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We develop a systematic framework to study the dispersion surfaces of Schrédinger op-
erators H = —A + V, where the potential V € C*(R",R) is both periodic with respect
to a lattice A C R" and respects its symmetries. Our analysis relies on an abstract result,
previously proven by Franz Rellich [Rel40] and which we prove using an alternative ap-
proach inspired by methods developed by Tosio Kato [Kat95]: if a self-adjoint operator
depends analytically on a parameter, then so do its eigenvalues and eigenprojectors in a
neighborhood of the real line. Using this and techniques from Floquet-Bloch theory and
representation theory, we prove a series of results that can be used to analyze the opera-
tor H where the lattice A is arbitrary. As an application of this framework, we describe
the generic structure of some singularities in the band spectrum of Schrédinger opera-
tors invariant under various two- and three-dimensional lattices. Specifically, we study
the square, hexagonal, rectangular, simple cubic, body-centered cubic, face-centered cu-
bic, and stacked hexagonal lattices, in the process reproducing results due to [Kel+18]
and [FW12], and also proving a conjecture of [GZZ22].
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NOTATION

H=-A+V

Forze C,H, = —-A+2zV

Be(zo) = {z€C : |z—2z| <¢}

Pe(z0) = Be(zo) \ {2’ : R(Z') = 20,3(z") > 0}
Forvy,...,v, € R", A = 69]’.1:120]-

A¥ = 7:1.Zk]~, where ki, ...,k satisfy k; - vy = 2716;,

Q={T160;|6€01], j=1,..n}

B {ke]R"

Ikl < (k= K|| 9K € A}

V(B) is the set of vertices of B

Fork € R", L2 ={f € L2 (R") : f(x+0v) =e*?f(x) Vo € A}
Forke€ R"ands € N, Hf = {f € L? : 9*f € L V|a| < s}
S(R") ={f € C*(R") : Va, p € N",sup, cgu [x"dpf(x)| < oo}
(f,8)12 = 1y Joo f(x)g(x)dx

Form € Z" and ky,...,k, € R", mk := 2}1:1 mik;

Fork € R", [k] = {K' € k+ A* : ||| = [|k||}
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Chapter 1
INTRODUCTION

Analyzing the behavior of waves in periodic structures is a central theme in con-
densed matter physics, electromagnetism, and photonics. This includes, for instance, the
flow of electrons through a metal, i.e., electricity. In the context of quantum mechanics,
these waves solve the time-dependent Schrodinger equation

0t = (—A+ V), where: (1.1)
¢ the potential V is periodic with respect to a lattice A;

e the function ¢ is the wavefunction of the electron, so that |((t,x)|? is the density
of probability of finding the electron at position x, at time ¢.

Solutions of (1.1) can be written as superpositions of time-harmonic waves: functions of
the form e~ ¢(x), where ¢ and u solve the time-independent Schridinger equation

up = (—A+V)¢. (1.2)

Since the potential V is periodic, the operator —A + V has absolutely continuous spec-
trum on L? [RS04, Theorem XIII.100]. The corresponding generalized eigenstates are them-
selves superpositions over k € R" of Floquet-Bloch modes: solutions ¢ (x; k) to

(=A+V)p(x;k) = u(k)p(x;k), xe€R", (1.3)
o(x +0;k) = e*Pp(x;k), ©veA.

For each k € R", the problem (1.3) has a discrete set of solutions y(k), which corresponds
to the spectrum of —A + V on the space of quasiperiodic functions

L2={fel} (R",C): f(x+v)=e*"f(x), ve A}

loc

The primary focus of this work will be on the eigenvalue problem (1.3), and specifi-
cally the maps k — (k) — which are called dispersion surfaces — as their local properties
control the effective dynamics of wavepackets [APO5]. The set Uy (k) will then be a
union of intervals of R, which is called the band spectrum of —A + V. Singularities in the
band spectrum (i.e., intersections of the dispersion surfaces) typically result in unusual
behavior of waves (see Section 2.4 for examples).



The mathematical analysis of band spectrum singularities started with the seminal
work of Fefferman-Weinstein [FW12], who proved genericity of Dirac points (see Defi-
nition 1.1) in honeycomb lattices. This has sparked various mathematical investigations
of spectral degeneracies in other low-dimensional lattices, which all share a common
strategy. First, they prove results for small values of the perturbation parameters using
symmetry arguments. Second, they refer to [FW12] for details about extending their
results to generic values of z using an analyticity argument, although the setup of each
is technically different.

For instance, in two dimensions, [LWZ19; CW21] generalized the result of [FW12]
to photonic operators, [Kel+18] showed that Schrédinger operators invariant under the
Lieb lattice have quadratic degeneracies, and [CW24] studied the stability of these degen-
eracies and showed they split to tilted Dirac cones under parity-breaking perturbations.
In three dimensions, [GZZ22] showed that Schrodinger operators with small potentials,
periodic with respect to the body-centered cubic lattice and invariant under the octa-
hedral group, present a three-fold Weyl point — see Definition 1.1 and Figure 1.1. In
[GZZ22, §5.2], they conjectured that this extends to large potentials.

The general framework developed herein aims to exempt the above works from pro-
viding further details, by proving general results that can be applied regardless of the
lattice in question — see Theorem 1.2 and Section 4.4. To demonstrate applications of this
framework, we provide results on the band spectrum singularities of Schrodinger op-
erators invariant under the square, hexagonal, rectangular, simple cubic, body-centered
cubic, face-centered cubic, and stacked hexagonal lattices: Theorem 1.3. In so doing, we
prove the conjecture of [GZZ22] and also reproduce results due to [Kel+18] and [FW12].

1.1 Main Results

The primary goal of this work is the development of a unified framework for the generic
analysis of band spectrum singularities in lattice-invariant Schrodinger operators H =
—A + V. To find such singularities, our strategy will be to instead look at

H,=-A+2zV (1.4)

on L? for varying k € R"” and z € C. With this in mind, our first main result describes
the behavior of eigenvalues and eigenprojectors of general families of analytic operators.
More generally, this result applies to families of operators T(z) for z € C that satisfy the
following two assumptions:

Assumption Al: H is a Hilbert space, D is a dense subspace of H, and T(z),z € C is a family
of closed operators on ‘H with domain D such that:

(i) T(z) is analyticinz:Vf € D, g € H,z — (T(z)f, g) is an analytic function on C;



(ii) For each z € R, T(z) is self-adjoint and has discrete spectrum;

(iii) There exists C > 0 such that ||T'(z)|| < C forall z € C.

Assumption A2: u : (a,b) — R is a continuous function on an open interval (a,b) C R, such
that for all z € (a,b), u(z) is an eigenvalue of T(z) of constant multiplicity m.

Our first main result is then:

Theorem 1.1. Let T(z) satisfy Al and let y : (a,b) — R satisfy A2. There exist a discrete set
D C R and an open connected neighborhood U C C of R\ D containing (a,b), such that p
extends to an analytic function on U and:

* 1(z) is an eigenvalue of T(z) of multiplicity m for all z € U;
e The eigenprojector 7t(z) associated to u(z) is analytic in z € U.

For transparency, after we proved the above theorem, it was brought to our attention
that a similar and admittedly stronger result was proven by Franz Rellich [Rel40] using
different methods from those presented herein. Specifically, Rellich showed that if T(z)
is a holomorphic family of operators of type A (as defined in [Kat95], and which includes
all families of operators satisfying Al) that is self-adjoint for z € R and has compact
resolvent for some zy € C, then the eigenvalues and eigenvectors of T(z) can be chosen
to be analytic in a neighborhood of R. From this, it is not difficult to show that the
eigenvalues then have constant (algebraic) multiplicity away from a discrete set.

Inspired by this result, we use techniques developed by [Kat95] to give the following
stronger version of 1.1, which in particular shows that the eigenvalue u and correspond-
ing eigenprojector 7t are in fact analytic at points zg € D N R.

Theorem 1.2. Let T(z) satisfy Al and let u : (a,b) — R satisfy A2. There exists an open
connected neighborhood U C C of R containing (a,b) and a discrete set D C R, such that
extends to an analytic function on U and:

* 1u(z) is an eigenvalue of T(z) for all z € U and has multiplicity m for all z € U \ D;

e The eigenprojector 7t(z) associated to y(z) is analytic on U.

We then apply Theorems 1.1 and 1.2 to the analytic family H, defined in (1.4). The
most interesting case consists of potentials V' that are invariant under the symmetries
of the corresponding lattice (see Definition 4.2). This is because additional symmetries
come with higher multiplicities of eigenvalues, which translate to singularities in the
band spectrum and exotic behavior of waves. In Chapter 4 we use these theorems to



prove a series of general results regarding lattice-invariant Schrodinger operators. As an
application of this framework, we study band spectrum singularities for Schrédinger op-
erators invariant under the square, hexagonal, rectangular, simple cubic, body-centered
cubic, face-centered cubic, and stacked hexagonal lattices. To formulate our conclusions,
we need the following definitions.

Definition 1.1. Let E € IR, K € R". We say that a Schridinger operator H has:

o An m-fold quadratic point at (K, E) if E is a L%-eigenvalue of H of multiplicity m > 1 and
the Floguet-Bloch problem (1.3) has m solutions pq(k), ..., pm(k):

#i(K+x) =E+0O(||x|»), j=1,...,m, x—0.

A Dirac point at (K, E) if n = 2, E is a double L2-eigenvalue of H, and there exists some
a # 0 € R such that the Floquet-Bloch problem (1.3) has 2 solutions p (k), u—(k):

pi(K+x)=E=xa|lx|| +C’)(||K||2), K — 0.

A (two-fold) basin point at (K, E) if n = 3, E is a double L%-eigenvalue of H, and there
exists some v # 0 € R such that for x satisfying v -k # 0, the Floquet-Bloch problem
(1.3) has 2 solutions y4 (k), p—(k):

ue(K+x)=E+|v-«| +O(||x||*), x—0.

A (two-fold) valley point at (K,E) if n = 3, E is a double L2-eigenvalue of H, and there
exists some diagonal, rank two matrix D such that for « satisfying Dx # 0, the Floquet-
Bloch problem (1.3) has 2 solutions u (k), yu—(k):

ne(K+x) = E£||Dx|| + O(|[x|[*), & — 0.

A Weyl point at (K, E) if n = 3, E is a double L%-eigenvalue of H, and there exists some
a # 0 € R such that the Floquet-Bloch problem (1.3) has 2 solutions p (k), u—(k):

ne(K+x) = Exallx||+O([x*), x—o.

A three-fold Weyl point at (K, E) if n = 3, E is a triple L%-eigenvalue of H, and there exists
some & # 0 € C such that the Floquet-Bloch problem (1.3) has 3 solutions yy (k), po(k), sz (k):

Hi(K+x) = E+ Ay () + O([[c][*), j=1,2,3, =0,

where A, j(k) are the three roots of the polynomial A% — 4]a|?||x||*A + 16 Im () k3.



See Figure 1.1 for examples of a basin point and three-fold Weyl point. Our second
main result then demonstrates the existence of these exotic points in the band spectra of
Schrodinger operators with potentials V periodic with respect to and sharing the same
symmetries as the following lattices.

Theorem 1.3. Let A be a square, hexagonal, simple cubic, body-centered cubic, face-centered
cubic, or stacked hexagonal lattice, and let G be its point group. Then for generic potentials V
periodic with respect to A and invariant under G, and generic values of z € R, the band spectrum
of H, = —A + zV has at least:

(i) one two-fold quadratic point if A\ is the square lattice;
(ii) one Dirac point if A is the hexagonal lattice;
(iii) two three-fold quadratic points if A\ is the simple cubic lattice;

(iv) one three-fold Weyl point as well as one two-fold and one three-fold quadratic point if A is
the body-centered cubic lattice;

(v) one basin point if A is the face-centered cubic lattice;

(vi) one valley point if A is the stacked hexagonal lattice.

In Theorem 1.3, “generic potentials V € C*(R",R)” means all of C*(R",R) but a
finite union of hyperplanes, and “generic values of z € IR” means all of R away from a
discrete set. In particular, Theorem 1.3 (i) and (ii) reproduce results due to [Kel+18] and
[FW14], respectively, and (iv) proves the conjecture formulated in [GZZ22, §5.2].

Figure 1.1: Cross sections of a Basin point (left) and a three-fold Weyl point (right).



1.2 Organization

This work is roughly split into three parts. The first part discusses analytic families of
operators, and culminates with a proof of Theorem 1.2. The second part then formulates
a general framework for analyzing Schrodinger operators with lattice-invariant poten-
tials, and is the primary focus of this work. The last part applies this framework to
various lattices, leading us to Theorem 1.3. With this in mind, the main chapters are
organized as follows.

In Chapter 2, we review the relevant theory we will need to prove our main results.
In particular, in Section 2.1 we discuss lattice theory, the focus of which will be the
definition and classification of Bravais lattices — Definition 2.2 and Theorem 2.1 — which
provides us with a finite list of lattices that need to be considered. We give an explicit
proof of this classification in two dimensions, the primary tool for which will be the
crystallographic restriction theorem (Theorem 2.2). We also discuss the Brillouin zone B,
and prove a result which will later imply that the vertices of B have a high degree of
symmetry (Proposition 2.1). In Section 2.2, we discuss Floquet-Bloch theory following
[RS04], and show that one can recover the spectral theory of H on L? from the spectral
theory of H on L7 for k € B, thus motivating our analysis of the eigenvalue problem
(1.3). We then discuss representation theory in Section 2.3, and provide a proof from
[DF03] of Maschke’s theorem (Theorem 2.5) and some of its consequences, which will
enable us to further reduce the problem (1.3) to the invariant subspaces of an appro-
priately chosen group representation. In addition, we briefly discuss corepresentations,
which we suspect will help us further develop our general framework and is the focus
of one of our current projects. Finally, in Section 2.4 we give explicit examples of how
dispersion surfaces can control the effective dynamics of wavepackets, thus providing
some additional motivation for our analysis.

In Chapter 3, we discuss families of operators satisfying Al. We start with a finite-
dimensional analogue of Theorem 1.2, and show that analytic families of matrices can be
analytically diagonalized in a neighborhood of the real line — see section 3.1 and Theorem
3.4. To prove this result, we look at the characteristic polynomial of this family and
use the fact that polynomials depending analytically on a parameter admit an analytic
factorization when the parameter is away from a discrete set — Theorem 3.1, which we
prove in Section 3.2. To extend the finite-dimensional case to the general case, we require
several additional results from the theory of variation of eigenvalues, which we present
in Section 3.3. Lastly, in Section 3.4, we prove our first two main results: Theorems 1.1
and 1.2.

In Chapter 4 we then develop our general framework for lattice-invariant Schrodinger
operators, inspired by the work of Fefferman-Weinstein [FW12]. We first give an explicit
diagonalization of Hy = —A in Section 4.1, and then define lattice-invariant potentials



in Section 4.2 — see Definition 4.2. A consequence of this definition is that when the
potential V is lattice-invariant, the Schrodinger operator H, will commute with repre-
sentations of subgroups of the symmetry group G. This enables us to further reduce
the Floquet-Bloch problem (1.3) to the invariant subspaces of these representations in
Section 4.3. In Section 4.4 we then present a series of key lemmas, Lemmas 4.2 — 4.6,
which form the core of our general framework. We conclude this chapter by proving
these lemmas in Section 4.5.

Chapters 5 and 6 are then dedicated to proving Theorem 1.3 for the listed two- and
three-dimensional lattices, respectively. The proof of this theorem follows the frame-
work established in Chapter 4, and consists of analogous steps for each of the lattices
under consideration. First, we describe the multiplicities of L2-eigenvalues of H, for
fixed K € B and for small values of z using a perturbative argument justified by Lemma
4.3, together with a representation-theoretic argument that relies on the specific symme-
tries of V. We will focus on eigenvalues that have multiplicities higher than one, as they
correspond to intersections of dispersion surfaces at K, hence to band spectrum singular-
ities near K. Due to Theorem 1.2, these multiplicities will in fact be constant for generic
values of z, and the corresponding eigenvalues and eigenprojectors will be analytic in
a neighborhood of the real line. We finish by studying the dispersion surfaces y (k) in
the vicinity of K, i.e. the L% -eigenvalues of H, for x small. This again relies on a
perturbative procedure, this time with respect to . In particular, Lemmas 4.4 and 4.6 en-
able us to produce effective equations for these dispersion surfaces, as in Definition 1.1.
The coefficients of these effective equations will depend on the eigenprojector 7(z), and
consequently will be nonzero away from a discrete set — Lemma 4.5. The corresponding
band spectrum singularities will therefore persist for generic values of z.

1.3 Future Projects

The investigation of Dirac cones in honeycomb structures [FW12] sparked a multi-
tude of mathematical works beside band spectrum singularities: behavior of wavepack-
ets [FW14], tight-binding analysis [FLW18], emergence of edge states [FLW16; Dro19a;
DW20], propagation of edge states in Dirac systems [Bal+23; BBD24; Dro22; Bal24;
HXZ23], computation of topological invariants [Dro19b; AK24] and Dirac cones in other
setups [BC18; Amm+20; LLZ23]. The framework developed in Chapter 4, along with
Theorems 1.2 and 1.3, provides a foundation upon which one can now produce simi-
lar results for other lattices and their corresponding band spectrum singularities. We
conclude this chapter by describing four potential projects that build upon this work.
Project 1: Weyl Points. The three-dimensional analogue of Dirac cones are Weyl points.
We believe they are the only stable type of spectral degeneracies in three dimensions —
see [Dro21] for an analysis on discrete models. But to the best of our knowledge, one



has yet to produce a Schrodinger operator with Weyl points. We plan to use the current
paper as a stepping stone. Since band spectrum singularities other than Weyl points are
believed to be unstable, they should generically split into Weyl points under perturba-
tions. So adding e.g. a parity-breaking term to the Schrodinger operators discussed in
Theorem 1.3 should produce Weyl points. This belief is reinforced by a two-dimensional
analysis of Chaban-Weinstein [CW24], who demonstrated that the quadratic degenera-
cies of Schrodinger operators invariant under square lattices become Dirac cones after
adding an odd potential. Constructing Schrodinger operators with Weyl points has the
potential to spark a number of mathematical investigations, such as wavepacket analysis
[FW14], study of surface states (the 3D analogues of edge states), and computation of
topological invariants [FMP16].

Project 2: Wavepacket Analysis. In [FW14], Fefferman-Weinstein showed that Dirac
cones give rise to Dirac-like propagation of wavepackets, thus explaining the relativis-
tic behavior of electrons observed in graphene. Grégoire Allaire and Andrey Piatnitski
performed a similar wavepacket analysis in [AP05], showing that initial conditions lo-
calized at a frequency u(K), where u(k) has multiplicity one in a neighborhood of K, and
initial conditions localized at a spectral band gap edge give rise to ballistic propagation and
an effective mass Schrodinger evolution, respectively — see Section 2.4 for more details.
The general framework developed herein, and specifically Theorem 1.3, demonstrates
the existence of other types of band spectrum singularities besides Dirac cones, which in
turn will induce other types of wavepacket behavior. In particular, this could lead to the
construction of materials with unique electronic or conductive properties.

Project 3: Tight Binding Models. In [FLW18], the authors show that honeycomb Schrod-
inger operators converge, in an appropriate sense and in the tight binding limit, to the
Wallace model. As an application, they obtain that the set of values of z for which an
additional band comes to perturb a Dirac cone is finite. This complements Theorem 1.3,
which shows that the set is discrete. It would be enlightening to perform a similar tight-
binding analysis for the other lattices considered in Theorem 1.3, with the analogue of
the Wallace model given by the graph Laplacian. Ideally, some form of general analysis
could be formulated to determine if this set is always finite, regardless of the lattice in
question.

Project 4: Corepresentation Theory. In [BC18], Gregory Berkolaiko and Andrew Comech
observed that, since the potential V is typically assumed to be real, the relevant symme-
tries include both the symmetry group of the lattice and complex conjugation; conse-
quently, the corresponding representations of the point group (the subgroup of the sym-
metry group which keeps the origin fixed) should include both unitary and antiunitary
operators. Such representations have been fully classified by Eugene Wigner [Wig59],
who called them corepresentations — see Section 2.4 and specifically Definition 2.4 and
Theorem 2.7. In [BC18] they specifically apply this theory to honeycomb lattice poten-



tials, but using the general framework established herein, one could apply this theory
to other two- and three-dimensional lattices. In addition, since this general framework
largely depends on representation theory, we suspect that the implementation of corep-
resentation theory could lead to an alternative or perhaps stronger formulation of some
of the presented results.
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Chapter 2
PRELIMINARY RESULTS AND MOTIVATION

The results presented herein build upon and combine techniques from various fields,
including lattice theory, Floquet-Bloch theory, and representation theory. We therefore
briefly introduce each of these fields in the following sections, listing some of the key
definitions and results that we will need later. We finish this chapter with some motiva-
tion for our study of dispersion surfaces by giving explicit examples of wave dynamics
that can occur.

2.1 Lattice Theory

Let us begin with a review of lattice theory.

Definition 2.1. Given n linearly independent vectors vy, ...,v, € R"™, the lattice generated by
them is the set

n n
Avy,...,04) = {Zm]-v]- ‘ mj € Z} =P zv,
. e

j=1

where we denote the lattice simply by A when the context is clear. In this context, we then say
that (vy,...,vn) is a basis for A\, the rank of A is n, its dimension is m, its span is the linear space
spanned by its vectors (i.e. span A = span(vy,...,v,)), and the lattice is said to be full-rank if
m = n. The symmetry group of A is the group G of isometries on R" which send A to itself. The
fundamental period cell of A is the set

n
Q:{ZQ]’(J] : 9]'6[0,1],]':1,...,71}.
=1

Assuming A is full-rank, the dual lattice to A (also often referred to as the reciprocal lattice)
is defined to be

n n
A*:{Zm]k] : m]-EZ}:@Zk~,
j=1 j=1
where ky, ..., ky satisfy the relation k]- cvp = 27'((5]'4. The Brillouin zone is the set

B={keR" : [[k|| <|[k—K| VK € A"},
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i.e. B is the set of points in R" closer to the origin than any other point of A*. Lastly, we say
k € R" is a Voronoi vector if the (hyper)plane defined by the equation x -k = 3||k|| has a non-
empty intersection with B, and we say k is Voronoi relevant if this intersection is a (hyper)face of
B.

Unless stated otherwise, we will always assume our lattices are full-rank. Later, we
will see that the lattice’s symmetry group plays a significant role in the spectrum of
Schrodinger operators with periodic potentials. This naturally leads us to the notion of
a Bravais lattice.

Definition 2.2. A Bravais lattice is an equivalence class of lattices, where A ~ N’ if the symme-
try groups of A and N’ are isomorphic. Furthermore, the point group of a lattice is the subgroup
of its symmetry group which keeps the origin fixed; we then say that A, A’ belong to the same
lattice system if their point groups are isomorphic.

Note that an immediate consequence of the definition of a point group is that such a
group consists of linear isometries, and thus can always be represented by a subgroup
of the orthogonal group O(n). Furthermore, the point group is always finite, as the
following lemma demonstrates.

Lemma 2.1. Let A C R" be a lattice and let G denote its point group; then |G| < oo.

Proof. Let (vy,...,v,) be a basis for A, and let § € G. Then viewing ¢ as a linear
transformation on R”, ¢ must send the basis (vy, ..., v,) to another basis of R” consisting
of vectors in A. However, if we let C = max; |||, then since g is an isometry we must
have that |[gv;|| = ||vj|| < Cforj=1,...,n. Asaresult, g-{v1,...,v4} C Bc(0)NA,
and since B¢ (0) N A is necessarily finite, this implies there are only finitely many lattice
vectors to which ¢ can send each basis element. Since each g is determined by where it
sends a basis, this tells us that there are only finitely many such g, so the group G must
also be finite. O

Although Bravais lattices are technically defined in any dimension, the study of Bra-
vais lattices typically focuses on lattices in two and three dimensions. In addition, these
objects are well-understood and have been completely classified in dimensions up to
four [Kit12; BBN78], as described in the following theorem.

Theorem 2.1. In two dimensions, there are 5 Bravais lattices grouped into four lattice systems,
which are listed in Table 2.1. Similarly, in three dimensions, there are 14 Bravais lattices grouped
into seven lattice systems, which are listed in Table 2.2. In four dimensions, there are 64 Bravais
lattices grouped into 33 lattice systems.

The proof of this theorem relies on the following two results [Jr72]:
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List of Bravais Lattices
Simple Centered

Square Dy a@ -

Hexagonal D¢

Rectangular 73 bB b
Oblique Z, b ’ -
A

Table 2.1: Classification of two-dimensional Bravais lattices. Here D,, refers to the dihe-
dral group of order 2n, or equivalently the group of symmetries of an n-gon. The images
of the unit cells are from [Wik25].

Lattice System | Point Group

Theorem 2.2. (Crystallographic Restriction Theorem) Let A C R" be a lattice and let G
denote its point group. If r € G is a non-trivial rotation, then r has order 2, 3, 4, or 6.

Proof. Let n = |r|, i.e. the order of r, so that r is a rotation by 27t/n, and let v € A such
that cv ¢ A for any |c| < 1. Then since r is a symmetry of A, both ro,r1v € A, and
therefore rv + r~1v € A as well. Moreover, rv + r~1v lies in the line spanned by v, and
thus must satisfy ¢v + ¢~'v = mo for some m € Z. Since r is a rotation, and in particular
an orthogonal transformation, ||ro|| = ||r~!|| = ||v]|, and therefore

2 2 2
m||o|| = ||ro]] cos 2% 4 [|r~1o|| cos ZX = 2]|o|| cos ZZ.
n n n

Since m must be an integer, it follows that m € {—2,—1,0,1,2}. Solving for n and using
that  is assumed to be a non-trivial rotation (so that n # 1), we conclude that n = 2,3, 4,
or 6. [

Lemma 2.2. Let G denote the point group of a lattice A C R? for d = 2 (respectively 3). If there
exists a rotation r € G, |r| > 2, then G contains a reflection across a line through the origin
(respectively a plane containing the axis of rotation).
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Lattice Point List of Bravais Lattices
System Group Simple | Base-Centered | Body-Centered | Face-Centered
Cubic 54 X 2y -
Hexagonal - - -
Rhombohedral - - -
Tetragonal Dy x Z; - -
Orthorhombic z3
a a a - a .
Monoclinic 73 - -
Triclinic Zy - -

Table 2.2: Classification of three-dimensional Bravais lattices. Here D,, again refers to the
dihedral group of order 21, and S, is the symmetric group of order n!. To distinguish the
two- and three-dimensional hexagonal lattices from each other, we shall henceforth refer
to the three-dimensional hexagonal lattice as the stacked hexagonal lattice. The images of
the unit cells are from [Wik25].

Proof. We can treat the d = 2,3 cases simultaneously by identifying R? with the x;x;-
plane in R3, in which case the x3-axis becomes the axis of rotation for a rotation in R?,
and any plane containing this axis restricts to a line through the origin in R%2. Now
let r be the given rotation, so that r is a rotation by 27r/n for n > 2, let L denote
the corresponding axis of rotation, and let Q be the plane perpendicular to L passing
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through the origin. Then if u € A\ L, it follows that ru —u € AN Q, and so Q has
nonzero lattice vectors.

Let v; be a nonzero vector of minimum length in AN Q, and let v, = rvy; then ANQ
is a lattice of rank 2 with basis (v1,v2) (if (v1,v2) were not a basis, there would exist
u € AN Q such that u = c1v1 + vy for 0 < ¢, c2 < 1, which in turn implies there exists
a vector u’ € AN Q such that ||u'|| < ||v1]], a contradiction). We can then extend (v1, v7)
to a basis (v1,vp,v3) for A, where v3 € A\ Q. Consequently, we can write

U3 =U-+0,
where u, v are the projections of v3 onto L and Q, respectively (and as such they are not
necessarily lattice vectors).

From here, observe that since rv3 —v3 € AN Q and ru = u, there exist integers my, my
such that

0 — U = M0] + MpUy = M0 + Myrovq. (2.1)

Multiplying both sides by r~! and subtracting from (2.1), we get
10+ 1 1o — 20 = myroy + myrtog + (my — my)oy. (2.2)
However, the same trigonometry argument as in the proof of Theorem 2.2 yields that

ro+r v =2cos(27/n)v,

rop + 1oy = 2cos(2m/n)vy.
Plugging these into (2.2) gives us
2(cos(2t/n) —1)v = (my — my — 2my cos(27t/n))vy + (mq + my)vs. (2.3)
Now let f be the reflection across the plane containing L and perpendicular to vy;
then by construction fv; = —vj, and thus to show that f € G, it suffices to show that

fvj € Aforj=2,3. Since we are assuming n > 2, together with Theorem 2.2 this implies
we only need to consider the cases where n = 3,4, and 6:

e if n =3, then fuy, = vy + vy,
e if n =4, then fvy = vy,

e if n =6, then fvy = vy — vy.
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Therefore, in all three cases, fu, € A, as desired. To compute fvs, we write fv, =
vy + moy for m € {—1,0,1} and plug this into (2.3) to get

2(cos(2t/n) —1)fv = (my — my —2mq cos(27w/n)) fog + (my + my) foa
= —(mq — my — 2my cos(27t/n))v1 + (m1 + my) (v + moy)
— [(ml — my — 2mq cos(27t/n))vy + (mq + mz)vz]

—2(my — my — 2mq cos(27t/n))vy + m(my + my)vq)
= 2(cos(2t/n) —1)v

+ [(m +2)mq + (m + 2)my + 4my (cos(27t/n) — 1)} 1.
Dividing both sides by 2(cos(27/n) — 1) gives us

B (m+2)my+ (m+2)m
fo=v+ ( 2(cos(;7r/n) 1) :

+ 2m1) v1. (2.4)

Let c(n, m) be the coefficient of v1 in equation (2.4), so that fo = v + ¢(n, m)v;. We now
again consider the three cases n = 3,4, and 6, and compute that

e if n=3,thenm =1and c¢(3,1) = %—l—Zml = mq — my,
e if n =4, then m = 0and c(4,0) = M—FZml = my — my,

e ifn=6,thenm = —1and c(6,—1) = %{”2+2m1 = my — my.
Therefore, in all three cases
fos=u+ fo=u+ov+ (m —mp)vy = v3+ (my —my)vy € A,
and so f € G. O

Using Theorem 2.2 and Lemma 2.2, we now prove Theorem 2.1 for two-dimensional
lattices.

Proof of Theorem 2.1 for two-dimensional lattices. Let A C R? be a lattice, let G be its point
group, and let Gp = ker(det), where we are viewing the determinant as a group ho-
morphism from G to {£1}. Then Gy is a finite subgroup of SO(2), and as such consists
of rotations and is isomorphic to a cyclic group of finite order. Let r be a generator of
Go; then by the crystallographic restriction theorem (Theorem 2.2), r must have order
1,2,3,4, or 6. However, |r| > 2, for if v € A, then by definition so too is —v, which
implies f := —I, i.e. rotation by 7, is contained in Gy. In addition, |r| # 3, for if it did,



16

then fr = —r is in Gg as a product of elements in Gp and has order 6, contradicting our
assumption that r generates Gy. Therefore, the only possibilities are |r| = 2,4, or 6.

Now let v; be a nonzero vector of minimal length 4 in A; then by Lemma 2.2 and
its proof, if r = 4 or 6, G must contain the reflection f; across the line perpendicular to
v1. As a result, Gy is a proper subgroup of G, and moreover, as a set, G = Go U f1Go. It
follows that if G contains a rotation of order 4 or 6, then G = Dy or D, respectively. If
on the other hand |r| = 2, then there are two possibilities: either Gp = G, in which case
G = Z;, or Gy is a proper subgroup of G, in which case there exists some f, € G such
that |f2| = 2 and det f, = —1, which implies Gy = Z3. We address each of these four
cases separately.

G = Z,: Extend v; to a basis (v1,v;) for A, and let 6 denote the angle between them.
By replacing v, with v, + novy for some integer n, we may assume that 6 € (0, 77/2].
However, 6 cannot equal 7t/2, for then v; and v, would be perpendicular, in which
case f1 (the reflection across the line perpendicular to v;) would be contained in G, a
contradiction. Therefore, we must have that 6 € (0,77/2). In addition, if 6 = /6,
then ||vp|| # ||v1]|, for otherwise G would contain a rotation of order 6. Similarly,
v1- 02/ |[vj|[* # § for j = 1,2, for otherwise G would again contain a reflection. Letting
b = ||vz]|, we see that A must be isometric to a lattice of the form shown in row 4 of
Table 2.1, and so A is an oblique lattice.

G = Z3: Extend v; to a basis (v1,v2) for A, and let f; € G be a reflection (which
exists since G is not isomorphic to a cyclic group). As previously noted, G must contain
f = —1I, and thus must also contain the reflection f, := —f;. Note that the lines across
which f1, f» reflect, which we denote by L1, Ly, respectively, are necessarily orthogonal:
if u; € Lj then fju; = u; for j = 1,2, and consequently

Uy - Uy = Uy - foup = —fruq - p = —(ug - up),

which implies u; - up = 0.

We now consider two possibilities: either Ly U L, contains (v1,v;) or it does not. In
the first case, since vy, v, are linearly independent, precisely one of these vectors lies in
each of the lines L1 and L. Since (v1,v;) is assumed to be a basis, this implies A must
be isometric to a lattice of the form shown in row 3, column 1 of Table 2.1, and so A is a
simple rectangular lattice.

On the other hand, if L; U L, does not contain (vq,v;), then there exists v € A such
that v ¢ L1 U L,. Since

filo+ fiv) = fiv+ ffo = v+ fiv,

this implies v + fiv € Ly, and so L1 N A # @. Replace v; with some minimal vector
in L1 N A (where we still let 4 = ||v1]|), and extend to basis (v1,v2) by replacing v, if
necessary. We can then write

Uy = U1+ Uy,
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where uj € Lj, for j = 1,2. In addition, both u;,u, must be nonzero, for otherwise
(v1,v2) would be a basis contained in Lj U Ly, a contradiction. Since v; 4+ fiv, € L1 N A,
we deduce that

mvy = vy + f1op = (ug + up) + (ug — up) = 2uy

for some nonzero m € Z, so that

m
Uy = Evl + up.
However, we can replace v, with v, — m'vy and (v1,v;) will still be a basis for A, so
without loss of generality we may assume 0 < m/2 < 1, which implies m = 1. If we
then let b = ||vz||, A must be isometric to a lattice of the form shown in row 3, column 2
of Table 2.1, and so A is a centered rectangular lattice.

G = Dy: Let r € G such that |r| = 4; then, as noted in the proof of Lemma 2.2, if we
let v; = rv; it follows that (v, v7) form a basis for A. Consequently, A must be isometric
to a lattice of the form shown in row 1 of Table 2.1, and so A is a square lattice.

G = Dg: Let r € G such that |r| = 6; then if again let v, = rvy, (v1,v2) form a basis
for A. Consequently, A must be isometric to a lattice of the form shown in row 2 of Table
2.1, and so A is a hexagonal lattice. O

The proof of Theorem 2.1 for three and four-dimensional lattices uses similar tech-
niques, but requires addressing significantly more cases, and thus we refer the interested
reader to [Jr72] and [BBN78], respectively. In addition, we note that the classification of
three-dimensional lattices by lattice system and centering type as in Table 2.2 is not nec-
essarily unique, but merely helpful. For example, it can be shown that by choosing
a different basis for the base-centered monoclinic lattice, it can also be described as a
body-centered monoclinic lattice. For the rest of this paper, however, we shall refer to
each lattice by the names given in Tables 2.1 and 2.2.

We finish this section with two results regarding the Brillouin zone B, the first of
which is due to Christoph Hunkenschroder, Gina Reuland, and Matthias Schymura (see
[HRS20] for a proof).

Theorem 2.3. Every lattice of rank at most 4 has a basis of Voronoi relevant vectors.

Proposition 2.1. Let K € B and let m be the number of (hyper)faces of B which contain K.
If m > 0, then there exist nonzero vectors Ky, ..., Ky, € A* such that K — K; also lies on m
(hyper)faces of B and ||[K — K;||* = |[K||* forj =1,...,m.

Proof. Let K € B such that K lies on m (hyper)faces of B for some m > 0. Denote these
(hyper)faces by Fy, ..., Fy; then our assumption that K € F; for 1 < j < m implies that
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there exists a vector K; such that K lies on the (hyper)plane defined by x - K; = 3||Kj||?,
which when intersected with B is precisely F;. Then for j =1,...,m

[IK = Kj|[> = [IKI[* — 2K - K; + ||K;] [ (2.5)
= | IKI[* = |[K;[[* + [ 1Kl 2
=[IKII.

To prove that K — K; also lies on m (hyper)faces of B, observe that since K € B, it
follows that,
1K= K2 = [IKIP < [|(K—K) —KI[%, VK € A", 2.6)

which implies K — K; € BB. Furthermore, we have that
1 1
(K= Kj) - (=Kj) = =K K+ [[Kj{[* = =S |IK{[* = [|K5[[* = S0 27)
and for all ¢ # j,

(K—K;) (K, —Kj) =K-K;,— K-K; — K; - K, + | |Kj| | (2.8)
1

1
= SRR = SIIKI12 = K- Ko + 1K

1

= 5 (11K ? = 2K; - Ky + 1K)
1

= SlIKe = Kl 1%

Therefore K — K; lies on the m (hyper)planes defined by x - (—K;) = %||K]| ?and x - (K; —
Ky) = Y[|K; — K| for £ £ .

We now seek to show that each of these (hyper)planes defines a (hyper)face of B. To
start, forj=0,...,mand ¥ =1,...,m, let

{x eR" @ x- Ky = 3||K([|*} j=0
P]'g: {xEIR” : —XK]:%||K]||2} ]7&0,52]
{xeR" : x- (K= Kj) = 3||K; = K(|[*} j#0,L#],
and suppose k' € Py N B for some ¢. Then the same computations as in (2.5)-(2.6),

but with K replaced with k, imply that X' — K; € B for j = 1,...,m. Similarly, (2.7)

with K replaced with k" implies k' — K; € Pj;, and (2.8) with K replaced with k implies

k’—K]- € Py for j #¢,0. Asaresult, forj=1,...,m,
(Poy N B) —K]' = P]‘gﬂB.

By construction, Pyy N B = F;, and since P]‘g N B is an isometric set and contained in the
boundary of B, it follows that Pj, N B is in fact a (hyper)face of B as well. Therefore,
K — K; lies on m (hyper)faces of B. O
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2.2 Floquet-Bloch Theory

Let A be a lattice with fundamental period cell () and Brillouin zone B. Using the
structure of A, we can reduce the time-independent Schrédinger equation (1.1) to the
Floquet-Bloch eigenvalue problem (1.3), which we make explicit in this section.

First, note that the space of locally square integrable functions, periodic with respect
to A, is given by

L*2(R"/A) = {f € L10C : f(x+0) = f(x) Vo € A}

More generally, recall that the space of k-quasiperiodic functions with respect to A is

ta = {f € Lh(RY) : fx+0) =e"f(x) Vo € A},

We shall suppress the dependence on the lattice A, and simply write L2, when the choice
of lattice is clear. In this context, we refer to k as the quasi-momentum of functions f € L?.
It then follows that L3 = L?(IR"/A), and furthermore L? and L} are isomorphic via the
unitary map F : L? — L3 given by F(f) = e~ X This isomorphism then induces an
inner product on L? given by

) = 1 [, 70
We similarly define Sobolev spaces H}, s € IN by

H ={fcl?: d"fecliV|al <s}

We now consider the Schrodinger operator H = —A + V, where V is smooth and
periodic with respect to A. We can then write the Floquet-Bloch eigenvalue problem
(1.3) at quasi-momentum k € R" as

Ho(x; k) = p(k)¢(x;k), x € R”,
o(x +0;k) = e*Pp(x;k), ©veA.

The operator H is a self-adjoint unbounded operator on L? (respectively L?) with domain
H? (respectively H?). By elliptic regularity, the operator (H —i)~! is a bijection from
L? to H?, which when composed with the isomorphism F together with the compact
injection of H? into L2(Q)), implies that H has a compact resolvent. As a result, H has a
discrete spectrum and the corresponding set of normalized eigenfunctions {¢;,(x; k) },>1
form a complete orthonormal basis in L% [Hel13]. In addition, since the problem (1.3)
is invariant under the change k — k + k’ for k' € A*, we can restrict our attention to k
varying over the Brillouin zone B (See Definition 2.1).
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The eigenvalue problem (1.3) has another formulation, which we shall not directly
use, but provides some motivation for the framework developed in Chapter 4 and is
commonly used in the literature. For k € B, let ¢ € L2 be a Floquet-Bloch state, and
set p(x;k) = Fp(x;k) = e~ **¢(x; k). Then p(x;k) satisfies the periodic boundary value
problem:

H(k)p(x,k) = P‘(k)P(x, k)/ X e ]RZ’ (2.9)
k

where

H(k) :== —(V +ik) - (V +ik) + V(x). (2.10)
An important consequence of this formulation is that, as an operator on L2, H =
F'H(k)F. As a result U’L%(H) = OL%(H (k)), which together with (2.10) implies that
the eigenvalues of H are continuous in k.

The reason the Floquet-Bloch problem (1.3) and its alternative formulation (2.9) are
helpful is that they allow us to recover the spectral theory of H on L?(R"). To make this
explicit we proceed in two steps, following the work of [RS04]: first, we construct an
operator H such that o(H) = Uiep 072 (H), and second, we construct a unitary operator
U satisfying H = U~'HU, which implies op2rey (H) = Ukes OL%(H ) and which we use

to show that the eigenfunctions {¢,(x; k) };>1 are “complete” in L?(IR") in an appropriate
sense (see Theorem 2.4).
Towards that end, we define a Hilbert space H by

H = LZ(B; L%),

where we view f € H as functions of x € R"” parameterized by k € B, with an inner
product given by

We also let H be the operator on H given by (Hf)(x;k) = Hf(x;k), i.e. H acts pointwise
as H on L%, with domain

dom(H) = {f € H : f(x;k) € H? almost everywhere and ||Hf||3, < oo}.

Note that, by construction, the domain of H is dense in . The space H and the operator
H are referred to as the direct integrals of L% and H (viewed as an operator on L%),

respectively, and are often denoted by H = | l? L2dk and H= | ga Hdk.

Lemma 2.3. The operator H is self-adjoint and its spectrum is given by

o(A) = | o3 (H)

keB
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Proof. First, to show that H is self-adjoint, we start by showing that range(H + i) = H.
Let f € H; then since H is self-adjoint on L2, (H +i) ! is well-defined and bounded, say
by C, and thus we can let g(x;k) = (H + i)~ f(x;k). It follows from elliptic regularity
that g(x; k) € H? almost everywhere, and

il = g7 [ IHH 0700y
= gy i I+ = D))

< (L+CP [ 1IFC:R) Ik
= (1+ CPIfI3, < oo.

Therefore g € dom(H), and since f € H was arbitrary, this shows that range(H +i) = H;
an identical argument shows that range(H — i) = H as well.

We then claim that this implies H is self-adjoint. We note that H is symmetric since H
is, meaning that dom(H) is dense in # and for all f,g € dom(H), (f, Hg)» = (Hf, ¢)x.
As a result, dom(H*) D dom(H) and H*f = Hf for all f € dom(H), from which
it follows that dom((H — i)*) = dom(H* +i) D dom(H +i) and (H* +i)f = (H +
i)f for all f € dom(H +i) = dom(H). Using the fact that range(H +i) = H, we
deduce that range(H* + i) = H as well, and thus H* + i is surjective. However, it must
also be injective, and therefore bijective, since a straightforward computation shows that
ker(H* 4 i) = range(H — i)+ = 0. This in turn implies that dom(H* + i) = dom(H + i),
for if dom(H* 4 i) 2 dom(H + i) then for f dom(H* + i) \ dom(H + i) by surjectivity of
H + i there would exist ¢ € dom(H + i) such that

(H*+i)f = (H+i)g = (H" +1i)g,

contradicting injectivity. Therefore dorrl(IfI* +i) = dom(H + i), and so dom(H*) =
dom(H), from which we conclude that H is self-adjoint.
Next, to compute the spectrum of H, let 1()—¢4¢) denote the indicator function on

the interval (A —¢, A +¢) and let f € dom(H). Then

(1(A—€/A+€)(ﬁ)f) (X;k) = 11(/\—5,/\+£)(H)f(x}k)}

this follows from the Helffer-Sjostrand formula — see [Hel13, (8.1.12)] — and the fact that
1()—¢+¢) can be approximated by a sequence of smooth, compactly supported functions.
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We therefore get the following string of equivalences:
Aeo(H) < ]I(A_S’AJFS)(I?I) #0foralle >0
S [{keB : N_gprie)(H) #0}| > 0foralle >0
< {ke B : (/\—S,/\—l—s)ﬂ(TL]%(H) # @} >0foralle >0
S Ae O'L%(H) for some k € B,

where the last equivalence follows from continuity of eigenvalues. As a result,

o(H) = | oy2(H),

keB
as claimed. O]

We now define a unitary operator U : L?(R") — H by first defining U on the
Schwartz space S(IR") (i.e. the space of rapidly decreasing functions on R") by

= /10| Y e *f(x +0) (2.11)
veEA

and then extending to L?(R") by continuity. To see that U is well-defined, note that
since f € S(R"), the sum in (2.11) is uniformly convergent. To show that Uf € H, we
first show that, for a fixed k € B, Uf(x;k) € L%: let v/ € A, then using the substitution
u = v + v, we compute that

Uf(x+05k) =1/1Q] ) e kof(x+0v' 4 0)

vEA

= eik'v/\/ﬁ Y e ®Ruf(x+u) = FUUF(x;k).

ueh
Next, using Fubini’s theorem, we show that U f is square integrable:

1 1 1
IuflBe = g [ IS GGk = g [ [ U Gk Ptk

2
:lils,| / / UGA dxdk
/ 2 5v_v/mf<x+v’>dx

veEA UV EA

Z/ f(x +0) |2dx—/ £ (x)|Pdx

vEA

= |IfI1z2

Z e*ik'”f(x + )
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Thus Uf is square-integrable and therefore in #, and moreover this shows that U is an
isometry.

To compute U*, note that for any x € R", there exists a unique xp € Y and v € A
such that x = xp + v, and thus we define U* f for f € H by

* _ 1 ik-v .
Urf(x) = —\Bl\/|_(2]/l36 f (x0; k)dk.

To show that U* is in fact the adjoint of U, we compute the following:
1
’ u = 37 v K), *
(8 U= 17 (803K, UF(3K)) gk

— %/Bﬁ/gg(x;k)uﬂx;k)dxdk

g(xk) Y e *7f(x + v)dxdk

veEA

1 kv o (x; x+0v)dx
- Z/Q(W/sek g(x,k)dk)f( +o)d

veEA

= Z/Qu*g(anv)f(erv)dx

veEA

= /]R” U*g(x)f(x)dx = (U"g, )2

1
- \BMW/B/Q

Furthermore, U* = U~! since
N 1 0 1 2 oy
UHUf(x) = W/Belkvuf(xo;k)dk: W'/Belkv ZAe 9 £ (x + o )dk
v'e
=) (fﬁ/ﬁ,eik'(”/”)do flxo+7")

v'eA
= Y Sy _of(x0+0) = f(x0+0)

veA

= f(x),

which shows that U*U = Id;2(g»), and an identical argument shows that UU" = Idy.
Therefore, U is a unitary operator, as claimed.

Using the operator U, we are now able to prove that one can recover the spectral
theory of H on L?(R") from the spectral theory of H on L? for k € B.

Theorem 2.4. Let A be a lattice and let H = —A + V for V smooth and periodic with respect to
A. Then
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(1)
ULZ ]Rn U OLZ - U UL%(H(k))’

keB keB

(2) for each k € B, let {¢y(x; k) }p>1 be an orthonormal basis of eigenvectors for H on L2; then

the set
U Uden(x:6)}

b>1keB

is complete in L2(R") in the following sense: for any f € L*>(IR"),
TBIa] 2 Jp iRtk

and

1112 = gy I fy 1459wk 2P

Proof. To prove (1), we first show that HU = UH on S(IR"). Since H is essentially
self-adjoint on S(R") and H is self-adjoint on H by Lemma 2.3, the uniqueness of self-
adjoint extensions of essentially self-adjoint operators then implies that HU = UH on
L2(R"). To show this, first note that Uf € dom(H) since Uf is given by the uniformly
convergent sum (2.11), and each term in this sum is in C*(Q) since f € S(IR"). Therefore
the expression HUf is well-defined, and is equal to

(HU)f (\M Y e f(x+o ) = /101 ¥ e U HF (x + 0) = (UH)f(x).

vEA vEA

Therefore H = U~'HU, and consequently Orarny(H) = o3 (H). In addition, recall that
as an operator on L2, H = F~'H(k)F, and so U’L%(H) = O'L(z)(H(k)). Therefore, by Lemma
2.3, we compute that

oo (H) = oy (H) = |J op2(H) = |J op2(H(k
keB keB

To prove (2), let {¢,(x;k)},>1 be an orthonormal basis of eigenvectors for H on L?
for each k € B. As noted following (2.10), the eigenvalues of H on L? are continuous
in k, and so the functions ¢, (x; k) can be chosen to be continuous in k as well, and in
particular measurable. In addition, by quasiperiodicity, we can extend each of these
functions to all of R".
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To prove (2), we first consider f € S(R"). Since S(R") C L2(R"), Uf € H, and so
for each k € B we can write

Uf(x;k) = Z(Uf(';k),%(-;k)hg Pu(x0;K),

b>1

UFCRIR = Yo UFCK) u(5H)) 2

b>1

In addition, although the functions {¢;,(x;k)};>1, viewed as function on R”, are not con-
tained in L?(IR"), the expression (f,¢y);2 is still well-defined since by quasiperiodicity
there exists C, > 0 such that |¢;(x; k)|?> < Cp, and consequently

/]Rn ‘m%(x;k)‘zdx <G /Rn IF(x)Pdx < oo,

Therefore, by continuity, we can extend (f,¢;);2 to f € L*(R"). As a result, for f €
L2(R"),

f(x) = UFUf(x) = W / UL f (0 K)lk
of B,;ﬁ [ T AU 903K 2 oK)

=1
b;/ <U;Ae 4 /Qf(y+0')¢b(3/;k)d]/> ey (xo; k) dk

2/ (Z/fy+v Pu(y + ' k)dy) ¢ (x; k) dk
v'eA
=#§/(/ Py ) i)k
|B||Q| g/ (fr o (5K)) 12 pp(x; k) dk.

By similar computations, we also have that
1
1112 = ||Uf||a = ﬁj ||Uf(-;k)||i%dk
51 L [UFCR0, 9050}z
=1 k
Z/ (f, (5 K)) 12| dk.
b>1

m\H m\
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2.3 Representation Theory

In the previous section we discussed how one can use Floquet-Bloch theory to reduce
the eigenvalue problem u¢ = H¢ from the space L?(R") to the space L? when the
potential V is periodic with respect to a lattice A. If we also assume V has the same
symmetries as A, the point group G of A can be used to further reduce this problem
using techniques from representation theory. We will particularly be interested in the
representation theory of abelian groups, as their representations can be decomposed into
subrepresentations of dimension one (see Corollary 2.2 and Remark 2.6), corresponding
to a maximal reduction of the problem.

In practice, the potential V is also typically assumed to be real. Consequently, the
relevant symmetries include the group G together with complex conjugation, which
implies the corresponding representations should include both unitary and antiunitary
operators. Such representations have been fully classified in [Wig59], who called them
corepresentations, which we briefly introduce in the latter half of this section. So far
this theory has only been applied to honeycomb lattice potentials [BC18], but using the
general framework established herein, one could apply this theory to other two- and
three-dimensional lattices.

Definition 2.3. Let G be a group and let X be a vector space. A representation of G over a
field F is a group homomorphism p : G — GL(X), meaning that for ¢1,% € G, p(§1%2) =
0(81)p(g2). When the homomorphism is clear from the context, we shall typically refer to X as the
representation, and denote p(g)v by gv. We then say that the dimension of the representation is
the dimension of X as a vector space. If X is finite dimensional, the character of the representation
is the map x, : G — F given by

Xo(8) = Tr(p(g))-

Given two representations p1 : G — GL(X3), p2 : G — GL(Xy), a G-homomorphism (or
simply a homomorphism when the group G is clear) is a linear map T : X1 — Xj such that

02(8)T = Tp1(g) forall g € G.

We then say that X1 and X; are isomorphic if there exists a homomorphism T : X1 — X that is
also a vector space isomorphism (in this case, a straightforward computation shows that T~1 is a
homomorphism as well). A subrepresentation of a representation X is a vector subspace X' C X
such that gv € X' forall g € Gand v € X'

Lastly, we say that a representation X is irreducible if it has no proper, nontrivial subrepre-
sentations.

Henceforth, when referring to a representation, we shall take the field IF to be C. By
definition, a representation X also necessarily defines a group action on X, and as such
we can define
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1. the orbit of a vector v € X: G-v = {gv : ¢ € G},
2. the stabilizer subgroup of a subset S C X: Gs = {g€ G : ¢S C S},

3. invariant subsets S C X, which satisfy G- S C S.

Using this terminology, a subrepresentation can then equivalently be defined as an in-
variant vector subspace.

To analyze the representation theory of abelian groups, we need two key results:
Maschke’s Theorem and Schur’s Lemma (Theorem 2.5 and Lemma 2.4, respectively). We
include proofs adapted from [DF03]; in particular, the idea of “averaging” in the proof
of Maschke’s Theorem motivates an approach we will later use to construct an explicit
basis consisting of eigenvectors of —A for representations of k-invariant subgroups (see
Definition 4.1 and Lemma 4.2).

Theorem 2.5. (Maschke’s Theorem) Let G be a finite group and let X be a G-representation.
If Xy C X is a G-subrepresentation, then there exists a G-subrepresentation X, C X such that
X=X d X!

Proof. We seek to construct a G-homomorphism 77 : X — X; such that 77 is a projection.
If we can do so, then we can let X, = kerm, from which it follows that X, is a G-
subrepresentation. In addition, if v € X; N Xy, then 71(v) = v since 7 is a projection onto
X and 7(v) = 0 since v € ker 7r, which implies that v = 0 and so X; N X, = 0. Lastly, for
any v € X, we can write 77(v) + (v — 7(v)), and since (v — 7 (v)) = nt(v) — 7(v) =0,
this implies that v € X; + X». Therefore, it suffices to construct the homomorphism 7 to
prove the theorem.

Towards that end, let X, be a vector space complement to Xj, so that X = X; ® X,
(note that X, is not necessarily a G-subrepresentation), and let 1y : X — X be the
vector space projection associated to this decomposition. We then “average” my over G
by defining

r= = Y gmog 212)
Gl &
it then immediately follows that 7t is linear as a sum of products of linear maps. In
addition, we claim that 7r is (1) a map from X to Xj, (2) the identity on Xj, and (3) a
G-homomorphism.

(1) To see that 77(X) C X, let v € X. Then my(g~'v) € X since mp(X) C Xi, and
consequently ¢7ro(¢~ 1) € X as well since X is a G-subrepresentation. Thus 77(v) € X;
as a sum of vectors in Xj.

IThis theorem is more generally true for representations over any field IF such that the characteristic
of IF does not divide the order of the group G.
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(2) To see that 7t|x, = Idx,, let v € X;. Then g_lv € Xj since Xj is a subrepresenta-
tion, and since 7 is the identity on X; by construction, by plugging in v into (2.12), we

get

7T\ 0 70 U 0 = 0 =0.
0= L =g B =g L

(3) Now let h € G be arbitrary. Then for any v € X,

7 (ho) |G] Y gmo(g tho) = ]G] Y- h(h ') mo((g h)v)

g €G g€G
‘G| Z gTCO - ):hn(v)'
g'eG
Therefore 7t is both a G-homomorphism and a projection onto Xj. O

Lemma 2.4. (Schur’s Lemma) Let Xy, X, be irreducible G-representations, and let T : X1 —
X3 be a homomorphism. Then either T is invertible or T = 0.

Proof. Assume that T # 0. Since T is a homomorphism, ker T and T(x1) are subrepresen-
tations of X; and Xj, respectively. Consequently, our assumption that T # 0 implies that
ker T is a proper subrepresentation, which together with the fact that X; is irreducible
implies ker T = 0, and so T is injective. Similarly, our assumption that T # 0 also implies
that T(X7) # 0, and since X, is irreducible, T(x1) cannot be a proper subrepresentation,
so T(X;) = Xp, which tells us that T is surjective. If we then let T~! denote the (set)
inverse of T, this map will necessarily be linear and commute with the action of G since
T is linear and commutes with the action of G. Therefore T~! is a homomorphism, and
so T is invertible (as a G-homomorphism). O

Corollary 2.1. Let X be an irreducible, finite-dimensional G-representation, and let T : X — X
be a homomorphism. Then T = Al for some A € C.

Proof. Let A be an eigenvalue of T (which necessarily exists since we are assuming all of
our representations are over the field C). Then Al is a linear map and, as a scalar multiple
of the identity, commutes with g for all ¢ € G, and is therefore a homomorphism. As
a result, T — Al is also a homomorphism, and so by Lemma 2.4, T — AI must either be
invertible or the zero map. However, if we let v € X be an eigenvector corresponding
to A, then (T — Al)v = 0, and so T — AI cannot be invertible. Therefore T — Al = 0, or
equivalently T = AI, as claimed. O

Using the above results, we can now prove that the representations of abelian groups
can be decomposed into subrepresentations of dimension one.
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Corollary 2.2. Let G be a finite abelian group and let X be a finite-dimensional G-representation.
Then there exist irreducible, one-dimensional subrepresentations Xy, ..., X, C X such that

X = &, X;. (2.13)

Remark 2.6. Although we shall not prove it here, Corollary 2.2 is more generally true for
unitary representations of compact abelian groups on complex Hilbert spaces, and is a
consequence of the Peter-Weyl Theorem [PW27]. In this context, the direct sum (2.13) is
a direct sum of Hilbert spaces, and will typically be infinite.

Proof of Corollary 2.2. Let X; C X be a nontrivial, irreducible subrepresentation (which
can be shown to exist by taking the intersection of all subrepresentations containing
some nonzero v, for example), and let ¢ € G be arbitrary. Then G being abelian implies
g : X3 — Xj is a homomorphism since for all ¢’ € G and v € X;:

g(8'v) = (g8")v = (g'8)v = ¢'(gv).

Therefore, by Corollary 2.1, ¢ = Av for some A € C. Since g was arbitrary, this im-
plies that every ¢ € G is a scalar multiple of the identity. Consequently, if v € Xj is
nonzero, then the one-dimensional subspace spanned by v is a subrepresentation, and
so by irreducibility, this must equal Xj.

Now, by Maschke’s theorem (Theorem 2.5), there exists a subrepresentation X; C X
such that X = X; ¢ X|. If X] = 0 we are done; otherwise, X] is a nontrivial, finite-
dimensional G-representation satisfying dim X]; = dimX — 1. Therefore, by an in-
ductive argument, we can construct irreducible, one-dimensional subrepresentations
X1, X2, X3... satisfying X = X1 @ --- © X; @ X]’ and dim X]’ = dim X —j. Since X is
assumed to be finite-dimensional, eventually this process must terminate, giving us the
decomposition (2.13). O

As mentioned in the introduction of this section, we would like to extend the concept
of a representation of a group to include both unitary and antiunitary operators. This
leads us to the notion of a corepresentation, which we now define. For this definition, if
X is a complex inner product space, we let Isom(X) denote the group of isometries of X
viewed as a metric space.

Definition 2.4. Let G be a group with a subgroup Go of index 2 (if G is finite, this is equal to
|G|/|Go|), which we call the linear subgroup, and let X be the complexification of some real inner
product space (so that the complex conjugate © of v € X is well-defined). A corepresentation of
G is a group homomorphism p : G — Isom(X) such that p|g, is a Go-representation, and for all
gc G \ Go, 1,72 € Xand z1,zp € C,

0(8)(z101 + 22v2) = Z1p(g)v1 + Z20(8) 2,
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i.e. p|g\g, maps into the space of antiunitary operators. Just as we did for representations of G,
when the homomorphism is clear we shall typically refer to X as the corepresentation, and denote
p(g)v by go.

Given two corepresentations p1 : G — Isom(Xy), p2 : G — Isom(Xy), a G-homomorphism
(or simply a homomorphism when the group G is clear) is a linear map T : X1 — Xy such that
forall g € Goand h € G\ Gy,

p2(8)T = Tpa(g)
p2(h)T = Tp1(h),

where T(v) := T(v). We then say that Xy and X are isomorphic as corepresentations if there
exists a homomorphism T : Xy — Xj that is also a vector space isomorphism, in which case T~
is a homomorphism as well. A sub-corepresentation of a corepresentation X is a vector subspace
X' C X such that gv € X' forall g € Gand v € X'.

Lastly, we say that a corepresentation X is irreducible if it has no proper, nontrivial sub-
corepresentations.

To see how we might apply the above theory to the Floquet-Bloch problem (1.3), let
A be a lattice with point group G, let K € B, and let jip be an L%-eigenvalue of H with
corresponding eigenspace E. If we can then find a subgroup Gp of G such that E is
a Go-representation, Maschke’s Theorem (Theorem 2.5) says that we can decompose E
into irreducible subrepresentations. It follows that the multiplicity of the eigenvalue y
is bounded below by the minimal dimension of the irreducible representations of Go.

To give an explicit example, let A be a hexagonal lattice and let K be a vertex of the
Brillouin zone B. The L%-eigenspaces of H are then representations of the subgroup Gy
of G generated by a rotation of the plane by 71/3, and since this group is isomorphic to
Z./3Z and therefore abelian, all of its irreducible representations are one-dimensional
(see Corollary 2.2 and Remark 2.6). When V is assumed to be real, however, Theorem 1.3
tells us that there exists an eigenvalue of H which has multiplicity two — what is interest-
ing is that this can likely be explained by the fact that the irreducible corepresentations
of Gy together with complex conjugation are all two-dimensional.

Due to this potential relationship between the multiplicities of L?-eigenvalues of H
and the dimensions of irreducible corepresentations, one of our current projects is to
compute the irreducible corepresentations of groups whose actions commute with H
on L2, so that H restricts to a well-defined operator on these spaces. We therefore fin-
ish this section by stating the classification theorem for irreducible corepresentations of
G in terms of the irreducible representations of the linear subgroup Gy, and refer the
interested reader to [BC09] for a proof.

Theorem 2.7. (Classification of Irreducible Corepresentations) Let p : G — Isom(X)
be a corepresentation of some finite group G with linear subgroup Go, and let M = p(hg)
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for some arbitrary hg € G\ Go. If po : Go — GL(Xy) is a finite-dimensional, irreducible
subrepresentation of p|c, : Go — GL(X) and

Xl = M(Xo) + XO, and C = Z XPO (hz)’
heG\Go

then Xy is an irreducible sub-corepresentation of X and C must equal either |Go|, —|Go| or 0. In
addition:

(1) If C = |Gy, then X1 = Xy as vector spaces, and for all ¢ € Goand h € G\ Gy,

o(g) = po(g),
o(h) = po(hhy ") M.

(2) If C = —|Gy|, then X1 = Xy @ X as vector spaces, and for all g € Gy and h € G\ Gy,

h(8) = (po(()g) po(()g)) '

_ 0 polhhy )M
p(h) - (_po(hho—l)M 0 8 ) :

(3) If C =0, then X1 = Xo & Xo as vector spaces, and for all g € Goand h € G\ Gy,

_ (po(g) 0
p(g)—( 0 Po(h()_lgho)*>'

_ 0 (hho)
p(h) - (po(ho—lh)* po 0 0 ) .

2.4 Wavepacket Analysis

As discussed in Chapter 1, the qualitative properties of dispersion surfaces control
the effective dynamics of waves. To motivate our interest in this subject, we describe
three classes of initial conditions discussed in [FW14; AP05] for the time-dependent
Schrodinger equation, where the potential V' is periodic with respect to a lattice A.

Example 2.8 (Spectral Localization). Let A be a hexagonal lattice, K be a vertex of the
Brillouin zone B, and assume that V' is a generic A-invariant potential, in this case mean-
ing that V is even and invariant under rotations by 277/3 (this is rigorously defined in
Definition 4.2). Then [FW12] showed that K is a Dirac point, as in Definition 1.1, i.e.,
there is a pair of dispersion surfaces intersecting conically at K. Let y(K) denote the
value of these dispersion surfaces at K; a consequence of their result is there exist two
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eigenfunctions ¢y, ¢, for y(K) which satisfy ¢,(x) = ¢1(—x). The primary class of initial
conditions then studied in [FW14] are those which are spectrally localized near K, which
are initial conditions of the form

QD(X,O) = 50(10(53()471(9() + (50&20((53()4)2(3(),

with ajo(x) € S(R?) for j = 1,2 and 6 small. For such initial conditions, the solution to
the time-dependent Schrodinger equation evolves approximately as a slowly modulated
superposition of Floquet-Bloch states:

PO (x, )~ MK ((Sle(&c, 51 (x) + daz (6%, 5t)<p2(x)>,
where the modulating amplitudes a1, a; satisfy the effective Dirac system

Oy (x, 1) = —A(Jy, + 10y, )2 (x, 1) (2.14)
dtatp (X, 1) = —A(dy, — iy, )1 (%, 1),

where 0 # A € C and with initial data a(x,0) = ap(x).

Example 2.9 (Localization at a Frequency). Again let K € B, (not necessarily a vertex),
and let u(K) be a simple L%-eigenvalue with corresponding eigenfunction ¢(x), such
that Vi (K) # 0. We then consider initial conditions which are localized at the frequency
#(K), which are initial conditions of the form

$(x,0) = dap(dx)¢(x),

with ag(x) € S(R") and ¢ small. The solution to the time-dependent Schrédinger equa-
tion is then approximately given by

P(x, t) ~ e PO (x, 5H)p(x), (2.15)
where the modulating amplitude a satisfies the transport equation
drx(x,t) + Viu(K) - Vya(x,t) =0 (2.16)

with initial data a(x,0) = ao(x). Consequently we can rewrite (2.15) as

P(x, t) ~ e M Bgy (5 (x — ka(K)t)>qb(x).

That is, the effective transport is ballistic, with speed Vu(K).
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Example 2.10 (Localization at a Spectral Band Edge). For our last example, we start with
the same assumptions as in Example 2.9, but we now assume that y(K) occurs at a spec-
tral band (gap) edge, so that V,u(K) # 0, and the Hessian DZj(K) is non-degenerate.
If we then again consider initial conditions which are localized at the frequency u(K), the
solution to the time-dependent Schrédinger equation is then approximately given by

P(x, t) ~ e " Esy(x, 62) P (x),

where the modulating amplitude « satisfies the constant coefficient Schrédinger equation
1
idi(x,t) = —va - DZu(K)Va(x, t) (2.17)

with initial data a(x,0) = ag(x). Here, A := 1DZy(K) is referred to as the inverse of the
effective mass tensor.

Each of the results discussed in Examples 2.8 — 2.10 can be proven using the same
methods, which we now outline. The initial conditions and can generally be written in
the form

P(x,0) = 3 ajo ()i (x),
j=1

where a1, ..., &m0 € S(R") and ¢y, . . ., ¢ are eigenfunctions corresponding to the mul-
tiplicity m, L%-eigenvalue pg := p(K). We look for solutions of the form

P(x,t) = e Hot ( 3 daj(0x,8"t);(x) + E5(x,t)> (2.18)
=1

J

for some positive integer r; the goal is then to show that ||Es(x,t)|| — 0as 6 — 0.
Plugging (2.18) into the time-independent Schrédinger equation (1.2), we get

0 = idp — Hyp

= pge Mot ( 1(504]~((5x, o"t)pi(x) + E(g(x,t))
]:

. m
+ i~ Mot ( 15r+1(8t0¢j)(5x, 5"t)¢j(x) + atE(S(x/t)>
]:

_ pimt ( 3 Hoduj(6x,8"t)j(x) — 8°(Aaj) (6x,6"t)¢(x)
j=1

—26%(Vaj) (6x,8') - Vpi(x) + HE5(x, t))
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Multiplying the first and last expressions by ¢#0! and canceling terms, we get

i0tEs(x,t) = (H — }40)E5(x,t)

— 52 (f 8" (0r) (O, 87t) i (x) +2(Vaj) (6x,6"t) - ngj(x)>

j=1

— 5 (i(AD{j) (Ox, (Vt)cpj(x))

j=1
By DuHamel'’s principle (see [Fri82]), the error term E;(x, t) is then given by

Es(x,t)

#23/1 e @fl@w»wxéfww ) +2(Va) (03, 8) - Vip(x) ) ds
wz/ (H10)() ((Aay) (5%, 07t (%)) dis

Since e~{(H=#0)(t=5) is a unitary operator on L2, we are able to bound E; by

Hauw<#z/\

+53]; /O [|(Aj) (6x,8"F) i (x)| | ds

51 (Dpa;) (6x, 871 i (x) + 2(Vaj) (6, 8"t - Vipi(x Hds (2.19)

Denote the two integrals in (2.19) by I; and I, respectively, and consider the integral
I,. Since we are assuming « € C(IR"), so too is Aw, and thus there exists some C; > 0
such that ||Aa|| < C;. Similarly, since ¢; € L%, and in particular is quasiperiodic, for
j=1,...,m, there exists some C; > 0 such that sup, ; [¢;(x)| < C2. Consequently, if we

let C = C1C, then for t < 571,
f t
L= / H(A“j)(5x/ 5rt)cp]-(x)|‘ds < C5_1/ ds < C672,
0 0

which shows that the second term of the bound given in (2.19) will go to zero as § — 0.

Computing a bound for the integral I; depends on the initial conditions being stud-
ied. In general, however, it requires using the decomposition into Floquet-Bloch modes
given by Theorem 2.4 and the corresponding effective equation (2.14), (2.16), or (2.17).
One can then show that the integrand is bounded by some C3, and therefore, for t < & -1
I; < C36~ L. This then implies that the first term of the bound given in (2.19) will go to
zero as 6 — 0 as well, thus proving that ||Es(x, t)|| — 0 as é — 0.
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In conclusion, Examples 2.8 — 2.10 demonstrate why dispersion surfaces and their
intersections are of fundamental interest in the study of waves in periodic structures.
The general framework we develop in Chapter 4 provides a foundation upon which one
can now produce similar results for other lattices and their corresponding band spectrum
singularities.
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Chapter 3
SPECTRA OF ANALYTIC FAMILIES OF OPERATORS

In order to find interesting dispersion surfaces of the operator H in (1.3), our strategy
will be to look at
H, =—-A+2zV

on L? for varying k and generic values of z € R. In general, we shall use perturbation
theory to analyze the spectrum of H, for z close to 0, and we shall use analyticity to
extend our results to large z. We start by analyzing this situation in the finite-dimensional
case.

3.1 Analytic Families of Matrices

One of our primary tools is the following theorem:

Theorem 3.1. Let {A.}.cuy be an analytic family of monic degree n polynomials in C|x], for
some U C C open. Then there is a discrete set D, such that on any simply connected open set
W C U\ D, there exists a decomposition

A(x) = [J(x = Ai(2)™, G.1)

where A1, ..., Ay : W — C are analytic functions such that A1 (z), ..., As(z) are distinct roots of
A, and their respective multiplicities my, . .., m, are constant on W.

We shall prove this theorem in the following section, but an essentially immediate
consequence is the following result, which we shall apply to operators T(z) satisfying
Al, restricted to a finite-dimensional subspace:

Theorem 3.2. Let M : U — My x,(C) be analytic, where U C C open, U N R is non-empty,
and M(z) is Hermitian for all z € U NR. Then there exists a discrete set D such that on any
simply connected open set W C U \ D, W N R non-empty, M(z) can be decomposed as

M(z) = Zr:)t]-(z)rcj(z), where: (3.2)
j=1

* M,...,Ar : W — C are analytic functions such that for all z € W, A(z),...,A(z) are
distinct eigenvalues of M(z),
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® 111,..., 7 W = Myxu(C) are eigenprojectors of constant rank corresponding to Ay, .. .,
Ay, respectively, analytic in z, satisfying ;(z)7ty(z) = 6j,7tj(2) for j, £ =1,...,r.

Proof. Let x, denote the characteristic polynomial of M(z), using the convention that
Xz(A) = det(A — M(z)). Then yx; is a monic degree n polynomial, and so by Theorem
3.1 there exists a discrete set D such that on any simply connected open set W C U \ D,
there exist analytic functions Ay, ..., A, : W — C such that A1(z), ..., A,(z) are the distinct
eigenvalues of M(z) for all z € W.

For z € W, let 71j(z) be the projection onto the generalized eigenspace associated to
Aj(z). We then claim that 7r; depends analytically on z. Fix some j € {1,...,r} and
zo € W, and let C be a simple, closed, positively-oriented contour such that A;(zp) is
the only eigenvalue of M(zp) enclosed by C. Since each of the functions A, are contin-
uous and there are only finitely many of them, there exists ¢ > 0 such that A;(z) is the
only eigenvalue of M(z) enclosed by C for all |z — zg| < e. Consequently, from [Kni96,
Theorem 3.3], 71; is given on B (zp) by

Ti(2) = — 5 . (M(z) - 0) e,

Since zp € W was arbitrary, this shows that 7; is analytic on W.

Lastly, observe that for z € W NIR (which is assumed to be non-empty), we can
write M(z) as in (3.2) since M(z) is Hermitian on this set, and 7;(z)7t,(z) = 6j¢7tj(z) for
j, 0 € {1,...,r} on this set as well. By the identity theorem, these relations must then
hold on all of W. As a result, for all j, 77; is in fact the eigenprojector corresponding to
Aj, and the corresponding eigenspaces are pairwise orthogonal. Since the multiplicities
of the eigenvalues Ay, ..., A, are constant on W, we conclude that, for all j, rank 7'(]-(2) is
constant on W as well. N

Returning to Theorem 3.1, we follow the work of [Kat95] and consider the behavior
of the functions A1(z), ..., A,(z) in a neighborhood of a point zg € D. Since the set D is
discrete, there exists an open ball By centered at zy such that D N By = {zo}; by this same
theorem, if we let B C By \ {zo} be a smaller open ball, the roots of A, can be expressed
as the analytic functions Aj(z) for j = 1,...,r and for z € B. If we now rotate the ball
B around zo, the functions A;(z) can be continued analytically, and these extensions will
continue to be roots of A,. It follows that, after exactly one full rotation, the functions
A1(z), ..., Ar(z) will have undergone a permutation P; as this is a permutation on a finite
set of elements, after potentially reindexing we can partition the set {1;(z) }]’.:1 into cycles:

M@, Ap@D Y A1) Apia(D)), - (3.3)

meaning that the permutation P acts cyclically on each of the sets in (3.3), so that
PAj(z) = Ajq(z) for j = 1,...,p — 1, and PAy(z) = Ay(z). Given a root A(z), the
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order of Aj(z) under the permutation P (also often called its period) is the length of its
corresponding cycle.

Let us now focus on the root A1 (z), and suppose this root has order p as in (3.3); the
analysis is identical for any other root. Define

flw) = A (wP +2)
with domain consisting of one of the connected components of the set
{w e C : wP+2zy € Bp}.

By applying the same analytic continuation that defined the permutation P, it follows
that f can be extended to an analytic function on (By — zp) \ {0} (i.e. the translation of
By that it is centered at the origin with the origin removed). As a result, f has a Laurent
series expansion of the form

flw)=Y aw. (3.4)

However, by continuity of roots, lim,_,,, A1(z) = A for some A € C (which is called the
center of the cycle), and so f is continuous at w = 0 and is equal to A. Consequently
ap = A and ay = 0 for ¢ < 0 in the series (3.4) (we remark that the sum of terms in (3.4)
with negative degree is called the principal part, and so this latter consequence can be
rephrased as saying the principal part of f is equal to 0). Thus we can rewrite f as

flw)=A+ i aw’ (3.5)
(=1

If we now use the substitution z = w? + zg, so that w = (z — z0)!/?, then w is
one of p possible roots, and these roots differ by a factor of §j , where (,, = e2/P and
1 <j < p— 1. Plugging this into (3.5) and letting (z — z9)!/? denote the principal root,
we can then recover the functions Aq(z),...,A,(z) as Puiseux series of the form

Ai(z) = A+ ; a0y (2 — 29) /7. (3.6)
=1

This is summarized by saying that, if p > 2, then zg is a branch point of algebraic order p. If
the length of the cycle were infinite, we would instead say that zg is a logarithmic branch
point; however, such a point is impossible when considering the roots of the polynomial
A, for as previously noted the permutation P must send each root A;(z) to one of at
most n = deg A, roots.

We next perform a similar analysis for the eigenprojectors 71(z), ..., 7(z) near xo €
D NTR. Just as before, we let By be an open ball centered at xo such that D N By = {xp},
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and let B C By \ {2z} be a smaller open ball centered at some x; € R. Then by Theorem
3.2, M(z) has a decomposition of the form (3.2) on B. In addition, since By is compact,
by continuity of roots, the set

{f €C : det(M(z) — ) =0 for z € By}

is bounded, say by C. Then for fixed |{| > C, the resolvent (M(z) — {)~! is necessarily
defined and moreover analytic in z on By. On the set B, we can write (M(z) — ) ™! using
(3.2) as
1 i 1 (2)
M(z) — =) ———7i(z).
As a result, if we rotate B around the point xo, the functions (M(z) — )%, A(z), and
mi(z) for j =1,...,r can all be continued analytically, and these extensions will continue
to be the resolvent, eigenvalues, and eigenprojectors, respectively, of M(z). Just as before,

this process induces a permutation P on the eigenvalues and eigenprojectors, but since
(M(z) — ¢)~! is analytic on By it will be left unchanged. We therefore get that

L =g = ME) — 0 = Pz — ) 67)

j=1

! 1
“L e oo

We now focus on the eigenprojector 711(z), noting that the analysis for the other
eigenprojectors is identical. Again let p denote the order of the corresponding eigen-
value A1(z) under the permutation P, and assume that both the eigenvalues and eigen-
projectors have been indexed corresponding to the cycles of the eigenvalues as in (3.3).
Then by the uniqueness of partial fraction decompositions, we deduce from (3.7) that
Prtj(z) = mjz1(z) for 1 <j < p—1,and Pry(z) = m1(z), and so 711(z) has order at most
p under the permutation P. To see that 711 (z) has order exactly p, recall from Theorem
3.2 that 71j(z)7ty(z) = dj¢7tj(z) for j,£ = 1,...,r, and consequently 71(z), ..., 7T,(z) must
all be distinct. We therefore conclude that 7r1(z) has order p.

The following result, due to John Butler [But59], will enable us to prove a stronger
version of Theorem 3.2.

Proposition 3.1. Let xg € D NR be a branch point of order p > 2. Then for j = 1,...,p,
7i(x) has a pole at xo.

Remark 3.3. This result is more generally true for any branch point zg € D of order p > 2,
not just those in IR, although we will only need to consider the case xp € D N R for our
purposes.
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Proof of Proposition 3.1. First note that, since 77;(z) has order p for j = 1,..., p, we can ex-
pand 7; in a Puiseux series around xg just as we did for the eigenvalues A1(z), ..., Ap(2),
and thus there exist matrices 7 such that

mie) = L mielz—x0)!"
near xo. Applying the permutation P to 7;(z) we compute that, for 1 <j < p—1

(e e]

Z 41,0z = x0)"P = 71 (2) = Pj(z) = Y, 7540(2 — x0)"?, (3.8)
f=—00 f=—00
where again {, = ¢2™/F. Equating coefficients for the first and last expressions in (3.8),

we deduce that 779 = 7110 for 1 < j < p—1. An identical argument shows that
Tty = 70,0 as well.
Now suppose for contradiction that 77; does not have a pole at x¢, so that 7t; can be
written as -
mi(z) = Y mje(z — x0) /7. (3.9)
=0
Since we can recover each of the projections 71,(z) from 7j(z) for £ # j by succes-
sive applications of the permutation P, this implies that none of the eigenprojectors
m1(z), ..., my(z) have a pole at xg, and thus each can be written in the form (3.9). In par-
ticular this implies that 77;(z) is continuous at xq for j = 1,..., p. Therefore, by Theorem
3.2, we have that, forj=1,...,p,

TT,07Tj+1,0 = <z15§10 7j(z )) (Zlggo Tj1(z )) = 215?0 mj(z)mj1(z) = 0.
A similar argument, using the fact that 77;(z)? = 71;(z), shows that 7 0 = ;0. Putting
this all together, we conclude that

TTjo = TTj,07Tj,0 = 7j07Tj+1,0 = 0.

This, however, is a contradiction. A lemma due to Tosio Kato [Kat95, Lemma 1.4.10]
states that if 771, 7T; are two projectors such that ||77; — 72|| < 1, then 77; and 7T, have
the same (potentially infinite) rank.! It follows that, for sufficiently small z, rank mi(z) =
rank 0 = 0, which contradicts the fact that rank 77;(z) is equal to the multiplicity m; > 0
of Aj(z) for all z ¢ D. Therefore 7y, ..., T, must all have a pole at z = xo. O

In Kato’s book this property is shown for projectors on a finite-dimensional vector space. One can
check that the proof applies to infinite-dimensional vector spaces as well.
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Theorem 3.4. Let M : U — My« (C) be analytic, where U C C open, I := UNR is non-
empty, and M(z) is Hermitian for all z € U NR. Then there exists an open neighborhood W of
I and a discrete set D C I such that on W, M(z) can be decomposed as

M(z) = i)xj(z)ﬂ]-(z), where: (3.10)
j=1

* A,..., At W — C are analytic functions such that for all z € W\ D, A(z),...,A(2)
are distinct eigenvalues of M(z),

® Tq,..., 70 W — Myxu(C) are eigenprojectors of constant rank corresponding to A1, . . .,
Ay, respectively, analytic in z, satisfying 7;(z)7t,(z) = 6j,7tj(2) for j, £ =1,...,r.

Proof. This will be an immediate consequence of Theorem 3.2 if we can show that for xg €
D NR, the functions Ay, ..., A, have order one when analytically continued around each
of these points, and therefore can be extended to analytic functions on a neighborhood
of these points via equation (3.6). Towards that end, let xo € DNR, and let W C U\ D,
WNR # @ be a simply connected open set such that xo € W. Then on W, M(z) has
a decomposition of the form (3.10). Let {x,},en € WNR such that x, — xo; then
due to the fact that M(z) is Hermitian for z € U N, the eigenprojectors 7y, ..., 7T, are

orthogonal, and therefore satisfy ||77;(x,)|| =1forn € Nand j=1,...,7. Asa a result,
forj=1,...,r
Tim || ()| = 1,

and so 7y, ..., 71, cannot have poles at xg. Thus, by Proposition 3.1, xo cannot be a branch
point of order p > 2 for any of the functions Ay,...,A,, and so each of these functions
must have order one. O

3.2 Proof of Theorem 3.1
To prove Theorem 3.1, we use an extension of the notion of a Sylvester matrix.

Definition 3.1. Let P; be the vector space of complex polynomials of degree less than or equal to
j,and let A € P, and B € Py,. Define ¢ap : Ppy—1 X Py—1 — Ppyn_1 by

¢4,8(Q1,Q2) = AQ1 + BQo.

Then ¢ p is a linear map called the Sylvester matrix associated to A and B.
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We will generalize the Sylvester matrix as follows. Let Aq,..., A;; be a collection of
polynomials for some m > 2, let nj = deg Aj, and let n = n; + - - - + ny,. We introduce

m
DA Apy Hpn—nj—l — Py
=1

(Qu,-.-,Qm) = Y AjQ
=1

Lemma 3.1. The image of ¢4,, . 4, is the intersection of P, with the ideal (gcd(Ay, ..., An)).

Proof. 1t is immediate from the definition of ¢4, 4, that

im ¢A1,---/Am C P,_1N (ng(Al,. .. ,Am)).

To see the reverse containment, by re-indexing the A;’s if necessary, we may assume
that deg(A1) < deg(4;) for j = 2,...,m. As a result, if };'1 A;Q; has degree less
than or equal to n — 1, then we can divide each of Q», ..., Q;; by Aj, so that there exist
polynomials (j]-, B; such that

Qi = A1B; + Qj and deg(éj) < deg(Ay) = n.
By our assumptions that m > 2 and n; = deg(A;) < deg(A;) = n; for j # 1, we get that
ny < Yyzjng = n—njfor all j # 1. Putting this together, we get that deg(é]') <n-—mnj,
and so Q]- € Pn,n],,l. In addition, we can now write

m m _ m m B
Z Aij =A101+ Z Ai(AlB]‘ + Q]) = Ay (Ql + Z Aij) + Z A]'Qj.
j=1 j=2 j=2 j=2

From here, observe that since QJ- € Pn_n],_l for j = 2,...,m, the sum 27’:2 Ajéj is a
polynomial of degree less than or equal to n — 1. Consequently, we must have that

deg (Al <Q1 + iA]B]>> <n-—1

=

as well, for otherwise the original sum Z;-”:l A;jQ; would not be a polynomial of degree
less than or equal to n — 1. Therefore, if we let Q1 =0+ Z}":Z A;Bj, then Q; € Py_p 1.
Thus we get that

m m .

Y AiQj =) AQj€imea,  a,

=1 j=1
and so im¢a,, . a,, = Pu—1 N (ged(A1, ..., An)), as claimed. O
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The reason Lemma 3.1 is important is because if we let B = gcd (A1, ..., An), then

rank ¢4, . 4, = dim((B) N P,_1)
=dim{Q€P, 1 : BQe P, 1}
=dim{Q € P,_1 : degQ <n—degB —1}
=n — deg B.

Lemma 3.2. Let M : U — My xn(C) be analytic, where U C C is open and connected. The
rank of M(z) is constant except possibly at a discrete set of points in U.

Proof. Pick zgp € U such that rank M(zp) is maximal, which exists since rank M(z) can
take only integer values from 0 to 7, and let r = rank M(z(). Then there exists an r x r
submatrix My(z) of M(z) such that My(zg) has full-rank. As a result, det(My(z)) is an
analytic function in z on U, and is nonzero at zp, and therefore is also nonzero on all of
U except possibly at a discrete set of points D. This then implies that rank M(z) > r on
U \ D, which by maximality implies rank M(z) = r on U \ D. O

Using this lemma and our generalization of the Sylvester matrix outlined above, we
can now prove the following proposition.

Proposition 3.2. Let {A;},cy be an analytic family of monic degree n polynomials in C|x], for
some U C C open. Then there exists a discrete set D such for j =1,...,n,

oj = [{A is a root of A; of multiplicity j} |
is independent of z € U \ D

Proof. For simplicity of notation, we define the following maps:

4)1 = quZ,A;/ 4)2 = ¢AZ,A,/ZIAIZI’ ce (Pn = ¢AZ,---,A§H>, (311)

where each of the derivatives in (3.11) is being taken with respect to x (as opposed to z).
Similarly, we define:

B = gcd(A-, AL), By =ged(Az, AL AY), ... By=gcd(A,,...,AM),

and lastly we define d; = deg B forj =1,...,n.

Let n; = ZJE:O deg Ag) = Z]g:o n — £; then our arguments preceding this proposition
tell us that rank ¢; = n; — d;. In addition, observe that ¢, depends analytically on z for
k =1,...,n, since the entries of ¢, viewed as a matrix, consist either of the coefficients
of A, and its derivatives or are otherwise zero. Consequently, by Lemma 3.2 there exists
a discrete set Dj C U such that d]- is constant on U \ Dj. Letting D = U;?ZlD]-, D is then
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also discrete as a finite union of discrete sets, and by construction d; is constant on U \ D
forj=1,...,n.
Now let zg € U \ D; our assumption that A, is monic implies that we can write

r

Az (x) =[x =A™,

j=1

where Ay, ..., A, are the r distinct roots of A,, and m;y,...,m, are the corresponding
multiplicities. It then follows that

By = H (x—)tg)m[_l

I m[>1

By, = H (x—/\g)m[72

0 mg>2

B,1= H (x_/\f)

l:my=n

B, =1.
A consequence of these formulas is that
[{A¢is arootof Azy : my > j}| =degB; —degBjj1 =d;—dj1.
As a result,

pj = [{A is a root of A, ¢ of multiplicity j}|
= [{Asisarootof Ay, : my>j—1} —|{Asisarootof Ay, : my > j}|
= (dj1 —dj) — (dj — dj;1),
where dj is understood to be n and d; = 0 for j > n. Since zp was arbitrary, this tells

us that p; is constant on U \ D as a sum of constant functions. Therefore, the number of
distinct roots of A, of any given multiplicity is constant on U \ D. O

Theorem 3.5. (Local version) Let z,. € U\ D. There exists € > 0 such that the conclusion of
Theorem 3.1 holds on W = Bg(z).

Proof. Let Ay, ..., A, be the distinct roots of A,,, and let
1 .
o= E mmj#g ‘/\] - /\g|. (3.12)

We then say m € {1,...,n} is e-good if for every root A of A, of multiplicity m, Bs(A)
contains a root of A, of multiplicity m for all z € Bg(z.).
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We claim that for any m € {1,...,n}, there exists ¢ > 0 such that m is e-good.
Suppose for contradiction that m is not e-good for any ¢ > 0; without loss of generality,
we may assume that m is maximal with respect to this property. Then for every ¢ > 0,
there exists a root A of A;, of multiplicity m and a z € B,(z«) such that B;(A) does not
contain a root of A, of multiplicity m. Therefore, if we let & denote the set of roots of A;,
of multipicity m, we can construct sequences (z;)jeny C U\ D, zj — zx and (A;)jeny C Z
such that for all j, A;, does not contain a root of multiplicity m in B;s(A;). Since A;, has
only finitely many roots, by passing to subsequences if necessary, we may assume that
Aj = A, is independent of ;.

From here, note that p := |X| is independent of z by Proposition 3.2, and for all j € IN,
none of the p roots of A;; of multiplicity m are contained in B;s(A.). Therefore, for each
j, we must either have that there exists a 7\j such that A;; has two roots in B5(7\j) of

multiplicity m, or there exists a root }\j of Az of multiplicity m that is not contained in
Bs(A) for any A € X. Therefore, by again passing to subsequences if necessary, one of
two situations must hold:

e there exists A, € X such that for all j, Az; has two roots of multiplicity m in Bs (M),
e for each j € IN, there exists A; ¢ UrexBs(A), Aj a root of Az, of multiplicity m.

Assume the first situation holds. Since the set dBs(A.) is compact, Az; converges

uniformly to A,, on this set. Because of (3.12), A, has no zeroes on dBs(A.), and
therefore uniform convergence tells us that for sufficiently large j and { € 9B;(A.),

|Az,(0) — Az, (0)| < _inf |Az [ <Az (D).

5(Ax

By Rouché’s theorem, Azj and A;, have the same number of zeroes in B;(A.), counted
with multiplicity. However, this is a contradiction, as AZ], has at least 2m zeroes in this
set, counted with multiplicity, while A;; by assumption has precisely m zeroes.

Now assume the second situation holds; we first show that the sequence (A;);en is
bounded. Note that the sequence (z;) is bounded by virtue of being convergent, and
thus there exists C > 0 such that |z; — z.| < C for all j. In addition, if we write

A (x) =x"+a,_1(2)xX" L+ Fa(2)x +ag(z),

then by definition of A, being analytic in z, so too are functions ay(z) for ¢ =0,...,n — 1.
As a result, a}(z) exists and is bounded on the closed disk Bc¢(z«), say by Cy, for £ =
0,...,n — 1. This implies that for £ = 0,...,n — 1 and positive integers j,

|ag(zj) —ap(z.)| < Cylzg — 24| < C-Cy.
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Lagrange’s bound on polynomial roots, together with the reverse triangle inequality,
then tells us that for all positive integers j,

n—1 n—1
[Aj] < max {1, ) |llg(Z]')|} < max {1, Y lag(z)| +C- Cg} :
(=0 (=0
Consequently the sequence (A;);en is bounded.
Since the sequence is bounded, by again passing to a subsequence if necessary, we
may assume that /\j converges to some A. In addition, since A]- is a root of Azj of

multiplicity m for all j, it is a root of Agf) for ¢ =0,...,m —1 (where again the derivative
is being taken with respect to x, and not z). Therefore, for £ =0,...,m — 1,

A0y = A, (1im ;) = tim A1) = timo =0,

Therefore Ay is a root of A,, of multiplicity at least m. However, d(Ae,X) > J since
5(Aj,Z) > 6 by assumption, and therefore by (3.12), Ao must in fact have multiplicity
strictly greater than m, which we denote by m’. Since m is assumed to be the maximal
integer that is not e-good for any ¢, it follows that m’ is e-good for some & > 0. Therefore,
for sufficiently large j, Bs(Ae) contains both A; (which is a root of multiplicity m) and a
root of multiplicity m’, distinct from A;. However, Rouché’s theorem implies that A is
then a root of A, of multiplicity m’ 4+ m, which is a contradiction. Consequently, the set
of m € {1,...,n} which is not e-good for any ¢ > 0 is empty, thus proving the claim.

Hence there exists a ¢ > 0 such that for all m € {1,...,m}, m is e-good, and by
shrinking ¢ if necessary, we may assume that B.(z«) C U\ D. That is, if z € B¢(z«) and
Ay is a root of A, of multiplicity m, then Bs(A,) contains precisely one root of A, of
multiplicity m, which we denote by A(z). Because this holds for every root A, of A;, and
the sum of multiplicities of the roots of A, equals 1, we conclude that A(z) is the only
root of A, contained in Bs(A). Therefore, by the residue theorem,

_ 1 GAL(C)
2mtim JaBs(r,) Az(Q)

A(z) ag.

Since the integral on the right-hand side is analytic in z, this implies that A(z) is analytic
on B (z.). Doing this for each root A, of A;,, we get the decomposition (3.1) on B(z,),
as desired. ]

We can now prove Theorem 3.1 using a combination of the local version (Theorem
3.5) together with the monodromy theorem.

Proof of Theorem 3.1. Let W C U \ D be a simply connected open set and let zp € W.
Then by Theorem 3.5, there exists an open disk B C W, centered at zp, such that the
decomposition (3.1) holds on B.
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Now the monodromy theorem tells us that if there exists an analytic continuation of
A; along any path contained in W starting at zo, then there exists an extension of A; to
all of W. In particular, by an analytic continuation of A; along a path 7 : [0,1] — C,
we mean that, for each t € [0, 1], there exists an open disk By, centered at (t), and an
analytic map y; : By — C satisfying

(1) Bo=Band pp = A;

(2) For each t € [0,1] there exists ¢ > 0 such that for all € [0,1] with [t — | < ¢,
v(t') € By and py = yy on By N By.

Therefore, to apply this theorem, let j € {1,...,r}, and let 7y : [0,1] — W be a path
satisfying (0) = zo. To show that there exists an analytic continuation of A; along the
path 7, we first apply Theorem 3.5 again to -y (t) for each t € [0,1] to get an open disk By,
centered at (), such that the decomposition (3.1) exists on B:. Then for each t, define
I; to be the connected component of 4~ !(B;) containing t. It follows that { It}iepon) is
an open cover of [0,1], and since this latter set is compact, there exists a finite subcover,
which we denote by {I;};_, for some positive integer s. For each interval I;, we denote
the corresponding t and open disk B; by t, and By, respectively. To ensure that our
eventual analytic continuation satisfies property (1) above, we also add the connected
component of y~!(By) containing 0, which we denote by I, so that the subcover is now
given by {I;};_,, and to = 0 and By = B. Furthermore, by taking a minimal subcover
and reindexing and shrinking the sets I, for £ > 0 if necessary, we may assume that
Ip=10,by), Iy = (ap,by) for{ =1,...,s—1,and I; = (as,1], where 0 < a; < --- < a5 and
bp < ---<bs_q1 <1.

For each of the open disks By we now need analytic maps y; : By = C for 0 < ¢ <s,
which we pick inductively. For the base case, simply let y9 = A;. For the inductive case,
assume that there exists an analytic map y, : By — C for some 0 < ¢ < s such that
iy is a root of A, for all z € B,. Then B, N By, must be both nonempty, as it contains
Y(Iy N Ipr1) = v((agyq, by)), and connected, as it is the intersection of two disks, and so
on By N By, 1 the map u, must equal precisely one of the roots of the decomposition (3.1)
on By, 1. Thus we can let /1 be this root.

To finish the proof of the existence of an analytic continuation of A; along 7, now
let t € [0,1] be arbitrary. Then t € I; for some i, and consequently there exists an
open disk B; C By centered at (t), and we can let yi; = pyy|p,. In addition, since I, is
open, there exists ¢ > 0 such that (t£¢) C I;. As a result, for all ¥ € [0,1] satisfying
|t —t| < ¢ y(t') € By C By, from which it follows by construction of the pairs (By, jyy)
for ¢ =0,...,s, that uy = u; = pr on By N B;. Thus there exists an analytic continuation
of A; along v, and since j € {1,...,r} was arbitrary, the monodromy theorem tells us



48

that there exist extensions of Aq,..., A, to all of W. Moreover, these functions must still
be roots of A, on W, as they are roots along any path in W.

To conclude, we note that the functions z — mult(A;(z)) are locally constant on W,
and since W is assumed to be simply connected, and thus also connected, it follows that
these functions are in fact constant on W. In particular, this means that the multiplicities
of the roots Aq,..., A, are constant on W. This in turn implies that these roots must be
distinct for all z € W, for otherwise their multiplicities would not be constant. O

3.3 Perturbation Theory

In addition to the above tools, the proof of our main theorem also requires some tech-
niques from perturbation theory and variation of eigenvalues. In particular, given an
operator T, we will focus on an analysis of the resolvent (T — A)~!, our primary tools
for which will be the Schur complement formula and Cauchy’s integral formula.

Definition 3.2. Let T be an operator on a vector space V = Vi @ V, such that, with respect to

this decomposition:
A B
r=(¢ o)

When the block D is invertible, the operator A — BD~'C is called the Schur complement of D,
and is denoted by T/ D.

This definition is helpful because if both D and its Schur complement T/D are in-
vertible, then so too is T itself, as the following proposition shows. It is easily proven via
a direct computation, and its derivation can be found in [Zha05].

Proposition 3.3. (Schur Complement Formula) Let T be as above, and assume that both D
and T/ D are invertible. Then T is invertible, and its inverse is:

. (T/D)"! —(T/D)~*BD™! >
~ \-D7'c(r/D)"' D '+D-'c(T/D)"'BD71) ~

Theorem 3.6. (Cauchy’s Integral Formula) Let f be analytic in the simply connected domain
D and let C be a simple, closed, positively oriented contour in D. Then if zg is a point that lies in
the region enclosed by C,

flo) = o f L&) g

27 Je z — 2o

2A similar formula holds when A and D — CA~1B are assumed to be invertible, but we will not use it
here.
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Note that the above formula applies to Banach-valued functions, and not just complex-
valued functions [Kat95]. In particular, given an operator T and a simple, closed,
positive-oriented contour C contained in the resolvent set of T, we define the spectral
(or Riesz) projector corresponding to C to be

1 -1
m—— 7{ (T —A)~"1dA. (3.13)
By evaluating this operator on an eigenvector corresponding to an eigenvalue y of T(z)
contained in Bgs(pp) and using Theorem 3.6, one can check that this operator restricts
to the identity on the corresponding eigenspace, and in particular the image of this
operator contains all eigenspaces corresponding to eigenvalues y of T(z) contained in
Bs(uo). More generally, 7t is in fact a projector, as the following lemma shows.

Lemma 3.3. Let T be an operator and let C be a simple, closed, positive-oriented contour C
contained in the resolvent set of T. Then the operator 7t defined in (3.13) is a projector.

Proof. Let Cy be a simple, closed, positively-oriented contour contained in both the in-
terior of C and the resolvent set of T (which exists since the resolvent set of T is open).
By the residue theorem, 7t is equal to the integral in (3.13), but with C replaced with Cy.
Then by the first resolvent identity,

7{2—(2;) f(T 1) 1dy?{ (T —A)"tdA

(T—p) ' = (T-A)""
2711 fég?{ u—A dAdp

_ (271_1)2 (%}O(T—y)lﬁjﬁd/\dy - f a7 7{30 Vi—)\dyd)x)
— g (T =0 2 = f (7 =)o) )

= _L% (T — ) ldy = m.
Co

2711

]

For the rest of the current and the following sections, we restrict our attention to
analytic families of closed operators T(z) satisfying Al, and a corresponding eigenvalue
i (a,b) = R satisfying A2.

Lemma 3.4. Let z, po € C such that yg is an eigenvalue of T(zp). There exist €,6 > 0 such
that:

(1) wo is the only eigenvalue of T(zg) in Bs(puo),
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(2) for every z € Be(zo), T(z) has no eigenvalue on 0B (o),

(3) for every z € Be(zo), the operator

(z) = —% %}B&(MO)(T(Z) ~A)ldA (3.14)

is an analytic family of projectors, whose rank is independent of z.

Proof. (1)+(2): Since the spectrum of T(zg) is discrete, there exists a 6 > 0 such that y is
the only eigenvalue of T(zg) contained in Bs(:(zo)) (so that (1) automatically holds). To
prove (2), fix some Ag € 0Bgs(pp); then, for any A € 9By (pp), we can write

T(z) — A=

Ka(z)

—~

T(zo) —A) - (I+Ky(z)), where (3.15)
(T(z) - 1) [ T'@dc.

20

I
—~~
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~—~~
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Therefore we seek € > 0 such that for |z — zg| < ¢, the operator K, (z) is bounded and
has norm less than 1 for all A € dBs(jg), from which the claim follows.

Since 9B (yo) is compact and (T(zg) — A)~! is analytic, and thus continuous, in A for
all A € C, there exists M > 0 such that

(T(z0) = A) 7| <M

for all such A. Therefore, by the ML inequality,

KA @) < [[(T(z0) = 1) 71| ‘

/ZZ T’(g)d@H < CM]z — 20|,

for all A € dBgs(pup). Let

1
CcM’
then ||K)(z)|| < 1 for all |z — zg| < ¢, and consequently I + K, (z) is invertible. Since
T(zp) — A is also invertible, we deduce that T(z) — A is invertible as well, thus proving
the claim.

(3) This justifies that the operator 77(z) in (3.14) is well-defined. In addition, it is
analytic since its integrand is analytic for all z € B,(zp), and it is a projector for all such
z by Lemma 3.3. Lastly, we can again use [Kat95, Lemma 1.4.10] together with analyticity
to conclude that the rank of 77(z) is constant on B, (z). O

& =

We will later use the following corollary:
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Corollary 3.1. Let pg,zo € R such that ug is eigenvalue of T(zo) of multiplicity 1, let ¢ be a
normalized eigenvector of T(zg) for the eigenvalue uo, and let €,6 be the quantities produced by
Lemma 3.4. For every z € (zg £ ¢), T(z) has a single eigenvalue y(z) in [py £ 5]:

w(z) = po+ (z—20) - {¢o, T'(z0) o) + O(|z — zo|?).

Proof. For z € (zo —¢,z0 +¢), T(z) is a self-adjoint operator with discrete spectrum. We
can therefore diagonalize it: there exist eigenvalues i, (z) and eigenprojectors 71 (z) such
that:

T(2) = ¥ A2 m(2).

~.
Il
—

In particular, by the residue theorem, the projector 7(z) from (3.14) is given by:

n(z) = Y. e (z). (3.16)

k: |p(z)—pol<e

We note that 77(zp) has rank one, because y is the only eigenvalue of T(zg) in By(zp).
Therefore, 71(z) has rank one as well. We deduce from (3.16) that for every z € (zg +¢),
T(z) has a single eigenvalue (z) in Bs(pp), and 7(z) is its corresponding eigenprojector.
Moreover, since T(z) is self-adjoint for z € (zo +¢), we deduce that in fact y(z) € (po £ 9).
Consequently, for all z € (zg — ¢, zg + ¢€), we have the following identities:

(T(z) = p(2))7c(z) =0 and  71(2)(T(z) — p(z)) = 0. (3.17)

Taking the trace of the first identity in (3.17) gives us the formula y(z) = Tr(7t(z)T(z) 7 (2)),
and so yu is analytic. Therefore, we can take the derivative of the first identity in (3.17),
multiple by 71(z) on the left, and apply the second identity to obtain, after some rear-
rangement, that

W(2)n(z) = n(2)T'(z)7(2). (3.18)

Taking the trace of (3.18) evaluated at zy and using the formula 71(z9) = ¢o ® ¢o, we
obtain

W (z0) = Tr(7t(20) T (20)7t(20)) = (Po, T'(z0) o)

We conclude using a Taylor expansion of u that:

u(z) = po+ (z— z0) (o, T'(z0) o) + O(|z — zo ).
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3.4 Proof of Theorems 1.1 and 1.2

We prove our first two main results: Theorems 1.1 and 1.2, which predict that the eigen-
values and eigenprojectors of analytic families of operators are also analytic on a neigh-
borhood of the real line. While these theorems are directly inspired by [FW12], the
technical core of their proofs relies on different arguments. Both approaches consider
maximal extensions of y until a critical threshold b, of z, at which point they face the
same challenge: how to continue p beyond b,. Fefferman and Weinstein construct a
vector-valued analytic function F, specific to the honeycomb setup, whose zeroes charac-
terize where the multiplicity of y is no longer m. Because the zeroes of F are discrete, this
allows them to continue y beyond b.. We rely instead on a Schur-complement reduction
(Proposition 3.3) of Hy, near the energy (b ). This produces a matrix M(z) defined near
b, which allows us to apply Theorem 3.4 to diagonalize M(z) on a “disk minus one ray”
centered at b,. This allows us to continue y analytically around b..

A
-
4
-

Figure 3.1: A possible configuration of the sets U and D (where in this figure D =
{z_1,2+,21,22}) whose existences are guaranteed by Theorem 1.1.

Let IP;(z) denote the disk B,(z) with the ray starting at z and pointing in the direction
of the positive imaginary axis removed, i.e.

Pe(z) := Be(z) \ {2 : R(Z) =23() > 0}. (3.19)
To prove Theorem 1.1, we first reformulate it using the following definition:

Definition 3.3. A value b, € [b, +00] is good (respectively admissible) if there exist sets

(1) D C (b, by) finite (respectively of the form {z;}jcN with z; increasing and converging to
b*)/
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(2) U C C a connected neighborhood of (a,by) \ D equal to a union of disks Be_(z) centered
at points z € (a,by) \ D and sets of the form Pe;(z;) (as in (3.19)) centered at z; € D:

U= |J Be.(z)U | Pglz), (3.20)
z€(a,by)\D zjeD

such that y extends to a continuous function on U U D, and for all z € U:
(a) u(z) is analytic and an eigenvalue of T(z) of multiplicity m,
(b) the associated eigenprojector 1t(z) is analytic.

Good and admissible values in [—oo,a| are defined analogously.

Using this terminology, we then prove a slightly stronger statement, of which Theo-
rem 1.1 is a consequence.

Theorem 3.7. d-oco are both admissible.
We shall prove that +co is admissible; the proof for —cc is identical.
Lemma 3.5. b is good.

Proof. Let 71(z) denote the eigenprojector corresponding to p(z), and let zg € (a,b) be
arbitrary. Then by Lemma 3.4, there exist ¢,6 > 0 such that 1i(z) is the only eigenvalue
of T(zp) in Bs(p(z0)) and for every z € B¢(zp), T(z) has no eigenvalue on 0B (p(zp)).
By shrinking e if necessary, we may also assume (zg9 £¢) C (a,b). Since p is assumed
to be continuous, we then must have that p((zo £ ¢€)) C Bs(p(z0)), for otherwise there
would exist z € (zg £ ¢€) such that yu(z) € dBs(1(z0)), contradicting Lemma 3.4 (2).

Let 77(z) be the operator defined in (3.14), so that 77(z) is the spectral projector corre-
sponding to 0B (p(zo)). Since T(zp) is self-adjoint, 77(zg) is precisely the eigenprojector
corresponding to y(zp), and therefore has rank m. Consequently, 7t(z) has rank m for all
z € (zg L ¢€). Since y(z) has multiplicity m on this set, we deduce that 77(z) is in fact the
eigenprojector corresponding to i on (zg £ ¢), and thus equal to 77(z) on this set. Since
the integrand of (3.14) is analytic in z, this implies 71(z) is real analytic on (z9 £ ¢), and
since zo € (a,b) was arbitrary, this in fact implies that 77(z) is real analytic on all of (a,b).

This also justifies that p can be locally expressed as

w(z) = LT (—ZLM/CA(T(Z)—A)W),

m

and since the multiplicity m is assumed to be constant, this tells us that p(z) is real
analytic on (a,b) as well. Now, since y and 7t are both real analytic on (a,b), there
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exists a connected neighborhood W C C of (a,b) such that both 7w and y have analytic
extensions to U. It then will follow that b is good with D = @ if we can find a subset
U C W of the form (3.20) such that y(z) is an eigenvalue of T(z) of multiplicity m and
7T is its associated eigenprojector for all z € U.

Note that, for z € (a,b),

n(z)? —m(z) =0 and (T(z)— u(z))n(z) = 0. (3.21)

By the identity theorem, the identities in (3.21) must be true for all z € W. The first
identity tells us that 77(z) is a projector for all z € W, which, together with the second
identity, tells us that p(z) is an eigenvalue and the image of 7r(z) is contained in its
corresponding eigenspace. Moreover, since 71(z) is analytic, we can again use [Kat95,
Lemma 1.4.10] to conclude that its rank is constant, and therefore equal to m on all of W.
As a result, u(z) is an eigenvalue of multiplicity at least m for all z € W.

To finish, recall that for zy € (a,b), there exists ¢ > 0 such that 7 is given by (3.14) on
Be¢(zg) C U, and as such, its image contains the eigenspace corresponding to y(z), and
thus the dimension of this eigenspace is bounded above by m. Therefore the multiplicity
of u(z) must be exactly equal to m on B,(zp). Since such a set exists for all zg € (a,b),
we can then define U to be the union of these disks, and then yu restricted to U will be
the desired extension. Therefore, b is good. l

Lemma 3.6. Let b, € [b, +00] be good, and let D, U be the sets associated to b, through Defini-
tion 3.3. Then u is C-Lipschitz on U U D.

Proof. By definition of b, being good, we have that, for all z € U, y and 7t(z) are an
eigenvalue and corresponding eigenprojector, respectively, of T(z), and as such satisfy
the identities in (3.17), and consequently u’(z)7t(z) = 7t(z)T(z)7t(z). Taking the norm of
both sides of this equation, it follows from sub-multiplicativity that, for z € (a,b)

W (@) < |IT'@) < C.

Therefore u is C-Lipschitz on U. Since D is finite though, it follows that U is dense in
U U D, and thus we can conclude that p is in fact C-Lipschitz on U U D. O

Lemma 3.7. If by € [b, +o0) is good or admissible, then there exists by > by good. In particular,
all finite admissible values are good.

Proof. let D, U be the sets associated to by through Definition 3.3. Then by Lemma 3.6,
is C-Lipschitz on U U D, and therefore extends to a C-Lipschitz function (which we shall
also denote by y) on UU D U {bp}.

We now apply Lemma 3.4 to zp = by and pg = p(by) (which is an eigenvalue of T (by)
by continuity of eigenvalues). Let 77(z) be the operator defined in (3.14), so that for some
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e,0 > 0 and for z € B, (by)), 7T(z) is the spectral projector corresponding to eigenvalues
contained in Bs(p(bg)). Let £(z) = Im77(z), so that £(z) is a finite-dimensional vector
space of dimension independent of z. Then, since T(z) is assumed to be acting on a
Hilbert space H, we can now decompose T(z) with respect to £(z) ® £(z)*:

T(z) = (TH(Z) Tu(Z)) |

T21 (Z) T22 (Z)

Observe that for z € (by £ ¢), T12(z) = Tr1(z) = 0 since T(z) is self-adjoint for z € R.
Since these operators are analytic, the identity theorem tells us they must be identically
zero on B, (bp).

In addition, note that by construction, Tp2(bo) = T(bo)¢ (s, has no eigenvalues in
Bs(1(bp)), and since T(by) is self-adjoint, this implies T (by) — p(by) is invertible, and its
norm is bounded by 1/4. By writing

Tyn(z) = A = (Toa(bo) — u(bo)) - (I+Ky(z)), where
Ka(z) = (T (bo) — p(bo)) " (Taa(z) — Toa(bo) + A — p(bo)),

we obtain, by a Neumann series argument such as the one following (3.15), that Ty (z) —
A is invertible for |z — bg| < 6/2C and |A — pu(bg)| < 6/2.
Let (¢1,..., ¢n) be a basis of £(by). For |z — by| < €9 < min{e, §/2C}, ¢ sufficiently
small, the set
{9j(z) == m(z)p;}i4

forms a basis for £(z). Let M(z) be the matrix of Tj1(z) with respect to this basis. Then
M(z) is Hermitian for z € (by £ ¢9), and its entries are given by

(T(2)9i(2), 9(2))
(M(2))ij = ||(Pj(Z)||2] ,

from which it follows that M(z) is analytic on Bg,(bo).
By Theorem 3.2, after possibly shrinking ¢y, we may express M(z) for z € P :=
P, (bo) (as in (3.19)) as

M(z) = 2%(2)7@(2), where:
j=

® Ay,..., A, are distinct eigenvalues of M(z) with constant multiplicity that depend
analytically on z,

* 1m,..., 7, are distinct eigenprojectors of M(z) that depend analytically on z.
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—=€ i € me> 7 } C >

Figure 3.2: A cross section of the dispersion surface y, and the analytic functions A;
describing the eigenvalues of M(z) on P. In the situation drawn in this figure, u = A,
on UNP.

Note that by Definition 3.3, and specifically (3.20), U N P is connected and contains
(bo — €9, bp), and thus is non-empty. Therefore, for z € U N P, u(z) is an eigenvalue of
T(z) in Bs(p(bo)), and thus is also an eigenvalue of M(z). As a result, j(z) = A;(z) for
some j on U N P, from which it follows that u extends to an analytic function on U U P.
This also implies that 77 and 77; agree on U N P, and so 7t extends to an analytic function
on UUP as well. Thus, forallze UUW,

* 1(z) is analytic and an eigenvalue of T(z) of multiplicity m,

e 71(z) is analytic and is the eigenprojector associated to p(z).

Let by = by + €9. If by is good, observe that U U P is a connected neighborhood of
(a,b1) \ (DU {bp}) of the form (3.20), therefore b; is good. If on the other hand by is
admissible, then write D = {z;};en, with z; increasing to bp. Then there exists | > 0
such that P contains z; for all j > J. Consequently, in the definition of U, we can replace
IP¢,(z;) with an open disk Be,(z;) C P for some potentially new ¢; > 0. Then the resulting
set UU P is a connected neighborhood of (a,b1) \ {z1,...,2j-1,bo}, also of the form (3.20),
and so by is still good. A consequence of this is that by is in fact good, as can be seen by
restricting u back to U (after the relevant replacements). Therefore, all finite admissible
values are good. O

Lemma 3.8. Let b; € [b, +00) be good values, increasing and converging to by € [b, +c0). Then
b is good.
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Proof. By Lemma 3.7, it suffices to prove that b, is admissible. For j € N, let D;, U; be
the sets associated to b; through Definition 3.3, let 1; denote the corresponding extension
of u, and let 71; denote the associated eigenprojector. To show that b, is admissible, we
then want to construct sets D, U and extensions . of y and 7, of 7t as in Definition 3.3.

Towards that end, we construct new sets U D for j € N recursively. First, let

fll = U; and D1 = D;. Then, for j > 1, by Definitlon 3.3 we can write U1 as

u]'+1: U ]BgZ(Z)U U ]Pgé(Zg).

z€(a,bj11)\Dj+1 z¢€Dj 4

Let W1 denote the sub-union consisting of the disks and sets of the form IP,(z) centered
atz > b;:
= Yy

Wiy = U Be, (z) U U IPe, (z¢).

z€[bj,bj+1)\Dj+1 z¢€Dj 1N [bj bj41)

We then define ClHl = LNIj U W;1, from which it follows that l~l]~+1 is of the form (3.20). In
addition, U; N Wj1 is necessarily connected, and y; and p;,1 agree on this set since U; N
Wiy1 C U;N Ujyq, which is an open and connected set containing (a,b), and therefore
puj and pjiq agree on this latter set by the identity theorem. Thus we get a well-defined

extension of y; to L~I]-+1, which we now denote by ;1. It then follows that y;(z) is an
eigenvalue of T(z) of multiplicity m for all z € U; since it satisfies these properties on
both U; and W]'H An identical argument tells us that there exists an analytic extension
i1 of 7Tj to U]H such that 71 (z) is the eigenprojector associated with ‘u]H( z). Lastly,

we define D]H = D U (Djt1 M [bj,bj11)); then this set is finite since both D and Dj 4
are finite. Since y; is C-Lipschitz by Lemma 3.6, y;,1 extends to a contlnuous function

on u]'_|_1 U D]'_|_1.
Now let

Since ljlj U D]' C ljj+1 U D]'H for all j € IN, we can then define y, : UUD — C and
7 UUD — C as the direct limit of the extensions y; to the sets flj U Dj, and 775 to

the sets L~I]-, respectively. As such, it follows that the sets U and D (where D is possibly
infinite) together with the extensions . and 7, satisfy the conditions of Definition 3.3,
and so b, is admissible. However, by Lemma 3.7, this implies that b, is good. O

Proof of Theorem 1.1. Assume that 40 is not admissible and consider

by =sup{b. € [b,+0) : b, admissible}.
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Then by Lemma 3.5, this supremum is being taken over a non-empty set, and so it is
well-defined. Let b; be an increasing sequence of admissible values converging to ..
By Lemma 3.7, b; is good for all j, and so by Lemma 3.8, b+ is good and therefore also
admissible. However, this then implies by Lemma 3.7 that there exists b, > b, that is
also good, contradicting maximality of b. Therefore, +c0 must be admissible. O

We formulated the above proof of Theorem 1.1 before becoming aware of Rellich’s
similar result [Rel40] discussed in Section 1.1. In particular, note that in the proof of
Theorem 1.1 and the preceding lemmas, we only used Theorem 3.2 — which gave us a
decomposition of the analytic family of matrices M(z) on P¢,(bg) for by € D NR — instead
of the stronger result, Theorem 3.4 — which would give us the same decomposition, but
on By, (bp). Using this latter result, Theorem 1.2 is essentially an immediate consequence
of Theorem 1.1 via the following definition.

Definition 3.4. A value b, € [b, +o0] is perfect (respectively almost-perfect) if there exist sets

(1) D C (b, bs) finite (respectively of the form {z;};cn with z; increasing and converging to
b*)/

(2) U C C a connected neighborhood of (a,bs) equal to a union of disks By, (z) centered at
points z € (a,by):

U= |J Be(2),

z€(a,by)
such that y extends to an analytic function on U and

(a) u(z) is an eigenvalue of T(z) forall z € U,
(b) u(z) has multiplicity m for all z € U\ D,

(c) the associated eigenprojector 1t(z) is analytic on U.

Perfect and almost-perfect values in (—oo, a] are defined analogously.

It follows that to prove Theorem 1.2, it suffices to prove that +co are both almost
perfect.

Proof of Theorem 1.2. First note that the proof of Lemma 3.5 actually shows that b is per-
fect. In addition, by using Theorem 3.4 instead of Theorem 3.2, Lemmas 3.6 — 3.8 still
hold if every occurrence of the adjectives good and admissible are replaced with perfect
and almost perfect, respectively. As a result, our proof of Theorem 1.1 then shows, using
the appropriately modified lemmas, that +co is in fact almost-perfect, and an identical
proof shows that —oo is almost-perfect as well. O
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Chapter 4

DISPERSION SURFACES OF SCHRODINGER OPERATORS:
GENERAL THEORY

Using Theorem 1.2, we now develop a general framework for analyzing the disper-
sion surfaces of Schrodinger operators —A 4 V for generic potentials V invariant under
a lattice A, i.e. periodic with respect to A and symmetric with respect to its point group.
We start by discussing the spectral theory of —A on L% and defining lattice-invariant
potentials. We then state and prove perturbative lemmas on Floquet-Bloch eigenvalues
of H, = —A + zV. Brought together, these results outline our strategy to describe the
generic structure of the dispersion surfaces of invariant Schrodinger operators. In the
following two chapters we then apply this framework to analyze the dispersion surfaces
of Schrodinger operators with potentials invariant under a variety of specific two and
three-dimensional lattices, respectively.

4.1 Spectral Theory of the Laplacian on L%

Fix some lattice A with basis (vy,...,v,) and reciprocal basis (ki,...,k), and fix some
K € R". For simplicity of notation, if m € Z" let

n
j=1

We then claim that ¢y, (x) = &/(K+"0) % for ;m € Z" is an orthonormal basis of eigenvectors
for —A on L%(. Indeed, note that

— D (x) = |[K + mk| *gm(x),

and (¢m)mezn is the image of the orthonormal basis (®;’:162”imfxf Ymezn of L2[0,1]%"
under the unitary map which first sends ®;1:162mmfxf to e € L2, and then %~ to ¢y,

via multiplication by e’X"*. Consequently,
o(=A) = {||K+mk||> : m € Z"}.
and the multiplicity of an eigenvalue ,, := ||K + mk||? is given by

1 p () = Hk’ eK+A*: ||K|?= |]K+mkHzH . 4.1)



60

This motivates us to define an equivalence relation between quasi-momenta as fol-
lows: let K7, K> € R"; then

K1 ~ Ky if ||Kq|| = ||Kz]|| and there exists k € A* such that K1 = K + k. (4.2)

Let [K] denote the equivalence class containing K; then [K] = {k € K+ A* : ||k|| =
1]}, and by (4.1),

m_ (o) = [K]
i.e. the multiplicity of o = ||K||? is equal to the cardinality of the set [K].
From here, recall that the Floquet-Bloch problem (1.3) is periodic with respect to the

dual lattice A*, so we focus our analysis on K € B. For such K, the minimal eigenvalue
of —A on L%( is then given by p, since by definition of the Brillouin zone B,

IKI[P < [[K=K|]>, VK e A* (4.4)

, (4.3)

This also implies that if K is in the interior of B, then the inequality (4.4) is strict, and so
the eigenvalue p is simple.

Conversely, we expect K € 013, particularly the vertices of 53, to correspond to eigen-
values of high multiplicity. In fact, by Proposition 2.1, if we let m denote the number of
(hyper)faces of B which contain K, then m_x(p9) > m + 1. Furthermore, if we let m’ =
m_na(po) and assume that K lies on a single (hyper)face of B, then the proof of Proposi-
tion 2.1, and specifically (4.1), tells us that there exist vectors Ky, ..., K, € A* such that
|IK = K;|[* = ||K||* for j = 1,...,m’. As a result, (2.8) implies that K - K; = 3||K;||? for
j=1,...,m' and so K lies on the m' distinct (hyper)planes defined by x - K; = 3||K;||?
forj=1,...,m". However, since K lies on a single (hyper)face of B, this implies K lies on
exactly one of these (hyper)planes, and so m’ = m_x(po) = 2. A consequence is that the
vertices of B correspond to eigenvalues of comparatively high multiplicity. As a result,
these quasi-momenta are the most likely to have interesting intersections of dispersion
surfaces, and we therefore focus our analysis on these points.

Our focus on the vertices of B conveniently also simplifies our later computations, for
if K is a vertex, the corresponding equivalence class [K] is contained in the set of vertices,
ensuring that we only have to check a finite number of elements of K + A* to determine

Proposition 4.1. Let V(13) denote the vertices of B and let K € V(1B3). Then
K] =V(B) N (K+A").

Proof. Let K € V(B) and let k' € A*; it then suffices to prove that ||[K — k||? = ||K||? if
and only if K — k' € V(B). However, (2.5) implies that ||[K — k’||> = ||K||? if and only if
K-k = ||K'||?, and so by the proof of Proposition 2.1, K — k' lies on the same number
of (hyper)faces of B as K does. Together with the fact that K € V(B), this implies
K—k € V(B) as well. O



61

4.2 Invariant Potentials

Now that we understand the spectral theory of —A on L%, we want to introduce a po-
tential V. Towards that end, fix a lattice A with basis (vy,...,v,), dual basis (ky, ..., ky),
and point group G. Observe then that G acts isometrically on scalar-valued functions:

gf(x) == f(g'x).

We will later need an induced action of a subgroup Gy of G on L? for some quasi-
momentum k. However, for this action to be well-defined, we need Gy to satisfy an
additional criterion.

Definition 4.1. We say ¢ € G is k-invariant if
gk ek+ A"
Analogously, we say a subgroup Go of G is k-invariant if g is k-invariant for all g € Gy.

To see that k-invariant subgroups give well-defined actions, note that if Gy is such a
subgroup and g € Gy, then by definition there exists k' € A* such that ¢k = k + k’. Then
forallv € A, gTU € A as well by definition of G, and as a result

gp(x+0) = p(g x +gT0) = 8 (g Tx) = e¥F Vg, p(x)
_ ei(k+k/)'vg*1/](x) _ eik-vg*lp(x).

In particular, this shows that k-invariant group elements map L? to itself.
We now define potentials invariant with respect to A.

Definition 4.2. Let A be a lattice with point group G. We say that V. € C®(R",R) is A-
invariant if:

1) V is A-periodic, i.e. V(x +v) = V(x) forall x € R> and v € A,
2) V is G-invariant, i.e. g,V =V forall g € G.

When the lattice A is clear from the context, we will omit it and simply refer to V as an invariant
potential.

Example 4.1 (“Atomic” Lattice Potentials). Let A be a lattice with symmetry group G,
and let V) be a smooth, radial, and rapidly decreasing function, which we think of as an
“atomic potential”. Then the potential given by

V(x):=)_ Vo(x+0)

veEA
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is an example of a A-invariant potential, which we associate with “atoms” at each v € A.
Our assumption that Vj is rapidly decreasing ensures that V' is well-defined. To see that
V is A-periodic, let vy € A. Then vy + A = A, and conseqeuently

V(x+ 1) = Z/:\VO(x+vo+v) = ZAVO(x—l—v) = V(x).
ve VEV)+

Similarly, to see that V is G-invariant, let ¢ € Gp. Since G is a subgroup of the or-
thogonal group, our assumption that V; is radial implies g.Vp(x) = Vo(g'x) = Vo(x).
Consequently,

V(X)) =Y Vo(g'x+0)= Y Vg ' (x+gv) = Y Vo(x+0) =V(x).
vEA v'eA vegA

Therefore, V is indeed a A-invariant potential.

When V is an invariant potential, the fact that V is A-periodic enables us to expand
V as a Fourier series with coefficients { Vi, } ez

Vix)= ) Vyemk

meZ"
Vm — <eimk-x V> .

For simplicity of notation, if X' € A* so that k' = mk for some m € Z", we shall also
denote V;;, by V. If we then view these coefficients as a function on A, they are invariant
under an induced action of G:

gVi = Vyrp = <eing'x,V> - <eik'X, g*V> - <eik'X,v> = V. (4.5)

By working with an invariant potential V together with a k-invariant subgroup Gg <
G, we are then able to reduce the Floquet-Bloch problem (1.3) using the following propo-
sition.

Lemma 4.1. Fix some k € R", let V be a A-invariant potential, and let Gy < G be k-invariant.
Then H= —A+V and all g € Gy map a dense subspace of L3 to itself. Moreover, restricted to
this dense subspace, [H, g.] = 0.

Proof. Let C° denote the space of smooth functions satisfying f(x +v) = e~ *?f(x) for
all x € R", v € A; then all g € Gp map this space to itself by k-invariance, and so too
does H. To see that [H, g«] = 0, first note that by definition of G, g, is an isometry
and therefore commutes with A. In addition, by G-invariance of V, we have that for all
fecy,

g«(Vf)(x) = (8:V)(g:f) (%) = (V(g+f)) (x).

Therefore g, commutes with both A and V, and thus commutes with H, as claimed. [
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A subset of invariant potentials that has been studied extensively are honeycomb
lattice potentials (see [FW12; FW14], for example), which are A-invariant potentials for
a honeycomb lattice A (also often referred to as hexagonal lattices in the context of
crystallography). Several consequences of the definition of a honeycomb lattice potential
also naturally extend to this more general definition, which we shall later need.

Remark 4.2. The spectral properties of Hy = —A + V are independent of isometries of
the potential V, which has a number of implications:

1. If V is the translation of an invariant potential, so that V(x) = V(x — x¢) is an
invariant potential for some xy € R", then Hy will have the same spectral proper-
ties as Hy;, and therefore all of the following results apply to such a potential with
negligible modification.

2. If U is a orthogonal transformation and V is a A-invariant potential, then V o U*
is a UA-invariant potential, and the dual lattice satisfies (UA)* = UA*. As a
result, the spectral properties of Hy on L? are the same as those of Hyoy+ on L7,
Therefore, we can always replace the lattice A with UA for some computationally
convenient U.

3. Furthermore, our remark about orthogonal transformations implies that the spec-
tral properties of Hy on L? are the same as those of Hy on Lék for all g € G.
Together with the A*-periodicity of the Floquet-Bloch eigenvalue problem (1.3),
this implies that the dispersion surfaces of H near a quasi-momenta k € R" are
determined locally by those near gk. Consequently, it suffices to consider quasi-
momenta whose orbits under G are distinct.

Remark 4.3. Since all invariant potentials are assumed to be real-valued, if (¢(x; k), ) is
an eigenpair of the Floquet-Bloch problem (1.3) with quasi-momentum k, then (¢(x; k), i)
is also an eigenpair with quasi-momentum —k.

Moreover, every lattice A is necessarily invariant under the negative of the identity,
which implies that the point group G must always include this matrix; therefore, by G-
invariance, every invariant potential V must also be even. This together with our previ-

ous observation implies that (¢(—x; k), 1) is an eigenpair as well, with quasi-momentum

k.

4.3 Decomposing L% via a K-Invariant Subgroup

For the rest of this section, we make the following assumption on K:
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Assumption A3: There exists an abelian subgroup Gy of G such that GoK = [K] and
Gol = |GoK].

Although this might appear to be a restrictive assumption at first glance, we will
see in Chapters 5 and 6 that such a subgroup exists in most applications of interest.
This assumption is helpful because by construction of [K], Gy is necessarily K-invariant,
and thus has a well-defined action on L2. In addition, by our assumption that V is
G-invariant and the fact that g. is the pushforward by an orthogonal matrix for every
g € Go, H commutes with the action of Gy on L%(. We can therefore reduce the spectral
problem for H on L% to spectral problems on the invariant subspaces of Gy, which will
be one-dimensional (see Corollary 2.2 and Remark 2.6).

Before we perform this reduction, however, we introduce some notation. By Lemma
2.1, there exists a minimal system of generators gi,...,gs of Gy with respective orders
ny,...,ny. Since Gy is assumed to be abelian, it follows that Gy = @le an. In addition,
if ¢ € Gp is of order N, then 012 (g+), the spectrum of g. viewed as an operator on L2,
is contained in the N-th roots of unity Uy (and in fact, we will see in Lemma 4.2 that
O’L% (g«) = Uy). This follows first from the fact that g, has finite order, and consequently

has pure point spectrum, and if w is an eigenvalue of g., then ¢V = ¢ implies wN = 1,
and so w € Uy. With this in mind, we define:

4 4

J:=]J{0,...,n;—1} and U::HUnj, (4.6)

=1 j=1

so that Gy = {¢/ : j € J}, where we are using the multi-index notation g/ = g’f e g@‘.
Again using the fact that Gy is abelian, we can then simultaneously diagonalize the
operators (g;)«, which leads us to the following decomposition of L2:

4
L2 = @ L%(,a)' L%(,w = m kerL%(((g])* — w])
wel j=1

It is worth noting that the spaces L%(/w for w € U are pairwise orthogonal by virtue of
the operators (g;). being unitary.

Lastly, it will also simplify our later computations by introducing a convenient method
of enumerating elements of [K]. Specifically, for each j € J we define m(j) € Z" as the
n-tuple satisfying

JK=K+m(j)- (ki,..., kn); 4.7)

then m(j) exists and is unique by A3.
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4.4 Strategy

Our goal is to describe the structure of dispersion relations of H, near some quasi-
momentum K € IR" for generic values of z, where we continue to assume that K together
with a subgroup Gg of G satisfy A3. Our strategy relies on the four key lemmas stated
below; their proofs are postponed to Section 4.5. We start with a result regarding the
spectral theory of —A on L%(’w.

Lemma 4.2. Let K € R" and Go of G satisfy A3. For each w € U, ||K||* is an L%  -eigenvalue
of —A of multiplicity 1, with corresponding normalized eigenvector given by

1 L
Y wleis KX, (4.8)

Po(x) = /_‘GO‘ =

Lemma 4.2 together with Corollary 3.1 will then help us construct an eigenvalue y(z)
of H, satisfying A2.

Lemma 4.3. Let K € R" and Gy of G satisfy A3 and let w € U. There exist €,6 > 0 such that
for z € (—¢,¢), H, has a unique LY -eigenvalue in (||K||* £ &), given by

u(z) = K| +z- %wjvm(]') +0(|z),
j€

where m(j) is the multi-integer defined in (4.7).

A straightforward application of Theorem 1.3 implies that H, has an Liw-eigenvalue
u(z) splitting from the L%-eigenvalue ||K||?> of Hy = —A, which for generic z € R is
simple and whose eigenprojector can be extended to an analytic map on a neighborhood
of the real line.

When K is a vertex of the Brillouin zone, we will be able to compute the generic
multiplicities of the L%-eigenvalues of H, splitting from the eigenvalue ||K||*> of —A
using symmetry arguments. We will then describe the structure of the corresponding
dispersion surfaces near K using the following three results.

Lemma 4.4. Let ji(z) be an L%-eigenvalue of H, for some z € R, let 7t(z) : L% — L% be the
corresponding eigenprojector, and let £(z) be the corresponding eigenspace.

(1) There exist ¢,6 > 0 such that for ||x|| < ¢, the L% eigenvalues of Hz in B(y(z)) satisfy
det ((u(z) — p) + M(z,x) + R(p, 6)) lg(z) = 0,

where M(z,x) = —7t(z)(2ix - V)7t(z) and ||R(u,«)|| < Cy]|x||? for some C; > 0.
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(2) If Az, x) is a simple eigenvalue of M(z, k), continuous in x on some open set U C B.(0)
such that sup, ., |[A(z,x)| < 9, then there exists a simple eigenvalue p(z,x) of H, on

L% . satisfying

H(z, %) = p(z) + Mz x) + O(|[x| ). (4.9)

(3) If M(z,x) = O, then every L%  -eigenvalue j(z,x) of H. satisfies u(z,«) = p(z) +
O(|[x[]?)-

For the following lemma, we continue to let M(z, «) := —7t(z)(2ix - V)7 (z), although

we no longer assume that z € IR, so that we can use this lemma in conjunction with
Theorem 1.2.

Lemma 4.5. Let 1i(z) be an L-eigenvalue of H, for some z € R such that the corresponding
eigenprojector 1t(z) depends analytically on z € U. The characteristic polynomial of M(z,x),
acting on the finite-dimensional eigenspace £ (z), depends analytically on z € U.

Lastly, to compute the characteristic polynomial of M(z, k), we will express this ma-
trix with respect to a basis consisting of one vector from each of the subspaces L%  for
w in some subset of U. This final lemma will help us simplify these computations.

Lemma 4.6. Let ¢ € Ly, and let ¢ € L . for w,& € U. Then forall j € J, (¢, V) is an

eigenvector of ¢ with corresponding eigenvalue w~I@!. Moreover, if K is a vertex of the Brillouin
zone B, then (¢, V¢) = 0.

4.5 Proofs of Lemmas 4.2 — 4.6

Proof of Lemma 4.2. We first note that ||K||?, as an L%-eigenvalue of —A, by A3 has multi-
plicity |GoK| = |Gyg|. Consequently, it suffices to prove that for each w € U, the function
¢ in (4.8) is a normalized L%  -eigenvector for the eigenvalue ||K||?, for then this eigen-
value on L%(/w would necessarily be simple since |U| = |G|

To see that ¢, is normalized, observe that the |Gy| functions ¢'¥’Kx form an orthonor-
mal system because of A3. Indeed, each of these exponentials is distinct, for if ¢/K = ¢/ 'K,
then ¢/ /'K = K, which implies ¢/~/ = I because |GoK| = |Go|. Therefore ¢/ = ¢/ and
j=7" |

To show that ¢, € L%(/w, we first note that ¢, € L% since ¢/K € K+ A* for every
j € J. In addition, we compute that

1 e Koo wq er io iteIK.
(gl)*g[)w(x) = Zw]ezg 8§ X — "~ w8 P wlq‘)w(x)’
V ’G0| j€l V ’G0| j€l
with similar identities when testing the pushforward operators by g»,...,8,. We con-
clude by noting that ¢, is an eigenvector of —A with eigenvalue ||K]| 2 since ||g/K]|| =
||K|| by virtue of g/ being an orthogonal matrix for every j € J. O
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Proof of Lemma 4.3. By Lemma 4.2 and Corollary 3.1, there exist ¢,6 > 0 such that H, has
a single eigenvalue 1 (z) in (||K||?> & 6) for all z € (—¢,¢), given by:
u(z) = IKI* + z(gw, Higw) + O(|z]?)
— (K| + 2(p0, Vo) + O([212).

It therefore suffices to prove that

(Pw/ V(Pw Z (U]V
j€l

Towards that end, first recall that V, viewed as a multiplication operator, commutes
with g, for all ¢ € G due to V being A-invariant. Consequently, by expanding ¢, via
(4.8), we compute that

<¢w/V¢w>=me J<lg JK-x V<Pw> ZH <1vagj¢w>

j€l !Go
_ \/ﬁ%< piKx V¢w> _ \/E< iKx V¢w>
YW <eﬂ<-x, Vefg*fK-X> Zw]< i(K=g JK)-x V> YWV . (410)
i€l j€)

Note that in (4.10), we have used the fact that K — g_fK = —m(j) - (k1,...,kn). Lastly,
since V is necessarily even, V_,,;) = V() for all j € J, thus completing the proof. ]

Proof of Lemma 4.4. We first prove, using the Schur complement formula (Proposition
3.3), that there exist ¢,6 > 0 such that for ||x|| < ¢ and pu € Bs(u(z)),

H, — u is invertible on L% Tk
< (u(z) — u) + M(z,x) + R(u, k) is invertible on £(z), (4.11)

where M(z,x) = —n(z)(2ix - V)7rt(z) and R(u,x) < Cy||x||? for some C; > 0. Since
z € R is assumed to be fixed, for simplicity of notation we suppress the dependence of
£(z) on z, and denote this eigenspace simply by £. We also note that the operators H; on
Li e and Hy := e~ Y H,el®% on L2 have the same spectrum. Indeed, if ¢(x) € L%(, then
P(x) == e ¥p(x) € L%, Furthermore i is an L%, eigenvector of H; with eigenvalue
u if and only if

Hexp(x) = e~ Hop(x) = ugp(x),
or, in other words, ¢ is an L%( eigenvector of H,, with eigenvalue yu. Therefore, it is
equivalent to prove that H, — y is invertible on L% if and only if (u(z) — ) + M(z, &) +
R(p,x) is invertible on &.
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Write H, x as a 2 x 2 block operator with respect to the decomposition L% = £ ¢ £+

Hy HUY
Hyy = -
HEY HEY

Letting 71(z)+ = I — 71(z), we compute that
g P

H = 71(2)Hy 71(z) = m(2)e ®¥(=A + 2V (x))e™ 71 (2)
= m1(z)(Hz = 2ix - V + ||| |*) 7r(2)
= p(z) + M(z, %) + |||,

H = 11(z)(H, — 2ix - V + |[x|[*) 7 (2)*

)
—nu(z)(2ix- V)m(z)" + O(|Ixl?) = O(lIx]]),
H,é,)—( ) = o(Ix).

Next, we claim that there exist ¢, > 0 such that for ||x|| < ¢ and u € Bs(u(z)),
HZ(IZKZ) — u is invertible and its inverse is uniformly bounded in p. To prove this, observe
that since H, has a compact resolvent and is self-adjoint due to our assumption that
z € R, we can order the distinct eigenvalues of H, so that there exist eigenvalues y_ <
#(z) < p4 and the remaining eigenvalues of H; are all strictly farther away from u(z).

Consequently, if we let

5= 5 min {|ju() — |, [p(2) — s 1},

it then follows that H;|¢. has no eigenvalues in B,(j(z)) since by construction p(z) is
not an eigenvalue of H,|¢.. Therefore H,|c1 — u is invertible and its norm is bounded
by 1/6. In addition the fact that H, is self-adjoint implies that Im(H;|c.) C £+, and as
aresult (H, — )|} 1 is a well-defined operator from £ L to itself (and in fact is a b1]ect10n

from £+ to HZ N+ by elliptic regularity).
Thus, for all i € Bs(u(z)), we have

H — = n(2)" (H, — = 2ix - V + ||| ) (2) -

= (Hz — p)|gr — 7t(z) " (2ix - V)7(z) " + |[x]|?
= (Hz — p)|gr (I = T(p,x)),

where

T(u,x) = (H: = )|z} (7(2)* 2ic - V)7(z)* +[[x]2)
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Again using elliptic regularity, for each u € Bs(j(z)) there exists some C, > 0 such
that || T(u,«)|| < Cul|x||. In addition, since B;(}(z)) is contained in the resolvent set of
H, T(z,«) is continuous in u on this set, which together with the fact that Bs(u(z)) is
precompact, means that there exists some C > 0, uniform in p, such that ||T(p, x)|| <
C||x||. Therefore, if we set ¢ = 1/C, it follows from a Neumann series argument such as

the one following (3.15) that HZ(IZKZ) — p is invertible and its inverse satisfies

(HEY — )™ = (H: — )l 71+ O([x]]),

uniformly in y, for 4 € Bs(u(z)) and ||x|| < e.

Since H;g;cz) — u is invertible for all u € Bs(u(z) and ||x|| < ¢, the Schur complement

of the block HZQ,ZKZ) — u is well-defined for all such p and x and is given by:

11) 12)

(HOY — )+ HO (HZ — ) HED = (u(z) — ) + M(z,%) + R(u,x), where

R(p,x) = ||| + HUD (HED — )" HED.

However, since H(H_SKZ) — )| <6+ C||x|| uniformly in u, it follows that ||R(p, «)]| <
C1||x||? for some C; > 0, thus proving (4.11). Using this, we now prove (1), (2), and (3)
of Lemma 4.4.

(1) This is immediate from (4.11), since y is an L%( -eigenvalue of H; if and only if
H, — p is not invertible, and (u(z) — ) + M(z,«) + R(p, ) is not invertible on £ if and
only if its determinant is zero.

(2) Suppose A(z, k) is a simple eigenvalue of M(z, k), continuous in ¥ on some open
set U C B¢(0) such that sup,.;|[A(z,«)| < é. Then for any xo € U, by continuity of A
there exists a neighborhood Uy C U of kg and a ¢y < ¢ such that sup, ., |A(z,x)| < do.
Thus, by simplicity, there exists a simple, closed, positively-oriented contour C contained
in Bs(p(z)), such that C strictly encloses y(z) + A(z, ) and no other eigenvalue of y(z) +
M(z,x) for all ¥ € Up. In addition, since C and Uy are compact (since Uy C B(0)) and
((u(z) — u) + M(z,x))~! is continuous in y,x for all u € C and x € Uy, there exists
Cy > 0 such that

[1((1(z) = 1) + M(z,1)) 71| < C2 (4.12)

for all u € C and x € U,.

We now want to use Cauchy’s integral formula (Theorem 3.6) to relate the eigenvalues
of H;x to those of M(z,x). To do so, we now prove that the operator (u(z) — u) +
M(z,x) + R(p, x) is invertible and its inverse is uniformly bounded in y for all p € C
and « € Uy. First, observe that

(1(z) — ) + M(z,%) + R(p, x) )+ M(z,«)) (I+S(z,x)), where
S(z,x) = ((u(z) — u) + M(z,x)) " - O(|[«]]*).

I
—~
—
=
—~

N
~—
|

=
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By (4.12), after increasing C, if necessary, ||S(z,«)|| < Cy||x||? for all u € C. Therefore,
by replacing & with the minimum of itself and 1/+/C,, it follows from another Neumann
series argument that (u(z) — u) + M(z,«) + R(p, ) is invertible and its inverse satisfies

(((1(2) = ) + M(z, %) + R(p, ) " = ((u(z) = ) + M(z,) "+ O(|[x| )

for all 4 € C and x € Uy, where again the bound is uniform in .
Thus, for all such u and x, we can write (H,, — 1)~ with respect to the decomposi-
tion L2 = E B EL as

(((u(z) — 1) + M(z,x) "L+ O(|[x]]?) O(|xl1) )

(Hz,K - l/‘)_l =
O(/Ix]) (HEZ — )1+ o(|[x|]?)

where all bounds are uniform in p. Consequently, by applying Cauchy’s integral formula
and taking the trace of both sides, we get

1 -1
Tr (Z_m ji H(Hzx—p) dﬂ)

= 1o (5, H(H) = 1)+ M(z,) )

27mi Je

1 (5o fnHE =07 ) e (5 e O P
= u(z) + Az, ) + O(||«]?). (4.13)

To compute (4.13), we have used three facts. First, we used that A(z,x) is a simple
eigenvalue of M(z,«) and the only eigenvalue contained in C. Second, we used that
y(HZ(,ZKZ) — u)~1 is analytic in # on Bs(3(z)), and so its integral on C equals zero. Lastly,
we used that the integral of 1 - O(]|x||?) is O(]|x||?), due to the ML inequality and since

the bound is uniform in y. An identical argument also tells us that

T (s o (Fa =10 ) = To (0 (02 = )+ MGz, 0) ) + O]

27t Je 2711 Je
(4.14)

From here, note that H,  is self-adjoint since it is unitarily equivalent to H,, and it is
also analytic in x in the sense of Al(i). Consequently, by the residue theorem, it follows
that if we let

7(06) = 3 o (Hee = 1) e,

271
then 77(x) is the projection onto the eigenspaces corresponding to eigenvalues of H
contained in C, and it is analytic in x since its integrand is. Therefore (4.14) becomes

rank 71(x) = 1+ O(|x|[?).
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Since 7t(x) is analytic in «, its rank must be constant, and we therefore deduce that H
has a single, simple eigenvalue y(z,x) in C. It then follows from (4.13) that

iz x) = p(z) + Az, %)) + O(| x|

for all x € Up. Since this equation holds on a neighborhood of x( for every xy € U, we
conclude that (4.9) holds on all of U.

(3) Assume that M(z,x) = 0; then by (1), for ||x|| < ¢, the L%  -eigenvalues of H; in
Bs(p(z)) are equal to the eigenvalues of y(z) + R(y, x)|¢, which in turn are equal to y(z)
plus the eigenvalues of R(y, k). However, if A(x) is an eigenvalue of R(y, x)|¢, then

A < IR, 0)]] < Cafre] .

Therefore, for ||x|| < ¢, the L%,  -eigenvalues of H, in Bs(y(z)) satisfy p(z,«) = pu(z) +
O(IIx[ ). 0

Proof of Lemma 4.5. Let m = dim &(z), which is constant by analyticity of 7(z) and
[Kat95, Lemma 1.4.10]. As a symmetric function of eigenvalues, the determinant of
M(z,x) — A can be expressed as a (universal) polynomial in the traces of its m first pow-
ers. This means that detg(,)(M(z,x) — A) is polynomial (with coefficients independent
of z, k, and A) in

Tre(y) ((M(z,6) — A)) = Trpz (M(z,x) — Ar(2)))), forj=1,...,m

The operator M(z, k) — A7t(z) is finite-rank and analytic in z; hence its trace is analytic
in z. Thus detg,) (M(z,x) — A) is analytic in z. O

Proof of Lemma 4.6. We start by looking at how the group action of Gy interacts with the
gradient of a function f € L2. Let ¢ € Go; then

V(g f)(x) = V(f(g'x)) = g(VF(g %) = g(g:V ) (x).

Multiplying the first and last of these expressions on the right by ¢ ', we get

&:Vf=g"V(g.f). (4.15)

Now let ¢ € LKW and let ¥ € L%<,a7 for w,w € U. To show that (¢, V¢) is an

eigenvector of ¢/ with corresponding eigenvalue w_]'c"fjf for all j € J, we compute the
following, using (4.15) and the fact that (¢/)" = ¢~/ since Gy consists of orthogonal
matrices:

g, V) = ¢/(slg, gl V) = (gho, V(gly)) = W@/ (¢, Vi) = w I&l (9, V). (4.16)
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Lastly, to show that (¢, V¢) = 0 when K is a vertex of B, note that (4.16) implies
that (¢, V¢) is an eigenvector of ¢/ with eigenvalue 1 for all j € J. However, we claim
that the only such vector is the zero vector. Suppose k € R" such that gk for all g €
Go. Then, since K is assumed to be a vertex of B, it necessarily must lie on at least n
hyperfaces of B. Therefore, by Proposition 2.1, there exist linearly independent lattice
vectors Ky, ..., Ky, € A* such that K — K; is also a vertex of B satisfying ||K — K;|| = [[K]],
and thus contained in the equivalence class [K]. By A3, for j = 1,...,n, there exists
h; € Go (where the notation here is chosen to differentiate /; from the generator g;) such
that th = K-K;. Thus we get that, for all j,

k-Kj=k-(K=hK)=k-K—h/k-K=k-K—k-K=0.

Since the set {Kj}7:1 is linearly independent, it is a basis for R”, and it therefore follows
that k = 0. As a result, we conclude that (¢, V¢) = 0. O
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Chapter 5

SCHRODINGER OPERATORS INVARIANT UNDER
TWO-DIMENSIONAL LATTICES

In this chapter, we apply the general framework developed in Chapter 4 to two-
dimensional Bravais lattices. Every such lattice is isometric to one of the lattices gener-
ated by the bases listed in the first rows of Tables 5.1 and 5.2; namely the square, hexagonal,
rectangular, centered rectangular, and oblique lattices. Consequently, if V is a A-invariant
potential for some two-dimensional lattice A, by Remark 4.2 we may assume that V is in-
variant with respect to one of these listed lattices. We shall then show that the dispersion
surfaces of Schrodinger operators with potentials invariant under the square and hexag-
onal lattices generically have unusual dispersion surfaces near vertices of the Brillouin
zone, reproducing results due to [Kel+18] and [FW12], respectively, which are also listed
in Theorem 1.3. Next, we apply this framework to the rectangular lattice and see that,
while the framework works as intended, it does not produce interesting intersections
of dispersion surfaces. Lastly, we discuss the centered rectangular and oblique lattices,
which have comparatively small symmetry groups and thus we suspect are unlikely to
have such intersections.

For the rest of this chapter, 7, po, o, f, f1, f2 shall denote the following matrices:

(0 -1 [ 1/2 —/3/2 o (=172 —/3)2
r= (1 0)' Po= (\@/2 1/2 ) p'_po_(\@/z —1/2)’(5'1)

f= (_01 _01> fri= (_01 (1)) f2:= (é —01>

Note that 7, pp, and p are counter-clockwise rotations in the plane by 7 /4, /3, and
271 /3, respectively.

5.1 Geometry of Two-Dimensional Lattices.

Let AS, AH, AR ACR and AC denote the square, hexagonal, rectangular, centered rect-
angular, and oblique lattices, respectively, which are generated by the bases given in the
first row of Tables 5.1 and 5.2 for a,a;,a, > 0, 0 < 6 < 71/2. These tables also include
some spectral results for —A seen as a AS, AH, AR ACR and AC invariant operator,
respectively, on L%, where K is a vertex of the corresponding Brillouin zone B, as these
points exhibit a high degree of symmetry (see Section 4.1). In addition, by A*-periodicity
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Table 5.1: Geometry of the square, hexagonal, and rectangular lattices.

of the the Floquet-Bloch problem (1.3) and by Remark 4.2, it suffices to consider vertices
K such that the sets G - [K], i.e. the orbits of the equivalence classes [K] (defined in (4.2))
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Table 5.2: Geometry of the centered rectangular and oblique lattices.

under the action of the point group G, are distinct.
In both Table 5.1 and Table 5.2, in addition to a basis (v1,v2), we list for each of the
lattices AR, AR, AS, A, and A©:

e The corresponding dual basis (ky, k;), where g = 2%, q; = 7;1—7; for j = 1,2 (which by
definition satisfies v; - ky = 27j for j, £ = 1,2);

* A picture of the Brillouin zone B, where the vertices are sized in reference to the
vertex listed in the following row. Specifically, given a vertex K, the set [K] consists
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of vertices of B by Proposition 4.1, which are denoted by larger dots. Those vertices
which lie in (G - [K]) \ [K] have smaller dots. In particular, the vertices of the
Brillouin zone of every two-dimensional lattice all lie in a single set of the form
G- [K];

e A vertex K of the Brillouin zone;

e The multiplicity m of the L%-eigenvalue ||K||?> of —A, which by (4.3) is equal to the
cardinality of the set [K];

* The point group G, expressed in terms of its generators;
For Table 5.1 we also include:

* An abelian subgroup Gy of G, which together with the vertex K satisfy A3;

* The corresponding group U consisting of tuples of roots of unity, as defined in
(4.6).

5.2 Proof Outline for Theorem 1.3

In Sections 5.3 and 5.4, we shall prove Theorem 1.3 for the lattices A> and AF, respec-
tively, by using the lemmas stated in Section 4.4. In Chapter 6, we shall use the same
methods to prove Theorem 1.3 for the simple cubic, the body-centered cubic, the face-
centered cubic, and lastly the stacked hexagonal, in Sections 6.2, 6.3 — 6.4, 6.5, and 6.7,
respectively. Each of these proofs will require the same three steps, which we now out-
line.

(1) Upper bound on multiplicity: Let A be one of the lattices listed in Table 5.1, and let
(k1,k2), B, K, m, Gy, and U be the objects listed in the corresponding column. We also
let V be a A-invariant potential and let H, = —A + zV. Then for each w € U, Lemma 4.3
describes how the multiplicity m, L%-eigenvalue ||K||> of Hy = —A splits as z increases
into simple L%(, o-cigenvalues given by:

Ho(2) = [[K[P +2- )@V + Oz,
i€y
In particular, if w,@ € U are such that p/,(0), u-(0) are distinct, then the eigenvalues
1w (z), Ue(z) clearly split. This test provides an upper bound on possible multiplicities
of e (z), viewed as an L%-eigenvalue.
(2) Lower bound on multiplicity: Our argument in step (1) is inconclusive when p/,(0) =

1-(0), and so in this case we provide a lower bound on the splitting multiplicities using
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a symmetry argument. Note that the multiplicity of 1, (z) as an L%-eigenvalue is at least
one, so it suffices to prove a lower bound on the multiplicity of p,(z) for those w € U
such that the upper bound computed in (1) is strictly greater than 1. This argument will
typically rely on the existence of symmetries S of H, such that

S(L%Qw) = L%(,a?'

This implies that H, on L% ,, and L%(, ;; are conjugated, hence isospectral: yi(z) = pg(z).
In each case, this will provide a lower bound on the multiplicity of . (z) as an L%-
eigenvalue equaling the upper bound computed in step (1), and thus we deduce that
1w (z) has constant multiplicity, which we denote by m,,, for sufficiently small z. It then
follows that 1, (z) satisfies A2, and so we can apply Theorem 1.2 to conclude that H; has
an L%-eigenvalue y,(z) which has multiplicity mfor z € R away from a discrete set D;,
and whose eigenprojector 71, (z) is analytic on a open neighborhood U of the real line.
(3) Computation of the characteristic polynomial: Let

Uy = {@ €U : p5(0) = 1, (0)),

so that m,, = |Uy| and pe = pg for all w € Uy, by steps (1) and (2). Then for all such @
and sufficiently small z,

(H: = po(2)m(2) iz =0,

and by analyticity this must hold for all z € U. Therefore p,(z) is an L%Q -eigenvalue
of multiplicity at least one for all z € U, and thus is a simple L%(, -eigenvalue for all
z € R\ D;. As a result, for all such z there exists a basis (¢, ..., $n, ), normalized to
have L%-norm 1, of the eigenspace & corresponding to ji,(z) consisting of precisely one
vector from Li o foreach w € Uy.

For z € R \ D;, Lemma 4.4 then describes the structure of the dispersion surfaces
corresponding to 4, (z) near the vertex K. For each of the lattices we examine, one of
two things happens: either all of the eigenvalues of M(z, k) = —m,(z)(2ix - V)71, (2)|¢
are simple on an open set (not necessarily connected) near ¥ = 0, or M(z, k) is identically
0. In the first case, if A(z, k) is a simple eigenvalue of M(z, k), then Lemma 4.4(2) tells us
there exists a simple eigenvalue ., (z,x) of H; on L%( +x such that

Ho(2,K) = po(2) + Az, 6) + O(| K] ). (52)

Note that (5.2) also always holds at ¥ = 0, since A(z,0) = 0 by virtue of M(z,0) = 0,
although p (z,x) will typically no longer be simple at this point. As a result, in the
specific case where the eigenvalues of M(k) are simple on a punctured neighborhood of
k = 0, the (5.2) in fact holds on a neighborhood of ¥ = 0. On the other hand, if M(z, ) is
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identically zero, then Lemma 4.4(3) tells us that every dispersion surface corresponding
to 1 (z) near the vertex K satisfies

Ho(z,K) = po(2) + O(IIx]%),

which immediately implies that (K, y(z)) is a quadratic point (as per Definition 1.1).

Using the basis (¢, . . ., ¢m,, ), we can then compute the entries of M(z, k) with respect
to this basis using Lemma 4.6. In particular, this lemma tells us that the diagonal entries
of M(z,«) are all zero, and we only need to compute the entries above the diagonal
since M(z, k) is Hermitian. Once we have an explicit expression for M(z, k), we can then
compute its characteristic polynomial.

We then finish by checking which of the coefficients of this polynomial are nonzero
for z sufficiently small, which by Lemma 4.5 will then imply that these coefficients re-
main nonzero for all z € R away from a discrete set D, by analyticity. To perform
this computation, we will typically use the fact that a normalized eigenvector ¢, (x;z)
corresponding to the L%(,w-eigenvalue 1w (z) satisfies

P (¥;2) = ¢u(x) + O([2]), (5.3)

where ¢, (x) is the normalized eigenvector corresponding to ., (0) given by (4.8). This
follows from the observation that 77, (z)¢., is an eigenvector corresponding to i, (z) for
z sufficiently small, and the fact that m,(z) = 7, (0) + O(|z|) by a Neumann series
argument. Letting D = D; U D;, we then conclude that (5.3) will hold for all z € R away
from the discrete set D.

5.3 Proof of Theorem 1.3 for the Square

Let A = AS, and let (k1,k2), B, K, m, Gg, and U be the objects listed in the corresponding
column of Table 5.1 (i.e. the first column). We also let V be a A-invariant potential and
let H, = —A 4 zV. Lastly, we will again need the matrices r, f1, fo defined in (5.1).

(1) Upper bound on multiplicity: For each w € U, 1,(0) is given by:

1o (0) =Y @V,
j€y
A quick computation shows that
r 'K =K=-k,
r2K=K—ky; —ky,
r 3K = K — ky.
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It follows from the definition of m(j) (given by (4.7)), together with the fact that V_,, ;) =
Vin(j) (since V' is even as noted in Section 3.2), that we can rewrite 1., (0) as

1, (0) = Voo +wVy1 + w?Vi 1 + wVyg.

Also note that V' is invariant under both r and f;, and is therefore invariant under the
product rf;, which permutes the coordinate axis. It follows from (4.5) that V1o = Vj,
and consequently

Hew(0) = Voo + (w +w’)Vig + w? V.

We then plug w into this formula for each w € U, which gives us the following:

1 (0) = Voo +2Vig+ Vi,
ui(0) = pu;(0) = Voo — Vi1,
u 1(0) = Voo —2Vip+ V.

Note that the set where the right-hand sides of any pair of the above three equations are
equal describes a hyperplane. Consequently, the set where the right-hand sides of the
above three equations fail to be distinct is a union of three hyperplanes. It follows that
for V away from a set of codimension 1, the eigenvalue ||K||> of —A splits into at least
two simple eigenvalues and an eigenvalue of multiplicity at most two.

(2) Lower bound on multiplicity: As noted in Section 5.2, it suffices to consider p,(z)
for w € U such that the upper bound on the multiplicity computed in (1) is strictly
greater than 1. In addition, observe that f; is K invariant since f{K = K — k;. As a result,
if ¢ € L%(,i is an eigenvector of H;, then r,¢ is also an eigenvector of H; in L% with the

same eigenvalue. In addition, since rf; = fi73, it follows that

re(f1)«p = (f1)sr2p = —i(f1) 0.

Hence, (f1)«¢ € L%(ﬁl-, and so y;(z) is an L%-eigenvalue with multiplicity at least 2, which
together with step (1) implies that its multiplicity is exactly two. Therefore, H, has a
double L%-eigenvalue for all z € R away from a discrete set Dy, and the corresponding
eigenprojectors are analytic on some open neighborhood U of R.

(3) Computation of the characteristic polynomial: Fix some z € R\ D1, and let ¢; € L%(,i
and ¢, € L:IZ<,71‘ be normalized eigenvectors for the eigenvalue y;(z) of H,. The entries
of M(z,x) with respect to this basis are given by —2ix - (¢;, V¢y). For j # £, (¢;, V) is
an eigenvector of r with eigenvalue (—i)(—i) = —1 by Lemma 4.6, and thus must be the
zero vector. It follows that M(z,«) = 0 for all z and «, and thus we conclude that

Hi(z, %) = pi(z) + O([Jx[?).

By Definition 1.1 this means that (K, y;(z)) is a 2-fold quadratic point for all z € R\ D;.
This completes the proof of Theorem 1.3 when A is a square lattice.
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5.4 Proof of Theorem 1.3 for the Hexagonal

Let A = AH and let (k1,kp), B, K, m, Gy, and U be the objects listed in the corresponding
column of Table 6.1 (i.e. the second column). We also let V be a A-invariant potential
and let H, = —A 4+ zV. Lastly we will need the matrices pg, p defined in (5.1).

(1) Upper bound on multiplicity: Just as we did in Section 5.3, we start by computing
relations among the Fourier coefficients V,, ;) for j € J. In particular, we compute that

0 K =K +ky,
02K = K — k.

Again using the fact that V' is even, it follows that for w € U,
/ _ 2
1 (0) = Voo + wVp1 + w”™Vip.

By (4.5) we also have that
Vk1 = P*Vk1 = Vkal - Vk2/

which tells us that V; o = V1. Therefore we can rewrite y/,(0) as
Heo(0) = Voo + (w + w?) Vi,
We then plug w into this formula for each w € U to obtain:

#1(0) = Voo +2Vi,
/ /
1z, (0) = pz(0) = Voo — Vi,

where (3 is a third root of unity, which we can choose to be the one with positive
imaginary part. The set where the right-hand sides of the above two equations fail to
be distinct is a single hyperplane (namely, where V; o = 0). Therefore, we conclude that
for V away from a set of codimension 1, the eigenvalue ||K||? of —A splits into at least a
simple eigenvalue and an eigenvalue of multiplicity at most two.

(2) Lower bound on multiplicity: Let T be the conjugate-parity operator: Tf(x) =
f(—x), and let ¢; be a normalized eigenvector of H; in L%<,€3 for the eigenvalue iz, (z).

For z € R, ¢ := T¢py € L% is also an eigenvector of H, for the same eigenvalue by 4.3.
In addition, observe that

pea(x) = p1(—pTx) = {31 (—x) = Caga(x).
Therefore ¢, < L%( o which implies that H, has a double L%-eigenvalue for all z € R
away from a discrete set D1, and the corresponding eigenprojector is analytic on some
open neighborhood U of R.
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(3) Computation of the characteristic polynomial: Fix some z € R\ Dy, and let ¢; € L%(,&
be a normalized eigenvector of H, for the eigenvalue y,(z). Then, as we saw in step (2),

¢ :=T¢1 € L%(g is an eigenvector of H, with eigenvalue ., (z) as well, and thus ¢1, ¢,

form a basis for the corresponding eigenspace. The entries of M(z, k) with respect to this
basis are given by —2ix - (¢;, V¢y). Therefore, by Lemma 4.6, the entries of M(z, «) are
entirely determined by (¢1, Vo).

To compute this entry, note that by Lemma 4.6,

0(d1, V) = 3o (1, Vo) = L1, Vepa).

Hence, (¢1, V¢») is an eigenvector of p with eigenvalue {3, and is therefore of the form

(¢1, Vo) = o G)

for some a € C. Consequently, with respect to the basis (¢1, ¢2), M(z, k) is given by:

M(z, ) = 2i ( 0 (Ko +iK1)> .
—a(Kkp — iK7) 0

A quick computation then gives the characteristic polynomial of M(z, ) (as a polynomial
in p):
2+ a2
By Lemma 4.5, the coefficient |a|? is analytic in z, and therefore will be nonzero away

from a discrete set if it is nonzero for z sufficiently small. However, by Lemma 4.2 we
can assume that, for z sufficiently small, ¢y, ¢, are given by:

¢r(x:2) = —= (5 4 Lol KT 4 Tl ) 4 O(I2)),

pr(x:2) = — (4 e K 4 e ) 4 O]

Sl-5)-

It follows that, for z small,

i INI iv/3
&= e (g1, V2) = ze2- (K+2ap 'K+ 5p 2K) + O([21) = =59 + O(|zP).
Therefore |a|? is nonzero for z sufficiently small, and thus remains nonzero for all z € U
away from another discrete set D,. It follows that |a|? is nonzero on R \ D5, and so by

Definition 1.1 we conclude that (K, yiz,(z)) is a Dirac point for all z € R\ (D; U Dy).
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5.5 A Discussion of the Rectangular

Let A = AR, and let (ky, k), B, K, m, Gy, and U be the objects listed in the corresponding
column (i.e., the third column) of Table 5.1. We also let V be a A-invariant potential and
let H, = —A 4+ zV. Lastly, we will again need the matrices f;, f» defined in (5.1).

(1) Upper bound on multiplicity: We start by computing relations among the Fourier
coefficients Vm(j) for j € J. In particular, we compute that, for j = 1,2,

—1 _
f]. K=K—k;.

It follows from the definition of m(j) that m(j) = —j, which together with the fact that
V is even implies that for w € U,

#o(0) = L@V,
j€Y

Thus we can rewrite 1,(0) as
He(0) = Voo + w1 Vi + waVoi + wiwaVi 1.

Unlike for AS and AH, we do not expect any relations between the coefficients WVitia
without making further assumptions about V. This is because 0, ||k1]|, ||k2]|, ||k1 + k2]
must necessarily be distinct, for otherwise A would either be isometric to the square
lattice or not have full-rank. Consequently, since every element of G is orthogonal, there
cannot exist ¢ € G such that gk; = kp, for instance, and therefore generic A-invariant
potentials would not have Fourier coefficients which satisfy Vi, = V..

We now plug w into the above formula for each w € U, which gives us the following:

#11(0) = Voo + Vio+ Vou + Vi,
#11(0) = Voo — Vio + Vou — Vi,
111(0) = Voo + Vio — Vou — Vi,
#11(0) = Voo — Vip— Vo + Via.

Note that the set where the right-hand sides of the above four equations fail to be distinct
is a union of six hyperplanes. It follows that for V away from a set of codimension 1, the
eigenvalue ||K||? of —A splits into four simple eigenvalues.

At this point, observe that steps (2) and (3) as described in Section 5.2 only need to
be performed if the multiplicity of y,(0) is strictly greater than 1. Consequently, in this
case ||K||?> does not split into eigenvalues 1, (z) that produce intersections of dispersion
surfaces for generic z. Therefore, although the framework developed in Chapter 4 does
apply in this case, it does not produce interesting results.
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5.6 A Discussion of the Centered Rectangular and Oblique

For these last two lattices in two dimensions, there is no longer a fixed angle between
the given basis vectors, and consequently it becomes more difficult to compute the cor-
responding Brillouin zones and their vertices. However, we can still compute the mul-
tiplicity of uo = ||K||*> for K € V(B) as an L%-eigenvalue of —A, independent of this
angle.

To do so, we observe that in both cases B is a (non-regular) hexagon, and by Proposi-
tion 4.1, the equivalence relation defining [K] partitions V(B). In addition, as discussed
in Section 4.1, each equivalence class must have cardinality at least three, and therefore
the partition must either consist of two classes of cardinality three each, or one class of
cardinality six. However, the latter case is not possible, since by Theorem 2.3 there exists
a basis (kq,k;) of A* consisting of Voronoi relevant vectors, meaning that there are edges
of B which lie on the lines given by x - k; = 3||kj||? for j = 1,2. Then it is possible that
either K + l~<]- or K — I~<j is a vertex of B for j = 1,2, but not both, because then K would
not be a vertex. Consequently, by Proposition 4.1, there can be at most four vertices
in a given equivalence class, corresponding to the power set of {k;,k;}. Therefore we
conclude that g = ||K||?> has multiplicity three for any K € V(B) and A = AR, A©.

Herein lies the problem: the symmetry groups of AR, AC have order four and two,
respectively, and therefore, by basic group theory, neither has a subgroup of order three.
It is consequently impossible to find a subgroup which satisfies A3; thus, the framework
established in Chapter 4 does not apply here. That being said, due to their low degree
of symmetry, Schrodinger operators with potentials invariant under these lattices are
unlikely to have interesting intersections of dispersion surfaces. As we saw in the pre-
vious sections, higher multiplicity eigenvalues are typically a result of relations between
the Fourier coefficients of V, which in turn are a consequence of the symmetries of the
lattice. On the other hand, lattices with fewer symmetries, such as the rectangular lattice
discussed in Section 5.5, result in the eigenvalue yy of Hy = —A splitting completely as
z increases. We therefore expect similar results for AR and A°.
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Chapter 6

SCHRODINGER OPERATORS INVARIANT UNDER
THREE-DIMENSIONAL LATTICES

We now perform an analysis similar to the one done in the previous chapter, but
for a select number of three-dimensional lattices. In particular, we start by examining
Schrodinger operators invariant under cubic lattices, which is a lattice system consisting
of lattices whose point groups are isomorphic to the octahedral group. Every such lattice is
isometric to one of the three lattices generated by the bases listed in the first row of Table
6.1, and so by Remark 4.2, if V is a cubic lattice invariant potential, we may assume
that V is invariant with respect to one of these listed lattices. In particular, these are
the simple cubic, body-centered cubic, and face-centered cubic, respectively. We then finish
with an analysis of stacked hexagonal lattices due to their relevance to graphene and (two-
dimensional) hexagonal lattices; these lattices are isometric to the lattice generated by
the basis listed in the first column of Table 6.2.

Using the general framework developed in Chapter 4, we prove that the dispersion
surfaces of Schrodinger operators with potentials invariant under these lattices gener-
ically have unusual dispersion surfaces near vertices of the Brillouin zone, as listed in
Theorem 1.3. Each of these proofs will require the same three steps described in Sec-
tion 5.2: (1) a computation of an upper bound on the multiplicity of eigenvalues (z) of
H, = —A +zV, (2) a computation of a lower bound on these same multiplicities, and (3)
a computation of the characteristic polynomial.

For the rest of this chapter,

-100 1 0 0
fi=(0 10], for=(0 -1 0], fz =
0 01 0 0 1
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-1 0 0 -1 0 0 1 0 0
f12 = 0 -1 0 ’ f13 = 0 1 0 ’ f23 =10 -1 0 ’
0 1 0 0 —1 0 0 -1
1 0 1/2 —+/3/2 0 —-1/2 —=/3/2 0
e e e 2
so:=|—-10 0 po:=|v3/2 1/2 0], p:==p5=|Vv3/2 —-1/2 0
0 0 —1 0 0 1 0 0 1

Note that pp and p are counter-clockwise rotations in the x;x;-plane by 7r/3 and 27/3,
respectively.

6.1 Geometry of Cubic Lattices.

Let G denote the octahedral group with presentation G = (r,s, f), and let ASC, ABC,
and AFC denote the simple cubic, body-centered cubic, and face-centered cubic lattice,
respectively, which are generated by the bases given in row 1 of Table 6.1 for some a > 0.
Just as we did in Section 5.1, we give spectral results for —A seen as a ASC, ABC, and
AFC invariant operator on L%, where K is a vertex of the corresponding Brillouin zone
B. For each of these lattices, K (and in fact every vertex of the respective Brillouin zones
B) has a subgroup Gy of G satisfying A3, and as a result

G-[K]=G-(Gy-K)=G-K.

Therefore, unlike for the two-dimensional lattices discussed in Chapter 5, by Remark 4.2
it suffices to consider vertices K which have distinct orbits under the action of the point
group G, as opposed to the equivalence classes [K| having distinct orbits.

Similar to Table 5.1, Table 6.1 includes for each of the lattices A5, ABC, and AFC:

e A basis (v1,v3,03);

27,
a’

 The corresponding dual basis (k1, ky, k3), where g =

* A picture of the Brillouin zone B, where the vertices are colored and sized in
reference to the vertices listed in the following row. Specifically, given a vertex K,
the set [K] consists of vertices of B by Proposition 4.1, which are colored the same
and have larger dots. In comparison, those vertices which lie in (G - K) \ [K] are
colored the same but have smaller dots. Note that in three dimensions, not every
vertex of B necessarily lies in G - K, as can be seen in the Brillouin zone of the
body-centered cubic lattice;

* Vertices K of the Brillouin zone, corresponding to distinct orbits under the action
of G.
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6

AFC

a/2 —a/2 0
Basis a/2|,| a/2 |, —a/2
0 0 a/2
Dual Basis gl.,l 9 1,10
q q 2q
B
q/2 q/2 0 0
K (q/Z) (q/Z) 0 q
q/2 q/2 q q/2
m 8 4 6 4
Go (f1, f2, f3) (f13, f23) (r, f) (s0)
U us uz Us x Uy Uy

Table 6.1: Geometry of the cubic lattices.

e The multiplicity m of the L%-eigenvalue ||K||? of —A, equal to the cardinality of the

set [K];
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* An abelian subgroup Gy of G, expressed in terms of its generators, which together
with the vertex K satisfy A3;

* The corresponding group U consisting of tuples of roots of unity, as defined in
(4.6).

6.2 Proof of Theorem 1.3 for the Simple Cubic

Let A = ASC, and let (k1,ko,k3), B, K, m, Gp, and U be the objects listed in corresponding
column (i.e. the first column) of Table 6.1. We also let V be a A-invariant potential and
let H, = —A 4 zV. Lastly, we will need the matrices 7, s, f, f1, f2, f3 defined in (6.1).

(1) Upper bound on multiplicity: Just as we did in Sections 5.3 - 5.5, we start by com-
puting relations among the Fourier coefficients V,,;y for j € J. To begin, we compute
that, for j =1,2,3,

f]. K=K —k;j.
It follows from the definition of m(j) (given by (4.7)) that m(j) = —j, and since V is even,
we also have that V_i=V. Thus, we arrive at the formula

1w, (0) =Y WV,
i

In addition, observe that V is invariant under r, which permutes the coordinate axes.
Consequently, we have the identities

Vipo = Voi0=Voo1 and Vii0=Vio1 = Vo11-
As a result, we can rewrite u/,(0) as
1o (0) = Voo,0 + (w1 + wo + w3) Vi + (wows + wiws + wiwy) V10 + wiwawsVyg .

We then plug w into this formula for each w € U, which gives us the following:

P‘/1,1,1 (0) = Vo0 +3Vi00+3Vi10+ Vi1,
#o111(0) = py 11(0) = p11,1(0) = Voo + Vioo — Vii0 — Vi
#,1,100) =111 1(0) =’y 11(0) = Voo0 — Vi00 — Vin0 + Vi1,
uoy 1 1(0) = Voo —3Vi00 +3Vi10 — Vi

The set where the right-hand sides of the above four equations fail to be distinct is a
union of six hyperplanes. It follows that for V away from a set of codimension 1, the
eigenvalue ||K||> of —A splits into at least two simple eigenvalues and two eigenvalues
of multiplicity at most three.
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(2) Lower bound on multiplicity: Observe that fir = rf3, for =rf1, and f3r =rfr. Asa
result, if ¢ € L%(,(—l,l,l) is an eigenvector of H, then r.¢ is also an eigenvector of H, with
the same eigenvalue and

(f1)«(rs¢p) = re(f3) s = 14
(f2)«(rep) = r<(f1)sp = —14¢p
(f3)«(r«¢p) = r<(f2) s = 149

Hence, 7. € L%( (1 , and an identical computation shows that 72¢ is an eigenvector of

1_111)

H, as well, but in L%(,( )" Therefore, p1(_q,11)(2) is an L%-eigenvalue with multiplicity

11,—
at least 3, which together with step (1) implies that its multiplicity is exactly 3. The same
argument applied to an eigenvector ¢ of H; in L%( (1,-1,-1) shows that p(_11,1)(2) is an
L2-eigenvalue with multiplicity 3 as well. Therefore, H, has two triple L2-eigenvalues
for all z € R away from a discrete set Dj, and the corresponding eigenprojectors are

analytic on some open neighborhood U of R.

(3) Computation of the characteristic polynomial: Fix some z € R\ Dy, and let ¢; €
Li,(—l,l,l)’ P € Li,(l,—l,l) and ¢3 € L%@(l,l,—l) be normalized eigenvectors for the eigen-
value p1(_q1)(z) of H,. The entries of M(z,x) with respect to this basis are given by
—2ix - (¢;, V). For j # £, (¢;, V) is an eigenvector of both f; and f; with eigenvalue
-1 by Lemma 4.6, and thus it lies in Ce; N Cey = {0}. It follows that M(z,«) = 0 for all z
and x, and thus we conclude that

M1z 6) = paa)(2) + O([x]?).

By Definition 1.1 this means that (K, p(_;11)(z)) is a 3-fold quadratic point for all z €
R\ D;. The exact same argument shows that (K, p1(_11,1)(2)) is a 3-fold quadratic point
as well.

6.3 Proof of Theorem 1.3 for the Body-Centered Cubic at K = (q/2,9/2,q/2)

Let A = ABC let K = (9/2,q9/2,q9/2) and let (kq,kp, k3), B, m, Gy, and U be the objects
listed in the corresponding column of Table 6.1 (i.e. the second of the three columns for
the first three rows and the second of the four columns for the remaining rows). We also
let V be a A-invariant potential and let H, = —A + zV. Lastly we will need the matrices

r, S,f,flz,flg,fzg defined in (6.1).
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(1) Upper bound on multiplicity: As per usual, we start by computing relations among
the Fourier coefficients V,, ;) for j € J, noting that:

fﬁlK:K—kl—k3,
fri K =K—ky—ks,
fi K=K—ky —ky—ks.

Since V is even, it follows that for w € U,
ey (0) = Vo0 + w1Vip1 + waVoi1 + wiwaViga.

Also note that V being invariant under r implies V191 = Vj11. In addition, V; 11 =
V1,0,0 since
Vigtks = 14 Vigaky = VrT(k1+k3) = Viytks-
Therefore
He(0) = Vo0 + (w1 + w2 + wi1wa) Vi 1,1

Plugging w into this formula for each w € U gives us:

111(0) = Voo0+3Vi11,
u1(0) =py 1(0) =p"1 _1(0) = Vop0— Vi1

The set where the right-hand sides of the above two equations fail to be distinct is a single
hyperplane. Therefore, we again conclude that for V away from a set of codimension 1,
the eigenvalue ||K||> of —A splits into at least a simple eigenvalue and an eigenvalue of
multiplicity at most three.

(2) Lower bound on multiplicity: Observe that fisr = rfy3 and fa3r = rf15. As a result,
if ¢ is an eigenvector of H, in L%(,(—l,l)’ then r.¢ and r2¢ are again eigenvectors of H,

with the same eigenvalue on L%<BC,(1,71) 1)
a triple L%-eigenvalue for all z € R away from a discrete set D, and the corresponding
eigenprojector is analytic on some open neighborhood U of R.

(3) Computation of the characteristic polynomial: Fix some z € R\ Dy, and let ¢; €

L%(’ (=11) be a normalized eigenvector of H; for the eigenvalue j1(_; 1)(z). Then, as we saw

and L%(BC ( , respectively. Therefore, H, has

in step (2), ¢ :=ry¢p € L%(,(l,—l) and ¢3 1= r2¢p € L%(,(_L_l) are eigenvectors of H, with
eigenvalue (_;)(z) as well, and thus form a basis for the corresponding eigenspace.
The entries of M(z,x) with respect to this basis are given by —2ix - (¢;, V¢y), and we
also note that (¢o, V3) = (1«1, V(r«¢1)) = r(¢1, Vo). Therefore, by Lemma 4.6, the
entries of M(z, k) are entirely determined by (¢1, V@) and (¢p1, Vs).

To compute these, note that fi, = fi3f23, and so again by Lemma 4.6,

f12{$1, Vo) = (=1)%(¢1, Vo) = ($1, Va).
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Hence, (¢1, V) is an eigenvector of fi, with eigenvalue 1, and is therefore of the form
nes for some w € C. An identical argument applied to (¢1, V¢3) and the element fi3 € G
implies that (¢, V¢p3) = ey for some B € C.

Note that « = —B:

& =e3- (1, V) = rex- (1, Vo) = e2 - 13 (ri1, 13V o)

= ey~ (¢3, V1) = —ea- (¢1,V3) = —p.
Thus, with respect to the basis (¢1, ¢2, ¢3), M(z, x) is given by:

0 aK3  —aKp
M(z,x) = =2i | —@x3 0 aKy
KKy  —0Kq] 0

A quick computation then gives the characteristic polynomial of M(z, ) (as a polynomial
in p):
13— 4|a?||x||*u + 16 Im(a) iy K003,

It follows that the eigenvalues of M(z, k) will be simple away from x = 0 as long as the
coefficients |«|> and Im(a®) are nonzero.

By Lemma 4.5, |«|? and Im(a?) are analytic in z, and therefore will be nonzero away
from a discrete set if they are nonzero for z sufficiently small. However, by Lemma 4.2
we can assume that, for z sufficiently small, ¢, ¢, are given by:

pr(x52) = & (6 — oy giuker _ gfakn) | o[z,
Pr(x;z) = % (eiK'x + etfaKex _ pifsKex eiflzK'x> + O(]z]).
It follows that, for z small,
& =e3- (1, Vo) = i€3 (K= fisK = fisK+ f12K) + O([2]*) = g +0(|z]).

Therefore, |«|? and Im(a®) are nonzero for z sufficiently small, and thus remain nonzero
for all z € U away from another discrete set D,. It follows that they are nonzero on
R\ Dy, and so by Definition 1.1 we conclude that (K, p(_;1)(z)) is a 3-fold Weyl point
forallz € R\ (D1 UD»).

6.4 Proof of Theorem 1.3 for the Body-Centered Cubic at K = (0,0, 9)

Let A = ABC, let K = (0,0,9) and let (ki,kp, k3), B, m, Gy, and U be the objects listed in
the corresponding column of Table 6.1 (i.e. the second of the three columns for the first
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three rows and the third of the four columns for the remaining rows). We also let V be a
A-invariant potential and let H, = —A 4 zV. Lastly, we will need the group element s
defined in (6.1).

(1) Upper bound on multiplicity: First, we observe that

r 1K =K+ky, r UK =K —ky — ks,
r 2K =K+kq, r2fK=K—k; —k3
fIK =K — ks.

Since V is even, it follows that for w € U,
1, (0) = Vo0 + w1Vor,0 + wiVigo + waVoou +wiwaVoi1 + wiwaVig .

We also have that
Vi, = (fl)*Vk1 = Vflk T Vi +kss

which tells us that Vi 99 = Vj0,1. Furthermore, since V is invariant under r, we obtain
Vioo = Vo10 = Vio1 = Vo1,1. Thus we can rewrite y,(0) as

1, (0) = Voo + (w1 + wf + wiws + wiws) Vigp + w2 Vo1
We then plug w into this formula for each w € U to obtain:

V/1,1 (0) = Vo0 +4V100+ Vooa,
pe,1(0) = H’g/l(o) = Vo,00 —2V1,00 + V0,1,

#1,-1(0) = pz, 1(0) = V’g;,_l(o) = V0,00 — Vo0,1-

The set where the right-hand sides of the above three equations fail to be distinct is
a union of three hyperplanes. Therefore, we conclude that for V away from a set of
codimension 1, the eigenvalue ||K||?> of —A splits into at least a simple eigenvalue, an
eigenvalue of multiplicity at most two, and an eigenvalue of multiplicity at most three.
(2) Lower bound on multiplicity: Let T be the conjugate-parity operator: Tf(x) =
f(—x), and let ¢ be a normalized eigenvector of H; in L%(,@s,l) for p(z,1)(z). Forz € R,

¢2 = Ty € L% is also an eigenvector of H, for the same eigenvalue since V by Remark
4.3. In addition, observe that

repa(x) = ¢p1(—r"x) = {3p1(—x) = L3¢a(x)
fep(x) = p1(—fTx) = ¢p1(—x) = 2 ().

2
Therefore ¢, € LK, @)
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To give a lower bound on the multiplicity of p(;,_1y(z), let L _; = kerp» (f« +1),1ie.
the space of odd functions in L%. By construction of the subspaces L%(’w, it follows that
2 _ g2 2 2
Lk—1= L1 @ L1 @ LK,@,—l)'

Also note that s)K = K — k3, and so sp is K-invariant, which together with the fact that
sp commutes with f, implies that (sp) is a well-defined operator on L% ;.
Now let

P1(x) = sin(27xq) + i sin(27xy),
Po(x) = sin(27txy) — isin(27xy),

¥3(x) = V2sin(27rx3).

A quick computation confirms that y; € L%<,71/ lgjl| = 1, and —Ayp; = (2m)*p; =
||K|[*9; for j = 1,2,3. In addition, note that o((sg):) = Uy, the fourth roots of unity.
If we let &, = L%<,—1 ﬂkerL%< 1((50)* —w) for w € Uy, then ¢ € €4, Pp € & and
¢3 € £_1. Therefore ||K||? is a simple eigenvalue of —A on &, for w € {—i,i,—1}, and so
by Corollary 3.1 it follows that, for sufficiently small z € IR, there is a unique eigenvalue
A(z) of H; on &_; satisfying A(z) = ||K||? + O(|z|). Let ¥, € £_; denote the normalized
eigenvector corresponding to A,, and let @, ¢ L%(,(l,—l) denote a normalized eigenvector
corresponding to p(;,_1)(z), so that

Y. =¢1+0(z]), and @, =¢+0O(z|),

where ¢ is defined by (4.8) with w = ({3, —1).

Now assume for contradiction that p(;,_1)(z) has multiplicity strictly less than 3 for
z # 0. Then TY; and TP, are also eigenvectors corresponding to A(z) and p 1),
respectively, and so both of these eigenvalues must have multiplicity at least two. Since
we are assuming that the multiplicity of y(; _q) is strictly less than 3, we deduce that
these eigenvalues must in fact be equal, and their multiplicity is exactly two.

As a result, for all z € R, nonzero and sufficiently small,

span(¥;, TY;) = span(P,, TP,).
Therefore we can express ®, with respect to ¥, and TY as
q)z - <<D21 ‘PZ)TZ + <q)z/ TTZ>T‘P21 (6-2)

where we have used the fact that TY, € &;, and is therefore orthogonal to ¥,. Taking the
limit of both sides of (6.2) as z — 0, we obtain

¢ = (P, P1)P1 + (¢, Tp1) Ty
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This is not possible: by (4.8), the left-hand side depends on x3, while the right-hand
side depends only on x1, x. We conclude that H, has a double and a triple L2-eigenvalue
for all z € R away from a discrete set D1, and the corresponding eigenprojector is analytic
on some open neighborhood U of RR.

(3) Computation of the characteristic polynomial: Fix some z € R\ Dy, and let ¢; €
L%(/( a1y 92 € Lil @) be normalized eigenvectors for the eigenvalue i, 1)(z) of H;. The

entries of M(z, k) with respect to this basis are given by —2ix - (¢;, V¢,), and by Lemma
4.6, the entries of M(z,«x) are entirely determined by (¢1, Vo). However, this same
lemma also tells us that (¢1, V¢») is an eigenvector of f with eigenvalue 1, and therefore
must be the zero vector. It follows that M(z, x) = 0 for all z and «, and thus we conclude
that (K, p(z1)(z) is a 2-fold quadratic point.

2 2 2 - ~
Now, let ¢ € LK,(l,—l)’ P2 € LK,(C3,—1)’ and ¢3 € LK’ G-1) be normalized eigenvectors

for the eigenvalue i(;,_1)(z) of H;. Then the same argument implies that, for j, ¢ €
{1,2,3},j £, ($1, V¢2) is again an eigenvector of f with eigenvalue 1 and therefore must
be the zero vector. We thus conclude that (K, p(1,1)(z) is a 3-fold quadratic point for all
z e ]R\ Ds.

6.5 Proof of Theorem 1.3 for the Face-Centered Cubic

Let A = AFC, and let (k1,kp,k3), B, K, m, Gy, and U be the corresponding objects
listed in the final column of Table 6.1. We also let V be a A-invariant potential and let
H, = —A +zV. Lastly, we will need the matrix sy defined in (6.1).

(1) Upper bound on multiplicity: First, we observe that

SalK:K—kl,
SSZK:K—kl—kz—l—k:;,
s9°K =K —ky

Since V is even and invariant under r, it follows that for w € U,
/ _ 2 3 _ 3 2
1e(0) = Vopo +wVigo+w Vi1, 1+ wVy10= Voo + (w+w’)Vige+w Vi 1.
We then plug w into this formula for each w € U to obtain:

11(0) = Voo +2Vioo+ Vi1 -1,
u;(0) = 1’ ;(0) = Voo — Via,-1,
u 1(0) = Voo —2Vig0 + Vi1,-1.

The set where the right-hand sides of the above three equations fail to be distinct is
a union of three hyperplanes. Therefore, we conclude that for V away from a set of
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codimension 1, the eigenvalue ||K||> of —A splits into at least two simple eigenvalues
and an eigenvalue of multiplicity at most two.

(2) Lower bound on multiplicity: Again let T be the conjugate-parity operator and let
¢1 be a normalized eigenvector of H, in L%ﬁ. For z € R, ¢ = T¢py € L% is also an
eigenvector of H, for the same eigenvalue, and

(s0)«2(x) = Pr(—sg x) = i1 (—x) = —ig (x),

which implies ¢, € L%’_ .. Therefore, H, has a double L%-eigenvalue for all z € R away
from a discrete set D1, and the corresponding eigenprojector is analytic on some open
neighborhood U of R.

(3) Computation of the characteristic polynomial: Fix some z € R\ Dy, and let ¢; € L%(/i,
¢ € L%(,_i be normalized eigenvectors for the eigenvalue yu;(z) of H;. The entries of
M(z,x) with respect to this basis are given by —2ix - (¢;, V¢,), and by Lemma 4.6, the
entries of M(z,«) are entirely determined by (¢, V¢,). This same lemma also tells us
that (¢1, V¢o) is an eigenvector of sy with eigenvalue -1, and is therefore of the form we;
for some « € C.

Thus, with respect to the basis (¢1, ¢»), M(z, k) is given by

M(Z,K):—Zi( 0 “K3),

—EKg 0

and its characteristic polynomial is 2 — 4|a|?x3. It follows that the eigenvalues of M(z, k)
can be written as A(z,x) = £2|axs|, and therefore these eigenvalues will be simple for
k3 # 0 as long as a # 0.

By Lemma 4.5, the coefficient |a|? is analytic in z, and therefore will be nonzero away
from a discrete set if it is nonzero for z sufficiently small. However, by Lemma 4.2 we
can assume that, for z sufficiently small, ¢1, ¢, are given by:

P (x) = % (eiK-x 4 ieiSSK-x - eis%K-x - ieiSOK-x> +0(]z)),

(PZ(X) _ % (ein . ieingx . eis%Kx + ieison) + O(|Z|)

It follows that, for z small,
_ _ B3 2v 2y _ iq 2
0(—83-<(P1,V(P2>—Z€3- K SOK+SOK S()K -|—O(|Z| )_E+O(|Z| )
Therefore, |¢|? is nonzero for z sufficiently small, and thus remains nonzero on U away

from another discrete set D,. It follows that |a|? is nonzero on R \ D5, and so by Defini-
tion 1.1 we conclude that (K, y;(z)) is a basin point for all z € R\ (D; U D;).
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6.6 Geometry of Stacked Hexagonal Lattices.

For this section and the next, let A = ASH denote the stacked hexagonal lattice which
is generated by the basis given in Table 6.2 for a;,a, > 0. Just as in Tables 5.1, 5.2, and
6.1, we also also includes some spectral results for —A seen as a A invariant operator on
L2, where K is a vertex of the corresponding Brillouin zone B. In particular, this table
includes the basis (v1,v;,v3) the dual basis (kq, kp, k3) (where qj = 2m/ajforj=1,2),a
picture of the Brillouin zone B with vertices sized and colored as in the previous tables,
a vertex K, the mutliplicity m of ||K]||? as an L-eigenvalue of —A, the point group G
and a subgroup Gy satisfying A3 (which we describe using the matrices po, p, f1, f3 from
(6.1)), and the corresponding group U.

Basis Dual Basis

a1v/3/2 a1v/3/2 0 71V/3/3 71v/3/3 0 ]
a/2 |, —m/2 |, 0 q1 A —q1 |, |0 },
0 0 ap 0 0 q2 ‘

K G Go U

0

291/3 (0o, f1, f3) | (o, f3) | Uz x Uy

q2/2

Table 6.2: Geometry of the stacked hexagonal lattice ASH.

6.7 Proof of Theorem 1.3 for the Stacked Hexagonal

Perhaps unsurprisingly, our proof of Theorem 1.3 in this case will not only proceed simi-
larly to those done for the other lattices analyzed in this work, but specifically will closely
follow our proof corresponding to the two-dimensional hexagonal lattice in Section 5.4.

(1) Upper bound on multiplicity: Let V be a A-invariant potential and let H, = —A +zV.
We again start by computing relations among the Fourier coefficients V,,(; for j € J. In
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particular, we compute that

0 'K =K +ky, 0 2K=K—Ik f'K=K~—k;
fi'lo 'K =K+ky—ks filo 2K =K — ki — ks.

Since V is even, it follows that for w € U,
2
1, (0) = Voo +wiVo10 + wiVigo +waVop1 +wiwaVoi1 + wiwaVyg1.

We also have that
Vkl - P*Vkl - Vkal - Vk2/

which tells us that V;99 = Vp 10, and an identical argument applied to Vi i, tells us
that V01 = V11 as well. Therefore we can rewrite y;,(0) as

e, (0) = Voo + (w1 + w%)Vl,o,o + wa Voo + (w1 + w%)wzvl,o,l.

We then plug w into this formula for each w € U to obtain:

where (3 is a third root of unity, which we can again choose to be the one with positive
imaginary part, just as in Section 5.4. The set where the right-hand sides of the above
four equations fail to be distinct is a union of six hyperplanes. Therefore, we conclude
that for V away from a set of codimension 1, the eigenvalue ||K||?> of —A splits into at
least two simple eigenvalues and two eigenvalues of multiplicity at most two.

(2) Lower bound on multiplicity: Let T again be the conjugate-parity operator, and let
¢1 be a normalized eigenvector of H, in L%(,(€3/1) for the eigenvalue yiz, 1(z). For z € R,

¢2 := T¢y € L% is also an eigenvector of H, for the same eigenvalue by Remark 4.3 since
V is even and real. In addition, observe that

P2 (x) = p1(—p"x) = Tap1(—x) = C3¢pa(x)

(f3)xp2(x) = Pp1(—f3 x) = Pp1(—x) = Pa(x).

Therefore ¢, € L2 and so pg, 1(z) has multiplicity 2. An identical argument applied
¢ K Hes, phicity & pp

(Y
to an eigenvector of H, in L% (z5,—1) Shows that 1iz5,—1(z) also has multiplicity 2. There-

fore, H, has two double L%(—eigenvalue for all z € R away from a discrete set Dy, and the
corresponding eigenprojectors are analytic on some open neighborhood U of RR.
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(3) Computation of the characteristic polynomial: Fix some z € R\ Dy, and let ¢ €
Li (@31) be a normalized eigenvector of H, for the eigenvalue jiz, 1(z). Then, as we saw

in step (2), ¢p := T¢; € L%(, @)
and thus ¢1, ¢, form a basis for the corresponding eigenspace. The entries of M(z, )
with respect to this basis are given by —2ix - (¢;, V). Therefore, by Lemma 4.6, the
entries of M(z, k) are entirely determined by (¢1, V).

To compute this entry, note that by Lemma 4.6,

is an eigenvector of H, with eigenvalue i, 1(z) as well,

(91, V) = 3o (1, Vo) = C3(1, Vpa).

Hence, (¢1, V) is an eigenvector of p with eigenvalue {3, and is therefore of the form

i
(1, V) = a (1)
0

for some a € C. Consequently, with respect to the basis (¢1, ¢2), M(z, k) is given by:

0 (Ko —|—iK1)>

—E(Kz — iKl) 0

M(z,x) = —2i (

A quick computation then gives the characteristic polynomial of M(z,«):
W2 a2 + 1)
It follows that the eigenvalues of M(z, k) can be written as

Az, k) = £2]a|y /13 + 13,

and therefore these eigenvalues will be simple for k% + x5 # 0 as long as a # 0.

By Lemma 4.5, the coefficient |a|? is analytic in z, and therefore will be nonzero away
from a discrete set if it is nonzero for z sufficiently small. However, by Lemma 4.2 we
can assume that, for z sufficiently small, ¢, ¢, are given by:

e 0 Kex | 7 ip 2Kex
$1(5;2) = —= (% + Gaelt KT 4 e
V6
+ elfs Ky popifs 0T IKx @eif?lpfzKﬂ +O(|z]),
1 /. o -
bali2) =z (4 Toe K g

elf R s R 4 i) 4 0],
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It follows that, for z small,

& =ep - (P1, V(P2>
i

= ceo- (K+0a0 K- Top 2K+ £ 'K+ Gafs 0 'K+ Tafy oK) + O(12P)

Therefore |«|? is nonzero for z sufficiently small, and thus remains nonzero for all z € U
away from another discrete set D;. It follows that |«|? is nonzero on R \ D,. Performing
the same computations for the eigenvalue iz, 1(z) shows that the characteristic polyno-
mial of M(z, k) in this case is also given by u? + |a|?(x? +x3), where |a|? is again nonzero
on R away from a discrete set. By Definition 1.1, we conclude that both (K, y¢, 1(z)) and

(K, pz,,—1(z)) are valley points for all z € R away from a discrete set.
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