupling coefficient J as the

control.

like an atom. The material for this section is from Reference [1658| and Reference [100].
The advantage of a circuit is they are made of engineered components like capacitors and
inductors. The physical properties of these artificial atoms can be tuned to suit our needs.
An isolated atom or spin system is entirely described by a few degrees of freedom. It is
easy to see that quantum dynamics provides an appropriate description for such a system.
Meanwhile, in a mesoscopic circuit there are many electrons in the metal wires. How can
we isolate a few degrees of freedom for such a system to make it quantum? The key idea is
to use a superconductor where there is a gap separating the many-body ground state of the
electrons from the next energy level. If the superconductor is cold enough (~ 10mK), then

normal thermal processes cannot excite the system out of this ground state.

Kirchhoff’s laws for an LC circuit can be used to obtain the classical Hamiltonian

1 1
H=—®%+ —0Q? 2.2
Y Tacv (2.26)

where @ is the magnetic flux in the inductor and @) is the charge on the capacitor. A sketch
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v \V

Figure 2.2: (Adapted from Figure D.1 in Reference [168].) An LC circuit is drawn in solid
lines. At the right, the dotted lines show how the LC circuit can be coupled to a classical
drive line using a parallel capacitor.

of this type of circuit is shown with the solid lines in Figure 2.2. This is the Hamiltonian
of a harmonic oscillator with a natural frequency of wyc = 1/v/LC. Therefore, the charge
and flux in the circuit oscillate collectively just like a mass moving on a spring. Indeed, the
charge and flux are a canonically conjugate pair with ® the position and ) the momentum.
In a normal circuit, there are many electrons which interact to spoil a clean oscillation at this
natural frequency. However, for a cold isolated superconductor, there is only one many-body
electron ground state for the circuit, and its oscillations between charge and flux are the only

degrees of freedom. We therefore quantize this harmonic oscillator in the usual way, i.e.

r 1 22 1 32 _ PP 1
H—2L<I> —|—20Q —thc(aa+2> (2.27)

where a' and @ are called the circuit raising and lowering operators, respectively, with

a \/%(\/;_wéﬂx/zmc}) (2.28)

and Z;o = \/g is the characteristic impedance. Note [a,a] = 1.
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Now we just need a way to control our artificial atom. We do not want to directly attach
a classical drive line to the circuit. The classical drive line has a resistance (denoted R;). The
bigger this resistance, the quicker the oscillations in the circuit are dampened by energy loss.
In terms of the circuit quality factor, Qgirect = Ra/Zrc. We need a high circuit quality factor
to maintain our carefully constructed quantum coherence. To accomplish this, suppose we
attach our drive line in parallel using a capacitor Cy. This lowers the current flowing through
the resistor and therefore the energy loss. In particular, in the weak-coupling limit we choose
a small capacitance (C4Rq < 1) so that the quality is larger: Qingivecs ~ (C/Cq)*Zrc/Ra.
Setting Vy(t) as the drive voltage, we can apply Kirchoff’s laws to this new circuit. The result
is a classical Hamiltonian,

1 -1 Cy

H=— Q0+
orcg? Tt et

Vi) ~ Hic + fdodw@)@ (2.29)

where the new canonical momentum is Q = (C 4 Cy)® + C,Vy(t) (renormalized by CyVy(t))
and Q ~ Q for weak-coupling. Finally, we quantize the charge and flux and write everything

in terms of raising and lowering operators,
- A-i- ~ 1 ~ A-I-
H=hwe|a'a+ 3) - gVa(t) (a —a') (2.30)

with g = i(\/h/2Z1c)Cq/(C + Cy). Suppose we are able to make a multilevel approximation

and truncate this system to the first two levels. Then
N hwy . R
Hirune. = TOO'Z + ng(t)Uy (231)

is our familiar bilinear two-level Hamiltonian where the properties of the system are given by

artificial circuit parameters.
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Figure 2.3: (Adapted from Figure 1 in Reference [106]) (a) An LC circuit with a single

resonance parameterized by L, and C, with circuit voltage v and current ¢ is shown.
The variable ¢ (superconducting phase) is proportional to the quantized magnetic flux.

(b) The energy levels of the quantum Harmonic oscillator (QHO) for the quantized LC

circuit are equally spaced according to the single resonance frequency of the circuit, w,.

(c) The transmon is an LC circuit modified by a Josephson junction (dashed and shaded
orange box). This modification introduces a nonlinear inductance L; among a new set
of circuit parameters. (d) The nonlinearity changes the shape of the energy potential
from a quadratic function (dashed red) to a cosine function (solid blue). Now fwq;
is different from the other values, so the computational subspace (the qubit) can be
driven independent of the other energy levels. The amount of isolation is parameterized
by the anharmonicity « of this transmon, o = hwis — hwp;.

The Harmonic oscillator in this section is a good way to introduce the ideas of a
superconducting qubit, but it is not actually feasible. The issue is the truncation of
the Harmonic oscillator to just the first two levels. A harmonic oscillator has equally

spaced energy levels given by the number of quanta (the eigenstates of the number




29

operator N = a'a). This means that driving the system at its resonance will involve an
infinite number of energy levels. To change this, a nonlinear inductance is introduced
by replacing the linear inductor with a nonlinear Josephson junction [106]. The
truncation in Equation (2.31) is now permissible because the qubit space is individually
addressable. For a visualization of this distinction, refer to Figure 2.3. Common qubit
frequencies wy are in the range 3 — 6 GHz. The anharmonicity is the term for the
offset between the energy difference of the first two levels and the next difference. An
infinite anharmonicity means the qubit subspace is perfectly decoupled from the other
energy levels. For transmon qubits, the magnitude of the anharmonicity ranges between
100 — 300 MHz. This value is small enough that it is still possible to have coupling to
higher energy levels outside the qubit subspace.

2.4 Control-affine models

In this final section, we change tack slightly and introduce a control-affine nonlinear system,

x(t) = f(x(1)) + Z u;(t)g; (x(t)) (2.32)

where f,g;,..., gy are smooth nonlinear functions. Our purpose will be to demonstrate
that control-affine models are in fact bilinear models, under a suitable transformation of the
problem into the language of observables. This will be similar to the mathematics of quantum
mechanics, but will emerge from a classical (nonlinear) dynamical system. Koopman theory is
reviewed in Reference [27, 154]. In addition, References |76, 159] emphasize the control-affine
(bilinear) case.

Introduce the flow map F as the solution to the autonomous (u(t) = 0V¢) initial value

problem defined by Equation (2.32),

x(t) = F(x(0),1). (2.33)
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(a) State space (b) Function space

(p .

F K

Figure 2.4: (Adapted from Figure 1 of Reference [91]) (a) The trajectory of a system with
nonlinear dynamics in state space is given by a flow map F(-,¢). Nonlinear dynamics defined
over a state space can be exchanged for linear dynamics defined over an infinite dimensional
function space using Koopman theory. This is represented by the right arrow overset with an
observable function, ¢(+). (b) In function space the dynamics of observables are given by the
Koopman operator, K. By judicious choice of observables, it may be possible to find a new
state y in terms of a finite list of observables which evolves according to the linear Koopman
dynamics.

An observable of the state space is a mapping from the state space of x to a scalar field like
R or C. The Koopman operators K, are a family of linear operators parameterized by ¢ that

act on observables ¢ according to

Kip(-) = (w0 F(-,1))(:). (2.34)

The Koopman operators advance observables of a dynamical system forward in time. This
transforms the nonlinear dynamics defined in the state space into linear dynamics defined
over the infinite-dimensional function space spanned by observables. This is visualized in
Figure 2.4. For smooth functions of the dynamics, the generator of the Koopman family

of operators (often referred to as the Koopman operator) is the directional derivative of an



31

observable along the flow, i.e.

Kpx(0)) = lim 7 (.~ 1)p(x(0) (2.35)
= lim  ($(F(x(0),1)) — ¢(x(0))) (2.36)
(z i+ (p(x(0) + 15(0)) — so(x<o>>>) (2.37)
— Vp(x(0)) - x(0) (2.38)
— (£ V)p(x(0). (2.39)

The Koopman generator is like the Hamiltonian in quantum mechanics and the Koopman
operators are like unitary matrices!. We have that %ICt = KK;. Define ¢(x,t) = Kip(x).

This is a time-varying observable with reference to a fixed state of the system. Note

o0 = 1 (Kio)) = () w0 = Ko = Ko, 240

An initial condition ¢(x,0) = ¢(x(0)) completes this picture.
This same procedure can be repeated for each of the smooth functions f,gy,..., gy to

obtain the associated Koopman operators K¢, g , ..., K Then

»IVEM T

%Qf)(x, t) = (/cf + Zuj(t)/cgj> B(x,1). (2.41)

This is a linear equation in an infinite-dimensional function space. Like in the quantum
case, we can seek out ways to make a finite-dimensional truncation of this space. It’s worth
emphasizing that the (bi)linearization we have pursued here through the use of the Koopman
operator is global. We traded our nonlinear dynamics defined over our state space for linear
dynamics defined over an infinite dimensional function space. We did not rely on Taylor

series or other local approximations of our dynamical system.

!Except in quantum mechanics, there is not an underlying state space x to come back to.
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Chapter 3
DATA-DRIVEN MODELING

“IT[he belief that we can start with pure observation alone, without anything in the
nature of a theory, is absurd... I tried to bring home the same point to a group of
physics students in Vienna by beginning a lecture with the following instructions:

‘Take pencil and paper; carefully observe, and write down what you have observed!’

They asked, of course, what I wanted them to observe.”
— KARL POPPER, Conjectures and Refutations

This chapter introduces data-driven modeling, and explores some applications to quantum
dynamics. Data-driven modeling (e.g., Steve Brunton and Nathan Kutz’s textbook, Data-
Driven Science and Engineering |28]) is a catch-all term for a new paradigm in the analysis
of complex dynamical systems. The spirit of this new paradigm is optimization®, which we
leverage to turn data into meaningful scientific models. This is the shift of the new paradigm:
it is the abstraction of model design into algorithms. This abstraction enables modern science
and engineering to reach for problems which were previously inaccessible because of their
scale or complexity. This new approach was made possible by new technology: data-driven
modeling has emerged in the 21st century thanks to the ready availability of computational
resources and the ease of data collection and manipulation.

This chapter is a review of some basic concepts and algorithms in data-driven modeling.
Throughout this chapter, we contextualize these new concepts using examples from quantum
mechanics. Our setting for this chapter will be autonomous dynamical systems—that is,
systems evolving under their own dynamics, X = f(x,t). This precludes any control of the

system after the initial condition has been specified. Our focus is on the twin concepts of

!Machine learning
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model discovery and model reduction, which we introduce in Section 3.1. The dynamic mode
decomposition (DMD) is an algorithm combining model discovery and reduction, which will
remain important through this thesis (in particular, it is integral to the material presented
in Chapter 4). We review DMD in Section 3.2. In our discussion, we emphasize why the
dynamic mode decomposition is a natural candidate for discovering models for quantum
dynamics. We conclude this chapter with Section 3.3 which talks briefly about collecting

data from quantum experiments to enable algorithms like DMD.

3.1 Model discovery and reduction

By the 1960s, the control theory based on state-space models of linear time-invariant systems
(see Chapter 5) was well-developed. The next step was to implement practical control to
meet the engineering needs of the mid-century, including grand challenges like the Apollo
space program. This required models that could be implemented on computers. For this
type of problem, Rudolf Kélman [31, 95] and others sought minimal realizations of linear
time-invariant systems. A minimal realization was the lowest-rank model obtainable from an
existing first-principles description of a dynamical system or, notably, a measurement record
of that system. At this time, the focus was linear or approximately linear systems, for which
this process is known as system identification. Over time, these methods of reduced-order

modeling were expanded to more types of systems and eventually incorporated into the

modern data-driven paradigm (see [2&| §7); today, techniques like the proper orthogonal
decomposition (POD) [16], dynamic mode decomposition (DMD) [185], and Koopman mode
decomposition (KMD) [142] are widely used in data science and engineering for model

discovery of almost every kind of system. As mentioned in the introduction, we will introduce
DMD in Section 3.2. We also make a comparison to POD in Section 3.2.3.
The key feature of reduced-order modeling is the ability to obtain an appropriate basis

of functions describing the given dynamical system, x(t) = f(x(¢)). In Dirac notation,

J
J=1

¢j(x) = (x|¢p;)) such that |¢(t)) ~ Z;f:l ¢i(t) |¢;). In the 19th and early 20th century, it

x — [¢), and we are asking for a basis {|¢;) (usually defined over a spatial coordinate

was observed that many of the core physical theories (from electromagnetism to quantum
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mechanics) were linear and could be described by a particularly useful set of basis functions
using the eigendecomposition of the dynamical operator. These theories all fit under the
umbrella of the Sturm-Liouville theory, and finding the eigenfunctions of Sturm-Liouville
operators leads to all sorts of special polynomials with names like Bessel, Hermite, or Legendre
(these are all versions of ¢;(x), see Example 9). Critically, applying the Sturm-Liouville theory
requires working from a first-principles model of the system. Alternatively, the data-driven
paradigm (represented by the reduced-order models of DMD, POD, and KMD) obtains
basis functions in an optimal way directly from data—no a priori knowledge of the system is

necessary.

In the context of PDEs, the resulting projection of the system dynamics onto the data-
driven modes, [ (t)) ~ Z;le c;(t) |¢;), is often referred to as a Galerkin expansion |28]. In
a Galerkin expansion, we write the state of the system as a sum of static spatial modes,
¢j(x) = (z|¢;), and we approximate the dynamics with that of the coefficients ¢;(¢) within
this reduced space. This is a type of variational method for dynamical systems |12, |. In
a variational method, we suppose the state can be written as a function defined over a set
of variational (time-dependent) parameters?, [1)) & |¢(c(t))). The purpose of a variational
method is to exchange the dynamics of the state for the dynamics of the parameters, with
the rule being to use as few parameters as possible in order to achieve a reduced-order model.
In the context of quantum mechanics, the original variational principle was introduced in the
early days of the theory by Paul Dirac to derive the Hartree-Fock equations of motion [1(].
In 1934-four years later—Yakov Frenkel elaborated many of the unexplained details of Dirac’s
work [65]. Therefore, the original variational principle in physics is often referred to as the
Dirac-Frenkel variational principle. The nuclear and particle physics community reframed
this work using the principle of least action, leading to a version called the time-dependent
variational principle. A separate advance came in 1964 when A.D. McLachlan modified the

previous approaches to address a practical limitation due to the unphysical overall phase [139].

2Observe that the Galerkin expansion is indeed a special case of this approach, |p(c(t))) = ijl c;i(t) |d5)-
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This version is now known as the McLachlan variational principle or Dirac-Frankel-McLachlan
variational principle®. The critical step in a variational approach to quantum dynamics is
the choice of parameterization for the variational state. In keeping with the data-driven
paradigm, modern success stories are tensor networks (high-dimensional matrix factorization
similar to the two-dimensional singular value decomposition, see Section 3.2.3) [79], universal
function approximations like neural networks [31], and—most recently—variational quantum
circuits [63, , 200]. Within the reduced-order modeling community encompassing the likes
of POD, DMD, and the KMD, there has been similar work to tie in tensor networks [100]

and deep neural networks [33, 125].
3.2 Dynamic mode decomposition

The dynamic mode decomposition (DMD) is a regression-based framework for linear system
identification. That is to say, suppose we are studying phenomena which can be described by
a linear, time-invariant, dynamical system given by x(¢) = Ax(t). DMD provides a way to
translate observations of this system, x(¢;) for j = 1,2,...,J, into a reduced-order model
A, with r = rank[A,] < rank[A]. There are interpretations of DMD which lend it to be
applicable to nonlinear systems*. For our purposes, there is a natural connection to quantum

systems because the Schrédinger equation is intrinsically linear, if [¢)) = H [¢).

We introduce the standard presentation of the DMD algorithm in Section 3.2.1. In the
next part, Section 3.2.3, we emphasize the model reduction component of DMD. A discussion
on error bounds associated with DMD model predictions can be found in Section 3.2.4. In

Section 3.2.5, we talk about enforcing linear symmetries within DMD.

3Interestingly, McLachlan’s original paper concluded by pointing out challenges he faced when extending
the variational principle to open quantum systems. It was only with the recent references [58, | that the
goal of extending the various variational principles to open quantum systems seems to have been explicitly
realized.

4The idea is to lift the original state space to a space of observables, similar to Section 2.4 in Chapter 2
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3.2.1 FExact DMD

Consider a linear dynamical system

0

Sx(t) = Ax(D),  x(0) = xo (3.1)

in which the dynamics of a state x(t) € R™ is described by a linear operator A € R"*". In
classical mechanics, perhaps the state x records the density of some material at all points
within a two-dimensional domain, and the linear operator A describes the diffusion of this
density. In quantum mechanics, the components of x(¢) might be observable expectation
values, like in the three-dimensional Bloch vector or its generalizations. Suppose we collect
data from a numerical simulation or experiment (for more, see Section 3.3). In either
case, allow the end result to be a sequential measurement record {x(t;) = x1,X2,..., X},
] <ty <--- <t of the state of the system at different times. We call each entry of this
sequence a snapshot. In the diffusion example, our snapshots might be literal photographs of
the two-dimensional density. Once collected, the sequential record can be formatted into a

pair of offset snapshot matrices:

X = X1 X2 ... Xmpm-1]> X' = X9 X3 ... Xl (32)

so X, X’ € R~ We can actually relax the offset condition, and consider pairs of snapshot

matrices [135], replacing X’ with Y,
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Algorithm 1 Dynamic Mode Decomposition

INPUT: Snapshot data X, shifted snapshot data Y, target rank r
OUTPUT: DMD modes ®, eigenvalues A

1: function DMD(X, Y, r)

2: INJ, f], V SVD(X, r) > Truncated r-rank SVD of X
3 ADPMD . yVy-1Ut > Estimate for A, see Equation (3.6)
4 U, 2, V<« SVD(Y,r) > Truncated r-rank SVD of Y
5: A « UtADPMDY > Projection of APMP
6 AW EIG(A) > Eigendecomposition of A
7 d « APMDUW > DMD modes for A
8: end function

The DMD algorithm returns the optimal one-step propagator connecting the pair of snapshot

matrices,

- 2
APMD = argmin HAX - YH (3.4)
A F

where ||| is the Froebenius norm. The corresponding necessary first-order optimality

condition is

s (Jax [

=AXXT) = YXT. (3.5)
With the Moore-Penrose inverse (denoted +), Equation (3.5) can be written
AZyxt (3.6)

This is the typical presentation for the standard DMD algorithm, APMP = YX*. It is referred
to as exact DMD to distinguish it from other historical presentations of the algorithm [105].
The DMD algorithm does a bit more than just find the propagator defined by Equation (3.5),
as we can see in Algorithm 1. Indeed, a critical part of the DMD algorithm is the determination

of DMD modes and eigenvalues. In STEP 5., notice that the low-rank operator A used to
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APMD gnto the rank-r

construct the DMD modes and eigenvalues is found by projecting
column space of Y. When working with shifted data in which Y is replaced by X', the
projection is usually done in the column space defined by the original X, i.e. A «+ UTAPMPU.
The rest of the algorithm proceeds in the same way. In either case, the following remark

applies:

Remark 3.2.2. DMD modes are eigenmodes of APMP, The DMD modes defined by
® = APMPUW are in fact eigenmodes of the high-dimensional operator Apyp ~ A. Indeed,

we have that

APMPH — ®A (3.7)
This fact can be easily checked by following the definitions in Algorithm 1. U

From this remark, we conclude that DMD enables an eigenmode expansion x,, ~ ®A" 'b,
where b = ®7x; is the projection of the initial state onto the DMD modes. An example of

the DMD algorithm applied to the quantum harmonic oscillator can be found in Example 9.

3.2.8 DMD: Model reduction

Notice that in Algorithm 1, we made use of the singular value decomposition (SVD) as a
subroutine. This is because the SVD is the solution to the low-rank matrix approximation
problem®: given an arbitrary X with SVD X = UX VT, the solution to the problem of rank-r

approximation in the Froebenius norm

X, = argmin HX — XH
X F

subject to  rank[X] <r (3.10)
is given by the truncated SVD,

X, = Ul 7|, ] V[, o] (3.11)

5This is known as the Eckhart-Young theorem.



Example 9: DMD for the quantum harmonic oscillator

Consider the one-dimensional Schrédinger wave equation with a harmonic potential,

~ A

ie. H=T+V = % + mT“Z:i"Q. Choosing the position basis, we have p — iha%, and so

d s w(@)=(zly) .. O B K2 0>  mw?
g ) = 1) S in o) = (<o D T Yt 69

Note that we artificially inflate the natural state space of this system by discretization
of the wavefunction. Following the Sturm-Liouville theory, we can compute the
eigendecomposition of the dynamical operator (—h?0,.,/2m + mw?/2)¢;(z) = E;¢;(x)
to find a more appropriate discrete eigenbasis for this system. We find that the
eigenfunctions ¢;(z) are related to Hermite polynomials. Alternatively, we can take a
d-dimensional discretization of this system and numerically simulate every dt for m

steps. From this numerical simulation, we can construct the snapshot matrix

- | [ oo(dt) z1(2dt) ... @ ((m—1)dt)]
X=lx %0 o x| = l’g(.dt> .732(?(3“]) ) mg((m‘—l)dt) (3.9)
. | _md(dt) xq(2dt) ... md((m—l)dt)_

and X’ (the offset matrix). We set m = h = w = 1. Then, starting from an arbitrary

Gaussian initial state with mean and standard deviation of 1/2, we apply the DMD

algorithm for d = 100 (z € [-10,10]) with dt = 0.12 and m = 60 in Figure 3.1.

Notice that the DMD modes obtained from the data coincide with the eigenmodes

from Sturm-Liouville theory.
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Figure 3.1: Figures (a)-(c) compare the first three numerical DMD modes computed
from Algorithm 1 with the first three analytic eigenmodes of the Schréodinger wave
equation for the quantum harmonic oscillator. The quadratic potential is plotted as a
black line on each. In Figure (d), the singular values are reported according to their
percent contribution to the total variance. The singular values of the selected modes
(a)-(c) have been colored. The total number of singular values is rank-limited by the
number of snapshots; in this example, we truncate the DMD singular values at » = 12.

40




41

where we rely on Python notation to index the matrices.

The proper orthogonal decomposition (POD) [25] is a method for obtaining a reduced-order
model which provides a useful comparison to DMD. As a data-driven algorithm, the POD
first computes the singular value decomposition of the snapshot matrix from Equation (3.2),
so X = UXVT. Next, the POD modes are defined by the SVD vectors spanning the column
space of the snapshot matrix X, i.e. in Python notation, ®°P = U[:, : 7]. Notice that the
dynamics have not entered into the calculation except as features in the snapshots; indeed,
the POD modes are invariant to permutation of the columns in the snapshot matrix. The
property of ®°MP reported in Remark 3.2.2 does not hold for the POD modes. Example 10

compares the POD and DMD modes for the case of the quantum transverse-field Ising model.

3.2.4 DMD: Error bounds

Suppose that a DMD model is trained with m snapshots—this is the situation in the definition
of the snapshot matrices X and X’ in Equation (3.2). We can ask how accurate the DMD
predictions are when using APMP to extrapolate beyond the training set. Consider n > m,

and let xPMP = (APMD)n % he the prediction obtained from DMD starting with the initial

n

state. Then [123]
HXn—XBMDHQ < /{me—XaMDszL (n—m)en, (3.14)
Trai;i;g fit Accumugt?ion from

numerical integration

where £ = k(®PMP) is the condition number of the DMD modes (the ratio max/min of its
singular values), and €, is a term that improves arbitrarily with a greater density of snapshots

_ ADMD

as X/ x becomes more accurate [104].

3.2.5 DMD: Constraints

Symmetries constrain the kinds of dynamics that a linear operator can induce. Consider a
dynamical system, x = Ax. If A is skew-symmetric, i.e. AT = —A, then the dynamics are a

length-preserving transformation of x. Skew-symmetry is a type of linear constraint on the



Example 10: Spirographs of the transverse-field Ising model
The transverse-field Ising model was first discussed in Example 7. The Hamiltonian

Hrpi(h) = —h Z &) — Z g g Ut (3.12)
J J

acts on a chain of spin-1/2 particles (we will assume periodic boundary condition, so
technically a ring). The parameter h governs a trade-off between the energy of the
nearest-neighbor coupling and the on-site energy. If we consider a chain of 10 spin-1/2
particles, then this makes the state space (C?)®!0 = C19%*. We can look for reduced-
order models in this large space®. The following problem of low-rank approximation for
the TFI model was also studied in References |31, |: suppose that the ground state of
the transverse-field Ising model is obtained at h = 4, i.e. Hypr(4) [th) = Eo |tho). Now,
quench this system—that is, reduce the parameter to h = 2 so that |ty) is no longer in
do) = Hrri(2) o)
for 200 steps (setting dt = 0.01), and 200 snapshots from this simulation. We can build

the ground state. Allow this ground state to evolve according to ih

a reduced order model using the DMD approach (Section 3.2.1) and the POD approach
(Section 3.2.3). We truncate the rank of the system to 8, and obtain 8 modes through

which we describe the dynamics,

8

() = > P SM) ) = Y OP @) [67P). (3.13)

j=1 j=1

The 8 modes are sufficient to reproduce 99.9% fidelity with the true simulation in either
decomposition. The trajectories of the complex coefficients in Equation (3.13) are
shown in Figure 3.2 for 400 steps of the dynamics (i.e. continuing outside the training
set). It is evident in Figure 3.2(a) that the DMD coefficients have a time-dependence
which looks similar to the oscillatory motion associated with eigenvalues—a feature of

the DMD algorithm that was discussed in Remark 3.2.2.
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(b) POD coefficients
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Figure 3.2: The ground state of the transverse-field Ising model at A = 4 evolves for 200
steps (dt = 0.01) after a quench to h = 2. Snapshots are obtained, and a reduced-order
model is built with 8 modes using both (a) the dynamic mode decomposition (DMD)
and (b) the proper orthogonal decomposition (POD). The simulation dynamics are
expanded using the 8 modes from (a) and (b), and plots of the time-dependence of
the complex coefficients (now for 400 steps, ending at *) are shown. For both (a)
DMD and (b) POD, there is a polar coefficient plotted for each of the 8 modes. The
(a) DMD coefficients rotate circularly like eigenvalues, while the (b) POD coefficients
travel sporadically.

%Intuitively, in finite time with finite energy, the ground state of a system with local interactions
can only mix so much [55].
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operator A. In this section, we look at a way to apply the DMD algorithm so that it respects
these kinds of constraints®. In order to accomplish our task, we introduce an algorithm
that we show is equivalent to exact DMD (Section 3.2.1), but which accommodates these
symmetry constraints through the use of vectorization. The vectorization of a matrix is a
linear transformation that converts a matrix into a vector, vec : R™*™ — R™". Vectorization
is defined to be column-major or row-major, depending on the stacking priority imposed.
For example, Python uses row-major vectorization in NumPy’s ndarray.flatten: each row
of an input array is sequentially concatenated to form one long row. These operations
are interchangeable, as applying a transpose or ndarray.reshape operation to the long row
produces the desired column vector. In Dirac notation familiar to physicists, vectorization is
the familiar isomorphism for when a bra is flipped to a ket, |j) (k| 2 |j) ® |k). We restate a

well-known property of vectorization (see Lemma 4.3.2 in [30]) here:

Lemma 3.2.1. For any linear transformation, L : R™*" — RP*? there exists a unique

matrix K (L) € R™*P? such that vec(L(B)) = K(L)vec(B) for any B € R™ ™.

In particular, for the case of left and right matrix multiplication we have
vec(ABC) = (A® C") vec(B) (3.15)

for which we have committed to row-major vectorization to match Python. Observe that
|B||% = ||vec(B)|| for any B € R™". Therefore, the DMD algorithm defined in Equa-

tion (3.4) can be restated as

2
vec(APMP) = arg min
vec(A)

H (1 ® X7) vec(A) — vec(Y) (3.16)

2

Remark 3.2.6. Kronecker commutation matrix. We digress to remark on another useful

consequence of Lemma 3.2.1. The transpose of a matrix is a linear operation, so Lemma 3.2.1

®Notable adjacent effort in this direction has been reported in Reference |9] under the distinction of
physics-informed DMD.
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guarantees the existence of a unique matrix K,,, € R™*™" such that vec(Ar) = K,,,vec(A)
for any A € R™*". Sometimes the matrix K,,, is called the commutation matriz because it

commutes the Kronecker product: if A € R™*"™ and B € RP*?, then

(A® B) Kng = Ky (B A) . (3.17)
]

Returning to the main thread, vectorization can be used to enforce symmetry constraints
in DMD through the use of linear structures [1]. This approach will also allow for spar-
sity constraints on the solution without breaking the symmetry. Define half-vectorization,
vech : R™" — R™"+1)/2 a5 vectorization after eliminating the super-diagonal entries from
the result. For example, if A € R**? then vech(A) = [a1y, as1, az]" . Concomitant with the
half-vectorization operator is the duplication matriz: the unique D,, € R >*"(+1/2 guch that

D,,vech(A) = vec(A).

Half-vectorization allows us to insert a symmetric constraint within the vectorized DMD

algorithm (Equation (3.16)); the modified optimization is

. 2
vech(APMP) = arg min H (1 ® X") D, vech(A) — vec(Y) (3.18)

vech(A)

2

Notice that adding regularization to this optimization will not affect the symmetry. Even if

regularization is added, the DMD operator remains symmetric by construction.

The idea of half-vectorization and duplication can be generalized. Suppose A € R™*" is a
generic matrix with mn — s linear relationships among its entries. Suppose further all those
relationships are linearly independent. There exists a vector function ¢ : R™*"™ — R® and a
matrix P € R™** such that Py(A) = vec(A). We call the set of all matrices that satisfy the
provided constraints P a linear structure, denoted L(P) = {A € R™*" : vec(A) € col(P)}.
ADMD

Any linear structure can be imposed on

Equation (3.18).

using the vectorized DMD algorithm like in
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3.2.6.1 DMD: Unitary constraints

In Section 3.2.5, we introduced a framework which captured a large variety of constraints
which we might want to impose on the DMD operator. Missing from this list is a way to
make sure that the DMD operator is unitary, i.e. ||y|l, = ||Ax||,, or ATA = 1. This is a
nonlinear constraint, so it does not fit into our previous framework. Instead, we accomplish
our unitary goal by projecting the DMD operator to the nearest unitary P in the operator

norm. That is, we seek a solution to the optimization problem

argm}i)n HP—ADMD”F (3.19)

subject to PP = 1. (3.20)

This can be solved using the familiar SVD; if A = UXVT then P = UVT is the nearest

unitary matrix. To see this, observe that
[P~ All, = [[U( ~ SV, = |1 - 5. (3:21)

The idea of applying a constraint by projecting our solution onto the constraint space is a
very general idea, but in this particular case, the combination of the unitary projection and
the original DMD optimization in Equation (3.4) is a manifestation of the original Procrustes

problem; such problems are discussed further in Reference [9].

3.3 Collecting data

The essential input to a data-driven algorithm is data from simulation or experiment. For
example, consider the snapshot matrices defined in Equation 3.2. In the case of quantum
experiments, we have to abide by the measurement rules of quantum mechanics (see Chapter 1,
Section 1.3). Recall that in quantum systems, measurement is a dynamical process that
changes the state of the system. In particular, a projective measurement of the quantum

state necessarily projects the state of the system into an eigenstate of the observable after
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the measurement. To obtain sufficient statistics on the expectation value of an observable,
many repeat experiments are needed. Then, the expectation values of many observables can
be combined to offer a snapshot of the full system”. In this way, a quantum experiment is
rather unlike a classical one. Indeed, it is possible for a classical snapshot to be an actual
photograph of a system in motion—we might take a picture of a swinging pendulum shuffling
on a track in our lab [92]. The classical system obtains the entire state vector with one cheap
measurement. However, there are other cases where measuring a classical system requires
placing a sensor at some specific location, like when a weather service deploys a buoy in the
open ocean. The sensor takes measurements of a single local observable, and this information

must be combined to offer a glimpse of the full snapshot [133].
3.3.1 Quantum state tomography

In quantum computing, the process of collecting a snapshot of a quantum system has come
to be known as quantum state tomography |39, 19, 88]. There are a few different approaches,
such as maximum likelihood estimation (MLE), Bayesian likelihood estimation (BLE), and
linear regression estimation (LRE). In this section, we review the LRE, which has the most
efficient numerical algorithm for state reconstruction [19].

In quantum state tomography, the goal is to obtain an estimate of the density matrix,
p € D(H) (see Chapter 1, Section 1.4.4). Naively, this means assembling a set of Hermitian
observables in L£(H) (the linear operators acting on the Hilbert space) which are linearly
independent and span the space D(H) C L(H). For n qubits, H = (C*)®" = C*" (see
Chapter 1, Section 1.2), and we can identify the linear operators with the matrices L(H) =
C2"*2" That means we are looking for a set of observables {€2; }322:1 that are orthonormal,

with Hilbert-Schmidt inner product, this means Tr [QJQk = 0;;. Now, we can decompose

our state p by expanded it in this basis®, p = Zjinl Tr [Qj p Qj. We can leverage the fact that

"Think of the qubit’s Bloch vector, which in the open-system case requires specifying the expected value
of the three Pauli spin operators.

ASThiS generalizes vectorization (see, e.g. Section 3.2.5). To see this, consider making the choice that
Q; = |7)j|. When applying vectorization to the density matrix and other operators in £(#), the term
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Tr[p] = 1 to eliminate one degree of freedom; identify (2. = 1/2" and demanded that the
remaining observables are traceless and orthonormal®, so

22n—1
1 DU | A
j=1

We have now identified the state p(t) with a time-dependent vector of coefficients, x(¢). This
is a generalization of the Bloch vector and is known as the coherence vector |5, 83]. Of course,

a generic Hermitian observable Ay can also be expanded in this basis,

22n—1
A An T oA 1 N

Now, we can express the expected value of our observable as an inner product between
coefficient vectors,

yp = Tr [Akp] = % +m;x. (3.24)
Define b, = mgy/2". Now, the expected outcome of measuring a set of m observables,

{Ax}7,, can be expressed as a linear equation,
y = b+ Mx. (3.25)

The y are the known expectation values from measuring our system, and the coherence vector

x is the unknown state. This can be solved with the usual least-squares optimization'® so

xprp = arg min ||b + Mx — y||,. (3.26)

superoperator is often used by physicists, with the notation |p)) for the vectorized density matrix.

9The existence of such operators is clear by considering generalizations of the Pauli matrices-indeed, this
is simply asking for a basis of the Lie algebra su(2"), see Chapter 5.

There is no guarantee that the estimate x;rp in Equation (3.26) actually corresponds to a physical
density matrix, p € D(H) [177]. A physical state is trace-one and Hermitian; both are linear constraints
that can be expressed using Lemma 3.2.1. Hence, the closest physical state to the estimate prg can be



49

All extensions and adaptations of this least squares problem using sparse sensing, random

matrix theory, neural networks, and so on can now be directly applied in this setting.

found by linear programming, i.e.

or, equivalently,

argmin i —
subject to  Tr[p] =1
pl=p

argmin ||b+Mx —y|,

subject to Cx =0
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Chapter 4

BILINEAR DYNAMIC MODE DECOMPOSITION FOR
QUANTUM CONTROL

This work is a presentation of Reference [72]. As such, this material is mostly self-contained.

Abstract

Data-driven methods for establishing quantum optimal control (QOC) using time-dependent
control pulses tailored to specific quantum dynamical systems and desired control objectives
are critical for many emerging quantum technologies. We develop a data-driven regression
procedure, bilinear dynamic mode decomposition (biDMD), that leverages time-series mea-
surements to establish quantum system identification for QOC. The biDMD optimization
framework is a physics-informed regression that makes use of the known underlying Hamilto-
nian structure. Further, the biDMD can be modified to model both fast and slow sampling
of control signals, the latter by way of stroboscopic sampling strategies. The biDMD method
provides a flexible, interpretable, and adaptive regression framework for real-time, online
implementation in quantum systems. Further, the method has strong theoretical connec-
tions to Koopman theory, which approximates nonlinear dynamics with linear operators. In
comparison with many machine learning paradigms, minimal data is needed to construct a
biDMD model, and the model is easily updated as new data is collected. We demonstrate the
efficacy and performance of the approach on a number of representative quantum systems,
showing that it also matches experimental results.

4.1 Introduction

Quantum optimal control (QOC) is a comprehensive mathematical framework for quantum
control in which time-dependent control pulses are tailored to specific quantum dynamical

systems and desired experimental objectives [23]. QOC algorithms are critical for emerging
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new quantum technologies in scientific and engineering disciplines, including computing,
communications, simulation and sensing [127]. For example, algorithm construction in the
gate-set model of quantum computation is accomplished by concatenation from a universal
set of quantum logic gates; however, QOC can create more accurate implementations of
commonly used subroutines by leveraging optimal control [173, , |. Despite the unique
challenges of quantum theory [5, 18|, standard model-based control optimization procedures
have been developed and refined [23, 51, 54, 97]. Many of the seminal innovations in QOC
were developed for applications in Nuclear Magnetic Resonance (NMR) [68]; today there are
many numerical methods and tools useful in a wide range of QOC application areas |11, 85, 91].
In QOC, practical control design ultimately depends on an experimentally-accurate model of
the governing quantum dynamics and the action of controls. In this manuscript, we introduce
the data-driven regression framework known as dynamic mode decomposition (DMD) to
construct control models directly from time-series measurement data. Our DMD method is
tailored to the bilinear structure of quantum control dynamics; moreover, it is a completely
data-driven approach that can accommodate both fast and slow (stroboscopic) sampling of

control signals.

Many data-driven methods for characterizing quantum devices have been developed
under a variety of modeling assumptions [506]. The quantum-information community often
assumes a quantum-process model of the dynamics. In this case, a fixed quantum process is
treated as a black box and is experimentally characterized using quantum process tomography
(QPT) |20, 36, 140, 145, 171]. An alternative to the QPT black box is Hamiltonian tomography
which attempts to identify the generator of the dynamics by connecting the Hamiltonian
parameters to features of the observed dynamics [10, 606, |. Our approach is similar
to Hamiltonian tomography, but we treat control as an exogenous parameter in order to
simultaneously identify separate generators for the drift and control dynamics. Therefore,

our approach directly addresses the needs of QOC.

The challenges posed by Hamiltonian tomography are well-known [506, |. Statistical

difficulties can arise when solving inverse problems involving data. The generated dynamics
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are a nonlinear function of the Hamiltonian parameters being sought. There is also the
curse-of-dimensionality: computational costs grow exponentially with respect to the quantum
degrees of freedom. Inspiration can be taken from machine learning methods because they
have successfully circumvented many difficulties with high-dimensional and nonlinear data sets
through principled construction of low-dimensional embedding spaces. In quantum dynamics,
reinforcement learning methods have been used for quantum control design [30, , |,
neural networks have been used for finding low-rank embeddings of quantum states and
processes [157, 184, 193], and the efficiencies of Bayesian methods [190, 194] have been studied.
Our new approach is closely connected to earlier work on the quantum application of linear

system identification [203].

Data-driven system identification is a scalable, accurate, and flexible modeling paradigm
ubiquitous throughout science and engineering. System identification algorithms use abundant
data collection to automate modeling tasks—often in frameworks amenable to model-free control
design. Koopman theory for classical system identification and control is one paradigm that
even uses the operator-theoretic language developed for quantum dynamics [101, , |.
In Koopman theory, nonlinear classical dynamics are described by the linear action of
Koopman operators on an infinite-dimensional Hilbert space of observables. The action on
observables makes the operators amenable to general data analysis. The DMD algorithm
is a data-driven regression that makes a finite-dimensional approximation to the Koopman
operator [185]. DMD avoids the statistical issues associated with inverse problems by finding
low-rank, interpretable feature spaces in the data. The algorithm can accommodate physical
constraints, delay-embeddings, and multi-scale dynamics [3, 38, |. With high-dimensional
data DMD can make use of tensor decompositions |71, 100] and compressive sampling |10, 20].
Moreover, the DMD algorithm has been successfully adapted to provide equation-free control
design for non-autonomous dynamical systems |75, , , |. In the present work, we
show how the DMD system identification framework can be applied to the study of quantum
control via a bilinear DMD algorithm (biDMD) |75, 159]. We study the biDMD algorithm as

an approach to synthesize numerical optimal control and experimentation. In addition to the
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innovation of the biDMD algorithm, we also show how it can be used when sampling is fast or
slow relative to the applied control signals-the latter by stroboscopic sampling. The biDMD
architecture is applied in several examples in a promising demonstration of the possibility of

QOC using time-series data alone.

The first two sections serve as background. Section 4.2 reviews quantum dynamics and
recalls the connection with Koopman-von Neumann classical mechanics. Section 4.3 reviews
the DMD algorithm. In Section 4.3.3, we introduce biDMD for quantum control. An example
is provided for the fast-sample limit where the data record fully resolves the dynamics. Next,
Section 4.4 explores biDMD in the opposite limit of stroboscopic sampling. In this context,
natural interpretations of DMD using Floquet theory and treatments of biDMD from the

perspective of average Hamiltonian theory are discussed with examples.

4.2 Quantum dynamical systems

The first complete formulation of quantum dynamical systems occurred in the 1930s with
the operator-theoretic perspective of the Dirac-von Neumann axioms [189]. This description
replaced the notion of a possibly nonlinear equation of motion defined over a classical
phase space with an infinite dimensional linear operator algebra acting on a Hilbert space.
This formulation was not restricted to quantum mechanics. Indeed, an operator-theoretic
linearization of classical dynamical systems was contemporaneously made using the Koopman-
von Neumann theory [101, |. We review the dynamics of quantum states here before

transitioning to abstract states of measurement data in Section 4.3.

4.2.1 Autonomous systems

In quantum mechanics, the state of an N-dimensional physical system is represented by a
unit vector, or ket, |¢) in a complex vector space CV. The dynamics of a quantum state are

given by the Schrédinger equation,

9ot = —iHo l(0), (i) = o) (1)
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where the Hamiltonian operator, Hy, has been assumed without loss of generality to be
traceless , and Plank’s constant A has been set to unity. More generally, an ensemble of pure
quantum states can be completely characterized, in the sense of its measurement statistics,
by a density matrix p(t); that is, a non-negative self-adjoint operator in C¥*¥ with trace one.
The Liouville-von Neumann, or quantum Liouville equation, describes the time evolution of a

density matrix [22]:

0

Soplt) = —ilHo, p(t)) == Lop(t),  plte) = po. (4.2)

The quantum Liouville operator Ly is sometimes known as a super-operator because of
its linear action on the space of operators. There are a number of ways to wvectorize the
quantum Liouville equation. We will use the language of the familiar Bloch vector (also
known as the vector of coherence) to describe passing to a vector of differential equations.

Writing p(t) = 1/N + Z;le_l Tr(po;)o; with {aj}j-vjfl as a complete and orthonormal

basis for traceless Hermitian operators, we can then define x; := Tr(po;) so that ((4.2))
becomes [, 107]
0

For a more complete description of this process, see Section 4.2.3. Obtaining an expectation
value z;(t) := Tr(p(t)o;) requires a collection of identically-prepared quantum states. In this
paper, the “measurement” of a quantum state as represented by x(t) is understood to mean

the measurement of such an ensemble.

In terms of the eigenvectors v; and eigenvalues A; of Ly, the solution to ((4.3)) is

N2-1
x(t) = Y v;ellT0e; = Vexp(A(t — to))c, (4.4)
j=1
where the coefficients ¢; are the coordinates of x in the eigenvector basis. For continuous

dynamics as in ((4.4)), there exists an equivalent discrete time description of the system x(t)
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sampled at intervals of At.

4.2.2  Non-autonomous systems

Many important classical non-autonomous control systems can be formulated as control-affine
dynamical systems. Transforming to the operator theoretic perspective of the Koopman-von
Neumann theory, these are bilinear dynamical systems [76]. In this section, we review non-
autonomous dynamical systems and establish the bilinear formulation of the quantum control

problem.

4.2.2.1 Darect actuation

Direct actuation is a common situation in classical control theory in which an autonomous

dynamical system like ((4.3)) undergoes a linear response to control inputs u(t) € R [163]:

0
5x(0) = Lox(t) + Lou(t),  x(to) = xo. (4.5)

Recall that if the control is input under a zero-order hold across At, the discretization
x, = X(to + (n — 1)At) and u,, = u(to + (n — 1)At) transforms ((4.5)) into the discrete-time

dynamical system

At
X, 41 = 0%, + (/ eLO(At_S)LBdS) Uy, - (4.6)
0

Significantly, the dynamics remain control-affine for any span At.

4.2.2.2  Bilinear quantum dynamics

The control of a quantum system can be modelled using [V, real-valued control functions, u;(t),
coupled to corresponding time-independent interaction Hamiltonians, H;, such that the

dynamics are described by the bilinear Schrodinger equation,

o (o) = —i <H0 + 2uj<t>Hj> D). (k) = o) (4.7
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Following Appendix 4.2.3 like for ((4.3)), the bilinear Schrédinger equation induces the

vectorized bilinear quantum Liouville equation |5, ],
] al
EXQ) = (LO + ]Zl U](t>LJ> X(t), X(to) = Xp, (48)

by identifying H,, + L, forn =0,1,..., N, and x € RV =1 This linear differential equation

can be integrated in the usual way to obtain

N¢ t
x(t) = elolt=to)x, + Z/ eLo((t=t0)=9)q, ()L x(s)ds. (4.9)
j=1 "t

If a discretization is taken such that x,, = x(t9p + (n — 1)At) and u;,, = u;(to + (n — 1)At),
then to first order

Ne
X1 = (1 +LoA)x, + Y ujLiAtx, + O(AL) (4.10)
j=1
such that the discrete time dynamical system remains control-affine [159]. Note that in

this first-order approximation the computation of derivatives via finite differences and the

computation of the discrete time dynamical system are equivalent.

4.2.3  Vectorization of quantum dynamics

In quantum dynamics, a time-independent closed quantum system can be described by a
Hermitian operator Hy (the Hamiltonian) acting on a unit vector |¢(¢)) (the wavefunction)
in a complex Hilbert space H using the Schrodinger equation,

0 i

S ) = —

o Hol9(0) . 16(0)) = [vo) (1)

In this paper we set A = 1, choose Hj to have zero trace, and assume that # = C" has finite

dimension. The control of the system can be realized using control functions, u (), coupled
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to time-independent interaction Hamiltonians, Hy, leading to a bilinear Schrédinger equation,

%Izﬁ(t» =—i (Ho + Zuk(t)]-]k> 1W(t)) . (4.12)

More generally, open quantum dynamics involves mixtures of pure quantum states. The
statistics of measurements of this kind of state can be completely described by a density
operator, p, that is any element in the convex set of all non-negative (p > 0) self-adjoint
(p" = p) linear maps on H with Tr p = 1. The pure state density operator is p(t) = [(¢)) ((t)].
The case of Markovian dynamics of p can be described by the action of completely-positive
trace preserving maps generated by the Gorini—Kossakowski-Sudarshan—Lindblad (GKSL)

equation [22],

0

() = L()p(t) = —ilH(0), p0)] + 5 > e (D3, o) DI + [Dip(t). D)), (4.13)

lis an

where H(t) is a trace-zero Hermitian operator (the system Hamiltonian), {Dj}é\ff
orthonormal set of complex matrices with trace zero, and C' := (c¢;;) is positive semi-definite.
For a closed quantum system C' = 0, and the equation becomes the quantum Liouville

equation.

The Lindbladian, £, is sometimes called a super-operator because of its linear action on
the operators p (in the Liouville limit, £ is instead called the Liouville operator). Several
ways to vectorize the GKSL equation exist. We will use the physics language of the Bloch
vector (also know as the vector of coherence) to describe passing to a vector ODE. Using the
trace-one constraint of a density matrix, write

N2-1

p(t) = % + Z Tr(poj)o; (4.14)

with {o; }j\zl_ ! as a complete and orthonormal basis for traceless Hermitian operators. Take
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x;j := Tr(po;) so that ((4.13)) becomes

0

2x(t) = (Lig + Lo)x(t) + ¢ (4.15)

by projection onto the basis {aj}j-vjl_l such that

(Ln)je = Y Te(H o0) fun (4.16)
¢
(Lp)jr = —i Z Con (fmej (frok = 19ner) + freg (fmek + 19mer)) (4.17)
£m,n
(C)j = % Z Cmnfmnj (418)

where [0, 0k] =1 fixeoe and {0, 04} = %(%k]l + >, gjkeoe are the structure constants of
the basis |5, |. Identifying H(t) = Ho + >, wi(t)Hy with Ly = Lo + >, uj(t)Ly, results

in a bilinear GKSL equation for the vectorized density matrix,

%X(t) = (Lo + Xk: we(t)Li + Lp)x(t) + c. (4.19)

Similarly, the bilinear quantum Liouville equation is

%x@ = (Lo + 3 un(OLe)x(?) (4.:20)

4.3 (Bilinear) Dynamic Mode Decomposition

In recent years, a variety of practical computational tools have encouraged more widespread
adoption of the Koopman-von Neumann perspective in the dynamical systems commu-
nity [134, |. The Dynamic Mode Decomposition (DMD) broadly refers to a suite of
numerical methods originating in the fluid dynamics community for the purpose of studying
coherent spatiotemporal structures in complex fluid flows [185]. DMD combines standard

dimensionality reduction via the singular value decomposition with Fourier transforms in
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2(_1’ X9, X3, X4, Xp; -++ (c)
Data matrices:
[ ]
X=|x1; X3 -+ Xpy-1
L I
[ I ]
X'=|x; x3 XM
L I
¢ Uy, Up, U, Uy, Us, ... Control matrix:
! 2q " | |
0 2 4 6 8 10 u(t) U= [ul u - uM1]
-2 | |
o T T T ! T T » t
(d) Bilinear DMD: 0 2 4 6 8 10
| | |
UOX=|uw®x; uw®x2 ... uy 10Xpy-1 O X'~ AX + B(U © X)

Figure 4.1: The trajectory of a qubit driven by a linearly-polarized semi-classical drive
u(t) (Hamiltonian: H(t) = mwo, + u(t)o,) is shown on the Bloch sphere in Figure 4.1(a).
The corresponding Pauli-spin measurements are shown in Figure 4.1(b). Measurements x;,
j=1,2,..., are taken at discrete time steps and assembled into offset snapshot matrices X
and X’ in Figure 4.1(c). The bilinear Dynamic Mode Decomposition (biDMD, Figure 4.1(d))
is a regression-based algorithm that uses the assembled data matrices and control input
from sufficiently-resolved data to learn the intrinsic dynamics, A and the control, B, for the
bilinear dynamics.
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time. In application, all variations of the DMD algorithm involve collecting a time series of
experimental measurements in order to compute a reduced-order dynamical model based on
DMD modes and eigenvalues. The DMD modes identify coherent structures in the measured
space and the DMD eigenvalues define the growth, decay, and oscillation frequency of each

mode. The following sections will review the DMD framework.

4.8.1 DMD

The standard DMD is a data-driven algorithm defined via the observed trajectories from

either experimental data or a numerical simulation of a dynamical system

0

550 = Lox(t),  x(to) =xo, (4.21)

where x(t) € RV*~! to remain consistent with Section 4.2. (DMD ultimately deals with data
and is agnostic to the underling system that produced it.) The first step of the algorithm is

to assemble a sequential measurement record {x(t;) = x1,Xa,...,Xp}, 61 <o < -+ < tp,

into snapshot matrices:

4
Il

X1 X9 ... Xpm-1f> X' = Xo X3 ... Xpm| > (422)

so X, X' € RV’*=1xM-1 Ty this paper we assume uniform sampling with ¢, := to+ (m — 1)At,
but this assumption can be relaxed [3]. In its simplest form, DMD is a regression algorithm

that estimates the propagator matrix

X'~ AX (4.23)
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by solving the optimization problem

A = argmin HAX - X/ (4.24)
A

F

where |M||, = \/ Z}]:1 SO myy is the Frobenius matrix norm defined for any given matrix
M. The least-squares solution to ((4.24)) is A = X'X™" where + denotes the Moore-Penrose
pseudoinverse of a matrix. From the eigendecomposition A = WQW !, define the DMD
modes w; as the columns of W. Future states can then be predicted as in a discrete analogue

to ((4.4)) using
N2-1

X, = »  wwlb; = WQ"b (4.25)

J=1

where b are the coefficients of the initial condition in the eigenvector basis, xg = Wb.

4.3.1.1 Scalability

The eigendecomposition of A € RV PIXNZ-L ap easily become numerically intractable for
large N. However, the big data limit is nothing unusual for the problems appearing in
data science and fluid dynamics that DMD has already addressed with success. The DMD
algorithm circumvents this problem by projecting the high-dimensional snapshot matrix X
onto a low-rank subspace defined by R modes computed from the singular value decomposition
(SVD) of X (note that because it is computed from the snapshot matrices, the rank of A
is at most M — 1 when N2 > M). In this way, DMD determines a low-rank approximation
A € RE*E {0 describe the dynamics of the measured trajectories. In the big data limit, the
low-rank approximations in DMD can be computed using randomized algorithms so that
the required computations scale with the intrinsic rank of the data instead of the ambient

measurement dimension [60)].

This paper introduces DMD for quantum control by way of simple low-rank examples.
Therefore, there are outstanding and important scalability questions that must be addressed.

For instance, low-rank approximations and reduced-order models are not appropriate for
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capturing the full expression of a generic quantum dynamical system. However, suitable

constraints on the control can ensure the SVD-based DMD is a natural choice for the study

of many-body quantum dynamics [105]. As well, DMD accommodates the use of tensor
decompositions |71, | and is thereby equipped for those quantum states represented by
tensor networks [17]. Improvements may also be made by incorporating approximately-known

theoretical models; after a straightforward modification of Equation (4.8) our framework
becomes one for bilinear discrepancy modeling. This may allow us to introduce low-rank
assumptions in the discrepancy space that could not be made in the state space [$1]. The
DMD framework includes a selection of well-established extensions and improvements beyond
the naive algorithms introduced in this paper—-many focus on adapting to situations with
meager amounts of noisy time series data. We discuss some possible directions of future

research in our concluding remarks in Section 4.5.

4.3.2  DMD with Control (DMDc)

Dynamic Mode Decomposition with control (DMDc) [163] is an algorithm developed for

modeling the special case of direct actuation:

0

5X(1) = Lox(t) + Lpu(t),  x(to) =xo. (4.26)

with u(t) € R™. Like DMD in ((4.22)), the size-M measurement record associated with the
trajectory of x is assembled into snapshot matrices X and X’. This time, the control inputs,

u,, := u(t,), are also collected:

U = u; Uy ... Up_q| - (4.27)
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Algorithm 2 Bilinear Dynamic Mode Decomposition

INPUT: Snapshot data X, shifted snapshot data X', control matrix U, and target
ranks 7, 7 o
OUTPUT: DMD modes ®, eigenvalues A, and estimates A, B for the drift and control

matrices
1: function BIDMD(X, X', U, 7, 7)

= |ulx]
2: =

UoX
3: ﬁ, f], = SVD(E, 7) > Truncated 7-rank SVD of &
4: U4, Upl < U > Decompose U according to A and B
5 A+« X'VEIU| > Estimate for A
6: B« X’\foflﬁg > Estimate for B
7: [AJ', i?, V SVD(X', 1) > Truncated 7-rank SVD of X’
8: A« UTAU > Low-rank approximation for A
9: W, A + EIG(K) > Eigendecomposition of A
10: d «— AUW > DMD modes for A

11: end function

DMDc is a regression-based approach to system identification that disambiguates the intrinsic

dynamics, A, and the effects of control, B:

X
U

I
Q
(11

X'~ AX + BU = [A B] (4.28)

The DMDec algorithm achieves this disambiguation by interpreting the best-fit solution

according to

[A B} =X'E". (4.29)

DMDc Bristowbrings all the benefits of the DMD algorithm to a model-free framework for

experimental control optimization.
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4.8.8  Bilinear DMD (biDMD)

Bilinear Dynamic Mode Decomposition (biDMD, Algorithm 2) is a data-driven system

identification framework for bilinear non-autonomous control systems:

%X(t) = (Lo + Zc u](t)Lj> X(t) 3 X(to) = Xp- (430)

Construct the snapshot matrices X, X', and U as in ((4.22)) and ((4.27)) using the size-
M measurement record of the trajectory x(¢) and the corresponding input record u(t).

Additionally, construct the bilinear snapshot matrix

| | |
UoX=|uy®x; w®xs ... Uy 1@xXy_1]| - (4.31)

where u ® X 1= [u 21, U o, . . ., ULT N2_1, UsT1, UnTa, - - ., UN,Tn2_1]| ¢ is the Kronecker product
and U ® X is the column-wise Kronecker product of two matrices (also known as the
Khatri-Rao product). The discrete time dynamics of a bilinear dynamical system are

well-approximated (for small enough At) [159] by
X'~AX+B(UoX). (4.32)

where X € RN?-1xM-1 1J ¢ RNeXM-1 U o X € RVe(W-DxM-1 A c RN*-1xN’-1 414
B e RV ~1xNe(WW*=1) T jtg simplest form, the biDMD algorithm is a regression algorithm in

the spirit of DMD ((4.23)) and DMDec ((4.28)) such that

X' ~ [A B] = GE (4.33)
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(a) Off-resonance sample (b) w = 1.001 (c) On-resonance extrapolation —»
1o« 1
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t

Figure 4.2: In Figure 4.2(a) five periods (7' = 1) of highly-resolved Pauli-spin data (At =
T/16) with additive Gaussian noise (¢ = 0.01) are sampled from simulations of the system
H(t) = 7o, + cos(2mwp)o, driven by the slightly off-resonance frequency wp = 1.1. The
biDMD algorithm disambiguates the drift, A, and control, B, dynamical operators. The
biDMD eigenvalues of A are plotted in Figure 4.2(b). In Figure 4.2(c) a new control is
provided using the resonance frequency, w = 1.001, estimated from the DMD eigenvalues
in Figure 4.2(b). The biDMD model extrapolates using only an initial state and a desired
control. Figure 4.2(c) compares the biDMD extrapolation to the known simulation.

Like DMDc, the biDMD algorithm (Algorithm 2) disambiguates the effect of the intrinsic
dynamics, A, from the effect of the control inputs, B, using a factorization of the best-fit
solution:

[A B} =X'E". (4.34)
4.3.3.1 Ezample 1

Consider a two-level quantum system, H(t) = mo3 + u(t)oy, where {o;}3_, are the standard
Pauli matrices. This can be realized, to take an example from quantum optics, by applying a
linearly polarized semi-classical drive to a dipole-allowed atomic transition AFE = 27 [22].
Suppose the dynamics have been inaccurately characterized so that the system is driven in an
experiment by a slightly off-resonant pulse, u(t) = cos(2rwpt) with wp = 1.1. In Figure 4.2,
the biDMD algorithm uses samples from such an experiment in order to disambiguate the
effect of control. The phase of the DMD eigenvalues ((4.25)) provide an estimate of the

resonance frequency, w ~ 1.001. The biDMD model can then be used to predict the behavior
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of the system under the influence of this estimated-resonance drive without a priori obtaining

an accurate characterization.

Recall the trajectory samples are measured via the expected value of an ensemble of
identically prepared quantum states. Advantageously, the DMD algorithm is based on a
least-squares regression that is optimal with respect to Gaussian measurement noise of the
finite statistics. The algorithm does not require much data. Moreover, if the algorithm is
applied to a system with dissipation, then the model extracts the corresponding modified drift
and control operators. An otherwise identical result to Figure 4.2 can be obtained without

any change in procedure.

4.4 DMD for Stroboscopic Sampling

Recall that the DMD algorithms in Section 4.3 are applicable only to systems in which the
measurement resolution At is small enough to accommodate the linear approximation to the
desired accuracy. Higher-order approximations to ((4.10)) show that improvements to the
biDMD model can be made by adding terms nonlinear in the control [159]. This research
direction may be appropriate for cases where the zero-order hold on the control is extended
for the entirety of the interval At. Instead, in this section we study the case of stroboscopic
measurements of the trajectory x(t) separated by time steps 7" > At during which the control

can change significantly.

The observation of low-frequency dynamics ~ T in a system under the influence of
relatively high-frequency actuation ~ At is a familiar feature of bilinear systems. For
example, the classroom experiment of an inverted pendulum stabilized by the high-frequency
vertical drive of its pivot can be modelled as a bilinear control system (under an appropriate
operator-theoretic transformation of Mathieu’s equation). The two-level quantum system
from Section 4.3.3.1 provides another example. The textbook analysis of the two-level system
proceeds via a rotating frame transformation together with the rotating wave approximation

(RWA). Consider H(t) = mo3 + u(t)o; driven by a pure tone u(t) = ugcos(2nvt). Changing
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to a frame rotating with the drive frequency about the o3 axis of the Bloch representation,

~ ou
H=U'HU — iUTE =mvl +7(l —v)os + %01 —I—%(cos(@wt)al — cos(4mvt)oy) (4.35)

RWA
with U(t) = exp(2nvi(1 — 03)t/2) where the RWA disregards the contribution of the emergent
high-frequency terms to realize a constant Hamiltonian. The coefficient of o, in the RWA is ug
which can be small relative to 27v. In this case, the characteristic Rabi cycle of the two-level
system is a low-frequency oscillation divorced from the high-frequency drive. Motivated

by these examples, Sections 4.4.1-4.4.2 discuss DMD strategies for the case of stroboscopic

measurements.

4.4.1 DMD and Floquet Theory

In this section, we recall how periodically-driven dynamical systems are connected to the case
of stroboscopic measurements (and rotating frames) using the framework of Floquet theory.
We introduce Floquet theory and show how corresponding re-interpretations of DMD enable
an efficient method for studying stroboscopically-measured, periodically-driven quantum

systems.
In Floquet theory (known as Bloch theory in condensed matter physics), the discrete-
time evolution of a periodic quantum dynamical system, H(t + T') = H(t), is given by the

time-independent stroboscopic Floquet Hamiltonian [29],

U(to + T, to) = exp(—iHF[to]T) . (436)

The dependence on the initial time, ty, is a gauge transformation known as the Floquet gauge.
The Floquet Hamiltonian is a consequence of the observation U (tg+nT, tg) = U(to+T,to)". A
classical version of ((4.36)) also exists; for vectorized quantum systems, exchange —iH p[to] —

Lz[to] in the manner outlined in Appendix 4.2.3.

Take the eigendecomposition of the Floquet operator such that Lg[to]€;(t0) = €;€;(to)
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for j =1,2,...,N? — 1. Floquet’s theorem is the observation that the T-periodic fast-time
dynamics can be separated from the slow-time dynamics governed by Lg[ts]. The theorem
asserts that attaching the periodic fast-time propagation to the eigenvectors, &;(t+7") = §;(¢),
provides a complete set of solutions for the dynamics. In this Floquet basis, the general

time-evolution of an initial state x(¢) is given by

N2-1

x(t) = Y &)y, (4.37)

where the &£(t) are known as Floguet modes, the €; are known as quasi-energies, and the

coeflicients ¢; are the coordinates of x(to).

Comparing ((4.4)) with ((4.37)), it is evident the DMD algorithm ((4.23)) can provide
a framework for the numerical approximation of Floquet modes and quasi-energies using
DMD modes and eigenvalues [113]. We refer to this re-interpretation of the DMD algorithm
as Floquet DMD. Suppose a size-M measurement record of the trajectory x(t¢) is obtained
from a non-autonomous system with a known period 7. Further suppose that the first s
measurements are contained within [0,7"), the second within [T,27"), and so on under the
constraint ¢, = t,s,, mod T for r =1,2,...,s. Consider the reshaped snapshot matrices for

this stroboscopically-measured data,

X1 Xs41 o--- X((M-1)/s]-1)s+1
X — X2 Xgy2 .- X(L(M—l)‘/sj—l)s—&-Q ’
_Xs X2s .. X(L(Mfl)/sjfl)ers_
Xstl X2stl - X([(M=1)/s])s+1
X' — Xs+2 X2s42  --. X((M-1)/s])s+2 (4.38)

X2s X3s S X I_(Mfl)/sj)s+s_
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where X, X' € RsW*~DxUM=-1/s] T this way, the columns of X exist in the span of a

discretization of the T-periodic Floquet modes, {Sj(t)}j.vjf 1. These Floquet modes evolve
with a single phase given by the quasi-energy. From the snapshot matrices, the DMD
algorithm constructs an optimal propagator in terms of DMD modes and eigenvalues that

provide numerical approximations to the Floquet modes and quasi-energies, respectively.
4.4.1.1  FEzample 2

Consider the two-level quantum system from Section 4.3.3.1 with H(t) = wo3 + u(t)o; driven
by a control u(t) = cos(2rwpt) with wp = 1.1. Suppose the system is stroboscopically
measured at 4 times per period over a total 47" (such that M = 16 and s = 4). Construct
the snapshot matrices ((4.38)) from this measurement record. In Figure 4.3(a,b), the DMD
modes and eigenvalues from applying the Floquet DMD algorithm are compared with the
exact Floquet modes, exact quasi-energies, the rotating wave approximation (RWA) modes,
and the RWA eigenvalues (see Equation (4.35)). Because wp = 1.1 is close to resonance, the
RWA is valid and able to capture the quasi-energies. However, RWA does so by sacrificing
the fast-time dynamics. In contrast, the Floquet DMD is not constrained to the regime of
the RWA and resolves both the fast and slow time-scales using the stroboscopic measurement
data. The Floquet DMD provides a linear reduced order model that approximates the exact
linear dynamics of any periodically-driven quantum dynamical system. This implies the
method is well-suited to extrapolation, as shown in Figure 4.3(c).

The Floquet DMD inherits all the model-reduction advantages of the DMD algorithm.
However, one drawback of Floquet DMD is that control is internal to the constructed model.
As such, the solution can assist control strategies involving switched systems, but cannot

generalize to unseen control inputs.
4.4.2 biDMD and Average Hamiltonian Theory

Average Hamiltonian Theory (AHT) |24, 180] is a method with origins in the NMR community
that asserts that the dynamics of a quantum dynamical system driven by a time-dependent

control can be described by the average effect of the field over a period T of its oscillation.
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Figure 4.3: 1 A qubit with intrinsic period 1 is driven by a slightly off-resonance frequency
with period T'= 1/1.1. Equi-spaced stroboscopic measurements are sampled at a frequency
of 4/T during a total sampling window of 4T to construct a model using Floquet DMD.
Figures 4.3(a-b) compare Floquet modes and quasi-energies to the eigenmodes and eigenvalues
from DMD and the rotating wave approximation (RWA). The columns in Figure 4.3(a) are
indexed by the coordinate of the state x(¢) = Tr(po;). The horizontal axes are labelled by
7=t mod T. Measurement data from a fifth period is used to provide initial conditions for
the model-based extrapolation in Figure 4.3(c).
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Figure 4.4: Stroboscopic measurements of a qubit driven by a linearly-polarized semi-classical
drive u(t) (Hamiltonian: H(t) = mo,+u(t)o,) are shown on the Bloch sphere in Figure 4.4(a).
The corresponding Pauli-spin measurements are shown in Figure 4.4(b). Control is incorpo-
rated by computing Fourier coefficients of each intra-stroboscopic control input (Figure 4.4(c)):

L T
u, = [an17an27-"7anKabn17bn27"'7an] .
coeflicients are assembled into a control

Potentially nonlinear combinations of the control
data matrix in Figure 4.4(d). The stroboscopic

bilinear Dynamic Mode Decomposition (biDMD, Figure 4.4(e)) is a regression-based algorithm
that uses the assembled data matrices and control input from stroboscopic measurements to
learn the intrinsic dynamics, A and the control, B, for the bilinear dynamics.
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In AHT, a known system Hamiltonian is expanded analytically according to the Magnus
series [19, |. In this section, we show how AHT can be combined with the ideas of
Floquet DMD from Section 4.4.1 to provide a framework for biDMD ((4.33)) in the case
of stroboscopic measurement data. This allows us to extend model-free optimal control

to the limit of stroboscopic measurements. We refer to this interpretation of biDMD as

AHT-biDMD.
Consider a periodic bilinear dynamical system

%x@) = L(t)x(t) = (Lo + u(t)L,) x(t) (4.39)

such that L(t + T') = L(¢). Define Q := 27 /T. Recall the existence of the constant Floquet
operator Lp[to|x(tg) = x(to + T"). The main idea of this section is to approximate Lp[t]
using a high-frequency perturbative expansion which will motivate a way to include control
as a parameter in the spirit of biDMD. There are a number of perturbative methods to find
the Floquet operator in the limit of a high-frequency drive; we will use the familiar Magnus
expansion as used in AHT which allows us to represent the constant Floquet operator Lp[to]

as a series of constant operators [29],
rlto] =Y L [to] (4.40)
7=0

where Lg?) [to] means that the operator appears in the series expansion with a pre-factor Q.
By inserting the Fourier series u(t) = S | ag cos(kQt) + by, sin(kQt) into each Lg)[to] in
((4.40)), j = 0,1,...,J — 1, we obtain a bilinear model up to terms of order 7~ in which
controls enter the Floquet operator as multinomials of the constant Fourier series coefficients.
An analytic example is shown in Example 11. In the Magnus expansion we presume these
coefficients remain constant across a single Floquet period [(n—1)T,nT] but allow for changes
between periods. For example, if we permit only the resonance frequency in the Fourier

expansion of the control, then our method reduces to an on-resonance carrier with an envelope
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under a zero-order hold for the length of the Floquet period. The bilinearization of the
propagator through the basis decomposition of the control is motivated by analytic Floquet-
Fourier methods [35, 44, 175]. To apply AHT-biDMD, construct the snapshot matrices X and
X’ as in ((4.22)) using the size-M measurement record of the trajectory x(¢) where x,, are
measured stroboscopically, ¢, = to + (n — 1)T. Additional intra-stroboscopic measurements
can be included using the methods outlined in Section 4.4.1. Next, suppose controls are
restricted to u,(t) = S @ cos(kQt) 4 by sin(kQ) where n indexes the relevant step
[(n — 1)T,nT)] of the applied control. Define a control snapshot in terms of the coefficients,

A~

Uy, = [An1, Qnoy -+ Qi Opty bua, - - -, buxc] T, such that the snapshot matrix is now

ﬁ == ﬁl ﬁ2 ce ﬁM—l . (441)

Furthermore, define the polynomial library matrix to be

A~

U

A UP
oU)=|_ |. (4.42)
U 3

where e.g. U? denotes all quadratic nonlinearities of the control coefficients,

2 2 2
arq Qa1 Apr—11
aii1ai2 QAa21022 -+ Ap—-11ap—-12
~p, : : "L :
o= ; , : (4.43)
aiq asq Ahrr_12
2 2 2
| blK bZK bM—lK
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Figure 4.5: Figure 4.5(a) shows the true trajectory compared to the biDMD predictions for
a two-level system driven at resonance. Figure 4.5(b) plots the control over a single period
and shows an exact match with the truncated Fourier series whose coefficients make up the
control input of the biDMD model. Figure 4.5(c) shows the error of (a) and for additional
amplitudes of the same control.

Note that in many control systems knowledge of the experimental driving pulse is incomplete
as distortions can introduce nonlinear transfer functions of the expected input as f(u(t)).
Because this is a data-driven approach, the AHT-biDMD model implicitly accounts for the
appropriate nonlinear transfer function for the experimental control up to the truncated order
of these multinomials. Finally, use the library to construct the bilinear operator as in ((4.31)),
@(ﬂ) ® X. Now, AHT-biDMD is the approximation of the discrete time dynamics by the

model

X'~ AX + B (@(fj) ® X) . (4.44)

The algorithm proceeds as in biDMD in Section 4.3.3.
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Recall the two-level quantum dynamical system (4.3.3.1) with H(t) = wo3 + u(t)oy
where {o; }?:1 are the standard Pauli matrices. The corresponding vectorized Liouville
equation is attained via the Bloch representation discussed in Appendix 4.2.3 where

z; = Tr(p(t)o;) such that

0
ax(t) = L(t)x(t) = 2nLsx(t) + 2u(t)Lix(t) . (4.45)
where
0 -1 0 0 01 00 O
Li=]1 0 0|, Le=|0 00|, Ls={f0 0 -1 (4.46)
0 0 O -1 00 01 O

are the vectorized Pauli matrices. Consider a fixed-frequency drive u(t) = ucos(kQt) +

vsin(kQt). The goal is to compute the Floquet operator Lr[0]x(nT) = x((n + 1)T),
with 7" = 27/, to second order in € using the Magnus expansion. Take Lgf) [to] to
mean that the operator appears in the expansion with a pre-factor 2=". The first few

terms in the Magnus expansion are:

to+T
/ AL (1)

LPft] = 51 / R / dts[L (), L(t2)]
to+T
LP[ty] = LT/ / dtg/ [L(t1), [L(ts), L(ts)] + (1 ¢+ 3).

pp (4.47)

LY [t] =

’ﬂl*—‘

The control appears with the same multiplicity as its attached operator in each non-
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vanishing commutator. Note that:

[L(t1), L(t2)] = 4m(u(ts) — u(t1))[Ls, Li]
[L(t1), [L(ta), L(ts)]] = 87*(u(ts) — u(t2))[Ls, [Ls, L]
+ 8mu(ty) (u(ts) — u(ta))[Ly, [Ls, L] . (4.48)

As such, the desired example expansion is computed to be:

4mv 1 _
Lp[0] = 27L; + a2~ (27 (v® + 3v*)Ly + 87°uL) + O(Q7%) . (4.49)
(a) — Exact OStrobe X DMD @ Initial data (b) 1 A
RN ®N RN R 01
0,/ ¢ ‘ A A A AR AT et i —11 o= u(t) = (t)
Ve lg g e V® "7 ' 0 1 2
T T T T T t
1 ] . .
< o 2> (¢) Trained amplitude
100 - % Error
10 —
1 - % Error
of (a)
0 5 10 15 20 0 1 2
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Figure 4.6: Figure 4.6(a) shows the true trajectory compared to the biDMD predictions
for a two-level system driven by a random control. Figure 4.6(b) plots the control over a
single period and shows an exact match with the truncated Fourier series whose coefficients
make up the control input of the biDMD model. Figure 4.6(c) shows the error of (a) and for
additional amplitudes of the same control.
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Figure 4.7: Figure 4.7(a) shows the true trajectory compared to the biDMD predictions for a
two-level system driven by a sawtooth control. Figure 4.7(b) plots the control over a single
period and compares to the approximation via the truncated Fourier series whose coefficients
make up the control input of the biDMD model. Figure 4.7(c) shows the error of (a) and for
additional amplitudes of the same control.
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4.4.2.1 FEzample 3

Consider again the two-level quantum system with H(t) = wo3 + u(t)o;. Restrict the control

to the span

5
12

Zak cos(kQt) + by sin(kQt), Q= 3 ; . (4.50)

k=1

Leveraging the linearity of the biDMD model, assemble the measurement trajectory data
as a horizontal stack of numerical experiments driven by pure tones. Suppose the trajec-
tories are measured over 5 periods of applied control in which each of a; and b, are taken
separately to be £0,0.1,...,1. Include additive Gaussian noise with o = 1072. From this
control data, construct the library snapshot matrix ((4.42)) up to second-order nonlinearities.
In the trajectories, we also include additional intra-stroboscopic measurements using the
methods of Section 4.4.1. From all of these horizontally-stacked measurement trajectories
and the polynomially-extended control coefficients, assemble the snapshot matrices according
0 ((4.44)), and apply the biDMD algorithm to obtain a model for the system.

In Figures 4.5, 4.6, and 4.7 we look at the predictive capabilities of the biDMD model over
10 control periods (twice the training time) for certain representative control pulses. Part (b)
of each figure shows the input control plotted alongside the Fourier-series signal ((4.50)) that
best approximates the applied control. Part (c¢) quantifies the percent error of the measured
versus predicted trajectories over a range of amplitudes assuming that the input control pulse
remains in a fixed shape.

In particular, Figure 4.5 shows the case of a resonance drive. The model is successful up to
a large amplitude limit. This can be understood by recalling that the validity of the Magnus
expansion requires a control period that is “small enough”™a condition that exists in an inverse
relationship with the amplitude of the applied drive. Figure 4.6 shows a successful prediction
for the case of an arbitrary multi-frequency control in the span of the truncated Fourier series
(for simplicity, we hold the same coefficients across all periods). Finally, Figure 4.7 shows a
sawtooth drive that is only approximately captured by the truncated Fourier series input in

the biDMD model; as a result, the model predicts with a reduced accuracy.
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4.5 Conclusion

The success of quantum optimal control (QOC) is critically dependent on accurate quantum
system identification. In cases where theoretical models are inaccurate or unknown, data-
driven system identification is essential for practical QOC. Established ideas from machine
learning and regression algorithms like the dynamic mode decomposition have advantages
that can be useful to quantum technologies. Like the innovation of the bilinear dynamic
mode decomposition (biDMD) in this paper, the ideas must first be adapted to accommodate
the underlying mathematics and structure of quantum dynamical systems. Much like its
forerunner, the DMDc algorithm [163] for the case of direct actuation in classical control
systems, biDMD provides a data-driven and equation-free framework for use with QOC
strategies. We have demonstrated the success of the biDMD formulation on a number of
quantum systems, showing that it can successfully leverage time-series data alone to enact

control.

The use of the DMD framework for quantum systems brings with it a variety of well-
established extensions and improvements beyond the naive algorithms introduced in this paper.
Studying the ways these improvements fit into the quantum world provides a myriad of future
research directions. First, DMD is by construction a method for reduced-order modeling of
high-dimensional systems; however, DMD can also accommodate tensor-network representa-
tions of high-dimensional data [159]. DMD can also utilize compressive measurements |10, 26].
As such, biDMD should be studied in systems involving multiple qubits under control. Also,
time-delays and their connection to random measurements [60), , | indicate ways DMD
can increase system dimensionality in the case of sparse sampling and provide a path for
DMD to capture non-Markovian dynamics |53]. Optimization-based DMD algorithms [3, 110]
can improve characterization of the DMD system by relaxing data-collection strategies and
by incorporating additional physical constraints or modeling assumptions. Such strategies
can be used to increase the fidelity of DMD-based models in experimental settings or to

adapt the framework to one of discrepancy modeling. Because control is exogenous, feedback
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can also be used to increase the DMD fidelity [66]. Ultimately, the goal is to demonstrate
experimentally that biDMD provides one path to data-driven and equation-free model-based
feedback controllers for engineering future quantum technologies. Moreover, it provides a
clear connection to Koopman theory for classical system identification and control, illustrating
how nonlinear classical dynamics are linearized via an infinite-dimensional Hilbert space of

observables [101, 102, [11].
Code availability

Code supporting the findings of this study is openly available at the following url:

https://github.com/andgoldschmidt/biDMD-for-quantum.


https://github.com/andgoldschmidt/biDMD-for-quantum
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Chapter 5
CONTROL THEORY

“A discussion of the nature of any intellectual effort is difficult per se - at any rate,
more difficult than the mere exercise of that particular intellectual effort. It is harder
to understand the mechanism of an airplane, and the theories of the forces which lift
and which propel it, than merely to ride in it, to be elevated and transported by it—or

even to steer it.”
— JOHN VON NEUMANN, The Mathematician [138]

5.1 Controllable systems

A system is controllable if we have complete access to the state space of the system through
our choice of inputs. If we conclude that a system is controllable, then the only remaining
problem is to find the actual input sequence to realize the intended dynamics (this is the
subject of Chapter 6). In this chapter, we review two rank tests for controllability. The
first is the Kalman rank condition for linear systems, and the second is the Lie algebra rank
condition for bilinear systems.

We need two concepts in order to discuss controllability of a system. The two concepts
address whether we are talking about our ability to control from an initial state or toward
a target—equivalently, whether we are talking about the preimage or the image under the
controlled dynamics (see Figure 5.1). Suppose we have a generic dynamical system, x = f(x, u)

with x € X', u € Y. Also, take a fixed time T'. Then:

Definition 5.1.1. Controllable set. Given a target state Xi.,, € X, an initial state
Xinit, € X is T-controllable to the target if there is an input sequence u(-) € U[0,T] that

connects the two points under f. Denote the T-controllable set as the preimage, 7 (Xtarg. . U)-
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(a) Controllable set (b) Reachable set

X = ®(Xjpit., W)

Figure 5.1: (a) A given state is controllable to the target if it is in the preimage of the
dynamics, and (b) a given state is reachable from the initial state if it is in the image of the
dynamics.

If this set spans the state space, we say the system has controllability to X¢arg.-

Definition 5.1.2. Reachable set. Given an initial state X;n;;. € X, a target state Xearg € X
is T-reachable from the initial state if there is an input sequence u(-) € U[0, T| that connects

the two points under f. Denote the T-reachable set as the image, CI); (Xinit., U).

We can take the union of T-controllable or T-reachable sets over all T'; we call these the
controllable set, ®~ (Xtarg., ), or reachable set, @ (X, U), respectively. If there exists a
point for which both the controllable and reachable sets are equal to X', then the system
is controllable, in the sense that any two points in X can be connected by way of this
intermediate point. The ideas introduced here can be extended to discrete-time systems in a
straightforward way, but we should be cautious about inferring unchecked conclusions about
reachable or controllable sets when switching between the two cases!.

For linear control theory, we use Steve Brunton and Nathan Kutz’s expansive Data-Driven

Science and Engineering: Machine Learning, Dynamical Systems, and Control |28]. For

!For example, in bilinear systems, the controllability can depend on the discretization scheme (see
Reference [57], §4.5).
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bilinear control theory, we return? to Domenico D’Alessandro’s Introduction to Quantum
Control and Dynamics [11]. We also supplement with David Elliott’s Bilinear Control
Systems [57] and Reference [5], an excellent review article on quantum control theory (which
also covers the material in Chapter 1). Systems theory often incorporates linear measurements
y = Cx in addition to the dynamics. This permits a study of the theory of observability.
We do not focus on observability in this thesis, but this is a natural dual to the idea of

controllability, and it is discussed in the references.

5.2 Linear control theory

5.2.1 Duiscrete time

Suppose we have a discrete, linear, time-invariant control system (D-LTT system),

Xt+1 = AXt + But. (51)

Let X be the state space with n = dim[X]. Our goal is to study what makes this a controllable

System.

2See Chapter 2.
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5.2.1.1 Kalman rank condition

Inspect the set reachable from the origin (i.e. ®1(0,U)). We can iterate through T steps:

x; = Bug (5.2)
X9 = A (BUO) + Blll (53)
X3 = A (ABUO + Bul) + Bu2 (54)
U
u
xr = |[ATB AT2B ... B|| (5.5)
_UT_l_

Because the control inputs are free parameters, ®.(x) is determined by the rank of the matrix
Cr(A,B)= |AT-1B AT2B ... B] . (5.6)

The reachable set is the image of this matrix acting on U7, ®1(0,U) = Im[Cr(A, B)]. Because

of the Cayley-Hamilton theorem?

, we know that for finite-dimensional systems we only have
to check up to T'= n = dim[X] to determine the reachable set [25].
Now let’s consider the controllable set. Given the origin as a target state, an initial state

X is controllable to the origin if there is a control sequence in U™ such that

Up

| u

0=x,=A"% +C,(A,B) | (5.7)

Unp—1

3Every matrix A satisfies its own characteristic polynomial, i.e. p(\) = det[A — A1] is trivially zero for
A — A. Note p(}) is an order n = dim[A] polynomial in \; using p(A) = 0, we can write A™ in terms of
its lower powers.
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This tells us that an initial state xo € ®,,(0) only if Im[A"] C Im|C,(A, B)]. Therefore, if the

reachable set from the origin is X', then every point is in the controllable set from the origin:
X is the D-LTI reachable set = X is the D-LTI controllable set.

The converse does not hold; for instance, if A = 0, then every state is in the controllable set,
unconditional on whether that state is in the reachable set. We can fix this if A is full-rank.

In this case, Im[A"] = X, and we have
X is the D-LTI reachable set < X is the D-LTI controllable set,
where “from/to 0” is implied. We now state the main result of this section:

Theorem 5.2.1. Kalman rank condition. If C,,(A, B) is full rank, then the D-LTT system

in Equation (5.1) is controllable.

Because of its fundamental role in D-LTT analysis, C,, (A, B) is known as the controllability
matriz in the literature. Theorem 5.2.1 can be extended to the case of continuous dynamics

with a few small changes [25].

5.3 Bilinear control theory

As discussed in Chapter 2, quantum control systems are bilinear. Recall from Equation (1.24)
that the continuous, time-invariant, quantum control dynamics are provided via two versions

of the Schrédinger equation. There is one for the state, and one for the operator:

S 00} = (Ho +ulH) [o(0) b U () = (Ho +u(®AUG). (58)

We will use state-controllable set and state-reachable set for the former and operator-
controllable set, and operator-reachable set for the latter. The system is still called con-
trollable if any two states can be connected by an input sequence. In Equation (5.8), we
have assumed that the system is closed. In this case, the matrices —iH ; are skew-Hermitian

(length-preserving for pure states, [¢)). It’s worth noting that if we relax the control dynamics
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to the Lindblad case (Equation (1.40)), then the dissipative part can prevent —iH, from

being skew-Hermitian, which complicates the analysis®.

5.8.1 Discrete time

Consider the discrete, bilinear, time-invariant control systems (D-BTI),

M
X1 = Axy + Z u; ¢ Bjx;. (5.9)
j=1
Suppose we proceed iteratively, like in Section 5.2.1.1. If we naively follow the previous
prescription and look for the reachable set from a state at the origin, we find x; = (A +
uyB) 0 = 0. Clearly, this is not a reasonable starting point for bilinear systems. Moreover,
for quantum systems [¢)) # 0 because the zero state is not normalized. Unlike the linear case,
there does not seem to be an obvious initial state to choose. However, there is a natural
starting point for the Schréodinger equation for the propagator: the identity operator. Let
X € SU(n) denote the elements of this unitary space®. Note that

SU(n) is the operator-reachable set < SU(n) is the operator-controllable set

To illustrate, consider “=": suppose we are given an initial Xj,;;.. The state X!

ini

. 1s reachable
from 1, so we can send Xy to 1 by applying the controls to reach X{ .. . It’s also worth
remarking that if SU(n) is the operator-reachable set, then the system is controllable because
SU(n) includes the unitary dynamics connecting any two states. Therefore, we are interested

in finding a necessary and sufficient condition for the operator-reachable set to be SU(n).

4The tools change from Lie algebras to Lie wedges, and Lie groups to Lie semigroups, e.g. Refer-
ence [114] §27

®The unitary matrices are the group U(n) = {X € C**" : XTX = 1. In the special unitary subgroup
SU(n) < U(n), the unphysical global phase is removed: SU(n) = {X € C»*" : XX = 1, det[X] = 1}.
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The T-step reachability from 1 is

X, = (A 4+ uB)1 (5.10)

X2 = (A + UlB)(A -+ U()B) = A2 -+ U()AB + UlBA + U1U0B2 (511)

Xr=(A+ur_1B)(A+ur_sB)--- (A+uyB)

T-1
= AT+ ur L ABA™ 4+ ug AT B4 -4 (] ] wy)B™ (5.12)

=
How do we analyze the operator-reachable set as specified by Equation (5.12)7 It is a
complicated multilinear function of the inputs, especially troubled by the presence of the fixed
drift term with no control coefficients. The way forward is to suppose that our piecewise-
constant controls are an approximation of some continuous control, and then to study the
continuous case. We do this in the next section. Working ahead, let’s consider such an
approximation starting at Equation (5.10): if A = 1, we have an Euler discretization, so
Xy =1+dtueB =1+ %(k uo)B. In this way, the dynamics can be made to take arbitrarily
small timesteps by leveraging the control amplitudes. There is no speed limit to control.
Meanwhile, with a nonzero drift, we are simply stuck with its effects. Even if a system is
controllable, we are not guaranteed anything about the paths that connect each state, nor

whether the state that is reached can be maintained (see Example 5.13).

5.3.2 Continuous time

Consider the continuous, bilinear, time-invariant control system (C-BTI),

(1) = (A Ty (1)B))x(t) = P(u)x(t) (5.14)



Example 12: Walking on a clock
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Non-zero drift in systems can make control more challenging. Imagine walking along
the second hand of a giant clock. We can adjust our radial position while the second
hand smoothly rotates. This situation can be modeled by a bilinear control system

with nonzero drift,

d 2 0 1 10
Sx=" x + u(t) X. (5.13)
b 60\ _1 ¢ 0 1

This system is controllable, but a given angle can only be attained once per minute

because of the constant drift of the second hand. There is a speed limit to the control.

There is a term for what’s missing: a system is small-time locally controllable® if a

neighborhood of the state is always reachable, V¢ > 0, 3¢ > 0: N (Xinit.) C D} (Xinis.)-

Equation (5.13) is a controllable system, but not small-time locally controllable. We
can see this affect the discretized dynamics, too. If we perform an Euler discretization
in polar coordinates, then 6;,; = 6, + dt%—g@t. Setting dt = 1 and starting at midnight,

we can only reach the rays of states along each of the second marks.

“For instance, see Reference [111] §15. This idea is also connected to time-optimal quantum
control.
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with x € C". There is an equivalent system describing the dynamics of the propagator,

d
SX(t) = P(wX(t) (5.15)

The matrices A, By, ...,B are assumed to be skew-symmetric; so is their linear combination

over real inputs, P(u). Let U be the set of real-valued admissible controls.
5.3.2.1 Lie algebra rank condition

The key to this section is the Lie algebra generated by the matrices P(u), denoted by
£ = {P(u)}Lie.

Definition 5.3.1. Lie algebra. A Lie algebra, L is a vector space over a field F with an
additional binary operation called the Lie bracket. For Lie algebras of matrices, the Lie

bracket is given by the familiar commutator, [X, Y] = XY — YX for all X,Y € L.

Remark 5.3.3. The cross product in R? is an example of a Lie bracket. One important fact
about the cross product is it produces a vector which points orthogonal to the original two
vectors in the cross product. In general, if we iteratively apply the Lie bracket to a given set

of generators, then we may produce new elements that increase the span of the set.

We will show that if the dimension of {P(u)}1;. as a vector space over C is n? or n*—1, then
the system defined in Equation (5.14) is controllable. This is the Lie algebra rank condition.
Following the same logic as Section 5.3.1, it is sufficient for the system to be controllable if
the reachable set from 1 contains all unitary matrices, i.e. U(n) or SU(n) C &*(1). For

piecewise-constant controls, the reachable set is the product of elements of the form eP®* i.e.
Ot (1) = {ePltgPlualtz Pludte g "t e R wy,...,u, €U’} (5.16)
Given a Lie algebra L, we can define a similar looking set

ef={eMeM e AL A e L) (5.17)
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By inspection of these two sets, it is evident that ®*(1) C e* when £ is the Lie algebra,
generated by the matrices P(u).

Remark 5.3.4. By Theorem 3.2.6 in Reference [11], it is in fact the case that ®*(1) is dense

in e“. If e* is a compact set, then the two sets are equal.

It turns out that e* is what is known as a Lie group, and the fact that a Lie algebra £

can generate a Lie group in this way is called the Lie correspondence.

Definition 5.3.2. Lie group. A Lie group is a group that is also a differentiable manifold.
This means that in addition to assigning a manifold to the group elements, the group

operations (multiplication, inverse) must be analytic.

Theorem 5.3.3. Lie correspondence. A given Lie algebra £ generates a unique Lie group

e“. Moreover, a given Lie group can be associated to a unique Lie algebra®.

Example 13 illustrates the fact that the Lie algebra of traceless skew-Hermitian matrices,
su(n)

. Now, applying
Remark 5.3.4, we have that if {P(u)}Li spans su(n), then ®*(1) = SU(n) = e**(™. We now

su(n), generates the Lie group of special unitary matrices, SU(n) = e

restate the main result:

Theorem 5.3.4. Lie algebra rank condition. If the dynamical Lie algebra for Equa-
tion (5.14) given by {P(u)}1i has rank n? = rank(u(n)) or n* — 1 = rank(su(n)) as a vector
space, then the operator-reachable set from 1 is U(n) or SU(n), respectively. This is sufficient
for the system in Equation (5.14) to be controllable.

5.3.4.1 Unaversal gates

In Section 5.3.1, we motivated spending our efforts on the case where SU(n) is the operator-
reachable set because this is sufficient for the system to be controllable. However, we ignored

the possible case where the system is controllable, but the operator-reachable set is something

6The associated Lie algebra is equivalent to the tangent space of the Lie group at the identity. Informally,
see Example 13. For additional discussion, see Reference [41] §3.1.



Example 13: The Lie algebra of the special unitary group
The Lie Group

SUN)={UeC"N . UU=1,detU =1}. (5.18)

is known as the special unitary group. It is a subgroup of U(n), the determinant-one
n X n unitary matrices, and GL(n), the determinant-one matrices. In this example,
we show how this group naturally induces the constraints of the Lie algebra of skew-

Hermitian matrices,
su(N)={U e RV*N . Ul + U =0, Tx[U] = 0} . (5.19)

using the fact that the Lie algebra is the tangent space of the Lie group at the identity.
There is a neighborhood around the identity contained in the Lie group which can be
expressed 1 +dA € SU(N). The key step is to note the correspondence of elements of
the Lie algebra with the tangent vectors, dA, and to use that these tangent vectors are
infinitesimal, dA% = 0.

First, consider the unitary condition,
1=UU=1+dA)(1+dA) =1 +dA"+dA (5.20)

so dA is skew-Hermitian.
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Next, consider the determinant condition, so

1+ dAH dA12 cee dAlN
dAy  1+dAp - dA
1< det o 2 2 (5.21)
dAy;  dAys - 1+ dAyy
— 1+ dAy +dAy + -+ dAyy (5.22)

hence dA is traceless. In the last step, any term that isn’t on the main diagonal must

contain some factor dA;;dA, = 0, and so the only non-vanishing terms arise from

Hj(l + dA]])

less than SU(n) 7. Another possible case comes from the field of quantum computation,
because—with its finite gate sets—we only need a few specific operations to belong to the
reachable set. It turns out that, for the Schrédinger equation, SU(n) is almost always the

operator-reachable set.
Theorem 5.3.5. A random pair of gates is almost surely universal.

Proof. For a discussion of this result, see Reference [11] §3. O]

"See Reference [11] §3.3 for an in-depth discussion of this case.
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Chapter 6
OPTIMAL CONTROL

“Numerical solution was considered the last resort of an incompetent mathematician.
The opposite, of course, is true. Once working in the area, it is very quickly realized
that far more ability and sophistication is required to obtain a numerical solution than
to establish the usual existence and uniqueness theorems. It is far more difficult to

obtain an effective algorithm than one that stops with a demonstration of validity.”
— RICHARD BELLMAN, FEye of the Hurricane: An Autobiography

Optimal control is a practical way to realize quantum control for experiments. In optimal
control, the goal is to find actions which minimize the score of some user-defined task. The
actions are called open-loop if they rely on the current system state and future predictions, or
closed-loop if they rely on only the current state. In open-loop control, a model of the system
is used to look ahead and devise a plan of action. In closed-loop control, the best action
can be decided entirely from the current information. Closed-loop control usually involves
measuring and modifying the system online, although it can also be used in concert with the
equations of motion to design an open-loop control. In quantum control, the complete state
information used to apply traditional closed-loop control is rendered unavailable because
any measurement will disturb the system !. Therefore, most quantum control strategies are
open-loop. We review methods for open-loop control in Section 6.1.

The success of open-loop control depends entirely on the accuracy of the model being used

for planning. With a perfect model, there is little need to involve ourselves with closed-loop

!Quantum feedback control can still be implemented with suitable modifications. One way is to use couple
a second quantum system to the original system, and have the dynamics of the second system regulate the
original. Another way is by taking a weak measurement where the system is minimally disturbed. The
weakly-measured system evolves as a stochastic process, and the information from the weak measurement
is immediately used to close the loop [195].)
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control outside of perhaps computational efficiency. The perfect model can make perfect
predictions about system behavior, and hence derive perfect control laws before running a
single experiment. In the grit of the real world, a mischaracterization or disturbance can
result in the failure of the open-loop plan. We can attempt to dig our way out of this problem
by being even more careful about characterization and robustness properties of the controller.
Alternatively, we can incorporate feedback into open-loop control by running the experiment

in iterations. We discuss this idea in Section 6.2
6.1 Approaches to open-loop optimal control

Historically, optimal control problems were solved using the calculus of variations. The
two main directions, the Hamilton-Jacobi-Bellman equation and Pontryagin’s principle, are
concerned with finding the minimum of a functional?: that is, a function from a Hilbert space
of functions to its underlying field. The functional that both methods seek to minimize is
called the cost 2, and it scores the success of some task. The cost varies over the space of

control functions used to accomplish the task.

In this thesis, we use measurement data and computational simulations, so we consider
a discrete formulation of this optimal control problem. Quantum optimal control as a

discrete-time problem begins with a standard cost function,

T
J (X141, urr) = Z 0(x¢, uy, t) +m(xXq41), (6.1)
t=1
———
Running cost Final cost
with x1.7 = {x1,X2,...,Xr41} and uy.r = {uy, us,...,ur}, which is constrained by the

2The solution of the Hamilton-Jacobi-Bellman equation is closed-loop in the sense that the control law
can be computed by using a global value function defined over all states. Pontryagin’s principle is often
more tractable; the solution is open-loop control because it depends on the dynamics and relies on an
initial and final boundary condition. For a review, see e.g. Reference [119].

30r reward, for the optimist.
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Figure 6.1: Historically, the continuous-time optimal control problem was solved either by
the Hamilton-Jacobi-Bellman (HJB) equation or Pontryagin’s principle [119]. Solving the
HJB equation provides a global solution based on the value function, while using Pontryagin’s
principle involves constructing necessary conditions found by locally expanding about the
optimal state and control trajectories. This demonstrates how optimal control can be divided
into (a) global methods, and (b) local methods. Local methods start from a nominal (or
guess) trajectory for the state or control and use successive approximations to find the
solution. In Pontryagin’s principle, these nominals are (c) implicitly the optimal trajectories,
and necessary equations are derived under these conditions. Alternatively, the user can be
asked to (d) explicitly supply the nominal trajectories. Some examples of this latter case
include iterative linear-quadratic methods (iLQR) [183], differential dynamic programming
(DDP) [135, |, and direct descent [13, 97]. Whether explicit or implicit, these are all
examples of (e) indirect methods in which the dynamics have been used to eliminate the
optimization over the state variables. In (f) direct methods, we still explicitly supply nominals
to localize the solution, but we treat both the state and control as optimization variables. A
direct problem is solved using standard nonlinear programming (NLP) with the dynamics as
a constraint [77].
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bilinear quantum control dynamics,

J
Xppl = <A + Zuij) X, (6.2)
j=1

We may also have additional state or input constraints, e.g. g,(X,,u,) < 0and h,(x,,u,) =0,
Vn. As shown in Figure 6.1, there are many ways to solve this kind of open-loop optimal
control problem. At the top level, these divide into global methods like the HJB equation
and local methods like Pontryagin’s principle. In this thesis, we focus on local methods?, also
known as trajectory optimization methods. These are open-loop solutions to the optimal
control problem that start with a nominal (or guess) trajectory for the state or control and
use successive approximations about these nominals to find the control which yields the
optimal cost. Local methods provide a navigation protocol through large state spaces; they

are not exposed to the curse-of-dimensionality in the sense that afflicts global methods.
6.1.1 Indirect optimization

The most common algorithms for quantum optimal control are based on a type of indirect

, 97],

Krotov [155], DYNAMO [129]) iteratively update the control inputs by computing descent

optimization algorithm called direct descent [68]. These methods (e.g. GRAPE |

directions for the cost function. In direct descent, the dynamics are used to eliminate the
state trajectory as a variable, so that the cost is a function of only the control trajectory,
i.e. J(x,uy.r) for initial state x. Direct descent is just one kind of indirect optimization, as
illustrated by Figure 6.1. To make this point more concrete, Example 15 compares direct

descent and iterative LQR for a one-dimensional system with a single control input.
6.1.2 Direct optimization

Direct optimization is implemented using nonlinear programming (NLP) directly in the

joint (x,u) space of states and controls. In pseudocode, NLP means solving the following

4Global methods based on deep reinforcement learning can require a great deal of data for training, but
have been successfully applied to the quantum control problem, e.g. [13, 30, 12, ]



Example 14: The Bellman principle
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The value function at time n reports the optimal cost for Equation (6.1) under the

dynamics® in Equation (6.2),

T
V*(Xp,n) = min J(Xp.741, Upr, 1) = min Z 0(x¢,ug, t) + m(Xry1) | (6.3)
Up.T Unp:T
t=n

The boundary condition at the final time is V*(x,7 + 1) = m(x). In order to purchase

brevity, we have abused notation somewhat by defining the cost from time n as J(-, -, n).

We can write the value function in a recursive way using the Bellman principle®,

V*(x,n) = minf(x,u,n) + V*(x',n+1) (6.4)
’ t cost -t
current cos Ccost-to-go

with X’ as a shorthand for the next step of the dynamics.

%Value functions are always defined with respect to a dynamical process, f : x,u — x’, and a
policy for action selection, 7 : x +— u; as such, write V7 (x,n). Constrained by this process and
policy, the value function only depends on an initial state. If the policy is ignored for just the initial
selection, write QF (x,u,n). This is called the quality function, or state-action value function. In
either case, the reference to the dynamical process is usually suppressed, and the optimal policy is
denoted by *, as in Equation (6.3). Following this discussion, we see that the generic cost, J, is
the value function without either constraint. As such, it is defined over both a state and control
trajectory, as in Equation (6.1). For more on value and quality functions, see Reference [179].

®The original statement by Richard Bellman was: “An optimal policy has the property that
whatever the initial state and initial decision are, the remaining decisions must constitute an optimal
policy with regard to the state resulting from the first decision.” [15]




Example 15: Indirect optimization for a one-dimensional system

Consider the following one-dimensional control problem:

T
J(z1.041, urr) = Zf(%, u) + m(xpy)

t=1

subject to  xy1 = f(xy, uy). (6.5)

In this example, we explore two indirect methods for optimal control: direct descent
and iterative LQR. Because these are indirect methods, we begin with a nominal input,
uy.7, and initial condition, x. After substituting in the nominal dynamics, the cost
becomes a function of the control trajectory alone, i.e. J(z,uy.r).

Option 1: Direct descent. We compute the gradient of the control trajectory with

respect to the cost, J(xy,u1.1), for an arbitrary time slice:

d ) d (< .
@J(%ULT) = d_uj (; f(It,Ut) + m(xT—H)) (6-6)
a O O
_ _ _ t _ T+1
= 0,(Z;, 1) + Z @x(a:t,ut)a—uj + g (Tri1) au: (6.7)
t=7+1
where

0%y B B B B B B o

E Jo(@oo1, 1) fo(Teo, Ur—2) -+ fo(Tjq1, i) ful( Ty, Uy). (6.8)
J

Now, we update each control time slice using gradient descent, and find new marginals

according to

d
U; = ﬂj — 67 (w7a1:T)7 j = 1,2, cee ,T (69)
J

i1 = [, up) (6.10)

where € > 0 is the step size and z; = x. This process is iterated until convergence.
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Option 2: iLQR. In iterative LQR [180], we start by recalling Bellman’s principle

(see Example 14) for the optimal value function (suppress the * for brevity), i.e.
V(z,n) =minl(x,u) + V(f(z,u),n+1) (6.11)

with V(z, T + 1) = m(x). Next, we expand the argument, ¢(z,u) + V(f(z,u), n+1),
about the nominal trajectories. To simplify the notation, define ¢ = ¢(z,%) and
V' = V(f(z,4),n+1). Now, we keep all second order terms that are linear in the

dynamics,

0z + dx,u+ du) + V(f(z + oz, u+ du),n+1)
AV 4+ Qubr 4+ Quitt + Qo (67)% + Queb10u + Qo (6u)? (6.12)

where

Qe="Ll+ Ve,  Qu=0lu+V,fu,

Qoo = low + Viof2 Qua = lou + ViuFoFur Quu = luu + V02
We can use this expression to compute the first-order necessary condition for the control
differential to be at a minimum, Ju* = (Qy + Qus0r)/Quu. The @’s must be computed
on a backward pass from 7' + 1 to 1 due to the recursive V' terms. Then, a forward

pass can be used to update the marginals starting from z; = z,

Ut4+1 = U + (Qu + qu(mt - ft))/@uu (613)
Tip1 = [z, ). (6.14)

This process is iterated until convergence.
It can be shown from this starting point that gradient descent and iLQR share similar
convergence properties. For an analysis showing the shared convergence properties of

Newton’s method and differential dynamic programming, consult Reference [147].
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optimization problem:

minimize J(Xy.741,U7)
subject to  gi(xs,uy) <0

hy(x;,u;) =0 (6.15)

Here, J is a possibly nonlinear cost, and g and h are possibly nonlinear constraints. This is
quite general, so existing NLP software can be grabbed off-the-shelf and immediately brought
to bear on our quantum optimal control problem. Moreover, constraints are built into the
problem statement of this framework. The catch is that we inherit any downsides which

emerge from solving challenging NLP problems.

Suppose we are studying a quantum control system, ifi4 ) = H(u(t)) [¢). Consider
optimizing for the preparation of a pure quantum state, |¢tars). A reasonable cost function

is the overlap between these two vectors,

(1 rarg ) [ = (] ([rarg Nthtare |) [) = xTQx (6.16)

where [1) — x is the d-dimensional vector of coefficients in C? or, under the usual transfor-
mation, in R??. If we also penalize the energy of the control, we have the familiar quadratic

cost function,

T
J(x,u) = Z x; Qx; + u Ru, (6.17)

t=1
for trajectories x;.7y1 and up.p. The matrices Q and R are positive definite. If this
system is also subject to linear constraints on the trajectories, then this is known as a
quadratic program, a type of convex optimization problem which can be solved using standard
algorithms. CVXPY [15] is a Python embedding of a research-friendly and open source
convex-programming library for solving such problems. As we have discussed (Chapter 2,

or Equation (6.2)), quantum control dynamics are bilinear, so the constraints imposed on
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Equation (6.17) are nonlinear. Thus, the QP distinction no longer applies. However, we can
make a two-step modification: 1. Linearize the bilinear quantum control dynamics about
nominal trajectories for the state and control, 2. Solve the resulting quadratic program to
determine the appropriate update direction, but avoid taking the full step because our linear
dynamics may not hold true far away from the linearization. By following these two steps over
successive approximations, we transform our problem into a sequential quadratic program
(SQP). We solve SQP problems for quantum control in Chapter 7. In particular, pseudocode
for the SQP algorithm is presented in Section 7.2.3.

6.2 Feedback in open-loop optimal control

Quantum control models are not prefect. Open-loop control schemes that are directly applied
to a system with an imperfect model will result in failed outcomes. Quantum characterization
is challenging [56]. Perfect characterization is not a realistic expectation for engineered
systems like superconducting qubits. To make optimal control practical, effort must be made
to either repair the mischaracterized model or adjust the faulty pulse sequence. This can be

done by combining feedback with many iterations of the open-loop control policy.

6.2.1 Looking backward

There are many ways to measure how success an open-loop policy was when actually imple-
mented on an experimental system (e.g., fidelity, operator norms, or randomized benchmark-
ing [99]). Whatever measure we choose, the success or failure of our attempt is given by how
accurately the model (and thereby the open-loop control) reflects the experiment. Critically,
we can use feedback to attempt to improve the score by adjusting the model parameters or
the values of the control sequence itself. In quantum control, this process is often referred to
as a calibration to the experiment |[196|. Because we assume the model is inaccurate, we must
calibrate using a gradient-free search. That is, model inaccuracies prevent us from knowing
how the objective function depends on the model parameters; therefore, we cannot compute
its gradients. However, each score is a sample of the objective function, so we can improve our

score by a direct search derived from these samples. The Nelder-Mead algorithm [118] is an
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efficient example of exactly this type of gradient-free optimization, and it has been used for
calibration in protocols like Ad-HOC [51] and ORBIT [90] (the difference in the two comes
from how the open-loop control is scored). Broadly speaking, in calibration, we are looking

backward and modifying past inputs or parameters to improve the success of our control.
6.2.2 Looking forward

An alternative way to incorporate feedback into open-loop control is model predictive control
(MPC) [136, 166]. In the standard approach to MPC, a sequence of open-loop controllers are
implemented online as a function of the current state. In the current state, a model prediction
is made out to some finite prediction horizon and used to synthesize an open-loop controller.
Then, the control is applied to the experiment, but—critically—this occurs for a control horizon
that is much less than the prediction horizon. Often the control horizon is just a single time
step. After application of the control, the resulting state is measured, and the prediction
begins again from the new state. MPC is often referred to as a receding-horizon strategy
because of this structure. The concatenated controls synthesized by MPC are robust, as
MPC inherits a natural degree of disturbance rejection due to the receding-horizon feedback.

Notice that instead of a final score for the policy like in the previous Section 6.2.1, MPC
relies on a receding sequence of quantum state tomography outcomes. The forward-looking
and backward-looking approaches both take advantage of iterations of open-loop control
experiments to improve outcomes. However, the forward-looking MPC does not rely on a
gradient-free optimization; this can be advantageous because calibrating many parameters
with gradient-free search is challenging. Instead, MPC uses efficient open-loop control schemes
to design its control policies. To calibrate, it leverages extra online control time and its
natural robustness properties to realize convergence. More about model predictive control

and its application in the context of quantum optimal control can be found in Chapter 7.
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Chapter 7

MODEL PREDICTIVE CONTROL FOR ROBUST QUANTUM
STATE PREPARATION

This work is a presentation of Reference [73]. As such, this material is mostly self-contained.

Abstract

A critical engineering challenge in quantum technology is the accurate control of quantum
dynamics. Model-based methods for optimal control have been shown to be highly effective
when theory and experiment closely match. Consequently, realizing high-fidelity quantum
processes with model-based control requires careful device characterization. In quantum pro-
cessors based on cold atoms, the Hamiltonian can be well-characterized. For superconducting
qubits operating at millikelvin temperatures, the Hamiltonian is not as well-characterized.
Unaccounted for physics (i.e., mode discrepancy), coherent disturbances, and increased noise
compromise traditional model-based control. This work introduces model predictive control
(MPC) for quantum control applications. MPC is a closed-loop optimization framework
that (i) inherits a natural degree of disturbance rejection by incorporating measurement
feedback, (ii) utilizes finite-horizon model-based optimizations to control complex multi-input,
multi-output dynamical systems under state and input constraints, and (iii) is flexible enough
to develop synergistically alongside other modern control strategies. We show how MPC
can be used to generate practical, optimized control sequences in representative examples of
quantum state preparation. Specifically, we demonstrate for a qubit, a weakly-anharmonic
qubit, and a system undergoing crosstalk, that MPC can realize successful model-based control
even when the model is inadequate. These examples showcase why MPC is an important

addition to the quantum engineering control suite.
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7.1 Introduction

Quantum computation can be viewed as an assembly of analogue control pulses driving
quantum states toward desired targets |11, , , , |. An accurate dynamical model
is important for designing optimal control pulses sufficient for each application [11]. In
particular, open-loop control strategies using model-based numerical methods have proven to
be highly effective in some practical settings, such as for processors based on cold atoms, where

models are well-known [68]. Sufficiently accurate models are obtained through careful device

characterization [56]. However, descriptions of superconducting qubits [106] can fall short
due to unknown Hamiltonian terms [131], instrument noise, control transfer functions [32],
and/or unwanted coupling to unmodeled modes [193]| or other systems [169]. To address

these challenges, new frameworks must incorporate measurement feedback in addition to
device characterization to optimize pulses for the desired targets. For example, an insufficient
pulse from an inaccurate model can be updated retroactively using a model-free optimization
derived from experiment feedback [54, 96]. In this work, we introduce the model predictive
control (MPC) [136, 166] framework since it possess a number of structural advantages for
closed-loop control of systems with imperfectly known dynamics: (i) MPC inherits a natural
degree of disturbance rejection due to measurement feedback, (ii) receding finite-horizon
model predictions allow MPC to control complex multi-input multi-output systems under
state and control constraints, and (iii) MPC is flexible enough to develop synergistically
alongside control innovations like reinforcement learning |74, 2041]. We detail the success of

MPC on a number of practical superconducting qubit applications.

MPC [136, 166] (see Figure 7.1) is a closed-loop optimization strategy that compliments
existing approaches — that is, MPC is not a new type of controller on its own. Instead,
standard MPC implements a sequence of open-loop controllers online as a function of the
current state. First, a model prediction is made out to some finite horizon and used to
inform the present control decision. Second, the decision is implemented, and the prediction

begins again from the new measured state. For this reason, MPC is often referred to as
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(a)
qubit

-O—
Model uncertainty

Model Predictive Control t3 t3+T

Figure 7.1: (a) In the circuit model a qubit is represented by a line segment, and a box is
draw to indicate a quantum process applied to the qubit. Here, we represent a quantum state
preparation abstractly by A and posit uncharacterized modifications that make A’s model
unreliable for open-loop control. (b) Under the hood of the A operation, robust control
a robust control input by incorporating state feedback into a sequence of receding-horizon
control laws (in (b) ii., the first three MPC iterations are labeled 1., 2., and 3., and colored
with increasing grayscale value). At each MPC iteration, an open-loop control is solved
over the current prediction horizon 7" using A’s unreliable system model to yield x°P*(¢) and
u°P(t). The first entry of the open-loop solution u®?*(¢) is applied as u(t) in (b) iii., and
the resulting state x(¢ + 1) is recorded in (b) ii. The next MPC iteration begins from this
recorded state.
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a receding-horizon strategy. MPC has a history of practical successes ranging from the
chemical process industry [165] to autonomous vehicles [61] and reusable rocket landings [59].
Notably, MPC for quantum dynamics is closely connected to MPC for classical control using
Koopman-von Neumann theory, a description of classical mechanics using a Hilbert space of
observables defined on phase-space. Koopman-von Neumann theory shares strong historical

connections with quantum mechanics and has wide applicability to modern data-driven

analysis |27, , , , , 189]. Connections between Koopman-von Neumann theory
and quantum control dynamics were studied in Reference [72]. Recent successes using MPC
within the classical Koopman-von Neumann theory |3, 25, 64, , , | can motivate

synergistic development of MPC for quantum dynamics. In this work, we consider planning
for control using fixed model discrepancies within MPC. In practice, model discrepancies
can be improved by integrating data-driven modelling together with MPC. The integration
of planning over a model and learning of a model requires making choices about how to
best utilize the available data. There are many trade-offs to consider such as accuracy,
interpretability, and data efficiency: for a review, see Reference [144]. One approach to the
integration of planning and learning is data-driven model synthesis based on Koopman theory,
using streaming data [07, , | to build or improve operator-theoretic models of the
dynamics in an online way as the MPC horizon recedes. In the language of Reference [114],
this approach is known as planning over a learned model, and is exemplified by approaches like
Embed to Control (E2C) [192]. Error bounds for Koopman models of control systems were

recently studied in [152, |, enabling the rigorous analysis of data-driven MPC schemes.

There is a distinction to make between the classical and quantum settings. When MPC is
used in robotics, the implementation of a control decision results in the actual motion of the
robot to a new position. Unlike the robot, a quantum state is a statistical outcome from the
measurement of many identically-prepared quantum experiments. After running successive or
parallel experiments to realize quantum state tomography [56], the next quantum experiment
is reset at the initial (or perhaps projected) state. There is a possibility of using the state

information to look backward and improve upon the previous model or pulse. Backward-
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looking, model-free algorithms iteratively search for parameter changes that improve upon
desired control objectives. Such methods have been highly successful in calibrating controls to
quantum experiments |54, 96, |. However, many iterations may be necessary to successfully
search the parameter space; hence, many evaluations of the control objective may be required.
Moreover, free parameters are often limited in number to maintain the feasibility of the
optimization. The alternative MPC perspective is to solve the quantum problem as if it is
an online optimization. The forward-looking MPC trades iterative improvements for extra
online control time by accepting and proceeding from the current quantum state tomography
outcome (we return to this comparison in detail in Section 7.3.1.1 after establishing an explicit
context via our numerical examples). The resulting MPC control scheme is robust, as MPC
inherits a natural degree of disturbance rejection due to the feedback. Moreover, MPC can
handle the many parameters of multi-input, multi-output systems. Finally, MPC has an
expansive literature base from which to build. In this paper, we demonstrate the utility of
the MPC perspective in the context of quantum control engineering. First, we introduce our
MPC implementation. Then, we proceed with examples of robust quantum state preparation

for ideal qubits, weakly-anharmonic qubits, and qubits coupled by undesired crosstalk.

7.2 MPC for quantum control

In what follows, Section 7.2.1 describes the theoretical framework for standard MPC, restricted
for simplicity to linear models with quadratic cost functions. Section 7.2.2 describes the
nonlinear equations of motion for quantum control dynamics and Section 7.2.3 shows how

to modify standard MPC for the nonlinear quantum control dynamics by way of nonlinear

MPC.

7.2.1 Background: MPC

The standard linear-quadratic MPC involves a discrete-time linear model, a quadratic
cost function, and possibly linear constraints on the state and control. The optimiza-
tion problem generated under these assumptions is a quadratic program (QP). With an

initial state xo and reference trajectories X™ = [x™(0), x™(1),...,x™(T)] and U™ =
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[wf(0), u(1),...,u(T — 1)], the QP is given by

QP sp(x0, XM, U™ = (7.1a)
mggﬁ}jj(Hx@quﬁwug+uu@yqfﬁung)+ﬂxan—xm%rwgf (7.1b)

st x(t+1) = A{t)x(t) + B(t)u(t), t=0,1,....T—1

Xmin < X(t) < Xpax, =1,2,.. T

°

(7.1c)

x(0) = %o (7.1d)
)

)

(
Upin S U(t) <Upay, t=0,1,...,7—1 (7.1f

where ||X||?Q ;= x"Qx. The quadratic costs Q, R, Qy, dynamics A(t), B(¢), and prediction
horizon T are parameters. The QP returns an optimal state and control, X°* and U°P,
for the entire prediction horizon. If no state or input constraints are introduced, then this
problem could be solved using familiar linear quadratic methods [6]. Alternatively, more
general constraints may be considered if the resulting optimization can be reformulated as
a second-order cone program (SOCP), of which a QP is a special case |21, 87]. Typical
MPC applications involve real-time control of complex systems. This motivates work on
faster and more efficient MPC algorithms [191]. Many powerful open-source and commercial
MPC solvers exist today for a variety of purposes. In our work, we used CVXPY [15] (a
research-friendly Python-embedded convex-programming library) together with the QP solver
OSQP [178].

7.2.2  Quantum control dynamics

Markovian quantum control dynamics [5] are bilinear with respect to the state vector

14(t)) € CN and coherent control amplitudes u;(¢) such that

% () = —i(Ho + Z i () Hy) [(t)) = H(t) [i(1)) - (7.2)
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For a qubit, N = 2, while for a qudit, NV = d. A sequence of n qudits forms a quantum register
which can be used for quantum computations; in this case, the state grows exponentially
with respect to the length of the register, N = d”. An ensemble of pure quantum states
or registers can be completely characterized, in the sense of their measurement statistics,
by a density matrix p(t); that is, a non-negative self-adjoint operator in CV*¥ with trace
one. The density matrix enables a simple characterization of Markovian interactions by the
environment on the state in terms of dissipative dynamical operators; this is the Markovian
master equation description of an open quantum system,
5 1
) = =il (0. 0]+ 5 3 e (1Dpt0D]l + D0, DY) . (1
k=
where H(t) is a trace-zero Hermitian operator (corresponding with the system Hamiltonian),
{D, };\;21_ ! is an orthonormal set of complex matrices with trace zero, and C := (cj;,) is positive
semi-definite. For a closed quantum system C' = 0, the equation simplifies to the quantum
Liouville equation. In this paper, we use the density matrix to represent the quantum state
for the purpose of describing control experiments for quantum state preparation. In order to
continue to represent our density matrix as a state vector in line with our MPC intentions,

we apply the vectorization operation (see Section 7.2.2.1)

oo
Poo  Po1 ve po1 (7.4)
P10 P11 P10

P11

In addition, where it is necessary to work with completely real state vectors we rely on the
isomorphism between complex numbers and 2 x 2 matrices for the operators,
real | @ —b

a-+bi — (7.5)
b a
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To apply MPC for quantum control dynamics, the constraint in Equation (7.1c) is replaced
by the discretization of the bilinear dynamics in Equation (7.3) [72]. To first order it is given
by
x(t+1) = (A+ > w(t)N;)x(t). (7.6)
j

Our intended task in this paper is quantum state preparation, in which a quantum state

represented by p is driven to realize a reference state p*!. The success of quantum state

preparation is typically scored using the (squared) fidelity F/(p, pf) = Tr{,/\/pp*"\/p}* [99].

ref

In the common case, where p™ is a pure state, F(p, o) = Tr{pp™'}. Fidelity approximates

the distance measures of quantum states given by the Schatten p-norms,

o= p, =
|o(p — pref)Hp = (22,07 )Y/P where o(+) returns the vector of singular values o; of a given
matrix. In Equation (7.1b), we have formulated the MPC objective in the standard way as a
least-squares cost, which penalizes deviations from a reference trajectory. In the case of the
vectorized density matrix, this choice is consistent with overlap fidelity in the following way: if
x is the corresponding vectorization of the density matrices, their norms are connected under
the identity ||p|l, = ||x||, (Section 7.2.2.2). Quantum state preparation can be understood as
a subroutine to design the control pulses necessary to realize a reference quantum process.
In Section 7.2.2.3, we discuss how MPC for quantum state preparation can be naturally
extended to the pursuit of quantum gate synthesis, where the goal is to realize a finite set of

unitary processes which can be combined to yield arbitrary quantum computations.
7.2.2.1 Vectorization

The vectorization of a matrix is a linear transformation that converts a matrix into a
column vector, vec : R™*™ — R™". Vectorization is defined to be column-major or row-major,
depending on the stacking priority imposed. For example, Python uses row-major vectorization
in NumPy’s ndarray.flatten: each row of an input array is sequentially concatenated to
form one long row. In Dirac notation, vectorization is the isomorphism for when a bra
is flipped to a ket, |7) (k] = |j) ® |k). We restate a well-known property of vectorization
(c.f. Lemma 4.3.2 in [36]) here:
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Lemma 7.2.1. For any linear transformation, L : R™*" — RP*? there exists a unique

matrix K (L) € R™*P4 such that vec(L(B)) = K(L)vec(B) for any B € R"™*".

In particular, for the case of left and right matrix multiplication under row-major vectorization

we have

vec(ABC) = (A® C") vec(B) (7.7)

7.2.2.2  Trajectory-based optimization

In Equation (7.1b) we perform trajectory-based optimization for state preparation via a

cost Hx — X defined in terms of the fo-norm. The state is x = vec(p) as discussed in

ref
I
Section 7.2.2 and Section 7.2.2.1. Commensurate with this trajectory-based optimization,
we noted in Section 7.2.2 that state preparation is often described by quantum information
theorists in terms of the state fidelity F(p, pr) = Tr{\/\/pp**'\/p}?. Fidelity approximates

(by the Fuchs-van de Graaf inequalities) the distance measures of quantum states given by the

ref

Schatten p-norms, ||p — p ‘p = |lo(p - pref)Hp = (>, af)l/p where o(-) returns the vector of
singular values o; of a given matrix [99]. If both p and p™ are pure states, then these two

perspectives are equivalent, and

1

o=3llo =0

Xref ref | 2

2= 1= Flp, o). (7.8)

1
-

7.2.2.83 Gate synthesis

In this paper, we have focused on quantum state preparation to illustrate the application of
MPC for quantum dynamics. In the case of quantum control for the purposes of quantum
computation, the more desirable comparison is to quantum gate synthesis. It is known that
quantum state preparation can be thought of as a subroutine for gate synthesis. Indeed, gate
synthesis can also be defined as the realization of a reference state under the action of control,
as we have done for quantum state preparation. In gate synthesis, the reference state is no
longer a density matrix, but is instead a unitary quantum process. For a closed quantum

system, a unitary quantum process is equivalent to time evolution, p(t) = U(t)p(0)UT(t). From
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this, observe that the reference state which is prepared by a fixed gate depends on the initial
state p(0). This means that the synthesized control pulses for a gate must simultaneously
realize the state-dependent reference process for all initial states. It has been shown that for
gate synthesis, it is sufficient to consider the simultaneous state preparation of just three
specific initial states [70]. Therefore, to realize gate synthesis, we can directly apply our
MPC algorithm to these concatenated states under dynamics given by the appropriate direct
sum of the individual models. Alternatively, consider the analogy that connects the density
matrix associated with a pure state to the quantum process associated with a unitary matrix.
First, vectorize the unitary matrix (assume row-major vectorization), vec(U) = |U)). Now

the equivalence

p=[v) (Wl < P =[U){U (7.9)
p=—i[H,p| < P=—i[H®1,P) (7.10)

can be used to directly map our previous work to the new problem. For example, the reference
is now a process matrix, P™!. Note that there are different fidelity measures to score the
success of quantum gate synthesis, so the fo-norm used in the trajectory-based optimization

must be interpreted accordingly [99].

7.2.8 Nonlinear MPC

Continuous-time quantum control dynamics are bilinear. By introducing a general nonlinear
dynamics constraint x(¢ + 1) = f(x(¢),u(t),t) in place of the linear dynamics found in
Equation (7.1c), we enter the realm of nonlinear MPC. Here, the necessary optimization
problems are typically non-convex. Nonlinear MPC permits the use of more complex models,
so applications are abundant. In recent years, practical realizations have improved alongside
advances in numerical methods and non-convex optimization [166|. In this paper, we treat
the nonlinear MPC by following the sequential quadratic program (SQP) approach to
solve the open-loop optimization between MPC steps. The SQP approach is outlined in
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Algorithm 3 Sequential Quadratic Programming

INPUT: Initial state xo, initial guesses (X&!*5, Us") and references (X', Uref).
OUTPUT: Optimal trajectories (X°Pt U°P).

1: function SQP(xq, Xref, Uref, Xsuess [jsuess)

2 while Not converged do

3 Compute the linearizations A8"*(t), B8"(¢) > Eq. (7.11)
4 (){opt7 Uopt) — QPNMPC (XOa Xref, Ijref7 ){guess7 Uguess) > Eq. (712)
5: Compute « € [0, 1] using line search
6

7

8

9:

(Xguess’ Uguess) — (Xguess’ Uguess) + a(XOpt _ Xguess7 Uopt _ Uguess)
end while
(){opt7 Uopt) — (Xguess’ Uguess)
end function

Algorithm 3 [77]. SQP is a type of direct optimization: the state and control are explicitly
treated as optimization variables which are constrained by the dynamics [164]. This is in
contrast to indirect approaches (in quantum control, familiar examples include GRAPE [97],
GOAT [128], or Krotov’s method [69]), where the dynamics are used to eliminate the
optimization over the state variables. SQP iteratively solves local QP approximations of the
nonlinear optimization problem until convergence is achieved. To account for the approximate
character of the problem, steps are taken by following a line search [151]. Each local QP
approximation is taken about guess trajectories X8 = [x8"*%((), x8"*(1), ..., x8"5(T)]
and U™ = [ug"**(0), us"*s(1),...,us"(T — 1)]). Denote this modified version of the QP
as QP xype (X0, Xref, Uret, Xeuess Jeuess) To run this modified optimization, we first linearize

the dynamics f(x(t),u(t),t) such that

o

Aguess t _ 711
( ) aX xguess (t), uguess (t) ( )
of
Bguess (t) _ 7 .
au xguess (t), usguess (t)

Then, we replace Equation (7.1¢) in QPype(xo, X7, U™) with

X(t 4+ 1) = xES(¢ 4 1) + AR (1) Ax(t) + BE“S(£) Au(t) + r(t + 1) (7.12)
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where

Ax(t) = x(t) = x(1)
Auft) = u(t) - u=(¢)

p(t+ 1) i= (S (1), uS" (1), 1) — xS (¢ + 1).

The discretization of the continuous time quantum control dynamics can be taken before
or after the linearization in Equation (7.11) [77]. We pursue the case where discretization is
taken first. For quantum control dynamics, we saw in Equation (7.6) that the discretized
model contains a bilinear nonlinearity in the state and control. A bilinear nonlinearity
is relatively simple, and it has been shown that successful and efficient nonlinear MPC

controllers can be implemented even under guesses that account only for the initial state

(le. x8'5(t) = xq for t = 0,1,...7T — 1) [25, 37, 64]. The known bilinear structure can
also be used to increase optimization efficiency [159]. Additional accuracy can be sought by
using better discretizations or even data-driven numerical integrators |72, 77]. Automatic

differentiation tools can also prove impactful in these cases.

SQP can be warm-started after the implementation of the first control decision. At the
initial timestep ¢t = 0, suppose SQP was run in full to find an optimal state and control over
the prediction horizon. As a by-product, good guess trajectories X5"** and US"** for this
prediction horizon have been obtained through SQP. All future guess trajectories can then be
found via a shifting procedure applied to these good guess trajectories. A common practical
implementation is as follows: obtain the warm-start guess trajectories for the initial timestep
t from the previous X' and UF"™ by eliminating the first value and duplicating the final
value so that each sequence retains its length. Heuristically, the shifted guesses are close to
the optimal value of the nonlinear program. Therefore, for all initial timesteps ¢ > 0 the SQP

can be terminated after just one iteration with o = 1 (see Algorithm 3) [77].
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7.3 MPC for robust quantum state preparation

MPC can be utilized for many control strategies, such as setpoint stabilization (realizing
a static reference state), tracking (following a time-dependent reference trajectory), and
path following (staying close to any part of a time-independent reference trajectory at all
times) [166]. Each strategy has different objectives and criteria for convergence and stability.
Selecting a suitable control strategy is important for obtaining the best performance. In
our examples, we consider MPC for setpoint stabilization to perform robust quantum state
preparation in the presence of coherent noise and modeling inaccuracies.

Section 7.3.1 introduces MPC for robust state preparation of a qubit, and discusses the
implications of the measurement feedback period. Section 7.3.2 uses MPC to control a weakly
anharmonic qubit assuming no model knowledge of the anharmonicity and compares the
MPC treatment with an analytic pulse design. Finally, Section 7.3.3 looks at simultaneous
state preparation of coupled qubits in the presence of an unmodeled coupling (i.e. crosstalk).
Working in the individual (reduced) qubit spaces, MPC is used to overcome the crosstalk
effect. For each of our ground truth simulations, we use the QuTiP Python package [90, 91].
The following examples report the Hamiltonians of each toy system, with the understanding
that the relevant modifications are made following Section 7.2.2 to obtain the dynamical

model used to constrain the optimal control problem.
7.83.1 Qubit

Our first example is a qubit treated in a rotating frame within the rotating wave approximation.

The Hamiltonian is

A t
H) = 20+ M0 (7.13)
2 2
where o, and o, are the usual Pauli matrices [L06]. The prefactor A = wg — wg is the

discrepancy between the qubit resonance frequency wg and the chosen rotating frame wg.
The control u(t) is the envelope of a drive pulse with a carrier frequency of wg. Our goal is
to apply an area-m pulse or swap of the occupation probability of the ground and excited

ref __

states. To do this, we set a fixed p™! such that p'¢f = 1 else zero. In all examples, we only
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Figure 7.2: (a) A qubit trajectory for the desired state preparation is represented on the
Bloch sphere. The goal is to transfer the ground state probability to the excited state,
i.e. poo — p11. There is a model discrepancy of |A| = 200 MHz relative to the simulation.
(b) i. Without a discrepancy, an area-m pulse would perform the desired state preparation.
Constraints have been enforced on the control’s maximum amplitude and first derivative.
(b) ii. The realized trajectories of the density matrix components under the pulse in (b) i.
are plotted. In (b) iii. the infidelity is shown to fail to reach the hatched success region
due to the unreliable model. (c) i. The pulse designed by model predictive control (MPC)
is shown. The same constraints used in (b) i. are imposed here. (c) ii. Every 1.4 ns, the
density matrix was recorded (open circles) and used to initialize an open-loop optimization
over the MPC prediction horizon. (c) iii. The operation infidelity is shown to reach the
hatched success region due to the robust MPC pulse. The dotted vertical lines throughout
(b)-(c) indicates the time used for the infidelity in Section 7.3.1.2 Figure 7.4.
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enforce on-axis terms (e.g. poo, p11) in our cost function by way of the appropriate Q. We set
Q;=Q,and R=10"2 1.

Mischaracterization of the qubit frequency wg results in an offset rotating frame and
a nonzero drift term A in the qubit Hamiltonian (visualized in Figure 7.2(a)). Open-loop
controllers rely on highly-accurate models to find good pulse designs. In contrast, we will
demonstrate that MPC does not require optimal open-loop solutions over its prediction
horizon to realize good pulse designs; instead, MPC iterations are best understood as
planning exercises. In Figure 7.2, MPC is used to design a control pulse swapping the
occupation probability of the ground and excited states. The simulated qubit is assumed to
be mischaracterized. Specifically, we force MPC to rely on an inaccurate model with A =0
while the simulation actually has been set to A/2r = —0.2/27 ~ —30 MHz. For a base
comparison, in Figure 7.2(b) we report the effect of an analytic area-m pulse. This is the
naive design that would be realized by an open-loop controller if the A = 0 model accurately
reflected the simulation; we see that the presence of the nonzero A in the simulation renders
this analytic pulse insufficient.

We apply MPC in Figure 7.2(c). We set our prediction horizon to T'= 10 ns. Feedback
is provided via the simulated density matrix every 1.4 ns. In experiment, this feedback
would necessitate the use of quantum state tomography [56]. We explore the effect of
decreasing or increasing the feedback period in Section 7.3.1.2. Recall that the MPC
controller naturally accommodates constraints like those emerging from hardware limitations.
To demonstrate, in Figure 7.2 notice that we have set constraints on both the maximum
control amplitude (|u|/27 = 0.1) and the allowed initial change in control relative to the
previous value (Au/2m = 0.04). We enforce the same constraints for the analytic pulse in
Figure 7.2(b). In general, these hard constraints can be turned off or softened (by allowing
for some mild infractions of the desired inequalities) to increase the space of feasible controls
and state trajectories within MPC. Upon comparing Figure 7.2(c) with Figures 7.2(b),
we see how the MPC solution uses feedback to adjust and robustly counteract the model

deficiencies observed during its receding-horizon iterations. In the introduction, a conceptual
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Figure 7.3: (a) The system from Figure 7.2 is repeated here, with 1 ns timesteps yielding
10 ns control pulses (thus, 10 free parameters). The true model is A = 0, while a uniform
sample of 11 discrepancies is considered: A € [—0.36,0.36]. (b) MPC is applied to synthesize
a robust 10 ns control pulse for each of the 11 models. (c) Nelder-Mead is used for descent
in the 10-dimensional parameter space of the controls. The 11 coordinates for the initial
Nelder-Mead simplex are the open-loop optimal controls determined from the models specified
by the 11 values for A (thus, the simplex is model-aware). Notice the range of infidelities
depending on how well the model reflects the simulation. (d) Nelder-Mead is applied using a
random initial simplex (thus, the simplex is model-free). Each iteration is an evaluation of
the final infidelity of a 10 ns control pulse.

comparison between the forward-looking MPC and backward-looking, model-free algorithms
(e.g. Reference [51, 90, |) was offered. To further elucidate this point, Section 7.3.1.1

illustrates this comparison by way of the toy qubit system introduced here in this section.
7.8.1.1  Comparison with model-free descent

In this section, we compare MPC for pulse synthesis to model-free descent in the parameter
space of the control pulse. This latter perspective is a simplification of the approach suggested

in, e.g. References [51, 96, |]. We compare the two approaches by tracking the iterations
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of quantum state tomography (QST) required to implement a control pulse that satisfies
the state preparation objective from Section 7.3.1 (Figure 7.2). In MPC, each QST instance
is used to evaluate the current state for the purpose of determining the forward-looking
open-loop control optimization. Each MPC step requires one QST iteration to assess the
current state. In model-free descent, QST is used to determine the final pulse infidelity.
Each QST iteration is an evaluation of this infidelity, which occurs after the application of a
complete control sequence. It should be noted that one advantage of model-free descent, as
advocated in [54, 96, |, is the use of methods like randomized benchmarking in lieu of

QST [56] for the purpose of evaluating a proxy for the direct infidelity.

We use the Nelder-Mead algorithm [54] to calibrate the control pulses via model free
descent. The Nelder-Mead algorithm starts with a simplex of one dimension larger than
the number of parameters, and chooses new search directions based on the objective values
of this simplex. In this section, we slightly modify the example from Section 7.3.1: we
take 1 ns timesteps and consider a total control window of 10 ns, meaning that we have 10
independent control parameters determining our desired pulse. Notice that this means a
direct application of the Nelder-Mead algorithm will require an 11-point simplex. We allow for
discrepancies, A € [—0.36,0.36] GHz, with the true model given by A = 0 (for more on these
choices, see Figure 7.4 in Section 7.3.1.2). In particular, we consider 11 uniformly-sampled
A1, Ag, ..., A1q. In Figure 7.3 (b) we show the infidelity that results from applying MPC with
horizon 5 ns from step 1 to step 10 of the pulse synthesis. The reported infidelity has been
averaged over the 11 uniformly-sampled values A, with error given by the standard deviation.
For the full range of models, MPC is able to prepare the state after 10 iterations of QST
(equivalently, 10 steps of the MPC algorithm). In Figure 7.3 (c¢) and (d) we instead consider
model-free descent for two different initial simplexes. The first, in Figure 7.3 (c), we refer
to as model-aware. We take as the coordinates of our simplex the 10 ns pulses determined
by solving the open-loop optimal control problem for each Ay, A,, ..., Ay;. Notice that the
infidelity of the open-loop control varies depending on how closely the model A reflects the

true A = 0 of the simulation. We call this approach model-aware because we are in effect
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reducing the model-free calibration to a trial-and-error search over the discrepancy value.
Again, each iteration is an evaluation of the infidelity and therefore treated as a QST instance
equivalent to an MPC step: just setting up the simplex demands 11 QST iterations. In
Figure 7.3 (d), we seed the construction of the initial simplex using a single random 10 ns
pulse within the allowed range of control amplitudes. The remaining coordinates of the
simplex are chosen by separately incrementing each component by the maximum Au (a
default approach for implementations of Nelder-Mead like in SciPy [187]). In the example
in this section, we have set the control saturation at |u|/27 = 0.1 and |Aul|/27 = 0.05, to
match the example in the main text. A total of 10 random initial simplexes are considered,

providing the mean and variance of the sample mean reported in Figure 7.3 (d).

Observe that in the fully model-free application of the Nelder-Mead descent seen in
Figure 7.3 (d), relatively many iterations were necessary to successfully search the parameter
space. Indeed, if we extrapolate to a case where there are more than 10 free parameters,
even the data required for the initial simplex becomes costly—this without even beginning
the descent. We see in Figure 7.3 (b) that the alternative MPC perspective solved the
quantum problem as if it was an online optimization. The forward-looking MPC was able
to trade iterative improvements for the possibility of extra online control time by accepting
and proceeding from the current quantum state tomography outcome. We see that the
resulting MPC control scheme was robust across a range of modeling inaccuracies, as MPC
inherits a natural degree of disturbance rejection due to the feedback. Moreover, MPC can
handle the many parameters of multi-input, multi-output systems because it is only solving a

forward-looking open-loop optimization at each step.

7.83.1.2 MPC limits: Feedback period and discrepancy

A control strategy based on MPC will eventually break down if the model discrepancy is too
great or the feedback is too infrequent. In this appendix, we explore these limits within the
context of the example in Section 7.3.1. We consider fixed model discrepancies within MPC.

In practice, model discrepancies can be improved by integrating data-driven modelling (e.g.,
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Figure 7.4: (a) The study from Figure 7.2 is repeated here for various A (discrepancies
between the model and simulation). (b) Level curves are plotted which show qubit infidelity
F(p, p) after 12.5 ns of the state preparation experiment exemplified by Figure 7.2. The
vertical axis, A, is the discrepancy between the simulation and model qubit frequencies.
The horizontal axis measures the number of model predictive control (MPC) iterations
undertaken before receiving the next state feedback from the qubit simulation. For any
intermediate iterations, MPC was closed using state feedback from the possibly-inaccurate
model predictions. For example, at A = 0 MHz, the model coincided with the simulation so
an optimal infidelity (with respect to our numerics) was obtained for all feedback periods.
Each dot represents one MPC computation using full sequential quadratic programming
(SQP); the coloring was performed via linear interpolation between dots. The results in
Figure 7.2(c) were obtained from the parameters labelled by the star.
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Reference [72]) together with MPC: indeed, the error bounds for Koopman models of control
systems were recently studied in [152, |, allowing for a more careful study of data-driven

MPC schemes.

In addition to the fixed model discrepancy, the other source of error is the frequency
with which the MPC controller incorporates measurement feedback. In applications of MPC
for robotics, it is possible that there is a timing mismatch between feedback frequency and
MPC runtime. A common challenge is the case where the robot dynamics and corresponding
feedback occur faster than the MPC algorithm can return a control decision. Fortunately, the
ensemble nature of the quantum experiments used to compute the quantum state tomography
limits this concern. On the other hand, in robotics there is also the case where measurements
occur slower than the timescales demanded by the model dynamics—a similar situation emerges
when trying to limit the number of times the quantum state tomography is performed. In
this latter case, the MPC algorithm can be closed using the model of the dynamics until the
feedback time is reached, at which point a new quantum state tomography can be performed.
Reliance on model predictions can be effective for limiting the number of measurements, but

introduces additional dependence on the quality of the model.

In Figure 7.4, we looked at the infidelity of the control as a function of the discrepancy
A and how often we rely on the model to close the MPC loop. The infidelity of the state
preparation was measured after 15 ns (see Figure 7.2) and is colored by order of magnitude.
The horizontal axis reports measurement feedback period in steps (the MPC timestep is
0.2 ns). This period is the number of MPC iterations for which a model prediction was
used to close the loop before a sample from the qubit simulation was used. That is, a long
measurement feedback period relies more heavily on a possibly-inaccurate model. Observe
that at A =0 MHz in Figure 7.4 the model prediction coincided with the qubit simulation,

so for any measurement feedback period we attain an optimal infidelity (for our numerics).
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Figure 7.5: (a) i. In a weakly-anharmonic oscillator with unequal level spacing quantified by
an anharmonicity of —100 Mhz, the intended outcome is a swap of the ground and excited
state probabilities poy <> p11. Here p;; is the occupation probability of the j-th state, |j).The
DRAG procedure is an analytic suppression of leakage out of the qubit subspace defined by
levels |0) and |1). It is implemented by a Gaussian 7 pulse on the first control axis in (a) ii.
and a Gaussian derivative on the second control axis in (a) iii. in order to cancel the spectral
overlap of the qubit 7-pulse at the energy splitting of the |1) <> |2) transition. In (a) iv.,
the pgo population is suppressed and the p;; is enhanced by the DRAG scheme. In (b) i.,
it is assumed that the anharmonicity is unmodeled and only a qubit model is available. In

feedback to reduce the leakage from the qubit subspace. (b) iv. Without modeling the
anharmonicity, MPC improves on the state preparation of the analytic DRAG result. Open
circles are drawn every 0.4 ns to indicate the quantum state feedback. Consult Section 7.3.2.1
and Figure 7.6 for a discussion of additional cases.
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7.3.2  Weakly-anharmonic qubit

A qubit is implemented by restricting a system to a pair of accessible states, for example
the ground eigenstate |0) and the first excited eigenstate |1) of a bare system Hamiltonian.
If there existed higher level spacing equal to the |0) «» |1) transition, then driving the
qubit at the |0) <> |1) frequency would lead to unwanted dynamics involving higher energy
eigenstates. For this reason, the energy level spacing of a candidate qubit Hamiltonian must
be nonlinear. In transmon qubits, the anharmonicity is the defined to be the difference
between the |1) <> |2) level spacing and the |0) <+ |1) level spacing of the system’s bare
Hamiltonian. The limit of infinite absolute anharmonicity results in a perfect qubit; in
practice, transmon anharmonicities cannot be made arbitrarily large and are usually between
—100 to —300 MHz [106]. Naively, the transmon anharmonicity isolates the qubit transition
from exchange with higher energy levels. In practice, fast changes of the drive-pulse envelope
widen the spectrum of the qubit control pulse in Fourier space. The wide spectrum can
lead to a nontrivial overlap with the frequency of the |1) <> |2) transition and results in an
undesired interaction involving the |2) state. The DRAG procedure (Derivative Reduction
by Adiabatic Gate) is an analytic suppression of such leakage errors by coordinating control
on both the o, and o, axes [1006, |. In DRAG, if the first control envelope is fixed to a
Gaussian, then the second pulse is proportional to a Gaussian derivative term that eliminates
the spectral weight at the |1) <> |2) transition. Numerical optimal control experiments have
been shown to reproduce pulse designs similar to the DRAG scheme [1106, |.

In Figure 7.5, we consider a weakly-anharmonic transmon qubit. Our simulation Hamil-
tonian is defined within the |0),|1),|2) space. We use the rotating frame of the |0) <> |1)
transition and take the rotating wave approximation to realize

H(t) = a|2) (2|+UIT(]5)(G+@T)+%(@—@T) (7.14)

where u,(t) and u,(t) are the envelopes of pulses driven at the |0) <> |1) transition. In the

|0), |1}, |2) space, the transmon control operations are expressed in terms of truncated raising
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and lowering operators as o, + (a+a')/2 and o, — i(a—a')/2. The transmon anharmonicity
is @ = —0.6 or a/2m =~ —100 MHz. To demonstrate the robustness of MPC, we suppose
that the transmon anharmonicity is unmodeled. That is, our MPC framework is forced to
use a model with o« = 0. This is similar to the situation demonstrated in Section 7.3.1, but
now there are two control pulses that must operate in tandem. With only a qubit model
available to our controller, we rely on MPC to design robust pulses for swapping the ground
and excited state probabilities. The prediction horizon is set to 10 timesteps (4 ns) and the
feedback timestep is 0.4 ns. Like in Section 7.3.1, we limit the maximum control amplitude
(Ju| <0.75) and constrain the allowed initial change in control relative to its previous value
(JAu| < 0.2). Our constraints are chosen so that the MPC pulses are similar to the 10 ns
analytic DRAG pulses shown in Figure 7.5(a). To implement our DRAG scheme, we set
uy(t) = 0.61,(t)/|a|. The constant of proportionality is a dimensionless scaling parameter,
which we set to the value in [0, 1] that maximizes the fidelity of the state preparation [106].
In comparing Figure 7.5(a) to Figure 7.5(b), we see that MPC is able to coordinate the two
control pulses and design a trajectory for the occupation probabilities similar to that of the
analytic scheme; significantly, MPC accomplishes this without knowledge of the simulation
anharmonicity. In fact, we observe the MPC pulse outperforms our simple version of the
analytic DRAG scheme despite this hindrance. In Section 7.3.2.1 we add additional context
by successfully applying MPC to two more cases: (i) further reducing and (ii) increasing

model awareness of the underlying simulation.

7.3.2.1 DRAG

Additional exploration of the weakly anharmonic qubit is pursued in this section. Figure 7.6
is an expanded version of Figure 7.5 in the main text. New examples appear as new rows,
while columns i.-iv. remain the same as the corresponding columns in Figure 7.5 of the main
text. An additional analytic example in Figure 7.6(a) shows the result of failing to apply the
DRAG correction to the weakly anharmonic qubit. Figure 7.6(b) is the same as Figure 7.6(a)
from the main text, showing the result of applying the DRAG scheme. As well, there are two
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Figure 7.6: (Expanded version of Figure 7.5). In column iv., recall p;; is the occupation
probability of the j-th state. In (a), we show the result of failing to include the analytic
DRAG correction on the second control term. (b) is the same as Figure 7.5(a). Parts (c)-(e)
rely on MPC under differing assumptions. In the MPC section, column iv. has open circles
on the trajectories to indicate the quantum state feedback used by MPC. In (c), the model is
assumed to match the simulation. Notice that in this case the control design closely resembles
the analytic DRAG design in (b). Part (d) is the same as Figure 7.5(b). In (e), the model is
restricted to the qubit subspace and MPC is implemented, taking only measurements in this
subspace. This is illustrated in (e) iv. by the absence of open circles over the poy trajectory.
Even in this limited case, MPC is able to enhance the population of the p;; state significantly,
in contrast to the analytic Gaussian m-pulse in (a).
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additional examples for MPC. The first is Figure 7.6(c) showing the result of applying MPC in
the case where the model used by MPC matches the underlying simulation. A design similar
to the DRAG scheme emerges from the numerical optimization. This was also observed in,
e.g. References [110, 193]. Figure 7.6(d) is the same as the main text Figure 7.5(b) showing
MPC in the case where the model does not include the term quantifying the anharmonicity
used for the simulation. In Figure 7.6(e), we further reduce the model knowledge by forcing
MPC to rely entirely on the qubit subspace. That is, unlike Figure 7.6(d), the feedback state
is given only in the reduced qubit subspace and not in the full |0),|1),|2) space. Observe in
Figure 7.6(e) that a significant enhancement of the p;; population is still achieved. In such a
case as this, where the qubit model is presumed to be the best estimate of the simulation, the
resulting analytic pulse is something like the Gaussian 7 pulse shown in Figure 7.6(a). By
contrasting Figure 7.6(a) with Figure 7.6(e), we see that MPC provides a robust framework

for control design in the presence of model uncertainty.

7.3.3 Crosstalk

When calibrating gates and algorithms for quantum processors at scale, additional terms in the
subspace dynamics may appear due to unintended crosstalk between otherwise independent
parts of the full quantum system [169]. We suggest simultaneously applying MPC to the
parts that would, without crosstalk, have known models and independent control objectives.
For this purpose, we recall the reduced density matrix Trg{pse} = ps for a quantum state
p € Hs ® Hg in the joint Hilbert space of a system S and environment E. Here, Trg is the
partial trace over Hg. In the following discussion, the feedback state supplied to MPC is the
concatenation of the reduced density matrices for each of the otherwise independent parts of
the full quantum system (i.e. for two parts A and B of a joint system, the feedback state is
the concatenation of py = Trp{pap} and pp = Tra{pap} as will be described below). As the
MPC control horizon recedes, control decisions are made using just the information in these
parts to correct for the unintended effects of the crosstalk. At a given time step in the control

design, we assume that any observed crosstalk effects were coherent and fixed by the past



128

(a) Initial (b)

Q@ © va a

s{mpcg

0 10 20 30 t(ns)

Figure 7.7: A simulation of two qubit state preparations denoted by A (Hamiltonian:
Hu(t) = ua(t)o/2) and B (Hp(t) = up(t)o)/2) is modified by a strong crosstalk term
proportional to 02 ® oB. (a) The initial density matrix is in the ground state p(0) = |00) (00|
where |00) = |0) , ® |0) 5. The height of the bar indicates the magnitude of that entry in the
density matrix, and the color is the phase. The goal is to send the ground state to the excited
state for both qubits. This means the target or reference state is set to p*f = [11) (11]. (b)
Suppose the crosstalk term is not present so u4, up are analytically two 7-pulses realizing the
independent qubit state preparations. (b) i. In a simulation without crosstalk, the density
matrix of the coupled system (shown at 25 ns) is successfully prepared in the reference state.
(b) ii. In a simulation with crosstalk, the same pulses fail to correctly prepare the density
matrix of the coupled system (shown at 25 ns). (c) We force model predictive control (MPC)
to use a model with zero crosstalk to design the controls for a simulation where crosstalk is
present. The state of the coupled system (shown at 25 ns) is successfully prepared by MPC.
(d) The MPC framework is able to robustly prepare the state using only feedback from the
concatenation of the reduced density matrices ps, pp in order to overcome the crosstalk
modeling discrepancy. (e) The settling time of the successful MPC control is > 20 ns (shaded
region); without crosstalk, the settling time was < 10 ns.
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control decisions. That is, repeat experiments experience the same crosstalk. Corrections
based on MPC are made by way of the future evolution. This feature is important because
any changes made to past controls modify the form of the past crosstalk in new and uncertain

ways.

In Figure 7.7, we use MPC to implement state preparation for two qubits coupled by
unintended crosstalk. The qubit spaces are indexed by A and B, and the desired state
preparations are denoted redundantly as A and B. The total system Hamiltonian (each qubit

in the rotating frame after the rotating wave approximation) is

H(t)=Hp+ Ha(t)® 15+ 14 ® Hp(t)
UB(t)

t
:§gf®af+u‘4()ogj‘®13+ 1a®c? (7.15)
2 — 2 2 Y
crosstalk

with us(t) and up(t) the control envelopes of the on-resonance carrier pulses. Here, we choose
¢ = 0.5 (§/2m ~ 80 MHz). We use separate axes to implement the A and B operations:
respectively, Ha(t) = ua(t)o; /2 and Hp(t) = up(t)o,’ /2. This allows the trajectories of the
reduced states to be somewhat distinct, while simultaneously retaining for each operation
the intuition developed during Section 7.3.1. We assume that the model used by MPC
is unaware of the crosstalk in the simulation Hamiltonian, and that the feedback state
for MPC is the concatenation of the reduced density matrices p4 and pp with otherwise
independent objectives A and B. The MPC prediction horizon is set to 10 timesteps (6 ns)
with a feedback timestep of 0.6 ns and constraints are added identical to Section 7.3.1. In
Figure 7.7(a), we show the initial density matrix which is in the ground state of the joint
system, pap(0) = |00) = |0) , ® |0) 5. Expressed in the joint system, the target or reference
state is p™f = |11) = |1), ® |1)5. In Figures 7.7(b)-(c) we report the result of different
state preparation experiments after 25 ns. For context, recall that the single qubit state
preparations performed in Sections 7.3.1-7.3.2 were realized in < 10 ns. In Figure 7.7(b), we

apply MPC to design a pair of control pulses for the case of a simulation where no crosstalk



130

is present. In this situation, the model used by MPC matches the simulation. The MPC
solution is comparable to two analytic m pulses applied to both qubits. This is because
the two systems were uncoupled, so the feedback state defined by the concatenation of the
reduced density matrices p4 and pp provides complete information about the independent
system dynamics. Indeed, we see in Figure 7.7(b) i. that this pair of m-pulse proxies prepares
the appropriate joint reference state. For comparison, Figure 7.7(b) ii. shows the result
of using the same pulses to control a simulation where a crosstalk term (Equation (7.15))
couples the two systems. Observe that this case (which corresponds to using an analytic or
open-loop solution based on an incorrect model) results in a failed state preparation.
Contrast Figure 7.7(b) with Figure 7.7(c)—in the latter, we apply MPC to realize our
reference state in a simulation with crosstalk using a model that has no crosstalk term. The
control pulses designed by MPC are able to use simulation feedback to overcome the model
discrepancy from the unknown crosstalk. Figure 7.7(c) shows that the joint density matrix pap
of the coupled system after 25 ns is successfully prepared in the reference state. Figure 7.7(d)
is a cartoon to emphasize that the control pulses are designed using a feedback state defined
by the concatenation of just the reduced density matrices ps and pp. In Figure 7.7(e) we see
the control pulses designed by MPC. Observe that the forward-looking MPC addresses the
unknown crosstalk by using feedback to compensate for unplanned dynamics. This results in
longer settling times > 20 ns when compared with the single qubit state preparations of the

uncoupled system which were realized in < 10 ns.

7.4 Conclusion

Model predictive control (MPC) allows for robust quantum state preparation in the presence
of model uncertainty. MPC gains a natural degree of disturbance rejection by relying on
feedback to update its receding horizon control plan. In Sections 7.3.1-7.3.3 we demonstrated
this using prototypical superconducting qubit control simulations. In our examples, we
showed MPC is able to design successful control pulses when forced to rely on a model that is
mismatched from the underlying simulation. Our examples focused on setpoint stabilization

(realizing a static reference state), but MPC can be utilized for other control strategies like
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tracking (following a time-dependent reference trajectory) and path following (staying close
to any part of a time-independent reference trajectory at all times) [L66].

MPC is able to integrate state-of-the-art trajectory-based optimization approaches within
its receding horizon architecture to improve outcomes and computational tractability at
scale. Well-designed optimization constraints can increase robustness and can be used
to seek time-optimal controls [1G41]. Tube MPC can be used in the presence of bounded
external disturbances to keep the actual state within an invariant tube around the nominal
trajectory [62, , |. A state observer included in trajectory-based optimization can
help limit the number of measurements needed to estimate the quantum state [113]. For
many-qubit systems, trajectory-based controllers have been developed to assist with the
exponential increase of the quantum state space |2, 78, |. These ideas will be incorporated
in future work.

MPC is also simple and flexible enough to complement other existing control strategies.
It is often useful to rely on data-driven models in MPC [14, 18, 93]; for quantum dynamics,
one direction is through bilinear dynamic mode decomposition [72]. MPC and reinforcement
learning (RL) have different benefits and costs, and the two can benefit from each other [74].
MPC can provide the expert demonstration needed to initialize the learning process in RL
approaches [161]. RL approaches are successful at improving quantum optimal control |13, ]
but there are significant data costs when training this global model-free approach. The MPC
architecture introduced here is robust, interpretable, and requires less data than RL-based
strategies. Furthermore, model-based strategies like MPC provide greater potential for

extrapolation and generalization during control planning.

Code Availability

Code supporting the findings of this study is openly available at the following URL:

https://github.com/andgoldschmidt/MPC4quantum.


https://github.com/andgoldschmidt/MPC4quantum
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