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Positive selection is suggested to be the primary mechanism of phenotypic adaptation. Se-

lective sweeps are one model of positive selection in which beneficial mutations increase in

frequency. Many existing methods to detect positive selection do not adjust for multiple

hypothesis tests. Additionally, many approaches to estimate the selection coefficient, a pa-

rameter that influences the rate of allele frequency change, lack uncertainty quantification.

Here we develop theory and methodology to study recent positive selection with ge-

netic data from the present day. Our methods use long identity-by-descent segments which

should be unusually abundant in strong and recent selective sweeps. In our first project, we

prove that the rate of detectable identity-by-descent segments around a locus is normally

distributed for large sample size and large scaled population size. In our second project,

we propose an estimator of the selection coefficient, with confidence intervals, that is an

easy-to-interpret one-to-one non-decreasing function of the identity-by-descent rate. Fur-

thermore, we provide methods to analyze selective sweeps regardless of whether the selected

allele is known or genotyped. In our third project, we derive a multiple testing correction to

control family-wise error rate when scanning for excess identity-by-descent rates. We apply

our suite of methods to detect and model selective sweeps in European, African, and South

Asian human populations.
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GLOSSARY

In general, upper case variables denote random variables and lower case variables denote

observations of random variables. Bold face font is used to denote vectors, sums of vectors,

or averages of vectors. The main nomenclature used is listed below.

• t : coalescent time in generations from present-day

• Tk : coalescent time until any pair of k haplotypes reaches a common ancestor

• T+
n:k : coalescent time from present-day to the (n− k + 1)th coalescent event

• n : sample size

• N : population size

• N(t) : population size at time t

• s : selection coefficient

• p(t) : allele frequency at time t

• Ra : sample haplotype a’s recombination endpoint to the right of a focal point

• La : sample haplotype a’s recombination endpoint to the left of a focal point

• Wa : sample haplotype a’s segment overlapping a focal point

• Ra,b : the IBD segment of a and b to the right of a focal point

• La.b : the IBD segment of a and b to the left of a focal point

• Wa,b : the IBD segment of a and b overlapping a focal point

• w : Morgan length threshold

• Xa,b : the binary indicator that Ra,b ≥ w

• Ya,b : the binary indicator that Wa,b ≥ w

• Za,b : mean-centered Xa,b

• Z̃a,b : mean-centered Ya,b

xi



The following list includes common abbreviations for genetic terms:

• AFR: African ancestry

• ARG: ancestral recombination graph

• EHH: extended haplotype homozygosity

• EUR: European ancestry

• GWAS: genome-wide association study

• IBD: identity-by-descent

• LD: linkage disequilibrium

The following list includes abbreviations for the demographic models we study:

• BN: population bottleneck

• C##: constant population of size ##

• G3: three phases of exponential growth

The following list includes common abbreviations for statistical terms:

• FDR: false discovery rate

• FWER: family-wise error rate

• MLE: maximum likelihood estimate/estimator/estimation

xii
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Chapter 1

INTRODUCTION

1.1 Theories of molecular evolution

Natural selection is one of the oldest and most discussed topics in population genetics.

Based on observations of different phenotypes among closely related species separated by

islands, Darwin [40] proposed a theory of evolution via natural selection. Many theories have

been developed since to explain some of the observed genotypic and phenotypic variation

within and between species and populations. Among his many contributions to the theory of

molecular evolution, Kimura [86] proposes a neutral theory in which most molecular changes

have no fitness effect on survival or reproduction, and hence most genetic differences can

be explained by random changes in allele frequency (referred to as genetic drift). Ohta

[107] instead suggests that most molecular changes are slightly deleterious, which may result

in slight adjustments to the expectations of neutral theory. (See Kreitman and Akashi

[90] for a review of these theories and molecular evidence for or against them in observed

data.) Modern research has pivoted towards quantifying the impacts of genetic drift alongside

selective forces targeted at certain regions of genomes and at certain times of a species’ history

[154]. Identifying genes under selection may complement genome-wide association studies, as

such deviations from neutral theory are likely to follow from functionally important molecular

effects [154].

There are many models for selection from the simple example of a single beneficial mu-

tation to considerably more complex scenarios. Background selection involves most muta-

tions being strongly deleterious, and thus this force depresses genetic diversity from what is

expected under neutral theory. Conversely, positive selection is when alleles increase in fre-

quency because they are advantageous for survival or reproduction. The distinctions between
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these models of directional selection concern which allele is being studied, the magnitude of

its effect, and the frequency of selection events. Balancing selection concerns multiple bene-

ficial alleles being maintained at appreciable frequencies in a population. Two mechanisms

of balancing selection are when the heterozygote has a positive fitness effect relative to ho-

mozygotes or when fitness effects depend on the relative frequencies of alleles. Crow and

Kimura [38] and Felsenstein [48] provide lengthier discussion of these topics in population

genetics.

Selective sweeps are a precise example of positive selection in which a single beneficial

allele increases in frequency. This selection event is posited to be the primary mechanism of

phenotypic adaptation [154], can have a large effect on the surrounding genome, and occurs

rarely. Selective sweeps can be classified further in terms of the origins of the sweeping alleles,

the current frequencies of sweeping alleles, the number of sweeping alleles at a given locus,

and the fitness effects of sweeping alleles over time. In this work, we focus on mathematical

modeling of this evolutionary scenario.

1.2 Mathematical modeling of selective sweeps

Vitti et al. [154] categorize methods to detect selective sweeps at a microevolutionary level

into three types: population differentiation-based, frequency-based, and linkage disequilibrium-

based (LD). Population differentiation-based methods scan for alleles that are abundant in

one population and not in others. Frequency-based methods like Tajima’s D [145] and Fay

and Wu’s H [46] measure if there are unusually many high-frequency alleles or a surplus

of rare alleles. LD-based methods like extended haplotype homozygosity (EHH) [124] and

integrated haplotype score (iHS) [155] examine the persistence in a population of unusually

long haplotypes. These approaches are especially useful in studying selective sweeps that are

ongoing [154]. The methods we propose in this thesis fall under LD-based methods.

In the mathematical model for a selective sweep, a model parameter, the selection coeffi-

cient, influences the rate of change of allele frequency. The sweep is referred to as hard when

only one haplotype with an adaptive allele increases in frequency, whereas in a soft sweep
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multiple haplotypes carrying the adaptive allele increase in frequency [57, 76, 114, 115, 77].

Many methods to detect and study selective sweeps do not have a direct mathematical

connection to the hard selective sweep model. Without the connection between summary

statistics to the mathematical model, it is difficult to develop hypothesis tests or estimate

model parameters.

Commonly in population genetics, a statistic is proposed that intuitively captures the

expected effects of positive selection on haplotypes or frequencies, and then a battery of

neutral simulations are conducted to “normalize” the statistic. This approach is the case

for many LD-based methods to detect selection. Voight et al. [155] say of their integrated

haplotype score (iHS) method:

“The iHS statistic is constructed to provide a tool for identifying SNPs, or genomic regions,

that are unusual relative to the genome as a whole, and not to provide formal significance

testing relative to a theoretical model. We will show that in all populations there is an excess

of extreme iHS signals relative to simulated models. However, since there is considerable

uncertainty in simulated models, we prefer not to assign formal p-values to the signals that

we find.”

While these methods and others not mentioned have been useful in identifying putatively

non-neutral regions for follow-up research, there remains opportunity to develop methods

for formal hypothesis testing.

Beyond scanning for signals of positive selection, a recent trend in population genetics

is to estimate the selection coefficient in the hard selective sweep model. If data on allele

frequency changes is not available, which is often the case in genetic analysis, estimation

becomes very challenging. We highlight two particular approaches for estimating the selec-

tion coefficient with modern sequence data only. One approach is to optimize a (composite)

likelihood over an inferred ancestral tree [142, 152]. Another approach is to simulate data

under different selection coefficients and train a neural network [75, 103, 151]. These ap-

proaches have been evaluated for the accuracy of point estimates for selection coefficients
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close to zero (no selection). Neither approach provides confidence intervals for the selection

coefficient. We also consider it difficult to interpret the results of these approaches or to audit

their performance, given the complexity of ancestral trees and neural networks, respectively.

Overall, there remains opportunity to develop selection coefficient estimators that provide

some statistical guarantees.

We aim to develop a formal framework for statistical inference of recent positive selection.

Our data consists of long segments of DNA shared pairwise from a common ancestor (referred

to as identical-by-descent). We draw a direct connection between a model for identity-by-

descent segment lengths and the hard selective sweep model. We study a simple-to-interpret

test statistic: the number of identity-by-descent segments longer than some threshold. We

show how to use this test statistic in hypothesis testing and selection coefficient estimation.

The main questions we investigate about statistical inference are:

1. Does our hypothesis test control the family-wise error rate? 1

2. Is our estimator unbiased, sufficient, and/or consistent? 2

3. Is the probability that our ninety-five percent confidence interval contains the true

parameter equal to ninety-five percent?

To some extent, the answer to all of these questions is, technically, “no”. The primary

reason why we lack clean theoretical results is due to the correlations between identity-by-

descent segments. We show under some circumstances that these correlations are minimal,

and thus estimators based on long identity-by-descent segments might behave as if we had

independent, identically distributed data. We show in exhaustive simulations that the answer

to all of these questions is “almost”.

1Family-wise error rate is the probability of rejecting the null model one or more times when the null
model is true. This quantity concerns the significance level in the case of multiple tests.

2See Casella and Berger [31] for definitions of these statistical properties. Generally speaking, unbi-
asedness means that the estimator is equal to the true parameter on average, sufficiency means that the
estimator uses all relevant aspects of observed data, and consistency means that with high probability the
estimator gets closer to the true parameter as sample size increases.
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1.3 Organization and summary of chapters

The outline of this thesis is as follows. We start with theoretical contributions to population

genetics, then we present some methods for the analysis of genetic data, and we finish

with a data analysis of numerous populations in the Trans-Omic for Precision Medicine

(TOPMed) project [146] and the United Kingdom Biobank (UKBB) [24]. In most cases, we

introduce content and methods in the order that they would appear in a real data analysis.

First, we scan the genome for signals of non-neutral evolution. Second, we identify a causal

selected allele or we estimate the frequency and location of a sweep. Third, we estimate

a selection coefficient. With minimal modifications, the content of Temple and Thompson

[147] is presented in Chapters 2 and 3 and Appendix A. With minimal modifications but

some reorganization, the content of Temple et al. [148] is presented in Chapters 4 and 5,

and in the data analysis of Europeans in Chapter 7. Chapter 6 and the data analyses of

African and South Asian ancestry samples in Chapter 7 concern ongoing research. Our pre-

prints Temple et al. [148] and Temple and Thompson [147] are in peer-review for publication.

Each chapter contains an introduction, subsections on theory or methodology, subsections

on simulation studies or real data analysis, and a discussion.

In Chapter 2, we define our mathematical notation and introduce the model for identity-

by-descent segment lengths overlapping a fixed location. We also give a fast algorithm to

simulate identity-by-descent segment lengths overlapping a fixed location. The algorithm

helps build intuition for the data generating process. Its efficient runtime is also vital in pro-

ceeding chapters where we conduct enormous simulation studies. Demographic scenarios are

given as well in this chapter, which are referred back to in all of our simulation experiments.

In Chapter 3, we present and derive our main theoretical result. Identity-by-descent

segment lengths are correlated via unobserved tree and recombination processes, which com-

monly presents challenges to the derivation of theoretical results in population genetics.

Under interpretable regularity conditions, we show that the proportion of detectable identity-

by-descent segments around a locus is normally distributed for large sample size and large
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scaled population size. We give the schematic of the proof in the main text and precise

derivations in Appendix A. We use efficient and exact simulations to study the distribu-

tional behavior of the detectable identity-by-descent rate in finite samples. In finite samples,

we reject the null hypothesis of normality more often than the nominal significance level,

indicating that hypothesis tests that assume identity-by-descent rates overlapping a focal

location are normally distributed may be anti-conservative.

In Chapter 4, we propose a selection coefficient estimator that is an easy-to-interpret

one-to-one non-decreasing function of the identity-by-descent rate overlapping a focal lo-

cation. We believe that many of the statistical properties of the identity-by-descent rate

overlapping a focal location may also apply to our selection coefficient estimator. We use

the parametric bootstrap to make valid confidence intervals under the assumption that the

selection coefficient estimator is normally distributed. We characterize the behavior of our se-

lection coefficient estimator in extensive simulation studies. Appendix B contains additional

simulation studies concerning our selection coefficient estimator.

In Chapter 5, we develop a suite of methods to analyze selective sweeps in genetic data.

For instance, to use our selection coefficient estimator, we require the frequency of the sweep

and accurately detected identity-by-descent segments at the selected locus. Our analysis

workflow includes methods to identify possible sweeping alleles and estimate the approximate

location and frequency of a sweeping allele, even if it is not genotyped. We evaluate the

accuracy of our sweep frequency and selection coefficient estimators in simulated sequence

data. We also compare our methods alongside state-of-the-art methods to rank candidate

sweep alleles and estimate selection coefficients.

In Chapter 6, we derive a multiple testing adjusted significance threshold in genome-wide

scans for excess identity-by-descent rates. Our correction for multiple testing is based on

normally distributed random variables. Its motivation comes from our asymptotic theory in

Chapter 3, and its anti-conservativeness in simulation studies comes from the finite-sample

behavior we describe in Chapter 3. We show that our hypothesis test has high power to

reject false null models when the selection coefficient is large enough to be reliably estimated
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in Chapters 4 and 5. We discuss how to use this anti-conservative hypothesis test and how

it compares to existing approaches to determine statistical significance.

In Chapter 7, we use the methods developed in Chapters 4, 5, and 6 to study positive

selection in multiple human populations. We scan for non-neutrally evolving regions of

the genome in African, European, and South Asian ancestry samples. Certain loci have

excess identity-by-descent rates in all three continental ancestry groups, which may indicate

balancing selection or some other evolutionary process, not a selective sweep. We model a

few selective sweeps in Europeans where there is a preponderance of evidence in our data

and agreement with the existing literature. This data analysis demonstrates how to examine

and quantify the effects of strong and recent positive selection using our entire methodology.

In Chapter 8, we give concluding remarks about the key insights made in this dissertation.

We also indicate directions for future research modeling strong and recent positive selection

using identity-by-descent segments.
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Chapter 2

SHARED HAPLOTYPES OVERLAPPING A FOCAL POINT

2.1 Introduction

Two individuals share a haplotype segment identical-by-descent (IBD) if they inherit it from

the same common ancestor. Throughout this dissertation, we focus on the lengths of IBD

segments overlapping a focal location. Ignoring gene conversion, IBD segments are randomly

cut by crossover recombination in each future generation. The lengths of IBD segments are

thus shorter with higher probability the more removed its common ancestor is from the

present-day. We are interested in the insights that IBD segment length distributions may

provide about the recent genetic history of a population.

Models for IBD segment lengths integrate over two waiting time distributions: the time

until a common ancestor and the genetic length until a crossover. In this chapter, we formally

define our model for IBD segment lengths overlapping a specific locus. Section 2.2 reviews

two ancestral tree processes: the discrete-time Wright-Fisher model and the Kingman coa-

lescent [87, 88]. Section 2.3 defines IBD segment lengths as random variables conditional on

coalescent times. From these two intermediate models, we develop an exact and efficient al-

gorithm to simulate long IBD segments overlapping a fixed location for large samples within

a population. In Section 2.4, we offer probabilistic arguments that elaborate on our simu-

lation algorithm’s runtime. We proceed to benchmark the compute time of our simulation

algorithm as the sample size increases exponentially. We make concluding remarks about

the importance of the algorithm’s efficiency to our simulation studies in Chapters 3 and 4.
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2.2 The time until a common ancestor

Let n be the haploid sample size and k ≤ n be the size of a subsample. Define N(t) to be

the population size t generations ago. Unless otherwise specified, time t ≥ 0 always refers to

time backward from the present day. For constant population size, note that N = N(t) for

all t. In the discrete-time Wright-Fisher process, each haploid has a haploid ancestor in the

previous generation, and, if haploids have the same haploid ancestor, their lineages join.

We now define a probability distribution on the time until a common ancestor. Let

the random variable Tk denote the time until a common ancestor is reached for any two

of k haploids. The random variable T+
n:k :=

∑n
l=k Tl is the time until n − k + 1 coalescent

events. The time to the most recent common ancestor (TMRCA) of the sample is T+
n:2. The

probability that the time until the most recent common ancestor of two specific haploids is

P (T2 = t) =
t−1∏
τ=1

(
1− 1

N(τ)

)
1

N(t)
, (2.1)

where 1/N(τ) is the probability that a haploid has the same haploid parent as the other

haploid at generation τ . The approximate probability that the time until a common ancestor

is reached for any two of k haploids is

P (Tk = t |T+
n:k+1 = t0) =

t−1∏
τ=t0+1

(
1−

(
k
2

)
N(τ)

) (
k
2

)
N(t)

(2.2)

when k is much smaller than mint N(t) [74]. The geometric model assumes that multiple

coalescent events in a single generation are improbable. Its rate
(
k
2

)
/N(τ) is the probability

that any two of k haploids have the same haploid parent at generation τ . This model

approximation can be violated in analyses of large samples, e.g., some human biobanks,

which we discuss in Section 2.4.1.

The n-coalescent comes from the continuous time limit of Equations 2.1 and 2.2 for

constant population size N 1. Specifically, Tk converges weakly to Exponential(
(
k
2

)
) for

k ≪ N , N → ∞, and time is scaled in units of N generations [87, 88]. For our proofs in

1Varying population sizes are implemented through changes to the coalescent process [74].
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Section 2.4 and Chapter 3, we assume this weak convergence for all k ≤ n. Henceforth, we

consider the positive real-valued Tk in units of N generations.

2.3 The distance until crossover recombination

The genetic distance between two points is the expected number of crossovers between them

in an offspring gamete. This unit of haplotype segment length is the Morgan. Assuming

no interference in double-stranded breaks and that crossovers occur randomly and inde-

pendently, Haldane [67] derives that the genetic distance until crossover recombination is

exponentially distributed, with the Poisson process modeling the crossover points along the

genome. The number of crossovers between two points is then Poisson distributed with

mean equal to the genetic distance between the two points, which leads to the Haldane map

function connecting Morgans to the recombination frequency2.

From a fixed location, the Morgan distance until a crossover in one gamete offspring is

distributed as Exponential(1). An important property of the exponential random variable is

that the minimum of independent exponential random variables is an exponential random

variable with a rate that is the sum of the rates of the independent random variables. Since

meioses are independent after t meioses the haplotype segment length to the right of a focal

location is distributed as Exponential(t)3.

Figure 2.1 illustrates the coalescent and recombination processes. Let a, b, c, d be sample

haplotypes in the current generation. Define La, Ra | t ∼ Exponential(t) to be sample haplo-

types a’s recombination endpoints to the left and right of a focal location. Since crossovers

to the left and right are independent, the extant width derived from the ancestor at time

t is Wa := La + Ra | t ∼ Gamma(2, t). The segment length overlapping a focal location

is necessarily longer than the segment length in one direction4. Because recombination

2The Haldane map function is ρ = 0.5(1 − exp(−2d)), where ρ is the recombination frequency and d is
the genetic distance.

3We use the rate parameterization of the exponential random variable.

4The segments to the right and left Wa and Wa,b are stochastically dominant to and have larger expected
values and variances than those of the segments to the right Ra and Ra,b, respectively.
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Figure 2.1: Conceptual framework for IBD segment lengths. (Left) Sample haplotypes

a, b, c, d trace their lineages back to common ancestors at times t4, t4+ t3, t4+ t3+ t2. (Right)

Relative to a focal point, the haplotype segments lengths Ra, Rb, La, Lb are independent,

identically distributed Exponential(t4). The lengths shared IBD are Ra,b := min(Ra, Rb) and

La,b := min(La, Lb). The IBD segment length Wa,b := La,b +Ra,b ∼ Gamma(2, 2 · t4) exceeds

w Morgans, so the IBD segment indicator Ya,b = 1.

events are independent in the t meioses descending to a and b from their common ances-

tor, the IBD segments that are shared by a and b are La,b, Ra,b |t ∼ Exponential(2t) and

Wa,b ∼ Gamma(2, 2t). The shared segment length Ra,b is necessarily no greater than the

individual segment lengths Ra and Rb
5.

2.4 An efficient algorithm to generate identity-by-descent segment lengths
overlapping a focal point

Simulation is incredibly useful in population genetics when analytical results are unavailable.

Based on Sections 2.2 and 2.3, the blueprint to simulate IBD segment lengths around a

5The haplotype segment length Ra is stochastically dominant to and has larger expected value and
variance than that of the IBD segment length Ra,b.
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locus is as follows: 1) simulate a coalescent tree for a sample from a population, 2) draw

recombination endpoints to the left and right of a focal point at each coalescent event, and

3) derive from the recombination endpoints the haplotype segment lengths that are shared

IBD. The third step involves calculating the minimum lengths to the right and left of a focal

point for every pair of haplotypes. Compute times in simulating IBD segment lengths should

thus scale quadratically as the sample size grows. In large populations, the occurrence of

an IBD segment longer than a couple of centiMorgans (cM) is rare, and consequently large

sample sizes are necessary to observe IBD segments around a specific locus.

In Algorithm 1, we formally state the method to simulate long IBD segments around

a single locus. We make four modifications to the naive simulation algorithm that are

designed to reduce compute times when the primary goal is the generate IBD segments longer

than some detection threshold. These implementations are supposed to reduce compute

times due to the mathematical properties of the coalescent time and recombination endpoint

distributions, not because of clever computational tricks. The intuition is that the majority

of recombination endpoint comparisons happen at the oldest coalescent events (Appendix

C) and that IBD segments descendant from ancestors at the oldest coalescent events are

unlikely to be long.

First, in the discrete-time Wright-Fisher model, we approximate the sampling of haploid

parents as a binomial random variable whenever there is likely to be more than one coalescent

event in a generation (Section 2.4.1). Second, we exchange the Kingman coalescent for the

discrete-time Wright-Fisher model once the number of non-coalesced haploids is much smaller

than the population sizes. This implementation is similar to the hybrid simulation approach

in Bhaskar et al. [14]. Third, “pruning” is when a sample haplotype is not considered for

IBD segment calculation at future coalescent events once its haplotype segment length is less

than the specified detection threshold. In Section 2.4.2, we elaborate on the rare probability

of long haplotype segments in large populations. Fourth, “merging” is when two sample

haplotypes are combined for IBD segment calculation at future coalescent events if they

share the same left and right recombination endpoints. In Section 2.4.3, we derive results
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concerning the probability of merging.

2.4.1 Approximating the Wright-Fisher process in large samples

Simulating the Kingman coalescent is much faster than simulating the discrete-time Wright-

Fisher process. The accuracy of the Kingman coalescent requires that the sample size is

much smaller than the population size. This requirement is so that there being more than

one coalescent event in a generation is improbable. It can be violated in analyses of human

biobanks. Under this violation, the coalescent approximation can deviate significantly from

the exact discrete-time Wright-Fisher model [14, 109, 156].

In the following approximations for the sampling of haploid parents at each generation,

we suppress the dependence on the generation time t. Let k := k(t − 1) be the number

of lineages at generation t − 1. Let k′ := k(t) and N ′ := N(t) be the number of lineages

and the population size in the previous generation t. The probability that a parent among

{1, . . . , N ′} has no children is (1 − 1/N ′)k. The probability that a parent has at least one

child is 1− (1− 1/N ′)k. The Taylor series expansion in 1/N ′ about zero is

1−
(
1− k/N ′ +

k(k − 1)

2N ′2 − k(k − 1)(k − 2)

6N ′3 ± . . .

)
. (2.3)

The second order approximation k/N ′−
(
k
2

)
×N ′−2 is accurate if k3 = o(N ′3). The expected

number of parents in the previous generation t with a child in generation t− 1 is then

E[k′] ≈ N ′
(
k/N ′ −

(
k

2

)
×N ′−2

)
= k −

(
k

2

)
×N ′−1

. (2.4)

As an example, consider a sample of twenty thousand haploids whose ancestral population

sizes in the recent ten generations are more than two hundred thousand haploids. The second

order approximation is accurate for the first ten generations because k3 ·N−3 = 10−3 when

k = 2 · 104 and N = 2 · 105. For this choice of k and N ′, the expected number of coalescent

events is approximately five hundred.

Compared to drawing a parent for each child and then scanning a vector of size k for sib-

lings, simulating the number of coalescent events in one generation from Binomial(
(
k
2

)
, N ′−1)
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Algorithm 1 Efficient simulation of IBD segment lengths

Input: sample size n, population sizes N(t), Morgan threshold w

Output: Detectable IBD segment lengths ℓa,b ≥ w for a, b ∈ {1, . . . , n} and the coalescent

times of their common ancestors

1. Initialize recombination endpoints la, ra = ∞ for all a ∈ {1, . . . , n}, k = n, t = 1

2. Simulate a coalescent tree

while k > 2

(a) if not k3 ≪ N(t)3 then

i. Draw from Binomial(
(
k
2

)
, N(t)−1) (or Poisson in the limit)

ii. Choose a, b ∈ {1, . . . , n} to coalesce

iii. Iterate k down by 1

(b) else

i. Draw a common ancestor from {1, . . . , N(t)} for each a ∈ {1, . . . , n}

ii. if a, b have the same common ancestor, they coalesce, and iterate k down

(c) Iterate t up by 1

3. Simulate recombination endpoints

Initialize τ = 1

while τ <= t

(a) for coalescent event at time τ

i. For each sample j under the subtree, draw l′j, r
′
j ∼ Exponential(vj).

if wj is the time of its last interior node, then vj = τ − wj

• Update lj = min(lj, l
′
j), rj = min(rj, r

′
j), and wj = τ

• if lj + rj < c, ignore all future updates for j

ii. For each pair i, j, if li = lj and ri = rj, then merge nodes together

(b) Iterate τ up by 1

(Option: Use the Kingman coalescent if k ≪ N(t) for all remaining t.)
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can be an efficient approximation. The last term being subtracted in Equation 2.4 is equal to

the expected value of a Binomial random variable of
(
k
2

)
trials with success probability N ′−1.

Next, let A1 and A2 be the number of children from two haploid parents in the previous gener-

ation. If A1 and A2 are independent, then P (A1 = a1, A2 = a2) = P (A1 = a1)×P (A2 = a2).

A1 and A2 are not independent because a haploid child can only have one haploid parent,

but the difference between the left and right terms can be close when N ′ is large.

P (A1 = a1, A2 = a2)− P (A1 = a1)× P (A2 = a2)

=

(
k

a1

)
1

N ′ . . .
1

N ′ − a1
×
(
k − a1
a2

)
1

N ′ − a1 − 1
. . .

1

N ′ − a1 − a2

−
(
k

a1

)
1

N ′ . . .
1

N ′ − a1
×
(
k

a2

)
1

N ′ . . .
1

N ′ − a2

≤
(
k

a1

)
1

N ′ . . .
1

N ′ − a1
×
(
k

a2

)
1

N ′ − a1 − 1
. . .

1

N ′ − a1 − a2
.

(2.5)

Equation 2.5 is bounded by O(ka1+a2 ·N ′−(a1+a2)). If both A1 and A2 have finite two or more

children, then Equation 2.5 is o(1) when the second order approximation is accurate.

In Algorithm 1, we assume that all simultaneous coalescent events are the result of only

two children having the same parent. Bhaskar et al. [14] have shown that the majority of

simultaneous coalescent events in a generation are of this type.

2.4.2 The probability of detectable haplotype segment lengths

Within tens of generations, most haplotype segment lengths are shrunk by crossovers to mea-

sure less than detection thresholds that are used in IBD-based analyses6. The probabilities

of a detectable haplotype segment to the right of and overlapping a focal location, Ra and

Wa, respectively, conditional on coalescent time Nt (in generations), are

1− FRa|t(w) = exp(−Ntw), (2.6)

1− FWa|t(w) = exp(−Ntw) +Ntw · exp(−Ntw). (2.7)

6A Morgan length threshold at least greater than 0.01 is typical in applied research [19, 20, 26, 148].
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Figure S1 shows that the survival functions of Ra and Wa are decreasing exponentially over

Nt generations. The probabilities of haplotype segment lengths greater than 0.01 can be far

from zero when the haplotype is descendant from an ancestor within the last one hundred

generations. The probabilities of haplotype segments lengths greater than 0.02 are nearly

zero when they are descendant from an ancestor more than three hundred generations ago7.

For large populations, the coalescent times of ancestral lineages can be much greater than

500 generations. The expected time of the (n−k+1)th coalescent event can be derived with

a telescoping sum argument:

E[T+
n:k] = 2×

n∑
l=k

1

l(l − 1)

= 2×
n∑

l=k

( 1

l − 1
− 1

l

)
= 2× ((k − 1)−1 − n−1).

(2.8)

For N = 10, 000 and n → ∞, the expected coalescent time E[T+
n:40] is 512.82 generations. For

N = 100, 000 and n → ∞, the expected coalescent time E[Tn:400] is 501.25. If the majority of

recombination endpoint comparisons happen at common ancestors older than five hundred

generations, many haplotypes can be pruned ahead of time8.

2.4.3 The probability that recombination endpoints are shared between haplotypes

At some point in the past, two sample haplotypes may share the same recombination end-

points to the left and right of a fixed location. Without loss of generality, let haplotypes a

and b coalesce to their common ancestor d at time u, and let haplotypes c and d coalesce

to their common ancestor e at time u + v. Observe that the recombination endpoints to

7But exponential random variables have heavy, non-negligible upper tail probabilities, so, in large sam-
ples, we may still detect some long IBD segments descendant from ancestors older than three hundred
generations.

8Here we use expected values to give an analytically tractable Equation 2.8. The exponentially distributed
{Tk} are right-skewed in so much as times less than their means {E[Tk]} are more probable than those
greater than.
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the right Ra,d, Rb,d ∼ Exponential(u) and Rd,e ∼ Exponential(v). Figure S2 illustrates the

coalescent tree in this scenario.

The merging step in Algorithm 1 serves to avoid comparing the endpoints of a and b

with c when a and b have the same endpoints at time u+ v. Specifically, if a and b’s shared

recombination endpoint Rd,e is smaller than their separate endpoints Ra,d and Rb,d, we can

henceforth consider them “merged”: they can be the treated as the same haplotype without

loss of information. The probability of merging is

P (min(Ra,d, Rb,d, Rd,e) = Rd,e) =

∫
Rd,e=r

P (Rd,e = r)× P (min(Ra,d, Rb,d, r) = r)

=

∫
Rd,e=r

P (Rd,e = r)× P (Ra,d ≥ r)2

=

∫
r

v exp(−(2u+ v)r)dr

=
v

2u+ v
.

(2.9)

For fixed u, the limit of Equation 2.9 is 1 as v gets large. This limit says that at some point

haplotypes a and b will merge.

The limit argument is unsatisfying because the scaled TMRCA has a finite expected value

2×(1−n−1) [74]. We derive a result that replaces arbitrary coalescent times u and u+v with

the expected times after the (n − k)th and (n − j)th coalescent events, respectively. Figure

S2 illustrates the difference between the limit of Equation 2.9 and the following proposition

in the context of branch lengths.

Proposition 2.4.1. Let u/2 = E[T+
n:(k+1)] = 1/k− 1/n and v/2 = E[T+

n:(j+1)]−E[T+
n:(k+1)] =

1/j − 1/k (Equation 2.8). For j = o(k),

P (min(Ra,d, Rb,d, Rd,e) = Rd,e) → 1.

Proof. Note that j = o(n) as well because k ≤ n.

P (min(Ra,d, Rb,d, Rd,e) = Rd,e) =
1/j − 1/k

1/j + 1/k − 2/n
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=
(k − j)n

(nk + nj − 2kj)

=
1− j/k

(1 + j/k − 2j/n)

→ 1.

The implication of Proposition 2.4.1 is that haplotypes that share a recent common ancestor

should have the same endpoints at the most distant common ancestors, and hence compar-

ing haplotypes with the same endpoints versus newly coalesced haplotypes is redundant.

Since recombinations to the right and left of a focal location are independent, the result of

Proposition 2.4.1 extends to simulating IBD segments overlapping a focal location.

2.5 Simulation studies

In Chapters 3 and 4, we conduct enormous simulation studies involving sample sizes as large

as ten thousand individuals and population sizes as large as ten million individuals. The

sample and population individuals are “diploids”, which we implement as a haploid model

with the number of haploids equal to the number of individuals times a factor of 2. These

empirical studies are feasible because of Algorithm 1, whose runtime we benchmark in this

section.

2.5.1 Demographic scenarios

We consider constant population sizes of as little as two thousand individuals to as many

as ten million individuals and two complex demographic scenarios. We refer to the complex

demographic scenarios as examples of three phases of exponential growth and a population

bottleneck. Figure 2.2 shows the demographic scenarios graphically. The three phases of

exponential growth scenario involves an ancestral population of five thousand individuals

that grew exponentially at different rates in three different time periods. This demographic

model is similar to the “UK-like” model in Cai et al. [26]. The population bottleneck scenario
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Figure 2.2: Demographic scenarios we consider in simulation studies: A) coalescent time in

generations ago by the log 10 population size, and B) the most recent fifty generations by

population size for examples of exponential growth. The legends specify the color and line

style for each scenario. As opposed to coalescent time used in the main text, we describe here

the scenarios forward in time. The three phases of exponential growth model is as follows: a

population of ancestral size five thousand diploids increases exponentially each generation at

rates one, seven, and fifteen percent starting three hundred, sixty, and ten generations ago.

This demographic model is similar to the “UK-like” model in Cai et al. [26]. The population

bottleneck model is as follows: a population of ancestral size ten thousand diploids increases

exponentially each generation at a rate of two percent starting three hundred generations ago,

but, twenty generations before the present day, the population experiences an instantaneous

reduction in size to one million diploids. Otherwise, the demographic scenarios we explore

here are populations of constant size twenty-five and one hundred thousand diploids.

involves an ancestral population of ten thousand individuals that grew exponentially at a

fixed rate but experienced an instantaneous reduction in size twenty generations before the

present day.
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We also consider a genetic model for positive selection that is described in Chapter 4.

Briefly, the allele frequency ps(t) decreases backward in time as a function of a nonnegative

selection coefficient s. The selection coefficient reflects the advantage the allele has relative

to alternative alleles. The larger the selection coefficient is, the faster the allele frequency

increased. Also, the larger the selection coefficient is, the more detectable IBD segments

there are on average. Positive selection around a locus is implemented via a coalescent with

two subpopulations, one has the sweeping allele and one does not have the sweeping allele.

The population sizes are Ne(t) · p(t) and Ne(t) · (1− p(t)). Until the coalescent reaches the

sweeping alleles time of de novo mutation, IBD segments are not possible between individuals

in separate subpopulations.

2.5.2 Compute time to simulate identity-by-descent segment lengths around a locus

To assess the effect of the pruning and merging rules, we evaluate four implementation

strategies: merging and pruning (Algorithm 1), pruning only, merging only, and neither

pruning nor merging (the naive approach). For each implementation, we run five simulations

for sample sizes increasing by a factor of 2, recording the average wall clock compute time.

Figure 2.3 shows the average runtime per sample size between the methods. Simulating

IBD segment lengths without pruning and merging takes more than one minute for eight

thousand samples. Simulating IBD segment lengths with either pruning or merging can take

less than one minute for sixty-four samples. Pruning appears to give a larger reduction in

compute time than merging. Merging can further reduce runtime for sample sizes greater

than one hundred thousand. The difference in five to ten seconds can be important when

the number of simulations is enormous, as is the case in this study.

Figure S3 shows the algorithm’s average runtime per sample size for different demographic

scenarios and varying selection coefficients. Simulating IBD segment lengths takes more time

for the population bottleneck and three phases of exponential growth scenarios compared

to constant-size population scenarios. Runtime increases with the selection coefficient. The

highest average measurement is more than four minutes for sixty-four thousand samples, the
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Figure 2.3: Compute time to simulate IBD segment lengths around a locus depending on

algorithm implementation. Compute time (y-axis) in seconds by sample size (x-axis) in

thousands is averaged over five simulations. The legend denotes colored line styles for im-

plementations using Algorithm 1 as is (blue), merging only (orange), pruning only (green),

and neither pruning nor merging (red). The main text describes “merging” and “pruning”

techniques. The demography is the population bottleneck. The Morgan length threshold is

0.01.

population bottleneck scenario, and s = 0.04.

Overall, we benchmark that our simulation algorithm can be run tens of thousands of

times within a day on one core processing unit of an Intel 2.2 GHz compute node. Despite

performance savings, we observe that our simulation algorithm maintains quadratic behavior
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in sample size (Figure 2.3 and Figure S3). One explanation for this finding is that a sizeable

fraction of all lineages coalesce in the first few generations when the sample size exceeds ten

thousand [14].

Coalescent time conditional on identity-by-descent segment detection

Pruning and merging should be most effective at decreasing the runtime of Algorithm 1 when

coalescent times are many generations removed from the present day. The joint distribution

of coalescent times that detectable IBD segments derive from is not known analytically. One

notion of a typical conditional coalescent time of sample haplotypes a and b is to solve for t

such that Mode[Wa,b] = t−1/2 = w. Another notion of a typical conditional coalescent time

of sample haplotypes a and b is to solve for t such that E[Wa,b] = t−1 = w. This method

of moments calculation does not account for the heavy tail of Wa,b. Moreover, the joint

coalescent times come from an ancestral tree which can depend on complex demography and

selection.

Figure S4 shows simulations of the coalescent times, conditional on IBD segments longer

the 0.02 Morgans, for different constant population sizes. We observe that the densities of

the coalescent times are roughly the same for population size N between ten thousand and

one million diploids. This histogram and the following histograms concern distributions of

conditional coalescent times, not the numbers of detectable IBD segments around a locus,

which vary for different demographic scenarios. The distributions appear similar to the

Gamma family distributions (which is not surprising9).

Figure S5 shows simulations of the coalescent times, conditional on IBD segments longer

the 0.02 Morgans, for the three phases of exponential growth and population bottleneck

demographic scenarios. Compared to constant-size populations, we observe larger densities

9For the first event time of sample haplotypes a and b, the conditional coalescent time N · Tn |Wa,b ≥ w
can be shown via convolution to be Gamma(2, 2w +

(
n
2

)
N−1). We cannot easily study the conditional

{T+
n:k} for k < n because the unconditional {Tn:k+} are sums of independent Gamma random variables

with different rates. If the rates were the same, via convolution, we would be able to analytically derive
the conditional {Tn:k+} as a Gamma family distribution.
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of coalescent times greater than fifty generations ago. These scenarios involve very large

populations in the present day that expanded from ancestral population sizes of five and

ten thousand individuals, respectively, indicating that detectable IBD segments in a rapidly

increasing population can shed insight into demography hundreds of generations ago.

Figure 2.4 shows simulations of coalescent times, conditional on IBD segments longer the

0.02 Morgans, in selective sweeps of different magnitudes. For selection coefficients s ≤ 0.01,

we observe distributions similar to the neutral model in a constant population size. For

selection coefficients s = 0.02 and s = 0.04, we see spikes in the observed coalescent times

at one hundred and two hundred generations ago. These spikes correspond to the times at

which the selected allele was introduced, demonstrating time depths where detectable IBD

segments can provide information about strong selection.

In Figures S4, S5, and 2.4, we notice that most simulated coalescent times, conditional

on detectable IBD segments around a locus, descend from common ancestors within the past

three hundred generations. Meanwhile, our expected value calculations in Section 2.4.2 in-

dicate that the oldest coalescent events should be older than three hundred generations. At

these time depths, many haplotypes should be pruned in Algorithm 1 before their recombi-

nation endpoints are compared. Our calculations in Appendix C indicate that the expected

number of recombination endpoint comparisons that occur at these oldest coalescent events

is quadratic and could comprise a large proportion of the total
(
n
2

)
comparisons. These

calculations are consistent with the approximately linear runtime we observe in Figure 2.3

when pruning is implemented.

2.5.3 Compute time to simulate identity-by-descent segment lengths from the ancestral re-

combination graph

Some existing simulation frameworks can report IBD segment lengths. Baumdicker et al.

[9] and Palamara [109] simulate coalescent trees with recombination along a chromosome,

referred to as the ancestral recombination graph (ARG), which contains all the necessary

data to calculate IBD segment lengths. The purpose of these simulation frameworks is not
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Figure 2.4: Empirical distributions of coalescent times conditional on detectable IBD seg-

ments around a locus for different selection coefficients. Histograms show the density of

coalescent times split into fifty bins. Each panel represents one simulation. The selection

coefficient is set to A) s=0.00, B) s=0.01, C) s=0.02, and D) s=0.04. The present-day allele

frequency is twenty-five percent. The Morgan length threshold is 0.02. The population size

is twenty-five thousand diploids. The sample size is five thousand diploids.



25

strictly to calculate IBD segment lengths, but Palamara [109] and Guo et al. [65] do offer

utilities to output most IBD segments longer than a specified detection threshold.

We measure the times it takes ARGON (Palamara [109]) and tskibd (Guo et al. [65])10

to simulate IBD segments ≥ 2.0 cM in a 7.0 cM region. For our study on IBD length

distributions overlapping a focal point, these simulations are comparable to running Algo-

rithm 1 with a 2.0 cM detection threshold. Both programs visit nodes in the ARG in small,

non-overlapping sliding windows. We consider window sizes of 0.01 and 0.001 cM in bench-

marking runtimes. Some true IBD segments will not be detected if the window size is too

large, but decreasing the window size increases runtime.

Table 2.1 reports the average runtimes of each method for increasing sample size in

the population bottleneck demographic scenario. The time spent to simulate the ARG is

dominated by the time spent to calculate IBD segment lengths. ARGON takes nearly an hour to

simulate the IBD segment length distribution of two thousand diploids. We do not run it for

more than two thousand diploids due to concerns surrounding quadratic runtimes. With 0.01

cM windows, tskibd takes less than twenty minutes to simulate the IBD length distribution

of four thousand diploids and a little over an hour to simulate the IBD length distribution

of eight thousand diploids. To get more precise IBD segment endpoints with tskibd, we use

0.001 cM windows, which can increase runtime eightfold or more. In comparison, for eight

thousand diploids, our improved approach simulates IBD segments ≥ 1.0 cM around a locus

in less than two seconds (Figure 2.3). Even our naive approach completes the same scope of

simulations in less than two minutes.

2.6 Discussion

This chapter formally introduces coalescent time and IBD segment lengths as random vari-

ables, and it uses simulation to build intuition for the distributional properties of these

random variables. IBD segment lengths around a locus, conditional on coalescent times, are

10This measurement does not include the time to simulate an ARG with msprime (Baumdicker et al. [9]).
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Method Sample size Window size (cM) Hours Minutes Seconds

ARGON 500 0.01 0.0 3.2 19.8

1000 0.0 10.3 34.7

2000 0.1 49.6 21.9

tskibd 500 0.01 0 0 6.8

1000 0 0 28.8

2000 0 2 31.8

4000 0 15 21.6

8000 1 13 29.4

tskibd 500 0.001 0 0.9 16.0

1000 0 6.0 10.2

2000 0 23.8 32.4

4000 2 55.7 36.8

8000 8.9 23.5 23.9

Table 2.1: Average runtime to simulate detectable IBD segments with ARGON and tskibd.

Using ARGON or tskibd, we report the mean number of hours, minutes, and seconds to

simulate IBD segments ≥ 2.0 cM in a 7.0 cM region. Sample sizes range from 500 to 8000

diploids. Sliding non-overlapping window sizes are either 0.001 or 0.01 cM. Averages runtimes

are taken over ten simulations.

modeled as Gamma family random variables. The rate parameters are often large for IBD

segment lengths, resulting in a heavy left skew towards small values. We exploit this fact in

developing an efficient algorithm to generate long IBD segments. The algorithm’s compute

time scales approximately linear as the number of haplotype pairs increases quadratically.

For example, we benchmark that simulating a joint distribution of detectable IBD segment

lengths around a locus can take as little as a couple of seconds or tens of seconds for sample

sizes of order 104 or 105, respectively. Some human biobanks have sample sizes of these
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orders, which serve as the current upper bounds on sample size in genetic data.

Existing methods ARGON and tskibd simulate IBD segment lengths for tens of cM regions

and thousands of samples within hours to days. Those methods simulate IBD segment lengths

as a feature of a much broader simulation framework, whereas our algorithm is narrowly

designed to study the IBD segment lengths around a locus but runs orders of magnitude

faster. Another feature of our method, versus those methods that we compare to, is modeling

the effects of positive selection on IBD segment lengths around a locus. In Chapter 4, we

demonstrate one important use case of our algorithm: quantifying the uncertainty of an

estimator in selective sweeps via the parametric bootstrap. For sample sizes greater than a

few thousand individuals, with ARGON or tskibd making bootstrap confidence intervals for

summary statistics of IBD segment lengths around a locus is impractical.

In the following Chapters 3 and 4, we use our simulation algorithm to study distributional

behaviors of IBD segment lengths around a locus and statistical guarantees of confidence

intervals. In both use cases, we simulate hundreds to thousands of times to generate empirical

distributions on IBD segment lengths around a locus, and then we replicate that procedure

for thousands to tens of thousands of hypothesis tests or estimates of confidence interval

coverage probabilities, respectively. Altogether, these empirical studies amount to billions of

simulations. Despite the speed of our method for a single locus, the scope of our simulations

takes hundreds of days of compute time, which we spread across core processing units.

Without our simulation algorithm, we would not be able to assess certain aspects of statistical

inference in the expansive investigations of this dissertation.
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Chapter 3

IDENTITY-BY-DESCENT IN LARGE SAMPLES

3.1 Introduction

In population genetics, complex correlation structures make it challenging to show theoretical

results for statistical properties like asymptotic consistency and normality. For independent,

identically distributed data, maximizing likelihood estimators are asymptotically consistent,

efficient, and normally distributed under regularity conditions [31]. Such properties are ap-

pealing in statistical inference. A few IBD-based methods that estimate population genetics

parameters solve composite likelihoods [110, 148, 150]. To what extent these properties ex-

tend to composite likelihood estimators is generally unknown [94]. Studying these estimators

can be especially challenging if the maximum does not have a closed form [110, 150].

Throughout this dissertation, we will study a closed-form sample mean and functions

of it. Consider the indicator function that an IBD segment is longer than some Morgan

detection threshold. All the IBD segment indicators are a sample of binary random variables.

Obviously, IBD segments are correlated (the same individual is compared against every

other individual). Meanwhile, we contrast the sum of IBD segment indicators to the sum

of independent Bernoulli random variables with the same expectation. Figure 3.1 illustrates

that the sum of IBD segment indicators has more variance than the sum of independent

Bernoulli random variables with the same mean. The two distributions are more similar

when the Morgan threshold is 0.03 instead of 0.02, and they are both visually similar to the

normal distribution. The central limit theorem applies to the sample mean of the independent

Bernoulli random variables, so the latter observation is not surprising. At the same time,

Figure 3.1 suggests the possibility of a central limit theorem for the IBD rate that depends

on the detection threshold.
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Figure 3.1: The identity-by-descent rate has more variance than the binomial sample mean.

Kernel density estimates show the number of IBD segments A) ≥ 2.0 and B) ≥ 3.0 cM

over 2,500 replicate simulations of five thousand diploids in the population bottleneck de-

mographic scenario. Blue denotes data from Algorithm 1 and orange denotes data from

sampling a Binomial distribution with success probability equal to the probability of a de-

tectable IBD segment P (Wa,b ≥ w) and the number of trials equal to the number of haplotype

pairs. Vertical dashed lines denote averages.

In this chapter, we derive sufficient conditions under which the proportion of detectable

IBD segments around a locus1 is asymptotically normally distributed. Our central limit

theorem concerns a mean of correlated binary variables, where the correlation structure

comes from an unobserved and random ancestral tree. The proof is to show that the variance

of detectable IBD segments2 dominates the covariance between detectable IBD segments3.

Our conditions involve a minimum length of detectable IBD segments and the population size

1This statistic maximizes the binomial composite likelihood with parameters
(
n
2

)
and the probability of

an IBD segment longer than a Morgan threshold.

2The diagonal entries of the covariance matrix

3The off-diagonal entries of the covariance matrix
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that a large sample is drawn from. The population size requirement, in particular, indicates

that most of the branch lengths in the ancestral tree must be long for the result to hold. The

overall contribution of this work is to support IBD-based statistical inference with rigorous

theory and extensive simulation studies.

The outline of this chapter is as follows. In Section 3.2, we formally define IBD segment

indicators. In Section 3.3, we present and prove our main result for the asymptotic normality

of the detectable IBD rate. In Section 3.4, we use simulation to investigate the statistical

properties of the detectable IBD rate and IBD graphs around a locus. Many calculations of

covariance terms are left to the Appendix A.

3.2 The presence of detectable IBD segments

Relative to a focal point, we focus on the detection of long IBD segments in a sample. Recall

that Ra,b, La,b, and Wa,b are the IBD segment lengths to the right of, to the left of, and

overlapping a focal point, respectively. Let Xa,b := Xa,b(w) = I(Ra,b ≥ w) indicate if the

IBD segment to the right that is shared by sample haplotypes a and b is longer than a

Morgan threshold w. The binary random variables {Xa,b} are identically distributed with

the same mean E2[Xa,b], and they are correlated through the unobserved coalescent tree. We

use E2,E3, and E4 and Cov2,Cov3, and Cov4 to denote expected values and covariances with

respect to coalescent trees of two, three, and four sample haplotypes, respectively.

The random variables important to our central limit theorem are defined as follows,

borrowing notation from Chandrasekhar et al. [33]. The detectable IBD rate is

X̄(n2)
:=

(
n

2

)−1∑
(a,b)

Xa,b. (3.1)

The number of detectable IBD segments
∑

(a,b) Xa,b is the statistic shown in Figure 3.1. Let

Za,b := Xa,b − E2[Xa,b] be the mean-centered binary random variable, and let the sum of all

binary random variables minus one be Z−a,b :=
∑

(c,d) Zc,d − Za,b. The sum of variances of
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Figure 3.2: Example calculation of the detectable IBD rate. IBD segment lengths overlapping

a focal point for sample haplotypes a, b, c, d are shown. The IBD segment indicators (Yi,j’s)

are 1 if their IBD segment lengths (Wi,j’s) exceed w Morgans and otherwise 0. The detectable

IBD rate Ȳ around a locus is the mean of these correlated binary random variables. The

detectable IBD rate to the right of the focal point, X̄, is calculated similarly.

all IBD segment indicators is

Ω(n2)
:=

∑
(a,b)

Var(Xa,b) =

(
n

2

)
× E2[Xa,b]× (1− E2[Xa,b]) (3.2)

Finally, the mean-centered and suitably scaled IBD rate is

Z̄(n2)
:= Ω

−1/2

(n2)
× (X̄(n2)

− E2[Xa,b]). (3.3)

For IBD segments overlapping a focal location, let Ya,b := I(La,b + Ra,b ≥ w) and Z̃a,b :=

Ya,b−E2[Ya,b]. The terms Ȳ(n2)
Z̃−a,b,

¯̃Z(n2)
, and Ω̃(n2)

, are defined analogously to X̄(n2)
, Z−a,b,
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Z̄(n2)
, and Ω(n2)

, respectively. Figure 3.2 provides a conceptual example calculating Ȳ for

four sample haplotypes.

3.3 The asymptotic normality of the identity-by-descent rate

The standard central limit theorem does not apply in our case because the IBD segment

indicators {Xa,b} to the right of a focal point are not independent of each other4. We start

by focusing on the mean-centered and suitably scaled IBD rate Z̄(n2),N
to the right of a focal

location, where N denotes the constant population size that the haplotypes are sampled

from. The intuition for our weak law is that the covariance between IBD segment indicators∑
(a,b)̸=(c,d) Cov(Xa,b, Xc,d) is small relative to the sum of the variances of the individual IBD

segment indicators Ω(n2)
. This idea of the covariance between random variables being much

smaller than the variance of the random variables themselves is the basis of the general

central limit theorem for dependent data that is given in Chandrasekhar and Jackson [32]

and Chandrasekhar et al. [33]. The following central limit theorems concern large sample

size n and large population size N scaled by Morgan length threshold w 5.

Theorem 3.3.1. The mean-centered and suitably scaled IBD rate statistic Z̄(n2),N
converges

in distribution to the standard normal distribution for n and Nw tending to infinity when

the following are true:

1. Nw = o(n2), scaled population size is small relative to the number of pairs;

2. n = o(Nw), sample size is small relative to scaled population size;

3. E[Za,b × Z−a,b|Z−a,b] ≥ 0 for all Z−a,b.

Proof. We show that our three conditions are sufficient to apply Corollary 1 in Chandrasekhar

et al. [33]. Without loss of generality, we derive integrals over a tree with two sample

4Similarly, IBD segment indicators {Ya,b} overlapping a focal location are not independent of each other.

5Fixed detection thresholds 0.01 ≤ w ≤ 0.04 are commonly used to control for false positives and
negatives in inference from genetic data [54, 134, 163, 105, 104].



33

haplotypes a and b, a tree with three sample haplotypes a, b, and c, and a tree with four

sample haplotypes a, b, c, and d.

E2[Xa,b] =

∫
exp(−2Nt2w) exp(−t2) dt2 = (2Nw + 1)−1 = O((Nw)−1). (3.4)

It is easy to show that E2[Xa,b] → 0 uniformly for large scaled population size. The sec-

ond condition implies that Ω(n2)
→ ∞. The assumption in Chandrasekhar et al. [33] that

E[|Za,b|3]/E[|Za,b|2]3/2 is bounded above is true for non-degenerate Bernoulli random variables

[32]. Lastly, given n = o(Nw), we show that∑
(a,b)̸=(c,d)

Cov(Xa,b, Xc,d ) = o(Ω (n2)
). (3.5)

In Appendix A, we derive bounds on the integrals Cov3(Xa,b, Xa,c) = O((Nw)−2) and

Cov4(Xa,b, Xc,d) = O((Nw)−3). Next, there are n(n − 1)(n − 2) ∼ n3 combinations of

three haplotypes a, b, and c, and there are n(n − 1)(n − 2)(n − 3)/4 ∼ n4 combinations of

four haplotypes a, b, c, and d. In asymptotic arguments, the notation ∼ means asymptotic

equivalence, not distributed as.

Ω(n2)
∼ n2 ·O((Nw)−1) = o((Nw)2) ·O((Nw)−1) = o(Nw); (3.6)∑

a,b,c

Cov3(Xa,b, Xa,c) ∼ n3 ·O((Nw)−2) = o((Nw)3) ·O((Nw)−2) = o(Nw); (3.7)

∑
a,b,c,d

Cov4(Xa,b, Xc,d) ∼ n4 ·O((Nw)−3) = o((Nw)4) ·O((Nw)−3) = o(Nw). (3.8)

Therefore, the sum of covariances between IBD segment indicators (Equations 3.7 and 3.8)

is controlled by the sum of variances of the individual IBD segment indicators (Equation

3.6).

The first two conditions have appealing interpretations. First, Nw = o(n2) says that the

sample size is large enough relative to the scaled population size such that we observe many

IBD segments to the right of a focal location that are longer than the Morgan threshold w.

Second, n = o(Nw) says that the sample size is not too large relative to the scaled population
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size such that we do not observe many large clusters of haplotypes with IBD segments to

the right of a focal location that are longer than the Morgan threshold w.

The third condition also has an interpretation in the context of population genetics. It

says that if the number of detectable IBD segments to the right of a focal location, except

for Xa,b, is less than the expectation E[Xa,b]× (
(
n
2

)
− 1), then the IBD segment to the right

of a focal location that is shared by a and b is shorter than w on average, and vice versa if

X−a,b is greater than its expected value. This assumption seems plausible if IBD segments

to the right of a focal point have non-negative covariance, which we show in Appendix A.

One can show that the small sample size n = 3 is a pathological example where the third

condition breaks down. We demonstrate this issue in Appendix A. We do not otherwise

calculate E[Za,b × Z−a,b|Z−a,b] for all Z−a,b, which involves integration over the space of all

coalescent trees and the 2(
n
2)−1 hypercube of 0’s and 1’s. In a simulation study, we evaluate

the third condition via the Monte Carlo method (Appendix A), concluding that this condition

might hold in large samples.

The asymptotic normality of ¯̃Z(n2),N
follows from the same arguments as those of the

proof in Theorem 3.3.1. We show in Appendix A that Cov2(Ya,b, Ya,b), Cov3(Ya,b, Ya,c), and

Cov4(Ya,b, Yc,d) are O((Nw)−1), O((Nw)−2), and O((Nw)−3), respectively.

Theorem 3.3.2. The mean-centered and suitably scaled IBD rate statistic ¯̃Z(n2),N
converges

in distribution to the standard normal distribution for n and Nw tending to infinity when

the following are true:

1. Nw = o(n2);

2. n = o(Nw);

3. E[Z̃a,b × Z̃−a,b|Z̃−a,b] ≥ 0 for all Z̃−a,b.

Proof. The argument is the same as in Theorem 3.3.1. The difference is that we use the sum

of recombination distances to the right and left of a focal location. In Lemma A.5, we derive
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the same bounds O((Nw)−1), O((Nw)−2), and O((Nw)−3) for Cov2(Ya,b),Cov3(Ya,b, Ya,c),

and Cov4(Ya,c, Yb,d), respectively.

We can derive a similar result for varying population sizes. Let N1 = maxt N(t) and

N2 = mint N(t). Compared to varying population sizes N(t), the indicator of a detectable

IBD segment around a focal location has larger expected value and variance when sample

haplotypes come from a constant population of size N2. Conversely, compared to varying

population sizes N(t), the indicator of a detectable IBD segment around a focal location has

smaller expected value and variance when sample haplotypes come from a constant popula-

tion of size N1. We use these facts to establish covariance bounds for complex demography.

Theorem 3.3.3. The mean-centered and suitably scaled IBD rate statistic Z̄(n2),N(t) converges

in distribution to the standard normal distribution for n, N1w, and N2w tending to infinity

when the following are true:

1. N1w = o(n2);

2. n = o(N2w);

3. E[Za,b × Z−a,b|Z−a,b] ≥ 0 for all Z−a,b.

The same conditions imply weak convergence for ¯̃Z(n2),N(t).

Proof. The argument is the same as in Theorem 3.3.1, except we use N1 and N2 to upper

and lower bound covariance terms.

Ω(n2)
∼ n2 ·O((N2w)

−1) = o(N2w); (3.9)

∑
a,b,c

Cov3(Xa,b, Xa,c) ∼ n3 ·O((N2w)
−2) = o(N2w); (3.10)

∑
a,b,c,d

Cov4(Xa,b, Xc,d) ∼ n4 ·O((N2w)
−3) = o(N2w). (3.11)
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Theorem 3.3.1 is a special case of Theorem 3.3.3 when N1 = N2. The first two conditions

in Theorem 3.3.3 on sample size and scaled population size are unlikely to hold in real data

examples, and they are more difficult to interpret. Note that the proof of Theorem 3.3.3 does

not make use of the entire curve N(t). The population sizes at the most recent coalescent

times impact the covariance of and between IBD segments around a focal location the most.

As is the case in Theorem 3.3.2, we can extend Theorem 3.3.3 to address IBD segments

overlapping a focal location.

3.4 Simulations studies

In comparing the standardized detectable IBD rate ¯̃Z(n2),N
overlapping a focal point to the

standard normal distribution, we require massive simulations to form tens of thousands of

empirical distributions. To investigate the asymptotic conditions indicated by Theorems

3.3.1, 3.3.2, and 3.3.3, we increase sample sizes up to ten thousand, which could involve

108 recombination endpoint comparisons in the worst case. The speed of Algorithm 1 is

exceptionally important to simulation studies of this magnitude and scope.

3.4.1 The identity-by-descent rate in finite samples

Hypothesis testing for normality

Recall that ¯̃Z(n2),N
is shown to be asymptotically normally distributed under regularity condi-

tions on sample size and scaled population size. Using the Shapiro-Wilk test, we investigate

if empirical distributions of
∑

a,b Ya,b resemble normal distributions as sample size n, pop-

ulation size N , and the Morgan length threshold w increase. We partition simulated data

into five hundred empirical distributions based on one thousand observations. The null hy-

pothesis of this test is that the data is normally distributed. Rejecting the null hypothesis

means that there is enough evidence indicating that the empirical distribution is not nor-

mally distributed. We report the proportion of times we reject the null hypothesis at the

0.05 confidence level.
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We consider sample sizes between one thousand and ten thousand individuals and popu-

lation sizes between ten thousand and ten million individuals. We simulate the count of IBD

segments
∑

a,b Ya,b longer than Morgan length thresholds 0.01, 0.02, 0.03, and 0.04. Due to

heavy compute times, for constant population size and all sample sizes, we implement the n-

coalescent instead of the discrete-time Wright-Fisher process6, despite the issues mentioned

in Section 2.4.1.

Figure 3.3 shows the proportion of rejected tests for increasing population size and Mor-

gan length threshold with sample size fixed at five and ten thousand individuals. The trend

is that the proportion of rejected tests decreases for increasing population size and Morgan

length threshold. Figure S6 shows that this trend does not depend on the confidence level.

These observations align with the condition n = o(Nw) in Theorem 3.3.1 and Theorem 3.3.2.

The setting for which the proportion is closest to 0.05 is n = 104, N = 106, and w = 0.04. In-

terestingly, for the same sample size and Morgan length threshold, we observe more rejected

tests for N = 107 than for N = 106. This observation aligns with the condition Nw = o(n2)

in Theorem 3.3.1 and Theorem 3.3.2 (there are too few observed IBD segments).

Figure S7 shows the proportion of rejected tests for increasing sample size and Morgan

length threshold with population size fixed at fifty and one hundred thousand individuals.

The proportion of rejected tests decreases slightly with increasing sample size. This trend

may be explained by the fact that sample size does not affect the correlations of IBD segment

indicators (Lemmas A.3, A.4, and A.5).

Figure S8 shows the proportion of rejected tests for increasing sample size and Morgan

length threshold in the three phases of exponential growth and population bottleneck demo-

graphic scenarios (Section 2.5.1). For Morgan length threshold greater than or equal to 0.03,

the proportions of rejected tests are less than 0.3 and 0.1 in the three phases of exponential

growth and population bottleneck scenarios, respectively. Consistent with our central limit

theorems, we observe a decreasing trend as we increase the Morgan length threshold, even

6In these simulations only
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Figure 3.3: Shapiro-Wilk tests for varying population sizes. Line plots show the proportions

of Shapiro-Wilk tests rejected at a confidence level of 0.05 (y-axis) for varying population

size and fixed sample size. Each proportion is computed over five hundred tests. Each

test is based on an empirical distribution from one thousand simulations of the number of

identity-by-descent segments longer than a specified Morgan length threshold (x-axis). A)

The sample size is five thousand diploids. B) The sample size is ten thousand diploids. The

legends give colors assigned to different population sizes. The horizontal dotted line is at

0.05.

though the proportions of rejected tests around 0.3 and 0.1 are not close to the nominal

significance level of 0.05. Additionally, these proportions are less than their corresponding

proportions in the population of twenty-five thousand individuals (Figure 3.3). In both de-

mographic scenarios, the population sizes exceed twenty-five thousand in the most recent

one hundred generations but three hundred generations ago their population sizes were five

and ten thousand (Figure 2.2). While the conditions in Theorem 3.3.3 on sample size and

scaled population size are very strict, in demographic scenarios with large recent population

sizes, the detectable IBD rate may have normal-like distributional behavior, regardless of

their more ancient population sizes (Figure S8).
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Overall, we reject normality at rates greater than the nominal 0.05 significance level with

the sample sizes and population sizes explored here. These magnitudes are already quite

large relative to existing sample sizes and inferred effective population sizes7. Nevertheless,

the trends of increasing sample size and scaled population size suggest the fidelity of our

central limit theorems.

The upper tail of the detectable identity-by-descent rate distribution

Excess IBD rate overlapping a focal location may indicate genomic regions under strong

and recent positive selection [20, 148]. Let Ȳm be the detectable IBD rate overlapping the

mth focal location out of M locations along a genome. The genome-wide sample mean and

standard deviations are

µ̂1:M := M−1

M∑
m=1

Ȳm ; (3.12)

σ̂1:M :=

√√√√(M − 1)−1

M∑
m=1

(Ȳm − µ̂1:M)2. (3.13)

Browning and Browning [20] and Temple et al. [148] report regions where the detectable IBD

rate overlapping a focal location exceeds µ̂1:M + 4× σ̂1:M as putative loci under strong and

recent selection.

When Theorem 3.3.3 holds, we can interpret each such marginal hypothesis test as a

one-sample one-sided z−test. Under this null hypothesis, we can compute p-values for each

Ȳm. We evaluate the control of FWER in finite samples from finite populations. Using

the same simulated data as in Section 3.4.1, Figure 3.4 shows the average upper bound

µ̂1:M + 4 × σ̂1:M divided by the 99.99683 percentile over two million simulations, where the

Gaussian cumulative distribution function Φ(4) = 0.9999683. Figure S9 shows the same as in

Figure 3.4 except the Gaussian quantile is three and Φ(3) = 0.9986501. The scan threshold

is less than the simulated percentile threshold for all sample sizes, population sizes, Morgan

length thresholds, and significance levels considered. The scan threshold is proportionally

7At least for humans [19, 26]
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Figure 3.4: Relative upper bound for excess IBD scan. Line plots show the average mean

plus four standard deviations divided by the 99.99683 percentile over two million simulations

(y-axis). (The standard normal survival function of four is 0.9999683.) Each average relative

upper bound is computed over one thousand tests. Each test is based on two thousand

simulations of the number of identity-by-descent segments longer than a specified Morgan

length threshold (x-axis). A) The sample size is five thousand diploids. B) The sample size

is ten thousand diploids. The legends give colors assigned to different constant population

sizes.

closer to the percentile threshold as population size and Morgan length threshold increase,

which is a result consistent with Section 3.4.1 and our central limit theorems. Figure S8

shows that the scan threshold is also less than the simulated percentile threshold for all

sample sizes and Morgan length thresholds in the three phases of exponential growth and

population bottleneck demographic scenarios. The scan threshold is proportionally closer to

the percentile threshold for the population bottleneck scenario compared to the three phases

of exponential growth scenario.

We observe that the simulated distributions of Ȳ can be right skewed and display upper

tails that are not sub-normal. For the 0.02 Morgan length threshold and a sample size of five
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thousand individuals, we calculate the percentage of simulations where the detectable IBD

rate overlapping a focal location is above the three and four standard deviation upper bounds.

Figure S10 shows these percentages multiplied by three thousand, which we refer to as the

expected number of false positives. Three thousand corresponds to a marginal hypothesis

test every 0.01 Morgans along a 30 Morgans genome8,9. The expected number of false

positives decreases as the population size increases. We measure less than two expected false

positives for the four standard deviations test and as much as fifteen expected false positives

for the three standard deviations test. Fifteen expected false positives is eleven more false

positives than there would be if FWER were controlled. This experiment demonstrates that

deviations from normality in finite samples from finite populations can lead to more false

positives than expected under normality.

3.4.2 Identity-by-descent graphs around a location

Clusters of detectable IBD haplotypes overlapping a focal point indicate non-negligible co-

variance between segments and could thus explain the observed non-normality in finite sam-

ples. In place of theoretical work, we leverage our simulation framework to describe the

attributes of detectable IBD graphs around a locus. We form detectable IBD graphs about

a locus by drawing an edge between haplotypes if they share a detectable IBD segment over-

lapping a focal point. We define detectable IBD clusters to be the connected components in

the detectable IBD graph.

We analyze five features of graphs. The number of edges is equivalent to the number of

IBD segments longer than the length threshold. A tree of order m is a connected component

that has m nodes and m−1 edges. An order m complete connected component has m nodes

and edges between every pair of nodes. We count the number of trees of order 2 and 3, the

number of complete connected components of order 3 or more, and the number of nodes

8Ignoring spatial correlation of tests

9The human genome is of this scale 3300 cM. Temple et al. [148] suggest studying loci that have excess
IBD rates spanning 0.01 Morgans / 1 cM as targets of putative selection.
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in the largest connected component. For each feature, we calculate the average, variance,

minimum, and maximum over replicate simulations. We also conduct Shapiro-Wilk tests by

splitting the simulated data as described in Section 3.4.1.

Comparing to sparse Erdős-Rényi graphs

The Erdős-Rényi graph is a simple network model in which independent edges between nodes

occur with a uniform success probability [43]. We denote a sparse Erdős-Rényi network as one

in which the success probability is vanishingly small. We compare the features of connected

components between detectable IBD and Erdős-Rényi graphs, setting the uniform success

probability to be the approximate probability of an IBD segment longer than a Morgan

length threshold [110]. This contrast analyzes the evolution of independent edges versus

weakly correlated edges of a specific nature.

For sparse Erdős-Rényi graphs, there are theoretical properties associated with the graph

features that we consider in our simulation study. When the success probability is small, the

number of trees of order m weakly converges to a Gaussian distribution in large networks

[44]. Trees of order m1 have faster convergence than trees of order m2 when m1 < m2.

Another asymptotic property of sparse Erdős-Rényi graphs says that almost all nodes are in

trees of small order or in a single “giant” component [44].

In a sample size of five thousand from a population of one hundred thousand individuals,

Figure 3.5 shows that some empirical distributions of graph features resemble normal dis-

tributions. Table 3.1 compares our summary statistics between these simulated detectable

IBD and sparse Erdős-Rényi graphs. The variance, minimum, and maximum number of

edges are larger for detectable IBD graphs compared to sparse Erdős-Rényi graphs, which is

a direct consequence of the non-zero covariance of IBD edges10. The proportions of rejected

hypothesis tests for numbers of trees of order 2 and connected components of degree 3 or

more are close to 0.05 for both detectable IBD and sparse Erdős-Rényi graphs. While we

10The expected number of edges should be the same, if not for the tail approximation in the probability
of detectable IBD segments [110].
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Type Structure Avg Var Min Max S.W.t.

IBD Edges 1,283.42 2,690.85 1,072.00 1,530.00 0.14

Largest 8.09 1.81 5.00 22.00 1.00

Tree-2 483.62 346.48 402.00 569.00 0.05

Tree-3 29.40 28.38 9.00 57.00 0.81

Complete 135.89 112.45 93.00 187.00 0.18

Erdős-Rényi Edges 1,312.68 1,313.06 1,158.00 1,475.00 0.07

Largest 27.02 74.07 11.00 137.00 1.00

Tree-2 353.31 310.32 284.00 434.00 0.08

Tree-3 120.31 109.73 78.00 173.00 0.14

Complete 174.94 146.10 123.00 228.00 0.13

Table 3.1: Summary statistics of IBD and Erdős-Rényi graphs. Network structures of interest

are the number of edges (Edges), the degree of the largest components (Largest), the number

of trees of order 2 and 3 (Tree-2 and Tree-3), and the number of complete components of

degree 3 or more (Complete). Summary statistics are aggregated over 125,000 simulations.

Shapiro-Wilk tests at a confidence level of 0.05 are performed with 500 replicates for 250

simulations. The proportions of rejected null hypotheses are reported as S.W.t. The popu-

lation size is one hundred thousand diploids. The sample size is two thousand diploids. The

Morgan length threshold is 0.03.

observe that some limiting distributional behaviors of small degree connected components

in detectable IBD graphs match those in sparse Erdős-Rényi graphs, these observations go

beyond the theory that we have presented.

The impact of complex demography

Figure S11 shows that the apparent normality of some graph features extends to the three

phases of exponential growth and population bottleneck demographic scenarios. Table S1
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Figure 3.5: Comparing features between IBD and Erdős-Rényi graphs. Histograms com-

pare the density of graph features between IBD and Erdős-Rényi graphs. Each histogram

summarizes the results of one hundred and twenty-five thousand simulations. A) and C)

show the number of trees of order 2 and 3, respectively. B) shows the number of complete

components with more than three nodes. D) shows the total number of edges. The legends

give colors assigned to the IBD and Erdős-Rényi graphs. IBD graphs are simulated using the

constant one hundred thousand diploids demography and the 0.03 Morgan length threshold.

Erdős-Rényi graphs are simulated using the same success probability as in the IBD graph.

The sample size is two thousand diploids. Vertical dotted lines show the means.
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reports that the proportions of rejected hypothesis tests for numbers of trees of order 2

are close to 0.05 for both demographic scenarios. We also fail to reject normality for the

number of trees of order 3 and the number of connected components of degree 3 or more in

some simulations of the three phases of exponential growth scenario. These results indicate

the limiting distributional behaviors of graph features in detectable IBD graphs around a

locus can be similar for large constant-size populations and demographic scenarios with large

recent population sizes.

The impact of positive selection

Strong directional selection increases the IBD rate [148], but less is known about how this

phenomenon alters the feature distributions of detectable IBD graphs. We conduct more

simulations of detectable IBD graphs for selection coefficients between 0.01 and 0.04 and the

three phases of exponential growth and population bottleneck scenarios. Tables S2 and S3

demonstrate multiple trends as the selection coefficient increases. The apparent normality

of the number of trees of order 2 does not noticeably change as we change the selection

coefficient, and we reject normality less often for the number of trees of order 3 and the

number of complete components of order 3 or more. It may be that the distributional

behaviors of these small degree connected components become clearer under the selection

models with more detectable IBD segments. The main effect of strong positive selection

appears to be the growth of a largest detectable IBD cluster around a locus that includes

haplotypes with a beneficial allele. This idea is a major motivation for the suite of methods

we develop in Chapter 5.

3.5 Discussion

In this chapter, we prove a central limit theorem for the detectable IBD rate around a locus

whose regularity conditions have intuitive interpretations in population genetics. The sample

size squared must be large enough such that there are many IBD segments long enough to

be accurately detected by existing methods. The population size must be large enough such
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that there are no large IBD clusters around a locus. This central limit theorem is a seminal

contribution to this thesis, and its impacts will echo through all chapters.

The conceptual framework for our asymptotic conditions involves envisioning a coalescent

tree where the internal branches are long but numerous coalescent events occur near the

leaves. The internal branches are long because of the large population size. There are

numerous coalescent events near the leaves because of the large sample size. The large

Morgan threshold serves to further decrease the probability of a detectable IBD segment and

the correlations between IBD segment lengths.

Many authors make observations about statistics in population genetics that appear vi-

sually similar to known parametric families. Tajima [145] says that the sampling distribution

of their D statistic resembles a Beta distribution. Field et al. [51] and Palamara et al. [111]

say that the sampling distributions of their selection scan statistics resemble Gamma distri-

butions. Related to our work, Carmi et al. [29] say that the average amount of the genome

that an individual shares identity-by-descent with others in a sample resembles a normal

distribution. The difference between these works and our work is that we have an exact

mathematical result, not an empirical observation.

We employ simulation to evaluate the assumptions and validity of our central limit the-

orem. Consistent with our conditions, we reject a null hypothesis of normality less often

as sample size and scaled population size increase. In practice, we find that non-normality

is typical in finite samples. We indicate that non-negligible covariance may come from the

agglomeration of IBD clusters. We also discuss this phenomenon in the context of a similar

network model for which certain theoretical properties have been established.

Our regularity conditions concern a balance between sample size and scaled population

size that is unlikely to hold in practical settings. We advocate that the collected sample

size should always be as large as is feasible and that the smallest Morgan length threshold

should be chosen for which IBD segment detection is accurate. While non-normality of the

detectable IBD rate may lead to anti-conservative control of FWER in the selection scans

of Browning and Browning [20] and Temple et al. [148], we observe no trend between this
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anti-conservative behavior and sample size.

Together our theoretical results and simulation studies support ongoing methodological

developments based on IBD segments. For instance, the selection coefficient confidence

intervals we propose in Chapter 4 should give proper coverage of the selection coefficient

if: 1) the detectable IBD rate is approximately normally distributed in scenarios of positive

selection, and 2) the Delta method conditions hold for the function that maps the detectable

IBD rate to the selection coefficient [31]. Additionally, existing genome-wide scans for excess

IBD rates lack formal or exact hypothesis testing frameworks. The IBD-based selection

scans in Browning and Browning [20] and Temple et al. [148] use a heuristic threshold of

four standard deviations to determine significance. In large samples, the Ornstein-Uhlenbeck

process could be a reasonable null model in selection scans and rare variant association

testing. Specifically, detectable IBD rates overlapping focal locations may be assumed to

be normally distributed, and their correlation is a consequence of the same IBD segments

overlapping spatially adjacent locations on a chromosome. In Chapter 6, we expand upon

this idea to derive a genome-wide significance threshold for IBD-based selection scans.
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Chapter 4

SELECTION COEFFICIENT ESTIMATION

4.1 Introduction

Positive natural selection favors alleles advantageous for survival or reproduction. The pro-

cess of evolution via positive selection is often modeled via hard or soft selective sweeps. In

hard sweeps, an allele increases so rapidly in frequency such that all prevailing haplotypes

trace their origin to a single haplotype. In soft sweeps, a beneficial mutation on multiple

different genetic backgrounds or multiple independent mutations with similar effects may

increase in frequency [76, 114, 115]. In either case, sweeps can come from existing alleles

that become newly beneficial in the context of environmental change, referred to as a sweep

from standing variation, or they can come from de novo mutation. The hard sweep is partial

or incomplete if a selected allele is not fixed in the present day. Alleles on the same haplotype

as a sweeping allele also increase in frequency until crossover recombination separates them

from the sweeping allele [139].

The popular mathematical model to study a hard selective sweep from a single allele

frames the problem in terms of a selection coefficient s. This parameter measures the relative

advantage that a sweeping allele A has over alternative alleles B. In the haploid model, this

ratio is (1+ s) : 1. In diploids, the ratios concern genotypes AA : AB : BB for the following

models of genic selection:

• Multiplicative (1 + s)2 : (1 + s) : 1

• Additive (1 + 2s) : (1 + s) : 1

• Dominance (1 + 2s) : (1 + 2s) : 1
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• Recessive (1 + 2s) : 1 : 1

With the heterozygosity coefficient h, the additive, dominance, and recessive models can

be written as (1 + 2s) : (1 + 2hs) : 1 for h equal to 1/2, 1, and 0, respectively. Selection

coefficients from different genetic models are not comparable. Throughout this text, we

restrict to the case of positive selection s ≥ 0.

Using these ratios, we can express the probability of a sweeping allele frequency at gen-

eration t− 1, denoted ps(t− 1), in terms of the probability of a sweeping allele frequency at

generation t and the selection coefficient s. For the haploid model, we have the formula

ps(t− 1) :=
ps(t)× (1 + s)× 1

(1 + s)× ps(t) + 1× (1− ps(t))
= ps(t)×

1 + s

1 + ps(t)× s
. (4.1)

Equation 4.1 represents the effect of positive selection on the sweeping allele frequency one

generation forward in time. The numerator is the frequency of the A allele times its relative

fitness and the probability that an A parent passes on an A allele to its offspring. The

denominator is the frequencies of the sweeping alleles A and B weighted by (1 + s) : s,

referred to as the mean relative fitness. As done in Crow and Kimura [38] and Felsenstein

[48], we simplify this formula in terms of ps(t) multiplied by a fraction. When ps(t) and

s are both small, we approximate that ps(t − 1) ≈ ps(t) × (1 + s), which we interpret as

the probability of the sweeping allele increases by a factor of 1 + s on average. For the

multiplicative diploid model, we have the formula

ps(t− 1) :=
[ps(t)

2 × (1 + s)2 × 1] + [2× ps(t)× (1− ps(t))× (1 + s)× 0.5]

ps(t)2 × (1 + s)2 + 2× ps(t)× (1− ps(t))× (1 + s) + (1− ps(t))2

= ps(t)×
(1 + s)(1 + s× ps(t))

[ps(t)× (1 + s) + 1− ps(t)]2

= ps(t)×
1 + s

1 + ps(t)× s
,

(4.2)

The numerator is the weighted genotype frequencies AA and AB multiplied by probabilities

1 and 0.5 that they pass an A allele to their offspring. The denominator is the genotype

frequencies AA : AB : BB weighted by (1+s)2 : (1+s) : 1. The multiplicative diploid model

is equivalent to the haploid model once simplified. Formulas for the haploid, multiplicative,
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additive, dominance, and recessive models have been well known in population genetics (see

Fisher [52], Haldane [68, 69], and Wright [159]).

Equations 4.1 and 4.2 describe the trajectory of the sweeping allele forward in time. To

derive the probability of the sweeping allele at generation t in terms of the probability of the

sweeping allele one generation ago t− 1 and the selection coefficient s, we invert p−1
s (t− 1)

in ps(t), holding the selection coefficient s constant. For the haploid model, and equivalently

the multiplicative diploid model, the formula for one generation prior is

ps(t) := ps(t− 1)× 1

1 + (1− ps(t− 1))× s
(4.3)

Inverting the formulas for the additive, dominance, and recessive models leads to a quadratic

formula in ps(t − 1). Of the two real-valued solutions to these quadratic formulas, one is a

probability value in [0,1], and the other is not. In our work, we use the solution ps(t) ∈ [0, 1].

In the estimation of the selection coefficient s, we use the deterministic formulas. How-

ever, the deterministic formulas ps(t) in terms of ps(t− 1) and s concern the mean behavior

of the Wright-Fisher process (WF) with genetic drift and selection. When quantifying uncer-

tainty due to drift, at each prior generation t, we estimate p̂s(t) = nA(t)/Ne(t) with respect

to the effective population size Ne(t) and the number of alleles A drawn from nA(t) ∼

Binomial(Ne(t), p̂s(t− 1)).

The magnitude of the selection coefficient s impacts the historical changes in the frequency

of the sweeping allele. In Figure 4.1, we illustrate this effect by simulating fifty bootstraps

from the WF process with varying present-day sweep frequencies and selection coefficients.

After accounting for genetic drift, the differences between WF processes with strong selection

s ≥ 0.01 and 0.15 ≤ p(0) ≤ 0.85 are apparent within the past twenty generations. When

an allele is near fixation (p(0) = 0.98), the allele frequency changes in the past twenty

generations are slight, even for s as high as 0.05. When the sweep is very new (p(0) = 0.05),

the variance in genetic drift dominates the expected value increases in allele frequency, even

for large s = 0.05. In humans of European ancestry, there is some evidence of selection of

these magnitudes at the LCT locus [75, 100, 103, 132, 142, 148, 152].
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Figure 4.1: Wright-Fisher simulations with strong varying selection coefficeints. Fifty sim-

ulations of the Wright-Fisher process for s ∈ [0, 0.01, 0.02, 0.03, 0.04, 0.05]. Allele frequency

(y-axis) by time (x-axis) is shown for the most recent one hundred generations. The allele

frequencies in the present day are (A) 0.98, (B) 0.85, (C) 0.7, (D) 0.3, (E) 0.15, and (F) 0.05.

The legend in A) defines colors for different selection coefficients and applies to all subplots.

Figure S14 shows fifty bootstraps of the WF process with varying present-day sweep

frequencies and s ≤ 0.004. Within the past one hundred generations, these time series are

not distinguishable from the neutral evolution setting of s = 0.000. Within the past five

hundred generations, WF simulations of s = 0.004 are distinguishable from WF simulations

of s = 0.000, but some WF simulations of s ≤ 0.002 are still indistinguishable from WF

simulations of s = 0.000. It is widely believed that selection coefficients of these magnitudes

are the predominant examples of selective sweeps in humans.

Here we propose an estimator and confidence intervals for the selection coefficient that
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are based on identity-by-descent segment lengths (IBD) among samples within a population.

The hard sweep model concerns changes in allele frequency over time, making estimation

from only genetic data in the current generation challenging. We consider our approach

applicable to recent and ongoing sweeps, whereby “recent” we mean selection within the last

three hundred generations, the time period in which long IBD segments can be accurately

detected (Figures S4, S5 and 2.4, Tian et al. [150]). In Section 4.2, we formally state our

estimator and its confidence interval and discuss the statistical properties of estimators. In

Section 4.3, using true IBD segment lengths drawn from Algorithm 1 (Chapter 2, Section

2.4), we explore the accuracy of our inference in simulations of correct model specification and

various examples of model misspecification. In Section 4.4, we explore the effects of sample

size, IBD segment lengths, and sweep frequency which are pertinent to real data analysis. In

Section 4.2.2, we conduct extensive simulations to estimate the coverage of our confidence

intervals. Additional simulation studies concerning selection coefficients s ≥ 0.10 (Section

4.5) and comparison to a method that uses time series data (Section B.3) are provided in

Appendix B. We conclude with a discussion on the contribution of our estimation procedure.

4.2 Selection coefficient estimator based on identity-by-descent segments

4.2.1 Point estimation

Three important statistical properties of estimators are unbiasedness, sufficiency, and con-

sistency. Formal definitions of these properties are in Casella and Berger [31]. Let ŝ be an

estimator of the selection coefficient. Unbiasedness means that the expected value of the

estimator ŝ is equal to the true value s. Sufficiency means that the estimator ŝ captures all

the relevant information about s that is available in the data. Consistency means the prob-

ability that the estimator ŝ gets arbitrarily close to s goes to 1 as we collect more data. In

this chapter, we focus on these properties in mathematical exposition and empirical results.

For sample haplotypes a and b, recall that Ya,b := I(Wa,b ≥ w) is the indicator random

variable that their IBD segmentWa,b overlapping a focal location exceeds some Morgan length



53

threshold w (Chapter 3, Section 3.2). The IBD segment indicators {Ya,b} for all haplotype

pairs are identically distributed Bernoulli random variables with probability Ps(Wa,b ≥ w)

and correlations that depend on unobserved coalescent tree and recombination processes.

The notation Ps generalizes our work to selective sweep models around a locus.

Let T be the coalescent time of two specific haplotypes, TAA be the coalescent time of

two specific haplotypes carrying a sweeping allele A, and TBB be the coalescent time of two

specific haplotypes carrying an alternative allele B. The probability mass functions for these

random variables are

Ps(TAA = t) =
t−1∏
τ=1

(
1− 1

Ne(τ)× ps(τ)

)
× 1

Ne(t)× ps(t)
;

Ps(TBB = t) =
t−1∏
τ=1

(
1− 1

Ne(τ)× qs(τ)

)
× 1

Ne(t)× qs(t)
;

P (T = t) = p(0)2 × P (TAA = t) + q(0)2 × P (TBB = t),

(4.4)

where effective sizes Ne(t) can take on a general form, ps(t) is as defined in Section 4.1, and

qs(t) := 1 − ps(t). Conditional on the coalescent time, IBD segment lengths to the right

and left of a sweeping allele are exponentially distributed with rate 2t (Section 2.5.2). To

compute the probability Ps(Wa,b ≥ w) that an IBD segment overlapping a focal location

exceeds w Morgans, we integrate over the IBD segment length Wa,b |T and the coalescent

time T . The empirical tail probability

P̂s(Wa,b ≥ w) := f(n)×
∑
a̸=b

Ya,b = Ȳa̸=b (4.5)

is the number of detected IBD segments divided by the total number of haplotype pairs f(n).

For n haploids, f(n) =
(
n
2

)
; for n diploids, f(n) =

(
2n
2

)
− 2n. The sample mean Ȳa̸=b is an

unbiased estimator of Ps(Wa,b ≥ w), and it maximizes the composite likelihood where IBD

segment indicators are independent. Under certain conditions, maximum likelihood estima-

tors (MLEs) are sufficient and consistent [31]. Maximum composite likelihood estimators

typically give consistent point estimates in statistical genetics [94].
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We propose the selection coefficient estimator ŝ that solves the equation Pŝ(Wa,b ≥ w) =

Ȳa̸=b. Because inverting Ps(Wa,b ≥ w) is analytically intractable, we optimize the expression

ŝ := argmin
s
(Ȳa̸=b − Ps(Wa,b ≥ w)). (4.6)

The estimator is conditional on prior knowledge of the sweep frequency p(0) and effective

population sizes Ne(t). It is also a function of an unbiased estimator that maximizes the

composite likelihood for IBD segment indicators {Ya,b}1.

In implementation, we allow the optimization to be over IBD segment indicators dis-

cretized into bins based on their lengths. In Appendix B, we explore selection coefficient

estimation using the number of detectable IBD segments versus a discretized length dis-

tribution of detectable IBD segments (Section B.1). These additional simulation studies

evaluate if a discretized length distribution improves estimation compared to merely the

number of detectable IBD segments. The number of detectable IBD segments is a simpler

statistic to interpret than the length distribution.

If Ps(Wa,b ≥ w) is monotone in the selection coefficient s, then the inverse function

mapping Ps(Wa,b ≥ w) to s is one-to-one. For general positive-valued Ne(t), we cannot show

that Ps(Wa,b ≥ w) is monotone. However, the probability Ps(Wa,b ≥ w) of IBD segments

being at least w long around a focal point is related to the probability of alleles being IBD,

and Albrechtsen et al. [3] have proven that the probability of IBD alleles is nondecreasing in

s when positive selection acts on an allele. Showing monotonicity is difficult because of the

additive terms in Equation 4.4. Heuristically, it is straightforward to show that the geometric

failure probabilities

1− 1

Ne(t)× ps1(t)
≥ 1− 1

Ne(t)× ps2(t)

for s1 ≤ s2. This inequality leads to the inequality Ps1(T = t) ≤ Ps2(T = t), and then we

argue that more recent coalescent times for haplotypes carrying the sweeping allele leads to

more detected IBD segments. In Figure S15, we verify the monotonicity of Ps(Wa,b ≥ w) in

1If η̂ is an MLE of parameter η, then functions f(η̂) are MLEs of f(η) [31].
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s for some examples of complex demography. Overall, the larger the true selection coefficient

s is, the more detected IBD segments there are expected to be.

4.2.2 Confidence intervals

Confidence intervals, and analogous interval estimators in Bayesian statistics, nonparametric

statistics, and machine learning, quantify the uncertainty of an estimator in a principled way.

Given a significance level α, the ideal property is that (1− α)% interval estimators contain

the true parameter with probability 1 − α. As an example, the interval estimator of the

mean µ from a sample of N(µ, σ) random variables is the average plus or minus the sample

standard deviation times the α/2 quantile of the standard normal distribution.

We propose a parametric bootstrap approach to estimate (1− α)% confidence intervals.

Using Algorithm 1, we simulate detectable IBD segment lengths from a model with selection

coefficient estimate ŝ. For B bootstraps, we use Equation 4.6 to get ŝ1:B := (ŝ1, . . . , ŝB) esti-

mates. Next, we calculate the sample standard deviation σ̂1:B(ŝ) of the selection coefficient

estimates ŝ1:B. Finally, our interval estimator for the selection coefficient is ŝ±zα/2× σ̂1:B(ŝ),

where zα/2 is the standard normal quantile of α/2. In essence, our approach is analogous to

the interval estimator for the mean of a sample of normally distributed random variables.

Under certain regularity conditions, MLEs are asymptotically normally distributed [31],

which is a useful theoretical result in calculating the asymptotic coverage probability. Re-

call in Theorems 3.3.1, 3.3.2, and 3.3.3 that the detectable IBD rate overlapping a focal

point is normally distributed under certain asymptotic conditions. For functions of asymp-

totically normally distributed statistics that satisfy the Delta method conditions2, functions

of these statistics themselves are asymptotically normally distributed [31]. The appeal of

our parametric bootstrap approach is that ŝ is asymptotically normally distributed if the

IBD rate is asymptotically normally distributed for models Ps and the Delta method applies

to the function mapping Ps(Wa,b ≥ w) to s. The Delta method condition that there is a

2The function has a first derivative at the parameter value that is non-zero.
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non-zero first derivative for the function mapping Ps(Wa,b ≥ w) to s appears to hold in the

demographic scenarios explored here (Figure S15). The need for many bootstrap selection

coefficient estimates ŝ1:B is not onerous because of the speed of Algorithm 1 (Figure 2.3).

Bias correction is a common technique used in bootstrap methods [98]. We do not

implement bias correction in our approach because our optimization procedure (Equation

4.6) can be unstable for s close to zero. This instability is due to the probability distribution

of the detectable IBD rate around a locus being similar between the neutral model s = 0.00

and s close to zero, which is reflected in Figure S14.

4.3 Estimation under correct and incorrect model specifications

In simulation study, we assess the empirical properties of our selection coefficient inference.

Over all simulations, we calculate the average selection coefficient estimate, the average width

of ninety-five percent confidence intervals3, and the empirical coverage of ninety-five percent

confidence intervals. The average selection coefficient estimate is a proxy measurement for

unbiasedness, which is not theoretically guaranteed for our estimator (Jensen’s inequality

[31]). Width is the (absolute) difference between the left and right bounds of the confidence

interval. The empirical coverage is the percent of simulations in which the interval estimate

contains the true value4. Empirical coverages close to ninety-five percent give evidence to

the validity of our confidence intervals. Additionally, for fixed coverage, it is desirable to

have smaller confidence interval widths.

For each unique combination of model parameters, we calculate these metrics aggregated

over ten thousand simulations. Default simulation settings are s = 0.030, p(0) = 0.50,

multiplicative selection, and the population bottleneck (BN) demographic model ( Section

2.5.1). The sweep is incomplete and from de novo mutation. The sample size is five thousand

diploids. Unless otherwise specified, selection coefficient estimates are based on IBD segments

greater than 3.0 cM simulated from Algorithm 1.

3By default, confidence intervals are computed from fifty parametric bootstraps

4And it is an estimator of the probability that the interval estimator contains the true value
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4.3.1 Correct model specification

First, we estimate the selection coefficient conditional on the true allele frequency p(0) and

effective population sizes Ne(t). We consider the following choices: s ∈ [0.02, 0.03, 0.04];

p (0) ∈ [0.25, 0.50, 0.75]; and population bottleneck (BN), three phases of exponential growth

(G3), or constant population of twenty-five thousand individuals (C25) demographic scenar-

ios (Section 2.5.1). We specify the perturbed model parameter for each row in Table 4.1.

Table 4.1 shows inference results across a range of scenarios, conditional on correctly

specified p(0) and Ne(t). For the BN demographic model and p (0) = 0.5, average estimates

over ten thousand simulations are roughly equal to the true s ∈ [0.02, 0.03, 0.04]. For

s = 0.03, the estimator is likewise accurate if allele frequency p (0) ∈ [0.25, 0.75] or under

alternative demographic models. Average widths of ninety-five percent confidence intervals

are less than 0.01 for all experiments. Moreover, the ninety-five percent confidence intervals

contain the true selection coefficient roughly ninety-five percent of the time. Overall, in these

simulations, our selection coefficient estimator has empirical behavior that is anticipated of

a maximum likelihood estimator.

4.3.2 Weak model misspecification

Now, we estimate the selection coefficient conditional on model misspecifications: allele

frequency or Ne(t) are different from the simulations, or sweeps come from variants at one,

two, and five percent frequency (abbreviated SV for standing variation). We specify the

true simulated model and the model assumed for estimation for each row in Table S4. As

an example, in the first row of Table S4, we simulate true IBD segments from a sweeping

allele at forty percent in the present day, but we estimate the selection coefficient conditional

on an allele frequency of fifty percent. For misspecified demography, 1.1x and 0.9x denote

uniform scaling of effective population sizes Ne(t). These scalar multipliers represent weak

model misspecification but serve to indicate the non-identifiability of s and Ne (t) around

a single locus (Equation 4.4). (In data analysis, recent effective population sizes should be
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Scenario True s Estimate ¯̂s Width Coverage

s = 0.020 0.0200 0.0202 0.0085 97.7%

s = 0.030 0.0300 0.0300 0.0085 95.2%

s = 0.040 0.0400 0.0401 0.0099 95.1%

p (0) = 0.25 0.0300 0.0300 0.0087 95.3%

p (0) = 0.50 0.0300 0.0300 0.0066 94.9%

p (0) = 0.75 0.0300 0.0300 0.0058 95.2%

Ne(t) = BN 0.0300 0.0300 0.0066 95.3%

Ne(t) = G3 0.0300 0.0300 0.0062 95.0%

Ne(t) = C25 0.0300 0.0300 0.0066 95.8%

Table 4.1: Selection coefficient estimation based on true IBD segments and correct model

specification. Summary statistics are the mean estimate, the average confidence interval

width, and the percentage of confidence intervals containing the true selection coefficient

(coverage). Ninety-five percent confidence intervals are based on fifty bootstraps. Estimation

is conditional on IBD segments longer than 3.0 cM and known allele frequency. Each row

represents the results of 10,000 replicates. Default settings are s = 0.03, p (0) = 0.50, a

population bottleneck demography, the multiplicative genetic model, and an ongoing sweep

from a new beneficial mutation. Demographic scenarios considered are population bottleneck

(BN), three phases of exponential growth (G3), and constant Ne=25000 (C25). The sample

size is five thousand diploids.

inferred using separate methods [19, 110, 53, 80].)

Table S4 shows inference results conditional on the aforementioned model misspecifica-

tions. If the allele frequency used for estimation differs from the true value by 0.10, the

average estimates can be slightly biased. This bias affects the coverage of confidence inter-

vals; nevertheless, the confidence intervals in these simulations retain at least ninety percent

coverage. Effective sizes misspecified by a scalar factor affect bias and coverage similarly.
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For example, to fit IBD counts to a misspecified model with elevated effective sizes, a greater

selection coefficient is required, and vice versa for lower effective sizes. Interestingly, our se-

lection coefficient estimator is robust to hard sweeps from low-frequency standing variation

more than one hundred generations ago. We suspect this result is because IBD segments ≥

3.0 cM mainly come from common ancestors within the last one hundred generations.

4.3.3 Time-varying selection coefficients

The estimator we propose is for a single selection coefficient s. Recent work by Mathieson and

Terhorst [100] and Vaughn and Nielsen [152] provide evidence at human LCT and SLC45A2

loci in favor of a sweep model with time-varying selection coefficients. In our work, time-

varying selection coefficients is a strong model misspecification.

Here we consider the impacts on our selection coefficient estimator in the face of a model

with time-varying selection coefficients. Let s[0,∞) = (s0, s1, s2, . . . , s∞) be a vector of se-

lection coefficients at each coalescent generation. Denote s[τ1,τ2) as the selection coefficient

between generation τ1 to τ2−1 inclusive. Our simulations fall into two types: there is a single

change point in the selection coefficient vector s[0,∞), or there are two selection coefficients

oscillating between time periods. In both simulation types, the present-day sweeping allele

frequency is 0.65, the constant population size is ten thousand diploids, the sample size is

one thousand diploids, and the IBD segment length threshold is 3.0 cM. The sweeping allele

frequency of 0.65 is close to the reported frequencies of the putatively selected allele at LCT

in northern Europeans.

The change point simulation study involves change points twenty-five and fifty generations

ago and selection coefficients of 0.02 and 0.05. Specifically, we have four scenarios: s[0:25) =

0.05 and s[25:∞) = 0.02 (Figure S16A), s[0:50) = 0.05 and s[50:∞) = 0.02 (FigureS16B), s[0:25) =

0.02 and s[25:∞) = 0.05 (Figure S16C), and s[0:50) = 0.02 and s[50:∞) = 0.05 (Figure S16D).

We estimate a single selection coefficient in two hundred parametric bootstraps, and for each

selection coefficient estimate we simulate a WF process back in time. We also simulate two

hundred WF processes using the true time-varying selection coefficients. We plot and discuss
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the median and percentiles of these bootstrap trajectories.

Figure S16 shows the historical allele frequencies of the sweeping allele for inference in

the four scenarios. In the models where s[0:25) = 0.02 or s[0:50) = 0.02, we observe an overall

trend that the inferred historical allele frequencies are less than the true historical allele

frequencies before and slightly after the change point. In the models where s[0:25) = 0.05

or s[0:50) = 0.05, we observe an overall trend that the inferred historical allele frequencies

are greater than the true historical allele frequencies before and slightly after the change

point. In all models, the inferred historical allele frequencies approach the true historical

allele frequencies tens of coalescent generations after the change point.

The selection coefficient estimates are between the two time-varying varying selection

coefficients, but closer to the more recent selection coefficient. In the models where s[0:25) =

0.02 or s[0:50) = 0.02, we estimate a single selection coefficient ŝ that is on average less than

the midpoint 0.035. In the models where s[0:25) = 0.05 or s[0:50) = 0.05, we estimate a single

selection coefficient ŝ that is on average greater than the midpoint 0.035.

The oscillations simulation study involves change points every twenty generations that

switch between selection coefficients of 0.02 and 0.05. Specifically, we use the model s[0,20) =

0.02, s[20,40) = 0.05, s[40,60) = 0.02, s[60,80) = 0.05, and s[80,∞) = 0.02. Estimation and

bootstrapping are the same as in the one change point simulation study. Figure S17A

shows the inferred and true historical allele frequencies for this oscillation model. Overall,

we observe inferred historical allele frequencies less than or greater than the true historical

allele frequencies at the change points when selection coefficients change from 0.02 to 0.05

or from 0.05 to 0.02, respectively.

We also consider a similar oscillation model except the first selection coefficient s[0,20) is

0.05: s[0,20) = 0.05, s[20,40) = 0.02, s[40,60) = 0.05, s[60,80) = 0.02, and s[80,∞) = 0.05. The

histogram in Figure S17B shows the selection coefficient estimates for the two oscillation

models. Overall, we observe selection coefficient estimates less than or greater than the

midpoint 0.035 when the first selection coefficient s[0,20) is 0.02 or 0.05, respectively.

As expected, our IBD-based selection coefficient estimator is informed more by allele
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frequency changes in recent generations as opposed to allele frequency changes in distant

generations. Both the change point and oscillation simulation studies arrive at this finding.

These experiments indicate that our estimates of a single selection coefficient “average”, in

a loose sense, over time-varying selection coefficients, with selection coefficients in the recent

generations assigned more weight than those in the distant generations.

4.4 The effects of important model parameters on estimation

Beyond studying statistical properties like coverage in large-scale simulations, we can use

smaller-scale simulations to explore the effects of sample size, the IBD segment length thresh-

old, and the sweeping allele frequency on selection coefficient estimation.

4.4.1 Simulation setup

In these analyses, we consider individuals sampled from a population of constant effective

size ten thousand diploids. This demographic scenario closely mirrors recent effective popu-

lation sizes inferred for Pongo abelii (Bornean or Sumatran orangutan) [97], Pan troglodytes

(Western chimpanzee) [91], and Canis familiaris (domestic dog) [96] before breed creation

(stdpopsim catalog accessed April 30, 2024) [1, 95].

Unless otherwise specified, our default settings are a sweeping allele frequency p(0) = 0.5,

a detection threshold of 3.0 cM, and a sample size of four hundred diploids. We perturb

these parameters one at a time, holding the other parameters constant. For each unique

combination of model parameters, we conduct two hundred simulations. Analyses of this

scope and with these sample sizes can be performed on a personal laptop in a few minutes

of runtime.

4.4.2 The effect of sample size on estimation

The rate of detectable IBD segments depends on the effective population sizes. With a

constant effective size of ten thousand individuals, we determine an empirical lower bound
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Figure 4.2: The effects of sample size, detection threshold, and allele frequency on selection

coefficient estimation. Box plots show 10th, 25th, 50th, 75th, and 90th percentiles of selection

coefficient estimates for each setting: (A) sample sizes of one, two, four, and eight hundred

diploids, sweeping allele frequency of fifty percent, and 3.0 cM length threshold; (B) 1.0,

2.0, 3.0, and 4.0 cM length thresholds, sample size of four hundred diploids, and sweeping

allele frequency of fifty percent; and (C) sweeping allele frequencies of fifteen, twenty-five,

fifty, sixty-five, and ninety percent, sample size of four hundred diploids, and 3.0 cM length

threshold. Horizontal dotted lines show the true selection coefficients. There are two hundred

simulations for each combination of parameters. The constant population size is Ne =

10, 000.

on sample size that is necessary for reliable estimation of s ≥ 0.02. Figure 4.2A shows

selection coefficient estimates ŝ for s ∈ [0.02, 0.03, 0.04, 0.05]and sample sizes of one, two,

four, and eight hundred diploids. When s = 0.02 and the sample size is one hundred,

more than fifty percent of estimates are non-zero. Across all s values and sample sizes,

the median estimates are within 0.01 of the true selection coefficients and the interquartile

ranges contain them. The differences between median estimates and the actual s values, as

well as the interquartile range of estimates, decrease as sample sizes increase. The trend

that absolute deviations between estimates and the truth decrease as sample size increases

is an empirical behavior expected of a consistent estimator. This in silico analysis can be
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replicated with various demographic scenarios to establish a lower bound on the sample size

that is required for our estimation method. For instance, in additional simulation studies

(Section B.2, Figure S23), we show that estimates of very large selection coefficients s ≥ 0.1

may be accurate in sample sizes as small as fifty.

4.4.3 The effect of IBD segment detection threshold on estimation

Longer IBD segments are more likely to trace back to more recent common ancestors than are

shorter IBD segments, and hence segment lengths can serve to calibrate the time depth of IBD

[149]. Figure 4.2B shows selection coefficient estimates ŝ for s ∈ [0.005, 0.015, 0.025, 0.035]

and length thresholds 1.0, 2.0, 3.0, and 4.0 cM. Using a 1.0 cM threshold, we observe median

estimates that are within 0.001 of the true selection coefficients, even for s as small as 0.005.

We observe that the tenth percentile of estimates is zero for s ≤ 0.025 when using segments

longer than 4.0 cM. This length threshold is too stringent to provide much information

about the recent genetic history. With a threshold of 1.0 or 2.0 cM, the interquartile ranges

of estimates contain s ≥ 0.015, and the tenth percentiles of estimates exclude zero. With

a threshold of 3.0 cM, the median and seventy-fifth percentile of estimates are non-zero

for s = 0.015 and s = 0.005, respectively, but the twenty-fifth percentiles are zero. The

ability to model weaker hard sweeps improves when we use true IBD segments at a lower

detection threshold. This in silico analysis can be replicated in other studies to calibrate

the magnitudes of hard sweeps that our method can infer given reliable detection of IBD

segments greater than some length threshold.

4.4.4 The effect of sweep frequency on estimation

Changes in allele frequency, especially between generations closest to the present day, impact

the number of detectable IBD segments. Figure 4.2C shows estimates ŝ for allele frequencies

p(0) = [0.15, 0.3, 0.5, 0.7, 0.85] and s ∈ [0.02, 0.03, 0.04, 0.05]. Across all s values and allele

frequencies, the median estimates are within 0.005 of the true selection coefficients. When

s ≥ 0.03, the interquartile ranges exclude zero and contain the true selection coefficients.
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The difference between the ninetieth and tenth percentiles is uniformly greatest for the low

sweep frequency p(0) = 0.15. When s = 0.02 and p(0) = 0.15 or p(0) = 0.85, the lower

quartile is zero. We can extrapolate that sweeps where p(0) ≥ 0.85 or p(0) ≤ 0.15 will be

more difficult to model correctly with our IBD-based estimator. These results relate to the

WF processes in Figure 4.1 and S14. Rapid allele frequency changes in the past few hundred

generations are consistent with more IBD segments derived from a recent adaptive haplotype,

which is the signal our estimator is designed for. This in silico analysis can be replicated

in other studies to determine if our method can estimate very new sweeps or sweeps near

fixation. For instance, in additional simulation studies (Section B.2, Figure S24), we show

that estimates of very large selection coefficients s ≥ 0.10 may be accurate in sweeps near

fixation, whereas the simulation study in Figure 4.2 indicates that estimation may limited

for sweeps near fixation when s ≤ 0.03.

4.5 The coverage of confidence intervals

The confidence intervals we provide from the parametric bootstrap are motivated by the

central limit theorems in Chapter 3: we use standard normal quantiles and the sample

standard deviation over bootstrap estimates. However, we know from the simulation study

in Section 3.4.1 that in finite samples the detectable IBD rate may have heavier upper tails

than those of Gaussian distributions. Since our IBD-based selection coefficient estimator

ŝ is a monotone and “smooth” function of the detectable IBD rate, we anticipate that an

analogous finite-sample result holds for ŝ. For example, in a specific simulation setting,

Figure S18 illustrates that our selection coefficient estimator ŝ also resembles a Gaussian

distribution but for a heavier upper tail as the true selection coefficient s increases.

We simulate selection coefficient estimates using Algorithm 1 and Equation 4.6 for true

selection coefficients 0.01 ≤ s ≤ 0.03, p(0) = 0.33, the population bottleneck demographic

scenario, and a sample size of five thousand. We split 37,500 simulations of each parameter

combination into 150 replicates with 250 bootstraps. For each replicate, we use the 250

bootstraps to estimate a sample standard deviation σ̂1:B(ŝ), and calculate lower and upper
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Figure 4.3: Coverage of selection coefficient confidence intervals in exhaustive simulations.

Each point in the scatter plot represents the results of one parameter combination (see main

text). Standard normal (orange) and percentile (blue) confidence intervals are based on 2500

parametric bootstraps. Coverage (y-axis) of true selection coefficients (x-axis) is calculated

over 500 replicate simulations. Dotted horizontal black lines denote 1 − α, where α is the

significance level A) 0.05 or B) 0.10. For visibility, the y-axes have different scales.

confidence interval bounds as s± σ̂1:B(ŝ) ·z0.05. Figure S19 shows on average which percentile

the lower and upper bounds are among all 37,500 simulations. The lower bounds are on

average less than the fifth percentile of the sampling distribution. The upper bounds are

on average less than the ninety-fifth percentile of the sampling distribution. At the same

time, the differences between lower bound and lower percentile and upper bound and upper

percentile are similar, which could protect against under- or over-coverage.

Given this observed skew in the sampling distribution, we test confidence interval coverage

for selection coefficients s = 0.01, 0.02, 0.03 in our simulation studies. We consider two

demographic scenarios (population bottleneck and constant twenty-five thousand samples),

sample sizes of 2500 and 5000, cM length thresholds of 2.0 and 3.0, and sweeping allele

frequencies p(0) = 0.25, 0.50, 0.75. For each replicate of five hundred simulations, we create
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confidence intervals from twenty-five hundred parametric bootstraps. We also compare to

percentile-based confidence intervals (see Manly [98] for a review). Each measurement of

coverage is taken over five hundred replicates.

Scatter plots in Figure 4.3 display the empirical coverage for simulation of the different

parameter settings. The confidence intervals based on standard normal quantiles tend to

over-cover for s ≥ 0.02 and under-cover for s < 0.01. Conversely, the confidence intervals

based on bootstrap percentiles tend to under-cover for s ≥ 0.02 and over-cover for s < 0.01.

One disadvantage of the percentile-based approach is that many bootstraps could be required,

especially for small significance levels. For sample sizes on the order 105, percentile-based

confidence intervals may be less practical to compute. With standard normal confidence

intervals based on fifty bootstraps, we observe coverage estimates close to one minus the

nominal significance level (Section 4.3.1).

4.6 Discussion

The selection coefficient estimator we propose in this chapter is easy to interpret: the more

detectable IBD segments observed, the larger the selection coefficient estimate. Over simu-

lations of many different model combinations here and in Appendix B, we find that mean

selection coefficient estimates are close to the true values 0.01 ≤ s ≤ 0.40. In humans, there

is little evidence of any recent sweep where s > 0.05. However, it could be important to

have a reliable selection coefficient estimator for s ≥ 0.05 when studying other organisms.

We believe our selection coefficient estimator’s ability to estimate s ≥ 0.01 fills a gap in the

current literature (Chapter 5). The main limitation of our approach is that IBD segment

detection must be accurate and that the sample size must be large enough to detect at least

a few hundred long IBD segments.

The main contribution of our approach is to give confidence intervals. Many existing

selection coefficient estimators do not give uncertainty quantification (Chapter 5). We do

not offer specific statistical guarantees for our confidence intervals, except to say that they

tend to have empirical coverage within 0.10 of one minus the nominal significance level.
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Beyond our simulation studies, the fast parametric bootstrap in Section 2.4 can be used to

estimate bias and coverage in virtually any hard and recent selective sweep model.
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Chapter 5

METHODS TO STUDY SELECTION IN GENETIC DATA

5.1 Introduction

When analyzing genetic data, we often do not know the sweeping allele’s location or its

frequency. Initially, a scan is performed to catalog regions where some normalized statistic

deviates from a genome-wide central tendency. Afterward, a litany of different methods have

been developed to identify candidate sweeping alleles and estimate selection coefficients. In

this chapter, we focus on estimating the selection coefficient when the sweeping allele is

unknown among thousands of variants in an 8.0 cM region. We assume that the 8.0 cM

region under selection is identified from a prior scan. (In the subsequent Chapter 6, we

propose a genome-wide scan with a multiple hypothesis testing correction.)

To identify possible sweeping alleles, some early methods are Hudson’s haplotype test

[81] and extended haplotype homozygosity (EHH) [124]. Both these approaches consider

correlations within short genetic sequences: Hudson’s haplotype test evaluates if the prob-

ability that a subset of a sample having fewer than a specified number of polymorphisms

in a region is compatible with neutral simulations [81], and EHH measures the proportion

of shared haplotypes at increasing physical distances [124]. Additional methods derive from

these initial ideas [155, 2, 50, 144, 157, 58]. EHH and many methods derived from it de-

vise statistics based on population genetics, normalize these statistics over the genome, and

catalog regions where these statistics differ from a genome-wide central tendency. Alleles

or haplotypes are deemed to be good candidates for selection based on the magnitude of

deviations from the genome-wide central tendency.

To estimate the selection coefficient, four different paradigms have been considered.

Mathieson and McVean [99] and Mathieson and Terhorst [100] use changes in allele frequency
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over time to estimate a constant selection coefficient or time-varying selection coefficients,

respectively. These methods are limited to studies where allele frequency data is collected

at multiple time points. An approximate Bayesian computation (ABC) framework is to

calculate summary statistics in simulations of varying s and then to choose s based on the

simulations that are close to those in the actual data [116]. The coalescent-based approaches

of Stern et al. [142] and Vaughn and Nielsen [152] optimize the likelihood of an ancestral

tree in terms of s. Their methods require an estimate of the ancestral tree and can thus

be sensitive to the initial task of tree estimation. Some tree inference algorithms apply ad-

hoc rules to handle increasing sample sizes, but these methods do not quantify uncertainty

over the space of possible tree sequences [83, 140, 160]. Alternative approaches express tree

uncertainty by sampling from a Bayesian posterior distribution, but these approaches scale

poorly with increasing biobank sizes [93, 92, 121]. Machine learning approaches train neu-

ral networks on simulated genetic data for known selection coefficients [151, 75, 103, 122].

Predictive accuracy depends on the model architecture and training.

Many of these methods demonstrate reasonable localization or estimation performance

in simulations of hard selective sweeps. One concern in evolutionary biology is that alter-

native mechanisms could explain the patterns of haplotype structure that these methods

leverage. For instance, authors repeatedly suggest that the selection signal at the major his-

tocompatibility complex (MHC) found in many European population studies is an example

of balancing rather than positive selection [56, 112]. Recent work has attempted to classify

different types of selective sweeps using an ABC framework [116], an EHH-based method

[58], or deep learning [84], but it can be difficult to diagnose the important distinguishing

features in this case. Further confounding factors include population structure, assortative

mating, and unaccounted for familial relatedness. These issues can be partially addressed

by preliminary data analysis [5, 119, 118].

In applied work, different combinations of scanning, fine mapping, and estimation meth-

ods, developed by different labs and making different assumptions about the data, may be

combined to analyze positive selection in a sample. A complete and unifying methodology
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that is motivated by statistical and population genetics theory, makes as few assumptions

as possible, and is easily interpretable would broadly contribute to the research community.

We propose a suite of methods to study selective sweeps that are all based on the effects of

strong positive selection s ≥ 0.015 on identity-by-descent (IBD) within a population. Our

methodology addresses four aspects of a selective sweep analysis: 1) scanning for putative

genomic regions under selection, 2) estimating frequencies and locations of sweeping alleles,

3) estimating selection coefficients, and 4) providing some diagnostic checks.

The outline of this chapter is as follows. In Section 5.2, we formally describe our methods

to investigate evidence in genetic data of recent hard selective sweeps. Our method to scan for

putative genomic regions under selection is reserved for Chapter 6. Our selection coefficient

estimator is described in Chapter 4. In Sections 5.3.1 and 5.3.2, we describe our simulation

studies and the methods we compare to, respectively. In Section 5.3.3, we present our results

for estimating sweep frequency and location and the selection coefficient using IBD segments

inferred from genetic data. We conclude with a discussion of our methods relative to existing

methods that estimate selection coefficients.

5.2 A complete analysis workflow for hard and recent sweeps

5.2.1 Overview and motivation

Here we offer a unifying framework for recent and strong selective sweeps that connects

shared haplotypes to the statistical model for recent ancestry in Chapters 2 and 4. Around

a locus, haplotypes carrying and not carrying the sweeping allele bifurcates forward in time

into two subtrees [158, 74]. Backward in time, the subtree with the adaptive allele coalesces

more quickly than expected given genome-wide relatedness. This imbalance is more profound

the greater the selection coefficient. IBD segments overlapping a locus provide information

about the underlying coalescent tree.

Selective sweeps can create extremely high local IBD rates [20, 148] and large clusters of

IBD haplotypes compared to average genome-wide relatedness (Tables S2 and S3). Around
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loci with elevated IBD rates, we infer a haplotype group of excess IBD rate, and then we

calculate scores for alleles based on their frequency difference between the inferred group and

the rest of the sample. These scores serve as the basis for ranking alleles as possible targets

of selection. The location and frequency where alleles have the highest scores we estimate

to be the location and frequency of the sweeping allele. Next, conditional on the estimated

allele frequency and detected IBD segments around the estimated location, we use Equation

4.6 in Chapter 4 to estimate a selection coefficient. Finally, we perform the fast parametric

bootstrap procedure in Chapter 4 to calculate confidence intervals (CIs) for the selection

coefficient. We implement this suite of methods iSWEEP (incomplete Selective sweep With

Extended haplotypes Estimation Procedure) in freely available software1.

5.2.2 Detecting identity-by-descent segments

Our methods use IBD segments inferred from genetic data. We use two existing software

programs to infer IBD segments: hap-ibd [163] and ibd-ends [20]. The accuracy of IBD

segment detection depends on the cM length threshold: longer segments are more reliably in-

ferred. We use different length thresholds in different contexts. We use segments longer than

2.0 cM to scan for selected loci and estimate the selection coefficient, and we use segments

longer than 1.0 cM to infer an outgroup of excess IBD sharing around a locus. Estimating

the selection coefficient is sensitive to inaccuracies in IBD segment detection, whereas deter-

mining a haplotype cluster is an intermediate step in our procedure that tolerates more false

positive segments. We specify algorithm settings for detecting IBD segments ≥ 2.0 and 1.0

cM in Table S5.

5.2.3 Inferring an outgroup with excess identity-by-descent rates

Haplotypes descendant from an adaptive haplotype may belong to large clusters if selection

is recent and strong (Tables S2 and S3). We develop a procedure to infer an outgroup,

1https://github.com/sdtemple/isweep

https://github.com/sdtemple/isweep
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denoted A, with excess IBD sharing compared to the rest of the sample, denoted B. First,

we detect IBD segments with length 1.0 cM or greater that overlap a focal location. Let

haplotypes be nodes and IBD segments be edges in the context of a network graph. Up to

now, this detectable IBD graph formation is the same as the detectable IBD graph formation

in Chapter 3, Section 3.4.2. Because IBD segments longer than 1.0 cM are infrequent in a

population sample, this graph should contain many disconnected haplotype clusters [135].

We also impose the rule that a node in a cluster may only be three edges away from its

highest degree node (the haplotype sharing the greatest number of IBD segments), which is

different from the graphs in Chapter 3, Section 3.4.2. This condition ensures that there are

no bridging edges on the periphery of clusters that would otherwise be disconnected.

Sizes of these haplotype clusters amount to an empirical distribution for IBD cluster

size overlapping a focal location. Recall from Chapter 3, Section 3.4.2 that most haplotype

clusters are trees of small order, even under strong positive selection where the main effect

is the growth of a single mega-cluster. We compute a sample mean and standard deviation

for cluster size. Then, we identify clusters whose size exceeds the mean plus three times

the standard deviation. These inferred clusters â together form the outgroup Â; the rest of

the sample we denote as B̂. We use multiple clusters to construct the outgroup when the

sweeping allele is at frequency p (0) ≤ 0.3. We show in the simulation results (Section 5.3.3)

that there is a single inferred excess IBD cluster in most of our simulations of p (0) > 0.3.

The primary reason for the IBD outgroup algorithm is to determine alleles on a puta-

tively adaptive haplotype. We apply the IBD outgroup algorithm twice in our analysis,

once to pinpoint a focal position of the sweeping allele, and once to estimate the frequency

and location of the sweeping allele. We denote Â1, Â2 and B̂1, B̂2 for the first and second

applications.

5.2.4 Initializing a focal point near the sweeping allele

Genomic regions passing our selection scan encompass many Mb of genetic sequence. The

IBD outgroup algorithm is sensitive to the initial location of IBD detection. We develop
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an intermediate step to focus on smaller regions where the sweeping allele may lie. Vari-

ants hitchhiking on the sweeping allele should segregate at similar frequencies, suppressing

common variation locally about the position of the causal allele. We take a sliding window

approach to localize the signal. Consider Qw =
∑10

k=1 p(k) where is p(k) is the kth smallest

percentile of allele frequencies in the window w 2. Allele frequencies are not derived allele

frequencies, but rather those of the allele more frequent in the inferred group Â1. High Qw

values correspond to windows where common variation is greater than that of a site fre-

quency spectrum at neutrality. The window with the highest Qw is a refined focal location

for further steps in the estimation procedure. We use window sizes and step sizes of 250 kb

and 50 kb, respectively. To address low marker density regions, we do not consider windows

where there is a stretch of 25 kb without SNPs.

We contrast our approach to that of the singleton density score from Field et al. [51].

Their approach computes the physical distance between singleton variants. They note that

the coalescent model with strong positive selection has long terminal branches, which should

result in more de novo mutations close to each other. Singleton density score is based on

rare variants; high Qw is based on common variants being at intermediate to high frequency

in a window. We only use this statistic to refine a location for IBD calling, whereas singleton

density score is applied to genome-wide selection scans.

5.2.5 Estimation of the sweep frequency and location

At the refined location, we apply the IBD outgroup algorithm to infer the Â2 group with

excess IBD sharing. For each variant j within 150 kb of the refined location, we compute

a scaled difference in frequencies. Let pj and pj,Â2
be the present-day allele frequency in

the entire sample and in the inferred outgroup Â2, respectively. The scaled difference in

frequencies is:

zj =
pj,Â2

− pj,B̂2√
pj (1− pj)

(5.1)

2Summation over ten is an arbitrary choice that works well in our simulation studies.
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Except for a constant scalar, these scores represent the two-sample difference in proportions

test statistic3. They are similar to the change in derived allele frequency (∆DAF ) statistic

in Grossman et al. [64]. However, the ∆DAF statistic is based on derived alleles between

populations, whereas we consider a detected outgroup within a single population. We rank

SNPs as candidates for selection (or in strong LD with a sweeping allele) based on the zj

scores.

When the selected allele is not known, we aggregate evidence across variants to estimate

a frequency for the selected allele. We take a sliding window approach in terms of subsets

of two dimensions: physical distance and allele frequency. We consider rectangles of 10%

allele frequency length and 250 kilobase pair (kb) width, and we slide them by increments

of 2.5% allele frequency and 50 kb. For each allele frequency by base pair rectangle, we

average the zj variant scores contained in it. To address sparse marker coverage, we require

that each allele frequency by base pair rectangle includes at least five markers4. The middle

frequency and middle base pair of the rectangle with the highest average zj are our estimates

of the selected allele’s frequency and location. For example, if the subset between 50 – 60%

frequency and 250 to 500 kb has the highest average score, the middle frequency is 55% and

the middle base pair is 375 kb. It is possible to instead aggregate over variant scores from

other methods like iSAFE [2] and iHS (integrated Haplotype Score) [155].

5.2.6 Lack of cluster heterozygosity supports the hard sweep model

Loci that pass our selection scan may not be the result of a selective sweep. Other biological

processes may give rise to excess IBD rates. For instance, under balancing selection, there

could be multiple beneficial haplotypes that each maintain appreciable frequency. In the

recent and strong sweep model, we expect elevated extended haplotype homozygosity. Let

qâ be the proportion of haplotypes in cluster â out of inferred outgroup Â. We propose to

3This observation does not allude to a hypothesis testing framework, as many of the variants in these
selected regions have large zj values.

4This threshold choice should depend on the marker density of the dataset
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use the Gini impurity index:

Gini Impurity Index := 1−
∑
â∈Â

q2â. (5.2)

The expected heterozygosity under Hardy-Weinberg equilibrium, a measurement over allele

frequencies of the genetic diversity in a population, has the same formula as the Gini impurity

index. Here the Gini impurity index of IBD clusters measures the genetic diversity across

clusters of excess IBD rate. It increases with more clusters and/or decreasing size of the

largest cluster. For example, if Â consists of one cluster, the Gini impurity index is 0.00; if

Â consists of two equally sized clusters, the Gini impurity index is 0.50; and, if Â consists of

three equally sized clusters, the Gini impurity index is 0.67.

5.2.7 An automated analysis pipeline

The analysis is performed via an automated bioinformatics pipeline [89]. The inputs are

phased variant call format files (VCFs) and a pedigree-based recombination map. Samples

are assumed to come from a panmictic population and to be unrelated. The procedure is as

follows:

1. Detect IBD segments ≥ 2.0 cM along the genome.

2. Scan for loci with excess IBD rates (Chapter 6).

3. Around loci of excess IBD rate,

(a) Infer outgroup Â1 and the rest of the sample B̂1 at the location of the maximum

IBD rate.

(b) Calculate Qw for sliding windows of size 250 kb and step 50 kb using Â1,B̂1. These

windows span all positions at which the IBD rate exceeds some multiple testing

adjusted threshold.

(c) Infer outgroup Â2 and the rest of the sample B̂2 at the location argmaxwQw.
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(d) Compute Gini impurity index given Â2 and B̂2.

(e) Compute zj for markers j based on Â2 and B̂2. These scores are calculated for

each SNP within 150 kb of the refined location argmaxw Qw.

4. Estimate the current frequency and location of the sweeping allele.

5. Estimate the selection coefficient conditional on the estimated allele frequency and

location (Chapter 4).

6. Make confidence intervals via the parametric bootstrap (Chapter 2, Algorithm 1).

Our iSWEEP software automates this analysis pipeline and includes a Python package for

statistical inference of the selection coefficient.

5.3 Simulation studies

5.3.1 Simulation setup

We investigate the performance of our methods to identify selected alleles, estimate the

frequency and location of an unknown sweeping allele, and infer its selection coefficient. We

use SLiM [71, 72] to model the evolution of an adaptive allele and output a tree sequence.

Then, we use msprime [9] to place neutral mutations on the tree sequence.

Our default settings for the simulation of sequence data are as follows. Analyses are

based on five thousand diploid individuals sampled from the present-day population. We

consider constant mutation and recombination rates of 1e-8, gene conversion rate 2e-8, and

mean gene conversion tract length of three hundred base pairs, which are identical to the

simulation settings in Cai et al. [26]. We introduce genotyping errors at a rate of 0.02%,

which is identical to the simulation setting in Browning and Browning [20]. We use the

true haplotype phase for IBD segment detection. We use the true effective sizes in each

demographic model to estimate the selection coefficient. The demographic scenarios we study
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are population bottleneck (BN), three phases of exponential growth (G3), and constant size

twenty-five thousand (C25), described in Section 2.5.1 and Figure 2.2

To simulate a selective sweep, we place a sweep mutation at the center of an 8 cM

genomic region. We introduce this de novo mutation at times ranging from two hundred to

five hundred generations ago. We focus on partial sweeps, so we re-run simulations if the de

novo mutation is not segregating at a present-day allele frequency between ten and ninety

percent.

For simulation studies with the BN demographic model, we study selection coefficients

s ∈ [0.015, 0.02, 0.025, 0.03, 0.035, 0.04]. We perform enough simulations to generate more

than fifty observations for each combination of selection coefficient and allele frequency bin

in [0.1− 0.3, 0.3− 0.5, 0.5− 0.7, 0.7− 0.9]. Next, we randomly downsample to fifty simulated

datasets for each combination of selection coefficient and allele frequency bin. To explore

the effect of sample size, we randomly select one thousand and twenty-five hundred samples

from these datasets of five thousand individuals.

For simulation studies on the different BN, G3, and C25 demographic models, we set

s = 0.03 and introduce de novo mutations 250 and 300 generations ago. We simulate data

one hundred times for each pair of selection coefficient and mutation time. Our simulated

data has at least twenty observations for each combination of demographic model and allele

frequency bin.

Cryptic population structure contributes to linkage disequilibrium (LD) and can thus

confound selective sweep signals. We consider a setting of two equally sized subpopulations

with continuous random mixing at migration rates forty, ten, and one percent that began five

hundred generations ago. The effective population sizes follow the BN demographic model.

We also examine the robustness of our method to different mutation, recombination,

and gene conversion rates. For these studies, we simulate sixty replicates for five thousand

samples in the BN demographic model. In evaluating how our methods handle different

mutation and recombination rates, we vary them between 1e-8 and 2e-8 with fixed gene

conversion rate 2e-8 and s = 0.03. The ARG-based method we compare to in Section 5.3.3
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can be sensitive to mutation and recombination rates [152]. In evaluating how our methods

handle gene conversion, which can disrupt IBD segments, we vary gene conversion rates

between zero and 2e-8 with 0.015 ≤ s ≤ 0.035 and fixed mutation and recombination rates

equal to 1e-8.

5.3.2 Comparing against other methods

Approaches to estimate the frequency and location of a sweep

Our method to estimate sweep frequency and location uses scores that are designed to identify

plausible sweep variants. Numerous methods exist to score and rank plausible sweep variants.

We compare our estimator using scores from either iSWEEP or the EHH-based method iSAFE

[2]. The iSAFE score is a scaled difference between two haplotype-based estimators of derived

allele frequency, where the estimators skew in different directions in cases of strong positive

selection. Akbari et al. [2] show that iSAFE scores are better able to identify true sweeping

alleles than three alternative methods, including iHS [155].

The input to iSAFE is phased genetic data 1.2 Mb to the left and right of the sweeping

allele. The input to iSWEEP is genetic data for the entire 8.0 cM region. Default settings

are used for both methods. The data input and algorithm settings for each method are

summarized in Table S6.

We evaluate the iSWEEP and iSAFE -based estimates in terms of the absolute deviations

between their frequency and location estimates and the true frequency and location of the

sweeping allele, respectively. The accuracy of these estimates depends on highly scored

variants being close in frequency and location to the selected allele. We also compare the

iSWEEP and iSAFE ranks for the true variant, where one is the best possible rank estimate.

Identifying the sweeping allele is the primary goal of the iSAFE method whereas we aim to

estimate allele frequency and location for the purpose of selection coefficient estimation.



79

Approaches to estimate selection coefficients

Few methods exist to estimate selection coefficients with modern sequences only. We compare

the methods CLUES2 [152] and ImaGene [151] against our selection coefficient estimator.

CLUES2 finds a selection coefficient that optimizes a likelihood for the ancestral recombination

graph (ARG). (The likelihood calculation of the original CLUES [142] method and CLUES2 are

nearly identical, but CLUES2 implements an approximation that decreases runtime [152].)

ImaGene [151] trains a convolutional neural network on simulated data, where inputs are

genotype matrices and the response variable is the selection coefficient. To apply these

methods, we downsample to five hundred of the five thousand simulated diploids due to

limitations in computer memory and runtime. The data input and algorithm settings for

each method to estimate selection coefficients are summarized in Table S6.

CLUES2 uses importance sampling from a distribution on ARGs. To sample the posterior

distribution of ARGs, we run Relate [140] with a buffer of 100 kb to the left and right of the

selected allele and the true population effective sizes discretized every ten generations. We

generate ten thousand MCMC samples for the branch lengths. We choose these parameters

to provide as much data to CLUES2 as possible while keeping compute times within two days

for each replicate. We run CLUES2 using the exact allele frequency and position of the sweep

mutation, six hundred allele frequency bins, and otherwise default parameters.

To train ImaGene models, we generate 200 kb of sequence data for each observation,

maintaining consistency with the biological parameters and BN demographic scenario used

in the simulation study. We use the msms software to simulate large amounts of training data

because it is faster and consumes less memory than SLiM for our examples [45]. The response

variables to learn are selection coefficients discretized every 0.005 between 0.00 and 0.05.

More precise selection coefficient estimates may be possible with finer scale discretization.

At each training epoch, we split one hundred thousand newly generated datasets into 80%

training and 20% validation datasets. In total, we simulate two million replicates uniformly

proportioned among the different selection coefficients.
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By treating the selection coefficient as either a continuous or categorical response variable,

we train two ImaGene neural network models. The continuous response models use the same

settings as in the ImaGene tutorial repository. The categorical response model uses the same

settings as in the ImaGene paper [151]. We use sampling from the predicted probabilities

for each category to compute posterior means and high posterior density intervals as in the

ImaGene paper [151].

Fitting each neural network model takes more than six days of wall clock time using a

24-core computing node. The time to train the ImaGene model may be quicker if run on

graphics processing units. After the models are fit, the prediction of selection coefficients

takes seconds. We do not explore other demographic scenarios because we would have to fit

a new ImaGene model each time.

5.3.3 Results

Estimating the sweep frequency and location

In simulated sequence data, we compare the use of iSWEEP versus iSAFE scores as inputs

to our sweep frequency and location inference. For varying present-day sweep frequencies,

Figure 5.1 conveys the absolute deviations between frequency and location estimates relative

to the true values. Except for estimating sweep frequencies p (0) ≤ 0.3, our inference of

sweep frequency and location is uniformly better with iSAFE scores instead of iSWEEP scores.

However, iSWEEP has practical advantages that we list later in this section. The ninetieth

percentiles of iSWEEP-based frequency estimates are always within twenty percent, whereas

the ninetieth percentile of iSAFE-based frequency estimates has an absolute deviation of

more than forty percent when p (0) ≤ 0.3. The median frequency and location estimates are

within 10% and 100 kb of the true values, respectively, using either iSWEEP or iSAFE scores.

Figure S32 shows that the median frequency and location estimates are also within 10% and

100 kb of the true values, respectively, for selection coefficients 0.015 ≤ s ≤ 0.04. For these

selection coefficients, the use of iSAFE instead of iSWEEP has smaller absolute deviations.
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Figure 5.1: Estimating the frequency and location of the sweeping allele for varying allele

frequencies. Comparing our estimator of the sweeping allele frequency and base pair location

using iSWEEP versus iSAFE variant scores in terms of: (A) the absolute deviation between

estimates and the true sweeping allele frequency, and (B) the absolute deviation between

estimates and the true sweeping allele location. Box plots show 10th, 25th, 50th, 75th,

and 90th percentile of estimates for each allele frequency bin. There are three hundred

simulations of sequence data for each allele frequency bin. The sample size is five thousand

diploids. Population bottleneck (BN) is the demographic scenario. Mutation, recombination,

and gene conversion rates are 1e-8, 1e-8, and 2e-8.

Figure S33 breaks down the results in terms of the selection coefficient and the allele

frequency bin. The pathological performance of iSAFE-based scores when p (0) ≤ 0.3 occurs

only when s ≤ 0.02. The authors of iSAFE report that their method is worse at ranking

putative sweep alleles when p (0) < 0.3 as opposed to p (0) > 0.3 [2]. Regardless of the

selection coefficient, the absolute deviations in frequency when using iSWEEP scores increase

as p (0) increases. Our observations suggest that iSWEEP and iSAFE may complement each

other as methods more appropriate for identifying a sweeping allele, and those correlated

with it, at low and high frequencies, respectively.
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Figures S34 and S35 contrast iSWEEP and iSAFE in terms of their rank estimates of the

true sweeping allele. The trends in rank estimation performance exactly coincide with our

results for sweep frequency and location estimation, indicating that iSAFE is generally better

at identifying the sweeping allele and those correlated with it in our simulation study of high

marker density data. Figure S36 shows that iSWEEP almost always ranks the true sweeping

allele lowest when IBD is called at the true location of the sweeping allele. The main challenge

that iSWEEP faces is thus determining a focal location for calling IBD segments.

There are some practical advantages to using iSWEEP scores over iSAFE scores. Table S6

reports that iSWEEP runs six times faster than iSAFE on one CPU and that iSWEEP can be

run in parallel. Additionally, the iSWEEP scores are easy to interpret as scaled differences

in proportions. The iSWEEP scores are applied to the allele that is more frequent in the

inferred excess IBD outgroup (relative to the rest of the sample), whereas iSAFE assumes

that an a priori derived allele is the favored allele (Table S6). The inference of an excess

IBD outgroup may be useful in other pursuits; for example, we propose a Gini impurity

diagnostic that measures a lack of heterozygosity in the excess IBD outgroup. Finally, we

observe that iSAFE often does not give scores to more than ninety percent of SNPs, which

may limit our inference of sweep frequency and location in lower marker density data.

We also explore the performance of iSWEEP scores in cases of smaller sample sizes, dif-

ferent demographic models, and cryptic population structure. Figure S37 demonstrates that

iSWEEP’s estimation of the sweep frequency, location, and rank improves rapidly with in-

creasing sample size. In simulations of one thousand diploids from the BN demographic

model, there are often less than a few hundred IBD segments longer than 1.0 cM. We cau-

tion that the use of iSWEEP scores can lead to inaccurate frequency and location estimates in

this case; meanwhile, iSAFE has been applied to much smaller sample sizes [2]. For the G3

and C25 demographic models, Figure S38 exhibits the same trend of decreasing estimation

performance as the sweep frequency increases, but performance is marginally worse relative

to the BN simulations. Figure S39 conveys that low continuous mixing rates between two

cryptic subpopulations can seriously negatively impact the iSWEEP-based sweep frequency
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and rank estimation.

Figure S40 shows similar summary statistics for zero versus 2e-8 gene conversion rates.

This result may indicate that the ibd-ends tool properly addresses small gene conversion

tracts in sequence data. Likewise, we find indistinguishable results in Figure S41 in different

combinations of mutation and recombination rates. Accurate detection of long IBD segments,

regardless of changes to these biological rates, may explain these robust results.

Lack of heterozygosity across inferred excess identity-by-descent clusters

Figure S42 reports Gini impurity indices calculated over inferred clusters of excess IBD rate.

We observe that the Gini impurity index is less than 0.60 and equal to zero in ninety-seven

and eighty-nine percent of the BN simulations, respectively. Figure S43 shows that the

majority of our simulations where the Gini impurity index exceeds 0.6 are when s ≤ 0.02

and p (0) ≤ 0.3. Moreover, the ninetieth percentiles of Gini impurity indices are zero for

all simulations where p (0) ≥ 0.3. This finding indicates that Gini impurity indices less than

0.6, and especially equal to zero, may be sufficient but not necessary evidence to support the

recent and strong hard sweep model at intermediate to high frequency.

Estimating selection coefficients

Given an allele frequency estimate and accurate IBD detection around an inferred location,

we expect inference of ŝ to be in line with those of our idealized coalescent-based simulation

study. For the population bottleneck simulation study, Table 5.1 presents average selection

coefficient estimates, mean absolute deviations between estimates and the true selection

coefficients, the average widths of ninety-five percent confidence intervals, and the coverages

of ninety-five percent confidence intervals. We observe empirical coverages of at least seventy-

five percent for all selection coefficients and nearly ninety-five percent when s > 0.02. We

measure average confidence interval widths of less than or equal to 0.01 when s ≥ 0.02.

The mean selection coefficient estimates are within 0.003 in all cases. For s ≤ 0.025, the
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True s Estimate ¯̂s MAD Width Coverage

0.040 0.0392 0.0023 0.0106 90.9%

0.035 0.0347 0.0020 0.0090 92.5%

0.030 0.0302 0.0015 0.0078 95.0%

0.025 0.0263 0.0018 0.0077 95.0%

0.020 0.0224 0.0028 0.0104 84.8%

0.015 0.0184 0.0044 0.0142 74.1%

Table 5.1: Selection coefficient estimates based on IBD segments inferred from sequence

data. For each row, the average of estimates ŝ, mean absolute deviation (MAD) between

estimates and the truth, average confidence interval width, and confidence interval coverage

are aggregated over two hundred simulations of sequence data. Estimation is conditional on

IBD segments longer than 3.0 cM and inferred frequency and location of the sweeping allele.

Ninety-five percent confidence intervals are based on one hundred bootstraps. The sample

size is five thousand diploids. Population bottleneck (BN) is the demographic scenario.

Mutation, recombination, and gene conversion rates are 1e-8, 1e-8, and 2e-8.

estimation bias is greater the lower the selection coefficient. IBD rates can be similar between

neutral evolution and sweeps when s ≤ 0.02.

Table S7 and Figure S44 show selection coefficient estimates conditional on the true

frequency and location of the sweeping allele. We do not observe a discernible difference in

estimation results when the frequency and location of the sweeping allele are inferred. Figure

S45 reports selection coefficient estimates using detected versus true IBD segments longer

than 3.0 cM. (The true IBD segments are derived from the tree sequence using tskibd [65].)

We do not observe a discernible difference in estimation results when the IBD segments longer

than 3.0 cM are inferred. Figure S46 shows the difference between estimates and the true

selection coefficient split into allele frequency bins. We do not observe a discernible effect

from the sweeping allele frequency in this simulation study. This observation differs from
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Figure 4.2C in which low and high-frequency sweeps are shown to have poorer estimation

than intermediate-frequency sweeps in a small sample.

We contrast our estimation procedure with the deep learning method ImaGene [151]

and the tree inference method CLUES2 [152]. Box plots in Figure 5.2 report percentiles of

estimates for varying selection coefficients and strip plots in Figure S47 show the individual

estimates. The interquartile range of iSWEEP estimates contain the true selection coefficient

for s ≥ 0.025. The tenth and ninetieth percentiles of iSWEEP estimates contain the true

selection coefficient for s ≥ 0.015; the interquartile range of our estimates contain the true

selection coefficient for s ≥ 0.025.

Selection coefficient estimates from ImaGene are consistently inflated. Figure S48 repli-

cates this finding regardless of the two model fitting procedures explored here. Figure

S47 shows that the distributions of predicted values are similar for 0.015 ≤ s ≤ 0.02 and

0.025 ≤ s ≤ 0.035 simulations, respectively. From the fitted ImaGene categorical response

model, we compute high posterior density intervals for s ≥ 0.02 that are more than 200%

wider than the corresponding iSWEEP confidence intervals (Table S8).

Selection coefficient estimates from CLUES2 do not increase when we increase the true

selection coefficient. In fact, estimates from CLUES2 are around or below 0.01 for most

simulations. CLUES2 estimates negative selection coefficients or s = 0.0192 with an infinite

negative log p-value in thirty-four and nineteen percent of our simulations, respectively. The

authors of CLUES and CLUES2 acknowledge that their method is limited to s ≤ 0.01, and

they only test performance on simulations where s ≤ 0.01 [142, 152]. An analysis of CLUES

from separate authors observes results like ours for 0.01 ≤ s ≤ 0.02. On the other hand,

they report that CLUES can be accurate in this range when given the true simulated tree

[75]. Knowing the true coalescent tree is unrealistic for any analysis. One explanation for

the results we observe for CLUES2 is that inferring the high-dimensional ARG is extremely

difficult [73], which we do using the Relate [140] method. Vaughn and Nielsen [152] show

that using ancient DNA in the true ARG can improve CLUES2 inference. Overall, we suggest

our method as suited for recent strong positive selection s ≥ 0.015 sweeps whereas current
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Figure 5.2: Estimating selection coefficients from simulated sequence data. Box plots show

the 10th, 25th, 50th, 75th, and 90th percentiles of estimates from iSWEEP, CLUES2, and

ImaGene over two hundred simulations of each selection coefficient. Horizontal dotted brown

lines correspond to the true selection coefficient. The sample size is five thousand diploids for

iSWEEP. Due to memory and runtime limitations, the sample size is five hundred diploids for

CLUES2 and ImaGene. Population bottleneck (BN) is the demographic scenario. Mutation,

recombination, and gene conversion rates are 1e-8, 1e-8, and 2e-8.

alternatives may address weak selection s < 0.015 sweeps [142, 151, 75, 152].

Figure S37 suggests that the accuracy of our selection coefficient estimator can carry

over to examples of smaller sample size in the BN demographic scenario. We observe median

estimates within 0.005 of the true selection coefficients for s ≥ 0.015 and sample sizes greater

than one thousand diploids. The interquartile ranges of estimates contain the true selection

coefficients for s ≥ 0.015 and for sample size greater than or equal to twenty-five hundred

diploids. We cannot reliably distinguish between s = 0 and s ≤ 0.02 for a sample size
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of one thousand diploids in the BN demographic scenario. There are generally fewer than

fifty inferred IBD segments longer than 3.0 cM in this case. While Figure 4.2B indicates

that smaller selection coefficients can be estimated with smaller detection thresholds, Figure

S49 demonstrates that inaccuracies in IBD segment detection for lengths < 3.0 cM can bias

selection coefficient estimation. Using hap-ibd and ibd-ends and our choice of algorithm

settings, fewer IBD segments longer than 3.0 cM are inferred than the truth, deflating our

estimates.

For the different demographic scenarios and s = 0.03, Table S9 presents average selection

coefficient estimates, mean absolute deviations between estimates and the true selection co-

efficients, the average widths of ninety-five percent confidence intervals, and the coverages of

ninety-five percent confidence intervals. The mean selection coefficient estimates are within

0.002 in all demographic models. We observe empirical coverages of at least seventy-five

percent for all demographic models and nearly ninety-five percent in the BN and C25 sim-

ulations. We measure an average confidence interval width greater than 0.01 in the C25

simulations, which is more than 0.005 wider than in the other demographic models. This

finding may be due to increased variance in the coalescent process when Ne (t) is smaller in

the most recent generations. Finally, the accuracy of our selection coefficient estimator car-

ries over to cryptic population substructure (Table S9) and varying mutation, recombination,

and gene conversion rates as well (Figures S41 and S40).

5.4 Discussion

Our IBD-based approach to model recent and hard selective sweeps s ≥ 0.015 pinpoints

selection signals to a resolution of 250 kb, estimates frequencies and locations of unknown

sweeping alleles within 10%, and infers selection coefficients within 0.005 of the true value

in most of our simulations of sequence data. We also suggest the Gini impurity index as a

diagnostic check when a lack of heterozygosity in IBD clusters is suggestive of a hard sweep.

We say that our methods are suitable for s ≥ 0.015 selective sweeps because our estimates

become increasingly inflated as the selection coefficient decreases past this lower bound.
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These hard sweeps may not pass our genome-wide selection scan (Chapter 6). Moreover,

Riley et al. [122] show that a neural network they trained can seldom discriminate between

s ≥ 0.01 and s = 0.00. When s ≥ 0.015, we find our selection coefficient estimates to be

favorable to those of an ARG-based method and a deep learning-based method.

Methods to estimate selection coefficients should quantify uncertainty, especially when

the true selection coefficients are less than 0.01. Ideally, ninety-five percent confidence,

credible, or high posterior density intervals should be demonstrated to contain true selection

coefficients in ninety-five percent of simulations. The confidence interval coverages we observe

in simulations of sequence data are reasonable for s ≥ 0.015, even when the sweeping allele

is unknown and IBD segments are inferred. We also contrast the widths of high posterior

density intervals from a deep learning method to be at least 150% larger than the widths of

our confidence intervals. Point estimates for an ARG-based method and two deep learning-

based methods have been observed to include zero when s ≤ 0.01 [142, 75]. Given the

potential harms of research on natural selection being misappropriated or misinterpreted

[78], we believe that it is crucial to quantify uncertainty when modeling a hard sweep.

All of our results are obtained from automated bioinformatics pipelines that run the

statistical methods presented here5. Algorithm settings can be specified in a configuration

file to reproduce our results. The most computationally intensive aspects of our methods

involve the use of efficient hap-ibd and ibd-ends algorithms to infer IBD segments [20, 163].

We benchmark that our methods to estimate selection coefficients run in minutes versus an

ARG-based method that takes hours to days and a deep learning method that could take

weeks of training time.

The input data to our methods is high-coverage whole genome sequences from the cur-

rent generation as opposed to other methods based on ancient or archaic DNA. Increasing

sequencing to a few hundred samples may render our approach feasible for the statistical

analysis of positive selection in non-human populations with recent effective sizes on the or-

5https://github.com/sdtemple/isweep

https://github.com/sdtemple/isweep
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der of ten thousand or less (Chapter 4). One current example of such a non-human dataset

concerns Plasmodium falciparum parasites which have developed resistance to antimalarial

drugs [65]. Technical limitations remain in applying our methods to non-humans, especially

obtaining accurate assemblies, genotype calls, recombination maps, and haplotype phasing.

Depending on the dataset, another IBD segment detection method may be more suitable

for that aspect of our analysis workflow [54, 65, 105, 104, 134]. Once genomic regions puta-

tively under selection are identified, our methods facilitate modeling selective sweeps without

knowing the phenotype being selected for nor requiring that the sweeping allele is genotyped.
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Chapter 6

SCANNING FOR EXCESS IDENTITY-BY-DESCENT RATES

6.1 Introduction

Before modeling a hard sweep with estimates of the allele frequency and selection coefficient,

we scan the genome for regions in which there is significant evidence to reject the no selection

null model. The scanning statistic may be designed to capture different alternative hypothe-

ses that deviate from the neutral theory of Kimura [86]. To scan for targets of recent positive

selection, standard methods study either decay patterns of extended haplotypes [124, 155],

excess recent shared ancestry [20, 3, 104, 111], differences between linkage disequilibrium

(LD) and pedigree-based maps [108], changes to the site frequency spectrum [145, 46], hap-

lotype differences between ancestrally diverged populations [117, 125, 144], allele frequencies

in ancient DNA samples [101], or excess ancestry proportions in admixed samples [127].

Many of the cited methods offer p-values without determining the multiple testing burden

[111, 51, 140] or explicitly state that their scanning statistic is not a formal hypothesis test

[20, 155].

We give the opinion that an alternative hypothesis of strong adaptive evolution warrants

a formal hypothesis testing framework with multiple testing adjustments. Two main ap-

proaches to develop multiple testing adjustments are to control the family-wise error rate

(FWER) or the false discovery rate (FDR). FWER is the probability of rejecting the null

hypothesis one or more times when the null hypothesis is true (see Sidak [136] for an exam-

ple). FDR is the expected proportion of rejected null hypotheses when the null hypothesis is

true (see Benjamini and Hochberg [11] and Holm [79] for examples). In this work, we derive

a multiple testing correction designed to control FWER.

The Bonferroni correction controls FWER under the null model, but it can be very
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conservative in genetics when the scanning statistics are correlated. Palamara et al. [111]

use the Bonferroni correction when evaluating significance for their scanning statistic at

user-defined cM spacings. A related example in genetic studies is using a p-value threshold

of 5e-8. This significance level is based on the 0.05 family-wise significance level with the

Bonferroni correction and an assessment of the number of effective hypothesis tests in human

genotype array data from the early 2000s [35]. Field et al. [51] and Speidel et al. [140] use

this p-value threshold even though their data is far denser than human genotype array data

in the early 2000s.

Permutation or simulation-based approaches can control FWER under valid permutation

or simulation frameworks, but these procedures can be computationally intensive and difficult

to design [21, 62, 63, 37, 131, 137]. Some of these simulation-based approaches were applied

to sample sizes less than a few thousand [21, 131], or they leveraged the fact that Wald and

score statistics from linear models are asymptotically normally distributed [37, 63].

Another approach is to determine the threshold such that the probability of the first

hitting time in a stochastic process is equal to the nominal significance level. In an IBD

mapping study, Browning and Thompson [21] approximate transitions between IBD and

non-IBD states as a Markov process and then derive a genome-wide significance threshold

with this approach. In an admixture mapping study, Grinde et al. [63] approximate their

Wald test statistics as an Ornstein-Uhlenbeck process and then calculate the genome-wide

significance level with this approach.

Here we determine an approximate significance threshold with a rigorously supported

multiple testing correction for the genome-wide scan for excess (detectable) identity-by-

descent rates in Browning and Browning [20] and Temple et al. [148]. Similar to Grinde

et al. [63], we treat our genome-wide scan for excess IBD rates as an Ornstein-Uhlenbeck

process, and we use the analytical approximation proposed in Siegmund and Yakir [137].

We calculate the threshold such that the approximate probability that the maximum IBD

rate exceeds it is equal to a family-wise significance level. The Ornstein-Uhlenbeck process

is normally distributed at every point, spatially homogeneous, and Markov. The assumption
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of normality at every point is supported by our central limit theorems in Chapter 3. Spatial

homogeneity is an assumption consistent with neutral evolution. The IBD rate along the

chromosome is not a Markov process1, but assuming the Markov property has been useful

in prior works [21, 47].

The outline of this chapter is as follows. In Section 6.2, we review the detectable IBD-

based selection scan, and we derive an approximate multiple testing correction. After IBD

segment detection, this method is the first method in our analysis workflow (Chapter 5, Sec-

tion 5.2). In Section 6.3, we conduct empirical studies to evaluate FWER control in neutral

simulations and statistical power in simulations of strong positive selection. In Appendix

A.3, we provide an interpretation of our multiple testing correction in terms of the effective

number of hypothesis tests. In Chapter 7, we use our multiple testing correction to reanalyze

the European ancestry selection scan in Temple et al. [148] as well as to study selection in

non-European ancestry populations. To conclude, we discuss our scanning statistic in the

context of other methods, and we suggest directions for future work.

6.2 Multiple testing in IBD-based selection scans

Let Ya,b(m) be the indicator that the IBD segment between haplotypes a and b is de-

tectable and overlapping the mth focal position. The IBD rate at the mth locus is Ȳm =

f(n)−1
∑

(a,b) Ya,b(m), where f(n) = 2n(2n− 1)/2− 2n in diploids and
(
n
2

)
in haploids. The

hypothesis test we consider is

H0 : E[Ȳm] = µ0 (6.1)

H1 : E[Ȳm] > µ0 (6.2)

where µ0 is a genome-wide mean IBD rate around a locus. This null model is consistent with

no positive selection. The alternative model is consistent with positive selection or other

1As a counterexample, consider two haplotypes a and b with three IBD segment indicators
Ya,b(m1), Ya,b(m2), Ya,b(m3) at the mth

1 , mth
2 , and mth

3 positions. For constant population size N , we
can calculate P (Ya,b(m3)|Ya,b(m2), Ya,b(m1)) and P (Ya,b(m3)|Ya,b(m2)) for {0, 1}3. These probabilities
are not equal. Their calculations for any choice of m1,m2, and m3 are left as an exercise.
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evolutionary mechanisms.

Under certain asymptotic conditions, the IBD rate around the mth locus is normally

distributed (Theorems 3.3.1, 3.3.2, and 3.3.3). Let µ̂1:M and σ̂1:M be the sample mean and

sample standard deviation of M IBD rates along the genome:

µ̂1:M := M−1

M∑
m=1

Ȳm; (6.3)

σ̂1:M :=

√√√√(M − 1)−1

M∑
m=1

(Ȳm − µ̂1:M)2. (6.4)

Browning and Browning [20] and Temple et al. [148] (our initial work) suggest a heuristic

significance threshold of µ̂1:M +4× σ̂1:M
2. Under the standard normal model, this threshold

corresponds to a significance level of 1− Φ(4) = 3.17× 10−5.

6.2.1 Two possible multiple testing corrections

We assume that the IBD rates along the genome follow an asymptotically standardized

Ornstein-Uhlenbeck process

{Z̃}1:M := ({Ȳ}1:M − µ̂1:M)/σ̂1:M . (6.5)

Each Z̃m is a standard normal random variable with mean zero under the null model. The

distance between consecutive focal positions mi+1 and mi is set to be constant ∆. The

covariance between standardized IBD rates Z̃m1 and Z̃m2 at different loci depends on the

genetic distance between the loci and an exponential decay parameter θ.

Cov(Z̃m1 , Z̃m2) = exp(−θ ·∆). (6.6)

The exponential decay parameter θ is not known for the IBD rate process but must be

estimated, whereas θ is the time of admixture in Grinde et al. [63], which can be estimated

or assumed from prior knowledge.

2Technically speaking, they use the genome-wide median, not the mean, which can be more robust to
outlier effects. If the IBD rate around a locus is normally distributed, the true mean and median are the
same.
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Analytical approximation

To control FWER, we must determine a threshold z such that P (maxm Z̃m ≥ z) = α, where

α is the nominal significance level. Let L be the total length of the genome, C be the number

of chromosomes, and Φ and ϕ be the cumulative distribution and density functions of the

standard normal random variable. The Siegmund and Yakir [137] analytical approximation

is

P ( max
1≤m≤M

Z̃m ≥ z) ≈ 1− exp(−C[1− Φ(z)]− θ · L · z · ϕ(z) · ν(z{2θ∆}1/2)), (6.7)

where ν(·) is defined in Siegmund and Yakir [137] to address a discretized stochastic process.

When ∆ → 0 (the continuous process), ν(0) = 1. The approximate multiple testing threshold

is z such that the right-hand term in Equation 6.7 is equal to the nominal significance level.

We provide an interpretation in Appendix A.3 where exp(−C[1 − Φ(z)]) is related to an

infinite number of independent tests and exp(−θ · L · z · ϕ(z) · ν(z{2θ∆}1/2)) corrects for

correlation in the stochastic process.

Simulation-based approach

Another way to control FWER is to simulate the Ornstein-Uhlenbeck process for known

or estimated θ. Let J be the number of simulations and M := ⌊L ÷ ∆⌋. The simulation

approach goes as follows.

1. Let z1:J be an empty vector.

2. For j in 1 to J :

(a) Draw z1 = Z1 ∼ N(0, 1).

(b) For m in 2 to M :

i. Draw zm = Z | zm−1 ∼ N(zm−1 · exp(−θ ·∆), 2− 2 · exp(−θ ·∆)).

(c) Append maxm zm to the vector z(1:J)



95

3. Return the (1− α)% quantile of z(1:J).

For nominal significance levels like 0.01 or 0.05, this simulation approach requires a few

thousand simulations J and runs within a few minutes to hours (depending on the genome

length L). A precise simulation algorithm would simulate each chromosome individually

based on its length, but we use the total genome length instead. This multiple testing

correction is valid when the true model is the Ornstein-Uhlenbeck process.

We conduct a simple validation study to determine if the analytical approximation and

simulation-based thresholds control FWER. We also compare to the continuous-time ana-

lytical approximation of Equation 6.7 and the standard normal quantile with the Bonferroni

correction. The simulation settings are ∆ = 0.0005 Morgans, ten chromosomes, each chro-

mosome is 1 Morgan long, θ ranges from 1 to 100, ten thousand simulations are run to

determine the simulation-based threshold, and ten thousand simulations are run to compute

FWERs. Figure S50 shows the quantile thresholds based on the different techniques and the

FWERs at a nominal significance level of 0.05. For all θ, the Bonferroni and continuous-time

analytical corrections have FWERs less than 0.025 (very conservative). The discrete-time

analytical and simulation-based corrections have FWERs close to 0.05 when θ ≥ 50. The

FWERs for the discrete-time analytical approximation are slightly less than 0.05 when θ ≥ 50

and considerably less than 0.05 when θ < 50. The FWERs in the simulation-based approach

are exact (up to some noise) for all θ. Grinde et al. [63] also finds that the discrete-time

analytical approximation is slightly conservative in their admixture mapping study where

θ ≈ 10.

6.2.2 Estimator of the exponential decay parameter

Before standardizing the IBD rates, we adjust for extreme outliers that could be present in

real genetic data. First, we compute an initial genome-wide mean IBD rate plus four stan-

dard deviations. Second, we compute a revised genome-wide mean IBD rate and standard

deviation, excluding IBD rates that exceed the initial threshold. We standardize the IBD
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rates with the revised mean and standard deviation estimates.

To estimate the exponential decay parameter θ, we fit the slope parameter in a simple

log-linear model. There is no intercept parameter in the log-linear model. We apply linear

interpolation to the recombination map to hold the spacings between IBD rates constant. We

estimate the covariance between standardized IBD rates at genetic positions ∆ times some

integer constant apart, excluding IBD rates that exceed the initial threshold. The integer

scalars increment by 1 up until the covariance is between positions 4.0 cM apart. We treat

the integer-scaled ∆’s as covariates and the estimated covariances as response variables.

Using the same Ornstein-Uhlenbeck process setup as our prior validation study, we find

that this estimator is accurate for 30 ≤ θ ≤ 90, with a slight bias to overestimate θ (Figure

S51). Additionally, if we calculate FWERs using the estimates θ̂, Figure S52 shows similar

FWERs as those in Figure S50B where the true θ is given. At the family-wise significance

level 0.05, the FWERs are slightly less than 0.05, which may be due to larger than necessary

multiple testing adjustments (Figure S50) when overestimating θ.

6.3 Simulation studies

6.3.1 Simulation setup

Now, to evaluate the Ornstein-Uhlenbeck process approximation, we study our multiple

testing correction procedure for the IBD rate process in simulated genetic data. We estimate

the exponential decay parameter θ from simulated IBD segments, and then we use the

estimate θ̂ to calculate our multiple testing adjusted thresholds. For these calculations of

the genome-wide significance level, we consider different step sizes 0.02, 0.05, and 0.10 cM.

To calculate FWERs, we consider five hundred simulations of entire genomes from twenty-

five hundred diploids. FWER is calculated as the percentage of the five hundred null model

simulations in which there is at least one significant result. The constant recombination rate

is 1e-8, and the demographic scenario is the population bottleneck. We use msprime [9] to

simulate ten chromosomes each of length 1 Morgan. We use tskibd [65] to get IBD segment



97

lengths longer than 2.0 and 3.0 cM from the tree sequence output by msprime. Figure

S53A illustrates one simulation of the IBD rate process across the genome. The multiple

testing threshold is greater than the four standard deviations rule suggested in Browning

and Browning [20] and Temple et al. [148].

The data for these simulations amounts to 1 Tb disk storage, predominantly due to the

msprime tree sequences. We are prohibited from making VCF marker data and inferring

IBD segments, which would create more than 1 TB of additional disk memory. In a pilot

study of ten simulations, we place mutations on the ARG with genome-wide rate 1e-8 and

then infer IBD segments with our hap-ibd and ibd-ends analysis workflow (Table S5).

Figure S53B illustrates one simulation of the inferred IBD rate process across the genome.

We observe similar genome-wide median IBD rates and significance thresholds between the

true and inferred IBD rate processes. The inferred IBD rates are within 95 to 105% of

the corresponding true IBD rates (Figure S53C). Across the ten simulations, the average

estimates θ̂ are 69 and 75 and the average standard deviations σ̂1:M are 19 and 20 for the

true and inferred IBD rate processes, respectively.

To calculate statistical power, we simulate IBD segments overlapping a focal point (Algo-

rithm 1) for s ≥ 0.006 and p(0) = 0.25, 0.50, 0.75. For these simulations, we do not simulate

inferred IBD segments in small selected regions because it is experimentally challenging to

make uniform numbers of simulations in different allele frequency bins for varying selection

coefficients. Based on the accurate selection coefficient estimates in Chapter 5, we believe

that Algorithm 1 simulates IBD rates around a locus similar to those inferred from simulated

marker data.

Power is calculated as the proportion of our selective sweep simulations (alternative hy-

potheses) in which we reject the null model. The threshold in our power calculations is the

average over the multiple testing adjusted thresholds in our five hundred neutral simulations.

We estimate power using two hundred simulations for each pair of selection coefficient and

sweeping allele frequency.
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6.3.2 Estimating the exponential decay parameter

Box plots in Figure S54 show the percentiles of estimates θ̂ using IBD segments ≥ 2.0

and ≥ 3.0 cM. Regardless of the step size ∆, the distribution of estimates θ̂ is the same.

The medians of estimates θ̂ for the ≥ 2.0 and ≥ 3.0 cM processes are roughly 40 and 62.5,

respectively. As θ increases, and holding the genetic distance between two IBD rates constant,

the covariance between the two IBD rates decreases, which could be interpreted in terms of

fewer detectable IBD segments overlapping nearby loci on average. This interpretation is

consistent with the smaller estimates θ̂ for the 2.0 cM versus the 3.0 cM threshold.

6.3.3 Controlling family-wise error rate

Table 6.1 reports the multiple testing adjusted significance levels and empirical family-wise

error rates for the analytical approximation, simulation-based approach, and the Bonferroni

correction in the ≥ 2.0 cM IBD rate processes. The adjusted significance levels from an-

alytical and simulation-based methods are nearly an order of magnitude larger than those

using the Bonferroni correction. At the family-wise significance level of 0.05, the FWERs

of our analytical and simulation-based methods are inflated by more than 150%, whereas

the family-wise error rates of the Bonferroni method are deflated by less than 50%. At the

family-wise significance level 0.10, the average multiple testing quantiles of the analytical

and simulation-based methods are 4.196 and 4.176, which both exceed the four standard de-

viations rule used in Browning and Browning [20] and Temple et al. [148]. Strictly speaking,

our multiple testing adjustments still do not control FWER, which we predicted in Temple

and Thompson [147] (Chapter 3). One reason for the anti-conservativeness of the hypothesis

test with ≥ 2.0 cM segments may be that the upper tail of the IBD rate’s distribution may

be heavier than the upper tail of a normal distribution (Figures 3.4 and S9).

Table S10 reports the adjusted significance levels and family-wise error rates, except

using the 3.0 cM threshold. In this case, the IBD rate overlapping a locus may be better

approximated by a normal distribution than in the ≥ 2.0 cM selection scan (conditions on the
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Nominal Adjusted FWER

level Analytical Simulation Bonferroni Analytical Simulation Bonferroni

0.01 1.08e-6 1.30e-6 2.08e-7 0.024 0.028 0.006

0.05 6.24e-6 7.03e-6 1.04e-6 0.088 0.098 0.024

0.10 1.36e-5 1.49e-5 2.08e-6 0.140 0.146 0.040

Table 6.1: Significance levels and family-wise error rates after multiple testing corrections.

Significance levels are adjusted for multiple testing based on scans over 10 chromosomes

of size 100 cM and tests every 0.02 cM (50,000 total tests). The analytical approximation

of Siegmund and Yakir [137] and the simulation method are based on a fitted Ornstein-

Uhlenbeck process. Each simulation has a different threshold as a result of estimating θ.

Family-wise error rate (FWER) is the percentage of five hundred genome-wide scans that

have at least one statistically significant result. The sample size is twenty-five hundred

diploids. The demographic scenario is the population bottleneck. The IBD segment detection

threshold is 2.0 cM.

detection threshold in Theorems 3.3.1, 3.3.2, and 3.3.3). The FWERs of the analytical and

simulation-based methods are indeed conservative in the ≥ 3.0 cM selection scan. Recall

that the multiple testing adjustments can be conservative when θ < 50 (Figure S50) or

when θ is estimated (Figure S52). We thus make the important observation that there are

two counteracting factors affecting FWER control: the multiple testing adjustments are

conservative in true Ornstein-Uhlenbeck processes, but the test could be anti-conservative if

the Ornstein-Uhlenbeck process is a poor approximation for the IBD rate process.

For the anti-conservative ≥ 2.0 cM selection scan, we consider a modification to the test

that explores if the significant results barely exceed the threshold. We calculate at each

locus the minimum of its value and the flanking values both to its left and right. Next, we
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Figure 6.1: Family-wise error rates for genome-wide hypothesis testing in null model simula-

tions. Bar plots show family-wise error rates (y-axis) using true IBD segments ≥ 2.0 cM from

simulated IBD rate processes. The hypothesis testing method is the Siegmund and Yakir

discrete approximation. In each non-overlapping window of size A) 1 or B) 3 marginal test

statistics, we compute the minimum of IBD rates at each step, and the test is if the maximum

over all windows is less than or greater than the multiple testing quantile. Estimates θ̂ are

based on covariance decays up to 4.0 cM. There are five hundred simulations for each pair

of significance level (x-axis) and step size (colors in legend). Family-wise significance levels

are denoted with horizontal red lines. The demographic model is the population bottleneck.

There are twenty-five hundred diploid samples. The amount of data for each simulation is

equal to ten chromosomes of uniform length 100 cM.

calculate the maximum over the entire genome of these aggregated minimum values:

max
1≤m≤M

min{Ẑ(m− 1), Ẑ(m), Ẑ(m+ 1)}. (6.8)

Using the same multiple testing threshold as the analytical approximation, Figure 6.1 shows

that family-wise error rates decrease using the max-min statistic. This result indicates that a

considerable proportion of the Type 1 errors correspond to marginally significant results. We

also note that the choice of step size does not noticeably affect FWERs. We attribute this to
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proper handling of ∆ in the analytical approximation, whereas the conservative Bonferroni

correction indiscriminately penalizes the number of user-specified hypothesis tests (Tables

6.1 and S10).

Next, when there is a significant result, we investigate how many significant results there

are. Since the IBD rate process has non-negligible correlations, we anticipate there to be

multiple significant results adjacent to each other. Across non-overlapping windows of vary-

ing sizes, we count the number of windows that have a significant result. Figure S55 shows

that the number of windows with a significant result decreases to a median of 1 when the

window size is 0.40 cM and the family-wise significance level is less than 0.05. Coupled with

our previous observations, when a Type 1 error is made, we tend to find only one or a few

marginally significant results in aggregated regions less than 0.5 cM.

6.3.4 Statistical power in selective sweeps

Figure 6.2A shows the power estimates for 0.006 ≤ s ≤ 0.014, 0.25 ≤ p(0) ≤ 0.75, and

the ≥ 2.0 cM selection scan. Power estimates are uniformly greater when allele frequency

p(0) = 0.50 as opposed to p(0) = 0.25 or p(0) = 0.75. The increased ability to detect

positive selection when the sweep is at an intermediate frequency is consistent with our

analyses in Chapter 5. Power estimates are less than 5% when s ≤ 0.008 but greater than

90% when s ≥ 0.014. In between these extremes, power estimates range from 15% to 40%

when s = 0.010 and from 55% to 85% when s = 0.012.

Figure 6.2B shows the power estimates for 0.006 ≤ s ≤ 0.014, 0.25 ≤ p(0) ≤ 0.75, and the

≥ 3.0 cM selection scan. We estimate zero power for all combinations of selection coefficients

and allele frequencies. The biased estimation of selection coefficients s ≤ 0.02 in Chapters

4 and 5 is consistent with the lack of power to detect s < 0.015 sweeps in the ≥ 3.0 cM

IBD-based selection scan.
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Figure 6.2: Power simulations for different selection coefficients s and sweeping allele fre-

quencies p(0) based on coalescent IBD segment lengths. Bar plots show power (1 – Type

2 error rate) (y-axis) using true IBD segments A) ≥ 2.0 cM or B) 3.0 cM overlapping the

selected allele. Hypothesis testing is based on the Siegmund and Yakir discrete approxima-

tion for step size 0.02 cM and family-wise significance level 0.05. This data is simulated

under an alternative hypothesis using our coalescent simulator (Algorithm 1). Power is the

proportion of tests where the null model is rejected at the p-value threshold corresponding

to the family-wise significance level of 0.05. There are two hundred simulations for each

pair of selection coefficient (x-axis) and allele frequency (colors in legend). The demographic

model is the population bottleneck. There are twenty-five hundred diploid samples. Additive

selection is simulated.

6.4 Discussion

In this chapter, we present two multiple testing corrections for a genome-wide scan of excess

IBD rates. The multiple testing corrections account for correlation in the IBD rate process,

whereas independence assumptions could lead to very conservative tests with low power to

reject null models when an alternative model is true. Our multiple testing corrections should

be reasonable under certain asymptotic conditions on sample size and scaled population size
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(Theorems 3.3.1, 3.3.2, and 3.3.3). On the other hand, our asymptotic conditions may be

more strict than those of Wald and score statistics (see Grinde et al. [63]). In practice,

we indicate that the adjusted significance thresholds are anti-conservative, consistent with

our simulation studies in Chapter 3. At the same time, our adjusted significance levels are

more conservative than the heuristic rule used by Browning and Browning [20]. Compared

to computationally intensive permutation- or simulation-based approaches, we calculate our

analytical approximation in seconds.

Our simulation studies suggest that our adjusted significance thresholds are only slightly

anti-conservative. Rejected hypothesis tests under the true null model might barely exceed

our significance threshold in small cM windows. Similar to the discussion in Salyakina et al.

[128], we recommend that any statistically significant results from our hypothesis testing

framework be scrutinized in follow-up studies. Some of the methods in Chapter 5 may be

useful for these purposes. For instance, at a statistically significant locus, one could calculate

the Gini impurity index of excess IBD clusters or investigate if there is a singular predominant

excess IBD cluster around a locus.

Although the ≥ 2.0 cM selection scan can be anti-conservative, we still recommend

it over the ≥ 3.0 cM selection scan which may be conservative but has limited power.

Moreover, greater sample sizes are required for larger detection thresholds, which can be

an important practical consideration. A final consideration is the IBD segment detection

method, which can be very accurate for ≥ 2.0 cM segments in high-quality sequence or array

data [163, 20, 54, 134, 105, 104].

One important feature of our multiple testing procedure is that estimation of the ex-

ponential decay parameter θ and FWER control do not depend on the user-specified cM

spacing. Regions of excess IBD rate can be located with finer precision when using a smaller

cM spacing. There is a trade-off though in compute time and the number of hypothesis tests

to account for. We find that spacing hypothesis tests every 0.02 cM has high power, FWERs

are close to the family-wise significance level, and computation is within tens of seconds. In

an IBD mapping study, Chen et al. [34] perform hypothesis tests every 1.0 cM, which gives
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limited precision in locating phenotype-genotype associations. In a selection scan, Palamara

et al. [111] use a Bonferroni correction when performing hypothesis tests every 0.05 cM,

which may be conservative if the tests are highly correlated.

We use five hundred whole-genome simulations to estimate FWERs for our hypothesis

test. This simulation study is possible because detectable IBD segments can be derived

directly from simulated ancestral recombination graphs. Many of the existing selection scans

require marker data as input [51, 151, 155, 124], which is not feasible to simulate at a large

scale due to our disk memory constraints. As a result, we do not know if their methods

control FWER at nominal significance levels when multiple tests are performed. The area

under the receiver operating curve from small simulated regions under positive selection

versus no selection has been calculated for many existing selection scans [142, 155, 151, 84,

75, 103, 145, 140, 50]. This classification diagnostic is not the same as a formal hypothesis

test and it does not account for multiple testing. We encourage formal hypothesis tests

before conclusions about adaptive evolution are made.

Future work may include simulation studies that compare FWER among methods whose

scanning statistics can be derived from ancestral recombination graphs (ARGs). The selec-

tion test in Speidel et al. [140] is one example, but they do not provide a multiple testing

correction, and, in practice, one must infer the ARG. Inferring the ARG is extremely difficult

and may lead to poor results compared to IBD-based methods (Chapter 5). The method

of Palamara et al. [111] is the most similar method to our approach. They calculate the

density of pairwise coalescent events within the last 20 or 150 generations. According to our

work, the coalescent times of common ancestors whose descendant IBD segments ≥ 2.0 cM

are mostly within the past 200 generations (Figures S4, S5, and 2.4). To compute p-values,

they approximate their scanning statistic as a Gamma random variable. This approxima-

tion is not supported by theory whereas our scanning statistic is asymptotically normally

distributed. They use a Bonferroni correction which could be very conservative if their scan-

ning statistics are highly correlated, whereas our methods adjust for the spacing between

hypothesis tests. Beyond controlling FWER, we could estimate the power of these tests
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to reject the null hypothesis under alternative models. We estimate that our test has high

power in selective sweeps where s ≥ 0.012.

Scanning for IBD rates that exceed the mean or median IBD rate around a locus may

be transferable to case-control studies. Specifically, we assume that the mean IBD rates in

the case and control samples are the same under the null model and normally distributed

in large samples. Next, we assume that these case-control differences in IBD rates along

the genome follow an Ornstein-Uhlenbeck process. Finally, using the Siegmund and Yakir

[137] analytical approximation or the simulation-based approach, we could derive a multiple

testing adjusted significance level. As opposed to the IBD mapping test in Browning and

Thompson [21] where a default value is set for an important parameter, we would learn an

exponential decay parameter θ from the data. The interpretation of an alternative model

would be similar to hard and recent selective sweeps: the case population has an inherited

allele from some founder or small set of founders in the recent past.
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Chapter 7

MODELING RECENT POSITIVE SELECTION IN HUMANS

7.1 Introduction

Selective sweep events can leave profound footprints on genomic diversity around a selected

locus. Extended haplotype homozygosity about the LCT gene in northern Europeans spans

multiple megabases (Mb) of genetic sequence [124]. In the HLA region, the probability

that two people in a European ancestry sample share alleles identical by descent has been

estimated to be more than six percent [3]. Studying positive selection can be complementary

to large association studies; for instance, loci associated with inflammatory disorders show

evidence of strong and weak selection [112]. The purpose, magnitude, and prevalence of

such adaptive evolution remain open questions in population genetics, medical genetics, and

conservation genetics.

In this chapter, using our methods in Chapters 4, 5, and 6, we perform an entire analysis

of positive selection in some human populations. We describe the datasets and our quality

control procedures in Section 7.2. Next, in Section 7.3, we derive a multiple testing ad-

justed significance threshold for different ancestry-specific sample sets. In Section 7.4, our

new multiple testing adjusted significance thresholds are juxtaposed to our initial heuristic

thresholds in Temple et al. [148]. In Section 7.5, we model selection in Europeans for a few

loci where there is an abundance of evidence supporting the recent and hard selective sweep

model. We close with a discussion on how the speed and automation of our analysis and the

rigor in our hypothesis testing can promote reproducible science.

7.2 Pre-processing and quality control of real data

In our study, we focus on selection scans and modeling selective sweeps in African, European,

and South Asian ancestry groups from the Trans-Omic for Precision Medicine (TOPMed)
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project [146] and the United Kingdom Biobank (UKBB) [24]. We use the 318,858,817 filtered

autosomal markers from the TOPMed phased data in Browning et al. [18]. The TOPMed

database includes more than thirty thousand whole genome sequences from multiple ethnic

groups represented in the United States of America. The TOPMed data combines samples

from multiple cohort studies. Abbreviations for each cohort study are in Appendix F. UKBB

is a biomedical database containing genotype array data from nearly five hundred thousand

participants between 40 and 69 years of age. We use the 711,651 filtered autosomal markers

from the UKBB phased data in Browning et al. [18]. The TOPMed and UKBB datasets are

kept separate in all analyses.

The selective sweep model we consider assumes no population structure and no familial

relatedness. To mitigate the possible confounding effects of population structure and familial

relatedness, we form subsets of the TOPMed data and UKBB data representative of one

continental ancestry and without first-degree relatives. The following subsections provide

details about our subsampling procedures.

7.2.1 TOPMed European and African ancestry samples

We analyze the 38,387 whole genome sequences that are haplotype phased with Beagle

version 5.2 in Browning et al. [18]. We compute principal components (PCs) using the

GENESIS [60] and SNPRelate [161] software programs. Based on data visualization, we

define two European (EUR and EUR2) and African (AFR) inferred ancestry groups by

determining bounds on PCs 1-4. Many samples in TOPMed have intermediate admixture

proportions belonging to different continental ancestry groups. Moreover, plotting PCs 1

and 2, there are two apparent clusters containing samples that predominantly self-report

as White. The visualization-informed clustering aims to create subsets representing broad

inferred continental ancestry with low levels of differentiation.

The EUR1 ancestry group consists of 13,778 samples. From self-reporting, this group

consists of 4172 White, 9583 Other, and 23 non-White samples. From the specific cohort

studies, there are 7682 WHI, 2157 MLOF, 1217 VTE, 1108 BioMe, 976 VUAF, 345 FHS,
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287 CCAF, and 1 HyperGen samples in the EUR1 group. Figure S57 displays PCs 1 and 2

for these samples split into their respective cohort studies and the combined group.

The EUR2 ancestry group consists of 1719 samples. Sixty-four percent of these samples

come from the BioMe Biobank cohort study at Mt. Sinai School of Medicine in New York

City. Thirty-five percent of these samples self-report as Other. Sixty-four percent of these

samples self-report as White. For this group, we infer a demographic history that sharply

drops to an effective size as small as one thousand in the most recent thirty generations

(IBDNe using ≥ 2.0 cM IBD segments). Tian et al. [150] also infer a severe bottleneck in

the past thirty generations for a subset of the samples in the Framingham Heart Study.

In an Ashkenazi Jewish sample, Carmi et al. [30] infer a recent bottleneck of effective size

a few hundred diploids, which Tian et al. [150] say is consistent with their demographic

inference. Carmi et al. [30] state that the Ashkenazi Jewish population is most genetically

similar to European and Middle Eastern populations, which is consistent with our principal

components analysis.

The inferred AFR ancestry group consists of 1737 samples. Fifty-four percent of these

samples self-report as Black or African American. Forty-six percent of these samples self-

report as Other. Only samples from the BAGS, JHS, and HyperGen cohorts are represented

in this subset. Afro-Caribbeans living in Barbados are in the BAGS study, whereas African-

Americans living in the southern continental United States are in the JHS and HyperGen

studies.

To validate these continental ancestry clusters, we use the 1000 Genomes [10, 25] and

Human Genome Diversity Panel (HGDP) [28, 12] datasets to perform supervised global

ancestry inference with ADMIXTURE [5]. We use the reference panels CEU (Utah residents

with Northern and Western European ancestry), CHB (Han Chinese in Beijing, China), GIH

(Gujarati Indians in Houston, TX), and YRI (Yoruba in Ibadan, Nigeria) from 1000 Genomes

as representing European, East Asian, South Asian, and African ancestry, respectively, and

61 Indigenous American samples from HGDP. For samples in the EUR1 group, the inferred

global ancestry with respect to the CEU reference panel is minimum 73%, interquartile range



109

(90%, 97%), and mean 93%. For samples in the AFR group, the inferred global ancestry

with respect to the YRI reference panel is minimum 88%, interquartile range (91%, 95%),

and mean 93%. Other subsets of majority global ancestry with respect to the CHB, GIH,

and Indigenous American reference panels have less than one thousand samples. We do not

analyze these subsets. We consider two subsets EUR95 and EUR98 of the EUR1 group that

comprise individuals with at least 95% and 98% inferred CEU ancestry, respectively.

In each subset, kinship is estimated using IBDkin with input IBD segments longer than

2.0 cM [164]. If diploid individuals i, j have a kinship coefficient greater than 0.125 (the

expected kinship of first cousins), we add an edge between the diploid individuals in forming

a graph of connected components. We take one sample from each connected component,

noting that most samples have no pairwise kinship coefficients greater than 0.125.

We performed these pre-processing steps in mid-2023. We have since developed a bioin-

formatics pipeline to do haplotype phasing, IBD segment detection, and local ancestry infer-

ence1. The detected IBD segments and local ancestry inference from this automated workflow

can be used to select representative subsets as done here. The detected IBD segments from

this bioinformatics pipeline can be used to filter on close familial relatedness with IBDkin.

We can aggregate over the local ancestry inference2 in the bioinformatics pipeline to filter on

global ancestry proportions. This step would be similar to our global ancestry ADMIXTURE

analysis but distinct from our PC-based clustering of the EUR1 and EUR2 groups.

7.2.2 UK Biobank self-report samples

We analyze a subset of these samples who self-report as various non-White ethnic groups.

The first subset includes 5660 individuals who self-report as Indian. The second subset

includes 3202 individuals who self-report as Black British. The sample sets are haplotype

phased individually with Beagle version 5.4. Based on genetic relatedness inference in Cai

et al. [26], we remove closely related individuals from both subsets, resulting in 5374 Indian

1https://github.com/sdtemple/flare-pipeline

2We use FLARE for local ancestry inference [23].

https://github.com/sdtemple/flare-pipeline
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samples and 3154 Black British samples. We do not perform a global ancestry analysis for

these self-report sample sets.

We also study self-report White British datasets of size two, five, ten, twenty, and fifty

thousand samples. These five datasets are randomly selected subsets of the 408,833 White

British samples studied in Browning and Browning [20]. The array data is haplotype phased

with Beagle 5.2 as described in Browning et al. [18].

7.3 Scanning statistic thresholds

7.3.1 Detecting identity-by-descent segments

To detect IBD segments in the TOPMed sample sets, we use the 2019 pedigree-based map

from deCODE Genetics [70]. This recombination map is aligned to the GRCh38 reference

genome. For the TOPMed sequence data aligned to the GRCh38 reference genome, we

use the algorithm parameters in Table S5, which are the same parameters we use in our

simulation studies (Chapter 5). In the EUR1 group, we perform a preliminary analysis of

chromosomes 19 to 22 with ibd-ends to get an estimate of the error rate parameter. In the

main analysis, we specify the error rate err=1.5e-4 instead of the software default setting.

To detect IBD segments in the UKBB sample sets, we use the Bhérer et al. [15] pedigree-

based map. This recombination map is aligned to the GRCh37 reference genome. For the

UKBB array data aligned to the GRCh37 reference genome, we modify our hap-ibd settings

to min-seed=1.8, min-extend=0.5, min-output=1.8, and a minor allele frequency of 0.001 3.

In the Black British group, we perform a preliminary analysis of chromosomes 19 to 22 with

ibd-ends to get an estimate of the error rate parameter. In the main analysis, we specify

the error rate err=3e-4 instead of the software default setting.

3We have not explored these algorithm settings in simulated array data. We show in the following
sections that our analyses of array data are consistent with our analyses of sequence data and with the
existing literature on some selected loci.
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7.3.2 Heuristic scan threshold

Here we describe the heuristic approach to scan for excess IBD rates in our initial work

[20, 148]. The detectable IBD rate is the number of IBD segments longer than 2.0 cM divided

by the number of haplotype pairs. Every 20 kb we calculate the IBD rate based on detected

segments that overlap the focal position. Positions where the IBD rate exceeds the genome-

wide median plus four times the standard deviation are considered loci with excess IBD rates.

Compared to our scanning procedure in Chapter 6, this scan uses base pair distance, not cM

distance. We find that the standard deviations for IBD rates every 20 kb are typically larger

than standard deviations for IBD rates every 0.02 cM, but the multiple testing adjusted

thresholds based on Chapter 6 are typically larger than four standard deviations. Compared

to the selection scan in Albrechtsen et al. [3], our selection scan concerns long IBD segments

overlapping a focal position, rather than the probability that alleles are IBD at a marker

location.

In Temple et al. [148], we make three additional modifications. First, before computing

the genome-wide standard deviation, we exclude positions that are initially three standard

deviations below or above the genome-wide median IBD rate around a locus. Second, we

ignore positions that are within 0.5 cM of the start and end of the recombination map for

each chromosome. These two quality control measures exclude data near telomeres and

centromeres where it is challenging to accurately detect long IBD segments. Third, we

require that around loci of interest IBD rates must exceed our heuristic threshold for a 1.0

cM contiguous stretch. Similar to our max-min analysis in Chapter 6, loci that marginally

exceed our heuristic threshold for a small stretch of a chromosome could be false positives.

7.3.3 Multiple testing significance threshold

For each subset, we compute IBD rates every 0.02 cM and apply the multiple testing adjust-

ments described in Chapter 6, Section 6.2. Figure S58 provides some evidence that the em-

pirical distributions of IBD rates around a locus resemble normal distributions in our sample
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sets4. Figure 7.1 shows chromosome-specific estimated covariances and the fitted exponential

curve with estimates θ̂ for the TOPMed EUR1 group, the TOPMed EUR2 group, and the

UKBB Indian self-report group. Alongside the European ancestry and Indian self-report

exponential decay curves, we also show the estimated covariances and fitted exponential

curve for one of our population bottleneck simulations in Chapter 6 (Figure 7.1)5. Figure

S59 shows chromosome-specific estimated covariances and the fitted exponential curve with

estimates θ̂ for the TOPMed inferred AFR group and the UKBB Black British self-report

group. Upon visual inspection, the fitted exponential curves fit the estimated covariances

well in all plots, except in the TOPMed EUR2 the covariance decays are slower than implied

by θ̂.

The exponential decay parameter estimates θ̂ are 45, 30, 49, 83, and 78 for the TOPMed

EUR1, TOPMed EUR2, UKBB Indian, TOPMed AFR, and UKBB Black British groups,

respectively. The exponential decay parameter estimates θ̂ are 44 and 44 for the TOPMed

EUR95 and EUR98 groups, respectively. The exponential decay parameter estimates θ̂ are

51, 51, and 50 for the UKBB White British 2k, 5k, and 10k groups, respectively 6.

7.4 Genome-wide selection scans

7.4.1 TOPMed European ancestry analysis

Figure 7.2A shows the IBD rates along the autosomes, the genome-wide median, the heuristic

four standard deviations threshold, and the multiple testing adjusted threshold for the EUR1

group. The multiple testing adjusted threshold is greater than the heuristic four standard

deviations threshold. Figure S60 exhibits similar results among the five study-specific co-

horts. The four largest signals at LCT, MHC, TRPM1, and OAS are thirty-five, twenty-six,

4Recall that normality is a property of the Ornstein-Uhlenbeck process.

5Recall that the population bottleneck is based on recent effective sizes of European-Americans.

6Recall that the exponential decay parameter θ depends on the IBD segment detection threshold (Section
6.3), and that population demography influences the IBD segment length distribution (Figures S4 and S5).

These two observations may explain the different estimates θ̂ among our ancestry groups.
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Figure 7.1: Estimating exponential decay parameter θ in real and simulated data. Each

faint colored line shows estimated covariances (y-axis) for different cM distances (x-axis)

and a specific chromosome. Dark-colored dashed lines show the predicted covariances from

estimates θ̂ in fitted Ornstein-Uhlenbeck processes. The title of each subplot gives the names

of the sample sets A) TOPMed EUR1, B) TOPMed EUR2, C) UKBB Indian, and D) a

simulated population bottleneck. There are twenty-two chromosomes in human autosomal

data and ten chromosomes in simulated data of the population bottleneck demography.
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ten, and eight standard deviations above the genome-wide median IBD rate, respectively.

All six analyses observe excess IBD rates at LCT, MHC, and TRPM1, and five of them

observe excess IBD rates at OAS. Figure S61 exhibits similar results as well for our EUR1

subsets with 95% and 98% CEU global ancestry proportion. This observation suggests that

our IBD-based selection scan may be robust to mild levels of population admixture.

Table 7.1 summarizes the results of our selection scan in the TOPMed EUR1 group. We

find eight regions where IBD rates exceed four standard deviations above the genome-wide

median and three or more cohort-specific analyses replicate the signal. In the combined

TOPMed EUR1 group, IBD rates at seven of these loci exceed our multiple testing adjusted

threshold of IBD rate 1.94e-4 at the 0.05 family-wise significance level, including signals near

the LCT, MHC, and TRPM1 genes. The four standard deviations threshold is 1.95e-4 in the

TOPMed EUR1 analysis. The selection coefficient in which the expected IBD rate equals

the genome-wide significance level is 0.0172 7 (Figure S62).

Seven of these eight consensus loci appear in prior selection scans on White British

individuals in the UK Biobank [20, 104, 111] and pan-European analyses using ancient DNA

[101, 100]. The signal between 205 to 207 Mb on chromosome 1 appears in the EUR1,

WHI, and MLOF groups, but it does not appear in any of the cited works above. The

inconsistencies within our cohort-specific analyses and across separate European ancestry

analyses from other authors apply to the selection signals which marginally pass our heuristic

four standard deviations threshold.

Figure S63 shows the IBD rates along the autosomes, the genome-wide median, the

heuristic four standard deviations threshold, and the multiple testing adjusted threshold for

the EUR2 group. The IBD rate near the MHC region narrowly exceeds the multiple testing

threshold for a few kb. The genome-wide median IBD rate in the TOPMed EUR2 group is

more than an order of magnitude greater than the genome-wide median IBD rates in all of

our other ancestry groups. The variance in the IBD rate process is much larger when recent

7The expected IBD rate depends on selection coefficient s and allele frequency p(0). For a given s, we
average over the expected IBD rates conditional on p(0) ∈ [0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9].
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Figure 7.2: Genome-wide IBD rate scans in European and South Asian ancestry data. Line

plots show IBD rates (y-axis) for base pair positions along twenty-two human autosomes.

The IBD rate is calculated every 20 kb. Data is based on A) inferred European ancestry

samples in the TOPMed project and B) self-reported Indian samples in the UK Biobank.

The main text describes the EUR1 ancestry group. Each subplot has a different y-axis

scale. Horizontal dashed lines show (blue) the genome-wide median IBD rate, (orange) the

heuristic threshold of four standard deviations above the median IBD rate, and (green) the

Siegmund and Yakir discrete approximation (S&Y). The S&Y method is calculated assuming

hypothesis testing every 0.02 cM.
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Chr Max rate (1e-4) cM Position (Mb) # studies Genes

2 9.09 141.79 134.84 (132.52-139.90) 6 / 6 LCT

6 7.20 49.35 30.80 (24.12-36.12) 6 / 6 MHC

15 3.31 15.42 31.18 (30.34-32.16) 6 / 6 TRPM1

12 2.72 120.54 113.08 (110.90-113.64) 5 / 6 OAS1-2-3

6 2.14 107.11 105.98 (103.76-108.46) 3 / 6 PRDM1

1 2.13 205.05 206.62 (205.50-207) 3 / 6 .

5 2.06 53.34 33.96 (31.00-35.98) 3 / 6 SLC45A2

15 2.22 10.19 28.10 (25.94-30.86) 3 / 6 OCA2

Table 7.1: Eight regions highlighted in selection scan on TOPMed European Americans.

Loci where the identity-by-descent (IBD) rate exceeds the multiple testing adjusted thresh-

old 1.94e-4 at the 0.05 family-wise significance level. Physical and genetic positions for the

location of maximum IBD rate are shown in megabases (Mb) and centiMorgans (cM). The

intervals denote the range over which IBD rates exceed the scan threshold. Locations are

aligned to build GRCh38. The 2019 pedigree-based recombination map from deCODE ge-

netics is used when inferring IBD segments [70]. Genes of interest are annotated for regions

discussed in the main text. We also count the number of studies in which IBD rates in the

region exceed our heuristic four standard deviations threshold. Rows are based on analysis

of the 13,778 samples in the EUR1 group, except the separated row for OCA2 is based on

the 7,682 samples in the WHI cohort.

effective population sizes are smaller, which may decrease the power of our test.

7.4.2 UK Biobank White self-report analysis

Figure S64 shows the IBD rates along the autosomes, the genome-wide median, the heuristic

four standard deviations threshold, and the multiple testing adjusted threshold for the 2k,

5k, and 10k subsets of UKBB White self-report samples. In all three scans, we observe
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IBD rates exceeding our genome-wide significance threshold at the LCT, MHC, OAS1-2-3,

and TRPM1 loci. Our results are also consistent with the selection scan in Browning and

Browning [20], in which more than four hundred thousand White British samples are studied.

We contrast the impact of sample size in association studies versus our IBD-based selec-

tion scan. In association studies, the null hypothesis is that a linear effect β is zero, and the

alternative hypothesis is that β ̸= 0. The power to detect β ̸= 0 increases with sample size

in GWAS because the standard error of β̂ decreases. In our IBD-based selection scan, we

only require enough data to reliably estimate the mean, standard deviation, and exponential

decay parameters in the Ornstein-Uhlenbeck process, after which collecting more samples

leads to diminishing returns.

For our selection scans on the 5k, 10k, 20k, and 50k subsets, we also observe a significant

locus near the CCR9 gene. The maximum IBD rate in this region is the second greatest in

Browning and Browning [20], where all UKBB White British samples are analyzed. This

chemokine receptor is known to play an important role in the mucosal immune system [113]

and has been associated with increased COVID-19 outcome severity, especially in Europeans

[133]. At this locus, Browning et al. [17] and Ding et al. [41] suggest that introgressed

Neanderthal haplotypes may be selected for in South Asians and East Asians, respectively.

These studies observe introgressed haplotypes that are at less than ten percent frequency in

the CEU population but at more than thirty-five percent frequency in South and East Asians.

Our combined and cohort-specific analyses of the TOPMed EUR1 group do not replicate this

significant result, nor does the following analysis of the UKBB Indian self-report samples.

7.4.3 UK Biobank Indian self-report analysis

Figure 7.2B shows the IBD rates along the autosomes, the genome-wide median, the heuris-

tic four standard deviations threshold, and the multiple testing adjusted threshold for the

UKBB Indian self-report group. Table S11 reports four loci where IBD rates exceed the

multiple testing adjusted threshold 2.07e-4. Similar to the TOPMed EUR1 group analysis,

IBD rates near LCT, MHC, and TRPM1 exceed the multiple testing adjusted threshold.
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Gallego Romero et al. [55] suggest that northern European haplotypes carrying a putatively

selected allele at LCT may be identical by descent to haplotypes in Indian pastoralists that

carry the same selected allele. Using methods in Chapter 5, we infer an excess IBD outgroup

comprising roughly seventeen percent of the samples, which would be in the range of the

selected allele frequency in Gallego Romero et al. [55]. IBD rates surrounding HLA genes

are known to be high in all HapMap populations [3], which we also find in our selection

scan at MHC. The OCA pigmentation gene does not exceed our significance threshold in our

self-report Indian samples, albeit this region is said to be under selection in many human

populations [85]. On the other hand, the TRPM1 pigmentation gene a few Mb to the right

exceeds our significance threshold in the TOPMed EUR1 group and the UKBB Indian self-

report group. IBD rates in the TOPMed EUR1 group narrowly do not exceed four standard

deviations at the statistically significant genomic region on chromosome 16 in our UKBB

Indian self-report analysis.

7.4.4 TOPMed African ancestry analysis

Figure 7.3A shows the IBD rates along the autosomes, the genome-wide median, the heuris-

tic four standard deviations threshold, and the multiple testing adjusted threshold for the

TOPMed AFR group. Twenty-four loci exceed our heuristic four standard deviations thresh-

old. Only five of these twenty-four loci exceed our multiple testing adjusted threshold of IBD

rate 2.63e-4 at the 0.05 family-wise significance level, which we report in Table 7.2. More-

over, recall that our multiple testing adjusted threshold is anti-conservative in our simulation

studies (Chapter 6). These nineteen loci that pass our heuristic threshold but not our mul-

tiple testing threshold could be false positives. The excess IBD rates on chromosome 19

should be interpreted with caution because detecting IBD segments near telomere ends can

be sensitive.

At a locus on chromosome 16, we observe an excess IBD rate that is 16.94 standard

deviations above the genome-wide median. This locus is near to the excess IBD rates on
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Figure 7.3: Genome-wide IBD rate scans in African ancestry data. Line plots show IBD

rates (y-axis) for base pair positions along twenty-two human autosomes. The IBD rate

is calculated every 20 kb. Data is based on A) inferred African ancestry samples in the

TOPMed project and B) self-reported Black samples in the UK Biobank. Each subplot

has a different y-axis scale. Horizontal dashed lines show (blue) the genome-wide median

IBD rate, (orange) the heuristic threshold of four standard deviations above the median,

and (green) the Siegmund and Yakir discrete approximation (S&Y). The S&Y method is

calculated assuming hypothesis testing every 0.02 cM.
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Chr Max IBD rate Position (cM) Position (Mb)

16 5.93E-04 34.45 17.00

19 3.62E-04 4.29 1.74

11 2.77E-04 33.19 19.92

3 2.73E-04 79.06 60.64

15 2.64E-04 11.26 28.98

Table 7.2: Regions highlighted in TOPMed African ancestry selection scan. Loci where the

identity-by-descent (IBD) rate exceeds the multiple testing adjusted threshold of 2.63e-4 at

the 0.05 family-wise significance level. Physical and genetic positions for the location of

maximum IBD rate are shown in megabases (Mb) and centiMorgans (cM). Locations are

aligned to build GRCh38. The pedigree-based recombination map from Halldorsson et al.

[70] is used when inferring IBD segments.

chromosome 16 in our UKBB Indian self-report analysis8. Similar to IBD rates at MHC, the

IBD rates in this chromosome 16 region are high in all continental ancestry groups, but they

are exceptionally high in the TOPMed AFR ancestry group.

The base pair of the highest IBD rate on chromosome 16 is 100 kb from the XYLT1

gene, and excess IBD rates cover this gene entirely. The enzymes xylosyltransferases 1 and

2 initiate a chain reaction in the early maturation of skeletal cells. Linkage analysis in a

consanguineous Turkish family associated a recessive missense mutation with a short stature

syndrome [130]. Mutagenesis screening of mice also demonstrated disproportionate dwarfism

from a recessive missense mutation in XYLT1 [102].

Studying African ancestry samples in the TOPMed data, Taliun et al. [146] indicate a

few loci that may be under selection. They use singleton density score [51] as their scanning

statistic with the 5e-8 significance threshold. Singleton density score assumes a convenient

8After accounting for difference in references GRCh37 versus GRCh38
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Gamma family distribution to compute p-values, and the 5e-8 significance threshold may

not be appropriate for sequence data. We do not observe excess IBD rates at any of the loci

suggested to be under selection by Taliun et al. [146].

The recombination map we use here is based on Icelandic pedigrees, not African ances-

try pedigrees. We explore the use of LD-based recombination maps specifically designed

for African ancestry populations. We use the maps from Spence and Song [141] based on

the ASW and ACB cohorts in 1000 Genomes. Figure S65 shows the IBD rates along the

autosomes, the genome-wide median, and the heuristic four standard deviations threshold

using these LD-based recombination maps. We infer overall IBD rates that are an order of

magnitude smaller than those in our pedigree-based analysis. There appear to be many false

positives near the telomeres and centromeres as well, which is consistent with the observa-

tions Browning and Browning [20] make in their IBD-based selection scan with the HapMap

LD-based genetic map [82]. We also fail to observe excess IBD rates near the XYLT1 gene,

which may be a result of lower estimated recombination rates in the LD-based genetic map

as opposed to the pedigree-based map (Table S13). Albeit the deCODE genetic map is de-

rived from European ancestry pedigrees, we prefer this pedigree-based map in our African

ancestry selection scan over the African ancestry-specific LD-based maps.

7.4.5 UK Biobank Black self-report analysis

Figure 7.3B shows the IBD rates along the autosomes, the genome-wide median, the heuris-

tic four standard deviations threshold, and the multiple testing adjusted threshold for the

UKBB Black self-report group. Nineteen loci exceed our heuristic four standard deviations

threshold. Only eleven of these nineteen loci exceed our multiple testing adjusted threshold

of IBD rate 3.54e-4 at the 0.05 family-wise significance level, which we report in Table S12.

The four standard deviations threshold is equivalent to an IBD rate of 2.91e-4. The excess

IBD rates on chromosome 11, which are the highest in our UKBB Black self-report analysis,

should be interpreted with caution because detecting IBD segments near telomere ends can

be sensitive. The inflated IBD rates near the XYLT1 gene are reflected in the UKBB Black
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self-report group as with the TOPMed AFR group. Other loci exceeding the genome-wide

significance level are not replicated in our analysis of the TOPMed AFR group (Table 7.2).

We explore the use of IBD-based recombination maps specifically designed for African

ancestry populations. We use the Jackson Heart Study (JHS) maps from Zhou et al. [162].

Figure S66 shows the IBD rates along the autosomes, the genome-wide median, and the

heuristic four standard deviations threshold using IBD-based recombination maps. We infer

overall IBD rates of the same magnitude as those in our pedigree-based analysis. However,

there appear to be many false positives near the telomeres and centromeres, which is consis-

tent with the observations Browning and Browning [20] make in their IBD-based selection

scan with the IBD-based genetic maps. We also fail to observe excess IBD rates near the

XYLT1 gene, which may be a result of lower estimated recombination rates in the IBD-based

genetic map as opposed to the pedigree-based map (Table S13). Albeit the deCODE genetic

map is derived from European ancestry pedigrees, this pedigree-based map is preferred in

our African ancestry selection scan over the African ancestry-specific IBD-based maps.

7.5 Putative selective sweeps in Europeans

We apply our suite of methods in Chapter 5 to model recent selective sweeps in Europeans.

We do not model any recent selective sweeps in African ancestry populations. The excess

IBD rates at XYLT1 are the only signal in those analyses that we have strong confidence in,

and, as stated previously, we suspect this signal is not the result of a hard sweep. We do not

model any recent selective sweeps in the self-report Indians because we have not evaluated

the accuracy of our algorithm settings in simulated array data.

To infer the nonparametric effective sizes N̂e(t), we use inferred IBD segments ≥ 2.0

cM as input to IBDNe with default settings [19]. To estimate the sweeping allele frequency,

we run our analysis pipeline with default settings. To estimate the selection coefficient, we

use Equation 4.6, conditioning on the recent effective size estimates N̂e(t) and the allele

frequency estimate p̂(0). Unless otherwise specified, we assume the additive genetic model

1:(1 + s):(1 + 2s).
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7.5.1 Modeling LCT selection

Lactase persistence is widely believed to be subject to a selective sweep in European ancestry

populations [132]. We view it as a positive control to evaluate our method. The putative

selected allele is a regulatory mutation -13.910C>T upstream of LCT (OMIM: 603202) in

intron 13 of MCM6 (OMIM: 601806) [132]. This allele enhances the promoter of LCT,

allowing an alternative path for gene expression.

Here the individual and aggregate analyses show nearly perfect concordance. Gini impu-

rity indices are zero, and there are singular clusters of excess IBD rate that comprise fifty

percent or more of the samples. Five of six analyses rank the -13.910C>T mutation as the

maximally differentiated SNP between the inferred outgroup and the rest of the sample. We

apply iSAFE to rank SNPs in this region, and it also ranks lowest the -13.910C>T mutation.

Figure S67A depicts scores for the SNPs flanking the causal mutation. Our allele frequency

estimate without prior knowledge of the selected allele is p̂(0) = 0.725, while the frequency

of 13.910C>T is 0.6864. We estimate the LCT selection coefficient using the frequency of

the consensus -13.910C>T mutation.

The lactase persistence phenotype is dominant but the enzymatic activity is additive

[100]. What phenotype is selected for and which form of genic selection is never known.

Given the additive model, we estimate ŝa = 0.0325 (95% CI = (0.0278,0.0373)). Table S14

gives the additive model estimates for BioMe, MLOF, VTE, VUAF, and WHI cohorts. Given

the dominance model, we estimate ŝd = 0.0488 (95% CI = (0.0423,0.0552)).

Figure 7.4A shows the historical allele frequencies implied by ŝa and ŝd. To display

historical allele frequencies, we draw parametric bootstraps over selection coefficients and

simulate allele frequencies backward in time with selection and genetic drift. This bootstrap

represents uncertainty in the IBD process and genetic drift. Mathieson and Terhorst [100]

and Vaughn and Nielsen [152] model LCT selection with time-varying coefficients. Their

approaches use ancient DNA; our method does not leverage temporal information, and thus

estimating time-varying selection coefficients is out of its scope. However, the historical allele
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Figure 7.4: Estimated historical allele frequencies in last 150 generations for LCT and

OAS1-2-3 loci putatively under selection in Europeans. The plots show the means, the

first percentiles, and the ninety-ninth percentiles for allele frequencies p(t) from one thou-

sand parametric bootstraps over identity-by-descent andWright-Fisher processes for selective

sweeps at (A) LCT and (B) OAS 1-2-3 loci. The LCT analysis is based on the best-ranked

SNP because there is consensus across cohort analyses. The OAS1-2-3 analysis is based on

haplotype-based frequency estimates because there is no consensus on a variant. LCT and

OAS1-2-3 analyses are based on IBD segments in the first European ancestry group (EUR1).

Additive selection is assumed, but dominance selection is also shown for LCT. Time is mea-

sured in thousands of years ago (kya) using one generation equals thirty years.

frequencies from our dominance model closely match the curve in Mathieson and Terhorst

[100]. Compared to the other loci, the sweep at LCT may have progressed more rapidly than

any other putative sweeps in Europeans.

7.5.2 Possible selective sweeps on introgressed haplotypes in OAS 1-2-3 genes

Studies on archaic introgression have identified a Neanderthal haplotype spanning the OAS

genes 1, 2, and 3 (OMIM: 164350, 603350, 603351). These genes transcribe antiviral proteins
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and may be an example of selection for immune response [129, 17]. The introgressed haplo-

type harbors a splice variant that upregulates the expression of a specific isoform [59]. In our

six analyses, the locations of maximum IBD rate are 1.5 Mb to the left of OAS1-2-3, instead

lying within the LINC02356 (Ensembl: ENSG00000257595), SH2B3 (OMIM: 605093), and

ATXN2 (OMIM: 601517) genes. Figure 7.4B shows a long haplotype stretching between

these genes all the way to the OAS genes around chr12:113,000,000.

Applying our estimation methods, we arrive at present-day frequency estimates between

0.40 and 0.50. Previous studies have estimated the introgressed Neanderthal haplotype to

have a frequency of approximately forty percent among modern Europeans [129, 59, 17]. In

Table S14, three of the cohort analyses rank as first the SNP at base pair chr12:111,270,654.

This marker is in the CUX2 gene (OMIM: 610648). We could not apply iSAFE in this region

because the method gives an error flag that marker density is too low. Gini impurity indices

are roughly 0.60 across our five analyses. These Gini impurity indices do not rule out OAS1-

2-3 as a sweep locus, but there is weaker evidence for a selective sweep here than at LCT.

For the EUR1 group, we estimate ŝ conditional on the haplotype-based frequency estimate

p̂(0) = 0.50, which is close to the frequency of consensus best-ranked SNP from three of

five studies. Our estimate of additive selection is ŝ = 0.0182 (95% CI = (0.0156,0.208)).

According to our simulation study, this selection coefficient estimate could be inflated.

The evolutionarily conserved haplotypes in the OAS1-2-3 region differ from our modeling

assumptions of a single causal allele. We emphasize that the causal allele in our model is not

necessarily a SNP variant but could be a haplotype with high LD. For instance, there could

have been a soft sweep with multiple advantageous alleles, and then a more advantageous

allele is introgressed in whose haplotype subsequently sweeps towards fixation. Our statistical

method can estimate selection coefficients in the hardening of such a soft sweep from standing

variation (Table S4), but an interpretation of adaptive introgression is out of its scope. The

implied historical allele frequencies are in Figure 7.4B. They assume the sweep from de novo

mutation, but the curve in more recent time periods should not depend on this assumption.
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7.5.3 Possible Selective Sweeps around Pigmentation Genes OCA2 and TRPM1

Alleles in pigmentation genes could improve vitamin D levels at northern latitudes. The

chromosome 15 region containing TRPM1 (OMIM: 603576) and OCA2 (OMIM: 203200)

appears in our IBD-based selection scan as in a related report [20]. In particular, OCA2

has been studied in numerous selection studies [100, 142, 75]. These genes are expressed in

retinal cells and melanocytes and have been linked to eye and skin color phenotypes [8, 143].

For TRPM1, our analysis in each cohort ranks first the SNP at base pair 31,437,832

(Table S14). This is the only example in our work where each of the cohorts ranks best the

same SNP. This marker is in a splice variant of the KLF13 (OMIM: 605328). Its frequency

ranges from 11-13%, and its location is nearly 300 kb to the right of TRPM1. We perform

estimation conditional on the allele frequency of this consensus best-ranked SNP and additive

selection. We estimate selection coefficients between 0.026 and 0.030 for all of the five cohort-

specific analyses. In the EUR1 group, we estimate ŝ = 0.0273 (95% CI = (0.0200,0.0350)).

The implied historical allele frequencies are in Figure 7.5B.

The neighboring gene OCA2 passes our selection scans in only three cohorts. This locus

does not appear in the EUR1 group analysis because its excess IBD rates span only 0.95

cM. SNPs in this region are known to inhibit gene regulation and affect the blue eye color

phenotype [153, 42]. In Table S14, we compute Gini impurity indices of zero or below 0.60 for

these analyses. However, different SNPs are ranked best for each cohort. Figure S67A shows

that this region contains around 200 kb of low marker coverage upstream of the rs12913832

variant discussed in Visser et al. [153]. Low marker density as well as small sample size

can impact the precision of our methods, instead emphasizing hitchhiking variants further

from the selected allele. On the other hand, these intermediate frequency SNPs at base

pairs chr15:28,100,878 and chr15:28,141,480 may be functionally important to an unknown

selected haplotype. We apply iSAFE to study this region as well, but it removes thousands of

SNPs where there is low marker density, including most of the variants near the OCA2 gene.

Since there is not a consensus best-ranked variant, we use the haplotype-based frequency
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Figure 7.5: Estimated historical allele frequencies in last 150 generations for OCA2 and

TRPM1 loci putatively under selection in Europeans. The plots show the means, the first

percentiles, and the ninety-ninth percentiles for allele frequencies p(t) from one thousand

parametric bootstraps over identity-by-descent and Wright-Fisher processes for selective

sweeps at (A) OCA2 and (B) TRPM1 loci. The TRPM1 analysis is based on the best-

ranked SNP because there is consensus across cohort analyses. The OCA2 analysis is based

on haplotype-based frequency estimates because there is no consensus on a variant. The

TRPM1 analysis is based on IBD segments in the first European ancestry group (EUR1);

the OCA2 analysis is based on IBD segments in the WHI cohort, the largest cohort where

this locus passes the selection scan. Additive selection is assumed. The y-axis scale for the

(B) TRPM1 analysis is changed for improved visibility. Time is measured in thousands of

years ago (kya) using one generation equals thirty years.

estimate p̂(0) = 0.85 from the WHI cohort. (The frequency of the rs12913832 variant is 78%

in the WHI sample.) We estimate the additive selection coefficient ŝ = 0.0206 (95% CI =

(0.0176,0.0236)). The implied historical allele frequencies are in Figure 7.5A.
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7.5.4 Limited evidence for recent hard sweeps at many European loci

The MHC region contains genes that encode molecules that bind to antigens and mediate

the presentation of these to the surface of immune cells. These molecules help cells to

recognize themselves from foreign agents, thereby influencing donor compatibility for organ

transplant. Gini impurity indices at MHC are below 0.60 for the smaller cohorts but above

0.60 for the larger WHI and the EUR1 group. Additionally, we infer locations for the sweep

that differ by as much as seven Mb across studies. These Gini impurity indices and location

estimates indicate that there may be multiple sweeps or multiple adaptive haplotypes in the

MHC region. These scenarios are a clear violation of our hard sweep from de novo mutation

model.

The SLC45A2 gene is associated with pigmentation in skin, hair, and eye [49]. We

do not estimate selection coefficients for this locus because its Gini impurity indices are

greater than 0.6 for all cohorts and there is no consensus best-ranked SNP. Figure S67D

illustrates an unusual spectrum of common variation between forty and sixty percent around

chr5:34,350,000. This region is 400 kb to the right of SLC45A2 and its putative target SNP

rs16891972 [100]. Sabeti et al. [125] observe that a nonsynonymous substitution variant in the

SLC45A2 gene is fixed in a European sample but absent in African and Asian samples [125].

Mathieson and Terhorst [100] and Vaughn and Nielsen [152] estimate a selection coefficient at

this locus based on an allele frequency change from forty to ninety percent found in ancient

DNA. Our IBD-based method is not well-suited for sweeps at or near fixation (Figure 4.1).

Analyses that compare between populations or use time series data may be more suitable

for modeling sweeps at or near fixation.

Estimating a selection coefficient with our method involves assuming the recent hard

sweep model. We do not estimate selection coefficients for other loci in Table 7.1 because

they do not have as clear a signal in our analyses. These loci have Gini impurity indices

greater than 0.60, no consensus best-ranked SNP, and the best-ranked SNPs have vastly

different allele frequencies and locations across studies. These loci could be examples of
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older fixed sweeps, sweeps with small selection coefficients, balancing selection, or other

evolutionary processes.

7.6 Discussion

We apply our methods to study positive selection in European, Indian, and African ancestry

samples. Our two datasets are the TOPMed 38k sequence data [146] and the UKBB array

data [24]. The automation built into the analysis pipeline makes it easy to study different

sample sets under different configuration settings. For example, we use separate African

ancestry sample sets in TOPMed and UKBB to see if our significant results replicate. Ad-

ditionally, we use cohorts within a combined TOPMed European ancestry group to see if

our significant results replicate in smaller sample sets collected from different studies. The

IBD-based analyses we conduct on cohorts of less than 2,000 samples are broadly consistent

with our analysis on a larger consortium dataset of 13,778 samples.

In our TOPMed EUR1 analysis, only seven loci exceed our multiple testing adjusted

significance threshold. We fail to observe excess IBD rates or a lack of heterozygosity among

IBD clusters at numerous loci that have been repeatedly suggested to be under selection

in Europeans. Many prior studies do not provide significance thresholds [155, 51], use a

significance threshold 5e-8 that may not correspond to multiple testing at the 0.05 nom-

inal level [101, 140, 146], or assume some parametric model without theoretical support

[111, 51]. Meanwhile, our approximate significance threshold adjusts for multiple testing

and is supported by Theorems 3.3.1, 3.3.2, and 3.3.3. Our test may be underpowered to

detect anything except strong selection within the past tens of generations. Nevertheless, we

encourage modeling selective sweeps only after identifying loci that pass a multiple testing

adjusted significance threshold.

For European ancestry samples in TOPMed, we estimate selection coefficients for signals

at the LCT, OAS1-2-3, TRPM1, and OCA2 genes. Strictly speaking, the OCA2 and OAS1-

2-3 loci do not pass our multiple testing threshold, but we do observe a low Gini impurity

index, a large excess IBD outgroup, and replication across cohorts. At LCT, we estimate
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ninety-five percent confidence intervals for the selection coefficient that are of width less

than 0.01. In comparison, Bersaglieri et al. [13] report a confidence interval that has a

width greater than 0.10, and Hejase et al. [75] use a machine learning dropout technique

to measure model uncertainty of width less than 0.001, which is likely too small to cover

a true selection coefficient. Additionally, we identify variants near the TRPM1 and the

OAS1-2-3 loci that are strongly differentiated between an inferred excess IBD outgroup and

the rest of the sample. We find limited evidence in our data to fit recent and strong hard

selective sweep models at the MHC and SLC45A2 loci. Further studies could explore to

what extent balancing selection and population structure confound statistical inference of

selective sweeps.

Most human studies on positive selection have focused on European samples. Granka

et al. [61] use cross-population extended haplotype homozygosity (XP-EHH) and integrated

Haplotype Score (iHS) to study positive selection within and between African ancestry co-

horts in 1000 Genomes. They fail to identify any particular loci under selection that could

not be distinguished from explanations of ascertainment biases, population structure, differ-

ences in linkage disequilibrium, or poor phasing accuracy. We identify one region containing

the XYLT1 gene where IBD rates are high in European, Indian, and African ancestry sample

sets and especially high in African ancestry sample sets. At this locus, we compute the Gini

impurity index greater than 0.6 and detect an excess IBD outgroup of less than ten percent

of samples in our TOPMed data. This pattern is similar to our observations at MHC, where

there are high IBD rates in all sample sets but especially so in European ancestry sample

sets. Garud et al. [58] states that most selection scans are specifically designed for hard

sweeps, whereas our selection scan detects regions where excess IBD rates are inconsistent

with neutral evolution. Future work could investigate haplotypes in this region for evidence

of balancing selection or soft sweeps, especially given that selection scans can indicate genes

of biomedical importance.

Using a 24-core Intel Xeon Silver 4214 2.2 GHz compute node, wall clock computing

time to detect IBD segments ≥1.0 cM on chromosome 2 for 13,778 samples is 4.5 hours
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for hap-ibd and 12.5 hours for ibd-ends. Compute times are much faster with array data.

These algorithms scale to the analysis of large sequence datasets which far exceed the sample

size limitations of existing approaches. The tool ibd-ends may be especially important to

adjust for genotyping errors, gene conversion, and regions of low marker density in sequence

data [20]. High-quality recombination maps are recommended to address IBD segment de-

tection at telomeres and centromeres. We recommend pedigree-based genetic maps because

low estimated recombination rates in LD-based maps tend to confound signals of positive

selection [108]. Beyond human genetics, some examples of pedigree or lab crossover-based

recombination maps include Canis familiaris [27], Drosophila melanogaster [36], Arabidopsis

thaliana [126], and Caenorhabditis elegans [123]. Our methods are not designed specifically

for human data and could be transferable to selection studies in other species.
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Chapter 8

CONCLUSION

In this dissertation, we propose and assess statistical methods to model recent and strong

selective sweeps. Our methods and theory are based on how recent and strong positive

selection impacts identity-by-descent within a population. Specifically, many clusters of

haplotypes may maintain long identity-by-descent segments descendant from an especially

advantageous allele sweeping towards fixation. Based on this intuition, we use large identity-

by-descent clusters and excess identity-by-descent rates to detect and model selective sweeps.

We start by motivating our methods for selection inference with theoretical contributions.

In Chapter 2, we introduce the mathematical model in which long identity-by-descent seg-

ments derive from common ancestors within the past few hundred generations. In Chapter

3, we present and prove central limit theorems for the detectable identity-by-descent rate

around a locus. In Chapter 4, we give an estimator for the selection coefficient that is an

easy-to-interpret one-to-one function of the detectable identity-by-descent rate around a lo-

cus. We leverage our central limit theorems and an efficient algorithm in Chapter 2 to offer

confidence intervals that are valid under Delta method conditions [31].

The mathematical contributions in the aforementioned chapters apply to long identity-

by-descent segments accurately detected from genetic markers in real data [16, 66, 134,

54, 20, 163, 120]. In Chapter 5, we provide heuristic approaches to pinpoint the location

and frequency of a sweeping allele, which are necessary inputs to our selection coefficient

estimator. In Chapter 6, we adjust for multiple testing in a principled statistical framework,

and we indicate that our hypothesis test may be anti-conservative in most real datasets.

Finally, in Chapter 7, we apply the statistical methods in Chapters 2, 4, 5, and 6 to analyze

positive selection in African, European, and South Asian ancestry samples from the Trans-
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Omics for Precision Medicine (TOPMed) Whole Genome Sequencing Project [146] and the

United Kingdom Biobank (UKBB) [24].

Our work has highlighted several shortcomings in existing methods to study positive

selection. We refer to the 5e-8 significance threshold as a nominal significance threshold

in existing methods to test for selection [51, 140, 146], not a multiple testing adjustment,

because they have not demonstrated control of the FWER in theory nor in simulation studies.

Moreover, existing hypothesis tests for selection are not the same as genome-wide association

studies in array data, which is the historical precedence of the 5e-8 significance threshold [35].

As case studies, our multiple testing adjustments and those in Grinde et al. [63] indicate that

the effective number of tests in population genetics may differ significantly between human

populations. On a related note, we question whether existing selection coefficient estimators

for s ≤ 0.01 [142, 152, 103, 75, 151] should be trusted without uncertainty quantification.

In our simulation studies, we find that a coalescent likelihood-based approach and a deep

learning approach have considerable biases in estimating s > 0.01, which is a scenario that

should have more not less statistical signal than s ≤ 0.01. It is difficult to investigate

why these complicated estimators perform so poorly in our simulation studies, whereas our

estimator is an easy-to-interpret one-to-one function of a sample mean.

We make a few key observations about our methods and their robust performance in

extensive simulation studies. First, the detectable identity-by-descent rate around a locus

is a sample mean of correlated binary random variables, and the regularity conditions in its

central limit theorems are such that its variance is comparable to the variance of the binomial

sample mean. Second, the binomial sample mean is a maximum likelihood estimator (MLE)

for its mean parameter, and one-to-one functions of MLEs are also MLEs (Theorem 7.2.10 in

Casella and Berger [31]). The composite likelihood of the detectable identity-by-descent rate

is the binomial likelihood, and this relationship, combined with our central limit theorems,

may explain the accuracy of our selection coefficient estimator and confidence intervals1.

1See Casella and Berger [31] for the statistical properties of maximum likelihood estimators and expo-
nential family distributions.
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Third, the detectable identity by descent rate around a locus, not the entire identity-by-

descent segment length distribution, behaves empirically like a sufficient statistic.

The hard selective sweep model is likely wrong in practice but useful in its simplicity.

Our heuristic methods for marker data (Chapter 5) provide ancillary support for modeling

selective sweeps once a null model of constant identity-by-descent rate is rejected. A single

majority haplotype cluster of excess identity-by-descent rate and a reduction in the diversity

of common variants are evidence consistent with a hard selective sweep. Our automated

and efficient workflow enables reproducible analyses in cohorts of consortium datasets or

in different populations. Findings that replicate within and across datasets are important

alongside statistically valid hypothesis tests and estimation. For example, we observe similar

results for selection at the LCT locus between our analyses of individual cohorts and a

combined sample of inferred European ancestry individuals from the TOPMed data.

We fail to reject a null model of constant identity-by-descent rate at many human loci that

have been reported as putative sites of adaptive evolution. Many of these putatively selected

loci have high identity-by-descent rates relative to the genome-wide median, but they do not

exceed our anti-conservative multiple testing adjusted threshold. Another explanation is that

selection at these loci is weaker than s = 0.01 or older than a couple hundred generations.

We also reject the null model of constant identity-by-descent rate in African and South Asian

ancestry samples near a gene important to skeletal cell development. We suggest that this

putatively selected locus is likely not due to a hard selective sweep but that the locus could

be subject to balancing selection. Future studies on this locus may contribute to medical

genetics in non-European populations.

There are many opportunities to extend the methods presented in this thesis. One cur-

rent limitation is identity-by-descent segment detection near telomeres and centromeres.

This limitation may be addressed technologically by increasing the availability of long-read

sequencing and a telomere-to-telomere reference genome [106]. This limitation may also be

addressed methodologically by adapting our selection scan to identity-by-descent segment

detection without a genetic map. The latter opportunity is especially important for non-
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human studies. Our analysis of samples from a small founder population suggests that our

selection scan could be underpowered when the identity-by-descent rate process has high

variance relative to that of a modestly sized population. Recurrent sweeps and strong selec-

tive sweeps across the genome may also make it difficult to perform anomaly detection in

our hypothesis testing framework. Human interventions in the environment could acceler-

ate genome-wide selective sweeps in Plasmodium falciparum, Drosophila species, Anopheles

gambiae, and SARS-CoV-2 populations, to name a few examples [57, 65, 6, 7]. Lastly, Skov

et al. [138] suggest that there may have been many strong selective sweeps on the human X

chromosome, but our methods are currently limited to autosomes. Combining information

from autosomes may be important for selection scans on sex chromosomes, where there is

less sequence data to measure genome-wide tendencies. Lessons from demographic inference

and local ancestry inference on the X chromosome [22, 62, 26] may provide some motivation

for methods development.

The overarching aim of this dissertation is to offer statistical inference of recent positive

selection that has strong theoretical support and robust performance in real data. We hope

that its statistical contribution to population genetics helps foster valid and reproducible

results in ongoing genetics research on non-European and non-human populations.
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[43] Paul Erdős and Alfréd Rényi. On random graphs I. Publ. Math. Debrecen, 6(290-297):

18, 1959.
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drei Verner, Thomas J Hudson, Pui-Yan Kwok, Dongmei Cai, Daniel C Koboldt, Ray-

mond D Miller, Ludmila Pawlikowska, Patricia Taillon-Miller, Ming Xiao, Lap-Chee

Tsui, William Mak, You Qiang Song, Paul K H Tam, Yusuke Nakamura, Takahisa

Kawaguchi, Takuya Kitamoto, Takashi Morizono, Atsushi Nagashima, Yozo Ohnishi,

Akihiro Sekine, Toshihiro Tanaka, Tatsuhiko Tsunoda, Panos Deloukas, Christine P

Bird, Marcos Delgado, Emmanouil T Dermitzakis, Rhian Gwilliam, Sarah Hunt,

Jonathan Morrison, Don Powell, Barbara E Stranger, Pamela Whittaker, David R

Bentley, Mark J Daly, Paul I W de Bakker, Jeff Barrett, Yves R Chretien, Julian

Maller, Steve McCarroll, Nick Patterson, Itsik Pe’er, Alkes Price, Shaun Purcell,

Daniel J Richter, Pardis Sabeti, Richa Saxena, Stephen F Schaffner, Pak C Sham,

Patrick Varilly, David Altshuler, Lincoln D Stein, Lalitha Krishnan, Albert Vernon

Smith, Marcela K Tello-Ruiz, Gudmundur A Thorisson, Aravinda Chakravarti, Pe-

ter E Chen, David J Cutler, Carl S Kashuk, Shin Lin, Gonçalo R Abecasis, Wei-
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Appendix A

CENTRAL LIMIT THEOREMS

A.1 Theoretical derivations

Lemma A.1. E2[Xa,b] → 0 uniformly as Nw → ∞.

Proof. Let f(N) = (Nw)−1, and recall that E2[Xa,b] = (2Nw + 1)−1. If Nw > (1/ε− 1)/2,

then |f(N)− 0| < ε. Choose integer M such that Mw ≥ (1/ε− 1)/2. Thus, for ε > 0, there

exists M such that |f(N)| = (2Nw + 1)−1 < ε for all N ≥ M .

Lemma A.2. Let X ∼ Bernoulli(q) and q ∈ (0, 1). E[|Z|3]/E[|Z|2]3/2 is bounded above

where Z = X − E[X].

Proof.

E[|Z|3] = |1− q|3q + |q|3(1− q)

= q(1− q)((1− q)2 + q2)

< 1.

(A.1)

E[|Z|2]3/2 = (|1− q|2q + |q|2(1− q))3/2

= (q(1− q)(1− q + q))3/2

= (q(1− q))3/2

> 0.

(A.2)

Lemma A.3. Cov3(Za,b, Za,c) ≡ Cov3(Xa,b, Xa,c) = O((Nw)−2).

Proof. Up to the reordering of three sample haplotypes, there is one possible bifurcating

tree (Figure S12). Sample haplotypes a and b coalesce to a common ancestor and their
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common ancestor coalesces to a common ancestor with sample haplotype c. We integrate

over coalescent time and haplotype segment lengths to bound the covariance.

E3[Xa,b] = 3

∫
exp(−2Nt3w) exp(−3t3)dt3

= 3(2Nw + 3)−1.

(A.3)

E3[Xa,c] = 3

∫ ∫
exp(−2Nt3w) exp(−2Nt2w) exp(−3t3)) exp(−t2)dt3dt2

= 3(2Nw + 1)−1(2Nw + 3)−1.

(A.4)

E3[Xa,bXa,c] = 3

∫ ∫ ∫
exp(−3Nt3w) exp(−2Nt2w) exp(−3t3) exp(−t2)dt3dt2

= (2Nw + 1)−1(Nw + 1)−1.

(A.5)

Cov3(Xa,b, Xa,c) = E3[Xa,bXa,c]− E3[Xa,b] · E3[Xa,c]

= (2Nw + 1)−1((Nw + 1)−1 − 9(2Nw + 1)−1(2Nw + 3)−1)

≤ (2Nw + 1)−1(Nw)−1

= O((Nw)−2).

(A.6)

Lemma A.4. Cov4(Za,b, Zc,d) ≡ Cov4(Xa,b, Xc,d) = O((Nw)−3).

Proof. Up to the reordering of four sample haplotypes, there are two possible bifurcating

trees (Figure S13). The first tree is as follows: sample haplotypes a′ and b′ coalesce to a

common ancestor, then sample haplotypes c′ and d′ coalesce to a common ancestor, and

finally those common ancestors coalesce. The covariance of Xa′,b′ and Xc′,d′ is zero because

of independent meioses. We focus instead on the covariance of Xa′,c′ and Xb′,d′ . We integrate

over coalescent time and haplotype segment lengths to bound the covariance.

E4[Xa′,c′ ] = E4[Xb′,d′ ]

= 6 · 3
∫ ∫

exp(−2N(t4 + t3 + t2)w) exp(−(6t4 + 3t3 + t2)) dt4dt3dt2

= 18(2Nw + 6)−1(2Nw + 3)−1(2Nw + 1)−1.

(A.7)
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E4[Xa′,c′Xb′,d′ ] = 6 · 3
∫ ∫ ∫

exp(−(4Nt4 + 3Nt3 + 2Nt2)w)

exp(−(6t4 + 3t3 + t2))dt4dt3dt2

= 18(4Nw + 6)−1(3Nw + 3)−1(2Nw + 1)−1.

(A.8)

Cov4(Xa′,c′ , Xb′,d′) ≤ 3(4Nw + 6)−1(Nw + 1)−1(2Nw + 1)−1 = O((Nw)−3). (A.9)

The second tree is as follows: a′ and b′ coalesce to a common ancestor, then their common

ancestor coalesces with c′, and finally, the common ancestor of a′, b′, and c′ coalesces with

d′. It is easy to verify that E4[Xa′,c′Xb′,d′ ] is the exact same as in Equation A.8. Next,

E4[Xa′,c′ ] = 6 · 3
∫ ∫

exp(−2N(t4 + t3)w) exp(−(6t4 + 3t3 + t2)) dt4dt3dt2

= 18(2Nw + 6)−1(2Nw + 3)−1.

(A.10)

E4[Xb′,d′ ] = 6 · 3
∫ ∫

exp(−2N(t4 + t3 + t2)w) exp(−(6t4 + 3t3 + t2)) dt4dt3dt2

= 18(2Nw + 6)−1(2Nw + 3)−1(2Nw + 1)−1.

(A.11)

Because Equations A.10 and A.11 are nonnegative, the covariance upper bound is the same

as in Equation A.9.

Lemma A.5. The following are true

• Cov2(Z̃a,b) = O((Nw)−1);

• Cov3(Z̃a,b, Z̃a,c) ≡ Cov3(Ya,b, Ya,c) = O((Nw)−2);

• Cov4(Z̃a,c, Z̃b,d) ≡ Cov4(Ya,c, Yb,d) = O((Nw)−3).

Proof. We take the same approach as in Lemmas A.3 and A.4, except the survival function
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is that of an Erlang random variable with shape parameter 2.

E2[Ya,b] =

∫
(exp(−2Nt2w) + 2Nt2w exp(−2Nt2w)) exp(−t2)dt2

= (2Nw + 1)−1 +

∫
2Nt2w exp(−(2Nw + 1)t2)dt2

= (2Nw + 1)−1 + 2Nw

∫
t2 exp(−(2Nw + 1)t2)dt2

= (2Nw + 1)−1 + 2Nw(2Nw + 1)−2

= (2Nw + 1)−1(1 + 2Nw(2Nw + 1)−1).

(A.12)

E3[Ya,b] = 3

∫
(exp(−2Nt3w) + 2Nt3w exp(−2Nt3w)) exp(−3t3)dt2

= 3((2Nw + 3)−1 + 2Nw

∫
t3 exp(−(2Nw + 3)t3))

= 3((2Nw + 3)−1 + 2Nw(2Nw + 3)−2)

= 3(2Nw + 3)−1(1 + 2Nw(2Nw + 3)−1).

(A.13)

E3[Ya,c] = 3(2Nw + 3)−1(2Nw + 1)−1

+ 6Nw

∫
(t3 + t2) exp(−(2Nw + 3)t3) exp(−(2Nw + 1)t2)dt3dt2

= 3((2Nw + 3)−1(2Nw + 1)−1 + 2Nw(2Nw + 3)−2(2Nw + 3)−2)

= 3(2Nw + 3)−1(2Nw + 1)−1(1 + 2Nw(2Nw + 3)−1(2Nw + 3)−1).

(A.14)

From Equations A.12, A.13, and A.14, the pattern emerges that the effect of the convolution

of crossover points is to multiply O(1) terms to the expected values in Equation 3.4 and

Lemmas A.3 and A.4.

Calculating E3[Ya,bYa,c] is more involved. Up to the reordering of three sample haplotypes,

we consider sample haplotypes a and c that coalesce at the most recent common ancestor of

a, b, and c. Then, E3[Ya,c] ≥ E3[Ya,bYa,c], and

Cov3(Ya,b, Ya,c) = E3[Ya,bYa,c]− E3[Ya,b]E3[Ya,c]

≤ E3[Ya,bYa,c]

≤ E3[Ya,c]

= O((Nw)−2).

(A.15)
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Using the same techniques, it is easy to calculate E4[Ya,c] and E4[Yb,d] for the two different

tree shapes and derive the O((Nw)−3) bound for Cov4(Ya,c, Yb,d).

Lemma A.6. For a sample of three haplotypes a, b, and c, when E2[Xa,c] < 1/2, the condi-

tional expectation E[Za,c × Z−a,c|Z−a,c] ̸≥ 0 for all Z−a,c.

Proof. Define q =: E2[Xa,c], and fix X−a,c = 1.

E[Za,c × Z−a,c|Z−a,c] = E[(Xa,c − q)× (Xa,b +Xb,c − 2q)|Xa,b +Xb,c = 1]

= E[Xa,c × (1− 2q)|Xa,b +Xa,c = 1]− q + 2q2

Because of IBD transitivity, Xa,c = 0 with probability 1. Then, the equation simplifies to

−q(1− 2q) < 0.
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A.2 Verifying an assumption empirically

The third condition in Theorems 3.3.1, 3.3.2, and 3.3.2 amounts to a notion of joint non-

negative correlation among IBD segment indicators, which seems reasonable given that any

pair of IBD segment indicators has nonnegative covariance. A conceptual interpretation is

that conditioning on the sum of all indicators except one should provide information about

the height of the unobserved coalescent tree.

Calculating E[Ya,b|Y−a,b] and E[Ya,b|Y−a,b] involves integrating over the coalescent tree

for 2n−1 vectors of 0’s and 1’s, which is analytically intractable. We instead take a Monte

Carlo approach to examine this assumption. We fix the identities of two sample haplotypes

a and b. We run Algorithm 1 one hundred and twenty million times, recording the value of

ya,b and the sum y−a,b. Then, we calculate the difference between the empirical average ȳa,b

and E[Ya,b], stratified into bins depending on the sum y−a,b.

Figure A.1 shows the results of this simulation study. The sample sizes are limited to two

and four hundred individuals to keep runtime modest. We split the ya,b|y−a,b observations

into eight quantile bins because E[Ya,b|Y−a,b] can be exceptionally small for some Y−a,b. For

each bin, the average count ȳa,b is less than or greater than E[Ya,b] when the sum y−a,b is less

than or greater than E[Y−a,b], respectively. This trend is especially apparent for y−a,b far

from the expected value IBD count (
(
n
2

)
−1)×E[Ya,b]. These findings provide some empirical

evidence that the theorem assumption may be true for moderate sample sizes.

A.3 Interpreting the Ornstein-Uhlenbeck analytical approximation

The Siegmund and Yakir [137] analytical approximation is presented to a non-technical

audience without explanation. This analytical approximation is also not elaborated on in

Grinde [62], Grinde et al. [63], or Feingold et al. [47]. Here we offer an interpretation that

relates to an effective number of hypothesis tests.

Let α = 1 − Φ(z) be the nominal significance level for a one-sided test, where Z = z ∼

N(0, 1) and Φ(·) is the cumulative distribution function. A conservative Bonferroni approach
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Figure A.1: Monte Carlo verification of the conditional expectation condition in our central

limit theorem. Bar charts show the difference between the proportion of simulations where

two specific haplotypes share an IBD segment longer than 0.03 Morgans and the true success

probability (y-axis). This statistic is stratified into eight quantile bins based on the total

number of long IBD segments (x¬-axis). Sample sizes are A) two hundred and B) four

hundred diploids. The population size is ten thousand diploids. The expected IBD segment

count is 132.78 in A) and 531.78 in B).

is to use the multiple testing correction of α/M0, where M0 is the number of hypothesis tests

per chromosome. The probability that a marginal hypothesis test is not significant at this

multiple testing level is

P (Z ≤ z) = 1− α/M0 ≡ 1− 1− Φ(z)

M0

. (A.16)

The probability that M0 independent tests are not significant is

M0∏
m=1

P (Zm ≤ z) = (1− α/M0)
M0 ≡

(
1− 1− Φ(z)

M0

)M0

. (A.17)

The probability that at least one of M0 independent tests is significant is

P ( max
1≤m≤M0

Zm ≥ z) = 1−
(
1− α

M0

)M0

≡ 1−
(
1− 1− Φ(z)

M0

)M0

. (A.18)
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Now, let there be C chromosomes, each with M0 independent tests. The probability that at

least one of C ×M0 independent tests is significant is

P ( max
1≤c≤C

max
1≤m≤M0

Zm,c ≥ z) = 1−
(
1− α

M0

)M0×C

≡ 1−
(
1− 1− Φ(z)

M0

)M0×C

. (A.19)

As the number of chromosome-specific tests M0 → ∞ gets large, the left term is approxi-

mately exp(−C · [1− Φ(z)]):

P ( max
1≤c≤C

max
1≤m≤M0

Zm,C ≥ z) ≈ 1− exp(−C × α) ≡ 1− exp(−C × [1− Φ(z)]). (A.20)

In other words, the term exp(−C[1−Φ(z)]) in Equation 6.7 may come from a scenario of many

independent tests on each chromosome. This sequence of equations can be generalized for

varying chromosome sizes M1, · · · ,MC as long as Mc → ∞ for all chromosomes 1 ≤ c ≤ C.

The other term θ ·L ·z ·ϕ(z) ·ν(z{θ∆}1/2) in Equation 6.7’s exponent is the probability of

the first hitting time of a standardized Ornstein-Uhlenbeck process [4, 47]. The hitting time

is when the process exceeds z. The genome length is L, discrete hypothesis tests happen

every ∆, and θ is the exponential decay parameter. Feingold et al. [47] suggests setting

α = 1 − Φ(z) − θ · L · z · ϕ(z) · ν(z{θ∆}1/2). If we work through the same sequence of

equations above, we arrive at the Siegmund and Yakir [137] analytical approximation. Thus,

the term exp(−θ · L · z · ϕ(z) · ν(z{θ∆}1/2)) may reflect an adjustment for correlated tests.

We compute the analytical approximation for varying ∆ and θ, fixing C = 10 chromo-

somes each of length 1 Morgan. The total number of tests M is thus 10/∆. Let ẑ be the

estimated threshold for confidence level α = 0.05. We find that θ · L · ẑ · ϕ(ẑ) · ν(ẑ{θ∆}1/2)

is close to 0.05 in all cases and (1 − Φ(ẑ))/M is small but greater than the Bonferroni sig-

nificance level α/M . We refer to Meff , the solution of Meff = α/(1−Φ(ẑ)), as the effective

number of tests. Figure S56 shows Meff/M for varying θ and ∆. As expected, Meff/M

decreases as ∆ decreases because many of the scanning statistics become strongly correlated.

We also display a vertical line for θ = 50, which is close to our estimates of this parameter in

simulated and real human data. For θ = 50, the effective ratio of tests is roughly 60% when

testing every 0.2 cM, and it is roughly 15% when testing every 0.02 cM. If the recombination
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rate is uniform along the genome (no hotspots), the step size ∆ = 0.02 is close to the base

pair step size every 20 kb that we use in our TOPMed and UKBB selection scans.
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Appendix B

ADDITIONAL SIMULATIONS CONCERNING SELECTION
COEFFICIENT ESTIMATION

B.1 “Sufficiency” of the selection coefficient estimator

We implement optimization of s in Equation 4.6 over any discretized length distribution,

not just the rate of detectable IBD segments greater than some length threshold. We also

extend the optimization to allow for length distributions over subsamples with and without

a sweeping allele. If the estimator based on the unlabelled detectable IBD rate is a suffi-

cient statistic, then the number of detectable IBD segments captures all the relevant signal,

without knowledge of the specific segment lengths or allele labels.

Without analytical results for sufficiency, we conduct simulation studies with the following

parameter options: population bottleneck or three phases of exponential growth demographic

scenarios, two or five thousand diploid samples, sweeping allele frequency twenty-five or fifty

percent, and selection coefficient 0.005 ≤ s ≤ 0.035. For each combination of parameters,

we perform twenty thousand simulations. We report the mean selection coefficient estimate

and the mean absolute deviation between the true selection coefficient and estimates.

Figure S20 shows nearly identical estimation results between the unlabelled rate and

length distribution approaches, regardless of the true selection coefficient, the sweeping allele

frequency, and the demographic scenario. This empirical result suggests that the IBD length

distribution may not give additional signal beyond the detectable IBD rate for the purposes

of estimating s ≥ 0.005. Figure S21 shows smaller mean absolute deviations in estimating

s ≤ 0.015 when given allele labels. The labels do not improve estimation when s > 0.015.

We do not report results for other parameter combinations because our findings were similar.



178

B.2 Plasmodium falciparum example

Our simulation studies in Chapter 4 concern selection coefficients s ≤ 0.05. There is limited

to no evidence for selection coefficients s > 0.05 in human populations. Examples of dramatic

adaptive evolution may have occurred in other organisms like Plasmodium falciparum para-

sites exposed to anti-malaria drugs [65] or Anopheles gambiae mosquitos [6, 7, 57]. Figure

S22 shows fifty bootstraps of the WF process near fixation and 0.10 ≤ s ≤ 0.40. Com-

pared to sweeps near fixation p(0) = 0.98 and s ≤ 0.05 (Figure 4.1), it is apparent the

impact of s ≥ 0.10 within the past twenty generations. Our IBD-based estimator may be

especially suitable for modeling selective sweeps with such rapid allele frequency changes.

When s > 0.01, we observe poor estimation performance among the methods we compare

to in Chapter 5. When s > 0.05, we observe poor estimation performance for a time-series

approach in Section B.3.

In the following simulation study, we consider a demographic scenario that closely mir-

rors recent effective population sizes inferred for Plasmodium falciparum [65]. The effective

population size has been exponentially decreasing at a four percent rate since three hundred

generations ago. Its current effective population size is three thousand haploids. We refer to

this example as the Pf. demography. The present-day samples are haploids as well. There

are two hundred estimates for each combination of parameters.

First, we assess the effect of sample size when estimating 0.10 ≤ s ≤ 0.40 and p(0) = 0.5.

Figure S23 shows that selection coefficient estimates increase as the true selection coefficient

increases, which we expect given the monotone relationship between the detectable IBD

rate and the selection coefficient (Figure S15). The variance of point estimates increases

considerably as the true selection coefficient increases1. Between samples of size fifty and

five hundred, we observe similar results. Consistent with Figure 4.2A, estimation with smaller

sample sizes may be feasible for large s and recent effective population sizes in the thousands.

1For selection coefficients s ≥ 0.10, the sweeping allele could have arisen within the past one hundred
generations. When there is a limited number of recombinations separating the original ancestor of the
adaptive allele from its current descendants, there is high variance.
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Second, we assess the effect of the present-day allele frequency when estimating 0.10 ≤

s ≤ 0.40 with fifty haploid samples. Figure S24 shows that estimation of s ≥ 0.20 is more

accurate for p(0) = 0.98 fixation than for p(0) ≤ 0.75. Recall that Figure 4.2C shows poor

estimation of s ≤ 0.04 when p(0) = 0.9. Even though the trajectory of selective sweeps is

logistic in shape, we still observe large excess IBD rates because the sweeping allele frequency

changes rapidly in recent generations with such strong selection coefficients (Figure S22). The

trends in estimation are otherwise the same as in Figure S23.

Lastly, in these examples of very large s ≥ 0.10 and the Pf. demography, we esti-

mate coverage probabilities for our selection coefficient confidence intervals. Figure S25

shows coverage estimates for standard normal and percentile-based confidence intervals of

s = 0.10, 0.20, 0.30, 0.40. Regardless of sample size, the standard normal-based confidence

intervals tend to undercover the true selection coefficients s ≥ 0.20. We observe coverage

estimates of 95% standard normal-based confidence intervals that are less than 90% when

s ≥ 0.30. In comparison, we observe coverage estimates of percentile-based confidence inter-

vals that are closer to 95% than those of the standard normal-based confidence intervals.

B.3 Performance relative to a time series-based method

Our IBD-based selection coefficient estimator exploits genetic relatedness among samples in

a single present-day generation to learn about the evolution of a sweeping allele in the past.

The length of an IBD segment can serve to calibrate the time depth of common ancestry

around a locus [149]. For example, when two specific haplotypes share an IBD segment

longer than 2.0 cM overlapping a locus, Figure 2.4 shows that the coalescent time of their

common ancestor can be different around a selected locus as opposed to around a neutral

locus. On the other other, some methods to estimate selection coefficients explicitly use

allele frequency data from past generations [99, 100, 152].

Here we modify the estimation approach in Mathieson and McVean [99] to compare

our estimator versus an approximate MLE over changes in allele frequency. Mathieson and

McVean [99] define their formulas in forward time, so, in the following derivations, t = 0
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in p(0) is the time of de novo mutation and time t = T in p(T ) is the time T generations

after de novo mutation. First, we use the haploid model. Now, Mathieson and McVean [99]

express the binomial probability mass

P (p(t+ 1) = p | p(t), Ne(t+ 1)) =

(
Ne(t+ 1)

p ·Ne(t+ 1)

)
×
(
p(t) + s · p(t)
1 + s · p(t)

)p×Ne(t+1)

×
(

1− p(t)

1 + s · p(t)

)(1−p)×Ne(t+1)

,

(B.1)

where Ne(t) and p(t) are the effective population size and sweeping allele frequency at t

generations after de novo mutation. Second, for constant effective population size Ne, they

simplify the log-likelihood of s given p(t) for all t,

ℓ(s) ∝ Ne

T∑
t=1

p(t+ 1) · log(1 + s)− log(1 + s · p(t)), (B.2)

where terms not depending on s are dropped. Third, they solve for s that maximizes the

log-likelihood. We do this by taking the first derivative, setting the equation to zero, and

taking a first-order Taylor series expansion when s ≈ 0. The Mathieson and McVean [99]

selection coefficient estimator becomes

ŝM&M =
p(T )− p(0)∑T−1

t=0 p(t) · (1− p(t))
. (B.3)

Equation B.3 works the same for the multiplicative diploid model: p(t+ 1) in terms of p(t)

and s is the same formula, and the factors of 2 cancel out.

Mathieson and McVean [99] do not consider non-constant effective population sizes in

their study. Following the same derivations, we modify their first-order approximation for

non-constant effective population sizes Ne(t). Our derivations lead to the modified estimator

ŝM&M+ =

∑T−1
t=0 (p(t+ 1)− p(t))×Ne(t+ 1)∑T−1
t=0 p(t) · (1− p(t))×Ne(t+ 1)

. (B.4)

In Mathieson and McVean [99], the authors handle the lack of samples at certain generations

by fitting a hidden Markov model. Given regular sampling of historical allele frequencies, we



181

instead interpolate allele frequencies between two adjacent data points and compute ŝM&M+

from Equation B.4.

In simulations, we compare this modified approach versus our IBD-based selection coef-

ficient estimator by estimating 0.01 ≤ s ≤ 0.05 and 0.1 ≤ s ≤ 0.4. We explore the following

parameter choices: demographic scenarios population bottleneck or a population of constant

size ten thousand diploids, sampling allele frequencies every five, ten, or twenty generations,

historical sample sizes of size five, ten, twenty, forty, or sixty diploids, and times of the final

data point being fifty, one hundred, or two hundred generations ago. Given a combination

of these four parameters, we simulate WF processes as input to the ŝM&M+ estimator. We

use Algorithm 1 to simulate detectable IBD segments ≥ 3.0 cM as input to our IBD-based

estimator. We use the deterministic formula for p(t), so the following results do not reflect

variance due to genetic drift, which should be small in our demographic scenarios of uniformly

large effective population sizes. The sample size in the current generation is one thousand

diploids. The sweeping allele frequency is fifty percent. For each parameter configuration,

we perform two hundred simulations. Unless otherwise specified, the default configuration

for the modified time series approach is ancient sample sizes of twenty diploids, the last

sampling of ancient data was one hundred generations ago, and sampling is done every ten

generations. Figure S26 illustrates the WF processes for different sampling designs in the

modified time series approach.

In Figure S27A, the exact Mathieson and McVean [99] estimator ŝM&M (Equation B.3)

shows near perfect accuracy. On the other hand, Figure S28 shows that the approximation

estimator ŝM&M can have moderate bias when s ≥ 0.10. Figure S27B shows that the variance

in point estimates can be similar between the modified time series-based estimator and

the IBD-based estimator when historical sample sizes are as small as ten diploids. Figure

S27C shows that the variance in point estimates increases for the modified time series-

based estimator as sampling frequency decreases, but the variance in point estimates remains

uniformly smaller than those of the IBD-based estimator. Figure S27D shows that the

variance in point estimates can be similar between the modified time series-based estimator
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and the IBD-based estimator when the last historical samples come from fifty generations

ago. Figure S29A shows that the point estimates in the modified time series-based approach

appear to resemble normal distributions, so parametric bootstrapping with standard normal

quantiles may provide sensible symmetric confidence intervals using the ŝM&M estimator 2.

Simulating the WF process with selection is very fast, so parametric bootstrapping with

percentile-based confidence intervals is also an option.

Next, we consider estimation in scenarios of non-constant effective population sizes. First,

we study the population bottleneck demographic scenario. In Figure S30A-C, when s ≤ 0.02,

we observe uniformly greater variance in point estimates between our IBD-based estimator

versus the ŝM&M+ time series-based estimator. On the other hand, when s ≥ 0.03, in

most cases the variance in point estimates is smaller for our IBD-based estimator versus

ŝM&M+. In particular, when s ≥ 0.03, the variance in point estimates is comparable between

the IBD and time series-based approaches only once historical sample sizes exceed twenty

diploids. For the three phases of exponential growth scenario, we observe uniformly smaller

or comparable variance in point estimates between our IBD-based estimator versus the time

series-based ŝM&M+. Figures S30D and S31D indicate that the ŝM&M+ we derive may be un-

biased for non-constant effective population sizes. For simulations of non-constant effective

population sizes, the point estimates in the modified time series approach appear to resem-

ble normal distributions, so parametric bootstrapping with standard normal quantiles may

provide sensible symmetric confidence intervals using the ŝM&M estimator (Figure S29B-C).

To model hard and recent selective sweeps, designing an experiment to detect many long

IBD segments in a present-day sample may sometimes be preferable to sampling allele fre-

quencies over time. One consideration is the cost to sequence many present-day samples

versus relatively fewer samples but interspersed across multiple generations. Another con-

sideration is that IBD-based approaches require accurate genotype calls, genetic maps, and

haplotype phasing, which may be challenging to obtain for non-model organisms. On the

2Mathieson and McVean [99] also provide plots of point estimates that resemble normal distributions in
simulations of s ≤ 0.06.
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other hand, DNA from samples in prior generations could be degraded, affecting the accuracy

of allele frequency estimates and possibly introducing lots of missing data. The Mathieson

and McVean [99] approach also applies to binary phenotypes, which could be cost-effective

to measure phenotypic adaptation in species with short generation times. Overall, our IBD-

based methods to model recent positive selection complement time series-based methods

[99, 100] as a more or less suitable approach depending on the population being studied.
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Appendix C

THE NUMBER OF RECOMBINATION ENDPOINT
COMPARISONS

C.1 The expected subtree sizes near the root of a tree

Here we argue that a large proportion of the
(
n
2

)
total recombination endpoint comparisons

are unnecessary and/or redundant when simulating IBD segments around a locus that are

longer than a couple of centiMorgans. Before the final coalescent event, there are two subtrees

of degree j and (n− j). There are thus j · (n− j) comparisons of recombination endpoints

to be made across the two subtrees. The worst case number of recombination endpoint

comparisons is when the two subtrees are of equal size ⌊n/2⌋ and ⌈n/2⌉.

At and near the root of a random bifurcating tree, Theorem C.1 says that the expected

number of recombination endpoint comparisons (plus some noise) divided by the worst case

number of recombination endpoint comparisons approaches 1 as the sample size gets large.

The Binomial(n, 1/2) random variable’s coefficient of variation may provide some intuition

for this result, where one-half is the probability a randomly chosen haplotype is assigned to

one of two subtrees. The coefficient of variation n−1/2 means that the average is much larger

than the standard deviation. For bounded k, if sizes of subtrees at coalescent time T+
n:k are

expected to be of order n, then we expect there to be recombination endpoint comparisons

of the order n2 at the final k − 2 coalescent events in the simulation.

Without loss of generality, we consider a rooted tree with the MRCA at the top of the

tree. We assume that there are no multiple merger events. First, we work downward from

the root of a coalescent tree of n sample haplotypes. Throughout we assume that n equals

a power of 2 to simplify the floor and ceiling functions ⌊n/2j⌋ = ⌈n/2j⌉ for j ∈ N.

At the coalescent event T2, the tree bifurcates into two subtrees. At the coalescent event
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T3, the scenario with the worst case number of comparisons is subtrees of size n/2, n/4, and

n/4. In general, at each coalescent event, the worst case is to split in half the largest subtree.

We provide a result for the expected number of comparisons after j splits along a path

from the root. Specifically, if Bj is the size of one subtree at the j
th split from a subtree of size

Bj−1, the number of comparisons Bj(Bj−1 −Bj) is expected to be of the same magnitude as

in the worst case tree. Our result concerns a bounded number of standard deviations from

the expected value, which is a stronger notion than the average number of computations

Θ(·). The proof is long, but the general strategy is to recursively apply the law of total

covariance and identify the exponents in the dominating terms.

Theorem C.1. Let Bj ∼ Binomial(Bj−1, 1/2) for j ≥ 1 and B0 = n. The index j is such

that 22j = O(1).

lim
n→∞

E[Bj(Bj−1 −Bj)] +O(1) · Cov1/2(Bj(Bj−1 −Bj))

n2/22j
= 1. (C.1)

Proof. We must calculate the expected value and the covariance in the numerator. Let B ∼

Binomial(m, 1/2).

E[B(B − 1)] = E[B2]− E[B]

= m/4 +m2/4−m/2

= m(m− 1)/4

= m(m− 1) · 2−2·1.

(C.2)

Using the law of total expectation, we solve the expected value for j = 2.

E[B2(B1 −B2)] = E[E[B2(B1 −B2)|B1]]

= E[B1(B1 − 1) · 2−2·1]

= n(n− 1) · 2−2·1 · 2−2·1 = n(n− 1)× 2−2·2.

(C.3)

Applying Equation C.2 recursively, we derive the general formula

E[Bj(Bj−1 −Bj)] = n(n− 1) · 2−2j. (C.4)
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The limit of Equation C.4 divided by n2 · 2−2j is one. Next, we require that the standard

deviation is of order less than n2. Using the law of total covariance, we derive in Lemma C.2

that Cov(Bj(Bj−1 −Bj)) ∼ n3, where ∼ means asymptotically equivalent. Consequently,

lim
n→∞

n−2 · Cov1/2(Bj(Bj−1 −Bj)) = 0.

Lemma C.2. Recall that Bj ∼ Binomial(Bj−1, 1/2) for j ≥ 1 and B0 = n. Then,

Cov(Bj(Bj−1 −Bj)) ∼ n3. (C.5)

Proof. We apply the laws of total covariance and expectation in a recursive fashion. Overall,

we must control three terms:

Cov(Bj(Bj−1 −Bj)) = Cov(B2
j , B

2
j )

+ Cov(BjBj−1, BjBj−1)

− 2 · Cov(BjBj−1, B
2
j ).

(C.6)

The first four moments of the conditional binomial random variable are useful:

E[Bj|Bj−1] = 0.5 ·Bj−1;

E[B2
j |Bj−1] = 0.52(Bj−1 +B2

j−1);

E[B3
j |Bj−1] = 1 · 0.5 ·Bj−1

+ 3 · 0.52 ·Bj−1(Bj−1 − 1)

+ 1 · 0.53 ·Bj−1(Bj−1 − 1)(Bj−1 − 2);

E[B4
j |Bj−1] = 1 · 0.5 ·Bj−1

+ 7 · 0.52 ·Bj−1(Bj−1 − 1)

+ 6 · 0.53 ·Bj−1(Bj−1 − 1)(Bj−1 − 2)

+ 1 · 0.54 ·Bj−1(Bj−1 − 1)(Bj−1 − 2)(Bj−1 − 3).

(C.7)

The following conditional covariances are also useful.

Cov(Bj, Bj|Bj−1) = 0.52 ·B1
j−1 = O(B1

j−1). (C.8)
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Cov(Bj, B
2
j |Bj−1) = E[B3

j |Bj−1]− E[Bj|Bj−1] · E[B2
j |Bj−1]

= 1 · 0.5 ·Bj−1

+ 3 · 0.52 ·Bj−1(Bj−1 − 1)

+ 1 · 0.53 ·Bj−1(Bj−1 − 1)(Bj−1 − 2)

− 0.53 ·Bj−1(Bj−1 +B2
j−1)

= 0.52 ·B2
j−1

= O(B2
j−1).

(C.9)

Cov(B2
j , B

2
j |Bj−1) = E[B4

j |Bj−1]− E[B2
j |Bj−1] · E[B2

j |Bj−1]

= 1 · 0.5 ·Bj−1

+ 7 · 0.52 ·Bj−1(Bj−1 − 1)

+ 6 · 0.53 ·Bj−1(Bj−1 − 1)(Bj−1 − 2)

+ 1 · 0.54 ·Bj−1(Bj−1 − 1)(Bj−1 − 2)(Bj−1 − 3)

− 0.54(B2
j−1 + 2 ·B3

j−1 +B4
j−1)

= −0.53 ·Bj−1 − 0.53 ·B2
j−1 + 0.5 ·B3

j−1

= O(B3
j−1).

(C.10)

Notice that all of the conditional covariances are of an order of three or less. By recur-

sively applying the law of total expectation, we derive E[B3
j ] ∼ n3. Another important

unconditional covariance term is

Cov(Bj, B
2
j ) = E[Cov(Bj, B

2
j |Bj−1)] + Cov(E[Bj|Bj−1],E[B2

j |Bj−1])

= E[O(B2
j−1)] + Cov(O(Bj−1), O(B2

j−1)),
(C.11)

which is asymptotically equivalent to n2 when the total laws of expectation and covariance are

applied recursively. Finally, we evaluate the asymptotic behavior of the three unconditional

covariances in Equation C.6.

Cov(B2
j , B

2
j ) = E[Cov(B2

j , B
2
j |Bj−1)] + Cov(E[B2

j |Bj−1],E[B2
j |Bj−1])

= E[O(B3
j−1)] + 0.54 · Cov(Bj−1 +B2

j−1, Bj−1 +B2
j−1)

(C.12)
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Cov(Bj−1Bj, Bj−1Bj) = E[B2
j−1Cov(Bj, Bj|Bj−1)]

+ Cov(Bj−1 · E[Bj|Bj−1], Bj−1 · E[Bj|Bj−1])

= 0.52 · (E[B3
j−1] + Cov(B2

j−1, B
2
j−1))

(C.13)

Cov(Bj−1Bj, B
2
j ) = E[Bj−1 · Cov(Bj, B

2
j |Bj−1)]

+ Cov(Bj−1 · E[Bj|Bj−1],E[B2
j |Bj−1])

= E[O(B3
j−1)] + 0.53 · Cov(B2

j−1, Bj−1 +B2
j−1)

(C.14)

By recursively applying the total laws of expectation and covariance, we conclude that Equa-

tions C.12, C.13, and C.14 are asymptotically equivalent to n3.

C.2 The expected subtree sizes near the leaves of a tree

A complementary perspective on joint subtree sizes we take from Dahmer and Kersting [39].

Now, we work upward from the leaves to the root. Dahmer and Kersting [39] provide a

lemma for the expected number of subtrees containing r sample haplotypes at the (n− k)th

coalescent event. We can use their moment calculations together with the expected value of

the hypoexponential random variable T+
n:k to build intuition for the average subtree sizes at

a specified generation. In a toy example, Figure C.1 shows the average number of sample

haplotypes under subtrees of a given size at generations N · E[T+
n:k]. Our main observation

is that before the final coalescent events most sample haplotypes are expected to be under a

subtree of size an order of magnitude smaller than sample size. In Figure C.1, the coalescent

times are a few hundred generations. From Chapter 2 and Figure S1, we know that the

probability of a long IBD segment around a locus from an ancestor at such coalescent times is

very rare. These expectations give additional support to the idea that many of the n(n−1)/2

comparisons happen near the root and that these computations might be avoided using the

pruning and merging rules in Algorithm 1.
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Figure C.1: The expected cardinality of subtree sizes at different coalescent times. Using

Lemma 1 in Dahmer and Kersting [39], we compute the expected number of subtrees con-

taining r samples (x-axis) at the (n− k)th coalescent event. We multiply these moments by

r to get the expected number of leaves under such subtrees (y-axis). There are two thousand

samples. Dark blue, orange, and green lines correspond to k =50, 95, and 180. We compute

the expected time of the (n− k)th coalescent event [74] and multiply by a population size of

ten thousand to get generations (legend). The vertical line is logarithm 10 of sample size.
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Appendix D

SUPPLEMENTARY FIGURES

Shared haplotypes overlapping a focal point

Figure S1: The survival probabilities of Erlang random variables. Subplots A) and B) show

the survival probabilities for shape parameters 1 and 2, respectively. The rate of the random

variables is the coalescent time in generations (x-axis). The survival probability (y-axis)

comes from Equations 2.6 and 2.7. The length thresholds are denoted by different colors and

line styles, defined in the legend.
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Figure S2: Illustration of coalescent tree branch lengths for merging arguments. (Left) The

branch length connecting common ancestor c to its common ancestor e increases to infinity.

(Right) The branch lengths of the tree are the expected values of time after (k + 1), (j + 1)

coalescent events.
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Figure S3: Compute time to simulate IBD segment lengths around a locus depending demog-

raphy and selection. Compute time (y-axis) in seconds by sample size (x-axis) in thousands

is averaged over five simulations. The legends denote colored line styles for different selection

coefficients. A), B), C), and D) show results for demographic scenarios of three phases of

exponential growth, a population bottleneck, and constant population sizes of twenty-five

and one hundred thousand diploids, respectively. The Morgan length threshold is 0.01.
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Figure S4: Empirical distributions of coalescent times conditional on detectable IBD seg-

ments as a locus for varying population size. Histograms show the density of coalescent

times split into fifty bins. Each panel represents one simulation. The population size is set

to A) ten thousand, B) one hundred thousand, C) one million, and D) ten million diploids.

The Morgan length threshold is 0.02. The sample size is five thousand diploids. There is no

selection.
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Figure S5: Empirical distributions of coalescent times conditional on detectable IBD seg-

ments around a locus for different demographic scenarios. Histograms show the density of

coalescent times split into fifty bins. Each panel represents one simulation. The demographic

scenario is set to A) a population bottleneck and B) three phases of exponential growth. The

Morgan length threshold is 0.02. The sample size is five thousand diploids. There is no se-

lection.
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Identity-by-descent in large samples

Figure S6: Shapiro-Wilk tests for varying population sizes and confidence levels. Line plots

show the proportions of Shapiro-Wilk tests rejected at confidence levels A,B) 0.01 and C,D)

0.1 (y-axis) for varying population size and fixed sample size. Each proportion is computed

over five hundred tests. Each test is based on one thousand simulations of the number of

identity-by-descent lengths longer than a specified Morgan length threshold (x-axis). A,C)

The sample size is five thousand diploids. B,D) The sample size is ten thousand diploids.

The legends give colors assigned to different population sizes. The horizontal dotted lines

are confidence levels.
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Figure S7: Shapiro-Wilk tests for varying sample sizes. Line plots show the proportions

of Shapiro-Wilk tests rejected at a confidence level of 0.05 (y-axis) for varying sample size

and fixed population size. Each proportion is computed over five hundred tests. Each test

is based on one thousand simulations of the number of identity-by-descent lengths longer

than a specified Morgan length threshold (x-axis). A) The population size is fifty thousand

diploids. B) The population size is one hundred thousand diploids. The legends give colors

assigned to different sample sizes. The horizontal dotted line is at 0.05.
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Figure S8: Shapiro-Wilk tests and relative upper tail bounds for complex demography sce-

narios. A) Line plots show the proportions of Shapiro-Wilk tests rejected at confidence level

0.05 (y-axis) for the population bottleneck (BN) or three phases of exponential growth (G3)

demographic scenarios and sample sizes of five or ten thousand diploids. Each proportion is

computed over at least six hundred tests. Each test is based on one thousand simulations of

the number of identity-by-descent lengths longer than a specified Morgan length threshold

(x-axis). B) Line plots show the average mean plus four standard deviations divided by

the 99.99683 percentile over two million simulations (y-axis). Plot designs are identical to

Figures 3.3 and 3.4.
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Figure S9: Relative upper bound for excess IBD scan. Line plots show the average mean plus

three standard deviations divided by the 99.86501 percentile over two million simulations (y-

axis). (The standard normal survival function of three is 0.9986501.) Each average relative

upper bound is computed over one thousand tests. Each test is based on two thousand

simulations of the number of identity-by-descent lengths longer than a specified Morgan

length threshold (x-axis). A) The sample size is five thousand diploids. B) The sample size

is ten thousand diploids. The legends give colors assigned to different constant population

sizes.



199

Figure S10: Expected false positives for excess IBD scan. Line plots show the expected

false positive tests out of three thousand (x-axis) by the log 10 constant population size

(y-axis). The z-tests use three (blue) or four (orange) estimated standard deviations above

the estimated mean. The horizontal dotted blue and orange lines correspond to 1−Φ(3) and

1− Φ(4) times three thousand. The legend gives colors assigned to the different quantiles.
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Figure S11: Comparing features between IBD graphs for complex demographic scenarios.

Histograms show the density of IBD graph features between A-C) the three phases of expo-

nential growth (G3) and D-F) the population bottleneck (BN) demographic scenarios. Each

histogram is based on at least six hundred thousand simulations. A,D), B,D), and C,F) show

the number of trees of order 2, the number of trees of order 3, and the total number of edges,

respectively. The Morgan length threshold is 0.03. The sample size is five thousand diploids.
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Figure S12: Illustration of the one possible coalescent tree used to calculate Cov3 terms in

Appendix A.
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Figure S13: Illustration of the two possible coalescent trees used to calculate Cov4 terms in

Appendix A.
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Selection coefficient estimation

Figure S14: Wright-Fisher simulations with small selection coefficients. Fifty simulations

of the Wright-Fisher process for s ∈ [0.000, 0.001, 0.002, 0.004]. Allele frequency (y-axis)

by time (x-axis) is shown for the most recent (A-C) one hundred and (D-F) five hundred

generations. The allele frequencies in the present day are (A,D) 0.85, (B,E) 0.3, (C,F) and

0.15. The legend in A) defines colors for different selection coefficients and applies to all

subplots.
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Figure S15: Differentiable maps between the probability of a detectable IBD segment and

the selection coefficient. Line plots for selection coefficients (y-axis) by the log10 probability

of an IBD segment ≥ 2.0 cM (x-axis) for different demographic scenarios: A) population

bottleneck, B) three phases of exponential growth, C) constant size twenty-five thousand

diploids, and D) constant size ten thousand diploids. Selection coefficients are discretized

every 0.001. Calculation of the detectable IBD probability is based on the Palamara et al.

[110] and Browning and Browning [19] approximations, extended to include selection sweeps.

Colors in the legend correspond to estimation conditional on different present-day sweeping

allele frequencies.
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Figure S16: Estimated historical allele frequencies when selection coefficients vary over time.

The plots show the medians, tenth percentiles, and ninetieth percentiles for allele frequencies

p(t) from two hundred parametric bootstraps over identity-by-descent and Wright-Fisher

processes for selective sweeps. The selection coefficient changes A,B) from 0.05 to 0.02 and

C,D) from 0.02 to 0.05. The selection coefficients change at A,C) twenty-five generations ago

and B,D) fifty generations ago, denoted by the vertical blue dotted lines and annotated as

subplot titles. The sweeping allele frequency is sixty-five percent in the present generation.

The population size is ten thousand diploids. The sample size is one thousand diploids.

Estimates are based on true IBD segment lengths greater than 3.0 cM.
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Figure S17: Estimated historical allele frequencies and selection coefficients when selection

coefficients oscillate over time. A) The plot shows medians, tenth percentiles, and ninetieth

percentiles for allele frequencies p(t) from two hundred parametric bootstraps over identity-

by-descent and Wright-Fisher processes for selective sweeps. The selection coefficient changes

between 0.02 and 0.05 every twenty generations, starting at s = 0.02 in the present gener-

ation. B) Histogram of selection coefficient estimates for oscillating selection scenario when

s = 0.02 (blue and vertical dotted line) or s = 0.05 (orange and vertical dotted line) in the

present generation. Vertical dotted-dashed lines are the average estimates, and the vertical

black line s = 0.035 is the midpoint between s = 0.02 and s = 0.05. The sweeping allele

frequency is sixty-five percent in the present generation. The population size is ten thousand

diploids. The sample size is one thousand diploids. Estimates are based on true IBD segment

lengths greater than 3.0 cM.
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Figure S18: Sampling distribution of the selection coefficient estimator. Histograms show

data for selection coefficient estimates of s = 0.01, 0.02, 0.03, 0.04 (colors in legend) from 2500

replicate simulations. The population bottleneck is the demographic scenario. The sample

size is five thousand diploids. Vertical dashed lines denote the averages of the sampling

mean. Kernel density estimates are overlaid on the histograms.
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Figure S19: Sampling distribution percentiles of the lower and upper standard normal

bounds. Each sampling distribution is determined from 37,500 simulations of true selec-

tion coefficients s = 0.01, 0.02, 0.03 (color legends). The average percentile of A) lower and

B) upper bounds for standard normal confidence intervals are shown as the y-axis variable.

The standard deviations are calculated from 250 simulations. Averages are taken over 150

replicates. The significance level is 0.10. Horizontal dashed lines denote 0.05 and 0.95. The

population bottleneck is the demographic scenario. The sample size is five thousand diploids.

The detection threshold is 3.0 cM.
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Figure S20: Average selection coefficient estimates using the number of detectable IBD

segments versus the IBD length distribution. Line plots show the average overall estimates

and the true selection coefficients s = 0.005, 0.015, 0.025, 0.035. The estimation methods

are denoted in the legend and assigned colors: length distribution (LD) (blue); and the

number of detectable IBD segments (LN) (orange). A,B) Population bottleneck (BN) is the

demographic model versus C,D) three phases of exponential growth (G3) is the demographic

model. A,C) The sweeping allele frequency p(0) is twenty-five percent versus B,D) the

sweeping allele frequency p(0) is fifty percent. The sample size n is five thousand diploids.

Each data point is based on twenty thousand simulations.
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Figure S21: Selection coefficient estimation using the number of detectable IBD segments

versus the IBD length distribution and known versus unknown allelic subgroups. Line plots

show the mean absolute deviation between estimates and the true selection coefficients

s = 0.005, 0.015, 0.025, 0.035. The estimation methods are denoted in the legend and as-

signed colors: length distribution (LD) (blue); length distribution with labeled alleles (LLD)

(orange); number of detectable IBD segments with labeled alleles (LLN) (green); and num-

ber of detectable IBD segments (LN) (red). A) The sample size is two thousand diploids

versus B) the sample size n is five thousand diploids. Three phases of exponential growth

(G3) is the demographic model. The sweeping allele frequency p(0) is twenty-five percent.

Each data point is based on twenty thousand simulations.
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Figure S22: Wright-Fisher simulations with big selection coefficients. Fifty simulations of

the Wright-Fisher process for s ∈ [0.4, 0.3, 0.2, 0.1]. Allele frequency (y-axis) by time (x-axis)

is shown for the most recent one hundred generations. The present-day allele frequency is

0.98. The legend defines colors for different selection coefficients. The demography concerns

a population decreasing in size exponentially, based on Plasmodium falciparum exposed to

anti-malaria drugs [65].
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Figure S23: Selection coefficient estimates in Plasmodium falciparum model for different

sample sizes. Boxplots show the 10th, 25th, 50th, 75th, and 90th percentiles of selection

coefficient estimates (y-axis) for s = 0.10, 0.20, 0.30, 0.40 (x-axis) with sweeping allele fre-

quency p(0) = 0.50 and the example Plasmodium falciparum demography. Scatter points

denote estimates less than or greater than the 10th and 90th percentiles, respectively. True

selection coefficients are assigned different colors (legend). A) There are fifty haploid samples

versus B) there are five hundred haploid samples. There are two hundred simulations for

each true selection coefficient. The detection threshold is 3.0 cM.
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Figure S24: Selection coefficient estimates in Plasmodium falciparum model for different

sample sizes. Boxplots show the 10th, 25th, 50th, 75th, and 90th percentiles of selection

coefficient estimates (y-axis) for s = 0.10, 0.20, 0.30, 0.40 (x-axis) with varying sweeping allele

frequencies 0.15 ≤ p(0) ≤ 0.98 (colors) and the example Plasmodium falciparum demography.

There are two hundred simulations for each pair of true selection coefficient and sweeping

allele frequency. The sample size is fifty haploids. The detection threshold is 3.0 cM.



214

Figure S25: Selection coefficient confidence interval coverages in the Pf model for different

sample sizes. Scatter plots show coverage estimates of 95% selection coefficient confidence

intervals (y-axis) for s = 0.10, 0.20, 0.30, 0.40 (x-axis) with sweeping allele frequency p(0)

= 0.75 and the example Plasmodium falciparum demography. Sample sizes are A) 50, B)

100, C) 200, and D) 500 haploids. The standard normal approach is colored blue and

the percentile approach is colored red. Confidence intervals are made from 500 parametric

bootstraps. Coverage is calculated from 500 replicate simulations. The detection threshold

is 3.0 cM.
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Figure S26: Interpolated Wright-Fisher processes with selection. Line plots show coales-

cent time (x-axis) by allele frequency (y-axis) for interpolated Wright-Fisher processes with

selection. A) Sampling of 10, 20, and 40 diploids is done every five generations until 195

generations ago. B) Sampling of 20 diploids is done every 5, 10, or 20 generations until 195

generations ago. C) Sampling of 20 diploids is done every five generations until 45, 95, or 195

generations ago. The selection coefficient is 0.02. The present-day frequency of the sweeping

allele is fifty percent. The sample size in the current generation is one thousand diploids.

The population effective size is constant ten thousand diploids. Colors in legends for dashed

lines are represented by the parameter perturbations, with labels referring to the parameter

under consideration. The black line is the true deterministic curve of the selective sweep

model.
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Figure S27: Comparing IBD-based estimates versus the Mathieson and McVean [99] ap-

proach in a constant size population. Boxplots represent the medians, interquartile ranges,

and tenth and ninetieth percentiles (whiskers) for two hundred estimates of each selection

coefficient. Default settings are ancient sample sizes of twenty, the last sampling of ancient

data one hundred generations ago, and sampling is done every ten generations. Legends

denote in color perturbations from these default settings. A) Mathieson and McVean [99]

approach is given the exact and complete historical allele frequencies. B) Ancient sample

sizes range from five to sixty at each sampling generation. C) Ancient data is evenly sampled

ranging from every five to twenty generations. D) The last time of sampling ancient data

ranges from fifty to two hundred generations ago. The IBD-based estimator is called iSWEEP.
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Figure S28: Mathieson and McVean [99] selection coefficient estimator for constant pop-

ulation size and full time series data. The scatter plot shows average selection coefficient

estimates from Equation B.3 given a constant population of ten thousand diploids and full

time series data. The selection coefficients s ≥ 0.10 are very large, which violates the first-

order Taylor series approximation in Mathieson and McVean [99]. Averages are taken over

two hundred simulations.
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Figure S29: Distributions of modified Mathieson and McVean [99] approach estimates. Ker-

nel density plots and box plots are based on two hundred estimates for each selection coeffi-

cient. The population sizes are from A) a constant size population of ten thousand diploids,

B) the population bottleneck, or C) the three phases of exponential growth demographic sce-

nario. The Mathieson and McVean [99] approach is an approximate MLE based on historical

allele frequencies, and we modify it to handle complex demography and interpolation when

allele frequencies are not known in some generations. Default settings are ancient sample

sizes of twenty, the last sampling of ancient data one hundred generations ago, and sampling

is done every ten generations. Legends denote in color simulations of different selection coef-

ficients. The sweeping allele frequency is fifty percent in the present generation. The sample

size is one thousand diploids.
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Figure S30: Comparing iSWEEP estimates versus modified Mathieson and McVean [99] ap-

proach in a population bottleneck demographic scenario. Box plots represent the medians,

interquartile ranges, and tenth and ninetieth percentiles (whiskers) for two hundred esti-

mates of each selection coefficient. Default settings are ancient sample sizes of twenty, the

last sampling of ancient data one hundred generations ago, and sampling is done every ten

generations. Legends denote in color perturbations from these default settings. A) Math-

ieson and McVean [99] approach is given the exact and complete historical allele frequencies.

B) Ancient sample sizes range from five to sixty at each sampling generation. C) Ancient

data is evenly sampled ranging from every five to twenty generations. D) The last time of

sampling ancient data ranges from fifty to two hundred generations ago. The sweeping allele

frequency is fifty percent in the present generation. The sample size in the current generation

is one thousand diploids. The IBD-based estimator is called iSWEEP.
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Figure S31: Comparing iSWEEP estimates versus modified Mathieson and McVean [99] ap-

proach in a three phases of exponential growth demographic scenario. Box plots represent

the medians, interquartile ranges, and tenth and ninetieth percentiles (whiskers) for two

hundred estimates of each selection coefficient. Default settings are ancient sample sizes of

twenty, the last sampling of ancient data one hundred generations ago, and sampling is done

every ten generations. Legends denote in color perturbations from these default settings.

A) Mathieson and McVean [99] approach is given the exact and complete historical allele

frequencies. B) Ancient sample sizes range from five to sixty at each sampling generation.

C) Ancient data is evenly sampled ranging from every five to twenty generations. D) The

last time of sampling ancient data ranges from fifty to two hundred generations ago. The

sweeping allele frequency is fifty percent in the present generation. The sample size in the

current generation is one thousand diploids. The IBD-based estimator is called iSWEEP.
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Methods to study selection in genetic data

Figure S32: Estimating the frequency and location of the sweeping allele for varying selection

coefficients. Comparing our estimator of the sweeping allele frequency and base pair location

using iSWEEP versus iSAFE variant scores in terms of: (A) the absolute deviation between

estimates and the true sweeping allele frequency, and (B) the absolute deviation between

estimates and the true sweeping allele location. Box plots show 10th, 25th, 50th, 75th, and

90th percentiles of estimates for each selection coefficient. There are two hundred simulations

of sequence data for each selection coefficient The sample size is five thousand diploids.

Population bottleneck (BN) is the demographic scenario. Mutation, recombination, and

gene conversion rates are 1e-8, 1e-8, and 2e-8.
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Figure S33: Estimating the frequency and location of the sweeping allele for varying selection

coefficients and allele frequencies. Comparing our estimator of the sweeping allele frequency

and base pair location using (A,C) iSWEEP versus (B,D) iSAFE variant scores in terms of:

(A,B) the absolute deviation between estimates and the true sweeping allele frequency, and

(C,D) the absolute deviation between estimates and the true sweeping allele location. Box

plots show the 10th, 25th, 50th, 75th, and 90th percentiles of estimates for each pair of

selection coefficient (colors in legend) and allele frequency bin (x-axis). There are fifty

simulations of sequence data for each pair of selection coefficient and allele frequency bin.

The sample size is five thousand diploids. Population bottleneck (BN) is the demographic

scenario. Mutation, recombination, and gene conversion rates are 1e-8, 1e-8, and 2e-8.
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Figure S34: Identifying the sweeping allele in sequence data. Comparing performance be-

tween methods iSWEEP (blue) and iSAFE (orange) in terms of the rank of the true simulated

allele, where one is the best possible rank. Box plots show 10th, 25th, 50th, 75th, and 90th

percentiles of rank estimates for each (A) allele frequency bin and (B) selection coefficient.

There are fifty simulations of sequence data for each pair of selection coefficient and allele

frequency bin. The sample size is five thousand diploids. Population bottleneck (BN) is the

demographic scenario. Mutation, recombination, and gene conversion rates are 1e-8, 1e-8,

and 2e-8.
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Figure S35: Identifying the sweeping allele in sequence data for varying selection coefficients

and allele frequencies. Comparing performance between methods (A) iSWEEP and (B) iSAFE

in terms of the rank of the true simulated allele, where one is the best possible rank. Box

plots show 10th, 25th, 50th, 75th, and 90th percentiles of rank estimates for each pair of

selection coefficient and allele frequency bin. There are fifty simulations of sequence data for

each pair of selection coefficient and allele frequency bin. The sample size is five thousand

diploids. Population bottleneck (BN) is the demographic scenario. Mutation, recombination,

and gene conversion rates are 1e-8, 1e-8, and 2e-8.
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Figure S36: Identifying the sweeping allele in sequence data when iSWEEP analysis is centered

at the true location. Comparing the ranking methods iSWEEP and iSAFE when iSWEEP is

analyzed centered at the true base pair location of the sweeping allele. The best possible

rank is one. Box plots show 10th, 25th, 50th, 75th, and 90th percentiles of rank estimates

for each selection coefficient. There are two hundred simulations of sequence data for each

selection coefficient. For iSWEEP, the 75th percentile is 1 for all selection coefficients and the

90th percentile is 1 for s ≥ 0.025. Outliers are data less than the 10th percentile or greater

than the 90th percentile. The sample size is five thousand diploids. Population bottleneck

(BN) is the demographic scenario. Mutation, recombination, and gene conversion rates are

1e-8, 1e-8, and 2e-8.
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Figure S37: Performance of iSWEEP for increasing sample size. Comparing sample sizes 1000

(light blue), 2500 (dark blue), and 5000 (light green) diploids in terms of: (A) estimating

selection coefficients, (B) ranking the true simulated allele, (C) estimating the frequency

of the sweeping allele, and (D) estimating the base pair location of the sweeping allele.

Box plots show 10th, 25th, 50th, 75th, and 90th percentiles of estimates from two hundred

simulations of each selection coefficient. Horizontal dashed red lines in (A) correspond to

the true selection coefficient. The horizontal dashed orange line in (B) is the upper bound

in other subplots in Chapter 5. Population bottleneck (BN) is the demographic scenario.

Mutation, recombination, and gene conversion rates are 1e-8, 1e-8, and 2e-8.
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Figure S38: Estimating frequency and identifying the sweeping allele in different demographic

scenarios. Box plots show the 10th, 25th, 50th, 75th, and 90th percentiles of estimates from

two hundred simulations of s = 0.03 and different demographic models: (A) the absolute

deviation between estimates and the true allele frequency; and (B) rankings of the true

sweeping allele. Population bottleneck (BN), three phases of exponential growth (G3), and

a constant size of 25,000 diploids (C25) are the demographic models (defined in the legend).

The horizontal dashed red line in (B) is the upper bound in other subplots in Chapter 5.

The sample size is five thousand diploids. Mutation, recombination, and gene conversion

rates are 1e-8, 1e-8, and 2e-8.



228

Figure S39: Estimating frequency and identifying the sweeping allele when there is pop-

ulation substructure. Box plots show the 10th, 25th, 50th, 75th, and 90th percentiles of

estimates from two hundred simulations of s = 0.03 and different demographic models: (A)

the absolute deviation between estimates and the true allele frequency; and (B) rankings of

the true sweeping allele. Population bottleneck (BN) is the overall demographic scenario.

There are two subpopulations with continuous migration rates of forty, ten, and one percent

(defined in legend). The horizontal red line in (B) is the upper bound in other subplots in

Chapter 5. The sample size is five thousand diploids. Mutation, recombination, and gene

conversion rates are 1e-8, 1e-8, and 2e-8.
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Figure S40: Performance of iSWEEP with and without gene conversion. Comparing gene

conversion rates of zero (light blue) versus 2e-8 (dark blue): (A) estimating selection coeffi-

cients and (B) estimating the frequency of the sweeping allele. Box plots show 10th, 25th,

50th, 75th, and 90th percentiles from sixty simulations of each selection coefficient. Hori-

zontal dashed red lines correspond to the true selection coefficient. The sample size is five

thousand diploids. Population bottleneck (BN) is the demographic scenario. Mutation and

recombination rates are 1e-8 and 1e-8.
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Figure S41: Performance of iSWEEP for different mutation and recombination rates. Com-

paring pair combinations of mutation rate µ and recombination rate ρ: (A) estimating the

selection coefficient s=0.03 and (B) estimating the frequency of the sweeping allele. Blue

is rates (µ, ρ)= (1e-8,1e-8), orange is rates (1e-8,2e-8), green is rates (2e-8,1e-8), and red is

rates (2e-8,2e-8). There are sixty simulations for each setting. Box plots show 10th, 25th,

50th, 75th, and 90th percentiles. The sample size is five thousand diploids. The sample size

is five thousand diploids. Population bottleneck (BN) is the demographic scenario. The gene

conversion rate is 2e-8.
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Figure S42: Lack of heterozygosity in excess IBD clusters due to few clusters and one pre-

dominant cluster. Gini impurity indices for excess IBD clusters inferred in sequence data (A)

increase with the number of clusters and (B) decrease with the proportion of the haplotypes

in the outgroup that are in the largest cluster. Results are based on fifty simulations of

sequence data for each pair s ∈ [0.015, 0.02, 0.025, 0.03, 0.035, 0.04] and allele frequency bin

in [0.1-0.3, 0.3-0.5, 0.5-0.7, 0.7-0.9]. We determine the 0.6 threshold empirically (horizontal

dashed line) as sufficient evidence supporting the recent hard sweep model. Ninety-seven

percent of our simulations fall into this category. Eighty-six percent of our simulations in-

volve a single excess IBD cluster. Pearson’s correlation in the subplot title is calculated for

the Gini impurity index by (A) the number of clusters and (B) the proportion of haplotypes

in the outgroup that are in the largest cluster. The sample size is five thousand diploids.

Population bottleneck (BN) is the demographic scenario. Mutation, recombination, and gene

conversion rates are 1e-8, 1e-8, and 2e-8.
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Figure S43: Heterozygosity in excess IBD clusters measured in simulated sequence data. Box

plots show the 10th, 25th, 50th, 75th, and 90th percentiles of Gini impurity indices measured

in simulated sequence data. Outliers are data less than the 10th percentile or greater than

the 90th percentile. There are fifty simulations of sequence data for each pair of selection

coefficient and allele frequency bin. We determine the 0.6 threshold empirically (horizontal

dashed line) as sufficient evidence supporting the recent hard sweep model. The sample size is

five thousand diploids. Population bottleneck (BN) is the demographic scenario. Mutation,

recombination, and gene conversion rates are 1e-8, 1e-8, and 2e-8.
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Figure S44: Estimating selection coefficients when the frequency and location of the sweeping

allele are unknown. Selection coefficient estimates from iSWEEP are based on two hundred

simulations of sequence data for each selection coefficient. Box plots show 10th, 25th, 50th,

75th, and 90th percentiles of estimates based on inference conditional on (blue) inferred fre-

quency and base pair location or (orange) true frequency and base pair location. Horizontal

light brown lines correspond to the true selection coefficient. The IBD segment detection

threshold is 3.0 cM. The sample size is five thousand diploids. Population bottleneck (BN)

is the demographic scenario. Mutation, recombination, and gene conversion rates are 1e-8,

1e-8, and 2e-8.
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Figure S45: Estimating selection coefficients using true versus inferred IBD segments. Se-

lection coefficient estimates from iSWEEP based on simulations of zero gene conversion and

either inferred IBD segments from hap-ibd and ibd-ends (blue) or true IBD segments from

tskibd (orange). Box plots show 10th, 25th, 50th, 75th, and 90th percentiles of estimates

based on sixty simulations for each selection coefficient. Points less than the 10th percentile

or greater than the 90th percentile are outliers. Horizontal dashed red lines correspond to

the true selection coefficient. The IBD segment detection threshold is 3.0 cM inferred at the

true base pair location of the sweeping allele. Estimation is conditional on the true frequency

sweeping allele. The sample size is five thousand diploids. Population bottleneck (BN) is

the demographic scenario. Mutation and recombination rates are 1e-8 and 1e-8.
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Figure S46: Estimating selection coefficients using inferred IBD segments and varying sweep-

ing allele frequencies. Selection coefficient estimates from iSWEEP are aggregated by allele

frequency bins and varying selection coefficients. Box plots show the 10th, 25th, 50th, 75th,

and 90th percentiles of estimates minus the truth based on fifty simulations of sequence data

for each selection coefficient s ∈ [0.01, 0.02, 0.03, 0.04] and allele frequency bin in [0.1-0.3,

0.3-0.5, 0.5-0.7, and 0.7-0.9]. The IBD segment detection threshold is 3.0 cM. The sample

size is five thousand diploids. Population bottleneck (BN) is the demographic scenario. Mu-

tation and recombination rates are 1e-8 and 1e-8.
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Figure S47: Variability and empirical distribution of selection coefficient estimates for dif-

ferent methods. (A) The strip plot shows the variability in the point estimates for ImaGene,

iSWEEP, and CLUES2, where the horizontal lines represent the median estimates (colored) and

true selection coefficients (brown). Histogram plots show the empirical distribution of two

hundred estimates for selection coefficients s = 0.015, 0.025, 0.035. Each method is shown

in a different panel: (B) iSWEEP, (C) ImaGene, and (D) CLUES2. Implementation details are

in the main text and Figure 2. Vertical dashed lines are the true selection coefficients. Pop-

ulation bottleneck (BN) is the demographic scenario. Mutation, recombination, and gene

conversion rates are 1e-8, 1e-8, and 2e-8.
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Figure S48: Selection estimates for different ImaGene neural network models. Se-

lection coefficient estimates are based on fitted ImaGene models using (blue) opti-

mizer=rmsprop, loss=mse, and metrics=mae or (orange and green) optimizer=adam,

loss=categorical crossentropy, and metrics=accuracy. The Posterior mean (orange) and

Maximum a posteriori (MAP) (green) approaches come from the model with categorical

labels. The Regression model (blue) treats the fine-grained categorical labels as continuous

responses. The main text describes the model training in detail.
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Figure S49: Estimating selection coefficients when inferring IBD segments with different

detection thresholds. Selection coefficient estimates from iSWEEP are based on two hundred

simulations of sequence data for each selection coefficient. Box plots show the 10th, 25th,

50th, 75th, and 90th percentiles of estimates based on (green) 1.0 cM, (lime) 2.0 cM, and

(yellow) 3.0 cM IBD segment detection thresholds. Horizontal light brown lines correspond to

the true selection coefficient. The sample size is five thousand diploids. Population bottleneck

(BN) is the demographic scenario. Mutation, recombination, and gene conversion rates are

1e-8, 1e-8, and 2e-8.
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Scanning for excess identity-by-descent rates

Figure S50: Multiple testing in simulations of Ornstein-Uhlenbeck processes and different

hypothesis testing methods. Line plots show A) multiple testing quantiles or B) family-

wise error rates (y-axis) of Ornstein-Uhlenbeck processes with different θ (x-axis). Colors

represent different hypothesis testing methods: (blue) Siegmund and Yakir discrete approx-

imation, (orange) Siegmund and Yakir continuous approximation, (green) simulation-based

approach, and (red) the Bonferroni correction. The simulation-based approach is based on

ten thousand simulations. The step size is hypothesis testing every 0.0005 Morgans. The

amount of data for each simulation is equivalent to twenty chromosomes of uniform length

one Morgan.
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Figure S51: Estimating the exponential decay parameter θ from simulated Ornstein-

Uhlenbeck processes. The 10th and 90th percentile of θ̂ estimates (y-axis) of true θ (x-axis)

are based on covariance decays up to 4.0 cM and step size 0.02 cM. Percentiles are taken over

five hundred simulations for each θ. True θ parameters are also denoted with horizontal red

lines. The amount of data for each simulation is equivalent to ten chromosomes of uniform

length 100 cM.
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Figure S52: Family-wise error rates for null model simulations of Ornstein-Uhlenbeck pro-

cesses when exponential decay parameter θ is estimated. Line plots show the family-wise

error rates (y-axis) by the true theta parameter (x-axis). Hypothesis tests of family-wise

significance level 0.05 are based on the Siegmund and Yakir discrete approximation with

estimated θ. Estimates θ̂ are based on covariance decays up to 4.0 cM for different true

thetas (x-axis) and different step sizes (legend). Ten thousand Ornstein-Uhlenbeck processes

are simulated for each pair of θ and step size (colors in legend). The amount of data for each

simulation is equivalent to ten chromosomes of uniform length 100 cM.
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Figure S53: Genome-wide IBD rate scan in simulated population bottleneck data. Line plots

show IBD rates ≥ 2.0 cM (y-axis) for cM positions along ten simulated chromosomes. Scans

are based on A) tskibd true IBD segments [65] or B) ibd-ends inferred IBD segments [20].

In C), we divide the IBD rates in B) from those in A). Each chromosome is 100 cM. The IBD

rate is calculated every 0.02 cM. Data is based on twenty-five hundred diploid samples from

the simulated population bottleneck demographic scenario. Horizontal dashed lines show

(blue) the genome-wide median IBD rate, (orange) the heuristic threshold of four standard

deviations above the median, and (green) the Siegmund and Yakir discrete approximation

(S&Y). The family-wise significance level is 0.05.
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Figure S54: Estimating the exponential decay parameter θ from simulated IBD rate processes

with different cM length thresholds. Box plots show the 1st, 25th, 50th, 75th, and 99th,

percentiles of estimates θ̂ using the IBD rate processes with simulated true IBD segments

(dark blue) ≥ 2.0 cM and (light blue) ≥ 3.0 cM from tskibd. Estimates θ̂ are based on

covariance decays up to 4.0 cM for different step sizes (x-axis). There are fifteen hundred

simulations for each step size. The demographic model is the population bottleneck. There

are twenty-five hundred diploid samples. The amount of data for each simulation is equivalent

to ten chromosomes of uniform length 100 cM.
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Figure S55: The number of rejected hypothesis tests aggregated by cM position. Box plots

show the 10th, 25th, 50th, 75th, and 90th percentiles of the number of rejected tests (y-axis)

in non-overlapping windows aggregated over 1, 5, 10, 15, and 20 marginal test statistics

(colors in legend). Data where the null model is not rejected are excluded. Using true IBD

segments ≥ 2.0 cM from simulated IBD rate processes. The hypothesis testing method is

the Siegmund and Yakir discrete approximation using true IBD segments ≥ 2.0 cM from

simulated IBD rate processes. Estimates θ̂ are based on covariance decays up to 4.0 cM.

There are five hundred simulations for each family-wise significance level (x-axis). The step

size is 0.02 cM. The demographic model is the population bottleneck. There are twenty-

five hundred diploid samples. The amount of data for each simulation is equivalent to ten

chromosomes of uniform length 100 cM.
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Figure S56: Effective number of tests from Siegmund and Yakir interpretation. Line plots

show the interpreted effective number of tests (Appendix A.3) divided by the actual number

of tests (y-axis). The x-axis shows the exponential decay parameter θ in the Ornstein-

Uhlenbeck process. Vertical black dashed lines denote Theta equal to fifty. The Morgan step

sizes for each hypothesis test are A) 0.002, B) 0.001, C) 0.0005, and D) 0.0002.
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Modeling recent positive selection in humans

Figure S57: Kernel density plots of principal components with negligible geographic differen-

tiation between European ancestry cohorts. Each plot compares two groups: (A) the EUR1

group and WHI; (B) BioMe and MLOF; and (C) VTE and VUAF.
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Figure S58: Histograms of IBD rates around a locus in human populations. The inferred

IBD rates ≥ 2.0 cM (x-axis) are shown for A) TOPMed EUR1, B) TOPMed EUR2, C)

UKBB self-report Indian, and D) UKBB self-report Black groups. The y-axis scale is the

same in A), C), and D) and different in B) for visibility. There are fifty bins in all plots.

The vertical dashed and dotted lines represent the mean ± four standard deviations after

removing outliers (described in the main text).
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Figure S59: Estimating exponential decay parameter θ in African ancestry data. Each

faint colored line shows estimated covariances (y-axis) for different cM distances (x-axis)

and a specific chromosome. Dark-colored dashed lines show the predicted covariances from

estimates θ̂ in fitted Ornstein-Uhlenbeck processes. There are twenty-two chromosomes in

human autosomal data. Centimorgan distances in the TOPMed data A) come from the

deCODE 2019 GRCh38 genetic map. Centimorgan distances in the UKBB data B) from

the Bherer GRCh37 genetic map. Inferred IBD segments from hap-ibd and ibd-ends (real

data) ≥ 2.0 cM. Step sizes are 0.02 cM.
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Figure S60: Cohort study selection scans of TOPMed European Americans
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Figure S61: Selection scans of TOPMed samples with different CEU ancestry proportions.

Line plots show IBD rates (y-axis) for base pair positions along twenty-two human autosomes.

The IBD rate is calculated every 20 kb. Data is based on the first inferred European ancestry

samples in the TOPMed project. Subsets of individuals with A) 95% and B) 98% CEU

ancestry are analyzed. The main text describes the second versus the first inferred European

groups. Horizontal dashed lines show (blue) the genome-wide median IBD rate, (orange) the

heuristic threshold of four standard deviations above the median, and (green) the Siegmund

and Yakir discrete approximation (S&Y). The S&Ymethod is calculated assuming hypothesis

testing every 0.02 cM.
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Figure S62: Expected IBD rates in the TOPMed EUR analysis for different selection co-

efficients. The expected IBD rate (y-axis) is calculated for different selection coefficients

(x-axis). This calculation is conditional on the recent effective sizes that are inferred for the

EUR1 group. The expected IBD rate is an average of the expected IBD rates conditional

on allele frequencies between 0.1 to 0.9 (discretized every 0.1). The horizontal dashed line

is the genome-wide scan threshold we use in our analysis. The horizontal dotted line is the

observed maximum IBD rate (near the LCT gene).
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Figure S63: Genome-wide IBD rate scans in second European ancestry data. Line plots

show IBD rates (y-axis) for base pair positions along twenty-two human autosomes. The

IBD rate is calculated every 20 kb. Data is based on the second inferred European ancestry

samples in the TOPMed project. The main text describes the second versus the first inferred

European groups. Each subplot has a different y-axis scale. Horizontal dashed lines show

(blue) the genome-wide median IBD rate,(orange) the heuristic threshold of four standard

deviations above the median, and (green) the Siegmund and Yakir discrete approximation

(S&Y). The S&Y method is calculated assuming hypothesis testing every 0.02 cM.
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Figure S64: Genome-wide IBD rate scans in UKBB White British subsets of different size.

Line plots show IBD rates (y-axis) for base pair positions along twenty-two human autosomes.

The IBD rate is calculated every 20 kb. Data is based on UKBB White British subsets of A)

2k, B) 5k, and C) 10k samples. Horizontal dashed lines show (blue) the genome-wide median

IBD rate, (orange) the heuristic threshold of four standard deviations above the median IBD

rate, and (green) the Siegmund and Yakir discrete approximation (S&Y) calculated assuming

hypothesis testing every 0.02 cM.
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Figure S65: Genome-wide IBD rate scans in African ancestry data using LD-based genetic

maps. Line plots show IBD rates (y-axis) for base pair positions along twenty-two human

autosomes. The IBD rate is calculated every 20 kb. Data is based on inferred African

ancestry samples in the TOPMed project using the Spence and Song [141] LD-based genetic

maps with reference cohorts A) ASW and B) ACB from the HapMap project [10]. The

human reference genome is GRCh38. The y-axis scale is the same as is used in the analysis

with pedigree-based genetic maps. Horizontal dashed lines show (blue) the genome-wide

median IBD rate and (red) the heuristic threshold of four standard deviations above the

median.
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Figure S66: Genome-wide IBD rate scans in African ancestry data using IBD-based genetic

maps. Line plots show IBD rates (y-axis) for base pair positions along twenty-two human

autosomes. The IBD rate is calculated every 20 kb. Data is based on UKBB Black self-

report samples using Zhou et al. [162] IBD-based genetic maps with resolutions A) 1 kb and

B) 10 kb. The human reference genome is GRCh37. The y-axis scale is the same as is used

in the analysis with pedigree-based genetic maps. Horizontal dashed lines show (blue) the

genome-wide median IBD rate and (red) the heuristic threshold of four standard deviations

above the median.
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Figure S67: Spectrum of common variants at selected loci. Position in basepairs (x-axis) by

allele frequency (y-axis) for common variants nearby loci passing the selection scan: (A) LCT;

(B) OAS1-2-3; (C) OCA2; and (D) SLC45A2. Color bars show the zj scores, where darker

grays correspond to greater scores. Blue lines denote the haplotype-based allele frequency

and base pair location estimates. Red lines denote the frequency and base pair location of

the SNP with the greatest zj score. Results are shown for the EUR1 group (A, B, D) and

the WHI cohort (C).
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Appendix E

SUPPLEMENTARY TABLES

Identity-by-descent in large samples

Type Structure Avg Var Min Max S.W.t.

G3 Edges 3,085.66 12,827.06 2,554 3,716 0.29

Largest 15.60 9.22 9 50 1.00

Tree2 757.96 635.16 644 880 0.08

Tree3 99.71 94.29 54 149 0.42

Complete 251.55 230.65 185 3,118 0.14

BN Edges 587.73 694.55 469 716 0.12

Largest 4.32 0.39 3 11 1.00

Tree2 473.24 393.50 377 574 0.09

Tree3 9.66 9.57 0 27 1.00

Complete 35.53 34.76 11 488 1.00

Table S1: Summary statistics of IBD graphs for the three phases of exponential growth (G3)

and the population bottleneck (BN) demographic scenarios. Network structures of interest

are the number of edges (Edges), the degree of the largest components (Largest), the number

of trees of order 2 and 3 (Tree-2 and Tree-3), and the number of complete components of

degree 3 or more (Complete). Summary statistics are aggregated over at least six hundred

thousand simulations. Shapiro-Wilk tests at a confidence level of 0.05 are performed with

1000 replicates for at least 600 simulations. The proportions of rejected null hypotheses

are reported as S.W.t. The sample size is five thousand individuals. The Morgan length

threshold is 0.03.
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Type Structure Avg Var Min Max S.W.t.

s = 0.01 Edges 3,407.38 21,526.32 2,916 4,143 0.36

Largest 24.33 50.80 11 89 0.97

Tree2 737.77 626.12 636 842 0.05

Tree3 95.81 92.23 57 138 0.07

Complete 242.41 215.76 187 305 0.05

s = 0.02 Edges 4,693.51 140,436.48 3,579 8,212 0.95

Largest 73.97 1,219.95 22 346 0.97

Tree2 697.19 588.38 596 791 0.10

Tree3 86.65 83.70 53 126 0.09

Complete 220.37 199.88 161 281 0.10

s = 0.03 Edges 8,242.12 2,283,864.57 4,998 37,933 0.97

Largest 230.39 12,224.19 39 819 0.97

Tree2 659.10 565.21 562 759 0.07

Tree3 78.43 74.69 46 119 0.11

Complete 199.95 181.88 145 254 0.06

s = 0.04 Edges 16,486.56 24,295,227.62 7,747 72,775 0.97

Largest 484.92 38,683.32 89 1,229 0.97

Tree2 630.68 529.35 546 731 0.02

Tree3 72.95 70.26 41 108 0.11

Complete 185.76 167.85 135 241 0.07

Table S2: Summary statistics of IBD graphs for different selection coefficients. There is

directional selection with different selection coefficients s ∈ [0.01, 0.02, 0.03, 0.4]. The same

description of IBD graph features as in Table 3.1. Shapiro-Wilk tests at a confidence level of

0.05 are performed with 250 replicates for 150 simulations. The proportions of rejected null

hypotheses are reported as S.W.t. The demographic scenario is three phases of exponential

growth (G3). The sample size is five thousand individuals. The Morgan length threshold is

0.03.
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Type Structure Avg Var Min Max S.W.t.

s = 0.01 Edges 612.05 753.44 504.00 736.00 0.06

Largest 4.71 0.75 3.00 14.00 0.97

Tree2 481.32 400.48 397.00 566.00 0.06

Tree3 11.33 11.24 1.00 25.00 0.90

Complete 39.25 37.75 15.00 66.00 0.19

s = 0.02 Edges 722.33 1,349.58 582.00 967.00 0.38

Largest 9.79 20.27 4.00 56.00 0.97

Tree2 497.56 407.99 416.00 581.00 0.03

Tree3 16.38 16.05 3.00 34.00 0.72

Complete 50.79 48.02 24.00 81.00 0.15

s = 0.03 Edges 1,090.00 16,537.54 808.00 2,360.00 0.97

Largest 40.15 456.43 8.00 172.00 0.97

Tree2 501.78 424.81 409.00 592.00 0.06

Tree3 20.80 20.37 4.00 43.00 0.47

Complete 61.55 58.15 33.00 93.00 0.14

s = 0.04 Edges 2,177.58 284,697.22 1,219.00 7,591.00 0.97

Largest 122.45 2,833.45 18.00 354.00 0.97

Tree2 492.44 425.42 412.00 578.00 0.01

Tree3 22.28 21.94 6.00 44.00 0.46

Complete 66.05 63.26 36.00 99.00 0.19

Table S3: Summary statistics of IBD graphs for different selection coefficients and the popu-

lation bottleneck demographic scenario. There is directional selection with different selection

coefficients s ∈ [0.01, 0.02, 0.03, 0.4]. The same description of IBD graph features as in Table

3.1. Shapiro-Wilk tests at a confidence level of 0.05 are performed with 250 replicates for

150 simulations. The proportions of rejected null hypotheses are reported as S.W.t. The

sample size is five thousand individuals. The Morgan length threshold is 0.03.
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Selection coefficient estimation

Parameter s

Scenario True Assumed True Estimate ¯̂s Width Coverage

p(0) 0.40 0.50 0.0300 0.0305 0.0074 95.8%

p(0) 0.60 0.50 0.0300 0.0301 0.0063 94.6%

p(0) 0.20 0.25 0.0300 0.0316 0.0100 93.6%

p(0) 0.30 0.25 0.0300 0.0289 0.0080 90.3%

Ne(t) BN 0.9x 0.0300 0.0282 0.0070 75.9%

Ne(t) BN 1.1x 0.0300 0.0314 0.0064 92.1%

SV 0.05 0.00 0.0300 0.0300 0.0093 94.6%

SV 0.02 0.00 0.0300 0.0300 0.0073 94.9%

SV 0.01 0.00 0.0300 0.0300 0.0064 94.9%

Table S4: Selection coefficient estimation based on true IBD segments and model misspec-

ification. Each row represents the results of 10,000 replicates. Summary statistics are the

mean estimate, the mean confidence interval width, and the percentage of confidence inter-

vals containing the true selection coefficient (coverage). Estimation is conditional on true

IBD segments longer than 3.0 cM. Ninety-five percent confidence intervals are based on fifty

bootstraps. Default settings are s = 0.03, p (0) = 0.50, population bottleneck demographic

history (BN), the multiplicative genetic model, and an ongoing sweep from a new beneficial

mutation. The sample size is five thousand diploids. The Assumed column is the parameter

value used in the conditional estimation of s. Abbreviations 0.9x and 1.1x indicate that the

Ne(t) is uniformly scaled by that value. SV concerns the allele frequency of standing neutral

variation.
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Methods to study selection in genetic data

cM segment type Software Algorithm settings Purpose

≥ 2.0 and ≥ 3.0 hap-ibd min-seed=0.5 Candidate segments

min-extend=0.2 for ibd-ends

min-output=1.0

min-maf=0.4

≥ 2.0 and ≥ 3.0 ibd-ends min-maf=0.001 Selection scan

err=2e-4 and estimation

Median endpoints

≥ 1.0 hap-ibd min-seed=0.5 IBD outgroups

min-extend=0.2

min-output=1.0

min-maf=0.1

Table S5: Algorithm settings for detecting IBD segments in sequence data. Unless otherwise

specified in this table, we use the default settings in hap-ibd and ibd-ends. We use hap-ibd

version 1.0 from May 10, 2023 and ibd-ends version 1.1 from May 20, 2022. The IBD

segments ≥ 2.0 and ≥ 3.0 cM are a filtered subset of the ibd-ends output. The error rate

in ibd-ends should be modified if in a preliminary data analysis the estimated error rate

differs from the default by more than a factor of three.
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Name Purpose Approach Input data Assumptions Time

iSAFE Ranking SNPs EHH-based Phased variants Derived allele 34.07 min

known

iSWEEP Ranking SNPs IBD-based Phased variants; Inferred 5.83 min

≥1.0 cM IBD adaptive allele

iSWEEP Estimating p(0) IBD-based Phased variants; Inferred 11.75 sec

≥1.0 cM IBD adaptive allele

CLUES2 Estimating s Modeling Inferred ARGs Causal allele 1-2 days

coalescent known

ImaGene Estimating s Deep Simulated N/A ≥ 1 week

learning training data training

iSWEEP Estimating s IBD-based Phased variants; Estimates for 1.67 sec

≥3.0 cM IBD p(0) & locus

Table S6: Algorithm settings for simulation study on sequence data. Average CPU time for

iSAFE and iSWEEP is based on four s=0.03 simulations of 5000 samples. (Wall clock time

for iSWEEP is faster if running hap-ibd in parallel across cores.) CLUES2 and ImaGene are

analyzed using 500 of 5000 samples due to runtime limitations. iSWEEP time to estimate s

is the total time divided by 100 bootstraps. All methods except ImaGene require a genetic

map; ImaGene requires a genome-wide recombination rate.
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True s Estimate ¯̂s MAD Width Coverage

0.040 0.0391 0.0022 0.0103 99.0%

0.035 0.0350 0.0013 0.0087 98.0%

0.030 0.0306 0.0013 0.0078 100.0%

0.025 0.0259 0.0017 0.0075 96.5%

0.020 0.0227 0.0029 0.0100 76.2%

0.015 0.0193 0.0048 0.0119 43.5%

Table S7: Selection coefficient estimates based on IBD segments inferred from sequence data

given the known sweeping allele. For each row, the average of estimates ŝ, mean absolute

deviation (MAD) between estimates and the truth, average confidence interval width, and

confidence interval coverage are aggregated over two hundred simulations of sequence data.

Estimation is conditional on IBD segments longer than 3.0 cM and the known frequency

and location of the sweeping allele. Ninety-five percent confidence intervals are based on one

hundred bootstraps. The sample size is five thousand diploids. Population bottleneck (BN)

is the demographic scenario. Mutation, recombination, and gene conversion rates are 1e-8,

1e-8, and 2e-8.
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Selection iSWEEP ImaGene Ratio of ImaGene

coefficient interval width interval width to iSWEEP width

0.04 0.0106 0.0217 2.05

0.035 0.0090 0.0195 2.14

0.03 0.0078 0.0191 2.42

0.025 0.0077 0.0193 2.50

0.02 0.0104 0.0233 2.22

0.015 0.0142 0.0230 1.62

Table S8: Comparing uncertainty quantification in selection coefficient estimation between

iSWEEP and ImaGene. For each row, the average confidence interval width is aggregated

over two hundred simulations of sequence data. Ninety-five percent confidence intervals for

iSWEEP are based on one hundred bootstraps. Ninety-five percent high posterior density

intervals for ImaGene are based on ten thousand bootstraps. Width is the difference between

the right and left endpoints of the interval. The simulation study settings are described in

the main text.
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Ne(t) True s Estimate ¯̂s MAD Width Coverage

BN 0.030 0.0302 0.0015 0.0078 95.0%

C25 0.030 0.0300 0.0025 0.0137 96.0%

G3 0.030 0.0283 0.0023 0.0076 76.5%

m = 0.4 0.030 0.0295 0.0020 0.0074 83.5%

Table S9: Selection coefficient estimation based on IBD segments inferred from sequence data

and different demographic scenarios. For each row, the average of estimates ŝ, mean absolute

deviation (MAD) between estimates and the truth, average confidence interval width, and

confidence interval coverage are aggregated over two hundred simulations of sequence data.

Estimation is conditional on IBD segments longer than 3.0 cM and inferred frequency and

location of the sweeping allele. Ninety-five percent confidence intervals are based on one

hundred bootstraps. The sample size is five thousand diploids. Demographic scenarios in

the first column are abbreviated as bottleneck (BN), three phases of exponential growth

(G3), constant size Ne=25,000 (C25), and continuous mixing with rate m = 0.40 between

two subpopulations. Mutation, recombination, and gene conversion rates are 1e-8, 1e-8, and

2e-8.
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Scanning for excess identity-by-descent rates

Nominal Adjusted FWER

level Analytical Simulation Bonferroni Analytical Simulation Bonferroni

0.01 1.58e-6 2.01e-6 2.08e-7 0.008 0.012 0.002

0.05 9.23e-6 1.06e-5 1.04e-6 0.030 0.034 0.006

0.10 2.03e-5 2.29e-5 2.08e-6 0.066 0.078 0.012

Table S10: Significance levels and family-wise error rates after multiple testing corrections

with IBD segments ≥ 3.0 cM. Significance levels are adjusted for multiple testing based

on scans over 10 chromosomes of size 100 cM and tests every 0.02 cM (50,000 total tests).

The analytical approximation of Siegmund and Yakir [137] and the simulation method are

based on a fitted Ornstein-Uhlenbeck process. Each simulation has a different threshold as

a result of estimating θ. Family-wise error rate (FWER) is the percentage of five hundred

genome-wide scans that have at least one statistically significant result. The sample size is

twenty-five hundred diploids. The demographic scenario is the population bottleneck. The

IBD segment detection threshold is 3.0 cM.
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Modeling recent positive selection in humans

Chr Max IBD rate Position (cM) Position (Mb)

2 6.62E-04 140.27 136.98

6 2.40E-04 51.46 33.92

15 2.09E-04 15.88 31.48

16 2.05E-04 35.78 17.92

Table S11: Regions highlighted in UKBB Indian self-report selection scan. Loci where the

identity-by-descent (IBD) rate exceeds the multiple testing adjusted threshold of 1.81e-4 at

the 0.05 family-wise significance level. Physical and genetic positions for the location of

maximum IBD rate are shown in megabases (Mb) and centiMorgans (cM). Locations are

aligned to build GRCh37. The pedigree-based recombination map from Bhérer et al. [15] is

used when inferring IBD segments.
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Chr Max IBD rate Position (cM) Position (Mb)

11 9.66E-04 9.98 5.22

16 6.46E-04 35.40 17.76

22 4.54E-04 10.69 21.38

7 4.24E-04 88.60 80.36

6 4.12E-04 52.19 34.42

17 3.82E-04 9.87 3.72

5 3.76E-04 22.61 9.58

11 3.76E-04 66.40 61.02

8 3.63E-04 56.07 37.18

10 3.62E-04 89.44 79.38

1 3.57E-04 245.78 240.70

Table S12: Regions highlighted in UKBB Black self-report selection scan. Loci where the

identity-by-descent (IBD) rate exceeds the multiple testing adjusted threshold of 3.54e-4 at

the 0.05 family-wise significance level. Physical and genetic positions for the location of

maximum IBD rate are shown in megabases (Mb) and centiMorgans (cM). Locations are

aligned to build GRCh37. The pedigree-based recombination map from Bhérer et al. [15] is

used when inferring IBD segments.
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Map Type cM at 17 Mb cM at 18 Mb cM difference

deCODE [70] Pedigree 34.45 36.59 2.14

Bhérer et al. [15] Pedigree 34.00 35.80 1.80

Spence and Song [141] ASW LD 20.47 21.48 1.01

Zhou et al. [162] JHS IBD 38.91 39.45 0.54

Table S13: African ancestry specific genetic maps versus fine scale pedigree-based genetic

maps from European ancestry at XYLT1 gene. The third and fourth columns give the

conversion to cM for 17 Mb and 18 Mb from different recombination maps. The last column

is the difference in cM genetic positions. The XYLT1 gene is within 17 Mb to 18 Mb in both

GRCh37 and GRCh38 references. The Bhérer et al. [15] and Zhou et al. [162] genetic maps

are with respect to the GRCh37 reference. The deCODE [70] and Spence and Song [141]

genetic maps are with respect to the GRCh38 reference. ASW stands for African-Americans

in the Southwest, a cohort sample from the HapMap project. JHS stands for Jackson Heart

Study, a predominantly African-American cohort in the TOPMed project. LD stands for

linkage disequilibrium. IBD stands for identity-by-descent. The Spence and Song [141]

genetic map for the ACB cohort is approximately the same as the Spence and Song [141]

genetic map for the ASW cohort. The Zhou et al. [162] genetic map is for increments of

1 kb. cM positions and differences are approximately the same with the Zhou et al. [162]

genetic map for 10 kb.
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Gene Cohort Location p̂(0) ŝ Gini Freq. Â

LCT EUR 2:135,851,076 0.6864 0.0325 0 0.65

BioMe 2:135,851,076 0.6769 0.0291 0 0.58

MLOF 2:135,851,076 0.6599 0.0294 0 0.57

VTE 2:135,851,076 0.7067 0.0319 0 0.61

VUAF 2:135,080,336 0.6834 0.0300 0 0.47

WHI 2:135,851,076 0.6863 0.0317 0 0.64

OAS EUR 12:111,270,654 0.4506 0.0182 0.71 0.19

BioMe 12:111,270,654 0.4607 0.0115 0 0.24

MLOF . . . . .

VTE 12:111,598,263 0.1138 . 0.66 0.05

VUAF 12:111,270,654 0.4360 0.0196 0.61 0.10

WHI 12:111,446,804 0.4475 0.0175 0.61 0.19

OCA2 EUR . . . . .

BioMe . . . . .

MLOF 15:28,632,448 0.8294 0.0174 0.30 0.64

VTE . . . . .

VUAF 15:28,100,878 0.4221 0.0199 0 0.40

WHI 15:28,141,480 0.4170 0.0164 0 0.69

TRPM1 EUR 15:31,437,832 0.1223 0.0273 0.96 0.26

BioMe 15:31,437,832 0.1223 0.0264 0.73 0.05

MLOF 15:31,437,832 0.1249 0.0289 0.82 0.10

VTE 15:31,437,832 0.1163 0.0297 0.74 0.05

VUAF 15:31,437,832 0.1322 0.0297 0.76 0.08

WHI 15:31,437,832 0.1209 0.0277 0.91 0.12

Table S14: Cohort-specific estimation for TOPMed EUR cohorts. Gini impurity index, the

proportion of haplotypes in the IBD outgroup Â, and allele frequency, location, and selection

coefficient estimates are reported for selected loci. Either the Gini impurity index is < 0.60

or there is consensus across studies of the best-ranked variant. Boldface marks SNPs that

are best-ranked among multiple cohorts. Dot . marks if the locus does not pass the scan.
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Appendix F

SUPPLEMENTARY MATERIALS

S1 Funding

The research reported in this publication was supported by the National Human Genome

Research Institute of the National Institutes of Health under award number HG005701.

S.D.T. acknowledges funding support from the National Defense Science and Engineering

Graduate Fellowship and National Institute of Health T32 GM081062 Pre-doctoral Training

Grant in Statistical Genetics. Finally, we acknowledge the Departments of Statistics and

Biostatistics at the University of Washington for their support and maintenance of computing

resources.

S2 Software Resources

The following list includes software developed in this dissertation:

• https://github.com/sdtemple/isweep: a Python package and an analysis workflow to

implement methods in Chapter 5

• https://github.com/sdtemple/flare-pipeline: an analysis workflow for phasing, local

ancestry inference, and identity-by-descent segment detection

The following are key software resources developed by other authors:

• https://github.com/avaughn271/CLUES2: estimating selection coefficients using an-

cestral recombination graphs

• https://github.com/browning-lab/hap-ibd: detecting identity-by-descent segments in

marker data

https://github.com/sdtemple/isweep
https://github.com/sdtemple/flare-pipeline
https://github.com/avaughn271/CLUES2
https://github.com/browning-lab/hap-ibd
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• https://github.com/browning-lab/ibd-ends: detecting identity-by-descent segments in

marker data

• https://faculty.washington.edu/browning/Beagle/Beagle.html: haplotype phasing

• https://github.com/Ying001/IBDkin: estimating kinship using identity-by-descent

segments

• https://faculty.washington.edu/browning/ibdne.html: recent demographic inference

using identity-by-descent segments

• https://github.com/mfumagalli/ImaGene: estimating selection coefficients using deep

learning

• https://github.com/alek0991/iSAFE: ranking candidate alleles for selection

• https://myersgroup.github.io/relate/: inferring the ancestral recombination graph

• https://tskit.dev/: utilities for tree sequences

• https://github.com/bguo068/tskibd: deriving identity-by-descent segments from tree

sequences

• https://messerlab.org/SLiM/: simulating genetic data in complex scenarios

• https://github.com/snakemake/snakemake: programming language to develop bioin-

formatics pipelines

S3 Data Acknowledgements

S3.1 Open source data

We thank those individuals who contributed genetic data to the HapMap, 1000 Genomes,

and Human Genetic Diversity Panel projects. We also thank the researchers involved in

https://github.com/browning-lab/ibd-ends
https://faculty.washington.edu/browning/Beagle/Beagle.html
https://github.com/Ying001/IBDkin
https://faculty.washington.edu/browning/ibdne.html
https://github.com/mfumagalli/ImaGene
https://github.com/alek0991/iSAFE
https://myersgroup.github.io/relate/
https://tskit.dev/
https://github.com/bguo068/tskibd
https://messerlab.org/SLiM/
https://github.com/snakemake/snakemake
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making this data publicly available.

S3.2 UK Biobank

This research has used the UK Biobank Resource under Application Number 19934.

S3.3 Trans-omics for Precision Medicine

The content is solely the responsibility of the authors and does not necessarily represent the

official views of the National Institutes of Health. Molecular data for the Trans-Omics in Pre-

cision Medicine (TOPMed) program was supported by the National Heart, Lung, and Blood

Institute (NHLBI). Core support including centralized genomic-read mapping and geno-

type calling along with variant quality metrics and filtering were provided by the TOPMed

Informatics Research Center (3R01HL-117626-02S1; contract HHSN268201800002I). Core

support including phenotype harmonization, data management, sample-identity QC, and

general program coordination were provided by the TOPMed Data Coordinating Center

(R01HL-120393; U01HL-120393; contract HHSN268201800001I).

We gratefully acknowledge the studies and participants who provided biological sam-

ples and data for the TOPMed project. Funding for the Barbados Asthma Genetics Study

(BAGS) was provided by National Institutes of Health (NIH) R01HL104608, R01HL087699,

and HL104608 S1. The Mount Sinai BioMe Biobank (BioMe) has been supported by The

Andrea and Charles Bronfman Philanthropies and in part by funds from the NHLBI and

the National Human Genome Research Institute (NHGRI) (U01HG00638001; U01HG007417;

X01HL134588); genome sequencing was funded by contract HHSN268201600037I. The Cleve-

land Clinic Atrial Fibrillation study (CCAF) was supported by NIH grants R01 HL 090620

and R01 HL 111314, the NIH National Center for Research Resources for Case Western

Reserve University and Cleveland Clinic Clinical and Translational Science Award UL1-

RR024989, the Cleveland Clinic Department of Cardiovascular Medicine philanthropy re-

search funds, and the Tomsich Atrial Fibrillation Research Fund; genome sequencing was sup-

ported by R01HL092577. The Framingham Heart Study (FHS) was supported by contracts
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NO1-HC-25195, HHSN268201500001I and 75N92019D00031 from the NHLBI and grant sup-

plement R01 HL092577-06S1; genome sequencing was funded by HHSN268201600034I and

U54HG003067. The Hypertension Genetic Epidemiology Network Study (HyperGen) is part

of the NHLBI Family Blood Pressure Program; collection of the data represented here was

supported by grants U01 HL054472, U01 HL054473, U01 HL054495, and U01 HL054509;

genome sequencing was funded by R01HL055673. The Jackson Heart Study is sup-

ported and conducted in collaboration with Jackson State University (HHSN268201300049C

and HHSN268201300050C), Tougaloo College (HHSN268201300048C), and the Univer-

sity of Mississippi Medical Center (HHSN268201300046C and HHSN268201300047C) con-

tracts from NHLBI and the National Institute for Minority Health and Health Disparities

(NIMHD); genome sequencing was funded by HHSN268201100037C. The My Life, Our Fu-

ture samples (MLOF) and data are made possible through the partnership of Bloodworks

Northwest, the American Thrombosis and Hemostasis Network, the National Hemophilia

Foundation, and Bioverativ; genome sequencing was funded by HHSN268201600033I and

HHSN268201500016C. The Venous Thromboembolism project (VTE) was funded in part

by grants from the NIH, NHLBI (HL66216 and HL83141) and the NHGRI (HG04735).

The Vanderbilt Genetic Basis of Atrial Fibrillation study (VUAF) was supported by

grants from the American Heart Association (EIA 0940116N), and grants from the Na-

tional Institutes of Health (HL092217, U19 HL65962, and UL1 RR024975), and by CTSA

award (UL1TR000445) from the National Center for Advancing Translational Sciences;

genome sequencing was funded by R01HL092577. The Women’s Health Initiative pro-

gram (WHI) is funded by NHLBI through contracts 75N92021D00001, 75N92021D00002,

75N92021D00003, 75N92021D00004, 75N92021D00005; genome sequencing was funded by

HHSN268201500014C.


	List of Figures
	List of Tables
	Glossary
	Introduction
	Theories of molecular evolution
	Mathematical modeling of selective sweeps
	Organization and summary of chapters

	Shared haplotypes overlapping a focal point
	Introduction
	The time until a common ancestor
	The distance until crossover recombination
	An efficient algorithm to generate identity-by-descent segment lengths overlapping a focal point
	Simulation studies
	Discussion

	Identity-by-descent in large samples
	Introduction
	The presence of detectable IBD segments
	The asymptotic normality of the identity-by-descent rate
	Simulations studies
	Discussion

	Selection coefficient estimation
	Introduction
	Selection coefficient estimator based on identity-by-descent segments
	Estimation under correct and incorrect model specifications
	The effects of important model parameters on estimation
	The coverage of confidence intervals
	Discussion

	Methods to study selection in genetic data
	Introduction
	A complete analysis workflow for hard and recent sweeps
	Simulation studies
	Discussion

	Scanning for excess identity-by-descent rates
	Introduction
	Multiple testing in IBD-based selection scans
	Simulation studies
	Discussion

	Modeling recent positive selection in humans
	Introduction
	Pre-processing and quality control of real data
	Scanning statistic thresholds
	Genome-wide selection scans
	Putative selective sweeps in Europeans
	Discussion

	Conclusion
	Central limit theorems
	Theoretical derivations
	Verifying an assumption empirically
	Interpreting the Ornstein-Uhlenbeck analytical approximation

	Additional simulations concerning selection coefficient estimation
	``Sufficiency'' of the selection coefficient estimator
	Plasmodium falciparum example
	Performance relative to a time series-based method

	The number of recombination endpoint comparisons
	The expected subtree sizes near the root of a tree
	The expected subtree sizes near the leaves of a tree

	Supplementary Figures
	Supplementary Tables
	Supplementary Materials
	Funding
	Software Resources
	Data Acknowledgements


