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Department of Linguistics

This paper explores the learning mechanism of a decoder-only transformer through the lens
of human concept learning. We investigated whether decoder-only Transformers experience
the simplicity bias, a human tendency to favor simpler representations. To do so, we
create a pipeline that generates every task that a decoder-only transformer can learn and
express with a given input symbol, length, and depth. Our initial results show no sufficient
evidence for simplicity bias occurring in the autoregressive models. We end our paper with
a discussion of other factors that can explain the learnability of transformers, such as the

computational cost of each operation.
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Chapter 1

INTRODUCTION

One of the known phenomena of human cognition is that certain concepts are easier
to learn than others [4]. For instance, people learn concepts like “apple” and “orange” at
a similar rate. The same holds for quantities like “big” and “small” or logical operators
like “and” versus “or.” However, when concepts are combined, preference emerges: humans
learn “big apple and a small apple” faster than “big apple or a small orange.” Such examples
reveal the need for a framework that captures the intrinsic complexity of given concepts.

Feldman analyzed this phenomenon using Boolean Rules, where concepts are represented
through combinations of binary features via logical operators such as AND and OR [6]. His
work showed that humans systematically favor concepts with simpler(or shorter) Boolean
representations. According to Feldman, “big apple and a small apple” can be reduced to
“(big AND small)apple,” which further simplifies to “apple.” On the other hand, “big apple
or a small orange” cannot be reduced in the same way. Because the former has a shorter
Boolean expression, humans learn it more quickly. This preference for shorter, more simpler
representation is now called simplicity bias [7].

Inspired by the human brain’s learning process and design, some propose that neural
networks, especially large language models (LLMs), are capable of performing tasks with
relatively little exposure [5]. However, others suggest that LLMs still require far more data
than humans to learn a task and struggle to generate robustly with domain shifts [9, 17, 36].
This debate raises a central question of this paper: do language models learn in a human-
like way, and in particular, do they share the simplicity bias observed in human concept
learning?

In this paper, we investigate whether the language models share human’s simplicity bias.
Because most conventional LLMs are based on decoder-only transformer architectures, we

only considered autoregressive transformers (hereafter transformers) [5, 32]. To test the



simplicity bias, we generated tasks with varying degrees of boolean representations that
can be learned and expressed by transformers. To achieve this, we leveraged the RASP-L
framework, a programming language that explicitly maps function calls to the behavior of
transformers [42].

Our initial results indicate that transformers do not exhibit simplicity bias in a way
analogous to humans. Instead of favoring tasks with minimal representation, transformers
tend to struggle with certain behaviors regardless of representation. In our setting, we
found that the learnability of transformers depend less on the simplicity of representation
and more on the type of behaviors.

The paper contributes to the research community by

e extending Feldman’s framework of Boolean minimization to the study of transformers

through the RASP-L programming language.

e developing a methodology for constructing a wide range of tasks expressible by trans-

formers with the shortest representation.

e providing empirical evidence suggesting that transformers diverge from human-like

simplicity bias.



Chapter 2
RELATED WORK

2.1 Human Concept Learning

2.1.1 Farly Work

One of the core abilities of human cognition is learning the world by grouping objects
into ordered classes and categories, known as concepts. In 1965, an American psychologist,
Jerome Bruner, provided empirical evidence of a human’s ability to form concepts. The cycle
of concept formation begins with identifying shared physical, functional, or abstract qualities
of objects, the attributes. When new objects are introduced, individuals determine their
membership to concepts based on hypotheses about these attributes. Through continuous
exposure to both positive and negative instances, these hypotheses are refined, ultimately
allowing humans to attain concepts [28].

Bruner’s theory distinguished itself from the predominant stimulus-response theory of
that era by emphasizing humans’ active participation in applying rules to determine category
membership. From the perspective of stimulus-based scholars, humans could not actively
develop an initial hypothesis about concepts, let alone apply and refine them. However,
later research moved away from rule-based hypotheses and instead focused on similarity
and statistical based approaches. In 1973, Eleanor Rosch introduced the concept of pro-
totype, an idealized representation of category, which captures the “centered tendency”
of category members [26]. This resulted in extensive research on prototype theory, where
people classify novel stimuli by comparing them to an internal best representation of the
category. Similarly, Robert Nosofsky’s exemplar theory proposes that instead of relying on
a single prototype, people store multiple individual instances, or exemplars, of a concept.
Therefore, when classifying a new object, individuals evaluate its similarity to the stored
exemplars [20]. Building on these perspectives, Tenenbaum et al. proposed Bayesian con-

cept learning where people infer categories from their prior knowledge and observed data.



His theory put significance on understanding human’s robust and efficient generalization

capabilities with computational explanations [30, 31].

2.1.2  Simplicity Bias

One of the key challenges that remains unanswered by the aforementioned theories is why
some concepts are more difficult to learn than others. Scholars like Ulric Neisser and Brenda
Weene proposed the existence and significance of hierarchies in concept attainments [19].
Lyle Bourne later found that logical operators vary in their learning complexity in increasing
order of conjunction, disjunction, conditional, and biconditional [4]. The initial studies
emphasize the discrepancy between logical and psychological complexity, as similar surface
forms can differ in learnability. However, these findings were often overlooked due to the
predominant success of exemplar theory, which focuses on similarity [7].

Jacob Feldman expanded this line of work by systematically categorizing concepts with
Boolean rules. As mentioned in the introduction, he demonstrated that concepts with
different inherent complexities can appear on a similar surface. For example, the boolean
expression ab + ab’ simplifies to a(b+ b'), which further reduces to a, resulting in a Boolean
complexity of 1. ab+ a’b’ has no shorter equivalent, and hence has Boolean complexity of 4.
He claimed the importance of minimizing Boolean complexity in human concept learning,

reiterating the significance of simplicity bias in human cognition [7].

2.2 Transformer

Transformer is a computational architecture created by Vaswani et al. in 2017 [32]. Unlike
recurrent or convolutional neural networks, which process sequences sequentially or through
local receptive fields [12, 14], the transformer relies on a parallelizable self-attention mecha-
nism to capture contextual information. This engineering breakthrough overcame diminish-
ing or exploding gradient problems of RNN or LSTM. With the architecture design favoring
parallelization, transformer serves as a basis of modern large language models. Although the
original transformer consists of an encoder and decoder, where the encoder processes input
and the decoder generates output, most language technologies rely solely on decoder-only

models [41].



2.2.1 Decoder-Only Transformer

The decoder-only transformer became the mainstream with the success of OpenAl’s GPT
series [24, 25, 5]. These models only stack the decoder part of transformers, where each
layer performs masked self-attention. The masking ensures that the model accesses only past
tokens when predicting the next token. Despite its simplified structure, the decoder-only
Transformer has achieved state-of-the-art performance across various benchmarks, primarily
due to training on tremendous datasets [5]. A notable observation from this approach is the
emergence of in-context learning, where the model performs the task with little or no exam-
ples [15]. Prompting techniques like chain-of-thought and the use of reinforcement learning
during post-training further improved its scores in numerous benchmarks [33, 21]. As a
result, the decoder-only transformer became the de facto model for modern-day language

technologies [41].

2.2.2  Expressivity of Transformer

With the success of transformers, scholars focused on understanding why they are so effec-
tive. A key question in understanding transformers is learnability: what kind of tasks they
can learn, and where do limitations lie? Since learnability depends on what a model can in
principle express, the study of expressivity has become an important theoretical complement
to empirical evaluations of these models [29].

The results of the expressivity study are often framed in terms of upper and lower
bounds: what transformers cannot do and can do, respectively. The theoretical bound

varies based on the combination of positional encodings and attention types.

Lower bounds

Previous studies have shown that transformers can complete a variety of algorithmic and
formal language tasks. For example, Pérez et al. (2019) demonstrated that transformers
are capable of recognizing MAJORITY language, a set of strings with at least as many
Is as Os [23]. Bhattamishra et al. (2020) extended this by showing that with softmax

attention and future masking, transformers can handle shuffle Dyck-k and strictly sequential



counting models (SSCMs) [2, 3]. Yao et al. (2021) proved that transformers with appropriate
positional encodings and attention types (softmax and leftmost-hard) can even recognize
the Dyck-k language, a classic context-free language [38]. These examples demonstrate
the rich computational power of transformers when appropriate positional and attention

mechanisms are available.

Upper Bounds

In contrast to what transformers can do, other studies have focused on their limitations.
Hahn (2020) demonstrated that transformers with hard attention cannot solve tasks like
parity or the Dyck-1 language [11]. Hao et al. (2022) further contextualized this by placing
such models within AC?, a circuit complexity class that is known to be incapable of tasks
requiring parity or modular counting [10]. Building on this, Merrill et al. (2022) situated
softmax-based transformers within the more powerful class T'C'°; which can handle majority
and modular counting but is still weaker than the full class of context-free languages [18].
These upper-bound results demonstrate that the fundamental limitations of transformers
are often tied directly to architectural constraints, such as the choice between absolute
vs. relative positional encodings or hard vs. softmax attention, which critically determine

whether a transformer can express or learn certain tasks.

RASP

The previous sections have discussed the expressivity of transformers in terms of circuit
complexity and formal languages. Another approach to studying expressivity is through
programming language. An epitome of such an approach is RASP (Restricted Access Se-
quence Processing), a programming language designed to model transformers on sequence-
processing tasks [34]. By aligning each RASP operation with an attention or feed-forward
step, the framework shows that the range of tasks a standard transformer can express and
learn is fully representable with simple human-readable forms.

Consider an example of self-attention, where each token selectively attends to others

under causal restrictions. RASP expresses this mechanism through a function call ‘se-



lect(indices, indices, <)’. This ‘select’ function forces that for each token at position 4,
the model selects and attends only to positions 7 where 5 < ¢. Through such mappings,
RASP makes the mechanics of transformer computation explicit and accessible. Moreover,
RASP has inspired several variants, including RASP-L, a restricted subset designed to model
decoder-only transformers.

Despite its utility, the original RASP language has several limitations. First, it defines
the standard transformer with average-hard attention, which differs from the softmax-based
causal masking used in conventional decoder-only transformers. This creates a gap between
theoretical bounds and empirical capabilities, a central tension in expressivity research.
Secondly, RASP permits arbitrary predicates in ‘select’ functions, called selectors. The
selector of RASP is not limited to the dot-product form of query and key vectors. Instead,
they allow binary predicates such as z = y or x < y, but at the cost of straying from the
constraints of real architectures.

To address these issues, follow-up work has proposed more constrained variants, such as
C-RASP. This framework reformulates RASP in terms of temporal counting logic (K¢[#]),
restricting predicates to those definable within counting logic and aligning the framework

to represent realistic softmax-based causal computations [37].



Chapter 3
METHODS

As discussed in Section X, we can represent the learnability of human concepts us-
ing shortest possible Boolean expressions. Adapting such an approach to transformers,
we developed a pipeline that systematically generates tasks under the expressivity of the
transformers. This pipeline ensures that every generated-task is learnable by transformers,

allowing us to measure the success of learning by model’s performance on each task.
3.1 RASP-L Data Generation Pipeline

Our task generation pipeline builds on the Unnatural Language Toolkit (ULTK), an open-
source library for computational semantic typology research [13]. ULTK contains a grammar
submodule, which supports the construction and enumeration of expressions from custom
grammars. It further allows generating shortest-length expressions for symbolically express-
ible concepts, echoing Feldman’s Boolean minimization framework. The following sections
discuss two important components of our pipeline: Grammar and Shortest Enumeration

Logic.

3.1.1 RASP-L

RASP-L is a restricted subset of the RASP programming language explicitly designed to
model autoregressive transformers. In order to do so, RASP-L enforces the following addi-

tional constraints.

e Input—output structure: each program maps an input sequence to an output sequence

of the same length, for sequences of arbitrary size.

e Elementwise operations: functions such as tok_map transform tokens independently

at each position.



e Causal attention operator (kqv): a non-elementwise operation simulating masked self-

attention, where each position may only attend to preceding tokens.

RASP-L Ezxamples

The following is a curated examples from RASP-L, which is written in python using numpy.

Please refer Appendix A.1 for the complete version of RASP-L.

Listing 3.1: Example RASP-L primitives for element and sequence-wise operations

import numpy as np

def full(x, const):

"""Return a sequence of the same length as x, filled with const.

nnnn

return np.full_like(x, const, dtype=int)

def indices(x):
"""Return O0..len(x)-1 as an integer array."""

return np.arange(len(x), dtype=int)

def tok_map(x, func):
"""Element-wise map: y[i] = func(x[i])."""

return np.array([func(xi) for xi in x]).astype(int)

def seq_map(x, y, func):
" Zipping map: z[i] = func(x[i], y[il)."""
return np.array([func(xi, yi) for xi, yi in zip(x, y)]).astype(

int)

As illustrated above, each function in RASP-L corresponds to a restricted operation that
mirrors a behavior of a transformer. In other words, every primitive can be treated as a task
that decoder-only transformers are capable of performing. For example, indices(x) takes
an input sequence and returns its positional indices, analogous to how a transformer incor-

porates positional encodings. Similarly, tok_map performs an element-wise transformation
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of the input sequence, comparable to token-wise feedforward operations.

By combining these primitives, more complex behaviors can be expressed. For example,
we can take the result of the element-wise transformation of tok map and the indexing of
indices as input of seq_map, creating a sequence-wise transformation. Such nested function
calls add complexity to the task generated by RASP-L. However, maintaining simplicity is
the key aspect in testing simplicity bias, and we will discuss more about this in section

3.1.2.

From RASP-L to ULTK Grammar

While RASP-L provides a list of tasks that are expressible by transformers, to systematically
generate all possible tasks of RASP-L expressions, we need to make few modifications. These
changes allows RASP-L to be compatible with ULTK framework, making each primitive as
a production rule in ULTK and enabling systematic enumeration of expressions similar to
PCFG.

First, we type-casted all functions and variables so that they return fixed types (e.g.,
tuplelint, ...] for sequences, bool for selectors). This type casting makes each RASP-L
primitive interpretable as a ULTK production rule, enabling composition and enumeration
of expressions [13].

Second, we restricted the input symbol to binary numbers. Specifically, we added two
constant functions, zero and one, which instantiate constant values for use in primitives
such as full or tokmap. By limiting the input symbols to binary, we reduced the search
space while maintaining sufficient space to test learnability.

Third, we defined a inp function that converts ULTK’s Referent objects into integer
tuples suitable for internal computation. Since ULTK builds a universe of all possible inputs,
which in our case are binary strings of length up to five, inp ensures that each referent is cast
into the correct sequence type for downstream operations. Also, we merged aggr function
into kqv, to reduce redundancy.

Finally, we re-defined two categories of arbitrary primitives in RASP-L. Firstly, RASP-

L allows any Pythonic function for func, which is used in tok map and seq.map. We
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limited this function only to addition, creating add. We discuss this decision further in the
limitations. Secondly, we implemented is_equal, less_than, intersection (logical AND),
unior (logical OR), and xunion (logical XOR) for arbitrary pred. In RASP-L, pred is used
to represent conditions for model’s attention in select and kqv. Our selection of pred cover
a wide range of relational conditions while keeping the grammar tractable. However, these
are not complete, and we will further discuss their limitations in a later section.

To put it together, our modifications create a ULTK-ready grammar where every RASP-
L primitive is a typed production rule, every input is a binary sequence, and every arbitrary
operation is restricted to a set of defined functions. This adaptation allows us to enumerate
expressions exhaustively, and the next section discusses ensuring the shortest expressions
from the enumerated candidates. Table below shows the description of every primitives and

their arguments used in our final grammar.

Name Arguments Action

Convert a ULTK Referent into its underlying
inp Referent

1D tuple of ints

Return the constant integer 0, used as a nu-
Z€ro Referent

meric constant.

Return the constant integer 1, used as a nu-
one Referent

meric constant.

Return a binary function (n,m) — n + m to
add Referent

be used as a 2-ary numeric operator.

Return a binary predicate (n,m) — (n ==
is_equal Referent m) for integer equality, used as a comparison

predicate.

Return a binary predicate (n,m) — (n < m),
less_than Referent

used as a “less-than” comparison between ints.
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Name Arguments Action
Return a binary function (n,m) — (n A m)
intersection Referent (logical AND on ints), used as a conjunction
operator.
Return a binary function (n,m) — (nV m)
union Referent (logical OR on ints), used as a disjunction op-
erator.
Return a binary function implementing integer
xunion Referent XOR: (n,m) — (n @ m), true iff exactly one
of n, m is non-zero.
indices tuple[int,. . .] Return the index sequence of the input.
el x: tuple[int,...] Produce a sequence of the same length as x
u
const: Num where every position is filled with const.
x: tuple[int,. .. ] )
Apply func elementwise to each token and a
tok_map const: Num
fixed constant: returns (func(z;, const));.
func: Callable[[Num,Num|,Num]
x: tuple[int,. .. ] )
Apply func elementwise to two sequences
seq-map y: tuplefint,. ..] .
(zipped): returns (func(x;,y;))q-
func: Callable[[Num,Num|,Num]
k: tuple[int,. .. ] . . .
Build a boolean selection matrix A where
select q: tuple[int,. .. ]
A; ; = pred(k;, ¢;).
pred: Callable[[Num,Num]|,bool]
For each row of A, compute the number of
sel_width A: tuple[tuple[bool,. . .],...] True entries and return these widths as a se-
quence.
Return a reduction function computing the
aggr_mean Referent mean of selected values per row, using a de-

fault if empty.
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Name Arguments Action

Return a reduction function computing the
aggr_max Referent maximum of selected values per row, using a

default if empty.

Return a reduction function computing the
aggr_min Referent minimum of selected values per row via a

negated max trick.

k: tuple[int,. .. ]

q: tuplelint,. . .]
Core key—query—value operator: constructs a

v: tuple[int,. .. ] ] ) ) )

kqv selection matrix using pred and applies the

pred: Callable[[Num,Num],bool]

default: Num

chosen reduction (mean, max, or min) over v.

reduction: Callable

Table 3.1: List of ULTK-friendly RASP-L functions and their ar-

guments

3.1.2 Shortest Enumeration Logic

With our ULTK-freindly gramamr of RASP-L, we developed an enumeration algorithm that
ensures each task is represented by its shortest possible RASP-L expression. By treating
these primitives as rules in a probabilistic context-free grammar (PCFG), we can generate
all candidate expressions up to a fixed depth. The depth here is defined as the maximum
number of nested function calls, which can also be visualized as the height of a tree as shown
in Figure 3.1.

Every enumerated expression is then evaluated over the entire input universe, which con-
sists of all binary sequences up to a maximum length. This evaluation produces a mapping
from input to output sequences according to the combination of primitives. Importantly,

different expressions can yield the same mapping. For example, both tok_map(inp, one,
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sel_width(select(inp, inp, intersection))

tok_map(inp, one, add) sel_width
tok_map |
////I\ select

e

inp one add _ _ _ :
inp inp intersection

Figure 3.1: RASP-L expression of depth 2 and 3

add) and full(inp, omne) return an sequence of all ones regardless of input. This is anal-
ogous to the Feldman’s analysis on “big apple and a small apple” reducing into “apple.”
Therefore, in such cases, we only retain the shortest expression, full (inp, one), follow-
ing boolean minimization of human concept learning. Please refer to Algorithm 1 for a

pseudocode.

Algorithm 1 Enumerating shortest RASP-L expressions
Require: Grammar G, universe U, maximum depth d

1: Initialize dictionary D < ()
2: for each expression e generated by G up to depth d do
3:  m < e.evaluate(U) # mapping from input to output

4:  if m ¢ D then

5: Dim| e

6: else

7: if len(e) < len(D[m]) then D[m] < e
8 end if

9: end for

10: return D # shortest expression for each meaning
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3.1.83 Results
Unique Expressions

Due to computational resource, we generated binary expressions up to depth of 3 with
maximum sequence length of 5. By enumerating all possible combinations of RASP-L
function calls until the depth of 3, we have generated 1382 unique expressions. Since the kqv
function in RASP-L internally expands into additional types of aggr and select calls, we
post-processed the depth of each expression based on the sequence of function calls. Figure
3.2 illustrates this postprocessing, scaffolding nested function calls. After postprocessing,
our expressions have the maximum intrinsic length of 7. Table 3.2 shows the distribution

of these expressions according to their intrinsic depths.

kqv(inp, kqv(inp, inp, inp, less_than, one, aggr_mean), indices(inp), is_equal, one,
aggr_mean)
kqv

aggr mean

e

select indices one

e N | |

inp kay is_equal inp

AFET_IMean

T

select inp one

e | |

;:l|: i|1;1 less_than

Figure 3.2: RASP-L Expression of surface depth of 3 decoupled into depth of 7 after post-
processing
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Depth  # of expressions

1 1
)
17
51
462
182
664

N O Ot s W N

Total 1,382

Table 3.2: Distribution of unique expressions based on intrinsic depth

3.2 Experiments

The following sections discuss the details of our experiments. We selected the model based
on the previous studies and added post-processing steps to ensure viable results. We end

the section with a discussion of measuring the learnability of concepts in transformers.

3.2.1 Model

Following Zhou’s implementation, we trained a decoder-only transformer model from scratch.
We implemented our custom transformers using HuggingFace [35] and the open pre-trained
transformer (OPT) [40] language model. Furthermore, we adopt the packing and shifting
procedure from LLM pretraining [5]: multiple task sequences are packed into the context
window and randomly shifted within it. This ensures all positional embeddings are trained
and prevents reliance on absolute indices, encouraging the model to treat positions sym-
metrically. Zhou et al is one of the few papers to apply this technique to a synthetic task;
therefore, we also followed this implementation [42]. Unlike Zhou et al., we did not use
different hyperparameters for each task. Instead, we used one set of hyperparameters for

all the tasks, shown in Table 3.3
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3.2.2 Data

From our data generation pipeline, we generated 1,382 binary tasks with a maximum in-
trinsic expression depth of 7. Each task corresponds to a minimal RASP-L expression, as
described in 3.1.1. To reduce trivial cases and avoid potential memorization, we filtered out
tasks with low output entropy. These tasks produced highly repetitive output sequences,
allowing models to succeed in tasks by simply guessing the most frequent outcome. By
removing such cases, our testing cases reflect the learnability of transformers. Within each
depth level, we then sorted tasks by high entropy and retained up to 30 tasks per depth, fa-
voring those with more diversity and, consequently, higher difficulty. After this filtering and
selection, we obtained a final dataset of 137 tasks. We calculated the entropy of each task
based on the 1k samples, and the median value of entropy was roughly 5.11. For training,
we generated 10k sequences per task, with sequence lengths uniformly sampled from 21 to
30. Through this post-processing, we ensured that training distributions remain balanced

per sequence length.

Model Size Train Iter Context Len Batch Size Learning Rate

6 layer; 8 head; 512 emb 30k 512 64 0.001

Table 3.3: Experimental hyperparameters. All experiments use AdamW optimizer.

3.2.8 Measurement

To evaluate the learnability of models across tasks, it is necessary to define convergence
in well-rounded terms. In machine learning literature, convergence is often defined using
threshold-based criteria, such as when validation loss falls below a fixed value [8], when
accuracy exceeds a preset target [39], or when the improvement in validation loss across a
moving window drops below an e threshold, a typical early stopping strategy [22]. While
effective in large-scale benchmarks, these approaches are not suitable in our setting: different

RASP-L tasks yield varying intrinsic depths, making fixed thresholds unsuitable for cross-
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task comparison. We could define separate thresholds for each depth, yet that defies our
purpose of training in unified hyperparameters.
Instead, we define convergence as the cumulative training loss. Formally, for a task T,

we compute:
C(T) = Z Li(T), (3.1)

where L£;(T) is the training loss at step ¢, and N is the total number of training steps.
This metric has two advantages. First, it provides a uniform scale across tasks, avoiding
the need to calibrate task-specific thresholds. Second, it reflects the ease of learning: tasks
that converge faster accumulate lower total loss, while harder tasks accumulate higher loss.
This aligns directly with our research question, since simplicity bias predicts that tasks with
shorter expressions (i.e., simpler structure) should yield lower cumulative loss.

This formulation is closely related to the Area Under the Loss Curve (AULC), a met-
ric used in meta-learning and curriculum learning to evaluate learning efficiency [1]. Like
AULC, cumulative loss reflects the entire training trajectory rather than only final perfor-
mance. However, cumulative loss is simpler to compute and directly interpretable across
tasks without normalization. It also avoids conflating differences in convergence speed with
asymptotic performance, which is important in our setting where tasks vary in intrinsic

difficulty.
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Chapter 4
RESULTS

4.1 Learnability and Depth

Our initial hypothesis was that decoder-only transformers would mirror human learners in
exhibiting a simplicity bias: tasks expressible with shorter RASP-L expressions would be
learned more easily than those requiring longer ones. Hence, we expected a upward curve

of accumulated loss as depth gets deeper.

Loss needed for convergence

Depth
B1
=3

Loss

o4 T

\—'—1

Depth

Figure 4.1: Learnability result of sampled expressions in terms of depth. X axis represents
the depth of expressions while the y axis refers to the sum of validation loss.

Figure 4.1 presents box plots of total loss values grouped by depth of expression. Con-
trary to our hypothesis, the results show no relationship between depth and learnability.
Tasks at shallow depths (1-2) did not consistently yield lower cumulative loss than deeper

tasks, and vice versa. This indicates learning of transformers, artificial learners, diverges
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from Feldman’s analysis of human simplicity bias.
4.2 Learnability and Primitives

Another approach is to analyze the complexity of individual function calls. Analogous to
Feldman’s observation that humans learn “orange” and “apple” at similar rates, we can
hypothesize that transformers may not treat their primitive operations uniformly. That is,
while humans assign similar complexity to comparable concepts, transformers may assign
different difficulty levels to operations such as tok_map versus seq-map.

To better understand what drives learnability, we grouped tasks by their primitive opera-
tions. Figure 4.2 shows the average cumulative loss across tasks that contain selection-family
primitives (select and kqv) versus those that do not. Since attention mechanism involves
in heavier matrix computations, we grouped expressions that involves in select functions,

including kqv which internally calls select.

Average Total Loss: With vs. Without Selector

n=125

Average Total Loss

0_

With select-fan;ily (select/kqv) Without sellect-family

Figure 4.2: Comparison of accumulated total loss between expressions with and without
select-related operations
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The results reveal a promising room for further investigation. Tasks involving the se-
lection family are substantially harder, with higher average loss. Tasks with select-family
primitives had an average cumulative loss of 2.83 (n = 125), compared to 1.83 for tasks with-
out them (n = 12). This difference is statistically significant (Welch’s ¢t = 3.41, p = 0.003,;
Mann-Whitney U = 1048, p = 0.024).

4.3 Learnability and Width

Another perspective on transformer learnability is to examine the width of expressions,
defined as the total number of arguments across the tree. Note that we are not counting
only the leaf nodes. Intuitively, wider expressions require combining more intermediate

computations and could therefore impose greater computational resource.

Total Loss Box Plot by width

factor(width)
E1 12

4 13

5 314

7 E915

5.0~ 8 EJ16
9
1
1

Total Loss

517
0 518
16320

Figure 4.3: Learnability result of sampled expressions in terms of width. X axis represents
the width of expressions while the y axis refers to the sum of validation loss.

In our data, expression widths ranged up to 20. However, as shown in Figure 4.3, there
is no clear evidence that width correlates with learnability. Tasks with large widths did
not consistently yield higher cumulative loss, suggesting that breadth of expression is not a

deciding factor for the learnability of transformers.
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Chapter 5
LIMITATIONS AND FUTUER WORKS

5.1 Limitations

While our study provides new insights into the learnability of transformer primitives, it also
faces several limitations. First, the coverage of our grammar is constrained. In particular,
the inclusion of arbitrary functions such as func and pred threatens the “sealed” nature
of RASP-L as a formal language. Our definition of ULTK-friendly RASP Grammar is also
limited, as we allowed only additions for internal computation.

Second, the attention mechanism we adopt follows the “average-hard” formulation of
RASP rather than the softmax-based attention used in most industrial transformer archi-
tectures. This creates a gap between theoretical analysis and empirical behavior, which is
essentially what learning literature aims to reduce. Third, our enumeration of expressions
was limited due to computational resources. We generated a surface depth of three and an
intrinsic depth of seven. While this range was sufficient for a set of experiments, it leaves
open the question of whether deeper or more complex tasks would reveal different patterns
of learnability.

Finally, we didn’t modify the hyperparameter for each task. OPT transformers did not
struggle with any of our tasks, scoring near perfect accuracy. This potentially suggests that
the task we created may not be complex enough for the transformer to show simplicity bias.
In other words, our tasks could be too simple to show simplicity bias. Either developing
more complex tasks or tuning the hyperparameters for each task can be the next steps in

this direction.
5.2 Future Work

Future work should extend our methodology to C-RASP, a variant that provides a well-

defined framework with softmax attention [37]. C-RASP is more closely aligned with
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industry-standard implementations of decoder-only transformers and restricts the primi-
tives more tightly than RASP-L. This reduction of primitives could make it feasible to
generate a broader range of tasks across varying depths, while ensuring that the operations
remain interpretable and theoretically grounded. Such an extension would offer a more pre-
cise account of transformer expressivity and allow for stronger claims about the alignment

(or misalignment) between human and model biases in concept learning.
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Chapter 6
CONCLUSION

We analyzed whether the decoder-only transformer model shares the humans’ simplicity
bias. To achieve this, we compiled the shortest yet unique mappings of input—output behav-
iors expressible in transformers through RASP-L and evaluated transformer performance
across 137 systematically generated tasks. Contrary to our hypothesis, in our experiment
settings, we found no evidence that shorter expression correlates with learnability, suggesting
that transformers may not carry simplicity bias. Our analysis further revealed that specific
primitives, rather than expression length, could be a more reliable metric for understanding
the learnability of transformers. Tasks involving selection-family operations (select and
kqv) were significantly harder to learn than those without. These findings highlight that
the computational cost of particular operations, especially attention-like mechanisms, could
play a more significant role in transformer learning dynamics than structural minimality.

Overall, this study provides a methodological contribution of generating a large amount
of algorithmic tasks learnable by transformers while demonstrating differences in learning

mechanisms between artificial and human learners.
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Appendix A

GRAMMARS

A.1 RASP-L

Listing A.1: RASP-L core functions.

import numpy as np

def

def

def

def

def

full(x, const):
"""Return a sequence of the same length as x, filled with const.

return np.full_like(x, const, dtype=int)

indices (x):

"""Return O..len(x)-1 as an integer array.

return np.arange(len(x), dtype=int)

tok_map (x, func):
"""Element -wise map: y[i] = func(x[i]l)."""

return np.array ([func(xi) for xi in x]).astype(int)

seq_map(x, y, func):
""" Zipping map: z[i] = func(x[i], y[i])."""
return np.array([func(xi, yi) for xi, yi in zip(x, y)]).astype(

int)

select(k, q, pred, causal=True):
Boolean selector matrix A where A[i, j] = pred(k[jl, qlil).
If causal=True, only attend to j <= i (decoder-style causal mask

).




def

def

def

=
I
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nnnn

s = len(k)
np.zeros ((s, s), dtype=bool)
for gqi in range(s):
# k_index <= g_index when causal
col_range = range(qi + 1) if causal else range(s)
for kj in col_range:
Alqi, kj] = pred(k[kjl, qlqil)

return A

sel_width (A):
"""Width of selection per query position: sum over keys."""

return np.dot (A, np.ones(len(A))).astype(int)

aggr_mean (A, v, default=0):
"""Average of selected values v per row of A (with default for
empty)."""
out = np.dot(A, v)
norm = sel_width(A)
out = np.divide (out, norm,
out=np.full_like(v, default, dtype=float),

where=(norm != 0))

return out.astype (int)

aggr_max (A, v, default=0):
"""Max of selected values v per row of A (with default for empty
DI
out = np.full_like(v, default)
for i, row in enumerate (A):
idxs = np.flatnonzero(row)
if len(idxs) > O:
out [i] = np.max(v[idxs]) # max over selected elements

return out.astype(int)




def aggr(A, v, default=0, reduction=’mean’):
"""Generic reduction over selections: mean, max, or min."""
if reduction == ’mean’:
return aggr_mean(A, v, default)
elif reduction == ’max’:
return aggr_max (A, v, default)
elif reduction == ’min’:
return -aggr_max (A, -v, -default)

else:

raise ValueError (f"Unknown reduction: {reductionl}")

def kqv(k, q, v, pred, default=0, reduction=’mean’):
nnn
Causal K-Q-V aggregation:
- Build selector A = select(k, q, pred)
- Aggregate values v according to A with chosen reduction.
nmnn
return aggr(select(k, q, pred), v, default=default, reduction=

reduction)
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A.2 ULTK-friendly RASP-L

Listing A.2: Complete version of ULTK-friendly RASP-L.

from jaxtyping import Num
from typing import Callable

from ultk.language.semantics import Referent

global start

start = tuplel[int, ...]




def

def

def

inp(x: Referent) -> tuplelint, ...]:

Return 1d tuple of input sequence of ints.

Main input function that transforms ultk vocab to valid

input for sequence operations or selectors

Parameter: x is any Referent based on SYMBOLS value in plug.py
of len <= MAX_LEN
Precondition: must be a Referent object as defined in ultk.

langauge .semantics

result= tuple(int(value) for value in x.name)
return result

#return np.array(result, dtype=int)

zero(_: Referent) -> Num:

Return the int O

Allows for the int O to be passed to sequence operations

such as full() and tok_map().

Parameter _: any sequence of symbols

Precondition: Referent

return O

one(_: Referent) -> Num:

Return the int 1
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def

def

Allows for the int 1 to be passed to sequence operations

such as full() and tok_map().

Parameter _: any sequence of symbols

Precondition: Referent

return 1

add(_: Referent) -> Callable[[Num, Num], Num]:

Return a Callable function that adds two ints.

Initializes a 2-ary addition function to
be passed as an argument for func parameter

in tok_map, seq_map_int, kqv

Parameter _: any sequence of symbols

Precondition: Referent

return lambda n, m: n + m

is_equal(_: Referent) -> Callable[[Num, Num], bool]:

Return a Callable function that detects if two ints are equal.

Initializes a 2-ary equal operator to
be passed as an argument for func parameter

in tok_map, seq_map_int, kqv

Parameter _: any sequence of symbols
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def

def

Precondition: Referent

return lambda n, m: (n == m)

less_than(_: Referent) -> Callable[[Num, Num], bool]:

Return a Callable function that detects

if one int is smaller than another.

Initializes a 2-ary less than operator to
be passed as an argument for func parameter

in tok_map, seq_map_int, kqv

Parameter _: any sequence of symbols
Precondition: Referent

return lambda n, m: (n < m)

intersection(_: Referent) -> Callable[[Num, Num],
nnn
Return a Callable function that functions as an

’and’ operator on ints.

Initializes a 2-ary and operator to
be passed as an argument for func parameter

in tok_map, seq_map_int, kqv

Parameter _: any sequence of symbols

Precondition: Referent

return lambda n, m: (n and m)

bool]:
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def union(_: Referent) -> Callable[[Num, Num], bool]:
Return a Callable function that functions as an

’or’ operator on ints.

Initializes a 2-ary or operator to
be passed as an argument for func parameter

in tok_map, seq_map_int, kqv

Parameter _: any sequence of symbols

Precondition: Referent

return lambda n, m: (n or m)

def xunion(_: Referent) -> Callable[[Num, Num], booll]:

Return a Callable function that functions as an

’xor’ operator on ints.

Initializes a 2-ary exclusive or operator to
be passed as an argument for func parameter

in tok_map, seq_map_int, kqv

Parameter _: any sequence of symbols

Precondition: Referent

return lambda n, m: ((n or m) and not (n and m))

## np-rasp core




def indices(x: tuple[int, ...]) -> tuplelint, ...]:

Return indices of the input.

Implements sequence operation that returns

an array representing the input array’s indices.

Parameter x: 1d tuple of ints
Precondition: 1d tuple of at least one int
nnn

return tuple(range (len(x)))

#return np.arange(len(x), dtype=int)

#return np.array(range (len(x)))

# An array of shape x filled with const
def full(x: tuple[int, ...], const: Num) -> tuple[int, ...]:

Return a 1d len(x)-item tuple of const values.

Implements sequence operation that takes an input
1d tuple of length n and returns a 1d tuple of

length = n where each value = const.

Parameter x: a 1d tuple of ints

Precondition: 1d tuple of ints

Parameter const: an int value instantiated by zero(), omne(),

O

Precondition: must be an int

return tuple(const for _ in range(len(x)))

#return np.full_like(x, const, dtype=int)
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#return np.array([const for _ in range(len(x))])

# Apply func into elements of array x and return into integer array
def tok_map(x: tuplel[int, ...],

const: Num,

func: Callable[[Num, Num], Num]
) -> tuplelint, ...]:

nnn

Return a 1d tuple of int outputs of a 2-ary Callable

Implements sequence operation that takes a 1d tuple of ints
and applies the same function with the same second parameter

value to each element.

Parameter x: 1d tuple of ints

Precondition: 1d tuple of ints

Parameter const: an int value instantiated by zero(), one(), two

O

Precondition: must be an int

Parameter func: a function that takes two ints and returns an
int, typically add, subtract,

Precondition: a Callable with two int parameters

nnn

return tuple(func(xi, const) for xi in x)

#return np.array([func(xi, const) for xi in x]).astype(int)

# Apply func into elements pair of array x and y, and return into an
integer array

def seq_map(
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x: tuplelint, ...],

y: tuplel[int, ...],

func: Callable[[Num, Num], Num]
) -> tuplelint, ...]:

Return a 1d tuple of int outputs of a 2-ary Callable

Takes 2 int tuples, applies an element wise operation, and

returns the output, a tuple of ints.

Parameter x: 1d tuple of ints

Precondition: a tuple of at least one int

Parameter y: 1d tuple of ints

Precondition: a tuple of at least one int

Parameter func: a 2-ary int operation

Precondition: a Callable with two int parameters

return tuple(func(xi, yi) for xi, yi in zip(x, y))

# Creates selection matrix A, applies pred to compare the elements

of k and q

H*

If causal, compare the ealier indice

# def select(

# k: tuplel[int, ...], q: tuplel[int, ...], pred: Callable[[int,
int], int], causal: bool = True

# ) -> tuplel[tuplel[bool, ...1, ...]1:

def select(k: tuplel[int, ...],
q: tuple[int, ...],

pred: Callable[[Num, Num], bool]
) -> tuple[tuple[bool, ...]1, ...I1:




def
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Return a 2d tuple of the element-wise outputs of a 2-ary

Callable

Takes 2 1d int tuples, applies an element wise operation, and
returns the output as a tuple of int-cast bools of shape (len(q)

,len(k)).

Parameter x: any 1d tuple of ints

Precondition: 1d tuple of at least one int, len(x) == len(y)

Parameter y: a 1d tuple of ints

Precondition: a 1d tuple of at least one int, len(x) == len(y)

Parameter func: a 2-ary comparison, returns a bool
Precondition: a Callable with two int parameters that returns a
bool
s = len(k)
A= [[0] * s for _ in range(s)]
for qi in range(s):
for kj in range(s): # k_index <= g_index if causal
Alqil[kj]l = bool(pred(kl[kjl, qlqil))

return tuple(tuple(item) for item in A)

sel_width(A: tuple[tuple[bool, ...], ...]) -> tuplelint, ...]:
Return a 1d tuple of ints, where the ith value represents the

ith row’s width in 2d tuple A

The return is a 1d tuple of ints where the ith value represents

the A’s ith row’s width. Width here is the number of tuple
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positions where the value is 1 (int cast T).

Parameter A: a 2d torch tuple of int cast bools with n rows and
m columns
Precondition: a 2d torch tuple, values must be int 0 or imnt 1
o
result= []
for row in range(len(A)):
newval= sum(A[row])
result.append(newval)

return tuple(result)

# calculate the mean of selected values
def aggr_mean(_: Referent) -> Callable[[tuple[tuple[bool, ...],
.1, tuplelint, ...], Num]l, tuplelint, ...]1:
Return a Callable function that performs a mean reduction

similar to aggr_mean.

This function is initialized to be passed as an argument for the
‘reduction ¢ parameter

in functions like aggr and kqv.

Parameter _: any sequence of symbols

Precondition: Referent

Return a 1d tuple of ints, where the ith value is the mean

of Av’s ith row.

Takes the dot product of 2d tuple A with the 1d tuple v,
then divides

the ith value in the dot product’s output array by the width
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of the ith row of A. If the ith row of A has width 0, the

mean is replaced by the default value.

Parameter A: a 2d tuple of int cast bools with n rows and m
columns

Precondition: a 2d torch tuple, values must be int O or int

1
Parameter v: a 1d tuple of ints, len(v) == m
Precondition: a 1d tuple of ints where len(v) == A.shapel[1]

Parameter default: the value used to replace any instances
of divide by =zero
Precondition: an int
return lambda A, v, default=0: tuple(
(sum(row[i] * v[i] for i in range(len(v))) // sel_width(A)[
idx] if sel_width(A) [idx] != 0 else default)

for idx, row in enumerate (A)

# calculate the maximum of selected values

def aggr_max(_: Referent) -> Callable[[tuple[tuple([bool, ...1, ...1,
tuple[int, ...], Num], tuplelint, ...]]:
wn
Return a Callable function that performs a max reduction over a

2d tuple.

This function is initialized to be passed as an argument for the

‘reduction ‘ parameter in functions like aggr and kqv.

Parameter _: any sequence of symbols




43

Precondition: Referent

The callable takes a 2d tuple A and a 1d tuple v as
parameters

and returns a 1d tuple of ints representing the desired
reduction

of A’s rows’ with v. This reduction Ttakes the element-wise
product

of each row in A with the column v, then finds the resulting

array’s

max value. The ith value in the output tuple is the max
value of A’s

ith row’s element-wise product with v. If the ith row of A
has width

0 (i.e. no 1 values), the default value is used.

Parameter A: a torch tuple of int cast bools with n rows and
m columns

Precondition: a 2d torch tuple, values must be int O or int

1
Parameter v: a 1d tuple of ints, len(v) == m
Precondition: a 1d tuple of ints where len(v) == A.shape[1]

Parameter default: the value used to replace any of A’s zero
-width rows

Precondition: an int

return lambda A, v, default=0: tuple(

max (row[i] * v[i] if row[i] else default for i in range(len(

v)))

for row in A
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def aggr_min(_: Referent) -> Callable[[tuple[tuple[bool, ...]1, ...]1,
tuple[int, ...], Num], tuplelint, ...]]:
Return a Callable function that performs a min reduction similar

to aggr_min.

This function is initialized to be passed as an argument for the
‘reduction ‘ parameter

in functions like aggr and kqv.

Parameter _: any sequence of symbols

Precondition: Referent

Return a 1d tuple of ints, where the ith value is the min

value of Av’s ith row.

Finds the min by calling the aggr_max function, after
mutliplying

each element of v by -1, the default by -1. So aggr_max will
return

the greatest value (the least negative) for each row of Av,
which

is then multiplied by -1 to get the min value.

Takes the element-wise product of each row in A with the
column v,

then finds the resulting vector’s min value. The ith value
in the

output tuple is the min value of A’s ith row’s element-wise
product

with v. If the ith row of A has width O (i.e. no 1 values),

the default value is used.
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Parameter A: a tuple of int cast bools with n rows and m
columns

Precondition: a 2d tuple, values must be int 0 or int 1

Parameter v: a 1d tuple of ints, len(v) == m

Precondition: a 1d tuple of ints where len(v) == A.shapel[1l]

Parameter default: the value used to replace any of A’s =zero
-width rows
Precondition: an int
o
return lambda A, v, default=0: tuple(
-max (row[i] * (-v[i]) if row[i] else -default for i in range
(len(v)))

for row in A

)

def kqv (
k: tuplelint, ...],
q: tuplelint, ...],
v: tuplel[int, ...],

)

pred: Callable[[Num, Num], booll],

default: Num = O,

reduction: Callable[[tuple[tuple[bool, ...], ...], tuplelint,
.1, Num], tuplelint, ...]] = aggr_mean,
-> tuple[int, ...]:

nnn
Return a 1d tuple of ints representing the desired reduction of

a

(q,k) matrix’s rows’ with v.
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Creates a 2d tuple table A of int cast bools by comparing q and
k using

some input pred, then applies the input reduction function

aggr_mean or aggr_mean to A and v to find the mean, min, or max

value of each row of A multiplied element-wise by v.

Parameter k: a 1d tuple of ints

Precondition: a 1d tuple of ints, len(k) == len(q)

Parameter gq: a 1d tuple of ints

Precondition: a 1d tuple of ints, len(q) == len(k)
Parameter v: a 1d tuple, len(v) == len(k)
Precondition: a 1d tuple of ints, len(v) == len(k)

Parameter default: value replacing any of the (gq,k) matrix’s
zero-width rows

Precondition: an int

Parameter reduction: a function that reduces a vector of values
to a single, representative value
Precondition: a Callable in [aggr_mean(), aggr_max(), aggr_min()

]

return reduction(select(k, q, pred), v, default=default)




