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Physics

Because of the stochastic nature and significant cell-to-cell variation of many biological

processes, it is essential to analyze a significant number of cells to understand such pro-

cesses at the single cell level. Such quantitative biological questions require fast yet re-

liable automated computational algorithms to analyze images containing thousands of

bacterial cells. We present an automated image processing package well-suited to quanti-

tative analysis of high-throughput live-cell fluorescence microscopy of bacterial cells. We

describe several capabilities of our software, including identifying and linking cells from

frame-to-frame, and characterizing the cell morphology and fluorescence. In particular,

we demonstrate its strong performance in reliably segmenting micro-colonies with many

cells, facilitating the analysis of cell-cycle dynamics in bacteria as well as cell-contact me-

diated phenomena.

We apply the package in two separate quantitative biological questions. We investi-

gate cell proliferation with single cell resolution during lag phase, the transition of non-

growing cells to a growing state. By analyzing the generation times of growing and non-

growing progenitors, we suggest a qualitative model for lag phase.

As a second application, we characterize the anomalous dynamics in the cytoplasm

by quantitative analysis of thousands of complete cell-cycle fluorescence trajectories of



molecular complexes. Our results support two modes of nucleoid action: volume exclu-

sion in organizing the cell and a mode of rapid motion. We also report emergent self-

similar structure in the dynamics of the cytoplasm and propose a general mechanism by

which scale independence emerges in the strong-disorder limit of biological systems.
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Chapter 1

INTRODUCTION

We often feel that we, humans, are the most important organism on earth. But you

and I are outnumbered. Wherever you look and whatever you touch, you will find those

minuscule single-celled organisms, bacteria. From inhibitors of our guts that produce

vitamins to pathogens that may get us sick, bacteria are part of our life.

What makes bacteria interesting is that the physics of bacteria are quite different from

the physics we experience. On the microscopic scale, Newton’s laws of motion, such as in-

ertia, become less important. The viscous drag a bacterium experiences while swimming

in water, would be like what you would experience swimming in molasses [7].

Furthermore the physics of molecules within a bacterial cell are quite different from

the physics of our every day life. In nanoscopic scale, collisions with other molecules play

a big effect in the motion of a molecule. Molecules go through a random or ”drunken”

walk through a very crowded environment; they stumble right and left as they bump into

other molecules.

This picture of a random walk may create the impression that molecules in bacteria

are randomly distributed in space and in time, and for a long time this was the common

scientific understanding. But in-vivo imaging has revealed that bacteria display a com-

plex inter-cellular structure. Different proteins and genes have been found to show tem-

poral and spatial localization [8, 9, 10, 11]. In many cases, it is not yet clear how bacteria

drive this temporal and spatial sub-cellular organization. Eukaryotic cells use membrane-

bound organelles and cytoskeletal molecular motors for spatiotemporal organization, but

bacteria lack those components.

To understand the mechanisms behind sub-cellular organization, it is essential to an-
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alyze paths of thousands of molecules from single cells. This is because the stochastic

nature of cellular processes causes significant cell-to-cell variation [1]. Analyzing thou-

sands of single cells would not be possible without powerful microscopes able to image

time-lapses of large fields of view, but also without computational tools that can speed

up the analysis of these large datasets. It is therefore necessary to develop a fast, auto-

mated and reliable tool that can identify cells in images, track an individual cell from

frame-to-frame, and track fluorescent molecules of interest from frame-to-frame.

This thesis describes our solution to this problem, a software suite able to identify

the regions that correspond to bacterial cells in phase images, track individual cells from

frame-to-frame and track proteins, pictured as fluorescent foci, in images. Our software

allows users to segment and track many cells in close contact, making it possible to collect

data with enough statistics to answer quantitative biological questions. We have already

applied our software to multiple quantitative biological questions, and in this thesis we

present two of those applications and analysis related to those results.

1.1 Outline

As this work is in the intersection of biology and physics, the first chapter will cover some

of the relevant basics of the two disciplines. We describe the basic biology of the model

organism we used, Escherichia coli (E. coli), and focus on the physics of the cytoplasm. We

also cover the basics of the imaging techniques used to collect our typical datasets.

The second chapter focuses on the software suite that we wrote, SuperSegger. We

describe the methods and capabilities of the software, compare it with other image seg-

mentation software for bacteria, and present the achieved error and time benchmarks.

In the third chapter, we apply the software to a biological problem, the characterization

of cell proliferation in the single cell level. Specifically we are interested in the adjustment

of cells to a new environment. We will compare the adjustment of five generations of cells

from previously growing versus non-growing progenitors.

In the fourth chapter, SuperSegger is used to investigate cytoplasmic dynamics of large
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molecular complexes in E. coli cells. We use as a probe MS2-mRNA molecular complexes

that are ectopic to the cell so that their dynamics are not affected by interaction or bind-

ing with intracellular components. We will show that our results support two modes

of nucleoid action: volume exclusion in organizing the cell and a mode of rapid motion

throughout the cytoplasm.

In the fifth chapter, we focus on the emergence of self similarity in the dynamics of the

molecular complexes studied in chapter four. We explore strongly disordered systems

and propose that extreme value theory can be applied to understand the emergence of

self-similarity in the dynamics of large molecular complexes and even more biological

systems limited by strong disorder.

In the sixth chapter, we conclude with a summary of the main results and some guide-

lines for future work.

1.2 Life of a microbe

1.2.1 Central Dogma of biology

A bacterium can be considered to be composed of three main components: the cell en-

velope, DNA and cytoplasm. In this section we focus on the DNA and its conversion

to proteins, which are the cell machinery required for life, and we will describe the cell

envelope and cytoplasm in the next section. The DNA is similar to an instruction manual

containing instructions to create all components of the cell, and is written in an alphabet

of four letters, A, T, C and G. These small units are combined in a series to form a long

polymer, a strand of DNA. The strand of DNA pairs with another strand of complimen-

tary sequence to form the double-helix structure.

DNA is converted to proteins in two steps. First, the DNA instructions are rewritten

into another type of polymer, the RNA messages. The conversion of DNA to RNA is

called transcription. Then, the RNA messages travel to the factories of the cell, the ribo-

somes, where they are translated into proteins.
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1.2.2 Escherichia coli a model organism

One of the most studied organisms and the main focus of this thesis is a bacterium called

E. coli. Because of it’s relatively fast and easy growth in the lab, E. coli has been used as a

model organism to understand more complex cells and life.

It is a rod-shaped, single-celled organism, about 2µm long and 1µm wide. It is a gram

negative bacterium, meaning it does not retain the crystal violet stain when stained with

Gram’s method. Commonly found in the intestines of warm-blooded animals, it consists

∼ 0.1% of the gut flora [12].

The outermost part of an E. coli is the cell envelope, composed of three parts: an outer

membrane, a thin peptidoglycan layer and an inner cytoplasmic membrane. The cell

envelope separates the inside of the cell from the outer world and permits the flow of

molecules across it.

The E. coli DNA is in a single circular chromosome, the nucleoid. It is about 4,400

kilobase pairs long and has 2000 genes [13]. The nucleoid is highly compact; a stretched

E. coli chromosome would be 1 mm long, about 1000 times longer than an E. coli cell.

The rest of the region between the inner membrane and the nucleoid is the cytoplasm,

and it contains proteins, RNA, ribosomes and other particles (Fig. 1.1). Moving through

the cytoplasm is not easy, it is gel-like with four times the fluid viscosity of water and its

meshwork is estimated to have an average pore size between 200 Å - 400 Å [14]. Although

there is no membrane separating the chromosome from the cytoplasm, the two can be

almost regarded as separate due to the high compaction of the chromosome.

Other than the nucleoid, some cells contains smaller extrachromosomal circular DNA

molecules that are called plasmids, which often carry genes for antibiotic resistance.

1.2.3 Bacterial Growth

In order for bacteria to grow, that is to increase their size and mass, they require a narrow

range of environmental factors such as pH, temperature, osmotic pressure, and nutri-
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Cell wall

Cytoplasm Nucleoid

Figure 1.1: Schematic of a cross section of an E-coli cell. Illustration by David S. Good-

sell, the Scripps Research Institute.

tional elements [13].

When E. coli are in the growing state, a mother E. coli cell elongates, doubling in length

while its diameter remains about constant [13]. The mother cell then divides into two

daughter cells from the inward growth of the cytoplasmic membrane and cell wall in mid-

cell [15]. During this process the chromosome is replicated and each daughter receives an

identical copy. The caps of the rod shaped cell are called poles. The poles inherited from

the mother cell are defined as old poles and the poles formed by the last division are

defined as new poles (Fig. 1.2). The generation time for E. coli, the time it takes for one

cell to divide into two, under the best nutritional conditions is about 20 minutes [15].

The bacterial growth dynamics can be studied using the growth curve. The growth

curve can be plotted by measuring the optical density of a sample of bacteria with a spec-

trometer. Light passing through the cell culture is scattered by cells, thus by measuring

the unscattered light we can assess the cell number [15]. The growth curve has a sigmoid
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Figure 1.2: Cell Division. An E. coli cell elongates and divides in mid-cell to two daughter

cells. Old poles are the the poles inherited from the mother cell and new poles are the ones

formed by the last division. A new pole will become an old pole in the next division.

shape and consists of four phases:

(a) Lag phase: When bacteria are inoculated to a new environment and are adjusting to

the change, growth does not immediately begin. The length of this phase depends

on the environmental conditions before versus current [15].

(b) Log or exponential phase: In this state, the cells are actively growing. They double

at constant rate, and the number of bacteria increases exponentially. The doubling

rate can vary depending on the environmental conditions and the organism [15]. In

most bacterial experiments, cells in this active growing state are studied.
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Figure 1.3: Bacterial growth curve.

(c) Stationary phase: As essential nutrients of the culture medium are exhausted or the

waste products accumulate, growth ceases and the cells stop dividing. This phase is

known as the stationary phase because the cell number does not increase or decrease

and appears flat in the growth curve. Although the cell number does not grow, cells

are still alive and continue to metabolize [15].

(d) Death: At this final stage, the cells eventually die and can not reproduce even when

they are transferred to a new medium. During this phase, the growth rate in the

growth curve decreases exponentially [15].
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1.3 Inside a microbe

1.3.1 Diffusing within a cell

One of the most interesting things about bacteria is the physics of the molecules in the

crowded and complex cytoplasm. Inside a bacterium, the random thermal forces, the

collisions with surrounding molecules, play an equally as important role as the usual

deterministic forces [16]. Due to these thermal forces, molecules observed in cells appear

to take each step in a random direction and they are said to undertake brownian motion

or diffusion. In order to achieve molecular transport, cells need to exploit or overcome

this motion.

A common measure for diffusive motion is the mean square displacement (MSD). By

taking the average over the trajectories of the particles, we can compute the MSD in one

dimension

MSD =
〈
∆x2(δt)

〉
=
〈
(x(δt)− x0)2

〉
= 2Dδtα (1.1)

where D is the diffusion coefficient and α is the scaling factor. In the case of simple

diffusion the scaling factor, α, is 1. An α < 1 and α > 1 indicate sub-diffusive and

super diffusive motion respectively. Sub-diffusive motion has been observed in cells for

example in chromosomal loci [17] and the cytoskeletal protein FtsZ [18].

For a spherical particle, the diffusion coefficient is defined by the Stokes-Einstein rela-

tion

D =
kT

6rπη
(1.2)

where k is the Botlzmann constant, T is the temperature, η is the viscosity of the

medium and r is the radius of the particle.

Another way to describe diffusion is in terms of the change in particle concentration

in time and space. In a system undergoing diffusion, if there is a gradient in particle

concentration there will be a flow of particles from high to low concentration. Fick’s first
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law describes how the flux of particles, the amount of particles through a unit area per

second, changes with the concentration gradient

~j = −D∇n (1.3)

where j is the diffusion flux and n the particle concentration.

Assuming the number of particles is conserved, we can derive Fick’s second law

∂n

∂t
= −∇ ·~j. (1.4)

Combining 1.3 and 1.4 we arrive at

∂n

∂t
= D

∂2n

∂2x
. (1.5)

1.3.2 Bias and diffusion within a cell

The analysis above is based on the assumption that there are no external forces other

than diffusion. If there is a bias towards a particular direction, equations 1.3 and 1.5 are

modified as follows [16]

~j = −D∇n+ 〈v〉n (1.6)

∂n

∂t
= D

∂2n

∂2x
− 〈v〉 ∂n

∂x
(1.7)

The drift velocity, 〈v〉, is defined as

〈v〉 =
F

γ
(1.8)

where F is the bias force and γ is the friction coefficient.
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1.4 Imaging Techniques

1.4.1 Phase-Contrast Microscopy

To image individual bacterial cells we use light microscopy. Light microscopy is based

on the absorption of light by the specimen, which is commonly viewed as dark against a

lighter background. Because bacteria are transparent to light, more advanced techniques

have been developed to resolve microbes, such as phase-contrast. Phase-contrast mi-

croscopy relies on the differences in the refractive index between the cells and the sur-

rounding region [19]. The diffracted light passing through a cell is about a quarter of a

wavelength behind the phase of light passing through the surrounding medium. On the

other hand, the surrounding light is advanced an additional one quarter of a wavelength

by a phase plate in the microscope so that it destructively interferes with the diffracted

light [19]. The result is specimens appearing in the image as dark regions in a light filled

background.

Cells are also constantly moving, thus need to be immobilized to resolve cellular re-

gions in images. To achieve this the cells are trapped in a gelatinous matrix. We place a

few µl of cell culture between a glass slide and an agarose pad, which is a combination

of growth media and a matrix called agarose [20]. Multiple generations of cells can be

observed on the pad, until nutrients and space are exhausted and cells reach stationary

phase.

1.4.2 Fluorescence

To image molecules within cells we use fluorescence microcopy. Fluorescence is the pro-

cess during which light of a specific wavelength is absorbed and light of a lower wave-

length (usually) is emitted. Molecules that have this capability are called fluorophores.

The process is illustrated in an electronic state diagram in figure 1.4. Fluorophores have at

least three energy states, E ′1 where the electron arrives by absorbing a photon, E1 where

the electron relaxes to after it has been excited, and E0 the ground state. Fluorescence
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emission results from the transition of an electron between E1 and E0. By exciting the

sample with photons of the absorption energy (E ′1 − E0), and filtering the emitted light

for photons of the excitation energy (E1 − E0), the location of the fluorophores can be

recorded.

E1’

E1

E0

Figure 1.4: Fluorescence Energy Diagram. The electron absorbs a photon of energy E ′1-

E0, relaxes to E1 state and emits a photon of energy E1-E0

Fluorophores after exposure to light can lose their ability to fluoresce, a process called

photobleaching. Photobleaching can complicate fluorescence microscopy data, as fluo-

rescent molecules may not appear in images for a duration of time. Scientists have taken

advantage of this problem, by creating techniques that purposefully bleach the cells to

study the motion or diffusion of molecules, such as FRAP (Fluorescence Recovery After

Photobleaching).
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1.4.3 Fluorescent Proteins

The first discovered fluorescent protein, the green fluorescent protein (GFP), was isolated

in the 1962 from the jelly fish Aequorea victoria [21]. GFP absorbs blue light, with an ex-

citation peak of 488 nm, and emits green light, with an emission peak of 509 nm. In the

1994, the genes that produce GFP were transferred to E. coli cells [22]. GFP has been used

extensively in the last years to track gene expression, protein localization and concentra-

tion, by fusing it to other proteins or by inserting its gene after a promoter of interest

(DNA region where transcription of a gene is initiated) [20]. Now, a variety of spectral

variants are available (e.g. mCherry, YFP etc), and combinations of these make it possible

to visualize multiple proteins simultaneously.

1.4.4 Diffraction limit

Despite the technological advancements in microscopy, the resolution by which two ob-

jects can be distinguished as separate is limited by the physical laws of light. The diffrac-

tion limit is

d =
1.22λ

NA
(1.9)

where λ is the wavelength of light and NA is the numerical aperture of the microscope.

For the microscopes we use, the resolution limit is about half the wavelength of the light

used to illuminate the specimen, about 250 nm or an eighth of a typical E. coli cell. There-

fore fluorescent proteins with separation less than 250 nm can not be resolved as two sep-

arate objects with conventional fluorescent microscopy. To resolve such objects methods

which modulate the activation of fluorophores either temporally or spatially, known as

super resolution techniques, have been developed [23].
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Chapter 2

SUPERSEGGER : AN IMAGE SEGMENTATION AND ANALYSIS
TOOL

As discussed in the introduction, the cell-to-cell variation makes the quantitative sta-

tistical analysis of a significant number of cells essential to understanding many biological

processes at the single cell level [1]. Although it is straightforward to image fields of view

containing thousands of bacterial cells, the development of fast, reliable and automated

methods for the quantitative analysis of this data, including segmentation (the identifi-

cation of regions in each image corresponding to cells) and linking the cell regions from

frame-to-frame, remains a significant computational challenge.

In this chapter, we present our solution to this problem: SuperSegger, an automated

MATLAB-based image processing and analysis package. SuperSegger is particularly well

suited for high-throughput analysis of cell-cycle dynamics of proteins and complexes by

time-lapse fluorescence microscopy in single bacterial cells. Even though the software

is optimized for rod-like bacterial cells, it incorporates machine-learning algorithms, to

optimize cell boundaries for other cell shapes. SuperSegger can follow a cell lineage for

many generations, identifying full cell cycles by linking cells from frame-to-frame in time-

lapse imaging. The software performs a detailed characterization of each cell facilitating a

wide range of analyses. Post-processing tools are included for analysis at both the single

cell and population level, such as fluorescence kymographs, frame mosaics, consensus

images and plotting tools for a variety of cellular characteristics. Powerful tools for sub-

population analysis have also been developed that allow the user to gate (generate cell

subpopulations) on a wide range of cellular characteristics. The software can be down-

loaded from the Wiggins Lab website where the user manual and documentation on all
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the methods can be found. It can then either be run at the command-line or through a

graphical user interface (See Appendix Fig. A.2 and A.1).

Although a number of segmentation software packages are already available [24, 25,

26, 27, 28, 20], our software was developed because we found the existing packages were

not well suited to our own experiments and analysis. In our experience, these packages

cannot track cells over multiple generations without significant error correction by hand.

This approach is not practical when analyzing a large number of cells. In contrast we

demonstrate that SuperSegger can segment multiple generations of cell division without

error. Therefore, SuperSegger offers strengths complementary to these other packages,

especially in experimental contexts dependent on time-lapse imaging and cultures where

cells have many neighbors.

2.1 Software Methods

2.1.1 Overview

SuperSegger automates segmentation, linking and cytometry analysis and requires no

user input (Fig. 2.1). In short: The user specifies the image directory and selects the ap-

propriate segmentation parameters (typically using a set supplied with the package). Su-

perSegger loads images for each time point, aligns the images, identifies the cell regions

from the background, tracks each cell region from frame-to-frame by linking correspond-

ing regions, and calculates fluorescence and structural characteristics for each cell in each

frame. SuperSegger generates three different types of outputs: Frame files, Clist Matrices

and Cell Files, which are further described below.

2.1.2 Image Alignment

During long time-lapse imaging, stage drift often results in the accumulation of offset of

the field of view between the initial and the final frames. In our own experience, this

problem is often aggravated by imaging multiple xy positions during a time course. To
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Clist Matrices
Cell Files

Frame Files

1  Align 2  Segment

4  Cytometry5  Data Output

3  Link
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ID: 10
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Figure 2.1: General process of SuperSegger. The fluorescence and phase images are pro-

cessed and aligned. During segmentation the cell regions are identified from the back-

ground. Then each cell region is linked to a corresponding cell region in the next frame

and the cells receive unique ID numbers. Next, the properties and fluorescence charac-

teristics of each cell are calculated. Finally, the program outputs three different types of

outputs : Frame files, Clist matrices and Cell files.
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implement frame alignment, we use a fast and memory-efficient algorithm by [29] which

determines the frame alignment to sub-pixel resolution using cross-correlation.

SuperSegger includes a number of important alignment features: (i) Alignment can

be performed in any master channel (phase contrast, fluorescence, etc). (ii) A constant

relative offset can be applied to each channel to compensate for known offsets between

channels. (iii) Alignment can be performed against the previous frame, suitable for long

time-lapse experiments, or against the first frame, suitable for short experiments where

no significant cell growth occurs. (iv) Frames with high alignment error or out of fo-

cus are skipped automatically. (v) The image is preserved without cropping, facilitating

the analysis of micro-colonies that drift in (or out) of the field of view during long time

courses.

2.1.3 Cell segmentation

The process of identifying the regions of the image which correspond to cells is called

image segmentation. We developed the segmentation algorithm for use on phase contrast

images (Fig. 2.2A), although the algorithm also performs well on inverted fluorescence

images of cells with cytoplasmic fluorescence (J.Russell, personal communication).

The first step of segmenting cells is differentiating cell micro-colonies (or clusters) from

empty regions of the frame. The image is first smoothed and normalized. Next, the differ-

ence of the image filtered by gaussians of different sizes results in an image of cell clusters

of high relative intensity. The initial micro-colony mask is created by a thresholding op-

eration on this image. To further refine the micro-colony mask we filter the image with

a contrast filter to compensate for the phase contrast shade-off (the loss of phase-based

contrast in the middle of micro-colonies) and halo artifacts [30]. Another thresholding

operation is used on the contrast filtered image to remove regions between cells and ob-

tain the final micro-colony mask (Fig. 2.2B). (The segmentation steps are shown in more

detail in Fig. A.3.) The outline of the mask of each micro-colony is set as a fixed cell
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true falseBackgroundCells

1μm

A B C

D E F

Phase  Mask Contrast Filter

Watershed Boundary Optimized Region Optimized

Figure 2.2: Image segmentation procedure. Panel A: Original phase image. Panel B:

Mask of cells using intensity thresholding. Panel C: Phase image after the contrast (maxi-

mum principal curvature) filter and the mask are applied. Panel D: Boundaries found us-

ing the watershed function. Panel E: Boundaries after the boundary optimization. Panel

F: Boundaries after region optimization. Boundaries are divided into fixed boundaries

(red), boundaries that the software classified as true (orange) and false (blue). In panel E

on the right side, there is a boundary incorrectly set as true after boundary optimization

which is set to false after region optimization in panel F.
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boundary during the rest of the segmentation procedure.

To identify cell boundaries within a micro-colony we use the watershed operation. The

watershed operation identifies the catchment basins of local intensity minima, which are

the dark regions of the image corresponding to cells. This results to over-segmentation:

the typical cell is subdivided into multiple watershed regions (Fig. 2.2D). Watershed re-

gions too wide to represent cells are further subdivided to ensure that each cell is repre-

sented by at least one watershed region.

The cell regions are formed by merging watershed regions. This is done by classifying

the state of boundaries between them (Fig. 2.2E). The boundaries are classified as true or

false using a neural networks trained on the boundaries of the specific cell type, growth

conditions, pixel size etc. The input variables for each boundary include: mean and min-

imum intensity of the boundary, the second derivative of the intensity of the boundary,

the length of the boundary, the area of neighboring regions, axes of neighboring regions

etc.

The state of boundaries neighboring low scored regions are further informed by glob-

ally optimizing a score function which includes the scores of both regions and boundaries

in question (Fig. 2.2F). To score a cell region, we use a second neural network trained to

classify true or false regions. The input variables for each cell region include: the length

of the long and short axis of the region, the area of the region, the neck of the region

etc. Depending on the number of marginal boundary state classifications, either an ex-

haustive or stochastic (simulated anneal) search algorithm is used to identify the optimal

segmentation.

2.1.4 Region linking

In snapshot analysis, the cell segmentation process is now complete, but for time-lapse

analysis, the cell regions in successive frames must be linked to generate a cell cycle. The

linking algorithm links each region to a single region (or a pair of regions) in the suc-
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cessive frame. A linking cost function is computed from (i) the spatial overlap between

regions, (ii) the distance between the region centroids of the two regions, and (iii) the

change in the areas of the regions. Because cells at the outmost part of the micro-colony

move further outwards than internal cells, the distance from the center of the colony is

used to bias assignment to cells further outwards in the next frame. The linking corre-

sponding to the minimum cost is initially assigned, and the assigned regions are removed

from the possible assignments until no possible assignment remains. The segmentation is

further improved using the linking information from frame-to-frame to identify bound-

aries that may have been incorrectly classified as true or false. In the event that the area

change is above a defined threshold the region is marked with an error flag. This makes

it trivial to exclude incorrectly segmented cells at the end analysis.

2.1.5 Cell cytometry

After the segmentation process is complete, a detailed and time-dependent cell cytometry

analysis is performed. The cell descriptors are stored in a cell data structure. Each distinct

cell is given a unique ID. The cell descriptors include cropped phase and fluorescence

images of the cell, the length and width of the cell, the major and minor principal axis, the

area, the location of fluorescent foci in global and local coordinates, the IDs of daughters,

sister, mother and neighbor cells, the frame of death and birth of the cell, etc (Fig. 2.3).

2.1.6 Analysis of fluorescence channels

SuperSegger includes a number of generic tools for the quantitation of cellular fluores-

cence, including the computation of statistics on fluorescence intensity and the identifi-

cation of punctate foci. The mean background fluorescence intensity for each frame is

subtracted from the fluorescence images. To identify and score foci, SuperSegger uses

an image-curvature method which is specifically engineered to avoid the identification of

false positive foci due to background intensity from cytoplasmic fluorescence (C. Bren-
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phase: [Cell Phase Image]
mask: [Cell Mask]
BB: [Bounding Box]
r_offset: [Left corner of BB]
coord: [Cell coordinates]
 A: [Cell Area]
 r_center: [Cell centroid]
 e1: [Long axis vector]
 e2: [Short axis vector]
 rcm:[Cell center of mass] 
length: [Long axis, 
             short axis]
pole: [1x1 struct]
     op_age: [Old pole age]
     np_age: [New pole age]
fluor1: [Fluorecence Image]
fl1: [Florescence Statistics]
 sum: [Intensity sum]
 r: [Center of fluor]
 I: [2nd moment of fluor] 
 bg: [background fluor]
cell_dist: 
     [Distance to colony edge]
locus1: [Foci characteristics]

r: [Global coordinates]
score: [Foci quality]
intensity: [Foci intensity] 
shortaxis: [Local coordinates]
longaxis: [Local coordinates]

386
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(sister)

mask

Fluorescence
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Figure 2.3: SuperSegger outputs single cell files. Each cell file under a unique ID contains

various information regarding properties of the cell and fluorescence characteristics for

each frame of the lifetime of the cell. A representative example is displayed above. The

images displayed are later in the life of the cell, showing that the sister is identified even

when the sister cells are not in contact pole to pole. The orange triangles point to the fields

from where the phase, mask, and fluorescence images are found. Bold text shows fields

displayed in the image and tabs indicate that they are subfields of the field above.
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nan, unpublished). Foci detection is performed in the union of all cell regions and foci are

then allocated to cells to circumvent the double counting of foci close to the membrane at

the interface between cells [31, 32, 33, 34].

2.1.7 Complete cell cycle imaging

In order to study the dependence of fluorescence localization with the cell cycle phase or

the new or old pole of the cell, it is important to identify complete cell cycles. SuperSegger

identifies division and birth events. After a division is observed the program identifies

the new poles, created at the last cell division, or old, created by an earlier division. Dur-

ing the identification of division events, the mother and daughter cells are also tracked.

Starting at any frame, it is possible to track the lineage of a single cell both backwards

and forwards in time and, for example, to investigate fluorescence localization through

the generations.

2.1.8 Data output

Due to the variety of experimental demands and the large size of the typical data set,

SuperSegger slices the data into three output formats: The frame files organize the data

by frame and contain all the information about all cells in a single time point. The cell files

organize the data by cell and contains all data for a single cell over all time points (Fig 2.3).

Finally, the Clist file contains (i) a matrix of over ninety cellular descriptors (including

cell age at division, cell length at birth and division, average fluorescence intensity, etc),

organized by cell ID, and (ii) Clist-in-time structure with several cellular descriptors (cell

length, average fluorescence intensity) for each time frame organized by cell ID.

2.1.9 Gating functionality

SuperSegger implements a powerful gating functionality, inspired by flow cytometry,

which facilitates the selection of subpopulations of cells that match specific criteria de-
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Cell Files:
Single Cell Analysis
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clist Matrices:
Time-Course Analysis

    ID   Region    Birth Time    Division Time    Cell Age    Pole Age
    __   ______    __________    _____________    ________    ________
     1        1             1               43          42         NaN       
     2        1            44              134          90         NaN       
     3        3            44              139          95         NaN       
     4        1           135              197          62           2       
     5        2           135              192          57         NaN       
     6        3           140              184          44         NaN       
     7        4           140              187          47           2       
     8        4           185              232          47         NaN       
     9        9           185              235          50           2       
    10        7           188              229          41           2 
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Figure 2.4: SuperSegger output and analysis. Cell files contain all time points for a

single cell. Cell data can be visualized as: Panel A: Consensus images, the mean cell-cycle-

dependent fluorescence localization pattern (example of MalI, a transcriptional repressor

[1]), Panel B: Cell towers (example of mini-F plasmids labeled with mCherry-TetR and

ParA-GFP (ATPase)[2]), Panel C: Kymographs (example shows of parS cassette inserted

at oriC and labeled with GFP-ParB [3]) and cell movies. Frame files contain the data

from a single field of view at a time point. Frame data can be visualized as: Panel D:

Field-of-view images, Panel E: Frame mosaics, and movies. The clist matrices contain

a summary data for all cells at all time points. Clist data can be visualized as: Panel F:

histograms (example of probability density of position of mRNA-MS2 foci [4]), Panel G:

dot plots (example of focus separation of replication forks versus cell length [5], Panel H:

cell dynamics plots (example of cell length with time [4]), and Panel I: cell lineages.
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scribed using the Clist cellular descriptors. Gating significantly streamlines many com-

mon analyses. For instance, it is straightforward to limit analysis to cells which are (i)

segmented without error, (ii) observed through a complete cell cycle, and (iii) have an

average fluorescence intensity above a specified cutoff. For more information about this

powerful approach to quantitative cell biology the interested reader can look at [35].

2.1.10 Post processing tools

SuperSegger includes a post-processing GUI to visualize the segmentation, fluorescence

localization, focus position and tools to interactively modify incorrect cell boundaries.

Further, it provides a variety of analysis tools at the single cell level as well as at the

population level.

At the single cell level, the user can produce through the post-processing GUI a rotated

and masked fluorescence profile for a cell for each frame during its lifetime, which we

refer to as cell tower (Fig. 2.4B). The fluorescence profile along the long axis of the cell

can be displayed in a kymograph (Fig. 2.4C) which is the summed fluorescence along the

short axis of the cell with respect to time. A movie for each cell can also be made.

At the population level, our post-processing GUI produces histograms for any of the

features found in the Clist table (Fig. 2.4F), dot-plots of the Clist descriptors against each

other (Fig. 2.4G) and plots for the descriptors in the Clist-in-time for all cells versus the

time frame (Fig. 2.4H). In addition, by averaging over multiple single cell files, a quantity

of interest for the population can be visualized, such as the mean cell-cycle-dependent

fluorescence localization pattern, which we refer to as consensus image (Fig. 2.4A). The

consensus images are produced by computationally interpolating each single cell onto a

reference cell cycle with regular shape, growth rate, and lifetime followed by averaging

the fluorescence profile [1].
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2.2 Results

2.2.1 High-throughput analysis

Our software is capable of segmenting high-throughput data sets with multiple time

frames and xy and z positions. Furthermore, it takes advantage of parallel computa-

tion for each separate xy frame and time frame, decreasing the processing time. Data sets

taken at high frame rates can expedite the segmentation process by taking advantage of

the option to segment images every k frames. In this case, the skipped frames receive the

boundaries of the cells from the last frame segmented in the sequence.

BD

B

C

A 2 µm

2 µm2 µm

2 µm

Figure 2.5: Segmented phase images of bacteria. In red are the computer generated

boundaries. SuperSegger can successfully segment images of differently shaped cells and

cells in close contact such as Panel A: E. coli, Panel B: A. baylyi, Panel C: C. crescentus, and

Panel D: irregularly shaped E. coli cells.
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2.2.2 Reliable and flexible segmentation

The segmentation parameters can be optimized on different cell shapes making Super-

Segger highly flexible. We have trained parameters on E. coli, P. aeruginosa, Caulobacter

crescentus and Acinetobacter baylyi. In Fig. 2.5, we show examples of segmentation of E. coli

(Fig. 2.5A), A. baylyi (Fig. 2.5B), and C. crescentus (Fig. 2.5C) and E. coli with abnormal cell

morphology (Fig. 2.5D). The user can interactively produce a training set of identified true

and false boundaries and generate new segmentation parameters. Although SuperSeg-

ger includes an interactive tool for boundary correction after segmentation, we have not

needed this feature since errors are rare enough that cells with segmentation errors can be

discarded. Furthermore, the software is modular, facilitating the use of the segmentation

(or other) modules in conjunction with other code.

2.2.3 Generalization

We note that one of the strengths of SuperSegger is that it does not require users to fine-

tune the segmentation parameters from application to application and does not require

retraining. In our experience the segmentation parameters generalize well between cell

types and experimental conditions. For instance, we use parameters trained on E. coli to

segment Bacillus subtilis. The benchmarks we report are measurements of generalization

error, not training error. The segmentation parameters were trained against a different

strain of E. coli, grown under different conditions. No data set specific optimization of

the parameters was required to perform the segmentation. Other packages often require

either setting specific parameters for each data set or the user to correct the boundaries by

hand after segmentation.

2.2.4 Pixel-based segmentation

It is important to note that SuperSegger uses a pixel-based definition of the cell region,

and that a number of competing package generate sub-pixel resolution definitions of the
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cell region. We have avoided this practice for two reasons: (i) Pixel-based definitions of

the regions are convenient and make the modules of SuperSegger easier to integrate with

other image analyses in our lab. (ii) A second motivation is the difficulty of generaliz-

ing these method to cells with many neighbors. A quantitative interpretation of phase

contrast intensity is complicated by the two well known phase contrast image artifacts:

phase halos and shade-off. When cells form micro-colonies, contrast is lost towards the

center of the colony and natural cytoplasmic structures, like the nucleoid, tend to be more

visibly pronounced. We therefore do not believe that the cell boundaries can be reliably

segmented to higher than pixel resolution when the cell density is high.

2.2.5 Comparison with existing software

We compared the performance of SuperSegger with existing software packages (Fig. 2.6).

All packages we tested could successfully segment cells that were well separated or formed

small colonies of a couple cells, but since many of our applications demand full cell cy-

cle imaging over multiple generations, it is necessary to reliably segment micro-colonies

containing many cells. Segmenting cells in a micro-colony is particularly difficult because

contrast is lost towards the center of the micro-colony. In our tests of performance, Super-

Segger outperformed the other software packages we tried [27, 20] in segmenting these

micro-colonies. Other packages either incorrectly merged or split multiple cells in the in-

terior of the micro-colony, even in a single frame (Fig. 2.6). We note that lineage tracking

requires the linking of hundreds of error-free segmented frames.

2.2.6 Data acquisition

We have advocated strongly for the strengths of the segmentation package, but it is im-

portant to note that SuperSegger does routinely generate segmentation errors. In general,

SuperSegger is unable to correctly segment images where the cell outlines are not clear to

the user by eye. Care should still be taken in collecting the best possible focused phase
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OuftiSchnitzcells
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phase

Figure 2.6: Performance test of SuperSegger, Schnitzcells and Oufti segmenting an

E. coli micro-colony. For Schnitzcells and SuperSegger, we used the provided E. coli seg-

mentation parameters (not trained on the data set), and for Oufti we started with the pro-

vided E. coli LB parameters and updated to the ones that looked best. SuperSegger out-

performs the other two software packages in reliably segmenting cells in micro-colonies.

Authors report Oufti performance increases for confluent cells growing in a micro-fluidic

chamber.
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images. We recommend that users crop out-of-focus regions of the image before the seg-

mentation process since these parts of the image are unlikely to yield usable data.

In practice we find that it is not essential to manually correct segmentation errors in a

field of view. It is much more practical to accept that some segmentation errors do occur

and use the gating functionality of the software to ensure that analysis is only performed

on cells that are correctly segmented. It is often sufficient to limit the analysis to cells that

were tracked for a complete cell cycle without error. Although gating for cell lengths at

birth and division, cell area, and cell region scores can all be used to increase the number

of cells with segmentation errors excluded in the analysis.

2.3 Benchmarks

2.3.1 Snapshot benchmark

A standard metric for the performance of a segmentation algorithm is looking at the seg-

mentation error rate. Our software performs exceptionally well in this metric. In a snap-

shot image of 824 E. coli cells in micro-colonies of about four cells, 99.4% of the 1198

boundaries were correctly classified resulting to 99.3% of the cells to be correctly seg-

mented (Fig. 2.7). We believe that the measurement of error rate in a snapshot image is a

misleading metric. The error rate in snapshot analysis depends sensitively on cell density

since snapshot images of isolated bacterial cells can be segmented without error.

2.3.2 Time-lapse benchmark

What makes the bacterial cell segmentation problem challenging are the cell contacts and

micro-colonies. In micro-colonies, cells at the boundary with excellent contrast and cells

in the interior of the micro-colony with poorer contrast due to the shade-off artifact must

be segmented simultaneously. Therefore a natural test of the algorithm is the analysis of

cell proliferation on an agarose pad starting with a single isolated cell. (See Fig. 2.8.) Al-

though the culture starts with isolated cells, a micro-colony forms and grows for roughly
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Figure 2.7: Snapshot benchmark. Segmentation of a snapshot image of of 824 E. coli cells

in micro-colonies of about four cells. 99.4% of the 1198 boundaries were correctly clas-

sified resulting to 99.3% of the cells to be correctly segmented. Six cells were incorrectly

divided into two cell regions. Such errors are often fixed during the linking phase from

frame-to-frame.



31

0 100 200 300 400
Time (min)

0

1

2

3
C

el
ls

 e
rro

rs
 (%

)

150 min 180 min 210 min 240 min

300 min 330 min 360 min 390 min 420 min

0 min 30 min 60 min 90 min 120 min

270 min

0 100500 150 200 250 300

Cumulative number of cell cycles

0

5

10

15

N
um

be
r o

f d
at

as
et

s

First error
No error

A

Full Cell Cycle

Birth not observed

Error

Division not observed

B C

5 µm

Figure 2.8: Segmentation of proliferation from single E. coli cells. Panel A: Frame

mosaic of segmented images of a micro-colony. A cell is marked with an error at the

end of the time-lapse. (Only 15 of 141 frames are shown.) Panel B: A histogram of the

cumulative number of cell cycles observed before the first error or no error occurred at

each data set. Panel C: The percentage of segmented cells with errors with time.
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seven rounds of division before the culture begins to become multi-layered. SuperSegger

cannot segment cells in multiple-layer micro-colonies and once cells begin to grown on

top of one another, overlapping cells lead to errors. But in many applications, these cells

can be excluded from the analysis, while cells at the boundary of the colony (proliferating

in a single layers) can be segmented, tracked and analyzed without error.

To test the performance of SuperSegger in segmenting micro-colonies we analyzed

80 initially isolated cells grown on M9 agarose pads for 420 minutes. In each data set the

software marked the first segmentation error, defined as a frame-to-frame substantial area

change or loss of a cell lineage. The results are shown in Fig. 2.8.

In Fig. 2.8A, we show an example of a segmented data set with 363 cells in the final

frame and 727 cells segmented cumulatively. (Cells refer to the number of actual cells

observed during the experiment, not regions segmented in a single frame.) In this data

set 543 cells were segmented before the first error occurred and, in the final frame, only

one cell in the middle of the colony was segmented with an error. To understand why

the segmentation problem is challenging, consider that in order to correctly segment this

micro-colony, 30,179 boundaries needed to be classified during the time course.

In these 80 data sets, the mean number of cells segmented before an error was 174

cells, but 30% of the data sets were segmented without error (Fig. 2.8B). One of the main

mechanisms resulting in segmentation errors is the overlap of cells that occurs when the

colony begins to become multi-layered. In this experiment cells began to overlap at about

400 minutes and a corresponding rise in the error rate is clearly seen in Fig. 2.8C. Even

with the increase, the error rate remains low: At the end of the experiment only 2.5% of

the cells have segmentation errors.

2.3.3 Runtime benchmark

SuperSegger takes advantage of parallel processing: (i) for one xy position it allocates

the segmentation of each time frames to the available processors, (ii) for multiple xy po-
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sitions each xy position from segmentation to output runs on each available processor.

SuperSegger’s parallelization dramatically improves the processing time of multiple xy

positions but does not scale with image size, and varies with cell density and number of

computer processors. Nevertheless, SuperSegger is very efficient. As an example, align-

ing, segmenting, linking, characterizing and producing all output files for the time-lapse

in Fig. 2.8 (141 frames, from a single cell to a micro-colony) took 13.6 minutes in non-

parallel mode, and 9.6 minutes with 4 processors in parallel. Segmentation alone of the

single cell in the first image took 0.27 seconds and the micro-colony in the last image took

10 seconds. We copied the same dataset in 4 xy positions and processed it in parallel and

non parallel. In parallel with 4 processors all xy positions were fully processed in 21.2

minutes and in non-parallel in 51.5 minutes. Just segmenting the full frame image shown

in Fig. 2.7 took 35 seconds.

2.4 Conclusion

SuperSegger is a powerful automated image processing and analysis package, well suited

for high-throughput time-lapse fluorescence microscopy of cells [3, 36, 37, 38, 1, 39, 40, 31,

32, 41, 34, 4]. It provides reliable and flexible segmentation which can be trained to op-

timize performance in a wide variety of experimental contexts. The multiple data struc-

tures output by SuperSegger facilitate its use in many experimental imaging contexts.

The faithful segmentation and tracking of bacterial cells with neighbors facilitates its use

of quantitative imaging-based analysis in new problems, like bacterial cell-contact medi-

ated phenomena [31, 32, 33, 34], where cell contacts are essential and applications where

investigators want to study cell proliferation over multiple generations.
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Chapter 3

CASE STUDY I : SINGLE-CELL ANALYSIS OF LAG PHASE

To date, we have successfully applied our package to a number of problems in the cell

biology of bacterial cells, including a genome-scale characterization of protein localiza-

tion dynamics in E. coli throughout the cell cycle [1, 38], detailed analysis of the function

of the Type VI Secretion System in Pseudomonas aeruginosa [31, 32, 34], chromosome segre-

gation in E. coli [3, 39] as well as a number of other applications [41, 4]. In this chapter, we

demonstrate the power of SuperSegger for quantitative analysis by analyzing cell prolif-

eration during lag phase in single bacterial cells, the period during which bacteria adapt

to changes in growth conditions.

In addition to a good case study of analyzing many generations with SuperSegger, lag

phase growth is not well studied in the single cell level [42, 43, 44, 45]. The nature of

lag phase has been mainly characterized and analyzed at a population level (e.g. [46]). In

particular, it is unclear whether the observed delay associated with lag phase is the result

of slow growth of all cells in the population or a graded response with range of growth

rates at the cellular level. The observation of significant cell-to-cell variation could be

evidence of a bet-hedging strategy, the strategy of lowering the mean fitness to reduce

variation in fitness [47], since the aberrant transition of cells from a dormant to a growing

state would reduce cell fitness in a fluctuating environment [48, 45, 49].

3.1 Methods

3.1.1 Bacterial Strains

The E. coli strain used in this study for the cell proliferation experiment is the sequenced,

wild-type strain K12 MG1655. The strain was obtained from CGSC, The Coli Genetic
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Stock Center.

3.1.2 Growth conditions

Log phase cultures were grown overnight from a single colony in LB media. The overnight

cultures were then re-inoculated (1:1000 dilution) into fresh media and grown to an OD600

of 0.1.

Stationary/Death phase cultures were grown overnight from a single colony in LB

media. The culture was then left on the bench for 7 days at room temperature. Immedi-

ately before imaging, the culture was diluted to OD600 of 0.1 in fresh media so that the cell

count was approximately the same as the log phase culture.

3.1.3 Sample preparation

Agarose pads were prepared by melting 1 mL of M9 media (1×M9 salts, 2 mM MgSO4,

0.1 mM CaCl2, 0.4% glycerol carbon source and 0.2% casamino acids supplement) and 4%

low-melt agarose into 2 cm× 2 cm wells cut into a rubber gasket sealed onto a microscope

slide (3”×1”) using VALP (1:1:1 vaseline, lanolin, paraffin). A microscope slide was then

placed on top of the gasket to form a mold. The agarose gel pad was then allowed to set

for 15 min. The top slide was then removed and the pad was allowed to dry for 13 min.

2 µL of the cell culture was spotted onto a coverslip, which was placed on top of the pad.

The entire slide was sealed with VALP.

3.1.4 Microscopy

Imaging was performed using a Nikon Eclipse Ti-E microscope, through a 60× 1.4 NA

CFI Phase objective onto an Andor Neo sCMOS camera. The microscope and sample

were heated to 30◦C using an environmental chamber. Images were taken every minute

for a total duration of 300 minutes.



36

3.2 Results and Discussion

To investigate the nature of lag phase with single cell resolution, we analyzed cell prolif-

eration upon re-inoculation on an agarose pad. We characterized single progenitor cells

in both log and late-stationary/death phase growing into micro-colonies of hundreds of

cells. The analysis is shown in Figure 3.1. Fig. 3.1A-C show the proliferation of a single

cell over five hours to a final population of 115 cells. The micro-colony was segmented

without error. Fig. 3.1A shows the lineage tree for the micro-colony and Fig. 3.1B a frame

mosaic of the colony. Fig. 3.1C shows the growth curve of the micro-colony. Divisions

early in growth are closely synchronized, resulting in a characteristic step-like increase in

the number of cells. As subsequent divisions lead to a de-synchronization, steps later in

growth are smoothed. In the limit of large time, the growth curve approaches a straight

line (on a semi-log plot), consistent with the exponential growth of an un-synchronized

population.

The micro-colony growth curves for log (N = 82) and stationary phase (N = 119) pro-

genitor cells are shown in Fig. 3.1D. Over 70,000 micro-colony images were segmented

in the analysis. The log (blue) and stationary phase (yellow) cells both proliferate with

nearly identical growth rates, as is clear from the slopes of the growth curves. The prin-

ciple difference between the curves is a delay in lag phase for stationary phase cells, as

is expected from population-level analysis of lag phase after stationary phase [15]. For a

number of stationary phase cells the first division event (1 → 2) is observed more than

120 minutes after the cells were inoculated.

To quantify this delay and analyze the persistence of slow growth after the first divi-

sion, we plot histograms for the duration of the cell cycle for the first five generations of

growth (Fig. 3.1E). The 0∗ generation represents the initial incomplete cell cycle of the pro-

genitor cell. Since the cells do not begin the experiment synchronized, the 0∗ duration is

not directly comparable to the duration of subsequent complete cell cycles. As expected,

in generation 0∗ the log-phase progenitor cells execute an incomplete cell cycle in a pe-
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riod shorter than later complete cell cycles (30 minutes). In contrast, the stationary-phase

progenitor cells have a much longer duration 0∗ generation time. About 80% of the cells

divide in the first 200 minutes and show a wide distribution of cell cycle durations, cen-

tered around an hour. Nearly 20% of cells do not divide in the first 200 minutes. It is

important to note that not all these cells are dead: 13% of these cells divide between 200

minutes and 300 minutes (when the time course ends).

After the 0∗ generation, the first full cell cycle observed, generation 1, shows a slight

shift relative to subsequent cell cycles. (Log phase cells also show a small lag phase due

to changes in growth conditions on the agarose pad.) But our experiments demonstrate

that this effect is small and slow growth does not appear to persist.

These observations suggest a qualitative model for stationary and death phase with

three cell states: (i) stationary, (ii) stationary-dormant and (iii) dead cells. The stationary-

dormant cells are those that we have identified which have a significant delay before the

first cell division. It is possible that this state is an intermediate state between stationary

phase and cell death. Alternatively, this state may be the result of a bet-hedging strat-

egy where a small subset of the population of cells does not transition into the growing

state. This may insure against short-lived increases in nutrients which might lead cells to

transition into the growing state when the optimal behavior is to remain dormant [48].

3.3 Conclusions

In this chapter, we demonstrate image segmentation and analysis of up to five genera-

tions of cells. The order of magnitude increase in the accuracy of segmentation using

SuperSegger facilitates the analysis of micro-colonies with single cell resolution and re-

veals new subtleties in lag phase growth phenomenology. Our experiments show a wide

distribution in the delay before the first division with 20% of cells exhibiting an extremely

slow transition to the growing state (τ > 200 min). As noted above, not all these cells are

dead and some transition after 200 minutes, but before the end of the experiment at 300

minutes. We have suggested a model for stationary and death phase of three states : (i)
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stationary, (ii) stationary-dormant and (iii) dead cells, where stationary-dormant may be

an intermediate state or the result of bet-hedging.
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Figure 3.1: Lag phase results. Panel A: Cell lineage tree for a progenitor single cell. Panel

B: Frame mosaic of micro-colony. Blue cells are observed for a complete cell cycle. Panel

C: Growth curve for a single micro-colony. Panel D: Growth curves for progenitor cells in

either log (blue, N = 82) or stationary phase (yellow, N = 119). Panel E: Duration of cell

cycle by cell generation of growth on the agarose pad. The cell generation is shown on the

x-axis for the two populations (log and stationary phase). The 0∗ generation is defined as

the incomplete cell cycle of the initial progenitor cell.
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Chapter 4

CASE STUDY II : CYTOPLASMIC DYNAMICS OF MOLECULAR
COMPLEXES

In the previous chapter, we tested our software in segmenting phase images of sin-

gle cells growing into multiple generations of micro-colonies. Here we demonstrate its

capabilities in identifying and tracking fluorescence foci, in addition to full cell cycle seg-

mentation, in order to analyze the motion of molecular complexes. Through this analysis,

we also seek to better understand the organizing principles of the bacterial cell, in partic-

ular the detailed mechanisms that drive cellular-scale spatial and temporal organization.

Specifically, we are interested in the hypothesis proposed that the nucleoid may play

a central role as an organization template in the bacterial cell [50]. It has long been known

that aggregates of misfolded or non-functional proteins tend to localize at the cell poles,

a process that has been implicated in cellular aging effects [51, 52]. But it is not en-

tirely clear whether the complexes move under the influence of biased forces through-

out the cytoplasm or undergo unbiased Brownian motion until they become trapped at

the poles. Modeling studies have suggested that membrane curvature, nucleoid exclu-

sion, and over-expression are sufficient to cause polar localization of protein complexes

[53, 54, 55, 56, 57] but a comprehensive quantitative experimental investigation has yet to

confirm this hypothesis. Recent studies have also reported that the nucleoid plays a sig-

nificant role in gene expression: mRNA-bound ribosomal subunits are excluded from the

nucleoid while free ribosomal units are not, allowing for easy access to nascent mRNA

transcripts and tight coupling between transcription and translation [58]. Furthermore, it

has also been proposed that entropic effects from the nucleoid may be an essential com-

ponent in cellular-scale chromosome organization, in particular in the poorly understood
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chromosome segregation process in E. coli [59, 60].

To explicitly investigate the hypothesis that forces resulting from the physical exclu-

sion of macromolecules from the bacterial nucleoid play a central role in organizing the

bacterial cell, we set out to quantitatively map the dynamics of molecular complexes in

the cytoplasm of growing E. coli cells. Using our image and analysis tool, we track thou-

sands of complete cell-cycle trajectories of fluorescently tagged ectopic MS2-mRNA com-

plexes. We make use of an existing GFP-labeled MS2-mRNA system [6] as a tracer to

quantitatively map the cellular-scale, spatially-dependent dynamics of the cytoplasm in

thousands of complete cell cycles. The complexes are approximately twice the molecular

weight of the E. coli ribosome and the MS2-bound messages are neither translated nor

degradable, thus facilitating complete cell cycle imaging [6]. Since this system is ectopic

to E. coli, it is believed that it is subject only to non-specific interactions that would be gen-

eral to all large complexes, including blobs of condensed chromosomal DNA, plasmids,

ribosomes, and large protein aggregates.

Our measurements recapitulate the results of previous reports describing a polar-

directed drift of molecular complexes and provide a new spatial map of this drift through-

out the cell [61, 17]. Quantitative analysis of this drift closely matches the predictions of

a minimal model composed of two basic physical mechanisms: nucleoid exclusion and

membrane confinement. To confirm our model, we made perturbations to nucleoid struc-

ture, cellular shape, and cell physiology, and found results that reveal an unexpectedly

central role for the nucleoid in determining the mobility of protein complexes in the cyto-

plasm. Although extensive studies have previously been performed on characterizing the

dynamics of bacterial cytoplasm [6, 62, 63], our study is the first to quantitatively char-

acterize the spatial dependence of the dynamics throughout the entire cell cycle, which

reveals that the mobility of protein complexes is significantly larger over the nucleoid

region and tends to increase when nucleoid structure is perturbed. These observations

may explain many of the phenomena previously attributed to more complicated physical

mechanisms.
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4.1 Methods

4.1.1 Bacterial Strains

The E. coli strain used in this study (a gift from I. Golding) is DH5α carrying the plasmids

pIG-K133 and pIG-BAC2. The MS2-mRNA system consists of two components: a green

fluorescent protein that is fused to the MS2 bacteriophage coat protein and a reporter

RNA with a repeated sequence of MS2-binding sites (Fig. 4.1A). The low copy plasmid

pIG-BAC2 is responsible for encoding the mRNA molecule with a 96-tandem repeat of

MS2-binding sites under the pLac promoter. The pIG-K133 is responsible for the GFP-

MS2 protein fusion under the tetracycline promoter (Fig. 4.1B). Note that in the absence

of pIG-BAC2, no aggregation of GFP-MS2 is observed [6]. A detailed description of this

system can be found in [6].

4.1.2 Growth conditions and microscopy

All strains were grown overnight at 30◦C from a single colony in LB media with the ap-

propriate antibiotics (Kanamycin and Chloramphenicol). Doubling time in liquid media

was approximately 30 minutes. Overnights were diluted 1:1000 the following day into

fresh media and grown to mid-logarithmic phase at 30◦C (OD600 ∼ 0.2). The cells were

then induced with IPTG (1 mM) and aTc (10 ng/ml) for 15 minutes at 30◦C. Cells were

rinsed and grown in fresh media without IPTG and aTc for 1 hour at 30◦C. Agarose pads

were prepared by pouring 1 mL of growth media with IPTG (0.25 mM) and 2% agarose

into 2 cm × 2 cm wells cut into a rubber gasket sealed onto a standard microscope slide.

2µL of cells were spotted onto dried pads and a coverslip was placed on top of the pad.

The entire slide was sealed with VALP (1:1:1 vaseline, lanolin, paraffin). Under imaging

conditions, the average doubling time for cells was 46 minutes.

For biological perturbations: Rifampicin treatment: agarose pads were treated with 100µg/ml

Rif and cells where inoculated on the pad for 30 minutes before imaging. A22: The cells

were grown in LB and 10µg/ml A22 for two hours and then spotted on agarose pad



43

MS2

A

mRNA 

GFP

MS2 binding sites

B

PLtetO MS2 GFPmut3

PLac LacZα 96x MS2 binding sites

Figure 4.1: Schematic of MS2-mRNA. Panel A: MS2-mRNA consists of an mRNA

molecule with a 96-tandem repeat of binding sites for the RNA-binding protein MS2 and

a GFP-MS2 protein fusion. Panel B: Schematic of the two plasmids adapted from [6].

Under the control of the promoter P(LtetO-1) there is the MS2 protein fused to the GFP

variant, GFPmut3, fusion. Under the P(Lac) promoter there is the tandem array of 96

MS2-binding sites (96x MS2-bs).

with the same concentration of A22. Novobiocin: Cells were spotted on agarose pads

with 1000µg/ml of novobiocin and inoculated on the pad for 30 minutes before imaging.

Sodium azide: Cells were grown in Sodium Azide (0.01%) and 2-Deoxy-D-glucose (1 mM)

for 30 minutes before being spotted on a pad with the same concentrations. UV Radiation:

Cells on the pad were exposed to high intensity UV light (λ = 254 nm) for 2 seconds and

then left to grow for an hour before imaging.

For the visualization of the chromosome, cells were fixed in 1 ml of 70% Ethanol and

30% PBS for 3 minutes, rinsed twice in PBS, and then resuspended in 1µg/ml of DAPI.

Time-lapse phase-contrast and wide-field fluorescence microscopy images were col-

lected at 1 minute time intervals using a large-format sCMOS camera (Andor Neo; Andor

Technology/Oxford Instruments, Belfast, Northern Ireland) attached to a TiE microscope

(Nikon Instruments, Melville, NY) with a 60× Plan-Apo oil immersion objective with a
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Figure 4.2: Example of cell with MS2-mRNA complexes. Panel A: Wide-field fluores-

cence images showing the dynamics of MS2-mRNA complexes in a typical cell through-

out the entire cell cycle. Frame numbers are measured in minutes. Panel B: Kymograph

of MS2-mRNA cell-cycle trajectory plotted along the long axis of the cell shows dynamic

localization of protein complexes throughout the cell cycle.

1.4 numerical aperture and equipped with an environmental chamber and controlled by

NIS-Elements (Nikon Instruments).

4.1.3 Image Analysis

Cells were identified and linked from frame to frame using SuperSegger. The MS2-GFP

foci were tracked in each frame and linked to form trajectories. For analysis we included

only cells in which both birth and division were observed, precluding filamentous and

non-growing cells.

4.2 Results

4.2.1 Complete cell cycle imaging of MS2-mRNA dynamics.

To quantitatively characterize MS2-mRNA dynamics throughout the cell cycle, we cap-

tured thousands of complete cell cycles: cells in which both birth and division are ex-
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plicitly observed. We analyzed 6655 complete cell cycles with at least one MS2-mRNA

trajectory (Fig 4.2). For image analysis, the coordinate system in cells was oriented along

the major and minor axes of the cell with the origin at cell-center. Because we combine

trajectories from cells with significant cell-to-cell variation in length, it is convenient to ex-

press the long-axis positions as a fraction of total cell length, which we refer to as relative

position. Finally, since we capture the entire cell cycle, we can also orient our coordinate

system by the old and new cell pole (the cell pole that originated from the previous divi-

sion event), where we define the center of the cell as 0, the old pole as 0.5, and the new

pole as -0.5 in relative cell-length units.

It has been previously noted that MS2-mRNA complexes tend to be produced at the

1/4 or 3/4 positions of the cell and then migrate to the poles asymmetrically, with a strong

bias towards the old pole of the cell [64]. We also observe that most of the MS2-mRNA

molecules (76%) are indeed located less than 0.2 cell length away from the poles during

the entire cell cycle, with a majority of those (70%) located near the old cell pole. We also

find a smaller amount (10%) of MS2-mRNA within± 0.1 cell length from the center of the

cell, with the occupancy distribution shifting from a single peak early in the cell cycle into

two centrally located peaks late in the cell cycle prior to division (Fig. 4.3).

4.2.2 MS2-mRNA motion is dominated by cell growth.

A fundamental unanswered question related to intracellular motion in growing cells is

whether cytoplasmic factors tend to maintain their absolute position in the cell (in rela-

tion to some cellular landmark) or their relative position as a function of cell length, e.g.

quarter-cell. We tested the two models: Complexes execute stochastic motion about their

(1) absolute or (2) relative position in the cell. In the absolute motion model, we measure

the positions and displacements of the MS2-mRNA complexes at all times from the center

of the cell. In the relative velocity model, factors that maintain their relative position in the

cell from frame-to-frame, e.g stay at quarter-cell, are defined to have zero displacement.
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Figure 4.3: Normalized histogram of the position of MS2-mRNA complexes in relative

length units (N=282,860). Due to cell-to-cell variation in doubling time, cell cycles were

partitioned into thirds: early, mid, and late. 76% of the molecular complexes are localized

near the poles of the cell.

To calculate this relative velocity, we subtract from the absolute velocity a correction term

proportional to the rate of cell growth

v(t) = ṽ(t)− x̃(t)

L(t)

dL

dt
(4.1)

where ṽ(t) is the absolute velocity, x̃(t) is the initial position of the displacement vector,

and L(t) is the length of the cell. To compare the two models, we compute the ensemble-

averaged Mean Squared Displacement (MSD) for the two models of motion. The MSD

is defined in Eq. 1.1. The ∆x(δt), the long-axis displacement over time δt is calculated in

either the absolute or relative coordinates, and the averaging is performed over distinct

trajectories. The model that minimizes the MSD as a function of time minimizes the bias

in the motion and is therefore the best model for the motion. The two models are expected

to be equal on short times but divergent on time scales over which the bias in the motion

is significant in comparison to stochastic motion. (See the appendix for a more detailed

explanation.)
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Figure 4.4: MSD analysis of MS2-mRNA motion. The MSD is computed using two

velocity models: absolute (orange) and relative (blue). The relative model MSD has a

constant slope with a scaling exponent α = 0.66, consistent with previous measurements,

while the absolute model increases in slope due to cell growth at times greater than 10

minutes (N=8053 trajectories).
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The MSD plots for the two velocity models are shown in 4.4 for observation times up

to 70 minutes, twenty minutes longer than previously reported for this system. As ex-

pected, the MSD measurements are consistent at short times for both models, but at times

greater than 10 minutes the slope of the absolute velocity model significantly increases,

and consequently the MSD for the absolute model is nearly an order of magnitude greater

than the relative velocity model for times on the order of the cell cycle. If we were to use

absolute velocities in the analysis of cell-cycle length trajectories, our results would be

completely dominated by the apparent motion of complexes moving to maintain their

relative position in the cell. Therefore, in all subsequent analysis we will use the relative

velocity model.

For the relative velocity model, the MSD is well fit at all times by the power-law in

Eq. 1.1 with a scaling exponent α = 0.66 ± 0.01. This value of the scaling exponent

has been previously reported for shorter time scales using the absolute velocity model.

Our observations remain consistent with these previous measurements since the discrep-

ancy in MSD scaling between corrected and uncorrected models is only observable at

timescales much longer than previous experiments explored. The observed MSD scaling

exponent leads to a broad class of dynamics called subdiffusion ( α < 1).

We also observe that the motion of the molecular complexes is ergodic, with a similar

power law scaling exponent for both the ensemble-averaged MSD calculated above and

the time-averaged MSD (tMSD,
〈

[x(t+ δt)− x(t)]2
〉

), where the overbar denotes a time

average over each trajectory before taking the ensemble average).

4.2.3 Step-size distribution has exponential tails

Although we observe a sub-diffusive MSD, we also observe rare but relatively large dis-

placements of complexes, e.g. from mid-cell to the cell pole in a few minutes. These

events, which have also been recently observed in the motion of the nucleoid [37], sug-

gest variability in the mobility beyond the expected statistical variability of sub-diffusive
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Figure 4.5: Step-size distribution. Panel A: The step-size distribution is shown for MS2-

mRNA complexes for a δt = 1 min lag time for complexes with an initial position in the

middle fifth of the cell, as illustrated in the inset. The data (blue circles) are compared

with two models for the step-size distribution: Exponential (green line) and (ii) Gaussian

(orange line). Both models have the same mean and variance as the experimental data.

The observed step-size distribution is in excellent agreement with the Exponential Model

(N=8053 trajectories). Panel B: The step-size distribution of the complexes for different

lag times, normalized by the standard deviation, is said to be scale independent, since it

is independent of the lag time.
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motion. To quantitatively characterize these rare events, we compute the step-size distri-

bution, defined as ∆x(t) = x(t + δt) − x(t), where the lag time, δt, is equal to the frame

rate. Note that for clarity the data shown in Fig. 4.5A is only for MS2-mRNA complexes

found in the middle of the cell. (Additional distributions from other cellular positions

are included in the Appendix Fig. C.1) A standard diffusive model would predict a gaus-

sian distribution of step sizes. Instead, we observe that the step size distribution is well

characterized by a symmetric exponential decay function

p(∆x; δt = 1 min) ∝ e
−|∆x|
λ (4.2)

with a decay constant λ = 125 ± 2 nm. Both the gaussian and exponential fits in

Fig. 4.5A have identical variance, but the exponential model has a higher frequency of

large steps, in agreement with our qualitative observations of MS2-mRNA dynamics.

In Fig. 4.5B we show the step-size distribution for a set of different lag times, δt. We

observe that the step-size distribution p(∆x/σ; δt) is scale invariant since the distribution

of steps, normalized by their standard deviation, is independent of lag time δt.

4.2.4 Viscoelastic nature of the motion

The observation of the Laplace distribution for small displacements at long lag times has

important implications. This regime of the distribution function is canonically Gaussian

if subsequent steps are independent. Failure to observe a Gaussian distribution implies

that the motion has a memory [65]. A canonical method to characterize the memory is

computing the correlation between steps using the velocity autocorrelation function:

Cv(∆t; δt) ≡ 〈∆x(t) ∆x(t+ ∆t)〉 / 〈 ∆x2 〉 , (4.3)

where ∆x/δt is the average velocity over lag time δt and ∆t is the time delay. The ob-

served velocity autocorrelation has two important properties: it is approximately scale-

invariant since since it depends only on the ratio ∆t/δt and it is negative for ∆t/δt = 1,
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Figure 4.6: Velocity Autocorrelation. Velocity autocorrelation function for different ve-

locity lag times δt. The motion is anticorrelated for ∆t/δt = 1 for all lag times δt.

signifying anticorrelation between subsequent steps (Fig. 4.6). The negative velocity au-

tocorrelation function is typically interpreted as viscoelasticity [17].

4.2.5 Mapping cell-cycle and position-dependent particle motion.

Fig. 4.5 displays the step-size distribution for MS2-mRNA complexes found at mid-cell,

but we have trajectory information from nearly every region of the cell. To efficiently

characterize the step-size distribution at different regions along the long-axis of the cell,

we calculate the first two moments of the distribution: We will define the drift velocity

as the mean of the frame-to-frame step-size distribution divided by the lag time (equal to

the time between successive measurements),

〈v(x, t)〉 ≡ 〈∆x(t))〉
δt

(4.4)



52

and the diffusion coefficient as the variance of the frame-to-frame step-size distribution

divided by twice the lag time,

D(x, t) ≡ 〈(∆x(t)− 〈∆x(t)〉)2〉
2δt

(4.5)

where these definitions are consistent with the standard definitions of drift velocity

and diffusion coefficient for a diffusive particle in a Newtonian fluid.

In order to map the dynamics of MS2-mRNA complexes in distinct regions of the cell,

the long axis of the cell was split into fifty regions and the frame-to-frame displacement

of each MS2-mRNA complex was binned by the starting position of each displacement

vector. We then calculate the drift velocity (Eq. 4.4) and diffusion coefficient (Eq. 4.5) for

each region. Because of cell-to-cell variation in doubling time, in order to investigate cell-

cycle-dependent dynamics we split the cell cycle in three relative time phases (early, mid,

late), and calculated the drift velocity and diffusion coefficient map for each time phase

individually.

Figure 4.7A shows an annotated drift velocity map, i.e. the drift velocity as a function

of position along the long axis of the cell, averaged over the entire cell cycle for a lag time

δt = 1 minute. To interpret the velocity map, we identify locations along the long-axis

of the cell where the drift velocity is zero. If the slope of the velocity map is negative at

the zero crossing, the position corresponds to a stable point (dashed line). If the slope

of the velocity map is positive at the zero crossing, the position corresponds to a saddle

point dividing two catchment regions, corresponding to regions in the cell from which

a MS2-mRNA complex would move towards a stable point (in the absence of diffusive

motion).

Figure 4.7B shows the diffusion coefficient of MS2-mRNA complexes as a function of

position along the long axis of the cell. Rather than being constant throughout the cell, we

observe a large variability in the diffusion coefficient as a function of long-axis position in

the cell. The most striking feature of Fig. 4.7B is that the diffusion coefficient is highest at

the cell-quarters, corresponding to the location of the nucleoid. The lowest mobility is at
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Figure 4.7: Drift velocity and diffusion coefficient. Panel A: Annotated map of drift

velocity averaged over the cell cycle, with stable points (dashed lines) and catchment

regions (grey and white regions) annotated. Panel B: Map of diffusion coefficient along

the long axis of the cell averaged over the cell cycle. The highest mobility occurs over

regions occupied by the nucleoid (±0.25 cell lengths). The lowest mobility is observed

at the old pole. Panel C: The drift velocity map shown for three relative cell-cycle times

(Early, Mid, Late) displays weak cell-cycle dependence. During the last third of the cell

cycle, the velocity map is qualitatively changed at midcell, where the centrally located

stable point divides into two stable point prior to division. (For all N=8053 trajectories.)
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the old pole, where the diffusion coefficient is roughly half the value (4900 nm2/min) than

at the new pole (9500 nm2/min).

Figure 4.7C shows the drift velocity map for the three relative phases of the cell cy-

cle. For the first two-thirds of the cell cycle (early and mid) there are three stable points,

corresponding to the cell poles and mid-cell. The stable points at the old and new pole

correspond to the high-occupancy regions adjacent to the cell poles while the occupancy

of the stable region at midcell is much lower (see Fig. 4.3). During the last third of the

cell cycle (late), the central stable point splits into two stronger stable points, which will

become the new cell poles of the daughter cells after division. Because the overall cell-

cycle dependence of the drift velocity map is generally weak, we will ignore the cell-cycle

dependence in most of the analysis that follows.

Finally, to test whether or not it is appropriate to interpret the observed data by a

steady-state drift-diffusion model, we calculated whether or not the observed occupancy,

drift velocities, and diffusion coefficients satisfied Fick’s Law for zero net flux

j(x, t) = −D(x, t)∇n(x, t) + 〈v(x, t)〉n(x, t) = 0 (4.6)

where j is the flux and n is the number density of the MS2-mRNA complexes. Using

Eq. 4.6, we can infer the drift velocity required to equilibrate the observed MS2-mRNA oc-

cupancy and compare this inferred drift velocity to the observed drift velocity. As shown

in the appendix C.2 and Fig. C.2, there is excellent agreement between these velocities,

supporting the use of drift-diffusion model.

4.2.6 Quantitative model of nucleoid-exclusion and membrane confinement.

To quantitatively test the proposed role of nucleoid-exclusion in generating the observed

drift velocities found in Fig. 4.7, we construct a minimal statistical mechanics model of

nucleoid exclusion. The model is derived and discussed in detail in appendix C.3. Briefly,

we treat the cytoplasm as a lattice where nucleoid DNA and MS2-mRNA cannot occupy

the same site and then estimate the free energy cost from the excluded volume of the nu-
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cleoid. The model depends on a single unitless geometric parameter, Φ, that is fit by com-

paring the spatial distribution of MS2-mRNA complexes to the density of the nucleoid.

The predicted velocity profile is

〈v(x, t)〉 = −ΦV D(x, t)∇nDNA(x, t) (4.7)

where nDNA is the number density of the nucleoid, V is the cell volume, and D is the

measured diffusion coefficient (as a function of position and cell cycle age). To estimate

the density of the nucleoid, we measure the mean fluorescence intensity of DAPI-stained

nucleoids (Fig. 4.8A). The predicted velocity profile from nucleoid exclusion is plotted

in Fig. 4.8B (green dotted line), which shows excellent agreement to the observed drift

velocity maps throughout the long-axis of the cell, although notably fails at the cell poles.

In addition to the exclusion forces generated by the nucleoid, the inner membrane

of the cell also confines the motion of cytoplasmic complexes. To estimate the effect of

membrane confinement of MS2-mRNA complexes at the cell poles (where our nucleoid

exclusion model fails), we model the dynamics of protein complexes near the cell poles

as diffusive particles near a hard wall. The solution to this problem is worked out in

detail in appendix C.4. Briefly, we calculate a theoretical step-size distribution by solving

the diffusion equation with a hard-wall boundary condition using the method of images,

which provides the following exact solution for the drift velocity:

〈v(δ, δt)〉 =
1

δt
exp

(
− δ2

4Dδt

)
− δ

δt
(1− erf(− δ√

4Dδt
)) (4.8)

where δ is the distance from the cell pole and δt is the lag time in the velocity measure-

ment. Note that this makes a fit-parameter-free prediction of the drift velocity at the

poles of the cell solely due to membrane confinement. The predicted velocity profile from

Eq. 4.8 is shown in Fig. 4.8B (red dotted line), which shows excellent agreement with the

observed drift velocity map near the cell poles.

If we now combine the predicted drift velocity maps for the nucleoid exclusion and



56

−0.5 0 0.5
−150

−100

−50

0

50

100

150

Relative Position (L)

D
rif

t V
el

oc
ity

 (n
m

/m
in

)
 

 

Observed
Confinement
Nucleoid
Total

New Pole Old Pole

ImaxA

Relative Position (L)

N
uc

le
oi

d 
D

en
si

ty

0.5-0.5 0

0 B

−0.5 0 0.5

−100

−50

0

50

100

D
rif

t V
el

oc
ity

 (n
m

/m
in

)

 

 

Relative Position (L)New Pole Old Pole

Observed
Confinement
Nucleoid
Total

 

 

Observed
Confinement
Nucleoid
Total

−0.5 0 0.5
Relative Position (L)

 

New Pole Old Pole

−100

−50

0

50

100

D
rif

t V
el

oc
ity

 (n
m

/m
in

)Early Cycle Late Cycle
C D

Figure 4.8: Nucleoid exclusion statistical model. Panel A: At the top, nucleoid den-

sity in the cell. Cell-cycle and cell-to-cell mean interpolated fluorescent image of DAPI

stained nucleoids (N=369). At the bottom, nucleoid density as the sum of intensity of

DAPI stained nucleoids over the minor axis of the cell for relative positions along the ma-

jor axis of the cell. Panel B: Comparison between predicted and measured velocity profile

from nucleoid-exclusion and membrane confinement at the poles during the whole cell

cycle. Panel C: Measured velocity profile and predicted velocity profile from nucleoid-

exclusion and membrane confinement at the poles during the first half of the cell cycle.

Panel D: Measured velocity profile and predicted velocity profile from nucleoid-exclusion

and membrane confinement at the poles and mid-cell during the second half of the cell

cycle. The combination (orange) of the predicted velocity profile from membrane confine-

ment (red) and nucleoid-exclusion (green) is in excellent agreement with the measured

profile (blue).
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membrane confinement models, we see striking agreement with the qualitative shape and

quantitative scale of the observed drift velocity map throughout the entire cell, indicating

that both contributions are required to accurately model cytoplasmic dynamics. More pa-

rameters can be included in the model to recapitulate subtle features of the velocity map.

For instance, the velocity map can be split to an early and late cell-cycle velocity map. The

late cycle shows an outward force at mid-cell due to the closing septum that can be repro-

duced by adding a partial membrane confinement in the middle (Fig. 4.8D). In the interest

of isolating the most general aspects of cytoplasmic dynamics, for the rest of the analysis

we will focus on the contributions from nucleoid exclusion and polar confinement during

the whole cell cycle.

4.2.7 Perturbations of nucleoid structure, cell geometry and physiology affect drift velocities and

diffusion coefficients.

To further investigate the role of the nucleoid in determining the mobility of complexes

in the cell, we perturb cell physiology using a variety of small-molecule inhibitors. To

identify changes to the MS2-mRNA motion we consider perturbations to the diffusion

coefficient and changes to the nucleoid-induced exclusion. Based on previous work, we

expect reductions in the metabolic activity through ATP-depletion would reduce the dif-

fusion coefficient without significantly effecting nucleoid structure [63, 66], while treat-

ments that alter cell shape or the structure of the nucleoid would affect the nucleoid-

exclusion-induced forcing.

For each perturbation we again map the drift velocity and diffusion coefficient of MS2-

mRNA complexes along the long axis of the cell. As can be seen from Eq. 4.9, because the

predicted drift velocity distribution from nucleoid exclusion depends on both the spa-

tially varying diffusion coefficient and the shape of the nucleoid, it is convenient to intro-

duce the forcing ratio, defined as the ratio of drift velocity to the diffusion coefficient:
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f(x, t) ≡ 〈v(x, t)〉
D(x, t)

≈∇nDNA(x, t) (4.9)

in order to isolate contributions from nucleoid structure.

It has been reported that metabolic activity [63] and ATP-hydrolysis [37] increase the

mobility of complexes in vivo. To investigate the role of ATP-hydrolysis, we treated the

cells with the ATP-synthesis inhibitor sodium azide. As previously reported, the mean

diffusion coefficient is significantly reduced, consistent with ATP-hydrolysis playing a

role in the dynamics of molecular complexes in the cytoplasm [66]. But because the forc-

ing ratio is not significantly affected by ATP depletion (Fig. C.3A), we conclude that since

ATP-driven processes do not significantly affect nucleoid structure on the time scale of

the cell cycle, they do not significantly contribute to nucleoid-exclusion-driven forcing.

To further test the hypothesis that nucleoid exclusion is a key contributor to the ob-

served drift velocity map, we first perform a non-perturbative test: The small molecule

A22 inhibits the activity of MreB, an essential protein involved in cell-wall synthesis [67].

Without a proper cell wall, cells treated with A22 lose their rod-like shape and become

more spherical while the nucleoid appears to be more diffusely localized throughout the

cell (Fig. 4.10). The forcing ratio for cells treated with A22 is shown in Fig. 4.9A. Under

these conditions, the spheroid cells were still capable of undergoing division, therefore

for analysis we define the long axis of the cell to be perpendicular to the division plane.

Strikingly, the qualitative shape of the forcing ratio curve for A22 treated cells is nearly

opposite that of untreated cells, supporting the hypothesis that nucleoid exclusion (specif-

ically the overall shape and density of the nucleoid) is a key component of the dynamics

of molecular complexes in the cytoplasm.

The A22 treatment leads to large-scale changes in cellular structure. To more specif-

ically test our hypothesis, we also attempt a more subtle perturbation to the shape and

density profile of the nucleoid: we treat the cells with novobiocin, an antibiotic that in-

hibits DNA-gyrase activity and leads to DNA damage. Extended treatment with novo-

biocin leads to significant condensation of the nucleoid (Fig. 4.10). Because the nucleoids
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in ATP-depleted (Azide) (N=163), DNA-damaged (UV) (N=338), gyrase inhibited (Novo-

biocin) (N=643), transcription inhibited (Rifampicin) (N=195), and spherical cells (A22)

(N=3207).
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of cells treated with novobiocin are shorter with respect to the long axis of the cell, we ex-

pect the positions of the peaks in the forcing ratio (located at± 0.3 cell lengths in untreated

cells) to shift inward towards midcell, matching the shrinking geometry of the nucleoid.

As expected, the forcing ratio of novobiocin treated cells shows inward movement of the

peak forces (Fig. 4.9A). In addition, the stable point at midcell is lost in novobiocin treated

cells, consistent with the loss of the typical bi-lobed structure of the nucleoid due to ex-

treme condensation.

Figure 4.10: Nucleoid visualization of untreated and treated cells. Cells untreated and

treated with either A22, Azide, Novobiocin, Rifampicin, and radiated with Ultra Violet

light and stained with DAPI for the visualization of the nucleoid. Cells treated with A22

show more diffusely localized nucleoids. Azide does not appear to cause a visible dif-

ference to the shape of the nucleoid. Cells radiated with Ultra Violet radiation appear to

disperse the nucleoid around the cell. Treatment with Novobiocin leads to condensation

of the nucleoid and rifampicin causes expansion of the nucleoid.

In general, with the exception of ATP-depletion, we find that most physiological per-

turbations to the cell, e.g. altered cell shape (A22), DNA-gyrase inhibition (novobiocin),

DNA damage (UV radiation), or transcription inhibition (rifampicin), tend to increase

the diffusion coefficient of the MS2-mRNA complexes without significantly affecting the



61

qualitative shape of the drift velocity map (Fig. 4.9B and Appendix Fig. C.3).

4.3 Discussion

Our results provide quantitative evidence for both the existence and relevance of forces

induced by nucleoid exclusion and membrane confinement on the motion of large molec-

ular complexes in the bacterial cell. Although nucleoid exclusion and confinement have

often been invoked to explain the retention of large complexes at the poles, a detailed pic-

ture of the dynamics, including the understanding of how complexes move to the poles,

has never been described from a quantitative biophysical perspective.

4.3.1 Exponential step-size distribution

The observation of non-gaussian step size for the motion of protein complexes in the bac-

terial cell has recently been reported by Parry et al. as a central argument for identifying

the dynamics of the bacterial cytoplasm as glass-like [63]. The observation of exponential

tails, and more generally non-gaussian step-size distributions, is rather generic in biology

and soft-condensed matter physics (e.g. see Ref. [68]). The exponential dependence of

the step-size distribution has been explained as a consequence of standard Fickian dif-

fusion with a wide distribution of diffusion coefficients. A number of mechanisms can

result in variability in diffusion coefficients, including quenched disorder in the media or

transitions between states with different mobility that have lifetimes that are comparable

to the lag time of observation [68]. In the context of the bacterial cytoplasm, it would

be natural to assume both mechanisms may contribute to the long tails of the step-size

distribution. For instance, we observe here that the diffusion coefficient of MS2-mRNA

complexes varies as a function of position along the long-axis of the cell. Although these

effects are typically obscured by cell-to-cell variation, the step-size distribution is explic-

itly not affected by cell-to-cell averaging.
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4.3.2 The dynamics of large complexes is scale-invariant

We have observed that the motion of the complexes is scale invariant from the perspec-

tive of three distinct metrics: (i) The MSD corresponds to sub-diffusional motion and is

scale-invariant in the sense that is it self-similar: A dilation of time and concomitant di-

lation of space leave the MSD invariant. (ii) Another important scale-invariant feature of

the motion is the step-size distribution. The step-size distribution, normalized by their

standard deviation, is independent of lag time δt and therefore scale invariant. (iii) The

observed velocity autocorrelation is approximately scale-invariant since it depends only

on the ratio of the delay time over the lag time, ∆t/δt. This emergent scale invariance

motivates the need for a general mechanism to describe cytoplasmic dynamics, which we

will address in the next chapter.

4.3.3 Unexpectedly high mobility over regions of high nucleoid density

Classic investigations of the effects of molecular crowding on diffusive particles show that

the diffusion coefficient tends to decreases with increased concentration of the crowd-

ing agent (e.g. [16, 69]). In our nucleoid-exclusion model (Eq. 4.7), we proposed that

DNA crowds the MS2-mRNA complexes in the vicinity of the nucleoid, reducing both

the number of local configurations overlapping the nucleoid (leading to depletion in

MS2-mRNA occupancy) and frustrating diffusion by occluding neighboring sites. There-

fore, the nucleoid-exclusion model would naively predict both decreased occupancy over

the nucleoid as well as a decreased diffusion coefficient. Strikingly, our results show ex-

actly the opposite phenomenology: comparison between the occupancy of MS2-mRNA

(Fig. 4.3) and the position dependent diffusion coefficient (Fig. 4.7B) reveals that the high-

est diffusion coefficients are observed in regions with the lowest MS2-mRNA occupancy

and the highest nucleoid density.

One attractive hypothesis is that the nucleoid, while acting as a crowding agent and

depleting MS2-mRNA complexes from the central region of the cell, is also very dynamic,
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due in part to active processes [51] like transcription and replication, which can both re-

sult in large-scale rearrangements of the nucleoid. In fact, a number of lines of evidence

support the central role of the nucleoid in the high MS2-mRNA mobility. For instance,

the transcription inhibitor rifampicin is known to affect nucleoid structure, but its domi-

nant effect on MS2-mRNA motion is to significantly increase the diffusion coefficient. Al-

though one might expect transcription inhibition to diminish chromosome mobility, it in

fact leads to a significant increase in mobility [62]). A tight link between MS2-mRNA and

chromosome dynamics would therefore account for the large increase in diffusion coeffi-

cient and make a key prediction: The increased mobility of MS2-mRNA complexes would

be most pronounced over the nucleoid in cells treated with Rifampicin. By applying our

analysis to Rifampicin-treated cells, we do in fact observe nearly a four-fold increase in

the diffusion coefficient of MS2-mRNA complexes in regions of highest nucleoid density

(Appendix Fig. C.3B) [52].

In contrast, many large macromolecular complexes, e.g. ribosomes and protein aggre-

gates, are known to accumulate at the cell poles. Although many processes (including

translation) are active at the poles, these processes do not appear to efficiently facilitate

MS2-mRNA mobility. It is possible that the presence of large complexes further frus-

trates the movement of the MS2-mRNA complexes [51]. Consistent with this model is

the observation that the diffusion coefficient of MS2-mRNA complexes at the old pole is

smaller by a factor of two than the diffusion coefficient at the new pole (Fig. 4.7B), since it

is known that non-functional protein aggregates tend to accumulate at the old pole [52].

But, despite the lower mobility at the old pole, there is still strong evidence of significant

non-thermal contributions to the dynamics at both poles since the mobility is significantly

decreased with the depletion of ATP (Fig. 4.9B).

Parry et al. also proposed that cellular metabolism fluidizes a glass-like cytoplasm

[63]. The glass model was invoked because glass-like dynamics, like cytoplasmic dy-

namics, are the result crowding and caging related phenomena. In particular, Parry et al.

report distinct subpopulations of protein complexes with fast and slow dynamics, in anal-
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ogy to distinct subpopulations observed in glass forming-liquids [63]. In a glass, rapid

particle movement is the result of collective motion by neighboring particles, but there is

currently no direct evidence for collective motion of this type in the bacterial cytoplasm.

Our observations are consistent with the observations of Parry et al. in that we observe

trajectories with a wide range of diffusion coefficients, but our spatial analysis of the dif-

fusion coefficient as a function of position in the cell reveals that these subpopulation

can be explained, at least in part, by the presence or absence of the nucleoid (Appendix

Fig. C.4). Since Parry et al have reported metabolism-dependent differences in mobility

in DNA free regions, we suspect the proposed metabolism-dependent mechanism must

be distinct from the phenomena we report.

4.4 Conclusion

Our observations provide strong quantitative support for two modes of nucleoid action:

both for the widely-accepted mechanism of nucleoid-exclusion and a newly proposed

mode, facilitating rapid complex motion through the cytoplasm. These combined roles of

the nucleoid in facilitating the movement of protein complexes has important biological

implications and suggests that the nucleoid may play a much more active role in the

organization and transport of macromolecules in the bacterial cytoplasm than previously

thought.
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Chapter 5

STRONG DISORDER LEADS TO SCALE INVARIANCE IN
COMPLEX BIOLOGICAL SYSTEMS

Although the crowded and non-equilibrium cytoplasm of the cells is an extremely

complex system, we have shown in the previous chapter that molecular complexes in the

cytoplasm demonstrate scale-invariance in three distinct metrics: mean-squared displace-

ment, velocity autocorrelation and the step-size distribution. In fact, condensed matter

physics provides many example of emergent scale-invariant behavior in complex sys-

tems [70]. In a physical context, symmetry and the separation of length, time or energy

scales provide powerful mathematical constraints that result in simple effective models

for physical systems [71]. Although these properties may be absent in most biological

contexts, emergent and scale-invariant behavior can be observed in many of these sys-

tems [72, 73, 74]. The discovery of the physical mechanisms for this emergent behavior

has the potential to provide powerful new approaches to the analysis of complex systems.

The renormalization group (RG) describes the scale-dependence of physical theories

[70]. An important prediction of RG is the emergence of fixed points corresponding to ef-

fective, long-length-scale theories with a small number of couplings that none-the-less ac-

curately describe the physics of complex and fundamental theories at short-length-scales

[70]. There is a many-to-one mapping from these complex short-length-scales theories to

simple effective long-length-scale theories. In the context of random motion, diffusion is

one such fixed point, but our experimental observations argue for the existence of another

fixed-point for strongly disordered systems.

We propose a natural mechanism for the emergence of such a fixed point that can be

understood from the perspective of the statistical properties of extreme values [75, 76].
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Many biological processes are limited by an extreme value. For instance, reactions are

often limited by the slowest step [77], evolutionary dynamics is limited by the growth rate

of the fittest organism [73], or the first-passage time of a random walker can be limited by

the largest barrier. These processes can all be modeled as depending on an extreme value

of a set of random variables (representing rates, fitnesses and free energies respectively).

These scenarios describe a strong-disorder limit since we are interested in processes where

the difference between the extreme value and the other values is so large as to make these

other values irrelevant. As the Central Limit Theorem describes the limiting distribution

of the sum of N independent random variables, Extreme Value Theory (EVT) describes

the limiting distribution of the extremum of N random variables [75, 76]. EVT has been

used before to understand biological phenomena limited by extremes. Its implications

have been investigated in fitness, beneficial mutations and adaptation of DNA sequences

[78, 79, 80].

To study the emergence of scale-invariance in a complex biological system, we focus

on the anomalous dynamics of large complexes in the bacterial cytoplasm that we studied

in the last chapter. We will refer to these complexes as particles for the rest of the chapter.

We will compare the results of dynamics hindered by extreme values and the dynamics

of these particles and propose a general mechanism by which self-similarity emerges in

the strong-disorder limit of biological systems.

5.1 Existing models

We provide a brief overview of the proposed models for sub-diffusive motion in the con-

text of the current problem. Three mechanisms commonly invoked to model sub-diffusive

phenomena are Continuous Time Random Walk (CTRW), fractional Brownian motion

(fBm) and inhomogeneous media [65].

In CTRW, the particle waits for a random waiting time before the next jump. A power-

law distributions of wait times leads to sub-diffusion. The inhomogeneous media model

(patch model) consist of particles diffusing through quenched patches (i.e. static) with
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patch-specific diffusion coefficients [81, 82]. Both of these models are closely related to the

Trap model that we will discuss shortly [65]. All three of these models lack the observed

viscoelastic phenomenology and are non-ergodic in the strong disorder limit, in contrast

with the observed dynamics [17, 83].

fBm describes random motion with Gaussian-distributed but anti-correlated steps.

This model does naturally describe the observed viscoelastic phenomenology as well as

the observed sub-diffusive motion. On the other hand, it does not predict the observed

Laplace step-size distribution nor the scale-invariance of the velocity auto-correlation

function.

Granick and coworkers have proposed a general mechanism for the observed Laplace-

distributed step-size distribution [68]: independent diffusive processes with an expo-

nential distribution of particle-specific diffusion coefficients (Exp-D). But, in order for

this mechanism to give rise to a Laplace distribution, the diffusion coefficients must be

quenched on a timescale comparable to those probed by experiment, otherwise transi-

tions between diffusion coefficients result in diffusion (in the long-time limit).

We have recently proposed combining the fBm model and the exponential distribution

of diffusion coefficients to describe the observed dynamics. Although this model can

fit almost all of the observed phenomenology [83], there are two complications: (i) The

per-particle diffusion coefficient is not quenched: the lifetime of the diffusion-coefficient

memory can be measured and it is short (Appendix Fig. D.1). (ii) A satisfactory model

would also have to describe a natural mechanism for the exponential distribution of per-

particle diffusion coefficients without the need for fine-tuning. In this paper, we describe

such a natural model where viscoelasticity, sub-diffusion and self-similarity all arise as a

consequence of strong disorder.
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5.2 Description of the model

5.2.1 Random walker on a rough landscape

Due to the strong crowding in the cell [84, 77], it seems natural to investigate random

walks in a disordered free energy landscape [65]. We model the cytoplasm as a one-

dimensional lattice. Higher dimensions will be addressed later. We represent integer sites

in the lattice as occupancy states and half-integer sites as transition states. (See Fig. 5.1A.)

The free energy (in units of kBT ) of each state is Gi. The hopping rate k and average

hopping time τ from site i to sites i± 1 have the Arrhenius dependence:

ki→i±1 = τ−1 = t−1
0 exp

(
Gi −Gi± 1

2

)
, (5.1)

where t0 represents a fundamental relaxation time in the system and the free energy dif-

ference in the exponent represents height of the free energy barrier to transition through

the transition state. In the most general model, the free energies of both the occupancy

(integer) and transition (half integer) states are represented as random variables [65]. But,

it is useful to consider two limiting cases: the barrier and trap models [65], illustrated in

Fig. 5.1BC. These models were originally studied in the context transport problems in the

1980s [85, 65]. In the trap model, the depth of the transition state is stochastic whereas

the free energies of all transition states are 0. In the barrier model, the free energies of the

barriers are stochastic whereas the free energies of the occupancy states are 0 (Fig. 5.1C).

We will treat the free energies as quenched disorder. In this context, quenched disorder

implies that the free energies are static for each lattice site. In reality, this disorder in

dynamic, but due to the polydispersed protein complexes in the cell, there are a wide

range of relaxation times. We shall assume that many of these times are longer than the

time scales of interest in our experiment, motivating the use of quenched disorder in the

model. An additional motivation for the use of quenched disorder in the model is that

the observed distribution functions are constructed using traces generated in many cells

each which has distinct ultra-structure [1]. Finally, it is already well known from the
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Figure 5.1: Random walker on a rough landscape. Panel A: The dynamics is modeled

as a random walk on a one-dimensional rough free energy landscape. We realize the

dynamics as transitions between adjacent occupancy states, at integer values on the lat-

tice, through transitions states located at half-integer positions on the lattice. The free

energies of the respective states are Gi and Gi+ 1
2

and are defined in thermal units (kBT ).

Panel B: To understand the generic model, we study two limiting cases: the trap and

barrier models. (The free energy offset between models is of no significance.) Panel C:

In the trap model, the free energies of the transition states are 0 and the free energies of

occupancy states are independent-and-identically-distributed random variables X scaled

by a disorder strength β. In the barrier model, the free energies of the transition states

are are independent-and-identically-distributed random variables X scaled by a disor-

der strength β and the free energies of the transition states are 0. Panel D: The disorder

strength β = 1.5 was chosen to match the observed MSD scaling exponent α. A repre-

sentative trajectory from each model is shown. The trap and barrier models have qual-

itatively different dynamics. The trap model shows persistent pausing behavior in the

motion corresponding to long lived trapping events. The barrier model shows a bounc-

ing behavior caused by large energy barriers. The barrier phenomenology is difficult to

distinguish from canonical Brownian motion.
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investigation of models for hopping conductivity that strong disorder can lead to sub-

diffusion [65]. In this context, strong disorder implies that the disorder-averaged hopping

time diverges:

〈τ〉G →∞, (5.2)

otherwise the motion is diffusive a long times [86, 87, 65].

It is necessary to choose a semi-infinite interval distribution for the free energy so that

the traps and barriers preserve their nature (Gi± 1
2
> Gi) and to achieve the strong disorder

limit (Eqn. 5.2). A canonical distribution with these properties is the one-dimensional chi-

squared distribution, multiplied by a unitless disorder strength β. (The explicit functional

form of the free energy distribution will not be of central importance.) It is straightfor-

ward to demonstrate that β ≥ 1
2

corresponds the definition of strong disorder.

5.2.2 Simulations

We perform explicit simulations of this model using either stochastic Gillespie simula-

tions [88, 89] or solving the master equation for the Green’s function numerically. We

explore various disorder strengths, spatial dimensions and time durations.

Master Equation

By solving the master equation for the Green’s function, we obtain the probability density

of particles at site i :

ṗi = ki−1/2pi−1 + ki+1/2pi+1 − (ki−1/2 + ki+1/2)pi (5.3)

where pi is the probability distribution of the particles at the occupancy state i and ki +

1/2 is the hopping rate through the transition state i+1/2. We use periodic boundary

conditions at the end points.



71

Gillespie Simulation

For the simulations of the trajectories we use a stochastic Gillespie simulation, which gen-

erates a statistically correct trajectory of a stochastic equation [88, 89]. To obtain the next

occupancy site at regular time intervals, we use a modification of the Gillespie simulation

as found in [90].

In short, for each time step ∆t′ we define the total hopping rate ktot equal to the sum

of the hopping rates to every neighboring lattice site. The probability that the particle

will not transition to a neighboring state during the time step ∆t′ is dictated by p(∆t′) =

exp(−ktot∆t′). The transition occurs if a selected random number r1, evenly distributed

from 0 to 1, is larger than p(∆t′).

If the transition is to take place, the new occupancy state is found using a second

random number r2, evenly distributed from 0 to 1, and the cumulative probability distri-

bution of the adjacent hopping rates.

The time of the transition is then determined by a third random number r3 :

tnew = tprev − 1/ktot log(r3(p(∆t)− 1) + 1); (5.4)

To allow for additional transitions between tnew and tprev + ∆t′ we repeat the same

procedure with a shortened time step

δt′ = tprev + ∆t′ − tnew (5.5)

an updated tprev = tnew and updated ktot for the new adjacent states. The process is re-

peated until no transition takes place.

5.3 Results

5.3.1 Barriers versus traps

We begin our investigation with a numerical experiment: We simulate particle dynamics

in the trap and barrier models. In both models, the free-energy difference for transition
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is distributed like a scaled chi-squared, but in the trap model, the free energy barriers

for forward and reverse motion are identical whereas they are independent random vari-

ables in the barrier model. This distinction has significant qualitative consequences on

the character of the motion, as shown in Fig. 5.1D, although their qualitatively effect on

the MSD is very similar [65]. In this calculation, the disorder strength β = 1.5 in each

model was tuned to generate an MSD curve with a scaling exponent α ≈ 0.65, matching

the observed motion. Qualitatively, the trap model shows characteristic, long-lived trap-

ping events which were qualitatively absent from the observed traces. (See Appendix

Fig. D.2.) In contrast, the presence of barrier has a much more subtle qualitative effect

on the motion. Barriers lead to the reflection of the particles but stochastic changes in

direction are present in canonical Brownian motion, make reflections difficult to detect.

(The reflection behavior can be measured statistically, as we discuss below.) Since strong

pausing is absent from the observed trajectories, we focus on the Barrier model.

5.3.2 Disorder strength determines MSD scaling

To understand the relation between disorder strength and the dynamics, we compute the

MSD for different disorder strengths. As the free energy barriers grow, we expect the

motion to slow down and therefore lead to a reduction in the MSD. This reduction could

occur via two distinct mechanisms: A reduction in the effective diffusion coefficient D

or the scaling exponent α, or both. For weak disorder β < 1
2
, only the effective diffusion

coefficient D decreases with increasing disorder strength β (Fig. 5.2), but the scaling ex-

ponent is diffusive at long times (α = 1, [91]). But, for strong disorder β > 1
2
, the scaling

exponent α decreases with increasing β (Fig. 5.3). Simulation suggests a simple empiri-

cal relation between disorder strength and scaling exponent in the strong-disorder limit:

α ≈ β−1. Simulations of the barrier model do not reveal significant ergodicity breaking

(Appendix Fig. D.3), consistent with experimental observations.

The scale-invariance of the MSD is a feature of the strong-disorder limit of barrier
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Panel B: The step-size distribution better is a Gaussian-Like for weak disorder (β < 1
2
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and Laplace-Like for strong disorder (β > 1
2

) .

models but is not a generic feature of barrier models. For instance, if the transition-state

free energies are normally distributed the definition of strong disorder (Eqn. 5.2) is not

satisfied, however large the variance. In this model, the MSD is sub-diffusive at interme-

diate times before crossing over to diffusive at long times (Appendix Fig. D.4A).

5.3.3 Step sizes are Laplace distributed for strong disorder

Next, we compute the disorder-averaged step-size distribution. For the strong disorder

limit (β > 1
2
), we discover that the step-size distribution is Laplace-like, matching the ob-

served distribution (Fig. 5.4). Since the choice of the chi-squared distribution for the

model was motivated by convenience not physics, the agreement between the model

and observation suggest that the Laplace-like step-size distribution must be universal.

To investigate this hypothesis, we simulate a number of other distributions: exponential,

normal and Gumbel. In all cases, strong disorder results step-size distributions which
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Figure 5.3: MSD scaling coefficient α versus disorder strength. The dynamics in the

barrier model were diffusive (α = 1) for β < 1
2

and sub-diffusive for β > 1
2
. The disorder

strength is α ≈ β−1 in the strong disorder limit.

are Laplace-like whereas weak disorder results in Gaussian-like distributions (Appendix

Fig. D.5). The normal distribution does not satisfy the strong disorder definition (Eqn. 5.2)

for any variance, but a Laplace-like distribution is observed at intermediate times and a

Gaussian-like distribution is observed at long times (Appendix Fig. D.4B).

These simulations suggest a RG-fixed-point-like behavior: The functional form of the

macroscopic step-size distribution is insensitive to the underlying microscopic distribu-

tion of the free energy barriers. In the weak-disorder limit, the mechanism is well known

(Central Limit Theorem [65]), but in the strong disorder limit, the mechanism is unknown.

5.3.4 Anti-correlated steps

An important feature of the observed trajectories is their viscoelastic character: The velocity-

autocorrelation function Cv(∆t; δt) is negative for ∆t > δt. We compute the velocity-

autocorrelation function by simulation in both the trap and barrier models. The predic-
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are calculated. The barrier model shows excellent qualitative and quantitative agreement

with experiment, where it is zero for non-zero lag times in the trap model.
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tions of the trap model do not match experiment: The velocity-autocorrelation function

is approximately 0 for ∆t > δt, consistent with our qualitative comparison between sim-

ulated and observed trajectories in Fig. 5.1. On the other hand, the barrier model predic-

tion has excellent quantitative agreement with the experiment (Fig. 5.5A). The velocity

autocorrelation function is scale invariant (depends only on ∆t/δt) and has no additional

fitting parameters since the disorder strength β is determined from fitting the MSD. The

magnitude of the velocity autocorrelation function was found to depend weakly on the

disorder strength (Appendix Fig. D.6A).
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Figure 5.6: Conditional probability distribution for step-size p(∆xi+1|∆xi) of experimental

data (1 min) of MRNA-MS2 molecular complexes (N = 8426) and simulation data in the

strong disorder limit. A diagonal band can be seen indicating anti-correlated steps.

The velocity-autocorrelation function can be understood as a moment of the condi-

tional probability distribution for step-size: p[∆x(t+ ∆t)|∆x(t)]. This distribution can be

computed from the observed traces, as well as simulated, and can therefore provide a

more informative perspective on whether the model can capture the dependence of suc-
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cessive steps than the velocity autocorrelation function alone. The barrier model again

provides excellent qualitative agreement with the observed distribution (Fig. 5.6). In both

the observed data and the model, there is a strong diagonal band which represent the

anti-correlation between subsequent steps. The rescaled distribution depends weakly on

the disorder strength (Appendix Fig. D.6). All other models show a qualitatively differ-

ent structure (Appendix Fig. D.7), again conflicting with the observed phenomenology.

Since competing models make different predictions for the qualitative structure of the

conditional probability, it is a powerful tool for distinguishing between models.

5.3.5 Mechanism for self-similar structure

Experimentally, it is necessary to pool the trajectories from many cells in order to gen-

erate the experimental observables. This pooling of cells and trajectories is realized in

the model as a quenched-disorder average. The dynamics without averaging over the

quenched disorder, although not comparable to the experimental data, can be informa-

tive to the mechanism that gives rise to self similarity.

To understand the dynamics for a fixed realization of the disorder, we compute the

Green’s function p[x(t+ δt)|x(t)] numerically for strong disorder (Fig. 5.7). The character-

istic feature of the Green’s function is the block-diagonal structure of the matrix which is

the consequence of the largest stochastic barriers. These features are obscured in the dis-

order average (Fig. 5.4) since the position and height of the largest barriers is stochastic.

The physical mechanism for this structure can be understood intuitively: In the strong

disorder limit, particles rapidly jump over barriers with average hop times τ less than the

lag time δt, but the particle motion is limited by the presence of barriers where the hop

time is much longer than the lag time (τ � δt). The uniformity of the probability density

in the blocks demonstrates that the motion is limited by these large barriers for strong

disorder (β � 1
2
).

To understand the mechanism for scale invariance, we simulate the Green’s function
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for geometrically-increasing lag times (Fig. 5.7), while simultaneously rescaling the po-

sition x in order to keep the MSD constant. The stochastic block diagonal form of the

Green’s function can be observed to maintain the same characteristic size for all times

(Fig. 5.7), illustrating the self-similarity. Physically, as the lag time increases, the particles

can eventually jump the proximal barrier, but due to the strong disorder, they are arrested

by a distal barrier with an even larger free energy. The existence of an ever larger barrier

to arrest the motion is the physics that generates scale invariance.

5.3.6 The extreme value framework

The observation from simulation, that the dynamics are limited by the slowest step, mo-

tivates the use of EVT [75, 76]. The approach is schematically illustrated in Fig. 5.8: EVT

theory predicts the height of the largest free-energy barrier, which grows in the displace-

ment log ∆x due to the statistical multiplicity of the stochastic barriers.

We use EVT to approximate the step-size distribution and MSD scaling. We approx-

imate the probability for having a step larger than ∆x as the probability that the largest

barrier G(n) = maxi=1..nGi on the interval width ∆x could be hopped in the lag time δt.

The distribution for the maximum of n random variables Gi is easily expressed in terms

of the CDF FG for a single G:

Pr{G(n) < g} = [FG(g)]n, (5.6)

where we define the number of barriers n ≡ ∆x/x0 and x0 is the lattice spacing. In anal-

ogy to the Central Limit Theorem, there is a limiting distribution for the maximum of n

independent and identically distributed random variables in the large n limit. For the free

energy, the limiting distribution with the appropriate domain is the Gumbel distribution

whose cumulative probability distribution is:

Gu(g) ≡ exp
[
− exp

(
−g−µ

σ

)]
, (5.7)

where the position µ and scale σ parameters depend on the distribution FG of the random

variableG. We assume this limiting form for FG. The condition that g is the largest barrier
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than can be hopped in lag time δt is δt/t′0 = exp(g − µ) where t′0 is a time constant. Com-

bining these approximations results in an approximate CDF for the random displacement

∆X :

Pr{|∆X| > |∆x|} ≈ exp

[
− |∆x|

x0

(
δt
t′0

)−1/σ
]
, (5.8)

where x0 is the lattice size. The probability distribution function is therefore a Laplace

distribution, as observed. The Laplace-like step-size distribution had previously been

proposed in the barrier model, but on a purely numerical basis [92].

The derivation is independent of the fine structure of the distribution of barrier heights

FG, depending only on the Gumbel parameters µ and σ. It is straightforward to derive

the disorder-averaged MSD from the step-size distribution function:

〈
∆x2

〉
G
∝ δt2/σ, (5.9)

where there is a simple relationship between the MSD scaling exponent and the Gumbel

scale parameter: α = 2/σ. The detailed derivation can be found in the supplement. In

the special case that the disorder is modeled by a scaled chi-squared, α = β−1 as was

observed empirically in simulation. An analogous limiting expression has already been

derived for the MSD using other methods [85].

5.4 Discussion

5.4.1 A framework for scale invariance

We have shown that dynamics limited by the crossing of the largest barrier produce scale-

invariant phenomena, specifically MSD, step-size distribution, velocity autocorrelation

and Green’s function. As a result, EVT is a generic mechanism for generating scale-

invariance is the strong-quenched-disorder limit, independent of any detailed assump-

tions about the distribution of barrier height, etc. With respect the analysis of the step-size

distribution and MSD, there is only a single informative model parameter: the Gumbel
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scale parameter σ, which is inversely proportional to the MSD scaling exponent α. The

parameter σ is a unitless parameter representing disorder strength and is unitless since

the free energy is also unitless, when measured in thermal units. The second Gumbel po-

sition parameter absorbs the unphysical lattice spacing x0 and time scale t′0 and is related

to the constant D in the MSD formula.

5.4.2 Applicability of the EVT model

We have made a number of formal assumptions about the model in our derivation: (i)

We first assumed that the free energy landscape is quenched, or static in time. From a

practical perspective, it is necessary only that the dynamics of the quenched disorder is

slow compared to the observed dynamics. (ii) We also assume a strong-disorder limit in

which the ensemble averaged hop time for a barrier diverges (Eqn. 5.2). This is a conve-

nient formal statistical assumption which can be violated without significant changes in

the predictions of the model. The relevant physical assumption is that dynamics is lim-

ited by the slowest step. The analysis of free energy barriers with a normal distribution

is instructive for building intuition: For relatively short times, the dynamics is limited by

the slowest step, but at sufficiently long times, the entropic contribution to the dynamics

becomes limiting and the motion is diffusive. Therefore, if the disorder is strong enough

to be limited by the slowest step, EVT-like behavior will be observed even if the average

hop time is finite.

The most consequential assumption is that we have worked in one spatial dimen-

sion, along the long axis of the cell, to avoid consideration of the confinement along the

short axis. The barriers are therefore interpreted as effective barrier heights between po-

sitions along the long axis. For dimension greater than one, the dynamics of random

uncorrelated barrier models changes fundamentally in the long-lag-time limit: No matter

how strong the disorder, large barriers can be avoided in dimension larger than one by

traveling a more circuitous path. Barrier models are therefore always diffusive at suffi-
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ciently long times (Ref. [93] and Appendix Fig. D.8). We do not believe this to be a serious

shortcoming of the model for a number of reasons: (i) In practice, the crossover between

EVT-type dynamics and diffusion may be extremely long. (ii) Qualitatively, the effective

dynamics of these higher dimensional models tends to result in log p ≈ −|x|γ + ... with

0 < γ < 1 (Appendix Fig. D.9), which is a better fit to the observed data than the Laplace

distribution (Appendix Fig. D.10). (iii) Due to the structure of the nucleoid and exclusion,

the motion in the cell may be effectively one-dimensional in any case. (iv) Finally this

predicted crossover to diffusive dynamics at long times means that EVT-like dynamics

could be ubiquitous on short times even for significantly smaller complexes, that are ob-

served to be diffusive on the time scales probed by experiment. For example, exactly this

type of crossover is in fact observed in glasses (dim > 1), where the long time limit dy-

namics is observed to transition between sub-diffusive and diffusive, exactly as predicted

qualitatively by the random barrier model [94].

5.4.3 Realistic models

It is important to emphasize that the proposed model is not intended to capture every as-

pect of the dynamics, but should be understood as an attempt to study a minimal model

with the characteristics of the observed dynamics. For instance, we are convinced that in

many systems there is a significant degree of quenched disorder in the diffusion coeffi-

cient. There is a natural mechanism for this quenched disorder (particle size) and there is

evidence for it the context of mobility in bacterial cells [95]. Even in our own data, there is

more variance in ∆x(t + ∆t) conditioned on ∆x(t) than predicted by the model for large

∆x(t), which is consistent with some quenching in the diffusion coefficient (Fig. 5.4). In

fact, the conditional probability provides a deep insight into the nature of the memory

and we believe that its analysis may also be powerful in the context of other systems. It

has recently been proposed that the bacterial cytoplasm behaves like a glass [95] which is

broadly consistent with our approach in this paper.
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5.4.4 Strong disorder is generic in biology

The EVT mechanism may predict emergent scale-invariant behavior in other systems

since strong disorder appears to be ubiquitous in biology. For instance, the motion of

lipids and proteins in the membrane appear to show a barrier-hopping like phenomenol-

ogy. Lipids and membrane proteins appear to undergo relatively rapid motion is small

confined membrane domains, then exhibit a slower hopping behavior between neighbor-

ing domains [96, 97, 98]. If the interdomain hopping rate is strongly disordered, we would

expect to see EVT-like dynamics in this system. Another interesting potential application

is chemical kinetics. In metabolism, reaction are often limited by the slowest step. If

we treat these effective reaction rates as random variables, EVT might be used to predict

the scaling of average reaction rate with reactant number. In the context of evolution,

EVT has already been applied to describe fitness and beneficial mutations [78, 79, 80].

The framework may also have interesting applications beyond dynamics as well. For

instance, high-resolution characterization of DNA flexibility have previously reported

bending probabilities with Laplace-like distributions suggesting that similar arguments

may apply in mechanics contexts as well when studying the flexibility of DNA molecules

with sequence dependent flexibility [99].

5.5 Conclusion

We have demonstrated that an EVT framework can be applied understand the emergent

scale-invariant properties of dynamics of large molecular complexes in the crowded cy-

toplasm. The framework explains how the observed behavior can be understood as the

generic behavior of a system whose dynamics is limited by the slowest step, relevant

for describing strongly disordered systems. The theory predicts all three observed scale-

invariant phenomena: (i) MSD, (ii) step-size distribution and (iii) the velocity autocorre-

lation function as well as making other non-trivial predictions about the dynamics. We

believe that similar arguments may apply to explain the emergent properties of many
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complex biological systems.



87

Chapter 6

CONCLUSIONS AND FUTURE OUTLOOKS

In this chapter, we discuss the main findings of the thesis and discuss limitations and

possible directions for future research. Our image analysis and segmentation tool has

shown benchmarking performance, however further improvements could generalize it

further and make it usable in different cases. We have also revealed some exciting results

on lag phase and cytoplasmic dynamics, and a model that could have applications in

scale-independent phenomena in biology limited by strong disorder. We propose some

experiments and analysis that could verify how general these models are.

6.1 Conclusions

6.1.1 An image analysis and segmentation tool with benchmarking performance

The error measurements and case studies of our image segmentation and analysis tool,

SuperSegger, demonstrate the unique capabilities of our software. We have demonstrated

that it is well suited for high-throughput time-lapse fluorescence microscopy of cells, ca-

pable of segmenting and tracking thousands of cells, and especially hundreds of cells in

close contact in micro-colonies.

SuperSegger can correctly segment 99.3% of the cells in a snapshot image. But Super-

Segger’s performance of segmenting micro-colonies is even more impressive. In segment-

ing 80 datasets of initially isolated cells growing into micro-colonies, on average 174 cells

were correctly segmented before the first error, and 30% of the data sets were segmented

without error. At the end of the experiment, at 420 minutes, only 2.5% of the cells have

segmentation errors. This is in contrast with other similar image segmentation packages

that either incorrectly merge or split cells in micro-colonies even in a single image. Fur-
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thermore, the parallelization mode of SuperSegger significantly speeds up computation

of multiple xy positions.

We have successfully used SuperSegger in multiple biological problems, from protein

localization to cell-contact mediated phenomena. In this thesis we demonstrate its capa-

bilities in two different case studies. For the first case study, the software was used to

segment up to five generations of cells and measure the lifetimes of the cells at the single

cell level. In the second case study, we used SuperSegger to identify fluorescence foci in

the cells, measure their relative positions in the cell and the time in the terms of the cell

cycle of the cell and calculate the displacement of foci from frame-to-frame.

We expect that our software will be of high value to many researchers in need of an

image segmentation and tracking tool for fluorescence microscopy in bacteria. The mul-

tiple graphical user interfaces allow users with little programming experience to segment

images, train new constants and analyze their data.

6.1.2 A model for lag phase

Our lag phase growth experiments with single cell resolution reveal subtle details about

cell growth. We observe a wide distribution in the delay before the first division of sta-

tionary progenitors. We also find that 20% of cells exhibit an extremely slow transition to

the growing state (τ > 200 min), although some of those still transition to log phase before

the end of the experiment. We propose a model of lag phase that includes a stationary-

dormant cell state, in addition to the already known phases of stationary and death. Cells

in the stationary-dormant state are the ones that show a significant delay before the first

cell division. We believe that this state may be an intermediate state between stationary

phase and cell death. Another possibility is that this state is the result of a bet-hedging

strategy where a random small subset of the population of cells does not transition into

log phase. This may protect the cell population on average, if the increase in nutrients is

short lived cells could have transitioned into the growing state when the optimal behavior
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is to remain dormant.

6.1.3 Two modes of nucleoid action

Our observations, using the the MS2-mRNA system as our probe, provide strong support

for the role of nucleoid exclusion in the organization and transport of macromolecules in

the bacterial cytoplasm. We show a striking agreement between the qualitative shape and

quantitative scale of the observed drift velocity map in the cell and a minimal statistical

mechanics model of nucleoid exclusion and membrane confinement.

We also propose a new mode of nucleoid action, as a facilitator of rapid complex mo-

tion through the cytoplasm. This suggestion stems from two observations. First, in con-

trast with a previous hypothesis of particle sub-populations with different mobility, our

data shows that the different mobility can be attributed to the location of the complexes in

the cell. Specifically we observe the highest diffusion coefficients in regions with the low-

est MS2-mRNA occupancy and highest nucleoid density. Second, molecular complexes in

cells treated with Rifampicin, which has been found to increase nucleoid mobility, show

higher diffusion coefficients. These results suggest a tight link between MS2-mRNA and

chromosome dynamics, and that large rearrangements of the nucleoid, which happen

during active processes, could facilitate motion in the cytoplasm.

6.1.4 Scale invariance in cytoplasmic dynamics

The observed complexes motion is scale invariant from three distinct perspectives : (i)

The MSD takes the form of the power law consistent with sub-diffusion. (ii) The step-

size distribution, well approximated by a Laplace distribution, is scale invariant since the

distribution of steps, normalized by their standard deviation, is independent of lag time.

Exponential step-size distributions are thought to be a result of a wide distribution in dif-

fusion coefficients, which can be a result of quenched disorder in the media or transitions

between states of different mobility with lifetimes comparable to the lag time of obser-
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vation [68]. (iii) The velocity autocorrelation, characterizing the memory of the motion,

is approximately scale-invariant since it is independent of lag time and it is negative for

non-zero delay times, typically interpreted as viscoelasticity.

6.1.5 Strong disorder leads to scale invariance

The scale-independent dynamics of the complexes motivated us to seek for a general

model to characterize the dynamics in the cytoplasm. We propose a minimal model

of random barriers for the crowded cytoplasm, that is consistent with many aspects of

the observed dynamics. We have shown that scale independent phenomena emerge

from strong quenched disorder, specifically MSD, step-size distribution, velocity auto-

correlation and Green’s function. We demonstrated that the EVT framework from statis-

tics can be applied to understand the underlying details of strong disorder, and that the

MSD scaling factor depends only on the scale parameter of the Gumbel distribution,

which is related to the disorder strength.

Our work was mainly focused in one spatial dimension. We find that in a barrier

model of more than one spatial dimensions the obstacles can be avoided, and therefore the

models are diffusive at sufficiently long times. In practice, this may not be a shortcoming

of the model, as the crossover from EVT-type dynamics to diffusion may be extremely

long and the motion in the cell may be effectively one-dimensional due to the nucleoid

exclusion volume. We also note that the crossover from sub-difussion to diffusion has

been observed in systems like glasses. Thus, it is possible that EVT-like dynamics could

be ubiquitous on short times even for significantly smaller biological complexes, that have

been observed to be diffusive on the time scales probed by experiment.

We believe that the EVT framework may apply to the emergent properties of many

complex biological systems that are dominated by extreme values. For example it may

be applicable to the motion of lipids and proteins in the membrane, fitness, chemical

reactions limited by the slowest step and other.
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6.2 Future outlooks

6.2.1 Generalized parameters for any image resolution

Our image analysis and segmentation tool has shown benchmarking performance, how-

ever further improvements could further generalize it making it viable for different use

cases. The current segmentation parameters used depend on the pixel-size of the image.

For every strain of different morphology or different camera resolutions new segmenta-

tion parameters need to be trained. It would be possible to avoid training new segmenta-

tion parameters for different camera resolutions by modifying the algorithm such that all

quantities used during segmentation are scaled with the given pixel-size of the images.

6.2.2 Fluorescence Tracking

SuperSegger contains methods for identifying foci in fluorescence images. We also have

developed methods to track foci, link foci from frame-to-frame. Linking foci from frame-

to-frame is significantly more difficult than linking the cells from frame-to-frame, as foci

may disappear for multiple frames due to photobleaching and then reappear, a foci may

split into two foci, two foci may merge into one, or more foci are falsely detected than in

the case of cells. The methods we have developed depend on the known biology of each

use case, for example in the mRNA-MS2 case we do not expect the foci to split into two

foci. To avoid investigator bias, a more general algorithm able to track foci independent

of the biological details is needed.

6.2.3 Link between nucleoid and cytoplasmic dynamics

We believe that our observations on the dynamics of the mRNA-MS2 molecular com-

plexes generalize to passive molecules of similar size in the cytoplasm. More experiments

in other cytoplasmic molecules, such as plasmids, ribosomes etc, could verify whether

our results generalize well to the dynamics of other cytoplasmic molecules. Furthermore,
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similar analysis in active systems, could show differences in the dynamics of passive and

active systems and provide insights into the mechanisms behind active systems. For ex-

ample, our analysis could be used to understand the partitioning mechanisms of plas-

mids.

Our hypothesis that the nucleoid action and cytoplasmic dynamics are linked could be

further tested with simultaneous observation of loci in the nucleoid and the MS2-mRNA

particles. This would allow one to quantify the correlation between the dynamics of the

nucleoid and the cytoplasm.
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SUPERSEGGER APPENDIX

A.1 Figures

Figure A.1: Graphical user interface for post-processing analysis. superSeggerViewer-

Gui provides different modes of visualization of segmented data and data manipulation

and analysis tools such as gating, histograms, kymographs, movies, cell towers and con-

sensus images.
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Figure A.2: Graphical user interface for image segmentation. superSeggerGui contains

pre-processing tools for renaming and cropping your images, testing the different con-

stants on one image and can be used to initiate image processing.



105

Large Scale Filter

Small Scale Filter

Filter Difference Micro-colony Mask1μm Phase

true

Background

Cells

 Masked Contrast FilterSegmentedBoundary OptimizedRegion Optimized

Contrast Filter

 Mask

false

Thresholding

Smoothed 
and Normalized

Thresholding

Watershed

Figure A.3: Detailed image segmentation procedure. The phase image is smoothed and

normalized. Next, two gaussian filters of different scales are applied to the image. The

difference of the two filters results in an image where cell clusters have high relative inten-

sity. The initial micro-colony mask is created by a thresholding operation on this image.

To further refine the micro-colony mask we filter the image with a contrast filter and ap-

ply another thresholding operation. The result combined with the micro-colony mask

is the final mask shown. The outline of the mask of each micro-colony is set as a fixed

cell boundary during the rest of the segmentation procedure. To identify the boundaries

between cells we enhance the contrast and apply a watershed operation to the image.

The boundaries are then classified as true (orange) or false (blue) using a neural net-

work trained on examples of boundaries. Further optimization of the boundaries takes

place during region optimization using a neural network trained on examples of correctly

shaped regions. In this example there is a boundary incorrectly set as true after boundary

optimization which is set to false after region optimization.
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A.2 Software Availability and Documentation

The website for the software can be found at http://mtshasta.phys.washington.

edu/website/SuperSegger.php and the software can be downloaded at the GitHub

repository https://github.com/wiggins-lab/SuperSegger/. At the time of

writing, the version of SuperSegger is v.1.1. The GitHub wiki contains tutorials on how

to use the software, information about the fields of the output, and a general overview

of the methods (https://github.com/wiggins-lab/SuperSegger/wiki). In the

wiki, the Segmenting your images section has a tutorial on how to start image segmenta-

tion. The SuperSeggerViewer section explains the post processing and image visualization

tools of SuperSeggerViewerGui. The Output section contains all the field definitions of the

clist, cell files and frame files. For more information on the code, all available methods

and their dependencies can be found at http://mtshasta.phys.washington.edu/

website/superSegger/.

A.3 Starting with SuperSegger

The Segmenting your images section in the wiki contains a full tutorial on how to segment

your images. In short, to load the GUI to segment your images the user types super-

SeggerGui at the command line (Fig A.2). Click on the folder icon to select the folder

containing the images. The filenames of the images need to follow the NIS-elements file

naming convention:

[basename]t[num],xy[num]c[num].tif,

where t is followed by the time frame, xy by the xy position and c by the channel num-

ber. A script is provided to rename your filenames. Once your filenames have the NIS-

Elements convention, choose the segmentation parameters from the list that best match

your cells and pixelsize, select the options that best match your analysis (for example if

you need fluorescence statistics or neighbor identification) and click ”Start SuperSegger”.

http://mtshasta.phys.washington.edu/website/SuperSegger.php
http://mtshasta.phys.washington.edu/website/SuperSegger.php
https://github.com/wiggins-lab/SuperSegger/
https://github.com/wiggins-lab/SuperSegger/wiki
http://mtshasta.phys.washington.edu/website/superSegger/
http://mtshasta.phys.washington.edu/website/superSegger/
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Once the data processing has finished click ”Go to SuperSegger Viewer” to see the results

and analyze your data (Fig. A.1).

A.4 Training your own segmentation parameters

The Creating your own constants section in the wiki contains a tutorial on how to train your

own segmentation parameters. As mentioned, we rarely train new segmentation param-

eters, but in some cases better results can be obtained by retraining the software. The

current version of SuperSegger (v.1) depends on pixel size, and we provide parameters

for 100 nm and 60 nm pixels, which are the most common pixel sizes due to the diffraction

limit. Users that use a different pixel size will either need to retrain the software or resize

their images to 100 nm or 60 nm pixels. Different species, or mutants with extremely ab-

normal morphologies may also require retraining. The GUI allows the user to set some

of the segmentation parameters that are used to further optimize segmentation, such as

the maximum length and width of the cells, intensity thresholds, and minimum area of

regions. To train new segmentation parameters we usually use about 50 images from a

time-lapse of a single cell growing to a micro-colony or 10 images of a full field of view

with a variety of cell densities.
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A.5 Tables

Id Definition

1 Cell ID

2 Region num birth

3 Region num death

4 Cell birth time

5 Cell death time

6 Cell age

7 Old pole age

8 Error frame

9 stat0

10 Long axis (L) birth

11 Long axis (L) death

12 Short axis birth

13 Short axis death

14 Area birth

15 Area death

16 Region score birth

17 Region score death

18 X position birth

19 Y position birth

20 Fluor1 sum

21 Fluor1 mean

22 Fluor2 sum

23 Fluor2 mean
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24 Num of neighbors

25 Region gray val

26 Focus1(1) long axis birth

27 Focus1(1) short axis birth

28 Focus1(1) score birth

29 Focus1(1) intensity birth

30 Focus1(2) long axis birth

31 Focus1(2) short axis birth

32 Focus1(2) score birth

33 Focus1(2) intensity birth

34 Focus1(3) long axis birth

35 Focus1(3) short axis birth

36 Focus1(3) score birth

37 Focus1(3) intensity birth

38 Focus1(4) long axis birth

39 Focus1(4) short axis birth

40 Focus1(4) score birth

41 Focus1(4) intensity birth

42 Focus1(5) long axis birth

43 Focus1(5) short axis birth

44 Focus1(5) score birth

45 Focus1(5) intensity birth

46 Focus1(1) long axis pole align

47 Focus1(1) long axis norm pole align

48 Focus1(1) long axis normalized
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49 Focus1(2) long axis normalized

50 Focus1(3) long axis normalized

51 Focus1(4) long axis normalized

52 Focus1(5) long axis normalized

53 Focus1(1) short axis normalized

54 Focus1(2) short axis normalized

55 Focus1(3) short axis normalized

56 Focus1(4) short axis normalized

57 Focus1(5) short axis normalized

58 Focus1(1) gaussianFitWidth

59 Focus1(2) gaussianFitWidth

60 Focus1(3) gaussianFitWidth

61 Mother ID

62 Daughter1 ID

63 Daughter2 ID

64 dL max

65 dL min

66 L death / L birth

67 Fluor1 sum death

68 Fluor1 mean death

69 Fluor2 sum death

70 Fluor2 mean death

71 Focus1(1) long axis death

72 Focus1(1) short axis death

73 Focus1(1) score death
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74 Focus1(1) intensity death

75 Focus1(2) long axis death

76 Focus1(2) short axis death

77 Focus1(2) score death

78 Focus1(2) intensity death

79 Focus1(2) long axis death

80 Focus1(3) short axis death

81 Focus1(3) score death

82 Focus1(3) intensity death

83 Focus1(4) long axis death

84 Focus1(4) short axis death

85 Focus1(4) score death

86 Focus1(4) intensity death

87 Focus1(5) long axis death

88 Focus1(5) short axis death

89 Focus1(5) score death

90 Focus1(5) intensity death

91 Focus1(1) gaussian fit width death

92 Focus1(2) gaussian fit width death

93 Focus1(3) gaussian fit width death

94 Long axis/Short axis birth

95 Long axis/Short axis death

96 Neck width

97 Maximum width

98 Cell dist to edge
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Table A.1: Clist Descriptors

Field name Definition

CellA
a cell array with frame-by-frame

information (details below)

death
frame at which the cell divided or

disappeared

birth
frame at which the cell was born or

appeared

divide 1 if successful division was observed

sisterID sister cell ID

motherID mother cell ID

daughterID daughter cells ID

ID cell ID

neighbors IDs of cells neighboring

stat0
0: birth was not observed, 1: division was

not observed or error, 2: Full cell cycle

ehist history of errors, sum of all errors

contactHist number of neighboring cells

Table A.2: Cell file field definitions.
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CellA. Definition

xx coordinates of padded bounding box in x-axis

yy coordinates of padded bounding box in y-axis

mask logical image of the cell mask, not oriented

r offset

global coordinates of the top left edge of the cell’s bounding

box, useful for plotting quantities at global coordinates on the

mask, phase and fluorescence with the size of the bounding box

BB start and end coordinates of padded cell bounding box

edgeFlag 1 if cell is at the edge of the image

phase cropped phase image of the cell

coord structure with coordinates, area, and orientation

length (1) length and (2) width of the box surrounding mask

cellLength (1) max length and (2) mean width of the cell

pole orientation of the cell pole, see below

fluor1
image for the first fluorescence channel (fluor2 if there is a 2nd

channel)

fuor1mm
min and max of fluorescence channel 1 (fluor2mm if there is a

2nd channel)

fl1 statistics of fluor1, see below (fl2 if there is a 2nd channel)

cell dist distance to the edge of the colony

gray average phase gray value in cell region

locus1
Focus fitting for channel 1, see below (locus2 if there is a second

channel)
r global coordinates of cell centroid (midpoint of cell)

error segmentation error list

ehist ehist is the sum of all errors in the region’s history

contactHist 1 if cell is in contact with other cell

stat0

0 if cell birth was not observed, 1 if cell birth was observed but

no good division at the end of the lifetime, 2 if good cell birth

and division were observed.

Table A.3: Field definitions of CellA structure in cell files.
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coord. Definition

A Area of cell mask

r center
geometrical center of the cell (global

coordinates)

box

coordinates of box surrounding cell (along

e1 and e2 with length and width of the

cell)

xaxis
coordinates of major principal axis (end

and start point)

yaxis
coordinates of minor principal axis (end

and start point)

I Moment of inertia of cell mask

e1 major principal axis unit vector

e2 minor principal axis unit vector

rcm
position of center of mass for the cell mask

(global coordinates)

Table A.4: Field definitions of CellA.coord structure in the cell files.
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pole. Definition

e1 major principal axis unit vector

op ori
1 if old pole is in the direction of e1, -1 if

the old pole is in the opposite direction.

op age
age of old pole in cell cycles, NaN if no

birth is observed

np age age of new pole in cell cycles

Table A.5: Field definitions of CellA.pole structure in the cell files.

locus1. Definition

r locus position (global coordinates)

score
score from focus fitting (Intensity /

Intensity standard deviation)

intensity raw intensity

shortaxis
focus position along the cell’s short axis in

local coordinates (0 is the cell center)

longaxis
focus position along the cell’s long axis in

local coordinates (0 is the cell center)

Table A.6: Definitions of fields in CellA.locus1 structure in the cell files.
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fl1 Definition

sum sum of fluorescence

r
the coordinates of the center of mass of the

fluorescence

Ixx 2nd moment of fluorescence along X

Iyy 2nd moment of fluorescence along Y

Ixy 2nd moment of fluorescence along XY

Table A.7: Field definitions of CellA.fl structure for the fluorescence in the cell files.
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Appendix B

LAG PHASE ANALYSIS APPENDIX

B.1 Figures
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Figure B.1: Duration of first generation of cells from stationary and non stationary pro-

genitors. Duration of generation 1* cells originating from progenitors with short (τ < 100)

and long (τ ≥ 100) generation 0* duration. The samples are not statistically different, in-

dicating no memory effect on the duration of generation 1*.

B.2 Statistical Methods

In the lag analysis experiment, we run the two-sample Kolmogorov-Smirnov test to ver-

ify that the distributions of the two populations (stationary and log progenitor cells) are

statistically different. The null hypothesis, that the samples are drawn from the same dis-

tribution, is rejected for all generations, with a p-value of 5× 10−36 for the 0∗ generation.
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We also use the two-sample Kolmogorov-Smirnov test to test for a memory effect in

the duration generation 1. Our two samples are the ages of cells with generation 1, that

were observed for a full cell cycle and originate from a generation 0 with cell cycle dura-

tion < 100 minutes or ≥ 100 minutes. The null hypothesis, that the samples are drawn

from the same distribution, was not rejected with a p-value of 0.0664.
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Appendix C

CYTOPLASMIC DYNAMICS APPENDIX

C.1 Figures
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Figure C.1: Step-size distribution has exponential tails. The step-size distribution (using

the relative velocity model) is shown for MS2mRNA complexes for a 1 minute lag time

for complexes with starting position of their displacement vector near the old pole of

the cell 1/5 of the cell), as illustrated in the inset. The data (blue circles) are compared

with two models for the step-size distribution: Exponential (green line) and (ii) Gaussian

(orange line). Both models have the same mean and variance as the experimental data.

The observed step-size distribution shows the best agreement with an Exponential Model

with tails of different decay constants because large steps towards the pole are mitigated

by membrane exclusion forces from the pole.
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Figure C.2: Agreement with Fick’s law. The calculated drift velocity profile using Eq. C.1

assuming Fick’s Law shows remarkable agreement with the observed drift velocity profile

in the cell.
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Figure C.3: Forcing ratio and Diffusion Coefficient of treated and untreated cells. Panel

A: Forcing ratio of untreated and treated cells. Forcing ratio (Drift Velocity / Diffusion

Coefficient) of MS2-mRNA complexes with respect to the relative position in the cell in

untreated, ATP-depleted (Azide), DNA-damaged (UV), gyrase inhibited (Novobiocin),

transcription inhibited (Rifampicin) and spherical cells (A22). Inhibiting ATP hydrol-

ysis and metabolic activity does not affect the shape of the forcing ratio curve. Panel

B: Spatial Dependence of diffusion coefficient of untreated and treated cells. Diffusion

Coefficient of MS2-mRNA complexes with respect to the relative position in the cell in

untreated, ATP-depleted (Azide), DNA-damaged (UV), gyrase inhibited (Novobiocin),

transcription inhibited (Rifampicin) and spherical cells (A22). Inhibiting ATP hydrolysis

and metabolic activity decreases the complexes mobility whereas in all other cases the

diffusion coefficient dramatically increased. The highest diffusion coefficient appears to

be in the nucleoid occupied regions, especially at 1/4 cell length.



122

0 20 40 60 80 1000

0.5

1

1..5

2

2..5

3 x 104

|v|  (nm/min)

D
 (n

m
2 /m

in
)

 

 

Poles
Mid-cell

Figure C.4: Scatter plot of diffusion coefficient versus drift velocity. The diffusion co-

efficient plotted against the magnitude of the drift velocity for each bin of sub-cellular

position shows two subpopulations of particles, with fast and slow dynamics, according

to their cellular position. Both regions show a similar distribution of drift velocities, but

particles at the poles generally exhibit lower diffusion coefficients whereas particles at

middle and quarter cell regions (Midcell) exhibit higher diffusion coefficients.
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C.2 Agreement between observed drift velocity and drift velocity from Fick’s law
support that the system is in steady state

As a test whether or not steady state statistical mechanics is an appropriate approximation

for the dynamics of molecules in the cytoplasm, we calculated a theoretical drift velocity

profile using Fick’s Law. Under steady state conditions, the net the flux of complexes

should be zero, thus

J = 0 = nmRNAvdrift −DmRNA∇nmRNA (C.1)

where nmRNA is the number density and DmRNA is the diffusion coefficient of

MS2mRNA molecules, respectively. The number density was calculated from the full

spatial distribution of complexes and a spatially dependent diffusion coefficient was esti-

mated using the local mobility of complexes. The calculated drift velocity profile from

Eq. C.1 shows remarkable overlap with experimental data, supporting the use of the

Langevin approximation.

C.3 Derivation of the excluded volume of the nucleoid model

The cytoplasm is modeled as a lattice where nucleoid DNA and MS2-mRNA cannot oc-

cupy the same site. We treat the nucleoid as a gas of independent blobs with local number

density nN . The relative reduction in the number of nucleoid configurations as a results

of opening up volume ∆V for a protein complex is

Z(V ) ≈ Z(0) exp(−nN∆V ) (C.2)

where Z(0) is the partition function in the absence of a complex volume ∆V . (Note

that this can be understood as a consequence of the p dV term from the Helmholtz Free

Energy.) Therefore, given an external number density nN , we expect the number density

of the mRNA complexes to be

nmRNA ∝ Z(∆V ) ∝ exp(−nN∆V ) (C.3)
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For convenience, we normalize the observed DNA number density to one and we will

assume the nucleoid blob density is related to the DNA density,

nN = NNnDNA (C.4)

where the constant of proportionality is the number of blobs NN . We now define a

unitless exclusion fraction:

Φ =
NN∆V

Vcell

(C.5)

where is the number of nucleoid blobs multiplied by the fraction of the cell volume

excluded by the protein complex. To understand the meaning of Φ it is useful to express

it in terms of the total volume excluded by the crowding agent (DNA). We rewrite the

volume of the MS2 complex (∆V ) in terms of the volume of an individual crowding agent

δV where

∆V = rδV (C.6)

and r is the number of statistically independent crowing agents excluded by an MS2-

mRNA complex. Φ can then be written in terms of the total excluded volume of the

nucleoid ( VN = NNδV ) :

Φ =
VN
Vcell

r (C.7)

where Φ depends on both the fraction of volume excluded and the number of statisti-

cally independent crowding agents excluded by the MS2 complex. A closely related result

is derived in more detail in Ref [16], Chapter 14 by an alternative method. We note that r

depends on the structure of the nucleoid and is therefore not know a priori even though

the volume excluded by the chromosome is widely believed to be roughly 10 - 20% of the

cell [57]. Therefore the unitless constant must be fit to the data. We can now rewrite the

number density of the mRNA

nmRNA ∝ Z(∆V ) ∝ exp(−ΦVcellnDNA(x)) (C.8)
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where the model for the mRNA number density is parameterized by a single parame-

ter, the exclusion fraction Φ. We can use this relationship between the number density of

mRNA and DNA to obtain a value for the unitless parameter Φ = 1.9. Since the factor r

can be quite large (e.g. [16]), this value appears to be consistent with our proposed model.

It follows that the free energy associated with the excluded volume of the chromosome

regions can be approximated as

G = −kbT logZ = −kbT log exp(−ΦVcellnDNA) (C.9)

We can estimate the effective external force caused by the chromosome unattainable re-

gions to be

F = −∇G = −kbTΦVcell∇nDNA (C.10)

Finally, the contribution of the DNA excluded volume to the drift velocity can be approx-

imated to be

〈v〉 (x, t) =
〈F 〉
γ

= −ΦVcellD(x, t)∇nDNA(x, t) (C.11)

C.4 Derivation of membrane exclusion model.

To estimate the exclusion forces from membrane confinement at the cell poles, we treat

the cell poles as hardwalls and explicitly solve the diffusion equation as a function of dis-

tance from the cell wall. Note that the solutions for each cell pole are symmetric, therefore

we only show the solution for a single hardwall but that the complete solution is a com-

bination of the symmetric solutions. We begin by calculating the expectation value of the

step-size distribution of a diffusive particle a distance δ from the wall:

〈∆x− δ〉 =

∫ ∞
0

d∆x(∆x− δ)ρ(∆x, δ) (C.12)

where ρ(x, δ) is a probability density function. The hardwall condition can be represented

using the method of images, where the probability density function is the sum of gaus-

sians at +δ and −δ:

〈x− δ〉 =
1√

2σ2π

∫ ∞
0

(∆x− δ)(e−
(∆x−δ)2

2σ2 + e−
(∆x+δ)2

2σ2 )d∆x (C.13)



126

In the case of 1D - diffusive motion with diffusion coefficient D, the standard deviation

of the gaussians are defined as σ2 = 2Dδt, where δt is the lag time between successive

measurements. This integral can then be solved exactly:

〈∆x− δ〉 =

√
4Dδt

π
exp

(
− δ2

4Dδt

)
− δ(1− erf(

δ√
4Dδt

)) (C.14)

To estimate the drift velocity profile from membrane confinement, we use the same

convention that we use for experimental data and divide the step size distribution by the

lag time between successive measurements:

〈v〉 =
1

δt

√
4Dδt

π
exp

(
− δ2

4Dδt

)
− δ

δt
(1− erf(

δ√
4Dδt

)) (C.15)

C.5 Biased diffusive motion

A standard approach to characterize the stochastic motion of a diffusive particle is to

calculate the mean squared displacement (MSD) (Eq. 1.1). In an ideal Newtonian fluid,

the MSD of an object undergoing diffusive motion with a constant biasing force takes the

following form:

MSD(δt) ≡ 2D δt+ (v δt)2 (C.16)

whereD is the diffusion coefficient, v is the bias velocity, and δt is the observation time.

At short times the MSD is dominated by diffusive motion (first term) and at long times

the motion is dominated by the bias velocity (second term). The bias velocity explicitly

depends on the model of motion (absolute versus relative) while the diffusion coefficient

is independent of the model. Because each term in Eq. C.16 scales differently with time,

the differences between the two velocity models are irrelevant at short times whereas at

long times the models are expected to be divergent, according to their bias velocity. We

therefore propose to determine which model best represents the behavior of MS2-mRNA

complexes by identifying the velocity model that has the smallest MSD and therefore the

smallest bias.
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We can also estimate a timescale at which the bias velocity dominates over the diffu-

sive motion by setting the two terms in Eq. C.16 equal to each other. The timescale at

which the bias velocity dominates the motion, δt ≈ 2D/v2, for our experimental values of

D ≈ 104 nm2/min and v ≈ 50 nm/min is approximately 10 minutes, which is consistent

with the timescale that absolute model diverges from the relative model in Fig 4.4).
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Appendix D

EXTREME VALUE THEORY APPENDIX

D.1 Figures
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Figure D.1: Diffusion Coefficient Autocorrelation. The diffusion coefficient autocorre-

lation function (as defined in [83]) for the MS2-mRNA particles decays quickly to zero,

showing very weak memory.
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Figure D.2: Observed trajectories of MS2-mRNA particles. Sample experimental trajec-

tories of MS2-mRNA particles with starting positions near the center of the cell (position

= 0).
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Figure D.3: Ergodicity in simulations. Ensemble-averaged MSD (eMSD) and time-and-

then-ensemble-averaged MSD (tMSD) for simulated data with disorder strength β = 5

show that systems with strong disorder are ergodic.
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Figure D.4: Normal free energy distribution and disorder strength. The absolute value

of the normal distribution does not satisfy the strong disorder definition for any variance.

Panel A: At intermediate times sub-diffusive motion is observed, but at longer times the

motion is diffusive. Panel B: At intermediate times the step-size distribution best fits a

Laplace-like distribution, but at long times it best fits a Gaussian-like distribution.
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Figure D.5: Step-size distribution for different free energy distributions. Different dis-

tributions of free energy barriers result in self-similar Laplace-like step-size distributions.
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Figure D.6: Comparison of different disorder strengths. Panel A: Velocity Autocorrela-

tion for different disorder strength for the barrier model. Panel B: Conditional Probability

for sequential step size distribution
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Figure D.7: Conditional probability of sequential step displacements for different

models. Square root of conditional probability of sequential step displacements for bar-

riers (β = 2), CTRW, traps (β = 2), diffusion, Exp-D (exponential distribution of static

particle-specific diffusion coefficients), fBm (α = 0.65) and fBm (α = 0.65) combined with

Exp-D.
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Figure D.8: MSD for two dimensions. For more than one, the MSD transitions from dif-

fusion to sub-diffusion. The large obstacles can be avoided by traveling a more circuitous

path, independent of the strength of the disorder.
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Figure D.9: Barrier models in higher dimension. For dim > 1, barrier models are all

diffusive at long lag times since large barriers can be avoid by circuitous paths. Panel A:

In one dimension, β = 2 is sub-diffusive, but in two dimensions, it is diffusive at long

lag times. The step-size distribution can be observed to rapidly transition to a Gaussian

distribution (dark blue) at long lag times. Panel B: Even though motion is diffusive at

sufficiently long times, the crossover time between sub-diffusion and regular diffusion

may be extremely long for strong disorder. The step-size distribution for very strong chi-

squared disorder is shown above. The EVT-shape is preserved even in the longest lag

times shown.
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Figure D.10: Step-size probability distribution for barrier model versus simulation.

Comparison of step-size probability distribution of barrier model and experimental data.

The probability distribution for the barrier model is shown for disorder strength β = 1.5

(which has scaling factor for the MSD matching the experimental data) and β = 5, to

show a stronger disorder.
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D.2 EVT and strong disorder

The Gumbel distribution is defined as :

FG(x;µ, σ, 0) = Gu(x) = exp

{
− exp

(
−x− µ

σ

)}
, (D.1)

Let X1, X2 . . . , XN . . . be a sequence of independent and identically-distributed ran-

dom variables, and MN = max{X1, . . . , XN}. Let F1(x) be the cumulative distribution for

a single random variable. The cumulative distribution for Mn is

FN(x) = (FG(x))N . (D.2)

For N barriers the Gumbel distribution takes the following form :

GuN(x) = exp

{
−N exp

(
−x− µ

σ

)}
, (D.3)

We can write the Gumbel distribution in terms of the largest free energy barrier be-

tween the starting point 0 and final displacement ∆x: G(N) = maxi=1..nGi, where G is the

free energy of the barrier. The final displacement of the particles, ∆x, can also be related

to the number of barriers, N, jumped: |∆x| = N x0, where x0 is the barrier spacing. For a

large number of steps, N, the Gumbel for the maximum free energy barrier G(N) ≤ g is :

Pr
(
G(N) ≤ g

)
= exp

{
−|∆x|

x0

exp

(
−g − µ

σ

)}
, (D.4)

where the two constants, location parameter mu and the space parameter σ, depend on

the underlying distribution of random potential G.

We define the Kramers time, the rate at which a particle escapes from a potential well,

as the inverse hop rate:

δt ≡ 1

k
≡ eg, (D.5)

and we shall also make the following redefinitions:

t′0 ≡ eµ, (D.6)
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and substitute into the cumulative distribution:

Pr
(
G(n) ≤ g

)
= exp

{
−|∆x|

x0

(
δt

t′0

)−1/σ
}
. (D.7)

Now we make a critical reinterpretation of the cumulative distribution: For a particle

to have displacement |∆X| ≥ |∆x| at the Kramers time δt, we shall make the assumption

that all barriers must be height G(n) ≤ g. Therefore the probability of |∆X| ≥ |∆x| is

approximately equal to the probability of G(N) ≤ g. We can write the complementary

statement:

Pr (|∆X| ≥ |∆x|) ≈ Pr
(
G(N) ≤ g

)
, (D.8)

and therefore the cumulative distribution function for displacement |X| is:

Pr(|∆x|; δt) = exp(−λδt|∆x|), (D.9)

λδt ≡
1

x0

(
δt

t′0

)−1/σ

. (D.10)

The corresponding PDF is :

p(∆x|δt) =
λδt
2

exp (−λδt|∆x|) , (D.11)

and the first and second moments of the distribution are:

E∆X = 0, (D.12)

E∆X2 =
2

λ2
δt

= 2x2
0

(
δt
t0

)2/σ

, (D.13)

which is a statement for the average displacement and the mean square displacement

(MSD) with α = 2/σ. It is important to note that the expectations over random variable

∆X are understood to be expectation over quenched disorder in this context, rather than

thermal fluctuations.

D.3 Details for chi-squared distribution

We need to compute the scale and location parameters for the chi-squared distribution to

compare numerical results with analytic results. The cumulative distribution for a chi-
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squared is:

Fχ2
1
(x) = Γ−1(1

2
) γ(1

2
, x

2
), (D.14)

where Γ is the gamma function and γ is the lower incomplete gamma function:

γ(s, z) =

∫ z

0

ts−1 e−t dt. (D.15)

To find the Gumbel location and scale parameters, we solve the following approximate

equality for large x and N :

exp
[
−N exp

(
−x−µ

σ

)]
= exp

[
− exp

(
−x−µN

σN

)]
≈ FN

χ2
1
(x). (D.16)

After some algebra, we have (given z ≡ x/2 and s ≡ 1/2):

x−µN
σN

≈ − logN − log

[
− log

(
1− 1

Γ(s)

∫ ∞
z

ts−1 e−t dt

)]
, (D.17)

≈ − logN − log

[
1

Γ(s)

∫ ∞
z

ts−1 e−t dt

]
+ ... (D.18)

≈ − logN − log

[
zs−1

Γ(s)
e−z
∫ ∞

0

(1 + t
z
)s−1 e−t dt

]
+ ... (D.19)

≈ − logN + z − log zs−1

Γ(s)
+ ... (D.20)

≈ − logN + x
2

+ log Γ(s)− (s− 1) log x
2

+ ... (D.21)

≈ − logN + x
2

+ log Γ(s)− (s− 1) log logN + ... (D.22)

Matching up terms on the right and left, we have :

σN ≡ 2, (D.23)

µN ≡ 2 logN − log logN − 2 log Γ(1
2
) + ... (D.24)

We now convert to the free energy random variable G ≡ βX , which β is the variance. The

re-parameterization results in

δg ≡ 2β, (D.25)

g0 ≡ 2β
[
−1

2
log logN − log Γ(1

2
)
]

+ ... (D.26)
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which leads to a simple result for the scaling exponent:

α = β−1, (D.27)

i.e., just the inverse of the disorder strength. Note that this is only true for sufficiently

large β and N .
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