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This dissertation investigates several problems related to bounds and prediction intervals
for the individual treatment effect (ITE). While traditional causal inference has primarily
focused on population-level parameters such as the average treatment effect (ATE) and the
conditional average treatment effect (CATE), the ITE—often considered the ideal target
for personalized decision-making — has recently garnered increasing attention. However, the
ITE is generally not identifiable from the observed data, even in the context of randomized
experiments. As a result, we consider the problem of bounding the ITE using prediction
intervals. In particular, when the marginal distributions of potential outcomes are identi-
fiable from a large, well-conducted randomized experiment, we aim to answer the general
question: what constraints exist on the joint distribution of potential outcomes, given these
known marginals?

Chapters [2] and |3|1ay the theoretical foundation for addressing this question. In Chapter
we revisit a classical problem posed by Kolmogorov concerning the sharp upper and lower
bounds for the cumulative distribution function (cdf) of the sum of two random variables
with fixed marginals. Motivated in part by the challenges of bounding individual treatment
effects, we focus on the achievability of these bounds. Specifically, we distinguish between
bounds that are achievable and those that although they provide an infimum or supremum

— and hence cannot be improved — are not attained by any distribution. We contribute new



results for the case of discrete random variables, and we also work to clarify, correct, and
make more accessible several theorems in the existing literature.

In Chapter (3|, we apply the insights from Chapter [2| to the difference of two random
variables, with an application on individual treatment effects. We identify and address
logical gaps in some prior work and illustrate our results through an example. Then we
connect the problem of characterizing joint distributions with fixed marginals to the theory
of couplings of probability measures. We generalize a finite version of Strassen’s theorem
using a max-flow/min-cut construction, which can be applied on prediction intervals (sets)
for the ITE. Finally, we explore a natural extension: bounding the probability mass function
(pmf) of the difference of two random variables.

In Chapter |4, we build upon the results of the previous chapters and focus on prediction
intervals for individual treatment effects (ITE). For a binary treatment, we consider all three
types of outcomes: binary, ordinal, and continuous. We begin by examining how to construct
valid prediction intervals given known marginal distributions. We then address the converse
problem: what necessary conditions must hold for a joint distribution of potential outcomes
to exist such that a given prediction interval is valid? We discuss scenarios in which certain
points must necessarily be included in the interval. Finally, we compare and contrast the
ITE with the average treatment effect (ATE), highlighting their differing implications for

causal inference.
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Chapter 1
INTRODUCTION

1.1 Motivation

Recent years have witnessed growing interest in individualized treatment effects (ITEs) for
personalized decision-making. Unlike average or population-level treatment effects, ITEs ac-
knowledge that different individuals may respond to the same intervention in heterogeneous
ways. Although the ideal goal of causal inference might be to pin down each individual’s
potential outcomes, the ITE is typically not identified from observed data. This has led
researchers to investigate bounds and prediction intervals for the ITE.

In this dissertation, we investigate bounds and prediction intervals on the ITE, leverag-
ing ideas from both classical and modern approaches to bounding the joint distributions of
potential outcomes. This problem is closely connected to the fundamental question of con-
straints on the joint distribution of two random variables when their marginal distributions
are known. Notably, this is related to the line of work introduced by Kolmogorov’s problem
on bounding the distribution of sums and extended by |[Makarov| [1982], Ruschendorf [1982],
Frank et al.| [1987], and others. Here, we extend these results to bound the pmf/cdf for the
ITE under general assumptions, connect these results to the theory of probability measure

coupling, and relate these bounds to answer questions about prediction intervals for the

ITE.
1.2 Notation and Preliminaries

Throughout this thesis, we use the potential outcomes framework [Neyman, 1990, Rubin,
1974] and standard notation for potential outcomes. For a binary treatment variable D €
{0,1} and a response variable Y, we denote Y (0) as the potential outcome if an individual

were to take treatment D = 0 and Y (1) as the potential outcome if an individual were to



take treatment D = 1. The individual treatment effect (ITE) is thus

Y (1) - Y(0).

For notational convenience, we occasionally use Y7 and Yj as shorthand for Y (1) and Y (0),
respectively. Although Y (0) and Y (1) cannot be observed at the same time for each indi-
vidual, under the stable unit treatment value assumption (SUTVA), their marginal distri-
butions can sometimes be identified or estimated from randomized experiments or observa-
tional data when the assumption of unconfoundedness holds.

Let Fy(-) be the cumulative distribution function (cdf) of Y (0) and Fi(-) be the cdf of
Y (1). We assume these marginals are either known or consistently estimable from data (for
instance, from a large well conducted randomized trial). Then our goal is to understand
the different constraints on the distribution of Y (1) — Y (0) induced purely by knowledge
of Fy and Fi. Such questions connect naturally to the literatures of Frchét-Hoeffding-type
bounds, copulas and the coupling arguments, where one considers all joint distributions
consistent with fixed marginals.

We provide novel insights into when different bounds are “tight”, how to extend them to

discrete or continuous cases, and how to interpret them in the language of causal inference.
1.3 Organization of the Thesis

This thesis is structured as follows:

e Chapter 2 provides a theoretical background on bounding the sum of two random
variables with given marginal distributions. We review classical Makarov bounds, the
previous literature, and refine their connection to sharpness and attainability in both

discrete and continuous settings.

e Chapter 3 focuses on the difference of two random variables. We provide tight
cdf/pmf bounds on the difference of two random variables with fixed marginals. We
connect the bounds to the ITE prediction intervals and extend existing theorems in

the coupling of probability measures to solve causal inference problems.



e Chapter 4 applies the bounding theory specifically to the prediction intervals of ITE.
We present a comprehensive characterization of when certain proposed intervals must
necessarily include certain treatment effects and when they may exclude them. This
leads to the construction of valid prediction intervals for Y (1) — Y (0) and conditions

under which a prediction interval has valid coverage.

e Chapter 5 offers a conclusion, summarizing our findings and highlighting potential

future work. We discuss open questions in bounding individual treatment effects.

The overall contributions in this thesis provide a detailed analysis of characterizing the
ITE prediction intervals. We discuss constructing the best possible bounds on ITE and

limitations of the prediction intervals on ITE due to the intrinsic unidentifiability nature.



Chapter 2

BOUNDS ON THE DISTRIBUTION OF A SUM OF TWO RANDOM
VARIABLES: REVISITING A PROBLEM OF KOLMOGOROV

In this charpter, we revisit the following problem, proposed by Kolmogorov: given pre-
scribed marginal distributions F' and G for random variables X, Y respectively, characterize
the set of compatible distribution functions for the sum Z = X +Y. Bounds on the distribu-
tion function for Z were first given by Makarov|[1982] and Riischendorf] [1982] independently.
Frank et al.|[1987] provided a solution to the same problem using copula theory. However,
though these authors obtain the same bounds, they make different assertions concerning
their sharpness. In addition, their solutions leave some open problems in the case when
the given marginal distribution functions are discontinuous. These issues have led to some

confusion and erroneous statements in subsequent literature, which we correct.

2.1 Introduction

The question of the best possible bounds for the distribution function of the sum of two
random variables whose individual distribution functions are fixed was originally raised by
A.N. Kolmogorov and was first solved by |[Makarov| [1982] and (independently) Riischendorf
[1982]. Using copula theory [Sklar, |1959], Frank et al. [1987] reframed this question and
provided an elegant proof that the bounds were achievable in certain settings.
Makarov-type bounds are widely studied in the field of optimal transport, quantitative
risk management, and banking (see Puccetti and Wang| 2015, Example 4.2 and [Puccetti
2024, Section 3 for a detailed discussion). Generalizations of the bounds to the sum of more
than two random variables or vector-valued random variables can be found in [Embrechts
et al. [2013] and |Li et al|[1996]. Computational aspects of the bounds have been discussed
in [Puccetti| [2024], [Hofert et al.| [2017], Puccetti and Riischendorf [2012] and Kreinovich
and Ferson| [2006]. Notwithstanding these extensions, here we will focus on the original

bivariate problem concerning the relationship of two scalar-valued random variables with



fixed marginals.

In this chapter we revisit the connection between the construction of [Frank et al.| [1987]
and Kolmogorov’s original question. We distinguish between bounds that are achievable
and those that although they provide an infimum or supremum — and hence cannot be
improved — are not attained by any distribution. We characterize the circumstances under
which the bounds are achievable.

In addition to the new results provided in the chapter, we also hope to make the theorems
in the existing literature more accessible. The prior results are stated in different papers
that are hard to relate because there are at least four ‘dichotomies’ that specify the nature
of the bound and the probability (or feature of the distribution function) that is being
bounded:

(i) Upper bounds versus lower bounds;

(i) Whether the ‘distribution function’ of the sum is defined in terms of P(Z < z) or
P(Z < z2);

(iii) Whether stated bounds are on the left or right limits of the distribution function;

(iv) Whether a lower (upper) bound is considered to be ‘sharp’ if it represents the infimum
(supremum) of the attainable probabilities versus, in addition, requiring that the
bound be achievable in that it is attained by a joint distribution with the specified

margins.

These choices interact in that, for example, a bound on the left limit of ‘a distribution
function evaluated at 2z’ may correspond to a bound on P(Z < z) or P(Z < z), depending
on which definition of a distribution function is used. Similarly, as we show in Section [2.3]
below, though all the bounds that we give are sharp in the sense of being supremums or
infimums, only certain combinations are always achievable; in particular, there are cases
where the bound on a left (right) limit is attainable, but the bound on the right (left) limit
is not; see Figure We also present new results giving general conditions on the margins

under which all the bounds are achievable.



The above distinctions can also be important in cases where, at first sight, it might not
be expected. Obviously, if Z = X 4+ Y is a continuous random variable, then the left and
right limits of its distribution function will agree (and hence distinctions (ii) and (iii) are
moot). However, it is not the case, in general, that if X and Y are continuous random
variables, then the distributions for Z at which the bounds on the distribution function
for Z are attained will be continuous. As a consequence, even though X and Y may be
continuous random variables, the bounds on the left and right limits of the distribution
function for their sum, Z, may differ in terms of attainability.

As a further surprise, as we show in Theorem if at least one of X or Y is a
discrete random variable, then although the distributions for Z that attain the bounds will
be discontinuous, in fact the upper and lower bounds on the left and right limits are all
attainable.

In summary, we believe that the complexity within the existing literature, arising from
these four dichotomies, may partly explain the origin of the suboptimal bounds stated by
Williamson and Downs| [1990] for example. Table in Appendix relates this chapter

to the notation, terminology, and results in prior works.

The rest of the chapter is organized as follows. In Section we review the proof of the
best possible bounds proposed in|Frank et al.| [1987]. In Section we revisit the connection
of Frank et al. [1987)’s result to Komogorov’s question. We provide characterizations of
when the bounds proposed in [Frank et al.| [1987] for the sum of two random variables are
achievable. In Theorems 2.4.1] and 2.4.2] we summarize our new results and relate them to
those of [Frank et al. |[1987]. Figure displays the bounds arising from the illustrative
Examples and [2.3.6] considered in this section.

2.2 Bounds on the sum of two random variables

Given marginal distribution functions F,G for random variables X, Y respectively, Kol-

mogorov’s question (restated here in terms of right-continuous distribution functions) is to



find functions J and J such that for all z € R,

J(z)=inf P(X +Y < z),

J(z) =supP(X +Y < 2),

where the infimum and supremum are taken over all possible joint distribution functions
H(x,y) having the marginal cdfs F(z) and G(y).

First, we review some existing results on probability distributions and copulas.

Definition 2.2.1. Let X be a random variable. The distribution function (or cumulative

distribution function, cdf) F of X is defined to be F(x) = P(X < xz) for z € R.

Note that under Definition for any random variable X, F(-) is a right-continuous
function. [Frank et al.| [1987] and [Williamson and Downs| [1990] used a left-continuous version

of the definition of distribution functions where they replace P(X < z) with P(X < x)ﬂ

Definition 2.2.2 (Embrechts and Hofert [2013). Let X be a random wvariable with distri-
bution function F. The generalized inverse (also known as the quantile function) F~1 :

[0,1] = R = [~00,00] of F is defined as:
F~l(u) =inf{z € R, F(z) > u},u € [0,1],

with inf 0 = oo.

Definition 2.2.3. A two dimensional copula is a mapping C from [0,1]2 to [0,1] satisfying

the conditions:

1. C(a,0) =C(0,a) =0 and C(a,1) = C(1,a) = a, for all a in [0,1];

1Somg of the results we cited in this chapter was originally defined in terms of the left-continuous func-
tions F'(z) = P(X < z) and G(z) = P(X < z) (which somewhat confusingly they also call “distribution
functions”). To be consistent in notation, F, G in this chapter always refer to the right-continuous distri-
bution functions given by F(z) = P(X < ) and likewise for G and Y. We reserve F, G when we need to
talk about the functions given by P(X < z) and P(Y < y), equivalently the left hand limits of F(z) and
G(y).



2. C(ag,by) — C(a1,by) — C(ag,b1) + C(ai,b1) > 0 for all ay,ag,by,be in [0,1] such that

ar < ag, by < ba.

Proposition 2.2.4. According to the definition, any copula C is nondecreasing in each

argument, and,
W(a,b) < C(a,b) < M(a,b)

where

W(a,b) = max(a+b—1,0), M/(a,b) = min(a,bd).
The bounds W and M are known as Fréchet-Hoeffding copula bounds.

Theorem 2.2.5 (Sklar 1959). Consider a 2-dimensional cdf H with marginals F,G. There

exists a copula C, such that

H(z,y) = C(F(x),G(y))

for all z,y in [—oo,00]. If F,G are both continuous, then C is um’qucﬂ‘ otherwise C' is
uniquely determined only on Ran F' x Ran G, where Ran F,Ran G denote respectively the

range of the cdfs F' and G.

See [Sklar| [1959], [Embrechts and Hofert| [2013], [Schmidt| [2007] for more discussion of

general n-dimensional copulas and Sklar’s Theorem.

Now we want to bound the cdf of the sum of two random variables using copulas. We
reprise the argument given by [Frank et al.|[1987] which gives lower bounds on P(X +Y < z)
and upper bounds on P(X +Y < z), and further establishes by construction that these are
achievable.

Let H be a two-dimensional cumulative distribution function for random variables X, Y
with marginals F, G respectively so that H(z,y) = P(X < z,Y < y). By Sklar’s theorem
[Sklar} |1959], there exists a copula C such that H(z,y) = C(F(x),G(y)). Note that the cdf

2Note that the condition here relates to the cdfs F, G viewed as functions. We are not assuming that the
random variables X,Y are (absolutely) continuous (with respect to Lebesgue measure). The latter is a
sufficient but not necessary condition for F, G to be continuous.



for the sum of two random variables X,Y is fully characterized by their joint cdf H. Let
Z := X +Y and J be the cdf for Z. Then for any z € [—o0, 0],

J(z) = / / o dH (2, y).

For the copula C' and marginal distribution functions F, G, let o¢(F,G) be the function
defined by o¢(F,G)(—00) = 0,0¢(F,G)(c0) = 1 and

UC(F,G)(Z)://+ dC(F(z),G(y)), for —oo< z< 0.
r+y<z
Since H(z,y) = C(F(x),G(y)), oc(F,G)(z) = J(z) for all z € [—00,00]. We let

7¢(F,G)(2) = sup C(F(x),G(y)),

T+y=z

po(F,G)(2) = inf C(F(x),G(y)),

where

~

C(a,b) =a+b—C(a,b).

Theorem 2.2.6 (Frank et al.| Theorem 2.14). We have the following bounds for any copula

C' and arbitrary given distribution functions F,G and z € [—00,00]:
mw(F,G)(2) < 1¢(F,G)(2) < 0c(F,G)(2) < pc(F,G)(2) < pw(F,G)(2)

Note that 7y, pw are known functions that depend solely on the marginal cdfs F' and

G. We obtain the following bounds:

w(F,G)(z) < oc(F,G)(z) < pw(F,G)(2).

3Proof of these bounds and visualizations can be found in [Frank et al.[[1987], Nelsen| [2006]. Here only oc
can be interpreted as the probability that Z < z. Therefore, there are no explicit constructions establishing
whether or not the bounds on 7w, pw can be achieved.
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Here we will write the bounds Ty, py explicitly.

n(RG)E) = sup max(F(o) +Gly) ~ 1.0) (21)
(PG = inf (Fla) + Gly) — max(F(a) + Gly) ~ 1,0) (2.2
= x—g}iz (F(z) + G(y) + min(—F(z) — G(y) + 1,0)) (2.3)
= J1rnf_ min(1, F(z) + G(y)) (2.4)

T+y=z2
=1+ lerr;f:Z min(0, F(z) + G(y) — 1). (2.5)

Theorem establishes the validity of the bounds in Equation and . There-
after, we call the bounds Ty (F, G)(z) and pw (F, G)(z) the Makarov bounds on P(X +Y <
z). [Frank et al. [1987] shows that these bounds are equivalent to those given in Makarov
[1982], which is the first paper to prove the bounds. Independently, Riischendorf] [1982]
also proves similar bounds and relates the bounds to the literature on infimal convolution

[Rockafellar} [1997] [

2.3 Sharpness of the bounds

To investigate the tightness of the bounds, we first distinguish three notions of sharpness.

For two random variables X,Y with fixed marginals F, G, respectively, let J(-) be the
distribution function of X + Y and let Jy(-) and J*(-) be bounding functions such that
Jo(2) < J(2) < J%(z) for all z € R.

Definition 2.3.1 (Achievability at a point). We say the lower bound Jy(-) is achievable
at z = zg if there exists a joint distribution H of X,Y satisfying the marginals such that
under H, J(z0) = Ji(z0). The upper bound J*(-) is achievable at z = zo if there exists a
joint distribution H of X, Y satisfying the marginals such that under H, J(z9) = J“(20).

Definition 2.3.2 (Pointwise Best-Possible). We say the lower bound Jy(-) is pointwise
best-possible if for all zp € R and € > 0, Jy(20) + € will not be a valid lower bound for

4In Appendix we discuss the relationship between the bounds in [Riischendorf| [1982] and the Makarov
bounds presented in this section.
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J(z0). In other words, for all zo € R and € > 0, there exists a joint distribution H of X,Y
satisfying the marginals such that under H, J(zo) < Jy(z0) + €. The upper bound J"(-) is

pointwise sharp if for all z9 € R and € > 0, J%(29) — € will not be a valid lower bound for

F(Zo)ﬂ

Definition 2.3.3 (Uniformly Sharp). We say the lower bound Jy(+) is uniformly sharp of H
if there exists a single joint distribution H of X,Y satisfying the marginals such that under
H, J(z) = Jy(z) for all z € R. The upper bound J“(-) is uniformly sharp if there exists a
single joint distribution H of X, Y satisfying the marginals such that under H, J(z) = J"(z)
for all z e R.

Following these definitions, if a bound is uniformly sharp, then it is achievable for all
z € R and also pointwise sharp. If a bound is achievable for all z € R, then it is pointwise
sharp. However, a pointwise sharp bound may not be achievable for all z € R.

2.8.1 Prior results on achievability of bounds

We first state a theorem given in Nelsen [2006]E|

Theorem 2.3.4 (Frank et al.| Theorem 3.2, |[Nelsen| Theorem 6.1.2). Let F' and G be two
fized distribution functions. For any z € (—00,00):

(i) There ezists a copula Ct, dependent only on the value t of 7w (F,G) at z—, such that
o0, (F,G)(z—) = mw(F,G)(2—) = t, (2.6)

where z— 1is the left hand limit of the functions oc, and Ty as they approach zm

SUnlike |[Firpo and Ridder| [2019], we differentiate between achievability and pointwise sharpness because
a bound can be pointwise sharp but not necessarily achievable.

8Frank et al.| [1987] uses an example of a degenerate distribution to show that 7w and pw can be achieved
for certain F, G (where the bounds are uniformly sharp in the example). However, it is not clear that for
arbitrary F, G, Kolmogorov’s question is answered.

TFrank et al| [1987] state their result in terms of F(z) = P(Z < z), which is left-continuous. When
translating the result, we need to be careful about the implications of this notational difference. In general,
w(F,G)(z-) < w(F,G)(z) = mw(F,G)(:=) < rw(F,G)(z) and pw (F,G)(>—) < pw(F,G)(z) =
ow (F,G)(z—) < pw(F,G)(z). See Appendix where we prove these results.
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(ii) There ezists a copula C., dependent only on the value r of pw (F,G)(2), such that
o0, (F,G)(z) = pw(F,G)(z) =

Theorem rephrases the result of Frank et al. [1987] in terms of the more common
definition of right continuous distribution functions. The proof of Theorem is sketched
in Nelsen| [2006]. [Embrechts et al. [2002] Theorem 5 also sketches the proof for the lower
bound .

Kolmogorov’s question concerns the pointwise sharp bounds on the distribution function
for the sum of two random variables. Statement (ii) of Theorem along with Sklar’s
Theorem shows that the Makarov upper bound is achievable for all z € R and thus is
pointwise sharp. The achievability of the Makarov upper bounds can also be proved using
a result in Ruschendorf] [1983]. We provide a complete proof based on [Riischendorf [1983]’s
argument in Appendix We will next consider two examples which show that statement
(i) of Theorem does not completely address Kolmogorov’s question.

Example 2.3.5. Let X,Y be Bernoulli random variables with p1 = 0.5 and po = 0.4. Let
F, G be the distribution functions of X, Y respectively. Suppose that we are interested in ob-
taining a lower bound for P(X +Y < 1). Clearly, 7w (F,G)(1) = 0.6 while 7w (F,G)(1-) =
0.1. Statement (i) of Theorem|[2.3.4] does not provide lower bound Tw (F,G)(1) on P(X+Y <
1) =J(1).

Example 2.3.6 (Nelsen, [2006). Let X,Y be random variables with uniform distributions
on [0,1]. Let F,G be distribution functions of X,Y respectively. Suppose that we wish to
obtain a lower bound for P(X+Y < 1). In this example, 7w (F,G)(1) = 7w (F,G)(1—) = 0.
We obtain the lower bound for J(z) = P(X +Y < 1) = 0. Statement (i) of Theorem[2.5.
tells us that there exists a joint distribution such that P(X +Y < 1) = 0. In fact, the
construction in the proof of Theorem given by | Nelsen will result in P(X+Y <1)=1
and P(X+Y < 1) =0 when X =1-Y. However, this leaves open the question of whether
mw (F,G)(1) = 0 is a tight bound on P(X +Y < 1), either in the sense of being achievable,

or more weakly, best possible.
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To summarize, statement (i) of Theorem leaves two questions unanswered: First,
as shown in Example when F, G are not continuous, y (F,G)(z—) can be different
from 7w (F,G)(z). Thus when F' and G are not continuous Theorem (7) does not
provide any information regarding whether the bound 7y (F, G)(z) is either achievable or
best possible vis a vis J(z) = P(X +Y < z). Second, even when F,G are continuous, so
that T (F,G)(z—) = mw(F,G)(z), it is still possible that o¢,(F,G)(z—) < o¢,(F,G)(z).
Consequently, even in the continuous case, the existence of the copula C; given in statement
(7) of Theorem merely establishes that 7y (F, G)(z—) is achievable as a lower bound
on P(X 4+Y < z); it says nothing about the achievability (or otherwise) of Ty (F,G)(z) as

a lower bound on J(z).

2.3.2 When are the bounds achievable?

The next Theorem establishes that that for all F'; G (possibly discontinuous) myw (F, G)(z)
is best possible — thus addressing the unanswered question of Kolmogorov. We will return

to the issue of achievability of Ty (F, G)(2) as a lower bound on P(X +Y < z), in Theorems

(discrete case) to [2.3.15| (general case) below.

Theorem 2.3.7 (No loose end to Kolmogorov’s question). Let F' and G be two fized dis-
tribution functions. For any z € (—00,0), let s = mw (F, G)(z). For any € > 0, there exists
a copula C, ¢ such that

oc,.([F,G)(z) <s+e.

In other words, the lower bound Tw (F,G)(z) on J(2) cannot be improved for any F,G, and

1s thus pointwise best possible in terms of z.
Before proving Theorem we first state a useful lemma.

Lemma 2.3.8 (Firpo and Ridder Theorem 2). For fized distribution functions F,G, the
function

w(F,G)(z) = gj:;gz max{F(z) + G(y) — 1,0}

s right continuous and non-decreasing for all z.
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Lemma [2.3.8] follows from the fact that F, G are right continuous and nondecreasing.

Proof. The proof of Theorem uses a similar construction as in Makarov| [1982]. Now
suppose that for a given z, 7y (F,G)(z) = s. Following Lemma for all € > 0, there
exists 0 > 0 such that 7y (F,G)(z+m) — s < e for all 0 < m < §. Pick any 0 < m < ¢ that
meets the above condition that my (F,G)(z + m) < s + €. Then there exists a copula C .

such that

o, (F.G)(2) < e, (F.G)((= + m)-) 27
=mw(F,G)((z +m)—) (2.8
< 7w(F,G)(z +m) (29

< s+, (2.10

where follows from the fact that for any random variable D, P(D < d) < P(D <
d+ h) for all h > 0; follows from the optimality result in part (i) of Theorem
follows from the non-decreasing property of Tw; follows from the construction of
mw (F,G)(z +m). This implies that for all ¢ > 0, we can construct a copula Cs . such that
oc, (F,G)(z) < tw(F,G)(2) + €, meaning that 7y (F,G)(z) + € will not be a valid lower
bound on P(X +Y < z) = J(2). O

Theorem [2.3.7] along with Theorem [2.3.4] proves that Makarov’s bounds are pointwise
best-possible and thus directly address Komogorov’s question. This closes the best-possible

question left open by Theorem m (i).

2.8.8 Special case: at least one discrete variable

The following theorem states that the lower bound 7y (F, G)(2) is achievable when we are

dealing with one or more discrete random variables.

Theorem 2.3.9. If at least one of X,Y is a discrete random variable (a random variable

which may take on only a countable number of distinct values), then there exists a copula
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Ct, dependent only on the value of t = 7w (F,G)(2), such that
Uct(Fa G)(Z) = TW(Fa G)(Z) =t.
In other words, the lower bound on J(z) is always achievable when one of X,Y is a discrete

random variablel|

Proof. Before proving the Theorem we will first prove a useful lemma.
Lemma 2.3.10. For any k < z, if t = 7w(F,G)(z) > 7w (F,G)(z—), there cannot be z’,y/

with ' +y =k < z such that F(2')+ G(y') — 1 =+t.

Proof. Suppose that there exist z/,y’ with 2’ +¢y' =k < z and F(2') + G(y') — 1 = ¢, then

by the definition of sup,

t < supkmaX(F(x) +G(y) —1,0) (2.11)
T+y=
< lim  sup max(F(z)+G(y)—1,0) (2.12)
0,620 g4 y=2—c
— 7w (F,G)(2—) (2.13)
< qu) max(F(z) + G(y) — 1,0) = t, (2.14)

where the inequalities and follow from the fact that the function myw (F, G)(-) is
non-decreasing and ([2.11)),(2.13)) and (2.14)) are by definition of 7w (F, G)(k), Tw (F, G)(2—), 7w (F, G)(2).
Thus, we have 1w (F,G)(z) = mw(F,G)(z—), which contradicts with the hypothesis that
w(F,G)(z) > mw(F,G)(z—). O

Now we will prove Theorem Without loss of generality, we assume X is a discrete

8Notice that this is Theorem [2.3.4 (i) with z— replaced by z, which can be surprising because [Frank
et al| [1987] note that theorem [2.3.4] (i) cannot be strengthened “even” when F, G are continuous, which
implicitly implies that it cannot be strengthened when F,G are not continuous. Some misconception
about this point can be found in related literatures. For example, Kim/[2014] stated that “If the marginal
distributions of X and Y are both absolutely continuous with respect to the Lebesgue measure on R, then
the Makarov upper bound and lower bound can be achieved”, which is contradicted by Example |2.3.6}
Similarly, [Williamson and Downs| [1990] stated that in order for Theorem to hold, it is necessary
that F,G are not both discontinuous at a point z,y such that z + y = z; whereas [Frank et al.| [1987]’s
proof does not require this to hold.
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Hy

0 t 1

Figure 2.1: Support of C; and mass assigned by C}.

random variable. For ¢ = 7y (F, G)(z), we construct the copula

Gl = J MEEF O =10, (o) in (LU [ 1],

Min(u, v), otherwise.

Figure illustrates the support of Cy and the mass assigned by Ctﬂ

Let Hy := {(u,v) € [0,1?|u+v —1 = t}, Hy := {(u,v) € [0,1]?|u = v < t},
S, = {(u,v) € [0,12|F~Y(u) + G~1(v) = 2}, Sz := {(u,v) € [0,12|F~ (u) + G (v) < 2},
where F~1, G~! are the generalized inverses defined in Definition Since t is a lower
bound for P(X +Y < z), C; assigns mass at least ¢ to the set Sz. In particular, Hy C Ss.
Thus, whether or not the lower bound on P(X +Y < z) is achieved (by C;) depends on
whether the mass that C, assigns to the set H; NS5 is 0.

We claim that [[g -y dCi(u,v) = [[g y dCi(u,v). First suppose mw(F,G)(z) =
mw(F,G)(z—) = t. Frank et al||1987], showed that P(X +Y < z) = tw(F,G)(2—) =t
under Cy. Thus, under Cy, the set {(u,v) € [0, 1]2|F~(u) + G~1(v) < 2} will contain all
the mass in Hy (equals t) but not any mass in Hj, so that the claim holds in this case. Now
suppose Tw (F,G)(z) > w(F,G)(z—), from Lemma we know that the set {(u,v) €
[0,1]*[F~*(u) + G~'(v) < z} cannot contain mass in Hy. Therefore, [fq -, dCi(u,v) =

%In Appendix we discuss properties of the joint distribution induced by C}; and outline how to
simulate from it.
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[Js.am, dCt(u,v), establishing the claim.

Since Cy assigns mass (1 — t) uniformly to Hy, if S, N H; is empty or only contains
countably many points, then [ fszm H dCi(u,v) = 0, which is sufficient to establish the
claim.

Since X is discrete, x can take at most countably many values with non-zero probability
under F'. For a given z, there are at most countably many points (z,y) such that x +y = z
and P(X =x) > 0.

Observe that

{(u,0) € [0,1P|F~ (u) + G7H(v) = 2} = Uz yyaty=sRay, (2.15)

where R,y = {(F(z—), F(z)] x (G(y—),G(y)]} and we define the sets of form (a,a] as {a}
for any a € R, which will arise if Y is not discrete.

We will show that for each (z,y) with z +y = 2, Ry, N H; contains at most one point.
Since by definition of Cy, t = sup,,—, max{F(x)+G(y)—1,0}, we have F(z)+G(y) -1 <t
for any z +y = 2. For any (u,v) € Ryy with u < F(z) or v < G(y), it holds that
u+v—1 <t and thus (u,v) cannot be in H;. Therefore R,, N H; contains at most one
point (F(x),G (y))ﬂ As a consequence by , there exist at most countably many points
in S, N H;. Thus, ffszmHl dCy(u,v) = 0 and

oc,(F,G)(z) =mw(F,G)(z) =t.

2.8.4  C% not achieving the bound implies no other copula achieves the bound

Theorem shows that the lower bound 1y (F, G)(z—) on J(z—) can be achieved. In fact,
the proof of Theorem [2.3.4] (see [Frank et al.[1987 and Nelsen|[2006) shows that the copula
we constructed as Cy with t = 7y (F,G)(z—) in the proof of Theorem will achieve

YEach rectangular region Ray can touch the line u + v — 1 = ¢ for at most one point because all points
in R,y satisfy F~'(u) + G™'(v) = z and if there is more than one point in the intersection then ¢ is not
sup, -, max{F(z) + G(y) — 1,0}.
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the lower bound 7y (F, G)(z—)m We further showed in Theorem that the lower
bound Ty (F,G)(z) on J(z) cannot be improved. In example for t = Tw (F,G)(2) =
mw(F,G)(z—), we see that P(X +Y < z) =t under C; but P(X +Y < z) >t under C;.
This raises a new question: if we care not merely about sharpness, but also about the
achievability of the lower bound 7w (F,G) on J(z) — rather than J(z—) — and if C; does
not achieve the bound 7y (F,G), can there be other copulas that can achieve the bound
mw(F,G) for J(z)? Indeed, |[Frank et al. [1987] and Nelsen [2006] both pointed out that
there are other copulas beside C; that achieve the lower bound Ty (F, G)(z2—) for J(z—).
The corollary of the next theorem implies that for continuous F, G and an arbitrary z, in
order to determine whether the lower bound my (F, G)(z) on J(z) can be achieved, we only
need to determine whether it is achieved under C; for t = my (F,G)(2). Theorem
along with Theorem further establishes this claim for arbitrary F,G. In other words,
if the lower bound for J(z) is not achieved under Cy, then there is no joint distribution that

will achieve this lower bound.

Theorem 2.3.11. Given arbitrary z and F,G, if tw (F,G)(z—) = 7w (F,G)(2) =t and the
copula Cy does not achieve the lower bound Ty (F,G)(z) on J(z) =P(X +Y < z), then no

other copula can achieve this lower bound.

Proof. Since my (F, G)(2—) = t, by Theorem[2.3.4|i), copula C; achieves the bound 7y (F, G)(z—)
on P(X +Y < z). That is, C; assigns mass t to the set {(u,v) C [0,1] x [0,1] : F~!(u) +
G~l(v) < z}. Since, by hypothesis, C; does not achieve the lower bound 7y (F,G)(z)
on P(X +Y < z), C; assigns non-zero probability to the set {(u,v) C [0,1] x [0,1] :
F~Y(u) + G7'(v) = 2)}. In particular, the image of the set {(z,y) : = +y = z} un-
der the (F,G) mapping must contain a line segment with length greater than 0 on the line
u~+v—1 =t in the uv-plane inside the unit squarelE as illustrated in Figure since other-
wise under Cy, P(X+Y < z) = P(X+Y < z) in which case C; achieves the bound. Let a,b

" fact, as noted above, [Frank et al.| [1987] consider bounds on J, Nelsen| [2006] translate the result to
the standard definition J but do not provide a full proof.

12The first two sentences of the proof imply that when 7w (F, G)(2) = 7w (F, G)(z—) this is a necessary
and sufficient condition for Cy to assign non-zero probability to the set {(u,v) C [0,1] x [0,1] : F~!(u) +
G (v) = 2)}.
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be such that the line segment {(u,v) : u = a+s,v = 1—t—(a+s) for 5,0 < s < b—a} is con-
tained in {(u,v) C [0,1]x[0,1] : F~}(u)+G~1(v) = 2}n{(u,v) C[0,1]x[0,1] : u+v—1 = t}.

Now suppose there is a copula C that achieves the lower bound 7y (F, G)(z) on P(X +
Y < z). First, we claim that C' must assign mass ¢ to the rectangle R; = [0,a] x [0, 1+t —].
Since R is a subset of {(u,v) C [0,1] x [0,1] : F~1(u) + G~1(v) < 2} and by hypothesis C
achieves the lower bound, C' cannot assign mass more than ¢ to Rj.

Suppose C assigns mass 0 < r < ¢ to Ry; see Figure[2.3] Note that we define the margins
of the copula to be uniform (C(p,1) = C(1,p) = p, for all p in [0, 1]). In particular, in order
for C(1,14+t—b) = 1+t —0b, C needs to assign mass 1+¢—b—r to [a,1] x [0,1+¢—b] and
similarly C needs to assign mass a —r to [0,a] x [L +¢—b,1]. As a consequence, C' needs to
assign mass 1 —(1+¢t—b—r)—(a—r)—r =b—a+r—t to the rectangle [a, 1] x [1 +¢—b, 1].
Now consider the rectangle [a,b] x [0,1+t — b]. It needs to contain mass at least ¢ — r since
[a, b] x [0, 1] needs to contain mass b—a and [a, b] x [1+t—b, 1] C [a, 1] x[1+t—b, 1]. Similarly,
[0,a] x [1+t—0b,1+1t—a] needs to contain mass at least t —r. Then C assigns mass greater
than or equal to r+2(t—r) =t+(t—r) > t to {(u,v) € [0,1]x[0,1] : F~Y(u)+G 1 (v) < 2},
which is a contradiction that C' achieves the lower bound 7w (F,G)(z) on P(X +Y < z).
Therefore, C' must assign mass t to the rectangle Ry = [0,a] x [0,1+¢ —b].

Next, we show that C assigns mass b—a to the rectangle [a, b] X [1+t—b, 1+t —a]. By the
hypothesis that C' achieves the lower bound 7y (F, G)(z) on P(X +Y < z), C assigns mass
1—t to the set {(u,v) C [0,1]x[0,1] : F~1(u)+G~(v) > 2)}, which is a subset of the union
of the following three rectangles: [0, 1] x [1+t—a, 1], [a,b] x [1+t—b, 14+t —a],[b,1] x [0, 1]. In
order to maintain uniform margins, the first and third rectangles contain mass a—t and 1—b.
So the rectangle [a, b] x [1+t—b, 1+t—a] needs to contain mass at least (1—¢)—(a—t)—(1—b) =
b—a. Again from the uniformity of the margins, [a, b] x [L+t—b, 14+t —a] can contain mass at
most b—a. Thus, C' assigns mass b—a to the rectangle [a, b] X [1+t—b, 1+t —a]. Furthermore,
since the rectangle [a, 1] x [1 +¢ — b, 1] contains total mass 1 — (14+¢t—b) — (a —t) =b—a,
there’s no mass elsewhere in this rectangle except in [a,b] x [1 +¢—b, 1+t — a].

Now we show that C' needs to assign mass b — a to the line segment (a,1 4+t — a) to
(b, 14+t —0) inside the square [a, b] x [1+t—b, 1+t —a]. Figure[2.3|shows a zoomed-in version

of the rectangle [a,b] x [1 4+t —b,1+t — a]. First, C' cannot assign any mass strictly below
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the line segment (a,1+t —a) to (b,1 + ¢ — b) inside the square [a,b] X [1 +¢ —b,1 + ¢ — a]
because C' already assigns mass ¢ to R; and the total mass assigned by C; to the set
{(u,v) € [0,1] x [0,1] : F~Y(u) + G~1(v) < 2)} is t. For any rectangle [m,n] x [c, d] such
thatm+c—1>t,a<m<n<bl+t—b<c<d<1+4t—a,suppose that C' assigns
mass & > 0 to this rectangle. We know that C' assigns mass ¢ to the region R;. Let F
be the triangular area defined by vertices (m,1+t —m),(a,1 +t—a),(m,1 4+t — a) and
Es5 be the triangular area defined by vertices (m,1+t—m),(b,1+¢—b),(b,1+t—m), as
depicted in Figure Note that we have previously established that C assigns no mass to
the rectangle [a,b] X [1 +t — a,1]. The mass assigned by C to E; and R; is equal to the
mass in rectangle [0, m] x [0, 1] subtracting the mass in the rectangle [0,a] x [1 + ¢ — a, 1],
which is C(m,1) — (a —t) = m — (a —t) = m — a + t. Similarly, the mass assigned by C
to EFo and R is equal to C(1,1+¢t—m)—(1—-b) =1+t—m—(1—-0) =t—m+0b.
Thus, C' assigns the mass m — a to E1 and b — m to Ey. Since E1, F» are disjoint, C
assigns the mass b — a to Ey U Ey. Then the rectangle [m,n]| X [c,d] will contain mass 0,
which is a contradiction. Since the choice of [m,n] x [c,d] is arbitrary, we know that C
assigns mass b — a to the line segment in R? from (a,1 —¢ —a) to (b,1 —t — b) inside the
square [a,b] X [1 +t —b,1+ ¢ — a]. Finally, C' assigns mass at least ¢ + (b — a) to the set
{(u,v) € [0,1] x [0,1] : F~}(u) + G (v) < 2)}, which contradicts that C achieves the lower
bound 7w (F,G)(z) on P(X +Y < z). Thus, when mw(F,G)(2) = mw(F,G)(z—), if the
copula Cy does not achieve the lower bound 7y (F,G)(z) on P(X +Y < z), then no other

copula can achieve this lower bound.

Corollary 2.3.12. Given arbitrary z and continuous F,G, let t = mw(F,G)(z). If the
copula Cy does not achieve the lower bound Tyw (F,G)(z) on J(z) =P(X +Y < z), then no

other copula can achieve this lower bound.

Proof. This follows directly from Theorem [2.3.11] since when F,G are both continuous,
w(F,G)(z) = w(F,G)(z—). O
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1 u

Figure 2.3: A zoom in part of Figure

Figure 2.2: Copula C' and the image of with rectangle [m,n] X [¢,d] colored in
x 4+ y = z under the (F,G) mapping. blue.

2.8.5  Sufficient conditions for achievability of the lower bound on J(z)

We will characterize another sufficient condition (different from Theorem [2.3.9) for the
achievability of the lower bound on J(z) = P(X +Y < z2).

Theorem 2.3.13. Given arbitrary z and F,G, if 7w (F,G)(z) > mw(F,G)(z—) then the
copula Cy with t = Ty (F, G)(2) will achieve the lower bound Ty (F,G)(z) on P(X +Y < z).

Proof. We will prove the contrapositive: if the lower bound ¢ = 7y (F, G)(2) of P(X+Y < z)
is not achievable under Cy, then 7w (F,G)(z) = mw(F,G)(2—). Note that mw (F,G)(z) =
w (F, G)(z—) holds trivially when myy (F,G)(z) = 0. We will assume t = my (F, G)(z) > 0.

If the lower bound 7w (F,G)(z) of P(X +Y < z) is not achievable under Cy, the set
{(u,v) € [0,12|F~(u) +G~L(v) < 2} must contain a line segment with length greater than
0 on the line w + v — 1 = ¢ in the wv-plane. Based on Lemma the set {(u,v) €
[0,1)2|F~!(u) + G~(v) = 2} must contain a line segment with length greater than 0 on
the line u + v — 1 = t in the uv-plane. The existence of this line segment implies that the
image of the set {(z,y) :  +y = z} under the (F,G) mapping must also contain a line
segment with length greater than 0 on the line u +wv — 1 = ¢ in the uv-plane inside the unit
square. This means that there exist z* and € > 0 such that F(z) + G(z —x) — 1 =t for all

x € (x* —e,x* +€) and F(-) is continuous and strictly increasing on = € (z* —€,2* 4+ €). In
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particular, for any ¢ > 0, there exists € > 0 such that F/(z*) — F(z* —€*) < §. By definition
of o*, 7w (F,G)(z) = F(2*) + G(z — 2*) — 1. Then for " > 0,

w(F,G)(z — €) = m+y82£)—e* max(F(z) + G(y) —1,0) > F(z* — ") + G(z —2") — 1.

And

w(F,G)(z) —mw(F,G)(z —€)=F(z")+ G(z—2") — 1 —mw(F,G)(z — €)
<F@")+Giz—2")—1—(Fz*—€)+ Gz —z%) — 1)
F

(%) — F(z* — €") < 4.

Since § is arbitrary, 7w (F,G)(-) is continuous at z and we must have myy (F,G)(z) =

w (F, G)(z—). O

Thus it follows from Theorem that the only time when the lower bound on P(X +
Y < 2) is not achievable is when the pointwise best possible bounds for P(X + Y < z)
and P(X +Y < z) are the same. This result can be quite surprising: it follows that the
distribution implied for X +Y via the construction of C, namely, o¢, (F,G)(z) = P(X+Y <
z), is discontinuous at z only when 1y (F,G)(z) is continuous at z, i.e. Tw(F,G)(z—) =
mw(F, G)(z).

We present an example to show that we do not require the margins F, G to have uniform

distributions on [0, 1] for the lower bound 7y (F, G)(z) on P(X+Y < z) to be not achievable.

Example 2.3.14. Let

F is the distribution for a random wvariable X following a triangular distribution with a =
0,b =c =1 (equivalent to Beta(2,1)), while G is the distribution for a random variable Y

following a triangular distribution with a = ¢ =0,b =1 (equivalent to Beta(1,2)).
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Suppose z =1. Then

w(F,G)(1) = xigrz)l max{F(z) + G(y) — 1,0}

= sup max{F(z)+G(1l —=x)—1,0}

=0.

The lower bound of 0 corresponds to the copula Cy constructed to achieve the lower Fréchet—Hoeffding
bound (in other words, X,Y are perfectly negatively correlated). In this example, X = 1-Y.
So under Cy, P(X+Y =1)=P(X+Y <1)=1and P(X+Y <1)=0.
In contrast, it is not possible to construct a copula such that P(X+Y < 1) = w (F,G)(1) =
0, so this lower bound is not achievable for J(1) = P(X +Y <1).

2.3.6 Characterization of achievability of the lower bound on J(z)

Theorem [2.3.15| will provide necessary and sufficient conditions for the lower bound on
J(z) = P(X +Y < z) to be achievable. Theorem [2.3.16| provides a useful summary of the

results concerning both the Makarov upper and lower bounds for J(z) = P(X +Y < z).

Theorem 2.3.15. The Makarov lower bound t = 1w (F,G)(z) on P(X +Y < z) is not
achievable at z if and only if there exist x*, y* with x* + y* = z such that all following three
conditions hold: (i) F(x*) + G(y*) = sup,y,—.{F(z) + G(y)} > 1; (i) F(r) + G(z — )
is constant for x in a meighborhood Nr(x*) of x*; (iii) the image of the set {x,y : x €
Nr(z*),y = z — x} under the (F,G) mapping contains an open interval within the line

segment {(u,v) € [0,1]? |[u+v —1= t}E

Proof. 1If the Makarov lower bound 7w (F,G)(z) on P(X +Y < z) is not achievable at
z, then Theorem implies that we have to have Ty (F,G)(z) = w(F,G)(z—) = t.
Furthermore, when the lower bound on P(X +Y < z) is not achievable, it is not achievable
under any copula, which includes C;. Note that by in Theorem under Ct,
P(X +Y <z) =t. Consequently, for S, := {(u,v) € [0,1]? | F~}(u) + G~*(v) = 2} and

3The conditions can also be defined similarly using the neighborhood of 3*.
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Hy = {(u,v) € 0,12 |u+v—-1=1t}, PX+Y =2) = IJs.am, ACt(u,v) > 0, since
otherwise we would also have P(X +Y < z) =t under C.

If (i) does not hold, then either sup,,_.{F(z)+G(y)} < 1 or sup, . {F(z)+G(y)} >
1 but is not achieved on the set z + y = z. Note that by the definition of S,, for any
(w,v) € Sz, u+v < sup,y, AF(z) + G(y)}. If sup,,.{F(z) + G(y)} < 1, then t =
mw(F,G)(z) = 0 by hence H; is the line v +v = 1 and thus the set S, does not
intersect Hy. On the other hand, if sup,,,_.{F(z) + G(y)} > 1, then again by ,
L+t = sup, . {F(x) + G(y)}. If there do not exist z*,y* such that F(z*) + G(y*) =
SUP,4y—{F'(z) + G(y)}, then for any (u,v) € S., u+v < sup,,_.{F(r) + G(y)}, and
thus S, N Hy = () by definition of H;. Hence in both sub-cases, the lower bound is achieved
under C;, which is a contradiction.

Now suppose that (i) holds. Since C; assigns mass uniformly to the set Hj, and by
hypothesis, [[. S.NH, dCi(u,v) > 0, there exists a line segment of positive length contained
in S, N H;. Hence we may choose u*, v* in the interior of this segment, such that there exist
¥, y* with (F(2*),G(y*)) = (u*,v*) and there is a neighborhood of (u*,v*) in H; that is

contained in S, thus establishing (iii). (ii) also needs to hold by definition of Hj.

For the converse, if (i), (ii), (iii) hold, then S, contains a non-zero measure set in
H;. Since C} assigns mass uniformly to the set Hy, [ S.NH) dCy(u,v) > 0. This implies
P(X 4+Y = z) > 0 under C; and the lower bound 7y (F, G)(z) will not be achievable at
z under Cy. Furthermore, by contrapositive of Theorem (i), (i), (iii) imply that
mw(F,G)(z) = mw(F,G)(z—). Finally it then follows by Theorem that since Cy
does not achieve the lower bound 7y (F,G)(z) on P(X +Y < z), this bound will not be

achievable by any copula. O

Theorem 2.3.16. The Makarov upper (pw (F,G)(2)) and lower (1w (F,G)(z)) bounds on

P(X +Y < z) are pointwise best-possibleﬂ. The Makarov upper bound is achievable for

each z € R, but there may exist z € R such that the lower bound is not achievable.
Conwversely, the Makarov upper (pw (F,G)(z—)) and lower (tw(F,G)(z—)) bounds on

P(X +Y < z) are pointwise best-possible. The Makarov lower bound is achievable for each

14GQee Definition [2.3.2
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z € R, but there may exist z € R such that the upper bound is not achievable.

The Makarov bounds are, in general, not uniformly sharpm

The following tables summarize when the Makarov bounds are always achievable (for all

z € R and any F,G) under different definitions of distribution functions.

<
Bound P(X+Y <z)
Always Achievable Pointwise Best-Possible
Makarov Upper Bound pw (F, G)(z2) v v
Makarov Lower Bound 7y (F, G)(z) X v
Bound P(X+Y <2)
Always Achievable Pointwise Best-Possible
Makarov Upper Bound pw (F,G)(z—) X v
Makarov Lower Bound my (F, G)(z—) v v

Table 2.1: The Makarov upper bound pw (F,G)(z) on P(X +Y < z) and the Makarov
lower bound 7y (F, G)(z—) on P(X +Y < z) are always achievable for any given marginals
F,G and for all z € R. The achievabilities of the Makarov upper bound py (F,G)(z—) on
P(X +Y < z) and the Makarov lower bound 7w (F,G)(z) on P(X +Y < z) are margin

specific and depend on z. See Example and Theorem [2.3.15

2.4 Summary Theorems on Achievability and Sharpness

We now add our new results to the main result of [Frank et al| [1987] given in Theorem[2.3.4]
Theorems and extend Theorem 3.2 in [Frank et al.| [1987] and provide a holistic
picture of the achievability and sharpness of Makarov bounds on the sum of two random
variables.

Parts (i) of Theorems and follow directly from [Frank et al.||1987] and Nelsen
[2006]; parts (ii) are stated in Makarov, [1982] and Riischendorf [1982] but not explicitly

stated in Frank et al.| [1987]; parts (iii) and (iv) follow from our new results in this section.

15For given F, G, there does not exist a single joint distribution that achieves the bounds for all z. For
example, the construction of the copula C; depends on the value z in general.
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Theorem 2.4.1 (Lower Makarov bounds). Let F' and G be two fized distribution functions.
For any z € (—00,00):

(i) There exists a copula Ct*EL dependent only on the value t* of Tw (F,G) at z—, such that
oc,.(F,G)(2—) = w(F,G)(z—) =t".

In other words, the lower bound on P(X +Y < z) is always achievable.
(ii) We have

w(F,G)(z) = igf oc(F,G)(z),

where the infimum is taken over all copulas C. In other words, t = Tw(F,G)(z) is the
infimum of P(X +Y < z) for all possible joint distributions of X,Y .

(ii3) If t* = 7w (F,G)(2—) < t = Tw(F,G)(z), then there exists a copula C dependent only
on t such that

oc,(F,G)(z) = w(F,G)(2).

That is, the lower bound on P(X +Y < z) can be achieved by Cy when mw (F,G)(z2—) <
mw(F,G)(z). We also have Tw (F,G)(z) = ming oc(F, G)(z) where the minimun is taken
over all copulas.

(iv) If there is no copula C* such that
UC*(Fa G)(Z) = TW(F7 G)(Z)a

then w (F,G)(2) = mw(F,G)(z—). (iv) is a contrapositive of (iii) which states that if the
lower bound on P(X +Y < z) is not achievable by any joint distribution, then the lower
bounds for P(X +Y < z) and P(X +Y < z) must be the same.

Similarly, we can state the theorems for the upper bounds with a slight asymmetry.

16Previously defined in the proof of Theorem [2.3.9
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Theorem 2.4.2 (Upper Makarov bounds). Let F' and G be two fized distribution functions.
For any z € (—00,00):

(i) There exists a copula C., dependent only on the value v of pw (F,G)(z), such that
UCr(F7 G)(Z) - PW(F, G)(Z) =T

In other words, the upper bound on P(X +Y < z) is always achievable.
(ii) We have

pow (F,G)(z—) = sgp oc(F,G)(z—),

where the supremum is taken over all copulas C. In other words, r* = pw (F,G)(z—) is the
supremum of P(X +Y < z) for all possible joint distributions of X,Y .
(i) If 7 = pw(F,G)(z—) < r = pw(F,G)(2), then there exists a copula Cy. dependent

only on r* such that
oc,. (F,G)(z=) = pw (F, G)(z—).

That is, the upper bound on P(X +Y < z) can be achieved by Cy- when pw (F,G)(z—) <
pw (F,G)(z). We also have pyw (F,G)(z) = maxc oc(F, G)(z) where the maximum is taken
over all copulas.

(iv) If there is no copula C* such that
oC* (F> G)(Z_) = :OW(F> G)(Z_)v

then pw (F,G)(z) = pw(F,G)(z—). (iv) is a contrapositive of (iii) which states that if the
upper bound on P(X +Y < z) is not achievable by any joint distribution, then the upper
bounds for P(X +Y < z) and P(X +Y < z) must be the same.
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2.4.1 FExzamples Reuvisited

We now illustrate these results by revisiting Examples[2.3.5|and [2.3.6] Figure[2.4)summarizes
the achievability of the Makarov upper and lower bounds in the two examples.

Makarov| [1982] introduced the supremum of P(X + Y < z), and [Frank et al,| [1987]
showed that the copula C,, where r = py (F, G)(2), attains this supremum. This naturally
leads to the association of C, with the supremum of P(X+Y < z), especially when F' and G
are continuous, making the suprema of P(X+Y < z) and P(X+Y < z) identical. However,
it is important to note that the supremum for P(X+Y < z) is not always achievable, and the
value obtained using the copula C,—where r = py (F,G)(2—) = pw (F,G)(z)—can differ
from the true (unachievable) supremum by as much as 1. In other words, using the copula C,
to estimate the upper bound for P(X +Y < z) is suboptimal and may significantly deviate
from the optimal bound. To see this consider Example [2.3.0] displayed in the top panel of
Figure Here we see that when z =1, r = pw (F, G)(2—) = pw(F,G)(z) = 1. However,
in this case C) corresponds to the degenerate joint distribution under which X +Y = 1,
implying that P(X+Y < z) = 0. In other words, in this example the Makarov upper bound
on P(X +Y < 1) is 1, but the copula C, which achieves the upper bound on P(X +Y < 1)
has P(X +Y < 1) =0 (!) which is as different as it is possible to be from the supremum
value. More generally, in this example, for z € (0, 1], the supremum for P(X +Y < z) is z,
yet under C, = C, we have P(X +Y < z) = 0.

Note that although the copula C, (entirely) fails to achieve the upper bound on P(X +
Y < z), we may use another copula Cy+ where r* < r to obtain a joint distribution under
which P(X +Y < z) is arbitrarily close to the unattainable supremum. Specifically, in
this example, the copula C;_., for some small € > 0, gives a joint distribution under which
P(X 4+Y < 1) is arbitrarily close to the (unattainable) upper bound of 1. This is because
under Cj_, 1 —e=P(X+Y =1-¢)=PX+Y <1-¢) <PX+Y <1).

Conversely, the difference between the (unachievable) infimum of the (achievable) lower
bounds on P(X +Y < z) and the value achieved under the copula C; where t = 7y (F, G)(z)

can also be 1.
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Example 12: pw (F,G)(z—) not achievable for z € (0, 1].
X ~ Unif [0,1] Y ~ Unif [0, 1]
Copula CTI pw (F,G)(z) P(X+Y <z)under C, P(X+Y < z) under C,
Upper Bound: :
r=mw(FG))  KE ! ! Yo
: 0.5 0.5 051
For both - P P o .
PX+Y <z), P(X+Y <2z) | 1 2 1 2 | I 2
Copula Cy: w(F,G)(2) P(X +Y < 2) under C; P(X +Y < 2) under C;
Lower Bound:
---------- 1 — 1
t=mw(FG)) : 0.5 0.5 S 05
For both t z . z z
P(X+Y <2), P(X+Y < 2) R | 1@2 R

7w (F, G)(2) not achievable for z € [1, 2).

Example 11:

X ~ Bernoulli (0.5) Y ~ Bernoulli (0.4)
Upper Bound: pw (F,G)(z) P(X+Y <z)under Cr P(X+Y < z) under Cy«
r=pw(F,G)(z) for P(X+Y <2)
r* = pw(F,G)(2—) for P(X +Y < z)
- ; 0.5 .
;” 'r*
Lower Bound:
t = TW(F G)( ) for P(X +Y < Z Tw (F,G)(z) P(X+Y <z)under C; P(X+Y < z) under Cy+
(F G)(z—) for P(X +Y < 2)
__________ : —o 06 —o 06 ——o
z 0 z
t t 1 2 1 2

Figure 2.4: In the right two panels of Example |2 - the dashed lines show the bounds
pw (F,G)(z) and 7y (F, G)(z) and the solid lines show what is achieved under the copulas;
the difference indicates the bounds are not achievable. Hence only the upper bound on
P(X +Y < z) and the lower bound on P(X +Y < z) can be achieved for all z. The
upper and lower bounds for P(X +Y < z) and P(X + Y < z) are the same, which follows
from part (iv) of Theorem and In Example the upper and lower bounds
for P(X +Y < z2) and P(X +Y < z) are different, all bounds on P(X +Y < z) and
P(X 4+Y < z) are achieved but under different copula constructions.
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Chapter 3

BOUNDS ON THE DIFFERENCE OF TWO RANDOM VARIABLES:
CDF, PMF, AND AN EXTENSION OF THE FINITE SET
STRASSEN’S THEOREM

Kolmogorov’s problem is closely related to inferring possible distributions for individual
treatment effects (ITE) Y7 —Yj given the marginal distributions of Y7 and Yp; the latter being
identified from a randomized experiment. In this chapter, we first use our new insights from
the previous chapter to sharpen and correct the results due to|[Williamson and Downs| [1990],
and to fill some other logical gaps. Second, we present an extension of Strassen’s theorem
for finite sets, providing necessary conditions under which the observed marginals admit a
joint distribution that satisfies a given prediction interval (or set) constraint. The results in
this chapter are particularly useful for assessing the internal consistency of observed data
with assumed counterfactual structures. Finally, in the case of a binary treatment, we derive
tight bounds on the probability mass function (pmf) of the ITE, extending existing results

that focused primarily on cumulative distribution functions.

3.1 Introduction

The best possible bounds for the distribution function of the difference of two random
variables was first studied in [Williamson and Downs| [1990], where the authors generalized
the bounds in |[Frank et al.|[1987] to different arithmetic operations of two random variables
including subtraction, multiplication and division and claimed that these bounds are sharp.
More recently, |[Fan and Park! [2010] introduced the bounds in [Williamson and Downs) [1990]
into the context of causal inference and concluded sharp bounds on the distribution function
of the additive treatment effect contrast (which corresponds to a difference between two
random variables). The bounds proposed in [Fan and Park [2010] have gained widespread
traction in the literature on causal inference and econometrics, in works such as|Chibal[2017,

Huang et al.2017], [Lu et al.[2018| and [Mullahy|2018.
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Building on [Makarov| [1982], Frank et al. [1987], and the results in our previous chapter,
we first formulate sharp bounds on the distribution function of the difference of two random
variables with fixed marginals; we show how these differ from those that have appeared
previously. We further identify and address logical gaps in |Williamson and Downs| [1990)]
that have propagated to some of the later literature, leading to incorrect or imprecise state-
ments. In particular, for the distribution function of the difference of two random variables,
the lower bound proposed by Williamson and Downs [1990] is not sharp for measures that
are not absolutely continuous with respect to the Lebesgue measure. We also identify an
unnecessary exclusion in the argument given by Williamson and Downs| [1990]. Then we
apply the new bounds in the context of treatment effects and calculate the bounds in an il-
lustrative example. The conditions on the joint distribution with fixed marginals are closely
related to the literature on couplings of probability measures and contingency tables. We
use a construction from the max-flow min-cut theorem [Ford Jr and Fulkerson, 1958| to
generalize a finite version of Strassen’s theorem in Koperberg [2022]. We illustrate with an
example how to apply this theorem to determine a prediction interval (or set) that could
be potentially valid for the individual treatment effect. |[Koperberg [2022] also provides
important technical tools for us to bound the probability mass function of the individual
treatment effect and establish the general extension of Strassen’s Theorem for finite sets.
Finally, although the cdf bounds apply to both continuous and discrete outcomes, a natural
extension is to derive bounds on the probability mass function of the individual treatment
effect when the outcome is ordinal. Individual treatment effects on ordinal outcomes have
previously been studied in |Lu et al. [2018]. In this chapter, we derive sharp bounds on the
probability mass function of the ITE, which is a new result on best possible pmf bounds for
the sum or difference of two random variables with known marginal distributions.

In Section we give the resulting bounds for the difference of two random variables
whose individual distribution functions are fixed. We then discuss the implications for some
of the results given previously by [Williamson and Downs|[1990]. In Section we set up the
problem of causal inference and revisit the bounds in [Fan and Park [2010]. We demonstrate
with an example of discrete random variables that the previously stated bounds are not

sharp. In section [3.4] we derive a new extension of Strassen’s Theorem on finite sets using a
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max-flox min-cut argument and use it to characterize conditions on marginal distributions
for an ITE prediction interval to be valid. In Section [3.5] we provide general sharp bounds
on the pmf of the ITE when the outcome is ordinal. This result is also generally applicable to
determining the best possible pmf bounds for the sum or difference of two random variables

with known marginal distributions.
3.2 Sharp bounds on the difference

Now we consider the closely related problem concerning bounds on the distribution of the
difference of two random variables with fixed marginals.

As we will describe in the next section below, bounds on the distribution function
of the difference of two random variables with fixed marginals have been widely used for
partial identification of individual causal effects (see Fan and Park|2010} Imbens and Menzel
2018, [Firpo and Ridder|2019).

In this section, we will first focus on the theoretical results. Specifically, we will apply
our previous results concerning best possible bounds on sums, but replacing one variable by
its negation. Although these results are corollaries of the results in the previous chapter,
we include them here to connect various results in the literature and for the convenience of
readers.

Let X and Y be random variables with respective distribution functions F' and G fixed.
Let A = X — Y be the difference of random variables X, Y. Let Ja(-) be the distribution

function of A.

Theorem 3.2.1. For any given value &, best-possible bounds Ja(5) < Ja(d) < Ja(d) on
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JA(0) are given by

JA(6) = sup max{F(x) — P(Y <y),0}

r—y=0

= sw max{F(z) — G(y) + P(Y =y),0};

JA(0) =1+ xirylfzé min{F(z) — P(Y <y),0}

=1+ inf 6min{F(a:) - G(y)+ P(Y =v),0}.

T—y=

The bounds in Theorem differ from those stated in Fan and Park| [2010] and
Williamson and Downs| [1990] by the inclusion of the point mass P(Y = y) term in both
the upper and lower bounds. As a consequence, the lower bound reported by these authors
is not best possible; see Theorem [3.2.3] and the comment below Theorem for more

details.

3.2.1 Proof of Theorem|[3.2.1

The proof is a direct application of Theorem Consider a new variable Y/ = =Y with
cdf G'. Then from equation ({2.1)) and (2.5)), for any 4, the bound on P(A < §) = P(X-Y <
) =P(X+Y <9)is:

Ja0) = sup max(F(x) +G'(y) = 1,0)
z+y' =

Ja(d) =1+ +in/f 6min(F(x) +G'(y) — 1,0).
TTY =

Note that
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Replace 3 with —y and G'(y') with 1 — G(y) + P(Y = y), we get the best-possible bounds
in Theorem [3.2.11

Remark 3.2.2. In the case where P(Y =1y) =0 for all y (for example, when the distribu-

tion function of Y is absolutely continuous with respect to the Lebesgue measure), we recover

the best-possible bounds in Theorem 2 of Williamson and Downs| [1990] and in Lemma 2.1 of
\Fan and Park [2010]. However, when G is not absolutely continuous, the bounds in|Fan and
\Park [2010] and|Williamson and Downs [1990] can be different from the bounds in Theorem
as the point mass P(Y = y) can be nonzero for some y € R. In the Appendix

we identify the issue in the proof of Theorem 2 in | Williamson and Downs [1990]. Although

we do not address it explicitly, the same issue applies to the Williamson and Downs [1990]

bounds on the ratio of two random variables.

3.2.2  Implications of the new bounds

At this point, Theorem [3.2.1] seems to imply that the lower bound in [Williamson and|
[1990] is valid but not necessarily best-possible and the upper bound might not be

valid. The next theorem will establish that in fact of the upper bound on the cdf for the

difference A = X —Y in [Williamson and Downs| [1990] is valid even though the proof used

in [Williamson and Downs| [1990] is not correct.

Theorem 3.2.3. For any random variables X and Y with respective cdfs F(-) and G(-),

inf 5min{F(w) —P(Y <y),0} = inf 6min{F(m) — G(y),0}.

T—Y= T—y=

The proof of Theorem is left to Appendix Theorem [3.2.3] implies that the
upper bounds in |Williamson and Downs| [1990] and [Fan and Park [2010] coincide with the

upper bounds we proposed in Theorem [3.2.1] Since the lower bounds that we propose in

Theorem [3.2.1] are greater than or equal to the lower bounds in Williamson and Downs|

[1990], Fan and Park [2010], Theorem establishes that somewhat surprisingly all these

bounds are valid, though the lower bounds are not sharp. In Section [3.3.1, we demonstrate
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through an example that the lower bound proposed by [Williamson and Downs [1990] and
Fan and Park [2010] is not sharp.

Remark 3.2.4. Theorem 3 in |Williamson and Downs [1990] states an optimality result
(analogous to Theorem of the previous chapter) contains an unnecessary exclusion:
specifically, it states that the bounds are only achievable if ' and G are not both discontin-
wous at some x,y such that x+y = z. It appears that this additional unnecessary condition
was added because Williamson and Downs fail to note that when F' and G are discontinuous
the bounds only take a strict subset of values in [0,1]. Consequently, only a subset of values

need to be considered.
3.3 A causal perspective

Throughout this section, we consider a binary treatment D = 0,1. Let Y; be the potential
outcome were an individual to take the treatment and Y, be the potential outcome were an
individual to take control. We assume the stable unit treatment value assumption (SUTVA,
Rubin|[1978)) that there is a single version of each treatment/control and no interference
among the subjects. We define our parameter of interest as the individual treatment effect:
A =Y —Yp. |[Fan and Park|[2010] Lemma 2.1 stated the bounds on the distribution function
of the individual treatment effect and claimed that they are sharp. We modify the bounds
in Fan and Park [2010] based on Theorem Let F1, Fy be the cumulative distribution
function on Y7, Y| respectively. Let Fa(+) be the cdf for A.

Theorem 3.3.1. For any given value §, best-possible bounds on Fa(d) are given by

FL(5) = Sl;p max{F(y) — P(Yo <y —96),0}

ZSL;pmaX{Fl(y) — Fo(y —0) + P(Yo =y —9),0} (3.1)

FU(§) =1+ irylfmin{Fl(y) —P(Yo <y—19),0}

=1 +i2frnin{F1(y) — Fo(y—0)+ P(Yp =y —9),0}. (3.2)
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Let Y denote the observed outcome variable. Under consistency, Y = Yy when D =0
and Y =Y]; when D = 1. In practice, if we are willing to assume ignorability (for example,
in randomized clinical trials (RCTs)) or conditional ignorability, the marginal distributions
Fi(y) and Fy(y) can be identified. Theorem [3.3.1]allows us to conclude best-possible bounds
on the distribution function of the individual treatment effect. In the special case where
Y is ordinal, Proposition 1 in |Lu et al.| [2018] can be recovered using Theorem and
Theorem Lu et al. [2018] consider a special case where Y is non-negative and prove

the bounds using a construction argument instead of the copula theory.
Corollary 3.3.2. The Fan-Park upper bound is best-possible.

Proof: This follows directly from Theorem [3.2.3] where X is replace by Y7 and Y is replace
by Y. O

3.3.1 Application of Theorem to cdf bounds for ITE

Here we will present a simple example that applies our bounds in Theorem [3.3.1]and compare
them with the bounds in Fan and Park|[2010].

Consider the case where we have a binary treatment variable (D = 0,1) and a ternary
response (Y = 0,1,2). Under randomization, the relationship between the counterfactual
distribution P(Yp, Y1) and the observed distributions {P(Y | D = 0), P(Y | D = 1)} is given
by: P(Y =i | D=j) = P(Y; =1i). Suppose we observe the marginals given in Table
We can parameterize the joint distribution with 4 parameters p,q,t,r. Note that by the
Fréchet inequalities, max{P(Yp =)+ P(Y1 =j)— 1,0} < P(Yp =4, Y1 = j) < min{P(Yp =
i), P(Y1 = j)}. We get ranges for p,q,t,7 by applying the Fréchet inequalities to each

quantity.

Based on the bounds proposed in (3.1)) and (3.2]) , we note the following alternative



37

‘ P(Y=0|D=0)=0.3 P(Y=1|D=0)=0.2 P(Y=2|D=0)=0.5

P(Y=0|D=1)=07 | P(Y=0|D=1)—p—r p€0,0.2] r€[0.2,0.5]
P(Y=1|D=1)=01| P(Y=1|D=1)—t—gq t e 0,0.1] q€10,0.1]
P(Y=2|D=1)=02 1—(..) PY=1|D=0)—t—p PY=2|D=0)-r—gq

Table 3.1: Application with binary treatment and ternary outcome.

expressions for F(§) and FY(6) :

FL(8) = max (sup {Fuly) - P(Yy <y —8)}, o) ;
Yy

FY(6) =1+ min (inf {Fi(y) —PYo <y— 5)},0) .
Y

Note that § = —2 is only possible when Y] = 0,Yy = 2. So this corresponds to the
entry in the top right corner of Table By the Fréchet inequalities, the bounds on
P(Y7 = 0,Yy = 2) is given by r € [0.2,0.5]. Now consider F}(y) — P(Yp < y — J) in our

example,

,

0 y < =2
—-03 —2<y<—1,
-05 —-1<y<0,

Fi(y) -PYo<y+2)=1202 y=0,

-03 O0<y<l,
02 1<y<2,
0 y > 2.

This gives Fa(—2) € [0.2,0.5], which matches the range given by Fréchet inequalities. In

this case if we consider the bounds proposed in Lemma 2.1 in [Fan and Park| [2010], which
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follow from Theorem 2 of Williamson and Downs| [1990],

0 y < —2,
—-03 —2<y<-1,

—05 —-1<y<0,
Fi(y) — Fo(y+2) =

-03 0<y<1,
-02 1<y<2,
0 y > 2.

The lower bounds for Fa(—2) is 0, which is not sharp. This example corresponds to the
case where F] and F{ are both discontinuous at Y7 = 0 and Yy = 2.

As a second illustration of Theorem [3.3.1] in a context where the Fréchet inequalities
are not directly applicable, consider the bounds for Fa(—1) given by Theorem . The
individual treatment effect is less than or equal to —1 when Y1 =0,Ygp=1or Y} =1,¥5 =2
or Y1 = 0,Yy = 2. Therefore, based on Table Fa(—1) = p+ g+ r. To calculate the

bounds, consider Fi(y) — P(Yp < y + 1) in our example,

.

0 y < —1,
-03 -1<y<0,
0.4 y =0,

Fi(y) —PMo<y+1)=402 0<y<l,

0.3 y=1,
—02 1<y<?2,
0 y > 2.

(
This gives bounds for Fa(—1) = p+g+r € [0.4,0.7]. Again in this case, if we compute the
lower bound based on Fan and Park|[2010] and Williamson and Downs|[1990], it is not sharp.
Finally, we complete the example by obtaining the bounds FA(0) = 1.2+t —r € [0.7,1],
Fa(l)=15—-p—q—t—1re€]0.8,1]. Fa(2) =1 follows trivially by construction.
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Inference on Makarov type bounds used in causal inference can be found in [Fan and
Park! [2010] and is discussed in [Fan and Park| [2012] and Imbens and Menzel| [2018].

Before we dive into the bounds on the probability mass function of individual treatment
effect, we will first state a theorem that is going to be very useful in constructing the proof for
the probability mass function bounds. We use a simplified version of Strassen’s Theorem
in Koperberg [2022]. We also extend this theorem to solve various problems including

prediction intervals of ITE.
3.4 Coupling and Strassen’s theorem

The existence of probability measures with prescribed marginals has been extensively stud-
ied in the coupling literature. The classic Strassen’s theorem [Strassen) 1965 gives a nec-
essary and sufficient condition for two distributions to have a coupling for the existence of
a perfect coupling—one whose joint distribution is supported entirely on any given subset
of the product space of the support. Strassen’s original proof was analytical, but later au-
thors noted it is equivalent to a max-flow/min-cut condition and even to Hall’s marriage
theorem when marginal supports are finite sets [Koperberg, 2024, [Hsul 2017]. The condi-
tion articulated by Strassen’s theorem is often expressed through stochastic dominance on
ordered spaces, which serves as a measure-theoretic analogue of Hall’s condition [Lindvall,
2002, Den Hollander, [2012]. Strassen’s result is fundamental in probability and optimal
transport. In computer science, it appears as a criterion for liftings of distributions [Hsu,
2017]. Strassen’s theorem underpins a wide range of applications, as seen in works such
as |Chernozhukov et al.| [2014], Marshall et al.| [1979].

Many applications, however, demand partial couplings that match the marginals only
approximately, allowing a fraction of the probability mass to fall outside the target. Such
relaxations arise, for example, in approximate liftings [Hsu, 2017] and partial optimal trans-
port [Figalli, 2010} |(Chapel et al. [2020]. In the next section, we will focus on the case where
the supports for the marginal distributions are on finite sets A and B. While the classical
proof of Strassen’s theorem relies on analytical tools such as the Prokhorov metric, [Koper-
berg [2024] demonstrates that in the finite setting, a purely combinatorial proof is possible.

Building on this perspective, we further advance the theory by deriving a finite set extension
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of Strassen’s theorem that characterizes ezactly when two marginals admit a coupling that
places a mass on an arbitrary relation R C A x B for any « € [0,1]. The proof leverages
a max—flow /min-cut construction that naturally generalizes the perfect-matching argument
and clarifies the geometric structure of feasible couplings.

Strassen’s theorem is closely related to causal inference problems (see |Fan and Park
2010, [Song et al.|2024)), where the marginal distributions are observed or estimated. We
will later demonstrate how our generalization can be employed to construct prediction
intervals for individual treatment effects in cases where the outcome is ordinal, or to bound
the proportion of individuals whose treatment effect lies within a specified range. Another
natural application arises in the context of the Komogorov’s problem: given prescribed
marginal distributions F' and G for random variables X,Y respectively, characterize the
set of compatible distribution functions for the sum. This problem is studied in Makarov
[1982], Riuschendorf [1982], Frank et al.| [1987], |[Zhang and Richardson| [2024]. We show
that our result can be used to approximate the solution for an extension of Komogorov’s
problem, which is to characterize the max (or min) probability mass for sum of two random
variables within certain range given the marginals. Our result can also be used to bound
probability mass functions with given marginals, which extends a classical result in maximal

and ordered couplings.

3.4.1 Strassen’s theorem, monotonicity and prediction intervals

Let A and B be sets and R C A x B a relation. Then for each U C A the set of neighbours
of U in R is denoted by

Na(U)={beB: (Ux{b})NR % o).

Theorem 3.4.1 (Strassen’s theorem for finite sets). Let A and B be finite sets, P and P’
probability measures on A and B respectively and R C A x B a relation. Then there exists

a coupling P of P and P’ that satisfies IS(R) =1 if and only if

P(U) < P (Nr(U)), for all U C A.
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3.4.2  Characterize the marginal distributions under monotonicity

Although this thesis focuses on the case where no assumptions are made concerning the
joint distribution of potential ourcomes, in some settings it may be known that treatment

has non-negative effect

P(Yo<Vi) =1 (3-3)

One use case of Theorem is that it allows us to fully characterize the marginal distri-
butions under monotonicity condition (stochastic monotonicity). Consider the case where

we have a binary treatment variable {0, 1} and a ternary response {0, 1,2}.

P(Y=0|D=0) P(Y=1|D=0) P(Y=2|D=0)

P(Y=0|D=1) 0 0
P(Y=1|D=1) 0
P(Y=2|D=1)

We want to know what is the possible marginal distribution that corresponds to no one
is hurt in the experiment. This means we are restricting the probabilities in the upper
right corner to be 0. Consider probability measures on Yy and Y7 with A = B = {0,1,2}
and R = {(0,0),(0,1),(0,2),(1,1),(1,2),(2,2)}. Applying Strassen’s theorem, we get the

following non-trivial constraints where Ng(U) # B:

P(Y=1|D=0)< P(Y=1|D=1)+ P(Y=2| D=1); (3.4)
P(Y=2|D=0)< P(Y=2| D=1); (3.5)

P(Y=1|D=0)+P(Y=2|D=0)< P(Y=1|D=1)+P(Y=2|D=1). (3.6)
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This further simplifies as:

P(Y=1|D=0)< (P(Y=1|D=1)+P(Y=2|D=1); (3.7)

P(Y=1|D=0)+P(Y=2|D=0)< P(Y=1|D=1)+P(Y=2|D=1). (3.8)

3.4.83 FExtension of Strassen’s Theorem

We will first state a new theorem that extends Theorem [3.4.1] to characterize conditions on
marginal distributions so that there exists a coupling with joint measures that place exactly

1 — a on any relation R. For U C A, we define subset Cr(U) C B:
Cr(U) = {be B: (U x (BN R £ (U x {b})}

which is equivalently the subset consists of elements b € B such that there exists a € U
with (a,b) ¢ R.

Now we state an extension of Strassen’s Theorem for finite sets:
Theorem 3.4.2 (Extension of Strassen’s theorem). Let A and B be finite sets, P and P’

probability measures on A and B respectively and R C A X B a relation. Then there exists

a coupling P of P and P’ that satisfies P(R) =1 — o if and only if
1—-PU)+ P (Cr(U)) > a, for allU C A,
and
1 - P(U)+ P (Np(U)) >1—a, forallU C A. (3.9)

Proof. (=) If there exists a coupling P of P and P’ that satisfies P(R) = 1 — «, then mass
« is assigned to the set RC := {(a,b) : (a,b) ¢ R} by P. In particular, for any U C A, we
define Ty := B\ Cr(U). By the definition of Cr(U), if b ¢ Cr(U), then (a,b) belong to R

for all @ € U. Hence in particular, U x Ty € R. This gives:

P(UxTy)<PR)=1-a.
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Let V be the complement of U x Ty C A x B, we have:
P(V)=1-PU xTy) > a
From the marginal probability, we also have
P(V) < P(A\U) + P'(Cr(U)) = [1 — P(U)] + P'(Cr(V)).
Putting it all together:
a < P(V) < [1—PU)] +P'(Cr(D)).

Therefore, 1 — P(U) + P’ (Cr(U)) > a, for all U C A. To show 1 — P(U) + P/ (Nr(U)) >
1—q, for all U C A, we will show that if equation does not hold such that there exists
U C A with P(U) > P'(Ngr(U)) + «, then there is a contradiction. First, Ng(U) # B
otherwise P (Mg(U)) = 1 which leads to a contradiction since P(U) cannot exceed 1 for
any U C A. Then let

NEWU):={beB:(Ux{b})NR=0}

be the complement of the set Nr(U) in B. Then on one hand, because U x N5 (U) is a
subset of R®, we have

P((U x N§(U))) < P(RC) = a

On the other hand, by Fréchet inequality, we also have

P((U x N§(U))) > max{P(U) + P'(N5(U)) — 1,0} (3.10)
= max{P(U) + (1 — P'(Nz(U))) — 1,0} (3.11)
= max{P(U) — P'(Ng(U)),0} > o, (3.12)

which is a contradiction. Therefore, the existence of a coupling P of P and P’ that satisfies
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A~

P(R) =1 — « implies that
1-PWU)+P (Ng(U))>1—a, forall U C A.
(<) Now we assume
1—-PU)+P (Cr(U)) >a, forall U C A,

and

1-PWU)+P (Ng(U))>1—a, for all U C A.

We will prove that there exists a coupling P with IS(RC) = « via a max-flow min-cut
argument |[Ford Jr and Fulkerson, 1958]. Note that this can be viewed as a generalization
of Hall’s Marriage theorem proved in Koperberg| [2022]. We will first show that there exists
a coupling P, that put at least o mass in R® and then show that there exists a coupling

P,_, put at least (1 — o) mass in R using a similar argument.

Build a bipartite network:

e Create a source node s, one node for each a € A (left side), one node for each b € B

(right side), and a sink node t.
e Add edges (s — a) of capacity P(a) for each a € A.
e Add edges (b — t) of capacity P’(b) for each b € B.
e For each pair (a,b) ¢ R (i.e. (a,b) € R), add an infinite-capacity edge (a — b).

By the max-flow min-cut theorem, there exists a flow of size greater than or equal to «
from s to t if and only if every cut in the network has capacity > a. A cut is described
by choosing a subset U C A to remain with s (and a corresponding subset of B forced
to remain with ¢), so as not to cross any infinite-capacity edges (¢ — b) with a € U and

(a,b) ¢ R. But these infinite edges precisely mean we must include all b € B for which
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(a,b) ¢ R for some a € U, i.e. all b € Cr(U). Hence the capacity of that cut becomes
capacity from s to (A '\ U)} + [capacity from Cr(U) to t|.

By construction, that is

[1 = PU)] +P'(Cr(V)),

which by hypothesis is always > «. Hence no cut has capacity < «, so the maximum flow
of this graph is greater than or equal to a.

Now we will show that if a flow of capacity greater than or equal to « exists in this graph,
then there exists a joint probability distribution P, on A x B such that PQ(RC) >a. A
flow f of capacity k going from s to t in this network can be seen as assigning k total mass
to the set of pairs (a,b) ¢ R. Because of the capacity constraints on (s — a) and (b — t),

we ensure

> fla,b) <P(a), Y fla,b) < P'(b).

beB acA

First, we define the remainder marginals. For each a € A, let

Prem(a) = P(a) = > f(a,b),

beB
and for each b € B, let
Plem(0) = P'() = > f(a,b).
acA

Following the previous argument, Prem(a) > 0 and P, (b) > 0. Observe that

rem

> Pren(a) = > (Pla) = Y flab)) = 1-v,

acA acA beB

for flow capacity v > « and similarly

> Pln) =1-0.

beB

Hence the remainder marginals match and sum to 1 — v. Clearly there exists contin-
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gency tables with given reminder marginals (for example we can take independent products

Prem (@, 0) = Prem(a) Pl (b) and scale each entry by 1-). This relates to the literature on

rem

the Gale-Ryser theorem and contingency tables; see |Gale| [1957], Ryser| [1957], Joe| [1988],
Dobra and Fienberg [2000], and Ford and Fulkerson [2015] for further details. We can

construct the final joint distribution by defining
Po(a,b) = f(a,b) + Prem(a,b).

It is easy to verify that f and Prem are both nonnegative, and their row/column sums add
up to P(a) and P’(b) respectively. Thus, there exists a coupling of P and P’ put at least «
probability mass in R¢. Similarly, we can build the graph with R using:

e Create a source node s, one node for each a € A (left side), one node for each b € B

(right side), and a sink node ¢.
e Add edges (s — a) of capacity P(a) for each a € A.
e Add edges (b — t) of capacity P’(b) for each b € B.
e For each pair (a,b) € R, add an infinite-capacity edge (a — b).

And following the same argument, the capacity of any cut becomes
[capacity from s to (A \ U)] + [capacity from Nz(U) to t],

which implies that
[1=P(U)]+ P (Nr(V))

is always > 1 — . Thus, there exists a coupling that put at least 1 — a probability mass in
R.
Now let P, be a joint distribution that put greater than or equal to o mass in R and

Pi_, bea joint distribution that put greater than or equal to 1 —a mass in R. For ¢ € [0, 1],
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we get a convex combination of Pa and f’l_a using

P, =tPq+ (1 —t)P1_,,
which is also a valid joint distribution. By choosing ¢ appropriately, we can make P, such
that P, = P with P(R) = o and P(R) = 1 — a. This completes the proof. O

Note that to construct the joint probability ]5, it is equivalent to construct a partial
flow with capacity exactly «, which can also be done using algorithms like Ford—Fulkerson

algorithm with early stopping.

3.4.4 Characterize the marginal distributions for prediction intervals

Consider a similar example as in Section where we have a binary treatment vari-

able {0,1} and a ternary response {0,1,2}. Let A = B = {0,1,2}. We further let
R ={(0,0),(0,1),(0,2), (1,1),(1,2),(2,2)}-

P(Y=0|D=0) P(Y=1|D=0) P(Y=2|D=0)

P(Y=0| D=1) RC R¢
P(Y=1|D=1) R¢
P(Y=2|D=1)

Now instead of making the monotonicity assumption, we want to know what is the marginal
distribution that corresponds to a possible non-negative 95% prediction interval without

further assumptions. This means that there exists a coupling P that satisfies P(R) =1-aqa.
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Applying Theorem [3.4.2] with o = 0.05, we get the following non-trivial constraints:

1-P(Y=0| D=0) > q;

1-P(Y=0|D=0)—P(Y=1|D=0)+P(Y=0|D=1) > oy

P(Y=0|D=1)+P(Y=1|D=1)> a;

P(Y=2|D=0)<PY=2|D=1)+a;
<

P(Y=1|D=0)+P(Y=2|D=0)< P(Y=1|D=1)+P(Y=2|D=1)+a.

These are necessary conditions for a non-negative 95% prediction interval to be potentially

valid, as we will discuss more in detail in the next chapter.

3.4.5 Bounding joint probabilities with marginal constraints

Theorem implies that given a relation R, there exists a coupling P of the marginals

satisfying P(R) = « if and only if
1-PU)+P (Cr(U))>1—a, forall U C A,
and
1—-PWU)+P (Ng(U)) > a, for all U C A.

The next corollary will use this result to give sharp bounds on the joint probability with
given marginals.
Corollary 3.4.3. Let A and B be finite sets, P and P’ probability measures on A and B

respectively and R C A x B a relation. For any coupling P of P and P’, we have:

max{0,1 — a;} < P(R) < min{1, as}
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where
a1 = min {1 - P(U) + P’ (Cr(U))};

ag = [r]nglr)l{l —P(U)+P (Ng(U))}.

Note that for any U C A, Cr(U)UNR(U) = B. Therefore, P/ (Cr(U))+ P (Ng(U)) > 1
for all U C A. This implies that for all U C A,

1-P(U)+P' (Cr(U))+1-P(U)+P" (Nr(U)) = 21— P(U))+P' (Cr(U))+P" (Nr(U)) > 1
Therefore,

a1 +az = min {1 - P(U) + P’ (Cr(U))} + min {1 - P(U) + P' Wr(U))}

> lrjngi%{l —P(U)+P (CrU))+1—-PU) +P (Nr(U))}

> 1

Hence 1 — a; < a9, the lower bound is always less than or equal to the upper bound.
Furthermore, the bounds are achievable in the sense that there exists a coupling for which
the probability mass assigned to the relation R attains the specified lower or upper bound.
This result has several implications. For example, when the marginal supports are finite sets,
the classical Makarov bounds [Makarov, [1982, Riischendorf, |1982] are attainable. For further
discussion, see [Zhang and Richardson| 2024]. In the subsequent sections, we demonstrate
how Corollary can be applied to a range of problems across probability theory and

causal inference.

3.4.6 Application 1. Bounds on the pmf of the difference of two random wvariables with

given marginals

Consider two discrete outcomes X, Y both having support on {0, 1,2}. Given their marginal

distributions, suppose that we want to find the range of possible values for P(X —Y = 0)
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over all joint distributions of X,Y compatible with the given marginalsﬂ Then we take the
relation

R= {(070)7 (1,1), (272)} CAxB,

Let P and P’ denote the marginal distributions of X and Y, respectively. The marginal

distributions are given in the table.

Pr(X=0)=02 Pr(X=1)=05 Pr(X=2)=03

Pr(Y =0) =0.1 R
Pr(Y =1)=0.3 R
Pr(Y =2) =0.6 R

Corollary gives sharp bounds on
Pr(X —Y =0) = P(R)

namely

max{0,1 —a;} < P(R) < min{1, s},

where

First, we will compute «; in this example. For this relation R and any U C {0, 1,2},

0 ifU =0
Cr(U) = B\U ifU is a singleton set

B otherwise

We illustrate the approach by considering the probability P(X —Y = 0) as a representative example. By
appropriately specifying the relation R, we can also derive sharp bounds on the probability mass function
of the sum of two random variables with fixed marginals. The choice of 0 is without loss of generality; the
method applies to any value. In causal inference, the quantity P(Y: — Yy = 0) represents the probability
that the individual treatment effect (ITE) is zero. In probability theory, the upper bound of P(X =Y)
corresponds to what is known as the maximal coupling.
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When Cr(U) = B, P'(Cgr(U)) = 1 and 1 — P(U) + P'(Cr(U)) > 1. When Cr(U) = 0,
1 — P(U)+ P'(Cr(U)) = 1. For singleton set U, P'(Cr(U)) = P'(B\U) =1— P'(U), we

have
1-PU)+ P (CrU))=1-PU)+1-P(U). (3.13)

Based on this marginal distribution, there is no element v C {0,1,2} such that P(u) +
P’(u) > 1, therefore, the quantity in is greater than or equal to 1. Hence a7 > 1 and
the lower bound is

max{0,1 —ay} = 0.

Now we will compute as. For the relation R, Ng(U) ={b€ B:3a € U, a=0b} =U, so
that P(Ng(U)) = P'(U). Enumerating all subsets of A yields

U | 1-PU)+PU)

@ 1
{0} [1-02+01=09
{1} [1-05+03=08
{2} [1-03+06=1.3

{0,1}[1-074+04=0.7

{0,2} [ 1-05+07=1.2

{1,2} | 1-0.84+09=1.1

A 1-1+1=1

The minimum is attained at U = {0, 1}, giving ay = 0.70.
Combining the two steps,

0 < P(R) < 0.70.

Equivalently, the probability that P(X —Y = 0) is at most 70% under any joint distribution

consistent with the stated marginals—and it could be as small as zero.
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3.4.7 Application 2. Characterize the set of patients with treatment effect in a certain

range

We again consider the example in Section with a binary treatment and an oridinal
outcome Y € {0,1,2}. Suppose our goal is to characterize the set of patients for whom the
absolute individual treatment effect satisfies |Y7 — Yy| < 1. This example is similar to the
previous application but we now put into context of causal inference. We define the relation
R as the event that the absolute individual treatment effect (ITE) does not exceed one unit.
Formally, let

R={(a,b) €{0,1,2}*: |[a — b < 1}.

The cells in the table below indicate the relation R.

Pr(Yp=0) =02 Pr(Yo=1)=05 Pr(¥y=2)=0.3

Pr(Y;=0) = 0.1 R R
Pr(Yi=1) = 0.3 R R R
Pr(Y;=2) = 0.6 R R

Let P and P’ denote the marginals of Yy and Y7, respectively. As before, we have
Pr(|Y; — Yp| < 1) = P(R). Corollary yields sharp bounds

max{0,1 —a;} < P(R) < min{1, s},
where

o = min{1 = P(U) + P(Ca(1)) }.

ay = IUngnA}{l —PU)+ P’(NR(U))}.

First, we will compute «;. Enumerating all subsets U C A, we get:



U | Cr(U) | 1—PU)+ P(CrV))
%) %) 1

{0y | {2 1-0.240.6=1.4
{1} @ 1-05+0=05
{2} | {0} 1-03+01=08
{0,1} | {2} 1-0.7+0.6=09
{0,2} | {0,2} | 1-05+07=1.2
(1,2} | {0} | 1-08+01=03
A | {0,2} 1-1407=07

The minimum is attained at U = {1, 2}, giving a; = 0.3.

Now we will compute ag. Similarly, enumerating subsets of A:

U | Ng(U) | 1-PU)+ P'(Nr(U))
%] 16/] 1

{0}y | {o,1} 1-02404=1.2
{1} | {0,1,2} 1-05+1=15
{2y | {1,2} 1-03+09=16
{0,1} | {0,1,2} 1-07+1=13
{0,2} | {0,1,2} 1-05+1=15
{1,2} | {0,1,2} 1-08+1=12
A | {0,1,2} 1-1+1=1

The minimum value is as = 1 (attained at U = @ and U = A). Combining the a; and
ao we calculated, we get

0L.7<P(V1-Y|<1) <1

Thus, under any joint distribution consistent with the stated marginals, at least 70% of
units experience an absolute treatment effect of 1 or less, and this proportion could be as

high as 100%.
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3.4.8 Application 3. Bounds on X +Y € [a,b]: a geometric view and an approximation

algorithm

Now we will see an example to apply corollary in a non-discrete setting. We will
investigate the following problem: let F' and G denote the prescribed marginal cdfs of
two real-valued random variables X and Y, for fixed constants a < b, find the maximum
and minimum probability of Z = X + Y in a given interval [a,b] over all possible joint
distributions satisfying the marginals F' and G. The problem investigated herein extends
the classical Kolmogorov problem concerning bounds for distribution functions with fixed
marginals Makarov [1982], Ruschendorf [1982], Frank et al. [1987], |Zhang and Richardson
[2024]. Specifically, the original Kolmogorov problem can be viewed as the special case
where the threshold a is no larger than the infimum of the support of the sum X + Y. To

the best of our knowledge, a solution for this general case has not previously been derived.

<~+1+— X+Y €a,b

Figure 3.1: Geometry of the strip X +Y € [a, b] under arbitrary marginals F' and G. The
diagonal band is the region whose mass we wish to bound.

Figure shows the strip of X +Y € [a,b] (red) in the (z,y)—plane. The upper curve

sketches the density of Y (for illustration purposes we show a unimodal density, but the
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result does not rely on such assumption). Intuitively, the worst—case coupling that minimizes
the mass pushes probability mass away from the strip, whereas the coupling that maximizes
the mass will squeeze X + Y into the strip as much as possible. The idea is that we can
approximate the strip using discrete states and then apply Corollary to calculate the
bounds. We show this intuition in Figure With approximately chosen R, the desired
probability P(X +Y € [a,b]) = P(X +Y € R). Corollary immediately gives

max{0,1 —a1} < P(X +Y € R) < min{1, an}, (3.14)

where ay, as,Cr(U) and Nr(U) can be calculated the same way as before because we have

discretized the continuous marginals with R.

<—— Treat blue shaded
area as R

i

R

Figure 3.2: Demonstration of R that is used to approximate the strip X + Y € [a, b].

Formally, given [a,b], we will construct a grid. Let z1 < -+ < zp, and y1 < -+ < Y,
be grid points and set AF; = F(x;) — F(xi—1), AG; = G(yj) — G(yj—1) with g = —o0,
yo = —oo. AF;, AG; can be viewed as marginal probabilities for cell (i,j). Let R be the
relationship R = {(4, ) : [zi—1 +¥i—1, 2+ vi] C [a,b]}. Applying Corollary [3.4.3| will provide
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upper and lower bounds on P(X +Y € R). The grid can be refined adaptively until the

bounds are sufficiently tight.
3.5 Sharp bounds on the pmf of Individual Treatment Effects

Now we get back to the question: given the marginals of Y7, Yy, can we derive sharp bounds
on the probability mass function (pmf) of ITE, for example, what are the bounds for
P(ITE = 0)? This is given by adding up the Fréchet inequality bounds for each P(Y; =
i, Yo =1—90).

Theorem 3.5.1. For discrete random variables Y1, Yy with given marginals and a given 6,
let [L;, U;] = [max{P(Y1 =1)+ P(Yo =i—0) — 1,0}, min{P(Y1 = i), P(Yo =i —0)}] be the
Fréchet inequality bounds for the joint probability P(Y1 =1i,Yy =1 — ). We claim that

P(Yi—Yy=0) €[> Li,» Ui (3.15)

Furthermore, the bounds in are sharp as there exists joint distributions of Y1,Yy that

satisfies the given marginals and achieves the upper or lower bound on P(Y1 — Yy = ¢).

3.5.1 Proof of Theorem|[3.5.1

First, we show the bound in is a valid bound. Notice
P(Yl—YOZ(F):ZP(Yl:i,YO:i—(S). (3.16)
And for all 7, Fréchet inequality bounds states that
PY1=14,Yy=1i-9) € [L;,Uy], (3.17)
where

[LZ‘, Uz] = [max{P(Yl = Z) + P(Yb =17 — (5) — 1,0},min{P(Y1 = Z),P(}/o =1 — 5)}] (318)
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So the sum must be within the bound in (3.15)).

Now, we will show that the bounds in (3.15)) are tight in a sense that there exist joint
distributions compatible with the marginal conditions that achieve the lower/upper bounds.

We first start with a proposition.

Proposition 3.5.2. If

max{P(Y; =)+ P(Yy = j) — 1,0} > 0 (3.19)

and max{P(Y1 =k)+P(Yo=1)—-1,0} >0 (3.20)

then we have either i = k or j = l. In other words, at most one Fréchet inequality lower

bound can be non-zero if i #k and j # [.

Proof. Suppose, for a contradiction that i # j, k # [ and

P(Yi=i)+P(Yy=j)—1>0; (3.21)

PYy=k)+P(Yyg=1)—1>0. (3.22)
Summing up (3.21)) and (3.22), we get
P(Yi =i)+ P(Yo=j)+ P(Yi = k) + P(Yo = 1) — 2 > 0. (3.23)

However, we also have

P(Yi = i)+P(Yo = j) + P(¥i = k) + P(Yo = I) (3.24)
<> PYVi=i)+) PYp=j) =2 (3.25)
i J
Therefore, we got a contradiction. O

We will now show that there exist a joint distribution of Y7, Yy such that P(Y; =4,y =
i —6) = max{P(Y7 = i)+ P(Yo = i—6) — 1,0} = L; for all i. By Proposition [3.5.2]
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P(Y1 =14,Yy =i—0) # 0 for at most one ¢. There are thus two cases to consider here: when

L; =0 for all i« and when L; = 0 for all i except one.

Case 1: when P(Y; =1,Yp =i —9) =0 for all 7. Case 1 implies that

max{P(Y; =i) + P(Yo=i—6)—1,0} =0 Vi (3.26)

= PYi=i)<1-P(Yy=1i-96) Vi (3.27)

We apply Strassen’s Theorem Let A, B be the support of the specified margins for
Y1, Yy respectively. Naturally, we have P(Y7), P(Yp) as two probability measures on A, B.
Let R = {(i,j) : i € A,j € B,i—j # 6}. Strassen’s theorem states that there exists a
coupling P of P(Y7), P(Yp) with P(R) = 1 if and only if

P(Yy €U) < P (Yy € Ng(U)), for all U C A, (3.28)

where

Nr(U)={be B: (U x {b}) N R # o}.
By construction of R, for any i € A,
Ng(i) = B\ {i — d}. (3.29)
Therefore for any U C A with more than one element, we have Np(U) = B and:
P (Yo e Ng(U)) =P (Yo € B) = 1. (3.30)
Thus the only non trivial constraints are for singleton sets U given by:

PWi=i)< Y PYy=j)=1-P(Yy=i-9) (3.31)
j#i—0

The constraints in (3.31)) are already satisfied by the assumption in (3.27)). Therefore, by

Strassen’s theorem, there must exist a coupling P’ such that P’(R) = 1. Thus, the lower
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bounds L; = 0 for all 7 are achievable in case 1.

Case 2: Consider the case that L; = 0 for all i except for ¢ = j. We will explicitly

construct a joint distribution for Y7, Y, that satisfies:

PWM=jYo=j-0)=PM1=j)+PYo=j-0)-1>0; (3.32)

P(Yi=i,Yy=i—06)=0 forall i#j. (3.33)

Consider a distribution satisfies by (3.32) and (3.33)). Further, let P(Y; =4,Yy = k) =0 for
any i Zjork#j—9. Let P(Y1=4,Yy=k)=P(Yy=k),k#j—3dand P(Y1 =1i,Y) =
j—90)=P(Y1=1),i#j. For all i # j, we have

Y P(Yi=i,Yo=k)=P(Yi=i,Yy=j—0)=P(Y; =1i). (3.34)
k

For all k # j — 6§, we have

Y PWi=i,Yy=k) =P =jYy=k) =P, =k). (3.35)

)

Also, we have

Y PN =jYo=k=PMi=4Yo=j-0)+ > PM=35Yo=k)
k k#j—6

=max{P(Y; =j)+ P(Yo=35—06) - 1,0} + > P(Yo=k)
k#£j—6

=P =j)+PYo=j—-0)-1+(1—-Po=j—09))



60

where the second equality follows definition of j. Similarly,

Y PMVi=iYo=j—08)=PYi=5Yo=3—0)+Y PYi=1iYy=j—0)
i i#]
= max{P(Y; = j) + P(Yo =j — 6) — 1,0} + Y _ P(Y1 =)
i#]
—PYi=j)+PYo=j—08)—1+(1—P(Y1=7))

= P(Yo=j—9).

All the P(Y7 = i,Yy = j) are non-negative. This is a valid joint distribution that satisfies
the given marginals. Thus, the lower bounds are achievable. An example of the construction

of the joint probability matrix in case 2 is given in Figure 3.3

Gp (a1 (a2 (a3 |[a4 as

by |ao |a1 |a2 |m |a4 |as

Assume 6 = -2, a3+b—1=m >0

Figure 3.3: Example construction of the matrix in Case 2.

Next, we show that there exists a joint distribution of Y7, Yy such that P(Y; =4,Yy =
i—0) =min{P(Y; =1i),P(Yy =i—9)} = U, for all i. We will construct a joint distribution
of Y1, Yy using the joint probability table explicitly. We first permute the joint probability
table based on whether the upper bound is achieved at P(Y; =) or P(Yy =i — ). Let J;
be the set of i such that P(Y1 = i,Yy =¢—0) = P(Y1 =) for i € J; and Jy be the set
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of j such that P(Y7 = j 4+ 4,Yy = j) = P(Yp = j) for j € J. We can rearrange the joint
probability table based on the partition of Ji, Jo. Let |J1| = ny,|J2] = na. Let Ny be the
number of elements in the support of Y. Let Ny be the number of elements in the support
of Yp. We permute the joint probability matrix of Y7, Yy such that the first n; rows denotes
the probability of elements in J; and the last ny rows denotes the probability of elements

in Jo. Figure [3.4 shows an example of such permutation.

Y1Y0 ag a1 a2 a3z |aq | a5 Y1Y0 ag a1 |az a5 |az2 | aa
bo as 0 by | O[O0 b | O]O|O
by O | O] O |b1 |O 0 bs | O [ O[O b3 |O 0
ba 0 a4 bo a2 | 0
b | 0|0 |0 |O 0 | b3 ba 0 | a4
by 0 0 by 01]0o0
bs 0 0 bs 0 0
A : Matrix before permutation A’ : Matrix after permutation

Figure 3.4: Probability table permutation.

By construction, the first n1 rows and the last ny columns are filled with 0’s and U;’s. We
have an empty (N7 —n1) X (N2 X ng) sub-matrix to fill. We also obtain a new set of margin
constraints on the sub-matrix by subtracting the marginals with what we have already filled.
Notice that the row/column sum of these new constraints for the (N1 — ny) x (N2 X ng)

matrix is given by

s=1-Y PWi=i)— Y PYy=j). (3.36)

1€J1 JjEJ2
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We can fill each entry of the sub-matrix by

P(Yi = i,Yo = j) = (P(Y1 = i) — I((i +6) € Jo) P(Yo = i + 6)) (3.37)

x (P(Yo=j)—1(j -0 € i)P(Y1=j—0))/s. (3.38)

Thus, we construct a valid joint distribution of Y3,Yy with P(Y; = i,Yy = i — ) =
min{P(Y1 = i),P(Yo = i — 0)} = U; for all i and satisfies the given marginals. This
concludes our proof of theorem [3.5.1] We note that the same proof technique can be used

to obtain the pmf bounds on the sum of two discrete random variables given the marginals.

Corollary 3.5.3. In the case where the distribution of one potential outcome is degenerate,
the individual treatment effect is fully identified. For example, if we assume P(Yy =0) =1,
then the upper and lower bounds in Theorem coincides and we can identify P(Y1—Yy =
J).

Proof. This follows from the fact that [L;,U;] = [max{P(Y7 = i) + P(Yp = i — ¢) —
1,0}, min{P(Y; = i), P(Yo =i —9)}] = [0,0] when i —§ # 0 and [L;, U;] = [max{P(Y; =
i)+ P(Yo =1i—9)— 1,0}, min{P(Y; =14),P(Yp =i—9)}] = [P(Y1 = i), P(Y1 = i)] when
i — 9 = 0. Therefore, Y . L; = > ,U; = P(Y7 = 0). This is saying in the case where
P(Yy =0) =1, the bounds in Theorem tell us that P(Y1 — Yy =9)=P(Y1 =9¢). O

3.6 Summary Remarks

In this chapter, we first sharpen and correct the cdf bounds for the difference of two ran-
dom variables used in the literature. We discuss the implications of some logical gaps in
Williamson and Downs| [1990] that have been propagated to some of the later literature,
including causal inference applications. Then we turn to a closely related problem about
coupling of two measures for finite sets. We prove a very useful theorem that extends the
finite version of Strassen’s Theorem. The general extension on Strassen’s Theorem with
continuous margins could be further examined. Using the insight from finite version of
Strassen’s theorem, we derive the sharp pmf bounds for the sum/difference of two random

variables given fixed marginals. The results presented in this chapter lay a critical founda-
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tion for the study of prediction intervals for Individual Treatment Effects (ITEs), as we will

demonstrate in the next chapter.
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Chapter 4

A COMPLETE CHARACTERIZATION FOR PREDICTION
INTERVALS ON INDIVIDUAL TREATMENT EFFECT

Individual treatment effect (ITE) is often regarded as the ideal target of inference in
causal analyses and has been the focus of several recent studies. In this chapter, we de-
scribe the intrinsic limits regarding what can be learned concerning ITEs given data from
large randomized experiments. We begin by examining how to construct a valid predic-
tion interval for the ITE, focusing on when the interval is informative and when it can
be bounded away from zero. We start with the binary outcome case and then extend the
intuition to more general outcome types. The joint distribution over potential outcomes is
only partially identified from a randomized trial. Consequently, to be valid, an ITE predic-
tion interval must be valid for all joint distribution consistent with the observed data and
hence will in general be wider than that resulting from knowledge of this joint distribution.
We also give conditions on the observed data for there to exist a consistent joint distri-
bution under which a given prediction interval (or set) would be valid. Then, we discuss
Fréchet-Hoeffding bounds and bounds on the cumulative distribution function (cdf) and
probability mass function (pmf) for the ITE when the outcome is binary. We further dis-
cuss the ITE prediction intervals in the setting of randomized experiments where additional
covariates are observed for each individual. Finally we contrast prediction intervals for the
ITE and confidence intervals for the Average Treatment Effect (ATE). This also leads to

the consideration of Fisher versus Neyman null hypotheses.

4.1 Introduction

The traditional causal inference literature has been focused on population level treatment
effect parameters such as the average treatment effect (ATE) and conditional average treat-
ment effect (CATE). Although the individual treatment effect (ITE) is often regarded as

the ideal parameter of interest for personalized decision making, it is not, in general identi-
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fiable even if we know the outcome for an individual and have data from a large randomized
[2021], Jin et al.| [2023], Chernozhukov et al.|
[2023] [Wang and Qiao| [2025] discuss conformal inference methods to estimate ITE and

experiment. Recent works by |Lei and Candes

prediction intervals for the ITE. A more recent debate from [Mueller and Pearl| [2022] and

Dawid and Senn| [2023] also explores the possibility of using ITE and bounds on ITE to

help personalized decision making.

Bounds and relationships on the probability of the counterfactual treatment effect has

been studied in terms of probability of causation in Robins and Greenland| [1989] and |Tian|

and Pearl [2000]. Some more recent work from Mueller et al. [2021], Sani et al.| [2023] extends

these ideas to learn individual responses and bounds from causal diagrams and mediation

analysis. Inference and examples of probability of causation have been discussed in

et al.[[2016]. Fan and Park [2010] study sharp bounds on the cdf of the treatment effect using

copulas and provides a cdf bound which is valid when the distribution of outcome variable

is absolutely continuous with respect to the Lebesgue measure based on the previous result

from [Frank et al. [1987]. Mullahy| [2018] applies the bounds in [Fan and Park| [2010] in health

economics applications. Bounds and optimal policy for binary treatment and outcome have
been studied in [Kallus| [2022a], Kallus [2022b], and Dawid and Senn [2023]. Individual
treatment effects on ordinal outcomes have been studied in . Exact inference
on individual treatment effects based on permutation has been studied in ,
Rigdon and Hudgens| [2015], |Chiba| [2015]. Robins| [1988], Imbens and Menzel [2018] and

Brennan et al.| [2024] discuss the construction of confidence intervals for causal parameters.

In this chapter, we try to understand the prediction intervals and bounds for the ITE
given that we have observations from well-conducted large randomized control trials (RCT).
In Section we start from the binary treatment and outcome model and provide a
complete characterization of I'TE prediction intervals under this simple model setting. We
characterize when a degenerate interval consisting of a single value is a valid prediction
interval, when is the valid prediction interval for ITE non-negative/non-positive, and when
the only valid prediction interval is a trivial interval. Additionally, we give conditions on
the observed data for there to exist a consistent joint distribution under which a given

non-trivial prediction interval would be valid. In Section {.3] we extend our insights to
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continuous and ordinal outcomes. Our approach leverages cdf bounds for the difference of
two random variables from [Fan and Park| [2010] and |Zhang and Richardson/ [2024], as well
as the pmf bounds and the extensions of Strassen’s theorem developed in previous chapters.
In Section we provide sharp bounds on the cumulative distribution function (cdf) and
probability mass function (pmf) of the ITE under binary treatment and outcome model.
We explore the relationships between the cdf/pmf bounds on ITE and the Fréchet-Hoeffding
bounds on two random variables. In Section we consider the ITE prediction intervals
in the setting of randomized experiments where additional covariates are observed for each
individual. Lastly, we compare ITE prediction intervals and ATE confidence intervals and

provide a synthetic data example to discuss the implications of them in section

4.2 The limits to inference for individual treatment effects in binary treatment
and outcome model

Throughout the chapter, we consider a binary treatment setting with treatment D = 0, 1.
Let Y7 be the potential outcome when receiving the treatment and Yy be the potential

outcome when not receiving the treatment. We define the individual treatment effect as:
ITE=Y, - Y.

Let Y be the observed variable. By consistency, Y = Yy when D = 0 and Y = Y; when

D = 1. We first examine what is possible to learn in the limit of a large sample size.

4.2.1 Definition of a prediction interval for the individual treatment effect (ITE)

A (1 — «) prediction interval for an individual treatment effect is an interval such that
P(Y1—-Yy) €[L,R])>1—a.

Throughout the chapter, we assume « is sufficiently bounded away from 0.5.

Proposition 4.2.1. Suppose an interval I is a valid (1—a)% prediction interval. If P(ITE €
A) > « for some set A, then TN A # (. If PATE € A) < « for some set A, then there
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exists a (1 — a) valid prediction set that does not intersect with A. In particular, if R\ A is

an interval, then it will be a valid (1 — «) prediction interval.

Proof. If PITE € A) > aand IN A =0, then PITE €I) <1—-P(ITE € A) <1 —a.
The interval I does not have 1 — « coverage. If P(ITE € A) < «, then P(ITE € (R\ 4)) =
1-PITE€ A)>1—a. R\ Aisavalid (1 — «) prediction set. O

Corollary 4.2.2. In discrete settings, whenever P(ITE = i) > «, we must have i € L.

4.2.2  Binary Treatment and Outcome Model

To further narrow the discussion, we first consider the case in which the treatment and
response are both binary. Following Copas| [1973] who characterizes individual patients in
the binary treatment and outcome model, we have the following four types and individual

treatment effects:

Yo 1 ITE Type

0 0 0 Never Recover (NR)
0 1 1 Helped (HE)

1 0 -1 Hurt (HU)

1 1 0  Always Recover (AR) / Immune

Notice that in this setting the individual treatment effects take three possible values:
-1,0,1.
In the simple setting that we consider, since there are only 3 possible values taken by

the ITE, there are 6 possible prediction intervals:

{_1}7 {0}7 {1}7 [_170]7 [071]7 [_1’1]'

Note that prediction intervals [—1, 0], [0, 1], [—1, 1] here are sets correspond to {—1,0},{0,1},{—1,0,1}.
Singleton sets can be viewed as degenerate intervals where the starting point equals to the
end point. In this simple setting, there is only one prediction set that does not correspond

to an interval, namely {—1,1}. We discussed it in Remark
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When will the valid prediction interval of minimal length for a given joint distribution not

be unique?

Corollary 4.2.3. If P HE U HU) > « and max{P(HE),P(HU)} < a, then {0} is not
a valid (1 — a)% prediction interval but both [—1,0] and [0, 1] are valid and minimal length
(1 — a)% prediction intervals for the ITE.

Under the conditions stated in Corollary the set {0} fails to provide sufficient
coverage; yet each of [—1,0] and [0, 1] captures a sufficiently large portion of the probability
mass (at least 1 — «v). Both of these intervals therefore qualify as valid (1 — a))% prediction
intervals for ITE, and each achieves the same minimal length (one unit). Consequently, there
is no single “shortest” interval that strictly dominates the other. In general, even given the

joint distribution of Yy, Y1, there could be multiple minimal-length valid prediction intervals.

Partial Identification of the Joint Distribution over Types under Randomization

Under randomization, the relationship between the counterfactual distribution P(Yp,Y7)

and the observed distributions {P(Y | D = 0), P(Y | D = 1)} is given by this table:
P(Y=0|D=0) P(Y=1|D=0)

P(Y=0|D=1) | P(Yp=0,Y1=0) P(Yp=1,Y;=0)

P(Y=1|D=1) | P(Yy=0,Y1=1) P(Yp=1,Y;=1)

Here P(Y =i | D=j) = P(Y;=1i) due to randomization.

Equivalently we may write this in terms of types:
P(Y=0|D=0) P(Y=1|D=0)

P(Y=0|D=1) P(NR) P(HU)

P(Y=1|D=1) P(HE) P(AR)

Proposition 4.2.4 (Fréchet inequality bounds). Also known as Boole-Fréchet inequality.

For two real valued random variables Yo, Y1 and any (yo,y1) € R?, suppose that we know
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P(Yy =yo) = a and P(Y1 =y1) = b, then

max{0,a +b— 1} < P(Yy = y0, Y1 = y1) < min{a, b} (4.1)

Since under randomization the joint distribution must add up to satisfy the observed
distributions in the two treatment arms, we can parametrize the distribution of types using

P(AR) =t. We then have the following solution set:

P(AR) = t,

P(HU) = P(Y=1|D=0)—1,

PHE) = P(Y=1|D=1)—1, ’
P(NR) = 1-P(Y=1|D=0)—P(Y=1|D=1)+1,

where, by Proposition we have

t>max{0,(P(Y=1|D=0)+P(Y=1|D=1)) -1},

t<min{P(Y=1|D=0),P(Y=1|D=1)}.

4.2.8 When is the only valid prediction interval trivial?

There are circumstances in which the only valid prediction interval for the individual treat-
ment effect is the trivial interval: [—1,1]!

The interval will be trivial when the set of people of type Hurt can be larger than «,
and the set of people of type Helped can also be larger than .

Notice that the proportion Helped and Hurt, both achieve their maximum value when the
proportion Always Recover ¢ achieves its minimum value. Hence the only valid prediction

interval will be trivial whenever we have both:

P(Y=1| D=0) — max {0, (P(Y=1| D=0)+ P(Y =1 | D=1)) — 1} > a; (4.2)

P(Y=1|D=1) - max{0,(P(Y=1| D=0)+ P(Y =1 | D=1)) — 1} > a. (4.3)
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this may be equivalently expressed as:

min {P(Y=1|D=0),1 - P(Y=1|D=1)} > o (4.4)

min{P(Y=1|D=1),1 - P(Y=1| D=0)} > a. (4.5)

Consequently, provided we have:

a <min{P(Y=1|D=0),P(Y=1| D=1)} (4.6)

and

max{P(Y=1|D=0),P(Y=1|D=1)} < (1 —a) (4.7)

then the only valid prediction interval will be trivial. In concrete terms, if a = 0.05 and
the proportions recovering under treatment (D = 1) and control (D = 0) both lie between
5% and 95% then, given that we know the conditional distributions P(Y|D), the only valid

95% prediction interval for the individual treatment effect will be [—1,1].

These results show that for randomized experiments in which the proportion of recovery
in both arms lies between « and (1—a/), the observed data is entirely uninformative regarding

the ITE.

4.2.4  When is the valid prediction interval for the individual treatment effect a singleton?

Notwithstanding the results in the previous section, perhaps surprisingly, there are situa-
tions in which a valid (1 —«)% prediction interval is a singleton. We now characterize when
this occurs. Detailed derivations are provided in the Appendix There are three cases

to consider:

e {0} is valid if the sum of AR and NR types is at least 1 —«, i.e., both arms have nearly

a% or nearly 1 — a% response such that the sum of the proportions of individuals
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across the two arms with the less common outcome is less than «. Concretely, either

P(Y=1|D=0)+P(Y=1|D=1)<a (4.8)

or

P(Y=0|D=0)+P(Y=0| D=1) < a. (4.9)

Note however, that in such a case the average treatment effect, though less than «,
may be non-zero if P(Y =0 | D =0) # P(Y =0 | D = 1). Thus, given sufficiently
large sample sizes, confidence intervals for the Average Treatment Effect will not
include zero. We note that the singleton ITE prediction interval {0} is equivalent to
establishing the Fisherian sharp null hypothesis [Fisher, 1936] holds for at least (1 —«)
of the population. We will further discuss this in section

e {1} is valid if the HE type alone can exceed 1 — a. This requires

PY=1|D=1)-P(Y =1|D=0)>(1—a). (4.10)

meaning the average treatment effect is at least 1 — a.

e {—1} is valid if the HU type alone can exceed 1 — a. This requires

PY=1|D=0)—-P(Y=1|D=1)>(1—a). (4.11)

i.e., the average treatment effect is less than —(1 — «).

4.2.5 When is the valid prediction interval for the individual treatment effect non-negative /non-

positive?

Following the previous result, one can rule out negative (or positive) treatment effects if the

proportion of HU (or HE) can never exceed a.. This occurs when either P(Y =1 | D = 0)
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or 1 —P(Y =1] D =1)is below a (and similarly for ruling out positive effects). See
Appendix [C.]]

Remark 4.2.5. It is not possible to conclude {—1,1} as a best prediction set given the
observed marginals P(Y = 1| D = 1),P(Y = 1| D = 0). For {—1,1} to be a valid
prediction set, the proportion of people of type Helped plus the proportion of people of type
Hurt should always be greater than or equal to 1 — «. From the lower bounds on proportion

of people of type Helped and the proportion of people of type Hurt, we need

PY=1|D=1)+P(Y =1|D=0)

(4.12)
—2min{P(Y=1|D=1),P(Y=1|D=0)}>1-q,
equivalently, either
PY=1|D=1)—-PY=1|D=0>1-« (4.13)
or
PY=1|D=0)—-PY=1|D=1)>1-a. (4.14)

Howewver, based on the result in Section in either setting, we would just conclude
the singleton {—1} or {1} respectively as the prediction set instead of {—1,1}. Therefore,
it is not possible to conclude {—1,1} as a best prediction set from the observed marginals
PY=1|D=1),P(Y =1|D=0). Note that {—1,1} is a theoretically possible prediction
set which can be optimal for certain disributions over potential outcomes. It is just we will

not be able to conclude it based on observed distribution from randomization.

4.2.6  Visual summary of results on valid ITE prediction intervals

Based on the result in[4.2.3] [£.2.4] and [4.2.5 under randomization and in the limit of a large

sample size where we observe the true marginals P(Y =1 |D =0),P(Y =1| D =1) and
their counterparts, we can characterize the corresponding ITE prediction intervals. These

intervals are valid no matter the joint distribution over Yy and Y7 (provided it is compatible
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with P(Y | D). These intervals are also “the best we can do” without additional assumptions

or information, e.g. from a cross-over study.

Valid ITE Prediction Intervals
PY=1|D=1) [-1,1]

o 1l -« {1}
1 {0}
1—« {-1}
O [0,1]
O [-1,0]

QO overlap

P(Y =1|D=0)

1

Figure 4.1: Shortest ITE intervals given different marginal distributions.

Notice that we have two overlapping triangles each with area %a2 in Figure where

both [0, 1] and [—1, 0] can serve as valid a—level prediction interval for individual treatment
effects. Assume that for the same length of intervals, intervals with higher coverage are
"better”. Then we can further decompose these triangular areas to obtain the ”best”

prediction intervals; see Figure [4.2

4.2.7  Necessary conditions for a given prediction interval to be valid and of minimal length

Suppose we are given a prediction interval and an observed distribution from an RCT,
we can consider when does there exist a joint distribution over potential outcomes that is
compatible with the observed distributions and for the prediction interval to be valid and
of minimal length. In Appendix we derive the precise constraints on the marginal
distributions P(Y =1 | D =0) and P(Y =1 | D = 1) that guarantee each of the intervals
can serve as a valid (or “best”) prediction interval for the individual treatment effect for
some joint distribution over potential outcome. The necessary conditions take the form of

simple inequalities relating the two response probabilities; they characterize scenarios in
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Best ITE Prediction Intervals

PY=1|D=1) [-1,1]
(0] 11—« {1}
1 {0}
1—« {-1}
[0,1]
['170]
PY=1|D=0)
1

Figure 4.2: The prediction interval with the highest coverage among those that are valid
and have minimal length.

which each the true treatment effect with probability at least 1 — « lies within the given set

for som population compatible with P(Y | D). Full details, derivations, and proofs appear

in Appendix [C:2

4.2.8 Visualization of Necessary Conditions given an ITE prediction interval to be the best

Figure and provide visualizations of the necessary conditions on P(Y =1 | D = 0)
and P(Y = 1| D = 1) for a given prediction interval to be valid/best. Note that if for a
given point in the unit square, we consider the intervals (from Figure and containing
(P(Y=1|D=1),P(Y=1|D=0)) and then select the longest, we recover Figure

4.3 Beyond binary outcomes

We now turn to the case where the outcome is continuous or ordinal, rather than binary.
Our goal is to address questions analogous to those explored in the binary setting. In
particular, we begin by investigating how to construct valid prediction intervals based solely
on the marginal distributions, without imposing assumptions on the joint distribution of

the potential outcomes. We then examine the conditions under which these intervals can be
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11—« -1}

a

1

P(Y =1|D=0)

Figure 4.3: Necessary condition on the marginal distributions for a given prediction interval,
respectively, [—1, 1], {1}, {0}, {—1}, to be valid and best for some joint distribution P(Yp,Y7)

compatible with P(Y" | D); see also

P(Y=1|D=1)

[0,1]
« l—« [‘170]
11—«
«
P(Y =1 ] D = 0)
1

Figure 4.4: Necessary condition on the marginal distributions for a given prediction interval
[0,1],[—1,0] to be valid and best for some joint distribution P(Yp,Y7) compatible with

P(Y | D).

bounded away from zero. Further, we solve the problem: given a prediction interval (or set),

what conditions on the observed data ensure the existence of a consistent joint distribution

under which the interval is valid? We first focus on the continuous outcome case.
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4.8.1 A conservative interval for continuous outcomes

The marginal distributions of Y7 and Yy are identified from randomized experiments. Let
[Lo, Ro] be an interval such that P (Yy € [Lo, Ro]) > 1 — a/2. Let [Ly, R1] be an interval
such that P (Y7 € [L1, R1]) > 1 — /2. Then

P((Y1 — Yb) € [Ll — Ro, Ry — Lo]) >1—a. (415)

Proof. Note that if Y7 — Yp is not in [L1 — Ry, R1 — Lo], then either Y; is not in [L1, Ry] or

Yy is not in [Lg, Rp]. Put into set notation,
{1 = Yo ¢ [L1 — Ro, Ry — Lol} € {V1 ¢ [L1, Ra]} U{Yo ¢ [Lo, Rol}-
Applying the union bound to that set containment gives
P(¥i— Yo ¢ [Ly — Ro, B — Lo]) < P(Vi ¢ [L1, Ru]) + P (Yo ¢ [Lo, Ro])-
By hypothesis, P (Yy ¢ [Lo, Ro]) < /2 and P (Y7 ¢ [L1, R1]) < «/2, therefore,
P(Y1—Yy ¢ [L1,R1]) < a.

Thus,
P((Yi—Yb) S [Ll—Ro,Rl—Lo]) >1—a.

O]

This result is similar to the “naive” conformal inference prediction interval for the ITE
given in Lei and Candes| [2021] Section 4.1. Though we further assume an infinite sample

size and do not use covariates.

4.8.2  Points that must be included in every valid (1 — ) prediction interval

One might argue that the bounds in (4.15) are too conservative. We will take a different

perspective to see what are the points that must be included in the interval. Note that to
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be valid, an ITE prediction interval must be valid for all joint distributions consistent with
the observed data, and hence will in general be wider than that resulting from knowledge

of this joint distribution. Let [L{, Rj] be an interval such that
Ly = min{ﬁ ER:P(Yo<{) > a}

and

R} = max{ﬁ ER:P(Yp>1() > a}.

In other words, L{, and R{, are the a-quantile and (1 — «)-quantile of Y;(0). Similarly we
can define

L} ::min{EGR:P(Yl <) >oz}

and

(=max{teR: P(Yi > () >a}.
Then a valid (1 — «) prediction interval for the ITE must include these points:
o Ry — Ly,
o I — Ry.

This follows because otherwise there exists a joint distribution of Y7, Y[ such that there is
more than a mass outside of the prediction interval. This is because the only constraint

imposed on the joint distribution by the marginals is given by the Fréchet inequalities,
P(Yy > R}, Yy < L) <min{P(Y; > R}), P(Yo < L{)}

By construction the minimum is greater than «, meaning there exists a joint distribution
that P(Y; > R}, Yy < L) > . Hence under this joint distribution, P(Y; —Yy > R} — L{)) >
«, therefore, any interval that does not include R} — L, will not be a valid « level prediction
interval.

Even small tails in marginal distributions of Y7, Y can force the prediction interval to

expand considerably at both extremes. We illustrate this in Figure
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a%

a% P \Z Y1

/s

Yo

Need Yo include this value!

Need to include this value!

Figure 4.5: Illustration of the continuous Y case. In order to maintain a 1 — « coverage
probability for the ITE, the prediction interval must include the key quantile differences on
both the left and right tails of the outcome distributions.

4.8.8 Can we obtain a prediction interval bounded away from zero?

In the previous section, we gave conditions under which a point is included in every valid
ITE prediction interval. Here we now give necessary and sufficient conditions for a valid
interval to exclude the half line (0, 00) (or (—o0,0)). Though the arguments extend to any
constant, not just zero, we now address the question: can a valid prediction interval for the
individual treatment effect (ITE) be bounded away from zero? Suppose there exists a joint
distribution of the potential outcomes such that P(Y; —Yy < 0) > . Then, without further
assumptions on the joint distribution, the left endpoint of any valid (1—a) prediction interval
must be less than or equal to zero. This is closely related to Kolmogorov’s problem and the
results in [Fan and Park| [2010], Zhang and Richardson| [2024], which we discussed in detail
in Chapter 2/ and |3| In particular, consider the following upper bound on P(Y; — Yy < 0):

FU(0) =1+ il;fmin {Fi(y) — P(Yy < y), 0}

=1+ ir;fmin {Fi(y) — Fo(y) + P(Yo = y), 0}. (4.16)
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If this upper bound exceeds «, then zero must lie within the prediction interval, i.e., the
left endpoint cannot be strictly greater than zero.
Similarly, if P(Y; — Yy > 0) > «, then the right endpoint of any valid prediction interval

must be at least zero. This probability can be written as
P(Yi ~ ¥y 2 0) =1 - P(Y; ~ ¥p <0),

so we may use a lower bound on P(Y; — Yy < 0) to assess whether the right endpoint must

include zero. The lower bound is given by:

Fh ™) = sup max{Fi (y) — Fo(y). 0}. (4.17)

If this lower bound is less than 1 — «a, then the right endpoint must be at least zero.

Therefore, if both the left endpoint must be less than or equal to zero and the right
endpoint must be greater than or equal to zero, the prediction interval necessarily includes
zero and cannot be bounded away from it.

In fact, if the distribution of Y; — Yj is absolutely continuous with respect to Lebesgue
measure so P(Y; — Yy = 0) = 0, then we can combine the conditions in and to
state that for a valid (1 — «) prediction interval for the ITE to exclude zero, either the lower
bound on P(Y; — Yy < 0) to exceed 1 — a or the upper bound to be less than a—conditions

that are only met in highly extreme cases.

4.8.4  Ordinal Outcome Cases

Ordinal outcomes with more than two categories arise in a variety of settings, such as when
a continuous outcome is discretized into multiple bins. In some cases, it is reasonable to
endow the ordinal outcomes with a metric. Under such assumptions, one can derive bounds
on the individual treatment effect (ITE) using the probability mass function (pmf) bounds
introduced in Section 3.5

When no explicit metric is defined on the outcome space, alternative bounds on types

may be constructed using the extension of the finite-version Strassen’s theorem presented in
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Section We will not focus on this scenario here, as it pertains to a different topic than
bounding the ITE. However, the problems can be addressed using similar techniques. Here,
we introduce an algorithm to construct valid ITE prediction intervals when the outcome is

ordinal and a metric is assumed.

Algorithm 1 Getting a valid ITE prediction interval for ordinal outcome

Suppose that both Y7,Y, takes values in 0,1,2,...,n and we have the marginal pmfs on
Y7 and Yy. The range of ITE is [—n, n].
fori=1,...,ndo
Mark the cells that make Y7 — Yy > n —17 as R.
Use Theorem m to check if the marginals satisfy the condition for P(R) = /2.
If yes, break the loop and set the right end point for the interval U =n — ¢ + 1.
If not, continue the loop for next .
end for
fori=1,....n+U do
Mark the cells that make Y7 — Yy € [-n+4,U] as R.
Use Corollary to check if the upper bound for P(R) is greater than 1 — a.
If not, break the loop and set the left end point for the interval L = —n + ¢ — 1.
If yes, continue the loop with ¢ < i+ 1

end for

The resulting interval [L, U] is constructed such that no joint distribution of the potential
outcomes assigns more than o/2 probabilityE] to the region where the ITE exceeds U, and
no joint distribution assigns more than « probability to the region where the ITE is outside
[L,U]. Consequently, [L,U] forms a valid (1 — «) prediction interval for the individual
treatment effect under any admissible joint distribution. Note that, since Theorem [3.4.2]
allows us to verify whether there exists a coupling that places exactly (1 — «) probability
mass on the set R, the resulting prediction interval is generally sharper than conservative

intervals derived solely from marginal constraints. For continuous outcomes, one can employ

I This probability can be adjusted depending on whether a symmetric prediction interval is desired, or if
an asymmetric interval better reflects the application context.
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a discretization-based approximation to construct prediction intervals for the individual
treatment effect (ITE) to improve the bounds given in Section [4.3.1]

In Appendix we further explore the case of bounding ITE prediction intervals away
from zero in the ordinal outcome setting. We consider when the ITE prediction interval
will be trivial and provide necessary conditions such that there exists a joint distribution of

potential outcomes for a given ITE prediction interval to be valid.

4.4 Fréchet-Hoeffding bound on the pmf and cdf of ITE under binary treat-
ment and outcome model

We first consider the binary treatment and binary outcome model where we know the
marginals for Yy is p,1 — p and the marginals for Y7 is ¢,1 — q. We can parameterize the

joint density using P(Yp = 1,Y; = 0) =t and Table

‘ P(Y=0|D=0)=p P(Y=1|D=0)=1-p
P(Y=0|D=1)=¢q |t € [max{0,p+ g — 1}, min{p, ¢}] g—t
PY=1[D=1)=1-¢ p—t l—g—p+t

Table 4.1: Binary treatment and outcome model.

Definition 4.4.1 (Fréchet-Hoeffding bounds). For two real valued random variables Y1, Yy

and any y1,yo € R, suppose that we know P(Yy < yo) = a and P(Y1 < y1) = b, then

max{0,a+b—1} < P(Yp <yo,Y1 <y1) < min{a, b}. (4.18)

Note: Here we make the distinction that Fréchet-Hoeffding bounds are bounding the

joint cdf of Y7, Yy while the Fréchet inequality bounds are bounding the joint pmf of Y7, Yj.

Definition 4.4.2 (Comonotonicity). The bivariate random vector Y = (Yp,Y1) € R? is

called comonotonic if

P(Yo <o, Y1 <y1) = min{P(Yp <o), P(Y1 < y1)} (4.19)
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for all yo,y1 € R. In this case, the bivariate distribution functions F(yi,y0) = P(Yy <
Yo, Y1 < y1) achieves the Fréchet-Hoeffding upper bound and we call the two random vari-

ables Yy, Y1 perfectly positively dependent.

Definition 4.4.3 (Countermonotonicity). The bivariate random vector Y = (Yp,Y7) € R?

1s called countermonotonic if
P(Yo <o, Y1 < y1) = max{0, P(Yo < o) + P(Y1 < 1) — 1} (4.20)

for all yo,y1 € R. In this case, the bivariate distribution functions F(y1,y0) = P(Yp <
Yo, Y1 < y1) achieves the Fréchet-Hoeffding lower bound and we call the two random variables

Yo, Y1 perfectly negatively dependent.

In the binary treatment and outcome model, a perfect positive dependence of Y7, Yy
is achieved by ¢ = min{p, ¢} and a perfect negative dependence of Y7,Yy is achieved by
t = max{0,p+q— 1}.

Proposition 4.4.4. When the treatment and outcome are both binary, the sharp pmf bounds

on Y1 — Yy are achieved at the Fréchet-Hoeffding bounds.

From Table we have P(ITE = —1) = ¢ —t, PATE = 0) = 1 —p — q + 2t,
P(ITE = 1) = p —t. The upper and lower bounds for each ITE value are reached at
the Fréchet-Hoeffding bound on the joint distribution of Y7, Y (i.e. when ¢ takes minimum

or maximum value).

We further observe that for P(ITE = 1), P(ITE = —1), we can obtain pmf bounds
by applying Fréchet inequality bounds on each cell directly. And for P(ITE = 0), we can
first obtain Fréchet inequality bounds on the two cells ¢t € [max{0,p+¢— 1}, min{p, ¢}] and
1—g—p+t € [max{0,1—p—q}, min{1—p, 1 —q}] and then add up the lower and upper bounds
to obtain 1 —g—p+2t € [max{0,p+q—1}+max{0,1 —p—q}, min{p, ¢} + min{l —p, 1 —q}|.
This simplifies to the bounds given by 1 —p — ¢ + 2t,¢ € [max{0,p + ¢ — 1}, min{p, q}] as

before. We will generalize this observation in section [3.5
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Proposition 4.4.5. When the treatment and outcome are both binary, the sharp bounds on

cdf of Y1 — Yy are achieved at the Fréchet-Hoeffding bounds.

Fréchet-Hoeffding bound on the joint distribution of Y7, Yy implies that ¢ € [max{0,p +
q — 1}, min{p, q}]. Since we can parameterize the joint probability with one parameter
t, we have P(ITE = —1) = ¢ —t, PITE = 0) = 1 — p — ¢ + 2t. In the binary case,
the cdf for the ITE is characterized by the values F(—1) = P(ITE = —1) = ¢ — t,
F(0) = PAITE < 0) = PATE = —1) + PATE =0) = 1 — p + ¢, F(1) = 1.

As noted in Section 2.1 of Fan and Park| [2010], sharp bounds on the cdf of the individual
treatment effect are not achieved at the Fréchet-Hoeffding lower and upper bounds (perfectly
positive/ perfectly negative dependence) for the distribution of ¥7,Y). As a special case,
the sharp bounds on cdf of ITE are achieved at the Fréchet-Hoeffding bounds in binary

treatment and outcome model.

Proposition 4.4.6. In general, we can obtain valid pmf bounds from the cdf bounds. For
example, if the ITE takes integer values, then P(ITE = i) = P(ITE < i) — P(ITE < i) =
F(i) — F(i —1). If we know F(i) € [a,b] and F(i — 1) € [c,d], we can obtain that

P(ITE = i) € [a — d,b— . (4.21)

When the treatment and outcome are both binary, the pmf bounds obtained from the sharp

bounds on the cdf of Y1 — Yy using the above method are sharp.

Using the cdf bounds for Y7 — Yy in Proposition [4.4.5] we have

P(ITE = 1) = F(1) — F(0),

with F(1) =1,F(0)=1—p+t €[l —p+max{0,p+q—1},1 —p+ min{p, ¢}]. Threrefore,

P(ITE=1) € [p — min{p, q},p — max{0,p+ ¢ — 1}].

Similarly, P(ITE = 0) = F(0) — F(—1) for F(—1) € [¢ — min{p, ¢}, ¢ — max{0,p + ¢ — 1}].
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Thus,
PITE=0) €[l —p—g+2max{0,p+q—1},1 —p— g+ 2min{p, q}].

And
P(ITE = —1) = F(-1) = ¢ — t,t € [max{0,p + ¢ — 1}, min{p, g}].

These bounds agree with the sharp bounds derived in Proposition[4.4.4] However, in general,
the pmf bounds derived from the cdf bounds using (4.21)) are not sharp. See the sharp pmf
bounds in Section [B.5l

4.5 Prediction Intervals for ITE with Covariates

In this section, we illustrate the construction of ITE prediction intervals in the context of
randomized experiments where additional covariates are observed for each individual. As
we will demonstrate through an example, the prediction interval for the ITE conditional
on covariates is not necessarily shorter than its marginal counterpart. In general, ITE
prediction intervals and conditional prediction intervals are not directly comparable, as

they address different inferential targets and rely on distinct sources of variability.

4.5.1  Problem Setup

Consider i.i.d. random samples {(D;, X;,Y;)}: ; of n individuals, where D; € {0,1} is a
binary treatment indicator, X; = (X1, Xjo, . .. 7XZ-I,)T € RP is a vector of observed covariates
for each individual 7, and Y; € R is the observed outcome for individual ¢ under the potential
outcome framework.

We assume that each individual receives the treatment independently with equal prob-
ability P(D; = 1 | X;) = « for all 4, where 0 < 7w < 1 is a known constant. To simplify
notation, we suppress the subscript ¢ in what follows. Note that this is equivalent to say-
ing the treatment is randomized regardless of the observed covariates. Each individual has
two potential outcomes Y7 and Y and we observe Y = DY; + (1 — D)Yy. We assume

the stable unit treatment value assumption (SUTVA) that there is a single version of each
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treatment /control and no interference among the subjects. The individual treatment effect

is defined as:

ITE = Y; - Yp

4.5.2  Example where a subset is more homogeneous

Here we present a simple numeric illustration of a randomized experiment with two binary
covariates, X1, Xo € {0,1}, and a binary outcome Y. Suppose there are 10000 subjects in
the treatment arm and 10000 subjects in the control arm, allocated 1:1 at random. Table[4.2]
displays how many subjects fall into each (X1, X9) cell, along with the number of observed

outcome Y =1 and the corresponding probability that ¥ = 1.

Covariates  Treatment (D = 1) Control (D = 0)

X1 Xs nr Y=1 pr nc Y=1 pc
0 0 3000 1200 0.40 3000 1000 0.33
0 1 3000 1000 0.33 3000 800 0.27
1 0 3000 3000 1.00 3000 0 0.00
1 1 1000 800 0.80 1000 200 0.2

Total - 10000 6000 0.60 10000 2000 0.20

Table 4.2: Synthetic data in which the treatment arm has overall 60% of Y = 1 and the
control arm has 20% of Y = 1. Within certain subgroups (e.g. conditioning on X; = 1), the
treatment effect is more homogeneous, but conditioning further (e.g. on (X7 =1, X3 = 1))
breaks the homogeneity again.

4.5.8 Key observations

o Without covariate adjustment, the treatment arm has probability ¥ = 1 equal to 0.6

and the control arm has probability ¥ = 1 equal to 0.2.

e Condition on X; = 1, in treatment, among those with X; = 1 (rows with (X; =
1,X9 = 0) and (X; = 1,X = 1)), we have np = 3000 + 1000 = 4000 individuals,
with 3000 + 800 = 3800 individuals with Y = 1, i.e. 95% of individuals with X; =1

in the treatment arm have positive outcomes. In control arm, among X; = 1, ng =
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3000 + 1000 = 4000 with 0 + 200 = 200 individuals with Y = 1, i.e. 5% of individuals
with X7 = 1 in the control arm have positive outcomes.

e Condition on (X7 =1, X9 = 1), we are restricting further to just the last row. In this
case, 80% of individuals in the treatment arm have positive outcomes while 20% of

individuals in the control arm have positive outcomes.

4.5.4  Constructing ITE prediction intervals

Now given this experiment data, suppose we want to construct a 90% prediction interval

for this people with X; = 1, X5 = 1. First, under randomization we have:
P(Y=i|D=jX1=1)=PY;=i| X1 =1)
We can write the following two-way table:

‘ P(Y=0|D=0,X,=1)=095 P(Y=1|D=0,X,=1)=0.05

P(Y=0|D=1,X,=1)=005| P(};=0Y=0]X,=1) PYi=0,Yy=1|X,=1)
P(Y=1|D=1,X,=1)=095| PV, =1,Y=0]|X;=1) PYi=1Yy=1|X;=1)

Table 4.3: Binary Treatment and Outcome Model with condition on X7 =1

By Frechet inequality, we can conclude that

PYi—Yye{l}|X1=1)=PYV1=1,Y9=0| X1 =1)>0.95+0.95— 1 = 0.9

Note that if we instead condition on both X; =1 and X5 = 1, we will get:

Based on this table, we can only conclude that:

P(Yl—YY()E{—l,O,l}‘Xlzl,Xzzl) >09
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PY=0|D=0,X1=1,Xo=1)=08 P(Y=1|D=0,X;=1,X,=1)=02

(Y=0|D=1,X1=1,X,=1)=02| P} =0,Y%=0|X;=1X,=1) PM=0Y=1|X1=1X,=1)

P
P(Y=1|D=1,X1=1,X,=1)=08 | P(V1=1Yy=0|X;=1,X=1) PV =1Y=1|X=1Xy=1)

Table 4.4: Binary Treatment and Outcome Model condition on X1 =1 and Xo =1

since the proportion of ITE = 0 and ITE = —1 condition on X; = 1, X5 = 1 can both be

greater than 0.2.

4.5.5 Discussion of implications

In this example, it maybe paradoxical that for an individual with X; = 1, X9 = 1, we can
conclude that this person’s individual treatment effect is 1 with probability 90% condition
only on X7 = 1 but instead get a trivial prediction interval condition on X; = 1 and
X5 = 1. What extra information does Xo give? Additionally conditioning on X5 = 1 picks
out a subgroup in which the treatment effect is not as tightly concentrated as it is in the
overall X; = 1 group. That would indicate that X5 is related to heterogeneity in the effect.
Conditioning on Xy = 1 and X; = 1 defines a subgroup in which the treatment effect is
more heterogeneous. In this case, do we really want to make decisions based on the narrower
prediction interval? And as we can see, prediction intervals for ITE may not shrink if we

condition on more covariates.

4.5.6  Relationship between conditional ITE and ITE

We will consider the simple case where X; € {0,1}. First, we have
PMi-Yy=1)=PWM-Yy=1, X =1)+P(Y1 -Yy=1, X, =0).
By the law of total probability, we can also write

P(Vi-Yy=1)=P(Yi-Yo=1] X1 =1) P(X; = 1)

+P<Y1—Y0:1 | X1:0>P(X1:0).
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Thus, even if

P(Yi—Yo=1| X1 =1) =09,

it does not necessarily imply

P(Y1 Y, = 1) > 0.9,

because the overall (unconditional) probability also depends on P(X; = 1) and P(Y; —Y) =
1| X1 =0). If P(X; =1) is small or if P(Y; — Yy =1| X; = 0) is small, the unconditional

probability may be much less than 0.9.

4.6 Discussion of ATE versus ITE

In this section, we discuss the relationship between the average treatment effect (ATE) and
the individual treatment effect (ITE). We focus on the implications for prediction intervals
and hypothesis testing. The ATE is a well-defined parameter and is identifiable under
standard assumptions. Consequently, as the sample size increases, confidence intervals for
the ATE will eventually shrink to a point. In contrast, the individual treatment effect
(ITE) is not a parameter in the classical sense: it is a random quantity defined at the unit
level. Although prediction intervals for the ITE may become narrower with larger sample
sizes, they do not, in general, converge to zero width. This reflects the inherent uncertainty
in predicting individual level responses, even when the population-level effect is precisely
estimated.

The Neyman null hypothesis posits a zero effect on average, while the Fisher null hy-
pothesis posits no effect for every individual. By construction, a true Fisher null implies
the Neyman null; if all individual effects are zero, their average must be zero. A true Fisher
null also implies that {0} will be a valid prediction interval for any level a. A true Neyman
null implies that confidence interval for ATE will contain zero with probability (1 — a)%.

When performing hypothesis testing, {0} being a valid prediction interval can be con-
sidered as evidence in support of the Fisher null while confidence interval does not contain
0 can be considered as evidence against Neyman null. However, in finite samples, a failure
to reject the Fisher null does not imply the ATE is in fact zero, and rejecting the Neyman

null (i.e. finding a nonzero estimated ATE) does not automatically imply that {0} cannot
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be a valid prediction interval.

It is possible to construct a valid prediction interval for ITE as {0}, even when the data
yield a confidence interval for the ATE that excludes zero. Formally, if o = 0.05, it is
possible that 95% of the individuals have a zero treatment effect, while the ATE analysis,
being an aggregate statement, detects a statistically meaningful difference overall from the
rest of the 5% population. This implies, perhaps paradoxically, we can have evidence against
Neyman null but also evidence in support of Fisher null.

Non-individualized decision policies can consequently outperform individualized decision
policies in some partial identification settings; see |Cui [2021]. Even with an ATE signifi-
cantly different from zero, substantial uncertainty at the individual level (reflected in wide
ITE intervals) can yield a scenario where assigning the same treatment to everyone is more
reliable than any personalized rule that attempts to exploit covariate information. This
outcome highlights how partial identification and weakly informative data can obscure the

individual-level signal, despite showing clear evidence of an overall effect.

4.6.1 Synthetic data example

Consider a randomized trial for n = 50000 participants with binary outcomes, divided into
treatment and control groups using a coin flip. Suppose that treatment cures 3% of the
population, hurts 1% of the population, while having no effect on 96% of the populations.
We observe the following marginals in Table

‘ P(Y=0|D=0)=0.9896 P(Y=1|D=0)=0.0104

P(Y=0| D=1) = 0.9697 P(NR) P(HU)
P(Y=1|D=1) =0.0303 P(HE) P(AR)

Table 4.5: Marginal distributions estimated from the numerical simulation.

We estimate the average treatment effect to be 0.0198 with 95% confidence interval
[0.0174,0.0223]. This yields a confidence interval for the average treatment effect excluding
zero. However, based on the result in Section we will conclude a 95% prediction



90

interval for ITE as a singleton {0}.

Although this situation might seem paradoxical, it simply reflects the fact that population-
level inferences about the mean effect can diverge from inferences about individual-level
effects under uncertainty. On the one hand, one can accumulate enough information to
claim that the average effect is nonzero, while on the other hand, one lacks the precision

required to identify which individuals truly benefit.

4.6.2  Further discussions

Even with unconfoundedness (or randomization), the difficulty of estimating ITE lies in
the unknown structure of potential outcomes Y7,Yy. If Y7 and Yy are independent, then
the fundamental problem of causal inference does not exist. For example, the introduction
section of [Yin et al.[[2022] can be confusing. Similarly, the section on numerical experiments
in Lei and Candes| [2021] also assumes the independence of Y7 and Yj.

A complementary strategy under partial identification is to condition on covariates X,
seeking subpopulations where treatment effects are more homogeneous. Our results can
be extended to this scenario when the treatment is conditionally independent of the po-
tential outcomes. For example, if there exist covariates for which P(Y =1 | D =1,X) or
P(Y =1|D =0, X) are close to 0 or 1, the uncertainty about individual-level effects in that
subgroup may be greatly reduced, enabling tighter bounds on P((Y; — Yp) € [L, R] | X).
However, we still need to be cautious with such conditional individual treatment effect pre-
diction intervals as it could disagree with the conditional average treatment effect (CATE)

estimation results.
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Chapter 5
CONCLUSION

In this dissertation, we explored several problems related to prediction intervals for the
individual treatment effect (ITE). In the second chapter, we addressed some missing pieces
in the existing literature about the Kolmogorov’s problem: finding the best possible bounds
for the distribution function of the sum of two random variables with fixed marginals. In
the third chapter, we addressed logical gaps and missing pieces from this line of inquiry
to the context of causal inference. We further investigated the coupling of two probability
measures on finite sets and derived best possible bounds for the probability mass function
under fixed marginals. Finally, we synthesized these insights to address the construction
and interpretation of prediction intervals for the ITE, bridging foundational probabilistic
results with practical questions in causal inference.

In particular, under binary treatment, we aimed to answer the following problems for

binary, ordinal, and continuous outcomes:

e How to construct a valid prediction interval for Y (1) — Y (0) given the marginal dis-
tribution of potential outcomes Y (1) and Y (0)? The prediction interval needs to
be compatible for any joint distribution between Y (1) and Y'(0) satisfying the given

marginals.

e Given the marginal distribution of potential outcomes Y (1) and Y'(0) and a point Y,
does Y’ need to be included in all prediction intervals if we do not make assumptions
about the joint distribution of potential outcomes? In the discrete/binary case, this
problem can be formulated as does there exist a joint distribution of Y (1) and Y'(0)
satisfying the marginals such that P(Y (1) — Y(0) = Y') > a? Alternatively, in all
cases, we can also formulate a cdf problem: is Y’ larger/smaller than the left/right

end point of any prediction interval? Does there exist a joint distribution of Y'(1) and
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Y (0) satisfying the marginals such that P(Y (1) — Y(0) <Y’) > a?

e Given the marginal distribution of potential outcomes Y (1) and Y (0) and and interval
[L, R], does there exist a joint distribution of Y (1) and Y(0) satisfying the given

marginals such that [L, R] is a valid 1 — « level prediction interval for the ITE?

Table provides an overview of where each question is addressed in this dissertation,

organized by outcome type.

Outcome types: Binary Ordinal Continuous

Valid prediction intervals Section Section 4.3.4] Section |4.3.1

Must included points Section Appendix [C.3| Section |4.3.2
Necessary conditions Appendix |C.2 Appendix [C.3] Future work

Table 5.1: Summary of questions addressed in this dissertation, categorized by outcome
types.

One of the questions concerning probability bounds within a fixed interval given known
marginals remains partially unresolved. While numerical approaches such as discretization
provide approximate solutions, a complete analytical characterization is still open. Future
research could also further explore estimation, inference, and covariate adjustment for pre-
diction intervals on the individual treatment effect (ITE), building upon the foundational

results established in this dissertation.
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APPENDIX TO CHAPTER 2

Appendix A

A.1 Table on prior work and relation to this chapter
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Def. of Def. of Lower Bound on Upper Bound on
cdf  Sharpness P(Z<z) P(Z<z) PZ<z) P(Z<z)

Makarov|[1982] F sup / inf v v v v
Riischendorf|[1982] F attainable v v
Frank et al.|[1987] F attainable v v
Nelsen| [2006] F attainable v v
sup/inf v v v v

This chapter
attainable v Thm. [2.4.1| Thm.[2.4.2 v

Table A.1: Concordance with prior work illustrating the different definitions and bounds
provided in relation to the results in this chapter. ‘sup/inf’ indicates that the given bound
is the best-possible, i.e. sup or inf over all joint distributions consistent with the prescribed
marginals, whereas ‘attainable’ means there is at least one joint distribution achieving that
bound. A v/ means the property (best-possible or attainability) holds for all choices of
marginals, a blank means it may fail for some marginals, and Theorems [2.4.1}2.4.2] provide
conditions ensuring these bounds are indeed attained.

A.2 Relationship between bounds defined using left or right continuous cdfs

Note that we previously defined the left-continuous distribution functions F(z) := P(X < )
and G(y) := P(Y < y), so that indeed F(z) = F(z—) and G(z) = G(z—). Recall that the

lower bound in our setup is given by

w(F,G)(z) = s_ggz maX(F(z) +G(y) — 1, O),
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and the upper bound is

pw(F,G)(z) = 1+ inf min(0, F(z)+ G(y) — 1).

r+y=z
We want to prove that for fixed z,

TW(FvG)(Z_) < TW<F7G)(Z) - TW(FvG)(z_) < TW<F7G)(Z)7

and

pw(F,G)(z=) < pw(F,G)(2) = pw(F,G)(2—) < pw(F, G)(2).

The outer inequalities are given by monotonicity arguments. In particular, for fixed F, G,
the map z — 7y (F, G)(z) is non-decreasing, so Ty (F,G)(z—) < mw (F, G)(z), and similarly
for w (F,G), pw(F,G), and pw (F,G). It remains to show

mw(F,G)(z) = w(F,G)(z=) and pw(F,G)(z) = pw(F,G)(z~).

First, we focus on 7y (F, G)(z) = 7w (F, G)(z—). Based on the definition of 7y, we want to

show that

sup max(F(z)+G(y)—1,0) = sup max(F(z—)+G(y—)—1,0) = sup max(F(z)+G(y)—1,0)
T+y=z2 T+y==z T+y=2—

Because adding a constant and taking max with 0 does not change equality, it suffices to

show

sup (F(z—)+G(y—)) = sup (F(z)+G(y)).
r+y==z rt+y=z—

We will prove this equality by showing two inequalities. First, we have

sup (F(z)+G(y)) = lim sup  (F(x)+ G(y)) (A1)
THy=2— h*—=0,h*>0 g4 y=z—p*
= S P )OS ()
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Since F, G are non-decreasing, for all x,y and A* > 0,

P vew-"y< tm Fe-DHrow-ly).

Fle — =
(=5 27 = ho0hs0 2 2

Taking the sup on both sides gives:

h* * h h
Flz — — ~ < lim (F(z — = — ).
S (@—-5)+Gly-5)= xilﬁzmgﬁw( (@=5)+Gly~-73))
Therefore,
h* *
sup (F(z)+G(y)) =  lm  sup (F(z——)+Gly— ) < sup (Flz—)+G(y—))
THy=2— h*—0,h*>0 g4y=2 2 2 T+y=2

For the second direction, since F' and G are non-decreasing, for any € > 0, there exists

h* > 0 such that for all h < h™*:

h € h €
— > Fz—) — = — > Gy—) — .
This implies for all h < h*:
h h
F(x — 5) + Gy — 5) > Fz—)+Gy—) —e. (A.3)

Taking the supremum over (x,y) gives:

sup (Fla— ) 4.6y~ 1)) > sup (Fla—) +Gly-) — e
r+y=z r+y=z

for all h < h*. The limy|o of the left-hand side (which is equal to (A.2)) is at least the

right-hand side. Since € > 0 was arbitrary, this gives

sup (F(z) +G(y)) = sup (F(z—) +G(y—)).
T+y=z— r+y=z
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Therefore, we have

sup (F(x) +G(y)) = sup (F(z—)+G(y—)).
T+y=2— T+y=z2

A completely analogous argument applies to the upper bound pyy, just replacing the

‘sup’ by ‘inf’. We want to prove that

a:fyliz min(1, F(z—) + G(y—)) = x+iyn:fzf min(1, F(x) + G(y)).

Again it suffices to show that

Jinf (F(e=)+Gly=)) = _inf_(F(a) +G(y)).

Since F, G are non-decreasing, we note that

h* * h h
. o b . _h _ by
ALEE G = B e ) Gy
Therefore,
inf (F@)+G) = lm  inf (Fla— ) +Gu-"2) < wf (Fla—)+Gly—))
T+y=2— . y b o0, >0 ay=2 v 2 y 277 T aty=z v y '

Using equation (A.3)), and taking the infimum over (z,y) gives:

inf (Fo—2)+Gly—3)) 2 _inf (F(e=)+Gly-) e

for all h < h*. The limy o of the left-hand side is at least the right-hand side. Since € > 0
was arbitrary, this gives

i (F(2) +G) = inf (Fla—) +G(y-)),

and

pnf (F(2) +G(y) = inf (Fla=)+Gly-)).
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A.3 Achievability of the bounds

Puccetti and Riischendorf [2012] comment that a general result in|[Riischendorf [1983] implies
the achievability of the infimum and supremum of functionals (lower bound on P(X+Y < z)
and upper bound on P(X+Y < z)). Here for the sake of completeness, we give the argument
in detail. This provides a (non-constructive) proof of the result in [Frank et al. [1987]. To

prove the achievability of the bounds, we start with a definition.

Definition A.3.1. A function ¢ : R? — R is lower semicontinuous if, for all (x,y) € R?,

liminf (2, y') > p(z,y).
(z'y")—(z,y)

Given marginal distribution functions F' and G for random variables X and Y respec-
tively, let M(F,G) denote the set of all joint distribution functions on (X,Y’) that have
the given marginals. Riischendorf] [1983] proved that the set M(F,G) is convex, tight, and
closed. Therefore, by Prokhorov’s theorem [Prokhorov, |1956], M(F,G) is compact with

respect to the weak topology.

Proposition A.3.2. For a measurable function ¢ : R? — R and the compact set M(F,Q),

inf / wdH
HeM(F,G)

achieves its minimum in M(F,G) when ¢ is lower semicontinuous.

Proof. Since M(F,G) is compact with respect to the weak topology and ¢ is lower
semicontinuous, we can apply the Portmanteau theorem. Specifically, for any sequence

{H,} C M(F,QG) that converges weakly to some H € M(F,G), we have

/adeSlirr_l}inf/gden.

This means the mapping H + [¢@dH is lower semicontinuous on M(F,G). Since the

infimum of a lower semicontinuous function on a compact set is attained, there exists H* €
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M(F,G) such that

inf dH = dH*.
ot = [

O]

Proposition A.3.3. For any given z € R, the function p(X,Y) = lixiy<.) is lower

semicontinuous.

Proof. Consider the function p(z,y) = 1izqy<z}-
Case 1: If x + y < z, then p(x,y) = 1. For any sequence (x,,y,) — (z,y), we have

Tn + yn < z for sufficiently large n. Thus, ¢(x,,yn) = 1 eventually, and

liminf o(2',y) =1=p(z,y).
(' y")—(2,y)

Case 2: If x +y > z, then ¢(x,y) = 0. For any sequence (Zn,yn) — (2,Y), ©(Tn,yYn) >
0 = ¢(z,y). Therefore,

liminf o(2',y) > ¢(x,y).
(=" y") = (z,y)

In both cases, the condition for lower semicontinuity is satisfied. Hence, ¢ is lower

semicontinuous. O

Therefore, by Proposition for all z € R, there exists a joint distribution function
H.(z,y) such that P(X +Y < z) under H, equals

inf PH(X—I—Y<Z),
HeM(F,G)

where the infimum is taken over all joint distribution functions H(x,y) with marginals F'(x)
and G(y).

An analog to Proposition will give: suppea(ra) | ¢ dH achieves its maximum in
compact set M(F,G) when ¢ is upper-semicontinuous. Thus, for all z, the upper bound on

P(X +Y < z) is achievable since p = 1 {X+Y<z} I8 upper semicontinuous. Il

Remark A.3.4. Note this does not address achievability of upper bounds on P(X+Y < z)

or lower bounds on P(X +Y < z) since their functions are not respectively upper and lower
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semi-continuous.
A.4 Relating Riischendorf and Makarov Bounds

In Section 2, Proposition 1 of Ruschendorf [1982], the upper bound M (which we denote by
pw (F,G)(z)) on As(t) (corresponding to P(X +Y < z) in our notation) is given by

Fi A Fg(t) = inf(Fl(m—) + F2<t — 1‘)),
which in our notation this bound would be

iI;f(F(a:—) +G(z—x)) = xj{r;iz(F(x—) +G(y)).

In Theorem [2.2.6] we state the upper bound as

inf min(1, F(z) + G(y)).

rt+y=z

There are two notable differences between these formulations. First, the Makarov bound
explicitly takes the minimum with 1 to ensure that the upper bound does not exceed 1,
thereby avoiding a trivial boundH Second, the expression in Riischendorf| [1982] uses the
left-hand limit F (z—) instead of F'(x) as used in our bound inf, (F(2)+G(2—x)). Although
it may not be immediately obvious, one can show that the two formulations are indeed

equivalent.

Proposition A.4.1. For any z € R and distribution functions F,G,
inf(F(x) + G(z — z)) = inf(F(z—) + G(z — x))

Proof. We will prove this equality by showing two inequalities.

!The Makarov lower bound for P(X +Y < 2) differs from the lower bound in [Riischendorf| [1982] only
by taking the maximum with 0; we do not elaborate on this minor distinction here.
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Since F is a distribution function, F(x—) < F(x) for all z, thus
Fz—)+G(z —x) < F(x) + G(z — x).
Taking the infimum over all x preserves the inequality:
inf(F(z—) + G(z —z)) <inf(F(z) + G(z — x)).

For the second direction, consider a point x and a sequence {z, },en such that z, 1 z
(i.e., x, < x for all n and lim, o z, = x) and lim, o F(z,) = F(x—). Consider the

expression F(z,) + G(z — x,). By definition of infimum, for all n,
inf(F(z") 4+ G(z — %)) < F(zp) + G(z — xp).
x*

Taking the limit as n — oo, we get

1;1*f(F(a:*) +G(z—2")) < F(z—) + lim G(z — xp).

n—oo

As z — x,, converges to z — x from the right, we have lim,,_,o, G(z —x,) = G(z — ) by right

continuity of G. Therefore,

inf(F(z*) + G(z —2%)) < F(2—) + G(z — x).

Taking the infimum over x on the right side yields
lil*f(F(.I*) +G(z—2%)) < iI%f(F(:c—) + G(z —x)).
Therefore, we have:
lgf(F(.%) +G(z—12)) = i{clf(F(x—) + G(z —x)).

where the right hand side here is the upper bound in [Ruschendorf [1982] in our notation. [
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In fact, there is another equivalent way to represent this upper bound as we will show

next.

Corollary A.4.2. For any z € R and distribution functions F, G,

Jnf (F(a) +G(y) = inf (F@)+ G(y-)) = mf(F( — y) + Gly-)).

Proof. This follows from the symmetry of F,G in the infimum expression and we can ex-

change x,y in the sum. O

Note that the conclusions in Proposition and Corollary do not hold when

the inf operators are replaced with sup operators.
A.5 Simulation under the special copula

We note that the special copula C; which achieves the lower bound on P(X +Y < z) for
t = sup,,—, max(F(x) + G(y) — 1,0) in [Frank et al. [1987], Nelsen [2006] is degenerate
in the sense that it does not have a density with respect to the two-dimensional Lebesgue

measure over the unit square. Recall that it is defined as:

Cilu,v) = Max(u+v —1,t), (u,v)in [t,1] x [t,1],

Min(u, v), otherwise.

Though possibly not immediately obvious, under this copula, V = G(Y) is almost surely
a deterministic (piecewise-defined) function of U = F(X) (and vice versa)P| Thus, we can
easily simulate the joint distribution from the copula with a single draw. We introduce the

following algorithm:

2This does not mean X is a deterministic function of Y unless they are both absolutely continuous with
respect to the Lebesgue measure.
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Algorithm 2 Simulate Joint Distribution from the Copula C}
Compute ¢ = sup,,_, max(F(z) + G(y) — 1,0)

fori=1,...,ndo
Draw u; ~ Unif|0, 1].
Compute
v; = ui 1{u; <t} + (14t —u)1{u; >t}

Set x; = F~1(u;) and y; = G~*(v;), where the generalized inverses are defined in
Definition [2.2.2
Take (z;,y;) as a generated sample.

end for

Similarly, the joint distribution under copula C.., which achieves the upper bound on

P(X 4+Y < z) with r = infy1y—, min(1, F(z) + G(y)) is defined as:

Co () = Max(u 4+ v —r,0), (u,v) in [0,7] x [0, 7],

Min(u, v), otherwise.

C, can be simulated similarly using the deterministic function v; = (r — w;)1{u; <
r} + u;1{u; > r}. Here, copulas Cy and C, are ordinal sums [Mesiar and Sempi, 2010,
Nelsen, 2006] of the singular copulas W (u,v) = max(u + v — 1,0) and M (u,v) = min(u,v)
corresponding to the Fréchet-Hoeffding lower and upper bounds.

As noted in [Frank et al. [1987], copulas that achieve the bounds in certain scenarios are
not unique. For example, Min(u,v) in [0,¢] x [0,¢] of C; can be replaced by uv. Similarly,
Min(u,v) in [r, 1] % [r, 1] of C, can also be replaced by uv. However, each of these copulas
is an ordinal sum of two copulas, with at least one being degenerate. As a result, the
induced joint distribution may fail to be continuous—even when the marginal distributions
are continuous. Consequently, the Makarov bounds need not always be attainable under
these copulas (see Theorem [2.3.16). In contrast, when at least one of the marginals is
discrete, the Makarov bounds are always attained (see Theorem .
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Appendix B
APPENDIX TO CHAPTER 3

B.1 Revisit Theorem 2 in \Williamson and Downs [1990]

This dissertation was in part motivated by the observation that authors were using the
lower bound given in |Williamson and Downs| [1990] that were claimed to be sharp when this
was clearly not true. Here we identify the error present in [Williamson and Downs| [1990]’s
proof. The proof of Theorem 2 of [Williamson and Downs| [1990] states “Let Y/ = —Y. Then
Fy/(y) =1— F(—y)”. Since Williamson and Downs| [1990] use the left-continuous version

definition of cdf, in our notation,

where G'(y) = P(Y’ < y). This statement is also not correct if we use the right-continuous

version definition of cdf, as we have

In fact, it is easy to show that G'(y) = 1 — G(—y) if and only if G/(y) = 1 — G(—y).
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In this dissertation, we only focus on the sum and difference of two random variables,
however, a similar mistake also appears in the argument given for the bounds on the cumu-
lative distribution function for the quotient of two random variables stated in Theorem 2
of Williamson and Downs| [1990].

Corollary in Chapter 1 provides intuition to prove Theorem [3.2.3] as detailed in

Appendix

B.2 Proof of Theorem

Here we prove, as stated in Theorem that the upper bound on the cdf for the difference
A = X — Y given by Williamson and Downs [1990] is valid even though the proof in
Williamson and Downs [1990] is not correct.

It is sufficient to show that for any random variables X and Y with respective cdfs F(+)

and G(+),

inf (smin{F(ac) —P(Y <y),0} = inf 6min{F(m) — G(y),0}. (B.1)

T—y= T—y=

Recall that Proposition shows

Jnf (F(a) +Gly)) = int (F(a) + Gly-)).

Consider a new variable Y/ = —Y with cdf G’. Then for any 4§, applying Proposition
we get:

inf (F@)+G@) = _inf (F()+C/-)
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For vy = —y, we see that

And similarly G'(y) = P(-Y <y )=P(Y >—-y)=1-PY < -y )=1-P(Y <y), so

in;f:(s(F(x) -PY <y +1) = xl%f:(s(F(:E) + G(y) +1).

Because adding or subtracting a constant and taking minimum do not affect the relevant

infimum. Thus, the two expressions in (B.1]) coincide.
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Appendix C
APPENDIX TO CHAPTER 4

C.1 When is a given prediction interval valid?

C.1.1 When is {0} a valid prediction interval for the ITE?

A valid interval consists of {0} when the proportion of people of type Always Recover plus

the proportion of type Never Recover is known to be greater than or equal to (1 — «).

This implies that:

1-P(Y=1|D=0)— P(Y=1|D=1)

+2max {0, (P(Y=1|D=0)+P(Y=1|D=1)) -1} > (1 - ),

equivalently,

max{l — P(Y=1|D=0) - P(Y=1| D=1),
P(Y=1|D=0)+P(Y=1|D=1)-1} > (1 - a),

or in other words, either
PY=1|D=0)+P(Y=1|D=1) <aq,

or

P(Y=0|D=0)+ P(Y=0| D=1) < a.



115

When is {1} a valid prediction interval for the ITE?

A valid interval consists of {1} when the proportion of people of type Helped is always
greater than or equal to (1 — ).

This will occur when:

PY=1|D=1)-P(Y =1|D=0)>(1—a).

In other words, the Average Treatment Effect is required to be greater than (1 — «).

When is {—1} a valid prediction interval for the ITE?

A valid interval consists of {—1} when the proportion of people of type Hurt is always
greater than or equal to (1 — ).

This will occur when:
PY=1|D=0)—-PY=1|D=1)>(1-a).
In other words, the Average Treatment Effect is required to be less than —(1 — «).
C.1.2 When is the wvalid prediction interval for the individual treatment effect non-
negative/non-positive?
We now consider when a valid (1 — a)% prediction interval rules out a negative/positive
result. There are two cases to consider:

When is [0, 1] a valid prediction interval for the ITE?

A valid interval consists of [0, 1] when the proportion of people of type Helped plus propor-
tion of people of type Always Recover plus proportion of people of type Never Recover is
always greater than or equal to (1 — «). In other words, the proportion of people of type

Hurt should always be less than . This implies that

PY=1|D=0)-t<a
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for all t. That is,

P(Y =1|D=0) - max{0,(P(Y=1| D=0)+ P(Y=1|D=1)) -1} < a,

equivalently, either

PY=1|D=0)<a,

or

1-P(Y=1|D=1)<o.

When is [—1,0] a valid prediction interval for the ITE?

A valid interval consists of [—1, 0] when the proportion of people of type Hurt plus proportion
of people of type Always Recover plus proportion of people of type Never Recover is always
greater than or equal to (1 — «). In other words, the proportion of people of type Helped

should always be less than «. This implies that

PY=1|D=1)-t<a

for all . That is,

P(Y=1|D=1) - max{0,(P(Y=1|D=0)+ P(Y=1| D=1)) — 1} < a,

equivalently, either

PY=1|D=1)<a,

or

1-P(Y=1|D=0)<a.
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C.2 Necessary conditions for a given prediction interval to be valid and of
minimal length

C.2.1 Necessary conditions for {1} being a valid prediction interval

Suppose we know {1} is a valid prediction interval, what are the necessary conditions on
the marginal distributions P(Y = 1| D = 0) and P(Y =1 | D = 1)? This means that

there exists t such that the proportion of Helped is greater than 1 — . That is:

PY=1|D=1)-t>1-a (C.1)

for some

max{0,P(Y =1|D=1)+P(Y =1|D=0) -1} <t<min{P(Y =1|D=1),P(Y =1| D =0)}.

We obtain the constraints

PY=1|D=1)>1-q;

P(Y=1|D=0)<a.

For any marginal distribution that satisfies these constraints, there exists a ¢ that satisfies

[©.

C.2.2 Necessary conditions for {—1} being a valid prediction interval

Similarly, for

PY=1|D=0)>1-aq,

PY=1|D=1)<a,

there exists t such that

PY=1|D=0)-t>1—-a.
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C.2.3 Necessary conditions for {0} being a valid prediction interval

Suppose we know {0} is a valid prediction interval, what are the necessary conditions on
the marginal distributions P(Y = 1| D = 0) and P(Y =1 | D = 1)? This means the
proportion of Never Recover plus Always Recover is greater than or equal to 1 — a. That

is:
1-PY=1|D=1)—-PY=1|D=0)+2t>1-q. (C.2)
For any
IPY=1|D=1)—-PY =1|D=0)| <q,
there exists a ¢ that satisfies .

C.2.4 Necessary conditions for [—1,1] being the best prediction interval

Suppose we know [—1, 1] is the best prediction interval we can get. This means there exists ¢
such that the proportion of people of type Hurt and the proportion of people of type Helped

are both greater than or equal to . That is:

PY=1|D=1)—t>ao

PY=1|D=0)—t>a.
We obtain the constraints

a<PY=1|D=1)<1-aq; (C.3)

a<PY=1|D=0)<1-a. (C.4)

For any marginal distribution that satisfies these constraints, there exists a t that satisfies

both (T73), (T7).
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C.2.5 Necessary conditions for [—1,0] being the best prediction interval

Suppose we know [—1,0] is the best prediction interval we can get. First, it needs to be
valid. This means there exists ¢ such that the proportion of people of type Hurt, Always
Recovered and Never Recovered needs to be greater than or equal to 1 — «. That is, the
proportion of people of type Helped is less than or equal to a. Then it needs to be best
(we cannot conclude {—1}, {0} as prediction intervals and [—1,0] has better coverage than
[0,1]), that means the proportion of people of type Hurt is greater than or equal to the
proportion of people of type Helped, the proportion of people of type Hurt is less than
1 — «, the proportion of people of type Always Recover plus the proportion of people of

type Never Recover is less than 1 — «. That is:

PY=1|D=1)—t<a; (C.5)
PY=1|D=0)—t>P(Y =1|D=1)—t (C.6)
PY=1|D=0)—t<1-aq (C.7)
1-P(Y=1|D=1)-P(Y =1|D=0)+2t<1—q. (C.8)

We obtain the constraints

P(Y=1|D=0)>P(Y =1|D=1);

1-P(Y=1|D=0)+P(Y =1|D=1)>q;

P(
PY=1|D=0)+P(Y =1|D=1)>o;
(

2-P(Y=1|D=0)-P(Y=1|D=1)> .

For any marginal distribution that satisfies these constraints, there exists a t that satisfies
both (C3) — (CF).
C.2.6 Necessary conditions for [0, 1] being a best prediction interval

Similarly, suppose we know [0, 1] is the best prediction interval we can get. This means

there exists ¢t such that the proportion of people of type Hurt is less than or equal to «,
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the proportion of people of type Helped is greater than or equal to the proportion of people
of type Hurt, the proportion of people of type Helped is less than 1 — «, the proportion of
people of type Always Recover plus the proportion of people of type Never Recover is less
than 1 — a. That is:

PY=1|D=0)—t<aw (C.9)
PY=1|D=1)—t>P(Y=1|D=0)—t (C.10)
PY=1|D=1)—t<1-—q (C.11)
1-P(Y=1|D=1)-P(Y =1|D=0)+2t<1—a. (C.12)

We obtain the constraints

P(Y=1|D=1)>P(Y =1|D=0);

1-P(Y=1|D=1)+P(Y =1|D=0)>q

)
P( )
PY=1|D=0)+PY=1|D=1)>a;
( )

2-P(Y=1|D=0—P(Y=1|D=1)>a.

For any marginal distribution that satisfies these constraints, there exists a t that satisfies

both (C.9) — (C.12).

C.3 Understanding prediction intervals for individual treatment effect when
the outcome is ordinal

We now return to the question originally considered in section on prediction intervals

with ordinal outcome.

C.3.1 When will the prediction interval be trivial?

What is the condition on the observed distribution under which without additional knowl-
edge the only interval that we can be sure is valid is a trivial prediction interval? Let’s
assume Y7,Y) takes value {0,1,2,....,n — 1}. Then a trivial prediction interval would be

[-n 4+ 1,n — 1]. If it is possible that P(ITE = n — 1) and P(ITE = —n + 1) can both be
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greater than «, then we can only provide a trivial prediction interval. A necessary condition
for P(ITE =n—1) and P(ITE = —n+1) to be greater than « is that the Fréchet inequality
upper bounds for both P(Yy =n —1,Y; =0) and P(Yy = 0,Y; = n — 1) are greater than
«. That is,

min{P(Y1 =0),PYo=n—-1)} >«

and min{P(Yy =n—-1),P(Yp=0)} > a.

Here we only consider prediction intervals. We could also consider non-overlapping

prediction intervals or prediction sets.

C.3.2 When can we tell that the prediction interval need not include 07

We want to answer the question: what is the marginal condition that allow us to conclude
the prediction interval not include 0. A necessary condition for this is P(ITE = 0) < a.

Based on Theorem [3.5.1] the necessary condition requires that
Y min{P(Y; = i), P(Yp = i)} < .
i

Alternatively, if we interpret the question as whether the left endpoint of the prediction
interval is less than or equal to 0 and the right endpoint is greater than or equal to 0,
then the same result from Section [4.3.3] applies. In particular, the conditions derived using
cdf bounds for the continuous outcome setting can also be applied to the ordinal outcome

setting, allowing us to assess whether the prediction interval needs to contain zero.

C.3.8 Necessary conditions for a prediction interval or set to be valid

Given a prediction interval or, more generally, any prediction set in the ordinal outcome
setting, we can determine whether there exists a joint distribution of the potential outcomes
under which the prediction set is valid. This follows directly from the extension of the finite
version of Strassen’s Theorem, as presented in Theorem Notably, this result enables

us to characterize necessary conditions for validity without assuming any metric structure
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on the ordinal outcomes. This can be particularly useful in settings where we are interested
in validating a small number of prediction on certain types, but do not wish to impose

comparability of ordinal outcomes in terms of differences.
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