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Estimation of a regression function, linking a set of features to an outcome of interest, is

a fundamental statistical task. This dissertation focuses on the application of sieve estima-

tors in modern statistical learning problems. The method of sieves, or estimation via basis

expansion, has its roots in Fourier analysis. In the past decades, it has achieved much suc-

cess in smaller sample size, lower dimensional data science problems. In this dissertation, we

will demonstrate its effectiveness in modern statistical learning settings. Sieve estimators can

achieve statistical and computational optimality (almost) simultaneously, which makes them

very suitable for online and/or large scale nonparametric estimation tasks. Sieve estimators

can also be applied to high-dimensional nonparametric problems. They can effectively allevi-

ate the “curse of dimensionality” by leveraging additional structures such as feature sparsity.

For each topic covered in this dissertation, we will present both theoretical discussion and a

variety of numerical examples.
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Chapter 1

INTRODUCTION

In medical, biological, or epidemiological research, we often aim to build a model to

predict an outcome of interest (e.g., systolic pressure, forced expiratory volume of children,

or the odds of getting cancer) based on features of the subjects under study (e.g., smoking

status, BMI, age, height, the methylation level of certain genes). In many cases, this task

reduces to estimating the conditional mean of the outcome given the features — often called

regression in statistics. In modern causal inference, even when prediction is not the end-goal,

it is common that conditional means must be estimated as a nuisance [58].

Historically, it has been common to assume that the conditional mean falls in some sim-

ple, known, parametric class (e.g., that there is a linear relationship between features and

outcome). Parametric modeling has provided statisticians much insight into all sorts of

problems and is still widely discussed in contemporary statistics research. However, in the

field of statistical learning, it has become increasingly common not to make this potentially

unrealistic assumption, and instead to use flexible estimators that may be appropriate for

more complex non-linear/non-parametric function classes [24]. One common applied mod-

eling strategy, in-line with this idea, is to include transformations of input features in a

regression: Often polynomial transformations (or splines) are used. In this case, one needs

to specify the degree of polynomial to use. There is a tradeoff: Higher order polynomials

allow for more flexible fits but require more data to obtain stable estimates. In practice

it is challenging to select the appropriate polynomial degree, however there is theoretical

guidance available [119].

More specifically, in nonparametric regression, we often assume that the conditional mean

function varies “smoothly” with the features (for some precisely specified type of smooth-
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ness). Leveraging this assumption, one can often obtain minimax rate-optimal estimators

by employing the aforementioned polynomial regression with a polynomial degree asymptot-

ically specified by the degree of assumed smoothness and number of available observations.

Polynomial regression is a specific case of sieve estimation: There we estimate the condi-

tional mean by applying “linear regression” with an enlarged set of predictor variables derived

from our original features. The number of derived variables that we choose grows with the

available sample size. The transformations that we employ (e.g., polynomial, Fourier) gen-

erally depend on the type of smoothness that we assume. For problems with a small number

of original features, sieve estimators provide estimates that have good statistical properties

(e.g., rate optimality) and are efficient to compute.

In this dissertation we will use the term “sieve” a bit more generally to refer to estimators

that can be written as a linear combination of prespecified basis functions. The analytical

forms of the basis functions (e.g., monomials, trigonometric functions) will not depend on

the data, however the number we decide to use will depend on the available sample size.

However, classical sieve estimation procedures struggle in the face of contemporary data

challenges. We consider two such challenges: 1) Engaging with high dimensional features;

2) Working with online/streaming data. In the high-dimensional setting, the number of

candidate features is large or comparable with the sample size. It is in general much harder

to perform nonparametric estimation only under smoothness assumptions: Due to the “curse

of dimensionality”, we will have difficulty approximating large multivariate functions spaces.

For estimation to be tractable, we need to carefully specify our nonparametric function space

and adjust our methods accordingly. In the streaming data or online setting, new data are

generated continuously and we need to repeatedly update our function estimate whenever

new data is available (potentially with every observation). Many nonparametric estimation

procedures, including repeatedly fitting sieve estimators are prohibitively computationally

expensive. We need nonparametric methods with both computationally and statistically

favorable profiles.

In this dissertation, we aim to provide several sieve-type estimation procedures that
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are suitable for these modern nonparametric scenarios. In Chapter 2 & 3 we will engage

with the online setting and in Chapter 4 we will discuss applying sieve estimation with

moderately high-dimensional data. The remaining three chapters contain supplementary

materials for Chapter 2 - 4. Specifically, Chapter n + 3 is the appendix of Chapter n

for n ∈ {2, 3, 4}. In this dissertation, different chapters are (inevitably) closely related to

each other. The current chronological arrangement may not, unfortunately, be the best

presentation. The proposed methods follow the same basic principle as the other chapters

but in general are more restrictive than those proposed in the following chapter. Chapter 3

is the “core” chapter of this dissertation. In this chapter we engage with the statistical and

computational joint-optimality of online regression problems. In this part of our research

work, the nonparametric model we work with is the so-called “Sobolev ellipsoid”. Our readers

may treat it as a abstraction of the reproducing kernel Hilbert spaces in Chapter 2 or the

Sobolev spaces in Chapter 4. More discussion on the intuition of Sobolev ellipsoids can

be found in Section 7.2. In Chapter 4, we engage with multivariate function spaces and

sieve estimation in these spaces. This part of the work was completed after the previous

two chapters. However, the results established in Chapter 4 imply some direct extension of

methods proposed in earlier chapters to more general multivariate/high-dimensional settings.

Before we go into individual sections, we would like to provide some very brief formal

presentation about the general idea of sieve estimation. Suppose for each subject in our

sample, we observe some features X ∈ Rd and an outcome of interest Y ∈ R. We wish

to find the function f 0 that best links them, under the independent, identically distributed

sample assumptions. When we measure the error by the expected mean-squared distance

E[(Y − f 0(X))2], the minimizer function is called the conditional mean function or regres-

sion function. The task of estimating conditional mean is possible if we can draw random

“training” samples (Xi, Yi) ∼ (X,Y ) and when the function f 0 is reasonably “smooth”. All

the estimators f̂n proposed in this work, which are also functions, all take the form of

f̂n =
Jn∑
j=1

βnjψj, for some βnj ∈ R, Jn ∈ {1, 2, ...}, (1.1)
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with some pre-specified basis functions ψj. The truncation level/ dimension of the estimator

Jn and coefficients βnj are determined by the sample {(Xi, Yi)} whereas the basis function

are not data-adaptive. For the purpose of both better practical application and theoretical

concerns, we are often interested in answering the following questions (with different emphasis

across chapters):

• What kind of nonparametric models should we impose on the conditional mean f 0?

Under these models, what basis functions should we use?

• Is there any theoretical guidance on how many basis functions Jn we should use? What

theoretical guarantees can we get when the “correct” basis number Jn is applied?

• How can we estimate the regression coefficients βnj in a computationally efficient way

(Chapter 2 & 3)? How can we modify the estimation procedure to alleviate the negative

influence of non-informative features and perform feature selection (Chapter 4)? How

much is the computational cost of each strategy?

The answers to some of these questions are standard and straightforward, but some are

still relatively open in modern statistical learning settings. We hope our work can help clear

some barriers for applying the method of sieves in nonparametric problems and demonstrate

the method’s effectiveness.
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Chapter 2

AN ONLINE PROJECTION ESTIMATOR FOR
NONPARAMETRIC REGRESSION

IN REPRODUCING KERNEL HILBERT SPACES

2.1 Introduction

It is often of interest to estimate an underlying regression function, linking features to an

outcome, from noisy observations. When the structure of this function is not known (e.g.,

when we do not want to assume a simple linear form), some form of nonparametric regression

is employed. More formally, suppose we observe some independent and identically distributed

(i.i.d.) samples (Xi, Yi)
i.i.d.∼ ρ(X,Y ), for i = 1, 2, ..., n, generated from the following statistical

model:

Yi = fρ(Xi) + ϵi, (2.1)

where, for each i, Xi
i.i.d.∼ ρX (which take values in Rd) are our features, Yi ∈ R is our

outcome, ϵi are i.i.d. mean zero noise variables. One can think of fρ as being implicitly

defined by the joint distribution ρ(X,Y ). It is often of interest to estimate fρ, the regression

function (e.g., in predictive modeling or inferential applications). Under mild conditions, the

regression function fρ can also be characterized as the minimizer of

min
f∈F

E(Y − f(X))2, (2.2)

when F = L2
ρX

. This is the best measurable function for predicting Y given X under a least

squares loss.

2.1.1 Nonparametric Regression in RKHS

In nonparametric regression, we often assume that fρ belongs to a specified infinite-dimensional

function space F . This is known as the Hypothesis Space. Commonly used F in statistics



6

and computer science communities include the Holder ball, Sobolev space [126], general

reproducing kernel Hilbert space (RKHS) [20], and Besov space [49]. Here, we focus on

estimation when F is an RKHS. Briefly, an RKHS over X is a Hilbert space (F , 〈·, ·〉F) with

the following reproducing property: for any f ∈ F and x ∈ X ,

f(x) = 〈f,Kx〉F , (2.3)

where Kx is the so-called kernel function associated with F evaluated at x. This is discussed

in more detail in Section 2.2.

In the classical nonstreaming setting of nonparametric regression, estimation in an RKHS

F is a well-studied problem. In this case, the kernel ridge regression (KRR) estimator is the

gold standard; see, for example [128]. It is defined by

f̂KRRn := argmin
f∈F

1

n

n∑
i=1

(Yi − f (Xi))
2 + λKRRn ‖f‖2F , (2.4)

where λKRRn is a hyperparameter that balances the mean squared error and the complexity

of the estimate. Owing to the reproducing property (2.3), f̂KRRn can be written as a finite

linear combination of the kernel function evaluated at (Xi)
n
i=1 [100].

In general, (2.4) requires solving an n × n linear system, and thus has a computational

cost in the order of n3. In an online setting, this is exacerbated by the need to refit for each

new observation, resulting in n4 computation being required to fit a sequence of n estimators.

Although this penalized estimator has good statistical properties (rate optimal convergence

and strong empirical performance), its high computational cost restricts its application in

online settings. Substantial effort has been made to reduce the computational cost of KRR

using, for example, “scalable kernel machines” based on a random Fourier feature (RFF) [71]

or a Nyström projection [42]. This is discussed further in Section 2.2.1.

2.1.2 Parametric and Nonparametric Online Learning

Online learning has been studied thoroughly in the parametric setting: there, we assume fρ
takes a parametric form, indexed by a finite-dimensional parameter β ∈ Rp (e.g., fρ(X) =
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β⊤X for a linear model).

In this parametric online setting, it is useful to frame the regression function as a popu-

lation minimizer,

min
β∈Rp

E[(Y − fβ(X))2]. (2.5)

From here, it is popular to directly apply a stochastic gradient descent (SGD) to (2.5), using

each sample in our “stream” to calculate one unbiased estimate of the gradient. Updating

such an estimator with a new observation has a constant computational cost of O(p). In

addition, these estimators achieve an optimal parametric convergence rate of O(1/n) under

mild conditions [64, 6, 37, 5].

However, comparatively less attention has been given to online nonparametric regression.

A few rate-optimal functional SGD algorithms have been proposed [116, 25], where the hy-

pothesis function space F is assumed to be an RKHS. The RKHS structure makes it possible

to take the gradient of the evaluation functional Lx(f) := f(x). Although such estimators

have been shown to be statistically rate optimal, updating them with a new observation

(Xn+1, Yn+1) usually involves evaluating n kernel functions at Xn+1, with a computational

cost of O(n). This is in contrast to the constant update cost of O(p) in a parametric SGD.

Thus, the computational cost of a nonparametric SGD will accumulate at order O(n2), which

is not ideal for methods that are nominally designed to deal with large data sets. Although

there has been some effort devoted to transfer RFF- or Nystrom-based methods to online

settings (See Section 2.2.1), the theoretical guarantees are usually not close to optimal, with

strong restrictions on the noise variables.

We propose a method for constructing online estimators in an RKHS by considering the

Mercer expansion (eigendecomposition) of a kernel function. Existing methods usually take

an iterative form, which can be interpreted as projecting a random function onto a random

space with growing dimension [63, Equation (15)]. However, our estimator is the first one

that can be treated as an empirical risk minimizer (ERM, or M-estimator of negative loss)

in a deterministic linear space with growing dimension.

We analyze both the statistical and the computational properties of the estimator to
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show that i) it has an asymptotically optimal (up to a logarithm term) generalization error,

ii) it has a significantly lower computational cost than those of other proposed rate-optimal

nonparametric SGD estimators, and iii) it is robust against heavy-tailed noise. Interestingly,

it only requires the (1 + ∆) moment of the noise to be finite for any ∆ > 0 to achieve

consistency.

Note that in the theoretical analysis of our estimator, we do not require the covariate X

to be equally spaced or uniformly distributed, as in standard references [119] (though such

assumptions would significantly simplify the proof). In addition, we do not require it to

be known for rate optimal convergence. We show that our estimator obtains rate optimal

convergence if ρX is absolutely continuous with respect to the measure used to conduct the

eigendecomposition of the kernel function (usually, the latter is taken as a uniform measure

or a Gaussian distribution).

Notation: we use an = Θ(bn) to indicate that two sequences increase/decrease at the

same rate as n→∞. Formally,

0 < lim inf
n→∞

∣∣∣∣anbn
∣∣∣∣ ≤ lim sup

n→∞

∣∣∣∣anbn
∣∣∣∣ <∞. (2.6)

For a ∈ R, bac is the largest integer that is smaller than or equal to a. The ‖ · ‖2-norm of a

function is its L2
ρX

-norm, that is ‖f‖22 =
∫
X f

2(z)dρX(z). In this chapter, when we say two

functions f and g are orthogonal with respect to the measure P , we mean
∫
f(x)g(x)dP (x) =

0.

2.2 Preliminaries on RKHS

In this section, we provide background information on RKHS and existing methods, before

introducing our estimation procedure.

First, we formally introduce the concept of a Mercer kernel and its corresponding RKHS.

A symmetric bivariate function K : X × X → R is positive semi-definite (PSD) if, for any

n ≥ 1 and (xi)
n
i=1 ⊂ X , the n×n kernel matrix K with elements Kij := K(xi, xj) is always a

PSD matrix. A continuous, bounded, PSD kernel function K is called a Mercer kernel. We
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have the following duality between a Mercer kernel and a Hilbert space.

Proposition 2.2.1. For any Mercer Kernel K : X × X → R, let Kx denote the function

Kx(·) := K(x, ·). There exists a unique Hilbert Space (H, 〈·, ·〉H) of functions on X satisfying

the following conditions:

1. For all x ∈ X , Kx ∈ H.

2. The linear span of {Kx | x ∈ X} is dense (w.r.t ‖ · ‖H) in H.

3. (reproducing property) For all f ∈ H, x ∈ X ,

f(x) = 〈f,Kx〉H. (2.7)

We call this Hilbert space the RKHS associated with kernel K, or the native space of K.

For a more comprehensive discussion of the RKHS, see [22], [128], and [33].

There is an equivalent definition of the RKHS, which we focus on here. Given any Mercer

kernel K and any Borel measure ν, there exists a set of L2
ν-orthonormal basis (ϕj)∞j=1 of H̄

(closure of H with respect to ‖·‖L2
ν
). Additionally, each of the functions has a paired positive

real number µj, sorted s.t. µj ≥ µj+1 > 0. We call the functions ϕj eigenfunctions and µj
their corresponding eigenvalues. We state the following equivalent definition of the native

space of K.

Proposition 2.2.2. Define a Hilbert space

H =

{
f ∈ L2

ν | f =
∞∑
k=1

θjϕj with
∞∑
j=1

(
θj√
µj

)2

<∞

}
(2.8)

equipped with inner product:

〈f, g〉H =
∞∑
j=1

ajbj
µj

, (2.9)

for f =
∑∞

j=1 ajϕj and g =
∑∞

j=1 bjϕj.

Then, (H, 〈·, ·〉H) is the reproducing Hilbert space of kernel K.
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For a discussion of this definition and its relation to Proposition 2.2.1, see [22]. For many

kernels, the analytical form of (µj, ϕj) are available for some specific choice of measure ν.

This can be useful for our method. We require the eigen-system of the kernel with respect

to some (relatively arbitrary) measure. This measure does not need to be the measure ρX , it

merely needs to be absolutely continuous with respect to ρX . We assume such a convenient

measure, denoted by ρ̄X , exists (for which the kernel has an accessible eigen-system and

ρ̄X � ρX). We call it a working measure, and use the notation (λj, ψj) instead of the generic

(µj, ϕj) to denote such an eigen-system with respect to L2
ρ̄X

. As an example, the kernel

K(x, z) = min{x, z} is the reproducing kernel of the Sobolev space

W 0
1 ([0, 1]) =

{
f : [0, 1]→ R | f(0) = 0 and

∫ 1

0

(f ′(x))
2
dx <∞

}
, (2.10)

and its eigenfunctions and eigenvalues are (w.r.t. ρ̄X = Unif([0, 1]))

ψj(x) =
√
2 sin

(
(2j − 1)πx

2

)
λj =

4

(2j − 1)2π2
. (2.11)

It is also possible to write the kernel as a Mercer expansion w.r.t (ψj, λj):

K(x, z) =
∞∑
j=1

λjψj(x)ψj(z). (2.12)

The functions {
√
λjψj(x), j = 1, 2, ...} are also called the feature maps of the kernel K.

Note too that, by definition, ψj are orthogonal w.r.t. 〈·, ·〉H. Twenty commonly used kernels’

Mercer expansions are provided in [33, Appendix A].

If a function f =
∑∞

j=1 θjψj has a finite ‖·‖H RKHS-norm, its general Fourier coefficients

(θj)j∈N need to be at least o(λjj−1/2) so that the norm series
∑∞

j=1(θj/
√
λj)

2 converges.

This suggests that, for sufficiently large N , the truncation fN =
∑N

j=1 θjψj should be a good

approximation to f . This basic idea motivates our work. By analyzing the spectrum of the

kernel, we can identify what N should be.

2.2.1 Existing Online Nonparametric Methods

In an RKHS, it is possible to take the functional gradient of the evaluation operator Lx, for

any x ∈ X . This allows methods using a functional SGD to solve the regression problem
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(2.2). Usually, functional SGD estimators after n steps, f̂SGDn of fρ, take the form of a

weighted sum of n kernel functions KXi
, for i = 1, 2, ..., n, [116, 25]:

f̂SGDn =
n∑
i=1

aiKXi
. (2.13)

To update f̂SGDn with (Xn+1, Yn+1), it is necessary to evaluate all n kernel basis functions

{KXi
, i = 1, 2, ...n} at Xn+1. Thus, the computational cost of the update is O(n). Several

works have attempted to improve this computational cost. In [105], [74], and [63], the authors

choose a subset of features (KXi
)ni=1 with cardinality smaller than n. In [23] and [74], kernel-

agnostic random Fourier features are used: typically, O(
√
n) basis functions are required

in this setting; see [96]. Although computationally more efficient than a vanilla functional

SGD (2.13), the theoretical aspects of these scalable methods are not fully satisfying: 1)

noise variables are required to have extremely light tails to provably guarantee convergence;

2) verified convergence rates are not minimax-optimal; and 3) the target parameter is, in

general, not even fρ but, instead, a penalized population risk-minimizer.

Compared with the linear space spanned by random features or kernel functions, the space

spanned by eigenfunctions has a minimal approximation error in the sense of minimizing the

Kolmogorov N-width [98, Section 3]. This inspired us to use them as basis functions to

construct our estimator. Briefly, this means that projecting onto the N-dimensional linear

space spanned by the eigenfunctions has the minimal residual among all the N-dimension

linear sub-spaces of L2
ρ̄X

. More technically,

sup
∥f∥H=1

∥∥∥f − ΠL2
ρ̄X

, FN
f
∥∥∥
L2
ρ̄X

= inf
VN⊂L2

ρ̄X

sup
∥f∥H=1

∥∥∥f − ΠL2
ρ̄X

, VNf
∥∥∥
L2
ρ̄X

=
√
λN+1, (2.14)

where FN is the linear space spanned by the first N eigenfunctions (ψj)
N
j=1, ΠA,B is the

projection operator onto space B using the inner product of A, and VN is a generic N -

dimensional linear space in L2
ρ̄X

. This is important for statistical estimation, because there

is a bias/variance tradeoff in this estimation problem (more basis functions decreases the

bias, but increases the variance). By using a basis that can more compactly represent our
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function, we can find a more favorable tradeoff and asymptotically decrease our estimation

error.

We propose a method with favorable statistical guarantees (minimax rate-optimality)

and a lower computational cost. The basis functions used should be kernel-sensitive, and the

convergence rate should be sensitive to the decay rate of the eigenvalues λj. In addition, we

give provable theoretical guarantees in a heavy-tail noise setting.

2.3 A Computationally Efficient Online Estimator

In this section, we present the proposed online regression estimator. We first discuss the

well-known projection estimator in the batch learning setting, then shift to the online set-

ting, where we naively refit the model with each observation. Lastly, we give our proposed

modification to make this process computationally efficient. In what follows, we use N to

denote the number of basis functions used to construct each projection estimator, though it

should more formally be written as N(n), because it is a nondecreasing function of n.

2.3.1 Projection Estimator in Batch Learning

Suppose we have n samples (Xi, Yi)
n
i=1, and let FN = span(ψ1, ..., ψN) be the N -dimensional

linear space spanned by the N eigenfunctions with the largest eigenvalues. The function f̂n,N
that minimizes the empirical mean squared error over FN is a very attractive candidate for

estimating fρ ∈ H, which we use for the online setting.

Formally, define θθθ = (θ1, ..., θN)
⊤ and ψψψN(Xi) = (ψ1(Xi), ..., ψN(Xi))

⊤. Consider the

following least squares problem (in the Euclidean space):

min
θθθ∈RN

n∑
i=1

(Yi − θθθ⊤ψψψN(Xi))
2. (2.15)

The solution can be written in matrix form as

θ̂̂θ̂θ := (θ̂1, ..., θ̂N)
⊤ = (Ψ⊤

nΨn)
−1Ψ⊤

nYYY n, (2.16)
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if Ψ⊤
nΨn is invertible. Here, YYY n = (Y1, ..., Yn)

⊤ is the observed response, and Ψn is the design

matrix with elements Ψij = ψj(xi). Then, the estimator

f̂n,N =
N∑
j=1

θ̂jψj (2.17)

is the empirical risk minimizer (ERM) in FN . Estimators that take this form are called

nonparametric projection estimators (of fρ, with level N) [119].

The optimal number of basis functions to use depends on both the sample size n and how

fast the eigenvalues λj in (2.12) decay. As stated formally in Theorem 2.4.1, the optimal

choice is N = Θ(n
d

2α+d ) when λj = Θ(j−2α/d), with α > d
2
. Note that the condition α > d

2

ensures that the considered RKHS can be embedded into the space of continuous functions

(as a result of the Sobolev inequality, cf. Theorem 12.55 [66]). With this choice for N , the

convergence of f̂n,N achieves the minimax rate over functions with a bounded RKHS norm.

Similar results for projection estimators have been shown when (ψj)
∞
j=1 is the trigonometric

basis, and xi are deterministic and evenly spaced [119] or ρX is the uniform distribution [8].

Our analysis shows that the optimality of the projection estimator holds for general ψj, and

does not require them to be orthonormal with respect to the empirical measure or ρX .

2.3.2 Naive Online Projection Estimator

The most direct way of extending the projection estimator (2.17) to the online setting is sim-

ply to refit the whole model whenever a new pair of data (Xi, Yi) comes in. In Algorithm 2.1,

we provide this naive updating rule for our reader to better understand the proposed method.

Our modified proposal in Section 2.3.4 greatly improves upon this in terms of computational

cost, while giving the same estimates f̂n,N .

In this algorithm, YYY n = (Y1, ..., Yn)
⊤ is the vector of outcomes, Ψn is the n × N design

matrix at step n, and Φn denotes the N ×N matrix (Ψ⊤
nΨn)

−1 (inversion of Gram matrix).

Whenever new data come in, the algorithm augments the design matrix by adding one

new row toΨn−1 based on the new observationXn. The new row [ψ1(Xn), ψ2(Xn), ..., ψN(Xn)]

can be understood as the embedding of Xn into the feature space spanned by (ψj)
N
j=1.
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Algorithm 2.1: Naive rule for updating θ̂θθ with a new observation (Xn, Yn).

INPUT (Xi)
n
i=1,YYY n,Φn−1,Ψn−1, α,N

FUNCTION UpdateCurrent(Xn, N,Φn,Ψn)

ψψψn ← [ψ1(Xn), ψ2(Xn), ..., ψN(Xn)]
⊤

Ψn ←

Ψn

ψψψ⊤
n

 Φn ←
(
Ψ⊤
nΨn

)−1

RETURN (Φn,Ψn)

FUNCTION AddBasis ((Xi)
n
i=1, N,Φn,Ψn)

ψψψN+1 ← [ψN+1(X1), ..., ψN+1(Xn)]
⊤

Ψn ←
[
Ψn ψψψN+1

]
Φn ←

(
Ψ⊤
nΨn

)−1

RETURN (Φn,Ψn)

(Φn,Ψn)← UpdateCurrent(Xn, N,Φn−1,Ψn−1)

IF n = Floor((N + 1)2α+1)

(Φn,Ψn)← AddBasis((Xi)
n
i=1, N,Φn,Ψn)

N ← N + 1

ENDIF

θ̂θθ ← ΦnΨ
⊤
nYYY n

When n = b(N + 1)
2α+d

d c, this algorithm additionally adds a new column to the design

matrix Ψn (increasing the dimension of the basis function we project upon by one). This

new column is just the evaluation of ψN+1 at (Xi)
n
i=1. Recall that ψN+1 is the (N + 1)th

eigenfunction in the Mercer expansion (2.12). It is straightforward to show that this criterion

of adding new basis functions ensures N = Θ(n
d

2α+d ).

The computational cost of each update using Algorithm 2.1 is ∼ n
2α+3d
2α+d . In particular,

calculating Ψ⊤
nΨn takes ∼ nN2 ∼ n

2α+3d
2α+d computations. Although this algorithm gives a
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statistically rate-optimal estimator and is straightforward to implement, it is rather com-

putationally expensive. In particular, the functional SGD algorithm has a comparatively

smaller computational cost of ∼ n per update.

2.3.3 Efficient Online Projection Estimator

In this section, we explicitly give our proposed method (the details of which are given in

Algorithm 2.2). By using some common block/rank-one updating tools from linear algebra,

we are able to substantially improve Algorithm 2.1. In particular, it is expensive to repeatedly

calculate (Ψ⊤
nΨn)

−1 directly. However, the matrix Ψn has only one more row and (sometimes)

one more column than Ψn−1. It is possible to calculate (Ψ⊤
nΨn)

−1 by updating (Ψ⊤
n−1Ψn−1)

−1.

The latter will already have been calculated when observing (Xn−1, Yn−1).

When Ψn has one more row than Ψn−1,

Ψn =

Ψn−1

ψψψ⊤
n

 , (2.18)

where ψψψn = [ψ1 (Xn) , ψ2 (Xn) , . . . , ψN (Xn)]
⊤. We can write Ψ⊤

nΨn in the form

Ψ⊤
nΨn = Ψ⊤

n−1Ψn−1 +ψψψnψψψ
⊤
n . (2.19)

Thus,
(
Ψ⊤
nΨn

)−1 can be calculated from
(
Ψ⊤
n−1Ψn−1

)−1 and ψψψn using the Sherman–Morrison

formula [103].

When Ψn has one more column than Ψn−1,

Ψn =
[
Ψn−1 ψψψN+1

]
. (2.20)

We can write Ψ⊤
nΨn in the form

Ψ⊤
nΨn =

 Ψ⊤
n−1Ψn−1 Ψ⊤

n−1ψψψ
N+1(

ψψψN+1
)⊤

Ψn−1

(
ψψψN+1

)⊤
ψψψN+1

 . (2.21)

Therefore,
(
Ψ⊤
nΨn

)−1 is related to
(
Ψ⊤
n−1Ψn−1

)−1 by the block matrix inversion formula [86].
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The detailed updating rule of the proposed method is given explicitly in Algorithm 2.2.

The basic structure of this algorithm is identical to that of Algorithm 2.1. However, the

updating rules discussed above are used to avoid recalculating some quantities from scratch.

We also establish a recursive relationship between θ̂θθn+1 and θ̂θθn. Curiously, the recursive

formula has a form very similar to that of the pre-conditioned SGD estimator (with the

inverse of the Gram matrix as the pre-conditioner). When n 6= b(N + 1)
2α+d

d c, the recursion

is

θ̂θθn = θ̂θθn−1 + Φnψψψn

[
Yn − f̂n−1,N(Xn)

]
. (2.22)

Note that for the SGD, the updating rule replaces Φn by I, the identity matrix, thus omitting

the correlation of ψj w.r.t. the empirical measure. When features are added, there is still a

geometrical interpretation; see the Supplementary Material, Section 5.3.

2.3.4 Computational Cost of Algorithm 2.2

We now show that the computational cost of the updating rule in Algorithm 2.2 is, on

average, O(n
2d

2α+d ).

When n 6= b(N + 1)
2α+d

d c, we do not add a new feature ψN+1, but only update the Φn−1

matrix with the current N features. The most expensive step is the inner product of Φn−1

and ψnψnψn, which is an N×N matrix multiplied by an N×1 vector. Because the N = Θ(n
d

2α+d )

at step n, the update is of order n
2d

2α+d .

When n = b(N + 1)
2α+d

d c, we add both a column and a row to the design matrix Ψn−1.

The most expensive step is calculating the vector bbb, which gives the pair-wise inner product

between ψN+1 and (ψj)
N
j=1 with respect to the empirical measure. In this step, an N×(n−1)

matrix is multiplied by an (n− 1)× 1 vector, which requires a computation of order n
2α+2d
2α+d .

However, the algorithm adds new features less frequently as n increases. Thus, in calculating

the average computational cost, we amortize this expense over all updates after including

new basis functions.
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Algorithm 2.2: Rule for updating θ̂θθ with a new observation (Xn, Yn) efficiently. At step ∗,

the value of Ψ⊤
n−1YYY n−1 stored in memory needs to be used to avoid repeating calculation.

INPUT (Xi)
n
i=1,YYY n, N,Φn−1,Ψn−1, a,Ψ

⊤
n−1YYY n−1

FUNCTION UpdateCurrent (Xn, N,Φn−1,Ψn−1)

ψψψn ← [ψ1(Xn), ψ2(Xn), ..., ψN(Xn)]
⊤

Ψn ← [Ψ⊤
n−1 ψψψn]

⊤ , Φn ← Φn−1 − Φn−1 ψnψnψn ψnψnψn
T Φn−1

1 + ψnψnψn
T Φn−1 ψnψnψn

RETURN (Φn,Ψn)

FUNCTION AddBasis ((Xi)
n
i=1, N,Φn,Ψn)

ψψψN+1 ← [ψN+1(X1), ψN+1(X2), ..., ψN+1(Xn)]
⊤

c←
(
ψψψN+1

)⊤
ψψψN+1 bbb← Ψ⊤

nψψψ
N+1 k ← c− bbb⊤Φn bbb

Ψn ←
[
Ψn ψψψN+1

]
Φn ←

 Φn +
1
k
Φn bbbbbb

T Φn − 1
k
Φn bbb

− 1
k
bbbT Φn

1
k


RETURN (Φn,Ψn)

(Φn,Ψn)← UpdateCurrent(Xn, N,Φn−1,Ψn−1)

IF n = Floor((N + 1)2a+1)

(Φn,Ψn)← AddBasis((Xi)
n
i=1, N,Φn,Ψn)

N ← N + 1

ENDIF

θ̂θθ ← ΦnΨ
⊤
nYYY n ∗

Let
n = (N)

2α+d
d

n+ = (N + 1)
2α+d

d .

That is, n is the first step when there are more than N features included, and n+ is the first
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step when there are more than N + 1 features. Then, the length of the interval between the

two “basis addition” steps is

n+ − n = (N + 1)
2α+d

d − (N)
2α+d

d

= Θ(N2α/d) = Θ(n
2α

2α+d ).

Thus, an O(n
2α+2d
2α+d ) computation is performed per n

2α
2α+d steps, which is, on average, O(n

2d
2α+d )

per step. Thus, the average computational cost of a single update using Algorithm 2.2 is of

order n
2d

2α+d .

2.4 Theoretical Analysis of the Online Projection Estimator

In this section, we formally show that the proposed online estimator achieves the optimal

statistical convergence rate when the true regression function belongs to the hypothesized

RKHS. In previous theoretical analyses of (batch) projection estimators [119], the proof is

shown when ψj are orthogonal to each other w.r.t. the empirical measure of the covariates.

This event has probability zero if X has a continuous density. In this section, we show it

is possible to get a rate-optimal bound on the generalization error of f̂n,N , even if ψj (the

eigenfunctions of the kernel w.r.t. our “convenient” working distribution) are quite correlated

w.r.t. the empirical measure of X.

Recall that FN = span(ψ1, ..., ψN) is the linear space spanned by the first N eigenfunc-

tions. Define the population minimizer fN over FN as

fN := arg min
f∈FN

E[(f(X)− fρ(X))2]. (2.23)

Here, recall that f̂n,N ∈ FN is the estimator, fN is the population risk minimizer over FN , and

fρ ∈ H is the target function to be estimated. To establish the result that ‖f̂n,N − fρ‖2 → 0

as n→∞, we first bound the rate at which ‖f̂n,N−fN‖2 goes to zero as N grows (sufficiently

slowly); then, we bound the rate at which ‖fN − fρ‖2 → 0 as N → ∞. With the correct

choice of N = Θ(n
d

2α+d ), we can balance the rate of the above two terms converging to zero.

Before we state the result, we give assumptions necessary for the proof.
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(A1) The joint distribution of i.i.d. (Xi, Yi) has support X × R ⊂ Rd × R and X is

compact. The i.i.d. zero-mean noise random variables ϵi = Yi− fρ(Xi) satisfy the following:

‖ϵi‖m,1 :=
∫ ∞

0

P(|ϵi| > t)1/mdt <∞, for some m > 1. (2.24)

Note. If for some δ > 0 and m > 1, we have that the m+ δ moment of ϵi exists, then (A1) is

satisfied for that value of m. This is slightly stronger than the existence of the mth moment;

see [65], Chapter 10.

Our noise assumption is substantially weaker than the typical sub-Gaussian noise as-

sumptions (sub-Gaussian random variables have all moments bounded). In the light-tail

noise setting, the level of the noise only influences the convergence speed by at most a con-

stant. However, as shown in Theorem 2.4.1, if the eigenvalues decrease too fast (the RKHS is

too small) and the noise has too few moments, the convergence rate will depend on the noise

level. Our analysis characterizes the interplay between the size of the RKHS space and the

noise level using a sharp multiplier inequality [48, Theorem 1]. There are currently no other

methodologies, to the best of our knowledge, that are both computationally tractable and

have provable convergence guarantees with heavy-tailed noise in the online nonparametric

regression setting.

(A2) The true regression function fρ belongs to the known RKHS H; that is, the RKHS-

norm ‖fρ‖H is finite.

(A3) The kernel function has Mercer expansion K(x, z) =
∑∞

j=1 λjψj(x)ψj(z), where

(ψj)
∞
j=1 are orthonormal with respect to some specified working distribution ρ̄X , and λj =

Θ(j−2α/d) with α > d/2.

(A4) The distribution of X, ρX , is absolutely continuous w.r.t. ρ̄X . Let pX = dρX/dρ̄X

denote its Radon–Nikodym derivative. We assume, for some D <∞,

pX(x) ≤ D for all x ∈ X .

Note. In the (very common) case that both of these have densities with respect to the

Lebesgue measure, this is equivalent to the ratio of their densities being bounded.
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Theorem 2.4.1 (Optimal convergence rate). Assume (A1–A4), let f̂n,N be the projection

estimator (2.17). Assume that ‖f̂n,N‖∞ ≤ M , for some M < ∞. Choosing N = Θ(n
d

2α+d ),

we have

‖f̂n,N − fρ‖2 = OP

(
n− α

2α+d

√
logn ∨ n− 1

2
+ 1

2m

√
logn

)
. (2.25)

If m ≥ 2 in (A1), the above bound holds in expectation:

E[‖f̂n,N − fρ‖2] = O
(
n− α

2α+d

√
logn ∨ n− 1

2
+ 1

2m

√
logn

)
. (2.26)

Note that as long as all the moments of ϵi exist (e.g., when ϵi are sub-exponential), the

convergence rate depends only on the size of the RKHS. One merit of our method is that

even if the noise does not have a finite variance, that is, m < 2 in (A1), our method still

has convergence guarantees. To the best of our knowledge, existing works on nonparametric

SGD do not give convergence guarantees with such heavy-tailed noise.

As we compare the two components on the RHS of the bound presented in (2.26), we

can see that when m > 2α
d
+ 1, that is, when we have a relatively light-tailed noise, our

bound is dominated by the size of the RKHS. However, when m < 2α
d
+ 1, it is the noise

that dominates our bound. Furthermore, note that as d increases, fewer moments on ϵ are

required for our bound to match the classical nonparametric minimax rate in our RKHS.

The following lower bound demonstrates that this rate of convergence is indeed optimal

(up to a logarithm term) among all estimators. For λj = Θ(j−2ζ) (to compare with Theo-

rem 2.4.1, take ζ = α/d), let BR = {f ∈ H | ‖f‖H ≤ R} be the R-ball in the RKHS H.

Then, we have the minimax bound

lim inf
n→∞

inf
f̂

sup
fρ∈BR

E
[
n

ζ
2ζ+1‖f̂ − fρ‖2

]
≥ C, (2.27)

where the infimum ranges over all possible functions f̂ that are measurable of the data. For

a derivation of the lower bound, see [128, Chap. 15].

Upper bounds similar to our results in Theorem 2.4.1 have been shown in [116] and

[25] for SGD-type nonparametric online methods. However, the proposed estimators there

use n basis functions, and therefore have an unacceptable Θ(n2) total computational cost.
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There are methods that aim to improve the computational aspect by using random features

or other acceleration methods (see Section 2.2.1). However, the theoretical guarantees on

the statistical convergence rates in those works are, in general, quite weak (generally giving

upper bounds of n−1/4 in the RMSE, which is far from the minimax rate) and insensitive to

the decay rate of the eigenvalues.

Many existing online nonparametric estimators aim to find a function f ∈ F that min-

imizes an expected convex loss E[l(f(X), Y )], which is a more general setting than this

study. However, the majority of previous works on this topic assume that the loss function

l(·, ·) is Lipschitz w.r.t. the first argument; see [23], [105], [63], and [74]. Specializing to

the regression problem (with squared-error-loss), this is essentially assuming that the out-

comes Yi (therefore the noise ϵi) are uniformly bounded, because l(f(x), y) − l(f(z), y) =

(f(x)−y)2−(f(z)−y)2 = (f(x)−f(z))(f(x)+f(z)−2y). If we require l(·, ·) to be Lipschitz,

we basically require f(x), f(z), y to be uniformly bounded. Although we still only consider

bounded f in this chapter, we relax the constraint on the noise variables: we require only

finite moments of ϵi, and show the (in)sensitivity of our bound.

2.5 Multivariate Regression Problems

In most applications, the covariates Xi take values in Rd where d > 1. If the kernel func-

tion K : Rd × Rd → R has a known Mercer expansion (2.12), then the proposed method

can be applied directly. If the kernel function takes a tensor product form (e.g. the Gaus-

sian kernel), or is constructed from a one-dimensional kernel using a tensor product (e.g.,

K(x, z) =
∏d

k=1 min{x(k), z(k)}, where x(k) is the kth entry of x ∈ Rd), the eigenvalues and

eigenfunctions are just the tensor product of the one-dimensional kernels [79, Section 3.5],

[136, Section 5.2]. However, as presented in Section 2.4, the minimax rate of estimating in a

d-dimensional α-order Sobolev space is Θ(n− α
2α+d ), which becomes quite slow when d is large

(unless, at the same time, a large α is assumed).

A popular low-dimensional structure is the nonparametric additive model [52, 141], which

is thought to effectively balance model flexibility and interpretability. For x ∈ Rd, we might
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consider imposing an additive structure on our model (2.1):

fρ(x) =
d∑

k=1

fρ,k
(
x(k)
)
, (2.28)

where the component functions fρ,k belong to an RKHS H (in general, they can belong to

different spaces). For a fixed d, the minimax rate for estimating an additive model is identical

(up to a multiplicative constant d) to the minimax rate in the analogous one-dimensional

nonparametric regression problem that works with the same hypothesis space H [92]. The

proposed online method can be directly generalized to this setting. For further discussion

and the empirical performance, see the Supplementary Material, Section 5.4.

2.6 Simulation Study

In this section, we illustrate the computational and statistical efficiency of the online projec-

tion estimator in both one-dimensional regression and additive model settings.

2.6.1 Generalization Error of the Online Projection Estimator is Rate Optimal

In this section, we use simulated data to illustrate that the generalization error of our

estimator reaches the minimix-optimal rate. For each sample, Xi is generated from ρX ,

which has density function is pX(x); Yi is generated by Yi = fρ(Xi) + ϵi. The details of

the parameters are listed in Table 2.1. In example 1, we purposely select ρX such that∫ 1

0
ψi(x)ψj(x)pX(x)dx = δij, together with bounded noise. In example 2, the basis functions

are no longer orthogonal w.r.t. ρX , and a low signal-noise ratio is applied. In both simple

and more realistic scenarios, the online projection estimator achieves rate-optimal statistical

convergence.

The fρ in example 1 is taken from [25], where they used it to illustrate the performance

of the functional SGD estimator; the regression function in example 2 is also used in a study

of wavelet neural networks [3].
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Table 2.1: Settings of simulation studies. ∗B4(x) = x4− 2x3+x2− 1
30

is the fourth Bernoulli

polynomial, and {x} means taking the fractional part of x.

Example 1 Example 2

Kernel K(s, t) −1
24
B4({s− t})∗ min{s, t}

Eigenvalue λj 2
(2πj)4

= O(j−4) 4
(2j−1)2π2 = O(j−2)

Basis function ψj(x) sin(2πjx), cos(2πjx)
√
2 sin( (2j−1)πx

2
)

pX(x) 1[0,1](x) (x+ 0.5)1[0,1](x)

Noise ϵ Unif([-0.02,0.02]) Normal(0,5)

True regression function fρ B4(x)
(6x− 3) sin(12x− 6)

+ cos2(12x− 6)

In example 1, the hypothesis space is the second-order spline on the circle

W 0
2 (per) =

{
f ∈ L2([0, 1]) |

∫ 1

0

f(u)du = 0

f(0) = f(1), f ′(0) = f ′(1),

∫ 1

0

(f ′′(u))
2
du <∞

}
.

In example 2, we use the Sobolev space W 0
1 ([0, 1]) defined in (2.10). Because the eigenvalues

decrease faster in example 1, we observe a convergence rate of ∼ n−4/5, which is faster than

that in example 2, ∼ n−2/3.

We use ‖f̂n,N − fρ‖22 as a measure of goodness of fit (Figure 2.1). The proposed method

is compared with an online nonparametric SGD estimator [25] and the KRR estimator (2.4).

Although the KRR might have a better generalization capacity (the rates should be the

same, but there might be an improvement in the constant), it is computationally prohibitive

to apply it in an online learning setting; thus, we include this method as a reference only.

The hyperparameters for each method are chosen to optimize performance (oracle hyperpa-

rameters). For our method, this is the constant in front of the timing of adding new basis

functions. In Figure 2.2, we present several typical realizations of f̂n,N for both examples,
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Figure 2.1: log10 ‖f̂n,N − fρ‖22 against log10 n. (A) Example 1, the thin black line has a

slope = −4/5; (B) Example 2, slope = −2/3. Each curve is calculated as the average of

15 repetitions. Owing to different computational costs, we chose a different maximum n for

different methods.

together with data points.

2.6.2 CPU Time

Figure 2.3 shows the CPU time used to calculate the online estimators for up to n samples

when solving example 2 for the online projection estimator and the nonparametric SGD

estimator. Experiments were run on a computer with one Intel Core M3 processor, 1.2

GHz, with 8 GB of RAM. For the projection estimator, new basis functions are added when

n = bN2α+1c, for N = 1, 2, ... First, for all α ∈ {1, 2, 3}, the online projection estimators are

all significantly faster to compute than is the nonparametric SGD estimator after n > 104,
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Figure 2.2: Realizations of f̂n,N . (A) Example 1; (B) Example 2.

because the latter requires evaluating n basis functions for the (n+ 1)st update, which will

accumulate very fast. In addition, for larger α, the total computational cost for the online

projection estimator becomes nearly linear in n. There are also some “jumps” in the CPU

time for the online projection estimator. These correspond to steps in which new basis

functions are added. Both phenomena match our analysis in Section 2.3.4. Although it

seems beneficial, both computationally and statistically, to use a larger α, it is important to

remember that too large a value may result in a poor generalization error. This occurs if the

RKHS associated with α becomes so small that it no longer includes fρ (see the discussion

in [107]).

2.7 Discussion

In this chapter, we have proposed a framework for constructing online nonparametric re-

gression estimators when the hypothesis space is an RKHS. We showed that (i) the error of
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Figure 2.3: CPU time against sample size (10 runs each curve).

the proposed estimator is near-optimal, and (ii) the computational cost of calculating such

estimators is much lower than when using other contemporary estimators with similar statis-

tical guarantees. In addition, our estimator is actually precisely an empirical risk minimizer

(in a linear space of slowly growing dimension), which allows us to give theoretical guaran-

tees when the noise is heavy tailed (as compared to the previously required assumptions of

boundedness).

In this chapter, we leveraged properties of the least-squares loss to efficiently update

the empirical risk minimizer f̂n,N in an online manner. However, for a general convex loss

function (e.g., logistic regression), the construction of an online nonparametric estimator

that has both guaranteed optimal generalization capacity and is computationally feasible

for larger problems remains an open question. Although there are functional SGD-type

estimators designed for this purpose (see Section 2.2.1), it would be interesting to design
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estimators that are both computationally efficient to update and (approximate) ERM in a

deterministic space.



28

Chapter 3

A SIEVE STOCHASTIC GRADIENT DESCENT ESTIMATOR
FOR ONLINE NONPARAMETRIC REGRESSION

IN SOBOLEV ELLIPSOIDS

3.1 Introduction

In this chapter, we will continue our discussion of estimating a condition mean function

from noisy sample. Suppose we obtain n samples, (Xi, Yi), where Xi ∈ X ⊂ Rp denotes a

p-vector of features from the i-th sample we observe, and Yi ∈ R denotes the i-th outcome.

Further suppose that each pair (Xi, Yi) is independently and identically distributed (i.i.d.)

from a fixed but unknown distribution ρ over X × R ⊂ Rp × R. A common target of

estimation – in order to relate the outcome and the features – is the conditional mean

function fρ(X) := Eρ[Y |X]. Under extremely mild conditions, this conditional mean is the

optimal function for predicting Y from X with regard to mean squared error. More formally,

fρ = argminf∈L2
ρX
Eρ
[
(Y − f(X))2

]
, (3.1)

where L2
ρX

is the collection of all ρX-mean square integrable functions and ρX is the marginal

distribution of X. Our goal is to estimate fρ from our collection of observed data.

In order to make a tractable estimation of fρ from data, we need to make additional

assumptions on its smoothness/structure: The entire L2
ρX

space is too big to search within

[7, 67]. We often formally assume that fρ belongs to a pre-specified function space F $ L2
ρX

.

This F is known as the hypothesis space of the regression problem.

If F can be indexed by a finite-dimensional parameter set Θ ⊂ Rd, d ∈ N+, we refer to F

as a parametric function space or a parametric class. One common parametric class is F =

{X⊤β | β ∈ Rd}, the set of all linear functions of X. Parametric classes can impose overly

restrictive assumptions on the form of the regression function that may not be realistic in
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practice. As such, it has become popular to assume less restrictive structure: It is common to

define the hypothesis space based on constraints on derivatives, monotonicity, or other shape-

related properties. Such an F is most naturally written as an infinite-dimensional subset

of L2
ρX

. Commonly used examples of F in the statistics community include Hölder balls,

Sobolev spaces [45, 81, 126], reproducing kernel Hilbert spaces (RKHS) [10, 20] and Besov

spaces [49]. These are known as nonparametric function spaces, as they cannot naturally be

parametrized using a finite length vector. The Sobolev ellipsoid, in particular, is a simple

and useful abstraction of many important function spaces [126]. Therefore, we focus on them

exclusively as the hypothesis spaces in this chapter.

In this chapter, we propose an estimator for online nonparametric regression. In online

estimation, the data are seen sequentially, one sample at a time. After each sample is

observed, our estimate of fρ must be updated, as a prediction may be required at any

point in time before all the available samples are processed. In an online problem with n

observations, we must sequentially construct n estimates. This is in contrast to the classical

batch learning setting where we collect all the data initially and perform estimation only

once. In the online setting, it is generally computationally infeasible to repeatedly refit the

whole model from scratch for each new observation. Thus, online algorithms are generally

carefully developed to permit more tractable updates after each new observation [27, 64].

An ideal estimator in online settings should be: i) statistically rate-optimal, i.e. achieve

the minimax-rate for estimating fρ over F ; and ii) computationally inexpensive to con-

struct/update. In this chapter, we present such an online nonparametric estimator for use

when the hypothesis space is a Sobolev ellipsoid, which we term the Sieve Stochastic Gradient

Descent estimator (Sieve-SGD). This method can be thought of as an online version of the

classical projection estimator [119], where the latter is a specific example of sieve estimators

[120, 102]. We use the more general term “sieve” in naming our method to emphasize its

nonparametric nature and avoid confusion with the term “stochastic projection” [124]. We

will show that Sieve-SGD can achieve rate-optimal estimation error for F a Sobolev ellipsoid

and asymptotically uses minimal memory (up to a log factor) among all rate-optimal esti-
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mators. In addition, our estimator has the same computational cost (up to a constant) as

merely examining each allocated memory location every time a new sample Xi is collected.

This intimates that in scenarios when our estimator has near optimal space complexity, it

may also have near optimal time complexity (though formal investigation of lower bounds

for time complexity in this problem is beyond the scope of the dissertation).

The structure of this chapter continues as follows. In Section 3.2 we briefly cover classical

results for batch, nonparametric estimation in Sobolev ellipsoids, focusing on projection

estimators (which motivate our method). In Section 3.3 we return to the online setting and

explore intuition for how one might combine projection estimation and stochastic gradient

descent (SGD) [12]. The latter is a well-studied method that has been applied fruitfully

to online parametric regression problems. This will help motivate our proposed method,

which, as we will see, can be thought of as an SGD estimator with a parameter space of

increasing dimension. In Section 3.4 we discuss existing nonparametric SGD estimators, and

identify some notable drawbacks of current methods. In Section 3.5, we introduce the formal

construction of Sieve-SGD and analyze its computational expense. From there, we show that

our estimator has a dramatically smaller “dimension” than existing methods and discuss

how this helps to reduce the computational expense. In Section 3.6, we give a theoretical

analysis of the statistical properties of Sieve-SGD. In constructing our estimator, we need to

decide how quickly to grow the dimension it projects onto. Under minimal assumptions, we

characterize the required growth rate and learning rate for our estimator to be statistically

and computationally (near) optimal. We will also investigate under what conditions such

an optimality result is adaptive/insensitive to our choice of the “dimension-specific learning

rate”. Section 3.7 provides simulation studies to illustrate our theoretical results. Finally,

in Section 3.8, we have some further discussion of Sieve-SGD and possible future research

directions.

Notation: In this chapter, we use C to denote a generic constant that does not depend on

sample size n (The value of C may be different in different parts of the chapter). Additionally

the notation an = Θ(bn) means an = O(bn) and bn = O(an). The function bxc maps x to
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the largest integer smaller than x. For a vector x ∈ Rp, x(i) is the i-th component of x. The

notation x ∨ y (resp. x ∧ y) is shorthand for max{x, y} (resp. min{x, y}). The ‖ · ‖∞ norm

of a continuous function f is defined as ‖f‖∞ = supx∈X |f(x)|, where X is the domain of f .

3.2 Batch Learning and the Projection Estimator

In this section we consider estimation in the classical batch setting where our estimate is

constructed once after all n samples are observed. We will begin by formally introducing

a Sobolev ellipsoid: This is the hypothesis space we will use throughout this chapter. This

will be followed by presenting the classical projection estimator [119].

Consider a user-specified measure ν whose support contains X , and the corresponding

square-integrable function space L2
ν . In many interesting cases ν can be simply taken as

Lebesgue measure over X but it is not necessary in the general form of our theory. To define a

Sobolev ellipsoid in L2
ν , suppose we have a complete orthonormal basis {ψj, j = 1, 2, ...} ⊂ L2

ν

of L2
ν [54]. This means

i) For any f ∈ L2
ν , there exists a unique sequence (θj)

∞
j=1 ∈ ℓ2 such that

lim
N→∞

∫ ∣∣∣∣∣f(z)−
N∑
j=1

θjψj(z)

∣∣∣∣∣
2

dν(z) = 0 (completeness) (3.2)

where ℓ2 is the space of square convergent series.

ii) {ψj} is an orthonormal system:∫
ψi(z)ψj(z)dν(z) = δij (orthonormality) (3.3)

where δij is the Kronecker delta.

We define the Sobolev ellipsoid W (s,Q, {ψj}) as:

W (s,Q, {ψj}) :=

{
f =

∞∑
j=1

θjψj

∣∣∣∣∣
∞∑
j=1

(θjj
s)2 ≤ Q2

}
(3.4)
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We refer to (θj)
∞
j=1 as the (general) Fourier coefficients of a function f . Throughout this

chapter, we assume the measure ν, basis functions ψj and the regularity parameter s are all

known. When it is clear which ψj we are using, we will denote a Sobolev ellipsoid simply

by W (s,Q). We may also use the further simplified notation W (s) because the diameter Q

usually plays a secondary role in our theoretical analysis and the proposed method is adaptive

to it. Intuitively, by saying a function f belongs to a Sobolev ellipsoid, we are requiring its

coefficients {θj} to converge to zero faster than j−(s+1/2) (if not, the sum
∑∞

j=1 (θjj
s)2 would

diverge to infinity). The larger s is, the faster the decay of θj will be, and thus the stronger

our assumption is.

Sobolev ellipsoids are popular spaces to study for two reasons: 1) They impose a useful

structure for theory and computations, especially as a basic example of hypothesis spaces

with finite metric entropy; and 2) Many natural spaces of regular functions are Sobolev

ellipsoids. For example, if X = [0, 1] with ν as Lebesgue measure, then for any s > 0, the

periodic Sobolev space

F =

{
f ∈ L2

ν |
∫ (

f (s)(x)
)2
dx < Q2, f (k)(0) = f (k)(1), k = 0, 1, .., s− 1

}
(3.5)

can be written as a Sobolev ellipsoid, using an orthogonal basis of trigonometric functions

[126, Chapter 2]. More generally, for many important RKHSs (H, 〈·, ·〉H), it is possible

to find a set of ψj such that W (s,Q, {ψj}) = {f ∈ H | ‖f‖H ≤ Q} , i.e. a ball in an

RKHS is a Sobolev ellipsoid (see [22, 113]): Under mild conditions [109], a Mercer kernel

K(s, t) : X × X → R has the following Mercer representation:

K(s, t) =
∑
j∈J

λjψj(s)ψj(t), (3.6)

where λj > 0, J is at most countably infinite. And {ψj} is an orthonormal system (in L2
ν)

w.r.t. some measure ν on X , and any function f ∈ H can be written as f =
∑

j∈J θjψj. It

is also known that the RKHS-norm can be identified as ‖f‖2H =
∑

j∈J θ
2
jλ

−1
j . So a ball in

the RKHS, i.e. {f ∈ H | ‖f‖H ≤ Q}, is the same as a Sobolev ellipsoid spanned by {ψj}

when J = N+ and λj = j−2s. This is the case for many Sobolev-type kernels (for example,



33

p.454 in [33]). When J is finite dimensional (polynomial kernels) or λj decays exponentially

fast in j (Gaussian kernel, p.455 in [33]), a ball in the RKHS can be characterized as some

“generalized” Sobolev ellipsoid.

In everything that follows we will assume that fρ, our target of estimation, lives in

a known Sobolev ellipsoid W (s,Q, {ψj}); with {ψj} specified, and orthonormal w.r.t. a

specified measure ν (not necessarily equal to ρX); and s known (we allow Q to be unknown).

The Projection Estimator is a classical estimator naturally associated with a Sobolev

ellipsoid. We can treat it as a special case of general sieve estimation [120, Chapter 10]: The

estimates can be characterized by a sequence of finite dimensional linear spaces of increasing

dimension (the dimension increases with sample size). For any given f ∈ W (s,Q), the

magnitude of its Fourier coefficients must asymptotically decrease with j fast enough. Thus,

it might be sensible to consider an estimator that discards the basis functions far into the

tail. This is precisely what the projection estimator does. More formally, for a user-specified

truncation level Jn, the projection estimator is given by

f̂n,Jn =
Jn∑
j=1

θ̂jψj (3.7)

where θ̂ = (θ̂1, .., θ̂Jn)
⊤ is the solution of the least square problem:

min
θ∈RJn

n∑
i=1

(
Yi −

Jn∑
j=1

θjψj(Xi)

)2

(3.8)

It has been shown (e.g. [119], Theorem 1.9) that when we choose Jn = Θ(n
1

2s+1 ), the

projection estimator is a rate-optimal estimator over W (s,Q), i.e.

lim sup
n→∞

sup
fρ∈W (s,Q)

E

[∥∥∥f̂n,Jn − fρ∥∥∥2
2

]
= O(n− 2s

2s+1 ) (3.9)

This result is usually shown in the literature for Xi equally spaced, or drawn from a uniform

distribution. But in our theoretical analysis (Section 3.6), we allow ρX to be a much more

general distribution.

Sieve-SGD is inspired by this (batch) projection estimator. The key here is that the

number of basis functions we need to use can be dramatically smaller than the sample size,
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and their analytical forms do not depend on the data (usually reproducing kernel methods

use basis functions “centered” at the feature vectors Xi). This possibility has been rarely

explored by existing nonparametric online estimation research.

3.3 Online Learning and Stochastic Approximation

We now move to the online learning setting where observations are collected sequentially

from a data stream, and an estimate of our function is required after each sample. Such an

infinite data stream may really exist, for example, with simulated samples as in reinforce-

ment learning. Or the stream may serve as an abstraction used with large-scale data sets

where it is not favorable to handle all the samples at once. It is generally computation-

ally prohibitive to use a method developed for the “batch” setting and completely refit it

after each observation. Instead methods that iteratively update are preferred. For example,

fitting a single projection estimator (solving (3.8)) with n observations using Jn = n
1

2s+1 re-

quires computation of Θ(n1+ 2
2s+1 ). Refitting a projection estimator (from scratch) after each

observation i = 1, . . . , n with Ji = bi
1

2s+1 c would require an accumulated computation of∑n
i=1 i

1+ 2
2s+1 = Θ(n2+ 2

2s+1 ). This scales worse than quadratically in n. Our goal in the online

nonparametric setting is to find a statistically rate-optimal estimator whose computation

scales only slightly worse than linearly in n.

Online learning has been thoroughly studied for parametric F . Many proposed methods

are based on the concept of stochastic approximation [64]. One of the most popular methods

in stochastic approximation is Stochastic Gradient Descent (SGD) [12]. In the parametric

setting, SGD gives a statistically rate-optimal estimator f̂n whose population mean-square-

error E‖f̂n − fρ‖2L2
ρX

is of order O(n−1) [5, 6, 37]. Both vanilla SGD and its variants have

been applied to general convex loss functions and are shown to be statistically rate-optimal

under mild conditions [27, 82].
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3.3.1 Parametric SGD

To motivate stochastic optimization in the nonparametric setting, we first give more de-

tails on SGD for parametric classes. Here we consider a specific class of functions F =

{f =
∑d

j=1 β
(j)ψj, β ∈ Rd} for a set of pre-specified basis functions ψj : Rp → R, j =

1, . . . , d. We use this example to illustrate the principle of (parametric) SGD. Solving

argminf∈F E [(Y − f(X))2] reduces to solving

min
β∈Rd

ℓ(β) := min
β∈Rd

E

{Y − d∑
j=1

β(j)ψj(X)

}2
 (3.10)

We assume the minimizer of ℓ(β) exists and denote it as β∗.

If we knew the true joint distribution ρ of (X,Y ) (which never happens in practice), then

equation (3.10) is just a numerical optimization problem which does not involve data. We

could use gradient descent to solve it. The gradient of ℓ at any point β is

∇ℓ(β) = −2E

[{
Y −

d∑
j=1

β(j)ψj(X)

}
{ψ1(X), ..., ψd(X)}⊤

]
(3.11)

Thus, the gradient descent updating rule one could use is:

β̂0 = 0

β̂n = β̂n−1 − γn∇ℓ(β̂n−1)
(3.12)

where {γn} is a pre-specified sequence of step-sizes (or learning rate) and β̂n ∈ Rd is the

sequence of approximations of β∗.

In practice, we do not know the joint distribution ρ: we must use data to estimate β∗.

In the framework of SGD, this is done by using the data to get unbiased estimates of the

gradients and substituting the estimates into our updating rule (3.12). In particular we note

that ∇̂ℓ(β) := −2
(
Yi −

∑d
j=1 β

(j)ψj(Xi)
)
(ψ1(Xi), ..., ψd(Xi))

⊤ is an unbiased estimator of

the gradient ∇ℓ(β) based on one sample.
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This results in the SGD updating rule.

β̂0 = 0

β̂n = β̂n−1 − γn ̂∇ℓ(β̂n−1)

= β̂n−1 + 2γn

(
Yn −

d∑
j=1

β̂
(j)
n−1ψj(Xn)

)
(ψ1(Xn), ..., ψd(Xn))

⊤

(3.13)

So our estimator f̂n of fρ has the following functional update rule, derived from (3.13):

f̂n = f̂n−1 + 2γn

(
Yn − f̂n−1(Xn)

) d∑
j=1

ψj(Xn)ψj. (3.14)

Here we have shifted to considering our estimator f̂n as a function, rather than thinking

about β̂n a vector of coefficients. This will be important in the nonparametric setting.

3.3.2 From parametric SGD to nonparametric SGD

In this section we discuss the intuition in moving from SGD in a finite dimensional parametric

space to an infinite dimensional space.

We assume fρ ∈ W (s,Q, {ψj}) ⊂ L2
ν . Since ψj is a complete basis of L2

ν , we can always

find an expansion of fρ w.r.t. {ψj}:

f =
∞∑
j=1

θjψj. (3.15)

In section 3.3.1, we already discussed the SGD updating rule for a d-dimensional model

f(X) =
∑d

j=1 β
(j)ψj(X). In the nonparametric scenario, the number of basis function is

increased from d to infinity: This causes problems if care is not taken.

One might naturally consider applying a direct analog to the finite-dimensional SGD

rule (3.14) here (we omit the constant 2):

f̂n = f̂n−1 + γn

(
Yn − f̂n−1(Xn)

) ∞∑
j=1

ψj(Xn)ψj. (3.16)

Unfortunately we run into a severe problem: The series
∑∞

j=1 ψj(Xn)ψj does not converge

even if all ψj are bounded (it is direct to check when Xn = 0 and ψj are trigonometric
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functions). However, as we assume fρ ∈ W (s), we know that those higher order components,

ψj, j � 1 should have very small coefficients. Thus, one natural solution is to use a different

step size per component, that decreases as j increases. By doing “less fitting” for larger j, we

can stabilize our update (smaller variance), and yet might still appropriately fit the overall

regression function. In particular one might modify (3.16) to

f̂n = f̂n−1 + γn

(
Yn − f̂n−1(Xn)

) ∞∑
j=1

tjψj(Xn)ψj, (3.17)

where the component-specific (or dimension-specific) learning rates tj > 0 are monotonically

decreasing with j. For tj decreasing fast enough and uniformly bounded ψj, the function

series
∑∞

j=1 tjψj(Xn)ψj is absolutely convergent. Now (3.17) becomes a sensible nonpara-

metric SGD updating rule when the hypothesis space is a Sobolev ellipsoid. In addition,

sometimes
∑∞

j=1 tjψj(Xn)ψj actually has a simply characterized closed form (in particular,

for many RKHS). In such cases, (3.17) results in a relatively straightforward algorithm. More

specifically, one can show that when tj = j−2s and γn = Θ(n− 1
2s+1 ), the average

f̄n :=
1

n

n∑
i=1

f̂i (3.18)

is a rate-optimal estimator of fρ ∈ W (s). This was recently proposed (though motivated

quite differently) in the context of RKHS hypothesis spaces [25]. The authors there engage

directly with the kernel function for the RKHS (though their updating rule is equivalent

to eq (3.17)). This will be discussed in more detail in Section 3.4. Our work engages and

extends these ideas (in combination with sieve estimation) to form a statistically rate-optimal

online estimator with greatly reduced computational and memory complexity.

3.4 Related work

Nonparametric online learning is a relatively new area. A few remarkable functional stochas-

tic approximation algorithms have been proposed in the last two decades [15, 25, 77, 116, 137].

The key ideas in that body of work are intimately related to those mentioned in Section 3.3.2,
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however, they engage those ideas from a different direction: They assume that the hypothe-

sis function space F is an RKHS, and then leverage the kernel in that space. In particular,

the RKHS structure makes it possible to take the gradient of the evaluation functional

Lx(f) := f(x), with respect to the RKHS inner product 〈·, ·〉K , i.e.

Lx(f + ϵg) = f(x) + ϵg(x) = Lx(f) + ϵ〈g,Kx〉K . (3.19)

Thus, Kx(·) := K(x, ·) ∈ F is the gradient of functional Lx at f . However, one cannot

do this in the general L2
ρX

space where the evaluation functional is no longer a bounded

operator.

Thus when F is an RKHS associated with kernel K, there is a simple nonparametric

SGD updating rule for minimizing E[(Y − f(X))2] over F :

f̂0 = 0

f̂n = f̂n−1 + γn

(
Yn − f̂n−1(Xn)

)
K(Xn, ·)

(3.20)

Here, because the gradient is taken with respect to the RKHS inner product, we do not have

the issue encountered in (3.16) where our series representation of the “gradient” actually did

not converge. In fact, by working with the RKHS inner-product, we implicitly carry out the

proposal of Section 3.3.2 and decrease the component-specific learning rate of higher order

terms. More specifically, we usually have the Mercer expansion of the kernel function:

K(x, z) =
∞∑
j=1

tjψj(x)ψj(z), (3.21)

with respect to an orthonormal basis {ψj} of L2
ν . For many common RKHS, we have tj =

Θ(j−u) for some u > 1 [33, Appendix A]. Thus, (3.20) corresponds precisely to the previously

discussed update (3.17). Most popular RKHS have a kernel K(x, z) with a closed form

representation, and thus, rather than having to store an infinite number of coefficients, after

n steps the estimate from (3.20) would take the form of a weighted linear combination of n

kernel functions [25]:

f̂n =
n∑
i=1

biK(Xi, ·). (3.22)
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Although such estimators (with one more Polyak averaging step (3.18)) have been shown

to give rate-optimal MSE [25], updating them with a new observation (Xn+1, Yn+1) usually

involves evaluating n kernel functions at Xn+1, with computational expense of order Θ(n).

This is in contrast with the constant update cost of Θ(d) in parametric SGD, where d is the

dimension of the parameter space. Thus, the time expense of nonparametric kernel SGD will

accumulate at order Θ(n2). Also, one is required to store the n feature-values {Xi}ni=1 to

evaluate the estimator which results in Θ(n) space expense. This relatively large time and

space complexity indicates that those kernel-based SGD estimators are not ideal as methods

that are nominally designed to deal with large data sets.

There has been some work in the literature aimed at improving the computational aspects

of kernel SGD methods [105, 74, 63]. These methods select a subset of the n kernel functions

centered at the feature vectors and use them as basis functions to construct estimators

(which is also related to Nyström projection). Neither the statistical performance nor the

computational expense of the aforementioned work is guaranteed to be optimal. Also, the

theoretical analysis in that work typically requires the noise variable to have extremely light

tails.

There has also been recent work [15, 77] aimed at improving kernel SGD algorithms by

leveraging approximate second order information (SGD only uses the first order informa-

tion). The estimator in [77] is shown to give rate-optimal MSE and have better (theoretical)

computational efficiency than the vanilla kernel SGD mentioned above. However, these al-

gorithms are usually dramatically more complicated and have a couple of hyper parameters

that need to be tuned.

There is another branch of research also called “online nonparametric regression” that

engages with a different but related setting [38, 88]. They do not aim to directly minimize

the (population) generalization error. Their definition of “regret” is based on comparing a

running average of prediction error and the empirical risk minimizer’s training error. For-

mally, it is defined as
∑n

i=1 l
(
Ŷi, Yi

)
− inff∈F

∑n
i=1 l (f (Xi) , Yi), where Ŷi is the prediction of

the algorithm based on the first i− 1 observations, l is a convex loss and F is the hypothesis
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function space. While this is an interesting area of research, and might be used to engage

with population generalization error (using online-to-batch techniques), it is a less direct

treatment than what we are considering in this chapter.

3.5 Online Learning and the Projection Estimator: Sieve-SGD

In this section, we combine ideas from the projection estimator (in the batch learning set-

ting), and stochastic gradient descent to develop an estimator that is suitable for online

nonparametric regression. The estimator we will propose achieves the minimax rate for

MSE over a Sobolev ellipsoid, and is much more computationally efficient than standard

kernel SGD methods.

As a reminder, the kernel SGD estimator based on (3.20) has minimax rate optimal

MSE. When
∑∞

j=1 tjψi(s)ψj(t) has an available closed form, it requires Θ(n) memory and has

Θ(n2) time expense for sequentially processing n observations. We aim to improve this and

furthermore to propose an effective estimator appropriate for cases where
∑∞

j=1 tjψi(s)ψj(t)

has no closed form.

Motivated by the projection estimator, we opt to use truncated series in the updating

rule, modifying (3.17) (or equivalently (3.20)) to get

f̂n = f̂n−1 + γn

(
Yn − f̂n−1(Xn)

) Jn∑
j=1

tjψj(Xn)ψj (3.23)

Here Jn is an increasing sequence of integers that grows as we collect more observations.

When Jn is larger, the updating rule (3.23) is closer to our original form (3.17); however, a

smaller Jn is desirable because it results in a lower computational expense. Part of our task

is identifying a “minimal” Jn that still maintains favorable statistical properties.

It turns out there are two ways to control the bias-variance tradeoff. One can use the

truncation level Jn, or the component specific step sizes tj. If the truncation level is used,

then the methodology is more analogous to a projection estimator. In this case, so long as tj
is not too large (controlling the variance in the dynamics of SGD) or too small (controlling

the bias term), we would get (near) optimal statistical performance for a relatively wide
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range of choices for tj. We give formal results related to this in Section 3.6.3. If, instead, we

control the bias-variance tradeoff using tj then our estimator is more analogous to kernel-

SGD. In this case, the first order terms for bias and variance are determined by the sequence

{tj} and Jn just needs to be sufficiently large (such that we do not induce excess bias).

We give formal results for this in Section 3.6.2. This second way to control the tradeoff

is similar to using a truncated basis for penalized regression in the batch learning setting.

For example, in [46] and [133, Section 5.2], the authors propose to estimate fρ by solving

a penalized regression spline problem, where they use a reduced spline basis for improved

computation (rather than including a knot at every point). The bias/variance trade-off there

is controlled via the penalty: They are careful to include enough basis elements so that the

use of a reduced basis only contributes a second order term to the bias.

We will next give details of our proposal. For this proposal we are assuming that fρ ∈

W (s,Q, {ψj}) ⊂ L2
ν , and that s is known. Based on this, we choose our component-specific

step-sizes as tj = j−2ω (for some 1/2 < ω ≤ s). We also define

Kω
x,Jn(·) =

Jn∑
j=1

j−2ωψj(x)ψj(·). (3.24)

In addition to simplifying exposition, this notation relates our method to (3.21). The function

Kω
x,Jn

(·) can be seen as a truncated approximation of the kernel function

Kω
x,∞(·) =

∞∑
j=1

j−2ωψj(x)ψj(·) (3.25)

that drops all the ψj with index j > Jn.

3.5.1 Sieve Stochastic Gradient Descent

We now explicitly give our Sieve Stochastic Gradient Descent algorithm (Sieve-SGD) for

estimation of fρ in a Sobolev ellipsoid W (s,Q, {ψj}).

Let Jn = bnαc for some specified α > 0 and ω ∈ (1
2
, s]. The parameter α is usually taken

between 1
2s+1

and 1. We use γi to denote the step size (learning rate) of the i-th update and

typically choose γi = Θ(i−
1

2s+1 ).
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Proposed Algorithm: Sieve Stochastic Gradient Descent (Sieve-SGD)

Set α, ω > 0, step size {γi} and basis functions {ψj}. Initialize f̄0 = f̂0 = 0.

For i = 1, 2, ... :

1. Calculate Ji = biαc, collect data pair (Xi, Yi).

2. Update f̂i:

f̂i = f̂i−1 + γi

(
Yi − f̂i−1(Xi)

) Ji∑
j=1

j−2ωψj(Xi)ψj

= f̂i−1 + γi

(
Yi − f̂i−1(Xi)

)
Kω
Xi,Ji

(3.26)

3. Polyak averaging: Update f̄i by

f̄i =
1

i+ 1

i∑
k=0

f̂k(
=

i

i+ 1
f̄i−1 +

1

i+ 1
f̂i

) (3.27)

We refer to the function f̄i as the Sieve-SGD estimate of fρ. We will later show that

f̄i has rate-optimal MSE for estimating any fρ ∈ W (s). Here we use the language of “up-

dating a function”, but in practice one would update the coefficient vector corresponding

to the functions {ψj}Jnj=1. In Appendix 6.1 we attach a presentation of the algorithm that

works directly with the coefficients. This estimator is quite simple, though it does require

apriori selection/knowledge of {ψj} and s (which can be done using a held-out validation

set in practice). Unfortunately showing its favorable statistical properties (in Section 3.6) is

somewhat more complex!
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3.5.2 Computational expense

After examining the updating rule above, one can see that f̂i has the form:

f̂i(x) =

Ji∑
j=1

bjψj(x) (3.28)

This requires storing the coefficients {bj}Jij=1 in memory. The main computational burden

of each update step is calculating f̂i−1(Xi) and Kω
Xi,Ji

. Both require evaluating Ji basis

functions at Xi. Thus, the computational expense of the “Update f̂i” step above is of order

Ji = Θ(iα), when we take evaluating one basis function at one point as O(1). And the total

expense of processing n samples is of order Θ(n1+α). The space expense is of the same order

Θ(iα): We need only store coefficients of Ji basis functions. In Section 3.6.4 we will show

that, under mild conditions, this memory complexity is near optimal among all estimators

with rate-optimal MSE.

This compares favorably with standard kernel SGD (3.22) which uses i basis functions

at step i: Our estimator uses fewer when α < 1; as we will show later, α can be taken as

small as 1
2s+1

which is a substantial improvement. In practice, the parameter α can either be

selected based on our assumptions about s (belief on the smoothness of fρ) or heuristically

tuned for empirical performance.

3.5.3 General Convex loss

Although the main focus of this chapter is regression with squared-error loss, our algorithm

has a straightforward extension to general convex loss. Suppose we want to minimize the

population loss

E [ℓ(Y, f(X))] (3.29)

over all functions f ∈ W (s,Q, {ψj}) and the loss function ℓ(Y, ·) is convex for each Y . In

this case, we need only modify step 2 of the Sieve-SGD estimator in Section 3.5.1. Given

loss ℓ(·, ·), the updating rule for f̂i takes the general form:
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2’) Update f̂i:

f̂i = f̂i−1 + γi
∂

∂v
ℓ (u, v)

∣∣∣∣
(Yi,f̂i−1(Xi))

Kω
Xi,Ji

(3.30)

For example, with Y = {1,−1} considering nonparametric logistic regression, the loss func-

tion one would use is ℓ(Y, f(X)) = log(1 + exp(−Y f(X))). In this case, we have

∂

∂v
ℓ (u, v)

∣∣∣∣
(Yi,f̂i−1(Xi))

= [1 + exp{Yif̂i−1(Xi)}]−1Yi ∈ R (3.31)

Theoretical guarantees for Sieve-SGD using general convex loss are beyond the scope of

this dissertation. However, in Section 3.7 we provide simulated experiments that show the

empirical performance of Sieve-SGD for nonparametric logistic regression. These empirical

results intimate that perhaps similar theoretical guarantees to those shown for squared-error-

loss hold in a more general setting.

3.5.4 Choice of Basis Functions & Multivariate Problems

In practice, there are many available choices of univariate ψj that in general lead to interesting

(Sobolev-type) hypothesis spaces. For example,

ψ1(x) = 1, ψj =
√
2 cos((j − 1)πx), for j ≥ 2. (3.32)

This set of basis functions are the “eigenfunctions” of Sobolev spaces over [0, 1] (Appendix A.2

in [83]), which means they are orthogonal w.r.t to the Lebesgue inner product and the

Sobolev inner product simultaneously. The corresponding Sobolev ellipsoid does not impose

periodicity assumptions of fρ and is very convenient to use in practice. Among many other

choices, we can also use algebraic polynomials, or a combination of algebraic polynomial and

(periodic) Fourier basis [31].

In most applications, the covariate Xi’s take value in Rp where p > 1. In some situations,

there are some “canonical” choices of basis function ψ(x) : Rp → R that people might use for

identifying their (multivariate) Sobolev ellipsoid. For example, when considering estimating
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a function on a sphere S2, ψj could be taken as the orthonormal spherical harmonics ([60],

[79]).

In many situations, the basis functions ψj can conveniently be taken as a tensor product of

a one-dimensional complete basis, and Sieve-SGD can be directly applied in this multivariate

setting. If we are using a univariate Sobolev ellipsoid to represent a ball in an RKHS, then

the ellipsoid defined by the tensor product basis will correspond to a ball in the RKHS

spanned by the tensor product kernel (though care needs to be taken with the ordering of

the basis vectors). Some technical details and numerical examples on this can be found in

Appendix 6.2 and the reference therein. In all of these cases, our theoretical results will hold

(so long as the function fρ belongs to the specified space).

A common alternative approach in multivariate problems is to impose some additional

structure on the hypothesis space to make estimation more tractable. This is particularly

true when the feature dimension p is large. One popular model is the nonparametric ad-

ditive model [112, 52, 141], which is thought to effectively balance model flexibility and

interpretability. For x ∈ Rp, we might consider assuming/imposing an additive structure on

the regression function:

fρ(x) =

p∑
k=1

fρ,k
(
x(k)
)

(3.33)

where each of the component functions fρ,k belong to a Sobolev ellipsoid Wk(sk, Qk, {ψjk}).

For ease of exposition, in (3.33), we assume E[Y ] = 0 to avoid the need for a common

intercept term. For a more complete version with common intercept, see Appendix 6.2. For

a fixed dimension p, when all Wk = W ∗ (for some Sobolev ellipsoid W ∗), the minimax rate

for estimating such an additive model is identical (up to a multiplicative constant p) to the

minimax rate in the analogous one-dimension nonparametric regression problem with the

same hypothesis space W ∗ [92, 112]. For the additive model (3.33), the updating rule (3.26)

of Sieve-SGD could be replaced by:

f̂i = f̂i−1 + γi

(
Yi −

p∑
k=1

f̂i−1,k

(
X

(k)
i

)) p∑
k=1

Jik∑
j=1

j−2ωkψjk

(
X

(k)
i

)
ψjk (3.34)
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here Jik is the truncation level of k-th dimension when the sample size = i and f̂i−1,k is the

estimate of fρ,k. Most of the theory that we develop in Section 3.6 could apply here.

3.6 Generalization Guarantees of Sieve-SGD

In this section, we show Sieve-SGD achieves the minimax rate for nonparametric estimation

in Sobolev ellipsoids under mild assumptions.

We also show that Sieve-SGD has near minimal memory complexity among all estimators

that are minimax rate-optimal for estimation in a Sobolev ellipsoid. The conditions on the

hyperparameters can be used as theoretical guidance when applying Sieve-SGD to real data

problems.

3.6.1 Model Assumptions

We begin by listing the conditions we will require in our proof. They reflect different aspects

of the problem: independent observations (A1), distribution of feature X (A2), the hypoth-

esis space assumed for fρ (A3) and tail behaviour of the noise (A4). These conditions ensure

the MSE rate-optimality of Sieve-SGD.

A1 (i.i.d. data) The data points (Xn, Yn)n∈N ∈ X × R are independently, identically

sampled from a distribution ρ(X,Y ).

A2 (feature distribution) Let ν be a user-specified measure that is strictly positive on

X . Assume the distribution of feature X, ρX , is absolutely continuous w.r.t. ν. Let

pX = dρX/dν denote its Radon–Nikodym derivative. We assume for some u, ℓ such

that 0 < ℓ < u <∞:

ℓ ≤ pX(x) ≤ u for all x ∈ X

A3 (Sobolev ellipsoid) Let {ψj}∞j=1 be a set of uniformly bounded (‖ψj‖∞ ≤M), continu-

ous, orthonormal basis of L2
ν . We assume the regression function fρ falls in a Sobolev
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ellipsoid, with basis functions given by {ψj}, i.e. for some s > 1
2
, Q <∞,

fρ ∈ W (s,Q, {ψj}) (3.35)

A4 (noise) One of the following two assumptions is satisfied by the noise variable ϵ =

Y − fρ(X):

• ϵ is bounded by some Cϵ almost surely.

• ϵ is independent of the features, X, and has a finite second moment E[ϵ2] = C2
ϵ .

Note 1: The lower bound requirement of pX in A2 may be due to artifacts in our proof.

In reality, especially when the dimension of our feature-space X is large, such an requirement

may be hard to satisfy. According to our simulation results, Sieve-SGD still achieves the

minimax rate even when ρX has a strictly smaller support than ν. As compared with other

work in nonparametric online learning [25, 116, 137], our assumptions are more direct. We

discuss this in detail later in this section.

Note 2: In assumption A3, we do not require ψj to be orthonormal w.r.t. ρX (and it

is in general not true), but only require them to be orthonormal w.r.t. the known measure

ν. In many cases ν might be taken to be Lesbesgue (or uniform) measure over a domain

containing X , as this is the canonical measure under which function spaces such as Sobolev

spaces and Besov spaces are defined. As long as the density function pX satisfies A2, using

the non-orthonormal (w.r.t. ρX) basis functions ψj, does not prevent Sieve-SGD from having

rate-optimal MSE.

Note 3: It is a common convention to think about a hypothesis space where the Sobolev(-

type) norm of the regression function is bounded by a constant Q (A3), rather than just <∞.

Such a bounded space has a finite minimax rate: the exponent is determined by s, and the

constant is proportional to Q (see also note 5 under Theorem 3.6.1). We also would like to

note that the proposed algorithm does not use radius Q at any point and the theoretical

guarantee is adaptive w.r.t. Q. (More specifically, the final bounds given in Appendix D.3
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and Lemma D.1 have ‖fρ‖K , which can be thought of as the effective value for Q, on the

right-hand-side.)

3.6.2 Rate optimality when tj = j−2s

In this section, we present the rate-optimality results of Sieve-SGD when we choosing the

component-specific learning rate to be tj = j−2s (or ω = s in (3.26)). In this setting, our

theoretical analysis treats Sieve-SGD as a truncated-version (in the basis expansion domain)

of a “correct” kernel SGD procedure (we will discuss the “incorrect” version very soon in

Section 3.6.3, and show that it can actually still have favorable statistical and computational

properties). Here is the main result in this setting:

Theorem 3.6.1. Assume A1-A4. Set the component-specific learning rate as tj = j−2s.

Also set the overall learning rate to be γn = γ0n
− 1

2s+1 with γ0 ≤ (2M2ζ(2s))−1, where

ζ(k) =
∑∞

i=1 i
−k. Choose the number of basis functions to be Jn ≥ nα log2 n ∨ 1 for an

arbitrary α ≥ 1
2s+1

.

Then the MSE of Sieve-SGD (3.27) converges at the following rate

E‖f̄n − fρ‖2L2
ρX

= O
(
n− 2s

2s+1

)
. (3.36)

This implies that Sieve-SGD is a minimax rate-optimal estimator of fρ over W (s,Q, {ψj}).

We now discuss our assumptions and results in more detail, and relate them to what is

currently in the literature.

Note 1: In the analysis of many reproducing kernel methods for nonparametric esti-

mation [25, 116, 140], the spectrum of the covariance operator plays an important role in

controlling the statistical behavior of estimators. It is conventional in the community to

make assumptions associated with this spectrum, which we find less natural than our related

assumptions A2 and A3. The covariance operator is an analog of the covariance matrix in

infinite dimensional spaces. For our problem setting, one natural covariance operator TX is
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defined as:
TX : L2

ρX
→ L2

ρX

g 7→
∫
X
g(τ)

(
∞∑
j=1

j−2sψj(τ)ψj

)
dρX(τ).

(3.37)

A direct analysis of the spectrum of TX is hard. However, there is a simpler operator that

we have in hand which we can relate TX to:

Tν : L
2
ν → L2

ν

g 7→
∫
X
g(τ)

(
∞∑
j=1

j−2sψj(τ)ψj

)
dν(τ).

(3.38)

We know the eigensystem of Tν : It is exactly (j−2s, ψj) (eigenvalue, eigenfunction). It is

direct to check because {ψj}’s are orthonormal w.r.t. ν, so
∫
ψj(τ)

∑∞
j=1 j

−2sψj(τ)ψjdν(τ) =

j−2sψj. As an additional contribution, our work shows that with the simple assumptions A2

& A3, we can get knowledge about TX ’s eigenvalues from those of Tν .

Lemma 3.6.2. Given assumptions A2, A3, the j-th eigenvalue, λj, (sorted in a decreasing

order) of TX satisfies λj = Θ(j−2s).

Moreover, the upper bound of the density in A2 ensures the upper bound in Lemma 3.6.2

(λj = O(j−2s)), and the lower bound of the density ensures the other half of the result. The

proof of the above Lemma uses the underlying connection between the eigenvalues of an

operator and its metric entropy. For rigorous definitions and proof of Lemma 3.6.2, see

Appendix 6.3.

Although the exact result of Lemma 3.6.2 is not used in the proof of Theorem 3.6.1

(or Theorem 3.6.3). We still present it here since it may be of interest itself and the

stated results is less technical and easier to comprehend. The proof of the more tech-

nical version (Lemma 6.3.14) follows very closely to that of Lemma 3.6.2. In that more

general version, we investigate the spectrum of covariance operators of form: T ωX,Jn(f) =∫
f(τ)

(∑Jn
j=1 j

−2ωψj(x)ψj

)
dρX(τ).
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To prove Theorem 3.6.1, we need to engage with a series of RKHSs with kernels given by

Ks
Jn : X × X → R

(s, t) 7→
Jn∑
j=1

j−2sψj(s)ψj(t)
(3.39)

While we discuss our work in the context of Sobolev ellipsoids, there is an equivalent formu-

lation directly in RKHS. See Appendix 6.3 for more discussion. Although an explicit form for

Ks
Jn

is not in general necessary or accessible for Sieve-SGD, the existence (i.e. the absolute

convergence of the infinite sum) of Ks
Jn

is a direct consequence of A3. This is enough for

theoretical analysis. For kernel SGD methods, a fixed kernel (with Jn = ∞) is used and

there is only one relevant RKHS. This means, on average, kernel SGD is applying the same

procedure each iteration; but for Sieve-SGD, we need to engage with a series of increasing

RKHSs (on average, Sieve-SGD may not be doing the same thing between iterations). As a

side contribution, we present how to handle such a more technically involved case.

Note 2: In contrast to our assumption A3, the hypothesis spaces in [25, 116, 137, 77]

are described in terms of “TX” and its eigen-decomposition. This unfortunately obfuscates

difficulties related to verifying those conditions when analyzing their statistical performance

(though applying the learning algorithm in practice does not need the knowledge of the

eigensystem). In particular because ρX is involved in the definition of TX (3.37), we need

knowledge of (generally unknown) ρX to characterize TX , and understand its eigenvalues and

eigenfunctions.

More specifically, in the literature we mentioned above, it is often assumed that for some

r ∈ [1/2, 1] (Definition 6.3.6):

‖T−r
X (fρ)‖2L2

ρX
<∞ (3.40)

This can be related to a Sobolev ellipsoid-type condition

‖T−r
X (fρ)‖2L2

ρX
=

∞∑
j=1

λ−2r
j θ2j <∞ where fρ =

∞∑
j=1

θjϕj (3.41)

where (λj, ϕj)∞j=1 are the eigenvalue and eigenfunctions of operator TX , and ϕj’s are orthonor-

mal w.r.t. L2
ρX

. Unfortunately, we cannot directly engage with (λj, ϕj)
∞
j=1, since calculating
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them requires knowledge of ρX . Thus, assumptions formulated in the language of T−r
X are

difficult to directly understand. In contrast, our assumptions translate to analyzing the spec-

trum of Tν , which has no dependence on ρX , and its spectrum can been directly calculated

(as noted above).

Note 3: For parametric SGD methods, usually a bound on the second moment of

the gradient vector is required to guarantee rate-optimal performance (both theoretically

and in practice). Formally, for optimization problem (3.10), it is usually required that

E[‖∇ℓ(β)‖2] ≤ R2 < ∞ for all β ∈ Rd [11, 27].

For nonparametric stochastic approximation, there is a similar regularity requirement for

the “gradient”. The assumptions A2-A3 are enough to ensure this for Sieve-SGD. In our

proof, we show that there exists a number R < ∞ such that for all x ∈ X and any Jn,

we have ‖Ks
x,Jn
‖2K ≤ R2. This result is listed in Lemma 6.4.1 where R2 = M2ζ(2s) and

ζ(k) =
∑∞

i=1 i
−k. In Theorem 3.6.1, we required γ0 to be smaller than (2M2ζ(2s))−1 to

ensure our theoretical guarantees.

Note 4: For completeness, here we state the minimax-rate of our nonparametric regres-

sion problem over a Sobolev ellipsoid:

lim inf
n→∞

inf
f̂

sup
fρ∈W (s,Q,{ψj})

E
[
n

2s
2s+1‖f̂ − fρ‖2L2

ρX

]
≥ C (3.42)

where the infimum ranges over all possible functions f̂ that are sufficiently measurable.

For a derivation of this lower bound, see [128, Chapter 15]. Many other online methods we

mentioned in Section 3.4 can achieve this lower bound, however, their computational expense

is in general unfavorable compared with the proposed method.

Also, the bound (3.36) should not be understood as a dimension-free result. When the

feature X ∈ Rp is a multivariate vector, the parameter s should be treated as s = s∗/p,

where s∗ is, for example, the order of derivative that we assume the regression function fρ
has. Plugging this into the result presented in Theorem 3.6.1 gives a dimension-dependent

bound of order n− 2s∗
2s∗+p in which both the smoothness assumption and dimension show up

in the exponent. Such a bound is minimax optimal when learning in a (large) homoge-
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neous multivariate space [110]. In practice, one can usually achieve better performance by

leveraging other low dimensional structure (See Section 3.5.4 and Appendix 6.2).

3.6.3 Robustness of tj for Properly Chosen Jn

In Section 3.6.2 we presented the optimality guarantees of Sieve-SGD in the case when

the component-specific learning rate is chosen as the most “natural” value, i.e. tj = j−2s.

In that case, Sieve-SGD is statistically optimal so long as the number of basis functions

does not increase too slowly, that is, Jn ≥ n
1

2s+1 log2(n). Specifically, when Jn = ∞,

the Sieve-SGD updating rule reduces to the kernel SGD updating rule (3.20) with ker-

nel Ks
∞(Xn, ·) =

∑∞
j=1 j

−2sψj(Xn)ψj(·). So long as we have access to the closed-form of

Ks
∞(Xn, ·), the corresponding kernel SGD estimator is also statistically optimal under the

same conditions. In such a scenario, Sieve-SGD can be seen as a truncated-version of a

“correct” kernel SGD method with much better computational properties.

Although truncating the kernel in the spectral domain may be seen as an extension of

kernel SGD, it can alternatively be seen as related to projection estimators: In that case

however, two pieces of Theorem 3.6.1 may seem unnatural: 1) the strict requirement on

tj (= j−2s); and 2) The fact that we only lower bound the truncation rate, rather than

requiring a precise value for the growth of Jn. In the case of the original Theorem 3.6.1,

the bias-variance tradeoff is actually not balanced via truncation. Instead, it is balanced

directly using the tj. The required lower bound on the truncation rate is just given to ensure

that we do not accrue excess bias. Alternatively, to better parallel projection estimators,

it might seem more natural to directly use the number of basis functions Jn to control the

bias-variance tradeoff (there is nothing akin to tj in (3.8)). In this section we will explore

this idea: That if we are more precise in specifying Jn, perhaps we can be more flexible with

tj.

More specifically, we are interested in milder conditions on the sequence (tj) such that

if we properly select the rate at which our “dimension” increases (i.e. the rate at which Jn
grows), Sieve-SGD would still attain its favorable statistical and computational properties.
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Since we will be using Jn as the tuning parameter to balance bias and variance, one might

expect kernel SGD, which sets Jn = ∞, would not always have optimal statistical perfor-

mance for all sequences (tj) satisfying the “milder” conditions. This is confirmed via the

following theorem: For Sieve-SGD one can actually use large component-wise step-sizes that

need only satisfy tj < j−1 for any smoothness class W (s), so long as the truncation level is

appropriately set; while the largest tj that can be used for kernel-SGD (without truncation)

needs to ensure tj < j−(s+1/2), which depends on the smoothness of fρ.

Theorem 3.6.3. Assume A1-A4. Set the component-specific learning rate to be tj = j−2ω

with 1
2
< ω ≤ s. Choose the learning rate to be γn = γ0n

− 1
2s+1 , with γ0 ≤M2ζ(2ω)/2. Choose

the number of basis functions to be Jn = n
1

2s+1 log2 n ∨ 1.

Then the MSE of Sieve-SGD (3.27) converges at the following near optimal rate

E‖f̄n − fρ‖2L2
ρX

= O
(
n− 2s

2s+1 log2 n
)

(3.43)

Note 1: The requirement of tj < j−1 is to guarantee a finite “second moment” of the

gradient (as in Note 3 under Theorem 3.6.1). In this theorem, once this minimal requirement

is satisfied, the decay rate of tj does not influence either the statistical guarantees, nor the

computational expense of the estimators — both of these are determined entirely by the

truncation level. As we will discuss very soon in Section 3.6.4, the choice of Jn = n
1

2s+1 log2 n

in Theorem 3.6.3 and Theorem 3.6.1 would result in algorithms that are both statistically

and computationally near-optimal up to a polylog term.

Note 2: The most direct form of the projection estimator determines the basis functions’

coefficients by solving a (unpenalized) least square problem (3.8) in which there are no

learning rates involved. It is the truncation level Jn that determines the bias-variance trade-

off and statistical performance. In Theorem 3.6.3 we present a stochastic approximation

analog to that result. From a reproducing-kernel methodology perspective, Theorem 3.6.1

investigates the cases when the capacity of the kernel (ω) matches the source smoothness (s);

in Theorem 3.6.3 we show under what conditions the mismatch between these two quantities

does not affect the statistical (and computational) properties of Sieve-SGD. It is very common
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to discuss the generalization ability of a reproducing kernel method in the literature when

the kernel capacity does not match the source smoothness. For example, in [25] the authors

use a pair of parameters (r, α) to state the hypothesis space and the capacity of the kernels.

The smoothness of the hypothesis space is determined by the product of the two parameters

rα. When r 6= 1/2, they are considering using a kernel whose capacity does not match the

smoothness of fρ. Their proposed method must modify the learning rate properly to recover

rate-optimality (or it is impossible due to saturation).

Comparing their results with Theorem 3.6.3, there are ω such that the kernel SGD

estimator, using kernel Kω
∞(Xn, ·) =

∑∞
j=1 j

−2ωψj(Xn)ψj(·), may not be optimal no matter

how we modify the learning rate γn (described as “saturation” in [25]). Whereas for Sieve-

SGD using the truncated “kernels” Kω
Jn
(Xn, ·) =

∑Jn
j=1 j

−2ωψj(Xn)ψj(·), the statistical and

computation performance can still be jointly near optimal. Theorem 6.3 is formally similar

to such a “source-capacity” discussion, but the results are quite different in nature — in

particular it is the truncation level that “saves” us, and allows a much larger mismatch

between kernel capacity and source smoothness.

Note 3: The overall proof structures of Theorem 3.6.1 and Theorem 3.6.3 are similar;

the difference is, in the proof of Theorem 3.6.1 we need Lemma 6.4.4 and related technical

results, but for Theorem 3.6.3 we use Lemma 6.5.1 instead.

Note 4: We also provide some intuition for using a decreasing learning rate γn: For

rate-optimal parametric SGD methods with averaging, the learning rate γn can be taken as

a constant γ0. However, the employed constant γ0 is inversely proportional to the dimension

of parameter (assuming each dimension of the feature has a bounded support) [6], which

is, in some sense, consistent with our results (though we have seen no other results in the

literature that engage with a dimension that increases as the learning process proceeds). We

require the learning rate to be a decreasing sequence so that it can “cancel out”the effect

of increasing estimator-dimension: The increasing dimension would have resulted in a noise

variance that is increasing if care was not taken.
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3.6.4 Near optimal space expense

In this section we will show that Sieve-SGD is asymptotically (nearly) space-optimal for

estimating fρ in a Sobolev ellipsoid under the conditions listed in Section 3.6.1. We will

show that, even with computer round-off error, Sieve-SGD only needs Θ(n
1

2s+1 log3 n) bits

to achieve the minimax rate for MSE (or off by a log2(n) term when ω 6= s as stated in

Theorem 3.6.3), and further, that there is no estimator with o(n
1

2s+1 ) bits of space expense

that can achieve the minimax-rate for estimating fρ ∈ W (s,Q). In our analysis we note

that computers cannot store decimals in infinite precision, and formally deal with a modified

version of our algorithm that stores coefficients in fixed precision (that grows in n): This

necessitates the extra log(n) term (compared with the number of basis function needed in

Theorem 3.6.1 and 3.6.3). The modified algorithm with fixed, but growing precision still

results in the same MSE when round-off error is not considered.

We first give a more formal definition of the space expense of an estimator in our analysis.

A regression estimator can be seen as a mapping Mn from the data Zn
1 = {(Xi, Yi) | i =

1, 2, ..., n} to a function f̂n ∈ F . For any such Mn that can be engaged by a computer,

must be decomposable into an “encoder-decoder” pair (En, Dn). Here En represents the

“encoder” that compresses the information into computer memory. Formally, we define En
to be a mapping from Zn

1 to a binary sequence of length bn. And the corresponding Dn is

the “decoder” of the binary sequence that translates the information saved in memory back

to a mathematical object f̂n. Generally, the binary sequence length bn will increase with n:

As more information is contained in the data, we need more memory to store an increasingly

accurate estimate of our regression function.

Given an estimator that can decomposed into a pair (En, Dn), one can see that the

decomposition is not unique. There are, in fact, infinitely many pairs that are trivially

different from each other for any such estimator. Moreover, En, Dn’s can be randommappings

if we allow random algorithms: For example, random forests include additional randomness

due to bootstrapping/variable selection. In order to be more precise regarding memory
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complexity constraints, we introduce the following formalization.

Definition 3.6.4 (bn-sized estimator). Given a sequence of integers (bi)i∈N+, we say an

estimator Mn : (X × R)n → F is a bn-sized estimator if it satisfies the following conditions:

1. For every n, there exists an encoder mapping En : (X ×R)n → {0, 1}bn, and a decoder

mapping Dn : {0, 1}bn → F such that

Mn = Dn ◦ En (3.44)

2. The decoder Dn is a known, fixed mapping. En can be either a random or fixed mapping.

We use the sample mean as a toy example to illustrate the above definition. In practice,

the sample mean is usually a 64-sized estimator of the population mean. Here 64 stands for

the number of bits needed to represent a double-precision floating point number. In this case

the size bn = 64 does not increase with sample size n. However not every real number can be

arbitrarily precisely specified by a fixed-length floating-point number, so a careful asymptotic

analysis of estimation of the mean suggests that perhaps we should store a sample mean with

growing levels of precision, i.e. bn would need to grow with n. A binary sequence of length s

can specify 2s real numbers, so to achieve the O(n−1) statistically optimal bound for mean

estimation, a log(n)-sized version of sample mean is formally required. In practice, 64-bit

precision is generally more than enough for mean estimation. Nevertheless, in this chapter

we aim to give a more formal and precise asymptotic analysis of our Sieve-SGD estimator.

Readers who are more familiar with computational complexity theory may find our def-

inition similar to a (probabilistic) Turing machine. However, in our framework the machine

does not use binary sequences on tapes as input and output; nor do we need to identify the

basic operations on the “machine”. We aimed to remove unnecessary complexity for read-

ers with a more statistical background. Discussion of Turing machines using finite length

working tape can be found in [4, Chapter 4].

To construct Sieve-SGD estimators that achieve (near) optimal MSE, we only need to

store the coefficients of the Jn = Θ(n
1

2s+1 log2 n) basis functions. However, as in our example
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with the sample mean, we need to be careful about the precision with which we store those

coefficients. We need to determine: i) how small we require the round-off error to be in

order to maintain the statistical optimality of Sieve-SGD, and ii) how much space expense

is required to achieve such precision. In Appendix 6.6.1 we identify how round-off error is

introduced into the system and how it decreases as more bits are used to store each coefficient.

In Corollary 6.6.2 we show that by using Θ(logn) bits per coefficient, a O(n
1

2s+1 log3 n)-

sized version of Sieve-SGD can achieve the same optimal convergence rate as in the infinite

precision setting (or equivalently round-off-error-free setting).

Combining the above result with the following theorem, we can conclude that no MSE

rate-optimal estimator can require less memory by a polynomial factor than Sieve-SGD.

Theorem 3.6.5. Let bn be a sequence of integers, and bn = o
(
n

1
2s+1

)
. Let M(bn) be the

collection of all bn-sized estimators, then we have

lim
n→∞

inf
Mn∈M(bn)

sup
fρ∈W (s,Q,{ψj})

E
[
n

2s
2s+1‖Mn(Z

n
1 )− fρ‖2L2

ρX

]
=∞ (3.45)

i.e. no such bn-sized estimators can be rate-optimal.

This theorem tells us we cannot find any minimax rate-optimal o(n
1

2s+1 )-sized estimator.

Thus the best rate-optimal estimator one can expect to find is a Θ(n
1

2s+1 )-sized estimator:

Sieve-SGD’s space expense only misses this lower bound by a poly-logarithmic factor.

We give the proof of the above theorem in Appendix 6.6.2. Although here we focus on

regression in Sobolev spaces, the technique used can be applied to other hypothesis spaces.

The proof is based on the concept that metric-entropy is the minimal number of bits needed

to represent an arbitrary function from a function space up to ϵ-error, which can be traced

back to [62]. Also, following a very similar argument, one can prove that no constant-sized

estimator can be rate-optimal (or even consistent) for parametric regression problems. We

discuss this further in the Appendix 6.6.2. We also include some discussion of the time

expense in Section 3.8.
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3.7 Simulation study

3.7.1 Sieve-SGD for online regression

In this section, we illustrate both the statistical and computational properties of Sieve-SGD

with simulated examples. The two examples we use have different fρ, W (s,Q, {ψj}) and ρX .

The user-specified measure ν is taken as the uniform distribution over [0, 1] in both. We

provide the details of our simulation settings in Table 3.1. These two examples are designed

for verifying our theoretical guarantees: The fρ we use have known explicit series expansion

or is constructed explicitly using the basis function ψj (to ensure the truth is hard enough

to learn in the assumed Sobolev ellipsoid). In Appendix 6.2 we provide more numerical

examples to better mimic the practical application: we engage with multivariate features

and compare Sieve-SGD with many popular machine learning methods.

Example 1 In this example, we examine the empirical performance of Sieve-SGD and

compare it with two other methods in batch or online nonparametric regression: kernel ridge

regression (KRR) [128] and kernel SGD [25]. We will see that the relationship between gener-

alization error E‖f̄n−fρ‖22 and sample size corresponds well with our theoretical expectations

presented in Theorem 3.6.1 (Fig 3.1).

The true regression function we chose for Example 1 is also used in the analysis of kernel

SGD [25]. In that paper, kernel SGD with Polyak averaging is compared with other (kernel-

based) nonparametric online estimators [116, 137], and has been shown to have similar or

better performance, so we include only kernel SGD with averaging as the reference online-

estimator. We also note that although KRR performs slightly better than online methods,

its time expense (which is of order Θ(n3) per update) is dramatically more than online-

estimators (kernel SGD Θ(n), Sieve-SGD Θ(Jn), per update).

We compare the empirical performance of Sieve-SGD under two different distributions of

X. In Fig 3.1 panel (A), X has an uniform distribution over [0, 1] and in panel (B) it has

a distribution with a strictly smaller support (uniform over [0.25, 0.75]). The trigonometric

basis functions we use are orthonormal w.r.t. ν, the Lebesgue measure over [0, 1] (panel (A))
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but not w.r.t. the one in panel (B). Although only the feature distribution in panel (A)

satisfies the distribution assumption in A2, in both cases Sieve-SGD achieves the optimal-

rate. This is a heuristic evidence indicating the lower bound requirement in A2 may be due

to some artifacts in the proof.

Table 3.1: Settings of simulation studies. B4(x) = x4 − 2x3 + x2 − 1
30

is the 4-th Bernoulli

polynomial. {x} indicates the fractional part of x.

Example 1 Example 2

True fρ B4(x) 4
√
2
∑50

j=1(−1)j+1j−4 sin((2j − 1)πx/2)

ellipsoid para. s 2 3

Jn n0.21 n0.10 & n0.15 & n0.43

tj j−1.02 & j−4 j−6

ψj(x)
sin(2πdj/2ex), j is even √

2 sin( (2j−1)πx
2

)
cos(2πdj/2ex), j is odd

Kernel K(s, t) − 1
24
B4({s− t}) min(s, t)

Noise Unif[−0.02, 0.02] or Unif[−0.2, 0.2] Normal(0,1)

γ0 3 1

Example 2 In this example, we consider the performance of Sieve-SGD under different

Jn = bnαc (number of basis functions). The fρ we use is explicitly constructed with basis

functions ψj(x) =
√
2 sin ((2j − 1)πx/2) and we tune the proposed method based on the

(correct) assumption that it belongs to Sobolev ellipsoid W (3, Q, {ψj}) (see Theorem 4.1 of

[54, Chapter 1] for completeness and orthonormality of {ψj}).

According to Theorem 3.6.1, in order to guarantee statistical optimality, we need α ≥
1

(2s+1)
∼ 0.14. We consider several values of α, one below the this threshold, and two above
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Figure 3.1: Example 1, log10 ‖f̄n − fρ‖22 against log10 n. The Black line has slope = −4/5,

which represents the optimal-rate. Each curve is calculated as the average of 100 repetitions.

(A) X is uniformly distributed over [0, 1]. In this setting, SNR ∼ 3. (B) X has a distribution

in which ψj are not orthonormal. We present the results with very large noise, SNR∼ 0.03.

Due to different computational costs, we chose different maximum n for different methods.
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it:

0.10 < 1

2s+ 1
∼ 0.14 < 0.15 < 0.43 (3.46)

As we can see from Fig 3.2 (A), when α = 0.15 & 0.43, Sieve-SGD is rate-optimal as

expected. When α = 0.10, we are using too few basis functions, which results in the sub-

optimal statistical performance. Such a suboptimality is because of the bias term: there

are too few basis functions used. In fact, the parameter setting α = 0.1 is so small that

there are only 3 basis functions used when n = 105. To verify the above statement, we can

briefly calculate when the second and the third basis functions are added in: (103)0.1 ∼ 2,

this corresponds to the first acceleration of the learning rate around log10(n) = 3; similarly,

(104.8)0.1 ∼ 3, which explains the second one.

In Fig 3.2 (B), we show the CPU time for reference. For Sieve-SGD, the accumulated

CPU time should be on the order of Θ(n1+α): The larger α, the more basis functions required,

the slower the algorithm. We also include the CPU time of kernel SGD with averaging as

a benchmark, which has a cumulative computational expense of order Θ(n2). The code is

written in R (4.0.4), and runs on (the CPU of) a machine with 1 Intel Core m3 processor,

1.2 GHz, with 8 GB of RAM.

3.7.2 Sieve-SGD for Alternative Convex Losses

In this section, we provide the results of an experiment applying Sieve-SGD to online non-

parametric logistic regression. Although this chapter gives no theoretical guarantees in this

setting, it is still of interest to see the empirical performance of Sieve-SGD for general convex

loss. Here, the distribution of class labels Y was generated by Y ∼ 2Ber(g(X)) − 1, where

(g(x))−1 = 1+exp{−5(1−2|x−0.5|)}; and the distribution ofX was uniform over [0, 1]. Thus,

the minimizer f ∗ of loss E[ℓ(Y, f(X))] = E[log(1+ exp(−Y f(X)))] is f ∗ = 5(1− 2|x− 0.5|).

When we apply the Sieve-SGD estimator (3.30) to this problem, we assume

f ∗ ∈ W
(
1, Q,

{√
2 sin ((2j − 1)πx/2)

})
(3.47)
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Figure 3.2: Example 2, effect of truncation exponents α = 0.10, 0.15, 0.43. (A) Statistical

performance, log10 ‖f̄n − fρ‖22 against log10 n. The black line has slope = −6/7, which

represents the optimal-rate. Each curve is calculated as the average of 100 repetitions. (B)

The accumulated CPU time to process n observations. The black line is the CPU time of

kernel SGD, included for benchmark.
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We try several α = 0.10, 0.33, 0.50, all with γ0 = 6. As we can see from Fig 3.3, the regret

E[ℓ(f̄n) − ℓ(f ∗)] converges to zero at an apparent rate of n−2/3 when α = 0.33, 0.50 (which

would agree with our result for squared error loss). When the number of basis functions

increases too slowly (here is α = 0.10), the regret decreases slowly after ∼ 10 observations

(for similar reason of overflowing bias term as we noted in section 3.7.1).
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α=0.10
α=0.33
α=0.50

Figure 3.3: Example 3, empirical performance of Sieve-SGD in nonparametric logistic re-

gression problem. Plot log10(l(f̄n)− l(f ∗)) against log10 n. The Black line has slope = −2/3.

Each curve is calculated as the average of 100 repetitions.

3.8 Discussion

In this chapter, we considered online nonparametric regression in a Sobolev ellipsoid. We

proposed the Sieve Stochastic Gradient Descent estimator (Sieve-SGD), an online estimator

inspired by both a) the nonparametric projection estimator, which is a special realization

of general sieve estimators; and b) estimators constructed using stochastic gradient descent

algorithms. By using an increasing number of basis functions, Sieve-SGD has rate-optimal
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estimation error and is computationally very efficient.

For online learning problems with general convex losses, the optimal estimation rate

depends on both the hypothesis space and loss function (e.g. whether it is Lipschitz or

strongly convex). In this chapter we did not establish theoretical guarantees for Sieve-SGD

when applied to general convex loss, however, we gave some empirical evidence that it can

perform well there. We believe our proof techniques might be extended beyond squared-error

loss, perhaps using ideas in [6, 16, 77, 78].

We have seen a rich collection of work in the past decade targeting the optimality of

estimators under computational (especially time expense) constraints. A lot of those results

are established in the context of sparse PCA and related sparse-low-rank matrix problems,

e.g. [14, 39, 40, 75, 129, 144]. The main focus of these work is usually comparing the statisti-

cal performance of the best polynomial-time algorithm with that of the “optimal” algorithm

without any computational restrictions. By relating their statistical problem with a known

NP problem [4], they can usually show the sub-optimality of polynomial-time algorithms

under the famous conjecture P 6= NP . However, for the nonparametric regression problem

in this chapter, there is a polynomial-time estimator that can achieve the global minimax-

rate. It is of theoretical interest to know if there are any statistically rate-optimal online

estimators that require less than Θ(n1+ 1
2s+1 ) time-expense: We hypothesize that there are

not.
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Chapter 4

REGRESSION IN TENSOR PRODUCT SPACES
BY THE METHOD OF SIEVES

4.1 Introduction

Understanding the relationship between an outcome of interest and a set of predictive features

is an important topic across domains of scientific research. To this end, one often needs to

estimate an underlying predictive function, e.g., the conditional mean function, that best

relates the features and the outcome using available noisy observations. During the past two

decades, there has been extensive research focusing on nonparametric learning methods that

only require the outcome to vary smoothly with the features.

One challenge of applying nonparametric methods in multivariate problem is the “curse of

dimensionality” [94]. Briefly, as the number of features grows linearly, we need an exponen-

tially growing number of samples to achieve a specified threshold of predictive performance.

In real-world applications, although the total number of candidate features may be large,

it is very likely that only a small proportion are conditionally associated with the outcome.

This smaller number, D, of active features should be the primary driver of the difficulty of

the problem, in a minimax sense. Sparse estimation [53, 118] is a vast field addressing such

data science problems and developing effective estimation procedures, which is especially

interesting when the total number of features, d, is much larger than D.

In this paper, we consider a nonparametric procedure that can simultaneously select

important features and estimate the conditional mean function (using only those selected

features). For this procedure, the estimation error scales favorably with total dimension

(proportional to log(d)). Moreover, engaging with a tensor product space additionally means

that our active dimension, D, only shows up multiplicatively in a logD(n) term (as compared
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to modifying the rate of convergence in n in classical multivariate Sobolev/Holder spaces).

Finally, our proposed framework is also seen to be empirically effective in our data example

comparisons in Section 4.8.

The proposed method considers penalized sieve estimation in multivariate tensor prod-

uct spaces. Sieve estimation, also known as projection estimation [119] or estimation using

orthogonal functions [130], is a classical estimation strategy that has been shown to be very

effective in univariate regression problems. Sieve estimators can suffer in classical multi-

dimensional spaces (as a large number of basis vectors are required). This work can be

seen as an attempt to extend the method of sieves into multivariate models that scale more

efficiently (statistically and computationally) with the problem dimension. In the univari-

ate case, sieve estimation procedures leverage some natural ordering of the orthogonal basis

functions, which is usually based on frequency or polynomial degree. These natural choices,

however, are no straightforward in multivariate settings. We also study appropriate strate-

gies for reordering multivariate basis functions under tensor product models: This is critical

for both method implementation and theoretical understanding.

Notation: In this paper, we will use bold letters to emphasize a Euclidean vector x ∈ Rd

when its dimension d is strictly greater than 1. The notation xk ∈ R is the k-th entry of

x ∈ Rd (rather the k-th power of it). We use N to represent the non-negative integer set

{0, 1, 2, ...}, and use N+ for strictly positive integers {1, 2, 3, ...}. The (N+)d is the set of

positive d-tuple grids: for example (N+)2 = {(1, 1), (1, 2), (2, 1), (3, 1), (2, 2), ...}.

4.2 Univariate Nonparametric Regression and Sieve Estimation

One can frame the goal of regression as estimating the function f that minimizes the popu-

lation mean-squared error (MSE): E[(Y − f(X))2], where Y is our outcome, and X are our

features. We denote the distribution of X as ρX . The minimizer is the well-known condition

mean function f 0(X) = E[Y |X]. In nonparametric regression, we assume f 0 belongs to some

regular function space. An informative univariate model space that we will engage with is
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the 1st-order Sobolev space W1([0, 1]):

f 0 ∈ W1([0, 1]) = {f ∈ L2([0, 1]) | f ′ exists and f ′ ∈ L2([0, 1])} . (4.1)

Here f ′ can be understood as the weak derivative of f . In this framing, the set of piece-

wise linear functions is a subset of W1([0, 1]). Without loss of generality, we will assume

feature X belongs to the d-dimensional unit cube [0, 1]d. Sieve estimation for f 0 in the W1

space is built upon the following basic fact: It is possible to express f 0 as an (infinite) linear

combination of some basis functions {ϕj}. Among many possibilities, we choose the following

function system as a concrete example:

ϕ1(x) = 1, ϕj(x) =
√
2 cos((j − 1)πx). (4.2)

The aforementioned “infinite linear combination” can be expressed as: f 0 =
∑∞

j=1 β
0
jϕj.

Moreover, it is also known that the (generalized) Fourier coefficients β0
j decay at a rate faster

than j−1.5 for f 0 ∈ W1([0, 1]). Therefore, it is plausible to truncate the infinite series at a

certain finite level Jn: Using only the first more important Jn basis vectors, one can construct

an estimator of f 0 with relatively small bias. Formally, a sieve estimator fn takes the form

that f̂n =
∑Jn

j=1 β̂jϕj where the coefficients are determined using the available training data

{(Xi, Yi), i = 1, ..., n}. The coefficients can be determined by solving least-square problems

[119] or using stochastic approximation methods [143], both strategies would lead to rate-

optimal generalization error (in a minimax-rate sense).

Remark: The cosine functions ψj presented above are not periodic over our domain

themselves, and thus do not impose a periodic assumption on f 0. This is in contrast to

periodic sine/cosine systems that are more commonly engaged with, and would imply a

periodic assumption on f 0 [126]. One can add polynomials to the periodic systems to fit

non-period functions [31]. For simplicity of exposition and to provide our readers a basis

that is easy to implement, we choose to proceed with paper primarily using this cosine

basis. For readers more familiar with the topic, the above rate statement on β0
j (“faster than

j−1.5”) can be more precisely stated as Sobolev ellipsoid conditions. For more discussion, see

Appendix 7.2.
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4.3 Multivariate Nonparametric Models

4.3.1 Additive Models and Classical Smoothness Classes

In most real-world problems, we have more than one feature under consideration. In addition

it is not always apriori clear which model space to use. The nonparametric additive model

[36] has been seen as one of the most direct models for multivariate nonparametric learning

problems. There, we assume features do not interact, or more formally that the regression

function takes the following additive form:

f 0(x) =
d∑

k=1

f 0
k (xk), f 0

k ∈ W1([0, 1]). (4.3)

The lack of interaction between features makes the additive model quite restrictive. There

are also some very flexible models widely discussed in the literature, such as Sobolev-type

smooth function spaces. Formally, let a = (a1, ..., ad) ∈ (N)d, we define the (weak) partial

derivative function Daf of f as:

Daf =
∂∥a∥1

∂xa1
1 · · · ∂xad

d

f, where ‖a‖1 =
d∑

k=1

ak. (4.4)

In this notation, we assume f 0 satisfies the following smoothness conditions:

f 0 ∈ Ws

(
[0, 1]d

)
=
{
f ∈ L2

(
[0, 1]d

)
| Daf ∈ L2

(
[0, 1]d

)
for all ‖a‖1 ≤ s

}
. (4.5)

These types of smooth classes do not explicitly assume any specific form such as additivity,

but as a cost, suffer substantially more from the curse of dimensionality. Specifically, the

minimax rate (in MSE) of estimation in Ws([0, 1]
d) is of order n− 2s

2s+d [111]. Although less

likely to be miss-specified, this type of model is sometimes thought to be too large to explain

the success of many machine learning methods, or be directly applied.

In the literature it is typical to put a more strict regularity requirement to cancel out

the influence of dimension, that is, only considering smoother models in higher dimensions.

Formally, this can be easily done by increasing the parameter s to ask for regular higher
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order derivatives. For many statistical procedures that need to estimate conditional mean as

a nuisance, e.g. semiparametric inference [59] and independence structure inference [134], we

typically have to require the smoothness parameter s to be at least d/2. The resulting model

space Wd/2([0, 1]
d) is sufficiently tame to allow estimators of f 0 that can satisfy certain

(minimax rate) benchmark conditions. However, for d as small as 4, such a requirement

already prevents f 0 from being a piece-wise linear function.

4.3.2 Tensor Product Models

Additive models (mentioned earlier) are an attractive approach for extending univariate

smooth functions to multivariate regression. If the true regression function is nearly additive,

then with a relatively small number of samples, one can fit a strong additive estimate.

However, in some applications there may be important interactions between features to

consider. One natural extension to the additive model is to include product-terms of basis

functions between individual features. For example, we may consider:

f 0(x) =
d∑

k=1

f 0
k (xk) + a(x1)b(x2) + C(x1)d(x3) + e(x1)f(x2)g(x3) + . . . , (4.6)

where all the univariate functions above belong to class of smooth functions W1([0, 1]). This

type of model has been studied in the literature as a Tensor Product Space model [70]. In

more compact notation:

f 0 ∈ S1([0, 1]
d) =

{
f =

N∑
m=1

d∏
k=1

fmk(xk) for some finite N , and fmk ∈ W1([0, 1])

}
. (4.7)

Although we defined the S1 space in (4.7) by addition and multiplication of univariate

regular functions, there is an (almost) equivalent characterization of it in the language of

partial derivatives:

S1([0, 1]
d) =

{
f ∈ L2

(
[0, 1]d

)
| Daf ∈ L2

(
[0, 1]d

)
for all ‖a‖∞ ≤ 1

}
. (4.8)

Function spaces similar to (4.8) are called Sobolev spaces with dominating mixed deriva-

tives. They are also characterized as the tensor product spaces of univariate Sobolev spaces
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W1([0, 1]). Compared with the (isotropic) Sobolev spaces defined in (4.5), tensor product

spaces may appear to be formally similar, but have different (and favorable) properties re-

lated to statistical estimation. For function space W1([0, 1]
d), we required regular partial

derivatives for any index a satisfying ‖a‖1 ≤ 1. But for tensor product space S1([0, 1]
d),

we require partial derivatives for those indices satisfying ‖a‖∞ ≤ 1. The latter requirement

is strictly stronger and as the dimension d increases, the difference between these two re-

quirements becomes more meaningful. At the same time, the S1([0, 1]
d) space requires less

regularity than the d-th order isotropic Sobolev space Wd([0, 1]
d). In particular, assuming

f 0 ∈ Wd([0, 1]
d) means that ∂d

∂dxk f
0 exists and is square-integrable for any k = 1, 2, ..., d,

however functions in S1([0, 1]) space do not need to have second partial derivatives ∂2

∂2xk f for

any k (so piece-wise linear functions can be elements of S1([0, 1]
d)). More formally, we have

the following inclusion relationship:

Wd([0, 1]
d) ( S1([0, 1]

d) ( W1([0, 1]
d). (4.9)

Functions in S1 are allowed to have different degrees of regularity in different directions.

Specifically, they have almost minimal smoothness in the coordinate axis directions. These

are the directions in which people believe most variation should be observed, which is also

supported by the success of additive models in practice.

4.4 Literature Review

In this section, we will provide a quick overview of the literature on tensor product models

in statistical learning and nonparametric sieve estimators.

In [70], the author presents regression estimators in tensor product models by the method

of smoothing spline / kernel ridge regression. The estimators achieve the nonparametric

minimax rate but typically have a high computational expense. Compared with the proposal

in this work, there is limited ability to apply variable selection or dimension adaptivity. This

makes that work less applicable to sparse nonparametric models. Other work in this line of

research includes [127], [69] and [41].



71

In addition to using product reproducing kernels, other types of product bases are also

used to construct multivariate regression estimators. For example, these are used in multi-

variate adaptive regression spline [35] and the highly adaptive lasso [9]. This class of methods

select a collection of adaptive basis functions that center at the training data points. The set

of basis functions, unlike the sieve estimator basis, are usually not orthogonal to each other

under any natural measures. More comprehensive discussion can be found in the monograph

[44].

A lot of work has been done over the last decade to adapt the tensor product model to

ultra-high dimensional settings. This line of research typically assumes that the features must

have a main effect on the outcome in order to have second order interaction effects (formalized

as some heredity assumptions). These methods target application cases when the feature

dimension is very large and computational resources are restricted (For example, assuming

d2 derived-features would not fit into the memory). See [50], [114], and the references therein

for a more detailed description of these computationally efficient methods.

In contrast to the kernel or spline based methods, in this paper we will discuss how to

apply sieve estimators in tensor product models. In [119], the author presents the classical

least-square sieve estimator (termed as a projection estimator) with theoretical discussion

(many parts in our exposition will be of that flavor). In [19], the author provides an extensive

review of commonly used/ theoretically interesting sieve bases. [30] provides an extensive

review of the method of sieves in density estimation. See also Section 7.5 of [29] for a

discussion of sieve estimation for multivariate analytic functions. In [55], the authors discuss

estimation with orthogonal series under additive models. However, there is no existing

work that formally engages with tractable sieve estimation procedures under tensor product

models to the best knowledge of the authors. In contrast, it has been repeatedly discussed in

the literature to directly generalize univariate sieve estimators to multivariate settings with

estimators of the form (eg. here we take the dimension = 3)

f̂n(x1, x2, x3) =
Jn∑
i=1

Jn∑
j=1

Jn∑
k=1

θijkψi(x1)ψj(x2)ψk(x3) (4.10)
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This kind of direct extension does not lead to rate-optimal estimators in commonly discussed

function classes, and is not computationally scalable to even moderate dimension d in practice

(Jdn basis functions are used).

4.5 Least-square Sieve Estimators in Tensor Product Models

Sieve estimation leverages the fact that smooth functions can be written as an infinite linear

combination of some basis functions ϕj and the coefficients decay quickly. To construct

estimates, we can use a truncated series to balance the approximation and estimation errors.

Since functions in S1([0, 1]
d) can be approximately written as the addition and multiplication

of a set of univariate functions in W1([0, 1]), we may expect a function f ∈ S1([0, 1]
d) to have

the expansion

f(x) =
∑

j∈(N+)d

β0
j ψj(x), for some β0

j ∈ R, (4.11)

where j = (j1, j2, .., jd) ∈ (N+)d, and ψj is a product of the univariate cosine basis ψj(x) =∏d
k=1 ϕjk(xk) described in (4.2).

In contrast to the univariate case, there is no single obvious natural ordering of the basis

functions ψj since they are indexed by some d-tuples j. To apply sieve estimation in tensor

product spaces (or for any multivariate nonparametric models), we need to establish an order

on {ψj} and determine which basis functions should be used for each n. In other words, we

need to unravel the set {ψj, j ∈ (N+)d} to a sequence of functions {ψj, j ∈ N+}. They contain

the same set of functions but the latter is an ordered set.

Let (ψj) be the sequence of functions unravelled from {ψj} (we postpone the details

of the rearrangement rule to Section 4.6). In the new notation, any f ∈ S1([0, 1]
d) has

the expansion f(x) =
∑∞

j=1 β
0
jψj(x), β0

j ∈ R. To perform sieve estimation in S1([0, 1]
d),

we also truncate the series at a proper level Jn. The least-square sieve estimator fOLSn is

fOLSn (x) =
∑Jn

j=1 β
OLS
jn ψj(x) , whose coefficients are the minimizers of the following empirical
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least-squares problem:

(
βOLS1n , ..., βOLSJnn

)
= argmin

(β1,...,βJn )∈RJn

n∑
i=1

(
Yi −

Jn∑
j=1

βjψj(Xi)

)2

(4.12)

Using analysis tools from empirical process theory, it is possible to derive some theoretical

guarantees regarding the performance of fOLSn .

Theorem 4.5.1. Suppose {(Xi, Yi) ∈ [0, 1]d × R, i = 1, 2, ..., n} is an i.i.d. training sample

and the true regression function f 0 ∈ S1([0, 1]
d). Let ϵi = Yi−f 0(Xi) be sub-Gaussian, mean-

zero random variables. We further assume that the distribution of X, ρX , is continuous with

an upper-bounded density function.

Then, for the least-square sieve estimator fOLSn , constructed with product of non-periodic

cosine basis functions (4.2), we have:

E
∥∥fOLSn − f 0

∥∥2
L2(ρX)

= O

((
logd−1(n)

n

)2/3

log(n)
)
, (4.13)

when Jn = Θ
(
n1/3 log2(d−1)/3(n)

)
. The order of including the multivariate product basis is

described in Section 4.6.

The proof of the above statement is very similar to that of Theorem 1 in [142]. However, to

determine the proper truncation level Jn and approximation error, we need the new technical

results presented in Lemma 7.3.6. The above theoretical guarantee is almost minimax-

optimal [70], up to a logarithm term.

The generalization MSE of this least-squares sieve estimator only differs from n−2/3 (the

rate for univariate Sobolev space W1([0, 1])) by a polylog term (with the dimension d in the

exponent). This is much improved as compared with estimation in spaces such asWs([0, 1]
d).

For that classical space, the minimax rate is of order n−2s/(2s+d). The dimension d shows

up in the exponent of n rather than logn. That horrible dependence on the dimension is

one manifestation of the curse of dimensionality. It is much alleviated, as we have shown, in

tensor product spaces. Many semiparametric procedures require convergence of intermediate
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components at a rate of at least n−1/2 [59]. Classical Sobolev models must assume s ≥

d/2 to give such a guarantee. This requirement may be too strong for many applications:

specifically, it already rules out all the piece-wise linear truths when d ≥ 4.

4.6 Important Technical Details: Unravelling

In this section, we are going to talk about how to rearrange a set of functions ψj indexed

by d-tuple to a sequence of functions ψj. For ease of discussion, we will term this kind of

rearrangement process as unravelling. Now we present our proposed unravelling rule for

tensor product models.

In Figure 4.1, we present how to rearrange two dimensional grids (N+)2 into a sequence

(d = 2). We first assign a number cj to each grid element j ∈ (N+)2 that equals to the

elemental product cj = j1 · j2. We then rearrange the grid on the left based on the product

value cj in increasing order. In the right panel of Figure 4.1, we can see grid-elements assigned

with smaller cj values get a more prioritized position in the sequence indexed by j ∈ N+.

For example, (1, 1) is mapped to the first element on the right because it has the smallest

product. In contrast, (2, 2) gets the 7-th position. For grids with the same cj values (such as

(1, 2) and (2, 1)), their relative order can be defined arbitrarily. We put (2, 1) in front of (1, 2)

because it has a larger value in the first dimension. In many parts of the theoretical analysis,

we are interested in the magnitude of the unravelled sequence (cj) (the series presented in

right panel of Figure 4.1).

This unraveling in (N+)d directly induces a rule for rearranging the basis functions {ψj} in

a sequence (ψj). Using the cj-unravelling rule presented in Figure 4.1, the first several basis

functions in the unravelled sequence are ψ1 = ψ(1,1), ψ2 = ψ(2,1), ψ3 = ψ(1,2) and ψ7 = ψ(2,2).

These are exactly the basis functions we used in constructing least-square sieve estimators

in (4.12). We now give a formal presentation of the above cj-unravelling rule:

Definition 4.6.1. Given a function c : (N+)d → N+ defined on the d-tuple grids , we define

U(m) : (N+)d → N+ to be the unique surjective mapping satisfying the following conditions:
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<latexit sha1_base64="+7cqGEJYX9o6ztPj1oLRsoEB/qk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjct+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xlWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8ffHGMsw==</latexit><latexit sha1_base64="+7cqGEJYX9o6ztPj1oLRsoEB/qk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjct+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xlWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8ffHGMsw==</latexit><latexit sha1_base64="+7cqGEJYX9o6ztPj1oLRsoEB/qk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjct+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xlWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8ffHGMsw==</latexit><latexit sha1_base64="+7cqGEJYX9o6ztPj1oLRsoEB/qk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjct+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xlWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8ffHGMsw==</latexit>

3
<latexit sha1_base64="+7cqGEJYX9o6ztPj1oLRsoEB/qk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjct+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xlWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8ffHGMsw==</latexit><latexit sha1_base64="+7cqGEJYX9o6ztPj1oLRsoEB/qk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjct+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xlWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8ffHGMsw==</latexit><latexit sha1_base64="+7cqGEJYX9o6ztPj1oLRsoEB/qk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjct+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xlWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8ffHGMsw==</latexit><latexit sha1_base64="+7cqGEJYX9o6ztPj1oLRsoEB/qk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjct+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xlWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8ffHGMsw==</latexit>

1⇥ 1
<latexit sha1_base64="icOYKm3L/6p7yi1LhH2AAiI4KjA=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GhLbTqe7ghuXFewD26Fk0rQNZjJDkhHK0L9w40IRt/6NO//G9CGo6IELh3Pu5d57wkRwbRD6cHJr6xubW/ntws7u3v5B8fCoreNUUdaisYhVNySaCS5Zy3AjWDdRjEShYJ3w7nLud+6Z0jyWN2aasCAiY8lHnBJjpVsM+4ZHTEM8KJaQizzfq/oQueV6texhS+p1v1zzIHbRAiWwQnNQfO8PY5pGTBoqiNY9jBITZEQZTgWbFfqpZgmhd2TMepZKYtcE2eLiGTyzyhCOYmVLGrhQv09kJNJ6GoW2MyJmon97c/Evr5eakR9kXCapYZIuF41SAU0M5+/DIVeMGjG1hFDF7a2QTogi1NiQCjaEr0/h/6R94WLk4utKqVFZxZEHJ+AUnAMMaqABrkATtAAFEjyAJ/DsaOfReXFel605ZzVzDH7AefsE1oiQVg==</latexit><latexit sha1_base64="icOYKm3L/6p7yi1LhH2AAiI4KjA=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GhLbTqe7ghuXFewD26Fk0rQNZjJDkhHK0L9w40IRt/6NO//G9CGo6IELh3Pu5d57wkRwbRD6cHJr6xubW/ntws7u3v5B8fCoreNUUdaisYhVNySaCS5Zy3AjWDdRjEShYJ3w7nLud+6Z0jyWN2aasCAiY8lHnBJjpVsM+4ZHTEM8KJaQizzfq/oQueV6texhS+p1v1zzIHbRAiWwQnNQfO8PY5pGTBoqiNY9jBITZEQZTgWbFfqpZgmhd2TMepZKYtcE2eLiGTyzyhCOYmVLGrhQv09kJNJ6GoW2MyJmon97c/Evr5eakR9kXCapYZIuF41SAU0M5+/DIVeMGjG1hFDF7a2QTogi1NiQCjaEr0/h/6R94WLk4utKqVFZxZEHJ+AUnAMMaqABrkATtAAFEjyAJ/DsaOfReXFel605ZzVzDH7AefsE1oiQVg==</latexit><latexit sha1_base64="icOYKm3L/6p7yi1LhH2AAiI4KjA=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GhLbTqe7ghuXFewD26Fk0rQNZjJDkhHK0L9w40IRt/6NO//G9CGo6IELh3Pu5d57wkRwbRD6cHJr6xubW/ntws7u3v5B8fCoreNUUdaisYhVNySaCS5Zy3AjWDdRjEShYJ3w7nLud+6Z0jyWN2aasCAiY8lHnBJjpVsM+4ZHTEM8KJaQizzfq/oQueV6texhS+p1v1zzIHbRAiWwQnNQfO8PY5pGTBoqiNY9jBITZEQZTgWbFfqpZgmhd2TMepZKYtcE2eLiGTyzyhCOYmVLGrhQv09kJNJ6GoW2MyJmon97c/Evr5eakR9kXCapYZIuF41SAU0M5+/DIVeMGjG1hFDF7a2QTogi1NiQCjaEr0/h/6R94WLk4utKqVFZxZEHJ+AUnAMMaqABrkATtAAFEjyAJ/DsaOfReXFel605ZzVzDH7AefsE1oiQVg==</latexit><latexit sha1_base64="icOYKm3L/6p7yi1LhH2AAiI4KjA=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GhLbTqe7ghuXFewD26Fk0rQNZjJDkhHK0L9w40IRt/6NO//G9CGo6IELh3Pu5d57wkRwbRD6cHJr6xubW/ntws7u3v5B8fCoreNUUdaisYhVNySaCS5Zy3AjWDdRjEShYJ3w7nLud+6Z0jyWN2aasCAiY8lHnBJjpVsM+4ZHTEM8KJaQizzfq/oQueV6texhS+p1v1zzIHbRAiWwQnNQfO8PY5pGTBoqiNY9jBITZEQZTgWbFfqpZgmhd2TMepZKYtcE2eLiGTyzyhCOYmVLGrhQv09kJNJ6GoW2MyJmon97c/Evr5eakR9kXCapYZIuF41SAU0M5+/DIVeMGjG1hFDF7a2QTogi1NiQCjaEr0/h/6R94WLk4utKqVFZxZEHJ+AUnAMMaqABrkATtAAFEjyAJ/DsaOfReXFel605ZzVzDH7AefsE1oiQVg==</latexit>

1⇥ 2
<latexit sha1_base64="N2BekMKnN9lhjPwonAtJo0S7KlU=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjJ9TKe7ghuXFewD26Fk0kwbmskMSUYoQ//CjQtF3Po37vwb04egogcuHM65l3vvCRLOlEbow8ptbG5t7+R3C3v7B4dHxeOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaD6dXC795TqVgsbvUsoX6Ex4KFjGBtpDsHDjSLqILlYbGEbOR6bs2DyK40ahXXMaTR8Cp1Fzo2WqIE1mgNi++DUUzSiApNOFaq76BE+xmWmhFO54VBqmiCyRSPad9Qgc0aP1tePIcXRhnBMJamhIZL9ftEhiOlZlFgOiOsJ+q3txD/8vqpDj0/YyJJNRVktShMOdQxXLwPR0xSovnMEEwkM7dCMsESE21CKpgQvj6F/5NO2XaQ7dxUS83qOo48OAPn4BI4oA6a4Bq0QBsQIMADeALPlrIerRfrddWas9Yzp+AHrLdP2AyQVw==</latexit><latexit sha1_base64="N2BekMKnN9lhjPwonAtJo0S7KlU=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjJ9TKe7ghuXFewD26Fk0kwbmskMSUYoQ//CjQtF3Po37vwb04egogcuHM65l3vvCRLOlEbow8ptbG5t7+R3C3v7B4dHxeOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaD6dXC795TqVgsbvUsoX6Ex4KFjGBtpDsHDjSLqILlYbGEbOR6bs2DyK40ahXXMaTR8Cp1Fzo2WqIE1mgNi++DUUzSiApNOFaq76BE+xmWmhFO54VBqmiCyRSPad9Qgc0aP1tePIcXRhnBMJamhIZL9ftEhiOlZlFgOiOsJ+q3txD/8vqpDj0/YyJJNRVktShMOdQxXLwPR0xSovnMEEwkM7dCMsESE21CKpgQvj6F/5NO2XaQ7dxUS83qOo48OAPn4BI4oA6a4Bq0QBsQIMADeALPlrIerRfrddWas9Yzp+AHrLdP2AyQVw==</latexit><latexit sha1_base64="N2BekMKnN9lhjPwonAtJo0S7KlU=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjJ9TKe7ghuXFewD26Fk0kwbmskMSUYoQ//CjQtF3Po37vwb04egogcuHM65l3vvCRLOlEbow8ptbG5t7+R3C3v7B4dHxeOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaD6dXC795TqVgsbvUsoX6Ex4KFjGBtpDsHDjSLqILlYbGEbOR6bs2DyK40ahXXMaTR8Cp1Fzo2WqIE1mgNi++DUUzSiApNOFaq76BE+xmWmhFO54VBqmiCyRSPad9Qgc0aP1tePIcXRhnBMJamhIZL9ftEhiOlZlFgOiOsJ+q3txD/8vqpDj0/YyJJNRVktShMOdQxXLwPR0xSovnMEEwkM7dCMsESE21CKpgQvj6F/5NO2XaQ7dxUS83qOo48OAPn4BI4oA6a4Bq0QBsQIMADeALPlrIerRfrddWas9Yzp+AHrLdP2AyQVw==</latexit><latexit sha1_base64="N2BekMKnN9lhjPwonAtJo0S7KlU=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjJ9TKe7ghuXFewD26Fk0kwbmskMSUYoQ//CjQtF3Po37vwb04egogcuHM65l3vvCRLOlEbow8ptbG5t7+R3C3v7B4dHxeOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaD6dXC795TqVgsbvUsoX6Ex4KFjGBtpDsHDjSLqILlYbGEbOR6bs2DyK40ahXXMaTR8Cp1Fzo2WqIE1mgNi++DUUzSiApNOFaq76BE+xmWmhFO54VBqmiCyRSPad9Qgc0aP1tePIcXRhnBMJamhIZL9ftEhiOlZlFgOiOsJ+q3txD/8vqpDj0/YyJJNRVktShMOdQxXLwPR0xSovnMEEwkM7dCMsESE21CKpgQvj6F/5NO2XaQ7dxUS83qOo48OAPn4BI4oA6a4Bq0QBsQIMADeALPlrIerRfrddWas9Yzp+AHrLdP2AyQVw==</latexit>

1⇥ 3
<latexit sha1_base64="yXCs6vvaD4ZWPoxz1kz69XIbFo0=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFSamTdNdwY3LCvaBbSiT6aQdnEzCzEQooX/hxoUibv0bd/6N04egogcuHM65l3vvCVPOlEbowyqsrW9sbhW3Szu7e/sH5cOjjkoySWibJDyRvRArypmgbc00p71UUhyHnHbDu8u5372nUrFE3OhpSoMYjwWLGMHaSLcOHGgWUwXdYbmCbOT5Xs2HyHYbNddzDGk0fLfuQcdGC1TACq1h+X0wSkgWU6EJx0r1HZTqIMdSM8LprDTIFE0xucNj2jdUYLMmyBcXz+CZUUYwSqQpoeFC/T6R41ipaRyazhjrifrtzcW/vH6mIz/ImUgzTQVZLooyDnUC5+/DEZOUaD41BBPJzK2QTLDERJuQSiaEr0/h/6RzYTvIdq6rlWZ1FUcRnIBTcA4cUAdNcAVaoA0IEOABPIFnS1mP1ov1umwtWKuZY/AD1tsn2ZCQWA==</latexit><latexit sha1_base64="yXCs6vvaD4ZWPoxz1kz69XIbFo0=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFSamTdNdwY3LCvaBbSiT6aQdnEzCzEQooX/hxoUibv0bd/6N04egogcuHM65l3vvCVPOlEbowyqsrW9sbhW3Szu7e/sH5cOjjkoySWibJDyRvRArypmgbc00p71UUhyHnHbDu8u5372nUrFE3OhpSoMYjwWLGMHaSLcOHGgWUwXdYbmCbOT5Xs2HyHYbNddzDGk0fLfuQcdGC1TACq1h+X0wSkgWU6EJx0r1HZTqIMdSM8LprDTIFE0xucNj2jdUYLMmyBcXz+CZUUYwSqQpoeFC/T6R41ipaRyazhjrifrtzcW/vH6mIz/ImUgzTQVZLooyDnUC5+/DEZOUaD41BBPJzK2QTLDERJuQSiaEr0/h/6RzYTvIdq6rlWZ1FUcRnIBTcA4cUAdNcAVaoA0IEOABPIFnS1mP1ov1umwtWKuZY/AD1tsn2ZCQWA==</latexit><latexit sha1_base64="yXCs6vvaD4ZWPoxz1kz69XIbFo0=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFSamTdNdwY3LCvaBbSiT6aQdnEzCzEQooX/hxoUibv0bd/6N04egogcuHM65l3vvCVPOlEbowyqsrW9sbhW3Szu7e/sH5cOjjkoySWibJDyRvRArypmgbc00p71UUhyHnHbDu8u5372nUrFE3OhpSoMYjwWLGMHaSLcOHGgWUwXdYbmCbOT5Xs2HyHYbNddzDGk0fLfuQcdGC1TACq1h+X0wSkgWU6EJx0r1HZTqIMdSM8LprDTIFE0xucNj2jdUYLMmyBcXz+CZUUYwSqQpoeFC/T6R41ipaRyazhjrifrtzcW/vH6mIz/ImUgzTQVZLooyDnUC5+/DEZOUaD41BBPJzK2QTLDERJuQSiaEr0/h/6RzYTvIdq6rlWZ1FUcRnIBTcA4cUAdNcAVaoA0IEOABPIFnS1mP1ov1umwtWKuZY/AD1tsn2ZCQWA==</latexit><latexit sha1_base64="yXCs6vvaD4ZWPoxz1kz69XIbFo0=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFSamTdNdwY3LCvaBbSiT6aQdnEzCzEQooX/hxoUibv0bd/6N04egogcuHM65l3vvCVPOlEbowyqsrW9sbhW3Szu7e/sH5cOjjkoySWibJDyRvRArypmgbc00p71UUhyHnHbDu8u5372nUrFE3OhpSoMYjwWLGMHaSLcOHGgWUwXdYbmCbOT5Xs2HyHYbNddzDGk0fLfuQcdGC1TACq1h+X0wSkgWU6EJx0r1HZTqIMdSM8LprDTIFE0xucNj2jdUYLMmyBcXz+CZUUYwSqQpoeFC/T6R41ipaRyazhjrifrtzcW/vH6mIz/ImUgzTQVZLooyDnUC5+/DEZOUaD41BBPJzK2QTLDERJuQSiaEr0/h/6RzYTvIdq6rlWZ1FUcRnIBTcA4cUAdNcAVaoA0IEOABPIFnS1mP1ov1umwtWKuZY/AD1tsn2ZCQWA==</latexit>

2⇥ 1
<latexit sha1_base64="XLkyK+3Wr7Twkx1HQfRiwSIvbu0=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjJ9TKe7ghuXFewD26Fk0kwbmskMSUYoQ//CjQtF3Po37vwb04egogcuHM65l3vvCRLOlEbow8ptbG5t7+R3C3v7B4dHxeOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaD6dXC795TqVgsbvUsoX6Ex4KFjGBtpLsyHGgWUQWdYbGEbOR6bs2DyK40ahXXMaTR8Cp1Fzo2WqIE1mgNi++DUUzSiApNOFaq76BE+xmWmhFO54VBqmiCyRSPad9Qgc0aP1tePIcXRhnBMJamhIZL9ftEhiOlZlFgOiOsJ+q3txD/8vqpDj0/YyJJNRVktShMOdQxXLwPR0xSovnMEEwkM7dCMsESE21CKpgQvj6F/5NO2XaQ7dxUS83qOo48OAPn4BI4oA6a4Bq0QBsQIMADeALPlrIerRfrddWas9Yzp+AHrLdP2BWQVw==</latexit><latexit sha1_base64="XLkyK+3Wr7Twkx1HQfRiwSIvbu0=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjJ9TKe7ghuXFewD26Fk0kwbmskMSUYoQ//CjQtF3Po37vwb04egogcuHM65l3vvCRLOlEbow8ptbG5t7+R3C3v7B4dHxeOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaD6dXC795TqVgsbvUsoX6Ex4KFjGBtpLsyHGgWUQWdYbGEbOR6bs2DyK40ahXXMaTR8Cp1Fzo2WqIE1mgNi++DUUzSiApNOFaq76BE+xmWmhFO54VBqmiCyRSPad9Qgc0aP1tePIcXRhnBMJamhIZL9ftEhiOlZlFgOiOsJ+q3txD/8vqpDj0/YyJJNRVktShMOdQxXLwPR0xSovnMEEwkM7dCMsESE21CKpgQvj6F/5NO2XaQ7dxUS83qOo48OAPn4BI4oA6a4Bq0QBsQIMADeALPlrIerRfrddWas9Yzp+AHrLdP2BWQVw==</latexit><latexit sha1_base64="XLkyK+3Wr7Twkx1HQfRiwSIvbu0=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjJ9TKe7ghuXFewD26Fk0kwbmskMSUYoQ//CjQtF3Po37vwb04egogcuHM65l3vvCRLOlEbow8ptbG5t7+R3C3v7B4dHxeOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaD6dXC795TqVgsbvUsoX6Ex4KFjGBtpLsyHGgWUQWdYbGEbOR6bs2DyK40ahXXMaTR8Cp1Fzo2WqIE1mgNi++DUUzSiApNOFaq76BE+xmWmhFO54VBqmiCyRSPad9Qgc0aP1tePIcXRhnBMJamhIZL9ftEhiOlZlFgOiOsJ+q3txD/8vqpDj0/YyJJNRVktShMOdQxXLwPR0xSovnMEEwkM7dCMsESE21CKpgQvj6F/5NO2XaQ7dxUS83qOo48OAPn4BI4oA6a4Bq0QBsQIMADeALPlrIerRfrddWas9Yzp+AHrLdP2BWQVw==</latexit><latexit sha1_base64="XLkyK+3Wr7Twkx1HQfRiwSIvbu0=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjJ9TKe7ghuXFewD26Fk0kwbmskMSUYoQ//CjQtF3Po37vwb04egogcuHM65l3vvCRLOlEbow8ptbG5t7+R3C3v7B4dHxeOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaD6dXC795TqVgsbvUsoX6Ex4KFjGBtpLsyHGgWUQWdYbGEbOR6bs2DyK40ahXXMaTR8Cp1Fzo2WqIE1mgNi++DUUzSiApNOFaq76BE+xmWmhFO54VBqmiCyRSPad9Qgc0aP1tePIcXRhnBMJamhIZL9ftEhiOlZlFgOiOsJ+q3txD/8vqpDj0/YyJJNRVktShMOdQxXLwPR0xSovnMEEwkM7dCMsESE21CKpgQvj6F/5NO2XaQ7dxUS83qOo48OAPn4BI4oA6a4Bq0QBsQIMADeALPlrIerRfrddWas9Yzp+AHrLdP2BWQVw==</latexit>

3⇥ 1
<latexit sha1_base64="3ldQUhpzSSqPtiDbCyswMyZKJZM=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFSamTdNdwY3LCvaBbSiT6aQdnEzCzEQooX/hxoUibv0bd/6N04egogcuHM65l3vvCVPOlEbowyqsrW9sbhW3Szu7e/sH5cOjjkoySWibJDyRvRArypmgbc00p71UUhyHnHbDu8u5372nUrFE3OhpSoMYjwWLGMHaSLcuHGgWUwWdYbmCbOT5Xs2HyHYbNddzDGk0fLfuQcdGC1TACq1h+X0wSkgWU6EJx0r1HZTqIMdSM8LprDTIFE0xucNj2jdUYLMmyBcXz+CZUUYwSqQpoeFC/T6R41ipaRyazhjrifrtzcW/vH6mIz/ImUgzTQVZLooyDnUC5+/DEZOUaD41BBPJzK2QTLDERJuQSiaEr0/h/6RzYTvIdq6rlWZ1FUcRnIBTcA4cUAdNcAVaoA0IEOABPIFnS1mP1ov1umwtWKuZY/AD1tsn2aKQWA==</latexit><latexit sha1_base64="3ldQUhpzSSqPtiDbCyswMyZKJZM=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFSamTdNdwY3LCvaBbSiT6aQdnEzCzEQooX/hxoUibv0bd/6N04egogcuHM65l3vvCVPOlEbowyqsrW9sbhW3Szu7e/sH5cOjjkoySWibJDyRvRArypmgbc00p71UUhyHnHbDu8u5372nUrFE3OhpSoMYjwWLGMHaSLcuHGgWUwWdYbmCbOT5Xs2HyHYbNddzDGk0fLfuQcdGC1TACq1h+X0wSkgWU6EJx0r1HZTqIMdSM8LprDTIFE0xucNj2jdUYLMmyBcXz+CZUUYwSqQpoeFC/T6R41ipaRyazhjrifrtzcW/vH6mIz/ImUgzTQVZLooyDnUC5+/DEZOUaD41BBPJzK2QTLDERJuQSiaEr0/h/6RzYTvIdq6rlWZ1FUcRnIBTcA4cUAdNcAVaoA0IEOABPIFnS1mP1ov1umwtWKuZY/AD1tsn2aKQWA==</latexit><latexit sha1_base64="3ldQUhpzSSqPtiDbCyswMyZKJZM=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFSamTdNdwY3LCvaBbSiT6aQdnEzCzEQooX/hxoUibv0bd/6N04egogcuHM65l3vvCVPOlEbowyqsrW9sbhW3Szu7e/sH5cOjjkoySWibJDyRvRArypmgbc00p71UUhyHnHbDu8u5372nUrFE3OhpSoMYjwWLGMHaSLcuHGgWUwWdYbmCbOT5Xs2HyHYbNddzDGk0fLfuQcdGC1TACq1h+X0wSkgWU6EJx0r1HZTqIMdSM8LprDTIFE0xucNj2jdUYLMmyBcXz+CZUUYwSqQpoeFC/T6R41ipaRyazhjrifrtzcW/vH6mIz/ImUgzTQVZLooyDnUC5+/DEZOUaD41BBPJzK2QTLDERJuQSiaEr0/h/6RzYTvIdq6rlWZ1FUcRnIBTcA4cUAdNcAVaoA0IEOABPIFnS1mP1ov1umwtWKuZY/AD1tsn2aKQWA==</latexit><latexit sha1_base64="3ldQUhpzSSqPtiDbCyswMyZKJZM=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFSamTdNdwY3LCvaBbSiT6aQdnEzCzEQooX/hxoUibv0bd/6N04egogcuHM65l3vvCVPOlEbowyqsrW9sbhW3Szu7e/sH5cOjjkoySWibJDyRvRArypmgbc00p71UUhyHnHbDu8u5372nUrFE3OhpSoMYjwWLGMHaSLcuHGgWUwWdYbmCbOT5Xs2HyHYbNddzDGk0fLfuQcdGC1TACq1h+X0wSkgWU6EJx0r1HZTqIMdSM8LprDTIFE0xucNj2jdUYLMmyBcXz+CZUUYwSqQpoeFC/T6R41ipaRyazhjrifrtzcW/vH6mIz/ImUgzTQVZLooyDnUC5+/DEZOUaD41BBPJzK2QTLDERJuQSiaEr0/h/6RzYTvIdq6rlWZ1FUcRnIBTcA4cUAdNcAVaoA0IEOABPIFnS1mP1ov1umwtWKuZY/AD1tsn2aKQWA==</latexit>

2⇥ 2
<latexit sha1_base64="QLdzzZCDIDeFlfUmZOZ/jAQZyts=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjJ9TKe7ghuXFewD26Fk0kwbmskMSUYoQ//CjQtF3Po37vwb04egogcuHM65l3vvCRLOlEbow8ptbG5t7+R3C3v7B4dHxeOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaD6dXC795TqVgsbvUsoX6Ex4KFjGBtpLsyHGgWUQXLw2IJ2cj13JoHkV1p1CquY0ij4VXqLnRstEQJrNEaFt8Ho5ikERWacKxU30GJ9jMsNSOczguDVNEEkyke076hAps1fra8eA4vjDKCYSxNCQ2X6veJDEdKzaLAdEZYT9RvbyH+5fVTHXp+xkSSairIalGYcqhjuHgfjpikRPOZIZhIZm6FZIIlJtqEVDAhfH0K/yedsu0g27mplprVdRx5cAbOwSVwQB00wTVogTYgQIAH8ASeLWU9Wi/W66o1Z61nTsEPWG+f2ZmQWA==</latexit><latexit sha1_base64="QLdzzZCDIDeFlfUmZOZ/jAQZyts=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjJ9TKe7ghuXFewD26Fk0kwbmskMSUYoQ//CjQtF3Po37vwb04egogcuHM65l3vvCRLOlEbow8ptbG5t7+R3C3v7B4dHxeOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaD6dXC795TqVgsbvUsoX6Ex4KFjGBtpLsyHGgWUQXLw2IJ2cj13JoHkV1p1CquY0ij4VXqLnRstEQJrNEaFt8Ho5ikERWacKxU30GJ9jMsNSOczguDVNEEkyke076hAps1fra8eA4vjDKCYSxNCQ2X6veJDEdKzaLAdEZYT9RvbyH+5fVTHXp+xkSSairIalGYcqhjuHgfjpikRPOZIZhIZm6FZIIlJtqEVDAhfH0K/yedsu0g27mplprVdRx5cAbOwSVwQB00wTVogTYgQIAH8ASeLWU9Wi/W66o1Z61nTsEPWG+f2ZmQWA==</latexit><latexit sha1_base64="QLdzzZCDIDeFlfUmZOZ/jAQZyts=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjJ9TKe7ghuXFewD26Fk0kwbmskMSUYoQ//CjQtF3Po37vwb04egogcuHM65l3vvCRLOlEbow8ptbG5t7+R3C3v7B4dHxeOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaD6dXC795TqVgsbvUsoX6Ex4KFjGBtpLsyHGgWUQXLw2IJ2cj13JoHkV1p1CquY0ij4VXqLnRstEQJrNEaFt8Ho5ikERWacKxU30GJ9jMsNSOczguDVNEEkyke076hAps1fra8eA4vjDKCYSxNCQ2X6veJDEdKzaLAdEZYT9RvbyH+5fVTHXp+xkSSairIalGYcqhjuHgfjpikRPOZIZhIZm6FZIIlJtqEVDAhfH0K/yedsu0g27mplprVdRx5cAbOwSVwQB00wTVogTYgQIAH8ASeLWU9Wi/W66o1Z61nTsEPWG+f2ZmQWA==</latexit><latexit sha1_base64="QLdzzZCDIDeFlfUmZOZ/jAQZyts=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjJ9TKe7ghuXFewD26Fk0kwbmskMSUYoQ//CjQtF3Po37vwb04egogcuHM65l3vvCRLOlEbow8ptbG5t7+R3C3v7B4dHxeOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaD6dXC795TqVgsbvUsoX6Ex4KFjGBtpLsyHGgWUQXLw2IJ2cj13JoHkV1p1CquY0ij4VXqLnRstEQJrNEaFt8Ho5ikERWacKxU30GJ9jMsNSOczguDVNEEkyke076hAps1fra8eA4vjDKCYSxNCQ2X6veJDEdKzaLAdEZYT9RvbyH+5fVTHXp+xkSSairIalGYcqhjuHgfjpikRPOZIZhIZm6FZIIlJtqEVDAhfH0K/yedsu0g27mplprVdRx5cAbOwSVwQB00wTVogTYgQIAH8ASeLWU9Wi/W66o1Z61nTsEPWG+f2ZmQWA==</latexit> )

<latexit sha1_base64="n7x59sWPj+JCRbbstIdVMMFqfxM=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeIF49RzAM2S5idzCZDZneWmV4lLAF/wosHRbz6Nd78GyePgyYWNBRV3XR3hakUBl332ymsrK6tbxQ3S1vbO7t75f2DplGZZrzBlFS6HVLDpUh4AwVK3k41p3EoeSscXk/81gPXRqjkHkcpD2LaT0QkGEUr+Z070R8g1Vo9dssVt+pOQZaJNycVmKPeLX91eoplMU+QSWqM77kpBjnVKJjk41InMzylbEj73Lc0oTE3QT49eUxOrNIjkdK2EiRT9fdETmNjRnFoO2OKA7PoTcT/PD/D6DLIRZJmyBM2WxRlkqAik/9JT2jOUI4soUwLeythA6opQ5tSyYbgLb68TJpnVc+terfnldrV0yyOIhzBMZyCBxdQgxuoQwMYKHiGV3hz0Hlx3p2PWWvBmUd4CH/gfP4Ats6R7A==</latexit><latexit sha1_base64="n7x59sWPj+JCRbbstIdVMMFqfxM=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeIF49RzAM2S5idzCZDZneWmV4lLAF/wosHRbz6Nd78GyePgyYWNBRV3XR3hakUBl332ymsrK6tbxQ3S1vbO7t75f2DplGZZrzBlFS6HVLDpUh4AwVK3k41p3EoeSscXk/81gPXRqjkHkcpD2LaT0QkGEUr+Z070R8g1Vo9dssVt+pOQZaJNycVmKPeLX91eoplMU+QSWqM77kpBjnVKJjk41InMzylbEj73Lc0oTE3QT49eUxOrNIjkdK2EiRT9fdETmNjRnFoO2OKA7PoTcT/PD/D6DLIRZJmyBM2WxRlkqAik/9JT2jOUI4soUwLeythA6opQ5tSyYbgLb68TJpnVc+terfnldrV0yyOIhzBMZyCBxdQgxuoQwMYKHiGV3hz0Hlx3p2PWWvBmUd4CH/gfP4Ats6R7A==</latexit><latexit sha1_base64="n7x59sWPj+JCRbbstIdVMMFqfxM=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeIF49RzAM2S5idzCZDZneWmV4lLAF/wosHRbz6Nd78GyePgyYWNBRV3XR3hakUBl332ymsrK6tbxQ3S1vbO7t75f2DplGZZrzBlFS6HVLDpUh4AwVK3k41p3EoeSscXk/81gPXRqjkHkcpD2LaT0QkGEUr+Z070R8g1Vo9dssVt+pOQZaJNycVmKPeLX91eoplMU+QSWqM77kpBjnVKJjk41InMzylbEj73Lc0oTE3QT49eUxOrNIjkdK2EiRT9fdETmNjRnFoO2OKA7PoTcT/PD/D6DLIRZJmyBM2WxRlkqAik/9JT2jOUI4soUwLeythA6opQ5tSyYbgLb68TJpnVc+terfnldrV0yyOIhzBMZyCBxdQgxuoQwMYKHiGV3hz0Hlx3p2PWWvBmUd4CH/gfP4Ats6R7A==</latexit><latexit sha1_base64="n7x59sWPj+JCRbbstIdVMMFqfxM=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeIF49RzAM2S5idzCZDZneWmV4lLAF/wosHRbz6Nd78GyePgyYWNBRV3XR3hakUBl332ymsrK6tbxQ3S1vbO7t75f2DplGZZrzBlFS6HVLDpUh4AwVK3k41p3EoeSscXk/81gPXRqjkHkcpD2LaT0QkGEUr+Z070R8g1Vo9dssVt+pOQZaJNycVmKPeLX91eoplMU+QSWqM77kpBjnVKJjk41InMzylbEj73Lc0oTE3QT49eUxOrNIjkdK2EiRT9fdETmNjRnFoO2OKA7PoTcT/PD/D6DLIRZJmyBM2WxRlkqAik/9JT2jOUI4soUwLeythA6opQ5tSyYbgLb68TJpnVc+terfnldrV0yyOIhzBMZyCBxdQgxuoQwMYKHiGV3hz0Hlx3p2PWWvBmUd4CH/gfP4Ats6R7A==</latexit>

. . .
<latexit sha1_base64="JVFZ9ty1pA3O9vn+W7wG4Pd9wU4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPFi8cKpi20oWy2m3bpZhN2J0IJBf+BFw+KePUHefPfuGl70NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfFv47UeujUjUA05SHsR0qEQkGEUr+b1BgqZfrbl1dwaySrwFqcECzX71y86xLOYKmaTGdD03xSCnGgWTfFrpZYanlI3pkHctVTTmJshnx07JmVUGJEq0LYVkpv6eyGlszCQObWdMcWSWvUL8z+tmGF0HuVBphlyx+aIokwQTUnxOBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtu3bu/rDVunuZxlOEETuEcPLiCBtxBE3xgIOAZXuHNUc6L8+58zFtLziLCY/gD5/MHFyqPQQ==</latexit><latexit sha1_base64="JVFZ9ty1pA3O9vn+W7wG4Pd9wU4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPFi8cKpi20oWy2m3bpZhN2J0IJBf+BFw+KePUHefPfuGl70NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfFv47UeujUjUA05SHsR0qEQkGEUr+b1BgqZfrbl1dwaySrwFqcECzX71y86xLOYKmaTGdD03xSCnGgWTfFrpZYanlI3pkHctVTTmJshnx07JmVUGJEq0LYVkpv6eyGlszCQObWdMcWSWvUL8z+tmGF0HuVBphlyx+aIokwQTUnxOBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtu3bu/rDVunuZxlOEETuEcPLiCBtxBE3xgIOAZXuHNUc6L8+58zFtLziLCY/gD5/MHFyqPQQ==</latexit><latexit sha1_base64="JVFZ9ty1pA3O9vn+W7wG4Pd9wU4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPFi8cKpi20oWy2m3bpZhN2J0IJBf+BFw+KePUHefPfuGl70NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfFv47UeujUjUA05SHsR0qEQkGEUr+b1BgqZfrbl1dwaySrwFqcECzX71y86xLOYKmaTGdD03xSCnGgWTfFrpZYanlI3pkHctVTTmJshnx07JmVUGJEq0LYVkpv6eyGlszCQObWdMcWSWvUL8z+tmGF0HuVBphlyx+aIokwQTUnxOBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtu3bu/rDVunuZxlOEETuEcPLiCBtxBE3xgIOAZXuHNUc6L8+58zFtLziLCY/gD5/MHFyqPQQ==</latexit><latexit sha1_base64="JVFZ9ty1pA3O9vn+W7wG4Pd9wU4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPFi8cKpi20oWy2m3bpZhN2J0IJBf+BFw+KePUHefPfuGl70NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfFv47UeujUjUA05SHsR0qEQkGEUr+b1BgqZfrbl1dwaySrwFqcECzX71y86xLOYKmaTGdD03xSCnGgWTfFrpZYanlI3pkHctVTTmJshnx07JmVUGJEq0LYVkpv6eyGlszCQObWdMcWSWvUL8z+tmGF0HuVBphlyx+aIokwQTUnxOBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtu3bu/rDVunuZxlOEETuEcPLiCBtxBE3xgIOAZXuHNUc6L8+58zFtLziLCY/gD5/MHFyqPQQ==</latexit>

. . .
<latexit sha1_base64="JVFZ9ty1pA3O9vn+W7wG4Pd9wU4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPFi8cKpi20oWy2m3bpZhN2J0IJBf+BFw+KePUHefPfuGl70NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfFv47UeujUjUA05SHsR0qEQkGEUr+b1BgqZfrbl1dwaySrwFqcECzX71y86xLOYKmaTGdD03xSCnGgWTfFrpZYanlI3pkHctVTTmJshnx07JmVUGJEq0LYVkpv6eyGlszCQObWdMcWSWvUL8z+tmGF0HuVBphlyx+aIokwQTUnxOBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtu3bu/rDVunuZxlOEETuEcPLiCBtxBE3xgIOAZXuHNUc6L8+58zFtLziLCY/gD5/MHFyqPQQ==</latexit><latexit sha1_base64="JVFZ9ty1pA3O9vn+W7wG4Pd9wU4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPFi8cKpi20oWy2m3bpZhN2J0IJBf+BFw+KePUHefPfuGl70NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfFv47UeujUjUA05SHsR0qEQkGEUr+b1BgqZfrbl1dwaySrwFqcECzX71y86xLOYKmaTGdD03xSCnGgWTfFrpZYanlI3pkHctVTTmJshnx07JmVUGJEq0LYVkpv6eyGlszCQObWdMcWSWvUL8z+tmGF0HuVBphlyx+aIokwQTUnxOBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtu3bu/rDVunuZxlOEETuEcPLiCBtxBE3xgIOAZXuHNUc6L8+58zFtLziLCY/gD5/MHFyqPQQ==</latexit><latexit sha1_base64="JVFZ9ty1pA3O9vn+W7wG4Pd9wU4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPFi8cKpi20oWy2m3bpZhN2J0IJBf+BFw+KePUHefPfuGl70NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfFv47UeujUjUA05SHsR0qEQkGEUr+b1BgqZfrbl1dwaySrwFqcECzX71y86xLOYKmaTGdD03xSCnGgWTfFrpZYanlI3pkHctVTTmJshnx07JmVUGJEq0LYVkpv6eyGlszCQObWdMcWSWvUL8z+tmGF0HuVBphlyx+aIokwQTUnxOBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtu3bu/rDVunuZxlOEETuEcPLiCBtxBE3xgIOAZXuHNUc6L8+58zFtLziLCY/gD5/MHFyqPQQ==</latexit><latexit sha1_base64="JVFZ9ty1pA3O9vn+W7wG4Pd9wU4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPFi8cKpi20oWy2m3bpZhN2J0IJBf+BFw+KePUHefPfuGl70NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfFv47UeujUjUA05SHsR0qEQkGEUr+b1BgqZfrbl1dwaySrwFqcECzX71y86xLOYKmaTGdD03xSCnGgWTfFrpZYanlI3pkHctVTTmJshnx07JmVUGJEq0LYVkpv6eyGlszCQObWdMcWSWvUL8z+tmGF0HuVBphlyx+aIokwQTUnxOBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtu3bu/rDVunuZxlOEETuEcPLiCBtxBE3xgIOAZXuHNUc6L8+58zFtLziLCY/gD5/MHFyqPQQ==</latexit>

j
<latexit sha1_base64="JQDzpBL2y8/azBIKygAbatZDhvM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiGXExjIB8wHJEfY2c8kme3vH7p4QjoC9jYUitv4kO/+Nm49CEx8MPN6bYWZekAiujet+O7mNza3tnfxuYW//4PCoeHzS1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8H4bua3HlFpHssHM0nQj+hA8pAzaqxUH/WKJbfszkHWibckJVii1it+dfsxSyOUhgmqdcdzE+NnVBnOBE4L3VRjQtmYDrBjqaQRaj+bHzolF1bpkzBWtqQhc/X3REYjrSdRYDsjaoZ61ZuJ/3md1IQ3fsZlkhqUbLEoTAUxMZl9TfpcITNiYgllittbCRtSRZmx2RRsCN7qy+ukeVX23LJXvy5Vb58WceThDM7hEjyoQBXuoQYNYIDwDK/w5oycF+fd+Vi05pxlhKfwB87nD/a0jW0=</latexit><latexit sha1_base64="JQDzpBL2y8/azBIKygAbatZDhvM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiGXExjIB8wHJEfY2c8kme3vH7p4QjoC9jYUitv4kO/+Nm49CEx8MPN6bYWZekAiujet+O7mNza3tnfxuYW//4PCoeHzS1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8H4bua3HlFpHssHM0nQj+hA8pAzaqxUH/WKJbfszkHWibckJVii1it+dfsxSyOUhgmqdcdzE+NnVBnOBE4L3VRjQtmYDrBjqaQRaj+bHzolF1bpkzBWtqQhc/X3REYjrSdRYDsjaoZ61ZuJ/3md1IQ3fsZlkhqUbLEoTAUxMZl9TfpcITNiYgllittbCRtSRZmx2RRsCN7qy+ukeVX23LJXvy5Vb58WceThDM7hEjyoQBXuoQYNYIDwDK/w5oycF+fd+Vi05pxlhKfwB87nD/a0jW0=</latexit><latexit sha1_base64="JQDzpBL2y8/azBIKygAbatZDhvM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiGXExjIB8wHJEfY2c8kme3vH7p4QjoC9jYUitv4kO/+Nm49CEx8MPN6bYWZekAiujet+O7mNza3tnfxuYW//4PCoeHzS1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8H4bua3HlFpHssHM0nQj+hA8pAzaqxUH/WKJbfszkHWibckJVii1it+dfsxSyOUhgmqdcdzE+NnVBnOBE4L3VRjQtmYDrBjqaQRaj+bHzolF1bpkzBWtqQhc/X3REYjrSdRYDsjaoZ61ZuJ/3md1IQ3fsZlkhqUbLEoTAUxMZl9TfpcITNiYgllittbCRtSRZmx2RRsCN7qy+ukeVX23LJXvy5Vb58WceThDM7hEjyoQBXuoQYNYIDwDK/w5oycF+fd+Vi05pxlhKfwB87nD/a0jW0=</latexit><latexit sha1_base64="JQDzpBL2y8/azBIKygAbatZDhvM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiGXExjIB8wHJEfY2c8kme3vH7p4QjoC9jYUitv4kO/+Nm49CEx8MPN6bYWZekAiujet+O7mNza3tnfxuYW//4PCoeHzS1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8H4bua3HlFpHssHM0nQj+hA8pAzaqxUH/WKJbfszkHWibckJVii1it+dfsxSyOUhgmqdcdzE+NnVBnOBE4L3VRjQtmYDrBjqaQRaj+bHzolF1bpkzBWtqQhc/X3REYjrSdRYDsjaoZ61ZuJ/3md1IQ3fsZlkhqUbLEoTAUxMZl9TfpcITNiYgllittbCRtSRZmx2RRsCN7qy+ukeVX23LJXvy5Vb58WceThDM7hEjyoQBXuoQYNYIDwDK/w5oycF+fd+Vi05pxlhKfwB87nD/a0jW0=</latexit>

O
<latexit sha1_base64="UaeGPGlSTEcc6/SnXGnxtlHbwMU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRizdbsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS475frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxBHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHqBWM0w==</latexit><latexit sha1_base64="UaeGPGlSTEcc6/SnXGnxtlHbwMU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRizdbsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS475frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxBHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHqBWM0w==</latexit><latexit sha1_base64="UaeGPGlSTEcc6/SnXGnxtlHbwMU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRizdbsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS475frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxBHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHqBWM0w==</latexit><latexit sha1_base64="UaeGPGlSTEcc6/SnXGnxtlHbwMU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRizdbsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS475frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxBHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHqBWM0w==</latexit> 1

<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

2
<latexit sha1_base64="FrxRrc9vgf74Bezk8oi4FLuoKl8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoCcpePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmrVBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te86pSv83jKMIZnMMleHANdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPeu2Msg==</latexit><latexit sha1_base64="FrxRrc9vgf74Bezk8oi4FLuoKl8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoCcpePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmrVBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te86pSv83jKMIZnMMleHANdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPeu2Msg==</latexit><latexit sha1_base64="FrxRrc9vgf74Bezk8oi4FLuoKl8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoCcpePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmrVBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te86pSv83jKMIZnMMleHANdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPeu2Msg==</latexit><latexit sha1_base64="FrxRrc9vgf74Bezk8oi4FLuoKl8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoCcpePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmrVBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te86pSv83jKMIZnMMleHANdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPeu2Msg==</latexit>

3
<latexit sha1_base64="+7cqGEJYX9o6ztPj1oLRsoEB/qk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjct+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xlWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8ffHGMsw==</latexit><latexit sha1_base64="+7cqGEJYX9o6ztPj1oLRsoEB/qk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjct+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xlWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8ffHGMsw==</latexit><latexit sha1_base64="+7cqGEJYX9o6ztPj1oLRsoEB/qk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjct+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xlWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8ffHGMsw==</latexit><latexit sha1_base64="+7cqGEJYX9o6ztPj1oLRsoEB/qk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjct+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xlWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8ffHGMsw==</latexit>

4
<latexit sha1_base64="QnYO0nSxSUOtjZvg18QMXhnt20c=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoCcpePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmrVBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7auq51a9Zq1Sv83jKMIZnMMleHANdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPffWMtA==</latexit><latexit sha1_base64="QnYO0nSxSUOtjZvg18QMXhnt20c=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoCcpePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmrVBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7auq51a9Zq1Sv83jKMIZnMMleHANdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPffWMtA==</latexit><latexit sha1_base64="QnYO0nSxSUOtjZvg18QMXhnt20c=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoCcpePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmrVBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7auq51a9Zq1Sv83jKMIZnMMleHANdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPffWMtA==</latexit><latexit sha1_base64="QnYO0nSxSUOtjZvg18QMXhnt20c=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoCcpePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmrVBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7auq51a9Zq1Sv83jKMIZnMMleHANdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPffWMtA==</latexit>

5
<latexit sha1_base64="i1x65Y0o+0srIUtb2H1g+191FEY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ZMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjat+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8ff3mMtQ==</latexit><latexit sha1_base64="i1x65Y0o+0srIUtb2H1g+191FEY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ZMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjat+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8ff3mMtQ==</latexit><latexit sha1_base64="i1x65Y0o+0srIUtb2H1g+191FEY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ZMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjat+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8ff3mMtQ==</latexit><latexit sha1_base64="i1x65Y0o+0srIUtb2H1g+191FEY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ZMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjat+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8ff3mMtQ==</latexit>

6
<latexit sha1_base64="qlGy2R7GfNthCO5W71bPrpK6Va8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjat+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fgP2Mtg==</latexit><latexit sha1_base64="qlGy2R7GfNthCO5W71bPrpK6Va8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjat+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fgP2Mtg==</latexit><latexit sha1_base64="qlGy2R7GfNthCO5W71bPrpK6Va8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjat+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fgP2Mtg==</latexit><latexit sha1_base64="qlGy2R7GfNthCO5W71bPrpK6Va8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjat+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fgP2Mtg==</latexit>

7
<latexit sha1_base64="Z0GFjLdFvC+snavu4GHgZTY7vXo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmrVBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7auq51a95nWlfpvHUYQzOIdL8KAGdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPgoGMtw==</latexit><latexit sha1_base64="Z0GFjLdFvC+snavu4GHgZTY7vXo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmrVBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7auq51a95nWlfpvHUYQzOIdL8KAGdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPgoGMtw==</latexit><latexit sha1_base64="Z0GFjLdFvC+snavu4GHgZTY7vXo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmrVBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7auq51a95nWlfpvHUYQzOIdL8KAGdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPgoGMtw==</latexit><latexit sha1_base64="Z0GFjLdFvC+snavu4GHgZTY7vXo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmrVBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7auq51a95nWlfpvHUYQzOIdL8KAGdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPgoGMtw==</latexit>

1⇥ 1
<latexit sha1_base64="icOYKm3L/6p7yi1LhH2AAiI4KjA=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GhLbTqe7ghuXFewD26Fk0rQNZjJDkhHK0L9w40IRt/6NO//G9CGo6IELh3Pu5d57wkRwbRD6cHJr6xubW/ntws7u3v5B8fCoreNUUdaisYhVNySaCS5Zy3AjWDdRjEShYJ3w7nLud+6Z0jyWN2aasCAiY8lHnBJjpVsM+4ZHTEM8KJaQizzfq/oQueV6texhS+p1v1zzIHbRAiWwQnNQfO8PY5pGTBoqiNY9jBITZEQZTgWbFfqpZgmhd2TMepZKYtcE2eLiGTyzyhCOYmVLGrhQv09kJNJ6GoW2MyJmon97c/Evr5eakR9kXCapYZIuF41SAU0M5+/DIVeMGjG1hFDF7a2QTogi1NiQCjaEr0/h/6R94WLk4utKqVFZxZEHJ+AUnAMMaqABrkATtAAFEjyAJ/DsaOfReXFel605ZzVzDH7AefsE1oiQVg==</latexit><latexit sha1_base64="icOYKm3L/6p7yi1LhH2AAiI4KjA=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GhLbTqe7ghuXFewD26Fk0rQNZjJDkhHK0L9w40IRt/6NO//G9CGo6IELh3Pu5d57wkRwbRD6cHJr6xubW/ntws7u3v5B8fCoreNUUdaisYhVNySaCS5Zy3AjWDdRjEShYJ3w7nLud+6Z0jyWN2aasCAiY8lHnBJjpVsM+4ZHTEM8KJaQizzfq/oQueV6texhS+p1v1zzIHbRAiWwQnNQfO8PY5pGTBoqiNY9jBITZEQZTgWbFfqpZgmhd2TMepZKYtcE2eLiGTyzyhCOYmVLGrhQv09kJNJ6GoW2MyJmon97c/Evr5eakR9kXCapYZIuF41SAU0M5+/DIVeMGjG1hFDF7a2QTogi1NiQCjaEr0/h/6R94WLk4utKqVFZxZEHJ+AUnAMMaqABrkATtAAFEjyAJ/DsaOfReXFel605ZzVzDH7AefsE1oiQVg==</latexit><latexit sha1_base64="icOYKm3L/6p7yi1LhH2AAiI4KjA=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GhLbTqe7ghuXFewD26Fk0rQNZjJDkhHK0L9w40IRt/6NO//G9CGo6IELh3Pu5d57wkRwbRD6cHJr6xubW/ntws7u3v5B8fCoreNUUdaisYhVNySaCS5Zy3AjWDdRjEShYJ3w7nLud+6Z0jyWN2aasCAiY8lHnBJjpVsM+4ZHTEM8KJaQizzfq/oQueV6texhS+p1v1zzIHbRAiWwQnNQfO8PY5pGTBoqiNY9jBITZEQZTgWbFfqpZgmhd2TMepZKYtcE2eLiGTyzyhCOYmVLGrhQv09kJNJ6GoW2MyJmon97c/Evr5eakR9kXCapYZIuF41SAU0M5+/DIVeMGjG1hFDF7a2QTogi1NiQCjaEr0/h/6R94WLk4utKqVFZxZEHJ+AUnAMMaqABrkATtAAFEjyAJ/DsaOfReXFel605ZzVzDH7AefsE1oiQVg==</latexit><latexit sha1_base64="icOYKm3L/6p7yi1LhH2AAiI4KjA=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GhLbTqe7ghuXFewD26Fk0rQNZjJDkhHK0L9w40IRt/6NO//G9CGo6IELh3Pu5d57wkRwbRD6cHJr6xubW/ntws7u3v5B8fCoreNUUdaisYhVNySaCS5Zy3AjWDdRjEShYJ3w7nLud+6Z0jyWN2aasCAiY8lHnBJjpVsM+4ZHTEM8KJaQizzfq/oQueV6texhS+p1v1zzIHbRAiWwQnNQfO8PY5pGTBoqiNY9jBITZEQZTgWbFfqpZgmhd2TMepZKYtcE2eLiGTyzyhCOYmVLGrhQv09kJNJ6GoW2MyJmon97c/Evr5eakR9kXCapYZIuF41SAU0M5+/DIVeMGjG1hFDF7a2QTogi1NiQCjaEr0/h/6R94WLk4utKqVFZxZEHJ+AUnAMMaqABrkATtAAFEjyAJ/DsaOfReXFel605ZzVzDH7AefsE1oiQVg==</latexit>

2⇥ 1
<latexit sha1_base64="XLkyK+3Wr7Twkx1HQfRiwSIvbu0=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjJ9TKe7ghuXFewD26Fk0kwbmskMSUYoQ//CjQtF3Po37vwb04egogcuHM65l3vvCRLOlEbow8ptbG5t7+R3C3v7B4dHxeOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaD6dXC795TqVgsbvUsoX6Ex4KFjGBtpLsyHGgWUQWdYbGEbOR6bs2DyK40ahXXMaTR8Cp1Fzo2WqIE1mgNi++DUUzSiApNOFaq76BE+xmWmhFO54VBqmiCyRSPad9Qgc0aP1tePIcXRhnBMJamhIZL9ftEhiOlZlFgOiOsJ+q3txD/8vqpDj0/YyJJNRVktShMOdQxXLwPR0xSovnMEEwkM7dCMsESE21CKpgQvj6F/5NO2XaQ7dxUS83qOo48OAPn4BI4oA6a4Bq0QBsQIMADeALPlrIerRfrddWas9Yzp+AHrLdP2BWQVw==</latexit><latexit sha1_base64="XLkyK+3Wr7Twkx1HQfRiwSIvbu0=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjJ9TKe7ghuXFewD26Fk0kwbmskMSUYoQ//CjQtF3Po37vwb04egogcuHM65l3vvCRLOlEbow8ptbG5t7+R3C3v7B4dHxeOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaD6dXC795TqVgsbvUsoX6Ex4KFjGBtpLsyHGgWUQWdYbGEbOR6bs2DyK40ahXXMaTR8Cp1Fzo2WqIE1mgNi++DUUzSiApNOFaq76BE+xmWmhFO54VBqmiCyRSPad9Qgc0aP1tePIcXRhnBMJamhIZL9ftEhiOlZlFgOiOsJ+q3txD/8vqpDj0/YyJJNRVktShMOdQxXLwPR0xSovnMEEwkM7dCMsESE21CKpgQvj6F/5NO2XaQ7dxUS83qOo48OAPn4BI4oA6a4Bq0QBsQIMADeALPlrIerRfrddWas9Yzp+AHrLdP2BWQVw==</latexit><latexit sha1_base64="XLkyK+3Wr7Twkx1HQfRiwSIvbu0=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjJ9TKe7ghuXFewD26Fk0kwbmskMSUYoQ//CjQtF3Po37vwb04egogcuHM65l3vvCRLOlEbow8ptbG5t7+R3C3v7B4dHxeOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaD6dXC795TqVgsbvUsoX6Ex4KFjGBtpLsyHGgWUQWdYbGEbOR6bs2DyK40ahXXMaTR8Cp1Fzo2WqIE1mgNi++DUUzSiApNOFaq76BE+xmWmhFO54VBqmiCyRSPad9Qgc0aP1tePIcXRhnBMJamhIZL9ftEhiOlZlFgOiOsJ+q3txD/8vqpDj0/YyJJNRVktShMOdQxXLwPR0xSovnMEEwkM7dCMsESE21CKpgQvj6F/5NO2XaQ7dxUS83qOo48OAPn4BI4oA6a4Bq0QBsQIMADeALPlrIerRfrddWas9Yzp+AHrLdP2BWQVw==</latexit><latexit sha1_base64="XLkyK+3Wr7Twkx1HQfRiwSIvbu0=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjJ9TKe7ghuXFewD26Fk0kwbmskMSUYoQ//CjQtF3Po37vwb04egogcuHM65l3vvCRLOlEbow8ptbG5t7+R3C3v7B4dHxeOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaD6dXC795TqVgsbvUsoX6Ex4KFjGBtpLsyHGgWUQWdYbGEbOR6bs2DyK40ahXXMaTR8Cp1Fzo2WqIE1mgNi++DUUzSiApNOFaq76BE+xmWmhFO54VBqmiCyRSPad9Qgc0aP1tePIcXRhnBMJamhIZL9ftEhiOlZlFgOiOsJ+q3txD/8vqpDj0/YyJJNRVktShMOdQxXLwPR0xSovnMEEwkM7dCMsESE21CKpgQvj6F/5NO2XaQ7dxUS83qOo48OAPn4BI4oA6a4Bq0QBsQIMADeALPlrIerRfrddWas9Yzp+AHrLdP2BWQVw==</latexit>

1⇥ 2
<latexit sha1_base64="N2BekMKnN9lhjPwonAtJo0S7KlU=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjJ9TKe7ghuXFewD26Fk0kwbmskMSUYoQ//CjQtF3Po37vwb04egogcuHM65l3vvCRLOlEbow8ptbG5t7+R3C3v7B4dHxeOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaD6dXC795TqVgsbvUsoX6Ex4KFjGBtpDsHDjSLqILlYbGEbOR6bs2DyK40ahXXMaTR8Cp1Fzo2WqIE1mgNi++DUUzSiApNOFaq76BE+xmWmhFO54VBqmiCyRSPad9Qgc0aP1tePIcXRhnBMJamhIZL9ftEhiOlZlFgOiOsJ+q3txD/8vqpDj0/YyJJNRVktShMOdQxXLwPR0xSovnMEEwkM7dCMsESE21CKpgQvj6F/5NO2XaQ7dxUS83qOo48OAPn4BI4oA6a4Bq0QBsQIMADeALPlrIerRfrddWas9Yzp+AHrLdP2AyQVw==</latexit><latexit sha1_base64="N2BekMKnN9lhjPwonAtJo0S7KlU=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjJ9TKe7ghuXFewD26Fk0kwbmskMSUYoQ//CjQtF3Po37vwb04egogcuHM65l3vvCRLOlEbow8ptbG5t7+R3C3v7B4dHxeOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaD6dXC795TqVgsbvUsoX6Ex4KFjGBtpDsHDjSLqILlYbGEbOR6bs2DyK40ahXXMaTR8Cp1Fzo2WqIE1mgNi++DUUzSiApNOFaq76BE+xmWmhFO54VBqmiCyRSPad9Qgc0aP1tePIcXRhnBMJamhIZL9ftEhiOlZlFgOiOsJ+q3txD/8vqpDj0/YyJJNRVktShMOdQxXLwPR0xSovnMEEwkM7dCMsESE21CKpgQvj6F/5NO2XaQ7dxUS83qOo48OAPn4BI4oA6a4Bq0QBsQIMADeALPlrIerRfrddWas9Yzp+AHrLdP2AyQVw==</latexit><latexit sha1_base64="N2BekMKnN9lhjPwonAtJo0S7KlU=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjJ9TKe7ghuXFewD26Fk0kwbmskMSUYoQ//CjQtF3Po37vwb04egogcuHM65l3vvCRLOlEbow8ptbG5t7+R3C3v7B4dHxeOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaD6dXC795TqVgsbvUsoX6Ex4KFjGBtpDsHDjSLqILlYbGEbOR6bs2DyK40ahXXMaTR8Cp1Fzo2WqIE1mgNi++DUUzSiApNOFaq76BE+xmWmhFO54VBqmiCyRSPad9Qgc0aP1tePIcXRhnBMJamhIZL9ftEhiOlZlFgOiOsJ+q3txD/8vqpDj0/YyJJNRVktShMOdQxXLwPR0xSovnMEEwkM7dCMsESE21CKpgQvj6F/5NO2XaQ7dxUS83qOo48OAPn4BI4oA6a4Bq0QBsQIMADeALPlrIerRfrddWas9Yzp+AHrLdP2AyQVw==</latexit><latexit sha1_base64="N2BekMKnN9lhjPwonAtJo0S7KlU=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjJ9TKe7ghuXFewD26Fk0kwbmskMSUYoQ//CjQtF3Po37vwb04egogcuHM65l3vvCRLOlEbow8ptbG5t7+R3C3v7B4dHxeOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaD6dXC795TqVgsbvUsoX6Ex4KFjGBtpDsHDjSLqILlYbGEbOR6bs2DyK40ahXXMaTR8Cp1Fzo2WqIE1mgNi++DUUzSiApNOFaq76BE+xmWmhFO54VBqmiCyRSPad9Qgc0aP1tePIcXRhnBMJamhIZL9ftEhiOlZlFgOiOsJ+q3txD/8vqpDj0/YyJJNRVktShMOdQxXLwPR0xSovnMEEwkM7dCMsESE21CKpgQvj6F/5NO2XaQ7dxUS83qOo48OAPn4BI4oA6a4Bq0QBsQIMADeALPlrIerRfrddWas9Yzp+AHrLdP2AyQVw==</latexit>

1⇥ 3
<latexit sha1_base64="yXCs6vvaD4ZWPoxz1kz69XIbFo0=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFSamTdNdwY3LCvaBbSiT6aQdnEzCzEQooX/hxoUibv0bd/6N04egogcuHM65l3vvCVPOlEbowyqsrW9sbhW3Szu7e/sH5cOjjkoySWibJDyRvRArypmgbc00p71UUhyHnHbDu8u5372nUrFE3OhpSoMYjwWLGMHaSLcOHGgWUwXdYbmCbOT5Xs2HyHYbNddzDGk0fLfuQcdGC1TACq1h+X0wSkgWU6EJx0r1HZTqIMdSM8LprDTIFE0xucNj2jdUYLMmyBcXz+CZUUYwSqQpoeFC/T6R41ipaRyazhjrifrtzcW/vH6mIz/ImUgzTQVZLooyDnUC5+/DEZOUaD41BBPJzK2QTLDERJuQSiaEr0/h/6RzYTvIdq6rlWZ1FUcRnIBTcA4cUAdNcAVaoA0IEOABPIFnS1mP1ov1umwtWKuZY/AD1tsn2ZCQWA==</latexit><latexit sha1_base64="yXCs6vvaD4ZWPoxz1kz69XIbFo0=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFSamTdNdwY3LCvaBbSiT6aQdnEzCzEQooX/hxoUibv0bd/6N04egogcuHM65l3vvCVPOlEbowyqsrW9sbhW3Szu7e/sH5cOjjkoySWibJDyRvRArypmgbc00p71UUhyHnHbDu8u5372nUrFE3OhpSoMYjwWLGMHaSLcOHGgWUwXdYbmCbOT5Xs2HyHYbNddzDGk0fLfuQcdGC1TACq1h+X0wSkgWU6EJx0r1HZTqIMdSM8LprDTIFE0xucNj2jdUYLMmyBcXz+CZUUYwSqQpoeFC/T6R41ipaRyazhjrifrtzcW/vH6mIz/ImUgzTQVZLooyDnUC5+/DEZOUaD41BBPJzK2QTLDERJuQSiaEr0/h/6RzYTvIdq6rlWZ1FUcRnIBTcA4cUAdNcAVaoA0IEOABPIFnS1mP1ov1umwtWKuZY/AD1tsn2ZCQWA==</latexit><latexit sha1_base64="yXCs6vvaD4ZWPoxz1kz69XIbFo0=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFSamTdNdwY3LCvaBbSiT6aQdnEzCzEQooX/hxoUibv0bd/6N04egogcuHM65l3vvCVPOlEbowyqsrW9sbhW3Szu7e/sH5cOjjkoySWibJDyRvRArypmgbc00p71UUhyHnHbDu8u5372nUrFE3OhpSoMYjwWLGMHaSLcOHGgWUwXdYbmCbOT5Xs2HyHYbNddzDGk0fLfuQcdGC1TACq1h+X0wSkgWU6EJx0r1HZTqIMdSM8LprDTIFE0xucNj2jdUYLMmyBcXz+CZUUYwSqQpoeFC/T6R41ipaRyazhjrifrtzcW/vH6mIz/ImUgzTQVZLooyDnUC5+/DEZOUaD41BBPJzK2QTLDERJuQSiaEr0/h/6RzYTvIdq6rlWZ1FUcRnIBTcA4cUAdNcAVaoA0IEOABPIFnS1mP1ov1umwtWKuZY/AD1tsn2ZCQWA==</latexit><latexit sha1_base64="yXCs6vvaD4ZWPoxz1kz69XIbFo0=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFSamTdNdwY3LCvaBbSiT6aQdnEzCzEQooX/hxoUibv0bd/6N04egogcuHM65l3vvCVPOlEbowyqsrW9sbhW3Szu7e/sH5cOjjkoySWibJDyRvRArypmgbc00p71UUhyHnHbDu8u5372nUrFE3OhpSoMYjwWLGMHaSLcOHGgWUwXdYbmCbOT5Xs2HyHYbNddzDGk0fLfuQcdGC1TACq1h+X0wSkgWU6EJx0r1HZTqIMdSM8LprDTIFE0xucNj2jdUYLMmyBcXz+CZUUYwSqQpoeFC/T6R41ipaRyazhjrifrtzcW/vH6mIz/ImUgzTQVZLooyDnUC5+/DEZOUaD41BBPJzK2QTLDERJuQSiaEr0/h/6RzYTvIdq6rlWZ1FUcRnIBTcA4cUAdNcAVaoA0IEOABPIFnS1mP1ov1umwtWKuZY/AD1tsn2ZCQWA==</latexit>

3⇥ 1
<latexit sha1_base64="3ldQUhpzSSqPtiDbCyswMyZKJZM=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFSamTdNdwY3LCvaBbSiT6aQdnEzCzEQooX/hxoUibv0bd/6N04egogcuHM65l3vvCVPOlEbowyqsrW9sbhW3Szu7e/sH5cOjjkoySWibJDyRvRArypmgbc00p71UUhyHnHbDu8u5372nUrFE3OhpSoMYjwWLGMHaSLcuHGgWUwWdYbmCbOT5Xs2HyHYbNddzDGk0fLfuQcdGC1TACq1h+X0wSkgWU6EJx0r1HZTqIMdSM8LprDTIFE0xucNj2jdUYLMmyBcXz+CZUUYwSqQpoeFC/T6R41ipaRyazhjrifrtzcW/vH6mIz/ImUgzTQVZLooyDnUC5+/DEZOUaD41BBPJzK2QTLDERJuQSiaEr0/h/6RzYTvIdq6rlWZ1FUcRnIBTcA4cUAdNcAVaoA0IEOABPIFnS1mP1ov1umwtWKuZY/AD1tsn2aKQWA==</latexit><latexit sha1_base64="3ldQUhpzSSqPtiDbCyswMyZKJZM=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFSamTdNdwY3LCvaBbSiT6aQdnEzCzEQooX/hxoUibv0bd/6N04egogcuHM65l3vvCVPOlEbowyqsrW9sbhW3Szu7e/sH5cOjjkoySWibJDyRvRArypmgbc00p71UUhyHnHbDu8u5372nUrFE3OhpSoMYjwWLGMHaSLcuHGgWUwWdYbmCbOT5Xs2HyHYbNddzDGk0fLfuQcdGC1TACq1h+X0wSkgWU6EJx0r1HZTqIMdSM8LprDTIFE0xucNj2jdUYLMmyBcXz+CZUUYwSqQpoeFC/T6R41ipaRyazhjrifrtzcW/vH6mIz/ImUgzTQVZLooyDnUC5+/DEZOUaD41BBPJzK2QTLDERJuQSiaEr0/h/6RzYTvIdq6rlWZ1FUcRnIBTcA4cUAdNcAVaoA0IEOABPIFnS1mP1ov1umwtWKuZY/AD1tsn2aKQWA==</latexit><latexit sha1_base64="3ldQUhpzSSqPtiDbCyswMyZKJZM=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFSamTdNdwY3LCvaBbSiT6aQdnEzCzEQooX/hxoUibv0bd/6N04egogcuHM65l3vvCVPOlEbowyqsrW9sbhW3Szu7e/sH5cOjjkoySWibJDyRvRArypmgbc00p71UUhyHnHbDu8u5372nUrFE3OhpSoMYjwWLGMHaSLcuHGgWUwWdYbmCbOT5Xs2HyHYbNddzDGk0fLfuQcdGC1TACq1h+X0wSkgWU6EJx0r1HZTqIMdSM8LprDTIFE0xucNj2jdUYLMmyBcXz+CZUUYwSqQpoeFC/T6R41ipaRyazhjrifrtzcW/vH6mIz/ImUgzTQVZLooyDnUC5+/DEZOUaD41BBPJzK2QTLDERJuQSiaEr0/h/6RzYTvIdq6rlWZ1FUcRnIBTcA4cUAdNcAVaoA0IEOABPIFnS1mP1ov1umwtWKuZY/AD1tsn2aKQWA==</latexit><latexit sha1_base64="3ldQUhpzSSqPtiDbCyswMyZKJZM=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFSamTdNdwY3LCvaBbSiT6aQdnEzCzEQooX/hxoUibv0bd/6N04egogcuHM65l3vvCVPOlEbowyqsrW9sbhW3Szu7e/sH5cOjjkoySWibJDyRvRArypmgbc00p71UUhyHnHbDu8u5372nUrFE3OhpSoMYjwWLGMHaSLcuHGgWUwWdYbmCbOT5Xs2HyHYbNddzDGk0fLfuQcdGC1TACq1h+X0wSkgWU6EJx0r1HZTqIMdSM8LprDTIFE0xucNj2jdUYLMmyBcXz+CZUUYwSqQpoeFC/T6R41ipaRyazhjrifrtzcW/vH6mIz/ImUgzTQVZLooyDnUC5+/DEZOUaD41BBPJzK2QTLDERJuQSiaEr0/h/6RzYTvIdq6rlWZ1FUcRnIBTcA4cUAdNcAVaoA0IEOABPIFnS1mP1ov1umwtWKuZY/AD1tsn2aKQWA==</latexit> 2⇥ 2

<latexit sha1_base64="QLdzzZCDIDeFlfUmZOZ/jAQZyts=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjJ9TKe7ghuXFewD26Fk0kwbmskMSUYoQ//CjQtF3Po37vwb04egogcuHM65l3vvCRLOlEbow8ptbG5t7+R3C3v7B4dHxeOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaD6dXC795TqVgsbvUsoX6Ex4KFjGBtpLsyHGgWUQXLw2IJ2cj13JoHkV1p1CquY0ij4VXqLnRstEQJrNEaFt8Ho5ikERWacKxU30GJ9jMsNSOczguDVNEEkyke076hAps1fra8eA4vjDKCYSxNCQ2X6veJDEdKzaLAdEZYT9RvbyH+5fVTHXp+xkSSairIalGYcqhjuHgfjpikRPOZIZhIZm6FZIIlJtqEVDAhfH0K/yedsu0g27mplprVdRx5cAbOwSVwQB00wTVogTYgQIAH8ASeLWU9Wi/W66o1Z61nTsEPWG+f2ZmQWA==</latexit><latexit sha1_base64="QLdzzZCDIDeFlfUmZOZ/jAQZyts=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjJ9TKe7ghuXFewD26Fk0kwbmskMSUYoQ//CjQtF3Po37vwb04egogcuHM65l3vvCRLOlEbow8ptbG5t7+R3C3v7B4dHxeOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaD6dXC795TqVgsbvUsoX6Ex4KFjGBtpLsyHGgWUQXLw2IJ2cj13JoHkV1p1CquY0ij4VXqLnRstEQJrNEaFt8Ho5ikERWacKxU30GJ9jMsNSOczguDVNEEkyke076hAps1fra8eA4vjDKCYSxNCQ2X6veJDEdKzaLAdEZYT9RvbyH+5fVTHXp+xkSSairIalGYcqhjuHgfjpikRPOZIZhIZm6FZIIlJtqEVDAhfH0K/yedsu0g27mplprVdRx5cAbOwSVwQB00wTVogTYgQIAH8ASeLWU9Wi/W66o1Z61nTsEPWG+f2ZmQWA==</latexit><latexit sha1_base64="QLdzzZCDIDeFlfUmZOZ/jAQZyts=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjJ9TKe7ghuXFewD26Fk0kwbmskMSUYoQ//CjQtF3Po37vwb04egogcuHM65l3vvCRLOlEbow8ptbG5t7+R3C3v7B4dHxeOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaD6dXC795TqVgsbvUsoX6Ex4KFjGBtpLsyHGgWUQXLw2IJ2cj13JoHkV1p1CquY0ij4VXqLnRstEQJrNEaFt8Ho5ikERWacKxU30GJ9jMsNSOczguDVNEEkyke076hAps1fra8eA4vjDKCYSxNCQ2X6veJDEdKzaLAdEZYT9RvbyH+5fVTHXp+xkSSairIalGYcqhjuHgfjpikRPOZIZhIZm6FZIIlJtqEVDAhfH0K/yedsu0g27mplprVdRx5cAbOwSVwQB00wTVogTYgQIAH8ASeLWU9Wi/W66o1Z61nTsEPWG+f2ZmQWA==</latexit><latexit sha1_base64="QLdzzZCDIDeFlfUmZOZ/jAQZyts=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjJ9TKe7ghuXFewD26Fk0kwbmskMSUYoQ//CjQtF3Po37vwb04egogcuHM65l3vvCRLOlEbow8ptbG5t7+R3C3v7B4dHxeOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaD6dXC795TqVgsbvUsoX6Ex4KFjGBtpLsyHGgWUQXLw2IJ2cj13JoHkV1p1CquY0ij4VXqLnRstEQJrNEaFt8Ho5ikERWacKxU30GJ9jMsNSOczguDVNEEkyke076hAps1fra8eA4vjDKCYSxNCQ2X6veJDEdKzaLAdEZYT9RvbyH+5fVTHXp+xkSSairIalGYcqhjuHgfjpikRPOZIZhIZm6FZIIlJtqEVDAhfH0K/yedsu0g27mplprVdRx5cAbOwSVwQB00wTVogTYgQIAH8ASeLWU9Wi/W66o1Z61nTsEPWG+f2ZmQWA==</latexit>

<latexit sha1_base64="enBkgnPXyW6aMq9jPOlz6RyWhis=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUF+4DOWDJppo3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBH3ZiJpEOOhYBEj2FjJ92NsRmGUPU4fvH6l6tbcGdAy8QpShQLNfuXLHyQkjakwhGOte54rTZBhZRjhdFr2U00lJmM8pD1LBY6pDrJZ5ik6tcoARYmyTxg0U39vZDjWehKHdjLPqBe9XPzP66UmugoyJmRqqCDzQ1HKkUlQXgAaMEWJ4RNLMFHMZkVkhBUmxtZUtiV4i19eJu16zbuo1e/Oq43roo4SHMMJnIEHl9CAW2hCCwhIeIZXeHNS58V5dz7moytOsXMEf+B8/gAVw5G4</latexit>

j1

<latexit sha1_base64="3bSsx+oHbAjUQ9Hah46OIrzIoVU=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUF+4DOWDJppo3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBH3ZiJpEOOhYBEj2FjJ92NsRmGUPU4f6v1K1a25M6Bl4hWkCgWa/cqXP0hIGlNhCMda9zxXmiDDyjDC6bTsp5pKTMZ4SHuWChxTHWSzzFN0apUBihJlnzBopv7eyHCs9SQO7WSeUS96ufif10tNdBVkTMjUUEHmh6KUI5OgvAA0YIoSwyeWYKKYzYrICCtMjK2pbEvwFr+8TNr1mndRq9+dVxvXRR0lOIYTOAMPLqEBt9CEFhCQ8Ayv8Oakzovz7nzMR1ecYucI/sD5/AEXR5G5</latexit>

j2

<latexit sha1_base64="q4yfbfXEed1vUbAYqSOcbBOVaLo=">AAAB8XicdVDLSsNAFJ34rPVVdelmsAiuQhJrm+6KblxWsA9sQ5lMp+3QySTM3Agl9C/cuFDErX/jzr9x+hBU9MCFwzn3cu89YSK4Bsf5sFZW19Y3NnNb+e2d3b39wsFhU8epoqxBYxGrdkg0E1yyBnAQrJ0oRqJQsFY4vpr5rXumNI/lLUwSFkRkKPmAUwJGuivhLvCIaez2CkXHdsqeX3WwY3sV3/PODan6vnvhYtd25iiiJeq9wnu3H9M0YhKoIFp3XCeBICMKOBVsmu+mmiWEjsmQdQyVxKwJsvnFU3xqlD4exMqUBDxXv09kJNJ6EoWmMyIw0r+9mfiX10lh4AcZl0kKTNLFokEqMMR49j7uc8UoiIkhhCpubsV0RBShYELKmxC+PsX/k6Znu2XbuykVa5fLOHLoGJ2gM+SiCqqha1RHDUSRRA/oCT1b2nq0XqzXReuKtZw5Qj9gvX0Cw3OQWQ==</latexit>

4⇥ 1

<latexit sha1_base64="bj55MvfOqusBEjnH5L7BgXn/n90=">AAAB9XicbVDLSsNAFL2pr1pfUZduBovgqiRF1GXRjcsK9gFtLJPppB07mYSZiVJC/sONC0Xc+i/u/BsnbRbaemDgcM693DPHjzlT2nG+rdLK6tr6RnmzsrW9s7tn7x+0VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPrnO/80ilYpG409OYeiEeCRYwgrWR7skg7YdYj/0gfciygV11as4MaJm4BalCgebA/uoPI5KEVGjCsVI914m1l2KpGeE0q/QTRWNMJnhEe4YKHFLlpbPUGToxyhAFkTRPaDRTf2+kOFRqGvpmMo+oFr1c/M/rJTq49FIm4kRTQeaHgoQjHaG8AjRkkhLNp4ZgIpnJisgYS0y0KapiSnAXv7xM2vWae16r355VG1dFHWU4gmM4BRcuoAE30IQWEJDwDK/wZj1ZL9a79TEfLVnFziH8gfX5Ay85kvc=</latexit>cj
<latexit sha1_base64="ATNXGSvZy6chcBFvXeVyy9iJZAk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGi/YA2lM12067dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrpnvUee6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn81OnZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTtCF4iy8vk2a14l1Uqnfn5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gBEYI3L</latexit>cj

Figure 4.1: Illustration of unravelling. The rule function is cj =
∏d

k=1 jk.

1. U(m) ≤ U(n) if and only if cm ≤ cn;

2. (tie-breaker) For m, n ∈ (N+)d that have the same c values: cm = cn, we set U(m) <

U(n) if and only the following condition holds: There exists a value k ∈ {1, 2, ..., d}

such that, ml = nl for all l ≤ k, but mk > nk.

We call such a mapping, U , the cj-unravelling rule.

Condition 1 in Definition 4.6.1 is essential: grids with smaller cj values get a more prior-

itized position in the unravelled sequence. Condition 2 is an arbitrary tie-breaking rule and

could be modified. To summarize, for each function c defined on (N+)d, there is a uniquely

defined unravelling rule U , which gives one way to rearrange a set of basis functions into a

sequence. For tensor product models such as S1([0, 1]
d), we propose using the rule defined

by cj =
∏d

k=1 jk, which leads to computationally more feasible and statistically near-optimal

estimators.

4.7 Penalized Sieve Estimators in Sparse Models

In this section, we will discuss how to apply l1-penalized sieve estimators for nonparametric

sparse models. The difference between this section and the previous is analogous to the

difference between sparse additive models [90] and additive models (dicussed in Section 4.3),

though the technical tools employed differ.
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Although there may be a substantial number of features collected, it is common that

only a small active subset of those features are needed to build the optimal predictive model.

We will show that, similar to many other sparse methods, our proposed method is relatively

robust to the ambient dimension d. It is the active dimension of the problem that has a

significant impact. We now formalize this nonparametric sparse model:

Condition 4.7.1. There exists a D-variate function f ∗ : [0, 1]D → R, and a set of indices

{k1, .., kD} ⊂ {1, 2, ..., d} such that for any u ∈ [0, 1]d: we have f 0(u) = f ∗(uk1 , uk2 , ..., ukD).

Moreover, we assume

f ∗ ∈ S1([0, 1]
D).

The first half of Condition 4.7.1 formally states that there are D features that have

dominating association with the outcome; The later half is a smoothness assumption, which

can potentially be replaced by other nonparametric model assumptions. Here, we take the

S1 space as an example for presenting our ideas, for general discussion and theory, see

Condition 7.3.8 in Appendix 7.3.3.

In Sections 4.5 and 4.6, we discussed the need to order the multivariate basis functions;

we additionally showed that using the unravelling rule cj =
∏d

k=1 jk would lead to nearly rate-

optimal least-square estimators (up to polylog). In the sparse model setting, the unravelling

rule is very similar except that we allow ourselves to remove some higher-order interaction

terms for computational ease. In particular, we begin with a conservative guess D′ for the

active dimension D. We then remove any interactions of order > D
′ . So long as D ≤ D

′ this

will not affect the theoretical performance of our estimator. Formally, our new unravelling

rule is:

Condition 4.7.2. Let {ϕj} be the univariate cosine basis: ϕ1(x) = 1, ϕj(x) =
√
2 cos((j −

1)πx). Consider their natural d-dimensional product extension ψj(x) =
∏d

k=1 ϕjk(xk), denote

ψj to be the cj-unravelling sequence of {ψj}. The unravelling rule cj is defined as

cj =


∏d

k=1 jk , if at most D′ entries of j are greater than 1

∞ , otherwise
(4.14)
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Suppose d = 3 and we choose the working dimension D′ = 2. Then ψ(1,1,1) will get the

first place when unravelling {ψj} to the (ψj) sequence. Similarly, ψ(2,1,1) gets the second

position and ψ(1,2,1) gets the third. However, basis functions that vary in more than D′ = 2

dimensions will not be used for our estimate. For example, ψ(2,2,2)(x) = 23/2
∏3

k=1 cos(πxk)

is excluded since it varies in all three dimensions. We formalize this using an infinite value

for the index in our rule (4.14).

For problems with higher feature dimension d and limited samples, the empirical least-

squares problem (4.12) is likely to be under-determined (we will have more basis functions

than samples), and thus regularization is required for numerical optimization. In addition,

basis functions from non-active features should have 0 coefficient. Toward this end, we add

a sparsity-inducing penalty. More specifically our estimator is given by solving the following

penalized optimization problem:

(
βPLS1 , ..., βPLSJn

)
= argmin

(β1,..,βJn )∈RJn

1

n

n∑
i=1

{
Yi −

Jn∑
j=1

βj · ψj(Xi)

}2

+ λn

Jn∑
j=1

|βj|, (4.15)

where our final estimate is given by fPLSn (x) =
∑Jn

j=1 β
PLS
j ψj(x). In Appendix 7.1.2 we

include more details on the implementation of the above method. We have the following

theoretical guarantee for this estimator’s generalization error:

Theorem 4.7.3. Suppose {(Xi, Yi) ∈ [0, 1]d × R, i = 1, 2, ..., n} is an i.i.d. training sample

and the true regression function f 0 satisfies Condition 4.7.1. Let ϵi = Yi − f 0(Xi) be sub-

Gaussian, mean-zero random variables. We further assume that the distribution of X, ρX ,

is continuous with a bounded density function (from above and away from zero), and the

working dimension D′ in Condition 4.7.2 is no smaller than the active dimension D in

Condition 4.7.1.

Then, for the l1-penalized sieve estimator fPLSn , constructed with basis functions described

in Condition 4.7.2, we have:

∥∥fPLSn − f 0
∥∥2
L2(ρX)

= Op

(
log(d) log(n)

(
logD−1(n)

n

)2/3
)
, (4.16)
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when Jn = C(D)dD
′
n1/3(logn)D′−1 and λn = (log(Jn)/n)1/2. Here C(D) is a constant that

only depends on D.

This convergence rate for fPLSn looks similar to the rate obtained for the unpenalized

estimator fOLSn with two substantial differences: 1) The logd−1(n) has been replaced by

logD−1(n) which now only involves the active dimension; and 2) The ambient dimension d is

only included through a log(d) term (as is common in sparse regression).

The l1-penalized optimization problem in (4.15) can be solved directly using standard

lasso solvers such as glmnet [106]. The overall task of fitting the nonparametric estimator

fPLSn can be done with R package Sieve. Asymptotically, the time complexity for con-

structing the above l1-penalized sieve estimator is of order O(nJn) = O(dD
′
n4/3 logD′−1 n).

In contrast, standard applications of reproducing kernel ridge regression require Θ(n3) com-

putation and give no adaptivity guarantees under feature sparsity. Computationally, the

proposed sieve estimator is more suitable for large data sets as its dependency on sample

size is almost linear. Other theoretically guaranteed methods, such as highly adaptive lasso

[9], require solving optimization problems that scale as 2dn, which is substantially more

resource intensive than the proposed method.

4.8 Numerical Examples

So far in this manuscript, we have introduced and discussed the (dense and sparse) tensor

product models and the theoretical performance guarantees of sieve estimators. In this

section, we will demonstrate the finite-sample performance of the proposed methods and

their applicability in practice via simulated and real data sets. The methods discussed

in this manuscript, penalized and least-square sieve estimators, are implemented in the R

package Sieve. Currently, the package is available on the Comprehensive R Archive Network

(CRAN).

We first present some numerical results based on simulated data sets. In this section

we will consider two types of true regression functions. (We give an additional example in
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Figure 4.2: Simulation study results. Low noise settings,

SNR = 30.
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Figure 4.3: Simulation study results. High noise settings,

SNR = 3.
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Table 4.1: Functional form and highest interaction order for simulated data

Example 1 Example 2

Truth form
∑D−1

k=1 Leg(2(xk − 0.5), 3)+ ∑
j∈(N+)d,cj≤8

∏D
k=1 cos((jk − 1)πxk)

Leg(2(xk − 0.5), 2) · Leg(2(xk+1 − 0.5), 2)

Interaction highest: second order highest: third order

Appendix 7.1.1 where the true conditional means only contain interaction terms without

main effects. In this setting the proposed methods perform much better than tree-based

methods.) In Table 4.1 we present the detailed functional forms of the true regression

functions. The Leg(x, j) function in the table is the j-th Legendre polynomial: Leg(x, 2) =

x, Leg(x, 3) = (3x2 − 1)/2. And the function cj is cj =
∏d

k=1 jk.

In the simulation study, we considered active dimension D ∈ {2, 4} and ambient dimen-

sion d ∈ {4, 8, 16}. We used signal-noise-ratio (SNR) = 3 and 30 with normally distributed

noise random variables. Here SNR is defined as the ratio between the squared 2-norm of

f 0 and the variance of the noise variables. This means the oracle (best possible) testing R2

should be 0.75 (SNR = 3) and 0.97 (SNR = 30). We choose sample size n ∈ {400, 800}. The

feature vectors X we consider are uniformly distributed over the [0, 1]d cube. We performed

100 simulations for each setting. We use oracle hyperparameters for each method (number of

basis functions, regularization parameter, number of trees, etc.), which is determined based

on an independent n = 2000 testing data set.

The regression estimators we considered in the simulation study are: sieve estimators

proposed in this work (least-square and penalized), random forest (RF, R package random-

Forest), gradient boosting (GBM, R package gbm), Gaussian kernel ridge regression (also

known as radial kernel support vector machine), highly adaptive lasso (HAL, R package

hal9001, only applied for the lower dimension case d = 4 due to the exponential memory
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Table 4.2: Basic information for public data sets used in performance comparison

Name Sample size (n) Feature dimension (d) Feature type References

gdp 616 6 6 continuous [72]

fev 654 4 2 continuous, 2 binary [95]

fev50 654 54 52 continuous, 2 binary –

bio 779 9 9 continuous [43]

aba 4177 8 7 continuous, 1 categorical [131]

supc 21263 81 81 continuous [47]

requirement of this method) and sparse additive models. We also include some oracle es-

timators that know which D dimensions are truly associated with the outcome Y in order

to demonstrate the dimension adaptivity of the other methods. The univariate basis ϕj we

used for sieve estimators are: ϕ1(x) = 1, ϕj(x) = sin((j + 1/2)πx) (sine basis, for the f 0
cos

settings) and ϕj(x) = cos((j − 1)πx) (cosine basis, for all the other truth f 0). The oracle

kernel ridge regression method, denoted as oKRR in Figure 4.2 and Figure 4.3, uses the

reproducing kernel of S1([0, 1]
D), see Appendix 7.2. In Fig 4.2, we present the results under

high signal-noise-ratio settings and we evaluate the performance of each method using (ab-

solute) testing MSE. In Fig 4.3, the larger noise settings, model performance is evaluated

via testing R2. Sometimes R2 is more interpretable in practice than absolute MSE, but we

chose to present absolute MSE in Fig 4.2 simply because it can differentiate methods better

(all methods have high R2 values in some settings).

We also compare the predictive performance of these methods on 5 publicly available

data sets. Some basic information for the data sets is reported in Table 4.2. In Figure 4.4,

we present the relative testing MSE and (absolute) R2 of each method. We saved 30% of

the samples as the test set and the hyperparameters of each method are determined using
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a 5-fold cross-validation on the training set (more details presented in Table 7.1 of the

supplement). The fev50 data set combines the true outcome and features from fev, with 50

artificially constructed non-informative features (independent, Unif[0, 1]). We use this data

set as a moderately high-dimensional, sparse feature example. One of the data sets, supc,

has been used as an example to demonstrate the effectiveness of tree-based methods [47], so

we also include it for a more comprehensive comparison. We only applied highly adaptive

lasso to 3 data sets and Gaussian kernel ridge regression to 5 data sets due to their high

computational resource requirement: These would not efficiently run on a machine with 1

Intel Core m3 processor, 1.2 GHz, with 8 GB of RAM. The linear model with all interaction

terms is not applicable to fev50 because the empirical problem is not well-posed without

further modification (number of coefficients is larger than the sample size).

We compared sieve estimators based on different univariate bases ϕj, including poly-

nomial, cosine basis and sine basis (the basis defined earlier in this section), as well as a

combination of polynomial and trigonometric functions [31]. The performance of penalized

sieve methods using different basis functions is quite similar. The random forest estimator

is more sensitive to the extra dimensions of fev50 than penalized sieve and GBM. For more

information on the data sets, see Table 4.2 in the supplementary material.
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Figure 4.4: Relative MSE and R2 on real data sets. The MSE values are normalized to

that of penalized sieve estimator with cosine functions. Methods requiring significantly more

computational resource are not reported.
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Chapter 5

SUPPLEMENTARY MATERIALS FOR CHAPTER 2

5.1 Supplementary Discussion on RKHS

In the main text we gave two equivalent definitions of RKHS: one based on the reproducing

property and another one based on the Mercer expansion of the kernel.

The proposed method directly works with the eigenfunctions ψj, and it does not directly

approximate either the kernel function K or the kernel matrix K. Although in many cases

we start with a Mercer kernel in hand and calculate its eigendecomposition afterwards, it

is not uncommon to begin with features and then attempt to calculate a closed-form of

an implied kernel. This situation suits perfectly with our method: for the well-known the

smoothing spline method proposed in [126, Chapter 2], the author starts with ψj(x) =

sin(2jπx), cos(2jπx) and shows us how to get the closed-form of the reproducing kernel for

periodic Sobolev space W 0
m(per). However, such a Bernoulli polynomial closed-form of the

kernel is no longer available when m is not an integer, which corresponds to a fractional

Sobolev space case; when considering kernel space on sphere S2, some effort is required to

obtain the closed-form expression even for simple cases ([60], [79]), but the features are

just orthonormal spherical harmonics; for multiscale kernels defined by compactly-supported

wavelet eigenfunctions [84] or Legendre polynomials [136, Section 3.3.2], it is also simplest

to work directly with features rather than attempting to identify a closed-form expression

for the implied kernel.

In the main text we provide the Mercer expansion of a Sobolev space W 0
1 ([0, 1]). We also

state the (correct) expansion for Gaussian kernel (there are several versions in the literature

that are not correctly normalized):

When ρ̄X has density (w.r.t Lebesgue measure on R) p̄X = α√
π
exp(−α2x2), we have the



86

expansion of Gaussian kernel K(x, z) = exp(−ϵ2|x− z|2) with

λj =

√
α2

α2 + δ2 + ϵ2

(
ϵ2

α2 + δ2 + ϵ2

)j−1

ψj(x) = γj exp(−δ2x2)Hj−1(αβx)

(5.1)

where the Hj are Hermite polynomials of degree j, and

β =

(
1 +

(
2ϵ

α

)2
)1/4

, γj =

√
β

2j−1Γ(j)
, δ2 =

α2

2

(
β2 − 1

)
(5.2)

The multivariate Gaussian kernel’s eigenfunctions and eigenvalues are just the tensor

product of the 1-dimension Gaussian kernel. Formally, the multivariate Gaussian kernel

K(x, z) = exp(−ϵ2‖x− z‖2) has the following expansion:

K(x, z) =
∑
j∈Nd

λ∗j ψ
∗
j (x)ψ∗

j (z) (5.3)

where the eigenvalues and eigenfunctions are related to (5.1) as

λ∗j =
d∏
l=1

λjl , ψ
∗
j (x) =

d∏
l=1

ψjl(x
(l)), (5.4)

where x(l) is the l-th component of x ∈ Rd. There are also available numerical methods

(independent of (Xi, Yi)
′s) for approximating kernel eigenfunctions in cases where analytical

forms are not available, see [89, 98], [93, Section 4.3], [13] and [33, Chapter 12].

There is also an interesting formal similarity between Mercer expansions and Bonchner’s

theorem (see, e.g. [87]) which gives rise to random Fourier feature-based methods. On one

hand, we have the Mercer expansion:

K(x, z) =
∞∑
j=1

λ(j)ψ(x, j)ψ(z, j) (5.5)

On the other hand, the positive-definite (real-valued) kernel has a convolutional representa-

tion by Bonchner’s theorem [87]):

K(x, z) =

∫
X×[0,2π]

p(ω, b) cos(ω⊤x+ b) cos
(
ω⊤z + b

)
dωdb (5.6)
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The random Fourier feature expansion (5.6) uses a set of basis functions (cosines) that

is not sensitive to the expanded kernel. Only the probability distribution we sample ω from

depends on the kernel. Such a choice may bring some convenience in application, but at the

price of using an approximation that converges to the kernel much slower. Another difference

is in the basis selection strategy: For the Mercer expansion it is very straightforward – we

choose the eigenfunctions corresponding to larger eigenvalues. By this strategy, we can ensure

the features we choose are more important and orthogonal to each other w.r.t. RKHS inner

product. For random feature-based methodologies, one has to sample from a probability

distribution because there are uncountably infinitely many ω (versus countably infinite j)

and there is less we can say about the geometric properties of random features [139].

Our readers can also find expansions of various kernels in [128, 126, 32, 132, 104, 68, 34].

There are also several existing online nonparametric learning methods not mentioned in the

main text, e.g. [61, 138, 96, 2, 135] .

5.2 Proof of Theorem 3

We can decompose the L2
ρX

-distance(i.e. ‖ · ‖2-distance) between f̂n,N and fρ into two parts

by inserting a fN function in between. Recall the definition of the previous two are:

f̂n := argmin
f∈FN

1

n

n∑
i=1

(Yi − f (Xi))
2

fρ := argmin
f∈L2

ρX

∫
X×R

(Y − f (X))2 dρ(X,Y )

(5.7)

where FN is a subset of the N -dimension vector space spanned by ψ1, ..., ψN :

FN = FN(M) := {f ∈ L2
ρX
| f ∈ span(ψ1, ..., ψN), ‖f‖∞ < M} (5.8)

. We insert a deterministic function fN in-between to facilitate the use of the triangle

inequality.

fN := argmin
f∈FN

∫
X×R

(Y − f (X))2 dρ(X,Y ) (5.9)
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So we have the following decomposition of L2
ρX

distance:

E‖f̂n,N − fρ‖2 ≤ E‖f̂n,N − fN‖2 + ‖f̂N − fρ‖2 (5.10)

If we can bound the two terms at the correct rates separately at the desired order, combining

them together would give the result in Theorem 3.

5.2.1 Bound ‖fN − fρ‖2

We first handle the second term in (5.10). It is a deterministic quantity which represents the

approximation error of our estimator. In the main text, we given two equivalent definitions

of RKHS, respectively based on the reproducing property and the Mercer expansion. We

will use the second one to explicitly calculate the approximation error. Let H denote the

native space of K (the RKHS of interest).

Lemma 5.2.1. Assume (A1),(A2),(A4), we have

‖fN − fρ‖2 ⩽ (D‖fρ‖HλN)1/2 (5.11)

where ‖ · ‖H is the RKHS-norm. If we further assume (A3) and choose N = Θ(n
d

2α+d ), then

‖fN − fρ‖2 = O(n− α
2α+d ) (5.12)

Proof. Since f ∈ H by assumption, we know fρ has the following expansion w.r.t ψj: fρ =∑∞
j=1 θjψj. Recall that we defined (λj, ψj) as the eigen-system of operator Tk,ρ̄X in Section 2.

By the definition of RKHS in Proposition 2, the condition ‖fρ‖H < ∞ in (A2) can be

rewritten as:

‖fρ‖2H =
∞∑
j=1

(
θj√
λj

)2

<∞ (5.13)

Define fρ,N =
∑N

j=1 θjψj ∈ FN to be a truncated approximation of fρ (which does not depend

on data). We know that ‖fN − fρ‖2 is smaller than ‖fρ,N − fρ‖2 because fN is the minimizer

of ‖f − fρ‖2 over f ∈ FN .
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So we have:

‖fN − fρ‖2 ≤ ‖fρ,N − fρ‖2

=

(∫
X
(fρ,N(x)− fρ(x))2 dρX(x)

)1/2

(1)

≤ D1/2

(∫
X
(fρ,N(x)− fρ(x))2dρ̄X(x)

)1/2

(2)
=

(
D

∞∑
j=N+1

θ2j

)1/2

≤

(
DλN

∞∑
j=N+1

θ2jλ
−1
j

)1/2

≤ (D‖fρ‖HλN)1/2

(5.14)

In (1) we use assumption (A4) about the relationship between ρX and ρ̄X . In (2) we use

Parseval’s identity noting that ψj’s are orthonormal w.r.t. ρ̄X .

If we take N = Θ(n
1

2α+d ) and assume λj = Θ(j−2α/d), we have λN = Θ(n− 2α
2α+d ), therefore

‖fN − fρ‖2 = O(n− α
2α+d ). Thus we have proven the first part of the Lemma.

5.2.2 Bound E‖f̂n,N − fN‖2

In this section we bound the term associated with the stochastic error. Our proof engages the

following steps: We first show the hypothesis space is a VC-class, then use this property to

bound its localized Rademacher complexity. This will further lead us to the final convergence

rate because f̂n,N is an M-estimator (ERM of the negative loss) over this hypothesis space.

We use the novel result presented in [48] to bound the multiplier process with a Rademacher

process, which allows us to quantify the interplay between hypothesis space size and the level

of noise.

Proposition 5.2.2. Let FN be the N-dimension linear space defined in (5.8), then we know

FN is VC-subgraph class with index less than or equal to N + 2.

Proof. The definition of VC-subgraph class, together with the fact that a N -dimension vector
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space FN of measurable functions is a VC-class of index no more than N + 2, can be found

in [123, Lemma 2.6.15] or [128, Proposition 4.20].

Now we use the fact that FN is a VC-class to get an upper bound on its covering number.

For this, we need the following result.

Proposition 5.2.3. For a VC-subgraph class of functions F . One has for any probability

measure Q:

N (ϵ‖F‖Q,2,F , L2
Q) ≤ CN(16e)N

(
1

ϵ

)2(N−1)

(5.15)

where N is the VC-dimension of F and 0 < ϵ < 1. And F is the envelope function of F , i.e.

|f(x)| ≤ F (x) for any x ∈ X , f ∈ F .

Proof. One can find the proof of a slightly more general version in [123, Theorem 2.6.7].

For a function space F , define the localized uniform entropy integral as:

J(δ,F , L2) :=

∫ δ

0

sup
Q

√
1 + logN (ϵ‖F‖Q,2,F , L2(Q))dϵ (5.16)

Applying this to the space FN , we have the following result:

Lemma 5.2.4. Let FN be the function space defined in (5.8), we have

J(δ,FN , L2) ≤ CM

√
Nδ2 log

(
1

δ

)
(5.17)

for sufficiently small δ. The constant CM only depends on M .

Proof. We first note FN is a subset of an N -dimension vector space with envelope F (x) =M .

By Proposition 5.2.2 and Proposition 5.2.3, we have

N (ϵM,FN , L2(Q)) ≤ CN(16e)N
(

1

Mϵ

)2N−2

for any measure Q

⇒ J(δ,F , L2) ≤ C

∫ δ

0

√
N log

(
1

Mϵ

)
dϵ for sufficiently small δ

≤ C
√
N

∫ 1
Mδ

∞

√
logu
M2u2

du

≤ CMδ

√
N log

(
1

Mδ

)
(5.18)
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We can see for the linear space FN , the localized uniform entropy is basically O(
√
Nδ)

(if we omit the
√

log(1/δ) term). When we construct the online projection estimator, the

dimension of hypothesis space N increases with sample size (we can also call FN a sieve). As

we will see later, the local diameter δ = δn we consider decreases to zero at rate Θ(n− α
2α+d ).

We use ϵi = Yi−gρ(Xi), i = 1, 2, .., n to denote the i.i.d zero-mean noise variables and use

ei, i = 1, 2, .., n to denote n i.i.d. Rademacher variable, that is P(e1 = 1) = P(e1 = −1) = 1
2
.

In the following Proposition we require the noise to have a finite ‖ϵi‖m,1-moment, which

is defined as

‖ϵ‖m,1 :=
∫ ∞

0

P(|ϵ| > t)1/mdt (5.19)

Let ∆ > 0, it is known that if ϵ1 has a finite m+∆-th moment, then it has a finite ‖ · ‖m,1-

moment [65, Chapter 10]. So requiring having a finite ‖ · ‖m,1, as assumed in (A1), is only

slightly stronger than requiring a finite m-th moment.

Now we state and prove a proposition that connects the bounds on the multiplier/Rademacher

process to the convergence rate of our M-estimator. This proposition is essentially the same

as Theorem 3.4.1 in [123] and is a slight generalization of Proposition 2 in [48]. In Proposi-

tion 5.2.5, for better presentation we drop the subscript of FN and simply denote it as F .

But we should keep in mind that F is a function space that depends on n.

Proposition 5.2.5. Denote F − fρ := {f − fρ | f ∈ F} and F − fN := {f − fN | f ∈ F}.

Assume (F − fρ)
⋃
(F − fN) has an envelope function F (x) ≤ 1. Let Xi

i.i.d.∼ ρX and assume

ϵi are i.i.d. with finite ‖ϵ1‖m,1-norm for some m > 1. Assume that for any δ ≥ 0, for each

f ∗ ∈ {fρ, fN},

E sup
f∈F :∥f−f∗∥2≤δ

∣∣∣∣∣ 1√
n

n∑
i=1

ϵi (f − f ∗) (Xi)

∣∣∣∣∣ = O (ϕn(δ)) (5.20)

and

E sup
f∈F :∥f−f∗∥2≤δ

∣∣∣∣∣ 1√
n

n∑
i=1

ei (f − f ∗) (Xi)

∣∣∣∣∣ = O (ϕn(δ)) (5.21)

for some ϕn such that δ 7→ ϕn(δ)/δ is nonincreasing. Further assume that ‖fN −fρ‖2 ≤ Cδn.
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Then ∥∥∥f̂n,N − fN∥∥∥
2
= OP (δn) (5.22)

for any δn ≥ n− 1
2
+ 1

2m such that ϕn (δn) ≤
√
nδ2n. If ϵ1 has a finite m-th moment for some

m ≥ 2, then:

E
[∥∥∥f̂n,N − fN∥∥∥

2

]
= O (δn) (5.23)

Proof. The proof is a slight generalization of Proposition 2 in [48]. The distance we are going

to bound is not between f̂n,N and fρ but between f̂n,N and fN (the population risk minimizer

over F). We first define a random process and its mean functional:

Mnf :=
2

n

n∑
i=1

(f − fρ) (Xi) ϵi −
1

n

n∑
i=1

(f − fρ)2 (Xi)

Mf := E [Mn(f)] = −P (f − fρ)2
(5.24)

We have the following property of M(·). For any f ∈ {f ∈ F | ‖f − fN‖2 ≥ 4‖fN − fρ‖2},

Mf −MfN ≤ −1
4
‖f − fN‖22. For the proof of this elementary inequality, see p.337 Exercise

5 in [123], taking their x = f, y = fN , z = fρ.

Our proof is a standard peeling argument. Let

Fj :=
{
f ∈ F : 2j−1tδn ≤ ‖f − fN‖2 < 2jtδn

}
(5.25)

We choose a fixed t large enough such that tδn ≥ 4‖fN − fρ‖2, we use the ERM property of

f̂n,N :

P
(∥∥∥f̂n,N − fN∥∥∥

2
≥ tδn

)
≤
∑
j≥1

P

(
sup
f∈Fj

(Mn(f)−Mn (fN)) ≥ 0

)

≤
∑
j≥1

P

(
sup
f∈Fj

(Mn(f)−Mn (fN)−M(f) +M(fN)) ≥ 22j−2t2δ2n

) (5.26)

We write (Mn(f)−Mn (fN)−M(f) +M(fN)) explicitly:

Mn(f)−Mn (fN)−M(f) +M(fN)

=
2

n

n∑
i=1

(f − fN)(Xi)ϵi + (P − Pn)(f − fρ)2 + (Pn − P )(fN − fρ)2
(5.27)
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Then we can continue the peeling argument:

P
(∥∥∥f̂n,N − fN∥∥∥

2
≥ tδn

)
≤
∑
j≥1

P

(
sup

f∈F :∥f−fN∥2≤2jtδn

∣∣∣∣∣ 1√
n

n∑
i=1

(f − fN)(Xi)ϵi

∣∣∣∣∣ ≥ 22j−5t2
√
nδ2n

)
+

P

(
sup

f∈F :∥f−fN∥2≤2jtδn

∣∣∣∣∣ 1√
n

n∑
i=1

(f − fρ)2(Xi)− E(f − fρ)2
∣∣∣∣∣ ≥ 22j−4t2

√
nδ2n

)
+

P

(∣∣∣∣∣ 1√
n

n∑
i=1

(fN − fρ)2(Xi)− E(fN − fρ)2
∣∣∣∣∣ ≥ 22j−4t2

√
nδ2n

)

≤
∑
j≥1

P

(
sup

f∈F :∥f−fN∥2≤2jtδn

∣∣∣∣∣ 1√
n

n∑
i=1

(f − fN)(Xi)ϵi

∣∣∣∣∣ ≥ 22j−5t2
√
nδ2n

)
+

2P

(
sup

f∈F :∥f−fN∥2≤2jtδn

∣∣∣∣∣ 1√
n

n∑
i=1

(f − fρ)2(Xi)− E(f − fρ)2
∣∣∣∣∣ ≥ 22j−4t2

√
nδ2n

)

(5.28)

The first term is the multiplier process that contains the noise variable ϵi’s, for which we

have bound (given by our assumptions). The second term can be related to the Rademacher

process by standard symmetrization and contraction principles [123]. There is still a miss-

match between the supremum and the random variable to be bounded, to fix this we need

to use the condition ‖fN − fρ‖2 ≤ Cδn:

‖f − fρ‖2 ≤ ‖f − fN‖+ ‖fN − fρ‖2

≤ ‖f − fN‖+ Cδn

⇒ {f ∈ F : ‖f − fN‖ ≤ 2jtδn} ⊂ {f ∈ F : ‖f − fρ‖2 ≤ (2jt+ C)δn}

(5.29)

Therefore the second term is bounded by

2P

(
sup

f∈F :∥f−fρ∥2≤(2jt+C)δn

∣∣∣∣∣ 1√
n

n∑
i=1

(f − fρ)2(Xi)− E(f − fρ)2
∣∣∣∣∣ ≥ 22j−4t2

√
nδ2n

)
(5.30)

And the rest of the proof is the same as Proposition 2 in [48].

When ϵi is sub-Gaussian noise (note that sub-Gaussian/sub-exponential random variables

have finite moments of all orders), the bound on the empirical process terms (5.20) and (5.21)
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usually only depend on the entropy of FN : Thus the convergence rate will only depend on

the entropy as well. However if we only assume moment conditions, then ϕn(δ) will depend

on both the entropy and the moment order [48, Lemma 9]: Thus the convergence rate would

depend on both as well when m is not large enough.

Now we state the following Lemma to complete our bound of E‖f̂n,N − fN‖2. Its proof

is postponed to after we conclude the main result.

Lemma 5.2.6. Assume (A1) and f̂n,N ∈ FN defined in (5.8). We select N = Θ
(
n

d
2α+d

)
.

(Recall that α is the smoothness parameter, d is the dimension of Xi and m is the moment

index of ϵi)

Then with δn = Θ
(
n− α

2α+d ∨ n− 1
2
+ 1

2m

)
, for each f ∗ ∈ {fN , fρ} we have

E sup
f∈FN :∥f−f∗∥2≤δn

∣∣∣∣∣
n∑
i=1

ϵi (f − f ∗) (Xi)

∣∣∣∣∣ ∨ E sup
f∈FN :∥f−f∗∥2≤δn

∣∣∣∣∣
n∑
i=1

ei (f − f ∗) (Xi)

∣∣∣∣∣
≤ Cα

 n
d

2α+d
√
logn

(
1 ∨ ‖ϵ1‖2α+1,1

)
, m ≥ 2α/d+ 1

n
1
m

√
logn

(
1 ∨ ‖ϵ1‖m,1

)
, 1 ≤ m < 2α/d+ 1

(5.31)

where ‖ϵ1‖2α+1 is the 2α + 1-th moment of ϵ1.

In light of Proposition 5.2.5, (5.31) can be written as

E sup
f∈FN :∥f−f∗∥2≤δn

∣∣∣∣∣ 1√
n

n∑
i=1

ϵi (f − f ∗) (Xi)

∣∣∣∣∣
∨ E sup

f∈FN :∥f−f∗∥2≤δn

∣∣∣∣∣ 1√
n

n∑
i=1

ei (f − f ∗) (Xi)

∣∣∣∣∣ ≤ ϕn(δn)

(5.32)

where

ϕn(δ) =

 Cα
√

logn/nδ−1/α
(
1 ∨ ‖ϵ1‖1+2α,1

)
, m ≥ 1 + 2α

Cα
√

logn/nδ−2/(m−1)
(
1 ∨ ‖ϵ1‖m,1

)
, 1 ≤ m < 1 + 2α

(5.33)

Lemma 5.2.7. Assume (A1) and f̂n,N ∈ FN . Choosing N = Θ(n
d

2α+d ),

E[‖f̂n,N − fN‖2] = O
(
n− α

2α+d

√
logn ∨ n− 1

2
+ 1

2m

√
logn

)
(5.34)
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Proof. We use the result of Lemma 5.2.6 as conditions of Proposition 5.2.5, and then identfy

the smallest δn satisfying ϕn(δn) ≤
√
nδ2n, which will give the stated convergence rate.

Proof of Theorem 3. We need only combine the bounds in Lemma 5.2.1 and Lemma 5.2.7

using the triangle inequality.

We now return to proving Lemma 5.2.6. We first state two results, Propositions 5.2.8,

and 5.2.9, from the literature which we will use to prove our Lemma. We begin with a

standard result connecting Rademacher complexity and the entropy integral.

Proposition 5.2.8 (Theorem 2.1, [122]). Suppose that G has a finite envelope G(x) ≤ 1 and

X1, . . . , Xn ’s are i.i.d. random variables with law P .

Then with G(δ) := {g ∈ G : Pg2 < δ2},

E sup
g∈G(δ)

∣∣∣∣∣ 1√
n

n∑
i=1

eig (Xi)

∣∣∣∣∣ = O

(
J (δ,G, L2)

(
1 +

J (δ,G, L2)√
nδ2‖G‖P,2

)
‖G‖P,2

)
(5.35)

We next give a recent inequality established in [48]. This allows us to relax common

subgaussian assumptions to only moment conditions on the ϵi’s.

Proposition 5.2.9 (Theorem 1,[48]). Suppose Xi’s, ϵi’s are all i.i.d. random variables and

Xi’s are independent of ϵi’s. Let {Gk}nk=1 be a sequence of function classes such that Gk ⊃ Gn
for any 1 ≤ k ≤ n. Assume further that there exists a nondecreasing concave function

ψn : R≥0 → R≥0 with ψn(0) = 0 such that

E sup
f∈Gk

∣∣∣∣∣
k∑
i=1

eif (Xi)

∣∣∣∣∣ ≤ ψn(k) (5.36)

holds for all 1 ≤ k ≤ n. Then

E sup
f∈Gn

∣∣∣∣∣
n∑
i=1

ϵif (Xi)

∣∣∣∣∣ ≤ 4

∫ ∞

0

ψn

(
n∑
i=1

P (|ϵi| > t)

)
dt (5.37)

With these two results in hand, we are now ready to prove Lemma 5.2.6.
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Proof of Lemma 5.2.6. We need to show the result for both f ∗ = fN and f ∗ = fρ. We will

explicitly show the result for f ∗ = fN : The proof in the case f ∗ = fρ is exactly the same.

Denote

FN(δk) := {f ∈ FN | ‖f − fN‖22 ≤ δ2k} (5.38)

We first combine Proposition 5.2.8 with the entropy bound we established in Lemma 5.2.4

to derive

E sup
f∈FN (δk)

∣∣∣∣∣
k∑
i=1

eif (Xi)

∣∣∣∣∣ ≤ Cδkk
d

2(2α+d)
+ 1

2

√
log k (5.39)

where δk = k−
α

2α+d ∨ k− 1
2
+ 1

2m .

When m ≥ 2α/d + 1 (recall m is the moment index for ϵi’s), k−
α

2α+d > k−
1
2
+ 1

2m , so the

above bound becomes

E sup
f∈FN (δk)

∣∣∣∣∣
k∑
i=1

eif (Xi)

∣∣∣∣∣ ≤ Ck
d

2α+d

√
log k (5.40)

Using (5.40) we see that the conditions of Proposition 5.2.9 are satisfied, thus giving us

E sup
f∈FN (δk)

∣∣∣∣∣
n∑
i=1

ϵif (Xi)

∣∣∣∣∣ ≤ C

∫ ∞

0

(
n∑
i=1

P (|ϵi| > t)

) d
2α+d

√√√√log
(

n∑
i=1

P (|ϵi| > t)

)
dt

= Cn
d

2α+d

√
logn(1 ∨ ‖ϵ1‖2α+1,1)

(5.41)

Note that we used ϵi’s are i.i.d. random variables.

When 1 < m < 2α/d+ 1, (5.39) becomes

E sup
f∈FN (δk)

∣∣∣∣∣
k∑
i=1

eif (Xi)

∣∣∣∣∣ ≤ Ck
1
m

√
log k. (5.42)

Plugging this in to Proposition 5.2.9 we get

E sup
f∈FN (δk)

∣∣∣∣∣
n∑
i=1

ϵif (Xi)

∣∣∣∣∣ ≤ Cn
1
m

√
logn(1 ∨ ‖ϵ1‖m,1) (5.43)

This completes the proof.
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5.3 Online Projection Estimator and Functional Stochastic Gradient Descent

The computational expense of Algorithm 2 is a dramatic improvement compared with SGD

based algorithms, whose expense is O(n) per updating. We also note that the computational

expense of Algorithm 2 depends on our assumption of the spectrum of operator TK . The

larger α is, the stronger our statistical assumption is, the faster our algorithm is. However,

the expense of SGD-based algorithm is not sensitive to the statistical assumptions.

In this section we use the same notation as in Section 3 in the main text. We define θ̂θθN,n as

the minimizer of the empirical loss

min
θθθ∈RN

n∑
i=1

(Yi − θθθ⊤ψψψN(Xi))
2 (5.44)

Here we use double subscript to emphasize that θ̂θθN,n is calculated with N basis function

and n data. Similarly, we can define θ̂θθN,n−1 as the minimizer when there is one less sample

(Xn, Yn) (but keep the other samples the same). There is actually a recursive relationship

between θ̂θθN,n and θ̂θθN,n−1:

θ̂θθN,n = θ̂θθN,n−1 + Φnψψψn

[
Yn − f̂n−1,N(Xn)

]
(5.45)

See [73] p.18-20 for the derivation. This formula tells us how θ̂θθN,n changes when one addi-

tional data-pair is observed. If we see θ̂θθN,n as an update of θ̂θθN,n−1 with (Xn, Yn), the step

size will scale in proportion to the prediction error |Yn − f̂n−1,N(Xn)|, and the direction is

Φnψψψn (which, in general, is not equal to ψψψn)

Similarly, we can derive a recursive relationship for how θ̂θθN,n changes when one more basis

function ψN+1 is added in. Specifically,

θ̂θθN+1,n =

 θ̂θθN,n

0

+

(
ψψψN+1

)⊤
∆∆∆n

‖(I − Pn)ψψψN+1‖2

 −PnψψψN+1

1

 (5.46)
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Where ∆∆∆n is the residual vector, whose i-th component is defined by:

∆∆∆(i)
n = Yi − f̂n,N(Xi) (5.47)

and Pn = (Ψ⊤
nΨn)

−1Ψ⊤
n is the projection matrix of the column space of design matrix Ψn

with N features. We give the derivation in the later part of this section.

The influence of a new feature on the regression coefficients is quantitatively associated

with how much the residual can be explained by the new feature (represented by the term(
ψψψN+1

)⊤
∆∆∆n) and how orthogonal the new feature is to the old features (represented by

Pnψψψ
N+1).

However, if we use parametric stochastic gradient descent to solve the problem (2.15),

then the updating rule should be:

θ̂θθN,n = θ̂θθN,n−1 + ϵnψψψn

[
Yn − f̂n−1,N(Xn)

]
(5.48)

where we usually choose ϵn � 1
n
.

Comparing (5.48) with (5.45), we see that it replaces the structured matrix Φn with

a diagonal matrix ϵnI. By doing so it omits the information of the correlation between

features, this can help to illustrate why the SGD-based estimator (5.48) usually has a larger

generalization error than the empirical risk minimizer (5.45).
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5.3.1 Proof of recursive formula (5.46)

Proof. In this proof, we use a double subscript to indicate the dimension of the matrices.

By definition of OLS estimator:

θ̂θθN+1,n = Φ(N+1)×(N+1) ·Ψ⊤
n×(N+1) · YYY n

= Φ(N+1)×(N+1) ·

(
n∑
i=1

Yi [ψ1 (Xi) , . . . , ψN+1 (Xi)]
⊤

)

= Φ(N+1)×(N+1) ·

 ∑n
i=1ψψψN (Xi)Yi∑n
i=1 ψN+1 (Xi)Yi


(1)
= Φ(N+1)×(N+1) ·

 Φ−1
N×N · θ̂θθN,n∑n

i=1 ψN+1 (Xi)Yi


(2)
=

 ΦN×N 0

0 0

+ A

 ·
 Φ−1

N×N · θ̂θθN,n∑n
i=1 ψN+1 (Xi)Yi



where

A =

 1
k
Φn−1 bbbbbb

T Φn−1 − 1
k
Φn−1 bbb

− 1
k
bbbT Φn−1

1
k


bbb = ΨT

n−1ψψψN+1

k = ψψψTN+1ψψψN+1 − bbbTΦn−1 bbb

In (1) we use the definition of θ̂θθN,n and in (2) use the block matrix inversion formula.

θ̂θθN+1,n =

 θ̂θθN,n

0

+
1

k
·

 ΦN×Nbbb
(
bbbT θ̂θθN,n −

∑n
i=1 ψN+1 (Xi)Yi

)
(∑n

i=1 ψN+1 (Xi)Yi − bbb⊤θ̂θθN,n
)

 (5.49)

Note that

bbb⊤θ̂θθN,n =
n∑
i=1

ψN+1 (Xi)
N∑
j=1

ψj(Xi)θ̂θθ
(j)

N,n =
n∑
i=1

ψN+1 (Xi) f̂n,N(Xi) (5.50)
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So
n∑
i=1

ψN+1 (Xi)Yi − bbb⊤θ̂θθN,n =
n∑
i=1

ψN+1 (Xi) (Yi − fn,N(Xi)) (5.51)

Continuing, we see that

θ̂θθN+1,n =

 θ̂θθN,n

0

+
ψψψ⊤
N+1∆∆∆n

k
·

 −ΦN×Nbbb

1


Now we expand k:

k = ψψψ⊤
N+1ψψψN+1 −ψψψ⊤

N+1Ψn×NΦN×NΨ
⊤
n×NψψψN+1

= ψψψ⊤
N+1

(
I −Ψn×N

(
Ψ⊤
n×NΨn×N

)−1
Ψn×N

)
ψψψN+1

= ‖(I − Pn)ψψψN+1‖2

And use the definition of b:

θ̂θθN+1,n =

 θ̂θθN,n

0



+
ψψψ⊤
N+1∆∆∆n

‖(I − Pn)ψψψN+1‖2


−ΦN×N


ψψψ⊤

1 ψψψN+1

...

ψψψ⊤
NψψψN+1


1


=

 θ̂θθN,n

0

+
ψψψ⊤
N+1∆∆∆n

‖(I − Pn)ψψψN+1‖2

 −PnψψψN+1

1



(5.52)

5.4 Regression in Additive Models

In the main text we discussed estimation in multivariate RKHS and how it suffers from the

curse of dimensionality. For Xi ∈ Rd, it is also quite common to impose an extra additive

structure on the model, in other words, we assume

fρ(xi) =
d∑

k=1

fρ,k

(
x
(k)
i

)
(5.53)
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where the component functions fρ,i belong to a RKHS H (in general they can belong to

different spaces), and x
(k)
i is the k-th entry of xi. Such a model is a generalization of the

multivariate linear model. It balances modeling flexibility with tractability of estimation.

See eg. [52] and [141] for further discussion.

The projection estimator for an additive model is obtained by solving the following

least-squares problem in Euclidean space (which is essentially the same as solving the prob-

lem (2.15)).

min
θθθ∈RN×d

n∑
i=1

(Yi −
d∑

k=1

N∑
j=1

θjkψj(x
(k)
i ))2 (5.54)

here N still needs to be chosen of order n
1

2α+1 , when λj = Θ(j−2α). The online projection

estimator in an additive model is

f̂n,N =
d∑

k=1

N∑
j=1

θ̂jkψj (5.55)

For a fixed d, the minimax rate for estimating an additive model is identical (losing a constant

d) to the minimax rate in the analogous one-dimension nonparametric regression problem

working with the same hypothesis space H [92].

The design matrix of (5.54) now is of dimension n × (Nd). When a new data point

is collected, our design matrix grows by one row. When we need to increase the model

capacity however, we need to add one feature for each dimension (in total d columns).

Updating such estimators when Xi ∈ Rd has a computational expense of order O(d2n
2

2α+1 ),

by a argument similar to that presented in Section 3.4. To clarify, in Section 3.4 we are

assuming the eigenvalue λj = Θ(j−2α/d) (for example, the RKHS is d-dimension, α-th order

Sobolev space); however in this section we are discussing d-dimension additive model, each

component lies in a 1-dimension RKHS whose λj = Θ(j−2α). The additive model is more

restrictive, therefore we have better statistical and computational guarantee when the model

is well-specified.
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5.4.1 Additive Model Application

We chose a 10-dimension additive function to illustrate the efficacy of our method for fitting

additive models. In this example, the components of the fρ in each dimension are Doppler-

like functions. For x ∈ R10,

fρ(x) =
10∑
k=1

fρ,k(x
(k))

=
10∑
k=1

{
sin
(

2π

(x(k) + 0.1)k/20

)
− sin

(
2π

0.1k/20

)} (5.56)

Similar functions are used in [97]. The kernel (for each dimension) we consider is

K(s, t) =
2∑

m=1

smtm +B4({s− t}) (5.57)

In Figure 5.1, we compare the method in this chapter with the additive smoothing spline es-

timator calculated with back fitting using R package ’gam’ [51]. Both of the methods achieve

rate-optimal convergence, but we note the smoothing spline method takes dramatically more

time as an offline estimator.

5.5 Details of simulation studies

In the main text we gave important details on of the settings of our simulation studies. To

help our readers replicate our result, we now list all details for our simulations.

5.5.1 Notation and general setting

The ‖f̂n,N−fρ‖22 on the y-axis of Figure 2 is estimated with 1,000 X generated from ρX . The

estimator based on kernel ridge regression (KRR) is defined as the minimizer of penalized

mean-square error

min
f∈H

1

n

n∑
i=1

(Yi − f (Xi))
2 + λn,KRR‖f‖2H (5.58)

for a closed form solution and theoretical optimal selection of λn,KRR, see 12.5.2 and Theo-

rem 13.7 of [128].
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Figure 5.1: Additive model: generalization error and CPU time. (A) Both smoothing spline

and online projection estimator achieve the optimal rate O(n−4/5). The black line has slope

−4/5. Each curve is based on 15 independent runs. (B) The CPU time decreases as α

becomes larger (repetitions=10).

In the main text, we slightly simplify the update rule for nonparametric SGD estimator

without losing the essential principles. In all the simulation study of this section, the SGD

estimator we use is the version with Polyak averaging (p.1375-1376 of [25])

f̃n = f̃n−1 + γn,SGD

[
Yn − f̃n−1 (Xn)

]
KXn (5.59)

f̂n =
1

n+ 1

n∑
k=0

f̃k (5.60)

The nonparametric SGD estimator we use is f̂n. To update such an estimator, the compu-

tational cost is also O(n).
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All the simulation study examples are coded in R version 3.5.1.

5.5.2 One Dimension Example Settings

We give the details of example 1 (resp. example 2) in Table 5.1 (resp. Table 5.2).

Table 5.1: Settings of example 1. See [126] and [25]

fρ B4(x) = x4 − 2x3 + x2 − 1
30

ϵ Unif([-0.02,0.02])

pX(x) 1[0,1](x)

K(s, t) −1
24
B4({s− t}) =

∑∞
j=1

2
(2πj)4

[cos(2πjs) cos(2πjt)

+ sin(2πjs) sin(2πjt)]

RKHS H W per
2 =

{
f ∈ L2([0, 1])|

∫ 1

0
f(u)du = 0,

f(0) = f(1), f ′(0) = f ′(1),
∫ 1

0

(
f (2)(u)

)2
du <∞

}
λj

2
(2πj)4

= O(j−4)

ψj(x) sin(2πjx) and cos(2πjx)

basis adding step n = b0.2N5c

Hyperparameter KRR λn,KRR λn,KRR = 10−3n−4/5

Learning rate γn,SGD γn,SGD = 128n−0.5

5.5.3 Additive Model Example

We use the function gam() in R package gam [51] to fit the additive model with smoothing

spline. The degrees of freedom parameter used in the s() function were selected to increase

with n. The details for the additive model example (including parameter selection) are given

in Table 5.3.
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Table 5.2: Settings of example 2. See [128, Chap. 12] for more discussion on the kernel space

W 0
1 .

fρ (6x− 3) sin(12x− 6) + cos2(12x− 6)

ϵ Normal(0,5)

pρ(x) (x+ 0.5)1[0,1](x)

K(s, t) min{s, t} =
∑∞

j=1
8

(2j−1)2π2 sin
(

(2j−1)πs
2

)
sin
(

(2j−1)πt
2

)
RKHS H W 0

1 =
{
f ∈ L2([0, 1])|f(0) = 0,

∫ 1

0
(f ′(u))2du <∞

}
λj

2
(2j−1)2π2 = O(j−2)

ψj(x) 2 sin
(

(2j−1)πx
2

)
basis adding step n = b0.5N3c

Hyperparameter KRR λn,KRR λn,KRR = 0.1n−2/3

Learning rate γn,SGD γn,SGD = 5n−0.5

Table 5.3: Settings of Additive model example.

fρ
∑10

k=1

{
sin
(

2π
(X(k)+0.1)k/20

)
− sin

(
2π

0.1k/20

)}
ϵ Normal(0,5)

pρ(X
(1), ..., X (10)) Π10

k=11[0,1](X
(k))

K(s, t) (for each dimension)
∑2

m=1 s
mtm +B4({s− t})

RKHS H W2 =
{
f ∈ L2([0, 1]) |

∫ 1

0
(f ′′(u))2du <∞

}
λj

2
(2πj)4

= O (j−4)

ψj(x) x, x2, sin(2πjx), cos(2πjx)

basis adding step n = b0.2N5c

df for smoothing spline 2bn1/5c
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5.6 A Note for Application and Additional Examples

The hypothesis spaces used so far in this chapter have been well-studied in previous work,

and are relatively easy to engage with: Their kernel functions have a closed form, and their

eigenfunctions can also be explicitly written out with respect to some special measures ρ̄.

However, they are usually equipped with some undesirable boundary conditions. For ex-

ample, in example 2, it is more interesting to consider the space

W1 =

{
f ∈ L2([0, 1])|

∫ 1

0

(f ′(u))
2
du <∞

}
(5.61)

rather than the one we use in our simulation study

W 0
1 =

{
f ∈ L2([0, 1])|f(0) = 0,

∫ 1

0

(f ′(u))
2
du <∞

}
(5.62)

Although it is known that W1 is also an RKHS [128] with kernel K̃(s, t) = 1 +min{s, t}, it

takes extra analytical work to get the form of eigenfunctions for K̃.

For practical purposes, it is enough to consider functions of the following form as estimator:

f̂n,N(x) = θ0 · 1 +
N∑
j=1

θjψj(x) (5.63)

where ψj =
√
2 sin

(
(2j−1)πx

2

)
as stated in Table 1. Because the difference between W 0

1 and

W1 is merely a constant function in the sense that

W1 = {1} ⊕W 0
1 (5.64)

When a new sample comes in, we update f̂n,N (and potentially add a new basis function) in

an online manner as in Algorithm 2. Similarly, in example 1, the more interesting space is

W2 =

{
f ∈ L2([0, 1])|

∫ 1

0

(
f (2)(u)

)2
du <∞

}
(5.65)

Note that

W2 = {1} ⊕ {x} ⊕ {x2} ⊕W per
2 (5.66)
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So the projection estimator can be of the form

f̂n,N(x) =
2∑

k=0

θ̃kx
k +

N∑
j=1

θjψj(x) (5.67)

where ψj’s are the trigonometric functions listed in Table 1.
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Figure 5.2: Generalization error for additional examples.(A) Example A.1, black line has

slope −2/3 (B) Example A.2, the black line has slope −4/5. Both estimators achieve the

minimax rates in W1 and W2. Each curve is based on 15 independent repetitions.

The settings for our two additional examples are given in Table 5.4
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Table 5.4: Settings of additional examples.

Example A.1 Example A.2

fρ 1 + (x− 0.5)1[0.5,1](x) 1 + (6x− 3) sin(12x− 6) + cos2(12x− 6)

+2(x− 0.2)1[0.2,1](x) +10(x− 0.5)21[0.5,1](x)

ϵ Normal(0,1) Unif(-5,5)

pρ(x) (x+ 0.5)1[0,1](x) 1[0,1](x)

RKHS W1 W2

basis function 1, sin
(

(2j−1)πx
2

)
, j = 1, 2, ... 1, x, x2, sin(2πjx), cos(2πjx), j = 1, 2, ...

basis adding step n = b0.5N3c n = b 1
30
N5c
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Chapter 6

SUPPLEMENTARY MATERIALS FOR CHAPTER 3

6.1 Algorithm of Sieve-SGD, Numerical Version

In the main text, section 3.5.1, we presented a functional form of the proposed Sieve-SGD al-

gorithm. To facilitate comprehension and application, we also attach an equivalent numerical

version of it.

Proposed Algorithm: Sieve Stochastic Gradient Descent (Sieve-SGD)

Set α, ω > 0, step size {γi} and basis functions {ψj}.

Initialize β̄j, β̂j = 0 for all j ∈ N+.

For i = 1, 2, ... :

1. Calculate Ji = biαc, collect data pair (Xi, Yi).

2. Update β̂j

resi ← Yi −
Ji−1∑
j=1

β̂jψj(Xi) (6.1)

For j = 1, ..., Ji:

β̂j ← β̂j + γiresi
(
j−2ωψj(Xi)

)
(6.2)

3. Update β̄j

For j = 1, ..., Ji:
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β̄j ←
i

i+ 1
β̄j +

1

i+ 1
β̂j (6.3)

6.2 Multivariate Regression Problems

In this section, we will give additional discussion of the technical details for multivariate

regression using the Sieve-SGD estimator.

6.2.1 Hyperbolic cross and Sieve-SGD

In main text Section 3.5.4, we discussed using a tensor product sieve-basis to solve mul-

tivariate feature problems. Assume X ∈ Rp and Y ∈ R. It is known that for an uni-

variate orthonormal basis {ψj, j ∈ N+}, the set of tensor product functions {ψj(x) =∏p
k=1 ψj(k)(x(k)), j ∈ (N+)

p} is also an orthonormal basis (v(k) is the k-th component of

v ∈ Rp). However, there are more choices of the order in which we arrange the tensor

product basis functions when estimating an unknown regression function. We propose using

the index product cprod(j) =
∏p

k=1 j(k) to determine such an ordering. That is, basis functions

with smaller index product will be used earlier when constructing Sieve-SGD – such a tensor

product basis is called hyperbolic cross in the literature [28, 101]. Before we discuss the

intuition of such an ordering, we present some numerical examples of applying Sieve-SGD in

multivariate regression problems.

We consider two dimensional settings of the feature variable X: p = 2and10. The feature

vector is generated as: X(1) = U1, X(k) = (Uk − Uk−1 + 1)/2 for k = 2, ..., p. Here Uk are

independent Unif[0, 1] variables. The true regression function is defined as

fρ(x) =
p∑

k=1

p∑
l=k

(0.5− |x(k) − 0.5|)(0.5− |x(l) − 0.5|), (6.4)

And the outcome Y = fρ(x) + ϵ is contaminated by a normal distributed noise, SNR = 3.
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The main update rule of Sieve-SGD we applied here is

f̂i = f̂i−1 + γ0i
−1/(2s+1)

(
Yi − f̂i−1 (Xi)

) ∑
j:cprod(j)≤cpi1/(2s+1)

(
p∏

k=1

j(k)
)−2ω

ψj (Xi)ψj, (6.5)

where ω = 0.51 and s = 2. We use γ0 ∈ {0.1, 0.5} and c ∈ {4, 8}: the latter two parameters

may be different in each replication (as tuning parameters). The index set {j : cprod(j) ≤

cpi1/(2s+1)} contains the p-dimension index vectors of smallest product. For example, when

p = 2, {j : cprod(j) ≤ 5} = {(1, 1), (1, 2), (2, 1), (1, 3), (3, 1)}. Arbitrary choice is used when

there is a tie. The working basis functions we use is generated from the univariate basis:

ψ1(x) = 1, ψj =
√
2 cos((j − 1)πx), for j ≥ 2. (6.6)

In Figure 6.1, we compare the statistical performance of Sieve-SGD with several popular

benchmark learning methods in statistics and computer science communities. The Sobolev

tensor product kernel we use there is K(s, t) =
∏p

k=1

(
1 +min{s(k), t(k)}

)
. The RKHS cor-

responding to this kernel is the tensor product of univariate Sobolev spaces on [0, 1].

Like many other learning methods trained with stochastic gradient descent, it is possible

to have several pass over the data set to achieve better generalization ability. We choose

to continue increasing the number of basis function of Sieve-SGD while processing the data

multiple times. That is, after 5 epochs we are using cp(5 × 105)1/(2s+1) basis functions.

This strategy is not feasible for kernel SGD methods or fixed-dimension SGD, so we include

relevant results for reference.

Now we present some intuition behind our choice of ordering the multivariate tensor prod-

uct basis functions ψj, using some basic theory of RKHS. Our readers can check section 6.3.1

and 6.3.2 for more background.

A ball in the RKHS of kernel K(x, z) =
∑∞

j=1 j
−2sψj(x)ψj(z) can be identified (Theo-

rem 6.3.3) as the ellipsoid

W (s,Q, {ψj}) =

{
f ∈ L2

ν | f =
∞∑
j=1

θjψj,

∞∑
j=1

(θjj
s)2 ≤ Q2

}
. (6.7)
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Figure 6.1: Multivariate numerical examples of applying Sieve-SGD. Other benchmark meth-

ods: ExpKRR, kernel ridge regression with Gaussian kernel; KernelSGD, [25] with tensor

product Sobolev kernel; GBM, gradient boosting machine; RF, random forest; SobolevKRR,

kernel ridge regression with tensor product Sobolev kernel. We present the result of each

method under oracle hyperparameters (best testing error). The shaded area corresponds to

the second to fifth pass of Sieve-SGD over the same training data (105 unique observations).

(A) p = 2 (B) p = 10.



113

If we consider the two-dimensional tensor product kernel K̃ : R2×R2 → R constructed from

K, that is

K̃(x, z) = K(x(1), z(1))K(x(2), z(2)). (6.8)

It is known ([128] Section 12.4.2) that we have the Mercer expansion

K̃(x, z) =
∞∑
j=1

∞∑
k=1

(jk)−2sψj(x(1))ψj(z(1))ψk(x(2))ψk(z(2)) (6.9)

and a ball in the RKHS of K̃ takes the form

W̃ =

{
f ∈ L2

ν ⊗ L2
ν | f(x) =

∞∑
j,k=1

θjkψj
(
x(1)
)
ψk
(
x(2)
)
,

∞∑
j,k=1

(θjk(jk)
s)2 ≤ Q2

}
. (6.10)

We can also read out that the eigenvalues are
∏2

k=1

(
j(k)
)−2s, j ∈ (N+)2. According to (6.10),

we would intuitively expect θjk to be smaller when the product of the index vector is larger.

When the univariate RKHS is a Sobolev space, estimating with a tensor product kernel

is essentially assuming the true regression function is in the tensor product space of Sobolev

space or can be well-approximated by a function from such a space. The tensor product

Sobolev space is also characterized as a Sobolev space with (dominating) mixed deriva-

tives [99]. In statistics, such a model has been studied under the name of nonparametric

Tensor product ANOVA [70] (where the regression function is estimated using kernel ridge

regression). Although methods engaging with hyperbolic cross have been studied in numer-

ical analysis in the past decade, there are few works adopting such an idea into statistics.

Sobolev spaces with mixed derivatives are not homogeneous spaces in the sense that they

contain functions of different smoothness in different directions. Specifically, functions in

such spaces can be less smooth along the directions of coordinate axis than other directions.

This can be useful in the case when the features X as a strong “main effect” on the outcome

Y and a weaker “interaction effect” (in the language of [70]).

6.2.2 Additive model and Sieve-SGD

In the main text Section 3.5.4, we described the nonparametric additive model and how

to use Sieve-SGD to estimate it. We simplified things by omitting the intercept term to
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streamline exposition. The additive model with intercept is given by

fρ(x) = β0 +

p∑
k=1

fρ,k
(
x(k)
)

(6.11)

for some β0 ∈ R and fρ,k ∈ Wk(sk, Qk, {ψjk}) for some centered ψjk
(∫

ψjk(x)dν(x) = 0
)
(for

example the functions in (3.32)). For the additive model with intercept (6.11), the updating

rule (3.26) of Sieve-SGD could be replaced by a two-step procedure:

f̂i = f̂i−1 + γi

(
Yi − β̂0

i−1 −
p∑

k=1

f̂i−1,k

(
X(k)
i

)) p∑
k=1

Jik∑
j=1

j−2skψjk

(
X(k)
i

)
ψjk

β̂0
i = β̂0

i−1 + γi

(
Yi − β̂0

i−1 −
p∑

k=1

f̂i−1,k

(
X(k)
i

)) (6.12)

here Jik is the truncation level of the k-th covariate when the sample size is equal to i; and

f̂i−1,k is the estimate of fρ,k. After applying Polyak averaging (averaging β̂0
i +f̂i with previous

estimates), we will get the Sieve-SGD estimate of fρ.

6.3 Proof of Lemma 6.2

In this section, we will prove Lemma 3.6.2, together with results regarding the spectrum of

some related operators that we will use in the proof of Theorem 3.6.1 & 3.6.3. To this end,

we need to prepare our readers by reminding them about some established results and ideas

in the literature. In this section we will

• Define a Reproducing Kernel Hilbert Space (RKHS) formally;

• Define covariance operators characterized by a kernel and discuss related geometric

properties, and;

• Define the entropy of a compact operator and relate it to the eigenvalues of the operator.

After all these, we will be ready to give a proof of Lemma 3.6.2.
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In this section, we need to distinguish continuous functions and their L2-equivalent class

for a more rigorous discussion. For a given measure µ on X ⊂ Rp, we use L2
µ to denote the

Hilbert space of all µ-square integrable functions. The L2
µ spaces should be understand as

the quotient spaces of L2
µ under the equivalence relation:

f = g ⇔
∫
X
(f(τ)− g(τ))2 dµ(τ) = 0. (6.13)

For a function g ∈ L2
µ, we use [g]µ ∈ L2

µ to denote its equivalence class. The mathematical

framework [109] we present in the following subsections allows a rigorous discussion when

the measure µ does not have a full-support over X (which is weaker than our Assumption

A2), or when the RKHS is not dense in L2
µ (e.g. when RKHS is of finite dimension).

6.3.1 Mercer Kernel and RKHS

We first introduce the definition of a Mercer kernel and its corresponding RKHS.

Definition 6.3.1 (Mercer kernel). A symmetric bivariate function k : X ×X → R is positive

semi-definite (PSD) if for any n ≥ 1 and (xi)
n
i=1 ⊂ X , the n × n matrix K whose elements

are Kij = k(xi, xj) is always a PSD matrix.

A continuous, bounded, PSD kernel function k is called a Mercer kernel.

In Assumption A3 of the main text, we assumed {ψj} to be a set of bounded, continuous

functions in L2
ν .

For each J ∈ N+ ∪ {∞} and ω > 0.5, it is known that the bivariate functions

Kω
J (s, t) :=

J∑
j=1

j−2ωψj(s)ψj(t), (6.14)

are Mercer kernels. We use

K = K(s, t) = Ks
∞(s, t)

to denote the canonical (untruncated) kernel in our analysis.

It is well-known that for any Mercer kernels, there is an unique associated Hilbert space

(HK , 〈·, ·〉K) which has the so-called reproducing property. The following theorem formally

defines such a Hilbert space and states its uniqueness.
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Theorem 6.3.2 ([22]). For a Mercer Kernel k : X× X→ R, there exists an unique Hilbert

Space (Hk, 〈·, ·〉k) of functions on X satisfying the following conditions. Let kx : z 7→ k(x, z):

1. For all x ∈ X, kx ∈ Hk.

2. The linear span of {kx | x ∈ X} is dense (w.r.t ‖ · ‖k) in Hk.

3. For all f ∈ Hk, x ∈ X, f(x) = 〈f, kx〉k (reproducing property).

We call this Hilbert space the Reproducing kernel Hilbert space (RKHS) associated with

kernel k.

Note that in the above theorem, we did not mention any measures on X. The RKHS Hk

of a kernel k is defined independently as a Hilbert space (a complete linear space equipped

with an inner product).

The inner product in Theorem 6.3.2 is implicitly defined and appear to be quite abstract.

However, there is an equivalent, more tangible definition of the RKHS. For example, the

RKHS corresponding to the canonical kernel K = Ks
∞ can be characterized as the following

ellipsoid with “infinite-radius”.

Theorem 6.3.3 (p.37,Theorem 4 in [22]). Under the assumptions A2, A3, the Hilbert space

HK of the kernel K is identical (same function class with the same inner product) to the

following Hilbert space HK.

HK =

{
f ∈ L2

ν(X) | f =
∞∑
j=1

ajψj with
∞∑
j=1

(jsaj)
2 <∞

}
(6.15)

Equipped with the inner product:

〈f, g〉K =
∞∑
j=1

j2sajbj (6.16)

for f =
∑

j ajψj, and g =
∑

j bjψj.
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It is direct to check our assumption A3 is the same as assuming the conditional mean fρ
belongs to a ball of radius Q (measure in the ‖ · ‖K-norm) in the above constructed RKHS.

Under assumptions A2 and A3, the functions in HK are all square-integrable.

Therefore the identity mapping (w.r.t. measure µ) idµ is also well-defined on HK :

idµ : HK → L2
µ

g 7→ [g]µ.
(6.17)

6.3.2 Covariance Operators

In Section 6.3.2 and 6.3.3, we engage with the covariance operator of the canonical kernel

K. Once the properties of this operator is clear, we can directly generalize our analysis

techniques to other truncated kernels Kω
J as well. Recall our definitions of TX (covariance

operator) and Tν in the main text:

TX : L2
ρX
→ L2

ρX

g 7→
∫
X
g(τ)K(τ, ·), dρX(τ)

(6.18)

and
Tν : L

2
ν → L2

ν

g 7→
∫
g(τ)K(τ, ·)dν(τ).

(6.19)

Now we state several basic properties of TX . Similar properties also hold for Tν and

can be verified much easier without abstract analysis. For proofs of Lemma 6.3.4 and other

properties not listed, see [109, Section 2 & 3].

Lemma 6.3.4. Under the assumptions A2, A3 in the main text:

• The operator TX is bounded, self-adjoint, and positive.

• There exists a countable set of functions {ϕj} ⊂ HK, j ∈ J and a countable sequence

of positive numbers λj (decreasingly ordered) such that

TX(g) =
∑
j∈J

λj〈g, [ϕj]ρX 〉L2
ρX

[ϕj]ρX , for g ∈ L2
ρX
. (6.20)
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• The {[ϕj]ρX} above is an orthonormal system in L2
ρX

and {
√
λjϕj} is an orthonormal

system in HK. Therefore, (λj, [ϕ]j) is an eigensystem of TX , that is:

TX([ϕj]ρX ) = λj[ϕj]ρX (6.21)

• TX is a trace class operator, i.e.
∑

j∈J λj <∞.

Under the assumptions A2, A3, we can actually say more about ϕj. But the properties

presented in the following lemma are not necessarily true when we discuss truncated kernels

later, so we list them separately.

Lemma 6.3.5 (Theorem 3.1, [109]). Under the same assumptions as in Lemma 6.3.4. Let

(λj, ϕj) denote the eigensystem in Lemma 6.3.4. Then

• The family {[ϕj]ρX} is an orthonormal basis of L2
ρX

.

• The family {
√
λjϕj} is an orthonormal basis of HK.

Now we define several operators related to TX that we will engage with in our analysis

of the spectrum of TX .

Definition 6.3.6. Under the same assumptions as in Lemma 6.3.4, with the same {λj} and

{ϕj}:

• We define the r-th power of TX as:

T rX : L2
ρX
→ L2

ρX

g 7→
∑
j

λrj〈g, [ϕj]ρX 〉L2
ρX

[ϕj]ρX , for g ∈ L2
ρX
.

(6.22)

In this chapter, we are most interested in the square-root of TX , i.e. T 1/2
X .

• Define the operator S1/2
X as:

S
1/2
X : L2

ρX
→ HK

g 7→
∑
j

λ
1/2
j 〈g, [ϕj]ρX 〉L2

ρX
ϕj, for g ∈ L2

ρX

(6.23)
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The operator S1/2
X has a very important geometric property: it preserves distance between

L2
ρX

and HK , as stated in the following lemma.

Lemma 6.3.7 ([109],Theorem 2.11). Under the same assumptions as in Lemma 6.3.4, let

S
1/2
X be the operator defined in (6.23). Then

• S
1/2
X is bijective between span{[ϕj]ρX , j ∈ J } = L2

ρX
and span{ϕj, j ∈ J } = HK;

•
∥∥∥S1/2

X (g)
∥∥∥
K
= ‖g‖L2

ρX
, for g ∈ span{[ϕj]ρX , j ∈ J }.

That is, S1/2
X is an isometric isomorphism between L2

ρX
and HK.

It is direct to check the following lemma by the equivalent definition of the RKHS (The-

orem 6.3.3).

Lemma 6.3.8. Under the assumptions A2, A3 in the main text. Define S1/2
ν similarly for

the operator Tν:
S1/2
ν : L2

ν → HK

g 7→
∑
j

j−s〈g, [ψj]ν〉L2
ν
ψj, for g ∈ L2

ν

(6.24)

Then

• S
1/2
ν is bijective between L2

ν and HK;

•
∥∥∥S1/2

ν (g)
∥∥∥
K
= ‖g‖L2

ν
, for g ∈ L2

ν.

6.3.3 Entropy of an operator and its spectrum

The above Lemma 6.3.7 and Lemma 6.3.8 is one set of the elements we are going to use

in the proof of Lemma 3.6.2. Another important part of our proof is the correspondence

between the spectrum of an operator and its metric entropy. We believe that these results

might help show connections between proof methods regarding nonparametric problems that

use the spectrum of operators [25, 140] and those using metric entropy [128, 120].
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We first define the metric entropy of an operator. There is a correspondence between our

definition and the “standard” definition of metric entropy for compact sets. In the following

we will use BE to denote the unit ball of a function space E.

Definition 6.3.9 (Entropy of an operator). For k ≥ 1 we define the k-th entropy number

of a metric space S to be

ek(S) = inf {ϵ > 0|∃ closed balls D1, . . . , D2k−1 with radius ϵ covering S} (6.25)

If T : E → F is a linear map, then we define the k-th entropy number of T as

ek(T ) = ek (T (BE)) (6.26)

The first result we are going to present gives a bound on the entropy of an operator using

its eigenvalues.

Theorem 6.3.10. Let λ1 ≥ λ2 ≥ . . . ≥ λj ≥ . . . ≥ 0 be a sequence of real numbers, (ξj) be

an element of l2 (space of square-summable sequences). Consider the operator defined by

T : l2 → l2

(ξ1, ξ2, ..., ξj, ...) 7→ (λ1ξ1, λ2ξ2, ..., λjξj, ...)
(6.27)

If λj ≤ Cj−s for some C, s and all j ≥ 1, then for all j ≥ 2

ej(T ) ≤ 12Cssj−s (6.28)

For proof, see Proposition 9 in [22, Appendix A]. The proof there uses Proposition 1.3.2

in [18], which engages with l2 spaces as well. Theorem 6.3.10 is good enough for our purpose

because we can diagonalize the covariance operators of interest (Lemma 6.3.4). For a general

result of the same nature as Proposition 1.3.2, one can use Proposition 3.4.2 combined with

Proposition 4.4.1 in [18].

We also state a result in the other direction: Carl’s inequality, see [17, Theorem 4].
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Theorem 6.3.11. Let E be a Banach space and let T : E → E be a linear compact operator.

Then

|λj(T )| ≤
√
2ej(T ) (6.29)

where λj(T ) is the non-increasing sequence of the eigenvalues of T .

Now we are ready to prove Lemma 3.6.2.

Proof of Lemma 3.6.2. We use BX to denote the unit ball in L2
ρX

and Bν for the unit ball

in L2
ν . The proof of this lemma can be divided into three steps.

Step 1: bound entropy by spectrum. By the definition of the power of an operator,

the eigenvalue of T 1/2
ν is j−s (because the eigenvalue of Tν is j−2s). And the corresponding

eigenfunction is ψj. For any function f ∈ L2
ν , there is a unique sequence (fj)

∞
j=1 ∈ l2 such

that f =
∑∞

j=1 fjψj.

Applying Theorem 6.3.10 to T 1/2
ν , we get that:

ej
(
T 1/2
ν

)
≤ 12ssj−s (6.30)

Step 2: relate the entropy of operators. Now we are going to show the entropy

of T 1/2
X can be bounded by that of T 1/2

ν times a constant. To investigate the entropy of an

operator, we only need to study the entropy of

T
1/2
X (BX) = idρX ◦ S

1/2
X (BX), and

T 1/2
ν (Bν) = idν ◦ S1/2

ν (Bν)
(6.31)

By Lemma 6.3.7 and Lemma 6.3.8, we know S
1/2
X (BX) = S

1/2
ν (Bν) = BHK

. When measuring

the entropy of T 1/2
X (BX) we need to use idρX to map it to L2

ρX
, but for T 1/2

ν (Bν) we need to

use idν to map it to L2
ν .

By the assumption A2 of ρX , for any f ∈ L2
ρX

= L2
ν , we have∫

[f ]2ρX (x)dρX(x) ≤ u

∫
[f ]2ν(x)dν(x) (6.32)
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This means we can use the center of an ϵ-cover of T 1/2
ν (Bν) to construct a

√
uϵ-cover of

T
1/2
X (BX) using the same center points. By the definition of entropy,

ej(T
1/2
X ) ≤

√
uej(T

1/2
ν ) (6.33)

Step 3: bound spectrum by entropy. We use Theorem 6.3.11 to translate the bound

on entropy of the operator to its spectrum. For the eigenvalue λj of TX , we have

λj =
(
λ
1/2
j

)2
≤
(√

2ej(T
1/2
X )

)2
≤
(√

2uej(T
1/2
ν )

)2
≤
(
12ss
√
2uj−s

)2
(6.34)

This concludes our claim that the eigenvalues of TX satisfy λj = O(j−2s).

Similarly, we can show j−2s ≤ Cλj by going in the other direction (using the lower bound

of the density assumed in assumption A2): Suppose λj <
(
12ss
√
2ℓ−1

)−2

j−2s, we can get

the eigenvalues of Tν are strictly less than j−2s, which leads to a contradiction.

We conclude that λj = Θ(j−2s).

6.3.4 Technical Results

In this subsection we will present some results that we will use in the proof of Theorem 3.6.1

and 3.6.3. Since they are related to the spectrum of covariance operators, we present them

here rather than in the technical section of Appendix 6.4.

For a fixed 1 ≤ J ≤ ∞ and ω > 1
2
, we can define a Mercer kernelKω

J (s, t) =
∑J

j=1 j
−2ωψj(s)ψj(t).

According to Theorem 6.3.2, there is a unique corresponding Hilbert space with the reproduc-

ing property. Using Theorem 6.3.3, we can also get the hierarchy relation that HKω
J
⊂ HKω

I

for I ≥ J . We can also define the covariance operators of Kω
J w.r.t. ρX and ν:

T ωX,J : L2
ρX
→ L2

ρX

g 7→
∫
X
g(τ)Kω

J (τ, ·)dρX(τ)
(6.35)

and
T ων,J : L2

ν → L2
ν

g 7→
∫
g(τ)Kω

J (τ, ·)dν(τ).
(6.36)
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Similar to Lemma 6.3.4, we can diagonalize T ωX,J with an eigensystem (λωJ,j, ϕ
ω
J,j) satisfying

T ωX,J
(
ϕωJ,j
)
= λωJ,jϕ

ω
J,j. However, these differ from {ϕj} (the eigenfunctions of TX): {ϕωJ,j} is

a basis of HKω
J
but {[ϕωJ,j]ρX} is not a basis of L2

ρX
. We formally state that in the following

lemma.

Lemma 6.3.12 (Theorem 3.1, [109]). Under the assumptions A2, A3. Let (λωJ,j, ϕωJ,j) denote

the eigensystem of T ωX,J similarly defined as in Lemma 6.3.4. Then

• The family [ϕωJ,j]ρX is an orthonormal system of L2
ρX

.

• The family
√
λωJ,jϕ

ω
J,j is an orthonormal basis of HKω

J
.

Related to Lemma 6.3.12, the mapping
(
SωX,J

)1/2 is not an isomorphism between L2
ρX

and HKω
J
– it has a non-trivial kernel space.

Lemma 6.3.13 ([109],Theorem 2.11). Under the same assumptions as in Lemma 6.3.12,

define
(
SωX,J

)1/2 as(
SωX,J

)1/2
: L2

ρX
→ HKω

J

g 7→
∑
j

(
λωJ,j
)1/2 〈g, [ϕωJ,j]ρX 〉L2

ρX
ϕωJ,j, for g ∈ L2

ρX

(6.37)

Then

•
(
SωX,J

)1/2 is bijective between span{[ϕωJ,j]ρX , j ∈ J } ⊂ L2
ρX

and span{ϕωJ,j, j ∈ J } =

HKω
J

and,

•
∥∥∥(SωX,J)1/2 (g)∥∥∥

Kω
J

= ‖g‖L2
ρX

, for g ∈ span{[ϕωJ,j]ρX , j ∈ J }.

Now we state and prove the main result of this section:

Lemma 6.3.14. Let 1 ≤ J ≤ ∞, ω > 1
2
, assume A2 and A3 in the main text. We use

(λωJ,j, ϕ
ω
J,j) to denote the eigensystem of T ωX,J (similarly defined as in Lemma 6.3.4). Then

C1(ℓ)j
−2ω ≤ λωJ,j ≤ C2(u)j

−2ω, for 1 ≤ j ≤ J, (6.38)

where C1, C2 are real numbers that only depend on u and ℓ.
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Note: The constants that show up in (6.38) do not depend on the truncation level J .

Therefore, for a given set of ω, ℓ, u, we can treat the result in Lemma 6.3.14 as a uniform

bound.

Proof. The proof resembles that of Lemma 3.6.2. To investigate the eigenvalues of
(
T ωX,J

)1/2,
we just need to compare the entropy of

(
T ωX,J

)1/2
(BX) and

(
T ων,J

)1/2
(Bν). Since we know

the
(
T ωX,J

)1/2 operators can be further decomposed as
(
T ωX,J

)1/2
= idρX ◦

(
T ωX,J

)1/2 (similarly,(
T ων,J

)1/2
= idν ◦

(
T ων,J

)1/2). We need to first compare
(
SωX,J

)1/2
(BX) and

(
Sων,J

)1/2
(Bν). We

know that (
SωX,J

)1/2
(BX)

(1)
= unit ball in HKω

J
=
(
Sων,J

)1/2
(Bν) (6.39)

In (1) we used the distribution assumption A2, which ensures {ϕωJ,j} is a basis of HKω
J

(Lemma 6.3.13). For this step, we also note that for any f ∈ BX , we can decompose it as

f = g+ g⊥ where g ∈ span{[ϕωJ,j]ρX , j ∈ J } and g⊥ ⊥ span{[ϕωJ,j]ρX , j ∈ J }. When applying(
T ωX,J

)1/2 to f , it is mapped to
(
T ωX,J

)1/2
(g) since

(
T ωX,J

)1/2
(g⊥) = 0.

After embedding the unit ball in HKω
J
back to the L2 spaces, we know an ϵ-covering

of
(
T ων,J

)1/2
(Bν) can induce a

√
uϵ-covering of

(
T ωX,J

)1/2
(BX), which gives the above upper

bound by similar argument as in the proof of Lemma 3.6.2 (presented in Section 6.3.3). It

is also similar to show the lower bound in (6.38), noting that the feature distribution is

assumed in A2 to have a strictly positive density.

6.4 Proof of Theorem 6.1

In this section we are going to prove the main performance guarantees, result Theorem 3.6.1.

In our proof, we first split the error into two parts: one part is noiseless and depends only

on the the initial bias, the other is due to the noise in our data. We will bound each term

separately and choose the learning rate γn to balance the trade-off. The last part of this

section will give some technical lemmas that will be referred to in the proofs of Theorem 3.6.1.

Some of the proof techniques are taken from [6] and [25].
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6.4.1 Notation

In this section, the RKHSs we are considering are those associated with kernels Ks
Jn
(s, t) =∑Jn

j=1 j
−2sψj(s)ψj(t). They can be treated as subspaces of the RKHS associated with kernel

K = Ks
∞. We use ‖ · ‖K and 〈·, ·〉K to denote the RKHS-norm and RKHS-inner product

of this larger space (and the subspaces are equipped with the same inner product), which

has an explicit form stated in Theorem 6.3.3. For any elements g, h ∈ HK , we define the

operator g ⊗ h as a mapping from HK to HK such that (g ⊗ h)f = 〈f, h〉K g.

We also use KXn,Jn to denote the function of kernel evaluated at the feature vector Xn:

KXn,Jn(·) = Ks
Jn
(Xn, ·), omitting the parameter s since it is fixed in this section. As we will

show in Lemma 6.4.1, the quantity ‖KXn,Jn‖2K is bounded (and this bound only depends on

s). We use R2 to denote the smallest bound for ‖KXn,Jn‖2K . And any γn in this section is

assumed to satisfy: γ0R2 < 1/2 and γn = γ0n
− 1

2s+1 .

We consider a filtration of σ-algebras {Fn}, where Fn is the σ-algebra generated by

(Xi, Yi)
n
i=1.

The sign ≼ denotes the order between self-adjoint operators over the RKHS. That is, for

self-adjoint operators A,B : E → HK , A ≼ B means 〈f, (B − A)f〉K ≥ 0 for any f ∈ HK .

Intuitively we can think of B − A as a positive semi-definite matrix in a finite-dimensional

space. The expectation of random function/operator should be understood as the Bochner

integral, a generalization of the Lebesgue integral where the random element takes value

in a Banach space, see [80, 21] or Chapter 4 of [10]. The ζ(s) function that shows up in

this section is the Riemann-zeta function ζ(s) :=
∑∞

k=1 k
−s. We use it for simplifying the

notation — it’s neat that it shows up, but we do not need any of the exciting (and difficult

to show) properties that number theorists/combinatorists are concerned with.
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6.4.2 Separation of the error

In our theoretical analysis of the generalization error, rather than study how f̄n converge to

fρ, we can equivalently study how the difference shrinks to zero instead. We define

∆i = f̂i − fρ

∆̄i =
1

i

i∑
j=1

∆j = f̄i − fρ
(6.40)

for i = 1, 2, ..., n. We can relate the ‖ · ‖2-norm (the natural norm shows up in the regression

problem) and the ‖ · ‖K-norm (which facilitates our theoretical analysis) using T 1/2
X . We will

be repeatedly using the following equivalence in our proof:

‖g‖22 =
∥∥∥T 1/2

X g
∥∥∥2
K
= 〈g, TXg〉K for g ∈ HK (6.41)

Similarly,

‖g‖22 =
∥∥∥T 1/2

X,Ji
g
∥∥∥2
K
= 〈g, TX,Jig〉K for g ∈ HK ∩ span{ψ1, ..., ψJi} (6.42)

And we have a recursive relationship for ∆i based on the recursive relationship for f̂i:

f̂i = f̂i−1 − γi(Yi − f̂i−1(Xi))KXi,Ji

⇒ f̂i = (I − γiTXi,Ji) f̂i−1 + γiYiKXi,Ji

⇒ f̂i − fρ = (I − γiTXi,Ji)
(
f̂i−1 − fρ

)
+ γiΞi

(6.43)

where
TXi,Ji(f) = f(Xi)KXi,Ji

Ξn = (Yi − fρ (Xi))KXi,Ji

(6.44)

Thus, we have a recursive formula for ∆i:

∆0 = −fρ

∆i = (I − γiTXi,Ji)∆i−1 + γiΞi

(6.45)

We further decompose ∆i into two parts ∆i = ηi + ϑi. The sequence ηi is defined as

η0 = −fρ

ηi = (I − γiTXi,Ji) ηi−1

(6.46)
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It is the part of∆i due to an initial value not equal to fρ. We note that it does not contain the

noise term Ξi, so the only randomness comes from features Xi. The pure noise component

ϑi is defined as:
ϑ0 = 0

ϑi = (I − γiTXi,Ji)ϑi−1 + γiΞi

(6.47)

We can directly show that ∆̄i = η̄i + ϑ̄i. By Minkowski’s inequality:(
E
[∥∥∆̄i

∥∥2
2

])1/2
≤
(
E
[
‖η̄i‖22

])1/2
+
(
E
[∥∥ϑ̄i∥∥22])1/2 (6.48)

Our job now is just to bound the two terms separately and then choose the correct γi, Ji to

minimize the combined bound.

6.4.3 Bound on initial condition sub-process

In this section, we will engage with bounding ηn, which is the part of error due to the

imperfect initialization.

proof of bound on initial value. By definition,

ηi = ηi−1 − γiηi−1(Xi)KXi,Ji (6.49)

We square both sides w.r.t. the RKHS inner product

‖ηi‖2K = ‖ηi−1‖2K − 2γiηi−1(Xi)〈ηi−1, KXi,Ji〉K + γ2i η
2
i−1(Xi) ‖KXi,Ji‖

2
K (6.50)

We take the expectation on both sides: conditioned on Fi−1 first, then unconditionally.

E‖ηi‖2K =E‖ηi−1‖2K − 2γiE [ηi−1(Xi)〈ηi−1, KXi,Ji〉K ]

+ γ2iE
[
η2i−1(Xi) ‖KXi,Ji‖

2
K

]
(1)

≤E‖ηi−1‖2K − 2γiE [ηi−1(Xi)〈ηi−1, KXi,Ji〉K ] + γiE‖ηi−1‖22

(6.51)

in (1) we use the fact that for any n, γi ‖KXi,Ji‖
2
K ≤ γ0R

2 < 1. This is actually how we

choose our (γi). If the KXi,Ji in the middle term above is actually KXi
, then the whole
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middle term will become just E‖ηi−1‖22, which makes the following algebra easier. However,

since we do not use exactly KXi
but truncate at level Ji: Extra care is required to deal with

this.

E‖ηi‖2K ≤ E‖ηi−1‖2K − 2γiE [ηi−1(Xi)〈ηi−1, KXi
+KXi,Ji −KXi

〉K ] + γiE‖ηi−1‖22

= E‖ηi−1‖2K − γiE‖ηi−1‖22 + 2γiE [ηi−1(Xi)〈ηi−1, KXi
−KXi,Ji〉K ]

(1)

≤ E‖ηi−1‖2K − γiE‖ηi−1‖22 +
1

2
γiE‖ηi−1‖22 + 2γiE

[
〈ηi−1, KXi

−KXi,Ji〉2K
] (6.52)

In (1) we use Young’s inequality. Now we bound the last term:

E
[
〈ηi−1, KXi

−KXi,Ji〉2K
]
= E

[
〈ηi−1,

∞∑
j=Ji+1

j−2sψj(Xi)ψj〉2K

]

= E

( ∞∑
j=Ji+1

ηi−1,jψj(Xi)

)2
 where ηi−1,j = 〈ηi−1, ψj〉L2

ν

≤ uE

∫
X

(
∞∑

j=Ji+1

ηi−1,jψj(x)

)2

dν(x)


≤ uJ−2s

i E

[
∞∑

j=Ji+1

(jsηi−1,j)
2

]
≤ uJ−2s

i E‖ηi−1‖2K

(6.53)

Continuing from (6.52):

E‖ηi‖2K ≤ E‖ηi−1‖2K −
1

2
γiE‖ηi−1‖22 + 2uγiJ

−2s
i E‖ηi−1‖2K (6.54)

Now for each i we have such a recursive relationship for ‖ηi‖2K , ‖ηi−1‖2K and ‖ηi−1‖22. We can
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sum this from i = 1 to n.

E‖ηn‖2K ≤ E‖η0‖2K −
1

2

n∑
i=1

γiE‖ηi−1‖22 + 2u
n∑
i=1

γiJ
−2s
i E‖ηi−1‖2K

⇒ 1

2

n∑
i=1

γiE‖ηi−1‖22 ≤ ‖η0‖2K + 2u
n∑
i=1

γiJ
−2s
i E‖ηi−1‖2K

⇒ γn
n

n∑
i=1

E‖ηi−1‖22 ≤ 2‖η0‖2K/n+ 4u
n∑
i=1

γiJ
−2s
i E‖ηi−1‖2K/n

(1)⇒ E

∥∥∥∥∥ 1n
n∑
i=1

ηi−1

∥∥∥∥∥
2

2

≤ 2‖fρ‖2K
nγn

+
4u
∑n

i=1 γiJ
−2s
i E‖ηi−1‖2K
nγn

⇒
(
E[‖η̄n‖22]

)1/2 ≤ (2‖fρ‖2K + 4u
∑n

i=1 γiJ
−2s
i E‖ηi−1‖2K

nγn

)1/2

(6.55)

Under assumptions A1-A3, we use Lemma 6.4.2 to show that for Ji ≥ iα log2 i ∨ 1 for some

α ≥ 1
2s+1

, then the series
∑n

i=1 γiJ
−2s
i E‖ηi−1‖2K is convergent and uniformly bounded, that

is, it can be bounded by a constant that does not depend on n. Recall that we chose

γn = γ0n
− 1

2s+1 , so we conclude (
E[‖η̄n‖22]

)1/2
= O

(
n− s

2s+1

)
(6.56)

6.4.4 Bound on noise sub-process

In this section we bound the part of error that is due to the noise in the stochastic gradient.

We remind the reader of the definition of our noise sub-process:

ϑ0 = 0

ϑi = (I − γiTXi,Ji)ϑi−1 + γiΞi

(6.57)

where Ξi = (Yi − fρ (Xi))KXi,Ji (we also remind our reader KXi,Ji is the ”truncated kernel”

at level Ji). Also, we recall the definition of TX,Ji and TXi,Ji :

TX,Ji(f) =

∫
X
〈f,Kx,Ji〉KKx,JidρX(x) population operator

TXi,Ji(f) = 〈f,KXi,Ji〉KKXi,Ji random operator
(6.58)
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proof of bound on noise. We need to define several sequences that are related to ϑi for our

technical analysis. The first sequence is:

η00 = 0

η0i = (I − γiTX,Ji)η0i−1 + γiΞ
0
i

(6.59)

where Ξ0
i = Ξi = (Yi − fρ (Xi))KXi,Ji .We also define additional sequences, ηri , for each

integer r ≥ 1, by
ηr0 = 0

ηri = (I − γiTX,Ji)ηri−1 + γiΞ
r
i

(6.60)

where Ξri = (TX,Ji − TXi,Ji) η
r−1
i−1 . These sequences are easier to analyze than ϑi because the

operator in the recursive relationship (I − γiTX,Ji) is a deterministic (population) operator.

In contrast the operator in the original ϑi is random. We show in Lemma 6.4.3 that as r

increases, the amplitudes of “noise” Ξri get smaller. Additionally, using the fact that all the

sequences ηri start with ηr0 = 0, we can show that ηri becomes more concentrated about 0 for

larger r.

We split the noise process ϑi into two parts:

ϑi =

(
ϑi −

r∑
k=0

ηki

)
+

r∑
k=0

ηki . (6.61)

So its average (over the iteration trajectory) satisfies

ϑ̄i =

(
ϑ̄i −

r∑
k=0

η̄ki

)
+

r∑
k=0

η̄ki . (6.62)

Here η̄ki is also an averaged sequence of ηki (i.e. η̄ki = 1
i

∑i
j=1 η

k
j ).

Applying Minkowski’s inequality gives us

(
E‖ϑ̄n‖22

)1/2 ≤ r∑
k=0

(
E‖η̄kn‖22

)1/2
+

(
E‖ϑ̄n −

r∑
k=0

η̄kn‖22

)1/2

. (6.63)

Now we define

αrn = ϑn −
r∑

k=0

ηkn (6.64)
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We will show (Lemma 6.4.7) that for r ≥ n, we have αrn = ηrn = 0. We can see the second

term in (6.63) is exactly zero when we choose r ≥ n, that is:

ϑ̄n −
r∑

k=0

η̄kn =
1

n

n∑
i=1

(
ϑn −

r∑
k=0

ηkn

)
=

1

n

n∑
i=1

αrn = 0 (6.65)

Now our task is just bounding the first term
∑r

k=0(E‖η̄kn‖22)1/2, we analyze the summation

term by term. In Lemma 6.4.4, we show that:

E
[∥∥η̄kn∥∥22] = O

(
γk0R

2kC2
ϵ n

− 2s
2s+1

)
. (6.66)

To get this result, we first show in Lemma 6.4.3 that the Ξkj variables are centered and

satisfy some moment bounds. With these properties in hand, we prove the above result in

Lemma 6.4.4, with the help of some technical results (Lemma 6.4.5 and 6.4.6).

Following (6.66), we have
r∑

k=0

(
E‖η̄kn‖22

)1/2 ≤ r∑
k=0

C(γ0R
2)k/2Cϵn

− s
2s+1

≤ CCϵn
− s

2s+1

∞∑
k=0

(γ0R
2)k/2

= CCϵn
− s

2s+1
1

1−
√
γ0R2

= O
(
n− s

2s+1

)
(6.67)

we note that γ0R2 < 1, which allows us to sum up the geometric series.

Combining the results in (6.67) with αrn = 0 for r ≥ n, we can conclude from (6.63) that,

for r ≥ n: (
E
[∥∥ϑ̄n∥∥22])1/2 ≤ r∑

k=0

(
E‖η̄kn‖22

)1/2
+ 0 = O

(
n− s

2s+1

)
(6.68)

6.4.5 Combining the bounds

Plugging the final bounds (6.56) and (6.68) back into (6.48), we have the desired result:

E
[∥∥f̄n − fρ∥∥22] = O

(
n− 2s

2s+1

)
(6.69)
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6.4.6 Technical Results

Lemma 6.4.1. There exists R <∞, such that:

‖KXn,Jn‖
2
K ≤ R2 (6.70)

for any Jn ≥ 1, Xn ∈ X .

Proof. By the definition of ‖ · ‖K we have:

‖KXn,Jn‖
2
K =

∥∥∥∥∥
Jn∑
j=1

j−2sψj(Xn)ψj

∥∥∥∥∥
2

K

=
Jn∑
j=1

j−4sψ2
j (Xn)

j−2s

≤M2ζ(2s) =: R2

(6.71)

where ζ(·) is the Riemann-zeta function.

We use R2 rather than R, in the bounds in this lemma because it simplifies calculation

where this lemma is applied

Lemma 6.4.2. Under A1-A3, and if we choose Ji ≥ iα log2 i ∨ 1 for some α ≥ 1
2s+1

,

γi = γ0i
− 1

2s+1 , then there exists a number C that does not depend on n such that
n∑
i=1

γiJ
−2s
i E‖ηi−1‖2K ≤ C (6.72)

for all n.

Proof. We first show the expectation of ‖ηn‖2K can be uniformly bounded for Jn that increases

fast enough. Recall we have the following recursive relationship (6.54):

E‖ηn‖2K ≤ E‖ηn−1‖2K −
1

2
γnE‖ηn−1‖22 + 2uγnJ

−2s
n E‖ηn−1‖2K

≤ (1 + 2uγnJ
−2s
n )E‖ηn−1‖2K

⇒ E‖ηn‖2K ≤
n∏
i=1

(1 + 2uγiJ
−2s
i )‖η0‖2K

(6.73)
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When we take Ji ≥ iα log2 i ∨ 1, for some α ≥ 1
2s+1

we have γiJ−2s
i ≤ γ0

(
(i log2 i)−1 ∧ 1

)
.

Therefore
∏n

i=1(1 + 2uγiJ
−2s
i ) converges as n→∞:

n∏
i=1

(1 + 2uγiJ
−2s
i ) ≤

n∏
i=1

(1 + C(i log2 i)−1 ∧ 1)

= exp
(
log(

n∏
i=1

(1 + C(i log2 i)−1 ∧ 1)

)

= exp
(

n∑
i=1

log((1 + C(i log2 i)−1 ∧ 1)

)

≤ exp
(

n∑
i=1

C(i log2 i)−1 ∧ 1

)
(6.74)

We note that the series in the exponent of the last line converges. So at this point we know,

E‖ηn‖2K can be uniformly bounded by K‖η0‖K = K‖fρ‖K , with a number K that does not

depend on n. Now it is direct to control the quantity of interest:

n∑
i=1

γiJ
−2s
i E‖ηi−1‖2K ≤ K‖fρ‖

n∑
i=1

γiJ
−2s
i <∞, (6.75)

when Ji ≥ iα log2 i ∨ 1 with α ≥ 1
2s+1

.

Lemma 6.4.3. Assume A1-A4, for any integer r, n ≥ 0 we have:

• Ξrn is Fn measurable and Ξrn ∈ span{ψ1, ..., ψJn},

• E[Ξrn | Fn−1] = 0, and

• E [Ξrn ⊗ Ξrn] ≼ γr0R
2rC2

ϵ TX,Jn.

Here Fn is the σ-algebra generated by (Xi, Yi)
n
i=1.

Note: In the third line in Lemma 6.4.3, because γ0R2 < 1 by our choice of γ0, the upper

bound on E [Ξrn ⊗ Ξrn] is smaller for larger r.
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Proof. We remind our readers that the definitions of Ξrn and ηrn are given around (6.60).

The first claim is direct. We first note that η0n, Ξ0
n are both Fn-measurable and belong to

span{ψ1, ..., ψJn}. Then we can show the corresponding properties of ηrn, Ξrn by induction.

For the second claim, we calculate directly:

E[Ξrn|Fn−1] = E[(TX,Jn − TXn,Jn)η
r−1
n−1|Fn−1]

= E[(TX,Jn − TXn,Jn)|Fn−1]η
r−1
n−1 = 0

(6.76)

Now we show the last claim. We define

Dn
k = (I − γnTX,Jn)(I − γn−1TX,Jn−1) · · · (I − γkTX,Jk). (6.77)

Note that each of the element in Dn
k is self-adjoint, positive but they in general do not

commute. Because TX,Ji is a positive operator, we have I − γiTX,Ji ≼ I for our choice of γi.

We are also going to use the following relationship in the rest of this proof. Recall that we

denote the adjoint of operator A as A∗:

n∑
k=1

Dn
k+1γ

2
kTX,Jk

(
Dn
k+1

)∗ ≼ γ0

n∑
k=1

Dn
k+1γkTX,Jk

(
Dn
k+1

)∗
(1)
= γ0

n∑
k=1

Dn
k+1

(
Dn
k+1

)∗ −Dn
k

(
Dn
k+1

)∗
= γ0

n∑
k=1

(I − γnTX,Jn) · · ·
(
I − γk+1TX,Jk+1

) (
I − γk+1TX,Jk+1

)
· · · (I − γnTX,Jn)

−Dn
k

(
Dn
k+1

)∗
(2)

≼ γ0

n∑
k=1

(I − γnTX,Jn) · · ·
(
I − γk+1TX,Jk+1

)
· · · (I − γnTX,Jn)−Dn

k

(
Dn
k+1

)∗
= γ0

n∑
k=1

Dn
k+1

(
Dn
k+2

)∗ −Dn
k

(
Dn
k+1

)∗
= γ0 (I −Dn

1 (D
n
2 )

∗) ≼ γ0I

(6.78)

In (1) we used Dn
k+1γkTX,Jk = Dn

k+1 −Dn
k . In (2) we used

ABBA∗ = AB1/2BB1/2A∗ ≼ ABA (6.79)



135

for positive, self-adjoint B ≼ I.

Now we give an inductive argument (applying induction on r):

Initialisation:

When r = 0, recall that Ξ0
n = (Yn − fρ(Xn))KXn,Jn . Thus, we have that

〈f, E
[
Ξ0
n ⊗ Ξ0

n

]
(f)〉K = 〈f, E

[
(Yn − fρ(Xn))

2〈KXn,Jn , f〉KKXn,Jn

]
〉K

(1)

≤ 〈f, C2
ϵE [〈KXn,Jn , f〉KKXn,Jn ]〉K

= C2
ϵ 〈f, TX,Jnf〉K

(6.80)

In (1) we used our noise assumption (A4). So we have

E
[
Ξ0
n ⊗ Ξ0

n

]
≼ CϵTX,Jn (6.81)

To perform induction over r, we also need a bound on E [η0n ⊗ η0n] as well. Recall that

η0n =
∑n

k=1 γkD
n
k+1Ξ

0
k as defined in (6.59). Thus we have:

E
[
η0n ⊗ η0n

]
=

n∑
k=1

n∑
j=1

γjγkD
n
j+1E

[
Ξ0
j ⊗ Ξ0

k

] (
Dn
k+1

)∗
(1)
=

n∑
k=1

γ2kD
n
k+1E

[
Ξ0
k ⊗ Ξ0

k

] (
Dn
k+1

)∗
≼ Cϵ

n∑
k=1

Dn
k+1γ

2
kTX,Jk

(
Dn
k+1

)∗
≼ Cϵγ0I

(6.82)

In (1) the interaction terms vanish because the noise variables Ξ0
j ,Ξ

0
k are mean-zero and

independent when j 6= k.

Induction : If we assume for r ≥ 0,

E [Ξrn ⊗ Ξrn] ≼ γr0R
2rCϵTX,Jn (6.83)

and

E [ηrn ⊗ ηrn] ≼ γr+1
0 R2rCϵI (6.84)
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then for r + 1:

E
[
Ξr+1
n ⊗ Ξr+1

n

] (1)
= E

[
(TX,Jn − TXn,Jn) η

r
n−1 ⊗ ηrn−1 (TX,Jn − TXn,Jn)

]
= E

[
(TX,Jn − TXn,Jn)E

[
ηrn−1 ⊗ ηrn−1

]
(TX,Jn − TXn,Jn)

]
≼ γr+1

0 R2rCϵE
[
(TX,Jn − TXn,Jn)

2]
= γr+1

0 R2rCϵ
(
E
[
(TXn,Jn)

2]− T 2
X,Jn

)
(2)

≼ γr+1
0 R2r+2CϵTX,Jn

(6.85)

Here (1) is the definition of Ξr+1
n . For (2), it is sufficient to show E

[
(TXn,Jn)

2] ≼ R2TX,Jn

(T 2
X,Jn

is non-negative). This is true because:

〈f, E
[
(TXn,Jn)

2] f〉K = E[‖TXn,Jn(f)‖2K ] = E[〈f,KXn,Jn〉2K‖KXn,Jn‖2K ] ≤ R2〈f, TX,Jnf〉K
(6.86)

Recall that ηr+1
n =

∑n
k=1D

n
k+1γkΞ

r+1
k , then

E
[
ηr+1
n ⊗ ηr+1

n

]
= E

[
n∑
k=1

γ2kD
n
k+1Ξ

r+1
k ⊗ Ξr+1

k

(
Dn
k+1

)∗]

=
n∑
k=1

γ2kD
n
k+1E[Ξ

r+1
k ⊗ Ξr+1

k ]
(
Dn
k+1

)∗
≼ Cϵγ

r+1
0 R2r

n∑
k=1

Dn
k+1γkTX,Jk

(
Dn
k+1

)∗
≼ Cϵγ

r+2
0 R2r+2I

(6.87)

Lemma 6.4.4. Under assumptions A1-A4, we have

E
[
‖η̄rn‖

2
2

]
= O

(
γr0R

2rC2
ϵ n

− 2s
2s+1

)
(6.88)
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Proof.

n2E
[
‖η̄rn‖

2
2

]
= E

∥∥∥∥∥
n∑
j=1

j∑
k=1

[
j∏

i=k+1

(I − γiTX,Ji)

]
γkΞ

r
k

∥∥∥∥∥
2

2

= E

∥∥∥∥∥
n∑
k=1

n∑
j=k

[
j∏

i=k+1

(I − γiTX,Ji)

]
γkΞ

r
k

∥∥∥∥∥
2

2

=
n∑
k=1

γ2kE

∥∥∥∥∥
n∑
j=k

[
j∏

i=k+1

(I − γiTX,Ji)

]
Ξrk

∥∥∥∥∥
2

2

=
n∑
k=1

γ2kE

〈
n∑
j=k

[
j∏

i=k+1

(I − γiTX,Ji)

]
Ξrk, TX,Jn

n∑
j=k

[
j∏

i=k+1

(I − γiTX,Ji)

]
Ξrk

〉
K

=
n∑
k=1

γ2kE tr (TX,JnMn
k Ξ

r
k ⊗ Ξrk (M

n
k )

∗) where Mn
k =

n∑
j=k

[
j∏

i=k+1

(I − γiTX,Ji)

]

=
n∑
k=1

γ2k

n∑
l=k

n∑
m=k

tr
(
TX,Jn

[
l∏

i=k+1

(I − γiTX,Ji)

]
E[Ξrk ⊗ Ξrk]

[
m∏

i=k+1

(I − γiTX,Ji)

])
(1)

≤
n∑
k=1

γ2k

n∑
l=k

n∑
m=k

∞∑
t=1

(
λn,t

[
l∏

i=k+1

(1− γiλi,t)

]
γr0R

2rC2
ϵ λk,t

[
m∏

i=k+1

(1− γiλi,t)

])
(2)

≤ γr0R
2rC2

ϵ

n∑
k=1

γ2k

Jk∑
t=1

λk,tλn,t

(
n∑
j=k

[
j∏

i=k+1

(1− γiCλk,t)

])2

.

(6.89)

Here we denote the t-th eigenvalue of TX,Jk as λk,t ≥ 0. In (1), we used the trace inequality

tr(A1 ···Am) ≤
∑

t λt(A1)···λt(Am), where λt(A) takes the t-th largest eigenvalue of A (p.342

of [76]). In this step we also used E [Ξrn ⊗ Ξrn] ≼ γr0R
2rC2

ϵ TX,Jn , stated in Lemma 6.4.3. In

step (2) we used the rank of TX,Jk is at most Jk. We also apply the uniform bound on the

eigenvalues stated in Lemma 6.3.14.

We claim we can further extend the inequality as follows, the gap will be bridged as a
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technical lemma in Lemma 6.4.5

(γr0R
2rC2

ϵ )
−1n2E

[
‖η̄rn‖

2
2

]
≤

n∑
k=1

γ2k

Jk∑
t=1

λk,tλn,t

(
(n− k)2 ∧ C

(
λ
−2/(1−ζ)
k,t + λ−2

k,tk
2ζ
))

≤
n∑
k=1

γ2k

Jk∑
t=1

λk,tλn,t

(
(n− k)2 ∧ Cλ−2/(1−ζ)

k,t

)
︸ ︷︷ ︸

S1

+
n∑
k=1

γ2k

Jk∑
t=1

λk,tλn,t
(
(n− k)2 ∧ λ−2

k,tk
2ζ
)

︸ ︷︷ ︸
S2

(1)
= O

(
n2− 2s

2s+1

)
(6.90)

In step (1), we can show that both S1 and S2 are of order O
(
n2− 2s

2s+1

)
. These results are

provided in Lemma 6.4.6, which concludes our proof.

Lemma 6.4.5. Using the same notation as the last line of (6.89). We have
n∑
j=k

[
j∏

i=k+1

(1− γiλk,t)

]
≤ (n− k) ∧ C

(
λ
−1/(1−ζ)
k,t + λ−1

k,tk
ζ
)

(6.91)

where ζ = 1
2s+1

.

Proof. We first bound the inside term:
j∏

i=k+1

(1− γiλk,t) =
j∏

i=k+1

exp (log(1− γiλk,t))

≤ exp
(
−

j∑
i=k+1

(γiλk,t)

)

≤ exp
(
−λk,t

∫ j+1

u=k+1

(
1

uζ
du

)) (
γi = γ0i

−ζ)
≤ exp

(
−λk,t

(j + 1)1−ζ − (k + 1)1−ζ

1− ζ

)
(6.92)

Then we have
n∑
j=k

j∏
i=k+1

(1− γiλk,t) ≤
n∑
j=k

exp
(
−λk,t

(j + 1)1−ζ − (k + 1)1−ζ

1− ζ

)
≤
∫ n

k

exp
(
−λk,t

(u+ 1)1−ζ − (k + 1)1−ζ

1− ζ

)
du

(6.93)
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We provide two upper bounds for this quantity: The first one is simply n − k, because

ζ < 1/2 and n, k, t ≥ 1.

Now we derive the second bound:∫ n

k

exp
(
−λk,t

(u+ 1)1−ζ − (k + 1)1−ζ

1− ζ

)
du =

∫ n+1

k+1

exp
(
−λk,t

u1−ζ − (k + 1)1−ζ

1− ζ

)
du

(6.94)

Now we perform a change of variables, denote ρ = 1− ζ:

vρ = ρ−1λk,t ((u)
ρ − (k + 1)ρ)

v = ρ−1/ρλ
1/ρ
k,t ((u)

ρ − (k + 1)ρ)1/ρ

dv = ρ−1/ρλ
1/ρ
k,t

(
1−

(
k + 1

u

)ρ)1/ρ−1

du

du = ρ1/ρλ
−1/ρ
k,t

(
1−

(
k + 1

u

)ρ)1−1/ρ

dv

= ρ1/ρλ
−1/ρ
k,t

(
1− (k + 1)ρ

vρρλ−1
k,t + (k + 1)ρ

)1−1/ρ

dv

= ρ1/ρλ
−1/ρ
k,t

(
1 +

(k + 1)ρ

vρρλ−1
k,t

)1/ρ−1

dv

(6.95)

Plug this into (6.94):
n∑
j=k

j∏
i=k+1

(1− γiλk,t) ≤
∫ ∞

0

ρ1/ρλ
−1/ρ
k,t

(
1 +

(k + 1)ρ

vρρλ−1
k,t

)1/ρ−1

exp (−vρ) dv

≤ 21/ρ−1ρ1/ρλ
−1/ρ
k,t

∫ ∞

0

(
1 ∨ (k + 1)ρ

vρρλ−1
k,t

)1/ρ−1

exp (−vρ) dv

≤ 21/ρ−1ρ1/ρλ
−1/ρ
k,t

(
I1 ∨ (k + 1)1−ρλ

1/ρ−1
k,t I2

)
= 21/ρ−1ρ1/ρI1λ

−1/ρ
k,t ∨ 21−2ρ+1/ρρ1/ρI2k

1−ρλ−1
k,t

(6.96)

which concludes the lemma.

Lemma 6.4.6. For both S1 and S2 in (6.90), we have

Si = O
(
n2− 2s

2s+1

)
i = 1, 2 (6.97)
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Proof. First we derive the bound for S1, denote ρ = 1− ζ:

S1 =
n∑
k=1

γ2k

Jk∑
t=1

λk,tλn,t

(
(n− k)2 ∧ Cλ−2/ρ

k,t

)
(1)

≤ C

n∑
k=1

γ2k

∞∑
t=1

t−4s
(
(n− k)2 ∧ Ct4s/ρ

)
= C

n∑
k=1

γ2k

(n−k)ρ/2s∑
t=1

t4s(1/ρ−1) + (n− k)2
∞∑

t=(n−k)ρ/2s
t−4s


≤ C

n∑
k=1

γ2k
(
(n− k)2−2ρ+ρ/2s + (n− k)2(n− k)(−4s+1)ρ/2s

)
≤ C

n∑
k=1

γ2k(n− k)3ζ = C
n∑
k=1

k−2ζ(n− k)3ζ

= C
n∑
k=1

(n
k
− 1
)3ζ

kζ = nζ
n∑
k=1

(
1

k/n
− 1

)3ζ (
k

n

)ζ
= Cn1+ζ

(
1

n

n∑
k=1

(
1

k/n
− 1

)3ζ (
k

n

)ζ)

= Cn1+ζ

(
1

n

n∑
k=1

(
1

k/n
− 1

)2ζ (
1− k

n

)ζ)

(6.98)

In (1) we used the bound for λk,t and λn,t proved in Lemma 6.3.14. Next, we use

∫ 1

0

(
1

x
− 1

)2ζ

(1− x)ζdx ≤
∫ 1

0

(
1

x
− 1

)2ζ

dx <∞ (6.99)

So for S1 we conclude

S1 ≤ Cn1+ζ = O(n2− 2s
2s+1 ) (6.100)
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Now we bound S2:

S2 ≤ C

n∑
k=1

γ2k

∞∑
t=1

(
t−4s(n− k)2 ∧ k2ζ

)

≤ C
n∑
k=1

γ2k

(n−k)
1
2s /k

ζ
2s∑

t=1

k2ζ +
∞∑

t=(n−k)
1
2s /k

ζ
2s

t−4s(n− k)2


≤ C

n∑
k=1

γ2k

k2ζ (n−k)
1
2s /k

ζ
2s∑

t=1

1 + (n− k)2
∞∑

t=(n−k)
1
2s /k

ζ
2s

t−4s


≤ C

n∑
k=1

γ2k

k2ζ (n− k) 1
2s

k
ζ
2s

+ (n− k)2
(
(n− k) 1

2s

k
ζ
2s

)1−4s


= C
n∑
k=1

γ2k

(
k2ζ−

ζ
2s (n− k)

1
2s + (n− k)

1
2sk

ζ
2s

(4s−1)
)

= C

n∑
k=1

1

k2ζ
(n− k)

1
2sk

ζ
2s

(4s−1) = C
n∑
k=1

k−
ζ
2s (n− k)

1
2s

= Cn(1−
ζ
2s

+ 1
2s)

(
1

n

n∑
k=1

(
k

n

)− ζ
2s
(
1− k

n

) 1
2s

)
(1)

≤ Cn(1+
1−ζ
2s ) = O

(
n2− 2s

2s+1

)
,

(6.101)

in (1) we use ∫ 1

0

x−ζ/2s(1− x)1/(2s)dx ≤
∫ 1

0

x−ζ/(2s)dx

=

∫ ∞

1

uζ/(2s)−2du <∞
(6.102)

Lemma 6.4.7. Let ηrn be the sequences defined in (6.60), then for any r ≥ n we have

ηrn = 0. (6.103)

As a further consequence, for αrn defined in (6.64), for any r ≥ n, we have

αrn = 0. (6.104)
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Proof. We prove both results by induction (over n). We recall the definition of Ξrk, for

n, r ≥ 1:

Ξrn = (TX,Jn − TXn,Jn)η
r−1
n−1 (6.105)

Let’s first show ηrn = 0 for any r ≥ n.

When n = 0, by definition for any r ≥ 0, ηr0 = 0.

Now assume for k and any r ≥ k we have ηrk = 0, then for any r ≥ k + 1

ηrk+1 = (I − γk+1TX,Jk+1
)ηrk + γk+1Ξ

r
k+1

= 0 + γk+1

(
TX,Jk+1

− TXk+1,Jk+1

)
ηr−1
k

= 0 + 0

(6.106)

This shows that ηrk+1 = 0 for any r ≥ k + 1.

Now we prove the second part. Here we need to use the following recursive relationship

of αrn (proof is postponed later):

αrn = (I − γnTXn,Jn)α
r
n−1 + γnΞ

r+1
n (6.107)

When n = 0, by definition ϑ0 =
∑r

k=0 η
k
0 for any r ≥ 0. Therefore αr0 = 0 for any r ≥ 0.

Then assume for k we have ∀r ≥ k, αrk = 0, then for r ≥ k + 1

αrk+1 =
(
I − γk+1TXk+1,Jk+1

)
αrk + γk+1Ξ

r+1
k+1

= 0 + γk+1

(
TX,Jk+1

− TXk+1,Jk+1

)
ηrk

= 0 + 0

(6.108)
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Now we just need to verify the claimed recursive formula (6.107).

(I − γnTXn,Jn)α
r
n−1 + γnΞ

r+1
n = (I − γnTXn,Jn)α

r
n−1 + γn(TX,Jn − TXn,Jn)η

r
n−1

= (I − γnTXn,Jn)ϑn−1 −
r∑

k=0

(I − γnTXn,Jn)η
k
n−1 + γn(TX,Jn − TXn,Jn)η

r
n−1

= ϑn − γnΞn −
r∑

k=0

(I − γnTXn,Jn + γnTX,Jn − γnTX,Jn)ηkn−1

+ γn(TX,Jn − TXn,Jn)η
r
n−1

= ϑn − γnΞn −
r∑

k=0

(I − γnTX,Jn)ηkn−1 −
r∑

k=0

γnΞ
k+1
n + γnΞ

r+1
n

= ϑn −
r∑

k=0

ηkn = αrn

(6.109)

6.5 Proof of Theorem 6.3

In this section we will show Sieve-SGD achieves a near-optimal convergence rate under the

parameter regime specified in Theorem 3.6.3 in the main text. The proof is similar to that of

Theorem 3.6.1. But in the section, we need to consider the RKHSs associated with kernels

Kω
Jn(s, t) =

Jn∑
j=1

j−2ωψj(s)ψj(t), with Jn = bn
1

2s+1 log2 nc, ω ∈
(
1

2
, s

)
. (6.110)

To clarify, our reader should treat ω as a fixed value and Jn is a deterministic sequence that

increases with n. The aforementioned series of RKHSs are subspaces of the RKHS (denoted

as HKω
∞) spanned by the kernel

Kω
∞(s, t) =

∞∑
j=1

j−2ωψj(s)ψj(t), (6.111)

equipped with the same inner product

〈f, g〉Kω
∞ =

∞∑
j=1

j2ω〈f, ψj〉L2
ν
〈g, ψj〉L2

ν
. (6.112)

Note that, the above inner products no longer have a direct correspondence with our ellipsoid

assumptions.
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6.5.1 Separation of the error

Similar to section 6.4.2, we consider the following stochastic sequences. The first one is the

“total deviation” sequence ∆i:

∆0 = −fρ

∆i =
(
I − γiT ωXi,Ji

)
∆i−1 + γiΞi,

(6.113)

where

T ωXi,Ji
(f) = f (Xi)K

ω
Xi,Ji

= f (Xi)

(
Ji∑
j=1

j−2ωψj(Xi)ψj

)

Ξi = (Yi − fρ (Xi))K
ω
Xi,Ji

= (Yi − fρ (Xi))

(
Ji∑
j=1

j−2ωψj(Xi)ψj

)
.

(6.114)

The average of ∆i is the difference between Sieve-SGD and fρ:

∆̄i =
1

i

i∑
j=1

∆j = f̄i − fρ (6.115)

Similarly, we decompose the ∆i into two parts ∆i = ηi + ϑi, where

η0 = −fρ

ηi =
(
I − γiT ωXi,Ji

)
ηi−1,

(6.116)

and
ϑ0 = 0

ϑi =
(
I − γiT ωXi,Ji

)
ϑi−1 + γiΞi

(6.117)

We give bounds on E
[
‖η̄i‖22

]
and E

[∥∥ϑ̄i∥∥22] separately and combine them to get one for

E
[∥∥∆̄i

∥∥2
2

]
.

6.5.2 Bound on initial condition sub-process.

Proof sketch of bound on initial value. The proof formally resembles section 6.4.3 very closely.

But we will engage with kernels Kω
Xn,Jn

and the RKHS inner products here are different. To
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ensure ‖η0‖2Kω
∞
=
∑∞

j=1

(
jω〈fρ, ψj〉L2

ν

)2 (or in general ‖ηn‖2Kω
∞
) finite, we need ω ≤ s. Define

R2 =M2ζ(2ω), it is also direct to verify that γi‖KXi,Ji‖2Kω
∞
≤ γ0R

2 < 1 by our choice of γn.

The conclusion from this is:

(
E
[
‖η̄n‖22

])1/2
=

E
∥∥∥∥∥ 1n

n∑
i=1

ηi

∥∥∥∥∥
2

2

1/2

= O
(
n− s

2s+1

)
(6.118)

6.5.3 Bound on noise sub-process

The basic structure of proof is similar to the corresponding part of Theorem 3.6.1. But

the details are different: In Lemma 6.4.4, we used the fact that tj = j−2s decreases quickly

enough to control the magnitude of the noise; however, here we will leverage the finiteness

of operators to give a different (and technically slightly simpler) bound, which is unique to

sieve-type SGD.

proof of bound on noise. We still need the following working sequences to facilitate the anal-

ysis:

η00 = 0

η0i =
(
I − γiT ωX,Ji

)
η0i−1 + γiΞ

0
i

(6.119)

where Ξ0
i = Ξi = (Yi − fρ (Xi))K

ω
Xi,Ji

and

T ωX,Ji(f) =

∫
X

〈
f,Kω

x,Ji

〉
Kω

∞
Kω
x,Ji

dρX(x) =

∫
X
f(x)

(
Jn∑
j=1

j−2ωψj(x)ψj

)
dρX(x) (6.120)

For each r > 0, we define

ηr0 = 0

ηri =
(
I − γiT ωX,Ji

)
ηri−1 + γiΞ

r
i

(6.121)

where Ξri =
(
T ωX,Ji − T

ω
Xi,Ji

)
ηr−1
i−1 . Then we have
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(
E
∥∥ϑ̄n∥∥22)1/2 ≤ r∑

k=0

(
E
∥∥η̄kn∥∥22)1/2 +

E ∥∥∥∥∥ϑ̄n −
r∑

k=0

η̄kn

∥∥∥∥∥
2

2

1/2

(1)
=

r∑
k=0

(
E
∥∥η̄kn∥∥22)1/2 + 0, when r ≥ n

(2)

≤
r∑

k=0

C
(
γ0R

2
)k/2

Cϵn
−s/(2s+1) logn, with R2 =M2ζ(2ω)

= O
(
n−s/(2s+1) logn

)
.

(6.122)

In (1) we used Lemma 6.4.7 (after taking another average). Step (2) leveraged the finiteness

of the rank of T ωX,Jn , which is given in Lemma 6.5.1. Our choice of ω > 1
2
ensures that R is

a finite number which does not depend on n.

Lemma 6.5.1. Under assumptions A1-A3, we have

E
[
‖η̄rn‖

2
2

]
= O

(
γr0R

2rC2
ϵ n

−2s/(2s+1) log2 n
)

(6.123)

Proof. Denote ζ = 1
2s+1

, ρ = 1− ζ. According to the proof of Lemma 6.4.4 (equation (6.90)),

we have (now λk,t is the t-th largest eigenvalue of T ωX,Jk):

(γr0R
2rC2

ϵ )
−1n2E

[
‖η̄rn‖

2
2

]
≤

n∑
k=1

γ2k

Jk∑
t=1

λk,tλn,t

(
Cλ

−2/ρ
k,t

)
+ λk,tλn,t

(
λ−2
k,tk

2ζ
)

(1)

≤ C
n∑
k=1

γ2k

Jk∑
t=1

(
t−4ω+4ω/ρ + k2ζ

)
≤ C

n∑
k=1

k−2ζ(Jk)
4ω/ρ−4ω+1 + Jk

(2)

≤ C

n∑
k=1

kζ + kζ log2 k = O
(
n1+ζ log2 n

)
(6.124)

In step (1) we used the result of Lemma 6.3.14. For step (2) we note ω < s.

6.6 Space Expense Analysis

In this section, we are going to formally model how round-off errors appear in the process of

collecting data and constructing the Sieve-SGD estimator. We are also going to characterize
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how to optimally asymptotically increase space expense to ensure that round-off error does

not affect model performance (beyond a multiplicative log term). Under minor simplification,

we will show in Section 6.6.1 that O(log(n)) times more space resources (counted in bits)

is enough to make the influence of round-off error on statistical performance negligible. On

the other hand, in Section 6.6.2 we will give the minimal space expense (also counted in

bits) required for constructing a statistically rate-optimal estimator (using any procedures).

Notably, the optimal space expense of Sieve-SGD only differs from this lower bound by a

polylog term, therefore we claim the space expense of Sieve-SGD is almost optimal.

Notation: the left subscript r· will be used to denote quantities that are directly related

to round-off error.

6.6.1 Sieve-SGD under round-off error

In this subsection we are going to give an analysis of how a O(log3(n)n
1

2s+1 )-sized version

of Sieve-SGD can achieve the optimal rate for estimating fρ, under assumptions A1 - A4

and some extra assumptions (A5,A6) regarding round-off error. We focus on the case when

ω = s (Theorem 3.6.1). Very similar argument can be applied to the case when ω 6= s to

proof Sieve-SGD can achieve near-optimality with the save space expense (Theorem 3.6.3).

We note that the size of the estimators above can be decomposed as

log3(n)n
1

2s+1 = log2(n)n
1

2s+1 · log(n), (6.125)

where the log2(n)n
1

2s+1 term corresponds to the minimal number of basis functions needed

to construct Sieve-SGD as stated in Theorem 3.6.1, and the extra logarithm term is due to

the precision loss when storing a real number as a float point number.

Modern statistical estimation procedures are performed exclusively with the help of dig-

ital computers. Although computers cannot store general real numbers with arbitrary pre-

cision, statisticians usually do not count in such ubiquitous round-off errors when analyzing

statistical procedures due to their tiny magnitude (for an example when it may cause some

troubles, see [115]). However, we need to model and analyze in a finer scale because our
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space expense is calculated in the unit of bit (rather than number of basis function or number

of float point numbers). Let’s be more specific about the round-off error in our estimation

setting:

Recall the Sieve-SGD updating rule:

f̂i = f̂i−1 + γi(Yi − f̂i−1(Xi))KXi,Ji (6.126)

and we denote f̂i =
∑Ji

j=1 β̂ijψj. The above function update can be reduced to a simutanous

update of Ji regression coefficients β̂ij (as stated in Appendix 6.1):

β̂ij = β̂(i−1)j + γi(Yi − f̂i−1(Xi))j
−2sψj(Xi) (6.127)

However, because general real numbers cannot be stored in a computer with infinite precision,

the right-hand-side quantity of the above update rule cannot be evaluated perfectly. What

is calculated and stored in the computer is a round-off version instead:

roundi
(
β̂(i−1)j + γi(Yi − f̂i−1(Xi))j

−2sψj(Xi)
)

(6.128)

Here roundi(z) rounds/truncates the decimal expansion of z after some digit (which we allow

to be a function of i). Thus, there is round-off error between the rounded version and the

exact version, which we denote as

rϵij := β̂(i−1)j + γi(Yi− f̂i−1(Xi))j
−2sψj(Xi)− roundi

(
β̂(i−1)j + γi(Yi − f̂i−1(Xi))j

−2sψj(Xi)
)

(6.129)

The round-off error is due, both, to the inexact storage of data Xi, Yi, and potentially inexact

evaluation of the intermediate quantities such as f̂i−1(Xi), ψj(Xi). Even in the case when all

the above is done without round-off, once we store the coefficients in computer memory, an

inevitable precision loss will be introduced because only a finite length of memory is assigned

to each β̂ij.

In assumption A5 we formalize a sequence of Sieve-SGD estimates contaminated by

round-off errors and specify how small we require the errors to be to maintain statistical

rate-optimality of our estimator:
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A5 (Iteration with round-off error) The recursive relation of Sieve-SGD (3.26) is given

under round-off error. That is

f̂i = f̂i−1 + γi(Yi − f̂i−1(Xi))KXi,Ji︸ ︷︷ ︸
exact value we should have assigned to f̂i

+

Ji∑
j=1

rϵijψj︸ ︷︷ ︸
round-off error (in function form)

(6.130)

Moreover, for each j = 1, ..., Ji, we assume the round-off error sequence (indexed by i) rϵij

is of order o(i−2).

There is an equivalent way to express our assumption: Let f̂i =
∑Ji

j=1 β̂ijψj, we assume

the updating of coefficient β̂ij is under round-off error rϵij, i.e.

β̂ij = β̂(i−1)j + γi(Yi − f̂i−1(Xi))j
−2sψj(Xi) + rϵij (6.131)

where the round-off errors rϵij ∈ R, j = 1, ..., Ji are of order o(i−2).

Note 1: As our readers will see very soon, we propose to assign more digits to store each

β̂ij as more data is collected. This will result in round-off errors that decrease as the sample

size i increases.

Note 2: We assumed the round-off error of updating each coefficient β̂ij is of order

o(i−2). There are many other options that people have to model the size of the round-off

error: Maybe the upper bound (o(i−2)) should not only depend on n, but also depend on j

(for each j, rϵij = o(aij) with some decreasing sequence aij ); Alternatively, we could have

not put assumptions on the difference between the exact value and the rounded one, but

assume their ratio is not too far away from 1. The treatment we present in this study could

be extended: Further discussion of other candidate assumptions is left to future work.

Theorem 6.6.1. Under the same assumptions as Theorem 3.6.1, if we further assume the

round-off error satisfy the assumption A5. Then the Sieve-estimator f̄i = 1
i

∑i
k=1 f̂k, where

f̂k’s are contaminated by the round-off error, is still rate-optimal for estimating fρ.
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Proof. The proof of this theorem is basically the same as that of Theorem 3.6.1. The only

difference now is there is an extra round-off error term in the recursion. Recall in the proof

of Theorem 3.6.1 in Appendix 6.4 we define the difference between our estimates and fρ as

∆i:
∆i = f̂i − fρ

∆̄i = f̄i − fρ
(6.132)

And we have a recursive formula for ∆i under A5:

∆0 = −fρ

∆i = (I − γiTXi,Ji)∆i−1 + γiΞi + rΞi

(6.133)

where
TXi,Ji(f) = f(Xi)KXi,Ji

Ξi = (Yi − fρ (Xi))KXi,Ji

rΞi =

Ji∑
j=1

rϵijψj

(6.134)

Here rΞi represents the influence of the round-off error. All we are going to do is show this

is a higher order error term. Similar to our previous proofs, we further decompose ∆i into

two parts: ∆i = ηi + ϑi:

1. (ηi) is defined as :
η0 = −fρ

ηi = (I − γiTXi,Ji) ηi−1

(6.135)

We note ηi is exactly the same sequence as in Section 6.4.2, which means we already

have the optimal bound on it. We do not need to worry about it in the rest of this

proof.

2. The pure noise part (ϑi) now has the round-off error noise:

ϑ0 = 0

ϑi = (I − γiTXi,Ji)ϑi−1 + γiΞi + rΞi

(6.136)
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To control E[‖ϑ̄i‖22], we introduce ηki for k ≥ 0 as in Section 6.4.4, that is

η00 = 0

η0i = (I − γiTX,Ji)η0i−1 + γiΞ
0
i

(6.137)

where Ξ0
i := Ξi = (Yi − fρ (Xi))KXi,Ji . And for each integer k > 0:

ηk0 = 0

ηki = (I − γiTX,Ji)ηki−1 + γiΞ
k
i

(6.138)

where Ξki = (TX,Ji − TXi,Ji) η
k−1
i−1 . And now we need define another sequence to count in the

round-off error:

rη
0
0 = 0

rη
0
i = (I − γiTX,Ji)

(
rη

0
i−1

)
+ γiΞ

0
i + rΞi

(6.139)

Similar to Lemma 6.4.7, we can verify that

ϑn = rη
0
n +

m∑
k=1

ηkn, for m ≥ n (6.140)

Then we use the triangular inequality:

(
E‖ϑ̄n‖22

)1/2 ≤ (E‖rη̄0n‖22)1/2 + m∑
k=1

(
E‖η̄kn‖22

)1/2
+

(
E‖η̄n − rη̄

0
n −

m∑
k=1

η̄kn‖22

)1/2

(1)

≤ o(n− s
2s+1 ) +

m∑
k=0

(
E‖η̄kn‖22

)1/2
+ 0 for m ≥ n

≤ O(n− s
2s+1 )

(6.141)
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Here is a more detailed calculation of step (1)

E
[∥∥

rη̄
0
n

∥∥2
2

]
= E

[〈
rη̄

0
n, TX,Jnrη̄

0
n

〉
K

]
= E

[∥∥∥T 1/2
X,Jnr

η̄0n

∥∥∥2
K

]

=
1

n2
E

∥∥∥∥∥T 1/2
X,Jn

n∑
i=1

i∑
j=1

[
i∏

l=j+1

(I − γlTX,Jl)

] (
γjΞ

0
j + rΞj

)∥∥∥∥∥
2

K


≤ E

[∥∥η̄0n∥∥22]+ 1

n2
E

∥∥∥∥∥
n∑
i=1

i∑
j=1

rΞj

∥∥∥∥∥
2

K


≤ E

[∥∥η̄0n∥∥22]+ n
n∑
i=1

‖rΞi‖2K

≤ E
[∥∥η̄0n∥∥22]+ n

n∑
i=1

rϵ
2
i · i

(6.142)

When rϵ
2
i = o(i−4), second round-off error term will become higher order, and we have the

desired optimal rate.

Now we specify how we model the decrease of the round-off errors as we use a longer

binary sequence to store β̂nj

A6 An (α + 1) log(i)-long binary sequence is needed for each of the coefficient β̂ij (6.131)

to ensure the round-off errors rϵij to be of order o(i−α).

We state this as an assumption, rather than a result because our theoretical roundoff error

model allows for potential error to be introduced at multiple places in our update. In the

case that everything is calculated exactly, and the only error comes from a final truncation,

then it is straightforward to show that A6 holds.

We now give some intuition for the assumption. If we have a (α + 1) log(i)-long binary

sequence in hand, we can use it to specify 2(α+1) log(i) ∼ iα+1 numbers. Therefore, for any

number a that belongs to a bounded interval [−M,M ], we can 1) specify an equally-spaced

grid using this binary sequence (there are ∼ iα+1 grid points); and 2) there must exist a grid

point that can approximate any number with an error less than ∼ Mi−(α+1). This is the



153

basic intuition that how a α log(i) length binary sequence should in general give us an i−α

accuracy.

Our assumption A6 does not perfectly match with how float point numbers are used

in modern computer. The protocol of IEEE 754 standard of float point representation is

significantly more complicated and technical [85] than the simplification we present in A6.

However, our assumption still captures the main relationship between binary sequence length

and round-off error in the sense that every one more digit will give us a doubled accuracy to

represent a real number.

Now we state our main result of this section, which can be best understood when com-

pared with Theorem 3.6.5.

Corollary 6.6.2. Under assumptions A1-A6, there is a O(log3(n)n
1

2s+1 )-sized version of

Sieve-SGD that can achieve the minimax optimal statistical convergence rate.

Proof. We managed to show in Theorem 6.6.1 that when the round-off error rϵnj is of size

o(n−2), Sieve-SGD can still achieve the optimal convergence rate. Under A6, it means we

need a 3 log(n)-length binary sequence to specify the coefficients β̂nj. Because there are

Jn = O(log2(n)n
1

2s+1 ) coefficients used when sample size is n (Theorem 3.6.1), we conclude

a O(log3(n)n
1

2s+1 )-sized version Sieve-SGD can achieve the minimax bound.

6.6.2 Proof of Theorem 6.5 and Discussion

In this section we will show there is no bn-size estimator with bn = o(n
1

2s+1 ) that can achieve

the minimax rate when estimating fρ ∈ W (s,Q, {ψj}). We first recall the metric entropy of

a Sobolev ellipsoid satisfies (see [128, Chapter 5]):

logN (δ;W (s), ‖ · ‖2) �
(
1

δ

)1/s

for all suitably small δ > 0 (6.143)

We introduce the notation of δ-net of a decoder Dn : {0, 1}bn → F (under ‖ · ‖2-norm)

net(δ, bn;Dn,F) =
{
f ∈ F | ∃sn ∈ {0, 1}bn , such that ‖f −Dn(sn)‖2 ≤ δ

}
(6.144)

We use the notation net(δ, bn) when it is clear what Dn,F we are refering to.
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Proof of Theorem 3.6.5. Let Mn be any bn-sized estimator with bn = o
(
n

1
2s+1

)
. We denote

its decoder function as Dn. We also choose a sequence cn such that bn = o(cn), cn = o(n
1

2s+1 ).

Now, we plug δ = c−sn into (6.143)

log2N (c−sn ;W (s), ‖ · ‖2) � cn (6.145)

Because there are at most 2bn elements in Dn({0, 1}bn) (Dn is a known function), we also

note

2bn ≤ C2cn (6.146)

for some constant C. So we know Dn({0, 1}bn) cannot be a c−sn -cover of W (s) for large

enough n. In other words, for large n,

W (s)\ net(c−sn , bn) (6.147)

is not an empty set.

Then we know

sup
fρ∈W (s)

E[‖Mn((Xi, Yi)
n
i=1)− fρ‖22] = sup

fρ∈W (s)

E[‖Dn(sn)− fρ‖22] where sn = En((Xi, Yi)
n
i=1)

≥ sup
fρ∈W (s)\ net(c−s

n ,bn)

E[‖Dn(sn)− fρ‖22]

≥ sup
fρ∈W (s)\ net(c−s

n ,bn)

inf
sn∈{0,1}bn

‖Dn(sn)− fρ‖22

≥ c−sn
(6.148)

Because this is true for any bn-sized estimator Mn, we have

inf
Mn

sup
fρ∈W (s)

E[csn‖Mn((Xi, Yi)
n
i=1)− fρ‖22] ≥ 1

⇒ inf
Mn

sup
fρ∈W (s)

E[n
2s

2s+1‖Mn((Xi, Yi)
n
i=1)− fρ‖22] ≥ n

2s
2s+1 c−sn

⇒ lim
n→∞

inf
Mn

sup
fρ∈W (s)

E[n
2s

2s+1‖Mn((Xi, Yi)
n
i=1)− fρ‖22]→∞

(6.149)
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where the last line follows from the definition of cn.

Now we give a little bit of discussion on applying the above argument in parametric

learning problem. Suppose we have a very simple model

Y = θX + ϵ (6.150)

where X ∈ [0, 1], θ ∈ [0, 1], ϵ is uniformly-bounded, centered noise. Using the above argu-

ment, we can show that for any bn-sized estimator Mn with bn = o(logn), we have

lim
n→∞

inf
Mn

sup
θ∈[0,1]

E
[
n‖Mn((Xi, Yi)

n
i=1)− θ‖22

]
=∞ (6.151)

This seems to suggest that for any estimator that uses a constant amount of memory, we

cannot get a rate-optimal estimator of θ. This feels counter-intuitive because θ̂n is just a

number. However we need to emphasize that in our formalization, the memory usage is

counted in the unit of bit, i.e. one bit is O(1). In practice we usually give the estimator

substantial available memory (> 64 bits) and do not require extreme estimation accuracy.

Thus our theory does not contradict the common belief that “parametric problem can be

solved within O(1)memory”, because normally the unit of counting memory is a single stored

real-number, rather than a single bit.

Note: Instead of the covering number of W (s), the above result needs the following

metric entropy result of the interval [0, 1] (see Prop.4.2.12 in [125])

logN (δ; [0, 1], ‖ · ‖2) � log
(
1

δ

)
(6.152)

6.7 Constant Learning Rate γn = γ0

Although in Theorem 3.6.1 and Theorem 3.6.3 we require the learning rate to decrease slowly

(γn = Θ(n− 1
2s+1 )) in order to achieve (near) optimal statistical guarantee, it is also of interest

to see how the algorithm performs under other choices of learning rates. In this section we

present a numerical example where the learning rate is set to be a constant γ0 throughout

the learning progress.
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In Figure 6.2, we present the generalization ability of the estimator. The simulation

setting is identical to that of Example 1 presented in the main text and we use the same

training/testing data and identical processing ordering. The only difference is for Sieve-SGD

we change the learning rate γn to be γn = γ0 = 0.5.

The results using a constant learning rate is very similar to the those presented in Fig-

ure 3.1 (although numerically they are not identical). This means in this specific example

we observe some adaptivity of the proposed algorithm w.r.t. the learning rate γn. However,

it is not completely clear to us if such an adaptivity is a genuine property of Sieve SGD or

it is a finite sample phenomenon.

 Sieve−SGD, ω = 0.51 Sieve−SGD, ω = 2 Kernel SGD KRR

−8

−6

−4

−2

1 2 3 4 5
log10(n)

lo
g 1

0(
||f

n−
f ρ

|| 22 )

A

−8

−6

−4

−2

1 2 3 4 5
log10(n)

lo
g 1

0(
||f

n−
f ρ

|| 22 )

B

Figure 6.2: Simulation results with constant learning rate γn = 0.5. log10 ‖f̄n − fρ‖22 against

log10 n. The Black line has slope = −4/5, which represents the optimal-rate. Each curve

is calculated as the average of 100 repetitions. (A) X is uniformly distributed over [0, 1].

In this setting, SNR ∼ 3. (B) X has a distribution in which ψj are not orthonormal. We

present the results with very large noise, SNR∼ 0.03. Due to different computational costs,

we chose different maximum n for different methods.
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Chapter 7

SUPPLEMENTARY MATERIALS FOR CHAPTER 4

7.1 More Numerical Examples and Method Implementation Discussion

7.1.1 Supplementary Numerical Results

In the main text, we present selected results from our simulation study. In this section we will

provide more details together with another data generation setting that only has interaction

terms.

In the simulation study, we have been using the oracle hyperparameters for each method

under comparison, that is, those parameters that lead to minimal testing error. In Table 7.1

we present the hyper-parameters that are tuned for each method.

Table 7.1: Hyperparameters for each method

Method Hyper-parameter

l1-penalized sieve estimator (P-sieve) number of basis functions, penalty parameter

gradient boosting machine (GBM) number of iteration, tree depth

Gaussian kernel ridge regression bandwidth, penalty parameter

least-square sieve estimator (LS-sieve) number of basis functions

random forest (RF) number of features randomly sampled, tree depth

highly adaptive lasso (HAL) penalty parameter

sparse additive model (SpAdd) number of basis functions, penalty parameter

In Figure 7.1 and 7.2, we present the simulation results under the same setting as in the
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main text. The performance is evaluated using multiple metrics as in Figure 4.2 and 4.3.

We also present the simulation results from another data generating mechanism that does

not have an additive component (results are in Figure 7.3 and 7.4). The data generating

mechanism is defined as:

f 0
interaction =

D−1∑
k=1

Leg(2(xk − 0.5), 2) · Leg(2(xk+1 − 0.5), 3) (7.1)

where the Leg(x, j) function is the j-th Legendre polynomial

Leg(x, 2) = x, Leg(x, 3) = (3x2 − 1)/2 (7.2)

This conditional mean has no main effects, meaning that

E[f 0
interaction(x) | xk] = 0

for any 1 ≤ k ≤ d. We can verify this by direct calculation (recall that x ∼ Uniform([0, 1]d)).

Although f 0
interaction is a simple polynomial with nice smoothness properties, the lack of main

effects (or additive components) messes up the performance of many methods. The almost

zero testing R2 of additive models demonstrates that in this setting they are no better than

taking an unconditional mean of the outcome. Tree-based methods (gradient boosting and

random forest) have more difficulties in this setting, especially when compared with their

outstanding performance when the main effect components do exist. Tree-based methods

cannot readily decide at which point to divide the feature space. For any binary cut only

engaged with one feature, the mean of the outcome on one side of the division would be very

similar to that of the other side under this specific setting.

7.1.2 Generating the Design Matrices

In this section we present more details on efficiently constructing the design matrix for mul-

tivariate sieve estimators. In the main text, we mention that the numerical implementation

of sieve estimators is reduced to solving a least-square problem or a l1-penalized optimiza-

tion problem. In both cases we need to construct a design matrix Ψ̂ whose elements are

Ψ̂ij = ψj(xi).
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Figure 7.1: Simulation study results. SNR = 30.
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Figure 7.2: Simulation study results. SNR = 3.
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sim.setting
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Figure 7.3: Additional settings, true regression function does not have main effect compo-

nents. SNR = 3.
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sim.setting
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Figure 7.4: Additional settings, true regression function does not have main effect compo-

nents. SNR = 30.
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Given a set of multivariate product basis functions ψj(x) =
∏d

k=1 ϕjk(xk) indexed by

j ∈ (N+)d, the unravelling rule cj =
∏d

k=1 jk tells us how to sequentially use them to construct

estimators. However, we only have a nonconstructive description of the elements in the

unravelled sequence (ψj). To construct the design matrix Ψ̂, we need to know the explicit

form of each ψj. In practice, we need to first create an index matrix from which the algorithm

identifies the analytical form of (ψj). For example, in the case d = D′ = 3, we should

construct an index matrixM of three columns (corresponding to the three dimensions). The

first row has elements: M11 = M12 = M13 = 1, corresponding to the constant function

ψ(1,1,1). And the following six rows are all 1 except for M21 = M32 = M43 = 2, and

M51 = M62 = M73 = 3. They correspond to the second through seventh basis functions

ψ(2,1,1), ψ(1,2,1), ψ(1,1,2), ψ(3,1,1), etc. By reading through this matrix, the algorithm can directly

figure out the analytical form of the basis functions.

There are multiple ways to construct such an index matrix. When D′ = d (dense setting),

one straightforward strategy is: 1) the user specifies the maximum index product C; 2)

identify all the indices j ∈ (N+)d whose maximum entry is smaller or equal to C; 3) sort

the indices increasingly according to the index product cג =
∏d

k=1 jk; 4) keep only the

earlier indices whose product is less than or equal to C. This algorithm is simple but is

computationally wasteful. In step 2), Cd indices must be stored (this is memory intensive,

even for moderate C and d). According to our theoretical results, we only need a subset of

size C logd(C). This issue is further exacerbated in the sparse case when D′ � d. Therefore,

we seek an alternative, computationally more efficient strategy, which includes some integer

factorization, for generating the index matrix.

In Algorithm 7.1, we provide the details of the procedure. By factoring each positive

integer as a product of D′ numbers sequentially, we can fill out the matrix M . In the case

when d = D′ = 3, there is one row with row product equal to 1, two rows having row product

equals to 2, and six rows having a product equal to 4. When D′ is much smaller than d, as

for the sparse sieve estimators, there should be many fewer rows corresponding to the same

row product. The algorithm is presented below, followed by an example to explain some of
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the steps.

Algorithm 7.1: Algorithm for generating the index matrix. For the definition of the τD′

function mentioned in step *, see Definition 7.3.1. In ** step we use the notation from the

R programming language to express our matrix update.

Set the maximum row product as ProdMax, feature dimension as d, working dimension as D'.

Define Cd
m = d!/{m!(d−m)!}, the combination number of “choosing m out of d elements”.

M← An all 1 matrix of size 1× d.

FOR Prod = 2 TO Prod = ProdMax

Find all τD'(Prod) ways to factorize Prod as a product of D' numbers. *

Omit all values of “1” in the products and combine identical factorizations.

GreaterThanOne← A list. Each element is an array, corresponding to one of the factorizations.

FOR i = 1 TO i = list length of GreaterThanOne

Gi← The i-th element in GreaterThanOne.

m← The length of the array Gi.

Position← A matrix of size Cd
m × m.

Each row corresponds to a unique way of choosing m elements from {1, 2, ..., d}.

NewIndexMatrix← A matrix of size Cd
m × d. All elements are 1.

FOR j = 1 TO j = row number of Position

NewIndexMatrix[j, Position[j,]]← Gi **

ENDFOR

M← Stack M above NewIndexMatrix to form a longer matrix.

ENDFOR

ENDFOR

RETURN M.

We present some examples to better explain the compactly written algorithm above.



165

Let’s assume d = 3, D' = 2. Suppose we are currently at Prod = 6 in the first layer of FOR

loops. The τ2(6) = 4 ways to factorize 6 are:

6 = 6× 1 = 1× 6 = 2× 3 = 3× 2. (7.3)

After the “Omit all values of 1 in the products and combine identical factorizations” step, we

have three ways to factor 6 (the first two above are combined). Therefore, the GreaterThanOne

list is

GreaterThanOne = list([6], [2, 3], [3, 2]). (7.4)

The arrays in GreaterThanOne are of different lengths. Suppose we are at i = 2 in the

second layer of the FOR loop. Then Gi = [2, 3], m = 2. The Position matrix we constructed

is

Position =


1 2

1 3

2 3

 . (7.5)

This matrix specifies at which positions we are going to insert Gi. In the inner most FOR

loop, we are going to update the all 1 matrix NewIndexMatrix using the information of

Position and Gi: Position. In particular, Gi: Position specifies where to update, and Gi

specifies what the elements are updated to. When i = 2, j = 1, we update the 1st and 2nd

columns in the 1st row of NewIndexMatrix to be [2, 3], that is

NewIndexMatrix :


1 1 1

1 1 1

1 1 1

 Update−→


2 3 1

1 1 1

1 1 1

 (7.6)

When i = 2, j = 2, we update the 1st and 3rd columns in the 2nd row of NewIndexMatrix to

be [2, 3]:

NewIndexMatrix :


2 3 1

1 1 1

1 1 1

 Update−→


2 3 1

2 1 3

1 1 1

 (7.7)
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After looping through all the j, i and Prod, we have our desired index matrix M. Its first

several rows are:

row 1 to 10:



1 1 1

2 1 1

1 2 1

1 1 2

3 1 1

1 3 1

1 1 3

4 1 1

1 4 1

1 1 4



row 11 to 20:



2 2 1

2 1 2

1 2 2

5 1 2

1 5 1

1 1 5

6 1 1

1 6 1

1 1 6

2 3 1



row 21 to 30:



2 1 3

1 2 3

3 2 1

3 1 2

1 3 2

7 1 1

1 7 1

1 1 7

8 1 1

1 8 1



(7.8)

So we can read ψ1 = ψ(1,1,1), ψ11 = ψ(2,2,1) and ψ21 = ψ(2,1,3), etc.

7.2 Product Kernels and Tensor Product Spaces

7.2.1 Univariate RKHS and Sobolev Ellipsoids

In Appendix 7.2, we will review the concept of Mercer kernels and reproducing kernel Hilbert

spaces (RKHS). We will first engage with univariate RKHSs and their Sobolev ellipsoid

representation in Appendix 7.2.1. By considering the tensor product kernel, we can extend

our discussion to multivariate tensor product models (Appendix 7.2.2). Later in this section,

we will arrive at some multivariate Sobolev ellipsoid models. These models can be seen as

abstractions of the example function spaces (such as S1([0, 1]
d)) discussed in the main text.

There is a vast literature on univariate nonparametric regression problem. We list a

few of them here: Sobolev space and smoothing spline estimators [126]; reproducing kernel

Hilbert space and kernel ridge regression estimators [108]; Sobolev ellipsoid and sieve-type

projection estimators [119]. These function spaces are closely related to each other: Sobolev

spaces can sometimes be treat as a special case of RKHS and there is usually an equivalence
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between a ball in an RKHS and a Sobolev ellipsoid. We will try to give a brief review of this

part of nonparametric learning through some examples.

First we are going to present the concept of Mercer-kernels and their related reproducing

kernel Hilbert spaces (on the real line).

Definition 7.2.1. A symmetric bivariate function k : R × R → R is positive semi-definite

(PSD) if for any n ≥ 1 and (xi)
n
i=1 ⊂ R, the n×n matrix K whose elements are Kij = k(xi, xj)

is always a PSD matrix.

A continuous, bounded, PSD kernel function k is called a Mercer kernel.

The following theorem [22] states the existence and uniqueness of a reproducing Hilbert

space with respect to a Mercer kernel. The domain R in the following theorem can replaced

by a subset such as [0, 1] or [0,+∞).

Theorem 7.2.2. For a Mercer Kernel k : R× R→ R, there exists an unique Hilbert Space

(Hk, 〈·, ·〉k) of functions on R satisfying the following conditions. Let kx : z 7→ k(x, z):

1. For all x ∈ R, kx ∈ Hk.

2. The linear span of {kx | x ∈ R} is dense (w.r.t ‖ · ‖k) in Hk.

3. For all f ∈ Hk, x ∈ R, f(x) = 〈f, kx〉k (reproducing property).

We call this Hilbert space the Reproducing kernel Hilbert space (RKHS) associated with

kernel k.

Example 7.2.3. The space W1([0, 1]) is a RKHS with kernel

k(s, t) =
cosh(min(s, t)) cosh(1−max(s, t))

sinh(1) (7.9)

For the proof, see Appendix A of [33] or [1]. The RKHS inner product for this kernel is

defined as

〈f, g〉W1([0,1]) =

∫ 1

0

f(τ)g(τ)dτ +

∫ 1

0

f ′(τ)g′(τ)dτ (7.10)
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The reproducing property reads as: for any x ∈ [0, 1] and any f ∈ W1([0, 1])

f(x) = 〈f, kx〉W1([0,1])

=

∫ 1

0

f(τ)k(x, τ)dτ +

∫ 1

0

f ′(τ)
∂

∂τ
k(x, τ )dτ.

(7.11)

Under mild conditions [109], a Mercer kernel has the following Mercer expansion.

k(s, t) =
∑
j∈J

λjϕj(s)ϕj(t), (7.12)

where J is an at most countably infinite index set. The eigenvalues λj are real numbers.

The eigenfunctions (basis functions) {ϕj} can also be a complete basis of some L2 space or

the RKHS.

Although the majority of estimation procedures under RKHS models leverage the repro-

ducing property, the method considered in this paper uses the feature maps directly (which

is of a sieve nature). There have been studies showing that considering the problem from

this perspective can give substantial computational advantage over standard kernel methods

[142, 143]. In this manuscript we will also show how sieve estimators can be more easily

adapted to employ variable selection and can additionally be adaptive to dimension. Now,

we present the important connection between a RKHS and a Sobolev ellipsoid established

in the literature (e.g., p.37,Theorem 4 in [22]).

Theorem 7.2.4. Under mild conditions, the Hilbert space Hk of the kernel k (defined in

Theorem 7.2.2) is identical – same function class with the same inner product – to the

following Hilbert space Hk.

Hk =

{
f | f =

∞∑
j=1

ajϕj with
∞∑
j=1

a2jλ
−1
j <∞

}
(7.13)

The RKHS inner product can be explicitly written as:

〈f, g〉k =
∞∑
j=1

λ−1
j ajbj (7.14)

for f =
∑

j ajϕj, and g =
∑

j bjϕj. The functions ϕj and real numbers λj are the eigen-

system in the Mercer expansion (7.12) (assuming J = N+).
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Example 7.2.5. The reproducing kernel for W1([0, 1]) has the following Mercer expansion:

k(s, t) =
∞∑
j=1

ϕj(s)ϕj(t), (7.15)

with
λ1 = 1, ϕ1(x) = 1,

λj =
1

1 + ((n− 1)π)2
, ϕj(x) =

√
2 cos((n− 1)πx) for j ≥ 2.

(7.16)

Therefore, we also have the following characterization of a ball in W1([0, 1]):

{f ∈ W1([0, 1]) | ‖f‖2W1
≤ Q2} =

{
f =

∞∑
j=1

ajϕj with
∞∑
j=1

a2jλ
−1
j ≤ Q2

}
(7.17)

To summarize, a ball in a RKHS is a Sobolev ellipsoid.

7.2.2 Multivariate RKHS and Sobolev Ellipsoids

Given a univariate RKHS, one of the most naturally related multivariate RKHS is the one

corresponding to the product kernel. This also happens to correspond to one of the most

commonly used multivariate kernels in practice: The multivariate Gaussian kernel which is

a product of univariate Gaussian kernels.

Definition 7.2.6. Given a univariate Mercer kernel k : R× R→ R, we define its (natural,

d-dimensional) product kernel kd : Rd × Rd → R to be:

kd(s, t) =
d∏
j=1

k(sj, tj). (7.18)

We can also define the RKHS of kd using the fact that kd is also a Mercer kernel (Proposition

12.31 of [128]). Typical elements in this multivariate RKHS take the following form:

f(x) =
m∑
l=1

d∏
k=1

fkl(xk), with fkl ∈ Hk. (7.19)

There are multiple ways to engage with an element in Hkd and its inner product. One

way, as presented above, is using the property that Hkd is a tensor product Hilbert space
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of d univariate Hilbert spaces. This would lead to the following characterization of its inner

product.

Proposition 7.2.7. The RKHS for kd, Hkd, is equipped with the inner product:

〈h, g〉kd =
n∑
i=1

m∑
l=1

d∏
j=1

〈hij, glj〉k (7.20)

for h(x) =
∑n

i=1

∏d
j=1 hij(xj), g(x) =

∑m
l=1

∏d
j=1 glj(xj). The component functions hij, glj

all belong to the univariate RKHS Hk.

.

Alternatively, we can also consider the basis expansion form of the functions in Hkd

(similar to Theorem 7.2.4). The tensor product kernel kd has the following Mercer expansion

(which can be formally verified using its Mercer expansion):

kd(s, t) =
∑

j∈(N+)d

d∏
k=1

λjkψj(s)ψj(t), with λjk ∈ R. (7.21)

We have the following equivalent characterization:

Proposition 7.2.8. The inner product presented in Proposition 7.2.7 is equivalent to the

following one expressed in basis expansion form:

〈h, g〉kd =
∑

j∈(N+)d

(
d∏

k=1

λjk

)−1

hjgj (7.22)

for h, g in the multivariate RKHS Hkd with the basis expansion h =
∑

j∈(N+)d hjψj, g =∑
j∈(N+)d gjψj. The multivariate basis ψj(x) =

∏d
k=1 ϕjk(xjk) is the product of the eigenfunc-

tions (as defined in (7.12)) of the univariate kernel k.

Example 7.2.9. The natural d-dimensional tensor product extension of W1([0, 1]) space is

the RKHS of the kernel:

kd(s, t) =
d∏

m=1

k(sm, tm) =
d∏

m=1

k(sm, tm)

= {sinh(1)}−d
d∏

m=1

cosh(min(sm, tm)) cosh(1−max(sm, tm))
(7.23)
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The inner product, according to Proposition 7.2.7, can be explicitly written as:

〈h, g〉kd =
n∑
k=1

m∑
l=1

d∏
j=1

〈hkj, glj〉W1([0,1])

=
n∑
k=1

m∑
l=1

d∏
j=1

(∫ 1

0

hkj(τ)glj(τ)dτ +

∫ 1

0

h′kj(τ)g
′
lj(τ)dτ

) (7.24)

for h(x) =
∑n

k=1

∏d
j=1 hkj(xj), g(x) =

∑m
l=1

∏d
j=1 glj(xj). The component functions hkj, glj

all belong to W1([0, 1]). Then the RKHS-norm (induced by the inner product) for a function

h ∈ Hkd is:

‖h‖kd =
n∑
k=1

n∑
l=1

d∏
j=1

(∫ 1

0

hkj(τ)hlj(τ)dτ +

∫ 1

0

h′kj(τ)h
′
lj(τ)dτ

)
(1)
=

∑
∥a∥∞≤1

‖Dah‖2L2([0,1]d)
.

(7.25)

The above step (1) can be checked directly (and using Fubini’s theorem). We present the

calculation for a simple case where h(x) =
∏d

j=1 hj(xj) and d = 2:

‖h‖k2 =
(∫ 1

0

h21(τ1)dτ1

)(∫ 1

0

h22(τ2)dτ2

)
+

(∫ 1

0

(h1(τ1))
2dτ1

)(∫ 1

0

(h′2(τ2))
2dτ2

)
+(∫ 1

0

(h′1(τ1))
2dτ1

)(∫ 1

0

h22(τ2)dτ2

)
+

(∫ 1

0

(h′1(τ1))
2dτ1

)(∫ 1

0

(h′2(τ2))
2dτ2

)
=

∫
[0,1]2

h2(τ1, τ2)dτ1dτ2 +

∫
[0,1]2

(
∂

∂τ2
h(τ1, τ2)

)2

dτ1dτ2+∫
[0,1]2

(
∂

∂τ1
h(τ1, τ2)

)2

dτ1dτ2 +

∫
[0,1]2

(
∂2

∂τ1∂τ2
h(τ1, τ2)

)2

dτ1dτ2

(7.26)

Briefly, the W1([0, 1]) space is an example of a univariate RKHS; the S1([0, 1]) space, when

equipped with a proper inner product, is the tensor product extension of W1([0, 1]). Moreover,

Proposition 7.2.8 implies an equivalent way to express the RKHS inner product and its induced

norm. Specifically, we know that

∑
∥a∥∞≤1

‖Dah‖2L2([0,1]d)
= ‖h‖kd =

∑
j∈(N+)d

(
d∏

k=1

jk
)2

β2
j (7.27)
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for h =
∑

j∈(N+)d βjψj. The multivariate basis ψj =
∏d

k=1 ϕjk is the product of the cosine

functions (defined in (7.16)).

In the rest of the paper, we will switch from concrete example spaces to more abstract

Sobolev ellipsoid-type spaces. The (univariate) Sobolev ellipsoid has been a benchmark

model in the literature of sieve estimators: We just showed how it relates to multivariate

spaces. In the multivariate case, we will be engaging with a true function f 0 that belongs to

the multivariate Sobolev “ellipsoid”:

f 0 ∈

f =
∑

j∈(N+)d

βjψj |
∑

j∈(N+)d

(
d∏

k=1

jk
)2s

β2
j ≤ Q2

 . (7.28)

for some product basis ψj. In particular, we assume the regression function can be expanded

as an infinite linear combination of a set of basis functions ψj indexed by d-tuples. At the

same time, we require βj to converge to zero at a fast enough rate as the product of index j

goes to infinity. The function space in (7.28) is the same as a ball in some multivariate RKHS

(as illustrated in Example 7.2.9). We also introduced another parameter s that determines

the decay rate of βj, which is often interpreted as a smoothness parameter ([126], Chapter 2).

7.3 Unravelling and Approximation Results

7.3.1 Magnitude of Unravelled Series

In this section we will first quantify the asymptotic behavior of unravelled series cj, which is

depicted in the right panel of Figure 4.1. We will use these results to reduce Sobolev ellipsoids

indexed by D-tuples (7.28) to those indexed by natural numbers. This will directly lead to

some useful approximation results in multivariate tensor product spaces.

In general, we cannot give a closed form for the unravelled sequence Cj as function of j

(in Algorithm 7.1we gave an algorithm to generate finitely many elements). However, it is

still possible to derive some results on the magnitude of cj as a function of j. To this end,

we first introduce the concept of a divisor function.
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Definition 7.3.1. We use τD(·) : N+ → N+ to denote the D-th divisor function, which

counts the number of unique ways to factor n as a product of D positive integers (where

order matters). Formally,

τD(n) =
∑

(j1,...,jD)∈(N+)D∏D
k=1 jk=n

1 (7.29)

The divisor function τD distinguishes the order of factorization: For example τ2(4) = 3

because there are 3 ways to write 4 as a product of 2 numbers: 4 = 1 × 4 = 4 × 1 = 2 × 2.

In the exposition of this section, we also need to engage with the following partial sum of

divisor functions.

Definition 7.3.2. We define the sequence TD(x) to be the sum of the D-divisor function

evaluated at the first bxc positive natural numbers, that is

TD(x) =
∑
n≤x

τD(n). (7.30)

Clearly, TD(x) is the number of D-tuples j = (j1, .., jD) ∈ (N+)D with
∏D

k=1 jk ≤ x. The

number x is not necessarily an integer: the summation index n ≤ x should be interpreted as

{1, 2, ...., bxc}.

The first several elements in cj (depicted in Figure 4.1) are 1, 2, 2, 3, 3, 4, 4, 4, ..... As our

readers may notice, each natural number n shows up exactly τ2(n) times: if we know (on

average) how many ways there are to factor a positive integer, we can sketch the general

magnitude of the unravelled sequence as well. The following lemma formalizes such an idea.

Lemma 7.3.3. Define cj =
∏D

k=1 jk as a function on the D-tuple j = (j1, ..., jD) ∈ (N+)D.

Let cj be the cj-unravelling sequence of cj (see definition in Section 4.6). Then, for D fixed,

we know its asymptotic magnitude is:

cj = Θ
(
j log−(D−1) j

)
(7.31)

Proof. All the elements of cj are positive integers since they are products of positive integers.

And every positive integer shows up in cj at least once. We also observe that there are
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repeated elements in cj: For any positive integer m, it shows up exactly τD(m) times in the

sequence cj.

To determine the increase rate of cj, it is enough to determine the largest bj such that

TD(bj) =

bj∑
m=1

τD(m) ≤ j. (7.32)

The unravelling sequence cj increases at the same rate as bj. To quantify the summation on

the LHS, we need to use the following result from number theory:
x∑

m=1

τD(m) =
logD−1 x

(D − 1)!
x+O

(
x logD−2 x

)
, (7.33)

where the big O notation indicates x → ∞ (but D is fixed). If we divide both sides by x,

then we know: on average, there are (logx)D−1 ways to factorize a natural number into a

product of D natural numbers. This result has been established in the literature of number

theory, we give more discussion and references in Appendix 7.5. For the special case when

D = 2, there are sharper results available, e.g. Theorem 3.2 in [117].

Let bj = b(D − 1)!j log−(D−1) jc. Plug bj into (7.33):
bj∑
m=1

τD(m) = bj logD−1 bj +O
(
bj logD−2 bj

)
= Θ

(
j(log j)−(D−1) logD−1

{
j(log j)−(D−1)

})
= Θ(j)

(7.34)

It is direct to check that if bj = qjj log−(D−1) j for any positive qj → ∞, bj logD−1 bj would

diverge at a rate faster than j. So we know the largest bj we can take is of order j log−(D−1) j,

which concludes our proof.

Corollary 7.3.4. Let cj =
∏D

k=1(jk)s be a function defined on the D-tuple j = (j1, ..., jD) ∈

(N+)D for some s > 0. Let cj be the cj-unravelling sequence of cj. Then we know

cj = Θ
((
j log−(D−1) j

)s)
(7.35)

The next theorem is the main result in this section, which uses Lemma 7.3.3 or Corol-

lary 7.3.4.
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Theorem 7.3.5. Let W (s,Q, {ψj}) be the multivariate product Sobolev space:

W (s,Q, {ψj}) =

f =
∑

j∈(N+)D

βjψj, for some βj ∈ R |
∑

j∈(N+)D

c2sj β
2
j ≤ Q2

 , (7.36)

where cj =
∏D

k=1 jk for j = (j1, ..., jD) ∈ (N+)D. Denote (ψj) as the cj-unravelling sequence

of {ψj}.

Then there exists two constants Ci(s,D), i ∈ {1, 2} such that{
f =

∞∑
j=1

βjψj, for some βj ∈ R |
∞∑
j=1

(
j

logD−1 j ∨ 1

)2s

β2
j ≤ C1(s,D)Q2

}

⊂ W (s,Q, {ψj})

⊂

{
f =

∞∑
j=1

βjψj, for some βj ∈ R |
∞∑
j=1

(
j

logD−1 j ∨ 1

)2s

β2
j ≤ C2(s,D)Q2

}
.

(7.37)

In plain[er] language, Theorem 7.3.5 states that: The multivariate function spaceW (s,Q, {ψj})

can be sandwiched between two formally simpler function spaces. These “bread” function

spaces in (7.37) are still multivariate function spaces, but the basis functions (ψj) are listed

in a sequence. In contrast, W (s,Q, {ψj}) has basis functions indexed by D-tuples.

Proof. The multivariate ellipsoid W (s,Q, {ψj}) is exactly the same space as:{
f =

∞∑
j=1

βjψj |
∞∑
j=1

c2sj β
2
j ≤ Q2

}
, (7.38)

where cj, βj, ψj are the cj-unravelling sequences of cj, βj, ψj, respectively. In this step we

performed nothing but a change of notation.

According to Corollary 7.3.4, cj is asymptotically of the same order as
(
j log−(D−1) j

)2s
as j →∞. Define bj =

(
j

logD−1 j∨1

)2s
, then we know that there exist constants C1, C2 (that

only depends on s, and D) such that C1bj ≤ cj ≤ C2bj for all j ∈ N+. Plugging this in to

(7.38) concludes our proof.
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7.3.2 Approximation in Dense Tensor Product Models

In this section, we will use the results in Theorem 7.3.5 to derive some approximation results

that are crucial to understand the performance of our sieve estimators. Before we go into

more detail, we provide some intuitive discussion of why Theorem 7.3.5 can simplify our

analysis. Let’s denote the three function spaces in (7.37) asW1,W2 andW3 (W1 ⊂ W2 ⊂ W3).

To study the problem of approximation/estimation of functions in W2, it is equivalent – up

to a constant – to study the corresponding problems in W1 or W3. The regression problem

under the assumption f 0 ∈ W2 is easier than assuming f 0 ∈ W3 but harder than f 0 ∈ W1.

Therefore the generalization error of any estimators for truth f 0 ∈ W2 should be of the same

order as f 0 ∈ W1 or W3. Similar statements also hold for minimax rates analysis.

Ellipsoids related to a (univariate) series cj can be treated much more directly than those

related to the D-tuple cj. For readers who are familiar with classical projection estimators

(e.g. [119]), the following approximation results may be familiar.

Before we engage with those results, we give a bit more notation: In the remainder of

our discussion in the appendix, we will use X ⊂ R to denote a subset of real line and use ν

to denote a (finite) Borel measure on X . We do not need to specify either X or ν accurately:

Often we just need X d to be large enough to cover the support of feature distribution ρX ,

and in many important cases ν = uniform measure is enough for our purposes.

Lemma 7.3.6. Suppose function f ∗ has the expansion f ∗ =
∑∞

j=1 β
∗
jψj with respect to a

set of ν-orthonormal system, i.e. 〈ψj, ψi〉L2(ν) = δij. Assume ‖ψj‖∞ ≤ M for all j. If the

expansion coefficients satisfy the following ellipsoid-type condition:

f ∗ =
∞∑
j=1

β∗
jψj ∈

{
f =

∞∑
j=1

βjψj ∈ L2(ν) |
∞∑
j=1

(
j

logD−1 j ∨ 1

)2s

β2
j ≤ Q2

}
, (7.39)

with some s > 1/2. Then the sequence of functions

f ∗
n =

Jn∑
j=1

β∗
njψj with Jn = b(logD−1 n)2s/(2s+1)n1/(2s+1)c, n = 2, 3, ... (7.40)

satisfy the following:
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• There is a constant C(M, s,D,Q), such that for any n:

‖f ∗
n‖∞ ≤ C(M, s,D,Q) (7.41)

• For any measure ρX that is absolute continuous to ν with a bounded density:

‖f ∗
n − f ∗‖22,ρX =

∫
{f ∗

n(τ)− f ∗(τ)}2 dρX

≤ C(s,D, ρX , Q)

(
logD−1 n

n

) 2s
2s+1

(7.42)

Proof. • We first prove the uniform bound in the ‖·‖∞-norm. According to our discussion

Appendix 7.2.2, a Sobolev-ellipsoid can be seen as a ball in an RKHS. That is, the

functions f ∗, f ∗
n all belong to an RKHS with reproducing kernel

k(s, t) =
∞∑
j=1

λjψj(s)ψj(t), (7.43)

where λj =
(

logD−1 j∨1
j

)2s
. Denote the RKHS inner product as 〈·, ·〉k:

‖f ∗
n‖∞ = sup

x∈X
f ∗
n(x) = sup

x∈X
〈f ∗
n, k(x, ·)〉k

≤ ‖f ∗
n‖k sup

x∈X
‖k(x, ·)‖k

(1)

≤ QC(M, s,D).

(7.44)

In step (1), we need the explicit representation of the RKHS norm (Theorem 7.2.4).

The RKHS norm of kernel k (centered at x) is

‖k(x, ·)‖k =
∞∑
j=1

(λjψj(x))
2/λj ≤M2

∞∑
j=1

λj = C(M, s,D)

• Next we prove the bound in ρX-2-norm. Let U denote a bound on the density of ρX
(with respect to ν):

‖f ∗
n − f ∗‖22,ρX ≤ U‖f ∗

n − f ∗‖22,ν =
∞∑

Jn+1

(β∗
j )

2

≤ λJn

∞∑
Jn+1

(β∗
j )

2/λj ≤ λJnQ
2

(7.45)
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We just need to determine the magnitude of λJn :

λJn ≤ cJ−2s
n (logD−1 Jn)

2s

= c
{
(logD−1 n)

2s
2s+1n1/(2s+1)

}−2s [
logD−1

{
(logD−1 n)

2s
2s+1n1/(2s+1)

}]2s
≤ C(s,D)n− 2s

2s+1 (logD−1 n)−
4s2

2s+1
+2s = C(s,D)

(
logD−1 n

n

) 2s
2s+1

,

(7.46)

which concludes our proof.

7.3.3 Approximation in Sparse Tensor Product Models

In the last section we investigated the approximation error under dense tensor product

models. In this section we will switch to the sparse/ high dimensional setting.

Now we present some more general conditions on the product basis and sparse nonpara-

metric models. They can be seen as generalization of Condition 4.7.1 and Condition 4.7.2

in the main text.

Notation: recall that X ⊂ R is a subset of real line and ν is a Borel measure on X .

Condition 7.3.7. Let ϕj be an orthonormal system of univariate functions, that is, 〈ϕi, ϕj〉L2(ν) =

δij. Assume ϕ1 = 1, ‖ϕj‖∞ ≤ M for all j = 1, 2, .... Consider their natural d-dimensional

product extension ψj(x) =
∏d

k=1 ϕjk(xk), denote (ψj) to be the cj-unravelling sequence of {ψj}.

The unravelling rule cj is defined as

cj =


∏d

k=1 jk , if at most D′ entries of j are greater than 1

∞ otherwise
(7.47)

Condition 7.3.8. There exists a D-variate function f ∗ : XD → R such that:

1. There is set of indices {k1, .., kD} ⊂ {1, 2, ..., d} such that for any u ∈ X d,

f 0(u) = f ∗(uk1 , uk2 , ..., ukD). (7.48)



179

2. The function f ∗ satisfies the following ellipsoid condition:

f ∗ ∈

{
f =

∞∑
j=1

βj♦j |
∞∑
j=1

(
j

logD−1 j ∨ 1

)2s

β2
j ≤ Q2

}
. (7.49)

The function sequence (♦j) is the 4j-unravelling of ♦j =
∏D

l=1 ϕjl(ukl), j ∈ (N+)D.

And the unravelling rule is defined by 4j =
∏D

l=1 jl.

The first part in Condition 7.3.8 is a feature sparsity assumption. Although f 0 formally

is a function of d-dimensional vector x (d can be large), this assumption states that it can

be completely described using a small subset of the dimensions of x (specifically, we assume

it depends on D out of the d dimensions).

The second part in Condition 7.3.8 is in nature a smoothness assumption, but expressed

in a basis expansion/Sobolev ellipsoid fashion. The basis functions ♦j and unravelling rules

4j only engage with the informative features (uk1 , uk2 , ..., ukD). According to Lemma 7.3.6,

if we use the first Joracle
n = b(logD−1 n)2s/(2s+1)n1/(2s+1)c functions of ♦j, we can construct a

sequence of approximation functions f oracle
n =

∑Jn
j=1 β

oracle
nj ♦j of f ∗ that satisfy

‖f oracle
n − f ∗‖22,ρX = O

(
logD−1 n

n

) 2s
2s+1

. (7.50)

However, in real-world problems, we unfortunately do not have a priori accessible information

of which D dimensions of x are important. We thus cannot just use the oracle basis ♦j that

only depend on the D relevant dimensions. The basis functions we use in (4.15) take the

form of ψj =
∏d

k=1 ϕjk(xk), involving d univariate functions as described in Condition 7.3.7.

We are interested in how many functions we need to include in the sequence of ψj, such that

we can achieve the same approximation error as f oracle
n . The following Lemma tells us this

number is exponential in the intrinsic dimension D (which we treat as a fixed number) but

only polynomial in the ambient dimension d (which may formally increase with the sample

size n). The polynomial dependence in d is important both theoretically and in practice.

Lemma 7.3.9. Assume f 0 satisfies Condition 7.3.8. Denote (ψj) as the sequence of product

basis functions in Condition 7.3.7. If the working dimension D′ in Condition 7.3.7 is greater

than or equal to the intrinsic dimension D in Condition 7.3.8, then:
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• The true regression function f 0 can be expanded with respect to ψj as well, that is,

f 0 =
∞∑
j=1

β0
jψj, for β0

j ∈ R. (7.51)

• There exists a sequence of functions fβ0
n
=
∑Jn

j=1 β
0
njψj with Jn ≤ C(s,D)dD

′
n1/(2s+1) logD′−1 n

such that

‖fβ0
n
‖∞ ≤ C(M, s,D,Q) (7.52)

and

‖fβ0
n
− f 0‖22,ρX ≤ C(s,D, ρX , Q)

(
logD−1 n

n

) 2s
2s+1

. (7.53)

Proof. We introduce the mapping 1d→D : Rd → RD that only keeps the relevant dimensions

of a feature x:

1d→D(x) = (xk1 , ..., xkD), (7.54)

where k1, ..., kD are the informative dimension indices defined in Condition 7.3.8. By as-

sumption, the true regression function can be written as:

f 0(x) = f ∗(1d→D(x)) =
∞∑
j=1

β∗
j♦j(1d→D(x)) =

∞∑
j=1

β∗
j♦j ◦ 1d→D(x) (7.55)

Each of the basis functions above, ♦j ◦ 1d→D, varies at most in D dimensions. The function

set {ψj} in Condition 7.3.7 includes all the function product functions varying in at most D′

dimensions. Since ♦j ◦ 1d→D are also product functions, we conclude {♦j ◦ 1d→D, j ∈ N} ⊂

{ψj, j ∈ N}. Therefore f 0 also has an expansion with respect to ψj as in (7.51).

Approximating f ∗ satisfying Condition 7.3.8 (equivalently, f 0), using the oracle basis ♦j
in the ellipsoid assumption (7.49), is already studied in Lemma 7.3.6. We know that we need

the first Joracle
n = (logD−1 n)2s/(2s+1)n1/(2s+1) basis elements from {♦j} in order to achieve the

desired approximation error. We claim that

{
♦1, ...,♦Joracle

n

}
⊂

{
♦j, j ∈ (N+)D | cj =

D∏
k=1

jk ≤ C(s,D)Rn

}
. (7.56)
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where Rn = n1/(2s+1)(logn)−(D−1)/(2s+1). To see this, we need to apply the number theory

results we used to establish the equivalence between ellipsoids. According to Lemma 7.3.3

we know that

TD (C(s,D)Rn) = C(s,D)n1/(2s+1) log
(D−1)2s

2s+1 n+ lower order terms ≥ Joracle
n . (7.57)

(recall that TD is defined in Definition 7.3.2). However, in practice we do not know the

oracle features, so we can only work with ψj or ψj (not ♦j or ♦j). To approximate f 0 well,

we need to choose Jn large enough so that all the functions below are included:{
ψj, j ∈ (N+)d | cj =

d∏
k=1

jk ≤ C(s,D)Rn and at most D of jk are greater than 1

}
.

(7.58)

This ensures all the functions in the RHS of (7.56) are included (strictly speaking, their

d-dimensional extensions are included). By our assumption that D′ > D, we only need to

select Jn large enough so that the following basis functions are all included:{
ψj, j ∈ (N+)d | cj =

d∏
k=1

jk ≤ C(s,D)Rn and at most D′ of jk are greater than 1
}

=

⌊C(s,D)Rn⌋⋃
m=1

{
ψj | cj =

d∏
k=1

jk = m and at most D′ of jk are greater than 1
}

(7.59)

How many elements are there in (7.59)? We give the following bound:

# of elements in (7.59) ≤
C(s,D)Rn∑
m=1︸ ︷︷ ︸

consider all the j whose product is m

Cd
D′︸︷︷︸

choose D′ dimensions

· τD′(m)︸ ︷︷ ︸
factorize m into a product of D′numbers

≤ Cd
D′TD′(C(s,D)Rn)

(1)

≤ C(s,D,D′)dD
′
n1/(2s+1) logD′−1 n.

(7.60)

In (1) we used Lemma 7.3.3 and the well-known bound on the binomial coefficients Cd
D′ ≤

C(D′)dD
′ . Unraveling the functions set in (7.59) will give us at most the first C(s,D,D′)dD

′
n1/(2s+1) logD′−1 n

elements in (ψj). To achieve the desired approximation error bound, we do not need to use

any additional basis elements.



182

7.4 Theoretical Guarantees of Penalized Sieve Estimators

To present the statistical guarantees of l1-penalized sieve estimators, we are going to employ

the following steps:

1. We will give nonparametric oracle inequalities to control the “training-design error”

of the estimators and the deviation of the estimated regression coefficients (Corol-

lary 7.4.5).

2. We will use the information of the regression coefficients to derive a metric entropy

bound on the function space the estimator lies in (Lemma 7.4.8).

3. We will control the difference between the training and testing errors of the estimate

using results from empirical process theory (Theorem 7.4.10).

7.4.1 Nonparametric Oracle Inequalities

We first define the concept of the compatibility constant, which is an important component

in the oracle inequalities and widely used in the analysis of penalized methods. In the rest

of the section, for a β = (β1, ..., βJ)
⊤ ∈ RJ , we define its related function fβ as

fβ =
J∑
j=1

βjψj, (7.61)

where (ψj) is the sequence of functions in Condition 7.3.7.

Definition 7.4.1. For a given matrix Σ of size J × J , constant L, and an index set S ⊂

{1, 2, ..., J}, we define the (Σ, L, S)-compatibility constant ϕΣ(L, S) to be

ϕ2
Σ(L, S) = min

β

{
|S|β⊤Σβ

‖βS‖21
: ‖β−S‖1 ≤ L‖βS‖1

}
, (7.62)

where −S is the complementary set of S in {1, 2, .., J}. The notation βS ∈ RJ is a shorthand

for the “restriction” of a vector β ∈ RJ on the index set S: (βS)j = βj if j ∈ S, otherwise

(βS)j = 0.
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The following oracle inequality is a generalization of Theorem 2.2 in [121]. In our case,

the true regression function does not have to be linear.

Theorem 7.4.2. Let (Xi, Yi), i = 1, 2, ..., n denote the n IID samples. We use f 0 to

denote the true conditional mean function and define ϵi = Yi − f 0(Xi). Let Jn ≥ 1 be the

number of basis function used in estimation. Let (ψj) be the unravelled sequence described

in Condition 7.3.7. Let λϵ be a number satisfying:

sup
1≤j≤Jn

∣∣∣∣∣ 1n
n∑
i=1

ψj(Xi)ϵi

∣∣∣∣∣ ≤ λϵ (7.63)

Let 0 ≤ δ < 1 and define for λ > λϵ > 0:

λ = λ− λϵ, λ̄ = λ+ λϵ + δλ, and L =
λ̄

(1− δ)λ
. (7.64)

We use β̂n = (βPLS1 , ..., βPLSJn
)⊤ to denote the minimizer of the penalized problem (4.15).

Then for any β ∈ RJn and any set S ⊂ {1, 2, ..., Jn}:

2δλ‖β̂n − β‖1 +
∥∥∥fβ̂n − f 0

∥∥∥2
n
≤
∥∥fβ − f 0

∥∥2
n
+

λ̄2|S|
ϕ2
Σ̂
(L, S)

+ 4λ ‖β−S‖1 (7.65)

where ϕ2
Σ̂
(L, S) is the (Σ̂, L, S)-compatibility constant and the Σ̂ is the empirical covariance

matrix: Σ̂ij =
1
n

∑n
k=1 ψi(Xk)ψj(Xk).

Proof. We define 2♦ = ‖fβ̂n − f
0‖2n − ‖fβ − f 0‖2n + ‖fβ̂n − fβ‖

2
n. The empirical norm ‖ · ‖n

can also be written in matrix form:

‖fβ̂n − f
0‖2n =

1

n

n∑
i=1

(
fβ̂n(Xi)− f 0(Xi)

)2
=

1

n

n∑
i=1

(
Jn∑
j=1

βPLSj ψj(Xi)− f 0(Xi)

)2

= 〈Ψ̂β̂n − f 0(X), Ψ̂β̂n − f 0(X)〉/n.

(7.66)

The design matrix, Ψ̂, has entries Ψ̂i,j = ψj(Xi). And f 0(X) = (f 0(X1), ..., f
0(Xn))

⊤ ∈

Rn is the evaluation vector of f 0 at n features vectors {Xi}ni=1. We will use the above

equivalence later.

Similar to the proof in the literature [121], we consider two cases for ♦:
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• If ♦ ≤ −δλ‖β̂n − β‖1 + 2λ‖β−S‖1. Then we have

2δλ‖β̂n − β‖1 + ‖fβ̂n − f
0‖2n

= 2δλ‖β̂n − β‖1 + 2♦+ ‖fβ − f 0‖2n − ‖fβ̂n − fβ‖
2
n

≤ ‖fβ − f 0‖2n − ‖fβ̂n − fβ‖
2
n + 4λ‖β−S‖1

≤ ‖fβ − f 0‖2n + 4λ‖β−S‖1

(7.67)

• In the case when ♦ > −δλ‖β̂n−β‖1+2λ‖β−S‖1, we start with the following two point

inequality (Lemma 6.1 in [121]):

〈Ψ̂(β − β̂n), Y − Ψ̂β̂n〉/n ≤ λ‖β‖1 − λ‖β̂n‖1 (7.68)

Using the results in the beginning of this proof, we know ♦ can be expanded as:

♦ = 〈Ψ̂β̂n, Ψ̂β̂n〉/n− 〈Ψ̂β̂n, f 0(X)〉/n+ 〈Ψ̂β, f 0(X)〉/n− 〈Ψ̂β̂n, Ψ̂β〉/n (7.69)

Then eq (7.68) implies that:

♦ ≤ 〈Ψ̂β̂n, ϵ〉/n− 〈Ψ̂β, ϵ〉/n+ λ‖β‖1 − λ‖β̂n‖1, (7.70)

The ϵ vector stores the noise variables: ϵi = Yi − f 0(Xi). The rest of the proof follows

identically to that of Theorem 2.2 in [121] (page 21), replacing the
(
β̂ − β

)⊤
Σ̂
(
β̂ − β0

)
term there by ♦.

The following lemmas tell us that the random compatibility constant ϕΣ̂(L, S) is bounded

away from zero with high probability.

Lemma 7.4.3. Let Σ be the population Jn × Jn covariance matrix Σij = E[ψi(X)ψj(X)],

where (ψj) is the unravelled function sequence defined in Condition 7.3.7. Assume the

feature density function pX(x) = dρX/dν
d ≥ u > 0 is bounded away from 0. Here νd is the

d-dimension product measure of ν in Condition 7.3.7.

Then we know Σ has a compatibility constant that does not depend on L, S: ϕ2
Σ ≥ u.
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Proof. For any β ∈ RJn :

β⊤Σβ =
∑

1≤i,j≤Jn

βiβjE[ψi(X)ψj(X)] = E

( Jn∑
j=1

ψj(X)βj

)2


≥ u

∫ ( Jn∑
j=1

ψj(x)βj

)2

dx (1)
= u‖β‖22.

(7.71)

In step (1) we used the orthonomality of ψj stated in Condition 7.3.7. At the same time,

we have ‖βS‖21 ≤ ‖β‖22|S|. Checking the definition of compatibility (Definition 7.4.1), we

conclude for any L, S, the matrix Σ has a uniform compatibility constant ϕΣ greater than
√
u (meaning that this lower bound does not depend on either L or S).

Lemma 7.4.4. Under the same conditions as in Lemma 7.4.3, we know the empirical matrix

Σ̂ has a compatibility constant ϕ2
Σ̂
(L, S) ≥ u/2, with probability at least 1−J2

n exp(−na2/2M4D′
),

a = u(L+ 1)−2|S|−1/2.

Proof. We first consider the difference between two quadratic forms related to the two co-

variance matrices:

|β⊤Σ̂β − β⊤Σβ| =

∣∣∣∣∣ ∑
1≤i,j≤Jn

βiβj(Σ̂ij − Σij)

∣∣∣∣∣ ≤ ‖β‖21‖Σ̂− Σ‖∞ (7.72)

By the definition of compatibility constant ϕΣ, for any β such that ‖β−S‖1 ≤ L‖βS‖1, we

have

‖β‖1 ≤ (L+ 1)‖βS‖1 ≤ (L+ 1)
√
|S|β⊤Σβ/ϕΣ (7.73)

Plugging this into (7.72), we have:

| β⊤Σ̂β − β⊤Σβ | ≤ (L+ 1)2‖Σ̂− Σ‖∞|S|β⊤Σβ/ϕ2
Σ

⇐⇒

∣∣∣∣∣β⊤Σ̂β

β⊤Σβ
− 1

∣∣∣∣∣ ≤ (L+ 1)2‖Σ̂− Σ‖∞|S|/ϕ2
Σ

(7.74)

By a typical application of Hoeffding’s inequality (every entry in Σ̂ is a bounded random

variable), we know with probability at least 1 − J2
n exp(−na2/2M4D′

), where a = u(L +

1)−2|S|−1/2, that

‖Σ̂− Σ‖∞ ≤ (2(L+ 1)2|S|/u)−1 (7.75)
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This means, with the same probability we have∣∣∣∣∣β⊤Σ̂β

β⊤Σβ
− 1

∣∣∣∣∣ ≤ 1

2
(7.76)

Therefore, for all any β such that ‖β−S‖1 ≤ L‖βS‖1, we have that:

|S|β⊤Σ̂β

‖βS‖21
≥ |S|β

⊤Σβ

2‖βS‖21
, (7.77)

with high probability. By the definition of the compatibility constant, we can read out

ϕ2
Σ̂
(L, S) ≥ ϕ2

Σ/2 (7.78)

which concludes our proof.

Corollary 7.4.5. Let λϵ = [2 log(2Jn)/{C(Csub,M,D′)n}]1/2 and assume ϵi to be uniform

sub-Gaussian noise. Then, under the same conditions as in Theorem 7.4.2, for any β ∈ RJn

whose support is S ⊂ {1, 2, ..., Jn}, we have

λϵ‖β̂n − β‖1 +
∥∥∥fβ̂n − f 0

∥∥∥2
n
≤ 3

2

∥∥fβ − f 0
∥∥2
2
+

49λ2ϵ |S|
2u

(7.79)

with probability larger than 1− 1/(2Jn)− J2
n exp(−na2/2M4D′

)− exp(−cn‖fβ − f 0‖22/M2
0 ),

where a = u(L+ 1)−2|S|−1/2. The definition of fβ is stated in (7.61).

Proof. First we show that for the chosen λϵ, the following holds with high probability:

sup
1≤j≤Jn

∣∣∣∣∣ 1n
n∑
i=1

ψj(Xi)ϵi

∣∣∣∣∣ ≤ λϵ. (7.80)

Since (ϵi) are sub-Gaussian random variables (with a parameter not depending on Xi), we

know there exists a constant Csub such that

‖ϵi‖Lp = {E (|ϵi|p)}1/p ≤ Csub
√
p for all p ≥ 1 (7.81)

For reference, see e.g. Proposition 2.5.2 in [125]. Since the basis functions ψj are also

uniformly bounded (by MD′), we have

‖ψj(Xi)ϵi‖Lp ≤ CsubM
D′√

p for all p ≥ 1. (7.82)
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This means ψj(Xi)ϵi is also sub-Gaussian. Applying a union bound and Hoeffding’s inequality

for sub-Gaussian variables (e.g. Theorem 2.6.3 in [125]), we get:

pr
{

sup
1≤j≤Jn

∣∣∣∣∣ 1n
n∑
i=1

ψj(Xi)ϵi

∣∣∣∣∣ ≥ t

}
≤

Jn∑
j=1

pr
{∣∣∣∣∣ 1n

n∑
i=1

ψj(Xi)ϵi

∣∣∣∣∣ ≥ t

}

≤ 2Jn exp
{
−C(Csub,M,D′)nt2

} (7.83)

Taking t = λϵ = [2 log(2Jn)/{C(Csub,M,D′)n}]1/2, we see that

pr
{

sup
1≤j≤Jn

∣∣∣∣∣ 1n
n∑
i=1

ψj(Xi)ϵi

∣∣∣∣∣ ≤ λϵ

}
≥ 1− 1/(2Jn) (7.84)

This is what we claimed in the beginning of the proof.

Next, we bound the difference between ‖fβ − f 0‖2n and ‖fβ − f 0‖22 for any fixed fβ

satisfying ‖fβ‖∞ < 2‖f 0‖∞. First, the difference (fβ(Xi) − f 0(Xi))
2 is a bounded variable,

therefore it is sub-Gaussian with parameter 9M2
0 , where M0 bounds ‖f 0‖∞. The centered

version, {fβ(Xi)− f 0(Xi)}2−‖fβ − f 0‖22 is also sub-Gaussian with parameter CM2
0 (see e.g.

Lemma 2.6.8 in [125]). Again applying Hoeffding’s inequality we see that

pr
[∣∣∣∣∣ 1n

n∑
i=1

{fβ(Xi)− f 0(Xi)}2 − ‖fβ − f 0‖22

∣∣∣∣∣ ≥ t

]
≤ exp(−cnt2/M2

0 )

⇒ pr
(∣∣∣∣‖fβ − f 0‖2n
‖fβ − f 0‖22

− 1

∣∣∣∣ ≥ 1

2

)
≤ exp(−cn‖fβ − f 0‖22/M2

0 )

(7.85)

We know, with probability larger than 1− exp(−cn‖fβ − f 0‖22/M2
0 )

‖fβ − f 0‖2n
‖fβ − f 0‖22

≤ 3

2
(7.86)

By combining (7.84), (7.86), Lemma 7.4.4 and Theorem 7.4.2, we can conclude our proof.

7.4.2 Theoretical Guarantees under Sparse Tensor Product Models

In this section, we will combine the oracle inequalities developed in the last section with

approximation results to derive performance guarantees of the l1-penalized sieve estimator.

Recall the following notation: d is the overall ambient dimension of our features Xi, D

is the number of explanatory features related to the outcome Y (the active dimension), s is
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the smoothness parameter of f 0 (Condition 7.3.8), and Jn is the number of basis functions

in the lasso problem (4.15). The constant Csub is the sub-Gaussian parameter for the noise

variables, u is the lower bound of the feature density function and M0 is a bound on the

‖ · ‖∞-norm of f 0.

Corollary 7.4.6. Let fβ̂n be the penalized sieve estimate of f 0, and fβ0
n

be the approximation

of f 0 as in Lemma 7.3.9. Choose the penalization hyperparameter as λϵ = [2 log(2Jn)/{C(Csub,M,D′)n}]1/2.

Under the same conditions as in Theorem 4.7.3, we have the following two bounds

∥∥∥fβ̂n − f 0
∥∥∥2
n
≤ C(Csub,M,D′, ρX , f

0) log(Jn)
(
logD−1(n)

n

) 2s
2s+1

‖β̂n − β0
n‖1 ≤ C(Csub,M,D′, ρX , f

0)(log Jn/n)1/2n1/(2s+1)(logn)2s(D−1)/(2s+1)

(7.87)

with probability at least

1− 1/(2Jn)− J2
n exp(−na2/2M4D′

)− exp
(
−C(s,D, ρX , f 0)(logn)(D−1)2s/(2s+1)n1/(2s+1)

)
,

where a = u(L+ 1)−2|S|−1/2.

Proof. To get the bounds above, we only need to combine the oracle inequality in Corol-

lary 7.4.5 with the approximation results in Lemma 7.3.9.

In Lemma 7.3.9, we discussed that so long as Jn is large enough, we can find a function

fβ0
n
that approximates f 0 well enough. Plugging the results of Lemma 7.3.9 into the oracle

inequality (7.79), we have:

λϵ‖β̂n − β‖1 +
∥∥∥fβ̂n − f 0

∥∥∥2
n
≤ C(s,D, ρX , f

0)

(
logD−1 n

n

) 2s
2s+1

+
49λ2ϵ |Sn|

2u
, (7.88)

here |Sn| is the cardinality of non-zero elements in β0
n. Although formally fβ0

n
is a linear

combination of Jn = C(s,D)dD
′
n1/(2s+1) logD′−1 n basis functions, the size of its support is

much smaller (thanks to the feature sparsity conditions). In fact, fβ0
n
only needs to engage

with the informative dimensions of the features. In Lemma 7.3.6, we showed that |Sn| can

be bounded by (logD−1 n)2s/(2s+1)n1/(2s+1). Plugging this in the above inequality gives:
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λϵ‖β̂n − β‖1 +
∥∥∥fβ̂n − f 0

∥∥∥2
n
≤ C(s,D, ρX , f

0)

(
logD−1 n

n

) 2s
2s+1

+ C(Csub,M,D′, ρX) log(Jn)
(
logD−1 n

n

) 2s
2s+1

.

(7.89)

This gives us the results regarding the ‖ · ‖n-norm distance and l1-distance stated in Corol-

lary 7.4.6 (the second term will dominate for large n).

At this point, we already established bounds on the training-design error (expressed as

the ‖·‖n-norm). However, for most prediction problems we are interested in the testing error

(quantified in the ‖ · ‖2,ρX -norm). For arbitrarily flexible estimators, a low training-design

error does not imply a strong generalization ability. However, according to Corollary 7.4.6,

the coefficient β̂n lives in a small ‖·‖1-ball centered around the oracle β0
n with high probability.

From this we can also develop some bounds on metric entropy of the space in which fβ̂n takes

value. These will in turn link the expected distance to the empirical distance.

In the following discussion we will use the concept of metric entropy of a function space.

For more comprehensive discussion, see Chapter 2 of [120].

Definition 7.4.7. Let Q be a measure on X and let G be a function space G ⊂ L2(X ;Q).

Consider for each δ > 0, a collection of functions g1, ..., gN , such that for each g ∈ G, there

is a j = j(g) ∈ {1, ..., N}, such that(∫
X
(g(x)− gj(x))2dQ(x)

)1/2

≤ δ. (7.90)

Let N(δ,G, Q) be the smallest value of N for which such a covering by balls with radius δ

and centers g1, ..., gN exists. Then N(δ,G, Q) is called the covering number (under measure

Q) and H(δ,G, Q) = logN(δ,G, Q) is called the metric entropy of G (under measure Q).

One of the function spaces Gn we are going to consider is

Gn = Gn(ψj, β0
n, rn) =

{
f =

Jn∑
j=1

βjψj | β = (β1, ..., βJn)
⊤ ∈ B1(β

0
n, rn)

}
, (7.91)
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with rn = rn(s,D) = (log Jn/n)1/2n1/(2s+1) log2s(D−1)/(2s+1)(n). This radius is of the same

order as the RHS in (7.87). The set B1(β, r) ⊂ RJn is the ‖ · ‖1-ball of radius r centered at

β, formally

B1(β, r) = {γ ∈ RJn | ‖γ − β‖1 ≤ r} (7.92)

For a specified sequence of rn and Jn, Gn is a deterministic sequence of function spaces.

In the rest of this section, we will derive some bounds on the metric entropy of Gn and

apply some maximal inequalities to relate the testing-design errors to the training-design

errors. We will show that the metric entropy of the function space Gn (equipped with ‖ · ‖n-

norm) is of the same order as the metric entropy of B1(βn, rn) (equipped with Euclidean

‖ · ‖2-norm). Since the latter is known in the literature (e.g, Lemma 3 in [91]), we have the

following results:

Lemma 7.4.8. Let rn = rn(s,D) = (log Jn/n)1/2n1/(2s+1)(logn)2s(D−1)/(2s+1). Then for the

Gn defined in (7.91), we have

H(δ,Gn, Pn) ≤ C(M)r2nδ
−2 log Jn (7.93)

Proof. We first rewrite the empirical norm in matrix notation, for any β = (β1, ..., βJn)
⊤ ∈

RJn :

‖fβ‖n =

{
1

n

n∑
i=1

f 2
β(Xi)

}1/2

=
1√
n


n∑
i=1

(
Jn∑
j=1

βjψj(Xi)

)2


1/2

=

∥∥∥∥ 1√
n
Ψ̂β

∥∥∥∥
2

, (7.94)

where Ψ̂ is the design matrix: Ψ̂ij = ψj(Xi).

Therefore, if there is a δ-cover of the set
{
n−1/2Ψ̂β, β ∈ B1(β

0
n, rn)

}
⊂ Rn under the

Euclidean ‖ · ‖2-norm, we can directly construct one for Gn under ‖ · ‖n-norm. There

are available bounds on the covering number of the n−1/2Ψ̂β when β belongs to a l1-ball.

Specifically, we can apply Lemma 4 of [91]:

H
(
δ,
{
n−1/2Ψ̂β, β ∈ B1(β

0
n, rn)

}
, ‖ · ‖

)
≤ C(M)r2nδ

−2 log Jn. (7.95)

This concludes our proof.
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To relate the training and testing errors, we need to consider a function space closely

related to Gn:

G̃2n = (Gn − f 0)2 (7.96)

We summarize several properties of it in the following lemma.

Lemma 7.4.9. Let rn = (log Jn/n)1/2n1/(2s+1)(logn)2s(D−1)/(2s+1) and δn < rn. Then for the

function space G̃2n we know:

sup
g∈G̃2

n

‖g‖∞ ≤ C(M,D′, s,D,Q),

pr
{
sup
g∈G̃2

n

‖g‖n ≤ C(M,D′, s,D,Q)rn

}
n→∞−→ 1 and∫ rn

δn

H1/2(u, G̃2n, Pn)du ≤ C(M,D′, s,D,Q)rn(log Jn)1/2 log(1/δn).

(7.97)

Proof. • We first derive the bound on the ‖ · ‖∞-norm. By definition, every element g in

G̃2n can be expressed as g = (f − f 0)2 for some f ∈ Gn. To bound ‖g‖∞, it is enough

to bound ‖f − f 0‖∞.

‖f − f 0‖∞ ≤ ‖f − fβ0
n
‖∞ + ‖fβ0

n
− f 0‖∞

≤ C(M,D′)rn + ‖fβ0
n
‖∞ + ‖f 0‖∞ ≤ C(M,D′, s,D,Q).

(7.98)

• We now bound the empirical norm ‖ · ‖n. For any f ∈ Gn, we can define a function

g = f − f 0. And we know:

‖g‖n ≤ ‖f − fβ0
n
‖n + ‖fβ0

n
− f 0‖n

≤ C(M,D′)rn + C(s,D, ρX , Q)(logD−1 n/n)s/2s+1 with high probability.
(7.99)

The first term is using the explicit form of f and fβ0
n
. The second bound is based on

the approximation results in Lemma 7.3.9 and the probability bound in (7.86). Since

rn = (log Jn/n)1/2n1/(2s+1)(logn)2s(D−1)/(2s+1), the order of the first term in (7.99) is

larger than the second one’s. For g2 ∈ G̃2n,

‖g2‖2n =
1

n

n∑
i=1

{
f(Xi)− f 0(Xi)

}4 ≤ C(M,D′, s,D,Q)‖g‖2n ≤ C(M,D′, s,D,Q)r2n.

(7.100)
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So we conclude that for any g2 ∈ G̃2n, ‖g2‖n ≤ C(M,D′, s,D,Q)rn with probability

going to 1.

• Now we derive the bound on the integrated metric entropy. For any h1, h2 ∈ G̃2n, there

exist f1, f2 ∈ Gn such that hi = (fi − f 0)2, i ∈ {1, 2}. So we know that

‖h1 − h2‖2n = ‖(f1 − f 0)2 − (f2 − f 0)2‖2n

=
1

n

n∑
i=1

[{
f1(Xi) + f2(Xi)− 2f 0(Xi)

}
{f1(Xi)− f2(Xi)}

]2
≤ C(M,D′, s,D,Q)

1

n

n∑
i=1

{f1(Xi)− f2(Xi)}2 = C(M,D′, s,D,Q)‖f1 − f2‖2n

(7.101)

Now we know that if we have a δ-covering of Gn with center points {fk}, then the

functions {(fk−f 0)2} form a C(M,D′, s,D,Q)δ-covering of G̃2n. Since we already have

an entropy bound on Gn stated in Lemma 7.4.8, we have one for G̃2n of the same order

as well. The integrated entropy can be bounded as follows:∫ rn

δn

H1/2(τ, G̃2n, Pn)dτ ≤ C(M,D′, s,D,Q)

∫ rn

δn

(log Jn)1/2rnτ−1dτ

≤ C(M,D′, s,D,Q)(log Jn)1/2rn log(1/δn),
(7.102)

when rn ≤ 1.

Theorem 7.4.10. Let

δn = C(s,D) log(Jn)n− 2s
2s+1 log

2s(D−1)
2s+1

+1(n),

rn = C(s,D)(log Jn/n)1/2n1/(2s+1)(logn)2s(D−1)/(2s+1).
(7.103)

And let β̂n denote the minimizer of the penalized problem (4.15). Then, under the same

conditions as in Theorem 4.7.3, we have

lim sup
n→∞

pr
(∣∣∣‖fβ̂n − f 0‖2n − ‖fβ̂n − f

0‖22
∣∣∣ ≥ δn

)
= 0 (7.104)
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Proof. We first need to apply the symmetrization trick (e.g. Corollary 3.4 in [120])

pr
(∣∣∣‖fβ̂n − f 0‖2n − ‖fβ̂n − f

0‖22
∣∣∣ ≥ δn

)
= pr

{∣∣∣∣(Pn − P )(fβ̂n − f 0
)2∣∣∣∣ ≥ δn

}
≤ pr

{
sup
g∈G̃2

n

|(Pn − P )g| ≥ δn

}
+ pr(fβ̂n /∈ Gn)

≤ 4pr
{
sup
g∈G̃2

n

∣∣∣∣∣ 1n
n∑
i=1

Wig(Xi)

∣∣∣∣∣ ≥ δn/4

}
+ pr(fβ̂n /∈ Gn)

(7.105)

The Wi variables above are independent and identically distributed Rademacher variables

(pr(Wi = 1) = pr(Wi = −1) = 0.5). They are bounded (therefore sub-Gaussian) random

variables. The probability pr(fβ̂n /∈ Gn) has been investigated in Corollary 7.4.6. To bound

the first term in (7.105), we need to apply some maximal inequalities (e.g., Corollary 8.3 or

Lemma 3.2 in [120]). These results require that rn > δn and

√
nδn ≥ C

(∫ rn

δn/8

H1/2
(
τ, G̃2n, Pn

)
dτ ∨ rn

)
. (7.106)

We already checked these properties in Lemma 7.4.9. So we conclude that with probability

going to 1, the difference between the training and testing error is no larger than δn.

Proof of Theorem 4.7.3. To show the testing error stated in Theorem 4.7.3, we just need to

combine the results in Theorem 7.4.10 and Corollary 7.4.6.

7.5 The Average Order of Divisor Functions

In this section we will present a derivation of the average order of D-divisor functions that

was used in the proof of Lemma 7.3.3. This result is known to mathematicians working

on number theory, and is usually considered as a direct generalization of the D = 2 case.

However, most standard references only include the special (but important) case whenD = 2.

For the purpose of completeness, we replicate a proof based on an unpublished online note

by Graham Jameson, from Lancaster University. For other references of similar results, see

[56] (Proposition 6) and [26].
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Lemma 7.5.1. We have the following recurrence relation for TD (over D):

TD(x) =
∑
n≤x

TD−1

(x
n

)
(7.107)

Proof. Fix n ≤ x. The number of D-tuples
(
j1, j2, . . . , jD−1, n

)
with n

∏D−1
k=1 jk ≤ x is

the number of (D − 1)-tuples with
∏D−1

k=1 jk ≤ x/n, that is, TD−1(x/n). Hence TD(x) =∑
n≤x TD−1(x/n).

Lemma 7.5.2. Define

AD(x) =
∑
n≤x

x

n
logD(x/n) (7.108)

then we have
1

D + 1
x logD+1 x ≤ AD(x) ≤

1

D + 1
x logD+1 x+ x logD x (7.109)

Proof. Let f(t) = (x/t) logD(x/t) for 1 ≤ t ≤ x (also f(t) = 0 for t > x). Then f(t) is

decreasing and non-negative, and∫ x

1

f(t)dt =

[
x

D + 1
logD+1(u)

]x
1

=
x logD+1(x)

D + 1
(7.110)

The statement follows, by using the following basic integral estimate (Proposition 1.4.2 of

[57]): Let f(t) be a decreasing, non-negative function for t ≥ 1. Write S(x) =
∑

n≤x f(n)

and I(x) =
∫ x
1
f(t)dt. Then for all x ≥ 1,

I(x) ≤ S(x) ≤ I(x) + f(1) (7.111)

Lemma 7.5.3. For any fixed D ≥ 2,

TD(x) =
1

(D − 1)!
x logD−1 x+O

(
x logD−2 x

)
. (7.112)

The O(·) in (7.112) is for x→∞.
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Proof. Induction on D. The case D = 2 is known to be true (Theorem 3.2 [117]). Assume

(7.112) for D, with the error term denoted by qD(x). Then by (7.107),

TD+1(x) =
∑
n≤x

TD

(x
n

)
= I(x) +Q(x) (7.113)

where
I(x) =

1

(D − 1)!

∑
n≤x

x

n
logD−1 x

n
=

1

(D − 1)!
AD−1(x)

Q(x) =
∑
n≤x

qD

(x
n

)
∼
∑
n≤x

x

n
logD−2 x

n
= AD−2(x)

(7.114)

By (7.109),

I(x) =
1

D!
x logD x+O

(
x logD−1 x

)
(7.115)

and Q(x) = O(x logD−1 x). Hence (7.112) holds for D + 1.
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