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Here we will cover topics arising from matroid theory. To any graphic matroid, we can asso-
ciate a certain class of polytopes via its representation forming the well-studied generalized
permutahedra. When studying these permutehdra, it has been useful understanding both
their normal fans and the support functions. We aim to address this in the more unknown
case of the cographic matroids, duals of the graphic matroid. To the associated polytopes,
will introduce a characterization for both the normal fans and the support functions. Addi-
tionally, with valuated delta matroids, we introduce an object that simultaneously extends
valuated matroids and Delta matroids. Both these valuated and delta matroids are them-
selves a generalization of matroids. We will show that our valuated delta matroids satisfy
properties we would expect a generalization should. Furthermore, we discuss the repre-

sentability of these structures and how this relates to what is already known.
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Chapter 1
INTRODUCTION

Matroids are combinatorial objects whose structure generalizes concepts from both linear
algebra and graph theory. A common technique to study matroids is with polytopes that we
can associate to them. Here we will present two objects that further extend these connections:
polytopes of cographic unimodular systems and valuated delta matroids. Doing so both
completes preexisiting generalizations as well as opens the possibility of more extensions.

In Chapter [2| we will review key concepts from both matroid theory and polytopes as well
as highlighting some of the notation used here. In Chapter [3| we describe the correspondence
between cographic unimodular systems and cographic matroids. We also characterize the
polytopes we can associate to this system and discuss questions that we could potentially
answer using this characterization. Chapter {4| will introduce our motivation and definition
for valuated delta matroids. The rest of the chapter will focus on identifying what we can

generalize to these structures from valuated matroids.
1.1 Polytopes of Cographic Unimodular Systems

Matroids are combinatorial objects whose structure generalize concepts from both linear
algebra and graph theory. A useful technique for studying matroids is to study different
classes of polytopes we can associate to them. One such class of polytopes is the matroid
base polytopes. We define M = (E,Z) to be a matroid where E is a finite set and Z C 2¥

satisfies the following properties:
(I1) ez

(I12) If A€ Z and B C A then B € 7.



(I3) If A, B € 7 and |B| < |A| then there exists x € A\ B such that BU {z} € Z.

We call the inclusionwise maximal independent sets a basis of M, and denote the col-
lection of bases B. To each B € B we can associate the indicator vector ez € R¥ where
ep = Zie pei- Here, e; is the standard basis vector with a 1 in the i'" entry and 0 ev-
erywhere else. Given a matroid M = (F,Z), we define the matroid base polytope of M as
Py = conv{egp | B € B}.

Another well-studied class of polyhedra is the generalized permutahedra. These are convex
polytopes in R” all of whose edges are parallel to e; — e; for i, j € [n] and ¢ # j. These

generalized permutahedra relate to matroid polytopes in the following way.

Theorem 1.1.1. ([9]) Let P be a 0/1—polytope in R"(a polytope whose vertices have coor-
dinates 0 or 1). Then P is a generalized permutahedron if and only if P = Py for some

matroid M = (E, B).

Because all edges of a generalized permutahedron are in the direction e; —e; for i, j € [n]
and ¢ # 7, each face of a generalized permutahedron is parallel to some subspace spanned
by a subset of {e; —e; | 1,7 € [n] 17 # j}. In general, given some collection of subspaces U,
we can define an associated class of polyhedra as follows. A polyhedron where each face lies
in a translation of a subspace in U is called a U-polyhedron. The collection of U-polyhedra
with integer vertices is written Zh(U,7Z). If we denote {e; —e; | 1,7 € [n] : i # j} as A,,
and U(R) = {RV | V C R}, then generalized permutahedra are U (.A,,)-polyhedra.

Note that for most arbitrary collections U, Zh(U,Z) will not contain polytopes. The
fact that the U(A,)-polyhedra do follows from 4, being a unimodular system. We call a
collection of vectors R C Z" unimodular if for any linearly independent subset B C R,
B forms a basis over Z of RB N Z". By choosing R to be a unimodular system, we get
that Zh(U(R),Z) contains polytopes, and the polytopes in Zh(U(R),Z) satisty some nice
properties such as being closed under integer translation, reflection, and taking faces. One

can refer to [5] for more on the theory of discrete convexity.



Seeing how there is a nice description for the class of polytopes associated to the uni-
modular system U(.A,), one might wonder what we can say for polytopes associated to other
unimodular systems. We answer this question for cographic unimodular system. Similar
to how the nonzero vectors in A, form a representation of graphic matroids, up to a sign
difference, the nonzero vectors of cographic unimodular systems form a representation of co-
graphic matroids. We denote this system as R, where G is the graph our cographic matroid
comes from. For both A, and R, the nonzero vectors correspond to edges in the graph G.
We will give a construction for both of these systems in Chapter 3]

An important way to characterize polytopes is by understanding their normal fan and
their support function. For example, it has been shown that the regions of the normal fans for
generalized permutahedra correspond to ordered partitions of [n] and their support functions
are the submodular functions. We discuss the ordered partitions in more detail in Chapter

and the support functions in Chapter [3]

1.1.1 Main Results

Our main result in Chapter [3|is proving an analogous description for the cographic unimod-
ular system case. Both the normal fan and the support functions are related to partially
cyclic orientations of (G, i.e. orientations on a subset of edges such that any oriented edge
forms part of a cycle. To better understand these normal fans, we look at the hyperplane

arrangement they coarsen, H*(G) = {ul | u. € U(RE)}

Theorem 1.1.2. [12, Lemma 8.1] There exists a bijective map between the cones of H*(G)

and the partially cyclic orientations on G.

This was proven by Greene and Zaslavsky in [I2]. Because we use a different represen-
tation of U(RY,), in Chapter , we will prove what the explicit bijective map is under our

representation.

Theorem 1.1.3. The support functions of U(RE)-polyhedra are functions f satisfying



(1) X2 f(re,) = X2 f(rer) if Yore, = Dorey and all cycles {Cy,...,Cy,Cy,...,Ci} can be

completed to the same totally connected orientation on G.
(2) f(re,) + f(re,) = 32 f(rer) where {C} is a circulation decomposition of re, + e, .

This description of the polytopes of cographic unimodular systems helps us further study
these objects.

1.2 Valuated Delta Matroids

While matroids are already generalizations of concepts from linear algebra, there exist gen-
eralizations of matroids too. Valuated matroids are one such well-studied generalization.
Matroids can be thought of as functions ([:]) — {0, 00} satisfying a set of “combinatorial
Pliicker relations”, which essentially reduce to the basis exchange axiom. Valuated matroids
were defined by Dress and Wenzel [§] as a combinatorial abstraction of matroids represented
over a valued field. They are functions ([Z]) — R U {oo} satisfying a set of relations called
the tropical Pliicker relations. For example, if K is a field equipped with a nonarchimedean

valuation v : K — R U {oo} and vy, v, ..., v, are vectors which span K", then the map
{il <lg < ee < Zr} — V(det(Uil, R ,UZ'T))

is a valuated matroid. Such valuated matroids are called representable. Valuated matroids
specialize to ordinary matroids by restricting the codomain to {0, c0}.

Delta matroids, or A-matroids, are a more combinatorial generalization of matroids.
A A-matroid is a family of subsets of [n], called bases, such that if A, B are bases and
a € AAB, then there exists b € AAB such that AA{a,b} is a basis. If in the definition we
further require that a # b, then the family is an even A-matroid.

A common and important way to study matroids is through their polytopes. The matroid
polytope of a matroid is the convex hull of the indicator vectors of the bases of the matroid.
A 0-1 polytope is the matroid polytope of a matroid if and only if all of its edges are in the

direction e; — e; for some ¢, j. Analogously, the A-matroid polytope of a A-matroid is the



convex hull of the indicator vectors of its bases. A 0-1 polytope is the A-matroid polytope
of a A-matroid if and only if all its edges are in the direction e;, e; — e;, or e; + ¢; for some
7, 7. A 0-1 polytope is the A-matroid polytope of an even A-matroid if and only if all its
edges are in the direction e; — e; or e; + e; for some ¢, j.

Given a finite set of points X C R™ and a function p : X — R U {co}, we obtain a
polytopal complex in R™ by projecting the lower faces of the polytope conv{(z,p(z)) : = €
X,p(x) # oo}. This complex is called the subdivision induced by p, and is a polyhedral
subdivision of some polytope with vertices in X. A function ([Z]) — R U {00} is equivalent
to a function A,,, — R U {oo} where A,,, is the set of all 0-1 vectors in R” with r 1’s, and
thus induces a subdivision in R™. Such a function is a valuated matroid if and only if every
polytope in the induced subdivision is a matroid polytope.

It is natural to try to give a common generalization of these notions. Wenzel [19] defines
a strongly valuated A-matroid to be a function {0,1}" — R U {oo} which satisfies a set of
relations called the tropical Wick relations. For example, given a skew symmetric matrix over
a valued field, the valuations of the principal minors form a strongly valuated A-matroid.
Rincén [I5] shows that a function {0,1}" — R U {occ} is a strongly valuated A-matroid if
and only if every polytope in the induced subdivision is an even A-matroid polytope. Note
that Rincon, as well as other authors, refer to Wenzel’s strongly valuated A-matroids as just

valuated A-matroids.
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Example 1.2.1. Consider the 3 x 3 symmetric matrix | 1 0 1| over a field of char-

1 10
acteristic # 2. The principal minors of size 1 are zero and all others are nonzero. The

corresponding A-matroid has bases 0, {1,2},{1,3},{2,3}, and {1,2,3}, which is not even.
Indeed, taking A = {1,2,3}, B = ), and any a € A, we see that this fails to satisfy the
strong exchange axiom, in which there must exist b so that both AA{a,b} and BA{a,b} are
bases. In this example, the only choice of b for which AA{a,b} is a basis is b = a, in which
case BA{a,b} = {a} is not. To study such representable A-matroids and their valuated



analogues, we therefore give up the strong exchange axiom.

In this paper, we call a function p : {0,1}" — RU {oo} a valuated A-matroid if every
polytope in the induced subdivision is a A-matroid polytope (not necessarily even). In other
words, every edge of the induced regular subdivision has direction +e; or e; & e; for some
i,7 € [n]. We note that this conflicts with other recent terminology as mentioned above.
However, we believe our definition is the natural definition of a valuated A-matroid which
is consistent with the history and other terminology of A-matroids. As we demonstrate in
this paper, these objects are interesting in their own right and generalize previous concepts

in the study of A-matroids, including non-even A-matroids.

1.2.1 Main Results

In Chapter [4] we will prove and discuss the properties we have found to extend from ordinary
valuated matroids to our valuated A-matroids. We first show how the geometric interpreta-
tion of a valuated matroids extends to valuated A-matroids. Recall that valuated matroids
are functions ([:f}) — RU{o0o} satisfying the tropical Pliicker relations. This can be restated
geometrically a function is a valuated matroid if and only if all edges in its induced subdivi-
sion are of length 2, where the length of a vector (z1,...,2,) is the Ly-length > | |z;|. The

valuated A-matroid case is the following.

Theorem 1.2.2. A function p : {0,1}" — R U {oc} is a valuated A-matroid if and only
if domp is a A-matroid and the restriction of p to every 4-dimensional face of [0,1]" is a

valuated A-matroid.

Restated in terms of edges in the subdivision, a function is a valuated A-matroid if and
only if its induced subdivision has no edges of length 3 or 4.

We define the A-Dressian, A-Dr(n), to be the set of all function {0,1}" — R U {co}
that are valuated A-matroids. This is analoguous to the polyhedral fan called the Dressian
which is formed by the set of all functions ([Z]) — RU {occ} that are valuated matroids. We

give bounds on this object and show that it is exponential in n.



Theorem 1.2.3. The dimension of the A-Dressian on [n] is between %2” and %2”.

In I8, Proposition 4.4], the rank function for matroids is shown to be a valuated matroid.

We show this also holds for the A-matroid analogue of a rank funciton.

Theorem 1.2.4. Let M = ([n],F) be a A-matroid and let vy : 2" — Zq be its rank

function. Then —ryr is a valuated A-matroid.

Finally, we discuss the realizibility of these valuated A-matroids. Not only do the nonzero
principal minors of a Hermitian or Skew-Hermitian matrix realize a A-matroid, but valua-

tions on these principal minors give valuated A-matroids.

Theorem 1.2.5. If A is an n x n Hermitian or skew-Hermitian matrix over K, then the

function p : {0,1}" — RU{oo} given by ps = v(Ag) is a valuated A-matroid.



Chapter 2

BACKGROUND

We will start with giving background on concepts important for the subsequent chapters.
The focus in this chapter will be on introductory ideas about Matroids and Polytopes.
Throughout the book, we assume a familiarity with graph theory as given in [7].
Notation. For any vector space V over a field F, we use V* = hom(V,F) to denote it’s
dual space. Unless otherwise specified, we will assume V = R? We will use eg to denote
the vector Y, ¢ e; where S C [n] and ¢; is the i standard basis vector of V. We call eg the
indicator vector for S. Similarly e® = ", o€’ where ' € V* such that €’ takes a vector to

it’s i"" component. For any collection of vectors B, we will denote the span of B as RB.

2.1 DMatroids

Here we will go over basic definitions and theorems on matroid theory needed throughout

the book. For more on matroids, refer to [14].

2.1.1 Basic Definitions

Definition 2.1.1. A matroid is an ordered pair (E,Z), where E is a finite set and Z C 2%,

satisfying the following properties
(I1) D eZ.
(I2) f I€eZand I' C I, then I' € T.

(I3) If I1, I, € T and |I;| < |I| then there exists an e € I, \ [; such that I, U {e} € Z.



We call the collection Z the independent sets of M and E the ground set. These are also often
denoted in the literature as Z(M) and E(M). A subset of E not in Z is called dependent.

Note that (I3) implies that if I, Iy € Z are two inclusionwise maximal independent sets,
then they must have the same cardinality. Such sets are called the bases of M. We will give

a few properties about them at the end of this section.

Definition 2.1.2. The rank of a matroid M is the cardinality of a basis of M. For X C F|
we can also define a rank of X in M as the cardinality of the largest independent set contained

in X. This gives a well-defined function ry; : 2" — Z where rj,(X) is the rank of X in M.

Definition 2.1.3. For a matroid M, we call X C F a flat if for all e € E'\ X, we have
r(X) < r(X U{e}). A hyperplane is a flat F* C E such that r(F) = r(M) — 1.

It is no coincidence that the definitions we have given about matroids have analogous

ones in linear algebra. In fact, the column vectors of a matrix themselves form a matroid.

Example 2.1.4. Let E = [n] and consider an m X n matrix over a field F with the columns
labeled 1 through n. If we let Z be all the subsets of E such that the corresponding columns
are linearly independent in F™, then M = (E,Z) is a matroid. We call a matroid arising
from a matrix A in this way the vector matroid of A and denote it by M[A].

For example, if A is the following matrix over R

[ 1 0 1 -1
1 1 0 1
0 -1 0 0
0 0 -1 0

then M[A] would have independent sets Z = {0, {1}, {2}, {3}, {4}, {1, 2}, {1, 3}, {2, 3}, {2, 4},
(3,4}, {1,2,3},{2,3,4}1.

Example 2.1.5. We can also obtain a matroid from a graph G = (V, E). The edge set F

of G will be the ground set of our matroid, and the independent sets will be the subsets of
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€1 €4 €3

€2

Figure 2.1

E that do not form a cycle. We call this matroid the cycle matroid of G, and denote it by
M (G). Note that the bases of cycle matroids would be the disjoint unions of spanning trees
Ty U...UT} where each T; is a spanning tree of a different connected component of G.

For example, if G is the graph in Fig. then M(G) is the matroid with ground set £ =
{e1,€9,€3,€4} and independent sets Z = {0, {e1}, {e2}, {e3}, {ea}, {1, 82}, {e1, 3}, {€2, €3},

{527 é\4}7 {537 54}7 {817 €2, 53}7 {827 €3, 54}}'

Example 2.1.6. Applying Definition to the cycle matroid of G, we get that a flat of
M (G) is a collection X of all the edges within a partition of the vertices, i.e. for alle € F\ X,
there is no path in X connecting the vertices incident to €. Therefore 7y (X U{e}) > rp(X)
since for all I € Z such that I C X, I U{e} € T as well.

Notice that while the matroids in Examples [2.1.4] and [2.1.5| arise in different ways, they

have the same structure, i.e. for any {i1,...,ix} C [4], {&i),...,&i,} € Z(M(Q)) if and only
if {iq,...,ix} € Z(M]A]).

Definition 2.1.7. Let My = (Ey,Z;), My = (E»,Z5) be two matroids and ¢ : £y — Es be a
bijection such that X € Z; if and only if ¢(X) € Z,. Then we call M; and M, isomorphic

matroids, written M; = M, and the bijection ¢ an isomorphism.

Using the G and A from our examples, we can see that M(G) = M[A] with the isomor-
phism ¢(e;) = i. In general, matroids isomorphic to the vector matroid of a matrix over the

field IF or the cycle matroid of a graph are called representable over F or graphic, respectively.
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While not all matroids may be representable or graphic, in our examples, M[A] is both. In
fact, if G is a graph, then M(G) is representable over all fields F.
Recall that the incidence matrix A of a directed graph, D, is defined as follows. Its rows

are indexed by the vertices of D, columns by the edges of D, and its entries are

;

—1 if the arc j is not a loop and points towards the vertex ¢
Qjj = 1 if the arc j is not a loop and points away from the vertex ¢

0 otherwise.

\

Theorem 2.1.8 ([14]). Let D(G) be any orientation of G, and F a field. Then Ap) is a
representation of M(G) over F.

As an immediate corollary we have

Corollary 2.1.9. For any graph G, M (G) is representable over any field F.

2.1.2  Basis and Duality

Let us now return to the concept of a basis for a matroid M. We denote the collection of

bases by B. They satisfy conditions similar to bases in linear algebra.

Lemma 2.1.10. [1])] Let B be the set of basis of a matroid M = (E,T). Then
(B1) B is nonempty
(B2) For By, By € B and all x € By there exists a y € By \ By such that By \ {z} U{y} € B.

Since all independent sets are contained in a maximally independent one, or a basis, in
Example we could just list out all the bases of M[A], and to find the independent sets
we would just look at subsets of these bases. In fact, we only need properties (B1) and (B2)
to define a matroid M, i.e. (I1),(I2), and (I3) are exchangeable with (B1) and (B2).
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Example 2.1.11. The matroid M = (E,B) where |E| =n and B={B C F | |B| =}
is called the uniform matroid, U]. The independent sets for the uniform matroid on n with

rank r is any subset of E' with cardinality at most r.

Theorem 2.1.12. [1])] Let E be a set, B be a subset of 2F satisfying (B1) and (B2), and T
be the collection of I C E such that there exists a B € B containing I. Then M = (E,T) is

a matroid.
We use this to define the dual of a matroid.

Definition 2.1.13. Let M = (E,Z) be a matroid, with B the set of bases. The dual matroid

of M is the matroid M* over ground set E with set of bases
B*={FE\ B|B € B}.

For a graph G, we denote the dual of its graphic matroid M(G) as M*(G). Matroids

isomorphic to M*(G) for some G are called cographic matroids.

Example 2.1.14. Let G = (V, E) be a graph and M (G) its associated cycle matroid. Recall
that a basis for M(G) is a union of spanning trees 73 U ... U T}, where G has x connected
components {K7,..., K.}, and T; is a spanning tree of K;. We will refer to this union of
spanning trees as a spanning forest. By definition of the dual matroid, a basis B* is a set
of edges whose complement is a spanning forest of G. Therefore, the independent sets Z* of

M*(QG) are the set of edges whose complement contains a spanning forest of G.

While the flats of graphic matroids are related to connected components of a subgraph,
the flats of cographic matroids are related to edges whose deletion from G increase the

number of connected components. We call such an edge a bridge.

Proposition 2.1.15. Let M* = M*(G) = (E,Z*) for some connected graph G = (V, E).
Then F C E is a flat of M* if and only if the subgraph G' = (V, E'\ F') has no bridge.
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Proof. Let F C E and G' = (V, E\ F'). Assume that there exists a bridge ¢ € G’ connecting
connected components K; and K. Let Py, Py, ..., P, {e} be all the paths from K; to Ko
in Gand P= P, UP,U---UPB U{e}. Since ¢ is a bridge in G, P\ {¢} C F. For each
path P;, pick an edge ¢; and let K be the set of all these chosen edges {e1,e5,...,¢}. Since
the subgraph with edges E \ K is connected, K € Z*. Let I € Z* be maximal such that
K C I C F. Note that K U{e} disconnected G, and since KU{e} C IU{e}, deleting TU{e}
also disconnects our graph G. This implies I is also maximally independent in F' U {e}, so
by definition 7y« (F) = |I| = ry«(F U {e}), and F is not a flat.

Conversely, let F' C E such that the subgraph G’ = (V, E'\ F’) does not have any bridges.
Pick an arbitrary ¢ € G’; the assumptions tell us that there is a cycle C C G’ containing
e. Since G is connected, there is a spanning tree T of G containing C \ {¢}. Let I € Z* be
maximal so that (F\7T)NF C I C F. Since I is independent, its complement contains
a spanning tree. In particular one of these spanning trees must contain C \ {¢}, implying
I'u{e} € Z. This means r(F) = |I| < [IU{e}| < r(F Ue), and since € was arbitrary this
holds for all e € E — F. This is the definition of F' being a flat. O

We can also show this description of flats with contractions of a matroid. Refer to [14]
for more on matroid contractions. We get the following characterization of maximal proper

flats of M*(G) as a corollary.

Corollary 2.1.16. The mazimal proper flats of a cographic matroid corresponding to the

connected graph G = (V| E) are complements of the cycles of G.

Proof. From Proposition [2.1.15| we know that the flats are subsets of E such that the graph
spanned by E'\ F has no bridge. In other words, if L. C F then by adding all the bridges of
E\ L we get the smallest flat containing L. Therefore F' is a maximally proper flat of M*
if and only if for all e € E'\ F every edge of E'\ (F U {e}) is a bridge. This is equivalent to
E\ (F U{e}) having no cycles. Since £ \ F' does not contain any bridges, it must also be
true that E'\ F' is a cycle. Thus F is a maximally proper flat of M* if and only if E'\ F is a
cycle. O
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There is one more theorem about matroid duals that will be useful.

Theorem 2.1.17. ([T]]) Let M be the vector matroid for the matriz [I, | D]. Label the

columns ¢y, ¢y, . ..,c,. Then M* is the vector matroid of [—D* | I,,_,] where the columns are
also labeled cq, ..., c,.
Using the same labeling for both matrices gives us {ci1,...,¢,} \ B is a basis for M* if

B is a basis for M. For example, if A = [I, | D], then {cy,...,¢ } is a basis for M[A]. By
definition of the dual matroid, we would want {¢,,1,...,¢,} to be a basis for M*[A] which
may not be true if we do not fix the column labels.

Any matrix A can be reduced to one of the form [I, | D] by a sequence of the following

row operations.

Interchange two rows.

Multiply a row by a nonzero element of .

e Sum a row onto a different one.

e Add or remove a zero row.

Interchange two columns.

Since applying these row operations onto A do not change the matrix M[A], we can use

Theorem [2.1.8 and Theorem [2.1.17| to get the following.

Theorem 2.1.18. If G is a graph then M*(G) is representable over any field F.

We will elaborate more on this representation in later sections.
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2.2 Polytopes

Here we cover the necessary definitions about polytopes, and their normal fans. This will
include information about the braid arrangement and the generalized permutahedra.

We begin by defining a polyhedron P as an intersection of halfspaces. In other words,
P={z eV |yl(r) <c¢ Vi} where y; € V* and ¢; € R. If the polyhedron is bounded, then
we call it a polytope. A polytope can equivalently be defined as the convex hull of a finite
set of points [20].

Definition 2.2.1. For a polyhedron P, we call a face of P a nonempty set F° C P such that

there exists a y € V*, ¢ € R such that

o yix)=cforallz € F

e y(r) <cforallz e P\ F.

Its dimension is the dimension of the smallest affine subspace containing it.

A polyhedra is integer if every (non-empty) face of P contains an integer point and all
it’s defining inequalities y(x) < ¢ are of the form y € (Z%)* and ¢ € Z. This corresponds to

polytopes being integer if all their vertices are integer.

Example 2.2.2. One particularly useful applications for polytopes is in matroid theory. We
can assign to any matroid M = (E,B) a 0/1 polytope Py; = conv{ep | B € B} where B are
the bases of M and ep is the indicator vector. For an example see Fig. 2.2]

Example 2.2.3. We call any nonempty subset C' C V' a cone if for any x € C, \x € C for
any A > 0. A polyhedral cone is any polyhedra that is also a cone.

For any polyhedra P in V' and point v € P, we can associate to it the normal cone of P

at v which is defined as

N,(P) :={y € V" | y(u) = maxpy}.
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Figure 2.2: The matroid polytope for UZ.

For any face of P, we define the normal cone Ng(P) = N,(P) where u € relint F'. Because

along any face of P the normal cone does not change, this is a well-defined definition.
Proposition 2.2.4. Let u,v € relint F' where F is a face of P. Then N,(P) = N,(P).

Proof. Let y € N, (P). For any point w € P, y(w) < y(u) = maxp(y), so y defines a face F’
of P. Since u € relint(F'), F' C F' and thus v € F’ as well. This implies y(v) = maxp(y)
and y € N,(P). Repeat this argument to get the other containment. O

We can define the normal fan of a polyhedra P to be the collection of normal cones along
all faces of P and denote this N(P). In Fig. there’s an example of a polytope, the normal
cone of each vertex and the normal fan. In this way, knowing the normal fan is useful when
characterizing a class of polyhedra.

More generally, we define fans as a family
./—": {Al,...,Ad}
of nonempty polyhedral cones satisfying

e Every nonempty face of a cone in F is also a cone in F.
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Figure 2.3: On the left is a polytope with the normal fan on the right.

e The intersection of any two cones in F is a face of both cones.

The support of F is the union of all A;.

Example 2.2.5. The braid arrangement is a d-dimensional hyperplane arrangement in V*

and it is denoted by YJ,. The hyperplanes in this arrangement are

Hij={yeV"|yi=y;}

where y € V* is written in the dual basis, i.e. y(e;) = y;. Note that each of these H;; cuts

V into 3 spaces
Hjj ={y eV |y > y;}

HYy={yeV* |y =y}

Hi ={ye V" |y <uy;}.

2

If we let \;; be 4+, —, or =, the cones of 3,, have the form (,_, H /37 . We can further describe

1<j "7
these cones with ordered partition of [n]. Let m = {my,..., 7} be an ordered partition of

[n], the we denote the corresponding cone as A(r) and y € A(n) if and only if
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oy >y;iticmy, jemn,and p<gq

An important class of polyhedra we get from the braid arrangement is the generalized
permutahedra. These are the polytopes whose normal fans coarsen the braid arrangement.
In other words, for all ordered partitions 7, there exists some cone A in the normal fan such
that A(m) C A. These examples will return in Chapter |3| as they motivate the work there.

One final tool we will need for characterizing polytopes is support functions.

Definition 2.2.6. For any polytope P, the support function of P is the function ¢p : V* — R
that maps

¢p(y) = maxp(y).

These support functions are particularly useful because they can be used to uniquely

determine our polytope. The following two theorems will be when doing so.

Theorem 2.2.7. ([16, Theorem 13.2.1]) Let P be a polytope in 'V and ¢p its support func-
tion. Then
P={zeV . :ylx) <oply) forally € V*}.

Theorem 2.2.8. ([16, Theorem 13.2.2] Let M be a polyhedral cone in V* and f : M — R
a function. Then f is the support function of a polytope in V if and only if f is nonnegative

homoegeneous, convex, and piecewise linear on M.

Example 2.2.9. We can equivalently characterized the generalized permutahedra in Ex-
ample as polyhedra with submodular support functions [5, Example 13]. Submodular

functions are defined as functions ¢ : V* — R such that

o(e®™) + ¢(e°7T) < (%) + p(e”)

for S,T C [n]. We will discuss this example further in Chapter [3]
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Chapter 3
COGRAPHIC UNIMODULAR SYSTEMS

In this chapter, we return to Example [2.2.5 and describe its relationship with graphic
matroid polytopes. Our main result here is a description for the duals of such polytopes.
Specifically, we give a description for their normal fans and support functions. For the rest
of the chapter, let M be the free abelian group Z". To any collection of vector spaces we

can associate a certain class of polyhedra as follows.
3.1 Graphic Unimodular Systems

Definition 3.1.1. Let U be a collection of vector subspaces of R™. We call a polyhedron
P a U-polyhedron if for all faces F' of P, the tangent space of F' is in U, i.e. Tan(F') :=
R(F—-F)el.

We will denote the class of U-polyhedra and U-polytopes as Zh(U) and FPt(U) respec-
tively. For integer polyhedra, polyhedra that are equal to the convex hull of their integer
points, we denote as Zh(U,7Z), and analogously for polytopes as Zt(U, 7).

Example 3.1.2. If # = {Re;,Rey} then the only U-polytopes are rectangles with sides

parallel and perpendicular to either the x or y axis.

In [5], Danilov and Koshevoy present the properties that the collection U should satisfy so
that Zh(U,Z) is closed under summation, as well as the properties that guaranty the class
contains polytopes. We are primarily interested in the the latter examples, where there exist
polytopes. Although Zh(U) contains polytopes in Example [3.1.2] for most U, Zh(U) will
not (excluding the zero-dimensional ones). In order for polytopes to exist, we need enough

one dimensional flats. We construct these ¢ using unimodular systems. In this section, we
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discuss an example of these systems, called graphic unimodular systems, as well as what is

known about their associated polyhedra.

Definition 3.1.3. Let R € M. We call R unimodular if for any linearly independent
B C R, Bis a basis of RBN M over Z. The tuple (M, R) is called a unimodular system if
R is a unimodular subset of M. We call flats of (M, R) the subspaces of the form RB where
B C R, and we denote by U(R) the collection of all flats of (M, R).

As we explain below, unimodular systems are closely related to totally unimodular ma-
trices, matrices whose minors are either 0 or 1. For other characterizations of unimodular

systems, see [17].

Proposition 3.1.4. Let A be an m x n matriz of full rank such that m < n and C =
{c1,...,cm} areits columns. Let R = {ey,...,en} UC. Then A is totally unimodular if and
only if (M, R) is a unimodular system.

Proof. First, let us assume A is totally unimodular. This is true if and only if every m x m
submatrix of [I | A] has determinant 0 or £1. We want to show that for any linearly inde-
pendent collection B = {e;,,...¢€;, ¢\, -,Ci, }, B spans Z™ over Z. Since these columns
form an m x m submatrix of [I | A], their determinant is +1. Therefore, the n-dimensional
volume of the parallelepiped spanned by the vectors of B have determinant 1, and B spans
Z™ over Z.

For the other direction, we can just work the argument in reverse to get that all maximal
minors of [/ | A] have determinant 0 or £1. Let B be any square submatrix of A given
by deleting rows R and columns C' from A. Consider the m x m matrix M, with columns
{ci|i¢ C}U{e; | j € R}. Since this is a maximal submatrix of [ | A], det(M) is 0 or £1.
Furthermore, due to our choice of e;, det(M) = det(B). Therefore, A is totally unimodular

as claimed. n
Corollary 3.1.5. Let (M, R) be a unimodular system where R = {ci,...,c,}. Pick a basis
{cis, - ¢} of span(R). Write each ¢y = 37", ajpci;. Then the matriz A = (a i) is totally

unimodular.
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Using Proposition [3.1.4], the following lemma provides us with many examples of uni-

modular systems.

Lemma 3.1.6. [1j, Lemma 5.1.4] Let M be a (0,%1) matriz such that each column has at

most one 1 and one —1. Then M 1s a totally unimodular matriz.

In particular, because the incidence matrix of any directed graph satisfies the conditions
of this lemma, we can associate a unimodular system with any graph G. The remainder of
this section will be spent on these graphic unimodular systems and how they motivate our
work [B], [6]. In the next section we show how we can construct a different unimodular system

associated to graphs dual to the graphic unimodular system.

Example 3.1.7. Consider a graph G. Let D(G) is an arbitrary orientation of G. As
explained by the previous Lemma and Proposition , Ap(g) is a totally unimodular
matrix, and its columns are unimodular. If we denote {ry,...,r} to be the columns of our
incidence matrix, then the unimodular system (M, {0, £y, ..., £r;}) associated to G is a
graphic unimodular system, denoted R¢g. Note that since flipping the orientation of a edge
corresponds to multiplying a column of Ap(g) by —1, the orientation on G does not change

Re. We can more precisely define graphic unimodular systems as follows.

Definition 3.1.8. Let A, = {e; —¢;li,j € [n]}. We call graphic unimodular systems subsets
Ra C A, such that

e 0 e R
o if r € Rg then —1r € Rg.

Note that the associated polytopes for graphic unimodular systems, Zt(U(R¢)), are
also known as generalized permutahedra. Furthermore, in [10] it was shown that Zt(U(R¢))
coincides with a different, well-studied class of polytopes called base polytopes. Below we

give a proof of for this equivalence in the case of U(R¢)-polytopes, which will be slightly
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modified from the one found in [5, Section 7]. Before doing so, we define a base polyhedron.

Recall that a submodular function is a ¢ : M* — R such that for any S, T C [n], b satisfies
669 +6(T) 2 6 (:5T) +6 (7).

Definition 3.1.9. A base polytope is a polytope whose support functions are submodular,

i.e. a polytope of the form
P={zeM|e’(x) <¢(e”) VS C [n] and e(z) = ¢ (e["])}
where ¢ is a submodular function.

Proposition 3.1.10. Let U be the flats generated by a graphic unimodular system, then P
1s a U-polytope if and only if P is a base polytope.

Proof. Assume P is a generalized permutahedron and ¢ its support function. To show P is
a base polytope, it suffices to show that ¢ is submodular. Recall that since ¢ is the support

function it is convex and linear on the cones of ¥,,. Therefore

eS+eT)

0(e%) 40 () 220

Because SNT C SUT, eT is in the same cone as e5"T and

6 (e597) + ¢ (5T = 2¢ <35_56T)

which gives us our desired inequality,
6(5) +0 (") 2 0 (¢5T) 46 (1)

For the other direction, let’s assume P = {z|e’(z) < ¢ (%) and el’(z) = ¢ (el)}
where ¢ is a submodular function. We need to show that ¢ is convex and linear on the
cones of ¥,. By definition and extension of ¢ we get linearity, so remains to show that
o(v+w) < p(v) + ¢(w). Since we can write any vector in a cone of ¥, as a linear combina-

tion of rays, we can assume v and w are rays € and e’ respectively, for some S, T C [n].
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By submodularity of ¢ we then get

é(v +w) = ¢ (€SUT i €SmT) — & (eSUT) +o (e.S'ﬂT)
< ¢ (es) + ¢ (eT) )
Therefore, P is a generalized permutahedron as claimed. O
These base polytopes are also closely related to matroids via matroid polytopes.

Definition 3.1.11. Let M = (E,B) be a matroid with bases B. We define its matroid

polytope, Py, to be the 0-1 polytope conv{eg | B € B}.

This allows us to identify matroids with a unique polytope (up to isomorphism), and the

following theorem shows that these polytopes are exactly Zt(U(R¢),Z) when restricted to
{0,1}™.

Theorem 3.1.12. ([9/,[11]) Let P be a 0-1 polytope in R™, then P is the matroid polytope

for some matroid if and only if P is a U(Rg)-polytope for some graph G.

This connection between matroids and the polytopes of our graphic unimodular system
motivate the work on the dual unimodular system in the next section. We present our
findings on cographic unimodular systems, giving a description of the support functions as

the cographic analogue to submodular functions and base polyhedra.
3.2 Cographic Unimodular Systems

There are various ways of understanding the cographic unimodular system for a connected
graph G = (V, E) where V = {vy,...,v,} and E = {e1,...,&,,}. We will proceed by taking
the dual of the graphical representation of G. For another method, see [I, Section 3].

First assign some orientation on G, and let T' be a spanning tree for G. We call edges
not in a given spanning tree the co-tree links of that tree. Order the co-tree links of T’
{1,y Am_nt1}, and pick some ordering for the edges of T. Reorder E = {ey,...,e,} so
that the first n — 1 edges belong to the tree and \; = ¢,_14. If ¢ = (v;,v;) € E we let w;
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be the indicator vector of edge ¢, i.e. (w;); = 1 and (w.); = —1. By letting —e = (v, v;)
we have w_., = —w,.. Note that for each co-tree link \; there is a unique directed cycle
{ i, iy, - - ‘5%} C TU \;. Let B; be a directed cycle containing A; such that for all j € [k]
we orient edges €;; or —¢;; so that they all lie in the same direction as A; in B;. Notice that
the edges in the directed cycle B; may have a different orientation than the one given in G
and are chosen so that B; has a well-defined direction. This gives us a collection of directed
cycles {B1, ..., By_ny1} that we will call the fundamental cycles of G. In this chapter, we
will reserve the use of B; for the recently defined fundamental cycles of our graph, while we
use C or C; to denote arbitrary directed cycles. Since wy, + Zle cjwe,, = 0 where ¢; is 1 if
B; contains ¢;; and —1 if it contains —g;; rewriting our representation of G in terms of basis

{we,, ..., we, . } we get.

m—n+1

where the column of D corresponding to \; is — 2?:1 cje;,. Therefore in D, the ith entry
of row j of D is —1 if B; traverses ¢;, 1 if it traverses —¢; and 0 if neither. Now using

Theorem [2.1.17], the columns of

_DT Im—n+1

form a representation of our cographic matroid M*(G). The collection of vectors are the
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columns of the matrix representing each edge ¢ € E as u. = Y, a;e; € R™ " where

1 if B; traverses ¢ in the same direction
a; =4 —1 if B; traverses ¢ in the opposite direction

0 if B; does not traverse ¢.

\

Here each co-tree link )\, is realized as e; € R™ "1, Using Corollary 3.2 and Lemma 3.3, we
have that the collection of our column vectors u. form a unimodular system. In particular
{xu:}eep U {0} is also a unimodular system which we call R, the cographic unimodular
system associated to GG. By this construction we see that the nonzero vectors of R, form a
representation of M*(G) up to a sign, and because these vectors realize our matroid, more
than one € can correspond to the same u.. Note that for the remainder of the section u. will

refer to these vectors.

Example 3.2.1. Consider the directed graph on the following page with spanning tree
T = {e1,...,e5} and co-tree links {\1, ..., A\s}. The unique B; corresponding to each \; are

given in Fig. (3.1

Note that only By and B, traverse ;. Furthermore, they both traverse £, in the opposite
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T

Figure 3.1: Curves B; for each \; co-tree link

direction. This gives us u., = —e; — es. Repeating this for all other eges of K33 gives us
uag = —€3 — €4
Ueg = —€1 — €3
uE4 = —€3 — €4

Ug5:€1+62+€3+64

= €;.
Our cographic unimodular system is then Ry, . = {0, xei, ..., feq, Fue,, ..., fue, }.

While we define our cographic unimodular system with this represenation for edges, there
is a different representation for directed cycles that will be important for understanding the

normal fan and support function. We will represent a directed cycle with the vector o € R™

where )
1 ifeg eC
(1e)i=9 -1 if —g €C-
0 ife ¢C

\

Definition 3.2.2. Let v € V. We let 6;,(v) = {¢ € E | € = (v;,v) for some j € [n]} and

Sout(v) = {e € E | € = (v,v;) for some j € [n]}. We call v € R¥ a circulation on G if for all
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veV

€€H;n (v) e€Jout (V)
In particular, if C is a directed cycle then ¢ is a circulation on G. A nice feature of this
representation, is that for any directed cycle C, ¢ is in the span of {7p, }; where our B;’s are

the fundamental cycles described above.

Lemma 3.2.3. For any cycle C in G,

e = Z'YBi_ Z VB;

i:A\€C ji—A;€C
Proof. Let C ={Bjy,...,Bn_n+1}. We want to show there exists constant b;’s such that
e — Z bive, = 0.
B;eC
By construction of our B;, it is the only directed cycle in C containing A;. Because of this,
by picking the correct b;’s we can cancel out the \; entries of 7¢. In addition, because we are
only adding and subtracting cycles, this difference must be a circulation on 7. Since 7' is a
tree this is only possible if the difference is 0 as desired.

Finally, notice that in order to cancel out the \; entries,

(

1 if C traverses \; in the same direction

bi=q —1 if C traverses ); in the opposite direction

0 if C does not traverse \;
\

giving us our desired linear combination for C. [
3.3 Normal fans and support functions

In this section, we give the main result of the chapter, a description of the support func-
tions of U(RE)-polytopes. First, we give a bijection between the regions of the hyperplane

arrangement H*(G) = {ut | u. € U(Ry)} and a particular set of orientations on G. This
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bijection was presented by Greene and Zaslavsky in [I12] Lemma 8.1]. Note that we can equiv-
alently define Zt(U(R¢;)) as the polyhedra whose normal fans coarsen H*(G). Therefore,
describing the hyperplane arrangement H*(G) characterizes the normal fans of Zt(U(RY)).

We will use O to denote an arbitrary orientation on the edges of a graph.

Definition 3.3.1. Let G = (V| E) be a graph. A partial cyclic orientation on G is an
orientation on a subset S C F of edges, such that if ¢ € S, then ¢ forms part of a directed

cycle. If S = F, then we call the orientation totally cyclic.

Given some graph G and region R of H*(G), we can fix a partially cyclic orientation
Or = 7(R) on G. Pick z € relint(R), let S = {¢ € E|x-u. # 0} and orient the edges in
S so that x - u. > 0. For edges such that = - u. = 0, assign no orientation. Below, we give
a proof that this Og is a partially cyclic orientation and that 7 is indeed a bijection. Since
our representation for cographic matroids differs from the one found in [12], the description
for our hyperplane arrangement is different. The proof found here is theirs retrofitted for

our representation of cographic matroids.

Theorem 3.3.2. ([12, Lemma 8.1]) The map 7 is a bijection between regions of H*(G) and

partially cyclic orientations on G.

For our proof of this theorem, the following Lemma will be useful. We will let C be any

cycle directed by Oy, and define 7o € R™ ™" to be rc = >_ bse; where

(

1 1f1n(’)2>\zEC
bi=< -1 ifin®y, —\ eC-

0 otherwise

\

Lemma 3.3.3. Let G be a directed graph and the collection {u.} represent the edges as
described in Section . We have that re - u. = (ye)e, Equivalently, ¢ -u. =1 ife € C, —1

if —e € C, and 0 otherwise.
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Proof. Since u. =Y a;e; where a; = 1 if ¢ € B; and a; = —1 if —¢ € B;, we get

rc-u5221 — Zl — Zl + Zl

NEC: A€eC: —\€C: N eC:
EGBZ' —EGBi EEBi —EGBZ'

Since the right hand side coincides with the equation from Lemma [3.2.3] r¢ - u. = (y¢)e. O

Proof. (of theorem) Let G = (V, E') be our graph with m edges and n vertices, and R a region
of our normal fan. Give G the orientation defined above by 7(R) = Og. Let x € relint(R)
and define v € R¥ such that v. = = - u.. Note that by construction of Og, v. > 0 for all
e € S. Assume there exists an edge £ € S such that ¢ is not part of a directed cycle. Then
under the orientation given by Og, there must be a bond E(P, P¢) from P to P°. Notice

that by our construction for u,, for all vertices p € V| we have > k.u. = 0 where k., = 1

e:p€e

ife=(-,p)and k. = —1if € = (p, - ). Therefore, if we sum the net inflow of P, we get

> <Z k€v€> => (Z k:a:u>

peP \e:pEe peP \e:pce
= E x - (E ku5>
peEP e:pEe
= E x-0
peEP
= 0.

Because P is a strongly connected region and all edges in E(P, P¢) point towards P¢, the
first term of our sum simplifies to

> (Zke)- ¥ (Zee)- ¥ (2]

peP \e:pce pEE(P,Pc) \e:p€e pEE(P,Pc) \e:p€e
This implies that »_ E(P.P°) (Zap& —v5> = 0 which is a contradiction because v, > 0 for
all e € S. Thus, Og is partially cyclic orientation.

Next, give G some partially cyclic orientation ;. It remains to show that we get a

unique region of our normal fan. Recall that we fixed some orientation Oy on the edges of
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G when constructing u.. For notation sake, for any edge ¢ that has a different orientation
in O; compared to Oy, we will replace u, with —u..

Construct a vector v € R¥ so that v, is the number of directed cycles under the orientation
fixed by O; that traverse € or —e. Note that all such cycles will traverse ¢ or they will all

traverse —e. We can now choose z € R™ "+ 5o that = - uy, = Vy,. Because uy, = e; or —e;,

depending on the orientation of \;, this is equivalent to letting |x,,| be the number of cycles
traversing A;. I claim x - u. = v. for all . If so, we are done since the region R, containing
this x, is the corresponding region to Oy, i.e. 7(R) is O;.

If one directed cycle traverses A;, then so do all the other directed cycles (similarly with
—X\;). Therefore, the A; component for all r¢ have the same sign, and, by construction of r¢,
we get Y .(r¢)y, = x»,. Since this holds for each component of =, we get = Y . 7¢. We can
therefore deduce x - v. by analyzing r¢ - v.. By Lemma [3.3.3] r¢ - u. is =1, depending on the
orientation of € in O, or 0. However, because we replaced u, with —u, if the orientation for
¢ in O; was flipped from O,, we get that

1 ifleleC
re - Us = .

0 otherwise

This means that
T U = Z reu. = number of cycles that contain e

which is v., as claimed. As explained above, our partially cyclic orientation O; determines

a region (the one containing z) giving us a bijection as desired. O]

Corollary 3.3.4. For any partially cyclic orientation O of G, the dimension of the corre-

sponding region is
(# of directed edges) — |V (G)| + (# of connected components)

We can see from this that the rays of our normal fan correspond to directed cycles of G,

and these rays span the region of our fan as follows.
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W W iy

Figure 3.2: Cq,Cs, and C3 can all be completed to the same totally cyclic orientation. C4 can

only be completed to the same totally cyclic orienation as C;.

Proposition 3.3.5. Let Cy and Cy be directed cycles of G with orientations possibly different
from the one originally fixed on the edges of G. The rays re, and re,, as defined in the proof
of Theorem[3.3.9, are then in the same cone if and only if C; and Cy can be completed to the

same totally cyclic orientation on G.

Proof. Assume re, and re, lie in the same cone and ¢ is an edge in both C; and Cy. From
the proof of Theorem we have shown that r¢, - u. = 1ift € € C; and —1 if —e € C,.
Since r¢, and re, are in the same cone, 7¢, - u. > 0 if and only if ¢, - u. > 0. Thus either
e €CNCyor —e €C;NCy. Since C; and Cy give edges they share a well-defined direction,
we can complete both cycles to the same orientation on G.

If C; and Cy can both be completed to the same orientation on G, all edges traversed by
both C; and C; are done so in the same direction for both cycles. This implies that re, -u. > 0

if and only if r¢, - u. > 0, i.e. 7¢, and r¢, are in the same cone. O

Figure shows examples of when cycles may or may not be completed to the same
totally cyclic orienation. Furthermore, Corollary shows that the full-dimensional re-
gions of the hyperplane arrangement correspond to totally cyclic orientations on G, and the

boundary separating two of these regions is given by the following.
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Lemma 3.3.6. Let Ry and Ry be full dimensional regions of H*(G) that share a wall. Then
we get from 7(Ry) to T7(Rs) by flipping all edges realized by u. where ut is the hyperplane

containing that wall.

Proof. Since the hyperplanes of our arrangement are of the form ul by construction, we
know that R; N Ry must span some uel, i.e. if z € relint Ry N Ry then = -u., = 0. The
associated partially cyclic orientation to Ry N Ry thus does not give any edge realized by wu,
an orientation. Without loss of generality assume that perturbing x so that x-u. > 0 means
z € relint(Ry), and @ - u. < 0 means z € relint(R,). As in the proof of Theorem [3.3.2] this

implies if we assign one orientation to edges represented by u. we get O; and if we flip this

orientation, we get Os. O

Similarly to how we identified the vectors v € RE from the previous section with circu-
lations, we also identify Y r¢ with circulations. This is possible because of Lemma by

defining the corresponding v component wise: 7. = > re - u,.

Proposition 3.3.7. Let v be a circulation on G. There exists k; > 0’s and a collection of

directed cycles {Cy,...,Cn} such that all re,’s lie in the same region of our normal fan and

Ve = kire, - ue.

In particular, this means even if two directed cycles, C; and Cy, have corresponding rays
re, and re, that do not lie in the same cone, we can find directed cycles {Ci,...,C;} such
that our T'CZ{’S lie in the same region of the normal fan and rep ...+ e gives the same
circulation as r¢, + r¢,, i.e

Te, T T, =Tep + 0+ 7oy

We call such a set of cycles a circulation decomposition for v, and describe an algorithm

to find these decompositions as follows:

1. Select some edge € = {a, b} with nonzero flow
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add {a, b} to our path

pick a new edge {b, c} with positive flow in v or {¢, b} with negative flow in ~
add edge {b, c} to our path

repeat until we revist a vertex v and delete all edges prior to visiting v the first
time

(e) this returns some cycle C] and subtract re; - u. from .

(f) repeat until «y is the zero vector
3. else repeat steps (a)-(f) with edge {b,a}.

By construction, the orientation of edges that appear in a direced cycle C! is consistent
across all directed cycles in {C{,...,C;}. This is equivalent to saying that all C! can be
completed to the same totally connected orientation, and so by Lemma |3.3.5| we have that
{re;,...r¢; } lie in the same cone as claimed. Additionally, this construction allows for
directed cycles to appear more than once in the decomposition.

With this description of the hyperplane arrangement H*(G) we give characterize the
support function of polytopes in Zh(U(RE)).

Theorem 3.3.8. The support functions of U(RE)-polytopes are functions f linear on the
rays of H*(G) satisfying

(1) 22 f(re,) = 22 f(rer) if D2re, = dorer and all directed cycles {Cy, ..., Cy,C1, ..., Cj}
can be completed to the same totally connected orientation on G.
(2) f(re,) + f(re,) = 22 f(rer) where {C} is a circulation decomposition of re, + e, .

Proof. Let f be the support function for a U(Rf;)-polyhedra. Let {C;,...,C;,,Cj,...,C;}
be a collection of cycles satisfying the constraints of (1). Lemma shows all the corre-

sponding r¢, lie in the same region of the normal fan, so by linearity of support functions on
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the regions of the normal fan, we get >_ f(re, ) = > f(re,,)- For (2), We can use linearity

on the fan and convexity of f to get

Sty =2f (3 F)

re, + e,
(=)

< flre,) + f(re,)-

Now assume f is a function satisfying (1) and (2). To show linearity on the regions of

the fan, we want to show that the equalities of (1) are complete. Let
rcl ++rck :Tci +...+rcl,

be an arbitrary equality on the rays of a cone of the normal fan. According to Lemma [3.3.5)],
since r¢, and rer are in the same cone, all cycles C; and C;- can be completed to the same
totally cyclic orientation. Property (1) then implies that Y f(re,) = > f (rc;), so our list of
equalities is comprehensive.

To show the convexity of f, consider v,w € R™ ™! Because it is piecewise linear on
each cone, f must be convex or concave. Furthermore, since f is piecewise linear, local
convexity implies global convexity. Therefore, it suffices to show that it is convex on the
walls, so we can assume v = r¢, and w = ¢, for some cycles C; and Cy Let {Ci,...,C.} be

the cycle decomposition of the circulation associated with r¢, + 7¢,. By property (2), we get

F(Xre)
S e

flre)) + f(re,).

f(rc1 + TCQ =

IA

Therefore, properties (1) and (2) completely characterize the support functions of U(RY)-
polyhedra as desired. O
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3.4 Remaining questions

Notice that the defining equalities for our support function in Theorem is an infinite list
of equalities. Additionally, the condition in (1) for Theorem m is equivalent to saying the
equalities > f(r¢,) = >_ f(re;) are generated by circulation v with more than one circulation
decomposition {C;} and {C;}. The next natural step would be to search for a finite list of
generating equalities. We do so by eliminating equalities coming from circulations where any

of its decompositions contain a cycle more than once.

Conjecture 3.4.1. Let {~;} be a collection of circulations with only positive components on

a totally cyclic orientation satisfying
1. For each ~y; there exists more than one decomposition {C;}.
2. If {C;} is a decomposition for any of our v;, then C; # Cy, for all j # k.

Then, {v;} generates all the equalities of Theorem[3.3.4

Example 3.4.2. We give an example of Conjecture for the region of H*(Kj5) corre-
sponding to Figure One can use a computer to show that the circulations

® 7c, +Tcs =T, +Tes
® e, +Te, =Tcs + Te
® 7o, +Tes =Te, + e

® Tcs +Tey =Tey T e

generate the equalities of our support function. Notice that each of these circulations can be
decomposed in exactly two ways, each of which is comprised of unique cycles. Because these
circulations satisfy Conjecture [3.4.1] the potentially larger list given by this conjecture must

also generate the equalities, i.e. Conjecture [3.4.1) must hold for this example.
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Figure 3.3: The top graph gives a totally cyclic orientation corresponding to a full dimen-
sional region of our fan. The cycles below it correspond to the spanning rays of this particular

region.
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As there are only finitely many cycles in a finite graph, this conjecture gives us a finite
list of generating equations. If proven, this would have implications beyond these cographic
polyhedra.

For example, first note that all the linear dependencies on the representation of cycles
in G have the form ) ajre, = ) Bire. Consider then a field K and the polynomial ring
K[ tc | C is a cycle of G]. We call the ideal generated by polynomials of the form

[I¢ -I1%

the toric ideal associated with circulation with nonunique decompositions. Our conjecture
would therefore imply that this toric ideal is generated by square-free polynomials. Next,
one could ask whether a square-free quadratic Grobner basis also exists for this ideal. I
anticipate that these questions could lead to research on Groébner bases for other toric ideals.

Another potential avenue for research would be to use this description to discover the
properties of these polytopes. In particular, in [2], Liu and Backman have shown that all
integral generalized permutahedra have regular unimodular triangulations, and I would be

interested in determining whether this holds in our dual case as well.
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Chapter 4
VALUATED DELTA MATROIDS

The work in this chapter was done with Tracy Chin, Gaku Liu, and Cynthia Vinzant.
The content here is nearly identical to what is found in [4]. While in the previous chapter
we presented an analogous structure to generalized permutahedra and matroid polytopes,
this chapter focuses on matroids and their polytopes. Here we will introduce an object that

unifies two common extensions of matroids.

4.1 Valuated and Delta Matroids

In this section we will introduce both valuated and delta matroids, the objects motivating
our definition of a valuated delta matroid. Both objects are generalizations of matroids.
There are multiple ways to understand these objects, and we are primarily interested in the
geometric interpretations.

Delta matroids, or A-matroids, can be thought of as the type B analogue of matroids

(which are “type A”).

Definition 4.1.1. A A-matroid is a collection, F, of subsets of [n]| such that if A, B € F
then for all a € AAB there exists b € BAA such that AA{a,b} € F. We call elements of F

bases. If we add the restriction that a # b to our condition, then F is an even A-matroid.

Notice that this is a less restrictive property compared to the basis exchange axiom for
matroids. In particular, this definition does not require a € A and b € B. It is possi-
ble for both to belong to A, both to belong to B, or a = b. By defining the A-matroid
polytopes analogously to the matroid polytopes in Example we get a more geometric

interpretation of this generalization.
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Definition 4.1.2. The A-matroid polytope of a A-matroid is the convex hull of the indicator
vectors of its bases. The exchange property for A-matroids means all edges are in the
direction e;, e; — e;, or e; + e; for some 7, j. With even A-matroid, the edge directions

exclude e;.

These new edge directions arise from the ability to add or delete up to two elements from
a basis. From now on we will identify A-matroids and A-matroid polytopes, referring to
both as A-matroids.

In this chapter, length of edges will mean the hamming distance between it’s endpoints.
In other words, given a line segment with endpoints in {0, 1}", it’s length is the number of
differing components between the endpoints. Using this measure of length, we can restate
the condition in Definition to no edge of our polytope having length greater than 2.

When defining valuated matroids, we use RU {00}, the real line extended by positive oc.
Here we define +, max, min and multiplication by a scalar naturally with oo, a + co = 0o

and ¢ - 00 = 0.

Definition 4.1.3. A polytopal complex is a collection S of polytopes in R™ satisfying the

following properties.

1. If Pe S and F is a face of P, then F' € S.

2. f P, Q€ S and P # (@, then the relative interiors of P and () are disjoint.

The elements of S are called cells, and the support of S is Jpes P. A polytopal complex

whose support is a polytope @ is called a polytopal subdivision, or subdivision, of ().

Let X C R™ be a finite set of points and p : X — R U {oc} any function. The effective

domain of p is domp := {x € X : p(x) # oo}. Define a polytope P, in R"™! by
P, := conv{(x,p(x)) : © € dom p}.

We use P, to construct a subdivision of convdomp in the following manner. Note that

projecting R"™ — R" by deleting the last coordinate maps P, onto conv dom p. Moreover,
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it maps each of the lower faces of P, (that is, faces of P, supported by a hyperplane whose
inner normal has positive last coordinate) to a polytope in convdomp. The collection of
the projected lower faces form a polytopal subdivision of convdom p, which is called the
subdivision induced by p. We denote it by S,.

In [8], valuated matroids are defined as functions ([Z]) — R U {oco} satisfying a set of
relations called the tropical Pliicker relations. By identifying ([Z]) with the set of all 0-1
vectors in R™ with r 1’s, A,, ., we define a valuated matroid as the functions A, , — RU{oco}
such that every polytope in the induced subdivision is a matroid polytope.

These polytopal subdivisions are important to our definition of valuated delta matroids,
so it will be useful to characterize when &, contains a simplex. Recall that if  is in the
relative interior of the convx hull of an affinely independent set of points I, then x can be

expressed uniquely as x = Y .., At where 0 < \; < 1 and ), A\; = 1. We call this the

iel
convex circuit representation of x with support I. If the elements of I have weights given by

a function p, we define

ple, 1) :=>_ Ap(i).
iel
Proposition 4.1.4. Let X C R"” be a finite set of points in convex position, and let p : X —
R U {oo} be any function. Let I be an affinely independent subset of X. The following are

equivalent.

1. 1 is the set of vertices of a simplex in S,,.

2. For any x in the relative interior of conv I, and for any convex circuit representation

of x with different support J C X, we have p(z,I) < p(z, J).
3. There exists x in the relative interior of conv I, such that for any convex circuit repre-
sentation of x with different support J C X, we have p(z,I) < p(z,J).

Proof. (1) = (2). Suppose I is the set of vertices of a simplex in S,. Then I, := {(z,p(z)) :

x € I} is the set of vertices of a lower face of P,. Hence, there is a linear functional (¢, 1) €
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(R™)* x R and real number b such that (¢,1)(x,y) = b for all (z,y) € conv(l,) C R" x R,
and (¢, 1)(z,y) > b for all (z,y) € P, \ conv(l,).

Let = be in the relative interior of conv I, and let > ._, A;i be its convex circuit represen-

iel
tation with support I. We have

Y X(@ 1)) =b = é(x) +p(x, 1) =b = p(x,1) = —¢(x) +b.

iel
Suppose that x is also in the relative interior of conv.J, where J C X and J # I. Since X
is in convex position, at least one element of J is not in conv I. Let > jeJ )\;- 7 be the convex
support representation of x with support .J. Then

D N6, )0, p(G) > b = ¢(x) +p(x,J) >b = p(x,]) > —¢(x) +b.

j€J
It follows that p(x,I) < p(z,J), as desired. (If any element of J is not in dom p, then this
inequality is obvious as the right side is finite and the left side is c0.)

(2) = (3). Immediate.

(3) = (1). We prove the contrapositive. Suppose I is not the set of vertices of a
simplex in §,. Choose any z in the relative interior of conv /. Let F' C X be the set of
vertices of the cell of S, whose relative interior contains x. Since x is in the relative interior
of conv I, F is not a proper subset of I. In addition, F' # [ by assumption. Hence F
contains a point not in I. It follows that there exists J C F', J # I, such that J is affinely
independent and z is in the relative interior of conv.J. (For example, one can consider a
pulling triangulation of conv F' starting with a vertex not in /.) Using the same argument

as above, we have p(x,J) < p(z,I), and thus (3) is not true. O

Definition 4.1.5. We call a function p : {0, 1} — RU{oo} a valuated A-matroid if every cell
in the induced subdivision S, is a A-matroid. Equivalently, a function p : {0,1}" — RU{oo}
is a valuated A-matroid if and only if there does not exist edges (1-dimensional cells) of its

induced subdivision with length greater than 2.

Slightly more generally, given a subset M of {0,1}" such that M is a A-matroid, a

function p : M — R U {00} is a valuated A-matroid if every cell in the induced subdivision



42

S, is a A-matroid. Crucially, if p : {0,1}" — R U {oo} is a valuated A-matroid, then the
restriction of p to any face of [0, 1]" is also a valuated A-matroid.

We set some final notation. Given a function p : {0,1}" — R U {oco}, we will often
abbreviate the value p(es) as ps. In addition, we will often abbreviate a set {ai,...,ax}
as aj...ax; for example p(eq;231) would be written pia3. For a set S C [n], we define

S :=[n]\ S to be its complement in [n)].

4.2 Valuated Delta matroids in n=3 and n=4

Before we describe a characterization for valuated A-matroids on {0,1}" for all n, we first
work with n = 3 and 4. In Section 4.3, we will show that our constraints for n = 3 and 4

are enough to characterize valuated A-matroids for all n.

Lemma 4.2.1. A function p : {0,1}* — RU{oo} is a valuated A-matroid on [3] if and only

if the minimum

min(2py + 2p123, 2p1 + 2p23, 2p2 + 2p13, 2p3 + 2p12,

Po + P12 + P13 + P23, 1 + P2 + s + pia3)

1s achieved on at least two of its arguments, or on one of the last two arguments.

Proof. We will show the contrapositive in both directions.

First, suppose that p : {0,1}®> — RU{occ} is not a valuated A-matroid. Then the induced
subdivision S, has an edge of length 3, so [eg, esc] is an edge for some S C [3]. Without
loss of generality, assume [0, e193] is an edge. Let z = (1/2,1/2,1/2) be the midpoint of this

edge. We list all of the convex circuit representations of z using subsets of {0,1}3:

1 1 1 1
5(60 + e193), 5(61 + e23), 5(62 + e13), 5(63 + e12),

1 1
Z(G(Z) + €12 + e13 + ea3), 1(6’1 + €9 + e3 + €193)
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Figure 4.1: Illustration of two cases in Lemma [4.2.1, The left cube is the case where the

minimum is achieved on two of the first four arguments, and the right cube is the case where

the minimum is achieved uniquely on one of the last two arguments.

By Proposition m [0, 193] being an edge means that in the list of numbers

1 1 1 1
5(]7@ + p123), 5@1 + pas), 5(172 + p13), 5(293 + p12),

1 1
Z(p(b + P12 + P13 + P23)s ;l(p1 + po + p3 + Pi23)

the minimum is achieved uniquely at %(p@ +p123). In particular, the minimum is not achieved
twice nor at one of the last two arguments, as desired.

Conversely, suppose the above minimum is not achieved on at least two arguments nor
on one of the last two arguments. Then it must be achieved uniquely on one of the first four
arguments, that is, 1(ps + psc) for some S C [3]. By Proposition applied to the point
x=(1/2,1/2,1/2), it follows that [eg, egc] is an edge in S,. Thus S, is not a A-matroid. [

Before stating the characterization for n = 4, we first need to describe the convex circuit
representations of (1/2,1/2,1/2,1/2) with support in {0,1}*. Let B, denote the symmetry
group of the n-cube. It is generated by permutations of the coordinates and flipping the bits

of coordinates. The following can be verified computationally:

Proposition 4.2.2. The convex circuit representations of (1/2,1/2,1/2,1/2) are exactly the



44

images of the following formal linear combinations under By:

1 1 1 1
5(6(2) + €1234), 1(60) + €14 + €123 + €234), 560 + 6(6123 + €124 + €134 + €234).

Let J be the set of all supports of convex circuit representations from Proposition 4.2.2]

We now state the result for n = 4.

Theorem 4.2.3. A function p : {0,1}* — RU {oco} is a valuated A-matroid on [4] if and
only if both of the following hold:

1. p restricts to a valuated A-matroid on each facet of [0, 1]
2. Forx=(1/2,1/2,1/2,1/2), the minimum
minJEJp(x> J)
1s achieved on at least two of its arguments.

Proof. Let J = J1UJUJe, where J1, Jo, Js are the orbits of {0, 1234}, {0, 14,123,234}, and
{0,123,124, 134, 234}, respectively, under the action of B,. We again prove the contrapositive
in both directions.

Suppose p : {0,1}* — RU{oo} is not a valuated A-matroid. Then its induced subdivision
S, either it has an edge of length 3 or an edge of length 4. If it has an edge of length 3, then
this edge is contained in some facet of [0, 1]*. Therefore (1) is not true, as desired. Suppose
S, has an edge of length 4. The set of endpoints of this edge is an element J € J;. Therefore,
by Proposition the minimum min e 7 p(x, J) is achieved uniquely on J. Hence (2) is
not true, proving one direction of Theorem [4.2.3|

For the other direction, suppose that one of (1) or (2) is not true. If (1) is not true, then
some facet of [0, 1]* contains an edge of length 3, so p is not a valuated A-matroid. Suppose
(2) is not true. Let J € J be the argument at which the minimum is achieved. If J € 7,
then by Proposition S, contains an edge of length 4, so p is not a valuated A-matroid.
If J € J> or Js, then S, contains an image of [eg, 193] under B,,, and hence an edge of length

3. So p is not a valuated A-matroid, completing the proof. m
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4.3 A finite characterization for all n

Here we show that in order to check if (ps)scjn) is a valuated A-matroid, it is sufficient
to only consider the 4-dimensional faces of [0,1]". This is analogous to ordinary valuated

matroids, where only the 3-dimensional faces of the hypersimplex need to be considered.

Proposition 4.3.1. Let S be a subdivision of [0,1]" with vertices in {0,1}". Let k be a
positive integer. If S has no edges of length ¢ for all k < ¢ < 2k, then it has no edges of
length > 2k.

Proof. Suppose for the sake of contradiction that S has no edges of length £ < ¢ < 2k and
an edge of length m > 2k. Choose the smallest such edge e. By applying symmetry, we may
assume e has endpoints ey and ep,). Now let " be the restriction of S to the face [0, 1]™
of [0,1]". Consider a 2-dimensional cell F' of S’ which contains e. The polygon F' contains
an edge between ey and some point of {0,1}™ other than ep,), say es. By assumption e is
the shortest edge of length > 2k and S has no edges of length &k < ¢ < 2k, so |S| < k.
Since dim I’ = 2, we have that [’ lies in the linear span of eg and ep,,). Hence, the only other
possible vertex of F' is ey, g. Since [0, ey is an edge, F' cannot contain e, s, since [eg, €]
and [eg, ejm)\s] have the same midpoint. Thus F' only has three vertices, so it contains the
edge [es, €pmy]. This edge has length m — [S| > 2k — |S| > k, and also length strictly less

than m, a contradiction. O
Applying Proposition with k£ = 2 gives the following immediate corollary.

Corollary 4.3.2. If a subdivision of [0, 1]" with vertices in {0,1}" has no edges of length 3
or 4, then it has no edges of length > 4.

This gives us a characterization of valuated A-matroids whose effective domain is the full

cube.

Corollary 4.3.3. A function p : {0,1}" — R is a valuated A-matroid if and only if its

restriction to every 4-dimensional face of [0,1]" is a valuated A-matroid.
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For general valuated A-matroids, we have the following characterization.

Theorem 4.3.4. A function p : {0,1}" — R U {oc} is a valuated A-matroid if and only
if domp is a A-matroid and the restriction of p to every 4-dimensional face of [0,1]" is a

valuated A-matroid.

Proof. One direction is immediate: if p is a valuated A-matroid, then convdomp has no
edges of length > 2 and hence is a A-matroid polytope. Moreover, the restriction of p to
any 4-face of the cube is also a valuated A-matroid.

To show the reverse direction, let p : {0,1}" — R U {oo} be a function such that dom p
is a A-matroid and the restriction of p to every 4-dimensional face of [0,1]™ is a valuated
A-matroid. Suppose S, has an edge of length greater than or equal to 5, and let e be such
an edge of minimum length m. We may assume e has endpoints ey and ep,). Let S’ be the
restriction of S to the face [0, 1]™ of [0, 1]™. Since dom p is a A-matroid and &, [m] € dom p,
by the symmetric exchange property there exists some j € [m| such that {1,j} € domp. In
particular, &’ is not the single edge e, and therefore e is contained in a two-dimensional cell

of §’. The same argument as in Propostion leads to a contradiction. O

4.4 Dimension

Recall that the set of all functions ([:f]) — R U {oo} that are valuated matroids form a
polyhedral fan called the Dressian. In this section we define analogously the set of all
functions {0,1}" — RU {occ} that are valuated A-matroids to be the A-Dressian, A-Dr(n).
(This conflicts slightly with the usage in [I5].) A-Dr(n) is a polyhedral conical complex in
the vector space of all functions p : {0,1}" — R.

In this section we give bounds on the dimension of A-Dr(n), i.e. the dimension of the
largest cone in A-DR(n). Note that even when n = 3, we can see that not all maximal cones
are the same dimension. In Fig. [4.2] we give an example of two maximal subdivisions. Since
the subdivision on the right is a triangulation it’s corresponding cone is full-dimensional.

The subdivision on the left, on the other hand, is not a triangulation and thus it’s maximal
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Figure 4.2: Two A-matroidal subdivisions of the cube, each corresponding to a maximal

cone in A-Dr(3).

cone is not full-dimensional.
Since the largest cone is eight dimensional, A-Dr(3) is full-dimensional, i.e. the dimension
of A-Dr(3) is eight. For n = 4 we can show that the codimension of A-Dr(4) is 1, and in

general A-Dr(4) is exponential in n.
Proposition 4.4.1. A-Dr(4) has codimension 1 in R2' =~ RS,

Proof. Consider the subdivision induced by py = pia = paa = pi12ga = 0, p; = pijr = 100
for all distinct 7,7,k € [4], and p;; = 1 for all ij # 12,34. We claim that this induces a
A-matroid subdivision, and that the associated cone in the A-Dressian has codimension 1.

First, we claim that this induces a A-matroid subdivision. Indeed, since mingc) ps+pge
is obtained by [ep, €1234] and [ej2, e34], there are no edges of length 4. Moreover, on any 3-

dimensional face of the form x; = 0, setting {7, j, k} = [4] \ [, we have

2(po + pijr) = 200
2<pm + p{i,j,k}\m) > 200 for all m € {iaja k}
Do + Dij + Dik + ik < 3

Di + pj + pi + pijr = 400,

so the minimum is attained uniquely by py + p;; + pir + pjx. Similarly, on the 3-dimensional
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face x; = 1, setting {7, j, k} = [4] \ [, we have

2(pi + pi23a) = 200
2(Pim + Pap\m) > 200 for all m € {4, 5, k}
D1+ Piji + Pjr + pi = 400

Pit + Dji + Pr + Pr23a < 3,

so the minimum is attained uniquely by pi + pji + pri + pi23a. Thus, by Lemma , there
are no edges of length 3, so p is a valuated A-matroid.

Moreover, we claim that the functions which induce S, form a cone of codimension 1
in A-Dr(4). Let x = (1/2,1/2,1/2,1/2). First, we claim that min e s p(x, J) is attained
exactly twice. Indeed, since pg > 0 for all S # @, 12,34,1234, then p(z,J) > 0 for all J € J
except for [eg, €1234] and [e1a, €34], and so the minimum is attained exactly twice, as desired.

Moreover, we showed above that the minimum from Lemma [4.2.1} on each three dimen-
sional face is attained uniquely. Hence, the only linear relation satisfied by functions which
induce S, is pyp + pi23a = P12 + psa. Thus, the cone of such functions has codimension 1.

Finally, A-Dr(4) is not full-dimensional, because any A-matroid must satisfy (2) from

Theorem [4.2.3 O
In fact, the dimension of the A-Dressian is exponential in n.

Theorem 4.4.2. (Theorem[1.2.5 revisited) The dimension of the A-Dressian on [n] is be-

1on 159n
tween 52 and 162 .

Proof. First, we claim that the A-Dressian has codimension at least 2"~*, which gives the

upper bound of }—22" on the dimension. Indeed, we note that we can find 2"* disjoint 4-
faces of [0,1]". For each bs,...,b, € {0,1}, we consider the 4-dimensional face {z € [0,1]" :
x5 =bs,...,x, = b,}. Each of these faces contributes a codimension-1 constraint on the A-
Dressian, and these constraints are independent since the faces are pairwise disjoint. Thus,

the dimension of the A-Dressian is at most 2" — 274 = %2".
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Next, we claim the dimension is at least %2”. Consider the subdivision induced by taking
ps = 0 whenever |S| is even, and ps > 0 otherwise. We claim that this is a A-matroid
subdivision. Indeed, on any 3-face or 4-face of the cube, the minimum of p is attained
uniquely on the convex hull of all vertices with an even sum of coordinates, which is a
polytope of dimension 3 or 4 respectively. Hence the induced subdivision has no edges of
length 3 or 4, so it A-matroid subdivision as claimed. Since we allow any positive value on
the odd vertices, the cone corresponding to this subdivision has dimension at least 27!, as

desired. O

4.5 Example: The rank function

One way to characterize matroids is via rank functions. In fact, it has been shown in [I§],
Proposition 4.4] that the rank function of any matroid gives a valuated matroid. Explicitly,
this means any matroid polytope appears as a cell in some matroidal subdivision. Here we

will extend these ideas to the rank function for a A-matroid.

Definition 4.5.1. Let M = ([n], F) be a A-matroid, where F is the set of bases. Following

[13, Section 2.2], we define the rank function for M as ry; : 2" — Z~y where
TM<S) = IIlaXBEJ:(’B N S| + |BC N SCD
By construction, ry(S) < n for all S C [n], with equality if and only if S € F.

In this section, we show that if M is a A-matroid, then —r), is a valuated A-matroid.
Thus, just as in the matroid case, any A-matroid polytope appears as a cell in some A-
matroidal subdivision.

First, we give a geometric interpretation of r;.
Proposition 4.5.2. The rank function ry(S) is equal to
ry(S) =n —minger lep — esli.

That is, 73 (S) also has a geometric interpretation in terms of how far eg is from the closest

vertex of Pyy.
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Proof. We note that |eg—eg|; = |B\S|+|S\B|. Since | BNS|+|B¢NSC|+|B\S|+|S\B| = n,
then

rar(S) = maxpe(|BN S|+ BN S
= maxger (n — (|B\ S| + |5\ B))
:n—miDBef(|B\S|+|S\B|)

=n —minger leg — €gl1.
]

In particular, this means that [rys(S) =7y (SA7)| < 1 by the triangle inequality, so adding

or removing a single element from S changes the rank by at most one.

Lemma 4.5.3. Suppose n > 3, and let M = ([n], F) be a A-matroid. If maxgcpy(ra(S) +
ry(SY)) is attained uniquely by some S C [n], then S,S¢ € F.

Proof. Assume 7;(S) + r3,(S°) attains its maximum at S and suppose S ¢ F. We wish to
show that maxgcp, (ra(S) + 7 (S¢)) is not attained uniquely.

Let B € F be aset in F closest to S (i.e. B attains minger |ep —egl1), and let i € SAB.
Then |eg — esnil = |les —es| — 1, so r(SAi) = r(S) + 1. Moreover, adding or removing an

element can drop the rank by at most one, so 7(S¢Ai) > r(S%) — 1. Since SCAi = (SAQ)°,
r(SA) +r((SA)C) > r(S) +r(SY).

We know that SAi # S, and since n > 3, we have SAi # S¢, so ry(S) + ra(SY) cannot

attain maxgcp,(ra(S) + 7a(SY)) uniquely. O
Now, we are ready to show that —rj; is a valuated A-matroid.

Theorem 4.5.4. Let M = ([n],F) be a A-matroid and let vy : 2" — Zq be its rank

function. Then —ry; is a valuated A-matroid.
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Proof. If n = 2, all functions on 2% are valuated A-matroids, so it suffices to consider the
case where n > 3.

Let M = ([n],F) be a A-matroid and suppose that the subdivision induced by —rj; has
an edge of length greater than 2. By replacing M with its restriction to the face of [0, 1]™
containing this edge, we may assume that this subdivision contains an edge of length n. It
follows that maxgcp,(ry(S) 4+ v (SY)) is attained uniquely. By Lemma m, this implies
that it is attained uniquely by some T,7¢ € F.

Since 7)/(S) < n for all S with equality if and only if S € F, the A-matroid polytope
Py = conv{es : S € F} must appear as a cell in the induced subdivision, and this cell
contains both er and epc. Since M is a A-matroid, all edges of Py, have length at most two,
so [er, epc] cannot be an edge of the subdivision, a contradiction. Thus, —r); cannot induce

an edge of length n, completing the proof. m

4.6 Further Questions

In the previous section we give an example of how properties from valuated matroids translate
to valuated A-matroids as well. I would be interested in continuing in this direction, and
seeing what else translates.

Another example of this would be representability. In [3, Corollary 4.3], it is shown
that the subsets of [n] corresponding to nonzero principal minors of Hermitian and skew-
Hermitian over C form A-matroids. We give the following analogous theorem. Let K be a

field with a nonarchimedian valuation v : K — R U {0}, i.e. v is a map satisfying

1. v(z) = oo if and only if z = 0.
2. v(zy) = v(z) +v(y) for all z,y € K.

3. v(z+y) > inf{v(z),v(y)}.

We will also assume that K has an automorphic involution a — a such that v(a) = v(a).

We will include the possibility of the involution being the identity map.
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Theorem 4.6.1. (Theorem revisited) If A is an n x n Hermitian or skew-Hermitian
matriz over K, then the function p : {0,1}" — RU {oo} given by ps = v(As) is a valuated
A-matroid.

Proof. Omitted, see [4]. O

There is potential to find other ways to represent valuated delta matroids. We give the

following conjecture as an example, and refer the reader to [4] for partial progress on this.

Conjecture 4.6.2. Let K be a valued field with an automorphic involution preserving the
valuation. Let A = B 4+ C where B € K™*™ is skew-Hermitian, and C € K™™ is Hermitian

of rank one. Then the valuations of the principal minors of A form a valuated A-matroid.
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