
Optimization of Infectious-Disease Mitigation Strategies with Economic or Equity

Perspectives

Erin Stafford

A dissertation

submitted in partial fulfillment of the

requirements for the degree of

Doctor of Philosophy

University of Washington

2023

Reading Committee:

Mark Kot, Chair

Dobromir Dimitrov

Laura Matrajt

Program Authorized to Offer Degree:

Department of Applied Mathematics



©Copyright 2023

Erin Stafford



University of Washington

Abstract

Optimization of Infectious-Disease Mitigation Strategies with Economic or Equity

Perspectives

Erin Stafford

Chair of the Supervisory Committee:

Mark Kot

Department of Applied Mathematics

Infectious-disease outbreaks in human, livestock, and plant populations continue to be a

problem that can affect our day-to-day lives and have broader societal implications. There-

fore, the need to prevent the spread of infectious disease is of great importance. Which

disease-mitigation strategies are best depends on which factors are most important to deci-

sion makers.

In this dissertation, I focus on the use of optimization with compartmental models to

determine the best mitigation strategies for infectious-disease outbreaks. First, I describe

the use of compartmental models to study infectious-disease dynamics. I also provide back-

ground on optimal control theory and give examples of how optimal control theory and

other optimization methods are used to give insight into the effectiveness of different disease

mitigation strategies.

Next, I use two optimal-control models to determine if contact-reducing disease-mitigation

strategies can be economically advantageous when used to control the spread of Staphylo-

coccus aureus in dairy cows. Both models use SIS models to describe the dynamics of S.



aureus transmission. Moreover, both models consider revenue from healthy cows producing

saleable milk, a cost from sick cows, and a loss of revenue when implementing mitigation

strategies. The second model, however, also takes into consideration mild infections of S.

aureus where infected cows may still produce saleable milk of lesser quality. Using these

models, I found that using costly mitigation strategies to reduce contacts between infective

and susceptible cows is economically beneficial. The dynamics of the second optimal-control

model, where severity is considered, are more interesting as multiple candidate solutions

satisfying the necessary conditions of Pontryagin’s maximum principle may coexist. The

behaviors of these candidate solutions may be very different, but they may also produce

similar economic outputs.

I then study the effects of a very different type of disease-mitigation strategy, vaccination,

on COVID-19 outcomes. In this chapter, I find which vaccination strategies minimize either

overall disease burden, inequity in disease outcomes between racial groups, or a combination

of measures. I find that, when vaccine is limited, there is a trade-off between minimizing

disease burden and minimizing inequity. Allocation strategies that minimize combinations

of measures can similarly improve both disease burden and inequity, but not to the same

extent as when minimizing either measure alone. By increasing the vaccine supply, however,

the trade-off greatly lessens.
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Chapter 1

Introduction

1.1 Infectious disease models

Throughout history, pandemics have posed a great threat to human health. For example,

plague, caused by Yersinia pestis bacteria and spread by fleas, is responsible for the plague

of Justinian (541–543 CE) as well as the Black Death (1347–1351). These epidemics killed

approximately 100 million people and a third of the European population, respectively [7, 8].

The influenza virus has also been around for centuries causing significant mortality. Typical

seasonal influenza leads to as many as 500,000 deaths per season, globally [7]. The most

severe influenza pandemic, the Spanish flu in 1918–1919, caused around 50 million deaths

[7]. In recent years, the COVID-19 pandemic has killed approximately 7 million people [9]

and greatly affected our day-to-day lives.

Communicable diseases also threaten both animal and plant populations, and epidemics

within agricultural settings have the potential to decimate the agricultural industry and lead

to famines or social upheaval. For example, an epidemic of wheat stem rust in the Soviet

Union in 1932 caused a famine leading to the death of 5 million people [10]. Moreover, the

potato blight epidemic in 1846 in England, Ireland, and Germany lead to a mass emigration

[10] as well as over a million deaths [11]. Livestock disease have also taken a toll. For example,

14
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outbreaks of foot and mouth disease [12], African swine fever [13], and avian influenza [14]

have all had severe economic consequences.

Researchers have made much effort to study how these diseases spread and to deter-

mine effective mitigation strategies. Before the transmission of diseases was understood,

researchers such as John Graunt (1620–1674), Daniel Bernoulli (1700–1782), and John Snow

(1813–1858) were using mathematical reasoning to inform their study of infectious diseases

[15–19].

The development of compartmental models of infectious disease started in the early

1900’s. During this time, W.H. Hamer proposed that the spread of infectious diseases is

dependent on the number of susceptibles and infectives in a population [15]. Making this

assumption that a mass-action law governs the infection rate, public health physicians such

as R.A. Ross, A.G. McKendrick, and W.O. Kermack were able to construct the first com-

partmental models of infectious diseases, which are still used today [15].

Compartmental models such at the Kermack–McKendrick [20] and Ross–Macdonald

models [21] are used to study the dynamics of an infectious disease, determine which mitiga-

tion strategies may be effective, or even make predictions about the behavior of an outbreak.

These models consist of differential equations representing disease classes within a popula-

tion, such as the number of susceptible (S), infective (I), or recovered (R) individuals, as

functions of time. To introduce the topic of compartmental models, I will go over several

examples and describe how these examples can be expanded to incorporate more complex

dynamics.

1.1.1 Example 1: The SI model

First, I will discuss the simple epidemic, or SI, model [22]. This model represents how

individuals transition between the susceptible (S) and infective (I) classes. Once infected,

individuals remain infected throughout the time interval under study. SI models often do

a good job of describing the initial stages of many diseases [23]. These models are also
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well-suited for diseases in which infected individuals are infectious for life. Examples of SI

models, in practice, include models of feline infectious peritonitis and leukemia [24], herpes

[25], and African swine fever [26].

The differential equations of this model are

dS

dt
= −βSI, (1.1)

dI

dt
= βSI, (1.2)

where S + I = N , and N is the total population size [23]. In this model, βI is the force

of infection. The force of infection is the probability density of a susceptible contracting a

disease in the next time step [23], so βSI is the rate of new infections [27]. This rate is based

on the law of mass action and is considered mass action incidence, meaning that the rate of

new infections is dependent on the numbers of susceptible and infective individuals in the

population.

For simple models like SI models, we can solve the ordinary differential equations of the

model. The assumption S + I = N allows us to simplify the model to a single equation,

dI

dt
= β(N − I)I. (1.3)

We can solve this equation using the standard techniques for solving a Bernoulli differential

equation. With the initial condition I(0) = I0, the solution to this equation is

I(t) =
I0N

I0 − (I0 −N) e−βNt
. (1.4)

We can see that, for any β, I0 > 0, the disease will spread through the population with

this model. An example of the evaluation of this model is given in Figure 1.1.



1.1. INFECTIOUS DISEASE MODELS 17

Figure 1.1: Example of a simple epidemic model. This figure shows an evaluation of the simple epidemic
model with (N, I0, β) = (100, 1, 0.001). We can see that the number of infective individuals increases and
the number of susceptible individuals decreases until the entire population is infected.

Again, the SI model assumes that, once infected, an infective individual will remain in-

fected for the entire time interval. If we instead want to study a disease for which individuals

may recover within a time frame, we would need to include an additional disease class.

1.1.2 Example 2: The SIR model

If infective individuals are able to recover and are unable to be reinfected within a given

time frame, we include the recovered disease class (R). This gives us a susceptible–infective–

recovered (SIR) model [20]. The recovered class may also be considered the removed class,

which would also represent individuals that are permanently removed from the population

due to death or isolation as well as immunity [23]. SIR models are useful for modeling epi-

demics, or outbreaks that run through a population in a relatively short time [28]. Examples

of diseases that can be described by SIR models in practice include measles [29] and influenza

[30].

The equations of this model are
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dS

dt
= −βSI, (1.5)

dI

dt
= βSI − γI, (1.6)

dR

dt
= γI, (1.7)

where I(0) = I0, S(0) = S0, and R(0) = 0. In this model, susceptible individuals become

infective at rate βI, and infective individuals recover at rate γ. Here, we are assuming that

S + I +R = N , where N is the total population size. Therefore, this system reduces to

dS

dt
= −βSI, (1.8)

dI

dt
= βSI − γI. (1.9)

Although we do not have a closed-form solution to this system of three nonlinear ODEs,

we can extract much information about the system through analysing the basic reproductive

number.

The basic reproductive number is the expected number of secondary infections caused

by introducing a single infective individual into a wholly susceptible population [27]. The

value of R0 determines whether or not an epidemic will occur. If R0 > 1, then dI/dt > 0

and an epidemic will occur, and if R0 < 1, then dI/dt < 0 and an epidemic will not occur.

To find R0 for this example, we can simply determine where dI/dt > 0. Since we calculate

R0 at the beginning of an outbreak, when I0 = 1 and S0 ≈ N , this inequality reduces to

βN

γ
> 1, (1.10)

or

(Rate that the infected individual makes infectious contacts)

(Duration of infection)
> 1. (1.11)
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Examples of evaluations of this model for R0 > 1 and R0 < 1 are given in Figure 1.2.

Figure 1.2: Example of an SIR model. Figure (A) shows an evaluation an SIR model with (N, I0, β, γ) =
(100, 1, 0.002, 1/20). In this example, R0 > 1. Figure (B) shows an evaluation an SIR model with
(N, I0, β, γ) = (100, 1, 0.002, 1/4). In this example, R0 < 1.

1.1.3 Example 3: The SIS model

If individuals do not gain immunity upon recovery, we can use an SIS model instead of

an SIR model. SIS models, or susceptible-infectious-susceptible models, are used to study

diseases like rotaviruses, sexually transmitted infections, and many bacterial infections [31].

They are are also appropriate for diseases that only confer variant-specific immunity [30].

The ordinary differential equations (ODEs) for the SIS model are
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dS

dt
= −βSI + γI, (1.12)

dI

dt
= βSI − γI, (1.13)

where I(0) = I0. In this model, susceptible individuals become infective at rate βI, and

infective individuals recover and move back to the susceptible class at rate γ. Again, we are

assuming that S + I = N , where N is the total population size. As with the SI model, this

system reduces to a single ODE,

dI

dt
= f(I) = β(N − I)I − γI. (1.14)

Also, like with the SI model, we can find a closed-form solution to this ODE by using the

standard techniques for solving a Bernoulli differential equation. The solution to this ODE

is

I(t) =
(βN − γ)I0e

t(βN−γ)

βI0et(βN−γ) + β(N − I0)− γ
. (1.15)

Although, we are able to find the closed for solution in this case, it is also helpful to

determine R0 and analyze the equilibrium points of the dynamical system.

We determine R0 in the same way as in the previous example to get R0 = βN/γ. To

find the equilibrium points, we set I ′(t) = 0 and solve for I(t). Doing this we get

I [β(N − I)− γ] = 0, (1.16)

which can have two solutions. The first solution is I = 0, which means S = N . This solution

is referred to as the disease-free equilibrium. The second solution is the endemic equilibrium.

The endemic equilibrium is a constant solution where the disease persists in the population.

In this case, the endemic equilibrium occurs when β(N − I)− γ = 0, or when
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I = N − γ

β
and S =

γ

β
. (1.17)

To determine the Lyapunov stability of the equilibrium points, we plug them into the

derivative of f(I), from equation 1.14, with respect to I,

f ′(I) = β(N − 2I)− γ. (1.18)

The disease-free equilibrium yields

f ′(I∗) = βN − γ. (1.19)

This is asymptotically stable if f ′(I∗) < 0 and unstable if f ′(I∗) > 0. Therefore, the disease-

free equilibrium is asymptotically stable when R0 < 1.

The endemic equilibrium yields

f ′(I∗) = −βN + γ. (1.20)

Again, this is asymptotically stable if f ′(I∗) < 0 and unstable if f ′(I∗) > 0. Therefore, the

endemic equilibrium is asymptotically stable when R0 > 1.

An example of an evaluation of this model for R0 > 1 is given in Figure 1.3.
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Figure 1.3: Example of an SIS model. This figure shows an evaluation an SIS model with (N, I0, β, γ) =
(100, 1, 0.002, 1/20). In this example, R0 > 1, and we see that the endemic equilibrium is reached.

1.1.4 Incorporating complex disease dynamics

So far, we have only looked at examples of compartmental models with simple disease dy-

namics. When working with fatal diseases, diseases in populations with short life spans, and

populations where new susceptibles may enter, birth and death rates or immigration or em-

igration rates should be included. Adding these rates into the model can affect the value of

R0 as well as the stability of the equilibrium points. Moreover, depending on the dynamics

of the disease or mitigation strategies under study, more compartments may be added. Also,

the spread and progression of a disease and use of mitigation strategies may depend on the

demographic features of individuals in the population, such as age or occupation. To capture

these dynamics, age structure may need to be incorporated into a model.

Additional model compartments

We can add disease classes to a compartmental model to capture more complex disease

dynamics. For example, if there is a latency period between infection and infectiousness, we

add the exposed (E) compartment. Figure 1.4 shows a diagram of an SEIR model.
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S E I R

Figure 1.4: Diagram of an SEIR compartmental model

We can also add compartments to represent different species or disease strains to study

disease transmission between populations as well as within populations. For example, models

of vector-borne diseases include both human and vector populations with the possibility of

transmission between them.

Sv Iv

S E I R

Figure 1.5: Diagram of a vector-borne disease model.

In Figure 1.5 above, the vector population is modeled by an SI model and has compart-

ments Sv and Iv. The human population is modeled with an SEIR model. The dotted arrows

show that infective humans infect susceptible vectors, and infective vectors infect susceptible

humans.

If testing mitigation strategies like vaccination or quarantine, we can add compartments

for vaccinated (V) or quarantined (Q).

S E

V

I

Q

R

Figure 1.6: Diagram of a model with compartments for vaccination and quarantining.

In Figure 1.6 above, susceptible individuals may be vaccinated and move into compart-

ment V , which confers perfect immunity in this case. Moreover, infective individuals may

be quarantined and move into compartment Q before recovering. Quarantined individuals

would not be able to infect susceptibles.
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Age-structured models

In the example for a vector-borne disease in the previous section, we saw that we can use

compartmental models to capture interactions between different populations. Similarly, we

can also use compartmental models to capture interactions between subgroups within a

population. A common example of this type of model is an age-structured model.

In age-structured models, the population is usually divided into age-classes such as chil-

dren, young adults, adults, and the elderly [31]. In these models, individuals can transition

between age classes as well as between disease states. Model parameters may also be de-

pendent on age. For example, susceptibility, the rates of symptomatic infection, disease

progression, recovery, and birth and death usually vary for different age-groups. Addition-

ally, contact rates between different age groups often vary, which can greatly affect how a

disease spreads.

As an example, a basic SIR model considering four age groups (n = 1, 2, 3, 4) consists of

twelve ODEs with three ODEs per age group. The equations of this system for age-group a

are

dSa

dt
= −Sa

∑
n

βa,nIn, (1.21)

dIa
dt

= Sa

∑
n

βa,nIn − γ(a)Ia, (1.22)

dRa

dt
= γ(a)Ia. (1.23)

Here βa,n is an element of a transmission matrix describing the interactions between age-

groups,

β =


β1,1 β1,2 β1,3 β1,4
β2,1 β2,2 β2,3 β2,4
β3,1 β3,2 β3,3 β3,4
β4,1 β4,2 β4,3 β4,4

 . (1.24)

In this system, the per-capita recovery rate, γ, also depends on age.
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Age-structured models can be used to test mitigation strategies that affect only certain

age groups, such as school closures. Furthermore, determining which age groups to target for

mitigation strategies like vaccination also requires age-structured models with age-dependent

parameters.

1.2 Optimal control theory

Optimal control theory is a branch of mathematics in which we attempt to find a control that

leads to a desired outcome for a dynamical system. In optimal control theory, state variables

describe the behavior of the dynamical system. Controls act on the state variables in order

to achieve a desired result, which is minimizing or maximizing an objective functional [32].

For state variable x(t) and control u(t), a basic optimal-control problem looks something

like

max
u

∫ T

0

f(t, x(t), u(t))dt,

subject to ẋ(t) =g(t, x(t), u(t)),

x(0) =x0,

x(T ) =free,

(1.25)

where f and g are continuously differentiable functions, u(t) is piecewise continuous, and

x(t) is piecewise differentiable. Moreover, x(T ) being free means that the value of x(T ) is

unrestricted [32].

A solution to this problem satisfies the set of necessary conditions consisting of the

optimality condition, the adjoint equation, and the transversality condition, which were

developed by [33]. The optimality condition is that the Hamiltonian,

H(t, x, u, λ) = f(t, x, u) + λg(t, x, u), (1.26)

must be maximized with respect to the control such that, if x∗(t),u∗(t) are optimal for

problem (1.25), then
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H(t, x∗(t), u(t), λ(t)) ≤ H(t, x∗(t), u∗(t), λ(t)). (1.27)

In equations (1.26) and (1.27), λ is the adjoint variable. The adjoint equation, which

must be satisfied, is

λ̇ = −∂H
∂x

= −(fx + λgx). (1.28)

Lastly, the transversality condition is given by

λ(T ) = 0. (1.29)

1.2.1 Example

In this section, we will go over an example of how to solve a simple optimal-control problem

using Pontryagin’s maximum principle. The example we will solve is

max
u

∫ T

0

x(t)− u(t)2dt,

subject to ẋ(t) = u(t) + x(t),

x(0) = 0,

x(T ) = free,

(1.30)

We begin solving this by determining the control Hamiltonian as described in equation

(1.26),

H = x− u2 + λ(u+ x). (1.31)

The adjoint equation, is given by

λ̇ = −∂H
∂x

= −(1 + λ). (1.32)

This is a separable ODE and is easily solved to get

λ(t) = eT−t − 1. (1.33)
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As the Hamiltonian is non-linear with respect to the control, we determine the control

that maximizes the Hamiltonian by setting the derivative of 1.31 with respect to u equal to

zero. This gives us

∂H

∂u
= λ− 2u = 0. (1.34)

At u∗, this implies that

u∗ =
1

2
λ =

1

2

(
eT−t − 1

)
. (1.35)

Then, at x∗, ẋ satisfies

ẋ(t) =
1

2

(
eT−t − 1

)
+ x. (1.36)

This can solved using an integrating factor to get

x∗(t) =
1

4

(
1− e−t

) (
eT+t + eT − 2et

)
. (1.37)

Now, we have the solution to the state variable and control that maximizes the objective

functional.

1.2.2 Numerical methods for solving optimal-control problems

It is often the case that we cannot solve optimal-control problems analytically and need

to use numerical methods to determine solutions. A common approach for numerically

solving optimal-control problems is forward-backward sweep (fbs), which finds a discrete-

time approximation for the control variable [32, 34–36]. This method works by converting the

optimal-control problem into a boundary value problem that can be solved numerically. We

start this algorithm by making an initial guess for the control variable across the time interval.

We then solve the state equation forward in time, starting with the initial condition, and the

adjoint equation backward in time, starting from the transversality condition, λ(T ) = 0. The

final iterative step is to update the control variable using the updated values for the state
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and adjoint variables. We continue this process iteratively until convergence is achieved.

Although the forward-backward sweep method is able to find a solution for many optimal-

control problems, it does not always converge. Sometimes it is necessary to use more sophis-

ticated optimal-control toolkits, such as the dsoa package [37]. This algorithm transforms the

problem into a finite-dimensional parameter optimization problem, meaning the algorithm

uses a direct method. This transformation is done by rewriting the Bolza type problem

as a Mayer-type problem, parameterizing the control variable as piecewise constant, and

discretizing the problem using a linearly implicit Runge-Kutta method. This results in a

nonlinear programming problem that can be solved using sequential quadratic programming.

1.2.3 Use with epidemic models

Optimal-control problems can be used to study the effects of mitigation strategies, like

vaccination or quarantine, on the transmission of infectious diseases. In this type of optimal-

control problem, the state variables are governed by differential equations for the infectious

disease compartments, like those described in Section 1.1. Moreover, the control variable can

describe mitigation strategies like social distancing, quarantine or isolation, vaccination rates,

or treatment with antibiotics. Optimal-control models in epidemiology take into account the

resource constraints, such as economic constraints, involved with implementing mitigation

strategies [38]. Therefore, they are often used to find the strategy that best reduces morbidity

and mortality within the required constraints.

1.3 Other strategies for determining the best epidemic

mitigation practices

In addition to optimal control, there are many other options for using optimization with

epidemiological models. For example, cost-effectiveness analysis, linear and integer pro-

gramming, and other optimization approaches combined with epidemic simulations have
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been used to determine the best strategy for controlling an epidemic or the best way to

distribute limited resources [39].

Each of these techniques has different formulations and limiting assumptions that de-

termine their usefulness for solving various problems in epidemiology. Cost-effectiveness

analysis is used for comparing the costs and health benefits of specific intervention strategies

or finding the best way to allocate resources between given strategies [39, 40]. These analyses

assume that any fraction of an intervention may be implemented, the health benefits from

an intervention increase proportionally with increased implementation of that intervention,

and interventions are independent of each other [40]. These assumptions do not hold for

many epidemic-control problems.

Linear and integer programming formulations for resource allocation only make one of

these assumptions, that interventions are independent of each other. This assumption means

that the implementation of one mitigation strategy does not affect the cost-effectiveness of

another, but this is again often not the case for epidemic control problems [40]. Both

cost-effectiveness analysis and linear and integer programming approaches are not able to

take the nonlinearities in cost-effectiveness due to the underlying epidemic dynamics into

consideration [40].

Optimal-control models, like those discussed in Section 1.2.3 do not face the same limi-

tations and are often used to determine the best vaccination, treatment, removal or culling,

and isolation practices [41–47]. These models, however, are usually limited to studying a

specific intervention in a specific population [40].

Similarly, optimization approaches combined with epidemic simulations have fewer limit-

ing assumptions and can be used when testing the effects of disease mitigation strategies on

realistic disease models [40]. Some examples of optimization approaches that have been used

with compartmental models to find optimal disease-mitigation strategies include machine

learning algorithms and evolutionary algorithms [48], particle swarm optimization [49], lin-

ear programming [50–52], dynamic programming [53] mathematical programming algorithms
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[54], etc.

1.4 Overview

This work consists of three chapters. In the first chapter, I study an optimal-control problem

that maximizes economic output during an infectious disease outbreak that obeys SIS disease

dynamics [3]. In this model, revenue is due to healthy individuals and medical costs are

associated with infective individuals. The control variable is the level of mixing in the

population, which influences both revenue and the spread of the disease. Using Pontryagin’s

maximum principle, we find a closed-form solution for our problem. We explore an example of

our problem with parameters for the transmission of Staphylococcus aureus in dairy cows and

find that less mixing is preferable when the transmission rate is high, the per-capita recovery

rate is low, or when the revenue parameter is much smaller than the cost parameter.

In the second chapter, I expand the optimal-control model from the previous chapter

to consider the severity of the disease under study. In the new model, infective individuals

can still be economically productive, and I continue the case study of Staphylococcus au-

reus in dairy cows. I also analyze candidate solutions to the new optimal-control problem

that satisfy the first-order necessary conditions of Pontryagin’s maximum principle. I find

that multiple candidate solutions, exhibiting very different behavior, may coexist for some

parameter sets. Moreover, the candidate solutions may have similar economic outputs and

may trade optimality with small changes in parameter values. This result emphasizes that,

in many situations, more factors need to be taken into consideration when making policy

decisions.

The third chapter of this dissertation is on optimizing COVID-19 mitigation strategies,

in this case vaccine distributions, when considering both equity and the burden of disease

[55]. To provide a race-conscious framework to quantify and minimize inequity, I use an

age-and-race-stratified mathematical model of SARS-CoV-2 transmission fitted to age-and-
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race-stratified mortality data from 2020 in Oregon and analyze counterfactual vaccination

strategies in early 2021. I consider two racial groups: non-Hispanic White persons and

persons belonging to BIPOC groups (including non-Hispanic Black persons, non-Hispanic

Asian persons, non-Hispanic American Indian or Alaska Native persons, and Hispanic or

Latino persons). I allocate a limited amount of vaccine to minimize overall disease burden,

inequity in disease outcomes between racial groups, or both. I find that, when allocating

small amounts of vaccine (10% coverage), there is a trade-off between minimizing disease

burden by prioritizing older age groups and minimizing inequity by prioritizing younger,

BIPOC groups. The allocation strategies that minimize combinations of measures can pro-

duce middle-ground solutions that similarly improve both disease burden and inequity, but

the trade-off can only be mitigated by increasing the vaccine supply. With enough resources

to vaccinate 20% of the population the trade-off lessens, and with 30% coverage, I can

optimize both equity and mortality.



Chapter 2

Optimal Reduced-Mixing for an SIS

Infectious-Disease Model

Infectious-disease outbreaks are a growing problem. The rate at which diseases emerge or

re-emerge is increasing [56–60] due to factors such as global travel, rural-to-urban migration,

and climate change [56, 61–63]. Examples of recent disease outbreaks include foot and mouth

disease [12], African swine fever [13], olive quick decline syndrome [64], tomato brown rugose

fruit virus [65], tuberculosis [66], Zika [67], SARS [68], H1N1 [69], Ebola [70], and COVID-

19 [68]. Many of these diseases have had severe economic consequences [12, 64, 71–73]. We

clearly need to know how to respond to new outbreaks if and when they occur.

Ideally, we would like to minimize the duration of an outbreak, the cost of illness, or the

cost of mitigation strategies. We may also wish to optimize some combination of these often-

conflicting objectives. To achieve these goals, researchers often use optimal control theory to

efficiently control dynamic disease systems [41–47]. In general, these systems consist of state

variables, control variables, and state equations. The state variables often represent disease

classes within a population, such as the number of susceptible (S), infective (I), or recovered

(R) individuals, as functions of time. The control variables and the state equations govern

the evolution of the state variables, and we want to choose the control variables so as to

32
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maximize or minimize specified objective functionals [32].

An especially important topic in the study of emerging infectious diseases is the use

of optimal control theory to control mixing. The goal here is to design strategies that

limit the number of contacts between susceptible and infective individuals. For humans,

strategies may include social-distancing measures such as limiting time spent in public spaces,

isolating infectives, quarantining infected households, closing schools, and restricting large

social gatherings [74–76]. For livestock, reduced-mixing strategies may include quarantining

infected and exposed animals and shutting down facilities where animals are in close contact.

For crops, reduced-mixing strategies may include using screenhouses, introducing barrier

plants, or reducing planting density [77–79]. Many of these strategies do, however, have high

economic costs [80–85].

To address these economic costs, many researchers have tried to balance economic output

with the cost of infection, which can include death or the burden of disease on an individual

or on medical and public health infrastructures. These researchers have frequently used

complex multi-compartmental models, which they solve numerically, to minimize the size of

an outbreak [86] or to minimize both the size and economic cost of an outbreak [39, 46, 87, 88].

In this paper, we instead focus on finding simple, analytic optimal-mixing strategies for

SIS disease dynamics. In an SIS model, individuals are either susceptible or infectious, and

individuals who recover may then be reinfected. This model is used to study diseases that do

not confer immunity after recovery, such as rotaviruses, sexually transmitted infections, and

many bacterial infections [31]. Also, as noted by [30], SIS models are often appropriate for

diseases that confer variant-specific immunity, such as when many variants are circulating in

a population. Examples of SIS models, in practice, include models of Staphylococcus aureus

in dairy cows [1], typhoid fever in humans [89], trachoma in humans [90], trypanosomiasis

in Indonesian buffaloes [30], and gonorrhea in humans [91, 92].

In Section 2.1, we introduce an optimal-control problem, with SIS disease dynamics,

that will let us determine whether reduced mixing is economically beneficial. We assume
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that economic profit, be it for a farm or a company, is the revenue generated by healthy

susceptibles minus the cost of sick infectives over the given time interval. The control variable

is the level of mixing in the population, which can range from little or no mixing to high

or full mixing. In particular, the ability to reduce mixing may be limited by economic

constraints or by a lack of willingness to comply with guidelines, and the ability to mix may

be limited by fear of spreading disease or the need to gather resources to restart production.

In Section 2.2, we determine closed-form optimal solutions and find that reducing mixing

can improve economic output. We also study under which conditions a longer period of

reduced mixing is more profitable. We find that the optimal reduced-mixing strategy is

bang-bang and has at most one switch from the lowest possible level of mixing to the highest

possible level of mixing.

In Section 2.3, we use parameters for the transmission of Staphylococcus aureus in dairy

cows and compare our analytical solutions with numerical simulations. Then, in Section 2.4,

we explore the effects of varying key parameters such as the minimum and maximum mixing

levels, the revenue generated per susceptible per day, the cost per infective per day, and

the time horizon. We also look at the effects of varying the infectiousness, recovery time,

and the initial number of infected individuals on the optimal length of the reduced-mixing

period. Finally, in Section 2.5, we summarize our results and discuss the limitations and

future directions of our research.

2.1 Optimizing reduced-mixing for an SIS model

We wish to maximize economic output during an infectious-disease outbreak. In this section,

we assume that our outbreak obeys SIS dynamics. The SIS model describes a population

transitioning from a susceptible state to an infectious state and back [93]. These models are

commonly used for studying diseases that do not confer immunity upon recovery [31].

The ordinary differential equations (ODEs) for the SIS model are
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dS

dt
= −a(t)βSI + γI, (2.1)

dI

dt
= a(t)βSI − γI, (2.2)

where S(t) and I(t) are state variables representing the number of susceptible and infectious

individuals in the population. Some authors [28, 31] use S and I for the fractions of a

population that are susceptible or infectious. We instead follow [93] and many other authors,

e.g. [23, 27], in using these variables for the numbers of susceptibles and infectives.

In the above equations, the control variable a(t) represents the level of mixing of the

population at time t. The mixing level ranges between m, for the lowest possible level of

mixing, and M , for the highest possible level of mixing. Both m and M can range between

zero, for no mixing, and one, for full or normal levels of mixing. The parameter β is the

transmission coefficient, or the rate of infection per susceptible per infective. The parameter

γ represents the per-capita rate of recovery for infected individuals.

After adding equations (2.1) and (2.2), it quickly follows that S+ I = N , where N is the

total population size. We can, as a result, reduce equations (2.1) and (2.2) to a single state

equation,

dI

dt
= a(t)β(N − I)I − γI, (2.3)

with the initial condition I(t) = I0, where I0 < N . Our state equation and control variable

in this case are like those in [94]. We focus, however, on reducing general mixing rather than

on solely quarantining infectives.

The objective functional that we will maximize is

max
m≤a(t)≤M

∫ T

0

ra(t)[N − I(t)]− cI(t)dt. (2.4)

The first term in the objective functional is the revenue generated by the active susceptible

population, while the second term represents the cost generated by infected individuals.
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Higher activity increases revenue but also increases the spread of the disease.

The parameter r is the revenue generated per healthy susceptible per day, and the pa-

rameter c is the cost per sick infective per day. This cost is separate from (and in addition

to) lost revenue or productivity. The parameter c typically includes medical or treatment

costs. Both r and c are, by assumption, positive. T is the terminal time, also called the

time horizon. It can be chosen based on factors such as vaccine development time or using

economic or logistical criteria.

This formulation assumes that infective individuals do not contribute economically, but

that they do interact with the population to the extent that the control variable, which

limits mixing, permits. For humans, we assume, in other words, that infectives are too sick

to work, but not too sick to interact with household members, health-care workers, and

others. For livestock, we assume that sick animals cannot produce goods, but that they do

still do interact with other animals. For crops, we assume that infected plants cannot be

sold but do contribute to the spread of a disease.

2.2 Analytical solutions

We will determine the analytical solutions to the optimal-control problem described in Sec-

tion 2.1 using Pontryagin’s maximum principle [33]. First, we need to define the control

Hamiltonian, H. The Hamiltonian is

H = f(t, I, a) + λg(t, I, a)

= a(t)[N − I(t)][r + λ(t)βI(t)]− I(t)[c+ λ(t)γ],
(2.5)

where f(t, I, a) is the integrand of objective functional (2.4) and g(t, I, a) is the right-hand

side of state equation (2.3).

For the problem given by equations (2.3) and (2.4), the maximum principle tells us that,

for the optimal trajectories I∗(t) and a∗(t), there exists a piecewise-differentiable adjoint

variable, λ(t), obeying the differential equation
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λ̇(t) = −∂H(t, I∗(t), a(t), λ(t))

∂I
= a [r − λβ (N − 2I)] + c+ γλ

(2.6)

and the transversality condition λ(T ) = 0. The maximum principle also tells us that

H(t, I∗(t), a(t), λ(t)) ≤ H(t, I∗(t), a∗(t), λ(t)) (2.7)

for all possible a at time t [32, 95].

Before we find the analytical solution, it is helpful to note that we have defined an

optimization problem with three variables: the state variable, I(t), the control variable, a(t),

and the adjoint variable, λ(t). In addition to maximization condition (2.7), the problem is

subject to two ODEs that describe the dynamics of the state and adjoint variables. We

also have an initial condition for the state equation and a terminal condition for the adjoint

equation. Therefore, the ODEs form a two-point boundary value problem. In general, we

want to solve the state equation forwards in time and the adjoint equation backwards in

time.

Now, we can begin to solve the problem. First, we observe that the Hamiltonian is linear

in the control variable,

H = aϕ(t)− (c+ λγ)I, (2.8)

where

ϕ = (N − I) (r + λβI) (2.9)

is known as the switching function.

The above linearity implies that the form of the optimal control that maximizes the

Hamiltonian is bang-bang, meaning the control must be at either its maximum or minimum

possible value at any time. If the switching function is either positive or negative, the optimal
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control is

a(t) =

{
m, ϕ(t) < 0,

M, ϕ(t) > 0.
(2.10)

A switch occurs when ϕ = 0 or when

λ = − r

βI
(2.11)

In addition, cases may arise where the optimal-control model has a singular solution.

This occurs if ϕ(t) = 0 over an entire interval. To determine if a singular solution exists for

our problem, we set the derivative of λ, obtained from the switching condition (2.11), equal

to equation (2.6) at the time of the switch. From this, we find that a singular solution is only

possible for c = 0. Since c is positive, this precludes the possibility of a singular solution for

our problem.

The next step is to solve the state and adjoint equations using what we have learned

about the control. To do this, we will assume that at most one switch occurs, which we will

demonstrate later. Also, the transversality condition for the adjoint equation tells us that

λ(T ) = 0, so that ϕ(T ) = r(N − I) is positive, in light of equation (2.3) and our assumption

that I0 < N . We now know, from equation (2.10), that a(T ) = M . In other words, the

solution to the optimal-control problem must be at the highest level of mixing at the final

time. This implies that if a switch occurs, the switch will be from the lowest level of mixing,

a = m, to the highest level of mixing, a = M . If no switch occurs, the population is always

at the highest level of mixing.

If we assume that at most one switch occurs, we can find an analytical solution to the

generalized optimal-control model. Before the switch occurs at t = t1, we know that a = m.

Using this and the initial condition, I(0) = I0, we solve the state equation for times t ≤ t1

to get



2.2. ANALYTICAL SOLUTIONS 39

I(t) =
δmI0

mβI0 + (δm −mβI0)e−δmt
, (2.12)

where δm = mNβ − γ.

Similarly, we can solve the state equation at times t ≥ t1 using the conditions I(t1) = I1

and a =M for t ≥ t1. The solution to the state equation after the switch is

I(t) =
δMI1

MβI1 + (δM −MβI1)e−δM (t−t1)
, (2.13)

where δM = MNβ − γ. By evaluating equation (2.12) at time t1, we find I1, which is used

in equation (2.13).

To solve the adjoint equation, we again find the solution in two parts. Since we have

the transversality condition, λ(T ) = 0, we will solve the adjoint equation backwards in time.

First, we will determine the solution to the adjoint equation after the switch. When t > t1,

we know that a =M , and the adjoint equation is

λ̇(t) + [δM − 2MβI]λ(t) =Mr + c. (2.14)

Using an integrating factor and the transversality condition, we find that the solution after

the switch is

λ(t) =
(Mr + c)

[
1− eδM (T−t)

]
u(t)

δMu(T )
, (2.15)

where

u(t) = (δM −MβI1) +MβI1e
δM (t−t1). (2.16)

Before the switch, we know that t < t1 and a = m. With this information, we can solve

the adjoint equation before the switch. Using an integrating factor, and the condition that

the solution must equal equation (2.15) at time t1, we find that the solution to the adjoint

equation before the switch is
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λ(t) =
e−δmtv(t)

mβI0δm

[
cv(t)

v(t1)
− (mr + c)

]
, (2.17)

where

v(t) = (δm −mβI0) +mβI0e
δmt. (2.18)

By setting equation (2.15) for the adjoint variable equal to switching condition (2.11),

we find the ratio of the revenue and cost parameters as a function of the switching time,

r

c
=

δmI0β
[
eδM (T−t1) − 1

]
δM [mβI0 + (δm −mβI0)e−δmt1 ]

, (2.19)

This allows us to numerically solve for the switching time. The effect of the ratio of the

revenue and cost parameters on the switching time will be explored numerically in Section

2.4.1.

To prove that at most one switch occurs, we show that a second switch cannot occur

before t1. This means that we must have

λ(t) < − r

βI(t)
(2.20)

for all t < t1. Plugging in solutions (2.17) and (2.12) for the adjoint and state equations

before the switch at t = t1, equation (2.20) becomes

e−δmtv(t)

mβI0δm

[
cv(t)

v(t1)
− (mr + c)

]
< −re

−δmtv(t)

βδmI0
, (2.21)

which reduces to v(t) < v(t1), where v(t) is defined in equation (2.18). Since for 0 < t < t1

equation v(t) < v(t1) is true, we know that we can have at most one switch.

Figure 2.1 shows a typical (I,λ) phase portrait, on both sides of the switching function.

This figure provides further evidence that, for various terminal times, only one switch is

possible.
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Figure 2.1: Phase portrait of optimal-control problem. The parameters used in this example are given in
Table 2.1 with the exception of I0, which we set to 499 individuals. In this figure, we see the behavior of
λ, the adjoint variable (solid curves) and the value of the switching function (dashed curve) versus I, the
number of infective individuals. Each of the solid lines is from an evaluation of the optimal-control model for
a different terminal time. In this figure, we can see that the adjoint variable crosses the switching function
at most once for each simulation. The thin solid line shows the phase portrait of the case study in Section
2.3.

A special case of the above SIS system occurs when γ = 0. Now, infected individuals

do not recover. In this case, our outbreak obeys a simple epidemic, or SI, model [22]. This

model is frequently used to describe highly-infectious diseases that are not serious [22, 96]

or to study the initial (pre-recovery) stages of many other diseases [23]. The solution to the

optimal-control problem for the SI case can be found by letting γ = 0 in the above solutions.

For example, the ratio of the revenue and the cost parameters as a function of the switching

time for the SI system is now just

r

c
=

[
eMNβ(T−t1) − 1

]
I0

M [(N − I0) e−mNβt1 + I0]
. (2.22)
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2.3 Case study: bovine mastitis

As an example, we consider the transmission of Staphylococcus aureus genotype B (GTB) in

Swiss communal dairy herds [1]. S. aureus GTB is a contagious pathogen that commonly

causes mastitis in dairy cows. Mastitis, an inflammation of the mammary gland, leads to

economic loss in the dairy industry due to reduced yield and poor milk quality. Mastitis can

be categorized as clinical or subclinical. In cases of clinical mastitis, abnormalities are visible

and can include watery milk with flakes or clots, a red and swollen udder, or fever. In cases

of subclinical mastitis, which is more prevalent, abnormalities are not visually detectable

and therefore, cases of subclinical mastitis are often undetected.

Both classes of mastitis decrease milk production during and after infection, but subclin-

ical mastitis accounts for more financial loss than clinical mastitis due to its prevalence. This

financial loss is, however, difficult to quantify [97, 98]. We will, therefore, use the economics

associated with clinical mastitis to determine revenue and cost parameters, while keeping in

mind that clinical mastitis is more costly (than subclinical mastitis) on a per-case basis.

In this example, revenue comes from milk produced by the dairy cows, and cost includes

the cost of veterinary care, diagnostics, labor, therapeutics, future production loss, and

future reproductive loss. These parameters were estimated from [98]. It is important to

note that if infected cows are treated with antibiotics during the lactation period, the milk

produced is discarded due to contamination. The treatment of subclinical mastitis with

antibiotics is not generally cost effective. For highly contagious pathogens like S. aureus,

however, treatment is still recommended [99]. Reduced-mixing strategies are also useful for

preventing the spread of S. aureus and include quarantining cows with mastitis and milking

cows with mastitis on separate machines or after uninfected cows [100].

As subclinical mastitis cases often go undetected, it may be beneficial to treat cows that

are more likely to have subclinical mastitis, such as those with higher somatic cell counts

(SCC, an indicator of milk quality), as infected. Thus, when the level of mixing is low,

more cows are quarantined or milked separately. We also assume that they are treated with
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antibiotics. Treatment costs and costs due to future production loss are only applied to

infectives as we are assuming a higher cost of treatment associated with clinical mastitis,

and only infectives will have future production losses.

We use a time horizon of 90 days because the communal pasture-based dairy operations,

in our example, occur in the 2 to 3 months of the summer when cows are brought together

at higher altitudes where they share pastures, milking equipment and housing facilities. As

the mean duration for intramammary infections is 110 days, an outbreak during this time

can be significant [1]. We adapted the transmission coefficient and the per-capita recovery

rate for our simulation of mastitis from [1]. In their model, the transmission coefficient is

estimated as βN = 0.0232 per day, so to adapt their parameter to our model, we divide by

N . In [1], transmission is assumed to be cow-to-cow. Also, S represents susceptible cows,

and I represents infected cows.

The parameters used to model the dynamics of S. aureus GTB transmission are in Table

2.1. The values of the parameters m and M are unknown, so we assume the values m = 0.2

and M = 0.9. We assume m = 0.2 as the minimum mixing level as it is unlikely that

mixing between dairy cows can be completely eliminated due to spatial limitations at housing

facilities and human error in milking practices that may lead to exposure to pathogens. We

assume M = 0.9 as recommended milking practices will reduce mixing to some extent. We

will see how different choices for m and M affect the results of our problem in Section 2.4.1.

To numerically solve our optimal-control problem we chose to explore freely available,

optimal-control toolkits, including the dsoa package [37]. From the available options, we

found dsoa to be the easiest to implement, and it was able to converge for all tested cases.

This package transforms the optimal-control problem into a nonlinear programming problem

that can be solved using sequential quadratic programming.

Figure 2.2 shows that with the parameter values for S. aureus GTB transmission given

in Table 2.1 and the SIS state equations, the results from using dsoa and the analytical

solutions are the same. In this case, the optimal solution is to switch to a higher level of
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Table 2.1. Parameters used for numerical verification.

Parameter Value Meaning

β
0.0232

N
(indiv·day)−1 Transmission coefficient

γ 1
110

day−1 Per-capita recovery rate

T 90 days Time horizon

r 0.39
US$

indiv · day
Revenue per susceptible per day

c 6.83
US$

indiv · day
Cost per infective per day

m 0.2 Minimum mixing level

M 0.9 Maximum mixing level

I0 0.05N individuals Initial number of infectives

N 500 individuals Total population size

Sources: Disease parameters are estimated from [1]. Revenue and cost parameters are estimated from [98].

mixing about halfway through the simulation. At the time of the switch, which is after

44 days, about 4% of the population is infected, and, at the terminal time, about 6% of

the population is infected. These dynamics are resonable, because subclinical mastitis is a

mild infection. Thus, when low levels of infection are present, the cost of care and loss of

productivity are not too high.

Figure 2.3 shows that the switching time determined in this solution maximized the

economic output relative to other possible switching times.
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(A)

(B)

Figure 2.2: Analytical results and numerical results for the general SIS model. This figure shows that for
the parameters given in Table 2.1, the results from using dsoa and the analytical solutions are the same.
Figure (A) shows that the activity level, a, switches after about 44 days. Figure (B) shows that the infective
population, I, decreases before the switch, and then increases after the switch.

Figure 2.3: Verification of results for the optimal switching time. For the parameters given in Table 2.1, we
vary t1 from 0 days to T days and calculate the value of the objective functional. The solution for optimal
switching time is shown as the dot. For the general SIS model, the maximum economic output is achieved
at the solution for the optimal switching time, at about 44 days.
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2.4 Sensitivity of results to model parameters

In Section 2.4.1, we will determine how changes in the ratio of the revenue and cost param-

eters change the switching time from that of the baseline simulations. We will see that, for

the SIS model, reducing mixing is economically beneficial in many cases. In Section 2.4.1,

we will vary the minimum and maximum mixing levels for the population and find that

increasing either increases the switching time. In Section 2.4.1, we will vary the terminal

time, T , and find that the switching time increases with the time horizon. In Section 2.4.2,

we will vary the transmission coefficient as well as the per-capita recovery rate to see how

the implementation of mitigation strategies affects the switching time. We also vary I0 to

determine how the initial number of infectives affects the optimal switching time. In all of

Section 2.4, we use analytic formula (2.19) for the ratio of the revenue and cost parameters

from the SIS model to determine how switching times vary with model parameters. In Figure

2.4, we verify these results numerically using dsoa.

Figure 2.4: Switching time as a function of the ratio of the revenue and cost parameters. In this figure,
we see that the switching time decreases as the revenue parameter increases relative to the cost parameter.
This plot is for the SIS model with the parameters given in Table 2.1. In this example, the optimal mixing
strategy greatly depends on the value of the revenue parameter. The solid curve corresponds to equation
(2.19) while the circles are points where the switching time was computed numerically, using dsoa.
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2.4.1 Sensitivity with respect to optimal-control parameters

First, we would like to see how changes in optimal-control parameter values affect the optimal

switching time. If these changes are significant, it indicates that correctly estimating the

revenue and cost parameters, minimum and maximum mixing levels, and the time horizon

not only adds to our understanding of the disease but is also important for determining the

best reduced-mixing strategy.

Effects of varying the revenue and cost parameters

One of the most important components of our models is the switching time, or when the

population should change from a lower mixing level to a higher mixing level. Since we want

to explore the optimal switching time from an economic perspective, we first look at how

the ratio of the revenue and cost parameters affects the switch.

The effect of the ratio of the revenue and cost parameters on the switching time when

the SIS model is used can be seen in Figure 2.4. We can see that as the revenue parameter,

r, increases relative to the cost parameter, c, the switching time decreases. When r is much

smaller than c, the switch happens later. When r is approximately 0.2 times c, a switch

does not occur and the population remains at the higher mixing level the entire time. This

tells us that, for a mild illness like in our example, mixing should be reduced only if the cost

associated with a sick infective is significantly greater than the potential revenue.

Effects of varying M and m

For the SIS model, we defined m to be the minimum mixing level and M to be the maxi-

mum mixing level. The values of these parameters limit the intensity of the reduced-mixing

strategy. Figure 2.5 shows us that increasing M in the SIS case causes an increase in the

switching time. This increase is about 10 days. We also see that increasing m increases

the switching time. In this example, there is a greater difference of about 15 days as m

increases. Therefore, changes in the lowest and highest possible levels of mixing could result
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(A)

(B)

Figure 2.5: Changes in switching time, t1, due to changes in activity levels. In A, we increase the maximum
mixing level, M , from 0.5 to 1 while holding m = 0.2 constant, and in B, we increase the minimum mixing
level, m, from 0.01 to 0.5 while holding M = 0.9 constant. In both cases, we see that the switching time
increases as the highest or lowest possible level of mixing increases.

in a significant difference in amount of time spent at the lowest level of mixing.

Effects of varying T

The last optimal-control parameter we vary is T , the time horizon of the simulation. This

parameter is an important component of the model and can represent the time for a vaccine

to be developed, the time for an infectious disease to run through the population, or a fiscal

quarter or year. For our example, T was determined by the amount of time that communal

pasture-based dairy operations are typically used. We can see in Figure 2.6, the switching
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Figure 2.6: Changes in switching time, t1, due to changes in the time horizon. This figure shows how the
switching time changes depending on the terminal time of the simulation, T . We see that as the terminal
time increases, the switching time also increases.

time increases monotonically with the terminal time.

In Figure 2.7, we see that the proportion of time spent at the maximum mixing level

initially increases as the terminal time T increases, but levels off. For larger T , about 70%

of the time frame is spent at the most active mixing level.

2.4.2 Sensitivity with respect to disease parameters

Next, we would like to see how changes in parameter values relating to the disease under

study affect the optimal switching time for the mixing level. If these changes are significant,

it may indicate that promoting mitigation strategies other than reduced mixing could be

economically beneficial.

Effects of varying β

The first parameter we will look at is β, the transmission coefficient. In Figure 2.8, we vary β

and find that decreasing the transmission coefficient means that mixing levels can be raised

sooner, as expected. Since the value of β estimated from [1] is around 0.463 × 10−4(indiv ·
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Figure 2.7: Changes in the proportion of time spent at the maximum mixing level due to changes in the
time horizon. This figure shows that proportion of time spent at the maximum mixing level initially increases
as the terminal time, T , increases, but starts to level off for T > 350 days.

day)−1, using mitigation strategies that further reduce transmission may be effective.

Figure 2.8: Changes in switching time, t1, due to changes in β. We see that the switching time decreases
quickly when we decrease the transmission coefficient, β, from the baseline value.
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Figure 2.9: Changes in switching time, t1, due to changes in γ. We see that as the per-capita recovery
rate, γ, increases from 1.0 × 10−6 days−1 to 1.0 × 10−2 days−1, the optimal switching time decreases from
about 62 days to 42 days.

Effects of varying γ

Another parameter that affects the spread of a disease is γ, the per-capita rate of recovery.

As we increase γ, infected individuals recover sooner and reenter the susceptible pool faster.

Figure 2.9 shows that, as we increase γ, the optimal switching time decreases. Therefore,

decreasing the time to recover by developing effective treatment strategies is a beneficial

mitigation strategy.

Effects of varying I0

Lastly, it is common for a disease to spread through a significant proportion of a population

before mitigation strategies are implemented. Therefore, we determine how varying the

initial number of infected individuals changes the optimal switching time. Figure 2.10 shows

that if a greater proportion of the population is infected before reduced mixing strategies

are implemented, mixing levels should be reduced for longer.
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Figure 2.10: Changes in switching time, t1, due to changes in I0. We see that as the initial number of
infectives, I0, increases from 0.001N individuals to 1.0N individuals, the optimal switching time increases
quickly from 0 days (always active) to 85 days.

2.4.3 Sensitivity of the objective functional

Although the switching time is our key output and thus, the focus of our analysis, we also

explore the effects of changes in parameter values on the objective functional. In general, the

changes in the objective functional with respect to the disease parameters are as expected,

which can be seen in Figure 2.11. Changes in the optimal control parameters can cause

payoff to both increase and decrease, which can be seen in Figure 2.12.

2.5 Discussion

In this study, we formulated an optimal-control problem for maximizing economic output

during an infectious-disease outbreak. We studied a problem that obeys SIS dynamics, and

we allowed the level of mixing in the population to range from the lowest possible level of

mixing to the highest possible level of mixing.

We determined that the optimal solution used bang-bang controls. This meant that the

population was either at its highest level of mixing or its lowest level of mixing at any point
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Figure 2.11: Changes in economic output due to changes in the disease parameters. Figure (A) shows the
changes in economic output due to changes in γ. We see that as the per-capita recovery rate, γ, increases from
1.0×10−6(day)−1 to 1.0×10−2(day)−1, the economic output from the optimal reduced-mixing strategy also
increases. Figure (B) shows the changes in economic output due to changes in β. We see that the economic
output from the optimal reduced-mixing strategy decreases as we increase the transmission coefficient, β.
Figure (C) shows the changes in economic output due to changes in I0. We see that as the initial number of
infectives, I0, increases from 0.001N individuals to 1.0N individuals, the economic output from the optimal
reduced-mixing strategy decreases.

in time. We also found that there was at most one switch and that the population had to

be at the highest level of mixing at the time horizon. This meant that there was either one

switch from low mixing to high mixing or the population remained at the higher level for all

times.

We were able to determine analytical solutions for our optimal-control problem, but we

were not able to solve for the switching time explicitly. We were, however, able to determine

the ratio of the revenue and cost parameters as a function of the switching time. From this,

we found that if the ratio of the revenue and cost parameters was small, the population

remained at the lower mixing level for longer. As the ratio increased, the switching time

occurred sooner. This result emphasizes the importance of correctly identifying the revenue
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Figure 2.12: Changes in economic output due to changes in the optimal-control parameters. Figure (A)
shows the changes in economic output due to changes in r/c. In this figure, we see that the economic output
from the optimal reduced-mixing strategy quickly increases as r/c increases, initially. This increase occurs
more gradually for r/c > 0.05. Figure (B) shows how the economic output from the optimal reduced-mixing
strategy changes depending on the terminal time of the simulation, T . We see that as the terminal time
increases, the economic output initially decreases then increases. In Figure (C), we increase the maximum
mixing level, M, from 0.5 to 1 while holding m = 0.2 constant, and in Figure (D), we increase the minimum
mixing level, m, from 0.01 to 0.5 while holding M = 0.9 constant. We find that the economic output from
the optimal reduced-mixing strategy increases as M increases, but decreases as m increases.

and cost parameters when working with real-world examples.

Next, we studied S. aureus GTB transmission using both numerical methods and our

analytical solutions. We saw that the economic output was maximized when mixing was

reduced for about half of the simulation. Furthermore, for our example, we found that while

mixing was reduced, the outbreak was controlled and that once the switch occurred, the

number of cases began to increase. We again emphasize that we studied a mild disease. For

a potentially fatal disease, the cost parameter should be chosen to properly account for loss

of life.

Finally, we analyzed how changes in parameter values affected the optimal switching

time. For our example, we found that the optimal switching time decreased as the ratio of the
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revenue and cost parameters increased. Also, we found that when the revenue parameter was

0.2 times the cost parameter, no switch would occur. The optimal switching time increased as

the values of the minimum and maximum mixing levels increased. This effect was stronger for

the minimum mixing level. Also, the switching time increased with the time horizon. For our

disease parameters, we saw that as the transmission coefficient increased, the switching time

rapidly increased towards the terminal time, and the switching time significantly decreased

as the per-capita rate of recovery increased. The results of the sensitivity analysis indicate

that it is beneficial to employ further mitigation strategies such as improving treatment

options or vaccinations. Another parameter that had a strong effect on the switching time

was I0, the initial infected population. Since the prevalence of S. aureus infections in a

herd can be high, this is an important value to consider when implementing reduced-mixing

control strategies.

An important component of this work is that we were able to determine closed-form

analytic solutions for the optimal-control problem of maximizing economic output during an

outbreak. These solutions, however, are for a simple disease model that assumes a constant

population size, does not consider a discount term in the objective functional, and lacks

classes such as exposed, vaccinated, or deceased. When performing a similar analysis on

infectious diseases with more complex dynamics, it will be much more difficult to obtain

closed-form solutions. Future work may include incorporating these more complex dynamics

into our optimal-control problem and working with real-world data.

An assumption of our optimal-control problem that may be limiting is the assumption

that infected individuals mix with the general population, but do not produce revenue. If

isolation is not an option, mixing with the the general population may still occur. We

assumed that individuals do not produce revenue when sick as they may be unable to work

or to produce usable goods.

If infected individuals can be asymptomatic or can still be productive when symptoms

are mild, we can include a parameter, 0 ≤ σ ≤ 1, that represents disease severity. If σ = 1,
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the disease is very severe, and if σ = 0, the disease is completely asymptomatic. We can

then write the revenue produced by infected individuals as

max
m≤a(t)≤M

∫ T

0

ra(t)[N − I(t)] + a(t)r(1− σ)I(t)− cI(t)dt. (2.23)

In this paper, we assumed σ = 1.

We have recently begun analyzing optimal-control problems using objective functional

(2.23) with various levels of disease severity. So far, we have found that the optimal control

is still bang-bang. In this case, however, we have found instances where multiple, coexisting

extremals are able to satisfy Pontryagin’s maximum principle. Depending on the values of σ

and I0, some of these solutions have two switches. Theoretical studies suggest that optimal-

control problems can routinely possess coexisting extremals [101, 102]. These have, however,

rarely, if ever, been reported in numerical optimal-control studies of diseases.

In this study, we focused on determining how a population should behave during an

outbreak in order to maximize economic output. The population size we used is on a business

or farm level. This problem can be scaled up to represent a larger populations, such as a

region or country, or scaled down to represent even smaller communities. The scale of

the problem can be changed by changing parameters like the population size, the revenue

parameter, and the cost parameter. A population of any size, however, is not homogeneous

in risk of infection and in the consequences of infection. For example, an individual who is

able to work from home may behave differently during an epidemic than an individual who

must work in-person. Moreover, a large dairy farm in good financial standing may be able

use different reduced-mixing strategies than a smaller dairy farm. Therefore, an interesting

follow-up question to this research is what an individual’s optimal strategy might be during

an infectious-disease outbreak.

This is an Accepted Manuscript of an article published by Taylor & Francis in the Journal

of Biological Dynamics on November 22, 2022, available at:

https://doi.org/10.1080/17513758.2022.214876.



Chapter 3

Maximizing

Disease-Severity-Dependent Economic

Output in an SIS Infectious-Disease

Model

Scientists, policymakers, and those affected by policy decisions have debated the usefulness

of costly disease-mitigation strategies [103–107]. An example of such debates concerns the

use of lockdowns to reduce the spread of COVID-19. Most scientists [108, 109] agree that

lockdowns were effective and necessary at the beginning of the pandemic. The effectiveness

of later or prolonged lockdowns, however, is less clear.

Debates over the use of mitigation strategies that reduce both the spread of disease and

economic output are not limited to the control of diseases in humans. For example, to combat

the avian flu pandemic devastating the poultry industry, the United States is considering

vaccinating commercial poultry [14]. The National Chicken Council, however, is against this

strategy due to possible trade restrictions and fears of silent infections, which contaminate

products and lead to revenue loss. Similarly, policymakers, researchers, and veterinarians

57
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recommend the implementation of biosecurity measures, such as isolating sick or potentially

infected animals and keeping equipment clean [110], to prevent the spread of infectious

diseases in livestock. Many in industry, however, often ignore these recommendations due

to the associated costs of implementation [111, 112]. This behaviour is commonplace in the

dairy industry [113–115], which is the focus of this paper.

In this paper, we study the use of biosecurity measures to control the transmission of

Staphylococcus aureus in dairy cows during lactation. S. aureus is a common cause of bovine

mastitis and leads to great economic loss in the dairy industry [116, 117]. Bovine mastitis is

an inflammation of the mammary gland and can be clinical, subclinical, or chronic. Clinical

mastitis-cases typically produce visible abnormalities, such as watery milk with flakes or

clots and a red and swollen udder, or fever [118]. Subclinical mastitis-cases, which are more

common, lack visible abnormalities [6]. Cows with chronic mastitis have prolonged infections

with flare-ups of clinical infections. All mastitis cases decrease milk production during and

after infection, to differing degrees [5]. Subclinical mastitis, however, accounts for more

financial loss than clinical mastitis due to its prevalence [119].

Mitigation strategies for preventing the spread of bovine mastitis within a herd include

testing; separating sick and healthy cows; milking cows that are known to be infected, as

well as cows with high somatic-cell counts (SCC), last or separately; feeding only pasteurized

whole milk, waste milk, or colostrum to calves; preventing contamination from people, vehi-

cles, or equipment; using teat-dip and dry-cow treatments; and maintaining udder hygiene

[120, 121]. The level of implementation of these mitigation strategies is, however, low, due to

factors such as the high cost of implementation, a lack of knowledge about current practices,

and incomplete information about the effectiveness of mitigation strategies [113–115].

In Section 3.1, we introduce an optimal-control problem to determine the most econom-

ically beneficial measures and treatments for bovine mastitis. As cows may be re-infected

with S. aureus, we use SIS (susceptible-infectious-susceptible) disease-dynamics to model the

transmission. We assume that revenue is generated by both susceptible cows and, to a lesser
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degree, infective cows. We also assume that sick infectives incur an economic cost. The

economic output, or payoff, is the cumulative difference between the revenue and the cost,

for a given time-horizon. We interpret the control variable as the level of mixing in the pop-

ulation, which is, in turn, affected by mitigation strategies such as biosecurity measures. We

analyse solutions for several cases and find mixing strategies that improve economic output.

Then, in Section 3.2, we numerically solve our optimal-control problem with parameters

for the transmission of Staphylococcus aureus in dairy cows. In Section 3.2.1, we explore

the effects of varying key parameters, and we find that under certain conditions, multiple

candidate-solutions, corresponding to radically different strategies, can coexist. Finally, in

Section 3.3, we summarize our results and discuss the limitations and future directions of

our research.

3.1 The Optimal-Control Problem

As in our previous work [3], we aim to maximize economic output during an infectious-disease

outbreak that obeys SIS disease-dynamics. Individuals may, in other words, transition from

a susceptible state to an infectious state and back. In contrast to our earlier work, however,

we now consider how the severity of the disease affects the ability of cows to contribute

economically, since economic output can depend strongly on the severity of the disease. For

asymptomatic infections, there may be no loss in revenue, and for mild infections, there may

only be a minor loss. In our example, subclinical bovine mastitis in dairy cows reduces milk

quality, which does not prevent milk from being produced and sold, but does lower its price.

The ordinary differential equations (ODEs) for the SIS model include equations for the

change in the number of susceptible individuals, S(t), and for the number of infectious

individuals, I(t). In our model, S + I = N for a population of size N . Thus, the system of

ODEs,
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dS

dt
= −a(t)βSI + γI,

dI

dt
= a(t)βSI − γI, (3.1)

reduces to the single state-equation,

dI

dt
= a(t)β(N − I)I − γI, (3.2)

with an initial condition I(0) = I0 such that I0 < N .

As in our previous work [3], the control variable a(t) represents the level of mixing

in our population at time t and ranges between m and M . We assume that mitigation

strategies reduce mixing and contacts with infectives, but that they also decrease revenue,

per cow, due to the increased labour-costs, equipment-costs, and maintenance-costs needed

for implementation. The parameter β is the transmission coefficient, for full mixing, and the

parameter γ is the per-capita rate of recovery for infected individuals.

Although our state equation is the same as in our previous work [3], the objective func-

tional that we will maximize,

max
m≤a(t)≤M

∫ T

0

ra(t)[N − σI(t)]− cI(t)dt, (3.3)

is significantly different. The first term in the objective functional is the revenue produced

by the saleable-milk-producing population, which includes individuals with mild or asymp-

tomatic infections in addition to healthy individuals. The second term represents the cost

due to infected individuals. The additional parameters in the objective functional include r,

the revenue generated per healthy susceptible per day, c, the cost per sick infective per day,

T , the terminal time, and σ, the severity of the disease.

The parameter σ, which we introduce in this work, ranges between 0 and 1 and affects

how much revenue infected individuals can produce. This parameter can describe scenarios

where individuals are less productive when infective or scenarios where only some proportion

of infective individuals can contribute economically. For asymptomatic diseases, σ = 0, and
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all individuals continue to produce revenue. For severe diseases, σ = 1, and infective indi-

viduals cannot produce revenue. Our model formulation, therefore, assumes that infective

individuals may contribute economically, if they are not too sick. Additionally, infective

individuals are able to interact with the population. Both the ability to produce revenue

and the ability to mix with other individuals depends on the value of the control variable.

As our ODEs are simple, we were able to analyse the solutions for the optimal-control

problem. We found that solutions to our optimal-control problem are bang-bang, meaning

that the value of the control, a(t), must be at either its lowest or its highest possible value

at any given time. Details for the analysis of the optimal-control problem are provided in

the Supplementary Material.

After exploring appropriate phase-plots for various initial conditions, we found that there

are three possible types of solutions: those with no switch, one switch, or two switches.

Surprisingly, we also found that, for some parameter values, several candidate-solutions can

satisfy the necessary conditions of Pontryagin’s maximum principle. This is in sharp contrast

to our previous work [3], which found that only one candidate solution, which was either a

no-switch or a one-switch solution, was possible when disease severity was not considered.

Figure 3.1 shows no-switch and two-switch solutions and shows a typical (I, λ) phase-

portrait, on both sides of the switching function. Here, λ is the adjoint variable for the

optimal-control problem (in the Supplementary Material), and the black curve shows the

switching function. Above this curve, the control is at the maximum level of mixing, a(t) =

M , and below this curve, the control is at the minimum level of mixing, a(t) = m. No-

switch solutions are solution curves that never cross the switching function and that stay

at the maximum mixing-level. These solutions correspond to a minimal use of biosecurity

measures. A one-switch solution crosses the switching function once and can have a long

period of minimal mixing. These solutions can have a period of maximal use of biosecurity

measures followed by a period of minimal use. A two-switch solution crosses the switching

function twice and can also have a long period of minimal mixing. These solutions have long
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Figure 3.1: Phase portrait of the optimal-control problem. In this figure, we see the behaviour of λ, the
adjoint variable (grey curves), and the switching function (black curve) as a function of I, the number of
infective individuals. Above the switching curve, the control is at the maximum level of mixing, a(t) = M ,
and below, the control is at the minimum level of mixing, a(t) = m. Each of the grey lines is from an
evaluation of the optimal-control model for a different terminal time. The solid red, dashed blue, and dotted
yellow lines show three candidate-solutions with the same terminal time, T = 305. In this figure, we can see
that the adjoint variable crosses the switching function at most twice for each simulation. We also see that
there may be multiple candidate-solutions for the same parameter set. In this figure, we use the parameters
(m,M,N, I0, β, γ, r, c, σ) = (0.2, 0.9, 100, 99, 0.0232/N, 1/110, 0.1, 0.2, 0.1).

periods of maximal use of biosecurity measures both preceded and followed by periods of

minimal use.

Figures 3.1 and 3.2 also show an example of a case where multiple candidate-solutions ex-

ist. These figures emphasize the difference from [3], where two-switch solutions and multiple

candidate-solutions were not possible.

3.2 Numerical Analyses

In our numerical analysis of the bovine mastitis problem, most of the parameters we use are

from the literature. Table 1 in the Supplementary Information provides detailed information

about the parameter values. For the new disease-severity parameter, we used the proportion
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Figure 3.2: Multiple candidate-solutions in the (λ0, T ) space. In this figure, we use the parameters
(m,M,N, I0, β, γ, r, c, σ) = (0.2, 0.9, 100, 99, 0.0232/N, 1/110, 0.1, 0.2, 0.1) and vary the initial value for the
adjoint variable, λ(0) = λ0. We solve both the state and adjoint equations forward in time, and end the
simulation when the transversality condition, λ(T ) = 0, is met. We see that three values for λ0 result in a
terminal time of T = 305. This shows that there are multiple candidate-solutions that satisfy the first-order
necessary conditions of Pontryagin’s maximum principle.

of mastitis cases that are categorized as clinical [6], which is σ = 0.05. This means that most

cows with mastitis are still able to produce saleable milk (if not treated with antibiotics),

which is a very different assumption than that made in [3].

By numerically solving our optimal-control problem using the forward-backward sweep

method [32, 34–36], we find that, to maximize economic output, there should be one switch

from the lowest possible level of mixing to the highest, after about 260 days. Figure 1 in

the Supplementary Information shows the dynamics of this solution. Although this is the

solution for the parameters in Table 1 in the Supplementary Information, there is a significant

amount of uncertainty in the values for the parameters found in the literature. For example,

[122] finds the average duration of infection to be 30 days, which is significantly different

from the value reported by [2]. Moreover, there is great variation in the transmission rates

reported in the literature [1, 2, 122]. Therefore, the next step in our analysis is to observe
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the effects of varying key parameters and how this can lead to multiple candidate-solutions.

To numerically analyze the multiple candidate-solutions, we solve both the state and

adjoint equations forward in time using standard ODE solvers. To determine values for

initial condition of the adjoint variable that satisfy the necessary conditions of Pontryagin’s

maximum principle, we use root-finding methods.

3.2.1 Multiple candidate-solutions

In Figure 3.1, we saw that multiple candidate-solutions may exist for certain parameter-sets.

To determine the source of this behaviour, we looked at three candidate-solutions (Figures

3.3(A-C)) and their associated surface-plots (Figures 3.3(D-F)), which show the payoffs for

different switching times. In these plots, we increased the revenue relative to the cost,

and in Figures 3.3(D-F), we saw that small changes in parameter values can easily lead to

very different strategies having similar economic outputs. We also looked at plots of the

corresponding candidate-solutions in the (I,λ) plane in Figures 3.3(A-C) and saw that the

behaviour of the candidate solutions can differ greatly.

Each of the parameter sets used to produce Figure 3.3 have multiple candidate-solutions

that satisfy the necessary conditions of Pontryagin’s maximum principle. We see in Figure

3.3(A-C) that two of these candidate-solutions have two switches, and the third has no

switches. In each case, the candidate solution with the longest reduced-mixing period, or

period where a(t) = m, (solid red lines) and the candidate solution with no reduced-mixing,

meaning a(t) =M at all times, (dashed blue lines) are local maxima in Figures 3.3(D-F). In

Figures 3.3(D) and 3.3(E), the global maximum is the candidate solution with the longest

reduced-mixing period. In Figure 3.3(F), however, the global maximum is the candidate

solution with no reduced-mixing period. The candidate solutions shown by the yellow dotted

lines in 3.3(A-C) are intermediate values that are neither local maxima nor local minima

in Figures 3.3(D-F). We also see that these candidate-solutions become more similar to the

no-switch candidate-solutions as the revenue increases relative to the cost.
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We continue this sensitivity analysis in Figure 3.4 using the parameter set

(m,M,N, I0, β, γ, r, c, σ) = (0.2, 0.9, 100, 99, 0.0232/N, 1/110, 0.1, 0.2, 0.1) as a baseline. From

this figure, we see that there is a wide range of parameter values for which three candidate-

solutions may coexist. For example, the minimum (m) and maximum (M) mixing-levels and

the transmission coefficient (β) have relatively large ranges of realistic values for which three

candidate-solutions exist. For the time horizon (T ) and the ratio of the revenue and cost

parameters (r/c), however, three candidate-solutions exist for only relatively small ranges of

realistic values.

Figure 3.4 also shows where the candidate solutions trade off in optimality and how similar

they may be in terms of economic output, or payoff. For example, Figure 3.4F shows the

effects of varying the per-capita recovery rate, γ. In this subfigure, the optimal candidate-

solution switches from a no-switch solution to a two-switch solution at about γ ≈ 0.008.

We also see that three candidate-solutions coexist for values of γ ranging from 0.007 to

0.0125. The economic output from these candidate-solutions is, however, very similar. In

Figure 3.4C, we see the effect of varying the disease severity parameter, σ, which is especially

important. When σ is greater than 0.27, meaning that more than 27% of infections lead

to severe symptoms, only two-switch solutions occur. This means that the possibility of

having three candidate-solutions, including the no-switch case, only occurs for mild diseases.

Moreover, we see that a no-switch solution may only be optimal for very mild diseases.

From Figure 3.4, we can see which parameter values have the greatest effect on overall

economic output. The payoff (y-axes of Figure 3.4) varies greatly with the transmission

coefficient, the per-capita recovery rate, and, to a lesser extent, the ratio of the revenue

and cost parameters. The change in the payoff when varying the minimum and maximum

mixing-levels and the time horizon is smaller.

From our numerical analysis, we suspect that the coexistence of three candidate-solutions

is due to the presence of a cusp catastrophe. Although the literature on the topic of catastro-

phes in optimal-control problems is sparse, we were able to find examples of such occurrences.



66 CHAPTER 3.

Figure 3.3: Effects of parameter variations on the payoff of different mitigation-strategies and candidate-
solutions. Figures (A-C) show the three candidate-solutions, in the (I,λ) plane, corresponding to Fig-
ures (D-F). Figures (D-F) show the economic output for different combinations of switching times, t1 and
t2. The first switching-time, t1, is a switch from the maximum mixing-level to the minimum mixing-
level. The second switching-time, t2, is a switch from the minimum mixing-level to the maximum
mixing-level. If t1 = 0, the population will start at the minimum mixing-level, and there will be one
switch to the maximum mixing-level. If t1 = t2, then the switch from the maximum mixing-level to
the minimum mixing-level occurs at the same time as the switch from the minimum mixing-level back
to the maximum mixing-level. Therefore, there will be no switch. The red dots on the surface and
contour plots show the maximum payoff. The middle figures, (B) and (E), are for the parameter set
(m,M,N, I0, β, γ, r, c, σ) = (0.2, 0.9, 100, 99, 0.0232/N, 1/110, 0.1, 0.2, 0.1). The figures above, (A) and (D),
show what happens when we decrease the cost to c = 0.23, and the figures below, (C) and (F), show what
happens if we increase the revenue to r = 0.11. Each surface-plot has two local maxima. The local maxi-
mum along the line t1 = t2 corresponds to the no-switch candidate-solution, and the second local maximum
corresponds to a two-switch candidate-solution. The dashed blue and solid red lines, respectively, show these
candidate-solutions in Figures (A-C). The dotted yellow lines in Figures (A-C) correspond to an intermediate
candidate-solution, which is neither a local minimum nor a local maximum.
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Figure 3.4: Changes in payoff and candidate solutions due to changes in parameter val-
ues. In this figure, we vary key parameters, from the values (m,M,N, I0, β, γ, r, c, σ) =
(0.2, 0.9, 100, 99, 0.0232/N, 1/110, 0.1, 0.2, 0.1), and observe the associated changes in the payoff for each of
the three candidate-solutions. We also see for which parameter sets three candidate-solutions exist. In each
figure, the solid red line shows the two-switch candidate-solution that is a local maximum and the dotted
yellow line shows the two-switch candidate-solution that is neither a local minimum nor a local maximum.
The dashed blue line shows the no-switch candidate-solution, which is also a local maximum. If we reduce I0,
we also have the possibility of one-switch candidate-solutions. The purple dashed line shows the one-switch
candidate-solution in Figure (E).

For example, in their 2021 paper, Offen and Ober-Blöbaum [123] observed that bifurcations

in solutions to optimal-control problems are related to classical catastrophes. Moreover,

these bifurcations can lead to the existence of multiple solutions satisfying the first-order
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necessary conditions of Pontryagin’s maximum principle.

3.3 Discussion

In this study, we explored the trade-off between economic output and the use of activity-

reducing disease-mitigation strategies. To do this, we formulated an optimal-control problem

with the goal of maximizing overall economic output during an infectious-disease outbreak

that obeys SIS disease-dynamics. In our objective functional, revenue is produced by sus-

ceptibles and some proportion of infectives, and there is an economic cost associated with

infectives. We assume the severity of the disease determines the proportion of infectives that

are able to produce revenue.

We found that the solution to our optimal-control problem is bang-bang, and, although

we were not able to determine a closed-form solution, we were able to analyse three possible

cases for the solution: the no-switch case, the one-switch case, and the two-switch case. In

the no-switch case, the population remains at the maximum mixing-level, with the minimal

use of biosecurity measures. In the one-switch case, there is one switch from the minimum

mixing-level to the maximum mixing-level, meaning biosecurity measures are strictly adhered

to at the beginning of the time frame but relaxed at the switching time. In the two-switch

case, there is a switch from the maximum to the minimum mixing-level followed by a second

switch from the minimum to the maximum mixing-level. In this case, biosecurity measures

are used minimally at the beginning and end of the time frame but are used maximally

during a long period in the middle of the time frame. The model parameters determine

which of these three cases leads to the largest economic output.

We applied our model to the transmission of S. aureus in dairy cows and found that the

optimal solution has one switch from the minimum mixing-level to the maximum mixing-level

after about 260 days. This means that it was economically beneficial to employ reduced-

mixing mitigation-strategies, such as the implementation of biosecurity measures, for most
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of the lactation period.

For other circumstances, the optimal strategy may not be so clear. When analysing the

effects of varying key parameter values, we found that some sets of parameters lead to the

existence of multiple candidate-solutions that satisfy the first-order necessary conditions for

Pontryagin’s maximum principle. These candidate-solutions often exhibited very different

behaviours and traded off in optimality with small changes in parameter values. Moreover,

we found that candidate solutions with drastically different behaviours could produce similar

economic payoffs.

The possibility that a disease-mitigation strategy with a long period of reduced mixing

can have a similar economic output to a strategy with no reduced mixing emphasizes the

importance of seeing the full picture during decision making. For example, if this scenario

were to occur in an agricultural setting, farmers might decide that a small increase in eco-

nomic output is not worth the difficulties of implementing new practices or procedures. In

human populations, if the economic output under reduced-mixing strategies is similar to that

without reduced mixing, it would indicate the to need take more factors into consideration.

For a severe disease in human populations, a scenario where economic outputs are similar

with or without reduced mixing would provide further motivation for the use of mitigation

strategies to reduce morbidity and mortality, as the improvement in overall public health

would outweigh the small reduction in economic output. Alternatively, for a mild disease

in human populations, a scenario where economic outputs are similar with or without re-

duced mixing could indicate the need to consider the possible negative societal impacts of

reduced-mixing strategies, like setbacks in education or a decline in mental health.

In this paper, we have studied a scenario in which mitigation strategies for bovine mastitis

reduce contacts between susceptible and infected cows. In future work, we hope to instead

study scenarios where mitigation strategies increase the recovery rate, such as the use of

antibiotics to treat mastitis. The use of antibiotics is generally recommended in the case

of clinical mastitis and may also be used to treat subclinical mastitis [124]. The use of
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antibiotics for subclinical mastitis is, however, a subject of debate. Due to high costs and

poor cure-rates, treating subclinical mastitis may not be considered economical or effective

[124]. In contrast, several studies [125–127] claim that the treatment of subclinical mastitis

reduces SCC and reduces the incidence of clinical mastitis. Moreover, recent studies have

found that a longer duration or higher frequency of treatment and the development of new

drugs may improve cure rates [128–130]. It is important to note, however, that when treating

a cow with antibiotics, dairy farmers must withhold that cow’s milk from the market for a

recommended withdrawal-period.

To study the dynamics of antibiotic treatment, we may adapt our optimal-control model

by applying the control to the per-capita recovery rate instead of to the transmission coeffi-

cient in the SIS disease-model,

dS

dt
= −βSI + [γ0 + a(t)γ1]I, (3.4)

dI

dt
= βSI − [γ0 + a(t)γ1]I. (3.5)

Here, the control a(t) represents the proportion of infective cows treated with antibiotics and

can range from 0 to 1. When the control is at its minimum value, a(t) = 0, no antibiotics are

used to treat infective cows. When the control is at its maximum value, a(t) = 1, antibiotics

are used to treat all infective cows. The parameter γ0 is the per-capita recovery rate when

a(t) = 0, and the sum γ0 + γ1 is the per-capita recovery rate when a(t) = 1.

We would also change our objective functional so that the control only affects the revenue

from infective cows,

max
m≤a(t)≤M

∫ T

0

r[N − I(t)] + r[1− a(t)](1− σ)I(t)− cI(t)dt. (3.6)

In this formulation of the model, when a(t) = 0, the revenue would not be affected by the

control. As a(t) is increased, the number of cows with the faster per-capita recovery rate,

γ0+γ1, will increase, but revenue will decrease due to the loss of saleable product. If a(t) = 1,
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antibiotics are used on all infective cows, and the milk produced by all infective cows will

not be saleable.

An analysis of the economic trade-off associated with antibiotic use for the treatment of

bovine mastitis, similar to the one done in this paper for biosecurity measures, may help to

answer questions about the cost-effectiveness of this mitigation-strategy. Moreover, if this

problem has similar dynamics to what we have seen in this paper, results may indicate that

factors besides economic output, such as antibiotic resistance, would need to be taken into

consideration.

3.4 Appendix

3.4.1 Details of the analytical analyses

We analyse solutions to the optimal-control problem, with control a(t) and described by the

state equation,

dI

dt
= a(t)β(N − I)I − γI, (3.7)

and the objective functional

max
m≤a(t)≤M

∫ T

0

ra(t)[N − σI(t)]− cI(t)dt, (3.8)

using Pontryagin’s maximum principle [33]. First, we define the control Hamiltonian, H as

H = f(t, I, a) + λg(t, I, a)

= a(t) [r(N − σI) + λβ(N − I)I]− I(c+ λγ),
(3.9)

where f(t, I, a) is the integrand of objective functional (3.8) and g(t, I, a) is the right-hand

side of state equation (3.7).

For the problem given by equations (3.7) and (3.8), the maximum principle tells us that,
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for the optimal trajectories I∗(t) and a∗(t), there exists a piecewise-differentiable adjoint

variable, λ(t), obeying the differential equation

λ̇(t) = −∂H(t, I∗(t), a∗(t), λ(t))

∂I
= a [rσ − λβ(N − 2I)] + c+ λγ

(3.10)

and the transversality condition λ(T ) = 0. The maximum principle also tells us that

H(t, I∗(t), a(t), λ(t)) ≤ H(t, I∗(t), a∗(t), λ(t)) (3.11)

for all possible a at time t [32, 95].

The ODEs, with an initial condition for the state equation and a terminal condition for

the adjoint equation, form a two-point boundary-value problem. To solve this boundary-

value problem, we want to solve the state equation forwards in time and the adjoint equation

backwards in time.

To begin to solve the problem, we first observe that the Hamiltonian is linear in the

control variable,

H = aϕ(t)− (c+ λγ)I, (3.12)

where

ϕ = r(N − σI) + λβ(N − I)I (3.13)

is known as the switching function.

The above linearity implies that the form of the optimal control that maximizes the

Hamiltonian is bang-bang. If the switching function is either positive or negative, the optimal

control is
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a(t) =

{
m, ϕ(t) < 0,

M, ϕ(t) > 0.
(3.14)

A switch occurs when ϕ = 0 or when

λ = −r(N − σI)

β(N − I)I
. (3.15)

So, if ϕ(t) > 0,

λ > −r(N − σI)

β(N − I)I
, (3.16)

and if ϕ(t) < 0,

λ < −r(N − σI)

β(N − I)I
. (3.17)

To determine if the optimal-control model has a singular solution, we set the derivative

of λ, obtained from the switching condition (3.15), equal to equation (3.10) at the time of

the switch. We find that a singular solution is possible if

c =
rγ(1− σ)N

β(N − I)2
. (3.18)

Therefore, a singular solution may exist.

To find the possible singular solution, we plug equation (3.15) into adjoint equation (3.10)

to get

λ̇(t) = c+
r [aβ (N2 − 2NI + σI2)− γ(N − σI)]

βI(N − I)
. (3.19)

Setting this equal to the derivative of (3.15) with respect to time, we find the solution to

the state equation along the singular arc to be

I∗(t) = N −

√
Nrγ(1− σ)

cβ
. (3.20)
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Then, noting that İ = 0 during the singular interval, we plug equation (3.20) into the state

equation to get the singular control

a∗(t) =
cγ√

cNrβγ(1− σ)
, (3.21)

which may exist when the singular control is within the bounds m < a < M .

The optimal control is then

a =


m, ϕ < 0,

cγ√
cNrβγ(1− σ)

, ϕ = 0,

M, ϕ > 0.

(3.22)

To determine if the singular control is optimal, we check the generalized Legendre-Clebsch

optimality condition [131],

(−1)q
{
∂

∂a

[
∂2q

∂t2q

(
∂H

∂a

)]}
≤ 0, for q = 0, 1, 2, . . . (3.23)

For q = 1, this reduces to

cβ2(I∗)2

√
Nrγ(1− σ)

cβ
≤ 0, (3.24)

which is false. Therefore, the singular control will never be optimal, and our optimal control

is

a =

{
m, ϕ < 0,

M, ϕ > 0.
(3.25)

Although we cannot find a general, closed-form, analytical solution, we are able to analyse

solutions for several cases. For the no-switch, one-switch, and two-switch cases, we are able

to find solutions for the state and adjoint equations, but we are not able to find expressions

for the switching times.
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No-switch case

In the no-switch case, the population is active (a = M) for all time. The solution for the

state equation for this case is

I(t) =
δMI0

MβI0 + (δM −MβI0) e−δM t
,

where

δM =MNβ − γ. (3.26)

The solution for the adjoint equation in this case is

λ(t) =
(Mrσ + c)

(
1− e−δM (T−t)

)
u(t)

δMu(T )
(3.27)

where

u(t) = δM +MβI0
(
eδM t − 1

)
. (3.28)

One-switch case

In the one-switch case, there is one switch from low activity to high activity. In other words,

a(0) = m, and there is a switch at time t1 such that a(T ) = M . Before the switch, the

solution to the state equation is

I(t) =
δmI0

mβI0 + (δm −mβI0)e−δmt
, (3.29)

where

δm = mNβ − γ. (3.30)

After the switch at t = t1, the solution to the state equation is
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I(t) =
δMI1

MβI1 + (δM −MβI1)e−δM (t−t1)
, (3.31)

where I1 = I(t1). We use equation (3.29) to find I(t1).

After the switch, the solution to the adjoint equation is

λ(t) =
(Mrσ + c)u(t)

[
1− eδM (T−t)

]
δMu(T )

(3.32)

where

u(t) = δM +MβI1
(
eδM (t−T ) − 1

)
. (3.33)

Before the switch, the solution to the adjoint equation is

λ(t) =
v(t)

{
λ1v(t)− (mrσ + c)

[
1− eδm(t−t1)

]}
δ2me

δm(t−t1)
, (3.34)

where

v(t) = δm +mβI0
(
eδm(t−t1) − 1

)
, (3.35)

and λ1 = λ(t1).

Two-switch case

In the two-switch case, there is one switch from high activity to low activity, followed by a

second switch from low activity to high activity. This means a(0) =M , there is a switch to

a = m at time t1, and there is another switch to a =M at time t2.

The solution for the state equation from t = 0 to t = t1 is

I(t) =
δMI0

MβI0 + (δM −MβI0) e−δM (t)
. (3.36)

From t = t1 to t = t2, the solution to the state equation is
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I(t) =
δmI1

mβI1 + (δm −mβI1) e−δm(t−t1)
, (3.37)

where equation (3.36) gives I1 at time t1. From t = t2 to t = T , the solution to the state

equation is

I(t) =
δMI2

MβI2 + (δM −MβI2) e−δM (t−t2)
, (3.38)

where equation (3.37) gives I2 at time t2.

The solution to the adjoint equation from t = T to t = t2 is

λ(t) =
(Mrσ + c)u(t)

[
1− eδM (T−t)

]
δMu(T )

, (3.39)

where

u(t) = δM +MβI2
(
eδM (t−t2) − 1

)
. (3.40)

The solution to the adjoint equation from t = t2 to t = t1 is

λ(t) =
v(t)

{
λ2v(t)− (mrσ + c)

[
1− eδm(t−t1)

]}
δ2me

δm(t−t1)
, (3.41)

where

v(t) = δm +mβI1
(
eδm(t−t1) − 1

)
, (3.42)

and λ2 is given by (3.39) at time t2. The solution to the adjoint equation from t = t1 to

t = 0 is

λ(t) =
w(t)

{
λ1w(t)− (Mrσ + c)

[
1− eδM (t)

]}
δ2Me

δM (t)
, (3.43)

where
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w(t) = δM +MβI0
(
eδM (t) − 1

)
, (3.44)

and λ1 is given by (3.41) at time t1.

3.4.2 Supplementary tables and figures

Table 3.1. Realistic parameters for the optimal-control problem. We adapted the transmission rate, β,
from [1]. Moreover, like [1], we used the arithmetic mean-duration of S. aureus infection of 110 days from
[2] to get the per-capita recovery-rate, γ. Barlow et al. (2009) based this value on the assumption that 74%
of mastitis cases become chronic. We chose a time horizon, T , that reflects the standard milk-yield period
of the lactation cycle. This model, therefore, is better suited to a standard farm environment than the
pasture-based dairy operations modeled in [3]. Furthermore, we determined the revenue per cow per day
using 2020 data [4], and we calculated the cost per case of mastitis per day by adapting the value given by
[5] using the average duration of infection. We use the proportion of mastitis cases that are categorized as
clinical [6] for the disease severity parameter, σ, and we use the cow-level prevalence of mastitis from [6] to
determine the initial infected population. The values of the parameters m and M are unknown, and we
assume the values m = 0.2 and M = 0.9 as in [3].

Parameter Value Meaning Source

β
0.0232

N
(indiv·day)−1 Transmission coefficient [1]

γ 1
110

(day)−1 Per-capita recovery-rate [2]

T 305 days Standard lactation-period

r 0.20
USD

indiv · day
Revenue per milk-producing cow per day [4]

c 1.41
USD

indiv · day
Cost per infective per day [2, 5]

σ 0.05 Cow-level prevalence of clinical mastitis [6]

m 0.2 Minimum mixing-level

M 0.9 Maximum mixing-level

I0 63 individuals Cow-level prevalence of mastitis [6]

N 100 individuals total population-size
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Figure 3.5: Solution of the optimal-control problem with parameters from Table 2.1. Figure (A) shows
how the value of the control (dashed blue line) and the proportion of the herd infected (solid red line) change
over time. We see that reduced-mixing strategies should be used for about 260 days in order to maximize
profit. Figure (B) shows the payoff as a function of the switching times, t1 and t2. The first switching-time,
t1, is a switch from the maximum mixing-level to the minimum mixing-level. The second switching-time,
t2, is a switch from the minimum mixing-level to the maximum mixing-level. If t1 = 0, the population
will start at the minimum mixing-level, and there will be one switch from the minimum mixing-level to
the maximum mixing-level. If t1 = t2, then the switch from the maximum mixing-level to the minimum
mixing-level occurs at the same time as the switch from the minimum mixing-level back to the maximum
mixing-level. Therefore, there will be no switch. In this figure, the maximum payoff occurs when there is
only one switch from low to high activity after 260 days (t1 = 0 and t2 = 260). The red dots on the surface
and contour plots show the maximum payoff.



Chapter 4

Retrospective Analysis of

Equity-Based Optimization for

COVID-19 Vaccine Allocation

The COVID-19 pandemic has highlighted and exacerbated the inequities of the health care

system in the United States (US) and other countries in the world. In the US, over the

course of the pandemic, there have been significant inequities in cases, hospitalizations, and

deaths according to race and ethnicity, with those in marginalized communities carrying the

most burden of the pandemic. In the state of Oregon, racially marginalized communities in

every age group have experienced disproportionate mortality rates. For example, the Non-

Hispanic (NH) American Indian or Alaska Native (AIAN) population had the highest risks

of COVID-19 infection, hospitalization, and death and were 2.7, 3.6, 3.2 times more likely

to be infected, hospitalized, or die when compared to a white person of the same age in 2020

[132]. Moreover, the BIPOC persons ( consisting of NH black or African-American persons,

NH Asian persons, NH AIAN persons, and Hispanic or Latino persons) aged 20-59 have

experienced mortality rates 5.7 times higher than their white counter parts, those aged 60-

69 have experienced 4 times higher rates, and individuals aged 0-19 and 70+ have experienced

80
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mortality rates that are 1.8 times higher. Data has shown similar disparities nationally [133].

Studies have shown that this is due, in part, to systemic racism and inequities leading to

differences in comorbidities, access to health care, and occupation [133–152]. For example,

BIPOC persons are more likely to be employed in front-line work, leading to more exposure,

and decreasing the effectiveness of mitigation strategies like shelter-in-place for these groups

[153–157].

In the summer of 2020, the National Academies of Science, Medicine and Engineering

(NASEM) and the World Health Organization (WHO) released frameworks for equitable

vaccine allocation [158, 159]. However, allocating the vaccine in an equitable way proved to

be difficult, as there were many obstacles, including differences in vaccine perception [160]

and inequities in access [153, 161], resulting in large differences in vaccination rates between

racial groups, particularly during the first few months of the vaccination campaigns [162–

165]. These inequities have further compounded disparities in COVID-19 outcomes [166].

Hence, the need to create health policies, including vaccination strategies, that promote

equity through the use of targeted, community-based interventions is increasingly evident

[144, 153, 167, 168].

Previous work addressing vaccine prioritization for COVID-19 vaccines has predomi-

nantly been age-centered (e.g. [169–175]) with only a few studies including social variables

[176]. Most of these studies evaluate vaccination success as the reduction of the overall disease

burden (mortality, hospitalizations, or infections) without accounting for projected equity

gaps. A few studies include inequity outcomes, mostly focusing on geographic distribution

of vaccines among countries, states, or affected regions [177, 178], and only a handful discuss

reducing inequities in access or disparities in outcomes between racial groups [179–181].

In the present work, we explore a race conscious, as opposed to colorblind, approach

to determine mathematically optimal vaccine allocation strategies that not only minimize

overall disease burden (mortality or years of life lost, YLLs) but also minimize the inequity

in COVID-19 outcomes between racial groups, which we measure using several metrics. To
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that end, we develop an age-and-race-stratified mathematical model, and apply optimiza-

tion algorithms, which account for both disease burden and equity, to determine the optimal

distribution of available vaccine doses across age and race groups under different disease and

equity metrics. We retrospectively analyze data from Oregon for the first four months of

2021, when vaccine supplies were extremely limited and SARS-CoV-2 was relatively stable,

and explore counterfactual vaccine allocations. To be clear, we are not suggesting allocating

vaccine based on race, but given the fact that the data itself is race-stratified, we use race

as an incomplete proxy for systemic inequities, such as disparities in social determinants of

health (SDOH), affecting BIPOC communities. Nevertheless, we recognize that considering

race alone does not grant us full understanding of the systemic inequities caused by multiple

axes of oppression [182] and that no mathematical model or vaccine allocation strategy alone

could be sufficient to resolve the profound and complex problem of racism and centuries-long

systemic inequities experienced in the US. Policy makers are faced with extreme pressure

during a public health emergency, such as a pandemic, where they need to make decisions

affecting all aspects of our lives. Our hope is to provide a framework to learn from the

inequities observed during the COVID-19 pandemic, and that other public health inter-

ventions, present and future, might benefit from a quantitative approach addressing both

disease burden and inequity reduction. Our analysis suggests that when vaccine supply is

very limited, there is a trade-off between diminishing overall mortality and reducing inequity

resulting in significantly high, and likely unacceptable, levels of burden in one or the other.

However, this trade-off lessens as more vaccine becomes available.

4.1 The mathematical model

We construct a deterministic mathematical model of SARS-CoV-2 transmission and vacci-

nation. The structure of our model accommodates the available case data from the state

of Oregon. This data includes information about hospitalization and death after infection
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as well as demographic information about age and race or ethnicity. Although much of the

inequity in COVID-19 outcomes between racial or ethnic groups is due to systemic dispar-

ities in SDOH such as access to healthcare, income, and education, this information is not

regularly collected along with case data. Therefore, we use the race and ethnicity variable

as a proxy for SDOH and these systematic disparities to gain insight into counteracting or

preventing inequities in resource allocation and disease outcomes [183].

In our model, individuals can be either unvaccinated or vaccinated. Once infected, sus-

ceptible individuals become latent, meaning they are infected but not yet infectious. Once

the latency period has ended, individuals may become either symptomatic or asymptomatic.

All asymptomatic individuals eventually recover, but symptomatic individuals may become

hospitalized before recovering or dying.

We stratified the population into five age groups: children and young adults (aged 0-19),

adults aged 20-49, adults aged 50-59, adults aged 60-69 years old, and adults aged 70 and

older. We chose not to vaccinate the youngest age group, which mostly consists of children,

in our model as vaccines were not available for children at the beginning of 2021. We consider

two racial groups: non-Hispanic white persons (referred to as white) and persons belonging

to other racial or ethnic groups as preestablished in the fitted data (including non-Hispanic

black or African-American persons, non-Hispanic Asian persons, non-Hispanic American-

Indian or Alaska-Native persons, and Hispanic or Latino persons), referred to as BIPOC

below. For each age group, the BIPOC racial group was computed as a weighted average

of the racial/ethnic groups mentioned above, reflecting the composition of the population in

Oregon in 2020-2021 according to census data for the white and BIPOC groups [184]. The

population distribution is shown in Figure 4.1(D).

Mortality and hospitalization rates by age were estimated from published sources [185]

and [186]. Using data from Oregon, we computed per-capita mortality rate ratios between the

BIPOC and white groups for each age group and use these ratios to estimate the differences

in health outcomes between racial groups.
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In our model, individuals come into contact with each other in four locations: home,

school, work, and community. Using data given in [187, 188] and [189], we adapted the

contact matrices from [190] for home and work, respectively, to reflect different contact

patterns across racial groups. Figure 4.1 shows the resulting contact patterns stratified

by race used to adapt the work (B) and home (C) contacts. We assume community and

school contacts are not different for racial groups, but these contacts are proportional to

the population size of each group. The overall contact matrix is found by summing the

location-specific contact matrices.

Following the ideas of [191, 192], we consider three vaccine effects: reduction on the

susceptibility to infection (set to 70%), reduction on symptomatic infection (set to 66%)

and reduction on hospitalization and death (set to 90%). These values reflect the vaccine

Figure 4.1: Model description and demographic information. This figure includes the model diagram
(A), the differences in occupation type according to racial group [189] (B), the differences in home contacts
according to racial group [187] (C), the population distribution of the population under study (D), and the
problem statement (E).
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effectiveness estimated as of January 2021 [191, 193–196]. We assume that natural immunity,

which is completely effective, and vaccine-induced immunity last for the entirety of the

simulated period of four months with no new strains of COVID-19 introduced during that

time.

4.1.1 The optimization problem

Our goal is to distribute available vaccines to the four, adult age groups in the two racial

groups aiming to minimize different objective functions including measures of disease burden

(mortality and YLLs), measures of inequity (Table 4.1), and joint disease burden and inequity

measures. For the combined measures, the inequity measure is weighted to match the scale

of the measure of disease burden. To calculate YLLs, the number of deaths in each group is

multiplied by the average remaining life expectancy in that group. Therefore, YLLs assign

higher values to the lives lost in the younger populations [197, 198]. This is worth noting as

the proportion of the BIPOC population in the younger age-groups is greater than that of

the white population.

We consider five measures of inequity, described in Table 4.1. These include the relative

and absolute disparity in mortality rates between racial groups calculated on age-group

basis. The first of these measures is minimized when the two racial groups have the same

age-matched mortality rate and weights all age groups equally. The second is also minimized

when the two racial groups have the same age-matched mortality rate, but may give more

weight to older age groups with much higher mortality rates. We also include the absolute

disparity in YLLs between racial groups and the indices of disparity in mortality and YLLs

based on race/ethnicity [199]. These indices are commonly used to study disparities in

disease outcomes [200, 201].

For our optimization routine, we develop a coarse global search algorithm to find the vac-

cination strategy that minimizes a given objective function with a fixed amount of resources

(vaccine doses) over a time frame of four months. Vaccination strategies are represented
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Table 4.1. Measures of Inequity.

Name Formula Meaning

Relative disparity in mor-
tality

∑
a∈ages

|ma,B

ma,W
− 1| Estimating how distant the

set of mortality rate ratios
across age groups is from
perfect equity (all ones).

Absolute disparity in mor-
tality

∑
a∈ages

|ma,B −ma,W | Estimating the difference
between mortality rates by
race across age groups.

Index of disparity (mortal-
ity)

∑
a∈ages

1
2
·
∑

R∈races|ma,R−ma|
ma

· 100 Inequity measure giving the
sum of the indices of dis-
parity for mortality rates for
each age group.

Absolute disparity in YLLs
∑

a∈ages
|Y LLa,B − Y LLa,W | Inequity measure giving the

sum of the differences in
years of life lost between
racial groups for each age
group.

Index of disparity (YLLs)
∑

a∈ages

1
2
·
∑

R∈races|Y LLa,R−Y LLa|
Y LLa

· 100 Inequity measure giving the
sum of the indices of dispar-
ity for YLLs for each age
group.

Note: The values ma,B and ma,W are the resulting mortality rates for the BIPOC and white populations,
respectively, by age. The value ma,R is the resulting mortality rates for race group R (either BIPOC or
white population) by age. The value ma is the mean mortality rate by age.

by vectors of the proportion of each group to be vaccinated (ranging from 0 to 1). Similar

to [169], we performed the optimization routine in two steps. First, we generate 10,000

random vaccination vectors and evaluate the objective function using each. We select the

20 best vectors and use them, together with four educated-guesses, as starting points for

three constrained optimization algorithms: trust-region constrained, SLSQP, and adapted

Nelder-Mead. We report the optimal allocation strategy to be the best solution among the
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24 solutions calculated

We focus on a scenario where vaccine availability is very constrained similar to the situ-

ation in the United States in January 2021. We explored scenarios with enough vaccine to

cover 10%, 20%, or 30% of the entire population.

4.2 Results

4.2.1 Model fitting

We calibrate our model to the number of deaths reported in Oregon in 2020 by fitting the

percentage of contacts maintained when social distancing policies were implemented as well

as the rates of asymptomatic infection by age. Given our interest in the disparities in severe

COVID-19 outcomes between different races, we also fit to the mortality rates ratios between

the white and BIPOC populations in each age group. Our resulting fit has the same number

of deaths as the reported data as well as a similar distribution of deaths. Figure 4.5 and

Table 4.3 show the detailed results of model fitting and can be seen in the Supplementary

Information.

4.2.2 Allocating vaccines

We start with a scenario in which vaccine supply is very limited by assuming that available

vaccine doses in the beginning of 2021 are enough to cover 10% of the population. We simu-

late a baseline case where vaccines are randomly allocated to serve as a basis for comparison

to the allocation strategies found through optimization, referred as optimal strategies below.

In the baseline case, the burden of disease, measured by the number of deaths or YLLs, is

concentrated in the oldest age groups. Moreover, individuals aged 70+ from the BIPOC

group die at 2.4 times higher rates than their white counterparts. The most extreme racial

inequities in burden of disease, however, are in the young and middle-aged adult groups,

where there is a maximum relative difference in mortality of 6.2 in those aged 20-49 years
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Figure 4.2: Vaccine allocation with resources to vaccinate 10% of the population. The first column in this
figure contains the results of minimizing deaths (row 1), relative disparity in deaths (row 2), and deaths and
relative disparity in mortality (row 3). The second column in this figure contains the results of minimizing
YLLs (row 1), absolute disparity in YLLs (row 2), and YLLs and the absolute disparity in YLLs.

old and the highest index of disparity (134) in those aged 50-59.

We then allocate vaccines by minimizing each of the objective functions defined above.

When minimizing only measures of disease burden (deaths or YLLs) or only measures of

inequity, the optimal allocation strategy is to prioritize either the older population (who

are most at risk of severe disease and death) or the younger, BIPOC population (who face

the most inequities), respectively (Figure 4.2). To minimize combinations of measures, the

optimal strategy is to strike a balance between the objectives. For example, to minimize

both deaths and relative inequity in mortality, a significant amount of the available vaccine

(about 73%) is allocated to the older population to reduce mortality, and the remaining

vaccine (about 27%) is allocated to the younger BIPOC population to reduce inequity. In

this case, neither population is completely prioritized over the other.

All of our optimal vaccine-allocation strategies improve COVID-19 outcomes, in both
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Figure 4.3: Summary of COVID-19 outcomes when allocating vaccine to 10% of the population. The
vaccine allocation strategies that minimize measures of disease burden (A), inequity measures (B), and
combinations of measures (C) are evaluated. The results are reported as the percent averted from the base
(random allocation) case. Each of the colorful lines represent a vaccination strategy for minimizing the
measure shown in the legend. The axes in each circle plot correspond to the disease burden or inequity
measures and the gray circles correspond to the percent averted in each measure.

disease burden and inequity measures, when compared to the baseline scenario (Figure 4.3),

but the amount of improvement in disease burden or inequity is different depending which

measure is minimized. There is a trade-off: Minimizing only measures of disease burden

results in vaccine allocation strategies with larger inequity and vice versa. This holds for

any optimization based on a single metric (disease burden or inequity) and for all the inequity

metrics considered (Table 4.1, Figure 4.3A vs Figure 4.3B). For example, minimizing overall

deaths reduces mortality by 61% from the baseline scenario, but minimizing relative inequity

in mortality reduces overall mortality by only 16%.

The optimal allocation strategies that minimize different metrics of inequity yield very

similar outcomes (Figure 4.3B). When comparing between measures of disease burden, min-

imizing only YLLs is more equitable than minimizing only deaths and results in a greater

percentage of inequity averted for four of the five measures of inequity (Figure 4.3A). As

expected, minimizing YLLs leads to more deaths (42% deaths averted when compared to

baseline versus 61% when minimizing deaths), but significantly decreases the number of

YLLs (83% YLLs averted versus 62% when minimizing deaths).

Allocation strategies minimizing combined measures of disease burden and inequity pro-

duce middle-ground solutions improving both. For instance, when the overall number of
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deaths is minimized along with any of the measures of inequity in mortality, mortality is

reduced by 57% and the relative disparity in mortality is reduced by 56% from the baseline.

This results in 4 percentage points less deaths averted than when minimizing mortality alone

and 25 percentage points less inequity averted than when minimizing inequity alone (Figure

4.3C). Minimizing both YLLs and measures of inequity based on YLLs results in a 75%

reduction in YLLs, and an 87% reduction in absolute disparity in YLLs when compared to

baseline. This shows a similar trade-off when compared to single-measure optimizations min-

imizing YLLs (83% reduction in YLLs) or inequity in YLLs only (99% reduction in absolute

disparity in YLLs). Minimizing both YLLs and the index of disparity in YLLs leads to a

greater reduction in YLLs, but averts less inequity than any other combination of measures.

Our analysis highlights the importance of accounting for both disease burden and in-

equity, when vaccine supply is limited. As more vaccine doses become available, the trade-

off between equity and mortality lessens. With enough resources to vaccinate 20% of the

population, there are more vaccination strategies significantly reducing both equity and mor-

tality simultaneously, and combined optimization yields similar impact in minimizing both

outcomes as minimizing each one individually. For example, the optimal allocation strat-

egy minimizing both overall deaths and relative inequity in mortality reduces mortality by

83% and inequity by 71% from the baseline scenario. This is comparable to the 89% and

85% reduction in deaths and inequity in mortality obtained when minimizing each alone

(Figure 4.4). With a further increase of available resources (enough to vaccinate 30% of the

population) the difference between the combined and single-measure optimizations is almost

entirely eliminated. In this case, minimizing both overall deaths and relative inequity in

mortality results in comparable reduction in mortality with minimizing only deaths (94% vs

97%) while preserving the majority of the inequity reduction (78%) compared to scenarios

minimizing only inequity (85%).
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Figure 4.4: Performance of optimal vaccination strategies for six minimization objectives when there is
enough vaccine to cover 10%, 20% or 30% of the population. Each strategy is evaluated for four metrics:
overall deaths, YLLs, inequity in deaths (measured by the index of disparity in mortality), and inequity
in YLLs (measured by the index of disparity in YLLs). Performance is reported as the percent averted
compared to the baseline scenario with random vaccination.

4.3 Discussion

During late 2020 and early 2021, different voices proposed vastly different vaccine allocation

strategies [202]. Some argued that protecting the older population, which is mostly white

and at the highest risk for severe disease, needed to be prioritized [203, 204]. Others argued

that vaccines needed to be allocated to communities experiencing the greatest inequities

in access and disparities in outcomes, usually younger BIPOC populations, working more

often in essential occupations [205–208]. Here, we are not advocating for the allocation

of vaccines based on race or ethnicity. We instead use race and ethnicity as a proxy for

social determinants of health such as access to healthcare and occupation for which data is

not usually collected along with case information. While racial identity is a poor proxy for

analyzing and addressing systemic inequities in vaccine allocation and disparities in YLLs

or mortality, it allows a race conscious data-driven analysis that can be incorporated into

broader societal decisions about how to best allocate vaccine in urgent conditions of scarcity,

such as those experienced early in the SARS-CoV-2 pandemic. For example, the results

when minimizing inequity support prioritizing marginalized communities. This could be
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interpreted as implementing mitigation strategies such as setting up more vaccination clinics

in underserved communities, using community-engaged public health approaches, or first

vaccinating frontline workers. An example of such a strategy is given by [209], and describes

a method for increasing vaccination rates in black communities by engaging community

leaders, embracing low/tech platforms, and reimmagining clinic flows. Our analysis also

highlights the urgent need to collect better data regarding social variables, so that further

analyses can be refined.

In the present work, we used an age-and-race-structured mathematical model to study

counterfactual scenarios of COVID-19 vaccine allocation in early 2021 in the United States,

when very limited amounts of vaccine were available. Our results are not meant to be con-

strued as a critique of the COVID-19 vaccine allocation during the pandemic, but rather

as a theoretical exercise to quantify equity in public health resource distribution. Indeed,

our results are aligned with the prioritization followed by most regions worldwide when

vaccine availability was extremely low, where older adults were given vaccine first to mini-

mize mortality. To better understand the effect of different vaccination policies on inequity,

we analyzed five measures of inequity. Our results suggest that when vaccine is very lim-

ited, there is a trade-off between minimizing inequity and minimizing overall mortality (or

YLLs). If minimizing overall mortality, vaccine was allocated to the oldest population, with

those in racially marginalized older groups being prioritized. In contrast, when minimiz-

ing inequity, irrespective of the metric used, vaccine was allocated to those in the, usually

younger, BIPOC group. This resulted in additional deaths in older age groups, including in

BIPOC communities. This trade-off, however, lessens as more resources become available,

and our optimization work shows that it is possible to minimize both mortality and inequity

if vaccine is allocated optimally.

The trade-off between equity and mortality is exaggerated due to the nature of COVID-

19 disease profile: the burden of severe disease and mortality is concentrated in the oldest

population, which is disproportionately white due to racism leading to inequities in access
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to care and disparities in morbidity/mortality at baseline. As vaccines become more read-

ily available, the potential to address both age-and-racial/ethnic inequities mathematically,

becomes more balanced. Translation of this potential then needs to shift to evaluation of

systemic biases that impact vaccination allocation policies, implementation strategies, and

conscious and unconscious bias that impact vaccine distribution. In that sense, our work

suggests that for other infectious diseases which do not have a strong age-dependent mortal-

ity pattern (e.g., mpox or HIV), resources can be allocated to reduce overall disease burden

and inequity simultaneously, even when they are scarce.

Our work, like any mathematical model, is subject to limitations. First, due to data

limitations, we use race and ethnicity as a proxy for factors that lead to differences in health

outcomes such as social determinants of health and racism in society. Therefore, our results

may serve as an indication of which groups to prioritize for vaccine distribution, but do not

tell us which factors have the most influence. For example, we are not able to determine

if individuals with low access to healthcare should be prioritized over those in essential

occupations. Furthermore, we only included two racial/ethnic groups. However, the BIPOC

group was calculated to match the proportions in Oregon of each of the five racial/ethnic

groups defined in [133], and we believe that the inclusion of more racial/ethnic groups will not

significantly alter the results. While these proportions closely match the national average,

the optimal vaccination strategies could potentially be different in other cities where the

composition of the population is very different.

In the first few months of 2021, the majority of the population was unvaccinated, SARS-

CoV-2 reinfections were very uncommon, and the virus was relatively stable. Therefore, we

did not include waning immunity from previous infections, or from vaccinations, or booster

vaccinations. Furthermore, we currently vaccinate all individuals simultaneously at the be-

ginning of our simulation. This allows us to compare different vaccination strategies without

additional confounders (e.g., vaccination rates). Implementing a vaccination campaign would

be more realistic but would require us to also optimize the order in which individuals are
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vaccinated. We quantified inequity in five different ways and combined them with mortality

or YLLs, but other measures or combinations might be more appropriate. In particular, us-

ing Pareto optimization instead of adding these measures might be a better way to explore

the trade-offs between reduction in overall mortality and minimizing inequitable outcomes.

Much of the inequity in disease outcomes is the result of profound systemic inequities that

cannot be overcome through vaccine allocation alone. Therefore, absolute equity is not

achievable.

Our results show that public health decisions in the midst of a pandemic are intrinsi-

cally difficult and that trade-offs might be unavoidable when public health crises arise in a

society that is inequitable and rooted in racially biased systems at baseline. Indeed, decision-

makers need to consider societal, economic, and political factors to understand and address

the trade-offs that arise. While counteracting racial inequities and underlying racism is com-

plex and can be emotionally charged, our work may help to provide a quantitative framework

to measure the impact of public health interventions on equity. Specifically, it offers quan-

titative methodology to evaluate strategies for counteracting racial/ethnic inequities in the

distribution of resources and in outcomes. We hope that this framework will help inform

future discussions about how to equitably protect those at highest risk of harm in public

health emergencies.

This is an Accepted Manuscript of an article published in PNAS Nexus in September,

2023, available at: https://doi.org/10.1093/pnasnexus/pgad323.

4.4 Supplementary information

4.4.1 Model equations

The model equations for the deterministic age-structured mathematical model of SARS-
CoV-2 transmission stratified by both age and race for the unvaccinated population are
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Ṡi = −λSi,

Ėi = λSi − γEEi,

Ȧi = γE(1− ai)Ei − γAAi,

Ṗi = γEaiEi − γPPi,

İi = γPPi − (1− hi)γIIi − σhiIi,

Ḣi = σhiIi − γHHi,

Ṙi = (1− hi)γIIi,

ṘAi = γAAi,

˙RH i = (1− di)γHHi.

(4.1)

For the vaccinated population, the model equations are

Ṡvi = −θV λSvi,
Ėvi = θV λSvi − γEEvi,

Ȧvi = γE(1− ϕV ai)Evi − γAAvi,

Ṗ vi = γEϕV aiEvi − γPPvi,

˙Ivi = γPPvi − (1− ρV hi)γIIvi − σρV hiIvi,

Ḣvi = σρV hiIvi − γHHvi,

Ṙvi = (1− hi)γIIvi,

˙RAvi = γAAvi,

˙RHvi = (1− δV di)γHHvi.

(4.2)

The force of infection is

λ =
10∑
i=1

riCβ

Ni

[rA(Ai + ψVAvi) + rP (Pi + ψV Pvi) + (Ii + ψV Ivi) + rH(Hi + ψVHvi)] .

(4.3)

The age-and-race-stratified contact matrix, C, is adapted from the age-specific contact

matrix for the US given in [190], and we calculate β by assuming R0 = 3. The parameters

used for this model are described in Table S1.
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4.4.2 Supplementary figures and tables

Figure 4.5: Mortality rate ratios from model fitting compared to data.
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Figure 4.6: Summary of COVID-19 outcomes by-age when allocating vaccine to 10% of the population.
The vaccine allocation strategies that minimize measures of disease burden (rows 2 and 5), inequity measures
(rows 3 and 6), and combinations of measures (rows 4 and 7) are evaluated for comparison to the base case
(row 1). Outcomes including mortality per 100,000 (column 1), YLLs (column 2), relative disparity in
mortality (column 3), and the index of disparity in mortality and YLLs (column 4) are shown.
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Figure 4.7: Summary of COVID-19 outcomes by-age when allocating vaccine to 20% of the population.
The vaccine allocation strategies that minimize measures of disease burden (rows 2 and 5), inequity measures
(rows 3 and 6), and combinations of measures (rows 4 and 7) are evaluated for comparison to the base case
(row 1). Outcomes including mortality per 100,000 (column 1), YLLs (column 2), relative disparity in
mortality (column 3), and the index of disparity in mortality and YLLs (column 4) are shown.
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Figure 4.8: Summary of COVID-19 outcomes by-age when allocating vaccine to 30% of the population.
The vaccine allocation strategies that minimize measures of disease burden (rows 2 and 5), inequity measures
(rows 3 and 6), and combinations of measures (rows 4 and 7) are evaluated for comparison to the base case
(row 1). Outcomes including mortality per 100,000 (column 1), YLLs (column 2), relative disparity in
mortality (column 3), and the index of disparity in mortality and YLLs (column 4) are shown.
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Table 4.2. Parameter values used in mathematical model.

Parameter Meaning Value Source

1/σ mean time from symptom
onset to hospitalization

3.8 days [210]

1/γE mean latent period 3 days [211,
212]

1/γP mean pre-symptomatic period 2 days [213]

1/γA mean infectious period of
asymptomatic infectives

6 days assumed

1/γI mean infectious period of
symptomatic infectives, after
developing symptoms

4 days [214,
215]

1/γH mean duration of
hospitalization

W:(1/3,1/3,1/4,0.21,1/6),
O:(1/3,1/3,1/4,0.22,1/6)

[216]

a proportion of infections that
are asymptomatic

age-stratified fitted

h proportion of symptomatic
infections requiring
hospitalization

W:(0.002,0.03,0.1,0.17,0.25),
O:(0.007,0.12,0.46,0.79,0.68)

[186]

d hospitalization fatality ratio W:(0.08, 0.03 , 0.11 , 0.17,
0.23), O:(0.08, 0.04, 0.12,
0.13, 0.18)

[185]

rA relative infectiousness of
asymptomatic infections

0.75 [216]

rP relative infectiousness of
pre-symptomatic infections

1 [217]

rH relative infectiousness of
hospitalized infections

0 assumed

R0 basic reproductive number 3 [218,
219]

β transmission coefficient calculated

C contact matrix -

N total population 4060795 [184]
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Table 4.3. Comparison of deaths from model fitting to data from Oregon.

Deaths Per-Group 0-19 20-49 50-59 60-69 70+

Data: White 0 17 49 173 1130

Data: Other 1 33 55 76 170

Data Total: 1704

Model: White 1 11 50 253 968

Model: Other 2 24 62 132 202

Model Total: 1704
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Table 4.4. Deaths per-group (% averted from base case) when minimizing measures of disease burden,
measures of inequity, and combinations of measures with enough vaccine to vaccinate 10% of the total
population. When minimizing inequity in deaths and when minimizing deaths and inequity, the relative
inequity in deaths is used. When minimizing inequity in YLLs and when minimizing YLLs and inequity,
the absolute inequity in YLLs is used.

Age-Group 0-19 20-49 50-59 60-69 70+

Base Case:

White 0 3 12 58 220

Other 1 6 14 30 46

Minimizing Deaths: 61% total deaths averted

White 0 (0%) 3 (0%) 12 (0%) 58 (0%) 56 (75%)

Other 1 (0%) 6 (0%) 15 (-7%) 0 (100%) 0 (100%)

Minimizing Inequity in Deaths: 18% total deaths averted

White 0 (0%) 3 (0%) 11 (8%) 57 (2%) 218 (1%)

Other 0 (100%) 2 (67%) 2 (86%) 7 (77%) 19(59%)

Minimizing Both Deaths and Inequity: 57% total deaths averted

White 0 (0%) 3 (0%) 11 (8%) 55 (5%) 75 (66%)

Other 0 (100%) 5 (17%) 2 (86%) 7 (77%) 6 (87%)

Minimizing YLLs: 42% total deaths averted

White 0 (0%) 2 (33%) 10 (17%) 24 (59%) 183 (17%)

Other 0 (100%) 5 (17%) 0 (100%) 0 (100%) 0 (100%)

Minimizing Inequity in YLLs: 19% total deaths averted

White 0 (0%) 3 (0%) 11 (8%) 57 (2%) 217 (1%)

Other 0 (100%) 2 (67%) 2 (86%) 7 (77%) 18 (61%)

Minimizing Both YLLs and Inequity: 40% total deaths averted

White 0 (0%) 2 (33%) 10 (17%) 21 (64%) 186 (15%)

Other 0 (100%) 5 (17%) 2 (86%) 3 (90%) 5 (89%)
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Table 4.5. YLLs per-group (% averted from base case) when minimizing measures of disease burden,
measures of inequity, and combinations of measures with enough vaccine to vaccinate 10% of the total
population. When minimizing inequity in deaths and when minimizing deaths and inequity, the relative
inequity in deaths is used. When minimizing inequity in YLLs and when minimizing YLLs and inequity,
the absolute inequity in YLLs is used.

Age-Group 0-19 20-49 50-59 60-69 70+

Base Case:

White 3 9 67 180 182

Other 13 60 408 784 460

Minimizing Deaths: 62% total YLLs averted

White 3 (0%) 10 (-11%) 72 (-7%) 180 (0%) 47 (74%)

Other 12 (8%) 65 (-8%) 429 (-5%) 0 (100%) 0 (100%)

Minimizing Inequity in Deaths: 59% total YLLs averted

White 3 (0%) 9 (0%) 65 (3%) 177 (2%) 180 (1%)

Other 11 (15%) 17 (72%) 66 (84%) 181 (77%) 188 (59%)

Minimizing Both Deaths and Inequity: 68% total YLLs averted

White 3 (0%) 9 (0%) 66 (1%) 170 (6%) 62 (66%)

Other 11 (15%) 59 (2%) 67 (84%) 174 (78%) 65 (86%)

Minimizing YLLs: 83% total YLLs averted

White 3 (0%) 9 (0%) 59 (12%) 74 (59%) 151 (17%)

Other 11 (15%) 54 (10%) 0 (100%) 0 (100%) 0 (100%)

Minimizing Inequity in YLLs: 59% total YLLs averted

White 3 (0%) 9 (0%) 65 (3%) 176 (2%) 180 (1%)

Other 11 (15%) 17 (72%) 65 (84%) 176 (78%) 180 (61%)

Minimizing Both YLLs and Inequity: 75% total YLLs averted

White 3 (0%) 9 (0%) 61 (9%) 66 (63%) 154 (15%)

Other 11 (15%) 55 (8%) 61 (85%) 66 (92%) 48 (90%)
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Table 4.6. Deaths per-group (% averted from base case) when minimizing measures of disease burden,
measures of inequity, and combinations of measures with enough vaccine to vaccinate 20% of the total
population. When minimizing inequity in deaths and when minimizing deaths and inequity, the relative
inequity in deaths is used. When minimizing inequity in YLLs and when minimizing YLLs and inequity,
the absolute inequity in YLLs is used.

Age-Group 0-19 20-49 50-59 60-69 70+

Base Case:

White 0 3 12 58 220

Other 1 6 14 30 46

Minimizing Deaths: 89% total deaths averted

White 0 (0%) 2 (33%) 9 (25%) 24 (59%) 0 (100%)

Other 0 (100%) 5 (17%) 0 (100%) 0 (100%) 0 (100%)

Minimizing Inequity in Deaths: 50% total deaths averted

White 0 (0%) 2 (33%) 5 (58%) 44 (24%) 126 (43%)

Other 0 (100%) 1 (83%) 1 (93%) 5 (83%) 11 (76%)

Minimizing Both Deaths and Inequity: 83% total deaths averted

White 0 (0%) 2 (33%) 9 (25%) 43 (26%) 0 (100%)

Other 0 (100%) 3 (50%) 2 (86%) 5 (83%) 0 (100%)

Minimizing YLLs: 76% total deaths averted

White 0 (0%) 2 (33%) 9 (25%) 0 (100%) 80 (64%)

Other 0 (100%) 4 (33%) 0 (100%) 0 (100%) 0 (100%)

Minimizing Inequity in YLLs: 42% total deaths averted

White 0 (0%) 2 (33%) 1 (92%) 41 (29%) 164 (25%)

Other 0 (100%) 1 (83%) 0 (100%) 5 (83%) 14 (70%)

Minimizing Both YLLs and Inequity: 50% total deaths averted

White 0 (0%) 2 (33%) 9 (25%) 13 (78%) 153 (30%)

Other 0 (100%) 1 (83%) 2 (86%) 2 (93%) 13 (72%)
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Table 4.7. YLLs per-group (% averted from base case) when minimizing measures of disease burden,
measures of inequity, and combinations of measures with enough vaccine to vaccinate 20% of the total
population. When minimizing inequity in deaths and when minimizing deaths and inequity, the relative
inequity in deaths is used. When minimizing inequity in YLLs and when minimizing YLLs and inequity,
the absolute inequity in YLLs is used.

Age-Group 0-19 20-49 50-59 60-69 70+

Base Case:

White 3 9 67 180 182

Other 13 60 408 784 460

Minimizing Deaths: 91% total YLLs averted

White 3 (0%) 8 (11%) 54 (19%) 75 (58%) 0 (100%)

Other 10 (23%) 49 (18%) 0 (100%) 0 (100%) 0 (100%)

Minimizing Inequity in Deaths: 73% total YLLs averted

White 3 (0%) 7 (22%) 32 (52%) 135 (25%) 104 (43%)

Other 9 (31%) 7 (88%) 32 (92%) 138 (82%) 109 (76%)

Minimizing Both Deaths and Inequity: 80% total YLLs averted

White 3 (0%) 8 (11%) 54 (19%) 133 (26%) 0 (100%)

Other 10 (23%) 28 (53%) 55 (87%) 137 (83%) 0 (100%)

Minimizing YLLs: 91% total YLLs averted

White 3 (0%) 8 (11%) 51 (24%) 0 (100%) 66 (64%)

Other 10 (23%) 48 (20%) 0 (100%) 0 (100%) 0 (100%)

Minimizing Inequity in YLLs: 74% total YLLs averted

White 2 (33%) 7 (22%) 8 (88%) 127 (29%) 135 (26%)

Other 9 (31%) 7 (88%) 8 (98%) 128 (84%) 135 (71%)

Minimizing Both YLLs and Inequity: 78% total YLLs averted

White 3 (0%) 7 (22%) 52 (22%) 41 (77%) 126 (31%)

Other 10 (23%) 7 (88%) 52 (87%) 41 (95%) 126 (73%)
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Table 4.8. Deaths per-group (% averted from base case) when minimizing measures of disease burden,
measures of inequity, and combinations of measures with enough vaccine to vaccinate 30% of the total
population. When minimizing inequity in deaths and when minimizing deaths and inequity, the relative
inequity in deaths is used. When minimizing inequity in YLLs and when minimizing YLLs and inequity,
the absolute inequity in YLLs is used.

Age-Group 0-19 20-49 50-59 60-69 70+

Base Case:

White 0 3 12 58 220

Other 1 6 14 30 46

Minimizing Deaths: 97% total deaths averted

White 0 (0%) 2 (33%) 5 (58%) 0 (100%) 0 (100%)

Other 0 (100%) 4 (33%) 0 (100%) 0 (100%) 0 (100%)

Minimizing Inequity in Deaths: 61% total deaths averted

White 0 (0%) 2 (33%) 8 (33%) 12 (79%) 117 (47%)

Other 0 (100%) 1 (83%) 2 (86%) 1 (97%) 10 (78%)

Minimizing Both Deaths and Inequity: 94% total deaths averted

White 0 (0%) 2 (33%) 8 (33%) 9 (84%) 0 (100%)

Other 0 (100%) 1 (83%) 2 (86%) 1 (97%) 0 (100%)

Minimizing YLLs: 97% total deaths averted

White 0 (0%) 2 (33%) 5 (58%) 0 (100%) 0 (100%)

Other 0 (100%) 4 (33%) 0 (100%) 0 (100%) 0 (100%)

Minimizing Inequity in YLLs: 60% total deaths averted

White 0 (0%) 1 (67%) 0 (100%) 14 (76%) 128 (42%)

Other 0 (100%) 0 (100%) 0 (100%) 2 (93%) 11 (76%)

Minimizing Both YLLs and Inequity: 84% total deaths averted

White 0 (0%) 2 (33%) 8 (33%) 0 (100%) 46 (79%)

Other 0 (100%) 1 (83%) 2 (86%) 0 (100%) 4 (91%)
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Table 4.9. YLLs per-group (% averted from base case) when minimizing measures of disease burden,
measures of inequity, and combinations of measures with enough vaccine to vaccinate 30% of the total
population. When minimizing inequity in deaths and when minimizing deaths and inequity, the relative
inequity in deaths is used. When minimizing inequity in YLLs and when minimizing YLLs and inequity,
the absolute inequity in YLLs is used.

Age-Group 0-19 20-49 50-59 60-69 70+

Base Case:

White 3 9 67 180 182

Other 13 60 408 784 460

Minimizing Deaths: 96% total YLLs averted

White 2 (33%) 6 (33%) 26 (61%) 0 (100%) 0 (100%)

Other 9(31%) 41 (32%) 0 (100%) 0 (100%) 0 (100%)

Minimizing Inequity in Deaths: 82% total YLLs averted

White 3 (0%) 7 (22%) 48 (28%) 37 (79%) 97 (47%)

Other 9 (31%) 7 (88%) 49 (88%) 38 (95%) 101 (78%)

Minimizing Both Deaths and Inequity: 92% total YLLs averted

White 2 (33%) 7 (22%) 45 (33%) 28 (84%) 0 (100%)

Other 9 (31%) 15 (75%) 44 (89%) 28 (96%) 0 (100%)

Minimizing YLLs: 96% total YLLs averted

White 2 (33%) 6 (33%) 26 (61%) 0 (100%) 0 (100%)

Other 9 (31%) 41 (32%) 0 (100%) 0 (100%) 0 (100%)

Minimizing Inequity in YLLs: 85% total YLLs averted

White 2 (33%) 5 (44%) 0 (100%) 42 (77%) 106 (42%)

Other 8 (38%) 5 (92%) 0 (100%) 42 (95%) 106 (77%)

Minimizing Both YLLs and Inequity: 91% total YLLs averted

White 2 (33%) 7 (22%) 45 (33%) 0 (100%) 38 (79%)

Other 9 (31%) 7 (88%) 45 (89%) 0 (100%) 38 (92%)
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Conclusions

As the rate at which diseases emerge or re-emerge continues to increase [56–60], the way

policymakers respond to novel outbreaks and work to prevent the spread of infectious dis-

eases will become increasingly important. The use of optimization in determining the best

policies or resource distributions is, and will continue to be, an important tool in making

policy decisions. In this dissertation, I used optimization techniques to determine the best

reduced-mixing strategies to limit the spread of S. aureus on dairy farms and to determine

which COVID-19 vaccination strategies are best suited to achieving better health or equity

outcomes.

In the first two chapters of this dissertation, I studied the use of biosecurity measures

that reduced mixing to prevent the spread of S. aureus on dairy farms. In the first chapter, I

formulated an optimal-control problem for maximizing economic output during an infectious-

disease outbreak following SIS disease-dynamics. In this chapter, I was able to solve the

optimal-control problem analytically as well as numerically. I found that the optimal solution

used bang-bang controls, meaning that the population was either at its highest or lowest level

of mixing at any time. Moreover, the optimal solution involved at most one switch from the

lowest mixing level to the highest. If no switch occurred, the population was always at the

highest mixing-level. The time of the switch from low activity to high activity, and whether

108
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a switch occurred, was dependent on the model parameters. For example, if the ratio of

the revenue and cost parameters was small, the reduce-mixing period was longer, and if the

ratio of the revenue and cost parameters was increased, no switch would occur. The values

of the transmission coefficient and the per-capita recovery rate also had significant effects on

the switching time. Therefore, these results indicated that it would be beneficial to improve

treatment options in order to reduce the need for strict contact-reducing strategies.

In the second chapter, I extended the bovine-mastitis problem by using an objective

functional that takes the severity of the disease into account as cows with subclinical cases

of bovine mastitis are still able to produce saleable milk. Although I was unable to find

closed-form solutions to this new problem, I was able to analyze analytical solutions and

solve this problem numerically. There were three possible cases for the solution: the no-

switch case, the one-switch case, and the two-switch case. In the no-switch case, biosecurity

measures are minimally used for all time. In the one-switch case, biosecurity measures

are maximally used at the beginning of the time frame, and a switch to the minimal use

of biosecurity measures occurs before the end of the time frame. In the two-switch case,

biosecurity measures are minimally used at the beginning and end of the time frame but are

maximally used for a significant amount of time in between. For controlling the transmission

of S. aureus, I found that a one-switch solution, with a switch occurring after about 260 days,

was optimal.

When analyzing the numerical solutions, I found that multiple candidate-solutions may

satisfy the first-order necessary conditions of Pontryagin’s maximum principle. Two candidate-

solutions were local maxima, but corresponded to very different mitigation-strategies. Each

of these strategies could be optimal, depending on small differences in parameter values,

and often had similar economic payoffs. The results on multiple-candidate solutions are

especially important as they indicate the need to take more factors into consideration when

making decisions on mitigation strategies. In livestock populations, factors like ease of im-

plementation and animal welfare are needed to decide between very different solutions with
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similar outputs.

Debates over disease mitigation-strategies are not limited to economics and cost effective-

ness. Scientists, policymakers, and the general public also debate what the primary goal of

disease mitigation-strategies should be and what groups should be prioritized when resources

are limited. For example, when vaccines for COVID-19 were first available, supplies were

limited and there was much debate over whether the older population at the highest risk for

severe disease, needed to be prioritized [203, 204] or if BIPOC communities, facing the most

disparities and working more often in essential occupations, should be prioritized [205–208].

In the third chapter of this dissertation, I explored the trade-off between equity in disease

outcomes between racial groups and overall disease burden for vaccine allocation strategies

that are optimized to reduce inequity, disease burden, or both. The goal of this chapter was

to provide a race-conscious framework to quantify and minimize inequity that can be used for

future pandemics and other public health interventions. To do this, I used an age-and-race-

stratified mathematical model of SARS-CoV-2 transmission fitted to age-and-race-stratified

data from 2020 in Oregon and analyzed counterfactual vaccination strategies in early 2021.

When resources were very limited, such as when there only enough resources to vaccinate 10%

of the population, there was a trade-off between minimizing disease burden and minimizing

inequity. Although both strategies improved both mortality and inequity from the random

base case, older age groups were prioritized when minimizing mortality and younger, BIPOC

populations were prioritized when minimizing inequity. When minimizing combinations of

disease burden and inequity measures, disease burden and inequity were similarly improved.

Compared to minimizing disease burden or inequity alone, however, the results from the

combination measure had a smaller improvement in either disease burden or inequity. With

enough resources to vaccinate 20% or 30% of the population, the trade-off between equity

and disease burden decreases, and vaccine allocation strategies minimizing combinations of

measures did as well in each measure as when minimizing individual measures.

The work in this dissertation emphasized that the factors that are most important in
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decision making varies depending on the severity of a disease as well as if a disease is in hu-

man, livestock, or plant populations. Moreover, when using optimization to inform decision

making about the control of infectious diseases, it is important to take into consideration any

issues specific to that population whether it be inequity in human population or economic

concerns in the agricultural industry. I plan to bring these considerations, especially equity

considerations, into my future work in infectious-disease modeling.
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