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Aeronautics and Astronautics

Standard third-order Runge-Kutta (RK3) [4] can solve the incompressible Navier-Stokes
equations with third-order accuracy, but does so by solving the Poisson equation for pres-
sure at each of its three sub-steps. FastRK3 [1] is a computational method for solving the
incompressible Navier-Stokes equations in curvilinear coordinates over an orthogonal com-
putational grid and is build upon the standard RK3 method. It solves the Poisson equation
for pressure only once per time step. This implies that FastRK3 saves 66.6% of computa-
tional time standard RK3 spends solving the Poisson equation. The present thesis provides
an analytical proof for the order of accuracy of FastRK3 and proves that it maintains third-
order accuracy for free shear flows. The analytical proof is then validated numerically by

performing the temporal accuracy analysis of FastRK3 for the Taylor-Green vortex flow.
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Chapter 1

INTRODUCTION
1.1 Background

Incompressible flows, flows in which the density of a fluid element remains constant as it is
advected through space, are ubiquitous in engineering applications and natural phenomena.
Any flow with a Mach number below 0.3 can be approximated as incompressible, and this
category of flow is relevant in many applications (low-speed aerodynamics, hydrodynamics,
meteorology, biology, etc). Accurate simulation of such flows can provide insight into fun-
damental flow physics, as well as advance understanding of flows specific to these various
applications.

Temporal order of accuracy is important when simulating flows. Non-linear effects can
only be resolved by solvers with at least second-order accuracy, and the higher the order of
accuracy of a solver, the greater the reduction in error when decreasing the simulation time
step. Generally, methods with second-order temporal accuracy are sufficient for resolving
non-linearities in incompressible flows. However, there are cases in which a third-order
formulation is beneficial, or even necessary. For example, the order reduction associated
with simulating wall-bounded flows means second-order algorithms such as Adams-Bashforth
(AB) yield first order solutions in these cases [1]. This motivates the need for a third-order
time integration scheme.

Runge-Kutta methods have various properties which are beneficial when solving the
Navier-Stokes (NS) equations. These methods are self-starting and tend to have better stabil-
ity characteristics than other solvers. The stability regions of explicit second and third-order
RK methods are larger than the region for AB [1]. The RK3 method is also conditionally

stable for pure convection whereas the stability of second-order schemes AB and two-step



Runge-Kutta (RK2) depends on the viscous term and Reynolds number. RK methods are
also configurable; algorithm coefficients can be chosen to achieve specific orders of accuracy
for the solution.

Sanderse and Koren (SK) [4] developed a framework for solving the incompressible NS
equations using explicit RK methods and the pressure-projection method. This formulation
necessitates that the Poisson equation for pressure is solved at every sub-step of the RK
method. For RKS3, this means that the Poisson equation is solved three times for every
time step. Iterative methods are needed to solve this equation and despite improvements to
the convergence speed of these methods (by use of FFTs, decompositions, etc.), solving the
Poisson equation is by far the most time-intensive step in simulating incompressible flows.
Thus, it is expeditious to modify the algorithm and minimize the number of Poisson solves

necessary to maintain third-order accuracy.
1.2 The case for pressure extrapolation

Aithal and Ferrante [1] developed FastRK3, a modification of the standard RK3 method [4]
which only solves the Poisson equation once per time step. Rather than solving the Poisson
equation for pressure in the first two sub-steps of RK3, the values for pressure at these steps
are linearly extrapolated in time from values of pressure at previous time steps. Figs. 1.1, 1.2,
and 1.3 show results from Aithal and Ferrante [1] which indicate that the numerical solution
of the unsteady circular lid-driven cavity for the standard RK3 method and FastRK3 method
are nearly identical for both velocity and pressure. The temporal accuracy of FastRK3 was
not studied by Aithal and Ferrante.

Capuano et al. [7] tested a linear pressure extrapolation and a pressure copy method
with a third-order RK scheme and found that the pressure extrapolation method was able
to maintain third-order accuracy. Most recently, Michele et al. [5] performed a parametric
study, testing various linear extrapolations with different RK methods. In this study, ex-
trapolations are constructed as functions of parameters a and 8. The authors found through

numerical tests that for the classical fourth-order RK scheme (RK4) there is a family of



Uy = Ujcos(wt) Ug = Ujcos(wt)

(a) Streamlines of the numerical solution for (b) Streamlines of the numerical solution for

Re; = 280 from standard RK3 at t,,.x = 40 Re; = 280 from FastRK3 at t,,,,. = 40

Figure 1.1: Lid-driven polar cavity flow after four rotations of the inner wall. [1]

extrapolations which follow the relationship:

2 5

and give a third-order accurate result. Fig. 1.4, which shows the velocity errors for the
tests, indicates that error is minimized for extrapolations which fall on the line in Eq. 1.1
and increase as distance from this line increases. From these works it is clear that achieving
third-order accuracy is possible without solving the Poisson equation at every sub-step.
However, an analytical proof that Eq. 1.1 makes the scheme third-order accurate in time

has not been provided.
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Figure 1.2: Comparison of FastRK3 and standard RK3 solutions for Uy and U, along radial

lines for the lid-driven polar cavity at ty.x = 40 (after four rotations of the inner wall). [1]
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1.3 Goals
The objectives of this thesis are:

1. to provide an analytical proof for Eq. (1.1) in order for the extrapolation of pressure

of a FastRK3 method to be third-order accurate in time,

2. to prove numerically that FastRK3 is third-order accurate in time when the extrapo-

lation is performed while satisfying the constraint of Eq. (1.1).



Chapter 2
MATHEMATICAL DESCRIPTIONS

2.1 RK methods

Runge-Kutta (RK) methods are multi-step methods which use quadrature to numerically

integrate differential equations. For the differential equation:

vy = fly) where y=g(z), (2.1)
the general RK form is:
Y}Zyn—i—hi:aiﬁ/]f for i=1,...,s, (2.2)
j=1
Ynt1 =Yn + h i b;Y;, (2.3)
i=1
where
v/ = f()) 2.4)

In this formulation h is the step-size in x, a;; and b; are RK coefficients, s is the number of
internal stages, y,, is the approximated solution at x,, and Y; and Y, are approximations to
y and ¢y at z, + ¢;h.

RK methods can be made to be explicit if

a; =0 for 7<j. (2.5)
In this case, the method simplifies to

E:yn_‘_hzdijyv}/—l for i=1,...,s, (2.6)
j=1

yn-i—l = }/:97 (27)



where Y; and Y;’ are approximations to y and 3 at x,, + ¢;h and

921 0 cee 0 Co
A — é e

Qg1 - Qgs—1 0 Cs

by -+ bs1 b 1

Components a;; and ¢; are the shifted RK coefficients.

An extensive analysis of the accuracy of these methods when applied to differential-
algebraic systems of equations (e.g. the spatially-discretized incompressible Navier-Stokes
equations) is presented in [6] and [10]. The details are beyond the scope of this work, but
the main principle is that algorithm coefficients and number of steps must satisfy certain

constraints in order to achieve desired orders of accuracy.
2.2 RK3 method for incompressible flows

2.2.1 Incompressible NS equations

We begin with the conservative form of the incompressible Navier-Stokes equations:

V-u=0 (2.8)
N9 ) = —2Vp 4 V2 (2.9)
5 uu) = p p+vVu. .

The variables are flow velocity u, pressure p, fluid density p, and fluid kinematic viscosity
v. These equations are then discretized in space, in this case using a second-order central

difference scheme. The discretized equations are:

DU +b(t) = 0, (2.10)
daUu 1

—=F - - 2.11
=P - cn (211)

where D, F', and G are the discrete divergence, flux, and gradient operators, respectively,

U(t) is the discretized velocity field, p(t) is the discretized pressure, and b(t) accounts for
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unsteady boundary conditions. The flux term is defined as:
FU)=-C{U)+ VU, (2.12)

where C' is the discrete convective operator and V' is the discrete viscous operator.

The main distinguishing characteristic of incompressible flows is that the continuity equa-
tion simplifies to a divergence free constraint on velocity. This condition is typically satisfied
by first ignoring the pressure term in the velocity evolution equation (Eq. 2.11) and cal-
culating an intermediate velocity, U*, only based on the contribution to velocity evolution
from fluxes. Then the velocity is projected to a divergence free field by solving the Poisson

equation for pressure:

Lpnsr = éDU*, (2.13)

where L is the discrete Laplacian operator, p, 1 is the pressure at ¢, 1, and At is the solver

time step. This solution for pressure results in a divergence free velocity field U, at t,.1:
Un+1 =U"— 7Gpn+1. (214)

This procedure is called the projection method [3].

Sanderse and Koren (SK) [4] developed a method for solving the incompressible Navier-
Stokes equations using explicit RK methods and the projection method. The formulation
begins by applying the projection to the discretized NS equations (Eqs. 2.10 and 2.11)
and reducing these equations to a single equation. The projection is handled as follows.

Differentiating Eq. 2.10 and substituting into the divergence of Eq. 2.11:
1 .
—Lp= DF +b(t). (2.15)
p

In this step it is assumed that D is not a function of time (i.e. the mesh is not time-varying).
Note the similarity between Eq. 2.13 and Eq. 2.15; this is the Poisson equation for pressure.
Solving this equation for p and substituting into Eq. 2.11 gives:

% = PF — pGL7'(t), (2.16)
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where
P=1-pGL™'D (2.17)

is the projection operator which projects the velocity onto a divergence-free field. Now that
the NS equations have been combined into a single vector evolution equation (Eq. 2.16), we

can apply the RK formulation to solve it.

2.2.2  Applying the RK formulation

Applying the RK formulation to Eq. 2.16 yields

Uy =1n+ Aty a4y PFy — GL7'(b(t) = b(t,)), i=1,....s, (2.18)

j=1
where the subscript ¢ denotes the stage of the method and s is the total number of stages.

The inverse Laplace operator adds complication in solving for U; so instead of using Eq. 2.18

in implementation, the expression for P (Eq. 2.17) is substituted:

Ui =tn+ Aty ayFy—GL™ <At > aiDF;_y + (b(t;) — b(tn))> : (2.19)
j=1

J=1

A pseudo-pressure ¢; is introduced and the expression simplifies to:

j=1
where
‘1 b(t;) — b(ty)
Lo; = —a;; DF;_ L LA 2.21
’ ;éz’% T A (2.21)

This equation for ¢; is solved using a Poisson solver, e.g., the FastPoc method of Aithal and

Ferrante [1]. When comparing Eq. 2.21 with the exact solution for p;:

Lp: = DF; + b(t,), (2.22)
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it is clear by inspection that
i = pi + O(At). (2.23)

This is because

b(t:) — b(tn)

b(t;) = AL + O(AY), (2.24)

and the summation term in Eq. 2.21 is simply an approximation of the mean value of DF
over the interval [t,,t;], which is by definition a first-order approximation of DF; (in Eq.
2.22). Additionally, an exact solution for ¢(¢;) can be constructed as the mean value of

pressure over the interval [t,, ;]:

ot) = ;| vl (2.25)

tn
Sanderse and Koren [4] devise a method to achieve a second-order accurate approximation

for pressure, using the RK coefficients A and € to construct a linear combination of ¢;:

W = (A) Udiag(cu, .., (2.26)
Prt1 = V3. (2.27)
They then derive the order conditions necessary to reach third-order accuracy in velocity and

second-order accuracy in pressure with a three-step method using the formulation presented

in Egs. 2.20, 2.21, 2.26, and 2.27. These conditions are satisfied by a single set of coefficients:

1/3 0 0 1/3
A=|-1 2 o0 =11
0 3/4 1/4 1

These coefficients, along with Eqs. 2.20, 2.21, 2.26, and 2.27 comprise standard RK3.
Sanderse and Koren [4] also show that with the coefficients given above, ¢; will be first-

order approximations of the exact expression for ¢(t;):

b = o(t;) + O(At), (2.28)
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in addition to being first-order approximations of p;. By the principle of the midpoint
method, however, ¢; is a second-order approximation to both ¢(t) and p(t) at the midpoints

in time, t,, + éi%.

2.3 FastRK3

FastRK3 [1] and the fast-projection methods of [7] and [5] modify this formulation by calcu-
lating ¢; for 2 = 1,...,s—1 by linear extrapolation rather than solving the Poisson equation,
which is typically the most time-consuming component of solving an incompressible flow.

Linear extrapolation takes the form:

()~ 6(Era) + 7= (0(E) = 9(E)) (2.20)

where ¢(t) is the exact solution for ¢ at some time ¢ and ¢(f,) and ¢(f,_,) are values
of ¢(t) from two previous points in time. Linear extrapolation is by nature second-order
accurate so Eq. 2.29 is a second-order approximation of ¢(t). In general, we do not have
the exact solutions for ¢(£,) and ¢(#,_1) but rather have the approximations ¢, and ¢,_;.
As previously noted, ¢; are second-order approximations for the exact ¢(t) at ¢, + éi%. In

order to maintain this level of accuracy, we set
tn =t — —, (2.30)
tho1 = tn_1 — — (2.31)
where ¢,, and ¢,,_; are second-order approximations of the exact ¢(t), and extrapolate to
t=t,+ éi%. (2.32)
Thus, the extrapolations take the form:

and ¢; maintain second-order accuracy with respect to the exact ¢(t) at the midpoints in

time. Note that this extrapolation uses information from a previous point in time and is

therefore not self-starting.
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2.3.1 The a, B relationship

Theoretically, maintaining the accuracy of the ¢; variables by using the extrapolation in Eq.
2.33 is necessary to attain third-order accuracy. However, it’s been shown that multiple sets
of extrapolation coefficients can produce third-order results. To explain this, we adopt the

parameterized form of the extrapolation from [5]:
The parameters a and (8 dictate where ¢; are placed in time as follows:

ti =ty +a¢;At, i=1,...,5—1, (2.35)

tn = t, — BAL. (2.36)

The general extrapolation given in FEq. 2.34 has error:

T (G R [ [ (R PO e

(2.37)
Tmposing the constraint > ¢; = O(At?) gives:
1 1 s—1 )
s-1(B-=)+(a-=)>&=0 (2.38)
2 2 —
For the RK4 method used in [5] this simplifies to:
B =-2/3c+5/6 (2.39)

which is Eq. 1.1, the relationship given in [5]. Note that the relationship is the same for the
RK3 method with coefficients given by [4].

2.3.2  Proof of accuracy

To understand how a second-order cumulative error of the extrapolations leads to third-

order accuracy, we consider the mechanics of the RK3 method. For this investigation we
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consider FastRK3 to be an approximation to standard RK3. To differentiate between the
two algorithms, standard RK3 variables will be denoted with a tilde (7).

In proceeding, we assume that all analysis done on the ¢; extrapolations is applicable to
extrapolations of G¢;, as GG is simply a linear operator and should not affect the accuracy
of extrapolations. We also assume that ¢; and ¢, calculated via Poisson solve can be ap-
proximated to second-order by some extrapolation which satisfies 1.1. (See Appendix A for
numerical verification of this claim.) This assumption means that the errors of $1 and ¢,

with respect to the analytical ¢(t) will also sum to second-order and leads to the following:

Gy — Goy = cyAt + O(AL?), (2.40)

First stage of RK3
The first stage (i = 1) of standard RK3 is given by

Us —U,
~At~ ~
Up-U; . G¢
— =G ;

At p

= an Fy,
(2.42)

where, U, and U, are the arrays of discretized velocity components at t, and ¢, = ¢, + &1 At,
respectively, and [7{‘ is the array of the approximate velocity at ;. F, represents the sum
of discretized convective and diffusive terms at ¢,, and, ¢; is the array of the discretized
pressure-like scalar at t = t,, + %At. Note that U; differs from the exact velocity, Uy, at ¢
by O(A#?) [9]:

U, =T, + O(At?). (2.43)

Summing the two equations of Eq. (2.42) gives

U, — U,

. Go
A = k- él—fl. (2.44)
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In standard RK3, in order to solve Eq. (2.44) for U, the pressure ¢; is obtained by solving
the Poisson equation
~ p ~
DGo, = L <DU* b ) , 2.45
¢1 élAt 1 + 1 ( )
where b; = b(t1). Instead, in our method, FastRK3, in order to save computational time, we

use an approximate array for the pressure ¢; at ¢ = t,, + QAL (ie., ¢ = $1(Gn, Pn_1)), such

that we compute the velocity array U; at time ¢;, by solving

u,-u, | - .G
1At = ay F, — CI%. (2.46)
Subtracting Eq. (2.44) from Eq. (2.46), we get
U—U & (-
NS (G¢1 - G¢1> . (2.47)

Therefore, the instantaneous error (Uy -U 1) depends directly on how well ¢, is approximating

¢1. Substituting Eq. (2.40) in the above equation, we get
Uy — Uy = 2 [c,AF2 4+ O(AF)] (2.48)
P

Eq. (2.48) shows that the velocity U; is a second-order approximation of U; which, given
Eq. (2.43), implies that U is still a second-order approximation of the exact velocity U;. We
now show that the discretized divergence of velocity DU is a third-order approximation of
DU,. Applying the discrete divergence operator D to Eq. (2.44) gives

DU, — DU, _ DG,

AL = DE, — ¢ > (2.49)

where, DG is the discrete Laplacian operator. Applying the discrete divergence operator D
to Eq. (2.46) gives

DU, — DU - D
DU, - DU, _ anDFE, — & ngl' (2.50)
At p

Subtracting Eq. (2.49) from Eq. (2.50) and using Eq. (2.40) gives

DU — DU _ % (DGé ~ DGsy)

At
DU, — DU, ¢ -
_a _ 2.51
N ; (D[6di-Ganl). (2.51)
DU, — DU, ¢
— = ;1 (D [esAt + O(A)])
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and, thus,
DU, — DU, = O(A#?), (2.52)

Eq. (2.52) shows that DUj is an approximation of DU, with second order accuracy. Next,
we compare the fluxes computed using standard RK3 and FastRK3 as

Fy — F, = [C(Th) — C(th)] + VU, — VU,. (2.53)

Since C(U) ~ U?, the leading order At term is in the diffusive term. Substituting Eq. (2.40)
in Eq. (2.53), we get

&

F—F = VL [+ O(A8)] + [O(ﬁl) — o). (2.54)

Second stage of RK3

Next, the second stage (i = 2) of standard RK3 is given by

N - Go
- agan + a22F1 - éz%, (255)

U, - U,
At

where UQ is the discretized velocity at t, = t,, + o At. F 1 represents the combined discretized
convective and diffusive terms at ¢; computed using U, and gz~§2 is the array of discretized
pressure at t = t,, + %At. Note that U, differs from the exact velocity Uy at to by O(A?)
9]:

Uy = Uy + O(A%). (2.56)

Similarly to the first stage of standard RK3, the second stage would also require solving the
Poisson equation for pressure to obtain &g. Instead we use an approximate discretized array
for ¢ at t = ¢, + %At (i.e., P = ng(an, qgn,l)), such that we obtain the velocity array U, at

time %o, as R
U2 - Un
At

where, F7 represents the combined discretized convective and diffusive terms computed using

) e
P P - @%, (2.57)

Uj. Subtracting Eq. (2.55) from Eq. (2.57) results in

Uy — U,
At

iy (Fl - Fl) n %2 (GqBQ _ G¢2> . (2.58)
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Hence, the instantaneous error of the discretized velocity U, at t, is given by substituting
Egs. (2.54) and (2.41) in Eq. (2.58) as

Uy — Uy = C—: [—cs A2 + O(AF)] + zmvc—pl (e A + O(AH)] + aga At [0(01) - (J(Ul)]
(2.59)

and, thus,
Uy — Uy = O(At?). (2.60)

Further, similarly to the first stage of FastRK3 above, it can be shown that the accuracy of

the discretized divergence of velocity Us is given by
DU, — DU, = O(At?). (2.61)
Next, we compare the fluxes computed using standard RK3 and FastRK3 as
Fy = B =V(Uy = Ua) + [C(0) - C(Uy)] (2.62)

and substituting Eq. (2.59) into Eq. (2.62), we get

(22C1

Fy— Fy= v% [—cs A2 + O(AP)] + VVEZL [ A 4 O(ALY)]
+ [0(02) - C(Ug)} 4 Vg At [C(Ul) . C(Ul)] . (2.63)
Third stage of RK3
Finally, the third stage (i = 3) of standard RK3 is given by
% = (g F) 4 GgsFy — G%“, (2.64)

where Un+1 is the discretized velocity at ¢, = t, + At, and gzgnﬂ is the array of discretized
pressure at t,,, = t, + At/2. Note that the discretized velocity at the third stage of RK3,
U1, differs from the exact velocity, Uny1, at t,4q by O(At*) [9]:

Upi1 = Uny1 + O(AHY). (2.65)
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The third stage of FastRK3 is given by

Un - Un ~ « G n
HT = a32F1 + CL33F2 — ¢p+1, (266)

where, F, represents the combined discrete convective and diffusive terms computed using Us,.
It should be noted that we do solve the Poisson equation for pressure only once and for this
final stage of FastRK3. The solution to the Poisson equation, Eq. (2.70), for pressure ¢, 1,
varies from the solution ggnﬂ of Eq. (2.69) in the interior grid points, while satisfying the
prescribed boundary conditions. This is because the terms appearing in the Poisson equation,
Eq. (2.70), are F} and F, rather than F, and F; as in Eq. (2.69). In order to compute the
accuracy of the third stage of FastRK3, we first determine the instantaneous error ((5%1 —
¢n+1) as shown below. Applying the discrete divergence operator D to Egs. (2.64) and (2.66)

gives, respectively,

DU, ., — DU, . . DG,
HAt =D <d32F1 + d33F2> — &7
DU, DU, DG¢p (2:67)
n+1 — n . -« n+1
=D F ) - —
Al (G3oFy + ag3Fy) P ;
and, thus, .
bpt1 — by, o~ o~ DG,
—HT =D (a32F1 + CL33F2) — $7
) ) DG¢>p (2.68)
—%tn = D (a2 Fy + a33Fs) — —nH,

where we have used the discretized continuity equation (2.10): DUn+bn = 0; DUnH +bpi1 =
0; DU,t1 + bpy1 = 0. Rearranging the terms in Eq. (2.68) gives the following Poisson

equations for ¢, and ¢, 1,

DG, ==\ by — by
% =D <a32F1 + CL33F2) + —HT (269)
DG n . . bn - bn
% = D (a3 F, + G35 F) + “Tt, (2.70)
Subtracting Eq. (2.70) from Eq. (2.69), we get
DG, DG, o o
;f L f LD [agg(pl — )+ s (Fy — FQ)] . (2.71)
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Substituting Egs. (2.54) and (2.63) into Eq. (2.73), we obtain

(33C2

[co A + O(AL)] +V

DG¢n+l - DG¢H+1 —_D {VGSQCl [—C¢At2 + O(At?))}

P p
+VV% e + O(AI)] + Vitgsiaa it | C(0) — O(U)]

+aiso [0(01) — C(U1)] + das3 [0(02) - C(U2)} } :

(2.72)
DGo,1 DG, DVe o
¢ 1 ¢ +1 = ——¢ [At2 (CL3261 — CL3302) + O(Atg)} . (273)
P P P
This result is generally second-order but goes to third-order under the constraint:
aggél = 63362, (274)

which holds for the RK3 coefficients given by SK [4]. Here, the condition that the first-order
error introduced by linear extrapolation should sum to zero has become relevant. Therefore,

imposing the constraint given in Eq. (2.74) we get
D (G&H1 . ngm) — O(AP). (2.75)

Equation (2.75) shows that the error on pressure gradient introduced by FastRK3 (by com-
puting the Poisson equation for pressure and using the linear extrapolation for stage 1 and
2 for ¢;) versus the standard RK3 (for which the Poisson equation is solved at each stage of

RK3) is of third order.

The instantaneous error (U,41 — U,41) is computed by subtracting Eq. (2.64) from
Eq. (2.66) as
G(;n+1 - G¢TL+1)

= a32 <F1 — Fl) + ass (FQ - FQ) + ( ; : (2.76)

and, then, by using Eqs. (2.54), (2.63), (2.74)and (2.75) in Eq. (2.76) gives

Un+1 - UnJrl

A = o), (2.77)
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to finally give
Upi1 — Upr = O(ALY). (2.78)

Eq. (2.78) shows that U, is a fourth-order accurate approximation of Un+1, which given
Eq. (2.65), implies that U,,; is still a fourth-order accurate approximation of the exact
velocity Uy ;.

Thus far, we have derived the error of FastRK3 to advance the numerical solution of
one time-step, and we now determine its global error at time 7'. In order to integrate the
governing equations from time ¢ = 0 to ¢ = T, we need to perform time integration via
FastRK3 N = T'/At times. Therefore, the resulting global error of FastRK3 at time 7 is the
sum of the one time-step error for all N timesteps:

_ T
Uv = Un = & O(AtY) = O(AP). (2.79)

Therefore, we have shown that FastRK3 is third-order accurate in the global temporal error
for velocity.

Building from the work of [5] we have shown that the set of extrapolations which have a
cumulative second-order error will produce third-order accurate solutions for velocity, even
if the extrapolations themselves are first order accurate. Thus, for any RK method with
at least three stages there is some linear function f(«) for which third-order accuracy is

achieved.

2.4 Temporal accuracy analysis

Due to the discretization in time of the partial differential equation (PDE) to be solved
numerically, there is a local truncation error (LTE) of the numerical solution that is a function
of At, the time step. The LTE can be found by taking the difference of the modified (PDE)
(the result of discretization) from the Taylor-expansion of the exact solution. The form of
the temporal LTE at each point in space within the computational domain is thus a power

series in At where the leading order term determines the order of accuracy of the solution.
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This can be summarized by saying that the error of our solution (solved with time step

At) with respect to the analytical or exact solution takes the following form:
eanr = AAL" + C, (2.80)

where € is a matrix which contains the error values at every point in the domain, A is a
matrix which contains weighting coefficients which depend on location within the domain, C'
is a matrix which contains higher order At terms, and r is the order of accuracy. The order r
can then be calculated by comparing the error € for simulations run with varying time steps.
In general, there is not a known analytical solution for a given flow so € cannot be directly
calculated. Rather, solutions are compared against each other to calculate r. There are a
few methods for which this strategy can work. Both of the methods described below will be

used in analyzing the results in Ch. 3.

2.4.1 Method 1: comparing successive numerical solutions

In this method solutions are found for successively increasing the time steps by some constant
factor; in this work we use a factor of 2. The smallest time step is denoted as At. We define
Eatnae as the L2 norm of the difference between solutions with time steps mAt and nAt.

This can also be written as

EmAt,nAt - ||€mAt - EnAtHQ ) (281)

where €,,o; and €,a; take the form of Eq. 2.80. Note that €,,A; and €,; are not calculated
directly but that the difference of the solutions is equivalent to the difference of errors €. As
C contains higher order terms of At, we can assume its contribution to the error is negligible
for sufficiently small At. Furthermore, A is not a function of time step, and At, m, n, and

r are all constant spatially. Thus, Eq. 2.81 reduces to

EmAt,nAt = ||A||2 Atr(mr - nr). (282)
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In order to isolate r, we introduce the ratio

EZmAt 2nAt
—— =" 2.83
EmAt,nAt ( )
Thus
E m. n.
r = log (M) /log(2), (2.84)
EmAt,nAt

where the ratio in Eq. 2.83 is directly calculated from the velocity solutions corresponding
to simulation time steps 2mAt, 2nAt, mAt,and nAt. As previously mentioned, in this work
we successively double the time step. In this case, we set 2n = m and order is calculated

using time steps 4At, 2At, and At.

2.4.2  Method 2: comparing with a reference solution

In this method, we compare the numerical solution with a reference solution. Introducing

the reference solution error:

e, = A*AtT + O, (2.85)
we redefine the parameter:
Ematnat = |€mar — €nnel s (2.86)
where
ent = |lear — €l (2.87)

is the L2 norm of the test solution and reference solution:

r = ||[AAT + C — A —

(2.88)

.
As long as r < r* we can again impose the argument that C' and C* are negligible. If the

reference solution does not have at least the same order of accuracy as the test solution then

C™ is not negligible and this calculation is not a valid means of calculating order of accuracy.
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If r < r* then A*At" is also a higher order term and can be neglected. In this case Eq.

2.88 becomes:
eny = ||All, A" for r <1t (2.89)
Otherwise,
€ny = |[(A— Ax)||, At" for r=r". (2.90)

In either case, we end with the same expression for r as in Eq. 2.84.
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Chapter 3
RESULTS

3.1 Test setup

We set up a test to confirm numerically the following:

1. The «, § relationship (Eq. 1.1) gives the set of extrapolations for which the net error

is second-order.

2. ¢1 and ¢y calculated by solving the Poisson equation in standard RK3 can be ap-
proximated (to second-order) by a special case of the «, § extrapolation. This is the

assumption made in Section 2.3.2.

3. FastRK3 is third-order accurate as long as the extrapolation follows the «, [ relation-

ship.

To do so, we will run simulations of the Taylor-Green vortex flow, for which an analytical
solution exists. We will run these tests using standard RK3 and two different extrapolations

for FastRK3; one which follows the «, § relationship, and one which does not.

3.1.1 Test extrapolations

In order to probe the details of the extrapolation we test two different formulations. The
first method, herein called the endpoint extrapolation method (EP), sets a =1, 8 = 0. In
this method ¢1, ¢, and ¢, 1 are chosen to be defined at t = t,, + ¢;At, or the times at which
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U; are defined. The extrapolation is

4 1
¢1 = §¢n - §¢n—1, (3.1)
P2 = 2¢n — Pp1. (3.2)

This method does not satisfy the «, § relationship 1.1.

The second method sets a = § = 3, assuming that ¢1, @2, and ¢,41 are at ¢ = ¢, + LAL.

Thus, we call this the midpoint extrapolation method (MP). This was the extrapolation used
by Capuano et al. [7] and it was one of the extrapolations studied by Michele et al. [5]. The

extrapolation is
5 2
= 5%n — 5Pn-1, 3.3

61 = 360 — S6n-1 (3

G2 = 20, — Op_1. (3.4)
The MP extrapolation satisfies the «, 8 constraint so we expect that these tests will yield a
third-order accurate solution for velocity.
3.1.2 Test case: Taylor-Green vortex

We will use the two-dimensional Taylor-Green vortex (TGV) test case [8]. This flow has an

analytical solution for velocity and pressure:

k
u(z,y,t) = —wok—g cos(k,) sin(k,y) exp(—vk?t), (3.5)
kv .
v(x,y,t) = oy sin(k,) cos(k,y) exp(—vk?t), (3.6)
2
plz,y,t) = —4w—k?2 cos(2k,x) sin(2k,y) exp(—2vkt), (3.7)

where wy is the initial maximum vorticity, k, and k, are the wave numbers in the x and y
directions, k* = k2 + k; , and v is the kinematic viscosity. This analytical solution will be
useful in calculating the accuracy of the simulation results.

In the simulations, = and y range from [0,1], k, = k, = 27, and wy = 100. The

flow is simulated on a computational mesh of 1282 grid points with Re = 200. The test
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dt Ny CFL (approx)
32At | 4.8 —4 | 3646 0.5
16At | 2.4e —4 | 7292 0.25
8At | 1.2e —4 | 14,584 0.12
4At | 6.0e —5 | 29,168 0.061
2At | 3.0e —5 | 58,336 0.031
At | 1.5e —5 | 116,672 0.015
Ny, = 128, Re = 200, tyax = 1.75

Table 3.1: Temporal convergence test parameters.

parameters are detailed in Table 3.1. Simulations are run to t,.x = 1.75, at which point the
maximum vorticity has decayed to about half its initial value. The smallest time step used
is Atpin = 1.5 x 107°, which corresponds to N = 116,672 time steps. For every algorithm,
we test six time steps, successively increasing by a factor of two. This allows for calculation
of convergence rates at different points in the stability region. For FastRK3 simulations, we
run standard RK3 for the first time step and then switch to FastRK3. This is necessary as

FastRK3 is not self-starting and needs ¢,,_; to proceed.

3.2 Standard RK3 temporal accuracy

First, we establish the accuracy of the standard RK3 method [4]. Fig. 3.1 shows the stage-
wise velocity accuracy for the standard RK3 algorithm, calculated by comparing with the
analytical solution. As expected, the accuracy increases with each sub-step and the final
velocity is third-order accurate.

In Section 2.3.2 we assumed that there is some extrapolation which follows the relation-
ship given in 1.1 and approximates standard RK3 G¢, and G¢, to second order. In order

to confirm this, we consider the evolution of G(Zﬁl, Gq~52, and GQNSnH at some point within
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Figure 3.1: Temporal convergence of standard RK3 first, second, and third stage velocities.

the domain, shown in Fig. 3.2a. Notice that G¢; and G¢, have some constant offset from
the curve for G(ﬁnﬂ. One way this can be interpreted is to think of Gy and Gy as ap-
proximations to G(ﬁnH at some t; = t, + i At and ty = t, + cyAt, respectively. We can
also generalize the placement in time of ngNSnH at some t,1q1 = t, + csAt. Adhering to the
framework given in [5], ¢, are all functions of &, B, and é;.

Writing out these functions explicitly we have:

t = t, + At = t, + ac At (3.8)
ty = tn + HAL = t, + @iy At, (3.9)
fng1 = tn + AL = t, 1 — BAL, (3.10)

where a and 5 designate the specific @ and  values that produce equivalent (to second-
order) extrapolations to the &l found by Poisson solve for standard RK3. We can then define
the offsets between ¢, and ¢y and #,:

dty =ty —t, = (B + aéc). (3.12)
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These offsets are found numerically by shifting G¢, and G¢s in time and noting where the

error with G(Enﬂ is minimized. From Fig. 3.2b we can determine that
A 1
- 7

Substituting Eqgs. 3.13 and 3.14 into Egs. 3.11 and 3.12 and noting that ¢, = % and ¢o = 1
we find that

: (3.15)

, (3.16)

which do fall on the line described by Eq. 1.1. These values for o and  correspond to the

following extrapolations:

¢1 = ;qbn - %¢n—17 (317)
¢2 - %an - g¢n—17 (318)

which we will call the sweet spot (SS) extrapolations. Numerical verification that the SS
extrapolations are second-order accurate relative to the standard RK3 solutions is provided
in Appendix A.

Using these results we can visualize how the various ways of calculating G¢; and G,
relate to each other. Fig. 3.3 shows the results of a Poisson solve and three different
extrapolations along with the exact solution for G¢(t), calculated using Eqs. 2.25 and 3.7, at
some point within the domain. The extrapolations are calculated using standard RK3 values,
Go,, and G,_1, and are representative of the values for G¢; and G, for the first time step
after the switch from standard RK3 to FastRK3. Note how the MP extrapolations lie on the
exact solution curves. This implies that both MP extrapolations are equivalent to the exact
solution to first-order. The error of the MP extrapolation relative to the exact solution will

thus sum to second-order as the errors of the extrapolations individually are second-order.
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Figure 3.2: The relative positions of Gq;l, qug, and qunﬂ in time at a point within the

computational domain.

Similarly, the SS extrapolations lie on the standard RK3 solution curves, supporting the
hypothesis that SS extrapolations are equivalent to G¢; and G, to first-order. Furthermore,
the offset between the exact/MP solutions and the standard RK3/SS solutions in the first
stage seems to be equal and opposite to the offset in the second stage, implying that the
first-order error between the MP extrapolations and the standard RK3 solutions should sum
to zero. The same can be said of the errors between the SS extrapolations/standard RK3
solutions and the exact solution. The EP extrapolation has some first-order error relative
to the exact solution for the first stage and coincides with the exact solution for the second

stage. Thus, we can confirm there is some net first-order error across the two extrapolations.

3.3 FastRK3 temporal accuracy

We can see the effect of this first-order error as it propagates through the algorithm by
comparing the stage-wise results of EP and MP. Fig. 3.4 shows the errors of the EP and MP
methods when compared with standard RK3 as a reference solution. The extrapolations for
EP and MP are both first-order. However, G¢,, 1 for MP reaches third order while it is only

second order for EP. This is the result of the first-order net error in the EP extrapolation,
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Figure 3.3: G¢ evolution for standard RK3 and three different extrapolation methods, com-
pared with the exact solution for Ge(t).

which limits the accuracy of G¢,,11.

Next, we consider the final result for velocity (shown in Fig. 3.5a). These errors are
calculated by comparing with the analytical solution. From this plot, we can see that MP
is third-order accurate while the EP is second-order. This is a direct result of the different
G¢,+1 accuracies for these methods. Ultimately the net first-order error in the EP extrapola-
tion prevents the solver from achieving third-order accuracy. We can also see the effect of the
first-order error in EP extrapolation when considering the p, ., results, calculated using Eqgs.
2.26 and 2.27, and shown in Fig. 3.5b. These errors are calculated by comparing successive
solutions. MP produces a second-order approximation for pressure while the first-order error

in the EP extrapolation limits the accuracy of the pressure solution to first-order.
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Figure 3.4: Stage-wise G¢ temporal accuracy for FastRK3 relative to standard RK3.
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Figure 3.5: Final stage temporal accuracy for FastRK3 EP, FastRK3 MP, and standard RK3.
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Chapter 4
SUMMARY

In this work, we have provided an analytical analysis for the temporal accuracy of Fas-
tRK3, a numerical method for solving incompressible flows. In the process, we analytically
derived the set of extrapolations (Eq. 1.1) that will yield third-order accurate results, which
had previously only been found numerically [5]. We also generalized this derivation to any
RK method with a number of stages greater than two and generic RK coefficients. The
basis of this derivation is that ultimately, the accuracy of the method depends on the order
of net error introduced by extrapolation rather than the order of error for each individual
extrapolation. Thus, there are multiple extrapolation schemes which will achieve third-order
accuracy for FastRK3. We then verified numerically that a second-order net error in ex-
trapolation is the determining criteria for FastRK3 to yield a third-order accurate solution.
From this analytical and numerical analysis, we confirmed that FastRK3 achieves third-order
temporal accuracy for free shear flows. We expect a loss of accuracy for wall-bounded flows

such that the solution is second-order [1, 2].
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Appendix A
ACCURACY OF THE SS EXTRAPOLATION

Using the same simulation setup described in Section 3.1.2 we test FastRK3 with the SS
extrapolation formulation (Eqgs. 3.17 and 3.18). The resulting stage-wise pseudo-pressure
gradient errors relative to standard RK3 are shown in Fig. A.1. The extrapolated G¢; and
G ¢4 are indeed second-order approximations of the standard RK3 solutions, as previously
theorized. Also, as there is no net first-order error in the extrapolations, G¢, 1 is a third-

order approximation of G(ﬁn+1.
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Figure A.1: Stage-wise G¢ temporal accuracy for FastRK3 (SS extrapolation) relative to
standard RK3.



