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Abstract

Energy equations for gas-liquid turbulent flows with phase change

Nithin Adidela

Chair of the Supervisory Committee:
Professor Antonino Ferrante
William E. Boeing Department of Aeronautics and Astronautics

In this work, we derive the equations of turbulence kinetic energy (TKE), mean-flow kinetic
energy (MFKE) and mean internal energy (MIE) for gas-liquid interfacial flows with phase
change for the first time. We present the equations for a fully compressible flow in gas or
liquid phase which allows us to study the effects of global volume changes away from the
interface. We then take the interface into account and present the energy equations for the
gas-liquid interfacial flow allowing for local volume changes at the gas-liquid interface. These
equations allow us to explain the pathways of energy exchange between the gas and liquid
phase while highlighting the effects of local volume changes at the interface due to phase
change. We explain the role of the phase change in the energy interactions through phase
change free energy. We relate the rate of change of phase change free energy to the powers of
mass flux, momentum flux and heat flux due to phase change. This link allows us to explain
how evaporation or condensation affects the temporal evolution of energies for compressible
gas-liquid flows with phase change. We rewrite these energy equations for droplet-laden
homogeneous shear turbulence with phase change (DLHST-PC), and droplet-laden decaying
homogeneous isotropic turbulence with phase change (DLHIT-PC). In addition, we explain

the role of interfacial surface energy through the power of surface tension.
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Chapter 1

INTRODUCTION

Phase change is a key phenomenon in gas-liquid flows, especially in the presence of turbu-
lence. In spray combustion systems, the fuel droplet vaporization rate is the controlling factor
for combustion (Sirignano, 1983). The liquid droplet vaporization rate depends particularly
on the turbulence characteristics of the gas phase (Birouk & Gokalp, 2006). Condensation
of water vapor in air to liquid droplets, taking place at the droplet scale, introduces effects
that drive cloud-scale motion (Grabowski & Wang, 2013). In order to understand the effect
of phase change in turbulent flows, it is important to study its role in the modulation of

energy budget of such flows.

Historically, studying the energy budget equations, such as the turbulence kinetic energy
(TKE) equation, has provided insight into the flow physics. For example, TKE equation
for single phase incompressible decaying homogeneous isotropic turbulence led to the power
law of dissipation of TKE, e.g. Pope (2000, p. 158). Analogous set of equations for droplet-
laden decaying homogeneous isotropic turbulence were derived by Dodd & Ferrante (2016).
Physical mechanisms like droplet deformation, coalescence and breakup were explained using
the power of surface tension which appears as budget term in the TKE equation. This
formalism was extended to droplet-laden homogeneous shear turbulence by Trefftz-Posada
& Ferrante (2023) and the analysis of the TKE budget equation led to the discovery of new
physical mechanisms like droplet-catching up and droplet-shearing. In this work, we derive
analogous equations for gas-liquid turbulent flows with phase change.

A preliminary analysis using the conservation of mass leads to the conclusion that phase
change leads to local volume changes at the interface. Evaporation leads to local expansion

and condensation leads to local compression at the interface. In addition, if the gas-liquid



system is confined to a constant total volume, the local compression (expansion) at the
interface must be compensated by global expansion (compression) in the individual phases.
Thus, in order to study the effect of phase change, we must study the effect of compressibility.

TKE equations for single-phase compressible turbulent flows were derived and the TKE
pathways were presented where compressibility effects were extensively discussed by Lele
(1994) and Wilcox (2006, ch. 5). A set of governing equations to describe the motion of
two fluids separated by an interface, involving surface-tension effects and allowing phase
change were presented by Joseph & Renardy (1993, ch.1). These were applied to two-fluids
problem with phase change between inclined walls in Joseph & Renardy (1993, ch. IV.10).
However, in the problem explored, the gas phase was considered to be incompressible and
the energy interactions due with phase change were not discussed. We make use of the
governing equations by Joseph & Renardy (1993, ch.1) and follow methodology employed by
Lele (1994) to derive the energy equations for fully compressible gas-liquid turbulent flows
with phase change.

This work is organized in the following way: in chapter 2, we present the governing equa-
tions for compressible gas-liquid flows with phase change and analyze how they reduce to a set
of jump conditions in the limit of the interface. In chapter 3, we derive the energy equations
for compressible flow in a gas or liquid phase and highlight the effects of compressibility in
the pathways of energy exchange. We then take the interface into account and with the help
of jump conditions, derive the energy equations for compressible gas-liquid flows with phase
change. We present the pathway schematic highlighting the effect of phase change in the
modulation of TKE, MFKE and MIE. In addition, we also rewrite these general set of equa-
tions for droplet-laden homogeneous shear turbulence with phase change (DLHST-PC) and
droplet-laden decaying homogeneous isotropic turbulence with phase change (DLHIT-PC).



Chapter 2

MATHEMATICAL FORMULATION

In Sec. 2.1, we present the set of governing equations for compressible gas-liquid flows
with phase change. In Sec. 2.2, we reduce these equations to jump conditions across the

interface.

We consider the flow of a gas-liquid system separated by a common interface across
which phase change is allowed. The geometry of the control volume we consider, which is
adapted from (Joseph & Renardy, 1993, p. 20) and (Dodd & Ferrante, 2016, Appendix A)
is illustrated in Fig. 2.1. The volume, V(t) is a material volume, i.e., fluid elements cannot
cross its boundaries. V(t) consists of two volumes of fluid, V,(t) (gas phase) and V() (liquid
phase) such that

V=V,UV (2.1)

The volumes V,(t) and V,(t) are separated by an interface 3(¢), across which phase change
could occur, and are bounded by the surfaces 0V,(t) and 0V)(t), respectively, such that

X =0V,NnoY, (2.2)
and the boundary of V() is 0V(t), such that
AV = 9V, UdV — ¥ = (9V, — ©) U (9V, — %) (2.3)
0%(t) is a contact line between X and 0V satisfying

9% = £ NIV (2.4)
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Figure 2.1: Volume V(t) containing a gas phase V,(t) and a liquid phase V(t) separated by
an interface (t) across which phase change could occur.

ng, n; and n are the unit vector normals to surfaces 0V,, 0V, and ¥ respectively. n is
directed from V, to V, and as a consequence,

n Ve € (XNIoV

—n; Ve e (XNoV)
t is a unit vector tangent to 9% and s is a unit vector perpendicular to 0% that is pointed
out of ¥ such that s, n and ¢ form an orthonormal set (e.g., s = n x t). If ¥ forms a closed
surface, then, 0% ceases to exist and both s, ¢ form an orthonormal pair of tangent vectors

on the curved surface of X.
2.1 Governing equations

In this section, we present the integral formulation of a set of equations governing compress-
ible flow in a gas-liquid system separated by an interface across which phase change occurs,

considering surface-tension and body force effects, in the conservative form.



2.1.1 Conservation of mass

The principle of conservation of mass states that the mass of the material volume V does

not change

d
— [ pdv =0 2.6
o VPV (2.6)

where p = p(x,t) is the density field with a finite discontinuity across ¥ such that

pg Vx eV,
p= (2.7)
p Yx el

where p, and p; are the density fields of gas and liquid phases respectively.

2.1.2  Conservation of momentum

The conservation equation for the linear momentum of fluid in V as presented in (Joseph &

Renardy, 1993, p. 22) is given as,

d

— [ pUdV = / ™ndA + % Jsdl—l—/pfbdv (2.8)
dt Jy v o v

On the left-hand of Eq. (2.8) is the rate of change of momentum in V, and on the right-hand
side, the three terms represent the surface forces due to fluid stresses, surface-tension forces,
and body forces in the presence of a body force field f; (e.g., fo = g, in the presence of
gravitational field), respectively. U = U (x, t) is the velocity field which given by

/

U, VeV,

U=JU, vazeV, (2.9)
Us Vel
\

where U, and U, are the velocity fields in the V,; and V}, respectively and Uy, is the velocity

of the interface. We note here that the interface ¥ might move with a different velocity



compared to the gas or liquid when there is phase change. 7 is the fluid stress tensor, which

can be divided into pressure and viscous stress as,
T=—pl+T (2.10)

where p = p(x,t) is the pressure field, | is an identity matrix, -pl is the pressure stress tensor
and T is the viscous stress tensor. o is the surface-tension coefficient of . We note that
the line-integral along 0% in the surface-tension force term can be converted into a surface

integral using the divergence theorem for curved surfaces as,

7{ Usdl:/VsadA+/ﬁandl (2.11)
ox. ) s

where V; is the surface gradient defined by,
Vi=V—-n(n-V) (2.12)

and & is the curvature of the interface X.

2.1.3 Conservation of energy

The conservation equation for the total energy of the fluid in V as presented in (Joseph &
Renardy, 1993, p. 23) is given as,

d 1 d

— [ ple+=U-U)dV+— [ cdA= (tm) - UdA + (os) - Uxdl

dt Jy 2 dt Js v o

_/ q-nd.A—l—/be'UdV (2.13)
oV %

On the left-hand side of Eq. (2.13) the first two terms express the rate of change of specific
internal energy plus kinetic energy, respectively and the third term denotes the rate of change
of stored energy of the surface, and on the right-hand side, the terms represent the power
of the traction forces on the boundary, power of the surface-tension, rate of conductive heat

transfer due to the conductive heat flux ¢ and the power of the body force, respectively.



The transport equation for surface energy is derived by (Joseph & Renardy, 1993, p. 23)
using the analogue of Reynolds transport theorem for surfaces given by (Aris, 1989, p.230):

Ud.A /<__UE U—O’KUE'TL) d.A—F% (O’S)'Uzdl (214)
ox

For a constant surface tension, the Eq. (2.14) reduces to,

d

p adA /aﬁUg ndA—f—% (0s)-Uxdl (2.15)

ox

We note that in assuming a constant surface tension, we are ignoring the Marangoni effects

caused due to local surface tension gradients as a result of temperature gradients across .
2.2 Jump conditions at the gas-liquid interface

In this section, we adopt the methodology given in (Joseph & Renardy, 1993, ch. 1.2) to
derive two identities useful in deriving the energy equations in further sections. Let F(x,t)
be a smooth field with a simple discontinuity across > and smooth derivatives on either side

of ¥ such that

Fy Ve ey,
F = (2.16)
Fi Vxe)

where F, and F; are the values of F in gas and liquid phases respectively. Consider the
limits in which V(t) is collapsed onto X, while 3 is held fixed. We define the jump in f

across X as,
[[f]] =Fy— F (2.17)
2.2.1 Jump identity 1

We integrate Fn over 0V and use Eq. (2.3), and the additive property of integrals, to obtain,

FndA = FyngdA + / FimydA (2.18)
av AV, —% V-3



We further divide the right-hand side of Eq. (2.18), into regions of dV,, 0V, and ¥ as,

FndA = FyngdA — / FyngdA +
5

)% Vg

by

Vi
We group the terms with ¥ as integral using the definition of n given in Eq. (2.5) as
FndA = Fyngd A+ FimydA — / (Fy — Fi)ndA (2.20)
oV Vg Vi P
We rewrite Eq. (2.20) using the definition of jump condition from Eq. (2.17) as the final
jump identify 1:

FndA = FynydA+ FimydA — / [[F]] ndA (2.21)
oVl >

oV Vg

2.2.2  Jump identity 2

We use the Reynolds transport theorem to find the rate of accumulation of F in V as,

/fdv /(—+v J-"U)) % (2.22)

We divide the right-hand side of Eq. (2.22) into V, and V, portions using Eq. (2.1),

/]—“dv /V (—+V ]:U)) dv+/ (%FJFV (J-“U)) dy (2.23)

We convert the volume integrals in the right-hand side of Eq. (2.23) to surface integrals using
the divergence theorem as,

d oOF oF

—/de—/ —dV + .7:U~ngdA+/ —dV + FU -n,dA (2.24)

dt Jy vy O Vg v O Vi
We realize that FU is no longer a simple discontinuity from Eq. (2.9) and Eq. (2.16), and
we cannot simplify the surface integral terms in Eq. (2.24) using Eq. (2.21). We simplify it
using the definition of U given in Eq. (2.9) as

FU -n,dA = FU, - ngdA+ / F,Us -nydA (2.25a)
Vg Vy—3 )

oVl oV —% by



We add and subtract F,U, - n, and F,U; - n; to the right-hand side of Eq. (2.25a) and
Eq. (2.25b) respectively to obtain,

FU -nydA = FU, ngdA+ / FU, n,dA
NVg 0Vyg—32 b
- / F,Us -nydA+ / F,Us -n,dA (2.26a)
% P
Vi oV —% %

by by

We group the first two terms and last two terms on the right-hand side of Eq. (2.26a) and
Eq. (2.26b) to obtain,
FU -n,dA = F U, ngdA+ / F,(Us —-U,) nydA (2.27a)
Vg Vg P

ovi oV, 3

We add Eq. (2.27a) and Eq. (2.27b), and simplify using Eq. (2.5) and Eq. (2.17) as,

FU -ndA+ | FU -ndA= | FU, ndA+ | FU -ndA
Vg vl oV, v,

+ / (1F (Us — U] - ndA (2.29)

We rewrite Eq. (2.24) using Eq. (2.28) as,

d 0 %)
—/]—"dV:/ —]:dv+ FgUg-ngdA+/ i—dv+ FU, - ndA
dt Jy vy Ot Vg v 0 oV

+ /E IF (Us - U)]] - ndA (2:29)

We use the divergence theorem and convert the surface integrals in Eq. (2.29) to volume

integrals to obtain the jump identify 2:

d B OF, OF;
%/V}“dV— /Vg( Y (ngg))dv+/w(at +V (ﬂU;))dV

+ /E [F(Us, — U)]] - ndA (2.30)
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2.2.3 Jump condition for mass

We rewrite the jump identity 2 from Eq. (2.30) for mass, i.e., F = p as,

% VpdV: /Vg (%JFV' (ngg)) dy + /W (%+V~ (plU,)> dV+
+ [ o @s -0 nia (2.31)

We reduce the left-hand side of Eq. (2.31) to 0 using mass conservation equation given in
Eq. (2.6). and argue that since 0V,, 0V, and ¥ are chosen arbitrarily, for Eq. (2.31) to be
valid for every choice, the respective integrands on the right-hand side of Eq. (2.31) must
both be 0. Hence, we can say that in the bulk of the gas and liquid phases,

/Vg (% +V- (PgUg)) dv =0 (2.32a)

/W (% +V- (PlUl)) dv =0 (2.32b)

and at the interface, the conservation of mass reduces to a jump condition for mass across

Y as,

/E [p(Us —U)]] -ndA=0 (2.33)

We examine Eq. (2.33) using the definition of jump condition given in Eq. (2.17) as,

/Epg Uy, -U,) ndA = /Epl (Us —U,;)-ndA (2.34)

We realize that the each side of Eq. (2.34) corresponds to the mass flux due to phase-change,
denoted by m” such that,

m"=p,(Us—U,) - n= pUsx—-U) n (2.35)

In addition, for viscous fluids under standard operating conditions, it is an experimentally
observed fact that two fluids do not slip, and therefore, the velocity is continuous across the
interface such that,
Ugt:Uzt:Ult (236&)
U, s=Uy-s=U,;-s (2.36b)
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We can derive the expression for the normal component of the velocity of > by rearranging

the terms in Eq. (2.35),

Ug~n:%{m” (i+1) + (U, +U)) ~n} (2.37)

Pg P

2.2.4  Jump identity 2: auziliary formulation

In this section, we provide an auxiliary formulation of jump identity 2 from Eq. (2.30) by
simplifying it using the conservation of mass from Eq. (2.6). This formulation will be useful in
deriving the jump conditions for momentum and energy provided in Sec. 2.2.5 and Sec. 2.2.6,
respectively, in a concise manner. We first write the expression for rate of change of pF in

V by rewriting jump identify 2 from Eq. (2.30) for F = pF as,

d OpgFy OpiFy
e /Vg( gy gFgUg)dv+/w< v pl}"lUl)dV

+ /E [pF (Us — UY]] - nd A (2.38)

We can now write Eq. (2.38) in non-conservative form using Eq. (2.6) as

jt pFdY = /pg<8£ +U,- Vf)dV+/ (%—FU; V]:l)dV
+ [ o7 s - )] nda (2.39)
We define the material derivative as,
E = aa;:— +U-VF (2.40)

and simplify the right-hand side of Eq. (2.39) using Eq. (2.35) as
[pF (Us = U)]]-n= " [[F] (2.41)

We rewrite Eq. (2.39) using Eq. (2.40) and Eq. (2.41) to obtain the auxiliary form of jump
identity 2:

d DF, DF
i J,PF = /V 0 W+ | ppr®+ /E diraley (2.42)

We use this aux1hary form of jump condition 2 to derive the jump conditions for momentum

and energy in Sec. 2.2.5 and Sec. 2.2.6, respectively.
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2.2.5 Jump condition for momentum

We simplify the conservation of momentum equation given in Eq. (2.8), using Eq. (2.11) as

d
pr ,oUdV— / TndA + //mndA—F/pfde (2.43)
av s %

We modify the surface integral term in Eq. (2.43) using Eq. (2.21), with F = 7 as,

/T’I’Ld.A: TgngdA+/ T dA — /[[T]]ndA (2.44)
av avg avI >

We rewrite Eq. (2.43) using Eq. (2.44) as

d
7 pUdV— / TgngdA—i-/ Tlnld.A—/ [T]] nd A + /mand.A—i—/pfde
avg avi s 2 %

(2.45)
We convert the surface integral terms on the right-hand side of Eq. (2.45) using divergence
theorem as,

7 pUdV = VoT4dV+ | V-1 dV + /
Vg Vi b

(r)nda+ [

b

kondA + / pfpdV
v

(2.46)
We modify the left-hand side of Eq. (2.46), using the auxiliary form of jump identity 2 from
Eq. (2.42) for momentum, i.e., F = U as,

d
dt

DUl
"Dt

DU
pUdV— / Py Dtgdv+ dy — / m” [[U]] dA (2.47)
Vg =

We subtract Eq. (2.45) from Eq. (2.47), and group the terms with common integrals as,

DU DU,
O:/ (p g—V~T—pf)dV+/ (p —V-T—pf)dv
Vo th g gd b lDt l lJb

- /E (" ([U]] = won — [[]] m) dA (2.48)

We argue that as 0V, 0V, and ¥ are chosen arbitrarily, for Eq. (2.48) to be valid for every

choice, the respective integrands must be 0. Hence, we can say that, in the bulk of the gas
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and liquid phases,

DU
Py ng:/ V- ngV+/ Py SodV (2.49a)
Vg Dt Vg Vg
DU
7 Lav = [ V- mdv + / o fpdV (2.49b)
Dt Vi Vi

and at the interface, conservation of momentum reduces to a jump condition for momentum

/E (7] ndA = /E rondA — /E i [[U]] d A (2.50)

We simplify the second term on the right-hand side of Eq. (2.50) using Eq. (2.35) as

across X as,

—m" [[U]] = =" (U, — Uy)
" (Us —U,) — (Us —U)))
' (Us-U ) n)n— ((Us —-U;)-n)n)

m
m”
—n——n

= (m")’ (—g — E) (2.51)

We rewrite the final result of Eq. (2.51) as

Il
=

1 1
il [l = (i) (> ) m (252
Pg P
We combine Eq. (2.50) and Eq. (2.52) to present the jump condition for momentum across
> as,
e 1 1
[T]]ndA = | kondA+ [ (m")"| ——— | ndA (2.53)
X pX pX Pg 01
We convert the surface integrals on the right-hand side of Eq. (2.53) to volume integrals as,
/ kondA = / f,dv (2.54)
b %

where f, = kondy is the surface tension force and,

/E(m") (p—g—;l)n—/f % (2.55)
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where f,; = (")’ (é — p%) ndy, is the force on ¥ due to mass flux caused by phase change,

and we define dy;, as
)

0 Vx eV,

0 =<0 Vax eV, (2.56)

1 VeeX
\

We rewrite the jump condition for momentum from Eq. (2.53) using the definitions of force

due to surface tension from Eq. (2.54) and force due to phase change from Eq. (2.55) as,
/ [T]] ndA = / fodV + / fndV (2.57)
) % 12

2.2.6  Jump condition for energy

We simplify the conservation of energy equation given in Eq. (2.13) using the transport

equation for surface energy given in Eq. (2.15) by assuming constant surface tension as,

d 1
— p(e—i——U-U)dV:/ (T’I’I,)'UdA—i-/O'I{Ug"ndA
dt Jy 2 v >

—/ q~ndA+/pfb'UdV (2.58)
av %

We simplify the surface integral term in Eq. (2.58) by realizing that 7 is a symmetric

tensor and hence,
(tn)-U = (7"U) -n=(7U)n (2.59)

We split the total power of fluid stresses into gas, liquid and interface components using

jump identity 1 from Eq. (2.21), with F = 7U as,

/av (tU) -ndA = (t,Uy) - nydA+ /

(mU) - dA — /[[TU]]-ndA+ (2.60)
avi 2

Vg

We split the total heat conducted in a similar way using jump identity 1 from Eq. (2.21),
with F = q as,

/ q -ndA = q, ngdA+ / q,  dA— / [[q]] - ndA (2.61)
av avg avI >
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We simplify Eq. (2.58) using Eq. (2.60) and Eq. (2.61) and grouping the terms with common

integral as,

d 1
— p(e+—U-U)dV=/

+ [ noUs +ligl - (70 mdd+ [ pfo- UV (202

(TgUg - ‘Ig) ‘mydA + /av (U — q;) - mdA
I

We convert the surface integral terms in Eq. (2.62) to volume integrals using the divergence
theorem as,

L[ s So vy = [ (- (0, —a,) 4 50 v
tJy 2 Vg
i /Vl (V- (Ui —q) +pifo-Ur)dV
+ [ (xoUs:+lla) = [7U]) A (2.63)

We split the left-hand side of Eq. (2.63) using the auxiliary form of the jump identity 2 from
Eq. (2.30), with F = p(e + ;U - U) as,

d 1 D 1
7 Vp(e—l—§U-U)dV— Agpgﬁ(e+§U-U>dV
D 1
1
+/M”He+§U-UHdA (2.64)
b

We subtract Eq. (2.63) from Eq. (2.64), and group the terms with common integral limits

to obtain,
) + U-U)—V-(TgUg—qg)—pgfb-Ug>dV
D
+/ (plﬁt (e—l——U-U) -V (TzUl—(h)_Plfb'Ul> dy
Vi

w (|| 50-0)| - wovs + ta1 - Trom m)an o)

We argue that since 0V,, 9V, and X are chosen arbitrarily, for Eq. (2.65) to be valid for every

choice, the respective integrands must be 0. Hence, we can say that, in the bulk of the gas
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and liquid phases,

D 1
/ pgﬁ (e + §U . U) dV = {V . (TgUg — qg) +pgfo - Ug} dy (2.66a)
Vg Vg
D 1
/ Pl— €+—U'U dy = {V (TlUl—ql)—i—plfb-Ul}dV (266b)
vi Dt 2 Vi

and at the interface, the conservation of energy reduces to a jump condition for energy

across X as,
/Z i He—i— U UH dA = /2 (koUs, + [[g]] = [[FU])) - ndA (2.67)

2.2.7 Summary of jump conditions

In this section, we summarize the balance equations and jump conditions for mass, momen-
tum and energy for convenience. We decomposed the governing equations of fluid flow from
Sec. 2.1 into balance equations in the bulk of the fluid volume V¢, and jump conditions across
the interface X in Sec. 2.2.3, Sec. 2.2.5 and Sec. 2.2.6. The subscript f stands for fluid and

refers to either the gas or the liquid phase:

g VeV
f= ! (2.68)
[ Vx eV

The balance equation for mass in V; and jump condition for mass across ¥ are:

/vf (% + V- (prf)) dV =0; Ve e Vy (2.69a)
/2 [p(Us—U)]] ndA=0; Ve € X (2.69b)

The balance equation for momentum in V; and jump condition for momentum across X are:

D
/ pf%dv - [ v. dev+/ pifudV; V€V (2.70a)

V¢ Vy Vs
/ ([7]] ndA = / kondA + / (") (i - l) ndA; VreX (2.70Db)
% % %

Pg Pl
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The balance equation for energy in Vy and jump condition for energy across ¥ are:
D 1
pr— e+ U Uy | dV = {V (Tfo—qf)+pffb-Uf}dV; Ve € Vy
(2.71a)

/Em He F3U U” A = /E (koUs, + [[a]] - [[FU]]) - ndA; Va € %

(2.71D)
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Chapter 3

ENERGY EQUATIONS FOR GAS-LIQUID TURBULENT
FLOWS WITH PHASE CHANGE

In this section, we derive the balance equation for turbulence kinetic energy (TKE),
mean-flow kinetic energy (MFKE) and mean internal energy (MIE) for gas-liquid flows with
phase change. We then explain the interaction between TKE, MFKE and MIE with the help
of pathway schematics. In Sec. 3.1, we derive the compressible formulation of TKE, MFKE
and MIE for individual gas or liquid phases, followed by a discussion on energy pathways
in those individual phases. In Sec. 3.2, we derive the balance equations of TKE, MFKE
and MIE for gas-liquid interfacial flows with phase change. We also rewrite these equations
for droplet-laden homogeneous shear turbulence (DLHST-PC) and droplet-laden decaying
homogeneous isotropic turbulence (DLHIT-PC) in Sec. 3.3 and Sec. 3.4, respectively.

We start with the momentum balance equation for individual phases (gas or liquid)
from Eq. (2.49). If we proceed in the same way as Dodd & Ferrante (2016), where Reynolds
averaging was performed, we cannot remove the density fluctuation terms from the equations
and this will lead to the presence of complicated terms involving triple correlation of density
fluctuations and velocity fluctuations in the energy equations. Hence, we resort to Favre-
averaging as presented by Favre (1965), Lele (1994) and Wilcox (2006) which is a mass-
averaging technique used to remove density fluctuations from the governing equations defined

by,

o=y (3.1)

(p)

where (...) indicates Reynolds averaging and we consider volume averaging for our purpose:

() ;v/vp..)dv (3.2)
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We define Reynolds averaging over a volume V; of fluid f as,

<MME$Lqum) (3.3)

We decompose density (p), fluid stress (7) and as a consequence, pressure (p) and viscous

stress (T) into their Reynolds-averaged mean and fluctuating quantities:

p=p+p (3.4a)
T=T+7 (3.4b)
p=D+p (3.4c)
T=T+T (3.4d)
We decompose velocity (U) into Favre-averaged mean and fluctuating velocities:
U=U+u" (3.5)

We highlight a property of Favre-averaging by taking a Favre-average using Eq. (3.1) on
both sides of the Eq. (3.5) as,

U=U+u"=U+u" (3.6)

We infer from Eq. (3.6) that w” = 0 which is explicitly stated using the definition of Favre-

averaging given in Eq. (3.1) as,

u' = =0 = (pu”")=0 (3.7)
The kinetic energy of the fluid (per unit mass) is:

E(z,t)=-U-U (3.8)

N | —

E can be decomposed into two parts:

E(z.t) = E(z,t)+k(x,1) (3.9)
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where E is the the Favre-averaged mean-flow kinetic energy (per unit mass) (MFKE)

E = w: %f]-ﬁ (3.10)

and k is the turbulence kinetic energy (per unit mass) (TKE)

<p%u” . u//>

(p)

We decompose the internal energy per unit mass (e) into its Favre-averaged mean and fluc-

7~
Il

(3.11)

tuating quantities:
e=¢e¢+e¢" (3.12)

where € is the mean internal energy (per unit mass) or (MIE) and e” is the fluctuating part
of IE. We present an argument similar to the one presented from Eq. (3.6) to Eq. (3.7) for
e and state that,

(pe"y =0 (3.13)

In the following sections, we derive the equations for TKE (k), MFKE (E) and MIE (€) for

various flow scenarios.
3.1 Compressible flow (gas or liquid phase)

In this section, we derive the TKE, MFKE and MIE evolution equations for a compressible
flow in a gas or liquid phase. We start with the conservation of mass for each phase given

by Eq. (2.32). We drop the integrals V, and V), as they are arbitrary and re-write it as,

)
% LV (pUp) =0 (3.14)

We write the momentum balance equation for each phase given by Eq. (2.49), by dropping

the integrals as,

DU,

Pr—py = Vo Trtpeife (3.15)
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We write Eq. (3.15) in the conservative form using Eq. (3.14) and the definition of material
derivative in Eq. (2.40) as,

0
! (psUs) +V - (psUUf) =V - 75+ prfo (3.16)

3.1.1 Turbulence kinetic energy (TKE) for compressible flow (gas or liquid phase), k¢

We take a dot product of Eq. (3.16) with uf;

" a "
wy - (5 (psUys) + V- (PfoUf)> = up- (V- 75+ prfo) (3.17)
We integrate Eq. (3.17) over Vy and divide by V; to obtain,
1 0 1
— "ol = (pU V- (pUUy) | dV = — (V- d 3.18
Vf/vfuf <at(/)f N+V - (pUy f)) Vf/vfuf (V- 7r+ppfp)dV  (3.18)

We use the definition of Reynolds averaging given in Eq. (3.3) to rewrite Eq. (3.18) as,

<“?' (% (psUys)+ V- (/)foUf)>>f = (uj- (V-7 +p:f0)), (3.19)

We use the fact that both dot product and Reynolds-averaging are linear operators to rewrite

Eq. (3.19) as,

(- (S 0s00) )+ (% iU, = (97, + ), (20

We simplify each term in Eq. (3.20) separately using Eq. (3.5), Eq. (3.11), and properties
of Favre-averaging given in Eq. (3.7). We interchange certain terms between their vector
notation and inidicial notation for convenience and in doing so, we make use of the following

shorthand notation,

ABCD
OABCD) s e 210
V (ABCD) = d; ABCD (3.21b)

where A, B, C, D are different variables and all the terms that are under the standard oper-
ators like time-derivative or gradient or divergence are written to the right of the operators

such as 0, or 0;.



The first term one the left-hand side of Eq. (3.20) is simplified as,

W'U; (9tp>f + (uip),; AU, + <(9tp ul ">
S—— f

<
= (v f
= < W'U; dyp + u'p 8tﬁi>f + (u] Owpui)
<
<

We rewrite the final result of Eq. (3.22) as

0 ~ _
<“/f g (Pfo)>f = <UQ'Ui5tp>f + 0 (Prky)
where ky is the TKE of the fluid f defined as,

<p2u// //>f

k=
f D,

22

(3.22)

(3.23)

(3.24)



The second term on the left-hand side of Eq. (3.20) is simplified as,

(uj -V (p;UUy)), =
d,p (U T ) U, >f

(u” - V- (pUU)),

{u;

o

<u” 8;pUU; + u” 8J,0u"U>
g

(0,

W'U; 2;pU; + u; pU; 8U + 0jp= u"u"U>
f

"U, 8JpU> + <u§’pUj Gj[?i>f + < @plu”u”U >f

G0 i 0+ i ),

1 1
+ < 0jp= u”u”U >f + < 8Jp2u;'u;’u;’>f

= <u;/sz 8JpU]> +< > U 8 U + <pu” “ @(72
f W—/

=0

1 ~ 1
+ 0, <p—u;'u;'l/' > + 0, < P ;'u;'u;'>
!

= (/T aijj>f — P+ V- (ks Uy ) + Ty
We rewrite the final result of Eq. (3.25) as
(uj -V (psUsUy)), = <u;’l7i8ijj>f ~ P+ V- ( fkaf> + Ty
where, Py is the production in fluid f given by:
Pr=— <pu;’u;’(9j(7i>f

and T, is the turbulence transport of k; given by:

1
u'/’” =0, <p2u;’ " ;’>
f
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(3.25)

(3.26)

(3.27)

(3.28)



We simplify the left-hand side of Eq. (3.20) using Eq. (3.23) and Eq. (3.26) as

" a " a

u' - (— (Pfo))> +(uf- (V- pUsUy))
< ot ; 170
- Pf _'_ T///f

The right-hand side of Eq. (3.20) is simplified as,

(V- T)~u’]ﬁ>f—i—<pffb«u}>f:<(V~ ?+T’)-u’1ﬁ>f+<pffb~u">f

- <(V. ?).u;;>f+ <(V~ ,,./)_u/;>f+ (s fs -

The first term on the right-hand side of Eq. (3.30) is simplified as,

(=V- ) -uf), + (V- Ty) -up),
Vp) - <u >f+(v.T)'<ulJ£>f

=1, + 1L, ¢

{

= ((=V-pl)-uf+ (V- T) -u’Jﬁ>f
=
= (-

We rewrite the final result of Eq. (3.31) as

<(V - T) u’Jﬁ> =1L, +1L,

5 (Pkr) + V- (ﬁ’ffﬁf>

14
u>f
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(3.29)

(3.30)

(3.31)

(3.32)

where II, y and 11, y are the artifacts of Favre-averaging and in-principle can have either sign

(Lele, 1994), and are given by:

Uy, = —~Vp) - <u >f

Iy = (V' T) - (uj),

(3.33a)

(3.33b)

where II, ; has been called the enthalpic production of TKE (Lele, 1994) or simply rate of

pressure work (Wilcox, 2006). II,, s can analogously be called rate of reversible viscous work.
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The second term on the right-hand side of Eq. (3.30) is simplified as,
(V-1)- u;ﬁ>f = (V- (r'uf) — 7" Vu’}>f
=V (Tuf) — (7" Vu’}>f
=V - ((-p1+T) u’lﬁ>f —{(=p1+T): V'u,}>f
=-V- <p’lu;i>f +V- <T’u’]§>f + (' Vu), — (T Vu’;>f

= p,,/f + 1//,/f + HA/;f — 6;2 (334)
We rewrite the final result of Eq. (3.34) as,
<(V - 1) u;ﬁ>f = p,ff + 7;/7/f + Many — 5/} (3.35)

where 7;’ff and 7;’” ; are the fluctuating pressure power and fluctuating viscous power of the

fluid f respectively given by:

o=V P, (3.36a)
o=V (T, (3.36b)

ITans is the rate of work done by pressure fluctuations due to the simultaneous fluctuations
in dilatation, or simply called fluctuating pressure dilation (Lele, 1994). It can have either

positive or negative sign and the value is given by:
gy = V- u'), (3.37)
gt is the rate of viscous dissipation of ky which is always negative and the value is given by:
g = (T Vu"), (3.38)

The last term on the right-hand side of Eq. (3.30) is the fluctuating part of the power of
body force given by:
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We note here that if the body force field f, = g, the gravitational field which is spatially
uniform, I'} reduces to 0 using Eq. (3.7) as,
I = (prg-uf) =g- (psuf) =0 (3.40)
=0

Thus, body forces like gravity have no contribution to the modulation of k;. We combine
Eq. (3.29), Eq. (3.32), Eq. (3.35), and rearrange, to arrive at the TKE equation for com-

pressible flow in gas or liquid phase,

0 - o~
o (Prks) + V- (Pf’fof> + Ting = Py — 5+ Uang + T + Ty + Ty + 1y + T

(3.41)

We want to be able to write the Eq. (3.41) in a non-conservative form. To do this, we make
use of the Eq. (3.14) and perform Reynolds averaging to obtain an equation for conservation

of mean density:

a<10f>f

<%+V' (Pfo)>f= 5 TV <<pf>fﬁf> =0 (3.42)

We use Eq. (3.42), to write the compressible TKE equation in a non-conservative form:

Ok; =~
By <8—:+Uf-wcf)+ o =Pr—ef+ Uanp + T/ + T+ + Iy + T (3.43)

We define the material derivative operator with Favre-averaged mean-flow velocity as,
D 9 =
5o (3.44)

We use Eq. (3.44) to present the non-conservative form of the TKE equation for a compress-
ible flow:

Dk
pfﬁ + u/’/{f = Pf - 5/; + HA’{f + 7;,7} + 7,-//’/f + Hp’f + HV,f + FI; (345)

3.1.2  Mean-flow kinetic energy (MFKE) for compressible flow (gas or liquid phase), Ef

We take a dot product of Eq. (3.16) with ﬁf to obtain,

Uy (% (psUfs) + V- (PfoUf)) = U;- (V- T+psfs) (3.46)
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We integrate Eq. (3.46) over Vy and divide by Vy to obtain,

1 ~ 0 1 ~
v, | Ur (@ (psUs) +V - (PfoUf)) V= | Up- (V- T+ppfp)dV  (3.47)
fJVvy fJvy

We use the definition of Reynolds averaging given in Eq. (3.3) to rewrite Eq. (3.47) as,

<fff- (%(prva (prfo)>> = <ﬁf-(v- T+pffb)>f (3.48)

f

We use the fact that both dot product and (...) are linear operators to rewrite Eq. (3.19) as,
N 9 _ N ~
<Uf ' (E (Pfo)) >f + <Uf (V- PfoUf)>f = <Uf (V- T)>f + <Uf ' pffb>f
(3.49)

We simplify each term in Eq. (3.49) separately using Eq. (3.5), Eq. (3.11), and properties
of Favre-averaging given in Eq. (3.7). The first term one the left-hand side of Eq. (3.20) is

simplified as,

<ﬁf '%(Pfo)> =

1~ ~ ~
= at <p—U,U,> + Uzat <pu;/>f
2 f N ~- ,

= = (7/Er) (3.50)

We rewrite the final result of Eq. (3.50) as,

(05 <prf>>f = 2 (3,8 (351)
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where E ¢ is the kinetic energy of the mean-flow, (MFKE) in fluid f given by:

~ 1~ ~

Ef = §Uf . Uf (352)
The second term on the left-hand side of Eq. (3.49) is simplified as,

<l7f V- (PfoUf)}>f = <ij-{V- (pUU)}>f

= <[71 8jp[7in + [71 ajpu;/Uj>f
:<amﬁaﬁa>f+<am@%wﬁf—QMﬂG@a>f
R R )
(w5 00), (i ),

1~~~ 1~ ~ _
f W—’_O V:O
+ < 8jp(7iu;’u;'>f — (pug’)f ﬁj 8j(7i — <pu§'u;’>f 8]-@

=0

=V <ﬁfﬁl~]f> + Ty + Py (3.53)
We rewrite the final result of Eq. (3.53) as,
<ﬁf {V- (PfoUf>}>f =V (ﬁfﬁﬁf) + Turs + Py (3.54)

where P is the production of ks as defined in Eq. (3.27) and ﬁ/; 7 is the turbulence transport
of Ef given by:

Turs = 0, <P[7iu;'u}'> ; (3.55)
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The right-hand side of Eq. (3.49) is simplified as,

We rewrite the final result of Eq. (3.56) as,
(T (v r)>f:7~;,f+7~;,f+n&f—§f+ff (3.57)

where 7N;’ s and ’7:, ¢ are the mean pressure power and mean viscous power of the fluid f

respectively given by:
T,=-V. <]3IU>f (3.58a)
T =V -(TU 3.58b
g < > ; ( )

11 PRt the rate of work done by mean pressure due to the simultaneous mean dilatation, or
simply called mean pressure dilation. It can have either positive or negative sign and the

value is given by:
Nz, =5,V Uy (3.59)
£ is the rate of viscous dissipation of E ¢ which is always negative and the value is given by:
5 =T,:VU; (3.60)

The last term on the right-hand side of Eq. (3.57) is the mean part of power of body force
given by

T, =70 Uy (3.61)
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We note here that ff does not reduce to 0, even if f, is spatially uniform (e.g., fp = g),
unlike I as discussed in Eq. (3.40). We combine, Eq. (3.51), Eq. (3.54), Eq. (3.57), and

rearrange to obtain the MFKE equation for compressible flow in gas or liquid phase:
0 ~
- (PE) + V- (PE) + Targ = =Py = &5 + Tz p + Ty + Toy + T (3.62)

We use Eq. (3.42), and Eq. (3.44) to obtain the non-conservative form of the MFKE equation
for compressible flow in gas or liquid phase:
DE ~

3.1.8  Mean internal energy (MIE) for compressible flow (gas or liquid phase), ey

We take a dot product of Eq. (3.15) with U to obtain the balance equation for kinetic
energy of fluid f as,

Uy (PfDlgt—f) = U;-(V-75)+ Uy (ps o) (3.64)

We simplify both sides of Eq. (3.64) using the product rule and the definition of material
derivative given in Eq. (2.40) as

0 1
<8t< Uj- Uf)+Uf‘V(§Uf‘Uf)> = V- (tsUy) =75 :VU; + Uy (ps fo)

(3.65)
We subtract Eq. (3.65) from the total energy balance equation for fluid f given in Eq. (2.66)

to obtain the equation for the internal energy balance in fluid f

De

We write Eq. (3.66) in the conservative form using Eq. (2.6), and Eq. (2.40) as

:T:VUf—V-q (3.66)

0
5 (Pres) £V (presUp) = 7: VU =V - g (3.67)
We integrate Eq. (3.67) over V; and divide by V; to obtain,

1 0 1 1
— — (preg)dV +V - (presUy)dV = —/T:VUdV—— V.qdV (3.68
v, Vfat(ff) (presUy) v, )y, f vy, (3.68)
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We rewrite Eq. (3.68) using the definition of Reynolds averaging in Eq. (3.3) as,
0
5 (Prer) ) (V- (pregUy))p = (T :VUy) = (V- q); (3.69)
f

We simplify each term in Eq. (3.69) separately using Eq. (3.12), and Favre-averaging prop-
erties given in Eq. (3.7) and Eq. (3.13). The first term on the left-hand side of Eq. (3.69) is

simplified as,

0 0 0
= (Pf€f>> = = (pres); = = (Prey) (3.70)
<8t ;o Fot
where € is the Favre-averaged mean internal energy, (MIE) of the fluid f given by

_ Apreg)s
€r = <pf>f (371)

The second term on the left-hand side of Eq. (3.69) is simplified as,

(V- (presUy)); =

peU) + V- ((pu) )+ V- ((pe), U) +V - {pe"u"),
! T T

\Y
v-{
=V <P€ﬁf + peu” + pe'U + pe”u”>f
v
<

~V. pfé}fff>f + Ty (3.72)
We rewrite the final result of Eq. (3.72) as,
(V- (presU)y =V (prérls) + Ty (3.73)
where 7., is the turbulence transport of € given by:

Torrs = 0; (peu] (3.74)
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The first term on the right-hand side of Eq. (3.69) is simplified as,
(T:VUy), =(r:VU),;
= (73;0,;U; >

(U + u”) >f

= (=
<T”aU> + (70 + (r40;), Ui+ (0,
~——

=0
= (szajﬁl>f =+ <8]F1]U;,>f — <u;/8]?l]>f <7' 8 u”>f (375)
We rewrite the final result of Eq. (3.75) as
<T : VUf>f = <ﬂj8ji7i)f + <aj?iju;/>f — <U;/aj?ij>f <T 0; u//>f (376)

The first term on the right-hand side of Eq. (3.76) is simplified in Eq. (3.56) as
(ﬁjajﬁi)f = Iz, +& (3.77)
where I3 ; and €; are the dilatation and dissipation due to mean velocity and are defined in
Eq. (3.59) and Eq. (3.60) respectively. The second term on the right-hand side of Eq. (3.76)
is simplified as,
(05T iui); = (05 (=Pl + Tiy) u),
= —(OpLyuf) ; + (9 Tiuy)
= —0; (puf); + 0; (Tijui),
=Tpr+ 7oy (3.78)
We rewrite the final result of Eq. (3.79) as
(O57iui) ;= Ty + Ty (3.79)

where 7,7, and 7,7 are the powers of mean pressure and mean viscous stress due to fluctuating

velocity and are given by:
oy = 0 (pui)) (3.80a)
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The third term on the right-hand side of Eq. (3.76) is simplified in Eq. (3.32) as,
<Ulilaj?ij>f =1y + 1oy (3.81)

where II, ; and I, s are the reversible work done by pressure and viscosity respectively and
are defined in Eq. (3.33b). The fourth term on the right-hand side of Eq. (3.76) is simplified
in Eq. (3.34) as,

<7—z‘/jaju/‘/>f = —Tlans + g’; (3.82)

(2

where ITan; and €} are the dilatation and dissipation due to fluctuating velocity and are
defined in Eq. (3.37) and Eq. (3.38)respectively. The last term on the right-hand side of
Eq. (3.76) is simplified as,

—(V'Q>f=V-GfEQf (3.83)

where Qf is the rate at which heat is transferred through thermal conduction in fluid f.
We use Eq. (3.70), Eq. (3.73), Eq. (3.76) and Eq. (3.83), and present the MIE equation for

compressible flow in individual gas or liquid phases:

0_ - o~ . ~
aPrer TV <Pf€fo>f + Ty =cf+&p =z ;= ay

+ Ty + Ty =g — oy + Oy (3.84)

We use Eq. (3.42), and Eq. (3.44), to present the non-conservative form of the MIE equation

for compressible flow in the gas or liquid phase:

— jjg * ~ * * ~
Pr + Ty =+ & =g —Uany + Ty + Ty =y — Iy + Oy (3.85)



34

3.1.4  Energy pathways for compressible flow (gas or liquid phase)

For clarity, TKE, MFKE, MIE equations for compressible flow in the gas or liquid phase are

given together as,

Dk
ﬁf?t‘i‘ J{f:’])f—gljﬁ—i—HA/{f—i— p/,,f+ l,l7/f+Hp7f+Hl,,f+F/; (386&)
BB - i o
,OfE—i-%'{f:—'Pf—Ef—FH&f-i-ﬁ,f—F’];,f-i-Ff (3.86b)
— ﬁg * " ~ * * 2
pr+7;’{f:Ef_'—gf_HEJ_HA’ff+7;J,f+7:;,f_Hp,f_HV,f+Qf (386C)

We present a schematic showcasing the pathways of energy exchange between £y, E t €f, ©

and ¢ in Fig. 3.1.

Compressible flow (gas or liquid phase)

Mean flow Turbulence Mean internal
kinetic energy, E; kinetic energy, k¢ energy, €
é . N

A | B B B |

i ~ ] i 1 i 1L, ¢ : * i

i Tur s E i ufo SRR i Turs E

1 ~ 1 1 1/ 1 ) 1 s 1

L Tor L Top 0. b Top !

: ~ i : T” i < il } : ” 1

L Ty ! vf o Ty

A P S . — P

Ty ry oy

Figure 3.1: Schematic showing the pathways of energy exchange for a compressible flow (gas
or liquid phase), which summarizes Eq. (3.86).
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3.2 Compressible gas-liquid flows with phase change

In this section, we derive the TKE, MFKE and MIE equations for compressible gas-liquid

turbulent flows with phase change. We define the volume fraction ¢, as,
Oy = — (3.87)

We use Eq. (3.87), Eq. (2.1), and Eq. (3.2) to define the following identity for a field F:

<ﬂ:%AfW
1

1
— | Fav+= [ FRav
V Vg ! v Vi

v, 1 Vo1
— 20— | Fav+Z — | Fav
V Vol ? vV uh !

= (1= ¢u) (F)y + & (F), (3.88)
We rewrite the final result of Eq. (3.88) as,

F) =5 [ Fv = (=00 )+ 0.2 (3.89)

3.2.1 TKE for compressible gas-liquid flow with phase change, k

We integrate Eq. (3.17) over V, and V) respectively, use the identity

u" - (V-7)=V- (u'7)— 7 : Vu" and the divergence theorem to obtain,

" a " "
/ Uy (a (pgUg) +V - (nggUg)) dy = / (ugT) -ngdA — T Vu,dV
Vg 0Vy Vg

+ / Py fo - ugdV (3.90a)
Vg

0
/ (7 (— (pU)+ V- (szle)) dy = / (w)/T) - mydA — 7 : Vu/dV
Vi ot oV Vi

—I—/ pufo - u/dV (3.90b)
Vi



36

We add Eq. (3.90a) and Eq. (3.90b) and rearrange to get,

/u” (8 (pU) + V- (pUU)) dy = —/T : Vu'dy + / pfo-u'dV
v ot v v
/ (u)T) -'n,gd.A+/ (u/T) -mydA (3.91)
av,

vy
We treat the surface integral terms in Eq. (3.91) by using the jump identity 1 from Eq. (2.21)

with F = u’7 as,

/ (u'T) - mdA= | (ujT) nydA +/ (w/T) - mudA — / [u"r]]-ndA  (3.92)
av av, v, >

We use Eq. (3.92) to simplify Eq. (3.91) as

/Vu". (% (pU) + V- (pUU)) dV:—/VT:Vu”dV—I—/fob.u”
/av (u"T)-ndA+/[[u"T]].ndA (3.93)

)
We convert the surface integral terms on the right-hand side of Eq. (3.93) to volume integrals

using the divergence theorem, and divide by V to obtain,

1 0 1
—/u” <8t (pU) + V - (pUU)) dy = —9/7' Vu'"dV + — /pfb u'dV
v

y
/v w'r dV+V/[[ 1] - ndA

(3.94)
We use the definition of Reynolds averaging given in Eq. (3.2) to write Eq. (3.94) as
" 8 " " "
(' (500147 UV ) ) = =7 9u) 4 o) 4 (T (')
1
+ —/ [[u"T]] - ndA (3.95)
Vs

We simplify every term in Eq. (3.95) similar to the way we simplified Eq. (3.20), except for

the jump term, and present the simplified equation as,

1
pT + 7;// == P — 5” + HA” + F// + 7;// + 7:,// + Hp + Hl/ + 9 /2 [[UNT]] . ndA (396)
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We define every term in Eq. (3.96) and relate it to its gas and liquid components using

Eq. (3.89) as following. k is the TKE of the gas-liquid system and it is defined as,

G 2;;) /) (3.97)

The rate of change of TKE is related to its gas and liquid components using Eq. (3.89) as

7~
Il

Dk ﬁk Dk,
— =(1—9, v 3.98
th ( )Py Dt TP, Dt ( )

P is the production of TKE which acts as a source of k. It is defined and related to P, and
Py as,
= — (pulu)) ;U; = (1 — 6,) Py + 6, P, (3.99)

e” is the rate of viscous dissipation of k, which acts as a sink. It is defined and related to &j

and €] as

= (T;05u)) = (1 — ¢,) gy + doel (3.100)

[To~ is the fluctuating pressure-dilatation correlation term which could act as a source or

sink of k. It is defined and related to IIar , and IIa»; as,
HA// = (p'@,ui’) = (1 — gbv) HA”,g + ¢’UHA"7Z (3101)

I is the fluctuating component of the power of body force for the gas-liquid system and can

act as a source or sink of k. It is defined and related to I'j and I} as,
I = (pgii) = (1 — ) I'y + @17 (3.102)

7," and T are the fluctuating component of pressure power and fluctuating component of

viscous power of the gas-liquid system respectively and are defined as,

7—// — _a < / //> (3103&)
7-// < s Z> (3103b)
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I1,, is the enthalpic production of £ in the gas-liquid system or simply, the rate of pressure
work and could act as a source or sink of k. II, can analogously be called rate of reversible

viscous work and could act as a source or sink of k. They are defined as,

11, = (=0;p) (u;) (3.104a)
I, = (9;Ty) (uf) (3.104b)

The jump term in Eq. (3.96) is further simplified using Eq. (2.17) and Eq. (2.59), and
Eq. (2.53) as

(Tmg) - uy — (1) -y
= (Tny) - (uf +uy — i) — (Try) - (uf; + u) — uy)
(Tny) - us, — (Try) - us, + (Tmy) - (wy —uf) = (Try) - (u] — u)

= [Tl - ug = [[(7n) - (ug, — u")]]
" VAV i_i n-u' —l(rn) - (4" — u"
= om0 (= S ) meud = ([lrn) - (wh )] (3105)
We rewrite the final result of Eq. (3.105) as

fwr) m= om0 (o et ) (k=] (3100

We integrate the terms in Eq. (3.106) over 3 and divide with V to obtain,

1 1 1 a1 1
— u'T -nd.A:—/fwn utdA + —/ m” (———)n uydA
5 [ ] 5 [Lmonwgaa s [ oy (- neug

1 124 "
-3 / [(7n) - (u — u")]) dA (3.107)

We transform the first two surface integrals on the right-hand side of Eq. (3.107) to volume

integral terms as,

/ kon - us.dA = / fo- =(f, uy) =V (3.108)
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where f, is the force due to surface tension and U7 is the power of surface tension due to

fluctuating velocity. It can act as a source or sink or k.

1 / N2 ( 1 1) " 1 /
— [ (m ———|n-d'dA== [ f, undV={(f; us) =V, 3.109
5 Lo (2 5 | fa by = (£, ) (3.109)
where f ., is the force due to mass flux and W', is the power of mass flux due to fluctuating
velocity. It can act as the source of k in case of evaporation and sink in case of condensation.
The third term on the right-hand side of Eq. (3.107) is is the power of momentum flux due

to fluctuating velocity which is the fluctuating part of the compressible work done by the

fluid stress tensor due of phase change and is defined as,

/7 1 14 /i
W= /Z () - (ul — u")]] dA (3.110)

It can act as the source of k in case of evaporation and sink in case of condensation. We

combine Eq. (3.93), Eq. (3.108), Eq. (3.109) and Eq. (3.110) to obtain,

1
y /E [u'r]] - ndA = W/ + W, + 0 (3.111)

We use Eq. (2.21) and Eq. (3.89) to relate 7., 7', II, and II, to their gas and liquid

components as,

T+ T+ 1, + 10, + U0+ W+ W = (1—¢,) (T, + T+ g + 1)

+ oo (Tp0 + T + 10y +11) (3.112)

We use Eq. (3.111) and rewrite Eq. (3.96) as the TKE evolution equation for a compressible
gas-liquid flow with phase change:

Dk
ﬁﬁ +Tan =P ="+ Uan + T+ T + T + 10, + 11, + W + W + V7 (3.113)
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3.2.2 MFKE for compressible gas-liquid flow with phase change, FE

We use a methodology similar to the one used in reducing Eq. (3.90) to Eq. (3.95) by replacing
u” with U to obtain the equation for MFKE of the gas-liquid system:

<ff (é(?t (pU) +V - (pUU)>> . <r : vff> + <pfb : ff> + <v : (ﬁ7)>

+%/>: HﬁT” ndA (3.114)

We simplify every term in Eq. (3.114) similar to the way we simplified Eq. (3.49), except for

the jump term, and present the simplified equation as,

DE ~ - ~ ~ ~ 1
ﬁTt+7%,:—P—8+H5+F+7;+7;+ V/
by

Hﬁr” -ndA (3.115)

We define every term in Eq. (3.115) and relate it to its gas and liquid components using

Eq. (3.89) as following. E is the MFKE of the gas-liquid system and it is defined as,

E

N | —
&

U; (3.116)

The rate of change of MFKE is related to its gas and liquid components using Eq. (3.89) as

DE DE DE,
D—— = 1 — Oy = v = 3117
=, (1—9¢uv)p, 7, + Pup—=— 5 ( )

P is the production of k£ and is defined already in Eq. (3.99). £ is the rate of viscous

dissipation of E which acts as a sink. It is defined and related to £, and € as,

115 is the mean component of pressure-dilatation correlation term which could act as a source

or sink of E. Tt is defined and related to 115 g and II3 , as,
Mz =poili = (1 - ¢,) 5 + ¢l (3.119)

[ is the mean component of power of body force for the gas-liquid system and can act as a

source or sink of E. It is defined and related to fg and fl as,

I'= sz i ( ¢v) + ¢v1—‘l (3120)
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7; and T, are the fluctuating component of pressure power and fluctuating component of

viscous power of the gas-liquid system respectively and are defined as,

T, = -0, (ﬁ@-) (3.121a)
7~; = 0, (szﬁz) (3.121b)

The jump term in Eq. (3.115) is further simplified similar to the way Eq. (3.96) was reduced
to Eq. (3.122), by replacing u” with U. We present the final form of the jump term as,

%/E HﬁTH ndA =, + W + ¥, (3.122)

where U, is the power of surface tension force, f_, due to mean velocity U. Tt can act as a

source or sink of F

1 ~

- 1 - -
v/Emn UsdA = v/vfg Usdy = <f0 : U2> — 7, (3.123)

U, is the power of force caused by mass flux due to phase change, f.., and mean velocity

mo
U. It can act as a source or sink of E It can act as the source of E in case of evaporation
and sink in case of condensation.

%/E(m”)2 (plg - %) n-UdA = %/me Usgdy = <fm : ﬁz> =0, (3.124)

U j is the power of momentum flux due to mean velocity which is the mean part of the

compressible work done by the fluid stress tensor due of phase change and is defined as,

~ 1

=5/ [(rn) - (U5 - T)]] a4 (3.125)

It can act as the source of E in case of evaporation and sink in case of condensation. We

use Eq. (2.21) and Eq. (3.89) to relate 7;,, ’71', to their gas and liquid components as,

ﬁ—i—ﬁ—i-\f’g—i-‘i}m—l—‘i}j:(l—%) (ﬁ,g+ﬁ,g>

+ @ <7N;;,z + '7;1) (3.126)
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We use Eq. (3.122) and rewrite Eq. (3.115) as the MFKE evolution equation for a compress-
ible gas-liquid flow with phase change:

DE ~
et Tor =P —E+ Tz +T+ T+ To + Uy + Uy + V; (3.127)

3.2.8 MIE for compressible gas-liquid flow with phase change, €

We start by integrating the internal energy balance equation obtained in Eq. (3.67) over V,
and V; to obtain,

0
/ (815 (pgeq) +V - (pge,U )> dy = /v T: VU dA—- | V- qdA (3.128a)
g Vg

/ <a (,Olel) + V- (plelUl)> dV = / T ! VUld.A — V- qu (3128b)
ot Vi Vi

We use the divergence theorem to convert the volume integral on the heat flux to a surface

integral term to account for conduction through the interface as,

9
/ (825 (pgeq) + V- (pgegUg)) dy = /v T : VU, dA - ; q-nydA (3.129a)
g Vg

/ (@ (per) + V- (plelUl)> dy = / 7:VUdA — q-ndA (3.129b)
ot Vi Vi

We add both the sub-equations in Eq. (3.129) to obtain,

ovi

/ (% (pe) +V- WU)) v = /T VUdA— | g -ngdA— | q-mdA  (3.130)
4 v Vg

where the last two terms on the right-hand side of Eq. (3.130) are the rate of heat conduction
into the gas and liquid phases respectively. We use Eq. (2.61) to simplify Eq. (3.130) as

/(gt (pe) + V- (peU)) dy = /VT VUIA — | a ndA — / -ndA  (3.131)

We use the divergence theorem to convert the surface integral term to a volume integral,

and divide by V to write Eq. (3.131) as

1 0 1 1
v/v<a(pe)+v'(peU)>dV— v/VT.VUdA—v/VV‘qu——/ -ndA
(3.132)
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We use the definition of Reynolds averaging given in Eq. (3.2) to write Eq. (3.132) as,

1

(0¥ 0 = Y0y = (V@) - g [l mad (@133)

We simplify every term in Eq. (3.133) similar to the way Eq. (3.69) was reduced to Eq. (3.85),

except for the jump term and write it as,

P b Tiy =€ E My Mg+ T+ T = T, = T, O 4 O (3.134)

where Q is the net rate at which a portion of the total heat that is conducted into the
gas-liquid system is used to cause temperature gradients in the gas-liquid system, and it is

defined as,

'E—/V-qu:—/ qg-ndA (3.135)
% av

and Oy, is the rate at which heat is being conducted from one phase to the other through ¥
to cause a phase change and we call it the power of heat flux. Oy acts as a source of ¢ in

case of evaporation and as a sink in case of condensation. We define Qz as,
05 =~ [ [la) -naA (3.130
We find that Q, O can be related to Qg and Q, using Eq. (3.89) as,
Q+ Q05 =(1—0¢) Qg + 6,9 (3.137)

Os. can be further analyzed using the jump condition for energy given in Eq. (2.67) which

is re-arranged as,

_/E[[q“.ndA:_/E[[TU]]-ndA+/Eman-UgdA— /Em”H(eJr%U-U)HdA
(3.138)

We realize that the second term on right-hand side of Eq. (3.139) is the power of surface
tension ¥,. We add Eq. (3.111) and Eq. (3.122) and realize that,

% /E [7U]] - ndA =, + U, + 0, (3.139)
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We use Eq. (3.139) to simplify Eq. (3.138) as,

_/ [q]] ndA=—V,, — T, — / " H(e + %U : U)” dA (3.140)
2 2
We rearrange the terms in Eq. (3.140) to obatin,

/Zm H(H%U.U)H A =~y — T, — Oy, (3.141)

where the first term on the left-hand side of Eq. (3.141) is the rate of change of internal
energy of the species due to phase change, and the second term on the left-hand side is
the rate of change of kinetic energy of the species during phase change. The terms on the
right-hand side of Eq. (3.141) are the powers of mass flux, momentum flux and heat flux
respectively. We infer that the left-hand side of Eq. (3.141) is the net rate of change of total
energy of the gas-liquid system due to phase change and we define it as ®, the phase change
potential. ® can also be thought as the rate of change of the free energy due to phase change

and is defined as,
N/ 1
@E/m H(6+5U-U)H JA (3.142)
s
We use Eq. (3.141), Eq. (3.142) and Eq. (3.136), to write an equation for &:
d=-T,;, —V; - Oy (3.143)

3.2.4  Energy pathways for compressible gas-liquid flow with phase change

For clarity, equations for TKE, MFKE, MIE for compressible gas-liquid flow with phase

change are given together as,

Dk

ﬁf)_t+ =P =" +Tan +T" + T+ T + 1, + 10, + ¥ + V7 4 U7 (3.144a)
DE -~ ) S
ﬁﬁ—t—Fn//:—P—€+H5+F+7;+,Ty+\pa+qjm+qjj (3.144b)

D B .
pé+nt,:g”+e—HA,,—H5+7;*+7;*—HP—HV+Q+ Os (3.144c)
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TKE and MFKE are modulated due to surface deformations of the gas-liquid interface, X.
This modulated energy is stored or expended as the interfacial surface energy, denoted by ©

and is equivalent to the power of surface tension,
0O=-0,— " (3.145)

Phase change free-energy acts as a source or sink of TKE, MFKE and IE depending on the

direction of phase change and is re-written from Eq. (3.143) as,
d=-T,;, —V; - Oy (3.146)

We present a schematic showcasing the pathways of energy exchange between k, E , €, O and

® in Fig. 3.2.

Compressible gas-liquid flow with phase change

T Py i
q q
Mean-flow Interfacial Turbulence Mean intern~al
) kinetic energy, &/ surface energy ) _kinetic energy, k e | energy, €

Power of the
surface tension

©

Power of the
phase change

P

~ I | ' | Phase change
free energy

Figure 3.2: Schematic showing the pathways for energy exchange for compressible gas-liquid
flow with phase change, which summarizes Eq. (3.144), Eq. (3.145) and Eq. (3.146).
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3.3 Droplet-laden homogeneous shear turbulence with phase change

In this section, we reduce the general form of the energy equations derived in Sec. 3.2 for
a specific case of turbulent gas-liquid flow with phase change: droplet-laden homogeneous
shear turbulence with phase change (DLHST-PC). We realize that due to the homogeneous
nature of the flow, averaged quantities are uniform in space but could vary in time. We first
reduce the material derivative operator with Favre-averaged mean velocity given in Eq. (3.44)

to a time derivative as,

p@: <M+ﬁ.v<F>>

Dt P\ "o
_0(p(F)) =~
= =54V pr>
A F) :
= — (3.147)

y i 3.148
5 m ( )

In case of Ny droplets, V, consists of Ny droplet volumes Vl(n). Similarly, the interface ¥ is

composed of the interfaces of all the droplets (™ such that,

Ny

Vi=> p" (3.149a)
n=0
Ng

o=>) n (3.149b)
n=0

We define the Reynolds averaging of each droplet by (}l(") and relate it to (...), as,

Ny

(=D (i (3.150)

n=0

In Sec. 3.3 and Sec. 3.4, when we refer to a quantity averaged over V;, we refer to the

summation of average over volume of Ny droplets, each with volume Vl(n) such that,

Ny

(F)=> (F) (3.151)

n=0
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3.8.1 TKE of DLHST-PC, k

We use Eq. (3.148) to simplify the first term of Eq. (3.113) as,

Dk d(pk)
p=—=—" 3.152
iy & ( )
We realize that all the transport terms in Eq. (3.113) reduce to 0 due to homogeneous nature

of the flow as,

T T/ =V <pu” : u”ﬁ> YV )~V (T =0 (3.153)
. - > ;’0 ;fo

=0
We also realize that the rate of pressure work and the rate of viscous work terms reduce to

0 due to the fact that mean pressure and mean viscous stress are invariant in space:

Hp = (—_V]_D) ) <’U,;£ =
IL,=(V-T)-(uf)=0 (3.154)
N—_——

In addition, we neglect the effects of body forces, which reduces I to 0. We use the results
of Eq. (3.152), Eq. (3.153) and Eq. (3.154) to reduce Eq. (3.113) to an evolution equation of
TKE for DLHST-PC:

d (pk)
i =P -+ IIar + \I/g + \Illrln + \IJ/I/ (3155)

The terms in Eq. (3.155) from left to right are, the rate of change of TKE of the gas-liquid
system under homogeneous shear turbulence and allowing phase change, production of TKE,
dissipation rate of TKE, fluctuating part of the compressible work done by the fluctuating
pressure, power of surface tension forces, power of mass flux due to phase change and power

of momentum flux due to phase change.

3.3.2 MFKE of DLHST-PC, E

In a homogeneous shear turbulence, mean-flow gradient is prescribed and maintained con-

stant, which allows for the continuous production of TKE and thus, prevents the turbulence
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from decaying. In other words, the MFKE of DLHST-PC is maintained constant. Hence,
an explicit equation for MFKE is not required. However, we discuss the status of the terms
in the right-hand side of Eq. (3.127) in order to understand the nature of interaction of
MFKE with TKE and MIE. We use Eq. (3.148) to simplify the first term of Eq. (3.127) to
a time-derivative of MFKE which reduces to 0 as,

LE_ ) o150
We find that, analogous to Eq. (3.153), all the transport terms in Eq. (3.127) reduce to 0 as,

T =T=T =V (p(0 - w)u )+ V- (AU) -V (TT) =0 (3.157)
5 T T

In addition, we find that the mean part of the pressure-dilatation correlation reduces to 0
as,

5 = pw =0 (3.158)

=0

We infer from Eq. (3.158) that there is no mean effect of compressibility due to phase change,
which supports our understanding that even though there are local compressibility effects
present in the gas-liquid system due to phase-change, there is no net-volume change in V.
This is due to the fact that the expansion due to evaporation at the interface is counter-acted
by the compression away from the interface, i.e., in the bulk of the gas and liquid phases,
and in the case of condensation, local compression at the interface is counter-acted by the
expansion away from the interface. In addition, we neglect the effects of body forces, which

reduces I to 0.

3.3.3 MIFE of DLHST-PC, e

We find that analogous to Eq. (3.152) and Eq. (3.156), the first term on the left-hand side
of Eq. (3.134) reduces to a time derivative of MIE as,

_De _ d(pe)
Z° _2V¥Y 3.159
P, & ( )
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We also find that analogous to Eq. (3.153) and Eq. (3.157), the transport terms in Eq. (3.134)

reduce to 0 as,

To=T, =T =V (pew') +¥ - (phu))

J/

—V-(Tu") =0 (3.160)

~~
=0

Q=V-(q)=0 (3.161)

We use the results of Eq. (3.159), Eq. (3.160), Eq. (3.161), Eq. (3.158), and Eq. (3.154) to
reduce Eq. (3.134) to an evolution equation of MIE for DLHST-PC:

d (o _ .
Eﬁg) = 8// + e — HA” -+ QZ (3162)

3.3.4  FEnergy pathways for DLHST-PC

For clarity, equations for TKE, MIE for DLHST-PC are given together as,

d (pk)
d(p ~ :
iga“) S E T+ O (3.164)

In addition, the equation for interfacial surface energy from Eq. (3.145) is re-written as,
O=-U, V" (3.165)
and the equation for phase change free-energy from Eq. (3.146) is re-written as,
b=V, —V; — Oy (3.166)

We present a schematic showcasing the pathways of energy exchange between k, E , €, O and

® for DLHST-PC in Fig. 3.3.
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Droplet-laden homogeneous shear turbulence with phase change (DLHST-PC)
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Figure 3.3: Schematic showing the pathways of energy exchange for DLHST-PC, which
summarizes Eq. (3.164), Eq. (3.165) and Eq. (3.166).

3.4 Droplet-laden decaying homogeneous isotropic turbulence with phase change

In this section, we reduce the energy equations obtained in Sec. 3.3, to the case of droplet-
laden decaying homogeneous isotropic turbulence with phase change (DLHIT-PC). In DLHIT-
PC, there is no mean-shear to sustain turbulence and hence, turbulence decays with time.

In addition, for a periodic boxed turbulence, there is no mean velocity component U.

3.4.1 TKE of DLHIT-PC, k

The production term P in Eq. (3.155) reduces to 0 as,

P=- <pu;’u;’>@ =0 (3.167)

=0
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We use Eq. (3.167) to reduce the TKE equation for DLHST-PC given in Eq. (3.155) to an

evolution equation of TKE for DLHIT-PC:
d (pk
% = —" +Tan + V] + U3 + 07 (3.168)

3.4.2 TKE of DLHIT-PC, ¢
We reduce the dissipation of mean velocity term in Eq. (3.162) to 0 as,
E=T;(0;U;) =0 (3.169)
=0

We use Eq. (3.169) to reduce the MIE equation for DLHST-PC given in Eq. (3.155) to an

evolution equation of MIE for DLHIT-PC as,
d (o )
% =" —Ilar + Os, (3170)

In addition, the mean power of surface tension in Eq. (3.165) reduces to 0 as,

U, = <f0 EE«> =0, (3.171)

=0

and the equation for the rate of change of surface energy reduces given in Eq. (3.172) to:
(3.172)

0=-0

In a similar way, the mean parts of powers of mass flux and momentum flux terms in

Eq. (3.166) reduce to 0 as,
(3.173a)

U, = <fm§;,> =0,

=0

(3.173b)

~ 1 -
\I/I-:—v/2 (tm)- | Us —
=0 =0

and the equation for rate of change of phase change free energy given in Eq. (3.166) reduces
(3.174)

to:
o=V -0 - QO
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3.4.3  FEnergy pathways for DLHIT-PC

For clarity, equations for TKE, MIE for DLHIT-PC are given together as,

d (pk)
= e a4 (3.175)
d Eipf) T+ Oy (3.176)

In addition, the equation for interfacial surface energy from Eq. (3.172) is re-written as,

0=-—1" (3.177)

and the equation for phase change free-energy from Eq. (3.174) is re-written as,

=T — V7 - O (3.178)

We present a schematic showcasing the pathways of energy exchange between k, ¢, © and ®

for DLHIT-PC in Fig. 3.4.
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Droplet-laden homogeneous isotropic turbulence with phase change (DLHIT-PC)
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Figure 3.4: Schematic showing the pathways of energy exchange for DLHIT-PC, which
summarizes Eq. (3.176), Eq. (3.177) and Eq. (3.178).
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Chapter 4
SUMMARY

In this work, we started from the governing equations of mass, momentum and energy
for a compressible gas-liquid flow considering phase change, surface tension and body force
effects. We decomposed these equations into balance equations in the bulk of the gas or liquid
phase and jump conditions at the gas-liquid interface. We used these balance equations, jump
conditions and employed a Favre-averaging technique to derive the fundamental evolution
equations of turbulence kinetic energy (TKE), mean-flow kinetic energy (MFKE), mean

internal energy (MIE) and explained the pathways of energy exchange for
e compressible flow (gas or liquid phases) in
— Eq. (3.45), Eq. (3.63), Eq. (3.85), and Fig. 3.1,
e compressible gas-liquid flow with phase change, for the first time, in
— Eq. (3.113), Eq. (3.127), Eq. (3.134), and Fig. 3.2,
e droplet-laden homogeneous shear turbulence with phase change in
— Eq. (3.155), Eq. (3.162), and Fig. 3.3, and
e droplet-laden decaying homogeneous isotropic turbulence with phase change in

— Eq. (3.168), Eq. (3.170), and Fig. 3.4.

Furthermore we, explained the role of phase change through phase change free energy and

related it to the powers of mass flux, momentum flux and heat flux in Eq. (3.143).
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