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The prospect of blending ideas from quantum information and machine learning has

garnered interest in recent years, driven by their shared mathematical foundations in

linear algebra and probability. A common way to categorize the research directions in this

space is in terms of the goals (whether they are tackling classical or quantum problems)

and methods (whether they rely on quantum-inspired classical computation or quantum

computation). This work focuses on the potential of quantum-inspired classical machine

learning approaches for solving select classical and quantum problems. In particular,

we present our work on three main topics: (1) our formulation and learning algorithm

for hidden quantum Markov models (HQMMs), a quantum-inspired analogue of hidden

Markov models (HMMs) with greater expressiveness and without the learning challenges

associated with previous proposals extending HMMs, (2) the connection between HQMMs

(and similar proposals) and tensor networks, a general and tractable classical method for

approximating high-dimensional classical and quantum systems with unfavorable scaling,

and (3) our scalable implementation of ‘iterative Bayesian unfolding’, an expectation-

maximization algorithm for quantum measurement error mitigation, the problem of post-

processing results from a quantum computer to account for measurement errors.
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Chapter 1

Introduction

Motivated by shared foundations in linear algebra and probability, the cross-fertilization of

ideas between machine learning and quantum information has garnered interest in recent

years. This research area is sometimes referred to as ‘quantum machine learning’ [Schuld

et al., 2015, Biamonte et al., 2017], an umbrella term encompassing four distinct directions

of research [Schuld and Petruccione, 2021] characterized by their goals (whether it tackles

classical or quantum problems) and methods (whether it uses quantum-inspired classical

computation or quantum computation). We can classify machine learning problems as

classical or quantum depending on whether the underlying the data-generating scheme

is classical or quantum, and classify methods as (quantum-inspired) classical or quantum

depending on whether the machine learning model or optimizer requires access to a quan-

tum computer. This work is solely focused on quantum-inspired machine learning methods

that can be run on a classical computer (and so we are not focused on identifying scenarios

with ‘quantum speedups’). Further, we consider applying such methods to both classical

and quantum problems. The typical challenges with quantum problems are exponential

scaling in model parameters and flat optimization landscape for large systems. This calls

for approximation methods that make certain assumptions to make the problem tractable,

such as tensor networks, which will feature prominently in our work. Classical problems

are a less obvious fit for quantum-inspired methods, although we will explore the particu-



2

lar case of modeling sequential data with a quantum-inspired extension of hidden Markov

models (HMMs), and show that it gives us a model with greater expressiveness and has a

practical learning algorithm.

1.1 Main Contributions

The primary research contributions as outlined in this document are:

1. Hidden Quantum Markov Models: We develop the theory of hidden quantum

Markov models (HQMMs), a quantum-inspired analogue of hidden Markov models

(HMMs) for modeling discrete-observation linear stochastic processes. We show that

it is the most expressive known model for linear stochastic processes that does not

suffer from an undecidable ‘negative probability problem’. Along the way, we estab-

lish model expressiveness relations with respect to other models of linear stochastic

processes proposed in the literature. Using a formulation of HQMMs whose pa-

rameterization must satisfy a Stiefel manifold constraint, we propose an iterative

maximum likelihood-based learning algorithm to learn HQMMs from data. We test

our learning algorithm in several experiments, and find that while HQMMs are the-

oretically more expressive than HMMs, they have limited advantages over HMMs

on our classical datasets. We also formulate kernel HQMMs, where probability dis-

tributions are embedded as quantum systems in an RKHS and manipulated using

HQMM update rules.

2. Connections to Tensor Networks: We investigate the connections between vari-

ous models for linear stochastic processes and quantum tensor network models, and

show that these models are equivalent to the tensor network models in the ‘non-

terminating limit’. We also study the prospect of parameterizing ‘trace-preserving’

locally purified density operators, i.e., a tensor network representation of quantum

channels that preserves probability and conclude that there are likely insurmountable

barriers to achieving such a parameterization.
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3. Measurement Error Mitigation: Finally, we explore the problem of measurement

error mitigation (MEM), a classical post-processing technique for correcting system-

atic errors inherent to quantum computing hardware. We show that an expectation-

maximization algorithm called ‘iterative Bayesian unfolding’ can be used to scalably

implement MEM without returning ‘negative probabilities’, as is common for other

methods in the literature that rely on inverting a stochastic response matrix. We

demonstrate our method’s potential in mitigating measurement errors on a dataset

collected from a 26-qubit Bernstein-Vazirani experiment and a dataset collected from

preparing GHZ states up to 127 qubits, both on IBM quantum computers.

1.2 Outline

This document is structured as follows:

• In Chapter 2, we present our work on a specific quantum-inspired classical model

for classical problems: hidden quantum Markov models (HQMMs). We present the

motivation for these models for learning sequential data, describe our previous work

in formulating HQMMs and learning them from data, and present an extension to

continuous observations called kernel HQMMs.

– In Section 2.1, we present background on hidden Markov models (HMMs).

– In Section 2.2, we give a general discussion of linear stochastic processes and

define the notion of model expressiveness we use.

– In Section 2.3, we give some background on predictive state reprsentations

(PSRs), discuss the undecidable ‘negative probability problem’ prohibiting as-

certaining whether a candidate PSR will provide negative probabilities as well

as their greater expressiveness relative to HMMs, and discuss the existing ap-

proaches to learning PSRs and HMMs.

– In Section 2.4, we present some background on norm-observable operator

models (NOOMs), a model class that was proposed to avoid the undecidable
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negative probability problem by design. We also give some novel results on the

expressiveness of NOOM relative to HMMs.

– In Section 2.5, we present our formulation of hidden quantum Markov mod-

els (HQMMs) and discuss their expressiveness relative to HMMs, PSRs, and

NOOMs, showing that they are the most general known subset of PSRs that

do not suffer from the negative probability problem. We also give an iterative

maximum-likelihood based learning algorithm to learn the parameters of an

HQMM, and demonstrate this algorithm’s performance on several datasets.

– In Section 2.6, we develop kernel HQMMs, which embed probability distribu-

tions as quantum systems in an RKHS and manipulate these embeddings with

HQMM update rules.

– In Section 2.7, we summarize the results presented in this chapter.

• In Section 3, we present our work connecting hidden quantum Markov models to

tensor networks, a well-studied classical method that attempts to tractably represent

high dimensional data applicable to both classical and quantum problems.

– In Section 3.1, we give some preliminaries on quantum tensor networks.

– In Section 3.2, we discuss how HMMS, PSRs, NOOMs, and HQMMs relate to

various tensor network models studied in the literature, and show an equivalence

to these tensor network models in the ‘non-terminating limit’.

– In Section 3.3, motivated by a recent attempt to scale quantum process to-

mography with tensor networks, we consider the problem of characterizing the

‘trace-preserving’ constraints that must be imposed on locally purified density

operators (LPDOs) so they represent physical quantum channels. We find that

there may be insurmountable challenges to finding such a parameterization.

• In Section 4, we study a classical approach to mitigating a common problem in

quantum computing: measurement errors. We adopt an expectation-maximization
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based approach called ‘iterative Bayesian unfolding’ (IBU) to correct measurement

errors and show its potential for scalable measurement error mitigation.

– In Section 4.1, we give some background on the problem of measurement error

mitigation in quantum computing and on the ‘iterative Bayesian unfolding’

approach.

– In Section 4.2, we discuss computational tools and tricks we can use to achieve

a scalable implementation of IBU.

– In Section 4.3, we give a derivation showing that IBU is an instantiation of

the expectation-maximization algorithm. We also give a Bayesian extension of

IBU (which is not itself a real Bayesian method) allowing us to compute the

MAP estimate of the error-mitigated distribution.

– In Section 4.4, we demonstrate our scalable IBU implementation on two

datasets: an experiment running the 26-qubit Bernstein-Vazirani algorithm

and an experiment preparing GHZ states up to 127 qubits.

– In Section 4.5, we summarize our contributions in this chapter.

• In Section 5, we make our concluding remarks.
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Chapter 2

Hidden Quantum Markov Models

At first glance, the idea of a quantum-inspired classical approach for classical problems

might seem gratuitous; how could ideas from quantum mechanics help solve classical prob-

lems? In this chapter, we present our motivating scenario of probabilistically modeling

discrete sequential data with an extension of hidden Markov models (HMMs) called pre-

dictive state representations (PSRs). As we will see, trying to overcome the shortcomings

of these models naturally culminates in the formulation and development of quantum-

inspired ‘hidden quantum Markov models’ (HQMMs). This section draws from our work

and exposition in Srinivasan et al. [2018b], Srinivasan et al. [2018a], Adhikary et al. [2020],

Adhikary et al. [2019], and Srinivasan et al. [2020].

2.1 Hidden Markov Models (HMMs)

Consider the problem of modeling sequential data: given a sequence of observations

y1, . . . , yt, we wish to predict yt+1. Hidden Markov models [Rabiner, 1986] are a common

approach to modeling sequences where an unobserved hidden state undergoes Markovian

evolution (where future is independent of past given present) and emits observations at

each time-step. In the discrete case (which is what we will consider in this chapter),

HMMs maintain and update a belief state ~x, which is a probability distribution over ‘sys-

tem states’ and thus represented by a real, non-negative vector whose entries sum to 1.
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Belief state updates are determined by transition and emission matrices A and C of the

HMM: each column of the transition matrix describes the transition probabilities to vari-

ous system states when starting from the system state corresponding to that column, while

each column of the emission matrix gives the probabilities over possible observations when

the system is in the state corresponding to that column. Since both the transition matrix

A and emission matrix C are conditional probability tables, they are column-stochastic

(i.e., the columns sum to 1). Formally, we can define Hidden Markov Models as follows:

Definition 1 (Hidden Markov Model). An n−dimensional Hidden Markov Model for a

set of discrete observations O is a stochastic process given by the tuple (Rn,A,C, ~x0)

where the initial state ~x0 ∈ Rn, the transition matrix A ∈ Rn×n and the emission matrix

C ∈ R|O|×n satisfy the following conditions:

1. Non-negative parameters: ~x ∈ Rn≥0, A ∈ R
n×n
≥0 , and C ∈ R|O|×n ,

2. Normalized initial state: ‖~x‖1 = 1, and

3. Column stochastic operators: 1TA = 1TC = 1T

These constraints ensure a fully-probabilistic interpretation of the hidden Markov

model where the belief state is a probability distribution over hidden system states and

the transition and emission matrices are conditional probability tables describing how the

system evolves.

Figure 2.1: A graphical representation of Hidden Markov Models
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HMM Equations The state transition update and distribution over observations ~y are

given as follows:

~x′t = A~xt−1 ~y = C~x′t (2.1)

We can use Bayes’ rule to write the belief state vector after conditioning on a given

observation y as:

~xt =
diag(C(y,:))A~xt−1

1Tdiag(C(y,:))A~xt−1
(2.2)

where diag(C(y,:)) is a diagonal matrix with the entries of the yth row of C along the

diagonal, and the denominator is the probability P (y) of observing y and renormalizes the

numerator to give a valid probability distribution. We can also compute the probability

of a sequence of observations ȳ = y1, . . . , yt from a given belief state ~x as follows:

P (ȳ) = 1Tdiag(C(yt,:))A · · · diag(C(y1,:))A~x (2.3)

An alternative representation of HMMs Instead of using the transition and emis-

sion matrices A and C, we can also write the HMM equations above using ‘observable’ op-

erators (Jaeger [2000]), defines Ty = diag(C(y,:))A. This combines transition and Bayesian

updating into a single operator, such that there is a different Ty for each possible obser-

vation y. We can then rewrite Equation 2.2 as:

~xt =
Ty~xt−1

1TTy~xt−1
(2.4)

Naturally, the probability of a sequence of observations ȳ = y1, . . . , yt starting from

belief state ~x is simply:

P (ȳ) = 1TTyt . . .Ty1~x (2.5)

Lastly, note that in this representation, the 1st condition from Definition 1 becomes a

requirement that each Ty be non-negative, and the 3rd condition in Definition 1 becomes

1T
∑

y Ty = 1T , i.e., the sum of the observable operators (which is also the transition

matrix A) must be column stochastic.
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As it turns out, the non-negativity requirement on HMM model parameters (condi-

tion 1 from Definition 1) limits the expressiveness of HMMs, in the sense that there are

finite-dimensional linear stochastic processes that HMMs cannot represent. The standard

example is that finite HMMs struggle to capture phenomena where the probability of re-

peatedly observing the same outcome oscillates (the so-called ‘probability clock’ [Jaeger,

2000]). Various works in the literature have attempted to overcome this limitation by

relaxing the non-negativity condition 1 from the HMM definition and allowing negative

valued parameters. Yet, most of these approaches suffered from being either unable to

guarantee valid probabilities, or end up greatly restricting model expressiveness in order

to ensure valid probabilities. In the next section, we take a closer look at the set of ‘linear

stochastic processes’ and what we mean by model expressiveness in order to discuss the

limitations of HMMs and their generalizations.

2.2 Linear Stochastic Processes and Model Expressiveness

Before we can discuss any limitations in HMM expressiveness, we must be precise about

what we mean about model expressiveness within the class of (discrete) linear stochastic

processes. In service of this, we will need the following definitions:

Definition 2 (Hankel Matrix of a Stochastic Process). A Hankel matrix H is a bi-infinite

matrix where each row corresponds to a past possible sequence of observations, and each

row column to a future possible sequence of observations.

H =



P (y
(1)
f |y

(1)
p ) P (y

(2)
f |y

(1)
p ) . . . P (y

(j)
f |y

(1)
p ) . . .

P (y
(1)
f |y

(2)
p ) P (y

(2)
f |y

(2)
p ) . . . P (y

(j)
f |y

(2)
p ) . . .

...
...

. . .
...

. . .

P (y
(1)
f |y

(i)
p ) P (y

(2)
f |y

(i)
p ) . . . P (y

(j)
f |y

(i)
p ) . . .

...
...

. . .
...

. . .


(2.6)

As visualized in Equation 2.6, the Hankel matrix is a complete description of the

stochastic process: it specifies the probabilities for every combination of past and future
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observations. Note that the rows and columns index past and future observations of any

length, so there is no row- or column-wise normalization constrint (also the matrix is bi-

infinite). This is a well-studied construct in the literature [Jaeger, 2000, Balle et al., 2014a,

Thon and Jaeger, 2015], sometimes referred to as the system-dynamics matrix [Singh et al.,

2004]. These works are further primarily interested in linear stochastic processes, which

can be defined as follows:

Definition 3 (Linear Stochastic Process). A stochastic process is linear if its Hankel

matrix has finite rank.

Modeling the set of such processes will be our primary interest, and we will see shortly,

HMMs represent a subset of linear stochastic processes. To build some intuition on these

processes, we draw from the exposition in [Singh et al., 2004]. First, we note that the full

Hankel matrix can be reconstructed from linear combinations of a finite number of columns

of H. For a Hankel matrix of rank k, Singh et al. [2004] arrive at a notion of ‘predictive

state representation’ of linear stochastic processes by reasoning as follows: let X be an

∞×k submatrix of H consisting of all the rows and a linearly independent set of columns

of H. Then, by the finite rank of H, we can write any column of H (i.e., conditional

probability of future observation sequence y
(j)
f given all possible past observation sequences

~yp) as P (y
(j)
f |~yp) = X~tj for some vector of weights ~tj . Additionally, any element of H

(i.e., conditional probability of any future observations given a particular past observation

sequence) is simply P (y
(j)
f |y

(i)
p ) = X(i,:)

~tj . Note that the row X(i,:) is a sufficient statistic of

history y
(i)
p as it summarizes all necessary information about the past to predict the future.

Singh et al. [2004] refer to this summary statistic as a ‘predictive state’ and show how to

update it on observation, thereby formulating a ‘predictive state representation’ (PSR)1

model of linear stochastic processes (we will give a formal definition shortly). For now,

we note that linear stochastic processes and their representations have been studied from

different angles and go by different names, including quasi-realizations [Vidyasagar, 2011],

stochastic weighted automata [Balle et al., 2014a], observable operator models [Thon and

1Singh et al. [2004] use PSRs to refer to both controlled and uncontrolled models; we use it in this
document to only refer to uncontrolled models.
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Jaeger, 2015]. We refer to them in this work as predictive state representations [Singh

et al., 2004], and we develop them in greater detail in Section 2.3.

Model Expressiveness Having established that we will be working within the class

of linear stochastic processes, we will explore the expressiveness of various model classes

for modeling these processes. By model we mean a set of parameters that can assign

probabilities to any future observation sequence given any past sequence of observations,

and thus (in principle) generate the Hankel matrix of some linear stochastic process. By

model class we mean a set of models whose parameters obey the same set of constraints

and generate probabilities with the same set of equations. Thus, a model class refers to

a family of models, and a model is a particular instantiation of some model class. In this

sense, hidden Markov models are a model class (as are predictive state representations

(PSRs), which we develop in Section 2.3).

We are particularly interested in whether the constraints imposed by a model class in

order to guarantee generation of a Hankel matrix with valid probabilities (such as those

on HMMs in Definition 1) necessarily limit its expressiveness, and if so, to what extent.

To this end, we give the following definition of ‘expressiveness of model classes’:

Definition 4 (Expressiveness of Model Classes). Given model classes A,B for modeling

linear stochastic processes, we say A is more expressive than B if the set of Hankel matrices

representable by all finite-dimensional models in B is a strict subset of the set of Hankel

matrices representable by all finite-dimensional models in A. In such a case, we write

B ⊂ A.

In other words, when B ⊂ A, every model in B has an equivalent parameterization in

A (in the sense of generating the same Hankel matrix) but the opposite is not true. It

is worth noting that this notion of expressiveness says nothing about comparing models

with the same number of dimensions or compactness of representation; it just requires

a model in B to be representable by a finite dimensional model in A, no matter how

many dimensions. Indeed, we will see a case where a compact model class has limited
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expressiveness. Additionally, non-linear models may be able to represent the same process

more compactly than linear models. While we remark on (linear) model class’ compactness

where relevant, it is a separate question and not central to our discussion.

2.3 Predictive State Representations (PSRs)

We laid the groundwork in the previous section to show that predictive state represen-

tations are a model class that can naturally be derived from finite rank Hankel matrices

of linear stochastic processes. We complete the construction of PSRs and also provide

a general definition that abstracts away the details of this derivation and shows their

close similarity to HMMs. Since PSRs are capable of representing any finite-rank Hankel

matrices, this essentially demonstrates that PSRs are the most general model class for

representing linear stochastic processes. A deeper discussion of how HMMs compare to

PSRs in terms of expressiveness is discussed in Section 2.3.3.

As discussed in the previous section, the submatrix X∞×k of the rank-k Hankel matrix

H∞×∞ consists of k linearly independent columns and can reconstruct the probability of

any future observation sequence y
(j)
f given any past observation sequence y

(i)
p . The k future

observation sequences corresponding to the selected columns of H are called ‘core tests’

[Singh et al., 2004] or ‘characteristic events’ [Jaeger, 2000], and we denote the vector of k

core test sequences as ~y(k). Further, a row ~xi ∈ R1×k of the submatrix X corresonds to a

particular sequence of past observations y
(i)
p , and there exist some weights ~tj ∈ Rk×1 that

give the probability of any conditional future observation sequence P (y
(j)
f |y

(i)
p ) = ~xi · ~tj .

The row ~xi is then a ‘predictive state representation’ of past observation sequence y
(i)
p ,

as it captures all the information about the past needed to predict the future. With this

notion of state, previous works [Singh et al., 2004, Thon and Jaeger, 2015] also develop a

notion of ‘conditioning on observation’ which we reproduce here. Given some observation

o, we want to update the predictive state ~xi summarizing history y
(i)
p to a predictive state

~x(o,i) summarizing past observations y
(o,i)
p . First, we collect the weight vectors for k future

observation sequences consisting of observation o followed by each of the k core tests into
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a matrix τ o = [~t(j1,o), . . . ,~t(jk,o)]k×k. Observe that this allows us to write the probability

of each of the core tests following observation o as P (~y
(k,o)
f |y(i)

p ) = ~xTi τ o. We can also

write the probability of observation o given the past y
(i)
p as P (y

(o)
f |y

(i)
p ) = ~xi · ~to, but

conceptually, this vector is simply a marginal of the matrix τ o (marginalizing out the core

tests). Thus, we can use a ‘generalized marginalization vector’ ~σ ∈ Rk×1 (analogous to the

ones vector 1 for marginalization in HMMs in Equation 2.5 to write ~to = τ o~σ. Finally, we

can use Bayes’ rule to determine the update rule for predictive state representations after

observation o (which looks nearly identical to that of HMMs with observable operators in

Equation 2.4):

P (y
(j)
f |y

(o,i)
p ) =

P (y
(j,o)
f |y(i)

p )

P (y
(o)
f |y

(i)
p )

=
~xTi τ o

~xTi τ o~σ
(2.7)

We use the above derivation of updating predictive states to give the following for-

mal definition of PSRs [Srinivasan et al., 2020, Thon and Jaeger, 2015] (where we have

transposed the vectors and matrices from the derivation above):

Definition 5 (Predictive State Representations). An n−dimensional predictive state rep-

resentation for a set of discrete observations O is a stochastic process given by the tuple

(Rn, ~σ, {τy}y∈O}, ~x0) where the initial state ~x0 ∈ Rn (consisting of sufficient statistics of

history), observable operators τy ∈ Rn×n, and linear evaluation functional ~σ ∈ Rn satisfy

the following conditions:

1. Normalized initial state: ~σT~x0 = 1,

2. Normalized marginal over observations: ~σT
∑

y τy = ~σT , and

3. Valid probabilities generated: P (yT , . . . , y1) = ~σT τyT . . . τy1~x ≥ 0 for any arbitrary-

length sequence y1, . . . , yT ∈ O⊗T .

This definition is nearly identical to that of HMMs; the primary difference to note is

that the non-negativity requirement on HMM parameters (condition 1 of Definition 1) has

been replaced with a non-constructive requirement on PSR parameters that they simply
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produce non-negative probabilities (condition 3 in Definition 5); so PSRs are essentially

HMMs whose parameters may be negative-valued. The state update equation and proba-

bility computation for PSRs are also nearly identical to that of HMMs in the observable

operator representation (Equations 2.4, 2.5):

~xt =
τy~xt−1

~σT τy~xt−1
P (ȳ) = ~σT τyt . . . τy1~x (2.8)

There is also the question of whether a given set of PSR parameters represents a unique

linear stochastic process. Previous works [Ito et al., 1992, Vidyasagar, 2011, Thon and

Jaeger, 2015] show that every minimal2 PSR is only unique up to a similarity transform:

Theorem 1. Two minimal PSR representations (Rn, ~σ, {τy}y∈O}, ~x0) and (Rn, ~σ′, {τ ′y}y∈O}, ~x′0)

are equivalent (i.e., they represent the same linear stochastic process) if and only if there

exists some non-singular S ∈ Rn×n such that S−1x0 = x′0, SτyS
−1 = τ ′y, and ~σTS = ~σ′T .

This can be seen from the fact that the probabilities assigned to any sequence (as

in Equation 2.8) by a PSR is the same as under the similarity-transformed PSR. This

equivalence will play an important role in establishing the expressiveness relationships

between various model classes.

2.3.1 The Negative Probability Problem

Observe that condition 3 in Definition 5 of PSRs simply asserts that valid PSR param-

eters ‘do the right thing’ in terms of linearly updating predictive states and generating

valid (non-negative) probabilities without describing how to construct such models. This

is in contrast to HMMs, which guarantee valid, non-negative probabilities by explicitly

requiring the observable operators to be non-negative.

Indeed, it is not immediately obvious how to construct a valid PSR or verify whether

a given candidate PSR satisfies condition 3 in Definition 5 since the definition is non-

constructive. It turns out that for given candidate PSR (Rn, ~σ, (τy)y∈O, ~x0) satisfying

2Minimal here means that the PSR is in its most compact representation; it uses only as many ‘core
tests’ as the rank of the Hankel matrix it represents and no more.
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conditions 1 and 2, the question of whether it will violate condition 3 is undecidable [Denis

and Esposito, 2004, Wiewiora, 2008]; this the cost of discarding the positivity constraint

from HMMs to allow negative-valued PSR parameters, and the root of the infamous neg-

ative probability problem (NPP) in PSRs. This poses a particular challenge for learning

PSRs from data: how can we use the estimated model if it might assign negative prob-

abilities to predictions and we cannot determine a priori whether this will happen? In

the special case where the estimated parameters happen to be positive, we have a suffi-

cient condition for generating valid probabilities, namely that the PSR is a hidden Markov

model. But in the general case, we simply cannot guarantee that we have learnt valid PSR

model parameters satisfying condition 3 of the definition. Indeed, Hsu et al. [2012] and

Siddiqi et al. [2010] present a statistically consistent spectral algorithm to learn the pa-

rameters of a PSR by writing moments of the distribution over observations as a function

the model parameters, so empirically estimating the moments and inverting the equations

gives the model parameters (up to a similarity transform). Although the algorithm is sta-

tistically consistent, in practice the model parameters are estimated with finite data and

the estimated model does predict negative probabilities. Thus, the undecidable negative

probability problem is a hindrance to learning valid PSRs.

There are mainly two practical approaches to handling the negative probability prob-

lem: either we manage the problem with heuristics (e.g. by only filtering on short se-

quences for which the probabilities are non-negative, projecting the learned parameters

to the nearest HMM, or by reversing the sign or zeroing negative probabilities and re-

normalizing, [Balle et al., 2014b, Cohen et al., 2013]), or we use a model class that avoids

the NPP by construction. HMMs are the canonical example of the latter approach, but

as we will see their expressiveness is limited. The search for a more expressive model

class that avoids the NPP led to the development of ‘norm-observable operator models’

(NOOMs) (which we show are also limited in the expressiveness), and culminates in our

development and formulation of HQMMs.
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2.3.2 A Convex Cone Characterization of PSRs

Despite the NPP and non-constructive definition of PSRs, previous work [Heller, 1965,

Jaeger, 2000] has been able to provide a geometric interpretation of condition 3 in Defini-

tion 5, characterizing the valid states for arbitrary PSRs as a convex cone. Although such

an interpretation does not help overcome the NPP by virtue of its undecidability, it will

help with comparisons of model expressiveness. We state this geometric interpretation

below:

Theorem 2. A candidate PSR (Rn, ~σ, {τy}y∈O}, ~x0) never generates negative probabilities

if and only if there is a pointed convex cone K such that:

1. Initial state is in the cone: ~x0 ∈ K

2. Cone is closed under operators τy: τyK ⊆ K for all y

3. All points in the cone generate valid probabilities: ~σT~x ≥ 0 for all ~x ∈ K

Thus, a useful conceptual characterization of a candidate PSR with parameters {τy}y∈O

is the convex cone of valid initial states it admits, i.e., the initial states that can be safely

updated without ever assigning a negative probability to a future observation. Conditions

1 and 2 in Theorem 2 guarantee that any initial state inside such a cone will stay inside

the cone under action by τy, and condition 3 guarantees that any state inside the cone will

evaluate to a non-negative probability. If there is no such cone, the model is not a valid

PSR.

2.3.3 PSRs vs. HMMs

As we have suggested throughout this chapter, PSRs are a more expressive model class

than HMMs, (i.e., HMM ⊂ PSR). On the other hand, the NPP means that identifying

whether a set of PSR parameters is valid is undecidable, while the non-negativity of HMMs

enables easy verification of their validity. We explore the expressiveness relationship in

more depth here.
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View from Hankel Matrices The natural derivation of PSRs from the Hankel matrix

of linear stochastic processes showed that any rank-k linear stochastic process can always

be represented by a rank-k PSR. Thus, any linear stochastic process can be represented by

some (finite) PSR. Additionally, the Hankel matrix rank also determines the minimal state

dimension needed to represent the PSR. Extensive previous work [Heller, 1965, Ito et al.,

1992, Jaeger, 2000, Singh et al., 2004] has identified that PSRs are the most expressive

and compact (linear) model of linear stochastic processes.

The key insight here is this: the operators τy of a PSR come from the weights ~tj that

specify the linear combination of the columns of the submatrix X (which correspond to

core tests) to recover column j of the Hankel matrix H. For PSRs, these weights can

be non-negative, so linear stochastic processes requiring any linear combinations of the

columns of X can be represented. HMMs on the other hand only allow non-negative

valued operators, and so only linear stochastic processes where columns j of H can be

reconstructed with non-negative weights ~tj can be represented by HMMs. This helps

explain why HMM ⊂ PSR.

The Positive Realization Problem The general question of which PSRs have equiv-

alent finite-dimensional HMMs is known as the positive realization problem [Benvenuti

and Farina, 2004, Vidyasagar, 2011]. Heller [1965] and Jaeger [2000] have an answer via

the convex cone characterization of PSRs:a PSR has an equivalent HMM representation

(via similarity transform, as established by Theorem 1) if and only if the convex cone

characterizing the PSR is k-polyhedral for some finite k, i.e., it is generated by a finite set

of k vectors. The fact that PSRs admit infinitely generated convex cones while HMMs do

not is another way to view their superior expressiveness relative to HMMs.

Probability Clock While the undecidable NPP prohibits verifying the validity of a

given PSR, Theorem 2 does give us a recipe to find valid PSRs that do not suffer from the

NPP: select a desired convex cone and then construct operators such that the cone is closed

under their application. Jaeger [2000] used this recipe and the fact that HMMs do not
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(a) A polyhedral cone (b) An infinitely generated cone

Figure 2.2: Visualization of polyhedral cones (left) of valid initial states ~x0 which both
PSRs and HMMs admit, and infinitely generated cones (right) which only PSRs admit

admit infinitely generated cones to pick an infinitely generated cone of valid initial states,

and construct operators under which the cone is closed. They refer to the constructed

PSR as the ‘probability clock’ (since the probability of repeatedly observing the same

observation oscillates) and it serves as the canonical example of a finite dimensional PSR

which cannot be represented by any finite-dimensional HMM.

The Perron-Frobenius Theorem The greater expressiveness of PSRs can also be

understood through the Perron-Frobenius theorem [Adhikary et al., 2019], which states

that the largest eigenvalue of a real-valued matrix must be real. For HMMs, this prohibits

the system state from oscillating in response to repeatedly observing the same observation

y and applying operator Ty; such oscillatory behaviour requires the largest eigenvalue of

Ty to be complex. On the other hand, negative-valued PSR operators τy can have complex

largest eigenvalues, and this explanation suggests that the superior expressiveness of PSRs

over HMMs comes from their ability to capture such oscillatory behaviours.

2.3.4 Learning PSRs and HMMs

The well-known Baum-Welch algorithm [Rabiner, 1986, Bilmes et al., 1998] is the standard

approach for learning HMMs: it is an application of the iterative expectation-maximization

algorithm that seeks to find parameters that (locally) maximize the log likelihood. How-

ever, the algorithm is relatively slow and prone to getting stuck in local optima; this along

with the lesser expressiveness of HMMs prompted work into learning algorithms for PSRs.
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Jaeger [2000] and Jaeger et al. [2005] were early proposals for learning PSRs (as ‘OOMs’),

but they required manual selection of core tests. Hsu et al. [2012] developed a statistically

consistent spectral learning algorithm for learning HMMs of a given dimension. Siddiqi

et al. [2010] extended this algorithm to ‘reduced-rank HMMs’ which could learn HMMs

in their minimal PSR representation (up to a similarity transform). Later, Anandkumar

et al. [2012] showed how the transition and emission operators of an HMM can be recov-

ered through a tensor decomposition approach. Most recently, Hefny et al. [2015] propose

a 2-stage least squares method which first learns predictive state representations and then

learn a mapping between predictive states. These methods use singular value decompo-

sitions to identify the linearly independent subspace of core tests (under the assumption

of 1-step observability), hence manual selection is not needed. The algorithms also take a

method of moments approach, writing moments of the distribution over observations as a

function the model parameters, so empirically estimating the moments and inverting the

equations gives PSR model parameters (which may be a similarity transform away from

valid HMM parameters). However, the matrix inversion makes the model prone to assign-

ing negative probabilities, which is exacerbated when we have limited data. There has

been some empirical investigation in handling negative probabilities with heuristics [Cohen

et al., 2013], using the output of the spectral algorithm as an initialization for HMMs [Balle

et al., 2014b] or optimizing such outputs via exterior point methods [Shaban et al., 2015].

However, heuristic projections break the theoretical guarantees of convergence while exte-

rior point methods nudge the solution towards explicitly non-negative parameters which

may not be close to the optimal similarity-transformed HMM solution and also nullify

any benefits of higher expressiveness of PSRs. These empirical investigations of EM and

the spectral algorithm for learning HMMs/PSRs and generally find that the benefits of

initializing with the spectral solutions are unclear and that EM produces better solutions

than the spectral algorithms (albeit at higher computational cost).



20

2.4 Norm-observable Operator Models (NOOMs)

The only alternative to using heuristics, projections, or exterior point methods for handling

the negative probability problem is to use a model class that altogether avoids the NPP by

design. We know that HMMs are an option, but we have seen their limited expressiveness

manifest as an inability to capture ‘oscillating’ probabilities (see Section 2.3.3). This

naturally leads to the question: can we design a model class for linear stochastic processes

that is more expressive than HMMs, does not suffer from the negative probability problem,

and whose parameters can be learned from data?

Motivated by this question, Zhao and Jaeger [2007] and Zhao and Jaeger [2010] intro-

duce norm-observable operator models or NOOMs. The central idea is to wrap the output

of the model with the non-linear function ‖ · ‖2 so that it always returns non-negative

values.

Definition 6 (NOOMs [Zhao and Jaeger, 2010]). An n-dimensional Norm Observable

Operator Model with a set of discrete observations O is a tuple (Rn, (φy)y∈O, ~ψ0) where

initial state ~ψ0 ∈ Rn and observable operators {φy}y∈O ∈ Rn×n satisfy the following

conditions:

1. Normalized initial state: ‖~ψ0‖2 = 1

2. ‘Norm-preserving’ Operators:
∑

y∈O φ
T
y φy = I

These models avoid the NPP by using the 2-norm of the state to recover a valid proba-

bility which, unlike HMMs, is insensitive to the use of negative parameters in the matrices

φφφy. The updated state after observing y ∈ O and the probability of that observation can

be computed as:

~ψt =
φy ~ψt−1

‖φyt . . . φy1 ~ψ‖2
P (ȳ) = ‖φyt . . . φy1 ~ψ‖2 (2.9)

2.4.1 NOOMs vs {PSRs, HMMs}

Zhao and Jaeger [2010] claim that all stochastic processes can be represented as a NOOM
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in some inner product space, but this space may be infinite dimensional. For our purposes,

we care about the expressiveness of finite-dimensional NOOMs. On this question, Zhao

and Jaeger [2007] demonstrated that NOOMs * HMMs using a ‘NOOM probability clock’,

where the latent state (and therefore conditional probabilities) exhibit oscillatory behavior

(since negative entries in NOOM operators allow their top eigenvalues to be complex

valued). The NOOM probabilitiy clock is a constructive example of a finite-dimensional

NOOM that has no equivalent finite-dimensional HMM. Zhao and Jaeger [2010] further

show that despite the apparent non-linear expression, every n-dimensional NOOMs has

an equivalent n2 dimensional PSR parameterization, i.e., NOOMs ⊆ PSRs. We reproduce

their result NOOM ⊆ PSR here, and this style of argument plays a role in our later results

on the expressiveness of HQMMs.

Theorem 3 (NOOMs ⊆ PSRs). Every n-dimensional NOOM has an equivalent repre-

sentation as an n2-dimensional PSR.

Proof. We write the joint probability of a sequence as computed by a NOOM and manip-

ulate it using using the relationship between 2-norm and trace as follows:

P (y1, . . . , yT ) =
∣∣∣∣∣∣φyT · · · φy1 ~ψ0

∣∣∣∣∣∣2
2

= tr(φyT · · · φy1 ~ψ0
~ψT0 (φy1)T · · · (φyN )T )

= ~ITn2 (φyT ⊗ φyT ) . . . (φy1 ⊗ φy1)
(
~ψ0 ⊗ ~ψ0

)
= ~σT τyT · · · τy1 ~ρ0

(2.10)

where τy = φy ⊗ φy ∈ Rn
2×n2

, ~ρ0 = ~ψ0 ⊗ ~ψ0 ∈ Rn
2×1, and ~σ = ~I is the vectorized identity

matrix. This makes every NOOM a PSR: condition 1 of Definition 5 of PSRs is satisfied

since ~σT~x0 = tr(~ψ0
~ψT0 ) = ‖ψ0‖2 = 1; condition 2 of the PSR definition is satisfied since

~IT
∑

y(φy ⊗ φy) = vec
(∑

y φ
T
y Iφy

)T
= ~IT ; condition 3 of the PSR definition is satisfied

since the probability computation in Equation 2.10 uses the squared 2-norm and hence is

non-negative. Thus, every finite-dimensional NOOM can be written as a finite-dimensional

PSR (Rn
2
, ~I, {φy⊗φy}y∈O, ~ψ0⊗ ~ψ0) and NOOMs are no more expressive than PSRs.
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An interesting feature of NOOMs is that they can admit a more compact representation

of than the equivalent PSR parameterization, since they use the non-linear function ‖·‖2 to

recover the probability of a sequence; for instance, the 2-dimensional ‘NOOM probability

clock’ corresponds to a 3-dimensional PSR.

Although Zhao and Jaeger [2007] established that NOOMs ⊆ PSRs, they left open

the question of whether NOOMs are just as expressive as PSRs, (i.e., whether NOOMs =

PSRs), and how NOOMs compare to HMMs. We answered these questions in Srinivasan

et al. [2020], and reproduce our results here. Before doing so, we give the definition

of a Schmidt decomposition (similar to a singular value decomposition), which plays an

essential role in our results:

Definition 7 (Schmidt Decomposition and Schmidt Rank). Given Hilbert spaces H1 and

H2, for any X ∈ H1 ⊗H2 there exist two sets of orthonormal vectors {u1, . . . , uk} ∈ H1

and {v1, . . . , vk} ∈ H2, and real, non-negative scalars λi such that X =
∑k

i=1 λiui ⊗ vi.

The scalars λi (called Schmidt coefficient) are unique up to ordering, and the Schmidt-rank

of X is the number of Schmidt coefficients.

The relevance of this result is that we can now describe the PSRs that have equivalent

NOOMs as those where the evaluation functional ~σ = ~I, and the operators and state have

a rank-1 Schmidt decomposition τy = φy ⊗ φy, ~x0 = ~ψ0 ⊗ ~ψ0. If the Schmidt-rank of a

given set of PSR parameters (which may be HMM parameters too) is greater than 1, it

cannot have an equivalent NOOM.

Our first result below is that HMM 6⊆ NOOM [Srinivasan et al., 2020]; so although the

NOOM probability clock demonstrates that NOOMs can capture processes with the sort

of oscillatory behaviours that PSRs struggle with, there are also processes that HMMs

can represent in finite dimensions that NOOMs cannot. The proof relies on the fact that

both NOOMs and HMMs are special cases of PSRs, and any two equivalent PSRs must

be related by a similarity transform (Theorem 1). We show that there is no similarity

transform between HMMs and NOOMs that preserves the normalization requirement of

NOOM states.



23

Theorem 4. [HMMs 6⊆ NOOMs] There exist finite-dimensional hidden Markov models

that have no equivalent finite-dimensional norm-observable operator model.

Proof. We give a proof by contradiction by constructing a set of HMMs for which there

can be no equivalent NOOMs. Let A = (Rp, ~σ, {τy}y∈O, ~x0) be a minimal PSR equivalent

to some hidden Markov modelM = (Rm,A,C, ~p0) for which some future state reachable

from the initial state can be written as a convex combination of some previously reached

states, i.e., ~xk = α~xi+β~xj for some α, β > 0, α+β = 1 and some i, j, k ∈ N with i < j < k

and ~xk =
τyk ···τy1~x0

~σT τyk ···τy1~x0
for some sequence of observations Y = y1, . . . , yk (and similarly for

~xj and ~xi which truncate the observations at yj and yi respectively).

Suppose there exists an equivalent NOOM (represented in its vectorized form) M′ =

(Rn,~I, {φy}, ~ψ0). Let A′ = (Rp, ~σ′, {τ ′y}y∈O, ~x′0) be a minimal PSR computing the same

distribution as M′.

Then, by Theorem 1, we have some similarity transform S such that ~σ′T = ~σTS, τ ′y =

S−1τyS, and ~x′0 = S−1~x0. Thon and Jaeger [2015] show that there are matrices Φ,Π that

relate the NOOM to its minimal representation as A′ = ΠΦ+M′ΦΠ+ (where + represents

the Moore-Penrose pseudoinverse). This allows us to relate the NOOM with the minimal

PSR representation of its equivalent HMM as ~ITΦΠ+S−1 = ~σT , τy = SΠΦ+φyΦΠ+S−1,

and ~x0 = SΠΦ+ ~ψ0.

Now, by the NOOM evolution rules, the NOOM state at timestep k for the sequence

Y is ~ψk =
φyk
···φy1

~ψ0

~ITφyk
···φy1

~ψ0
and the probability of any given observation at that time-step

is P (y|~ψk) = ~ITφy
~ψk. Further, note that the NOOM state must be a vectorized rank-1

matrix whose eigenvector has unit `2 norm, i.e., ~ψk = vec(~ψk ~ψ
T
k ) with ‖~ψk‖2 = 1.

But we can also write NOOM state in terms of its equivalent HMM as

~ψk = ΦΠ+S−1~xk

= ΦΠ+S−1(α~xi + β~xj)

= ΦΠ+S−1
(
α
(
SΠΦ+ ~ψi

)
+ β

(
SΠΦ+ ~ψj

))
= α~ψi + β ~ψj

(2.11)
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If ~ψi and ~ψj are valid NOOM states, we have that ~ψk = α~ψi + β ~ψj = αvec(~ψi ~ψ
T
i ) +

βvec(~ψj ~ψ
T
j ) = vec(α~ψi ~ψ

T
i + β ~ψj ~ψ

T
j ). However, α~ψi + β ~ψj is not the vectorization of a

rank-1 matrix in general. In particular, ~ψk has unit Schmidt-rank only if ~ψi and ~ψj are

linearly dependent, which is true only if ~xi and ~xj are linearly dependent. Thus, whenever

~xi and ~xj are linearly independent, ~ψk cannot have unit Schmidt-rank. But as normalized

HMM states, ~xi and ~xj are always linearly independent, unless they are exactly the same.

Hence, a contradiction. Thus, for such an HMM, there is no equivalent NOOM.

NOOMs are a restrictive model class The proof above essentially argues that if an

HMM had an equivalent NOOM, then anytime a reachable HMM state can be written as a

convex combination of some other reachable states, the equivalent NOOM state should also

admit a representation as a convex combination of the NOOM-equivalent reachable states,

but such a representation violates the condition that NOOM states have unit Schmidt-

rank, and hence there cannot be an equivalent NOOM. Below, we provide a concrete

example of an HMM where a future state is a linear (and convex) combination of two

prior linearly independent states:

~x0 =

1

0

 τ1 =

0.25 0.5

0.75 0

 τ2 =

0 0

0 0.5

 ~σ = 1 (2.12)

Then, for the sequence Y = (1, 1):

~x0 =

1

0

 ~x1 =

0.25

0.75

 ~x2 =
τ1τ1~x0

1T τ1τ1~x0
=

0.7

0.3

 = 0.6~x0 + 0.4~x1 (2.13)

Since ~x0 and ~x1 are linearly independent, we know that such an HMM cannot have an

equivalent NOOM because of NOOM’s state rank constraints. In this case, we see that

if an HMM reaches a state that lies strictly inside the convex hull of other reachable

states, it rules out a NOOM representation. This constitutes a fairly expansive class of

HMMs, suggesting that NOOMs cannot model a wide variety of HMMs, making NOOMs
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a restrictive model class. The fact that NOOMs cannot represent certain HMMs, along

with the fact HMMs ⊂ PSRs, means that NOOMs cannot be equivalent to PSRs. This

resolves the open question from Zhao and Jaeger [2010], and we state this corollary below:

Corollary 2.4.1 (NOOMs ⊂ PSR). There exist finite-dimensional PSRs that have no

equivalent finite-dimensional NOOMs.

Summary of Expressiveness Relationships Thus, the expressiveness relationships

we have established for NOOMs are:

1. NOOMs ⊂ PSRs

2. HMMs * NOOMs and NOOMs * PSRs

Thus, NOOMs do not achieve our goal of finding a model class more expressive than

HMMs that is also immune to the NPP. Nevertheless, they can be viewed as a precursor

to a model class that does achieve this goal: hidden quantum Markov models.

2.5 Hidden Quantum Markov Models (HQMMs)

In this section, we develop the theory of hidden quantum Markov models and solve the

problem we have explored in this chapter: we show that HQMMs are a learnable lin-

ear model class that avoids the negative probability problem by design while being more

expressive than HMMs. There were several a priori reasons to look to quantum infor-

mation theory: 1) the theory of open quantum systems had a probabilistic formalism to

describe and update states, and 2) the state and operator representations of NOOMs bore

heavy resemblance to quantum states and operations, so it was worthwhile exploring ex-

tensions of NOOMs. Happily, we show that these ideas do indeed play an important role

in formulating HQMMs.

HQMMs were first proposed by Monras et al. [2010] as a class of stochastic processes

for modeling the dynamics of open quantum systems. We summarize the contributions of

this work as relevant to our discussion:



26

• Formulate HQMMs: This work formulates HQMMs by analogy to HMMs; they

adopt quantum analogues of HMM states and operators (‘density matrices’ ρ and

Kraus operators Ki respectively) and show how states may be updated and prob-

abilities may be assigned to observation sequences under the standard quantum

formalism.

• Relationship between HMMs and HQMMs: Monras et al. [2010] establish that

every finite-dimensional HMM has an equivalent finite-dimensional parameterization

as an HQMM by showing how to write the observable operators Ty of HMMs as a set

of Kraus operators so that the corresponding HQMM assigns the same probabilities

to observations as HMMs (showing that HMM ⊆ HQMM). However, they left open

the question of whether every HQMM has an equivalent representation as a finite-

dimensional HMM.

• A Compact Example: The authors also give an example of an HQMM that can

more compactly represent a given Hankel matrix than any equivalent HMM as an

example of the potential advantage of HQMMs over HMMs.

However, there remained many unanswered questions; we summarize these and our

direction of inquiry [Srinivasan et al., 2018b, Adhikary et al., 2019, 2020, Srinivasan et al.,

2020] at a very high level below:

• Model Compactness: The authors’ example of an HQMM that can represent a

linear stochastic process in fewer dimensions than any equivalent HMM is an isolated

example of the potential compactness of this model class. However, it does not say

anything about the compactness of HQMMs in general. We find that HQMMs can

in general be either more or less compact than an equivalent finite HMM (when such

HMM exists), depending on the linear stochastic process being modeled. Addition-

ally, the recipe given by Monras et al. [2010] embeds each n-dimensional observable

operator Ty within a set of n2 Kraus operators; we give a more efficient mapping

requiring only n Kraus operators.
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• Model Expressiveness: Separate from the question of compactness, we are inter-

ested in a notion of model expressiveness that only requires that one model class

be representable in finite dimensions by another model class, and is agnostic to

compactness. Although the work by Monras et al. [2010] contains some impor-

tant elements that assist in comparing HQMM expressiveness relative to HMMs,

NOOMs, and PSRs, the authors do not straightforwardly establish expressiveness

relationships. We show conclusively that NOOMs ⊂ HQMMs, HMMs ⊂ HQMMs,

and that HQMMs ⊆ PSRs.

• K-HQMMs and L-HQMMs: We provide two different (but equivalent) formu-

lations of HQMMs: K-HQMMs, which use Kraus operators and are identical to

the formulation by Monras et al. [2010], and arise by generalizing HMMs, and L-

HQMMs, which use Liouville superoperators and arise from generalizing NOOMs.

These formulations are equivalent: the Liouville operators are simply a Kronecker

product of Kraus operators. However, the two formulations help analyze HQMMs’

relationship to HMMs and NOOMs respectively.

• Learning HQMMs: Monras et al. [2010] do not discuss learning HQMMs from

data; we provide an iterative maximum-likelihood algorithm that can optimize the

parameters of an HQMM via constrained gradient descent on the Stiefel manifold.

2.5.1 Preliminaries

Before delving deeper into our discussion on HQMMs, we present some basic background

on the ideas from quantum information that will be relevant on throughout this section.

Notation † refers to the complex conjugate transpose. ⊗ refers to the Kronecker product

and � refers to the Hadamard (elementwise) product. trA(ρAB) refers to the ‘partial trace’

of system AB over A, an operation analogous to classical marginalization that produces

the quantum state of subsystem B by tracing out subsystem A. Formally [Nielsen and

Chuang, 2002], given ~a1~a
†
2 ⊗~b1~b

†
2 ∈ HA ⊗HB, with ~a1,~a2 ∈ HA and ~b1,~b2 ∈ HB, we have
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that trB(~a1~a
†
2 ⊗~b1~b

†
2) = ~a1~a

†
2tr(~b1~b

†
2).

Pure Quantum States and the Born Rule Physically, a pure quantum state de-

scribes the probability amplitude of a measurable outcome in a given orthonormal basis,

and the Born rule states that squaring a probability amplitude gives the probability of the

associated measurement outcome. For our (discrete) purposes, a pure state is simply a

d-dimensional column vector (denoted |ψ〉, with 〈ψ| = |ψ〉†) in a complex Hilbert space3

H, with the normalization condition ‖|ψ〉‖22 = 1 given by the Born rule. In other words,

each element of the pure state vector is a probability amplitude over one of d outcomes,

which can be squared to get the probability of the associated outcome. For example,

|ψ〉 =
[

1√
2

−i√
2

]†
is a valid quantum state, with basis states |0〉 and |1〉 having equal prob-

ability
∥∥∥ 1√

2

∥∥∥2 =
∥∥∥ i√

2

∥∥∥2 = 1
2 . Pure quantum states live on the complex unit sphere, in

contrast to discrete classical belief states ~x ∈ Rd with ‖~x‖1 = 1, living on the probability

simplex.

Mixed States and Density Matrices Pure quantum states capture purely quantum

notions of uncertainty: squared amplitudes give a probability distribution over outcomes in

a given orthonormal basis, but there is (in principle) some other orthonormal basis in which

measuring the state produces a deterministic outcome. However, we may also have classical

uncertainty over quantum states (called mixed states), where we maintain uncertainty

over multiple pure states, so there is no single measurement basis in which we observe

deterministic outcomes. Density matrices are a convenient representation of both pure and

mixed states: given a classical probability mixture {pi}D with
∑D

i=1 pi = 1 overD quantum

states {|ψ〉i}D, the density matrix is written ρ =
∑D

i=1 pi|ψ〉ii〈ψ|. Density matrices are

bounded operators on the underlying Hilbert space, i.e., ρ ∈ L(H). For our purposes, we

treat density matrices as Hermitian positive semi-definite (PSD) matrices with unit trace,

as use them as the standard representation of quantum state. The diagonal entries in a

density matrix directly give the probabilities of associated measurement outcomes. The off-

3A Hilbert space is a complete, inner product space.



29

diagonal entries contain information about measurement outcomes in other bases, but the

ability to measure outcomes in different bases is usually only relevant for quantum systems.

The unit trace ensures that probabilities over measurement outcomes are normalized, and

the PSD-ness ensures that classical mixture probabilities are non-negative. Rank-1 density

matrices correspond to pure states, while higher rank density matrices correspond to mixed

states.

Unitary Matrices and Quantum Gates A unitary matrix U (satisfying U †U =

UU † = I) is the simplest valid physical evolution of a quantum state, applied as ρ′ =

UρU †. Unitary operations are linear, invertible isometries that preserve the unit trace

normalization condition on density matrices. Quantum gates are unitary matrices that

typically act on a quantum system composed of N qubits4 (representable as a 2N × 2N

density matrix ρ). Unitary matrices acting on density matrices are a natural quantum

analogue to column-stochastic transition operators on classical states.

Quantum Channels These are the most general valid physical evolutions of quantum

states, in the sense that they include any linear map that preserves the unit trace Hermi-

tian PSD-ness of density matrices. A quantum channel is a linear map E : L(H)→ L(G)

between density operators on Hilbert spaces H,G satisfying two constraints: 1) it must

be completely positive (CP), i.e., preserve the PSD-ness of input density matrices coupled

with any additional arbitrary dimensional system (‘ancilla’), and 2) it must be trace-

preserving (TP), i.e., leave the trace of input density matrices unchanged. Physically, a

quantum channel E(·) acting on a quantum state ρA is essentially a local description of

a unitary operation on a larger system ρAB consisting of the quantum state A and its

environment B in a known state |0B〉〈0B|, i.e., E(ρA) = trB
(
U(ρA ⊗ |0B〉〈0B|)U †

)
. Geo-

metrically, quantum channels evolve density matrices on the spectraplex (the intersection

of the convex cone of Hermitian PSD matrices with the affine space of unit trace matrices),

analogous to how stochastic matrices (equivalently conditional probability tables) evolve

4A qubit is a quantum state with two orthogonal measurement outcomes, typically |0〉 and 1〉.
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classical belief states on the probability simplex.

Representations of Quantum Channels Quantum channels admit several different

representations, of which we discuss the three most common ones: Choi matrices, Kraus

operators, and Liouville superoperators. We illustrate the relationship between them

in Figure 2.3.

• Let HA denote the Hilbert space of pure input states with basis states {|σ〉} and HB

denote the Hilbert space of pure output states with basis states {|τ〉}. The Choi

matrix is defined as ΛE =
∑
σ,τ |τ 〉〈τ ′| ⊗ E(|τ 〉〈τ ′|). We can think of the Choi

matrix as having a block structure, where the input basis states σ, σ′ pick out a

block of the Choi matrix, and output basis states τ , τ ′ pick out a specific entry

within the block. This representation of quantum channels is convenient when we

wish to specify the constraints: the CP constraint amounts to a requirement that

the Choi matrix be PSD, and the TP constraint amounts to a requirement that the

partial trace trB(ΛE) = I be identity. However, the Choi matrix does not provide a

convenient way to compute its action on a quantum state. For these purposes, the

Kraus or Liouville operator representation may be preferred.

• Kraus operators {Ki} are a set of matrices derived from the Schmidt decompo-

sition (see Definition 7) of the Choi matrix satisfying the constraint
∑

iK
†
iKi = I,

allowing us to write the action of the quantum channel as E(ρA) =
∑

iKiρK
†
i . No-

tice that in the case where the set consists of a single Kraus operator (i.e., the Choi

matrix has unit Schmidt rank), the operator must be a unitary matrix. Addition-

ally, as mentioned previously, a quantum channel E(·) acting on a density matrix

ρA ∈ HA can equivalently be written as a unitary operation U on a larger Hilbert

space HA ⊗HB, i.e.,

E(ρA) =
∑
i

KiρAK
†
i = trB

(
U(ρA ⊗ |0B〉〈0B|)U †

)
(2.14)

We can construct this unitary U by vertically stacking the Kraus operators to get a
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tall and skinny matrix κ (which must have orthonormal columns), and filling in the

remaining columns with orthonormal vectors [Nielsen and Chuang, 2002].

• The Liouville operator L is a reshaped Choi matrix (composed by vectorizing the

blocks of the Choi matrix) that acts on a vectorized density matrix, i.e., E(ρA) =

L · vec (ρA). See Figure 2.3 for illustration. We can also view the superoperator

as the sum of Kronecker products of the Kraus operator’s conjugate with itself:

L =
∑

i Li =
∑

iK
∗
i ⊗Ki.

(a) Block structure of Choi matrix; in-
dices (σ, σ′) pick out matrix blocks and
indices (τ, τ ′) pick out elements within
the blocks.

(b) Three equivalent representations of
a quantum channel

Figure 2.3: The Choi Matrix, Liouville Superoperator, and Kraus Operator Representa-
tions of Quantum Channels

We also note that the Choi matrix and Liouville superoperator representation of a

quantum channel are unique, but Kraus operators are only unique up to a unitary trans-

formation. Even the number of Kraus operators representing a quantum channel is not

unique, although the Schmidt decomposition of the Choi matrix gives the canonical set

of mutually orthogonal Kraus operators, and the minimum number of Kraus operators

is determined by the Schmidt-rank of the Choi matrix. Quantum channels E(·) acting

on a density matrix ρ can be thought of as the quantum analogue to applying the sum

of observable operators
(∑

y Ty

)
(which gives a column-stochastic matrix) on a classical

state ~x, amounting to ‘averaging’ over the observations. This hints at the fact that Kraus



32

operators Ky are analogous to observable operators Ty, which we explore shortly.

Measurement/Observation Measurement is another valid physical operation on a

quantum state. The formalism of quantum measurement allows us to do two things:

describe the updated quantum state after an observation, and describe the probabilities

associated with various observations. In general, quantum measurements can be char-

acterized by a set of measurement operators {Ky}y∈O, one for each observation y ∈ O,

satisfying a completeness equation
∑

yK
†
yKy = I to ensure that the probabilities as-

signed to mutually exclusive outcomes sum to 1. The probability of the quantum state

ρX producing observation y is P (y|x) = tr(KyρXK
†
y), while the state after measurement

is ρX|y =
KyρXK

†
y

tr(KyρXK
†
y)

.

Projective Measurement A particularly useful set of measurement operators are pro-

jection operators Py, which project the quantum state ρ onto the basis vector of the

observation. This also means that subsequent applications of the same projection oper-

ator do not change the state. Projection operators act on quantum states analogous to

‘picking out the row’ corresponding to an observation in the classical case. For instance,

if we have a belief state ~x, and we directly observe the system state to be in state y, using

canonical basis vector ~ey, the probability of observation y is P (y|x) = ~eTy ~x, and the state

after measurement is ~x|y =
~ey�~x
~eTy ~x

.

ρ̂A
U

ρ̂′A

ρ̂B

(a) State evolution as unitary operation
on a larger Hilbert space followed by
partial trace

ρ̂A
∑

yKy(·)K†y ρ̂′A

(b) State evolution as application of
Kraus operators of quantum channel
E(·) on the same Hilbert space

Figure 2.4: Equivalent ways to evolve a quantum state on observation

Evolution vs Measurement with Kraus Operators Observe that measurement

operators satisfy the same constraints as the Kraus operators of a quantum channel.

The difference is that the state after measurement is updated by the Kraus operator
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ρ̂X
U

ρ̂X|y

ρ̂Y y

(a) State measurement as unitary oper-
ation on a larger Hilbert space followed
by projection and partial trace

ρ̂X K̂y ρ̂X|y

(b) State measurement as Kraus opera-
tor on the same Hilbert space, followed
by re-normalization

Figure 2.5: Equivalent ways to condition a quantum state on observation

corresponding to that observation and re-normalizing (Ey(ρ) =
KyρK

†
y

tr(KyρXK
†
y)

), while the

state after evolution through a quantum channel is updated with all the Kraus operators

E(ρ) =
∑

yKyρAK
†
y. Additionally, just as the Kraus operators of a quantum channel

acting on a quantum system ρA can be understood as a unitary operation on a larger

Hilbert space consisting of the system and its environment (Equation 2.14), the Kraus

operator of a measurement acting on a quantum system ρA can be understood as the

same unitary operation on the larger Hilbert space of system and environment followed

by a projective measurement on the environment (see Figures 2.4 and 2.5):

KyρAK
†
y = trB

(
PyU(ρA ⊗ |0B〉〈0B|)U †P †y

)
(2.15)

Hence, measurement operators {Ky}y∈O can equivalently be viewed as the Kraus op-

erators of a quantum channel; when applied as in Equation 2.14, they perform state

evolution, and when applied as in Equation 2.15, they condition the state on observation.

This is quite analogous to the classical case where applying all observable operators on the

state (
∑

Ty) ~x updates the state, while applying the observable operator corresponding

to an observation and renormalizing as
Ty~x
1TTy~x

conditions the state on observation.

2.5.2 Formulating K-HQMMs by Generalizing HMMs

With this background, we are ready to present our formulation of K-HQMMs by gen-

eralizing HMMs from Srinivasan et al. [2018b]. The goal is to encode the same system

dynamics and observation probabilities as an HMM with analogous quantum operations

in finite dimensions, thereby showing HMM ⊆ HQMM. This approach forestalls the fail-
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Table 2.1: Summary of classical probabilistic operations and their quantum mechanical
analogue

Classical probability Quantum Analogue

Description Representation Representation Description

Belief State ~x ρ̂ Density Matrix
Transition Matrix A E(·) Quantum Channel
Observable Operator Ty Ky Kraus Operator
Joint Distribution P(X, Y) ρ̂XY Joint Density Matrix
Marginalization P (X) =

∑
y P (X,Y = y) ρ̂X = trY (ρ̂XY ) Partial Trace

Conditioning P (X|y) = P (y,X)
P (y)

ρX|y = trY (P̂y ρ̂XY P̂
†
y ) Projection + Partial Trace

ure mode of NOOMs: developing a model that can represent probability clocks but not

HMMs. Monras et al. [2010] state how to embed observable operators in Kraus operators,

and this mapping uses n2 Kraus operators for each observation; our derivation allows

us to model the transition and emission matrices of HMMs with quantum channels, and

efficiently represent observable operators with just n Kraus operators per observation.

Step 1: Model Transition and Emission Matrices with Unitary Matrices Given

a column stochastic HMM transition matrix A ∈ Rn×n that acts on a quantum state

~x ∈ Rn, we would like to produce a unitary matrix U and quantum state ρ such that the

result A~x can also be extracted from UρU †. In Algorithm 1, we give such a recipe that

ensures that:

A~x = diag
(

trenv

(
U (diag(~x)⊗ |0env〉〈0env|)U †

))
(2.16)

The innermost diag(~x) creates a n × n density matrix with the entries of ~x on the

diagonal. The outermost diag(·) extracts the diagonal elements of the density operator in

the argument. Lastly, |0env〉〈0env| represents an ‘ancilla’ or ‘environment’ density matrix

ρenv of zeros everywhere except ρenv(1,1) = 1. This is used to enlarge the Hilbert space

so we can represent the column-stochastic matrix as a unitary. We can use an identical

approach to represent the HMM emission matrix C with a unitary matrix. Algorithm 1

gives a general recipe to model an s×n transition matrix with an ns×ns unitary matrix.
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Algorithm 1 s× n Column-Stochastic Matrix to ns× ns Unitary Matrix

Input: s× n Column-Stochastic Matrix A
Output: ns×ns block diagonal Unitary Matrix Û with n blocks of s×s unitary matrices,

zeros everywhere else
1: Construct an s × s unitary matrix from each column of A: Let ci denote the
ith column of A. First create an s × s matrix whose each row is the square root of
column ci. Find the null space of this matrix, and you will get the s− 1 vectors that
are linearly independent of ci. Make ci the first column, and the remaining s − 1
vectors the other columns of an s× s matrix.

2: Stack each s × s matrix on a diagonal: Follow step 1 for each column of A, and
obtain n unitary matrices of dimension s×s. Create a block diagonal matrix with each
of these smaller unitary matrices along the diagonal, and you will obtain an ns × ns
dimensional unitary matrix Û .

3: Note: The unitary operator constructed here is designed to be applied on a density
matrix tensored with an environment density matrix prepared with zeros everywhere
except ρ̂1,1 = 1.

Step 2: Setup a ‘Quantum Circuit’ to Implement Transition and Emission

Next, we construct a ‘quantum circuit’ diagram showing how these unitary matrices cor-

responding to transition and emission matrices can be applied on the quantum state

ρXt−1 ∈ L(HX)5 to generate the same statistics as the transition and emission matrices

in Figure 2.6. We begin by preparing the ‘ancilla’ or ‘environment’ states ρ̂X′t ∈ L(HX′)

and ρ̂Yt ∈ L(HY ) appropriately (i.e., entirely in system state 1, represented by a density

matrix of zeros except ρ̂1,1 = 1), and using Algorithm 1 to construct Û1 and Û2 from tran-

sition matrix A and emission matrix C respectively. Û1 evolves
(
ρ̂Xt−1 ⊗ ρ̂X′t

)
to perform

Markovian transition to produce ρ̂′Xt
6, reproducing the action of the transition matrix A

on the classical belief state ~x (as in Equation 2.1):

ρ̂′Xt = trX(Û1(ρ̂Xt−1 ⊗ ρ̂X′t)Û
†
1) (2.17)

Û2 then evolves (ρ̂′Xt ⊗ ρ̂Yt) to prepare the joint distribution of latent state and ob-

servation ρ̂XtYt ; the diagonal entries of ρ̂XtYt ∈ Rsn×sn encode the s× n joint probability

5We use L(H) to refer to the space of bounded linear operators on Hilbert space H.
6The latent state ρ̂′Xt

is transferred from its original Hilbert space L(HX) (where ρ̂Xt−1 lived) to the
Hilbert space L(HX′) of ρ̂X′t . This is done to keep the conversion of stochastic matrix to unitary matrix
in Algorithm 1 consistent for both transition and emission matrices.
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table of latent state and observations. Then, when we make an observation, we treat it

as a measurement on the second subsystem (Hilbert space L(HY )) which is equivalent to

applying projection operators on joint density matrix ρ̂XtYt (i.e., projecting onto the basis

vectors consistent with the measurement) and renormalizing. Subsequently, partial trace

over the second subsystem (Hilbert space of L(HY )) gives the latent state conditioned on

the observation ρ̂Xt|yt .

ρ̂Xt|yt =
trY (PytÛ2(ρ̂′Xt ⊗ ρ̂Yt)Û

†
2P
†
yt)

tr(PytÛ2(ρ̂′Xt ⊗ ρ̂Yt)Û
†
2P
†
yt)

P (y|X) = tr(PytÛ2(ρ̂′Xt ⊗ ρ̂Yt)Û
†
2P
†
yt) (2.18)

Thus, the full state update expression (corresponding to Figure 2.6) that explicitly

models a hidden Markov Model on a quantum circuit can be written as:

ρ̂Xt|yt ∝ trHY

(
P̂ytÛ2

(
trHX

(
Û1(ρ̂Xt−1 ⊗ ρ̂X′t)Û

†
1

)
⊗ ρ̂Yt

)
Û†2 P̂

†
y

)
(2.19)

ρ̂Xt−1

Û1
ρ̂X′t

Û2

ρ̂Xt|yt

ρ̂Yt yt

Figure 2.6: A ‘quantum circuit’ that generates the same statistics as an HMM; Û1 and Û2

encode the information in HMM transition and emission matrices A and C respectively,
using Algorithm 1

.

Step 3: Simplify from Unitary Matrices to Kraus Operators As we discussed

in Section 2.5.1, unitary operators acting on the joint Hilbert space of a system and

environment can be reduced to Kraus operators acting on system subspace, when the

environment is always prepared in the same way. Thus, we can simplify the circuit in

Figure 2.6 (corresponding to expression in Equation 2.19) to use Kraus operators acting

on the lower-dimensional state space of ρ̂Xt using the equivalence shown in Figures 2.4

and 2.5. We won’t give the recipe for converting the unitaries to their Kraus operator

representation (see Srinivasan et al. [2018b] for details), but we will state how to convert
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observable operators into Kraus operators shortly.

Encoding Û1 acting on L(HX)⊗L(HX′) with the environment fixed to ρ̂X′t = |0X′〉〈0X′ |

as a set of Kraus operators {Kw} representing a quantum channel K : L(HX)→ L(HX′)

(with the operators satisfying
∑

w K̂
†
wK̂w = I) simplifies Equation 2.17 to:

ρ̂′Xt = K(ρ̂Xt−1) =
∑
w

Kwρ̂Xt−1K
†
w (2.20)

The number of Kraus operators |w| in the set {Kw} is determined by dim(HX′), which

in this case is the same as dim(HX), so |w| = n. Similarly, we can encode Û2 acting on

L(HX′)⊗L(HY ) with the environment fixed to ρ̂Yt = |0Y 〉〈0Y | as a set of Kraus operators

{Ky} representing a quantum channel K : HX′ → HY (with the operators satisfying∑
y K̂
†
yK̂y = I). Note that the the Kraus operators {Kw} encoding Û1 implement a

quantum channel analogous to Markovian transition, hence all the Kraus operators are

applied. Here, the Kraus operators {Ky} encoding Û2 are used as measurement operators

for conditioning on observation, so we only apply the Kraus operator corresponding to our

observation7. This simplifies Equation 2.18 (shown graphically in Figure 2.7a) to:

ρ̂Xt|yt =
Kyρ̂

′
Xt
K†y

tr
(
Kyρ̂X′tK

†
y

) P (y|X) = tr
(
Kyρ̂X′tK

†
y

)
(2.21)

Step 4: Collect the Unitaries into Single Set of Kraus Operators A final sim-

plification is to combine the set of s Kraus operators {Kw} of the quantum channel (anal-

ogous to transition matrices) with the Kraus operators of measurement {Ky} (analogous

to emission matrices), to obtain a single set of Kraus operators (analogous to observable

operators). Right-multiplying each Kraus operator in {K̂w} with each operator in {K̂y}

as Kw,y = KyKw, we have a set of Kraus operators {K̂wy ,y}. Note that each observation y

now has a set of associated Kraus operators {Kwy ,y} that must be applied in order to simu-

late transition followed by observation, as opposed to the single-operator-per-measurement

7Indeed, we can expect there to be a single Kraus operator for each observation, although these Kraus
operators need not be orthogonal. We can also interpret the number of Kraus operators (either in a
quantum channel or set of measurement operators) as the dimension of the larger system within which the
they have a unitary representation.
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{Ky} previously. Furthermore, there are exactly n Kraus operators {Kwy ,y} per observa-

tion y, a more efficient representation than the n2 Kraus operators per observation given by

Monras et al. [2010]. Finally, we can simulate HMMs with quantum systems by using the

derived Kraus operators {Kwy ,y} to update state and compute observation probabilities

as follows:

ρ̂Xt =

∑
wy
K̂wy ,yt ρ̂Xt−1K̂

†
wy ,yt

tr
(∑

wy
K̂wy ,yt ρ̂Xt−1K̂

†
wy ,yt

) (2.22)

Setting Kraus Operators Directly from Observable Operators The procedure

outlined above allows us to mimic HMM state evolution and observation probabilities.

However, we did not specify how to go from the unitaries U1 and U2 to the Kraus opera-

tors {Kw} and {Ky} and thus to {Kwy ,y}. We show how this can be done in Srinivasan

et al. [2018b], although practically we needn’t construct the final Kraus operators {Kwy ,y}

through this route; an equivalent but simpler approach is to directly use observable oper-

ators {Ty}, and set the wth column of K̂
(:,w)
wy ,y =

√
T

(:,w)
y , with all other entries being zero.

This ensures
∑

wy ,y
K̂†wy ,yKwy ,y = I.

ρ̂Xt−1 K(·) K̂yt
ρ̂Xt|yt

(a) Simplification of the unitaries in
Figure 2.6 into a quantum channel K(·)
with Kraus operators {Kw} and mea-
surement with Kraus operators {Ky}

ρ̂t−1 Kw,yt−1 ρ̂t

(b) Further simplification of Figure 2.7a
by combining the quantum channel and
measurement operators into a single set
of Kraus operators {Kwy,y}

Figure 2.7: Simplified scheme to generate the same statistics as HMMs where the unitary
matrices have been condensed to Kraus operators

Formulating K-HQMMs When the operators {Kwy ,y} are constructed according to

the recipe above, the model can simulate HMMs, but if we let these operators be any

valid Kraus operators and define them over the complex field, we have a general model we

refer to as ‘hidden quantum Markov models’. Additionally, note that the number of Kraus

operators per observation |w| is determined by the dimension of the ancilla/environment

needed to implement transition dynamics. For HQMMs to implement HMMs, we must
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have |w| = n (n is the dimension of the latent state). At the other extreme, if |w| = 1,

(i.e., only a single Kraus operators Ky per observation) the latent state dynamics are

modeled as unitary and we have a complex-valued NOOM. We give our formal definition

of K-HQMMs here [Adhikary et al., 2019]:

Definition 8 (K-HQMMs). An n-dimensional Kraus-Hidden Quantum Markov Model

with a set of discrete observations O is a tuple (Cn×n, tr(·), {Ky,wy}y∈O, ρ0) where ini-

tial state ρ0 ∈ Cn×n and Kraus operators {Ky,wy}y∈O,wy∈N ∈ Cn×n satisfy the following

constraints:

1. Density Matrix as State Representation: ρ0 is a Hermitian PSD matrix of

arbitrary rank,

2. Normalized Initial State: tr(ρ0) = 1,

3. Normalized marginal over observations (‘Trace-Preservation’):
∑

y,wK
†
y,wKy,w =

I.

The state update after observing y is computed according to Equation 2.22 and prob-

ability of a given sequence is given by:

P (y1, . . . , yT ) = tr

∑
wyT

KyT ,wyT
. . .

∑
wy1

Ky1,wy1
ρ0K

†
y1,wy1

 . . .K†yT ,wyT

 (2.23)

Now, we can use the correspondence between Kraus operators and Liouville operators

described in Section 2.5.1 and define HQMMs via the Liouville representation (as [Monras

et al., 2010] do). However, we develop that formulation by generalizing NOOMs (analogous

to how we K-HQMMs by generalizing HMMs), to show that NOOMs ⊆ HQMMs. This

approach also allows to connect HQMMs to PSRs.
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2.5.3 Formulating L-HQMMs by Generalizing NOOMs

We will show how HQMMs can be defined by generalizing NOOMs [Adhikary et al., 2019],

in the sense that we propose a parameterization of HQMMs that includes NOOMs as a

special case. We do so by allowing parameters to be complex and generalizing NOOM

states and operators from the representation from Definition 6.

Generalizing NOOM States We have the tools from Section 2.5.1 to recognize that

the NOOM initial state ~ρ0 = ~ψ0 ⊗ ~ψ0 in the PSR representation (Equation 2.10) can be

viewed as a vectorized rank-1 unit trace Hermitian matrix since ‖~ψ‖2 = 1:

~ρ0 = ~ψ0 ⊗ ~ψ0 = vec
(
~ψ0
~ψ†0

)
(2.24)

~ψ0
~ψ†0 is clearly a rank-1 Hermitian PSD matrix, and tr(~ψ0

~ψ†0) = tr(~ψ†0
~ψ0) = ‖~ψ‖02

2 = 1.

A natural step would be to let the initial state be vectorized matrices of arbitrary rank,

i.e., ρ̂0 =
∑

i pi
~ψi ~ψ
†
i instead. The normalization condition on the initial state can then be

restated as 1 = σ†~ρ0 =~ITn2~ρ0 = tr (ρ̂0) =
∑

i pi. As a linear combination of outer products,

ρ̂ remains Hermitian. If we impose no further constraints, we could allow pi to be complex-

valued or negative as long as the normalization condition above was satisfied. However,

this could once again lead to negative probabilities when applying σ to an evolved state,

and hence a non-constructive model. Thus, we impose a positive semi-definiteness (PSD)

constraint on the initial state to guarantee that pi ∈ R≥0 so that tr(ρ̂0) is real and non-

negative. Essentially, the NOOM initial states were vectorized rank-1 density matrices ~ρ0

(or from a quantum mechanical perspective, ‘pure states’), and we are now proposing a

model whose initial states ~ρ0 are vectorized arbitrary-rank density matrices.

Generalizing NOOM operators Having defined a convex cone of valid states (Her-

mitian PSD matrices), we now generalize NOOM operators to ensure that states always

evolve inside the cone. Once again from Equation 2.10, we know that the NOOM op-

erators in the PSR representation are Schmidt-rank 1 operators τy = φy ⊗ φy satisfying
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~IT
(∑

y τy

)
= ~IT . Here, the natural step would be to allow the NOOM operators to be

arbitrary Schmidt rank operators that satisfy the same constraint. Doing so yields the

Liouville superoperator representation {Ly}y∈O of quantum channels. From Section 2.5.1

we know quantum channels satisfying CP and TP constraints are sufficient to ensure that

density matrices evolve inside the spectraplex. The TP constraint on superoperators is

(~IT
(∑

y Ly

)
= IT ), identical to the NOOM normalization constraint. The additional con-

straint on superoperators must satisfy is the complete positivity (CP) constraint, ensuring

that they always preserve the Hermitian PSD condition of the state, even when combined

with a larger system. While we can’t neatly describe these constraints on the Liouville

operator, we can do so on the Choi matrix, ‘reshuffled’ version of the superoperator [Wood

et al., 2015, Życzkowski and Bengtsson, 2004]. We illustrate this relationship in Figure

2.3.

Thus, taking the rank-1 vectorized density matrix of NOOMs to arbitrary rank vector-

ized density matrices and the Schmidt-rank 1 operators of NOOMs to arbitrary Schmidt-

rank operators produces L-HQMMs and makes it clear that a NOOMs are a special case

of HQMMs, and use the exact same parameterization; they do not need to be transformed

or embedded in the way that HMMs operators needed to be transformed to HQMM oper-

ators. This procedure also gives L-HQMMs in a PSR-like representation with evaluation

functional ~I, operators {Ly} and initial state ~ρ0 where these parameters have the previ-

ously discussed structure, clearly showing that HQMMs are a special case of PSRs. We

can now give a formal definition of L-HQMMs:

Definition 9 (L-HQMMs). An n2-dimensional Liouville-Hidden Quantum Markov Model

with a set of discrete observations O is a tuple (Cn2
,~I, (Ly)y∈O, ~ρ0) where the initial state

~ρ0 ∈ Cn2
and Liouville superoperators {Ly}y∈O ∈ Cn

2×n2
with corresponding Choi matrices

{Cy}y∈O satisfy the following constraints:

1. Vectorized Density Matrix as State Representation: ~ρ0 is a vectorized Her-

mitian PSD matrix of arbitrary rank,

2. Normalized initial state: ~IT ~ρ0 = 1,
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3. Complete Positivity: Cy ≥ 0 (Choi matrix is PSD).

4. Trace-Preservation: ~IT
(∑

y∈O Ly

)
= ~IT

For such a model, the state update after observing y ∈ O and computing the probability

of that observation are:

~ρt =
Ly~ρt−1

~ITLy~ρt−1

P (ȳ) = ~ITLyt . . . Ly1~ρ (2.25)

Lastly, we note that L-HQMMs are exactly equivalent to K-HQMMs in the sense that

L-HQMMs are a ‘vectorized’ version of K-HQMMs: the L-HQMM state ~ρ is a vectorization

of the K-HQMM state ρ0, the L-HQMM operators Ly =
∑

wy
K∗wy ,y ⊗Kwy ,y, and the L-

HQMM evaluation functional ~I acting on a vectorized density matrix ~ρ is equivalent to

taking the trace of the density matrix itself. The L-HQMM representation is typically

useful for fast computation (while being more memory intensive), while the K-HQMM

representation is more helpful for crafting learning algorithms.

2.5.4 HQMMs vs {NOOMs, PSRs, HMMs}

When HQMMs were first proposed, Monras et al. [2010] established that HMMs⊆HQMMs,

but left the question of whether HMMs = HQMMs open. Additionally, the relationship

with NOOMs and PSRs was not explored. In light of the discussion thus far, we can

establish the following results:

Theorem 5 (HMMs ⊂ HQMMs and NOOMs ⊂ HQMMs). There exist finite-dimensional

HQMMs that do not have any equivalent representation as a finite-dimensional HMM.

Also, there exist finite-dimensional HQMMs that do not have any equivalent representation

as a finite-dimensional NOOM.

Proof. Section 2.5.2 established that HMMs ⊆ HQMMs, and Section 2.5.3 established that

NOOMs ⊆ HQMMs. The NOOM probability clock (discussed in Section 2.4.1) established

that NOOMs * HMMs, and Theorem 4 established that HMM * NOOMs. Thus, we can

conclude that HMMs ⊂ HQMMs and NOOMs ⊂ HQMMs.
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Theorem 6. HQMMs ⊆ PSRs, and the pointed convex cone of valid initial states for

HQMMs is a spectraplex.

Proof. This is easy to see with the L-HQMM formulation. The valid initial states of the

L-HQMM are vectorized unit trace Hermitian PSD matrices (density matrices) ~ρ0, and

~I~ρ0 = tr(ρ0) = 1 satisfying condition 1 of PSR Definition 5 by construction. Condition

2 is satisfied by the TP constraint on HQMM operators Ly, which assures ~IT
∑

y Ly =

~ITL = ~IT . Finallly, CP constraints on L-HQMM operators guarantee that Lȳ~ρ always

yields a vectorized Hermitian PSD matrix, so the trace of this matrix is always real and

non-negative, i.e., P (y) = ~ITLȳ~ρ ≥ 0. This satisfies condition 3 of the PSR definition, and

we see that HQMMs ⊆ PSRs.

The valid initial states of L-HQMMs are Hermitian PSD matrices with unit trace. As

discussed in Section 2.5.1, Hermitian PSD matrices form a convex cone, and the inter-

section of this cone with the linear affine subspace of trace 1 matrices is a spectrahedron

known as a spectraplex.

2.5.5 The Completely Positive Realization Problem: Are HQMMs =

PSRs?

The relationships we have established thus far are visualized in Figure 2.8. We have an-

swered the question we set out to answer in this chapter: HQMMs are a more expressive

model class compared to HMMs, and HQMMs avoid the NPP by design (we discuss learn-

ing HQMMs in Section 2.5.6). As illustrated, the big question that remains unanswered

is whether there are any finite-dimensional PSRs that do not have any equivalent rep-

resentation as a finite-dimensional HQMM. The canonical example of PSRs that had no

finite-dimensional HMMs was the probability clock, as HMMs could not capture oscillat-

ing probabilities and only admitted polyhedral convex cones of initial states, as discussed

in Section 2.3.3. However, HQMMs can capture the probability clock, and admit infinitely

generated convex cones of initial states, so there is currently no known linear stochastic

process that cannot be represented by an HQMM. This also suggests that HQMMs largely
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capture the important way in which PSRs are more expressive than HMMs. Nevertheless,

a formal proof answering the question of whether PSRs are strictly more expressive than

HQMMs (i.e., of an expressiveness ‘gap’ between PSRs and HQMMs) is yet to be found,

although we make some remarks and discuss previous work in the literature.

Figure 2.8: Established expressiveness relationships between PSRs, HQMMs, NOOMs,
and HMMs

First, we note that the undecidability of the negative probability problem precludes

an algorithm that can find an HQMM representation for a candidate PSR if such repre-

sentation existed; if such an algorithm existed, we could apply it on a candidate set of

parameters and check if the result was a valid HQMM. However, an algorithm that doesn’t

solve the decision problem may still be possible; for instance, an algorithm that maps both

valid and invalid PSRs (i.e., those that satisfy conditions 1 and 2 of the PSR definition)

to valid HQMMs may be possible.

One might wonder whether we can construct the HQMM representing a PSR using

the strategy we used to construct the HQMM representation of an HMM in Section 2.5.2;

after all, HQMMs admit negative and complex entries, so taking the square root of the

elements of the observable operator is not a concern. Unfortunately, this is not a viable

approach. If we set K̂
(:,w)
wy ,y =

√
T

(:,w)
y , we find K̂

(:,w)
wy ,y

†K̂
(:,w)
wy ,y 6= Ty in general because the

complex entries in Kwy ,y are conjugated in K†wy ,y, so operators constructed this way do

not satisfy the Kraus operator requirement of
∑

wy ,y
K†wy ,yKwy ,y = I. This is not an issue

in the case that Ty is non-negative, since the square-roots are real and conjugation does

not have any effect.
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Completely Positive Realization Problem In an analogy to the positive realization

problem [Vidyasagar, 2011] (the question of which PSRs have equivalent HMM repre-

sentations), Monras and Winter [2016] term the question of which PSRs have equivalent

HQMMs as the completely positive realization problem (CPRP). They argue that a nec-

essary and sufficient condition for a PSR to have an equivalent HQMM is if the PSR

operators come from a semi-definite representable (SDR) cone that also defines the con-

vex cone of valid initial states.8 They suggest that we could show that HQMMs are

equivalent to PSRs if either we could show that every PSR’s convex cone satisfied the

SDR condition, or if we could show that every PSR’s convex cone was a semi-algebraic set

and appeal to the Helton-Nie conjecture. The Helton-Nie conjecture suggested that every

convex and semi-algebraic set was SDR. While it is the case that every SDR set is convex

and semi-algebraic, the converse (i.e., the Helton-Nie conjecture) was later shown to be

false [Scheiderer, 2018]. Still, convex semi-algebraic sets are SDR sets in a wide variety of

cases, so HQMMs may still be equivalent to PSRs. We thus pose two open questions that

must be answered to obtain a full characterization of the expressiveness of HQMMs rela-

tive to PSRs: first, whether the convex cone characterizing the PSR is semi-algebraic, and

second, if it satisfies any sufficient conditions for being SDR [Helton and Nie, 2009], and

if not, how common such conditions are. Nevertheless, convex and semi-algebraic cones

that are SDR are a broad class and our results thus far show that HQMMs may be the

most expressive known subset of PSRs. Indeeed, we do not know any examples of PSRs

that do not have an equivalent finite-dimensional HQMM. Our conjecture, based on the

fact that HQMMs can capture infinitely generated cones, is that HQMMs are equivalent

to PSRs. Settling this claim would be a valuable direction for future work.

2.5.6 A Learning Algorithm for HQMMs

Having formulated HQMMs, we turn to the question of how HQMMs can be learned

from data. EM is the standard approach to learning HMMs, but as previously discussed,

8Linear maps of spectrahedra are called spectrahedral shadows or semi-definitely representable sets.
These are the feasible regions of a semidefinite program.
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HMMs are limited in their expressiveness. PSRs can be learned via a spectral algorithm,

but it is undecidable whether learned model parameters are valid. To combine the greater

expressiveness of PSRs with the learnability of HMMs, we need a learning algorithm for

HQMMs. When Monras et al. [2010] formulated HQMMs, they did not provide a learning

algorithm. Schuld et al. [2015] proposed identifying a learning algorithm for HQMMs as

an important direction for research, and we present our work in Srinivasan et al. [2018b],

Adhikary et al. [2019], and Srinivasan et al. [2020] in developing a method to learn HQMMs

from data.

The Loss Function Since HQMMs are fundamentally probabilistic models, the negative

log-likelihood of the data is a natural choice of loss function. This yields the following

log likelihood of a sequence y1, . . . , yT for a K-HQMM parameterized by the set of Kraus

operators {K̂y,w}:

L = − ln tr

(∑
w

KyT ,w . . .

(∑
w

Ky1,wρ0 K
†
y1,w

)
. . .K†yT ,w

)
(2.26)

In the L-HQMM formulation with parameters {Ly}, the log likelihood can be written

as:

L = − ln
(
~ITLyT . . .Ly1~ρ0

)
(2.27)

Note that we cannot simply take the gradient9 of the loss L with respect to the pa-

rameters and step along it, the learned Kraus operators must satisfy the TP constraint

(condition 3 in Definition 8)
∑

y,wK
†
y,wKy,w = I. The problem of learning a set of N

trace-preserving n × n Kraus operators can equivalently be framed as one of learning a

matrix κκκ ∈ CnN×n satisfying κκκ†κκκ = I, where κκκ can be block-partitioned row-wise into

the N Kraus operators that parameterize the HQMM. A natural approach is to begin

with an initial guess κκκ0 with a pre-determined partitioning into the Kraus operators we

9Since L is a function of complex matrices, the direction of steepest descent corresponds to the gradient
with respect to the complex conjugate of the Kraus operators [A.Hjørungnes and D.Gesbert, 2007].
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wish to learn, setup a computational graph according to Equation 2.26, and compute and

backpropagate gradients of the log-likelihood to update κ. However, we must still specify

how we carry out this update while preserving the TP constraint.

A First Attempt: Givens Rotations Since κκκ is a matrix with orthonormal columns,

any initial guess κκκ0 is a unitary transformation away from the true κκκ∗ that maximizes

the log-likelihood. Our first attempt [Srinivasan et al., 2018b] iteratively finds a series of

Givens rotations that locally increase the log-likelihood, generalizing a learning algorithm

for NOOMs proposed by Zhao and Jaeger [2007]. However, a Givens rotation only changes

two rows of κκκ at a time, making this approach prohibitively slow for learning large κκκ

matrices. Furthermore, since these two rows are picked at random, this approach is not

guaranteed to step towards the optimum at every iteration. In Section 2.5.7, we discuss

the empirical performance of this approach.

A Better Approach: Optimization on the Stiefel Manifold In Adhikary et al.

[2019, 2020], we identify that the the TP constraint on Kraus operators is exactly the re-

quirement that κ lies on the Stiefel manifold10, enabling us to use any of the many existing

approaches to optimization on the Stiefel manifold. There are a number of algorithms for

constrained optimization on the Stiefel manifold, and they usually are either projection-

like (which re-orthogonalize the naive gradient descent updates) or geodesic-like (which

directly generate updates on the manifold itself) [Jiang and Dai, 2013]. We picked the

geodesic like algorithm proposed by Wen and Yin [2013a] for its ease of implementation

and its performance in our experiments (see Appendix A.1.1 for details).

The idea is that given a gradient G of the loss function L with respect to parameters κ,

we would like to move along a trajectory γ(τ) for some step size τ , such that moving along

this curve corresponds to stepping along the direction of the gradient while staying on

the manifold. We can achieve this through retractions, which smoothly map the tangent

bundle of the manifold onto the manifold itself, while preserving the direction of the

10The Stiefel manifold Vk(Cn) = {κ ∈ Cn×k|κ†κ = I}.
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gradient at that point [Absil et al., 2007]. The gradient G of L corresponds to a vector

in the tangent bundle of this manifold, so intuitively we can imagine a retraction as

wrapping the direction of G onto the surface of the manifold, providing a feasible path for

curvilinear descent. Note that since L is a function of complex matrices, the direction of

steepest descent corresponds to the gradient with respect to the complex conjugate of the

Kraus operators [A.Hjørungnes and D.Gesbert, 2007].

Wen and Yin [2013a] present the following Crank-Nicolson-like update γ(τ) on the

Stiefel manifold with respect to an initial feasible solution κ0:

γ(τ) =
(
I +

τ

2
A
)−1 (

I− τ

2
A
)
κ0, (2.28)

where A is a skew-symmetric matrix defined as:

A = Gκ†0 − κ0G
† (2.29)

If the path γ(τ) is the direction of steepest descent to feasibly optimize Equation 2.26,

it must fulfill two criteria. First, when we take no steps along the path (i.e., when τ = 0),

we should stay at the initial point κ0 on the manifold, and the curve γ(τ) should point in

the direction of the gradient with respect to L. This can be easily verified as γ(0) = κ0 and

γ′(0) = −G [Wen and Yin, 2013a]. Second, moving along γ(τ) should not move us off the

manifold regardless of the step-size τ . Since the path γ(τ) in Equation 2.28 is the Cayley

transform of the skew-symmetric matrix A applied to κ0, we know γ(τ)†γ(τ) = κ†0κ0 = I.

This ensures that as long as we begin with a point on the Stiefel manifold, the update in

Equation 2.28 will keep the point on the manifold for any τ and G.

In practice, the matrix κ ∈ CnN×n is ‘tall and skinny’ and we would like to avoid

computing the inverse
(
I + τ

2A
)−1

where A ∈ CnN×nN . Hence, we use the following

equivalent but computationally more efficient expression for γ(τ) recommended by Wen

and Yin [2013a]:

γ(τ) = κ0 − τU
(
I +

τ

2
V †U

)−1
V †κ0, (2.30)
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where U = [G | κ0] and V = [κ0 | −G]. This only requires inverting a 2n× 2n matrix.

Importantly, this method can be combined with a gradient descent scheme (summa-

rized in Algorithm 2) to learn feasible parameters for any model parameterized by N

Kraus operators with κ ∈ CnN×n.

Algorithm 2 Learning HQMMs using Constrained Optimization on the Stiefel Manifold

Input: Training data Y ∈ NM×T , where M is the # of data points and T is the length
of the observed sequences
Hyperparameters: τ (learning rate), α: (learning rate decay), B (number of batches),
E (number of epochs)
Output: Kraus operators {K̂i}Ni=1

1: Initialize: Complex orthonormal matrix on Stiefel manifold κ ∈ CnN×n and partition
into Kraus operators {K̂i}Ni=1, with K̂i ∈ Cn×n

2: for epoch = 1: E do
3: Partition training data Y into B batches {Yb}
4: for b = 1:B do
5: Compute gradient Gi ← ∂L

∂K̂∗i
for batch Yb and loss function L for the QGM

6: Compute ∂L
∂κ = G←

[
G1 · · · GN

]T
7: Construct U ← [ G | κ ], V ← [ κ | −G ]

8: Update κ← κ− τU
(
I + τ

2V
†U
)−1

V †κ
9: end for

10: Update learning rate τ = ατ
11: Re-partition κ into {K̂i}
12: end for
13: return {K̂i}

2.5.7 Empirical Results

We now share our results from Adhikary et al. [2019], evaluating our proposed method

for learning HQMMs via constrained optimization on the Stiefel manifold (COSM) with

the Wen-Yin algorithm. We compare COSM to our initial proposal of searching for local

Givens rotations that increased likelihood (GS), as well as with HMMs learned with the

Expectation-Maximization (EM) algorithm. We evaluate these methods on two datasets.

The first is a synthetic dataset that was generated by an HMM. The second is a real-world

dataset, on which the GS approach is prohibitively slow; demonstrating the scalability of

COSM.
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Training We train our HQMMs by optimizing negative log-likelihood loss function from

Equation 2.26. We initialize the latent state ρ̂0 as a random Hermitian PSD matrix using

the QETLAB toolbox [Johnston, 2016], and κ as a random orthonormal matrix. Except for

very small models, COSM is fairly robust to random initializations (see Appendix A.1.2).

We compute the gradient of the loss function with respect to the complex conjugate of the

Kraus operators using the Autograd package11 (which can handle complex differentiation),

and vertically stack the gradients of the Kraus operators to construct the gradient G of the

matrix κ. To smoothen the trajectory we apply momentum with β = 0.9 [Rumelhart et al.,

1988, Qian, 1999], and re-normalize the gradient before and after the momentum update,

making the magnitude of updates entirely dependent on step-size. We refer to HQMM size

using the tuple (n, s, w)−HQMM, where n is the number of hidden states, s is the number

of possible outputs, and w is the dimension of the ‘environment’ system determining the

number of Kraus operators per observation (see Section 2.5.2). Consequently, for an

(n, s, w)−HQMM we have the stacked matrix of Kraus operators κ ∈ Cnsw×n. We also

provide the performance of HMMs trained using the Expectation-Maximization (EM)

algorithm (with 5 random restarts) for comparison. Details of our hyperparameter tuning

procedure and computing infrastructure are described in Appendix A.1.3.

Metrics On the synthetic HMM dataset, we use a scaled log-likelihood [Zhao and Jaeger,

2007] independent of sequence length called description accuracy: DA = f
(

1 + logs Pθ(Y1,...,Y`)
`

)
,

where f(·) squishes the log-likelihood from (−∞, 1] to (−1, 1). When DA = 1, the model

predicted the sequence with perfect accuracy, and when DA > 0, the model performed

better than random. The error bars represent one standard deviation of the DA scores

across many test samples. On the real-world dataset, we report the average accuracy for

a classification problem.

11https://github.com/HIPS/autograd



51

Synthetic HMM Data

For our first experiment, we generated data using a synthetic HMM with 6 hidden states

and 6 possible outputs (a ‘(6,6)-HMM’):

A =



0.8 0.01 0 0.1 0.3 0

0.02 0.02 0.1 0.15 0.05 0

0.08 0.03 0.1 0.4 0.05 0.5

0.05 0.04 0.5 0.35 0 0.5

0.03 0.5 0.03 0 0.6 0

0.02 0.4 0.27 0 0 0


, C =



0.2 0 0.05 0.95 0.01 0.05

0.7 0.1 0.05 0.01 0.05 0.05

0.05 0.8 0.1 0.02 0.05 0.04

0.04 0.04 0.02 0 0.84 0.11

0.01 0.03 0.7 0.01 0.02 0.2

0 0.03 0.08 0.01 0.03 0.55


(2.31)

We show two things with the experiments on this dataset: 1) COSM achieves better

performance than GS, and 2) COSM is much faster than GS – so much so that we could

train larger HQMMs than with GS. Finally, we investigate the effects on increasing model

size by adding latent states (n) versus increasing the dimension of the environment variable

(w).

We used 20 training and 10 validation sequences of length 3000, splitting up each

sequence into 300 sequences and using a burn-in of 100. We trained HQMMs using the

COSM approach for 60 epochs, and evaluated the model with the highest validation DA

score on the test set. The results for this model are shown in Figure 2.9a and Figure 2.9b.

(a) w = 1 (b) n = 5

Figure 2.9: Test Set Performances on the Synthetic HMM Data: The dashed line represents
the test set performance of the true model (a (6,6)-HMM) that generated the data.
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COSM finds better optima than GS As shown in Figure 2.9a, HQMMs (with w = 1)

learned using COSM achieve better performance than HQMMs learned using GS for all

n. As described in Section 2.5.2, an HQMM with w = 1 is essentially a complex-valued

NOOM. We also find that small HQMMs (n ≤ 5) can model this data better than small

HMMs, but HMMs beat HQMMs when using the true number of hidden states n = 6.

However, we can take advantage of the additional mode w available to HQMMs to further

improve performance, as shown in Figure 2.9b for (5, 6, w)−HQMMs (varying w). Also

note that the number of parameters for an HQMM scales faster than for an HMM.

COSM is much faster than GS In Figure 2.10, we plot the test set DA versus CPU

training time for the smallest and largest models trained. To ensure a fair comparison,

we train both approaches on sequences of length 300 and a batch size of 30. Note that we

pre-tune hyperparameters on the validation set, and the graphs show the changing test

DA as the models are trained with these hyperparameters (test DAs were not used to tune

hyperparameters).

Figure 2.10: COSM Learns More Accurate Models Faster than GS: Test DA versus training
time for various (n, s, w)-HQMMs trained on the synthetic HMM data. COSM converges
to a better result faster than GS for all models; the dashed line represents the DA of the
true data generating model.

For all models, we see that COSM converges much faster than GS, and the difference in

both speed and accuracy is especially pronounced for the larger models; COSM converges

within a few hundred seconds, while GS yields very poor solutions even after 2000 seconds.

As the GS method can take days to converge for large models, we could not directly
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calculate a precise speedup. Our derivation in Section 2.5.2 implies that a (6, 6, 6)-HQMM

should be sufficient to fully model a (6, 6)-HMM, but the GS method was too slow to

train this model. With COSM, we are able to show that this theoretical guarantee holds

in practice. In fact, we find that in practice a (5, 6, 3)−HQMM is able to match the

performance of the (6, 6)−HMM (Figure 2.9b)!

Splice Dataset

For our second experiment, we use the real-world splice dataset [Dheeru and Karra Taniski-

dou, 2017, Towell et al., 1991] consisting of DNA sequences of length 60, each element of

which represents a nucleobase. These DNA nucleobases fall into one of four categories:

Adenine (A), Cytosine (C), Guanine (G), and Thyamine (T). A DNA sequence typically

consists of information encoded in sub-sequences (exons), that are separated by superflu-

ous sub-sequences (introns). The task associated with this dataset is to classify sequences

as having an exon-intron (EI) splice, an intron-exon (IE) splice, or neither (N), with 762,

765, and 1648 labeled examples for each label respectively. In addition to A, C, T and

G, the raw dataset also contains some ambiguous characters, which we filter out prior to

training. Our goal in this experiment is to demonstrate that we can use COSM to train

HQMMs on real-world datasets (for which GS would be too slow).

We train a separate model for each of the three labels, and during test-time, choose

the label corresponding to the model that assigned the highest likelihood to the given

sequence. We train HQMMs using the COSM method and HMMs with the EM algorithm

(with 5 random restarts) for reference. In Figure 2.11, we report the average classification

accuracies across all labels obtained with 5-fold cross validation. For reference, a random

classifier achieves around 33.3% accuracy.

Computing 5-fold cross-validation is prohibitively time consuming for GS, even for

models with a modest number of parameters. However, we are able to learn these HQMMs

with COSM. We also see that, (as before) there is a sizable marginal gain in DA when

going from w = 1 to w = 2, with the benefits of increasing w further being less clear.
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Figure 2.11: Average 5-fold Test Set Performance on the Splice Dataset: Test set accuracies
(top) and number of parameters (bottom) for various HQMMs and HMMs trained using
the COSM and EM algorithms respectively. Error bars in the left graph represent the
mean standard deviation across labels over the 5 folds.

However unlike the previous experiment, we still see persistent gains by increasing n.

Interpreting this in conjunction with the results in the previous section suggests that we

have to tune both n and w depending on the dataset. We also find that for a given number

of hidden states, COSM is able to learn an HQMM that outperforms the corresponding

HMM, although this comes at the cost of a rapid scaling in the number of parameters.

Main Takeaways from Empirical Results

• The COSM method is a tractable approach to estimating the parameters of an

HQMM from data, and outperforms the GS method (adapted from the NOOM

learning algorithm of Zhao and Jaeger [2007]) in both speed and accuracy.
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• Small HQMMs (with few hidden states) can outperform small HMMs learned with

EM. However, when HMMs are sufficiently expressive to capture the process, HMMs

perform just as well as HQMMs.

• The parameter count for HQMMs scales much faster when increasing the number

of latent states (since the state representation is a matrix). The edge that small

HQMMs have over small HMMs with the same number of ‘latent states’ no longer

holds when considering the true parameter count.

• Despite the greater theoretical expressiveness of HQMMs, we do not have an example

of real-world classical problem on which HQMMs would clearly be the preferred

model. It may well be the case that all such processes are fundamentally quantum

mechanical, so HQMMs are only of use in modeling explicitly quantum systems and

add no value to modeling to any classical stochastic process.

2.6 Kernel HQMMs

Thus far, we have looked at discrete-state HQMMs, motivated by a search for a more ex-

pressive and learnable finite-dimensional extension of discrete HMMs. While HQMMs are

formulated for discrete observations in finite-dimensional state spaces, the formalism of

quantum channels and density operators holds for continuous, infinite-dimensional state

spaces as well. Additionally, since quantum states already live in a Hilbert space, this

gives a natural connection to work on embeddings [Schuld and Killoran, 2019] of proba-

bility distribution in an RKHS [Smola et al., 2007] where the idea is to treat probability

distributions as points in Hilbert space. In our work Srinivasan et al. [2018a], we develop

general ‘quantum’ analogues of operations like conditioning and marginalizing, extending

HQMMs to both discrete and continuous observations using kernel methods. An interest-

ing result is that a quantum-inspired construction of kernel HQMMs suggests a Bayesian

update rule that is different from the standard kernel Bayes’ rule [Song et al., 2009]; it

is computationally cheaper and resembles Nadaraya-Watson kernel regression. We give
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some preliminaries on embedding probability distributions in reproducing kernel Hilbert

space, and discuss how our approach allows us to manipulate probability distributions in

Hilbert space using HQMM update rules.

2.6.1 Background

RKHS Preliminaries Suppose we have data in some space X . A kernel function

k : X × X → R is said to be positive definite if it satisfies
∑n

i,j cicjk(xi,xj) ≥ 0 for

any collection x1, . . . ,xn ∈ X and any c1, . . . cn ∈ R. The Moore-Aronszajn theorem

guarantees that every symmetric positive definite kernel k(xi,xj) defines a unique feature

Hilbert space H such that the kernel function evaluation is equivalent to taking inner

products of features of the arguments in this Hilbert space, i.e., k(xi,xj) = 〈φ(xi), φ(xj)〉H

for any xi,xj ∈ X where φ : X → H is the canonical feature map of the kernel. This

Hilbert space is a reproducing kernel Hilbert space because it is a complete inner product

space defined by the kernel and has the reproducing property: for any f : X → R where

f ∈ H the function evaluation can be written as an inner product, i.e., f(x) = 〈f, φ(x)〉H.

Mean Embeddings and Cross-Covariance Operators Smola et al. [2007] and Song

et al. [2009] go beyond merely mapping individual data points to an RKHS and develop the

theory of embedding probability distributions in an RKHS using the mean map: for a given

probability measure P over X the kernel mean embedding of the probability distribution

is µP =
∫
k(x, ·) dP(x) = EX [φ(x)]. Empirically, we only have access to a finite sample

x1, . . . ,xn so the empirical mean embedding is estimated as µ̂ = 1
n

∑n
i=1 φ(xi). We can also

estimate the embeddings of joint distributions using cross-covariance operators defined

as CY X := EY X [φ(Y ) ⊗ φ(X)], with empirical cross covariance operators estimated as

ĈY X = 1
n

∑n
i=1 φ(yi)⊗φ(xi) when we have a finite sample {(y1,x1), (y2,x2), . . . , (yn,xn)}.

Embeddings of Conditional Distributions Song et al. [2009] go beyond embedding

probability distributions to develop the theory of embedding conditional distributions.

They define a conditional embedding operator CY |X : HX → HY that satisfies two condi-
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tions: 1) it must map the features of an input φ(x) to the conditional mean embedding

µY |x as µY |x = CY |x, and 2) this resulting conditional mean embedding should allow eval-

uation of conditional expectations via inner products as EY |x[g(Y )|x] = 〈µY |x, g〉 for all

g ∈ HX . They find these conditions are satisfied when setting CY |X = CY XC−1
XX as long as

the conditional expectation function is in the original RKHS, i.e., EY |x[g(Y )|·] ∈ HX . If

this assumption is violated, the conditional embedding operator is treataed as producing

an approximation to the conditional mean embedding µY |x.

Dynamical Systems in Hilbert Space Having established that probability distribu-

tions can be represented as points in Hilbert space, Song et al. [2010] and Boots et al.

[2013] further develop this theory to manipulate conditional distributions in Hilbert space

using HMM and PSR update rules. The idea is that HMM/PSR update rules are an appli-

cation of elementary probabilistic operations (conditioning, marginalization, constructing

joint probabilities). Thus, they propose a kernel sum rule, kernel product rule, and kernel

Bayes’ rule to perform these operations directly on mean embeddings in Hilbert space, to

maintain and manipulate update entire probability distributions directly in Hilbert space.

Then, in light of the work on HQMMs presented in Section 2.5.2, a natural question

that arises is whether there is anything to be gained by updating Hilbert space embed-

dings with HQMM update rules instead of HMM/PSR update rules. In the case that we

use a feature map φ(·) of an infinite-dimensional Hilbert space, there is no clear model

expressiveness motivation to prefer HQMM update rules. For finite dimensional feature

maps, we may be able justify HQMM update rules if the feature map produces a proba-

bility distribution (since the model expressiveness relationships we previously explored are

only relevant for linear stochastic processes). Such motivation remains murky; instead the

most intriguing reason is that the HQMM formulation suggests a computationally cheaper

Bayesian update rule that appears analogous to Nadaraya-Watson kernel regression. The

exact nature of this correspondence remains a direction for future investigation.
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2.6.2 Quantum Mean Embeddings

The first step to formulating kernel HQMMs is to develop a notion of quantum mean

embeddings. Kübler et al. [2019] propose such a quantum mean embedding (QME) of dis-

tributions, with the idea being to map probability distributions not just to arbitrary points

in Hilbert space, but ones that correspond to physical quantum systems. Such embeddings

begin with a choice of feature map φ(·) that map data to a (normalized) quantum system,

which also defines the kernel with the requirement that k(x,x) = 〈φ(x), φ(x)〉H = 1. With

this, they define the quantum mean embedding νP = 1
NP

∫
X φ(x) dP(x) = 1

NPEx∼P[φ(x)]

with the normalization factor NP = ‖Ex∼P[φ(x)]‖2 to ensure that the embedding itself is

a valid quantum state. Essentially, they propose a feature map that maps data on to a

high-dimensional unit sphere. They show that for universal kernels (those whose RKHS is

dense in the space of bounded continuous functions on X ), the quantum mean embedding

is injective and captures the full information about the distribution being embedded. Their

discussion focuses on encoding data into quantum states so that they may be analysed on

physical quantum systems [Schuld and Killoran, 2019].

The feature map of Kübler et al. [2019] maps data to the unit sphere, which is analogous

to representing data with pure states. Yet, as we discussed in Section 2.5.1, mixed states

(represented by density matrices) are a more general notion of quantum state. Accordingly,

our proposal maps data to density operators in the tensor product space H⊗H which is

itself a Hilbert space equipped with the Hilbert-Schmidt inner product.

Definition 10 (Quantum Mixture Mean Embedding). Let φ : X → H be the canonical

feature map of a kernel satisfying ‖φ(x)‖2H = 1. We define φ̃(x) := φ(x) ⊗ φ(x), and

the quantum mixture mean embedding as ρπ :=
∫
X φ(x) ⊗ φ(x) dπ = Eπ[φ(x) ⊗ φ(x)] =

Eπ[φ̃(x)]. We also have the quantum mixture cross-covariance operator ΛπXY = Eπ[φ̃(x)⊗

φ̃(y)].

We can also understand the quantum mixture mean embedding (QMME) ρπ as the

covariance operator CπXX with quantum feature map φ(·), and the quantum mixture covari-

ance operator (QMCO) ΛπXY as a density operator in a tensor product space. Note that
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we altogether avoid the need for the normalization factor NP from Kübler et al. [2019].

This is because the quantum mixture mean embedding maps data to density matrices in a

tensor product Hilbert space, i.e., to ρx = φ̃(x) = φ(x)⊗φ(x) where ‖ρx‖HS = tr(ρx) = 1,

as opposed to pure quantum states φ(x) with ‖φ(x)‖2 = 1, per the quantum mean embed-

ding suggested by Kübler et al. [2019]. This QME requires re-normalization of the mean

embedding to ensure it is a valid quantum state (i.e., νP = 1
‖µP‖HµP = 1

‖µP‖HEx∼P[φ(x)]

so that ‖νP‖2 = 1), there is no need to re-normalize our quantum mixture mean embed-

ding since ρP = Ex∼P[φ(x) ⊗ φ(x)] already satisfies ‖ρP‖HS = 1 (averaging over density

operators gives a density operator). It also trivially follows that if the feature map φ(·)

corresponds to a universal kernel (and so a characteristic kernel by Theorem 1 of Kübler

et al. [2019]), the QMME with feature map φ̃ is also injective.

We remark that if we use the QME as the embedding of a belief state and develop

a scheme to manipulate this embedding in Hilbert space, we would formulate NOOM

updates in Hilbert space. On the other hand, if we use the QMME to embed belief states

in Hilbert space, the natural rules for manipulating this embedding the tensor product

Hilbert space produce HQMM updates. We refer to the use of the QMME to embed belief

states and the use of HQMM equations to manipulate the embedding in Hilbert space as

kernel HQMMs, and develop this model below.

2.6.3 Kernel HQMMs

We can use the QMME to map any belief state to a quantum system (as a density opera-

tor) in Hilbert space, but two natural questions arise: 1) how can we represent transition

dynamics to update the embedding of the belief state, and 2) how can we condition the em-

bedding on observation? The solution is to develop an analog of the ‘sum rule’ and Bayes’

rule operations from probabilistic graphical models. Srinivasan et al. [2018a] present a

lengthy derivation, starting from quantum circuits and showing that the HQMM equa-

tions amount to using the kernel sum rule for state transitions and a Nadaraya-Watson-like

approach for conditioning on observations. We use our L-HQMM formulation from Defi-
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nition 9 to provide a simpler and more straightforward formulation of kernel HQMMs.

Sum Rule

In the classical case, given a probability distribution P (X) represented by a vector ~x and a

likelihood P (Y |X) represented by the column stochastic matrix A, the sum rule specifies

that we can compute ~y := P (Y ) =
∑

x P (Y |x)P (x) = A~x. In an RKHS, the kernel sum

rule [Song et al., 2009] relates mean embeddings µπX , µ
π
Y of distributions P (X) and P (Y )12

respectively using the conditional embedding operator CY |X as µπY = CY |XµπX .

Building on the discussion in Section 2.5.1, the analogous ‘quantum’ sum rule is this:

given a density operator of a QMME in Hilbert space ~ρX ∈ HX and a Liouville superop-

erator LY |X (representing a quantum channel E : HX → HY ), we can compute ~ρY ∈ HY

as:

~ρY = LY |X~ρX (2.32)

This is exactly identical to the kernel sum rule, but there is a subtle feature of the

quantum case. The conditional embedding operator was defined CY |X := CY XC−1
XX so it

satisfied certain desirable properties (see Section 2.6.1), and Grünewälder et al. [2012]

show that this can be interpreted as the solution to a regression problem. In our case,

the Liouville superoperator must satisfy those desirable properties, and it should also sat-

isfy the CP-TP conditions in Definition 9 as it is a map between quantum systems. In

practice, we define the Liouville superoperator the same way as the conditional embed-

ding operator: as LY |X = ΛY XΛ−1
XX where ΛY X is the quantum mixture cross-covariance

operator. The superoperator estimated this way via regression will still be TP (since it

is a linear constraint), but owing to the operator inversion we are not guaranteed a CP

superoperator in general13.

Now, we can specify how to update the QMME of a belief state to account for transition

12These need not be the marginals of the joint distribution, but can be any prior distribution.
13In the previous section, we estimated CPTP superoperators through constrained optimization of the

likelihood and ensuring that the Kraus operators lay on the Stiefel manifold. Here, we are working with
embeddings of distributions in an RKHS, which are just a representation of the underlying distribution. We
do not have access to the underlying pdf, so we cannot compute likelihoods and use a similar constrained
optimization approach to guarantee learning CP maps.
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dynamics: for quantum mixture mean embeddings ~ρt, ~ρt−1 of belief states, the ‘quantum’

sum rule dictates that the continuous belief state (represented as a vectorized density

matrix) may be updated via Liouville operator LXt|Xt−1
= ΛXtXt−1Λ−1

Xt−1Xt−1
as ~ρ ′t =

LXt|Xt−1
~ρt−1.

Bayes’ rule

In the classical case, given a prior probability distribution Q(X) represented by a vector

~x, a conditional probability table P (Y |X) represented by matrix A, and an observation

y, we perform Bayesian update as follows:

P (X|y) =
P (y|X)P (X)∑
x(y|x)P (x)

=
diag(A(y,:))~π

1Tdiag(A(y,:))~π
(2.33)

In an RKHS, given mean embedding µπX and covariance CπXX of a prior belief state and fea-

tures of an observation φ(y), kernel Bayes’ rule [Song et al., 2013] specifies how to find the

updated mean embedding µπX|y conditioned on observation: as µπX|y = (CπXY CπY Y )−1φ(y),

where CπY Y = C(Y Y )|Xµ
π
X and CπXY = (CY |XCπXX)−1. Now, given a QMME ~ρX of a prior

belief state and features of an observation φ̃(y), we could construct an exact quantum-

analogue of the kernel Bayes’ rule just as we did for the sum rule. Yet, the more natural

way to set up Bayes’ rule in an RKHS when the systems are quantum (given quantum

mixed covariance operator ΛXX) is as:

ρX|y =

(
LY |XΛXX

)†
φ̃(y)

‖
(
LY |XΛXX

)†
φ̃(y)‖1

(2.34)

where LY |X = ΛY XΛ−1
XX as before and ‖ · ‖1 is the trace norm (which is finite since

QMME and QMCO are trace-class by construction). The reason this is natural is because

it exactly mirrors the quantum circuit analogue of Bayesian updating in Figure 2.5a. First,

ΛXX is an encoding of the prior distribution Q(X) as a density operator. Second, LY |X

maps this density operator prior to a joint density operator encoding the joint distribution

Q(X,Y ) (essentially the kernel chain rule). Finally φ̃(y) projects the joint density operator
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onto the subspace corresponding to the observation, and the denominator ‘renormalizes’

the joint density operator. Applying this to our dynamical system model, the update rule

to condition Λtt on observation yt is ~ρt|yt =
(LYt|XtΛtt)

†
φ̃(yt)

‖(LYt|XtΛtt)
†
φ̃(yt)‖1

.

Finite Sample Kernel Estimates

Suppose we collect data from the joint distribution {(x1, y1), (x2, y2), . . . , (xn, yn)} as well

as from the prior {x̃1, . . . , x̃n}. Let ΥX =

(
φ̃(x1) . . . φ̃(xn)

)
, Υ̃X =

(
φ̃(x̃1) . . . φ̃(x̃n)

)
,

ΦY =

(
φ̃(y1) . . . φ̃(yn)

)
with ΥX , Υ̃X ,ΦY ∈ Cd×n where d is the dimension of the

RKHS (potentially infinite). We note that by the representer theorem [Schölkopf et al.,

2001, Muandet et al., 2016], we can write the empirical estimate of the QMME as ρ̃X =

Υ̃X α̃X , ρX = ΥXαX , and ρY = ΦY αY for some weights α̃X , αX , αY ∈ Rn on the

data points. Additionally, the empirical estimate of the conditional embedding operator

LY |X = ΛY XΛ−1
XX can be written as ΦY (Υ†XΥX + λI)−1Υ†X , and the empirical estimate

of LY |XΛXX can be written as ΦYDΥ†X where D = diag

((
Υ†XΥX + λI

)−1
Υ†XΥ̃†X α̃X

)
.

λ is a regularizer to ensure the inverse is well-defined.

Sum Rule Given some weights α̃X on Υ̃X , the kernelized sum rule is (ΦY αY ) =(
ΦY (Υ†XΥX + λI)−1Υ†X

)(
Υ̃X α̃X

)
. Using Gram matrices (KXX)ij = k(xi, xj) = 〈φ̃(xi), φ̃(xj)〉

and
(
K̃XX

)
ij

= k(xi, x̃j) = 〈φ̃(xi), φ̃(x̃j)〉, we can write the weights αY over ΦY from per-

forming the kernel ‘quantum’ sum rule as:

αY = (KXX + λI)−1K̃XX α̃X (2.35)

Bayes’ rule The kernelized Bayes’ rule returns the empirical conditional QMME ρ̂X|y =

ΥXβX for some weights βX ∈ Rn upon observation y, and must obey:

ΥXβX =

(
ΦYDΥ†X

)†
φ̃(y)

‖
(

ΦYDΥ†X

)†
φ̃(y)‖1

=
ΥXDΦ†Y φ̃(y)

‖ΥXDΦ†Y φ̃(y)‖1
= ΥX

Dky
1TDky

(2.36)

where (k̃y)j = k(yj , y) = 〈φ̃(yj), φ̃(y)〉. The denominator simplifies because ‖ΥXDky‖1 =
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‖
∑n

i=1 φ̃(xi)(Dky)i‖1 = tr
(∑n

i=1 φ̃(xi)(Dky)i

)
=
∑n

i=1 tr
(
φ̃(xi)

)
(Dky)i =

∑n
i=1(Dky)i =

1TDky. Thus, we can write the weights βX over ΥY from performing the kernel ‘quantum’

Bayes’ rule as:

βX =
Dky
1TDky

(2.37)

Connection to Nadaraya-Watson Kernel Regression We now discuss the idea

that this ‘quantum’ Bayesian update can be viewed as a quasi prior-weighted Nadaraya-

Watson kernel regression. Nadaraya-Watson kernel regression is a non-parametric regres-

sion method that computes the conditional mean of x given y as m̂(y) = ~xT
ky
1T ky

where

each element of vector (ky)i = k(yi, y) and ~x ∈ Rn is a vector of data points. The idea is

to predict x from y by weighting every xi in the dataset in proportion to how similar its

corresponding yi is to y, as given by the kernel. Clearly, using the weights βX =
Dky
1TDky

from Equation 2.37 to compute conditional mean embedding ρX|y = ΥX
Dky
1TDky

is nearly

identical to doing Nadaraya-Watson kernel regression from observation to the conditional

embedding of the posterior: the only apparent difference is that the features of each data

point φ̃(xi) in ΥX are weighted not only by how similar the corresponding yi is to y (i.e.,

k(yi, y)), but also based on how similar that data point xi is to high-αX -weight data points

{x̃i} of the prior, as specified by element Dii in diagonal matrix D.

However, there is an important caveat: ‘kernel’ here is used in a different sense; it refers

to positive kernels, while the ‘kernel’ of an RKHS is positive-definite. In our case, observe

that in addition to the kernel k(xi, xj) = 〈φ̃(xi), φ̃(xj)〉 being positive definite (by the

Moore–Aronszajn theorem), it is also positive: 〈φ̃(xi), φ̃(xj)〉 = tr
(
(φ(xi)φ(xi)

†)(φ(xj)φ(xj)
†)
)

=

|φ(xi)
†φ(xj)|2 ≥ 0. However, the diagonal entries of diagonal matrix D (which encode

weights αY (by Equation 2.35)) need not be non-negative; the matrix inverse in Equation

2.35 may result in negative weights in αY . This is a consequence of the fact that we had to

define LY |X as the solution to a regression problem, and not enforce CP constraints. For

this reason, our ‘quantum’ Bayes’ rule is only a quasi Nadaraya-Watson regression. There

remain a number of unanswered questions about Bayesian updates in this manner in the

RKHS, and we discuss these directions for future work at the end of this subsection.
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Kernel HQMM Update Equation

Putting our ‘quantum’ sum rule and Bayes’ rule together, we get the equation to update

QMMEs with HQMM update rules:

~ρt =

(
LXt,Yt|Xt−1

×3 ~ρt−1

)
φ̃(yt)

‖
(
LXt,Yt|Xt−1

×3 ~ρt−1

)
φ̃(yt)‖1

(2.38)

where LXt,Yt|Xt−1
= LXtYt|XtLXt|Xt−1

=
(
ΛXtYtXtΛ

−1
XtXt

) (
ΛXtXt−1Λ−1

Xt−1Xt−1

)
is a 3-

mode tensor and A×c b corresponds to tensor contraction of tensor A with vector b along

mode c. In our case this means performing tensor contraction of LXt,Yt|Xt−1
with the

embedding of belief state ~ρt−1 to produce the density operator corresponding to the joint

state ΛXt,Yt . This is essentially the RKHS version of the L-HQMM update in Equation

2.25;
(
LXt,Yt|Xt−1

×3 ~ρt−1

)
applies the transition dynamics on the belief state and prepares

the embedding of the joint state ΛXtYt , applying φ̃(yt) projects the joint distribution to the

subspace consistent with the observation, and the denominator renormalizes the resulting

QMME. An alternate view is to treat Ly = LXt,Yt|Xt−1
×2 φ̃(y), except we don’t have a

fixed set of operators Ly but rather we compute one for each (continous) observation non-

parametrically. Finally, we give the kernelized version of the HQMM update rule (where

Kt,t and K̃t,t are Gram matrices):

α′t = (Kt−1,t−1 + λI)−1K̃t−1,t−1α̃t−1 and αt =
diag(α′t)ky
1Tdiag(α′t)ky

(2.39)

Practical Implementation To use this model in practice, the first question we need

to answer is what feature map to use. We note that random Fourier features [Rahimi

and Recht, 2008] with sine and cosine features yield a natural feature map φ(·) such that

‖φ(x)‖22 = 1. We can then use the outer product of random Fourier features to define

the feature map φ̃(·), mapping data to finite-dimensional density matrices. However,

note that the scaling in the dimension of the feature space of φ̃(·) is unfavourable: it

is quadratic in the number of RFFs. The second question is how to make predictions

using the embedding of the belief state. For discrete-state HQMMs, we could simply
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treat the denominator of the state update equation as the probability of an observation

y (Equation 2.25). This does not exactly carry over to the kernel HQMM case (as we

don’t have a fixed collection of superoperators that together satisfy CPTP constraints).

Nevertheless, by analogy with the discrete case we can heuristically treat the denominator

term of the HQMM update equation (Equation 2.38) as a quasi-unnormalized density

of an observation f(yt) ∝ ‖
(
LXt,Yt|Xt−1

×3 ~ρt−1

)
φ̃(yt)‖1. Thus, to make a prediction,

we sample from the convex hull of our training set, compute densities as described, and

take the expectation to make a point prediction as 1
n

∑n
i=1 yifY (yi). The final question

is how we to learn model parameters LXt,Yt|Xt−1
. As discussed previously, LXt,Yt|Xt−1

=

LXtYt|XtLXt|Xt−1
and these superoperators can be treated as the solution to a regression

problem: LXtYt|Xt =
(
ΛXtYtXtΛ

−1
XtXt

)
and LXt|Xt−1

=
(

ΛXtXt−1Λ−1
Xt−1Xt−1

)
. In Srinivasan

et al. [2018a], we follow the 2-stage regression approach of Hefny et al. [2015].

In addition to keeping track of an embedding of the belief state that can be used for

downstream tasks, we can also use the embedding as a non-parametric kernel density esti-

mator if we use a Gaussian RBF kernel [Kanagawa and Fukumizu, 2014] and draw samples

using kernel herding [Chen et al., 2012]. Thus, HQMMs have a natural connection with

Hilbert space embeddings of distributions, where we map our data to quantum systems in

an RKHS and model sequences as emissions from an evolving latent quantum system.

Directions for Future Work

There remain a number of unanswered questions about kernel HQMMs. Firstly, is there

a way to define the conditional embedding operator LY |X that guarantees the CP re-

quirement? Could we define this operator as the solution to a constrained least-squares

problem, with the constraint that the Kraus operators of the superoperator LY |X lie on

the Stiefel manifold? If so, does the ‘quantum’ Bayes’ rule become exactly equivalent to

prior-weighted Nadaraya-Watson regression? Finally, investigating the theoretical prop-

erties of the ‘quantum’ Bayes’ rule will be important. In particular, we would like to

understand whether it approximates the same (and correct) embedding of the posterior
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as kernel Bayes’ rule, or if this is only the case under certain conditions. Answering these

questions will shed further light on the viability of the ‘quantum’ Bayes’ rule as a practical

alternative to the standard kernel Bayes’ rule.

2.6.4 Connections to PSRNNs

Predictive State Recurrent Neural Networks (PSRNNs) were developed by Downey et al.

[2017] by embedding a Predictive State Representation (PSR) into an RKHS. The PSRNN

update equation is:

~ωt =
W ×3 ~ωt−1 ×2 φ(yt)

||W ×3 ~ωt−1 ×2 φ(yt)||F
(2.40)

where W is a three mode tensor corresponding to the cross-covariance between observa-

tions and the state at time t conditioned on the state at time t−1, and ω is a factorization

of a p.s.d state matrix µt = ωωT (so renormalizing ω by Frobenius norm is equivalent to

renormalizing µ by its trace). There is a clear connection between PSRNNs and the kernel

HQMMs; this matrix µt is what we vectorize to use as our state ~ρt in kernel HQMMs, and

both kernel HQMMs and PSRNNs are parameterized (in the primal space using RFFs) in

terms of a three-mode tensor (W for PSRNNs and LXt,Yt|Xt−1
for kernel HQMMs). We

also note that while PSRNNs modified kernel Bayes’ rule heuristically, we have shown

that this modification can be interpreted as a generalization of Bayes’ rule for quantum

systems or a kind of quasi-Nadaraya-Watson kernel regression. One key difference between

these approaches is that we directly use states in Hilbert space to estimate quasi-densities

of observations and make predictions. By contrast PSRNNs learn an additional ad-hoc

mapping from states to observations.

2.6.5 Empirical Results

Here we present our model’s performance on some experiments. We test our model on the

following datasets:

• Penn Tree Bank (PTB) Marcus et al. [1993]. We train a character-prediction
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model with a train/test split of 120780/124774 characters due to hardware limita-

tions.

• Swimmer Simulated swimmer robot from OpenAI gym14. We collect 25 trajectories

from a robot that is trained to swim forward (via the cross entropy with a linear

policy) with a 20/5 train/test split. There are 5 features at each time step: the angle

of the robots nose, together with the 2D angles for each of it’s joints.

• Mocap Human Motion Capture Dataset. We collect 48 skeletal tracks from three

human subjects with a 40/8 train/test split. There are 22 total features at each time

step: the 3D positions of the skeletal parts (e.g., upper back, thorax, clavicle).

Figure 2.12: Performance of kernel HQMM, PSRNN, and LSTM on Mocap, Swimmer,
and PTB

We compare the performance of three models: kernel HQMMs, PSRNNs, and LSTMs.

We use RFFs as our feature map15, and we initialize PSRNNs and kernel HQMMs using

Two-Stage Regression (2SR) [Downey et al., 2017] and LSTMs using Xavier Initialization

and additionally refine all three models using Back Propagation Through Time (BPTT)16.

We optimize and evaluate all models on Swimmer and Mocap with respect to the Mean

Squared Error (MSE) using 10 step predictions as is conventional in the robotics commu-

nity. This means that to evaluate the model we perform recursive filtering on the test set

to produce states, then use these states to make predictions about observations 10 steps

14https://gym.openai.com/
15However, to avoid the quadratic scaling in dimensions associated with the feature map φ̃(·) of the

QMME, we simply used the QME feature map φ(·) and did not construct density matrices.
16In doing so, our model starts to stray from a kernel HQMM and work more like a PSRNN, although

the way we make predictions still remains different.
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in the future. We optimize all models on PTB with respect to Perplexity (Cross Entropy)

using 1 step predictions, as is conventional in the NLP community. As we can see in Figure

2.12, kernel HQMMs outperform both PSRNNs and LSTMs on the swimmer dataset, and

achieve comparable performance to the best alternative on Mocap and PTB.

Figure 2.13: Heatmap Visualizing the quasi-densities generated by our kernel HQMM
model. Red indicates high density, blue indicates low density, x-axis corresponds to
time, y-axis corresponds to the feature value. Each column corresponds to the predicted
marginal quasi-density of a single feature changing with time. The first row is the quasi-
density after 2SR initialization, the second row is the quasi-density after the model in row
1 has been refined via BPTT.

Visualizing Quasi-Densities As mentioned previously, we can treat the denominator

term in the HQMM update equation ‖
(
LXt,Yt|Xt−1

×3 ~ρt−1

)
φ̃(yt)‖1 as a quasi-density

over observations, and we visualize this for a model trained on the Mocap dataset in

Figure 2.13. We take the 22 dimensional joint density and marginalize it to produce three

marginal quasi-distributions, each over a single feature. We plot the resulting marginal

quasi-distributions over time using a heatmap, and superimpose the ground-truth and

model predictions. We observe that BPTT (second row) improves the marginal quasi-

distribution. Another interesting observation, from the the last ∼30 timesteps of the

marginal quasi-distribution in the top-left image, is that our model is able to produce
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a bi-modal distribution with probability mass at both yi = 1.5 and yi = −0.5, without

making any parametric assumptions. This kind of information is difficult to obtain using

an LSTM or PSRNN.

Parameter Value

Kernel Gaussian
Kernel Width Median Neighboring Pairwise Distance
Number of Random Fourier Features 1000
Prediction Horizon 10
Batch Size 20
State Size 20
Max Gradient Norm 0.25
Number of Layers 1
Ridge Regression Regularizer 0.05
Learning Rate 0.1
Learning algorithm Stochastic Gradient Descent (SGD)
Number of Epochs 50
BPTT Horizon 20

Table 2.2: Hyperparameter values used in experiments

2.7 Summary

After providing some background on HMMs, PSRs, and NOOMs, we presented our for-

mulation of hidden quantum Markov models (HQMMs). We established various expres-

siveness relations between these model classes, and proved that HQMMs are the most

expressive model class for modeling linear stochastic processes that do not also suffer from

the ‘negative probability problem’. We showed that HQMM parameters lie on the Stiefel

manifold, and proposed an iterative maximum likelihood algorithm for learning HQMMs

from data. We test this algorithm on a synthetic dataset generated by an HMM and a

real-world dataset, and find that it outperforms a previous proposal of ours, but there is

no clear performance advantage over HMMs learned by EM in practice. We also developed

kernel HQMMs, which use HQMM-style updates to manipulate quantum mixture mean

embeddings in Hilbert space.
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Chapter 3

Tensor Networks for Classical and

Quantum Processes

In the previous chapter, we discussed various models for linear stochastic processes such

as HMMs, PSRs, NOOMs, and HQMMs. As it turns out, other approaches very similar

to these models have been developed in the study of quantum tensor networks [Biamonte

and Bergholm, 2017], a method for tractably and efficiently representing high-dimensional

tensors. We formalize the links between linear stochastic processes and several quantum

tensor networks, drawing on our work in Srinivasan et al. [2020].

Motivated by the exponential scaling in the representation of quantum channels in

quantum process tomography, we also study the problem of developing a tensor network

representation of quantum channels that is constrained to only represent physical quantum

channels. This discussion draws on our work in Srinivasan et al. [2021].

3.1 Preliminaries on Tensor Networks

In our context, tensors are simply multi-dimensional arrays or multilinear maps, and a

tensor network is a decomposition of (typically) a high-dimensional tensor into a repre-

sentation with (typically) fewer parameters. This can be thought of as a generalization

of matrix decompositions like singular-value decomposition (where pruning small singular
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values can give a more compact representation of the matrix) to multidimensional arrays.

Tensor networks are also come with a rich graphical notation: each vertex is a tensor,

each edge is a mode (dimension) of a tensor, and a connected edge between two nodes

is a summation (or contraction) along that mode of the tensor. We visually illustrate

some tensors in Figure 3.1, ‘indexing’ into a tensor in Figure 3.2, and tensor contraction

in Figure 3.3.

Figure 3.1: Tensor network diagrams of scalars, vectors, matrices, and three-mode tensors
[Srinivasan and Adhikary, 2021]

Figure 3.2: Indexing into a single element of a 3-mode tensor by fixing each mode [Srini-
vasan and Adhikary, 2021]

Tensor networks are a well-studied method to approximately and efficiently model

certain kinds of high-dimensional systems. They are of particular interest for modeling

quantum systems which scale exponentially in the number of qubits: an N qubit sys-



72

Figure 3.3: Matrix-vector product, matrix-matrix poduct, and matrix-matrix-matrix-
vector product in tensor network diagram [Srinivasan and Adhikary, 2021]

tem has a 2N dimensional state (consisting of probability amplitudes over all N -length

bitstrings), and the density matrix has dimension 2N × 2N . It is not computationally

feasible to exactly model these systems, and tensor networks allow us to tractably simu-

late such large systems by making assumptions on the structure of the high-dimensional

tensor. Thus, tensor networks are applied typically when it is helpful to decompose a

high-dimensional tensor [Stoudenmire and Schwab, 2016, Mahajan et al., 2021] or solving

quantum problems [Cong et al., 2019], potentially as a precursor to implementing such

models on quantum hardware [Huggins et al., 2019]. Three of the most common kinds

of tensor network decompositions are the 1-D chain of matrix product states (MPS),

2-D grid Projected Entangled Pair States (PEPS), and the tree-structured multi-scale

entanglement renormalization ansatz (MERA). We borrow the figure from Biamonte and

Bergholm [2017] illustrating these common decompositions in Figure 3.4. Our work (which

we present in this chapter) primarily focuses on MPS and the related family of ‘flat’ tensor

network decompositions.
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Figure 3.4: Figure from Biamonte and Bergholm [2017]; Three common tensor network
structures for modeling high-dimensional tensors

3.2 Linear Stochastic Processes, Tensor Networks, Weighted

Automata

In this section, we present our work from Srinivasan et al. [2020], showing how various

popular quantum tensor network models have equivalent representations in the stochastic

processes and weighted automata literature in the limit of infinitely long sequences. In

particular, we will be relating tensor networks to our work on time-independent PSRs,

HMMs, and HQMMs, so we consider uniform tensor networks that have identical tensors

at each node. This will allow us to establish expressiveness results for these various tensor

network models by borrowing our expressiveness results from Chapter 2. We will also relate

these tensor network models to the weighted automata literature for completeness. Our

work is most similar to that Glasser et al. [2019], who study tensor network expressiveness

for the non-uniform case. Our primary results (as illustrated in Figure 3.5) are:

• Uniform Matrix product states (uMPS) are equivalent to PSRs and stochastic weighted

automata, when taken in the non-terminating limit (where we evaluate probabilities

sufficiently away from the end of a sequence).

• Using the known equivalence between uMPS with non-negative parameters, HMMs,

and probabilistic automata, we show that another subclass of uMPS called Born

machines (BM) [Han et al., 2018] is equivalent to NOOMs [Zhao and Jaeger, 2010]

and quadratic weighted automata (QWA) [Bailly, 2011].

• We analyze a broadly expressive subclass of uMPS known as locally purified states
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(LPS), and demonstrate its equivalence to hidden quantum Markov models (HQMMs).

We thus develop a unifying perspective on a wide range of models coming from different

communities, providing a rigorous characterization of how they are related to one another.

Figure 3.5: Relevant Tensor Network Diagrams: White squares correspond to tensors
with as many modes as lines emanating from them, and black end dots indicate boundary
vectors. A connecting line represents contraction along a mode, while adjacent tensors
without connecting lines are multiplied together via the Kronecker product. Connecting
lines (without black dots) at the boundaries represent the application of the identity.

3.2.1 Background

Matrix product states (MPS) were first developed by the physics community as compact

representations of often intractable wave functions of complex quantum systems [Perez-

Garcia et al., 2006, Klümper et al., 1993, Fannes et al., 1992], in parallel with the equivalent

tensor-train decomposition [Oseledets, 2011] developed in applied mathematics for high-

order tensors. These tensor network models have been gaining popularity in machine

learning, especially as means of compressing highly-parameterized models [Novikov et al.,

2015, Garipov et al., 2016, Yu et al., 2017, Novikov et al., 2014]. There has also been
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recent interest in directly connecting ideas and methods from quantum tensor networks

to machine learning [Stoudenmire and Schwab, 2016, Han et al., 2018, Guo et al., 2018,

Huggins et al., 2019]. In particular, tensor networks have been used for probabilistic

modeling as parameterizations of joint probability tensors [Glasser et al., 2019, Miller

et al., 2021, Stokes and Terilla, 2019]. At the same time, there exist many variants of

tensor network models related to MPS that can be used for probabilistic modeling. Glasser

et al. [2019] recently provided a thorough investigation of the relative expressiveness of

various tensor networks for the non-uniform case (where cores in the tensor decomposition

need not be identical).

While there has been some investigation connecting tensor networks to various stochas-

tic process models [Kliesch et al., 2014], there had not previously been as thorough an

investigation for the uniform case. As it turns out, the problem of modeling observation

sequences that we explored in Chapter 2 is nearly identical to the problem of efficiently

modeling joint probability tensor. We demonstrate that PSRs, HMMs, and HQMMs can

be viewed as equivalent to variants of the well-known matrix product state tensor net-

work, and draw on our results in Chapter 2 to derive a collection of results analyzing the

relationships in expressiveness between uniform MPS and their various subclasses.

Motivation The uniform case is important to examine for a number of reasons. The

inherent weight sharing in uniform tensor networks leads to particularly compact mod-

els, especially when learning from highly structured data. This compactness becomes

especially useful when we consider physical implementations of tensor network models in

quantum circuits. For instance, Glasser et al. [2019] draw an equivalence between local

quantum circuits and tensor networks; network parameters define gates that can be im-

plemented on a quantum computer for probabilistic modeling. Uniform networks have

fewer parameters, corresponding to a smaller set of quantum gates and greater ease of im-

plementation on resource-constrained near-term quantum computers. Despite the many

useful properties of uniformity, the tensor-network literature has tended to focus more

on non-uniform models. We fill this gap by developing expressiveness relationships for



76

uniform variants.

We expect that the connections we establish will also open the door for results and

methods in one area to be applied in another. For instance, the learning algorithm for lo-

cally purified states (LPS) employed in Glasser et al. [2019] does not preserve uniformity of

the model across time-steps, or enforce normalization constraints on learned operators. By

establishing an equivalence between uniform LPS and HQMMs, the HQMM learning algo-

rithm from Section 2.5.6 based on optimization over the Stiefel manifold, can be adapted

to learn uniform LPS while enforcing all appropriate constraints. Similarly, spectral algo-

rithms that have been developed for HMMs and PSRs [Hsu et al., 2012, Siddiqi et al., 2010,

Bailly et al., 2009] (see Section 2.3.4) could be adapted to learn uniform LPS and uniform

MPS models. These spectral algorithms typically come with consistency guarantees, along

with rigorous bounds on sample complexity. Such formal guarantees are less common in

tensor network methods, such as variants of alternating least squares [Oseledets, 2011] or

density matrix renormalization group methods [White, 1992]. On the other hand, tensor

network algorithms tend to be better suited for very high-dimensional data; presenting an

opportunity to adapt them to scale up algorithms for stochastic process models.

Notation Our notation is largely similar to Chapter 2. We use bold-face for matrix

and tensor operators (e.g. A), arrows over symbols to denote vectors (e.g. ~x), and plain

non-bold symbols for scalars. The vector-arrows are also used to indicate vectorization

(column-first convention) of matrices. We frequently make use of the ones matrix 1 (filled

with 1s) and the identity matrix I, as well as their vectorizations ~1 and ~I. We use overhead

bars to denote complex conjugates (e.g. Ā) and † for the conjugate transpose (ĀT = A†).

Finally, tr(·) denotes the trace operation applied to matrices, and ⊗ denotes the Kronecker

product.

3.2.2 Uniform Matrix Product States and PSRs

Matrix Product States While MPS are typically used to tractably mode N spatially

separated quantum systems, we simply adapt it to mode a sequence of N observations.
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When each outcome can take di values, the joint probability of any particular sequence

y1, . . . , yN can be written using the following tensor-train decomposition, which gives an

MPS:

P (y1, . . . , yN ) ∝ MPSy1,...,yN

= A[N ],yNA[N−1],yN−1 . . . A[2],y2A[1],y1

(3.1)

where each A[i] is a three-mode tensor core of the MPS containing di slices, with the

matrix slice associated with outcome Yi denoted by A[i],yi . The above joint probability

distribution must be normalized through a partition function. A common strategy to

efficiently compute this partition function is to convert the tensor chain into a canonical

form wherein expensive tensor contractions reduce to the identity. Each matrix slice

A[i],yi is a Di+1 ×Di matrix, and the conventional choice (which we use in this paper) of

open boundary conditions1 is to set D0 = DN = 1 (i.e. A[1],y1 and A[N ],yN are column

and row vectors respectively). MPS with open boundaries are equivalent to tensor train

(TT) decompositions, and we will define them over the complex field, a choice common

in quantum physics and tensor network settings. The maximal value of D = maxkDk is

also called the bond-dimension or the TT-rank [Glasser et al., 2019] of the MPS. 2 For

fixed dynamics, this will lead the MPS cores A[i] to be identical.

Uniform Matrix Product States We will focus on the “uniform” case of identical

cores, i.e., a uniform MPS or uMPS. uMPS models were first developed in the quantum

physics community [Perez-Garcia et al., 2006, Vanderstraeten et al., 2019], although em-

ploying a different probabilistic correspondence (that of Born machines as discussed later)

than described below. As we will discuss, this corresponds naturally to Markovian dynam-

1An alternate choice, periodic boundary conditions, sets D0 = DN ≥ 1 and uses a trace operation to
evaluate the product of matrices in Equation 3.1. MPS with periodic boundaries are equivalent to the
tensor ring decomposition [Mickelin and Karaman, 2018].

2Operational characterizations of the bond dimension have been developed in quantum physics, in terms
of entanglement [Eisert et al., 2010] or the state space dimension of recurrent many-body dynamics which
generate the associated wavefunction [Schoen et al., 2005].
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ical systems; the notion of past being independent of future given the present is encoded

by the tensor train structure where each core only has two neighbours. While an MPS

is inherently defined with respect to a fixed sequence length, a uMPS can be applied to

sequences of arbitrary fixed or infinite length [Cirac and Sierra, 2010]. As there should be

no distinction between the cores at different time steps in a uMPS, a natural representa-

tion is to fix two boundary vectors (suggestively named ~σ, ~ρ0), leading to the following

decomposition of the joint probability:

P (y1, . . . , yN ) = uMPSy1,...,yN

= ~σ†AyNAyN−1Ay2Ay1~ρ0

(3.2)

Non-terminating uMPS To explore connections with arbitrary-length PSRs and Weighted

Finite Automata (WFAs), we will particularly focus on the non-terminating limit. Con-

sider that if we wished to compute the probability of some subsequence from t = 1, . . . , T

of the N -length uMPS (T < N), we could marginalize over observations yT+1, . . . , yN .

The non-terminating limit is essentially when we consider the uMPS to be infinitely long,

i.e., we compute the probability of the subsequence in the limit as N →∞.

Definition 11 (Non-terminating uMPS). A non-terminating uMPS is an infinitely long

uMPS where we can compute the probability of any sequence P (y1, . . . , yT ) of length T by

marginalizing over infinitely many future observations, i.e.

P (y1, . . . , yT ) = lim
N→∞

∑
yN

· · ·
∑
yT+1

P (y1, . . . , yT , yT+1, . . . , yN ) (3.3)

This is a natural approach to modeling arbitrary length sequences with Markovian

dynamics; intuitively, if given an identical set of tensor cores at each time step, the prob-

ability of a sequence should not depend on how far it is from the ‘end’ of the sequence.

Similar notions are routinely used in machine learning and physics. In machine learning,

it is common to discard the first few entries of sequences as “burn-in” to allow systems to
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reach their stationary distribution. In our case, the burn-in is being applied to the end

of the sequence. The non-terminating limit is also similar to the “thermodynamic limit”

employed in many-body physics, which marginalizes over an infinite number of future and

past observations [Vanderstraeten et al., 2019]. Such limits reflect the behavior seen in

the interior of large systems, and avoid more complicated phenomena which arise near the

beginning or end of sequences.

Non-terminating uMPS = PSR

While connections between MPS and hidden Markov models (HMMs) have been widely

noted, the exact correspondence between non-terminating uMPS models and PSRs (as

well as stochastic weighted finite automata (stochastic WFA) [Balle et al., 2014a]) had not

been previously explored.

We begin by noting that by Condition 2 of Definition 5 of PSRs, the observable oper-

ators {τττy} are constrained to have normalized marginals over observations ~σ†
∑

y τττy = ~σ†,

i.e., ~σ† is a fixed point of the ‘transfer operator’
∑

y τττy. The probability of arbitrary length

sequences y1, . . . , yT ∈ OT is computed as ~σ†τττyT . . . τττy1~x0, which should be non-negative

for any sequence (by Condition 3). This joint probability computation is identical to Equa-

tion 3.2, where evaluation functional ~σ and the initial state ~x0 are analogous to the left and

right boundary vectors of the uMPS, and the observable operators τττy correspond to the

matrix slices Ay. In this sense, both uMPS and PSRs define tensor-train decompositions

of joint distributions for a given fixed number of observations T . The only difference is

that a uMPS does not require its evaluation functional to be the fixed point of its trans-

fer operator. However, as we will now see, any arbitrary uMPS evaluation functional will

eventually converge to the fixed point of its transfer operator in the non-terminating limit.

The fixed point then becomes the effective evaluation functional of the uMPS in this limit.

Since PSRs were formulated with dynamical systems in mind, we typically consider

sequences of arbitrary length, whose probabilities are determined via a hidden state which

evolves under a time-invariant update rule: the state update conditioned on an observation
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yt is computed as ~xt =
τττyt~xt−1

~σTτττyt~xt−1
and the probability of an observation yt is P (yt|~xt) =

~σTτττyt~xt. This allows us to deal more flexibly with arbitrary length sequences as compared

to a generic uMPS. This flexibility for arbitrary-length sequences is precisely why we

consider non-terminating uMPS: we can compute the conditional probability of a sequence

P (yt|y1:t−1) by marginalizing over all possible future observations with a relatively simple

step:

P (yt|y1:t−1) =

∑
yN ,...,yt+1

P (yN , . . . , yt+1, yt, yt−1, . . . y1)∑
yN ,...,yt

P (yN , . . . , yt, yt−1, . . . , y1)
=
~σ†
(∑

y τττy

)N−(t+1)
τττyt . . . τττ1~ρ0

~σ†
(∑

y τττy

)N−t
τττyt−1 . . . τττ1~ρ0

(3.4)

Thus the effective evaluation functional ~σ†
(∑

y τττy

)N−t
is a function of time and so

different at every time step in general. However, if the transfer operator τττ =
∑

y τττy has

some fixed point ~σ†∗, i.e., ~σ†∗τττ = ~σ†∗, then the effective evaluation functional at timestep t

(which is N − t steps away from the left boundary of the uMPS) will eventually converge

to ~σ∗ given a long enough sequence.3 So, as long as we remain sufficiently far from the

end of a sequence, the particular choice of the the left boundary vector does not matter.

Given that the non-terminating limit effectively replaces the uMPS evaluation func-

tional ~σ by the fixed point ~σ∗, consider what happens if we require ~σ = ~σ∗ to begin with,

as is the case for PSRs. In this case, our effective evaluation functional remains indepen-

dent of t, permitting a simple recursive state update rule that does not require fixing a

prior sequence length or marginalizing over future observations. It is in this sense that a

non-terminating uMPS is strictly equivalent to a PSR, and we state this formally below.

Theorem 7. Non-terminating uniform matrix product states are equivalent to uncon-

trolled predictive state representations.

Proof. Consider a uMPS {~σ, {τττy}y, ~ρ0} representing a joint probability distribution and

3In fact, the effective evaluation functional will converge at an exponential rate towards the fixed point,
so that ‖~σt − ~σ∗‖2 = O(exp N−t

ξ
), with a “correlation length” ξ ' (1 − |λ2|/|λ1|)−1 set by the ratio of

the largest and second largest eigenvalues of the transfer operator [Orús, 2014]. Transfer operators with
non-degenerate spectra can always be rescaled to have a unique fixed point, while those with degenerate
spectra form a measure zero subset.



81

defined over sequences of length N and define the transfer operator τττ :=
∑

y τττy. Say we

want to compute the probability of observing yt at time t, conditioned on past observations

y1:t−1. This requires us to not only condition on the past observations, but also marginalize

over all possible future sequences yt:N (for example, see Miller et al. [2021] for the case of

uBMs). The probability is calculated as follows:

P (yt | y1:t) =
~σ†τττN−tτττyt

(
τττyt−1 · · ·τττy1~ρ0

)
~σ†τττN−tτττ

(
τττyt−1 · · ·τττy1~ρ0

)
=
~σ†tτττyt

(
τττyt−1 · · ·τττy1~ρ0

)
~σ†tτττ

(
τττyt−1 · · ·τττy1~ρ0

) (3.5)

Here, we have defined the effective evaluation functional ~σt =
(
τττN−t

)†
~σ at time t.

Intuitively, this represents the evaluation functional after having marginalized over all

possibilities for the remaining N − t time steps. We perform this marginalization via the

transfer operator τττ †. As N → ∞ for fixed t, the trajectory of the effective evaluation

functional will be strongly determined by the spectral properties of τττ . Here, we restrict

ourselves to transfer operators where the magnitudes of the two largest eigenvalues are

distinct. Note that this is not a strong requirement, given that matrices with degenerate

spectra form a measure zero subset of general square matrices4.

Now if the top eigenvalue of τττ † is λ∗ = 1, ~σt will eventually converge to ~σ∗, the

corresponding fixed point of τττ †, owing to the second largest eigenvalue of τττ † satisfying

|λ2| < 1. The probability computation in Equation 3.5 then reduces to that of a PSR with

evaluation functional ~σ∗ (and satisfies all conditions in the PSR definition with ~σ = ~σ∗.

Note that in a PSRs, the ~σ is chosen precisely to be the fixed point of the adjoint transfer

operator via the normalization requirement ~σ†τττ = ~σ†, forcing λ∗ = 1.

If λ∗ 6= 1 for a uMPS model, we can simply rescale our matrices τττ to obtain a prop-

4uMPS which violate this non-degeneracy condition are associated with “(anti-)ferromagnetic order”
in quantum-many body physics, and can produce periodic behavior in the limit of non-terminating se-
quences [Cuevas et al., 2017]. Although we don’t give the full details here, such degenerate uMPS can still
be converted to equivalent PSR by redefining the observation space to consist of k-tuples of adjacent obser-
vations, for k the periodicity of the uMPS. This procedure is also called ‘blocking’ in the condensed-matter
literature [Cirac et al., 2017].
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erly normalized transfer operator, by replacing τττy with τττy/λ∗. Making this substitution

in Equation 3.5, we see that the numerator and denominator are rescaled by the same

constant λt−N∗ , leaving the overall probability distribution unchanged. As before, this new

model produces exactly the same probabilities as a PSR with the evaluation functional

~σ∗, for ~σ∗ the fixed point of τττ †.

If we do not consider the non-terminating limit of a uMPS, the subsequence length

and boundary choice will affect the computed probability. Then, we technically only have

an equivalence with PSRs for a fixed sequence length (when the evaluation functional is a

fixed point of the transfer operator) and no notion of recursive state update. Lastly, note

that the bond dimension of the MPS is equal on the state dimension of the PSR, which is

itself determined by the rank of the Hankel matrix of the linear stochastic process.

Stochastic Weighted Automata A weighted automaton (WA) is a tuple (Cn, ~σ, {τττy}y∈O, ~x0)

which computes a function f(y1, . . . , yT ) = ~σ†τττyT . . . τττy1~x0. In contrast with PSRs, no

constraints are enforced on the weights of a weighted automaton in general. A weighted

automaton is stochastic if it computes a probability distribution. These models constitute

another class of models equivalent to PSRs and uMPS, and represent probability distri-

butions over sequences of symbols from an alphabet O. As discussed earlier, we focus on

models with a finite number of alphabets. It is worth mentioning that the semantics of

the probabilities computed by PSRs and stochastic WAs can differ: while PSRs typically

maintain a recursive state and are used to compute the probability of a given sequence

conditioned on some past sequence, stochastic WAs are often used to compute the joint

distributions over the set of all possible finite length sequences (just as in uMPS). We refer

the reader to Thon and Jaeger [2015] for a unifying perspective.

The Negative Probability Problem for MPS A similar issue to the negative prob-

ability problem from PSRs (Section 2.3.1) arises in the many-body physics setting as well;

[Kliesch et al., 2014] show that the question of whether a general matrix product operator

(commonly used as the tensor decomposition of density matrices) describes a non-negative
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quantum density operator is also undecidable. In our context, the exact sense in which

the negative probability problem applies is that it is undecidable whether non-terminating

uMPS will generate a negative probability.

Model Expressiveness When discussing the expressiveness of a tensor network struc-

ture A relative to a uMPS M, if the bond dimension of A must grow with sequence

length in order to represent the uMPS tensor M of the same length, we say A is less

expressive than the uMPS M. This notion captures the idea that if the state dimension

of a model for linear stochastic processes (analogous to bond dimension of uMPS) must

grow with the length of the distribution it is trying to model, it could need an arbitrarily

large state space for arbitrarily long sequences, and cannot be as expressive a model with

a finite-dimensional state space.

Non-Negative uMPS and HMMs

Matrix product states have often been compared to hidden Markov models [Kliesch et al.,

2014, Critch et al., 2014], but the actual exact correspndence lies between HMMs and non-

terminating non-negative5 uMPS. Specifically, HMMs are a special case of uMPS when

the left boundary ~σ† = 1T , the right boundary ~ρ0 = ~x0, and the tensor core slice Ay = Ty.

Probabilistic Automata Non-negative uMPS are also equivalent to probabilistic au-

tomata from formal language theory [Denis and Esposito, 2008, Section 4.2], which are

in essence weighted automata where transition matrices need to satisfy stochasticity con-

straints. The strict equivalence between probabilistic automata and HMMs is proved

in Dupont et al. [2005, Proposition 8] (see also Section 2.2 in Balle et al. [2014b]).

3.2.3 Uniform Born Machines and NOOMs

Born machines (BMs) [Han et al., 2018] are a popular class of quantum tensor networks

that model probability densities as the absolute-square of the outputs of a tensor-train

5We refer to uMPS where all tensor cores and boundary vectors are non-negative as non-negative uMPS
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decomposition, and hence always output valid probabilities. They can be thought of as

using matrix product states to represent a joint probability amplitude tensor, i.e., a square

root of the probability tensor. The joint probability of N discrete random variables {Yi}Ni=1

given by a uniform Born machines (uBMs) [Miller et al., 2021] (see Figure 3.5) is computed

as follows (with boundary vectors ~α and ~ω0 sandwiching a sequence of identical cores A):

P (y1, . . . , yN ) = uBMy1,...,yN =
∣∣∣~α †AyN . . . Ay1~ω0

∣∣∣2 (3.6)

We can re-write this decomposition showing uBMs to be special kinds of uMPS (exactly

as we did in Equation 2.10):

uBMy1,...,yN =
∣∣∣~α †AyN . . .Ay1~ω0

∣∣∣2
= ~α †AyN . . .Ay1~ω0 ~ω

†
0(Ay1)† . . . (AyN )†~α

= ~σ † τττyN . . . τττy1 ~ρ0

(3.7)

where τττy = Ay⊗Ay, ~ρ0 = ~ω0⊗ ~ω0, and ~σ = ~α⊗ ~α. This makes it clear that uBMs are

a special class of MPS, where the tensor cores τττy and boundary conditions must satisfy

the additional requirement of having unit Schmidt-rank.

Non-terminating uniform BMs = NOOMs

NOOMs bear a striking resemblance to uniform Born machines (uBMs) and the connection

has not been previously explored. Both NOOMs and uBMs associate probabilities with

quadratic functions of the state vector, with NOOMs directly using the squared 2-norm

of the state to determine observation probabilities. While NOOMs were originally defined

on the reals, we use a more general definition over complex numbers.

Note that the NOOM joint distribution in Equation 2.10 is almost identical to that

of uBMs in Equation 3.7, with τττy and ~ρ0 having unit Schmidt rank; but the uBM left

boundary ~σ = ~α ⊗ ~α is unit Schmidt rank while the NOOM evaluation functional ~σ = ~I
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is necessarily full Schmidt rank. So how can we reconcile these nearly identical models?

Similar to our approach in Section 3.2.2, we can consider the uBM for an infinitely long

sequence where the exact specification of the left boundary / evaluation functional ceases

to matter in the non-terminating limit; the effective evaluation functional converges to

the fixed point of the transfer operator and we have a notion of recursive state update.

Assuming that the uBM transfer operator is a similarity transform away from a trace-

preserving quantum channel (i.e., which is normalized by satisfying
∑

y φφφ
†
yφφφy = I), we have

that an arbitrary ‘left boundary’ (with unit Schmidt-rank) of such a uBM will eventually

converge to ~I, the NOOM’s evaluation functional:

Theorem 8. Non-terminating uniform Born machines are equivalent to norm observable

operator models.

Proof. Note that uniform Born machines and norm observable operator models differ only

in their evaluation functionals, and in the requirement that NOOM operators must be

trace-preserving. While uBMs can have an arbitrary Schmidt-rank 1 evaluation functional,

NOOMs are restricted to the higher-rank identity evaluation functional ~I. Both models

have operators of the form τττy = φφφy⊗φφφy, which are completely positive with Schmidt-rank

1, but uBM transfer operator need not be trace-preserving. We primarily need to show

that an arbitrary uBM is equivalent to one where the transfer operator τττ =
∑

y τττy is

trace-preserving, which is the same as its adjoint τττ † being unital, i.e., having the identity

~I as a fixed point. Then, the same argument used in the proof of Theorem 7 to prove

convergence of the effective functional of a uMPS to the fixed point ~σ†∗ can be applied

here. This has the effect of replacing the original Schmidt-rank 1 functional of the uBM

by the identity ~I in the non-terminating limit, completing the conversion from uBM to

NOOM.

If the uBM transfer operator τττ is already trace-preserving then we are done, so assume

it is not. We make the generic assumption6 that the two eigenvalues of τττ with greatest

6This is similar to the assumption made in proving Theorem 7, and is valid everywhere outside of a
measure-zero subset of uBMs. In the case of degenerate eigenvalues, the conversion from uBMs to NOOMs
can still be achieved given a slight redefinition of the observation space to combine together k adjacent
observations.
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magnitude, λ∗ and λ2, satisfy |λ∗| > |λ2|. By replacing all operators φφφy by φφφy/
√
λ∗, we

convert the uBM into one whose transfer operator τττ has leading eigenvalue of magnitude

1, a rescaling which leaves the joint probability distributions unchanged (similar to how

Equation 3.5 was left unchanged by rescaling operators in the uMPS case). In this case,

the quantum Perron-Frobenius theorem [Evans and Høegh-Krohn, 1977] then ensures that

λ∗ = 1, and that τττ † has a unique fixed-point operator ~σ∗ which is the vectorization of a

full-rank (and consequently, invertible) positive definite matrix σσσ∗.

A similarity transformation of S = σσσ
1/2
∗ can then be applied to the uBM matrices,

replacing φφφy with φφφ′y = SφφφyS
−1. This similarity transformation ensures the new transfer

operator τττ ′ is trace-preserving, as demonstrated by the following:

τττ ′†~I =

(∑
y

φφφ′y
† ⊗φφφ′†y

)
~I =

(∑
y

(σσσ
−1/2
∗ )Tφφφy

†
(σσσ

1/2
∗ )T ⊗ σσσ−1/2∗ φφφ†yσσσ

1/2
∗

)
~I

=
(

(σσσ
−1/2
∗ )T ⊗ σσσ−1/2∗

)(∑
y

φφφy
† ⊗φφφ†y

)(
(σσσ

1/2
∗ )T ⊗ σσσ1/2

∗

)
~I

=
(

(σσσ
−1/2
∗ )T ⊗ σσσ−1/2∗

)
τττ †~σ∗

=
(

(σσσ
−1/2
∗ )T ⊗ σσσ−1/2∗

)
~σ∗

= ~I

In the equations above, we have used the facts that (a) σσσ∗, σσσ
1/2
∗ , and σσσ

−1/2
∗ are Hermitian,

so that complex conjugation acts as σσσ
1/2
∗ = (σσσ

1/2
∗ )T , (b)

(
ZT ⊗X

)
~Y = ~W with W =

XYZ, for any matrices X,Y,Z, and (c) τττ †~σ∗ = ~σ∗

We have demonstrated that the similarity-transformed uBM now possesses a trace-

preserving transfer operator, which by the arguments above ensures it is a valid NOOM

in the non-terminating limit.

Expressiveness of Non-terminating uBMs With the above equivalence, we now

turn to the question of how the expressiveness of uBM compares to non-negative uMPS.

Glasser et al. [2019] studied the expressiveness of non-uniform BMs, showing that there

are finite-dimensional non-uniform BMs that cannot be modeled by finite dimensional

non-uniform HMMs, and conjecture that the reverse direction is also true. Drawing on
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our expressiveness results from Section 2.4, we can conclude that in the uniform case,

uBMs are not as expressive as uMPS, and can model certain sequences that non-negative

uMPS cannot, but also cannot model certain sequences that non-negative uMPS can.

Quadratic Weighted Automata Finally, we note that quadratic weighted automata

(QWA) [Bailly, 2011], developed in the stochastic weighted automata literature, are equiv-

alent to uBM. Bailly [2011] suggest that QWA * HMM and that HMM * QWA, but do

not provide a proof. To the best of our knowledge, the proof we provide is the first to

formally show the non-equivalence of QWA and HMM.

3.2.4 Uniform Locally Purified States and HQMMs

Locally purified states (LPS) (visualized in Figure 3.5) were proposed as a tensor-network

model of discrete multivariate probability distributions inspired from techniques used in

the simulation of quantum systems. Glasser et al. [2019] show that these models are

not only strictly more expressive than non-uniform HMMs, but also correspond directly

to local quantum circuits with ancillary qubits – serving as a guide to design quantum

circuits for probabilistic modeling. LPS can be thought of two identical MPS connected by

an additional mode – called the “purification dimension” – in each of the MPS tensors. The

rank of an LPS, also called its puri-rank, is defined the same way as the bond dimension

(or TT-rank) for the MPS7. The corresponding uniform LPS defines the unnormalized

7As we will see, non-terminating uLPS are equivalent to HQMMs, and the ‘puri-rank’ is exactly analo-
gous to the number of Kraus operators per observable, i.e., the ‘environment dimension’ denoted by w in
Section 2.5.2
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probability mass function over N discrete random variables {Yi}Ni=1 as follows:

P (y1, . . . , yN ) = uLPSy1,...,yN

=

∑
βL

K
T
βL,L
⊗KT

βL,L

∑
β

Kβ,yN ⊗Kβ,yN

 · · ·
· · ·

∑
β

Kβ,y1 ⊗Kβ,y1

∑
βR

KβR,R ⊗KβR,R


= ~σ†Ly1 · · ·LyN ~ρ0

(3.8)

where we have suggestively defined ~σ† =
(∑

βL
K
T
βL,L
⊗KT

βL,L

)
, Lyi =

(∑
β Kβ,yi ⊗Kβ,yi

)
,

and ~ρ0 =
(∑

βR
KβR,R ⊗KβR,R

)
.

Non-terminating Uniform LPS are HQMMs Equation 3.8 shows that every HQMM

is a uLPS, but we also consider in what sense every uLPS is an HQMM: the transfer oper-

ator of arbitrary CP maps with unit spectral radius8 is a similarity transform away from

that of a CP-TP map [Perez-Garcia et al., 2006], so ~I is related to such a fixed point by

such a similarity transform. Thus, every non-terminating uLPS has an equivalent HQMM

and allows for an HQMM-style recursive state update. This is the same reasoning be-

hind the equivalence between non-terminating uBMs (with CP maps) and NOOMs (with

CP-TP maps). We state this formally below:

Theorem 9. Non-terminating uniform locally purified states are equivalent to hidden

quantum Markov models.

Proof. We follow the same approach as in Theorem 8. Uniform LPS models and HQMMs

differ only in their evaluation functionals, and in the requirement that HQMMs operators

are trace-preserving. While uLPSs can have an arbitrary evaluation functional, HQMMs

are restricted to the identity evaluation functional ~I. Both models have operators of the

form τττy =
∑

y Ky ⊗Ky, which are completely positive operators.

8This condition is necessary for probability distributions such as Equations 3.7 and 3.8 to be properly
normalized.
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Figure 3.6: Expressiveness Relationships Betweens Models: Subset relationships be-
tween stochastic process models, non-terminating uniform quantum tensor networks, and
weighted automata. All tensor networks are assumed to be non-terminating. The grey
area is potentially empty.

As discussed in Theorem 8, the transfer operator τττ can be rescaled and similarity

transformed into one that is trace-preserving. In the limit of non-terminating sequences,

the evaluation functional of this transformed model will then converge to ~I, the fixed point

of τττ †. Therefore, this similarity transform allows us to map a non-terminating uLPS to

an HQMM, proving that non-terminating uLPSs are equivalent to HQMMs.

We are not aware of any proposals from the weighted automata literature that are

analogous to these uLPS/HQMMs.

Expressiveness of HQMMs (uLPS) and PSRs (uMPS) Drawing on our expres-

siveness results from Section 2.5.4, we can conclude that in the uniform case, uLPS are

the most expressive tensor network structure that can model joint probability distribu-

tions without suffering from an undecidable NPP. The question of whether there is a ‘gap’

between uLPS and uMPS persists (Section 2.5.5). The results in Glasser et al. [2019]

and De las Cuevas et al. [2013] show that MPS are more expressive than LPS in the

non-uniform case, but their technique cannot be easily adapted to the uniform case.
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3.2.5 Summary

We presented uniform matrix product states and their various subclasses including non-

negative uniform MPS, uniform Born machines, and uniform locally purified states. We

showed how they relate to previous work in the stochastic processes and weighted au-

tomata literature, and drew on our expressiveness results from Chapter 2 to establish the

expressiveness of these tensor network models. We also speculate that the connections laid

out here may make spectral learning algorithms commonly used for PSRs and weighted

automata [Hsu et al., 2012, Balle et al., 2014a, Hefny et al., 2015] suitable for learning

uMPS, and an algorithm for optimization on the Stiefel manifold (Section 2.5.6) suitable

for learning uLPS with appropriate constraints. Future work will involve adapting these

algorithms so they can be transferred between the two fields.

3.3 The Difficulty of Formulating CPTP Tensor Networks

for Quantum Channels

Here, we look at our previous work [Srinivasan et al., 2021] on applying tensor networks

o an entirely quantum problem: the prospects for formulating a (not necessarily uniform)

tensor network representation of a quantum channel (called a locally purified density

operator or LPDO) that satisfies the completely positive and trace-preservation (CP and

TP) constraints (discussed in Section 2.5.1). At a high level, we present the following

results from our work:

• We pose and discuss the problem of parameterizing TP LPDOs.

• We show that a naive constraint imposed independently on each LPDO tensor core

is sufficient to guarantee the TP property of the LPDO, but is too strict to capture

simple 2-qubit gates.

• We provide an alternative characterization of the constraints on each LPDO tensor

core, including a result that the tensor cores of TP LPDOs must be orthonormal
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2-frames under a metric induced by the other cores.

• We show that there may be insurmountable challenges to constructively defining a

TP LPDO.

3.3.1 Background

Motivation: Quantum Process Tomography for Large Systems Consider the

problem of quantum process tomography, where various prepared quantum states are acted

upon by a quantum channel and measured, and the goal is to identify the quantum channel.

This may itself be a component of a larger problem like quantum error correction [Kosut

et al., 2008]. Cast as a machine learning problem, the goal is to learn to predict the action

of the quantum channel given training data of the output measurements corresponding to

input prepared states.

We first review some preliminaries on quantum channels and Choi matrices as relevant

for this section (also discussed in Section 2.5.1).

Review: Quantum Channels We consider a quantum channel acting on a system of

N qubits. Let HA denote the 2N -dimensional Hilbert space of pure input states with basis

states {|σ〉} and HB denote the 2N -dimensional Hilbert space of pure output states with

basis states {|τ 〉}. Mixed input and output states live in L(HA) and L(HB), which are

spaces of unit-trace, positive semi-definite (PSD) density matrices. A quantum channel is

a linear map E : L(HA)→ L(HB) from density matrices in L(HA) to density matrices in

L(HB). Such a map satisfies two9 constraints: 1) it must be completely positive (CP), i.e.,

preserve not only the PSD property of input density matrices, but also the PSD property of

input density matrices when coupled with an arbitrary dimensional ancilla system, and 2)

it must be trace-preserving (TP), i.e., leave the trace of input density matrices unchanged.

9The channel must also preserve the Hermiticity of input density matrices, but this is already guaranteed
by the CP constraint.
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Review: Choi Matrices A quantum channel E : L(HA)→ L(HB) can be represented

by a 22N × 22N complex-valued Choi matrix as ΛE =
∑
σ,τ |τ 〉〈τ ′| ⊗ E (|σ〉〈σ′|). This

permits a simple characterization of the CP-TP constraints: the CP conditions amount to

a requirement that ΛE be a PSD matrix, and the TP condition requires that the partial

trace over the output states be identity trB (ΛE) = I2N . These constraints are illustrated

in the language of tensor diagrams in Figure 3.7a. We can think of the Choi matrix as

having a block structure, where the input basis states σ, σ′ pick out a block of the Choi

matrix, and output basis states τ , τ ′ pick out a specific entry within the block. This block

structure is illustrated in Figure 3.7b.

(a) The complete positivity (left) and trace
preservation (right) constraints on Choi ma-
trices.

(b) Block structure of Choi matrix; indices
(σ, σ′) pick out matrix blocks and indices
(τ, τ ′) pick out elements within the blocks.

Figure 3.7: Illustrations of Choi matrices and their properties

The Challenge The task of estimating the Choi matrix corresponding to a quantum

channel (process tomography) is more complicated than learning quantum states (state

tomography)10. While the Choi-Jamiolskowski isomorphism [Choi, 1975, Jamio lkowski,

1972] gives a connection between bipartite states and Choi matrices, this is not a true

isomorphism [Jiang et al., 2013] since the TP condition requires the input subsystem

10As we saw with the correspondence between HQMMs and uniform locally purified states (uLPS), these
model a quantum state by virtue of the latent state evolution inducing a distribution over observations
(Schoen et al. [2005] give an exact scheme establishing such correspondence for MPS). As it turns out,
HQMMs can also easily be viewed as a model for quantum processes; all it takes is to view the initial
latent state ρ0 as an input to the system, so different inputs induce different distributions over outputs
as with a quantum channel. The challenge however, is that the HQMM/uLPS structure is only compact
in modeling the output distribution. The inputs to HQMMs specified by the initial latent state ρ must
be the same dimension as the input to the quantum channel (2N × 2N ), with no compression. After all,
HQMMs/uLPS were developed to efficiently represent the distribution over observations for a given fixed
input. Hence, HQMMs/uLPS are not able to efficiently represent quantum channels.
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of the bipartite state corresponding to a Choi matrix to be the identity. In other words,

diagonal blocks of the Choi matrix must be unit trace, and off-diagonal blocks must be zero

trace. Thus, the problem is not as simple as learning parameters first and renormalizing

with a constant at the end (a common approach with MPS), since the diagonal blocks and

off-diagonal blocks are (trace) normalized differently. While some have proposed learning

a Choi matrix via unconstrained optimization and projecting it onto the set of CP-TP

matrices at the end [Knee et al., 2018, Surawy-Stepney et al., 2021], another natural

solution is to observe that a Choi matrix is CP-TP if and only if the tensor core M̂ in

Figure 3.7a (square root of the Choi matrix [ΛE ]
σ′,τ ′
σ,τ = (M̂σ,τ

µ )†M̂σ′,τ ′
µ ) lives on a Stiefel

manifold, and use Riemannian optimization techniques [Luchnikov et al., 2021] such as

the Wen-Yin algorithm (see Section 2.5.6) to learn the Choi matrix. This is an important

characterization of the TP constraint, so we state it formally below for later use.

Remark 1. Let [ΛE ]
σ′,τ ′
σ,τ = ([M̂]σ,τµ )†[M̂]σ

′,τ ′
µ and [M]στ ,µ be a reshape of [M̂]σ,τµ . Then,

the TP condition on the Choi matrix is equivalently stated as M†M = I.

However, the other complication in estimating Choi matrices from data is more severe:

since the number of parameters scales exponentially with the number of qubits. Modeling

a 22N × 22N quantum channel explicitly is simply intractable for large quantum systems.

This general problem setting is fertile ground for tensor network solutions, which we

consider next. One approach that avoids this curse of dimensionality is factorizing the

Choi matrix into a matrix product operator (MPO) consisting of a series of N compact

tensor cores. However, such an MPO must still represent quantum channels which are

CP and TP (see Section 2.5.1), both of which are non-trivial constraints that must be

explicitly satisfied in the optimization algorithm.

Locally Purified Density Operators The Locally Purified Density Operator (LPDO)

is a tensor network proposal for modeling Choi matrices [Werner et al., 2016, Torlai et al.,

2020] that satisfies the CP requirement by design (i.e., the corresponding Choi matrix

that it decomposes is PSD). It is quite similar to LPS, except each tensor core has an
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Figure 3.8: Tensor network diagram of a locally purified density operator (LPDO)

additional mode representing ‘inputs’ to the quantum channel. This makes sense since

LPS are ultimately tensor decomposition of a joint probability distribution vector, but the

LPDO is a decomposition of a Choi matrix. The LPDO consists of 2N cores (N cores

and their conjugates) in the structure shown in Figure 3.8. The j-th tensor core of an

LPDO contains the following modes: one input mode σj or σ′j , one output mode τj or τ ′j ,

one purification mode νj , and one or two bond modes µj−1, µj or µ′j−1, µ
′
j . Denoting the

collection of core tensor parameters as θ, the Choi matrix corresponding to such a tensor

network is given written as:

[Λθ]
σ′,τ ′
σ,τ =

∑
µ,µ′,ν

N∏
j=1

[Kj ]
νj ,µj
σj ,τj ,µj−1,[Kj ]

σ′j ,τ
′
j ,µ
′
j

νj ,µ′j−1
(3.9)

Leveraging these properties, Torlai et al. [2020] recently proposed a gradient-descent

based maximum-likelihood algorithm to learn LPDO approximations of Choi matrices for

quantum process tomography. While this procedure yields LPDOs that are always CP,

there is no guarantee that the learned LPDO satisfies the TP condition. Torlai et al.

[2020] propose adding a TP violation penalty term to their maximum likelihood objective

to push the solution towards TP LPDOs, and note that the TP violation shrinks to zero

in the limit of infinite data. However, in practice, with limited data the TP violation

can still be non-negligible and the learned LPDO can be a non-physical trace-increasing

channel (see Figure 3.9). There is also no known scheme to project the learned LPDO to
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the nearest TP LPDO without reconstructing the full Choi matrix, which would defeat

the purpose of using the LPDO decomposition in the first place. For various applications,

it may be desirable to parameterize and learn a physically valid LPDO structure that also

satisfies the TP constraint. This brings us to the problem we consider in this section:

can we parameterize and optimize trace-preserving LPDOs? If so, we could unlock the

ability to employ physical LPDO approximations of quantum channels for various tasks

including quantum process tomography and quantum error correction, particularly for

large quantum systems with many qubits. Unfortunately, we encounter some serious

theoretical difficulties in finding such a parameterization.

Figure 3.9: Learning simple quantum channels using the method of Torlai et al. [2020]
with various penalties λ on TP violation. Top: Fidelity of the learned Choi matrix and
the true Choi matrix, Bottom: TP Violation as Frobenius norm distance of partial trace
of learned Choi matrix from identity. Increasing the penalty term does not much affect
TP violation error, but does slow convergence.

We first explore a naive constraint we can impose independently on each tensor core

that is sufficient to guarantee that the LPDO satisfies a global TP condition. In practice
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however, this constraint is too strong and is unable to capture simple 2-qubit unitary

gates, let alone more complicated channels. We then present a more involved discussion

of the TP condition, and provide a more general characterization of TP LPDOs.

Figure 3.10: The TP constraint on an LPDO representing a quantum channel. The blue
connections correspond to taking the partial trace with respect to the output indices,
which results in the identity.

3.3.2 A Simple Sufficient Condition for TP LPDOs

One simple approach to ensuring TP LPDOs is to force every core Kj ,Kj to function

as a local quantum channel acting on the “outputs” from cores Kj−1,Kj−1. To do this,

we will use the Kraus operator formulation of quantum channels: every CP-TP quantum

channel can be written using a set of Kraus operators E(ρ) =
∑

i KiρK
†
i , where the set

of Kraus operators must satisfy the condition
∑

i K
†
iKi = I. As we noted in Section

2.5.6, vertically stacking a set of Kraus operators produces a matrix that lies on a Stiefel

manifold of dimension 2PD × 2D, i.e., if κ = [K1, . . . ,KW ]T , then
∑

iK
†
iKi = κ†κ = I

[Kraus, 1971, Gheondea, 2010]. Now, the idea is to interpret every core as a set of Kraus

operators on a Stiefel manifold (allowing us to use Riemannian optimization techniques

on each tensor core), so the application of a sequence of local quantum channels is also a

global quantum channel and recovers the global TP condition. To achieve this, we make a

slight modification to the LPDO structure by adding an extra mode to the cores at the N -

site, and we call this extended LPDO an xLPDO (Figure 3.11). Note that the extended
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edge of the xLPDO can be fused with the core’s purification dimension to recover the

LPDO structure, so it is still in the same class of tensor networks. We state the sufficient

condition formally below and give a diagrammatic proof in Figure 3.11.

Lemma 1 (Sufficient Constraint for TP LPDO). Let κj be a flattening of the tensor core

Kj into a matrix with rows associated with νjτjµj and columns with σjµj−1. If each κj

satisfies κ†jκj = I for 1 ≤ j ≤ N , , i.e., each κj is on the Stiefel manifold, the LPDO

satisfies the global TP constraint.

Figure 3.11: Top: Illustration of xLPDO (left) and sufficient local Stiefel manifold con-
straint on each core for TP LPDO (right), Bottom: Graphical proof of Lemma 1

Proof. First, we observe that Equation 3.9 can be written as follows:

[Λθ]
τ ′,τ
σ′,σ =

∑
νj

(K
σ′1
τ ′1,ν1

)† · · · (Kσ′N
τ ′N ,νN

)†KσN
τN ,νN

· · ·Kσ1
τ1,ν1 (3.10)

The TP requirement on Choi matrices is that trB(Λθ) = I, or equivalently, the trace of di-

agonal blocks of the Choi matrix is 1 and trace of off-diagonal blocks is 0:
∑
τ=τ ′ [Λθ]

τ ,τ ′

σ′=σ
=

1 and
∑
τ=τ ′ [Λθ]

τ ,τ ′

σ′ 6=σ = 0. Observe that:
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∑
τ=τ ′

[Λθ]
τ ′,τ
σ′=σ =

∑
τ1,...,τN−1

∑
ν1,...,νN−1

(Kσ1
τ1,ν1)† · · ·

( ∑
τN ,νN

(KσN
τN ,νN

)†KσN
τN ,νN

)
· · ·Kσ1

τ1,ν1

=
∑

τ1,...,τN−1

∑
ν1,...,νN−1

(Kσ1
τ1,ν1)† · · ·

(
κσN †κσN

)
· · ·Kσ1

τ1,ν1

(3.11)

But κσ
†
NκσN = I, so we can identically repeatedly simplify this sum until we have

∑
τ1

∑
ν1

(Kσ1
τ1,ν1)†Kσ1

τ1,ν1 = 1

showing that diagonal blocks trace to 1. Taking the trace of the off-diagonal blocks

proceeds similarly; however, since σj 6= σ′j for some j, we will eventually have the term

κσ
′
j†κσj = 0, which will send the trace of the off-diagonal block to zero.

While Lemma 1 gives a simple constraint that can easily parameterize TP LPDOs,

it is too strict. Using a maximum likelihood approach similar to Torlai et al. [2020] but

constraining the LPDO cores to lie on a Stiefel manifold11, we find that the procedure

cannot learn even elementary 2-qubit gates (we compare the true Choi matrix of a 2-qubit

CNOT and the learned Choi matrix in Figure 3.12). This assumption forces each core to

independently contribute to the TP requirement, preventing a TP violation in one core to

be ‘compensated’ by another core. Thus, such a restriction to independent constraints on

each core does not produce a sufficiently general parameterization of Choi matrices.

3.3.3 A Necessary and Sufficient Constraint for TP LPDOs

Here, we propose a more general pair of conditions on the tensor cores so the LPDO

satisfies a global TP constraint. As we will see, while these constraints are necessary and

sufficient for the LPDO to be TP, translating these constraints into a parameterization

faces serious difficulties.

11We compute the gradient of the log-likelihood with respect to each tensor core and apply the algorithm
from Wen and Yin [2013b] to retract the gradient at each core onto the local Stiefel manifold.
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Figure 3.12: Left: Choi matrix of 2-qubit CNOT gate. The yellow and dark-blue elements
correspond to non-zero and zero entries of the matrix. Right: Choi matrix of TP LPDO
learned from tomography data whose cores are constrained according to Lemma 1. The
learned matrix fails to capture the non-zero elements in the off-diagonal blocks.

We begin by considering the ‘bottom half’ of the LPDO, consisting of cores K1, . . . ,KN

without their conjugates. If we fuse indices νj , τj into a single index ωj so each boundary

(non-boundary) core is a third (fourth) order tensor, we can view the resulting tensor

network M as a matrix product operator (MPO) [Murg et al., 2008] with cores Mj . If

we treat M as the tensor network decomposition of a matrix [M]σω with rows associated

with ω and columns associated with σ, then as in Remark 1, the TP constraint can be

stated as the condition M†M = I. Thus, we can also think of the problem of finding TP

LPDOs as one of finding an MPO decompositionM of an isometry M living on the Stiefel

manifold. Now, we state an alternative characterization of the TP constraint12, followed

by a geometric interpretation.

Theorem 10 (Necessary and Sufficient Condition for TP LPDO). Let [Mj ]
σj
ωj ,µj ,µj−1 be

an MPO core associated with a reshaped LPDO core (as in Figure 3.13) [Kj ]
σj
τj ,νj ,µj ,µj−1

where τj , νj are fused into a single index ωj. Then, the LPDO is TP if and only if the

MPO cores Mj satisfy the conditions in Figure 3.14a and 3.14b.

12A very similar pair of constraints were given in Cirac et al. [2017] and Şahinoğlu et al. [2018] for
MPOs representing unitary matrices, but under the assumption that all cores Mj are identical and the
MPO has periodic boundary conditions. In that setting, these constraints only parameterize a subset
of “simple” unitary MPOs, and require slightly stronger assumptions (and different proof techniques) to
prove necessity.
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Figure 3.13: Left: Viewing the ‘bottom-half’ of an LPDO as an MPO by fusing the indices
{νi, τi} into a single index ωi, Right: TP constraint specified on MPO

(a) The MPO must be decomposable into factors with bonds of unit Schmidt-rank

(b) Factors must be identity (c) Definitions of ρLj and ρRj

Figure 3.14: (a-b) Pair of conditions which together are necessary and sufficient for MPO
M of an LPDO to be TP. (c) Definition of the matrices ρLj and ρRj appearing in the above
conditions, which are given by a weighted trace over all σj indices to the left or right of
the i-th core.

Proof.

(⇐) Assume the conditions in Figures 3.14a and 3.14b hold. Then,
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(⇒)

We start by assuming that that the LPDO is trace-preserving, and thus satisfies the

following condition.

Now, from Theorem 2 in Perez-Garcia et al. [2006], we know that for every i-th core, there

exist matrices ρLj and ρRj such that our LPDO can be written as



102

with

Now, to identify ρLj and ρRj , let us define ρ̃Lj and ρ̃j
R without the scalar factors 2−N+j and

2−j+1 in Figure 3.14c, and consider the contracted LPDO representation over σ′−j :

But by the TP assumption,

Thus, ρLj = 2−N+j ρ̃Lj and ρRj = 2−j+1 ρ̃Rj . So, we have
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Remark 2. Theorem 10 states that if an LPDO Λθ is TP, its corresponding MPO M

must satisfy the condition in Figure 3.14b. This condition can be written as the requirement

that M†
jGjMj = I where Gj = (ρLj ⊗I⊗ρRj ). Thus, the TP condition on LPDOs requires

that each MPO core Mj be an orthonormal 2-frame under the metric Gj induced by the

other tensor cores.

Theorem 1 illustrates the difficulty in extracting a simple parameterization of TP

LPDOs; modifying any coreMj affects ρL−j and ρR−j on all the other cores, so it is unclear

how to modify a core to preserve TP, or if it is even possible. Thus, the problem of finding

a TP parameterization of LPDOs appears quite challenging, and likely insurmountable.

3.3.4 Summary

We discussed the potential of using locally purified density operators (LPDOs) for tractably

modeling quantum channels. Although LPDOs satisfy the CP requirement of quantum

channels by design, we showed that imposing the TP constraint presents further challenges.

We showed that imposing a simple condition that each LPDO tensor core independently

be on the Stiefel manifold is sufficient to guarantee TP, but is too strict to capture even

simple 2-qubit gates. We also gave a necessary and sufficient description of TP LPDOs

with a geometrical interpretation of the constraints on each core. However, converting

this characterization of TP constraints into a parameterization useful in an optimization
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scheme appears to be an insurmountable challenge. Thus, we may have to resort to TP-

penalty type methods by Torlai et al. [2020] for learning LPDOs.
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Chapter 4

Measurement Error Mitigation

In this chapter, we turn our attention to a common problem in quantum computing:

measurement errors. We study classical post-processing approaches to measurement error

mitigation, and discuss the potential of an expectation-maximization algorithm to scalably

tackle this problem without producing negative probabilities.

4.1 Background

Measurement errors are a significant source of error [IBM, 2022, Rig, 2022, Wright et al.,

2019, Hon, 2022] for today’s programmable quantum computers (QCs). Currently, QCs

typically consider quantum algorithms with a measurement at the end of the quantum cir-

cuit. However, advanced quantum operations, including quantum error correction [Nielsen

and Chuang, 2010, Lid, 2013], involve measurements not only at the end of quantum com-

putation but throughout the computational scheme. Thus, measurement errors could be a

significant barrier to obtaining accurate computational results and are a clear bottleneck

for scaling to larger QCs. Ideally, the QCs would be designed to reduce measurement

errors, but this is a non-trivial task. Measurement error mitigation (MEM) techniques are

a collection of classical post-processing techniques that aim to address the measurement

errors inherent to the QC hardware.

Most MEM methods assume that the true classical probability distribution (~θ) (ob-
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tained after executing a circuit and measuring the results in the computational basis) is

modified by a response matrix R to yield ~p, a noisy probability distribution distorted due

to measurement errors:

~p = R~θ. (4.1)

This model assumes that measurement errors are systematic, linear, and time-independent.

Finding the response matrix requires us to assume further that the state preparation errors

can be ignored when preparing computational basis states. These simplifying assumptions

are primarily accurate for IBM Quantum Experience (IBMQE) [Maciejewski et al., 2020]

superconducting devices, provided the readout calibration data is up to date.

Assuming that systematic measurement errors manifest as in Equation 4.1, measure-

ment error mitigation schemes require two steps. The first step is quantum detector to-

mography (QDT) [Maciejewski et al., 2020] to acquire the response matrix R (see Figure

4.1). The entries of the response matrix are conditional probabilities; Rij is the probability

of measuring a bitstring bi given that computational basis element |bj〉 was prepared. In

the second step of MEM, the classical probability distribution ~p acquired after measuring

a quantum circuit U can be fed into an MEM scheme to produce a new probability distri-

bution ~θ which approximates the true distribution (for any future experiment). The most

popular strategy for acquiring ~θ is to implement:

~θ = R−1~p. (4.2)

Acquiring R and implementing MEM faces two main challenges: scaling and negative

probabilities. First, R is a 2n × 2n matrix for an n-qubit system and in general requires

2n calibration experiments. In other words, the dimensions of R are exponential in n,

and QDT requires exponentially many experiments. Secondly, while the response matrix

R is stochastic, its inverse is not1. As most MEM methods rely on applying R−1, this

leads to a ‘negative probability’ issue – the distributions obtained after measurement error

1This is very similar to the problem of obtaining negative probabilities from the spectral algorithm for
HMMs discussed in Section 2.3.4.
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mitigation are quasiprobabilities, i.e., the elements of this quasiprobability distribution sum

to unity but can be negative. Since the introduction of MEM to the quantum computing

literature, several attempts have addressed the scalability and negativity issues.

Various strategies have been proposed to address the scalability of the response matrix

inversion method. Assuming k-locality for measurement crosstalk [Bravyi et al., 2021,

Maciejewski et al., 2020] allows R to be represented as n/k different 2k× 2k matrices. This

assumption has been verified by Nation et al. [2021] and Maciejewski et al. [2020] and

presents the first step in addressing the scalability issue. The unmitigated probability

distributions are already sparse as the experiments required to construct these distribu-

tions are only performed for S shots, and in practice, S will not scale exponentially with

qubit size due to time and computational constraints. Nation et al. [2021] relied on this

sparsity to make MEM tractable. In particular, only the matrix elements of R that had

bitstrings close to the observed ones (measured using Hamming distance) could be consid-

ered, while others were ignored. This subspace reduction of R suggested that a user could

perform QDT after the experiment with the knowledge of the unmitigated experimental

results. In other words, the order of QDT and the experiment in Figure 4.1 was flipped.

Similarly, Mooney et al. [2021] suggested placing a precision threshold on R and MEM,

such that any probabilities below 1/(10×s) are ignored. These approaches to scaling MEM

have proven to be quite effective. In particular, Mooney et al. [2021], Nation et al. [2021],

and Yang et al. [2022] have demonstrated GHZ state preparation on 27, 42 and 65-qubits

respectively, where MEM plays a crucial part in each of these demonstrations; without

MEM, the success metrics are significantly lower.

As for the negativity issues, numerous methods have been proposed, but no clear

consensus has emerged. As all the scalable methods listed above aim to invert R and ap-

ply R−1, the non-stochasticity of R−1 necessarily leads to quasiprobabilities. A common

strategy is to use constrained least-squares optimization to find the probability distribu-

tion closest to the mitigated quasiprobability distribution, but it is unclear how to scale

this approach. Alternatively, the negative terms can be canceled systematically by pro-
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jecting to the nearest valid probability distribution, as detailed in Smolin et al. [2012].

However, this zeroes out all negative probabilities and can no longer be considered an

unbiased estimator of the true distribution without measurement errors. Nachman et al.

[2020] highlighted that error-prone detectors are standard across experimental fields, and

unfolding techniques that are used in high-energy physics experiments can also be used to

mitigate readout errors on quantum devices. In particular, Nachman et al. [2020] showed

that iterative Bayesian unfolding (IBU) [D’Agostini, 1995] could be used to mitigate read-

out errors without compromising on non-negativity.

Our main contribution in this chapter is a scalable implementation of IBU. The original

IBU formulation starts with the response matrix R, the empirical noisy distribution ~p,

and an initial guess ~θ0. Then it iteratively applies Bayes’ theorem to find a mitigated

probability distribution ~θk like so:

θk+1
j =

2n∑
i=1

pi ·
Rijθ

k
j∑

mRimθ
k
m

(4.3)

A well-known technique in the high-energy physics community, IBU is also known

as the Richardson-Lucy deconvolution [Richardson, 1972, Lucy, 1974]. While IBU uses

Bayes’ theorem and starts with an initial guess sometimes referred to as a ‘prior’, it does

not report a ‘posterior’ in any sense and is not a Bayesian method. It is more appropriate

to call it iterative expectation maximization unfolding [Volobouev, 2015] as it converges to

the maximum likelihood estimate [Shepp and Vardi, 1982] for a large number of iterations2.

We provide a derivation of IBU as expectation maximization as relevant to our quantum

computing setting.

While IBU does not return any quasi-probabilities in its basic form, it requires itera-

tive matrix multiplications with R and was previously difficult to scale to many qubits.

Our main challenge was to show that under reasonable assumptions about measurement

crosstalk and precision, IBU can be implemented scalably. To demonstrate the scalability

2We do show in Section 4.3.1 how IBU can be straightforwardly extended to be a Baeysian method,
when we have a Dirichlet prior on the guess.
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Quantum Detector Tomography

|0〉

State Preparation

|0〉

...

|0〉

|0〉

Error-mitigated experiment

|0〉

U

|0〉

... MEM

|0〉

|0〉

Figure 4.1: Measurement error mitigation schemes require two separate steps. (Top)
Circuit for quantum detector tomography (QDT). QDT is performed to estimate the
response matrix R. (Bottom) Circuit for MEM application. After applying a unitary U ,
the classical measurement data is fed into a MEM scheme to produce an error mitigated
probability distribution.

of our method, we mitigate errors on QC data acquired by implementing the Bernstein-

Vazirani algorithm [Bernstein and Vazirani, 1997] on the 27-qubit IBMQ Montreal and

preparing GHZ states for the 127-qubit IBMQ Washington. The error mitigated probabil-

ity distributions perform as well as or better than the current state-of-the-art M3 method

[Nation et al., 2021] on our metrics without producing negative probabilities, albeit with

slightly longer computational time.
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4.2 Scalable IBU Implementation

Here, we discuss some assumptions and computational tools and tricks we use to scalably

implement IBU (as in Equation 4.3) for measurement error mitigation.

Vectorized Implementation First, we show how to vectorize the IBU update rule

given in Equation 4.3, enabling fast parallel computation on GPUs. With c(z′i) the counts

of bitstring z′i and S shots, let ~p ∈ R2n be the noisy distribution with pi =
c(z′i)
S , ~θk ∈ R2n

be the kth guess of the error-mitigated distribution with θkj = P~θk(Zj), and R ∈ R2n×2n

be the response matrix where Rij = P (Z ′i|Zj). Then, the IBU update rule can equivalently

be written as:

~θk+1 =

2n∑
i=1

pi ·
Ri � ~θk

Ri~θk

=

(
~pT · diag

(
1

R~θk

)
·R · diag(~θk)

)T
= ~θk �

(
RT
(
~p�R~θk

))
(4.4)

Here, � is element-wise multiplication and � is elementwise division. This expression

fully vectorizes the IBU update rule by writing it solely in terms of elementwise and matrix

products and optimizes the order of operations to avoid constructing large intermediate

matrices; only the additional memory for storing ~θk+1 is needed.

Tensor Product Structure of Noise Model Despite the efficient update scheme

above, the memory requirements are still quite unfavorable. As previously discussed,

the first big memory bottleneck is that the response matrix R grows exponentially in

the number of qubits: it is 2n × 2n. To get around this issue, we assume that there is

no measurement crosstalk and hence R has a convenient tensor product decomposition

[Maciejewski et al., 2020, Bravyi et al., 2021, Nation et al., 2021], i.e., R = R(1) ⊗R(2) ⊗

. . .⊗R(n). While we restrict ourselves to this scenario, our implementation can be extended
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to cases where measurement crosstalk is restricted to k qubits.

With this tensor product structure on R, we now have 4n parameters to represent R,

as opposed to the original 4n parameters. This structure also allows matrix product R~x to

be computed very quickly using only matrix products and reshapes [Fackler, 2019] without

any additional memory requirement. This is the simplest structure we can impose on R to

obtain tractability. However, this can be relaxed into other tensor network decompositions

of R as well (such as matrix product states (MPS)); the goal is to avoid the exponential

scaling in parameters.

Subspace Reduction for Tractability While we managed the exponential scaling of

R with a tensor product decomposition, the parameters of the latent true distribution

~θ ∈ R2n also scale exponentially in the number of qubits. To manage this, we can use the

subspace reduction approach of [Nation et al., 2021]: instead of maintaining and updating

a vector of probabilities over 2n bitstrings, we only maintain and update an M -dimensional

vector over select bitstrings. Specifically, we pre-select M -bitstrings (e.g. to be all those

bitstrings within Hamming distance d from any bitstring in our dataset), and initialize ~θ0

with non-zero values in the entries corresponding to those M bitstrings. All other entries

are zero. Under such an initialization ~θ0, the IBU update rule will guarantee that all

entries that started off zero remain zero. Thus, we can ignore those entries and track only

the M × 1 sub-vector corresponding to non-zero entries.

Under this subspace reduction trick, we can no longer easily leverage the Kronecker

product structure of R to easily compute R~x for any ~x. Instead, we must construct

a reduced matrix R̃ whose rows and columns correspond to the M selected bitstrings.

Unlike Nation et al. [2021], we are not solving a least squares problem, so matrix-free

methods like GMRES will not be of help; we really do need to construct the reduced

matrix R̃. Even if the matrix does not grow exponentially with the number of qubits, it

may still be prohibitively large to store in memory.

Our computational solution to this problem is to build the solution to R~x by weighting

each column Rj by xj and only keeping the running sum. We also use the JAX library’s
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built-in accelerated linear algebra routines and just-in-time compilation, vectorize as many

operations as possible, and make use of a GPU for parallelism. Although we incur the

cost of repeatedly computing R̃, we trade this off against memory constraints in storing

R. Should memory constraints not be the dominant concern, we can simply cache R̃ after

the first computation.

Worst-case Analysis Suppose we run an experiment with S shots on an n qubit system

and run MEM tracking strings up to Hamming distance d from the measured bitstrings.

In the worst case, there will be S different measurements, so subspace-reduced IBU tracks

S ·
(∑d

k=0

(
n
k

))
∼ O(Snd) bitstrings. The three main computational subroutines are 1)

constructing the subspace-reduced response matrix, 2) matrix-vector multiplication, and

3) elementwise multiplication and division. First, the subspace-reduced response matrix

will have O(S2n2d) cells to be constructed. Each cell of the matrix requires a single call to

each of the n single-qubit response matrices, so constructing the matrix takes O(S2n2d+1)

operations. Second, multiplying this matrix with a vector with O(Snd) entries takes

O(S2n2d) operations. Third, the elementwise multiplication and division operations take

O(Snd) operations. Overall, a single IBU iteration scales as O(S2n2d+1), far better than

the standard exponential scaling.

Algorithm 3 Scalable IBU

Input: ~p (Vector of normalized counts for each bitstring), {R(i)}ni=1 (n single-qubit re-

sponse matrices), ~θ0 (initial guess of MEM distribution), tol (the convergence tolerance)
Output: ~θk (MEM distribution)

1: while ‖~θk+1 − ~θk‖ < tol do
2: Compute ~x1 = (R(1) ⊗ R(2) ⊗ . . . ⊗ R(n))~θk using [Fackler, 2019] if no subspace

reduction, else by keeping a running sum of the columns Rj weighted by ~θkj
3: Compute ~x2 = ~p� ~x1

~x3 = RT~x2 using [Fackler, 2019] if no subspace reduction, else by keeping a
running sum of the columns RTj weighted by (~x2)j

4: Compute ~θk+1 = ~θk � ~x3.
5: end while
6: return ~θk
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4.3 Iterative Bayesian Unfolding as Expectation-Maximization

Here we give the derivation showing that iterative Bayesian unfolding for MEM is an in-

stantiation of the well-known Expectation-Maximization (EM) algorithm with multinomial

distributions. Shepp and Vardi [1982] have noted connections between IBU and EM for

Poisson variables. In our setting, we have at most 2n discrete observations each with an

associated probability, so our measurements come from a multinomial distribution param-

eterized by ~θ ∈ R2n . Consequently, our derivation shows the IBU-EM connection for the

multinomial distribution typical in similar quantum computing settings.

EM is a standard maximum-likelihood approach to estimating the parameters of latent

variable models where optimizing the likelihood analytically and directly is not possible.

The EM algorithm iterates between an E-step which estimates a conditional expected

likelihood under a given choice of model parameters, and an M-step which updates the

model parameters to maximize the aforementioned conditional likelihood. EM maximizes a

lower bound of the likelihood at every iteration, and thus every parameter update increases

the likelihood. The method is guaranteed to converge to a local maximum.

Setup Assume all measurements are made in a fixed basis. Let Z be the discrete random

variable denoting n-length bitstrings with P (Z) being the distribution over bitstrings

prepared by the quantum computer. Due to measurement error, the distribution over

bitstrings that are actually measured is different, and we denote this with random variable

Z ′ with distribution P (Z ′). Suppose we collect a dataset of S shots Z′ = {z′1, . . . , z′S}

sampled IID from P (Z ′), and that we have access to the error model P (Z ′|Z). Our goal

is to estimate Pθ(Z), where ~θ is 2n-dimensional vector summing to 1 that parameterizes

the true multinomial distribution over bitstrings prepared by our quantum computer.

Why EM To see why EM is needed, observe that the likelihood of observing our data

given a choice of parameter ~θ can be written as:
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P (Z′; ~θ) =

S∏
i=1

2n∑
j=1

P (z′i|zj)Pθ(zj) (4.5)

Although we can take the log likelihood to eliminate the product, we are left an irreducible

sum inside the log that makes it difficult to analytically solve for the optimal parameters:

`(~θ; Z′) = logP (Z′; ~θ) =
S∑
i=1

log

 2n∑
j=1

P (z′i|zj)Pθ(zj)

 (4.6)

EM is designed to get around this issue by instead maximizing a lower bound of the

log-likelihood `(~θ; Z′).

Expectation-Maximization We begin by observing that if we knew the parameters

~θ, we could easily compute the joint probability of any observed bitstring and the ‘true’

bitstring (i.e., the bitstring that would have been measured except for measurement er-

ror) as P (z′i, zj ;
~θ) = P (z′i|zj)Pθ(zj). At the same time, if we knew the joint probability

P (z′i, zj ;
~θ) of any observed bitstring and any given latent bitstring, we would be able to

invert the previous equation to infer parameters ~θ. EM turns this logic into an iterative

algorithm that alternates between computing the conditional expected joint log likelihood

of observed and latent bitstrings given parameters ~θk and finding the parameter ~θk+1

that maximizes this conditional expected log likelihood. By Jensen’s inequality, we can

manipulate Eq 4.6 as:

`(~θ; Z′) =

S∑
i=1

log

 2n∑
j=1

P (z′i|zj)Pθ(zj)


=

S∑
i=1

log

 2n∑
j=1

P (z′i|zj)Pθ(zj)
Pθk(zj |z′i)
Pθk(zj |z′i)


=

S∑
i=1

log

 2n∑
j=1

Pθk(zj |z′i)
P (z′i|zj)Pθ(zj)
Pθk(zj |z′i)


≥

S∑
i=1

2n∑
j=1

Pθk(zj |z′i) log

(
P (z′i, zj ;

~θ)

Pθk(zj |z′i)

)

≡ ˆ̀(~θ|~θk; Z′)

(4.7)
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We can maximize this lower bound of the log-likelihood ˆ̀(~θ|~θk; Z′) locally by updating

the parameter at a given time-step ~θk as follows:

~θk+1 = arg max
~θ

S∑
i=1

2n∑
j=1

Pθk(zj |z′i) log

(
P (z′i, zj ;

~θ)

Pθk(zj |z′i)

)

= arg max
~θ

S∑
i=1

2n∑
j=1

Pθk(zj |z′i) logP (z′i, zj ;
~θ)

(4.8)

Define `(~θ|~θk; Z′) :=
∑S

i=1

∑2n

j=1 Pθk(zj |z′i) logP (z′i, zj ;
~θ), and note that maximizing

ˆ̀(~θ|~θk; Z′) is equivalent to maximizing `(~θ|~θk; Z′). EM consists of an E -step which involves

computing `(~θ|~θk; Z′) and an M -step which involves computing arg max~θ`(
~θ|~θk; Z′). For

computational reasons, we will combine these into a single step for updating parameter ~θk

to ~θk+1. To locally maximize `(~θ|~θk; Z′), we can take the derivative (using the Lagrange

multiplier λ to enforce the normalization constraint that
∑

j
~θj = 1).

∂

∂θj

 S∑
i=1

2n∑
j′=1

Pθk(zj′ |z′i) logP (z′i, zj′ ;
~θ) + λ

1−
2n∑
j′=1

θj′


=

∂

∂θj

 S∑
i=1

2n∑
j′=1

Pθk(zj′ |z′i) logPθ(zj′) + λ

1−
2n∑
j′=1

θj′


=

∂

∂θj

 S∑
i=1

2n∑
j′=1

Pθk(zj′ |z′i) log θj′ + λ

1−
2n∑
j′=1

θj′


=

(
S∑
i=1

Pθk(zj |z′i)

)
1

θj
− λ

(4.9)

Setting this to zero, we get θj = 1
λ

(∑S
i=1 Pθk(zj |z′i)

)
, and by the requirement that∑

j θj = 1 ⇒
∑

j
1
λ

(∑S
i=1 Pθk(zj |z′i)

)
= 1 ⇒ λ =

∑S
i=1

∑
j Pθk(zj |z′i) =

∑S
i=1 1 = S.

Substituting this back in, we get our update rule for each element θj of ~θ that locally

maximizes the log-likelihood given guess ~θk:

θk+1
j =

1

S

S∑
i=1

Pθk(zj |z′i) (4.10)
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Note that by Bayes’ rule, we have Pθk(zj |z′i) =
P (z′i|zj)Pθk (zj)∑
m P (z′i|zm)P

θk
(zm)

. Additionally, instead

of summing over every bitstring in the dataset, we can re-write it as a sum over all possible

bitstrings using bitstring counts c(z′i). Doing so, we end up with the IBU update rule:

θk+1
j =

2n∑
i=1

c(z′i)

S
· P (z′i|zj)Pθk(zj)∑

m P (z′i|zm)Pθk(zm)
(4.11)

Convergence of EM From Equation 4.7, we know that ˆ̀(~θ|~θk; Z′) lower bounds the

log-likelihood of the data `(~θ; Z′), i.e., that `(~θ; Z′) ≥ ˆ̀(~θ|~θk; Z′). We can further show

that these two functions coincide at the current choice of parameter values ~θ = ~θk:

ˆ̀(~θk|~θk; Z′) =
S∑
i=1

2n∑
j=1

Pθk(zj |z′i) log

(
P (z′i, zj ;

~θk)

Pθk(zj |z′i)

)

=

S∑
i=1

2n∑
j=1

Pθk(zj |z′i) logP (z′i;
~θk)

=
S∑
i=1

logP (z′i;
~θk)

2n∑
j=1

Pθk(zj |z′i)

=
S∑
i=1

logP (z′i;
~θk) · 1

= `(~θk; Z′)

(4.12)

Together, these facts imply that any choice of ~θk+1 which improves ˆ̀(~θk+1|~θk; Z′) from

the current estimate ˆ̀(~θk|~θk; Z′) must also improve the log-likelihood, i.e., ˆ̀(~θk+1|~θk; Z′) >

ˆ̀(~θk|~θk; Z′) ⇒ `(~θk+1; Z′) > `(~θk; Z′) since `(~θk+1; Z′) ≥ ˆ̀(~θk+1|~θk; Z′) > ˆ̀(~θk|~θk; Z′) =

`(~θk; Z′). Since EM updates ~θk to maximize ˆ̀(~θ|~θk; Z′) locally, the log-likelihood `(~θk; Z′)

increases at every iteration. Indeed, the log-likelihood increases by at least the amount

ˆ̀(~θk+1|~θk; Z′) − ˆ̀(~θk|~θk; Z′). The algorithm iterates until it reaches a stationary point of

ˆ̀(~θ|~θk; Z′). Since ˆ̀(~θ|~θk; Z′) is tangent to the log likelihood `(~θ; Z′) at ~θ = ~θk [Bishop

and Nasrabadi, 2006], the termination also coincides with a stationary point of the log-

likelihood. Thus, EM converges to a local stationary point of the log likelihood.
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4.3.1 Maximum a Posteriori IBU

Here we suggest a simple Bayesian extension of IBU: allowing us to impose a prior on

the parameters P (~θ) and identifying the maximum a posteriori (MAP) estimate of the

parameters P (~θ|Z′). We begin by observing that:

logP (~θ|Z′) = logP (Z′|~θ) + logP (~θ)− logP (Z′) (4.13)

Since we wish to find the choice of ~θ at which the posterior is maximized, we ignore

logP (Z′). Further, by Equation 4.7, we know that logP (Z′|~θ) ≥ ˆ̀(~θ|~θk; Z′). Similar to

the previous approach, instead of directly maximizing the posterior, we seek to maximize

the lower-bound:

~θk+1 = arg max
~θ

ˆ̀(~θ|~θk; Z′) + logP (~θ) (4.14)

For our purposes, we assume that the prior over parameters is specified as a Dirichlet

distribution with parameter α ∈ R2n , and let K =
∑

j αj . This is a natural choice

as the Dirichlet distribution is the conjugate prior for multinomial distribution. Thus,

P (~θ) = 1
B(α)

∏2n

j=1 θ
αj−1
j where B(·) is the beta function. Taking the derivative:

∂

∂θj

ˆ̀(~θ|~θk; Z′) + logP (~θ) + λ

1−
2n∑
j′=1

θj′


=

(
S∑
i=1

Pθk(zj |z′i)

)
1

θj
− λ+

∂

∂θj

(
logP (~θ)

)

=

(
S∑
i=1

Pθk(zj |z′i)

)
1

θj
− λ+

∂

∂θj
log

 1

B(α)

2n∏
j′=1

θ
αj′−1
j′


=

(
S∑
i=1

Pθk(zj |z′i)

)
1

θj
− λ+

∂

∂θj

2n∑
j′=1

(αj′ − 1) log (θj′)

=

(
S∑
i=1

Pθk(zj |z′i)

)
1

θj
− λ+

αj − 1

θj

(4.15)
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Setting this to zero, we get θj = 1
λ

(
(αj − 1) +

∑S
i=1 Pθk(zj |z′i)

)
, and by the require-

ment that:

2n∑
j=1

θj = 1

⇒
2n∑
j=1

1

λ

(
(αj − 1) +

S∑
i=1

Pθk(zj |z′i)

)
= 1

⇒ λ =
2n∑
j=1

(αj − 1) +
S∑
i=1

∑
j

Pθk(zj |z′i)

⇒ λ = S +K − 2n

(4.16)

Substituting this back in, we get our update rule for each element θj of ~θ that locally

maximizes the log-likelihood given an initial guess ~θk:

θk+1
j =

1

S +K − 2n

(
(αj − 1) +

S∑
i=1

Pθk(zj |z′i)

)
(4.17)

As before, we can rewrite the sum with counts c(z′i) and use Bayes’ rule to arrive at

the update rule:

θk+1
j =

αj − 1

S +K − 2n
+

2n∑
i=1

c(z′i)

S +K − 2n
· P (z′i|zj)Pθk(zj)∑

m P (z′i|zm)Pθk(zm)
(4.18)

If we impose a uniform prior by setting αj = 1 for all j, then Equation 4.18 clearly

reduces to standard IBU as in Equation 4.11. When using non-uniform priors, MAP-IBU

prevents the parameters from updating too far away from the specified prior when there

is limited data.

4.4 Demonstrations

We demonstrate our method on two datasets – measurements after the Bernstein-Vazirani

(BV) algorithm (26 qubits) and measurements of GHZ state (up to 127 qubits). We
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compare our method with M3 and focus on three metrics: accuracy (measured as success

probabilities for BV and `1-error for GHZ), runtime on our machine, and total negative

probabilities in the mitigated distribution. Our algorithm is implemented using JAX 0.3.10

[Bradbury et al., 2018] and run on a NVIDIA GeForce RTX 3090 GPU with 24576 MB of

available memory.3

Oracle

|0〉 H • H

|0〉 H • H

...
...

...

|0〉 H • H

|0〉 H • H

|1〉 H H

Figure 4.2: Circuit diagram for the Bernstein-Vazirani algorithm with the hidden bitstring
b = 1 . . . 1 [Bernstein and Vazirani, 1997, Nielsen and Chuang, 2010].

4.4.1 Bernstein-Vazirani algorithm

Problem Setting This is an oracular algorithm where a hidden bitstring b ∈ {0, 1}n

is known to the oracle, but when enquired with a known bitstring x ∈ {0, 1}n the oracle

reveals x⊕ b, where ⊕ is bit-wise addition. The goal is to guess the hidden bitstring b by

making queries to the oracle. Classically, this algorithm requires O(n) queries, but the BV

algorithm solves this problem with O(1) query. Theoretically, regardless of the problem

size or the hidden bitstring, the success probability for BV is always 1 (see Figure 4.2.

This expectation is violated for a real quantum computer which is subject to decoherence.

The data (originally collected by Pokharel and Lidar [2022]) was taken from a publicly

available repository. This work compared how the average success probability changes as

a function of problem size and also claimed the quantum strategy could outperform the

3Our code is accessible at: https://github.com/sidsrinivasan/PyIBU.
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classical strategy despite a decay in the success probability with increasing problem size.

Experimental Details The experiment at each problem size had 32000 shots, and

we use 1/32000 as the convergence tolerance for IBU. The primary metric is the success

probability, i.e., the probability that a single guess yields the right answer. This problem

employs up to 26 qubits on a bonafide quantum algorithm, and we explored whether MEM

can improve this success probability.

Figure 4.3: Bernstein-Vazirani Algorithm: BV algorithm was implemented on the 27-qubit
IBMQ Cairo, and we compare IBU, M3, and the raw (no-MEM) result. The top figure
shows log average success probability and is restricted to larger problem sizes. Full IBU
and subspace-reduced IBU have identical performance. Bottom left figure shows total
negative probability in the error mitigated distribution, and bottom right figure shows the
run-time on our machine.
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Results Our results are shown in Figure 4.3, where we zoom in on the success probability

of larger sized problems. We see that a significant improvement in the success probability

is possible due to measurement error mitigation. We also show the log average success

probability for all problem sizes from 1 to 26, as well as the average success probability

(not on the log scale) for problem sizes ranging from 1 to 14 in Figure 4.4 to provide a more

complete picture of our results on this experiment. Furthermore, our IBU implementation

performs about equal to or marginally better than the state-of-the-art M3 method. At the

same time, the distribution produced by IBU does not contain negative probabilities, while

negative probabilities are present in the quasi-probability solutions provided by M3. In

terms of runtime, as the problem size increases, full IBU (without any subspace reduction)

is noticeably faster than M3 while the subspace reduced version (tracking bitstrings up

to Hamming distance 1) is slightly slower. Recall that this is because full IBU uses more

memory while reduced IBU is less memory intensive but can be somewhat slower. For a

smaller number of qubits, relying on full IBU is reasonable, but the memory constraints

become the bottleneck for larger problem sizes.

Finally, we clarify that unlike the demonstration of BV [Pokharel and Lidar, 2022], we

are not making any quantum speedup claims. Any classical MEM step results in a hybrid

quantum-classical method, and establishing claims of quantum speedup requires greater

nuance, as discussed in Pokharel and Lidar [2022] and Rønnow et al. [2014].

Figure 4.4: Bernstein-Vazirani: The left figure shows the log average success probability
for the full range of problem sizes from 1 to 26. The right figure shows the average success
probability for small problem sizes. The performance of IBU and M3 are nearly identical.
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q0

q1 H • • •
q2

q3 •

0 1 2

3

4 5 6

q4

q5 • •
q6

Figure 4.5: Example of GHZ generation circuit: Given a 7-qubit architecture (right), the
GHZ generation circuit is created by first identifying an vertex with maximum degree (q1)
and then using breadth-first expansion and performing CNOTs accordingly to create a
fully-entangled state. For our experiments, we generated GHZ on an 127-qubit device,
but here we demonstrate the scheme on a 7-qubit device for simplicity.

4.4.2 Generating GHZ states

Data Generation In this experiment, we prepared the GHZ state, |GHZ(n)〉 = |0〉⊗n+|1〉⊗n√
2

on the 127-qubit ibmq washington (see Appendix A.2 for device architecture). To reduce

circuit-depth, the entangling operation is implemented by parallelizing the two-qubit op-

erations as much as is allowed by the device architecture. GHZ states are prepared by

entangling n qubits. This means that as long as there is a single connection allowing for a

multi-qubit entangling operation like CNOT, it is possible to create a GHZ state linearly

increasing in circuit depth. Decoherence is introduced both by multi-qubit operations

(which are noisy), and by the total circuit duration. In order to restrict circuit duration,

we apply these CNOTs in parallelized manner. Starting from the most connected qubit

(the qubit with the greatest number of connections/edges to neighouring qubits) in a su-

perposition state |+〉, we use breadth-first search to entangle every additional qubit with

CNOT gates. In effect, this amounts to prioritizing the distance 1 neighbours to entangle,

followed by the distance 2 neighbours, and so on. This strategy limits circuit depth and

minimizes decoherence. We give an example of this strategy in Figure 4.5.
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Figure 4.6: GHZ state preparation on 127-qubit IBMQ Washington: We visualize results
for the full range of GHZ states we attempted to create, up to 127 qubits. Circuit errors
dominate beyond n = 81 and MEM is not of much help. The left figure shows the
normalized `1 score. At all problem sizes, IBU returns a higher value from the performance
metric 1− 1

2(`1 error). M3 achieves negative score due to negative probabilities. Top right
figure shows total negative probability in the error mitigated distribution; here M3 yields
significant negative probabilities. The Bottom right figure shows run time on our machine.
IBU takes longer to run compared to M3, but is reasonable in absolute terms.

Experimental Details We generated GHZ states up to n = 127. The experiments

here were repeated for 100,000 shots and the results were bootstrapped using the observed

counts. We use a convergence tolerance of 1/10000. The primary error metric is a normalized

`1 score; the `1 error between two probability distributions ~p, ~q is
∑

i |pi − qi|1 and lies in

[0, 2], and we normalize it as 1 − 1
2(`1 error) to lie in the range [0, 1] where a score of 1

implies zero `1 error. We consider the `1 error =
∑

i |θi− qi|1 between the error mitigated
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distribution ~θ and the theoretical distribution ~q of bitstrings for a GHZ state measured in

the Z basis (i.e., ~q = [0.5, 0, 0, . . . , 0, 0.5]). Our goal here was to test the capacity of our

IBU implementation to scale for large systems. Owing to the memory costs, we are only

able to run IBU with subspace reduction. Furthermore, we use a Hamming distance of

zero, which is to say MEM modifies the probability mass only on the measured bitstrings.

Figure 4.7: GHZ state preparation on 127-qubit IBMQ Washington: The probabilities
assigned to the ‘correct’ bitstrings (‘0n’ (left) and ‘1n’ (right)) with IBU, M3, and no
MEM. Although IBU achieved higher normalized `1 score (Figure 4.6, M3 places greater
probability on the ‘correct’ bitstrings and compensates for this with negative probabilities
on ‘wrong’ bitstrings.

Results Figure 4.6 shows our results on this experiment, and we make several comments.

First, we see that IBU has significantly higher normalized `1 score compared to the raw

data or M3. Beyond n = 81, the true solution bitstrings (0n and 1n) were no longer

the modal bitstrings due to circuit errors, so MEM (M3 and IBU) is not of much help.

However, the normalized `1 score for IBU goes to zero, but the score for M3 is negative

due to negative probabilities. We found that the negative probabilities produced by M3

can be quite substantial, up to ∼ 30% of the probability mass. In Figure 4.7, we visualize

the probabilities assigned to the ‘correct’ bitstrings (‘0n’ and ‘1n’) with IBU, M3, and no

MEM. Although IBU achieved higher normalized `1 score (Figure 4.6), M3 places greater

probability on the ‘correct’ bitstrings and compensates for this with negative probabilities

on ‘wrong’ bitstrings. While this may appear advantageous, we emphasize that it simply
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Figure 4.8: GHZ state preparation on 127-qubit IBMQ Washington (Per-Iteration Run-
time): We give the time taken by a single IBU iteration (to disregard the effect of varying
number of iterations till convergence) under Hamming distance 0. The run-time scales
linearly with the number of qubits (when using Hamming distance 0) and the number
of shots, matching theoretical expectations and showing that IBU is scalable to higher
number of qubits.

happens to yield good results on this experiment. In reality, the negative probabilities show

that M3’s error mitigated distribution deviates from the true solution (which assigns zero

probability to these bitstrings), so the normalized `1 score gives a more reliable measure

of whether the error mitigated distribution matches the true distribution. Indeed, Figure

4.7 we see that M3 assigns negative probabilities to the ‘correct’ bitstring (‘0n’) at n > 81.

Finally, we note that the cost of achieving better `1 error is longer run-time: IBU is

noticeably slower than M3. Nevertheless, in absolute terms IBU is able to perform MEM

on 81 qubits in a little over 2 minutes on our machine. IBU run-time declines past n = 81

as iterations do not much modify the guess and there is not much room for progress. One

can always choose a higher tolerance to reduce the number of IBU iterations and hence
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run-time. Finally, in Figure 4.8, we show the per-iteration runtime of IBU. This disregards

the effect that the convergence tolerance might have on the run-time. As expected, the

graph is essentially linear in the number of qubits.

4.5 Summary

We showed that IBU, an expectation-maximization algorithm, can be scalably imple-

mented by vectorizing operations and using GPU parallelism. We demonstrated our algo-

rithm’s scalability on the BV dataset with up to 26 qubits, and on GHZ states of up to

127 qubits (although results were not meaningful beyond 81 qubits). We found that IBU

achieves lower errors than the state-of-the-art alternative M3 without producing negative

probabilities. On the other hand, IBU takes longer than M3, although in absolute terms

the run-time is still reasonable.
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Chapter 5

Conclusion

In this work, we studied select ideas in ‘quantum-inspired machine learning’, by which

we mean both the application of classical machine learning inspired by quantum infor-

mation, as well as the application of classical machine learning to problems in quantum

information. In studying linear models for stochastic processes, we developed and for-

mulated HQMMs, a quantum-inspired analogue of HMMs, and showed that they are the

most expressive known model class unaffected by the ‘negative probability problem’. We

explored connections between various models for linear stochastic processes and quantum

tensor networks, showing their equivalence in the ‘non-terminating limit’ of the latter. We

also explored the feasibility of developing a tensor network model for quantum channels

that were constrained to satisfy the necessary physical constraints, but ran into appar-

ently insurmountable challenges. Lastly, we implemented a scalable measurement error

mitigation procedure for quantum computing using expectation-maximization, a classical

machine learning algorithm.

We have thus looked at various classical and quantum problems that have benefited

from a classical treatment, including modeling sequential data, quantum systems as tensor

networks, quantum process tomography, and measurement error mitigation for quantum

computing. Several common themes arose in these problems. First, we saw that there are

close connections between linear stochastic processes that model sequences and quantum
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tensor networks. Second, the issue of ‘negative probabilities’ arising from attempting to

invert a stochastic matrix as part of a regression appeared in the spectral algorithm for

PSRs, the estimation of quantum mixture covariance operators in kernel HQMMs, and in

measurement error mitigation; we typically turned to maximum-likelihood based methods

to tackle this. This is going to be a common issue when manipulating results from quantum

systems, as a natural consequence of the probabilistic foundations of quantum information.

Third, we saw from our discussion of quantum process tomography and measurement

error mitigation that the exponential scaling of quantum systems is a common bottleneck;

tensor-network methods will be immensely helpful in tractably modeling such systems.

Finally, clear directions for further work emerged in our presentation of these results.

The problem of whether there are any finite-dimensional PSRs that have no equivalent

finite-dimensional HQMMs (i.e., the completely positive realization problem from Section

2.5.5) remains open, as is the question of the exact correspondence between the Nadaraya-

Watson-like ‘quantum’ Bayes rule and the kernel sum rule. Alternative approaches to

identifying a trace-preserving tensor network representation of quantum channels will be

of great use in applications (such as QPT) that require a physically valid representation

of quantum channels. Further advances in computing hardware and computational tricks

could help reduce the absolute run-time of iterative Bayesian unfolding for measurement

error mitigation, and make it more competitive with matrix-inversion methods like M3.

With further advances in quantum information and machine learning, we expect that the

potential for cross-fertilization of ideas between these two fields that share deep mathe-

matical foundations will only expand.
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K. Życzkowski and I. Bengtsson. On Duality between Quantum Maps and Quantum
States. Open Systems & Information Dynamics, 11(1):3–42, 2004. ISSN 1230-1612,
1573-1324. doi: 10.1023/B:OPSY.0000024753.05661.c2.



139

Appendix A

Appendix

A.1 Additional Details on HQMM Experiments

A.1.1 Update Schemes on the Stiefel Manifold

Algorithms that constrain parameters on the Stiefel manifold generally are either projection-

like (which re-orthogonalize the naive gradient descent updates) or geodesic-like (which

directly generate updates on the manifold itself). Among geodesic-like algorithms, those

proposed by Wen and Yin [2013a] and Jiang and Dai [2013] are the current state-of-the-

art approaches. In the regime of tall-and-skinny matrices in our problem, these two are

theoretically equivalent and have the same computational complexity O(7Nn2). By com-

parison, the canonical gradient projection algorithm has a slightly lower computational

complexity of O(3Nn2) [Jiang and Dai, 2013]. We compared these three update schemes

to project or retract gradients onto the Stiefel manifold. The exact update schemes for all

three methods can be found in Jiang and Dai [2013].

We trained 9 HQMM models for both the synthetic HQMM and synthetic HMM

datasets using these 3 update schemes. As shown in the results in Figures A.1a and A.1b,

the three methods are very similar both in terms of speed and the final solution quality

for our benchmark datasets. Since the Wen-Yin update was slightly faster, especially for

larger models on the synthetic HQMM data, we used it over the alternatives.
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(a) Results for the Synthetic HQMM Data (b) Results for the Synthetic HMM Data

Figure A.1: Alternative Schemes to Constrain Updates on the Stiefel Manifold Validation
set accuracies obtained for HQMMs trained using different update schemes. All schemes
provide similar speed and model qualities, but the Wen-Yin update outperforms the others
by a small margin.
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A.1.2 Sensitivity to Initialization

The COSM algorithm begins with an initial guess of the optimal parameters κ and a

random intial density matrix ρ̂. By ‘burning-in’ a reasonable number of initial entries in

sequences, we minimize the effect of randomly initializing ρ̂. To investigate the sensitivity

of COSM to initializations of κ, we trained models on the synthetic HQMM and HMM

datasets over 3 random seeds. As shown in the results in Figure A.2a and A.2b, COSM is

sensitive to random initializations for the smallest (2, 6, 1) model, but the variance in DA

scores quickly decrease with an increase in model size, both as a function of n and w. We

observe even lower variance across different initializations for the synthetic HMM data in

Figure A.2b.

A.1.3 Hyperparameter Selection

To facilitate a clear comparison with the GS approach to learning HQMMs [Srinivasan

et al., 2018b], we used the same batch size as in Srinivasan et al. [2018b], and tuned

the step-size τ and decay rate α for all HQMM models. We started by manually tuning

models, and identified that all models tended to converge to good solutions with the

following hyperparameters: τ = 0.75 and α = 0.92 for the synthetic datasets, and τ = 0.8

and α = 0.9 for the splice dataset. We trained baseline models using these parameters,

and then randomly searched for better configurations around these values.

For the synthetic datasets, we fixed the batch size at 20 and randomly sampled τ

between 0.55 and 0.95, and α between 0.9 and 0.99. As we wanted to explore many

hyperparameter settings, we only trained on 3 random batches in every epoch. For the

splice dataset, we fixed the batch size at 200 and randomly sampled τ between 0.7 and

0.9 and α between 0.88 and 0.92. Since each splice model required learning three separate

HQMMs across multiple folds, we tested fewer hyperparameter settings across a smaller

search space. We also trained on a single random batch every epoch across 2 folds.

Given the large number of models that we needed to evaluate, we used the Hyperband

scheduling technique [Li et al., 2017] to quickly sample through many hyperparameter
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(a) Synthetic HQMM Data (b) Synthetic HMM Data

Figure A.2: COSM’s Sensitivity to Random Initializations of κ Validation set accuracies
obtained across 10 epochs for HQMMs trained on 3 different random initializations. COSM
is sensitive to κ initialization for the smallest models, but is fairly robust for larger models.

configurations. For each model, we began by running 3 epochs for each of the k randomly

selected configurations, and removed k/3 of them with the lowest validation DA scores. In

the next round, we ran the remaining configurations for a larger number of iterations, and

again removed the bottom third of the configurations with the lowest scores. We repeated
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Table A.1: Hyperparameter Selection The best performing step sizes (τ) and decay rates
(α) for various COSM models. For models not listed here, the default hyperparameters
(τ = 0.75, α = 0.92) and (τ = 0.8, α = 0.9) yielded the best results for the synthetic
datasets and the splice dataset respectively.

Dataset n s w τ α

Synthetic HQMM 2 6 1 0.75 0.92

5*Synthetic HMM 2 6 1 0.95 0.99
4 6 6 0.95 0.96
5 6 1 0.55 0.96
5 6 2 0.95 0.98
5 6 6 0.95 0.99

7*Splice 2 4 1 0.70 0.90
2 4 2 0.85 0.92
2 4 6 0.85 0.92
4 4 1 0.90 0.92
4 4 4 0.90 0.90
6 4 4 0.70 0.90
8 4 1 0.90 0.90

this strategy until only one configuration remained, and saved the one with the highest

validation DA throughout the tuning protocol. We searched across 27 and 9 random

configurations for the synthetic and the splice datasets respectively. As an example, for

the synthetic datasets we would train 27 models for 3 epochs, followed by the 9 best models

for 9 epochs, followed by the 3 best models for 9 epochs, and the final best model for 27

epochs. In Table A.1, we report the hyperparameters obtained through Hyperband that

outperformed the default configuration. For models not listed in the table, the default

configuration resulted in the best performance.

All our experiments were performed on a desktop with 8 Intel Core i7-7700K 4.20

GHz CPUs, and 31.3 GB RAM. All models are trained in MATLAB, but the gradient

computation happens in Python.

A.1.4 COSM’s Speedup over GS

Since the GS method can take days to converge to the final solution for larger models

such as (6, 6, 6)-HQMMs, it was not feasible to compute a direct speed up comparing its

convergence time to COSM across most models. Thus, we estimate the speed-up offered
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by COSM by fitting a linear model to the DA trajectory of models learned by the GS

method. Specifically, for a given HQMM model, we train both COSM and GS on the

synthetic HMM data until one of them converges within a tolerance of 10−5 in DA scores.

Since COSM always converges first, we take the DA scores achieved by GS in its last 10

steps and fit a linear model to it. We then extrapolate this linear model to estimate the

time it would take for GS to reach some fraction of the solution DA reached by COSM.

Note that a linear fit is an optimistic assumption of GS convergence time, meaning we are

going to understate how much faster COSM is compared to GS. Finally, we estimate the

speed up offered by COSM as the ratio of the (estimated) convergence time for GS and

the actual convergence time for COSM. In Figure A.3, we plot this estimated speed up

with varying number of parameters (both as functions of n and w) for different solution

fractions. For a solution fraction of 1, we record speedups greater than 150× for the

largest HQMMs trained. Furthermore, COSM offers comparable increase in speed up

as parameters grow either by virtue of increasing the number of latent states n or the

auxiliary dimension w.

A.2 IBM Device Specifications in MEM Experiments

We give device specifications in Table A.2. We show the device architectures in Figures

A.4 and A.5.

Montreal Washington

Min Mean Max Min Mean Max

T1 (µs) 57.57 113.2 187.1 40.43 101.98 247.7

T2 (µs) 22.58 99.72 198.71 2.61 94.29 259.39

1QG Error (%) 0.02 0.04 0.15 0.02 0.08 1.09

2QG Error (%) 0.57 1.35 6.09 0.53 4.79 100.

1QG Duration (µs) 0.04 0.04 0.04 0.04 0.04 0.04

2QG Duration (µs) 0.27 0.43 0.63 0.27 0.55 1.34

RO Error (%) 0.79 2.59 10.66 0.23 3.51 38.49

RO Duration (µs) 5.2 5.2 5.2 0.86 0.86 0.86

Table A.2: Device specifications for Montreal and Washington. 1QG and 2QG denote
1-qubit gate and 2-qubit gate, respectively. RO denotes readout.
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Figure A.3: Estimated Speedup of COSM over GS: Estimated speedups of COSM over GS
for various solution fractions. As seen in the plots for solution fraction of 1, GS can take
more than 150 times the convergence time for COSM to reach the latter’s final solution
quality.
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Figure A.4: Schematic for the device connectivity for IBMQ Montreal. The entire device
was used to implement 26-qubit Bernstein-Vazirani algorithm.

Figure A.5: Schematic for the device connectivity for IBMQ Washington. We constructed
GHZ(n) states for n = 2 to n = 127. However, the ‘correct’ bitstrings (all 0s and all 1s)
were no longer the modal measured bitstrings beyond n = 81 qubits, and the normalized
`1 score was 0 (see Figure 4.6).


