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Abstract
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Electrical & Computer Engineering

Reinforcement learning has seen significant advances over the last decade in simulated or
controlled dynamic systems. These successes have lead to interests in deploying learning al-
gorithms in more complex environments such as safety-critical and multi-agent settings.
However, in those environments, some important certifications of existing reinforcement
learning algorithms including safety constraints satisfaction and convergence guarantees are
lacking. Thus, certifiable reinforcement learning algorithms are desired and we introduce our
proposed algorithms in this thesis.

First, we tackle the problem on finding reinforcement learning policies for control systems
with pre-defined state and action constraints. We propose a new approach, termed Vertex
Networks, with guarantees on safety during both the exploration and execution stages, by
incorporating the safety constraints into the policy network architecture. Leveraging the
geometric property that all points within a convex set can be represented as the convex com-
bination of its vertices, the proposed algorithm first learns the convex combination weights
and then uses these weights along with the pre-calculated vertices to output an action. The
output action is guaranteed to be safe by construction and numerical examples illustrate
that the algorithm outperforms other baseline methods.

Second, we address safe reinforcement learning problem with known transition kernel and



unknown constraints. We leverage Constrained Markov Decision Process, which is a class of
stochastic decision problems in which the decision maker must select a policy that satisfies
auxiliary cost constraints. We present an algorithm C-UCRL and show that it achieves sub-
linear regret (O(T'%+/log(T/9))) with respect to the reward while satisfying the constraints
even while learning with probability 1 — §. As an extension to unknown transition kernel
setting, we present a lower bound on constraint violation, which proves the inevitability of
constraint violation of algorithms in constrained Markov decision process.

Third, we present our work on game-theoretic reinforcement learning, where we formulate
actor-critic algorithms as a Stackelberg game. We adopt the game-theoretic viewpoint and
model the actor and critic interaction as a two-player general-sum game with a leader-follower
structure known as a Stackelberg game. We propose a meta-framework for Stackelberg actor-
critic algorithms where the leader player follows the total derivative of its objective instead
of the usual individual gradient. From a theoretical standpoint, we develop a policy gradient
theorem for the refined update and provide a local convergence guarantee for the Stackelberg
actor-critic algorithms to a local Stackelberg equilibrium. From an empirical standpoint,
we demonstrate via simple examples that the learning dynamics we study mitigate cycling
and accelerate convergence compared to the usual gradient dynamics given cost structures
induced by actor-critic formulations.

Finally, we study two-player competitive reinforcement learning problem. In order to let
one player take advantage from the competition and benefit from learning with a learning
opponent, we adopt the hierarchical Stackelberg game formulation and proposed the novel
Stackelberg MADDPG algorithm. We also design and open-source new competitive rein-
forcement learning benchmark tasks and demonstrate the performance and behavior of our
algorithm on them.

The contributions of this thesis are steps towards certifiable reinforcement learning algo-

rithms from safety and game-theoretic perspectives under complex environments.
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Chapter 1
INTRODUCTION

4[ Environment ]7

state

action
reward

Agent

Figure 1.1: Reinforcement learning framework.

1.1 DMotivation

Reinforcement learning is a paradigm to learn optimal feedback control strategies by directly
interacting with a dynamic system. Over the last couple of years, reinforcement learning
algorithms have yielded impressive results on a variety of applications including playing video
games like Atari with super-human performance from image observations [1], surpassing the
best human players at board games like Go [2]. Besides the impressive and eye-catching
advances in games, the data-driven nature of reinforcement learning methods also allows it
to be applied directly in the physical world applications, where high-precision simulation or
large-scale parallel training is feasible, such as robot locomotion and manipulation [3, 4], and
autonomous vehicles [5].

Researchers in this area are certainly confident about the prospective development of re-
inforcement learning. Recently, Silver et al. hypothesize that intelligence, and its associated

abilities, can be understood as subserving the maximization of reward [6]. They suggest that



agents that learn through trial-and-error experience to maximize reward could learn behav-
ior that exhibits most if not all of these abilities, and therefore that powerful reinforcement
learning agents could constitute a solution to artificial general intelligence. This statement
seems to argue that, reinforcement learning through reward feedback should be the ultimate
paradigm to achieve artificial general intelligence. However, by the time of this thesis, we
haven’t achieved artificial general intelligence or its associated abilities. As stated by Michael
I. Jordan, the revolution hasn’t happened yet [7].

In fact, at the current stage, there are a lot of limitations and shortcomings in existing
reinforcement learning algorithms. The algorithms suffer from high variance. [8] shows that
it is possible to get different learning results by averaging different runs with the same hy-
perparameters, but different random seeds. The algorithms are known to have worse sample
complexity comparing to other machine learning mechanisms such as supervised learning [9].
Most algorithms do not have safety constraints satisfaction guarantee when applied to safety-
critical environments [10]. And when multiple agents are involved, reinforcement learning
algorithms often overlook the interaction between agents and thus have no convergence guar-
antee [11].

That is, even though reinforcement learning showed significant empirical performance in
some applications and domain experts are optimistic about its prospects, there is still a great
potential for improvement. In complex environments such as safety-critical and multiple
agents settings, reinforcement learning has not shown equivalent successes comparing to
well-structured environments, and certifiable reinforcement learning algorithms are desired.
This motivates the researches in this thesis.

In general, the goal of reinforcement learning is to learn a policy mapping states to
actions, which seeks to maximize the summation of a numerical reward signal. The policy is
not learning which actions to take from a batch of labeled data, but instead must discover
which actions yield the most reward by trying them. It typically learns to make sequential
decisions by interacting with the environment with full freedom, gradually improving its

performance at the task as learning progresses. Figure 1.1 shows an abstract framework of



the interaction between reinforcement learning agent and the environment. This trial-and-
error nature of reinforcement learning makes it often suffer from high variance and lack of
stability and safety when deployed on real-world systems.

Unlike in simulation, in the physical world there are often additional safety constraints,
or specifications that lead to constraints, on the learning problem. As a result, any algorithm
that is deployed on real-world systems needs to ensure the safety of itself and the environment
that it interacts with. For instance, a robot arm should avoid behaviors that could cause it
to damage itself or the objects around it, and autonomous vehicles must avoid crashing into
others while navigating [10]. In real-world applications such as the above, constraints are
an integral part of the problem description, and maintaining constraint satisfaction during
learning is critical. That is, they are hard constraints.

There are two main sources of safety constraints in reinforcement learning problems. For
the first one, the safety criterion is known and the constrained region is pre-defined. The
learner must be restricted within the safety region while exploring the environment during
the learning procedure. For the second one, the constraints are unknown a priori. They
are received by the learner as cost signals just like the reward, and the constraints must be
learned by interacting with the environment. In this case, maintaining constraints satisfac-
tion during learning is very hard and it requires a deliberate tradeoff between exploration
and exploitation. In this setting, safe reinforcement learning requires the learner to act con-
servatively in the beginning. Once the algorithm safely gathers data on the task and learns
about the costs associated with constraints, it can start to exploit for higher performance.

On the other hand, reinforcement learning algorithms sometimes involve multiple learn-
ers. As a matter of fact, not only in reinforcement learning but also in general machine
learning, a number of problems consist of a hybrid of several learners. The learners are
rarely acting in isolation within the environment, instead, they are typically in the presence
of multiple autonomous agents who may be passing information to each other and optimizing
their objectives either competitively or cooperatively. One famous example is the generative

adversarial networks [12], and other examples in reinforcement learning include multi-agent



reinforcement learning [13] and actor-critic algorithms [14].

In some reinforcement learning applications, such as actor-critic and competitive multi-
agent environment settings, there exist natural hierarchical orders between agents, and game-
theoretic reinforcement learning algorithms explicitly considering such orders are desired.
The problems involving multiply learner interactions have been formulated as games, where
learning algorithms have been developed from a game-theoretic perspective to achieve equi-
librium points of the games. Stackelberg game, which is a special kind of game formulation,
characterizes the interaction between a leader and a follower. The leader in the game is
distinguished by the ability to act before the follower. As a result of this structure, the
leader optimizes accounting for how the follower responds, while the follower selects a best
response to the action of the leader. The typical equilibrium concept studied in this class
of games is known as a Stackelberg equilibrium. The importance of the order of play in op-
timization problems present in machine learning applications such as generative adversarial
networks has spurred the development of local refinements of the Stackelberg equilibrium
notion [15, 16] along with the design and analysis of iterative algorithms seeking to compute
local Stackelberg equilibrium in nonconvex-nonconcave games [15, 16, 17, 18]. Reinforcement
learning algorithms formulated in Stackelberg game are desirable methods that account for

the order of play in multi-agent environments.
1.2 Contributions

In this thesis, we propose several certifiable reinforcement learning algorithms from safety
and game-theoretic perspectives. We develop safe reinforcement learning algorithms for both
pre-defined constraints and unknown constraints settings and novel actor-critic and multi-
agent algorithms by formulating the learning with actor and critic or agents as a Stackelberg
game.

In Chapter 2, we present our work on finding reinforcement learning policies for control
systems with pre-defined state and action constraints. Previous safe reinforcement learning

methods seeking to ensure constraint satisfaction, or safety, have focused on adding a projec-



tion step to the policy during learning. Yet, this approach requires solving an optimization
problem at every policy execution step, which can lead to significant computational costs
and has no safety guarantee with the projection step removed after training. To tackle this
problem, this work proposes a new approach, termed Vertex Networks, with guarantees on
safety during both the exploration and execution stages, by incorporating the safety con-
straints into the policy network architecture. Leveraging the geometric property that all
points within a convex set can be represented as the convex combination of its vertices, the
proposed algorithm first learns the convex combination weights and then uses these weights
along with the pre-calculated vertices to output an action. The output action is guaranteed
to be safe by construction. Numerical examples illustrate that the proposed VN algorithm

outperforms projection-based reinforcement learning methods. This work is published in [19].

In Chapter 3, we present our work on safe reinforcement learning with known transition
kernel and unknown constraints. In this work, we leverage Constrained Markov Decision
Process, which is a class of stochastic decision problems in which the decision maker must
select a policy that satisfies auxiliary cost constraints. This work extends traditional up-
per confidence reinforcement learning for settings in which the reward function and the
constraints, described by cost functions, are unknown a priori but the transition kernel is
known. Such a setting is well-motivated by a number of applications including exploration
of unknown, potentially unsafe, environments. We present an algorithm C-UCRL and show
that it achieves sub-lincar regret (O(T11/log(T/8))) with respect to the reward while sat-
isfying the constraints even while learning with probability 1 — ¢§. Illustrative examples are
provided. As an extension to unknown transition kernel setting, we present a lower bound
on constraint violation, which proves the inevitability of constraint violation of algorithms
in constrained Markov decision process. This work is published in [20] and proof details and
additional experiment examples can be found in a longer version [21].

In Chapter 4, we present our work on game-theoretic reinforcement learning, where we
formulate actor-critic algorithms as a Stackelberg game. The hierarchical interaction be-

tween the actor and critic in actor-critic based reinforcement learning algorithms naturally



lends itself to a game-theoretic interpretation. We adopt this viewpoint and model the ac-
tor and critic interaction as a two-player general-sum game with a leader-follower structure
known as a Stackelberg game. Given this abstraction, we propose a meta-framework for
Stackelberg actor-critic algorithms where the leader player follows the total derivative of its
objective instead of the usual individual gradient. From a theoretical standpoint, we develop
a policy gradient theorem for the refined update and provide a local convergence guaran-
tee for the Stackelberg actor-critic algorithms to a local Stackelberg equilibrium. From an
empirical standpoint, we demonstrate via simple examples that the learning dynamics we
study mitigate cycling and accelerate convergence compared to the usual gradient dynamics
given cost structures induced by actor-critic formulations. Finally, extensive experiments on
OpenAl gym environments show that Stackelberg actor-critic algorithms always perform at
least as well and often significantly outperform the standard actor-critic algorithm counter-
parts. This work is partially published in [22] and more results can be found in a longer
version [23].

In Chapter 5, we study two-player competitive reinforcement learning problems. In order
to let one player take advantage from the competition and benefit from learning with a
learning opponent, we adopt the hierarchical Stackelberg game formulation and proposed the
novel Stackelberg MADDPG algorithm. We also design and open-source new competitive
reinforcement learning benchmark tasks and demonstrate the performance and behavior of
our algorithm on them. Empirically, we show that the leader in the Stackelberg MADDPG
algorithm learns a better policy and gains advantages in the competitive game.

Chapter 6 concludes the thesis with a discussion of the future directions of the works in
this thesis and the general safety and game-theoretic reinforcement learning topics. When
reading the thesis, each of the chapters can be read independently of one another, although
Chapter 5 is highly related to Chaper 4. Each chapter focuses on a novel certifiable reinforce-
ment learning algorithm designed for a specific problem formulation and application. Each

chapter is associated with concise introduction and motivation sections to be self-contained.
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Chapter 2

SAFE REINFORCEMENT LEARNING VIA VERTEX
NETWORKS

—[ Environment
4{ Agent }—*[ Safety Layer

Figure 2.1: Framework of safe reinforcement learning with “safety layer”.

state

action
reward

2.1 Introduction

Over the last couple of years, reinforcement learning algorithms have yielded impressive
results on a variety of applications. These successes include playing video games with super-
human performance [1], robot locomotion and manipulation [3, 4], autonomous vehicles [5],
and many benchmark continuous control tasks [24]. In reinforcement learning, an agent
learns to make sequential decisions by interacting with the environment, gradually improving
its performance at the task as learning progresses.

Policy optimization algorithms [3, 25| for reinforcement learning assume that agents are
free to explore any behavior during learning, as long as it leads to performance improve-
ment. However, in many real-world applications, there is often additional safety constraints,
or specifications that lead to constraints, on the learning problem. For instance, a robot

arm should avoid behaviors that could cause it to damage itself or the objects around it,



and autonomous vehicles must avoid crashing into others while navigating [10]. In fact, con-
straints are integral to many real-world problems, and maintaining constraint satisfaction
during learning is critical. In addition, these are often hard constraints that must be satis-
fied at all times. Therefore, in this work, our goal is to maintain constraint satisfaction at
each step throughout the whole learning process. This problem is sometimes called the safe
reinforcement learning problem [26]. In particular, we define safety as staying within some

pre-specified safety sets for both states and actions.

In existing safe reinforcement learning literature, a “safety layer” is often leveraged to
maintain constraint satisfaction during training under different problem settings [27, 28, 29].
Figure 2.1 provides a framework of those approach in reinforcement learning settings. In these
approaches, action of the policy at each time step is not directly executed, but sent to the
safety layer which projects it into the required safety region. The policy can explore the action
space freely to maximize performance, while the projection maintains constraint satisfaction.
However, these approaches either involves solving a computationally expensive optimization
problem at each time step [27, 29], or has strict assumptions about the constraint violation
[28]. As a matter of fact, if real-time optimization is allowed by the application, then it is
often more advantageous to solve a model predictive control (MPC) problem than to ask for
a policy learned by reinforcement learning. Moreover, if the projection is not differentiable,
these methods decouple the action with the policy, which may result in an unstable policy
with the projection step removed after training.

To alleviate the above limitation of projection-based approaches, we propose Vertex Net-
works (VNs), where we encode the safety constraints into the policy via neural network
architecture design. In VNs, we design a novel safety layer, where instead of solving a pro-
jection optimization problem, we compute the vertices of the safety region at each time step
and design the action to be the convex combination of those vertices, allowing policy opti-
mization algorithms to explore only inside the safe region during training. Therefore we are
able to integrate the constraints into the learning process by design and leverage standard

policy optimization training techniques.
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2.1.1 Contribution

The contributions of this work can be briefly summarized as follows: (1) To the best of
our knowledge, this is the first attempt to encode safety constraints into policies by explicit
network design. (2) In simulation on benchmark inverted pendulum and hovercraft control
examples, the proposed method achieves better performance as well as constraint satisfaction

compared with the projection-based method.

2.1.2 Related work

Safe reinforcement learning or learning-based control with safety certification methods have
gained significant attention in recent years. A common technique is to employ a “safety
layer” or “safety framework” [30, 31, 27, 32, 28, 29, 33, 34], which consists of a projection-
based supervisory element between the agent and the system. If the action generated by
the agent would cause the system to leave the safe region, the safety layer intervenes and
project to the closest action where the system would stay in the safety region. The techniques
proposed in [30, 31] are based on a differential game formulation that results in solving a
min-max optimal control problem, which can provide the largest possible safe set, but offers
very limited scalability. MPC-like schemes are used in [27, 32|, which are computationally
expensive if executed online. A closed-form solution can be obtained by locally linearizing
the learned model [28]. As a result, this safety layer is differentiable and can be applied to
any policy optimization algorithm. However, this approach assumes that only one of the
half-space constraints to be violated, which is unlikely to always hold during exploration.
These projection-based methods have also been leveraged in the settings where the con-
straints are defined by control barrier functions [33, 34]. Special policies can be designed for
tailored applications, e.g., power system frequency regulation [35, 36]. Finally, most similar
to our setting, [29] consider polytope constraints and propose projected DDPG algorithm to

maintain safety during learning. We compare to this method as a baseline in our experiments.
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2.2 Problem Formulation

Consider a discrete time affine control system in which the system evolves according to
Xtp1 = f(Xt) + H(Xt)ut + Wy, (21)

where x € R", u € R™, and f and H are known functions of appropriate dimensions. The
unknown disturbance w; is assumed to be in a compact set YW, where W = {w|w < w < W}
is a convex polytope. Our goal is to maximize the cumulative reward over time horizon T,

subject to safety constraints on x and actuator constraints on u:

T
max Z R(x¢,uy) (2.2a)
t=1
S.t. Xtp1 = f(Xt> -+ H(Xt)ut —+ Wy (22b)
X € X (22C)
u; € Z/{, (22d)

where X and U are convex polytopes. A convex polytope can be defined as an intersection of
linear inequalities (half-space representation) or equivalently as a convex combination of a
finite number of points (convex-hull representation) [37]. This type of constraints are widely
used in theory and practice—for example, see [38] and the references within. In this work,
we assume that the problem defined in (2.2) is feasible for all possible disturbances in W.

The goal of safe reinforcement learning is to find an optimal feedback controller u;, =
mo(X¢), that maximizes the overall system reward (2.2a) while satisfies the safety constraints (2.2c)
and the actuator constraints (2.2d). Solving (2.2) is a difficult task, even for linear systems
with only the actuator constraints, except for a class of systems where analytic solutions
can be found [39]. Therefore, reinforcement learning (and its different variants) have been
proposed to search for a feedback controller.

Numerous learning approaches have been adopted to solve the problem when the con-
straints (2.2c) and (2.2d) are not present. However, there are considerably less successful

applications of reinforcement learning to problems with hard constraints. In contrast to the
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popular projection-based approaches (see Section 2.1.2), we propose a novel vertex policy
network that encodes the geometry of the constraints into the network architecture, which
makes a differentiable policy that can be trained by any policy optimization algorithm in an
end-to-end way. We will discuss the proposed vertex policy network framework in detail in

the next section.

2.3 Vertex Policy Network

The key idea of our proposed Vertex Network (VN) is based on the geometry property of a
convex polytope. Given a bounded convex polytope P, it is always possible to find a finite
number of vertices such that the convex hull is P. In addition, there is no smaller set of

points whose convex hull forms P [37]. Then, the next proposition follows directly.

Proposition 2.1. Let P be a convex polytope with vertices Py, ..., Py. For every point

p € P, there exists A1, ..., \n, such that
p=MP+-+ AnPn,
where N\; > 0,Vi and A\ + -+ Ay = 1.

The preceding proposition implies that we can search for the set of weights \;’s instead
of directly finding a point inside polytope.

Proposition 2.1 can be applied to find a feedback control policy. Since both the constraint
sets X, U and VW are convex polytopes, the feasible control action at each time step must
also live in a convex polytope. If its vertices are known, it suffices for the policy to learn
the weights \;’s. The benefit of having the weights as the output is threefold. Firstly, it
is much easier to normalize a set of real numbers to be all positive and to sum to unity
(the probability simplex) than to project into an arbitrary polytope. In this work, we use a
softmax layer for this purpose. Secondly, this approach allows us to fully explore the interior
of the feasible space, where projections could be biased towards the boundary of the set.
Thirdly, we are able to use standard policy optimization training techniques by plugging in

this policy network design.
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For general policy optimization algorithm, the parameterized policy neural network 7y is
updated by
0+ 0+ aVyJ(0), (2.3)

where J() is the expected return of the current policy and is defined by

J(6) =E

> R(xi, ut)] : (2.4)

t=1

J(0) is often approximated by + SN ST R(x44,uiy), where N are the number of sampled
trajectories generated by running the current policy mp(uy|x;) and T is the trajectory length.
The overall algorithm procedure with the proposed VN framework is provided in Figure 2.2.

Below, we discuss the two major components of VN in detail: (1) the safety region and

vertex calculation, and (2) the neural network architecture design for the safety layer.

2.3.1 FEwolution of the Action Constraint Set

We require that at each time step the states of the system stay in the set X subject to
all possible disturbances in W, and the control actions at constrained to be in the set U.
As stated earlier, we assume X, U and W to be convex polytopes. The main algorithmic
challenge comes from the need to repeatedly intersect translated versions of these polytopes.
To be concrete, suppose we are given x;. Then for the next step, we require that x,,1 € X.

This translates into an affine constraint on uy, since the control action mush satisfy
H(x)u, € X oW — f(xy). (2.5)

where © represents Pontryagin set difference, and X © W = {x|x + W C X'} is a polytope.
Since x; is known, H(x;) is a constant matrix in the above equation, and the constraint on
u,; imposed by (2.5) is again polytopic. We denote this polytope as &;. The set to which wu,

must belong is the intersection of S; and the actuator constraints:
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Figure 2.3: Evolution of action constraint set of Example 2.1. The left plot visualizes the
safety set at time ¢ = 1, and the right plot shows the safety set at time ¢ = 2.

After identifying the vertices of U;, the algorithm in Figure 2.2 can be used to find the

optimal feedback policies.

Remark 2.1. Note that the safety requirement here is “one step ahead”. One could use
the methods in [40, 41] to compute a tighter “infinity steps ahead” invariant set S; for
linear systems. See [42] for more discussions on controlled invariant set. However, this is

computationally more complicated and out of the scope of this work.

In general, it is fairly straightforward to find the convex hull or the half-space representa-
tions of &, since it just requires a linear transformation of X ©W. However, the intersection
step in (2.6) and extracting the vertices are non-trivial. Below, we walk through a simple ex-
ample to illustrate the steps and then discuss how to overcome the computational challenges

in Section 2.3.2.

Example 2.1 (Intersection Step). Consider the following two—dimensional linear system:

10 10
Xi41 = X¢ + uy.
1 01

A
\.H
o
A
S
IA

Suppose the action safety set U is a convex polytope defined by: 0 < u; <
1 and uy + usy < 1.5. The state safety set X is a square defined by 0 < x; < 1,0

IA
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o < 1 and the nitial state is X3 = [0,5 0,5}T. By simple calculation, S = {—0.5 <
up < 0.5,—0.5 < uy < 0.5} and Uy is the box bounded by {(0,0), (0,0.5),(0.5,0),(0.5,0.5)}.
Figure 2.3 (left) visualizes the intersection operations. Now suppose a feasible action u; =
(0.1 0.1]" is chosen and the system evolves. Then, S; = {—0.6 < u; < 0.4, —0.6 < uy < 0.4}.
Performing the intersection of Sy and U, we get that Us is a rectangle defined by the vertices
{(0,0),(0,0.4),(0.4,0),(0.4,0.4)} as depicted in Figure 2.3 (right).

2.3.2  Intersection of Polytopes

It should be noted that finding the vertices of an intersection of polytopes is not easy [43].
If the polytopes are in half-space representation, then their intersection can be found by
simply stacking the inequalities. However, finding the vertices of the resulting polytope can
be computationally expensive. Similarly, directly intersecting two polytopes based on their

convex-hull representation is also intractable in general.

Luckily, in many applications, we are not intersecting two generic polytopes at each step.
Rather, as illustrated in Example 2.1, they are two polytopes with fix shapes, where the
position of U is fixed as well and only the position of S; depends on x;. It turns out that for
many systems (see Section 2.4), we can find the resulting vertices by hand-designed rules.
In addition, there are heuristics that work well for low-dimensional systems [44]. Applying
the proposed VN technique to high-dimensional systems is the main future direction for this

work.

For the case that S; and U do not overlap, we pick the point in U that closest to S; to be
the vertex. By design, the output of the VN is the action within set &/, meanwhile transiting
to the state closest to the safe state set X. One could also choose to terminate the current

training episode and reset the environment.
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Figure 2.4: Illustration of the proposed safety layer architecture. The output of the policy
network is modified to predict the weights A;, @ € [1, N]. These weights are normalized to
Xi,i € [1, N] that satisfies A; > 0 and S_~ | \; = 1, via the softmax activation function. The

action output is calculated as Zfil X-Pi(t), where Pi(t) are the safety polytope vertices.

2.3.8  Safety Layer

Once we obtain U, the next step is to encode the geometry information into the policy
network such that the generated action stays in U;. According to Proposition 2.1, it suffices
for the policy network to generate the weights (or coefficients) of that convex combination.

Suppose that U, can have at most N vertices, labeled Pl(t), e ,P](\f). In the policy net-
work architecture design, we add an intermediate safety layer that first generates N nodes
Aty ..., An. The value of these nodes, however, are not positive nor do they sum to 1.
Therefore, a softmax unit is included as the activation function in order to guarantee the
non-negativity and the summation constraints. In particular, we define \; = i/ (Zjvzl ehi),

the weights of a convex combination. The final output layer (action w;) is defined as the

multiplication of these normalized weights )\; and the corresponding vertex values,

N
u =y AP (2.7)
=1
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An illustration diagram is provided in Figure 2.4.

Note that the exact number of vertices of the polytope intersection may vary from state
to state. In our design, we simply set IV to be the largest possible number, since the convex
combination with repeated vertices still captures all points in the polytope. Also, our method
relies on an offline hand-designed rule to compute the vertices. Such hand-designed rule is a
mapping from state to a sequence of vertices, which is “standardized” as the vertices are in

a fixed order.
2.4 Experiments

In this section, we present and analyze the performance of the proposed VN experimentally.
We first describe the baseline algorithms and then demonstrate the performance comparisons
in two benchmark control tasks: (i) inverted pendulum and (ii) hovercraft tracking. The code

for our experiments is available at https://github.com/LeoZhengZLY/vertex-net.

2.4.1 General Fxperimental Details

Baseline Learners and Comparators. In our simulations, we compare against two base-
line algorithms. (1) We compare against DDPG algorithm [3], which is a state-of-the-art
continuous control reinforcement learning algorithm, to optimize the controller policy. To
add safety constraints to the vanilla DDPG algorithm, a natural approach is to artificially
shape the reward such that the agent will learn to avoid undesired areas. This can be done by
setting a low or negative reward to the unsafe states and actions (termed as penalty method
in [26]). In our experiments, we include such a soft penalty in the reward function and train
a standard policy network with DDPG algorithm as the first baseline.! (2) We also compare
against the projected DDPG algorithm in [29] as the second baseline algorithm (refer to
as PDDPG). This approach introduces a projection-based supervisory element between the

agent and the system, which projects the unsafe actions into the safety set at each time step

!The reward function is consistent among all methods, meaning that our method also includes such soft
penalty.
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during training. According to [29], after the training, the supervisor is removed and the

agent acts as a conventional reinforcement learning-based controller.

Implementation Details. We use the following hyperparameters for all experiments. For
DDPG and PDDPG, we use a three-layer feed-forward neural network, with 256 nodes in
each hidden layer. For our approach, we use the proposed VN to represent the policy and
leverage DDPG to optimize it directly (refer to as VN-DDPG). It has two feed-forward layers

(with 256 nodes in each hidden layer) and a final safety layer as described in Section 2.3.3.

2.4.2  Pendulum

Experiment Setup. For the inverted pendulum problem, we use the OpenAl gym en-
vironment (pendulum-v0), with the following specifications: mass m = 1, length [ = 1.
The system state is two-dimension that include angle # and angular velocity w of the pen-
dulum, and the control variable is the applied torque u. We set the safe region to be
0 € [—1,1] (radius) and torque limits v € Y = [—15,15]. The reward function is defined as
r = —(6? 4+ 0.1w? + 0.001u?), with the goal of learning an optimal feedback controller. With

a discretization step size of A = 0.05, the following are the discretized system dynamics:

39 . 3
001 = 0; + w A+ 2—? sin(0;) A% + WUAQ +d; (2.8a)
it =+ T Gn(0)A + ——uA (2.8b)
T W o) ¢ mi2 '

where d; is the disturbance random variable uniformly drawn from [—0.05,0.05].

Technical Details. To keep the next state in the safe region 0,1 € [—1, 1], we can compute
the corresponding upper and lower bound of u to represent set S; by (2.8a). Therefore, the
vertices of VN can be found by intersecting S; and #. Under the case where S; and U have no
overlap, we pick —15 as the vertices if the upper bound of &; is less than —15. Otherwise, we

pick 15 as the vertices. For comparison, the output of normal policy network is constrained
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Figure 2.5: Comparison of accumulated reward and constraint violation (max angle) for the
pendulum problem.
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Figure 2.6: Representative trajectories (angle vs. time) generated by the policy before
training and after training.

in [—15,15] by using tanh activation function in the final layer. The initial state of each

episode is randomly sampled in the safe state region [—1,1].

Results. In Figure 2.5, we show a comparison of the accumulated reward and the max
angle of each episode in training of DDPG, PDDPG, and VN-DDPG. We observe that both
PDDPG and VN-DDPG maintain safety throughout the training process, and as a result,
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Figure 2.7: Hovercraft example. u; and us, denote starboard and port fan forces. 0, z,y are
the tilt angle and the coordinate position.

it achieves higher reward in the early stage. It is also interesting to observe that the DDPG
also becomes “safe” after training, since the reward function itself drives 6 to be small. This
suggests if we can train the DDPG with soft penalty offline, it might be able to obey the
safety constraint for some control systems. However, the plot on max angle shows that even
a well-trained policy may occasionally violate constraints if these hard constraints are not

explicitly taken into account.

Figure 2.6 shows the pendulum angle trajectories of representative episodes before train-
ing versus after training generated by PDDPG and VN-DDPG. For VN-DDPG before train-

2 However, the

ing, the pendulum angle is maintained near the edge of the safe region.
PDDPG fails to maintain safety with projection supervisor removed. Once the training is
finished, both of the learned controller are safe. These suggest that PDDPG could be unsafe
if the training has not converged but VN-DDPG maintains safety regardless of the neural

network initialization.
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2.4.3 Hovercraft

Experiment Setup. Consider the task of controlling a hovercraft that tracks a target

position illustrated in Figure 2.7. The system dynamics are defined as follows [45]:

Tpp1 = Ty + Vgt A + % sin 6, (uy + ug)A? (2.9a)
Vg4l = Upt + %sin O (ug + ug) A (2.9b)
Yir1 = Y + Uyt A+ %(cos 0y (uy + uy) — g) A (2.9¢)
Uy 41 = Uyt + %(COS O:(uy + ug) — g)A (2.9d)
Or1 =01 +vo: A+ %(ul — ug)A? (2.9¢)
Vo1 = Vot + 1(u1 — ug)A (2.9f)

l
where m = [ =1, g = 10. The initial state of the hovercraft is set at position (0,0) and the
target position is (5,5). To keep the tilt angle of the hovercraft in a safety region, we set
the safe state region to be § € [0, 0]. To better investigate the effect of the constraint, we
did two experiments where the tilt angle upper bounds are set to be # = 0.01 and 6 = 0.25
radians, respectively. Considering the force exerted on two fans are coupled and subject to

a total energy budget, the actuator constraint set is defined as U = {uq, uslu; > 0,uy >

O,Ul -+ Uy S 20}

Technical Details. For all the learners, we define the reward function r = —(x — ()% —
(y — y0)? — 0% — 0.1(v} + v + vg) — 0.001(ui 4 u3) where (20, y0) denotes the target position.
The learner is incentivized to track the target position while keeping the tile angle and force
small for the safety constraint. In addition, for DDPG and PDDPG, the output of policy
network is truncated to be within the actuator constraint set ¢. For the proposed VN-DDPG
approach, Figure 2.8 shows how to use at most five vertices to represent the intersection of

safe state region and the actuator constraint region. The gray area is the actuator constraint

2Since we initialize the neural network near to zero, the policy before training is simply the average of
all vertices.
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Uz

Figure 2.8: Illustration of polytope intersection of hovercraft examples.
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Figure 2.9: Comparison of accumulated reward and constraint violation (max tile angle)
from Hovercraft control with different constraint upper bound.

set U, the blue area are the constraint on u, uy imposed by 6,41 € [—0,0] and (2.9¢). The
orange vertices can be computed in closed-form by intersecting boundary equations.

Results. Figure 2.9 compares the accumulated reward and max tilt angle of each episode in

the training of DDPG, PDDPG, and VN-DDPG. We observe that even trained DDPG could
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Figure 2.10: Trajectories (distance to target ||(x,y) — (%o, %0)||* and tilt angles ) of trained
policies with different tilt angle upper limit.

still constantly violate the constraint. Both PDDPG and VN-DDPG are able to maintain
constraint satisfaction during training and we can observe that when § = 0.01, they converges
to a suboptimal controller with lower episode reward since the constraint is too restrict and
contradicts with the task (tracking the target position). Figure 2.10 visualizes the trajectories
of trained policies. In both choices of the tilt angle upper limit 8, the constraint is never
violated in the whole trajectory executing learned policies of VN-DDPG. When § = 0.01,
the hovercraft has a strict constraint on its tilt angle and fails to track the target position
but with § = 0.25, it is able to reach the target. On the contrary, running the learned DDPG
and PDDPG policies will have tilt angle violation even with the soft penalty added in the
reward. Note that the trained policy of PDDPG with # = 0.01 has poor performance as it
completely fails to track the target and violates the constraint. This is due to the fact that
the constraint during training is too restrict and the projected actions deviate a lot from
the original unconstrained policy. As a matter of fact, the decoupling of the action and the

policy results in an unstable policy with the projection step removed after training.
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2.5 Conclusion

In this work we design a novel policy network architecture called Vertex Network (VN), which
is motivated by the problem of training an reinforcement learning algorithm with hard state
and action constraints. Leveraging the geometric property that a convex polytope can be
equivalently represented as the convex hull of a finite set of vertices, the output of VN
satisfies the safety constraints by design. Empirically, we show that VN yields significantly
better safety performance compared with a normal policy network with a constraint violation

penalty or with a projection-based supervisor in two benchmark control systems.
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Chapter 3

CONSTRAINED UPPER CONFIDENCE REINFORCEMENT
LEARNING

—[ Environment ]7
—>

Figure 3.1: Framework of constrained reinforcement learning with cost feedback.

state
reward
cost

action

3.1 Introduction

Markov Decision Processes (MDPs) have been successfully utilized to model sequential
decision-making problems in stochastic environments. In the typical approach to learn-
ing a policy, the decision-maker trades off between exploration and exploitation, gradually
improving their performance at the task as learning progresses. Reinforcement learning, a
standard paradigm of learning in MDPs, has shown exceptional success in a variety of do-
mains such as video games [1], robotics [3, 4], recommender systems [46], and autonomous
vehicles [5]. Yet, in many of these real-world applications there is additional constraints, or
specifications that lead to constraints, on the learning problem.

For instance, a recommender system should avoid presenting offending items to users
and autonomous vehicles must avoid crashing into others while navigating [26]. Building

algorithms that respect safety constraints not only during normal operation, but also during
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the initial learning period, is a question of particular interest [47]. This problem is known
as the safe exploration problem [48, 10]. In the standard MDP framework, an approach for
baseline performance is risk-sensitive reinforcement learning [49, 26|, where the optimization
criterion is transformed in order to reflect a subjective measure balancing the return and the
risk.

On the other hand, in a safety-critical environment, it is more reasonable to separate the
return and the risk criterion, and enforce constraint satisfaction in the learning procedure.
A standard formulation for an environment with safety constraints is the constrained MDPs
(CMDPs) [50]. A decision-maker facing a CMDP aims to maximize the total reward while
satisfying the constraints on costs in expectation over the whole trajectory. Figure 3.1
provides a framework of reinforcement learning in CMDP.

In recent literature, policy gradient-based reinforcement learning algorithms have been
proposed as a means to learn a policy for a CMDP. The following are two constrained policy
search algorithms with state-of-the-art performance guarantees: Lagrangian-based actor-
critic algorithm [51, 52, 53, 54, 55] and Constrained Policy Optimization (CPO) [56, 57].
However, for these policy gradient-based methods, safety is only approximately guaranteed
after a sufficient learning period. The fundamental issue is that without a model, safety
must be learned via trial and error, which means it may be violated during initial learning
interactions.

Model-based approaches have utilized Gaussian processes to model the state safety values
or the dynamic uncertainties [58, 59, 60, 33] or utilized Lyapunov-based methods [61] to
guarantee safety during learning. Although these methods guarantee constraint satisfaction
during learning, an arguably valuable analysis of the regret is lacking.

In unconstrained settings when the reward and transition kernel are unknown, upper
confidence based reinforcement learning algorithms have been proposed—namely, UCRL2
[62]—with sub-linear regret. The key idea is to build confidence intervals on the reward
and transition kernel and iteratively solve for policies using value iteration.

In this work, we are not only interested in learning the optimal policy that satisfies the
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constraints via interacting with the stochastic environment, but also in ensuring performance
guarantees on the learning algorithm during learning. With some practical scenarios in mind,
we make the assumption that the rewards and constraint costs are unknown. For instance,
consider a robot navigation task; here may have an approximate model the dynamics of the
robot (known with some uncertainty) and the reward and constraints which model the value
of exploring the environment as unknown—e.g., constraints can be abstracted as costs which
seek to limit the frequency of visiting a potentially hazardous states [63].

Motivated by upper confidence reinforcement learning [62], we introduce the constrained
upper confidence reinforcement learning (C-UCRL) algorithm which combines elements of the
classical UCRL2 algorithm with robust linear programming. We define our goals as follows:
(1) maintain constraint satisfaction throughout the learning process with high probability,
and (2) achieve sub-linear regret comparing the rewards collected by the algorithm during

learning with the reward of an optimal stochastic policy.

3.1.1 Contributions.

The contributions can be summarized as follows. Building on UCRL2, we introduce the
C-UCRL algorithm (Algorithm 1). We show that C-UCRL is guaranteed to satisfy constraints
during learning with probability at least 1 — 4§ (Theorem 3.1) and achieves O(T'1/log(T'/6))
reward regret (Theorem 3.2). Of independent interest, we note that when the state space
is trivial, the setting we consider subsumes stochastic multi-armed bandits with per-round

budget constraints, where the optimal policy is a randomized policy across arms.
3.2 Related Work

Recently, several policy gradient-based reinforcement learning algorithms have been pro-
posed for learning policies for CMDPs. In particular, there are two noteable constrained
policy search algorithms which enjoy state-of-the-art performance: a Lagrangian-based al-
gorithm [51, 52] and Constrained Policy Optimization (CPO) [56]. The Lagrangian-based

algorithm formulates the CMDP problem as a minimax problem and uses primal-dual gradi-
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ent optimization to find the saddle point solution. While this procedure will asymptotically
converge to the saddle point solution, in general there is no guarantee on policies being safe
during the learning procedure. On the other hand, CPO—a method that derives from an
extension of trust-region policy optimization (TRPO)—guarantees monotonic performance
improvements on the expected reward and a guarantee on constraint satisfaction throughout
training. While this algorithm is safe during learning, analyzing its convergence is challenging
and the regret analysis with respect to reward is lacking.

As an alternative to policy gradient reinforcement learning algorithms, linear program-
ming based algorithms have been proposed. In [63], CMDPs with known reward, constraints,
transition kernel but uncertain initial state distribution are considered. Linear programming
based algorithms are proposed to solve for safe policies in this setting. In our setting, how-
ever, the reward and constraints are stochastic and considered unknown a priori, which the
stochastic transition kernel is known.

Most similar to our approach is UCRL2; in particular, our approach can be viewed as an
extension of UCRL2 [62], in some sense, by incorporating constraints; the one difference is
that we assume the transition kernel is known while the classical UCRL2 algorithm does not.
We leave extending our setting to unknown transition kernels to future work. As alluded to
in the introduction, in UCRL2, the reward and transition kernel are approximated and the
policy is obtained by value iteration based methods in a “optimism in the face of uncertainty”
fashion. Further, the performance of UCRL2 is analyzed by bounding the regret with respect
to the optimal deterministic policy. CMDPs, however, in general do not admit deterministic
policies. In C-UCRL, the reward and constraints are approximated and the policy is obtained
by solving a robust linear program. Performance is assessed by computing the reward regret
with respect to the optimal randomized policy.

Finally, our work is related to the multi-armed bandit problem with constraints. Previous
works, e.g., have considered the multi-armed bandit problem with an auxiliary cost in addi-
tion to the traditonal reward [64, 65]. The “game” (between the player and the environment)

ends when the sum of current costs associated with the played arms exceeds the remaining
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budget, which is fixed and known to the player. The typical approach is to construct upper
confidence bounds for the reward-to-cost ratio and then utilize them in upper confidence
bound-based algorithms. On the other hand, in our approach, we use upper confidence
bounds for both reward and cost, and solve a linear program to obtain the policy policy.
In related work, fairness constraints are incorporated into a multi-armed bandit setting; in
particular, arms that are perceived to have less value/reward should never favored over bet-
ter performing alternatives, despite a learning algorithm’s uncertainty over the true payoffs
[66]. In such settings, the algorithm is forced to pick arms uniformly until the player has
enough confidence of the performance of arms. Connecting to this body of work, our problem
reduces to a constrained multi-armed bandit problem when there is a single state. The main
difference between our setting and that of the majority existing multi-armed bandit litera-
ture with constraints is that the optimal policy and policies obtainable by our algorithm can

be a randomized or stochastic policy as opposed to a deterministic “best arm” policy.

3.3 Problem Formulation

An MDP is a tuple (S, A, P,r), where § is the set of states, A is the set of actions, P : S x
Ax A — [0, 1] is the transition kernel such that P(s'|s, a) is the probability of transitioning to
state s’ given that the previous state was s and the agent took action a in s, and r : S x A —
0, 1] is the reward function. A stationary policy 7 : S x A — [0, 1] is a map from states to a
probability distribution over actions, with m(a|s) denoting the probability of selecting action
a in state s. We consider the setting in which the transition kernel P(s'|s,a) is known to
the agent, but the reward and costs are stochastic and unknown. In the example of a rover
exploring the surface of Mars, the agent (rover) is aware of the transition probability of next
state based on its action, but the safety quality of each state is unknown. Let S = |S| and
A = | A| where | - | is the cardinality of its argument. We use the notation [-] = {1,...,-} for

index sets.
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3.8.1 Constrained Markov Decision Processes

A CMDP is an MDP augmented with ‘cost’ constraints that restrict the set of allowable
policies for that MDP. For a given CMDP, we consider the performance measure to be the

infinite horizon average reward which is given by
J(m) = limp_yo0 Error [ S (s, at)] (3.1)

where 7 denotes a trajectory T = (sg, ag, S1, ... ), and 7 ~ 7 is shorthand for indicating that
the distribution over trajectories depends on 7: so ~ p(so),ar ~ 7(+|St), Ser1 ~ P(+]S¢, ar).

Similarly, define the average constraint costs by
Ci(m) = limr o0 Brror [ 30120 €il(sty a2)]. (3.2)

where {c1,...,¢n} with ¢; :+ & x A — [0,1] are the cost constraints. The CMDP is then
defined by
max, {J(m)| Ci(r) <d;, Viée[m]} (3.3)

where {d,...,d,,} are upper bounds on the average constraint costs. Note that without loss
of generality both the reward and costs are random variables with a distribution supported
on [0, 1].

Denote the mean of reward and cost constraint functions as 7(s, a) = E[r(s, a)], ¢;(s,a) =
E[ci(s, a)] where the expectation is taken with respect to the distribution of the reward and
cost function of that state-action pair (s,a). If the transition kernel P(s'|s,a), the mean of
the reward function 7(s, a), and mean cost functions ¢;(s, a) are all given, them we can solve

the CMDP by solving the following linear program [50]:

max 3, ,7(s,a)y(s, a) (3.4a)
st 2ay(sd) =30, P(s']s,a)y(s, a) (3.4b)
dsay(s,a) =1, y(s,a) >0 (3.4¢)

20 Cils,@)y(s,a) < d;, i € [m] (3.4d)
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To simplify notation, we write the above linear program in matrix form as follows:
max,{ 7'y | Ly=Py, 1Ty=1, y>0, ¢'y <d} (3.5)

where 7 € R%4, y € R4, ¢ € R5*™ d € R™, P € RS54 and I, € R5*%4 is a sparse matrix
built by placing S row blocks of length A in a block diagonal fashion, where each row block
consists of all ones. Here, y € R%*4 represents the steady-state occupation measure [50]
defined by

y(s,a) = limr e Brr [ 2 31 1{s: = 5,0, = a}]. (3.6)

With g the solution of this linear program, the optimal stationary policy is

7_1'<CL|8) = g(sua)/(zaeAg(saa»' (37)
Remark 3.1. It is worth noting that unlike in tabular MDPs without constraints, where the
optimal policy is always deterministic, the optimal policy in CMDPs could be stochastic [67].

It s, in fact, trivial to solve the CMDP if the optimal policy in CMDPs is deterministic

because that means the constraints are not active.

3.4 Constrained Upper Confidence Reinforcement Learning Algorithm

Since the reward and constraint cost functions are unknown, motivated by UCRL2, we in-
troduce C-UCRL (Algorithm 1). In general, the C-UCRL algorithm follows a principle of “op-
timism in the face of reward uncertainty; pessimism in the face of cost uncertainty.” That
is, it defines confidence intervals for the reward and cost of each state-action pair given the
observations so far, and solves for the optimistic policy that satisfies the constraints. More
specifically, in C-UCRL, given the current confidence interval estimates, we use a robust linear
program [68] formulation to find a policy using the confidence intervals as determined at the
current iteration.

In particular, in episode k, we start by executing the baseline policy 7y for a constant h

number of iterations®. It is common to assume a initial safe baseline policy [56] and assume

'The heuristic for choosing h is based on the mixing time of the Markov chain induced by 7y given the
known transition kernel for the CMDP.



Algorithm 1: Constrained UCRL (C-UCRL) algorithm

Input: safety parameter § € (0, 1), baseline policy m(als), episode length h.
Initialization: set ¢t = 1, observe the initial state s;

for episodes k =1,2,..., K do

lk=1; // initialize start time of episode k
while ¢t <tp 4+ h; // Execute baseline policy h times for exploration

do

Draw action a; ~ mo(+|s¢)

Observe reward r;, costs ¢;;, and the next state s;44

t+—t+1
end
Ni(s,a) =30 1(sy = a,ap = a), ¥(s,a) €S x A ; // set the
state-action count
Ri(s,a) =3 _ mol(sy = a,ap = a); // compute cumulative reward
Cik(s,a) = Z;’:l civl(sy = a,ap = a); // compute the cumulative costs
Tr(s,a) = %, Cik(s,a) = %, // compute estimates

g < arg max of (RLP) using 7x(s,a) and & x(s,a) in (3.8) and (3.9), resp.

T 4 ﬂk(saa)/(zaeAﬂk(Saa)) ; // recover policy
while ¢t <t +kh ; // Execute 7 policy (k— 1)h times
do

Draw action a; ~ 7x(+|s¢)
Observe reward r, costs ¢;;, and the next state s;44

t<—t+1
end

end
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under such policy, the Markov chain resulting from the CMDP is irreducible and aperiodic
[69]. This baseline policy could, e.g., be obtained by some prior information about which
states are safe to start the conservative exploration®. After executing 7y, we define estimates

of the reward and costs by

. _ Ry (s,a)
Te(s,a) = m

and

~ _ Ci,k(sva)
Ci(5,0) = SN

respectively, where Ni(s,a), Ri(s,a), and C;x(s,a) are the state-action count, and cumu-
lative reward and costs, respectively, as defined in Algorithm 1. The visitation frequency
random variable Ni(s,a) is defined to be the sum of indicators of whether or not the state-
action pair (s,a) was visited in each iteration over all episodes. The corresponding reward
Ryi(s,a) and constraint costs C; (s, a) are defined similarly.

Using these estimates, we define

Pi(s,a) = min {#i(s,a) + (R RA) 1) (33)
and
¢ x(8,a) = min {éi,k(s, a) + (logéfnig{n;%if)/}%))1/2, 1}, (3.9)
where

(1og(SA(m+1)w2t2/35) ) 1/2
2max{1,Ny(s,a)}

defines the confidence interval as we show in Section 3.5. We then use (3.8) and (3.9) to

define the following robust linear program:
max,{ 7y | Ly =Py, 1Ty =1, y >0, &y <d}. (RLP)

A few comments here on guaranteeing that the feasible set is non-trivial are warranted. Our

analysis results are predicated on 7y and A being chosen such that in each episode the robust

2Choosing 7 is an important component of C-UCRL. In Section 3.6, we provide some intuitive choices for
the simple examples we present, while we leave further development on how to select g, either heuristically
or theoretically, to future work.
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linear program we solve has at least one feasible solution. The duration h is chosen based
on the mixing time of the induced Markov chain under the baseline policy with the goal of
ensuring with high probability that the feasible set is not empty; for instance, ‘sufficient’
exploration will guarantee that ¢y < d for some y € {I,y = Py, 17y = 1,y > 0}. It
is possible that in the first episode, even after h iterations of executing the baseline policy,
that there is no y such that ¢/ y < d. A heuristic we use in practice is to run the baseline
policy 7y for as many iterations as it takes for yo € {I,y = Py, 1’y =1, y >0, ¢y < d}.
Then, we are guaranteed that in all future episodes, 7 is always in the feasible set of (RLP).
We leave further exploration of theoretically guaranteeing that the (RLP) has a non-trivial
feasible set in the first episode to future work.

Returning to the description of the algorithm, in episode k, the solution g to the robust
linear program is then used to construct the policy 7, via (3.7). This policy is executed for
a linearly increasing number of iterations (k — 1)h where k is the episode index and h is
the fixed duration used for executing the baseline policy. To summarize, for each episode
of C-UCRL, we execute the baseline policy for h steps, estimate the reward and costs, and
then execute 7y for a linearly increasing (in the number of epochs) number of steps (k —1)h,

making kh the total duration of episode k.
3.5 Theoretical Results

In this section, we summarize our analysis results. We first show that C-UCRL has guarantees
on constraint satisfaction during learning. Then, we provide regret analysis with respect to
the reward, showing that the regret is sub-linear.

3.5.1 Constraint/Safety Guarantees

To capture constraint satisfaction, we leverage the notion of J-safety.

Definition 3.1 (d-safe). An algorithm is d-safe if, with probability at least 1 —§, for all time

steps t, the policy executed by the algorithm satisfies C;(my) < d;, Vi € [m].
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Following [62], we define the set of plausible CMDPs by the confidence intervals for the
reward and each of the constraint costs. In particular, at episode k, let M} be the set of
plausible CMDPs with states and actions as in the underlying true CMDP M, define by all
such CMDPs satisfying the following;:

75, 0) — (s, a)| < (VGoatmtT ALY, (3.10)
~ _ log(SA(m~+1)72t3 /36)\1/2 .
|Ci(s,a) — G(s,a)] < ( gQ(ma)(({LNL(S’j)/} )) , i € [m)] (3.11)

for all state-action pairs (s,a) € S x A. Let M be the set of plausible for all episodes k.

Lemma 3.1. For any fized k > 1, the probability that the true CMDP M 1is not contained
in the set of plausible CMDPs My, at episode k is at most 66/(m*t}). Furthermore, with
probability at least 1 — 0, for every state-action pair (s,a), cost ¢; and episode k, C-UCRL
satisfies the following:

Y

R _ log(SA(m+1)m2t3 /38)\ 1/2
7k(s,a) = 7(s,a)| < ( ngax{l,Nk(s,g)} )

~ _ log(SA(m+1)m2t3 /35)\ 1/2
Gi(s, a) — Gils, a)| < (FEECEIT L)

Hence, the probability that the true CMDP M is not in the set of all plausible CMDPs for
any episode k is at most 6 —that is, Pr{M ¢ M} <.

Proof. Consider any fixed state-action pair (s,a) and its visitation frequency Ni(s,a) up to
episode k. If the state-action pair (s, a) has not been visited, then (3.10) and (3.11) trivially
hold since N(s,a) = 0 by definition and the right-hand sides of (3.10) and (3.11) are greater
than one when Ny(s,a) = 0.

On the other hand, if Ni(s,a) is not zero, meaning the state-action pair has been visited,
then since for each (s, a) pair, the reward and constraint costs are all supported on [0, 1] and
independent identically distributed (iid) real-valued random variables, we can apply Hoeffd-
ing’s inequality to get a bound on the deviation between the true mean 7(s,a) (respectively,
¢i(s,a)) and the empirical mean 74(s,a) (respectively, ¢ x(s,a)) given n iid samples of the

state-action pair (s, a):

Pr {|74(s,a) — 7(s,a)| > €} < 2exp(—2ne?) (3.12)
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Consider
1/2
€ = (% log (_SA(m;él)w%i)) )
then
A _ 1 SA(m+1)m2e3 1/2 SA(m+1)m2t3
Pr < |Pk(s,a) — 7(s,a)| > <% log (T)) < 2exp ( 2n45-log ( =g—*
_ 65
T SA(mAL)R2t

Similarly, for each state-action pair (s,a) and constraint cost indexed by i,

~ _ SA(m+1)72t3 1/2
Pr {|Ci7k(s,a) —¢i(s,a)| > (% log ((3;51)%)) } < WM, (3.13)

Noting that from the above argument, the confidence intervals hold with probability one when

(s,a) has not be visited, taking a union bound over all possible values of n € {1,... x} gives

tk ~ - log(SA(m~+1)m2t3 /36)\ 1/2 o 65
PI‘{ Unk=1 {|Tk(87 a> - T<S’ CL)‘ 2 ( 2max{1,Ng(s,a)} ) }} < Zn 154 m+1)7r2t5 T SA(mA41)m23

and

log(SA(m~+1)n2t3 /36)\ 1/2 _ m6d
PI‘{U =1 {|Clk S CL) _CZ<S CL)‘ 2 ( 2max{1,Ng(s,a)} ) }} < ZTL 1 SA m+1)7r2t5 T SA(mAL)m2tE

where we have now written Ng(s,a) for the number of visits in (s,a) up to episode k. This
proves (3.10) and (3.11).

Now, further union bounding over all state-action pairs (s, a) gives

Pr{ Ul Uso{|fe(s,a) — 7(s,a)| > e(n)}} < S0 sa SA(mi61)7r2tg _ (mﬁ‘;ﬂtz (3.14)

for the reward. Analogously, taking a further union bound over all state-action pairs (s, a)

and all constraint costs i € [m], gives

Pr{U Usaz{]czk s,a) —¢(s,a)l > e(n }} < Z s SA(mTl)w%g - (m—ﬁf)ierti (3.15)

for the constraint costs. Summing (3.14) and (3.15), we get the first claim of the lemma—i.e.,

Pr{M ¢ M;} < 2t2
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Now, since Y %, # = %2, if in (3.14) and (3.15), we additionally union bounded over all
episodes k € {1,...,00}, we get that

Pr{ Ufo=1 Uniy Us,a {|7A’k;(37 a) —T(s,a)| = e(n }} < Ztk 1 Z s,a sA(mii)w%g - mi1
and
Pr { Uf=1 Unt1 Usai {‘éi,kz(saa) Gi(s,a)| = € (n }} < Ztk 1 Z 5,050 sA(m?i)Wth - 7:331
so that
Pr{M ¢ M} <¢
which proves the final statement in the lemma. O

Given that, for each episode, we can bound the gaps between the estimated reward
(respectively, costs) and the mean reward (respectively, mean costs), with probability 1 — ¢,

we can provide an assurance on C-UCRL being J-safe.
Theorem 3.1. C-UCRL is d-safe.

Proof. According to Lemma 3.1, with probability at least 1 — 6, ¢;(s,a) < & (s,a). The
occupation measure g obtained at each episode via (RLP) satisfies >, , ¢ x(s, a)fx(s,a) <

d;. Hence, Ci(7y) = 3_, , €i(s, a)Ji(s,a) < d; with probability 1 — 4. O

3.5.2  Regret Analysis of C-UCRL

Given that we have shown that C-UCRL is d-safe, we now analyze the reward regret. In
episode k of C-UCRL, we execute a baseline policy 7y for h times and policy 7, for (kK — 1)h

times. The pseudo-regret of episode k is given by
Ay = h[J(7) = J(mo)] + (k = DA[J(7) = J(7a)] = b (5 — yo) + (k = D)AF (7 — Gi)-

We first upper bound the per-step pseudo-regret of executing policy 7, 7' (i — ), where
the first term is the expected average reward under the optimal policy 7 and the second term

is the sub-optimal expected average reward under policy 7.
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Using the confidence bounds in Lemma 3.1, define

<log(SA(m+1)7T2ti/35))1/2’ (3.16)

ET(S, a) = 2max{1,Ng(s,a)}

and €.(s,a) = €.(s, a) for each state-action pair and let ¢, and €. denote the vectors containing

the values across all state-action pairs®. Define the following two linear programs:

max,{r ' y|lAdy =0,1Ty =1,y > 0,c'y < d} (3.17)

max, {(r +¢) ylAy=0,1Ty =1,y >0, (c+e) "y < d}. (3.18)
where 0 <r <1,0<c¢<1,¢ >0, and ¢, > 0 hold element wise.

Lemma 3.2. Assuming the domains of (3.17) and (3.18) are not empty, let y; and yo be
solutions for each of the problems, respectively. If, for some constant o > 0 and 3 > 0, there
exist yo € {y|Ay = 0,17y =1,y > 0,(c+ )"y < d} such that r"(y, — yo) = a > 0 and
c'(y1—yo) =B >0, then 7 (y1 — ya) < Hleclh + [le]]1-

Proof. Let

y3 = argmax{r'y|Ay = 0,17y = 1,y > 0, (c+e.) 'y < d}.
Y

We first find the upper bound of r ' (y; — y3) where we note that y3 and y; are the solutions
of same linear program over different domains. Since the domain of y3 is smaller than y;, we
know that ' (y; —y3) > 0. First, consider the trivial case that y; satisfies (c+¢.) y; < d. In
this case, y; = yz and r ' (y;—y3) = 0. Now we only consider the case such that (c+e.) 'y, > d.
Note that (c+¢.)"yo < d. Hence, there exists a v € [0, 1) such that y4 = yo +v(y1 — vo) and
(c+e) ys=d—ie,v=(d— (c+e) y0)/((c+e) (y1 —yo)). Further, we have

Y —Ys=Y1 — Yo — ”Y(yl - yo) = (1 - ’Y)(Z/l - yo),

3We note that it is possible to define separate confidence bounds for the reward and constraint costs,
however, for simplicity of the statement and proof of Lemma 3.1, we define them to be the same.
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so that ¢"(y; —y4) = (1 — )3 > 0 and

CT(?Jl —ya) = (c+ EC)T(yl — Y1) — EcT(yl — Ya) (3.19)
=c'yi ey —d—e (y1 — ) (3.20)
<d—d+elyi—e (1 —ya) (3.21)
< llecllillyalloe + lleclltllzr = yallo (3.22)
= 2llec[lx (3.23)
Combining this bound with

rTyi—y) _rTh—w) o (3.24)

"y —ya)  cT(p—vo) B

we have that

0 <r'(y1 —ya) < 2§leclhr.
B

Since the domain for each of these problems is convex, we know that
v € {ylAdy =0,1Ty =1, > 0,(c+e) 'y < d}.
Due to optimality, r"ys > r "y, so that

r (g —ys) < 25 leclh.

We leverage the bounud on r " (y; —¥3) to obtain a bound on 7' (y3 —15). Note that y3 and
yo are the solutions of two linear programs with different objectives but the same domain.
According to optimality of the solutions, we know that 7 ys > rTy, and (r +¢,) Typ >

(7 + ¢,) "ys. Combining these facts, we have that

0<r (ys— 1) <€) (2 —u3) < llexllillye — yslloo < llenlln (3.25)

Now, combining the bounds on 7' (y3 — y2) and r" (y; — y3), we have that

r =) =71 —vs) (s — w2) < Flleels + el (3.26)
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We can use the preceding lemma to get a bound on the pseudo-regret.

Proposition 3.1. Denote Y = {y|(I, — P)y = 0,17y = 1,y > 0}. If there exists yo € Y
such that 77 (§ — yo) > a > 0,¢/ (§ — yo) > B > 0, then with probability at least 1 — 6,

T ~ am log(SA(m~+1)m2t3 /36)\ 1/2
rT(y - yk) < 2(2_ + 1) Zs,a ( gQ(mm(c{l,Ni(s a)/} )) ’ (327)

Proof. By definition
g =argmax{7 y|(I, - P)y =0,1Ty =1,y >0,¢ y < d;,i € [m]}
y

and

i = argmax{F, y|(I, — P)y =0,1Ty = 1,y > 0,¢/ .y < d;,i € [m]}.
y b

Define a sequence of subproblems by adding the confidence value to one additional constraint

at a time as follows:
yV = argmax{r'y|(I, - P)y=0,1Ty =1,y > 0,¢] ,y < d1,&] y < d;,i € {2,...,m}}
y b

y? = argmax{F y|(I, - P)y=0,1Ty =1,y > 0,¢& kY = dlac2 wy < da, ¢y < diyi € {3,
y

y k)

Using the same proof technique as for that of Lemma 3.2, we obtain the bounds for each

of the subproblems

(G —yM), 7Ty — @) FT (Y =y FT () — ).

Combining each of the bounds and the fact that

~ log(SA(m+1)m2t3 /36)
Fi(s,a) — (s, )] < 2,/ AL,

and

~ log(SA(m+1)m2t3 /36)
|Ci7k(s>a) S a ’ < 2\/ 2max{1,Ng(s,a)}

m}}
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we have that
FrG—o) =7 (G —y) + -+ 7Y —g) <mZ|e — el + [|7x = 7lh
20m log(SA(m+1)m2t3 /36)
( + 1 Zsa \/ 2max{1,Ng(s,a)}

which completes the proof. O

Note that according to Proposition 3.1, with probability at least 1 — §, the per-step
pseudo-regret of executing policy 7 depends on the confidence intervals of reward and costs
of all state-action pairs. This is intuitive since in order for the policy 7, to be close to
the optimal policy 7, we need to have good approximations of the reward and costs for
all state-action pairs. To ensure this, we need to constantly explore the CMDP so that
Ny (s,a) is not ‘too small’ for any state-action pair. Since the Markov chain resulting from
the baseline policy is irreducible and aperiodic, the steady state occupation measure yo(s, a)
corresponding to the baseline policy my(a|s) has the property that yo(s,a) > 0,Vs,a. Due to
this universal exploration demand, we execute the baseline policy my for a constant number
of times in each linear increasing episode in the C-UCRL algorithm.

To have a upper bound on the regret derived in Proposition 3.1, we need to have a lower
bounds on Ni(s,a). Given our assumptions on the baseline policy as discussed above, define
p > 0 such that yo(s,a) > p > 0 for all state-action pairs (s,a) € S x A. The following
lemma gives a lower bound on the number of times each state-action pair is visited in episode

k.

Lemma 3.3. Given a fized total number of episodes K, with probability at least 1 — ¢, for
every state-action pair (s,a) and episode k € [K],

1/2

Ni(s,a) > (k — 1)ph — (k — 1)(72¢phlog (£245)) (3.28)

where & the mixing time of the Markov chain induced by policy my, p > 0 is such that
Yo(s,a) > p > 0 for all state-action pairs (s,a) € S x A, and ¢ = }__, %, where y' is

the initial state action distribution and y, is the steady state action distribution under the

baseline policy.
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Proof. Consider the exploration phase (when the baseline policy 7y is executed) of the k-th
episode in Algorithm 1. For a given episode ¢ and for a fixed state-action pair (s,a), let
X1, ..., Xen be the indicator variables of whether state-action pair (s, a) has be selected at
each step within the episode £. Let Y; = 32 | X;; and thus E[Y;] = yo(s, a)h. Applying the
Chernoff-Hoeffding bound in [70, Theorem 3|, gives

PrE[Yi] — Vi = eyo(s, a)h} < - exp (— 5t ). (3.29)

Setting

72 SAK
‘= \/yo si)h (557, (3:30)

the above bound becomes

Pr {Yg < yo(s,a)h — \/72§y0(s, a)hlog(pS?K)} < SjK (3.31)

Using the assumption that yo(s,a) > p > 0,Y(s, a), the union bound over all state-action

pairs (s,a) and episodes k € [K] is given by

H<ShSade = 6

K)}

and N(s,a) > Zif:ll Y, since in each episode 7y is executed h¢ times after the baseline policy

Pr {U@W {Ye < ph — /726 phlog(£525

Now, we note that

{ LY, < (k1) (ph - W%phlog(@))} c Ui {n < ph — /726 phlog (£

so that Ny(s,a) may be larger. Hence,

Ni(s,a) > (k= 1)ph — (k — 1)/ 72¢phlog 252K ) (3.33)
holds with probability at least 1 — §. ]

Combining Proposition 3.1 and Lemma 3.3 and summing over K episodes, we obtain the

total regret bound for C-UCRL.
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Theorem 3.2. Suppose that § < pSAK exp(— Under the assumptions of Proposi-

2885)
tion 3.1, with probability at least 1—§, C-UCRL has total pseudo-regret A(T) = O(T% log(T/9)).

Proof. According to Proposition 3.1, the total regret of K episodes is

S Ak = BT (G — o) + (k= DA (5 — Gk)
— WK7 (5 — yo) + h Zi‘:g(k — 1) (g — )
< 2hK +2(%%* + 1)h ik =13, \/10g o Mz/gé)

2max{1,Ng(s,a)

Let

¢ = ph — (7T26ph log(£345)) /2.

Since 0 < SAK exp(—

ﬁ), we have that

AK 1/2
(72£ph log(# >) >

1
—ph
2p
so that ¢ < %ph.

Combining this with Lemma 3.3, we have that

K am K log(SA(m+1)x263 /35) \ /2
A(T) = 05 Ak < 20K + 20232 + DA (k= 1) X, , (oAl o)

o ma1) w243 1/2
< 2hK + 2(2am +1)hSA Zk o(k—1) (1 g(SA(Q(ij))C tk/%))

< 2hK + 2(22m + 1)hSA/log(SA(m + 1)n?T°/38) it /&

= 9K +2(20 4 1)hS A, REEA DT 50) §2C /)

< 2hK+2(2aTm+1)hSA\/1og(SA (m~+1)m2T3 /35) ZkK 11\/—

< ORK -+ 2(25" + DASA[PAA TR (K 1) (5)7

O(K) + O(K+/Klog(T/9))

< O(T5\/10g(T'/9))

where the second to last inequality follows from Jensen’s inequality and the final step follows

from T = 0, kh = BE=Up so that K < (27/h)V/>2.
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Remark 3.2. Adding constants related to the dimension of the CMDP, we have the regret

bound

A(T) < O(mSAT?\/1og(mSAT/S)). (3.34)

3.5.8 Specializing to the Constrained Multi-Armed Bandit Setting

Constrained Multi-Armed Bandits (CMABs) can be viewed as a special case of CMDPs,
where there is only one state, S = 1 and the transition kernel is trivially staying in that state
with all actions. The policy in a CMAB is a probabilistic distribution over actions/arms y(a)

and the goal is to solve the following linear program:

max{F 'y | 1"y =1,y >0y <d}. (3.35)
)

Similarly, the per-step pseudo-regret is defined as 7' (jj — 4x) where ¥ is the optimal random-
ized policy and g is the policy execute in episode k of C-UCRL. Running C-UCRL with S = 1,

the following corollaries hold.
Corollary 3.1. In CMABs, C-UCRL is d-safe.

Corollary 3.2. In CMABs, Under the assumptions of Proposition 3.1, with probability at
least 1 — &, C-UCRL has total pseudo-regret A(T) = O(T'%+/1og(T/3)).

The proofs of the above two corollaries follow directly from the corresponding results in

the preceding section.

3.6 Experiments

The goal of this section is to explore a few illustrative examples which highlight different

features of our approach.
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Figure 3.2: Two armed bandit with per-round budget constraint: (a) mean reward and cost
of each arm as well as the per-round constraint; (b) average number of times arm one is
pulled; (c¢) the cumulative regret of C-UCRL.

3.6.1 Two Armed Bandit with per Round Budget Constraints

We first consider a simple two arms bandit example. As stated before, the CMDP reduces
to a constrained multi-armed bandit problem when |S| = 1. The reward and cost of each
arm are unknown and stochastic. In our simulation, the reward and cost is draw from a
binomial distribution, with the mean shown in Figure 3.2(a). Even though arm one has a
better reward, we cannot pull arm one all the time since the constraint is set to be less than
the mean cost of arm one. The optimal policy is to pull arm one with probability 0.75 and
arm two with probability 0.25. The baseline policy we use to start exploration is pulling the
two arms uniformly at random. Figure 3.2(b) and 3.2(c) show the average number of times
arm one is pulled and the cumulative regret of C-UCRL, respectively. The average pull count

of arm one never exceeds 0.75.

3.6.2 Three State CMDP

To demonstrate the performance of C-UCRL, we consider a simple three state CMDP. As
show in Figure 3.3(a), the CMDP we consider has three states and two actions. An agent
can take either a risky exploratory action in which the navigate to another state or they

can take the safe action and remain in the current state. There is no reward or cost for
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Algorithm 2: risk-sensitive UCRL2 (RS-UCRL2) algorithm

Input: safety parameter § € (0, 1), baseline policy my(als), episode length h, risk
sensitive parameter \.

Initialization: set ¢t = 1, observe the initial state s;

for episodes k =1,2,..., K do

h=1; // initialize start time of episode k

while ¢t <tp 4+ h; // Execute baseline policy h times for exploration

do

Draw action a; ~ mo(+|s¢)

Observe reward 7, costs ¢;;, and the next state s;44

tt+1

end

Ni(s,a) =30 1(sy = a,ap = a), ¥(s,a) €S x A ; // set the
state-action count

Ri(s,a) =Y p_ (re — ATen)1(sy = a,ap = a); // cumulative reward cost
trade-off

(s, a) = %, Tk(s,a) = T(s,a) + ,/% ; // compute
estimates

i < argmax{F} y|Ly = Py,1Ty =1,y > 0}

e = i(5,0) /(D pea Uk(s,a)) ; // recover policy
while ¢ <t + kh ; // Execute 7, policy (k— 1)h times
do

Draw action a; ~ 7 (+|s;)
Observe reward 7, costs ¢;;, and the next state s,44

t—t+1
end

end
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Figure 3.3: Simple CMDP. (a) CMDP structure; (b) probability of constraint violation in
30 training episodes by risk-sensitive UCRL2 (RS-UCRL2); (c) optimal policy computed with
the true mean reward and mean cost, with and without the constraint on cost, d = 0.2.

staying in the current state but there will be a stochastic reward and cost if the agent
navigates. In the simulation, the reward and cost of each state-action pair are each draw
from a binomial distribution, with the means defined in the labels on edges in Figure 3.3(a).
Obviously, without this constraint, the optimal policy is to navigate in each of the states.
In this problem, we consider the constraint that in expectation, the average cost should be
less than 0.2. This constraint prevents the agents from continuously navigating between

the three states. In particular, as shown in Figure 3.3(c), the constrained optimal policy
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Figure 3.4: C-UCRL vs. RS-UCRL2: (a) Cumulative regret and average cost for C-UCRL and
risk sensitive UCRL2; (b) Policy learned by C-UCRL and RS-UCRL2.

is a randomized policy that has positive probability on the safe action in each state. The
relatively conservative baseline policy we use in C-UCRL for exploration is staying in the

current state with probability 0.8 and navigate to the next state with probability 0.2.

We compare our approach with the UCRL2 algorithm. However, UCRL2 does not allow
for constraints or multiple reward/cost criteria. Hence, we leverage the idea of risk sensitive
reinforcement learning [49, 47], where we treat a linear combination of reward and cost—
i.e.,, r — Ac—as the reward for the UCRL2 algorithm (Algorithm 2). The hyperparameter A
represents the trade off between the reward and cost, the combination of which represents the
reward in the classical implementation of UCRL2; we refer to risk-sensitive UCRL2 by RS-UCRL2.
Figure 3.3(b) shows the constraint violation probability in 30 training episodes by RS-UCRL2
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algorithm with different \. Figure 3.4(a) shows the cumulative regret and average cost of
the C-UCRL and RS-UCRL2 algorithms. As we can see, when the cost value is underestimated
(A =1.9), applying RS-UCRL2 directly leads to a ‘good’ reward (i.e., the regret is negative as
it gets more reward than the optimal randomized policy), yet the constraints are violated.
On the other hand, when the costs are overestimated (A = 2.1), RS-UCRL2 is too conservative
about the cost and, thus, receives high regret. We can observe that C-UCRL does not violate
the constraint during learning though in this experiment, ¢ is set to be 0.1, meaning that
with probability at least 0.9, the constraint will not be violated in all episodes.

The fundamental problem with RS-UCRL2 is that with only one criterion, the policy
it learns will always be a deterministic policy, while in this CMDP, the optimal policy
is randomized. Figure 3.4(b) shows the policy learned by C-UCRL and RS-UCRL2. When
A = 1.9, RS-UCRL2 learn the optimal policy as there is no constraint, which leads to constraint
violation. When A = 2.1, the policy learned by RS-UCRL2 is to stay in one state forever. On
the contrary, the policy learned by C-UCRL algorithm converges to the optimal randomized

policy.

3.6.3  Grid World with Safety Constraints

Motivated by the goal of ensuring safety in reinforcement learning safety, we validate our
algorithms using a 2D grid-world exploration problem [47, 2.24]. This example also represents
a crude abstraction of rovers exploring the surface of Mars as described in [60].

Figure 3.5(a) shows the CMDP structure. The green color in each state represents the
mean cost of that state, and the darker the color, the higher the cost is. In the Mars
exploration problem, those darker states are the states with large slope that the agents want
to avoid. The constraint we enforce is the upper bound of the per-step probability of step
into those state with large slope—i.e., the more risky or potentially unsafe states to explore.
The agent starts from the origin state ‘O’ and receives reward 1 if it reaches the destination
state ‘D’ after which it returns to the origin. In the simulation, the cost of each state is draw

from a binomial distribution, with the mean shown in the figure. At each time step, the
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agent can take action to move into any of its four neighboring states. Due to the stochastic
environment, transitions are stochastic (i.e., even if the agent’s action is to go “North”, the

environment can send the vehicle with a small probability to “East”).

Without safety constraints, the optimal policy is obviously to always choose the orange
route in Figure 3.5(a). However, with constraints, as we can see in Figure 3.5(b), the optimal
policy is a randomized policy that use both blue and orange routes with some probabilities.
The relatively conservative baseline policy we use in C-UCRL for exploration is choose both

routes uniformly at random. Figure 3.6 show the cumulative regret and average cost of the
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C-UCRL and RS-UCRL2 algorithm and Figure 3.5(b) shows the policy learned by them. As
we can see, RS-UCRL2 either learns to only choose orange or blue route respectively, causing
either constraint violation or large reward regret, while C-UCRL converges to the optimal
policy.

Figure 3.7(a) shows the structure of another larger scale safety grid world example. The
green states in the figure have mean cost 1 and the others have zero cost. The blue state is the
origin state and the red state is the destination state, which has reward 1. Figure 3.7(b) shows
the cumulative regret and average cost of the C-UCRL algorithm and RS-UCRL2 algorithm.
The RS-UCRL2 algorithm is able to learn a policy that does not violate the constraint if we

choose a conservative A, however, with much larger reward regret as compared to C-UCRL.

3.7 Extension: A Lower Bound on Constraint Violation with Unknown Tran-
sition

So far we have studied learning algorithm in CMDPs with known transition kernel and we

proposed a C-UCRL algorithm, which is able to achieve O(T'1y/log(T/6)) reward regret and

zero constraints violation with high probability. One natural question to ask is, what if the

transition kernel is unknown? Are we still able to design an algorithm to maintain constraint
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satisfaction throughout the learning process?

The short answer is, there is no such algorithm. In fact, we can show that by establishing
a lower bound on constraint violation when the transition kernel is unknown. Before we
show that, let’s look at some background about lower bound on reward regret in traditional
MDPs.

In a MDP setting, the goal of reinforcement learning is to find a policy to maximize the

expected average reward of a MDP M
J(M, ) = limp oo B [ 3010 7 (50, a0)]. (3.36)
The reward regret is defined as
AM,T) =TT(M,7) = 31 r(se,ar), (3.37)

where 7 is the optimal policy that maximizes the average reward.
According to the lower bound on reward regret in [62, Theorem 5], for any algorithm,
there is a MDP M with S states, A actions, and diameter D*, such that for any initial state

the expected regret after T steps is
E[A(M,T)] = Q(VDSAT). (3.38)

Moreover, this lower bound result is proved to be unimprovable according to [71, Conjecture
1].

Now we establish the lower bound on constraint violation in CMDP. Following the com-
mon metric in literature [72], the regret of constraint violation in a CMDP M., is defined
as

AC(MC, T) = maxie[m] [Z?:_Ol Ci<3t7 CLt) — le] (339)

This measure is a relatively a weak one since ¢;(s, a;) — d; could be negative when the

policy is not violating the constraints, which reduces the overall constraint violation regret.

4This diameter is closely related to the mixing time we consider in other work. For a comparison of the
diameter to other mixing time parameters, we refer to [62].
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[72] introduces another measure
AF(Me, T) = maxiepm) 3 [ei(se ar) — il (3.40)

which is stronger since it only count the true (positive) constraint violation.
With the constraint violation regret defined, we can now establish the corresponding

lower bound of it.

Theorem 3.3. For any algorithm, there is a CMDP M, with S states, A actions, and
diameter D, such that for any initial state, the expected constraint violation regret of after
T steps is

E[A. (M., T)] = Q(VDSAT).

Now we provide the proof sketch on how to establish the CMDP M.. For simplicity, we
only consider the case where there is one constraint, m = 1. Following the assumption in
our work, the reward and cost are normalized to be in [0,1]. In the CMDP M., we define
the cost feedback of each state action pair to be ¢(s,a) = 1—r(s, a), where r is the reward in
MDP M. And the constraint threshold d is defined to be 1 — J(M, 7). In this setting, the
cost ¢(s, a) and threshold d are in the range [0, 1] and they are the negation of the immediate
reward and optimal average reward in M, added with a constant 1. Any algorithm that
learns to maximize the average reward in M can be applied directly in M, to minimize the
average cost. That being said, if there is a algorithm achieves a constraint violation regret
in M, better than Q(v/DSAT), such algorithm can be used directly in M to achieve the
same reward regret. This contradicts with [62, Theorem 5].

The result can also be extended to the stronger regret measure since A} (M., T) >

A (M., T).
3.8 Conclusion

In this work we formulate the problem of safe reinforcement learning when the transition

kernel is known but the reward and constraint costs are unknown a priori as a CMDP
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and propose a C-UCRL algorithm to learn the optimal policy. Theoretically, we show that
C-UCRL is guaranteed to satisfy the constraints during learning with probability at least
1— 6 and achieves O(T'1/log(T/4)) reward regret. Empirically, we provide examples which
demonstrate two key properties relative to comparable algorithms: (1) C-UCRL is able to
learn the optimal policy which in general is a randomized policy as opposed to a deterministic

policy, and (2) C-UCRL has high-probability guarantees on remaining safe while learning,.



Part 11
GAME-THEORETIC REINFORCEMENT LEARNING
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Chapter 4
STACKELBERG ACTOR-CRITIC

4[ Environment }—

@

Figure 4.1: Framework of reinforcement learning algorithm with actor critic interaction.

state

reward action

4.1 Introduction

The algorithmic techniques for reinforcement learning can be classified into policy-based,
value-based, and actor-critic methods [73]. Policy-based methods directly optimize a param-
eterized policy to maximize the expected return, while value-based methods estimate the
expected return and then infer an optimal policy from the value-function by selecting the
maximizing actions. Actor-critic methods bridge policy-based and value-based methods by
learning the parameterized policy (actor) and the value-function (critic) together. In partic-
ular, actor-critic methods learn a critic that approximates the expected return of the actor
while concurrently learning an actor to optimize the expected return based on the critic’s
estimation.

In this work, we adopt a game-theoretic perspective of actor-critic reinforcement learning



o8

algorithms. Figure 4.1 provides a framework of reinforcement learning with actor critic
interaction. To provide some relevant background from game theory, recall that Stackelberg
games are a class of games that describe interactions between a leader and a follower [74].
In a Stackelberg game, the leader is distinguished by the ability to act before the follower.
As a result of this structure, the leader optimizes its objective accounting for the anticipated
response of the follower, while the follower selects a best response to the leader’s action to
optimize its own objective. The interaction between the actor and critic in reinforcement
learning has an intrinsic hierarchical structure reminiscent of a Stackelberg game. Indeed,
the actor aims to be at an optimum knowing that the critic responds near-optimally to the
selected parameters, while the critic seeks to be at an optimum given the actor parameters or
vice versa between the actor and critic. This observation forms the basis of our work which
contributes a novel game-theoretic modeling framework along with theoretical and empirical
results.

Modeling Contributions. We explicitly cast the interaction between the actor and
critic as a two-player general-sum Stackelberg game toward solving reinforcement learn-
ing problems. Notably, this perspective deviates from the majority of work on actor-critic
reinforcement learning algorithms which implicitly neglect the interaction structure by in-
dependently optimizing the actor and critic objectives using individual gradient dynamics.
In order to solve the game iteratively in a manner that reflects the interaction structure,
we study learning dynamics in which the player deemed the leader updates its parameters
using the total derivative of its objective defined using the implicit function theorem and the
player deemed the follower updates using the typical individual gradient dynamics. We refer
to this gradient-based learning method as the Stackelberg gradient dynamics. The designa-
tions of leader and follower between the actor and critic can result in distinct game-theoretic
outcomes and we explore both choices and explain how the proper roles depends on the

respective objective functions.

Theoretical Contributions. The Stackelberg gradient dynamics were previously stud-

ied in general nonconvex games and enjoy a number of theoretical guarantees [15]. In this
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work we tailor the analysis of this learning dynamic to the reinforcement learning prob-
lem. To do this, we begin by developing a policy gradient theorem for the total derivative
update (Theorem 4.1). Then, building off of this result, we develop a meta-framework of
Stackelberg actor-critic algorithms. Specifically, this framework adapts the standard actor-
critic, deep deterministic policy gradient, and soft-actor critic algorithms to be optimized
using the Stackelberg gradient dynamics in place of the usual individual gradient dynamics.
For the class of Stackelberg actor-critic algorithms this meta-framework admits, we prove
a local convergence guarantee (Theorem 4.2) to a local Stackelberg equilibrium defined by
gradient-based sufficient conditions.

Experimental Contributions. From an empirical standpoint, we begin by pointing
out in Section 4.3 that the objective functions in actor-critic algorithms commonly exhibit a
type of hidden structure in terms of the parameters. Given this observation, we develop sim-
ple, yet illustrative examples comparing the behavior of Stackelberg actor-critic algorithms
with standard actor-critic algorithms. In particular, we observe that the Stackelberg dynam-
ics mitigate cycling in the parameter space and accelerate convergence. We discover from
extensive experiments on OpenAl gym environments that similar observations carry over to
complex problems and that our Stackelberg actor-critic algorithms always perform at least

as well and often significantly outperform the standard actor-critic algorithm counterparts.
4.2 Related Work

Game-theoretic frameworks have been studied extensively in reinforcement learning but
mostly in multi-agent setting [75]. In multi-agent reinforcement learning, the decentralized
learning scheme is mostly adopted in practice [13], where agents typically behave indepen-
dently and optimize their own objective with no explicit information exchange. A shortcom-
ing of this method is that agents fail to consider the learning process of other agents and
simply treat them as a static component of the environment [11]. To resolve this, several
works design learning algorithms that explicitly account for the learning behavior of other

agents [76, 77, 78], which is shown to improve learning stability and induce cooperation. In
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contrast, [79] studies a competitive policy optimization method for multi-agent reinforcement
learning which performs recursive reasoning about the behavior of opponents to exploit them
in two-player zero-sum games.

The past research taking a game-theoretic viewpoint of single-agent reinforcement learn-
ing is limited despite the fact that there is often implicitly multiple players in reinforcement
learning algorithms. [80] proposes a framework that casts model-based reinforcement learn-
ing as a two-player general-sum Stackelberg game between a policy player and a model player.
However, they only consider optimizing the objective of each player using the typical individ-
ual gradient dynamics with timescale separation as an approximation to Stackelberg gradient
dynamics. Concurrent to this work, [81] analyzes the Stackelberg gradient dynamics with
timescale separation for bilevel optimization with application to reinforcement learning. For
reinforcement learning, they give a convergence guarantee for an actor-critic algorithm under
assumptions such as exact linear function approximation which result in the total derivative
being equivalent to the individual gradient. We provide a complimentary study by devel-
oping a general framework for Stackelberg actor-critic algorithms that we analyze without
such assumptions and also extensively evaluate empirically on reinforcement learning tasks.

Single-agent reinforcement learning algorithms with second-order information trace back
to natural policy gradient methods [82] and the natural actor-critic algorithm [83, 69]. Since
then, such techniques have been proposed for both policy-based and actor-critic methods
(25, 84, 85, 86]. However, the gradient information in the past works do not account for the

interaction between the actor and critic as in this work.
4.3 DMotivation & Preliminaries

In this section, we begin by presenting background on Stackelberg games and the relevant
equilibrium concept. Then, to motivate and illustrate the utility of Stackelberg-based actor-
critic algorithms, we highlight a key hidden structure that exists in actor-critic objective
formulations and explore the behavior of Stackelberg gradient dynamics in comparison to in-

dividual gradient dynamics given this design. Finally, we provide the necessary mathematical
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background and formalism for actor-critic reinforcement learning algorithms.

4.3.1 Game-Theoretic Preliminaries

A Stackelberg game is a game between two agents where one agent is deemed the leader and
the other the follower. Each agent has an objective they want to optimize that depends on
not only their own actions but also on the actions of the other agent. Specifically, the leader
optimizes its objective under the assumption that the follower will play a best response.
Let fi(x1,x2) and fo(x1,22) be the objective functions that the leader and follower want to
minimize, respectively, where z; € X; C R% and x5 € X5 C R% are their decision variables
or strategies and x = (r1,%2) € X7 X Xs is their joint strategy. The leader and follower aim

to solve the following problems:

min$1€X1{f1(x1: mQ)’ Ty € arg minyeXz fz(fl, y)}v (L)
mianXz fQ(I17x2>‘ (F)

Since the leader assumes the follower chooses a best response z}(x1) = argmin, fo(z1,y),'
the follower’s decision variables are implicitly a function of the leader’s. In deriving sufficient
conditions for the optimization problem in (L), the leader utilizes this information by the

total derivative of its cost function which is given by

Vfi(xy, 25(21)) = Vifi(x) + (sz(xl))TVZfl(x).

where Vzi(z1) = —(V3fo(z)) Vo fo(z). 2

Hence, a point x = (x1, z3) is a local solution to (L) if V fi(z1, 5(21)) = 0 and V2 f1(z1, 5(21)) >
0. For the follower’s problem, sufficient conditions for optimality are Vs fo(z1,22) = 0 and
V2 fa(z1,29) > 0. This gives rise to the following equilibrium concept which characterizes

sufficient conditions for a local Stackelberg equilibrium.

!Under sufficient regularity conditions on the follower’s optimization problem, the best response map is
a singleton. This is a generic condition in games [87, 15].

2The partial derivative of f(z1,72) with respect to the z; is denoted by V,f(z1,72) and the total
derivative of f(x1,h(x1)) for some function h, is denoted Vf where Vf(x1,h(z1) = Vif(z1,h(x1)) +
(Vh(x1))TVaf (1, h(21)).
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Definition 4.1 (Differential Stackelberg Equilibrium, [15]). The joint strategy z* = (z7,x%) €
X1 x X5 is a differential Stackelberg equilibrium if V fi(x*) = 0, Vafo(z*) = 0, V2fi(z*) > 0,
and Vi fo(x*) > 0.

The Stackelberg learning dynamics derive from the first-order gradient-based sufficient

conditions and are given by

T 1 = T1p — 1V fi(T1k, Tok)

Ty g1 = Tog — aVafo(Tik, Tok)

where «;, © = 1,2 are the learning rates for the leader and follower, respectively.

4.8.2  Motivating Fxamples

2

In the next section we present several common actor-critic formulations including the “vanilla
actor-critic, deep deterministic policy gradient, and soft actor-critic. A common theme
among them is that the actor and critic objectives exhibit a simple hidden structure in the
parameters. In particular, the actor objective typically has a hidden linear structure in terms
of the parameters § which is abstractly of the form Q,,(#) = w' u(#). Analogously, the critic
objective usually has a hidden quadratic structure in the parameters w which is abstractly
of the form or (R(f) — Q.,(0))?. The terminology of hidden structure in this context refers to
the fact that the specified structure appears when the functions transforming the parameters
are removed.® Interestingly, similar observations have been made regarding generative ad-
versarial network formulations and exploited to gain insights into gradient learning dynamics
for optimizing them [88, 89].

Based on this observation, we investigate simple, yet illustrative reinforcement learning
problems with the aforementioned structure and compare and contrast the behavior of the

Stackelberg gradient dynamics with the usual individual gradient dynamics. As we demon-

3The actor and critic functions could be approximated by neural nets in practice but we consider the
simplest linear case, which captures the hidden structure and gives insights for general cases.
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strate later in Section 4.5, the insights we uncover from this study generally carry over to

complex reinforcement learning problems.

Example. Consider a single step Markov decision process where the reward function is
given by R(0) = —%92 and 0 € [—1, 1] is the decision variable of actor. Suppose that the critic
is designed using the most basic linear function approximation Q,,(#) = w6 with w € [—1, 1].
The actor seeks to find the action that maximizes the value indicated by the critic and
the critic approximates the rewards of actions generated by the actor. Thus, the actor has
objective J(#,w) = Q,(#) = wh and the critic has objective L(6, w) = Ep,[(R(0) — Qw(6))?].
For simplicity, we assume the critic only minimizes the mean square error of the sample action
generated by current actor 6. The critic objective is then L(6,w) = (R(0) — Q,(0))* =
(w- 0+ 16%)2.

Actor-Critic & Deep Deterministic Policy Gradient. The structure of this example
closely mirrors the hidden structure of both the “vanilla” actor-critic and deep deterministic
policy gradient formulations as described in the next section. The typical way to optimize
the objectives is by performing individual gradient dynamics (gradient descent-ascent) on the
actor and critic parameters. Figure 4.2 shows the vector fields and trajectories of each of the
updates: individual gradient play*, Stackelberg gradient play, and regularized Stackelberg
gradient play.

Figure 4.2(a) shows the gradient vector field and the parameter trajectories under the
individual gradient dynamics. We observe that although the trajectory eventually converges
to the equilibrium point (6*, w*) = (0,0), it cycles significantly. Such cycling behavior may
be an indication of reduced reliability along the learning path and is often exacerbated
by noise. Generally speaking, it is more desirable to observe smooth, monotonic changes

in performance as compared to cycling behavior or noisy fluctuations around a observable

4In the learning in games literature, this is also often referred to as simultaneous gradient play or
simultaneous gradient descent-ascent.
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Figure 4.2: Vector fields and trajectories of the individual gradient, Stackelberg gradient
and regularized Stackelberg gradient updates. The Stackelberg updates eliminate cycling by
changing the shape of the vector field.
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Figure 4.3: (a) Convergence error |w — w*||* + ||0 — 6*||? where (6*,w*) = (0,0) is the
equilibrium. (b) The return R(f) of the actor. The Stackelberg update eliminates cycling and
hence, converges more directly to the equilibrium as can be seen in (a), whereas the individual
gradient update oscillates significantly. Regularization helps to speed up convergence.

trend. The reason for this is that when we go to deploy such algorithms in the real world, it
can be extremely costly to have the algorithm perform in oscillatory or even unpredictable
ways. This is in particular true when, as is often the case, there are unmodeled exogenous

inputs or environmental factors.
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(a) SAC (b) STSAC-AL

Figure 4.4: Vector fields and trajectories of the SAC and STSAC-AL updates.

On the other hand, Stackelberg gradient converges more directly to the equilibrium point
(0%, w*) = (0,0). Figure 4.2(b) shows the vector field and parameter trajectories under the
Stackelberg gradient dynamics, the details of which will be introduced in Section 4.4 and
Figure 4.2(c) shows the trajectories of the regularized Stackelberg gradient introduced in
Section 4.4.5. We observe that the cycling behavior is completely eliminated as a result of
the consideration given to the interaction structure.

Figure 4.3(a) shows the error to equilibrium ||w — w*||* + || — *||* for the individual
gradient dynamics and the Stackelberg gradient dynamics Figure 4.3(b) shows the return
R(#) of each of the updates. We can observe that the cycling is mitigated and convergence
accelerated by optimizing using the Stackelberg gradient, which leads to more stable returns

along the learning.

Soft Actor-Critic. The soft actor-critic algorithm also exhibits a similar structure, but
with entropic regularization included in the actor objective. In Figures 4.4 and 4.5, we show
the result of adding entropy regularization to the actor’s objective using the SAC algorithm.

We show the vector fields along with the parameter trajectories for the individual gra-
dient dynamics and the Stackelberg gradient dynamics in Figure 4.4(a) and Figure 4.4(b),

respectively. Since SAC involves sampling from an stochastic policy, we plot the empirical
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Figure 4.5: (a) Error for each algorithm, SAC and STSAC-AL, ||w — w*||*> + ||@ — 6*||* where
(0%, w*) = (0,0) is the equilibrium. (b) Return of the actor R(f).

mean gradient vector fields in Figure 4.4(a) and Figure 4.4(b), where the gradients for up-
date are estimated by samples. Given the entropic regularization, both learning algorithms
behave similarly, and both gradient updates converge much faster and the gap between them
are less significant (Figure 4.5(a) and 4.5(b)). This perhaps indicates that the individual
gradient dynamics are more well-suited to optimize this form of objectives and highlights
the importance of considering how game dynamics perform on types of hidden structures

when optimizing actor-critic algorithms in reinforcement learning.

Importantly, regardless of the objective function structure, the Stackelberg gradient dy-
namics tend to converge rather directly to the equilibrium and for some hidden structures
they significantly mitigate oscillations and stabilize training. It is well-known that this is
a desirable property of the reinforcement learning algorithms owing to the implications for
both evaluation and real-world applications [90]. Together, this motivating section suggests

that introducing the Stackelberg dynamics as a *

‘meta-algorithm” on existing actor-critic
methods is likely to lead to more favorable convergence properties. We demonstrate this

empirically in Section 4.5.
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4.8.3  Actor-Critic Algorithms

We consider discrete-time Markov decision processes (MDPs) with continuous state space S
and continuous action space A. We denote the state and action at time step t by s; and
ay, respectively. The initial state so is determined by the initial state density so ~ p(s).
At time step ¢, the agent in state s; takes an action a; according to a policy a; ~ m(-|s¢)
and obtains a reward r; = r(s;,a;). The agent then transitions to state s;;; determined
by the transition function s;11 ~ P(s'|ss, as). A trajectory 7 = (s, ao, - .., Sr,ar) gives the
cumulative rewards or return defined as R(7) = S1_,¥'7(s1, a;), where the discount factor
0 < v < 1 assigns weights to rewards received at different time steps. The expected return

of 7 after executing a; in state s; can be expressed by the ) function

Ty
Q™ (54, a1) = ETW[Zﬂzt 7t t7"<5t'7 ar)|st, at]-
Correspondingly, the expected return of 7 in state s; can be expressed by the value function
V' defined as
V™ (s1) = B [ Sy 7 "t (s0, an) |54
The goal of reinforcement learning is to find an optimal policy that maximizes the expected

return which is given by

J(W):ETN,T[Zt O’VTSt,at} fp TIm)R
= ESNp,aNﬂ' |s) [Qﬂ(s (I)]

where p(7|m) = p(s0) [T m(aclst) P(sesalst, ar).
The policy-based approach [91] parameterizes the policy m by the parameter 6 and finds

the optimal parameter choice 6* by maximizing the expected return

J(Q) = Es~p,a~7rg [Qﬂ(s CL)} (41)

This optimization problem can be solved by gradient ascent. By the policy gradient theo-
rem [92],
Vo (0) = Espanm(1s) [Volog mo(als)Q (s, a)],
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where Vjy denotes the derivative with respect to §. A common method to approximate
Q™ (s,a) in the policy gradient is by sampling trajectories and averaging returns, which is
known as REINFORCE [91].

“Vanilla” Actor-Critic (AC). The actor-critic method [14, 93] relies on a critic function
Quw(s,a) parameterized by w to approximate Q7 (s, a). By replacing Q. (s,a) with Q7 (s, a)
in (4.1), the actor which is parameterized by € has the objective

‘](ea ’LU) - Es~p,a~7r9(-\s) [Qw(s, a)] . (4.2)

The objective is optimized using gradient ascent where
Vo (0,w) = Egepamm(1s)[Volog mg(als)Qu (s, a)]. (4.3)

The critic which is parameterized by w has the objective to minimize the mean square error

between the ()-functions

L<97 ’LU) = ESNP@NM(‘M[(QU}(S? (1) - Qﬂ(& a))2]7 (4'4)

where the function Q™ (s, a) is approximated by Monte Carlo estimation or bootstrapping [73].
The actor-critic method optimizes the objectives with individual gradient dynamics [83,

94] which gives rise to the updates

0«0+ Oégv.gj(e, w), (45)

W = w — Vo L(6, w), (4.6)

where oy and «,, are the learning rates of actor and critic. Clearly, even in this basic actor-
critic method, the actor and critic are coupled since J and L depend on both 6 and w, which
naturally lends to a game-theoretic interpretation.

Deep Deterministic Policy Gradient (DDPG). The DDPG algorithm [3] is an off-policy
method with subtly different objective functions for the actor and critic. In particular, the

formulation has a deterministic actor ug(s) : S — A with the objective

J(0,w) = Eeup [Qu (s, po(s))] - (4.7)
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The critic objective is the mean square Bellman error

L(6,w) = E [(Qu(s,a) = (r+7Qo(s", #o(s))))’), (48)

where £ = (s,a,r,s'), D is a replay buffer, and Q is a target @) network.’
Soft Actor-Critic (SAC). The SAC algorithm [95] exploits the double Q-learning trick [96]
and employs entropic regularization to encourage exploration. The actor’s objective J(6, w)

Eevn [ min Qu (5, a0(s)) — nlog(maa(s)]s))]. (4.9)

where ay(s) is a sample from 7y(-|s) and 7 is entropy regularization coefficient. The parameter
of the critic is the union of both Q networks parameters w = {wy, ws} and the critic objective

is defined correspondingly by

L(@, U)) - ngp [ Zz‘:l,Z (Qwi(87 CL) - y(?", S/))z } ) (410)

where
y(r. ') =1+ 5(minQo, (s ag(s")) — nlog(moas(s')|5)).
The target networks in DDPG and SAC are updated by taking the Polyak average of the network

parameters over the course of training, and the actor and critic networks are updated by

individual gradient dynamics identical to (4.5)—(4.6).
4.4 Stackelberg Framework

In this section, we begin by formulating the actor-critic interaction as two-player general-sum
Stackelberg game and introduce a Stackelberg framework for actor-critic algorithms, under
which we develop novel Stackelberg versions of existing algorithms: Stackelberg actor-critic
(STAC), Stackelberg deep deterministic policy gradient (STDDPG), and Stackelberg soft actor-

critic (STSAC). Following this, we give a local convergence guarantee for the algorithms to

5In the DDPG algorithm, the next-state actions used in the target network come from the target policy
instead of the current policy. To be consistent with SAC, we use the current policy.
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Algorithm 3: Stackelberg Actor-Critic Framework
Input: actor-critic algorithm ALG, player designations, and learning rate sequences

QY ks Qo -

if actor is leader, update actor and critic in ALG with:

Opi1 = Ok + aakVJ(&k, wk) (4.11)

W1 = W — Qo Vo L(Ok, wi) (4.12)

if critic is leader, update actor and critic in ALG with:

Opi1 = Ok + a97kV9J(9k, wk) (413)

Wg4+1 = Wi — OékaVL(Qk, wk) (414)

a local Stackelberg equilibrium. Finally, a regularization method for practical usage of the

algorithms is discussed.

4.4.1 Meta-Algorithm

Given an actor-critic formulation, in particular, the objectives of the actor and critic defined
by J(0,w) and L(f,w), we can interpret the problem as a two-player general-sum Stackelberg
game. If we view the actor as the leader and the critic as a follower, then the players aim to

solve the following optimization problems, respectively:
maxg{J (0, w*(#))| w*(f) = arg min,s L(6, w')} (AL)
min,, L(0, w). (CF)

On the other hand, if we view the critic as the leader and the actor as the follower, then the

players aim to solve the following optimization problems, respectively:

min, {L(6*(w),w)| §*(w) = argmaxg J(0, w)} (CL)
maxy J(6,w). (AF)
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As described in Section 4.3.1, we propose to optimize the objectives using a learning
algorithm that accounts for the structure of the problems. Specifically, since the leader
assumes the follower selects a best response, it is natural to optimize the leader objective by
following the total derivative given that the follower’s decision is implicitly a function of the
leader’s. The meta-framework we adopt for Stackelberg refinements of actor-critic methods
is in Algorithm 3. The distinction compared to the usual actor-critic methods is that in
the updates we replace the individual gradient for the leader by the implicitly defined total
derivative which accounts for the interaction structure whereas the rest of the actor-critic
method remains identical.

The dynamics with the actor as the leader are given by (4.11)—(4.12) where the actor’s

total derivative J(0,w) is
Vo (0, w) — VL0, w) (V2 L0, w)) 'V J (0, w). (4.15)

When the critic is the leader the dynamics are given by (4.13)—(4.14) where the critic’s total
derivative VL(6,w) is

VoL(0,w) —V,,J(0,w)(VaJ(0,w)) ' VoL(6,w). (4.16)

We now consider instantiations of this framework and explain how the total derivative

can be obtained from sampling along with natural choices of leader and follower.

4.4.2  Stackelberg “Vanilla” Actor-Critic

¢

We start by instantiating the Stackelberg meta-algorithm for the “vanilla” actor-critic (AC)
algorithm for which the actor and critic objectives are given in (4.2) and (4.4), respectively.®
In this on-policy formulation, the critic assists the actor in learning the optimal policy by

approximating the value function of the current policy. To give an accurate approximation,

SWe only demonstrate the “vanilla” actor-critic algorithm and its Stackelberg version here and in our
experiments, but the framework could be generalized to more on-policy actor-critic algorithms (e.g., A2C,
A3C, [94]).
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the critic aims to be selecting a best response w*(0) = argmin,, L(6,w’). Thus, the actor
naturally plays the role of leader and the critic the follower.

However, estimating the total derivative V.J(6,w) as defined in (4.15) is not straight-
forward and we analyze each component individually. The individual gradient VyJ (6, w)
can be computed by policy gradient theorem as given in (4.3). Moreover, V,J(0,w) =

Espammy(-s)| ViwQuw(s, )], which follows by direct computation, and similarly

V?UL(@, w) = Egpammy(s) [QVwa(S, a)VITUQw(s, a)
+2(QW(S7 a’) - QW(Sa a))vaQw(s, a)] :

To compute V,9L(0,w) in (4.15), we begin by obtaining VyL(6,w) with the following

policy gradient theorem.

Theorem 4.1. Given an MDP and actor-critic parameters (0,w), the gradient of L(6,w)

with respect to 0 is given by

VoL(8,w) = E.r,[Volog mg(ag|so)
(Qu (50, a0) — Q" (s0,a0))* + 31—, 7' Ve log m(ass:)
(Q™ (50, a0) — Qu (80, a0))Q™(s¢, ar)].

Proof. The derivative is computed as follows:

Vo L(0,w) = Vi / o(s0) / To(a0]50) (Qu (50, a0) — Q7 (0, a0))? dagdse

S0 ag

— /SO p(so) /a0 Voma(aolso) (Qu(so, ag) — Q™ (s0, ag))* dagdsg
+/ ,0(50)/ 7o(a0|50) Ve (Qu(s0, a0) — Q™ (so, ag))? dagdso

S0 ag

—/ p(so)/ To(ao|so) Vo log ma(aolso) (Qu(so, ao) — QT (s, ag))” dagdsg
+ 2/ p(so)/ mo(ao|so) (Q (S0, an) — Qu (S0, an)) VeQ™ (S0, ag)daeds.

S0 ao
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From here, it remains to compute V@™ (so, ag). To do so, recall that Q™ (s, a;) and V7™ (s;)
are given by
Q" (s8¢, a¢) = IETNW[Zf:t VTt (s, ap)|se, at] = r(s¢, a¢) + ”y/ P(s'|s¢,a,)VT™(s')ds,

and

VE(50) = Brna [ S0 2" rlssan)ls] = [ molals)@(se.a)d.

Hence, VyQ™ (59, ag) is computed as follows:

VoQ (s0, ao) 27/ P(s1]s0,a0) VoV (s1)dsy

:’y/ P(sl\so,ao)/ (Voma(a]s1)Q™(s1,a1) + mg(ar]s1)VeQ™ (s1,a1)) daids,

al

:fy/ P(sl\so,ao)/ mo(a1|s1)Velogme(ar|s1)Q (s1, a1)daids,

al

—i—’yQ/ P(sl\so,ao)/ Wg(allsl)/ P(sa|s1,a1)VeV™(s2)dsadards;

al 52

:fy/ P(sl\so,ao)/ mo(ay1|s1)Velogme(ar|s1)Q (s1, a1)daids,

—1—72/ P(sl\so,ag)/ Wg(allsl)/ P(32|31,a1)/ mo(az|s2) Vg log mg(as|s2) Q™ (s2, as)dasdsadaidsy
51 al S92 ag
—1—73/ P(sl\so,ag)/ Wg(allsl)/ P(32|sl,a1)/ 7'['9(@2’82)/ P(s3]s2,a2)VeV ™ (s3)dssdasdseda;dsy
S1 ai S2 a2 53
_’Y/p(7'1:1|9)V9 log mg(a1]s1)Q" (s1, a1)dT11

+72/p(71:2|9)ve 10g70(62|82)Q7r(827az)d7'1;2

/ZW? T14|0) Vo log o (ar|s¢) Q" (s, ar)dT. (4.17)

T t=1

where the last equality is obtained by unrolling and marginalization for the entire length of

the trajectory.



74

Thus, coming back to the computation of VoL (6, w), we have that

VoL (0, w) = / p(so)/ mo(ao|so) Ve log m(ap|so) (Qu(so, o) — Q”(so,ao))2 dagdsg

S0 ag

+ 2/ P(So)/ mg(ao|so) (Q™ (S0, ap) — Qu (S0, an)) VeQ™ (S0, ag)dagdsg

S0 ao

B /p(To|9)V9 log 79(ao|s0) (Qu(s0, a0) — Q" (s0, an))*

T

T
+23 " 4'p(70.10) Vo log mo(a]s¢) (Q" (50, a0) — Qu (50, @0)) Q" (st ar)dr
t=1
= Err, | Vologm(aolso) (Qu(so, a0) — Q" (s0, an))*
T
+ Z 7'V log mg(ar]st) (Q7 (50, a0) — Qu(s0, a0)) Q" (51, ar)
t=1
which completes the proof. O]

Theorem 4.1 allows us to compute Vi, L(0, w) directly by V,,(VyeL(6,w)) since the dis-
tribution of VoL (60, w) does not depend on w and V,, can be moved into the expectation.

The critic in AC is often designed to approximate the state value function V7™ (s) which
has computational advantages, and the policy gradient can be computed by advantage
estimation [97]. In this formulation, J(6,w) = E;r,[r(s0,a0) + Viw(s1)] and L(0,w) =
Esp[(Vio(s) — V™(s))?]. Then VyL(6,w) can be computed by the next proposition.

Proposition 4.1. Given an MDP and actor-critic parameters (0,w), if the critic has the

objective function L(0,w) = Ey.,[(Viu(s) — V7(s))?], then VyL(6,w) is given by

E[2 ivtve log g (ar|s1) (V7 (s0) = Vi (s0)) Q" (s1, ar)]-

T~TY +=0
Proof. The critic’s objective is given by L(6,w) = E,., [(Vi(s) — V”(s))z}. Hence, taking
the derivative with respect to #, we have that

VoL (0, w) — / o(50) Vo (Vi (50) — V7 (50))2dls0

S0

_9 / o(50) (V™ (50) — Vi (50)) VoV ™ (50)dlso. (4.18)

S0
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Now we compute VoV 7(sq) in (4.18). Use the result of (4.17), we have

VoV (s0) = / Voma(ao|so)Q7 (S0, ag) + ma(ao|so) VeQ™ (S0, ag)dag

t=1

T
- /71'9(&0|So) (Vg log mg(ao|s0) Q™ (S0, ag) + Z’ytp(ﬁ:t]G)Vg log Wg(at]st)Q“(st,at)> dr.

(4.19)
Substituting (4.19) into (4.18), we have that
T
VoL (0, w) =2 Z'Ytp T0:t|6) Vg log mo(ar|s) (V7 (s0) — Viu(s0)) Q@7 (51, ar)dr
T t=0
T
=E; r |2 Z 7'V log mg(as|s:) (VT (s0) — Vi(s0)) Q7 (st, at)]
=0
which completes the proof. O

Given these derivations, terms in (4.15) can be estimated by sampled trajectories, and

STAC updates using (4.11)—(4.12).

4.4.8 Stackelberg DDPG and SAC

In comparison to on-policy methods where the critic is designed to evaluate the actor using
sampled trajectories generated by the current policy, in off-policy methods the critic mini-
mizes the Bellman error using samples from a replay buffer. Thus, the leader and follower
designation between the actor and critic in off-policy methods is not as clear. To this end, we
propose variants of STDDPG and STSAC where the leader and follower order can be switched.
Given the actor as the leader (AL), the algorithms are similar to policy-based methods, where
the critic plays an approximate best response to evaluate the current actor. On the other
hand, given the critic as the leader (CL), the actor plays an approximate best response to
the critic value, resulting in behavior closely resembling that of the value-based methods.
As shown in (4.7)-(4.8) for DDPG and (4.9)—(4.10) for SAC, the objective functions of

off-policy methods are defined in expectation over an arbitrary distribution from a replay
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buffer instead of the distribution induced by the current policy. Thus, each terms in the
total derivatives updates in (4.15) and (4.16) can be computed directly and estimated by
samples. Then, STDDPG and STSAC update using (4.11)—(4.12) or (4.13)—(4.14) depending on

the choices of leader and follower.

4.4.4  Convergence Guarantee

Consider, without loss of generality, the actor is designated as the leader and the critic the
follower. Then, the actor and critic updates with the Stackelberg gradient dynamics and

learning rates sequences {ogx}, {au, 1} are of the form

Orr1 = Ok + o (VJ(0,w) + €9 jt1), (4.20)

Wg+1 = Wg — aw,k(va(07 ’LU) + Ew,k+1)> (421)

where {€g i1}, {€wrt1} are stochastic processes. The results in this section assume the

following.

Assumption 4.1. The maps VJ : R™ — R™ V,L : R™ — R™ are Lipschitz, and
|VJ|| < oo. The learning rate sequences are such that agr = o(ux) and Y, ;) = 00,
> aiy < oo fori €I ={f,w}. The noise processes {€;} are zero mean, martingale differ-

ence sequences: given the filtration Fy = o (0s, ws, €p s, €wsy S < k), {€ir}iex are conditionally

independent, El¢; py1| Fi] = 0 a.s., and E[||€; ps1|l| Fi] < (1 + ||(0k, wi)|) a.s. for some

constants ¢; > 0 and i € T.

The following result gives a local convergence guarantee to a local Stackelberg equilibrium
under the assumptions. For this result, recall that for a continuous-time dynamical system of
the form 2 = —g(z), a stationary point z* of the system is said to be locally asymptotically
stable or simply stable if the spectrum of the Jacobian denoted by —Dg(z) is in the open
left half plane.

Theorem 4.2. Consider an MDP and actor-critic parameters (0, w). Given a locally asymp-

totically stable differential Stackleberg equilibrium (6%, w*) of the continuous-time limiting
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system (6,10) = (VJ(0,w), =V L(0,w)), under Assumption 4.1 there ezists a neighborhood
U for which the iterates (0x, wy) of the discrete-time system in (4.20)—(4.21) converge asymp-
totically almost surely to (0%, w*) for (6, wy) € U.

Now we provide a proof sketch. Without loss of generality, the actor plays the role of the
leader. Consider a differential Stackelberg equilibrium of the game (6*,w*) which is locally

asymptotically stable” for the continuous time dynamical system

9 V.J(0,w)
n —VL(0,w))

where the total derivative of actor in the Stackelberg gradient is given by
VJ(0,w) = Vo] (0,w) =V L0, w)(VZL(O,w)) 'V J(0,w).

and the individual gradient for the critic is V,,L(0,w). The actor and critic employ the
discrete time updates given in Algorithm 3 where the actor is the leader. Since the actor and
critic have unbiased estimates of their gradients and the learning rates are chosen as stated
in Section 4.4.4, then the result of the theorem follows from Theorem 7 in [15]. That is, from
an initial point (6p, wo) € U, the Stackelberg gradient dynamics converge asymptotically to
(0, w*) € U almost surely.

Indeed, the result holds by the following reasoning. Under the assumptions on the noise
processes and stepsize sequences, we treat the updates in Algorithm 3 as a stochastic ap-
proximation process (fx,wy). Then, we define asymptotic pseudo-trajectories—i.e., linear
interpolations between iterates (0x, wy) and (fxi1, wgs1). Since (6%, w*) is locally asymptot-
ically stable, there exists a neighborhood of (6*,w*) and a local Lyapunov function on that
neighborhood. This Lyapunov function can be used to show that the continuous time flow
also starting from iterates (6x,wy) and the asymptotic pseudo-trajectories are contracting
onto one another asymptotically, for any sequence of iterates starting at (6y, wy) € U. Hence,

the iterates (0, wy), in turn, converge asymptotically to (6%, w*) almost surely.

"That is, the local linearization of the above dynamics around the point (6*,w*) are in the open left-half
complex plane.



78

Comments on designing gradient estimators. Methods such as REINFORCE (or
Monte Carlo method) provide an unbiased estimator of the follower’s individual gradient.
Obtaining an unbiased estimate of the total derivative for the leader, on the other hand, is
a bit more nuanced. This is because there are multiple gradients being multiplied by one
another in the expectation. However, as a heuristic, one way to approximate it is using the
expected value of each of the terms that shows up in the total derivative.

Depending on the actor-critic algorithm and objective functions, following either The-
orem 4.1 (Proposition 4.1) or direct derivatives, each term in the total derivative can be
computed as an expectation over a distribution of state and action (generated by current
policy in AC and any arbitrary policy in DDPG and SAC). Take DDPG as an example where
J(60,0) = Egep [Qu(s, 10(s))], and L(8,w) = Eeop [(Qu(s,0) — (r +7Qo(s', pa(s))))*] The

second term in total derivative appears to be a multiplication of several expectations:
VJ(0,w) = VeJ(0,w) — V. ,L(O,w)(V2LO,w)) " VuJ(0, w)
-
— B [VoQu(s.1o(5)] - Eevn | Vu ((Quls0) = (4 9Qu(s' als))

(72 ((@uls.0) = (4 1@u( D)) @l oo

T

~ Bgn [VoQu (s, 10(5))] = Ben [ Vo ((Quls. @) = (r +1Qo(s' 1o(5)))’) |
(e [V2 ((@Quls.0) = (7 +1Q0ls 1o D)?)] ) Eeon [VuQuls, fs))]

For this approximation, we can obtain an unbiased estimate by resetting the simulator as
described in [92, Chapter 11] to estimate each term in the product of expectations. As a
result, this is a reasonable heuristic in practice for an approximation to the total derivative.
Our policy gradient theorems also provide us a way to derive the estimates of each of these
individual terms. Obtaining unbiased estimates as an active area of research (see, e.g.,
(81, 98]). Moreover, from both a theoretical and practical perspective, understanding how
the batch size affects the estimate of follower Hessian and the total derivative remains open.

This result is effectively giving the guarantee that the discrete-time dynamics locally con-

verge to a stable, game theoretically meaningful equilibrium of the continuous-time system
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using stochastic approximation methods given suitable learning rate sequences and unbiased

gradient estimates [99].

4.4.5  Implicit Map Regularization

The total derivative in the Stackelberg gradient dynamics requires computing the inverse of
follower Hessian V3 fo(x). Since critic networks in practical reinforcement learning problems

~1 can be ill-conditioned. Thus, instead of comput-

may be highly non-convex, (V3 fs(x))
ing this term directly in the Stackelberg actor-critic algorithms, we compute a regularized
variant of the form (V3fy(x) + AI)~!. This regularization method can be interpreted as
the leader viewing the follower as optimizing a regularized cost fo(z) + 3/z»||?, while the
follower actually optimizes fa(z). Interestingly, the regularization parameter A can serve to

interpolate between the Stackelberg and individual gradient updates for the leader as we

now formalize.

Proposition 4.2. Consider a Stackelberg game where the leader updates using the reqularized
total derivative VA fi(x) = V1fi(z) — Vo, fo(x)(V3fa(z) + M) 'Vafi(z). As A — 0 then
VA fi(z) = Vfi(z) and when X — oo then V2 fi(z) — Vifi(z).

4.5 Experiments

We now show the results of extensive experiments comparing the Stackelberg actor-critic
algorithms with the comparable actor-critic algorithms. We find that the actor-critic algo-
rithms with the Stackelberg gradient dynamics always perform at least as well and often sig-
nificantly outperform the standard gradient dynamics. Moreover, we provide game-theoretic
interpretations of the results.

We run experiments on the OpenAl gym platform [100] with the Mujoco Physics simu-
lator [101]. The performance of each algorithm is evaluated by the average episode return
versus the number of time steps (state transitions after taking an action according to the pol-

icy). For a fair comparison, the hyper-parameters for the actor and critic including the neural



30

network architectures are set equal when comparing the Stackelberg actor-critic algorithms

with the stand normal actor-critic algorithms.

Implementation Details This section includes complete details about our experiments.
Our implementation is developed based on public resource Spinning Up® and our source code
is available at https://github.com/LeoZhengZLY/stackelberg-actor-critic-algos.

We follow the default neural network architecture used in Spinning Up. Particularly,
the AC and STAC use networks of size (64, 32) with tanh units for both the policy and the
value function. The DDPG, STDDPG, SAC, and STSAC use networks of size (256, 256) with relu
units. The AC and STAC collected 4000 steps of agent-environment interaction per batch
and use vanilla gradient descent optimizer and the DDPG, STDDPG, SAC, and STSAC use Adam
optimizer with mini-batches of size 100 at each gradient descent step.

The policy gradient terms for AC and STAC are estimated by generalized average estimator
(GAE) [97] and critics are updated by Monte Carlo method [73]. In discrete control task
(CartPole), we set the Hessian regularization hyper-parameter A = 0, and in continuous
control tasks (others), we set the regularization hyper-parameter A = 500.

The performances for AC and STAC are measured as the average trajectory return across
the batch collected at each epoch. Performances for DDPG, STDDPG, SAC, and STSAC are
measured once every 10, 000 steps by running the deterministic policy (or, in the case of SAC,
the mean policy) without action noise for ten trajectories, and reporting the average return
over those test trajectories.

In our Stackelberg framework, the learning rule for the leader involves computing an
inverse-Hessian-vector product for the V2 fs(x1, z9) inverse term and Jacobian-vector prod-
uct for the Vs fo(x1, 22) terms. The second term can be computed directly by autograd.grad
in torch. For the inverse-Hessian-vector term, we implement the conjugate gradient method
using autograd.grad iteratively. This enable us to compute and estimate the total deriva-

tive on GPU directly and perform Stackelberg gradient update. In all experiments, the

8Developed by Josh Achiam in 2018: https://spinningup.openai.com/en/latest/
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Algorithm 4: Stackelberg Actor-Critic Framework with Unrolling Follower Update

and Regularization

Input: actor-critic algorithm ALG, player designations, follower unrolling steps m,
regularization hyperparameter A, and learning rate sequences ay i, o .

for k=0,1,2... do
if actor is leader, then update actor and critic in ALG with

Ok = Ok + 1 (Vo (O, wio) — (VgL o (VoL + M)~ 0 Vi) (6, wip))
W41 = Wk — Vi L(Og, wyy), 1€ [0,m—1]

Wi+1,0 = Wk,m

if critic is leader, then update actor and critic in ALG with
Wr+1 = W — a17k(va(9k70, wk) — (V;—wj o} (VEJ + )\[)_1 o} VgL)(b’k,o, wk))
Oi41 = Oy + a2k Vo Ok, wi), 1 €[0,m—1]

0k+1,0 = ek,m

end

Stackelberg versions of actor-critic algorithms roughly take twice the time to train.
In Algorithm 4, we provide a more detailed version of our Stackelberg actor-critic algo-
rithm framework when multiple follower unrolling steps and implicit map regularization are

involved.

Performance. Figures 4.6(a)—4.6(d) show the performance of STAC and AC on several tasks.
We also experiment with the common heuristic of “unrolling” the critic m steps between actor
steps. For each task, STAC with multiple critic unrolling steps performs the best. This is due
to the fact when the critic is closer to the best response, then the real response of the critic
is closer to what is anticipated by the Stackelberg gradient for the actor. Interestingly, in
CartPole, STAC with m = 1 performs even better than AC with m = 80.



3 4 5 6 7 8
Time Stpes 1e5

(a) CartPole

Average Return
@
2
5

1 2 3
Time Stpes 1e5

(e) HalfCheetah

7500

Average Return
o
3
3
8

1 3

2
Time Stpes 1e5

(i) HalfCheetah

— STAC, k=1

Average Return

025 050 075 100 125 150 175 200
Time Stpes 166

— STAC, k=80

— AC, k=1

— AC, k=80

025 050 075 100 125 150 175 200
Time Stpes 166

(b) Reacher (c) Hopper
— DDPG — STDDPG-AL — STDDPG-CL
125 2500
c c
§ 100 § 2000
Q Q
& 75 Y 1500
() ()
g 50 gmoo
3 25 g 500
0
1 2 3 2 3
Time Stpes 1e5 Time Stpes 1e5
(f) Swimmer (g) Hopper
— SAC  — STSAC-AL — STSAC-CL
€40 £ 3000
3 3
& &
oL o 2000
j=)) jo2}
© ©
520 @ 1000
> >
< <
10 o
1 2 3 1 2 3
Time Stpes 1e5 Time Stpes 1e5
(j) Swimmer (k) Hopper

82

I

ey
!
- M

025 050 075 100 125 150 175 200
Time Stpes 1e6

8 2

Average Return
2

(d) walker2d

c
5 1500
3] N
& 1000 /V W il
o
o /
£ 500 s
o ;
< -

0

1 2 3
Time Stpes 1e5
(h) walker2d

< 4000
£
p=3
© 3000
14
&,2000
©
@ 1000
<

o

1 3

2
Time Stpes 1e5

(1) walker2d

Figure 4.6: Comparison of AC, DDPG, SAC with their Stackelberg versions on OpenAl gym
environments. Note in (a)-(d) the Stackelberg versions are red/purple and in (e)-(1) they

are green/red.

Figures 4.6(e)—4.6(h) show the performance of STDDPG-AL and STDDPG-CL in comparison to

DDPG. We observe that on each task, STDDPG-AL outperforms DDPG by a clear margin, whereas

STDDPG-CL has overall better performance than DDPG except on Walker2d. Figures 4.6(i)—

4.6(1) show the performance of STSAC-AL and STSAC-CL in comparison to SAC. For this

formulation, the advantage afforded by the Stackelberg gradient is not as apparent.

In all experiments, when the actor is the leader, the Stackelberg versions either outperform
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or are comparable to the existing actor-critic algorithms, offering compelling evidence that
the Stackelberg framework has an empirical advantage in many tasks and settings. We now
provide game-theoretic interpretations of the experimental results and connect back to the

examples and observations from Section 4.3.2.

Game-Theoretic Interpretations. SAC is considered the state-of-the-art model-free re-
inforcement learning algorithm and we observe it significantly outperforms DDPG (e.g., on
Hopper and Walker2d). The common interpretation of its advantage is that SAC encourages

exploration by penalizing low entropy policies. Here we provide another viewpoint.

From a game-theoretic perspective, the objective functions of AC and DDPG take on hidden
linear and hidden quadratic structures for the actor and critic. This structure can result in
cyclic behavior for individual gradient dynamics as shown in Section 4.3.2. SAC constructs a
more well-conditioned game structure by regularizing the actor objective, which leads to the
learning dynamics converging more directly to the equilibrium as seen in Section 4.3.2. This
also explains why we observe improved performance with STAC and STDDPG-AL compared to

AC and DDPG, but the performance gap between STSAC-AL and SAC is not as significant.

Comparing AL with CL, the actor as the leader always outperforms the critic as the
leader in our experiments. As described in Section 4.3.2, the critic objective is typically a
quadratic mean square error objective which results in a hidden quadratic structure whereas
the actor’s objective typically is in the form of a hidden linear due to parameterization of the
@ network and policy. As a result, the critic cost structure is more well-suited for computing
an approximate local best response since it is more likely to be well-conditioned. Thus, the
critic being the follower is a more natural hierarchical structure of the game. Unrolling the
critic for multiple steps to approximate this structure and has been shown to perform well
empirically [25]. Algorithm 4 shows a similar heuristic can be employed for the Stackelebrg

framework.
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4.6 Conclusion

In this work, we revisit the standard actor-critic algorithms from a game-theoretic perspective
to capture the hierarchical interaction structure and introduce a Stackelberg framework for
actor-critic algorithms. In this framework, we introduce novel Stackelberg versions of existing
actor-critic algorithms. In experiments on a number of environments, we show that the
Stackelberg actor-critic algorithms always outperform the existing counterparts when the

actor plays the leader.
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Chapter 5

STACKELBERG COMPETITIVE REINFORCEMENT
LEARNING

—[ Environment ]7

state

ion
reward actio

Agent

E

Figure 5.1: Framework of multi-agent reinforcement learning algorithm with player interac-
tion.

5.1 Introduction

Beyond single-agent paradigm, a wide variety of reinforcement learning applications involve
the participation of more than one single agent/player, including robotic teams, distributed
control, resource management, cyber-physical systems, etc. [102, 103]. These applications are
modeled systematically as multi-agent reinforcement learning problems. Specifically, multi-
agent reinforcement learning addresses the sequential decision-making problem of multiple
autonomous agents that interact with others in a common environment, each of which aims
to optimize its own long-term return [13].

Among the multi-agent reinforcement learning problems, the competitive setting is a
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critical part, where there are usually two agents and the return of agents sum up to zero.
These problems are formulated as zero-sum two-player games in the framework of competitive
Markov decision process [104].

In both single-agent and multi-agent reinforcement learning problems, policy gradient
based methods are prominent algorithms that directly optimize for policies, which enjoy sim-
plicity in implementation and deployment [73]. In two-player zero-sum competitive MDP,
the policy gradient based methods approximate the gradient of the objective of each player
by samples and perform gradient descent ascent on the decision spaces. However, it has been
shown that in zero-sum games, simultaneous gradient descent ascent could converge to spu-
rious locally asymptotically stable points that lack game-theoretic meaning [105]. Moreover,
in some game structures such as bilinear games, divergence behavior is observed [79].

Recently, novel algorithms have been proposed to break the individual gradient paradigm
and exploit the game-theoretic nature of two-player games. Figure 5.1 provides a abstract
framework of those algorithms. Instead of assuming the other player as stationary, these
algorithms account for the interaction of learning agents and update each agent by conjec-
turing other player’s learning dynamic. For example, LOLA proposed in [77] leverages a
second-level reasoning (a player thinks that the other player thinks its strategy stays con-
stant) and CoPG [79] uses a infinite-level reasoning update rule to optimize each agent.
These algorithms show positive results on a set of games with better convergence property.
However, one limitation of those approaches is that they treat two players with equal priority,
and specifically, in [77], two players need to have exactly the same decision spaces.

In fact, in a wide variety of applications, the performance of one player is favored over the
other. For example, the vanilla formulation of generative adversarial networks [12] is a zero-
sum game with a generator and a discriminator. In most of the applications of generative
adversarial networks, the generator plays a more important role and the discriminator is only
utilized as a “teacher” to guide the training of the generator. Similarly, in the competitive
reinforcement learning setting, the second player could be the potential perturbation or be

a learning opponent to guide the training of the primal player. In competitive human-robot
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interaction, the second player could be a human expert trying to compete and teach the robot.
In those cases, we would like the primal agent to benefit from learning from competing with
another learning agent.

From a game-theoretic perspective, the Stackelberg game framework fits this motivation
in this setting. According to [74, Chapter 4], in the two-player game with unique follower best
responses, the payoff of the leader in Stackelberg equilibrium is better than Nash. Lever-
aging the fact that the leader benefits from the hierarchical order in Stackelberg games,
in this work, we formulate the competitive reinforcement learning as a Stackelberg game.
We extend the current state-of-the-art multi-agent reinforcement learning algorithm MAD-
DPG [106] to its Stackelberg version, termed ST-MADDPG, adopting the total derivative
Stackelberg learning update rule. Moreover, we also design and open-source new competi-
tive reinforcement learning benchmark tasks and demonstrate the performance and behavior
of our algorithm on them. Empirically, we show that the leader in Stackelberg MADDPG

algorithm learns a better policy and gains advantages in the competitive game.

5.2 Background

5.2.1 Competitive Markov Game

In this work, we consider a two-player zero-sum fully observable competitive Markov game
(also called competitive MDP). A competitive Markov game is a tuple of (S, A, A% P,r),
where S is the state space, s € S is a state, for player i € {1,2}, A® is the player i’s action
space with a’ € A'. P: S x A' x A*> — S is the transition kernel such that P(s'|s,a',a?) is
the probability of transitioning to state s’ given that the previous state was s and the agents
took action a',a® simultaneously in s. 7 : S x A' x A% — [0,1] is the reward function of
player 1 and by the zero-sum nature of the competitive setting, player 2 receives the negation
of r as its own reward feedback. Each agent uses a stochastic policy ), parameterized by 6".

A trajectory T = (s, aj, a3, . . ., st, ap, a%) gives the cumulative rewards or return defined

as R(T) = 3.1 77 (s, al, a?), where the discount factor 0 < v < 1 assigns weights to rewards
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received at different time steps. The expected return of 7 = {7', 72} after executing a;,a?

in state s; can be expressed by the () function

Q" (ss,at,a?) = Erop [ Z;r,:t VWt (sp, al,a2)| s, al, aﬂ . (5.1)

Correspondingly, the expected return of 7 in state s; can be expressed by the value function

V defined as
V(1) = Epr [ S, Y (50, aly, a2)[54]. (5.2)

The game objective is defined as the expected return given by

J(m) = ETNW[Z;FZO (s, a},af)} = pr<T|7T)R(T)dT

= Esrvp,alwﬂl(-|s),a2~7r2(-|s) [QF(Sa CLI, a2)} ) (53)

where p(7|7) = plso) [11—y 7" (a}|s))m2(a2]s:) P(si51]51, al,a?) and p(so) is the initial state
distribution.

In competitive Markov games, player 1 aims to find a policy maximizing the game objec-
tive, while player 2 aims to minimize it. They solve for maxg J(7!, 7?) and ming J(7!, 72)

respectively.

5.2.2 MADDPG

It has been shown that naive policy gradient methods perform poorly in simple multi-agent
settings experiments [106]. Thus, more advanced multi-agent reinforcement learning algo-
rithms have been proposed and MADDPG [106] is one of the state-of-the-art. The idea of
MADDPG is to adopt the framework of centralized training with decentralized execution.
Specifically, they use a centralized critic network @, to approximate the ™ function, and
update the policy network 7)) of each agent using the global critic.

Consider the deterministic policy setting, each player has policy ), with parameter 6°.

The game objective is

J(0",6%) = Eeop [Qu(s, 1(5), 15(s))] - (5.4)
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where & = (s,a',a?,r,s'), D is a replay buffer.

The policy gradient of each player can be written as
Vo J(6',6%) = Eep [v(,l M;(s)vale(s,al,a2)ya1:%(s)] , (5.5)

and

VGQ‘](Qla 92) = E§~D [VBQH’g(S)VtﬂQw(Sv ala (l2) |a2:ug(s)] : (56)

The critic objective is defined as the mean square Bellman error

L(w) = Eeun|(Qu(s, a',a®) = (r +7Que (s, i (s)), 1 ())) ), (5.7)

where Q, and p,, 13, are target networks obtained by polyak averaging the Q,, and puj, 3
network parameters over the course of training.
In MADDPG, the centralized critic is updated by gradient descent and the two agent’s

policy are update by simultaneous gradient descent and ascent

0r 0" + 'V J(0',0%), (5.8)
0% < 0% — o’V J(0*,67). (5.9)

5.3 Stackelberg MADDPG Algorithm

In this section, we propose the novel Stackelberge MADDPG (ST-MADDPG) algorithm. The
original MADDPG algorithm updates two agent’s policies simultaneously in a decentralized
way. The implicit assumption made behind this algorithm is that the other player is viewed
as a part of the stationary environment when updating one agent. As presented in [79], this
simultaneous gradient descent ascent updates could lead to poor convergence property in
practice. Similar to the ideas proposed in [77, 79], we would like the learning algorithm to
be able to account for the interaction of agents’ learning dynamics.

Beyond the interaction consideration, we also want the algorithm to have a hierarchical

structure that favors one agent’s performance over the other. As illustrated in Section 5.1,
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Algorithm 5: ST-MADDPG algorithm

for episodes k=1,2,..., K do

end

receive initial state s;

fort=1,2,...,T do

for each agent i, select action a' = pj(s) according to the corrent policy;
execute actions (a',a?) and observe reward r and new state s';

store (s,a',a? r,s') in replay buffer D;

s« §;

sample a random minibatch of N transitions (s;, a},a?,r;, s;) from D;

set y; = 1 + Qur (i, 11 (80), pgr (80));

update the critic by minimizing the loss:

L{w) = %i[(@w@i,ai,a?) )
i=1
update the leader policy using the total gradient computed by (5.12):
0 < 0" + a'VJ(6,67)
update the follower policy using the policy gradient:
0 < 0% — a’Vg J(0',0%)
update the target networks:

w —Tw+ (1—71)u

0" «— 10+ (1 —7)6"

end
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in a wide variety of applications, we would like the primal agent to benefit from learning
from competing with the other learning agent.

Motivated by these requirements, we propose the ST-MADDPG algorithm, detailed in
Algorithm 5. We leverage a Stackelberg game formulation in the agents’ policy update
rules, with one player set to be leader and the other follower. For the detailed definition
of Stackelberg game, Stackelberg equilibrium, and total derivative update rule, we refer to
Section 4.3.1.

Specifically, in ST-MADDPG algorithm, if we set player 1 to be the leader, the update

rules of both player’s policy are
o' « 0 +a'VJ(6',6%), (5.10)
0 + 0> — o’V J(0,67), (5.11)
where V.J(6',6?) is the total derivative
VJ(0',0%) = Vg J(0',0%) — Vg J(0,6%) (V2 J(0",60%) Ve J (6, 6%). (5.12)

The second order terms of the total derivative in (5.12) can be computed by applying

chain rule directly
Vo (01, 0%) = Ben | Vorsih () VareQu(s, @', 02) (Vs (5) Lo cppioy i - (5:13)

and
Vi J(0',6%) = Eeop [ngg(s)vrﬂ@?w(saal,a2)’a2:ug(s)] : (5.14)

In ST-MADDPG, to obtain an estimator of the total derivative VJ(6',6%), each part

of (5.12) are computed by samples from replay buffer respectively.
5.4 Experiments

5.4.1 Benchmark Environments

Unlike the popular OpenAl gym in single-agent reinforcement learning settings, there are lim-

ited commonly used benchmark environments for multi-agent reinforcement learning tasks,
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especially for two-agent competitive settings. To provide a benchmark for our purpose and
future research in multi-agent reinforcement learning, we create several environments in the

open-sourced repository https://github.com/bchasnov/masuite.

CartPole. The control of the CartPole system is widely used as a benchmark problem
for testing the efficiency of reinforcement learning algorithms. In the CartPole system, a
pole is attached by an un-actuated joint to a cart, which moves along a frictionless track.
The system is controlled by applying a force within [—1, 1] to the cart. The pendulum starts
upright, and the goal is to prevent it from falling over. A reward of +1 is provided for every
timestep that the pole remains upright within the threshold angle (30 degrees here). The
episode ends when the pole is more than the threshold angle from vertical, or the cart moves

more than 2.4 units from the center.

Figure 5.2: CartPole2P environment.

CartPole2P. We create a novel two-player competitive environment called CartPole2P.
It is basically two coupled CartPole agents and the illustrating figure of this environment
can be found in Figure 5.2. To add the competitive feature to the task, we make two specific

designs.
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1. The two single CartPole are connected by a spring with an initial unforced length.
When the distance of two CartPole is longer or shorter than the unforced length, the

same magnitude of force will be applied on both CartPole with opposite direction.

2. The reward received by two agents are their original reward (41 if upright, 0 if ended),
subtract the original reward of the other. When both poles are upright, they each
get 0 rewards. Once one agent ends, that agent will keep receiving reward -1 and the
surviving agent will get reward +1 for every timestep until the end of the system.
The CartPole2P episode ends when both agents end. In this reward setting, the
CartPole2P environment is a zero-sum competitive Markov game. The goal of each
agent is to prevent its own pole from falling over, while seeking to push or pull the

other agent through the spring to break the balance of the opponent.

Note that in the current version of CartPole2P, we are not accounting for the collision
of two agents, meaning that they can “pass through” each other. Adding the collision could

potentially make the environment more complicated and we leave that as a future experiment.

5.4.2 Results

Now we show the experiment results of comparing the ST-MADDPG with MADDPG. We
run both algorithms on the CartPole2P and observe the behaviors of the learned policies.
We train both algorithms with 4 random seeds, and the trained policies are run with 2000
maximal episode steps. The episode return of agent 1 and the episode length are then
observed. The value of the episode return means how many timesteps agent 1 is able to
survive after agent 2 falls and the negative value represents that agent 1 ends before agent
2. If the episode length is 2000 and the return is 0, it is a tie game and both agents are able
to survive until the end.

Table 5.1 and 5.2 show the statistics of 100 episodes running the trained policy with each
random seed. In Table 5.1, in most cases, the ability of agent 1 and agent 2 are balanced.

For seeds 1 and 4, agent 1 wins and losses a part of games in the total 100 episodes. For seed
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MADDPG seed 1 | seed2 | seed3 | seed 4

average episode return | -399 0 42 65.7

std episode return 647 0 13.4 | 624
max episode return 308 0 50 140
min episode return -1880 0 0 -56

average episode length | 666 2000 | 570 495

Table 5.1: Statistics about the trajectory running the policy learned by MADDPG.

ST-MADDPG seed 1 | seed2 | seed3 | seed 4

average episode return | 1700 | -35.9 0 47.1

std episode return 186 33.9 0 4.45
max episode return 1890 7 0 54
min episode return 1300 -87 0 38

average episode length | 2000 107 | 2000 164

Table 5.2: Statistics about the trajectory running the policy learned by ST-MADDPG.

2, both agents always survive until the end of each episode and for seed 3, agent 1 always
survives longer with a small amount of steps. In Table 5.2, agent 1 (the leader) tends to
have learned a better policy than the other. For seeds 1 and 4, agent 1 wins all 100 games.
Specifically, for seed 1, agent 1 always survives until the end of the episode and it wins at
least 1300 timesteps longer than agent 2. We also observe that ST-MADDPG can also result
in a balanced local equilibrium as shown in the case with seeds 2 and 3.

Figure 5.3 and 5.4 shows the frames of a representative trajectory when testing the
policy learned from MADDPG and ST-MADDPG respectively. Note that in these frames
the spring is hidden. We can observe that with the policy learned from MADDPG, agents
are competing with the other intensely by pushing and pulling the other agent. While they
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are able to keep their own pole upright, they fail to break the balance of the other agent and
win the game. Meanwhile, in the trajectory of ST-MADDPG, the leader manages to learn

a policy to pull the follower out of the frame and survive longer.
5.5 Conclusion

In this work, we study two-player competitive reinforcement learning problems. In order
to let one player take advantage from the competition and benefit from learning with a
learning opponent, we adopt the hierarchical Stackelberg game formulation and proposed the
novel Stackelberg MADDPG algorithm. We also design and open-source new competitive
reinforcement learning benchmark tasks and demonstrate the performance and behavior of
our algorithm on them. Empirically, we show that the leader in the Stackelberg MADDPG

algorithm learns a better policy and gains advantages in the competitive game.



Figure 5.3: Frames of the trajectory running the policy learned by MADDPG.
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Figure 5.4: Frames of the trajectory running the policy learned by ST-MADDPG. In this
example the green CartPole is the leader and the orange one is the follower.
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Chapter 6
CONCLUSION AND FUTURE DIRECTIONS

4[ Environment ]
J
state

reward action

cost
(
o)

Safety Layer

Figure 6.1: Reinforcement learning framework summarizing the algorithms in this thesis.

In this thesis, we address reinforcement learning problems from safety and game-theoretic
perspectives and propose several novel certifiable reinforcement learning algorithms. In each
chapter, we tackle one specific problem formulation and application, which represents one
sub-problem in the whole reinforcement learning area. Figure 6.1 shows the framework
that groups and summarizes all the algorithms in this thesis together. The algorithms we
propose contribute to the steps toward certifiable reinforcement learning from safety and
game-theoretic perspectives under general complex environments. These approaches obtain
safety guarantee or convergence property both theoretically and empirically.

In addition to the conclusions given in each chapter, a number of generalizations and

discussions on future directions can be drawn from this thesis.
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Figure 6.2: Comparison of projection-based method to Vertex Network.

6.1 Safe Reinforcement Learning

Safe Reinforcement Learning with Hard Constraints. In Chapter 2, we design a
novel policy network architecture called Vertex Network, which is motivated by the prob-
lem of training an reinforcement learning algorithm with hard state and action constraints.
Leveraging the geometric property that a convex polytope can be equivalently represented
as the convex hull of a finite set of vertices, the output of Vertex Network satisfies the safety

constraints by design.

Figure 6.2 illustrates the idea of our proposed Vertex Networks, as well as the widely used
projection-based methods that we discussed in Chapter 2. The projection-based methods
leverage an extra optimization step to maintain safety, which decouples the policy into two
steps and cost extra computations (blue arrows in the figure). On the other hand, our
method is an attempt to integrate the safety constraints into neural networks architecture
by designing an end-to-end policy that maps states to safe action subset directly (orange

arrow in the figure).

We should point out that we are not claiming that our proposed Vertex Networks ap-
proach is a complete replacement for the projection-based methods. In fact, it provides an-
other option in the safe reinforcement learning method toolbox so that we can make tradeoff

based on specific tasks. There are indeed limitations in our current proposed method:
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1. Our method only works for the affine-control system with polytope constraints in both
state and action spaces, and it is hard to compute vertices of polytope intersection in

high dimensional space.

2. Our method only considers one step safety ahead, which might lead to states where

there is no safe action to execute.

Recently, some approaches are proposed in the literature, which could resolve one of the
limitations. We now briefly introduce those methods.

For high dimension control tasks, especially when the state safety and actuator constraints
are not symmetrical, it could be hard to find hand-designed rules to compute the vertices
of their intersection polytope. If such hand-designed rules are not accessible, solving a
polytope intersection problem online could be as hard or even more complicated than solving
a projection quadratic programming. One idea to deal with high dimension control tasks or
none polytope constraints is to still leverage an extra projection step but integrate that into
the end-to-end policy neural network training.

[107, 108] proposed the idea to integrate an optimization step as a differentiable layer
in a neural network. The main contribution of the papers is the methodology to compute
the gradient of an optimization problem so that it could be plugged in the backpropagation.
They then extend the idea into applications such as MPC solver [109], robust policy network
training [110], and stable dynamic model learning [111].

However, even by leveraging the techniques in these papers to integrate the projection
step into a neural network layer, the feed-forward step of the policy network still requires
solving an optimization problem online. As stated in Chapter 2, if real-time optimization is
allowed by the application, then it is often more advantageous to solve a MPC problem than
to ask for a policy learned by reinforcement learning.

The other drawback of our work is that the safety is only “one step ahead”. That is,
we only require the action to result in a safe state in the next step, which may generate a

trajectory that goes to an unsafe region essentially. In the last step of that trajectory, no
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feasible action is safe and the intersection of two polytopes is an empty set. Computing the
control invariant set is one solution but it is computationally expensive and will lose our
advantage of using Vertex Networks. In this work, we rely on the negative reward received
during reinforcement learning training to drive the system away from the undesired regions.
Thus, our approach can be viewed as a combination of the penalty method [26] and Vertex
Networks.

One promising approach to maintain the safety of the whole future trajectory is through
control barrier functions, which gain a lot of attention recently [112, 113, 33, 34, 114]. The
idea is to design a barrier function, which provides a specification of action such that once
the it is satisfied, there is always a feasible trajectory that stays in the safe region. The
shortcoming of this approach is that the design of the control barrier function relies heavily
on the heuristic about the dynamic system of each specific task.

Currently there is no best solution to the reinforcement learning with hard constraints
problem as the algorithm varies from each application. The general method for this problem

is still an ongoing research direction.

Safe Reinforcement Learning with Cost Feedback. In Chapter 3 we formulate the
problem of safe reinforcement learning when the transition kernel is known but the reward
and constraint costs are unknown a priori as a CMDP and propose a C-UCRL algorithm to
learn the optimal policy. Theoretically, we show that C-UCRL is guaranteed to satisfy the
constraints during learning with probability at least 1 — & and achieves O(T'1/log(T'/6))
reward regret.

This work appears to be the first to study a provably efficient learning algorithm on
CMDPs [115]. After this work, there are several other works about this topic including regret
analysis [72, 116, 117] and sample complexity analysis [118, 119]. The algorithms proposed
in [72, 116, 117] consider the setting that the transition kernel is no longer assumed to be
known and achieve O(\/T ) regret on both reward and constraint violation under slightly

different settings: [72] consider stochastic reward and costs; [117] consider adversarially
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chosen reward and costs; [116] consider linear CMDP setting.

An interesting fact is that, due to the transition kernel being unknown, it seems impossible
to guarantee constraint satisfaction during learning (zero regret on constraint violation).
We provide a formal proof of that by showing a lower bound on constraint violation in
CMDP with unknown transition kernel in Section 3.7. Together with the results in [72,
116, 117], we can draw the conclusions that, with full knowledge about the transition kernel
of a CMDP, C-UCRL can maintain constraint satisfaction; with no prior information, the
constraint violation is inevitable for any algorithm.

One interesting question to ask is, is there any middle ground in between? How much
prior information about the transition kernel is sufficient to have zero constraint violation?
Recent work in [120] addresses this question by considering the setting where a concise
abstract model of the safety aspects is given using the Factored CMDP framework. They
propose an algorithm to achieve zero constraint violation using a small subset of features
describe the dynamics relevant for the safety constraints. However, they fail to provide

reward regret analysis, which could be another interesting future direction.
6.2 Game-Theoretic Reinforcement Learning

In Chapter 4 and 5, present our works on game-theoretic reinforcement learning, where we
formulate actor-critic algorithms and two-player competitive MDP as a Stackelberg game.
We adopt the game-theoretic viewpoint in order to account for the hierarchical order of play
between learning agents. In those Stackelberg methods, the leader player follows the total
derivative of its objective instead of the usual individual gradient. Our methods improve the
convergence property in actor-critic algorithms and demonstrate new behavior patterns in
competitive two-agents setting on our benchmark experiments.

Our works are among the first to take a game-theoretic view of reinforcement learning.
Concurrently in the literature, game-theoretic reinforcement learning algorithms have been
proposed to tackle the model-based reinforcement learning [80], actor-critic [81], and multi-

agent reinforcement learning [76, 77, 78|. However, our works are the only ones that formulate
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the problems as Stackelberg games and explicitly leverage the second-order Stackelberg total
derivative for the leader update rule. There are several potential future directions to extend
our work and we discuss them here.

In the Stackelberg game framework, the leader needs to estimate the follower’s best
response implicit mapping by computing the inverse of the follower’s Hessian matrix. In our
algorithm, the inverse of Hessian is computed by the conjugate gradient method, without
explicitly computing the Hessian matrix itself. Similar to any stochastic gradient-based
method, the inverse Hessian matrix is estimated by samples. However, unlike first-order
methods, we have very limited heuristics on the sample complexity of the Hessian matrix.
How many samples are enough to give an accurate Hessian estimation is an interesting open
question. On the other hand, exploring methods other than conjugate gradient is another
future direction. For instance, the method introduced in [121] is claimed to be more effective.

In Section 4.4.5, we introduce the implicit map regularization in the Stackelberg gradient,
and we use this regularization in both Stackelberg actor-critic algorithm in Chapter 4 and
Stackelberg MADDPG algorithm in Chapter 5. However, the hyperparameter tuning of this
regularization is currently based on a heuristic. One future direction is to build theoretical
foundations for selecting the regularization or designing a reducing sequence mechanism of
such hyperparameter.

Another future direction is to study the game structure where both players leverage the
leader’s total derivative gradient update. It would be interesting to observe more behavior
patterns especially in the two-player competitive game setting and compare the learning

dynamics and the policies learned from the leader-follower game and leader-leader game.
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