(©Copyright 2022
Brek Meuris



Model Reduction for Dynamical Systems:
Machine Learning and Memory

Brek Meuris

A dissertation
submitted in partial fulfillment of the
requirements for the degree of

Doctor of Philosophy

University of Washington

2022

Reading Committee:
Alberto Aliseda, Chair
John Kramlich

Panos Stinis

Program Authorized to Offer Degree:
Mechanical Engineering



University of Washington

Abstract

Model Reduction for Dynamical Systems:
Machine Learning and Memory

Brek Meuris

Chair of the Supervisory Committee:
Professor Alberto Aliseda
Department of Mechanical Engineering

Many of the physical phenomena arising in science and engineering can be described by
partial differential equations. Typically, partial differential equations of interest cannot be
solved analytically and require the use of scientific computing methods, machine learning
methods, or a combination of these methods to approximate the solution. Spectral meth-
ods are one technique commonly utilized by the scientific computing community to solve
partial differential equations due to their ability to achieve a high order of convergence; how-
ever, spectral methods require an appropriate choice of basis function—which is not always
obvious—and result in a high-dimensional system of equations that must be solved. Reduced
order modeling seeks to address the high-dimensionality of these systems of equations and
reproduce the dominant features of the solution while utilizing a lower-dimensional system.
For systems that are multiscale in nature, reduced order modeling becomes more nuanced, as
it is no longer feasible to simply truncate and evolve just a subset of the degrees of freedom.

The focus of this work is the development of two frameworks for the evolution of par-
tial differential equations. The first is a reduced order modeling framework for multiscale
dynamical systems that is based on the Mori—Zwanzig formalism. As part of this work, a pa-
rameter is introduced to control the time decay of the memory term, which results from the

application of the Mori—Zwanzig formalism, and is selected based on data obtained from a



well-resolved full simulation. This framework is applied first to the singular, one-dimensional
inviscid Burgers equation as a proof-of-concept and then extended to the three-dimensional
Euler equations, where full simulations are only feasible for short times. The second is a sci-
entific machine learning framework that utilizes deep operator neural networks (DeepONets)
for the identification of candidate basis functions. The candidate basis functions—which
are custom-made for the dynamical system of interest—are orthonormalized through the
singular value decomposition and are suitable for usage in a spectral method. Model re-
duction is possible in this framework through the specification of a singular value threshold,
thereby allowing a lower-dimensional system to be utilized for the evolution of a partial
differential equation. This framework is applied to six one-dimensional models to provide
a proof-of-concept: the advection, advection-diffusion, viscous Burgers, Korteweg—de Vries,

Kuramoto—Sivashinsky, and inviscid Burgers equations.
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Chapter 1
INTRODUCTION

Many of the physical phenomena arising in science and engineering can be described by
partial differential equations (PDEs). Typically, PDEs of interest for modern applications
cannot be solved analytically and require alternative approaches. To address this need, the
methods devoted to solving PDEs have continued to evolve over the last 704 years with the
continued increases in computing power. Scientific computing and, more recently, machine
learning, are two methods commonly employed to approximate the solution to PDEs. Scien-
tific computing has a long history and comprises many methods for the numerical simulation
of the underlying PDE, while machine learning methods are a more recent development and
are being increasingly applied to PDEs with the goal of identifying the dynamical systems
described by a PDE from data [64]. The application of scientific computing techniques re-
quires the solution of a high-dimensional system and has led to the development of reduced
order modeling techniques that focus on modeling the dominant features of a system. The
application of machine learning techniques can result in a lack of ”explainability” [77] of
the model and has led to the development of scientific machine learning [3] techniques that

attempt to leverage the strengths of both scientific computing and machine learning.
1.1 Scientific computing

Starting with finite-difference methods, which predate the explosion of computing power in
the second half of the 20th century, scientific computing methods for solving PDEs now
include methods such as the finite-element method, the finite-volume method, and the spec-
tral method [73]. Within each of these methods, there are a wealth of techniques for dealing

with the nuanced spatiotemporal nature of PDEs and the complex dynamics they exhibit.



These four methods differ in their representation of approximate solutions, but all result in a
high-dimensional system of equations that must be solved. Furthermore, the dimensionality
of this system of equations is linked to the level of desired resolution. Spectral methods
have constituted a significant part of the field of scientific computing due to their connection
to approximation theory and ability to achieve a high order of convergence [11]. Spectral
methods rely on a set of basis functions (e.g., Fourier series) to develop a truncated series ex-
pansion of the solution to the PDE. The series expansion is then substituted into the PDE of
interest, a residual function is defined, and the expansion coefficients are chosen to minimize
the residual function in an appropriate sense [9]. One of the main considerations when uti-
lizing spectral methods is the choice of basis function, which may not be obvious in advance
and requires considerations of speed, accuracy, and/or boundary condition constraints [10].

For many real-world applications, the solutions to the PDEs of interest are too compli-
cated to properly resolve all length scales and/or the high-dimensional system of equations
resulting from a spectral method (or any of the other three methods noted above) is too
expensive for direct numerical simulation. Reduced order modeling attempts to reproduce
the dominant features of the solution while utilizing a lower-dimensional system. One of the
more popular frameworks for constructing reduced order models is proper orthogonal decom-
position (POD) [12,34]. Proper orthogonal decomposition for PDEs relies on the singular
value decomposition (SVD) to generate basis functions that are tailored to the problem of
interest and are optimal in a two-norm sense [10]. A common implementation approach of
the POD algorithm relies on snapshots of the solution of the PDE of interest to generate
a matrix where each column represents a distinct instant of time. The left singular vectors
resulting from performing the SVD on this snapshot matrix provide the POD modes, and
using the singular value spectrum, a threshold for the truncation of the POD modes can
be established. Spectral methods are then often utilized in conjunction with the truncated
POD modes to construct a reduced order model (ROM) of the PDE.

One critical aspect of reduced order modeling is the specification of the truncation thresh-

old for generating the lower-dimensional system. For the POD approach, truncation is often



selected based on the singular value spectrum and effectively treats the discarded POD modes
as unimportant for evolving the system at the desired accuracy. In the case of a system that
displays behavior at multiple scales, the ability to disregard the additional degrees of freedom
is no longer a safe assumption, and the construction of reduced order models becomes more
nuanced. For problems that are multiscale in nature, such as turbulence modeling, which
contains spatiotemporal motion involving a wide range of scales [15,75] and is of particular
interest to the mathematical fluid dynamics community, a modeler must use knowledge of
each scale and the relationships between scales to construct an appropriate ROM. If there is
a clear demarcation between the scales present, and they can be sorted into a few discrete
groupings, there are a variety of techniques that have been developed (e.g., see [30, 78] and
references therein). In many cases, there is no clear demarcation between the scales, or solu-
tions have characteristics that would require a resolution down to the zero-length scale (e.g.,
shocks). When solutions develop activity at length scales below the smallest scale available to
the simulation, the computed solution becomes under-resolved and degrades the accuracy of
the solution. One mathematical framework for constructing ROMs for systems that are truly
multiscale in nature is the Mori—Zwanzig (MZ) formalism. The MZ formalism, which origi-
nated from irreversible statistical mechanics [85], has been modernized and used successfully
to construct reduced order models (e.g., [5,18,56]). The MZ formalism provides an exact
and general framework for the reduction of the dynamics of a full system to the dynamics
of a set of reduced (resolved) variables without requiring any explicit scale separation [78].
In multiscale models, the unresolved variables impact the remaining resolved variables (the
modes retained after truncation in the non-multiscale POD case), and this interaction is

accounted for by a memory term that results from the application of the formalism.
1.2 Machine learning

Machine learning—a subfield of artificial intelligence—is focused on how computer systems
can be constructed so that they automatically improve through experience [37] and are typ-

ically cast as a problem of improving some performance metric when executing a given task,



and where this improvement is obtained through experience. Recent advances in a partic-
ular subfield of machine learning, referred to as deep learning, have changed the trajectory
of artificial intelligence. Through the use of deep neural networks, deep learning utilizes
a representation mechanism of learning where the composition of simple, nonlinear models
transform representations at one level into representations at a higher but more abstract
level [42]. Algorithmic advances, coupled with the improvement in computing resources in
the form of graphics processing units (GPUs), along with the explosion of data available for
training deep neural networks, helped lead to the resurgence of neural networks in the 21st
century. These recent advances have allowed deep neural networks to become very adept at
discovering structure in high-dimensional data and have led to state-of-the-art performance
in applications, such as image classification, machine translation, and natural language pro-
cessing [31,42].

Deep neural networks have also been utilized to approximate the solution to PDEs.
Applications of deep neural networks to PDEs have utilized a variety of network structures,
such as feedforward neural networks (FFNNs) [64], recurrent neural networks (RNNs) [52],
residual networks (ResNets) [62], and convolutional neural networks (CNNs) [79]. More
recently, there has been renewed interest in using neural networks not just to approximate
functions (i.e., maps between finite-dimensional Euclidean spaces) but also to approximate
operators (i.e., maps between infinite-dimensional function spaces) and, more specifically,
to map input data to PDEs (both linear and nonlinear) to their solutions [44-46]. The
deep operator neural networks (DeepONets) for approximating operators presented in [46]
are capable of accurately approximating operators that map data taken from a prescribed
input space (e.g., initial conditions, forcing terms), sampled at discrete ”sensor” locations,
to the solutions. Neural networks designed to approximate operators also have the potential
to circumvent the high computational cost associated with performing repeated simulations
using traditional scientific computing methods (e.g., finite-difference, finite-element) when
solving parametric PDEs. One major area of disadvantage for neural networks compared to

traditional scientific computing techniques is extrapolation. Since scientific computing aims



to directly solve the underlying PDE, it is straightforward, for example, to obtain solutions
for two different temporal domains. In contrast, when working with deep neural networks,
extrapolation beyond the temporal training interval can lead to significant degradation of
the solution accuracy.

Historically, deep neural network applications to PDEs have relied primarily on the large
availability of data to learn approximations without regard for any additional problem-
specific constraints obeyed by the data (e.g., physical laws, domain knowledge). To ad-
dress this lack of enforcement of constraints during training, domain-aware concepts, such as
physics-informed machine learning (e.g., see [38] and references therein) and, more broadly,
scientific machine learning (e.g., see [3] and references therein) have been receiving increasing
attention. These concepts aim to leverage physical laws, domain knowledge, etc., to improve
the performance of deep learning algorithms. By embedding this knowledge into deep learn-
ing models, the amount of data required for training and the training times are reduced in
many cases. Furthermore, requiring the output to satisfy the underlying physical laws leads
to improvements in the approximation accuracy [76] over purely data-driven neural networks

while also improving the interpretability of the model [3].
1.3 Research objectives

The focus of this work is the development of two frameworks for the evolution of PDEs and
seeks to satisfy two research objectives. The first, outlined in research objective one, seeks to
develop a reduced order modeling framework for multiscale PDEs through the MZ formalism,
renormalization, and the introduction of a parameter for the control of the time decay of
the memory term that encodes knowledge about the relationships between the resolved and
unresolved scales. The second, outlined in research objective two, seeks to develop a scientific
machine learning framework that utilizes DeepONets for the construction of basis functions
that are custom-made for the PDE of interest, suitable for usage in a spectral method, and
allows for the potential of evolving a lower-dimensional system through the specification of

a truncation threshold. The two research objectives are further outlined below:



1. The MZ formalism, in conjunction with various memory approximations, has been
used to successfully construct reduced order models of various PDEs (see discussion
in Section 1.1). In this work, the concept of a time-dependent perturbative renormal-
ization framework was developed for ROMs constructed using the MZ formalism and
investigated as a means to construct stable ROMs, which also accurately reproduce
the key solution characteristics for long times. The time dependence is controlled by
introducing a parameter that allows for the control of the time decay of the memory
and can be selected based on limited data from a well-resolved full simulation. This
approach was investigated for two multiscale PDESs; the one-dimensional inviscid Burg-
ers equation and the three-dimensional Euler equations. Chapter 2 is devoted to this

research objective.

2. The DeepONet architecture has been used to successfully map data taken from a given
input function space to the solution of a PDE (see discussion in Section 1.2). In this
work, a scientific machine learning framework was developed and investigated, which
couples the strengths of deep neural networks for the approximation of operators, the
SVD for determining dominant features in data, and the high order of convergence
of spectral methods as a means to accurately evolve PDEs for temporal intervals and
input function spaces, both within and outside the deep neural network training do-
main. More specifically, DeepONets are utilized to identify candidate custom-made
basis functions, which are then ordered and orthonormalized through the SVD, and
subsequently used as the basis for which to expand the solution of a PDE. Further-
more, the usage of the SVD allows for a truncation threshold to be established so that
a reduction in model size may be achievable. This approach was investigated for six
one-dimensional PDEs, two of which are linear and four that are nonlinear. Chapter 3

is devoted to this research objective.

A summary of the contributions of this work and potential avenues for additional future

work are presented in Chapter 4. Further details and supplemental material for the first



research objective can be found in Appendices A, B, C, and D, while further details and
supplemental material for the second research objective can be found in Appendices E, F,

G, H L J, K, L, and M.



Chapter 2
OPTIMAL RENORMALIZATION OF MULTISCALE SYSTEMS

In this chapter, the work completed toward the first research objective pertaining to
time-dependent perturbative renormalization is presented. In Section 2.1, a derivation of
the MZ formalism is provided. Section 2.2 outlines the particular approximation utilized for
the memory term, while Section 2.3 presents the framework for time-dependent perturbative
renormalization using data from a well-resolved but limited full simulation. This framework
is applied to two PDEs in Section 2.4, the one-dimensional inviscid Burgers equation (Section
2.4.1) and the three-dimensional Euler equations (Section 2.4.2).

An earlier version of this work was published in the Proceedings of the National Academy
of Sciences [59], and the library of MATLAB [49] codes expanded as part of this work are

publicly available at: https://github.com/brekmeuris/Renormalized_Mori_Zwanzig

2.1 Derivation of the Mori—Zwanzig equation

Consider a system of ordinary differential equations (ODEs),

—— =R(u()), u(0)=u, (2.1)

where u(t) = {ug(t)}, £ € FUG. The variables in F' will be considered the resolved
variables while the set of variables in G will be considered the unresolved variables such that
u = {ug(t)}, k € F, and u = {ug(t)}, £ € G. A system of ODEs, such as that shown
in Equation (2.1), may result when utilizing an appropriate set of basis functions and the
Galerkin condition to convert a PDE into a system of ODEs—as commonly done when using

a spectral method [9,11,34]. It can be shown that this system of ODEs can be transformed



into a system of linear PDEs [14] given by

duy(t 0
c]l:ﬁ( ) = Eewuo]C = ' Lugy, (2.2)

with £ € F UG and L, the Liouville operator, given by

0

8u0k ’

L= ) Ri(u)

ke FUG

(2.3)

Refer to Appendix A for additional details about this claim.
Define P to be an orthogonal projection onto the space of functions that only depend on
the resolved variables 0y, with complementary projector, ) = I — P. Equation (2.2) can

then be rewritten as
duk (t)
dt

= €t£P£U0k + erﬁuOk. (24)

L

The evolution operator e can be decomposed through the use of Dyson’s formula [16],

t
eth = etQF —l—/ =L pres@Ls, (2.5)
0

Using Equation (2.5) to decompose the second term in Equation (2.4) yields

dug(t '
_“C’;lf ) P Ly + €€ Ly + / =L PLREQ Lugyds, (2.6)
M;ﬁwv N:)gse 0 ~~
Memory

which is the Mori-Zwanzig (MZ) equation. The Mori-Zwanzig equation is an exact repre-
sentation of the original PDE and serves as a starting point for constructing reduced order
models. The first term on the right-hand side is called the Markov term, as it depends only
on the instantaneous values of the resolved variables at the current time. The second term
is called the noise term, and the third term is the memory term.

The projection P, was specified as Pf(uy) = Pf(ltg,09) = f(0p,0), and has three

important features [61]. First, it commutes with nonlinear functions. Second, the Markov
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term that results from the MZ formalism matches the term that results from a Galerkin
spectral approach (if the unresolved variables were set to zero for all time) for the right-hand
side of the ODE. Third, when the projector is applied to Equation (2.6), the noise term is

eliminated. Utilizing the specified projection P, and projecting a second time,

P t
dz;—:(t) = Pe'* PLugy, + P/ L P LeSREQ Lugrds, (2.7)
0

where

Pe'%FQLug, = 0, (2.8)

i.e., the noise term vanishes. Equation (2.7) now represents the projected dynamics of the
resolved variables and gives the average behavior of w;. Furthermore, Equation (2.7) is
suitable for the prediction of each trajectory that originates from the chosen initial condition
for the resolved variables (again, unresolved variables set to zero).

To solve a system of equations using Equation (2.7) requires the computation of the
Markov term and the memory term. However, due to the presence of the orthogonal dynamics
operator e*?* the system is not closed, and simulating the memory term requires knowledge
of the dynamics of the unresolved variables. It is the presence of the orthogonal dynamics
operator that makes reduced order models based directly on the MZ formalism prohibitively
expensive. Despite the complexity of the memory term, dropping it entirely and simulating
only the Markov term may not accurately reproduce the true dynamics of the resolved
variables in a full simulation. Therefore, any multiscale, reduced order model must address

the memory term or provide justification for the ability to safely neglect it.
2.2 Approximating the memory term

Due to the complexity of the resulting memory term and its dependence on the unresolved
variables, various approximation techniques have been developed, see [17,18,33,69-71] for
additional details. A more recent approximation, referred to as the complete memory ap-

proximation (CMA), originally outlined in [60,61], was utilized to approximate the memory



11

term, and the details of this approximation follow. To facilitate the construction of approx-
imate models of varying order for the memory term, first, define the Markov term as the
zeroth-order term,

R)(0) = Pe'* PLugy, (2.9)

and the memory term as
t
M, = P/ e IEPLeCLQ Lugyds. (2.10)
0

There are two operators present in Equation (2.10), the aforementioned orthogonal dynamics

operator @, and the full dynamics operator e(*=*)

£ and each of these operators may evolve
on their own timescales. For the approximation presented, an absence of timescale separation
was assumed.

The simplest memory approximation model, commonly referred to as the ”¢t-model”—

see [5,17,33,33,69] for the application of the t-model to a variety of problems—is constructed
by assuming that the integrand in Equation (2.10) is constant, which yields

My, & tPe“ PLQ Lugy. (2.11)

The CMA improves on the approximation provided by the t-model by constructing a series
representation of Equation (2.10) in powers of t. Assuming analyticity of e™*% and e*@*,

Equation (2.10) can be expanded around s = 0, using Taylor series to obtain

My, = Pet* / t (Z (_1,1)i8i,cl’> PL (Z if(@ﬁ)f) QLuoyds,
o \izo " =0 J°
i 0 (_l)z’ti—i—j-&-l . ; (2'12)

where it is assumed that the integrand is sufficiently smooth so that the order of the integral

and the infinite sums may be exchanged in the second expression [61]. Writing out the
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expansion for the first two terms yields

1
My, = tPe* PLQ Lug, —=t*Pe'* [LPLQL — PLQLQL]ug, + O(), (2.13)
) tfvd l > 2 A B

where the first term (O(t)) in Equation (2.13), is again the t-model as found previously. For
the second term (O(t?)) in Equation (2.13), there are two terms to deal with, indicated as
A and B. The B term is projected prior to the Liouville operator so that the evolution only
depends on the resolved variables. The A term is more problematic as it is not projected
prior to the Liouville operator. This means that when the evolution operator e** is applied,
the A term requires knowledge of the dynamics of both the resolved and the unresolved
variables and leads back to a system that is again no longer closed in the resolved variables.
To close this system, note that the e*“LPLQLugy, term is the evolution of e PLQ Lugy, [70],
and may be written as
0

aetﬁPﬁQﬁuOk = e“LPLQLugs, (2.14)

which matches the form presented in Equation (2.2). Projecting yields

%PetﬁPLch% = Pe'*LPLQLugy, (2.15)

to which the MZ formalism can again be applied,

t
Qpetﬁpzcgzu% = Pe'“*PLPLQLuo, + P / eTIEPLSYLQLPLQ Lugrds,
0

ot (2.16)

= Pe'“PLPLQLug + O(1).

This can now be substituted back into Equation (2.13) for term A to obtain an expression

which is O(#?) and closed in the resolved variables,

1
My, = tPe"* PLQLugy, — §t2pefﬁpﬁ [PL — QL] QLugy, + O(t%), (2.17)
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where the O(t) term in Equation (2.16) is omitted as it contributes at O(¢*). This process
can then be repeated for the construction of higher-order terms and was automated in [60].

In general, the CMA for the memory term can be written as

M= E i, (2.18)

=1

Under this convention, the first-order contribution to the memory term is written as
R}(4) = Pe"* PLQ Lug, (2.19)
and the second-order O(#?) contribution to the memory term is written as
R2(4) = Pe'*PL[PL — QL] QLu. (2.20)
The third-order O(t?) contribution to the memory is then written as
R}(0) = Pe'*PL[PLPL — 2PLQL — 2QLPL + QLQL] QLuqy, (2.21)

while the fourth-order contribution O(t*) is written as

RA(Q) = Pe'“PL[PLPLPL — 3PLPLQL — 5SPLQLPL — 3QLPLPL 29
2.92
+3PLQLQL + 5QLPLQL + 3QLQLPL — QLQLQL] QLuoy.

The resulting differential equation for each resolved variable can then be expressed as

dPuk

i R)() + My, (2.23)

where the R?(11) is given by Equation (2.9).
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2.3 Optimal renormalization for long time prediction

The complete memory approximation (Equation (2.18)) assumes the various evolution op-
erators are analytic in time so that Taylor series expansions may be utilized to expand the
memory term (refer to Section 2.2 for details). In practice, direct applications of the CMA
and simpler memory approximations have produced reduced order models which are unsta-
ble [60,61,70,71]. The development of an instability is not completely unexpected though,
due to the usage of Taylor expansions around s = 0 (the current time t), which are series
representations of the past. Continually increasing ¢ requires looking further into the past,
and since only the first few terms of the Taylor expansions are utilized, these approximations
are no longer expected to be a very good way to account for the distant past. To combat the
development of an instability, the process of renormalization [22] has been used to stabilize
the models referenced above by augmenting each of the terms in the memory approxima-
tion by an additional coefficient, such that each term represents an effective memory. The

resulting differential equation for each resolved variable is then written as

dPuk
dt

= RY(0) + Z o (1) R (), (2.24)

where «;(t) are the time-dependent renormalization coefficients and ultimately replace the

(_1)i+1
3!

term in Equation (2.18).

To determine the appropriate coefficients for the renormalization process, a full system of
size M’ must be simulated, time steps for which the full simulation is well-resolved must be
determined, an appropriate metric to match between the full system and the ROM must be
selected, and an ansatz for the form of the renormalization coefficients must be developed.
In essence, the goal of the renormalization procedure is to attempt to extend the range of
validity of the ROMs given by Equation (2.23) by assuming that the functional form of the
expansion is correct and adjusting the coefficients so that the ROM produces the same values

for a known physical quantity as a well-resolved full simulation.
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For the models considered as part of this work (one-dimensional inviscid Burgers and
three-dimensional Euler equations), it was found that if the models are not renormalized,
the resulting simulations are unstable for all models except the t-model. To renormalize these
models, a Fourier expansion u(t,z) = Y, p ¢ uk(t)e™™, was utilized to obtain a system of
ODEs for each model. To conform with the notation outlined in Section 2.1, let F =
[-N+1,...,.N—1and G=[-M+1,...,—N,N,...,M — 1] for N < M. Furthermore,
let u = {ug}rerug, @ = {ugtrer, and 0 = {ugtreq. For the models considered, M = 2N
due to the quadratic nonlinearity. Note this notation is for the one-dimensional case. Refer
to Section 2.4.2 for details in higher dimensions. Figure 2.1 shows representative results
for the evolution of the energy contained in the resolved modes (N = 12) of first- through
fourth-order reduced order models without renormalization for the inviscid Burgers equation
Ou/0t + udu/Ox = 0, on the periodic domain = € [0, 2], and with the initial condition
up(z) = sin(x). The reduced order model is compared to a well-resolved shock-capturing

scheme (refer to Section 2.4.1 for additional details).

Log. (Energy)
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Figure 2.1: Energy contained in the resolved modes of order n = 1,2,3,4 ROMs of the
inviscid Burgers equation for N = 12 without renormalization.

The rates of change of energy in each of the resolved modes Ej(t) = |uy|?, was specified as
the metric to match between the full system and the ROMs. This choice of metric proceeds

from the knowledge that energy moves from low-frequency to high-frequency modes as a
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shock develops (in the case of inviscid Burgers), and the Markov term on its own is incapable
of capturing this phenomenon since it conserves energy in the resolved modes. The total

energy is defined as [15]
1
E(t) =3 > Juxl?, (2.25)
k

and the rate of change of energy of a particular mode for the full system is

The rate of change of energy of a particular mode of the reduced system will consist of
contributions from all terms given in Equation (2.24). The termwise contribution to the rate

of change of energy for a particular mode of the reduced system is
AEL(t) = R (), + w, R, (1). (2.27)

To determine the renormalization coefficients, a full system of size M’ > 2N was sim-
ulated, where N is the size of the desired ROM. The fact that the Markov term conserves
energy in the resolved modes means that computing the total energy flowing through the
t-model at each step,

1 - =1, .
ABp() = 5t S RL(@)a, + up Ry (), (2.28)

keF"
allows for the determination of the times for which the model is still well-resolved and where
setting F' = {k € [-M'/2 + 1, M'/2 — 1]}, provides a conservative estimate. To fit the
renormalization coefficients through the matching of the rates of change of energy between
the full and reduced model, the full solution must be well-resolved, but at the same time,
the magnitudes of the rates of change of energy must also be greater than machine precision
when performing calculations in double precision. The criterion utilized for determining the
snapshots where the full system is well-resolved was specified as AEL, () < 1071°, and only

the time instances where this criterion was satisfied were stored, T* = {t € [0,t*]}.
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In an earlier version of this work [59], it was posited that the time-dependent renormal-
ization coefficients took the form

ai(t) = a;it™"", (2.29)

where 7 was allowed to continually vary between 7 = 0, which corresponds to the t-model
and higher-order versions thereof, and 7 = 1, where there is no explicit time dependence on

the memory. After collecting the required snapshots,

n 2
Cya(a,m) =YY (AEk —AE) - ait_”tiAE,i> (2.30)
=1

keF teT*

was minimized, where a is a vector of the prefactors. To determine the value of 7, a search
procedure was performed over the range [0, 1] with an increment of 0.01 between each suc-
cessive value. For each value of 7, the prefactors a, were fit by minimizing Equation (2.30)
and tabulating the corresponding error and 7 value. Once the entire range of 7 values had
been traversed, the 7 value and corresponding prefactors resulting in the minimum error
were extracted for evolving the ROM.

This earlier work highlighted several key points. First, a full simulation of size M’ >> M
is required to estimate the optimal value of 7. A large value of M’ is required so that the full
system can advance in time far enough that a robust transfer of energy from the resolved to
the unresolved modes can be established. Second, it was found the minimization problem
presented by Equation (2.30) suffered from collinearity and manifested as ill-conditioning
for the least-squares problem. Third, it was found that if the value of 7 is fixed near the
optimal value and the prefactors a, are plotted as a function of N, robust scaling laws
a; = (PN, are obtained. Furthermore, from the scaling laws, it was found that the
exponents /' were relatively independent of the number of memory terms, indicating that
each additional memory term was making corrections to the previously captured behavior and
adding additional physics not present in the previous terms. Additionally, it was determined

that 7' ~ —i. Fourth, the magnitude of the prefactors decreased with N, which indicated
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that the renormalized expansion was indeed perturbative, with 1/N serving as the small

quantity for the perturbative expansion. Fifth, the signs of the renormalized coefficients

(715“, but were different in magnitude.

agreed with the coefficients in Equation (2.18)

After further analysis of the results presented in [59], it was found that the first and
second points regarding the highly delicate nature of accurately estimating 7 and the ill-
conditioning of the least-squares problem warranted further investigation. In an effort to
obtain more reliable and robust estimates of 7, the initial ansatz for the time-dependent

renormalization coefficients was revised to
a;(t) =B [(1/N)tT]". (2.31)

Factoring out (1/N)* from the previous prefactors a, results in a reduced condition number
for the least-squares problem. Additionally, Equation (2.30) was revised to include a global

error component in addition to the previously utilized local error

n 2
Cyn(B,7) =D (AEk — AE) - (1/N)’ ﬁit”tiAEg>

keF teT* =1
" ’ (2.32)
+Y D CAE =Y AR - (1N) BTy AE, ‘
teT* LkeF keF =1 keF

The search procedure used previously and an optimization routine were investigated for
estimating the value of 7 and the (; values. For the optimization routine, a simplex [39]
search method was utilized with additional penalty terms added to Equation (2.32) to enforce

the correct signs on each of the prefactors (3;, and to enforce 7 to be > 0.
2.4 Applications and numerical results

In this section, results are presented for the one-dimensional inviscid Burgers (Section 2.4.1)

equation and the three-dimensional Euler equations (Section 2.4.2). The one-dimensional
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inviscid Burgers equation and the three-dimensional Euler equations were chosen to investi-
gate the effectiveness of the time-dependent perturbative renormalization approach as they
are both multiscale in nature and share a similar quadratic nonlinearity. The framework is
applied first to the inviscid Burgers equation—which develops a finite-time singularity and
for which the solution is well known—and serves as a proof-of-concept. The framework is
then applied to the three-dimensional Euler equations, where the formation of a finite-time
singularity, when initialized from a smooth initial condition, remains an open question. Fur-

thermore, modern, high-resolution, brute force simulations are only feasible for short times.

2.4.1 Application 1: 1D Inviscid Burgers equation

Consider the inviscid form of the one-dimensional Burgers equation,

% + u% =0, (2.33)
on the periodic domain z € [0, 27], and with initial condition ug(x) = sin(x). The inviscid
Burgers equation is often viewed as a simplified version of the Euler equations [58] and used
as a model for developing both theory and numerical methods [43]. Due to the lack of
any regularization accompanying the quadratic nonlinearity, the inviscid Burgers equation
is capable of developing discontinuities in the velocity field (shocks) in finite time when
initialized from smooth initial conditions [4]. For the initial condition specified, this problem
produces a singularity in the form of a standing shock at 7' = 1, and for times beyond T = 1,
the shock dominates the dynamics of the system. In the absence of any regularization to
prevent the formation of shocks, a standard Galerkin spectral method based on a Fourier
expansion will not converge to the true solution. This lack of convergence is due to the
fact that the spectral method conserves the L? norm of the solution [5,68] and there is no
mechanism to account for the energy that is being consumed by the shock. To account for
the drain of energy from the resolved modes and to accurately capture the evolution of the

energy, the system needs to be augmented with a memory term.
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A Fourier expansion,

u(t,z) = Z ug(t)e™™, (2.34)

ke FUG

was utilized to convert the PDE into a system of ODEs for the expansion coefficients. Follow-
ing the conventions in Section 2.1, u = {uy(t) brerug, 0 = {ur(t) }rer, and 0 = {ug(t) }rec-
F={ke[-N+1,....N-1]},G=[-M+1,...,—N,N,...,M — 1] and M = 2N. As
required by the choice of projector, the specified initial condition lies entirely in the projected

domain. The equation of motion for a given Fourier mode is then

- = Ri(u) = ) Z Uply- (2.35)
p+q=Fk
p,qEFUG

All convolution sums resulting from the quadratic nonlinearity were dealiased using the 3/2
rule [11]. Each memory order term R} (1), required for the right-hand side of Equation
(2.24) can be found in Appendix B.1. All systems of differential equations were solved
using a Runge-Kutta-Dormand—Prince integrator with adaptive step size and absolute error
tolerance 10714

The predictions for the ROMs are compared to the first N modes of a monotonic

2

upstream-centered scheme for conservation laws (MUSCL) solution [58,83] with Az = 155,

and capable of capturing the shock that develops at 7' = 1. Furthermore, the MUSCL
scheme utilized is convergent to the exact slope value of —2 [41] for the long-time evolution
of the energy. The slope presented in Figure 2.3 was calculated using the data in the window
15 <t <500, and the relative error was calculated using

ey — Soker 0 ~ w0 25

> ker [ur(t)?

where u; " (t) is the solution of the n-order ROM of size N and uy(t) is the MUSCL solution.
To estimate the renormalization coefficients and the value of the optimal 7, M’ = 524288

and the simplex optimization routine with the additional penalty terms added to Equation
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(2.32) were utilized. The optimizer was initialized using 7 = 0.5, and the corresponding
coefficients were found by solving the least-squares version of Equation (2.32) for the specified
7 value. Using the criterion AEL () < 1071° #* = 0.9990 for the value of M’ specified;
therefore, the estimation of the renormalization coefficients is based only on data in advance
of the shock forming at 7' = 1. The coefficients and optimal 7 value determined for the fourth-
order model (n = 4) by the optimization routine are shown in Table 2.1 for N = 6, 8,10, 12.
Refer to Appendix C.1, Figures C.1, C.2, and C.3 for results showing the convergence of the

renormalization coefficients and the optimal 7 for various full systems of size M’.

] I N=6 \ N =38 | N=10 | N=12 |
e 4.1500 4.3639 4.6313 4.8991
B2 —6.7424 —7.3450 —8.1346 —8.9532
Bs 5.1027 5.7014 6.4053 7.1479
Bi —1.8049 —1.7817 —1.8946 —2.0619

(1/N)B;y || 6.9166 x 107! | 54548 x 10~ | 4.6313 x 1071 | 4.0826 x 1071
(1/N)2B, || —1.8729 x 1071 | —1.1477 x 107! | —8.1346 x 1072 | —6.2175 x 1072
(1/N)33; || 2.3623 x 1072 | 1.1135 x 1072 | 6.4053 x 1073 | 4.1365 x 1073
(1/N)*3, || —=1.3926 x 1073 | —4.3499 x 10~* | —1.8946 x 10~* [ —9.9438 x 10~

IEE 0.20 | 0.32 | 0.38 | 0.39 |

Table 2.1: Estimated renormalization coefficients and optimal 7 found for the fourth-order
ROMs of the inviscid Burgers equation for N = 6,8, 10, 12.

Figure 2.2 shows the energy evolution and relative error for n = 1,2, 3,4 order ROMs for
N =12 and the optimal 7 value found for the fourth-order model. Due to the perturbative
nature of the ROMs, the fourth-order ROM results are converged, as shown in Figure 2.2.
The estimated renormalization coefficients of the n = 1,2, 3 order ROMs for N = 12 and for
the optimal value of 7 found for the fourth-order model can be found in Appendix C.1, Table
C.1. Figure 2.3 shows the evolution of the energy contained in the resolved modes of fourth-
order ROMs of various size N and the relative error for the temporal domain ¢ € [0, 1000].
For each of the ROMs, the optimal 7 value and corresponding coefficients shown in Table

2.1 were utilized. As evidenced by Figure 2.3b, good agreement is obtained between the
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MUSCL solution and the ROMs for the full temporal domain when utilizing renormalization
coefficients estimated using only data for ¢ < 1. A spectral calculation with M’ = 16384
is also shown for comparison in Figure 2.3a. Despite the large value of M’ specified, the

spectral calculation loses all predictive capability shortly after T = 1.

2 0.8
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Log,(Time) Time
(a) Energy evolution (b) Relative error

Figure 2.2: Energy contained in the resolved modes (a) and the relative error (b) of order
n=1,2,3,4 ROMs of the inviscid Burgers equation for N = 12 and the optimal 7 found for
the fourth-order model.

Figure 2.4 shows the contribution of each of the memory terms to the rate of change of
energy in the resolved modes, 3 >, _p a;(£)t'AE}(t), for the N = 12 fourth-order ROM. The
layering of the memory terms can be seen in Figure 2.4, where for each additional higher-order
term, the contribution to the total rate of change of energy is reduced. This layering provides
further indication that the proposed expansion is perturbative. Furthermore, it was found
that the contributions from the first- and third-order terms were negative definite, while
the contributions from the second- and fourth-order terms were positive definite. Refer to
Appendix C.1, Figure C.4 for predictions showing the point-wise convergence of the fourth-
order N =12 ROM in real space for the temporal interval ¢ € [0, 10].
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Figure 2.3: Energy contained in the resolved modes (a) and the relative error (b) of fourth-
order ROMs of the inviscid Burgers equation, which utilized the optimal 7 for N = 6, 8, 10, 12.
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Figure 2.4: The contribution of each order memory term to the rate of change of energy
in the resolved modes for the N = 12 fourth-order ROM of the inviscid Burgers equation

utilizing the optimal 7 value.

2.4.2  Application 2: 3D Fuler equations

Next, consider the three-dimensional Euler equations,

ou

ot

+u-Vu=-Vp, V-u=0, (2.37)
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on a triply periodic domain in the cube [0,27]?, and with the smooth Taylor-Green initial
condition,
sin(xy) cos(xz) cos(xs)
Uy(x) = | — cos(r)sin(zy) cos(zz) | - (2.38)
0

The three-dimensional Euler equations serve as a model for the evolution of an incompress-
ible, inviscid fluid [54] and one of the long-standing open questions in mathematical fluid
dynamics is whether the three-dimensional Euler equations develop a singularity in finite
time when initialized from a smooth initial condition [20,25,48]. Refer to [29] and references
therein for example studies on the existence of a potential singularity. Despite this open
question regarding the formation of a singularity, the fact that there is a cascade of energy
from the large to the small scales is well established and conforms with the choice to use
the rates of change of energy in each of the resolved modes as the metric to match between
the full system and the ROMs for the renormalization procedure. Furthermore, this cascade
of energy leads to similar issues as those seen for the inviscid Burgers equations when us-
ing a standard Galerkin spectral method based on a Fourier expansion. As the energy is
transferred from the large to the small scales and eventually reaches the smallest available
resolution, energy begins to accumulate in the smallest scales and eventually causes even
current state-of-the-art simulations to become under-resolved after a short time [69]. To
account for the cascade of energy and to attempt to accurately capture the evolution of the
energy, the system again needs to be augmented with a memory term.

A Fourier expansion,

u(t,x) = Zuk(t)eik'x, (2.39)

was utilized to convert the PDE into a system of ODEs for the expansion coefficients, where
k is now a three-dimensional wavevector, and the sum in Equation (2.39) is over all possible
wavevectors. Following the conventions in Section 2.1, u={ux |k € FUG}, 0 = {ux | k €

Fy,i={w|keG), F={ke[-N+1,N -1}, and FUG = {k € [-M + 1, M — 1]3}.
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The equation of motion for a given Fourier mode uy is then

d
TE —Ri(w)=—i Y k-updiug, (2.40)

dt
p+a=k
pP,acFUG

where Ay is the incompressibility projection matrix [24] and defined as

kk’

Ap=1— —
k ’k|27

(2.41)

with I being the identity matrix. All convolution sums resulting from the quadratic nonlin-
earity were dealiased using the 3/2 rule [11]. Each memory order term R (1), required for
the right-hand side of Equation (2.24) can be found in Appendix B.2. All systems of differen-
tial equations were solved using a Runge-Kutta—Dormand—Prince integrator with adaptive
step size and absolute error tolerance 10714

The ansatz presented in Equation (2.31), Equation (2.32), and data for AEy(t) from
a well-resolved full system were used to estimate the renormalization coefficients. As a
result of the computational constraints dictating the use of M’ = 48 in all three directions,
the available resolution was not large enough to allow for the establishment of a robust
transfer of energy from the resolved to unresolved modes and therefore did not allow for
robust estimates for the optimal value of 7. It was found that for both the original cost
function (Equation (2.30)) and the revised cost function (Equation (2.32)), the renormalized
ROMs were unstable for 7 € [0.0,0.4]. Refer to Figure 2.5 for results of fourth-order ROMs
for N = 12 and 7 = 0.0,0.2,...,1.0 and Table C.2 in Appendix C.2 for the estimated
renormalization coefficients for 7 = 0.0,0.2,...,0.8. This behavior differs from that found
for the one-dimensional Burgers equations, indicating the more nuanced nature of the three-
dimensional Euler equations, which is likely due to the formation of complex, small-scale
structures. Based on the limited available resolution for the full system, which does not
allow for the prediction of the optimal 7, and the fact that the behavior of the solution to

the three-dimensional Euler equations with a smooth initial condition is unknown [1,15,48],
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results are presented for 7 = 1.0. This choice of 7 is based on the goal to produce ROMs

that remain stable for long times.
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Figure 2.5: Energy contained in the resolved modes of fourth-order ROMs of the 3D Euler
equations for N =12 and 7 = 0.0,0.2,...,1.0.

The renormalization coefficients corresponding to 7 = 1.0 are shown in Table 2.2 for
N = 6,8,10,12. Using the criterion AEL(t) < 1071° ¢* = 1.2016 for the value of M’
specified. Similar to the one-dimensional inviscid Burgers equation, the results for the fourth-
order ROMs appear to converge with increasing order as shown in Figure 2.6. The estimated
renormalization coefficients for the n = 1,2, 3 order ROMs for N = 12 and 7 = 1.0 can be
found in Appendix C.2, Table C.3. Figure 2.7 shows the evolution of the energy contained
in the resolved modes of fourth-order ROMs of various sizes for the temporal domain ¢ €
[0,1000]. Figure 2.7 shows that as time progresses, the results become stratified, which
indicates significant activity in the high-frequency modes. This is evidenced by the fact
that as the resolution of the ROM increases, the remaining energy in the system decreases.
Furthermore, two decay rates in time for the ejection of energy from the resolved modes were
found [67]. Table 2.3 shows the initial decay time (time at which 10% of the initial energy
has left the resolved modes), the initial decay rate (slope from the data for which 50% to
90% of the energy leaves the resolved modes), and the second decay rate (slope from the data

for which over 99.5% of the energy has left the resolved modes). No real space predictions
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are presented for the three-dimensional Euler equations due to the small resolutions of the

constructed ROMs.

—1.0530 x 1073 | —2.5746 x 1074

I N=6 \ N =38 | N=10 N =12

B 3.7878 3.7986 3.8391 3.8442

Ba —6.1422 —5.8960 —5.8440 —5.7523

Bs 4.9722 4.2960 4.0344 3.8353

By —1.3646 —1.0546 —0.9316 —0.8580
(1/N)'p; || 6.3130 x 107! | 4.7483 x 1071 | 3.8391 x 107! | 3.2035 x 10~*
(1/N)?By || —=1.7062 x 1071 | —9.2125 x 1072 | —5.8440 x 1072 | —3.9947 x 1072
(1/N)3Bs || 2.3020 x 1072 | 8.3906 x 10~ | 4.0344 x 10=3 | 2.2195 x 1073
(1/N)*B4 —9.3160 x 10=° | —4.1377 x 107°

1/N
Table 2.2: Estimated renormalization coefficients corresponding to 7 = 1.0 found for the
fourth-order ROMs of the 3D Euler equations for N = 6,8, 10, 12.

Log(Energy)

I I
3 4 5 6

Log(Time)

- L L L L
-2 -1 0 1 2

Figure 2.6: Energy contained in the resolved modes of order n = 1,2,3,4 ROMs of the 3D
Euler equations for N = 12 and 7 = 1.0.

Figure 2.8 shows the contribution of each of the memory terms to the rate of change of
energy in the resolved modes for the N = 12 fourth-order ROM. Similar to the results for
the one-dimensional inviscid Burgers equation, a layering of the memory terms was found,

where with each additional higher-order term, the contribution to the total rate of change of
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Figure 2.7: Energy contained in the resolved modes of fourth-order ROMs of the 3D Euler
equations which utilized 7 = 1.0 for N =6, 8,10, 12.

’ N H Initial decay time ‘ Initial decay rate ‘ Second decay rate ‘

6 4.8841 —1.0310 —1.2242
8 5.4037 —1.5717 —1.1832
10 5.8205 —1.6432 —1.1582
12 6.1574 —1.9017 —1.2856

Table 2.3: Energy decay rates of fourth-order ROMs of the 3D Euler equations which utilized
7=1.0for N =6,8,10,12.

energy is reduced. With the exception of the first-order memory term being negative definite,
all higher-order memory terms were not found to have a definite sign. Refer to Figure C.5
and Figure C.6 in Appendix C.2 for plots of the rate of change of energy in the resolved
modes for 7 = 0.6 and 7 = 0.8. The behavior of the solution to the three-dimensional Euler
equations initialized from the Taylor-Green initial condition remains unknown, especially
for long times. However, recent large-scale direct numerical simulations indicated a peak
for the rate of change energy at around time ¢ = 8 — 9 [26], which is in good agreement
with the presented results that only utilize N = 12 resolved modes and are capable of being
simulated on a standard workstation computer. Refer to Table 2.4 for peak time and peak

rate of change of energy for fourth-order N = 12 ROMs for 7 = 0.6, 0.8, 1.0. Refer to Tables
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C.4, C.5, and C.6 in Appendix C.2 for the peak time and peak rate of change of energy for
fourth-order models of size N = 6,8, 10.
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Figure 2.8: The contribution of each order memory term to the rate of change of energy in
the resolved modes for the N = 12 fourth-order ROM of the 3D Euler equations for 7 = 1.0.

’ T H Peak time \ Peak value
0.6 8.5818 —1.4972 x 102
0.8 8.5535 —1.3510 x 1072
1.0 8.2219 —1.3345 x 1072

Table 2.4: Peak time and value of the total rate of change of energy in the resolved modes

for the N = 12 fourth-order ROMs of the 3D Euler equations for 7 = 0.6, 0.8, 1.0.

2.5 Summary

Section 2.3 presented the framework for time-dependent perturbative renormalization us-

ing data from a well-resolved but limited full simulation to facilitate the stable, long-time

evolution of multiscale systems. Section 2.4 illustrated the effectiveness of the presented

time-dependent approach for solving multiscale PDEs for long times.

The results presented in Section 2.4.1 served as a proof-of-concept of this approach as

the presented results showed good agreement between the ROMs utilizing the estimated
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renormalization coefficients and the optimal 7, and a well-resolved shock-capturing scheme
for the one-dimensional Burgers equation, as evidenced by Figure 2.3. Furthermore, the
fourth-order models were found to be converged (Figure 2.2), and a layering of the memory
terms (Figure 2.4) indicated that the expansion was indeed perturbative. This framework
was then extended to the three-dimensional Euler equations with results presented in Section
2.4.2. Due to the fact that the solution of the three-dimensional Euler equations initialized
from the Taylor-Green initial condition is unknown, results were provided for the stable value
7 = 1.0, as a large enough full simulation was not available to facilitate the determination
of the optimal 7 value. The results for the fourth-order models appear to converge (Figure
2.6) and a layering of the memory terms was again found (Figure 2.8). Presented results
were compared to recent large-scale direct numerical simulations [26] and found to be in
agreement for the time of the peak rate of change of energy based on an N = 12 size ROM
that is capable of being simulated up to ¢ = 1000 in a few days on a standard workstation
computer.

In aggregate, the presented results illustrate the effectiveness of the time-dependent per-
turbative renormalization framework for solving multiscale PDEs. Furthermore, all the terms
present in the ROMs come directly from applying the MZ formalism without the need for
the addition of an extra viscous term as done in vanishing viscosity methods [57,72]. Ad-
ditionally, when a large enough full simulation is available, the presented approach can be

automated to determine both the renormalization coefficients and the optimal 7 parameter.
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Chapter 3

MACHINE-LEARNING-BASED SPECTRAL METHODS FOR
PARTIAL DIFFERENTIAL EQUATIONS

In this chapter, work completed toward the second research objective pertaining to the de-
velopment of a scientific machine learning framework for the evolution of PDEs is presented.
In Section 3.1, an overview of deep neural networks for the approximation of operators based
on DeepONets is presented. Section 3.2 presents the method for constructing custom-made
basis functions (Section 3.2.1) and an assessment of the approximation capabilities of the
custom-made basis functions (Section 3.2.2). Section 3.3 outlines the procedure for evolving
PDEs using the custom-made basis functions, while Section 3.4 provides results for the linear
advection (Section 3.4.1) and advection-diffusion (Section 3.4.2) equations and the nonlinear
viscous Burgers (Section 3.4.3), Korteweg—de Vries (Section 3.4.4), Kuramoto—Sivashinsky
(Section 3.4.5), and inviscid Burgers (Section 3.4.6) equations.

An earlier version of this work is available on the arXiv [50], and the library of Julia [6]
codes developed as part of this work are publicly available at:

https://github.com/brekmeuris/DrMZ. j1
3.1 Deep operator neural networks

Many applications of neural networks and deep learning are based on the universal approx-
imation theorem for functions [21]. However, there also exists a universal approximation
theorem for operators [13]. The universal approximation theorem (UAT) outlined in [13]

guarantees that a two-layer neural network can approximate a nonlinear operator to arbi-



32

trary accuracy,

<€, (3.1)

Glslty) = > ZCfU (Z &y (;) + 0?) o(wr -y + )

where G is a nonlinear continuous operator, ¢ is an activation function, and c¥, §fj, C, OF are
constants. The theoretical result presented in Equation (3.1) was recently made computa-
tionally tractable through a specific deep operator neural network (DeepONet) structure [46],

which consists of a branch and trunk setup of the form

N

Guxlsl) = Y- bils] (0) (3.2
k=1 Branch Trunk

where the branch and trunk networks are two separate deep neural networks, and N is the
network width.

The choice of two networks is driven by the two separate inputs required to obtain the
output Gyn[s](y), the function s, at discrete "sensor” locations x;’s [13,46], as shown in
Equation 3.1, and the desired location of the output y. Depending on the operator being
analyzed, y may also be multidimensional, which prevents the direct concatenation of the two
inputs and further highlights the need for more than one network. As presented in Equation
(3.2), the output of the branch network and the trunk network are multiplied together to
provide an approximation of G[s|(y).

All data points used to train the model require three components, the two inputs (s and
y) and the ground truth target value to form the triplet (s,y,G[s|(y)). The only constraint
on the data is that for all input functions s, the sensor locations at which s is provided must
be the same. To learn a given operator G, the DeepONet is trained by sampling s from a
chosen function space. Then for each s used for training, the corresponding system must be
solved to yield the ground truth target value at a specified number of randomly sampled y

output locations. Since multiple y values are required for each input function s, the input
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function will appear multiple times in each dataset,

(s1,91,G[s1](y1)) Input function s;
(817y27 g[Sl](y2>>

<Slaypvg[31](yp))

(s2,y1,G[s2)(y1)) Repeat for new input function s,

where this is repeated for all input functions. For the PDE examples considered, feedforward
neural networks were employed for all branch and trunk networks, and the initial condition
uo(z) was specified for the input function s. The values for y were randomly sampled from
the (¢, x) solution space.

The architecture presented in Equation (3.2) facilitates the accurate solution of PDEs at
a reduced computational cost (post-training) compared to more traditional scientific com-
puting methods. Refer to [46] for examples of DeepONets for solving PDEs and [23,40] for
analyses of the errors associated with DeepONets. Figure 3.1 shows representative results
of the relative errors for a range of training epochs for a DeepONet trained to solve the
advection equation, du/dt + du/Ox = 0, on the periodic domain x € [0,27], and with the
initial condition ug(z) = sin*(z/2). The DeepONet was trained for the temporal domain
t € [0, 1]. Figure 3.1a shows that for times within the temporal training domain of ¢ € [0, 1],
the DeepONet learns quickly, and for the number of training epochs shown, the approxi-
mated solution is accurate (relative errors < 1.5%). However, as evidenced by Figure 3.1b,
once the temporal evaluation interval is extended beyond the temporal training interval,
the accuracy of the solution degrades rapidly. The loss of accuracy when attempting to
extrapolate beyond the temporal training domain highlighted by Figure 3.1 is not seen as a
particular issue with, or specific to the DeepONet approach and architecture, rather, it is an

issue commonly seen when working with deep neural networks, especially feedforward neural
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networks [80].
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Figure 3.1: Relative errors for the solution of the advection equation approximated using a
DeepONet trained for ¢ € [0,1] and for a range of training epochs (up to 10%). Temporal
evolution interval ¢ € [0, 1] which lies entirely within training interval (a), temporal evolution
interval t € [0, 10] which requires extrapolation beyond training interval (b).

3.2 DMachine-learned custom-made basis functions

The framework presented overcomes the extrapolation issues common to deep neural net-
works and the required selection of an appropriate choice of basis for a spectral method
by utilizing the excellent representational capabilities of DeepONets to identify candidate
basis functions. These candidate basis functions are then transformed into a hierarchical,
orthonormal basis and coupled with a spectral method to solve PDEs of interest. The con-
struction presented is described in the context of DeepONets; however, in principle, the
presented technique can be combined with any operator regression technique that can iden-

tify candidate basis functions [44,45].

3.2.1 Construction of custom-made basis functions

To generate the initial set of candidate basis functions, a DeepONet is trained to approximate
the solution operator G, for a PDE on the spatial domain €2, that maps the initial condition

up, to the solution. The construction of the candidate basis functions begins by evaluating
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the candidate trunk network functions {vx}i<k<n, at ¢ = 0, so that the time dependence
is fixed and to allow for the generation of a set of frozen-in-time trunk network functions
{7 }1<k<n. The value t = 0 was selected based on the fact that for increasing ¢, it was found
that the spatial variation of a given trunk network function decreases. Figure 3.2 shows the

first six frozen-in-time trunk network functions for the advection equation.

-0.2

Figure 3.2: Frozen-in-time trunk network functions for the advection equation.

The orthonormal set of basis functions is generated by first defining the L? inner product

on the spatial domain €2, by

(W1, ) = /Q D om(2)d, (3.3)

and the approximation to Equation (3.3) as

(W, tom) D (om0, (3.4)

where {(z;, w;) }1<i<p is a quadrature rule on 2 and (¥, ¥,) = dm, for an orthonormal
basis. The matrix A is then constructed by evaluating each of the frozen-in-time trunk
network functions at the specified quadrature nodes, such that A;, = 7(z;). The singular

value decomposition (SVD) is then utilized to transform the set of frozen-in-time trunk
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network functions into an orthonormal set of basis functions. Generating a set of orthonormal
functions is also possible using the well-known Gram-Schmidt procedure [2,74] through the
QR decomposition; however, this procedure is dependent on the initial ordering of {75} and
may not ultimately provide a hierarchy.

It is theoretically possible to compute the SVD, B = USV*, of W'/2 A and use the singular
values S = diag(oy, 09, . .., 0on) along with the right singular vectors V' = (vy,va,...,vy) to

construct

N
¢k = O'k_l Z(Vk)l Tl (35)
=1

where { ¢k }1<k<n represent the custom-made hierarchical orthonormal basis for
S = span ({7 h1<k<n). However, in practice, the division by the singular values—which may
decay rapidly—can cause the calculations of ¢ based on Equation (3.5) to suffer from large
erTors.

To circumvent the potentially large errors associated with using Equation (3.5), the
construction instead utilizes the product of the left singular vectors U = (uy,ug,...,uy)

and W~'/2 to obtain the values of {¢;} at the quadrature nodes
Gu(z) = (WV2U), for 1 <i< M, 1<k<N. (3.6)

To return to the space of functions and allow for the evaluation of the custom-made basis at
locations away from the prescribed quadrature points, an orthogonal polynomial expansion
is utilized. Let {¢,}o<n<z be the orthonormal Legendre polynomials on €2 with L < M and
define {¢y}1<p<n by
L /M
S (z qn<xi>¢k<xi>wi> " a7)
n=0 \i=1
The process of projecting onto Legendre polynomials and the associated polynomial expan-
sion is guaranteed to be accurate for smooth functions and for large L, serve as a good
approximation to {¢y}. Furthermore, for L = M — 1, Equation (3.7) is equivalent to poly-

nomial interpolation through {¢x(z;)}1<i<ar. It should be noted this step is only required
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for interpolation of the custom-made basis.

Figure 3.3 shows the comparison between the two construction methods presented in
Equation (3.5) and Equation (3.7) for the advection equation du/0t + du/0x = 0, on the
periodic domain z € [0, 27], trained for ¢ € [0,1], and with N = 128. Figure 3.3 highlights
the ill-conditioning of the construction method presented in Equation (3.5), which utilizes
the S and V matrices of the SVD decomposition. Using Equation (3.5), the decay of the
magnitudes of the expansion coefficients ap = <¢k,eSi“(‘”)>, is interrupted around k =~ 40,
while utilizing the U matrix and Equation (3.7) to construct o, leads to a decay of the
expansion coefficients to nearly 1071% using L = 127, and with M = L + 1. This approach,
which utilizes the SVD for orthonormalization of the frozen-in-time trunk network functions
evaluated at the specified quadrature nodes, coupled with a polynomial expansion based on
the Legendre polynomials, provides a stable and accurate method for obtaining a hierarchical
basis from the candidate trunk network functions. From this point forward, Equation (3.7)

is utilized, and the tilde is dropped from {ggk} in all subsequent notation.
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Figure 3.3: The singular values (a) and absolute value of the expansion coefficients (b)
corresponding to the advection equation. (b) shows the expansion coefficients obtained for
the function f(z) = 5™ when using Equation (3.5) (S and V matrices) and Equation (3.7)
(U matrix).
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The singular values {0} shown in Figure 3.3a provide insight into the contribution
of each of the custom-made basis functions. Once the singular value corresponding to a
given custom-made basis function falls below a certain threshold, the functions are largely
noise and do not have a significant contribution to the system. For the PDE examples
considered, a threshold of 107!® was specified, and only the custom-made basis functions
with corresponding singular values above this threshold were utilized. The elimination of
the custom-made basis functions below this threshold leads to both computational savings
and more robust solutions. Additionally, this can be seen as a form of model reduction but

without the inclusion of any memory terms, such as those outlined in Section 2.1.

3.2.2  Approximation capabilities of custom-made basis functions

The decay shown in Figure 3.3b implies the custom-made orthonormal basis {¢y }1<k<n, con-
structed using Equation (3.7) is capable of approximating smooth functions on the specified
spatial domain €. The errors made in approximating the orthonormal Legendre polynomials
can be utilized as a means to assess the approximation capabilities of the custom-made basis.
Since the construction presented in Section 3.2.1 begins with the trained trunk net functions
{7k }1<k<n, this analysis accounts for the approximation errors in addition to the estimation
and optimization errors. For this analysis, the domain of Q = [0, 2], is utilized.

The orthogonal projection of the function f : [0, 27] — C can be defined as

N
Pf=> (6n ), (3.8)
k=1
and from the projection theorem,
If = PfIl = min [|f — gl (3.9)
geS

where

1l = / f (@))2dz. (3.10)
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Let {gn}n>0 be the orthonormal Legendre polynomials on € and let

R
Lrf =" (tn: )t (3.11)
n=0
denote the Legendre expansion of f. Using the fact PLrf € S and Equation (3.9), it follows
that
If = PfII < |f = PLRSI, (3.12)
and from the triangle inequality,
1f =Pl < |f = Lafll+ |Lrf — PLRS]|- (3.13)
Using Parseval’s theorem yields
If = LrflIP =D law NI (3.14)
n>R+1
while Equation (3.11) yields
R R
”‘CRf - PERJC” = Z<qn> f>(Qn - PQn) < Z ‘<Qna f>|”qn - PCInH (315)
n=0 n=0

Plugging Equation (3.14) and Equation (3.15) into Equation (3.13),

12 g
If = Pfll < ( 3 |<qu>|2) + 3 1w Alllan = Paal. (3.16)

n>R+1

For smooth functions and a sufficiently large R, the second term on the right-hand side
of Equation (3.16) will dictate the upper error bound, as the first term will decay rapidly
due to the decay rate of the Legendre expansion coefficients for smooth functions. There-
fore, the approximation error of a smooth function may be bounded in terms of the errors

made in approximating the Legendre polynomials using the custom-made basis. Figure 3.4a
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shows the errors made in approximating the Legendre polynomials using the custom-made
basis functions, where for increasing n, the errors made in the approximation increase in an
exponential fashion, indicating that the custom-made basis has difficulty in approximating
the higher frequency functions—which correspond to larger n. If the entire second term on
the right-hand side of Equation (3.16) is considered, the errors associated with the higher
frequency Legendre polynomials are damped by the rapidly decreasing Legendre expansion
coefficients. Figure 3.4b shows the dampening of the error for three functions with increasing
frequencies, fi(z) = @ fy(z) = ™22 and fs3(z) = ™). For increasing frequency,
fi(z) — fa(x) — f3(z), the dampening of the error associated with the higher frequency
Legendre polynomials is diminished. For these results, a trunk network trained for the ad-
vection equation Ju/0t + Ou/dz = 0, on the periodic domain = € [0, 27, and for ¢ € [0, 1],
was utilized to generate the custom-made basis. Fifty-three custom-made basis functions
which satisfy the singular value threshold of 10713, as described in Section 3.2.1, were used

for the analysis.
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3.3 Evolution of dynamical systems using custom-made basis functions

The general framework for solving time-dependent PDEs using the custom-made basis func-

tions begins by writing the approximate solution as a linear combination of the basis functions

{ox} )
't ) =) ai(t)di(x), (3.17)

where r is the number of basis functions utilized from the orthonormal custom-made basis

{ér}. Next, consider a time-dependent PDE

ou

E +N[U] = 07 t> 07 T e [a’a b]? (318)

where AV is a potentially nonlinear differential operator with initial condition w(0, z) = ug(x),
and with appropriately prescribed boundary conditions.
To obtain a system of ODEs in terms of the expansion coefficients, Equation (3.17) is

inserted into Equation (3.18), and the Galerkin condition [9] is applied,

<¢m, aalt +N[ur]> =0, forl<m<r, (3.19)

which yields a system of ODEs

da;lnt(t) == <¢m>N [; ak(t)qﬁk] > , for1<m<r. (3.20)

The expansion coefficients of the initial condition required to close the system of ODEs

presented in Equation (3.20) are specified as
A (0) = (dm,up(x)), forl <m <r. (3.21)

If the orthonormal basis functions utilized individually satisfy the boundary conditions

of the PDE, Equation (3.20) can be used directly to solve for the time evolution of the
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expansion coefficients. If, however, the basis functions utilized do not individually satisfy
the boundary conditions of the PDE—as in the case of the presented custom-made basis
functions—discontinuous Galerkin methods may be utilized, where Equation (3.20) is de-
composed further by performing integration by parts and appropriately defining values to
the resulting flux terms [65]. Refer to Appendix F for additional details. The tau-method [32]
was also evaluated for the treatment of the boundary conditions but was found to be less

robust than the discontinuous Galerkin approach.
3.4 Applications and numerical results

In this section, results are presented for six one-dimensional PDEs: advection, advection-
diffusion, viscous Burgers, Korteweg-de Vries, Kuramoto—Sivashinsky, and inviscid Burg-
ers. These six PDEs were chosen to investigate the effectiveness of the approach outlined
in Section 3.2.1 and Section 3.3 due to the fact they exhibit a wide range of dynamics,
are mathematical models describing physical phenomena, and are commonly chosen as test
cases for the evaluation of numerical solvers. Additionally, the four nonlinear PDEs share a
similar quadratic nonlinearity and are differentiated by different regularization mechanisms.
Additional details about each of the selected example PDEs are provided in the subsections
below. For all the presented examples, the domain was specified as Q = [0, 27|, periodic
boundary conditions were imposed, and the initial condition was denoted by ug(x).

For each example PDE, a DeepONet was trained to approximate the solution operator
G, that maps the initial condition ug(z), to the solution u(¢,z), for ¢t € [0,1]. The ground
truth data for the advection, advection-diffusion, viscous Burgers, Korteweg—de Vries, and
Kuramoto—Sivashinsky equations was generated by writing the solution in terms of a 128-
(advection, advection-diffusion, viscous Burgers) or a 512- (Korteweg—de Vries, Kuramoto—
Sivashinsky) mode Fourier expansion, with the most negative mode set to zero and convolu-
tion sums dealiased using the 3/2 rule [11]. A Fourier expansion was utilized where applicable
due to the fact that the Fourier basis functions are typically considered the gold standard

and optimal choice for periodic domains. The ground truth for the inviscid Burgers equation
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was generated by using a MUSCL (monotonic upwind scheme for conservation laws) scheme
with a second-order Roe scheme for the flux, a minmod slope limiter [58,83], and with the
spatial domain discretized using 4096 points. Refer to Appendix E for additional details
on generating the ground truth data, the DeepONet structure, and the DeepONet training
parameters.

The custom-made bases were constructed as outlined in Section 3.2.1 for all PDEs. The
r number of basis functions used to solve the PDE was specified to be the set of functions
with a corresponding singular value larger than 107'3. All the examples presented were
solved on a 128-node Gauss—Legendre quadrature grid, and Gauss-Legendre quadrature
was utilized for the calculation of inner products. Differentiation of the custom-made basis
functions was performed using automatic differentiation. The quadratic nonlinear terms were
computed in modal space, with all necessary triple product integrals computed in advance.
Refer to Appendix K for preliminary testing of a pseudo-spectral transform based on the
custom-made basis functions. With the exception of the inviscid Burgers equation, the same
adaptive step size numerical integrator and tolerances used to generate the ground truth data
for training the DeepONets were utilized to evolve the custom-made basis function solutions
when using the discontinuous Galerkin approach (refer to Appendix E for additional details).
For the inviscid Burgers equation evolved using the custom-made basis functions, a Runge—
Kutta—Dormand-Prince integrator with adaptive step size, relative error tolerance 10719
and absolute tolerance 107 [63] was utilized. The solutions were saved at time values of
103 apart for the linear PDEs and 10~ apart for the nonlinear PDEs.

For each example PDE, with the exception of the inviscid Burgers equation, an extended
temporal interval of ¢t € [0,10] is presented, which includes times beyond the temporal
training interval of ¢ € [0,1] for evaluation of the temporal extrapolation capabilities of
the presented framework. Additionally, three initial conditions were considered, one initial
condition which was taken from within the training distribution (taken from DeepONet
testing data) and two that fall outside the training distribution, ug(z) = sin(x), and ug(z) =

sin(x)

e . Two initial conditions taken from outside the training distribution were considered
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so that the extrapolation capabilities in terms of input function space could be evaluated.
Refer to Appendix G for plots of the in-distribution initial condition used for each PDE and
the two out-of-distribution initial conditions. For the advection, advection-diffusion, viscous
Burgers, Korteweg—de Vries, and Kuramoto-Sivashinsky equations, two different parameter
values were also considered for each PDE; the value for which the DeepONet was trained
and an alternative value. The alternative parameter values provide a third means of testing
the extrapolation capabilities of the presented framework.

The error presented for each PDE is a relative Euclidean [? error defined by

() — s, )l
B0 = et

(3.22)

where ug is the ground truth solution, and u" is the custom-made basis function solution
using r custom-made basis functions. The Fourier expansion coefficients are used to approx-
imate the Fourier solution at the non-uniform quadrature nodes. For the inviscid Burgers
equation and the MUSCL solution, the solution computed on the 4096-point spatial grid
is interpolated using piecewise linear interpolation to approximate the solution at the non-

uniform quadrature nodes. The average relative error over [0, 7] is defined by

E= % /OT E(t)dt. (3.23)

All errors presented are based on one random DeepONet training and do not necessarily
signify the best or worst case. To indicate the effects of random initialization of the deep
neural networks, the mean testing error and corresponding standard deviation based on three
training runs are presented in Table 3.1 for each example PDE.

Figure 3.5 shows the decaying singular value spectrum for all six of the test PDEs and
highlights the hierarchical structure of the custom-made basis functions corresponding to
each PDE. Additionally, the variation in the decay rates between each of the spectrums

indicate that the trunk net space of functions is linked to the complexity of the dynamics



’ PDE Mean ‘ Standard deviation ‘
Advection 3.37 x 107° 3.59 x 107
Advection-diffusion 6.90 x 107° 2.69 x 107
Viscous Burgers 2.36 x 1073 1.79 x 10~*
Korteweg—de Vries 3.05 x 1072 2.95 x 107°
Kuramoto-Sivashinsky || 6.58 x 1072 4.24 x 1074
Inviscid Burgers 1.23 x 1072 2.44 x 107*

Table 3.1: DeepONet mean testing errors and standard deviation for all example PDEs based

on three training runs each.

that each of the PDEs exhibit. This linking between the decay rates and the complexity of

the corresponding PDE supports the claim that these are indeed custom-made basis functions

for the PDE of interest.
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Figure 3.5: Singular value spectrum of the custom-made basis functions for the advection,
advection-diffusion, viscous Burgers, Korteweg—de Vries, Kuramoto—Sivashinsky, and invis-

cid Burgers equations.
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3.4.1 Application 1: 1D Advection equation

Consider the one-dimensional linear advection equation,

% + Oz% =0, (3.24)
with the parameter a = 1.0. The advection equation models the quantity u, as it is advected
with velocity a. Alternatively, it is commonly referred to as the transport equation as it is
used to model the transport of a substance in a uniform field with velocity a [53].

The custom-made basis functions for the advection equation were found to be generally
ordered in terms of increasing oscillatory behavior as shown in Figure 3.6a while the decreas-
ing expansion coefficients of the initial conditions shown in Figure 3.6b further highlights the
hierarchical structure of the custom-made basis functions. The ordering of the custom-basis
functions in terms of increasing oscillatory behavior and the rapid decay of the expansion
coefficients of the initial conditions are two properties that the custom-made basis functions
share with basis functions commonly employed in spectral methods, e.g., Fourier series, where
Fourier basis functions are ordered in terms of increasing frequency and the corresponding
coefficients decay rapidly for smooth functions. The hierarchical structure allows for smooth
functions to be represented to an arbitrarily high accuracy by taking the truncation value
r, for the custom-made basis functions to be sufficiently large. The ability to truncate at
a finite number of basis functions while maintaining an arbitrarily high accuracy facilitates
the usage of spectral methods.

Figure 3.7 presents results for the spatiotemporal evolution using the 128-mode Fourier
expansion and the r = 53 custom-made basis functions for the in-distribution initial condi-
tion. The spatiotemporal plots illustrate that the presented procedure appropriately captures
the traveling wave and the periodicity of the solution as it moves in and out of the domain.
For all three initial conditions, good agreement is obtained between the Fourier solution and
the custom-made basis solution—even for the initial conditions outside the training domain—

as evidenced by the evolution of the relative errors shown in Figure 3.8. Spatiotemporal plots
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Figure 3.6: Custom-made basis functions (a) and corresponding initial condition expansion
coefficients (b) for the advection equation when using r = 53 custom-made basis functions.

for the two out-of-distribution initial conditions can be found in Appendix G.1 (Figures G.3

and G.4).
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Figure 3.7: Spatiotemporal evolution of the advection equation for the temporal interval
t € [0,10] and the random in-distribution initial condition.

The alternative parameter o = —4.0, for which the DeepONet was not trained, was also
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Figure 3.8: Relative error evolution of the advection equation for the temporal interval
t € [0,10] and the three test initial conditions.

tested. The spatiotemporal evolution for a = —4.0 and the in-distribution initial condition
using the 128-mode Fourier expansion and the r = 53 custom-basis functions are shown in
Figure 3.9. The evolution of the relative errors for the alternative parameter value and for the
three initial conditions shown in Figure 3.10 highlight the ability of the outlined framework
to also extrapolate to parameter spaces outside the training domain. Spatiotemporal plots
for the two out-of-distribution initial conditions can be found in Appendix G.1 (Figure G.5

and G.6).

3.4.2  Application 2: 1D Advection-diffusion equation

Next, consider the one-dimensional linear advection-diffusion equation,

ou ou 0%u

E + a% - V@ =0, (325)

with the parameters o = 1.0 and v = 0.1. The advection-diffusion equation is similar to the
advection equation in that it models the quantity u, as it is advected with velocity «, but
also contains an additional second-order diffusive term with corresponding viscosity v.

Figure 3.11 presents the results for the spatiotemporal evolution using the 128-mode
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(b) Custom-made basis solution

Figure 3.9: Spatiotemporal evolution of the advection equation for the temporal interval
t € [0, 10], the random in-distribution initial condition, and with o = —4.0.
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Figure 3.10: Relative error evolution of the advection equation for the temporal interval
t € [0, 10], the three test initial conditions, and with o = —4.0.

Fourier expansion and the » = 59 custom-made basis functions for the random in-distribution

initial condition. The spectral solution, which utilizes the custom-made basis functions, not

only appropriately captures the traveling wave and the periodicity of the solution as it moves

in and out of the domain but also accurately captures the diffusive nature of Equation (3.25).

Figure 3.12 presents the evolution of the relative errors for the three initial conditions and
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shows strong agreement is again obtained for all three of the presented initial conditions.
Plots of the custom-made basis functions (Figure G.7a), the expansion coefficients (Figure
G.7b), and the two out-of-distribution initial conditions (Figures G.9 and G.10) can be found

in Appendix G.2.
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Figure 3.11: Spatiotemporal evolution of the advection-diffusion equation for the temporal
interval ¢ € [0, 10] and the random in-distribution initial condition.
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Figure 3.12: Relative error evolution of the advection-diffusion equation for the temporal
interval ¢ € [0, 10] and the three test initial conditions.
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The alternative parameters a = —4.0, and v = 0.01, for which the DeepONet was
not trained, were also tested. The spatiotemporal evolution for « = —4.0, v = 0.01, and
the in-distribution initial condition using the 128-mode Fourier expansion and the r = 59
custom-basis functions are shown in Figure 3.13. The low relative errors presented in Figure
3.14 for the alternative parameter values & = —4.0 and v = 0.01-—which represents a more
complex parameter space than that presented for the advection equation—further highlight
the ability to extrapolate to parameter spaces outside the training domain. Spatiotemporal
plots for the two out-of-distribution initial conditions can be found in Appendix G.2 (Figure

G.11 and G.12).

(a) Fourier solution (b) Custom-made basis solution

Figure 3.13: Spatiotemporal evolution of the advection-diffusion equation for the temporal
interval t € [0, 10], the random in-distribution initial condition, and with o = —4.0, v = 0.01.

3.4.83 Application 3: 1D Viscous Burgers equation

Next, consider the one-dimensional nonlinear viscous Burgers equation,

ou ou 0%u
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Figure 3.14: Relative error evolution of the advection-diffusion equation for the temporal
interval ¢ € [0, 10], the three test initial conditions, and with o = —4.0, v = 0.01.

with the parameter v = 0.1. The viscous Burgers equation combines nonlinear wave prop-
agation with a second-order diffusion term and is a very simplified version of the equations
for viscous fluid flow [53]. In addition to being a simplified model for viscous fluid flow, the
viscous Burgers equation also has applications in cosmology and is commonly used as a test
case for numerical solvers [4,7]. For v > 0, the diffusive term has the effect of smoothing out
any shock discontinuities.

The results for the spatiotemporal evolution using the 128-mode Fourier expansion and
the » = 91 custom-made basis functions are shown in Figure 3.15 and illustrate that the
presented procedure accurately captures the traveling, smoothed-out shock that develops
when initialized from the random in-distribution initial condition. The evolution of the
relative errors for the three initial conditions are presented in Figure 3.16 and demonstrate
that the framework can be extended to nonlinear problems while maintaining the ability
to extrapolate both temporally and in terms of the input function space. Plots of the
custom-made basis functions (Figure G.13a) and the expansion coefficients (Figure G.13b)
can be found in Appendix G.3. Spatiotemporal plots for the two out-of-distribution initial
conditions can also be found in Appendix G.3 (Figures G.15 and G.16). The spatiotemporal
plots presented for the initial condition ug(x) = sin(z) (Figure G.15), demonstrate the ability
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of the framework to capture both traveling and standing, smoothed-out shocks.
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Figure 3.15: Spatiotemporal evolution of the viscous Burgers equation for the temporal
interval ¢ € [0, 10] and the random in-distribution initial condition.
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Figure 3.16: Relative error evolution of the viscous Burgers equation for the temporal interval
t € [0,10] and the three test initial conditions.

The alternative parameter v = 0.01, for which the DeepONet corresponding to the vis-
cous Burgers equation was not trained, was also tested. Recall, in the limit as v — 0, the

singular, inviscid Burgers equation is recovered. The spatiotemporal evolution for v = 0.01,
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and the in-distribution initial condition using the 128-mode Fourier expansion and the » = 91
custom-basis functions are shown in Figure 3.17, while the evolution of the relative errors
for the alternative parameter value are shown in Figure 3.18. The results for the alternative
parameter value v = 0.01 qualitatively capture the solution characteristics but highlight
the difficulties associated with lowering the viscosity v, which leads to the formation of a
steeper wavefront and results in greater average relative errors than those found for the
more smoothed-out shocks corresponding to v = 0.1. Despite the decreased accuracy when
compared to the larger viscosity value for which the custom-made basis functions were de-
veloped, the performance is comparable to physics-informed DeepONets for v = 0.01 [76]
without the need to retrain the underlying DeepONet. Spatiotemporal plots for the two
out-of-distribution initial conditions can be found in Appendix G.3 (Figure G.17 and G.18).
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Figure 3.17: Spatiotemporal evolution of the viscous Burgers equation for the temporal
interval t € [0, 10], the random in-distribution initial condition, and with v = 0.01.
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Figure 3.18: Relative error evolution of the viscous Burgers equation for the temporal interval
t € [0, 10], the three test initial conditions, and with v = 0.01.

3.4.4  Application 4: 1D Korteweg—de Vries equation

Next, consider the one-dimensional nonlinear Korteweg—de Vries equation,

Ju  Ju 52 PPu

a + u% + % = O, (327)

with parameter 6 = 0.1. The Korteweg—de Vries equation combines nonlinear wave propa-
gation with a third-order dispersion term and allows for localized traveling wave solutions
known as "solitons” [53]. When two solitons collide, there is a relative phase shift, but their
individual profiles emerge unchanged. The Korteweg—de Vries equation is commonly used
as a model for shallow-water waves, collisionless-plasma magnetohydrodynamic waves, and
long waves in anharmonic crystals [84]. As the strength of dispersion ¢, trends towards zero,
the oscillations present in the solution become more closely spaced [51].

The results for the spatiotemporal evolution using the 512-mode Fourier expansion and
the » = 106 custom-made basis functions are shown in Figure 3.19. The spatiotemporal
plots illustrate that the presented procedure accurately captures the nonlinearly interacting
solitons (light-colored streaks) and the periodicity of the solution when initialized from the

random in-distribution initial condition. The evolution of the relative errors for the three ini-
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tial conditions are shown in Figure 3.20, which highlights how the framework can be extended
to nonlinear problems with a similar quadratic nonlinearity, but very different regularization
mechanisms, while still maintaining the ability to extrapolate both temporally and in terms
of the input function space. Plots of the custom-made basis functions (Figure G.19a) and
the expansion coefficients (Figure G.19b) can be found in Appendix G.4. Spatiotemporal
plots for the two out-of-distribution initial conditions can also be found in Appendix G.4

(Figures G.21 and G.22).

(a) Fourier solution (b) Custom-made basis solution

Figure 3.19: Spatiotemporal evolution of the Korteweg—de Vries equation for the temporal
interval ¢ € [0, 10] and the random in-distribution initial condition.

The alternative parameter ¢ = 1/0.005, for which the DeepONet was not trained, was
also tested. The spatiotemporal evolution for § = 4/0.005, and the in-distribution initial
condition using the 512-mode Fourier expansion and the r = 106 custom-basis functions are
shown in Figure 3.21. Similar to the viscous Burgers equation, qualitatively, the solution
characteristics are well captured, but a decrease in accuracy is found for the alternative pa-
rameter value for all three initial conditions when utilizing the same number of custom-made
basis functions and the same 128-node Gauss-Legendre quadrature grid. Spatiotemporal

plots for the two out-of-distribution initial conditions can be found in Appendix G.4 (Figure
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Figure 3.20: Relative error evolution of the Korteweg—de Vries equation for the temporal
interval ¢ € [0, 10] and the three test initial conditions.

G.23 and G.24).
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Figure 3.21: Spatiotemporal evolution of the Korteweg—de Vries equation for the temporal
interval ¢ € [0, 10], the random in-distribution initial condition, and with § = +/0.005.
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Figure 3.22: Relative error evolution of the Korteweg-de Vries equation for the temporal
interval ¢ € [0, 10], the three test initial conditions, and with § = 1/0.005.

3.4.5 Application 5: 1D Kuramoto—Sivashinsky equation

Next, consider the one-dimensional nonlinear Kuramoto—Sivashinsky equation,

ou ou 0%u 0*u

E—i_u@x—i_@—i_ @:0, (3.28)

with parameter § = 0.085. The Kuramoto—Sivashinsky equation combines the quadratic
nonlinearity present in the other nonlinear PDEs with a destabilizing second-order diffusion
term and a stabilizing fourth-order dissipation term. The Kuramoto-Sivashinsky equation
can exhibit chaotic behavior and is commonly used as a model for flame propagation and
reaction-diffusion dynamics [28,55]. The parameter value 5 = 0.085 was chosen due to the
fact that it belongs in the first window that supports chaotic solutions [35, 36].

The results for the spatiotemporal evolution using the 512-mode Fourier expansion and
the r = 105 custom-made basis functions are shown in Figure 3.23 and illustrate that the
presented framework accurately captures the complex dynamics as well as the periodicity of
the solution when initialized from the random in-distribution initial condition. The evolution
of the relative errors for the three initial conditions are shown in Figure 3.24 and highlight

how the framework can be applied to nonlinear problems with a quadratic nonlinearity
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and with multiple different regularization mechanisms, while still maintaining the ability
to extrapolate both temporally and in terms of the input function space. Plots of the
custom-made basis functions (Figure G.25a) and the expansion coefficients (Figure G.25b)
can be found in Appendix G.5. Spatiotemporal plots for the two out-of-distribution initial
conditions can also be found in Appendix G.5 (Figures G.27 and G.28).
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-7.5 =75

-10.0 -10.0

(a) Fourier solution (b) Custom-made basis solution

Figure 3.23: Spatiotemporal evolution of the Kuramoto—Sivashinsky equation for the tem-
poral interval t € [0,10] and the random in-distribution initial condition.

The alternative parameter g = 0.05, for which the DeepONet was not trained, was also
tested. The value § = 0.05 was chosen due to the fact that it belongs in the second window
that supports chaotic solutions [35,36]. The spatiotemporal evolution for 5 = 0.05, and
the in-distribution initial condition using the 512-mode Fourier expansion and the » = 105
custom-basis functions are shown in Figure 3.25, while the evolution of the relative error
for the alternative parameter value and for the three initial conditions are shown in Figure
3.26. The solutions to the Kuramoto—Sivashinsky equation are dependent on the value of 3,
and depending on the selected value, the long time-behavior of the solution can vary from
being steady-state to complicated, and time-oscillatory [55]. Therefore, the results presented

in Figure 3.26 provide further strong evidence of the ability of the presented framework to
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Figure 3.24: Relative error evolution of the Kuramoto—Sivashinsky equation for the temporal
interval ¢ € [0,10] and the three test initial conditions.

extrapolate to parameter spaces outside the training domain. Spatiotemporal plots for the

two out-of-distribution initial conditions can be found in Appendix G.5 (Figure G.29 and

G.30).

-10 -10

(a) Fourier solution (b) Custom-made basis solution

Figure 3.25: Spatiotemporal evolution of the Kuramoto—Sivashinsky equation for the tem-
poral interval ¢ € [0, 10], the random in-distribution initial condition, and with 8 = 0.05.
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Figure 3.26: Relative error evolution of the Kuramoto-Sivashinsky equation for the temporal
interval ¢ € [0, 10], the three test initial conditions, and with 5 = 0.05.

3.4.6  Application 6: 1D Inviscid Burgers equation

As a final example, consider the one-dimensional inviscid Burgers equation

% + u% = 0. (3.29)
As discussed in Section 2.4.1, the inviscid Burgers equation is often viewed as a simplified
analog of the Euler equations [58]. Equation (3.29) contains the same quadratic nonlinearity
as the other nonlinear models, but unlike the other models considered, is devoid of any reg-
ularization. Due to the lack of any regularization, solutions to the inviscid Burgers equation
are capable of developing discontinuities in the velocity field, i.e., shocks, in finite time when
initialized from smooth initial conditions [4].

The results for the spatiotemporal evolution using the MUSCL scheme with 4096 spatial
discretization points and the r = 101 custom-made basis functions are shown in Figure 3.27
for the in-distribution initial condition and for ¢ € [0,0.8296]—which is shorter than the
corresponding DeepONet training temporal domain of ¢ € [0,1]. The final solution times
presented are specified as the time when the energy in a given time step exceeds 100.1% of

the energy in the previous time step or when the absolute value of the difference between
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u(t,27) and u(t,0) exceeds 1072, The increasing inaccuracy of the results occurs due to the
fact that the solutions form shocks in finite time, and the presented spectral method based
on the custom-made basis functions does not contain a mechanism to accurately eject the
energy that is being consumed by the shock. Figure 3.28 shows that for times in advance
of the shock, strong agreement is obtained between the MUSCL solution and the custom-
made basis function solution, but around the time the shock develops, the solution becomes
increasingly inaccurate, and eventually, the specified solution exit criteria are reached.

This increasing level of inaccuracy should not be viewed as a shortcoming of the presented
framework; rather, this is an issue commonly encountered when using spectral methods for
the evolution of singular PDEs. Similar to the discussion provided in Section 2.4.1, the
ability of the inviscid Burgers equation to develop shocks motivated the usage of a MUSCL
solution to generate the ground truth data for training the DeepONet, as a Fourier expansion
would also not converge to the true solution [5]. To account for the ejection of energy and to
accurately capture the temporal evolution of the energy, the system needs to be augmented
by a memory term, as was presented for spectral methods based on a Fourier expansion
in Chapter 2. Plots of the custom-made basis functions (Figure G.31a) and the expansion
coefficients (Figure G.31b) can be found in Appendix G.3. Spatiotemporal plots for the two

out-of-distribution initial conditions can also be found in Appendix G.3 (Figures G.33 and

G.34).
3.5 Summary

Section 3.2 presented a general framework for using DeepONets to identify candidate func-
tions that can be transformed into a hierarchical orthonormal basis, while Section 3.3 out-
lined the procedure for using these custom-made basis functions in a spectral method to solve
PDEs. Section 3.4 illustrated the effectiveness of the presented scientific machine learning
approach for solving both linear and nonlinear one-dimensional PDEs that serve as mathe-
matical models for a range of physical phenomena on periodic domains.

The specified initial conditions and temporal domain of ¢ € [0, 10] for the results presented
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Figure 3.27: Spatiotemporal evolution of the inviscid Burgers equation for the temporal
interval ¢ € [0,0.8296] and the random in-distribution initial condition.
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Figure 3.28: Relative error evolution of the inviscid Burgers equation for the temporal interval
t € [0,0.8296] for the in-distribution initial condition, ¢ € [0,0.9515] for ug(z) = sin(z), and

t € 10,0.5892] for ug(x) = @),

in Section 3.4 illustrate the interpolation and extrapolation capabilities of the framework as

evidenced by Figures 3.8, 3.12, 3.16, 3.20, and 3.24, which show strong agreement with the

Fourier solution for the in-distribution initial condition as well as the two out-of-distribution

initial conditions over the entire temporal domain. The framework applied to the inviscid

Burgers equation also shows strong agreement with the MUSCL solution for all three test
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initial conditions in advance of the shock (Figure 3.28). To allow for further temporal
evolution, the addition of a memory term is required (refer to Chapter 2) to model the
singular inviscid Burgers equation and is a common requirement of spectral methods, and
not specific to the presented framework.

The results presented for the advection, advection-diffusion, viscous Burgers, Korteweg—
de Vries, and Kuramoto—Sivashinsky equations in Figures 3.10, 3.14, 3.18, 3.22, and 3.26 show
agreement with the Fourier solutions but at a reduced level of accuracy for several of the
example PDEs for parameters for which the DeepONet utilized to identify the candidate basis
functions was not trained. In each of these cases, the modification of the PDE parameters
results in different solution characteristics than those present in the DeepONet training data,
such as steeper wavefronts and more closely spaced oscillations in the case of the viscous
Burgers and Korteweg—de Vries equations, respectively.

This framework provides many opportunities for extension even when only considering
one-dimensional PDEs on periodic domains. Preliminary work on two potential extensions
included as part of this work are time-sampling the custom-made basis functions and con-

structing periodic custom-made basis functions through the use of a feature expansion [47].

1. Time-sampling the custom-made basis functions. For all the work presented
in this chapter, the candidate functions obtained from DeepONets were evaluated at
t = 0. This evaluation time was only an initial assumption for the appropriate time for
evaluating the trunk network functions, and there is nothing that limits the evaluation
time to be t = 0. In Appendix H, the concept of time-sampling the custom-made basis
functions is investigated, where the candidate trunk network functions {7y }1<x<n, are
sampled at equally spaced times with a sampling rate of At = 0.05. Following the
time-sampling procedure, more custom-made basis functions are identified that exceed
the singular value threshold of 107! than are identified when using the frozen-in-time
approach and the approximation errors for the same three functions presented in Sec-

tion 3.2.2 are reduced when utilizing the time-sampling approach along with the same
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128-node Gauss—Legendre quadrature grid. Furthermore, the average relative errors
over the temporal interval ¢ € [0, 10], are decreased for all three test initial conditions
for the advection-diffusion and Korteweg—de Vries equations. Refer to Appendix H,

specifically Figure H.4 and Tables H.2, H.3, H.4, H.5, and H.6 for more detailed results.

2. Development of periodic custom-made basis functions. When using the stan-
dard DeepONet architecture, the resulting custom-made basis functions do not indi-
vidually satisfy the boundary conditions and require the use of discontinuous Galerkin
methods to enforce the boundary conditions when evolving PDEs. Through the use of a
feature expansion combined with DeepONets for periodic problems, the trunk network
functions can be forced to individually satisfy the boundary conditions. The concept of
using a feature expansion based on two Fourier basis functions (z — {sin(x), cos(z)}),
applied to the spatial component of the trunk network input is investigated in Appendix
I. A similar approach, as presented in Section 3.2.1, is utilized, but with a 128-node
equally spaced grid specified and B-Splines used to evaluate the custom-made basis at
locations away from the quadrature nodes. For all example PDEs, a greater number of
periodic custom-made basis functions that satisfy the singular value threshold of 10713
are identified than when using the procedure outlined in Section 3.2.1. Additionally, for
the advection and viscous Burgers equations, there is an improvement in the relative
average error for all three test initial conditions for the temporal domain ¢ € [0, 10].
The usage of periodic custom-made basis functions also requires less computational
machinery for evolving the system of ODEs for the expansion coefficients, as the ad-
ditional terms flux terms found in the discontinuous Galerkin approach are no longer

necessary.

In aggregate, the presented results illustrate the effectiveness of the scientific machine
learning framework for solving PDEs in a spectral fashion. For each of the example PDEs,
with the exception of the inviscid Burgers equation, the results are compared against a

Fourier solution based on a 128- or 512-mode Fourier expansion and show strong agreement.
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The presented framework should not be considered as an alternative to the gold standard
Fourier basis functions for periodic domains, nor should it be expected to outperform the
Fourier basis functions as they are the optimal choice. The presented results should instead
be viewed as a proof-of-concept with the potential to generalize well to complex domains
where classical bases are not immediately available for use in a spectral method. Wall-clock
times for both solution methods are presented in Appendix J for comparison. Additionally,
the ability to truncate to r custom-made basis functions based on a specified singular value
threshold can be seen as a form of model reduction without the memory term, more similar
to POD. However, unlike POD, the presented framework does not rely directly on snapshots
of the PDE to extract the basis functions; therefore, requiring far sparser data sets to extract
basis functions that are capable of temporal extrapolation along with extrapolation in terms

of input function and PDE parameter space.
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Chapter 4
CONCLUSIONS AND FUTURE DIRECTIONS

The two research objectives outlined in Section 1.3 were investigated in Chapter 2 and
Chapter 3, with results presented to demonstrate the effectiveness of the time-dependent
perturbative renormalization (first research objective) and the scientific machine learning
(second research objective) frameworks. The conclusions based on the work presented are
outlined in Section 4.1, while opportunities for further investigation are outlined in Section

4.2.
4.1 Conclusions

Key contributions, insights, and results are outlined for the two research objectives below.
1. First research objective:

e Key contributions. A key contribution towards the first research objective was
the introduction of the parameter 7 to allow for time-dependent renormalization,
which ultimately serves as a means to control the time decay of the memory. In ad-
dition to the introduction of this parameter, the time-dependent renormalization
framework was developed and applied to two nonlinear PDESs; the one-dimensional

inviscid Burgers equation and the three-dimensional Euler equations.

e Key insights. A key insight was the fact that the selection of the proper value of
7 is necessary for the stable and accurate evolution of reduced order models con-
structed using the complete memory approximation. Furthermore, the selection
of the optimal value of 7 is a delicate procedure, and the value is problem spe-

cific. However, despite this delicate nature, the estimation of the renormalization
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coefficients and 7 are possible using only data from before the singularity (one-
dimensional inviscid Burgers equation) or before the full system becomes under-
resolved (three-dimensional Euler equations). Additionally, if a large enough full

system is available, the selection of the optimal 7 value can be automated.

e Key results. The fourth-order ROMs for both the one-dimensional inviscid
Burgers and three-dimensional Euler equations exhibited convergence, and the
individual memory terms were layered, indicating the presented framework is
indeed perturbative in nature. Results for the evolution of the energy of the
fourth-order ROMs of the inviscid Burgers equation were in good agreement with
a well-resolved shock-capturing scheme for the temporal domain ¢ € [0, 1000].
Additionally, the results for the peak rate of change of energy and corresponding
peak time for fourth-order, N = 12 size ROMs of the Euler equations were found

to be in good agreement with large-scale direct numerical simulations.

2. Second research objective:

e Key contributions. The key contribution towards the second research objective
was the development of a scientific machine learning framework for identifying
candidate basis functions from a trained operator neural network and subsequently
turning these candidate basis functions into an orthonormal basis for the evolution
of dynamical systems using a spectral method. This framework was applied to
six one-dimensional PDEs: the advection, advection-diffusion, viscous Burgers,

Korteweg—de Vries, Kuramoto—Sivashinsky, and inviscid Burgers equations.

e Key insights. A key insight was the fact that operator neural networks, and more
specifically DeepONet, are capable of identifying quality candidate basis functions.
Once identified by the DeepONet, the candidate basis functions can be turned
into an orthonormal basis using the singular value decomposition. The usage

of the Legendre polynomials allows the accurate evaluation of the orthonormal
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basis at locations away from the specified quadrature grid. The procedure allows
for a reduction in system size where the reduced set of basis functions can be
identified through the singular values. Furthermore, based on analysis of the
singular value spectrums of each example PDE considered, the constructed basis
functions do appear to be truly custom-made for the corresponding PDE for which

the DeepONet was trained.

e Key results. The constructed sets of custom-made basis functions allow for
the evolution of PDEs using a spectral approach and show good agreement
with Fourier solutions for the advection, advection-diffusion, viscous Burgers,
Korteweg—de Vries, and Kuramoto—Sivashinsky equations, and with a shock-
capturing scheme for the inviscid Burgers equation. Furthermore, the frame-
work allows for extrapolation in terms of input function space and temporally
(with the exception of the inviscid Burgers equation). Additionally, for the ad-
vection, advection-diffusion, viscous Burgers, Korteweg—de Vries, and Kuramoto—
Sivashinsky equations, extrapolation in terms of the PDE parameters also shows

agreement with Fourier solutions.

4.2 Future directions

Both of these frameworks provide many opportunities for further investigation and extension
beyond what was presented. The natural next steps are to apply each of these frameworks to
additional PDEs, such as the Korteweg-de Vries-Burgers and nonlinear Schrodinger equa-
tions for the first research objective, and the Allen—Cahn equation for the second research
objective. Additional items that have been identified as future work for the two research

objectives are outlined below.

1. First research objective:

(a) The revised ansatz for the time-dependent renormalization coefficients «;(t) =

B; [(1/N)t=7]", results in a reduced condition number compared to o;(t) = a;t™"";
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however, the resulting condition number is still too large to allow for the accurate
estimation of the coefficients for large values of N. Furthermore, the condition
number increases with increasing NV, while at the same time, the coefficients de-
crease in magnitude. This limits the applicability of the approach to only small
resolutions for the ROMs. Additional techniques should be explored for addressing
the ill-conditioning, such as lower-rank approximations to the matrix of indepen-
dent variables [10], Tikhonov regularized regression [8], etc. Approaches that may
allow this issue to be circumvented through the use of deep learning methods, such
as generative adversarial networks [31], would also be an interesting area of inves-
tigation. Furthermore, the possibility of reformulating the Taylor series expansion
present in the complete memory approximation, prior to renormalization, using
orthogonal polynomials could be investigated. Additionally, approaches that al-
low for the robust estimation of the renormalization coefficients and optimal 7
while utilizing a smaller M’ sized full simulation should also be explored. A pre-

liminary investigation into lower-rank approximations is presented in Appendix

D.

In conjunction with the investigation into ways to allow for the more robust es-
timation of the renormalization coefficients and optimal 7, the current MATLAB
code base for the three-dimensional Euler equations should be updated and paral-
lelized so that larger full and reduced order system simulations are also possible.
Currently, even on a relatively powerful computer, only small M’ (and N) values
are possible and prevent the estimation of the optimal 7 value and resolutions
large enough for more detailed analysis and visualization. The results presented
focused on producing ROMs that were stable for long times due to the limited full
system available, but larger and more finely-resolved full and ROM simulations

are required to further probe the three-dimensional Euler equations.

The () = a;t ", and revised oy (t) = 5; [(1/N)t~7]’, are just two possible choices
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for the time-dependent renormalization coefficients. More elaborate choices, such
as making 7 wavenumber and/or order of the memory term dependent, would
be an interesting avenue for investigation. Additionally, alternative forms, such

—i7t should also be considered in future work. Furthermore, the

as o;(t) = ae
required M’ to estimate the renormalization coefficients and the optimal 7, along

with the maximum attainable N for any new form, should be investigated.

2. Second research objective:

(a)

Two extensions of the custom-made basis framework were outlined in Section 3.5
with preliminary results provided in the appendices; time-sampling of the custom-
made basis functions (Appendix H) and the development of custom-made basis
functions that individually satisfy the boundary conditions (Appendix I). Both of
these approaches warrant further investigation. For the time-sampling results pre-
sented in Appendix H, the same number of quadrature nodes as the frozen-in-time
construction were utilized. However, for the time-sampling approach, the usage
of a higher-order quadrature rule allows for a greater number of custom-made
basis functions to be generated and presents an interesting area of investigation.
Additionally, analysis into the performance of the standard custom-made basis
functions evolved using a discontinuous Galerkin approach versus the custom-
made basis functions that individually satisfy the boundary conditions and are

evolved using a Galerkin approach would be intriguing.

For each of the example PDEs presented, a DeepONet was trained specifically
for each PDE. However, this raises an interesting question that warrants further
investigation: can the custom-made basis functions identified for a PDE that
exhibits more complex dynamics be utilized for one that exhibits less complex
dynamics? Preliminary results are presented in Appendix L, where the custom-

made basis functions developed for the viscous Burgers equation are used to evolve
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the advection equation, and the custom-made basis functions developed for the

Korteweg—de Vries equation are used to evolve the viscous Burgers equation.

Development of a fast forward and fast inverse custom-made basis transform.
Improvements in the wall-clock times of the custom-made basis results can be
achieved through the usage of a pseudo-spectral transform which directly cal-
culates the forward transform (inner product calculation) and inverse transform
(series expansion calculation) as shown in Appendix J. Although this provides
an improvement in the wall-clock times for nonlinear PDEs over the usage of the
triple product integral and represents a preliminary step toward reducing the wall-
clock times for nonlinear problems, a fast forward and fast inverse custom-made
basis transform developed using DeepONets may allow for additional performance
improvements when computing the nonlinear terms in real space. The forward
transform based on a DeepONet would have the trunk network fixed to output
the custom-made basis functions, and the branch network would be trained so
that it would output the expansion coefficients. The inverse transform based on a
DeepONet would take as input to the branch network the expansion coefficients,
while the input to the trunk network would be the spatial locations. Development
of the fast inverse transform is underway, and preliminary results are presented

in Appendix M for the viscous Burgers equation.

Optimization of the DeepONet parameters to improve the quality of the custom-
made basis functions. Parameters, such as network width, network depth, activa-
tion functions, etc., have been preliminarily investigated; however, a more detailed
investigation into the full parameter space and how the various parameters im-
pact the resulting custom-made basis functions would be insightful. Furthermore,
applying the custom-made basis framework to alternative operator neural net-
work architectures, such as the physics-informed DeepONet [76], would be an

interesting area of investigation.
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The DeepONet underlying the construction of the custom-made basis functions
was trained for 50000 epochs for each of the example PDEs. Ultimately, there
needs to be a formalization of the convergence criterion for the DeepONets used
to identify the candidate basis functions. This would require further investiga-
tion. One potential avenue is the monitoring of convergence of the singular value
spectrums as a function of training epoch as opposed to more traditional stop-
ping criteria, such as monitoring the training and testing mean squared errors as

functions of training epoch.

All the problems presented were one-dimensional and had periodic boundary con-
ditions. These problems served as a proof-of-concept and allowed for comparisons
against Fourier solutions. In these cases, it was not expected that the constructed
custom-made basis functions would outperform the optimal Fourier basis func-
tions for periodic domains. The next steps would be to consider alternative
boundary conditions using both the standard custom-made basis construction
and the construction which uses a feature expansion or hard constraints so that
the custom-made basis functions individually satisfy the boundary conditions [47].
Additionally, time-independent problems would be an interesting area of study.
Extending the framework to problems on more complex domains in higher di-
mensions should be investigated. This extension will require the development of
alternative approaches to using the Legendre polynomials, such as spline-based
interpolation, for evaluation of the custom-made basis functions at locations away

from the quadrature grid.

Combining the model reduction framework presented as part of the first research
objective with the work presented as part of the second research objective is a
very intriguing area of future work. Starting with the one-dimensional inviscid
Burgers equation on a periodic domain and adding a memory term to allow for the

energy to be drained from the resolved scales would be an interesting first step.
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Furthermore, the ability to develop custom-made basis functions that individually
satisfy the boundary conditions allows for the application of the Mori-Zwanzig
formalism to a wider range of problems beyond periodic domains. The use of the
custom-made basis functions that individually satisfy the boundary conditions
would likely make the computation of the memory terms more straightforward

than if the standard custom-made basis functions were utilized.

In closing, the frameworks developed as part of this dissertation provide a bridge between
scientific computing and machine learning and aim to advance the state of the art in the

simulation of multiscale systems.
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Appendix A

TRANSFORMING A SYSTEM OF ORDINARY
DIFFERENTIAL EQUATIONS INTO A SYSTEM OF PARTIAL
DIFFERENTIAL EQUATIONS

This appendix outlines the procedure for transforming a system of nonlinear ODEs into
a system of linear PDEs. This transformation into a system of linear PDEs is required so
that the right-hand side of Equation (2.2) can be decomposed. The following proof is based
on [16,60].

Consider a system of nonlinear ODEs of size M,

du(uo, t)

dt - R(u(uov t))> u(u07 0) = Uo. (Al)

This system can be transformed into a system of linear PDEs,

0
aewuoj = e Lug;, forl1<j< M, (A.2)

with the Liouville operator £, given by

L= Z Ri(uo) 0 (A-?’)

Note that Luy; = R;(uy).
To show this transformation, begin by letting g(ug) be a smooth function of uy and

define ¢(ug,t) = g(u(ug,t)). Note that ¢(up,0) = g(u(ug,0)) = g(up). Next, take the time
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derivative of this function

Jo(up, t) _ Z dg(u(uyg,t)) du;(ug, t)

ot - Jup; ot
dg(u(uy,t))
- Z R;(u(uy, t))TM. (A.4)
To proceed, it must be shown that
dg(u(uo,t)) 9g(u(uo, t))
D Rl )= B = 3 Rifwo) =5 (A.5)

which requires proof of the following identity,
R(u(up,t)) = Dy, u(ug, t)R(uy), (A.6)

where Dy, u(ug,t) is the Jacobian matrix of u(uy,t) given by

Dy ui(ug, t) = %l?t)- (A.7)
7

Define F(uy,t) as the difference between the left-hand side and the right-hand side of
Equation (A.6)
F (5, 1) = R(u(uo, £)) — Dy,ulug, {)R(w,), (A8)
where for ¢t = 0,
F(u,0) = R(u(uy,0)) — Dy,u(ug, 0)R(uy)
(1p) — Dy (o) R (u1o)
(up) — IR(up)

R
R

Il
e

(A.9)
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Next, take the time derivative of F(uy,t),

OF (up,t)  OR(u(uo,t)) 0
e 5 - a(DuOU(UO» t)R (o))

= (DR e, 0) 2500 - Dy (P00 ) Riw

= (D) (o, 0) P50 Dy (R(uon, ) Reow)

u R (u(uo, £))R(u(up, 1)) = (DuoR)(u(uo, 1)) Duyu(uo, t)R(uo)

o
SHES

wR)(u(u, 1)) [R(u(ug, t)) — Dy,u(ug, t)R(up)]
= (Du,R)(u(uo, ))F(uo, t). (A.10)

Equation (A.9) and Equation (A.10) indicate F(uy,t) = 0, thereby proving Equation (A.6).

Equation (A.6) can now be substituted into Equation (A.4),

110, Z Ri(u(u, ¢ dg(u(uy,t))

Oug;
Ou;(ug, t) dg(u(ug, t
_ Z (Z auO R; 0)> 9(8(um ))
u(ug, t)) du,(ug, t
P (z )00

uO? t))
N Z R aUOJ

= Lo(up, 1), (A.11)

where £ = 3", R;(ug)52—. Therefore, ¢(ug,t) = g(u(uo,t)) is the unique solution to Equa-
tion (A.11) with ¢(uo, ) = g(up). If ¢;(ug,t) is considered as the solution to Equation
(A.11), then for g(ug) = up; and ¢;(ug,t) = u;(uy, ),

duj(ug,t)  0¢;(ug,t) 0 tL
T T (A1
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where semigroup notation was utilized to write ¢;(ug,t) = e'*

ug;. Equation (A.12) now
gives the time evolution of the j-th component of u(ug,t) and matches the form presented

in Equation (A.2).
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This appendix contains the first- through fourth-order complete memory approximations

for the one-dimensional inviscid Burgers equation (Section B.1) and the three-dimensional

Euler equations (Section B.2). Additional details on the construction of the approximation

and references to software for automatically generating each of these terms can be found

in [59-61].

B.1 1D Inviscid Burgers equation

Starting from the right-hand side of Equation (2.35), the convolution sum can be written as

and the corresponding full system as

duk

o = eka(uo, ug) = Cr(u,u).

The Markov term, Equation (2.9), is
R () = Pe'* PLugy.

Using the above definitions,

RY(t) = Pe*PCy(ug, ug) = Pe“Cy (g, y) = Cr (11, 10).

(B.1)

(B.2)

(B.4)
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The first-order memory term, Equation (2.19), is
Ry (0) = Pe'* PLQLugy. (B.5)

Utilizing the complimentary projector Q) = I — P, to expand the term QLugy,

ik ik ik
;Cuok; — P,CU()k = —5 Z UppUog — 5 Z UopUog — 5 Z UopUog (B 6)
p+q=k ptq=k ptq=k
peF,qeG peG,qeF peG,qeG
and using the defined convolution sum yields
R} (1) = Pe'* PL[2C, (11, Tg) + C (T, 0g)]. (B.7)

Defining the function Ly = C(ug, ug), where C(v, w) is the convolution of v and w with
the unresolved modes (k € G) set to zero and the function Liig = C(uy, uy), where C(v, w)
is the convolution of v and w with the resolved modes (k € F) set to zero and recognizing

L follows the product rule,
LCy(v,w) = Cp(Lv,w) + C(v, Lw), (B.8)
allows Equation (B.7) to be expanded,
Ri(h) = Pe“ P[2C},(C(ug, ug), 1g) + 20 (119, C(ug, ug)) + 2C5(C(ug, ug), p)].  (B.9)
Applying the remaining operators yields
Ri() = 20y (0, C(a, ). (B.10)

The outlined set of rules and functions allows for the determination of the higher-order

terms. The final expressions for the second- through fourth-order terms as presented in the
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supplemental materials associated with [59] are reproduced for reference:

(B.13)
B.2 3D Euler equations

Starting from the right-hand side of Equation (2.40), the convolution operator can be written
as

Ck(v,w) = —i Z k- vpAxwy, (B.14)

pt+a=k
p,.9cFUG
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and the corresponding full system as

due

prai e Cy(ug, ug) = Cy(u,u). (B.15)

The Markov term, Equation (2.9), is

Ry (1) = Pe* P Lugy, (B.16)

and using the above definitions,
R (1) = Pe'* PCy (g, uy) = Pe*Cy (119, 11y) = Cy (11, 11). (B.17)

The first-order memory term is
Rj () = Pe'*PLQLugy. (B.18)

Utilizing the complimentary projector @) = I — P, to expand the term Q) Lugy,

Lug — PLugy = —i Z k-up,Agug —i Z k-up,Axug —i Z k-up,Axuy, (B.19)

pt+a=k pt+a=k p+a=k
PEF,qeG pPEG,qeF PEG,qeG

and using the defined convolution operator yields,

Ry (1) = Pe'“PL[Cy (1, Tp) + Ci(W, 0) + Cy (T, tp)]. (B.20)
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Using the fact £ follows the product rule and the definitions for C and C outlined in Section
B.1 allows Equation (B.20) to be expanded,

R (1) = Pe“ P[Ci(C(ug, ug), ip) + Ci (g, C(ug, up))
+ Ci(C(uy, up), y) + Cu(itg, C(up, ug)) (B.21)

+ Ck(é(uo, ug), ug) + Cy (1, é(uo, u))],

and applying the remaining operators yields
Ri(0) = Cx(i, C(1, 1)) + C(C(1, 0), 0r). (B.22)

The right-hand side of Equation (B.22) involves convolutions of the same two terms; there-

fore, defining the function
D(v,w) = C(v,w) + C(w, V), (B.23)

and the related convolutions D(v, w) and D(v,w) allows Equation (B.22) to be rewritten
as

R (1) = Dy (i1, C(, ). (B.24)
L also operates on D in the same way as on C
LD = LC(v,w) + LC(w, V)

=C(Lv,w)+ C(v,Lw) + C(Lw,v) + C(w, LV) (B.25)
=D(Lv,w) + D(v, Lw).

The outlined set of rules and functions allows for the determination of the higher-order

terms. The final expressions for the second- through fourth-order terms as presented in the
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(B.26)

(B.27)
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Ry () =Dy (&, D(a, D(C(0, 1), C(a, &) — 2C(a, @)
+ 315<C‘<ﬁ, 1), C(a,10))

R

_|_
g
Q

ol

—~ —~ —~ —~ E\ —~ —_
o
A

,1),2C(1, 1) — 3C (4, 0))
C(a,0),C(a, 1))

g Ul

;>

,D(1, C(,q) — 3C(a, i)

Uz

a, 3@(11, 1) — 5C(1, 1))

D (1, 5C (0, 1) — 3C (1, 1))
,3C(a,4) — C(u,1))))

C(, 1), D(a,3C(a, 0) — 5C(a, 1))

lwh
g>

(B.28)

wh

,C(1,0) - 3C(0, 1))

wh
Q&

(@), D(d,3C(a,a) — C(d, 1))

o4 o+ o+ o+ o+ o+
Uz

lwh

) —
(&,5C(a, 1) — 3C(4, u))))
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Appendix C

SUPPLEMENTAL OPTIMAL RENORMALIZATION OF
MULTISCALE SYSTEMS RESULTS

This appendix contains additional results for the one-dimensional inviscid Burgers and
three-dimensional Euler equations. Section C.1 presents additional results for the one-
dimensional inviscid Burgers equation, and Section C.2 provides additional results for the

three-dimensional Euler equations.
C.1 1D Inviscid Burgers equation

Figures C.1, C.2, and C.3 show the convergence of the estimated renormalization coefficients
and the optimal value of 7 for full systems of size M’ = 256 to M’ = 524288. The estimated
renormalization coefficients for n = 1,2, 3 order ROMs for N = 12 and the optimal 7 found
for the fourth-order model are shown in Table C.1. Figure C.4 presents the real space solution
for the temporal interval ¢ € [0, 10] for the fourth-order N = 12 ROM and the optimal value

of 7.
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Figure C.1: Estimated renormalization coefficients for the first- and second-order terms for

N =6,8,10,12 and for M’ = 256 to M’ = 524288.
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Figure C.2: Estimated renormalization coefficients for the third- and fourth-order terms for

N =6,8,10,12 and for M’ = 256 to M’ = 524288.
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Figure C.3: The optimal value of 7 predicted for N = 6,8,10,12 and for M’ = 256 to
M' = 524288.

’ H n = n=2 \ n=3
B 1.6891 3.4244 3.7228
By - —2.8144 —5.4238
s - - 2.8992
(1/N)B;y || 1.4076 x 10~ | 2.8536 x 10~1 | 3.1023 x 10~*
(1/N)?B, — —1.9545 x 1072 | —3.7665 x 102
(1/N)3ps - - 1.6778 x 1073

Table C.1: Estimated renormalization coefficients for n = 1,2, 3 order ROMs of the inviscid
Burgers equation for N = 12 and the optimal 7 found for the fourth-order model.
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of the inviscid Burgers equation for the



C.2 3D Euler equations

Table C.2 presents the estimated renormalization coefficients corresponding to 7
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0.0,0.2,...,0.8 for fourth-order ROMs and for N = 12. The estimated renormalization

coefficients for n = 1,2, 3 order ROMs for N = 12 and 7 = 1.0 are shown in Table C.3. Fig-

ures C.5 and C.6 present the contribution of each order memory term to the rate of change

of energy in the resolved modes of fourth-order N = 12 ROMs for 7 = 0.6 and 7 = 0.8.

Tables C.4, C.5, and C.6 present the peak time and peak value of the total rate of change

of energy in the resolved modes for the N = 6,8, 10 fourth-order ROMs and for the stable

values of 7.
\ [ 7=00 =02 | 7=04 =06 T=08
b 3.1538 3.2675 3.3840 3.5303 3.6968
2 —3.8402 —4.1241 —4.4304 —4.8350 —5.3148
B3 2.0749 2.3101 2.5780 2.9485 3.4048
Ba —0.3847 —0.4431 —0.5130 —0.6113 —0.7353
(1/N)g3, || 2.6282 x 1071 2.7229 x 107! 2.8200 x 107! 2.9419 x 107! 3.0806 x 1071
(1/N)?B3, || —2.6668 x 1072 | —2.8640 x 1072 | —3.0767 x 102 | —3.3577 x 102 | —3.6908 x 102
(I/N)?Bs || 1.2008 x 1072 | 1.3369 x 10> | 1.4919 x 10° | 1.7063 x 10° | 1.9704 x 10~°
(1/N)*3, || —1.8553 x 107° | —2.1369 x 107> | —2.4739 x 1075 | —2.9479 x 107° | —3.5460 x 105
Table C.2: Estimated renormalization coefficients corresponding to 7 = 0.0,0.2,...,0.8
found for the fourth-order ROMs of the 3D Euler equations for N = 12.
| | n=t [ n=2 | n=3 |
51 1.2868 2.5019 2.8167
5a — —1.7010 —2.5651
Bs — — 0.6354
(1/N)B; || 1.0723 x 1071 | 2.0849 x 10~! 2.3472 x 1071
(1/N)?3, — —1.1813 x 1072 | —1.7813 x 102
(1/N)3B5 — — 3.6770 x 1074

Table C.3: Estimated renormalization coefficients for n = 1,2, 3 order ROMs of the 3D Euler
equations for N = 12 and 7 = 1.0.
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Figure C.5: The contribution of each order memory term to the rate of change of energy in
the resolved modes for the N = 12 fourth-order ROM of the 3D Euler equations for 7 = 0.6.
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Figure C.6: The contribution of each order memory term to the rate of change of energy in
the resolved modes for the N = 12 fourth-order ROM of the 3D Euler equations for 7 = 0.8.

’ T H Peak time \ Peak value ‘
0.6 6.2615 —1.6744 x 102
0.8 6.4357 —1.5569 x 1072
1.0 6.6409 —1.5114 x 102

Table C.4: Peak time and value of the total rate of change of energy in the resolved modes
for the N = 6 fourth-order ROMs of the 3D Euler equations for 7 = 0.6, 0.8, 1.0.
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’ T H Peak time ‘ Peak value ‘
0.6 6.4719 —1.5004 x 1072
0.8 6.5088 —1.5077 x 1072
1.0 || 6.5445 | —1.5006 x 1072

Table C.5: Peak time and value of the total rate of change of energy in the resolved modes
for the N = 8 fourth-order ROMs of the 3D Euler equations for 7 = 0.6, 0.8, 1.0.

’ T H Peak time \ Peak value ‘
0.6 6.6325 —1.4298 x 102
0.8 6.5674 —1.3693 x 1072
1.0 6.5522 —1.3298 x 102

Table C.6: Peak time and value of the total rate of change of energy in the resolved modes
for the N = 10 fourth-order ROMs of the 3D Euler equations for 7 = 0.6, 0.8, 1.0.
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Appendix D

REDUCING THE ILL-CONDITIONING ASSOCIATED WITH
THE ESTIMATION OF THE RENORMALIZATION
COEFFICIENTS

This appendix outlines a preliminary investigation into reducing the ill-conditioning as-
sociated with estimating the renormalization coefficients. The revised ansatz for the time-
dependent renormalization coefficients o;(t) = 8; [(1/N)t~7], results in a several order of
magnitude reduction in the condition number compared to the «;(t) = a;t~"; however, the
resulting condition number is too large for the accurate estimation of the renormalization co-
efficients for large values of N. The concept of utilizing the low-rank approximation [10,74]
of the matrix of independent variables was investigated. A rank-r approximation to the

matrix of independent variables A, can be obtained using the singular value decomposition

A= XT: ORULVE = 01U V] + 09UV + -+ - + 0,0,V (D.1)
k=1
such that A = USV*, where U, S, V* are the truncated U, S, V* matrices. The renormal-
ization coefficients can then be estimated using § = (‘75' -1 *)b, where b is the dependent
variable.

Rank-r = 4, 3,2 results for N = 6,8, ...,24 for the inviscid Burgers equation are shown
in Tables D.1, D.2, and D.3 for fourth-order ROMs. M’ = 524288 and 7 = 0.4 for all the
results presented, and in each of the tables, the condition number is presented as the ratio
of the largest-to-smallest singular value, i.e., 01/0,. The approximations for r < 4 improve
the condition number of the matrix A, but the signs found for each of the renormalization

coefficients no longer match the signs of the coefficients in Equation (2.18) (_12—),“ The lack
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of consistency with the signs leads to ROMs which are less accurate and even unstable in

some cases when r = 2. Furthermore, rank-r approximations do not aid in the prediction of

the optimal 7 values for larger values of .

| | N=6 | N=8 | N=10 | N=12 | N=14 |
By 3.9011 4.3180 4.6256 4.8976 5.1493
By —6.0844 —7.1709 —8.1057 —8.9439 —9.7312
Bs 4.4992 5.4920 6.3700 7.1371 7.8725
By —1.4935 —1.7093 —1.8858 —2.0604 —2.2542
o1/o4 || 1.2141 x 10% | 1.5503 x 102 | 1.9795 x 10% | 2.4261 x 102 | 2.8688 x 10?
y | N=16 | N=18 | N=20 | N=22 | N=24 |
By 5.3852 5.6080 5.8196 6.0218 6.2157
Bs —10.4896 —11.2300 —11.9586 —12.6791 —13.3939
Bs 8.6094 9.3602 10.1298 10.9197 11.7301
By —2.4700 —2.7067 —2.9628 —3.2368 —3.5272
o1/o4 || 3.3045 x 10% | 3.7330 x 10? | 4.1537 x 10% | 4.5659 x 10? | 4.9218 x 10?

Table D.1: Estimated renormalization coefficients found for the fourth-order ROMs of the

inviscid Burgers equation for N =6,8,...,24 and r = 4.

| | N=6 | N=8 | N=10 | N=12 | N=14 |
A 3.1858 2.6247 2.5345 2.6740 2.8657
Ba —2.3193 —1.3806 —1.4211 —1.7036 —2.0177
Bs —1.6404 —1.4455 —1.3640 —1.4437 —1.5556
Ba 0.4769 0.9176 1.3242 1.6068 1.8245
o1/o3 || 4.1153 x 10" | 3.6182 x 10" | 3.0021 x 10" | 2.9530 x 10" | 3.2402 x 10"
| | N=16 | N=18 | N=20 [ N=22 | N=24 |
B 3.0615 3.2487 3.4245 3.5887 3.7419
Ba —2.3247 —2.6175 —2.8950 —3.1580 —3.4073
Bs —1.6645 —1.7632 —1.8515 —1.9303 —2.0011
Bi 2.0084 2.1717 2.3203 2.4577 2.5858
o1/o3 || 3.5970 x 10" | 3.9447 x 10" | 4.2660 x 10" | 4.5586 x 10" | 4.8242 x 10"

Table D.2: Estimated renormalization coefficients found for the fourth-order ROMs of the

inviscid Burgers equation for N =6,8,...,24 and r = 3.



| | N=6 N=38 N =10 N =12 N=14 |
B 1.0027 1.2493 2.1182 2.9528 3.0572
Ba 0.0365 —0.6568 —1.4312 —1.3521 —0.8321
Bs 0.3654 —0.0792 —0.9985 —1.6175 —1.5181
Ba 1.4330 2.0438 1.9546 0.6751 —0.2237
o1/oy || 8.1410 x 10° | 1.1910 x 10' | 1.5138 x 10" | 1.5742 x 10" | 1.4684 x 10*
| | N=16 | N=18 | N=20 | N=22 | N=24 |
A 2.9840 2.9135 2.8635 2.8305 2.8099
Ba —0.4890 —0.2805 —0.1449 —0.0507 0.0181
Bs —1.3267 —1.1794 —1.0727 —0.9942 —0.9351
Ba —0.6037 —0.7849 —0.8859 —0.9493 —0.9930
01/0y || 1.3566 x 10" [ 1.2689 x 10" | 1.2026 x 10" [ 1.1516 x 10" | 1.1117 x 10"

Table D.3: Estimated renormalization coefficients found for the fourth-order ROMs of the
inviscid Burgers equation for N =6,8,...,24 and r = 2.
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Appendix E

GENERATION OF GROUND TRUTH DATA AND
DEEPONET TRAINING PARAMETERS

This appendix presents the distribution utilized to generate the initial conditions, the
procedure for generating the ground truth solutions, and the network parameters (see Table
E.1) for the DeepONets used for the construction presented in Section 3.2.1. All branch
layers include bias, and the output layer of the branch network does not apply an activa-
tion function. Additionally, the network width was constant for all layers. The function

f(sin?(z/2)) was sampled from a mean zero Gaussian random field with covariance kernel,

2
—llzy—=zo]|

Ki(xy,29) = e 22 1 =0.5, (E.1)

to generate the random training and testing initial conditions. Twenty-five example initial

conditions are shown in Figure E.1.

N

Figure E.1: Twenty-five example initial conditions sampled from the Gaussian random field.
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The ground truth data for the advection, advection-diffusion, and viscous Burgers equa-

tion was generated by writing the solutions in terms of M = 128 Fourier modes,

M/2—1
uf(tx) = > ag(t)e. (E.2)
k=—M/2+1

The resulting systems of differential equations were solved for ¢t € [0,1] using a Runge—
Kutta-Dormand-Prince integrator with adaptive step size, relative error tolerance 1071,
and absolute tolerance 107'* [63]. The solution was saved at time values 107 apart for the
linear and 10~* for the nonlinear PDE examples. The convolution sum that results from
using Equation (E.2) for solving the viscous Burgers equation was evaluated by padding
the Fourier solution using the 3/2-rule for de-aliasing [11], transforming the solution to real
space, and then computing the fast Fourier transform (FFT) of the product of the real space
solution with itself.

The ground truth data for the Korteweg—de Vries and Kuramoto—Sivashinsky equations
was generated by writing the solution in terms of M = 512 Fourier modes. The 3/2-rule
and the pseudo-spectral transform were again utilized to evaluate the resulting convolution
sums. The resulting system of differential equations for the Korteweg—de Vries equation
was solved for ¢ € [0, 1] using an explicit, singly diagonal, implicit Runge-Kutta integrator
with adaptive step size, relative error tolerance 1078, and absolute tolerance 1072 [63].
The resulting system of differential equations for the Kuramoto—Sivashinsky equation was
solved for t € [0, 1] using a Crank—Nicolson integrator with adaptive step size, relative error
tolerance 107%, and absolute tolerance 107! [63]. To train the DeepONet, the solution
for the Korteweg—de Vries and Kuramoto-Sivashinsky equation was saved 10~* time units
apart and downsampled from the 512 solution locations to the 128 uniformly spaced sensor
locations.

The ground truth data for the inviscid Burgers equation was generated by utilizing a
MUSCL (monotonic upwind scheme for conservation laws) scheme with a second-order Roe

scheme for the flux and a minmod slope limiter [58,83]. The spatial domain was discretized
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using 4096 points, and the resulting equations were solved for ¢ € [0, 1] using a Bogacki-

Shampine 3/2 integrator with adaptive step size, relative error tolerance 107, and absolute

tolerance 1078 [63]. To train the DeepONet, the solution was saved 10~* time units apart and

downsampled from the 4096 solution locations to the 128 uniformly spaced sensor locations.

’ Parameter Setting ‘
Activation functions Tanh
Optimizer Adam
Error Mean squared error
Learning rate 1x107°
Number of training epochs 50000
Number of sensors 128
Number of solution locations 100
Number of training initial conditions 500
Number of testing initial conditions 1000
Branch net depth 2
Branch net width 128
Trunk net depth 3
Trunk net width 128
Weight initialization Glorot uniform
Bias initialization Zero
Mini-batch size 100

Table E.1: Parameter settings for training the DeepONets.
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Appendix F

APPLICATION OF BOUNDARY CONDITIONS USING THE
CUSTOM-MADE BASIS FUNCTIONS AND
DISCONTINUOUS GALERKIN METHODS

This appendix outlines the procedure for imposing boundary conditions in a Galerkin
method when the custom-made basis functions do not individually satisfy the boundary
conditions. The implementation outlined is for applying non-periodic custom-made ba-
sis functions to problems with periodic boundary conditions and follows the discontinuous
Galerkin approach. In the following sections, the appropriate boundary condition treatment
is presented for the one-dimensional advection (F.1), diffusion (F.2), inviscid Burgers (F.3),
reduced Korteweg-de Vries (F.4), and reduced Kuramoto-Sivashinsky (F.5) equations. All

the presented examples can then be accommodated by combining these treatments.
F.1 1D Advection equation

Consider the one-dimensional advection equation,

ou ou

where the choice of o determines the flow direction. Begin by applying the Galerkin condi-
tion,

ou ou
— — ) = forl<m< F.2

integrating by parts and rewriting the resulting flux term as a surface integral which yields

<¢m, %> - <a%gbm,u> . /mn () dm(s)ds, (F.3)
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where n is the outward facing normal and up is the appropriate choice of v at the boundary.
Expanding the surface integral in (F.3), utilizing the expansion in terms of the custom basis
functions u” (¢, z) = >_;_; a;(t)¢;(z), and incorporating the periodic boundary conditions [66],

yields a system ODEs for the expansion coefficients,

T

da;t(t) _ ; {a <%¢ma ¢z‘> — || (Dm(Tout) — Gm(Tin)) Gi(Tour) | @i(t), (F.4)

for 1 < m < r and where z;, = 0 and z,y = 27 for o > 0 and z;, = 27 and z, = O for

a < 0. The initial condition for this system of equations is specified as

am(0) = (dm,u(0,:)), m=1,...,r (F.5)
F.2 1D Diffusion equation

Consider the one-dimensional diffusion equation given by

ou 9%u

a—l/@:o, S [O,QW], (F6)

where v is the viscosity. Begin by rewriting (F.6) as a system of first-order equations,

ou dq ou
E—l/%—o, q___Oa (F7)

and applying the Galerkin condition to the two equations,

ou dqg\ @ B
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Integrating each equation by parts and rewriting the resulting flux term as a surface integral

0 0 .
<¢m7 a_ltt> =V <a_x¢m7Q> + V/(;Ql’l : QB(8)¢m<S>dsa

Ot == grmi) + [ e un(s)om(e)as,

yields

(F.9)

where n is the outward facing normal, ¢p is the appropriate choice of ¢ at the boundary;,
and upg is the appropriate choice of u at the boundary. Expanding the surface integrals,
utilizing the expansions in terms of the custom basis functions u”(t,x) = Y., a;i(t)¢i(x),

q"(t,x) = >, bj(t)$;(x), and incorporating the periodic boundary conditions [19,66] yields

i v S [ (o) + o) om0 10
i) = 32 [ (G 06) + (Ot = )] ot F.11)

Combining the equations (F.10) and (F.11) yields a system of ODEs for the expansion

coefficients,

dagt(t) v T [_ <%¢m;¢j> + (P (Tout) — %(azin))@(%m)} :

1

.
Il

(F.12)

-

(40000 ) + (0 0) — 9| 1),

=1

for 1 < m < r and where z;, = 0, 2ot = 27. The initial condition for this system of

equations is specified from the initial condition u (0, x) by (F.5).
F.3 1D Inviscid Burgers equation
Consider the one-dimensional inviscid Burgers equation,

ou 0 [u?
E+$ (?) =0, z¢€ [0,27‘(]. (F.13)
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Set f(u) = u*/2 and begin by applying the Galerkin condition,

(0m G5+ G )y =0, (F.14)

integrating by parts and rewriting the resulting flux term as a surface integral which yields

(0 G ) = {gtmf)) = [ - pomlis. (F.15)

where n is the outward facing normal and f* represents the numerical flux term. Expanding

the surface integral in (F.15) yields a system of ODEs for the expansion coefficients,

da,(t)
dt

N <a%¢m,f<u>> — F(u(t, 2m),u(t, 0) (6 (27) = 6,(0),  (F.16)

for 1 < m < r and where the numerical flux is specified as

(F.17)

(t,2m) + |u(t,2m)|  u(t,0) — |u(t,0)]) .
2 2

F(ult, 20), u(t, 0)) = f (“ -

Refer to [65] for additional discussion on the numerical flux. The initial condition for this

system of equations is specified from the initial condition u(0,x) by (F.5).
F.4 1D Reduced Korteweg—de Vries equation

Consider the reduced Korteweg—de Vries equation,
— +0°— =0, z¢€]0,27], (F.18)

where § is the strength of dispersion. Begin by rewriting (F.18) as a system of first-order

equations,
ou ,0q op ou
ou Yq _ _ P == F.1
A I Rl G e (£.19)
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and applying the Galerkin condition to the three equations,

Ou — ,0q\ _op\ _ ~Ou\

Integrating each equation by parts and rewriting the resulting flux term as a surface integral

ou 0 .
<¢m7 E> = 62 <%¢m7 Q> - 52 /;9 n- qB(S>¢m<S>dsa

(Dm, @) = — <%¢m,p> + /mn - pB(8)Pm(s)ds, (F.21)

yields

(m,p) = — <(%¢m,u> + /m 1 - up(s)dm(s)ds,

where n is the outward facing normal, ¢p is the appropriate choice of ¢ at the boundary,
pp is the appropriate choice of p at the boundary, and ug is the appropriate choice of
u at the boundary. Expanding the surface integrals, utilizing the expansions in terms of
the custom basis functions u”(z,t) = >/, ai(t)di(), ¢"(z,t) = 35, bj(t)d;(z), p"(z,t) =

Yoy a(t)éi(z), and incorporating the periodic boundary conditions [82] yields,

T

=3 [ (5 0m 01 — (Gnms) = b)) ) (F.22)

=1

da,(t)
dt

T

b0) = 3= | = {01} + Got) = fmla))er ()] ) (7.23)

=1
r

en(®) = 3 |~ (om0 )+ (On(an) — S} (oon)| ). (2

i=1
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Combining equations (F.22), (F.23), and (F.24) yields a system of ODEs for the expansion

coefficients,

daZZt(t) -y _<%¢m,¢j> — (G (o) —¢m<xin>>¢j(xm)} .

<.
Il
—

]~

~ <%¢j, ¢l> + (¢ (Zout) — @; (Jﬁin))@(min)} ‘ (F.25)

T
I

M-

— <%¢l, q5i> + (¢1(wout) — ¢l($in))¢z’(%m)1 a;(t),

=1 -

for 1 < m < r and where z;, = 0, 2o,y = 2m. The initial condition for this system of

equations is specified from the initial condition u(0,x) by (F.5).
F.5 1D Reduced Kuramoto—Sivashinsky equation

Consider the 1-D reduced Kuramoto—Sivashinsky equation,

ou 0*u

S+ 85 =0, (F.26)

where 3 is the viscosity. Begin by rewriting (F.26) as a system of first-order equations,

ou

dp ow ou
=+

dq
B%_qu__x_oap_%_())w_%_oa (F-27)

and applying the Galerkin condition to the four equations,

ou dq dp ow ou
(F.28)
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Integrating each equation by parts and rewriting the resulting flux term as a surface integral

(0 51 ) =5 (goma) =0 [ 0 an(e)on(o)as,
(brr) = — < %m>ﬁ@fmﬂ%%@%
(b} = < o0 >+1éﬂﬁ-w3@xmx$da

o) == (omey + [ ieun(s)on(s)as

where n is the outward facing normal, ¢p is the appropriate choice of ¢ at the boundary, ppg is

yields

(F.29)

the appropriate choice of p at the boundary, wg is the appropriate choice of w at the bound-
ary, and up is the appropriate choice of u at the boundary. Expanding the surface integrals,

utilizing the expansions in terms of the custom basis functions u’(z,t) = > ._; a;(t)¢i(x),

q"(x,t) = 3251 bi(0); (), p'(w,t) = Doy at)du(w), w'(z, 1) = 320, d:(t)$-(x), and incor-

porating the periodic boundary conditions [81] yields,

dam( ) _ BZ _<%¢m,¢j> — (¢ (Tout) — ¢m(9«°m))¢j(l’in)1 b;(t), (F.30)
bm(t) = Z -— <%¢m; ¢l> + ((bm(xout) - ¢m(Iin))¢l($out>:| Cl(t)v (F?)l)

Cm(t) = Z -— <%¢m; ¢z> + ((bm(xout) - (bm(xin))(bz('rout)} dz(t)v (F32)

dm(t) = Z __ <%¢mv ¢z> + (¢m(xout) - gzﬁm(xm))gbz(:vm)} ai(t)' (F33)
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Combining equations (F.30), (F.31), (F.32), and (F.33) yields a system of ODEs for the

expansion coefficients,

<
1

donlt) _ s (16, ) ~ o) — omCais )]

[M]-

{61060+ 6 frn) = o)

N
I

—
r

(F.34)

]

~ (6002 ) + () = )|

183
Il
—
T

M-

= (45000) + (0x(0mn) = 0-e)rlaw) | o),

=1+

for 1 < m < r and where z;, = 0 and x,, = 27. The initial condition for this system of

equations is specified from the initial condition u(0, z) by (F.5).
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Appendix G

SUPPLEMENTAL MACHINE-LEARNING-BASED SPECTRAL
METHODS FOR PARTIAL DIFFERENTIAL EQUATIONS
RESULTS

This appendix contains additional results for the one-dimensional advection, advection-
diffusion, viscous Burgers, Korteweg—de Vries, Kuramoto—Sivashinsky, and inviscid Burgers
equations. Additional results for the linear PDEs are presented in Section G.1 for the
advection and Section G.2 for the advection-diffusion equation. Additional results for the
nonlinear PDEs are presented in Section G.3 for the viscous Burgers, Section G.4 for the
Korteweg—de Vries, Section G.5 for the Kuramoto—Sivashinsky, and Section G.6 for the
inviscid Burgers equation.

The two out-of-distribution initial conditions tested for each of the example PDEs are

shown in Figure G.1.

2.5

2.0

S 15

1.0

0.5

(a) u(0,z) = sin(x) (b) u(0,z) = esn(®
Figure G.1: Out of distribution test initial conditions, (0, z) = sin(z), and u(0, z) = 5@,
for each PDE.
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G.1 1D Advection equation

The in-distribution initial condition is shown in Figure G.2. Spatiotemporal plots for the
initial conditions ug(x) = sin(x) and ug(z) = ® are shown in Figures G.3 and G.4,
respectively. Spatiotemporal plots for the two out-of-distribution initial conditions and for

the revised parameter value & = —4.0 are shown in Figures G.5 and G.6.

Figure G.2: Random in-distribution test initial condition for the advection equation.
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(a) Fourier solution (b) Custom-made basis solution

Figure G.3: Spatiotemporal evolution of the advection equation for the temporal interval
t € [0,10] and the out-of-distribution initial condition ug(x) = sin(z).
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Figure G.4: Spatiotemporal evolution of the advection equation for the temporal interval
t € 10,10] and the out-of-distribution initial condition ug(z) = ¥"®).
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Figure G.5: Spatiotemporal evolution of the advection equation for the temporal interval
t € [0, 10], the out-of-distribution initial condition uy(z) = sin(x), and with o = —4.0.
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(a) Fourier solution (b) Custom-made basis solution

Figure G.6: Spatiotemporal evolution of the advection equation for the temporal interval
t € [0,10], the out-of-distribution initial condition ug(x) = @) and with a = —4.0.

G.2 1D Advection-diffusion equation

Plots of the custom-made basis functions and the expansion coefficients are shown in Figure
G.7. The in-distribution initial condition is shown in Figure G.8. Spatiotemporal plots for
the initial conditions ug(z) = sin(z) and ug(z) = €@ are shown in Figures G.9 and G.10,
respectively. Spatiotemporal plots for the two out-of-distribution initial conditions and for

the revised parameter values a« = —4.0, v = 0.01 are shown in Figures G.11 and G.12.
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Figure G.7: Custom-made basis functions (a) and corresponding initial condition expansion
coefficients (b) for the advection-diffusion equation when using r = 59 custom-made basis
functions.
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Figure G.8: Random in-distribution test initial condition for the advection-diffusion equa-
tion.
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Figure G.9: Spatiotemporal evolution of the advection-diffusion equation for the temporal
interval ¢ € [0, 10] and the out-of-distribution initial condition ug(x) = sin(z).
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Figure G.10: Spatiotemporal evolution of the advection-diffusion equation for the temporal
interval ¢ € [0,10] and the out-of-distribution initial condition wug(z) = *(®).
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Figure G.11: Spatiotemporal evolution of the advection-diffusion equation for the temporal
interval ¢t € [0, 10], the out-of-distribution initial condition uy(z) = sin(z), and with a =
—4.0, v = 0.01.
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Figure G.12: Spatiotemporal evolution of the advection-diffusion equation for the temporal
interval ¢ € [0, 10], the out-of-distribution initial condition uy(x) = e5™®, and with a@ = —4.0,
v =0.01.
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G.3 1D Viscous Burgers equation

Plots of the custom-made basis functions and the expansion coefficients are shown in Figure
G.13. The in-distribution initial condition is shown in Figure G.14. Spatiotemporal plots for
the initial conditions ug(z) = sin(z) and ug(x) = @) are shown in Figures G.15 and G.16,
respectively. Spatiotemporal plots for the two out-of-distribution initial conditions and for

the revised parameter value v = 0.01 are shown in Figures G.17 and G.18.

® yy(z)=Random (in-dist.)
@ uy(x) =sin(z)

o up(x) =€
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x m

(a) Custom-made basis functions (b) Initial condition expansion coefficients |a,, (0)]

Figure G.13: Custom-made basis functions (a) and corresponding initial condition expansion
coefficients (b) for the viscous Burgers equation when using r = 91 custom-made basis
functions.
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Figure G.14: Random in-distribution test initial condition for the viscous Burgers equation.
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(a) Fourier solution (b) Custom-made basis solution

Figure G.15: Spatiotemporal evolution of the viscous Burgers equation for the temporal
interval ¢ € [0, 10] and the out-of-distribution initial condition ug(x) = sin(z).
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Figure G.16: Spatiotemporal evolution of the viscous Burgers equation for the temporal
interval ¢ € [0,10] and the out-of-distribution initial condition ug(z) = ¥"(®).
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Figure G.17: Spatiotemporal evolution of the viscous Burgers equation for the temporal
interval t € [0, 10], the out-of-distribution initial condition ug(x) = sin(z), and with v = 0.01.
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Figure G.18: Spatiotemporal evolution of the viscous Burgers equation for the temporal
interval ¢ € [0, 10], the out-of-distribution initial condition ug(z) = ") and with v = 0.01.

G.4 1D Korteweg—de Vries equation

Plots of the custom-made basis functions and the expansion coefficients are shown in Figure
G.19. The in-distribution initial condition is shown in Figure G.20. Spatiotemporal plots for
the initial conditions ug(z) = sin(z) and ug(z) = @) are shown in Figures G.21 and G.22,
respectively. Spatiotemporal plots for the two out-of-distribution initial conditions and for

the revised parameter value § = 1/0.005 are shown in Figures G.23 and G.24.
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Figure G.19: Custom-made basis functions (a) and corresponding initial condition expansion
coefficients (b) for the Korteweg—de Vries equation when using r = 106 custom-made basis
functions.
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Figure G.20: Random in-distribution test initial condition for the Korteweg—de Vries equa-
tion.
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(a) Fourier solution (b) Custom-made basis solution

Figure G.21: Spatiotemporal evolution of the Korteweg—de Vries equation for the temporal
interval ¢ € [0, 10] and the out-of-distribution initial condition ug(x) = sin(z).
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Figure G.22: Spatiotemporal evolution of the Korteweg—de Vries equation for the temporal
interval ¢ € [0,10] and the out-of-distribution initial condition wug(z) = *(®).
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-1.0
(a) Fourier solution (b) Custom-made basis solution

Figure G.23: Spatiotemporal evolution of the Korteweg—de Vries equation for the temporal
interval ¢ € [0,10], the out-of-distribution initial condition ug(z) = sin(z), and with § =

v0.005.

(a) Fourier solution (b) Custom-made basis solution

Figure G.24: Spatiotemporal evolution of the Korteweg—de Vries equation for the temporal
interval ¢ € [0,10], the out-of-distribution initial condition ug(z) = €@ and with § =

v/0.005.



128

G.5 1D Kuramoto—Sivashinsky equation

Plots of the custom-made basis functions and the expansion coefficients are shown in Figure
G.25. The in-distribution initial condition is shown in Figure G.26. Spatiotemporal plots for
the initial conditions ug(z) = sin(z) and ug(x) = @) are shown in Figures G.27 and G.28,
respectively. Spatiotemporal plots for the two out-of-distribution initial conditions and for

the revised parameter value g = 0.05 are shown in Figures G.29 and G.30.
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(a) Custom-made basis functions (b) Initial condition expansion coefficients |a,, (0)]

Figure G.25: Custom-made basis functions (a) and corresponding initial condition expansion
coefficients (b) for the Kuramoto—Sivashinsky equation when using » = 105 custom-made
basis functions.
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Figure G.26: Random in-distribution test initial condition for the Kuramoto—Sivashinsky
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Figure G.27: Spatiotemporal evolution of the Kuramoto-Sivashinsky equation for the tem-
poral interval ¢ € [0, 10] and the out-of-distribution initial condition uy(z) = sin(z).
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Figure G.28: Spatiotemporal evolution of the Kuramoto—Sivashinsky equation for the tem-
poral interval ¢ € [0, 10] and the out-of-distribution initial condition ug(x) = e¥™@),

(a) Fourier solution (b) Custom-made basis solution

Figure G.29: Spatiotemporal evolution of the Kuramoto—Sivashinsky equation for the tem-
poral interval ¢ € [0,10], the out-of-distribution initial condition wuy(z) = sin(z), and with
B = 0.05.
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Figure G.30: Spatiotemporal evolution of the Kuramoto—Sivashinsky equation for the tem-
poral interval ¢t € [0, 10], the out-of-distribution initial condition ug(x) = ™) and with
£ =0.05.

G.6 1D Inviscid Burgers equation

Plots of the custom-made basis functions and the expansion coefficients are shown in Figure
G.31. The in-distribution initial condition is shown in Figure G.32. Spatiotemporal plots

sin(x)

for the initial conditions ug(z) = sin(z) and up(z) = e are shown in Figures G.33 and

G.34, respectively.
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Figure G.31: Custom-made basis functions (a) and corresponding initial condition expansion
coefficients (b) for the inviscid Burgers equation when using r = 101 custom-made basis
functions.
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Figure G.32: Random in-distribution test initial condition for the inviscid Burgers equation.
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Figure G.33: Spatiotemporal evolution of the inviscid Burgers equation for the temporal
interval ¢ € [0,0.9515] and the out-of-distribution initial condition uy(z) = sin(z).
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Figure G.34: Spatiotemporal evolution of the inviscid Burgers equation for the temporal
interval ¢ € [0,0.5892] and the out-of-distribution initial condition ug(z) = e™(®),
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Appendix H
TIME-SAMPLED CUSTOM-MADE BASIS FUNCTIONS

This appendix outlines the concept of time-sampling the custom-made basis functions.
The approximation capabilities are evaluated in Section H.1 and numerical results for the
advection equation, along with results comparing the average relative errors between the
frozen-in-time and time-sampled custom-made basis functions for the advection-diffusion,
viscous Burgers, Korteweg—de Vries, Kuramoto—Sivashinsky, and inviscid Burgers equations,
are shown in Section H.2.

For all work presented in Chapter 3, the candidate basis functions obtained from Deep-
ONets were evaluated at ¢ = 0 as outlined in Section 3.2.1. However, the choice of t = 0
was an initial assumption, and there is nothing that limits the evaluation time to ¢t = 0.
The procedure to develop time-sampled custom-made basis functions proceeds by evaluating
the candidate trunk network functions {vx}i<k<n, at equally spaced values in the tem-
poral domain to generate a larger collection of trunk network functions {7s}1<s<,, where
w = (1+1/At)N. The matrix A is then constructed by evaluating each of the time-sampled
trunk network functions at the specified quadrature nodes, such that A;; = 7¢(x;). The SVD
is then computed, and the Legendre polynomials are utilized to evaluate the time-sampled

custom-made basis functions at locations away from the prescribed quadrature nodes.
H.1 Approximation capabilities

The approximation capabilities of the time-sampled custom-made basis functions can be
evaluated by analyzing the errors made in approximating the orthonormal Legendre polyno-
mials, as outlined in Section 3.2.2. For this analysis, the domain Q = [0, 27|, is utilized, and

At, is set to 0.05 for the time-sampling procedure. Figure H.la shows the errors made in
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approximating the Legendre polynomials using the time-sampled custom-made basis func-
tions. Similar to what was found for the custom-made basis functions constructed from the
frozen-in-time trunk network functions, the time-sampled custom-made basis functions have
difficulty approximating the higher frequency functions corresponding to larger n. However,
the increase in the errors of approximating functions corresponding to larger n is slower than
that found for frozen-in-time custom-made basis functions (Figure 3.4). Figure H.1b shows
the errors if the entire second term on the right-hand side of Equation (3.16) is considered for
three functions of increasing frequency: fi(z) = @), fy(2) = 2 and f3(z) = ™),
For all three functions, the peak errors and the actual errors || f — P f||, are reduced when uti-
lizing the time-sampled custom-made basis functions as shown in Figure H.1b and Table H.1.
For these results, a trunk network trained for the advection equation du/dt + du/dx = 0, on
the periodic domain = € [0, 2], and for ¢ € [0, 1], was utilized to generate the time-sampled
custom-made basis. Ninety-eight time-sampled custom-made basis functions which satisfy

the singular value threshold of 107!* were used for the analysis.
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Figure H.1: Errors in approximating the n-th Legendre polynomial using the time-sampled
custom-made basis functions (a). The upper error bound, [{(¢., /)| ||gn — P¢x»|| computed for
three different functions with increasing frequency (b).
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| ug(z) || Frozen at ¢ =0 | Time-sampled |
@) [ 7.3086 x 1077 | 7.5784 x 10~
esn22) 11 1.9574 x 1073 | 1.8858 x 1076
esin(z) 1114959 x 10~ | 4.3762 x 1073

Table H.1: The errors || f — P f]| for three different functions with increasing frequency when
using the frozen-in-time (r = 53) and the time-sampled (r = 98) set of custom-made basis
functions.

H.2 Numerical results

In this section, results are presented for the one-dimensional linear advection equation. Ad-
ditionally, representative results comparing the average relative errors between the frozen-
in-time and time-sampled custom-made basis functions for the advection-diffusion, viscous
Burgers, Korteweg—de Vries, Kuramoto—Sivashinsky, and inviscid Burgers equations are pre-
sented. A singular value threshold of 107! was specified for all examples, and a 128-node
Gauss—Legendre quadrature grid coupled with Gauss-Legendre quadrature was utilized for
the calculation of inner products. Differentiation was performed using automatic differen-
tiation, and the same numerical integrators and tolerances as outlined in Section 3.4 were
utilized.

Figure H.2 shows the decaying singular value spectrum for all six of the test PDEs. The
decay rate is slower than that found for the custom-made basis functions constructed using
the frozen-in-time trunk network functions but still indicates a hierarchical structure for the
time-sampled custom-made basis functions. Figure H.3 presents the time-sampled custom-
made basis functions and the expansion coefficients for the advection equation. Figure H.4
shows the evolution of the relative error for the three test initial conditions when using
r = 98 and r = 53 time-sampled custom-made basis functions to expand the solution of the
advection equation. Using r = 98 time-sampled custom-made basis functions results in an

increase in accuracy for the in-distribution initial condition and the out-of-distribution initial
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sin

condition uy(x) = e"*(®) but a decrease in accuracy for the out-of-distribution initial condi-
tion ug(z) = sin(x) compared to the frozen-in-time custom-made basis functions. Using the
same number of basis functions as found for the frozen-in-time custom-made basis functions,
r = 53, results in a slight increase in accuracy for the in-distribution initial condition but an

increase in the average relative error for the out-of-distribution initial conditions.
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Figure H.2: Singular value spectrum of the time-sampled custom-made basis functions for the
advection, advection-diffusion, viscous Burgers, Korteweg—de Vries, Kuramoto—Sivashinsky,
and inviscid Burgers equations.
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Figure H.3: Time-sampled custom-made basis functions (a) and corresponding initial condi-
tion expansion coefficients (b) for the advection equation when using r = 98 time-sampled
custom-made basis functions.
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Figure H.4: Relative error evolution of the advection equation for the temporal interval
t € [0,10] and the three test initial conditions when utilizing r = 98 (a) and r = 53 (b)
time-sampled custom-made basis functions.

Representative results comparing the average relative errors between the time-sampled

and frozen-in-time custom-made basis functions for the advection-diffusion, viscous Burgers,
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Korteweg-de Vries, Kuramoto—Sivashinsky, and inviscid Burgers equations are shown in
Tables H.2, H.3, H.4, H.5, and H.6, respectively. For the advection-diffusion and Korteweg—
de Vries equations, the use of the time-sampled custom-made basis functions leads to an
improvement in the average error for all three test initial conditions when compared to
the frozen-in-time custom-made basis functions. The usage of time-sampled custom-made
basis functions for the viscous Burgers equation results in an improvement in the average
relative error for the out-of-distribution initial condition ug(z) = €@, but a decrease in
accuracy for the in-distribution initial condition and the out-of-distribution initial condition
up(z) = sin(z). For the Kuramoto—Sivashinsky equation, the use of time-sampled custom-
made basis functions leads to an increase in the average relative error for all three initial
conditions. The use of time-sampled custom-made basis functions for the inviscid Burgers
equation leads to a small increase in the average relative error for the in-distribution initial
condition. Usage of the time-sampled custom-made basis functions results in a slight decrease
in the average relative error for the two out-of-distribution initial conditions. To facilitate
a fair comparison for the inviscid Burgers equation, the solution end times for the time-

sampled custom-made basis functions were specified to match those found for the frozen-in-

time custom-made basis functions.

| ug(z) || Frozen at ¢ =0 | Time-sampled |
Random || 7.7971 x 10~ | 7.0628 x 10~
sin(z) || 7.8798 x 10° | 2.2073 x 10-
e 1 8.6461 x 1071 | 1.4576 x 10~ 17

Table H.2: Average relative errors for the advection-diffusion equation using the frozen-in-
time (r = 59) and the time-sampled (r = 87) set of custom-made basis functions. Average
error is computed for ¢ € [0, 10].
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| uo(z) || Frozen at t =0 | Time-sampled |
Random || 1.4225 x 107% | 1.8992 x 10~°
sin(z) 9.7880 x 107 | 1.0013 x 1077
e 11 1.4337 x 10°% | 1.4078 x 1078

Table H.3: Average relative errors for the viscous Burgers equation using the frozen-in-time

(r =91) and the time-sampled (r = 115) set of custom-made basis functions. Average error
is computed for ¢ € [0, 10].

| uo(z) || Frozen at t =0 | Time-sampled |
Random || 1.8670 x 10™° | 4.2074 x 107
Sin(x) 8.1135 x 10™° | 6.8911 x 10~
esn() 1.5309 x 10~* | 1.3923 x 1074

Table H.4: Average relative errors for the Korteweg—de Vries equation using the frozen-in-

time (r = 106) and the time-sampled (r = 124) set of custom-made basis functions. Average
error is computed for ¢ € [0, 10].

| up(z) || Frozen at t = 0 | Time-sampled |
Random || 7.6522 x 10~* | 8.2453 x 10~*
sin(z) || 6.1557 x 10° | 2.1650 x 107
em@ 14,9445 x 10" | 5.8131 x 10~

Table H.5: Average relative errors for the Kuramoto—Sivashinsky equation using the frozen-

in-time (r = 105) and the time-sampled (r = 126) set of custom-made basis functions.
Average error is computed for ¢ € [0, 10].
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| uo(z) || Frozen at t =0 | Time-sampled |
Random || 8.9672 x 10~* | 8.9848 x 10~*
sin(x) 5.5510 x 10~* | 5.2832 x 10~*
esin() 1.0534 x 10~* | 9.8833 x 10~°

Table H.6: Average relative errors for the inviscid Burgers equation using the frozen-in-
time (r = 101) and the time-sampled (r = 120) set of custom-made basis functions. The
evolution end time for the time-sampled custom-made basis functions was specified to match
that found for the frozen-in-time custom-made basis functions.
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Appendix I

ENFORCING BOUNDARY CONDITIONS DURING
TRAINING THROUGH A FEATURE EXPANSION

This appendix contains results for the one-dimensional advection, advection-diffusion,
and viscous Burgers equations when the custom-made basis functions are forced to indi-
vidually satisfy the boundary conditions so that a Galerkin, as opposed to a discontinuous
Galerkin procedure, can be utilized. To force the custom-made basis functions to individ-
ually satisfy the boundary conditions, a feature expansion [47] utilizing two Fourier basis
functions (x +— {sin(z), cos(z)}), was applied to the spatial component of the trunk network
input. A feature expansion consisting of two Fourier basis functions was selected so that pe-
riodic boundary conditions could be enforced, while alternative types of boundary conditions
may be enforced through the use of hard constraints. Section 1.1 presents the method for
constructing a periodic custom-made basis from a DeepONet utilizing a feature expansion,
while Section 1.2 provides results for the linear advection (Section 1.2.1), advection-diffusion

(Section 1.2.2) equations and the nonlinear viscous Burgers equation (Section 1.2.3).
I.1 Construction of periodic custom-made basis functions

The construction of the periodic custom-made basis functions begins with the frozen-in-time
trunk network functions and follows a similar approach as outlined in Section 3.2.1, but
with the trapezoid rule ({(x;, w;)}o<j<m—1) utilized to obtain the values of {¢;}1<;<, at the
quadrature nodes. To evaluate {¢;} at locations away from the quadrature grid, expansions
based on the real trigonometric polynomials and B-Splines were considered. Using the real

trigonometric polynomials, {¢;} can be evaluated at points away from the quadrature grid
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Y

3 |

where p is the number of trunk network functions evaluated at t = 0. The expansion based on
trigonometric polynomials coupled with a singular value threshold of 10719 is sufficient when
considering linear PDEs or when utilizing a small number of custom-made basis functions;
however, nonlinear PDEs, or the case of r large, requires a larger number of quadrature
points than specified for the standard construction outlined in Section 3.2.1.

An expansion based on an n-degree B-Spline basis [27] eliminates the need for a larger
number of quadrature points and accommodates the usage of the singular threshold 10713,
To construct an expansion based on B-Splines for the spatial domain Q = [0,2x], and
periodic boundary conditions, the spatial domain was discretized according to the trapezoid
rule (with the addition of the endpoint 27) and padded to include 6n additional quadrature
nodes on both ends of the interval [0, 27]. From the padded set of quadrature nodes defining
the interval [a,b], a knot-sequence of length k + 1 is given by t = [a = tg < -+ < tp = b]
where the endpoints appear n + 1 times and determine tg,...,¢, and tx_,,...,tx. From the

defined knot sequence, the set of B-Spline functions can be obtained recursively,

0 I, t; <<t
NO(z) = (I.2a)

0, otherwise
B (x — ti)Nih_l(x) n (tivher — )Nzh+11( )

, (I.2b)
Livh — L Livhyr — tiga
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where h=1,...,n and for : =0,...,k —n — 1. The B-Spline expansion is then written as
~ k—n—1
d= Y aN'(), (1.3)
i=0

where the expansion is valid for Q and has C"~! continuity at the knots. To determine the
expansion coefficients (¢;’s), the linear system

k—n—1
Z N (xy) = ¢i(zy), for0<g<k—n-—1, (L.4)
i=0
is solved, where z, are the quadrature nodes of the padded domain and the periodicity of

the custom-made basis vectors is utilized to obtain ¢;(z,).
1.2 Numerical results

In this section, results are presented for three one-dimensional PDEs: the advection,
advection-diffusion, and viscous Burgers equations. Similar to the results presented for
the discontinuous Galerkin approach, the initial conditions were sampled from a mean zero
Gaussian random field, and the ground truth data for the advection, advection-diffusion,
and viscous Burgers equations was generated by writing the solution in terms of a 128-mode
Fourier expansion. The resulting systems of differential equations were solved for ¢ € [0, 1]
using a Runge-Kutta-Dormand-Prince integrator with adaptive step size, relative error tol-
erance 10719 and absolute tolerance 107'* [63]. The solutions were saved at time values
of 1073 for the linear PDEs and 10~ apart for the nonlinear PDE. Refer to Table E.1 in
Appendix E for the parameter settings used to train the DeepONets. To indicate the effects
of random initialization of the neural networks, the mean testing error and corresponding
standard deviation based on three training runs are presented in Table 1.1 for each PDE.
The periodic custom-made basis functions were constructed as outlined in Section I.1
using B-splines with n = 17. The r number of basis functions used to solve the PDE was

specified to be the set of functions with a corresponding singular value larger than 1073,
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’ PDE H Mean ‘ Standard deviation ‘
Advection 3.36 x 107° 3.36 x 107°
Advection-diffusion || 6.43 x 10~ 1.24 x 107°
Viscous Burgers 2.04 x 1073 6.92 x 107°

Table I.1: DeepONet mean testing errors and standard deviation when utilizing a feature
expansion for the advection, advection-diffusion, and viscous Burgers equations based on
three training runs each.

All examples were solved on a 128-node equally spaced grid, the trapezoid rule was utilized
for the calculation of inner products, and differentiation of the custom-made basis functions
was performed using automatic differentiation. Additionally, the quadratic nonlinear terms
were computed in modal space, with all necessary triple product integrals computed in
advance. For all PDEs, the same adaptive step size numerical integrator and tolerances used
to generate the ground truth data for training the DeepONets were utilized to evolve the
periodic custom-made basis function solutions. The errors presented were calculated using
Equation (3.22) and Equation (3.23).

Figure 1.1 shows the decaying singular value spectrums for the three test PDEs. The
decay rate is slower than that found for the non-periodic custom-made basis functions but
still highlights the hierarchical structure of the periodic custom-made basis functions. Similar
to the non-periodic custom-made basis functions presented in Section 3.4, the variation in
the decay rates between each of the spectrums indicates that the trunk net space of functions

is linked to the complexity of the dynamics that each of the PDEs exhibit.

1.2.1 Application 1: 1D Advection equation

Consider again the one-dimensional linear advection equation given by Equation (3.24), with
a = 1.0. To obtain a system of ODEs in terms of the expansion coefficients, the procedure
outlined in Section 3.3 is followed. However, due to the fact the periodic custom-made basis

functions each individually satisfy the boundary conditions, additional decomposition is not
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Figure I.1: Singular value spectrum of the periodic custom-made basis functions for the
advection, advection-diffusion, viscous Burgers equations.

required, and Equation (3.20) may be used directly. Utilizing this approach and dropping
the tildes on {q@l} results in the following system of ODEs for the advection equation,

) = 3 al) (9 o). (15)

for 1 < m < r. The hierarchical structure of the r = 78 periodic custom-made basis
functions is further highlighted by the first several functions (Figure 1.2a) and the decay of
the expansion coefficients of the initial condition (Figure I.2b). The evolution of the relative
errors for the three initial conditions (refer to Appendix E for plots of the individual initial
conditions) are shown in Figure 1.3. For all three initial conditions, good agreement is found
between the Fourier solution and the periodic custom-made basis function solution for the
entire temporal interval. Furthermore, for all three initial conditions, an improvement in the
average relative error is found when compared to the » = 53 non-periodic custom-made basis

function solution (see Figure 3.8).
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Figure 1.2: Custom-made basis functions (a) and corresponding initial condition expansion
coefficients (b) for the advection equation when using r = 78 periodic custom-made basis
functions.
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Figure 1.3: Relative error evolution of the advection equation for the temporal interval
t € [0,10] and the three test initial conditions when using the periodic custom-made basis
functions.

1.2.2  Application 2: 1D Advection-diffusion equation

Next, consider the one-dimensional linear advection-diffusion equation given by Equation

(3.25), with a = 1.0 and v = 0.1. Following the Galerkin approach, the system of ODEs for
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the expansion coefficients is given by

dan(t) < d - d’
e —Oz;al(t) <¢m, %¢z> + V;al(t) <¢m> @¢l> ; (L.6)

for 1 < m < r and where r = 70. The first six periodic custom-made basis functions
identified for the advection-diffusion equation are shown in Figure I.4a, while the expansion
coefficients of the initial condition are shown in Figure I.4b. Figure 1.5 shows the evolution
of the relative errors for the three initial conditions and shows strong agreement is again
obtained with the Fourier solution. An increase in accuracy is found for the in-distribution
initial when compared to the r = 59 non-periodic custom-made basis function solution
(see Figure 3.12), but a decrease in accuracy is found for the two out-of-distribution initial

conditions.
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Figure 1.4: Custom-made basis functions (a) and corresponding initial condition expansion
coefficients (b) for the advection-diffusion equation when using r = 70 periodic custom-made
basis functions.
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uy(z) =Random (in-dist.), avg.: 4.2224e-11
ug(z) =sin(z), avg.: 1.7661e-11
10-* ug(x) = e, avg.: 3.8670e-12

Figure 1.5: Relative error evolution of the advection-diffusion equation for the temporal
interval ¢ € [0, 10] and the three test initial conditions when using the periodic custom-made
basis functions.

1.2.3  Application 3: 1D Viscous Burgers equation

Next, consider the one-dimensional nonlinear viscous Burgers equation given by Equation
(3.26), with v = 0.1. Following the Galerkin approach, the system of ODEs for the expansion

coefficients is given by,

r

r 2
dam Z al <¢m7 ¢l ¢h> + Vzal <¢m> dr2 ¢l> ) (17)

=1 h=

for 1 < m < r and where r = 125. The first six periodic custom-made basis functions iden-
tified for the viscous Burgers equation and the expansion coefficients of the initial condition
are shown in Figure 1.6. The evolution of the relative errors for the three initial conditions
are shown in Figure 1.7. Strong agreement is found with the Fourier solution, and an im-
provement in the accuracy is found for all three initial conditions when compared to the

r = 91 non-periodic custom-made basis function solution (see Figure 3.16).
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Figure 1.6: Custom-made basis functions (a) and corresponding initial condition expansion
coefficients (b) for the viscous Burgers equation when using r = 125 periodic custom-made

basis functions.
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Figure 1.7: Relative error evolution of the viscous Burgers equation for the temporal interval
t € [0,10] and the three test initial conditions when using the periodic custom-made basis

functions.
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Appendix J

WALL-CLOCK TIMES FOR THE CUSTOM-MADE BASIS
FUNCTION SOLUTIONS

This appendix contains wall-clock timings for the custom-made basis function solutions
along with time comparisons to Fourier methods. The mean wall-clock times for each of the
six example PDEs are shown in Tables J.1, J.2, J.3, J.4, J.5, and J.6. The time presented
for the advection, advection-diffusion, viscous Burgers, Korteweg—de Vries, and Kuramoto—
Sivashinsky equations is the time required to numerically integrate the r or M size system
of ordinary differential equations corresponding to the expansion or modal coefficients for
t € ]0,10]. For the Fourier solution, conjugacy was not exploited, and all modal coefficients
(positive and negative) were evolved. The mean wall-clock time presented for the inviscid
Burgers equation is the time required to numerically integrate the r size system of ordinary
differential equations corresponding to the expansion coefficients or the MUSCL solution for
the stated spatial discretization for 0.8296 seconds (as is explained in Section 3.4.6, after
that time the spectral method based on custom-made basis functions becomes increasingly
inaccurate). The in-distribution initial condition was used to initialize the models, the mean
was calculated based on three runs (post initial compilation run), and all tests were conducted
on an Intel Core 19-9900K CPU. All presented results are for the parameter values for which
DeepONets were trained, e.g., « = 1.0, v = 0.1.

The errors presented for the Fourier solutions are based on the same 128-node Gauss—
Legendre quadrature grid used for the custom-made basis function solutions. For the non-
linear models, custom-made basis function results are shown for two different treatments of
the nonlinear term; the triple product integral, which computes the nonlinear term in the ex-

pansion coefficient space, and a pseudo-spectral transform, which transforms the expansion
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coefficient solution to real space, performs the required multiplication, and then returns the
solution to the expansion coefficient space. The transformation from expansion coefficient to
real space is achieved by directly calculating the series expansion, while the transformation

from real to expansion coefficient space is achieved by directly calculating the necessary inner

products. Refer to Appendix K for additional details.

Mean Average
Solution method wall-clock relative
time (s) error
Custom-made basis function solution (r = 53) || 0.007680 | 3.0254 x 10~7
Fourier solution (M = 54) 0.021379 | 3.6084 x 1077
Fourier reference solution (M = 128) 0.040358 —

Table J.1: Mean wall-clock times in seconds and average relative errors for the advection
equation computed using the custom-made basis function and Fourier solution methods. The

average errors were computed for ¢ € [0, 10].

Mean Average
Solution method wall-clock relative
time (s) error
Custom-made basis function solution (r = 59) || 0.293744 | 7.7971 x 10~
Fourier solution (M = 60) 0.035615 | 2.6889 x 107°
Fourier reference solution (M = 128) 0.120678 -

Table J.2: Mean wall-clock times in seconds and average relative errors for the advection-
diffusion equation computed using the custom-made basis function and Fourier solution
methods. The average errors were computed for ¢ € [0, 10].
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Mean Average
Solution method wall-clock relative
time (s) error

Custom-made basis function solution (r = 91)
Calculated using triple product integral

Custom-made b‘aSlS function solution (r = 91) 94.947%26 | 1.4225 x 10-%
Calculated using pseudo-spectral transform

Fourier solution (M = 92) 4.035121 | 9.7757 x 1071

Fourier reference solution (M = 128) 5.343368 -

230.190098 | 1.4225 x 1078

Table J.3: Mean wall-clock times in seconds and average relative errors for the viscous Burg-
ers equation computed using the custom-made basis function and Fourier solution methods.
The average errors were computed for ¢ € [0, 10].

Mean Average
Solution method wall-clock relative
time (s) error

Custom-made basis function solution (r = 106)
Calculated using triple product integral

Custom-made bgsw function solution (r = 106) 7940629 | 1.8670 x 10-5
Calculated using pseudo-spectral transform

Fourier solution (M = 106) 39.179805 | 8.0910 x 10~°

Fourier reference solution (M = 512) 235.160790 -

108.112182 | 1.8670 x 10~°

Table J.4: Mean wall-clock times in seconds and average relative errors for the Korteweg—de
Vries equation computed using the custom-made basis function and Fourier solution methods.
The average errors were computed for ¢ € [0, 10].
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Mean Average
Solution method wall-clock relative
time (s) error

Custom-made basis function solution (r = 105)
Calculated using triple product integral
Custom-made basis function solution (r = 105)
Calculated using pseudo-spectral transform
Fourier solution (M = 106) 83.722244 | 3.3127 x 10~*
Fourier reference solution (M = 512) 391.701459 —

3640.652389 | 7.6522 x 1074

304.400205 | 7.6634 x 1074

Table J.5: Mean wall-clock times in seconds and average relative errors for the Kuramoto—
Sivashinsky equation computed using the custom-made basis function and Fourier solution
methods. The average errors were computed for ¢ € [0, 10].

Mean Average
Solution method wall-clock relative
time (s) error

Custom-made basis function solution (r = 101)
Calculated using triple product integral
Custom-made basis function solution (r = 101)
Calculated using pseudo-spectral transform
MUSCL solution
Discretized using spatial grid of 102 points
MUSCL reference solution
Discretized using a spatial grid of 4096 points

1.869812 | 8.9672 x 10~

0.204423 | 8.5049 x 10~*

0.005417 | 5.3397 x 1073

1.217919 —

Table J.6: Mean wall-clock times in seconds and average relative errors for the inviscid
Burgers equation computed using the custom-made basis function and MUSCL solution
methods. The average errors were computed for ¢ € [0,0.8296].
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Appendix K
PSEUDO-SPECTRAL CUSTOM-MADE BASIS TRANSFORM

This appendix presents the results of utilizing a pseudo-spectral custom-made basis func-
tion transform for computing the nonlinear term of the viscous Burgers equation with v = 0.1.
The pseudo-spectral transform is computed by utilizing the expansion coefficients and cor-
responding custom-made basis functions to return the solution to real space, computing the
nonlinear term (in real space), and then expanding the solution in terms of the custom-made
basis functions prior to advancing to the next time step. The transformation from expansion
coefficient to real space is achieved by directly calculating the series expansion, while the
transformation from real to expansion coefficient space is achieved by directly calculating
the necessary inner products. Padding the solution using the 3/2-rule for de-aliasing [11]
was also considered, and the extra custom-made basis functions required to pad the pseudo-
spectral transform necessitated the usage of r = 60 custom-made basis functions for the
results presented in this appendix, rather than the r = 91 custom-made basis functions
presented in Section 3.4.3 and Appendix G.3. The value of r = 60 was chosen so that the
remaining custom-made basis functions utilized for de-aliasing (k = 61,62, ...,91) exceeded
the singular value threshold of 10713,

The evolution of the relative error for the three test initial conditions when computing
the nonlinear term in modal space using the triple product integral—similar to what was
done in Section 3.4.3 and Appendix G.3—are shown in Figure K.1. The evolution of the
relative error for the three test initial conditions when utilizing the pseudo-spectral transform,
without padding by the 3/2-rule, are shown in Figure K.2a, while the results utilizing the
pseudo-spectral transform padded by the 3/2-rule are shown in Figure K.2b. The average

relative errors are comparable between the triple product integral results, the pseudo-spectral
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transform results with no padding, and the pseudo-spectral transform results padded by
the 3/2-rule. Similar results were found when using all the custom-made basis functions
exceeding the singular value threshold of 107!® and the pseudo-spectral transform for all
nonlinear example PDEs. Refer to the average relative errors presented in Tables J.3, J.4,

J.5, and J.6 in Appendix J.

Random (in-dist.), E: 9.5777e-06
sin(x), B: 2.2836-05
(@), E: 8.0587e-05
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Figure K.1: Relative error evolution of the viscous Burgers equation for the temporal interval
t € [0,10] for the three test initial conditions when using r = 60 custom-made basis functions
and computing the nonlinear term in modal space using the triple product integral.
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Figure K.2: Relative error evolution of the viscous Burgers equation for the temporal interval
t € [0,10] for the three test initial conditions when using r = 60 custom-made basis functions
and computing the nonlinear term using the pseudo-spectral transform.
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Appendix L

USING THE CUSTOM-MADE BASIS FUNCTIONS FROM
ONE PDE TO EXPAND THE SOLUTION OF ANOTHER PDE

This appendix contains results obtained when using the custom-made basis functions
identified for a PDE that exhibits more complex dynamics to expand the solution of an
alternative PDE that exhibits less complex dynamics. Two test cases were considered: using
the custom-made basis functions identified for the viscous Burgers equation to expand the
solution of the advection equation and using the custom-made basis functions identified for
the Korteweg—de Vries equation to expand the solution of the viscous Burgers equation.

Figure L.1a shows the evolution of the relative error for the three test initial conditions
when using the r = 91 custom-made basis functions identified for the viscous Burgers equa-
tion (v = 0.1) to expand the solution of the advection equation. Figure L.1b shows the
evolution of the relative errors when using r = 53 of the custom-made basis identified for
the viscous Burgers equation. The value of r = 53 matches the number of basis functions
identified for the advection equation. Refer to Figure 3.8 for results when using the r = 53
custom-made basis functions identified specifically for the advection equation. Figure L.1la
shows that when utilizing all » = 91 custom-made basis functions identified for the viscous
Burgers equation, the average errors are of a similar order as those obtained when using
the r = 53 custom-made basis functions (Figure 3.8) found for the advection equation, but
there is a slight improvement in the accuracy for the in-distribution initial condition, and a
slight decrease in accuracy for the two out-of-distribution initial conditions. When using only
r = 53 of the custom-made basis functions identified for the viscous Burgers equations (Fig-
ure L.1b), a decrease in accuracy is found when compared to using the r = 53 custom-made

basis functions identified advection equation.
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Figure L.1: Relative error evolution of the advection equation for the temporal interval
t € [0,10] and the three test initial conditions when utilizing » = 91 (a) and r = 53
(b) custom-made basis functions identified for the viscous Burgers equation to expand the
solution.

Figure L.2a shows the evolution of the relative error for the three test initial conditions
when using the » = 105 custom-made basis functions identified for the Korteweg-de Vries
equation (0 = 0.1) to expand the solution of the viscous Burgers equation with v = 0.1.
Figure L.2b shows the evolution of the relative errors when using r = 91 of the custom-made
basis identified for the Korteweg—de Vries equation. The value of r = 91 matches the number
of basis functions identified for the viscous Burgers equation. Refer to Figure 3.16 for results
when using the r = 91 custom-made basis functions identified specifically for the viscous
Burgers equation. When using » = 105 custom-made basis identified for the Korteweg—de
Vries equation results in an increase in accuracy for all three initial conditions (Figure L.2a)
when compared to the » = 91 custom-made basis functions identified for the viscous Burgers
equation (Figure 3.16). When utilizing r = 91 custom-made basis functions identified for
the Korteweg—de Vries equation, a decrease in accuracy is found when compared to using

the r = 91 custom-made basis functions identified for the viscous Burgers equations.
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Figure L.2: Relative error evolution of the viscous Burgers equation for the temporal interval
t € [0,10], the three test initial conditions, and v = 0.1 when utilizing » = 105 (a) and r = 91
(b) custom-made basis functions identified for the Korteweg—de Vries equation to expand the

solution.
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Appendix M

DEVELOPMENT OF A DEEPONET CUSTOM-MADE BASIS
INVERSE TRANSFORM

This appendix outlines the development of a DeepONet custom-made basis function
inverse transform along with numerical results for the viscous Burgers equation. The inverse
transform takes the expansion coefficients as inputs and returns the corresponding function
value at a specified spatial location. For the inverse transform DeepONet, the branch layers
include bias, the output layer of the branch network did not apply an activation function,

and the network width was constant for all layers.
M.1 Generation of ground truth data and DeepONet training parameters

The training and testing solution data for the viscous Burgers equation (v = 0.1) solved for
t € [0, 1], same as for the DeepONets outlined in Appendix E, was also utilized as the starting
point for generating the ground truth data for training the DeepONet inverse transform.
Rather than using this data directly, the solution space was randomly sampled temporally
for each of the training and testing initial conditions to generate a set of solution snapshots.
For each of these solution snapshots, the inner product was then computed to obtain the
expansion coefficients corresponding to the custom-made basis functions. Feedforward neural
networks were employed for all branch and trunk networks. The expansion coefficients
were specified as the input to the branch network. The input to the trunk network were
spatial locations from the solution snapshot u(z). Twenty-five example solution snapshots
are shown in Figure M.1. Ninety-one custom-made basis functions were utilized to generate
the expansion coefficients required for training the DeepONet. The network parameters

specified for the DeepONet inverse transform are presented in Table M.1. The mean testing
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error and corresponding standard deviation based on three training runs are presented in

Table M.2.

&

Figure M.1: Twenty-five example input functions randomly sampled from the solution of
the viscous Burgers equation for ¢t € [0, 1] and initialized from the Gaussian random field
outlined in Appendix E.

M.2 Numerical results

This section presents results for the three test initial conditions when using » = 91 custom-
made basis functions to evolve the viscous Burgers equation and with the DeepONet inverse
transform utilized for computing the solution through a pseudo-spectral approach. The
forward transform was computed by directly calculating the necessary inner products. Refer
to Figure 3.16 for reference results for the viscous Burgers equation when using r = 91
custom-made basis functions and the triple product integral to compute the nonlinear term
in modal space.

Spatiotemporal plots for the in-distribution initial condition are shown in Figure M.2, the
out-of-distribution initial condition uy(z) = sin(x), in Figure M.3, and the out-of-distribution
initial condition ug(z) = @ in Figure M.4. The evolution of the relative errors for the
three initial conditions are shown in Figure M.5. The results show that the custom-made

basis function solution is able to qualitatively capture the solution characteristics, but with
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’ Parameter H Setting ‘
Activation functions ReLLU
Optimizer Adam
Error Mean squared error
Learning rate 1x107?
Number of training epochs 10000
Number of sensors 91
Number of solution locations 40
Number of training input coefficient sets 18 x 500
Number of testing input coefficient sets 18 x 1000
Branch net depth 2
Branch net width 100
Trunk net depth 3
Trunk net width 100
Weight initialization Glorot uniform
Bias initialization Zero
Mini-batch size 40

Table M.1: Parameter settings for training the custom-made basis function DeepONet inverse
transform.

] Transform H Mean \ Standard deviation ‘
| Inverse [ 808 x10™° | 151x107° |

Table M.2: DeepONet mean testing errors and standard deviation for the DeepONet inverse
transform based on three training runs each.

a lower average relative error than found when using the triple product integral (refer to
Figure 3.16). Despite the decrease in accuracy, these results are comparable to Fourier

operator methods for v = 0.1 [44].
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Figure M.2: Spatiotemporal evolution of the viscous Burgers equation for the temporal
interval ¢ € [0, 10] and the random in-distribution initial condition when using the DeepONet

inverse transform with a pseudo-spectral approach.
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Figure M.3: Spatiotemporal evolution of the viscous Burgers equation for the temporal
interval ¢ € [0, 10] and the out-of-distribution initial condition wy(z) = sin(x), when using

the DeepONet inverse transform with a pseudo-spectral approach.
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Figure M.4: Spatiotemporal evolution of the viscous Burgers equation for the temporal
interval ¢ € [0,10] and the out-of-distribution initial condition ug(x) = ") when using
the DeepONet inverse transform with a pseudo-spectral approach.
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Figure M.5: Relative error evolution of the viscous Burgers equation for the temporal interval
t € [0,10] and the three test initial conditions when using the DeepONet inverse transform
with a pseudo-spectral approach.



