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Modern Portfolio Theory dates back to 1950s, when Markowitz proposed mean-
variance portfolio optimization to construct portfolios. It provided a systematic ap-
proach to determine portfolio allocation when one is facing complicated risk structure
that not only exists for individual assets but also across different assets. Since then
there has been much research exploring better ways to quantify risk. In particular,
asymmetric risk measures including the more recent downside risk measures. Here we
use expected tail loss (ETL) as the risk measure which is a coherent risk measure, and
define a reward measure, expected tail gain (ETG), to measure the upside return. We
formulate the portfolio optimization problem using these two measures and developed

an iterative algorithm to find its optimal solution.
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Chapter 1
INTRODUCTION

A portfolio is a combination of individual investment assets. It has two primary
characteristics: reward and risk. The higher the reward is, the higher the risk, and
vice versa. Portfolio optimization solves the problem of allocating weight to each
member asset such that the portfolio’s reward is maximized while its risk is less than
some given value, or the portfolio’s risk is minimized while its reward is greater than
or equal to some given value. This general approach is referred to as Modern Portfolio
Theory (MPT), originated by Markowitz who won the Nobel Prize for his pioneering
work in this area. MPT provides a systematic way to determine portfolio allocation
when one is facing complicated risk structure that not only exists for individual asset
but also across different assets.

There has been much research exploring better ways to quantify risk since the
establishment of MPT. From the earliest symmetric risk measures to later asymmetric
risk that focus on the down-side risk. Here we use Expected Tail Loss (ETL), or
Conditional Value-at-Risk (CVaR), as the risk measure, and defined a reward measure,
Expected Tail Gain (ETG), in a manner similar to ETL. The resulting portfolio
optimization problem turns out to be a concave programming problem. This problem
can be converted into a mixed integer optimization problem, but in this form the
problem requires an exhaustive search over all possible combinatorial options and is
thus prohibitively time consuming even for small portfolios. We suggest a heuristic
algorithm that is time efficient and provides excellent results based on empirical data

for portfolios containing hundreds of stocks.



Chapter 2
RISK, REWARD AND PERFORMANCE MEASURES

2.1 Risk Measures

In finance, risk is the uncertainty that an investment’s actual return will be different
from expected. There are different types of risk associated with different financial
assets, such as interest rate risk, credit risk, liquidity risk, currency risk etc. This
thesis specifically focuses on equity risk, i.e., the uncertainty of future prices for
equity securities. For a single asset, let P, denote its price at ¢, and its simple return
is defined as

P — P

= - 2.1.1
Rt Pt_l ) ( )

which is also called holding period return. Its log return is defined as

by
Py

ry = log (2.1.2)

These formulas assume the price has been dividend and split adjusted. Notice that
simple return has a minimum bound of —1. This is hard to handle when we use
parameterized distributions, such as normal distribution or skewed t distribution, to
model the return. The log return doesn’t have this issue as its value can spread over
the entire real axis. Therefore, the log return is preferred. Since r, is a random
variable given the price at P,_1, risk can be defined as r;’s uncertainty. Throughout
this thesis, we use r as the random return, f(r) as its probability density function
and F(r) as its cumulative density function in the formulas for various risk measures.

This section lists a few concepts that are essential in understanding risk measures,
including symmetric and asymmetric/downside risk measures. In particular, we focus

on coherent risk measures of risk.



2.1.1 Classical Risk Measures
Volatility

Volatility is defined as the standard deviation of an asset’s return. It is the most

widely used measure of uncertainty and is usually denoted by o,

s = VEG B,

where F stands for expectation. Volatility has the same units as the return and is
a symmetric risk measure in the sense that it treats both the upside and downside

deviation from the mean identically.

Mean Absolute Deviation (MAD)

Mean-absolute deviation is another symmetric measure, defined as the expected ab-

solute deviation from the mean,
MAD = E|r — Er|.

It serves as a substitute for volitility in measuring the statistical dispersion when
volitility is infinite. However, it is not everywhere differential and so is not preferred

as an objective function in portfolio optimization.

Volatility and MAD are both symmetric risk measures, i.e., they treat positive
and negative deviations from the mean the same. However, historical returns indicate
that return is not normally distributed, but rather fat-tailed and skewed. In addition,
investors favor a scenario where realized return is higher than expected, and consider
as risk only a downside return that is less than a certain expected return. In this

regard, numerous downside risk measures have been proposed.



Semi-standard Deviation (SSD)

Semi-standard deviation is similar to standard deviation except that it only takes into

account the negative deviations from the mean,

SSD = \//_M (r — )2 f(r)dr.

Here p is the expectation of r. Semi-standard Deviation was first proposed by

Markowitz [25]. Quirk and Saposnik[33] provided a theoretical background for SSD
being superior than variance/volitility. Mao [23] advocates using SSD in adapting

Markowitz’s model to capital budgeting.

Lower Partial Moments (LPM)

A key development in the research of downside risk measures was Lower Partial

Moments (LPM) by Bawa[4] and Fishburn|[12].

LPM(a, c) = / (c=r)*f(r)dr a>0

—0o0

where ¢ is the minimum acceptable return, a predetermined threshold, and « is the
degree of the lower partial moment. We can set ¢ to be a constant, say 0, or the
risk-free rate, and « can take non-integer values. The LPM with a < 1, @« = 1 and
a > 1 captures risk seeking behavior, risk neutral behavior and risk averse behavior,
respectively. When ¢ = p, the expectation of return r, and o = 2, then LPM(2, u1) is
just SSD.

Value-at-Risk (VaR)

Financial engineers at J.P.Morgan developed Value-at-Risk. It is widely used by
practitioners to measure the risk of loss on a portfolio of financial assets. Given a
time horizon and a probability level of « (usually 1% or 5%), VaR,(«a) is defined as

the negative of the a-quantile,

VaR,(r) = —F(a) = — inf{z|F(z) > a}.



The value VaR,(«) is interpreted as maximum loss in dollars for each dollar invested

at 1 — « confidence level.

FEzxpected Tail Loss (ETL)

Expected Tail Loss (ETL), introduced by Rockafellar and Uryasev [37, 38|, is an
alternative to VaR. Given a time horizon and a probability level o (usually 1% or
5%), ETL,(r) is defined as the negative of the conditional expectation of the return

r given that r is below the a-quantile, i.e. the negative of VaR,(r),
ETL,(r) £ —E[r|r < —VaR,(r)]

ETL is also called the Conditional Value-at-Risk(CVaR), the Expected Shortfall (ES),
or the average Value-at-Risk. Figure 2.1 shows a illustration of VaR and ETL. ETL
captures the tail returns beyond the VaR value, and thus captures extreme losses that
VaR doesn’t. ETL is always greater than or equal to VaR, and a large VaR indicates
a large ETL. We prefer ETL to VaR due to its numerous favorable properties. In

particular, because ETL is a coherent measure of risk.

2.1.2 Coherent Risk Measures

Artzner et al [29, 30] proposed four desirable properties for measures of risk and set

up a framework for the study of risk measures.

Definition 2.1.1. For a probability space (2, F, P), a coherent risk measure is a
mapping p : X — R satisfying the following four properties, where ) is the linear

space of F-measurable functions X : Q — R.

A1l. Translation invariance: p(X + «) = p(X) — a, for all X € x and all a € R;
A2. Subadditivity: p(X +Y) < p(X) + p(Y), for all X and Y € x;

A3. Positive homogeneity: p(AX) = Ap(X), for all A > 0 and all X € x;
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Figure 2.1: Hlustration of VaR and ETL.

A4. Monotonicity: p(X) > p(Y), for all X and Y € x with X <Y.

almost surely.

Here X,Y are taken as random variables of the return with X <Y assumed to hold

Remarks.

Criteria A1 means that adding a cash amount of « to the initial holdings reduces
the risk measure by a.

Criteria A2 is a natural requirement that the risk of sum of two assets can only

risk.

be less than or equal to the sum of individual risks, i.e., diversification reduces

CriterionA3 implies that risk scales proportionally to position, i.e., when the

initial holding amount is scaled, risk is scaled by exactly the same constant.



Critrion A4 indicates that greater loss implies larger risk.

Notice that A2 and A3 imply the convexity of p. The risk measure VaR does not
satisfy subadditivity and so it is not convex and is not coherent. On the other hand,
ETL satisfies all the four properties and so it is coherent [31]. For this reason it is

preferred as measure of risk.

2.2 Reward Measures

Although there have been a great deal of research and discussion of risk measures
in the literature, measures of reward have received considerably less attention. The
consensus seems to be that the expected return p = E(r) is a a sufficiently good
measure of the reward. However, empirically, this measure is unstable on a number
of data sets [27].

Given a series of historical returns of an asset r1,...,ry, an unbiased estimate of

the their expected return is the mean,

1 T

However, the sample mean is sensitive to outliers and thus is not a robust estimator.
In this regard, we suggest using an asymmetric upside reward measure. For each
downside risk measure discussed in previous section, a corresponding reward measure

can be defined. The reward measure corresponding to SSD is

\/ / = pRf(r)dr,

the reward measure corresponding to LPM is

/ (c—=m)*f(r)dr a>0,
and the reward measure corresponding to VaR is

inf{z|F(z) > 1 - B},
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Figure 2.2: Illustration of ETG.

where [ is the right tail probability. This thesis considers the reward measure corre-

sponding to ETL, namely, the Expected Tail Gain (ETG).

Definition 2.2.1. The Ezpected Tail Gain (ETG) at level 3, or Conditional Expected

Return (CER) at level 3, is defined as the expectation of the return conditioned on
it being greater than the (1 — §)-quantile:

ETGs(r) = E[r|lr > F~Y(1 = B)].

As shown in Figure 2.2, 3 is the probability of the right tail. This corresponds to
the definition of ETL except for a matter of sign. Specifically, we are interested in a
relative large value for § (for example 90% or 95%) which includes the body of the
distribution and a large right tail. By maximizing the CER associated with a large 3,

we are maximizing the average return in probablistic sense. When 8 = 100%, CER

shrinks to expected return.



2.3 Performance Measures (Ratios)

High returns are usually associated with high risk, and high risk investments are often
associated with high returns. However, a one-time realized high return of a portfolio
doesn’t necessarily prove it to be a good strategy because it may be inherently risky.
Several portfolio performance measures have been developed that attempt to balance
the trade-off between returns and risk. Most of these measures take the form of a

reward /risk ratio.

Sharpe Ratio

For a risky asset, the Sharpe ratio is defined as the excess return per unit of devia-

tion /volatility,

p—ry
o Y

where 1 is the expected return of the asset, r¢ is the return on a benchmark asset,such
as the risk free rate of return, o is the volatility of the excess return. The Sharpe
ratio characterizes how well the return of an asset compensates the investor for the

risk taken. The higher the Sharpe ratio, the better.

Treynor Ratio

Treynor ratio is defined as the excess return per unit of market/systematic risk.

Py
B

Here [ is the market risk coefficent in the capital asset pricing model.
The capital asset pricing model (CAPM) If the market portfolio M is efficient,

the expected return i of any asset with random return r satisfies

p—rs=B(par —1y)
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where

oy
pw=E(r), pu=Ery), B=—5,
Om

with 0,0 = E((r — p,)(rar — par)) is the covariance of r and ry;.

CAPM was developed by Treynor[45, 46], Sharpe[43], Lintner[22] and Mossin[28]
independently. It relates the expected excess rate of return of an asset with the
expected excess rate of return of the market portfolio through a proportionality factor
B. The factor § can be interpreted as a normalized covariance of the asset with the
market portfolio. If g = 0, that is, the asset is uncorrelated with the market, then
E(r) = ry. It seems contradictory that an asset with positive risk/volatility o, can
have an expected return equal to the risk free rate. However, this is a consequence of
the CAPM modeling assumption that the idiosyncratic risk of the asset can always be
diversified away when combined with other assets to form a portfolio. Only the market
risk represented by [ contributes to the risk of the portfolio. This provides theoretical

support for Treynor ratio which uses § as the risk measure in the denominator.

Jensen’s Alpha («)

Jensen’s alpha is the excess return of an asset beyond its theoretical rate of return

determined by CAPM:

a=p—[ry+B(uar —rp)l

Sortino Ratio

Sortino ratio [44, 13] is a modified version of Sharpe ratio. Instead of volatility ,

Sortino uses SSD as the risk measure in the denominator of the ratio,

_ Ry
SOR = SSD
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STARR Ratio

The STARR Ratio replaces volatility in the denominator of Sharpe ratio by VaR [26]:

STARR, = X"/
VaR, ()

Both Sortino ratio and STARR ratio are downside risk-adjusted performance mea-
sure. The next two ratios differ in the sense that they not only use downside risk

measures in the denominator but also upside reward measures in the numerator.

Omega Ratio

Keating and Sadwick [7] proposed the Omega ratio as a performance measure. It is

defined as
[(1 = F(r))dr
[ Fr)dr

where ¢ is a threshold for the return. The above formula can also be written as

Q.(r) =

S5 (r =) f(r)dr _ P(r > c¢)E(r —c|r > ¢)
S (c=r)f(r)dr P(r<c)E(c—rlr<c)

Qe(r) =

In this form Omega is seen as a probability weighted ratio of tail conditional expec-

tations with fixed threshold c.

Rachev Ratio

Rachev ratio [26] uses expected tail loss (ETL) as the risk measure in the denominator

and expected tail gain to measure the reward in the numerator:

_ ETLg(—r)  E(rjr > F(1-3))
RRa,B(r>_ ETEQ(T) - —E(T|T§F_1(Oé)) .

Here a represents the left tail probability and § the right tail probability. By tuning

the value of a and (3, different portions of the distribution are used in the calculation



12

of Rachev ratio. Possible choices are « = = 5% and o = 1%, = 50%. An
empirical example can be found in Biglova et al.[1].
Note that the expected tail gain in the numerator is exactly the same as the

definition of the Expected Tail Gain, or CER, given in Definition 2.2.1.
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Chapter 3

PORTFOLIO OPTIMIZATION

In finance, a portfolio is a collection of financial assets such as bonds, stocks, funds
and their derivatives. By investing in a portfolio, for a fixed return an investor is able
to reduce the risk of the investment over any single component asset as long as they
are not all perfectly correlated (correlation = 1). Portfolio optimization attempts
to find the optimal weights of various assets that maximize the portfolio reward
given a predetermined risk level, or alternatively, minimize the portfolio risk given a
predetermined reward requirement. In this chapter, Section 3.1 briefly reviews those
aspects of optimization theory of relevance to our discussion of portfolio optimization.
In particular, the theory associated with the linear complementarity problem (LCP)
and a primal-dual interior point method for its solution. Section 3.2 introduces the
classical mean-variance portfolio optimization, also referred to as the modern portfolio
theory (MPT). Section 3.3 discusses an adaptation of the MPT that uses ETL as the
risk measure, develops an algorithm using primal-dual interior point method to solve
this problem, and proves the equivalence of two alternative empirical formulation of
this problem. Section 3.4 focuses on the ETG-ETL optimization problem. the core
contribution of this dissertation. It employs ETG as the reward measure and ETL as

the risk measure in a portfolio optimization framework.
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3.1 Optimization Review

A standard constrained optimization framework takes the form

minimize  fy(x)

subject to  fi(z) <0, i=1,...,s (3.1.1)

filz) =0, i=s+1,...,m,
where the vector x = (z1,...,z,) is the optimization variable, the function f, : R" —
R is called an objective function, and the functions f; : R® — R,7 = 1,...,m, are

called constraint functions. A vector that satisfies all the constraints is called a feasible
solution. An inequality constraint is said to be active at a feasible point z if f;(x) =0
and inactive if f;(z) < 0 for some i € {1,...,s}. Equality constraints are always
active at any feasible point. A feasible solution that minimizes the objective function
is called an optimal solution, often denoted by x*. The set of all optimal solutions
are called the optimal set, and optimal value is defined as the greatest lower bound

to the values of fy(x) as « ranges over the set of feasible solutions.

3.1.1  Some important classes of optimization problems

Optimization problems can be categorized into different classes based on the types of
objective and constraint functions. Below we briefly describe three important classes

for our study; linear programming, quadratic programming and convex programming.

Linear programming

The problem (3.1.1) is called a linear program (LP), if the objective and constraint

functions fy,..., fi, are all linear, i.e.

filax +by) = afi(z) + bfi(y) (3.1.2)
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for all z,y € R™ and all a,b € R. A typical linear programming problem has the form

minimize ¢’z
(3.1.3)
subject to a]x <b;, i=1,...,m,
where c,ay,...,a,, € R" and by,...,b,, € R. Indeed, all linear programs can be

transformed into one of this type. All the optimization problems that are not linear

are called nonlinear programming problems.

Quadratic programming

The problem (3.1.1) is called a quadratic program (QP), if the objective function
is quadratic and the constraint functions are linear. A quadratic program can be
expressed in the form
minimize $x"Pr+q xz+7
subject to Gz < h (3.1.4)
Axr = b,

where P € S, q € R",G € R™*", and A € RP*™.

Convex Optimization

A distinction between problems of the class (3.1.1) that is perhaps more important
than linear and nonlinear, is conver and non-convex. A set C' C R" is said to be

convex if

(I1-=XNz+XyeC VzyeR"and0 <A< 1.

A function f : R™ — R is said to be convex if

flA=Nz+ X y) <1 =XN)f(z)+Af(y) Ve,yeR"and0<A<1.
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A function ¢ : R™ — R is said to be concave if —g is convex. A typical convex

optimization problem has the form

minimize  fo(z)

subject to  fi(x) <b;, i=1,...,m, (3.1.5)
Ax =D,
where functions fy,..., f,, are all convex. Clearly, linear functionals are convex,

and so LP’s are examples of convex programs. A QP is convex if and only if the
matrix P in (3.1.4) is positive semi-definite. All the optimization problems that are
not convex are called non-convex programming problems. The ETG-ETL optimization
problem considered in Section 3.4 is a non-convex programming problem. Specifically,
it is called a concave programming problem which is the class of problems where the

objective function is concave while the constraint region is convex.

3.1.2  The Lagrangian and duality
Consider the standard optimization problem
minimize  fo(z)

subject to  fi(z) <0

: i=1,...,s (3.1.6)

Y
0, +=1,...,m,

where z € R”. Denote the feasible set by
D:={zeR": fi(x) <0, i=1,...,sand hy(x) =0, i =1,...,m} .

Definition 3.1.1. The Lagrangian L : R™ x R®* x R™ — R for the optimization

problem (3.1.6) is given by
L(z, \v) = folx)+ ) Mifilz) + ) vihi(x) (3.1.7)

with dom(L) = D x R} x R™, where \;’s and v;’s are called the Lagrange multipliers

associated with corresponding constraints.
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Definition 3.1.2. The dual objective function g : R* x R™ — R is the minimum

value of the Lagrangian over x: for A € R*, v € R™,
g\ v) = ;g% L(z, A\ v)

If we denote the optimal value of problem (3.1.6) by p*, it is easy to check that

g\, v) <p*forany A >0 and v € R™, i.e., g(\,v) provides a lower bound for p*.

Definition 3.1.3. The Lagrangian dual problem to the problem (3.1.6) is the opti-

mization problem

maximize g(\,v) (3.18)
subject to A >0 -

In this context, problem (3.1.6) is often referred to as the primal problem and
(3.1.8) as the dual problem. The dual problem is a convex programming problem
regardless of whether the primal problem is convex or not. If we let d* denote the

optimal value for (3.1.8), we have

a<p".
This is called weak duality. If in fact

" =p",

we say strong duality holds. Strong duality does not hold in general, and does not
necessarily imply that solutions to either the primal or dual problem exist. In convex
programming, strong duality can usually be establish by showing that a constraint
qualification is satisfied.

Consider a convex optimization problem in the form of (3.1.5), a simple constraint

qualification is the Slater’s condition: there exists an x € D such that

filz) <b;, ,i=1,...,m, Axr =b.
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In other word, the inequality constraints in (3.1.5) are strictly satisfied. Slater’s The-
orem states that for a convex problem Slater’s condition guarantees strong duality as
well as the existence of a solution to the dual problem. For linear programming prob-
lems, strong duality always holds and solution to both the primal and dual problems

always exist as long as the primal and dual problems are both feasible.

3.1.3 KKT optimality conditions

Again consider the standard optimization problem (3.1.6). We assume fo,..., fs,
hi,...,h,, are differentiable. Suppose strong duality holds, x* is the optimal solution
to the primal problem and (A*, v*) is the optimal solution to the dual problem. Then

the following conditions hold:

A fi(xz*) =0, i=1,...,s
Vio(a®) + ) NV fila) + > v Vhi(a*) =0.
=1 i=1

These are called the Karush-Kuhn-Tucker (KKT) conditions. If the primal problem
is convex, then any point (Z, 5\,5) satisfying the KKT conditions is such that Z is
an optimal solution to the primal problem and (A*,v*) is an optimal solution to the
dual problem. For this reason, the KKT conditions are often used to find the optimal

solutions to optimization problems.

3.1.4  The linear complementarity problem

Given a real matrix M € R"*" and vector ¢ € R", the linear complementarity problem

(LCP) is: Find z,y € R™ such that

y=Mz+q, z'y=0, 0<z 0<y. (3.1.9)
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The KKT conditions for the QP

minimize  f(z) = c'u+ tu'Qu
subject to Au <b (3.1.10)

u > 0,

can stated in the form of an LCP by setting

AT c
M = © and ¢ =
—A 0 b

3.1.5  Primal-dual interior point method

In this section we provide a sketch of the basic ideas behind the primal-dual interior

point method for solving the LCP problem. Define

Mx —y+
Fz,y) = e (3.1.11)

XYe

where X and Y are the diagonal matrices whose diagonal elements are those of the
vectors x and y, respectively. Then solving the LCP problem (3.1.9) is equivalent to

solving the equation
F(z,y) =0, for some x >0 and y > 0. (3.1.12)

Therefore, we can solve the LCP problem by applying variants of Newton’s method
to the function (3.1.11) modifying the search directions and step lengths so that the
inequalities x > 0 and y > 0 are satisfied strictly at every iteration. First, we derive
the Newton step and then show how to correct it by introducing the concept of the
central path. From step k to k + 1, the first order approximation to F(z*1) at

z=(x7,y")T isgiven by

F(Zk-i-l) — F(zk) + JF(Zk)(zk—H o Zk),



20

where Jp(-) is the Jacobian matrix of F. Setting the left side zero and solve for

Newton’s direction d%, we get
diy = M = F = — Jp(F) TR (ZR).

If we take a full step along Newton’s direction at each iteration, the values for (z,y)
could easily go beyond the boundary of positive quadrant and violate the constraints
x,y > 0 before reaching the solution. Instead we take a shorter step 2! = 2% 4+ adk;,
where a € (0,1]. However, if « is too small, progress toward a solution will be
insufficient to assure convergence. To address this problem, we solve the modified

subproblem

Mz —y+ 0
F(z,y) = XYy = | >0, y>0, (3.1.13)
e (&

for ¢ > 0 where e € R" is the vector of all ones. The set of all solutions to such

problems for ¢ > 0 is called the central path for the LCP problem:
C={z:F()=0e")T", 2>0}.
A modified Newton step is then computed by solving for points on the central path:

0 = F(2") = F(2F) + Jp(2F) (M = 29), (3.1.14)

oTe

d* =2 P = Jp(F)T PR — 0 : (3.1.15)

oTe
In this equation, 7 = (xTy)/n is defined as the duality measure, which is the average
value of the pairwise products x;y;, ¢ = 1,...,n. Instead of directly aiming at 7 =0
as in the previous case, we first want to achieve a fraction o of the duality measure
at this step, where o € [0,1] is called the centering parameter. If o = 0, d* is just

the Newton’s direction; if o > 0, it is possible to take a longer stepsize o along the

direction before violating the nonnegative constraints because we are aiming towards
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more towards the central path point (z,y) with XYe = Te. Therefore, by shrinking
values for o carefully and choosing a suitable step-size a at each iteration, we are able

to achieve the global convergence and polynomial complexity of the method.

3.2 DMean-Variance Portfolio Optimization

Harry Markowitz[24, 25] introduced modern portfolio theory in the 1950s. He used
volitility as a proxy for the portfolio risk and expected return as a proxy of the portfolio
reward. There are two equivalent forms of the mean-variance portfolio optimization

problem:

1. maximize the portfolio’s expected return for a given level of risk;

2. minimize the portfolio risk for a given level of expected return.

This section develops the mathematical model and shows that the second form can
be represented by a quadratic programming problem.

For a portfolio consisting of n assets, let r; be the return of asset ¢ and let w; be
the amount of capital invested in asset i for i = 1,2,...,n. Without loss of generality,

we take the total principal to be $1, so that
whe =1, (3.2.1)

where w = (wy,...,w,)", e = (1,...,1)T. Then the expected return of the portfolio,

p, is given by the weighted average of the return of each asset,

n
T
ry = E wir; = w'T. (3.2.2)
i=1
Here r = (rq,...,r,)". Each r; is a random variable, so for each fixed w, r,, as a linear

combination of r;’s, is also a random variable. Let yu; = E(r;) denote the expected
return of asset 7, then the expected return of the portfolio is the weighted average of

the expected return for each asset,

= E(r,) = E(w'r) =w'p, (3.2.3)
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where 1 = (g1, ..., tn)".
Assume the investor has a target expected return of p This target can be expressed

as the linear constraint

w' > p. (3.2.4)

The variance of the portfolio return is given by

o2 = E(ry — ) (3.2.5)
= EB(w'r —w'u)? (3.2.6)
= Blw" (r — p)(r — p)"w] (3.2.7)
= w' Qu. (3.2.8)

where Q = E[(r — p)(r — )] is the covariance matrix of the n assets. The classical

Markowitz mean-variance portfolio optimization can be written as

minimize w'Quw (3.2.9)

weR™
subject to w'p=p (3.2.10)
whe =1 (3.2.11)

Notice that variance, not volitility, is used as the objective function to minimize. This
makes the problem a convex quadratic programming problem which is easy to solve
and gives the same optimal solution w* as that given by a volitility objective. Also
note that the inequality constraint in (3.2.4) is replaced by an equality constraint in
(3.2.10). This does not change the optimal solution because it is an active constraint
at the solution, i.e. equality must hold at any optimal solution w*. Using constraint
(3.2.10) enables us to transform the problem into a more favorable format, which is
explored in detail later.

In general, we assume that €2 is positive definite. This is equivalent to assuming
that there there does not exist a non-trivial linear combination of the assets r, =

wyry + - - - + w1y, such that P(r, = constant) = 1. Intuitively, there should not exist
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a linear combination of the assets that yields a deterministic return. If this assumption
is met, the solution to the Markowitz mean-variance portfolio optimization problem
(3.2.9) is unique when it exists.

To make use of this model in portfolio selection, we must specify both the vector
expected returns p and the covariance matrix ). There are several options for the esti-
mation of y and 2. A straightforward approach is to use the empirical non-parametric
estimation, i.e. take the mean of historical returns as the expected return, and take
the variance of the historical data as an estimate of €2. One shortfall of this method is
that it requires n(n + 1)/2 estimators for the covariance matrix and n for p. Another
issue is the stability of the estimation since it can differ greatly between similar his-
torical periods and is easily affected by outliers. Another approach is to assume each
r; follows a known distribution function with explicit density function, such as the
normal distribution or a skewed t distritution. One then first fits the paramterized
distribution to the historical data using maximum likelihood estimation to estimate
the values of the parameters, then calculate expected returns and covariance using
the explicit density function. While using this approach, asymmetric distributions
such as skewed t distributions are preferred over the normal distribution since they
capture the fat tail and skewness of the returns detected in empirical research. A
third option is to make use of factor models assuming the returns are driven by some
factor returns. The factor candidates can be macroeconomic factors such as index
returns and inflation rate, fundamental factors such as P/E ratio and returns on a
model portfolio, and statistical factors such as principal components. Factor models
can reduce the number of estimations and give more robust results. If there are p

factors, then we only need np + n + p? estimations for the covariance matrix €.
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3.3 Mean-ETL Portfolio Optimization

3.8.1 Formulation of the mean-ETL optimization problem

As discussed in Section 2.1.2, the expected tail loss ETL, or CVAR, is a coherent risk
measure and so is preferable to volatility. A natural extension of classical Markowitz
portfolio optimization problem is to replace variance by ETL as the objective function

to minimize:

minimize,egn ~ ETLg(w) = —ElwTr|wTr < —VaR, (w'r)]
subject to wip=p (3.3.1)
wle=1.

In this form, this problem is difficult to solve particularly since the definition of ETL
involves VaR. Rockafellar and Uryasev [37, 38| developed an equivalent formulation
of ETL by expressing it as the optimal value of a minimization problem. Let r, =
w'r denote the portfolio return function, where w is a deterministic vector variable
representing the portfolio weights and r is a vector random variable following some
distribution. For each fixed w, r, is a scalar random variable whose distribution can

be derived from that of . The cumulative distribution function associated with w is

O (w, 2) :/< p(r)dr (3.3.2)

where p(r) is the density function of r. For o € (0, 1), the a-VaR and a-ETL associated

with w is
VaR,(w) = —inf{z|®(w, z) > a} and (3.3.3)
1
ETL,(w) = ——/ rpp(r)dr (3.3.4)
o rp>VaRa (w)

respectively. Now define a new function
1
Faw,0)=C+ / —r, — O] p(r)dr (3.3.5)

where z; = maxz{0, z}, 2 = max{0, —z}, and C is a scalar variable.
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Theorem 3.3.1. [37, Theorem 1] F,(w,C) as a function of C is convex and contin-

wously differentiable. The a-ETL associated with w can be obtained by solving

ETL,(w) = min F,(w,C) (3.3.6)

CeR

Also the set of values of C, where the minimum is attained, i.e.

A, (w) = argmin F, (w, C), (3.3.7)
CeR

18 a nonempty, closed, and bounded interval satisfying
VaR,(w) = left endpoint of An(w). (3.3.8)

Observe that minimizing a-ETL over w € W is equivalent to minimizing F, (w, C')

over all (w,C) € W x R, i.e.

min ETL,(w) = min F(w,C) (3.3.9)
weWw (w,r)eW xR

where W C R" is the feasible set for w, which in our mean-ETL optimization problem
is a polyhedral convex set. Typically, A,(w) shrinks to a single point, so by directly
solving the minimization problem on the right side in (3.3.9), we get the optimal
weights giving the minimum ETL, denoted by w*, and the corresponding VaR value

denoted by C*, i.e.
min ETL (w) = F(w*,C*)  VaRa(w") = C* .
we
According to (3.3.9), the mean-ETL optimization problem can be formulated as

minimize F(w,C)=C+ é /[—rp — Clyp(r)dr (3.3.10)

w,C

subject to w'p=p w'le=1.

Assume there is a historical realization of , denoted by r!,72, ... rT in T periods, and
assume equal probability of each historical return, then F(w, C') can be approximated

by .
3 1 T t
F(w,C)=C+ T E [—w'r' = C]4 (3.3.11)

t=1



26

Then this empirical estimation F° (w,C) is used as the target function in the mean-
ETL portfolio optimization problem (3.3.10). Since F'(w,C) is piecewise linear and
convex in w and C and all the constraints are linear, this is a convex programming
problem. By introducing a vector variable z = (21,...,27)7, we can rewrite it as a

linear programming problem,

mig}cggize C+pBz"e (3.3.12)
subject to 0<z+4+ Rw+ Ce u (3.3.13)
0<z2 v (3.3.14)
wip=p 0l (3.3.15)
w'e =1 A (3.3.16)

where 8 = 1/(aT), R = (r',...,rT)T € RT*" As in the case of Markowitz mean-
variance portfolio optimization problem (3.2.9), we assume that there is no non-trivial
linear combination of the assets r, = wyry + - - - +w,r, such that P(r, = constant) =
1. We instantiate this condition in our finite sample of these assets by making the

following assumption:

AweR" ke€R such that Rw = ke . (3.3.17)

In the next section, we implement the primal-dual interior point method to solve

(3.3.10).

3.3.2  Primal-Dual interior point algorithm

This section starts with finding the dual problem and complimentarity conditions of

problem (3.3.12)-(3.3.16). Let u € R, v € RT, v € R and A € R be the corresponding
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lagrangian multipliers for constraints (3.3.13)-(3.3.16), then the lagarangian is

L(C, z,w;u,v,7,\) =C + fz"e —u' (2 + Rw+ Ce) —v'z
+y(pTw —p) + AMw'e—1) (3.3.18)
=C(1—u"e)+2"(Be —u—v)

+w (=R"u+yu+ Xe) — py — A (3.3.19)

Take the partial derivative of L with respect to C, z and w respectively, and set each

to 0, we get

g—g =1-u"e=0 (3.3.20)
V.L=Fe—u—v=0 (3.3.21)
VoL =—R'u+~yu+Xe=0 (3.3.22)

which leads to the constraints of the dual problem. Gather everything together, the

dual problem is

mhrzlryn)l\ze py+ A (3.3.23)
subject to ©u >0, v>0 (3.3.24)
u'e =1 (3.3.25)
fe—u—v=0 (3.3.26)
R™u—yu—Xe=0 (3.3.27)
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Also the KKT conditions are

(
0<z2

0<z+4+Rw+Ce
Primal feasibility (3.3.28)

Dual feasibility < (3.3.29)
fe—u—v=0

KRTu—fy,u—)\e:O
u'(z+ Rw+Ce) =0
Complementary slackness (3.3.30)
vz =0

Strong duality for linear programming always holds as long as both the primal and

dual problems are feasible. In addition, for convex optimization problems, if the Slater

constraint qualification holds, the KKT conditions provide necessary and sufficient

conditions for optimality. Therefore, in order to solve (3.3.12)(3.3.16) it suffices to

solve the KKT conditions to obtain optimal solutions to both the primal and dual

R3+4T—|—N N R3+4T+N

problems when they exist. Define the function F' : as follows:

-Rw+C’e+z—y
w e —p
wle —1

R™w —yp — Xe

F<Z7y7u7/0707w7)\7’7> = )
u—+v— e
elu—1
YUe

VZe
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where Y is the diagonal matrix having the elements of vector y on the diagonal,
with the diagonal matrices U, V and Z defined similarly. Clearly, solving the KKT

conditions is equivalent to solving the system:

F(z,y,u,v,Cw,\,7) =0 (3.3.31)

(z,y,u,v) > 0. (3.3.32)

We can use the previously introduced primal-dual interior point method for this pur-

pose. The following is a derivation of the Jacobian matrix of F

zy u v C w XA vy

VZe v 0o 0 z0 o0 0 0

YUe o U Y 00 0 0 0
u+v—fPe o o I I 0 0 0 O
JF=Rw+Ce+z—y (I —I 0 0 e R 0 0
elu—1 0 0 e" 00 0 O 0

R™ — vy — Xe 0 0 RT 00 0 —e —pu

w'e —1 0 0 0 0 0 e 0 0

why—p _O 0 0 0 0 u" O 0_

We find its block LU decomposition by Gaussian elimination under the assumption
(3.3.17) on the matrix R. This is used to calculate its inverse in finding the modified

Newton’s direction later. The Gaussian Elimination proceeds as follows:

rowl vV 0 0 A 0 0 00

0 U Y 0 0 0 00

= 0o 0 I 1 0 0 00
—V=lrowl |0 -1 0 —-V7'Z ¢ R 0 0
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row?2

= +U 'row?2

row3

= —U~'Yrow3, x(-1)

—e'row3

—R"row3

Let D=V'Z +U"'Y,

= row4
+eT D lrowd, x(—1)
+RT"D 'row4, x(—1)

S o o o o <<

o o o o o <<

o o o o O o

o o o o © o

oo o o o o <

0
Y
I

Uy vz e

o O o ~ < o

o o o o d o

A 00 0 O
0 00 0 O
I 00 0 O
R 0 0
0 00 0 O
0 0 0 e —u
A o 0 O
0 0O 0 O
1 0O 0 O
VZ+UYY —e —R 0
—el 0o 0 O
~RT 0 0 —e
0 0 0
0 0 0
0 0 0
—e -R 0
e"D7te e™D'R 0

o o o ~ X o

o o O ~ o N

V)

o o o o o

o o o o o

=
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Let n = e" D7 e,

Vo 0 Z 0 0 0 0
O U'Y 0 0 0 0 0
0O 0 I I 0 0 0 0
0O 0 0 D —e —R 0 0
=
row) 0 000 n D' 00
—%RTD_lerowE) 00 0 0 O r e
0O 0 0 0 O el 0 0
_0 0 0 0 O ur 0 0_

Let ' = R"TD 'R — %RTDfleeTDflR. Note that T is invertible. Since it can be

written as
1
I'=R"DYD— ~ee")D'R. (3.3.33)
Ul

In the above equation, the rank of (D — %eeT)D*1 is T'— 1 and e is the base of its

null space because

1
(D—=ee")D'e=e—e=0 (3.3.34)
U]
Under the assumption (3.3.17), e is not in the range of R, so for any nonzero w € R",

w' Tw # 0. (3.3.35)

Hence, I' is invertible. Then in the next step, we have
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Vo 0 Z 0 0 0 0
O UY 0 0 0 0 0
0O 0 I I 0 0 0 0
0 0 0 D —e —R 0 0
=
0000 n DR 0 0
row6 0O 0 0 0 O r e L
—e' I trow6, x(—1) [0 0 0 0 O 0 el e eIy
—p T row6, x (—1) 000 0 0 O 0 uw'I'le ,uTF_lu_
-V 0 0 Z 0 0 0 0 ]
O UY 0 0 0 0 0
0O 0 I I O 0 0 0
Lo 0O 0 0 D —e —R 0 0
0000 n DR 0 0
0000 0 T ¢ i
0 0 0 0 O 0 el le eIy
_0 0 0 0 O 0 0 0 |
where § = p" T ' — g T tee ' T~ 'y, Simultaneously, we can construct the

lower-triangle matrix by doing the following operations to an identiry matrix as follows

-]T><T 0 0 0O 0 0 0 O-
0 Irxr O 0O 0 0 00
0 0O Irer 0 0 0 00
0 0 0 Ipxr 0 0 0 O
0 0 0 0 1 0 00
0 0 0 0 0 I,xn 0 O
0 0 0 0O 0 0 10
i 0 0 0 0O 0 0 O 1_
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Operations:

row8 +—r——u' I 'erow7, x(—1) then +x T~ 'row6;
row7 x(—1), +e'T 'rowt;

row6 +%RTD*16 row5, x(—1), —RT"D 'row4, +RTrow3;
rowd x(—1),—e" D 'row4, +e'row3;

rowd x(—1), +U 'Yrow3, —U 'row2, +V lrowl

Denote the resulting block lower-triangle matrix by P, then we have a block LU
decomposition for Jr: Jp = PL. This makes it efficient to compute the inverse of

the Jacobian of F in (3.1.15) to solve for the modified Newton’s direction d*.

3.3.3  An alternative formulation

In Section 3.3.1, we used the empirical approximation to the mean-ETL optimization
problem (3.3.10). An alternative approach is to use the empirical approximation to
problem (3.3.1), which uses the original definition of ETL. This section formulates
the second problem and compares the difference between the two approximations.
For easy reference, we restate the two problems below. Given a historical realization

T

of vector returns r: v, r?, ..., rT in T periods, which we assume occur with equal

probability, the approximate mean-ETL optimization problems are

T

e e . - 1 T ¢t
minimize Flw,C)=C+ T Z[—w r'—Cl4 (Py)

t=1

subject to w'p=p w'e=1,
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and
e 1 &R
minimize ETL,(w) = — [0T] 2= (Rw) (P2)
subject to w'p=p w'e=1.

where R = (r*,...,7")T and (Rw) is the tth smallest element of Rw. With value
ofw fixed, let 2, = w'r! for t = 1,...,T. Then z is the portfolio’s return in period
t. In this section we show that the two approximating problems P; and P, are the

same when o7 is an integer. The proof begins with three lemmas. Define

G(C) =C + % -z —Cly (3.3.36)

where N € [1,T].
Lemma 3.3.2. If N € [1,T] is an integer, then

argC{nin G(C) = [~zwv+1), —2v)]

where z() is the kth smallest element of the vector z.

Proof. 1t is easy to check that G(C') is a piecewise linear convex function on C' € R.
To prove this lemma, it suffices to show that 0 is in its subdifferential only when
C € [—zw+1), =%y The subdifferential of G(C) is
GO =1+~ )+~ Y 0+= 3 [-1,0]
N N N T
C<—z¢ C>—2z C=—2z
Case 1. If C < —z(n41), then O < —zpy for k=1,..., N +1so

T N4+1
-+ <OG(C) <1- i

<0 = 0¢0G(C).

Case 2. If C' > —z), then C' > —z) for k= N,..., T so

0<1-— <IG(C)<1 = 0¢0G(C).
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Case 3. If —z(ny1) < C < —zy, then —z(j) <C < —zyy for j=N+1,...,T, k=
1,...,N so

N
0=1——==0G(C) .
N ac(o)
Case 4. If C' = —Z(N—p) = —Z(N-+q) with —Z(N+(q+1)) < C < —Z(N—(p+1)) and p €
{0,1,...N =1}, ¢€{0,1,...,T — N}, then
N +q N—-(p+1)
0 l-—— 1 —— | =0G(0O) .

]

We now extend Lemma 3.3.2 to the cases where N in any non-integer real value

in [1,7].
Lemma 3.3.3. If N € [1,T] is not an integer, then

argcmin G(C) ={=2nj+1} -
Proof. Following the proof of Lemma 3.3.2, one shows that 0 € dG(C') only when
C' = —2(|n|+1) in which case

IN] +1+4+¢q
N

INJ+1-p

0G(C) = |1 - ~

) ]-_
where p e {1,...,|N|} and ¢ € {0,1,...,T — (|N]| + 1)} satisfy —z(n|t14q = C =
—Z(NJ+1-p)- =

Summarizing Lemmas 3.3.2 and 3.3.3, the minimum of G(C) is always attained
at C' = —z(|n|+1) regardless of whether N integer or not. Choosing N = [T}, yields

the following lemma.

Lemma 3.3.4. Let ,_lp <a <1 andset N=|aT]|. Then

N
) 1
min G(C) = -~ tz; (1) (3.3.37)

where zg) is the tth smallest element of z, t =1,...,T.
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Proof. By Lemma 3.3.2, argmin, G(C) = [—2v+1), —2(v))- Let C* € [—zv41), =2,
then the right hand side of (3.3.37) becomes

1 & 1 &
—sz(t) = C*+NZ(—z(t)—C*) (3.3.38)
t=1 t=1
1 T
= "+ NZ ) —Chet+ > =z — C4 (3.3.39)
t=N+1
1 T
_ (J*+NZ[—Z@) — Y4, (3.3.40)
t=1
= G(CY)
= moinG(C'). (3.3.41)

]

Theorem 3.3.5. If N := aT is an integer, (P1) and (P2) are exactly the same

optimization problem.

Proof. Set z, =w'rt, t =1,...,T. By Lemma 3.3.4, we have

T
: : 1
mmC—l— TZ —2 — = min mclnC+Q—T;[—Zt—C]+
st.w p=p, we=1 st.w' = p,
wle=1

1 N
= -y
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3.4 ETG-ETL Portfolio Optimization

As discussed in Section 2.2, the mean is not a robust measure of a portfolio’s reward.
One improvement is to use ETG which takes the conditional expectation when the
return is greater than the 1 — [ quantile, where (3 is the probability of the right tail.
It eliminates the influence of extreme negative returns, hence is considered a more
robust measure of the reward. In this chapter, Section 3.4.1 formulates the ETG-
ETL portfolio optimization problem; Chapter 4.1 develops an algorithm to solve this

problem; a numerical experiment using real data from Yahoo Finance is presented.
3.4.1 ETG-ETL optimization problems
Since ETG is defined symmetrically to ETL, for 8 € (0,1), we have

ETGg(r) = ETLg(—r). (3.4.1)

In order to see this, let r be the return of an risky asset, —r is then taken as the loss
of the asset. Let F(r) denote the cumulative distribution function of r, and Fy(—r)
denote the cumulative distribution function of —r, then for g € (0,1), F; ad F, are

related as follows:
F1_1(1 - p) = _Fz_l(ﬂ)' (3.4.2)

Hence

ETGs(r) = E[r|r > F7Y(1 - B)]

w
N
wW

= —E[-r|—r < —F ' (1-B)]

= —E[-r|—r < F;(B)]

w
o
(@)

—~ —~ ~—~ —~
=y =
=2 e~

~— ~— ~— ~—

— ETLg(—r).

In the above proof, the first equality is the definition of ETG, the second equality
plays a trick of flipping the sign of both sides of the inequality, the third equality uses
equation (3.4.2) and the last equality is based on the definition of ETL. Combining
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this result (3.4.1) and formula (3.3.6) in Theorem 3.3.1, the ETG of a portfolio can

also be written as

ETGg(w) = min Hy(w, D)

=min D + %/[rp — D] p(r)dr,

DeR

where 7, = w'r, the portfolio return, p(r) is the probability density function for the

portfolio’s return r.

Proposition 3.4.1. Given 8 € [0, 1], the 8-ETG of a portfolio, denoted by ETGs(w),

s a conver function in w.

Proof. Note that Hg(w, D) = Fg(—w, D), where F' is defined in (3.3.5). Since F' is
convex in D, H is also convex in D. Let D; be such that ETGg(w;) = Hg(w;, D;),
i=1,2. For A € [0,1], we have

= I[I)leiﬁ Hs(awy + (1 — a)ws, D) (3.4.8)
. 1 . .
= min aD+ (1 —a)D+ 3 /[ozwl r+ (1 —a)wyr (3.4.9)
—aD — (1 — a)D],p(r)dr, (3.4.10)
<aD; + (1 —a)Ds + % / [wlr — Dy]ep(r)dr (3.4.11)
! g a [wyr — Do)y p(r)dr, (3.4.12)
=aHg(wy, Dy) + (1 — o) Hg(ws, D5) (3.4.13)
=aETGg(wy) + (1 — a)ETGs(ws) (3.4.14)

The second equality is just the definition of Hg(w, D), the inequality is because [-]

is a convex function and the last equality is true by the definition of D,’s. n

A similar proof of the convexity of ETL is given in [31].
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Proposition 3.4.2. Given a € |0, 1], the a-ETL of a portfolio, denoted by ETL,(w),

18 a convex function in w.

Therefore both ETG and ETL of a portfolio are convex functions of w. The
ETG-ETL portfolio optimization problem can be formulated either as a reward max-
imization problem with upper bound on risk or as a risk minimization problem with

lower bound on reward. The mathematical expressions are shown below,

mag;:ie%lize ETGs(w) (P3(0p))
subject to ETL,(w) < 0, (3.4.15)
whe =1 (3.4.16)

milz})igéize ETL, (w) (Pa(pp))

subject to ETGg(w) > p, (3.4.17)
wlhe =1 (3.4.18)

where ETGg(w) = minp Hg(w, D) and ETL,(w) = min¢ F,(w,C) are two convex

functions, o, and p, are predetermined limit values for risk and reward.

Lemma 3.4.3. In problem Ps(0,), the constraint (3.4.15) is active at every optimal

solution, that is, for any optimal solution w*
ETL,(w") =0, . (3.4.19)

Proof. The result is clearly true if 0, < inf{ETL,(w) : wTe = 1}, so we assume that

o, > inf{ETL,(w) : w'e = 1}. Denote the level set defined by (3.4.15) by
W = {w| ETL,(w) < 0,}. (3.4.20)

Since ETL,(w) is convex, W is also convex. Moreover, by [39, Theorem 7.6], the

relative interior of W is

ri(W) = {w| ETLy(w) < o,} . (3.4.21)
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Denote the feasible set of Ps(o,) by Q(0,), i.e.
Q(0,) = {w| ETL,(w) < 0,, w'e =1}, (3.4.22)

Since it is the intersection of a convex set and an affine set, it is still a convex set.
Also define
Qo(0,) = {w| ETLy(w) < 0, w'e =1} . (3.4.23)

We claim that Qg(o,) C 7i(2(0,)). Let w € Qy(0,), we need to show that for
every w € Qo,), 3 A > 1, 8t (1 = Nw+ A € Q(o,) [39, Theorem 6.4]. Let
w € Q(o,) C W. Since Qy(o,) C ri(W), then 3 X > 1 such that

(1= Nw+ M€ W (3.4.24)

we also have

(1=Nw+ d)Te=(1-Nw'e+ X iTe=1 (3.4.25)

So (1 = ANw + A\ € Q(0,). Hence w € ri(€2(0,)) establishing the claim.
By [39, Corollary 32.2.1], every optimal solution to (Ps(c,)) must lie on the relative

boundary of Q(c,). Hence the constraint (3.4.15) is active at all solutions since

Qo(op) C 1i(Q2(op)). O

Theorem 3.4.4. Let o and 3 be fized values in [0, 1]. Let Vs(o,) be the optimal value
function for Ps(c,) as a function of o,, and similarly let Vi(u,) be the optimal value

function for Py(u,) as a function of .
(1) If w* solves Ps(0,), then w* solves Py(V3(0,)) and
op = Va(Vs(op)) -
(11) If w* solves Py(p,) with ETGg(w*) = p,, then w* solves Ps(Vi(p,)) and

tp = Va(Va(py)) -
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Proof. We only prove (i) since (ii) is proved in the same way. Define p, = V3(o,) =

ETGg(w*). Then w* is feasible for Py(u,), and so
Vili) < ETLa(w") = o,

where the final equality follows from Lemma 3.4.3. If w is feasible for P,(1u,), then
ETGg(w) > p, = V3(0,) = ETG(w*) and so we must have

ETL,(w) > 0, = ETL,(w") > Vi(u,) (3.4.26)

since 41, is the optimal value for Ps(o,). Hence w* solves Py(11,), and by minimizing

the left-hand side of (3.4.26) over all w feasible for Py(1,), we have

ap = ETLq(w") = Vi) = Va(Va(0p)).
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Chapter 4

AN ALGORITHM FOR ETG-ETL PORTFOLIO
OPTIMIZATION

In this chapter, an iterative algorithm is developed to solve the ETG-ETL optimiza-
tion problem using empirical estimations ETG and ETL. Notice that in the problem
Ps(0,), the feasible set is the intersection of a hyperplane defined by w'e = 1 and
the o,-sublevel set defined by ETL,(w) < 0,, and thus is a convex set. However,
the feasible set for the problem P4(y,) is not convex. For this reason, it is more
convenient to work with the problme P;(o,), which is maximizing a convex function
over a convex set. Since maximizing a convex function is equivalent to minimizing
the negative of the objective function, a concave function, this is a concave program-
ming problem. We replace ETG and ETL with corresponding empirical estimations

in P5(0,), to obtain the problem,

maxi%ize ETI‘\GB (w) (P3)
we

subject to ETL.(w) < ap
w e=1,

where the functions in P} are empirical expected tail gain and expected tail loss

defined by

T
— 1
ETGg(w) := minD + — g [w'r! — D], (4.0.1)
DeR BT —
| I
ST ,7 : T,.t
ETL,(w) := 151611%0 +— E [—w'r'=Cly <o, . (4.0.2)

t=1

As in Lemma 3.4.3, the optimal solution to this problem lies on the relative boundary

of the feasible set. Briefly, the proposed algorithm proceeds as follows. The algorithm
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is initiated at a point in the relative interior of the feasible set, and then searches
along an initial set of directions spanning the affine hull of the feasible set. For each
direction, it first follows the maximum ascent direction of ETG to reach the relative
boundary of the feasilbe set, then searches along the boundary until it reaches a local
maximum. Finally it reports the maximum of all the local maximum values as the

current best estimate of the optimal value.
4.1 Support function expressions for ETG and ETL

Since both ETG and ETL require minimization to obtain there values, problem P}
is difficult to handle directly. We begin by obtaining alternative representations of

these functions as support functions.

Definition 4.1.1. The support function h, : R® — R of a non-empty closed convex
set A in R™ is given by

ha(x):=sup < z,a >, (4.1.1)
acA

where < x,a > is the inner product of x and a. In the Euclidian space as discussed
in this disseration, < z,a >= xTa. These two notations are used interchangablely in

this context.

A support function is a convex function on R”. Conversely, any convex positive
homogeneous function (or sublinear function) on R” is the support function of a non-
empty convex set. The underlying convex set can be taken to be compact if and only

if the support function is everywhere finite-valued. See [41] for the proof.

Definition 4.1.2. A sublinear function f(z) : R™ — R is a function satisfying positive

homogeneity and subadditivity, i.e.

f(yz) = vf(x) for any v > 0 and x € R"

[z +y) < f(x) + fly) for any z,y € R".
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ETL is a coherent risk measure, so it is sublinear. Equation (3.4.1) shows that
ETG is sublinear as well. The empirical estimates ETG and ETL are positive are also
sublinear. The fact that they are positive homogeneous is easily proved by definition.
And the fact that ETG is convex can be shown by replacing the integral in ETL by its
empirical estimation in the proof of Proposition (3.4.1). A similar proof shows that
ETL is also convex. Hence, since both of the empirical estimations are everywhere
finite-valued, they can be represented as the support functions of some nonempty
compact convex sets. We now derive these support function representations. For

E/T\L, we have

T
— . 1
ETL,(w) = mCmC' + T 2 [—wTrt — O]y (4.1.2)
1T
. Tt
= mCmC’ + T ;max{—w r'—C,0} (4.1.3)
T
=minC + sup  p(—w'rt —C 4.1.4
c ;O<pt<l/aT o ) ( )
=minC+ sup <p,—Rw—Ce> (4.1.5)
¢ 0<p< e
=min max <p,—Rw>+C(1—<p,e>) (4.1.6)
C osp<gre
> max min < p,—Rw > +C(1— < p,e >) (4.1.7)
0<p<re C
= max <p,Rw>. (4.1.8)
— L e<p<0
<p,e>=-—1
In equation (4.1.4), we introduce the auxiliary variables p;,,t = 1,...,T, and in equa-
tion (4.1.5) we introduce the vector for these variables, p = (py,...,pr)". We claim

that equality holds in (4.1.7). To see this, flip the sign of p in (4.1.8) and rewrite it



as the following problem

minimize < p, Rw >
p

1
subject to 0<p< —e
ol

<p,e>=1

The Lagrangian for this linear program is

1
L(p;C,\,0) =< p,Rw > +C(<p,e > —1) = A"p+ 6" (p— o).

where p is the primal variable and C, A\, ¢ are the dual variables. Since

1
< p, Rw > 0<p<_ze, <pe>=1

max L(p;C) =
C\A>0,6>0 .
~+00, otherwise,

the primal problem is

N }
= min max L(p; C
p P C2>0,6>0 (p: ),
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(4.1.9)

(4.1.10)

(4.1.11)

(4.1.12)

(4.1.13)

or equivalently problem (P). This is a linear programming problem, so strong duality

holds since this LP is feasible with compact feasible region. The dual problem is easily

obtained as follows:
d" = i L(p; C
o JRax  min (p; C)

1
= max min p (Rw+Ce+o—))—C——c'e
CA>0,6>0 p ol

1
= max —C — —o'e subjectto Rw+Ce+o—\=0,
C,2>0,6>0 ol

or equivalently,

1
. _5T
rglcn C+ T e
subject to 6 > —Rw — Ce

0>0.

(4.1.14)
(4.1.15)

(4.1.16)

(4.1.17)

(4.1.18)
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Observe that this is exactly the optimization problem for ETL as stated in Theorem
3.3.1. Given that strong duality holds, their optimal values p* and d* coincide, i.e.
the equality in (4.1.7) holds. So we have,

Proposition 4.1.1. The support function expression for ETL is

ETL.(w)= max <p,Rw>. (4.1.19)
— - e<p<0
<p,e>=-—1

In the same way, we can derive the support function expression for ETG.

Proposition 4.1.2. The support function expression for ETG is

ETG,(w) = max < q,Rw> . (4.1.20)
0<q< gre
<gq,e>=1
Notice that the sets {RTp : —-Fe < p < 0,< p,e >= —1} and {RTq : 0 <

qg < %e, < q,e >= 1} are the non-empty compact convex sets for the two support
functions, respectively. In the next section, we derive the subdifferential of E/TEB (w)

from its support function expression (4.1.20).

4.2 Subdifferential of ETGs(w)

In this section we derive a closed form expression for the subdifferential of E/T\Gﬁ(w)
for fixed weights w. The key fact we use in this derivation is that for any support

function hy, as in definition 4.1.1, we have

Oha(x) = arg max(z, a)
acA

(e.g. see [39, Corollary 23.5.3]).
Recall that the primal and dual optimization problems for @ﬂw) are

T
— 1
ETGy(w) = min D + - > W' - DI, (4.2.1)
=
= max ¢'Rw. (4.2.2)
0§q<ﬂ%e
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Set W = Rw, then when w is fixed, w is fixed as well. Assume ST is an integer and

denote it by K (0 < K <T), then mg(w) can be expressed as
T, : 1 T
maxq w, subjectto 0<q< Ko 1¢e= 1 (4.2.3)

It is obvious that its optimal solution ¢* is obtained by picking the K largest elements
of w. To make this rigrous, we introduce some notation. Let wy) be the kth largest

element of @ counting multiplicities, and define index sets I~ (w, k), I=(w, k) and

I2(w, k) as follows

(i, k) = {i : ;> iy} (4.2.4)

Accordingly, I=(w, k) = I”(w,k) U I=(w,k). Also let N>(k), N=(k) and N<(k)
represent the cardinality of corresponding sets, respectively. Figure 4.1 gives two
examples when the cardinality of I=(w, k) is one, i.e. N=(k) = 1 and when it is

greater than 1, i.e. N=(k) > 1. Then the optimal solution set {¢*} is given by

Qw, K) =
1
{q:q; = e for i € I”(w, K); (4.2.7)
Qi:%m, Z Mz’:LOSMiﬁmﬁ)riE[:(@,K);
iel=(0,K)
(4.2.8)
=0, foriel~(w,K)} (4.2.9)
1
={q 4 = 7 for i € I7 (w, K); (4.2.10)
_ ! > = [K = N”(K)],0 < w; < 1forieI=(w, K);
q;i = ley S Wi = ,US w; = or 17 w, ;

(4.2.11)

¢ =0, foriel~(w,K)}. (4.2.12)
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Case 1:T=8, p=05 K=pT=4. The largest K" value is unique.

08 @@@@@@@

Wiy Wiy Wi Wi Wiy Wie) Win Wi
L A . )
. T =
POy =030 1(0.K) = L(4)) P00, Ky = {05).106).1(T).1(8)}
N7 (K)=3 N(K)=1 N (K)1=4

Case 2: T=8, =05 K=pT=4. Thelargest K" valueisnot unique.

B0 OO D@

."1]] M] .ltz.] F[d) H’nﬁ] Wma} WI:?) Wnﬂ)
V] )
\‘W (. ~ L '\_\(
FOv Ky = {1 02)} IO K)y={103).1(4).115)} 0w K )= {1(6).1{7).1(8)}
NYK)=2 NT(K)=3 NY(K)=3

Figure 4.1: Tlustration of I”(w, k), I=(w, k) and I=(w, k)

Notice that in (4.2.8), the u; are the coefficients in a convex combination of the

elements of w; with ¢ € I=(w, K), but not all possible convex combinations are

allowed. If the multiplicity of the K element is 1, there is only one optimal solution

q*, which assigns Welght to each of the largest K elements of w. If the multiplicity

of the K element is strictly greater than 1, there are an infinite number of solutions

for ¢*, each having an assigned weight of i to the elements with index in I~ (w, K),

a weight of M

1
K—N>(K)’

pi to each @ in I~ (w, K) with 32—y = 1, 0 < py <

and a weight of 0 to the remaining indices. We also make use of the
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following relaxation of the set Q(w, K):

Q- (w, K) =
1
{q:q; = % for i € I7 (w0, K);
qz‘:%mm, Zlui:]_,OS,ui for 1 € I~ (w, K); (4.2.13)

=0, foriel~(w,K)}.

These sets only differ in defining the expressions for p;,i € I=(w, K). In Q,.(0, K)
we allow all possible convex combinations of y;,i € I=(w, K).
Based on this representation for an optimal solution ¢*, we have the following

closed form expression for the subdifferential of ETT\GB(w):

OETGs(w) = {R"¢*|¢" € Q(, K)} (4.2.14)
C{R"¢"l¢" € Q.(w, K)} (4.2.15)

1 K — N>(K
= > R+ %COHV {Rllie I7(w,K)}  (4.2.16)
)

el>(w,K

—: 0,ETGs(w) , (4.2.17)

where R;. is the i row of R and Conv{A} represents the convex hull of a set A. We
call the final expression (9TE/TE5(w) the relaxed subdifferential for ET\GB at w. If the
cardinality of I=(w, K) is 1, i.e., N=(K) = 1, there is only one p with value 1 and

E/T?}ﬁ(w) is differentiable and its derivative is

— 1
ETG'B(w)zE S ORI (4.2.18)

i€l (w,K)

To summarize, we have proved the following claim.
Claim 1. The subdifferential of E/T\Gg(w) is

OETGs(w) = {R"¢*|¢* € Q(w, K)}. (4.2.19)
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Note that we always have

. 1 + K—-N7(K) T —

a(@, K) = | Z Rl + TNE) _Z R| € OETGy(w).  (4.2.20)
i€l (w,K) iel=(w,K)

In the next two sections we find the analytical formulas for directions of ascent for

E/ﬁg(w) in two cases: when w is in the relative interior of the feasible set and when

it is on the relative boundary of the feasible set.
4.3 Directions of ascent for E/T\Gﬁ(w) when w is in the relative interior

Given w fixed in the relative interior of the feasible set, we seek a direction Aw that
gives a positive directional derivative, or, if possible, a direction of steepest ascent for
mg(w). Denote the directional derivative of E/T\Gﬁ(w) at w in the direction Aw by
]?T\ng(w; Aw):

— ETG ~ ETG
ETG,IB(U’? s) = h?ol g(w+78) s(w) '
T T

Since E/T\Gﬁ is convex, we have, by [39, Theorem 23.4], that

E/l?}/ﬁ(w;s) = max (2, s). (4.3.1)
2e0E TG (w)

We are interested in the direction of steepest ascent for E/T\Gg(w) relative to the

manifold eTw = 1. This is given as the is the solution to the optimization problem

. . /\/
maximize ETG 5(w; ) (Pa1)
subject to sTe=0, ||s]l, <1. (4.3.2)

The constraint s'e = 0 assures that the direction s is tangential to the manifold
e'w = 1. Indeed, if we start from a feasible solution w satisfying w'e = 1, we want
to find a search direction Aw such that w + tAw still satisfies (w + tAw)Te = 1.

For the second constraint, we use 2-norm to confine the length of the direction vector
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because this enable us to get a closed form solution to an approximation to this
problem. The details are given below.

By (4.3.1), we can rewrite (P,1) as

.. T

4.3.3
maximize ¢'s ( )
subject to s'e =0, |[sl, <1, ¢ € (9E/TE5(U)). (4.3.4)

For ease of computation, we relax this problem to

.. T

4.3.5
maximize ¢'s ( )
subject to s'e=0, ||s|, <1, g€ 8TE/TEB(U)). (4.3.6)

Using the definition of &E/Tﬁﬁ (w), we can write this problem as

1 >
7 nax | Z R,.s+ (K — N7 (K)) Zugi}iizozm&'s (4.3.7)
[sll,<1 |i€l” (@,K) iel=(0,K)
1 >
=7 lpax | Z Ris+ (K —-N (K))jegfagfm R;.s (4.3.8)
sl <1 [i€I> (@,K)
1
=— max max | Y  Ri+(K—-N7(K)R;|s. (4.3.9)

K jer=(w,K) sTe=0
sl <1 [i€l” (@,K)

From (4.3.7) to (4.3.8), we observe that the maximum is attained when one of the y;’s
is 1, and 0 for the others. It gives the maximum value of R;.s. For each j € I=(w, K),

define a vector eU®) as

1, iel”(w,K);
0, otherwise.

Also let ;) = RTeU®), then (4.3.9) can be written as

AT

(8. 4.3.11

jeI= Ky sTomg 16w (4.3.11)
lIslly<1
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We dropped the factor % in the above problem, since it makes no difference for the
optimal solution. For the inner maximization problem, there is a closed form solution.

We state it as a lemma.

Lemma 4.3.1. Consider the problem

max v's (Ps)
subject to e's =10, |s]l,<1
Let the operator P = I — %, then P is an orthogonal projector onto the null space
of eT. Also
_ Pv
" Pl

gives the optimal solution to (Ps) and the optimal value is || Pv||,.

Proof. 1. We prove the first statement in three steps.

(i) P? = P, so P is a projector.

n n
_ gt el

n n
el

n
=P

(i) It is easy to check that P = PT, so P is an orthognal projector.

(iii) It is also easy to check that Pe = 0. Since rank(P) =n — 1, so e forms a

base of the null space of P, and null(e') =range(P).

Summarizing the above three steps, we show that P is an orthogonal projector

onto the null space of eT.
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2. Since P is an orthogonal projector onto null(e™), we can reformulate the problem

(Ps) as

max v' Ps = (Pv)"(Ps) (Ps)

seR”

subject to || Ps|l, <1
Replace Ps with z, we can further rewrite it as

max (Pv)Tz (Pz)

z

subject to  ||z]|, <1, =z € range(P)

Obviously, without the constraint z € range(P), the optimal solution is z* =

HII;%II' Since Pv € range(P), z* is also the optimal solution to (P7). Moreover,

2

Pz* = ﬁ = z*, so z* is also the optimal solution to (Pg). Since (Ps) and
2

(Pg) are the same problem, the optimal solution to (Ps is

Pv
s = — (4.3.12)
[ Pvl|
and its optimal value is
T _ (PV)T(Pv)
v'st=—————==1|Pv|,. (4.3.13)
| Pvll, ?

Based on the Lemma 4.3.1, the relaxed direction of steepest ascent is obtained by

solving the problem

jGIH:l(zng) HP(_?(J7w) H2 (Pébscent)

where P = I — ee' /n and ¢U%) = RT el ¢l is defined in (4.3.10). By using the

direction s = % with g(w, K) defined in (4.2.20), we have the following lower
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bound on the optimal value in P/ .:

K | P, K)l, = <Kq<uv,K>,
Pq(w, K) >

< max 2,
zEKBEffEM(w)< H})qOuvj()HQ
(w,

< < Pq K)>
~ max Zy v .
2eK0, ETC (w) | Pg(w, K)l|,

This guarantees a positive value for the relaxed maximum ascent direction as long as

q(, K) is not in the null space of ', which is true in this case.

4.4 Steepest ascent direction of E/T\Gg(w) when w is on the relative
boundary

In this section, we add one more constraint to the previous problem (Py;),
ﬁ;(w; Aw) <0. (4.4.1)

This makes ETLq(w) remain or decrease when we move in the direction Aw for a

sufficiently short distance.

Theorem 4.4.1. The o,-sublevel set defined by {w|ETL.(w) < 0,} is a convex

polyhedron.

Proof. According to the support function expression for ETL in (4.1.19), the o,-

sublevel set can also be represented as

w| max p'Rw <o, (4.4.2)
— a7 e<p<0
<p,e>=-—1
= [\ A{wp"Rw<o,}. (4.4.3)
——=e<p<0
<p,e>=-—1

The set T := {p : —%e <p<0, <p,e>=—1}is a convex polytope and so has

a finite number of extreme points, which we denote as £, with 7 = conv(E). It is
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straightforward to show that
ﬂ{w|pTRw <o,} = ﬂ{w|pTRw < o,}.
peT peE
Hence {w|ETLq(w) < 0,} can be represented as the intersection of finitely many

half-spaces, that is, it is a convex polyhedron. O

Theorem 4.4.1 guarantees that for a sufficiently small ¢, w + tAw remains within

the o,-sublevel {w|ETLq(w) < 0,}. Now the problem is formulated as

—/
imi ET ;
maximize Ga(w; s) (Pa2)
subject to sTe=0, |s]| <1 (4.4.4)
E/T\L/a(w; s) <0, (4.4.5)

which yields a direction of steepest descent for E/TEB tangential to the manifold
0= {w ‘wTe =1, ETL,(w) < ap} .

Note that the norm constraint is defined as infinity norm for the ease of computation,
the reason is clear later. By paralleling the approach to the computation of 8E/TE5 (w),
we derive an expression for the subdifferential of E/T\La(w). Recall from Proposition

4.1.1 that the support function expression for ETLq (w) is
1
max p'®w, subjectto — 7€ <p<0, ple=-—1, (4.4.6)

where w = Rw, L = o1 and L is assumed to be an integer. Then the optimal
solution p* functions as picking the L smallest elements of w. Let ;) be the Ith
smallest element of w counting multiplicities, and define index sets J<(w, (), J=(w,1)

and J~ (w,1) as follows
JS(w,1) = {i: 0 < Wy} (4.4.7)
J7(w, 1) = {i: 0 =)} (4.4.8)

J>(7JJ, l) = {Z W > @s(l)} (4.4.9)



26

Accordingly, J=(w,1) = J<(w,1) U J=(w,1). Also let N<(I), N=(I) and N>(I) repre-

sent the cardinality of corresponding sets respectively. Then the optimal solution set

is given by
P(w,L) := (4.4.10)
1
{p :pi = 7 for i € J<(w, L); (4.4.11)
pi=—EEEEN YT N =1,0< N < kg fori € J7(w, L);
i€J=(w,L)
(4.4.12)
pi=0, forie J (w,L)} (4.4.13)
1
={pwpi= —7 for i € J~(w, L); (4.4.14)
1 . -~
—zfu Z &=(L—N<(L),0<¢ <1forie J (wL)
ieJ=(w,L)
(4.4.15)
pi=0, forie J (w,L)}. (4.4.16)

The subdifferential is given by

OETLy(w) = {RTp*|p* € P(w, 1)} (4.4.17)
C ——lEPZwL R — JZ () Conv{R/|ie J=(w,J)}  (4.4.18)
—: 9,BETLq(w) . (4.4.19)

Set

&=1,ieJ5(w,L); &=0, i€ J”(w,L);
Yicr-n & =(L—N=(L), 0<& <1, i€ J (v, L)

(1]
|

Using the expression (4.4.17) for the directional derivative E/T\L/a(w; s),

E/T\L;(w; s)= max (z,s), (4.4.20)
2c0ETLg(w)
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the condition E/T\L;(w; s) < 0 becomes

1 T
g [

<0,

or equivalently,

max —{iRis| < R.s .
0<¢;<1 i€J=(w,L) Z §ilti > Z j

Sie =) G=L-N(L)) €7 (@L) ies (L)

The maximization problem on the left-hand side of this expression is a linear program
in the &’s whose dual is the LP

minimize (L — N<(L)7 + > ic = (.0) Ui

subject to u; > —7— R;sand 0 <w; Vie J(w,L).
Therefore,

37, 0<u;, i€ J(w,L) s.t.
{s|ﬁ;(w;s) < 0} =45 uw; > —7 — R;s, 1 € J=(w, L) and
(L= N=(L))T + ZieJ:(u"z,L) u; < ZieJ<(u”;,L) Rj.s

Using this fact, the problem P, can be rewritten as

magcingize ﬁa/ﬁ(w; s) (Ply)
subject to s'e =0, [|s|| <1 (4.4.21)
0<w;, —7—Ris<w; forie J (w0, L) (4.4.22)
(L-=N<(L)T+ > w< Y Rjs. (4.4.23)

i€J=(w,L) i€ J<(,L)

Note that the resulting system of constraints for P/, are linear. However, the
objective is problematic. An alternative approach is to replace the underlying sub-
differentials in P,y with their approximations given in (4.2.17) and (4.4.19). Using

these approximations to the subdifferntials, we define

ﬁ;(w; s) = sup (z, s) and
zE(‘)TETG[;(w)
E/T\L;(w;s) = sup  (z, s) .

20, ETL(w)
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Then an approximate direction of steepest descent

1 <
XI:r}\er:cl 7 Z Ris+(L—N Z)\ iRj.s
2;>0, jEJ= (w,L) i€J<(w,L)
1 .
- > Ris+(L—-N<(L)) Jmin, > ARjs

i€ <(w,L) 220, j€=(@,L)

<0

<0

(4.4.24)

(4.4.25)

In equation (4.4.25), the minimization gives the smallest element of { R;.s|j € J=(w, L)}.

Multiply —L on both sides and rearrange the terms, we get

Rjs > — Z R;.s.

ieJ<(w,L)

(L= N(L) _min

This constraint is equivalent to

For each j € J=(w, L), define

Plw) = Z RT

1eJ<(w,L)

then the constraint (4.4.27) can be written as

{Duwys =0|j e (w, L)},
Using this constraint in the problem (P,s), we get

—/
ET ;
max Gg(w; s)

st. els=0, s <1

Pliwys =0, jeJ (w,L)

Define Pw to be the matrix including all ﬁ(TJ w)

(4.4.26)

(4.4.27)

(4.4.28)

(4.4.29)

(4.4.30)

(4.4.31)

(4.4.32)

for j € J=(w, L) such that each column

conresponds to each p;,,, then the constraint (4.4.32) is just ]55 s > 0. Notice that
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—/
this constraint doesn’t affect the reformulation of the objective function ETG 4(w; s)
into the form in (4.3.11). All that needs to be done is to add this constraint in the

inner maximization of (4.3.11). So the problem (P,2) is equivalent to the following

problem,
AT
max max S, 4.4.33
JET= (i K) eTs—, o], <1 ) ( )
Pls>0

where §(j ) is the same as in (4.3.11). Observe the inner maximization problem, the
constraint ||s||, < 1 is the same as a box constraint —1 < s < 1. This makes it a
linear programming problem, this is why we impose infinity norm constraint because

it enable us to solve it efficiently using existing mature algorithms.
4.5 Backtracking line search

From previous section, we can calculate the steepest ascent direction of ﬁ\Gg(wk),

when w*

is on the relative boundary of the feasible set. Denote this steepest ascent
direction by Aw*. This section proposes a backtracking line search method based on
w® and Aw” to determine how to move to the next iteration such that E/Tﬁﬂ(wk“)
is increased by an enough amount.

We first propose a subroutine readBD (w,, d). It takes two arguments: w., a point
in the relative interior of the feasible set €2(c,); d, a direction in the subspace spanned
by the feasible set. It returns a point wyy, which resides on the relative boundary of

the feasible set such that
Wpg = W, + kd (451)

for some positive constant k. This is illustrated in Figure 4.2.

At iteration k, let w,. be the vector of weights that gives minimum E/T\La, w* be
the current iterate on the relative boundary of the feasible set Q(o,) (3.4.22), Aw* be
the steepest ascent direction of Eﬂ?}g (w) at w* within the feasible set, and a* be the
corresponding directional derivative. Then the algorithm for the backtracking line

search method is stated as follows
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Figure 4.2: Illustration of reachBD

Algorithm 1. Backtracking line search method.
given w,, w*, Aw* and a*.
initialize t :== 1, € > 0.
if a* < €, return w**! = Wk,
repeat
w'™ = reachBD(w,, w* + tAw" — w,).
t:=t/2.
until |[w*™ — wk||, < € or ETGs(w'm?) > ETG4(wk).

k+1 temp

return w =w

Figure 4.3 illustrates one step in backTrack. First, it moves from w* towards
Aw* for length t and reaches w® + tAw*; next, it calls reachBD(w,, w* + tAw* — w,)

to get the point w™. If the ETG value at w'™ is greater than the ETG value at
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k
Aw

Fwt AWt

,-"“].r:*mp

Figure 4.3: Hlustration of backTrack

wk, let w*T! = w'™ and return it; if not, shrink ¢’s value by a half and repeat the
process until a greater ETG is achieved or ¢ is so small that the distance between w*

and w'™ is smaller than the tolerence.

Next two subsections give two algorithms to implement the reachBD subroutine:
the bisection method and the secant method. The secant method is proved to be
super-linear convergent. A comparison of the running time using these two algorithms

are discussed in Chapter 5.
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4.5.1 Bisection method

For a fixed weight vector w, and an ascent direction d, define function f : R* — R as
f(k) = ETLq (we + kd). (4.5.2)

Since ETLq(w) is convex in w, as proved in section 4.1, f(k) is also convex. Choose w,

such that it gives the minimum ETL,, then f(0) = ETLq(w,) < f(k) for any k > 0.
Claim 2. f(k) is a convex and non-decreasing function.

Proof. 1. Convexity.

For ki, ke > 0,0 < A < 1,

F(Akp 4 (1 = Aks) = ETLa(we + (Mky + (1 — Nko)d) (4.5.3)
— ETLo((Mwe 4 krd) + (1 — A)(we + kad)) (4.5.4)
< ABTLqa((we + k1d) + (1 — \)ETLa((we + kod)  (4.5.5)
= M (k) + (1= A (k). (45.6)

We have inequality (4.5.5) because ETL, (w) is convex in w.

2. Non-decreasing property.
Suppose 0 < ky < ko, let A = %, then 0 < A < 1, we have

F(kn) = Fks + (1= 2)0) (45.7)
< Af(k2) + (1= X)f(0) (4.5.8)
f(kr) = f(k2) = (1= N)(f(0) = f(k2)) <O (4.5.9)

The first inequality is based on convexity of f(k), and the second inequality is
based on the property of w..
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Algorithm 2. Bisection method for reachBD.

given w, giving the minimum E/T\La, and a direction d in the subspace spanned

by the level set (3.4.22), define f(k) as above,
initialize | := 0, © := Uyq, such that f(ume) > 0p, tolerence € > 0.
repeat m := (I +u)/2. if f(m) <0, — €, [ :=m; else u := m.

until 0, — e < f(m) < 0.

An illustration of one step is given in Figure 4.4, where f(m) < o,, so [ should be

updated as [ = m.

J (k)

n

L
¥

Figure 4.4: Mlustration of Bisection method for reachBD
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4.5.2  Secant method

This section presents an alternative algorithm for reachBD. An inexact version of the

secant algorithm along with the analysis of rate of convergence can be found in [2].

Still define function f : R* — R as
f(k) = ETLq (we + kd), (4.5.10)

where w,. is the weight vector giving minimum ETL, and d is an ascent direction.
For a target ETL, value op, define a function lineRoot (ky, k). It takes two positive
real values, ki, ko, as its arguments, computes the intersection of the horizantol line
y = 0, and the straight line connecting (k1, f(k1)) and (k2, f(k2)), and returns the k

coordinate of intersection, namely,

Op — f(kl)
f(k2) = f(ka)

This algorithm starts with two points sg and s; with sy > sy, both are to the

lineRoot(ky, ko) = k1 + (ko — k1). (4.5.11)

right of the root to f(k) = 0,. Then according to Claim 2, f(sg) > f(s1) > 0,. At
step k, it takes in sy and s, with sy < sgp_1, f(sg—1) > f(sk) > 0p, and returns

Sk+1 =lineRoot(sg_1, Sg). Since

op — f(sk)
f(skfl) - f(Sk)

the invariant s;41 < sy is conserved. We can also show f(s) > f(sk+1) > 0, is also

Sk+1 = Sk + (Sk—l — Sk) < Sk, (4512)

conserved. Since f(k) is convex, we have

op — f(sk)
f(sk-1) — f(sk
where 7y is in the subdifferential of f(k) at sy, i.e., 7% € Of(sg). Then
f(sk-1) = f(sk)

Sk—1 — Sk

f(sk41) 2 f(sk) + )(sk_1 — 1), (4.5.13)

>~ > 0. (4.5.14)

Since 0, — f(sx) < 0, we get

Op — f(Sk)
T F(sk1) — Fsw)

(Sk,1 — Sk) 2 Op — f(Sk) (4515)
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So replace the second term in (4.5.13), we get

f(Sk41) > 0p. (4.5.16)

Theorem 4.5.1. Suppose that f is defined as in (4.5.10), and the starting points sg
and sy satisfy f(so) > f(s1) > o, with so > s1. If f(k) = o, has a root s*, and the
subdifferential of f(k) at s* is a closed interval [, 5] with 5> 0, then

1. the iterates generated by the secant method converge to the root of f(k) = o,;

2. the rate of convergence of {sy} is superlinear.

Proof. 1. We first show that sj is bounded below by s*. As proved in (4.5.16), for
any positive integer k,

f(sk) > o, = f(s7). (4.5.17)

Since f(k) is non-decreasing, we must have s, > s*. Then according to sub-

differential inequality, we have for any v, € df(s) and 8 € df(s*),

f(sk) > f(sp-1) + Ve-1(Sk — Sp-1) (4.5.18)

f(sk) = f(s7) + Blsk — s7) (4.5.19)

Since sg_1 > s > s* and f(sg—1) > f(sx) > f(s*), we can get

Sk—1 — Sk 1
Floe1) = P = s " (4.5.20)

flsk) = f(s") > Bsr, —57) >0 (4.5.21)

Combine these two inequalities, we get

f(Sk) — Up _ ﬁ ¥
Flor) = f(Sk)(Skil Sk) > o (s —s") (4.5.22)
Then, from equation (4.5.12), we have
ok g Jp_f(sk) — g
Sk+1 S = Sk + f(Sk_l) — f(Sk) (Sk,1 k) (4523)
<(1- P )(sk — s¥) (4.5.24)

Ve—1
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Recall that § € Jf(s*) and f(k) is convex, so 79 > Y1 > [ > 0 for any

Ve—1 € Of (Sg—1) when s;_1 > s*, k> 1. Then 1 — % <1-— % < 1. Hence,
e =5l B (4.5.25)
E Yo

This proves that s; converges to s* linearly.

2. Given that s converges to s*, we have 7, — ( as k — o0o. So, from inequality
(4.5.24),
lim =5 (4.5.26)

k—o00 |Sk — S*|

This proves that s, converges to s* superlinearly.

Algorithm 3. Secant method for reachBD.
given w, giving the minimum E/T\La, and an ascent direction d in the subspace
spanned by the level set (3.4.22), define f(k) as above,
initialize s; := 1, tolerence € > 0.
repeat (Phase one)
if f(s1) > o,, break;
else sy := 2sq;
end repeat
So = 281;
repeat (Phase two)
§:= lineRoot(so, $1);
if |sg — s1| < €
return sg;
ifo,—e< f(5) <o,
return s;

S = S1;
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81 = §;

end repeat

Phase one starts with an initial step size s; = 1, and double it until s; is to the
right of the root, i.e., f(s1) > o,, then it uses 2s; as the value of sy such that s; > s
and f(s1) > f(so) > 0,. Figure 4.5 shows an illustration of phase two. It starts with
two points so and sq, both are to the right of the root, the method described above to
find § guarantees it is in between the root and s;. Let so = s; and s; = § and repeat

this process, {s;} are guranteed to converge to the root superlinearly.

e

Figure 4.5: Hlustration of Secant method for reachBD

4.6 The algorithm scheme

1. Initialize the starting point w® in the feasible set.
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Solve the following problem

minimize BETL,(w)
w

subject to w'e =1

Denote its optimal solution by wmgrr. Let w® = wy,prr, then ETL, (w) gives
the minimum ETL for this portfolio. w? is guaranteed to be in the feasible set
of the ETG — ETL problem, or the problem is infeasible when the target ETL o
is less than ETL, (w°).

. Construct a set of initial directions starting from w® that span the subspace

containing the feasible set. We choose the directions such that they form an
orthogonal coordinate system in the subspace, with w? as the origin. This can

be achieved by QR decomposition. First solve the following problem

minimize E/Tﬁﬁ(w)
w

subject to w'e =1

and denote its optimal solution by w,,grq. Then define di = w,pra — WmETL

and define matrix X |, which contains e and d; as its two columns, as follows,
X = (e,d1)nx2- (4.6.1)
Here e is the vector of 1’s and n is the number of assets. Notice that
e'dy = e " Wnpre — e Wmpr, =1 —1=0, (4.6.2)

so e and d; are orthogonal to each other. Take a QR decomposition of X and
complete it by adding the set of arbitrary orthogonal vectors, ds, ..., d,_1, from

the QR decomposition, we get

Xfu” = (67 d17 ce 7dn—1)n><n- (463)
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Then {dy,...,d,_1} forms an orthogonal base for the subspace containing the
feasible set. In the R code, the construction of Xy, is by function qr and
gr.X in the base package. The QR decomposition is computed by LINPACK
or LAPACK [35, 9, 3].

. Along each direction in the set {dy,...,d, 1}, move one step forward to w* but
still within the relative interior of the feasible set. Then follow along the relaxed
steepest ascent direction of E/T\Gﬂ at w! to reach relative boundary of the feasible
set using reachBD. Starting from the point on the relative boundary, take an
iterative search along the relaxed steepest ascent direction using backTrack at

each step until a local maximum is reached.

Suppose we are at step k. Let @F = Rw*.

(a) When k = 1, w* € Int{w : ETL.(w) < o}. For each j € I=(a*, BT),

construct e(;,,») and compute HPQA(j7wk) H2 where P =1 — % and G(j vy =

R e(jwr)- Find j* that gives the maximum value of HPQ(]-,M)”Q, then
At = Flawb)
1P

gives the relaxed steepest ascent direction.

(b) When k > 1, w* € bd{w : ETL.(w) < ¢}. For each j € I=(@*, 5T),
construct qg;,+y as in part (3a), also construct Pwk as we stated in previous
section, then solve the following linear programming problem

AT
WX 58

st els=0, s <1

Find j* that gives the maximum optimal value Q(Tj* whyS) and the corre-

sponding optimal solution s* give the relaxed steepest ascent direction

Awk.



(c) Move to w**! by backTrack(w”, Aw*) introduced in section 4.5.

Since E/T?}g(w) is convex, its directional derivative is always greater than

or equal to zero, and is strictly positive except at the minimum, thus

E/TE/B(wk + tAw®) > @B(wk) + tm;(wl; Auw®)

Z E/T\Gg(wk)

k

And this inequality is strict when w"” is not at the minimum. This guar-

antees ﬁf\Gg(w)’s value is always increasing along Aw.

(d) Repeat step 3 until it reaches a local maximum, i.e., ]fTElﬂ(wk, Aw) < e,

1

or when the distance between two iterates w* and w**! is small enough,

k+1

ie., Hw or when ETG cannot increase in an amount larger than

27
the torlerance, i.e., |§F\G5(wk + tAw) — ﬁg(wkﬂ < €.

4. Choose the maximum of the 2n — 2 ETG values, and return the corresponding

local optimal solution as the optimal weight vector of the algorithm.
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Chapter 5
NUMERICAL EXPERIMENTS

In this chapter, we report the performance of the proposed ETG-ETL optimization
algorithm. According to the nature of the problem, there can be infinite number of
local optimal solutions, all of which are on the relative boundary of the feasible set.
This algorithm tries to search along the directions that span the subspace defined
by the feasible set, such that it can cover the relative boundary as much as possible.
Although it is not guaranteed to converge to a global optimal solution, our numerical
implementation shows expected result in an out of sample backtesting experiment,
and enables potential merit of usage in practice.

This chapter is organized as follows: Section 5.1 discusses a simple example using
three assets. This choice of small number of assets in the portfolio enables us to
visualize in the three dimensional space and facilitates us to present clearly the be-
haviour of the algorithm; Section 5.2 gives an analysis on the local convergence rate;
Section 5.3 applys the algorithm in a realistic setting: a portfolio consisting of the
30 member stocks of Russell 2000. We optimize the portfolio using classical mean-
variance optimization, mean-ETL optimization and the ETG-ETL optimization on
daily and monthly bases using different values for parameters a and 3, and compare

the cumulative returns of the portfolios with initial value $1.

5.1 An numerical example using three assets

This example considers a portfolio of three stocks: ”AMZN”, ”ORCL” and "LLTC”.
It uses daily adjusted returns from January 25th, 2008 to December 31st 2010. We

choose the dates such that there are exactly 17" = 740 periods in total. The data
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is downloaded from Yahoo Finance using function get.hist.quote() in R package

tseries.

returns

0.2
1

AMZM
a1

o
I

0.1

ORCL

L0565 000 005 010 <006 000 005 04D

LLTC

4015

2008 2003 2010 2011

Index

Figure 5.1: Returns time series for AMZN, ORCL and LLTC

Figure 5.1 shows the plot of the returns time series and Figure 5.2 shows the qq-
plot and kernel density estimation respectively. From both types of plots, we can see
that none of the three stocks shows normality. All of them have fat tails.

We show the searching paths of the algorithm in two cases:

1. a =0.05 and 8 = 0.05.

2. a=0.05 and g = 0.5.
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Figure 5.2: QQ-plots and kenel density estimations for AMZN, ORCL and LLTC

In both cases, o and 3 are chosen such that oT" and ST are integers. Figure 5.3 and

figure 5.4 show the searching paths corresponding to case 1 and case 2 respectively.

In both three dimentional plots, the three axis are weights wy, ws and w3 respec-

tively. The shaded region represents the feasible set, i.e. the sublevel set ETL < o,

and the black curve is the a contour line of the ETG. These two sets are generated

by computing ETL and ETG’s values on a gird of values for w = (wy,wy, ws)" in a

bruteforce way. The point labeled by w.mFETL is the weight vector that gives the

minimum ETL value, and the point labeled by w.mETG is the weight vector that

gives the minimum ETG value. Observe that the sublevel set ETL <o is a polyhe-
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w3

Figure 5.3: Searching paths for case 1.

dron and both the sublevel set and the ETG contour line are in the plane defined by
w'e = 1, as we expect them to be. It is clear that the optimal solution is the point

where these two sets intersects.

The algorithm searches along four directions, two of which are along the line that
goes through w.mFETL and w.mETG, the other two directions along the direction
that is perpendicular to it in the subspace defined by w'e = 1. The four trajectories

are marked by black, red, green and blue.

In Figure 5.3, the black and blue trajectories lead to the global maximum, but



75

the red and green trajectories are trapped at a local maximum. Table 5.1 shows the
numerical values for the optimal w, ETG value, maximum ascent value at the optimal
w and last stepsize for each direction, where the tolerance in Algorithm 1 is set to be

e = 8.16199371.

Table 5.1: Optimal w, ETG, maximum ascent value at the optimal w and last stepsize
for case 1.

wl w2 w3 ETG max.ascent  last stepsize

black  0.017994 0.770014 0.211992 0.052424  4.172660E-12 1.455190E-11
red -0.040385 0.117905 0.922480 0.050104 0.000000E4-00 4.768370E-07
green -0.040385 0.117905 0.922480 0.050104 0.000000E+4-00 2.384190E-07
blue -0.020468 0.793748 0.226720 0.052430 6.057380E-13 7.105430E-15

In Figure 5.4, all the trajectories lead to the global maximum except the black
trajectory, which is trapped at a local maximum in the opposite direction. Table 5.2
shows the numerical values for the optimal w, ETG value, maximum ascent value at
the optimal w and last stepsize for each direction, where the tolerance in Algorithm

1 is set to be € = 8.16199315.

Table 5.2: Optimal w, ETG, maximum ascent value at the optimal w and last stepsize
for case 2.

wl w2 w3 ETG max.ascent  last stepsize

black -0.069978 0.805769 0.264209 0.015832  7.725380E-12 7.105430E-15
red -0.040385 0.117905 0.922480 0.016559 0.000000E4-00 4.768370E-07
green -0.040385 0.117905 0.922480 0.016559 0.000000E4-00 4.768370E-07
blue -0.040385 0.117905 0.922480 0.016559 0.000000E+00 4.768370E-07
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Figure 5.4: Searching paths for case 2.

Figure 5.5 gives a comparison of the optimal weights for case 1 and case 2. Observe
that as 8 increases from 0.05 to 0.5, more weight are moved from asset 2, "ORCL”,
to asset 3, "LLTC”. This is confirmed by checking the kernel density estimation plot
in Figure 5.2. Observe that the average value for returns above the median is much

larger for "LLTC” than "ORCL”.



7

B weights for case 1
O weights for case 2

w0

=1

=

=

= _

=

s

=]

5

W1 w2 wi

Figure 5.5: Weights for case 1 and case 2.

5.2 Convergence analysis

This section checks the relationship between the numerical maximum ascent values at
all the local optimal solutions and the tolerance in the stopping criteria. Theoretically,
the maximum ascent is equal to 0 at a local maximum. Numerically, we consider a
number 0 when it is smaller than a torlerance, usually a very small number. As
indicated in section 4.6, we implement the algorithm such that it stops when the
numerical value for the maximum ascent, i.e., the directional derivative ETI‘\G/IB(’LU; Aw),

is less than a torlerance €, or when the distance between two iterates is less than e,
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|whtt — wkH2 < €or |ETTE(wk“) - m(wkﬂ < €, no matter the maximum ascent is
close to 0 or not. However, as the torlerance € decreases, we are able to reach to the
local maximums whose maxium ascent values are close to 0, but it also takes longer
CPU time to achieve a better precision. We show these relationships by analyzing
a portfolio of 5 assets using a sequence of torlerance values. We use adjusted daily
returns from January 4th, 2006 to December 30th, 2011, for "AA”, "AXP”, "BA”,
"BAC” and "CAT” and optimize the portfolio using o = 0.05, 8 = 0.5. The result

is illustrated in Figure 5.6. For each torlerance value, we plot the boxplot of all the
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Figure 5.6: Boxplot of the max ascent values v.s. tolerance.

maximum ascent values at all the 8 local optimal solutions. With other conditions
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remain, as the tolerance decreases from 0.027 to 8.2 x 10715, the maximum ascent

values not only move towards 0 but also become more gathered. Figure 5.7 shows the
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Figure 5.7: CPU time v.s. tolerance.

relationship between the CPU time and the torlerance levels. Starting from torlerance
value smaller than 5.5 x 10~7, the CPU time increase rapidly. Most of the CPU time is
spent to gain the precision smaller than 5.5x 10", Practically, we consider a tolerance
at 1079 to be reasonable. On one hand, This means a minimum $1 change for a capital
of $1 million, which is less than one share for a usual stock price. On the other hand,
this enable a fast computation of the portfolio weights. The algorithm was carried

out using R code and 1pSolve package for the linear programming subroutines on
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a 1.7 GHz Intel Core i5 machine. It took 300 seconds on optimizing a portfolio of
100 stocks, and 1929 seconds for a portfolio of 470 stocks, which were selected from
the member stocks of S&P 500 index, excluding the other 30 member stocks because

there is not enough historical data.
5.3 A more realistic example

This section applies the algorithm on a portfolio of 30 stocks selected from the mem-
ber stocks of Russell 2000, which measures the performance of the small-cap segment
of the U.S. equity universe. It represents approximately 10% of the total market cap-
italization of the Russell 3000. These 30 member stocks are: BGFV, STRL, ALNY,
APAGF, MHR, NATL, SYBT, COCO, FMD, ACO, AZZ, ARUN, EBS, TLEO, FCN,
THRX, BKE, SONO, ARC, LGND, PVA, EHTH, ASEI, EXR, TDY, PNY, PLFE,
LCRY, KOP, SONE. It uses the daily adjusted closed prices from January 2nd, 2008
to December 30th, 2011. There are totally 7' = 1008 periods. The data is downloaded

from Yahoo Finance using function get.hist.quote() in R package tseries.
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Figure 5.8: $1 portfolio cumulative return. Daily rebalance. o« = 0.05, § = 0.95,
op = min ETL + 0.01.
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Figure 5.8 shows the dollar value of a portfolio with initial value $1 and rebalanced
daily using one year training data. It optimizes the portfolio using three methods: the
classical mean-variance optimization, the mean-ETL optimization and the ETG—ETL
optimization. To make the ETG — ETL optimization problem feasible, we choose the
target ETL to be 0, = min ETL + 0.01. The performance of the portfolio using the
ETG — ETL optimization method is the worst. This is because that the ETL value
is high during the 2008-2009 finanial crisis period, thus making the target ETL too
large to be a reasonable risk preference. To remedy this, we fix the target ETL to
be 0.02 in the ETG — ETL optimization. When the problem is not feasible, namely,
0, < minETL, as in the financial crisis period, we use the mean-ETL optimization
method instead. And the performance is shown in Figure 5.9. The trajectories of the
mean-ETL method and the modified ETG — ETL method coincide with each other
until January 2010. After the crisis, the value of the portfolio using ETG — ETL
method starts to climb up and cross over the value of the portfolio using the mean-

variance method. This indicates the potential merit of the ETG — ETL method under
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Figure 5.9: $1 portfolio cumulative return with daily rebalance. o = 0.05, 5 = 0.95,
op = 0.02.
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a normal market condition, but not a crisis period, when the tail loss is more possible
to happen. Figure 5.10 compares the three methods during the period after the crisis,
from January 4th, 2010 to December 30th, 2011. And the ETG — ETL methods
outperforms the other two methods in a recognizable amount. This confirms our
expectation for the use of the ETG — ETL method under a normal market condition.

Since daily rebalance would inccur large transaction cost and thus not possible in
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Figure 5.10: $1 portfolio cumulative return with daily rebalance after the crisis period.
a =0.05, 8 =0.95, g, = 0.02.

real-world portfolio management, a less rebalance frequency is more desirable. We
did the backtest using monthly rebalance with o = 0.1 and § = 0.9, shown in Figure
5.11 and Figure 5.12. The outperformance of the portfolio using ETG — ETL method
is still strong on a monthly rebalance base. This enables our algorithm useful in a

practical setting.
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Figure 5.11: $1 portfolio cumulative return with monthly rebalance. « = 0.1, 5 = 0.9,
op = 0.02.
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Figure 5.12: $1 portfolio cumulative return with monthly rebalance after the crisis
period. a = 0.05, 8 = 0.95, 0, = 0.02.

5.4 Future Research

In conclusion, our ETG — ETL optimization algorithm appears to have merits of ex-

ploring the upper gain potential whil constraining the average tail loss. It is suitable
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for a normal market condition rather than financial crisis period when downside re-
turns are clustered. An extension to this algorithm is to consider extra constraints

such as long only constraint:

w >0, (5.4.1)

and box constraint:

Wiow < W < Whigh, (542)

or constraint on subset of w, for example,
blow < CTU) < bhig}u (543)

where ¢ is a column vector with elements to be either 1’s or 0’s. These are all linear
constraints, so the resulting feasible set for the ETG — ETL optimization problem is
still convex. Then it is worth investigating the expressions for the maximum ascent

of E/Tﬁﬁ(w) when w is on the relative boundary of the feasible set.
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