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We develop a systematic framework to study the dispersion surfaces of Schrödinger op-
erators H = −∆ + V, where the potential V ∈ C∞(Rn, R) is both periodic with respect
to a lattice Λ ⊂ Rn and respects its symmetries. Our analysis relies on an abstract result,
previously proven by Franz Rellich [Rel40] and which we prove using an alternative ap-
proach inspired by methods developed by Tosio Kato [Kat95]: if a self-adjoint operator
depends analytically on a parameter, then so do its eigenvalues and eigenprojectors in a
neighborhood of the real line. Using this and techniques from Floquet-Bloch theory and
representation theory, we prove a series of results that can be used to analyze the opera-
tor H where the lattice Λ is arbitrary. As an application of this framework, we describe
the generic structure of some singularities in the band spectrum of Schrödinger opera-
tors invariant under various two- and three-dimensional lattices. Specifically, we study
the square, hexagonal, rectangular, simple cubic, body-centered cubic, face-centered cu-
bic, and stacked hexagonal lattices, in the process reproducing results due to [Kel+18]
and [FW12], and also proving a conjecture of [GZZ22].
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NOTATION

• H = −∆ + V

• For z ∈ C, Hz = −∆ + zV

• Bε(z0) = {z ∈ C : |z − z0| < ε}

• Pε(z0) = Bε(z0) \ {z′ : ℜ(z′) = z0, I(z′) ≥ 0}

• For v1, . . . , vn ∈ Rn, Λ = ⊕n
j=1Zvj

• Λ∗ = ⊕n
j=1Zk j, where k1, . . . , kn satisfy k j · vℓ = 2πδjℓ

• Ω =
{

∑n
j=1 θjvj

∣∣∣ θj ∈ [0, 1], j = 1, . . . , n
}

• B =
{

k ∈ Rn
∣∣∣ : ||k|| ≤ ||k − k′|| ∀k′ ∈ Λ∗

}
• V(B) is the set of vertices of B

• For k ∈ Rn, L2
k = { f ∈ L2

loc(R
n) : f (x + v) = eik·v f (x) ∀v ∈ Λ}

• For k ∈ Rn and s ∈ N, Hs
k = { f ∈ L2

k : ∂α f ∈ L2
k ∀|α| ≤ s}

• S(Rn) = { f ∈ C∞(Rn) : ∀α, β ∈ Nn, supx∈Rn |xα∂β f (x)| < ∞}

• ⟨ f , g⟩L2
k
= 1

|Ω|
∫

Ω f (x)g(x)dx

• For m ∈ Zn and k1, . . . , kn ∈ Rn, mk := ∑n
j=1 mjk j

• For k ∈ Rn, [k] = {k′ ∈ k + Λ∗ : ||k′|| = ||k||}
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Chapter 1

INTRODUCTION

Analyzing the behavior of waves in periodic structures is a central theme in con-
densed matter physics, electromagnetism, and photonics. This includes, for instance, the
flow of electrons through a metal, i.e., electricity. In the context of quantum mechanics,
these waves solve the time-dependent Schrödinger equation

i∂tψ = (−∆ + V)ψ, where: (1.1)

• the potential V is periodic with respect to a lattice Λ;

• the function ψ is the wavefunction of the electron, so that |ψ(t, x)|2 is the density
of probability of finding the electron at position x, at time t.

Solutions of (1.1) can be written as superpositions of time-harmonic waves: functions of
the form e−iµtϕ(x), where ϕ and µ solve the time-independent Schrödinger equation

µϕ = (−∆ + V)ϕ. (1.2)

Since the potential V is periodic, the operator −∆ + V has absolutely continuous spec-
trum on L2 [RS04, Theorem XIII.100]. The corresponding generalized eigenstates are them-
selves superpositions over k ∈ Rn of Floquet-Bloch modes: solutions ϕ(x; k) to

(−∆ + V)ϕ(x; k) = µ(k)ϕ(x; k), x ∈ Rn, (1.3)

ϕ(x + v; k) = eik·vϕ(x; k), v ∈ Λ.

For each k ∈ Rn, the problem (1.3) has a discrete set of solutions µ(k), which corresponds
to the spectrum of −∆ + V on the space of quasiperiodic functions

L2
k =

{
f ∈ L2

loc(R
n, C) : f (x + v) = eik·v f (x), v ∈ Λ

}
.

The primary focus of this work will be on the eigenvalue problem (1.3), and specifi-
cally the maps k 7→ µ(k) – which are called dispersion surfaces – as their local properties
control the effective dynamics of wavepackets [AP05]. The set ∪kµ(k) will then be a
union of intervals of R, which is called the band spectrum of −∆ + V. Singularities in the
band spectrum (i.e., intersections of the dispersion surfaces) typically result in unusual
behavior of waves (see Section 2.4 for examples).
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The mathematical analysis of band spectrum singularities started with the seminal
work of Fefferman-Weinstein [FW12], who proved genericity of Dirac points (see Defi-
nition 1.1) in honeycomb lattices. This has sparked various mathematical investigations
of spectral degeneracies in other low-dimensional lattices, which all share a common
strategy. First, they prove results for small values of the perturbation parameters using
symmetry arguments. Second, they refer to [FW12] for details about extending their
results to generic values of z using an analyticity argument, although the setup of each
is technically different.

For instance, in two dimensions, [LWZ19; CW21] generalized the result of [FW12]
to photonic operators, [Kel+18] showed that Schrödinger operators invariant under the
Lieb lattice have quadratic degeneracies, and [CW24] studied the stability of these degen-
eracies and showed they split to tilted Dirac cones under parity-breaking perturbations.
In three dimensions, [GZZ22] showed that Schrödinger operators with small potentials,
periodic with respect to the body-centered cubic lattice and invariant under the octa-
hedral group, present a three-fold Weyl point – see Definition 1.1 and Figure 1.1. In
[GZZ22, §5.2], they conjectured that this extends to large potentials.

The general framework developed herein aims to exempt the above works from pro-
viding further details, by proving general results that can be applied regardless of the
lattice in question – see Theorem 1.2 and Section 4.4. To demonstrate applications of this
framework, we provide results on the band spectrum singularities of Schrödinger op-
erators invariant under the square, hexagonal, rectangular, simple cubic, body-centered
cubic, face-centered cubic, and stacked hexagonal lattices: Theorem 1.3. In so doing, we
prove the conjecture of [GZZ22] and also reproduce results due to [Kel+18] and [FW12].

1.1 Main Results

The primary goal of this work is the development of a unified framework for the generic
analysis of band spectrum singularities in lattice-invariant Schrödinger operators H =
−∆ + V. To find such singularities, our strategy will be to instead look at

Hz = −∆ + zV (1.4)

on L2
k for varying k ∈ Rn and z ∈ C. With this in mind, our first main result describes

the behavior of eigenvalues and eigenprojectors of general families of analytic operators.
More generally, this result applies to families of operators T(z) for z ∈ C that satisfy the
following two assumptions:

Assumption A1: H is a Hilbert space, D is a dense subspace of H, and T(z), z ∈ C is a family
of closed operators on H with domain D such that:

(i) T(z) is analytic in z: ∀ f ∈ D, g ∈ H, z 7→ ⟨T(z) f , g⟩ is an analytic function on C;
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(ii) For each z ∈ R, T(z) is self-adjoint and has discrete spectrum;

(iii) There exists C > 0 such that ||T′(z)|| ≤ C for all z ∈ C.

Assumption A2: µ : (a, b) → R is a continuous function on an open interval (a, b) ⊂ R, such
that for all z ∈ (a, b), µ(z) is an eigenvalue of T(z) of constant multiplicity m.

Our first main result is then:

Theorem 1.1. Let T(z) satisfy A1 and let µ : (a, b) → R satisfy A2. There exist a discrete set
D ⊂ R and an open connected neighborhood U ⊂ C of R \ D containing (a, b), such that µ

extends to an analytic function on U and:

• µ(z) is an eigenvalue of T(z) of multiplicity m for all z ∈ U;

• The eigenprojector π(z) associated to µ(z) is analytic in z ∈ U.

For transparency, after we proved the above theorem, it was brought to our attention
that a similar and admittedly stronger result was proven by Franz Rellich [Rel40] using
different methods from those presented herein. Specifically, Rellich showed that if T(z)
is a holomorphic family of operators of type A (as defined in [Kat95], and which includes
all families of operators satisfying A1) that is self-adjoint for z ∈ R and has compact
resolvent for some z0 ∈ C, then the eigenvalues and eigenvectors of T(z) can be chosen
to be analytic in a neighborhood of R. From this, it is not difficult to show that the
eigenvalues then have constant (algebraic) multiplicity away from a discrete set.

Inspired by this result, we use techniques developed by [Kat95] to give the following
stronger version of 1.1, which in particular shows that the eigenvalue µ and correspond-
ing eigenprojector π are in fact analytic at points z0 ∈ D ∩ R.

Theorem 1.2. Let T(z) satisfy A1 and let µ : (a, b) → R satisfy A2. There exists an open
connected neighborhood U ⊂ C of R containing (a, b) and a discrete set D ⊂ R, such that µ

extends to an analytic function on U and:

• µ(z) is an eigenvalue of T(z) for all z ∈ U and has multiplicity m for all z ∈ U \ D;

• The eigenprojector π(z) associated to µ(z) is analytic on U.

We then apply Theorems 1.1 and 1.2 to the analytic family Hz defined in (1.4). The
most interesting case consists of potentials V that are invariant under the symmetries
of the corresponding lattice (see Definition 4.2). This is because additional symmetries
come with higher multiplicities of eigenvalues, which translate to singularities in the
band spectrum and exotic behavior of waves. In Chapter 4 we use these theorems to



4

prove a series of general results regarding lattice-invariant Schrödinger operators. As an
application of this framework, we study band spectrum singularities for Schrödinger op-
erators invariant under the square, hexagonal, rectangular, simple cubic, body-centered
cubic, face-centered cubic, and stacked hexagonal lattices. To formulate our conclusions,
we need the following definitions.

Definition 1.1. Let E ∈ R, K ∈ Rn. We say that a Schrödinger operator H has:

• An m-fold quadratic point at (K, E) if E is a L2
K-eigenvalue of H of multiplicity m > 1 and

the Floquet-Bloch problem (1.3) has m solutions µ1(k), . . . , µm(k):

µj(K + κ) = E +O(||κ||2), j = 1, . . . , m, κ → 0.

• A Dirac point at (K, E) if n = 2, E is a double L2
K-eigenvalue of H, and there exists some

α ̸= 0 ∈ R such that the Floquet-Bloch problem (1.3) has 2 solutions µ+(k), µ−(k):

µ±(K + κ) = E ± α||κ||+O(||κ||2), κ → 0.

• A (two-fold) basin point at (K, E) if n = 3, E is a double L2
K-eigenvalue of H, and there

exists some v ̸= 0 ∈ R3 such that for κ satisfying v · κ ̸= 0, the Floquet-Bloch problem
(1.3) has 2 solutions µ+(k), µ−(k):

µ±(K + κ) = E ± |v · κ|+O(||κ||2), κ → 0.

• A (two-fold) valley point at (K, E) if n = 3, E is a double L2
K-eigenvalue of H, and there

exists some diagonal, rank two matrix D such that for κ satisfying Dκ ̸= 0, the Floquet-
Bloch problem (1.3) has 2 solutions µ+(k), µ−(k):

µ±(K + κ) = E ± ||Dκ||+O(||κ||2), κ → 0.

• A Weyl point at (K, E) if n = 3, E is a double L2
K-eigenvalue of H, and there exists some

α ̸= 0 ∈ R such that the Floquet-Bloch problem (1.3) has 2 solutions µ+(k), µ−(k):

µ±(K + κ) = E ± α||κ||+O(||κ||2), κ → 0.

• A three-fold Weyl point at (K, E) if n = 3, E is a triple L2
K-eigenvalue of H, and there exists

some α ̸= 0 ∈ C such that the Floquet-Bloch problem (1.3) has 3 solutions µ1(k), µ2(k), µ3(k):

µj(K + κ) = E + λα,j(κ) +O(||κ||2), j = 1, 2, 3, κ → 0,

where λα,j(κ) are the three roots of the polynomial λ3 − 4|α|2||κ||2λ + 16 Im(α3)κ1κ2κ3.
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See Figure 1.1 for examples of a basin point and three-fold Weyl point. Our second
main result then demonstrates the existence of these exotic points in the band spectra of
Schrödinger operators with potentials V periodic with respect to and sharing the same
symmetries as the following lattices.

Theorem 1.3. Let Λ be a square, hexagonal, simple cubic, body-centered cubic, face-centered
cubic, or stacked hexagonal lattice, and let G be its point group. Then for generic potentials V
periodic with respect to Λ and invariant under G, and generic values of z ∈ R, the band spectrum
of Hz = −∆ + zV has at least:

(i) one two-fold quadratic point if Λ is the square lattice;

(ii) one Dirac point if Λ is the hexagonal lattice;

(iii) two three-fold quadratic points if Λ is the simple cubic lattice;

(iv) one three-fold Weyl point as well as one two-fold and one three-fold quadratic point if Λ is
the body-centered cubic lattice;

(v) one basin point if Λ is the face-centered cubic lattice;

(vi) one valley point if Λ is the stacked hexagonal lattice.

In Theorem 1.3, “generic potentials V ∈ C∞(Rn, R)” means all of C∞(Rn, R) but a
finite union of hyperplanes, and “generic values of z ∈ R” means all of R away from a
discrete set. In particular, Theorem 1.3 (i) and (ii) reproduce results due to [Kel+18] and
[FW14], respectively, and (iv) proves the conjecture formulated in [GZZ22, §5.2].

Figure 1.1: Cross sections of a Basin point (left) and a three-fold Weyl point (right).
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1.2 Organization

This work is roughly split into three parts. The first part discusses analytic families of
operators, and culminates with a proof of Theorem 1.2. The second part then formulates
a general framework for analyzing Schrödinger operators with lattice-invariant poten-
tials, and is the primary focus of this work. The last part applies this framework to
various lattices, leading us to Theorem 1.3. With this in mind, the main chapters are
organized as follows.

In Chapter 2, we review the relevant theory we will need to prove our main results.
In particular, in Section 2.1 we discuss lattice theory, the focus of which will be the
definition and classification of Bravais lattices – Definition 2.2 and Theorem 2.1 – which
provides us with a finite list of lattices that need to be considered. We give an explicit
proof of this classification in two dimensions, the primary tool for which will be the
crystallographic restriction theorem (Theorem 2.2). We also discuss the Brillouin zone B,
and prove a result which will later imply that the vertices of B have a high degree of
symmetry (Proposition 2.1). In Section 2.2, we discuss Floquet-Bloch theory following
[RS04], and show that one can recover the spectral theory of H on L2 from the spectral
theory of H on L2

k for k ∈ B, thus motivating our analysis of the eigenvalue problem
(1.3). We then discuss representation theory in Section 2.3, and provide a proof from
[DF03] of Maschke’s theorem (Theorem 2.5) and some of its consequences, which will
enable us to further reduce the problem (1.3) to the invariant subspaces of an appro-
priately chosen group representation. In addition, we briefly discuss corepresentations,
which we suspect will help us further develop our general framework and is the focus
of one of our current projects. Finally, in Section 2.4 we give explicit examples of how
dispersion surfaces can control the effective dynamics of wavepackets, thus providing
some additional motivation for our analysis.

In Chapter 3, we discuss families of operators satisfying A1. We start with a finite-
dimensional analogue of Theorem 1.2, and show that analytic families of matrices can be
analytically diagonalized in a neighborhood of the real line – see section 3.1 and Theorem
3.4. To prove this result, we look at the characteristic polynomial of this family and
use the fact that polynomials depending analytically on a parameter admit an analytic
factorization when the parameter is away from a discrete set – Theorem 3.1, which we
prove in Section 3.2. To extend the finite-dimensional case to the general case, we require
several additional results from the theory of variation of eigenvalues, which we present
in Section 3.3. Lastly, in Section 3.4, we prove our first two main results: Theorems 1.1
and 1.2.

In Chapter 4 we then develop our general framework for lattice-invariant Schrödinger
operators, inspired by the work of Fefferman-Weinstein [FW12]. We first give an explicit
diagonalization of H0 = −∆ in Section 4.1, and then define lattice-invariant potentials
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in Section 4.2 – see Definition 4.2. A consequence of this definition is that when the
potential V is lattice-invariant, the Schrödinger operator Hz will commute with repre-
sentations of subgroups of the symmetry group G. This enables us to further reduce
the Floquet-Bloch problem (1.3) to the invariant subspaces of these representations in
Section 4.3. In Section 4.4 we then present a series of key lemmas, Lemmas 4.2 – 4.6,
which form the core of our general framework. We conclude this chapter by proving
these lemmas in Section 4.5.

Chapters 5 and 6 are then dedicated to proving Theorem 1.3 for the listed two- and
three-dimensional lattices, respectively. The proof of this theorem follows the frame-
work established in Chapter 4, and consists of analogous steps for each of the lattices
under consideration. First, we describe the multiplicities of L2

K-eigenvalues of Hz for
fixed K ∈ B and for small values of z using a perturbative argument justified by Lemma
4.3, together with a representation-theoretic argument that relies on the specific symme-
tries of V. We will focus on eigenvalues that have multiplicities higher than one, as they
correspond to intersections of dispersion surfaces at K, hence to band spectrum singular-
ities near K. Due to Theorem 1.2, these multiplicities will in fact be constant for generic
values of z, and the corresponding eigenvalues and eigenprojectors will be analytic in
a neighborhood of the real line. We finish by studying the dispersion surfaces µ(k) in
the vicinity of K, i.e. the L2

K+κ-eigenvalues of Hz for κ small. This again relies on a
perturbative procedure, this time with respect to κ. In particular, Lemmas 4.4 and 4.6 en-
able us to produce effective equations for these dispersion surfaces, as in Definition 1.1.
The coefficients of these effective equations will depend on the eigenprojector π(z), and
consequently will be nonzero away from a discrete set – Lemma 4.5. The corresponding
band spectrum singularities will therefore persist for generic values of z.

1.3 Future Projects

The investigation of Dirac cones in honeycomb structures [FW12] sparked a multi-
tude of mathematical works beside band spectrum singularities: behavior of wavepack-
ets [FW14], tight-binding analysis [FLW18], emergence of edge states [FLW16; Dro19a;
DW20], propagation of edge states in Dirac systems [Bal+23; BBD24; Dro22; Bal24;
HXZ23], computation of topological invariants [Dro19b; AK24] and Dirac cones in other
setups [BC18; Amm+20; LLZ23]. The framework developed in Chapter 4, along with
Theorems 1.2 and 1.3, provides a foundation upon which one can now produce simi-
lar results for other lattices and their corresponding band spectrum singularities. We
conclude this chapter by describing four potential projects that build upon this work.

Project 1: Weyl Points. The three-dimensional analogue of Dirac cones are Weyl points.
We believe they are the only stable type of spectral degeneracies in three dimensions –
see [Dro21] for an analysis on discrete models. But to the best of our knowledge, one
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has yet to produce a Schrödinger operator with Weyl points. We plan to use the current
paper as a stepping stone. Since band spectrum singularities other than Weyl points are
believed to be unstable, they should generically split into Weyl points under perturba-
tions. So adding e.g. a parity-breaking term to the Schrödinger operators discussed in
Theorem 1.3 should produce Weyl points. This belief is reinforced by a two-dimensional
analysis of Chaban-Weinstein [CW24], who demonstrated that the quadratic degenera-
cies of Schrodinger operators invariant under square lattices become Dirac cones after
adding an odd potential. Constructing Schrödinger operators with Weyl points has the
potential to spark a number of mathematical investigations, such as wavepacket analysis
[FW14], study of surface states (the 3D analogues of edge states), and computation of
topological invariants [FMP16].

Project 2: Wavepacket Analysis. In [FW14], Fefferman-Weinstein showed that Dirac
cones give rise to Dirac-like propagation of wavepackets, thus explaining the relativis-
tic behavior of electrons observed in graphene. Grégoire Allaire and Andrey Piatnitski
performed a similar wavepacket analysis in [AP05], showing that initial conditions lo-
calized at a frequency µ(K), where µ(k) has multiplicity one in a neighborhood of K, and
initial conditions localized at a spectral band gap edge give rise to ballistic propagation and
an effective mass Schrödinger evolution, respectively – see Section 2.4 for more details.
The general framework developed herein, and specifically Theorem 1.3, demonstrates
the existence of other types of band spectrum singularities besides Dirac cones, which in
turn will induce other types of wavepacket behavior. In particular, this could lead to the
construction of materials with unique electronic or conductive properties.

Project 3: Tight Binding Models. In [FLW18], the authors show that honeycomb Schröd-
inger operators converge, in an appropriate sense and in the tight binding limit, to the
Wallace model. As an application, they obtain that the set of values of z for which an
additional band comes to perturb a Dirac cone is finite. This complements Theorem 1.3,
which shows that the set is discrete. It would be enlightening to perform a similar tight-
binding analysis for the other lattices considered in Theorem 1.3, with the analogue of
the Wallace model given by the graph Laplacian. Ideally, some form of general analysis
could be formulated to determine if this set is always finite, regardless of the lattice in
question.

Project 4: Corepresentation Theory. In [BC18], Gregory Berkolaiko and Andrew Comech
observed that, since the potential V is typically assumed to be real, the relevant symme-
tries include both the symmetry group of the lattice and complex conjugation; conse-
quently, the corresponding representations of the point group (the subgroup of the sym-
metry group which keeps the origin fixed) should include both unitary and antiunitary
operators. Such representations have been fully classified by Eugene Wigner [Wig59],
who called them corepresentations – see Section 2.4 and specifically Definition 2.4 and
Theorem 2.7. In [BC18] they specifically apply this theory to honeycomb lattice poten-
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tials, but using the general framework established herein, one could apply this theory
to other two- and three-dimensional lattices. In addition, since this general framework
largely depends on representation theory, we suspect that the implementation of corep-
resentation theory could lead to an alternative or perhaps stronger formulation of some
of the presented results.
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Chapter 2

PRELIMINARY RESULTS AND MOTIVATION

The results presented herein build upon and combine techniques from various fields,
including lattice theory, Floquet-Bloch theory, and representation theory. We therefore
briefly introduce each of these fields in the following sections, listing some of the key
definitions and results that we will need later. We finish this chapter with some motiva-
tion for our study of dispersion surfaces by giving explicit examples of wave dynamics
that can occur.

2.1 Lattice Theory

Let us begin with a review of lattice theory.

Definition 2.1. Given n linearly independent vectors v1, . . . , vn ∈ Rm, the lattice generated by
them is the set

Λ(v1, . . . , vn) =

{
n

∑
j=1

mjvj

∣∣∣ mj ∈ Z

}
=

n⊕
j=1

Zvj,

where we denote the lattice simply by Λ when the context is clear. In this context, we then say
that (v1, . . . , vn) is a basis for Λ, the rank of Λ is n, its dimension is m, its span is the linear space
spanned by its vectors (i.e. span Λ = span(v1, . . . , vn)), and the lattice is said to be full-rank if
m = n. The symmetry group of Λ is the group G of isometries on Rn which send Λ to itself. The
fundamental period cell of Λ is the set

Ω =

{
n

∑
j=1

θjvj : θj ∈ [0, 1], j = 1, . . . , n

}
.

Assuming Λ is full-rank, the dual lattice to Λ (also often referred to as the reciprocal lattice)
is defined to be

Λ∗ =

{
n

∑
j=1

mjk j : mj ∈ Z

}
=

n⊕
j=1

Zk j,

where k1, . . . , kn satisfy the relation k j · vℓ = 2πδjℓ. The Brillouin zone is the set

B =
{

k ∈ Rn : ||k|| ≤ ||k − k′|| ∀k′ ∈ Λ∗} ,
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i.e. B is the set of points in Rn closer to the origin than any other point of Λ∗. Lastly, we say
k ∈ Rn is a Voronoi vector if the (hyper)plane defined by the equation x · k = 1

2 ||k||2 has a non-
empty intersection with B, and we say k is Voronoi relevant if this intersection is a (hyper)face of
B.

Unless stated otherwise, we will always assume our lattices are full-rank. Later, we
will see that the lattice’s symmetry group plays a significant role in the spectrum of
Schrödinger operators with periodic potentials. This naturally leads us to the notion of
a Bravais lattice.

Definition 2.2. A Bravais lattice is an equivalence class of lattices, where Λ ∼ Λ′ if the symme-
try groups of Λ and Λ′ are isomorphic. Furthermore, the point group of a lattice is the subgroup
of its symmetry group which keeps the origin fixed; we then say that Λ, Λ′ belong to the same
lattice system if their point groups are isomorphic.

Note that an immediate consequence of the definition of a point group is that such a
group consists of linear isometries, and thus can always be represented by a subgroup
of the orthogonal group O(n). Furthermore, the point group is always finite, as the
following lemma demonstrates.

Lemma 2.1. Let Λ ⊂ Rn be a lattice and let G denote its point group; then |G| < ∞.

Proof. Let (v1, . . . , vn) be a basis for Λ, and let g ∈ G. Then viewing g as a linear
transformation on Rn, g must send the basis (v1, . . . , vn) to another basis of Rn consisting
of vectors in Λ. However, if we let C = maxj ||vj||, then since g is an isometry we must
have that ||gvj|| = ||vj|| ≤ C for j = 1, . . . , n. As a result, g · {v1, . . . , vn} ⊂ BC(0) ∩ Λ,
and since BC(0) ∩ Λ is necessarily finite, this implies there are only finitely many lattice
vectors to which g can send each basis element. Since each g is determined by where it
sends a basis, this tells us that there are only finitely many such g, so the group G must
also be finite.

Although Bravais lattices are technically defined in any dimension, the study of Bra-
vais lattices typically focuses on lattices in two and three dimensions. In addition, these
objects are well-understood and have been completely classified in dimensions up to
four [Kit12; BBN78], as described in the following theorem.

Theorem 2.1. In two dimensions, there are 5 Bravais lattices grouped into four lattice systems,
which are listed in Table 2.1. Similarly, in three dimensions, there are 14 Bravais lattices grouped
into seven lattice systems, which are listed in Table 2.2. In four dimensions, there are 64 Bravais
lattices grouped into 33 lattice systems.

The proof of this theorem relies on the following two results [Jr72]:
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Lattice System Point Group
List of Bravais Lattices
Simple Centered

Square D4 –

Hexagonal D6 –

Rectangular Z2
2

Oblique Z2 –

Table 2.1: Classification of two-dimensional Bravais lattices. Here Dn refers to the dihe-
dral group of order 2n, or equivalently the group of symmetries of an n-gon. The images
of the unit cells are from [Wik25].

Theorem 2.2. (Crystallographic Restriction Theorem) Let Λ ⊂ Rn be a lattice and let G
denote its point group. If r ∈ G is a non-trivial rotation, then r has order 2, 3, 4, or 6.

Proof. Let n = |r|, i.e. the order of r, so that r is a rotation by 2π/n, and let v ∈ Λ such
that cv ̸∈ Λ for any |c| < 1. Then since r is a symmetry of Λ, both rv, r−1v ∈ Λ, and
therefore rv + r−1v ∈ Λ as well. Moreover, rv + r−1v lies in the line spanned by v, and
thus must satisfy gv + g−1v = mv for some m ∈ Z. Since r is a rotation, and in particular
an orthogonal transformation, ||rv|| = ||r−1|| = ||v||, and therefore

m||v|| = ||rv|| cos
2π

n
+ ||r−1v|| cos

2π

n
= 2||v|| cos

2π

n
.

Since m must be an integer, it follows that m ∈ {−2,−1, 0, 1, 2}. Solving for n and using
that r is assumed to be a non-trivial rotation (so that n ̸= 1), we conclude that n = 2, 3, 4,
or 6.

Lemma 2.2. Let G denote the point group of a lattice Λ ⊂ Rd for d = 2 (respectively 3). If there
exists a rotation r ∈ G, |r| > 2, then G contains a reflection across a line through the origin
(respectively a plane containing the axis of rotation).
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Lattice
System

Point
Group

List of Bravais Lattices
Simple Base-Centered Body-Centered Face-Centered

Cubic S4 × Z2 –

Hexagonal D6 × Z2 – – –

Rhombohedral D6 – – –

Tetragonal D4 × Z2 – –

Orthorhombic Z3
2

Monoclinic Z2
2 – –

Triclinic Z2 – – –

Table 2.2: Classification of three-dimensional Bravais lattices. Here Dn again refers to the
dihedral group of order 2n, and Sn is the symmetric group of order n!. To distinguish the
two- and three-dimensional hexagonal lattices from each other, we shall henceforth refer
to the three-dimensional hexagonal lattice as the stacked hexagonal lattice. The images of
the unit cells are from [Wik25].

Proof. We can treat the d = 2, 3 cases simultaneously by identifying R2 with the x1x2-
plane in R3, in which case the x3-axis becomes the axis of rotation for a rotation in R2,
and any plane containing this axis restricts to a line through the origin in R2. Now
let r be the given rotation, so that r is a rotation by 2π/n for n > 2, let L denote
the corresponding axis of rotation, and let Q be the plane perpendicular to L passing
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through the origin. Then if u ∈ Λ \ L, it follows that ru − u ∈ Λ ∩ Q, and so Q has
nonzero lattice vectors.

Let v1 be a nonzero vector of minimum length in Λ ∩ Q, and let v2 = rv1; then Λ ∩ Q
is a lattice of rank 2 with basis (v1, v2) (if (v1, v2) were not a basis, there would exist
u ∈ Λ ∩ Q such that u = c1v1 + c2v2 for 0 < c1, c2 < 1, which in turn implies there exists
a vector u′ ∈ Λ ∩ Q such that ||u′|| < ||v1||, a contradiction). We can then extend (v1, v2)
to a basis (v1, v2, v3) for Λ, where v3 ∈ Λ \ Q. Consequently, we can write

v3 = u + v,

where u, v are the projections of v3 onto L and Q, respectively (and as such they are not
necessarily lattice vectors).

From here, observe that since rv3 − v3 ∈ Λ∩ Q and ru = u, there exist integers m1, m2
such that

rv − v = m1v1 + m2v2 = m1v1 + m2rv1. (2.1)

Multiplying both sides by r−1 and subtracting from (2.1), we get

rv + r−1v − 2v = m2rv1 + m1r−1v1 + (m1 − m2)v1. (2.2)

However, the same trigonometry argument as in the proof of Theorem 2.2 yields that

rv + r−1v = 2 cos(2π/n)v,

rv1 + r−1v1 = 2 cos(2π/n)v1.

Plugging these into (2.2) gives us

2(cos(2π/n)− 1)v = (m1 − m2 − 2m1 cos(2π/n))v1 + (m1 + m2)v2. (2.3)

Now let f be the reflection across the plane containing L and perpendicular to v1;
then by construction f v1 = −v1, and thus to show that f ∈ G, it suffices to show that
f vj ∈ Λ for j = 2, 3. Since we are assuming n > 2, together with Theorem 2.2 this implies
we only need to consider the cases where n = 3, 4, and 6:

• if n = 3, then f v2 = v2 + v1,

• if n = 4, then f v2 = v2,

• if n = 6, then f v2 = v2 − v1.
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Therefore, in all three cases, f v2 ∈ Λ, as desired. To compute f v3, we write f v2 =
v2 + mv1 for m ∈ {−1, 0, 1} and plug this into (2.3) to get

2(cos(2π/n)− 1) f v = (m1 − m2 − 2m1 cos(2π/n)) f v1 + (m1 + m2) f v2

= −(m1 − m2 − 2m1 cos(2π/n))v1 + (m1 + m2)(v2 + mv1)

=
[
(m1 − m2 − 2m1 cos(2π/n))v1 + (m1 + m2)v2

]
− 2(m1 − m2 − 2m1 cos(2π/n))v1 + m(m1 + m2)v1)

= 2(cos(2π/n)− 1)v

+
[
(m + 2)m1 + (m + 2)m2 + 4m1(cos(2π/n)− 1)

]
v1.

Dividing both sides by 2(cos(2π/n)− 1) gives us

f v = v +

(
(m + 2)m1 + (m + 2)m2

2(cos(2π/n)− 1)
+ 2m1

)
v1. (2.4)

Let c(n, m) be the coefficient of v1 in equation (2.4), so that f v = v + c(n, m)v1. We now
again consider the three cases n = 3, 4, and 6, and compute that

• if n = 3, then m = 1 and c(3, 1) = 3m1+3m2
−3 + 2m1 = m1 − m2,

• if n = 4, then m = 0 and c(4, 0) = 2m1+2m2
−2 + 2m1 = m1 − m2,

• if n = 6, then m = −1 and c(6,−1) = m1+m2
−1 + 2m1 = m1 − m2.

Therefore, in all three cases

f v3 = u + f v = u + v + (m1 − m2)v1 = v3 + (m1 − m2)v1 ∈ Λ,

and so f ∈ G.

Using Theorem 2.2 and Lemma 2.2, we now prove Theorem 2.1 for two-dimensional
lattices.

Proof of Theorem 2.1 for two-dimensional lattices. Let Λ ⊂ R2 be a lattice, let G be its point
group, and let G0 = ker(det), where we are viewing the determinant as a group ho-
morphism from G to {±1}. Then G0 is a finite subgroup of SO(2), and as such consists
of rotations and is isomorphic to a cyclic group of finite order. Let r be a generator of
G0; then by the crystallographic restriction theorem (Theorem 2.2), r must have order
1, 2, 3, 4, or 6. However, |r| ≥ 2, for if v ∈ Λ, then by definition so too is −v, which
implies f := −I, i.e. rotation by π, is contained in G0. In addition, |r| ̸= 3, for if it did,
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then f r = −r is in G0 as a product of elements in G0 and has order 6, contradicting our
assumption that r generates G0. Therefore, the only possibilities are |r| = 2, 4, or 6.

Now let v1 be a nonzero vector of minimal length a in Λ; then by Lemma 2.2 and
its proof, if r = 4 or 6, G must contain the reflection f1 across the line perpendicular to
v1. As a result, G0 is a proper subgroup of G, and moreover, as a set, G = G0 ∪ f1G0. It
follows that if G contains a rotation of order 4 or 6, then G ∼= D4 or D6, respectively. If
on the other hand |r| = 2, then there are two possibilities: either G0 = G, in which case
G ∼= Z2, or G0 is a proper subgroup of G, in which case there exists some f2 ∈ G such
that | f2| = 2 and det f2 = −1, which implies G0

∼= Z2
2. We address each of these four

cases separately.
G ∼= Z2: Extend v1 to a basis (v1, v2) for Λ, and let θ denote the angle between them.

By replacing v2 with v2 + nv1 for some integer n, we may assume that θ ∈ (0, π/2].
However, θ cannot equal π/2, for then v1 and v2 would be perpendicular, in which
case f1 (the reflection across the line perpendicular to v1) would be contained in G, a
contradiction. Therefore, we must have that θ ∈ (0, π/2). In addition, if θ = π/6,
then ||v2|| ̸= ||v1||, for otherwise G would contain a rotation of order 6. Similarly,
v1 · v2/||vj||2 ̸= 1

2 for j = 1, 2, for otherwise G would again contain a reflection. Letting
b = ||v2||, we see that Λ must be isometric to a lattice of the form shown in row 4 of
Table 2.1, and so Λ is an oblique lattice.

G ∼= Z2
2: Extend v1 to a basis (v1, v2) for Λ, and let f1 ∈ G be a reflection (which

exists since G is not isomorphic to a cyclic group). As previously noted, G must contain
f = −I, and thus must also contain the reflection f2 := − f1. Note that the lines across
which f1, f2 reflect, which we denote by L1, L2, respectively, are necessarily orthogonal:
if uj ∈ Lj then f juj = uj for j = 1, 2, and consequently

u1 · u2 = u1 · f2u2 = − f1u1 · u2 = −(u1 · u2),

which implies u1 · u2 = 0.
We now consider two possibilities: either L1 ∪ L2 contains (v1, v2) or it does not. In

the first case, since v1, v2 are linearly independent, precisely one of these vectors lies in
each of the lines L1 and L2. Since (v1, v2) is assumed to be a basis, this implies Λ must
be isometric to a lattice of the form shown in row 3, column 1 of Table 2.1, and so Λ is a
simple rectangular lattice.

On the other hand, if L1 ∪ L2 does not contain (v1, v2), then there exists v ∈ Λ such
that v ̸∈ L1 ∪ L2. Since

f1(v + f1v) = f1v + f 2
1 v = v + f1v,

this implies v + f1v ∈ L1, and so L1 ∩ Λ ̸= ∅. Replace v1 with some minimal vector
in L1 ∩ Λ (where we still let a = ||v1||), and extend to basis (v1, v2) by replacing v2 if
necessary. We can then write

v2 = u1 + u2,
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where uj ∈ Lj, for j = 1, 2. In addition, both u1, u2 must be nonzero, for otherwise
(v1, v2) would be a basis contained in L1 ∪ L2, a contradiction. Since v2 + f1v2 ∈ L1 ∩ Λ,
we deduce that

mv1 = v2 + f1v2 = (u1 + u2) + (u1 − u2) = 2u1

for some nonzero m ∈ Z, so that

v2 =
m
2

v1 + u2.

However, we can replace v2 with v2 − m′v1 and (v1, v2) will still be a basis for Λ, so
without loss of generality we may assume 0 < m/2 < 1, which implies m = 1. If we
then let b = ||v2||, Λ must be isometric to a lattice of the form shown in row 3, column 2
of Table 2.1, and so Λ is a centered rectangular lattice.

G ∼= D4: Let r ∈ G such that |r| = 4; then, as noted in the proof of Lemma 2.2, if we
let v2 = rv1 it follows that (v1, v2) form a basis for Λ. Consequently, Λ must be isometric
to a lattice of the form shown in row 1 of Table 2.1, and so Λ is a square lattice.

G ∼= D6: Let r ∈ G such that |r| = 6; then if again let v2 = rv1, (v1, v2) form a basis
for Λ. Consequently, Λ must be isometric to a lattice of the form shown in row 2 of Table
2.1, and so Λ is a hexagonal lattice.

The proof of Theorem 2.1 for three and four-dimensional lattices uses similar tech-
niques, but requires addressing significantly more cases, and thus we refer the interested
reader to [Jr72] and [BBN78], respectively. In addition, we note that the classification of
three-dimensional lattices by lattice system and centering type as in Table 2.2 is not nec-
essarily unique, but merely helpful. For example, it can be shown that by choosing
a different basis for the base-centered monoclinic lattice, it can also be described as a
body-centered monoclinic lattice. For the rest of this paper, however, we shall refer to
each lattice by the names given in Tables 2.1 and 2.2.

We finish this section with two results regarding the Brillouin zone B, the first of
which is due to Christoph Hunkenschröder, Gina Reuland, and Matthias Schymura (see
[HRS20] for a proof).

Theorem 2.3. Every lattice of rank at most 4 has a basis of Voronoi relevant vectors.

Proposition 2.1. Let K ∈ B and let m be the number of (hyper)faces of B which contain K.
If m > 0, then there exist nonzero vectors K1, . . . , Km ∈ Λ∗ such that K − Kj also lies on m
(hyper)faces of B and ||K − Kj||2 = ||K||2 for j = 1, . . . , m.

Proof. Let K ∈ B such that K lies on m (hyper)faces of B for some m > 0. Denote these
(hyper)faces by F1, . . . , Fm; then our assumption that K ∈ Fj for 1 ≤ j ≤ m implies that
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there exists a vector Kj such that K lies on the (hyper)plane defined by x · Kj =
1
2 ||Kj||2,

which when intersected with B is precisely Fj. Then for j = 1, . . . , m

||K − Kj||2 = ||K||2 − 2K · Kj + ||Kj||2 (2.5)

= ||K||2 − ||Kj||2 + ||Kj||2

= ||K||2.

To prove that K − Kj also lies on m (hyper)faces of B, observe that since K ∈ B, it
follows that,

||K − Kj||2 = ||K||2 ≤ ||(K − Kj)− K||2, ∀K ∈ Λ∗, (2.6)

which implies K − Kj ∈ B. Furthermore, we have that

(K − Kj) · (−Kj) = −K · Kj + ||Kj||2 = −1
2
||Kj||2 − ||Kj||2 =

1
2
||Kj||2, (2.7)

and for all ℓ ̸= j,

(K − Kj) · (Kℓ − Kj) = K · Kℓ − K · Kj − Kj · Kℓ + ||Kj||2 (2.8)

=
1
2
||Kℓ||2 −

1
2
||Kj||2 − Kj · Kℓ + ||Kj||2

=
1
2

(
||Kℓ||2 − 2Kj · Kℓ + ||Kj||2

)
=

1
2
||Kℓ − Kj||2.

Therefore K − Kj lies on the m (hyper)planes defined by x · (−Kj) =
1
2 ||Kj||2 and x · (Kj −

Kℓ) =
1
2 ||Kj − Kℓ||2 for ℓ ̸= j.

We now seek to show that each of these (hyper)planes defines a (hyper)face of B. To
start, for j = 0, . . . , m and ℓ = 1, . . . , m, let

Pjℓ =


{x ∈ Rn : x · Kℓ =

1
2 ||Kℓ||2} j = 0

{x ∈ Rn : −x · Kj =
1
2 ||Kj||2} j ̸= 0, ℓ = j

{x ∈ Rn : x · (Kℓ − Kj) =
1
2 ||Kj − Kℓ||2} j ̸= 0, ℓ ̸= j,

and suppose k′ ∈ P0ℓ ∩ B for some ℓ. Then the same computations as in (2.5)-(2.6),
but with K replaced with k′, imply that k′ − Kj ∈ B for j = 1, . . . , m. Similarly, (2.7)
with K replaced with k′ implies k′ − Kj ∈ Pjj, and (2.8) with K replaced with k implies
k′ − Kj ∈ Pjℓ for j ̸= ℓ, 0. As a result, for j = 1, . . . , m,

(P0ℓ ∩ B)− Kj = Pjℓ ∩ B.

By construction, P0ℓ ∩ B = Fℓ, and since Pjℓ ∩ B is an isometric set and contained in the
boundary of B, it follows that Pjℓ ∩ B is in fact a (hyper)face of B as well. Therefore,
K − Kj lies on m (hyper)faces of B.
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2.2 Floquet-Bloch Theory

Let Λ be a lattice with fundamental period cell Ω and Brillouin zone B. Using the
structure of Λ, we can reduce the time-independent Schrödinger equation (1.1) to the
Floquet-Bloch eigenvalue problem (1.3), which we make explicit in this section.

First, note that the space of locally square integrable functions, periodic with respect
to Λ, is given by

L2(Rn/Λ) = { f ∈ L2
loc : f (x + v) = f (x) ∀v ∈ Λ}.

More generally, recall that the space of k-quasiperiodic functions with respect to Λ is

L2
k,Λ = { f ∈ L2

loc(R
n) : f (x + v) = eik·v f (x) ∀v ∈ Λ}.

We shall suppress the dependence on the lattice Λ, and simply write L2
k, when the choice

of lattice is clear. In this context, we refer to k as the quasi-momentum of functions f ∈ L2
k.

It then follows that L2
0 = L2(Rn/Λ), and furthermore L2

k and L2
0 are isomorphic via the

unitary map F : L2
k → L2

0 given by F( f ) = e−ik·x f . This isomorphism then induces an
inner product on L2

k given by

⟨ f , g⟩L2
k
=

1
|Ω|

∫
Ω

f (x)g(x)dx.

We similarly define Sobolev spaces Hs
k, s ∈ N by

Hs
k = { f ∈ L2

k : ∂α f ∈ L2
k ∀|α| ≤ s}.

We now consider the Schrödinger operator H = −∆ + V, where V is smooth and
periodic with respect to Λ. We can then write the Floquet-Bloch eigenvalue problem
(1.3) at quasi-momentum k ∈ Rn as

Hϕ(x; k) = µ(k)ϕ(x; k), x ∈ Rn,

ϕ(x + v; k) = eik·vϕ(x; k), v ∈ Λ.

The operator H is a self-adjoint unbounded operator on L2
k (respectively L2) with domain

H2
k (respectively H2). By elliptic regularity, the operator (H − i)−1 is a bijection from

L2
k to H2

k , which when composed with the isomorphism F together with the compact
injection of H2

0 into L2(Ω), implies that H has a compact resolvent. As a result, H has a
discrete spectrum and the corresponding set of normalized eigenfunctions {ϕb(x; k)}b≥1
form a complete orthonormal basis in L2

k [Hel13]. In addition, since the problem (1.3)
is invariant under the change k 7→ k + k′ for k′ ∈ Λ∗, we can restrict our attention to k
varying over the Brillouin zone B (See Definition 2.1).
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The eigenvalue problem (1.3) has another formulation, which we shall not directly
use, but provides some motivation for the framework developed in Chapter 4 and is
commonly used in the literature. For k ∈ B, let ϕ ∈ L2

k be a Floquet-Bloch state, and
set p(x; k) = Fϕ(x; k) = e−ik·xϕ(x; k). Then p(x; k) satisfies the periodic boundary value
problem:

H(k)p(x; k) = µ(k)p(x; k), x ∈ R2, (2.9)
p(x + v; k) = p(x; k), v ∈ Λ,

where
H(k) := −(∇+ ik) · (∇+ ik) + V(x). (2.10)

An important consequence of this formulation is that, as an operator on L2
k, H =

F−1H(k)F. As a result σL2
k
(H) = σL2

0
(H(k)), which together with (2.10) implies that

the eigenvalues of H are continuous in k.
The reason the Floquet-Bloch problem (1.3) and its alternative formulation (2.9) are

helpful is that they allow us to recover the spectral theory of H on L2(Rn). To make this
explicit we proceed in two steps, following the work of [RS04]: first, we construct an
operator H̃ such that σ(H̃) = ∪k∈B σL2

k
(H), and second, we construct a unitary operator

U satisfying H = U−1H̃U, which implies σL2(Rn)(H) = ∪k∈B σL2
k
(H) and which we use

to show that the eigenfunctions {ϕb(x; k)}b≥1 are “complete” in L2(Rn) in an appropriate
sense (see Theorem 2.4).

Towards that end, we define a Hilbert space H by

H = L2(B; L2
k),

where we view f ∈ H as functions of x ∈ Rn parameterized by k ∈ B, with an inner
product given by

⟨ f , g⟩H =
1
|B|

∫
B
⟨ f (·; k), g(·; k)⟩L2

k
dk.

We also let H̃ be the operator on H given by (H̃ f )(x; k) = H f (x; k), i.e. H̃ acts pointwise
as H on L2

k, with domain

dom(H̃) =
{

f ∈ H : f (x; k) ∈ H2
k almost everywhere and ||H̃ f ||2H < ∞

}
.

Note that, by construction, the domain of H̃ is dense in H. The space H and the operator
H̃ are referred to as the direct integrals of L2

k and H (viewed as an operator on L2
k),

respectively, and are often denoted by H =
∫ ⊕
B L2

kdk and H̃ =
∫ ⊕
B Hdk.

Lemma 2.3. The operator H̃ is self-adjoint and its spectrum is given by

σ(H̃) =
⋃

k∈B
σL2

k
(H)
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Proof. First, to show that H̃ is self-adjoint, we start by showing that range(H̃ ± i) = H.
Let f ∈ H; then since H is self-adjoint on L2

k, (H + i)−1 is well-defined and bounded, say
by C, and thus we can let g(x; k) = (H + i)−1 f (x; k). It follows from elliptic regularity
that g(x; k) ∈ H2

k almost everywhere, and

||H̃g||2B =
1
|B|

∫
B
||H(H + i)−1 f (·; k)||2L2

k
dk

=
1
|B|

∫
B
||(H + i − i)(H + i)−1 f (·; k)||2L2

k
dk

≤ (1 + C)2
∫
B
|| f (·; k)||2L2

k
dk

= (1 + C)2|| f ||2H < ∞.

Therefore g ∈ dom(H̃), and since f ∈ H was arbitrary, this shows that range(H̃+ i) = H;
an identical argument shows that range(H̃ − i) = H as well.

We then claim that this implies H̃ is self-adjoint. We note that H̃ is symmetric since H
is, meaning that dom(H̃) is dense in H and for all f , g ∈ dom(H̃), ⟨ f , H̃g⟩H = ⟨H̃ f , g⟩H.
As a result, dom(H̃∗) ⊃ dom(H̃) and H̃∗ f = H̃ f for all f ∈ dom(H̃), from which
it follows that dom((H̃ − i)∗) = dom(H̃∗ + i) ⊃ dom(H̃ + i) and (H̃∗ + i) f = (H̃ +
i) f for all f ∈ dom(H̃ + i) = dom(H̃). Using the fact that range(H̃ + i) = H, we
deduce that range(H̃∗ + i) = H as well, and thus H̃∗ + i is surjective. However, it must
also be injective, and therefore bijective, since a straightforward computation shows that
ker(H̃∗ + i) = range(H̃ − i)⊥ = 0. This in turn implies that dom(H̃∗ + i) = dom(H̃ + i),
for if dom(H̃∗ + i) ⊋ dom(H̃ + i) then for f dom(H̃∗ + i) \ dom(H̃ + i) by surjectivity of
H̃ + i there would exist g ∈ dom(H̃ + i) such that

(H̃∗ + i) f = (H̃ + i)g = (H̃∗ + i)g,

contradicting injectivity. Therefore dom(H̃∗ + i) = dom(H̃ + i), and so dom(H̃∗) =
dom(H̃), from which we conclude that H̃ is self-adjoint.

Next, to compute the spectrum of H̃, let 1(λ−ε,λ+ε) denote the indicator function on
the interval (λ − ε, λ + ε) and let f ∈ dom(H̃). Then

(
1(λ−ε,λ+ε)(H̃) f

)
(x; k) = 1(λ−ε,λ+ε)(H) f (x; k);

this follows from the Helffer-Sjöstrand formula – see [Hel13, (8.1.12)] – and the fact that
1(λ−ε,λ+ε) can be approximated by a sequence of smooth, compactly supported functions.
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We therefore get the following string of equivalences:

λ ∈ σ(H̃) ⇔ 1(λ−ε,λ+ε)(H̃) ̸= 0 for all ε > 0

⇔ |{k ∈ B : 1(λ−ε,λ+ε)(H) ̸= 0}| > 0 for all ε > 0

⇔ |{k ∈ B : (λ − ε, λ + ε) ∩ σL2
k
(H) ̸= ∅}| > 0 for all ε > 0

⇔ λ ∈ σL2
k
(H) for some k ∈ B,

where the last equivalence follows from continuity of eigenvalues. As a result,

σ(H̃) =
⋃

k∈B
σL2

k
(H),

as claimed.

We now define a unitary operator U : L2(Rn) → H by first defining U on the
Schwartz space S(Rn) (i.e. the space of rapidly decreasing functions on Rn) by

U f (x; k) =
√
|Ω| ∑

v∈Λ
e−ik·v f (x + v) (2.11)

and then extending to L2(Rn) by continuity. To see that U is well-defined, note that
since f ∈ S(Rn), the sum in (2.11) is uniformly convergent. To show that U f ∈ H, we
first show that, for a fixed k ∈ B, U f (x; k) ∈ L2

k: let v′ ∈ Λ, then using the substitution
u = v′ + v, we compute that

U f (x + v′; k) =
√
|Ω| ∑

v∈Λ
e−ik·v f (x + v′ + v)

= eik·v′
√
|Ω| ∑

u∈Λ
e−ik·u f (x + u) = eik·v′U f (x; k).

Next, using Fubini’s theorem, we show that U f is square integrable:

||U f ||2H =
1
|B|

∫
B
||U f (·; k)||2L2

k
dk =

1
|B|

∫
B

1
|Ω|

∫
Ω
|U f (x; k)|2dxdk

=
1
|B|

∫
B

∫
Ω

∣∣∣∣∣∑v∈Λ
e−ik·v f (x + v)

∣∣∣∣∣
2

dxdk

=
∫

Ω
∑

v∈Λ
∑

v′∈Λ

(
1
|B|

∫
B

e−ik·(v−v′)dk
)

f (x + v) f (x + v′)dx

=
∫

Ω
∑

v∈Λ
∑

v′∈Λ
δv−v′ f (x + v) f (x + v′)dx

= ∑
v∈Λ

∫
Ω
| f (x + v)|2dx =

∫
Rn

| f (x)|2dx

= || f ||2L2 .
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Thus U f is square-integrable and therefore in H, and moreover this shows that U is an
isometry.

To compute U∗, note that for any x ∈ Rn, there exists a unique x0 ∈ Ω and v ∈ Λ
such that x = x0 + v, and thus we define U∗ f for f ∈ H by

U∗ f (x) =
1

|B|
√
|Ω|

∫
B

eik·v f (x0; k)dk.

To show that U∗ is in fact the adjoint of U, we compute the following:

⟨g, U f ⟩H =
1
|B|

∫
B
⟨g(·; k), U f (·; k)⟩L2

k
dk

=
1
|B|

∫
B

1
|Ω|

∫
Ω

g(x; k)U f (x; k)dxdk

=
1

|B|
√
|Ω|

∫
B

∫
Ω

g(x; k) ∑
v∈Λ

e−ik·v f (x + v)dxdk

= ∑
v∈Λ

∫
Ω

(
1

|B|
√
|Ω|

∫
B

eik·vg(x; k)dk

)
f (x + v)dx

= ∑
v∈Λ

∫
Ω

U∗g(x + v) f (x + v)dx

=
∫

Rn
U∗g(x) f (x)dx = ⟨U∗g, f ⟩L2 .

Furthermore, U∗ = U−1 since

U∗U f (x) =
1

|B|
√
|Ω|

∫
B

eik·vU f (x0; k)dk =
1
|B|

∫
B

eik·v ∑
v′∈Λ

e−ik·v′ f (x0 + v′)dk

= ∑
v′∈Λ

(
1
|B|

∫
B

e−ik·(v′−v)dk
)

f (x0 + v′)

= ∑
v′∈Λ

δv′−v f (x0 + v′) = f (x0 + v)

= f (x),

which shows that U∗U = IdL2(Rn), and an identical argument shows that UU∗ = IdH.
Therefore, U is a unitary operator, as claimed.

Using the operator U, we are now able to prove that one can recover the spectral
theory of H on L2(Rn) from the spectral theory of H on L2

k for k ∈ B.

Theorem 2.4. Let Λ be a lattice and let H = −∆ + V for V smooth and periodic with respect to
Λ. Then
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(1)
σL2(Rn)(H) =

⋃
k∈B

σL2
k
(H) =

⋃
k∈B

σL2
0
(H(k)),

(2) for each k ∈ B, let {ϕb(x; k)}b≥1 be an orthonormal basis of eigenvectors for H on L2
k; then

the set ⋃
b≥1

⋃
k∈B

{ϕb(x; k)},

is complete in L2(Rn) in the following sense: for any f ∈ L2(Rn),

f (x) =
1

|B||Ω| ∑
b≥1

∫
B
⟨ f , ϕb(·; k)⟩L2ϕb(x; k)dk,

and

|| f ||L2 =
1
|B| ∑

b≥1

∫
B
|⟨ f , ϕb(·; k)⟩L2 |2dk.

Proof. To prove (1), we first show that H̃U = UH on S(Rn). Since H is essentially
self-adjoint on S(Rn) and H̃ is self-adjoint on H by Lemma 2.3, the uniqueness of self-
adjoint extensions of essentially self-adjoint operators then implies that H̃U = UH on
L2(Rn). To show this, first note that U f ∈ dom(H̃) since U f is given by the uniformly
convergent sum (2.11), and each term in this sum is in C∞(Ω) since f ∈ S(Rn). Therefore
the expression H̃U f is well-defined, and is equal to

(H̃U) f (x) = H̃

(√
|Ω| ∑

v∈Λ
e−ik·v f (x + v)

)
=
√
|Ω| ∑

v∈Λ
e−ik·vH f (x + v) = (UH) f (x).

Therefore H = U−1H̃U, and consequently σL2(Rn)(H) = σH(H̃). In addition, recall that
as an operator on L2

k, H = F−1H(k)F, and so σL2
k
(H) = σL2

0
(H(k)). Therefore, by Lemma

2.3, we compute that

σL2(Rn)(H) = σH(H̃) =
⋃

k∈B
σL2

k
(H) =

⋃
k∈B

σL2
0
(H(k)).

To prove (2), let {ϕb(x; k)}b≥1 be an orthonormal basis of eigenvectors for H on L2
k

for each k ∈ B. As noted following (2.10), the eigenvalues of H on L2
k are continuous

in k, and so the functions ϕb(x; k) can be chosen to be continuous in k as well, and in
particular measurable. In addition, by quasiperiodicity, we can extend each of these
functions to all of Rn.



25

To prove (2), we first consider f ∈ S(Rn). Since S(Rn) ⊂ L2(Rn), U f ∈ H, and so
for each k ∈ B we can write

U f (x; k) = ∑
b≥1

⟨U f (·; k), ϕb(·; k)⟩L2
k

ϕb(x0; k),

||U f (·; k)||2L2
k
= ∑

b≥1
|⟨U f (·; k), ϕb(·; k)⟩L2

k
|2.

In addition, although the functions {ϕb(x; k)}b≥1, viewed as function on Rn, are not con-
tained in L2(Rn), the expression ⟨ f , ϕb⟩L2 is still well-defined since by quasiperiodicity
there exists Cb > 0 such that |ϕb(x; k)|2 ≤ Cb, and consequently∫

Rn

∣∣∣ f (x)ϕb(x; k)
∣∣∣2 dx ≤ Cb

∫
Rn

| f (x)|2dx < ∞.

Therefore, by continuity, we can extend ⟨ f , ϕb⟩L2 to f ∈ L2(Rn). As a result, for f ∈
L2(Rn),

f (x) = U∗U f (x) =
1

|B|
√
|Ω|

∫
B

eik·vU f (x0; k)dk

=
1

|B|
√
|Ω|

∫
B

eik·v ∑
b≥1

⟨U f (·; k), ϕb(·; k)⟩L2
k

ϕb(x0; k)dk

=
1

|B||Ω| ∑
b≥1

∫
B

(
∑

v′∈Λ
e−ik·v′

∫
Ω

f (y + v′)ϕb(y; k)dy

)
eik·vϕb(x0; k)dk

=
1

|B||Ω| ∑
b≥1

∫
B

(
∑

v′∈Λ

∫
Ω

f (y + v′)ϕb(y + v′; k)dy

)
ϕb(x; k)dk

=
1

|B||Ω| ∑
b≥1

∫
B

(∫
Rn

f (y)ϕb(y; k)dy
)

ϕb(x; k)dk

=
1

|B||Ω| ∑
b≥1

∫
B
⟨ f , ϕb(·; k)⟩L2 ϕb(x; k)dk.

By similar computations, we also have that

|| f ||2L2 = ||U f ||2H =
1
|B|

∫
B
||U f (·; k)||2L2

k
dk

=
1
|B| ∑

b≥1

∫
B
|⟨U f (·; k), ϕb(·; k)⟩L2

k
|2dk

=
1
|B| ∑

b≥1

∫
B
|⟨ f , ϕb(·; k)⟩L2 |2dk.
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2.3 Representation Theory

In the previous section we discussed how one can use Floquet-Bloch theory to reduce
the eigenvalue problem µϕ = Hϕ from the space L2(Rn) to the space L2

k when the
potential V is periodic with respect to a lattice Λ. If we also assume V has the same
symmetries as Λ, the point group G of Λ can be used to further reduce this problem
using techniques from representation theory. We will particularly be interested in the
representation theory of abelian groups, as their representations can be decomposed into
subrepresentations of dimension one (see Corollary 2.2 and Remark 2.6), corresponding
to a maximal reduction of the problem.

In practice, the potential V is also typically assumed to be real. Consequently, the
relevant symmetries include the group G together with complex conjugation, which
implies the corresponding representations should include both unitary and antiunitary
operators. Such representations have been fully classified in [Wig59], who called them
corepresentations, which we briefly introduce in the latter half of this section. So far
this theory has only been applied to honeycomb lattice potentials [BC18], but using the
general framework established herein, one could apply this theory to other two- and
three-dimensional lattices.

Definition 2.3. Let G be a group and let X be a vector space. A representation of G over a
field F is a group homomorphism ρ : G → GL(X), meaning that for g1, g2 ∈ G, ρ(g1g2) =
ρ(g1)ρ(g2). When the homomorphism is clear from the context, we shall typically refer to X as the
representation, and denote ρ(g)v by gv. We then say that the dimension of the representation is
the dimension of X as a vector space. If X is finite dimensional, the character of the representation
is the map χρ : G → F given by

χρ(g) = Tr(ρ(g)).

Given two representations ρ1 : G → GL(X1), ρ2 : G → GL(X2), a G-homomorphism (or
simply a homomorphism when the group G is clear) is a linear map T : X1 → X2 such that

ρ2(g)T = Tρ1(g) for all g ∈ G.

We then say that X1 and X2 are isomorphic if there exists a homomorphism T : X1 → X2 that is
also a vector space isomorphism (in this case, a straightforward computation shows that T−1 is a
homomorphism as well). A subrepresentation of a representation X is a vector subspace X′ ⊂ X
such that gv ∈ X′ for all g ∈ G and v ∈ X′.

Lastly, we say that a representation X is irreducible if it has no proper, nontrivial subrepre-
sentations.

Henceforth, when referring to a representation, we shall take the field F to be C. By
definition, a representation X also necessarily defines a group action on X, and as such
we can define
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1. the orbit of a vector v ∈ X: G · v = {gv : g ∈ G},

2. the stabilizer subgroup of a subset S ⊂ X: GS = {g ∈ G : gS ⊂ S},

3. invariant subsets S ⊂ X, which satisfy G · S ⊂ S.

Using this terminology, a subrepresentation can then equivalently be defined as an in-
variant vector subspace.

To analyze the representation theory of abelian groups, we need two key results:
Maschke’s Theorem and Schur’s Lemma (Theorem 2.5 and Lemma 2.4, respectively). We
include proofs adapted from [DF03]; in particular, the idea of “averaging” in the proof
of Maschke’s Theorem motivates an approach we will later use to construct an explicit
basis consisting of eigenvectors of −∆ for representations of k-invariant subgroups (see
Definition 4.1 and Lemma 4.2).

Theorem 2.5. (Maschke’s Theorem) Let G be a finite group and let X be a G-representation.
If X1 ⊂ X is a G-subrepresentation, then there exists a G-subrepresentation X2 ⊂ X such that
X = X1 ⊕ X2

1.

Proof. We seek to construct a G-homomorphism π : X → X1 such that π is a projection.
If we can do so, then we can let X2 = ker π, from which it follows that X2 is a G-
subrepresentation. In addition, if v ∈ X1 ∩ X2, then π(v) = v since π is a projection onto
X1 and π(v) = 0 since v ∈ ker π, which implies that v = 0 and so X1 ∩ X2 = 0. Lastly, for
any v ∈ X, we can write π(v) + (v − π(v)), and since π(v − π(v)) = π(v)− π(v) = 0,
this implies that v ∈ X1 + X2. Therefore, it suffices to construct the homomorphism π to
prove the theorem.

Towards that end, let X2 be a vector space complement to X1, so that X = X1 ⊕ X2
(note that X2 is not necessarily a G-subrepresentation), and let π0 : X → X1 be the
vector space projection associated to this decomposition. We then “average” π0 over G
by defining

π =
1
|G| ∑

g∈G
gπ0g−1; (2.12)

it then immediately follows that π is linear as a sum of products of linear maps. In
addition, we claim that π is (1) a map from X to X1, (2) the identity on X1, and (3) a
G-homomorphism.

(1) To see that π(X) ⊂ X1, let v ∈ X. Then π0(g−1v) ∈ X1 since π0(X) ⊂ X1, and
consequently gπ0(g−1v) ∈ X1 as well since X1 is a G-subrepresentation. Thus π(v) ∈ X1
as a sum of vectors in X1.

1This theorem is more generally true for representations over any field F such that the characteristic
of F does not divide the order of the group G.
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(2) To see that π|X1 = IdX1 , let v ∈ X1. Then g−1v ∈ X1 since X1 is a subrepresenta-
tion, and since π0 is the identity on X1 by construction, by plugging in v into (2.12), we
get

π(v) =
1
|G| ∑

g∈G
gπ0(g−1v) =

1
|G| ∑

g∈G
gg−1v =

1
|G| ∑

g∈G
v = v.

(3) Now let h ∈ G be arbitrary. Then for any v ∈ X,

π(hv) =
1
|G| ∑

g∈G
gπ0(g−1hv) =

1
|G| ∑

g∈G
h(h−1g)π0((g−1h)v)

= h
1
|G| ∑

g′∈G
g′π0((g′)−1v) = hπ(v).

Therefore π is both a G-homomorphism and a projection onto X1.

Lemma 2.4. (Schur’s Lemma) Let X1, X2 be irreducible G-representations, and let T : X1 →
X2 be a homomorphism. Then either T is invertible or T = 0.

Proof. Assume that T ̸= 0. Since T is a homomorphism, ker T and T(x1) are subrepresen-
tations of X1 and X2, respectively. Consequently, our assumption that T ̸= 0 implies that
ker T is a proper subrepresentation, which together with the fact that X1 is irreducible
implies ker T = 0, and so T is injective. Similarly, our assumption that T ̸= 0 also implies
that T(X1) ̸= 0, and since X2 is irreducible, T(x1) cannot be a proper subrepresentation,
so T(X1) = X2, which tells us that T is surjective. If we then let T−1 denote the (set)
inverse of T, this map will necessarily be linear and commute with the action of G since
T is linear and commutes with the action of G. Therefore T−1 is a homomorphism, and
so T is invertible (as a G-homomorphism).

Corollary 2.1. Let X be an irreducible, finite-dimensional G-representation, and let T : X → X
be a homomorphism. Then T = λI for some λ ∈ C.

Proof. Let λ be an eigenvalue of T (which necessarily exists since we are assuming all of
our representations are over the field C). Then λI is a linear map and, as a scalar multiple
of the identity, commutes with g for all g ∈ G, and is therefore a homomorphism. As
a result, T − λI is also a homomorphism, and so by Lemma 2.4, T − λI must either be
invertible or the zero map. However, if we let v ∈ X be an eigenvector corresponding
to λ, then (T − λI)v = 0, and so T − λI cannot be invertible. Therefore T − λI = 0, or
equivalently T = λI, as claimed.

Using the above results, we can now prove that the representations of abelian groups
can be decomposed into subrepresentations of dimension one.
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Corollary 2.2. Let G be a finite abelian group and let X be a finite-dimensional G-representation.
Then there exist irreducible, one-dimensional subrepresentations X1, . . . , Xn ⊂ X such that

X = ⊕n
j=1Xj. (2.13)

Remark 2.6. Although we shall not prove it here, Corollary 2.2 is more generally true for
unitary representations of compact abelian groups on complex Hilbert spaces, and is a
consequence of the Peter-Weyl Theorem [PW27]. In this context, the direct sum (2.13) is
a direct sum of Hilbert spaces, and will typically be infinite.

Proof of Corollary 2.2. Let X1 ⊂ X be a nontrivial, irreducible subrepresentation (which
can be shown to exist by taking the intersection of all subrepresentations containing
some nonzero v, for example), and let g ∈ G be arbitrary. Then G being abelian implies
g : X1 → X1 is a homomorphism since for all g′ ∈ G and v ∈ X1:

g(g′v) = (gg′)v = (g′g)v = g′(gv).

Therefore, by Corollary 2.1, g = λv for some λ ∈ C. Since g was arbitrary, this im-
plies that every g ∈ G is a scalar multiple of the identity. Consequently, if v ∈ X1 is
nonzero, then the one-dimensional subspace spanned by v is a subrepresentation, and
so by irreducibility, this must equal X1.

Now, by Maschke’s theorem (Theorem 2.5), there exists a subrepresentation X′
1 ⊂ X

such that X = X1 ⊕ X′
1. If X′

1 = 0 we are done; otherwise, X′
1 is a nontrivial, finite-

dimensional G-representation satisfying dim X′
1 = dim X − 1. Therefore, by an in-

ductive argument, we can construct irreducible, one-dimensional subrepresentations
X1, X2, X3 . . . satisfying X = X1 ⊕ · · · ⊕ Xj ⊕ X′

j and dim X′
j = dim X − j. Since X is

assumed to be finite-dimensional, eventually this process must terminate, giving us the
decomposition (2.13).

As mentioned in the introduction of this section, we would like to extend the concept
of a representation of a group to include both unitary and antiunitary operators. This
leads us to the notion of a corepresentation, which we now define. For this definition, if
X is a complex inner product space, we let Isom(X) denote the group of isometries of X
viewed as a metric space.

Definition 2.4. Let G be a group with a subgroup G0 of index 2 (if G is finite, this is equal to
|G|/|G0|), which we call the linear subgroup, and let X be the complexification of some real inner
product space (so that the complex conjugate v of v ∈ X is well-defined). A corepresentation of
G is a group homomorphism ρ : G → Isom(X) such that ρ|G0 is a G0-representation, and for all
g ∈ G \ G0, v1, v2 ∈ X and z1, z2 ∈ C,

ρ(g)(z1v1 + z2v2) = z1ρ(g)v1 + z2ρ(g)v2,
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i.e. ρ|G\G0
maps into the space of antiunitary operators. Just as we did for representations of G,

when the homomorphism is clear we shall typically refer to X as the corepresentation, and denote
ρ(g)v by gv.

Given two corepresentations ρ1 : G → Isom(X1), ρ2 : G → Isom(X2), a G-homomorphism
(or simply a homomorphism when the group G is clear) is a linear map T : X1 → X2 such that
for all g ∈ G0 and h ∈ G \ G0,

ρ2(g)T = Tρ1(g)

ρ2(h)T = Tρ1(h),

where T(v) := T(v). We then say that X1 and X2 are isomorphic as corepresentations if there
exists a homomorphism T : X1 → X2 that is also a vector space isomorphism, in which case T−1

is a homomorphism as well. A sub-corepresentation of a corepresentation X is a vector subspace
X′ ⊂ X such that gv ∈ X′ for all g ∈ G and v ∈ X′.

Lastly, we say that a corepresentation X is irreducible if it has no proper, nontrivial sub-
corepresentations.

To see how we might apply the above theory to the Floquet-Bloch problem (1.3), let
Λ be a lattice with point group G, let K ∈ B, and let µ0 be an L2

K-eigenvalue of H with
corresponding eigenspace E. If we can then find a subgroup G0 of G such that E is
a G0-representation, Maschke’s Theorem (Theorem 2.5) says that we can decompose E
into irreducible subrepresentations. It follows that the multiplicity of the eigenvalue µ0
is bounded below by the minimal dimension of the irreducible representations of G0.

To give an explicit example, let Λ be a hexagonal lattice and let K be a vertex of the
Brillouin zone B. The L2

K-eigenspaces of H are then representations of the subgroup G0
of G generated by a rotation of the plane by π/3, and since this group is isomorphic to
Z/3Z and therefore abelian, all of its irreducible representations are one-dimensional
(see Corollary 2.2 and Remark 2.6). When V is assumed to be real, however, Theorem 1.3
tells us that there exists an eigenvalue of H which has multiplicity two – what is interest-
ing is that this can likely be explained by the fact that the irreducible corepresentations
of G0 together with complex conjugation are all two-dimensional.

Due to this potential relationship between the multiplicities of L2
k-eigenvalues of H

and the dimensions of irreducible corepresentations, one of our current projects is to
compute the irreducible corepresentations of groups whose actions commute with H
on L2

k, so that H restricts to a well-defined operator on these spaces. We therefore fin-
ish this section by stating the classification theorem for irreducible corepresentations of
G in terms of the irreducible representations of the linear subgroup G0, and refer the
interested reader to [BC09] for a proof.

Theorem 2.7. (Classification of Irreducible Corepresentations) Let ρ : G → Isom(X)
be a corepresentation of some finite group G with linear subgroup G0, and let M = ρ(h0)
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for some arbitrary h0 ∈ G \ G0. If ρ0 : G0 → GL(X0) is a finite-dimensional, irreducible
subrepresentation of ρ|G0 : G0 → GL(X) and

X1 := M(X0) + X0, and C := ∑
h∈G\G0

χρ0(h
2),

then X1 is an irreducible sub-corepresentation of X and C must equal either |G0|, −|G0| or 0. In
addition:

(1) If C = |G0|, then X1
∼= X0 as vector spaces, and for all g ∈ G0 and h ∈ G \ G0,

ρ(g) = ρ0(g),

ρ(h) = ρ0(hh−1
0 )M.

(2) If C = −|G0|, then X1
∼= X0 ⊕ X0 as vector spaces, and for all g ∈ G0 and h ∈ G \ G0,

ρ(g) =
(

ρ0(g) 0
0 ρ0(g)

)
,

ρ(h) =
(

0 ρ0(hh−1
0 )M

−ρ0(hh−1
0 )M 0

)
.

(3) If C = 0, then X1
∼= X0 ⊕ X0 as vector spaces, and for all g ∈ G0 and h ∈ G \ G0,

ρ(g) =
(

ρ0(g) 0
0 ρ0(h−1

0 gh0)
∗

)
,

ρ(h) =
(

0 ρ0(hh0)

ρ0(h−1
0 h)∗ 0

)
.

2.4 Wavepacket Analysis

As discussed in Chapter 1, the qualitative properties of dispersion surfaces control
the effective dynamics of waves. To motivate our interest in this subject, we describe
three classes of initial conditions discussed in [FW14; AP05] for the time-dependent
Schrödinger equation, where the potential V is periodic with respect to a lattice Λ.

Example 2.8 (Spectral Localization). Let λ be a hexagonal lattice, K be a vertex of the
Brillouin zone B, and assume that V is a generic λ-invariant potential, in this case mean-
ing that V is even and invariant under rotations by 2π/3 (this is rigorously defined in
Definition 4.2). Then [FW12] showed that K is a Dirac point, as in Definition 1.1, i.e.,
there is a pair of dispersion surfaces intersecting conically at K. Let µ(K) denote the
value of these dispersion surfaces at K; a consequence of their result is there exist two



32

eigenfunctions ϕ1, ϕ2 for µ(K) which satisfy ϕ2(x) = ϕ1(−x). The primary class of initial
conditions then studied in [FW14] are those which are spectrally localized near K, which
are initial conditions of the form

ψ(x, 0) = δα10(δx)ϕ1(x) + δα20(δx)ϕ2(x),

with αj0(x) ∈ S(R2) for j = 1, 2 and δ small. For such initial conditions, the solution to
the time-dependent Schrödinger equation evolves approximately as a slowly modulated
superposition of Floquet-Bloch states:

ψδ(x, t) ≈ e−iµ(K)t
(

δα1(δx, δt)ϕ1(x) + δα2(δx, δt)ϕ2(x)
)

,

where the modulating amplitudes α1, α2 satisfy the effective Dirac system

∂tα1(x, t) = −λ(∂x1 + i∂x2)α2(x, t) (2.14)
∂tα2(x, t) = −λ(∂x1 − i∂x2)α1(x, t),

where 0 ̸= λ ∈ C and with initial data α(x, 0) = α0(x).

Example 2.9 (Localization at a Frequency). Again let K ∈ B, (not necessarily a vertex),
and let µ(K) be a simple L2

K-eigenvalue with corresponding eigenfunction ϕ(x), such
that ∇kµ(K) ̸= 0. We then consider initial conditions which are localized at the frequency
µ(K), which are initial conditions of the form

ψ(x, 0) = δα0(δx)ϕ(x),

with α0(x) ∈ S(Rn) and δ small. The solution to the time-dependent Schrödinger equa-
tion is then approximately given by

ψ(x, t) ≈ e−iµ(K)tδα(δx, δt)ϕ(x), (2.15)

where the modulating amplitude α satisfies the transport equation

∂tα(x, t) +∇kµ(K) · ∇xα(x, t) = 0 (2.16)

with initial data α(x, 0) = α0(x). Consequently we can rewrite (2.15) as

ψ(x, t) ≈ e−iµ(K)tδα0

(
δ
(
x −∇kµ(K)t

))
ϕ(x).

That is, the effective transport is ballistic, with speed ∇kµ(K).
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Example 2.10 (Localization at a Spectral Band Edge). For our last example, we start with
the same assumptions as in Example 2.9, but we now assume that µ(K) occurs at a spec-
tral band (gap) edge, so that ∇kµ(K) ̸= 0, and the Hessian D2

k µ(K) is non-degenerate.
If we then again consider initial conditions which are localized at the frequency µ(K), the
solution to the time-dependent Schrödinger equation is then approximately given by

ψ(x, t) ≈ e−iµ(K)tδα(δx, δ2t)ϕ(x),

where the modulating amplitude α satisfies the constant coefficient Schrödinger equation

i∂tα(x, t) = −1
2
∇x · D2

k µ(K)∇xα(x, t) (2.17)

with initial data α(x, 0) = α0(x). Here, A := 1
2 D2

k µ(K) is referred to as the inverse of the
effective mass tensor.

Each of the results discussed in Examples 2.8 – 2.10 can be proven using the same
methods, which we now outline. The initial conditions and can generally be written in
the form

ψ(x, 0) =
m

∑
j=1

δαj0(δx)ϕj(x),

where α10, . . . , αm0 ∈ S(Rn) and ϕ1, . . . , ϕm are eigenfunctions corresponding to the mul-
tiplicity m, L2

K-eigenvalue µ0 := µ(K). We look for solutions of the form

ψ(x, t) = e−iµ0t

(
m

∑
j=1

δαj(δx, δrt)ϕj(x) + Eδ(x, t)

)
(2.18)

for some positive integer r; the goal is then to show that ||Eδ(x, t)|| → 0 as δ → 0.
Plugging (2.18) into the time-independent Schrödinger equation (1.2), we get

0 = i∂tψ − Hψ

= µ0e−iµ0t

(
m

∑
j=1

δαj(δx, δrt)ϕj(x) + Eδ(x, t)

)

+ ie−iµ0t

(
m

∑
j=1

δr+1(∂tαj)(δx, δrt)ϕj(x) + ∂tEδ(x, t)

)

− e−iµ0t

(
m

∑
j=1

µ0δαj(δx, δrt)ϕj(x)− δ3(∆αj)(δx, δrt)ϕj(x)

−2δ2(∇αj)(δx, δrt) · ∇ϕj(x) + HEδ(x, t)
)
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Multiplying the first and last expressions by eiµ0t and canceling terms, we get

i∂tEδ(x, t) = (H − µ0)Eδ(x, t)

− δ2

(
m

∑
j=1

δr−1(∂tαj)(δx, δrt)ϕj(x) + 2(∇αj)(δx, δrt) · ∇ϕj(x)

)

− δ3

(
m

∑
j=1

(∆αj)(δx, δrt)ϕj(x)

)

By DuHamel’s principle (see [Fri82]), the error term Eδ(x, t) is then given by

Eδ(x, t)

= iδ2
m

∑
j=1

∫ t

0
e−i(H−µ0)(t−s)

(
δr−1(∂tαj)(δx, δrt)ϕj(x) + 2(∇αj)(δx, δrt) · ∇ϕj(x)

)
ds

+iδ3
m

∑
j=1

∫ t

0
e−i(H−µ0)(t−s) ((∆αj)(δx, δrt)ϕj(x)

)
ds

Since e−i(H−µ0)(t−s) is a unitary operator on L2, we are able to bound Eδ by

||Eδ(x, t)|| ≤ δ2
m

∑
j=1

∫ t

0

∣∣∣∣∣∣δr−1(∂tαj)(δx, δrt)ϕj(x) + 2(∇αj)(δx, δrt) · ∇ϕj(x)
∣∣∣∣∣∣ ds (2.19)

+ δ3
m

∑
j=1

∫ t

0

∣∣∣∣(∆αj)(δx, δrt)ϕj(x)
∣∣∣∣ ds

Denote the two integrals in (2.19) by I1 and I2, respectively, and consider the integral
I2. Since we are assuming α ∈ C(Rn), so too is ∆α, and thus there exists some C1 > 0
such that ||∆α|| ≤ C1. Similarly, since ϕj ∈ L2

K, and in particular is quasiperiodic, for
j = 1, . . . , m, there exists some C2 > 0 such that supx,j |ϕj(x)| ≤ C2. Consequently, if we
let C = C1C2, then for t ≤ δ−1,

I2 =
∫ t

0

∣∣∣∣(∆αj)(δx, δrt)ϕj(x)
∣∣∣∣ ds ≤ Cδ−1

∫ t

0
ds ≤ Cδ−2,

which shows that the second term of the bound given in (2.19) will go to zero as δ → 0.
Computing a bound for the integral I1 depends on the initial conditions being stud-

ied. In general, however, it requires using the decomposition into Floquet-Bloch modes
given by Theorem 2.4 and the corresponding effective equation (2.14), (2.16), or (2.17).
One can then show that the integrand is bounded by some C3, and therefore, for t ≤ δ−1,
I1 ≤ C3δ−1. This then implies that the first term of the bound given in (2.19) will go to
zero as δ → 0 as well, thus proving that ||Eδ(x, t)|| → 0 as δ → 0.
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In conclusion, Examples 2.8 – 2.10 demonstrate why dispersion surfaces and their
intersections are of fundamental interest in the study of waves in periodic structures.
The general framework we develop in Chapter 4 provides a foundation upon which one
can now produce similar results for other lattices and their corresponding band spectrum
singularities.
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Chapter 3

SPECTRA OF ANALYTIC FAMILIES OF OPERATORS

In order to find interesting dispersion surfaces of the operator H in (1.3), our strategy
will be to look at

Hz = −∆ + zV

on L2
k for varying k and generic values of z ∈ R. In general, we shall use perturbation

theory to analyze the spectrum of Hz for z close to 0, and we shall use analyticity to
extend our results to large z. We start by analyzing this situation in the finite-dimensional
case.

3.1 Analytic Families of Matrices

One of our primary tools is the following theorem:

Theorem 3.1. Let {Az}z∈U be an analytic family of monic degree n polynomials in C[x], for
some U ⊂ C open. Then there is a discrete set D, such that on any simply connected open set
W ⊂ U \ D, there exists a decomposition

Az(x) =
r

∏
j=1

(x − λj(z))mj , (3.1)

where λ1, . . . , λr : W → C are analytic functions such that λ1(z), . . . , λr(z) are distinct roots of
Az and their respective multiplicities m1, . . . , mr are constant on W.

We shall prove this theorem in the following section, but an essentially immediate
consequence is the following result, which we shall apply to operators T(z) satisfying
A1, restricted to a finite-dimensional subspace:

Theorem 3.2. Let M : U → Mn×n(C) be analytic, where U ⊂ C open, U ∩ R is non-empty,
and M(z) is Hermitian for all z ∈ U ∩ R. Then there exists a discrete set D such that on any
simply connected open set W ⊂ U \ D, W ∩ R non-empty, M(z) can be decomposed as

M(z) =
r

∑
j=1

λj(z)πj(z), where: (3.2)

• λ1, . . . , λr : W → C are analytic functions such that for all z ∈ W, λ1(z), . . . , λr(z) are
distinct eigenvalues of M(z),
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• π1, . . . , πr : W → Mn×n(C) are eigenprojectors of constant rank corresponding to λ1, . . . ,
λr, respectively, analytic in z, satisfying πj(z)πℓ(z) = δjℓπj(z) for j, ℓ = 1, . . . , r.

Proof. Let χz denote the characteristic polynomial of M(z), using the convention that
χz(λ) = det(λ − M(z)). Then χz is a monic degree n polynomial, and so by Theorem
3.1 there exists a discrete set D such that on any simply connected open set W ⊂ U \ D,
there exist analytic functions λ1, . . . , λr : W → C such that λ1(z), . . . , λr(z) are the distinct
eigenvalues of M(z) for all z ∈ W.

For z ∈ W, let πj(z) be the projection onto the generalized eigenspace associated to
λj(z). We then claim that πj depends analytically on z. Fix some j ∈ {1, . . . , r} and
z0 ∈ W, and let C be a simple, closed, positively-oriented contour such that λj(z0) is
the only eigenvalue of M(z0) enclosed by C. Since each of the functions λℓ are contin-
uous and there are only finitely many of them, there exists ε > 0 such that λj(z) is the
only eigenvalue of M(z) enclosed by C for all |z − z0| < ε. Consequently, from [Kni96,
Theorem 3.3], πj is given on Bε(z0) by

πj(z) = − 1
2πi

∮
C
(M(z)− ζ)−1dζ.

Since z0 ∈ W was arbitrary, this shows that πj is analytic on W.
Lastly, observe that for z ∈ W ∩ R (which is assumed to be non-empty), we can

write M(z) as in (3.2) since M(z) is Hermitian on this set, and πj(z)πℓ(z) = δjℓπj(z) for
j, ℓ ∈ {1, . . . , r} on this set as well. By the identity theorem, these relations must then
hold on all of W. As a result, for all j, πj is in fact the eigenprojector corresponding to
λj, and the corresponding eigenspaces are pairwise orthogonal. Since the multiplicities
of the eigenvalues λ1, . . . , λr are constant on W, we conclude that, for all j, rank πj(z) is
constant on W as well.

Returning to Theorem 3.1, we follow the work of [Kat95] and consider the behavior
of the functions λ1(z), . . . , λr(z) in a neighborhood of a point z0 ∈ D. Since the set D is
discrete, there exists an open ball B0 centered at z0 such that D ∩ B0 = {z0}; by this same
theorem, if we let B ⊂ B0 \ {z0} be a smaller open ball, the roots of Az can be expressed
as the analytic functions λj(z) for j = 1, . . . , r and for z ∈ B. If we now rotate the ball
B around z0, the functions λj(z) can be continued analytically, and these extensions will
continue to be roots of Az. It follows that, after exactly one full rotation, the functions
λ1(z), . . . , λr(z) will have undergone a permutation P; as this is a permutation on a finite
set of elements, after potentially reindexing we can partition the set {λj(z)}r

j=1 into cycles:

{λ1(z), . . . , λp(z)}, {λp+1(z), . . . , λp+q(z)}, . . . , (3.3)

meaning that the permutation P acts cyclically on each of the sets in (3.3), so that
Pλj(z) = λj+1(z) for j = 1, . . . , p − 1, and Pλp(z) = λ1(z). Given a root λj(z), the
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order of λj(z) under the permutation P (also often called its period) is the length of its
corresponding cycle.

Let us now focus on the root λ1(z), and suppose this root has order p as in (3.3); the
analysis is identical for any other root. Define

f (ω) = λ1(ω
p + z0)

with domain consisting of one of the connected components of the set

{ω ∈ C : ωp + z0 ∈ B0}.

By applying the same analytic continuation that defined the permutation P, it follows
that f can be extended to an analytic function on (B0 − z0) \ {0} (i.e. the translation of
B0 that it is centered at the origin with the origin removed). As a result, f has a Laurent
series expansion of the form

f (ω) =
∞

∑
ℓ=−∞

aℓωℓ. (3.4)

However, by continuity of roots, limz→z0 λ1(z) = λ for some λ ∈ C (which is called the
center of the cycle), and so f is continuous at ω = 0 and is equal to λ. Consequently
a0 = λ and aℓ = 0 for ℓ < 0 in the series (3.4) (we remark that the sum of terms in (3.4)
with negative degree is called the principal part, and so this latter consequence can be
rephrased as saying the principal part of f is equal to 0). Thus we can rewrite f as

f (ω) = λ +
∞

∑
ℓ=1

aℓωℓ. (3.5)

If we now use the substitution z = ωp + z0, so that ω = (z − z0)
1/p, then ω is

one of p possible roots, and these roots differ by a factor of ζ
j
p, where ζp = e2πi/p and

1 ≤ j ≤ p − 1. Plugging this into (3.5) and letting (z − z0)
1/p denote the principal root,

we can then recover the functions λ1(z), . . . , λp(z) as Puiseux series of the form

λj(z) = λ +
∞

∑
ℓ=1

aℓζ
ℓ(j−1)
p (z − z0)

ℓ/p. (3.6)

This is summarized by saying that, if p ≥ 2, then z0 is a branch point of algebraic order p. If
the length of the cycle were infinite, we would instead say that z0 is a logarithmic branch
point; however, such a point is impossible when considering the roots of the polynomial
Az, for as previously noted the permutation P must send each root λj(z) to one of at
most n = deg Az roots.

We next perform a similar analysis for the eigenprojectors π1(z), . . . , πr(z) near x0 ∈
D ∩ R. Just as before, we let B0 be an open ball centered at x0 such that D ∩ B0 = {x0},
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and let B ⊂ B0 \ {z0} be a smaller open ball centered at some x1 ∈ R. Then by Theorem
3.2, M(z) has a decomposition of the form (3.2) on B. In addition, since B0 is compact,
by continuity of roots, the set

{ζ ∈ C : det(M(z)− ζ) = 0 for z ∈ B0}

is bounded, say by C. Then for fixed |ζ| > C, the resolvent (M(z)− ζ)−1 is necessarily
defined and moreover analytic in z on B0. On the set B, we can write (M(z)− ζ)−1 using
(3.2) as

(M(z)− ζ)−1 =
r

∑
j=1

1
(λj(z)− ζ)

πj(z).

As a result, if we rotate B around the point x0, the functions (M(z) − ζ)−1, λj(z), and
πj(z) for j = 1, . . . , r can all be continued analytically, and these extensions will continue
to be the resolvent, eigenvalues, and eigenprojectors, respectively, of M(z). Just as before,
this process induces a permutation P on the eigenvalues and eigenprojectors, but since
(M(z)− ζ)−1 is analytic on B0 it will be left unchanged. We therefore get that

r

∑
j=1

1
(λj(z)− ζ)

πj(z) = (M(z)− ζ)−1 = P(M(z)− ζ)−1 (3.7)

=
r

∑
j=1

1
(Pλj(z)− ζ)

Pπj(z).

We now focus on the eigenprojector π1(z), noting that the analysis for the other
eigenprojectors is identical. Again let p denote the order of the corresponding eigen-
value λ1(z) under the permutation P, and assume that both the eigenvalues and eigen-
projectors have been indexed corresponding to the cycles of the eigenvalues as in (3.3).
Then by the uniqueness of partial fraction decompositions, we deduce from (3.7) that
Pπj(z) = πj+1(z) for 1 ≤ j ≤ p − 1, and Pπp(z) = π1(z), and so π1(z) has order at most
p under the permutation P. To see that π1(z) has order exactly p, recall from Theorem
3.2 that πj(z)πℓ(z) = δjℓπj(z) for j, ℓ = 1, . . . , r, and consequently π1(z), . . . , πp(z) must
all be distinct. We therefore conclude that π1(z) has order p.

The following result, due to John Butler [But59], will enable us to prove a stronger
version of Theorem 3.2.

Proposition 3.1. Let x0 ∈ D ∩ R be a branch point of order p ≥ 2. Then for j = 1, . . . , p,
πj(x) has a pole at x0.

Remark 3.3. This result is more generally true for any branch point z0 ∈ D of order p ≥ 2,
not just those in R, although we will only need to consider the case x0 ∈ D ∩ R for our
purposes.
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Proof of Proposition 3.1. First note that, since πj(z) has order p for j = 1, . . . , p, we can ex-
pand πj in a Puiseux series around x0 just as we did for the eigenvalues λ1(z), . . . , λp(z),
and thus there exist matrices πj,ℓ such that

πj(z) =
∞

∑
ℓ=−∞

πj,ℓ(z − x0)
ℓ/p

near x0. Applying the permutation P to πj(z) we compute that, for 1 ≤ j ≤ p − 1

∞

∑
ℓ=−∞

πj+1,ℓ(z − x0)
ℓ/p = πj+1(z) = Pπj(z) =

∞

∑
ℓ=−∞

πj,ℓζ
ℓ
p(z − x0)

ℓ/p, (3.8)

where again ζp = e2πi/p. Equating coefficients for the first and last expressions in (3.8),
we deduce that πj,0 = πj+1,0 for 1 ≤ j ≤ p − 1. An identical argument shows that
πp,0 = π1,0 as well.

Now suppose for contradiction that πj does not have a pole at x0, so that πj can be
written as

πj(z) =
∞

∑
ℓ=0

πj,ℓ(z − x0)
ℓ/p. (3.9)

Since we can recover each of the projections πℓ(z) from πj(z) for ℓ ̸= j by succes-
sive applications of the permutation P, this implies that none of the eigenprojectors
π1(z), . . . , πp(z) have a pole at x0, and thus each can be written in the form (3.9). In par-
ticular this implies that πj(z) is continuous at x0 for j = 1, . . . , p. Therefore, by Theorem
3.2, we have that, for j = 1, . . . , p,

πj,0πj+1,0 =

(
lim

z→x0
πj(z)

)(
lim

z→x0
πj+1(z)

)
= lim

z→x0
πj(z)πj+1(z) = 0.

A similar argument, using the fact that πj(z)2 = πj(z), shows that π2
j,0 = πj,0. Putting

this all together, we conclude that

πj,0 = πj,0πj,0 = πj,0πj+1,0 = 0.

This, however, is a contradiction. A lemma due to Tosio Kato [Kat95, Lemma I.4.10]
states that if π̃1, π̃2 are two projectors such that ||π̃1 − π̃2|| < 1, then π̃1 and π̃2 have
the same (potentially infinite) rank.1 It follows that, for sufficiently small z, rank πj(z) =
rank 0 = 0, which contradicts the fact that rank πj(z) is equal to the multiplicity mj > 0
of λj(z) for all z ̸∈ D. Therefore π1, . . . , πp must all have a pole at z = x0.

1In Kato’s book this property is shown for projectors on a finite-dimensional vector space. One can
check that the proof applies to infinite-dimensional vector spaces as well.
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Theorem 3.4. Let M : U → Mn×n(C) be analytic, where U ⊂ C open, I := U ∩ R is non-
empty, and M(z) is Hermitian for all z ∈ U ∩ R. Then there exists an open neighborhood W of
I and a discrete set D ⊂ I such that on W, M(z) can be decomposed as

M(z) =
r

∑
j=1

λj(z)πj(z), where: (3.10)

• λ1, . . . , λr : W → C are analytic functions such that for all z ∈ W \ D, λ1(z), . . . , λr(z)
are distinct eigenvalues of M(z),

• π1, . . . , πr : W → Mn×n(C) are eigenprojectors of constant rank corresponding to λ1, . . . ,
λr, respectively, analytic in z, satisfying πj(z)πℓ(z) = δjℓπj(z) for j, ℓ = 1, . . . , r.

Proof. This will be an immediate consequence of Theorem 3.2 if we can show that for x0 ∈
D ∩ R, the functions λ1, . . . , λr have order one when analytically continued around each
of these points, and therefore can be extended to analytic functions on a neighborhood
of these points via equation (3.6). Towards that end, let x0 ∈ D ∩ R, and let W ⊂ U \ D,
W ∩ R ̸= ∅ be a simply connected open set such that x0 ∈ W. Then on W, M(z) has
a decomposition of the form (3.10). Let {xn}n∈N ⊂ W ∩ R such that xn → x0; then
due to the fact that M(z) is Hermitian for z ∈ U ∩ R, the eigenprojectors π1, . . . , πr are
orthogonal, and therefore satisfy ||πj(xn)|| = 1 for n ∈ N and j = 1, . . . , r. As a a result,
for j = 1, . . . , r

lim
n→∞

||πj(xn)|| = 1,

and so π1, . . . , πr cannot have poles at x0. Thus, by Proposition 3.1, x0 cannot be a branch
point of order p ≥ 2 for any of the functions λ1, . . . , λr, and so each of these functions
must have order one.

3.2 Proof of Theorem 3.1

To prove Theorem 3.1, we use an extension of the notion of a Sylvester matrix.

Definition 3.1. Let Pj be the vector space of complex polynomials of degree less than or equal to
j, and let A ∈ Pn and B ∈ Pm. Define ϕA,B : Pm−1 × Pn−1 → Pm+n−1 by

ϕA,B(Q1, Q2) = AQ1 + BQ2.

Then ϕA,B is a linear map called the Sylvester matrix associated to A and B.
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We will generalize the Sylvester matrix as follows. Let A1, . . . , Am be a collection of
polynomials for some m ≥ 2, let nj = deg Aj, and let n = n1 + · · ·+ nm. We introduce

ϕA1,...,Am :
m

∏
j=1

Pn−nj−1 → Pn−1

(Q1, . . . , Qm) 7→
m

∑
j=1

AjQj

Lemma 3.1. The image of ϕA1,...,Am is the intersection of Pn−1 with the ideal (gcd(A1, . . . , Am)).

Proof. It is immediate from the definition of ϕA1,...,Am that

im ϕA1,...,Am ⊂ Pn−1 ∩ (gcd(A1, . . . , Am)).

To see the reverse containment, by re-indexing the Aj’s if necessary, we may assume
that deg(A1) ≤ deg(Aj) for j = 2, . . . , m. As a result, if ∑m

j=1 AjQj has degree less
than or equal to n − 1, then we can divide each of Q2, . . . , Qm by A1, so that there exist
polynomials Q̃j, Bj such that

Qj = A1Bj + Q̃j and deg(Q̃j) < deg(A1) = n1.

By our assumptions that m ≥ 2 and n1 = deg(A1) ≤ deg(Aj) = nj for j ̸= 1, we get that
n1 ≤ ∑ℓ ̸=j nℓ = n − nj for all j ̸= 1. Putting this together, we get that deg(Q̃j) < n − nj,
and so Q̃j ∈ Pn−nj−1. In addition, we can now write

m

∑
j=1

AjQj = A1Q1 +
m

∑
j=2

Ai(A1Bj + Q̃j) = A1

(
Q1 +

m

∑
j=2

AjBj

)
+

m

∑
j=2

AjQ̃j.

From here, observe that since Q̃j ∈ Pn−nj−1 for j = 2, . . . , m, the sum ∑m
j=2 AjQ̃j is a

polynomial of degree less than or equal to n − 1. Consequently, we must have that

deg

(
A1

(
Q1 +

m

∑
j=2

AjBj

))
≤ n − 1

as well, for otherwise the original sum ∑m
j=1 AjQj would not be a polynomial of degree

less than or equal to n − 1. Therefore, if we let Q̃1 = Q1 + ∑m
j=2 AjBj, then Q̃1 ∈ Pn−n1−1.

Thus we get that
m

∑
j=1

AjQj =
m

∑
j=1

AjQ̃j ∈ im ϕA1,...,Am ,

and so im ϕA1,...,Am = Pn−1 ∩ (gcd(A1, . . . , Am)), as claimed.
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The reason Lemma 3.1 is important is because if we let B = gcd(A1, . . . , Am), then

rank ϕA1,...,Am = dim((B) ∩ Pn−1)

= dim{Q ∈ Pn−1 : BQ ∈ Pn−1}
= dim{Q ∈ Pn−1 : deg Q ≤ n − deg B − 1}
= n − deg B.

Lemma 3.2. Let M : U → Mn×n(C) be analytic, where U ⊂ C is open and connected. The
rank of M(z) is constant except possibly at a discrete set of points in U.

Proof. Pick z0 ∈ U such that rank M(z0) is maximal, which exists since rank M(z) can
take only integer values from 0 to n, and let r = rank M(z0). Then there exists an r × r
submatrix M0(z) of M(z) such that M0(z0) has full-rank. As a result, det(M0(z)) is an
analytic function in z on U, and is nonzero at z0, and therefore is also nonzero on all of
U except possibly at a discrete set of points D. This then implies that rank M(z) ≥ r on
U \ D, which by maximality implies rank M(z) = r on U \ D.

Using this lemma and our generalization of the Sylvester matrix outlined above, we
can now prove the following proposition.

Proposition 3.2. Let {Az}z∈U be an analytic family of monic degree n polynomials in C[x], for
some U ⊂ C open. Then there exists a discrete set D such for j = 1, . . . , n,

ρj = |{λ is a root of Az of multiplicity j}|

is independent of z ∈ U \ D

Proof. For simplicity of notation, we define the following maps:

ϕ1 = ϕAz,A′
z
, ϕ2 = ϕAz,A′

z,A′′
z
, . . . ϕn = ϕ

Az,...,A(n)
z

, (3.11)

where each of the derivatives in (3.11) is being taken with respect to x (as opposed to z).
Similarly, we define:

B1 = gcd(Az, A′
z), B2 = gcd(Az, A′

z, A′′
z ), . . . Bn = gcd(Az, . . . , A(n)

z ),

and lastly we define dj = deg Bj for j = 1, . . . , n.

Let nj = ∑
j
ℓ=0 deg A(ℓ)

z = ∑
j
ℓ=0 n − ℓ; then our arguments preceding this proposition

tell us that rank ϕj = nj − dj. In addition, observe that ϕk depends analytically on z for
k = 1, . . . , n, since the entries of ϕk, viewed as a matrix, consist either of the coefficients
of Az and its derivatives or are otherwise zero. Consequently, by Lemma 3.2 there exists
a discrete set Dj ⊂ U such that dj is constant on U \ Dj. Letting D = ∪n

j=1Dj, D is then
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also discrete as a finite union of discrete sets, and by construction dj is constant on U \ D
for j = 1, . . . , n.

Now let z0 ∈ U \ D; our assumption that Az is monic implies that we can write

Az0(x) =
r

∏
j=1

(x − λj)
mj ,

where λ1, . . . , λr are the r distinct roots of Az0 , and m1, . . . , mr are the corresponding
multiplicities. It then follows that

B1 = ∏
ℓ : mℓ>1

(x − λℓ)
mℓ−1

B2 = ∏
ℓ : mℓ>2

(x − λℓ)
mℓ−2

...
Bn−1 = ∏

ℓ : mℓ=n
(x − λℓ)

Bn = 1.

A consequence of these formulas is that

|{λℓ is a root of Az0 : mℓ > j}| = deg Bj − deg Bj+1 = dj − dj+1.

As a result,

ρj = |{λ is a root of Az−0 of multiplicity j}|
= |{λℓ is a root of Az0 : mℓ > j − 1}| − |{λℓ is a root of Az0 : mℓ > j}|
= (dj−1 − dj)− (dj − dj+1),

where d0 is understood to be n and dj = 0 for j > n. Since z0 was arbitrary, this tells
us that ρj is constant on U \ D as a sum of constant functions. Therefore, the number of
distinct roots of Az of any given multiplicity is constant on U \ D.

Theorem 3.5. (Local version) Let z∗ ∈ U \ D. There exists ε > 0 such that the conclusion of
Theorem 3.1 holds on W = Bε(z∗).

Proof. Let λ1, . . . , λr be the distinct roots of Az∗ , and let

δ =
1
2

minj ̸=ℓ |λj − λℓ|. (3.12)

We then say m ∈ {1, . . . , n} is ε-good if for every root λ of Az∗ of multiplicity m, Bδ(λ)
contains a root of Az of multiplicity m for all z ∈ Bε(z∗).
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We claim that for any m ∈ {1, . . . , n}, there exists ε > 0 such that m is ε-good.
Suppose for contradiction that m is not ε-good for any ε > 0; without loss of generality,
we may assume that m is maximal with respect to this property. Then for every ε > 0,
there exists a root λ of Az∗ of multiplicity m and a z ∈ Bε(z∗) such that Bδ(λ) does not
contain a root of Az of multiplicity m. Therefore, if we let Σ denote the set of roots of Az∗
of multipicity m, we can construct sequences (zj)j∈N ⊂ U \ D, zj → z∗ and (λj)j∈N ⊂ Σ
such that for all j, Azj does not contain a root of multiplicity m in Bδ(λj). Since Az∗ has
only finitely many roots, by passing to subsequences if necessary, we may assume that
λj = λ∗ is independent of j.

From here, note that ρ := |Σ| is independent of z by Proposition 3.2, and for all j ∈ N,
none of the ρ roots of Azj of multiplicity m are contained in Bδ(λ∗). Therefore, for each
j, we must either have that there exists a λ̃j such that Azj has two roots in Bδ(λ̃j) of
multiplicity m, or there exists a root λ̃j of Azj of multiplicity m that is not contained in
Bδ(λ) for any λ ∈ Σ. Therefore, by again passing to subsequences if necessary, one of
two situations must hold:

• there exists λ̃∗ ∈ Σ such that for all j, Azj has two roots of multiplicity m in Bδ(λ̃∗),

• for each j ∈ N, there exists λj ̸∈ ∪λ∈ΣBδ(λ), λj a root of Azj of multiplicity m.

Assume the first situation holds. Since the set ∂Bδ(λ̃∗) is compact, Azj converges
uniformly to Az∗ on this set. Because of (3.12), Az∗ has no zeroes on ∂Bδ(λ̃∗), and
therefore uniform convergence tells us that for sufficiently large j and ζ ∈ ∂Bδ(λ̃∗),

|Azj(ζ)− Az∗(ζ)| < inf
∂Bδ(λ̃∗)

|Az∗ | ≤ |Az∗(ζ)|.

By Rouché’s theorem, Azj and Az∗ have the same number of zeroes in Bδ(λ̃∗), counted
with multiplicity. However, this is a contradiction, as Azj has at least 2m zeroes in this
set, counted with multiplicity, while Azj by assumption has precisely m zeroes.

Now assume the second situation holds; we first show that the sequence (λj)j∈N is
bounded. Note that the sequence (zi) is bounded by virtue of being convergent, and
thus there exists C > 0 such that |zj − z∗| < C for all j. In addition, if we write

Az(x) = xn + an−1(z)xn−1 + · · ·+ a1(z)x + a0(z),

then by definition of Az being analytic in z, so too are functions aℓ(z) for ℓ = 0, . . . , n− 1.
As a result, a′ℓ(z) exists and is bounded on the closed disk BC(z∗), say by Cℓ, for ℓ =
0, . . . , n − 1. This implies that for ℓ = 0, . . . , n − 1 and positive integers j,

|aℓ(zj)− aℓ(z∗)| ≤ Cℓ|zℓ − z∗| ≤ C · Cℓ.
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Lagrange’s bound on polynomial roots, together with the reverse triangle inequality,
then tells us that for all positive integers j,

|λj| ≤ max

{
1,

n−1

∑
ℓ=0

|aℓ(zj)|
}

≤ max

{
1,

n−1

∑
ℓ=0

|aℓ(z∗)|+ C · Cℓ

}
.

Consequently the sequence (λj)j∈N is bounded.
Since the sequence is bounded, by again passing to a subsequence if necessary, we

may assume that λj converges to some λ∞. In addition, since λj is a root of Azj of

multiplicity m for all j, it is a root of A(ℓ)
zj for ℓ = 0, . . . , m − 1 (where again the derivative

is being taken with respect to x, and not z). Therefore, for ℓ = 0, . . . , m − 1,

A(ℓ)
z∗ (λ∞) = A(ℓ)

limj→∞ zj

(
lim
j→∞

λj

)
= lim

j→∞
A(ℓ)

zj (λj) = lim
j→∞

0 = 0.

Therefore λ∞ is a root of Az∗ of multiplicity at least m. However, d(λ∞, Σ) ≥ δ since
δ(λj, Σ) ≥ δ by assumption, and therefore by (3.12), λ∞ must in fact have multiplicity
strictly greater than m, which we denote by m′. Since m is assumed to be the maximal
integer that is not ε-good for any ε, it follows that m′ is ε-good for some ε > 0. Therefore,
for sufficiently large j, Bδ(λ∞) contains both λj (which is a root of multiplicity m) and a
root of multiplicity m′, distinct from λj. However, Rouché’s theorem implies that λ∞ is
then a root of Az∗ of multiplicity m′ + m, which is a contradiction. Consequently, the set
of m ∈ {1, . . . , n} which is not ε-good for any ε > 0 is empty, thus proving the claim.

Hence there exists a ε > 0 such that for all m ∈ {1, . . . , m}, m is ε-good, and by
shrinking ε if necessary, we may assume that Bε(z∗) ⊂ U \ D. That is, if z ∈ Bε(z∗) and
λ∗ is a root of Az∗ of multiplicity m, then Bδ(λ∗) contains precisely one root of Az of
multiplicity m, which we denote by λ(z). Because this holds for every root λ∗ of Az∗ and
the sum of multiplicities of the roots of Az equals n, we conclude that λ(z) is the only
root of Az contained in Bδ(λ∗). Therefore, by the residue theorem,

λ(z) =
1

2πim

∮
∂Bδ(λ∗)

ζ A′
z(ζ)

Az(ζ)
dζ.

Since the integral on the right-hand side is analytic in z, this implies that λ(z) is analytic
on Bε(z∗). Doing this for each root λ∗ of Az∗ , we get the decomposition (3.1) on Bε(z∗),
as desired.

We can now prove Theorem 3.1 using a combination of the local version (Theorem
3.5) together with the monodromy theorem.

Proof of Theorem 3.1. Let W ⊂ U \ D be a simply connected open set and let z0 ∈ W.
Then by Theorem 3.5, there exists an open disk B ⊂ W, centered at z0, such that the
decomposition (3.1) holds on B.
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Now the monodromy theorem tells us that if there exists an analytic continuation of
λj along any path contained in W starting at z0, then there exists an extension of λj to
all of W. In particular, by an analytic continuation of λj along a path γ : [0, 1] → C,
we mean that, for each t ∈ [0, 1], there exists an open disk Bt, centered at γ(t), and an
analytic map µt : Bt → C satisfying

(1) B0 = B and µ0 = λj

(2) For each t ∈ [0, 1] there exists ε > 0 such that for all t′ ∈ [0, 1] with |t − t′| < ε,
γ(t′) ∈ Bt and µt′ = µt on Bt′ ∩ Bt.

Therefore, to apply this theorem, let j ∈ {1, . . . , r}, and let γ : [0, 1] → W be a path
satisfying γ(0) = z0. To show that there exists an analytic continuation of λj along the
path γ, we first apply Theorem 3.5 again to γ(t) for each t ∈ [0, 1] to get an open disk B̃t,
centered at γ(t), such that the decomposition (3.1) exists on B̃t. Then for each t, define
It to be the connected component of γ−1(B̃t) containing t. It follows that {It}t∈[0,1] is
an open cover of [0, 1], and since this latter set is compact, there exists a finite subcover,
which we denote by {Iℓ}s

ℓ=1 for some positive integer s. For each interval Iℓ, we denote
the corresponding t and open disk B̃t by tℓ and Bℓ, respectively. To ensure that our
eventual analytic continuation satisfies property (1) above, we also add the connected
component of γ−1(B0) containing 0, which we denote by I0, so that the subcover is now
given by {Iℓ}s

ℓ=0, and t0 = 0 and B0 = B. Furthermore, by taking a minimal subcover
and reindexing and shrinking the sets Iℓ for ℓ > 0 if necessary, we may assume that
I0 = [0, b0), Iℓ = (aℓ, bℓ) for ℓ = 1, . . . , s − 1, and Is = (as, 1], where 0 < a1 < · · · < as and
b0 < · · · < bs−1 < 1.

For each of the open disks Bℓ we now need analytic maps µℓ : Bℓ → C for 0 ≤ ℓ ≤ s,
which we pick inductively. For the base case, simply let µ0 = λj. For the inductive case,
assume that there exists an analytic map µℓ : Bℓ → C for some 0 < ℓ < s such that
µℓ is a root of Az for all z ∈ Bℓ. Then Bℓ ∩ Bℓ+1 must be both nonempty, as it contains
γ(Iℓ ∩ Iℓ+1) = γ((aℓ+1, bℓ)), and connected, as it is the intersection of two disks, and so
on Bℓ ∩ Bℓ+1 the map µℓ must equal precisely one of the roots of the decomposition (3.1)
on Bℓ+1. Thus we can let µℓ+1 be this root.

To finish the proof of the existence of an analytic continuation of λj along γ, now
let t ∈ [0, 1] be arbitrary. Then t ∈ Ii for some i, and consequently there exists an
open disk Bt ⊂ Bℓ centered at γ(t), and we can let µt = µℓ|Bt . In addition, since Iℓ is
open, there exists ε > 0 such that (t ± ε) ⊂ Iℓ. As a result, for all t′ ∈ [0, 1] satisfying
|t′ − t| < ε, γ(t′) ∈ Bt ⊂ Bℓ, from which it follows by construction of the pairs (Bℓ, µℓ)
for ℓ = 0, . . . , s, that µt′ = µℓ = µt on Bt′ ∩ Bt. Thus there exists an analytic continuation
of λj along γ, and since j ∈ {1, . . . , r} was arbitrary, the monodromy theorem tells us



48

that there exist extensions of λ1, . . . , λr to all of W. Moreover, these functions must still
be roots of Az on W, as they are roots along any path in W.

To conclude, we note that the functions z 7→ mult(λj(z)) are locally constant on W,
and since W is assumed to be simply connected, and thus also connected, it follows that
these functions are in fact constant on W. In particular, this means that the multiplicities
of the roots λ1, . . . , λr are constant on W. This in turn implies that these roots must be
distinct for all z ∈ W, for otherwise their multiplicities would not be constant.

3.3 Perturbation Theory

In addition to the above tools, the proof of our main theorem also requires some tech-
niques from perturbation theory and variation of eigenvalues. In particular, given an
operator T, we will focus on an analysis of the resolvent (T − λ)−1, our primary tools
for which will be the Schur complement formula and Cauchy’s integral formula.

Definition 3.2. Let T be an operator on a vector space V = V1 ⊕ V2 such that, with respect to
this decomposition:

T =

(
A B
C D

)
When the block D is invertible, the operator A − BD−1C is called the Schur complement of D,
and is denoted by T/D.

This definition is helpful because if both D and its Schur complement T/D are in-
vertible, then so too is T itself, as the following proposition shows. It is easily proven via
a direct computation, and its derivation can be found in [Zha05].

Proposition 3.3. (Schur Complement Formula) Let T be as above, and assume that both D
and T/D are invertible. Then T is invertible, and its inverse is:

T−1 =

(
(T/D)−1 −(T/D)−1BD−1

−D−1C(T/D)−1 D−1 + D−1C(T/D)−1BD−1

)
2.

Theorem 3.6. (Cauchy’s Integral Formula) Let f be analytic in the simply connected domain
D and let C be a simple, closed, positively oriented contour in D. Then if z0 is a point that lies in
the region enclosed by C,

f (z0) =
1

2πi

∮
C

f (z)
z − z0

dz.

2A similar formula holds when A and D − CA−1B are assumed to be invertible, but we will not use it
here.
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Note that the above formula applies to Banach-valued functions, and not just complex-
valued functions [Kat95]. In particular, given an operator T and a simple, closed,
positive-oriented contour C contained in the resolvent set of T, we define the spectral
(or Riesz) projector corresponding to C to be

π = − 1
2πi

∮
C
(T − λ)−1dλ. (3.13)

By evaluating this operator on an eigenvector corresponding to an eigenvalue µ of T(z)
contained in Bδ(µ0) and using Theorem 3.6, one can check that this operator restricts
to the identity on the corresponding eigenspace, and in particular the image of this
operator contains all eigenspaces corresponding to eigenvalues µ of T(z) contained in
Bδ(µ0). More generally, π is in fact a projector, as the following lemma shows.

Lemma 3.3. Let T be an operator and let C be a simple, closed, positive-oriented contour C
contained in the resolvent set of T. Then the operator π defined in (3.13) is a projector.

Proof. Let C0 be a simple, closed, positively-oriented contour contained in both the in-
terior of C and the resolvent set of T (which exists since the resolvent set of T is open).
By the residue theorem, π is equal to the integral in (3.13), but with C replaced with C0.
Then by the first resolvent identity,

π2 =
1

(2πi)2

∮
C0

(T − µ)−1dµ
∮
C
(T − λ)−1dλ

=
1

(2πi)2

∮
C0

∮
C

(T − µ)−1 − (T − λ)−1

µ − λ
dλdµ

=
1

(2πi)2

(∮
C0

(T − µ)−1
∮
C

1
µ − λ

dλdµ −
∮
C
(T − λ)−1

∮
C0

1
µ − λ

dµdλ

)
=

1
(2πi)2

(∮
C0

(T − µ)−1(−2πi)dµ −
∮
C
(T − λ)−1(0)dλ

)
= − 1

2πi

∮
C0

(T − µ)−1dµ = π.

For the rest of the current and the following sections, we restrict our attention to
analytic families of closed operators T(z) satisfying A1, and a corresponding eigenvalue
µ : (a, b) → R satisfying A2.

Lemma 3.4. Let z0, µ0 ∈ C such that µ0 is an eigenvalue of T(z0). There exist ε, δ > 0 such
that:

(1) µ0 is the only eigenvalue of T(z0) in Bδ(µ0),
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(2) for every z ∈ Bε(z0), T(z) has no eigenvalue on ∂Bδ(µ0),

(3) for every z ∈ Bε(z0), the operator

π(z) := − 1
2πi

∮
∂Bδ(µ0)

(T(z)− λ)−1dλ (3.14)

is an analytic family of projectors, whose rank is independent of z.

Proof. (1)+(2): Since the spectrum of T(z0) is discrete, there exists a δ > 0 such that µ0 is
the only eigenvalue of T(z0) contained in Bδ(µ(z0)) (so that (1) automatically holds). To
prove (2), fix some λ0 ∈ ∂Bδ(µ0); then, for any λ ∈ ∂Bδ(µ0), we can write

T(z)− λ = (T(z0)− λ) · (I + Kλ(z)), where (3.15)

Kλ(z) = (T(z0)− λ)−1(T(z)− T(z0)) = (T(z0)− λ)−1
∫ z

z0

T′(ζ)dζ.

Therefore we seek ε > 0 such that for |z − z0| < ε, the operator Kλ(z) is bounded and
has norm less than 1 for all λ ∈ ∂Bδ(µ0), from which the claim follows.

Since ∂Bδ(µ0) is compact and (T(z0)− λ)−1 is analytic, and thus continuous, in λ for
all λ ∈ C, there exists M > 0 such that

||(T(z0)− λ)−1|| ≤ M

for all such λ. Therefore, by the ML inequality,

||Kλ(z)|| ≤ ||(T(z0)− λ)−1||
∣∣∣∣∣∣∣∣∫ z

z0

T′(ζ)dζ

∣∣∣∣∣∣∣∣ ≤ CM|z − z0|,

for all λ ∈ ∂Bδ(µ0). Let

ε =
1

CM
;

then ||Kλ(z)|| < 1 for all |z − z0| < ε, and consequently I + Kλ(z) is invertible. Since
T(z0)− λ is also invertible, we deduce that T(z)− λ is invertible as well, thus proving
the claim.

(3) This justifies that the operator π(z) in (3.14) is well-defined. In addition, it is
analytic since its integrand is analytic for all z ∈ Bε(z0), and it is a projector for all such
z by Lemma 3.3. Lastly, we can again use [Kat95, Lemma I.4.10] together with analyticity
to conclude that the rank of π(z) is constant on Bε(z0).

We will later use the following corollary:
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Corollary 3.1. Let µ0, z0 ∈ R such that µ0 is eigenvalue of T(z0) of multiplicity 1, let ϕ0 be a
normalized eigenvector of T(z0) for the eigenvalue µ0, and let ε, δ be the quantities produced by
Lemma 3.4. For every z ∈ (z0 ± ε), T(z) has a single eigenvalue µ(z) in [µ0 ± δ]:

µ(z) = µ0 + (z − z0) · ⟨ϕ0, T′(z0)ϕ0⟩+ O(|z − z0|2).

Proof. For z ∈ (z0 − ε, z0 + ε), T(z) is a self-adjoint operator with discrete spectrum. We
can therefore diagonalize it: there exist eigenvalues µk(z) and eigenprojectors πk(z) such
that:

T(z) =
∞

∑
j=1

λk(z)πk(z).

In particular, by the residue theorem, the projector π(z) from (3.14) is given by:

π(z) = ∑
k: |µk(z)−µ0|<ε

πk(z). (3.16)

We note that π(z0) has rank one, because µ0 is the only eigenvalue of T(z0) in Bδ(z0).
Therefore, π(z) has rank one as well. We deduce from (3.16) that for every z ∈ (z0 ± ε),
T(z) has a single eigenvalue µ(z) in Bδ(µ0), and π(z) is its corresponding eigenprojector.
Moreover, since T(z) is self-adjoint for z ∈ (z0 ± ε), we deduce that in fact µ(z) ∈ (µ0 ± δ).

Consequently, for all z ∈ (z0 − ε, z0 + ε), we have the following identities:

(T(z)− µ(z))π(z) = 0 and π(z)(T(z)− µ(z)) = 0. (3.17)

Taking the trace of the first identity in (3.17) gives us the formula µ(z) = Tr(π(z)T(z)π(z)),
and so µ is analytic. Therefore, we can take the derivative of the first identity in (3.17),
multiple by π(z) on the left, and apply the second identity to obtain, after some rear-
rangement, that

µ′(z)π(z) = π(z)T′(z)π(z). (3.18)

Taking the trace of (3.18) evaluated at z0 and using the formula π(z0) = ϕ0 ⊗ ϕ0, we
obtain

µ′(z0) = Tr(π(z0)T′(z0)π(z0)) = ⟨ϕ0, T′(z0)ϕ0⟩.

We conclude using a Taylor expansion of µ that:

µ(z) = µ0 + (z − z0)⟨ϕ0, T′(z0)ϕ0⟩+ O(|z − z0|2).
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3.4 Proof of Theorems 1.1 and 1.2

We prove our first two main results: Theorems 1.1 and 1.2, which predict that the eigen-
values and eigenprojectors of analytic families of operators are also analytic on a neigh-
borhood of the real line. While these theorems are directly inspired by [FW12], the
technical core of their proofs relies on different arguments. Both approaches consider
maximal extensions of µ until a critical threshold b∗ of z, at which point they face the
same challenge: how to continue µ beyond b∗. Fefferman and Weinstein construct a
vector-valued analytic function F, specific to the honeycomb setup, whose zeroes charac-
terize where the multiplicity of µ is no longer m. Because the zeroes of F are discrete, this
allows them to continue µ beyond b∗. We rely instead on a Schur-complement reduction
(Proposition 3.3) of Hb∗ near the energy µ(b∗). This produces a matrix M(z) defined near
b∗, which allows us to apply Theorem 3.4 to diagonalize M(z) on a “disk minus one ray”
centered at b∗. This allows us to continue µ analytically around b∗.

z−1 z∗ z1 z2

U

C

R

Figure 3.1: A possible configuration of the sets U and D (where in this figure D =
{z−1, z∗, z1, z2}) whose existences are guaranteed by Theorem 1.1.

Let Pε(z) denote the disk Bε(z) with the ray starting at z and pointing in the direction
of the positive imaginary axis removed, i.e.

Pε(z) := Bε(z) \ {z′ : ℜ(z′) = z, I(z′) ≥ 0}. (3.19)

To prove Theorem 1.1, we first reformulate it using the following definition:

Definition 3.3. A value b∗ ∈ [b,+∞] is good (respectively admissible) if there exist sets

(1) D ⊂ (b, b∗) finite (respectively of the form {zj}j∈N with zj increasing and converging to
b∗),
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(2) U ⊂ C a connected neighborhood of (a, b∗) \ D equal to a union of disks Bεz(z) centered
at points z ∈ (a, b∗) \ D and sets of the form Pε j(zj) (as in (3.19)) centered at zj ∈ D:

U =
⋃

z∈(a,b∗)\D

Bεz(z) ∪
⋃

zj∈D
Pε j(zj), (3.20)

such that µ extends to a continuous function on U ∪ D, and for all z ∈ U:

(a) µ(z) is analytic and an eigenvalue of T(z) of multiplicity m,

(b) the associated eigenprojector π(z) is analytic.

Good and admissible values in [−∞, a] are defined analogously.

Using this terminology, we then prove a slightly stronger statement, of which Theo-
rem 1.1 is a consequence.

Theorem 3.7. ±∞ are both admissible.

We shall prove that +∞ is admissible; the proof for −∞ is identical.

Lemma 3.5. b is good.

Proof. Let π(z) denote the eigenprojector corresponding to µ(z), and let z0 ∈ (a, b) be
arbitrary. Then by Lemma 3.4, there exist ε, δ > 0 such that µ(z0) is the only eigenvalue
of T(z0) in Bδ(µ(z0)) and for every z ∈ Bε(z0), T(z) has no eigenvalue on ∂Bδ(µ(z0)).
By shrinking ε if necessary, we may also assume (z0 ± ε) ⊂ (a, b). Since µ is assumed
to be continuous, we then must have that µ((z0 ± ε)) ⊂ Bδ(µ(z0)), for otherwise there
would exist z ∈ (z0 ± ε) such that µ(z) ∈ ∂Bδ(µ(z0)), contradicting Lemma 3.4 (2).

Let π̃(z) be the operator defined in (3.14), so that π̃(z) is the spectral projector corre-
sponding to ∂Bδ(µ(z0)). Since T(z0) is self-adjoint, π̃(z0) is precisely the eigenprojector
corresponding to µ(z0), and therefore has rank m. Consequently, π(z) has rank m for all
z ∈ (z0 ± ε). Since µ(z) has multiplicity m on this set, we deduce that π̃(z) is in fact the
eigenprojector corresponding to µ on (z0 ± ε), and thus equal to π(z) on this set. Since
the integrand of (3.14) is analytic in z, this implies π(z) is real analytic on (z0 ± ε), and
since z0 ∈ (a, b) was arbitrary, this in fact implies that π(z) is real analytic on all of (a, b).

This also justifies that µ can be locally expressed as

µ(z) =
1
m

Tr
(
− 1

2πi

∫
C

λ(T(z)− λ)−1dλ

)
,

and since the multiplicity m is assumed to be constant, this tells us that µ(z) is real
analytic on (a, b) as well. Now, since µ and π are both real analytic on (a, b), there
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exists a connected neighborhood W ⊂ C of (a, b) such that both π and µ have analytic
extensions to U. It then will follow that b is good with D = ∅ if we can find a subset
U ⊂ W of the form (3.20) such that µ(z) is an eigenvalue of T(z) of multiplicity m and
π is its associated eigenprojector for all z ∈ U.

Note that, for z ∈ (a, b),

π(z)2 − π(z) = 0 and (T(z)− µ(z))π(z) = 0. (3.21)

By the identity theorem, the identities in (3.21) must be true for all z ∈ W. The first
identity tells us that π(z) is a projector for all z ∈ W, which, together with the second
identity, tells us that µ(z) is an eigenvalue and the image of π(z) is contained in its
corresponding eigenspace. Moreover, since π(z) is analytic, we can again use [Kat95,
Lemma I.4.10] to conclude that its rank is constant, and therefore equal to m on all of W.
As a result, µ(z) is an eigenvalue of multiplicity at least m for all z ∈ W.

To finish, recall that for z0 ∈ (a, b), there exists ε > 0 such that π is given by (3.14) on
Bε(z0) ⊂ U, and as such, its image contains the eigenspace corresponding to µ(z), and
thus the dimension of this eigenspace is bounded above by m. Therefore the multiplicity
of µ(z) must be exactly equal to m on Bε(z0). Since such a set exists for all z0 ∈ (a, b),
we can then define U to be the union of these disks, and then µ restricted to U will be
the desired extension. Therefore, b is good.

Lemma 3.6. Let b∗ ∈ [b,+∞] be good, and let D, U be the sets associated to b∗ through Defini-
tion 3.3. Then µ is C-Lipschitz on U ∪ D.

Proof. By definition of b∗ being good, we have that, for all z ∈ U, µ and π(z) are an
eigenvalue and corresponding eigenprojector, respectively, of T(z), and as such satisfy
the identities in (3.17), and consequently µ′(z)π(z) = π(z)T(z)π(z). Taking the norm of
both sides of this equation, it follows from sub-multiplicativity that, for z ∈ (a, b)

|µ′(z)| ≤ ||T′(z)|| ≤ C.

Therefore µ is C-Lipschitz on U. Since D is finite though, it follows that U is dense in
U ∪ D, and thus we can conclude that µ is in fact C-Lipschitz on U ∪ D.

Lemma 3.7. If b0 ∈ [b,+∞) is good or admissible, then there exists b1 > b0 good. In particular,
all finite admissible values are good.

Proof. let D, U be the sets associated to b0 through Definition 3.3. Then by Lemma 3.6, µ

is C-Lipschitz on U ∪ D, and therefore extends to a C-Lipschitz function (which we shall
also denote by µ) on U ∪ D ∪ {b0}.

We now apply Lemma 3.4 to z0 = b0 and µ0 = µ(b0) (which is an eigenvalue of T(b0)
by continuity of eigenvalues). Let π̃(z) be the operator defined in (3.14), so that for some
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ε, δ > 0 and for z ∈ Bε0(b0)), π̃(z) is the spectral projector corresponding to eigenvalues
contained in Bδ(µ(b0)). Let E(z) = Im π̃(z), so that E(z) is a finite-dimensional vector
space of dimension independent of z. Then, since T(z) is assumed to be acting on a
Hilbert space H, we can now decompose T(z) with respect to E(z)⊕ E(z)⊥:

T(z) =
(

T11(z) T12(z)
T21(z) T22(z)

)
.

Observe that for z ∈ (b0 ± ε), T12(z) = T21(z) = 0 since T(z) is self-adjoint for z ∈ R.
Since these operators are analytic, the identity theorem tells us they must be identically
zero on Bε(b0).

In addition, note that by construction, T22(b0) = T(b0)|E(b0)⊥
has no eigenvalues in

Bδ(µ(b0)), and since T(b0) is self-adjoint, this implies T(b0)− µ(b0) is invertible, and its
norm is bounded by 1/δ. By writing

T22(z)− λ = (T22(b0)− µ(b0)) · (I + Kλ(z)), where

Kλ(z) = (T22(b0)− µ(b0))
−1(T22(z)− T22(b0) + λ − µ(b0)),

we obtain, by a Neumann series argument such as the one following (3.15), that T22(z)−
λ is invertible for |z − b0| < δ/2C and |λ − µ(b0)| < δ/2.

Let (φ1, . . . , φn) be a basis of E(b0). For |z − b0| < ε0 < min{ε, δ/2C}, ε0 sufficiently
small, the set

{φj(z) := π(z)φj}n
j=1

forms a basis for E(z). Let M(z) be the matrix of T11(z) with respect to this basis. Then
M(z) is Hermitian for z ∈ (b0 ± ε0), and its entries are given by

(M(z))ij =
⟨T(z)φi(z), φj(z)⟩

||φj(z)||2
,

from which it follows that M(z) is analytic on Bε0(b0).
By Theorem 3.2, after possibly shrinking ε0, we may express M(z) for z ∈ P :=

Pε0(b0) (as in (3.19)) as

M(z) =
r

∑
j=1

λj(z)πj(z), where:

• λ1, . . . , λr are distinct eigenvalues of M(z) with constant multiplicity that depend
analytically on z,

• π1, . . . , πr are distinct eigenprojectors of M(z) that depend analytically on z.
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| f |

CU U ∩ P P

λ1(z)

λ2(z)

λ3(z)

µ(z)

Figure 3.2: A cross section of the dispersion surface µ, and the analytic functions λj
describing the eigenvalues of M(z) on P. In the situation drawn in this figure, µ = λ2
on U ∩ P.

Note that by Definition 3.3, and specifically (3.20), U ∩ P is connected and contains
(b0 − ε0, b0), and thus is non-empty. Therefore, for z ∈ U ∩ P, µ(z) is an eigenvalue of
T(z) in Bδ(µ(b0)), and thus is also an eigenvalue of M(z). As a result, µ(z) = λj(z) for
some j on U ∩ P, from which it follows that µ extends to an analytic function on U ∪ P.
This also implies that π and πj agree on U ∩ P, and so π extends to an analytic function
on U ∪ P as well. Thus, for all z ∈ U ∪ W,

• µ(z) is analytic and an eigenvalue of T(z) of multiplicity m,

• π(z) is analytic and is the eigenprojector associated to µ(z).

Let b1 = b0 + ε0. If b0 is good, observe that U ∪ P is a connected neighborhood of
(a, b1) \ (D ∪ {b0}) of the form (3.20), therefore b1 is good. If on the other hand b0 is
admissible, then write D = {zj}j∈N, with zj increasing to b0. Then there exists J > 0
such that P contains zj for all j ≥ J. Consequently, in the definition of U, we can replace
Pε j(zj) with an open disk Bε j(zj) ⊂ P for some potentially new ε j > 0. Then the resulting
set U ∪ P is a connected neighborhood of (a, b1) \ {z1, . . . , zJ−1, b0}, also of the form (3.20),
and so b1 is still good. A consequence of this is that b0 is in fact good, as can be seen by
restricting µ back to U (after the relevant replacements). Therefore, all finite admissible
values are good.

Lemma 3.8. Let bj ∈ [b,+∞) be good values, increasing and converging to b∗ ∈ [b,+∞). Then
b∗ is good.
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Proof. By Lemma 3.7, it suffices to prove that b∗ is admissible. For j ∈ N, let Dj, Uj be
the sets associated to bj through Definition 3.3, let µj denote the corresponding extension
of µ, and let πj denote the associated eigenprojector. To show that b∗ is admissible, we
then want to construct sets D, U and extensions µ∗ of µ and π∗ of π as in Definition 3.3.

Towards that end, we construct new sets Ũj, D̃j for j ∈ N recursively. First, let
Ũ1 = U1 and D̃1 = D1. Then, for j ≥ 1, by Definition 3.3 we can write Uj+1 as

Uj+1 =
⋃

z∈(a,bj+1)\Dj+1

Bεz(z) ∪
⋃

zℓ∈Dj+1

Pεℓ(zℓ).

Let Wj+1 denote the sub-union consisting of the disks and sets of the form Pε(z) centered
at z ≥ bj:

Wj+1 =
⋃

z∈[bj,bj+1)\Dj+1

Bεz(z) ∪
⋃

zℓ∈Dj+1∩[bj,bj+1)

Pεℓ(zℓ).

We then define Ũj+1 := Ũj ∪Wj+1, from which it follows that Ũj+1 is of the form (3.20). In
addition, Ũj ∩Wj+1 is necessarily connected, and µj and µj+1 agree on this set since Ũj ∩
Wj+1 ⊂ Ũj ∩ Uj+1, which is an open and connected set containing (a, b), and therefore
µj and µj+1 agree on this latter set by the identity theorem. Thus we get a well-defined
extension of µj to Ũj+1, which we now denote by µj+1. It then follows that µj(z) is an
eigenvalue of T(z) of multiplicity m for all z ∈ Ũj+1 since it satisfies these properties on
both Ũj and Wj+1. An identical argument tells us that there exists an analytic extension
πj+1 of πj to Ũj+1 such that πj+1(z) is the eigenprojector associated with µj+1(z). Lastly,
we define D̃j+1 = D̃j ∪ (Dj+1 ∩ [bj, bj+1)); then this set is finite since both D̃j and Dj+1
are finite. Since µj is C-Lipschitz by Lemma 3.6, µj+1 extends to a continuous function
on Ũj+1 ∪ D̃j+1.

Now let
U =

⋃
j∈N

Ũj, D =
⋃

j∈N

Ũj.

Since Ũj ∪ D̃j ⊂ Ũj+1 ∪ D̃j+1 for all j ∈ N, we can then define µ∗ : U ∪ D → C and
π∗ : U ∪ D → C as the direct limit of the extensions µj to the sets Ũj ∪ D̃j, and πj to
the sets Ũj, respectively. As such, it follows that the sets U and D (where D is possibly
infinite) together with the extensions µ∗ and π∗ satisfy the conditions of Definition 3.3,
and so b∗ is admissible. However, by Lemma 3.7, this implies that b∗ is good.

Proof of Theorem 1.1. Assume that +∞ is not admissible and consider

b+ = sup{b∗ ∈ [b,+∞) : b∗ admissible}.
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Then by Lemma 3.5, this supremum is being taken over a non-empty set, and so it is
well-defined. Let bj be an increasing sequence of admissible values converging to b+.
By Lemma 3.7, bj is good for all j, and so by Lemma 3.8, b+ is good and therefore also
admissible. However, this then implies by Lemma 3.7 that there exists b∗ > b+ that is
also good, contradicting maximality of b+. Therefore, +∞ must be admissible.

We formulated the above proof of Theorem 1.1 before becoming aware of Rellich’s
similar result [Rel40] discussed in Section 1.1. In particular, note that in the proof of
Theorem 1.1 and the preceding lemmas, we only used Theorem 3.2 – which gave us a
decomposition of the analytic family of matrices M(z) on Pε0(b0) for b0 ∈ D∩R – instead
of the stronger result, Theorem 3.4 – which would give us the same decomposition, but
on Bε0(b0). Using this latter result, Theorem 1.2 is essentially an immediate consequence
of Theorem 1.1 via the following definition.

Definition 3.4. A value b∗ ∈ [b,+∞] is perfect (respectively almost-perfect) if there exist sets

(1) D ⊂ (b, b∗) finite (respectively of the form {zj}j∈N with zj increasing and converging to
b∗),

(2) U ⊂ C a connected neighborhood of (a, b∗) equal to a union of disks Bεz(z) centered at
points z ∈ (a, b∗):

U =
⋃

z∈(a,b∗)

Bεz(z),

such that µ extends to an analytic function on U and

(a) µ(z) is an eigenvalue of T(z) for all z ∈ U,

(b) µ(z) has multiplicity m for all z ∈ U \ D,

(c) the associated eigenprojector π(z) is analytic on U.

Perfect and almost-perfect values in (−∞, a] are defined analogously.

It follows that to prove Theorem 1.2, it suffices to prove that ±∞ are both almost
perfect.

Proof of Theorem 1.2. First note that the proof of Lemma 3.5 actually shows that b is per-
fect. In addition, by using Theorem 3.4 instead of Theorem 3.2, Lemmas 3.6 – 3.8 still
hold if every occurrence of the adjectives good and admissible are replaced with perfect
and almost perfect, respectively. As a result, our proof of Theorem 1.1 then shows, using
the appropriately modified lemmas, that +∞ is in fact almost-perfect, and an identical
proof shows that −∞ is almost-perfect as well.
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Chapter 4

DISPERSION SURFACES OF SCHRÖDINGER OPERATORS:
GENERAL THEORY

Using Theorem 1.2, we now develop a general framework for analyzing the disper-
sion surfaces of Schrödinger operators −∆ + V for generic potentials V invariant under
a lattice Λ, i.e. periodic with respect to Λ and symmetric with respect to its point group.
We start by discussing the spectral theory of −∆ on L2

K and defining lattice-invariant
potentials. We then state and prove perturbative lemmas on Floquet-Bloch eigenvalues
of Hz = −∆ + zV. Brought together, these results outline our strategy to describe the
generic structure of the dispersion surfaces of invariant Schrödinger operators. In the
following two chapters we then apply this framework to analyze the dispersion surfaces
of Schrödinger operators with potentials invariant under a variety of specific two and
three-dimensional lattices, respectively.

4.1 Spectral Theory of the Laplacian on L2
K

Fix some lattice Λ with basis (v1, . . . , vn) and reciprocal basis (k1, . . . , kn), and fix some
K ∈ Rn. For simplicity of notation, if m ∈ Zn let

mk :=
n

∑
j=1

mjk j.

We then claim that ϕm(x) = ei(K+mk)·x for m ∈ Zn is an orthonormal basis of eigenvectors
for −∆ on L2

K. Indeed, note that

−∆ϕm(x) = ||K + mk||2ϕm(x),

and (ϕm)m∈Zn is the image of the orthonormal basis (⊗n
j=1e2πimjxj)m∈Zn of L2[0, 1]⊗n

under the unitary map which first sends ⊗n
j=1e2πimjxj to eimk·x ∈ L2

0, and then eimk·x to ϕm

via multiplication by eiK·x. Consequently,

σ(−∆) = {||K + mk||2 : m ∈ Zn}.

and the multiplicity of an eigenvalue µm := ||K + mk||2 is given by

m−∆(µm) =
∣∣∣{k′ ∈ K + Λ∗ : ||k′||2 = ||K + mk||2

}∣∣∣ . (4.1)
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This motivates us to define an equivalence relation between quasi-momenta as fol-
lows: let K1, K2 ∈ Rn; then

K1 ∼ K2 if ||K1|| = ||K2|| and there exists k ∈ Λ∗ such that K1 = K2 + k. (4.2)

Let [K] denote the equivalence class containing K; then [K] = {k ∈ K + Λ∗ : ||k|| =
||K||}, and by (4.1),

m−∆(µ0) =
∣∣∣[K]∣∣∣, (4.3)

i.e. the multiplicity of µ0 = ||K||2 is equal to the cardinality of the set [K].
From here, recall that the Floquet-Bloch problem (1.3) is periodic with respect to the

dual lattice Λ∗, so we focus our analysis on K ∈ B. For such K, the minimal eigenvalue
of −∆ on L2

K is then given by µ0, since by definition of the Brillouin zone B,

||K||2 ≤ ||K − k′||2, ∀k′ ∈ Λ∗. (4.4)

This also implies that if K is in the interior of B, then the inequality (4.4) is strict, and so
the eigenvalue µ0 is simple.

Conversely, we expect K ∈ ∂B, particularly the vertices of B, to correspond to eigen-
values of high multiplicity. In fact, by Proposition 2.1, if we let m denote the number of
(hyper)faces of B which contain K, then m−∆(µ0) ≥ m + 1. Furthermore, if we let m′ =
m−∆(µ0) and assume that K lies on a single (hyper)face of B, then the proof of Proposi-
tion 2.1, and specifically (4.1), tells us that there exist vectors K1, . . . , Km′ ∈ Λ∗ such that
||K − Kj||2 = ||K||2 for j = 1, . . . , m′. As a result, (2.8) implies that K · Kj =

1
2 ||Kj||2 for

j = 1, . . . , m′, and so K lies on the m′ distinct (hyper)planes defined by x · Kj =
1
2 ||Kj||2

for j = 1, . . . , m′. However, since K lies on a single (hyper)face of B, this implies K lies on
exactly one of these (hyper)planes, and so m′ = m−∆(µ0) = 2. A consequence is that the
vertices of B correspond to eigenvalues of comparatively high multiplicity. As a result,
these quasi-momenta are the most likely to have interesting intersections of dispersion
surfaces, and we therefore focus our analysis on these points.

Our focus on the vertices of B conveniently also simplifies our later computations, for
if K is a vertex, the corresponding equivalence class [K] is contained in the set of vertices,
ensuring that we only have to check a finite number of elements of K + Λ∗ to determine
[K].

Proposition 4.1. Let V(B) denote the vertices of B and let K ∈ V(B). Then

[K] = V(B) ∩ (K + Λ∗).

Proof. Let K ∈ V(B) and let k′ ∈ Λ∗; it then suffices to prove that ||K − k′||2 = ||K||2 if
and only if K − k′ ∈ V(B). However, (2.5) implies that ||K − k′||2 = ||K||2 if and only if
K · k′ = 1

2 ||k′||2, and so by the proof of Proposition 2.1, K − k′ lies on the same number
of (hyper)faces of B as K does. Together with the fact that K ∈ V(B), this implies
K − k′ ∈ V(B) as well.
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4.2 Invariant Potentials

Now that we understand the spectral theory of −∆ on L2
K, we want to introduce a po-

tential V. Towards that end, fix a lattice Λ with basis (v1, . . . , vn), dual basis (k1, . . . , kn),
and point group G. Observe then that G acts isometrically on scalar-valued functions:

g∗ f (x) := f (g⊤x).

We will later need an induced action of a subgroup G0 of G on L2
k for some quasi-

momentum k. However, for this action to be well-defined, we need G0 to satisfy an
additional criterion.

Definition 4.1. We say g ∈ G is k-invariant if

gk ∈ k + Λ∗.

Analogously, we say a subgroup G0 of G is k-invariant if g is k-invariant for all g ∈ G0.

To see that k-invariant subgroups give well-defined actions, note that if G0 is such a
subgroup and g ∈ G0, then by definition there exists k′ ∈ Λ∗ such that gk = k + k′. Then
for all v ∈ Λ, g⊤v ∈ Λ as well by definition of G, and as a result

g∗ψ(x + v) = ψ(g⊤x + g⊤v) = eik·g⊤vψ(g⊤x) = eigk·vg∗ψ(x)

= ei(k+k′)·vg∗ψ(x) = eik·vg∗ψ(x).

In particular, this shows that k-invariant group elements map L2
k to itself.

We now define potentials invariant with respect to Λ.

Definition 4.2. Let Λ be a lattice with point group G. We say that V ∈ C∞(Rn, R) is Λ-
invariant if:

1) V is Λ-periodic, i.e. V(x + v) = V(x) for all x ∈ R2 and v ∈ Λ,

2) V is G-invariant, i.e. g∗V = V for all g ∈ G.

When the lattice Λ is clear from the context, we will omit it and simply refer to V as an invariant
potential.

Example 4.1 (“Atomic” Lattice Potentials). Let Λ be a lattice with symmetry group G,
and let V0 be a smooth, radial, and rapidly decreasing function, which we think of as an
“atomic potential”. Then the potential given by

V(x) := ∑
v∈Λ

V0(x + v)
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is an example of a Λ-invariant potential, which we associate with “atoms” at each v ∈ Λ.
Our assumption that V0 is rapidly decreasing ensures that V is well-defined. To see that
V is Λ-periodic, let v0 ∈ Λ. Then v0 + Λ = Λ, and conseqeuently

V(x + v0) = ∑
v∈Λ

V0(x + v0 + v) = ∑
v∈v0+Λ

V0(x + v) = V(x).

Similarly, to see that V is G-invariant, let g ∈ G0. Since G is a subgroup of the or-
thogonal group, our assumption that V0 is radial implies g∗V0(x) = V0(g⊤x) = V0(x).
Consequently,

g∗V(x) = ∑
v∈Λ

V0(g⊤x + v) = ∑
v′∈Λ

V0(g⊤(x + gv)) = ∑
v∈gΛ

V0(x + v) = V(x).

Therefore, V is indeed a Λ-invariant potential.

When V is an invariant potential, the fact that V is Λ-periodic enables us to expand
V as a Fourier series with coefficients {Vm}m∈Zn :

V(x) = ∑
m∈Zn

Vmeimk·x

Vm =
〈

eimk·x, V
〉

.

For simplicity of notation, if k′ ∈ Λ∗ so that k′ = mk for some m ∈ Zn, we shall also
denote Vm by Vk′ . If we then view these coefficients as a function on Λ, they are invariant
under an induced action of G:

g∗Vk = Vg⊤k =
〈

eig⊤k·x, V
〉
=
〈

eik·x, g∗V
〉
=
〈

eik·x, V
〉
= Vk. (4.5)

By working with an invariant potential V together with a k-invariant subgroup G0 <
G, we are then able to reduce the Floquet-Bloch problem (1.3) using the following propo-
sition.

Lemma 4.1. Fix some k ∈ Rn, let V be a Λ-invariant potential, and let G0 < G be k-invariant.
Then H = −∆ + V and all g ∈ G0 map a dense subspace of L2

k to itself. Moreover, restricted to
this dense subspace, [H, g∗] = 0.

Proof. Let C∞
k denote the space of smooth functions satisfying f (x + v) = e−ik·v f (x) for

all x ∈ Rn, v ∈ Λ; then all g ∈ G0 map this space to itself by k-invariance, and so too
does H. To see that [H, g∗] = 0, first note that by definition of G, g∗ is an isometry
and therefore commutes with ∆. In addition, by G-invariance of V, we have that for all
f ∈ C∞

k ,
g∗(V f )(x) = (g∗V)(g∗ f )(x) = (V(g∗ f ))(x).

Therefore g∗ commutes with both ∆ and V, and thus commutes with H, as claimed.



63

A subset of invariant potentials that has been studied extensively are honeycomb
lattice potentials (see [FW12; FW14], for example), which are Λ-invariant potentials for
a honeycomb lattice Λ (also often referred to as hexagonal lattices in the context of
crystallography). Several consequences of the definition of a honeycomb lattice potential
also naturally extend to this more general definition, which we shall later need.

Remark 4.2. The spectral properties of HV = −∆ + V are independent of isometries of
the potential V, which has a number of implications:

1. If V is the translation of an invariant potential, so that Ṽ(x) = V(x − x0) is an
invariant potential for some x0 ∈ Rn, then HV will have the same spectral proper-
ties as HṼ , and therefore all of the following results apply to such a potential with
negligible modification.

2. If U is a orthogonal transformation and V is a Λ-invariant potential, then V ◦ U∗

is a UΛ-invariant potential, and the dual lattice satisfies (UΛ)∗ = UΛ∗. As a
result, the spectral properties of HV on L2

k are the same as those of HV◦U∗ on L2
Uk.

Therefore, we can always replace the lattice Λ with UΛ for some computationally
convenient U.

3. Furthermore, our remark about orthogonal transformations implies that the spec-
tral properties of HV on L2

k are the same as those of HV on L2
gk for all g ∈ G.

Together with the Λ∗-periodicity of the Floquet-Bloch eigenvalue problem (1.3),
this implies that the dispersion surfaces of H near a quasi-momenta k ∈ Rn are
determined locally by those near gk. Consequently, it suffices to consider quasi-
momenta whose orbits under G are distinct.

Remark 4.3. Since all invariant potentials are assumed to be real-valued, if (ϕ(x; k), µ) is
an eigenpair of the Floquet-Bloch problem (1.3) with quasi-momentum k, then (ϕ(x; k), µ)
is also an eigenpair with quasi-momentum −k.

Moreover, every lattice Λ is necessarily invariant under the negative of the identity,
which implies that the point group G must always include this matrix; therefore, by G-
invariance, every invariant potential V must also be even. This together with our previ-
ous observation implies that (ϕ(−x; k), µ) is an eigenpair as well, with quasi-momentum
k.

4.3 Decomposing L2
K via a K-Invariant Subgroup

For the rest of this section, we make the following assumption on K:
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Assumption A3: There exists an abelian subgroup G0 of G such that G0K = [K] and
|G0| = |G0K|.

Although this might appear to be a restrictive assumption at first glance, we will
see in Chapters 5 and 6 that such a subgroup exists in most applications of interest.
This assumption is helpful because by construction of [K], G0 is necessarily K-invariant,
and thus has a well-defined action on L2

K. In addition, by our assumption that V is
G-invariant and the fact that g∗ is the pushforward by an orthogonal matrix for every
g ∈ G0, H commutes with the action of G0 on L2

K. We can therefore reduce the spectral
problem for H on L2

K to spectral problems on the invariant subspaces of G0, which will
be one-dimensional (see Corollary 2.2 and Remark 2.6).

Before we perform this reduction, however, we introduce some notation. By Lemma
2.1, there exists a minimal system of generators g1, . . . , gℓ of G0 with respective orders
n1, . . . , nℓ. Since G0 is assumed to be abelian, it follows that G0

∼=
⊕ℓ

j=1 Znj . In addition,
if g ∈ G0 is of order N, then σL2

K
(g∗), the spectrum of g∗ viewed as an operator on L2

K,
is contained in the N-th roots of unity UN (and in fact, we will see in Lemma 4.2 that
σL2

K
(g∗) = UN). This follows first from the fact that g∗ has finite order, and consequently

has pure point spectrum, and if ω is an eigenvalue of g∗, then gN = e implies ωN = 1,
and so ω ∈ UN. With this in mind, we define:

J :=
ℓ

∏
j=1

{0, . . . , nj − 1} and U :=
ℓ

∏
j=1

Unj , (4.6)

so that G0 = {gj : j ∈ J}, where we are using the multi-index notation gj = gj1
1 · · · gjℓ

ℓ .
Again using the fact that G0 is abelian, we can then simultaneously diagonalize the

operators (gj)∗, which leads us to the following decomposition of L2
K:

L2
K =

⊕
ω∈U

L2
K,ω, L2

K,ω :=
ℓ⋂

j=1

kerL2
K
((gj)∗ − ωj).

It is worth noting that the spaces L2
K,ω for ω ∈ U are pairwise orthogonal by virtue of

the operators (gj)∗ being unitary.
Lastly, it will also simplify our later computations by introducing a convenient method

of enumerating elements of [K]. Specifically, for each j ∈ J we define m(j) ∈ Zn as the
n-tuple satisfying

gjK = K + m(j) · (k1, . . . , kn); (4.7)

then m(j) exists and is unique by A3.
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4.4 Strategy

Our goal is to describe the structure of dispersion relations of Hz near some quasi-
momentum K ∈ Rn for generic values of z, where we continue to assume that K together
with a subgroup G0 of G satisfy A3. Our strategy relies on the four key lemmas stated
below; their proofs are postponed to Section 4.5. We start with a result regarding the
spectral theory of −∆ on L2

K,ω.

Lemma 4.2. Let K ∈ Rn and G0 of G satisfy A3. For each ω ∈ U, ||K||2 is an L2
K,ω-eigenvalue

of −∆ of multiplicity 1, with corresponding normalized eigenvector given by

ϕω(x) =
1√
|G0|

∑
j∈J

ω jeig−jK·x. (4.8)

Lemma 4.2 together with Corollary 3.1 will then help us construct an eigenvalue µ(z)
of Hz satisfying A2.

Lemma 4.3. Let K ∈ Rn and G0 of G satisfy A3 and let ω ∈ U. There exist ε, δ > 0 such that
for z ∈ (−ε, ε), Hz has a unique L2

K,ω-eigenvalue in (||K||2 ± δ), given by

µ(z) = ||K||2 + z · ∑
j∈J

ω jVm(j) +O(|z|2),

where m(j) is the multi-integer defined in (4.7).

A straightforward application of Theorem 1.3 implies that Hz has an L2
K,ω-eigenvalue

µ(z) splitting from the L2
K-eigenvalue ||K||2 of H0 = −∆, which for generic z ∈ R is

simple and whose eigenprojector can be extended to an analytic map on a neighborhood
of the real line.

When K is a vertex of the Brillouin zone, we will be able to compute the generic
multiplicities of the L2

K-eigenvalues of Hz splitting from the eigenvalue ||K||2 of −∆
using symmetry arguments. We will then describe the structure of the corresponding
dispersion surfaces near K using the following three results.

Lemma 4.4. Let µ(z) be an L2
K-eigenvalue of Hz for some z ∈ R, let π(z) : L2

K → L2
K be the

corresponding eigenprojector, and let E(z) be the corresponding eigenspace.

(1) There exist ε, δ > 0 such that for ||κ|| < ε, the L2
K+κ eigenvalues of Hz in Bδ(µ(z)) satisfy

det
(
(u(z)− µ) + M(z, κ) + R(µ, κ)

)
|E(z) = 0,

where M(z, κ) = −π(z)(2iκ · ∇)π(z) and ||R(µ, κ)|| ≤ C1||κ||2 for some C1 > 0.
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(2) If λ(z, κ) is a simple eigenvalue of M(z, κ), continuous in κ on some open set U ⊂ Bε(0)
such that supκ∈U |λ(z, κ)| < δ, then there exists a simple eigenvalue µ(z, κ) of Hz on
L2

K+κ satisfying
µ(z, κ) = µ(z) + λ(z, κ) +O(||κ||2). (4.9)

(3) If M(z, κ) = 0, then every L2
K+κ-eigenvalue µ(z, κ) of Hz satisfies µ(z, κ) = µ(z) +

O(||κ||2).

For the following lemma, we continue to let M(z, κ) := −π(z)(2iκ · ∇)π(z), although
we no longer assume that z ∈ R, so that we can use this lemma in conjunction with
Theorem 1.2.

Lemma 4.5. Let µ(z) be an L2
K-eigenvalue of Hz for some z ∈ R such that the corresponding

eigenprojector π(z) depends analytically on z ∈ U. The characteristic polynomial of M(z, κ),
acting on the finite-dimensional eigenspace E(z), depends analytically on z ∈ U.

Lastly, to compute the characteristic polynomial of M(z, κ), we will express this ma-
trix with respect to a basis consisting of one vector from each of the subspaces L2

K,ω for
ω in some subset of U. This final lemma will help us simplify these computations.

Lemma 4.6. Let ϕ ∈ L2
K,ω and let ψ ∈ L2

K,ω̃ for ω, ω̃ ∈ U. Then for all j ∈ J, ⟨ϕ,∇ψ⟩ is an
eigenvector of gj with corresponding eigenvalue ω−jω̃ j. Moreover, if K is a vertex of the Brillouin
zone B, then ⟨ϕ,∇ϕ⟩ = 0.

4.5 Proofs of Lemmas 4.2 – 4.6

Proof of Lemma 4.2. We first note that ||K||2, as an L2
K-eigenvalue of −∆, by A3 has multi-

plicity |G0K| = |G0|. Consequently, it suffices to prove that for each ω ∈ U, the function
ϕω in (4.8) is a normalized L2

K,ω-eigenvector for the eigenvalue ||K||2, for then this eigen-
value on L2

K,ω would necessarily be simple since |U| = |G0|.
To see that ϕω is normalized, observe that the |G0| functions eigjK·x form an orthonor-

mal system because of A3. Indeed, each of these exponentials is distinct, for if gjK = gj′K,
then gj−j′K = K, which implies gj−j′ = I because |G0K| = |G0|. Therefore gj = gj′ and
j = j′.

To show that ϕω ∈ L2
K,ω, we first note that ϕω ∈ L2

K since gjK ∈ K + Λ∗ for every
j ∈ J. In addition, we compute that

(g1)∗ϕω(x) =
1√
|G0|

∑
j∈J

ω jeig−jK·g⊤x =
ω1√
|G0|

∑
j∈J

ω j−e1eig−j+e1 K·x = ω1ϕω(x),

with similar identities when testing the pushforward operators by g2, . . . , gℓ. We con-
clude by noting that ϕω is an eigenvector of −∆ with eigenvalue ||K||2 since ||gjK|| =
||K|| by virtue of gj being an orthogonal matrix for every j ∈ J.
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Proof of Lemma 4.3. By Lemma 4.2 and Corollary 3.1, there exist ε, δ > 0 such that Hz has
a single eigenvalue µ(z) in (||K||2 ± δ) for all z ∈ (−ε, ε), given by:

µ(z) = ||K||2 + z⟨ϕω, H′
zϕω⟩+O(|z|2)

= ||K||2 + z⟨ϕω, Vϕω⟩+O(|z|2).

It therefore suffices to prove that

⟨ϕω, Vϕω⟩ = ∑
j∈J

ω jVm(j).

Towards that end, first recall that V, viewed as a multiplication operator, commutes
with g∗ for all g ∈ G due to V being Λ-invariant. Consequently, by expanding ϕω via
(4.8), we compute that

⟨ϕω, Vϕω⟩ =
1√
|G0|

∑
j∈J

ω−j
〈

eig−jK·x, Vϕω

〉
=

1√
|G0|

∑
j∈J

ω−j
〈

eiK·x, V(gj
∗ϕω)

〉
=

1√
|G0|

∑
j∈J

〈
eiK·x, Vϕω

〉
=
√
|G0|

〈
eiK·x, Vϕω

〉
= ∑

j∈J

ω j
〈

eiK·x, Veig−jK·x
〉
= ∑

j∈J

ω j
〈

ei(K−g−jK)·x, V
〉
= ∑

j∈J

ω jV−m(j). (4.10)

Note that in (4.10), we have used the fact that K − g−jK = −m(j) · (k1, . . . , kn). Lastly,
since V is necessarily even, V−m(j) = Vm(j) for all j ∈ J, thus completing the proof.

Proof of Lemma 4.4. We first prove, using the Schur complement formula (Proposition
3.3), that there exist ε, δ > 0 such that for ||κ|| < ε and µ ∈ Bδ(µ(z)),

Hz − µ is invertible on L2
K+κ

⇔ (u(z)− µ) + M(z, κ) + R(µ, κ) is invertible on E(z), (4.11)

where M(z, κ) = −π(z)(2iκ · ∇)π(z) and R(µ, κ) ≤ C1||κ||2 for some C1 > 0. Since
z ∈ R is assumed to be fixed, for simplicity of notation we suppress the dependence of
E(z) on z, and denote this eigenspace simply by E . We also note that the operators Hz on
L2

K+κ and Hz,κ := e−iκ·xHzeiκ·x on L2
K have the same spectrum. Indeed, if ϕ(x) ∈ L2

K, then
ψ(x) := eiκ·xϕ(x) ∈ L2

K+κ. Furthermore, ψ is an L2
K+κ eigenvector of Hz with eigenvalue

µ if and only if
Hz,κϕ(x) = e−iκ·xHzψ(x) = µϕ(x),

or, in other words, ϕ is an L2
K eigenvector of Hz,κ with eigenvalue µ. Therefore, it is

equivalent to prove that Hz,κ − µ is invertible on L2
K if and only if (u(z)− µ) + M(z, κ) +

R(µ, κ) is invertible on E .
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Write Hz,κ as a 2 × 2 block operator with respect to the decomposition L2
K = E ⊕ E⊥:

Hz,κ =

H(11)
z,κ H(12)

z,κ

H(21)
z,κ H(22)

z,κ

 .

Letting π(z)⊥ = I − π(z), we compute that

H(11)
z,κ = π(z)Hz,κπ(z) = π(z)e−iκ·x(−∆ + zV(x))eiκ·xπ(z)

= π(z)(Hz − 2iκ · ∇+ ||κ||2)π(z)

= µ(z) + M(z, κ) + ||κ||2,

H(12)
z,κ = π(z)(Hz − 2iκ · ∇+ ||κ||2)π(z)⊥

= −π(z)(2iκ · ∇)π(z)⊥ +O(||κ||2) = O(||κ||),

H(21)
z,κ =

(
H(12)

z,κ

)∗
= O(||κ||).

Next, we claim that there exist ε, δ > 0 such that for ||κ|| < ε and µ ∈ Bδ(µ(z)),
H(22)

z,κ − µ is invertible and its inverse is uniformly bounded in µ. To prove this, observe
that since Hz has a compact resolvent and is self-adjoint due to our assumption that
z ∈ R, we can order the distinct eigenvalues of Hz so that there exist eigenvalues µ− <
µ(z) < µ+ and the remaining eigenvalues of Hz are all strictly farther away from µ(z).
Consequently, if we let

δ =
1
2

min
{
|µ(z)− µ−|, |µ(z)− µ+|

}
,

it then follows that Hz|E⊥ has no eigenvalues in Bδ(µ(z)) since by construction µ(z) is
not an eigenvalue of Hz|E⊥ . Therefore Hz|E⊥ − µ is invertible and its norm is bounded
by 1/δ. In addition, the fact that Hz is self-adjoint implies that Im(Hz|E⊥) ⊂ E⊥, and as
a result (Hz − µ)|−1

E⊥ is a well-defined operator from E⊥ to itself (and in fact is a bijection
from E⊥ to H2

K ∩ E⊥ by elliptic regularity).
Thus, for all µ ∈ Bδ(µ(z)), we have

H(22)
z,κ − µ = π(z)⊥(Hz − µ − 2iκ · ∇+ ||κ||2)π(z)⊥

= (Hz − µ)|E⊥ − π(z)⊥(2iκ · ∇)π(z)⊥ + ||κ||2

= (Hz − µ)|E⊥ (I − T(µ, κ)) ,

where
T(µ, κ) = (Hz − µ)|−1

E⊥

(
π(z)⊥(2iκ · ∇)π(z)⊥ + ||κ||2

)
.
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Again using elliptic regularity, for each µ ∈ Bδ(µ(z)) there exists some Cµ > 0 such
that ||T(µ, κ)|| ≤ Cµ||κ||. In addition, since Bδ(µ(z)) is contained in the resolvent set of
Hz, T(z, κ) is continuous in µ on this set, which together with the fact that Bδ(µ(z)) is
precompact, means that there exists some C > 0, uniform in µ, such that ||T(µ, κ)|| ≤
C||κ||. Therefore, if we set ε = 1/C, it follows from a Neumann series argument such as
the one following (3.15) that H(22)

z,κ − µ is invertible and its inverse satisfies

(H(22)
z,κ − µ)−1 = (Hz − µ)|−1

E⊥ +O(||κ||),

uniformly in µ, for µ ∈ Bδ(µ(z)) and ||κ|| < ε.
Since H(22)

z,κ − µ is invertible for all µ ∈ Bδ(µ(z) and ||κ|| < ε, the Schur complement
of the block H(22)

z,κ − µ is well-defined for all such µ and κ and is given by:

(H(11)
z,κ − µ) + H(12)

z,κ (H(22)
z,κ − µ)−1H(21)

z,κ = (µ(z)− µ) + M(z, κ) + R(µ, κ), where

R(µ, κ) = ||κ||2 + H(12)
z,κ (H(22)

z,κ − µ)−1H(21)
z,κ .

However, since ||(H(22)
z,κ − µ)−1|| ≤ δ + C||κ|| uniformly in µ, it follows that ||R(µ, κ)|| ≤

C1||κ||2 for some C1 > 0, thus proving (4.11). Using this, we now prove (1), (2), and (3)
of Lemma 4.4.

(1) This is immediate from (4.11), since µ is an L2
K+κ-eigenvalue of Hz if and only if

Hz − µ is not invertible, and (µ(z)− µ) + M(z, κ) + R(µ, κ) is not invertible on E if and
only if its determinant is zero.

(2) Suppose λ(z, κ) is a simple eigenvalue of M(z, κ), continuous in κ on some open
set U ⊂ Bε(0) such that supκ∈U |λ(z, κ)| < δ. Then for any κ0 ∈ U, by continuity of λ

there exists a neighborhood U0 ⊂ U of κ0 and a δ0 < δ such that supκ∈U0
|λ(z, κ)| < δ0.

Thus, by simplicity, there exists a simple, closed, positively-oriented contour C contained
in Bδ(µ(z)), such that C strictly encloses µ(z) + λ(z, κ) and no other eigenvalue of µ(z) +
M(z, κ) for all κ ∈ U0. In addition, since C and U0 are compact (since U0 ⊂ Bε(0)) and
((µ(z) − µ) + M(z, κ))−1 is continuous in µ, κ for all µ ∈ C and κ ∈ U0, there exists
C2 > 0 such that

||((µ(z)− µ) + M(z, κ))−1|| ≤ C2 (4.12)

for all µ ∈ C and κ ∈ U0.
We now want to use Cauchy’s integral formula (Theorem 3.6) to relate the eigenvalues

of Hz,κ to those of M(z, κ). To do so, we now prove that the operator (µ(z) − µ) +
M(z, κ) + R(µ, κ) is invertible and its inverse is uniformly bounded in µ for all µ ∈ C
and κ ∈ U0. First, observe that

(µ(z)− µ) + M(z, κ) + R(µ, κ) = ((µ(z)− µ) + M(z, κ)) (I + S(z, κ)) , where

S(z, κ) = ((µ(z)− µ) + M(z, κ))−1 · O(||κ||2).
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By (4.12), after increasing C2 if necessary, ||S(z, κ)|| ≤ C2||κ||2 for all µ ∈ C. Therefore,
by replacing ε with the minimum of itself and 1/

√
C2, it follows from another Neumann

series argument that (µ(z)− µ) + M(z, κ) + R(µ, κ) is invertible and its inverse satisfies

(((µ(z)− µ) + M(z, κ) + R(µ, κ)))−1 = ((µ(z)− µ) + M(z, κ))−1 +O(||κ||2)

for all µ ∈ C and κ ∈ U0, where again the bound is uniform in µ.
Thus, for all such µ and κ, we can write (Hz,κ − µ)−1 with respect to the decomposi-

tion L2
K = E ⊕ E⊥ as

(Hz,κ − µ)−1 =

((µ(z)− µ) + M(z, κ))−1 +O(||κ||2) O(||κ||)

O(||κ||) (H(22)
z,κ − µ)−1 +O(||κ||2)

 ,

where all bounds are uniform in µ. Consequently, by applying Cauchy’s integral formula
and taking the trace of both sides, we get

Tr
(

1
2πi

∮
C

µ(Hz,κ−µ)−1dµ

)
= Tr

(
1

2πi

∮
C

µ((µ(z)− µ) + M(z, κ))−1dµ

)
+ Tr

(
1

2πi

∮
C

µ(H(22)
z,κ − µ)−1dµ

)
+ Tr

(
1

2πi

∮
C

µ · O(||κ||2)dµ

)
= µ(z) + λ(z, κ) +O(||κ||2). (4.13)

To compute (4.13), we have used three facts. First, we used that λ(z, κ) is a simple
eigenvalue of M(z, κ) and the only eigenvalue contained in C. Second, we used that
µ(H(22)

z,κ − µ)−1 is analytic in µ on Bδ(µ(z)), and so its integral on C equals zero. Lastly,
we used that the integral of µ · O(||κ||2) is O(||κ||2), due to the ML inequality and since
the bound is uniform in µ. An identical argument also tells us that

Tr
(

1
2πi

∮
C
(Hz,κ − µ)−1dµ

)
= Tr

(
1

2πi

∮
C
((µ(z)− µ) + M(z, κ))−1dµ

)
+O(||κ||2).

(4.14)
From here, note that Hz,κ is self-adjoint since it is unitarily equivalent to Hz, and it is

also analytic in κ in the sense of A1(i). Consequently, by the residue theorem, it follows
that if we let

π(κ) =
1

2πi

∮
C
(Hz,κ − µ)−1dµ,

then π(κ) is the projection onto the eigenspaces corresponding to eigenvalues of Hz,κ
contained in C, and it is analytic in κ since its integrand is. Therefore (4.14) becomes

rank π(κ) = 1 +O(||κ||2).
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Since π(κ) is analytic in κ, its rank must be constant, and we therefore deduce that Hz,κ
has a single, simple eigenvalue µ(z, κ) in C. It then follows from (4.13) that

µ(z, κ) = µ(z) + λ(z, κ)) +O(||κ||2

for all κ ∈ U0. Since this equation holds on a neighborhood of κ0 for every κ0 ∈ U, we
conclude that (4.9) holds on all of U.

(3) Assume that M(z, κ) = 0; then by (1), for ||κ|| < ε, the L2
K+κ-eigenvalues of Hz in

Bδ(µ(z)) are equal to the eigenvalues of µ(z) + R(µ, κ)|E , which in turn are equal to µ(z)
plus the eigenvalues of R(µ, κ). However, if λ(κ) is an eigenvalue of R(µ, κ)|E , then

|λ(κ)| ≤ ||R(µ, κ)|| ≤ C1||κ||2.

Therefore, for ||κ|| < ε, the L2
K+κ-eigenvalues of Hz in Bδ(µ(z)) satisfy µ(z, κ) = µ(z) +

O(||κ||2).

Proof of Lemma 4.5. Let m = dim E(z), which is constant by analyticity of π(z) and
[Kat95, Lemma I.4.10]. As a symmetric function of eigenvalues, the determinant of
M(z, κ)− λ can be expressed as a (universal) polynomial in the traces of its m first pow-
ers. This means that detE(z)(M(z, κ)− λ) is polynomial (with coefficients independent
of z, κ, and λ) in

TrE(z)
(
(M(z, κ)− λ)j) = TrL2

K

(
(M(z, κ)− λπ(z))j), for j = 1, . . . , m.

The operator M(z, κ)− λπ(z) is finite-rank and analytic in z; hence its trace is analytic
in z. Thus detE(z)

(
M(z, κ)− λ

)
is analytic in z.

Proof of Lemma 4.6. We start by looking at how the group action of G0 interacts with the
gradient of a function f ∈ L2

K. Let g ∈ G0; then

∇(g∗ f )(x) = ∇( f (g⊤x)) = g(∇ f )(g⊤x) = g(g∗∇ f )(x).

Multiplying the first and last of these expressions on the right by g⊤, we get

g∗∇ f = g⊤∇(g∗ f ). (4.15)

Now let ϕ ∈ L2
K,ω and let ψ ∈ L2

K,ω̃ for ω, ω̃ ∈ U. To show that ⟨ϕ,∇ψ⟩ is an
eigenvector of gj with corresponding eigenvalue ω−jω̃ j for all j ∈ J, we compute the
following, using (4.15) and the fact that (gj)⊤ = g−j since G0 consists of orthogonal
matrices:

gj⟨ϕ,∇ψ⟩ = gj⟨gj
∗ϕ, gj

∗∇ψ⟩ = ⟨gj
∗ϕ,∇(gj

∗ψ)⟩ = ω jω̃ j⟨ϕ,∇ψ⟩ = ω−jω̃ j⟨ϕ,∇ψ⟩. (4.16)
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Lastly, to show that ⟨ϕ,∇ϕ⟩ = 0 when K is a vertex of B, note that (4.16) implies
that ⟨ϕ,∇ϕ⟩ is an eigenvector of gj with eigenvalue 1 for all j ∈ J. However, we claim
that the only such vector is the zero vector. Suppose k ∈ Rn such that gk for all g ∈
G0. Then, since K is assumed to be a vertex of B, it necessarily must lie on at least n
hyperfaces of B. Therefore, by Proposition 2.1, there exist linearly independent lattice
vectors K1, . . . , Kn ∈ Λ∗ such that K − Kj is also a vertex of B satisfying ||K − Kj|| = ||K||,
and thus contained in the equivalence class [K]. By A3, for j = 1, . . . , n, there exists
hj ∈ G0 (where the notation here is chosen to differentiate hj from the generator gj) such
that hjK = K − Kj. Thus we get that, for all j,

k · Kj = k · (K − hjK) = k · K − h⊤j k · K = k · K − k · K = 0.

Since the set {Kj}n
j=1 is linearly independent, it is a basis for Rn, and it therefore follows

that k = 0. As a result, we conclude that ⟨ϕ,∇ϕ⟩ = 0.
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Chapter 5

SCHRÖDINGER OPERATORS INVARIANT UNDER
TWO-DIMENSIONAL LATTICES

In this chapter, we apply the general framework developed in Chapter 4 to two-
dimensional Bravais lattices. Every such lattice is isometric to one of the lattices gener-
ated by the bases listed in the first rows of Tables 5.1 and 5.2; namely the square, hexagonal,
rectangular, centered rectangular, and oblique lattices. Consequently, if V is a Λ-invariant
potential for some two-dimensional lattice Λ, by Remark 4.2 we may assume that V is in-
variant with respect to one of these listed lattices. We shall then show that the dispersion
surfaces of Schrödinger operators with potentials invariant under the square and hexag-
onal lattices generically have unusual dispersion surfaces near vertices of the Brillouin
zone, reproducing results due to [Kel+18] and [FW12], respectively, which are also listed
in Theorem 1.3. Next, we apply this framework to the rectangular lattice and see that,
while the framework works as intended, it does not produce interesting intersections
of dispersion surfaces. Lastly, we discuss the centered rectangular and oblique lattices,
which have comparatively small symmetry groups and thus we suspect are unlikely to
have such intersections.

For the rest of this chapter, r, ρ0, ρ, f , f1, f2 shall denote the following matrices:

r :=
(

0 −1
1 0

)
, ρ0 :=

(
1/2 −

√
3/2√

3/2 1/2

)
, ρ := ρ2

0 =

(
−1/2 −

√
3/2√

3/2 −1/2

)
, (5.1)

f :=
(
−1 0
0 −1

)
, f1 :=

(
−1 0
0 1

)
, f2 :=

(
1 0
0 −1

)
.

Note that r, ρ0, and ρ are counter-clockwise rotations in the plane by π/4, π/3, and
2π/3, respectively.

5.1 Geometry of Two-Dimensional Lattices.

Let ΛS, ΛH, ΛR, ΛCR, and ΛO denote the square, hexagonal, rectangular, centered rect-
angular, and oblique lattices, respectively, which are generated by the bases given in the
first row of Tables 5.1 and 5.2 for a, a1, a2 > 0, 0 < θ < π/2. These tables also include
some spectral results for −∆ seen as a ΛS, ΛH, ΛR, ΛCR, and ΛO invariant operator,
respectively, on L2

K, where K is a vertex of the corresponding Brillouin zone B, as these
points exhibit a high degree of symmetry (see Section 4.1). In addition, by Λ∗-periodicity
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ΛR ΛS ΛH

Basis
(

a
0

)
,
(

0
a

) (
a
√

3/2
a/2

)
,
(

a
√

3/2
−a/2

) (
a1
0

)
,
(

0
a2

)

Dual Basis
(

q
0

)
,
(

0
q

) (
q
√

3/3
q

)
,
(

q
√

3/3
−q

) (
q1
0

)
,
(

0
q2

)

B

K
(

q/2
q/2

) (
0

2q/3

) (
q1/2
q2/2

)

m 4 3 4

G ⟨r, f1⟩ ⟨ρ0, f1⟩ ⟨ f1, f2⟩

G0 ⟨r⟩ ⟨ρ⟩ ⟨ f1, f2⟩

U U4 U3 U2
2

Table 5.1: Geometry of the square, hexagonal, and rectangular lattices.

of the the Floquet-Bloch problem (1.3) and by Remark 4.2, it suffices to consider vertices
K such that the sets G · [K], i.e. the orbits of the equivalence classes [K] (defined in (4.2))
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ΛCR ΛO

Basis
(

a1
0

)
,
(

a1/2
a2/2

) (
a1
0

)
,
(

a2 cos θ

a2 sin θ

)

Dual Basis
(

q1
−q2

)
,
(

0
2q2

) (
q1

−q1 cot θ

)
,
(

0
q2 csc θ

)

B

K
(
(q2

1 + q2
2)/2q1

0

) (
(q2

1 csc2 θ + q1q2 cot θ csc θ)/2
(q2 csc θ)/2

)

m 3 3

G ⟨ f1, f2⟩ ⟨ f ⟩

Table 5.2: Geometry of the centered rectangular and oblique lattices.

under the action of the point group G, are distinct.
In both Table 5.1 and Table 5.2, in addition to a basis (v1, v2), we list for each of the

lattices ΛR, ΛCR, ΛS, ΛH, and ΛO:

• The corresponding dual basis (k1, k2), where q = 2π
a , qj =

2π
aj

for j = 1, 2 (which by
definition satisfies vj · kℓ = 2πδjℓ for j, ℓ = 1, 2);

• A picture of the Brillouin zone B, where the vertices are sized in reference to the
vertex listed in the following row. Specifically, given a vertex K, the set [K] consists
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of vertices of B by Proposition 4.1, which are denoted by larger dots. Those vertices
which lie in (G · [K]) \ [K] have smaller dots. In particular, the vertices of the
Brillouin zone of every two-dimensional lattice all lie in a single set of the form
G · [K];

• A vertex K of the Brillouin zone;

• The multiplicity m of the L2
K-eigenvalue ||K||2 of −∆, which by (4.3) is equal to the

cardinality of the set [K];

• The point group G, expressed in terms of its generators;

For Table 5.1 we also include:

• An abelian subgroup G0 of G, which together with the vertex K satisfy A3;

• The corresponding group U consisting of tuples of roots of unity, as defined in
(4.6).

5.2 Proof Outline for Theorem 1.3

In Sections 5.3 and 5.4, we shall prove Theorem 1.3 for the lattices ΛS and ΛH, respec-
tively, by using the lemmas stated in Section 4.4. In Chapter 6, we shall use the same
methods to prove Theorem 1.3 for the simple cubic, the body-centered cubic, the face-
centered cubic, and lastly the stacked hexagonal, in Sections 6.2, 6.3 – 6.4, 6.5, and 6.7,
respectively. Each of these proofs will require the same three steps, which we now out-
line.

(1) Upper bound on multiplicity: Let Λ be one of the lattices listed in Table 5.1, and let
(k1, k2), B, K, m, G0, and U be the objects listed in the corresponding column. We also
let V be a Λ-invariant potential and let Hz = −∆ + zV. Then for each ω ∈ U, Lemma 4.3
describes how the multiplicity m, L2

K-eigenvalue ||K||2 of H0 = −∆ splits as z increases
into simple L2

K,ω-eigenvalues given by:

µω(z) = ||K||2 + z · ∑
j∈J

ω jVm(j) +O(|z|2),

In particular, if ω, ω̃ ∈ U are such that µ′
ω(0), µ′

ω̃(0) are distinct, then the eigenvalues
µω(z), µω̃(z) clearly split. This test provides an upper bound on possible multiplicities
of µω(z), viewed as an L2

K-eigenvalue.
(2) Lower bound on multiplicity: Our argument in step (1) is inconclusive when µ′

ω(0) =
µ′

ω̃(0), and so in this case we provide a lower bound on the splitting multiplicities using
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a symmetry argument. Note that the multiplicity of µω(z) as an L2
K-eigenvalue is at least

one, so it suffices to prove a lower bound on the multiplicity of µω(z) for those ω ∈ U

such that the upper bound computed in (1) is strictly greater than 1. This argument will
typically rely on the existence of symmetries S of Hz such that

S
(

L2
K,ω
)
= L2

K,ω̃.

This implies that Hz on L2
K,ω and L2

K,ω̃ are conjugated, hence isospectral: µω(z) = µω̃(z).
In each case, this will provide a lower bound on the multiplicity of µω(z) as an L2

K-
eigenvalue equaling the upper bound computed in step (1), and thus we deduce that
µω(z) has constant multiplicity, which we denote by mω, for sufficiently small z. It then
follows that µω(z) satisfies A2, and so we can apply Theorem 1.2 to conclude that Hz has
an L2

K-eigenvalue µω(z) which has multiplicity mωfor z ∈ R away from a discrete set D1,
and whose eigenprojector πω(z) is analytic on a open neighborhood U of the real line.

(3) Computation of the characteristic polynomial: Let

Uω = {ω̃ ∈ U : µ′
ω̃(0) = µ′

ω(0)},

so that mω = |Uω| and µω = µω̃ for all ω̃ ∈ Uω by steps (1) and (2). Then for all such ω̃

and sufficiently small z, (
Hz − µω(z)πω(z)

)
|L2

K,ω̃
= 0,

and by analyticity this must hold for all z ∈ U. Therefore µω(z) is an L2
K,ω̃-eigenvalue

of multiplicity at least one for all z ∈ U, and thus is a simple L2
K,ω̃-eigenvalue for all

z ∈ R \ D1. As a result, for all such z there exists a basis (ϕ1, . . . , ϕmω), normalized to
have L2

K-norm 1, of the eigenspace E corresponding to µω(z) consisting of precisely one
vector from L2

K,ω̃ for each ω̃ ∈ Uω.
For z ∈ R \ D1, Lemma 4.4 then describes the structure of the dispersion surfaces

corresponding to µω(z) near the vertex K. For each of the lattices we examine, one of
two things happens: either all of the eigenvalues of M(z, κ) = −πω(z)(2iκ · ∇)πω(z)|E
are simple on an open set (not necessarily connected) near κ = 0, or M(z, κ) is identically
0. In the first case, if λ(z, κ) is a simple eigenvalue of M(z, κ), then Lemma 4.4(2) tells us
there exists a simple eigenvalue µω(z, κ) of Hz on L2

K+κ such that

µω(z, κ) = µω(z) + λ(z, κ) +O(||κ||2). (5.2)

Note that (5.2) also always holds at κ = 0, since λ(z, 0) = 0 by virtue of M(z, 0) = 0,
although µω(z, κ) will typically no longer be simple at this point. As a result, in the
specific case where the eigenvalues of M(k) are simple on a punctured neighborhood of
κ = 0, the (5.2) in fact holds on a neighborhood of κ = 0. On the other hand, if M(z, κ) is
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identically zero, then Lemma 4.4(3) tells us that every dispersion surface corresponding
to µω(z) near the vertex K satisfies

µω(z, κ) = µω(z) +O(||κ||2),

which immediately implies that (K, µ(z)) is a quadratic point (as per Definition 1.1).
Using the basis (ϕ1, . . . , ϕmω), we can then compute the entries of M(z, κ) with respect

to this basis using Lemma 4.6. In particular, this lemma tells us that the diagonal entries
of M(z, κ) are all zero, and we only need to compute the entries above the diagonal
since M(z, κ) is Hermitian. Once we have an explicit expression for M(z, κ), we can then
compute its characteristic polynomial.

We then finish by checking which of the coefficients of this polynomial are nonzero
for z sufficiently small, which by Lemma 4.5 will then imply that these coefficients re-
main nonzero for all z ∈ R away from a discrete set D2 by analyticity. To perform
this computation, we will typically use the fact that a normalized eigenvector ϕω(x; z)
corresponding to the L2

K,ω-eigenvalue µω(z) satisfies

ϕω(x; z) = ϕω(x) +O(|z|), (5.3)

where ϕω(x) is the normalized eigenvector corresponding to µω(0) given by (4.8). This
follows from the observation that πω(z)ϕω is an eigenvector corresponding to µω(z) for
z sufficiently small, and the fact that πω(z) = πω(0) + O(|z|) by a Neumann series
argument. Letting D = D1 ∪ D2, we then conclude that (5.3) will hold for all z ∈ R away
from the discrete set D.

5.3 Proof of Theorem 1.3 for the Square

Let Λ = ΛS, and let (k1, k2), B, K, m, G0, and U be the objects listed in the corresponding
column of Table 5.1 (i.e. the first column). We also let V be a Λ-invariant potential and
let Hz = −∆ + zV. Lastly, we will again need the matrices r, f1, f2 defined in (5.1).

(1) Upper bound on multiplicity: For each ω ∈ U, µ′
ω(0) is given by:

µ′
ω(0) = ∑

j∈J

ω jVm(j).

A quick computation shows that

r−1K = K − k2,

r−2K = K − k1 − k2,

r−3K = K − k1.
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It follows from the definition of m(j) (given by (4.7)), together with the fact that V−m(j) =
Vm(j) (since V is even as noted in Section 3.2), that we can rewrite µ′

ω(0) as

µ′
ω(0) = V0,0 + ωV0,1 + ω2V1,1 + ω3V1,0.

Also note that V is invariant under both r and f1, and is therefore invariant under the
product r f1, which permutes the coordinate axis. It follows from (4.5) that V1,0 = V0,1,
and consequently

µ′
ω(0) = V0,0 + (ω + ω3)V1,0 + ω2V1,1.

We then plug ω into this formula for each ω ∈ U, which gives us the following:

µ′
1(0) = V0,0 + 2V1,0 + V1,1,

µ′
i(0) = µ′

−i(0) = V0,0 − V1,1,
µ′
−1(0) = V0,0 − 2V1,0 + V1,1.

Note that the set where the right-hand sides of any pair of the above three equations are
equal describes a hyperplane. Consequently, the set where the right-hand sides of the
above three equations fail to be distinct is a union of three hyperplanes. It follows that
for V away from a set of codimension 1, the eigenvalue ||K||2 of −∆ splits into at least
two simple eigenvalues and an eigenvalue of multiplicity at most two.

(2) Lower bound on multiplicity: As noted in Section 5.2, it suffices to consider µω(z)
for ω ∈ U such that the upper bound on the multiplicity computed in (1) is strictly
greater than 1. In addition, observe that f1 is K invariant since f1K = K − k1. As a result,
if ϕ ∈ L2

K,i is an eigenvector of Hz, then r∗ϕ is also an eigenvector of Hz in L2
K with the

same eigenvalue. In addition, since r f1 = f1r3, it follows that

r∗( f1)∗ϕ = ( f1)∗r3
∗ϕ = −i( f1)∗ϕ.

Hence, ( f1)∗ϕ ∈ L2
K,−i, and so µi(z) is an L2

K-eigenvalue with multiplicity at least 2, which
together with step (1) implies that its multiplicity is exactly two. Therefore, Hz has a
double L2

K-eigenvalue for all z ∈ R away from a discrete set D1, and the corresponding
eigenprojectors are analytic on some open neighborhood U of R.

(3) Computation of the characteristic polynomial: Fix some z ∈ R \ D1, and let ϕ1 ∈ L2
K,i

and ϕ2 ∈ L2
K,−i be normalized eigenvectors for the eigenvalue µi(z) of Hz. The entries

of M(z, κ) with respect to this basis are given by −2iκ · ⟨ϕj,∇ϕℓ⟩. For j ̸= ℓ, ⟨ϕj,∇ϕℓ⟩ is
an eigenvector of r with eigenvalue (−i)(−i) = −1 by Lemma 4.6, and thus must be the
zero vector. It follows that M(z, κ) = 0 for all z and κ, and thus we conclude that

µi(z, κ) = µi(z) +O(||κ||2).

By Definition 1.1 this means that (K, µi(z)) is a 2-fold quadratic point for all z ∈ R \ D1.
This completes the proof of Theorem 1.3 when Λ is a square lattice.
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5.4 Proof of Theorem 1.3 for the Hexagonal

Let Λ = ΛH and let (k1, k2), B, K, m, G0, and U be the objects listed in the corresponding
column of Table 6.1 (i.e. the second column). We also let V be a Λ-invariant potential
and let Hz = −∆ + zV. Lastly we will need the matrices ρ0, ρ defined in (5.1).

(1) Upper bound on multiplicity: Just as we did in Section 5.3, we start by computing
relations among the Fourier coefficients Vm(j) for j ∈ J. In particular, we compute that

ρ−1K = K + k2,

ρ−2K = K − k1.

Again using the fact that V is even, it follows that for ω ∈ U,

µ′
ω(0) = V0,0 + ωV0,1 + ω2V1,0.

By (4.5) we also have that
Vk1 = ρ∗Vk1 = Vρ⊤k1

= Vk2 ,

which tells us that V1,0 = V0,1. Therefore we can rewrite µ′
ω(0) as

µ′
ω(0) = V0,0 + (ω + ω2)V1,0.

We then plug ω into this formula for each ω ∈ U to obtain:

µ′
1(0) = V0,0 + 2V1,0,

µ′
ζ3
(0) = µ′

ζ3
(0) = V0,0 − V1,0,

where ζ3 is a third root of unity, which we can choose to be the one with positive
imaginary part. The set where the right-hand sides of the above two equations fail to
be distinct is a single hyperplane (namely, where V1,0 = 0). Therefore, we conclude that
for V away from a set of codimension 1, the eigenvalue ||K||2 of −∆ splits into at least a
simple eigenvalue and an eigenvalue of multiplicity at most two.

(2) Lower bound on multiplicity: Let T be the conjugate-parity operator: T f (x) =
f (−x), and let ϕ1 be a normalized eigenvector of Hz in L2

K,ζ3
for the eigenvalue µζ3(z).

For z ∈ R, ϕ2 := Tϕ1 ∈ L2
K is also an eigenvector of Hz for the same eigenvalue by 4.3.

In addition, observe that

ρ∗ϕ2(x) = ϕ1(−ρ⊤x) = ζ3ϕ1(−x) = ζ3ϕ2(x).

Therefore ϕ2 ∈ L2
K,ζ3

, which implies that Hz has a double L2
K-eigenvalue for all z ∈ R

away from a discrete set D1, and the corresponding eigenprojector is analytic on some
open neighborhood U of R.
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(3) Computation of the characteristic polynomial: Fix some z ∈ R \ D1, and let ϕ1 ∈ L2
K,ζ3

be a normalized eigenvector of Hz for the eigenvalue µζ3(z). Then, as we saw in step (2),
ϕ2 := Tϕ1 ∈ L2

K,ζ3
is an eigenvector of Hz with eigenvalue µζ3(z) as well, and thus ϕ1, ϕ2

form a basis for the corresponding eigenspace. The entries of M(z, κ) with respect to this
basis are given by −2iκ · ⟨ϕj,∇ϕℓ⟩. Therefore, by Lemma 4.6, the entries of M(z, κ) are
entirely determined by ⟨ϕ1,∇ϕ2⟩.

To compute this entry, note that by Lemma 4.6,

ρ⟨ϕ1,∇ϕ2⟩ = ζ3
2⟨ϕ1,∇ϕ2⟩ = ζ3⟨ϕ1,∇ϕ2⟩.

Hence, ⟨ϕ1,∇ϕ2⟩ is an eigenvector of ρ with eigenvalue ζ3, and is therefore of the form

⟨ϕ1,∇ϕ2⟩ = α

(
i
1

)
for some α ∈ C. Consequently, with respect to the basis (ϕ1, ϕ2), M(z, κ) is given by:

M(z, κ) = −2i

 0 α(κ2 + iκ1)

−α(κ2 − iκ1) 0

 .

A quick computation then gives the characteristic polynomial of M(z, κ) (as a polynomial
in µ):

µ2 + |α|2||κ||2.

By Lemma 4.5, the coefficient |α|2 is analytic in z, and therefore will be nonzero away
from a discrete set if it is nonzero for z sufficiently small. However, by Lemma 4.2 we
can assume that, for z sufficiently small, ϕ1, ϕ2 are given by:

ϕ1(x; z) =
1√
3

(
eiK·x + ζ3eiρ−1K·x + ζ3eiρ−2K·x

)
+O(|z|),

ϕ2(x; z) =
1√
3

(
eiK·x + ζ3eiρ−1K·x + ζ3eiρ−2K·x

)
+O(|z|).

It follows that, for z small,

α = e2 · ⟨ϕ1,∇ϕ2⟩ =
i
3

e2 ·
(

K + ζ3ρ−1K + ζ3ρ−2K
)
+O(|z|2) = − i

√
3

3
q +O(|z|2).

Therefore |α|2 is nonzero for z sufficiently small, and thus remains nonzero for all z ∈ U
away from another discrete set D2. It follows that |α|2 is nonzero on R \ D2, and so by
Definition 1.1 we conclude that (K, µζ3(z)) is a Dirac point for all z ∈ R \ (D1 ∪ D2).
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5.5 A Discussion of the Rectangular

Let Λ = ΛR, and let (k1, k2), B, K, m, G0, and U be the objects listed in the corresponding
column (i.e., the third column) of Table 5.1. We also let V be a Λ-invariant potential and
let Hz = −∆ + zV. Lastly, we will again need the matrices f1, f2 defined in (5.1).

(1) Upper bound on multiplicity: We start by computing relations among the Fourier
coefficients Vm(j) for j ∈ J. In particular, we compute that, for j = 1, 2,

f−1
j K = K − k j.

It follows from the definition of m(j) that m(j) = −j, which together with the fact that
V is even implies that for ω ∈ U,

µ′
ω(0) = ∑

j∈J

ω jVj.

Thus we can rewrite µ′
ω(0) as

µ′
ω(0) = V0,0 + ω1V1,0 + ω2V0,1 + ω1ω2V1,1.

Unlike for ΛS and ΛH, we do not expect any relations between the coefficients {Vj}j∈J

without making further assumptions about V. This is because 0, ||k1||, ||k2||, ||k1 + k2||
must necessarily be distinct, for otherwise Λ would either be isometric to the square
lattice or not have full-rank. Consequently, since every element of G is orthogonal, there
cannot exist g ∈ G such that gk1 = k2, for instance, and therefore generic Λ-invariant
potentials would not have Fourier coefficients which satisfy Vk1 = Vk2 .

We now plug ω into the above formula for each ω ∈ U, which gives us the following:

µ′
1,1(0) = V0,0 + V1,0 + V0,1 + V1,1,

µ′
1,1(0) = V0,0 − V1,0 + V0,1 − V1,1,

µ′
1,1(0) = V0,0 + V1,0 − V0,1 − V1,1,

µ′
1,1(0) = V0,0 − V1,0 − V0,1 + V1,1.

Note that the set where the right-hand sides of the above four equations fail to be distinct
is a union of six hyperplanes. It follows that for V away from a set of codimension 1, the
eigenvalue ||K||2 of −∆ splits into four simple eigenvalues.

At this point, observe that steps (2) and (3) as described in Section 5.2 only need to
be performed if the multiplicity of µω(0) is strictly greater than 1. Consequently, in this
case ||K||2 does not split into eigenvalues µω(z) that produce intersections of dispersion
surfaces for generic z. Therefore, although the framework developed in Chapter 4 does
apply in this case, it does not produce interesting results.
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5.6 A Discussion of the Centered Rectangular and Oblique

For these last two lattices in two dimensions, there is no longer a fixed angle between
the given basis vectors, and consequently it becomes more difficult to compute the cor-
responding Brillouin zones and their vertices. However, we can still compute the mul-
tiplicity of µ0 = ||K||2 for K ∈ V(B) as an L2

K-eigenvalue of −∆, independent of this
angle.

To do so, we observe that in both cases B is a (non-regular) hexagon, and by Proposi-
tion 4.1, the equivalence relation defining [K] partitions V(B). In addition, as discussed
in Section 4.1, each equivalence class must have cardinality at least three, and therefore
the partition must either consist of two classes of cardinality three each, or one class of
cardinality six. However, the latter case is not possible, since by Theorem 2.3 there exists
a basis (k̃1, k̃2) of Λ∗ consisting of Voronoi relevant vectors, meaning that there are edges
of B which lie on the lines given by x · k̃ j =

1
2 ||k̃ j||2 for j = 1, 2. Then it is possible that

either K + k̃ j or K − k̃ j is a vertex of B for j = 1, 2, but not both, because then K would
not be a vertex. Consequently, by Proposition 4.1, there can be at most four vertices
in a given equivalence class, corresponding to the power set of {k̃1, k̃2}. Therefore we
conclude that µ0 = ||K||2 has multiplicity three for any K ∈ V(B) and Λ = ΛCR, ΛO.

Herein lies the problem: the symmetry groups of ΛCR, ΛO have order four and two,
respectively, and therefore, by basic group theory, neither has a subgroup of order three.
It is consequently impossible to find a subgroup which satisfies A3; thus, the framework
established in Chapter 4 does not apply here. That being said, due to their low degree
of symmetry, Schrödinger operators with potentials invariant under these lattices are
unlikely to have interesting intersections of dispersion surfaces. As we saw in the pre-
vious sections, higher multiplicity eigenvalues are typically a result of relations between
the Fourier coefficients of V, which in turn are a consequence of the symmetries of the
lattice. On the other hand, lattices with fewer symmetries, such as the rectangular lattice
discussed in Section 5.5, result in the eigenvalue µ0 of H0 = −∆ splitting completely as
z increases. We therefore expect similar results for ΛCR and ΛO.
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Chapter 6

SCHRÖDINGER OPERATORS INVARIANT UNDER
THREE-DIMENSIONAL LATTICES

We now perform an analysis similar to the one done in the previous chapter, but
for a select number of three-dimensional lattices. In particular, we start by examining
Schrödinger operators invariant under cubic lattices, which is a lattice system consisting
of lattices whose point groups are isomorphic to the octahedral group. Every such lattice is
isometric to one of the three lattices generated by the bases listed in the first row of Table
6.1, and so by Remark 4.2, if V is a cubic lattice invariant potential, we may assume
that V is invariant with respect to one of these listed lattices. In particular, these are
the simple cubic, body-centered cubic, and face-centered cubic, respectively. We then finish
with an analysis of stacked hexagonal lattices due to their relevance to graphene and (two-
dimensional) hexagonal lattices; these lattices are isometric to the lattice generated by
the basis listed in the first column of Table 6.2.

Using the general framework developed in Chapter 4, we prove that the dispersion
surfaces of Schrödinger operators with potentials invariant under these lattices gener-
ically have unusual dispersion surfaces near vertices of the Brillouin zone, as listed in
Theorem 1.3. Each of these proofs will require the same three steps described in Sec-
tion 5.2: (1) a computation of an upper bound on the multiplicity of eigenvalues µ(z) of
Hz = −∆ + zV, (2) a computation of a lower bound on these same multiplicities, and (3)
a computation of the characteristic polynomial.

For the rest of this chapter,

r :=

0 0 1
1 0 0
0 1 0

 , s :=

0 1 0
1 0 0
0 0 −1

 , f :=

−1 0 0
0 −1 0
0 0 −1

 , (6.1)

f1 :=

−1 0 0
0 1 0
0 0 1

 , f2 :=

1 0 0
0 −1 0
0 0 1

 , f3 :=

1 0 0
0 1 0
0 0 −1

 ,
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f12 :=

−1 0 0
0 −1 0
0 0 1

 , f13 :=

−1 0 0
0 1 0
0 0 −1

 , f23 :=

1 0 0
0 −1 0
0 0 −1

 ,

s0 :=

 0 1 0
−1 0 0
0 0 −1

 ρ0 :=

 1/2 −
√

3/2 0√
3/2 1/2 0
0 0 1

 , ρ := ρ2
0 =

−1/2 −
√

3/2 0√
3/2 −1/2 0
0 0 1

 .

Note that ρ0 and ρ are counter-clockwise rotations in the x1x2-plane by π/3 and 2π/3,
respectively.

6.1 Geometry of Cubic Lattices.

Let G denote the octahedral group with presentation G ∼= ⟨r, s, f ⟩, and let ΛSC, ΛBC,
and ΛFC denote the simple cubic, body-centered cubic, and face-centered cubic lattice,
respectively, which are generated by the bases given in row 1 of Table 6.1 for some a > 0.
Just as we did in Section 5.1, we give spectral results for −∆ seen as a ΛSC, ΛBC, and
ΛFC invariant operator on L2

K, where K is a vertex of the corresponding Brillouin zone
B. For each of these lattices, K (and in fact every vertex of the respective Brillouin zones
B) has a subgroup G0 of G satisfying A3, and as a result

G · [K] = G · (G0 · K) = G · K.

Therefore, unlike for the two-dimensional lattices discussed in Chapter 5, by Remark 4.2
it suffices to consider vertices K which have distinct orbits under the action of the point
group G, as opposed to the equivalence classes [K] having distinct orbits.

Similar to Table 5.1, Table 6.1 includes for each of the lattices ΛSC, ΛBC, and ΛFC:

• A basis (v1, v2, v3);

• The corresponding dual basis (k1, k2, k3), where q = 2π
a ;

• A picture of the Brillouin zone B, where the vertices are colored and sized in
reference to the vertices listed in the following row. Specifically, given a vertex K,
the set [K] consists of vertices of B by Proposition 4.1, which are colored the same
and have larger dots. In comparison, those vertices which lie in (G · K) \ [K] are
colored the same but have smaller dots. Note that in three dimensions, not every
vertex of B necessarily lies in G · K, as can be seen in the Brillouin zone of the
body-centered cubic lattice;

• Vertices K of the Brillouin zone, corresponding to distinct orbits under the action
of G.



86

ΛSC ΛBC ΛFC

Basis

a
0
0

 ,

0
a
0

 ,

0
0
a

 a
0
0

 ,

0
a
0

 ,

a/2
a/2
a/2

 a/2
a/2

0

 ,

−a/2
a/2

0

 ,

 0
−a/2
a/2



Dual Basis

q
0
0

 ,

0
q
0

 ,

0
0
q

  q
0
−q

 ,

 0
q
−q

 ,

 0
0
2q

 q
q
q

 ,

−q
q
q

 ,

 0
0
2q



B

K

q/2
q/2
q/2

 q/2
q/2
q/2

 0
0
q

  0
q

q/2



m 8 4 6 4

G0 ⟨ f1, f2, f3⟩ ⟨ f13, f23⟩ ⟨r, f ⟩ ⟨s0⟩

U U3
2 U2

2 U3 × U2 U4

Table 6.1: Geometry of the cubic lattices.

• The multiplicity m of the L2
K-eigenvalue ||K||2 of −∆, equal to the cardinality of the

set [K];
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• An abelian subgroup G0 of G, expressed in terms of its generators, which together
with the vertex K satisfy A3;

• The corresponding group U consisting of tuples of roots of unity, as defined in
(4.6).

6.2 Proof of Theorem 1.3 for the Simple Cubic

Let Λ = ΛSC, and let (k1, k2, k3), B, K, m, G0, and U be the objects listed in corresponding
column (i.e. the first column) of Table 6.1. We also let V be a Λ-invariant potential and
let Hz = −∆ + zV. Lastly, we will need the matrices r, s, f , f1, f2, f3 defined in (6.1).

(1) Upper bound on multiplicity: Just as we did in Sections 5.3 - 5.5, we start by com-
puting relations among the Fourier coefficients Vm(j) for j ∈ J. To begin, we compute
that, for j = 1, 2, 3,

f−1
j K = K − k j.

It follows from the definition of m(j) (given by (4.7)) that m(j) = −j, and since V is even,
we also have that V−j = Vj. Thus, we arrive at the formula

µ′
ω(0) = ∑

j∈J

ω jVj.

In addition, observe that V is invariant under r, which permutes the coordinate axes.
Consequently, we have the identities

V1,0,0 = V0,1,0 = V0,0,1 and V1,1,0 = V1,0,1 = V0,1,1.

As a result, we can rewrite µ′
ω(0) as

µ′
ω(0) = V0,0,0 + (ω1 + ω2 + ω3)V1,0,0 + (ω2ω3 + ω1ω3 + ω1ω2)V1,1,0 + ω1ω2ω3V1,1,1.

We then plug ω into this formula for each ω ∈ U, which gives us the following:

µ′
1,1,1(0) = V0,0,0 + 3V1,0,0 + 3V1,1,0 + V1,1,1,

µ′
−1,1,1(0) = µ′

1,−1,1(0) = µ′
1,1,−1(0) = V0,0,0 + V1,0,0 − V1,1,0 − V1,1,1,

µ′
1,−1,−1(0) = µ′

−1,1,−1(0) = µ′
−1,−1,1(0) = V0,0,0 − V1,0,0 − V1,1,0 + V1,1,1,

µ′
−1,−1,−1(0) = V0,0,0 − 3V1,0,0 + 3V1,1,0 − V1,1,1.

The set where the right-hand sides of the above four equations fail to be distinct is a
union of six hyperplanes. It follows that for V away from a set of codimension 1, the
eigenvalue ||K||2 of −∆ splits into at least two simple eigenvalues and two eigenvalues
of multiplicity at most three.
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(2) Lower bound on multiplicity: Observe that f1r = r f3, f2r = r f1, and f3r = r f2. As a
result, if ϕ ∈ L2

K,(−1,1,1) is an eigenvector of Hz, then r∗ϕ is also an eigenvector of Hz with
the same eigenvalue and

( f1)∗(r∗ϕ) = r∗( f3)∗ϕ = r∗ϕ

( f2)∗(r∗ϕ) = r∗( f1)∗ϕ = −r∗ϕ

( f3)∗(r∗ϕ) = r∗( f2)∗ϕ = r∗ϕ.

Hence, r∗ϕ ∈ L2
K,(1,−1,1), and an identical computation shows that r2

∗ϕ is an eigenvector of

Hz as well, but in L2
K,(1,1,−1). Therefore, µ(−1,1,1)(z) is an L2

K-eigenvalue with multiplicity
at least 3, which together with step (1) implies that its multiplicity is exactly 3. The same
argument applied to an eigenvector ϕ of Hz in L2

K,(1,−1,−1) shows that µ(−1,1,1)(z) is an

L2
K-eigenvalue with multiplicity 3 as well. Therefore, Hz has two triple L2

K-eigenvalues
for all z ∈ R away from a discrete set D1, and the corresponding eigenprojectors are
analytic on some open neighborhood U of R.

(3) Computation of the characteristic polynomial: Fix some z ∈ R \ D1, and let ϕ1 ∈
L2

K,(−1,1,1), ϕ2 ∈ L2
K,(1,−1,1) and ϕ3 ∈ L2

K,(1,1,−1) be normalized eigenvectors for the eigen-
value µ(−1,1,1)(z) of Hz. The entries of M(z, κ) with respect to this basis are given by
−2iκ · ⟨ϕj,∇ϕℓ⟩. For j ̸= ℓ, ⟨ϕj,∇ϕℓ⟩ is an eigenvector of both f j and fℓ with eigenvalue
-1 by Lemma 4.6, and thus it lies in Cej ∩ Ceℓ = {0}. It follows that M(z, κ) = 0 for all z
and κ, and thus we conclude that

µ(−1,1,1)(z, κ) = µ(−1,1,1)(z) +O(||κ||2).

By Definition 1.1 this means that (K, µ(−1,1,1)(z)) is a 3-fold quadratic point for all z ∈
R \ D1. The exact same argument shows that (K, µ(−1,1,1)(z)) is a 3-fold quadratic point
as well.

6.3 Proof of Theorem 1.3 for the Body-Centered Cubic at K = (q/2, q/2, q/2)

Let Λ = ΛBC, let K = (q/2, q/2, q/2) and let (k1, k2, k3), B, m, G0, and U be the objects
listed in the corresponding column of Table 6.1 (i.e. the second of the three columns for
the first three rows and the second of the four columns for the remaining rows). We also
let V be a Λ-invariant potential and let Hz = −∆ + zV. Lastly we will need the matrices
r, s, f , f12, f13, f23 defined in (6.1).
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(1) Upper bound on multiplicity: As per usual, we start by computing relations among
the Fourier coefficients Vm(j) for j ∈ J, noting that:

f−1
13 K = K − k1 − k3,

f−1
23 K = K − k2 − k3,

f−1
12 K = K − k1 − k2 − k3.

Since V is even, it follows that for ω ∈ U,

µ′
ω(0) = V0,0,0 + ω1V1,0,1 + ω2V0,1,1 + ω1ω2V1,1,1.

Also note that V being invariant under r implies V1,0,1 = V0,1,1. In addition, V1,1,1 =
V1,0,0 since

Vk1+k3 = r∗Vk1+k3 = Vr⊤(k1+k3)
= Vk2+k3 .

Therefore
µ′

ω(0) = V0,0,0 + (ω1 + ω2 + ω1ω2)V1,1,1.

Plugging ω into this formula for each ω ∈ U gives us:

µ′
1,1(0) = V0,0,0 + 3V1,1,1,

µ′
−1,1(0) = µ′

1,−1(0) = µ′
−1,−1(0) = V0,0,0 − V1,1,1.

The set where the right-hand sides of the above two equations fail to be distinct is a single
hyperplane. Therefore, we again conclude that for V away from a set of codimension 1,
the eigenvalue ||K||2 of −∆ splits into at least a simple eigenvalue and an eigenvalue of
multiplicity at most three.

(2) Lower bound on multiplicity: Observe that f13r = r f23 and f23r = r f12. As a result,
if ϕ is an eigenvector of Hz in L2

K,(−1,1), then r∗ϕ and r2
∗ϕ are again eigenvectors of Hz

with the same eigenvalue on L2
KBC,(1,−1) and L2

KBC,(−1,−1), respectively. Therefore, Hz has

a triple L2
K-eigenvalue for all z ∈ R away from a discrete set D1, and the corresponding

eigenprojector is analytic on some open neighborhood U of R.
(3) Computation of the characteristic polynomial: Fix some z ∈ R \ D1, and let ϕ1 ∈

L2
K,(−1,1) be a normalized eigenvector of Hz for the eigenvalue µ(−1,1)(z). Then, as we saw

in step (2), ϕ2 := r∗ϕ ∈ L2
K,(1,−1) and ϕ3 := r2

∗ϕ ∈ L2
K,(−1,−1) are eigenvectors of Hz with

eigenvalue µ(−1,1)(z) as well, and thus form a basis for the corresponding eigenspace.
The entries of M(z, κ) with respect to this basis are given by −2iκ · ⟨ϕj,∇ϕℓ⟩, and we
also note that ⟨ϕ2,∇ϕ3⟩ = ⟨r∗ϕ1,∇(r∗ϕ1)⟩ = r⟨ϕ1,∇ϕ2⟩. Therefore, by Lemma 4.6, the
entries of M(z, κ) are entirely determined by ⟨ϕ1,∇ϕ2⟩ and ⟨ϕ1,∇ϕ3⟩.

To compute these, note that f12 = f13 f23, and so again by Lemma 4.6,

f12⟨ϕ1,∇ϕ2⟩ = (−1)2⟨ϕ1,∇ϕ2⟩ = ⟨ϕ1,∇ϕ2⟩.
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Hence, ⟨ϕ1,∇ϕ2⟩ is an eigenvector of f12 with eigenvalue 1, and is therefore of the form
αe3 for some α ∈ C. An identical argument applied to ⟨ϕ1,∇ϕ3⟩ and the element f13 ∈ G
implies that ⟨ϕ1,∇ϕ3⟩ = βe2 for some β ∈ C.

Note that α = −β:

α = e3 · ⟨ϕ1,∇ϕ2⟩ = re2 · ⟨ϕ1,∇ϕ2⟩ = e2 · r2
∗⟨r2

∗ϕ1, r2
∗∇ϕ2⟩

= e2 · ⟨ϕ3,∇ϕ1⟩ = −e2 · ⟨ϕ1,∇ϕ3⟩ = −β.

Thus, with respect to the basis (ϕ1, ϕ2, ϕ3), M(z, κ) is given by:

M(z, κ) = −2i


0 ακ3 −ακ2

−ακ3 0 ακ1

ακ2 −ακ1 0

 .

A quick computation then gives the characteristic polynomial of M(z, κ) (as a polynomial
in µ):

µ3 − 4|α|2||κ||2µ + 16 Im(α3)κ1κ2κ3.

It follows that the eigenvalues of M(z, κ) will be simple away from κ = 0 as long as the
coefficients |α|2 and Im(α3) are nonzero.

By Lemma 4.5, |α|2 and Im(α3) are analytic in z, and therefore will be nonzero away
from a discrete set if they are nonzero for z sufficiently small. However, by Lemma 4.2
we can assume that, for z sufficiently small, ϕ1, ϕ2 are given by:

ϕ1(x; z) =
1
2

(
eiK·x − ei f13K·x + ei f23K·x − ei f12K·x

)
+O(|z|),

ϕ2(x; z) =
1
2

(
eiK·x + ei f13K·x − ei f23K·x − ei f12K·x

)
+O(|z|).

It follows that, for z small,

α = e3 · ⟨ϕ1,∇ϕ2⟩ =
i
4

e3 · (K − f13K − f13K + f12K) +O(|z|2) = iq
2
+O(|z|2).

Therefore, |α|2 and Im(α3) are nonzero for z sufficiently small, and thus remain nonzero
for all z ∈ U away from another discrete set D2. It follows that they are nonzero on
R \ D2, and so by Definition 1.1 we conclude that (K, µ(−1,1)(z)) is a 3-fold Weyl point
for all z ∈ R \ (D1 ∪ D2).

6.4 Proof of Theorem 1.3 for the Body-Centered Cubic at K = (0, 0, q)

Let Λ = ΛBC, let K = (0, 0, q) and let (k1, k2, k3), B, m, G0, and U be the objects listed in
the corresponding column of Table 6.1 (i.e. the second of the three columns for the first
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three rows and the third of the four columns for the remaining rows). We also let V be a
Λ-invariant potential and let Hz = −∆ + zV. Lastly, we will need the group element s0
defined in (6.1).

(1) Upper bound on multiplicity: First, we observe that

r−1K = K + k2, r−1 f K = K − k2 − k3,

r−2K = K + k1, r−2 f K = K − k1 − k3

f−1K = K − k3.

Since V is even, it follows that for ω ∈ U,

µ′
ω(0) = V0,0,0 + ω1V0,1,0 + ω2

1V1,0,0 + ω2V0,0,1 + ω1ω2V0,1,1 + ω2
1ω2V1,0,1.

We also have that
Vk1 = ( f1)∗Vk1 = Vf⊤1 k1

= Vk1+k3 ,

which tells us that V1,0,0 = V1,0,1. Furthermore, since V is invariant under r, we obtain
V1,0,0 = V0,1,0 = V1,0,1 = V0,1,1. Thus we can rewrite µ′

ω(0) as

µ′
ω(0) = V0,0,0 +

(
ω1 + ω2

1 + ω1ω2 + ω2
1ω2

)
V1,0,0 + ω2V0,0,1.

We then plug ω into this formula for each ω ∈ U to obtain:

µ′
1,1(0) = V0,0,0 + 4V1,0,0 + V0,0,1,

µ′
ζ3,1(0) = µ′

ζ3,1(0) = V0,0,0 − 2V1,0,0 + V0,0,1,

µ′
1,−1(0) = µ′

ζ3,−1(0) = µ′
ζ3,−1(0) = V0,0,0 − V0,0,1.

The set where the right-hand sides of the above three equations fail to be distinct is
a union of three hyperplanes. Therefore, we conclude that for V away from a set of
codimension 1, the eigenvalue ||K||2 of −∆ splits into at least a simple eigenvalue, an
eigenvalue of multiplicity at most two, and an eigenvalue of multiplicity at most three.

(2) Lower bound on multiplicity: Let T be the conjugate-parity operator: T f (x) =
f (−x), and let ϕ1 be a normalized eigenvector of Hz in L2

K,(ζ3,1) for µ(ζ3,1)(z). For z ∈ R,

ϕ2 = Tϕ1 ∈ L2
K is also an eigenvector of Hz for the same eigenvalue since V by Remark

4.3. In addition, observe that

r∗ϕ2(x) = ϕ1(−r⊤x) = ζ3ϕ1(−x) = ζ3ϕ2(x)

f∗ϕ2(x) = ϕ1(− f⊤x) = ϕ1(−x) = ϕ2(x).

Therefore ϕ2 ∈ L2
K,(ζ3,1)

.
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To give a lower bound on the multiplicity of µ(1,−1)(z), let L2
K,−1 = kerL2

K
( f∗ + 1), i.e.

the space of odd functions in L2
K. By construction of the subspaces L2

K,ω, it follows that

L2
K,−1 = L2

K,(1,−1) ⊕ L2
K,(ζ3,−1) ⊕ L2

K,(ζ3,−1).

Also note that s0K = K − k3, and so s0 is K-invariant, which together with the fact that
s0 commutes with f , implies that (s0)∗ is a well-defined operator on L2

K,−1.
Now let

ψ1(x) = sin(2πx1) + i sin(2πx2),
ψ2(x) = sin(2πx1)− i sin(2πx2),

ψ3(x) =
√

2 sin(2πx3).

A quick computation confirms that ψj ∈ L2
K,−1, ||ψj|| = 1, and −∆ψj = (2π)2ψj =

||K||2ψj for j = 1, 2, 3. In addition, note that σ((s0)∗) = U4, the fourth roots of unity.
If we let Eω = L2

K,−1 ∩ kerL2
K,−1

((s0)∗ − ω) for ω ∈ U4, then ψ1 ∈ E−i, ψ2 ∈ Ei and

ϕ3 ∈ E−1. Therefore ||K||2 is a simple eigenvalue of −∆ on Eω for ω ∈ {−i, i,−1}, and so
by Corollary 3.1 it follows that, for sufficiently small z ∈ R, there is a unique eigenvalue
λ(z) of Hz on E−i satisfying λ(z) = ||K||2 +O(|z|). Let Ψz ∈ E−i denote the normalized
eigenvector corresponding to λz, and let Φz ∈ L2

K,(1,−1) denote a normalized eigenvector
corresponding to µ(1,−1)(z), so that

Ψz = ψ1 +O(|z|), and Φz = ϕ +O(|z|),

where ϕ is defined by (4.8) with ω = (ζ3,−1).
Now assume for contradiction that µ(1,−1)(z) has multiplicity strictly less than 3 for

z ̸= 0. Then TΨz and TΦz are also eigenvectors corresponding to λ(z) and µ(1,−1),
respectively, and so both of these eigenvalues must have multiplicity at least two. Since
we are assuming that the multiplicity of µ(1,−1) is strictly less than 3, we deduce that
these eigenvalues must in fact be equal, and their multiplicity is exactly two.

As a result, for all z ∈ R, nonzero and sufficiently small,

span(Ψz, TΨz) = span(Φz, TΦz).

Therefore we can express Φz with respect to Ψz and TΨz as

Φz = ⟨Φz, Ψz⟩Ψz + ⟨Φz, TΨz⟩TΨz, (6.2)

where we have used the fact that TΨz ∈ Ei, and is therefore orthogonal to Ψz. Taking the
limit of both sides of (6.2) as z → 0, we obtain

ϕ = ⟨ϕ, ψ1⟩ψ1 + ⟨ϕ, Tψ1⟩Tψ1.
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This is not possible: by (4.8), the left-hand side depends on x3, while the right-hand
side depends only on x1, x2. We conclude that Hz has a double and a triple L2

K-eigenvalue
for all z ∈ R away from a discrete set D1, and the corresponding eigenprojector is analytic
on some open neighborhood U of R.

(3) Computation of the characteristic polynomial: Fix some z ∈ R \ D1, and let ϕ1 ∈
L2

K,(ζ3,1), ϕ2 ∈ L2
K,(ζ3,1)

be normalized eigenvectors for the eigenvalue µ(ζ3,1)(z) of Hz. The

entries of M(z, κ) with respect to this basis are given by −2iκ · ⟨ϕj,∇ϕℓ⟩, and by Lemma
4.6, the entries of M(z, κ) are entirely determined by ⟨ϕ1,∇ϕ2⟩. However, this same
lemma also tells us that ⟨ϕ1,∇ϕ2⟩ is an eigenvector of f with eigenvalue 1, and therefore
must be the zero vector. It follows that M(z, κ) = 0 for all z and κ, and thus we conclude
that (K, µ(ζ,1)(z) is a 2-fold quadratic point.

Now, let ϕ1 ∈ L2
K,(1,−1), ϕ2 ∈ L2

K,(ζ3,−1), and ϕ3 ∈ L2
K,(ζ3,−1)

be normalized eigenvectors

for the eigenvalue µ(1,−1)(z) of Hz. Then the same argument implies that, for j, ℓ ∈
{1, 2, 3}, j ̸ ℓ, ⟨ϕ1,∇ϕ2⟩ is again an eigenvector of f with eigenvalue 1 and therefore must
be the zero vector. We thus conclude that (K, µ(1,−1)(z) is a 3-fold quadratic point for all
z ∈ R \ D1.

6.5 Proof of Theorem 1.3 for the Face-Centered Cubic

Let Λ = ΛFC, and let (k1, k2, k3), B, K, m, G0, and U be the corresponding objects
listed in the final column of Table 6.1. We also let V be a Λ-invariant potential and let
Hz = −∆ + zV. Lastly, we will need the matrix s0 defined in (6.1).

(1) Upper bound on multiplicity: First, we observe that

s−1
0 K = K − k1,

s−2
0 K = K − k1 − k2 + k3,

s−3
0 K = K − k2.

Since V is even and invariant under r, it follows that for ω ∈ U,

µ′
ω(0) = V0,0,0 + ωV1,0,0 + ω2V1,1,−1 + ω3V0,1,0 = V0,0,0 + (ω + ω3)V1,0,0 + ω2V1,1,−1.

We then plug ω into this formula for each ω ∈ U to obtain:

µ′
1(0) = V0,0,0 + 2V1,0,0 + V1,1,−1,

µ′
i(0) = µ′

−i(0) = V0,0,0 − V1,1,−1,
µ′
−1(0) = V0,0,0 − 2V1,0,0 + V1,1,−1.

The set where the right-hand sides of the above three equations fail to be distinct is
a union of three hyperplanes. Therefore, we conclude that for V away from a set of
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codimension 1, the eigenvalue ||K||2 of −∆ splits into at least two simple eigenvalues
and an eigenvalue of multiplicity at most two.

(2) Lower bound on multiplicity: Again let T be the conjugate-parity operator and let
ϕ1 be a normalized eigenvector of Hz in L2

K,i. For z ∈ R, ϕ2 = Tϕ1 ∈ L2
K is also an

eigenvector of Hz for the same eigenvalue, and

(s0)∗ϕ2(x) = ϕ1(−s⊤0 x) = iϕ1(−x) = −iϕ1(x),

which implies ϕ2 ∈ L2
K,−i. Therefore, Hz has a double L2

K-eigenvalue for all z ∈ R away
from a discrete set D1, and the corresponding eigenprojector is analytic on some open
neighborhood U of R.

(3) Computation of the characteristic polynomial: Fix some z ∈ R \ D1, and let ϕ1 ∈ L2
K,i,

ϕ2 ∈ L2
K,−i be normalized eigenvectors for the eigenvalue µi(z) of Hz. The entries of

M(z, κ) with respect to this basis are given by −2iκ · ⟨ϕj,∇ϕℓ⟩, and by Lemma 4.6, the
entries of M(z, κ) are entirely determined by ⟨ϕ1,∇ϕ2⟩. This same lemma also tells us
that ⟨ϕ1,∇ϕ2⟩ is an eigenvector of s0 with eigenvalue -1, and is therefore of the form αe3
for some α ∈ C.

Thus, with respect to the basis (ϕ1, ϕ2), M(z, κ) is given by

M(z, κ) = −2i
(

0 ακ3
−ακ3 0

)
,

and its characteristic polynomial is µ2 − 4|α|2κ2
3. It follows that the eigenvalues of M(z, κ)

can be written as λ(z, κ) = ±2|ακ3|, and therefore these eigenvalues will be simple for
κ3 ̸= 0 as long as α ̸= 0.

By Lemma 4.5, the coefficient |α|2 is analytic in z, and therefore will be nonzero away
from a discrete set if it is nonzero for z sufficiently small. However, by Lemma 4.2 we
can assume that, for z sufficiently small, ϕ1, ϕ2 are given by:

ϕ1(x) =
1
2

(
eiK·x + ieiS3

0K·x − eis2
0K·x − ieis0K·x

)
+O(|z|),

ϕ2(x) =
1
2

(
eiK·x − ieis3

0K·x − eis2
0K·x + ieis0K·x

)
+O(|z|).

It follows that, for z small,

α = e3 · ⟨ϕ1,∇ϕ2⟩ =
i
4

e3 ·
(

K − s3
0K + s2

0K − s0K
)
+O(|z|2) = iq

2
+O(|z|2).

Therefore, |α|2 is nonzero for z sufficiently small, and thus remains nonzero on U away
from another discrete set D2. It follows that |α|2 is nonzero on R \ D2, and so by Defini-
tion 1.1 we conclude that (K, µi(z)) is a basin point for all z ∈ R \ (D1 ∪ D2).
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6.6 Geometry of Stacked Hexagonal Lattices.

For this section and the next, let Λ = ΛSH denote the stacked hexagonal lattice which
is generated by the basis given in Table 6.2 for a1, a2 > 0. Just as in Tables 5.1, 5.2, and
6.1, we also also includes some spectral results for −∆ seen as a Λ invariant operator on
L2

K, where K is a vertex of the corresponding Brillouin zone B. In particular, this table
includes the basis (v1, v2, v3) the dual basis (k1, k2, k3) (where qj = 2π/aj for j = 1, 2), a
picture of the Brillouin zone B with vertices sized and colored as in the previous tables,
a vertex K, the mutliplicity m of ||K||2 as an L2

K-eigenvalue of −∆, the point group G
and a subgroup G0 satisfying A3 (which we describe using the matrices ρ0, ρ, f1, f3 from
(6.1)), and the corresponding group U.

Basis Dual Basis Ba1
√

3/2
a1/2

0

 ,

a1
√

3/2
−a1/2

0

 ,

 0
0
a2

 q1
√

3/3
q1
0

 ,

q1
√

3/3
−q1

0

 ,

 0
0
q2



K m G G0 U 0
2q1/3
q2/2

 6 ⟨ρ0, f1, f3⟩ ⟨ρ, f3⟩ U3 × U2

Table 6.2: Geometry of the stacked hexagonal lattice ΛSH.

6.7 Proof of Theorem 1.3 for the Stacked Hexagonal

Perhaps unsurprisingly, our proof of Theorem 1.3 in this case will not only proceed simi-
larly to those done for the other lattices analyzed in this work, but specifically will closely
follow our proof corresponding to the two-dimensional hexagonal lattice in Section 5.4.

(1) Upper bound on multiplicity: Let V be a Λ-invariant potential and let Hz = −∆+ zV.
We again start by computing relations among the Fourier coefficients Vm(j) for j ∈ J. In
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particular, we compute that

ρ−1K = K + k2, ρ−2K = K − k1 f−1
3 K = K − k3

f−1
3 ρ−1K = K + k2 − k3 f−1

3 ρ−2K = K − k1 − k3.

Since V is even, it follows that for ω ∈ U,

µ′
ω(0) = V0,0,0 + ω1V0,1,0 + ω2

1V1,0,0 + ω2V0,0,1 + ω1ω2V0,1,1 + ω2
1ω2V1,0,1.

We also have that
Vk1 = ρ∗Vk1 = Vρ⊤k1

= Vk2 ,

which tells us that V1,0,0 = V0,1,0, and an identical argument applied to Vk1+k3 tells us
that V1,0,1 = V0,1,1 as well. Therefore we can rewrite µ′

ω(0) as

µ′
ω(0) = V0,0,0 + (ω1 + ω2

1)V1,0,0 + ω2V0,0,1 + (ω1 + ω2
1)ω2V1,0,1.

We then plug ω into this formula for each ω ∈ U to obtain:

µ′
1,1(0) = V0,0,0 + 2V1,0,0 + V0,0,1 + 2V1,0,1,

µ′
ζ3,1(0) = µ′

ζ3,1(0) = V0,0,0 − V1,0,0 + V0,0,1 − V1,0,1,

µ′
1,−1(0) = V0,0,0 + 2V1,0,0 − V0,0,1 − 2V1,0,1,

µ′
ζ3,−1(0) = µ′

ζ3,−1(0) = V0,0,0 − V1,0,0 − V0,0,1 + V1,0,1,

where ζ3 is a third root of unity, which we can again choose to be the one with positive
imaginary part, just as in Section 5.4. The set where the right-hand sides of the above
four equations fail to be distinct is a union of six hyperplanes. Therefore, we conclude
that for V away from a set of codimension 1, the eigenvalue ||K||2 of −∆ splits into at
least two simple eigenvalues and two eigenvalues of multiplicity at most two.

(2) Lower bound on multiplicity: Let T again be the conjugate-parity operator, and let
ϕ1 be a normalized eigenvector of Hz in L2

K,(ζ3,1) for the eigenvalue µζ3,1(z). For z ∈ R,

ϕ2 := Tϕ1 ∈ L2
K is also an eigenvector of Hz for the same eigenvalue by Remark 4.3 since

V is even and real. In addition, observe that

ρ∗ϕ2(x) = ϕ1(−ρ⊤x) = ζ3ϕ1(−x) = ζ3ϕ2(x)

( f3)∗ϕ2(x) = ϕ1(− f⊤3 x) = ϕ1(−x) = ϕ2(x).

Therefore ϕ2 ∈ L2
K,(ζ3,1

, and so µζ3,1(z) has multiplicity 2. An identical argument applied

to an eigenvector of Hz in L2
K,(ζ3,−1) shows that µζ3,−1(z) also has multiplicity 2. There-

fore, Hz has two double L2
K-eigenvalue for all z ∈ R away from a discrete set D1, and the

corresponding eigenprojectors are analytic on some open neighborhood U of R.
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(3) Computation of the characteristic polynomial: Fix some z ∈ R \ D1, and let ϕ1 ∈
L2

K,(ζ3,1) be a normalized eigenvector of Hz for the eigenvalue µζ3,1(z). Then, as we saw

in step (2), ϕ2 := Tϕ1 ∈ L2
K,(ζ3,1)

is an eigenvector of Hz with eigenvalue µζ3,1(z) as well,

and thus ϕ1, ϕ2 form a basis for the corresponding eigenspace. The entries of M(z, κ)
with respect to this basis are given by −2iκ · ⟨ϕj,∇ϕℓ⟩. Therefore, by Lemma 4.6, the
entries of M(z, κ) are entirely determined by ⟨ϕ1,∇ϕ2⟩.

To compute this entry, note that by Lemma 4.6,

ρ⟨ϕ1,∇ϕ2⟩ = ζ3
2⟨ϕ1,∇ϕ2⟩ = ζ3⟨ϕ1,∇ϕ2⟩.

Hence, ⟨ϕ1,∇ϕ2⟩ is an eigenvector of ρ with eigenvalue ζ3, and is therefore of the form

⟨ϕ1,∇ϕ2⟩ = α

 i
1
0


for some α ∈ C. Consequently, with respect to the basis (ϕ1, ϕ2), M(z, κ) is given by:

M(z, κ) = −2i

 0 α(κ2 + iκ1)

−α(κ2 − iκ1) 0

 .

A quick computation then gives the characteristic polynomial of M(z, κ):

µ2 + |α|2(κ2
1 + κ2

2).

It follows that the eigenvalues of M(z, κ) can be written as

λ(z, κ) = ±2|α|
√

κ2
1 + κ2

2,

and therefore these eigenvalues will be simple for κ2
1 + κ2

2 ̸= 0 as long as α ̸= 0.
By Lemma 4.5, the coefficient |α|2 is analytic in z, and therefore will be nonzero away

from a discrete set if it is nonzero for z sufficiently small. However, by Lemma 4.2 we
can assume that, for z sufficiently small, ϕ1, ϕ2 are given by:

ϕ1(x; z) =
1√
6

(
eiK·x + ζ3eiρ−1K·x + ζ3eiρ−2K·x

+ ei f−1
3 K·x + ζ3ei f−1

3 ρ−1K·x + ζ3ei f−1
3 ρ−2K·x

)
+O(|z|),

ϕ2(x; z) =
1√
6

(
eiK·x + ζ3eiρ−1K·x + ζ3eiρ−2K·x

+ei f−1
3 K·x + ζ3ei f−1

3 ρ−1K·x + ζ3ei f−1
3 ρ−2K·x

)
+O(|z|).
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It follows that, for z small,

α =e2 · ⟨ϕ1,∇ϕ2⟩

=
i
6

e2 ·
(

K + ζ3ρ−1K + ζ3ρ−2K + f−1
3 K + ζ3 f−1

3 ρ−1K + ζ3 f−1
3 ρ−2K

)
+O(|z|2)

= − i
√

3
3

q +O(|z|2).

Therefore |α|2 is nonzero for z sufficiently small, and thus remains nonzero for all z ∈ U
away from another discrete set D2. It follows that |α|2 is nonzero on R \ D2. Performing
the same computations for the eigenvalue µζ3,−1(z) shows that the characteristic polyno-
mial of M(z, κ) in this case is also given by µ2 + |α|2(κ2

1 + κ2
2), where |α|2 is again nonzero

on R away from a discrete set. By Definition 1.1, we conclude that both (K, µζ3,1(z)) and
(K, µζ3,−1(z)) are valley points for all z ∈ R away from a discrete set.
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