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Identical-by-descent (IBD) segments carry important information on genetic relatedness be-

tween individuals and therefore are used widely for statistical inference in population genet-

ics. In this work, we focus on the inference of the genome-wide mutation rate using IBD

segments. The two primary methods for estimating the genome-wide mutation rate have

been counting de novo mutations in parent-offspring trios and comparing sequence data be-

tween closely related species. With parent-offspring trio analysis it is difficult to control for

genotype error, and resolution is limited because each trio provides information from only

two meioses. Inter-species comparison is difficult to calibrate due to uncertainty in the num-

ber of meioses separating species, and it can be biased by selection and by changing mutation

rates over time. Existing IBD-based methods are limited to highly inbred samples, or lack

robustness to genotype error and error in the estimated demographic history. In this work,

we propose mathematical models based on coalescent theory for an IBD-based method that

uses sharing of IBD segments among sets of three individuals to estimate the mutation rate

as well as the gene conversion rate. With the application to whole genome sequence data

from TOPMed Project, we obtain an estimate of 1.58 × 10−8 mutations per base pair per

meiosis based on European descendants and 1.52× 10−8 based on African descendants.
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Chapter 1

INTRODUCTION

1.1 Identity by descent

A haplotype is a sequence of genetic information on a chromosome that was inherited from

a single parent. Two individuals share a haplotype identical by descent if they inherited

the haplotype from a common ancestor. Recombination events during meiosis result in the

exchange of genetic material between paired homologous chromosomes and therefore break

down identity by descent (IBD) segments. As a result, more closely related individuals are

expected to share a longer segment identical by descent as compared to distantly related

individuals. Figure 1.1 demonstrates the inheritance of genetic material across two genera-

tions. The concept of IBD is defined relative to the founders in the given pedigree in this

example. Each child’s chromosome is a mixture of each parent’s two chromosome copies. If

we assume the mating happened between unrelated individuals, the full-siblings are expected

to share 1/2 their genome identical by descent, and the probability that alleles sampled at

random from each individual are IBD (i.e. the kinship coefficient) is 1/4. The first-cousins

are expected to share 1/8 of the genome identical by descent since the kinship coefficient

between their mothers is 1/4 and their fathers are unrelated. As we compare less closely

related individuals, we expect them to have shorter and fewer IBD segments. The length of

an IBD segment shared by two individuals inherited from a common ancestor m generations

in the past is exponentially distributed with mean 1/(2m) Morgans assuming recombinations

occur as a Poisson process [24].

The measure of IBD sharing with respect to the founders is well defined in given pedi-

grees that span a small number of generations. However, the fact of IBD does not depend on
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Figure 1.1: Illustration of identity by descent (IBD) segments with respect to

a pedigree. The chromosomes are shown in orange, blue, yellow, and green, representing

the genetic material inherited from the founders of this family. Each family member is

represented by a pair of chromosomes inherited from their two parents. The chromosomes

are colored to indicate DNA inherited from the same grandparent. Chromosomes of other

members who are not related to the founders are shown in grey. In this example, the first

cousins share an orange IBD segment through inheritance from their grandfather. They also

share an yellow IBD segment through inheritance from their grandmother.

whether pedigree relationships are known and IBD can be measured relative to the population

at some past time point, with the implication that remote genetic relatedness is ignored [52].

In the remainder of this thesis, we define IBD segments as a chromosomal region of a speci-

fied length that is transmitted without recombination from a common ancestor who lived at
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any time in the past. Despite the name, IBD segments need not be identical. Mutations and

gene conversion events in IBD segments may introduce mismatches between haplotypes that

are IBD during transmission from a common ancestor to the descendants. Although fewer

and shorter IBD segments can be found when analyzing distantly related individuals, if the

sample size is large, the total amount of IBD sharing in the sample can become significant as

there are
(
N
2

)
possible pairs of individuals to consider for a cohort of N unrelated individuals.

IBD segments can be inferred from single nucleotide polymorphism (SNP) array data

or sequence data. SNP array data has lower marker density and most of the markers are

common variants, whereas sequence data has higher marker density and most of the markers

are rare variants. Most of the statistical approaches for IBD detection fall into two cate-

gories: length threshold-based methods, and probabilistic based methods with or without

incorporating linkage disequilibrium (LD) [10]. GERMLINE [22] is a computationally effi-

cient length threshold-based approach using sliding windows with a dictionary of haplotypes

to discover short exact matches between individuals and then expand these matches to iden-

tify long, nearly identical segmental sharing. The program takes phased genotype data as

input and allows for haplotype phasing and genotype errors. PLINK [45] is a probabilistic

method that does not consider LD. The program takes thinned markers and implements

a hidden Markov model (HMM) with the IBD status being the hidden state, the overall

relatedness of samples providing information for the transition probabilities, and the IBD

status being estimated from the posterior probabilities. PLINK does not allow for genotype

errors. Beagle Refined IBD [5] makes use of the advantages of GERMLINE and extends the

probabilistic method to incorporate LD to improve accuracy and efficiency. Refined IBD first

implements the dictionary approach to identify shared haplotypes of a minimum length and

then evaluates the IBD probability of each candidate segment. Refined IBD uses estimated

haplotypes that are obtained within the software and it does not allow for genotype errors.

IBDseq [6] is a probabilistic based method designed for sequence data. The program uses

unphased genotypes and models genotype error, thus it is robust to genotype errors.
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Detection of short IBD segments (1-3 cM) has been challenging [38] due to various source

of errors. Haplotype phasing errors could break long IBD segments into short segments and

lead to underestimation of the length of IBD segments. Genotype errors will also break long

IBD segments if the detection method does not allow genotype errors [5]. Moreover, while a

large number of comparisons need to be made at each site, the base rate of true IBD segments

between pairs of unrelated individuals is low. Therefore, a substantial fraction reported short

IBD segments could be false positive errors [3]. Methods based on identity-by-state (IBS)

segments may overestimate short IBD segments since the number of IBS segments among

unrelated individuals may overwhelm the signal from the real IBD segments [38]. Thus the

accuracy of IBD detection methods for short segments is relatively low as compared to the

accuracy for longer segments [6]. Setting a large threshold on length of reported IBD seg-

ments could reduce the impact from these source of errors, however, long IBD segments can

only reflect recent population history rather than ancient history.

1.2 Mutation rate estimation

Mutation adds new genetic variation to populations. This genetic variation is crucial for evo-

lution, and it affects the amount of information available for many common genetic analyses

such as genotype imputation, estimation of relatedness, and estimation of ancestral origins.

Accurate estimation of the genome-wide mutation rate is important for inferring key demo-

graphic parameters such as the timing of population splits [47]. Genome-wide mutation rate

estimates are also helpful for understanding the evolution of mutation rate [34]. Despite its

importance, measuring mutation rates has been difficult. The direct approach to mutation

rate estimation involves sequencing nuclear families and counting de novo mutations in the

offspring. However, there are only a small number of de novo mutations per offspring (typ-

ically 40-120 genome-wide in humans) [27] and it is difficult to distinguish true mutations

from genotype errors and somatic mutations [49]. The choice of filters to remove variants
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with higher rates of genotype error, and the assessment of false positive and false negative

rates is somewhat arbitrary, which makes it possible for researchers to unintentionally choose

filters and methods for assessing error rates that produce an estimate of mutation rate that

is close to previously published estimates. Indeed, a recent review found that pedigree-based

estimates of mutation rate appear under-dispersed, suggesting a lack of independence across

studies [49].

An alternative approach to estimating mutation rates that is less susceptible to genotype

error and that uses mutation across large numbers of meiosis is based on the comparison

of the human genome with the genomes of closely related species, calibrated by the fos-

sil evidence for the dates of splits between species. The estimates from these inter-species

comparisons can be biased by selection, incorrect estimates of average generation length,

uncertainty in dating the fossil record, and changes in mutation rates over time. Genome-

wide mutation rate estimates from family-based studies are approximately half as high as

estimates from inter-species comparisons, suggesting that inter-species estimates are inflated

[47].

An alternative approach to mutation rate estimation uses identity by descent (IBD) seg-

ments. An IBD segment is a shared portion of a chromosome inherited intact (except for

small regions of gene conversion) by two individuals from a common ancestor. The inherited

segment will have an identical sequence of alleles in both individuals, except at positions

which have mutated since the common ancestor or that were affected by gene conversion.

The length of an IBD segment provides information on the number of meioses linking the

two haplotypes through their common ancestor, while mismatches in the haplotype sequences

provide information regarding the total number of mutations from those meioses. The use of

IBD segments to estimate mutation rates has the potential to combine the best features of

inter-species and parent-offspring comparisons. Large samples of distantly related individu-

als can be assayed, leading to assessment of mutations from a large number of meioses. Since
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IBD looks back thousands rather than millions of years, there is no danger of confounding the

mutation rate in modern humans with that in ancestral human groups and closely-related

species.

Recently, Palamara et al. proposed an IBD-based method for estimating mutation rates

from accurately phased whole-genome sequence data, such as that obtained from parent-

offspring trios [42]. Whereas ordinary trio-based analyses use only meioses within trios,

Palamara et al.’s approach uses meioses from IBD between pairs of trio offspring, and thus

it draws on many more meiosis than methods that count only de novo mutations. Palamara

et al.s method accounts for the effect of genotype error on mutation counts through a re-

gression of the apparent number of mutations in an IBD segment on the estimated time to

most common ancestor (TMRCA) of the IBD segment, since the rate of genotype errors is

not influenced by the TMRCA, but the number of mutations increases proportionally with

the TMRCA. However, genotype error can also affect other key aspects of IBD-based muta-

tion rate estimation in addition to mutation counts, such as the estimation of IBD segment

lengths and the estimation of the populations demographic history. The latter two aspects

are critical for estimating the TMRCAs of the IBD segments. Palamara et al.s study con-

sidered the effect of genotype error on mutation counts, but not its effect on mis-estimation

of IBD segment lengths or incorrectly inferred demographic history. In Section 3.3, we find

that Palamara et al.s method can give biased estimates of mutation rate, with the amount of

bias depending on the level of genotype error and whether the true or inferred demographic

history is used.

Another IBD-based approach uses heterozygous genotypes within segments of autozy-

gosity in individuals from populations with high parental relatedness [37, 12]. Advantages

of this method over a general IBD-based method is that it is easier to accurately infer long

segments of autozgyosity than short segments of IBD, and no estimation of demographic

history is needed because one needs only to estimate the degree of parental relatedness of
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each individual. A limitation is that it is only applicable to populations for which consan-

guineous marriages are common. Another approach that utilizes autozygosity rather than

between-individual IBD is based on comparing local heterozygosity with estimated TMRCAs

along the genome for the two haplotypes in an outbred individual[32]. This latter method

incorporates mutations resulting from meioses far back in human history, much further back

than IBD-based approaches, and thus requires a very high-resolution recombination map

for accurate estimation. Another disadvantage of this method is that it is computationally

demanding, and thus it can only be applied to a very small number of individuals, which

leads to low precision.

In this thesis, we focus on developing new models and methodologies for mutation rate

and gene conversion rate estimation using the IBD segments from population data. We

propose a likelihood-based method for estimating genome-wide average mutation rates from

sets of three individuals who share a single haplotype identical by descent. We count rare

variants shared by two of the three individuals. This avoids the use of singleton variants

which have higher genotype error rates [46, 25], and it requires that two genotype errors

are need to create any false apparent mutation. The third individual who is IBD with the

first two and does not carry the rare alleles provides information on the age of the mutations

through the length of IBD sharing between this individual and the other two. We incorporate

the distribution of the length of IBD segments, the probability of time to coalescence, the

mutation rate, and genotype error into a likelihood function which we maximize to estimate

the mutation rate. In the second chapter, we present the likelihood framework designed

for accurately phased sequence data without genotype errors or gene conversions, and with

ground truth IBD sharing and demographic history. In the third chapter, we address issues

with inferring IBD segments, inferring demographic history, and genotype errors. In the

fourth chapter, we provide two frameworks for joint estimation of mutation rate and gene

conversion rate, one based on regression and the other on likelihood. In the fifth chapter,

we generalize our method to unphased datasets with unknown demographic histories and
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we present analyses of datasets from the Trans-Omics for Precision Medicine (TOPMed)

program [50].
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Chapter 2

MUTATION RATE INFERENCE WITH
IDENTITY-BY-DESCENT SEGMENTS

2.1 Coalescence probabilities for three haplotypes

Our calculation of the coalescence probabilities are based on the Wright-Fisher model of

reproduction [19, 58], which was developed in order to study and quantify genetic variation

due to demographic stochasticity. This simple model that describes the population’s ge-

nealogical relationship among genes, and a number of idealized and simplifying assumptions

of this model [26]:

1. Discrete and non-overlapping generations. Reproduction and death are simultaneous

and synchronous among all individuals.

2. Haploid individuals. It is common to assume a haploid population of size 2N for a

diploid population of size N .

3. Constant population size. The number of individuals stays the same over time.

4. Equal fitness. All individuals are equally likely to survive and reproduce.

5. No population structure. Individuals are equally likely to be the offspring from any

individuals in the previous generation.

6. No recombination. The entire genetic material is passed from parents to offspring.

Figure 2.1 demonstrates the reproduction process for ten generations under the Wright-

Fisher model with ten haplotypes. Although this model is highly idealized, it allows us to
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translate the physical model to an elegant mathematical framework while keeping important

aspects of biological realism.

Present

Past

Figure 2.1: The Wright-Fisher model with ten haplotypes. The haploid Wright-

Fisher model with ten haplotypes applied for ten generations. The bold line represents

the genealogy of two randomly sampled haplotypes (black). The common ancestors of the

sampled haplotypes are labeled in red and yellow while the red haplotype represents the

most recent common ancestor of the sampled haplotypes.

For a haploid population with size N , the probability that two randomly chosen haplo-

types share the same ancestor in the previous generation is 1/N , since for a given individual

i in the previous generation, the probability that individual i is chosen by A and B simulta-
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neously as parent is 1/N2 and there are N individuals in the previous generation to choose

from. Thus, the probability that two present-day haplotypes coalesce at generation g, given

that they haven’t coalesced more recently, is the probability that they both are assigned the

same ancestor out of the N ancestral haplotypes existing in generation g. This probability is

1/N. And the probability of no coalescences in generations 1 to g−1 is (1−1/N)g−1. There-

fore, the probability that two present-day haplotypes coalesce at generation g is (1− 1
N

)g−1 1
N

.

This calculation can be extended to the coalescence for three haplotypes without assuming

that the population size is constant over time. In a coalescent tree for three haplotypes

(Figure 2.2), there are two coalescence events: the first coalescence, between haplotypes A

and B, occurred g1 generations before present, and the second coalescence, between C and the

common ancestor of A and B, occurred g1+g2 generations ago. We write N [g] for the haploid

effective size g1 generations in the past. The probability that two present-day haplotypes

coalesce at generation g, given that they haven’t coalesced more recently, is the probability

that they both are assigned the same ancestor out of the N [g] ancestral haplotypes existing

in generation g. This probability is 1/N [g]. Thus the probability that the two haplotype

don’t coalesce is 1 − 1/N [g] . Similarly, the probability that no pair of haplotypes among

three present day haplotypes coalesce at generation g, given that none of these haplotypes

have coalesced more recently, is the product of the probability that the second haplotype is

assigned an ancestor that is different from the first haplotypes ancestor, and the probability

that the third haplotype is assigned an ancestor that is different from the other two ancestors,

which is (1− 1/(N [g])(1− 2/N [g]). Thus the probability of no coalescence in generations 1

to g1 − 1 is

g1−1∏
g=1

(1− 1

N [g]
)(1− 2

N [g]
).

Using similar reasoning, the probability of a coalescence between a given pair of haplo-

types (A and B) but no coalescence with the third haplotype (C) at generation g1, given

no coalescence more recently, is (1 − 1/N [g1])(1/N [g1]). The probability of no coalescence
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between C and the common ancestor of A and B between generations (g1+1) and (g1+g2−1)

is
∏g1+g2−1

g=g1+1 (1−1/N [g]). The probability of coalescence between C and the common ancestor

of A and B at generation (g1+g2), given that this coalescence has not occurred more recently,

is 1/N [g1 + g2]. Thus, the overall probability of this coalescent tree (which we refer to as

‘tree3’ since it is a tree for three haplotypes) is

P (tree3) = {
g1−1∏
g=1

(1− 1

N [g]
)(1− 2

N [g]
)} 1

N [g1]
(1− 1

N [g1]
){
g1+g2−1∏
g=g1+1

(1− 1

N [g]
)} 1

N [g1 + g2]
.

Figure 2.2: An example of the coalescent tree that links three haplotypes. In this

example, A, B, and C are the IBD haplotypes that form a set of three-way IBD. Haplotypes

A and B coalesce g1 generations before the present, while C and the common ancestor of A

and B coalesce g1 + g2 generations before the present. The true tree is unknown, and this

figure demonstrates one possible tree linking the three haplotypes.
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2.2 IBD sharing and time to most recent common ancestor

In the Wright Fisher model, the entire genetic material is passed from parents to offspring

under the assumption of no recombination, which makers the sampled haplotypes related

by a genealogical tree. However, this assumption needs to be relaxed when we analyze

chromosome-wide data which is subject to genetic recombination. During meiosis segments

of IBD are broken up by recombination. Therefore, the expected length of an IBD segment

depends on the number of generations since the most recent common ancestor at the locus

of the segment.

Let g be the number of generations to the most recent common ancestor of two haplotypes

at a given randomly-chosen genomic position. A genetic map is used to convert physical base

pair positions to genetic positions in Morgans (one Morgan equals one hundred centiMor-

gans). By definition, the recombination rate is 1 per Morgan per meiosis at any point in the

genome. We also assume that recombinations occur as a Poisson process [24]. If we look

on one side of the given position, the distribution for length of the IBD segment on that

side is Dg = min(L1, ..., L2g) where Li is exponentially distributed with rate 1 per Morgan

since any recombination occurring in either of the lineages would end the IBD segment and

the minimum length will determine the length of haplotype that remains intact. The Li

are independent since recombinations in different generations are independent. Therefore,

Dg is exponentially distributed with rate 2g per Morgan. If we look both upstream and

downstream from the chosen site, the distribution of the length of an IBD segment is the

sum of two independent exponential distribution each with rate 2g per Morgan; that is, the

length has a gamma distribution with shape 2 and rate 2g per Morgan. We next extend this

result to three-way IBD sharing.

When three haplotypes are jointly identical by descent at a given point in the genome,

the length of IBD sharing around that position can vary. We consider not only the three-way
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region over which all three haplotypes are identical by descent, but also the larger region over

which any two of the three haplotypes are identical by descent, because the pairwise IBD

segment lengths provide information about the coalescent tree (the ordering of the coales-

cence events and the coalescence times) in the three-way IBD region. For example, looking

to the left of the given position, haplotype C may cease to be IBD with haplotypes A and

B at some position, and then at some more distant position A and B also cease to be IBD

(Figure 2.3). In Figure 2.3, x1, x2, x3, x4 are the positions of changes in IBD status measured

in Morgans. In this example, the IBD segment shared by haplotypes A and B starts at x1

and ends at x3; the IBD segment shared by A and C starts at x2 and ends at x4; and x2

to x3 is the region shared jointly by A, B, and C. Then if the coalescent tree corresponding

to the segment of three-way IBD sharing is that shown in Figure 2.2, the length of the IBD

segment shared jointly by A, B, and C has a gamma distribution with shape 2 and rate

3g1 +2g2 per Morgan, because the total number of meioses in the coalescent tree is 3g1 +2g2,

and a recombination on any one of those meioses will end the joint IBD segment. When the

first recombination occurs to end the three-way IBD at the right end (at position x3), the

probability that B is lost rather than A or C is g1/(3g1 + 2g2), and in this case the length of

the pairwise IBD segment shared by A and C to the right of x3 is exponentially distributed

with rate 2g1 + 2g2 per Morgan. Similarly, when the first recombination occurs to end the

three-way IBD at the left end (at position x2), the probability that C is lost rather than A

or B is (g1 + 2g2)/(3g1 + 2g2), and in this case the length of the IBD segment shared by A

and B to the left of x2 is exponentially distributed with rate 2g1 per Morgan. In this way,

we can calculate the probability of the IBD lengths (which we refer to as ‘IBD3’ since they

summarize the three-way IBD sharing for three haplotypes) for any possible coalescent tree.

Let AB-C represent the coalescent tree in Figure 2.2, the other two possible coalescent

trees are AC-B and BC-A (Figure 2.4). In AC-B, the coalescence between haplotype A and

haplotype C occurred g1 generations ago and the coalescence between B and the common

ancestor of A and C occurred g1 + g2 generations ago. In BC-A, the coalescence between B
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Figure 2.3: An example of three-way IBD. This figure illustrates one possible IBD

sharing configuration among three haplotypes denoted A, B, and C. The IBD segment shared

by A and B starts at x1, ends at x3, and is colored black. The IBD segment shared by A

and C starts at x2, ends at x4, and is colored blue. The IBD segment shared by B and C

starts at x2, ends at x3, and is colored red. The gray region from x2 to x3 is the IBD region

shared jointly by A, B, and C.

and C occurred g1 generations ago and the coalescence between A and the common ancestor

of B and C occurred g1 + g2 generations ago. Let AB:AC represent the three-way IBD shar-

ing pattern shown in Figure 2.3, where the combination of two haplotypes before the colon

symbol shared an IBD segment starts from x1 and ends at x2 and the combination of two

haplotypes after the colon symbol shared an IBD segment starts from x3 and ends at x4.

Then there are nine possible three-way IBD sharing patterns in total (Figure 2.3, Figure 2.5).

Let positions x1, x2, x3, x4 be the changes in IBD status measured in Morgans as shown

in Figure 2.3 and Figure 2.5 and g1, g2 be the coalescent time measured in generations. Let

f1(x;λ) = λe−λx denote an exponential distribution and f2(x) = (3g1 + 2g2)
2xe−(3g1+2g2)x

denote the gamma distributions with shape parameter 2 and rate parameter 3g1+2g2. Then,
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(a) Coalescent tree: AC-B (b) Coalescent tree: BC-A

Figure 2.4: Other types of Coalescent trees. In (a), haplotypes A and C coalesce g1

generations before the present, while B and the common ancestor of A and C coalesce g1 +g2

generations before the present. In (b), haplotypes B and C coalesce g1 generations before

the present, while A and the common ancestor of B and C coalesce g1 +g2 generations before

the present.

for each of the three-way IBD sharing pattern, we can derive P (IBD3|tree3):

P (AB : AC | AB − C) = P (AB : BC | AB − C)

= P (AC : AB | AC −B) = P (AC : BC | AC −B)

= P (BC : AB | BC − A) = P (BC : AC | BC − A)

=
(g1 + 2g2)g1
(3g1 + 2g2)2

f2(x3 − x2)f1(x2 − x1; 2g1)f1(x4 − x3; 2g1 + 2g2)

P (AC : AB | AB − C) = P (BC : AB | AB − C)

= P (AB : AC | AC −B) = P (BC : AC | AC −B)

= P (AB : BC | BC − A) = P (AC : BC | BC − A)
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=
(g1 + 2g2)g1
(3g1 + 2g2)2

f2(x3 − x2)f1(x2 − x1; 2g1 + 2g2)f1(x4 − x3; 2g1)

P (AC : BC | AB − C) = P (BC : AC | AB − C)

= P (AB : BC | AC −B) = P (BC : AB | AC −B)

= P (AB : AC | BC − A) = P (AC : AB | BC − A)

= P (AC : AC | AB − C) = P (BC : BC | AB − C)

= P (AB : AB | AC −B) = P (BC : BC | AC −B)

= P (AB : AB | BC − A) = P (AC : AC | BC − A)

=
g21

(3g1 + 2g2)2
f2(x3 − x2)f1(x2 − x1; 2g1 + 2g2)f1(x4 − x3; 2g1 + 2g2)

P (AB : AB | AB − C) = P (AC : AC | AC −B) = P (BC : BC | BC − A)

=
(g1 + 2g2)

2

(3g1 + 2g2)2
f2(x3 − x2)f1(x2 − x1; 2g1)f1(x4 − x3; 2g1)

2.3 Probability distribution of mutation counts given the coalescent tree

Given a mutation rate µ per base pair per meiosis, and assuming the infinite sites model

[29], the number of mutations accumulated within a genome region of length l base pairs

over g meioses has a Poisson distribution with mean lgµ. If the coalescent tree is that shown

in Figure 1, in which haplotypes A and B coalesce first, before coalescing with C, with g2

being the number of meioses from the common ancestor of A and B to the common ancestor

of all three haplotypes, then the number of mutations shared by haplotypes A and B but

not C across a region of l base pairs within the three-way IBD sharing region is distributed

as Poisson(lg2µ). In contrast, considering two of three haplotypes that are not the first co-

alescing pair, such as haplotypes A and C for this coalescent tree, any apparent mutations

shared by these two haplotypes but not the third will be inconsistent with the coalescent tree
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(the probability of recurrent mutation is negligible, and is ignored under the infinite sites

model). Thus the number of such apparent mutations between any two haplotypes which do

not coalesce first is modeled as Poisson with rate zero.

For a given labelling of the three IBD haplotypes, let ‘mut3’ denote the vector (nAB, nAC , nBC)

containing the number of apparent mutations shared by haplotypes A and B but not C (nAB),

by haplotypes A and C but not B (nAC), and by haplotypes B and C but not A (nBC) across

the region in which all three haplotypes are IBD. An apparent mutation is an allele that

is shared by two of the three haplotypes, and has frequency less than the maximum allele

frequency threshold. The maximum allele frequency threshold is chosen to be large enough

so that all true mutations will be included in the counts, and is never set to a value above

0.5. Thus if two of the three haplotypes share the major allele this will not contribute to the

apparent mutation count.

Let Pµ(mut3|tree3, IBD3) denote the probability of the vector of apparent mutations

given the coalescent tree and the IBD endpoints if the mutation rate is µ. Note that after

conditioning on tree3 , the distribution of the number of mutations depends on the IBD

endpoints only through the base pair length l of the three-way IBD region on which the

apparent mutations are counted. Let AB-C, AC-B and BC-A represent the coalescent trees

shown in Figure 2.2 and Figure 2.4, then

Pµ(mut3|tree3 = (AB − C, g1, g2), IBD3) =
e−(lg2µ)(lg2µ)nAB

nAB!
I(nAC = 0)I(nBC = 0)

Pµ(mut3|tree3 = (AC −B, g1, g2), IBD3) =
e−(lg2µ)(lg2µ)nAC

nAC !
I(nAB = 0)I(nBC = 0)

Pµ(mut3|tree3 = (BC − A, g1, g2), IBD3) =
e−(lg2µ)(lg2µ)nBC

nBC !
I(nAB = 0)I(nAC = 0)



19

2.4 Mutation rate estimation with 3-way IBD

The sections above present the components needed to obtain the overall mutation-rate like-

lihood. Here we combine these components to give the overall likelihood for one set of

three-way IBD for three haplotypes around a given position in the genome. The data pro-

vide multiple such sets of three-way IBD, and we multiply the likelihoods for each such set.

Such sets of three IBD haplotypes are not fully independent, because IBD often occurs in

clusters of more than three haplotypes, and we analyze each subset of three haplotypes from

such a cluster. Thus the overall likelihood obtained by multiplication is a composite likeli-

hood.

For each set of three IBD haplotypes that we observe in the data, with IBD lengths

recorded in IBD3 and apparent mutation counts recorded in mut3, the likelihood of the

mutation rate given the data can be obtained using the law of total probability as

L(µ) = Pµ(IBD3,mut3)

=
∑
tree3

Pµ(IBD3,mut3, tree3)

=
∑
tree3

Pµ(mut3|tree3, IBD3)P (IBD3|tree3)P (tree3)

The sum over possible coalescent trees, tree3, includes an infinite number of possible

trees, however only those with low to moderate coalescent times are consistent with the long

IBD segments that we use. In practice we restrict the sum to positive integer coalescent

times g1 ≤ 300 and g2 ≤ 300, as these limits proved to be sufficient in our simulation studies

and data analyses, and we sum over the three possible orderings of the coalescent events.

With a large number of such sets of three IBD haplotypes, we can estimate the mutation
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rate with precision. We numerically maximize the composite likelihood by performing a grid

search. To reduce the computing time required for performing a grid search, we use adaptive

grids. We first obtain estimates for the mutation rate from a coarse search grid. We then

refine the estimates by applying a finer search grid to a targeted area based on the confidence

interval of the initial estimates. For example, we start a search grid for mutation rate on

interval [8.0 × 10−9, 1.8 × 10−8] with a step size of 1.0 × 10−9. If we obtain a confidence

interval of [1.2× 10−8,1.4× 10−8] with the coarse search grid, we further narrow the search

grid to interval [1.1×10−8, 1.5×10−8] and reduce the step size from 1.0×10−9 to 5.0×10−10.

We simultaneously adjust search grids for other parameters (as described in Section 4.2) in

a similar way. By repeating the above steps, we can reduce the step size to an ideal resolution.

We use bootstrap resampling to assess the precision of the estimated mutation rate. We

resample chromosomes (from the 22 autosomal chromosomes) with replacement and obtain

a maximum likelihood estimate from the sampled chromosomes in each bootstrap sample.

The 95% confidence interval is determined from the 2.5th and 97.5th percentiles of 10,000

bootstrap estimates.

2.4.1 Simulation with true IBD segments

We evaluated the performance of the proposed method on error free simulated data with true

IBD segments, known haplotype phase, known demographic history. We used ARGON [41],

a discrete-time Wright-Fisher process simulator, to simulate 2000 diploid individuals sam-

pled from a homogeneous population with constant effective population size of 10,000 diploid

individuals (the homogeneous model’). The simulated genome size was 30 chromosomes of

100Mb each, with a mutation rate of 1.30× 10−8 per base pair per meiosis, and a constant

recombination rate of 1.0× 10−8 per base pair per meiosis. In order to reduce the impact of

IBD detection errors for future real data analysis, we impose a 3cM minimum length thresh-

old on the pairwise IBD and use this threshold to analyze true IBD segments generated by
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ARGON. We then find overlapping IBD segments shared by sets of three individuals. In the

three-way IBD regions (e.g. region ABC from x2 to x3 in Figure 2.3) we should have IBD

between all three pairs of the three individuals (e.g. AB, AC, and BC in Figure 2.3) and the

endpoints are necessarily consistent between the three pairwise IBD segments (e.g. AC and

BC have the same reported left endpoint x2 in Figure 2.3). If one of the three IBD segments

was not reported (for example if we found AB and AC but not BC), we do not include the

three-way IBD segment in the analysis.

Under the homogeneous model with true IBD segments, true effective population size,

and true phase, we obtained a mutation rate estimates of 1.30 × 10−8 per base pair per

meiosis with a 95% confidence interval of [1.29× 10−8, 1.31× 10−8] (the simulated mutation

rate is 1.30× 10−8). The likelihood framework we proposed can provide accurate estimates

under the ideal scenario. However, elements of this ideal scenario including the availability

of the true IBD segments, known demographic history, perfect phasing quality, absence of

genotype errors, and absence of gene conversion are not applicable to real data, so we modify

our method to overcome these challenges in the following chapters.
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(a) Three-way IBD: AB:BC (b) Three-way IBD: AC:AB

(c) Three-way IBD: BC:AB (d) Three-way IBD: AC:AC

(e) Three-way IBD: BC:BC (f) Three-way IBD: AC:BC

(g) Three-way IBD: BC:AC (h) Three-way IBD: AB:AB

Figure 2.5: Patterns of three-way IBD. The three-way IBD pattern is coded as W:Z

which represents the IBD segment shared by pair W starts at x1, ends at x3; the IBD segment

shared by pair Z starts at x2, ends at x4. The gray region from x2 to x3 is the IBD region

shared jointly by three haplotypes.
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Chapter 3

INFERENCE OF IBD SEGMENTS, AND ACCOUNTING FOR
GENOTYPE CALLING ERRORS AND UNKNOWN

DEMOGRAPHIC HISTORY

3.1 Apparent mutation counts

The identification of candidate germline mutations requires high-precision sequence data.

While genotype calling accuracy continues to improve with developments in sequencing

technology, genotype calling errors, particularly at sites of low minor allele frequency, are

inevitable due to imperfect sequencing technologies and limitations of current genotype call-

ing algorithms ([40, 44, 59]). For the pedigree-based mutation rate estimation approach, it

is difficult to quantify sources of uncertainty due to the choice of quality control filters to

reduce the impact of genotype error. Overly stringent filtering will depress the mutation rate

estimates [49].

Unlike pedigree-based mutation rate estimation, our method uses cross-family IBD to

identify mutations arising over a much larger number of meiosis. With the three-way IBD

setting in our approach, we count rare variants shared by two of the three individuals. This

avoids the use of singleton variants which have higher genotype error rates [46, 25], and it

requires that two genotype errors are need to create any false apparent mutation. Let p

be the frequency at which the derived allele is mis-called as ancestral allele, and q be the

frequency at which the ancestral allele is mis-called as derived. We assume that mis-calling

errors are independent of IBD status. In an IBD trio, the probability of calling a derived

allele in each of two IBD haplotypes includes the following components:

• Type 0: variants existing in the data set, but with zero true derived alleles on the
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IBD haplotypes. Two mis-calls of ancestral as derived allele in different haplotypes are

required to obtain two haplotypes in the trio carrying apparent derived. Probability

of double mis-call =
(
3
2

)
q2(1− q).

• Type 1: one true derived allele on one of three the IBD haplotypes. One mis-call of

ancestral as derived allele on one of the other individuals genotypes is needed to obtain

two individuals in the trio carrying the apparent derived. Probability of the mis-call

=
(
2
1

)
q(1− q)(1− p).

• Type 2: two true derived alleles on two of the three IBD haplotypes.

• Type 3: three true derived alleles on the IBD haplotypes. One mis-call of a derived

allele as ancestral is needed to create a false apparent mutation. Probability of the

mis-call =
(
3
1

)
p(1− p)2.

We investigated simulated data to determine the rates of such types in IBD trios. In one

chromosome of 2000 individuals with 100Mb of simulated data (homogeneous model in Sec-

tion 2.4.1, i.e. constant population size), we found around 760,000 IBD trios. We considered

variants with up to 150 copies in the sample. Each trio has 12685 type 0, 4.2 type 1, 1.3

type 2, and 78 type 3 positions on average. If p = q = 0.05% there will be an average of

0.0095 type 0 positions, 0.0042 of type 1, and 0.1175 type 3 with two observed (mis-called)

derived alleles. Thus under this scenario, of the observed positions in an IBD trio with two

called-derived alleles in two of the individuals, over 90% of them represent type 2.

We further reduce the impact of genotype errors through statistical modeling. As de-

scribed in Section 2.3, given the coalescent tree in Figure 2.2, the number of mutations shared

by haplotypes A and B but not C across a region of l base pairs within the three-way IBD

sharing region is distributed as Poisson(lg2µ). When the dataset contains genotype errors,

some apparent mutations in this region may actually be the result of genotype error. We

assume that the rate ε of errors of this type (i.e. a miscalled allele in a specific two of three
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haplotypes) is constant and does not depend on the coalescence times. Thus across a region

of l base pairs, the number of errors of this type is Poisson with rate lε. In consequence,

the number of apparent mutations shared by A and B but not C (real mutations and errors)

across the region is Poisson with rate l(g2µ + ε). In contrast, considering two of three hap-

lotypes that are not the first coalescing pair, such as haplotypes A and C for this coalescent

tree, any apparent mutations shared by these two haplotypes but not the third will be geno-

type errors rather than real mutations because they are inconsistent with the coalescent tree

(the probability of recurrent mutation is negligible, and is ignored under the infinite sites

model). Thus the number of such apparent mutations between any two haplotypes which do

not coalesce first is modeled as Poisson with rate lε and the probability distribution of mu-

tation counts given the coalescent tree becomes the following and we numerically maximize

the composite likelihood with respect to both µ and ε (Figure 3.1).

Pµ,ε(mut3|tree3 = (AB − C, g1, g2), IBD3) =
e−(lg2µ)(lg2µ)nAB

nAB!

e−lε(lε)nAC

nAC !

e−lε(lε)nBC

nBC !

Pµ,ε(mut3|tree3 = (AC −B, g1, g2), IBD3) =
e−(lg2µ)(lg2µ)nAC

nAC !

e−lε(lε)nAB

nAB!

e−lε(lε)nBC

nBC !

Pµ,ε(mut3|tree3 = (BC − A, g1, g2), IBD3) =
e−(lg2µ)(lg2µ)nBC

nBC !

e−lε(lε)nAB

nAB!

e−lε(lε)nAC

nAC !

We also investigated the impact on our method of false negative errors, in which copies

of the minor allele are mis-called as the major allele. Variants with lower allele frequency are

more susceptible to false negative error and these rare variants are usually carried by long

IBD segments since they generally arose recently. Hence three-way IBD that involves very

long pairwise IBD segments has the most potential to be affected by false negative error. To

control the downward bias caused by false negative error, we thus restricted the analysis to

IBD segments with length below some threshold. Reducing the maximum length threshold

reduces the number of IBD segments that can be used, thus increasing the variance of the

estimation. The maximum length threshold is determined from simulation studies so that
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Figure 3.1: An example of the likelihood contour for the mutation rate. Data

were simulated under the super-exponential model with errors simulated using the unbiased

genotype error scheme (described in Methods). The simulated mutation rate is 1.30× 10−8

per base pair per meiosis, and the error rate is 0.02%. The sample size is 2000 individuals.

The likelihood is a function of two parameters: the mutation rate, and an error parameter

which is used to control for false apparent mutations cause by genotyping errors. The error

parameter is less than the genotype error rate because many genotype errors are removed by

the requirement that two of the three IBD haplotypes carry the allele. We use an adaptive

search grid to find the values of the parameters that maximize the likelihood.
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it provides good control of potential downward bias due to false negative errors while not

overly increasing the variance of estimation.

3.2 IBD detection in sequence data

We used Refined IBD [5] in BEAGLE version 4.1 to detect pairwise IBD segments from

phased genotypes using only diallelic SNPs with minor allele frequency 10% or higher, with

a minimum LOD score threshold of 3 and a minimum length threshold of 1 cM. The minor

allele frequency threshold reduces computation time compared to using more variants, and

ensures that recent mutations that could contribute to the mutation rate estimation are not

used in the IBD detection. We used a minimum length threshold of 1 cM because most IBD

segments with a LOD score of 3 or higher have length greater than 1 cM, and because using

a smaller threshold would increase computation time. Refined IBD uses a haplotype-based

method to detect IBD segments. Consequently, genotype errors and haplotype phase errors

can result in gaps in the estimated IBD segments and underestimation of the length of IBD

segments. We filled gaps between two detected IBD segments for the same pair of haplotypes

when the gap between the IBD segments had a length less than 0.5 cM and the gap contained

at most two positions at which the genotypes for the two individuals were inconsistent with

IBD (Figure 3.2). The choice of parameters for gap-filling is based on sensitivity analysis of

simulated data. This gap-filling step has been shown to make IBD length estimation robust

to genotype errors [7]. After the gap-filling step, we impose a 3 cM minimum length thresh-

old on the pairwise IBD segments. We then find overlapping IBD segments shared by sets

of three individuals. In the three-way IBD regions (e.g. region ABC from x2 to x3 in Figure

2.3) we should have detected IBD between all three pairs of the three individuals (e.g. AB,

AC and BC in Figure 2.3). If one of the three IBD segments was not detected (for example

if we found AB and AC but not BC), we do not include the three-way IBD segment in the

analysis. Because the detected IBD is based on haplotype identity-by-state, the endpoints

are necessarily consistent between the three pairwise IBD segments (e.g. AC and BC have
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the same reported left endpoint x2 in Figure 2.3).

Figure 3.2: An example of the gap-filling procedure. The three detected Refined

IBD segments for one pair of haplotypes are shown in (1) as ‘ab’, ‘cd’, and ‘ef’. If the gap

‘bc’, between the ‘ab’ and ‘cd’ segments has a maximum length of 0.5 cM and the maximum

number of genotypes in ‘bc’ that are inconsistent with IBD is 2, this gap will be filled, as

shown in (2). Similar rules are applied to the gap de between the ‘cd’ and ‘ef’ segments.

When counting possible mutations, we trim 0.5cM from each end of the region in which

we detect three-way IBD sharing. The reason for this trimming is that the observed identity

by state often extends somewhat beyond the true IBD region [42, 5]. The number of appar-

ent mutations is the number of rare variants shared by two of the three individuals in this

trimmed region. We then adjust the base pair length l, of shared region in the calculation

of Pµ,ε(mut3|tree3, IBD3) accordingly.

3.3 Demographic inference

While site frequency spectrum (SFS) based methods have been used extensively for demog-

raphy inference [39, 23, 21, 28, 33], SFS is not ideal for inferring recent demographic history.

SFS utilizes rare variants to infer recent population history, thus a large sample size is re-

quired. And the ascertainment of rare variants is subject to false positive and false negative

genotype errors which are difficult to account for [28]. Moreover, recent studies showed dis-
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tinct demographic models can result in strongly similar SFS [51].

Approximate methods for Ancestral recombination graph (ARG) inference can be used

to estimate effective population size, such as methods based on sequentially Markovian coa-

lescent (SMC) [36, 31, 48]. This class of methods utilize whole genome sequences from one

[31] or more diploid individuals [48] to infer local time to most recent ancestor (TMRCA),

which are informative of past demographic history. However, this type of method can only

be applied to a small number of individuals [48] due to computation complexity and thus

has limited power to recover recent demographic changes.

Methods like Doris [43] and IBDNe [11] exploit the relationship between the length distri-

bution of IBD segments, TMRCA, and effective population size to infer demographic history.

IBD based methods utilize long IBD segments and thus reflect recent demographic history

[11]. The parametric approach that Doris takes require a set of pre-specificied demographic

parameters [43], which makes it difficult to capture complex demographic histories. IBDNe is

based on a non-parametric approach and thus has the flexibility to infer complex population

histories [11]. Therefore, we choose to use IBDNe for demographic inference.

The input to the IBDNe program was the set of pairwise gap-filled IBD segments with a

minimum length of 2 cM. For the dataset including closely related individuals, we first iden-

tified pairs of closely related individuals as those with total length of detected IBD segments

exceeding 5% of the genome length, and we removed IBD segments corresponding to such

pairs from the IBDNe analysis.

3.4 Validation with simulated data

Other than the model with constant population size (described in Section 2.4.1 as homo-

geneous model), we simulated two other models, the ‘super-exponential’ model, and the
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‘admixture’ model. We added genotype errors at different rates to investigate the robustness

of our method to genotype errors. We estimated mutation rate with inferred IBD segments

and inferred demographic history. The demographic history of the simulated models are

shown in Figure 3.3 - Figure 3.5.

In the ‘admixture’ scenario, we simulated 400 admixed diploid individuals with non-

constant effective population size and population structure. The population size was 15,000

until 1000 generations ago, at which time a population split occurred, resulting in two sub-

populations with sizes of 10,000 and 5,000. The two subpopulations merged together (ad-

mixed) 20 generations ago and then grew at a rate of 1.44% per generation to a current size

of 20,000. By simulating a set of unadmixed individuals, we obtained a Weir and Cockerham

[55] weighted fixation index (Fst) estimate of 0.07. This Fst is greater than Fst estimates for

pairs of European populations, and smaller than Fst estimates for inter-continental pairs [18].

In the ‘super-exponential’ scenario, we simulated genome-wide data for 10,000 diploid in-

dividuals with a demographic model that matches the heterozygosity, magnitude of linkage

disequilibrium, and rate of IBD observed in the UK10K sequence data [6]. The demographic

model has an initial population size of 24,000 in the distant past, with an out-of-Africa re-

duction to 3,000 occurring 5,000 generations ago. The population begins to grow 1.4% per

generation 300 generations ago. The growth rate increases to 6% and 25% at 60 and 10

generations ago, respectively. The final effective population size is around 21 million.

We created two versions of the simulated data, each with a different type of genotype

error. The first type of genotype error includes both false positive errors (major allele mis-

called as minor) and false negative errors (minor allele mis-called as major). For diallelic

SNPs with minor allele frequency p, we give each allele a probability min(δ, 2p) of being

changed to the other allelic form (major to minor or vice versa), with the error rate δ taking

values of 0.01%, 0.05%, and 0.1% for the homogeneous and admixture models. As the com-
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putation time is high for the super-exponential model due to the large sample size, we only

added an error rate of 0.02% for this model. We refer to this first error scheme as ‘unbiased’

error because the rate of error doesn’t depend on whether the true allele is the major or

minor allele. For rare variants, most of the added errors under this scheme are false positive

errors, because there are relatively few minor alleles that could be changed to the major

allele. We also wanted to further investigate the effect of false negative error, which may be

more prevalent for rare variants. Thus we created a second set of data in which we added

only false negative error. For variants with m minor allele copies present in the dataset,

we give each copy probability 0.5m of being changed to the major allele. We refer to this

second error scheme as ‘false-negative’ error. For both types of genotype error, the errors are

added prior to IBD detection; therefore, the presence of genotype errors can affect IBD detec-

tion, subsequent inference of demographic history with IBDNe, and mutation ascertainment.

Under the super-exponential scenario with a genotype error rate of 0.02%, we obtained

a mutation rate estimate of 1.29 × 10−8 per base pair per meiosis with a 95% confidence

interval of [1.281× 10−8, 1.301× 10−8] (the simulated mutation rate is 1.30× 10−8). We also

obtained accurate estimates of mutation rate under the homogeneous and admixture simu-

lation scenarios (Figure 3.6). Accuracy is maintained even with the highest rate of genotype

error considered (0.1%), however at high rates of genotype error fewer segment of IBD are

detected and hence confidence intervals are wider.

We also applied IBDMUT, the pairwise IBD method of Palamara et al. [42], to the

dataset simulated under the super-exponential scenario. In the IBDMUT analysis, we used

IBD segments estimated by GERMLINE [22] with one or two allowed mismatching sites and

we used the same estimated demographic history as we used for our method, obtained using

IBDNe. Since IBDMUT requires more than 250 gigabytes of memory to process the full

simulated dataset, we analyzed a subset of 2000 individuals. We observe biased estimates

of mutation rate whether allowing for one or two mismatches, whether using the true or
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estimated demographic history, and whether or not the data include genotype errors (Figure

3.7). Up to 8% relative bias is observed.

To investigate the impact on our method of false negative errors, in which copies of

the minor allele are mis-called as the major allele, we added genotype errors according to

our false-negative genotype error scheme to the homogeneous simulated dataset. In this

setting, we found reducing the maximum length threshold to 6 cM provides good control of

potential downward bias due to false negative errors while not overly increasing the variance

of estimation (Figure 3.8).
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Figure 3.3: Demographic history of ‘homogeneous’ model. The simulated and

estimated recent effective population size for the ‘homogeneous’ model. Generations before

present are shown on the x-axis, and effective population size is shown on the y-axis. The

blue dashed line gives the truth, the red line gives the estimated size while the red region

gives the 95% bootstrap confidence intervals. The estimates of effective population size comes

from applying IBDNe on IBD segments reported from Refined IBD running on dataset with

0.01% genotype error.
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Figure 3.4: Demographic history of ‘admixture’ model. The simulated and estimated

recent effective population size for the ‘admixture’ model. Generations before present are

shown on the x-axis, and effective population size is shown on the y-axis. If there are two

populations in the past, the y-axis is showing the total effective population size. The blue

dashed line gives the truth, the red line gives the estimated size while the red region gives

the 95% bootstrap confidence intervals. The estimates of effective population size comes

from applying IBDNe on IBD segments reported from Refined IBD running on dataset with

0.01% genotype error.
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Figure 3.5: Demographic history of ‘super-exponential’ model. The simulated and

estimated recent effective population size for the ‘super-exponential’ model. Generations

before present are shown on the x-axis, and effective population size is shown on the y-axis.

The blue dashed line gives the truth, the red line gives the estimated size while the red

region gives the 95% bootstrap confidence intervals. The estimates of effective population

size comes from applying IBDNe on IBD segments reported from Refined IBD running on

dataset with 0.02% genotype error.
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Figure 3.6: Estimated mutation rates under different rates of genotype error. The

simulated mutation rate is 1.30×10−8 per base pair per meiosis and is indicated with the red

dotted line. Point estimates (shapes) and 95% confidence intervals (bars) are shown. The

maximum allele frequency threshold for the variants used for the mutation rate estimation

is 3.75%. Two different simulation models, the homogeneous model (blue squares) and the

admixed model (yellow circle) are assessed at error rates of 1× 10−4, 5× 10−4, and 1× 10−3.

Errors are simulated using the ‘unbiased’ genotype error scheme.
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Figure 3.7: Estimated mutation rates from IBDMUT. Data were simulated under the

‘super-exponential’ model with errors simulated using the ‘unbiased’ genotype error scheme.

The simulated mutation rate is 1.30×10−8 per base pair per meiosis and is indicated with the

red dotted line. The sample size is 2000 individuals. We used GERMLINE for IBD segment

detection with different values for the number of allowed mismatch sites. Genotype errors

were added before IBD detection and thus influence the accuracy of IBD inference. We show

results when using the inferred effective population size from IBDNe based on the Refined

IBD segments (left panel), and also show results when using the true effective population

size from the simulation model (right panel). Point estimates (dots and triangles) and 95%

confidence intervals (bars) are shown. Results from our method (METIBD3) on the same

data are shown for comparison.
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Figure 3.8: Estimated mutation rates under false negative genotype errors.

Data were simulated under the ‘homogeneous’ model with errors simulated using the ‘false-

negative’ genotype error scheme. The simulated mutation rate is 1.30 × 10−8 per base pair

per meiosis and is indicated with the red dotted line. We set different thresholds on the max-

imum length of IBD segments (x-axis) to control the impact of false negative errors. The

maximum allele frequency threshold for the variants used for the mutation rate estimation

is 3.75%. Point estimates (dots) and 95% confidence intervals (bars) are shown.
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Chapter 4

ACCOUNTING FOR NON-CROSSOVER GENE CONVERSION

4.1 Correction for gene conversion through regression

Gene conversion copies variants from one haplotype onto another. Gene conversion can cre-

ate the appearance of mutation events in the three-way IBD, because a gene conversion event

occurring between the common ancestor of the two most-recently coalescing haplotypes and

their common ancestor with the third haplotype may introduce a variant that is shared by

the two most-recently coalescing haplotypes but not by the third haplotype. The rate of

gene-conversion variants in a set of three IBD haplotypes is proportional to the number of

generations, g2, between the more recent coalescence time and the less recent coalescence

time (Figure 2.2), as is the number of mutation variants. In fact, gene conversions on other

branches of the coalescent tree for the three IBD haplotypes can also cause apparent mu-

tations, but as we discuss below in section 4.2, ignoring the gene conversions on the other

branches does not bias the mutation rate estimate.

A major difference between gene-conversion variants and mutation variants is that mu-

tation variants tend to be rare, while gene-conversion variants tend to be common. The

probability that an allele is changed via gene conversion is proportional to the heterozygos-

ity of the variant in the population, at the time of the gene conversion, because the recipient

allele is only changed if the donor allele (the ancestral individual’s other allele) is differ-

ent from it. Common variants have higher heterozygosity and hence are more likely to be

changed via gene conversion.

We thus use only the less common variants when counting mutations, applying a maxi-
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mum allele frequency filter. However, gene conversion affects low frequency variants to some

extent (albeit less than the effect on high frequency variants), and one cannot set the allele

frequency threshold too low or one risks removing some actual mutations. Hence we apply

a modified version of the regression adjustment developed by Palamara et al [42].

Consider an allele frequency threshold, f . Only alleles with frequency below this threshold

will be included in the apparent mutation counts. If f is sufficiently large, then all mutations

occurring on the branch from the most recent common ancestor of all three IBD haplotypes

to the most recent common ancestor of the two most recently related IBD haplotypes will

have frequency less than f and will be included in the mutation count. If the length of this

branch is g2 generations, then the expected number of such mutations contributing to the

overall mutation count across a region of length l basepairs is lg2µ as previously described.

During the g2 meioses occurring on this branch, the expected number of basepairs involved

in a gene conversion event is lg2θ, where θ is the rate of gene conversion initiation (per bp

per generation) multiplied by the mean gene conversion tract length (in bp). Let hf denote

the rate of heterozygosity (per bp), excluding variants with minor allele frequency greater

than f . The probability that a given base is changed and that the change is to an allele with

frequency less than f , conditional on the base being involved in a gene conversion event,

is the probability that the position was heterozygous in the individual in which the gene

conversion took place, and that the heterozygous genotype had the minor allele on the donor

haplotype, which is hf/2. Thus the expected contribution to the mutation rate count from

gene conversion is lg2θhf/2, the total expected mutation rate count is lg2(µ+θhf/2)+lε, and

the nominal mutation rate estimated by our method is µ∗f = µ+θhf/2. Thus if we apply the

method with different values of f (and corresponding different values of hf ), we can regress

the estimated nominal mutation rate estimates µ̂f against estimated frequency-bounded het-

erozygosity ĥf to obtain an estimate of the mutation rate µ in the intercept of the regression.

In the above, we implicitly assumed that the frequency-bounded heterozygosities, hf , are
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fixed across time and geography. Although this assumption may appear doubtful, in fact

autosomal heterozygosities are almost identical across populations in Europe [1], for exam-

ple, even including Finland which has experienced a recent population bottleneck. Thus,

for relatively homogeneous (single continental-level ancestry) populations, the assumption

of stable heterozyosities gives a reasonable approximation.

For a given allele frequency threshold f , the estimated heterozygosity is

ĥf =
∑
i

2pi(1− pi)1{pi<f}/L

where the sum is over all variants (indexed by i) in a genome of total length L basepairs.

The minor allele frequency of each such variant is pi and 1{pi<f} is the indicator function

which takes value 1 if the minor allele frequency is less than f and 0 otherwise. Here we

use the expected heterozygosity based on allele frequency and assuming Hardy-Weinberg

equilibrium, whereas we could instead use observed heterozygosity; we find that the two

approaches give almost equal estimates in the simulated data and real data analysis).

To perform the regression, we use only allele frequency thresholds that are large enough

to minimize the possibility of excluding some true mutations. We thus use frequency thresh-

olds between 0.1 and 0.5 in the regression (following Palamara et al. [42]). We choose to

use an upper bound of 0.5 to maximize the amount of data in the regression, and we use a

lower bound of 0.1 which is high enough to ensure that no true mutations are excluded, yet

not so high as to exclude much data from the regression. We also analyzed the data using

lower bounds of 0.05 and 0.2 to ensure that the results were robust to this choice. For each

frequency threshold, f , we estimate the mutation rate µ̂∗f , considering as potential mutations

only variants with frequency below the threshold. We estimate heterozygosity ĥf across all

variants in the data with frequency below the threshold. We then perform the regression,

with the y-axis (mutation rate) intercept providing a gene-conversion-adjusted estimate of

mutation rate.
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We used MaCS [15], a Markovian coalescent simulator, to simulate data with gene conver-

sion under a European-American demographic history. The European-American model uses

the demographic history that we inferred using IBDNe from samples in Framingham Heart

Study (Figure 4.1) for generations 1-300, with a population size of 24,000 prior to 5,000

generations ago and a reduction to 6,930 occurring 5,000 generations ago. We simulated

2000 diploid individuals under this scenario. The simulation included gene conversion, with

a gene-conversion initiation rate of 1.0×10−8 per base pair per meiosis and mean conversion

tract length of 100bp [20]. The simulated genome size was 30 chromosomes of 100 Mb each,

with a mutation rate of 1.30× 10−8 per base pair per meiosis, and a constant recombination

rate of 1.0× 10−8 per base pair per meiosis.

We find that the estimated mutation rate continues to increase with increasing maximum

frequency of the alleles included in the analysis (Figure 5), as expected under gene conver-

sion. In contrast, under the same simulation scenario but without gene conversion events, we

observe that the estimates of mutation rate remain the same for maximum allele frequencies

above 2.5%. To correct for the impact of gene conversion events, we performed a regression

on heterozygosity (Figure 4.2), and obtained a mutation rate estimate of 1.34×10−8 per base

pair per meiosis with a 95% confidence interval of [1.30 × 10−8, 1.38 × 10−8] (the simulated

mutation rate is 1.30× 10−8). When we adjusted the lower bound on the range of allele fre-

quency thresholds used in the regression(from 0.1) we obtained similar results: 1.33× 10−8

[1.30× 10−8, 1.37× 10−8] for a lower bound of 0.05 and 1.35× 10−8 [1.30× 10−8, 1.39× 10−8]

for a lower bound of 0.2.
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4.2 Incorporating a correction for gene conversion into the likelihood frame-
work

While the regression approach adjusts the effect of gene-conversion through post-processing

the maximum likelihood estimates of allele frequency bounded mutation rates, gene conver-

sion events could be modeled parametrically through the likelihood framework so that the

gene conversion rate can be estimated jointly with the mutation rate.

As described in Section 4.1, the regression adjustment considers apparent mutations due

to gene conversion events occurring between the common ancestor of the two most-recently

coalescing haplotypes and their common ancestor with the third haplotype. Thus the to-

tal expected apparent mutation count is lg2(µ + θhf/2) + lε when considering alleles with

frequency below threshold f . If f is sufficiently large, then all mutations occurring on the

branch from the most recent common ancestor of all three IBD haplotypes to the most recent

common ancestor of the two most recently related IBD haplotypes will be included in the

mutation count. For a sufficiently large f , both mutation events and gene conversion events

contribute to the apparent mutation counts, therefore, the number of apparent mutations

given the consistent coalescent tree can be modeled with a Poisson distribution with mean

lg2(µ+ θhf/2) + lε. Since mutation variants tend to be rare, when we count apparent muta-

tions using common alleles with frequency above threshold f , such apparent mutation counts

are expected to be contributions from gene conversion events only. Let h′f denote the rate

of heterozygosity (per bp) for variants with minor allele frequency above f , the number of

apparent mutations can be modeled with a Poisson distribution with mean lg2θh
′
f/2 + lε. In

consequence, the number of apparent mutations given a consistent coalescent tree is divided

into two bins defined by the allele frequency threshold f and modeled through two Possion

distributions with different rate. The distribution assumption on the number of apparent

mutations given inconsistent coalescent trees stays the same.
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Given the coalescent tree in Figure 2.2, we replace the vector ‘mut3’ (nAB,nAC , nBC)

by (nAB1 , nAB2 , nAC1 , nAC2 , nBC1 , nBC2) where nAB1 and nAB2 represent number of apparent

mutations share by A and B but not C in two disjoint bins defined by allele frequency below

and above threshold f (with the same indexing scheme holding for nAC and nBC). Write

w11 = lg2(µ+θhf/2)+ lε for the expected number of apparent mutations with frequency less

than f that are shared by haplotypes A and B, w12 = lg2θh
′
f/2 + lε for the expected number

of apparent mutations with frequency greater than f that are shared by haplotypes A and

B, w01 = lε for the expected number of apparent error variants with frequency less than f

that are shared by haplotypes A and C (or by haplotypes B and C), and w02 = lε for the

expected number of apparent error variants with frequency greater than f that are shared

by haplotypes A and C (or by haplotypes B and C). Let hw represent the probability mass

function of a Poisson distribution with mean w. Then

Pµ,θ,ε(mut3|tree3 = (AB − C, g1, g2), IBD3)

= hw11(nAB1)hw12(nAB2)hw01(nAC1)hw02(nAC2)hw01(nBC1)hw02(nBC2)

.

The likelihood construction above is analogous to the regression adjustment which only

considers gene conversion events occurring between the common ancestor of the two most-

recently coalescing haplotypes and their common ancestor with the third haplotype. How-

ever, gene conversion events occurring on other branches will also influence the apparent

mutation count and the error count.

All three haplotypes will carry the derived allele if the mutation event occurred before

the coalescence of the three haplotypes, and the derived allele is carried by their common

ancestor. In this case, a gene conversion event occurring between the common ancestor of

the three haplotypes and the haplotype that is not in the first coalescing pair may introduce

a variant that is shared by the two most-recently coalescing haplotypes but not by the third
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haplotype. The rate of such events is proportional to the length of this branch (g1 + g2 gen-

erations). Overall, the expected number of such gene conversion events contributing to the

apparent mutation count when using an allele frequency threshold of f is l(g1 + g2)θhf/2. In

this scenario, hf/2 represents the probability that the individual undergoing gene conversion

had a heterozygous genotype, with the major allele on the donor haplotype.

Similarly, a recent gene conversion event occurring between the most-recently coalescing

haplotypes and their common ancestor may introduce a variant shared by two of the three

haplotypes. In this case the two haplotypes sharing the variant include only one of the two

most-recently coalescing pair, along with the third haplotype. Such events will contribute

to the error count since the sharing of alleles is not consistent with the coalescent tree. The

rate of such events is proportional to the length of the branch from one of the most-recently

coalescing haplotypes to the common ancestor of the two most-recently coalescing haplotypes

(g1 generations). Overall, the expected number of such gene conversion events contributing

to the particular error count (for a given pair of haplotypes that includes only one haplo-

type from the most-recently coalescing pair) when using an allele frequency threshold f is

lg1θhf/2.

In consequence, the rates w11, w12, w01, and w02 need to be modified to calculate

Pµ,θ,ε(mut3|tree3 = (AB − C, g1, g2), IBD3) for the example of coalescent tree in Figure

2.2. Let w∗11, w
∗
12, w

∗
01, and w∗02 denote the modified rates of the Poisson distributions that

are used to model the counts of apparent mutations and errors. Due to gene conversion

events occurring between the common ancestor of all three haplotypes and haplotype C,

w∗11 = w11 + l(g1 + g2)θhf/2 and w∗12 = w12 + l(g1 + g2)θh
′
f/2. Due to gene conversion events

occurring between the common ancestor of A and B and haplotype A (or haplotype B),

w∗01 = w01 + lg1θhf/2 and w∗02 = w01 + lg1θh
′
f/2. If we re-arrange the parameters, we can

see that the terms involving µ are unchanged, which is why ignoring the extra gene conver-

sion events in the regression approach did not bias the estimation of µ. However, the terms
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involving θ are changed by a factor of two. Indeed, in our analysis of simulated data, the

regression-based estimates of θ were roughly double the true values. In addition, the terms

involving ε are increased when considering the extra gene conversion events. Thus, modeling

the extra gene conversion events could improve the precision in mutation rate estimation

and correct the bias in estimation of gene conversion rate.

w11 = lg2(µ+ θhf/2) + lε w∗11 = lg2(µ+ θhf ) + l(g1hf/2 + ε)

w12 = lg2θh
′
f/2 + lε w∗12 = lg2θhf + l(g1h

′
f/2 + ε)

w01 = lε w∗01 = l(g1hf/2 + ε)

w02 = lε w∗02 = l(g1h
′
f/2 + ε)

We compared the performance of the regression adjustment and the likelihood approach

on a simulated dataset. We simulated a dataset with a gene-conversion initiation rate of

2.0 × 108 per base pair per meiosis and mean conversion tract length of 300bp, which is

close to previously reported estimates of gene conversion rate using human data [56]. Other

parameters used for the simulation were kept same as described in Section 4.1. We used

hap-IBD [60] to detect pairwise IBD segments from genotypes with true phase using diallelic

SNPs with minor allele frequency higher than 0.1. For IBD detection with hap-IBD, we

set the minimum seed length to 0.5 cM, the minimum extension length to 0.1cM, and the

maximum number of base pairs between seed segments and extensions to be 5000.

For the regression adjustment, we used frequency thresholds between 0.1 and 0.5 as de-

scribed in Section 4.1 and we obtained a mutation rate estimate of 1.32× 10−8 per base pair

per meiosis (Figure 4.3) with a 95% confidence interval of [1.28 × 10−8, 1.35 × 10−8] (the

simulated mutation rate is 1.30 × 10−8). The estimated gene conversion rate is as twice as

high as the simulated gene conversion rate (the estimated gene conversion rate is 1.4× 10−5

per meiosis with 95% confidence interval of [1.36× 10−5, 1.48× 10−5] and the simulated gene
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conversion rate is 6.0×10−6). The bias in the estimates of gene conversion rate exists because

the regression adjustment only adjusts for apparent mutations due to gene conversion events

occurring between the common ancestor of the two most-recently coalescing haplotypes and

their common ancestor with the third haplotype, while apparent mutations due to gene con-

version events occurring on other branches are absorbed into the gene conversion term and

into the error count. Thus, the estimates for the error term are increasing with the allele

frequency thresholds (Figure 4.4).

For the likelihood calculation, we used a frequency threshold of 0.1, i.e. variants with

minor allele frequency less than or equal to 0.1 contribute to the estimation of both mutation

rate and gene conversion rate, and variants with minor allele frequency greater than 0.1 only

contribute to the estimation of gene conversion rate. We obtained a mutation rate estimate

of 1.31×10−8 per base pair per meiosis with a 95% confidence interval of [1.28×10−8, 1.33×

10−8]. Compared to the regression adjustment, the likelihood adjustment has the potential

to provide more precise estimates of mutation rate. The confidence interval we obtained

from the simulated dataset through likelihood adjustment is narrower than that from the

regression adjustment, however, replications of simulation studies need to be done to confirm

whether the likelihood adjustment is more precise than regression adjustment on average.

In our simulation, we found a downward bias in the estimates of gene conversion rate (the

estimated gene conversion rate is 5.0×10−6 with 95% confidence interval of [4.8×10−6, 5.0×

10−6], while the simulated gene conversion rate is 6.0×10−6). The IBD detection uses markers

with minor allele frequency greater than 0.1 and may fail to report some IBD segments in

which a gene conversion involving a high frequency variant occurred, which would lead to

bias in the estimates of the gene conversion rate. At present, estimation of the mutation

rate is of primary interest and the gene conversion rate is treated as a nuisance parameter.

Future improvements in IBD detection algorithms may provide more accurate IBD calling

and have the potential to correct the bias in gene conversion rate estimation.
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Figure 4.1: Demographic history of ‘European-American’ model. The simulated

and estimated recent effective population size for the ‘European-American’ model. Genera-

tions before present are shown on the x-axis, and effective population size is shown on the

y-axis. The blue dashed line gives the truth, the red line gives the estimated size while the

red region gives the 95% bootstrap confidence intervals. The estimates of effective popula-

tion size comes from applying IBDNe on IBD segments reported from Refined IBD running

on the dataset simulated with gene conversion.
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Figure 4.2: Estimated mutation rates in simulated data with gene conversion, as

a function of the average heterozygosity of included variants. Data were simulated

under the ‘European-American’ model with gene conversion. The blue dashed line is the

fitted regression line; the y-axis intercept of this line gives an overall estimate of mutation

rate that is adjusted for the effects of gene conversion. Points corresponding to maximum

allele frequency thresholds of 0.1-0.5 are included in the regression (filled points on the plot),

as lower thresholds may exclude some true mutations (open points on the plot). For each

maximum allele frequency threshold, the average heterozygosity was calculated (x-axis), and

the mutation rate estimate was obtained (y-axis). The simulated mutation rate is 1.30×10−8

and is shown with the horizontal red dashed line. The simulated gene conversion rate is

1.0× 10−6.
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Figure 4.3: Estimated mutation rates in simulated data with gene conversion, as

a function of the average heterozygosity of included variants. Data were simulated

under the ‘European-American’ model with gene conversion. The blue dashed line is the

fitted regression line; the y-axis intercept of this line gives an overall estimate of mutation

rate that is adjusted for the effects of gene conversion. Points corresponding to maximum

allele frequency thresholds of 0.1-0.5 are included in the regression. For each maximum allele

frequency threshold, the average heterozygosity was calculated (x-axis), and the mutation

rate estimate was obtained (y-axis). The simulated mutation rate is 1.30×10−8 and is shown

with the horizontal red dashed line. The simulated gene conversion rate is 6.0× 10−6.
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Figure 4.4: Estimated error rates in simulated data with gene conversion, as

a function of maximum allele frequency thresholds for regression. Data were

simulated under the ‘European-American’ model with gene conversion. Points corresponding

to maximum allele frequency thresholds of 0.1-0.5 are included in the regression. For each

maximum allele frequency threshold, the estimate of error rate was obtained (y-axis).
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Chapter 5

ANALYSIS OF TOPMED DATA

5.1 Analysis of Framingham Heart Study with regression adjustment

We analyzed the Framingham Heart Study data from the NHLBI TOPMed Project which

consists of high-coverage sequence data on 4166 samples with European ancestry (dbGap

accession phs000974.v2.p2). We restricted all our analyses to diallelic SNPs passing quality

control filters, and we used the Rutgers genetic map [35]. We identified 697 mother-father-

offspring trios from a given pedigree and performed trio-based phasing using BEAGLE ver-

sion 4.0 [4]. Trio-based phasing has high accuracy for both common and rare variants because

Mendelian inheritance constraints determine the haplotype phase in the parents and offspring

at most positions.

There were 1362 founder individuals from the 697 trios. By using trio parents rather than

offspring for the analysis, we double the sample size, and the phasing is well-determined ex-

cept at those small number of points of crossing-over in the meioses from trio parents to

trio offspring. We ran principal component analysis (PCA) on these founders. In order to

account for relatedness in the PCA, we removed 194 individuals who were closely related

to others in the sample (total length of detected IBD segments exceeding 40cM on chro-

mosome 22) when computing the principal components, and then determined PC scores of

the excluded samples by projecting them onto the principal component axes. We found two

distinct clusters on the second principal component (PC2>0.05 and PC2≤0.05; Figure 5.1),

and we inferred the demographic history of each cluster separately using IBDNe. We found

that the cluster with PC2>0.05 experienced a recent severe population bottleneck around 30

generations ago (Figure 5.2), which is consistent the demographic history of the Ashkenazi



53

Jewish population [14]. Although our method is robust to population structure (Figure 3.6),

we conservatively removed the 55 samples with PC2>0.05 from the mutation rate analysis.

We also present results without the exclusion.

Figure 5.1: The first two principal components for genetic data from 1362

founders in Framingham Heart Study. The dashed line indicates PC2=0.05, which

separates the two clusters of individuals.

Similar to the simulated data in Section 3.4, we used Refined IBD [5] in BEAGLE version

4.1 to detect pairwise IBD segments from the phased genotypes using only diallelic SNPs

with minor allele frequency 10% or higher. After filling short gaps between segments, we

removed segments with length less than 3 cM since the accuracy of IBD detection method

tends to be higher for longer IBD segments [6]. We also removed segments with length or



54

Figure 5.2: Estimated effective population size of two clusters of individuals from

the Framingham Heart Study. Generations before present are shown on the x-axis, and

estimated effective population size is shown on the y-axis. The solid line in black represents

the estimated size from samples with PC2 less than or equal to 0.05, and the estimates are

similar to the estimates based on all individuals from the Framingham Heart Study (Figure

5.3) . The solid line in red represents the estimated size from samples with PC2 greater than

0.05. The shaded region gives the 95% bootstrap confidence intervals.

larger than 6 cM as our simulation study showed that removal of segments larger than 6 cM

reduces the potential impact of false negative errors.

We used the whole dataset of 4166 samples for the effective population size estimation

on the Framingham Heart Study data, which is required to calculate the likelihood of the
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mutation rate. We identified 13211 pairs of closely related individuals as those with total

length of detected IBD segments exceeding 5% of the genome length, and we removed IBD

segments corresponding to such pairs from the IBDNe analysis. The estimated recent effec-

tive population size for the Framingham Heart Study data is shown in Figure 5.3.

We excluded regions with extremely high levels of IBD from the analyses. We find that

these regions are mainly in areas of the genome with low marker density, such as around

centromeres. In such regions, the IBD detection method tends to overestimate the IBD seg-

ment lengths, because identity by state extending beyond the end of the IBD segment may

cover a large genetic distance. To perform this exclusion, we calculated the level of three-

way IBD along the genome in windows of 500 base pairs, and removed any three-way IBD

that overlapped windows for which the three-way IBD level exceeded the 99th percentile.

Regions that were outside the limits of the genetic map were also removed from the analysis.

In addition, some regions of the genome did not contribute to the estimation because they

contained no three-way IBD. After removing all these regions, the remaining data covered

2.01 gigabases across the autosomes. Many of the excluded regions are near the centromeres

and telomeres due to poor data quality or low variant density in those areas (Figure 5.4).

We ran analyses with a range of maximum allele frequencies (Figure 5.5). The estimates

increase as the maximum allele frequency increases, as expected with gene conversion. We

thus applied regression on heterozygosity to correct for gene conversion. Our corrected esti-

mate is 1.29× 10−8 with 95% confidence interval [1.02× 10−8, 1.56× 10−8] (Figure 5.6). For

comparison, when we don’t exclude the individuals who were outliers (PC2>0.05) on the prin-

cipal components analysis, the estimate is 1.21×10−8 with 95% CI [1.00×10−8, 1.45×10−8].

When we apply the exclusions but change the lower bound on the maximum allele frequency,

the estimates are 1.24×10−8 [1.02×10−8, 1.46×10−8] for a lower bound of 0.05, and 1.36×10−8

[0.98× 10−8, 1.73× 10−8] for a lower bound of 0.2.
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We also applied IBDMUT [42] to these data. We used the same estimated demographic

history as for our method (Figure 5.3), and we used IBD segments estimated by GERMLINE

[22]. Regions with extremely high levels of pairwise IBD sharing were excluded from the

analysis. We removed any segments that overlapped regions in which the pairwise IBD level

exceeded the 99th percentile. We further removed segments with length less than 3 cM or

larger than 6 cM from the analysis. The mutation rate estimate was 1.31 × 10−8 with 95%

confidence interval [1.20× 10−8, 1.42× 10−8]. In this case, IBDMUT’s estimate is consistent

with our estimate, although our simulations show that this will not always be the case. IBD-

MUT has a narrower confidence interval because IBDMUT makes use of more meioses. Our

method only uses the meioses between the coalescence of the first two haplotypes and their

coalescence with the third haplotype in each set of three IBD haplotypes, while IBDMUT

uses all the meioses for each pair of IBD haplotypes, including more recent meioses.

5.2 Accounting for haplotype phasing uncertainty

With the pedigree information, we are able analyze the trio parents from the Framingham

Heart Study in which rare variants can be phased accurately. Without extending the mu-

tation counting process to account for phasing uncertainty, the application of our method

is limited since only small numbers of parent-offspring trios with whole genome sequence

data are available. In this section, we describe a modified mutation counting procedure that

accounts for the phasing uncertainty and is applicable to analysis of larger data sets of un-

related individuals to increase the precision of the estimates.

Statistical phasing algorithms on unrelated individuals are designed to find the most

likely haplotype configuration given genotypes and rely on haplotype frequency informa-

tion. A variant must be seen several times within its haplotype context to obtain high-

confidence phase information since accurate variant frequency and linkage disequilibrium

estimates are needed to obtain accurate phase through statistical phasing [9]. In contrast, in
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parent-offspring trio based phasing, phase only needs to be determined at a small number of

positions where all three individuals are heterozygotes due to Mendelian constraints. Incor-

porating these constraints into models such as Hidden Markov Models [4] can significantly

improve the phasing accuracy, thus trio based phasing has lower error rate than population

based phasing algorithms. In the absence of parent-offspring data, it is difficult to phase rare

variants computationally. Therefore, it is hard to tell whether the IBD haplotype of interest

carries the rare variant, and the phasing uncertainty for rare variants makes it difficult for

mutation ascertainment and could bias the mutation count.

For the common variants that can be phased accurately, we obtain apparent mutations

from the three haplotypes of interest as shown in Figure 5.7. For the rare variants that are

difficult to phase, we use the information on the unphased genotypes of the three individuals

instead of the three IBD haplotypes of interest to identify apparent mutations. Let A1,

B1, C1 denote the three IBD haplotypes of interest, and let A2, B2, C2 denote the other

haplotype of individuals A, B, C, respectively. These haplotypes are estimated based on

common variants which can be phased accurately. In the example shown in Figure 5.8, we

aim to find candidates for apparent mutations shared between haplotypes A1 and B1 but

not C1. Since we focus on rare variants, the possibility that the apparent mutation is also

carried by C2 is negligible, thus we do not consider positions where individual C carries the

rare variant. If individual A and B both carry two copies of the variant, it is certain that

the variant will be shared between the IBD haplotypes (A1 and B1). If individual A carries

two copies of the variant and individual B only carries one copy, the probability that the

variant is carried by B1 instead of B2 is high given the prior that A1 carries the rare variant

and it is IBD with B1; we thus include such a candidate as an apparent mutation. Similar

reasoning holds when individual B carries two copies of the variant and individual A only

carries one copy of the variant. For a scenario where individuals A and B each carry one

copy of the variant, further investigation needs to be done to confirm whether the variant is

shared between the two IBD haplotypes of interest.
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When the two individuals each carry one copy of the rare variant, we use other individuals

in the dataset to confirm whether the variant is shared between the IBD haplotypes of inter-

est. In the example shown in Figure 5.9, the first two dashed rectangles represent candidates

for apparent mutations subject to further investigation. For each such configuration, we use

phasing of the common variants to identify an extra individual D and one haplotype of this

individual (D1) that is IBD with A2 (or B2) but not IBD with A1 (or B1) at the position of

interest. In addition, the other haplotype of this individual (D2) should not be IBD with A1

(or B1). If individual D carries the rare variant of interest, we assume that the variant is not

shared between the IBD haplotypes of interest (A1 and B1) and exclude such a candidate

from the analysis. If there are multiple D individuals with haplotypes that are IBD with A2

(or B2) but not with A1 (or B1), we exclude such a candidate if any of the D individuals

carries the rare variant. To avoid the uncertainties at the ends of inferred IBD segments,

we trimmed 0.5 cM from each end of the IBD segments before identifying the haplotype D1.

If we can’t find any D individuals, we keep the candidate in the analysis, which may create

a false positive error in mutation counts. However, if the candidate is a false positive error

and not shared by A1 and B1, the number of such false positive errors does not depend on

g2 (Figure 2.2) and thus will be accounted by the error term (as described Section 4.2). In

Figure 5.9, the candidate in the red dashed rectangle is excluded from the analysis since

there is another individual, D, with a haplotype that is IBD with A2 and this individual D

also carries the rare variant. The second candidate (second dashed rectangle) is subject to

investigation and is included as an apparent mutation because there is no evidence that the

variant is carried by A2 or B2. With the adjustment on the mutation counting procedure

and the use of the error term that models false positives in mutation counts, we are able to

extend our method to account for phasing uncertainty of low frequency variants.

To evaluate the performance of the modified mutation counting scheme in the presence

of genotype error, we added 0.01% ‘unbiased’ genotype error (described in Section 3.3) to

the simulated data (described in Section 4.2). Figure 5.10 demonstrates our data processing
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pipeline. We first phase markers with minor allele frequency greater than or equal to 1% us-

ing Beagle version 5.1 [8]. Markers with minor allele frequency greater than 10% are used for

IBD detection with hap-IBD [60]. On the inferred IBD haplotypes, we perform our original

counting procedure on the statistically phased markers (markers with frequency greater than

1%). Markers with minor allele frequency greater than 10% will contribute to gene conversion

estimation, and markers with minor allele frequency between 1% and 10% will contribute to

both mutation and gene conversion estimation. Finally, we perform our modified counting

procedure on the unphased low frequency markers and they contribute to both mutation and

gene conversion estimation. When applying the modified counting procedure, we trim 0.5cM

from each end of the region on the extra individuals (i.e. D) in case the observed identity by

state extends beyond the true IBD region [42, 5] in IBD calling. In the simulated data with

mutation rate 1.3× 10−8, we obtained a mutation rate estimate of 1.29× 10−8 per base pair

per meiosis with a 95% confidence interval of [1.27 × 10−8, 1.32 × 10−8]. In contrast, when

ignoring the phasing uncertainty, we obtained a mutation rate estimate of 1.21 × 10−8 per

base pair per meiosis with a 95% confidence interval of [1.18× 10−8, 1.24× 10−8].

5.3 Analysis of TOPMed data

5.3.1 Framingham Heart Study

We analyzed the full Framingham Heart Study data (Section 5.1) with the modified approach

for mutation ascertainment. We restricted all our analyses to diallelic SNPs passing quality

control filters, and we performed statistical phasing using BEAGLE version 5.1 [8] on SNPs

with minor allele frequency 1% or higher. We used hap-IBD [60] to detect pairwise IBD

segments from the phased haplotypes using SNPs with minor allele frequency greater than

10%. For IBD detection with hap-IBD, we set the minimum seed length to 0.5 cM, the min-

imum extension length to 0.1cM, the maximum number of base pairs between seed segments

and extensions to be 5000, the minimum length threshold for reporting IBD segments to 1cM.
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After removing duplicated samples, one individual from each pair of monozygotic twins,

and offspring with at least one parent in the dataset (identified from the supplied pedigree),

there were 2506 individuals left in the dataset. We then performed mutation rate analysis

on these 2506 individuals.

When constructing three-way IBD sharing, we restricted the length of IBD segments to 3

cM to 6 cM in order to reduce the impact of genotype calling error and IBD detection error

(Section 5.1). Since IBD detection methods tend to overestimate the IBD segment lengths in

regions with low marker density (Section 5.1) we therefore excluded regions with extremely

high levels of IBD from the analyses. We first calculated the number of three-way IBD along

the genome in windows of 500 base pairs (i.e. three-way IBD coverage), and removed any

three-way IBD that overlapped windows for which the three-way IBD coverage exceeded

the 98th percentile of the genome-wide three-way IBD coverage (Appendix). Regions that

were outside the limits of the genetic map were also removed from the analysis. In addition,

some regions of the genome did not contribute to the estimation because they contained no

three-way IBD. After removing all these regions, the remaining data covered 2.67 gigabases

across the autosomes.

We applied the modified mutation ascertainment (Section 5.2) for variants with minor al-

lele frequency below 1%. Variants with minor allele frequency 1% or higher were statistically

phased and the original method for mutation ascertainment was used. Apparent mutation

counts from variants with minor allele frequency 10% or lower contribute to the estimation

of mutation rate and gene conversion rate, while apparent mutation counts from variants

with minor allele frequency above 10% only contribute to the estimation of gene conversion

rate.

Our estimated mutation rate is 1.58× 10−8 per base pair per generation with 95% confi-
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dence interval [1.44× 10−8, 1.74× 10−8] and the estimated gene conversion rate is 6.0× 10−6

per base pair per generation with 95% confidence interval [5.2 × 10−6, 6.8 × 10−6]. We also

performed a subgroup analysis based on PCA scores. We performed principal component

analysis on 4166 samples. We first removed 2498 samples who were closely related to other

samples in the dataset (total length of detected IBD segments exceeding 25% of the length of

whole genome) when computing the principal components, and then determined PC scores of

the excluded samples by projecting them onto the principal component axes. The clustering

of the PC scores (Figure 5.11) is similar to what we found in Figure 5.1. After removing 105

samples in the cluster that experienced a recent severe population bottleneck, we have 2401

samples left. From the 2401 samples, we obtained a mutation rate estimate of 1.62 × 10−8

per base pair per generation with 95% confidence interval [1.46× 10−8, 1.80× 10−8] and the

estimate for gene conversion rate remains unchanged.

5.3.2 Barbados Asthma Genetic Study and Jackson Heart Study

We also analyzed data from the Barbados Asthma Genetic Study (BAGS) and Jackson Heart

Study (JHS) from the TOPMed Project, in which most of the individuals are African descen-

dent. The BAGS data consists of 962 samples and the JHS data consists of 2777 samples.

We used the HapMap [18] genetic map instead of Rutgers genetic map [35] since the Rutgers

genetic map is based on data from European populations. After removing duplicated sam-

ples, one individual from each pair of monozygotic twins, and offspring with two parents in

the dataset (identified from the supplied pedigree), there were 738 and 2467 distantly related

individuals left in the BAGS and JHS dataset, respectively. Other data processing pipelines

are in concordance with the pipeline for analyzing data from the Framingham Heart Study.

We used the default settings of IBDNe[11] to infer the demographic history with IBD

segments of length 2 cM and above. We found a recent reduction in effective population

size approximately 10 generations ago (Figure 5.12, Figure5.13), which likely reflects the

bottleneck effect of migration from Africa.
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We removed some regions from the analysis based on the level of three-way IBD along the

genome as described in Section 5.3.1. After removing all these regions, the remaining BAGS

and JHS data covered 1.8 and 2.7 gigabases across the autosomes. The coverage in BAGS

dataset is low due to limited sample size, thus a smaller number of regions were covered with

three-way IBD. Regions included in the analysis can be found in Appendix.

Similar to the analysis of Framingham Heart Study data, we performed principal com-

ponent analysis to capture subgroups with significant different population structure. For

Barbados data (Figure 5.14), we first removed 561 (out of 962) samples who were closely

related to other samples in the dataset (total length of detected IBD segments exceeding 25%

of the length of whole genome) when computing the principal components, and then deter-

mined PC scores of the excluded samples by projecting them onto the principal component

axes. We identified 33 individuals with PC scores being outliers in the principal components

analysis (PC1<-0.15 or PC2<-0.15). These samples may have different ancestry composi-

tions or migration history comparing to other samples in the dataset. Since the number of

samples with PC scores being outliers is small, we didn’t exclude them from the analysis.

For Jackson Heart Study, we first removed 754 (out of 2777) samples who were closely

related to other samples in the dataset (total length of detected IBD segments exceeding

25% of the length of whole genome) when computing the principal components; we didn’t

identify any outliers in the principal component analysis.

Our estimated mutation rate from the Barbados dataset is 1.52 × 10−8 per base pair

per generation with 95% confidence interval [1.30 × 10−8, 1.86 × 10−8] and the estimated

gene conversion rate is 4.0× 10−6 per base pair per generation with 95% confidence interval

[3.0 × 10−6, 5.6 × 10−6]. From the Jackson Heart Study, our estimated mutation rate is

1.48×10−8 per base pair per generation with 95% confidence interval [1.40×10−8, 1.60×10−8]
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and the estimated gene conversion rate is 3.2 × 10−6 per base pair per generation with

95% confidence interval [2.8 × 10−6, 4.4 × 10−6]. The confidence interval for the estimates

from Barbados Asthma Genetic Study is wide due to the small sample size. We therefore

combined Barbados and Jackson Heart Study data by multiplying the likelihood together for

each combination of values in the search grid for mutation rate, gene conversion rate, and

the nuisance error parameter. The estimated mutation rate from the combined dataset is

1.52×10−8 per base pair per generation with 95% confidence interval [1.42×10−8, 1.60×10−8]

and the estimated gene conversion rate is 4.0× 10−6 per base pair per generation with 95%

confidence interval [2.8× 10−6, 4.4× 10−6] (Figure 5.15,5.16).
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Figure 5.3: Estimated recent effective population size for the Framingham sam-

ple. Generations before present are shown on the x-axis, and estimated effective population

size is shown on the y-axis. The black line gives the estimated size while the gray region

gives the 95% bootstrap confidence intervals. The reduction in estimated effective size ap-

proximately 10 generations ago likely reflects the bottleneck effect of European migration to

the US. A similar estimated bottleneck was seen in analysis of European-ancestry individuals

sampled from Memphis, Tennessee. [7].
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Figure 5.4: Examples of 3-way IBD coverage along the genome in trio-phased

Framingham samples. Levels of three-way IBD are shown in windows of 500 base pairs

for two representative chromosomes. Black bars represent regions with zero 3-way IBD

coverage after removing IBD segments of length greater than 6 cM. Blue bars represent

regions excluded from the analysis due to extremely high levels of apparent IBD sharing.

Orange bars represent regions not covered by the Rutgers recombination map.
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Figure 5.5: Estimated mutation rate from the trio-phased Framingham Heart

Study data as a function of maximum allowed allele frequency. Points estimates

(dots) and 95% confidence intervals (bars) corresponding to maximum allele frequency

thresholds of 0.1-0.5 are included in the regression (filled points on the plot), as lower thresh-

olds may exclude some true mutations (open points on the plot). For each maximum allele

frequency threshold, the mutation rate estimate was obtained (y-axis).
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Figure 5.6: Estimated mutation rates from the trio-phased Framingham Heart

Study data as a function of the average heterozygosity of included variants. The

dashed line represents the fitted regression line; the y-axis intercept of this line gives an

overall estimate of mutation rate that is adjusted for the effects of gene conversion. Points

corresponding to maximum allele frequency thresholds of 0.1-0.5 are included in the regres-

sion (filled points on the plot), as lower thresholds may exclude some true mutations (open

points on the plot). For each maximum allele frequency threshold, the average heterozygosity

was calculated (x-axis), and the mutation rate estimate was obtained (y-axis).
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Figure 5.7: Counting process of apparent mutations on accurately phased data.

Three IBD haplotypes, A1, B1, and C1, are labeled in blue and orange. In this example,

mutations shared by A1 and B1 but C1 are of interest. A2, B2, C2 represent the other

haplotypes of individuals A, B, and C respectively. Minor alleles are represented in ones and

major allele are represented in zeros. For accurately phased variants, we only use the inferred

phase on the IBD haplotypes of interest (A1, B1, and C1) to count apparent mutations. In

this example, positions in dashed rectangles demonstrate the apparent mutations share by

A1 and B1 but not C1.
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Figure 5.8: Counting process of apparent mutations on unphased data. The figure

on the top shows haplotypes. A1, B1, and C1, are labeled in blue and orange. A2, B2, C2

represent the other haplotypes of individuals A, B, and C respectively. In this example,

mutations shared by A1 and B1 but C1 are of interest. The IBD haplotypes are estimated

from phased common variants. The figure on the bottom shows the unphased genotypes

of rare variants for individuals A, B, C. Minor alleles are represented in ones and major

allele are represented in zeros. Positions in black dashed rectangles demonstrate the appar-

ent mutations we automatically include in the analysis. Positions in red dashed rectangles

demonstrate the candidates for apparent mutations that require further investigation.
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Figure 5.9: Modified counting process of apparent mutations on unphased data.

The figure on the top shows haplotypes. A1, B1, and C1, are labeled in blue and orange.

A2, B2, C2 represent the other haplotypes of individuals A, B, and C respectively. In this

example, mutations shared by A1 and B1 but C1 are of interest. The IBD haplotypes are

estimated from phased common variants. The figure on the bottom shows the unphased

genotypes of rare variants for individuals A, B, C. Minor alleles are represented in ones and

major allele are represented in zeros. D represents an individual with a haplotype D1 that

is IBD with A2 or B2 at positions of interest and it is pictured as a short gray segment.

Positions in black dashed rectangles demonstrate the apparent mutations we included in

the analysis. Positions in red dashed rectangles demonstrate the candidates for apparent

mutations that are excluded from analysis due to the carrier status of individual D.
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Figure 5.10: Data processing pipeline for unphased sequence data. Variants with

minor allele frequency below fr are kept unphased, other variants are phased with Beagle

5.1. Variants with minor allele frequency above fc (fc ≥ fr) are used for IBD detection. We

use our modified mutation counting procedure on the unphased variants and our original

counting procedure on variants that were phased statistically. For simulated and real data

analysis, we use fr = 0.01 and fc = 0.1.
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Figure 5.11: The first two principal components for genetic data and estimated

effective population size from 4166 samples in Framingham Heart Study. The

first two principal components for genetic data from 4166 samples in Framingham Heart

Study is shown in the figure on the left. Two clusters of samples are formed based on values

of first two principal components and are colored in red and blue. The estimated effective

population size of two clusters is shown in the figure on the right. Generations before present

are shown on the x-axis, and estimated effective population size is shown on the y-axis. The

solid line in red represents the estimated size from samples in the red cluster on the left. The

solid line in blue represents the estimated size from samples in the blue cluster on the left.

The shaded region gives the 95% bootstrap confidence intervals.
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Figure 5.12: Estimated recent effective population size for samples from Barba-

dos Asthma Genetic Study. Generations before present are shown on the x-axis, and

estimated effective population size is shown on the y-axis. The black line gives the estimated

size while the gray region gives the 95% bootstrap confidence intervals. The reduction in

estimated effective size approximately 10 generations ago likely reflects the bottleneck effect

of African migration to Barbados.
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Figure 5.13: Estimated recent effective population size for samples from Jackson

Heart Study. Generations before present are shown on the x-axis, and estimated effective

population size is shown on the y-axis. The black line gives the estimated size while the gray

region gives the 95% bootstrap confidence intervals. The reduction in estimated effective size

approximately 10 generations ago likely reflects the bottleneck effect of African migration to

the United States.
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Figure 5.14: The first two principal components for genetic data in the Barbados

Asthma Genetic Study and the Jackson Heart Study. a) The first two principal

components for genetic data from 962 samples in the Barbados Asthma Genetic Study is

shown. b) The first two principal components for genetic data from 2777 samples in the

Jackson Heart Study are shown.
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Figure 5.15: Estimated mutation rate from TOPMed studies. Point estimates (dots)

and 95% confidence intervals (bars) corresponding to individuals from the Framingham Heart

Study, a subset of the Framingham Heart Study based on excluding individuals with PC

scores being outliers, the Barbados Asthma Genetic Study, the Jackson Heart Study, and

the combined Barbados Asthma Genetic Study and Jackson Heart Study.
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Figure 5.16: Estimated gene conversion rate from TOPMed studies. Point es-

timates (dots) and 95% confidence intervals (bars) corresponding to individuals from the

Framingham Heart Study, a subset individuals of the Framingham Heart Study based on

excluding individuals with PC scores being outliers, the Barbados Asthma Genetic Study,

the Jackson Heart Study, and the combined Barbados Asthma Genetic Study and Jackson

Heart Study.
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Chapter 6

CONCLUSIONS AND FUTURE WORK

We analyzed whole genome sequence data from the Framingham Heart Study, the Jack-

son Heart Study, and the Barbados Asthma Genetic Study in the TOPMed project. Our

analysis includes only single nucleotide substitutions; indels and other structural variants are

excluded from the analysis. The estimated mutation rate and gene conversion rate for three

studies are summarized in Figure 5.15, 5.16.

Our approach uses IBD segments detected with the Refined IBD or hap-IBD algorithm

applied to phased data from parent-offspring trios or unphased data. Unlike pedigree-based

mutation rate estimation, our method uses cross-family IBD to identify mutations arising

over a much larger number of meiosis. The difficulty of distinguishing genotype error from

true mutations is handled through statistical modelling, and is also reduced by requiring

that the variants be seen in at least two of three identical-by-descent individuals. While the

a priori rate of error for a very low frequency variant may be relatively high, evidence for a

long IBD segment shared by the two individuals carrying the variant greatly increases the

chance that the allele calls for that variant are accurate in those individuals.

When estimating mutation rate, the most serious type of genotype error is false positive

error in which a major allele is called as the minor allele. These errors significantly increase

the apparent mutation rate if not appropriately accounted for. Our method has strong con-

trol of these false positive errors through our error rate modelling. In addition, false negative

errors, in which a minor allele is called as the major allele, can also have an effect, somewhat

reducing the apparent mutation rate. Genotype error rates are highest for rare and singleton
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variants because variant callers use databases of common SNPs to calibrate their results

[53]. With our method, singleton variants are ignored. Furthermore, the lowest frequency

non-singleton variants, such as variants with only two or three copies in a large data set,

are very recent, and have a relatively greater impact on mutation counts for the longest

IBD segments which represent very recent common ancestry. Thus we are able to signifi-

cantly reduce the impact of false negative errors by excluding the very longest IBD segments.

Another potential source of error is gene conversion, which inserts existing alleles from

one haplotype onto another haplotype. Such alleles can then differ between IBD haplotypes,

which mimics the signal of mutation. However, most of the alleles inserted due to gene

conversion are common alleles with high heterozygosity, while recent mutations are low in

frequency. With this property, we model the gene conversion events together with mutations

under the likelihood framework and separate apparent mutation counts due to gene conver-

sion events from apparent mutation counts due to true mutations.

Our estimates are higher than previous pedigree-based estimates of mutation rate that

range from 0.97× 10−8 to 1.36× 10−8 per base pair per meiosis [2, 12, 13, 16, 17, 27, 30, 46,

49, 57]. A major and difficult to quantify source of uncertainty in pedigree-based estimates is

the choice of quality control filters to reduce the impact of genotype error. Overly stringent

filtering will depress the mutation rate estimate [49]. In contrast, our method accounts for

genotype error by modelling it, allowing for much reduced dependence on filtering. Pedigree-

based methods are also affected by somatic mutation, unless three generations of individuals

are genotyped [49]. Our approach is robust to somatic mutations, because such mutations

will be carried by only one of the three IBD individuals that we consider, and thus will not

be counted.

Our mutation rate estimate from the Framingham Heart Study is consistent with es-

timates obtained from two other IBD-based methods: An estimate of 1.66 ± 0.04 × 10−8
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obtained by Palamara et al. with their pairwise-IBD-based method applied to data from

the Genome of the Netherlands study [42], and an estimate of 1.61 ± 0.26 × 10−8 (confi-

dence interval here given as estimate ±2× standard error, rather than estimate ± standard

error given in the original publication) based on segments of ancient autozygosity in eight

European and Asian individuals [32]. Our estimate of gene conversion rate from the Fram-

ingham Heart Study is consistent with estimates obtained from Palamara et al., which was

5.99± 0.69× 10−6, however, due to the downward bias we observed from simulation studies,

the true gene conversion rate might be higher than our estimate.

A major limitation for the pairwise-IBD-based method [42] is the dependency on ac-

curately phased rare variants, which restricts the applicability of the method to data that

include families. We extend the mutation counting procedure to account for the phasing un-

certainty so that the our approach is applicable to analysis for larger data sets of unrelated

individuals. In addition to the Framingham Heart Study, we obtained mutation and gene

conversion rate estimates using the Barbados Asthma Genetic Study and the Jackson Heart

Study, in which most of the individuals are of African descent.

We didn’t observe significant differences in mutation rate estimates comparing the Fram-

ingham Heart Study, the Barbados Asthma Genetic Study and the Jackson Heart Study

(Figure 5.15). Our estimate of gene conversion rate from the Framingham Heart Study data

is much higher than that from the Barbados or Jackson Heart Study data (Figure 5.16).

One possible explanation for this difference could be the degree of admixture: we observed

that the estimates of gene conversion rate tend to be decreasing as the degree of admixture

is increasing. Due to the observed bias in estimates of gene conversion rate in simulation

studies, we are not able to draw strong conclusions based on our results. However, this

interesting observation merits further investigation. Future improvements in IBD detection

algorithms may provide more accurate IBD calling and have the potential to correct the bias

in gene conversion rate estimation.
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Our method is based on mutations that occurred since common ancestors living at most

several hundred generations ago, which is more recent than continental-level population split

times. Thus, there is potential to distinguish differences in mutation rates between popu-

lations, which may be due to differing environmental exposures or average parental ages

[27, 37]. Future studies could also use the framework of three-way IBD sharing to obtain

mutation rate estimates for separate mutation classes and facilitate the study of context-

specific mutations. With larger sample sizes in future studies, there is also the potential to

obtain mutation rate estimates for particular genomic regions or other subsets of the genome,

in contrast to the genome-wide estimation that we performed here.
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quencing of 53,831 diverse genomes from the NHLBI TOPMed program. bioRxiv, 2019.

[51] Jonathan Terhorst and Yun S. Song. Fundamental limits on the accuracy of demographic
inference based on the sample frequency spectrum. Proceedings of the National Academy
of Sciences, 112(25):7677–7682, 2015.

[52] Elizabeth A Thompson. Identity by descent: variation in meiosis, across genomes, and
in populations. Genetics, 194(2):301–326, 06 2013.

[53] J. D. Wall, L. F. Tang, B. Zerbe, M. N. Kvale, P. Y. Kwok, C. Schaefer, and N. Risch.
Estimating genotype error rates from high-coverage next-generation sequence data.
Genome Res, 24(11):1734–9, 2014.

[54] Klaudia Walter, Josine L. Min, Jie Huang, Lucy Crooks, Yasin Memari, Shane Mc-
Carthy, John R. B. Perry, ChangJiang Xu, Marta Futema, Daniel Lawson, Valentina
Iotchkova, Stephan Schiffels, Audrey E. Hendricks, Petr Danecek, Rui Li, James Floyd,
Louise V. Wain, Inês Barroso, Steve E. Humphries, Matthew E. Hurles, Eleftheria
Zeggini, Jeffrey C. Barrett, Vincent Plagnol, J. Brent Richards, Celia M. T. Green-
wood, Nicholas J. Timpson, Richard Durbin, Nicole Soranzo, Senduran Bala, Peter
Clapham, Guy Coates, Tony Cox, Allan Daly, Yuanping Du, Sarah Edkins, Peter Ellis,
Paul Flicek, Xiaosen Guo, Xueqin Guo, Liren Huang, David K. Jackson, Chris Joyce,
Thomas Keane, Anja Kolb-Kokocinski, Cordelia Langford, Yingrui Li, Jieqin Liang,
Hong Lin, Ryan Liu, John Maslen, Dawn Muddyman, Michael A. Quail, Jim Stalker,
Jianping Sun, Jing Tian, Guangbiao Wang, Jun Wang, Yu Wang, Kim Wong, Pingbo
Zhang, Ewan Birney, Chris Boustred, Lu Chen, Gail Clement, Massimiliano Cocca,
George Davey Smith, Ian N. M. Day, Aaron Day-Williams, Thomas Down, Ian Dun-
ham, David M. Evans, Tom R. Gaunt, Matthias Geihs, Celia M. T. Greenwood, Deborah
Hart, Audrey E. Hendricks, Bryan Howie, Tim Hubbard, Pirro Hysi, Yalda Jamshidi,
Konrad J. Karczewski, John P. Kemp, Genevieve Lachance, Monkol Lek, Margarida
Lopes, Daniel G. MacArthur, Jonathan Marchini, Massimo Mangino, Iain Mathieson,
Sarah Metrustry, Josine L. Min, Alireza Moayyeri, Kate Northstone, Kalliope Panout-
sopoulou, Lavinia Paternoster, John R. B. Perry, Lydia Quaye, J. Brent Richards, Susan
Ring, Graham R. S. Ritchie, Hashem A. Shihab, So-Youn Shin, Kerrin S. Small, Maŕıa
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Appendix A

ANALYSIS OF TOPMED DATA

The appendix includes three figures and three tables on three-way IBD coverage along

the genome and regions excluded from the analysis for mutation rate in Framingham Heart

Study, Barbados Asthma Genetic Study and Jackson Heart Study.



92

0.0e+00 5.0e+07 1.0e+08 1.5e+08 2.0e+08 2.5e+08

0
10

00
30

00
chr1

co
ve

ra
ge

0.0e+00 5.0e+07 1.0e+08 1.5e+08 2.0e+08 2.5e+08

0
50

00
15

00
0

chr2

co
ve

ra
ge

0.0e+00 5.0e+07 1.0e+08 1.5e+08 2.0e+08

0
20

00
40

00

chr3

co
ve

ra
ge

0.0e+00 5.0e+07 1.0e+08 1.5e+08

0
50

0
15

00

chr4

co
ve

ra
ge

0.0e+00 5.0e+07 1.0e+08 1.5e+08

0
50

0
15

00

chr5

co
ve

ra
ge

0.0e+00 5.0e+07 1.0e+08 1.5e+08

0
40

00
10

00
0

chr6

co
ve

ra
ge

Position (bp)



93

0.0e+00 5.0e+07 1.0e+08 1.5e+08

0
10

00
25

00
chr7

co
ve

ra
ge

0.0e+00 5.0e+07 1.0e+08 1.5e+08

0
20

00
40

00

chr8

co
ve

ra
ge

0.0e+00 2.0e+07 4.0e+07 6.0e+07 8.0e+07 1.0e+08 1.2e+08 1.4e+08

0
50

0
15

00

chr9

co
ve

ra
ge

0.0e+00 2.0e+07 4.0e+07 6.0e+07 8.0e+07 1.0e+08 1.2e+08 1.4e+08

0
20

00
40

00

chr10

co
ve

ra
ge

0.0e+00 2.0e+07 4.0e+07 6.0e+07 8.0e+07 1.0e+08 1.2e+08 1.4e+08

0
40

00
10

00
0

chr11

co
ve

ra
ge

0.0e+00 2.0e+07 4.0e+07 6.0e+07 8.0e+07 1.0e+08 1.2e+08

0
20

00
50

00

chr12

co
ve

ra
ge

Position (bp)



94

2e+07 4e+07 6e+07 8e+07 1e+08

0
50

0
10

00
chr13

co
ve

ra
ge

2e+07 4e+07 6e+07 8e+07 1e+08

0
40

00
10

00
0

chr14

co
ve

ra
ge

4e+07 6e+07 8e+07 1e+08

0e
+

00
4e

+
06

8e
+

06

chr15

co
ve

ra
ge

0e+00 2e+07 4e+07 6e+07 8e+07

0
40

00
10

00
0

chr16

co
ve

ra
ge

0e+00 2e+07 4e+07 6e+07 8e+07

0
50

00
15

00
0 chr17

co
ve

ra
ge

0e+00 2e+07 4e+07 6e+07 8e+07

0
10

00
00

chr18

co
ve

ra
ge

Position (bp)



95

Figure A.1: Three-way IBD coverage along the genome in full Framingham Heart

Study data. The y-axis indicates number of three-way IBD along the genome in windows

of 500 base pairs. The blue dashed line represent the 98th percentile of genome wide three-

way IBD coverage. Regions with three-way IBD coverage exceeded the 98th percentile are

removed.
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chromosome from bp end bp

1 1000216 242284972

1 244358023 247403694

2 743486 132997809

2 142115598 242090274

3 672050 3434466

3 5038131 6967605

3 6994424 197128094

4 1251862 190372522

5 385813 179317412

6 367535 23911919

6 33543984 41798683

6 44100816 170036836

7 933249 158480466

8 964636 136967322

8 139424231 145114729

9 524467 140342606

10 346997 3038041

10 3959996 134562609

11 2219731 134037830

12 540246 11539767

12 13090146 20527186

12 23577720 132896219

13 20704721 22466545

13 22477191 99098728

13 99189475 114150139

chromosome from bp end bp

14 20981235 21559960

14 22212347 30064066

14 33361280 89745757

14 91324569 98084801

14 101683984 106782735

15 23428243 27168437

15 33739358 80728860

15 86809642 92394309

15 93842962 101858715

16 259887 15541238

16 23661557 88724445

17 967716 71918201

17 72024999 76281939

18 596583 7019995

18 8746074 55045003

18 55501032 77298110

19 1439442 7386613

19 7508595 8639706

19 10747254 58195905

20 337219 58147509

20 59616397 62245936

21 14960190 47280672

22 17163278 17688249

22 19148181 47293063

22 47305945 50493349

Table A.1: Regions included in mutation rate analysis in full Framingham Heart Study

data (build GRCh37)



97

0.0e+00 5.0e+07 1.0e+08 1.5e+08 2.0e+08 2.5e+08

0
40

00
00

12
00

00
0 chr1

co
ve

ra
ge

0.0e+00 5.0e+07 1.0e+08 1.5e+08 2.0e+08 2.5e+08

0
10

00
00

25
00

00

chr2

co
ve

ra
ge

0.0e+00 5.0e+07 1.0e+08 1.5e+08 2.0e+08

0
40

80

chr3

co
ve

ra
ge

0.0e+00 5.0e+07 1.0e+08 1.5e+08

0
10

0
20

0

chr4

co
ve

ra
ge

0.0e+00 5.0e+07 1.0e+08 1.5e+08

0
20

60
10

0

chr5

co
ve

ra
ge

0.0e+00 5.0e+07 1.0e+08 1.5e+08

0
40

0
80

0

chr6

co
ve

ra
ge

Position (bp)



98

0.0e+00 5.0e+07 1.0e+08 1.5e+08

0
40

0
80

0
12

00
chr7

co
ve

ra
ge

0.0e+00 2.0e+07 4.0e+07 6.0e+07 8.0e+07 1.0e+08 1.2e+08 1.4e+08

0
10

00
00

25
00

00

chr8

co
ve

ra
ge

0.0e+00 2.0e+07 4.0e+07 6.0e+07 8.0e+07 1.0e+08 1.2e+08 1.4e+08

0
40

80

chr9

co
ve

ra
ge

0.0e+00 2.0e+07 4.0e+07 6.0e+07 8.0e+07 1.0e+08 1.2e+08

0
10

00
0

chr10

co
ve

ra
ge

0.0e+00 2.0e+07 4.0e+07 6.0e+07 8.0e+07 1.0e+08 1.2e+08

0
50

10
0

15
0

chr11

co
ve

ra
ge

0.0e+00 2.0e+07 4.0e+07 6.0e+07 8.0e+07 1.0e+08 1.2e+08

0
20

40
60

80

chr12

co
ve

ra
ge

Position (bp)



99

2e+07 4e+07 6e+07 8e+07 1e+08

0
20

40
60

80
chr13

co
ve

ra
ge

2e+07 4e+07 6e+07 8e+07 1e+08

0
40

00
10

00
0

chr14

co
ve

ra
ge

2e+07 4e+07 6e+07 8e+07 1e+08

0
20

00
50

00

chr15

co
ve

ra
ge

0e+00 2e+07 4e+07 6e+07 8e+07

0
40

0
80

0

chr16

co
ve

ra
ge

0e+00 2e+07 4e+07 6e+07 8e+07

0
40

80
12

0

chr17

co
ve

ra
ge

0e+00 2e+07 4e+07 6e+07 8e+07

0
20

40
60

80

chr18

co
ve

ra
ge

Position (bp)



100

0e+00 1e+07 2e+07 3e+07 4e+07 5e+07

0
20

40
60

80
chr19

co
ve

ra
ge

0e+00 1e+07 2e+07 3e+07 4e+07 5e+07 6e+07

0
20

60

chr20

co
ve

ra
ge

1.5e+07 2.0e+07 2.5e+07 3.0e+07 3.5e+07 4.0e+07 4.5e+07

0
20

0
40

0
60

0

chr21

co
ve

ra
ge

1.5e+07 2.0e+07 2.5e+07 3.0e+07 3.5e+07 4.0e+07 4.5e+07 5.0e+07

0
40

0
80

0

chr22

co
ve

ra
ge

Position (bp)

Position (bp)

Figure A.2: Three-way IBD coverage along the genome in Barbados Asthma

Genetic Study. The y-axis indicates number of three-way IBD along the genome in windows

of 500 base pairs. The blue dashed line represent the 98th percentile of genome wide three-

way IBD coverage. Regions with three-way IBD coverage exceeded the 98th percentile are

removed.
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chromosome from bp end bp

1 980766 3848839

1 4307390 5297282

1 5601778 7109452
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1 208007256 209662678

1 210570712 215782719

1 217077567 229015998

1 234520592 235465280

1 236523538 239080290

1 239590931 241657320
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2 4354994 6274951

2 6513820 8064546

2 10966845 11778023
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2 43086239 46069917

2 47343929 65992037

2 72951735 75383338

2 75403125 77159538

2 77464119 82716512

2 85731615 98381450

2 104485126 105590306

2 114226520 120318761

2 120795049 122639599

2 126671075 129934905

2 132013250 138747132
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chromosome from bp end bp

2 140679666 144484218

2 148815277 157919513

2 158180635 163614802

2 165767975 169344116

2 173027697 182897295
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2 203976189 206857973
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2 234477979 235043935

2 239492182 241834279
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3 37688039 46616527

3 50180885 55700712
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3 64267233 66254657
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3 69298792 71669742

chromosome from bp end bp

3 73269976 81115122

3 81351214 89975063

3 96060114 107971504

3 108012593 114415253
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3 181717778 183004168

3 183470940 184752428

3 186735608 187576188

3 189232708 190114169

3 194878479 197577203

4 3381905 4751812

4 6910543 8577750

4 8627879 15941924

4 15967856 17240336
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chromosome from bp end bp

4 21836156 25067476

4 29126160 36297588

4 40311314 47480269

4 53794481 74393662

4 75322683 81723396

4 83084423 87595542
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chromosome from bp end bp

5 4139218 4983508
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8 131716025 133219382

8 133910541 138110077

8 138243248 139033993

8 139441708 142081232

8 142090827 143472774

9 857631 1792661
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9 4945551 7241273

9 7791716 9517160

9 13433615 14254708

9 19169683 27351579

9 28519572 32737617

9 33101694 38642943

9 65439440 72275978

9 74929147 76930776

9 79161437 81844015

9 86556435 89682601

9 90180287 92175406

9 97526897 106913549

9 107224734 107995897

9 109179057 112129308

9 113305763 114151508

9 116104469 117362492

9 122197643 129531774

9 129543479 134256649
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chromosome from bp end bp

9 135433556 137553043

10 1121860 3035117

10 3826763 4670914

10 5318785 6367631

10 9390896 12438785

10 12598940 14302465

10 19048647 20987000

10 21028025 24531923

10 29671847 33913184

10 55370790 62068010

10 62655053 71348219

10 77600362 91572161

10 96796968 104519297
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10 117662717 119459080
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10 126326533 127539605

10 128523430 129254707

10 131248183 133066372

11 1849997 7599536

11 7616849 10350732

11 15445157 18668851

11 19236261 25088304

11 26024106 35480841

chromosome from bp end bp

11 36261046 38009035

11 43988997 45899587

11 57416325 68229472

11 68396503 71400375

11 73251318 75843353

11 77125670 80418464

11 82560884 88886121

11 94033320 101477914

11 105623239 111437296

11 116173619 117231648

11 117949596 119870590

11 121393923 122747227
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11 128032650 128894445

11 129583039 130731190
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21 13828609 15590899

21 16041871 17454882

21 17760167 18957240

21 19683215 29839757

21 30381018 33854439

21 34907710 36223862

21 37881912 39656421

21 39973349 40812559
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chromosome from bp end bp

21 41963435 45426336

22 16785174 19645297

22 22005208 22938494

22 23471191 30562093

22 34743839 36524995

22 36630895 44529368

22 44594911 45261648

22 46116682 48149375

22 48589014 49265922

Table A.2: Regions included in from mutation rate analysis in Barbados Asthma Genetic

Study (build GRCh38)
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Figure A.3: Three-way IBD coverage along the genome in Jackson Heart Study.

The y-axis indicates number of three-way IBD along the genome in windows of 500 base

pairs. The blue dashed line represent the 98th percentile of genome wide three-way IBD

coverage. Regions with three-way IBD coverage exceeded the 98th percentile are removed.
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chromosome from bp end bp

1 871953 119503823

1 151846526 247983451

2 4306813 8097173

2 8653332 87734662

2 98978279 107782091

2 114065347 242793379

3 1092332 2053010

3 2158097 30567270

3 30913825 50108269

3 52032080 197305342

4 747288 7203561

4 7295484 190634032

5 721373 73556992

5 74223390 179565541

6 294621 170516802

7 482031 71239379

7 76376085 158171047

8 516419 2954843

8 2971087 10253922

8 13395872 144995423

9 445168 38642940

9 38678786 140445536

10 2099324 44957169

10 48241138 117830342

10 117953796 131729046

10 131840070 135054207

chromosome from bp end bp

11 633743 3681828

11 6564852 134659682

12 304900 128019941

12 128047582 132895713

13 19582308 113998593

14 20549740 104631765

15 25061735 30166305

15 33878310 54331540

15 54336200 97078724

15 97516190 102102761

16 590589 13891656

16 19984372 88860869

17 641897 80047905

18 350695 77360212

19 562331 58539252

20 348082 5734002

20 5866210 7080390

20 7487258 56944213

20 57378136 62598183

21 15194729 17311337

21 19089712 33285270

21 33537448 45136668

21 45710051 47013230

22 17361790 19687252

22 20991256 50611362

Table A.3: Regions included in from mutation rate analysis in Jackson Heart Study (build

GRCh37)
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Appendix B

SOFTWARE RESOURCES

Beagle 4.0: https://faculty.washington.edu/browning/beagle/b4_0.html

Beagle 4.1: https://faculty.washington.edu/browning/beagle/b4_1.html

Beagle 5.1: https://faculty.washington.edu/browning/beagle/beagle.html

Refined IBD: http://faculty.washington.edu/browning/refined-ibd.html

hap-IBD: https://github.com/browning-lab/hap-ibd

IBDNe: http://faculty.washington.edu/browning/ibdne.html

METIBD3: https://github.com/tianxiaowen/mutation_phased


