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In this dissertation we investigate the inferential theory for factor models with large cross-section
(N) and time series (7") dimensions under monotone-missing data. The major contribution of the
dissertation is the development and testing of an intuitive and parsimonious factor-based imputation
(FBI) algorithm that preserves the desirable asymptotic properties of the standard (complete-data)
factor models. FBI uses the principal component (PC) estimator obtained from balanced subpanels
of the data set to fill in the missing values. Well-behaved asymptotic properties of the factor model
estimators obtained from FBIl-imputed data sets would decrease the need for truncation, and make
it possible to enjoy larger data sets and to carry out factor model inference with more confidence.
We also provide the asymptotic distribution of the imputation error born out of FBI. In addition, we
compare the small sample performance of FBI with that of Expectation-Maximization (EM) algorithm
and show that FBI outperforms EM in every measure we consider.

Recent advances in information technology allowed researchers to access myriad of economic time
series over an increasingly long span and at a reasonable cost. While the increase in the availability
of data made it possible to test and understand the economic phenomena better, it also led to the
problem of organizing the data in an easy to interpret form. Factor analysis, being a useful method
for summarizing the information in data-rich environments, has received increasing attention, and the
econometric analysis of large dimensional factor models has become a heavily researched topic.Recently,
factor models have received particular attention in the macroeconomic forecast literature.

New generation approximate factor models allows the number of observations to be large in both
cross-section and time series dimensions. Stock and Watson (2002b) showed that the principal com-
ponents are consistent estimators of the true latent factors when both N and T approach infinity
without imposing any restriction on their relative rates of increase. Bai (2003) proved that estimated

factors are consistent and in general asymptotically normal in presence of serial correlation and het-



eroskedasticity, while Bai and Ng (2002) studied the consistent estimation of number of factors under
large N and T assumption.

A method of rising interest is to estimate common factors by principal components from large
data panels, and then to augment an otherwise standard regression with estimated factors. Stock and
Watson (2002a) showed that the feasible forecasts constructed from the estimated factors together
with the estimated coefficients converge to the infeasible forecast that would be obtained if the factors
and coefficients were known. Bai and Ng (2006) determined the limiting distributions of forecast
errors and least squares estimates obtained from factor augmented regressions. They showed that
least squares estimates are \/T-consistent and asymptotically normal if VT /N — oo.

The studies cited above obtained their results under the assumption that the data panel from which
factors are estimated is balanced, i.e. it does not suffer from any missingness. However, in practice
most data panels are unbalanced. When missing data is present, factor model estimates cannot be
obtained directly. In order to estimate them, one should first transform the unbalanced panel at hand
to a balanced one. This is achieved by either truncation or imputation. When using a truncated
data panel one can rely on standard large sample theory since the resulting data set is balanced and
contains no estimation error. However, the remaining data after truncation may not be representative
for the entire population (e.g. survivalship bias). Therefore, small sample performance of truncated
data sets may become questionable. On the other hand, when missing data is imputed standard large
sample theory is no longer valid if the imputation algorithm does not take into account the estimation
error incurred during imputation. If the level of missingness (i.e the number of missing cells in the
data panel) is kept fixed while the dimensions of the data panel are allowed to increase indefinitely,
the effect of missingness on estimation eventually dies out, and standard large sample theory applies
as in truncation case. To prevent this bias, large sample theory for factor models that accounts for
the missing data should allow missingness to grow indefinitely together with N and T, and determine
the asymptotic properties of the factor model estimators. This is the path we take in this study: We
consider the large sample properties of factor model estimators extracted from monotone-missing data
sets that are imputed with the FBI algorithm. We refer to these estimators as the imputed data (ID)
estimators. To our knowledge, our research is the first to focus on the asymptotic properties of the
factor model estimators obtained with PC from large data sets that have considerable missing data
problem.

The organization the dissertation is as follows: Chapter I starts with introducing the large dimen-

sional factor models, their estimation, forecast and standard large sample theory. Then, it discusses



the missing data mechanisms. Next, we briefly introduce the FBI algorithm and discuss how it ex-
ploits the balanced subpanels of the unbalanced data panel to impute the missing values. We refer
to the factor model estimators obtained from imputed balanced data sets as imputed data (ID) esti-
mators. We show that ID estimators are consistent and aymptotically normal via an extensive Monte
Carlo study. This indicates that FBI algorithm preserves the desirable properties of consistency and
asymptotic normality of the factor model estimators obtained under complete data. We also consider
the large sample behavior of different partitions of the factor estimator. We find that partitioned
factor estimators that are exposed to missingness more converge slower and have a higher asymptotic
variance.

In Chapter II, we focus on the workings and main statistical properties of FBI algorithm. First,
we study the statistical properties of the auxiliary (interim) factor estimators and show that they are
consistent and asymptotically normal. These results are instrumental in determining the large sample
distribution of the imputation error. Then, we derives the asymptotic distribution of imputation
error under FBI, and show that it is consistent and asymptotically normal. Finally, we express the
partitioned CID factor estimators in terms of the observed and imputed components of completed
data set X. This analysis reveal that differences in convergence rate and asymptotic variances across
different partitioned estimators found in Chapter 1 can be explained with partitions’ exposure to
missingness. That is, the higher the cross section missingness in a partition, the slower the converge
and the bigger the asymptotic variance and vice versa.

Chapter IIT chapter serves mainly two purposes: (i) characterization of correlation structure under
factor model, (i) how the correlation structure affects the relative performance of FBI and Expectation-
Maximization algorithms in small sample. To this end, we first establish the relation between factor
and correlation structures. We start with a very general factor model under very weak assumptions and
determine the analytical form of absolute correlation coefficients in terms of factor model components.
Then, assuming that all factor variances are equal we derive the exact probability density function
of absolute pairwise correlations. Next, we propose average absolute correlation (denoted by H p‘) as
a summary statistic measuring linear comovement among the series in the data set. Utilizing the
derived absolute correlation density, we show that there is a negative relation between the number of
factors and the average absolute correlation (denoted by H p‘) among the series that admit a factor
representation. This is a key finding for imputation purposes since all imputation methods exploit
the correlation structure of the data set in one way or another. In the second part of the chapter,

we compare the small sample performance of FBI and EM algorithms from various perspectives. To



this end, we develop various performance metrics for that measure imputation accuracy from different
dimensions. Using these measures, we show that FBI outperforms EM algorithm under many different
scenarios. We also show that FBI is more robust to higher r (lower y,) values than EM and should

be preferred for data sets admitting a factor structure even if data is multivariate normal.
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1

A FACTOR-BASED IMPUTATION ALGORITHM AND THE ASYMPTOTIC
BEHAVIOR OF ESTIMATORS IN LARGE DIMENSIONAL FACTOR
MODELS WITH MONOTONE MISSING DATA

1.1 Introduction

Recent advances in information technology allowed researchers to access myriad of economic time
series over an increasingly long span and at a reasonable cost. While the increase in the availability
of data made it possible to test and understand the economic phenomena better, it also led to the
problem of organizing the data in an easy to interpret form. Factor analysis, being a useful method
for summarizing the information in data-rich environments, has received increasing attention, and
the econometric analysis of large dimensional factor models has become a heavily researched topic in
recent macroeconomics literature.

Let N and T be the cross-section and time series dimensions of a data set X, respectively. Cham-
berlain and Rothschild (1983) considered an approximate factor model, which weakens the classical
factor model assumption that correlations between idiosyncratic errors are zero and showed that prin-
cipal components method is equivalent to factor analysis as IV goes to infinity. Connor and Korajczyk
(1986) extended their results and showed that when N is much larger than T, factor model can be
estimated by applying the principal components method to the T' x T' covariance matrix. They also
proved that the estimated factors are consistent when T is fixed.

New generation of approximate factor models allowed the number of observations to be large in
both cross-section and time series dimensions. Stock and Watson (2002a) showed that the principal
components are consistent estimators of the true latent factors when both N and T" approach infinity
without imposing any restriction on their relative rates of increase. Bai (2003) proved that estimated
factors are consistent and in general asymptotically normal in presence of serial correlation and het-
eroskedasticity, while Bai and Ng (2002) studied the consistent estimation of number of factors under
large N and T assumption.

The studies cited above obtain their results under the assumption that the data panel from which
factors are estimated is balanced, i.e. it does not suffer from missing data. However, in practice most

data panels are unbalanced. When missing data is present factor estimates cannot be obtained directly.



In order to estimate them, one should first transform the unbalanced panel at hand to a balanced one.
To this end, in the first part of this chapter we develop a parsimonious, intuitive and easy-to-
implement factor-based imputation (FBI) algorithm aimed for data sets that admit a factor structure
and suffer from monotone missingness. Following Stock and Watson (2002a) and Bai (2003), we
employ the principal component estimator since it is easy to calculate and asymptotically equivalent
to maximum likelihood estimators. Basically, FBI exploits the balanced sub-blocks of the unbalanced
data set to obtain the common component estimates of the missing values. Note that the central
promise of FBI is to utilize the information embedded the factors structure of the data set efficiently,
which a non-factor based algorithm (e.g. widely used unconditional mean imputation or Expectation-
Maximization algorithm under the assumption of multivariate normality) would not fully exploit.

After the implementation of FBI, one obtains the completed data set, X. In the second part of this
chapter, we analyze the asymptotic properties of the factor estimators (which we refer to as imputed
data (ID) estimators) obtained from X. We mainly investigate whether the nice asymptotic properties
(namely consistency and asymptotic normality) of the factor model estimators® still hold under FBI
algorithm. To our knowledge, our research is the first to focus on the asymptotic properties of factor
estimators obtained with the method of principal components (PC) from large data sets that have
considerable missing data problem. To this end, we first characterize the conditions under which the
large sample properties of ID estimators should be studied. In a nutshell, if the level of missingness
is kept fixed while the dimensions of the data panel are allowed to increase indefinitely, the effect
of missingness on estimation eventually dies out and the resulting asymptotic results cannot be used
for inference purposes under missing data. With this intuition in mind, though various simulation
experiments we show that the large sample theory for factor models with completed data sets should
allow missingness to grow at the same rate with NV and T.

Utilizing this approach we find that unless there is factor structure shift, ID estimators are consis-
tent and asymptotically normal just like their standard complete-data counterparts. Next, we show
that the rate of convergence of the ID estimators are slower and the asymptotic variance of the ID
estimators is larger compared to the complete-data estimators. We also find that asymptotic variance
of the ID estimators increase with the level of missingness. Finally, we discover that portions of ID
estimators that expose to different level of missingness behave differently even if those of their true

counterparts behave the same.

!Throughout this dissertation, factor model estimators refer to factor, loading and common component estimators of
a factor model.



The organization of the paper is as follows: Section 1.2 introduces factor models under complete
data, discusses the major findings in recent large dimensional factor model literature and briefly
studies their estimation via the method of PC. The problem of missing data and its possible remedies,
missingness patterns and mechanisms are studied in Section 1.4. Factor models under missing data and
our factor-based imputation method are considered in Section 1.5. Section 1.6 carries out an extensive
simulation experiment to find the right approach in studying the asymptotics of ID estimators, and to
test whether FBI preserves the useful asymptotic features of the standard complete-data factor model
estimators. Results are evaluated in Section 1.7. Finally, concluding remarks are provided in Section

1.8.
1.2 Factor Models under Complete Data

Factor models mainly decompose a series into common and idiosyncratic components. A static factor

model under complete data has the following representation 2

Xit = )\;Ft + €t (11)

where Xj; is the i** cross-section unit at time ¢, for i =1,..,N and t = 1,...,T, F} is an r x 1 vector
of common factors, \; is a r x 1 vector of factor loadings (sensitivities), and e; is the idiosyncratic
(specific) component of X;;. In Equation (1.1), the term A/F; is called the common component of Xj;.

On the other hand, a dynamic factor model allows for dynamic loadings and is defined as
Xit = N(L)Fy + et

where \;(L) = (1 — A1 L — Ao L?... — AipLP) is vector of dynamic loadings of order p. Dynamic models
allow lags of the factors enter the process, and are commonly used in macroeconomic forecasting
literature. They are typically estimated by eigenvalue decomposition of the spectral density matrix.
In addition, every dynamic factor can be expressed as static model with r(p+1) factors. In this paper,
we solely consider the static factor models.

In matrix form, a static factor model can be defined as
X=FA +e (1.2)

where X = (Xl,XQ, ...,XT),, F = (Fl,Fg, ...,FT),, A= ()\1,)\2, ...,)\N),, and e = (61,62, ...,eT)'.

2Throughout this paper we will follow the notation developed in Bai (2003)



X can also be expressed in vector form. Depending on the dimension we consider, there are two

different ways to do so: The ¢ cross-section sample of X is given by

Xi =AF; + ¢ (1.3)
where for t = 1,2, ..., T. Similarly the i** variable (column) can be expressed as

X, =F\i+eg (1.4)

where X, and e; are the i*" column of X and e, respectively.
Assuming F' and e are uncorrelated and have zero mean and A is non-stochastic, the following

covariance structure is obtained
Y =ASpAN +Q (1.5)

where ¥, ¥ and Q are the population covariance matrices of X;, F; and e;. Strict (classical) factor
model assumes that idiosyncratic errors are uncorrelated (i.e. €2 is diagonal) and the time series dimen-
sion is larger than the cross-section dimension. However, classical factor analysis cannot consistently
estimate the common factors, which in general are of direct interest in applications. On the other
hand, approzimate factor models allow weak cross-section and serial correlation in the idiosyncratic
component. In addition, under large N and T assumptions, factors and loadings in approximate factor
models can be consistently estimated, and their limiting distributions can be obtained.

Factor models arise often in economics and finance. For example, in economics X;; can be a
macroeconomic series such as GDP or unemployment while F; is a vector of common drivers such as
business cycle, and ); is the sensitivity of series 7 to common drivers. Likewise, in finance X;; can be
the return for asset i at time ¢ while F} is the fundamental firm characteristics (factor returns) such
as value or momentum, and e; is the idiosyncratic returns. Although strict factor models may be
applicable in certain areas (psychology, physics, climate studies etc.), its assumptions are unlikely to

be satisfied in most macroeconomic and financial applications.

1.2.1 FEstimation

Factors, loadings and idiosyncratic errors in a factor model are all unobserved and need to be estimated.
When N is small, factor models can be expressed in state space form, normality is assumed, and
parameters are estimated by maximum likelihood (ML).

On the other hand, for large data sets computational difficulties prevent the use of ML, and the

method of principal components (PC) arises as a computationally feasible and desirable alternative.



Method of PC is a non-parametric method that does not require any distributional assumptions. The
number of factors that can be estimated by method of PC is min(N,T), which is much higher than
those that can be estimated by employing state space models using a parametric estimation method.
In addition, PC estimators are asymptotically equivalent to ML estimators. Since our focus is on
the behavior of estimated factors and loadings in factor models of large dimensions, in this paper we

consider the PC estimator. Consider
X=FAN"+e (1.6)

where F* = FC, A* = AC~™" and C is some r x r nonsingular matrix. As can be seen (1.6) is obser-
vationally equivalent to (1.5). Therefore F' and A cannot be identified separately, and r? restrictions
are required to uniquely fix them. The normalizations F'F/T = I and A’A being diagonal provides
these r? restrictions. Alternatively, one can consider the normalizations A’A/N = I and F'F being
diagonal in order to satisfy the required 72 restrictions. In both cases, factors and loadings can be
uniquely (still up to a sign change) identified.

Assuming there are k factors (k may or may not be equal to r), factor and loading estimates are
obtained by solving the following maximization problem

N T
in S(k) = (NT)™ ! X — \epky? 1.7
Arg,;{lk() ( );;(t i ) (1.7)

subject to one of the normalizations on F' and A discussed above. If N < T, we concentrate out
F%_ Then the loading estimate is found as A¥ = v/NZ where Z is the eigenvectors corresponding to
the k largest eigenvectors of the N x N matrix X’X. F* is found by simply regressing X on A*, as
FF = XA\ /N. Common component estimate is obtained simply as C = F kAK

On the other hand, if T < N, we concentrate out A* and minimizing S(k) becomes identical
to maximizing tr(F¥(X'X)F¥). In this case, we obtain F¥ = \/TZ where Z is the eigenvectors
corresponding to the k largest eigenvectors of the T x T matrix X X', and AF = X' F*k /T. Finally, the
common component estimate is obtained simply as C = FFAY

Bai and Ng (2008) shows that both F* and F* estimate the same factor space by showing the

following identity
Fr = Fr(yhyL2

where V¥ denotes the k x k diagonal matrix consisting of the first k largest eigenvalues of the

matrix XX’ /NT, arranged in decreasing order. Therefore, each column of F¥ is a scalar multiple of



the corresponding column? in F*.

In the rest of this study for both N < T and N > T cases we use a unified notation and denote
factor, loading and common component estimators obtained from complete data sets with ', A and C,
respectively. Which estimator group above we refer to should be obvious from the relative magnitudes
of N and T.

When data have missing values, factor model estimators above cannot be obtained directly. In this

sense, in missing a data setting we refer to ', A and C as infeasible estimators.

1.2.2  Large Sample Theory

Stock and Watson (2002a) studies the large sample properties of estimated factors and loadings.
It shows that estimated factors and loadings consistently estimate the factor and loading spaces,

respectively, and provides their convergence rates as follows

Theorem SW1%: Suppose that k factors are extracted from X via PCA, where k maybe < or > r.

Let .S; denote a variable with a value of +1 and N,T — oo, then the following holds:

T

fz (SiFy — Fin)? 250 (for i=1,...r) (1.8a)

S;Fy 25 Fy (for i=1,..r) (1.8b)
T

1= 2 »p .

T Fi — 0 (for i=r+1,...k) (1.8¢)
i=1

Bai (2003) goes beyond the above consistency result and provides the conditions for the asymptotic
normality of the factor model estimators under very general conditions that allow for correlations
and heteroskedasticity in both time series and cross-section dimensions. Below we give the main

assumptions® and theorems in Bai (2003) without proof.
T
ASSUMPTION A - Factors: E||Fy||* < M < oo and T~1 Y F,F{ % Sy for some r x r positive

t=1
definite matrix X p.

3For the rest of this paper, we drop the superscript k used on factor and loading estimates.

4Throughout the text, theorems and proposals with letter ‘SW’, 'B’ and 'BN’ would refer to the theorems in Stock
and Watson (2002a), Bai (2003) and Bai and Ng (2006), respectively.

5We will refer to these assumptions in Chapter IT while deriving the asymptotic properties of the imputation error
under FBIL.



ASSUMPTION B - Factor Loadings: ||[\;|| < A < oo, and HA/A/N— ZAH — 0 for some r x r
positive definite matrix Y.
ASSUMPTION C - Time and Cross-Section Dependence and Heteroskedasticity: There exist a

positive constant M < oo such that for all N and T we have:

i. E(ey) =0, Eleg|® <M
N

ii. E(e,e;/N)=E(N~! Zeiseit) =yn(s,t), |yn(s,8)| < M for all s, and
i=1

TS (st < M
s=1 t=1
ili. E(ejejr) = 75 with |74 < 75 for some 7;; and for all t. In addition
N N
N7 D Il <M
i=1 j=1
N N T T

iv. E(ejejs) = Tijs and (NT)~! Z Z Z Z |Tijes| < M

i=1 j=1 s=1 t=1

N
v. For every (t,s), E|N~1/2 Z[eiseit — Eleiseq)][* < M
i=1

ASSUMPTION D - Weak dependence between factors and idiosyncratic errors:
1|1 &
El = —= > Fiey <M
(N 2 VT ; )

i=1
ASSUMPTION E - Weak Dependence: There exist M < oo such that for all 7" and N, and for

every t < T and every ¢ < N:

T

i > (st < M

s=1

N
ii. Z |Thi| < M
k=1

ASSUMPTION F- Moments and Central Limit Theorem: There exist an M < oo such that for all
N and T we have:



i. for each t,

2

N
Z Fs eksekt (ek’sekt)]
k=

<M

%~
M‘ﬂ

w
I
—

—

ii. the r X r matrix satisfies

T 2

<M

N
!
g t)\kekzt
1 k=1

iii. for each t, as N — oo,

N
1 Z d
ﬁ )\ieit — N(O, Ft)
=1

N N

where I'y = limy_00(1/N) Z Z )\i)\;E(eiSeit
i=1 j=1

iv. for each i, as T — o0,

T
ZFtezt—>N0 ‘I’)
=1

T T
where ®; = plimp_oo(1/7T) Z Z E| FtFt eis€it)]
s=1 t=1

ASSUMPTION G - The eigenvalues of the r x r matrix (35X ) are distinct.
ASSUMPTION H- \;, F}; and e;t are three groups of mutually independent stochastic variables.

Under the assumptions above, Bai (2003) obtains the following results

Theorem B1: If vN/T — 0, then for each t,

VN(F, - H'F,) % N(0,1L,)

where IT; = V1QI:Q'V~L, V = diag(v1, v, ...1), v1 > vy > .1, are the eigenvalues of 211\/2217211\/2
(XA and X are the covariance matrices of A and F', respectively.), I'; is the asymptotic covariance

nld

matrix of sequence {\je;}, and @ is equal to plimg N_>OOFT—F.



Theorem B2: If /T /N — 0, then for each t,
VT(N — H'\) % N(0,0)

where ©; = (Q")~1®;Q~!, and ®; is the asymptotic covariance matrix of sequence {Fye;}.

Theorem B3: Let Cj; = F,\; and Cyy = Fu\,. Then, for each i and ¢ we have,

Ao Yo vmi2a _a ) d
<NW+HW)<Q Q)%N@D

where ‘/it = )\ilertle)\l and ijt = F{E;lq)zE;lFt

Proposition B1: For any fixed k > 1, there exists a r x k matrix H* with rank(H*) = min(k,r),
and Sy = min(v/N,V/T), such that

1 ||, - 2
5%T<TZHHFt—H‘“Fth ) = 0,(1)
t=1

First three results above show that estimated factors, loadings and common components are asymp-
totically normal, and determine their convergence rates and asymptotic variances. The last one shows
that the mean squared deviation between the estimated and true factor spaces vanish at the rate of

min(N,T), therefore F consistently estimates the true latent factor space.

1.2.8 Consistent Estimation of Asymptotic Covariance Matrices

Bai (2003) derives consistent estimators for the asymptotic covariance matrices in Theorems B1-B3 in

the previous section.

a) Covariance matrix of estimated factors: I'; in Theorem Bl above depends on the cross-
section correlation of idiosyncratic errors and loadings. Unlike time-series variables, there is not
a natural order for cross-section variables. Therefore, a HAC-type (Newey-West) estimator is not
feasible. In order to overcome this order problem, Bai (2003) assumes cross-sectional independence
for e;;. Replacing the factors and loadings in II; in Theorem B2 with their estimates, and using

F'F/T = I, the following is obtained

I, =v-'r,v (1.9)
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where T'; can be described in one of the following depending on the error structure in the factor model:

= ~21§: X (1.10a)
BN — l
- 1L <,
Iy = N;eigmi (1.10b)
ZZA N~ Ze,tejt (1.10c)
=1 j=1

where é; = Xy — \;Fy and n/min[N,T] — 0. Above, the estimator in (1.10a) has the strongest

assumptions: e; is cross sectionally uncorrelated with ej;; and is hornoscedastic, that is E(e?) = o2

for all i and ¢ (02 can be consistently estimated by 62 = = SN ST €2). (1.10b) weakens the
latter assumption in (1.10a) by allowing heteroscedasticity in e;. Finally, (1.10c) has the weakest
assumptions on the correlation structure of the error terms by allowing both cross sectional correlation

and heteroscedasticity®

b) Covariance matrix of estimated loadings: Note that in Theorem B2, the asymptotic covari-
ance matrix of S\i, (éz), is constructed with the series Ftéit. Since there is a natural order in this

sequence, HAC estimator of Newey-West can be applied as follows

©; = Do, + Z (1 - > (D, + D.;) (1.11)

T
where D,; = (1/T) Z Ftéitéit,ylj}'_y, and ¢ — oo as T — oo with ¢/T"/* — 0. It is important
t=v+1
to note that while a HAC estimator based on Fie;; (i.e. true factors and idiosyncratic errors) estimate

®; (the middle term in (:)Z), HAC estimator above directly estimates (:)l-, since Ft estimates H'F}.

c) Covariance matrix of estimated common components: Bai (2003) derives a consistent
estimator of the common component asymptotic variance in the same spirit with those of factors and

loadings as follows:

~ ~ —1 N - -1
- <, [ NA 1 < s ANA ~
=\ — B2 N\ :
Vie = X, ( ~ ) (N ;leeltAZAl) ( ~ ) by (1.12)

5Note that consistency of (1.10c) is shown in Bai and Ng (2006). Due to its strong assumptions, consistency of (1.10c)
requires covariance stationarity with E(e;tej¢).
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Wi = F|O,F, (1.13)
1.3 Inference with Estimated Factors

Consider the following forecast problem
Yirn = Xt + Blwi + €rqn (1.14)

where y; is a scalar variable to be predicted, h > 0 is the forecast horizon, X; is a set of N predictor
variables with the structure described in (1.3) and w; is another (smaller) set of K observed predictors
that do not assume a factor structure. Note that in the above forecast equation, the number of predictor
series (N + K') can be very large, even larger than the number of available time series observations (7).
Let A= (X : W) be the design matrix in (1.14). If N + K > T, the design matrix in (1.14) becomes
rank deficient (hence singular). As a result, G'G cannot be inverted and the regression coefficients
cannot be estimated. On the other hand, if T is barely larger than N + K, small sample coefficient
estimates becomes highly unstable and their consistency becomes very questionable, and using these
coefficients in forecast equation leads to significantly large forecast errors. Additionally, even if T is
sufficiently larger than N + K, having a better fit in-sample does not necessarily lead to a better
out-of-sample result. In general, having a complex model with too many predictors leads to overfitting
in the in-sample piece; that is the model starts to explain the random noise rather than the underlying
relationship between the variables. In this sense, recent availability of new data sets for large number
of predictor variables has become both a blessing and curse for researchers in macroeconomics and
finance. A method of rising interest in macroeconomic forecast literature is to summarize information
embedded in large data panels with common factors estimated by principal components, and then to
augment an otherwise standard regression with the estimated factors. Utilizing this method, we can

convert the forecast problem above into the following more parsimonious one:
Yerh = &' Fy 4 B'wy + e (1.15)

where F; is the set of common factors described above. If F; were observed, (1.15) would be regular
linear forecasting model and standard techniques and inferences would apply. Let g, = (F}, w})’. Then

the mean-squared optimal prediction of y; (conditonal mean) is given by

yrinr = EWrinlgr, gr-1,..) = & Fr + 'wr = 8'gr
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However, F; is not observed and must be extracted from X . Similarly o and 3 are not known, and must
be estimated from (1.15). Therefore, forecast equation (1.15) is not feasible. The feasible equation is

obtained by replacing the unknown variables with their estimates as follows
Irenr = &' Fr+ Blwr = 0/gr (1.16)

where §; = (F/,w,)’. Note that in (1.16) E affects Yr4nr Via two channels: directly via Fr, and
indirectly via the estimated coeflicients & and B Therefore, in order to determine the statistical
properties of gr 5 7, one needs to examine the properties of both the factors and coefficient estimators.
Factor estimators and their properties are examined in Section 1.2. Below we briefly consider recent
research on the statistical properties of feasible coefficient estimators and conditional mean.

Stock and Watson (2002a) showed that both coefficient estimates and the feasible forecast converge
to their infeasible counterparts that would be obtained if the factors were known, and provide the rate

of convergence in the following theorem:

Theorem SW2: If N,T — oo

I4hT — Y1 — 0 (1.17a)
B—B-50 (1.17b)
Sia—a 50 (for i=1,..r) (1.17¢)

Bai and Ng (2006) extends Stock and Watson (2002a) by determining the limiting distributions of
forecast errors and least squares estimates obtained from factor augmented regressions. This work
makes it possible to carry out hypothesis testing and generate confidence intervals for factor augmented

coefficient estimates and feasible forecasts. Define 6 = (&/,3') and 6 = (o/H™Y, 3').

Theorem BN1: If VT/N — 0
VT (5 —6) - N(0, %) (1.18)

where X5 = B/ 180 SV BT with By = plim(G'G/T), Syg,c = plim(Z'e€' Z/T), E = diag(V~'QXx, I)

being block diagonal. A consistent estimator for X5 denoted by S5, is given by

| T=h -1 | T=h | T=h -1
5 = (T ;m) (T > é?+hgt@;> (T gtgz) (1.19)

t=1 t=1
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Note that the covariance estimator in (1.19) is robust to heteroscedasticity. If homoscedasticity is

assumed, we have E(e? ) = o2 for all t and the following covariance estimator is obtained

1

(1

Xs=0c | 7 Z 9t (1.20)
t=1

T—h

A consistent estimator for (1.20) is given by 62 = Z éf - Once the statistical properties of the
t=1

coefficient estimators are obtained, Bai and Ng (2006) extends the result to the feasible conditional

mean:

Theorem BN3: Let yr pr = 5’@T. Under the assumptions of Theorem BN1 and v/ N /T — 0,

yT+h\TA_yT+h|T i>N(0,1) (1.21)
UGT(yT+h\T)

where var (§ppr) = %25§T+ %6/ II7é and I is the asymptotic variance of Fr described in Theorem
B1. var(gpypr) can be consistently estimated replacing X5 and Il with their consistent estimators
35 and IIr described above.

The forecasting error for (1.15) is given by

€rth = Jr4nT — Y7+h = (Tn|T — YT+h) — €T+

Therefore, assuming that €; is normally distributed, é7, is also (approximately) normally distributed

with variance

var(épin) = var(Gripr — Yr+n) = 07 + var(rinr)
Corollary BN1: Under the assumptions of Theorem BN3 and assuming that € is normally dis-
tributed, then the forecasting error épyy, is

erin ~ N(O,02 +var(irr)) (1.22)
1.4 Missing Data

All large sample results obtained for factor models assume that the data set under consideration is
balanced, i.e. it does not suffer from missing data. Minimization problem in (1.7) to estimate factors
and loadings cannot be directly carried out when data set X has missing values.

Below we first discuss common missing data patters. Then, we give a brief account of missing data

mechanisms. Finally, we go over the basic possible remedies to missing-data problem.
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1.4.1 Missing Data Patterns

Missing data patterns describe which values are missing and which ones are observed. Below we briefly
outline four common missingness patterns. Note that in tables below cells with NAs corresponds to

unobserved values.

Univariate Nonresponse: This case is observed when the missingness is confined to a single vari-
able. This is the first incomplete-data problem to receive systematic attention in statistics literature.

Table 1.1 shows an example of univariate nonresponse.

X1 Xo X3 Xu X5
NA
NA
NA

Table 1.1: Univariate Nonresponse

Block Missingness: This pattern is also known as multivariate two patterns. As can be seen
in Table 1.2, a group of variables are missing for exactly the same samples. Note that univariate

nonresponse is a special case of block missingness.

X1 X X3 X4 Xs

NA | NA | NA
NA | NA | NA
NA | NA | NA

Table 1.2: Block Missingness

Monotone Missingness: A common missing-data problem in longitudinal studies is attrition,

where subjects drop out prior to the end of the study. Similarly, data on some subjects may start to
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be collected later than the other subjects, or the data panel may be obtained by combining time series
of different periods. In such cases we observe a reverse attrition. The pattern of attrition and reverse

attrition are examples of monotone missing data. Table 1.3 shows a case of reverse attrition.

X1 Xo X3 Xy Xs

NA | NA | NA
NA | NA
NA

Table 1.3: Monotone Missingness

General Missingness: In this case missingness does not gave a certain structure, and distributed

to the data set randomly. Table 1.4

X Xo X3 Xy Xs

NA
NA NA
NA
NA
NA NA

Table 1.4: General Missingness

1.4.2  Missing-Data Mechanisms

Missing-data mechanisms are about the relation between missingness and the values of variables in
the data matrix. In this respect, mechanisms that lead missing data concern how variables that are
missing are connected to variables that are observed in the data set. These mechanisms determine the
appropriateness of missing-data methods in different settings.

Let X = (zi) be a data panel, and define a missing-data indicator matrix M = (m;), such
that my = 1 if x; is missing and m;; = 0 if it is observed. Note that M defines the pattern of

the missing data. The missing-data mechanism is characterized by the conditional distribution of M
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given X. Statistically, we can express this characterization with f(M|X, ¢), where ¢ denotes unknown
parameters (if any).

If missingness does not depend on the values of X (missing or observed), we have
F(M|X,¢) = [(M]p) forall X, ¢

and the data are called missing completely at random (MCAR). Although MCAR states that missing-
ness does not depend on the data values, it does not put any restrictions on the missingness pattern.

Let X™ and X® denote missing and available (observed) components of X, respectively. If miss-
ingnes depends only on the observed variables of X, the data is said to be missing at random (MAR).

MAR case can be expressed as follows:
f(M|X,¢) = f(M|X",¢) forall X™, ¢

Finally, if the distribution of M depends on the missing values of , the data are called not missing at

random (NMAR):
fFIM]X, ¢) = f(M]X™, ) for all X%, ¢

A good example of NMAR case is the official questionnaires with income related questions: People with
high income are more likely to omit income related questions considering possible tax consequences.
In this case, the fact that a variable (income) is missing in the survey is explained by the level of the
income itself. If the data are NMAR, the observed data set is not representative for the population it
comes from.

MAR case can be found in many financial data panels. As an example, consider a data set
containing certain firm characteristics (columns) such as market cap, momentum, leverage etc. across
firms (rows): In general it is less likely to access financial statements for firms with lower market
capitalization since they tend to be less professional and unregulated, and their data are generally
stale. Therefore one experiences more missing values in firm characteristics of smaller firms. However
the market capitalization variable is almost always observed regardless of the firm being an essential
statistic for any firm that is traded in some exchange. In this case the fact that a variable (e.g.
momemtum) is missing can be explained by a variable (market cap) that is observed.

Throughout this study, we assume that the missing data panel we work on is missing at ran-
dom. The factor-based imputation method we discuss below becomes functional with the help of this

assumption.
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1.4.8 Remedies for Missing Data

In general, there are two possible remedies for missing data: Amputation(truncation) and imputation.

Below we discuss each of them briefly.

Truncation

Truncation means deleting missing columns or rows of X to obtain a balanced data set. It basically

takes two forms:

(a) Listwise Deletion: In this approach, each sample observation (row) with missing values are
eliminated. This strategy, which is called complete-case analysis, is generally inappropriate since the
researcher is in general interested in making inferences about the entire population, rather than the

portion of the target population that could be observed.

(b) Variable Deletion: FEach variable with missing values are eliminated. This case is not suggested
in many settings since the resulting data set certainly does not represent the population that initial
data set comes from.

In general, truncation methods result in artificially created balanced data sets that may not be
representative, and and lead to inefficient estimators due to resulting observation loss. Under the
assumption that the data set is missing at random, standard large sample result holds for listwise
deleted data. On the other hand, in the case of variable deletion, large sample results are not directly

comparable since the variable set after the deletion is smaller than that of the original data panel.

Imputation

Imputation means estimating missing values in a data set by using the available information in the
data set, using outside information, or both. Since imputed values are estimates, they contain es-
timation error. Ignoring the estimation error embedded in imputed values lead to biased estimates,
underestimated standard errors and invalid hypothesis test. For example Stock and Watson (2002a)
and Banbura and Modugno (2010) recursively impute the missing values during factor estimation
using the available observations in the data set, and do not take into consideration the effect of the
estimation error on factor and loading estimates and their standard errors.

In section 1.5 below, we develop a factor-based single imputation method. There are three main

reasons we choose this method: First, it works very well with large data sets that follow a factor
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structure. Second, it is very parsimonious since it uses only k (k << min(N,T)) auxiliary factors
which are estimated from balanced subpanels of the incomplete data set. Therefore, the number
of predictive variables (factors) in the imputation method remains the same even if the dimension
of the incomplete data set and the amount of missingness increase arbitrarily. Finally, factor-based
imputation allow us to be able to apply the findings in the factor-augmented forecasting literature

introduced by the seminal papers of Stock and Watson (2002a), Bai(2003) and Bai and Ng (2006).
1.5 Factor Models under Missing Data

In this section we introduce factor models for block-missing and monotone-missing data sets. Next,
using the models for missing data, we develop a parsimonious factor-based imputation (FBI) method
that consistently imputes the common component of missing values. Finally, we show how to obtain

the ID factor and loading estimators.

1.5.1 Factor Models under Block-Missing Data

In this section we consider the analytics of factor model estimation under block missingness. Consider
the 7' x N block-missing data matrix X in Table 1.5 where gray and white cells represent missing and
available values, respectively. The data set is partitioned as X = [Y Z] where Y = [Y"™ Y| and
Z = [Z™ Z¥)T. Y™ and Y represent the missing and available parts of Y, respectively®, while Z
denotes variables which are completely observed?

Note that we have N = N,,, + N, and T' = T,,, + T, where N,, and N, are the numbers of missing
and available variables in X, while T}, and T, represent the numbers of missing and available time
series observations for the variables in Y, respectively.

Assuming X has a factor structure, we aim to estimate ID factors under block-missingness and
uncover their distributional properties. Since the data set is unbalanced, the method described in Bai
(2003) is not directly applicable for estimation. In order to overcome this problem, we suggest to
impute the missing data with a FBI method. To this end, first we describe the factor structure that

X follows, and then introduce our consistent FBI method that is used to impute missing values.

"One can also partition X as X = [Xm/ Xa/]l where X™ = [Y™ Z™] and X* = [Y* Z°].

SWithout loss of generality, we assume that the missing block lies on the northwest corner of X. Note that the order
in which we place the series in the data matrix does not effect factor estimation. Therefore, given that all the missing
variables are unobserved over the same period, we can always adjust the order of the series to generate a data matrix
with a missing block on the northwest corner.

9Although Z is fully observed, we partition it to match the partition in Y. In calculations below this representation
will be useful.
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Nm Nq
ym AL
T,
T, Ye A

Table 1.5: Block-missing data panel

We assume X has a r-factor structure, and can be expressed as in (1.1). Following the partition

of X above, we can partition A, F' and e as follows:

/

A=[A™ AY]
F=[F™ F"Y)
e:[ey o ] -

where A™ and A% are N,,, xr and N, xr, F™ and F'Y are T}, x r and T, x r, €Y and e* are T' x N,,, and
T x N, respectively. Using this notation, the factor model given in (1.1) can be expressed in vector

form as

Y; = A"F; + ei’ (1.23a)
Zt = AaFt + ef (123b)

and in matrix form as
Y™ = FmA™ 4 eV (1.24a

)

Y = FOA™ 4 eV (1.24D)
gm — FmAa/ + ezm )
)

(
Z% = FOAY 4 " (1.24d
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The Factor-Based Imputation Method for Block-Missing Data

In this section we propose a FBI algorithm for block-missing data sets, which imputes the missing
values Y™ with the estimate of its common component!®. Note that Y™ and Y® have the same
loadings, A™. If we knew the true factors F', we could have obtained the estimate of A™ by regressing
Y on F®. Fortunately Bai and Ng (2006) and Stock and Watson (2002a) show that under certain
assumptions, regressing Y® on F'* yields the same common component estimate with regressing it on
F%as N,T — co. Since X is missing F is infeasible; however another estimate of F that is obtained
from the observed portion of X can be used as a proxy for F. In this respect, let F, denote factor
estimate obtained from the partition Z. As long as F, satisfies the conditions under which Bai and
Ng (2006) and Stock and Watson (2002a) obtain their results!!, it can be used to estimate!? A™.
Since Z is completely observed, F, is simply /T times the eigenvectors of the matrix ZZ’ cor-
responding to the first r eigenvalues of ZZ’ in decreasing order. By construction, we have have

F.F./T = I. Using F., the regression equation for the i*" variable (column) in Y* is given by
Y¢=FN4vy , i=12..,Np, (1.25)

where T, x 1 vector Y is the observed part of the ith series,  x 1 vector )\; is the unobserved loading
for variable i, T, x r matrix F ¢ is the available portion of the factor estimate F ., and T, x 1 vector

v; is the error term. Carrying out the time series regression in (2.1), we obtain
Xi = (P Fey Forys (1.26)
Using ):1 above, an estimate of X:tn can be obtained as

Y = NE% (1.27)

0One might be tempted to investigate the properties of factor model estimates under an imputation procedure that
consistently estimates Y itself (rather than the common component of Y). However, idiosyncratic component of
Y™ is pure noise, hence it cannot be estimated.

11n the derivations below, we assume that these conditions are satisfied.

12 At this point, it is important to establish an important difference between F. and F: In the complete-data factor
model that we review in Section 1.2, the elements of the model (i.e ', A and ¢) and its assumptions are defined for
X = FA’ + e, and the large sample results for the factor model estimators obtained in the literature are obtained for
this "whole” factor model. However, Z represents a portion of X, and the factor model it exhibits, Z = FAY + e,
is "partial”. In this sense, although the complete-data assumptions lead to a consistent and asymptotically normal
factor estimator for X, they do not guarantee the same well-behaved factor estimator for Z. In the Chapter II, we
will address this issue and show that under very weak additional assumptions F. is well-behaved.
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Calculating (1.26) for all ¢, we obtain the estimate of the r x N, matrix A = [5\1, Ao, . .. ,S\Nm].

Then the common component estimate of Y™ is obtained as

Y™ = FmA™ (1.28)
Replacing Y in X with Y™, we obtain the imputed data matrix X. Since X does not suffer from
missingness, standard estimation procedures that we discuss in Section 1.2 apply to it.
1.5.2  Factor Models under Monotone-Missing Data

In this section we extend the discussion in the previous section to monotone missing data. Consider

the following T x N data set X = [Y! Y? Z]:

Nony Non, N,
Y™ ym2 zm
T,
T, | vy ye2 A

Table 1.6: 2-layer monotone-missing data panel

Unlike the block-missing data set in section 1.5, here we have two'? sets of missing variables, i.e.
layers'*: Y'! and Y2, In Table 1.6, as in the case of block-missingness, gray regions denote the missing
observations. First and second missing layers are given by Y and Y™2, respectively. As can be seen,
while for the variables in the first layer first T,,,, observations are missing, missingness is confined to
the first T, observations for the second layer variables. There are N,,, and N,,, variables in the first

and second layers, respectively. Alternatively, one can approach the missing data problem at hand

13T keep the exposition brief, we initially consider a monotone-missing data set with two missing layers. Below, we
generalize our findings to an arbitrary number of missing layers

14 . . N . .. . N
In this sense, one can interpret block-missingness as a special type of monotone-missingness with one missing layer.



22

from the point of view of sample observations (i.e. rows) at each point of time rather than from that
of the variables (i.e. columns). In this respect, for samples from time 1 through 7T,,,, first Np,, + Ny,
observations are missing, and for samples from time 75,,, + 1 through 7,,,, first N,,, observations are
missing 1°.

N, denotes the number of available series, and T; stands for the number of completely observed
samples in X; therefore it follows that N = Ny, + Ny, + N, and T = T,,,, + T,. We define the
available parts of first and second layer of missing variables with Y% and Y2, respectively and denote
the available part of all missing layers'6. with Y@ = [y Y92].

As in the previous section, variables in Z are completely observed, and Z is partitioned to match
the partitions in the missing variables. The extension of the number of missing layers to an arbitrary
number J is straightforward. To that end, below first we characterize a factor model with J-level
missingness, and then discuss the FBI under monotone missingness. Suppose X exhibits J-layer

monotone missingness, and has the static r-factor structure given in (1.1). Then we have!”
A=[A™ A" A" A , i=1,2,...,J
e=[e" e .. e e |

where A" is Ny, x r, and €% is T' x Np,;. For each e¥/, we have €™ and e which are T;;,; X Ny,

&
and Tj, X Np,;, respectively. Let S, = Z Np;,c=1,2,...J. Then the number of completely observed
j=1
series and samples are given by N, = N — Sy and T, = T — T,,,, respectively. Partitioning F' for
each missing layer is a bit tricky since each layer has overlapping factor partitions. In this respect, we

define the T, X r matrix F'™ as the portion of F' that stems from the cross-section observation ¢ =1

to t = Tpp;. Then, the missing layers of X can be expressed in vector form as the following:

Y/ =A™ 4 t=1,2,..,T,

1511 the simulation experiments below, we will show that this second interpretation is more relevant in explaining the
large sample properties of the ID factor estimators.

16Note that the observations shown in the black region of Table 1.6 are not defined in Y*2 although they are observed.
This definition of Y*? does not affect the large sample properties of the ID estimators and it yields much more tractable
analytical results. On the other hand, it is obvious that leaving out the black region in estimation yields inefficient
estimators in the small sample. Therefore one can add the black region to Y;* while estimating ID estimators in
applications

1"Note that the structure of Z is the same with the block-missing data; hence we do not rewrite it here to preserve
space.
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Accordingly, missing layers and available parts of Y are given in matrix form as follows:

Y7 = F(ATG) ™ (1.29a)

YU = FYA™) 4 % (1.29D)

Factor-Based Imputation Algorithm for Monotone-Missing Data

Following the FBI introduced above, we impute missing values by their common component estimate!®.
Let F, denote the auxiliary factor estimate obtained from Z as in the previous section. Since missing
and available observations in the j%* layer share the same loadings, A™, we can estimate the loadings

of Y™ by regressing Y% on F as follows:
Y =FN+v] , i=1,2.,Ny, , j=12..J (1.30)

where T, X r matrix Fj is the available portion of the factor estimate F,, r x 1 vector )\g and Vg is the
unobserved loading for the i'* variable (column) in the j'* missing layer and yij is the corresponding

error term. Carrying out the time series regression in (2.9), we obtain
30 (par pay—1 Faly 9
X = (FYF*) " FaYy”

We can run the above regression for each series in each Y%/, and obtain the estimate of the 7 X Ny,

matrix A™ = [5\{ 5\% Ce ,5\3\, ]. Let F."7 denote the part of F, between cross-section observations
mj

t =1 and t = Tj;,;. Then, a consistent estimate of the common component of Y7, F™iA™5 | s

obtained as
ij — FmJAmg
Finally, replacing Y with Y™i for j=1,2,...,J, we obtain the completed data matrix X.

1.5.83 Estimation of ID Factors and Loadings

The imputed data matrix X is balanced, therefore the factor and loading estimates can be obtained
following the standard complete-data procedure. Accordingly, if N < T, ID loading estimate is given
by A = VNZ where Z is the eigenvectors corresponding to the k largest eigenvectors of the N x N
matrix X’X. F is found by simply regressing X on 1:\, as F = X/:\/N

8This section closely follows section 1.5.1; therefore some details are omitted in the presentation to avoid repetition.
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Likewise, for T' < N, ID factor estimate, Ifﬂ , is given by v/T times the eigenvectors of the matrix
XX’ corresponding to the first k£ eigenvalues in decreasing order. Given ]*;’ , ID loading estimate is
obtained as A = X’ﬁ’/T.

Using the result in section 1.2.1, one can show that F is a linear function of I;N; , and both ID factor
estimators estimate the same latent true factor space. In the rest of this paper in order to avoid

confusion, we only consider the case T' < N and denote ID factor estimators with Fip.
1.6 Monte Carlo Experiments

This section considers our main research questions, simulation design and experiments. For both
block and monotone missingness, the questions and the experiments are identical. Below, we first
focus on the research questions regarding the large sample properties of ID estimators. Next, we
design a simulation experiment around those questions. Finally, we carry out an extensive simulation

experiment to unveil the large sample properties of the ID estimators.

1.6.1 Research Questions

Standard large sample theory provided by large dimensional factor models literature does not consider
the effect of imputed values in data set X. In this respect, this paper seeks answers to the following

questions:

i. Should the missingness rate be kept constant or should it be allowed to decrease as N and T

approach infinity?
ii. Does Fyp consistently estimate the factor space?
iii. Is Fyp asymptotically normal?

iv. How does estimation error incurred during imputation affect the asymptotic variance of ID factor

estimator?

v. How does missingness affect the convergence rates described in the standard large sample liter-

ature?

We try to answer the questions above with Monte Carlo experiments. To this end, we use the

factor-based imputation procedure described above to estimate the missing values in X. Although
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Monte Carlo experiments are generally used to study the small sample behavior of estimators, our
current study uses them to approximate the answers to the questions above regarding large sample
behaviors of factor estimators under missingness. Simulation experiments provide the benefit of a
controlled experimental setting; with the help of the experiments below, we hope that the results of
these experiments lead to new insights and directions for the future theoretical research.

Note that the first question above asks how to treat the relative growth rates of the number of
missing and available values in large sample. The answer to this question is one of the most important
contribution of the current study since it determines the way we approach the analytics of the limiting
distribution of ID estimators. In this respect in the simulation experiments below, we first decide
whether the missingness ratio should be kept constant or let decrease. Once the proper treatment of

the missingness ratio is determined, we focus on the remaining questions.

1.6.2  Simulation Design

Below we design a Monte Carlo experiment to answer the questions raised above. First, we introduce
the factor structure to generate data sets to be used in the simulation experiment. Next, we discuss
the generation of block and monotone-missing data sets. Finally, we define various ID estimators
that are distinguished from one another with respect to the characterization of the relative growth of

missingness and the imputation procedure applied.

Data Generation

We consider the following factor structure for i =1,.... N andt=1,...,T

X = NFy + ey
eir ~ N(0,1)
Ai ~ N(0,diag(d/r)) (1.31)
Fy = pFf +me
F —p

F="t_F
or

where F; and \; are r x 1 factors at time ¢ and loadings for series i, respectively. diag(d/r) denotes
a r x r diagonal matrix with on-diagonal elements equal to d/r. Since A follow a zero-mean normal
distribution, it takes both negative and positive values (with equal rates) so that series X; loads on

F} in both negative and positive directions. We fix p = .7 so that factor follows a persistent AR(1)
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process. Note that prp and op denote the » X 1 mean and standard error vectors of F}". Therefore,
the normalized factors F} have mean 0 and variance 1. § determines the signal-to-noise (STN) ratio!”
of each series defined by

2

0‘6

where o, and o) are the standard errors of e and \;, respectively. Throughout the simulations below,
we let § = 2 so that common component explains 66% of the variation?® in X.

We divide the series in X into left and right halves. In the two-factor model, we consider two
different cases for the loadings: (a) all loadings are kept in the same way they are generated. We
call this case the complete loadings case. (b) for series on the left half, second loading is set to zero,
and for series on the right half, first loading is set to zero; that is, series on left load only on the first
factor while the ones on right load only on the second one. We call this case the half loadings case.
We consider the half loadings case in order to understand the behavior of ID factors when the factors

that missing and observed variables load on are not entirely the same.

Missingness Generation

After creating the data set described above we generate block and monotone missingness, and obtain
data sets similar to those in tables 1.5 and 1.6. In the case of block missing data set, we simply define
the percentage of missing values by determining the percentage of missing time series and cross-section
observations. On the other hand, for monotone missingness we need to define several missing blocks
and this requires us to choose both the number of missing blocks multiple missingness levels of time
series and cross-section observations for the the simulation experiment. The details of this selection

process and model parameters are discussed thoroghly in section 1.6.3 below.

ID Estimators

After block and monotone-missing data sets are generated, missing values are imputed using three
different imputation methods: (i) unconditional mean imputation, (i¢) our FBI procedure and (i)

random imputation. In method (4), we impute the mean of each missing column?!, whereas in method

9This result is obtained since the variance of each factor is equal to 1, and factors, loadings and idiosyncratic errors
are independent.

2ONote that our simulation results below are seen to be robust to other reasonable choices of 8, as well.

2INote that in the simulations below we generate the data set X in such a way that each column of X has zero mean.
In the mean-imputation case for the sake of simplicity we missing values with the population mean.



27

(ii7) missing values are replaced with some random number??. In addition, we consider two scenarios
for the relative size of the missing piece as data dimensions increase: (a) missingness expands at the
same rate with the data set, (b) missingness expands slower than the data set. Under the above

setting, we obtain four ID estimators:

i. Constant ID estimator: It uses method (ii) and box scenario (a), and is denoted by Forp.
ii. Decreasing ID estimator: It uses method (ii) and box scenario (b), and is denoted by Fpp.

iii. Unconditional Mean ID estimator: It uses method (i) and box scenario (a)?3, and is denoted by

Furp.
iv. Random ID estimator: It uses method (7i¢) and box scenario (b), and is denoted by ﬁ’RI D-

In addition to the estimators above, we consider the infeasible factor estimator F which we study
in detail in Section 1.2. In order to conform with the notation in this section we denote it with I%I NF-
Note that standard inferential theory applies 1*;’ N F since it is obtained from the complete data X. In
this sense, among other uses 1; TNF serves as a check mechanism for the accuracy of our simulation
experiment.

In Monte Carlo experiments, N and 1" are simultaneously increased, and missing data creation and
factor model estimation processes are repeated 500 times for each (N, T') pair. For consistency-related
questions in Section 1.5, following Stock and Watson (2002a) we summarize the results by trace R? of

multivariate regression of F on F given by

w2 _ BIPeF| _ Btr(F'PeF)
EE O B|R| Etr(F'F)

(1.32)

where ||.|| denotes the Frobenius norm?*, Pp = F(F'F)~'F’, and E denotes the expectation estimated
by averaging the relevant statistics over Monte Carlo repetitions. We use the measure in equation (1.32)

for all factor estimators mentioned above. Note that under fairly weak assumptions Stock and Watson

22We replace each missing cell with a value drawn from U[—100, —80], where U[.] denotes the uniform distribution.
Note that method (iii) serves as a check mechanism for whether the accuracy of the estimates obtained with other
imputation methods is solely due to the increase in N and T'.

ZNote that we let the behavior of the missing block in UID case be the same with that of CID. Therefore, the only
difference between UID and CID cases is that the former uses unconditional mean imputation while the latter uses
conditional mean imputation.

Z4Frobenius norm of a matrix A is given by ||A|| = [tr(A’A)]*/2
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(2002a) shows that R% P %1 as N, T — co. Therefore, we test the consistency of the ID estimators
and their convergence rate with the behavior of their R? as N and T grow large.
Regarding the limiting distribution related questions in Section 1.6.1, for the INF estimator we use

II; in (1.9). By mimicking INF asymptotic variance estimator, for ID estimators we consider
= 1 N z oz
m,=v! ( éitAi)\§> vl (1.33)

where V is a diagonal matrix consisting of the first r eigenvalues of (1/N T)X X" and é; = Xy — i;}g’t
Note that above ﬁt does not take into account the additional estimation error in X due to imputation,
and is not necessarily consistent for II;. Therefore, although scaling the INF estimator by definition
yields an asymptotically standard normal factor estimator, scaling the ID estimators may fail to do
so. In the simulation experiments below we consider the effect of imputation error on ID estimators’

asymptotic variances using the scaled asymptotic variance estimator given in (1.33).

1.6.3 Simulation Ezperiment

As mentioned above, we aim to determine the large sample properties of ID estimators. We increase
data dimensions and missingness, and check the large sample properties of ID estimators during this

process. To this end, we let IV and T increase with the following rule:
N(j) = 50(1.17), T(5) = 25(1.17)

where N(0) = 50 and T'(0) = 25 are the base dimensions, j is a multiple whose range changes across
simulations (between?® 10 and 40). Let X (j) denote the T(j) x N(j) data panel. After determining
the evolution of the complete data set, we consider the missing part and its evolution relative to the

complete data set.

Block-Missing Data

Let T,,(j) and Ny, (j) denote the number of missing time series samples (rows) and variables (columns)
in X (j), respectively. Using these, we can define the missingness ratios for time series and cross-section
dimensions as TR(j) = 7;’1‘(%) and NR(j) = ]\]I\',"(gj)), respectively. It follows that M R(j) = TR(j)NR(j)
is the total missingness ratio in X (j). In scenario (a), we fix TR(j) = NR(j) = /% (for some v > 0)

which yields M R(j) = 1. Therefore, as T and N increase T, and N,, are increased proportionally so

that M R remains constant at .

%Note that N(10) = 130, N(40) = 2262, T(10) = 65, T'(40) = 1131.
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On the other hand, in scenario (b) we let T,, and N,, increase slower than T and N so that
TR(j) and NR(j) decrease as j increases. We let TR(j) = NR(j) = +/1(0.95/) which results in
MR(j) = 1(0.957). Note that since 0.95 * 1.1 > 1, although TR and NR decrease T}, and N,,
increase. In other words, the number of missing values increases (in the limit there are infinitely many
of them) while the ratio of missing values to observed ones decreases.

In order to test the normality of ID estimators, we follow a slightly different path: First, we fix
T =T(j), N = N(j) for some high j. We then generate a data set and a missing block, impute the
missing block with different imputation methods described above, and obtain the ID estimates. We
repeat this process 500 times and sample from each ID estimate. Finally, we process these samples to
test the asymptotic normality of ID estimators. Section 1.7.1 below give a thorough account of the

entire process of normality tests.

Monotone-Missing Data

We consider a 2-layer missingness structure for the experiment regarding the monotone missingness.

Missingness ratios of the first layer is denoted by T'Rs(j) = TT’“#()]) and NR4(j) = ]\vafs]()]) for s =1,2.

The total missingness ratio for the 2-layer case is given by

_ TRi(j)NR:(j) + TRa(j)NRa(j)
T(ING)

MR(j)

In the simulation experiments, we let the dimensions for the second layer be T'Ra(j) = (0.4)TR1(j)
and NRa(j) = (1.25)NR1(j). Note that except for the existence of the additional missing layer, we
keep the all the other features (scenarios, growth rates etc.) same with the block missingness case

above.

1.7 Results

Below we discuss the results for the Monte Carlo experiments considered in the previous section. First,
we address the results for block-missing data sets for which we consider different factor models in terms
of the number of true factors and the structure of loadings. Next, we treat the results for monotone-
missing data sets. Finally, in the discussion section we elaborate on the large sample properties of 1D

estimators and their role in statistical inference.
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1.7.1 Block Missingness

In this section we investigate the consistency and asymptotic normality properties of ID estimators
under block missingness. First, we study the large sample properties of the estimated factors and
loadings in the original form and size they are estimated. Next, we partition the estimators into
missing and available parts, and study their large sample properties as if they were separate estimators;
we refer to them as partitioned estimators. For example for estimated CID factors }:70 1D, the missing
partition of the factor estimator is given by Iég} p» while the available partition is equal to ﬁgl D-
Below we show that asymptotics of missing and available parts of the ID factor estimators are not the

same, a property which is nonexistent for INF estimator.

Large Sample Properties of ID Estimators

Consistency Figure 1.1 below shows the R? given in (1.32) for the INF, CID, DID, UID and RID
factor estimators for r = 1 and MR = 30%>25, while Figures 1.2 through 1.4 demonstrates the same
results for INF and CID for r = 1 and r = 2, with M R = 50% and 80%.

We start with the 1-factor model: As can be seen in Figure 1.1, INF estimator’s R? monotoni-
cally converges to 1 as suggested by Stock and Watson (2002a). This suggests that INF estimator
consistently estimates the true factor space as N and T approach to infinity. Similarly CID estimator
estimates the true factor space consistently. Therefore, we show that the factor-based imputation
method we suggest leads to a consistent factor estimator under a constant missingness ratio.

Another important point in Figure 1.1 is that RID estimator is consistent for the true latent factor
space. It starts with a very low R? value for small data dimensions, but as the size of the missing
block shrinks relative to the size of the data panel, the importance of missing data and imputed values
plummet. This finding suggests that the estimators obtained from data sets that are imputed with
completely random values would be consistent for their population counterparts as long as MR goes
to zero (even if the total number of missing observations goes to infinity). In this respect, we use
RID estimator as a test case: it demonstrates that factor consistency achieved under decreasing MR is
obtained solely due to the increase in T" and N, and does not depend on the quality of the imputation
procedure. Therefore, the idea of slower growth of missingness compared to data set dimensions is
useless for inference purposes. In this respect, we can ignore the results for DID estimator as well

since it also assumes decreasing MR. Accordingly, below we confine our attention only to the CID

26Results for r = 2 through r = 10 are very similar, and are not reported here.
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Figure 1.1: R? of all estimated factors with » = 1 (MR=30%)

estimator for which the missingness and data set dimensions grow at the same rate.

Note that UID estimator is inconsistent; its R? starts pretty high (around 0.94) but fails to converge
to 1 for higher N and T" values. In other words, imputing each missing value by its (true) unconditional
mean does not deliver consistency in factor estimation when MR stays fixed. From this observation we
can infer that if the missing values are imputed with random values when MR is fixed, the resulting
factor estimation would be inconsistent, as well. In this sense, UID estimator serves as a test case:
factor consistency achieved under constant MR does not only stem from the increase in 7" and N,
but also results from the quality of the imputation method. This points out the fact that our FBI
procedure, which delivers consistent CID factor estimates, sufficiently utilizes the dynamics of the
factor structure and the missingness in the data set, and proves to be a useful imputation procedure.

Finally, Figure 1.2 considers an extreme case for INF and CID factor estimators with 80% miss-
ingness ratio. As can be seen in the figure, although R? of the CID estimator starts with a lower value
compared to Figure 1.1, it nonetheless converges to 1 as data dimensions increase. Therefore, even
with 80% missingness, CID estimator continues to be consistent.

Next, we consider the 2-factor model with complete and half loadings: As mentioned above, in the
complete loadings case each series load on all the loadings while in half loadings case, left half of the
series load only on one loading and the right half loads on the other. Figure 1.3 shows the R? of the

INF and CID estimators for the complete loadings case. As can be seen, CID estimator is consistent
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Figure 1.2: R? of INF and CID factor estimators with » = 1 (MR=80%)

again when the number of factors increased to two. Although CID estimator starts with a slightly
smaller R? compared to Figure 1.2, it eventually converges to 1. Note that in both Figure 1.2 and 1.3
missingness ratio is 80%. Therefore controlling for the missingness ratio, that the CID estimator in
the two-factor model converges slowly can be explained by the fact that with two factors the statistical
error incurred in estimates of F, and (hence) \ are greater. Accordingly, these errors contaminate the

common component imputation of Y™ for small N and 7" values.
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Figure 1.3: R? of INF and CID factor estimators with r = 2 (MR=80%)

Figure 1.4 reports R? results for the two-factor model with half loadings when the missingness
ratio is 50%. By letting M R = 50% we guarantee that missing and available series load on different

factors; therefore the initial factor estimate (FZ) used in imputation has no predictive value. As a
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result CID estimator fails to converge and its R? levels around 0.64 even for very high N and T
values. In addition, CID estimator is outperformed by the UID estimator (not shown in the graph).
This observation suggests that if it is believed that available series contain little or no information
about the missing ones, then the unconditional mean imputation can be preferred to conditional mean
imputation.

Note that in a given incomplete data set, missing and observed variables can have different factor
structures. If this ”factor structure shift” is the case, then factors obtained from the complete portion
of the data set X may not have the desired predictive value for the missing-block Y"*. One can expect
higher R?s as the factors that missing and observed series load on get closer to each other and vice
versa’’. In this sense, half loadings case is an extreme version of factor structure shift where missing
and observed variables do not share any common factors.

Factor structure shift can be encountered in many different settings. For example, introduction of
exchanges and collection of most time series in many emerging markets did not start until mid-80’s,
while many time series started to be collected much earlier in most developed economies. If time
series from these two different country groups are combined (say to form a global factor model), the
resulting data set would be unbalanced. In addition, emerging markets contain their own country
and regional factors that cannot be estimated from the data of the developed economies. In this case
if imputation is carried out by some conditional expectation method using available series, then the
initial factors estimated from developed economies data would inaccurately impute the missing values
in the emerging market data. As a result, the resulting factor estimates may not be consistent.

Another situation where factor structure shift phenomenon can be observed is the incorrect esti-
mation of the number of factors. In real data applications, the number of factors is not known and
has to be estimated from the data. Although there are consistent estimators for r ( eg Bai and Ng,
2002), in small sample the estimate of 7 can be inaccurate, and this results in higher estimation error.
In this case imputation equation would suffer from either omitted variable bias (if r > k) or irrelevant

variable noise (if r < k), and ID estimators would fail to be consistent.

Asymptotic Normality Figure 1.5 below demonstrates the limiting distributions of standardized
(with the inverse square root of asymptotic variance estimate) INF, CID, DID and RID?® factor
estimators for » = 1, N(30), 7'(30) and MR = 30%. As can be seen in the figure, INF estimator

2TOne should also take into account the factors that are present only in observed variables. Inclusion of these factors
would contaminate the imputation and lead to lower RZ.

28Note that the result for UID is very similar to that of CID. In order preserve space we do not present it here.
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Figure 1.4: R? of INF and CID factor estimators with » = 2 and half-loadings (MR=50%)
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is standard normal even for small N and T as suggested by Bai (2003). In addition, DID and RID

estimators look close to standard normal, CID is certainly not. Although visually it is hard to tell

whether CID is normal, Table 1.7 below, which reports the first four moments of estimators and

their p-values for Jarque-Bera (JB) normality test, shows that CID estimator is normal (up to 14 %

significance level). However, its asymptotic variance is much higher than 1.
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Figure 1.5: Histogram of all estimated factors for N(30) and 7(30) with 30% missingness.
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The histograms in Figure 1.5 (and other figures below) are obtained as follows: For a given
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INF CID DID RID
mean -0.06 -0.11 -0.06 -0.11
variance 1.11 7.80 1.16 1.83
skewness  -0.05 -0.02 -0.05 0.05
kurtosis 3.39 280 340 3.40
JB pvalue 0.19 0.14 0.17 0.18

Table 1.7: Moments and Normality for Figure 1.5

(T'(j),N(j)) pair we generate 500 data sets, and estimate factors and loadings. Let ¢t = [T'/2] where
[z] denotes the largest integer smaller than or equal to z. For ID estimators and the INF estimator

for each data set d = 1,2...,500, we calculate the following scaled estimators, respectively:

fo =1L V*VN(F, - H'F)

fi =T, Y*VN(F, - H'F)

where ﬁt and ﬁt are the estimated asymptotic variances for ID and INF estimators discussed in Section
1.6. The histograms are generated by using the samples fi(d). For INF estimators, this statistic is
asymptotically standard normal. In order to check the normality of the estimators visually, we overlay
the density of N(0,1) on each histogram. Note that the area under the histogram bars is not equal to
1. In order to obtain comparable results, we multiply the values of the normal density with the total
area of the histogram bars.

Figure 1.5 shows that scaled asymptotic distribution of CID estimator is not standard normal.
Therefore, the asymptotic variance result shown in Bai (2003) seizes to be applicable when factor
estimates are obtained from imputed data panels. The intuition behind this result is clear: Common
component imputation (although consistent) contains estimation error which leads to an increase in
CID factor estimator’s asymptotic variance. Table 1.7 verifies that DID and RID estimators are normal
and their asymptotic variances are much closer to 1 than that of CID. The fact that RID behaves like
a standard normal variable asymptotically is very interesting. It indicates that even if the number of
irrelevant imputed values in the data set increase (they become infinite in the limit), as their relative
size shrinks they seize to affect the limiting distribution of the factor estimator. In this sense, the RID
estimator serves as a test case: It shows that in general any decreasing-block ID estimator is useless
for statistical inference since they behave the same way with the complete-data estimator irrespective
of the values used in imputation. Accordingly, we can ignore the results for the DID estimator, as

well. Therefore, below we restrict our attention only to INF and CID estimators.
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Table 1.8 reports the moments, normality test and x? test results for results CID factor estimator
for different missingness ratios and multiples. As can be seen in the first column, with 10% missingness
CID estimator is normal even for a reasonably small multiple (j=10). However, the second column of
the table shows that when missingness is increased to 30% at the same N and T values, it seizes to
be normal and its asymptotic variance increases significantly. Finally, we see in the third column of
the table that as data dimensions are increased to N(35) and T'(35), CID estimator becomes normal
again. These results show that the CID estimator is asymptotically normal. However, it takes larger
T and N values to demonstrate the normality of the CID estimator for higher missingness ratios.

Note that the last row of Table 1.8 reports the p-values of the x? test for the asymptotic variances
of CID factor estimator. Our null hypothesis is HO : 0> = 1, where 02 denotes the variance of CID
estimator. The alternative hypothesis is H1 : 02 > 1. As can be seen in the table, null hypothesis
is always rejected for CID at 5% level. Therefore together with the normality test results above, we

may conclude that for large N and T standardized CID factor estimator is normally distributed with

a variance greater than 1.

MR =10%, j=10 MR=30%,j=10 MR=30%,j=235

mean 0.02 0.05 0.01
variance 1.14 6.87 4.53
skewness 0.10 -0.21 0.18
kurtosis 3.18 3.53 2.74
J B pvalue 0.49 0.02 0.24
x? pvalue 0.04 0 0

Table 1.8: Moments and Normality for missingness ratio 10% and 30% with multiples 10 and 35

Finally, we investigate the relation between the level of missingness and the asymptotic variance of
the CID estimator and summarize the results in Figure 1.6, which shows that the asymptotic variance
of CID exponentially increases with missingness. The intuition behind this result can be explained
with the following example: Let a¢ and m denote the available and missing values in a data panel.
By normalizing the number observations in the data panel to 1, one can write a +m = 1. Then the
proportion of number of missing to observed values is expressed by m/a = ™. Table 1.9 below
illustrates the values of m/a as a function of m. Since in the imputation procedure observed values are

used to estimate the missing ones, one can argue that the estimation error of the imputation follows

a pattern very similar to that of m/a?.

29This illustration is very simplistic in the sense that it does not address any statistical properties in the data (e.g. the
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The relation between missingness and Avar of CID Estimator
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Figure 1.6: Asymptotic variance of CID factor estimator vs. MR (IN(20) and T'(20)).

m

o 0
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I 1 025 043 0.67 1.00 150 233 4 9

Table 1.9: The non-linear change of m/a with m

Partitioned Factors and Loadings

Above we discuss consistency and asymptotic normality of the ID estimators. We show that the CID
estimator is consistent (unless there is a factor shift) and asymptotically normal with an asymptotic
variance higher than the one predicted by the standard large sample theory. The CID estimator above
is obtained from a data set whose northwest corner is imputed. As we show in section 1.5.1 above,
missingness divides the data set into four regions, and partition factors as F' = [Fm/ F“/]/ . In section
1.7.1 we treat these different portions as one, and obtain the large sample results for the whole factor
estimators. Therefore it is natural to ask whether the imputation affects missing and available parts
of factor and loading estimators differently. To that end in this section we treat missing and available
parts of estimated factors as separate estimators and investigate their large sample properties. Below

we denote missing and available parts of the CID and INF factor estimators with CIDM, CIDA, INFM

and INFA, respectively3V.

level of dependence across variables, missing data mechanism etc.), but it still provides an intuition for the observation
that asymptotic variance of CID estimator increases non-linearly with missingness.

30In this section we show the results for the CID factors. Results for CID loadings are very similar and are not

presented to save space



38

Consistency Figure 1.7 shows the R? of INFM, INFA, CIDM and CIDA factor estimators obtained
from a two-factor model with 60% missingness ratio. R?s of all the estimators monotonically converge
to 1 as N and T increase. Therefore all estimators consistently estimates their respective factor spaces.

We have the following observations:

i. INFM and INFA converge at the same rate.
ii. Both INF estimators converge faster than CID estimators

iii. CIDA converges faster than CIDM

As can be seen, different portions of INF estimator have the same consistency properties, and both
have higher convergence rates than their respective CID estimators. Additionally, the fact that CIDA
converges faster than CIDM is an indication that missingness affects CIDM more severely that it does

CIDA.

multiple

Figure 1.7: R? of CIDM and CIDA factor estimators with r = 2 and MR = 60%

We also find that the results listed above becomes stronger when missingness ratio is increased.
Therefore one can conclude that the level of missingness is an element in determining the convergence
rates of both CIDM and CIDA estimators. Additionally, one can infer that missingness ratio affects
the convergence rate of CIDM more than that of CIDA3!

31 Additionally, we find that the above results gets stronger with the number of true factors. This observation can be
explained as follows: As the number of factors increase, errors in factor estimation and imputation propagate. These
additional noise leads to the same effect with increased missingness ratio.
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Asymptotic Normality Figure 1.8 demonstrates the limiting distributions of standardized INFM,
INFA, CIDM and CIDM estimators. The figure yields the following observations:

i. INFM and INFA are asymptotically standard normal

ii. CIDA looks asymptotically standard normal

iii. CIDM seems normal (but not standard normal)

The figure reveals an important feature about the factor estimators obtained under missingness:
Although different parts of the true factors have the same asymptotic distribution, their CID coun-
terparts have different distributions. Therefore, even if the true factors are stationary, their CID
estimators are non-stationary. On the other hand, both portions of the INF estimator have the same

limiting distribution; hence INF estimators preserve the stationarity property of the true factors.

INFM INFA
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Figure 1.8: Histogram of INFM, INFA, CIDM and CIDA factor estimators with » = 2 and MR = 35%

Above we say that both CIDM and CIDA factor estimators look normal. It is hard to verify
this claim with histograms alone. To that end, Table 1.10 reports the first four moments, Jarque-
Bera and variance test p-values for CIDM and CIDA estimators for 15% and 35% missingness, and
with multiples 20 and 30. Note that in x? test, null hypothesis is HO : 02 = 1, and the alternative
hypothesis is H1 : 02 > 1. As can be seen in first two columns of the table, for a mild missingness
ratio (15%) both CIDM and CIDA are normal, and asymptotic variance of CIDA is not significantly
different from 1. When missingness ratio is increased to 35% keeping N and T at the same level,

CIDM seizes to be normal, and CIDA’s variance differs from unity. Finally, increasing the multiple to
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30 at the same missingness ratio results in (columns 5 and 6) a normal CIDM and a standard normal
CIDA. Therefore this table shows that both CIDM and CIDA are normal; however it takes higher T'
and NNV values to establish when missingness ratio is high. Note that although the table assures us that
missing and observed parts of CID estimator are normal, it does not clarify whether CIDA is standard

normal like INFA.

MR =15%, j =20 MR =235%, j =20 MR = 35%, j = 30
CIDM CIDA CIDM CIDA CIDM CIDA

mean -0.03 0.00 -0.08 -0.02 -0.03 -0.00
variance 2.94 1.05 7.73 1.12 6.77 1.04
skewness -0.01 0.03 0.09 0.02 -0.09 0.01
kurtosis 3.13 2.94 3.31 2.98 3.20 3.07
JB pvalue 0.50 0.50 0.01 0.50 0.06 0.50
x? pvalue 0 0.21 0 0.03 0 0.26

Table 1.10: Moments and Normality for CIDM and CIDA

Figures 1.9 and 1.10 show the asymptotic variance of CIDM and CIDA factor estimators for
multiples of 10, 20 and 30 with 60% missingness ratio. As can be seen in the figures, asymptotic
variance of CIDM and CIDA differs significantly; missingness affects the asymptotic variance of CIDM
much more severely than it does that of CIDA. In addition, asymptotic variance of both estimators
becomes smaller as the data dimensions get larger. Finally, the asymptotic variance of CIDA stays
very close to unity for a wide range of missingness ratios, but it eventually increases above it. However
it is still ambiguous whether CIDA factor’s asymptotic variance would be above 1 for very high N and
T values (that we cannot achieve with a simulation study). Therefore, although the evidence is clear
in the case of CIDM, we can not clearly state whether the asymptotic variance of CIDA is significantly
different from 1. To that end, in our second paper we try to address these issues by deriving the large
sample properties of CIDM and CIDA analytically.

To sum up, in this section we partition the CID estimators into their missing and available com-
ponents, and investigate their large sample properties. We show that both CIDM and CIDA factor
estimators are consistent and asymptotically normal. This is one of the central findings of this study;
it indicates that when data is imputed with FBI the desirable distributional properties suggested by
the standard large sample theory continue to hold in. In other words, FBI preserves the consistency
and asymptotic normality properties of partitioned estimators.

Additionally, we find the intuitive result that convergence rates and the asymptotic variances of

missing and available parts are determined by the amount of missingness a given partition is exposed
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The relation between missingness and Avar of CIDM
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Figure 1.9: Asymptotic variance of CIDM factor estimator vs MR, for multiples 10, 20 and 30

The relation between missingness and Avar of CIDA
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Figure 1.10: Asymptotic variance of CIDA factor estimator vs MR, for multiples 10, 20 and 30

to. In this respect, since CIDM is exposed to mode missingness than CIDA, its convergence rate is
lower and asymptotic variance is higher.

The findings above point out that the results in Section 1.7.1 are actually a combination of the
results for missing and available partitions; thus results regarding the large sample distribution of
whole CID estimators reflect some weighted average of CIDM and CIDA. In this sense, in order to
unveil the true nature of the CID estimators and to describe their asymptotic behaviors, one needs to
consider the partitioned estimators rather than the whole ones. Therefore, for the simulation results

regarding monotone-missing data sets below we consider only the partitioned estimators.
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1.7.2 Monotone Missingness

This section investigates the large sample behavior of partitioned CID factor estimators under 2-layer
monotone missingness. The two layers of missingness defines three partitions for the CID factor:
CIDM,; which is the part of CID from the cross-section observation t = 1 to t = T},,, CIDM,
which is the part of CID from ¢t = T),, to t = T),,, and CIDA which is the part of CID from
t=1T,,+1tot="T. Following Section 1.7.1 above, we consider consistency and normality properties
of the partitioned factor estimators, and attempt to determine the relation between their asymptotic

variance and the ratio of missingness.

Consistency Figure 1.11 shows the R? for CIDM;, CIDM, and CIDA factor estimators with » = 1
and 60% missingness. As can be seen on the figure, CIDA converges to its latent true counterpart
the fastest, which is followed by CIDM;, and CIDM, converges the slowest. On the other hand, as
in the case of block-missing data, each partitioned INF estimator has the same convergence rate (not
presented on the figure). The intuition behind this result can be explained as follows: For a given cross
section of CIDMsy, CIDM; and CIDA, the ratio of missingness of the corresponding cross-section of
X is (N, + Npp)/N, Ny, /N and 0, respectively. A higher missingness ratio leads to a larger the
imputation error which in turn results in larger estimation error in the corresponding partition of the
estimated factor. Finally, a larger estimation error in factor estimation leads to slower convergence.
We also compare the convergence rate of CI DA to that of INF estimator. It is observed that CIDA
estimator converges to its true counterpart slower than INF estimator. This observation indicates that
missingness affects the convergence rate of CIDA estimator even though X has no missing values

corresponding to the cross-sections of C1DA.

Asymptotic Normality Figure 1.12 demonstrates the limiting distributions of CIDM;, CI1DM>s
and CIDA factor estimators with » = 1 and 60% missingness. As can be seen, all three estimators
look normal. In addition, C1DA looks standard normal whereas CI DM, does not; one can argue
both ways for CIDM;.

In order to asses the distributional properties of the CIDM; and CID M, estimators better, we
calculate their major moments, and Jarque-Bera and x? variance test p-values for different missingness
levels and data dimensions shown in Table 1.11. The null and alternative hypotheses for Jarque-Bera
and the x? tests are Hy : 02 = 1 and H; : 0? > 1, respectively, where o2 is the variance of the

factor estimator under consideration. x? test indicates that neither estimator is standard normal even
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Figure 1.11: R? of CIDM,, CIDM> and CIDA factor estimators with = 2 and MR = 60%

ciDMm1 ciDMmz2 CciIDA
100 100 100
20 - - 20 - - 20 - —
80 - - 80 - - 80 - —
7o |- - 7o |- - 7o - —
60 - - 60 |- - 60 |- 4
50 - - 50 - - 50 - —
a0 — a0 - ao | |
30 - - 30 - - 30 - —
20 - - 20 |- - 20 - 4
10 - 10 - 10 —
25 -5 o s 25 o 20 °s o s

Figure 1.12: Histogram of CIDM;, CIDM> and CIDA factor estimators with r = 1 and MR = 60%

for small missingness levels. For 10% missingness both estimators are normal even for a multiple of
j = 10, but CIDM, seizes to be normal when the missingness is increased to 30%. However, when
the multiple is increased the j = 30 keeping the missingness at 30%, CID M, becomes normal again.
These results show that both estimators are normal, and for higher levels of missingness one needs to
increase the data dimensions further to obtain normality. Note that C'IDA factor estimator is very
close to standard normal for all the cases considered (not shown in the table). As in the case of block
missingness, this raises the question whether the partition of the factor estimator corresponding to
the available part of X is asymptotically standard normal as suggested by the standard large sample
theory. In our second paper, we will answer this question by calculating the asymptotic variance of
CIDA analytically.

We also consider the relation between missingness ratio and the asymptotic variance for CI1DM;,
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MR =10%, j =10 MR =30%,j=10 MR =30%, j =30
CIDM, CIDM, CIDM, CIDM, CIDM, CIDM,

mean -0.02 0.11 0.15 0.07 0.01 -0.14
variance 1.77 2.68 2.49 9.80 2.14 7.31
skewness -0.03 0.02 -0.07 0.01 0.08 -0.07
kurtosis 3.39 3.20 3.12 3.52 3.00 2.68
JB pvalue 0.20 0.50 0.50 0 0.50 0.24
x? pvalue 0 0 0 0 0 0

Table 1.11: Moments and Normality for C1DM; and CID M,

CIDM, and CIDA factor estimators. Our findings are very similar to those of the block missingness
case: Asymptotic variance increases with missingness for all three estimators. In addition, keeping
the missingness level constant one obtains a smaller variance as N and T are increased. Furthermore
given the levels of missingness and IV and T, the asymptotic variance of C'I D Ms is higher than that of
CIDMy, which in turn is higher than the variance of CIDA. These results indicate that missingness
affect different partitions of the CID estimators differently. Basically, the higher the cross-section
missingness of a partition, the larger its asymptotic variance.

One may be tempted to generalize these results to the case of k-layer monotone missingness, where
k is an arbitrary number. In this case we obtain k 4+ 1 partitions for the CID estimator, namely
CIDM;y,...,CIDM;, and CIDA. Then one would expect CIDM)j to have the lowest convergence
rate, and highest asymptotic variance (and higher than 1) for any missingness ratio since it has the
highest cross-section missingness. By the same token, CIDA would have highest convergence rate,
and lowest asymptotic variance. In Chapter II we derive analytical expressions for CIDA and CIDj,

7 =1, ..,k and show how the level of exposure to missingness determines their distributional properties.
1.8 Conclusion

Many economic and financial institutions, including Federal Reserve, credit rating agencies, investment
banks and hedge funds study the empirical properties of the factor models. The methods developed
and the results obtained in this study can have important implications since applications of factor
models in recent empirical macroeconomics and finance literature are rapidly rising.

There are many factor model applications in recent literature that extracts factor and loading
estimates from imputed data sets; for example Stock and Watson (2002a,b), Bernanke and Boivin
(2003), Bernanke et al. (2005) impute missing data sets with the EM algorithm. However, these

studies ignore the effect of imputation error on their estimates and forecast which leads to biased
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results, underestimated standard errors and invalid hypothesis tests. Our study offers an insight to
the behavior of the factor estimators that are obtained from the imputed data sets.

This chapter develops an intuitive and parsimonious factor-based imputation method (FBI) aimed
for data sets that suffer from monotone missingness and assumes a factor structure. We show that
the large sample theory for factor models under missingness should be confined to the CID estimators
(obtained under FBI) since other ID estimators for which missingness increases slower than the data
panel yield asymptotics that cannot be used for inference purposes.

In addition, we demonstrate that CID estimators are consistent and asymptotically normal unless
there is a factor structure shift. We also extend this result to partitioned factor estimators CIDA
and CIDM;. These findings indicate that FBI preserves the desirable distributional properties of
consistency and asymptotic normality found under standard complete data framework.

Finally, we find the intuitive result that the distributional behavior of a given partitioned factor
estimator is determined by that partition’s exposure to missingness; as the missingness exposure
increases the convergence rate decreases and the asymptotic variance increases.

Note that ignoring estimation error impairs inference by leading to underestimated standard errors
and low-power hypothesis tests. The fact that estimation error in imputation is ignored in many
academic and applied work is an important shortcoming. In this respect, this chapter provides a
new perspective to the study of factor model estimators under missingness. In the next chapter, we
continue our quest with more attention to internal dynamics of FBI and the distributional properties

of the imputed values.
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2

FBI ALGORITHM UNDER MONOTONE MISSINGNESS: THEORETICAL
RESULTS

2.1 Introduction

In the previous chapter we studied the large sample properties of the estimated factors under monotone
missingness. We developed an intuitive and parsimonious FBI algorithm, and showed that it preserves
the desirable distributional properties implied by standard complete-data procedures for the factor
model estimators extracted from imputed data. We also showed that the asymptotic properties of the
CID factor partition estimators are determined by the missingness level a given partition is exposed
to. In this respect, we found that CID partition estimators that are exposed to missingness more
converge slower and have a higher asymptotic variance.

This chapter continues the study of large dimensional factor models under missing data focusing
on the workings and main statistical properties of FBI algorithm, and the distributional properties
of the imputed values obtained under FBI. First, we delve into the details of FBI under block and
monotone missingness cases, and express imputation error in terms of assumed factor structure and
estimated factor model variables.

Next, we derive the statistical properties of the auxiliary (interim) factor and loading estimators
that constitute the backbone of the FBI algorithm and show that they are both consistent and asymp-
totically normally distributed. By the help of these findings, we derive the asymptotic distribution of
the imputation error under FBI, and show that it is asymptotically normally distributed.

Finally, we express the CID factor estimators in terms of the observed and imputed components
of the completed data set X. We show different sources of variation for partitioned estimators, and
how these differences can explain the observed convergence rate and asymptotic variance differences
in Chapter I. We also show that when missingness vanishes (i.e. as MR=0), CID estimators become
equal to (standard complete-data) INF estimators. This result verifies our derivations for CID factor
estimators and shows that CID estimators can be seen as a proper generalization of the INF estimators.

The organization of the paper is follows: Section 2.2 discusses the structure of the factor models
under block and monotone missingness in more detail than Chapter 1. Section 2.3 derives asymptotic

properties of auxiliary factor and loading estimators, and Section 2.4 obtains the large sample distri-
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bution of the imputation error under FBI. Section 2.5 shows the link between CID factor partitions
and observed and imputed data blocks. Section 2.6 considers the limitations of the current study
and suggests directions for future research. Proofs for propositions, theorems and corollaries that we

present in the text are provided in the appendices.
2.2 Analytics of FBI under Missingness

In Chapter I we introduced the basics of the FBI procedure for block and monotone missing data sets
to show how they are applied in the simulation experiment. In this section we go deeper into the
workings of the algorithm, discuss how missing values are estimated in detail, and express imputed
data values in terms of the algorithm variables and parameters. The statistical properties of the main
components of the FBI algorithm and the imputed values studied below will be derived in the following

section.

2.2.1 Block Missing Data

We assume that the incomplete data matrix X = [Y" Z] given in Table 2.1 admits a factor structure

with r factors!.

Np, N,
ym zZm
T
T, Ye zZ°

Table 2.1: Block-missing data panel

As we discussed in Chapter I, since X has missing values, factor model estimates cannot be directly
obtained. In order estimate them one should first convert the unbalanced data set at hand to a balanced

one. To this end, we show how to utilize the FBI procedure for block-missing data sets in detail. As we

'The discussion in this section is a continuation of the FBI procedure under block-missingness considered in our first
paper.
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mentioned in the previous chapter, the FBI algorithm imputes the missing values Y™ with the estimate
of its common component, F™A™ _ Note that Y™ and Y have the same loadings, A"™. If we knew the
true factors F', we could have obtained the OLS estimate of A by regressing Y* on F*. Fortunately,
Bai and Ng (2006) and Stock and Watson (2002a) show that under certain assumptions regressing Y
on F' yields the same results (in terms of common component estimation) with regressing it on Fo
as N,T — oco. However, since X has missing values, F' is infeasible. In this case, another estimate of
F that is obtained from the observed portion of X can be used as a proxy for F. In this respect, let
F, denote factor estimate obtained from the (complete) partition Z of X. As long as F, satisfies the
conditions under which Bai and Ng (2006) and Stock and Watson (2002a) obtain their results, it can
be used to estimate A, In the next section we show that F; is consistent and asymptotically normal,
and it can be used as a proxy for F for imputation purposes.

Since Z is completely observed, F, is simply /T times the eigenvectors of the matrix ZZ' cor-
responding to the first r eigenvalues of ZZ’' in decreasing order. By construction, we have have
F.F,/T=1I.

Y¢=FN4vy , i=1,2..,Ny, (2.1)
where T, x 1 vector Y is the observed part of the ith series (column), r x 1 vector ); is the unobserved

loading for variable i, and T, x 1 vector v; is the error term. Carrying out the time series regression

in (2.1), we obtain

A~

Ai = (Fa'Fa)~1Fa'ys (2.2)

We can run the above regression for each series in Y%, and obtain the estimate of the r x N, matrix

A™ = [X1, A2, .. An,,]. We can express A™ simply as

A™ =\ Xo. .. A, ]
=[KY{ KY§...KY% ]
=Ky Y5... Yy, |

= KY*® (2.3)
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Using (2.3), the prediction of Y is obtained as

ym = FmA™

(R ) Y

= Py (2.4)

where P = F"(F¥ FO) =19 i a Ty, x T, projection matrix. Replacing Y with Y we obtain the

completed data matrix X as follows:

% ym gm pye gzm
| ye gz | | yao  zo

An alternative way to see characterize X is by introducing the T' x N difference matrix, D:

. ym_ym
D=
0 0

Using D we can link X and X as follows:

. ym  zm ym_ym
X = +
ye zo 0 0
=X+D (2.5)

Using (2.5) and the definition of D, we can write

o Xt+ﬁt ifte M
X, = (2.6)

X ifte A

The (i,t) element of Y™ and D are given as follows:

~/ A

Yy=F,\ , for i,te M

zt

. Yo —Yy=dit —ey , for i, teM
Diy = (2.7)

0 otherwise

where Czit = FZItS\Z — Ftl)\z
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2.2.2  Monotone Missing Data

Consider a data set? X = [Y Z] with J missing layers where Y = [Y! . . . YJ], YJ = [Y%' Y™']),
j = 1,...,J. The missing portion of Y is given by Y™ = {Y"™ .. Y™} where each component is
Ton; X Nm;, and J available layers Y* = {Y%, ..., Y/}, each of which is Ty, x Np,; where T' = Ty, + T,
and N = Np,, + ... + Npp; + N, for j = 1,...,J. Suppose X has J-layer monotone missingness, and
exhibits the factor structure described in Section 2.2. Following the partition of X, we can partition

A and e as follows:
A=[A™ A"z A" AT

e=[e¥e¥? . eY e

Now N N,
ym | ym zm

T,

T, | Yo ye2 Al

Table 2.2: 2-layer monotone-missing data panel

C
where A" is Ny, X 7, and €% is T' X Np,,. Let S. = Zij,c = 1,2,...J. Then the number of
j=1
completely observed cross-section and time series observations are given by N, = N —S;. Partitioning

F for each missing layer is a bit tricky when there is more than one missing layer since each layer has
overlapping factor partitions. In this respect, we define the T, X r matrix F" as the portion of F
that runs from observation t = 1 to ¢t = T;,, for j =1,2...,J. Let t =1,..., T}, and i = 1,..., Ny, be

abbreviated as t € M; and 7 € Mj, respectively. Similarly let ¢ € A; denote available indices® such

2For more introductory material on monotone missingness, please refer to section 1.5.2 in Chapter I

3Below we denote the index of completely observed samples by A; = A.
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that ¢ =T, +1,...,T. The missing and available layers of X can be expressed in vector form as the

following:
Vi=A™F +¢ ,  teM
Y, = A F, + &Y . e A
Z, = A°F, + ¢f . t=1,..,T

Accordingly, available and missing parts of Y and Z are given in matrix form as follows:

Y™ = F (AT e

—~ o~
Do [\
@] o
=3 o

Y% = F*(A™) + ¥

Zm = F™(AY) + e

—~
o
0]
o

~ ~— ~— ~—

70 _ Fa(Aa)’ + ez“

—
o
08
(=¥

Following the exposition in section 2.2.1, we impute each missing block Y™ with the estimate of

its common component, F." (Amﬂ')/. Consider estimation of the loadings for the j** missing block:
YP =FaN+v] |, i=1,2..Ny, , j=12..J (2.9)

Carrying out the time series regression in (2.9), we obtain

A = (FYFoy- 1 Fa'y (2.10)

)

— Ky% (2.11)

where K = (F¥F%)~'F g'. We can run the above regression for each series in Y%, and obtain the

estimate of the r x N, matrix A™ = [5\?” , ;\;nj e ;\7]3] ]. Then one can obtain A™i simply as
mj
A" = MM
i e a N
= [KYY, KYy, ... ,KX]\}mj]
= K[YY, Yy, ... .Yy |

= KY% (2.12)
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Let F." denote the portion of F, between ¢ = 1 and t = Ty, Then, using (2.12), the prediction of

Y™ is obtained as follows:

Y= BAT
= FV(FUE) T RY

= P;Y% (2.13)

where ]5j = F’;nj(pf’ﬁf)’lﬁ’f' is a Tpy; X T, projection matrix. Finally, replacing Y™ with Y™ for
j=1,2,...J, we obtain the completed data matrix X.

Let D7 be a T x N matrix of zeros everywhere except the original position of Y in X, which
is replaced with ymi — Y™ for j = 1,2,...,J. Using the imputation error matrices bj, X can be

expressed as follows:

J
X=X+> D (2.14)
j=1

Let U, denote the cross-section samples in (T}, ,,

T, ] with ¢ =1,2,...,J and T}, ,+1 = 0. Then, we

can express the ¥ sample observation of X

C
Xt+2bg ifteU, , c¢=1,2..J
j=1

X = (2.15)

X; ifte A

Equations (2.14) and (2.15) connect the original and imputed data sets, and will be very useful in
expressing CID partitioned factor estimator in terms of different sub-blocks of X below. Note that
for t € U, the number of cross-section missing values is S., and the cross-section missingness ratio
(CSMR) is S./N. As can be seen above, as we move up the missing layers, CSMR increases. In
section 2.5 we show that CSMR is one of the main determinants of the factor partition behavior in

large sample.

2.3 Statistical Properties of Auxiliary Factors and Loadings in FBI

This section discusses the dynamics and statistical properties of auxiliary factors (Fz) and loadings
(A) in the FBI algorithm. Note that although F, and F' look very close to each other in terms of their
derivation and underlying data, their statistical properties may be different. Basically, the complete-

data factor model, its elements (i.e F'; A and e) and its assumptions (assumptions A-H) are defined
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for X = FA'+e in Chapter I, and the large sample results for the factor model estimators obtained in
the literature are obtained for this ”whole” factor model. However, Z represents the available portion
of X, and the factor model it exhibits (i.e. Z = FAY + e?) is "partial”. In this sense, although
assumptions A-H lead to a consistent and asymptotically normal factor estimate for F , they do not
necessarily guarantee the same large sample properties for F..

In order to fully exploit the standard complete-data inferential theory in FBI, below we establish the
consistency and asymptotic normality of F, with very weak additional assumptions. For completeness,
we present the additional assumptions with the same letters including a ”z” subscript to stress their

correspondence with their original counterparts in Chapter I%.

Additional Assumptions: Below M denotes the missing indices (i.e. t =1,...., T, andi = 1,..., N;,),

and A denotes the available indices (i.e. t =T, +1,...,T and i = Ny, + 1, ..., N).

ASSUMPTION A.: F; is covariance stationary so that 7T 1 Zte A FiFy N r for any available
value index A.

ASSUMPTION B,: HA“'A“ /Ny — She
ASSUMPTION C,: For all N, and T we have:

2. B(eZ'e;/Na) = B(N;' Ty p ciscir) = 7, (5. 1), and

T T
T3S i, (s,8) < M

s=1 t=1

— 0 for some r x r positive definite matrix X pa.

5. For every (t,s), E\Na_l/2 Y icaléiseit — E(eisei)]|* < M
ASSUMPTION E,: For all T and N,, and for every t < T and every i < N,:

T
LY (s, 1) < M

s=1
ASSUMPTION F, : For all N, and T we have:

3. for each t, as N, — oo,

1 d
WZ )\ieit — N(O, th)
@icA

where I',; = limn, —00(1/Ng) Z Z )\i)\;-E(eiseit)
i€A jEA

4Note that the assumptions that we do not extend are either not used or already suitable for the asymptotics of F,
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4. for each i, as T, — o0,

1 d
Z Fteit — N(O, q)zz)
v TateA

where ®,; = limr, 00(1/T4) Z Z E(FtF;eiseit)
sEAteA
ASSUMPTION G.: The eigenvalues of the r x r matrix (X «Xp) are distinct.

Given the additional assumptions above (and assumptions A-H in Chapter I), we obtain the fol-

lowing results that characterize the large sample behavior of F:

Proposition 1. As N,,T — oo we have,

T
ON,T (Tl > lF -~ H;FtH2> = 0p(1)

t=1

where Oy, 7 = min(v/Nu, VT), H, = (A A*/N,)(F' F,/T)V, " and V. is a diagonal matriz consisting
of the first v eigenvalues of (1/TN)ZZ' in decreasing order.

Proposition 1 closely resembles Theorem B1 mentioned in section 1.2.2 of Chapter I, and shows
that the time average of the squared deviations between the estimated factors and the true factors
vanish as N,,T — oco. The convergence rate is min(N,,T'), hence it depends on the panel structure.
We give a short proof of Proposition 1 in Appendix 2.2.

The following proposition shows that F is min(T,+/N,)-consistent and asymptotically normal.

Proposition 2. As N,,T — oo we have,

(i) If/No/T — 0, then for each t,

s : - (FF\ 1
VNo(Fy — HF}) = V;l ( Z > Z Aieir + Op(l)
T VNa icA

4 N0,V 'Q.TLQLVTY

where V, is a diagonal matriz consisting of the first r eigenvalues of 211\/(1221:2[1\/@2 in decreasing order,

Q, = i/QTIZEXalﬂ, and T, is the eigenvector matriz corresponding to V, such that T;TZ =1.
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(i) If/N,/T > 7 >0, then

T(F, — H.F) = 0,(1)

A brief proof of Proposition 2 can be found in Appendix 2.3.

Note that by (2.1) the auxiliary loading estimator \; is a function of F.. Therefore, given the
asymptotics of F, one can derive the large sample distribution of Ai. The proposition below derives
the asymptotic distribution of /A\Z utilizing Propositions 1 and 2, and shows that j\z is \/T,-consistent

and asymptotically normal.
Proposition 3. If VT,/N — 0, then
VTa(hi — H-'N) -5 N(0,Q:V.4Q7Y) , for ieM
where H,, Q, and ®,; are defined in Assumption F,4 and Proposition 1 above.

Note that the limiting distribution of N is very similar to that of A; which is the infeasible PC
estimator obtained from X and is given as v N(F, — H'F}) LN N(0,(Q)'®;Q™") for VT/N — 0.
The reason behind this similarity is as follows: Both loading estimators \; and ); are calculated by
simply regressing X, and Y on F and FZ“ that are obtained as scaled eigenvector matrices of X and
Z, respectively. As a result, both loading estimators have a similar expression in terms of the series
and factor estimators involved which leads to similar asymptotics. Proposition 1 can be shown directly
by using Theorem 1 in Bai and Ng (2006), we give a detailed proof of Proposition 3 in Appendix 2.4.

A straightforward generalization of Proposition 3 to the monotone missing case is given as follows:

Corollary 2.1 If \/T,,/N — 0, then for i,t € M; and j =1, ..,J we have

VTN — 7Y -4 N0, Q7Y 0.,Q7Y)

2.4 Large Sample Distribution of Imputation Error

This section obtains the asymptotic distribution of the imputation error ciit =F Z/tsz — Ft/ A; introduced
in (2.7). Note that we refer to cZit, rather than ﬁit = Yit -Y: = czit — e;¢, as the imputation error since
it represents the part of the factor model that we can systematically explain. Once the behavior of d,f
is known, it is elementary® to derive the distribution of ﬁit, for which we provide the small sample

approximate distribution in two corollaries below.

5Not§ that the derivation of D;; below assumes that X does not exhibit any factor structure shift that guarantees
that d;+ and e;t are orthogonal.
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Theorem 2.1 below shows that FBI procedure consistently estimates the common component of

missing values, and the imputed values and imputation error are asymptotically normal.

Theorem 2.1 For i,t € M we have

—-1/2
1 1 ~/ 2 ’ d
<Nanz‘t + TaWzit> (Fahi — FyAi) — N(0,1)

where Gt = MY i1 X 0N, Wey = F, X3 @, 57 Fy, and T, and @,; are defined above. Both T’

and ®,; can be replaced by their consistent estimators.

Theorem 2.1 does not restrict the the relation between N, and T, to achieve asymptotic normality
for the common component estimator. The convergence rate above is dn,7, = min(y/Ngy,/Ty) which
can be seen rewriting the theorem as follows:

SN, (Fohi = F{\)
SN, e
ﬁa < Gzit + j%a = Wzit

Note that Theorem 2.1 has two special cases; we provide the small sample approximate distribution

d
7 — N(0,1)

of f)it along with these cases below:

Corollary 2.2 1If N, /T, — 0, then
VNu(Yis = XiFy) <5 N(0, i)

Additionally, if there is no factor structure shift in X, then we have
Dip = Yi — NiFy — eir ~ N(0,G.it/N,y + 02.)

2

where o is the variance of e;;.

Corollary 2.3 1If T,,/N, — 0, then
VTa(Vit = NiFy) =5 N(0, Weit)

Additionally, if there is no factor structure shift in X, then we have
Dip = Yy — NiFy — ey & N(0,Wait/ Ty + 02.)

We end this section with a corollary that is a straightforward generalization of Theorem 2.1 to the

case monotone missingness:
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Corollary 2.4 For i,t € M; and j = 1,..,J we have

—-1/2
1 1 / ~/ ~m / d
7G2’it + 7W2it (FZt)\’L 7 — Ft )\7,) — N(07 1)
N 1y

Obviously, Corollary 2.4 can be extended along the lines of Corollary 2.2 and 2.3 to account for
the idiosyncratic variation in the missing value imputation error. In order to preserve space we do
not present neither these corollaries nor the proofs for the corollaries above. The intuition behind the
proof of the corollaries 2.1-2.4 is as follows: The initial factor estimator F, is identical in block and
monotone missingness cases. Additionally, each layer j can be considered as a missing block in itself.

Bringing these observations together, we can simply extend the results we found for the loading and

common component estimators to each layer of the monotone missing data panel.

2.5 Analytics of Partitioned CID Factor Estimators

In this section we express partitioned CID factor estimators in terms of their underlying components.

This decomposition

i. allows us to understand the internal structure of CID estimators
ii. shows the relation between CID partitions and the sub-blocks of X

iii. implies that CID factor estimators are a proper generalization of the standard complete data

factor estimators

iv. establishes a starting point for future research that would focus on deriving the large sample

distribution of CID estimators

Let V denote a diagonal matrix whose diagonal elements are the first r eigenvectors of the T' x T’

matrix X X’ /NT in decreasing order. Using the definition of F above, we can write

(NT) XX = 2V

Rearranging the above equation we find

F— (NIRRT
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Taking the t*" row from the above equation and taking its transpose yields
F, = (NT)"WF XX, (2.16)

Below, we first consider the case of block missingness, and dissect CID factors into their various

components and then extend our findings to monotone missingness.

2.5.1 Block Missingness

Substituting (2.5) and (2.6) in (2.16), we obtain

By = (NT)"W'E (X + D)(X, + Dy)

(NT)-1V-1F'( XX, + DX, + XD, + DDy ) ifte M -
= 2.17
(NT)"'VF' (XX, + DX,) ifte A

Comparing (2.17) with the corresponding complete-data case in Bai (2003), we see that the imputation
error D leads to some extra terms. As can be seen D affects both F™ and F @ although the missingness
is confined to X™. Note that F™ has two more extra terms compared to F.

Substituting (1.2) and (1.3) in the first term in parenthesis in (2.17) we obtain
(NT)" WL XX, = (NT)" 1V~ (ﬁ’( FN +e)(AF; + e ))
= (NT)~1y—1 (F FNAF, + F'FNe, + F'eAF, + ﬁ“’eet>
Letting = (NT)_l(A/A)(F/f?’)\A/_l, then we can write
(NT)"WLE' XX, - HF, = (NT)"'V~ (ﬁ’FA’et + FeAF, + P:’/eet> (2.18)
Then substituting (2.18) in (2.17) we obtain

(NT)" 'L (F'FN'e; + F'eAF, + Flee;) + F' DX, + F' XD, + ﬁ’DDt> if t € M

(NT)" W1 (F'FA e, + FleAF, + Flee,) + }:f“'DXt) flre A
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Letting
[ = (NT) WY FN e, + F'eAF, + Fleey) (2.192)
11 = (NT)"WW~1F DX, (2.19b)
III = (NT)"'V~'F' XD, (2.19¢)
IV = (NT)"'W='F DD, (2.19d)

we can rewrite the above identity as

~ I+IT+1IT+1V ifteM

~_/

F—HF= (2.20)
I411 ifteA

(2.20) is the main identity we will consider to study the consistency and asymptotic normality prop-
erties of the estimated CID factors under block missingness.
Note that if there is no missingness in the system, then D and D; become both 0, and F, and

become equal to F, and H , respectively. As a result the remaining equation would be
F,— H'F,=(NT)"'XX'F'V' - H'F,

= (NT)" V! <F’FA’et + F'eAF; + F'eet>

which is where Bai (2003) starts with in deriving the asymptotic distribution of estimated factors

under standard large dimensional factor model setting®.

5We discuss the derivation of the asymptotics of F, using the above setting in Appendix 2.1.
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2.5.2 Monotone Missingness

Substituting (2.14) and (2.15) in (2.16), for ¢ = 1,2,..., J we obtain

:}jll

J c
= (NT)"'V'F (X + ZDJ) (Xt + ZD{)
j=1 j=1
~ c ' J J c )
(NT)WIF (XX, + XY DI+ DX, +> DY D] ifte M,
= =1 =1 g=t =t (2.21)

= . J
(NT)WIF (XX, + ) DIXy) ifte A
j=1

J
As in the case of block missingness above, in (2.21) the imputation error Zﬁ] leads to some ex-
j=1
J
tra terms compared to the standard case considered in Bai (2003). As can be seen Zf)ﬂ affects
j=1
both missing and available partitions of F although cross-section samples corresponding to F® are

completely observed. A similar layer spillover across partitions is also observed among the missing
J

partitions of F thorough the term Z D7. This term contains imputation errors from all of the missing
j=1
layers. Therefore although for ¢ € U, missingness is confined to the first S, elements of X;, missingness

from the rest of the data set also affects the asymptotic distribution of Ifﬂt. In addition as we move
up in X (i.e. as c increases) CSMR increases, and it follows from (2.21) that the number of terms
in }% increases. Therefore, higher CSMR in X; results in a more complicated expression for }:7 , and
(intuitively) leads to a higher asymptotic variance.

Using (2.18) and letting

I= (NT)AVAF’ (FA’et + F'eAF; + F’eet> (2.22a)
II=(NT)"'V'FXxY D} (2.22D)
7j=1
o J
I = (NT)"'VF Y DiX, (2.22¢)
j=1

o J c '

IV = (NT)"'WE' Y DIy "D (2.22d)
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We can rewrite the identity (2.21) as

- I+II+III+1V ifteM., c=1,2,..,J
F,—HF = (2.23)

I+11 ifte A

where we utilized the expressions X = FA' + e and X; = AF}; + ¢;.

Note that when missingness is removed we obtain DJ = 0 (thus Di = 0) which leads to X =X,

F=Fand H=H= (A&A)( %ﬁ)f/fl. In addition, the observed samples index set A becomes the set

of all the observations since there is no missing value. As a result, equation (2.23) becomes
F,— H'F,=(NT)"'v! (F/FA’et + F'eAF; + F/eet>

which is the same form that we obtain in the previous section. The above results shows that the
setting we develop above is a proper generalization of the standard asymptotic theory to the case in

which X has monotone missingness.

2.6 Limitations and Further Research

The study of the factor models under missingness can be extended in several dimensions: First, our
FBI algorithm is a single imputation procedure; as an alternative, one can extended it with multiple
imputation. Although this would create more complex (possibly intractable) analytics, it has the
potential to yield more efficient estimators .

Second, our FBI procedure yields consistent and asymptotically normal CID estimators, but does
not study the efficiency properties of this particular method. Further research can consider finding
the most efficient imputation method from among the class of consistent imputation methods.

Finally, in factor estimation process we treat the number of factors to be estimated as a known
constant. In practice the number of factors is not known and needs to be estimated from the data.
Estimation error incurred in the estimation of number of factors would inflate the variance of factor
model estimators further. To this end one can estimate r with the usual AIC or BIC in equation (1.7),
or the alternative criterion developed by Bai and Ng (2002) that consistently estimates the number of
factors, and consider the effect of this additional estimation error on the limiting distribution of factor

model estimators.
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2.7 Appendix 2.1: Limiting Distribution of Estimated Factors under Complete Data

This section presents a sketch of the results for limiting distribution of estimated factors considered

in Bai (2003). Theorem 1 in Bai (2003) is as follows:

Theorem 7: Under the assumptions in Bai (2003) if v/N/T — 0, then for each t
VN(F, — H'FE) % N©0,V'Qr.Q'v1)

where V' = diag(vi,va,...1), v1 > v > .1, are the eigenvalues of E}X/QEFE}X/Q (XA and Xp are the

covariance matrices of A and F', respectively.), I'; is the asymptotic covariance matrix of sequence

/

{Nieir}, and @ is equal to plimg, Nﬁ\oog.

In order to prove the theorem above, Bai (2003) utilizes the following identity:

T T T T
L COVERITEES SRS SLYAFESD 350 224
where
N (s,t) = E(eser/N) (2.25a)
Cst = €set/N — N (s, 1) (2.25Db)
st = FyNer/N (2.25¢)
st = FyNes/N (2.25d)

Below we will first show how the identity (2.24) is obtained. Then we will give a sketch of how the
above theorem is proven. Let V be the k x k diagonal matrix consisting of the first k eigenvalues
of XX'/TN, arranged in a decreasing order. When T' < N, the factor estimates F is /T times the

eigenvectors corresponding to the k largest eigenvalues of T' x T' matrix X X’. Using this we can write

F -
NT) ' XX'— = —=V

Rearranging the above equation we obtain

3=

F=(NT)"'XX'Fv~!
Taking the t** row from the above equation and taking its transpose we obtain

F,= (NT)"'V'F X X, (2.26)

"We refer to this theorem as Theorem B1 in Chapter I section 1.2.2
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Substituting X = FA’ + e and X; = AF; + ¢; in (2.26) we obtain

Ft = (NT)ilvil <F/FA/AFt -+ F'FA'et + F’eAFt -+ FI6€t> (227)

Now let H = (& )(F}F)f/*l, then we have

Fy— H'F,

[
=
3

1
<
—

ol

<)

<
Ay
_|_

Bl

ﬂ)

-
e
+
ol
§

Rearranging the expression above using (2.25a) through (2.25d), we obtain (2.24). Bai (2003)
shows the consistency of F, for the factor space spanned by F; by showing that the right hand side
of the identity (2.24) converges in probability to zero. Note that Bai (2003) does not estimate the
true factors; it estimates the factor space spanned by the true factors. This point is captured by

introducing the scaling matrix H in (2.24).

Proof of the Theorem:
After establishing the identity (2.24), Bai (2003) shows the following results that are used in the proof
of Theorem 1 (below 6%, = min(N,T)):

Lemma 2.1.1:

T
1 -
5]2VT<T oI - HF\) —0,(1)
t=1

Lemma 2.1.2:
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Lemma 2.1.3:

@T*ﬁ(XX)F:V&V

FF{NAFF ,
(b)T<N> =V

Proposition 2.1.1:

F'F

Plima N 00— =

T

1/2

The matrix @ is given by @ = Vl/QT/EX , V, %p and X are as given in Theorem 1, and T is the

eigenvector matrix of Z‘,/l\/ 5 FZ}\/ 2 (A such that Y'Y = I).

Now, given Lemma 2.1.1 and 2.1.2, we have

Fy — H'F, = Oy ) + Op( ) + Op(—=) + Op( ) (2.28)

1 1 1 1
VTnT VNénT VN VNénT
The limiting distribution is determined by the third term on the right hand side of (2.28) since it

is the dominant term. Using the definition of 7y

T

N
VR(F -~ H'F) =7} ;(FSF;)\;N > e+ op(1) (2.29)

N
By initial assumptions of Bai (2003), we have (1/v/N) Z Ai€it LYY (0,T'). Then, applying Lemma
i=1

2.1.3 and the Proposition to (2.29), we obtain v/ N(F; — H'F}) 4 N(0,V-IQTQ' V1) as stated.
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2.8 Appendix 2.2: Proof of Proposition 2.1

Lemma 2.2.1 As N,,T — oo, we have
(i) T-'F, <N{11TZZ'> F.=V. 25V
(ii) (FLF/T)(AYA/No)(F F./T) =V,
where V, is the diagonal matrix consisting of the eigenvalues of >y« in decreasing order.
Proof: Consider the identity
(1/N,T)ZZ F, = F,V, (2.30)
Multiplying both sides of (2.30) with F, and using F,F,/T = I we obtain
T7'F, ( ! ZZ’)F
A\ NT z

The rest is implicitly proved in Stock and Watson (1999).

V.

Lemma 2.2.2 For all N, and T, we have some M < oo such that,

T T
B T (s’ <M

s=1 t=1

T
(ii) E(T‘leNal/QZeit/\i]2> <M
t=1

i€EA
T
@) B(rr S0 Y g <
t=1 s=1 €A

(iv) E <M

T
(NT)~ 12 Z Z eitAi

€A s=1

where IYNa(S’ t) = Z €isCis-
€A

Proof:The results above are shown in Bai and Ng (2002) pp.212-213 for N, e and A. Their extension
to Ny, e and A is easily achieved under our additional assumptions, and omitted here to preserve

space.
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Proof of Proposition 2.2: Following the proof of Theorem 1 of Bai (2003) given in Appendix 1

above, we can obtain the following identity for the factor estimate F, extracted from portion Z of X.
) ) 1 I 1 I 1 I 1 I
th - H;Ft = ‘/Z_l (T ; Fzs'YNa (57 t) + T ; Fzs(jt + T ; Fzsn::t + T ; Fzs£§t> (231)

where

YN, (Sv t) =F (Na_l Z eiseit> (2.32&)

€A
¢4 =N eiseir — I, (s,1) (2.32b)
1€EA
Mot = FeA”er /N, (2.32¢)
o = F{A"es /N, (2.32d)
(2.32¢)

Above V, denotes a diagonal matrix consisting of the first r eigenvalues of (1/N,T)ZZ  and H, is
given by H, = (AYA” /N,)(F'F,/T)V,;'. By Lemma A.1 V, converges to V. which is a positive definite
matrix; therefore V, = O,(1). Note that H, = O, (1) is since || H || < [|[AY AY /N, ||| F'F/T||| FLE/T||V:
and each of the matrix norms on the right hand side is bounded by assumptions A, B, and Lemma

2.2.1. Now using the inequality (z +y+ 2z +w)? < 4(2? + y? + 22 + w?) we can write ||[F.; — H.Fy|? <

T 2 T 2 T 2
4(a’t +bt +Ct+dt>7 where aty = T_2 Z FZS’YNa (57 t) ) bt = T_2 Z FZS jt y Ct = T_2 Z Fzsngt s
s=1 s=1 s=1
T 2
and dy = T2 Z Fz5§§t . Therefore we can write
s=1
T T
TN | Foy = HIER|? < TV (ar+ b+ ¢+ dy) (2.33)
t=1 t=1

Consider a above: Given || =7, Fuoyy, (s, D112 < (S, 1 Fosl2) (ST, v, (5,12,

T

T T T
Ty ST (T*(Z HFst2> T (Z > s, t)?)

t=1 s=1
=T710,(1)0p(1)
= Op(T_l)
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by Lemma 2.2.2 (ii). Similarly, following the procedure in Bai and Ng (2002) we can show that
by = Op(T/N,), ¢t = Op(N; 1) and d; = O, (N, 1). Substituting these results in (2.33) we obtain

a

T T
T |F — HUR|P < T (ar+be+ e+ di) = Op(T™) + Op(N; )
t=1 t=1

This completes the proof.
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2.9 Appendix 2.3: Proof of Proposition 2.2

To prove the Proposition 2.2, we need the following lemmas®

Lemma 2.3.1 As N,,T — oo, we have

(i 7! Zstl Foyn,(s,t) = Op <\/T61NQT>
(i) TS0, Fnf =0, <ﬁv)

(iv) T30 Fuls =0, (Vﬁm)

Proof: Consider part (i)°. By adding and subtracting H,F, we obtain

T
TN Foyn, (5,6) =T (Fay — HLF, + H,F)yw, (5,t)
s=1 s=1
T
=T IZ oo — HoF)w, (5,8) + HLT7VY " Foyw, (s,1) (2.34)
s=1

Since E Zstl Foyn, (s, t)| < (maxsE| Fsl|) 25:1 N, (s,1)] < MY/ by assumption A and E,1, we

have (1/T) 7., Foeyn, (s,t) = Op(1/T). Now consider the first term in (2.34):

T

Til Z(Fzs - H/F )VNa(S t
s=1

T 1/2 1 T 1/2
71 F,—HFE|?| —— )2
( > ||> ﬁ<;\m<s >|>
10

1 1 1)
p 5Na \/“ P
_
VTN, T
(2.35)

8The proof of Proposition 2 follows the proof of Theorem 1 in Bai (2003) very closely.
9The proof of Lemma 2.3.1 closely follows that of Lemma 2.2.2 in Bai (2003)
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by Proposition 2.1 and assumption E,1. Parts (ii)-(iv) can be proven similarly referring to the proof

of Theorem 1 in Bai (2003) and using our additional assumptions.

Lemma 2.3.2 As N,,T — oo, we have
F.F
G,

where O, = i/2T/Z2Xi/2, and T, is the eigenvector matrix corresponding to V, such that T/ZTZ =1.

Proof: Multiplying both sides of (2.30) with T—1(A% A%/N,)'/2F’, we obtain!"

Adpe) 727 A pe\ PR
1~ - Z Y7
<Na> TFTNQFZ_<NG> TVZ

Substituting ZZ' with Z = FA® + ¢*, we obtain

/ 1/2 / ' /o~ , /2, ~
D) () e
where
i (M’Aa)l/2
Nq
by Lemma 2.3.1. Let

/ 1/2 , , 1/2
B _ AYAC FFE\[AYA®
=\ N, T N,
, 12 /=
R AYAC F'F,
=\ N, T

Then we can write (2.36) as

FF\ ., .- 1 ) - 1
T\ AY e B (TN, FeNF F, /T
(T) ¢ B/ (TNo) + 7 Fre 2T+ TN

a

F'e?e F,)T| = op(1)

and

R
i

Letting T, = R.V*~'/2, where V} is the diagonal elements of R_R,, we obtain

(B, +d.R;HT, =T.V, (2.37)

Equation (2.37) shows that Y. and V, the the eigenvector and the diagonal eigenvalue matrices

of B, + CLR;l. Since d, = op(1), B, + JzRgl LN E}\/(?ZFE}\/GQ by assumptions A and B,. Using

0The proof of Lemma B.1 closely follows the proof of Proposition 1 in Bai (2003).
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our assumption that eigenvalues of Z}X/GQZ FZ}X/aQ, and the eigenvector perturbation theory T. 21,

where T, is the eigenvector matrix of EIIX/EZ FEIIX/E. Similarly, \N/; 25 V.. Then using the arguments

in Bai (2003) p.162, we can show that

/-~ / 71/2
FF, [AYA° S Tal/2 P w—1/2 1/2
O S —

Proof of Proposition 2.2:
Case 1: /N,/T — 0. By (2.31) and Lemma 2.3.1, we can write

~ 1 1 1 1
F.—H.F, = _ S _ -
e O”(ﬁaNaT> +O”<\ﬁNa5NaT> i Op(«Na) i O”<\/NQ5NQT>

The limiting distribution is determined by the third term above. Therefore we can, express the above

equation as

. - (FF\ 1
VN (Fy — HF) =V1 ( 2 > — Z Aieit + op(1)
T V- Na icA

d _ re
— N(O, Vz 1erthsz 1) (2'38)
where we use assumption F,3, Lemma 2.2.1 and Lemma 2.3.2.

Case 2: /N,/T > 7 > 0. In this case first and third terms are dominant, and we obtain
T(Ft ~H'F) = Op(1) + Op(T'/+/Na) = Op(1)
via limsup(7T'/+v/N,) <1/ < 0.

This completes the proof.
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2.10 Appendix 2.4: Proof of Proposition 2.3

In order to prove the proposition we need the following lemmas.

Lemma 2.4.1 As N,,T — oo, we have
-1
H. 15 Q! = (Vz” QT;EX3/2>

Proof: By Lemma 2.2.1 and 2.3.2 and assumption B,, we have

H, = (A“A*/N,)(F' E,/T)V, !

SpaQ, V7

I

= Spa (V25 v
SN e Al

= ST,V

-1
X w—1/2

= (V;/ZTZEAG/ )

= Q! (2.39)

Lemma 2.4.2 Under our assumptions, for ¢ € A we have
(1) chl(an - FaHZ)lﬁi = Op(éxsz)
(ii) T, ' F¢(F*H, — F?) = Op(6577)

Proof: Proof of (i) and (ii) above follow from Bai(2003) Lemma 2.3.1 and 2.3.2, our Proposition 2.1

and 2.2, and assumption A,. In order to preserve space, the details are omitted.

Proof of Proposition 2.3 Given Y, = an)\i +v; for i € M, t € A the OLS estimate of \; is

calculated as
A= (P PRy, (2.40)
Note that Y, can be expressed as

Y, =F'\i+eg

= FOH; '\ +¢; + (F*H, — FEYH; ')\ (2.41)
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Substituting (2.41) in (2.40) we obtain
N = (FEFE)TURS FEH N + (FEF) T Y e+ (FEF) T FS (FUH, — FOH' A
= H '\ + (FCF) T F ¢+ (FFS)TVFY (FUH. — FOH'

~ o~ —1 -, - _
A Fe Fa 1 -~ F* F@
- () L (52)

1o VT~ Ta

1

FY(F°H, — F*) | H; '\

3

~ 4~ -1
FY Fo 1 -y
= F%e¢. 4+ 0,(1 2.42
( Ta ) \/Ta z Qz OP( ) ( )
L pd(FeH, — F9)

_ . 1/2
N H1)\ is O, ((?I%GT) by

boundedness of H,,\; and F2' F2/T, and Lemma 2.4.2. Note that this term is 0, (1) when /T, /N — co.

-1
We have the above result since the term (W)

=~ ./
lFae

Now consider e

1
\/T z 77, - Z thelt

tEA
\ﬁ Z 2t — H. JF)eir + H Z Fie;
teA teA

—H, \ﬁ > Feir + 0p(1) (2.43)

teA

71/
We have the above result since the term \ﬁ Z Wt — H. JFeir is Op ( 52

> by Lemma C.1, which
teA

is op(1) when /T,,/N — oco. Substituting (2.43) in (2.42), and using LN I, Lemma 2.4.1 and

assumption F,4 we obtain

VTo(hi — H7')) -5 N(0,Q7V8.,Q7Y) , i=1,...,Np,

This completes the proof.



73

2.11 Appendix 2.5: Proof of Theorem 2.1

Let C’it and Cj; denote Ft/ 5\, and Ft' \i, respectively''. Then we have

Oit —Cy = F;tj\z — Ft/)\z
= (Fo— HLF) HU\ + L (\ — H ')

= (Fy— H.F) H "N+ F,H,(\ — H'\\) + (Fo — HLF) (A — H7'\)

! ! -~ / / ~ 1
=NH Y (Fy — HF) + F,H,(\ — H'\) +0p | —— (2.44)
ON,TONT,

From the proof of Proposition 2.2, we have

. ; oyt 1 [ FLF) 1
on,1,(Fot — H F}) = \]/V;TR vl ( = > N Z Akert + Op(1/0N,1,) (2.45)
@ @ keA

From the proof of Proposition 3, we have

1

N 1) /
Sn,, (N — HI'N) = % H, 7 > Feeis + Op(1/6n,1,) (2.46)
a @ seA

Substituting (2.45) and (2.46) in (2.44) we obtain

- 5 b e [F'FY 1
N1, (Cit — Cit) = N“T“&Hzlvl(T) > Mkekt

VNVa ”NakeA

5NT / 1

+ a“FHH—E Feeis + 0,(1/0
VT, VAT, seA oo Ot o)

By the definition of H,, we have H; V'V, Y(F.F/T) = (A* A*/N,)~". Moreover it can be shown that
H.H, = (FF/T)"' + Op(1/5]2VaT). Then, the above equation becomes

, -1
A ) A% A 1
5NaTa (Czt -G ) = \]/V;TTG A ( N ) \/N Z Akt

keA

, -1
ONuTa v [ £ F 1 .
+ \/ﬁ Ft ( T ) \/TZF3618+OP(1/5NaTa)

& scA

The result directly follows by applying the arguments used in Bai (2003) p.167. This completes the

theorem.

" Note that the proof of Theorem 2.1 in this study follows the the proof of Theorem 3 in Bai (2003) (which we refer
to as Theorem B3 in section 1.2.2 of Chapter I) very closely which shows the limiting distribution of 13',; i — Ft, A



74

3

CORRELATION STRUCTURE UNDER FACTOR MODEL AND SMALL
SAMPLE PERFORMANCE OF FACTOR-BASED IMPUTATION
ALGORITHM

3.1 Introduction

This chapter serves two purposes: (1) characterization of correlation structure under factor model, (2)
how the correlation structure affects the relative performance of FBI and Expectation- Maximization
algorithms in small sample. To this end, below we first establish the relation between factor and
correlation structures. Then, we show that there is a negative relation between the number of factors
and the average absolute correlation (denoted by /) among the series that admit a factor represen-
tation. This is an expected result: The rise in the number of factors leads to an increase in potential
sources of variation for each series. As a result, the series tend to move together less and the absolute
correlation among them decreases. This is a key finding for imputation purposes since all imputation
methods exploit the correlation structure of the data set in one way or another. For example, in the
case of FBI the auxiliary factors (FZ) that are employed in estimating the loadings and conditional
mean of missing values are derived by utilizing the covariance matrix of the available series. Similarly,
the Expectation-Maximization (EM) algorithm! exploits the correlation structure while it generates
the imputed values as the conditional mean expectation of missing values given the available ones.
With the above finding in mind, we conjecture that decreasing comovement (measured by )
among series in a data set should decrease the performance of EM algorithm more than the FBI
algorithm. The intuition behind this idea is as follows: FBI uses the limited (average) information
hidden in the correlation structure more efficiently since it employs a few high quality orthogonal
variables (principal components) that accumulate and distill most of the available variation in the
system as the conditioning variable set. On the other hand, EM’s conditioning set is composed of a
large number of diluted and low quality regressors (observed variables). Additionally, the conditioning
variables employed by the EM algorithm are not orthogonal to each other which further weakens use.

In order to test this conjecture, we carry out a simulation experiment where we compare the small

! Throughout this chapter (unless otherwise noted) "EM” refers to the EM algorithm for multivariate Gaussian data
as considered in Schneider (2001).
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sample performance of FBI and EM for different r levels (namely, » = {2,5,10,25}) under different
R?, T and N values. We show that as the number of factors in factor model increases, performance
of both FBI and EM decreases in terms of every measure we consider. This is an expected finding:
EM performs worse because as r increases the relation between missing and observed values weaken,
while FBI’s performance falls due to the increasing burden of estimating a higher number of factors
accurately. However, we also show that the relative performance of FBI gets better compared to EM.
In other words, FBI is more robust to the adverse affect of higher r levels on the correlation structure
than the EM algorithm. This result is a very important finding for implementation purposes: Consider
the multi factor risk models which are commonly employed in finance world (by hedge funds, mutual
funds, dealers, investments banks etc) to explain and control different sources of portfolio risk and
return. Many of these models apply to large security universes and utilize well over 25 factors (e.g.
Bloomberg Equity Fundamental Risk Models use more than 25 factors). Unless the entire systematic
variance is accumulated in a few factors?, one should expect a weak correlation structure among the
securities (i.e. low p,) in a large and well-diversified security universe3. Our result implies that
under this factor model setting even under the implausible assumption that the (financial) series
have multivariate normal distribution, EM algorithm underperforms FBI that does not require any
distributional assumption.

Organization of this chapter is as follows: Section 3.2 studies the correlation structure of a factor
model and analyzes the behavior of average absolute correlation under equal and unequal factor
variance assumptions. Section 3.3 develops a maximum likelihood based method to determine the
number of factors in a factor model, and discusses the strong and weak features of it. Section 3.4 carries
out a simulation experiment to compare the small sample performance of factor-based imputation
algorithms and the EM algorithm under different r levels. We discuss the limitations of the current
study and the possible directions to improve and extend them in Section 3.5. We present the concluding
remarks in Section 3.6. Finally, Appendices A and B present the proofs and derivations omitted in

the text.

2Note that in crisis periods (e.g. during 2007-2008 financial crisis) market, size, value, profitability and liquidity
factors explain a very sizable portion of the overall variance for any given security. As a result, pairwise security
correlations increase significantly, and all securities tend to move in tandem.

3Note that we assume a reasonably large universe so that one can find a large number of factors that can significantly
explain the systematic behavior of the universe.
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3.2 Correlation Structure of a Factor Model

This section starts with establishing the relation between factor and correlation structures. We show
that correlation (p) between any two series from the same factor structure can be broken into two
parts: (1) 0, which is a function of factors and loadings only, and (2) #, which contains the information
on percentage of explained systematic variation of the series. Then, we discuss the estimation of §
from data and suggest two easy-to-apply estimation approaches. Next, we consider alternative factor
variance distributions, and derive the probability density function of correlation and § between any
two series under the assumption of equal factor variances. Finally, we characterize the behavior of

correlation and § under unequal factor variances via numerical methods.

3.2.1 Basics: The Relation between Factor and Correlation Structures

Consider
X = )\;Ft + €t (31)

where \; and F; are r X 1, and Xj; and ¢;; are scalars. We assume that Fy, €; and €;; are orthogonal?
for all 4,t and ¢ = 1,2, ...,7. Under the orthogonality assumption, given the loadings the variance of

X is given by”®
T
o? = Z )\gqa%q + 02 (3.2)
q=1

Let RZ-2 denote the percentage of variation explained by the systematic component of X;% in factor
representation (3.1)

T 2 2
R2 — Zq:l )\iqUFq

5 T2 2 7
> q=12ig0F, T 05

2

Rearranging the above equation we can express o; as

r

2 (1 — Rz2) 2 2
O = R2 Z AiqUFq
i g=1

Substituting o2 in (3.2), we obtain

4Note that this is impossible to achieve in a simulation setting when N > T
5For notational simplicity we suppress the time dependency, t, for the rest of this chapter.

SNote that if we consider (3.1) as a regression equation, R? corresponds to the coefficient of determination.
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2 - 2 2 (1 — R2) - 2 2
of =D NyOh, T D) Nuoh,
q=1 toe=l
1 '
= 27> Mok, (3.3)
i g=1

Now consider the correlation between series i and ;7

cov(N;F} + €y, )\;Ft + €jt)

2 2
a; O'j

Pij =

Substituting (3.3) in the above equation, for i # j we obtain

r N\ g2
pii = D=1 AigAjqOF,
(/A
1 T 2 2 1 T 2 2
Vi e Mook, 72 am X,

where
r S
5 Zq:l )‘zq)‘JqUFq
ij =
T2 2 N2 2
\/Zq:l NigOF, \/Zq:l A0k,

and

0ij = \/ R; R; (3.6)

Therefore, each correlation pair of X is proportional to ¢;;. In other words, other things remaining
the same, changing 6;; changes each correlation coefficient proportionally. Another important obser-
vation is that scaling all the factor variances with the same constant leave the correlation and delta
structure intact. In Appendix A we show that the same is true for loading variances, as well. There-
fore, the only way to affect the structure of correlation (apart from via ) is to change the distribution
of factor and/or loading variances across factors or loadings. Sections 3.2.4 and 3.2.5, we discuss these
observations in detail.

Note that by Cauchy-Schwarz inequality we have that |d;;] < 1 where equality is achieved only

when

“For notational simplicity we suppress ¢ in Pij
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RY2Y

NIYNIY
M
Nl

—1 (3.7)

|6i5] =

ii. Ajg = A\jq for all ¢:
1635 = 2221 |)\iq)‘iq|‘712vq
ij| =
\/22:1 Azzqo-]%’q \/Z;:l )‘Zan%q
Z;:l )‘zzqo-l%‘q

) \/(22:1 )‘%qa%qy

=1 (3.8)

Note that for imputation purposes the sign of the correlation is not important in determining the
strength of the statistical association between two series. For example p;; = —0.6 and p;; = 0.6
indicates the same degree of association between series ¢ and j. Since 60;; is always non-negative, the
same is true for ¢;;, as well. Therefore, for simplicity and uniformity of the degree of association for
the rest of this study we focus on the behaviors of |p;;| and |d;;|.

Below we first discuss estimation of |0;;| given X and r (or an estimate of r). Then, we attempt
to characterize the statistical behavior of |§;;| under the assumption that A, ~ éid N(0,0%) under
two scenarios for the factor variances: First, we consider the case where all the factor variances are
equal. We derive the density function of |;;| analytically and uncover how it behaves as 7 changes.
Next, we study the unequal variance case and attempt to unveil the relation between factor variance

distribution and the absolute correlation structure.

3.2.2  Sample estimate of |0;;]

For T'x N data panel X = (X;;), the N x N correlation matrix estimate px contains n = N(N —1)/2

unique cross-correlation pairs {p;;} and deltas {&j} with 4,7 =1,..., N and ¢ > j. Assuming that an
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estimate of 7 is available®, one can compute the PCA estimates A = ()\;,) and F' = (F},) via PCA.

Given these estimates, ](%] can be calculated in two ways:

a) Using loading and factor estimates: We first calculate sample factor variance estimates

T
5 D) _(Fig -
t=1
where F, = (1/T) Zthl .ﬁ’tq. Applying (3.5) we obtain |Sw| as
ZZ 1 |5‘iq5‘jq|5’%’

\/Zq 1 \/Zq 1 UFq

b) Using correlation matrix and coefficient of determination Given X and F we first carry

16551 = (3.9)

out the time series regression

for each series and calculate coefficient of determination R? for ith series?. Next, we calculate the

sample correlation matrix of X, px. Finally, using (3.4) and (3.6), |5U| can be estimated as
5y = 2l (3.10)
JRR

3.2.8 Notation

For the rest of this study we will use the following notation: Let dup5 = {]d;;| =7 =i be the nx 1 vector
of unique [d;;|. The population mean of dqps is given by ju5 = £(|d;5]). Similarly, let dabs = {[03]}i=0 T i>i
be the n x 1 vector of unique ]51-]-|, and dgps = (1/n) S 6ab3 .m denote the sample mean of Subs. We
extend the same logic to correlation, as well: Let pgps = {] Pij’}i?,pi be the n x 1 vector of unique

|pijl, and p, = E(|pij|) denote the population mean of |p;;|. Finally, sample analogs of paps and p,

are denoted by pups and pups, respectively.

3.2.4 Case 1: Equal Factor Variances

Assume that all the factor variances are equal in (3.4), that is, a%q = o2 for all q. Then we have

| Zq 1 AigAjql

¢zq RN > P

80ne can apply the procedure outlined in Bai and Ng (2002) to estimate the number of factors.

(3.11)

9Note that loading estimate that would be obtained from this regression is the same with A.
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In this case, each |0;;| is completely determined by A;; (3.11), and its entire behavior can be

characterized analytically.

Theorem 1. Suppose |§;j|is given by (3.11) above and Ay ~ iid N(0,0%), for allk =1,2,...,r. Then
forr>1,4,j=1,..,N and i # j, |0;;| has the following probability density function

2(1=a?)0 D72 forx €[0,1
fig () = § B o (312)

0 otherwise

where B((r —1)/2,1/2) denotes beta function with arguments (r —1)/2 and 1/2.

We provide a proof for Theorem 1 in Appendix A.

Figure 3.1 depicts the probability density of |0;;| for different r values under the assumption of
equal factor variances. As r increases the probability mass of |;;| moves to the left and accumulates
mostly around smaller |§| values. As a result, one should expect average || to be smaller as the
number of factors increase even if the explanatory power of the factors as a whole (i.e. R?) remains

the same for each series.

r=2
r=3
r=5
r=10
r=50 [
r=100

(13)

!
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
19l

Figure 3.1: Probability Density of |§;;| for different r values

We can characterize the distribution of |p;;| using the distribution of |d;;| and (3.4) as follows:
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Corollary 1. Given |p;;| = |0:5]0:;5 and f5(x;7), under the assumptions of Theorem 1, the conditional

probability density function of |pi;| fori,j=1,...,N, i# j given 0;; =6, 0 <0 <1 is as follows

2(62_1,2)&73)/2
rB—npim Jor e €(0,6]

f‘p‘(x;e,?”) = (313)

0 otherwise

Appendix A also provides a proof for Corollary 1. In order to preserve space we do not depict the
density function of p;; for different r and 6 values. Basically, for a given 60;; level the density of p;;
looks like that of ¢;;. That is, as r increases the probability density of p;; moves toward left and bulk
of the distribution accumulates around smaller values. Increasing (decreasing) ;; expands (contracts)

the range of p;; as it is evident in the support of fi,(x;0,7).

3.2.5 Case 2: Unequal Factor Variances

In this part we study the behavior of §,4s under the assumption of different factor variances. Unlike the
previous section, we characterize the behavior of 0,4 numerically. We mainly consider two cases: (1)
Non-Dominant (General) Factors case, where we let factor variances in a factor model be determined
and differentiated from one another via a single half-life parameter, (2) Dominant Factor case, in which
one factor explains significantly larger share of overall variation while the remaining factors share the
remaining variation equally among themselves. Below, we first show the relation between r and
|5abs| under different half-life parameter choices. Then, for each half-life we find equivalent dominant
factor models utilizing Herfindahl concentration index and show the relation between dominant factor
variance and 64s. We conclude that similar to the equal-variance case above, as the number of factors
increase dqps (hence, pups) decreases. However, the rate of decrease in 455 gets slower as the inequality
among factor variances increase. Therefore other things remaining the same, in factor models with
unequal factor variances, one should expect a smaller degree of association between the number of

factors and pPgps.

Non-Dominant (General) Factors

In a given factor structure, magnitude factor variances can be sorted in a decreasing (or non-increasing)

way. A parsimonious way to model the factor variance distribution is to use exponential decay.
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Consider the following variance sequence

) , (1) @D/
o,(h) = 0oy <2> , g=1,..,r (3.14)

where o2 is an arbitrary base variance and h is the half-life of a decay process. (3.14) implies a factor

variance structure where factor variances decay at a rate determined by the half-life h. For larger
values of h the decay is slower and vice versa. For example, for h = 1 each factor variance is half of
the factor variance preceding it, i.e. 03(1) = (1/2)03_1(1).

The top panel in Figure 3.2 shows the distribution of variances under the general case for different

h values when r = 10.

General and Dominant Factor Variance Distributions

T T T T T
3 h=1/5
s h=1/4 | |
& h=1/2
% h=1
5 h=2 []
= h=4
o —
o h=5 Ll
S
S
o -
<]
o

T

Q 0=0.97
3 0=0.94 ||
3 a=0.77
3 a=0.56 ||
2 0a=0.37
k] a=0.25 | |
3 a=0.22
S
Qo .
o
o

4 5 6 7 8 9 10

Rank of Factors

Figure 3.2: Distribution of Factor Variances under General and Dominant Factor Variance Structures (r=10)
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Let pq(h,r) denote the percentage share of the total factor variance explained by the ¢ factor

generated with half-life A when there are r factors

e (h)
pq(h,r) = m

q=1"q
B O—g(l/g)(q—l)/h

Xm0 (1/2)@ D
2(1-a)/h
TS 20-g)/h

q=1
2(r=a)/h(Q1/h _ 1)

= (3.15)

By definition, we have >/ _; py(h,7) = 1. Under the general variance setting for a given half-life

h, the Herfindahl index!'® of p = (py, ..., p,) is given by

Hg(h7 r) = Zpg(I% r)
q=1

r 22(r—q)/h(21/h _ 1)2
(Qr/h _ 1)2

qg=1
_ @ ne- 510
(2 /h—1)(2V/h + 1) '
By (3.16) above, we obtain the following results:
0H, . 1
o <0 and hlgr;o Hy(h,r) = - (3.17a)
OH, , 21/h 1
0H
ahagr <0and  lim  Hy(h,r)=0 (3.17¢)

(3.17a) above shows that when r is kept constant, the higher is the value of h the closer are the
values of factor variances to each other. Accordingly, for higher h values, we obtain lower Herfindahl
index levels indicating a smaller degree of concentration. Similarly, (3.17b) indicates that for a given
half-life level increasing the number of factors results in a lower degree of concentration. Finally,

(3.17c) shows that letting h = cr, ¢ > 0 and increasing both r and h decreases the Herfindahl index

1%Herfindahl index is a concentration measure ranging from 0 to 1. 0 corresponds to virtually no concentration while 1
indicates highest possible degree of concentration. In economics, it is mainly used to measure the amount of competition
among firms in a given industry where 0 corresponds to perfect competition while 1 is obtained under monopoly. For
a sequence of r percentage shares (x1, ..., z,) the Herfindahl index is calculated as H = 22=1 mg.
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indicating a lower degree of factor variance concentration.

In the factor variance structure of a factor model, higher Herfindahl values imply a greater concen-
tration of sources of variation around a small group of factors. Therefore as Herfindahl index of factor
variances increase, one would expect to observe higher d,,s values on average. Table 3.1 illustrates the
relation between half-life h and 4 for r = 10. Column 1 considers various h values, column 3 shows
the associated Herfinfdahl index value and column 4 shows the &4 value corresponding to the choice

of h.

ho o) H  Ows(h) dums()
1/5 | 0.97 | 0.94 0.82 0.76
1/4] 094 | 0.88 | 0.76 | 0.69
1/2 | 0.77 | 0.60 0.57 0.49
1 0.56 | 0.33 0.43 0.37
0.37 | 0.18 0.33 0.30
0.25 | 0.12 0.28 0.27
0.22 | 0.11 0.27 0.26

QY = DN

Table 3.1: Unequal Factor Variances and gps

Dominant Factor

In factor models built to explain different sources of security returns, it is often the case that the
first factor (which is generally interpreted as the ”Market” factor) explains a sizable proportion of
the overall variance and the remaining variance is more or less democratically distributed across the
remaining factors. In order to study the distribution of delta and its relation with r in this setting,
we consider a factor distribution where first (dominant) factor accounts for a significant proportion
() of the overall variance, and the residual variance share (1 — «) is distributed equally among the
remaining factors (Therefore each ”small” factor receives a share of (1 — a)/(r — 1)). Proportion of

dominant factor in total variance is given by'!

2
01

0= ———=
22:1 ‘73

1Since factors are orthogonal, all cross-covariances vanish.
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Rearranging we obtain

Assuming that 03 = o2 for ¢ > 1, the variance of the dominant factor is given by

a(r —1)o?
s o=
1l—-—a
The bottom panel in Figure 3.2 shows the distribution of variances under the dominant factor case

for different o values that correspond to h values in the top panel'?.
As in the general variance distribution case, for the dominant factor case we measure the degree

of concentration of variation sources through Herfindahl index. The index is calculated as follows

Hy(a,r) =a®+ (r—1) (i:?>2

(r—1a?+ (1 —a?)
N r—1

:<Ti1>a2_(rfl>a+<ril> (3.18)

where subscript d signifies the dominant factor case. Note that bringing (3.16) and (3.18) together

we can generate a unique « level for each half-life value A

Hg(a,r) = Hy(h,r)

(e (o () o

Solving the quadratic equation above for o we obtain

14+ /r(r—=1)Hg(h,r) +r—1

a(h,r) =

(3.19)

12Gee equation (3.19) for the functional relation between a and h for given r value.
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Second column of Table 1 shows the dominant factor variances dictated by (3.19) and different
values of h. As can be seen, higher values of « correspond to lower values of h. The last column of
Table 3.1 reports d4ps values corresponding to various o levels. As expected, at the same Herfindahl
levels, dqps is smaller under the dominant factor case compared to the general case. This implies that
for a given g value, H, < H, since the degree of concentration is greater under the dominant factor
case. For example, for 6,5 = 0.76 in Table 3.1, we have H, = 0.88 < 0.94 = H,.

To sum up, the central tenet for both general and dominant factor cases is that as the degree of
concentration of factor variances measured by Herfindahl index increases, average delta and correlation
levels in a given data set increase. The amount of change in d4s given a unit change in H differs
between general and dominant cases since the structure of underlying factor variance distributions are

different.

3.3 Determining the Number of Factors with f

In this section we propose a new method to estimate the number of factors in a given factor structure
utilizing the distribution of d;; established in Theorem 1. Given a T'x N data set X, we can obtain
5,11,5 which is a n x 1 vector of unique |3 |. Let x; be an element of 3ab8 with probability density function
fis|(zi;7), @ =1,..,n. In Appendix B we show that under this setting the maximum likelihood estimate

(MLE) of r, e, is given by the solution of the following implicit form:

fmle f'mle_ 1 1 - 2\

where 1(.) is the digamma function'®. In addition, the asymptotic variance of 7, is found as
4
[v® (757) =™ (3)]

where 1) (.) is the trigamma function'#. By the asymptotic normality property of maximum likelihood

avar(Fmle) = (3.21)

estimators, the asymptotic distribution of 7, is given by
~ d ~
\/ﬁ(rmle - 7’) — N(Oa avar(rmle)) (322)

One can obtain an estimate of avar(7,.) by replacing the unknown parameter r with its ML

estimate
— 4
avar(fme) = — -
1 Tmle— _ 1 T'mle
o (=) oo ()
13Digamma function is defined as 1(a) = 1;’((;)) where I'(.) denotes the Gamma function.

Y Trigamma function is defined as ¢ (a) = Lap(a) = %ln(l"(a))
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Using (3.22), the approximate small sample distribution and the 95% confidence interval of 7,

are found as

—

'f'mle ~ N("ﬁ avarfjmle))

Clgsy(r) = <fmle — 1.967\/ avar(fmie)/n , Tmie + 1.964/ avar(fmle)/n>

Note that there is an important caveat with the estimation procedure described above: Given a
data set X, one can estimate the unique absolute correlations |pqps| directly. However, in order to
obtain the sample estimate Sabs one needs the estimate of RJQ- for each series j. RJZ can be obtained
by regressing each series X; on common factors F. However, at this point one needs to know ”how
many” common factors the factor structure has; that is, one requires the knowledge of r. This creates
a vicious circle between inputs and outputs of the estimation procedure.

An intuitive solution for this problem can be as follows: Once the pgps vector is estimated, we
can start with the assumption that r = 2, carry out PCA to obtain the factors, apply the above
MLE procedure and obtain av@k). We can then repeat the same procedure for r > 2 up to some

¥ and record the asymptotic variances. At the end, we can choose the

reasonably high r value, r"™¢
Tmie value with the lowest asymptotic variance.

As can be seen, the estimation procedure described above is (somehow) arbitrary and in practice
computationally expensive. An alternative to this procedure could be to utilize fi, (x;0,7r) with paps
that we can directly estimate from the data set X. However, this approach also suffers from the

same vicious circle above: The conditioning variable § = 0;; = , /R?RJQ- is not known, and in order to

estimate it one needs to know (or estimate) the number of factors!®.
3.4 Performance Comparison of EM and FBI

This section carries out a simulation experiment to compare the small sample performance of EM
algorithm and factor-based algorithms (FBI and RFBI) under various r levels. We start with a brief
introduction of the theory of EM algorithm, and its application to multivariate normal data. Then, we
shortly discuss the Recursive Factor-Based Imputation (RFBI) algorithm, which is a simple extension
of FBI. Next, we develop imputation performance measures that gauge the outcome of the competing

algorithms from different perspectives. The final part presents and elaborate on the simulation results.

5Note that the support set of the distribution function for |p;;| contains the parameter of the function, #. Therefore,
one cannot even implement MLE with paps and ), (x; 6, 7).
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3.4.1 Ezxpectation-Mazimization Algorithm!®

Expectation-Maximization (EM) algorithm (Dempster et al. 1977) is a very general iterative method
for finding maximum likelihood estimates of parameters of an underlying distribution in incomplete
data problems. The EM algorithm is used with models that involve latent or missing variables an in
general unknown parameters of the model are the functions of these variables among others. With
the EM algorithm the maximum likelihood estimates of the parameters of any probability distribution
can be computed from incomplete data.

The EM algorithm formalizes an old idea for handling missing data problems: (1) Start with
an initial estimate of missing values, (2) Replace missing values with estimated values, (3) Estimate
parameters, (4) Re-estimate missing values assuming that the estimated parameters are correct. Steps
(1) through (4) continue until the algorithm converges.

The steps above can be put in a more technical framework by noting that EM iteration alternates
between performing expectation (E) and maximization (M) steps. In the E-step a function is created
for the expectation of the log-likelihood that is evaluated using the current estimate for the parameters,
while M-step computes parameters maximizing the expected log-likelihood found on the E-step. These
parameter estimates are then used to determine the distribution of the latent variables in the next
E-step. This recursion between E and M steps continue until the likelihood function stop changing
appreciably.

There are mainly two main application areas of the EM algorithm: (i) Maximization of the likeli-
hood is analytically intractable or numerically costly, and the existing problems can be simplified by
assuming ”"hidden” variables. In this interpretation, it is the existence of these latent variables makes
the problem ”incomplete”. (ii) Data has truly missing values. In this study, we consider the latter
application.

Below, we first introduce the theory of EM algorithm briefly. Note that this section applies to data
sets coming from any distribution function, hence the conclusions obtained would be very general. In
the next section we restrict the data set to be distributed as multivariate normal, and present the

workings of the algorithm in detail.

16The exposition in this part is mainly from Little and Rubin (2002).
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Theory of EM Algorithm

Let X = (Y, Z) be the complete data and 1 be the unknown parameter of interest. Assume that Y
and Z represent missing and observed portions (series) of X. Then, the distribution of X, f(X|n),

can be factored as follows:

f(X1n) = f(Y, Zn)

= f(Zn)f(Y|Z,n) (3.23)

where f(Z|n) is the density of the observed data and f(Y'|Z,n) is the density of missing data given
the observed data. The likelihood function of (3.23) is given by

L(nlY,Z) = L(n|Z)f(Y|Z,n)
from which we obtain the log-likelihood as follows
tlY, Z2) = £(n|Z) +inf(Y|Z,n) (3.24)

Given Z and a current estimate of 1 (denoted by n(*), the expectation of both sides of (3.24) over

the distribution of missing data Y is found as

QUnln®) = €(n|2) + / Inf (V1 2,/ (Y] 2,7 = 7®)dy (3.25)

where Q(nn™) = [£(n|Y, Z2)f(Y|Z,n = n")dY

EM iteration alternates between performing E and M steps. Basically, E-step finds the conditional
expectation of the missing data given the observed data and the current (updated) estimate of the
estimated parameters, n(t), and M-step performs maximum likelihood estimation as if there were no
missing data and the current parameter estimate n*) were equal to the true .

Under the above setting, (3.25) above represents the expected complete-data likelihood found at
the E-step. Given the result of E-step, M-step of EM algorithm determines the parameter estimate of

the next iteration, n**, by maximizing the expected complete data-likelihood (3.25)

Q™ V™) > Qnn®) , for ally

It can be shown that each iteration of EM increases the log-likelihood ¢(n|Z), and if ¢(n|Z) is bounded,

the sequence £(1(")| Z) converges monotonically to the stationary value ¢(n|Z).
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EM Algorithm with Multivariate Normal Data'”

Let X € RT*N be an incomplete data matrix with 7' records (samples) consisting of N variables.
Assume X comes from a multivariate normal distribution with mean g € R™¥ and covariance ¥ €
RNXN " Below we describe how EM algorithm can be applied to impute the missing values of X.

We can express each record of X (¢t = 1,...,T) as x; = (yt, z) where y; € RN and 2z, € R1*N:

represent missing and available values!®1?. Using this decomposition, we can write

= (fy, f1z)
E _ Zyy Eyz
Ezy Ezz

where 1, € RNy and Wy € RN= represent the mean of y and z, Yyy and X, are the Ny x N,
and N, x N, covariance matrices of y and z, and X,.(= E’Zy) is the N, x NN, cross covariance matrix
between y and z, respectively.

In EM algorithm, the relation between missing and available values for each record x is modeled

with the following linear regression
y=py—(z—p)B+e (3.26)

where B € RY=*Ny is a matrix of regression coefficients, and ¢ € R'*"v is the error vector (assumed

X Ny

to have mean zero) with unknown covariance matrix C' € RN- . Under the normality assumption,

we obtain

B=3%.'%,, (3.27a)

C =%y — 2,515, (3.27b)

Note that B and C cannot be directly estimated because in equation (3.26), u and 3 are not known.
On the other hand, an estimate of y and 3 cannot be calculated without estimating (imputing) missing
values y, which require estimates of B and C. EM algorithm provides a solution by exploiting this
vicious circle: It starts with (some) initial estimates of u and ¥, and from these derives the conditional

maximum likelihood estimates of B and C. Given the estimates of the regression coefficients and the

"The following two sections on EM and REGEM follow section 2 and 3 of Schneider (2001).
B Obviously, if a record does not have any missing values, we have x; = z

YFor the sake of notational simplicity, for the rest of this chapter we drop the subscript ¢ when the meaning is clear.
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disturbance covariance, it estimates and fills in the missing values y. Finally, using the imputed
data matrix, it re-estimates p and ¥. Dempster et al. (1977) shows that the EM algorithm process
monotonically converges to a fixed point. Below we describe the working of the EM algorithm in
detail.

We start the algorithm with some initial mean and variance estimates, 1(°) and S0, Let a9
and 20 denote the estimates of the mean vector and covariance matrix in the j% iteration of the

algorithm. By (3.27a) and (3.27b), we obtain

N Ao\~ A

BU) — (gza;) $0) (3.28a)
. . Ny Ao\ L A

OU) — E;@} _ Eg(,jz) (Z,(z]z)) 2%) (3.28Db)

where partitions of $() are the estimates of the partitions of X. By (3.26), the conditional expec-

tation of the missing values in a given record, ) = E(y|z; 4, Y )), is given by?°
g9 = g9 + (2 — 1) BY (3.29)

Therefore, at a given record the missing values y can be decomposed as

Y= 4 e

— /l;(g]) + (Z _ ﬂz)B(]) + é(])

where €9 is the residual at iteration j. After the missing values in all records z; are imputed, the

updated sample mean of the completed data is given by

(i 1
N(JJrl) = T Z Tt

Let S’t(] )= E (z}2¢|2; 1), 320)) denote the conditional expectation of the cross product z}z; at time

t and iteration j. Then, the updated estimate of the covariance matrix is given by
. 1 L : . .
S0+ — T Z{St(ﬂ) — U+ Gy
t=1

Note that the updated covariance matrix estimate has three parts: First two parts involve the

20Note that in the equation below (unlike y) z is known (i.e. it does not change across iterations); for this reason, z
and fi, do not have a j superscript.
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available data,

E(2' 2|z p), 20)) = /2

B(y D]z 40, £0)) = /)

while the final part is exclusively includes the imputed values

By |z 4D, 50 = BGD + D]z 40), SOYBGD 4 D]z 40) $0))
_ 00 4 B D)2 1), 5100y

_ g 4 ¢0) (3.30)

which is the sum of the cross-product of the imputed values and the estimated residual covariance ma-
trix, CU) = Cov(y,y|z; (), i?(j)) at?! iteration j. Therefore, updated covariance matrix is computed
in the same way as the sample covariance matrix of the completed dataset, except that for each record
of missing values, the estimated residual covariance matrix C%) is added to the cross-products U1t
The next iteration of the EM algorithm is carried out with the updated mean and covariance
estimates 2UtY) and $U*Y. The algorithm stops when the moment estimates & and 3 and the

imputed values g stop changing appreciably.

Regularized Expectation-Mazximization Algorithm

When N > T, ¥.. becomes singular (rank-deficient). As a result it cannot be inverted and the
estimates of B and C cannot be obtained. Therefore, when the number of variables are larger than the
number of records the EM algorithm stops working. The problems involving data sets with N > T are
called ill-posed problems. Such ill-posed problems can be solved with various regularization methods,
which impose additional constraints on the solution.

In order to deal with missing data problems with rank-deficient data sets, Schneider (2001) develops
the Regularized Expectation-Maximization (REGEM) algorithm. REGEM is composed of the same
steps as the EM algorithm with one exception: in each iteration and for each record with missing
values, the inverse matrix 37! (superscript is suppressed for simplicity) in the estimate (3.28a) of the

regression coefficients is replaced with a regularized inverse as follows

zZz

Sl (2—1 + 3215)_1 (3.31)
zZZ :

2Note that that C'¥) is equal to the conditional covariance matrix of the imputation error.
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where D = diag(3..) is the diagonal matrix consisting of the diagonal elements of the covariance
matrix 3, and scalar s is a regularization parameter. As can be seen in (3.31), regularization simply
inflates the diagonal elements of 3. by a factor of (1 4 s2) before inverting it. The inflation of the
diagonal of 3., makes it nonsingular and hence invertible. This method of regularizing the inverse
of a matrix, in which a regularized inverse is formed as the inverse of the sum of the matrix and a
multiple of a positive definite matrix, is called ridge regression in the statistics literature and Tikhonov

reqularization in the literature on numerical linear algebra.

3.4.2 Recursive Factor Based Imputation Algorithm

Recursive Factor Based Imputation (RFBI) algorithm is an extension of standard FBI along the lines
of the recursion principle in the EM algorithm. Note that as it is discussed in Chapter I and II, the
FBI algorithm starts with a factor estimate (Fz) obtained from the complete part of the data set X,
(i.e Z). Then the available portion of the missing series are regressed on the corresponding part of F.,
and the estimated values are obtained by matching the loadings obtained in this interim regression
with the rows of F,, that correspond to the missing rows of the missing variables. Finally, the ID factor
estimate (13 7p) is obtained from the completed data set X via regular PCA. Therefore, under FBI one
starts with 1*:'2 and ends up with I;ID.

RFBI generalizes this procedure by allowing recursion of the ID factor estimate. Basically, RFBI
calls the completed data set and the ID factor estimate as the initial completed data and the initial ID

1)

estimate; and denotes them 1;: I(ID) and X (1) respectively. Then treating F:’ I(D in the same way we treat
F., we obtain a new completed data set X®@ and ID factor estimator ]::' I(2D) We repeat this process
until the adjacent ID factor estimates are sufficiently close to each other. Following the EM algorithm,
we let the RFBI algorithm stop once the Euclidean distance between the adjacent ID factor estimates

are smaller than the Euclidean length of the last factor estimate. In the simulation experiment below,

we employ RFBI as an alternative method for FBI and EM.

3.4.8 Monte Carlo Experiment

This section analyzes and compares the small sample performance of FBI, RFBI and EM imputation
algorithms from different perspectives. Below, we first describe the simulation design we employ and
elaborate on its details. Next, we introduce various performance measures to compare the small sample
performance of the imputation methods. Finally, we carry out the simulation experiment, and present

the results.
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Note that in the simulation experiment we apply EM for T' > N and REGEM for N > T cases,
but report all the results in tables below under the title ”EM”. For EM and REGEM calculations we
utilize the the MATLAB code developed by Schneider (2001)%2.

Simulation Design

We consider the following simple factor structure with equal factor (and loading) variances for gener-

ating the incomplete data set X
Xit:A{[Ft"’_eit y 221,,N s tzl,,T

Fy ~iid N(0,0%1,) , X\ ~ iid N(0,031,) (3.32)

T

o 1—R? 2 2
eig ~1id N [0, —5— Z/\Z-QO'F
R; =

cov(Fy,ei) =0 for all 4,¢

where I, is the r X r identity matrix, U% and af\ are the variances of each loading and factor,
respectively (we arbitrarily set them 2 and 3, respectively), and R? is the percentage contribution of
the systematic component to total variance (i.e. coefficient of determination) for series i. Note that
setting the variance of e;; in the way above guarantees that the coefficient of determination of each
series is exactly equal to R?.

Since both factors and idiosyncratic errors are distributed iid normal, each series in X is normally
distributed (given the loadings). Therefore, we can directly apply the setting in section 3.4.1 for the
EM algorithm. Note that by creating series that are normally distributed with an underlying factor
structure, we level the playing field between EM and FBI algorithms. In this sense, the simulation ex-
periment in this section evaluates both methods with the data structures that they are most applicable
to.

For all the simulation experiments we consider in this section, we set N = 500. We want to compare
FBI against both EM and REGEM algorithms; therefore we set T' to be 400 (so that 7" < N and we
use REGEM) and 600 (so that 77> N and we use EM). For the sake of simplicity, we let all R? be
equal to the same value, R?, and we consider two cases: (a) R%2 = 0.1, which leads to very noisy series
due to very limited systematic component contribution to the overall variance, (b) R? = 0.6, which

implies moderate systematic component variation and much less noise.

22Please  mnote  that the EM-REGEM  imputation MATLAB code can be accessed at
http://www.clidyn.ethz.ch/imputation/
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In generating the data set X using the above setting, we employ a special sampling method that
makes sample means, variances and covariances ”exactly” match their population counterparts®. This
method makes it possible to obtain very accurate results with smaller sample sizes and iterations.

Similar to the simulation experiment in Chapter 1, we create a missing block on the northwest
corner of the data panel. We let X have 50% missingness (i.e. half of the values in X are missing).

Therefore, we have

T _ Nm
— = —=v0.5=0.7
T N

where T, and N,, are the number of missing rows (samples) and columns (series) in X. Note
that with this choice of missingness ratio, the number of missing and available (IV,) columns are
500(0.7) = 350 and 500(1 — 0.7) = 150, respectively. Similarly the number of missing and available
(T,) rows are 280 and 120 when 7" = 400, and 420 and 180 when 7" = 600, respectively.

We consider r = {2,5,10,25}. We choose the maximum r to be equal to 25 since we want to test

the relative performance of FBI when ¢ = is large?*.

__r
min(Tym,Nm)
As in the previous chapters, we can partition the incomplete data set X as
ym zm
Ye Z¢

X =

where Y is the 1), X N,, missing portion of X while the rest are observed. The completed data
set X is obtained by simply replacing Y™ with its estimate Y™ that is imputed with FBI, RFBI or
EM algorithms. Let y", 9" (i = 1,..,Ny,) and 2" (k = 1,..., Ny) be some T, x 1 series in Y™, ym
and Z™, respectively. In the Monte Carlo experiment, we generate 100 distinct copies of X, create
missingness and impute it to obtain X using competing imputation methods. We then calculate the
performance measures described below section for each copies, and report the median of 100 copies

for each method.

ZNote that the orthogonality conditions dictated by the factor structure above (i.e. factors are orthogonal to each
other, loadings are orthogonal to each other, and factors and idiosyncratic errors are orthogonal to each other) can be
achieved only when T' > N. When T' < N, numerically it is impossible to generate N series that are not correlated to
each other

24FBI and RFBI algorithms’ performances are directly determined by the accuracy of the factor and interim loading

estimates.

Consistency and asymptotic normality of the factor and interim loading estimates (FI p and A p), and the FBI estimate
of missing values () implicitly require ¢ to approach to 0. Note that the maximum value ¢ can take is 1 (since estimation
of r factors require at least r available rows or columns). For T' = 400 and T' = 600, we have ¢ = m = 0.21
and ¢ = m = 0.17, respectively. Both of these values are significantly different from zero and provide ideal test
cases for small sample performance.
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Imputation Performance Measures

In order to capture the performance of FBI, RFBI and EM in different dimensions, we compare their

accuracy of imputation from three different perspectives:

(i) Imputed Values: We measure the accuracy of the missing value estimates with the average
Frobenius norm of the difference between missing values and their estimates as follows:

f/m _ym

Note that the numbers obtained m1 are not cardinally important?®, but they are ordinally compa-
rable. In this regard, the lower is the value of mq, the better is the performance of a given imputation

method.

(ii) Second Moment of the Imputed Values: FEach imputation algorithm we employ is a form
of conditional mean imputation; that is, they express missing value as y; = ;z + € and impute it
with its conditional mean g;; = F(y;|I;) where I; is the information set available as of time ¢. In other
words, missing values are replaced with estimates coming from the center of y;;’s distribution, and
the imputation algorithm does not account for the variation of y;; that comes from é;,. Since E(yi|I;)
explains roughly R? of the variation®%, in an ideal setting we expect the variance of imputed values to
be around 100R?% of the true latent variance. That is, we have 05 ~ R20'§ where ag and 02 are the
variances of imputed and missing values, respectively. Since R? is in general less than 1, this leads to
downward bias in variance estimation. Accordingly, our first performance check in the second moment
category considers the ratio of the variance of the imputed values to the true variance to uncover the
magnitude of downward bias.

1 oy
mo = med {Nm Z gl } (3.34)

i—1 i

In a given copy, we calculate the variance ratio for each missing series and average them out. Then,
mg is calculated as the median over 100 copies. Other things remaining the same, the closer is the

value of ms to R2, the better the imputation algorithm.

%5Since the difference would be affected by the mean and variance of factors and loadings.

26We say "roughly” because E(yit|I¢) is not obtained from a proper regression of y; on a set of explanatory variables
(such a regression is obviously infeasible since y; is not fully observed). Therefore, E(y;:|I;) and é;; are not necessarily
orthogonal, and E(y;:|I:) does not necessarily explain 100 x R%% of the total variation.
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A good imputation algorithm should deliver imputed values that are also highly correlated to the

missing values they estimate. To this end, we propose the following performance measure:

N
1 - AT m
m3 = med {Nm Z;cor(yi s )} (3.35)

Similar to me, in a given copy we calculate the mean of correlations over missing series, and report
the median of the averages over the copies. In the perfect case, the correlation between missing an
imputed values would be 1 . Therefore, the closer the value of mg to 1, the better is the imputation
algorithm.

Note that ms is closely related to mo

cov yzt ) yzt

cor(Jit, Yit) =
e

cov(Yit, Yit + €it)
0y0y

o5 + cov(fit, éit)

0y0y
o5 cov(U, €;
— er (ylt7 zt) (336)
Oy 0y0y

As can be seen in (3.36), unlike mgo, mgs accounts for the covariance between imputed values and the
imputation error.

For each imputation algorithm, imputed values §; are obtained conditional to the available ones.
That is, imputed values are ”functions” of available values. As a result, one would expect an inflated
correlation between imputed and available values compared to the the correlation between missing and
available values. In other words, imputation of missing values tend to create an upward bias for the
cross correlation missing and available values. A good imputation method should be able to preserve
the correlation structure between missing an available values by minimizing this upward bias. We

consider the following measure to test this feature:
= cor (g™,
= med L 3.37
M4 =me {NNZZcoryz, } ( )

As can be seen in (3.37), for each copy we calculate NmNa cross-correlations (among each missing

and available values) and take their average. The value for my is given by the median of average
across copies. As in the case of mg, the closer the value of m4 to 1, the better the performance of the

imputation algorithm.
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(iii) Accuracy of the Factor Estimate obtained from Completed Data: Let F denote the
factor estimate obtained from X that is generated with one of the imputation methods we consider.
As in Chapter 1, we compare the accuracy of the factor estimators by comparing their trace R? of

multivariate regression of F on F given by

ms = med {R%F} (3.38)

)

As we discuss in Chapter 1, the higher the value of ms, the more accurate the factor estimator.

Results

We present the results for each performance measure in a separate table. Each table reports the cal-
culated measures for FBI, RFBI and EM for different r, T, N, R? and MR combinations. Throughout
the simulation experiment, we let N = 500 and M R = 50%. Each table is composed of four parts
determined by R? and T' (whose values are given immediately below each part), and results in each
part is sorted with respect to r.

Before starting to discuss the performance measures, we elaborate on the sample estimate of mean
absolute correlation. Table 3.2 reports w 5|, tp| 5 Pabs and?” the percentage estimation error between
pp and paps. For R? = 0.1 and T = 400, the estimation error is very notable. On the other hand, when
either R? or T (or both) is increased, the error decreases significantly. Additionally, absolute error
generally increases with r for all R? and T levels. We can explain these observations as follows: 7 is the
number of sources of variation for a given series. As r is increased, the estimation problem becomes
more complicated because the structure that is to be estimated gets more complex. Additionally,
raising r while keeping 17" and N constant, the effective degrees of freedom in estimating r decreases.
When these are coupled with low informativeness caused by R? = 0.1, estimate of absolute correlation
become very noisy?®. A rise in T increases the effective degrees of freedom, and an increase in R?
decreases the contribution of the noise component in each series; both of these modifications lead to
more accurate sample estimate for absolute correlation.

In Table 3.2, last two rows of the first part require particular attention since they have particularly
large errors (31.7% and 31.6%). They come from very noisy data sets; accordingly the performance

measures obtained for these cases contain large estimation error. Therefore, while comparing the

ZTNote that we calculate f4]p| Simply as M(;‘RQ.

28 Additionally, when T < N it is impossible to generate N = 500 series whose systematic and idiosyncratic parts are
uncorrelated. As a results, R? of N — T series are not equal to the intended R? value. In order to minimize the effect
of this problem, we refine these N — T series by keeping only the ones which are 1.5R* band.
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performance measures of competing imputation algorithms below, we will keep in mind the noise

embedded in these two cases and tend to downweight the results corresponding to them.

T 8| Hip| Pabs error
2 0.6366 0.0637 0.0663 8.6%
5 0.3750 0.0375 0.0426 15.1%
10 0.2587 0.0259 0.0371 31.7%
25 0.1612 0.0161 0.0618 31.6%
R? =0.1, T = 400

2 0.6366 0.0637 0.0635 -0.2%
) 0.3750 0.0375 0.0373 -0.5%
10 0.2587 0.0259 0.0256 -1.6%
25 0.1612 0.0161 0.0157 -3.8%
R?=0.1, T = 600

2 0.6366 0.3820 0.3836  0.5%
) 0.3750 0.2250 0.2262 1.2%
10 0.2587 0.1552 0.1565 2.1%
25 0.1612 0.0967 0.0999 3.8%
R? =0.6, T = 400

2 0.6366 0.3820 0.3814 1.1%
) 0.3750 0.2250 0.2240 -0.5%
10 0.2587 0.1552 0.1538 -1.4%
25 0.1612 0.0967 0.0943 -3.9%

R?=0.6, T = 600

Table 3.2: Population and sample estimates of |p| and the estimation error

Well-informed about the properties of the imputed data sets from which we calculate the perfor-

mance measures, now we are ready to compare the competing imputation algorithms below.

(i) Imputed Values Table 3.3 reports the performance results for the estimated missing values
as measured by m;. For all R?> and T' combinations, the average error in imputation monotonically
increases with r for all methods. Additionally, increasing R? and T greatly improves the performance
of all imputation methods.

When R? = 0.1, FBI and EM have very comparable imputation errors. On the other hand, when
R? is increased to 0.6 FBI starts to outperform EM, and the relative strength of FBI tends to increase
with r.

RFBI has very similar performance with FBI for R? = 0.6, but underperforms it for B2 = 0.1. The

reason for this can be the propagation and amplification of noise in the RFBI iterations in the low R?
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case.

r FBI RFBI EM
2 0.0375 0.0377  0.0387
5 0.0603 0.0614 0.0611
10 0.0874 0.0916 0.0857
25 0.1386 0.1534 0.1241
R?=0.1, T = 400

2 0.0273  0.0274  0.0283
5 0.0440 0.0448 0.0448
10 0.0639 0.0678  0.0632
25 0.1085 0.1385 0.1001
R? =0.1, T = 600

2 0.0102 0.0102 0.0113
5 0.0166 0.0167 0.0194
10 0.0247 0.0248  0.0300
25 0.0444 0.0456  0.0559
R? = 0.6, T = 400

2 0.0074 0.0074 0.0081
5 0.0120 0.0120 0.0137
10 0.0176  0.0176  0.0208
25 0.0310  0.0317  0.0408

R2=0.6, T = 600

Table 3.3: Results for the performance measure mq

(ii) Variances and Correlations of the Imputed Values Table 3.4 presents the results for
measure my. For all the cases, as r increases mo decreases indicating that variance underestimation
gets worse with r. For EM, the main reason behind this observation is the decreasing relations
(measured by absolute correlation) between missing and available variables. On the other hand, the
main reason for FBI (and RFBI) is the increase in number of factors (both in an absolute sense and
relative to N and T') makes their estimation less accurate. As a result, imputation accuracy decreases
and variance underestimation worsens. In addition, relative values T and N has almost no effect on
the results for all the imputation methods.

Note that for R? = 0.1 my of EM vanishes for all r level; that is, the relative variance of imputed
values becomes zero. Similarly, when R? is increased to 0.6, it becomes for high values. Therefore EM
imputation is prone to completely changing the second moment structure of noisy incomplete data

sets. On the other hand, FBI and RFBI perform much better than EM for all »,R%, T and N levels.
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As we mention above, the maximum achievable ms value is R2, and both FBI and RFBI get very close

to this upper limit for majority of the cases we consider.

r FBI RFBI EM
2 0.07 0.09  0.00
5 0.06 0.09  0.00
10 0.04 0.08  0.00
25 0.02 0.06  0.00
R?=0.1,T = 400

2 0.07 0.09  0.00
5 0.05 0.09  0.00
10 0.03 0.08  0.00
25 0.02 0.03  0.00
R2=0.1, T = 600

2 059 059  0.35
5 057 059  0.27
10 055 059  0.17
25 051 058  0.00
R? =106, T = 400

2 059 059  0.38
5 058 059  0.30
10 056 059  0.23
25 0.50 058  0.00

R?=0.6, T = 600

Table 3.4: Results for the performance measure mo

Table 3.5 shows the results for measure ms. As can be seen, R? is the major determinant of the
correlation between missing and available values. As in the case of mqo above, in general imputation
becomes less accurate as r increases for all the algorithms considered. Similar to ma, relative values
of T"and N do not play a major role.

When the R? is high, all three algorithms have similar performances for low 7 values. However, for
r = 25 factor-based methods notably outperforms the EM algorithm. For R? = 0.1, FBI and RFBI
have better performance than EM for all » and T' values. Once again this shows that EM performs
poorly under high r and high noise.

Table 3.6 presents the results for measure my. Similar to mgs results above, the most important
determinant for my is R?; for each method under consideration m4 is much closer to 1 for R?> = 0.6

than that for R? = 0.1. In general, cross-correlation overestimate becomes more pronounced as r
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r FBI RFBI EM
2 0.25 0.26 0.17
5 0.20 0.21 0.04
10 0.12 0.15 -0.03
25 0.02 0.08 0.01
R?=0.1, T = 400

2 0.26 0.27 0.20
5 0.20 0.22 0.04
10 0.11 0.15 -0.11
25 -0.04 0.03 -0.24
R?=0.1, T = 600

2 0.76  0.76 0.76
5 0.75 0.75 0.74
10 0.72 0.72 0.70
25 0.63 0.64 0.55
R? = 0.6, T = 400

2 0.77 0.77 0.77
5 0.75 0.75 0.75
10 0.73 0.73 0.72
25 0.66 0.67 0.59

R? =106, T = 600

Table 3.5: Results for the performance measure ms

increases. As in the case of mg and mg, relative values of T and N do not affect the measure.

For most of the cases considered in Table 3.6, factor-based methods outperform EM algorithm; the
outperformance is particularly recognizable when R? is 0.6.

In summary, comparison results for mso, ms and my show that factor based approach preserves the
second moment structure of the data set much better compared to the EM algorithm. The relative

performance of FBI and RFBI is particularly marked for high r and low R2.

(iii) Accuracy of the Factor Estimate obtained from Completed Data Table 3.7 shows
the comparison of factor estimation accuracy measured by ms across the imputation algorithms we
consider. As expected, increasing R? improves the factor estimation (i.e. mjs gets closer to 1) while
factor estimation worsens as r increases. Relative values of T and N is important for R? = 0.1, but
does not affect performance when R? is 0.6 for any of the imputation algorithms.

For most of the cases in Table 3.7, FBI and RFBI performs better than EM, and the outperformance

is more pronounced for higher R? and r values. For R? = 0.6FBI and RFBI values arevery close to the
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r FBI RFBI EM
2 294 294 3.14
5 2.90 2.88 2.86
10 2.80 275 2.68
25 2.99 245 17.20
R?2=0.1, T = 400

2 2.93 295 3.18
5 2.89  2.90 2.90
10 2.78  2.77 2.66
25 2.68 2.72 2.67
R?=0.1, T = 600

2 1.29 1.29 1.30
5 1.30  1.30 1.32
10 1.32  1.31 1.35
25 1.36  1.35 1.45
R? = 0.6, T = 400

2 1.29 1.29 1.30
5 1.30  1.30 1.31
10 1.31  1.31 1.34
25 1.36  1.35 1.44

R2 =0.6, T = 600

Table 3.6: Results for the performance measure my

maximum possible ms value of 1 and are identical. This points out that the only iteration employed
by the FBI algorithm is able to extract most of the relevant information and there is no efficiency
resulted from extra recursion utilized in RFBI.

The results for my through ms show that other things remaining the same, performance of FBI and
EM algorithm are in general adversely affected by the increase in the number of factors. This finding
is expected since both imputation algorithms exploit the information embedded in the correlation
structure, and increases in r lead to a deterioration in the informativeness of correlations. On the other
hand, above results indicate that in small sample FBI algorithm proves to be more robust to increases
in r (or decreases in informativeness of correlations) than the EM algorithm, and it outperforms the
EM algorithm on significant majority of the cases considered under different performance measures.

These findings verify our initial conjecture that ... (from introduction)...
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r FBI RFBI EM
2 0.80  0.79 0.74
5 0.76  0.75 0.72
10 0.70  0.70 0.68
25 0.73  0.74 0.69
R? =0.1, T = 400

2 0.81 0.81 0.74
5 0.70  0.69 0.65
10 0.56 0.53 0.54
25 0.33 0.28 0.34
R?=0.1, T =600

2 0.98  0.98 0.97
5 0.97 0.97 0.94
10 0.95 0.95 0.90
25 0.91 0091 0.81
R? = 0.6, T = 400

2 0.99  0.99 0.98
5 0.97 0.97 0.95
10 0.96  0.96 0.92
25 0.90  0.90 0.79

R? =106, T = 600

Table 3.7: Results for the performance measure ms

Limitations and Further Study

The current study can be extended in many directions. Below we present a brief list of possible

extensions:

i.

ii.

Large sample behavior of the EM algorithm is already known. Once the asymptotic distribution
of FBI is derived, EM and FBI algorithms can be compared in terms of their large sample

properties under different r, R? and MR levels.

We derived the distribution function fis(z;7) in section 77 under certain simplifying assumptions
(equal factor variances, iid normality of loadings, orthogonality of factors and idiosyncratic errors
etc...). Among these assumptions, the most restricting one is the equal-variance assumption
which is highly unlikely to be satisfied in practice. Future study can extend the distribution

function fi5(x;r) with a more flexible and realistic factor variance structure.
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iii. Estimating r via using fi5/(z;7) or f,/(z;0,7) require the knowledge of r, and this creates a
vicious circle. Although there are ways to estimate r under these setting, they prove to be hard
to implement and costly. Future study can focus on alternative formulations that use easily

obtained sample observations and can break the vicious circle mentioned above.
3.6 Conclusion

In this chapter we discuss the relation between factor structure and imputation performance through
the medium of the correlation structure of the data set. To this end we first analyze the relation
between the factor and correlation structures, and show that increasing the number of factors in the
system leads to a decrease in the average absolute correlation (p),/) under both equal and unequal
factor variance cases. fi,| is an simple way to summarize the degree of comovement among series in a
data set. Since the imputation algorithms exploit the relation between missing and available series, a
decrease in p, due to increasing r adversely affects their performance.

In simulation experiments, we verify the above reasoning and quantify the effect of the changes
in 7 on p,, and the effect of i, on imputation performance under many different scenarios. We
show that FBI is on par with EM for high p, values, and significantly outperforms it for low pj,
values measured in a variety of dimensions (even under the unrealistic assumption that the series
follow a multivariate normal distribution). This indicates that FBI is more robust to higher r (lower
tp) values than EM. In summary, FBI should be preferred to EM for monotone missing data if it is

established that the data set under consideration admits a factor structure.
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3.7 Appendix 3.1: Probability Density Derivations for Equal Variance Case

3.7.1  Proof of Theorem 1: Probability Density of |0;;]

Let x represent some |d;;| obtained from the data set X. By (3.5), it is easy to see that x is a random
draw from [2g|/y /> 0 —1 22 where z4 ~ did N(0,02),q=1,...,r,and k is en element in {1,...,7}.

Using the distribution of z, we can write

p 2
Oz

where ¢, is a chi-square random variable with 1 degrees of freedom. Rearranging the above equation

we obtain

20 = 02cq (3.39)

Now consider
|2k |

22:1 23

Rearranging the expression above, we obtain

1
1
\/zg (le + gtk Z§>
1

1+ 02 Y cfotn
1

\/1—|—C7»_1/01

1
= (3.40)
IT+y

€Tr =

where ¢,_; is a chi-squared variable with (r — 1) degrees of freedom and y is a random variable with

F-distribution with parameters (r — 1) and 1. The density of y is given by

(T_l)(r—l)y(r—l)/2—l >
fy(y; r—1, 1) _ B((r—1)/2,1/2)[1+(r—1)y]"/? for y > 0 (341)

0 otherwise
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where B((r —1)/2,1/2) is the beta function with parameters (r — 1)/2 and 1/2. We can express y in
terms of x as follows:
2

1—2z
y(x):m

Given the above expression, we obtain the Jacobian of the transformation as

dy(z) -2

Tye = de  (r—1)z3

Then, the density of y is calculated as follows

fe(zsr) = fy(y(x);r —1,1) Ty
(r—1)r1) ( 1-a? )(H)/ 271 (g

(r—1)z2 (r—1)z3
- —x r/2
B((r—1)/2.1/2) 1+~ 1) (52 )]
( 1)(r 1)/2)+(3—r)/2— 1( 2)(r—3)/2$3—rm—3

B((r—1)/2,1/2) [1+ 1;;62]”2
B _2(1 _ x2)(r73)/2 -
B((r—1)/2,1/2) [%]"
B _2(1 _ )(1" 3)/2
- B((r—1)/2,1/2)

(3.42)

For y = 0 and y = 0o we obtain x = 1 and x = 0, respectively. Rearranging (3.42) and renaming the

distribution function of || as fi5/(.), for r > 1 we obtain

2(1_:02)(7‘73)/2

e e S T e T Y fOr T e 0, 1
fis|(z;7) = B((r—1)/2,1/2) [0,1]

(3.43)
0 otherwise

Note that variances of z, do not enter the density function of x. This shows that scaling the loading
variances by the same constant does not affect the distribution of |d|.

Moment generating function of |4| is found as follows

B oy 1 26“(1 _ x2)(r—3)/2
M) =B = [ B
_ VIROZDA2T (- 1) /2) T ((r — 2)/2,t) + L(r/2 — 1,t)
N B((r—1)/2,1/2)

dx

(3.44)

where J and L are Bessel function of first kind and modified Struve function, respectively.
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Mean and variance of |§| are obtained as follows

_ [t 2a(1— 2?32
5] —E(|5’) _/0 B((r—1>/271/2)dx
2

T - DB((r - 1)/2.1/2) (3.45)
- M (@ pe)?2(1 — 222
7l = 200 =) = /0 B((r— /212
r 2
_ 2" [D((r+1)/2)*0 — 2(r/2 4+ 1)I'(r/2)] 16

(r—1)B((r—1)/2,1/2)T'(r + 1II
3.7.2  Proof of Corollary 1: Probability Density of |psj|

For notational simplicity let = |p| and w = |4|. Then, the relation between |p| and || in (3.4) can

be rewritten as
(3.47)

where 0 < 0 < 1. Therefore the Jacobian of the transformation is given by

dw(z) 1
Jwz = =5
dx 0

Using the Jy,, and the distribution of |§|, we can obtain the distribution of |p| for a given 6 as

follows

fo(@) = fu(@)Jws
_ 21— (5)")0"
~ B((r—1)/2,1/2) 0
2(02 _ x2)(7‘—3)/203—7’
 B((r—1)/2,1/2)0
2(92 _ 1,2)(7“—3)/2
0 2B((r —1)/2,1/2)

(3.48)

For w = 0 and w = 1 we have x = 0 and = = 0, respectively. Rearranging and renaming (3.48),

we obtain the distribution of |p| for » > 1 as follows

2(92_1,2)&73)/2
T 2B((r=1)/2,1/2)

for x € [0, 6]

fip(z;0,7) = (3.49)

0 otherwise
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3.8 Appendix 3.2: Maximum Likelihood Estimation of r

Let Oyps = {z1,22,,2,} be an x 1 random sample vector of unique absolute deltas obtained from the
data set X. We assume that X has an equal-variance factor structure; therefore, ; has the probability

density function fis (x3;7),1=1,2,...,n described in Theorem 1. Then, the likelihood function of x is

given by
L(r|zy, x2,...,2,) = Hf|6\($z';7“)
(1 — a2)rB)2
}_[1 B 1213 (3:50)
Using (3.50), the log-likelihood function of x can be written as
_a2)(r8)/2
Zln ( (r—1)/2, 1/2))
= Z <ln(2) —In(B((r —1)/2,1/2)) + (r;?’)zn(l - x§)>
i=1
— nin(2) — nin(B((r — 1)/2,1/2)) + 3 3) 3 in(1 - 2?) (3.51)
i=1
Differentiating ¢(r|x) with respect to r, we obtain
M(rle) n '((r=1)/2) T'(r/2) . 1 o1 a2
o =T (T8 ~ T P02+ 2 in(1 )

:_g {w (T;) _¢(;>] +%Zln(1—x?) (3.52)

where T'(.) and ¢(.) are the gamma and digamma functions, respectively??. Equating (3.52) to 0, we

obtain the following implicit form for 7,,;., the maximum likelihood estimator of r:

v (”;l) 9 <7“mle - > Zzn (1—a? (3.53)

Using (3.53) one cannot obtain an explicit functional form 7, (d,bs), but the estimate 7 can still

be calculated numerically.

6B((T'*l)/ll/?) _ 9B((r—1)/2,1/2) 8[(r—1)/2]
or - o[(r—1)/2] or

, and used the following property of the beta function: aBa(a ) = [?/((;)) — ?/((;Lj_’f))} B(a,b)

2In differentiating the beta function we applied the chain rule

19B((r—1)/2,1/2)
2 0l(r-1)/2]
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. In

Note that the score function associated with the observation z; is given by S(r|z;) = %

our case, we can obtain the score function for z; from (3.52) as

Srie:) = 4 {ap (T S 1) " (;)] + Sin(1—a?)

The information matrix of the sample is given by I(r|das) = nvar(S(r|z;). In order to calculate

information matrix for the sample d,5; we need the following lemma.

Lemma 1. Let x; have the density function f5(xi,r). Then, the density function of y; = In(1 — z7)

s given by:

u(r—1)/2

Fi iz ) = { BOD/21/D0-en1/2)

fory € (—o0,0]

0 otherwise

Additionally, the variance of y; is given as follows

var(u) — @ (Tme =1\ _ ) (Tmie
) = [0 (P57 ) — o ()]

Using transformation y; = In(1 — :U?) and Lemma 1, the information matrix of d,ps is calculated as

I(r|daps) = n var (S(r|z;

)
— nvar @ [«,ﬁ (T_1> 2)] —i—;ln(l—x%))

2
:%var(lnl—x )

= Zvar (y:)
[¢<1> <7";1> e (;)} (3.54)

Using the above information the asymptotic variance of the maximum likelihood estimator of r is

~ 3

given by

. 1 _
avar (Fple) = El(r‘éabs) !

" O () 0 ()] .
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