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Estimation of a regression function, linking a set of features to an outcome of interest, is
a fundamental statistical task. This dissertation focuses on the application of sieve estima-
tors in modern statistical learning problems. The method of sieves, or estimation via basis
expansion, has its roots in Fourier analysis. In the past decades, it has achieved much suc-
cess in smaller sample size, lower dimensional data science problems. In this dissertation, we
will demonstrate its effectiveness in modern statistical learning settings. Sieve estimators can
achieve statistical and computational optimality (almost) simultaneously, which makes them
very suitable for online and/or large scale nonparametric estimation tasks. Sieve estimators
can also be applied to high-dimensional nonparametric problems. They can effectively allevi-
ate the “curse of dimensionality” by leveraging additional structures such as feature sparsity.
For each topic covered in this dissertation, we will present both theoretical discussion and a

variety of numerical examples.
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Chapter 1

INTRODUCTION

In medical, biological, or epidemiological research, we often aim to build a model to
predict an outcome of interest (e.g., systolic pressure, forced expiratory volume of children,
or the odds of getting cancer) based on features of the subjects under study (e.g., smoking
status, BMI, age, height, the methylation level of certain genes). In many cases, this task
reduces to estimating the conditional mean of the outcome given the features — often called
regression in statistics. In modern causal inference, even when prediction is not the end-goal,

it is common that conditional means must be estimated as a nuisance [58].

Historically, it has been common to assume that the conditional mean falls in some sim-
ple, known, parametric class (e.g., that there is a linear relationship between features and
outcome). Parametric modeling has provided statisticians much insight into all sorts of
problems and is still widely discussed in contemporary statistics research. However, in the
field of statistical learning, it has become increasingly common not to make this potentially
unrealistic assumption, and instead to use flexible estimators that may be appropriate for
more complex non-linear /non-parametric function classes [24]. One common applied mod-
eling strategy, in-line with this idea, is to include transformations of input features in a
regression: Often polynomial transformations (or splines) are used. In this case, one needs
to specify the degree of polynomial to use. There is a tradeoff: Higher order polynomials
allow for more flexible fits but require more data to obtain stable estimates. In practice
it is challenging to select the appropriate polynomial degree, however there is theoretical

guidance available [119].

More specifically, in nonparametric regression, we often assume that the conditional mean

function varies “smoothly” with the features (for some precisely specified type of smooth-



ness). Leveraging this assumption, one can often obtain minimax rate-optimal estimators
by employing the aforementioned polynomial regression with a polynomial degree asymptot-
ically specified by the degree of assumed smoothness and number of available observations.

Polynomial regression is a specific case of sieve estimation: There we estimate the condi-
tional mean by applying “linear regression” with an enlarged set of predictor variables derived
from our original features. The number of derived variables that we choose grows with the
available sample size. The transformations that we employ (e.g., polynomial, Fourier) gen-
erally depend on the type of smoothness that we assume. For problems with a small number
of original features, sieve estimators provide estimates that have good statistical properties
(e.g., rate optimality) and are efficient to compute.

In this dissertation we will use the term “sieve” a bit more generally to refer to estimators
that can be written as a linear combination of prespecified basis functions. The analytical
forms of the basis functions (e.g., monomials, trigonometric functions) will not depend on
the data, however the number we decide to use will depend on the available sample size.

However, classical sieve estimation procedures struggle in the face of contemporary data
challenges. We consider two such challenges: 1) Engaging with high dimensional features;
2) Working with online/streaming data. In the high-dimensional setting, the number of
candidate features is large or comparable with the sample size. It is in general much harder
to perform nonparametric estimation only under smoothness assumptions: Due to the “curse
of dimensionality”, we will have difficulty approximating large multivariate functions spaces.
For estimation to be tractable, we need to carefully specify our nonparametric function space
and adjust our methods accordingly. In the streaming data or online setting, new data are
generated continuously and we need to repeatedly update our function estimate whenever
new data is available (potentially with every observation). Many nonparametric estimation
procedures, including repeatedly fitting sieve estimators are prohibitively computationally
expensive. We need nonparametric methods with both computationally and statistically
favorable profiles.

In this dissertation, we aim to provide several sieve-type estimation procedures that



are suitable for these modern nonparametric scenarios. In Chapter 2 & 3 we will engage
with the online setting and in Chapter 4 we will discuss applying sieve estimation with
moderately high-dimensional data. The remaining three chapters contain supplementary
materials for Chapter 2 - 4. Specifically, Chapter n + 3 is the appendix of Chapter n
for n € {2,3,4}. In this dissertation, different chapters are (inevitably) closely related to
each other. The current chronological arrangement may not, unfortunately, be the best
presentation. The proposed methods follow the same basic principle as the other chapters
but in general are more restrictive than those proposed in the following chapter. Chapter 3
is the “core” chapter of this dissertation. In this chapter we engage with the statistical and
computational joint-optimality of online regression problems. In this part of our research
work, the nonparametric model we work with is the so-called “Sobolev ellipsoid”. Our readers
may treat it as a abstraction of the reproducing kernel Hilbert spaces in Chapter 2 or the
Sobolev spaces in Chapter 4. More discussion on the intuition of Sobolev ellipsoids can
be found in Section 7.2. In Chapter 4, we engage with multivariate function spaces and
sieve estimation in these spaces. This part of the work was completed after the previous
two chapters. However, the results established in Chapter 4 imply some direct extension of
methods proposed in earlier chapters to more general multivariate/high-dimensional settings.

Before we go into individual sections, we would like to provide some very brief formal
presentation about the general idea of sieve estimation. Suppose for each subject in our
sample, we observe some features X € R? and an outcome of interest ¥ € R. We wish
to find the function f° that best links them, under the independent, identically distributed
sample assumptions. When we measure the error by the expected mean-squared distance
E[(Y — f°(X))?], the minimizer function is called the conditional mean function or regres-
sion function. The task of estimating conditional mean is possible if we can draw random
“training” samples (X;,Y;) ~ (X,Y) and when the function f° is reasonably “smooth”. All
the estimators fn proposed in this work, which are also functions, all take the form of

JIn

fo = Zﬁnjz/)j, for some §,; € R, J,, € {1,2,...}, (1.1)

j=1



with some pre-specified basis functions v;. The truncation level/ dimension of the estimator
J, and coefficients (,; are determined by the sample {(X;,Y;)} whereas the basis function
are not data-adaptive. For the purpose of both better practical application and theoretical
concerns, we are often interested in answering the following questions (with different emphasis

across chapters):

« What kind of nonparametric models should we impose on the conditional mean f°?

Under these models, what basis functions should we use?

o Is there any theoretical guidance on how many basis functions J,, we should use? What

theoretical guarantees can we get when the “correct” basis number J, is applied?

« How can we estimate the regression coefficients 3,; in a computationally efficient way
(Chapter 2 & 3)7 How can we modify the estimation procedure to alleviate the negative
influence of non-informative features and perform feature selection (Chapter 4)? How

much is the computational cost of each strategy?

The answers to some of these questions are standard and straightforward, but some are
still relatively open in modern statistical learning settings. We hope our work can help clear
some barriers for applying the method of sieves in nonparametric problems and demonstrate

the method’s effectiveness.



Chapter 2

AN ONLINE PROJECTION ESTIMATOR FOR
NONPARAMETRIC REGRESSION
IN REPRODUCING KERNEL HILBERT SPACES

2.1 Introduction

It is often of interest to estimate an underlying regression function, linking features to an
outcome, from noisy observations. When the structure of this function is not known (e.g.,
when we do not want to assume a simple linear form), some form of nonparametric regression
is employed. More formally, suppose we observe some independent and identically distributed
(i.i.d.) samples (X;, Y;) ESE p(X,Y), fori =1,2,...,n, generated from the following statistical

model:

Y; = [,(Xi) + €, (2.1)

where, for each i, X; - px (which take values in RY) are our features, ¥; € R is our

outcome, ¢; are i.i.d. mean zero noise variables. One can think of f, as being implicitly
defined by the joint distribution p(X,Y"). It is often of interest to estimate f,, the regression
function (e.g., in predictive modeling or inferential applications). Under mild conditions, the

regression function f, can also be characterized as the minimizer of

min B(Y — f(X))*, (2:2)

when F = Lf,X. This is the best measurable function for predicting Y given X under a least
squares loss.
2.1.1 Nonparametric Regression in RKHS

In nonparametric regression, we often assume that f, belongs to a specified infinite-dimensional

function space F. This is known as the Hypothesis Space. Commonly used F in statistics



and computer science communities include the Holder ball, Sobolev space [126], general
reproducing kernel Hilbert space (RKHS) [20], and Besov space [49]. Here, we focus on
estimation when F is an RKHS. Briefly, an RKHS over X is a Hilbert space (F, (-, ) x) with
the following reproducing property: for any f € F and x € X,

f(2) = (F. K (2.3)

where K, is the so-called kernel function associated with F evaluated at x. This is discussed
in more detail in Section 2.2.

In the classical nonstreaming setting of nonparametric regression, estimation in an RKHS
F is a well-studied problem. In this case, the kernel ridge regression (KRR) estimator is the

gold standard; see, for example [128]. Tt is defined by

n
FAE = axgmin = S (¥, — ] () + XS 7, (2.4)
fer M
where AERE is a hyperparameter that balances the mean squared error and the complexity
of the estimate. Owing to the reproducing property (2.3), anRR can be written as a finite
linear combination of the kernel function evaluated at (X;)", [100].

In general, (2.4) requires solving an n x n linear system, and thus has a computational
cost in the order of n3. In an online setting, this is exacerbated by the need to refit for each
new observation, resulting in n* computation being required to fit a sequence of n estimators.
Although this penalized estimator has good statistical properties (rate optimal convergence
and strong empirical performance), its high computational cost restricts its application in
online settings. Substantial effort has been made to reduce the computational cost of KRR

using, for example, “scalable kernel machines” based on a random Fourier feature (RFF) [71]

or a Nystrom projection [42]. This is discussed further in Section 2.2.1.

2.1.2  Parametric and Nonparametric Online Learning

Online learning has been studied thoroughly in the parametric setting: there, we assume f,

takes a parametric form, indexed by a finite-dimensional parameter 5 € R? (e.g., f,(X) =



BT X for a linear model).
In this parametric online setting, it is useful to frame the regression function as a popu-
lation minimizer,

min E[(Y — f5(X))’). (2.5)

BERP

From here, it is popular to directly apply a stochastic gradient descent (SGD) to (2.5), using
each sample in our “stream” to calculate one unbiased estimate of the gradient. Updating
such an estimator with a new observation has a constant computational cost of O(p). In
addition, these estimators achieve an optimal parametric convergence rate of O(1/n) under
mild conditions [64, 6, 37, 5].

However, comparatively less attention has been given to online nonparametric regression.
A few rate-optimal functional SGD algorithms have been proposed [116, 25|, where the hy-
pothesis function space F is assumed to be an RKHS. The RKHS structure makes it possible
to take the gradient of the evaluation functional L,(f) := f(x). Although such estimators
have been shown to be statistically rate optimal, updating them with a new observation
(Xn+1, Ynr1) usually involves evaluating n kernel functions at X, 41, with a computational
cost of O(n). This is in contrast to the constant update cost of O(p) in a parametric SGD.
Thus, the computational cost of a nonparametric SGD will accumulate at order O(n?), which
is not ideal for methods that are nominally designed to deal with large data sets. Although
there has been some effort devoted to transfer RFF- or Nystrom-based methods to online
settings (See Section 2.2.1), the theoretical guarantees are usually not close to optimal, with
strong restrictions on the noise variables.

We propose a method for constructing online estimators in an RKHS by considering the
Mercer expansion (eigendecomposition) of a kernel function. Existing methods usually take
an iterative form, which can be interpreted as projecting a random function onto a random
space with growing dimension [63, Equation (15)]. However, our estimator is the first one
that can be treated as an empirical risk minimizer (ERM, or M-estimator of negative loss)
in a deterministic linear space with growing dimension.

We analyze both the statistical and the computational properties of the estimator to



show that i) it has an asymptotically optimal (up to a logarithm term) generalization error,
ii) it has a significantly lower computational cost than those of other proposed rate-optimal
nonparametric SGD estimators, and iii) it is robust against heavy-tailed noise. Interestingly,
it only requires the (1 + A) moment of the noise to be finite for any A > 0 to achieve
consistency.

Note that in the theoretical analysis of our estimator, we do not require the covariate X
to be equally spaced or uniformly distributed, as in standard references [119] (though such
assumptions would significantly simplify the proof). In addition, we do not require it to
be known for rate optimal convergence. We show that our estimator obtains rate optimal
convergence if px is absolutely continuous with respect to the measure used to conduct the
eigendecomposition of the kernel function (usually, the latter is taken as a uniform measure
or a Gaussian distribution).

Notation: we use a, = O(b,) to indicate that two sequences increase/decrease at the

same rate as n — oo. Formally,

0 < liminf |-%| < lim sup 2l < oo (2.6)
n—00 n n—00 n
For a € R, |a] is the largest integer that is smaller than or equal to a. The || - ||>-norm of a

function is its L2 -norm, that is || f[|3 = [, f*(2)dpx(z). In this chapter, when we say two
functions f and g are orthogonal with respect to the measure P, we mean [ f(z)g(x)dP(z) =

0.
2.2 Preliminaries on RKHS

In this section, we provide background information on RKHS and existing methods, before
introducing our estimation procedure.

First, we formally introduce the concept of a Mercer kernel and its corresponding RKHS.
A symmetric bivariate function K : X x X — R is positive semi-definite (PSD) if, for any
n > 1and (x;)7-; C X, the n X n kernel matrix K with elements K;; := K (x;, x;) is always a

PSD matrix. A continuous, bounded, PSD kernel function K is called a Mercer kernel. We



have the following duality between a Mercer kernel and a Hilbert space.

Proposition 2.2.1. For any Mercer Kernel K : X x X — R, let K, denote the function
K.(-) :== K(x,-). There exists a unique Hilbert Space (H, (-, -)3;) of functions on X satisfying

the following conditions:

1. Forallz € X, K, € H.
2. The linear span of {K, | x € X'} is dense (w.r.t || -||a) in H.

3. (reproducing property) For all f € H,x € X,
f(@) = (f, Ko)n. (2.7)

We call this Hilbert space the RKHS associated with kernel K, or the native space of K.
For a more comprehensive discussion of the RKHS, see [22], [128], and [33].

There is an equivalent definition of the RKHS, which we focus on here. Given any Mercer
kernel K and any Borel measure v, there exists a set of L2-orthonormal basis (¢j)32, of H
(closure of H with respect to ||-[/12). Additionally, each of the functions has a paired positive
real number p;, sorted s.t. p; > pp1 > 0. We call the functions ¢; eigenfunctions and p;
their corresponding eigenvalues. We state the following equivalent definition of the native

space of K.

Proposition 2.2.2. Define a Hilbert space

00 o] 9 2
e Sos (G

equipped with inner product:

(f,9)n= a5t5 (2.9)

7
=1 Hi

for [ =372 a;05 and g =377, b;¢;.
Then, (H, (-, )%) s the reproducing Hilbert space of kernel K.
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For a discussion of this definition and its relation to Proposition 2.2.1, see [22]. For many
kernels, the analytical form of (p;, ¢;) are available for some specific choice of measure v.
This can be useful for our method. We require the eigen-system of the kernel with respect
to some (relatively arbitrary) measure. This measure does not need to be the measure py, it
merely needs to be absolutely continuous with respect to px. We assume such a convenient
measure, denoted by px, exists (for which the kernel has an accessible eigen-system and
px < px). We call it a working measure, and use the notation (\;, ;) instead of the generic
(pj, ¢;) to denote such an eigen-system with respect to L%X. As an example, the kernel

K(z,z) = min{z, 2} is the reproducing kernel of the Sobolev space

1
W) = {£: 0 2RI FO =0md [ (@) dr<oc},  (210)
0
and its eigenfunctions and eigenvalues are (w.r.t. px = Unif([0,1]))

Y;(x) = V/2sin <M> A= 1 (2.11)

2 (2j — 1272

It is also possible to write the kernel as a Mercer expansion w.r.t (¢;, A\;):
K(z,2) =Y Ajihs(@)d(2). (2.12)
j=1

The functions {y/A¥;(z),7 = 1,2,...} are also called the feature maps of the kernel K.
Note too that, by definition, 1; are orthogonal w.r.t. (-,-)3;. Twenty commonly used kernels’
Mercer expansions are provided in [33, Appendix A].

If a function f = Z;’il ;1p; has a finite || - || RKHS-norm, its general Fourier coefficients
(6;);en need to be at least o(X;j7'/?) so that the norm series > °2 (6;/1/A;)* converges.
This suggests that, for sufficiently large N, the truncation fy = Zjvzl 6;1; should be a good
approximation to f. This basic idea motivates our work. By analyzing the spectrum of the

kernel, we can identify what N should be.

2.2.1 Existing Online Nonparametric Methods

In an RKHS, it is possible to take the functional gradient of the evaluation operator L,, for

any © € X. This allows methods using a functional SGD to solve the regression problem
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(2.2). Usually, functional SGD estimators after n steps, ffGD of f,, take the form of a

weighted sum of n kernel functions K, for i = 1,2,...,n, [116, 25]:
f39P =3 a;iKx,. (2.13)
i=1

To update ffGD with (X411, Y,11), it is necessary to evaluate all n kernel basis functions
{Kx,,1 =1,2,..n} at X, ;. Thus, the computational cost of the update is O(n). Several
works have attempted to improve this computational cost. In [105], [74], and [63], the authors
choose a subset of features (Kx,)" ; with cardinality smaller than n. In [23] and [74], kernel-
agnostic random Fourier features are used: typically, O(y/n) basis functions are required
in this setting; see [96]. Although computationally more efficient than a vanilla functional
SGD (2.13), the theoretical aspects of these scalable methods are not fully satisfying: 1)
noise variables are required to have extremely light tails to provably guarantee convergence;
2) verified convergence rates are not minimax-optimal; and 3) the target parameter is, in
general, not even f, but, instead, a penalized population risk-minimizer.

Compared with the linear space spanned by random features or kernel functions, the space
spanned by eigenfunctions has a minimal approximation error in the sense of minimizing the
Kolmogorov N-width [98, Section 3]. This inspired us to use them as basis functions to
construct our estimator. Briefly, this means that projecting onto the N-dimensional linear
space spanned by the eigenfunctions has the minimal residual among all the N-dimension

linear sub-spaces of L%X. More technically,

[T ]

X’

= inf  sup

Sup 2 2
Lix VNCLZ ¢ |Iflln=1

. ‘
Ifll=1 Mgl

X’

L= VAN, (2.14)
PX

where Fy is the linear space spanned by the first N eigenfunctions (¢;)%,, Il4 g is the
projection operator onto space B using the inner product of A, and Vy is a generic N-
dimensional linear space in L%X. This is important for statistical estimation, because there
is a bias/variance tradeoff in this estimation problem (more basis functions decreases the

bias, but increases the variance). By using a basis that can more compactly represent our
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function, we can find a more favorable tradeoff and asymptotically decrease our estimation
error.

We propose a method with favorable statistical guarantees (minimax rate-optimality)
and a lower computational cost. The basis functions used should be kernel-sensitive, and the
convergence rate should be sensitive to the decay rate of the eigenvalues ;. In addition, we

give provable theoretical guarantees in a heavy-tail noise setting.

2.3 A Computationally Efficient Online Estimator

In this section, we present the proposed online regression estimator. We first discuss the
well-known projection estimator in the batch learning setting, then shift to the online set-
ting, where we naively refit the model with each observation. Lastly, we give our proposed
modification to make this process computationally efficient. In what follows, we use N to
denote the number of basis functions used to construct each projection estimator, though it

should more formally be written as N (n), because it is a nondecreasing function of n.

2.3.1 Projection Estimator in Batch Learning

Suppose we have n samples (X;, ;) ,, and let Fy = span(iy, ..., )x) be the N-dimensional
linear space spanned by the N eigenfunctions with the largest eigenvalues. The function fn, N
that minimizes the empirical mean squared error over Fy is a very attractive candidate for
estimating f, € H, which we use for the online setting.

Formally, define @ = (6y,...,0x)" and ¥™(X;) = (¥1(Xi), ..., ¥n(X;))". Consider the
following least squares problem (in the Euclidean space):

n

min » (V; = 0'$"(Xy)”" (2.15)

=1

The solution can be written in matrix form as

~

é = (917 ---aéN)—r = (qjl—\pn)_lquym (2‘16)
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if UMW, is invertible. Here, Y,, = (Y1,...,Y;,)T is the observed response, and ¥,, is the design

matrix with elements W,; = ¢;(x;). Then, the estimator
~ N ~
fav =051, (2.17)
j=1

is the empirical risk minimizer (ERM) in Fy. Estimators that take this form are called
nonparametric projection estimators (of f,, with level N) [119].

The optimal number of basis functions to use depends on both the sample size n and how
fast the eigenvalues \; in (2.12) decay. As stated formally in Theorem 2.4.1, the optimal
choice is N = @(nﬁ) when \; = ©(j72¢/9), with a > £. Note that the condition o > £
ensures that the considered RKHS can be embedded into the space of continuous functions
(as a result of the Sobolev inequality, cf. Theorem 12.55 [66]). With this choice for N, the
convergence of fn ~ achieves the minimax rate over functions with a bounded RKHS norm.
Similar results for projection estimators have been shown when (1);)52, is the trigonometric
basis, and x; are deterministic and evenly spaced [119] or px is the uniform distribution [8].
Our analysis shows that the optimality of the projection estimator holds for general 1;, and

does not require them to be orthonormal with respect to the empirical measure or px.

2.3.2  Naive Online Projection Estimator

The most direct way of extending the projection estimator (2.17) to the online setting is sim-
ply to refit the whole model whenever a new pair of data (X, Y;) comes in. In Algorithm 2.1,
we provide this naive updating rule for our reader to better understand the proposed method.
Our modified proposal in Section 2.3.4 greatly improves upon this in terms of computational
cost, while giving the same estimates fn N-

In this algorithm, Y,, = (Y1,...,Y,,)" is the vector of outcomes, ¥,, is the n x N design
matrix at step n, and ®,, denotes the N x N matrix (U] W, )~! (inversion of Gram matrix).

Whenever new data come in, the algorithm augments the design matrix by adding one
new row to ¥,,_; based on the new observation X,,. The new row [¢1(X,,), ¥2(X5,), ..., Un(X,)]

can be understood as the embedding of X, into the feature space spanned by (wj)j-vzl.
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Algorithm 2.1: Naive rule for updating 6 with a new observation (X, Y,).

INPUT (X)",Y,, 1, ¥, 1,0, N
FUNCTION UpdateCurrent(X,,, N, ®,, V,,)

/‘pn — [wl(Xn)7w2<Xn>> 71/}N(Xn)]—r
v, _
U, o, « (VIw,)"
¥,
RETURN (9,,V,)
FUNCTION AddBasis ((X;),, N, ®,,¥,)
PV (v (X)), e Onn (X))
e w, ¥ e (90,) 7

RETURN (®,,¥,,)

(®,,, ¥,,) < UpdateCurrent(X,,, N, ®, 1, ¥, 1)
IF n = Floor((N + 1)%*+1)
(P, V,,) < AddBasis((X;),, N, ®,, ¥,)
N < N+1
ENDIF
0« o, U]Y,

When n = |(N + 1)*a dJ, this algorithm additionally adds a new column to the design
matrix U, (increasing the dimension of the basis function we project upon by one). This
new column is just the evaluation of ¢¥n;1 at (X;)" ;. Recall that ¥y is the (N + 1)th
eigenfunction in the Mercer expansion (2.12). It is straightforward to show that this criterion

of adding new basis functions ensures N = @(nﬁ)

The computational cost of each update using Algorithm 2.1 is ~ n3atd . In particular,

calculating ¥ W, takes ~ nN? ~ nsard computations. Although this algorithm gives a
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statistically rate-optimal estimator and is straightforward to implement, it is rather com-
putationally expensive. In particular, the functional SGD algorithm has a comparatively

smaller computational cost of ~ n per update.

2.3.8 Efficient Online Projection Estimator

In this section, we explicitly give our proposed method (the details of which are given in
Algorithm 2.2). By using some common block/rank-one updating tools from linear algebra,
we are able to substantially improve Algorithm 2.1. In particular, it is expensive to repeatedly
calculate (U)W, )~ directly. However, the matrix ¥,, has only one more row and (sometimes)
one more column than ¥, _;. It is possible to calculate (¥ W, )~ by updating (¥} ¥, ;)7L
The latter will already have been calculated when observing (X,,_1,Y,_1).

When W, has one more row than ¥,,_1,

\Ilnfl
v, = : (2.18)

,¢T
where 9, = [1h1 (X,,) , ¢ (X,), ..., ¥n (X,)] . We can write U], in the form
U, =0 W, ) (2.19)

Thus, (¥, ¥,) ! can be calculated from (W) W) ~! and 1, using the Sherman-Morrison
formula [103].

When W, has one more column than ¥,,_1,
v, = [\I/n_l ¢N+1] . (2.20)
We can write ¥ W, in the form

\IJT \I/n, \I/Tf N+1
U, = ot nt¥ . (2.21)

(,¢N+1)T U, (¢N+1>T YN+

Therefore, (¥, ¥,) s related to (U 1, q) ~! by the block matrix inversion formula [36].
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The detailed updating rule of the proposed method is given explicitly in Algorithm 2.2.
The basic structure of this algorithm is identical to that of Algorithm 2.1. However, the
updating rules discussed above are used to avoid recalculating some quantities from scratch.
We also establish a recursive relationship between 9n+1 and 9n Curiously, the recursive
formula has a form very similar to that of the pre-conditioned SGD estimator (with the

inverse of the Gram matrix as the pre-conditioner). When n # | (N 4 1)*@* |, the recursion

is
én = énfl + (I)n¢n [Yn - fAnfl,N(Xn)] . (222)

Note that for the SGD, the updating rule replaces ®,, by I, the identity matrix, thus omitting
the correlation of ¢; w.r.t. the empirical measure. When features are added, there is still a

geometrical interpretation; see the Supplementary Material, Section 5.3.

2.8.4  Computational Cost of Algorithm 2.2

We now show that the computational cost of the updating rule in Algorithm 2.2 is, on

average, O(n%id)

2a+d

When n # [(N +1)"¢ |, we do not add a new feature 1)y 1, but only update the @,

matrix with the current N features. The most expensive step is the inner product of &,
and 1,, which is an N x N matrix multiplied by an NV x 1 vector. Because the N = @(nﬁ)

at step n, the update is of order nzata.

2a+d

When n = [(N 4+ 1)74a |, we add both a column and a row to the design matrix ¥,,_;.

The most expensive step is calculating the vector b, which gives the pair-wise inner product
between 1,1 and (@Z)]);Vzl with respect to the empirical measure. In this step, an N x (n—1)
matrix is multiplied by an (n — 1) x 1 vector, which requires a computation of order nard |
However, the algorithm adds new features less frequently as n increases. Thus, in calculating

the average computational cost, we amortize this expense over all updates after including

new basis functions.
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Algorithm 2.2: Rule for updating 6 with a new observation (X,,Y,) efficiently. At step x,

the value of ¥ Y, ; stored in memory needs to be used to avoid repeating calculation.

INPUT (X)), Y,,N,®,,1,¥, 1,q, ‘I’Z,lynq
FUNCTION UpdateCurrent (X,,, N, ®,,_1,¥,_1)
Vo [01(X0), V2 X)), ooy U (X))
o [ T @ o oy — ot
RETURN (9,,V,)
FUNCTION AddBasis ((X;)2,, N, ®,,, ¥,
PV [ (X0), Unvaa (Xa), oo v (X)) T
co (V) TN p e WTYNTL ke —bTD, b
v, |:\Ifn ¢N+1}
P, + 1P, b O, —
—1p" @,
RETURN (0, U,)

P, %(I)nb

1
k

(®,,, ¥,,) « UpdateCurrent(X,, N, ®,, 1, ¥, 1)
IF n = Floor((N + 1)%*1)
(P, V,,) < AddBasis((X;), N, ®,, ¥,)
N < N+1
ENDIF
0 0, VY, =«

Let
2a+d
d

n=(N)
nt = (N +1)*7.

That is, n is the first step when there are more than N features included, and n* is the first
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step when there are more than N + 1 features. Then, the length of the interval between the
two “basis addition” steps is

2a+d

nt—n=(N+1)"4

2a+d
d

- (N)

= O(N>/4) = ©(n=).
Thus, an O nard computation is performed per nzata steps, which is, on average, O naeta
g
per step. Thus, the average computational cost of a single update using Algorithm 2.2 is of

_2d_
order n2a+d.
2.4 Theoretical Analysis of the Online Projection Estimator

In this section, we formally show that the proposed online estimator achieves the optimal
statistical convergence rate when the true regression function belongs to the hypothesized
RKHS. In previous theoretical analyses of (batch) projection estimators [119], the proof is
shown when 1); are orthogonal to each other w.r.t. the empirical measure of the covariates.
This event has probability zero if X has a continuous density. In this section, we show it
is possible to get a rate-optimal bound on the generalization error of fn N, even if ¢; (the
eigenfunctions of the kernel w.r.t. our “convenient” working distribution) are quite correlated
w.r.t. the empirical measure of X.

Recall that Fy = span(iy, ...,1n) is the linear space spanned by the first N eigenfunc-

tions. Define the population minimizer fy over Fy as
fn = arg min E[(f(X) — f,(X))?]. (2.23)
fEFN

Here, recall that fm N € Fn is the estimator, fy is the population risk minimizer over Fy, and
f, € H is the target function to be estimated. To establish the result that || fon — foll2 = 0
as n — 0o, we first bound the rate at which || f, x — f||2 goes to zero as N grows (sufficiently
slowly); then, we bound the rate at which ||fy — f,|]2 = 0 as N — oco. With the correct
choice of N = @(nﬁ), we can balance the rate of the above two terms converging to zero.

Before we state the result, we give assumptions necessary for the proof.
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(A1) The joint distribution of ii.d. (X;,Y;) has support X x R € R? x R and X is

compact. The i.i.d. zero-mean noise random variables €, = Y; — f,(X;) satisfy the following:
leillmr = / P(lei| > £)/™dt < o0, for some m > 1. (2.24)
0

Note. If for some § > 0 and m > 1, we have that the m + ¢ moment of ¢; exists, then (Al) is
satisfied for that value of m. This is slightly stronger than the existence of the mth moment;
see [65], Chapter 10.

Our noise assumption is substantially weaker than the typical sub-Gaussian noise as-
sumptions (sub-Gaussian random variables have all moments bounded). In the light-tail
noise setting, the level of the noise only influences the convergence speed by at most a con-
stant. However, as shown in Theorem 2.4.1, if the eigenvalues decrease too fast (the RKHS is
too small) and the noise has too few moments, the convergence rate will depend on the noise
level. Our analysis characterizes the interplay between the size of the RKHS space and the
noise level using a sharp multiplier inequality [48, Theorem 1]. There are currently no other
methodologies, to the best of our knowledge, that are both computationally tractable and
have provable convergence guarantees with heavy-tailed noise in the online nonparametric
regression setting.

(A2) The true regression function f, belongs to the known RKHS H; that is, the RKHS-
norm || f,||3 is finite.

(A3) The kernel function has Mercer expansion K(z,2) = 7=, A\jih;(2)1;(2), where
(wj);il are orthonormal with respect to some specified working distribution px, and \; =
O(j~2%/) with a > d/2.

(A4) The distribution of X, py, is absolutely continuous w.r.t. px. Let px = dpx/dpx

denote its Radon—Nikodym derivative. We assume, for some D < o0,
px(z) <D forallz e X.

Note. In the (very common) case that both of these have densities with respect to the

Lebesgue measure, this is equivalent to the ratio of their densities being bounded.
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Theorem 2.4.1 (Optimal convergence rate). Assume (A1-Aj), let fn,N be the projection
estimator (2.17). Assume that || fanllec < M, for some M < oo. Choosing N = @(nﬁ),

we have
| fuv — foll = Op (niﬁﬂl lognVn 2t \/logn> . (2.25)

If m > 2 in (A1), the above bound holds in expectation:

E(|| fun — foll2] = O (n_mam Viegn v n ztem \/logn) : (2.26)

Note that as long as all the moments of ¢; exist (e.g., when ¢; are sub-exponential), the
convergence rate depends only on the size of the RKHS. One merit of our method is that
even if the noise does not have a finite variance, that is, m < 2 in (A1), our method still
has convergence guarantees. To the best of our knowledge, existing works on nonparametric
SGD do not give convergence guarantees with such heavy-tailed noise.

As we compare the two components on the RHS of the bound presented in (2.26), we
2a
d
bound is dominated by the size of the RKHS. However, when m < 27“ + 1, it is the noise

can see that when m > + 1, that is, when we have a relatively light-tailed noise, our
that dominates our bound. Furthermore, note that as d increases, fewer moments on € are
required for our bound to match the classical nonparametric minimax rate in our RKHS.

The following lower bound demonstrates that this rate of convergence is indeed optimal
(up to a logarithm term) among all estimators. For \; = ©(572¢) (to compare with Theo-
rem 2.4.1, take ( = a/d), let Bg = {f € H | ||fllx < R} be the R-ball in the RKHS H.
Then, we have the minimax bound

liminfinf sup E [nﬁﬂf - fp||2] > C, (2.27)

n—o0 f fpeBR

where the infimum ranges over all possible functions f that are measurable of the data. For
a derivation of the lower bound, see [128, Chap. 15].

Upper bounds similar to our results in Theorem 2.4.1 have been shown in [116] and
[25] for SGD-type nonparametric online methods. However, the proposed estimators there

use n basis functions, and therefore have an unacceptable ©(n?) total computational cost.
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There are methods that aim to improve the computational aspect by using random features
or other acceleration methods (see Section 2.2.1). However, the theoretical guarantees on
the statistical convergence rates in those works are, in general, quite weak (generally giving
upper bounds of n~/* in the RMSE, which is far from the minimax rate) and insensitive to
the decay rate of the eigenvalues.

Many existing online nonparametric estimators aim to find a function f € F that min-
imizes an expected convex loss E[l(f(X),Y)], which is a more general setting than this
study. However, the majority of previous works on this topic assume that the loss function
I(-,-) is Lipschitz w.r.t. the first argument; see [23], [105], [63], and [74]. Specializing to
the regression problem (with squared-error-loss), this is essentially assuming that the out-
comes Y; (therefore the noise ¢;) are uniformly bounded, because I(f(x),y) — I(f(2),y) =
(F(2) =9~ (f(2) ) = (F(@) — F()(f(2)+ () ~29). Tf we require I(-, ) to be Lipschitz,
we basically require f(z), f(2),y to be uniformly bounded. Although we still only consider
bounded f in this chapter, we relax the constraint on the noise variables: we require only

finite moments of ¢;, and show the (in)sensitivity of our bound.
2.5 DMultivariate Regression Problems

In most applications, the covariates X; take values in R? where d > 1. If the kernel func-
tion K : R? x R — R has a known Mercer expansion (2.12), then the proposed method
can be applied directly. If the kernel function takes a tensor product form (e.g. the Gaus-
sian kernel), or is constructed from a one-dimensional kernel using a tensor product (e.g.,
K(z,2) = [T, min{z®, 20}, where z*) is the kth entry of z € R?), the eigenvalues and
eigenfunctions are just the tensor product of the one-dimensional kernels [79, Section 3.5],
[136, Section 5.2]. However, as presented in Section 2.4, the minimax rate of estimating in a
d-dimensional a-order Sobolev space is @(n_ﬁ), which becomes quite slow when d is large
(unless, at the same time, a large « is assumed).

A popular low-dimensional structure is the nonparametric additive model [52, 141], which

is thought to effectively balance model flexibility and interpretability. For x € R?, we might
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consider imposing an additive structure on our model (2.1):

Fo@) =" fon (V) (2.28)

where the component functions f,; belong to an RKHS H (in general, they can belong to
different spaces). For a fixed d, the minimax rate for estimating an additive model is identical
(up to a multiplicative constant d) to the minimax rate in the analogous one-dimensional
nonparametric regression problem that works with the same hypothesis space H [92]. The
proposed online method can be directly generalized to this setting. For further discussion

and the empirical performance, see the Supplementary Material, Section 5.4.

2.6 Simulation Study

In this section, we illustrate the computational and statistical efficiency of the online projec-

tion estimator in both one-dimensional regression and additive model settings.

2.0.1 Generalization Error of the Online Projection Estimator is Rate Optimal

In this section, we use simulated data to illustrate that the generalization error of our
estimator reaches the minimix-optimal rate. For each sample, X; is generated from px,
which has density function is px(x); Y is generated by Y; = f,(X;) + ¢;. The details of
the parameters are listed in Table 2.1. In example 1, we purposely select px such that
fol VYi(2);(z)px (z)dx = §;;, together with bounded noise. In example 2, the basis functions
are no longer orthogonal w.r.t. px, and a low signal-noise ratio is applied. In both simple
and more realistic scenarios, the online projection estimator achieves rate-optimal statistical
convergence.

The f, in example 1 is taken from [25], where they used it to illustrate the performance
of the functional SGD estimator; the regression function in example 2 is also used in a study

of wavelet neural networks [3].
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Table 2.1: Settings of simulation studies. *By(z) = 2% — 223 4 2% — % is the fourth Bernoulli

polynomial, and {z} means taking the fractional part of x.

Example 1 Example 2
Kernel K (s,t) SiBi({s —t})* min{s, ¢}
Eigenvalue ), ﬁ =0(G™) W =0(;7%
Basis function ¢;(x) sin(2mjx), cos(2mjx) \/ﬁsin(w)
px(z) Loy () (2 4 0.5)1j0,1()
Noise € Unif(]-0.02,0.02]) Normal(0,5)

(6x — 3)sin(12z — 6)
True regression function f, By(x)
+cos?(12z — 6)

In example 1, the hypothesis space is the second-order spline on the circle
1
Weper) = {7 € 0.1 | [ swau=0
0
1
F0) = J0).50) = £, [ (") < oo} |
0

In example 2, we use the Sobolev space W ([0, 1]) defined in (2.10). Because the eigenvalues
decrease faster in example 1, we observe a convergence rate of ~ n~%°_ which is faster than
that in example 2, ~ n=2/3.

We use ||an — f,|I3 as a measure of goodness of fit (Figure 2.1). The proposed method
is compared with an online nonparametric SGD estimator [25] and the KRR estimator (2.4).
Although the KRR might have a better generalization capacity (the rates should be the
same, but there might be an improvement in the constant), it is computationally prohibitive
to apply it in an online learning setting; thus, we include this method as a reference only.
The hyperparameters for each method are chosen to optimize performance (oracle hyperpa-

rameters). For our method, this is the constant in front of the timing of adding new basis

functions. In Figure 2.2, we present several typical realizations of fn ~ for both examples,
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Figure 2.1: log,, ||fn,N — f,|3 against log;on. (A) Example 1, the thin black line has a
slope = —4/5; (B) Example 2, slope = —2/3. Each curve is calculated as the average of
15 repetitions. Owing to different computational costs, we chose a different maximum n for

different methods.

together with data points.

2.6.2 CPU Time

Figure 2.3 shows the CPU time used to calculate the online estimators for up to n samples
when solving example 2 for the online projection estimator and the nonparametric SGD
estimator. Experiments were run on a computer with one Intel Core M3 processor, 1.2
GHz, with 8 GB of RAM. For the projection estimator, new basis functions are added when
n = |N?* for N =1,2, ... First, for all a € {1,2,3}, the online projection estimators are

all significantly faster to compute than is the nonparametric SGD estimator after n > 10%,
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Figure 2.2: Realizations of fn ~- (A) Example 1; (B) Example 2.

because the latter requires evaluating n basis functions for the (n 4 1)st update, which will
accumulate very fast. In addition, for larger «, the total computational cost for the online
projection estimator becomes nearly linear in n. There are also some “jumps” in the CPU
time for the online projection estimator. These correspond to steps in which new basis
functions are added. Both phenomena match our analysis in Section 2.3.4. Although it
seems beneficial, both computationally and statistically, to use a larger «, it is important to
remember that too large a value may result in a poor generalization error. This occurs if the
RKHS associated with o becomes so small that it no longer includes f, (see the discussion

in [107]).
2.7 Discussion

In this chapter, we have proposed a framework for constructing online nonparametric re-

gression estimators when the hypothesis space is an RKHS. We showed that (i) the error of
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Figure 2.3: CPU time against sample size (10 runs each curve).

the proposed estimator is near-optimal, and (ii) the computational cost of calculating such
estimators is much lower than when using other contemporary estimators with similar statis-
tical guarantees. In addition, our estimator is actually precisely an empirical risk minimizer
(in a linear space of slowly growing dimension), which allows us to give theoretical guaran-
tees when the noise is heavy tailed (as compared to the previously required assumptions of
boundedness).

In this chapter, we leveraged properties of the least-squares loss to efficiently update
the empirical risk minimizer fn ~ in an online manner. However, for a general convex loss
function (e.g., logistic regression), the construction of an online nonparametric estimator
that has both guaranteed optimal generalization capacity and is computationally feasible
for larger problems remains an open question. Although there are functional SGD-type

estimators designed for this purpose (see Section 2.2.1), it would be interesting to design
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estimators that are both computationally efficient to update and (approximate) ERM in a

deterministic space.
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Chapter 3

A SIEVE STOCHASTIC GRADIENT DESCENT ESTIMATOR
FOR ONLINE NONPARAMETRIC REGRESSION
IN SOBOLEV ELLIPSOIDS

3.1 Introduction

In this chapter, we will continue our discussion of estimating a condition mean function
from noisy sample. Suppose we obtain n samples, (X;,Y;), where X; € X C RP denotes a
p-vector of features from the i-th sample we observe, and Y; € R denotes the ¢-th outcome.
Further suppose that each pair (X;,Y;) is independently and identically distributed (i.i.d.)
from a fixed but unknown distribution p over X x R € RP x R. A common target of
estimation — in order to relate the outcome and the features — is the conditional mean
function f,(X) := E,[Y|X]. Under extremely mild conditions, this conditional mean is the

optimal function for predicting Y from X with regard to mean squared error. More formally,

f, = argmingy, E, [(V = (X)) (3.)

where L%X is the collection of all px-mean square integrable functions and px is the marginal
distribution of X. Our goal is to estimate f, from our collection of observed data.

In order to make a tractable estimation of f, from data, we need to make additional
assumptions on its smoothness/structure: The entire LZX space is too big to search within
[7, 67]. We often formally assume that f, belongs to a pre-specified function space F ;Cé Lf)x.
This F is known as the hypothesis space of the regression problem.

If F can be indexed by a finite-dimensional parameter set © C R%, d € N*, we refer to F
as a parametric function space or a parametric class. One common parametric class is F =
{XTB|B € R}, the set of all linear functions of X. Parametric classes can impose overly

restrictive assumptions on the form of the regression function that may not be realistic in
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practice. As such, it has become popular to assume less restrictive structure: It is common to
define the hypothesis space based on constraints on derivatives, monotonicity, or other shape-
related properties. Such an F is most naturally written as an infinite-dimensional subset
of LiX. Commonly used examples of F in the statistics community include Hoélder balls,
Sobolev spaces [45, 81, 126], reproducing kernel Hilbert spaces (RKHS) [10, 20] and Besov
spaces [49]. These are known as nonparametric function spaces, as they cannot naturally be
parametrized using a finite length vector. The Sobolev ellipsoid, in particular, is a simple
and useful abstraction of many important function spaces [126]. Therefore, we focus on them

exclusively as the hypothesis spaces in this chapter.

In this chapter, we propose an estimator for online nonparametric regression. In online
estimation, the data are seen sequentially, one sample at a time. After each sample is
observed, our estimate of f, must be updated, as a prediction may be required at any
point in time before all the available samples are processed. In an online problem with n
observations, we must sequentially construct n estimates. This is in contrast to the classical
batch learning setting where we collect all the data initially and perform estimation only
once. In the online setting, it is generally computationally infeasible to repeatedly refit the
whole model from scratch for each new observation. Thus, online algorithms are generally

carefully developed to permit more tractable updates after each new observation [27, 64].

An ideal estimator in online settings should be: i) statistically rate-optimal, i.e. achieve
the minimax-rate for estimating f, over F; and ii) computationally inexpensive to con-
struct /update. In this chapter, we present such an online nonparametric estimator for use
when the hypothesis space is a Sobolev ellipsoid, which we term the Sieve Stochastic Gradient
Descent estimator (Sieve-SGD). This method can be thought of as an online version of the
classical projection estimator [119], where the latter is a specific example of sieve estimators
[120, 102]. We use the more general term “sieve” in naming our method to emphasize its
nonparametric nature and avoid confusion with the term “stochastic projection” [124]. We
will show that Sieve-SGD can achieve rate-optimal estimation error for F a Sobolev ellipsoid

and asymptotically uses minimal memory (up to a log factor) among all rate-optimal esti-
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mators. In addition, our estimator has the same computational cost (up to a constant) as
merely examining each allocated memory location every time a new sample X is collected.
This intimates that in scenarios when our estimator has near optimal space complexity, it
may also have near optimal time complexity (though formal investigation of lower bounds
for time complexity in this problem is beyond the scope of the dissertation).

The structure of this chapter continues as follows. In Section 3.2 we briefly cover classical
results for batch, nonparametric estimation in Sobolev ellipsoids, focusing on projection
estimators (which motivate our method). In Section 3.3 we return to the online setting and
explore intuition for how one might combine projection estimation and stochastic gradient
descent (SGD) [12]. The latter is a well-studied method that has been applied fruitfully
to online parametric regression problems. This will help motivate our proposed method,
which, as we will see, can be thought of as an SGD estimator with a parameter space of
increasing dimension. In Section 3.4 we discuss existing nonparametric SGD estimators, and
identify some notable drawbacks of current methods. In Section 3.5, we introduce the formal
construction of Sieve-SGD and analyze its computational expense. From there, we show that
our estimator has a dramatically smaller “dimension” than existing methods and discuss
how this helps to reduce the computational expense. In Section 3.6, we give a theoretical
analysis of the statistical properties of Sieve-SGD. In constructing our estimator, we need to
decide how quickly to grow the dimension it projects onto. Under minimal assumptions, we
characterize the required growth rate and learning rate for our estimator to be statistically
and computationally (near) optimal. We will also investigate under what conditions such
an optimality result is adaptive/insensitive to our choice of the “dimension-specific learning
rate”. Section 3.7 provides simulation studies to illustrate our theoretical results. Finally,
in Section 3.8, we have some further discussion of Sieve-SGD and possible future research

directions.

Notation: In this chapter, we use C to denote a generic constant that does not depend on
sample size n (The value of C' may be different in different parts of the chapter). Additionally
the notation a,, = O(b,) means a, = O(b,) and b, = O(a,). The function |x| maps z to
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the largest integer smaller than z. For a vector # € RP, 2 is the i-th component of 2. The
notation x Vy (resp. x A y) is shorthand for max{z,y} (resp. min{z,y}). The || - || norm

of a continuous function f is defined as || f|| = sup,cx | f(2)|, where X is the domain of f.
3.2 Batch Learning and the Projection Estimator

In this section we consider estimation in the classical batch setting where our estimate is
constructed once after all n samples are observed. We will begin by formally introducing
a Sobolev ellipsoid: This is the hypothesis space we will use throughout this chapter. This
will be followed by presenting the classical projection estimator [119].

Consider a user-specified measure v whose support contains X, and the corresponding
square-integrable function space L?. In many interesting cases v can be simply taken as
Lebesgue measure over X’ but it is not necessary in the general form of our theory. To define a
Sobolev ellipsoid in L2, suppose we have a complete orthonormal basis {¢;,j = 1,2,...} C L?

of L? [54]. This means

i) For any f € L7, there exists a unique sequence (6;)52, € £* such that

2
dv(z) =0 (completeness) (3.2)

N
li _ b
ey ‘f(Z) S 05(2)
j=1
where ¢ is the space of square convergent series.

ii) {t,} is an orthonormal system:
/@Z),-(z)wj(z)dl/(z) = 0;; (orthonormality) (3.3)
where 6;; is the Kronecker delta.

We define the Sobolev ellipsoid W (s, @, {v;}) as:

W (s,Q,{1;}) = {f = 00

j=

Z (0;5°)* < @2} (3.4)

j=1
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We refer to (0;)52, as the (general) Fourier coefficients of a function f. Throughout this
chapter, we assume the measure v, basis functions 1; and the regularity parameter s are all
known. When it is clear which v; we are using, we will denote a Sobolev ellipsoid simply
by W (s, Q). We may also use the further simplified notation W (s) because the diameter @
usually plays a secondary role in our theoretical analysis and the proposed method is adaptive
to it. Intuitively, by saying a function f belongs to a Sobolev ellipsoid, we are requiring its
coefficients {6;} to converge to zero faster than j~ /2 (if not, the sum Y>>, (6,7°)* would
diverge to infinity). The larger s is, the faster the decay of §; will be, and thus the stronger
our assumption is.

Sobolev ellipsoids are popular spaces to study for two reasons: 1) They impose a useful
structure for theory and computations, especially as a basic example of hypothesis spaces
with finite metric entropy; and 2) Many natural spaces of regular functions are Sobolev

ellipsoids. For example, if X = [0, 1] with v as Lebesgue measure, then for any s > 0, the

periodic Sobolev space

F{renl [(U@) e < @O0 = MO0k =01 -1 69

can be written as a Sobolev ellipsoid, using an orthogonal basis of trigonometric functions
[126, Chapter 2]. More generally, for many important RKHSs (H, (-,-)%), it is possible
to find a set of ¢; such that W(s,Q,{¥;}) = {f € H | |[fllxu < @} , i.e. a ball in an
RKHS is a Sobolev ellipsoid (see [22, 113]): Under mild conditions [109], a Mercer kernel
K(s,t): X x X — R has the following Mercer representation:

K(s,t) =) Ajy(s)5(t), (3.6)

Jjeg

where \; > 0, J is at most countably infinite. And {¢;} is an orthonormal system (in L?)
w.r.t. some measure v on X, and any function f € H can be written as f = Zjej 0. It
is also known that the RKHS-norm can be identified as || f|[3, = >-;c, 6727 ", So a ball in

the RKHS, i.e. {f € H || fllx < @}, is the same as a Sobolev ellipsoid spanned by {;}

when J = NT and \; = j72%. This is the case for many Sobolev-type kernels (for example,
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p.454 in [33]). When J is finite dimensional (polynomial kernels) or \; decays exponentially
fast in j (Gaussian kernel, p.455 in [33]), a ball in the RKHS can be characterized as some
“generalized” Sobolev ellipsoid.

In everything that follows we will assume that f,, our target of estimation, lives in
a known Sobolev ellipsoid W (s, @, {v;}); with {¢;} specified, and orthonormal w.r.t. a
specified measure v (not necessarily equal to px); and s known (we allow @) to be unknown).

The Projection Estimator is a classical estimator naturally associated with a Sobolev
ellipsoid. We can treat it as a special case of general sieve estimation [120, Chapter 10]: The
estimates can be characterized by a sequence of finite dimensional linear spaces of increasing
dimension (the dimension increases with sample size). For any given f € W (s, Q), the
magnitude of its Fourier coefficients must asymptotically decrease with j fast enough. Thus,
it might be sensible to consider an estimator that discards the basis functions far into the
tail. This is precisely what the projection estimator does. More formally, for a user-specified

truncation level J,, the projection estimator is given by
Jn
Juae = 055 (3.7)
j=1

where 6 = (él, .0 7.) " is the solution of the least square problem:

n Jn 2
j Y-S 00X |
uin 2 ( i ;93%( J) (3.8)

1=

It has been shown (e.g. [119], Theorem 1.9) that when we choose J, = @(nT{H), the

projection estimator is a rate-optimal estimator over W (s, @), i.e.

fn,Jn - fp

2 2s
limsup sup F “ ] = O(n 2+1) (3.9)
2

n—oo  f,eW(s,Q)

This result is usually shown in the literature for X; equally spaced, or drawn from a uniform

distribution. But in our theoretical analysis (Section 3.6), we allow px to be a much more
general distribution.

Sieve-SGD is inspired by this (batch) projection estimator. The key here is that the

number of basis functions we need to use can be dramatically smaller than the sample size,



34

and their analytical forms do not depend on the data (usually reproducing kernel methods
use basis functions “centered” at the feature vectors X;). This possibility has been rarely

explored by existing nonparametric online estimation research.

3.3 Online Learning and Stochastic Approximation

We now move to the online learning setting where observations are collected sequentially
from a data stream, and an estimate of our function is required after each sample. Such an
infinite data stream may really exist, for example, with simulated samples as in reinforce-
ment learning. Or the stream may serve as an abstraction used with large-scale data sets
where it is not favorable to handle all the samples at once. It is generally computation-
ally prohibitive to use a method developed for the “batch” setting and completely refit it
after each observation. Instead methods that iteratively update are preferred. For example,
fitting a single projection estimator (solving (3.8)) with n observations using J,, = N re-
quires computation of @(nHﬁ). Refitting a projection estimator (from scratch) after each
observation i = 1,...,n with J; = Lzﬁj would require an accumulated computation of
Yoy e = @(n“T%H). This scales worse than quadratically in n. Our goal in the online
nonparametric setting is to find a statistically rate-optimal estimator whose computation

scales only slightly worse than linearly in n.

Online learning has been thoroughly studied for parametric /. Many proposed methods
are based on the concept of stochastic approxzimation [64]. One of the most popular methods
in stochastic approximation is Stochastic Gradient Descent (SGD) [12]. In the parametric
setting, SGD gives a statistically rate-optimal estimator fn whose population mean-square-
error E||f, — fp”%gx is of order O(n™') [5, 6, 37]. Both vanilla SGD and its variants have
been applied to general convex loss functions and are shown to be statistically rate-optimal

under mild conditions [27, 82].
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3.3.1 Parametric SGD

To motivate stochastic optimization in the nonparametric setting, we first give more de-
tails on SGD for parametric classes. Here we consider a specific class of functions F =
{f = Z?zl B B € RY} for a set of pre-specified basis functions ¢, : R? — R,j =
1,...,d. We use this example to illustrate the principle of (parametric) SGD. Solving
argmin . E [(Y — f(X))?] reduces to solving

d 2
min £(4) == min £ {Y - Z 5<f>wj<x>} (3.10)

We assume the minimizer of /() exists and denote it as *.

If we knew the true joint distribution p of (X,Y") (which never happens in practice), then
equation (3.10) is just a numerical optimization problem which does not involve data. We

could use gradient descent to solve it. The gradient of ¢ at any point [ is

Vi(B) = —2E

{Y - Zﬁ“)%(X)} [01(X)s o al X)) (3.11)

Thus, the gradient descent updating rule one could use is:

~

Bo=0

A A . (3.12)
5n = 571—1 - ’ang(ﬁn—l)

where {7,} is a pre-specified sequence of step-sizes (or learning rate) and B, € R is the
sequence of approximations of 5*.

In practice, we do not know the joint distribution p: we must use data to estimate 5*.
In the framework of SGD, this is done by using the data to get unbiased estimates of the

gradients and substituting the estimates into our updating rule (3.12). In particular we note

—

that V{(B) = —2 <Y; — Z;l:l /B(j)zpj(Xi)> (1(X;), ..., a(X;)) T is an unbiased estimator of
the gradient V() based on one sample.
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This results in the SGD updating rule.
Bo =0
Bn = Bn—l - /ang(ﬂn—l) (313)
d
= Bt + 27 (Yn -3 @S{%(X@) (1(Xn), ooy (X)) T
j=1
So our estimator fn of f, has the following functional update rule, derived from (3.13):
d
fo = Bt 4 25 (Yo = Fara (X)) D2 05Xt (3.14)
j=1

Here we have shifted to considering our estimator fn as a function, rather than thinking

about 3,1 a vector of coefficients. This will be important in the nonparametric setting.

3.3.2  From parametric SGD to nonparametric SGD

In this section we discuss the intuition in moving from SGD in a finite dimensional parametric
space to an infinite dimensional space.
We assume f, € W (s, Q, {1;}) C L2. Since 1, is a complete basis of L2, we can always

find an expansion of f, w.r.t. {¢;}:
f=> 0 (3.15)
j=1

In section 3.3.1, we already discussed the SGD updating rule for a d-dimensional model
f(X) = ijl ﬁ(j)zpj (X). In the nonparametric scenario, the number of basis function is
increased from d to infinity: This causes problems if care is not taken.

One might naturally consider applying a direct analog to the finite-dimensional SGD
rule (3.14) here (we omit the constant 2):

fn = fAnfl + Yn (Yn - fn71<Xn)) Z%(Xn)% (316)
j=1

Unfortunately we run into a severe problem: The series Z;; 1;(X,,)1; does not converge

even if all ¢, are bounded (it is direct to check when X,, = 0 and ¢; are trigonometric
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functions). However, as we assume f, € W(s), we know that those higher order components,
¥j, j > 1 should have very small coefficients. Thus, one natural solution is to use a different
step size per component, that decreases as j increases. By doing “less fitting” for larger j, we
can stabilize our update (smaller variance), and yet might still appropriately fit the overall

regression function. In particular one might modify (3.16) to
fn = fn—l + Tn (Yn - fn—l(Xn)) th¢j<Xn)¢j7 (317)
j=1

where the component-specific (or dimension-specific) learning rates t; > 0 are monotonically
decreasing with j. For ¢; decreasing fast enough and uniformly bounded ;, the function
series 7, t;9;(X,, )1 is absolutely convergent. Now (3.17) becomes a sensible nonpara-
metric SGD updating rule when the hypothesis space is a Sobolev ellipsoid. In addition,
sometimes Z]Oil t;1;(Xn)1; actually has a simply characterized closed form (in particular,
for many RKHS). In such cases, (3.17) results in a relatively straightforward algorithm. More

specifically, one can show that when ¢; = j~* and v, = @(n*ﬁ), the average

fo = %Z f; (3.18)
=1

is a rate-optimal estimator of f, € W (s). This was recently proposed (though motivated
quite differently) in the context of RKHS hypothesis spaces [25]. The authors there engage
directly with the kernel function for the RKHS (though their updating rule is equivalent
to eq (3.17)). This will be discussed in more detail in Section 3.4. Our work engages and
extends these ideas (in combination with sieve estimation) to form a statistically rate-optimal

online estimator with greatly reduced computational and memory complexity.
3.4 Related work

Nonparametric online learning is a relatively new area. A few remarkable functional stochas-
tic approximation algorithms have been proposed in the last two decades [15, 25, 77, 116, 137].

The key ideas in that body of work are intimately related to those mentioned in Section 3.3.2,
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however, they engage those ideas from a different direction: They assume that the hypothe-
sis function space F is an RKHS, and then leverage the kernel in that space. In particular,
the RKHS structure makes it possible to take the gradient of the evaluation functional

L.(f) := f(z), with respect to the RKHS inner product (-, )k, i.e.

Lo(f +eg) = f(2) + eg(x) = La(f) + €(g, Ka) - (3.19)

Thus, K,(-) == K(z,-) € F is the gradient of functional L, at f. However, one cannot
do this in the general L,%X space where the evaluation functional is no longer a bounded
operator.

Thus when F is an RKHS associated with kernel K, there is a simple nonparametric

SGD updating rule for minimizing E[(Y — f(X))?] over F:
fo=0

A A R (3.20)
fn = fn—l + Tn (Yn - fn—l(Xn)> K(Xn’ )

Here, because the gradient is taken with respect to the RKHS inner product, we do not have
the issue encountered in (3.16) where our series representation of the “gradient” actually did
not converge. In fact, by working with the RKHS inner-product, we implicitly carry out the
proposal of Section 3.3.2 and decrease the component-specific learning rate of higher order

terms. More specifically, we usually have the Mercer expansion of the kernel function:
K(z,2) =) t(x)(2), (3.21)
j=1

with respect to an orthonormal basis {¢;} of L2. For many common RKHS, we have t; =
©(j") for some u > 1 [33, Appendix A]. Thus, (3.20) corresponds precisely to the previously
discussed update (3.17). Most popular RKHS have a kernel K(z,z) with a closed form
representation, and thus, rather than having to store an infinite number of coefficients, after
n steps the estimate from (3.20) would take the form of a weighted linear combination of n

kernel functions [25]:

fo = Xn:biK(Xi; ). (3.22)
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Although such estimators (with one more Polyak averaging step (3.18)) have been shown
to give rate-optimal MSE [25], updating them with a new observation (X, 11, Y,+1) usually
involves evaluating n kernel functions at X, 1, with computational expense of order ©(n).
This is in contrast with the constant update cost of ©(d) in parametric SGD, where d is the
dimension of the parameter space. Thus, the time expense of nonparametric kernel SGD will
accumulate at order ©(n?). Also, one is required to store the n feature-values {X;}", to
evaluate the estimator which results in ©(n) space expense. This relatively large time and
space complexity indicates that those kernel-based SGD estimators are not ideal as methods
that are nominally designed to deal with large data sets.

There has been some work in the literature aimed at improving the computational aspects
of kernel SGD methods [105, 74, 63]. These methods select a subset of the n kernel functions
centered at the feature vectors and use them as basis functions to construct estimators
(which is also related to Nystrom projection). Neither the statistical performance nor the
computational expense of the aforementioned work is guaranteed to be optimal. Also, the
theoretical analysis in that work typically requires the noise variable to have extremely light
tails.

There has also been recent work [15, 77| aimed at improving kernel SGD algorithms by
leveraging approximate second order information (SGD only uses the first order informa-
tion). The estimator in [77] is shown to give rate-optimal MSE and have better (theoretical)
computational efficiency than the vanilla kernel SGD mentioned above. However, these al-
gorithms are usually dramatically more complicated and have a couple of hyper parameters
that need to be tuned.

There is another branch of research also called “online nonparametric regression” that
engages with a different but related setting [38, 88]. They do not aim to directly minimize
the (population) generalization error. Their definition of “regret” is based on comparing a
running average of prediction error and the empirical risk minimizer’s training error. For-
mally, it is defined as " [ <§A/,, Y,-) —infrer S0 1(f (X)), i), where Y; is the prediction of

the algorithm based on the first ¢ — 1 observations, [ is a convex loss and F is the hypothesis
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function space. While this is an interesting area of research, and might be used to engage
with population generalization error (using online-to-batch techniques), it is a less direct

treatment than what we are considering in this chapter.

3.5 Online Learning and the Projection Estimator: Sieve-SGD

In this section, we combine ideas from the projection estimator (in the batch learning set-
ting), and stochastic gradient descent to develop an estimator that is suitable for online
nonparametric regression. The estimator we will propose achieves the minimax rate for
MSE over a Sobolev ellipsoid, and is much more computationally efficient than standard
kernel SGD methods.

As a reminder, the kernel SGD estimator based on (3.20) has minimax rate optimal
MSE. When » 7% | ¢;10:(s)1;(t) has an available closed form, it requires ©(n) memory and has
O(n?) time expense for sequentially processing n observations. We aim to improve this and
furthermore to propose an effective estimator appropriate for cases where Z;‘il tii(s);(t)
has no closed form.

Motivated by the projection estimator, we opt to use truncated series in the updating

rule, modifying (3.17) (or equivalently (3.20)) to get
Jn
fn - fn—l + Tn (Yn - fn—l(Xn)> th¢j(Xn)wj (323)
j=1

Here J, is an increasing sequence of integers that grows as we collect more observations.
When J, is larger, the updating rule (3.23) is closer to our original form (3.17); however, a
smaller J,, is desirable because it results in a lower computational expense. Part of our task
is identifying a “minimal” .J,, that still maintains favorable statistical properties.

It turns out there are two ways to control the bias-variance tradeoff. One can use the
truncation level J,, or the component specific step sizes t;. If the truncation level is used,
then the methodology is more analogous to a projection estimator. In this case, so long as t;
is not too large (controlling the variance in the dynamics of SGD) or too small (controlling

the bias term), we would get (near) optimal statistical performance for a relatively wide
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range of choices for ¢;. We give formal results related to this in Section 3.6.3. If, instead, we
control the bias-variance tradeoff using ¢; then our estimator is more analogous to kernel-
SGD. In this case, the first order terms for bias and variance are determined by the sequence
{t;} and J, just needs to be sufficiently large (such that we do not induce excess bias).
We give formal results for this in Section 3.6.2. This second way to control the tradeoff
is similar to using a truncated basis for penalized regression in the batch learning setting.
For example, in [46] and [133, Section 5.2], the authors propose to estimate f, by solving
a penalized regression spline problem, where they use a reduced spline basis for improved
computation (rather than including a knot at every point). The bias/variance trade-off there
is controlled via the penalty: They are careful to include enough basis elements so that the
use of a reduced basis only contributes a second order term to the bias.

We will next give details of our proposal. For this proposal we are assuming that f, €
W(s,Q,{v;}) C L%, and that s is known. Based on this, we choose our component-specific

step-sizes as t; = j~2 (for some 1/2 < w < s). We also define

K200 = 30570000, (3.24)

In addition to simplifying exposition, this notation relates our method to (3.21). The function

K¢ ; () can be seen as a truncated approximation of the kernel function

K () = 300705 a)5() (3.25)

that drops all the v; with index j > J,.

3.5.1 Sieve Stochastic Gradient Descent

We now explicitly give our Sieve Stochastic Gradient Descent algorithm (Sieve-SGD) for
estimation of f, in a Sobolev ellipsoid W (s, @, {1;}).

Let J, = [n®] for some specified o > 0 and w € (3, s]. The parameter « is usually taken
between ﬁ and 1. We use 7; to denote the step size (learning rate) of the i-th update and

typically choose ~; = @(i_ﬁ).
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Proposed Algorithm: Sieve Stochastic Gradient Descent (Sieve-SGD)

Set o, w > 0, step size {7;} and basis functions {¢;}. Initialize fo = fo = 0.
Fori=1,2,...:

1. Calculate J; = [i%], collect data pair (X;,Y;).

2. Update ﬁ

32 (X)W

E

fi=Ffio1 (Yi — fi—l(Xi))

j=1 (3.26)
= fiii ¥ (Yi - fi—l(Xi)) K%,
3. Polyak averaging: Update f; by
B 1 <
fi= - k
1
S (3.27)

We refer to the function f; as the Sieve-SGD estimate of fo- We will later show that
f; has rate-optimal MSE for estimating any f, € W(s). Here we use the language of “up-
dating a function”, but in practice one would update the coefficient vector corresponding
to the functions {9, 3-];1. In Appendix 6.1 we attach a presentation of the algorithm that
works directly with the coefficients. This estimator is quite simple, though it does require
apriori selection/knowledge of {¢;} and s (which can be done using a held-out validation

set in practice). Unfortunately showing its favorable statistical properties (in Section 3.6) is

somewhat more complex!
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3.5.2  Computational expense

After examining the updating rule above, one can see that fz has the form:
~ J’L
fi@) = bj(x) (3.28)
j=1

This requires storing the coefficients {bj}jizl in memory. The main computational burden
of each update step is calculating fi,l(Xi) and K¥, ;. Both require evaluating J; basis
functions at X;. Thus, the computational expense of the “Update ﬁ” step above is of order
J; = ©(1%), when we take evaluating one basis function at one point as O(1). And the total
expense of processing n samples is of order © (n'™®). The space expense is of the same order
©(i%): We need only store coefficients of J; basis functions. In Section 3.6.4 we will show
that, under mild conditions, this memory complexity is near optimal among all estimators
with rate-optimal MSE.

This compares favorably with standard kernel SGD (3.22) which uses i basis functions
at step 2: Our estimator uses fewer when a < 1; as we will show later, a can be taken as
small as T{&-l which is a substantial improvement. In practice, the parameter o can either be

selected based on our assumptions about s (belief on the smoothness of f,) or heuristically

tuned for empirical performance.

3.5.8 (General Convez loss

Although the main focus of this chapter is regression with squared-error loss, our algorithm
has a straightforward extension to general convex loss. Suppose we want to minimize the

population loss

E Y, f(X))] (3.29)

over all functions f € W (s, Q,{v;}) and the loss function ¢(Y-) is convex for each Y. In
this case, we need only modify step 2 of the Sieve-SGD estimator in Section 3.5.1. Given

loss ¢(-, -), the updating rule for f; takes the general form:
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2") Update fi:
PR 0
fi = fi—l —I— ’}/Za—g (u, U) A KBU(“JZ (330)
v (Vi fimr(X2)

For example, with Y = {1, —1} considering nonparametric logistic regression, the loss func-

tion one would use is (Y, f(X)) = log(1 + exp(—=Y f(X))). In this case, we have

=0 (u,v) =1 +exp{Vifii (X))} 'V eR (3.31)
O (Yzwfi—l(Xz‘))

Theoretical guarantees for Sieve-SGD using general convex loss are beyond the scope of
this dissertation. However, in Section 3.7 we provide simulated experiments that show the
empirical performance of Sieve-SGD for nonparametric logistic regression. These empirical
results intimate that perhaps similar theoretical guarantees to those shown for squared-error-

loss hold in a more general setting.

3.5.4 Choice of Basis Functions € Multivariate Problems

In practice, there are many available choices of univariate ¢; that in general lead to interesting

(Sobolev-type) hypothesis spaces. For example,
() =1, ; =V2cos((j — 1)mx), for j > 2. (3.32)

This set of basis functions are the “eigenfunctions” of Sobolev spaces over [0, 1] (Appendix A.2
in [83]), which means they are orthogonal w.r.t to the Lebesgue inner product and the
Sobolev inner product simultaneously. The corresponding Sobolev ellipsoid does not impose
periodicity assumptions of f, and is very convenient to use in practice. Among many other
choices, we can also use algebraic polynomials, or a combination of algebraic polynomial and
(periodic) Fourier basis [31].

In most applications, the covariate X;’s take value in R? where p > 1. In some situations,
there are some “canonical” choices of basis function ¢ (z) : R? — R that people might use for

identifying their (multivariate) Sobolev ellipsoid. For example, when considering estimating
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a function on a sphere S?, 1; could be taken as the orthonormal spherical harmonics ([60],
[79]).

In many situations, the basis functions v; can conveniently be taken as a tensor product of
a one-dimensional complete basis, and Sieve-SGD can be directly applied in this multivariate
setting. If we are using a univariate Sobolev ellipsoid to represent a ball in an RKHS, then
the ellipsoid defined by the tensor product basis will correspond to a ball in the RKHS
spanned by the tensor product kernel (though care needs to be taken with the ordering of
the basis vectors). Some technical details and numerical examples on this can be found in
Appendix 6.2 and the reference therein. In all of these cases, our theoretical results will hold
(so long as the function f, belongs to the specified space).

A common alternative approach in multivariate problems is to impose some additional
structure on the hypothesis space to make estimation more tractable. This is particularly
true when the feature dimension p is large. One popular model is the nonparametric ad-
ditive model [112, 52, 141], which is thought to effectively balance model flexibility and
interpretability. For z € RP, we might consider assuming/imposing an additive structure on

the regression function:
p
Fo@) =" fon (V) (3.33)
k=1

where each of the component functions f,; belong to a Sobolev ellipsoid Wi, (sg, Qk, {tr})-
For ease of exposition, in (3.33), we assume E[Y]| = 0 to avoid the need for a common
intercept term. For a more complete version with common intercept, see Appendix 6.2. For
a fixed dimension p, when all W;, = W* (for some Sobolev ellipsoid W*), the minimax rate
for estimating such an additive model is identical (up to a multiplicative constant p) to the
minimax rate in the analogous one-dimension nonparametric regression problem with the
same hypothesis space W* [92, 112]. For the additive model (3.33), the updating rule (3.26)
of Sieve-SGD could be replaced by:

fi=fia (n S (Xf’”)) > fjf%jk (X9) v (339
k=1

k=1 j=1
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here J; is the truncation level of k-th dimension when the sample size = ¢ and fi_Lk is the

estimate of f,,. Most of the theory that we develop in Section 3.6 could apply here.

3.6 Generalization Guarantees of Sieve-SGD

In this section, we show Sieve-SGD achieves the minimax rate for nonparametric estimation
in Sobolev ellipsoids under mild assumptions.

We also show that Sieve-SGD has near minimal memory complexity among all estimators
that are minimax rate-optimal for estimation in a Sobolev ellipsoid. The conditions on the
hyperparameters can be used as theoretical guidance when applying Sieve-SGD to real data

problems.

3.6.1 Model Assumptions

We begin by listing the conditions we will require in our proof. They reflect different aspects
of the problem: independent observations (A1), distribution of feature X (A2), the hypoth-
esis space assumed for f, (A3) and tail behaviour of the noise (A4). These conditions ensure

the MSE rate-optimality of Sieve-SGD.

Al (i.i.d. data) The data points (X, Yn)neny € & x R are independently, identically
sampled from a distribution p(X,Y).

A2 (feature distribution) Let v be a user-specified measure that is strictly positive on
X. Assume the distribution of feature X, px, is absolutely continuous w.r.t. v. Let
px = dpx/dv denote its Radon—Nikodym derivative. We assume for some u, ¢ such

that 0 < ¢/ < u < o0:

(<px(r)<u forallz e X

A3 (Sobolev ellipsoid) Let {¢;}32; be a set of uniformly bounded (||¢/;]|oc < M), continu-

ous, orthonormal basis of L2. We assume the regression function f, falls in a Sobolev
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ellipsoid, with basis functions given by {¢,}, i.e. for some s > %, Q < o0,

fo € W(s,Q,{¢;}) (3.35)

A4 (noise) One of the following two assumptions is satisfied by the noise variable ¢ =

Y — f,(X):

e ¢ is bounded by some C. almost surely.

o ¢ is independent of the features, X, and has a finite second moment E[e?] = C2.

Note 1: The lower bound requirement of py in A2 may be due to artifacts in our proof.
In reality, especially when the dimension of our feature-space X is large, such an requirement
may be hard to satisfy. According to our simulation results, Sieve-SGD still achieves the
minimax rate even when px has a strictly smaller support than v. As compared with other
work in nonparametric online learning [25, 116, 137], our assumptions are more direct. We
discuss this in detail later in this section.

Note 2: In assumption A3, we do not require v; to be orthonormal w.r.t. px (and it
is in general not true), but only require them to be orthonormal w.r.t. the known measure
v. In many cases v might be taken to be Lesbesgue (or uniform) measure over a domain
containing X', as this is the canonical measure under which function spaces such as Sobolev
spaces and Besov spaces are defined. As long as the density function px satisfies A2, using
the non-orthonormal (w.r.t. px) basis functions v;, does not prevent Sieve-SGD from having
rate-optimal MSE.

Note 3: It is a common convention to think about a hypothesis space where the Sobolev (-
type) norm of the regression function is bounded by a constant ) (A3), rather than just < oo.
Such a bounded space has a finite minimax rate: the exponent is determined by s, and the
constant is proportional to @ (see also note 5 under Theorem 3.6.1). We also would like to
note that the proposed algorithm does not use radius ) at any point and the theoretical

guarantee is adaptive w.r.t. @. (More specifically, the final bounds given in Appendix D.3
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and Lemma D.1 have || f,|/x, which can be thought of as the effective value for @, on the
right-hand-side.)

3.6.2  Rate optimality when t; = j=*

In this section, we present the rate-optimality results of Sieve-SGD when we choosing the
component-specific learning rate to be t; = 772 (or w = s in (3.26)). In this setting, our
theoretical analysis treats Sieve-SGD as a truncated-version (in the basis expansion domain)
of a “correct” kernel SGD procedure (we will discuss the “incorrect” version very soon in
Section 3.6.3, and show that it can actually still have favorable statistical and computational

properties). Here is the main result in this setting:

Theorem 3.6.1. Assume A1-Aj. Set the component-specific learning rate as t; = j~2.

Also set the overall learning rate to be v, = yonfﬁ with vo < (2M?¢(2s))7, where

C(k)y = >2,i*. Choose the number of basis functions to be J, > n® log’n V1 for an

_1

arbitrary o > 5.

Then the MSE of Sieve-SGD (3.27) converges at the following rate
Ellfa = fili, =0 (n#01). (3.36)
This implies that Sieve-SGD is a minimaz rate-optimal estimator of f, over W(s,Q,{1;}).

We now discuss our assumptions and results in more detail, and relate them to what is
currently in the literature.

Note 1: In the analysis of many reproducing kernel methods for nonparametric esti-
mation [25, 116, 140], the spectrum of the covariance operator plays an important role in
controlling the statistical behavior of estimators. It is conventional in the community to
make assumptions associated with this spectrum, which we find less natural than our related
assumptions A2 and A3. The covariance operator is an analog of the covariance matrix in

infinite dimensional spaces. For our problem setting, one natural covariance operator Tx is
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defined as:
L 72 2
Ty : pr — LpX

g /XQ(T) (Zj%%’(ﬂ%) dpx (7).

A direct analysis of the spectrum of T'x is hard. However, there is a simpler operator that

(3.37)

we have in hand which we can relate Tx to:
) 2
T,: L, — L;

g /X g9(7) (Zj‘2s¢j(7)¢j> dv(T).

(3.38)

We know the eigensystem of T,: It is exactly (j~2,1;) (eigenvalue, eigenfunction). It is
direct to check because {1;}’s are orthonormal w.r.t. v, s0 [ ¢;(7) 3°72, 720, (7)dv (1) =
J~%;. As an additional contribution, our work shows that with the simple assumptions A2

& A3, we can get knowledge about Tx’s eigenvalues from those of T),.

Lemma 3.6.2. Given assumptions A2, A3, the j-th eigenvalue, X;, (sorted in a decreasing

order) of Tx satisfies \; = O(j~2).

Moreover, the upper bound of the density in A2 ensures the upper bound in Lemma 3.6.2
(A\; = O(j72)), and the lower bound of the density ensures the other half of the result. The
proof of the above Lemma uses the underlying connection between the eigenvalues of an
operator and its metric entropy. For rigorous definitions and proof of Lemma 3.6.2, see
Appendix 6.3.

Although the exact result of Lemma 3.6.2 is not used in the proof of Theorem 3.6.1
(or Theorem 3.6.3). We still present it here since it may be of interest itself and the
stated results is less technical and easier to comprehend. The proof of the more tech-
nical version (Lemma 6.3.14) follows very closely to that of Lemma 3.6.2. In that more

general version, we investigate the spectrum of covariance operators of form: T% ; (f) =

J 1) (S 575005 dpx (7).
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To prove Theorem 3.6.1, we need to engage with a series of RKHSs with kernels given by
Kj :XXXxX—=R
Tn (3.39)
(5,8) = Y 37> (s)5(t)
j=1

While we discuss our work in the context of Sobolev ellipsoids, there is an equivalent formu-
lation directly in RKHS. See Appendix 6.3 for more discussion. Although an explicit form for
K3 is not in general necessary or accessible for Sieve-SGD, the existence (i.e. the absolute
convergence of the infinite sum) of K5 is a direct consequence of A3. This is enough for
theoretical analysis. For kernel SGD methods, a fixed kernel (with J, = o0) is used and
there is only one relevant RKHS. This means, on average, kernel SGD is applying the same
procedure each iteration; but for Sieve-SGD, we need to engage with a series of increasing
RKHSs (on average, Sieve-SGD may not be doing the same thing between iterations). As a
side contribution, we present how to handle such a more technically involved case.

Note 2: In contrast to our assumption A3, the hypothesis spaces in [25, 116, 137, 77]
are described in terms of “T'x” and its eigen-decomposition. This unfortunately obfuscates
difficulties related to verifying those conditions when analyzing their statistical performance
(though applying the learning algorithm in practice does not need the knowledge of the
eigensystem). In particular because px is involved in the definition of Tx (3.37), we need
knowledge of (generally unknown) px to characterize Ty, and understand its eigenvalues and
eigenfunctions.

More specifically, in the literature we mentioned above, it is often assumed that for some

r € [1/2,1] (Definition 6.3.6):

1T (£o)llZ5, < o0 (3.40)
This can be related to a Sobolev ellipsoid-type condition
ITx (f)llzs, = > A7%767 < oo where f, = 6,0, (3.41)
Jj=1 j=1

where ();, ;)32 are the eigenvalue and eigenfunctions of operator T'x, and ¢;’s are orthonor-

mal w.r.t. LiX. Unfortunately, we cannot directly engage with ()\;, @);’ih since calculating
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them requires knowledge of px. Thus, assumptions formulated in the language of 7" are
difficult to directly understand. In contrast, our assumptions translate to analyzing the spec-
trum of T,,, which has no dependence on px, and its spectrum can been directly calculated
(as noted above).

Note 3: For parametric SGD methods, usually a bound on the second moment of
the gradient vector is required to guarantee rate-optimal performance (both theoretically
and in practice). Formally, for optimization problem (3.10), it is usually required that
E[|VLB)|?] € R? < oo for all 3 € RY [11, 27].

For nonparametric stochastic approximation, there is a similar regularity requirement for
the “gradient”. The assumptions A2-A3 are enough to ensure this for Sieve-SGD. In our
proof, we show that there exists a number R < oo such that for all z € X and any J,,
we have ||K ; || < R*. This result is listed in Lemma 6.4.1 where R* = M?>((2s) and
C(k) = 322, i7* In Theorem 3.6.1, we required 7 to be smaller than (2M2((2s))~! to
ensure our theoretical guarantees.

Note 4: For completeness, here we state the minimax-rate of our nonparametric regres-
sion problem over a Sobolev ellipsoid:

lim inf inf sup E n%Hf —fll3. | >C (3.42)
nTIC T LEW (504w} =

where the infimum ranges over all possible functions f that are sufficiently measurable.
For a derivation of this lower bound, see [128, Chapter 15]. Many other online methods we
mentioned in Section 3.4 can achieve this lower bound, however, their computational expense
is in general unfavorable compared with the proposed method.

Also, the bound (3.36) should not be understood as a dimension-free result. When the
feature X € RP is a multivariate vector, the parameter s should be treated as s = s*/p,
where s* is, for example, the order of derivative that we assume the regression function f,
has. Plugging this into the result presented in Theorem 3.6.1 gives a dimension-dependent
bound of order n_% in which both the smoothness assumption and dimension show up

in the exponent. Such a bound is minimax optimal when learning in a (large) homoge-
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neous multivariate space [110]. In practice, one can usually achieve better performance by

leveraging other low dimensional structure (See Section 3.5.4 and Appendix 6.2).

3.6.3 Robustness of t; for Properly Chosen J,

In Section 3.6.2 we presented the optimality guarantees of Sieve-SGD in the case when
the component-specific learning rate is chosen as the most “natural” value, i.e. ¢; = j~%.
In that case, Sieve-SGD is statistically optimal so long as the number of basis functions
does not increase too slowly, that is, J, > N log?(n). Specifically, when J, = oo,
the Sieve-SGD updating rule reduces to the kernel SGD updating rule (3.20) with ker-
nel K3 (Xn,) = 372,57 29;(Xn);(-). So long as we have access to the closed-form of
K2 (X,,"), the corresponding kernel SGD estimator is also statistically optimal under the
same conditions. In such a scenario, Sieve-SGD can be seen as a truncated-version of a
“correct” kernel SGD method with much better computational properties.

Although truncating the kernel in the spectral domain may be seen as an extension of
kernel SGD, it can alternatively be seen as related to projection estimators: In that case
however, two pieces of Theorem 3.6.1 may seem unnatural: 1) the strict requirement on
t; (= j7%); and 2) The fact that we only lower bound the truncation rate, rather than
requiring a precise value for the growth of J,. In the case of the original Theorem 3.6.1,
the bias-variance tradeoff is actually not balanced via truncation. Instead, it is balanced
directly using the ¢;. The required lower bound on the truncation rate is just given to ensure
that we do not accrue excess bias. Alternatively, to better parallel projection estimators,
it might seem more natural to directly use the number of basis functions J,, to control the
bias-variance tradeoff (there is nothing akin to ¢; in (3.8)). In this section we will explore
this idea: That if we are more precise in specifying .J,,, perhaps we can be more flexible with
t;.

More specifically, we are interested in milder conditions on the sequence (¢;) such that

if we properly select the rate at which our “dimension” increases (i.e. the rate at which J,

grows), Sieve-SGD would still attain its favorable statistical and computational properties.
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Since we will be using J,, as the tuning parameter to balance bias and variance, one might
expect kernel SGD, which sets J, = oo, would not always have optimal statistical perfor-
mance for all sequences (¢;) satisfying the “milder” conditions. This is confirmed via the
following theorem: For Sieve-SGD one can actually use large component-wise step-sizes that
need only satisfy ¢; < j~! for any smoothness class W(s), so long as the truncation level is
appropriately set; while the largest ¢; that can be used for kernel-SGD (without truncation)

needs to ensure t; < j~¢+Y/2) which depends on the smoothness of f,.

Theorem 3.6.3. Assume A1-A4. Set the component-specific learning rate to be t; = j~2*
with 5 < w < s. Choose the learning rate to be y, = ”yon_#ﬂ, with o < M?((2w)/2. Choose
the number of basis functions to be J, = R logZn V1.

Then the MSE of Sieve-SGD (3.27) converges at the following near optimal rate

Bfu= 1,13, =0 (n7%% log" ) (3.43)

Note 1: The requirement of ¢; < j=*

is to guarantee a finite “second moment” of the
gradient (as in Note 3 under Theorem 3.6.1). In this theorem, once this minimal requirement
is satisfied, the decay rate of ¢; does not influence either the statistical guarantees, nor the
computational expense of the estimators — both of these are determined entirely by the
truncation level. As we will discuss very soon in Section 3.6.4, the choice of J,, = R log®n
in Theorem 3.6.3 and Theorem 3.6.1 would result in algorithms that are both statistically
and computationally near-optimal up to a polylog term.

Note 2: The most direct form of the projection estimator determines the basis functions’
coefficients by solving a (unpenalized) least square problem (3.8) in which there are no
learning rates involved. It is the truncation level .J,, that determines the bias-variance trade-
off and statistical performance. In Theorem 3.6.3 we present a stochastic approximation
analog to that result. From a reproducing-kernel methodology perspective, Theorem 3.6.1
investigates the cases when the capacity of the kernel (w) matches the source smoothness (s);

in Theorem 3.6.3 we show under what conditions the mismatch between these two quantities

does not affect the statistical (and computational) properties of Sieve-SGD. It is very common
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to discuss the generalization ability of a reproducing kernel method in the literature when
the kernel capacity does not match the source smoothness. For example, in [25] the authors
use a pair of parameters (r, a) to state the hypothesis space and the capacity of the kernels.
The smoothness of the hypothesis space is determined by the product of the two parameters
ra. When r # 1/2, they are considering using a kernel whose capacity does not match the
smoothness of f,. Their proposed method must modify the learning rate properly to recover

rate-optimality (or it is impossible due to saturation).

Comparing their results with Theorem 3.6.3, there are w such that the kernel SGD
estimator, using kernel K% (X,,-) = 372, j72¢;(X,,)¢;(), may not be optimal no matter
how we modify the learning rate -, (described as “saturation” in [25]). Whereas for Sieve-
SGD using the truncated “kernels” K% (X,,-) = Zj;lj’Q“’@Dj(Xn)wj(-), the statistical and
computation performance can still be jointly near optimal. Theorem 6.3 is formally similar
to such a “source-capacity” discussion, but the results are quite different in nature — in
particular it is the truncation level that “saves” us, and allows a much larger mismatch

between kernel capacity and source smoothness.

Note 3: The overall proof structures of Theorem 3.6.1 and Theorem 3.6.3 are similar;
the difference is, in the proof of Theorem 3.6.1 we need Lemma 6.4.4 and related technical

results, but for Theorem 3.6.3 we use Lemma 6.5.1 instead.

Note 4: We also provide some intuition for using a decreasing learning rate +,: For
rate-optimal parametric SGD methods with averaging, the learning rate v, can be taken as
a constant vy. However, the employed constant v, is inversely proportional to the dimension
of parameter (assuming each dimension of the feature has a bounded support) [6], which
is, in some sense, consistent with our results (though we have seen no other results in the
literature that engage with a dimension that increases as the learning process proceeds). We
require the learning rate to be a decreasing sequence so that it can “cancel out” the effect
of increasing estimator-dimension: The increasing dimension would have resulted in a noise

variance that is increasing if care was not taken.
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3.6.4 Near optimal space expense

In this section we will show that Sieve-SGD is asymptotically (nearly) space-optimal for
estimating f, in a Sobolev ellipsoid under the conditions listed in Section 3.6.1. We will
show that, even with computer round-off error, Sieve-SGD only needs @(nTlJr1 log®n) bits
to achieve the minimax rate for MSE (or off by a log®(n) term when w # s as stated in
Theorem 3.6.3), and further, that there is no estimator with o(nT{H) bits of space expense
that can achieve the minimax-rate for estimating f, € W(s,@). In our analysis we note
that computers cannot store decimals in infinite precision, and formally deal with a modified
version of our algorithm that stores coefficients in fixed precision (that grows in n): This
necessitates the extra log(n) term (compared with the number of basis function needed in
Theorem 3.6.1 and 3.6.3). The modified algorithm with fixed, but growing precision still

results in the same MSE when round-off error is not considered.

We first give a more formal definition of the space expense of an estimator in our analysis.
A regression estimator can be seen as a mapping M, from the data 27 = {(X,,Y;) | i =
1,2,...,n} to a function fn € F. For any such M, that can be engaged by a computer,
must be decomposable into an “encoder-decoder” pair (E,, D,). Here E, represents the
“encoder” that compresses the information into computer memory. Formally, we define FE,
to be a mapping from Z7 to a binary sequence of length b,. And the corresponding D, is
the “decoder” of the binary sequence that translates the information saved in memory back
to a mathematical object fn. Generally, the binary sequence length b,, will increase with n:
As more information is contained in the data, we need more memory to store an increasingly

accurate estimate of our regression function.

Given an estimator that can decomposed into a pair (E,,D,), one can see that the
decomposition is not unique. There are, in fact, infinitely many pairs that are trivially
different from each other for any such estimator. Moreover, E,,, D,,’s can be random mappings
if we allow random algorithms: For example, random forests include additional randomness

due to bootstrapping/variable selection. In order to be more precise regarding memory
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complexity constraints, we introduce the following formalization.

Definition 3.6.4 (b,-sized estimator). Given a sequence of integers (b;)ien+, we say an

estimator M, : (X x R)* — F is a b,-sized estimator if it satisfies the following conditions:

1. For every n, there exists an encoder mapping E, : (X x R)™ — {0,1}*, and a decoder

mapping D, : {0,1}% — F such that

M, = D, o E, (3.44)

2. The decoder D, is a known, fized mapping. E, can be either a random or fixed mapping.

We use the sample mean as a toy example to illustrate the above definition. In practice,
the sample mean is usually a 64-sized estimator of the population mean. Here 64 stands for
the number of bits needed to represent a double-precision floating point number. In this case
the size b, = 64 does not increase with sample size n. However not every real number can be
arbitrarily precisely specified by a fixed-length floating-point number, so a careful asymptotic
analysis of estimation of the mean suggests that perhaps we should store a sample mean with
growing levels of precision, i.e. b, would need to grow with n. A binary sequence of length s
can specify 2% real numbers, so to achieve the O(n~1) statistically optimal bound for mean
estimation, a log(n)-sized version of sample mean is formally required. In practice, 64-bit
precision is generally more than enough for mean estimation. Nevertheless, in this chapter
we aim to give a more formal and precise asymptotic analysis of our Sieve-SGD estimator.

Readers who are more familiar with computational complexity theory may find our def-
inition similar to a (probabilistic) Turing machine. However, in our framework the machine
does not use binary sequences on tapes as input and output; nor do we need to identify the
basic operations on the “machine”. We aimed to remove unnecessary complexity for read-
ers with a more statistical background. Discussion of Turing machines using finite length
working tape can be found in [4, Chapter 4].

To construct Sieve-SGD estimators that achieve (near) optimal MSE, we only need to

store the coefficients of the J,, = @(nTil log® n) basis functions. However, as in our example
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with the sample mean, we need to be careful about the precision with which we store those
coefficients. We need to determine: i) how small we require the round-off error to be in
order to maintain the statistical optimality of Sieve-SGD, and ii) how much space expense
is required to achieve such precision. In Appendix 6.6.1 we identify how round-off error is
introduced into the system and how it decreases as more bits are used to store each coefficient.
In Corollary 6.6.2 we show that by using ©(logn) bits per coefficient, a O(nﬁ log® n)-
sized version of Sieve-SGD can achieve the same optimal convergence rate as in the infinite
precision setting (or equivalently round-off-error-free setting).

Combining the above result with the following theorem, we can conclude that no MSE

rate-optimal estimator can require less memory by a polynomial factor than Sieve-SGD.

Theorem 3.6.5. Let b, be a sequence of integers, and b, = o (nﬁ> Let M(b,,) be the
collection of all b,-sized estimators, then we have

2s
lim inf sup E [nm M,(Z") - f 9 } ~ 545
700 Ma €M) f,eW (5,Q.{5) 1M(Z5) = Jollzs, (3.45)

i.e. no such by,-sized estimators can be rate-optimal.

This theorem tells us we cannot find any minimax rate-optimal o(nﬁlﬂ)—sized estimator.
Thus the best rate-optimal estimator one can expect to find is a @(n#ﬂ)—sized estimator:
Sieve-SGD’s space expense only misses this lower bound by a poly-logarithmic factor.

We give the proof of the above theorem in Appendix 6.6.2. Although here we focus on
regression in Sobolev spaces, the technique used can be applied to other hypothesis spaces.
The proof is based on the concept that metric-entropy is the minimal number of bits needed
to represent an arbitrary function from a function space up to e-error, which can be traced
back to [62]. Also, following a very similar argument, one can prove that no constant-sized
estimator can be rate-optimal (or even consistent) for parametric regression problems. We
discuss this further in the Appendix 6.6.2. We also include some discussion of the time

expense in Section 3.8.
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3.7 Simulation study

3.7.1 Sieve-SGD for online regression

In this section, we illustrate both the statistical and computational properties of Sieve-SGD
with simulated examples. The two examples we use have different f,, W(s, Q, {¢;}) and px.
The user-specified measure v is taken as the uniform distribution over [0, 1] in both. We
provide the details of our simulation settings in Table 3.1. These two examples are designed
for verifying our theoretical guarantees: The f, we use have known explicit series expansion
or is constructed explicitly using the basis function ; (to ensure the truth is hard enough
to learn in the assumed Sobolev ellipsoid). In Appendix 6.2 we provide more numerical
examples to better mimic the practical application: we engage with multivariate features
and compare Sieve-SGD with many popular machine learning methods.

Example 1 In this example, we examine the empirical performance of Sieve-SGD and
compare it with two other methods in batch or online nonparametric regression: kernel ridge
regression (KRR) [128] and kernel SGD [25]. We will see that the relationship between gener-
alization error E|| f, — f,||? and sample size corresponds well with our theoretical expectations
presented in Theorem 3.6.1 (Fig 3.1).

The true regression function we chose for Example 1 is also used in the analysis of kernel
SGD [25]. In that paper, kernel SGD with Polyak averaging is compared with other (kernel-
based) nonparametric online estimators [116, 137], and has been shown to have similar or
better performance, so we include only kernel SGD with averaging as the reference online-
estimator. We also note that although KRR performs slightly better than online methods,
its time expense (which is of order ©(n?) per update) is dramatically more than online-
estimators (kernel SGD O(n), Sieve-SGD O(JJ,,), per update).

We compare the empirical performance of Sieve-SGD under two different distributions of
X. In Fig 3.1 panel (A), X has an uniform distribution over [0, 1] and in panel (B) it has
a distribution with a strictly smaller support (uniform over [0.25,0.75]). The trigonometric

basis functions we use are orthonormal w.r.t. v, the Lebesgue measure over [0, 1] (panel (A))
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but not w.r.t. the one in panel (B). Although only the feature distribution in panel (A)
satisfies the distribution assumption in A2, in both cases Sieve-SGD achieves the optimal-
rate. This is a heuristic evidence indicating the lower bound requirement in A2 may be due

to some artifacts in the proof.

Table 3.1: Settings of simulation studies. By(z) = a* — 22® 4+ 2 — 3 is the 4-th Bernoulli

polynomial. {z} indicates the fractional part of x.

Example 1 Example 2
True f, By(x) 4\/52?11(—1)j+1j_4 sin((25 — 1)mz/2)
ellipsoid para. s 2 3
g, 021 0010 & P05 g 1,043
t; 7102 g 4 ;6
(o) sin(27r(j'/2}x), j.i‘s even ﬂsin(m)
cos(2m[j/2]x), 7 is odd
Kernel K (s,t) — 5 Bs({s — t}) min(s, t)
Noise Unif[—0.02,0.02] or Unif[—0.2,0.2] Normal(0,1)
7o 3 1

Example 2 In this example, we consider the performance of Sieve-SGD under different
Jn = |n*] (number of basis functions). The f, we use is explicitly constructed with basis
functions v;(z) = v/2sin ((2j — 1)72/2) and we tune the proposed method based on the
(correct) assumption that it belongs to Sobolev ellipsoid W (3, @, {v;}) (see Theorem 4.1 of

[54, Chapter 1] for completeness and orthonormality of {v,}).

According to Theorem 3.6.1, in order to guarantee statistical optimality, we need o >

m ~ 0.14. We consider several values of o, one below the this threshold, and two above



60

Sieve-SGD, w=0.51 Sieve-SGD, w=2 — Kernel SGD KRR

A B
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logo(n) logso(n)

Figure 3.1: Example 1, logy, || fn — f,/|3 against log;,n. The Black line has slope = —4/5,
which represents the optimal-rate. Each curve is calculated as the average of 100 repetitions.
(A) X is uniformly distributed over [0, 1]. In this setting, SNR ~ 3. (B) X has a distribution
in which 1; are not orthonormal. We present the results with very large noise, SNR~ 0.03.

Due to different computational costs, we chose different maximum n for different methods.
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it:

0.10 <

1
-~ 0.14 <015 < 0.43 (3.46)

S+

As we can see from Fig 3.2 (A), when o = 0.15 & 0.43, Sieve-SGD is rate-optimal as
expected. When a = 0.10, we are using too few basis functions, which results in the sub-
optimal statistical performance. Such a suboptimality is because of the bias term: there
are too few basis functions used. In fact, the parameter setting o = 0.1 is so small that
there are only 3 basis functions used when n = 10°. To verify the above statement, we can
briefly calculate when the second and the third basis functions are added in: (10%)%! ~ 2,
this corresponds to the first acceleration of the learning rate around log;,(n) = 3; similarly,
(10%8)%1 ~ 3, which explains the second one.

In Fig 3.2 (B), we show the CPU time for reference. For Sieve-SGD, the accumulated
CPU time should be on the order of ©(n'*t®): The larger «, the more basis functions required,
the slower the algorithm. We also include the CPU time of kernel SGD with averaging as
a benchmark, which has a cumulative computational expense of order ©(n?). The code is
written in R (4.0.4), and runs on (the CPU of) a machine with 1 Intel Core m3 processor,
1.2 GHz, with 8 GB of RAM.

3.7.2 Sieve-SGD for Alternative Convex Losses

In this section, we provide the results of an experiment applying Sieve-SGD to online non-
parametric logistic regression. Although this chapter gives no theoretical guarantees in this
setting, it is still of interest to see the empirical performance of Sieve-SGD for general convex
loss. Here, the distribution of class labels Y was generated by Y ~ 2 Ber(g(X)) — 1, where
(g(z))~! = 14+exp{—5(1—2|z—0.5|) }; and the distribution of X was uniform over [0, 1]. Thus,
the minimizer f* of loss E[((Y, f(X))] = E[log(1 +exp(=Y f(X)))] is f* = 5(1 — 2| — 0.5]).

When we apply the Sieve-SGD estimator (3.30) to this problem, we assume

frew (1,@, {x/isin ((2) — 1)7m/2)}> (3.47)
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0=0.10 — 0=0.15 — 0=0.43

A B
0
100
N
= o
G E
= 5
§ -2 o
3 O 50
-3
_4 O
0 1 2 3 4 5 0e+00  1e+05  2e+05  3e+05  4e+05  5e+05
log1o(n) n

Figure 3.2: Example 2, effect of truncation exponents o = 0.10,0.15,0.43. (A) Statistical
performance, logy, ||fn — f,||3 against log;yn. The black line has slope = —6/7, which
represents the optimal-rate. Each curve is calculated as the average of 100 repetitions. (B)

The accumulated CPU time to process n observations. The black line is the CPU time of
kernel SGD, included for benchmark.
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We try several a = 0.10,0.33,0.50, all with 79 = 6. As we can see from Fig 3.3, the regret
E[0(f,) — £(f*)] converges to zero at an apparent rate of n=2/3 when a = 0.33,0.50 (which
would agree with our result for squared error loss). When the number of basis functions
increases too slowly (here is a = 0.10), the regret decreases slowly after ~ 10 observations

(for similar reason of overflowing bias term as we noted in section 3.7.1).

Z

1 a=0.10
< 0=0.33
2 — 0=0.50

-4
0 1 2 3 4 5
log1o(n)

Figure 3.3: Example 3, empirical performance of Sieve-SGD in nonparametric logistic re-

gression problem. Plot log,,(I(f,) — I(f*)) against log;,n. The Black line has slope = —2/3.

Each curve is calculated as the average of 100 repetitions.

3.8 Discussion

In this chapter, we considered online nonparametric regression in a Sobolev ellipsoid. We
proposed the Sieve Stochastic Gradient Descent estimator (Sieve-SGD), an online estimator
inspired by both a) the nonparametric projection estimator, which is a special realization
of general sieve estimators; and b) estimators constructed using stochastic gradient descent

algorithms. By using an increasing number of basis functions, Sieve-SGD has rate-optimal
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estimation error and is computationally very efficient.

For online learning problems with general convex losses, the optimal estimation rate
depends on both the hypothesis space and loss function (e.g. whether it is Lipschitz or
strongly convex). In this chapter we did not establish theoretical guarantees for Sieve-SGD
when applied to general convex loss, however, we gave some empirical evidence that it can
perform well there. We believe our proof techniques might be extended beyond squared-error
loss, perhaps using ideas in [6, 16, 77, 78].

We have seen a rich collection of work in the past decade targeting the optimality of
estimators under computational (especially time expense) constraints. A lot of those results
are established in the context of sparse PCA and related sparse-low-rank matrix problems,
e.g. [14, 39, 40, 75, 129, 144]. The main focus of these work is usually comparing the statisti-
cal performance of the best polynomial-time algorithm with that of the “optimal” algorithm
without any computational restrictions. By relating their statistical problem with a known
NP problem [4], they can usually show the sub-optimality of polynomial-time algorithms
under the famous conjecture P # N P. However, for the nonparametric regression problem
in this chapter, there is a polynomial-time estimator that can achieve the global minimax-
rate. It is of theoretical interest to know if there are any statistically rate-optimal online
estimators that require less than @(n”ﬁ) time-expense: We hypothesize that there are

not.
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Chapter 4

REGRESSION IN TENSOR PRODUCT SPACES
BY THE METHOD OF SIEVES

4.1 Introduction

Understanding the relationship between an outcome of interest and a set of predictive features
is an important topic across domains of scientific research. To this end, one often needs to
estimate an underlying predictive function, e.g., the conditional mean function, that best
relates the features and the outcome using available noisy observations. During the past two
decades, there has been extensive research focusing on nonparametric learning methods that
only require the outcome to vary smoothly with the features.

One challenge of applying nonparametric methods in multivariate problem is the “curse of
dimensionality” [94]. Briefly, as the number of features grows linearly, we need an exponen-
tially growing number of samples to achieve a specified threshold of predictive performance.
In real-world applications, although the total number of candidate features may be large,
it is very likely that only a small proportion are conditionally associated with the outcome.
This smaller number, D, of active features should be the primary driver of the difficulty of
the problem, in a minimax sense. Sparse estimation [53, 118] is a vast field addressing such
data science problems and developing effective estimation procedures, which is especially
interesting when the total number of features, d, is much larger than D.

In this paper, we consider a nonparametric procedure that can simultaneously select
important features and estimate the conditional mean function (using only those selected
features). For this procedure, the estimation error scales favorably with total dimension
(proportional to log(d)). Moreover, engaging with a tensor product space additionally means

that our active dimension, D, only shows up multiplicatively in a log” (n) term (as compared
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to modifying the rate of convergence in n in classical multivariate Sobolev/Holder spaces).
Finally, our proposed framework is also seen to be empirically effective in our data example

comparisons in Section 4.8.

The proposed method considers penalized sieve estimation in multivariate tensor prod-
uct spaces. Sieve estimation, also known as projection estimation [119] or estimation using
orthogonal functions [130], is a classical estimation strategy that has been shown to be very
effective in univariate regression problems. Sieve estimators can suffer in classical multi-
dimensional spaces (as a large number of basis vectors are required). This work can be
seen as an attempt to extend the method of sieves into multivariate models that scale more
efficiently (statistically and computationally) with the problem dimension. In the univari-
ate case, sieve estimation procedures leverage some natural ordering of the orthogonal basis
functions, which is usually based on frequency or polynomial degree. These natural choices,
however, are no straightforward in multivariate settings. We also study appropriate strate-
gies for reordering multivariate basis functions under tensor product models: This is critical

for both method implementation and theoretical understanding.

Notation: In this paper, we will use bold letters to emphasize a Euclidean vector x € R?
when its dimension d is strictly greater than 1. The notation x* € R is the k-th entry of
x € R? (rather the k-th power of it). We use N to represent the non-negative integer set
{0,1,2,...}, and use NT for strictly positive integers {1,2,3,...}. The (N)? is the set of
positive d-tuple grids: for example (N*)? = {(1,1),(1,2),(2,1),(3,1),(2,2),...}.

4.2 Univariate Nonparametric Regression and Sieve Estimation

One can frame the goal of regression as estimating the function f that minimizes the popu-
lation mean-squared error (MSE): E[(Y — f(X))?], where Y is our outcome, and X are our
features. We denote the distribution of X as px. The minimizer is the well-known condition
mean function f°(X) = E[Y|X]. In nonparametric regression, we assume f° belongs to some

regular function space. An informative univariate model space that we will engage with is
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the 1°%-order Sobolev space W1([0, 1]):
foe Wy ([0,1]) = {f € Ly([0,1]) | f exists and f' € Ly([0,1])}. (4.1)

Here f’ can be understood as the weak derivative of f. In this framing, the set of piece-
wise linear functions is a subset of Wy([0,1]). Without loss of generality, we will assume
feature X belongs to the d-dimensional unit cube [0,1]%. Sieve estimation for f° in the W,
space is built upon the following basic fact: It is possible to express f° as an (infinite) linear
combination of some basis functions {¢;}. Among many possibilities, we choose the following

function system as a concrete example:
o1(x) =1, ¢;(x) = V2cos((j — V)ma). (4.2)

The aforementioned “infinite linear combination” can be expressed as: f* = 3777, 37¢;.
Moreover, it is also known that the (generalized) Fourier coefficients 39 decay at a rate faster
than 571 for f° € W1([0,1]). Therefore, it is plausible to truncate the infinite series at a
certain finite level J,,: Using only the first more important .J,, basis vectors, one can construct
an estimator of f* with relatively small bias. Formally, a sieve estimator f, takes the form
that fn = Z;}il qubj where the coefficients are determined using the available training data
{(X;,Y;),i = 1,...,n}. The coefficients can be determined by solving least-square problems
[119] or using stochastic approximation methods [143], both strategies would lead to rate-
optimal generalization error (in a minimax-rate sense).

Remark: The cosine functions 1; presented above are not periodic over our domain
themselves, and thus do not impose a periodic assumption on f°. This is in contrast to
periodic sine/cosine systems that are more commonly engaged with, and would imply a
periodic assumption on f° [126]. One can add polynomials to the periodic systems to fit
non-period functions [31]. For simplicity of exposition and to provide our readers a basis
that is easy to implement, we choose to proceed with paper primarily using this cosine
basis. For readers more familiar with the topic, the above rate statement on BJQ (“faster than
j~17) can be more precisely stated as Sobolev ellipsoid conditions. For more discussion, see

Appendix 7.2.
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4.3 DMultivariate Nonparametric Models

4.8.1 Additive Models and Classical Smoothness Classes

In most real-world problems, we have more than one feature under consideration. In addition
it is not always apriori clear which model space to use. The nonparametric additive model
[36] has been seen as one of the most direct models for multivariate nonparametric learning
problems. There, we assume features do not interact, or more formally that the regression

function takes the following additive form:

) = R, f e WA([o,1]). (4.3)

The lack of interaction between features makes the additive model quite restrictive. There
are also some very flexible models widely discussed in the literature, such as Sobolev-type
smooth function spaces. Formally, let a = (a',...,a?) € (N)¢, we define the (weak) partial

derivative function D*f of f as:

Flal

Df = ———
d oxd" - - - Oz’

d
f. where [all; = ) a". (4.4)
k=1
In this notation, we assume f° satisfies the following smoothness conditions:
foew, ([0,1)Y) = {f €Ly ([0,1]%) | D*f € Ly ([0,1]%) for all [[al; < s}. (4.5)

These types of smooth classes do not explicitly assume any specific form such as additivity,
but as a cost, suffer substantially more from the curse of dimensionality. Specifically, the
minimax rate (in MSE) of estimation in W,([0,1]%) is of order v [111]. Although less
likely to be miss-specified, this type of model is sometimes thought to be too large to explain
the success of many machine learning methods, or be directly applied.

In the literature it is typical to put a more strict regularity requirement to cancel out
the influence of dimension, that is, only considering smoother models in higher dimensions.

Formally, this can be easily done by increasing the parameter s to ask for regular higher
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order derivatives. For many statistical procedures that need to estimate conditional mean as
a nuisance, e.g. semiparametric inference [59] and independence structure inference [134], we
typically have to require the smoothness parameter s to be at least d/2. The resulting model
space Wy2([0,1]%) is sufficiently tame to allow estimators of f© that can satisfy certain
(minimax rate) benchmark conditions. However, for d as small as 4, such a requirement

already prevents f° from being a piece-wise linear function.

4.3.2  Tensor Product Models

Additive models (mentioned earlier) are an attractive approach for extending univariate
smooth functions to multivariate regression. If the true regression function is nearly additive,
then with a relatively small number of samples, one can fit a strong additive estimate.
However, in some applications there may be important interactions between features to
consider. One natural extension to the additive model is to include product-terms of basis

functions between individual features. For example, we may consider:

d

PO =) ) +a(xb?) + Cxdx®) + e(x!) f(x*)g(x*) + ..., (4.6)

k=1
where all the univariate functions above belong to class of smooth functions Wi ([0, 1]). This
type of model has been studied in the literature as a Tensor Product Space model [70]. In
more compact notation:
N d
e si([0,1]%) = {f = Z Hfmk(xk) for some finite N, and f,., € W1([0, 1])} . (4.7)
m=1k=1
Although we defined the S; space in (4.7) by addition and multiplication of univariate
regular functions, there is an (almost) equivalent characterization of it in the language of

partial derivatives:
S1(10,1%) = {f € Ly ([0,1]) | D*f € Ly ([0,1]%) for all [|a| < 1}. (4.8)

Function spaces similar to (4.8) are called Sobolev spaces with dominating mixed deriva-

tives. They are also characterized as the tensor product spaces of univariate Sobolev spaces
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W1([0,1]). Compared with the (isotropic) Sobolev spaces defined in (4.5), tensor product
spaces may appear to be formally similar, but have different (and favorable) properties re-
lated to statistical estimation. For function space W1([0,1]¢), we required regular partial
derivatives for any index a satisfying [|alj; < 1. But for tensor product space Si([0,1]9),
we require partial derivatives for those indices satisfying ||al|oc < 1. The latter requirement
is strictly stronger and as the dimension d increases, the difference between these two re-
quirements becomes more meaningful. At the same time, the S;([0, 1]¢) space requires less

regularity than the d-th order isotropic Sobolev space Wy([0,1]?). In particular, assuming

1% € Wy([0,1]4) means that 82; fO exists and is square-integrable for any k = 1,2, ...,d,
however functions in S;([0, 1]) space do not need to have second partial derivatives 82—; f for
any k (so piece-wise linear functions can be elements of S ([0, 1]¢)). More formally, we have

the following inclusion relationship:
Wa([0,1]) < Si([0, 1)) € Wi([0,1]%). (4.9)

Functions in S; are allowed to have different degrees of regularity in different directions.
Specifically, they have almost minimal smoothness in the coordinate axis directions. These
are the directions in which people believe most variation should be observed, which is also

supported by the success of additive models in practice.
4.4 Literature Review

In this section, we will provide a quick overview of the literature on tensor product models
in statistical learning and nonparametric sieve estimators.

In [70], the author presents regression estimators in tensor product models by the method
of smoothing spline / kernel ridge regression. The estimators achieve the nonparametric
minimax rate but typically have a high computational expense. Compared with the proposal
in this work, there is limited ability to apply variable selection or dimension adaptivity. This

makes that work less applicable to sparse nonparametric models. Other work in this line of

research includes [127], [69] and [41].
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In addition to using product reproducing kernels, other types of product bases are also
used to construct multivariate regression estimators. For example, these are used in multi-
variate adaptive regression spline [35] and the highly adaptive lasso [9]. This class of methods
select a collection of adaptive basis functions that center at the training data points. The set
of basis functions, unlike the sieve estimator basis, are usually not orthogonal to each other
under any natural measures. More comprehensive discussion can be found in the monograph
[44].

A lot of work has been done over the last decade to adapt the tensor product model to
ultra-high dimensional settings. This line of research typically assumes that the features must
have a main effect on the outcome in order to have second order interaction effects (formalized
as some heredity assumptions). These methods target application cases when the feature
dimension is very large and computational resources are restricted (For example, assuming
d? derived-features would not fit into the memory). See [50], [114], and the references therein
for a more detailed description of these computationally efficient methods.

In contrast to the kernel or spline based methods, in this paper we will discuss how to
apply sieve estimators in tensor product models. In [119], the author presents the classical
least-square sieve estimator (termed as a projection estimator) with theoretical discussion
(many parts in our exposition will be of that flavor). In [19], the author provides an extensive
review of commonly used/ theoretically interesting sieve bases. [30] provides an extensive
review of the method of sieves in density estimation. See also Section 7.5 of [29] for a
discussion of sieve estimation for multivariate analytic functions. In [55], the authors discuss
estimation with orthogonal series under additive models. However, there is no existing
work that formally engages with tractable sieve estimation procedures under tensor product
models to the best knowledge of the authors. In contrast, it has been repeatedly discussed in
the literature to directly generalize univariate sieve estimators to multivariate settings with
estimators of the form (eg. here we take the dimension = 3)

Jn JIn JIn

fn(xlv x*,x%) = Z Z Z Oigits (X1 ) (X7 ) x (%) (4.10)

i=1 j=1 k=1
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This kind of direct extension does not lead to rate-optimal estimators in commonly discussed
function classes, and is not computationally scalable to even moderate dimension d in practice

(J¢ basis functions are used).

4.5 Least-square Sieve Estimators in Tensor Product Models

Sieve estimation leverages the fact that smooth functions can be written as an infinite linear
combination of some basis functions ¢; and the coefficients decay quickly. To construct
estimates, we can use a truncated series to balance the approximation and estimation errors.
Since functions in S;([0, 1]%) can be approximately written as the addition and multiplication
of a set of univariate functions in W;([0, 1]), we may expect a function f € S;([0, 1]¢) to have
the expansion

f(x) = Z B)1(x), for some 3 € R, (4.11)

JE(NT)

where j = (j4,3%,..,j%) € (NT)4, and ¢ is a product of the univariate cosine basis ;(x) =
15, ¢, (x*) described in (4.2).

In contrast to the univariate case, there is no single obvious natural ordering of the basis
functions 1); since they are indexed by some d-tuples j. To apply sieve estimation in tensor
product spaces (or for any multivariate nonparametric models), we need to establish an order
on {75} and determine which basis functions should be used for each n. In other words, we
need to unravel the set {¢5,j € (N*)?} to a sequence of functions {1;, 7 € N*}. They contain

the same set of functions but the latter is an ordered set.

Let (¢;) be the sequence of functions unravelled from {¢;} (we postpone the details
of the rearrangement rule to Section 4.6). In the new notation, any f € S([0,1]%) has
the expansion f(x) = Y72, fv;(x), 8) € R. To perform sieve estimation in S, ([0, 1]%),
we also truncate the series at a proper level J,. The least-square sieve estimator fOL5 is

fOL5 (x) = Z:j]il B5E24;(x) , whose coefficients are the minimizers of the following empirical
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least-squares problem:

n Jn 2
( oLs __.,5?#3) = argmin Z (K - Z@-%(XQ) (4.12)
1

BBy )ERI "

Using analysis tools from empirical process theory, it is possible to derive some theoretical

guarantees regarding the performance of fO&5.

Theorem 4.5.1. Suppose {(X;,Y;) € [0,1]¢ x R,i = 1,2,...,n} is an i.4.d. training sample
and the true regression function f° € S1([0,1]%). Let ¢; = Y;— fo(X;) be sub-Gaussian, mean-
zero random variables. We further assume that the distribution of X, px, is continuous with
an upper-bounded density function.

Then, for the least-square sicve estimator fO*5 constructed with product of non-periodic
cosine basis functions (4.2), we have:

d—1 2/3
125 = 0y =0 (52) ) Y

n

when J, = O <n1/3 logz(d_l)/3(n)>. The order of including the multivariate product basis is

described in Section 4.6.

The proof of the above statement is very similar to that of Theorem 1 in [142]. However, to
determine the proper truncation level J,, and approximation error, we need the new technical
results presented in Lemma 7.3.6. The above theoretical guarantee is almost minimax-
optimal [70], up to a logarithm term.

The generalization MSE of this least-squares sieve estimator only differs from n=2/3 (the
rate for univariate Sobolev space W1([0, 1])) by a polylog term (with the dimension d in the
exponent). This is much improved as compared with estimation in spaces such as W, ([0, 1]¢).
For that classical space, the minimax rate is of order n=2*/(?>*4  The dimension d shows
up in the exponent of n rather than logn. That horrible dependence on the dimension is
one manifestation of the curse of dimensionality. It is much alleviated, as we have shown, in

tensor product spaces. Many semiparametric procedures require convergence of intermediate
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components at a rate of at least n~/2? [59]. Classical Sobolev models must assume s >
d/2 to give such a guarantee. This requirement may be too strong for many applications:

specifically, it already rules out all the piece-wise linear truths when d > 4.

4.6 Important Technical Details: Unravelling

In this section, we are going to talk about how to rearrange a set of functions v; indexed
by d-tuple to a sequence of functions ;. For ease of discussion, we will term this kind of
rearrangement process as unravelling. Now we present our proposed unravelling rule for
tensor product models.

In Figure 4.1, we present how to rearrange two dimensional grids (NT)? into a sequence
(d = 2). We first assign a number ¢ to each grid element j € (NT)? that equals to the
elemental product ¢; = j' - j. We then rearrange the grid on the left based on the product
value ¢j in increasing order. In the right panel of Figure 4.1, we can see grid-elements assigned
with smaller ¢; values get a more prioritized position in the sequence indexed by j € N¥.
For example, (1, 1) is mapped to the first element on the right because it has the smallest
product. In contrast, (2,2) gets the 7-th position. For grids with the same ¢; values (such as
(1,2) and (2, 1)), their relative order can be defined arbitrarily. We put (2, 1) in front of (1, 2)
because it has a larger value in the first dimension. In many parts of the theoretical analysis,
we are interested in the magnitude of the unravelled sequence (c;) (the series presented in
right panel of Figure 4.1).

This unraveling in (NT)? directly induces a rule for rearranging the basis functions {t;} in
a sequence (10;). Using the ¢j-unravelling rule presented in Figure 4.1, the first several basis
functions in the unravelled sequence are ¥ = 11y, Y2 = V2,1), V3 = Y,2) and Y7 = P(29).
These are exactly the basis functions we used in constructing least-square sieve estimators

in (4.12). We now give a formal presentation of the above ¢-unravelling rule:

Definition 4.6.1. Given a function ¢ : (N*)? — NT defined on the d-tuple grids , we define

U(m) : (NT)Y — N* to be the unique surjective mapping satisfying the following conditions:
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Figure 4.1: Illustration of unravelling. The rule function is ¢; = szl j*.

1. U(m) < U(m) if and only if e, < Cn;

2. (tie-breaker) For m,n € (NT)¢ that have the same ¢ values: cym = cn, we set U(m) <
Um) if and only the following condition holds: There exists a value k € {1,2,...,d}

such that, m' =n' for all | <k, but m* > nF.
We call such a mapping, U, the c;-unravelling rule.

Condition 1 in Definition 4.6.1 is essential: grids with smaller ¢; values get a more prior-
itized position in the unravelled sequence. Condition 2 is an arbitrary tie-breaking rule and
could be modified. To summarize, for each function ¢ defined on (NT)¢, there is a uniquely
defined unravelling rule ¢/, which gives one way to rearrange a set of basis functions into a
sequence. For tensor product models such as S;([0,1]¢), we propose using the rule defined
by ¢ = HZ=1 j*, which leads to computationally more feasible and statistically near-optimal

estimators.
4.7 Penalized Sieve Estimators in Sparse Models

In this section, we will discuss how to apply [i-penalized sieve estimators for nonparametric
sparse models. The difference between this section and the previous is analogous to the
difference between sparse additive models [90] and additive models (dicussed in Section 4.3),

though the technical tools employed differ.
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Although there may be a substantial number of features collected, it is common that
only a small active subset of those features are needed to build the optimal predictive model.
We will show that, similar to many other sparse methods, our proposed method is relatively
robust to the ambient dimension d. It is the active dimension of the problem that has a

significant impact. We now formalize this nonparametric sparse model:

Condition 4.7.1. There exists a D-variate function f* : [0,1]” — R, and a set of indices
{ki,...,kp} C {1,2,...,d} such that for anyu € [0,1]%: we have fO(u) = f*(uk1, uk2, ..., ukP).
Moreover, we assume

e Si([0,1]7).

The first half of Condition 4.7.1 formally states that there are D features that have
dominating association with the outcome; The later half is a smoothness assumption, which
can potentially be replaced by other nonparametric model assumptions. Here, we take the
S1 space as an example for presenting our ideas, for general discussion and theory, see
Condition 7.3.8 in Appendix 7.3.3.

In Sections 4.5 and 4.6, we discussed the need to order the multivariate basis functions;
we additionally showed that using the unravelling rule ¢; = HZ:I j* would lead to nearly rate-
optimal least-square estimators (up to polylog). In the sparse model setting, the unravelling
rule is very similar except that we allow ourselves to remove some higher-order interaction
terms for computational ease. In particular, we begin with a conservative guess D' for the
active dimension D. We then remove any interactions of order > D’. So long as D < D’ this
will not affect the theoretical performance of our estimator. Formally, our new unravelling

rule is:

Condition 4.7.2. Let {¢;} be the univariate cosine basis: ¢1(x) = 1, ¢;(x) = v/2cos((j —
1)7z). Consider their natural d-dimensional product extension ¢;(x) = [J1_, o (x¥), denote

Y, to be the ¢;-unravelling sequence of {1;}. The unravelling rule ¢; is defined as

HZZI j* , if at most D' entries of j are greater than 1
G = (4.14)
o0 , otherwise
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Suppose d = 3 and we choose the working dimension D’ = 2. Then 11,1y will get the
first place when unravelling {;} to the (1;) sequence. Similarly, 1)(21,1) gets the second
position and 11 2,1y gets the third. However, basis functions that vary in more than D’ = 2
dimensions will not be used for our estimate. For example, 222 (x) = 2%/ H2:1 cos(mx*)
is excluded since it varies in all three dimensions. We formalize this using an infinite value
for the index in our rule (4.14).

For problems with higher feature dimension d and limited samples, the empirical least-
squares problem (4.12) is likely to be under-determined (we will have more basis functions
than samples), and thus regularization is required for numerical optimization. In addition,
basis functions from non-active features should have 0 coefficient. Toward this end, we add
a sparsity-inducing penalty. More specifically our estimator is given by solving the following

penalized optimization problem:

2 n
( LS L8PS = argmin — Z { Z B ;X } + A\ Z 1851, (4.15)
, =

(B1,-,B, ) ERIn TV

where our final estimate is given by fFX9(x) = Zjil BFY54;(x). In Appendix 7.1.2 we
include more details on the implementation of the above method. We have the following

eoretical guarantee for this estimator’s generalization error:
th tical tee for th t tor’ lizat

Theorem 4.7.3. Suppose {(X;,Y;) € [0,1]¢ x R,i = 1,2,...,n} is an i.4.d. training sample
and the true regression function f° satisfies Condition 4.7.1. Let ¢; = Y; — f°(X;) be sub-
Gaussian, mean-zero random variables. We further assume that the distribution of X, px,
is continuous with a bounded density function (from above and away from zero), and the
working dimension D' in Condition 4.7.2 is no smaller than the active dimension D in
Condition 4.7.1.

Then, for the l,-penalized sieve estimator fE5 | constructed with basis functions described

in Condition 4.7.2, we have:

D—1 2/3
12755 = P, ) = O <log<d> ogn) (1)) ) 7 (1.16)
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when J, = C(D)d”'n'3(logn)” =" and X\, = (log(J,)/n)*?. Here C(D) is a constant that

only depends on D.

This convergence rate for fF*° looks similar to the rate obtained for the unpenalized
estimator fOL9 with two substantial differences: 1) The log? !(n) has been replaced by
log”~!(n) which now only involves the active dimension; and 2) The ambient dimension d is
only included through a log(d) term (as is common in sparse regression).

The [;-penalized optimization problem in (4.15) can be solved directly using standard
lasso solvers such as glmnet [106]. The overall task of fitting the nonparametric estimator
fFPES can be done with R package Sieve. Asymptotically, the time complexity for con-
structing the above ;-penalized sieve estimator is of order O(n.J,) = O(d” n*/3log” ' n).
In contrast, standard applications of reproducing kernel ridge regression require ©(n?®) com-
putation and give no adaptivity guarantees under feature sparsity. Computationally, the
proposed sieve estimator is more suitable for large data sets as its dependency on sample
size is almost linear. Other theoretically guaranteed methods, such as highly adaptive lasso
9], require solving optimization problems that scale as 29n, which is substantially more

resource intensive than the proposed method.

4.8 Numerical Examples

So far in this manuscript, we have introduced and discussed the (dense and sparse) tensor
product models and the theoretical performance guarantees of sieve estimators. In this
section, we will demonstrate the finite-sample performance of the proposed methods and
their applicability in practice via simulated and real data sets. The methods discussed
in this manuscript, penalized and least-square sieve estimators, are implemented in the R
package Sieve. Currently, the package is available on the Comprehensive R Archive Network
(CRAN).

We first present some numerical results based on simulated data sets. In this section

we will consider two types of true regression functions. (We give an additional example in
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Figure 4.2: Simulation study results. Low noise settings,

SNR = 30.
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Figure 4.3: Simulation study results. High noise settings,

SNR = 3.
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Table 4.1: Functional form and highest interaction order for simulated data

Example 1 Example 2
D—1 k
—, Leg(2(x* —0.5),3)+
k=1 ' D D sk k
Truth form Leg(2(xF — 0.5),2) - Leg(2(x**1 — 0.5),2) JENT)d,¢<8 [ 15— cos((G" — 1)mx")

Interaction highest: second order highest: third order

Appendix 7.1.1 where the true conditional means only contain interaction terms without
main effects. In this setting the proposed methods perform much better than tree-based
methods.) In Table 4.1 we present the detailed functional forms of the true regression
functions. The Leg(x, j) function in the table is the j-th Legendre polynomial: Leg(x,2) =
z, Leg(x,3) = (322 — 1)/2. And the function ¢ is ¢; = [, §*-

In the simulation study, we considered active dimension D € {2,4} and ambient dimen-
sion d € {4,8,16}. We used signal-noise-ratio (SNR) = 3 and 30 with normally distributed
noise random variables. Here SNR is defined as the ratio between the squared 2-norm of
f° and the variance of the noise variables. This means the oracle (best possible) testing R?
should be 0.75 (SNR = 3) and 0.97 (SNR = 30). We choose sample size n € {400,800}. The
feature vectors X we consider are uniformly distributed over the [0, 1]? cube. We performed
100 simulations for each setting. We use oracle hyperparameters for each method (number of
basis functions, regularization parameter, number of trees, etc.), which is determined based

on an independent n = 2000 testing data set.

The regression estimators we considered in the simulation study are: sieve estimators
proposed in this work (least-square and penalized), random forest (RF, R package random-
Forest), gradient boosting (GBM, R package ghm), Gaussian kernel ridge regression (also
known as radial kernel support vector machine), highly adaptive lasso (HAL, R package

hal9001, only applied for the lower dimension case d = 4 due to the exponential memory
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Table 4.2: Basic information for public data sets used in performance comparison

Name Sample size (n) Feature dimension (d) Feature type References
gdp 616 6 6 continuous [72]
fev 654 4 2 continuous, 2 binary [95]
fevb0 654 54 52 continuous, 2 binary -

bio 779 9 9 continuous [43]
aba 4177 8 7 continuous, 1 categorical [131]
supc 21263 81 81 continuous [47]

requirement of this method) and sparse additive models. We also include some oracle es-
timators that know which D dimensions are truly associated with the outcome Y in order

to demonstrate the dimension adaptivity of the other methods. The univariate basis ¢; we

0

used for sieve estimators are: ¢;(z) = 1, ¢;(z) = sin((j + 1/2)mx) (sine basis, for the f

settings) and ¢;(z) = cos((j — 1)mx) (cosine basis, for all the other truth f°). The oracle
kernel ridge regression method, denoted as oKRR in Figure 4.2 and Figure 4.3, uses the
reproducing kernel of S ([0, 1]P), see Appendix 7.2. In Fig 4.2, we present the results under
high signal-noise-ratio settings and we evaluate the performance of each method using (ab-
solute) testing MSE. In Fig 4.3, the larger noise settings, model performance is evaluated
via testing R2. Sometimes R? is more interpretable in practice than absolute MSE, but we
chose to present absolute MSE in Fig 4.2 simply because it can differentiate methods better

(all methods have high R? values in some settings).

We also compare the predictive performance of these methods on 5 publicly available
data sets. Some basic information for the data sets is reported in Table 4.2. In Figure 4.4,
we present the relative testing MSE and (absolute) R? of each method. We saved 30% of

the samples as the test set and the hyperparameters of each method are determined using
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a b-fold cross-validation on the training set (more details presented in Table 7.1 of the
supplement). The fev50 data set combines the true outcome and features from fev, with 50
artificially constructed non-informative features (independent, Unif[0,1]). We use this data
set as a moderately high-dimensional, sparse feature example. One of the data sets, supc,
has been used as an example to demonstrate the effectiveness of tree-based methods [47], so
we also include it for a more comprehensive comparison. We only applied highly adaptive
lasso to 3 data sets and Gaussian kernel ridge regression to 5 data sets due to their high
computational resource requirement: These would not efficiently run on a machine with 1
Intel Core m3 processor, 1.2 GHz, with 8 GB of RAM. The linear model with all interaction
terms is not applicable to fev50 because the empirical problem is not well-posed without
further modification (number of coefficients is larger than the sample size).

We compared sieve estimators based on different univariate bases ¢;, including poly-
nomial, cosine basis and sine basis (the basis defined earlier in this section), as well as a
combination of polynomial and trigonometric functions [31]. The performance of penalized
sieve methods using different basis functions is quite similar. The random forest estimator
is more sensitive to the extra dimensions of fev50 than penalized sieve and GBM. For more

information on the data sets, see Table 4.2 in the supplementary material.
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Chapter 5

SUPPLEMENTARY MATERIALS FOR CHAPTER 2

5.1 Supplementary Discussion on RKHS

In the main text we gave two equivalent definitions of RKHS: one based on the reproducing
property and another one based on the Mercer expansion of the kernel.

The proposed method directly works with the eigenfunctions 1;, and it does not directly
approximate either the kernel function K or the kernel matrix K. Although in many cases
we start with a Mercer kernel in hand and calculate its eigendecomposition afterwards, it
is not uncommon to begin with features and then attempt to calculate a closed-form of
an implied kernel. This situation suits perfectly with our method: for the well-known the
smoothing spline method proposed in [126, Chapter 2|, the author starts with ¢;(x) =
sin(2jmx), cos(2jmz) and shows us how to get the closed-form of the reproducing kernel for
periodic Sobolev space W2 (per). However, such a Bernoulli polynomial closed-form of the
kernel is no longer available when m is not an integer, which corresponds to a fractional
Sobolev space case; when considering kernel space on sphere S?, some effort is required to
obtain the closed-form expression even for simple cases ([60], [79]), but the features are
just orthonormal spherical harmonics; for multiscale kernels defined by compactly-supported
wavelet eigenfunctions [84] or Legendre polynomials [136, Section 3.3.2], it is also simplest
to work directly with features rather than attempting to identify a closed-form expression
for the implied kernel.

In the main text we provide the Mercer expansion of a Sobolev space W([0,1]). We also
state the (correct) expansion for Gaussian kernel (there are several versions in the literature
that are not correctly normalized):

When px has density (w.r.t Lebesgue measure on R) px = = exp(—a?z?), we have the
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expansion of Gaussian kernel K (z, z) = exp(—¢*|x — z|?) with

o? €2 -1
)\. e
J &2+62+€2 (a2+52+62) (51)
Vi(x) = 7; exp(—0%2?) H;_1 (afx)

where the H; are Hermite polynomials of degree j, and

o\ 1/4 ,
5=<1+(%)) 77j=\/2j+;(ﬁ752=7(52—1) (5.2)

The multivariate Gaussian kernel’s eigenfunctions and eigenvalues are just the tensor
product of the 1-dimension Gaussian kernel. Formally, the multivariate Gaussian kernel
K(x,2) = exp(—€?||x — z||?) has the following expansion:

K(x,2) =) Nvj(x)i](2) (5.3)
jend

where the eigenvalues and eigenfunctions are related to (5.1) as

d d
N =TT v =] w"), (5.4)
=1 =1

where 2 is the [-th component of € R%. There are also available numerical methods
(independent of (X;,Y;)'s) for approximating kernel eigenfunctions in cases where analytical
forms are not available, see [89, 98], [93, Section 4.3], [13] and [33, Chapter 12].

There is also an interesting formal similarity between Mercer expansions and Bonchner’s
theorem (see, e.g. [87]) which gives rise to random Fourier feature-based methods. On one

hand, we have the Mercer expansion:
K(x,2) = Y M) (x, )b (z, ) (5.5)
j=1

On the other hand, the positive-definite (real-valued) kernel has a convolutional representa-

tion by Bonchner’s theorem [87]):

K(x,z) = / p(w,b) cos(w'z + b) cos (w2 + b) dwdb (5.6)
X x[0,27]
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The random Fourier feature expansion (5.6) uses a set of basis functions (cosines) that
is not sensitive to the expanded kernel. Only the probability distribution we sample w from
depends on the kernel. Such a choice may bring some convenience in application, but at the
price of using an approximation that converges to the kernel much slower. Another difference
is in the basis selection strategy: For the Mercer expansion it is very straightforward — we
choose the eigenfunctions corresponding to larger eigenvalues. By this strategy, we can ensure
the features we choose are more important and orthogonal to each other w.r.t. RKHS inner
product. For random feature-based methodologies, one has to sample from a probability
distribution because there are uncountably infinitely many w (versus countably infinite j)
and there is less we can say about the geometric properties of random features [139].

Our readers can also find expansions of various kernels in [128, 126, 32, 132, 104, 68, 34].
There are also several existing online nonparametric learning methods not mentioned in the

main text, e.g. [61, 138, 96, 2, 135] .
5.2 Proof of Theorem 3

We can decompose the L? -distance(i.e. || - [|o-distance) between fan and f, into two parts
by inserting a fy function in between. Recall the definition of the previous two are:

n

~

fn = argminl Z Y- f (Xz‘))z

n
fern oy

(5.7)
fo = argmin [ (V= f (X)) dp(X.Y)
fGL%X A xR
where Fy is a subset of the N-dimension vector space spanned by 1, ..., ¥n:
Fn=Fn(M):={felL’ |fespan(yr,....vn)|Ifll < M} (5.8)

We insert a deterministic function fxn in-between to facilitate the use of the triangle

inequality.

fv = argmin/ (Y — f(X))?dp(X,Y) (5.9)
feEFN JXXR
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So we have the following decomposition of Lix distance:

Ellfux = foll2 < Ell fan — fullz + [ = foll2 (5.10)

If we can bound the two terms at the correct rates separately at the desired order, combining

them together would give the result in Theorem 3.

5.2.1 Bound ||fx — f,ll2

We first handle the second term in (5.10). It is a deterministic quantity which represents the
approximation error of our estimator. In the main text, we given two equivalent definitions
of RKHS, respectively based on the reproducing property and the Mercer expansion. We
will use the second one to explicitly calculate the approximation error. Let H denote the

native space of K (the RKHS of interest).

Lemma 5.2.1. Assume (A1),(A2),(A4), we have
I £y = Folly < (DI fllaedn) (5.11)
where || - ||3 is the RKHS-norm. If we further assume (A3) and choose N = @(nﬁ), then
1fy = folla = O(n~252) (5.12)

Proof. Since f € H by assumption, we know f, has the following expansion w.r.t ¢;: f, =
> 521 051, Recall that we defined (\;, ;) as the eigen-system of operator 7}, 5, in Section 2.
By the definition of RKHS in Proposition 2, the condition | f,|l% < oo in (A2) can be

rewritten as:

1z = (%) < o0 (5.13)

j=1

Define f, n = Zjvzl 6,4, € Fn to be a truncated approximation of f, (which does not depend

on data). We know that || fy — f,|2 is smaller than || f, y — f,||2 because fy is the minimizer

of |f — foll2 over f € Fn.



89

So we have:
1y = Flls < o — Foll
1/2
—<Lme—ﬁ@W®ﬂ@)

1/2
gD“(mem—ﬁ@W@ﬂw)
- 1/2 5.14
@ (D 3 9?) o1

j=N+1

oo 1/2
(D)\N > eijl)

j=N+1

IA

< (D) folluAw)'?

In (1) we use assumption (A4) about the relationship between px and px. In (2) we use
Parseval’s identity noting that ¢;’s are orthonormal w.r.t. px.
If we take N = @(nﬁ) and assume \; = O(j2%/9), we have Ay = @(n”sﬁ), therefore

| f5 = folla = O(n~2%a). Thus we have proven the first part of the Lemma. O

5.2.2 Bound E||fon — fnl2

In this section we bound the term associated with the stochastic error. Our proof engages the
following steps: We first show the hypothesis space is a VC-class, then use this property to
bound its localized Rademacher complexity. This will further lead us to the final convergence
rate because fn ~ is an M-estimator (ERM of the negative loss) over this hypothesis space.
We use the novel result presented in [48] to bound the multiplier process with a Rademacher
process, which allows us to quantify the interplay between hypothesis space size and the level

of noise.

Proposition 5.2.2. Let Fy be the N-dimension linear space defined in (5.8), then we know
Fn is VC-subgraph class with index less than or equal to N + 2.

Proof. The definition of VC-subgraph class, together with the fact that a N-dimension vector
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space Fy of measurable functions is a VC-class of index no more than N + 2, can be found

in [123, Lemma 2.6.15] or [128, Proposition 4.20]. O

Now we use the fact that Fy is a VC-class to get an upper bound on its covering number.

For this, we need the following result.

Proposition 5.2.3. For a VC-subgraph class of functions F. One has for any probability

measure Q):
, L1 (N—1)
N (el Fllg2, F, L) < CN(16e) - (5.15)

where N is the VC-dimension of F and 0 < ¢ < 1. And F' is the envelope function of F, i.e.
|f(z)| < F(x) foranyxz € X, f € F.

Proof. One can find the proof of a slightly more general version in [123, Theorem 2.6.7]. [

For a function space F, define the localized uniform entropy integral as:

d
J(6,F, L) :—/ sup /1 0B AT (e Fllga. . L)) de (5.16)
0

Applying this to the space Fy, we have the following result:

Lemma 5.2.4. Let Fy be the function space defined in (5.8), we have

1
for sufficiently small §. The constant Cy; only depends on M.

Proof. We first note Fy is a subset of an N-dimension vector space with envelope F(z) = M.

By Proposition 5.2.2 and Proposition 5.2.3, we have

1\ 2N-2
N(eM, Fy, L*(Q)) < CN(16e)N (—) for any measure )

= J(0,F,L*) < C / \| N log for sufficiently small §
(5.18)

<C\/_/ \/@u
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O

We can see for the linear space Fy, the localized uniform entropy is basically O(\/N J)
(if we omit the /log(1/d) term). When we construct the online projection estimator, the
dimension of hypothesis space N increases with sample size (we can also call Fy a sieve). As
we will see later, the local diameter § = d,, we consider decreases to zero at rate ©(n~ 2a+d).
We use ¢, =Y, —g,(X;),i = 1,2, ..,n to denote the i.i.d zero-mean noise variables and use
ei,i=1,2,..,n to denote n i.i.d. Rademacher variable, that is P(e; = 1) = P(e; = —1) = %
In the following Proposition we require the noise to have a finite ||¢;||,, 1-moment, which

is defined as
el ::/ P(le| > £)Y/mdt (5.19)
0

Let A > 0, it is known that if ¢; has a finite m + A-th moment, then it has a finite || - ||,..1-
moment [65, Chapter 10]. So requiring having a finite || - ||,,,,1, as assumed in (A1), is only
slightly stronger than requiring a finite m-th moment.

Now we state and prove a proposition that connects the bounds on the multiplier /Rademacher
process to the convergence rate of our M-estimator. This proposition is essentially the same
as Theorem 3.4.1 in [123] and is a slight generalization of Proposition 2 in [48]. In Proposi-
tion 5.2.5, for better presentation we drop the subscript of Fy and simply denote it as F.

But we should keep in mind that F is a function space that depends on n.

Proposition 5.2.5. Denote F — f, . ={f—f, | fe Ft and F — fx ={f — fn | f € F}.
Assume (F — f,) U(F — fn) has an envelope function F(x) < 1. Let X; A px and assume

€ are i.i.d. with finite ||e1],, ,-norm for some m > 1. Assume that for any 6 > 0, for each

f* € {fmfN},
E  sup %Z (F = ) (X2)] = 0 (6a(0)) (5.20)

JEF:f=f*llo<6

and

E s =) el 1) (X)) = 0(6.0) (5.21)

FEFf=f*llo<d

for some ¢, such that 6 — ¢,,(8)/0 is nonincreasing. Further assume that || fxy — f,|l2 < C6,.
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Then
fan — fN”2 =Op (4,) (5.22)
for any 6, > n~2%zn such that bn (0n) < /NO2. If € has a finite m-th moment for some
m > 2, then:
E|[fax = 1v|,| =0 60) (5.23)

Proof. The proof is a slight generalization of Proposition 2 in [48]. The distance we are going
to bound is not between fn ~ and f, but between fn v and fy (the population risk minimizer
over F). We first define a random process and its mean functional:

S U= I (e 3 = 1) (X)

i=1 i=1 (5.24)
Mf:=EM(f)]=—=P(f-fp)

We have the following property of M(-). For any f € {f € F | ||f — fwll2 = 4l f~v — foll2}

2

" on

M, f

Mf—Mfn < —3|lf — fnll3- For the proof of this elementary inequality, see p.337 Exercise
5 in [123], taking their z = f,y = fy, 2z = f,.

Our proof is a standard peeling argument. Let
Fi={feF 276, <|f — fnll, < 26, } (5.25)

We choose a fixed ¢ large enough such that ¢3,, > 4| fxy — f,||2, we use the ERM property of

B

A~

fn,N:

fu = ||, 2 10.) < 3P (sup (ML () = M (f) 2 o)

e (5.26)
<y (;gjg (ML () ~ M ()~ M(F) + M(f) > 22j-2t262>
We write (M, (f) — M, (fn) — M(f) + M(fn)) explicitly:
Mo (f) = Mn (fn) = M(f) + M(fn)
(5.27)

= %Z(f — V) (Xei + (P —=Po)(f — f,) + (P — P)(fv — f,)?
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Then we can continue the peeling argument:
P (
; (feftffzv||2<2jt5
1
' S 2 SN (X) — B - )
(fef:llffN||2<2J‘t5 vn ; P p
( \/_Z X)) —E(fx — £,)?
<Y P sup
Z (fe}—:f_fN”2<2jt5n

% D XD ~ B £,

o, 25

Zf ) (X

=1

i > 221'—5#\/562) +

222j_4t2\/ﬁ(5721> +
(5.28)

22j4t2\/55i>

%Z(f_fN)(Xi)Q > 22j—5t2\/ﬁ(5§> +

> 2%—41&2\/553)

2P sup
feFf—fnll2<27tsn

The first term is the multiplier process that contains the noise variable ¢;’s, for which we
have bound (given by our assumptions). The second term can be related to the Rademacher
process by standard symmetrization and contraction principles [123]. There is still a miss-
match between the supremum and the random variable to be bounded, to fix this we need

to use the condition ||fxy — f,|l2 < Cdy:

Hf - fp||2 < Hf - fNH + HfN - prQ
<|f = fnll+ Con (5.29)
= {feFllf — vl <2t} C{f € Follf = flla < (27t + C)dn}

Therefore the second term is bounded by

T DU~ ) B~ £, zz?ﬂtwa,%) (5.30)

2P sup
FEF:|If=fpll2<(29t4-C)dn

And the rest of the proof is the same as Proposition 2 in [48]. O

When ¢; is sub-Gaussian noise (note that sub-Gaussian/sub-exponential random variables

have finite moments of all orders), the bound on the empirical process terms (5.20) and (5.21)
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usually only depend on the entropy of Fx: Thus the convergence rate will only depend on
the entropy as well. However if we only assume moment conditions, then ¢, () will depend
on both the entropy and the moment order [48, Lemma 9]: Thus the convergence rate would
depend on both as well when m is not large enough.

Now we state the following Lemma to complete our bound of E||fun — fu|l2. Its proof

is postponed to after we conclude the main result.

Lemma 5.2.6. Assume (A1) and f,n € Fy defined in (5.8). We select N = © <nﬁd+d>
(Recall that « is the smoothness parameter, d is the dimension of X; and m is the moment
index of €;)

Then with 6, = © (n_ﬁ Y n_%+ﬁ>, for each f* € {fn, f,} we have

n

S e (f - ) (X)

i=1

n

S e (f - ) (X))

=1

E sup
FEFN:|f=f*2<n

VE sup
FeFN:If=f*2<0n

5.31
o nﬁ@(lv‘kl”zcwn)a m > 2a/d +1 ( )
< Ca ’
n%\/logn<1\/||el||m71> : 1<m<2a/d+1
where ||€1||2a+1 s the 2a + 1-th moment of €.
In light of Proposition 5.2.5, (5.31) can be written as
E LS el - 1))
sup — €; - i
FeFN IS~ ll2<on | VI 4
) (5.32)
1
vV E sup —= 26 ([ = f)(Xi)| < ¢n(dn)
FeFNf—Fl2<6n | VT Zl
where
Cr/Tog nfnd—1/° (1 Vllerlla 1) . m>1+2a
6u(0) = ’ (5.33)

Co/logn/nd=2/(m=1) <1 % H61Hm71> , 1<m<142a

Lemma 5.2.7. Assume (A1) and me € Fn. Choosing N = @(nﬁ);

Bl fox = fill] = O (0= \flogn v n~+ 25 flogn) (5.34)
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Proof. We use the result of Lemma 5.2.6 as conditions of Proposition 5.2.5, and then identfy
the smallest 4, satisfying ¢, (d,) < \/nd2, which will give the stated convergence rate. [

Proof of Theorem 3. We need only combine the bounds in Lemma 5.2.1 and Lemma 5.2.7
using the triangle inequality. O

We now return to proving Lemma 5.2.6. We first state two results, Propositions 5.2.8,
and 5.2.9, from the literature which we will use to prove our Lemma. We begin with a

standard result connecting Rademacher complexity and the entropy integral.

Proposition 5.2.8 (Theorem 2.1, [122]). Suppose that G has a finite envelope G(x) < 1 and
Xi,..., X, ’sare i.i.d. random variables with law P.

Then with G(8) := {g € G : Pg* < §*},

—0 (J (6,G, Ly) (1 L J0.G,Ly) ) HGHm) (5.35)

]E su —_—
t NS

9€G(9)

% Zeig (Xz)

We next give a recent inequality established in [48]. This allows us to relax common

subgaussian assumptions to only moment conditions on the ¢;’s.

Proposition 5.2.9 (Theorem 1,[48]). Suppose X;’s, €;’s are all i.i.d. random variables and
X.’s are independent of €;’s. Let {Gy}7_, be a sequence of function classes such that G, D G,
for any 1 < k < n. Assume further that there exists a mondecreasing concave function

U 1 Rsg = Rsg with ¢,(0) = 0 such that

k

E sup
fegy ;

eif (Xi)| < ¥n(k) (5.36)

holds for all 1 < k <n. Then

n

Z ef (Xz)

=1

E sup
f€Gn

< 4/000 " (Zn:m|ei| > t)) dt (5.37)

With these two results in hand, we are now ready to prove Lemma 5.2.6.
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Proof of Lemma 5.2.6. We need to show the result for both f* = fx and f* = f,. We will
explicitly show the result for f* = fy: The proof in the case f* = f, is exactly the same.

Denote

Fn(0) :={f € Fn | IIf = fnllz < 03} (5.38)

We first combine Proposition 5.2.8 with the entropy bound we established in Lemma 5.2.4

to derive
k

Z e f (Xz)

i=1

E sup < OO k@m0 "2 \ flog k (5.39)

FEFN(Ok)

where 0, = k™ 2ard \V k=2 .
When m > 2a/d + 1 (recall m is the moment index for ¢;s), k™% > k™2 2w, so the
above bound becomes

k

Z@‘f (Xz)

=1

E sup < Ckra \/1ogk (5.40)

feFn(dr)

Using (5.40) we see that the conditions of Proposition 5.2.9 are satisfied, thus giving us

n

Z ef (Xz)

=1

E sup
FEFN(Ok)

gCZZ(Z?Wﬂ>®> 1%(§}wq>ﬂ>a 1)

=1

_d
= (C'n2a+d \/ logn(l V ||61||2a+1,1)

Note that we used ¢;’s are i.i.d. random variables.

When 1 <m < 2a/d+ 1, (5.39) becomes

k

Z e f (Xz)

i=1

< Ckw\/logk. (5.42)

E sup
JEFN(Ok)

Plugging this in to Proposition 5.2.9 we get

n

Z ef (Xz)

i=1

E sup < Cn/logn(1V ||ex]m.1) (5.43)

feFn(dr)

This completes the proof. Il
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5.3 Online Projection Estimator and Functional Stochastic Gradient Descent

The computational expense of Algorithm 2 is a dramatic improvement compared with SGD
based algorithms, whose expense is O(n) per updating. We also note that the computational
expense of Algorithm 2 depends on our assumption of the spectrum of operator Tx. The
larger « is, the stronger our statistical assumption is, the faster our algorithm is. However,

the expense of SGD-based algorithm is not sensitive to the statistical assumptions.

In this section we use the same notation as in Section 3 in the main text. We define 8 N.n as
the minimizer of the empirical loss
min Y (Y; — 0TV (X;))? (5.44)

OcRN <

=1

Here we use double subscript to emphasize that 91\7,” is calculated with N basis function
and n data. Similarly, we can define 6 N.n—1 as the minimizer when there is one less sample
(Xn,Ysn) (but keep the other samples the same). There is actually a recursive relationship

between 6 N and 6 Non—1:
éN,n - éN,n—l + q)n¢n Yn - fn—l,N(Xn)] (545)

See [73] p.18-20 for the derivation. This formula tells us how 6 N.n changes when one addi-
tional data-pair is observed. If we see 9N7n as an update of 9]\;7”_1 with (X,,Y,), the step
size will scale in proportion to the prediction error |Y,, — fn,l, ~(Xy)|, and the direction is

®,9,, (which, in general, is not equal to ¥,,)

Similarly, we can derive a recursive relationship for how @y, changes when one more basis

function 1 is added in. Specifically,

A

On.n @A, | BNt
+ N+1[|2
0 I(1 = P.) N+ 1

éN+1,n = (5.46)
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Where A,, is the residual vector, whose i-th component is defined by:

AD =Y, — fun(X)) (5.47)

and P, = (U)W, )71 is the projection matrix of the column space of design matrix ¥,

with N features. We give the derivation in the later part of this section.

The influence of a new feature on the regression coefficients is quantitatively associated
with how much the residual can be explained by the new feature (represented by the term
(N “)TAn) and how orthogonal the new feature is to the old features (represented by
PpN ).

However, if we use parametric stochastic gradient descent to solve the problem (2.15),

then the updating rule should be:

9N,n - éN,n—l + En'l)bn Yn - fn—l,N(Xn> (548)

where we usually choose €, < %

Comparing (5.48) with (5.45), we see that it replaces the structured matrix @, with
a diagonal matrix €,/. By doing so it omits the information of the correlation between
features, this can help to illustrate why the SGD-based estimator (5.48) usually has a larger

generalization error than the empirical risk minimizer (5.45).
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5.3.1  Proof of recursive formula (5.46)

Proof. In this proof, we use a double subscript to indicate the dimension of the matrices.

By definition of OLS estimator:

Oniin = Pvenyx(v+n) - Uovgn) - Y

= Q(N+1)x(N+1) Z Y[ (Xi), o bng (Xz)]T>
=1

2im ¥n (X)) Y
L 2?21 7vbN+1 (Xz) er

= D (Ni1)x(N41) |

) P (bz:flxN ’ éN,n
= QN4 x(N+1) - .
i Yo Ung (X)) Y,
@) Onyny O Al Oy 'éN,n
0 0] YN (X5)YS

where
1 T
_q)nfl bb (I)nfl n—1 b
A= | "
1T @ 1
k n—1l k
b= \Ijgfl'ﬁbNH

k= ¢%+1¢N+1 - bT(I)nfl b

In (1) we use the definition of 6 ~nn and in (2) use the block matrix inversion formula.

O N 1 | Pyxnb (bTéN,n — > Y (XG) Y;L>
0o | * (i e (X)) Vi~ T8y,

0N+1,n =

(5.49)

Note that

bTéNn Z@DNH Z Z¢N+1 an( i) (5.50)



So
D v (X) Vi =bT0n = > thnia (X0) (Vi — fun (X))
=1 =1

Continuing, we see that

~

On,n N Vi LA, —Pnynb

éN—l—l,n -
0 k 1

Now we expand k:

T T T
k= ¢N+11/)N+1 - 1/’N+1\Ijan(I’NxN\I’an1/}N+1

-1
=%k (1= T (W y Woew) ™ W) v
=|(I = P.) ¥l
And use the definition of b:
~ 9N,n
0N+1,n =
0
VYN
N Vi A, —Pnxn :
17— P) il $Tlbwn
1
2
0 (I = Po) ¥l 1

5.4 Regression in Additive Models

100

(5.51)

(5.52)

In the main text we discussed estimation in multivariate RKHS and how it suffers from the

curse of dimensionality. For X; € R?, it is also quite common to impose an extra additive

structure on the model, in other words, we assume

ﬂw—fm@%
k=1

(5.53)
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where the component functions f,; belong to a RKHS H (in general they can belong to
different spaces), and xgk) is the k-th entry of x;. Such a model is a generalization of the
multivariate linear model. It balances modeling flexibility with tractability of estimation.
See eg. [52] and [141] for further discussion.

The projection estimator for an additive model is obtained by solving the following
least-squares problem in Euclidean space (which is essentially the same as solving the prob-

lem (2.15)).

n

d N
i Y; — 010 (2F))2 5.54
o i ,_1< kZZ it () (5.54)

1=

here N still needs to be chosen of order nﬁ, when \; = ©(j7**). The online projection

estimator in an additive model is

d N
Fav =D Ot (5.55)
k=1 j=1
For a fixed d, the minimax rate for estimating an additive model is identical (losing a constant
d) to the minimax rate in the analogous one-dimension nonparametric regression problem
working with the same hypothesis space H [92].

The design matrix of (5.54) now is of dimension n x (Nd). When a new data point
is collected, our design matrix grows by one row. When we need to increase the model
capacity however, we need to add one feature for each dimension (in total d columns).
Updating such estimators when X; € R? has a computational expense of order O(d%ﬁ),
by a argument similar to that presented in Section 3.4. To clarify, in Section 3.4 we are
assuming the eigenvalue \; = ©(j2%/9) (for example, the RKHS is d-dimension, a-th order
Sobolev space); however in this section we are discussing d-dimension additive model, each
component lies in a 1-dimension RKHS whose A; = ©(;72%). The additive model is more
restrictive, therefore we have better statistical and computational guarantee when the model

is well-specified.
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5.4.1 Additive Model Application

We chose a 10-dimension additive function to illustrate the efficacy of our method for fitting
additive models. In this example, the components of the f, in each dimension are Doppler-

like functions. For x € R,

10
Fol@) =) foul(a™)
k=1

s . | . (5.56)
X (o) - (5w
Similar functions are used in [97]. The kernel (for each dimension) we consider is
2
K(s,t) = s™™ + By({s — t}) (5.57)
m=1

In Figure 5.1, we compare the method in this chapter with the additive smoothing spline es-
timator calculated with back fitting using R package 'gam’ [51]. Both of the methods achieve
rate-optimal convergence, but we note the smoothing spline method takes dramatically more

time as an offline estimator.
5.5 Details of simulation studies

In the main text we gave important details on of the settings of our simulation studies. To

help our readers replicate our result, we now list all details for our simulations.

5.5.1 Notation and general setting

The || fun — f,||3 on the y-axis of Figure 2 is estimated with 1,000 X generated from px. The
estimator based on kernel ridge regression (KRR) is defined as the minimizer of penalized

mean-square error
n

min —» (¥; — f (X)* + A xrrll 15 (5.58)

i=1

for a closed form solution and theoretical optimal selection of \,, xrpr, see 12.5.2 and Theo-

rem 13.7 of [128].
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Figure 5.1: Additive model: generalization error and CPU time. (A) Both smoothing spline
and online projection estimator achieve the optimal rate O(n~*°). The black line has slope
—4/5. Each curve is based on 15 independent runs. (B) The CPU time decreases as «

becomes larger (repetitions=10).

In the main text, we slightly simplify the update rule for nonparametric SGD estimator
without losing the essential principles. In all the simulation study of this section, the SGD

estimator we use is the version with Polyak averaging (p.1375-1376 of [25])

fn = ]En—l + Tn,SGD |:Yn - fn—l (Xn)] KXn (559)
L o 5.60
fn - n+1 e fk: ( : )

The nonparametric SGD estimator we use is fn To update such an estimator, the compu-

tational cost is also O(n).
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All the simulation study examples are coded in R version 3.5.1.

5.5.2  One Dimension FExample Settings

We give the details of example 1 (resp. example 2) in Table 5.1 (resp. Table 5.2).

Table 5.1: Settings of example 1. See [126] and [25]

fo

px()
K(s,t)

RKHS H

Aj

()

basis adding step
Hyperparameter KRR A, xkrr

Learning rate v, sap

By(z) = a* — 20% + 2* —
Unif([-0.02,0.02])

Ljo,1y()

SiBi({s —t}) = P zm) r[cos(2mjs) cos(2mjt)
+sin(2mys) sin(27jt)]

W§’”—{feL201|f0 w)du = 0,
10) = F1), £10) = £/(1), J; (5P () du < oo}

o = 06

sin(2mjx) and cos(2mjx)

n=|0.2N%|

AnkrR = 1073747

Ynsap = 1280707

5.5.83 Additive Model Example

We use the function gam() in R package gam [51] to fit the additive model with smoothing

spline. The degrees of freedom parameter used in the s() function were selected to increase

with n. The details for the additive model example (including parameter selection) are given

in Table 5.3.
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Table 5.2: Settings of example 2. See [128, Chap. 12] for more discussion on the kernel space

wy.
fo (62 — 3) sin(12z — 6) + cos?(12x — 6)
€ Normal(0,5)
py() (2 +0.5) 10,y (2)
K(& t) mln{s t} Z] 1 W sin <(2];1)ﬂ5> sin <(2]—21)7rt)
€ — u < 00
A (2j71)27r2 = O(j_z)
() 2 sin (@)

basis adding step
Hyperparameter KRR A, xrr

Learning rate v, sap

n=[0.5N3|
/\n,KRR = 0.17172/3

5,05
Vn,SGD = ON

Table 5.3: Settings of Additive model example.

Jo

€

P (XM, XA0)

10 . T : s

2o {sin (e erm ) — sin (5m) |
Normal(0,5)
21 1o (X ™M)

K (s,t) (for each dimension) 322 _ s™t™ 4 By({s — t})

RKHS H

Aj

¥i(z)

basis adding step

df for smoothing spline

W, = {f e L2< 0,2]) | f; (£"(w)*du < o0}

x, x2, sm(27rjx), cos(2mjx)
n=[0.2N?|

2|nt/?]
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5.6 A Note for Application and Additional Examples

The hypothesis spaces used so far in this chapter have been well-studied in previous work,
and are relatively easy to engage with: Their kernel functions have a closed form, and their

eigenfunctions can also be explicitly written out with respect to some special measures p.

However, they are usually equipped with some undesirable boundary conditions. For ex-

ample, in example 2, it is more interesting to consider the space
W, = {f e L?([0,1))] /01 (f (u)* du < oo} (5.61)
rather than the one we use in our simulation study
wp = { e o0 =0, [ (@) du < oo (5.2

Although it is known that W is also an RKHS [128] with kernel K (s,t) = 1 4+ min{s, ¢}, it

takes extra analytical work to get the form of eigenfunctions for K.

For practical purposes, it is enough to consider functions of the following form as estimator:
N

fov(@) =00 -1+ 0;0() (5.63)
j=1

where ¢; = V2 sin (m) as stated in Table 1. Because the difference between Wlo and

W1 is merely a constant function in the sense that
Wy, = {1} e W} (5.64)

When a new sample comes in, we update fn ~ (and potentially add a new basis function) in

an online manner as in Algorithm 2. Similarly, in example 1, the more interesting space is

W, = {f e L*([0,1))] /01 (f<2>(u))2du < oo} (5.65)

Note that
Wy = {1} & {2} @ {=*} @ W5 (5.66)
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So the projection estimator can be of the form

2 N
fon(x) =) 0ka* + > 0;05(x) (5.67)
k=0 Jj=1

where 1);’s are the trigonometric functions listed in Table 1.

B

N
logyo([If nn—Tpl

0 1 2 3 4 5 0 1 2 3 4 5 )
logio(N) logzo(n)

Figure 5.2: Generalization error for additional examples.(A) Example A.1, black line has
slope —2/3 (B) Example A.2, the black line has slope —4/5. Both estimators achieve the

minimax rates in W; and W,. Each curve is based on 15 independent repetitions.

The settings for our two additional examples are given in Table 5.4
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Table 5.4: Settings of additional examples.

Example A.1

Example A.2

fo

€

pp(x)
RKHS

basis function

basis adding step

1+ (z—0.5)151(x)
+2(x — 0.2)1[0,2,1] (x)

Normal(0,1)

(x4 0.5)1q1)(2)

1+ (62 — 3) sin(12x — 6) + cos*(12z — 6)
+10(x — 0.5)*1 05,11 ()

Unif(-5,5)

Lio,1y()

Wy

1,z, 22, sin(2mjz), cos(2mjz),j = 1,2, ...

n= L%NE’J
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Chapter 6
SUPPLEMENTARY MATERIALS FOR CHAPTER 3

6.1 Algorithm of Sieve-SGD, Numerical Version

In the main text, section 3.5.1, we presented a functional form of the proposed Sieve-SGD al-
gorithm. To facilitate comprehension and application, we also attach an equivalent numerical

version of it.

Proposed Algorithm: Sieve Stochastic Gradient Descent (Sieve-SGD)

Set o,w > 0, step size {v;} and basis functions {1);}.
Initialize j3;, Bj =0 for all j € N*.
Fori:=1,2,...:

1. Calculate J; = [i®], collect data pair (X;,Y;).

2. Update ﬁj
Ji—1
res; « Vi — Y Bi(X;) (6.1)
j=1
For j =1,..., J;
Bj = B; + ites; (57%¢;(X3)) (6.2)
3. Update Bj

For j =1,..., J;
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6.2 Multivariate Regression Problems

In this section, we will give additional discussion of the technical details for multivariate

regression using the Sieve-SGD estimator.

6.2.1 Hyperbolic cross and Sieve-SGD

In main text Section 3.5.4, we discussed using a tensor product sieve-basis to solve mul-
tivariate feature problems. Assume X € RP and Y € R. It is known that for an uni-
variate orthonormal basis {t¢;,7 € NT}, the set of tensor product functions {¢j(x) =
b e (x®),j € (NT)P} is also an orthonormal basis (v(*¥) is the k-th component of
v € RP). However, there are more choices of the order in which we arrange the tensor
product basis functions when estimating an unknown regression function. We propose using
the index product ¢,.0a(j) = [[h_, j® to determine such an ordering. That is, basis functions
with smaller index product will be used earlier when constructing Sieve-SGD — such a tensor
product basis is called hyperbolic cross in the literature [28, 101]. Before we discuss the
intuition of such an ordering, we present some numerical examples of applying Sieve-SGD in
multivariate regression problems.
We consider two dimensional settings of the feature variable X: p = 2and10. The feature
vector is generated as: XM = U}, X*) = (Up — Ug—1 +1)/2 for k = 2,...,p. Here Uy, are

independent Unif[0, 1] variables. The true regression function is defined as

fo(x) = zp: Zp:(o.E) — x® —0.5))(0.5 — [ —0.5]), (6.4)

k=1 =k

And the outcome Y = f,(x) + € is contaminated by a normal distributed noise, SNR = 3.
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The main update rule of Sieve-SGD we applied here is

p —2w
fo= o O (Vi k)Y (H.i(’“)) Uy (X) ey, (65)

j:cprod(j)gcpil/(2s+1) k=1

where w = 0.51 and s = 2. We use vy € {0.1,0.5} and ¢ € {4, 8}: the latter two parameters
may be different in each replication (as tuning parameters). The index set {j : ¢proa(j) <

25+1)} contains the p-dimension index vectors of smallest product. For example, when

epit/(
p=2,{j: coa(i) <5} ={(1,1),(1,2),(2,1),(1,3),(3,1)}. Arbitrary choice is used when

there is a tie. The working basis functions we use is generated from the univariate basis:
Yi(x) =1, ; =V2cos((j — 1)mx), for j > 2. (6.6)

In Figure 6.1, we compare the statistical performance of Sieve-SGD with several popular
benchmark learning methods in statistics and computer science communities. The Sobolev
tensor product kernel we use there is K(s,t) = [T;_, (1 4+ min{s®,t®}). The RKHS cor-
responding to this kernel is the tensor product of univariate Sobolev spaces on [0, 1].

Like many other learning methods trained with stochastic gradient descent, it is possible
to have several pass over the data set to achieve better generalization ability. We choose
to continue increasing the number of basis function of Sieve-SGD while processing the data
multiple times. That is, after 5 epochs we are using cp(5 x 10°)Y/2s+1) basis functions.
This strategy is not feasible for kernel SGD methods or fixed-dimension SGD, so we include
relevant results for reference.

Now we present some intuition behind our choice of ordering the multivariate tensor prod-
uct basis functions 95, using some basic theory of RKHS. Our readers can check section 6.3.1
and 6.3.2 for more background.

A ball in the RKHS of kernel K(x,2) = » 7%, j~*1;(x)1;(2) can be identified (Theo-
rem 6.3.3) as the ellipsoid

Wi(s, Q. {v;}) = {f €LY f=) 05> (6;5°) < QQ} : (6.7)

J=1 J=1
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ExpKRR — KernelSGD —— SieveSGD
method
— GBM — RF SobolevKRR
A B 5/
_2-
0.0+ \
I & o5
—a —a ’
T 731 T
1= s
= = -1.0
o o
— —
o o
o o
-4 1 -1.54
-2.01
_5-
2 3 4 5 2 3 4 5
log10(n) log10(N)

Figure 6.1: Multivariate numerical examples of applying Sieve-SGD. Other benchmark meth-
ods: ExpKRR, kernel ridge regression with Gaussian kernel; KernelSGD, [25] with tensor
product Sobolev kernel; GBM, gradient boosting machine; RF, random forest; SobolevKRR,
kernel ridge regression with tensor product Sobolev kernel. We present the result of each
method under oracle hyperparameters (best testing error). The shaded area corresponds to

the second to fifth pass of Sieve-SGD over the same training data (105 unique observations).
(A) p=2(B) p=10.
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If we consider the two-dimensional tensor product kernel K : R2 x R? — R constructed from
K, that is
K(x,z) = K(xW zW) K (x® 2?). (6.8)

It is known ([128] Section 12.4.2) that we have the Mercer expansion
K(x,2) = (]'k)f%%(x(l))% (Z(l))¢k(x(2))¢k(z(2)) (6.9)

and a ball in the RKHS of K takes the form

W = {f eLy@ L] | fw) =Y Oy (xV) e (xP), > (0 (k)°)* < Qz} . (6.10)
Ji:k=1 gk=1

We can also read out that the eigenvalues are [];_, (j(k))_zs, j € (NT)2 According to (6.10),
we would intuitively expect 0,5, to be smaller when the product of the index vector is larger.

When the univariate RKHS is a Sobolev space, estimating with a tensor product kernel
is essentially assuming the true regression function is in the tensor product space of Sobolev
space or can be well-approximated by a function from such a space. The tensor product
Sobolev space is also characterized as a Sobolev space with (dominating) mixed deriva-
tives [99]. In statistics, such a model has been studied under the name of nonparametric
Tensor product ANOVA [70] (where the regression function is estimated using kernel ridge
regression). Although methods engaging with hyperbolic cross have been studied in numer-
ical analysis in the past decade, there are few works adopting such an idea into statistics.
Sobolev spaces with mixed derivatives are not homogeneous spaces in the sense that they
contain functions of different smoothness in different directions. Specifically, functions in
such spaces can be less smooth along the directions of coordinate axis than other directions.
This can be useful in the case when the features X as a strong “main effect” on the outcome

Y and a weaker “interaction effect” (in the language of [70]).

6.2.2 Additive model and Sieve-SGD

In the main text Section 3.5.4, we described the nonparametric additive model and how

to use Sieve-SGD to estimate it. We simplified things by omitting the intercept term to
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streamline exposition. The additive model with intercept is given by

Fox) = B2+ fou (x) (6.11)
k=1

for some 3° € R and f, 1 € Wi (sk, Qr, {1 }) for some centered ¥ ([ ¥sk(z)dv(x) = 0) (for
example the functions in (3.32)). For the additive model with intercept (6.11), the updating
rule (3.26) of Sieve-SGD could be replaced by a two-step procedure:

fi=fii+ (Yi - B, - Xp: fioin <X§k)>> Zp: ik:j_%k%k (ng)> (2
h—1

k=1 j=1
A A A p ~ k
BY = B+ (m — By =Y forn (X >)>
k=1

here J;;. is the truncation level of the k-th covariate when the sample size is equal to 7; and

(6.12)

fi_l,k is the estimate of f, ;. After applying Polyak averaging (averaging B?+ ﬁ with previous

estimates), we will get the Sieve-SGD estimate of f,.
6.3 Proof of Lemma 6.2

In this section, we will prove Lemma 3.6.2, together with results regarding the spectrum of
some related operators that we will use in the proof of Theorem 3.6.1 & 3.6.3. To this end,
we need to prepare our readers by reminding them about some established results and ideas

in the literature. In this section we will

 Define a Reproducing Kernel Hilbert Space (RKHS) formally;

o Define covariance operators characterized by a kernel and discuss related geometric

properties, and;
» Define the entropy of a compact operator and relate it to the eigenvalues of the operator.

After all these, we will be ready to give a proof of Lemma 3.6.2.
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In this section, we need to distinguish continuous functions and their L2-equivalent class
for a more rigorous discussion. For a given measure g on X C RP, we use ﬁi to denote the
Hilbert space of all u-square integrable functions. The Li spaces should be understand as

the quotient spaces of Ei under the equivalence relation:

g [ () =g du(r) =0, (6.13)
For a function ¢ € Ei, we use [g], € Li to denote its equivalence class. The mathematical
framework [109] we present in the following subsections allows a rigorous discussion when

the measure p does not have a full-support over X (which is weaker than our Assumption

A2), or when the RKHS is not dense in £, (e.g. when RKHS is of finite dimension).

6.3.1 Mercer Kernel and RKHS

We first introduce the definition of a Mercer kernel and its corresponding RKHS.

Definition 6.3.1 (Mercer kernel). A symmetric bivariate function k : X x X — R is positive
semi-definite (PSD) if for any n > 1 and (x;)!-, C X, the n x n matriz K whose elements
are K;j = k(z;,z;) is always a PSD matric.

A continuous, bounded, PSD kernel function k is called a Mercer kernel.

In Assumption A3 of the main text, we assumed {v;} to be a set of bounded, continuous
functions in £2.

For each J € N* U {oco} and w > 0.5, it is known that the bivariate functions

K%(s,1) Z G720 (s); (1), (6.14)

are Mercer kernels. We use
K = K(s,t) = K3 (s,t)
to denote the canonical (untruncated) kernel in our analysis.
It is well-known that for any Mercer kernels, there is an unique associated Hilbert space
(Hk, (-, -)x) which has the so-called reproducing property. The following theorem formally

defines such a Hilbert space and states its uniqueness.
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Theorem 6.3.2 ([22]). For a Mercer Kernel k : X x X — R, there exists an unique Hilbert
Space (Hy, (-, )x) of functions on X satisfying the following conditions. Let ky : z — k(x, z):

1. Forallzx € X, k, € Hy.
2. The linear span of {k, | x € X} is dense (w.r.t | -||x) in Hy.

3. Forall f € Hp,x € X, f(z) = (f, k)r (reproducing property).

We call this Hilbert space the Reproducing kernel Hilbert space (RKHS) associated with

kernel k.

Note that in the above theorem, we did not mention any measures on X. The RKHS H}
of a kernel k is defined independently as a Hilbert space (a complete linear space equipped
with an inner product).

The inner product in Theorem 6.3.2 is implicitly defined and appear to be quite abstract.
However, there is an equivalent, more tangible definition of the RKHS. For example, the
RKHS corresponding to the canonical kernel K = K3 can be characterized as the following

ellipsoid with “infinite-radius”.

Theorem 6.3.3 (p.37,Theorem 4 in [22]). Under the assumptions A2, A3, the Hilbert space
Hy of the kernel K is identical (same function class with the same inner product) to the

following Hilbert space H .
Hy = {f X F=Sawy with S (a) < oo} (6.15)
j=1 j=1
Equipped with the inner product:
(e =Y ah (6.16)
j=1

for f=73";a%;, and g =73 bj;.
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It is direct to check our assumption A3 is the same as assuming the conditional mean f,
belongs to a ball of radius () (measure in the || - || x-norm) in the above constructed RKHS.
Under assumptions A2 and A3, the functions in Hy are all square-integrable.

Therefore the identity mapping (w.r.t. measure p) id, is also well-defined on H:

idu cHig — LZ (6 17)
g — [g]u-

6.3.2  Covariance Operators

In Section 6.3.2 and 6.3.3, we engage with the covariance operator of the canonical kernel
K. Once the properties of this operator is clear, we can directly generalize our analysis
techniques to other truncated kernels K¢ as well. Recall our definitions of Tx (covariance

operator) and 7, in the main text:

Tx : L/2)X — L2

(6.18)
g — g(T)K(T7')ade(T)
X
and
T,: L~ L?
(6.19)

g [ 9K anir).
Now we state several basic properties of T'x. Similar properties also hold for 7, and

can be verified much easier without abstract analysis. For proofs of Lemma 6.3.4 and other

properties not listed, see [109, Section 2 & 3.

Lemma 6.3.4. Under the assumptions A2, A8 in the main text:

o The operator Tx is bounded, self-adjoint, and positive.

o There exists a countable set of functions {¢;} C Hx, j € T and a countable sequence

of positive numbers \; (decreasingly ordered) such that

Tx(g) = Z)\j@% (0], 012, 05, forge Ly, . (6.20)
JET
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o The {[p;lpx} above is an orthonormal system in L7 —and {/X;¢;} is an orthonormal

system in Hy. Therefore, (\;,[¢];) is an eigensystem of Tx, that is:
Tx([®5]ox) = Xiloslpx (6.21)

o Tx is a trace class operator, i.e. Zjej Aj < oo.

Under the assumptions A2, A3, we can actually say more about ¢;. But the properties
presented in the following lemma are not necessarily true when we discuss truncated kernels

later, so we list them separately.

Lemma 6.3.5 (Theorem 3.1, [109]). Under the same assumptions as in Lemma 6.3.4. Let
(Aj, ¢;) denote the eigensystem in Lemma 6.5.4. Then

e The family {[¢;],5 } is an orthonormal basis of L2 .

o The family {\/\;¢;} is an orthonormal basis of H.

Now we define several operators related to T'x that we will engage with in our analysis

of the spectrum of T'x.
Definition 6.3.6. Under the same assumptions as in Lemma 6.3.4, with the same {\;} and
{¢;}:

o We define the r-th power of Tx as:

r o, 12 2
Ty L2 — L2

g0 Y Xlg(85], s [0, forge 2. (6:22)
J
In this chapter, we are most interested in the square-root of Tx, i.e. T)I(/Q.
e Define the operator S;(/Q as:
5)1(/2 : LZX — Hk
(6.23)

g Z )\;/2(97 [¢j]px>Lgx¢j, for g € sz
J
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The operator S)l(/2 has a very important geometric property: it preserves distance between

LiX and Hy, as stated in the following lemma.

Lemma 6.3.7 ([109],Theorem 2.11). Under the same assumptions as in Lemma 6.3.4, let
S;(/Q be the operator defined in (6.23). Then

. S)lf/2 is bijective between span{[d;],y,J € T} = L2 and span{d;,j € T} = Hx;

|52, = glss, . for g € span{@iTox 7 € TF.
That s, S}(/Z is an isometric isomorphism between L?)X and Hg.

It is direct to check the following lemma by the equivalent definition of the RKHS (The-
orem 6.3.3).

Lemma 6.3.8. Under the assumptions A2, A3 in the main text. Define S/ similarly for

the operator T, :

53/2 : LZ — Hi
6.24
gHZ] (9, (W], 25, forg € L (624

Then

e Su/% is bijective between L2 and My
1/2
|s22)] = llghsz. for g € 2.

6.3.3  Entropy of an operator and its spectrum

The above Lemma 6.3.7 and Lemma 6.3.8 is one set of the elements we are going to use
in the proof of Lemma 3.6.2. Another important part of our proof is the correspondence
between the spectrum of an operator and its metric entropy. We believe that these results
might help show connections between proof methods regarding nonparametric problems that

use the spectrum of operators [25, 140] and those using metric entropy [128, 120].
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We first define the metric entropy of an operator. There is a correspondence between our
definition and the “standard” definition of metric entropy for compact sets. In the following

we will use B to denote the unit ball of a function space FE.

Definition 6.3.9 (Entropy of an operator). For k > 1 we define the k-th entropy number

of a metric space S to be
ex(S) = inf{e > 0|3 closed balls Dy, ..., Dy._y with radius € covering S} (6.25)
If T : E — F is a linear map, then we define the k-th entropy number of T as
ex(T) = e, (T (Bg)) (6.26)

The first result we are going to present gives a bound on the entropy of an operator using

its eigenvalues.

Theorem 6.3.10. Let A\ > Xy > ... > X; > ... > 0 be a sequence of real numbers, (§;) be

an element of I? (space of square-summable sequences). Consider the operator defined by

T:1>—1?
(6.27)
(&1, &, &) 2 (Mia, Aoy s A5
If \; < Cj57° for some C,s and all j > 1, then for all j > 2
e;(T) <12Cs%j~* (6.28)

For proof, see Proposition 9 in [22, Appendix A|. The proof there uses Proposition 1.3.2
in [18], which engages with [? spaces as well. Theorem 6.3.10 is good enough for our purpose
because we can diagonalize the covariance operators of interest (Lemma 6.3.4). For a general
result of the same nature as Proposition 1.3.2, one can use Proposition 3.4.2 combined with
Proposition 4.4.1 in [18].

We also state a result in the other direction: Carl’s inequality, see [17, Theorem 4].
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Theorem 6.3.11. Let E be a Banach space and let T : E — E be a linear compact operator.
Then

IX(T)] < V2e,(T) (6.29)

where \;(T) is the non-increasing sequence of the eigenvalues of T'.

Now we are ready to prove Lemma 3.6.2.

Proof of Lemma 3.6.2. We use Bx to denote the unit ball in sz and B, for the unit ball
in L2. The proof of this lemma can be divided into three steps.

Step 1: bound entropy by spectrum. By the definition of the power of an operator,
the eigenvalue of T2 is j~% (because the eigenvalue of T}, is j77%%). And the corresponding
eigenfunction is ¢;. For any function f € L7, there is a unique sequence (f;)52, € [* such
that f = Y22, ;1.

Applying Theorem 6.3.10 to TZ,I/Q, we get that:

e; (T)?) < 12s%5° (6.30)

Step 2: relate the entropy of operators. Now we are going to show the entropy
of T )1(/ % can be bounded by that of T2/? times a constant. To investigate the entropy of an
operator, we only need to study the entropy of

TY*(Bx) =id,, o SY*(Bx), and 631)
6.31
TY*(B,) =id, o SY*(B,)
By Lemma 6.3.7 and Lemma 6.3.8, we know S_;/Q(BX) = Si/Q(Bl,) = By,.. When measuring
the entropy of T;(/Q(BX) we need to use id,, to map it to L2 , but for Tl}/Z(BZ,) we need to
use id, to map it to L2.

By the assumption A2 of px, for any f € £2X = L2, we have

J Ut @px(@) < u [ @avta) (632
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. 1/2
This means we can use the center of an e-cover of Ty (B,) to construct a y/ue-cover of

T)I(/ 2(B x) using the same center points. By the definition of entropy,
e;(Ty*) < Vuey (T)?) (6.33)

Step 3: bound spectrum by entropy. We use Theorem 6.3.11 to translate the bound

on entropy of the operator to its spectrum. For the eigenvalue A; of T'x, we have
1/2\? NG 1/2,) 2 NG 121\ 2 N 2
A = (Aj ) < ( %, (T )) < ( Sue, (T )) < (123 2uj ) (6.34)

This concludes our claim that the eigenvalues of T satisfy \; = O(j72%).
Similarly, we can show j~%* < C\; by going in the other direction (using the lower bound
-2
of the density assumed in assumption A2): Suppose \; < (1235\/ 26*1> 725 we can get

2

the eigenvalues of T}, are strictly less than j~°°, which leads to a contradiction.

We conclude that \; = ©(j7%). O

6.3.4 Technical Results

In this subsection we will present some results that we will use in the proof of Theorem 3.6.1
and 3.6.3. Since they are related to the spectrum of covariance operators, we present them
here rather than in the technical section of Appendix 6.4.
Forafixed 1 < J < coandw > 1, we can define a Mercer kernel K¢ (s, t) = ijl JT2,(5);(1).
According to Theorem 6.3.2, there is a unique corresponding Hilbert space with the reproduc-
ing property. Using Theorem 6.3.3, we can also get the hierarchy relation that Hxw C Hxe

for I > J. We can also define the covariance operators of K w.r.t. px and v:

W . 2 2
T%,: L2 — L

(6.35)
g | g(r)K5(r,-)dpx(7)
X
and
Te, L2 — L

(6.36)
ng/wﬂKﬂﬂmwv»
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Similar to Lemma 6.3.4, we can diagonalize T% ; with an eigensystem ()4 ;, ¢4 ;) satisfying
T3 (64,) = A5,0%,;. However, these differ from {¢;} (the eigenfunctions of Tx): {¢%,} is
a basis of Hg+ but {[¢4,;],} is not a basis of L2 . We formally state that in the following

lemma.

Lemma 6.3.12 (Theorem 3.1, [109]). Under the assumptions A2, A3. Let (\y;,¢%;) denote
the eigensystem of T ; similarly defined as in Lemma 6.3.4. Then

o The family (¢, is an orthonormal system of L7 .

o The family \/X5,05; is an orthonormal basis of Hx.

Related to Lemma 6.3.12, the mapping (Sgéw,)l/2 is not an isomorphism between Lf)x

and H e — it has a non-trivial kernel space.

Lemma 6.3.13 ([109],Theorem 2.11). Under the same assumptions as in Lemma 6.3.12,
define (5"3’(”,)1/2 as
w \1/2
(S%.0) 7 Lo = My

g > (09) o [65,] i 055 forge L2,

J

(6.37)

Then

. (SS’(’J)I/2 is bijective between span{[¢9,],x,7 € T} C L,Q)X and span{¢%;,j € T} =

HKj cmd,

+ (52" @)

o = Ml9llez s for g € span (671w, 7 € T}

J

Now we state and prove the main result of this section:

Lemma 6.3.14. Let 1 < J < 00, w > %, assume A2 and A3 in the main text. We use

(A9, 9%;) to denote the eigensystem of T ; (similarly defined as in Lemma 6.5.4). Then
Ci(0)j7 < X5, < Colu)j ™, for1<j<J, (6.38)

where C1, Cy are real numbers that only depend on uw and £.
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Note: The constants that show up in (6.38) do not depend on the truncation level J.
Therefore, for a given set of w,?,u, we can treat the result in Lemma 6.3.14 as a uniform

bound.
Proof. The proof resembles that of Lemma 3.6.2. To investigate the eigenvalues of (T X, J) Y 2,
we just need to compare the entropy of (T)“(’J) 12 (Bx) and (T;‘j])l/Q (B,). Since we know
the (T;éﬁ,)l/2 operators can be further decomposed as (7% ;) 12 _ id,, o (T)“(’J)l/2 (

( ;‘jj)l/Q =id, o ( lfj)l/z). We need to first compare ( §7J)1/2 (Bx) and ( l“,fj)l/z (B,). We
know that

similarly,

(52 )" (Bx) ¥ unit ball in Hics = (52,)% (B,) (6.39)

In (1) we used the distribution assumption A2, which ensures {¢%;} is a basis of Hyw

(Lemma 6.3.13). For this step, we also note that for any f € By, we can decompose it as

f =g+ gt where g € span{| 4 ilox,J € T} and gt L span{| 4 ilox,J € J}. When applying
(T)%J)l/2 to f, it is mapped to (T)‘gﬂj)l/2 (g) since ( ;;,J)l/z (gt) = 0.

After embedding the unit ball in Hg« back to the L? spaces, we know an e-covering
of (T,j‘jj)l/2 (B,) can induce a /ue-covering of (T% ) i (Bx), which gives the above upper
bound by similar argument as in the proof of Lemma 3.6.2 (presented in Section 6.3.3). It
is also similar to show the lower bound in (6.38), noting that the feature distribution is

assumed in A2 to have a strictly positive density. O

6.4 Proof of Theorem 6.1

In this section we are going to prove the main performance guarantees, result Theorem 3.6.1.
In our proof, we first split the error into two parts: one part is noiseless and depends only
on the the initial bias, the other is due to the noise in our data. We will bound each term
separately and choose the learning rate 7, to balance the trade-off. The last part of this
section will give some technical lemmas that will be referred to in the proofs of Theorem 3.6.1.

Some of the proof techniques are taken from [6] and [25].
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6.4.1 Notation

In this section, the RKHSs we are considering are those associated with kernels K3 (s,t) =
E‘j];l 77 %9;(s)Y;(t). They can be treated as subspaces of the RKHS associated with kernel
K = K:. We use | - ||x and (-,-)x to denote the RKHS-norm and RKHS-inner product
of this larger space (and the subspaces are equipped with the same inner product), which
has an explicit form stated in Theorem 6.3.3. For any elements g,h € Hg, we define the

operator g ® h as a mapping from Hx to Hy such that (¢ @ h)f = (f,h)k g.

We also use K, s, to denote the function of kernel evaluated at the feature vector X,:
Kx, 1.(-) = K3 (X, ), omitting the parameter s since it is fixed in this section. As we will
show in Lemma 6.4.1, the quantity || Ky, ,||% is bounded (and this bound only depends on
s). We use R? to denote the smallest bound for ||[Kx, s, ||%. And any 7, in this section is

assumed to satisfy: v9R?* < 1/2 and 7, = fmn—ﬁ,

We consider a filtration of o-algebras {F,}, where F, is the o-algebra generated by
(Xi7 }/;;)?21 N

The sign < denotes the order between self-adjoint operators over the RKHS. That is, for
self-adjoint operators A, B : E — Hg, A < B means (f,(B — A)f)x > 0 for any f € Hg.
Intuitively we can think of B — A as a positive semi-definite matrix in a finite-dimensional
space. The expectation of random function/operator should be understood as the Bochner
integral, a generalization of the Lebesgue integral where the random element takes value
in a Banach space, see [80, 21] or Chapter 4 of [10]. The ((s) function that shows up in
this section is the Riemann-zeta function ((s) := > - k~*. We use it for simplifying the
notation — it’s neat that it shows up, but we do not need any of the exciting (and difficult

to show) properties that number theorists/combinatorists are concerned with.
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6.4.2 Separation of the error

In our theoretical analysis of the generalization error, rather than study how f, converge to

f», we can equivalently study how the difference shrinks to zero instead. We define

Ai:fi_fp

R S - (6.40)
A= ;ZA]‘ =fi—1
j=1
for i = 1,2,...,n. We can relate the || - [[-norm (the natural norm shows up in the regression
problem) and the || - || x-norm (which facilitates our theoretical analysis) using T)lf/ ?. We will
be repeatedly using the following equivalence in our proof:
2 12 ||%
ol = |70 = (0. Txadic  for g € Hx (6.41)
Similarly,
2
1/2
lolly = |75 = (9. Txng)c  for g € Hic Nspan{vn,.vn}  (6.42)

And we have a recursive relationship for A; based on the recursive relationship for fz
fi = fifl - %(Y; - fi*l(Xi))KXiyJi
= fi= (I —%Tx,.1.) fior + Vi YiKx, , (6.43)

= fl - fp = ([ - %TXiJL‘) <fi—1 - fp) +7iEi

where
TXiJz‘(f) = f(X1>KXz,Jz
(6.44)
ETL = (Y; - fp (Xl>) KX'L:JZ‘
Thus, we have a recursive formula for A;:
Do=—Ff
’ (6.45)
A= —vTx,5) Dic1 + 7%
We further decompose A; into two parts A; = n; + ;. The sequence 7; is defined as
= —/
’ (6.46)

n; = (f - 'YiTXZ-,Ji) Ni—1
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It is the part of A; due to an initial value not equal to f,. We note that it does not contain the
noise term Z;, so the only randomness comes from features X;. The pure noise component

¥, is defined as:

190 - O
(6.47)
Vi = (I —vTx,5) ic1 + %iZ
We can directly show that A; = 7; + ;. By Minkowski’s inequality:
_ 1/2 _ 1/2
(B[IA4E]) " < (& miE) + (B [I19:03]) (6.48)

Our job now is just to bound the two terms separately and then choose the correct v;, J; to

minimize the combined bound.

6.4.3 Bound on initial condition sub-process

In this section, we will engage with bounding 7,, which is the part of error due to the

imperfect initialization.

proof of bound on initial value. By definition,
N = i1 — Vi1 (Xe) Kx, 1, (6.49)
We square both sides w.r.t. the RKHS inner product

2 (6.50)

Inill% = ni=allie = 29imi—1 (Xa) (im1s Kxio )i+ imizg (X0) (| Ex,,
We take the expectation on both sides: conditioned on F;_; first, then unconditionally.

E|nill% =Elni-1l% — 27%E [ni—1 (X:) (nie1, Kx,.0) K]

+7i2E [771'271()(1') HKX'L:JZ' i{} (6'51)

(1)
<E|ni-1li = 2%E [mi-1(Xs) (-1, Kx,.0.) k] + % Elni-1ll3

in (1) we use the fact that for any n, ||KX1J1||§( < yR? < 1. This is actually how we

choose our (7;). If the K, j, in the middle term above is actually Kx,, then the whole
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middle term will become just E||n;_1||%, which makes the following algebra easier. However,

since we do not use exactly Kx, but truncate at level J;: Extra care is required to deal with

this.

Elnill% < Ellnicallk — 2% E mima (X)) (mim1, Kx, + Kx, 5 — Kx,) k] + viE||ni-1|l3
= Bllni-1llx = vElmi-1ll5 + 2% E -1 (Xa) (mi-1, Kx, — Kx,.,) ] (6.52)

(1) 1
< Elmi-li — wElmi-all3 + 5%EH77@'71H3 + 2%E [(nim1, Kx, — Kx,,0,) %]

In (1) we use Young’s inequality. Now we bound the last term:

E [(ni—laKXi _KXiyJi>§(:| =F <77i—1> Z J'_ZS%(Xinﬁ(]

j=Ji+1

00 2
=L ( Z 77i—1,j¢j(Xi)> where 7,1 ; = (ni-1,v¥5) 12

j:Ji+1

<uk /X( Z 7]1‘—1,;’%’@)) dv(z)

Jj=Ji+1
<uJ;*E [Z (jsm—1,j)2] < uJ;PE|nia|%

i=J;+1
(6.53)

Continuing from (6.52):

1 —2s
Elnil% < Ellmni-allk — §%'E||77z'—1||3 + 2u; J;7 P Ellnia || % (6.54)

Now for each i we have such a recursive relationship for ||7;||%, [|7:—1]|% and [|n;_1]|3. We can
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sum this from 7 =1 to n.

1 n n y
Elnallic < Ellnollic = 5 D vBllmioall3 +2u Y vid; > Bl
=1 =1

1 n n iy
=3 > viEllnallz < ol +2u ) vwdi #Elln- %

i=1 i=1

Vo o N
= 2> Elnall3 < 2lmollic/n+4u ) vidi* Ellmioa[ie/n (6.55)
=1

i=1
2

2fylfe , iy vl Bl
™ ™

n —2s 1/2
= 1/2 2|/ ||2 + 4u Zi: Vid; ? EHni—lHQ
= (Bl < (Al X

2

Under assumptions A1-A3, we use Lemma 6.4.2 to show that for .J; > i®log®i V 1 for some
a > FIH’ then the series > | v, J; > E||n;_1||% is convergent and uniformly bounded, that
is, it can be bounded by a constant that does not depend on n. Recall that we chose

1
Yo = Yon_ 2s+1, so we conclude

(Bllmal3)"* = 0 (n#5) (6.56)

O

6.4.4 Bound on noise sub-process

In this section we bound the part of error that is due to the noise in the stochastic gradient.

We remind the reader of the definition of our noise sub-process:

190 - O
(6.57)
V= (I —vTx,5) Vic1 + %E
where =; = (Y; — f, (X;)) Kx, s, (we also remind our reader Ky, j, is the "truncated kernel”
at level J;). Also, we recall the definition of Ty j, and T, j;:

Tx.5.(f) :/<f, K, j,)k Ky 5,dpx(z) population operator
x (6.58)

Tx,.5,(f) = {f, Kx,.1.)x Kx, 5, random operator
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proof of bound on noise. We need to define several sequences that are related to ¥; for our

technical analysis. The first sequence is:

0
ny =0

‘ (6.59)
n = (I —iTx,5,)n-1 + %Z)

where Z) = =, = (V; — [, (X;)) Kx,.;,-We also define additional sequences, 7!, for each
integer r > 1, by
ro__

o =0 (6.60)

i = (L =7Tx )01 + 1=
where =7 = (Tx.;, — Tx,.7,)ni 1. These sequences are easier to analyze than vJ; because the
operator in the recursive relationship (I —~,;Tx ;) is a deterministic (population) operator.
In contrast the operator in the original ¥J; is random. We show in Lemma 6.4.3 that as r
increases, the amplitudes of “noise” = get smaller. Additionally, using the fact that all the
sequences 7] start with 7y = 0, we can show that 7] becomes more concentrated about 0 for

larger r.

We split the noise process 1J; into two parts:

Ui = (%—inﬁ“) +i77§- (6.61)
k=0 k=0

So its average (over the iteration trajectory) satisfies
i (9= 3t 4 3ok (652)

Here 7 is also an averaged sequence of n¥ (i.e. 7F = %Z’ 1 77;“)

Applying Minkowski’ s inequality gives us

T r 1/2
(EI9.2)" < S (Blk12)* + (Erwn - Zﬁﬁ!l%) . (6.63)
k=0 k=0

Now we define

N (6.64)
k=0



131

We will show (Lemma 6.4.7) that for r > n, we have a], =1, = 0. We can see the second
term in (6.63) is exactly zero when we choose r > n, that is:
_ s 1 n T 1 n
9 — Ak _ kY _ = ro_ )
S B Dol (OS5 SV P oI (6)
k=0 1=1 k=0 1=1
Now our task is just bounding the first term >, _,(E||7¥]|3)'/?, we analyze the summation

term by term. In Lemma 6.4.4, we show that:
B ||li;] = 0 (ver*c2n). (6.66)

To get this result, we first show in Lemma 6.4.3 that the Ef variables are centered and
satisfy some moment bounds. With these properties in hand, we prove the above result in
Lemma 6.4.4, with the help of some technical results (Lemma 6.4.5 and 6.4.6).

Following (6.66), we have

g n 1/2 - __s
(EHTh]iH%) S E C(’}/OR2)]€/2CEn 25+1
k=0 k=0

< CCn™ 51 Y (1 R*)H? (6.67)
k=0
1

PR \/W:O(n_%il)

we note that g R? < 1, which allows us to sum up the geometric series.

= CC.n w01

Combining the results in (6.67) with o/, = 0 for 7 > n, we can conclude from (6.63) that,

for r > n:

(B[12.17)" < 3 (EI7:18)" +0 = 0 (n=) (6.68)

k=0

]

6.4.5 Combining the bounds

Plugging the final bounds (6.56) and (6.68) back into (6.48), we have the desired result:

E|lfa = £l = 0 (n7) (6.69)
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6.4.6 Technical Results
Lemma 6.4.1. There exists R < 0o, such that:
1K x, 0.5 < R? (6.70)
for any J, > 1, X, € X.

Proof. By the definition of || - ||k we have:

2

JIn
1K, 5 = (1D 57205 (Xn )
i=1 K
_ JZ I3 (Xn) (6.71)
po 2
< M?((2s) =: R?
where ((-) is the Riemann-zeta function. O

We use R? rather than R, in the bounds in this lemma because it simplifies calculation

where this lemma is applied

Lemma 6.4.2. Under A1-A3, and if we choose J; > i®log?i V 1 for some a > ﬁ,

Vi = ’ygi_ﬁ, then there exists a number C' that does not depend on n such that

S I BBk < © (6.72)

i=1

for all n.

Proof. We first show the expectation of ||1,[|% can be uniformly bounded for J, that increases

fast enough. Recall we have the following recursive relationship (6.54):

1 —2s
Ellnnllie < Ellna-allic = 5 Elnaalls + 20 Ellmn |

< (1 + 2uyn J;, ) Bl | (6.73)

= Ellnalli < [T+ 2y 7)ol
=1
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When we take J; > i®log?i V 1, for some o > m we have 7;.J; % < g ((zlog i)t A 1).

Therefore [, (1 + 2u~y;J; **) converges as n — oo:

n

H(1+2U% H 14 C(ilog?d) ™ A1)

=1

= exp log(H(l + C(ilog® i)~ A 1))
i=1

i (6.74)
= exp Zlog((l + C(ilog?i) ™t A 1))

< exp Z C(ilog?i) ™t A 1)
i=1

We note that the series in the exponent of the last line converges. So at this point we know,

E|n.||% can be uniformly bounded by K||no|lx = K||f,|/x, with a number K that does not

depend on n. Now it is direct to control the quantity of interest:

Z% B |nia i < KllprIZ%J_QS (6.75)

=1

WhenJ>Zlogl\/1WlthOé>2+1 [

Lemma 6.4.3. Assume A1-AJ, for any integer r,n > 0 we have:

o Z=I' is F, measurable and Z!' € span{i)y, ..., },

e EZI | Fooi1] =0, and

e K [ET (%9 EZ] < ")/SRZTCETXJn .

Here F,, is the o-algebra generated by (X;,Y;)™ ;.

Note: In the third line in Lemma 6.4.3, because 9 R? < 1 by our choice of 7, the upper

bound on E[Z] ® Z7'] is smaller for larger r.
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T

Proof. We remind our readers that the definitions of Z and 7], are given around (6.60).

The first claim is direct. We first note that n°, =% are both F,-measurable and belong to

span{ty, ..., 1, }. Then we can show the corresponding properties of /', = by induction.

For the second claim, we calculate directly:

E[E}|Fami] = El(Tx.s, = Tx,.0, 04| Foci]

(6.76)
= E[(Tx,s, = Tx,.0,) | Faa]mp1 =0
Now we show the last claim. We define
Dy = —vTx5,)I = naTxg,_,) - (I = nmTx.0) (6.77)

Note that each of the element in Dj is self-adjoint, positive but they in general do not
commute. Because T j, is a positive operator, we have I — ;T j, < I for our choice of ;.
We are also going to use the following relationship in the rest of this proof. Recall that we

denote the adjoint of operator A as A*:

Z Dy viTx, 5. (Diy)” < 70 Z D Tx, g, (Diyy)”
k=1 k=1

s 0 Z Dy (DZ+1)* - Dy (DIZL+1)*
k=1

=% Z (I =vTx0) (I =1 Tx0n) (I = Wer1 D) - - (I = 9 Tx,0,)

k=1
— Dy (D)
@) . n n *
< Y Z ([ - ’YnTX,Jn) s (I - ’Yk+1TX,Jk+1) T (I - ’YnTX,Jn) — Dy (Dk+1)
k=1
=) D1 (Div2)" = D (Diia)” =0 (I = DY (D5)") < 70l
k=1

(6.78)
In (1) we used D}, 17 Tx,s, = Dy — D In (2) we used

ABBA* = AB'?BB'Y?A* < ABA (6.79)
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for positive, self-adjoint B < 1.
Now we give an inductive argument (applying induction on r):
Initialisation:

When 7 = 0, recall that =0 = (Y;, — f,(X,))Kx,. s,. Thus, we have that

(FLEZ 2] (M = {f E[(Ya— (X)) (Kxygs )k Kx000 ] ) &

)
% (f,C?E(Kx, 5., )k Kx, 1.V K (6.80)
- 052<fa TX,Jnf>K

In (1) we used our noise assumption (A4). So we have
E[E) ®E)] < CTx,, (6.81)

To perform induction over r, we also need a bound on E [n° ® n°] as well. Recall that

nY =>_, wDp E) as defined in (6.59). Thus we have:

T}n ® nn Z Z’YJFYIC j+1 1 ® Eg} (DZJrl)*

k=1 j=1

. Z%%DZHE (=R @] (D) (6.52)

< C D iTx, (D)’
k=1

4 CGPYOI

In (1) the interaction terms vanish because the noise variables 29, =) are mean-zero and

independent when j # k.

Induction : If we assume for » > 0,
EZ @Z] < 7R CTx , (6.83)

and

En,@n] < RYC (6.84)
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then for r + 1:

E[E o= Y E [Ty, — Txs)nh @ (Txa, — Tx, )]
= E [(Tx,5, — Tx,.0,) E [mh_1 @ m 1] (Tx,5, — Txoo0)]

VR C.E [(Tx.5, — Txoot)’] (6.85)
=% R¥C, (E [(Tx,.1.)°] — T%.;.)

r+1 p2r+2
Yo R OETX,Jn

Here (1) is the definition of ="', For (2), it is sufficient to show E [(TXn7Jn)2j| < R?Tx,

(T% ; is non-negative). This is true because:
X, Jn

(fo B [(Tx,,0.)°] N = Bl T, (DNE] = EXS Ko 5N K x 5] < BE(f Txa, f)x

(6.86)
Recall that n ! = Y7 | D v E; 1!, then
E[m™ o] = Z WD E T @ F (D)
= ZvﬁDkH EE @ 57 (D)
(6.87)
Ce%HRQT Z Dz Tx, (Dk+1)
k=1
< 0676+2R2T+2I
N

Lemma 6.4.4. Under assumptions A1-A4, we have

E [|7,13] = O (v R C2n 7 (6.88)
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Proof.
n g [ J T 2
—r 2 —r
E (llls] = E Z H (L = 7Tx,7) | WEx
j=1 k=1 Li=k+1 i 9
n n [ 7] 2
=E [T (7 =7Tx0)| wEs

k=1 j=k Li=k+1 | 9

[ H (I - ’YiTX,L-)

k=1 j=k Li=k+1 ;
J n J
= ZV:%E <Z [ [T (7 =Txs) | E T Y [ 1T 7 =%Tx.s) EZ>
j=k Limk+1 j=k Li=k+1 X
n n i T
= Z%Etr (Tx. 5, M'Z), @ =5 (M})*)  where M} = Z [ H (I —vTx.s,)
k=1 j=k Li=k+1 i
n n n l m 7
= Z%% YD (TX,Jn 1 =71 | EE @S] | [] (- Tx.n) )
= =k m=k i=k+1 i=k+1 _
l m
S 9% 9 v of (W (ERRRWI EECEM R | KERRRN )
=1 =k m=k t=1 i=k+1 i=k+1
j 2
< ’}/ORQTCZ Zf)/k Z )\kt)\nt (Z [ H (1 - 'YzC)\k,t) ) .
j=k Li=k+1

(6.89)
Here we denote the t-th eigenvalue of T'x j, as Ay > 0. In (1), we used the trace inequality
tr(Ar---Ap) <D0, M(Ar) - Ae(Ap), where A\ (A) takes the t-th largest eigenvalue of A (p.342
of [76]). In this step we also used E [Z! ® =''| < 74 R*"C?Tx ;,, stated in Lemma 6.4.3. In
step (2) we used the rank of Ty j, is at most J;. We also apply the uniform bound on the

eigenvalues stated in Lemma 6.3.14.

We claim we can further extend the inequality as follows, the gap will be bridged as a
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technical lemma in Lemma 6.4.5

Jk

(7 TRQTCZ) 'n’E [H%H < Z”Yk ZAkt)\nt ((n — k’) ANC </\ 2/(1=0) + )\;fk%))
k=1 t=1
n J
< Z%ﬁ i Akt An,t <(n — k)2 A C)\,:j/(l_O>
— . y (6.90)
S1
n Ji
+ Z " Z NegAnt ((n = K)? ANGE) Do <n2—23i1>
k=1 t=1
Sy

In step (1), we can show that both S; and Sy are of order O <n2_22ﬁ> These results are

provided in Lemma 6.4.6, which concludes our proof. O

Lemma 6.4.5. Using the same notation as the last line of (6.89). We have

5 [ TT (=

j=k Li=k+1

<(n k)/\C(A 1/01=0) +A,;jk<) (6.91)

where ( = ﬁ

Proof. We first bound the inside term:

J

H (1 —yidgs) = H exp (log(1 — viAg1))

i=k+1 i=k+1
J
< exp <— Z (%’w))
i=k+1 (6.92)
1
< exp (_Ak,t ( gdu)) (v =0i7)
u=k+1 \U
: 1-¢ 1-¢
S EWER ASTERIRY
5 1 _ C
Then we have
no n : 1-¢ 1-¢
+1 k+1
Z H (1= 7idre) < ZGXP <—>\k,t Gt 1 —(C ) )
j=k i=k+1 =k (6.93)

1-¢ _ 1-¢
. exp(_Ak’t(ule) l_ékﬂ) )du
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We provide two upper bounds for this quantity: The first one is simply n — k, because
¢ <1/2 and n,k,t > 1.

Now we derive the second bound:

n D¢ — (k4 1)1-¢ n+1 1=C¢ _ (k4 1)1-¢
/ exp<_%7t<u+ )¢ = (k+ 1) >du:/ exp(_mu (k+1) )du
k 1-¢ k1 1-¢

(6.94)
Now we perform a change of variables, denote p =1 — (:
v = p" A ((w)” = (k+1)7)
—1/p)\1/p (O% +1)° )1/0
o\ 1/p—1
dv—p’l/p)\l/p 1-— <k+1> du
pN\ 1-1/p
du— pion o (1 (’“ - 1> ) v (6.95)

vpp/\kt+(k+1

1/p-1
=pPaL (1 M ) dv
VEPAR+

+

(
(
—pl/p)\ 1/p (1 (k+1)° . )11/0(10

Plug this into (6.94):
1/p—1
- kE+1)°
> TT - s [Tonge (1+ B0 oo
kit

j=k i=k+1
1\
_ o0 +
< Vel pllo N /P / 1V exp (—v”)dv  (6.96
B L VPPN (6.96)

<2t ep e (L (k4 1) N D)
- 21/P—1p1/p]1)\];i/ﬂ vV 21—2p+1/pp1/pl2k1—p)\’;%
which concludes the lemma. OJ

Lemma 6.4.6. For both Sy and Sy in (6.90), we have

S, =0 (ﬁ*f) i=1,2 (6.97)
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Proof. First we derive the bound for S7, denote p =1 — (:

n T
- Z Vi Z Ae,tAn,t ((n —Ek)?A C)\;j/p)

1) -

<C Z o Z £ ((n — k)? A Ct*/7)

(n—k)p/% 00

= Cifyg Z As(t/p=1) o (n—k)? Z s

t=1 t=(n—k)r/2s

< szk 2 2p+p/2s + (’I’L _ ]{?)2(’)1 . k’)(_48+1)p/28)
(6.98)

In (1) we used the bound for A\;; and A, ; proved in Lemma 6.3.14. Next, we use

/01 (i—l)%(l—x)cdxg/ol (é—l)%dx<oo (6.99)

So for S; we conclude

2s

S; < Cn!'tC = O(n?* z+1) (6.100)



141

Now we bound Ss:

k=1 t=1
n (nfk)i/kze -
SO2k| 2 K 3 ek
. - a1
" (n—k)35 /K5 .
SO |k Lt(n—k? Y "
- - oty
: = 1N\ 1-4s
<0 % kzc@ +(n—k)? (%) (6.101)

- 02713 <k2<7i(” - k)% +(n — k)iké@s*l))

k=1

- 1 1 Cge . _< L
:CZﬁOl_k)QSkZSM 1):Czk' 25(n_k)25

k=1 k=1

) ()

in (1) we use

(6.102)

Lemma 6.4.7. Let n], be the sequences defined in (6.60), then for any r > n we have
ny = 0. (6.103)
As a further consequence, for ol defined in (6.64), for any r > n, we have

% =0 (6.104)

n
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Proof. We prove both results by induction (over n). We recall the definition of =}, for

n,r > 1:

= = (Tx.g, — Txo0) 01 (6.105)

Let’s first show 7, = 0 for any r > n.
When n = 0, by definition for any r > 0, n{ = 0.

Now assume for k£ and any r > k£ we have n; = 0, then for any r > k + 1

77’:+1 - (I - 7k+1TX,Jk+1)77]: + 7k+152+1
=0+ Yer1 (Txueir — Txrdiss) T (6.106)
=040

This shows that n;_ , = 0 for any r > k + 1.

Now we prove the second part. Here we need to use the following recursive relationship

of al (proof is postponed later):

ap, = (I = Tx,.0,) 0y +mE0" (6.107)

When n = 0, by definition Jy = >_,_, 14 for any r > 0. Therefore af, = 0 for any r > 0.
Then assume for £ we have Vr > k, aj, =0, then for r > k£ + 1

r _ r —=r+1
Qg1 = (I - 7k‘+1TXk+17Jk+1) Q + Ve+124 41

=0+ Yt (TX,J,c+1 — TXk+1,Jk+1) M (6.108)
=040
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Now we just need to verify the claimed recursive formula (6.107).

1

(I = Txp )0 1 +1Z0 = (I =% Tx0,0.) @1+ Y (Tx,0, — T 1

r

= (I = Tx,.0,) U0t — (I = W Tx 0 061+ W(Tx.0, — Txp0) 1
k=0
= U = 0Zn = Y (I = W Txo 0 + W Tx 0 — W Tx0 )0
k=0

(6.109)
+ Y (Tx, 0, = T2 ) 01
=Un = WEn = > (= Txs )by — > wEE + 35
k=0 k=0
k=0
L]

6.5 Proof of Theorem 6.3

In this section we will show Sieve-SGD achieves a near-optimal convergence rate under the
parameter regime specified in Theorem 3.6.3 in the main text. The proof is similar to that of

Theorem 3.6.1. But in the section, we need to consider the RKHSs associated with kernels
Jn

1
Z 299 (s);(1),  with J, = |n7 log®n),w € (§,s> . (6.110)

To clarify, our reader should treat w as a fixed value and J,, is a deterministic sequence that
increases with n. The aforementioned series of RKHSs are subspaces of the RKHS (denoted

as Hgw ) spanned by the kernel
K (s,1) Zf%j s)1; (1), (6.111)
equipped with the same inner product
e = 30U 05) 130,53 (6.112)
j=1

Note that, the above inner products no longer have a direct correspondence with our ellipsoid

assumptions.
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6.5.1 Separation of the error

Similar to section 6.4.2, we consider the following stochastic sequences. The first one is the

“total deviation” sequence A;:

Ag=—Ff
g (6.113)
A; = ([ - %’T)U;“Ji) A1+ 7iEs,
where
Ji
T){?J(f) = f(Xi) K;JQ,Ji = f(Xi) (Zj%%(Xi)%)
j=1
; (6.114)
Ei= (Y= [, (X0) KY, 5, = (Yi = £, (X3)) (Zj_2w¢j(Xz‘)¢j> :
j=1
The average of A; is the difference between Sieve-SGD and f,:
I _
A — = S f '
=22 A =fim ) (6.115)
7j=1
Similarly, we decompose the A; into two parts A; = n; + ¢;, where
o = —1/,
g (6.116)
n= (I —%T%, ;) ni-1,
and
Yo =0
(6.117)

0; = (I —%T%, ;) Vi1 + %iEi
We give bounds on E [||ﬁl||§} and E [”&Hﬂ separately and combine them to get one for
~ 12
B [[[AdL]
6.5.2 Bound on initial condition sub-process.

Proof sketch of bound on initial value. The proof formally resembles section 6.4.3 very closely.

But we will engage with kernels K% ; and the RKHS inner products here are different. To
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ensure [nofl7e = D72, (j”(fp,@/)j)Lg)Q (or in general |7,[/%. ) finite, we need w < s. Define

R?* = M?((2w), it is also direct to verify that ;|| Kx, ,

ke < 7R* < 1 by our choice of 7.
The conclusion from this is:
07\ 1/2

CIAH 2 =0 (n‘m> (6.118)

1 n
E;m

2

6.5.3 Bound on noise sub-process

The basic structure of proof is similar to the corresponding part of Theorem 3.6.1. But
the details are different: In Lemma 6.4.4, we used the fact that ¢; = j~=* decreases quickly
enough to control the magnitude of the noise; however, here we will leverage the finiteness
of operators to give a different (and technically slightly simpler) bound, which is unique to

sieve-type SGD.

proof of bound on noise. We still need the following working sequences to facilitate the anal-

ysis:
0
Mo =0
’ (6.119)
= (1 = 7%T% 5,) Moy + %S
where 20 = Z; = (Vi — f, (X;)) K%, ;, and
JIn
w _ w w _ - —2w
TX,J,-(f) —/ <f, Kx,Ji>Kw Kx,Jide(x) = f(z) (ZJ %’(@%) dpx () (6.120)
X o0 X =
For each r > 0, we define
1y =0
’ (6.121)

m = (I —vT%.5,) iy + %E;

—=r __ w w r—1
where = = (TX7 5 —T%, JZ,) n;_; . Then we have



146

o 1/2

_ 1/2 T - 1/2
(Blol3) <X (BlwE) ~+ (2
k=

0
@ Z (E an;”;)lm +0, whenr>n
k

k=0 92

(6.122)

Sl
o

—~
)
—

k/2 C.n —s/(2s+1) logn with R? = MQC(QW)

IN

C (1R?)

k=0

=0 (n™/@® M logn).

In (1) we used Lemma 6.4.7 (after taking another average). Step (2) leveraged the finiteness
of the rank of T¥ ; , which is given in Lemma 6.5.1. Our choice of w > 1 ensures that R is

a finite number which does not depend on n. [
Lemma 6.5.1. Under assumptions AI1-A3, we have
E[|ml5] = O (v R¥ C2n =2/ D 10g? n) (6.123)

Proof. Denote ( = Tﬁrl, p = 1—(. According to the proof of Lemma 6.4.4 (equation (6.90)),

we have (now A is the t-th largest eigenvalue of T% ; ):

n Ji
(R C2 2B (3] < 3292 D Akedus (CNE*) + Anids (A2 26%)

k=1 t=1

n Ji
(é) CZ ’713 Z (t—4w+4w/p + kQC)
k=1 t=1

- (6.124)
< Czk—2C<Jk)4w/p—4w+1 + Jk;
@ < 2 1 2
< CZk<+k<10g k=0 (n'*log’n)
k=1
In step (1) we used the result of Lemma 6.3.14. For step (2) we note w < s. O

6.6 Space Expense Analysis

In this section, we are going to formally model how round-off errors appear in the process of

collecting data and constructing the Sieve-SGD estimator. We are also going to characterize



147

how to optimally asymptotically increase space expense to ensure that round-off error does
not affect model performance (beyond a multiplicative log term). Under minor simplification,
we will show in Section 6.6.1 that O(log(n)) times more space resources (counted in bits)
is enough to make the influence of round-off error on statistical performance negligible. On
the other hand, in Section 6.6.2 we will give the minimal space expense (also counted in
bits) required for constructing a statistically rate-optimal estimator (using any procedures).
Notably, the optimal space expense of Sieve-SGD only differs from this lower bound by a
polylog term, therefore we claim the space expense of Sieve-SGD is almost optimal.
Notation: the left subscript ,.- will be used to denote quantities that are directly related

to round-off error.

6.6.1 Sieve-SGD under round-off error

In this subsection we are going to give an analysis of how a O(log%n)nﬁ)—sized version
of Sieve-SGD can achieve the optimal rate for estimating f,, under assumptions Al - A4
and some extra assumptions (A5 ,A6) regarding round-off error. We focus on the case when
w = $ (Theorem 3.6.1). Very similar argument can be applied to the case when w # s to
proof Sieve-SGD can achieve near-optimality with the save space expense (Theorem 3.6.3).

We note that the size of the estimators above can be decomposed as
log?(n)nz1 = log?(n)n=1 - log(n), (6.125)

where the 10g2(n)n#+1 term corresponds to the minimal number of basis functions needed
to construct Sieve-SGD as stated in Theorem 3.6.1, and the extra logarithm term is due to
the precision loss when storing a real number as a float point number.

Modern statistical estimation procedures are performed exclusively with the help of dig-
ital computers. Although computers cannot store general real numbers with arbitrary pre-
cision, statisticians usually do not count in such ubiquitous round-off errors when analyzing
statistical procedures due to their tiny magnitude (for an example when it may cause some

troubles, see [115]). However, we need to model and analyze in a finer scale because our
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space expense is calculated in the unit of bit (rather than number of basis function or number
of float point numbers). Let’s be more specific about the round-off error in our estimation
setting:

Recall the Sieve-SGD updating rule:

fi=fio+ Yi(Yi — fi—l(Xi))KXi,Ji (6.126)

and we denote ﬁ = 231:1 Bijwj. The above function update can be reduced to a simutanous

update of J; regression coefficients Bij (as stated in Appendix 6.1):

Bij = Bacy +7i(Yi — fimt (X))~ (X,) (6.127)

However, because general real numbers cannot be stored in a computer with infinite precision,
the right-hand-side quantity of the above update rule cannot be evaluated perfectly. What

is calculated and stored in the computer is a round-off version instead:

round, (B(i_l)j Y — (X)), (Xz-)> (6.128)

Here round;(z) rounds/truncates the decimal expansion of z after some digit (which we allow
to be a function of 7). Thus, there is round-off error between the rounded version and the

exact version, which we denote as

r€ij = B(i—l)j +7:(Yi — JEz‘—1(Xz'))jf2s¢j(Xi) — round; <B(z‘—1)j + (Y — fi—l(Xi))jizsd}j (Xz)>
(6.129)
The round-off error is due, both, to the inexact storage of data X, Y;, and potentially inexact
evaluation of the intermediate quantities such as f;_1(X;),¢;(X;). Even in the case when all
the above is done without round-off, once we store the coefficients in computer memory, an
inevitable precision loss will be introduced because only a finite length of memory is assigned
to each Bm
In assumption A5 we formalize a sequence of Sieve-SGD estimates contaminated by
round-off errors and specify how small we require the errors to be to maintain statistical

rate-optimality of our estimator:
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A5 (Iteration with round-off error) The recursive relation of Sieve-SGD (3.26) is given

under round-off error. That is

Ji
fi = fi—l + '71(}/1 - fi_l()(i))}()(i”]3 —+ Z reijd)j (6130)
exact value we shou; have assigned to f, \j:1 ,

round-off error (in function form)

Moreover, for each j = 1, ..., J;, we assume the round-off error sequence (indexed by i) ,€;;

is of order o(i72).

. . . A J; A
There is an equivalent way to express our assumption: Let f; = > i Bijj, we assume

the updating of coefficient ,@ij is under round-off error ,¢;;, i.e.
By = B(i—l)j F (Vi — fii(X0)5 72 05(X0) + e (6.131)

where the round-off errors ,¢; € R,j = 1, ..., J; are of order o(i~?).

Note 1: As our readers will see very soon, we propose to assign more digits to store each
Bij as more data is collected. This will result in round-off errors that decrease as the sample
size 7 increases.

Note 2: We assumed the round-off error of updating each coefficient Bij is of order
0(i72). There are many other options that people have to model the size of the round-off
error: Maybe the upper bound (o(i~2)) should not only depend on n, but also depend on j
(for each j, r€;; = o(a;;) with some decreasing sequence a;; ); Alternatively, we could have
not put assumptions on the difference between the exact value and the rounded one, but
assume their ratio is not too far away from 1. The treatment we present in this study could

be extended: Further discussion of other candidate assumptions is left to future work.

Theorem 6.6.1. Under the same assumptions as Theorem 3.6.1, if we further assume the
round-off error satisfy the assumption A5. Then the Sieve-estimator f; = %22:1 fk, where

fk s are contaminated by the round-off error, is still rate-optimal for estimating f,.
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Proof. The proof of this theorem is basically the same as that of Theorem 3.6.1. The only
difference now is there is an extra round-off error term in the recursion. Recall in the proof
of Theorem 3.6.1 in Appendix 6.4 we define the difference between our estimates and f, as

AZ‘Z

Ai=fi—f
o (6.132)
Ai = fz - fp
And we have a recursive formula for A; under A5:
Do=—f
’ (6.133)
Ay =1 —3Tx, 1) N1 + 72 + .5
where
TXi,Ji(f) = f(Xi)KXi,Ji

Ji
rZi = Z reijwj
j=1
Here ,Z; represents the influence of the round-off error. All we are going to do is show this

is a higher order error term. Similar to our previous proofs, we further decompose 4; into

two parts: A; =n; +9;:

1. (n;) is defined as :
no=—1f
’ (6.135)
mi = (I = %Tx,0;) M1
We note n; is exactly the same sequence as in Section 6.4.2, which means we already

have the optimal bound on it. We do not need to worry about it in the rest of this

proof.
2. The pure noise part (1;) now has the round-off error noise:
790 - O

(6.136)



To control E[||9;]|3], we introduce n¥ for & > 0 as in Section 6.4.4, that is

1 =0

n = (I —%Tx,5,)n-1 + %)

where =) :=Z, = (Y; — f,(X;)) Kx,.s,- And for each integer k > 0:

ng =0

nt = (I —vTx )nly + HEr
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(6.137)

(6.138)

where ZF = (Tx.;, — Tx,.;,) nf~}. And now we need define another sequence to count in the

round-off error:

rﬁ8:: 0

o = (I —7iTx0) (b0i1) + 7%ES + i

Similar to Lemma 6.4.7, we can verify that

Uy, :rng—i—ZnZ? form >n
k=1

Then we use the triangular inequality:

m m 1/2
(BI9.13) " < (B2 + 3 (ElREI2) " + (Euﬁn—mg—zﬁ,’zu%)
k=1 k=1

(1) "
o(n~ %) +Z(E\|‘kH 10 foom>n

k=0

< O(n~%¥)

(6.139)

(6.140)

(6.141)
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Here is a more detailed calculation of step (1)

B[] = & [ T, ] = 2 [[[r5,0)]

o

)1(/3n Z Z H (I —Tx.)

i=1 j=1 Ll=j+1

Zw

i=1 j=1

< B[R] + 0310

2

(%= +E5)

K

<E|lmll] + (6.142)

< B[] +n Y e

When ,¢? = o(i~*), second round-off error term will become higher order, and we have the

desired optimal rate. O

Now we specify how we model the decrease of the round-off errors as we use a longer

binary sequence to store 3,;

A6 An (a 4 1)log(i)-long binary sequence is needed for each of the coefficient f;; (6.131)

to ensure the round-off errors ,€;; to be of order o(i™%).

We state this as an assumption, rather than a result because our theoretical roundoff error
model allows for potential error to be introduced at multiple places in our update. In the
case that everything is calculated exactly, and the only error comes from a final truncation,
then it is straightforward to show that A6 holds.

We now give some intuition for the assumption. If we have a (a + 1) log(i)-long binary

sequence in hand, we can use it to specify 2(@+Dloel)  jatl

numbers. Therefore, for any
number a that belongs to a bounded interval [—M, M|, we can 1) specify an equally-spaced
grid using this binary sequence (there are ~ i**! grid points); and 2) there must exist a grid

point that can approximate any number with an error less than ~ Mi~(@*D_ This is the
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basic intuition that how a alog(7) length binary sequence should in general give us an i~

accuracy.

Our assumption A6 does not perfectly match with how float point numbers are used
in modern computer. The protocol of IEEE 754 standard of float point representation is
significantly more complicated and technical [85] than the simplification we present in A6.
However, our assumption still captures the main relationship between binary sequence length
and round-off error in the sense that every one more digit will give us a doubled accuracy to
represent a real number.

Now we state our main result of this section, which can be best understood when com-

pared with Theorem 3.6.5.

Corollary 6.6.2. Under assumptions A1-A6, there is a O(log3(n)nﬁ)—sized version of

Sieve-SGD that can achieve the minimaz optimal statistical convergence rate.

Proof. We managed to show in Theorem 6.6.1 that when the round-off error ,e,; is of size
o(n™?), Sieve-SGD can still achieve the optimal convergence rate. Under A6, it means we
need a 3log(n)-length binary sequence to specify the coefficients an. Because there are
I = O(log%n)nﬁﬂ) coefficients used when sample size is n (Theorem 3.6.1), we conclude

a O(log?’(n)nﬁ)—sized version Sieve-SGD can achieve the minimax bound. O

6.6.2 Proof of Theorem 6.5 and Discussion

In this section we will show there is no b,,-size estimator with b, = o(nﬁ) that can achieve
the minimax rate when estimating f, € W (s, @, {1;}). We first recall the metric entropy of
a Sobolev ellipsoid satisfies (see [128, Chapter 5]):

1 1/s
log N (6; W (), ]| - [l2) < (5) for all suitably small 6 > 0 (6.143)
We introduce the notation of §-net of a decoder D,, : {0,1}"» — F (under || - ||-norm)

net(8,b,; Dy, F) = { f € F | 3s, € {0,1}", such that || f — Dy(s,)]]2 < 6} (6.144)

We use the notation net(d,b,) when it is clear what D,,, F we are refering to.
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Proof of Theorem 3.6.5. Let M, be any b,-sized estimator with b, = o <n%+l) We denote

its decoder function as D,,. We also choose a sequence ¢, such that b, = o(c,), ¢, = o(nﬁ).

Now, we plug § = ¢,,® into (6.143)

logy N (%, W(s), || - ll2) =< ¢n (6.145)

n

Because there are at most 2% elements in D, ({0,1}%) (D, is a known function), we also

note

20 < 02 (6.146)

for some constant C. So we know D, ({0,1}") cannot be a c,*-cover of W(s) for large

enough n. In other words, for large n,
W (s)\ net(c,*, by,) (6.147)

is not an empty set.

Then we know

sup B[ Mo ((Xi, Y)iy) = fll3) = sup E[|Dn(sa) — foll3]  where s, = En((X:, Yi)iLy)
freW(s) fo€W (s)

> sup E[||Dy(sn) — fp||§]
Fo€W (s)\ net(cy, *,bn)

> sup inf | Dn(s) = foll3
FpEW (s)\ net(cy, *,bn) sn€{0,1}0n 8
>c,”’
(6.148)
Because this is true for any b,-sized estimator M,,, we have
inf sup Ele; || M, (X, Vo)) — folla) > 1
Mn fpew (s)
= inf sup E[nm | M (X, YOI = fl3] = nwiie, (6.149)
M f,ew (s)

= lim inf sup E[n?szilHMn((Xi,K)?zl) — £lI3] = oo
n—oo M
™ fo€W(s)
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where the last line follows from the definition of ¢,. O

Now we give a little bit of discussion on applying the above argument in parametric

learning problem. Suppose we have a very simple model
Y =0X+e¢ (6.150)

where X € [0,1], 6 € [0, 1], € is uniformly-bounded, centered noise. Using the above argu-

ment, we can show that for any b,-sized estimator M,, with b, = o(logn), we have

lim inf sup E [n||M,((X;,Y;),) — 0|3] = oo (6.151)

n—o00 My, 0€0,1]

This seems to suggest that for any estimator that uses a constant amount of memory, we
cannot get a rate-optimal estimator of #. This feels counter-intuitive because 6, is just a
number. However we need to emphasize that in our formalization, the memory usage is
counted in the unit of bit, i.e. one bit is O(1). In practice we usually give the estimator
substantial available memory (> 64 bits) and do not require extreme estimation accuracy.
Thus our theory does not contradict the common belief that “parametric problem can be
solved within O(1) memory”, because normally the unit of counting memory is a single stored
real-number, rather than a single bit.

Note: Instead of the covering number of W (s), the above result needs the following

metric entropy result of the interval [0, 1] (see Prop.4.2.12 in [125])

1

log N'(6;10,1], || - ||2) < log (5) (6.152)

6.7 Constant Learning Rate v, = 7

Although in Theorem 3.6.1 and Theorem 3.6.3 we require the learning rate to decrease slowly
(Y = @(n_Tlﬂ)) in order to achieve (near) optimal statistical guarantee, it is also of interest
to see how the algorithm performs under other choices of learning rates. In this section we
present a numerical example where the learning rate is set to be a constant =, throughout

the learning progress.
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In Figure 6.2, we present the generalization ability of the estimator. The simulation
setting is identical to that of Example 1 presented in the main text and we use the same
training/testing data and identical processing ordering. The only difference is for Sieve-SGD
we change the learning rate v, to be v, =y, = 0.5.

The results using a constant learning rate is very similar to the those presented in Fig-
ure 3.1 (although numerically they are not identical). This means in this specific example
we observe some adaptivity of the proposed algorithm w.r.t. the learning rate ~,. However,

it is not completely clear to us if such an adaptivity is a genuine property of Sieve SGD or

it is a finite sample phenomenon.

Sieve-SGD, w=0.51 Sieve-SGD, w=2 — Kernel SGD KRR

A B
& &
T T
w;c "";C
E E
(o) o)
o 5 2 5

-8 -8

1 2 3 4 5 1 2 3 4 5
log10(n) log10(n)

Figure 6.2: Simulation results with constant learning rate , = 0.5. log, || f» — f,||3 against
log,om. The Black line has slope = —4/5, which represents the optimal-rate. Each curve
is calculated as the average of 100 repetitions. (A) X is uniformly distributed over [0, 1].
In this setting, SNR ~ 3. (B) X has a distribution in which ¢; are not orthonormal. We

present the results with very large noise, SNR~ 0.03. Due to different computational costs,

we chose different maximum n for different methods.
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Chapter 7
SUPPLEMENTARY MATERIALS FOR CHAPTER 4

7.1 More Numerical Examples and Method Implementation Discussion

7.1.1  Supplementary Numerical Results

In the main text, we present selected results from our simulation study. In this section we will
provide more details together with another data generation setting that only has interaction
terms.

In the simulation study, we have been using the oracle hyperparameters for each method
under comparison, that is, those parameters that lead to minimal testing error. In Table 7.1

we present the hyper-parameters that are tuned for each method.

Table 7.1: Hyperparameters for each method

Method Hyper-parameter

l1-penalized sieve estimator (P-sieve)  number of basis functions, penalty parameter
gradient boosting machine (GBM) number of iteration, tree depth

Gaussian kernel ridge regression bandwidth, penalty parameter

least-square sieve estimator (LS-sieve) number of basis functions

random forest (RF) number of features randomly sampled, tree depth
highly adaptive lasso (HAL) penalty parameter
sparse additive model (SpAdd) number of basis functions, penalty parameter

In Figure 7.1 and 7.2, we present the simulation results under the same setting as in the
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main text. The performance is evaluated using multiple metrics as in Figure 4.2 and 4.3.
We also present the simulation results from another data generating mechanism that does
not have an additive component (results are in Figure 7.3 and 7.4). The data generating

mechanism is defined as:

)

-1

0 =Y Leg(2(x" —0.5),2) - Leg(2(x**! — 0.5), 3) (7.1)

wnteraction
1

i

where the Leg(x, j) function is the j-th Legendre polynomial
Leg(z,2) =z, Leg(z,3) = (32° — 1)/2 (7.2)
This conditional mean has no main effects, meaning that

Elf; (x) [x"] =0

interaction

for any 1 < k < d. We can verify this by direct calculation (recall that x ~ Uni form([0, 1]%)).
Although f2,. action 18 @ simple polynomial with nice smoothness properties, the lack of main
effects (or additive components) messes up the performance of many methods. The almost
zero testing R? of additive models demonstrates that in this setting they are no better than
taking an unconditional mean of the outcome. Tree-based methods (gradient boosting and
random forest) have more difficulties in this setting, especially when compared with their
outstanding performance when the main effect components do exist. Tree-based methods
cannot readily decide at which point to divide the feature space. For any binary cut only

engaged with one feature, the mean of the outcome on one side of the division would be very

similar to that of the other side under this specific setting.

7.1.2  Generating the Design Matrices

In this section we present more details on efficiently constructing the design matrix for mul-
tivariate sieve estimators. In the main text, we mention that the numerical implementation
of sieve estimators is reduced to solving a least-square problem or a [;-penalized optimiza-

tion problem. In both cases we need to construct a design matrix ¥ whose elements are

Uy = 1j(xi).
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Figure 7.1: Simulation study results. SNR = 30.
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Figure 7.2: Simulation study results. SNR = 3.
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Given a set of multivariate product basis functions ;(x) = HZ:1 ¢y (x*) indexed by
j € (NT)4 the unravelling rule ¢; = HZ=1 j* tells us how to sequentially use them to construct
estimators. However, we only have a nonconstructive description of the elements in the
unravelled sequence (;). To construct the design matrix \i/, we need to know the explicit
form of each ;. In practice, we need to first create an index matrix from which the algorithm
identifies the analytical form of (¢;). For example, in the case d = D' = 3, we should
construct an index matrix M of three columns (corresponding to the three dimensions). The
first row has elements: M;; = M5 = M3 = 1, corresponding to the constant function
YPa,1,)- And the following six rows are all 1 except for My = M3y = Myz = 2, and
My, = Mgy = M73 = 3. They correspond to the second through seventh basis functions
Y1,1), Ya21), Va2, Y@sa,), ete. By reading through this matrix, the algorithm can directly
figure out the analytical form of the basis functions.

There are multiple ways to construct such an index matrix. When D’ = d (dense setting),
one straightforward strategy is: 1) the user specifies the maximum index product C'; 2)
identify all the indices j € (N*)? whose maximum entry is smaller or equal to C; 3) sort
the indices increasingly according to the index product c; = HZ:1 j*; 4) keep only the
earlier indices whose product is less than or equal to C'. This algorithm is simple but is
computationally wasteful. In step 2), C¢ indices must be stored (this is memory intensive,
even for moderate C' and d). According to our theoretical results, we only need a subset of
size C logd(C’). This issue is further exacerbated in the sparse case when D’ < d. Therefore,
we seek an alternative, computationally more efficient strategy, which includes some integer

factorization, for generating the index matrix.

In Algorithm 7.1, we provide the details of the procedure. By factoring each positive
integer as a product of D’ numbers sequentially, we can fill out the matrix M. In the case
when d = D’ = 3, there is one row with row product equal to 1, two rows having row product
equals to 2, and six rows having a product equal to 4. When D’ is much smaller than d, as
for the sparse sieve estimators, there should be many fewer rows corresponding to the same

row product. The algorithm is presented below, followed by an example to explain some of
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the steps.

Algorithm 7.1: Algorithm for generating the index matrix. For the definition of the 7,
function mentioned in step *, see Definition 7.3.1. In ** step we use the notation from the

R programming language to express our matrix update.

Set the maximum row product as ProdMax, feature dimension as d, working dimension as D'.
Define C? = d!/{m!(d — m)!}, the combination number of “choosing m out of d elements”.
M < An all 1 matrix of size 1 x d.
FOR Prod = 2 TO Prod = ProdMax
Find all 7. (Prod) ways to factorize Prod as a product of D' numbers. *
Omit all values of “1” in the products and combine identical factorizations.
GreaterThanOne < A list. Each element is an array, corresponding to one of the factorizations.
FOR i =1 TO i = list length of GreaterThanOne
Gi - The i-th element in GreaterThanOne.
m < The length of the array Gi.
Position < A matrix of size CS X m.
Each row corresponds to a unique way of choosing m elements from {1,2,...,d}.
NewIndexMatrix < A matrix of size C¢ x d. All elements are 1.
FOR j =1 TO j = row number of Position
NewIndexMatrix[j, Position[j,]] < Gi **
ENDFOR
M < Stack M above NewIndexMatrix to form a longer matrix.
ENDFOR
ENDFOR
RETURN M.

We present some examples to better explain the compactly written algorithm above.
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Let’s assume d = 3, D' = 2. Suppose we are currently at Prod = 6 in the first layer of FOR

loops. The 73(6) = 4 ways to factorize 6 are:
6=6x1=1x6=2x3=3x2. (7.3)

After the “Omit all values of 1 in the products and combine identical factorizations” step, we
have three ways to factor 6 (the first two above are combined). Therefore, the GreaterThanOne
list is
GreaterThanOne = list([6], [2, 3], [3,2]). (7.4)
The arrays in GreaterThanOne are of different lengths. Suppose we are at i = 2 in the
second layer of the FOR loop. Then Gi = [2,3]|, m = 2. The Position matrix we constructed
is
1 2
Position= |1 3] . (7.5)
2 3
This matrix specifies at which positions we are going to insert Gi. In the inner most FOR
loop, we are going to update the all 1 matrix NewIndexMatrix using the information of
Position and Gi: Position. In particular, Gi: Position specifies where to update, and Gi
specifies what the elements are updated to. When i = 2, j = 1, we update the 1 and 2"¢

columns in the 1°* row of NewIndexMatrix to be [2,3], that is

1 1 1 2 31
NewIndexMatrix: [1 1 1 Up—da>te 1 1 1 (7-6)
1 11 1 11

When i = 2, j = 2, we update the 1% and 3" columns in the 2" row of NewIndexMatrix to
be [2, 3]:
2 31 2 31

NewIndexMatrix: [1 1 1| 2“3 |2 1 3 (7.7)

1 11 1 11
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After looping through all the j, i and Prod, we have our desired index matrix M. Its first

several rows are:

_1 1 1_ —2 2 1_ _2 1 3_
2 11 2 1 2 1 2 3
1 21 1 2 2 3 21
11 2 5 1 2 3 1 2
row 1 to 10: A row 11 to 20: Lol row 21 to 30: b2 (7.8)
1 31 11 5 7 11
113 6 1 1 1 71
4 11 1 6 1 117
1 41 1 16 8 1 1
_1 1 4_ _2 3 1_ _1 8 1_

So we can read 1, = 7/J(1,1,1)> Y = ¢(2,2,1) and 1y = ¢(2,1,3)7 etc.
7.2 Product Kernels and Tensor Product Spaces

7.2.1 Univariate RKHS and Sobolev Ellipsoids

In Appendix 7.2, we will review the concept of Mercer kernels and reproducing kernel Hilbert
spaces (RKHS). We will first engage with univariate RKHSs and their Sobolev ellipsoid
representation in Appendix 7.2.1. By considering the tensor product kernel, we can extend
our discussion to multivariate tensor product models (Appendix 7.2.2). Later in this section,
we will arrive at some multivariate Sobolev ellipsoid models. These models can be seen as
abstractions of the example function spaces (such as S;([0,1]¢)) discussed in the main text.

There is a vast literature on univariate nonparametric regression problem. We list a
few of them here: Sobolev space and smoothing spline estimators [126]; reproducing kernel
Hilbert space and kernel ridge regression estimators [108]; Sobolev ellipsoid and sieve-type
projection estimators [119]. These function spaces are closely related to each other: Sobolev

spaces can sometimes be treat as a special case of RKHS and there is usually an equivalence
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between a ball in an RKHS and a Sobolev ellipsoid. We will try to give a brief review of this
part of nonparametric learning through some examples.
First we are going to present the concept of Mercer-kernels and their related reproducing

kernel Hilbert spaces (on the real line).

Definition 7.2.1. A symmetric bivariate function k : R x R — R is positive semi-definite
(PSD) if for anyn > 1 and (x;)I~; C R, the nxn matriz K whose elements are K;; = k(z;, ;)
is always a PSD matriz.

A continuous, bounded, PSD kernel function k is called a Mercer kernel.

The following theorem [22] states the existence and uniqueness of a reproducing Hilbert
space with respect to a Mercer kernel. The domain R in the following theorem can replaced

by a subset such as [0, 1] or [0, +00).

Theorem 7.2.2. For a Mercer Kernel k : R x R — R, there exists an unique Hilbert Space
(Hp, (-, )x) of functions on R satisfying the following conditions. Let k, : z — k(z, 2):

1. Forallz € R, k, € Hy.
2. The linear span of {k, | = € R} is dense (w.r.t || - ||x) in H.

3. Forall f € Hy,x € R, f(x) = (f, ku)x (reproducing property).

We call this Hilbert space the Reproducing kernel Hilbert space (RKHS) associated with

kernel k.

Example 7.2.3. The space W1([0,1]) is a RKHS with kernel

K(s.t) cosh(min(s, t)s)i;is(}i()l — max(s,t)) (79)

For the proof, see Appendiz A of [33] or [1]. The RKHS inner product for this kernel is
defined as

(. hwacou)) = / f(r)g(r)dr + / F(r)g (r)dr (7.10)
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The reproducing property reads as: for any x € [0,1] and any f € W1([0,1])
f(@) = {f, ka)wi(o
/ f(T)k(x T)dT+/ f/(T)a—k‘(ZL‘,T)dT.
T

Under mild conditions [109], a Mercer kernel has the following Mercer expansion.
=) Aio(5)05(t), (7.12)
JjeJ
where J is an at most countably infinite index set. The eigenvalues \; are real numbers.
The eigenfunctions (basis functions) {¢,} can also be a complete basis of some Lo space or
the RKHS.

Although the majority of estimation procedures under RKHS models leverage the repro-
ducing property, the method considered in this paper uses the feature maps directly (which
is of a sieve nature). There have been studies showing that considering the problem from
this perspective can give substantial computational advantage over standard kernel methods
(142, 143]. In this manuscript we will also show how sieve estimators can be more easily
adapted to employ variable selection and can additionally be adaptive to dimension. Now,
we present the important connection between a RKHS and a Sobolev ellipsoid established

in the literature (e.g., p.37,Theorem 4 in [22]).

Theorem 7.2.4. Under mild conditions, the Hilbert space Hy of the kernel k (defined in
Theorem 7.2.2) is identical — same function class with the same inner product — to the

following Hilbert space Hy,.

= {f | f= Zaj¢j with ZaQ)\ < oo} (7.13)
j=1
The RKHS inner product can be explicitly written as:
(foahe =Y A lasb (7.14)
j=1

for f = Z]‘ a;p;, and g = Zj bjo;. The functions ¢; and real numbers \; are the eigen-

system in the Mercer expansion (7.12) (assuming J = NT).
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Example 7.2.5. The reproducing kernel for W1([0,1]) has the following Mercer expansion:

k(s.1) = 3 6,(5)65 (1), (7.15)

with

>\1 = 17 ¢1(£IZ') = 17
1 | (7.16)
A= T+ (= D) ¢;(x) = V2cos((n — 1)7x) for j > 2.

Therefore, we also have the following characterization of a ball in W1([0, 1]):

{f e w0, 1)) | 113, <@} = {f =Y a0, with Y aiA' < QQ} (7.17)

Jj=1 Jj=1

To summarize, a ball in a RKHS is a Sobolev ellipsoid.

7.2.2  Multivariate RKHS and Sobolev Ellipsoids

Given a univariate RKHS, one of the most naturally related multivariate RKHS is the one
corresponding to the product kernel. This also happens to correspond to one of the most
commonly used multivariate kernels in practice: The multivariate Gaussian kernel which is

a product of univariate Gaussian kernels.

Definition 7.2.6. Given a univariate Mercer kernel k : R x R — R, we define its (natural,
d-dimensional) product kernel k% : R x RY — R to be:

d

k(s t) = [ k(s 8). (7.18)

j=1
We can also define the RKHS of k% using the fact that k% is also a Mercer kernel (Proposition
12.31 of [128]). Typical elements in this multivariate RKHS take the following form:

F&) = T fub), with fu € H. (7.19)

I=1 k=1
There are multiple ways to engage with an element in H;« and its inner product. One

way, as presented above, is using the property that H,« is a tensor product Hilbert space



170

of d univariate Hilbert spaces. This would lead to the following characterization of its inner
product.

Proposition 7.2.7. The RKHS for k%, Ha, is equipped with the inner product:

n m

(hy g)pt = ZZH i Gk (7.20)

=1 [=1 j=1

for h(x) =>", H?Zl hii(x7), g(x) = 3, HJ L 91;(x%). The component functions h;;, gi;
all belong to the univariate RKHS Hy,.

Alternatively, we can also consider the basis expansion form of the functions in Ha
(similar to Theorem 7.2.4). The tensor product kernel k% has the following Mercer expansion
(which can be formally verified using its Mercer expansion):

E(s,t) = > ﬁxjkwj(s)z/;j(t), with Ay € R. (7.21)
jE(N+)d k=1

We have the following equivalent characterization:

Proposition 7.2.8. The inner product presented in Proposition 7.2.7 is equivalent to the

following one expressed in basis expansion form:

(h, g) Z (H)\k) h;g; (7.22)

je(N+)d

for h,g in the multivariate RKHS H« with the basis erpansion h = ZjE(N+)d hy;, g =
> jeqvy Gty The multivariate basis ¢5(x) = 1, o (xI") s the product of the eigenfunc-
tions (as defined in (7.12)) of the univariate kernel k.

Example 7.2.9. The natural d-dimensional tensor product extension of W1([0,1]) space is

the RKHS of the kernel:

d d
[T ks tm) = ] k(s™,t
m T (7.23)
{sinh(1)}~¢ H cosh(min(s™,t™)) cosh(1 — max(s™, t™))
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The inner product, according to Proposition 7.2.7, can be explicitly written as:

d
(hy g)ga = ZZH R, Gij)wi (o.1)
k=1 =1 j=1
e (7.24)

=SS TI(f ottt + [ sissovir)

for h(x) = >0, H?Zl hij(x7), g(x) = >0, H?Zl gi;(x7). The component functions hyj, g
all belong to W1([0,1]). Then the RKHS-norm (induced by the inner product) for a function
h € de 18:

n

|h||kd—z ﬁ(/ P (T) (T )d7'+/01 h;j(f)h;j(T)dT)

k=1 l=1 j=1

) .
= > IDN 000

llallco<1

(7.25)

—~

The above step (1) can be checked directly (and using Fubini’s theorem). We present the

4 hi(x7) and d = 2:

7j=1

|h]|x2 = (/01 h%(ﬁ)dﬁ) (/01 h%(TQ)dTQ) + (/Ol(hl(Tl))QdTl) (/Ol(h'g(Tg))Qde) +
(AbmnWmQ(AWamwQ+(Abmnwa(Aﬁuawmﬁ
- 4 1 + A ) (%h(ﬁ,fz)>2dﬁdm+

%, ? i ?
/01]2 (a—ﬁh(Tl,Tg)) dTldTQ + /01]2 (07'1(37‘2 (7'177'2)) dTldTQ
(7.26)

Briefly, the W1([0,1]) space is an example of a univariate RKHS; the S1(]0,1]) space, when

calculation for a simple case where h(x) = [];

equipped with a proper inner product, is the tensor product extension of W1([0, 1]). Moreover,
Proposition 7.2.8 implies an equivalent way to express the RKHS inner product and its induced

norm. Specifically, we know that

d 2
Y DRIz, 000 = Ikl = ) (HJk> ; (7.27)

llalloo <1 Je(NH)d \k=1
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for h = Zje(N+)d Bys.  The multivariate basis ¢; = chgl:1 ¢y is the product of the cosine
functions (defined in (7.16)).

In the rest of the paper, we will switch from concrete example spaces to more abstract
Sobolev ellipsoid-type spaces. The (univariate) Sobolev ellipsoid has been a benchmark
model in the literature of sieve estimators: We just showed how it relates to multivariate
spaces. In the multivariate case, we will be engaging with a true function f° that belongs to

the multivariate Sobolev “ellipsoid”:

d 2s
FPesr=> B Y, (ij) B<Qp. (7.28)
yd \k=1

je(N+)d je(N+

for some product basis ;. In particular, we assume the regression function can be expanded
as an infinite linear combination of a set of basis functions 1; indexed by d-tuples. At the
same time, we require [3; to converge to zero at a fast enough rate as the product of index j
goes to infinity. The function space in (7.28) is the same as a ball in some multivariate RKHS
(as illustrated in Example 7.2.9). We also introduced another parameter s that determines

the decay rate of f3;, which is often interpreted as a smoothness parameter ([126], Chapter 2).

7.3 Unravelling and Approximation Results

7.3.1 Magnitude of Unravelled Series

In this section we will first quantify the asymptotic behavior of unravelled series ¢;, which is
depicted in the right panel of Figure 4.1. We will use these results to reduce Sobolev ellipsoids
indexed by D-tuples (7.28) to those indexed by natural numbers. This will directly lead to
some useful approximation results in multivariate tensor product spaces.

In general, we cannot give a closed form for the unravelled sequence Cj as function of j
(in Algorithm 7.1we gave an algorithm to generate finitely many elements). However, it is
still possible to derive some results on the magnitude of ¢; as a function of j. To this end,

we first introduce the concept of a divisor function.
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Definition 7.3.1. We use mp(-) : N* — N7 to denote the D-th divisor function, which
counts the number of unique ways to factor n as a product of D positive integers (where

order matters). Formally,

Tp(n) = Z 1 (7.29)

The divisor function 7p distinguishes the order of factorization: For example 75(4) = 3
because there are 3 ways to write 4 as a product of 2 numbers: 4 =1 x4 =4x1=2x 2.
In the exposition of this section, we also need to engage with the following partial sum of

divisor functions.

Definition 7.3.2. We define the sequence Tp(x) to be the sum of the D-divisor function
evaluated at the first |x| positive natural numbers, that is

Tp(x) = 7p(n). (7.30)

n<x

Clearly, Tpp(x) is the number of D-tuples j = (', ..,j?) € (N*)P with []_,j* < . The
number x is not necessarily an integer: the summation index n < x should be interpreted as
{1,2,...., | =] }.

The first several elements in ¢; (depicted in Figure 4.1) are 1,2,2,3,3,4,4,4, ..... As our
readers may notice, each natural number n shows up exactly 7o(n) times: if we know (on
average) how many ways there are to factor a positive integer, we can sketch the general

magnitude of the unravelled sequence as well. The following lemma formalizes such an idea.

Lemma 7.3.3. Define ¢; = Hszljk as a function on the D-tuple j = (34, ...,j7) € (NF)D.
Let ¢; be the cj-unravelling sequence of ¢; (see definition in Section 4.6). Then, for D fized,

we know its asymptotic magnitude is:

¢ =0 (j log~ (P~ j) (7.31)

Proof. All the elements of c; are positive integers since they are products of positive integers.

And every positive integer shows up in ¢; at least once. We also observe that there are
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repeated elements in ¢;: For any positive integer m, it shows up exactly 7p(m) times in the
sequence c;.
To determine the increase rate of ¢;, it is enough to determine the largest b; such that

bj

Tp(b;) = > 7p(m) < j (7.32)

m=1
The unravelling sequence c¢; increases at the same rate as b;. To quantify the summation on

the LHS, we need to use the following result from number theory:

Z Tp(m log —7) % Tt (zlog”?2), (7.33)

where the big O notation indicates z — oo (but D is fixed). If we divide both sides by =,
then we know: on average, there are (logz)P~! ways to factorize a natural number into a
product of D natural numbers. This result has been established in the literature of number
theory, we give more discussion and references in Appendix 7.5. For the special case when
D = 2, there are sharper results available, e.g. Theorem 3.2 in [117].

Let b; = | (D — 1)!5log= =Y j|. Plug b; into (7.33):

b;

Z mn(m) = b;log” " b; + O (b;log” > b;)
m=1 (734)

= O (j(logj)~ P Vlog" ! {j(log )~ V}) = ©(j)

It is direct to check that if b; = ¢;j log= P~V j for any positive q; — 00, b; logP~! b; would

diverge at a rate faster than j. So we know the largest b; we can take is of order j log*(D -1 7,

which concludes our proof. Il

Corollary 7.3.4. Let ¢; = [[_,(5*)* be a function defined on the D-tuple j = (5, ...,j°) €

(NP for some s > 0. Let ¢; be the cj-unravelling sequence of ¢;. Then we know

=0 ((jlog 1 5)") (7.35)

The next theorem is the main result in this section, which uses Lemma 7.3.3 or Corol-

lary 7.3.4.
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Theorem 7.3.5. Let W (s, Q, {t5}) be the multivariate product Sobolev space:

Wis,Q,{t5}) =< f= Z Biy, for some B € R | Z cfsﬁjz < Q%5 (7.36)

JENH)D je(H)P

where ¢; = Hszljk forj= (' ....j") € (N")P. Denote (¢;) as the c¢;-unravelling sequence

of {s}-
Then there exists two constants Ci(s, D), i € {1,2} such that

. 2s
{f Zﬁﬂ%’ for some B; € R | Z (W) 33 < CI(S,D)Q2}
C W(s, Q. {¢5}) (7.37)
. 2s
{f Zﬁjwj, for some B; € R | Z <W> 87 < Cg(s,D)Q2} :

In plain[er] language, Theorem 7.3.5 states that: The multivariate function space W (s, @, {¢;})
can be sandwiched between two formally simpler function spaces. These “bread” function
spaces in (7.37) are still multivariate function spaces, but the basis functions (¢;) are listed

in a sequence. In contrast, W (s, @, {¢;}) has basis functions indexed by D-tuples.

Proof. The multivariate ellipsoid W (s, @, {t;}) is exactly the same space as:

{f= S8 | S ep? < @2}, (7.38)
j=1 j=1

where c¢;, 8,1; are the ¢j-unravelling sequences of ¢, f;, v, respectively. In this step we
performed nothing but a change of notation.

According to Corollary 7.3.4, ¢; is asymptotically of the same order as (j log=P~Y j> "
as j — oo. Define b; = (W)QS, then we know that there exist constants C, Cy (that
only depends on s, and D) such that C1b; < ¢; < Cyb; for all j € N*. Plugging this in to

(7.38) concludes our proof. O
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7.8.2  Approzimation in Dense Tensor Product Models

In this section, we will use the results in Theorem 7.3.5 to derive some approximation results
that are crucial to understand the performance of our sieve estimators. Before we go into
more detail, we provide some intuitive discussion of why Theorem 7.3.5 can simplify our
analysis. Let’s denote the three function spaces in (7.37) as Wy, Wy and W3 (W, € Wy C W3).
To study the problem of approximation/estimation of functions in W, it is equivalent — up
to a constant — to study the corresponding problems in W; or W3. The regression problem
under the assumption f° € W is easier than assuming f° € W3 but harder than f° € W;.
Therefore the generalization error of any estimators for truth f° € W, should be of the same
order as fY € W; or Ws. Similar statements also hold for minimax rates analysis.

Ellipsoids related to a (univariate) series ¢; can be treated much more directly than those
related to the D-tuple ¢;. For readers who are familiar with classical projection estimators
(e.g. [119]), the following approximation results may be familiar.

Before we engage with those results, we give a bit more notation: In the remainder of
our discussion in the appendix, we will use X C R to denote a subset of real line and use v
to denote a (finite) Borel measure on X'. We do not need to specify either X' or v accurately:
Often we just need X to be large enough to cover the support of feature distribution py,

and in many important cases ¥ = uniform measure is enough for our purposes.

Lemma 7.3.6. Suppose function f* has the expansion f* = Z;’il Bi; with respect to a
set of v-orthonormal system, i.e. (Vj, Vi), = 0. Assume [|1);|loc < M for all j. If the

expansion coefficients satisfy the following ellipsoid-type condition:

a 2s
f*zjzlﬁ}%e{f Zﬁjwjem 'Z<1ogD wl) ﬁfg@?}, (7.39)

with some s > 1/2. Then the sequence of functions

JIn
fi =" Biyty with J, = [(logP ' n)?/ @ pl/@H | 203 (7.40)

J=1

satisfy the following:
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o There is a constant C(M,s, D,Q), such that for any n:

[falle < C(M, s, D, Q) (7.41)

o For any measure px that is absolute continuous to v with a bounded density:

W= IR, = / (f2r) — ()Y dpx

logD_l n %«il (742)
< 0(87 D7 PX Q) <T)
Proof. « We first prove the uniform bound in the ||-||-norm. According to our discussion

Appendix 7.2.2, a Sobolev-ellipsoid can be seen as a ball in an RKHS. That is, the
functions f*, f all belong to an RKHS with reproducing kernel

k(s t) = Z Ai(s);(t), (7.43)

1. 2s
where \; = (M) . Denote the RKHS inner product as (-, )x:

[falloe = sup f(x) = sup(fy, k(z,-)x
TEX zeX

< N fallesup [[E(z, )| (7.44)
reX

1)

< QC(M,s, D).
In step (1), we need the explicit representation of the RKHS norm (Theorem 7.2.4).
The RKHS norm of kernel k& (centered at x) is

o

(e, k=Y (g (2))?/A; < M? Z% = C(M,s, D)

j=1
e Next we prove the bound in px-2-norm. Let U denote a bound on the density of px

(with respect to v):

o0

1f7 = £ N30 S UL = £713, =D (8))?

ot (7.45)

o0

< A, Z(ﬁ;)Q/)‘j < AQ°

Jn+1
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We just need to determine the magnitude of \j, :

)\Jn < CJ;QS(IOgD—l Jn)Qs
2 —2s 2 2s
— {<logD—1 n)mnl/(2s+1)} [logD—l {(logD—l n)mnl/@s—i-l)}} (7.46)

2s
lOgDil n) 25+1
)

S 32
< O(s, D)yn~ 271 (log? ' n) 27t = (s, D) (
n

which concludes our proof.

7.8.8  Approximation in Sparse Tensor Product Models

In the last section we investigated the approximation error under dense tensor product
models. In this section we will switch to the sparse/ high dimensional setting.

Now we present some more general conditions on the product basis and sparse nonpara-
metric models. They can be seen as generalization of Condition 4.7.1 and Condition 4.7.2
in the main text.

Notation: recall that X C R is a subset of real line and v is a Borel measure on X.

Condition 7.3.7. Let ¢; be an orthonormal system of univariate functions, that is, (i, #;) o) =

0ij. Assume ¢1 =1, ||¢jlloc < M for all j = 1,2,.... Consider their natural d-dimensional
product extension 1;(x) = Hz:1 oy (xF), denote (1;) to be the c;-unravelling sequence of {1;}.

The unravelling rule ¢; is defined as

HZ:1 j* , if at most D' entries of j are greater than 1
G = (747)

00 otherwise

Condition 7.3.8. There erists a D-variate function f*: XY — R such that:

1. There is set of indices {ky,..,kp} C {1,2,...,d} such that for anyu € X<,

fo(u) = f*(u™,u*, ... u*P). (7.48)
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2. The function f* satisfies the following ellipsoid condition:

o] o] . 2s
% J 2 2
€ = O _ < . 7.49
reye5ao S gee) oo
7j=1 7j=1
The function sequence (<) is the ANj-unravelling of &5 = [1, o3 (™), j € (NH)P.
And the unravelling rule is defined by /\; = Hl[il jl.

The first part in Condition 7.3.8 is a feature sparsity assumption. Although f° formally
is a function of d-dimensional vector x (d can be large), this assumption states that it can
be completely described using a small subset of the dimensions of x (specifically, we assume
it depends on D out of the d dimensions).

The second part in Condition 7.3.8 is in nature a smoothness assumption, but expressed
in a basis expansion/Sobolev ellipsoid fashion. The basis functions ¢; and unravelling rules
A\; only engage with the informative features (u*,u*2, ..., u*?). According to Lemma 7.3.6,
if we use the first Jo2® = | (log? ™! n)?¥/@s+pl/2s+1) | functions of <»;, we can construct a

sequence of approximation functions foracle = Z;.]il 5g;acle<>j of f* that satisfy

2s
oracle * ]‘OgDil n m
I = £ =0 (5 2) (7.50)

However, in real-world problems, we unfortunately do not have a priori accessible information
of which D dimensions of x are important. We thus cannot just use the oracle basis {»; that
only depend on the D relevant dimensions. The basis functions we use in (4.15) take the
form of 9y = szl ¢y (x¥), involving d univariate functions as described in Condition 7.3.7.
We are interested in how many functions we need to include in the sequence of v;, such that
we can achieve the same approximation error as fo*. The following Lemma tells us this
number is exponential in the intrinsic dimension D (which we treat as a fixed number) but
only polynomial in the ambient dimension d (which may formally increase with the sample

size n). The polynomial dependence in d is important both theoretically and in practice.

Lemma 7.3.9. Assume f© satisfies Condition 7.3.8. Denote (1;) as the sequence of product
basis functions in Condition 7.3.7. If the working dimension D' in Condition 7.5.7 is greater

than or equal to the intrinsic dimension D in Condition 7.5.8, then:
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o The true regression function f° can be expanded with respect to 1; as well, that is,

fO=Y "B, for B) €R. (7.51)
j=1

o There exists a sequence of functions fzo = Z;}ll o5 with J, < C(s, D)dP'nt/@s+1) ogP 1y

such that
[ faolle < C(M,s,D,Q) (7.52)

and

lo Dfln 2s+1
Iss — FO1,. < C(s. D px. Q) (gT) | (7.53)

Proof. We introduce the mapping 14_p : R — R that only keeps the relevant dimensions

of a feature x:
lysp(x) = (xM, ..., x*P), (7.54)

where ki, ...,kp are the informative dimension indices defined in Condition 7.3.8. By as-

sumption, the true regression function can be written as:
fox) = f(lasp(x ZB Oj(lamp(x Zﬂ j o lasp(x) (7.55)

Each of the basis functions above, <; 0 14, p, varies at most in D dimensions. The function
set {¢;} in Condition 7.3.7 includes all the function product functions varying in at most D’
dimensions. Since {; o 14,p are also product functions, we conclude {{; o 1,,p,7 € N} C
{t;,7 € N}. Therefore f° also has an expansion with respect to ¢; as in (7.51).
Approximating f* satisfying Condition 7.3.8 (equivalently, f°), using the oracle basis {;
in the ellipsoid assumption (7.49), is already studied in Lemma 7.3.6. We know that we need
the first Jo2ole = (log” ! n)2s/(2s+1)pl/(25+1) basis elements from {<>;} in order to achieve the

desired approximation error. We claim that

D
{01, -y O yoracte } C {<>j,j e (NN | g=]]i" < C(s,D)Rn}. (7.56)

k=1
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where R, = n'/Zt)(logn)~(P~1/s+1)  To see this, we need to apply the number theory
results we used to establish the equivalence between ellipsoids. According to Lemma 7.3.3

we know that

D—1)2s

Tp (C(s,D)R,) = C(s, D)n'/@s+D) 1og( 2+ n + lower order terms > Jor, (7.57)

(recall that T is defined in Definition 7.3.2). However, in practice we do not know the
oracle features, so we can only work with 1; or 15 (not {; or ;). To approximate f° well,
we need to choose J, large enough so that all the functions below are included:

{@/)j,j e (N | ¢= ﬁjk < C(s,D)R, and at most D of j* are greater than 1 .

= (7.58)
This ensures all the functions in the RHS of (7.56) are included (strictly speaking, their
d-dimensional extensions are included). By our assumption that D’ > D, we only need to
select J,, large enough so that the following basis functions are all included:

d
{@/Jj,j € (NN | ¢ = HJk < C(s, D)R, and at most D’ of j* are greater than 1}

k=1

|C(s,D)Rn | d
= U {wj | ¢ = ij = m and at most D’ of j* are greater than 1

m=1 k=1
(7.59)
How many elements are there in (7.59)7 We give the following bound:
# of elements in (7.59) <
C(s,D)Ry
c, . T (m
mz_l —Z \(,—2 (7.60)
P choose D’ dimensions factorize m into a product of D/numbers

consider all the j whose product is m
< C%,Tp(C(s,D)R,) (gl) C(s, D, D")dP n'/ @ 1ogP" 1,
In (1) we used Lemma 7.3.3 and the well-known bound on the binomial coefficients C¢, <
C(D')dP". Unraveling the functions set in (7.59) will give us at most the first C(s, D, D’)d?'n"/?5t1) JogP~1
elements in (1);). To achieve the desired approximation error bound, we do not need to use

any additional basis elements. Il
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7.4 Theoretical Guarantees of Penalized Sieve Estimators

To present the statistical guarantees of /;-penalized sieve estimators, we are going to employ

the following steps:

1. We will give nonparametric oracle inequalities to control the “training-design error”
of the estimators and the deviation of the estimated regression coefficients (Corol-

lary 7.4.5).

2. We will use the information of the regression coefficients to derive a metric entropy

bound on the function space the estimator lies in (Lemma 7.4.8).

3. We will control the difference between the training and testing errors of the estimate

using results from empirical process theory (Theorem 7.4.10).

7.4.1 Nonparametric Oracle Inequalities

We first define the concept of the compatibility constant, which is an important component
in the oracle inequalities and widely used in the analysis of penalized methods. In the rest

of the section, for a 8= (i, ...,8;)" € R7, we define its related function f5 as
J
fa=Y_ By, (7.61)
j=1

where (1;) is the sequence of functions in Condition 7.3.7.

Definition 7.4.1. For a given matriz ¥ of size J X J, constant L, and an index set S C
{1,2,..., J}, we define the (¥, L, S)-compatibility constant ¢x(L,S) to be
1S|8TEB

18512

where —S is the complementary set of S in {1,2,..,J}. The notation 35 € R’ is a shorthand

(z.5) =min { S22 s, < 2ol (7.62)

for the “restriction” of a vector B € R’ on the index set S: (Bs); = B; if j € S, otherwise
(Bs); = 0.
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The following oracle inequality is a generalization of Theorem 2.2 in [121]. In our case,

the true regression function does not have to be linear.

Theorem 7.4.2. Let (X;,Y;), i = 1,2,...,n denote the n IID samples. We use f° to
denote the true conditional mean function and define ¢; = Y; — fO(XZ»). Let J, > 1 be the
number of basis function used in estimation. Let (1;) be the unravelled sequence described

in Condition 7.3.7. Let \. be a number satisfyz'ng:

1<]<Jn -
Let 0 < < 1 and define for A > A\, > 0:
- A
A= A=A A=A+ A +0A, and L = ————. 7.64
A + A+ 0A, an = (7.64)

We use B3, = (BPES | .. ﬁpLs)T to denote the minimizer of the penalized problem (4.15).
Then for any B € R and any set S C {1,2,..., J,}:

N
93 (L, S)
where gb%(L, S) is the (f], L, S)-compatibility constant and the S is the empirical covariance
matriz: S = L S0 i(Xi)w;(X).

~ 2
200180 = Bl + |75, = 7| < Ifa = £°II5 + ANl (7.65)

Proof. We define 2 = || f5 — N2 = 1fs = fO12 + 1f5, — f3l|%. The empirical norm || - ||,
can also be written in matrix form:
1
I~ P =230 (5,050 - %)’

=1

n

_ % (Z BPLS¢] D — fO(Xi)> (7.66)

= (U, — f(X), ¥, — (X)) /n.
The design matrix, ¥, has entries \ifij ¥;(X;). And fO(X) = (f°(Xy), ..., fO(X0)) T
R™ is the evaluation vector of fO at n features vectors {X;}7",. We will use the above
equivalence later.

Similar to the proof in the literature [121], we consider two cases for <}:
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o If & < —0M|Bn — Bl + 2M|B-sl1. Then we have

20118 = Blls + 1 £5, — Ol
= 20180 — Bl +20 + |1f5 — 12 = I1f5, — folln
< fs = f% = If5, = folln +4XIB=s]
< |Ifs = fOlI% + 24X B=sllx

(7.67)

« In the case when > —0A|| 3, — 5|1 + 2| B_s]|1, we start with the following two point

inequality (Lemma 6.1 in [121]):

(U(B = Ba), Y = W) /n < MBIl = Al Bl (7.68)

Using the results in the beginning of this proof, we know < can be expanded as:
O = (W, Why) /n = (W5, fO(X)) m+ (U5, fO(X)) /0 — (U5, WB) /n (7.69)

Then eq (7.68) implies that:

O < (UBa€)/n— (U8, €)/n+ N|Bll — A Ball, (7.70)

The € vector stores the noise variables: ¢; = Y; — f%(X;). The rest of the proof follows

~ T . /A
identically to that of Theorem 2.2 in [121] (page 21), replacing the (B — 5) ) (ﬁ - 60>
term there by <.

]

The following lemmas tell us that the random compatibility constant ¢« (L, S) is bounded
away from zero with high probability.

Lemma 7.4.3. Let ¥ be the population J,, X J,, covariance matriz ¥;; = E[¢;(X)y;(X)],
where (;) is the unravelled function sequence defined in Condition 7.3.7. Assume the
feature density function px(x) = dpx/dv® > u > 0 is bounded away from 0. Here v? is the
d-dimension product measure of v in Condition 7.3.7.

Then we know X has a compatibility constant that does not depend on L,S: ¢% > u.
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Proof. For any 3 € R/

BTEB = Z BiBi E[vi(X)y;(X)] = E (i%‘(x)ﬁj)

} ) (7.71)
> u/ (Z lbj(X)ﬁj) dx 8 UHﬁHg

In step (1) we used the orthonomality of v, stated in Condition 7.3.7. At the same time,
we have ||Bs||? < ||8]13]S]. Checking the definition of compatibility (Definition 7.4.1), we
conclude for any L, S, the matrix > has a uniform compatibility constant ¢s, greater than

v/u (meaning that this lower bound does not depend on either L or S). O

Lemma 7.4.4. Under the same conditions as in Lemma 7.4.3, we know the empirical matrix
5. has a compatibility constant ¢L(L,S) > u/2, with probability at least 1—J} exp(—na?/2M*P"),
a=u(L+1)7%S|7/2.

Proof. We first consider the difference between two quadratic forms related to the two co-

variance matrices:

BTS6 - 858l =| > BiBi(Zy — )| < 1BIFIS = Sl (7.72)

1<i,j<Jy
By the definition of compatibility constant ¢y, for any 8 such that ||G_s|l1 < L||Bs|1, we

have
18]l < (L+D[|Bsllh < (L +1)\/[SIBTE8/¢s (7.73)

Plugging this into (7.72), we have:

[B7S8—BTSB | < (L+ 1|5 - Bl|o|SI8T58/¢%
8T8
BTEp

By a typical application of Hoeffding’s inequality (every entry in 3 is a bounded random

(7.74)

— 1| < (L + 125 = 2| |S|/d2

variable), we know with probability at least 1 — J2exp(—na?/2M*""), where a = u(L +
1)-2[S|-1/2, that
I1Z = o < 2L+ 1)[S]/u) ! (7.75)
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This means, with the same probability we have

BTEB 1
-1 < = .
‘WE/B <5 (7.76)
Therefore, for all any § such that ||S_s||1 < L||Bs||1, we have that:
S|BTER _ 18|8TS
SI97S8 _ 1518758 -

1BslF — 2[IB8sll
with high probability. By the definition of the compatibility constant, we can read out

PL(L,S) > ¢3,/2 (7.78)
which concludes our proof. [

Corollary 7.4.5. Let \. = [2log(2J,,)/{C(Cysus, M, D")n}|*/? and assume ¢; to be uniform
sub-Gaussian noise. Then, under the same conditions as in Theorem 7.4.2, for any B € R’
whose support is S C {1,2, ..., J,}, we have

40)2(S|

A 2 3 9
ABn = Bl + |75, = 1| < 5 10s = £l + =55 (7.79)

with probability larger than 1 — 1/(2J,,) — J? exp(—na?/2M*P") — exp(—cnl|fs — fOl2/M?),
where a = u(L + 1)72|S|71/2. The definition of fs is stated in (7.61).

Proof. First we show that for the chosen A, the following holds with high probability:

1 D (X
=1

n > —

<\ (7.80)

sup
1<j<Jn

Since (¢;) are sub-Gaussian random variables (with a parameter not depending on X;), we

know there exists a constant Cj,; such that
lesllzr = {E (Jei]")}” < Coup/p  forall p>1 (7.81)

For reference, see e.g. Proposition 2.5.2 in [125]. Since the basis functions 1; are also

uniformly bounded (by MP"), we have

15 (X)eill o < CouM®'\/p - for all p > 1. (7.82)
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This means 1;(X,)¢; is also sub-Gaussian. Applying a union bound and Hoeffding’s inequality
for sub-Gaussian variables (e.g. Theorem 2.6.3 in [125]), we get:
JIn 1 n
2300000 > t} < zpr{ LS X e > t}
{1<J<J" ; j=1 [ (7.83)

< 2J, exp {—C’(C’wb, M, D')nt2}
Taking t = A = [21log(2.J,,)/{C(Csu, M, D')n}]"/?, we see that

pri sup
{1<]<Jn Z ¢]

This is what we claimed in the beginning of the proof.

} >1-1/(2J,) (7.84)

Next, we bound the difference between || fz — f°|2 and || fs — f°||3 for any fixed fj
satisfying || fs]lcc < 2||/°|lco- First, the difference (f5(X;) — f°(X;))? is a bounded variable,
therefore it is sub-Gaussian with parameter 9MZ, where My bounds || f°||. The centered
version, {f5(X;) — f2(X:)}* — || f5 — f°lI3 is also sub-Gaussian with parameter C' Mg (see e.g.
Lemma 2.6.8 in [125]). Again applying Hoeffding’s inequality we see that

[ 1 n
pr||—
n i=1

D_{a(%) = XY —lIfs = £l

> t] < exp(—ent?/ M})

(7.85)
o (|12 1] 2 ) < oxplocanlss - P 1/2)
1fs = fOl12 2
We know, with probability larger than 1 — exp(—cnl|fz — f°||3/M¢)
_ 40y|2

1fs = fOI5 — 2
By combining (7.84), (7.86), Lemma 7.4.4 and Theorem 7.4.2, we can conclude our proof. [

7.4.2  Theoretical Guarantees under Sparse Tensor Product Models

In this section, we will combine the oracle inequalities developed in the last section with
approximation results to derive performance guarantees of the [;-penalized sieve estimator.
Recall the following notation: d is the overall ambient dimension of our features X;, D

is the number of explanatory features related to the outcome Y (the active dimension), s is
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the smoothness parameter of f° (Condition 7.3.8), and J, is the number of basis functions
in the lasso problem (4.15). The constant Cy,;, is the sub-Gaussian parameter for the noise
variables, u is the lower bound of the feature density function and M, is a bound on the

|| - [Joc-norm of f°.

Corollary 7.4.6. Let f5 be the penalized sieve estimate of 1%, and fgo be the approzimation
of f° as in Lemma 7.3.9. Choose the penalization hyperparameter as \. = [2log(2J,,)/{C(Cyup, M, D' )n}]'/?.

Under the same conditions as in Theorem 4.7.3, we have the following two bounds

2 IOgDil(n) 252j-1
N 0 < / 0 e N
Hfﬁn f Hn = C(Csub7M7D 7pX7f )log(‘]n) ( n (787)

180 — B2 < C(Clup, M, D', px, £°)(log J,,/n) "/ 20t/ 2541 (log ) 2P/ (2s+1)

with probability at least
1-1/(2J,) — J2 exp(—na2/2M4D/) — exp (—C’(s, D, px, f*)(log n)(D—1)2s/(2s+1)n1/(2s+1)) ’
where a = u(L +1)72|S|71/2.

Proof. To get the bounds above, we only need to combine the oracle inequality in Corol-
lary 7.4.5 with the approximation results in Lemma 7.3.9.

In Lemma 7.3.9, we discussed that so long as J, is large enough, we can find a function
Jpo that approximates f° well enough. Plugging the results of Lemma 7.3.9 into the oracle
inequality (7.79), we have:

logP! n) 241 ECOHEA

Ml = 6l + |5, — 7] §C<s,D,px,f°)< S

(7.88)

n

here |S,| is the cardinality of non-zero elements in 3Y. Although formally Jpo is a linear
combination of .J, = C(s, D)d? n!/@st1) 10gP?"~1 p, basis functions, the size of its support is
much smaller (thanks to the feature sparsity conditions). In fact, fg only needs to engage
with the informative dimensions of the features. In Lemma 7.3.6, we showed that |S,,| can

be bounded by (log?”~!n)?s/(2st1)p1/2s+1) - Plugging this in the above inequality gives:
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2s
logD I\ =
n

M= B+ 5, = 2] < C6 D )

2s
logD I =

+ C(Osub7 M7 D/7 PX) log(Jn) (

n
(7.89)
This gives us the results regarding the || - ||,-norm distance and [;-distance stated in Corol-
lary 7.4.6 (the second term will dominate for large n). O

At this point, we already established bounds on the training-design error (expressed as
the || - ||,-norm). However, for most prediction problems we are interested in the testing error
(quantified in the || - ||2,,-norm). For arbitrarily flexible estimators, a low training-design
error does not imply a strong generalization ability. However, according to Corollary 7.4.6,
the coefficient 3, lives in a small ||-||;-ball centered around the oracle 82 with high probability.
From this we can also develop some bounds on metric entropy of the space in which an takes
value. These will in turn link the expected distance to the empirical distance.

In the following discussion we will use the concept of metric entropy of a function space.

For more comprehensive discussion, see Chapter 2 of [120].

Definition 7.4.7. Let Q be a measure on X and let G be a function space G C Lo(X; Q).
Consider for each 6 > 0, a collection of functions gy, ..., gn, such that for each g € G, there
isaj=7j(g) €{1,..,N}, such that
1/2
([ - soriee) - < (7.90)

Let N(8,G,Q) be the smallest value of N for which such a covering by balls with radius §
and centers ¢y, ..., gn exists. Then N(9,G,Q) is called the covering number (under measure

Q) and H(0,G,Q) =1log N(6,G,Q) is called the metric entropy of G (under measure Q).

One of the function spaces G,, we are going to consider is

JIn
Gn = Gn(¥y, g,rn) = {f = Zﬁj%‘ | 8= (51, ---,BJH)T € Bl(ﬁﬁ,rn)} ) (7.91)
j=1
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with r, = 7,(s, D) = (log J,,/n)'/?n!/@st1) 1og?*P=D/CZsH1) (1) - This radius is of the same
order as the RHS in (7.87). The set Bi(3,7) C R/ is the || - ||;-ball of radius r centered at
5, formally

Bi(B,r) ={y €eR™ | [ly = Bl < 1} (7.92)

For a specified sequence of r,, and J,,, G, is a deterministic sequence of function spaces.

In the rest of this section, we will derive some bounds on the metric entropy of G, and
apply some maximal inequalities to relate the testing-design errors to the training-design
errors. We will show that the metric entropy of the function space G, (equipped with || - ||,.-
norm) is of the same order as the metric entropy of By(f8,,7,) (equipped with Euclidean
|| - [|-norm). Since the latter is known in the literature (e.g, Lemma 3 in [91]), we have the

following results:

Lemma 7.4.8. Let 1, = 7,(s, D) = (log J,,/n)?n'/@s+1) (log n)2s(P=D/@s+1)  Then for the
G, defined in (7.91), we have

H(6,G,, P,) < C(M)r26 %log J,, (7.93)

Proof. We first rewrite the empirical norm in matrix notation, for any 8 = (84, ...,85,)" €
R7»:

1/2
n

n 1/2 J 2
1 ) 1 n 1 .
nfﬁnn:{ﬁ;fﬂ(x»} - = Z(;ﬁj@bj(Xi)) - || es

=1

. (T.94)

2

where W is the design matrix: ¥,;; = 1;(X;).

Therefore, if there is a d-cover of the set {n‘l/zﬁlﬂ,ﬂ € By( g,rn)} C R™ under the
Euclidean || - ||2-norm, we can directly construct one for G, under || - ||,-norm. There
are available bounds on the covering number of the n~Y 2@5 when [ belongs to a [;-ball.

Specifically, we can apply Lemma 4 of [91]:
H (5, {n—l/%if,@, G e Bi( g,rn)} - ||) < O(M)r26log J,. (7.95)

This concludes our proof. Il
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To relate the training and testing errors, we need to consider a function space closely

related to G,,:
G2 = (Gn — f°)? (7.96)
We summarize several properties of it in the following lemma.

Lemma 7.4.9. Let r, = (log J,/n)Y?nY/ 2D (logn)2sP=1/C+) qnd 6, < r,. Then for the

function space G2 we know:

Sup HgHOO S C<M7 D/757D7Q)7

9€G2
pr{sup llgll. < C(M, D', s, D, Q)rn} X1 and (7.97)
9€G?

/ HY*(u, G2, P,)du < C(M, D', s, D, Q)rn(log J,,)"*log(1/8,).
6n

Proof. » We first derive the bound on the || - ||-norm. By definition, every element g in

G2 can be expressed as g = (f — f°)? for some f € G,. To bound ||g|s, it is enough
to bound ||f — f9||co-

1f = fOlloe < NIf = fonlloo + 150 — £l

(7.98)
< C(M, D)ro + || folloe + 1/°lloc < C(M, D',5, D, Q).
« We now bound the empirical norm || - ||,,. For any f € G,, we can define a function
g=f — f° And we know:
lglln < 1f = foglla + 11fse = f°lln
’ ’ (7.99)

< C(M,D"yr, + C(s, D, px,Q)(log”* n/n)*/**1 with high probability.
The first term is using the explicit form of f and fzo. The second bound is based on
the approximation results in Lemma 7.3.9 and the probability bound in (7.86). Since
rn = (log J,/n)Y2nt/ s+ (log n)2s(P—=1)/(2s+1) " the order of the first term in (7.99) is

larger than the second one’s. For ¢° € QN,%,

920 = - S {70%) - )} < OO D5, D,Q)glfs < C(M, D5, D, Q)%
=1

(7.100)
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So we conclude that for any ¢ € G2, ||¢*|l. < C(M,D’,s, D, Q)r, with probability

going to 1.

o Now we derive the bound on the integrated metric entropy. For any hy, hy € QNEL, there
exist f1, fo € G, such that h; = (fi — f°)%, i € {1,2}. So we know that
[y = hall2 = [|(fs = /) = (f2— )12
=—Z [{1(X0) + fo(Xi) = 2£°(Xa) } {AX) — fo(X)}]

2

< O(Mv DI?‘S’Dv Q)E Z {fl(XZ) - fQ(Xl)}z = C(Mv D/7S’D7 Q)Hfl - fQH?L
i=1
(7.101)
Now we know that if we have a d-covering of G, with center points {f;}, then the
functions {(fr — f°)?} form a C(M, D', s, D, Q)d-covering of G2. Since we already have

an entropy bound on G, stated in Lemma 7.4.8, we have one for Qﬁ of the same order

as well. The integrated entropy can be bounded as follows:

/ HY*(r,G% P,)dr < C(M,D',s,D, Q)/ (log J,)Y?r,mtdr
On On

(7.102)
< C(M,D',s,D,Q)(log J,)"*r, log(1/6,),
when r, <1.
O
Theorem 7.4.10. Let
62 = C(s, D) log(J,)n %5 log 271 +4(n),
(7.103)

r, = C(S, D)(lOg Jn/n)l/znl/@sﬂ)(logn)2S(D_1)/(23+1).

And let Bn denote the minimizer of the penalized problem (4.15). Then, under the same

conditions as in Theorem 4.7.3, we have

1f5, = fOl2 =I5, — I3

lim sup pr( n) —0 (7.104)

n—o0
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Proof. We first need to apply the symmetrization trick (e.g. Corollary 3.4 in [120])
02 012 0)?
oo (U5, = 1= U5, — 28] 2 0) =wr {2 = ) (55, - £9) ] 200}

< pr{sup |(P, — P)g| > 5n} +pr(f, & Gn)

9€G2

< 4dpr {sup

geG2

=1

> 571/4} + pr(f,én ¢ Gn)
(7.105)
The W; variables above are independent and identically distributed Rademacher variables
(pr(W; = 1) = pr(W; = —1) = 0.5). They are bounded (therefore sub-Gaussian) random
variables. The probability pr(f; ¢ G,) has been investigated in Corollary 7.4.6. To bound
the first term in (7.105), we need to apply some maximal inequalities (e.g., Corollary 8.3 or

Lemma 3.2 in [120]). These results require that r, > J,, and
Jnd, > C (/ HY? (T, G2, Pn> dr v rn> . (7.106)

50 /8

We already checked these properties in Lemma 7.4.9. So we conclude that with probability

going to 1, the difference between the training and testing error is no larger than d,,. [

Proof of Theorem 4.7.3. To show the testing error stated in Theorem 4.7.3, we just need to
combine the results in Theorem 7.4.10 and Corollary 7.4.6. 0

7.5 The Average Order of Divisor Functions

In this section we will present a derivation of the average order of D-divisor functions that
was used in the proof of Lemma 7.3.3. This result is known to mathematicians working
on number theory, and is usually considered as a direct generalization of the D = 2 case.
However, most standard references only include the special (but important) case when D = 2.
For the purpose of completeness, we replicate a proof based on an unpublished online note
by Graham Jameson, from Lancaster University. For other references of similar results, see

[56] (Proposition 6) and [26].
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Lemma 7.5.1. We have the following recurrence relation for Tp (over D):

Z Tp_1 ( ) (7.107)

Proof. Fix n < z. The number of D-tuples (j',j?,...,j° ", n) with n[l'i* < = is
the number of (D — 1)-tuples with [[.—'j* < x/n, that is, Tp_i(z/n). Hence Tp(z) =

anx Tp-1(z/n).

[
Lemma 7.5.2. Define
Ap() =Y % log? (z/n) (7.108)
n<z
then we have
D+1x10gD+1x§AD(x) < 1 1xlogD+1x+xlong (7.109)

Proof. Let f(t) = (z/t)log”(x/t) for 1 < t < x (also f(t) = 0 for t > x). Then f(t) is
decreasing and non-negative, and

z looP+1
/ £(t) [DHlogD“(u)L —% (7.110)

The statement follows, by using the following basic integral estimate (Proposition 1.4.2 of
[57]): Let f(t) be a decreasing, non-negative function for t > 1. Write S(z) = >, ., f(n)
and I(z) = [} f(t)dt. Then for all z > 1,

I(z) < S(z) < I(z) + f(1) (7.111)

O

Lemma 7.5.3. For any fized D > 2,

1
Tp(z) = mxlogD_lx+O (zlog”z) . (7.112)

The O(+) in (7.112) is for x — oc.
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Proof. Induction on D. The case D = 2 is known to be true (Theorem 3.2 [117]). Assume
(7.112) for D, with the error term denoted by gp(x). Then by (7.107),

Tou(s) = 3T (5) = 1@ + Q@) (7.113)
where
1) = ‘Z: log? ™ & = ﬁAD_I(@
= Z QDn (x_> ~2. T10gP 2L = Ap_s(a) .
n<z n n<z n n
By (7.109), _ _
I(r) = l;:clog z+ 0 (zlog” " z) (7.115)

and Q(z) = O(xlog” ' z). Hence (7.112) holds for D + 1. O
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