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Abstract

Machine Learning in Feedback Systems:
Provable Methods for Safe and Robust Autonomy

Niyousha Rahimi

Chair of the Supervisory Committee:
Mehran Mesbahi
William E. Boeing Department of Aeronautics and Astronautics

This dissertation explores the integration of machine learning into feedback control systems,
addressing key challenges in the realm of control theory with a focus on autonomous navigation.
Modern advances in sensing technologies and computational methods have enabled remarkable
advancements in data-guided control. However, the reliability of machine learning, particularly
deep learning, in safety-critical applications remains limited due to its inadequate handling
of uncertainty. Furthermore, traditional methods in control theory impose limitations when
the system is operating in complex environments with unknown uncertainties. This research
seeks to bridge this gap by combining robust and optimal control techniques with machine
learning to ensure reliable automated system behavior.

Part I of the dissertation establishes a theoretical framework for the data-driven design
of optimal controllers inspired by autonomous physical systems. It investigates the online
regulation of both linear and nonlinear systems that are possibly unstable and partially
unknown. A significant contribution of this part is the introduction of the concept of
“regularizability,” which characterizes the extent by which a system can be regulated in finite
time, offering a new perspective on system behavior compared to traditional stabilizability
and controllability. This theoretical exploration challenges conventional understandings and

provides novel insights into finite time regulation versus asymptotic behavior.



Part II addresses the practical application of deep learning algorithms in processing
high-dimensional data and generating a spectrum of outputs in automatic feedback control.
The inherent challenge in this context is modeling uncertainties in the output, especially
when these trained neural networks are employed as perception modules within control
loops for autonomous navigation. To mitigate this, the dissertation introduces a novel
approach utilizing a perception map as an approximate inverse. This perception-control loop
demonstrates commendable attributes, provided that the controller is robustly designed to
accommodate for the perception errors. The novelty of this part lies in developing methods
to ensure robustness against state-dependent perception errors, thus contributing to more

reliable machine learning applications in feedback control systems.
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Chapter 1

Introduction

Feedback synthesis has recently been approached from the perspective of data-guided
control. This trend has been encouraged by modern sensing technologies and efficient computa-
tional methods. Machine learning is a promising tool for processing complex information, but
it remains unreliable for control and decision-making, particularly in safety-critical systems.
In general, deep learning does not consider uncertainty representation in regression settings,
and deep learning classification models often give normalized score vectors, which do not
necessarily capture model uncertainty. To this end, the control community seeks to combine
the best of learning with robust/optimal control for autonomous navigation. Toward the goal
of ensuring reliable behavior, this thesis takes steps toward understanding the trade-offs and

limitations that arise in feedback settings.

1.1 Statement of Contributions

This dissertation seeks to make contributions to the realm of control theory with a specific
focus on the applications of machine learning for automatic feedback control.

In Part I, we draw inspiration from autonomous physical systems to lay a theoretical
groundwork for the data-driven design of optimal controllers. We examine the online regula-
tion of both linear and nonlinear systems that are possibly unstable and partially unknown.
Herein, we harness the power of prior knowledge about the system for online regulation. The
distinguishing contribution of this part lies in the introduction of the concept of "regularizabil-
ity.” This novel term characterizes the extent to which a system, linear or nonlinear, can be
regulated in finite time, offering a stark contrast to its asymptotic behavior, which is typically

characterized by stabilizability or controllability. Our explorations challenge the conventional



understanding of system behavior, offering new perspectives on finite time regulation versus
asymptotic behavior.

Transitioning into Part[[I, we explore the potential of deep learning algorithms in processing
high-dimensional data and generating a spectrum of outputs when applied to automatic
feedback control. Notwithstanding their remarkable potential, the inherent challenge lies in
modeling the uncertainties in the output. This issue becomes particularly salient when these
trained neural networks are employed as a perception module within the control loop for
autonomous navigation—a setting that necessitates stringent safety assurances. In response,
we introduce an innovative approach utilizing a perception map, which functions as an
approximate inverse. Our investigations illustrate that this perception-control loop boasts
commendable attributes, granted the controller is robustly designed to accommodate for
perception errors. The novelty of this part lies in the development of a method for ensuring
robustness against state-dependent perception errors, contributing to more reliable machine

learning applications in the field of automatic feedback control.
1.2 Outline of Dissertation

This dissertation is organized as follows. First, Chapter [2] provides some background in-
formation that will serve as a common point of reference for each subsequent chapter. We
introduce important assumptions and give formal statements of the tools from optimal and
robust control theory that form the core building blocks of our proposed methods. Next,
Chapter |3| provides a thorough overview of theoretical advances in using learning methods in
feedback control systems. We study and derive characteristics of model-based vs model-free
control problems. Applications of high-dimensional data as a perception module are further
studied in the subsequent part of this section.

In Part[l] we attempt to build a theoretical foundation for the data-driven design of optimal
controllers. Chapters [4] and [5| are devoted to proving safety and performance guarantees
for learning-based controllers applied to unstable systems with partially-known dynamics.

Particularly, in Chapter [ we focus on the online regulation of unstable, partially unknown



linear time-invariant (LTT) systems with no a priori assumptions on the initial controller. Our
method can serve as a remedy to the impractical assumption of initializing from stabilizing
controllers that is often used in almost every work in the literature on iterative data-driven
control.

Further, in Chapter 5 we investigate the efficacy of a data-driven feedback controller in
achieving finite-time regulation of system states within the feasible state space of a complex
nonlinear dynamical system. The study specifically focuses on the controller’s performance
in the presence of unknown time-varying uncertainties, which pose challenges to system
regulation. By analyzing the controller’s effectiveness, we aim to provide insights into its
ability to effectively handle uncertainties and achieve the desired regulatory objectives within
a finite time horizon.

In Part [[T, we examine the problem of using perceptual information in feedback control
loops. We focus on the practical scenario where the underlying dynamics of a system are well
understood, and it is instead the interaction with a perceptual sensor that is the limiting
factor.

Chapter [6] proposes a novel approach involving the design of a virtual sensor, which
includes learning a perception map and a state-dependent bound on estimation errors. The
proposed approach explicitly models the error of the perception process as a function of
relative states for a target tracking problem. By incorporating the Uniformly Ultimately
Bounded (UUB) concept and leveraging the invariant funnel synthesis technique, we define
feasible trajectories in state-and-control spaces, which account for state-dependent output
measurement noise. This enables the effective incorporation of the error model and its
upper bounds. The ultimate contribution of this section is the development of a composite
robust control synthesis. This synthesis generates control signals directly from imagery
data, effectively handling uncertainties arising from both the nonlinear model and the noisy
observations.

The conclusion of the work presented in this dissertation and the future directions are

laid out in Part [ITIL
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Chapter 2

Background

This chapter summarizes the preliminaries and notations used throughout the dissertation

pertaining to linear algebra, optimal and nonlinear control, and funnel synthesis.

2.1 Linear Algebra

We denote the fields of real and complex numbers by R and C, respectively. Real n x m
matrices are denoted by R™™, and S refers to the set of symmetric matrices. A column
vector with n elements is referred to as v € R", where v; represents the i" element in v. The
square matrix N € S™*" is symmetric if NT = N, where NT denotes the transpose of the
matrix V.

The n x 1 vector of all ones is denoted by 1. The unit vector e; is a column vector
with identity at its i'® entry and zero elsewhere. The n x n identity matrix is denoted by
I,,. The diag(.) indicates a diagonal matrix constructed by elements of its argument in the
same order starting from the upper-left corner. For a real symmetric matrix L, we say that
L > 0 when L is positive-definite (PD) and L > 0 for the positive-semidefinite (PSD) case. A
matrix is positive-definite if and only if all of its leading principle minors are positive. The 7
eigenvalue and spectral radius of M are denoted by \;(M) and p(M) and M is Schur stable if
p(M) < 1. The algebraic multiplicity of an eigenvalue A is denoted by m(\); A is called simple
if m(A) = 1. The range and null space of a real matrix M € R™*™ are denoted by R(M) C R”
and N (M) C R™, respectively, the dimension of R(M) is designated by rank(M), and its
transpose by MT. We define R(M) to be A-invariant if there exists C' such that AM = MC.
The dimension of a vector space is denoted by dim. The span of a set of vectors over the

complex field is denoted by span{.}. The singular value decomposition of a matrix M € R™*™



is the factorization M = UXV'T, where the unitary matrices U € R™*™ and V' € R™*™ consist
of the left and right “singular” vectors of M, and ¥ € R™™ is the diagonal matrix of singular
values in descending order. The reduced order matrices U,., V,. can be obtained by truncating
the factored matrices U and V' in the SVD to the first r columns, where r = rank(M). The
thin SVD of M is then the factorization M = U, X, VT, where X, € R™" is now nonsingular.
From SVD, one can also construct the Moore-Penrose generalized inverse —pseudoinverse for
short— of M as MT = VXTUT, in which X1 is obtained from ¥ by first replacing each nonzero
singular value with its inverse (zero singular values remain intact) followed by a transpose.
The matrix A is (complex) diagonalizable if there exist a diagonal matrix A € C™" and
a nonsingular matrix U € C™" such that A = UAU!. In this case, A consists of the
eigenvalues of A with columns of U as the corresponding eigenvectors. We say that xq excites
k modes of a matriz A if xy is contained in the (complex-)span of k eigenvectors of A, but
not in the span of any k — 1 eigenvectors; we refer to those k eigenvectors (for which g is in

the span of) as the corresponding excited modes.

The orthogonal projection of a vector v on a linear subspace S is denoted by Hs(’U)EI
When the columns of a matrix U € R™** form an orthonormal basis for the subspace S, then
[Ig = UUT. The Euclidean norm of a vector & € R" is denoted by ||| = (xTx)'/2, and the
dual norm to [|z|| is denoted by |||« := supj, = (x, u). Also, the I-norm is defined as ||z[|; =
> |zi|. For a matrix M, its operator norm is denoted by ||M|| = sup{|[Mu]| : [u| = 1}.
By Bj, we refer to the r-dimensional Euclidean ball of unit radius. An r-dimensional multi-
index « is an r-tuple of the form (o, e, - -+ , ;) with all non-negative integers «;, where the
sum of its elements is denoted by |a] = > _; a;; a € {0,1}" signifies that each «; € {0,1}
fori=1,...,r.

A function f is convex if f(fz + (1 —0)y) < 0f(z) + (1 —0)f(y) for all 6 € (0,1) and for
all z,y in its convex domain, and ¢ is a subgradient of f at point z if f(y) > f(2)+¢7(y — 2)
for all y. If f is convex and differentiable, the gradient of f,V f(z), is also a subgradient of f

We will be working with finite dimensional vector spaces, and as such, all subspaces are closed.



at x. The set of all subgradients of f at x is called subdifferential and denoted by df(x).

2.2 Optimal Control Problems

The equations of motion for a physical system are assumed to be of the form

z(t) = f(2(t), u(t), w(t),p), t&to,ty], (2.1)

where ¢,y € R, represent the initial and final times respectively, (-) : R — & C R™
is the state, u(:) : R — U C R™ is the control, w(:) : R — R™ is the disturbance, and
p € P C R"™ is the parameter vector. When the state or control vectors are referred to, we
mean x(t) and u(t), respectively. The sets X', U, and P represent the sets of admissible state,

control, and parameter vectors.

Assumption 2.1. We assume the function w(-) is piecewise continuous with respect to time,
and the set U is compact. Further, we assume the function f is continuous with respect to

u(t) and p.

In control theory, an optimal control problem is a problem in which we are looking for
a control (or manipulation) strategy for a given system that optimizes (i.e., maximizes or
minimizes) a certain performance measure, also known as a cost functional or objective
function, subject to certain constraints. The objective is to find the control law or policy that
will guide the system from its initial state to a desired final state in an optimal way. The
cost is described by using a functional - a scalar-valued function over a space of functions -
and is assumed to have the general form

(@, u,p) = M (x (to),a:(tf),p)—i—/fL(w(C),u(C),p)d§ (2.2)

to

where M : Xy x Xy — R is the terminal cost and L : & x U x P — R is the running
cost. Explicit dependence on the state is present in the cost function J both because of the
dependence of M on the initial state vector and for notation consistency (i.e., as a matter of
taste). The act of solving an optimal control problem is equivalent to simply selecting the

solution with the lowest or highest such cost.



An optimal control problem with a cost function of the form (2.2) is called a Bolza problem.
When L = 0, the problem is called a Mayer problem, and when M = 0, the problem is called
a Lagrange problem. No form is more general than another, but different forms can be more
convenient at different times.

Having stated in words what an optimal control problem is, some mathematical notation
is now adopted to formalize the statement. Optimal control problems can be stated so as to
minimize or maximize the cost, and we will see examples of both at various points in the
text. The mathematical statement of an optimal control problem is given in Problem 1, and
is understood to carry with it all assumptions on the constituent functions/sets that have

been made up to this point.

Problem 2.1. Find the piecewise continuous control signal w(-), initial state x (to) and

parameter vector p that solve the following problem:

Ming ) u()p (T, u,D)
s.t. xz(t) = f(z(t), u(t),p)
So (@ (to) ,p) =0, Sp(z(ty),p) =0,
x(t)e X, wu(t)eld, peP.
where t € [to, tf] for each time-dependent constraint. The initial condition @ (¢y) is assumed

to satisfy

So (@ (t0) ,p) = 0 (2.3)

for some function Sy : X x P — R™. We make the standard assumption that ng < (n, + n,)
and that the Jacobian matrix V.Sy (x (t9) , p) € R™0*(a¥m) exists and has full row rank. The
initial boundary condition (2.3) effectively restricts the set of initial conditions to lie in some

subset Xy C X x P. The target set is described in a similar way to Xy by using

St (x(ty),p) =0 (2.4)

for some function Sy : X x P — R™. Again, the standard assumption that n; < (n, +n,)
and the Jacobian VS, (z (t),p) € R *(Matm) exists and has full row rank is made. The



terminal boundary condition (2.4) effectively restricts the set of target (or final) conditions

to lie in some subset Xy C X x P.
2.3 Linear Quadratic Regulator

Linear Quadratic Regulator (LQR) is a classical method in optimal control theory where
the states evolve based on a linear equation that correlates the states and control, and the

evaluation is based on a quadratic index measure. Assume the dynamics follows,
x(k+1) = Ax(k) + Bu(k), =(0) =z (2.5)
in a discrete-time setup. The dynamics can also be deemed as continuous time in the form of,
& = Ax + Bu, =(0)= x,. (2.6)

Here, & € R" is the state vector of the system with the given initial state oo, and u € R™ is
the control signal used to regulate the system. The pair (A, B) are the system parameters that
dictate the dynamics. We call the pair (A, B) controllable, if and only if the controllability
matrixC=| B AB ... A"_lB] has full-rank, where n is the size of the system. We assume
that this pair is fixed for every analysis presented in this thesis. The objective is to find w
that drives the state from @y towards zero in an optimal way. In order to quantify optimality,

a quadratic cost is specified as,

J(@,u) =Y @(k) Qz(k) + u(k)T Ru(k), (2.7)

k=0
where () and R are the penalty parameters on the states and control signals, respectively.
Within the framework of LQR, this cost is minimized subject to the linear dynamics introduced

above. The solution to the discrete-time LQR is shown to rely on the solution to the discrete

Algebraic Riccati Equation (ARE),

P=ATPA+Q—ATPB(R+ BTPB) ' BTPA. (2.8)
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Then the optimal control law in the discrete-time case is linear and defined by,
u*(k) = —(R+ B™PB) ' BTPAxz(k) = —Kx(k). (2.9)

The policy derived above is also referred to as linear feedback control. For any stabilizing
linear control law u(k) = —Kx(k), the value of the cost can be computed by finding the

solution to the discrete-time Lyapunov equation,
=(A—BK)"P(A— BK)+Q+ K'RK, (2.10)
whose solution can be expressed as an infinite sum,
P= i A—BE))*Q(A - BK)* (2.11)
k=0

where Ay = A — BK is referred to as the closed-loop system from x(k +1) = (A — BK)x(k).
Note that depending on how the policy is updated (u = —Kx or u = Kx) we switch the
closed-loop system to Ag = A+ BK. Also, when the linear quadratic system as described

above follows the law u = —Ka, then the cost function can be determined as,
J(x,u) = ] Px. (2.12)
2.4 Nonlinear Dynamical Systems

Consider the following nonlinear dynamical system,

z(t) = f(=(t),u(t)), e lt,t], (2.13)

where x(t) € R is the system states and u(t) € R™ is the control input. We assume the
f(x(t),u(t)) is locally Lipschitz uniformly and at least once differentiable, with measurable
state . Although the dynamics (2.13) is continuous, we can only measure system states
and control inputs at discrete times. Hence, we consider the following assumption when

measuring data:

Assumption 2.2. The system states can be measured at constant (positive) intervals of length

dt € R. Hence at time t, we have a streaming data set Dy = {x;, u;}it,, of size ny = |t/dt].
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Assume that {&(t), 'U,(t)}if:to is the nominal (reference) trajectory that satisfies the dy-

namics (2.13), for some initial condition x,, and define,

n(t) = x(t) — z(t), (2.14a)

£(t) = u(t) — a(t), (2.14b)

where 7(t) is the deviation from the nominal trajectory. We can rewrite (2.13) in terms of
the variables in (2.14) by using a first-order Taylor series expansion around the nominal

trajectory as

0(t) = A(t)n(t) + B(£)E(t) + dg (x(t), u(t)), (2.15)

where A(t) and B(t) are the partial derivatives of f evaluated along the nominal trajectory,
and dg (z(t),u(t)) = g(x(t),u(t)) — g(®(t),w(t)) represents the higher order (nonlinear)

terms.

Assumption 2.3. The higher order (nonlinear) term, g(x(t),u(t)), is locally Lipschitz
bounded.

The general practice is to design a robust controller (with state denoted by &(t)) offline
by considering the uncertainty that is known a priori [3]. We precisely assume that the
offline robust controller is designed using the Lyapunov theory. Suppose that Xr € R™
and Ur € R™ are the (possibly nonconvex) sets of feasible state and control vectors. A
Lyapunov function can be used to seek out nearby feasible trajectories around the nominal

{Z(t),a(t)};.,,. In other words, denote a funnel by
.F(t) - X]: X Z/l]:.

The set F(t) is comprised of time-varying state and control trajectories that are invariant
and contained inside the respective feasible regions.
For the original system dynamic &(t) = f(x(t),u(t)), one can use the Lyapunov theory

to design a robust feedback controller £(¢), which guarantees the invariance of F(t).
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2.4.1 Quadratic Funnel Synthesis

The funnel synthesis 7] approach is based on the notion of quadratic stability as defined
in [8] and [9H11]. For a fixed reference trajectory {a’:(t),ﬂ(t)}if:to, the error dynamic for

x(t) = f(x(t),u(t)) can be equivalently expressed using structured nonlinearities as follows
0(t) = A()n(t) + B(#)E(E) + Eop(t) (2.16)

where 7)(t) is defined in (2.14a), £(t) = K(t)n(t), and the pair (dq(t),dp(t)) € R x R™

capture the higher order terms through the nonlinear functions ¢; : R"i — R"»:.

dq(t) =q(t) — q(t) = (H +GK(t))n(t), where ¢q(t)=Hz+ Gu (2.17a)

op(t) = ¢ (t.q(t)) — ¢ (¢, q(t)) , (2.17b)

We refer the reader to [12], where the details of such formulation for funnel synthesis are
discussed.

The goal is to seek the largest possible funnel that satisfies input and state constraints.
This allows us to implicitly define a large family of trajectories by using the functions that
define the funnel, thereby providing the ability to guarantee the availability of a feasible
trajectory over a larger region of parameter variations. Particularly, consider the scalar-valued

function V' : R"™ — R defined by

V(n(t)) =n(t)"Q)""n(t) (2.18)

where Q(t) € S1*_ is a matrix-valued function of time whose range space lies in the set of
positive definite matrices. As a result, we have V(n(t)) > 0 for all ¢ € [ty,t;] whenever
n(t) # 0.

Having introduced each of the time-varying terms, we henceforth omit the argument
of time “¢” whenever possible. The 1-level set of V(n(t)) is the set of states that satisfy
the quadratic inequality nTQ'n < 1, which is also the equation of a non-degenerate n,-

dimensional ellipsoid. We denote the ellipsoid defined by the positive definite matrix ) and
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centered at the origin as

Eg={neR™|nQ 'n<1} (2.19)

If n € &, then Cn € Ecgcer, a fact that can be proven easily via Schur complements when C

is full row-rank?

We can now formally define a quadratic funnel as described in [7].

Definition 2.1. (Quadratic Funnel). A quadratic funnel, F, is a set in state and control
space that is parameterized by a time-varying positive definite matrix Q(¢) € S7, and a

time-varying matrix K (t) € R™*" . Specifically, we have
F = 5@ X 5KQKT, gQ - X]:, EKQKT - Z/[]: (2.20)

K is called the correction law associated with the quadratic funnel.

The authors in [7] showed that the following optimization renders the maximum feasible
quadratic funnel in the state and control space, where a time-varying feedback controller of
the form £(¢t) = K (t)n(t) guarantees convergence to the nominal trajectory, starting anywhere

inside the funnel.

Problem 2.2. (Quadratic Funnel Synthesis [7]). Given a nominal trajectory {Z(t), ﬂ(t)}if:to
that satisfies the nonlinear dynamics @(t) = f(z(t),u(t)), an appropriate definition of the
nonlinearity channels (d¢g(t),dp(t)) € R™ x R™ and « > 0, find the matrix-valued functions
of time Q(t), Y (t) and M, (t) and scalar A(¢) that solve the following optimization problem
Vit € [to, tf].

When C is not full row-rank, the ellipsoid Ecger is a degenerate ellipsoid.
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max log det Q) (t 2.21
QC),Y ()A(), My () gdet Q (to) ( )

subject to

0 j Q j QmaX7 O S >\; M»y < M¢7Q, (221&)
AT+ AQ+T, E+)2QC,"M
N Q-+ QCaTMu ) (2.21b)
ET + )‘MJQCCZTQ )\M22
YT
¢ = 0, (2.21¢)
Y Rmax

where © = & qc1, M, = diag ([ 121 1), Ca = H+GK, Y = KQ, and Tj =
~Q+aQ+YTBT + BY + A\QC,M,C4Q.

Remark 2.1. The ellipsoids &g,,..., and Eg,,.. defined by the positive definite matrices Qmax > 0
and Ry.x = 0 are respectively the maximum volume ellipsoids in the feasible state and control

space.
ngax g Xf? ngax g Z/[]-'

Furthermore, as defined in [7], M q is the set of local multiplier matrices for the nonlinear
mapping ¢ : R — R"™ over the set 2, and any symmetric matrix M € S("a*+™) such that
M € Mg q, satisfies the following inequality.

T

M >0, forall qe . (2.22)
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Chapter 3

Machine Learning in Feedback systems

In this chapter, we present an overview of theoretical advances in the application of
learning methods to feedback control systems. Section delineates the characteristics of
model-based versus model-free control problems. Additionally, Section delves into the use
of high-dimensional data as a perception module. The chapter concludes with an introduction

to the simulation environments utilized in this dissertation.
3.1 The Evolution of Learning in Feedback Systems

Learning in feedback systems has advanced significantly over the years, motivated by novel
sensing technologies, robust machine learning, and efficient computational methods. This
evolution has been characterized by continuous efforts to handle increasingly complex system
dynamics while balancing computational cost, model precision, robustness, and control
performance. This review aims to trace this evolution, highlighting key milestones, enduring
challenges, and recent efforts to bridge the gap between model-based and model-free control

strategies.

3.1.1 System Identification and Control

System identification is an essential method in control systems engineering that focuses on
the development of mathematical models from observed data. In the context of LTI systems,
many research papers have explored various methodologies. The most classical approach is
the Least Squares (LS) method, which minimizes the sum of the squares of the differences
between the observed and predicted system outputs [13]. Another approach, the instrumental

variables method, reduces the bias that can occur in the least squares approach when there is
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a presence of noise [14]. These methods were then expanded to include the development of
subspace identification methods that consider more advanced system properties [15].

System identification techniques have expanded to accommodate time-varying and non-
linear system dynamics. The most common approach used in identifying linear time-
varying (LTV) systems is the local approximation method [16]. Other studies have introduced
the use of adaptive filtering algorithms, such as the recursive least squares (RLS) method and
the Kalman filtering-based method [17|18]. Finally, in the realm of nonlinear systems, several
models and techniques have been proposed. Among these are Dynamic Mode Decomposition
[19], Principal Component Analysis [20], and the Hammerstein-Wiener model, a class of
nonlinear models that consists of a linear dynamic system sandwiched between two static
nonlinearities [21]. Neural networks have also been used in the identification of nonlinear
systems due to their capabilities for nonlinear function approximation [22]. Moreover, the de-
velopment of NARMAX (Nonlinear AutoRegressive Moving Average with eXogenous inputs)
models has provided a systematic and structured way to build nonlinear dynamic models [23].

Despite the significant advances made in the system identification domain, there remain a
few challenges. For LTI systems, there is still the need to manage problems that arise from
over-parameterization, while for LTV systems, the primary challenge lies in dealing with
rapidly time-varying systems. Nonlinear system identification, on the other hand, continues
to face complexities such as the identification of optimal model structures and parameter
estimation.

Classical and modern control theory established a comprehensive base for control of
dynamical systems with well-known models, including handling unstable conditions [24-26].
The efforts by Sree and Chidambaram [27] and Skogestad et al. [28] demonstrated the utility
of model-based control in managing unstable LTT systems. Their work was revolutionary
but revealed the challenge of model accuracy - the effectiveness of the control strategy was
dependent on the precision of the system model.

This research was extended to LTV systems, with Taylor et al. [29] applying model-based

control to time-varying systems, thus amplifying the complexity of the field. The move
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into nonlinear systems by researchers such as de Oliveira et al. [30,31] introduced further
complexities, including the difficulty in developing and maintaining accurate nonlinear models.

Inaccuracies in the system model or unknown environmental uncertainties can lead to
a range of problems, such as sub-optimal performance [32], instability [33], and reduced
robustness [26,134]. These challenges have spurred research focusing on learning mechanisms

for feedback systems.

3.1.2  Data-Driven Control and Reinforcement Learning

In order to enable active learning for real-world dynamical systems, we need a control
algorithm that readily incorporates task information, learns dynamic model representation,
and is capable of incorporating policies for solving additional tasks during the learning process.

Recent years have seen major advances in the control of uncertain dynamical systems
using reinforcement learning and data-driven approaches; Examples range from allowing
robots to perform more sophisticated control tasks such as robotic hand manipulation [35,36]
and aggressive driving [37], to sequential decision making in game domains, e.g. AlphaGo [38]
and Atari game playing [39]. In such methods, the system’s dynamic is excited in order to
obtain the "best” set of measurements that resolve a parameter or the “best-case” mapping
(either of the state-control map or of the dynamics). Solution concepts are typically divided

into two categories: Model-Based and Model-Free learning for control.

Model-Based Learning

The objective of this approach is to first learn the unknown parameters of the system model
from data, then design a controller based on the updated model. Hence, the focus is on
analyzing data—accuracy trade-offs.

Addressing the need for online learning within the context of model-based control, Kim and
Ng [40] presented an approach for stable adaptive control. Another significant breakthrough
in the area of model-based control was introduced by De Persis and Tesi [41], providing

formulas for data-driven control in terms of stabilization, optimality, and robustness. This
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was augmented by the work of Coulson, Lygeros, and Dorfler |42, and Baros et al. [43],
who delved into data-enabled predictive control, a concept that bridged the gap between
traditional control systems and the emerging data-driven control systems.

On the data-driven front, Van Waarde et al. [44] introduced the concept of data infor-
mativity, providing a new perspective on data-driven analysis and control. This theme was
continued by Yu et al. [45], who added to the discourse on the persistence of excitation and
controllability in data-driven control, extending the understanding of Willems’ Fundamental
Lemma.

Berberich et al. [46] further explored data-driven model predictive control, introducing
stability and robustness guarantees. This was supported by Lozano et al. [47], who showed

the application of robust prediction-based control for unstable delay systems.

Model-Free Learning

In model-free approaches, the agent directly learns the control inputs to optimize a control
objective and does not explicitly learn a model of the world. The focus here is on explo-
ration/exploitation type formulations and regret analysis. Since the goal is to learn how to
control the system to achieve a specific task, the system is not necessarily fully learned. These
algorithms attempt to either 1) estimate value functions (or state-action values) through
Monte Carlo simulation, which is then used in some approximate dynamic programming
variant [48] or 2) directly optimize a (parameterized) policy. Examples include REINFORCE
algorithm, an on-policy gradient-based method [49]. Furthermore, Natural Policy Gradient
improves upon REINFORCE by computing an ascent direction that approximately ensures a
small change in the policy distribution [50].

One significant contribution in this area came from Fazel et al. [51], who presented a
global convergence of policy gradient methods for the linear quadratic regulator. This was
further advanced by Alemzadeh and Mesbahi [52], who applied distributed Q-learning to
dynamically decoupled systems.

Addressing the complexity of singular systems, Ozcaldiran and Lewis [53] presented
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regularizability considerations. This was followed by Vrabie et al. [54], who combined

adaptive control with policy iteration in the context of continuous-time linear systems.

Emerging research from Jagtap, Pappas, and Zamani [55] introduced the idea of control
barrier functions for unknown nonlinear systems using Gaussian processes. Reinforcement
learning was also employed for online control with adversarial disturbances by Agarwal et al.

[56].

Lale et al. [57] integrated adaptive control with regret minimization in a linear quadratic
Gaussian (LQG) setting, a concept further explored by Cohen, Koren, and Mansour [5§]
who showed that learning linear-quadratic regulators could be done efficiently with only /7'
regret. Simchowitz and Foster [59] followed this with their assertion that naive exploration is

optimal for online Linear Quadratic Regulator (LQR).

The above literature demonstrated the potential of model-free methods in learning directly
from system interaction but also revealed the challenge of slow learning rates. This limitation
was particularly evident when the underlying system is unstable or when extending model-free
methods to LTV systems and nonlinear systems, as shown by Jagtap et al. [55]. Despite
showing promise, model-free methods also highlighted the limitations of computational

resource requirements for high-dimensional systems.

Most of the aforementioned model-based and model-free methods are applied in a sim-
ulation environment where safety is not an issue, and countless amounts of data are easily
accessible by resetting the dynamic to an initial safe region. Real-world applications, however,
require safety measures. Additionally, data collection can be expensive or impractical due
to resource limitations and safety constraints. Therefore, the objective of Chapter |4 and
Chapter [5] is online regulation of unstable systems from a single trajectory without access to
reset, in transient time. We provide a data-driven method that guarantees the stability of

the synthesized system.
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3.2 Deep Neural Networks as Perception Module

Deep learning technology has witnessed rapid advancements, paving the way for its integration
into traditional feedback systems. Particularly in automated control and robotics, the fusion
of deep neural network (DNN)s with feedback control systems has stirred much interest and
extensive research in recent years [60-62]. Policies learned using such methods often rely
on a number of hand-engineered components for perception and control, so as to present
the policy with a more manageable and low-dimensional representation of observations and
actions [63,64].

The initial stage of this integration saw the use of neural networks primarily for system
identification in feedback control systems [60]. However, with the emergence of deep learning,
DNNs have begun to play an integral role as a perception model in feedback systems. These
models are particularly applicable in complex environments where traditional modeling of the
environment is challenging or impractical. The application of DNNs as perception models in
autonomous driving is a prime example of this phenomenon. Here, DNNs have been used
to interpret raw sensor data, enabling vehicles to understand their environment and make
driving decisions [61]. However, the vision system can be complex and prone to errors, and it

is typically not improved during policy training nor adapted to the goal of the task.

Levine et al. [62] provided a pioneering effort by integrating deep learning with feedback
control in the realm of robotics. The researchers utilized deep learning to map raw image
pixels directly to robot actions, thereby enabling the robot to learn a variety of motor skills
in real-world environments. This policy, defined as a deep visuomotor policy, ingests RGB
images, joint angles, and their velocities and then produces motor torques. The policy was
manifested as a deep convolutional neural network, trained with a variant of guided policy
search.

Despite the promising advancements, integrating DNNs into feedback systems presents
a set of unique challenges. Deep learning models, often perceived as ’black boxes’, lack

transparency in their inner workings, and are incapable of providing explanations for their
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predictions or actions. This lack of interpretability is a significant challenge for control
systems, which often necessitate both interpretability and robustness. Furthermore, DNNs
are data-driven models that require substantial amounts of training data. Procuring sufficient
training data for many feedback control applications can be difficult, expensive, or even
impossible.

Nevertheless, the incorporation of DNNs as perception models in feedback systems persists
as an active and promising area of research. Chapter [6]is dedicated to analyzing perception in
feedback systems, where the underlying dynamics of a system are well understood, and it is

instead the integration of perceptual sensor data into the control loop that must be learned.

3.3 Simulation Environments

3.3.1 Unreal Engine

To support the development and testing of the CNN based pose estimation algorithms, we
utilize Unreal Engine to render a three-dimensional (3D) visualization of the scene based
on the involved dynamical system states. The software allows rendering high fidelity photo-
realistic scenes by providing the ability to precisely place objects (vehicles, celestial bodies,
etc.) in the environment, along with the lighting source. Additionally, we have fine control
over the rendering settings and image filters, which allows adding noise and perturbing the
observations to enrich the CNN training datasets.

To set up the scene in Unreal Engine, we create a “level”, which is a collection of Actors
with their associated properties and locations. Figure [3.1a| showcases an airport environment
with static (airplanes) and dynamic vehicles (cars), whereas Figure demonstrates a
spacecraft in the space environment with Earth in the background. There are two approaches

for using Unreal Engine for simulation:

1. Programming custom game logic and functions to move the actors.

2. Utilizing the scripting interface to kick off a thread that listens to external updates.
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(a) Airport environment (b) Space environment

Figure 3.1: Examples of the Unreal Engine environments.

Although the first approach is more user-friendly when used with cross-platform simulators
such as Airsim , it limits the use of drones and ground vehicles. On the contrary, the
second approach can be used together with simulators such as Basilisk |1] for multi-spacecraft

simulations in space environments.

3.3.2 Basilisk

Basilisk is a software framework for spacecraft simulations developed by the University of
Colorado . The framework has comprehensive features such as faster-than-real-time
simulation and hardware-in-the-loop support.

Basilisk was chosen for its ease of use and reconfigurability, as it has a fully-featured
Python interface. An entire simulation is executed as a single script, which aids in rapid
prototyping. New control laws are simply implemented as new Python modules that Basilisk
can integrate internally while having fine-grained control of the framework in Python allows
us to expose the state of the simulation in order to integrate external modules such as the
CNN and have them run in lockstep with the rest of the simulation. Additionally, we retain

the fidelity of dynamics and speed of execution as Basilisk is implemented in C/C++.
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Part I
ITERATIVE DATA-DRIVEN CONTROL

Feedback control is ubiquitous in modern technology, including applications that provide
stabilization in addition to performance. Stabilization with robustness guarantees is specifically
important when dealing with open-loop unstable systems.

Autonomous mobility in safety-critical scenarios dictates the importance of learning from
available data for quick adaptation to unexpected changes in the system model or new
environmental uncertainties. From a system theoretic perspective, such systems feature an
autonomy stack that handles parametric model uncertainties and disturbances with control-
theoretic guarantees such as stability and tracking error convergence, common in adaptive
control settings. This task is particularly challenging for closed-loop systems with unstable
subsystems. Yet, most of the existing synthesis literature has focused on model-based control,
where the designer has to discern fundamental limitations stemming from process instabilities.
Furthermore, learning-based studies focus mostly on finite-horizon episodic settings, providing
finite-time or dynamic regret bounds. In such scenarios, the controller does not necessarily
guarantee the stability or robustness of the synthesized system; rather, the goal is to match
the performance of the oracle for a well-behaved dynamical model.

The following two chapters are dedicated to constructing a theoretical framework aimed at
quantifying the capacity of data-driven finite-time regulation for unstable linear and nonlinear
systems. Uniquely, this is undertaken in the absence of an initial data set necessary for
managing the associated (unknown) processes. Our objective is to formulate a distinct system-
theoretic concept that diverges from traditional constructs that predominantly characterize
the system’s asymptotic behavior, such as stabilizability and controllability. This approach

offers fresh perspectives on system behavior, transcending conventional methodologies.
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Chapter 4

Online Regulation of Unstable Linear Systems.

This chapter focuses on online regulation of LTI system states, where the input matrix is
known. This point of view has been adopted by the desire to ensure satisfactory performance
for online data-guided control based on a single trajectory—even when the underlying system is
unstable—from the onset. To realize the above program systematically, we introduce a class of
linear systems exhibiting a property called “regularizability”[[} this notion captures the input
“effectiveness” as it relates to finite-time regulation. We then characterize regularizability using
linear matrix inequalities (LMIs) and clarify how it relates to the spectral properties of the
underlying LTT system. Next, by employing the notion of regularizability, we introduce the
Data-Guided Regulation (DGR) algorithm. This online iterative synthesis procedure utilizes
a single trajectory for an otherwise partially unknown (discrete time) LTI system. DGR does
not use prior assumptions on the linear state dynamics nor access to an initial stabilizing
controller or an input-output dataset; instead, the algorithm only relies on the knowledge of
the input matrix. Knowledge of the input matrix is motivated by scenarios where it is known
how the control input affects the state dynamics, yet the internal system states’ interactions
are uncertain (for example, consider the problem of controlling an unknown networked system
from a given set of nodes). This assumption also proves beneficial for our setup to 1) ensure
a satisfactory performance for the system trajectory from the onset of the regulation process,
2) avoid requiring an initial stabilizing controller, and 3) avoid requiring a PE input-output
trajectory from an unstable system (that is often impractical and leads to ill-conditioned data
matrices for post-processing). We postulate that when the input matrix is also unknown,

deriving nontrivial guarantees for the closed-loop performance of unstable systems from the

Not to be confused with the notion of “regularity” for singular systems [53].
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onset might prove to be elusive. Finally, as pointed out above, having access to the input
structure of a system is pertinent to several applications that involve learning |54}, 67-H69|;
a similar assumption has been adopted for learning and control of nonlinear systems [55],
where the system dynamics is affine in control with known input mapping and unknown state
dynamics.

The contribution of the proposed work is as follows: (1) in addition to introducing the
notion of regularizability for LTI systems, we show how it is distinct from related properties
such as stabilizability. We believe that regularizability is of independent interest, particularly
as it pertains to online regulation; (2) we derive conditions under which DGR can eliminate
unstable modes of the (unknown) system and regulate its state trajectoryE] DGR aims to
simultaneously identify and regulate the hidden unstable modes in a feedback form from
a single trajectory. As such, DGR can avoid some of the conditioning issues that arise in
processing data generated by an unstable system. Using the notion of regularizability, we
then proceed to derive upper bounds on the state trajectories based on a geometric quantity
for LTI systems that we refer to as the “instability number;” (3) we show that while DGR
performs well for a large class of unstable systems, special structures (e.g., symmetry) further
facilitate deriving intuitive bounds on the system trajectory during the learning process; (4)
finally, we show that the discrete nature of time-series data enables a recursive approach to
DGR synthesis. In this direction, a recursive DGR is proposed that circumvents storing the
entire data history and avoids demanding operations such as pseudoinverse computation or

multiplying large matrices.
4.1 Review of Past Work

Control of open-loop unstable plants arising, for instance, in industrial and flight control
applications, underscores the importance of stabilization with robustness guarantees. As such,

controlling unstable systems is an ongoing research topic, particularly in safety-critical systems.

2Here, regulation is ensured by bounding the norm of the system states during the learning process; see
Section [4.2] for more details.
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It is well-known that unstable systems are fundamentally more difficult to control |25]; in fact,
practical closed-loop systems with unstable subsystems are only locally stable [27]. Yet, most
of the existing synthesis literature has focused on model-based control where the designer has

to discern fundamental limitations stemming from process instabilities [2§].

Recent interest in model-free stabilization, in the meantime, has been motivated by
novel sensing technologies, robust machine learning, and efficient computational methods to
reason about control and estimation of uncertain systems—all from measured (online) data
[70,/71]. Safety-critical systems have necessitated non-asymptotic analysis on data-driven
methods [72,/73]. In particular, there has been a growing interest in examining finite-time
control of unknown linear dynamical systems from time-series or a single trajectory |67, 74-79].
Parallel to asymptotic analysis in traditional adaptive control and system identification (sysID)
[34,/80/,81], model-based finite-time control has benefited from a least-squares approach to
identification followed by robust synthesis—see for example [82]. In this direction, probabilistic
bounds on the estimation error related to the required run-time have been examined. While
it has been shown that model-based methods require fewer measurements for specific control
problems in general [83],@ data collection required for sysID can be expensive or impractical
due to resource limitations and safety constraints. Furthermore, some of the studies mentioned
above rely on a priori information about the system, such as estimates of system parameters
[73], an initial stabilizing controller [40}/51,52,[84], or assuming an open-loop stable system
[75,/77].

It is known that an input-output trajectory of a controllable linear time-invariant (LTT)
system can be parameterized by (offline) data trajectories generated from a persistently
exciting (PE) input [85]. Building on this fact, there have been recent works on the stabilization
of LTT systems directly from the available data (e.g., see [41446]). However, ensuring a
persistently exciting (PE) input-output data may not be practical for data-driven control

or identification of unstable systems even in low dimensions without recourse to resets [41].

3That is, first finding a model estimate from data and then using that estimate for control design.
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For instance, injecting white noise into an unstable system can result in ill-conditioned
data matrices that, in turn, lead to numerical issues. Hence, existing data-guided methods
might not be directly applicable for safety-critical control such as online flight control [47]
or infrastructure recovery [86]. The work presented in this chapter is motivated by such
applications, requiring no reliance on an initial stabilizing controller nor a PE input-output

data trajectory for data-guided control.

4.2 Unstable Linear Systems

Consider a discrete-time LTI model of the form,

Ty 1 = Az + Buy, Ty given, (4.1)

where A € R™™ and B € R™*"™ are the system parameters and x; € R™ and u; € R™ denote
the state and control inputs at time index ¢, respectively. We assume that the system matrix

A is unknown and (possibly) unstable, and that the input matrix B is known.

Considering regulation by having access to the input matrix is of interest in applications
where it is known a priori how various control inputs affect the dynamic states, e.g., how
the elevator deflection affects the aircraft pitch dynamics or how specific boundary nodes
can influence a diffusive network. Intuitively, this assumption allows an online regulation
mechanism to have a chance of stabilizing an unknown (and possibly) unstable system in real

time from the onset of the learning process.

The following example motivates our setup and underscores why the data-guided perspec-

tive requires introducing new system theoretic notions.

Example 4.1. For any positive integer n, define the system matrix A € R™" and the input
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matrix B € R" as,

A 10 ... 0
0
0 X 1
A= 0 0 )\3 0 ) B =
0
1
1
0 ... 0 A

n

Note that for any choice of \; € R, the pair (A, B) is controllable (and therefore stabilizable).
Furthermore, since the set {\;} coincides with the spectrum of A, if any subset of {\;} are
equal, then A contains the corresponding Jordan block. Moreover, when \; # \; (i # j),
then A is diagonalizable. Let @y = e; and observe that under (4.1)), we have eJa; = X! for all

Y

0 <t < n regardless of the input w,. This implies that, for “any” choice of input, for the first
n iterations, the first state of the system grows exponentially fast with the rate A\; whenever

|/\1| > 1.

Remark 4.1. Example [4.1] constructs a family of controllable systems where no controller
can regulate their respective first states—at least for the first n iterations. That is, a system
state will grow exponentially fast regardless of the choice of u;, even when all eigenvalues
of A except A, are stable (e.g., |\;] < 1 for ¢ = 2,--- n). Note that in this example, the
(right) eigenvector associated with the unstable mode of A (i.e., the eigen-pair (A, e;)) is
orthogonal to R(B) = R(e,). This is despite the fact that the Popov-Belevitch-Hautus (PBH)
controllability test holds (i.e., for any left eigenvector v of A, we have v7B # 0). This example
highlights that the controllability of a pair (A, B) does not capture the “regularizability” of
an unstable linear system, especially when closed-loop regulation has to be achieved in a
data-guided manner from the onset of the learning process. Finally, we point out that in
the particular case when \; = 0 for ¢ = 2,...,n, the controllability matrix corresponding
to (A, B) is anti-diagonal with all anti-diagonal elements equal to identity. Therefore, it
has singular values/eigenvalues equal to +1. This implies that the controllability matrix

has a condition number equal to identity, as the controllability matrix does not distinguish



29

difficult-to-regularize modes.

To formalize the behavior of the class of systems mentioned above, we introduce a system
theoretic notion that captures the effectiveness of the input as pertinent to online regulation.

To motivate this notion, note that the dynamics in (4.1) can be represented as,

i1 = lgpr Az + gy Az + Buy

= HR(B)LAmt + B(BTAa:t + ’U,t).
Setting u; = —BTAx, + 4, (4.1) can be rewritten as o, = Az, + B, where,
A= g A, (4.2)

and wu, is yet to be designed. Note that the signals Az, and Bu, are now orthogonal. This
implies that the control signal would not directly affect the part of dynamics that is generated
by gL A. As such, in order to have even the possibility of achieving “some” online
performance for this system in finite time, we require that this part of the dynamics be stable.

This observation thereby motivates the following definition.
Definition 4.1. The pair (A, B) is called regularizable if A= lzpyr A is Schur stable.

As we will show subsequently, regularizability of a pair (A, B) is related to the stabilizability
of (A, B) as well as detectability of (A, BT); a combination that is not typically encountered
in LTI analysis. This connection is intuitive, as regulation of a system in finite time
requires the states to be accessible (for control and observation) through the input matrix B.
Regularizability also facilitates a new perspective on LTI systems, providing a basis for the

analysis of online algorithms such as the one proposed in Section [4.4]
4.3 Regularizable Systems

In order to get a better sense of the notion of regularizability, we study the spectral properties
of A in (4.2) and its relation with system matrices A and B. First, the following example

highlights why regularizability of a system is distinct from its controllability.
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Example 4.2. Consider the linear system with A defined as in Example [4.1|such that |A;| > 1
and | ;] < 1fori=2,...,n. Note that the pair (A, e,) is controllable (and thus stabilizable);
however, this pair is not regularizable. On the other hand, the pair (A, e;) is regularizable

but not controllable.

Recall that a pair (A, B) is stabilizable if and only if (AT, BT) is detectable. The de-
tectability of (A, BT) is seldom of interest in linear system theory [24]; however, we show
that it is, indeed, a necessary condition for (A, B) to be regularizable. To this end, we first

connect regularizability to the spectral properties of the pair (A, B).

Lemma 4.1. Let A = HrprA. Then for each right eigenpair (\,v) of A the following
holds:

o (\,v) is a right eigenpair of A whenever v € R(B)* or A = 0.
e (0,v) is a right eigenpair of A whenever v € R(B).

The proof of Lemma directly follows from the definitions and therefore is omitted.
Note that the above lemma does not address the scenario where (A, v) is an eigenpair of A,
with A # 0, and v = v; + vy, with nontrivial v; € R(B) and v, € R(B)*.

The following example illustrates that ;[, as a product of matrix A with an orthogonal

projection operator, has a spectral radius distinct from A.

Example 4.3. Consider the system in Example [1.1 where the identity off-diagonal elements
of A are replaced with 10, \;y = 09 and \; = 0 for all s = 2,...,n, and B = 1. It is
straightforward to show that for all n > 2, A is Schur stable with a spectral radius of 0.9
while A is not, i.e., (A, B) is not regularizable. In this case, although A is Schur stable, its
operator norm is about 10. Furthermore, the spectral radius of A would be 4.55 for n = 2
and increases to about 10 as n increases. This results in pathological behavior despite the
fact that the system is originally stable, e.g., any infinite horizon closed-loop LQR controller

for this system would demonstrate undesirable behavior —similar to Example 4.1}— when
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initialized from xy = ILEL Finally, it is worth noting that the controllability matrix of this

pair is ill-conditioned in contrast to Example [4.1}]

The preceding discussion exemplifies that even for a stable system, it is nontrivial to assert

¢

that state trajectories over a finite time horizon are “well-regulated.” It is no surprise then
that, in spite of its severe limitations from a system theoretic perspective, most of the recent
works on data-guided control focus on contractible systems as they streamline composition
rules and analysis for consecutive iterations in a learning algorithm [56,/57]. However, the

succeeding remark shows why regularizability, as introduced in this work, is less restrictive,

and thus—by replacing contractility—can mitigate those system theoretic limitations.

Remark 4.2. A pair (A, B) is said to be contractible if there exists a controller K such that
||A — BK|| < 1. Noting that

A~ BK = A+ g (A - BK),
for any vector € R", (by orthogonality) it follows that,
| Axl|? = [[(A — BE)e|> || Tirgs)(A — BK)a|*
< (A= BE)|* |||

This, in turn, implies that a contractible system is regularizable (as in that case HEH <1).
In particular, if the original system matrix A is non-expansive (at least on the subspace

A"HR(B)*}), then (A, B) is regularizable.

The following results further clarify the relation between regularizable systems and their

system theoretic twins.

Proposition 4.2. If (A, B) is regularizable, then

e (A, B) is stabilizable, and

4One practical remedy to this problem is to split the dynamics into multiple time-scales using, say, a
sampling heuristics [87]. However, time-scale separation often requires physical insights and is non-trivial
to identify for general systems [88], let alone for a system with unknown dynamics.
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e (A, BT) is detectable.

Proof. For the first claim, note that A=A— lrp A=A+ BK, where K := —B'A. Thus
if (A, B) is regularizable, then K is a stabilizing closed-loop controller. For the second claim,
we establish a contrapositive. Suppose that (A, BT) is not detectable. Hence there exists
a right eigenpair (\,v) of A, where |[A\| > 1 and v € N(BT) = R(B)*. Then, Lemma [4.1]
implies that (A, v) must be a right eigenpair of A. Since Al > 1, A is not Schur stable and

therefore (A, B) is not regularizable.
[

Note that the consequences of Proposition are equivalent whenever A is symmet-
ric, as detectability of (A, BT) is equivalent to stabilizability of (AT, B). Also, note that
Proposition provides a necessary condition for regularizability, whereas the following
counter-example underscores why the stabilizability of (A, B), even when combined with

detectability of (A, BT), is not sufficient.

Example 4.4. Let the system matrices A, B be defined as in Example 4.1 and consider the
pair (Ay, By) := (A+ AT, B). By the structure of Ay, note that (A;, By) is controllable. Since

A; is symmetric, (A, B]) is also observable. By direct computation, we observe that,

20 1 0 0
1 2% 1
A= TgepA=| 0o . 0
1 2X\,.1 1
0 0 0 0

Now if any of \;’s, for i = 1,...,n — 1, is say, larger than 1/2, then A would be unstable,
implying that (A;, By) is not regularizable.

In order to complete our understanding of regularizability, we provide several characteri-

zations using linear matrix inequalities (LMI).
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Proposition 4.3. Consider a pair (A, B), and denote 11, := IlggyL. Then the following

are equivalent:

(i) The pair (A, B) is reqularizable.

(ii) AP = 0 such that p(AT 11, P TI; AP™') < 1.
(i4i) AP = 0 such that ||PY/? IIL AP~Y/?|| < 1.

(iv) AP > 0 such that AT 11, P 11, A— P < 0.

w I, Aw
(v) W = 0 such that . >~ 0.
WAT I, w

(vi) AP = 0 and G € R™" such that,
P ATIIGT
= 0.
(GHLA G+GTP)
(vii) 3P > 0, and G, H € R™" such that,

GA+ ATGT— P ATHT — & 0
HA— G I,PII, — H—HT '

Proof. Noting that regularizability of (A, B) is equivalent to Schur stability of II; A, the
first four equivalences are direct consequences of Theorem 7.7.7 in [89]. By using Schur
complements and constructing a congruence induced by diag(Z, P~1), (iv) becomes equivalent
to (v). The last two equivalences are due to Theorem 1 in |[30] and Theorem 1 in [31],

respectively. O]

We conclude this section by providing a sufficient condition for guaranteeing when a

polytopic uncertain LTT system is regularizable.
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Proposition 4.4. Consider A; € R™™ fori = 1,..., N and suppose there exist matrices

P; =0 and G, H € R™™" satisfying,

GA, + AIGT - P, ATHT - G 20
HA; — G MgP, Mg — H — HT 7

for some linear subspace S C R"™. Then a pair (A, B) is regularizable whenever A €

convhull{ 4;}& and

P; P 11 .
RES =0, Vi=1,...,N.
Hgppy P Ush; g

Proof. Since A € convhull{ 4}, there exists scalars a; € [0,1] with 3. ; = 1 such that
A= Ziv a;A;. By defining P = 211\7 «; P; and taking the convex combinations of the negative

definite matrices in the hypothesis with weights a; we obtain,

GA+ ATGT — P ATHT - G
( ) =< 0. (4.3)

HA—-GT IIgP IIg — H - HT

Now by taking the Schur complement of the LMI in the hypothesis involving the input matrix
B it follows that,

HSHHSEHR(B)J—PZ'H’R(B)J—a VZzl,,N
Convex combinations of this LMIs with the same coefficients lead to,
HSP HS t H'R(B)LP HR(B)L'

This, together with the LMI in (4.3) imply the LMI in Proposition [4.3] (vii). As P > 0, we
conclude that the pair (A, B) is regularizable. O

Remark 4.3. Note that the proof above also shows that the last LMI in the statement of

Proposition 4.4} is equivalent to

HSPi HS’ i H'R,(B)ipz H'R(B)L’ VZ == 1, ce ,N, (44)
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which is certainly satisfied when S = R(B)*. Thus, a direct consequence of Proposition
together with the characterization in Proposition [.3] (vii)-is as follows: if there exists an
input matrix B such that (A;, B) is regularizable for each ¢ = 1,..., N, then we can conclude
that (A, B) is regularizable for any (unknown) matrix A € convhull{4;}¥. This observation
does not follow directly from the definition as the spectral radius is not sub-additive. Moreover,
Proposition provides the flexibility of working with the linear subspace S independently
of R(B), which proves to be useful for design purposes, e.g., devising an input matrix in

order to make a polytopic uncertain system regularizable.

Finally, Proposition [4.4Hin view of (4.4)-implies that regularizability is a monotonic
system theoretic property with respect to the input, in the sense that enlarging R(B) would
not destroy its regularizability. In fact, “enlarging” R(B) for a system would make it “more”

regularizable (as p(A) will be smaller).

4.4 Data-Guided Regulation (DGR) Algorithm

The primary focus of this section is devising an online, data-driven feedback controller to
regulate the system’s state trajectories, quantified in terms of a signal norm. In this direction,
we propose an iterative procedure for updating the feedback gain (policy); the form of the
controller can be motivated by considering, at each iteration ¢, the following optimization

problem with a “one-step quadratic cost” E|

miny, |2 ]* + afluel? (45)
s.t. L1 = A:l:t + B'U,t,

where x; is measured over time but the system matrix A is unknown, and a > 0 is a

regularization factor for the controller design.ﬁ In the case of known A, it is straightforward to

5The setup resembles dead-beat control design, with the caveat that the synthesis is data-guided.

5We note that considering a more elaborate form of cost (e.g., finite/infinite horizon LQR cost) for this
optimization problem is certainly relevant. However, in this specific problem setup, i.e., no prior knowledge
of the matrix A and absence of any prior input-state data, we have observed no significant numerical
advantage in considering a more elaborate cost—particularly for upper bounding the state trajectories from
the onset of the learning process.
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characterize the set of minimizers of the above optimization problem through the first-order
optimality condition,

(Oé]m + BTB)’U,t + BTAl't = O,

as such, the corresponding input belongs to a linear subspace in R™ parameterized by the
system matrices and data. The following proposition illustrates why regularizability, as

presented in Section [4.3| is pertinent to the online regulation of LTT systems.

Proposition 4.5. For every a € [0,¢), with some small enough € > 0, the minimum norm
solution of the iterative optimization (4.5) stabilizes the system (4.1) if and only if the pair
(A, B) is regularizable.

Proof. Given a fixed a > 0, the minimum norm solution to (4.5) at iteration ¢ is u; = —G, Az,
where G, = (ol + BTB)'BT. Therefore, this iterative solution stabilizes the system in
(4.1) if and only if A — BG,A is Schur stable. Using properties of the pseudoinverse,
A— BGoA = (I — BBY(BBY)T)A = (I — BB')A = A, where A is as defined in Definition .

The proof now follows by continuity of the spectral radius with respect to a. n

Note that G, — 0 as a — oo, implying that u; — 0 for all t. As such, in general, the
solution to (4.5) is stabilizing when « is small enough. The formulation of the optimization
problem (4.5) requires the knowledge of system parameters; nonetheless, it forms the basis
for the proposed algorithm when A is unknown and potentially unstable. The corresponding
synthesis procedure is detailed in Algorithm [I] Specifically, for any o > 0, at iteration t,
DGR sets

ul = —Kiz, K =G VA, (4.6)
where G, = (al + BTB)TBT and X;_1, ), € R™! are the measured data matrices,

Xt—l = (3’50 R Jit_l) 5

yt = (ml — B’LLQ ! But—l) .
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Algorithm 1 Data-Guided Regulation (DGR)

1: Initialization (att=0)

2: Measure xg; set Ko = 0, G, = (o + BTB)1BT
SetX0:<a;0 ) andy0:< )
4: While stopping criterion not met[|

@

5: Compute u; = —Kx,

6: Run system (4.1) and measure x; 4
7 Update Vi1 = ( YV, @« — Buy )
8: K1 = GoVin X

9: Xiy1 = ( Xy @y )

10: t=t+1

Intuitively, collecting more data results in capturing the essential (e.g., unstable) modes in
the dynamics. As such, it is important to note that DGR is particularly relevant for online
regulation of unstable systems, when the controller does not have access to enough state data
for the purpose of identification or stabilization.

The proposed technique is close in spirit to modal analysis, where regression-based methods
are leveraged to extract and control the dominant modes of the system [90,91]. The emphasis
of DGR, however, is on the significance of each temporal action for safety-critical applications;
in these scenarios, it might be rather unrealistic to generate sufficient data from the inherently
unstable modes.

From an implementation perspective, the DGR algorithm can become computationally
expensive for large-scale systems. This is primary due to steps 7-9 of Algorithm [I], where
the entire temporal data is stored in X;,; and ), ;; the pseudoinverse operation, in the
meantime, has complexity O(n?t) required at iteration t. While for the purpose of analysis,

we present the basic form of DGR (as in Algorithm [1)), in Section [4.5] we will propose Fast

"The stopping criterion can be application-specific. For instance, for sysID, generating n linearly
independent data is sufficient, while mere stabilization may require less; see [44].
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Data-Guided Regulation (F-DGR) to circumvent the complexity of storing and computing
on large datasets using a rank-one update on the data matrices, resulting in a recursive

evaluation of V1 X, (see Algorithm .

4.4.1 Analysis of DGR

In this subsection, we provide the performance analysis for DGR in the general setting;
as pointed out previously, DGR is particularly relevant when t < n, where n denotes the
dimension of the underlying system. We examine the effects of DGR on the system’s state
trajectory and deduce adequate guarantees in terms of norm upper-bound and informativity
of generated data. In addition, we will see how a particular structure of the system matrix A,
such as R(A) C R(B) or its diagonalizability, facilitates further insights into the operation
of DGR as presented in the next subsection.

First, we show why regularizability is essential for the analysis of the trajectory generated

under Algorithm [T} in hindsight, justifying its introduction in the first place.
Lemma 4.6. For allt > 0, the trajectory generated by Algorithm (1| satisfies,
i1 = llgprAz; + gy Az + Aqwy,

where A, = B(BT—G,)A, zy =y, wy =0, and z; = Hrx,_yrxe and wy = Tlgx,_)x
fort > 0. Furthermore, {2, 21, , 2} is a set of “orthogonal” vectors (possibly including

the zero vector), and Ay = 0.
Proof. Let B = U, %, VT be the “thin” SVD of B, where r = rank(B). Since BB' = U, U] =
@,
Ty 1 = Az + Buy
= [A - BG VXL |z
= [A— BG, A g, )] @
= Hgw,)r Az, + BBTA(zt +w;) — BG, A w,

= g, Az, + lgw,) Az + B(B' — G,)Aw,.
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Thus, the first claim follows as R(U,) = R(B). For the second claim, note that the definition
of z; implies that z; L R(X;_1) for all t > 0, and 2z € R(X;—1) forall k =1,...,t — 1 and
all t > 0. Hence {zg, 21, , 2} consists of orthogonal vectors. Finally, Ay = 0 follows by

the definition of GG, and properties of pseudoinverse. O

The preceding lemma implies that in the case of a = 0, the time series generated by
Algorithm |1 can be considered as the trajectory of a linear system with parameters (ﬁ, B )

and “input” z; where,
A= HR(B)LA, B = HR(B)Aa (47)

and z; = I?tmt, with the time-varying, state-dependent feedback gain [}t = Ilg,_,)r. Note
that, in this case, if Ilgp) and A commute then AB = 0 and Ty = Ztﬂcco + ézt.
Moreover, A = 0 whenever R(A) C R(B), i.e., the system dynamics will only be driven by
the feedback signal z;; these cases will be examined further subsequently. In case of general

a, the system trajectories evolve as,
Ty = Attlg, + Zi:o Atr [Ezr + Aawr}. (4.8)

Finally, an attractive feature of DGR hinges upon the orthogonality of the “hidden” states

z; generated during the process.

Bounding the State Trajectories Generated by DGR

In the open loop setting, the generated data from an unstable system can grow exponentially
fast with a rate dictated by the largest unstable mode. We show that DGR can prevent this
undesirable phenomenon for unstable systems when the system is regularizable. The key

property for such an analysis involves the notion of instability number.

8This is the case if (and only if) both matrices are simultaneously diagonalizable (Theorem 1.3.21 in [89)).
If A is symmetric, then these matrices commute if (and only if) they are congruent (Theorem 4.5.15 in
[89]).
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Av,

Av,

Figure 4.1: A unit cube in the domain of A that is mapped to a parallelepiped in its range

space.

Definition 4.2. Given the matrix A € R"*", for any positive integer t < n, its instability

number of order t is defined as,

wyeop [Avi[[[Ava]l - - [|Av]],

-----

where O} is the collection of all sets of ¢ “orthonormal” vectors in R"; for ¢ > n we define

M,(A) = 0.

Note that M;(A) < ||A]|* for all ¢, where ||.|| denotes the induced operator norm. However
the behavior of M;(A) is fundamentally distinct from ||Al|*. In fact, the instability number of
a matrix is distinct from products of any subset of its eigenvalues. Consider, for example, a
t-dimensional hypercube with its image under A as a parallelotope (see Figure for a 3D
schematic). The instability number is related to the multiplication of the lengths of edges
radiating from one vertex of the parallelotope, while det(ATA) is related to its volume. The
instability number of a matrix can in fact be difficult to compute. In what follows, we first
provide upper and lower bounds on M;(A) characterizing its growth rate with respect to the
largest singular value of A. Subsequently, these bounds will be used to provide a bound on

the norm of the state trajectory generated by DGR.

Lemma 4.7. Let 0q,--- , 0, denote the singular values of A € R™"™ in a descending order.

1] <o 1] S [4] ()oe

J]=

Then fort <mn,

where § == >_\_, 02, with M;(A) as defined in Definition .
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Proof. Let A = WXUT be the Singular Value Decomposition (SVD) of A where X is diagonal
containing the singular values in descending order and both W, U € R™™ are unitary. This

implies that,
M(A) = suppyyicop [SUT0 [SUT]| - [ SUTw|
= SUP{y;}teor 1201 [| X2 -+ |||,

where the last equality is due to the fact that {UTv;}, € O} only if {v;}} € O}, since U is
unitary. For the lower-bound, if ¢ < n, we can choose {v;} € OF such that |{ej,v;)| = 1/v/t
for all © = 1,--- ,¢. This choice is certainly possible as a result of applying Parseval’s identity
in a ¢-dimensional subspace with orthonormal basis {v;}| containing the unit vector e;, in
which, e; is represented with all coordinates equal to 1/+/t with respect to this basis. We
thus conclude that,

Mi(4) 2 [or(er,or)] -+ lou(er, v)] = (o1/ V),
where the left inequality follows from the fact that | Xv|| > |o1(e1,v)| for any v € R™. For
the upper-bound, define ¥; = diag(oy,...,0;) and since singular values are in descending
order we have,

M(A) < SUP (4,1t 0t Hf=1 [parih

1
2

2 2
= suppyyieor i [U% [{er, vi) " + X0y |oje;, vs)]

1
< SUP (4,1t 0t szl [U% |<€1, vi>|2 + 6] g
Define ; = (ey,v;); then by Bessel’s inequality >'_, 7? < 1 whenever {v;}! € O!. Thereby,
by denoting v = [y; ... 7|7, we can conclude that

Mi(A) < supsep Ty 032 + 6]

1 _2(t+1-1) ¢j— o et
= supyepy | S o3 6 s (D) (7))
ae{0,1}

N[

where « is a multi-index of dimension ¢, and the last equality follows by direct computation.

Now it is easy to see that for a fixed multi-index «, if || = m > 0 and « € {0, 1}, then

SUPyegy (1) (90)™ < ()™,
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Figure 4.2: Ilustration of the upper and lower bounds for instability number of a system

with o1 = 3 and 0 = 0.1 as in Lemma @

which is followed by the symmetry in optimization variables. Therefore, we can conclude that

N

o2 (t+1-d) o
M) < [0+ S0 2] e )]
implying the claimed upper bound. 0

The lower and upper bounds in Lemma show that, particularly when § < 1, M;(A)
initially grows similar to (o1/v/t)! for t < o2, in contrast to the exponential growth of
|A|l* = of. This difference becomes more pronounced for t > o? when (o;/v/t)! starts
decreasing. This fact is illustrated via an example in Figure 4.2] where the first five dominant
terms of the upper bound are plotted, and the green region shows where the actual value of
MZ(A) lies. The following result provides an upper bound on the state trajectories for the

most general case through the lens of regularizability.

Theorem 4.8. For any reqularizable pair (A, B), the trajectory generated by Algorithm
satisfies the following bound for all t > 0,

i1 || < Ligal|zoll

where Ly satisfies the recursion,

t
Ligi=a,+Y b,L, L =A%,

r=1
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with

b = | B2 2+ | A, |
and a, = |AAZ,||, where Z, = z,/||z:|| (if z, # 0, otherwise Z, = 0), and W, is similarly
defined.

Proof. Knowing that @, = Ax, it follows that ||| < Li||ao||. Furthermore, for ¢t > 1, (4.8)
leads to,

Tipq = gtAwo + Zizl At | Bz, + A w, ,

since A+ B = A and wy = 0 by definition. This implies that,

||| < || A Ao
+ o 1A BE 12| + A Agww, ]|, ),

< agllol| + 325y bl |

where we have used Cauchy—Schwarz inequality in conjunction with the equality ||z, ||* +

||2 —

|w,|* = ||33T||2

. Using this recursive bound, the rest of the proof follows by induction. [

Remark 4.4. Note that in the analysis above, when the system is regularizable, a; eventually
decreases exponentially fast as t increases. Furthermore, the term b;, in the sum increases
as r approaches a fixed ¢t. Finally, one can show that the obtained upper bound is tight by

considering Example |4.1f with A\; > 0 and \; = 0 for ¢ > 1.

Note that computing/estimating the upper bound in Theorem requires knowledge of
the matrix A, making these estimates more practical for structured systems (for example, see
Corollary and Remark [4.6)).

In order to shed light on the intuition behind this upper bound, we next study simpler
cases with v = 0, where there exists small enough « for which by, < ||A""B|| < & for all
r < t. In particular, we can show that if the system is regularizable and AB = 0, then the
trajectories of the closed-loop system will be bounded by a combination of instability number

of different orders. This is stated in the following corollary of Theorem [4.§
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Corollary 4.9. For any regularizable pair (A, B) with AB =0, and M, (A) as in Defini-
tion[{.9, the system trajectory generated by Algorithm [1 with o = 0 satisfies the following for
allt >0,

[EZ2RY
[0

t—1
<a;+ Z M, (A)ay_r + M1 (A) .
r=1

Proof. For brevity, let by = b;+, then as AB = 0, the recursion in Theorem reduces to

Liy1 = ay + b Ly with Ly = ||AZy||; and its solution has the following form for all ¢ > 0,

Lt+1 = a; + bt tet bgblLl + Ztill bt e bt—i—l—r Qp—_p. (49)

r=

As a = 0 and orthogonal projection is non-expansive, we claim that b, = || Bz,|| < ||AZ,|
which vanishes whenever z, = 0. In the meantime, by Lemma [4.6] {z,}} must be a set of
orthogonal vectors for any ¢ > 0, and thus {Z,}} is a set of orthogonal vectors that are either
normal or zero. Note that if ¢ > n, then {Z,}} must contain at least one zero vector for
dimensional reasons. Therefore, by Definition , we conclude that b, -+ by < M, (A),
for each r = 1,...,t — 1. Similarly, as Ly = ||AZy||, we have b; - -+ bebi L1 < M;1(A). By
using these inequalities in (4.9), the claim follows by Theorem O]

The above observation further highlights the importance of the instability number in the
context of DGR. Note that the terms in the upper bound involving M, (A) vanishes if r > n.

4.4.2  Informativity of the DGR Generated Data

In the sequel, we show that DGR generates linearly independent state-trajectory data; we
refer to this as the informativity of data. We then proceed to make a connection between this
independent structure and the number of excited modes in the system. Before we proceed,

let us define Lt (A), that is based on eigenvalues corresponding to k modes of a matrix A, as,
1 N - (Al)t_l
1 X o ()t

LiA)y=| 7 ( 2? . 1<t<n. (4.10)

D VR ()\k)t—l
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Remark 4.5. Note that Lt (A) has a specific structure that hints at its invertibility. In fact,
for t = k, L{(A) is the Vandermonde matrix formed by k eigenvalues of A, which would be
invertible if and only if Ay, --- | A; are distinct. More generally, if {1, -+, A\x} consists of r

distinct eigenvalues (where r < k), then L} (A) has full column rank.

Intuitively, informative data—due to its linear independence structure—contain useful
information for decision-making purposes. In particular, if the choice of x( results in exciting
all modes of A, one might expect that a useful online regulation algorithm should generate
informative data at the same time that it is regulating the state trajectory. The next theorem
formalizes how DGR realizes this expectation depending on what modes of the system are

excited by the initial condition.

Theorem 4.10. Let xy excite ki + ko modes of A, such that ky modes are in R(B) and
ko modes are in R(B)L. If the excited modes correspond to distinct eigenvalues, then
{xo,...,x._1}, generated by Algorithm |1l with o = 0, is a set of linearly independent vectors

for any r < max{ky, ko }.

Proof. Without loss of generality, let Ai,..., Ay, be the eigenvalues corresponding to the
excited modes uy,...,ur, € R(B), and similarly Mg, 41,..., g4k, be corresponding to
Uy 115> Upyaky, € R(B)Y. Recall that X,y = [xg ®; ... x;_1]; then by definition of
z; in Lemma , for t > 1 there exists scalar coefficients (f,---,(/_; € R such that
Zy =Xy — ZZB C;mj This together with the dynamics in Lemma imply that x; = Az
and for t > 2,

x, = Az — lrp) Y 1g (LA (4.11)

Since x( excites ky + ko modes of the system, we have xy = ?:{’” Beuy, where [, are some
nonzero real coefficients and (A, uy) are eigenpairs of A. Hence x; = Axy = Z’Z;{kz’ Bedewy,
and we claim that for ¢ > 2 there exist scalar coefficients &, -+ & | € R such that,

k1+k2

z, Zﬂe[/\e th A e+ BeA)'u (4.12)

l=k1+1
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The proof of the last claim is by induction. Note that Alz, = Zk1+k2 Be(A¢)'ug, and by
substituting this into (4.11) for ¢ = 2 we have that,

o = ACUl C[?HR AiBO
= Igp) [A’o — (FAmo] + Ilg(p)r A’z

= S0 Bel(Ne)? — @A we + S0 Be(he)?uy,

where the last equality is due to the fact that u, € R(B) for £ < k; and u, € R(B)* for
¢ > k. By choosing &7 = (2, we have shown that (4.12) holds for ¢ = 2. Now suppose that
(4.12) holds for all 2,...,t — 1; it now suffices to show that this relation also holds for t. By
substituting the hypothesis for 2,...,¢t — 1 into (4.11),

= i [(/\ﬁ)t -X ff_l(/\ﬁ)i“} uy
Xk BeAe) e = L Belde o+ G O) e
= S G T A = S €00

Therefore, x; = Z’;;l Be [*] we + Z?:,;fil Be(Ne) g,

where * replaces the expression,

t—2 t— t—2 j—1
()\E)t . ng—l()\é)i-l-l Z ]+1 + Z thj H—l.
=1 7=0 7=2 =1

By appropriate choices of &,--- & | € R, we can rewrite x = (A\,)' — /21 &(\)". This
completes the proof of the claim in (4.12) by induction. Now, let & = Z;;(l] v;x; for some
7v; € C and some r < max{ky, ko}. Then, by substituting «; from (4.12]) and exchanging the

sums over j and ¢ we have,

&= T4 B0+ e+ S () — T 0] |u

k1+k r—1 i
+ Zelzl?m Zj:O ¥ (Ae) wg.
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Now, by exchanging the sums over ¢ and 7, it follows that,
= k1 = = j i r—1
B B+ X b= 3 €] 2 () e
i= j=it

i Be[ X201 (e

Since {us}¥1™ are eigenvectors associated with distinct eigenvalues, they are linearly inde-
pendent. Thus, noting that 8, # 0 for all £ =1,--- , k; + ko, then Z = 0 implies that,

r—2 r—1 . )
0+ 2 [ 2 %] O + () =0,
i=1 j=i+1
forall ¢ =1,...,k; and Z] 0%( ) =0,

forall ¢ = ki +1,..., ki + ko. By rewriting the last two sets of equations in matrix form,

we get

A v =0, (4.13)

where E};z(A) is the last ky rows of Lj, ;. (A) and

00 0 0 ... 0 Yo
00 & & - gt o
00 0 & ... gt
= = 2 o ly=| | (4.14)
00 0 0 :
&1
000 0 -~ 0 Y1

Note that I — = is invertible by construction. Since the excited modes correspond to distinct
eigenvalues, if r < max{k, k»}, then either L} (A) or 222 (A) has full column rank. Either
way, (4.13) implies that v = 0 and thus {x, ..., ®,_1} is a set of linearly independent vectors.

This observation completes the proof as r < max{ki, k2} was chosen arbitrary. O

The preceding theorem guarantees the linear independence of the state-trajectory generated

by DGR whenever the exited modes lie in R(B) or R(B)*, even though our observations
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suggest that it must remain valid for arbitrary excitation of the modes. Nonetheless, DGR

remains effective in terms of online regulation from an arbitrary choice of zy as guaranteed in

Theorem [4.§ Corollary and subsequently in Corollary [4.11]

4.4.3 Special Case of R(A) C R(B) with a« =0

In order to better understand the behavior of DGR, in this subsection, we study the more
special case where R(A) C R(B). This includes the case where rank(B) = n, i.e., one
can directly control each state of the system (e.g. see [69,092]). Note that R(A) C R(B)
implies that A=0 which, in turn, results in regularizability of (A, B). This, together with
Corollary [£.9] results in the following corollary.

Corollary 4.11. For any matriz A € R™" and B € R, where R(A) C R(B), the
trajectory generated by Algorithm [1] with o = 0 satisfies the following for all t > 0,

[@e4a ]l < Miga (A)[[2oll,
with My(A) as in Definition[{.4

Proof. Note that A = gz gt A = 0 whenever R(A) € R(B). The claim now follows by
Corollary since AB = 0 and a; = 0 for all k = ...t m

Note that under the hypothesis of Corollary in particular ;;; = 0 for all t > n
whenever DGR is in effect for the noiseless dynamics in (4.1) (see Figure ; however, this
might happen even before t reaches n as will be discussed in Proposition 4.13] Also, the

latter bound becomes more structured for a symmetric A by combining the results from

Corollary and Lemma [4.7] which we skip for brevity.

Remark 4.6. In order to further illustrate the bound stated in Corollary [£.11] assume that
de < 1. Then, from Lemma [4.7]

[t/2] t—j j t—1 9 t—j
e[ 2] [ [
< || + - = + . +1,
[|2z0][? t 2 t—j J 2 (t—j)?

j=1 i=lt/2)+1
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Figure 4.3: A geometric schematic of DGR when R(A) C R(B). Since zy = xg, z; L R(Xi—1)

and z; € R(X;) for t = 1,2, the set {2z, 21, 22} consists of orthogonal vectors.

where we have also used (j) < (et/j)?. This implies that as t gets larger than o?, the terms
with large powers admit smaller bases and those with large bases will gain smaller powers
comparing to o3t. This is despite the fact that for small ¢, the relative norm of the state

might grow.

In the sequel, as a result of linear independence established in Theorem 4.10| we show how
the simplified bounds (derived in Section [4.4.1)) clarify the elimination of the unstable modes

in the system.

Corollary 4.12. Suppose R(A) C R(B) and let xy excite k modes of A. If r eigenvalues
corresponding to the k excited modes are distinct for some r < k, then {xo,...,x,_1},

generated by Algorithm [1) with o = 0, is a set of linearly independent vectors.

Proof. Given that R(A) C R(B), all the modes of A are contained in R(B), so without
loss of generality, let A\i,..., \r be the eigenvalues corresponding to the excited modes

ut,...,ur € R(B). Then, following the proof of Theorem [£.10} (4.12) reduces to,

2 = 0 B |V = 2 €O e,

Now, let = Z;;é v;x; for some v; € C and r < k. Then following the same argument as
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in the proof of Theorem about &, (4.13) reduces to L} (A)(I — =)y = 0, with similar
definitions of = and « as in (4.10), and L}, (A) as in (4.14). Since r eigenvalues corresponding
to k excited modes are distinct, L} (A) has full column rank. As I — Z is invertible, we

conclude that v = 0 meaning that {xo,...,x, 1} are linearly independent. O]

An immediate consequence of the above corollary is that DGR generates data that is

effective for the simultaneous identification of modes even with multiplicity greater than one.

Proposition 4.13. Suppose that A is diagonalizable with R(A) C R(B), and let x, excite
k modes of A corresponding to r distinct eigenvalues (where possibly, v < k). Then, in
exactly r iterations of Algorithm with a = 0, span{xy, ..., x,_1} coincides with the subspace

containing these excited modes; furthermore, x,,1 = 0.

Proof. Without loss of generality, let o excite the £ modes of A corresponding to Ay, - -« , A,.
Since A is diagonalizable, let A = UAU! be its eigen-decomposition and so x, excite

{wy, -, ug}, e, &y = Zle Biu;, with 5; # 0. Define
Z(N\;) = {J : u; is the eigenvector corresponding to \;},

for i =1,---,r. Furthermore, define the r-dimensional subspace,

S = span {E]’el’(}\l) Biug, --- aZjeI(AT) Bjuj} g

where the span is taken over the complex field. We prove by induction that x; € S for
all t = 1,---,r. Notice that @y, € S and suppose that {xo,...,x;—1} C 5; recall from the
proof of Corollary that &; = Az,_1, where z;_, = H'R(Xt72)J_<.’Bt,1). Since x;_; € S and
span{xg, ..., x; 2} C S, one can conclude that z, ; € S, and from the definition of S, x; =
Az;_; € S. On the other hand, since Ay, A, - -+ , A, are distinct eigenvalues, by Corollary [4.12]
dim (span{xg,...,x,_1}) = r. By hypothesis of the induction span{xy,...,x,_1} C S,
and since dim(S) = r, we conclude that span{xy,..., @, 1} must be the entire S, i.e.
span{xg, ..., T,_1} = S, proving the first claim. Lastly, z, = Ilg,_,)+(®,) = 0 since

x, € 5, and thus «,,; = Az, = 0, thereby completing the proof. n
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Following Proposition if &y excites £ modes of the system corresponding to distinct
eigenvalues with trivial algebraic multiplicities, then Algorithm (1| identifies all the excited
modes of the system in k iterations. Furthermore, this implies that x;,; = 0, i.e., DGR
eliminates the unstable modes and regulates the unknown system in exactly k + 1 iterations.
This also implies that if £ < n, then online regulation of the system is achieved, even before

enough data is available for full identification of system parameters.

4.5 Boosting the Performance of DGR

DGR as introduced in Algorithm [I| can become computationally burdensome for large-scale
systems. This is mainly due to storing the entire history of data in X; and ), followed by the
update of the controller that finds the pseudoinverse as well as multiplication of these data
matrices (steps 7-9). Assuming the SVD-based computation of pseudoinverse, the complexity
of the method ifY] O(n?t). In this section, we show that such computational burden can be
circumvented using rank-1 modifications of data matrices as a result of the discrete nature of
data collection in our setup. Note that for computing K, from (4.6)) we only need to access
Vi1 X (rather than X;). To this end, we leverage the results of [93] in order to find Y, 1 X}

recursively as a function of thtll, Xt_lXttl, and x;.

Proposition 4.14. Let X;_1 be as in Algorithm x; be the state measurement at iteration t

and z; = g, oz . If ¢, & R(Xi—1) then

xb T
xj=|[ T, (4.15)
2l
otherwise,
X T
Xt]‘ _ t—1 etFYtCt 7 (416)
€tCtT
where ¢, € R, v, € RY, and ¢, € R" are defined as,
€ = %, Yo =X @y, §o= (XtT_1)T’Yt- (4.17)
[yel[? + 1

9The multiplication yt+1xj requires another O(n?t) operations that can be significant for large n.
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Proof. Rearrange &; into,
Xt - ( Xt,1 0 ) + mte;fr_t,_l‘
Then, it is implied from Theorem 1 in [93] that
t f f f
Xt :<Xt,1 O) + et—‘—l_(Xt,l O) Ty| Z¢,
whenever @, ¢ R(X;_1). Hence, by leveraging the SVD of X;_; and definition of pseudoinverse
we get

X,
0

XtT—l 1 XtT—l - %ZI
0 z,

Xl = + [et-i-l -

For the case when @; € R(AX;_1), Theorem 3 in [93] gives,

xh 1
XtT = ( - ) +et+1’7;rXtT pq’,

0 o

Yt

where, o = [|[7||> + 1, p = —||v:||?er1 — , @ = —C;. The rest of the proof follows from

rearranging the terms and using the identities in (4.17)). [

As mentioned earlier, the update of the controller requires thtT—l that could become pro-
hibitive for large n. However, we can take advantage of Proposition to find this term

recursively in order to avoid memory usage as well as computational burden.

Theorem 4.15. Let X, be as in Algorithm (1] and x; be the state measurement collected at
t. Fort >0, define Py_1 = Xt—1XtT,1; Q1 = thttl and zy = g, o2 . Then

zZ = [I - 771%1}331&7
Q=91+ [x1 — Bu, — Qtflwt]z;ra

Pt = Pt—l + ZtZtT.
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Algorithm 2 Fast Data-Guided Regulation (F-DGR)

1: Initialization
2: Measure g, set Ko =0 and G, = [al + BTB|'BT
3: Set P.i=0Q_1=0andt=0

4: While stopping criterion not met
5: Compute w; = — K;xy

6: Run system and measure @,
7 Set  zy = [ — Pi_q]xy

8: Q=9 1+ [y — Buy — Qtflwt]th
9: Pt = ’Pt71 + th,;r
10: Ky =GoQy

11: t=t+1

Proof. The expression for z; follows directly by properties of pseudoinverse. Next, observing
that ;1 — Bu; = Az, and so Q; = AP;, the recursive relation for Q; can be derived from

the one for P;. Finally, Proposition implies that, if ; ¢ R(X;_1) then

XtT—l - %zZ

2|

Pt = XtXtT = ( Xt—l Tt ) = lptfl + thj;
otherwise, P; = P;_1 because X;_17; = Xt,l)(ttlazt = x;. But in this case, z, = (I-P,_1)x; =

0 and therefore, the same recursion holds. O

Given the recursions introduced in Theorem [4.15] the refined (fast) version of DGR is displayed
in Algorithm [2 At each iteration ¢, we update Q; based on the information from the new data
and the projection P;_; (hidden in z;r ), which itself gets updated as a part of the recursion.
The n x n matrix Q; is then employed for the controller’s update. Notice that z; is the same
as in Lemma however, here we compute it using P,_;, which is obtained recursively.
Next, we discuss the convergence of DGR algorithm in the following. Note that, by
Theorem [4.15] DGR and F-DGR are equivalent, and the following corollary provides a useful
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necessary and sufficient condition for the convergence of Q.

Corollary 4.16. Let Q; be as defined in Algorithm |9 and X,—; as in Algorithm [l For any
t >0, if Ty € R(X—1) for all k >0, or R(AT) C R(X,—1) then Algorithm[d has converged
at t, i.e., Qui, = Qiq for all k > 0. Conversely, if Algorithm[9 has converged at some t > 0,
then for each k > 0, we must have xy ), € R(Xi1x_1) unless R(AT) C R(Xj1x-1)-

Proof. By Theorem [4.15] we know that
Qi — Qi1 = APy — ,Ptfl) = AZtZtT-

Therefore, Algorithm [2 has converged at t if and only if AszzZ 4 = 0forall £ >0. And
the latter statement is valid if and only if, for each k > 0, either z;,, = 0 or 2,4, € N(A),
which is equivalent to either @ p € R(Xpip—1) or R(AT) C R(Xprr—1)- O

A simple implication of the preceding corollary is that Algorithm [2| converges as soon
as the collected data AX;_; is rich enough. For instance, in the worst case scenario—when
A € R™™ has no zero eigenvalues, and all of its modes are excited—the algorithm converges
as soon as n linearly independent state measurements have been collected from the noise-less
dynamics in (4.1). From this point on, u;’s as computed in DGR and F-DGR coincide with
the solution of (4.5). However, the convergence of the controller in DGR and F-DGR may
happen earlier in the process whenever the future state measurements lie in the range of
previous ones. For example, under the hypothesis of Proposition [£.13] when @, excites k
modes of A corresponding to r < k < n distinct eigenvalues, then both DGR and F-DGR
converge in r iterations. In this case, the proposed controller may not coincide with the
actual solution of the optimization in (4.5). Nonetheless, the online regulation of the system
is guaranteed in general by Theorem [1.8f Note that, in the presence of process noise in
the dynamics (4.1), Corollary is not valid, and the convergence behavior of DGR (and
F-DGR) will be dictated by the noise stochastics (see Figure [4.7]in Section [4.6)).

Finally, z; reflects the informativity of the newly generated data a;. In fact, based on

its definition, Q; provides an estimate of A up to iteration t. Hence, the update of Q, as
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in Algorithm [2| essentially adjusts the prior estimate of A based on the new information
encoded in the term AztztT . All in all, the machinery provided in this section circumvents
the computational load of finding pseudoinverses by leveraging the recursive nature of the

solution methodology.
4.6 Numerical Example

In order to showcase the advantages of the proposed method in practical settings, we have
implemented DGR on data collected from the X-29A aircraft. The Grumman X-29A is an
experimental aircraft initially tested for its forward-swept wing; it was designed with a high
degree of longitudinal static instability (due to the location of the aerodynamic center on the
wings) for maneuverability, where linear models were leveraged to determine the closed-loop
stability (Figure . The primary task of the control laws is to stabilize the longitudinal
motion of the aircraft. To this end, the dynamic elements of the flight control system are
designed for two general modes: 1) the Normal Digital Powered Approach (ND-PA) used in
the takeoff and landing phase of the flight, and 2) the Normal Digital Up-and-Away (ND-UA)
when otherwise.

For both flight modes, we study the case where the aircraft’s dynamics have been perturbed
and are unknown. This can be due to a misestimation of system parameters and/or any
unpredicted flaw in the flight dynamics caused by malfunction/damage. In this setting, the
control laws designed for the original system fail, and the system can become highly unstable.
We then let DGR regulate the system; in this case, since the aircraft continues to operate
safely, one can use any data-driven identification, stabilization, or robust control methods
once enough data has been collected.

The longitudinal and lateral-directional dynamics each contain 4 states (see Figure .
The nominal system parameters in each operating mode are obtained from Tables 9-10 and
13-14 in [94] (with fixed discretization step-size 0.05), whereas perturbation AA is assumed
to shift the dynamics to,

i1 = (A+ AA)x, + Buy + wy,
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Figure 4.4: Grumman X-29A (Credits: NASA Photo), mainly known for its extreme instability
while providing high-quality maneuverability; the longitudinal and lateral-directional states

are illustrated.

where the elements of AA are sampled from a normal distribution A(0,0.05), and w;, ~
N(0,0.01) denotes the process noise. Note that even though the nominal dynamics is known
in this example, the proposed machinery makes no such a prior: estimate, and assumes a
completely unknown dynamics A,ew = A + AA. The original controller for the unperturbed
system in each mode is assumed to be a closed-loop infinite horizon LQR with state and
input weights Q = I and R = 107".

We now aim to regulate the unstable system A, from random initial states (where each
state is sampled from N(0,10.0)). Note that both the original system and the perturbed
system have effective input characteristics that make them regularizable (with ,0(21) = 0.998
and p(Apew) = 0.927 for ND-PA mode, and p(A) = 0.998 and p(Apew) = 0.932 for ND-UA
mode). The resulting state trajectories for ND-PA and ND-UA modes are demonstrated
in Figures [4.5| and respectively. Without DGR, the norm of the state ||a;| would grow

rapidly (red curve) as the unknown system is unstable and the original control laws failEl As

the plots suggest, with DGR in the feedback loop (with the choice of o =5 x 10_7)E The

10Gince the LQR solution, in general, may have small stability margins for general parameter perturbations
[95).

HThe positive choice for a adjusts the compromise between state regulation and reducing the 2-norm of
the input. This may lead to a larger upper bound on the state regulation, especially when the system is
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Figure 4.5: The state trajectory of X-29 in ND-PA mode with and without DGR.

unstable modes can be suppressed, resulting in the stabilization of the system (the norm of
the states in this case is demonstrated in black, and each state is depicted in faded color).

Up to iteration ¢t = 36 for longitudinal and ¢ = 30 for lateral directional dynamics (shown
with vertical dashed-line), enough data is generated in order to estimate the new system
dynamics, or apply any other data-driven control using the data, (safely) generated by DGR
up to this point. In what follows, we first showcase the complementary utility of DGR for
identification and control; we then illustrate how it can also be incorporated for data-driven
control.

In particular, the data is informative enough to identify system parameters through least
squares denoted by A. Therefore, one stopping criterion—which is also used here—is the point
where the estimate of system parameters A has converged. Then, one can replace DGR
with a closed-loop infinite horizon LQR controller with some cost-weights () and R, which is
obtained using the new estimate of the system dynamics. Here we set Q = I and R = 10~
in order to make it comparable to the one-step quadratic cost used for DGR. In contrast to

the original unstable LQR controller (red curve), it is shown that the new LQR controller for

unstable.
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Figure 4.6: The state trajectory of X-29 in ND-UA mode with and without DGR.

A

A (blue curve) is stabilizing since we now have a more accurate estimate of the (perturbed)
system parameters using the data generated safely by DGR in the loop.

Next, while the DGR is still in effect, the generated data matrix is not ill-conditioned and
thus can be utilized to implement a data-driven control algorithm from that point onward.
Due to the presence of noise and uncertainty, we have implemented the regularized version
of Data-driven Model Predictive Control (MPC) as in [42,|46] with parameters T}, = 1,
N =4, Q =400I, R =0.05], \, = 10* and A, = 1 for both dynamics, where the input is
persistently exciting. With DGR, after enough data has been generated for each dynamics,
the data-driven MPC algorithm is initiated; the norm of the corresponding state vector is
depicted in yellow dash-dotted line labeled as “DGR+DeePC.”

On the other hand, one could consider implementing the data-driven MPC without DGR.
However, this would require offline data which is not available a priori. Nonetheless, just
for the purpose of comparison, this has been implemented based on offline data obtained
from the original unstable plant. The resulting norm of the state has been depicted in cyan
labeled as “Offline data+DeePC”. Due to the ill-posed condition of the data matrix obtained

from an unstable plant, it is observed that the practical tuning of the parameters could be
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Figure 4.7: The convergence behavior of DGR algorithm for longitudinal and lateral-directional

dynamics for both flight modes.

problematic. This is due to the fact that maintaining the stability and feasibility of the
resulting convex optimization problems is challenging due to conditioning in the dataset (for
similar observations, see, for example,v |[41]). These trajectories are terminated whenever the
corresponding optimization problem is not numerically solvable/feasible. We have used the
CVXPY package for solving the convex programs derived in all these cases [96].

Finally, the convergence of DGR algorithm in terms of the designed controller K; is
illustrated in Figure [4.7] where the values are seen to be well behaved after 30 to 40 iterations
from the noisy dynamics. Furthermore, we note that as the process noise w; decreases, the
error for K; tends to zero; in the absence of noise, the limiting error is in fact negligible.

In these examples, the bound derived in Theorem [{.8-that requires the knowledge of
Apew— 1s plotted in green for comparison. The behavior of the bound follows our observations
in Remark the bound increases as the algorithm initially tries to “detect” the unstable
modes, followed by suppressing these modes for regulation. We finally note that for large
enough iterations, the rate of change of the upper bound is dictated by p(gnew), which in
this case, is slightly less than one.B

12The code for these simulations can be found at https://github.com/shahriarta/
Data-Guided-Regulation!


https://github.com/shahriarta/Data-Guided-Regulation
https://github.com/shahriarta/Data-Guided-Regulation
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Chapter 5

Data-Guided Regulator for Adaptive Nonlinear Control

In this chapter, we extend the concept of "regularizability,” as introduced in Section [4.3]
to a class of partially unknown nonlinear systems, where time-varying uncertainty is modeled
as an unknown component of the system dynamics. This investigation is motivated by
the need for autonomous operations in safety-critical scenarios, where rapid adaptation
to new environmental factors is crucial for maintaining safety. Notable examples include
aircraft executing emergency landings under adverse weather conditions and agile quadrotors
navigating through gates with low clearance amidst dynamic and strong winds [97].

In Section we utilize linear matrix inequalities (LMIs) to characterize the notion
of rapid-regularizability for a linear time-varying (LTV) representation of the nonlinear
system with local Lipschitz continuous higher-order terms. We then elucidate the relationship
between this notion and the spectral properties of the underlying LTV system.

Subsequently, in Section [5.4] the Data-Guided Regulator for Adaptive Nonlinear Control
(DG-RAN) algorithm is introduced. This online iterative synthesis procedure employs discrete
time-series data from a single trajectory to regulate system states while simultaneously
generating informative data for identifying the dynamics of the disturbance.

Finally, an illustrative example is presented in Section to demonstrate the practical

application of the DG-RAN algorithm.

5.1 Review of Past Work

A rich body of literature has analyzed classical adaptive control algorithms’ stability and
convergence properties for continuous-time dynamical systems. Such studies include the use

of PI (proportional-integral) controllers [98] for a class of linear time-varying systems to
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guarantee (I) infinite-time convergence of the tracking error, i.e., the difference between
actual and nominal states e(t) = z(t) — Z(t), to the origin, for any constant exogenous
disturbance (denoted by w), (II) infinite-time convergence of the tracking error e(t) to a
bound which is proportional to the bound on the magnitude of the rate of the exogenous signal
%w(t). Furthermore, initial work in adaptive control of nonlinear systems used Lyapunov-like
stability arguments and the certainty equivalence principle to construct stabilizing adaptive
feedback policies for feedback linearized systems with matched uncertainties [29,99-102],
i.e., those that can be directly canceled through control. However, the certainty equivalence
principle cannot be employed when the model uncertainties are outside the span of the
control input, i.e., unmatched uncertainty. Departure from certainty equivalence significantly
complicates the design process for a nonlinear system, as the controller must either anticipate
or be robust to transients in the parameter estimates. Our contribution in Chapter [4] focused
on studying the input “effectiveness” as it relates to finite-time regulation for a class of

partially unknown linear systems, where the unknown part of the system can be modeled as

unmatched uncertainty.

Many recent studies aim to integrate ideas from learning, optimization, and control theory
to design and analyze adaptive controllers using learning-theoretic metrics. In contrast to the
classical setting of adaptive nonlinear control, online Reinforcement Learning (RL) algorithms
operate in discrete time and often come with finite-time [103H107] or dynamic regret bounds
[108-110]. The most well-studied problem for continuous control in RL is the LQR problem
with unknown dynamics. For LQR, both upper and lower bounds achieving /7' regret are
available (]56},58,/59,/111-113]). Results that extend beyond the classic LQR problem are
not complete but rapidly growing. Recently, [107] showed /T regret bounds in the finite
horizon episodic setting for dynamics of the form x;,1 = A¢(zy,uy) + w; where A is an
unknown operator and ¢ is a known feature map. However, their algorithm is generally not
tractable to implement. Such regret bounds provide a quantitative rate at which the control
performance of the online algorithm approaches the performance of an oracle equipped with

hindsight knowledge of the uncertainty. In such scenarios, the controller does not necessarily
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guarantee the stability or robustness of the synthesized system; instead, the goal is to match

the performance of the oracle for a well-behaved dynamical model.

Most learning-based studies focus on two restricting scenarios when dealing with uncertain
dynamical systems. The first category of work focuses on a finite-horizon episodic setting
[105H107], which might not be directly applicable to online safety-critical systems such as
online flight control. The second category of work either assumes fully actuated systems [97]
or examines the matched uncertainty setting [104]. To the best of our knowledge, the work
presented in [114] is most relevant to this chapter. The primary contribution of [114] lies in
introducing a novel direct adaptive control framework that effectively utilizes the certainty
equivalence principle. This framework enables the design of stabilizing adaptive controllers
for general nonlinear systems with unmatched uncertainties. Specifically, the work mentioned
above proposes an adaptive controller by first defining the unmatched control Lyapunov
function (clf), a family of clfs parameterized over all possible models. Subsequently, the
framework dynamically adjusts the adaptation rate of the online estimation of the constant
unknown parameter to mitigate the influence of estimation transients on stability. However,
it is important to note several restrictive assumptions of this method. First, the proposed
adaptive control framework strictly caters to nonlinear systems with constant unknown
parameters. Second, it relies on the existence of a family of differentiable Lyapunov functions
or a smooth manifold M that describes the contracting region for the system with any
parameter estimates at all times ¢. These assumptions impose limitations as the existence of
a Lyapunov function for a nonlinear system is generally non-trivial, and the requirement of
differentiable Lyapunov functions for any variable estimate is highly restrictive. Additionally,
recomputing the adaptive reference model for each new parameter estimate adds complexity
and computational overhead. While the work in [114] presents an innovative adaptive control
framework, the above assumptions restrict its feasibility for specific applications, particularly

in dynamic environments where time-varying uncertainties are prevalent.

This chapter’s contribution offers a remedy for the shortcomings mentioned above and is

mainly adapted from [2].



63

5.2 Online Regulation of Unstable Nonlinear Systems

We examine the control of an uncertain dynamical system set to follow a predefined trajectory.

In this direction, consider the uncertain nonlinear dynamics of the form,
B(t) = f(@(t),u(t)) + FOE), € [to,t], (5.1)

where x(t) € R™ is the system state, u(t) € R™ is the control input, F' € R™*™ is a known
basis function for the environmental disturbance, and 6(t) € R™ is an unknown time-varying
parameter. By employing handpicked or learned basis functions, systems characterized by
non-parametric or nonlinearly parameterized uncertainties can be transformed into the form
represented by . One example of such a system is an airplane ascending and landing in
the presence of an unknown wind profile. We assume that f(a(t),u(t)) is locally Lipschitz
uniformly and at least once differentiable, with measurable state . Although the dynamics
is continuous, we can only measure system states and control inputs at discrete times.

Hence, we adopt the following assumption on the measured data.

Assumption 5.1. The system states can be measured at constant (positive) length intervals

dt € R. Hence at time t, we have a streaming data set Dy = {x;, u;}it, of size ny = |t/dt].

Assume that {Z(¢), ﬁ(t)}if:to is the nominal (reference) trajectory that satisfies the dy-
namics in the absence of uncertainty, i.e., (t) = f(&(t),u(t)). For some initial condition x,

define,

n(t) = x(t) — x(1), (5.2a)
0(t) = () — A(t), (5.2b)
() + 2(t,Dy) = u(t) — (). (5.2¢)

~

n(t) is the deviation from the nominal trajectory, 0(t) is the estimate of the variable 6(t), and
f(t) is the estimation error at time t. By adding and subtracting f(z(t), @(t)) to (5.1) and

using a first-order Taylor series expansion around the reference trajectory, we can rewrite
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this equation in terms of the variables in as,
0(t) = A()n(t) + B(E(L) + 0g ((1), u(t) + B(t)z(t, D;) + FO(t), (5-3)

where A(t) and B(t) are the gradients of f evaluated along the nominal state and control

trajectories, and

represents the higher-order (nonlinear) terms.

Assumption 5.2. The higher order (nonlinear) term, g(x(t),u(t)), is locally Lipschitz
bounded.

A practical approach for developing such guidance-control design for nonlinear systems
is via an offline robust control (with state denoted by £(t)) by considering the uncertainty
bound known a priori [3]. However, in the online setting, the robust controller might fail
when the nominal uncertainty does not capture the effects of environmental uncertainties.
Therefore, one needs an online data-driven approach (with state denoted by z(t,D;)) to
update the control policy in order to satisfy the corresponding operational constraints.

In this direction, we assume the offline robust controller has been designed using the
Lyapunov theory /linear matrix inequalities. Suppose that Xz € R"™ and Ur € R™ are the
(possibly nonconvex) sets of feasible state and control vectors. A Lyapunov function can be
used, via its invariant set, to characterize nearby feasible trajectories around the nominal

{z(t),u(t) if:to. Such sets, designated as funnels are sets of the form,
.F(t) C Xr X Z/{}‘;

F(t) consists of time-varying state and control trajectories that remain invariant and are
confined within their respective feasible regions.

For the original dynamics @&(t) = f(a(t), u(t)), one can use Lyapunov theory, as described
in Section , to design a robust feedback controller £(t), to ensure invariance properties
of F(t). However, as illustrated in Figure , the control policy may falter in the face of
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Reference trajectory

Online trajectory

250

-0.06

Figure 5.1: Landing sequence of a six-degree-of-freedom (6-DOF') vehicle under a power descent
guidance algorithm, showcasing the performance amidst environmental disturbances (details
in Section . Despite the robust controller’s design to handle system nonlinearities and
ensure convergence within a specific operational envelope, the unaccounted-for disturbances
led to a failure at the touchdown phase, highlighting the challenges in real-world application

scenarios.
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environmental uncertainties that were not previously considered, highlighting the timeliness

of our contributions in this work.

5.3 Rapidly-Regularizable Nonlinear Systems

We first introduce the notion of “rapid-regularizablity” for a class of nonlinear dynamical
systems, then provide the necessary and sufficient conditions for the corresponding data-driven

controller. This section concludes with the main result.

Definition 5.1. Denote Q(t) and K (t) for t € [to, ;] as the solution to Problem . The
uncertain dynamical system of the form (5.3)) is called “rapidly regularizable” if there exists a
linear feedback controller z(t,0) = K, (t)0(t) such that for all ¢ € [to, ;] the following holds.

n(t) € Eguy,  §(t) +2(t,0) € Ur, where £(t) = K(t)n(t). (5.4)

By definition, depending on the dynamics of the variable 6(t), there should exist a feedback
policy z(t,0) that further assists the existing robust controller £(¢) in keeping the system in
the invariant state space €5 C X'z. The following theorem provides a sufficient condition for

the nonlinear system of the form (5.3]) to be rapidly regularizable.

Theorem 5.3. Denote Q(t), Y (t) = K(t)Q(t) and M,(t) fort € [to,ts] as the solution to
Problem . Suppose the dynamics of 0(t) is known and 6(t) = SO(t) where 6(t = 0) = 6.
If there exists a feedback controller of the form z(t,0) = K*(t)e(t), a matriz-valued function
of time M (t) and scalars \(t), v(t), B(t) that for all time t € [to,tf] solves the optimization
problem laid out in equation , then the uncertain dynamical system of the form s

“rapidly reqularizable”.
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~_min o.(+) (5.5)
Ko ()M () (-):8(),A0)

subject to 0<pB, 0<v, 0<\ Me My w, (5.5a)

QAT —f- AQ + T2 ’)/E I/’S/E T3

vET -8 0 00
=<0, (5.5b)
VAET 0 —-vI 00
* * * T,
2(t,0) +£(t) € Ur, (5.5¢)

Note that Ty == YTBT + BY — O + A\Q + SQCC.Q, Ty = [ BR.O+ F30 0 ] and
—Xo, OKIG

T4 = ~
GK.0 —vl

Proof. For the uncertain system ([5.3]), consider the Lyapunov function

Vo(t) = n(t,0)7Q " (t)n(t,0),

defined by the matrix-valued function of time Q(t). By Lyapunov theory, if z(t, 0) = K, (t)0(t)
satisfies conditions in (5.6)), then the system states remain inside the funnel.

Va(t) <0, forall 0<ao.(t) <Vy(t), o9 (1) M(t) op() >0  (5.6)
q(t) q(t)

We again use structured nonlinearities and define the set of nonlinear functions qNSZ R —

R™ such that,

q(t) = G K. ()0(t) (5.7a)
op(t) = (. q(t)) = ¢(t, a(t) +q(t)) — B(t, q(1)), (5.7b)

where ¢(t) and dp(t) are defined in (2.17)), and by the definition of dp(t) we have

og((t), u(t)) = o(t,q(t) + (1)) — ¢(t, q(t)) = 6p(t) + op(t) .
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T
Let x = [77 p P 1] . Expanding 1) in terms of the close loop system leads to,

ATQ'+Q 'A+Ty Q7'E Q'E Q '(BK.0+ FS0)

X' x <0, (5.8)
* 0 0 0
for all,
T o1 0
" I
0 —o.
op ' op 4] ' 4]
PAwr >0, o | ) 20,
q q op op

where T5 == 4 (Q7') + KTBTQ™' + Q' BK.
We further consider M = diag ([—I, 5%1]) as a valid local multiplier matrix, where 7 is a
local Lipschitz constant for the nonlinear function ¢ over the set U . By using the S-procedure,

the condition 1} holds if there exists scalars [, B , A > 0 such that

ATQ + QAT AQ7E 5Q7E Q7 (BR.O+FY) 0
ETQ! —B1 0 0 0
e ’ g <0, (59)
AETQ! 0 —061 0 0
* ES % T6
where we overuse the notation to define Ty, and define Ty as
d , -, o L, —Xo. OTKIG
Ty =— (@ ")+ K'B'Q '+ Q 'BK+ \Q ™" + BC],Cy, Ts = ~ ~

dt GK,0 —p'1

Pre- and post-multiplying (5.9) by diag{Q,I, 5,1, 1} and a change of variable v = 5~

now yields the desired result.
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To address the presence of the unknown disturbance in the guidance-feedback paradigm,
we first model its dynamics in terms of a linear system of the form 6(t) = S6(t) with initial
condition €y. Now we let u(t) = u(t)+£(t)+2(t, 0) be the control input, where £(¢) = K(¢)n(¢).

Then, the system dynamics in ([5.3|) can be represented as,

n(t) = [A(t) + B(t)K(t)] n(t) + dg(x(t), u(t)) + B(t) {B(t)TFS‘H(t) + 2(t, 9)] + HR(B(t))J_Fge(t).

(5.10)

Note the last two terms represent how the additional (data-driven) corrective action

can be expressed in terms of its components in the range space of B(t) and its orthogonal

complement. Further, let z(t,0) = —BYFSO(t) + K(t)6(t), where K(t) is yet to be designed.
We can rewrite as,

i(t) = Aa(t)n(t) + Edp(t) + BSp(t) + BO)K()0(t) + Mrp): FSO(t), (5.11)

where Ay (t) = A(t)+B(t)K(t), and dp(t) and dp(t) are defined in and (5.7), respectively.
Note that the signals HR(B(t))LFS”@(t) and B(t)K(t)(t) are now orthogonal. This implies
that the control signal z(t, ) would not directly affect the part of dynamics that is generated
by Hrpe)- FS6(t). Moreover, z(t, ) causes additional disturbance in terms of dg(a(t), u(t))
captured by dp(t). The local Lipschitz bounds for dg(x(t), u(t)) drove from and
are only accurate when 7(t) € £g(). As such, to have even the possibility of achieving
online performance for keeping the system states in the feasible region, we require that the
part of the system described by Edp(t) + B(t)K(t)0(t) + O FS6(t) be bounded for all

t € [to,ts]. This observation thereby results in the following proposition.

Proposition 5.4. The parametrized nonlinear system in is rapidly regularizable if and
only if the part of the system described by 9(t) is bounded such that ||9(t)]|* < o*(t), where

9(t) = Edp(t) + BO)K()O(t) + Mgy FSO(t), and K(t) =K.(t) + B'FS
Furthermore, the ellipsoid

£={n:a"Q < VIR with [90)]a = sup 0]

ty>t>to

1s 1wvariant and attractive.
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5.4 Data-Guided Regulator for Adaptive Nonlinear Control

We now turn our attention to data-guided regulation, in the context of nonlinear systems. In

this direction, suppose the dynamics of the disturbance 0(t) satisfies,

0(t) = S0(t), 6, € R™, (5.12)

where 6, = 0(n,0t) = S™6,, and S =exp(6tS), mn, € {0,1,2,---}. (5.12a)

Note that in our setting, the parameters S and 6y, describing the dynamics of the disturbance,
are unknown. For a “rapidly regularizable” system, the primary focus of this section is
devising an online, data-driven feedback controller to further assist the offline-computed
robust controller in regulating the system states. To this end, we propose an iterative
procedure for updating the feedback gain K(t) at each time t = n,0t. We provide an
optimization problem for obtaining the corresponding sub-optimal data-driven controller and
conclude the section with our main result.

Given a data set D; = {z;, u; }.-, available at time ¢, we are interested in characterizing
the algorithmic map D, — K(t), where K(¢) is the data-driven regulating feedback gains for
the uncertain dynamical system . We propose an iterative algorithm for updating the
feedback gain (policy) based on the available (closed loop) data. The corresponding synthesis
procedure is detailed in Algorithm

Our goal is to use the measured data D, = {x;,u;}it, to update estimates for 6, and

S = exp(S6t). Specifically, at time “t,”, the algorithm measures xo; analogously, n,"
measurement, T,,, is obtained at t = n;0t, where n, € {1,2,---}. We define the observation
vector as,

Yny = FT [A‘Tnt - Afm] ) (513>

IThe stopping criterion can be application-specific. For instance, generating k; linearly independent data
is sufficient to identify modes of the disturbance system affecting the dynamics.



Algorithm 3 Data-Guided Regulator for Adaptive Nonlinear Control (DG-RAN)

1: Initialization (at ¢t =0)

2. Fix 0t; Measure xg; set K = 0 and n; = 0
3t Set ynt:< ),and Znt:< )

4: while stopping criterion not metf|

If n, < |t/0t]

6: Set n; = [t/dt]

@

7 Measure x,,

8 Set yn, =F'(Ax,, —Af,,)
9: If n,==1

10: Set Zy= ( U )

11: else:

12: Update YV, = < Vo1 Yn, — ynt_lzlt_gynt_l )
13: Zni—1 = < Zni—2 HR(Zntil)Lynt >

" S = Y2l b= (50 -1)

15: Update K(t) by solving (5.19)
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where Az, = 2, — Tp,—1 and Af,, =2 (f(zp,, tn,) + f(Tn,—1, Un,—1)) . When n; > 1, the

algorithm updates the estimates for 6y and S = exp (S6t) as follows:

Q T no A t
Sﬂt - y’flthva ent - (Snt - I) Y1, (514)
where,
ynt = |:y2 Ys — yZZgyZ o Yny — ynt*lZ:Lt—Syntfl} ) (514&)
Z; = [Zo zi ooz, 2=y, yiyen, for =1, zg=uy, (5.14Db)

Note that for [ > 1, we defined z, as the orthogonal projection of the observation vector 1y,
onto a linear subspace perpendicular to the range of Z,_;.

In what follows, we provide the performance analysis for DG-RAN in the general setting.
DG-RAN is particularly relevant when n;, < r, where r denotes the dimension of the underlying
disturbance system G(t) affecting system states z(t). We examine the effects of DG-RAN
in terms of the informativity of generated data in Section [5.4.1} and provide convergence

analysis of the algorithm in Section [5.4.2

5.4.1 Informativity of the DG-RAN Generated Data

In the sequel, we show that DG-RAN generates linearly independent data, describing the
observable modes of the disturbance dynamics (HR( Fr)S ) from the state-trajectory measure-
ments D, = {x;, u; }it,. We refer to this as the informativity of data and then proceed to
make a connection between this independence structure and the number of excited modes of

the disturbance dynamics (HR(FT)S) affecting the system states.

Lemma 5.5. Let 0y excites ki + ko modes of S such that ky modes are in R(FT) and ks
modes are in R(FT):. For all ny > 2, {20, 21, , Zn,_3} s a set of “orthogonal” vectors
(possibly including the zero vector). Furthermore, If the excited modes correspond to distinct
eigenvalues of S where \; # 1 for v; € R(FT), then [y1, Vn,|, generated by Algorithm@ 8 a

set of linearly independent vectors for any positive number m € N such that m < ky <.
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Proof. The definition of 2 in (5.14b) implies that z, L R(Z,_1) forall ¢ > 1, and z; € R(Zy_1)
foralli = 1,...,/ —1 and all £ > 1. Thus, the first claim follows since {zg, 21, -, 2¢}
consists of orthogonal vectors. For the second claim, without loss of generality, let Ay, ..., Ay,
be the eigenvalues of S corresponding to the excited modes vy, ..., v, € R(FT). Similarly,
Neytls - -+ s Mkytky D€ corresponding to U, 41, ..., Vg, 4k € R(FT). For n, > 1 the trajectory

generated by Algorithm (3] satisfies

Az, = [ (1), w(r))dr + FS™=1 (S = I) . (5.15)

¢ 1)5t

By estimating the integral in (5.15)), we have

(FTF) (S)nt_l (S —=1)6 = Fi (Axp, — Afp,) + €ny = Yy + €ny,

where ¢€,, = FT (f(],f_tl)étf(w(T),u(T))dT - Afk.> is assumed to be negligible. Note that
k1+ka
FiF = V.VI = llg(,), and 6y = > piv;, where p; are some nonzero real coefficients.

i=1
Therefore, for the ni" observation, we have

ynt:HR(Vr)(S)ntil(S_I)eo Hr v, (ZP@ (Aa)™™ 1 1)v; + Z pi( )™ ! (Ai = 1w ) .

i=k1+1

Since R(V,) = R(FT) and vy, 11, - ., Vg, 4k, € R(FT)E, we have

Yne = gy (S)" (S = 1) 6y = Zp( )" A = Do (5.16)

Let w; := y; and w, = 9o, and w; be the i** column of ),,. We claim that for n, > 3

there exist scalar coefficients £, ---,&,*_; € R such that,

ng—2

ky
Wn, = Yn, — ynt 1Z ne—3Yni—1 —Sznt 2 — ;pl ( Z)nt t— Z gnt 1( ) (/\ _1)

(5.17)
The proof of the last claim is by induction. By the definition of z, in (5.14b), for £ > 1 there
¢
exist (scalar) coefficients (f,--- ,¢f € R such that zy =y — > szj_l. For n; = 3, we have
j=1
that,

ws = Sys — Syiylys = S (y2 — Ur(zo)y2) = Sz1 = E pi [(N)° = ¢ ()] (A = Dy,
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where the last equality is due to (5.16)). By choosing £ = ¢}, we have shown that (5.17)
holds for n, = 3. Suppose that (5.17)) holds for all 3,...,n; — 1; it now suffices to show that
this relation also holds for n;. By substituting the hypothesis for 3,...,n; — 1 into (5.17)),

wm :Synt—l SZTLt 3 ne— 3ym 1 — S (ym—l - HR(Znt_3>yTLt—1> - Sznt—Q

k1 ng—2

- Zlm )™ (A = D)o — 21 (87
1= 1=
ki - w2 ok P ,

= 200" = o= E G o - E 67 00| - 1w
1= 1= 1= =

Therefore, w,, = Zl pi [*] (A\; — 1)v; where * replaces the expression,

ng—2 j—1
()t — z¢”<w+gqﬂggﬂm4

nt—2 .
By appropriate choices of ™71 ... "L € R, we can rewrite x = (\,)™ " — Z 5;”_1 (N).

nt72

This completes the proof of the claim in (5.17) by induction. Now, let w = Z Ye_1w, for

some y,_1 € C and some m < ky. Then, by substituting w, from and exchanglng the

sums over ¢ and ¢ we have,

A~ kl
W= p

=1

m =2 .

Yo +71(Ai) + EZ Ye—1 (Ai)#l - Zl ff_l ()‘z)]]] (A — Do
=3 j=

Now, by exchanging the sums over ¢ and j, it follows that,

k1 m—2 m—1 )
W= p; [70 + > - ’Yeff] (N)? + 7m—1(>\i)m_1i| (A — 1w,
i=1 =1 =jt1

Since {v;}¥* are eigenvectors associated with distinct eigenvalues ()\; # 1), they are linearly

independent. Thus, noting that p; # 0 for all i = 1,--- | ky, then @ = 0 implies that,

m—2 m—1 )
+ 30 [ = 2 2N+ Amaa (M) =0,
j=1 l=j+1
for all i = 1,..., k. By rewriting the last two sets of equations in matrix form, we get

L (A)(I = E)y =0, (5.18)
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where
00 0 0 0 Y
LA - (At 00 ¢ & - &gt Y
. 1 A (Ag)m 1 _ 00 0 & - gt
i (9) = . , Bi= . oy=
1 e (M)t 00 0 0 gl
000 0 -~ 0 Yot
(5.18a)

Note that I — = is invertible by construction, and Lj® (S) has a specific structure that hints at
its invertibility. In fact, L5(S) is the Vandermonde matrix formed by £ eigenvalues of S which
would be invertible if and only if Ay, --- , A, are distinct. More generally, Lj(.S), where r < ¢,
has full column rank if {\;, -, A} consists of ¢ distinct eigenvalues. Hence for m < ky,
L2 (S) has full column rank and (5.18) implies that v = 0 and thus {wy, ..., w,,} is a set of
linearly independent vectors. This observation completes the proof as m < k; was chosen

arbitrarily. O]

Remark 5.1. Note that if (F,S) is observable and 6, excites all modes of S, then it is trivial

to show that all modes of S can be recovered from the informative data.

5.4.2  Convergence Properties of the DG-RAN Algorithm

For a rapidly regularizable system with (unknown) uncertainty dynamics of the form ([5.12]),
Theorem provides an optimization formulation for obtaining the sub-optimal data-driven

feedback z(t, D;) at each time t = n;0t.

Theorem 5.6. Denote Q(t) and Y (t) = K(t)Q(t) as the solution variables to Problem
fort € [to,ty]. Further, assume the uncertain dynamical system of the form 15 “rapidly

reqularizable” as defined in Definition [5.1 Then at time t = n,dt, for the variable estimate

0(t) = (Snt)t/&é;t derived from , there exists a data-driven feedback controller of the
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form z(7,D;) = K(1)0(t), a matriz-valued function of time ]/\4\(7) and scalars \(1), v(7), 5(T)

that for all time T € [t,ts] solves the following optimization problem:

__ min o(-) (5.19)
K(),M()w(-):8()A0)

subject to

0<B, 0<v, 0<\, M€ My, (5.19a)

QAT +AQ+T, ~E viE Ty

vET =L 0 00
=<0, (5.19Db)
vYET 0 vl 0 0
* * * T4
2(7,Dy) +£(7) € Ur, (5.19¢)
where
Ty = YTBT+ BY — Q + AQ + BQCIC.Q, Ty = [Bf{é + (6t) " FIn(S,,)0 0] :
“\o OKTG
and Ty = .
GK6O —vI

Proof. Considering Lemma , at time t = n,;0t we can rewrite the estimation for gnt as

k1
Sny = SZn, 22 =) [S(E - DLy NI - Ey,)], vs,
i=1
where L}Z—l is defined in |D and we define =,,, by removing the first column and row of
E in (5.18a]). Note that generally, if {\;, -+, Ag, }, the eigenvalues of S corresponding to the
excited modes vy, ..., v, € R(FT), consists of r, distinct eigenvalues (where r; < ky), then

L;j has full column rank. Hence, we can recover all modes of Ilg(pr)S when n, = rq + 1, and

for n; < ry + 1 we have

0(t) = Ty )01 (5.20)

k1
Since the system is “rapidly regularizable” in terms of Theorem [5.3 we can conclude that for
any estimate of 6(t) (5.20)), there exists a controller of the form z(7,D;) = K(7)0(t) and a
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A~ —

Lyapunov function V;(r) = n(r,0(¢))TQ (7)n(r, 0(t)) that satisfies the following,

T

Vi(r) <0, forall o(r) < Vj(r), N G [ ) s0 5o
p(7) p(7)

where Gi(t) = G K ()0(t), and Pi(t) = (G (t)) = ¢:(G(t) + ¢i(t)) — ¢i(g;(t)). Expanding this
condition and following the same procedure as in the proof of Theorem yields the final
result 7] [

We conclude this section by providing the condition on 4t such that the DG-RAN algorithm
guarantees the invariance of &£,.
Theorem 2. Consider a “rapidly regularizable” nonlinear dynamic system. If the length

of the measurement intervals satisfies 0t < ¢y, where,

H ng—1 9 t - HR Lnt—Q 0 t
()

then the DG-RAN algorithm guarantees the invariance of the set described by Q(t); in other
words, for all ¢ € [to, 1], n(t) € &g,

Proof. Denote Q(t) and K(t) = Q~!(¢)Y(¢) as the solution variables to Problem [2.2 for

t € [to,ts]. Consider the Lyapunov function of the form

1~

Vo(t) =V (t) + 5e(t)TF*I(J(t), (5.23)

where V() = n(t)TQ(t)"*n(t) is the Lyapunov function for system (5.3 with input w(t) —

a(t) = K(t)n(t) + K(t)0(t), and (t) is defined in (5.2b). We need to prove there exist
e(t) € R such that V,(t) < 0 for any 7 € Eq(t), where €(t) < V(). We have

LoV OV oV o 00

Vem g T e U
. . L _ oV~ o0
=i Q40 Q 7~ (Q'OQ ) n+ <2nTQ1F+ -+ eTPI) o (5.24)
N b 90 ot
V()

2This optimization problem contains Differential Matrix Inequalities. Refer to |115] for details of a
numeric solution for a similar problem.
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~

where 1(t) = (A(t) + BOK(®) n(t) + g (@(t), u(t)) + B&)K(#)0(t) + Fo(t).

From Theorem for all time 7 € [t, ], there exists a data-driven feedback controller
of the form z(7, D) = K(7)0(7) such that Vj() < 0 for all o(r) < Vy(7). Furthermore, for
t € [ndt, (ny + 1)0t), we have

PO _Z ([ veur) = [ aerae [poke + (3) &) 25

and

W) _ g4y — by = b(e) — Ty 1)) % (M) 0(8) = T2 9(8)) . (5.25D)

k1 k1 k1

where 0(t) — HR(LZiq)é"(t) = HR(LZrl)L 0(t). For t € [0,t], let e(t) = o(7) where 7 =t €

[t,ts]. By substituting (5.25a) and (5.25b|) in ([5.24}), the proof is now complete. O
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5.5 Numerical Example

This section provides a numerical example of the DG-RAN algorithm applied to a 6-DOF
powered descent guidance in the presence of time-varying atmospheric effects with unknown
dynamics, such as those encountered in planetary landing (see Figure . This problem
has nonlinear and highly unstable dynamics, state and control constraints, and large state
and control dimensions that collectively make the problem challenging. The authors in [115]
investigate the performance of the funnel synthesis approach for the 6-DOF powered descent
guidance in the absence of uncertainty. In the scenarios studied in [115] y—iteration method

was introduced to solve Problem 2.2

The control input for the system under consideration involves a thrust vector generated
by a single main engine and a reaction control system (RCS). The maneuver being performed
is assumed to occur close to the landing site and over a relatively short duration, allowing for

the approximation of gravity as a constant vector.

Additionally, planetary rotation is neglected, and atmospheric effects are modeled as an
unknown LTT system described by (5.12)). We assume the vehicle’s inertia matrix, center of

mass, and center of pressure remain constant throughout the maneuver.

We establish a surface-fixed landing frame denoted as Fz to describe the vehicle’s orienta-
tion. This frame has its origin at the intended landing site and is defined by the orthonormal
vectors {zz,yz, 27}. The vectors xz, yz, and 27 represent the downrange, crossrange, and
local up directions, respectively. Similarly, a body frame denoted as Fj is defined with its
origin at the vehicle’s center of mass. The body frame is constructed using the orthonormal

vectors {xg,ys, 25}, with zz chosen to align with the vehicle’s vertical axis.

Due to the requirement of additive difference variables in (5.2, to represent the difference
between the nominal state trajectory & and the actual state trajectory x, a 3-2-1 Euler angle

sequence is employed to parameterize the orientation of Fp with respect to Fz.
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Reference trajectory

Online trajectory

Figure 5.2: Successful landing of the six-degree-of-freedom (6-DOF') vehicle, as discussed in
Figure [5.1], utilizing DG-RAN algorithm. This figure demonstrates the adaptive controller’s
enhanced capability to manage environmental disturbances effectively. DG-RAN ensures
precise landing outcomes under unknown time-varying conditions by integrating real-time

data into the control strategy.
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The state, control, and nonlinear dynamics for this problem are

T T
a::{m rr vz © wlg} ) U:[FB TB}

. T
T = f(m, U) = [—am ||F3||2 UT % (CIB(@)FB) + 97 T(@)wlg J1 (TB + r;,BFB — wg JWB)] s
(5.26)

where 77 € R3 is the inertial position vector, vz € R3 is the inertial velocity vector, © =
(p,0,7) € R3 represents the Euler angles, and wp € R? is the angular velocity in the body
frame. The controlled inputs are the engine thrust vector Fz and an RCS torque vector 73.
Note that n, = 13 and n, = 6 for this problem.

The true dynamics of the unknown disturbance is given by (t) = S0(t) where,

~ T
S = diag{0.001, —0.12, 0.03, 0.05, 0.07, 0.2, 0.0005}, 6y =102 [0.2 01 01 3 1 2 3}

T
02x2 Ié O1><2 02X2 O4x2 03x2

F= O2x2 O2x2 O1x2 Iz Osxo Osx2 )
02><3 O2><3 O1><3 O2><3 O4><3 [3

(5.27)

and F is the known basis function capturing the effects of the disturbance on the system
dynamics. The disturbances in the system primarily affect the linear velocity and acceleration
along the z-axis and y-axis, as well as the angular velocity in all three directions. These
disturbances introduce variations and uncertainties in the system’s motion, making the control
problem more challenging. By addressing the impact of these disturbances, our proposed
approach aims to regulate the system states and mitigate their effects, ultimately improving
the overall performance and stability of the system.

The nominal trajectory was determined using the PTR algorithm, as described in [116],
with specific boundary conditions and a final time of t; = 29.7 s. The initial conditions at %,
were set as: m = 3250 kg, 77 = (250, 0,433) m, vr = (—35.7,0,—11.8) m/s, © = (0,59.8,0)
degrees, and wp = 03x1. The final conditions at ¢; were set as: m = 3130.3 kg, 7z = (0,0, 30)

m, o7 = (0,0,—1) m/s, © = 0341, and wp = 03x;. The constraint set for the state space X is
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Table 5.1: The 6-DOF powered descent case study parameters.

Parameter Value Parameter Value
J diag{1.36,1.36,1.9150} x 10* kg m? lin 4.5324 x 107* s/m
TFB (0,0, —0.25)m 91 (0,0, —1.62)m/s?
Frin 5400 N Frax 24750 N
Ktol 0.5 @ 0.1s
Omax 25 deg Trnax 150Nm
Ny 100 nps

then taken to be,
X={z|ap <z <ap, 00y <o —7 < 0w, ||2)s <00}, X =Eqnuss (5.28)

X enforces an absolute bound on the state vector and a bound on the deviation from the

nominal trajectory, where,

xy, = —(—2100, 150, 150, 0, 40, 40, 30, 7, 7 /2, 7,0.5,0.5,0.5)

00, 100, 100, 100, 0o, 00, 00, 2/97,2/97,2/97,2 /97,2 /97, 2/97),

(

xu = +(3737.7,350, 300, 500, 30, 30, 5, 7, /2, 7,0.5,0.5,0.5)
dxy = —(
(

dzu = +(00, 100, 100, 100, 00, 00, 00,2/97,2/97,2/97,2/97,2/97,2/97).

The terminal constraints specified by Xz guarantee that every trajectory remains within
a maximum deviation of 0.5 m in position, 0.25 m/s in velocity, and 3 degrees in attitude
and 3 degrees/s in angular rate, from the nominal path at the final time. The additional
information for this problem can be found in Table |[5.1] which is loosely based on a lander
similar to the Apollo class. The matrices A and B represent the partial derivatives of f along
the nominal trajectory. The parameters H, GG, and E are derived from a set of six (n, = 6)

nonlinear channels for dp and one (n; = 1) nonlinear channel for 51ﬂ.

3Details of the parameter matrices used in this section are adopted from [115]. Matrices H,G, and E are
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Figure 5.3: The quadratic funnel computed by the ~v-iteration for the 6-DOF power descent
problem in the presence of unmodeled time-varying disturbances. The initial condition of
each test case was randomly sampled from the funnel entry, and the system uses only the

offline robust controller introduced in Problem .
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Figure shows the trajectories of the system in (5.3) generated using only the offline
robust controller. The ellipsoid & is projected onto each state dimension (mass is omitted)
and depicted as the shaded grey area. The red trajectories correspond to test cases for which
an initial condition was randomly (uniformly) selected from the ellipsoid Eg(,), and the
nominal control and correction law (£(t) = K(¢)n(t)) were used to integrate the equations of

motion numerically.
u(t) = u(t) + K(t)(x(t) — z(t)) (5.29a)

x(t) =z (to) + / (f($(7),u(7)) + FSQ(T)) dr (5.29b)

to
In the presence of unmodeled disturbance, the offline controller fails to keep the states inside
the quadratic state funnel, which results in undesirable system behavior.

On the contrary, Figure [5.4] showcases the performance of the DG-RAN algorithm. The
ellipsoid &g is projected onto each state dimension and depicted as the shaded grey area,
where the shaded blue area demonstrates the projection of ellipsoid £5 onto each state
dimension, starting at time ¢t = n;0t where n; = 10 and 6t = 0.5 s. Note that DG-RAN is an
online algorithm where the proposed method was implemented uniquely for each trajectory
to estimate the model of the disturbance dynamic and update z(t, D;) = K(t)0(t) at each

measurable time ¢t = n;dt.

u(t) = a(t) + K@) (a(t) — 3(t)) + KB)0(). (5.30)

The proposed method can identify all modes of disturbance dynamic affecting the system at
time ¢ = 5.5 s with a data set D; of size n; = 11.

One important observation is how the DG-RAN algorithm identifies the disturbance
modes in the order of their severity. Modes of the disturbance dynamic causing the trajectory
to deviate from the nominal are quickly identified, and z(¢, D;) is updated to reflect such
deviations. In particular, the data is informative enough to identify unknown parameters

through a least squares solution denoted by gnt. Therefore, one stopping criterion—which

equivalent to C, D, and E defined in section IV of [115].
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Figure 5.4: State trajectories generated using the online DG-RAN algorithm for the 6-DOF
power descent problem in the presence of unmodeled time-varying disturbances. The initial
condition for this test case was randomly sampled from the funnel entry, and the proposed

method was implemented online for each test case.
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is also used here-is the point where the estimate of parameters Snt has converged. Then,
2(t,Dy) is implemented without updates from ¢ = onward. In contrast to using only the
offline controller (5.29a), Figure showcases the performance of the updated controller
(5.30) in the presence of environmental disturbances. We have a more accurate estimate of
the disturbance dynamic at each iteration using the data generated safely by DG-RAN in
the loop.

These results are quite promising—powered descent is a challenging problem with nonlinear
dynamics, nonlinear and nonconvex constraints, and relatively large state and control dimen-
sions. What these results demonstrate is that in the presence of unmodeled disturbances,
we were able to generate feasible trajectories (both dynamically and with respect to the
constraints considered) for any initial condition in a set that stretches more than 35 m in
every position direction, 2 m/s in each velocity direction, 16deg in each Euler angle, and

2deg/s in each angular velocity direction, all by using online data-driven updates.
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Part 11

PERCEPTION-AWARE TRAJECTORY PLANNING AND
CONTROL

Incorporating insight from rich, perceptual sensing modalities such as cameras have the
potential to convey more information than simple, single-output sensor devices. These new
methods utilize high-resolution images to train a neural network for object detection, state
estimation, and localization. The use of such tools can be challenging in harsh lighting
conditions and against a highly textured background [117,/118]. Given enough data, deep
learning algorithms can learn efficient models that map high-dimensional data to an array
of outputs. However, modeling the uncertainties in the output is environment-dependent
and a challenging task. This becomes particularly crucial when the trained neural network
is adopted as a perception module in the control loop for autonomous navigation—which
requires specific safety guarantees.

In general, deep learning does not consider uncertainty representation in regression settings,
and deep learning classification models often give normalized score vectors, which do not
necessarily capture model uncertainty. To this end, in the following chapter, we seek to
combine the best of learning with robust/optimal control for autonomous navigation in

safety-critical scenarios.
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Chapter 6

Robust Controller Synthesis for Perception-Based Control

Consider the following scenario: A spacecraft (ego) has to navigate to a specific position
and orientation with respect to another spacecraft (target) while keeping the target inside its
camera field of view (see Figure [6.1a]). This task requires an estimation of the relative state
of the target spacecraft in the ego’s body frame using a sequence of imagery observations. In
this chapter, we lay the foundations to address this key Guidance Navigation and Control

(GNC) challenge that must be solved for the aforementioned missions to succeed.

Our approach is to first, expand the analysis in [119] to design a virtual sensor by learning
both a perception map (i.e., a map from observations to a linear function of the target
state) and a “state-dependent” bound on its estimation errors. In contrast to [119], for space
applications, the distance to the target object and the sun’s position dramatically affect
the information that can be extracted from an image. Hence, we model the error of the
composed perception process as a function of the target and ego’s relative states. Further, we
utilize the implicit trajectory optimization methods to define a set of feasible trajectories
in the state-and-control spaces. Then, based on a nominal trajectory and the UUB concept
[120], we extend the invariant funnel synthesis technique [7] to a setup accounting for the
state-dependent output measurement noise—where we can incorporate the error model and
its upper bounds correspondingly. A schematic illustration of this idea is also depicted in
Figure [6.1] Finally, we arrive at the composite robust control synthesis, which generates
control signals directly from imagery data and can handle uncertainties in the (nonlinear)

model and the (noisy) observations.

The result of this chapter has been mainly adapted from [3}/6]
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Figure 6.1: The orbital trajectory of the ego around the target in its Hill’s frame. Figure [6.1b

illustrates the nominal trajectory starting at z(ty) (in blue), and terminal state Z(¢;) (in
black). The actual initial state x(ty) (shown in red) is contained in the invariant funnel at
t = 0 (the light green ellipse). Figure shows the same nominal (blue) and actual (red)

trajectories contained in the invariant funnel (green ellipses).



90

6.1 Review of Past Work

The traditional approach to autonomous navigation and control of a fleet of vehicles involves
using a combination of sensors, such as differential GPS, laser/reflector meteorology, and
inter-vehicle communication, for relative pose estimation and a control framework for precise
formation keeping and reconfiguration. However, many of these active communications cannot
be used when dealing with uncooperative agents.

In recent years, there has been a growing interest in using Machine Learning for object
tracking and pose estimation from camera images. High-quality cameras have become readily
available for a range of applications from autonomous driving to autonomous multi-spacecraft
operations. For space applications, vision-based estimation can also augment differential
GPS, which is usually not reliably available beyond Low Earth Orbit (LEO) and requires
constant inter-spacecraft communication. Electro-Optical (EO) camera sensors are compact,
space tested, and can provide a rich set of information, making them an ideal sensor for
multi-spacecraft smallsat missions. A large body of research has demonstrated the superior
performance of deep learning, specifically Convolutional and Recurrent Neural Networks
(CNN and RNN). Drawing inspiration from robotics research and applications [121-124], the
ESA Pose Estimation Challenge in 2019 helped in the advancement of a number of these
vision-based pose estimation algorithmsﬂ In fact, vision4+CNN-based relative pose estimation
is the only approach that works for proximity operations around passive/uncooperative
targets in space applications.

Superior computational capabilities onboard the vehicle enable the extraction of relevant
pose estimates from the images of other active agents in the environment. While older
methods have relied on simple computer vision algorithms along with carefully placed fiducial
markers, new powerful onboard computers allow the use of a new set of vision-based relative
estimation tools based on artificial intelligence and Machine Learning.

While these methods are powerful, they rely on training a neural network with a database

Thttps://kelvins.esa.int /satellite-pose-estimation-challenge/
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Figure 6.2: Autonomous Executive Functional Architecture

of synthetic images that cover all expected views from the onboard camera’s perspective
during the mission’s lifetime. As such, these CNN/RNN act as black boxes that receive
images and output an estimate of the pose. For instance, consider a scenario where a vehicle
is to autonomously navigate in an airport environment. The autonomous executive functional
architecture is depicted in Figure [6.2] The perception module consists of “Mask-RCNN”
neural network architecture [125], along with a depth map. Mask-RCNN is a mask-based
segmentation neural network with a Resnet backbone. Given an input image, it predicts a
mask bounding box and a class for all predicted objects in the input image (see Figure .

Given the initial occupancy map, RRT* method [126] is used to generate a path from
the start point to the goal location. When the vehicle reaches the vicinity of an unknown
obstacle, it starts processing images taken from the scene. The perception module determines
the position of the unknown obstacle. The map is then updated using this information, and
a new path is generated. The vehicle then follows the new path to the goal location [

While these methods are powerful, they rely on training a neural network with a database

2The code for these simulations can be found at https://github.com/NiyoushaRahimi/UW-MLP
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Figure 6.3: Semantic segmentation of an image using Mask-RCNN.

of synthetic images that cover all expected views from the perspective of the onboard camera
during the lifetime of the mission. For space applications, this black box approach, along with
reliance on synthetic training data that might be different from what might be encountered in
orbit, can lead to unreliable estimates that are far off from reality and do not follow a usually
assumed Gaussian error model. Most research on mitigating this issue has been focused
on “explainable AI”, and essentially trying to characterize this general estimation using
neural networks and potential reasons for failure to produce a quality estimate. This focus on
separating estimation (relative navigation) and control can lead to unforeseen stability issues
that can arise from the failure of the ML (CNN/RNN) based relative pose estimation (both
due to its black box nature as well as the insufficient ground-based training data); which
can excite the otherwise stable formation flying controller such that the whole closed loop

becomes unstable.
6.2 Nonlinear System Model with State-Dependent Perception Error

We consider a problem setting in which the main uncertainty comes from the image sensor,
generating observations that capture information about the state of a target relative to an
ego spacecraft. Then, a specific (trained) “perception map” is utilized to recover the actual

relative state of the system from the imagery data on the fly. Particularly, we define the
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(relative) state z(t) € R™ (between ego and target spacecraft) as
Z(t) 1= Tego(t) — Trarget (1); (6.1)
which follows a nonlinear dynamics

2(t) = f(x(t),u(d)), t et 1], (6.2)
2(t) = Q(x(1)), (6.3)

where u(t) € R™ denotes the control inputs, z(t) € R™ represents sensory data as a function
of the relative state, and [to,tf] is a prescribed time interval. The observed data z(t) =
Q(Tego(t) — Trarget(t)) is then determined by the unknown generative model Q : R"* — R™,
which is nonlinear and potentially quite high dimensional. The task of the observation module
is to detect the target and determine its relative position with respect to the ego spacecraft.
Here, the observations z(t) are the captured images and the map Q : R™ — R™ generates
these images as a function of the relative states, as in (6.3). For now, suppose there exists a

perception map p : R™ — R! that imperfectly predicts the relative state x(t), that is

p(2(t)) = Cu(t) + ep(z(1)), (6.4)

where e,(x(t)) denotes the perception error which is dependent on the relative state. The
details of this perception map and its error characterization is further discussed in the
succeeding section.

The main control synthesis problem is composed of two main steps. First, a (nonlinear)
controller, denoted by @(t), is designed which results in a nominal controlled state trajectory.
Then, a correction input signal, denoted by £(t), is synthesized that deals with both dynamics
and measurement uncertainties rooted in the modeling and composed perception process,
respectively. More precisely, we let {Z(t), u(t) :f:to be the nominal trajectory that satisfies

the dynamics (6.2) for some initial condition zo, and define

n(t) = 2(t) —2(t) and  £(t) == u(t) — a(t). (6.5)
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By assuming that f is at least once differentiable, we can rewrite (6.2) in terms of the
variables in (6.5) by using a first-order Taylor series expansion around the nominal trajectory

as follows:

0(t) = A(t)n(t) + B(1)E(t) + g(x(t), u(t)), (6.6)

where A(t) and B(t) are the partial derivatives of f evaluated along the nominal trajectory,
and the g(z(t),u(t) represents the higher order (nonlinear) terms. The dynamical system in

(6.6) can then be equivalently expressed using structured nonlinearities as follows
Ny
() = A(t)n(t) + BOE(t) + Y Eawi(t)
i=1

wi(t) = ¢; (hi(t)), i=1,..., Ny
where the pairs (h;, w;) € R™i x R™ capture the higher order terms through the nonlinear
functions ¢;. The details of this transformation are laid out in [12], and the constant matrices
F, € Rwxn= G, € R"™*™ and E; € R™*™ serve as nonlinear inputs/outputs channel
selectors.
Finally, based on the nominal trajectory {z(t), ﬂ(t)}:f:to, we can define the output of the

system using the composed perception process in (6.4) as

y(t) = p(2(t)) — Cx(t) = Cn(t) + e(n(t)), (6.7)

where e(n(t)) denotes the state-dependent measurement noise—to be characterized later
in Section [6.3] Hence, we arrive at the following (nonlinear) system dynamics and (state-

dependent) noisy observations:

i) = A@n() + BOED + S Fan(t)
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Depending on the the perception module, it is reasonable to assume that C' = I in most of
applications which only simplifies the presentation of our proposed methodology, however, we

provide clarifications whenever it is necessary.

6.3 DModelling Sensor Uncertainties

In order to obtain a perception map p that can recover the relative state “x” from the imagery
data “2”, we suppose access to initial training dataset So = {(x, zd)}(]ivzol which are collected
densely enough from the nominal trajectory {z(t), ﬂ(t)}if:to. This dataset is used to learn a
perception map via any wide variety of traditional supervised methods [6]. To accurately
model the uncertainties in the output measurements (6.7)—which will be subsequently used
in the robust control synthesis—we estimate the safe regions around the nominal trajectory
in terms of parameters learned from a second (testing) dataset. Next, we define the regions
of the state space within which the sensing is reliable. To this end, we consider the following

local assumptions:

Assumption 6.1. The mapping po Q — C' is locally s-slope bounded with a radius of r around
each training data points, i.e., for each (x4,zq) € So, there exists a bounded real number

s = s(xq) such that

lpe Qz) = Cx = (po Q(xa) — Caa)|| < s(xa) |(x —za)ll, Vr € Br(za).  (6.9)

Assumption 6.2. The training error at each point of the training dataset is bounded, i.e.,

for each (x4, zq) € So, there ezists a bounded real number v = y(x4) such that

Ip (2a) = Czall < ().

Note that the modeling assumptions above are completely local which enables us to utilize

the perception module to its best extent and avoid using the uniform worst-case-scenario
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modeling. Next, the regions of the state space within which the sensing is reliable can
then be described using a safe set which approximates sub-level sets of the norm of the
state-dependent error function e(x) = p(q(z)) — Cx around the nominal trajectory. More

precisely, given r > 0, we define

%,(a(t)) = { € B @) | lp (o) — CFull + 5(8) [7(6) - Zat)]| < 1(0)
Falt) = arg min [l — @ }.
(6.10)

where zy(t) == Q(Z4(t)), v(t) = v(Z4(t)), and
s(t) = s (Ta(t)), Ut) =rs(t)+~(t). (6.11)

Note that we overload the notation to define s(t), which is the maximum slope bound of the
mapping po Q — C at all x € B,(7,). Since the nominal trajectory {z(t), ﬂ(t)}if:to is fixed
and the training data Sy is collected from this trajectory, we are able to define the safe set
X.(t) = X (Z(t)) as a function of time around the nominal trajectory. Further, note that
parameters s(z4) can be learned using a second dataset (see [6] for more details). Finally, we
can precisely define how densely the nominal trajectory should be sampled for the training

dataset as follows:

Definition 6.1. We say that the training dataset Sop = {(zg4, zd)}fivz‘)l is sampled densely enough
from nominal trajectory {Z(t), ﬂ(t)}if:to if there exists a positive radius r» > 0 such that for

any x € B, (Z(t)) and any t € [to,tf], we have ||Z(t) — Z4(t)|| < r where arg min, ,es, ||z — z4l-

The error characteristics considered in our approach is different from that of [119] as
each training data point x4 is associated with different parameters v(x;) and s(z4), and we
parametrized the safe set around the nominal trajectory as a function of time. The rationale
behind this modeling is that here, the error of the composed perception process depends on
the relative state between ego and target spacecrafts, certainly because, as we get farther

away from the target, the amount of information that can be extracted from the images
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decreases significantly. Moreover, environmental factors such as target reflection or the sun’s
position can also dramatically affect the perception error. Hence, the training error increases
accordingly and in order to model this phenomenon, we assume that the training error is a
function of the training points as described in Assumptions and [6.2]

Now, we are well-equipped to characterize the perception error—altering the output of

the system as modeled in (6.7)—in the following lemma.

Lemma 6.3. Suppose the training dataset is sampled densely enough from the nominal
trajectory (per Definition with a radius v and Assumptions and hold with the

same radius. Then, for any x(t) € X.(Z(t)), the perception error is locally bounded with

lenNI] < s@) @)l + (7).

Proof. For any x(t) € X,.(Z(t)) (corresponding to a sensory data z(t) = Q(x(t))) such that
x(t) € B.(Z(t)), consider (T4(t), z4(t)) € Sy and observe that

Ip(2) = Ca| = [lp(2) = Cz = (p(2a) = CTa) +p (Za) — Cd]|
< s(za) [|(z = Za)l| + [Ip (20) — Call,
where the last inequality follows from the local slope bound assumption. Recall that n(t) :=
x(t) — z(t) and the nominal trajectory {z(t), ﬂ(t)}if:to is known. Since the training dataset

So = { (24, zd)}gil is sampled densely enough from the nominal trajectory, for any (x(t), z(t))

with z(t) € X,.(Z(t)) we can upper bound the perception error in (6.8) as follows

letn(N] < s (2(t) = 2(t) + 2(t) — Za()) || + [[p (L (Ta)) — CTa(D)]
< s@ln@I + s (2(t) = Za@®)) | + llp (2 (Fa)) — CTa(®) || < s(B)lIn(O)] +1(2),

where the last inequality follows by definition. m

Finally, note that as we have a more densely sampled nominal trajectory (i.e., as r > 0
is smaller,) the affine upper-model of the noise will have smaller shift [(¢), however, the
slope-bound and training errors are inherent to the learning problem at hand and does not

necessarily improve by just sampling more densely.



98

6.4 Robust Controller Synthesis

In this section we explicate how the problem reformulation and error modeling presented so far,
can be utilized for synthesizing a robust controller that overcomes the uncertainties inherent
to both the dynamics model and the perception process. First, as a result of Theorem [6.3]

we can consider the uncertain nonlinear system in (6.8) with the following perception error

le(nNIl < s@)n@) + (7). (6.12)

We consider the class of controllers that, at each iteration ¢, can synthesis a correction signal
£(t) = K(t)y(t) for some matrix-valued function of time K(t) € R™*™ . The closed-loop

system representation obtains the following form:

0(t) = (A(t) + Bt)K(t)) n(t) + B)K(t)e (n(t)) + i Ejw;(t) (6.13a)
h(6) = (F+ G D) (D) + GKMe (n(1), i= Lo N, (6.130)
wi(t) = ¢ (hz(t))v =1, Ny, (6'13C>
le(n@NIl < s@)ln®)l + (), (6.13d)

As discussed in the previous section, the perception error is bounded as (6.12) in a vicinity of
the nominal trajectory. We use this fact to model the term K(t)e(n(¢)) in the dynamics of
n(t) as a structured nonlinearity. In fact, we aim to design a feedback synthesis procedure
that can handle any possible perception error e(t) that satisfies the upper bound model
lle(®)]] < s|in(t)]] + I(t), including the realized error which inherently may depend on 7(t).

The details are provided in the following subsection.

6.4.1 Modeling the Perception Error in Feedback

Herein, we propose a specific modeling of the the perception error that eventually enables us
to derive at an LMI formulation for synthesizing the feedback gain K. It is worth noting that

the direct approach for considering the error in measurements results in nonlinear inequalities
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with no known LMI equivalent. In particular, we consider the error e(t) as a nonlinear channel
and model the effects of any such error (including the perception error e(n(t)))—that satisfies

the upper-bound model ||e(t)]] < s||n(t)|| + 1(t)—as
we(t) = ¢ (e(t)) = K(t) e(n(t)), for some ¢ :R™ — R™. (6.14)

By considering e(t) as a nonlinear input channel, we then need to update the nonlinear input

channel selectors in h(t)
hi(t) = (F; + GK@#) n(t) + Gee(t),  i=1,---, N, (6.15)

where the constant matrix G; € R™*™ serves as nonlinear input channel selector for e(t).
We then stack each of the ¢; to construct the function ¢ : R"™ — R"™ and rewrite (6.13)
together with (6.14) and (6.15) as

n(t) = Au(t)n(t) + B(t)we(t) + Ew(t), (6.16a)
h(t) = Fy(t)n(t) + Ge(t), (6.16b)
w(t) = ¢(h(t)), (6.16¢)
we(t) = o (e(t)) (6.16d)
where E = |g, .. ENW}7 and
w1 hi Fy Gy él
w = , h= , F= , G= , G= ,
WN,, hw., Fn, Gy G

such that w € R™ and h € R, F € R G € R G € R and E € R™*™ with
Ny = Zfiwl Ny, and nj, = Zﬁ“’l nni, and Aq(t) == A(t) + B(t)K(t) and Fu(t) .= F + GK(t).
The assumption that £ = Ky used to form the closed-loop system (6.16) thus results in

the following implication:

if ye ng = £c EKQyKT (617)
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A fact that can be proven easily via Schur complements when K is full row-rank [12]. Before
we proceed, we need to drive an upper bound for @), given the information about the

perception error.

Theorem 6.4. If n € &g and the perception error is bounded |le]| < s||n|| + 1, then y € &g, ,

where

Q=0+51+p)Q,  Qu:=5Q, p:=+vTmax (Q7) (6.18)
and Amax (Q71) is the largest eigenvalue of Q7.

Proof. Let e = e, +r, where |le,|| < s||n|| and ||7|| <I. Define Q; := s*Q@, then by the Schur

complement it follows that e, € £;,. We further claim that
ec &, where Q.:=(1+p)°Q,. (6.19)

The proof utilizes the fact that for any positive definite matrix P and any vectors x,y, we

have 22TPy < iﬁP:v + ay™ Py for all @ > 0. In particular, for any p, we have

e'Q. e = (e, +7)7 ((1+ )’ QS)_I (e, +1)

_ . _ . 1 _
<(A+p) 7 (1+p)elQ ey + (1+p) (1 + 5) T

Let p = p and note that since ||r|| <, then 77Q;'r < [Apax (Q5'). Hence we have eTQ.e < 1

s

and the proof of the claim is complete. Similarly, for y = n + e we have

yQy ly=mn+e)TQy(n+e)

<(1+s(1+p) A+ Q '+ (1 +s(1+p) " <1 + %) eTQ e

Let p = s (1 + p). The proof of the theorem follows from the over-approximation of ., where
eTQ. e = T (s(1+p)*Q)

1egl. ]
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6.4.2 Quadratic Funnel Synthesis in Presence of Measurement Noise

In this work, we have incorporated the funnel synthesis techniques introduced in Section [2.4.1]
to provide one (or more) functions that implicitly define a set of trajectories in the state-and-
control space. Suppose that X» € R™ and Uz € R™ are the (possibly nonconvex) sets of
feasible state and control vectors. Using these feasible sets, we formally define a quadratic

invariant funnel for the output feedback problem.

Definition 6.2. (Quadratic Funnel). A quadratic funnel, F, is a subset of the Cartesian
product of the feasible state space Xr and control space Ur (so-called feasible state-and-

control space) that is parameterized by time-varying positive definite matrices @) € S,

Q, € S}, and a time-varying matrix K € R™*"_ Specifically, we define
F = 5Q X 5KQyKT - X]: X Z/[]:. (620)

As the closed-loop system— described in (6.16)—is obtained from an output feedback
controller with (state-dependent) measurement and process noise, one has to consider an
appropriate stability criterion. Hence, we require that any proposed controller renders a
UUBEI closed-loop system. We utilized Theorem 4.18 in [120] to design a controller K such
that the closed loop system (6.16) is UUB, in the presence of state-dependent noise and
system nonlinearity, and starting anywhere in an invariant funnel. A sufficient condition to

achieve this goal in view of the dynamics in (6.16) is detailed as follows:

on(lnOl) < Vi) < asfln@l). >+ %—Z () < V), Vie [fotg)

Vn 3 [[Cunll =2 p =0, VheQ, and Vee&q, > e < s@)|n()]+ 1),
(6.21)

where 11 denotes the time-varying UUB parameter. Note that the quadratic funnel’s invariance

property means that 7(t) € g for all times ¢ € [to, t;]. This implies that the vector h, which

3See Definition 4.6 in [120] for more details on UUB concept.
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is the input to the nonlinear terms in system (6.13), must satisfy the set inclusion
h E Q, Q — chlQFJl @ g@QeéT (622)

where @ is the Minkowski sum between two sets. In order to utilize the condition (6.21)
for synthesizing a quadratic funnel, we need to express the nonlinear expressions “w =
o(h), VheQ and "w. = ¢(e), Vece Eg.” —appearing in (6.16)—in such a way that it is
consistent with the quadratic form of the energy function V(n(t)). To this end, we use the

idea of local multiplier matrices as discussed in Section [2.4.1]

Definition 6.3. Consider any nonlinear map ¢ : R" — R™ that sends h — ¢(h). We say a

symmetric matrix M € S+ is a local multiplier matriz for ¢ over the set € if
T

T(h) := " ml " >0, VheQ. (6.23)
¢(h) ¢(h)

Furthermore, we denote the set of local multiplier matrices for ¢ over the set €2 by
My ={M e S ) | T(h) >0, VheQ}. (6.24)

Similarly we define the set of local multiplier matrices for 5(6), where M, denotes a local

multiplier matriz for gg over the set ).:
T

To(e) = M| " 20 veee,. (6.25)

¢(e) ¢(e)
Finally, the following theorem provides sufficient conditions that guarantee the invariance

property of a quadratic funnel in the presence of both measurement and modeling uncertainties.

Theorem 6.5. The output controller of the form &(t) = K(t)y(t) satisfies the feasibility
conditions (6.21) if there exists Q > 0, Y € R™*" and multiplier matrices M € Myq,

M, € M&&Q and scalars T, 7., a, A > 0 such that for all t € [to, ty],
QAT+ AQ-Q+Q+Ty E+7F\My, B 7FLM;G 0

ET + 7 MLFy 7Moo 0 TM1T2C~; 0120 (6.26)
¥ * [ 15 ]
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where

Ty =7F ;M1 Fo+0QCC.Q+AsQQ,  Fu=FQ+GY

TeMeQQ TeMEIZ 0 (6 27>
T2 == TeMeIQ TéTMllé + TeMell — A] 0
0 0 —ap+ AR

Proof. Using local multiplier matrices and because V' (n(t)) is not an explicit function of ¢,
we can rewrite the condition in (6.21) as

T

Vo) + V) <0, vielnt], | ) | ") =0
; ‘ “ (6.28)
o T =0 Jem®I =0 (emE)ll < s@) )] + i),

for some M € My q and M, € M 0, - Expanding this condition in terms of the closed-loop
system (6.16) leads to

T

n ATQ +Q'A-Q7'QQ' +Q™ QT'E Q7'B n
w ETQ! 0 0 w | 20
W, BTQ~! 0 0 We

for all n,w and w, that satisfy the following inequalities.

T ~
n FC-E M11 Fcl FCE MHG Fgé M12 n T
~ ~ ~ ~ (& e
(& GT Mlchl GTMHG GTM12 (& t 07 Me i 07
~ We We
T
T " 1
diag( [ C;TLC;L " ] > N =0, e diag( [ sI —I R ] ) e =0
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Note that A = A+ BK and F,; = F + GK. By using the S-procedure, the last condition

holds if and only if there exist scalars 7 > 0,a > 0 and A > 0 such that

AQ4+QA-QQQ ! +Q  + Ty QE+TFIMy QB tFIMAG 0

ETQ ' + T M]F, Mo, 0 TMLG 0 | =0
* * [ T, ]
(6.29)
where
TeMeoo TeMeIQ 0
Ty =7 FIMy Fa+aClCu+Asl, To=| 7.M. 7G MG + 1Moy — A 0
0 0 —ap+ AR

Pre- and post-multiplying (6.29) by diag( [ Q I I 1 ] >, will complete the proof.
]

6.4.3 Feasibility of the Quadratic Funnel

We now discuss the conditions that are required for a quadratic funnel to be contained in a
given feasible region. As it was discussed in [7], the goal is to find the "maximum quadratic
funnel”, denoted by Fi.x, that satisfies state and control constraints. Suppose that X C R™*
and Ur C R™ are the (possibly nonconvex) feasible subsets of the state-and-control space.
We assume that the nominal trajectory satisfies & € int X and @ € int Ur, or, in words,
the nominal trajectory lies in the strict interior of the two corresponding feasible subsets.
This assumption is necessary to avoid degenerate solutions during funnel synthesis procedure.
Note that, this assumption does not preclude nominal trajectories that activate a constraint;
it merely suggests that the constraint sets used for funnel synthesis are slightly more relaxed
than those imposed during nominal trajectory synthesis, if necessary. This can be easily done
by inflation/deflation of the feasibility subsets. Also, the set that determines the maximum
size of the funnel at the final time ¢ = ¢4, is denoted by X j_i C R™. Then, the maximum

quadratic funnel satisfies
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-Fmax = ngax X ngax and ngax g Xf’ SRmax g Z/{f (630>

where Quax € S}7. and Ryax € ST*.. The, inclusion in the terminal set X’ ]]_i can be guaranteed
by ensuring that &g, C X; when ¢ = t;.

To compute the matrix Qmax at any time ¢t < ¢y, we seek to find the best quasi-polytopic
approximation of X'z in the vicinity of the nominal trajectory. To this end, following the

analysis presented in [7], we assume that the set Xz can be expressed as
Xr=A{x|hi(x) <0,i=1,...,my,||zl2 < Tmax} (6.31)
and the quasi-polytopic approximation of Xz is
Po={z|ale<b,i=1,... my}N{z|]zl2 < Tmax} (6.32)

where the data {a;, b;},, are first-order approximations to the functions h; computed using
either direct linearization along the nominal trajectory, or by using a project-and-linearize
technique if any h; is a concave function [127]. Note that, if the state constraints h; are all
affine then Xr = Pz. The matrix Qnax is then computed as the maximum volume ellipsoid

so that
T® &g C Pz C Xr (6.33)

where @ denotes the Minkowski sum of a vector and set, and so the term =z @ &g, is
equivalent to the ellipsoid defined by Q. centered at the vector . The assumption that z
lies in the strict interior of X'z ensures that ()., describes a full n, -dimensional ellipsoid.

Using techniques described in [8], we can write the condition (6.33) for any time t € [¢g, ]

as the following optimization problem:

max

QY2 (t) = arg max log det Z
st (| Zai(@) ||y + alZ(t) < bi(t), i=1,...,my, (6.34)

0 <27 < TmaxIn, -
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When ¢ =t , a set of conditions can be added to constrain &g,,,, € X ; By assuming that
the set X ]J_i can be described in the same way as that of X'z, this set of constraints is identical
to those that are shown in (6.34), albeit calculated using the data corresponding to X’ ]Jf- The
matrices Ryay can be computed analogously/]

Recall that, a quadratic funnel is defined by the (possibly time-varying) ellipsoids g and
Ekq,kr- Further, note that we derived the convex feasible subsets (defined by Quax and Riax)
for the state and control inputs. A sufficient condition to ensure that a quadratic funnel is

fully contained within the original feasible domain defined by X'z and Ux is
5@ - ngax and SKQyKT - ngax. (635)

By using the definition of an ellipsoid (9), one can show that these conditions are equivalent

to

The former is affine in the variable (), whereas the latter is not jointly convex in the variables
@, and K. By Theorem and using a Schur complement, we can rewrite the second matrix
inequality in (6.36) to be

1+s(l+p) Q" KT
(1+5(1+4p)° KQKT < Rypax < ( I+p)-e =0  (6.37)
K Riax

Pre- and post-multiplying by diag{@, '} the feasibility condition for the control input becomes

(I+s(1+p)7°Q YT
Y Rmax

=0 (6.38)

Together, the constraints @) < Qnax and (6.38) ensure that a quadratic funnel is contained
in the feasible region defined by X'r and Ux.
We are now in a position to lay out the performance guarantee of the vision-based

controller synthesis.

4See |7] for more details.
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Theorem 6.6. Define the regions of the state space within which the sensing is reliable as
described in (6.10). Then, if the feasible state space Xz describing the quadratic funnel F lies
within the safe set X.(Z(t)), then the perception error remains bounded and the closed loop

trajectories defined by the mazximum quadratic funnel Fiax lie within X,.(Z()).

Proof. If Xy C X,.(Z(t)), then by the invariance of the quadratic funnel £ C X,.(Z(t)).
Moreover, by Theorem , for all z(t) € &g, the perception error remains bounded, i.e.

e(n(t)) < s(®)ln(®)]l +1(t). O

6.5 The Quadratic Funnel Synthesis Problem

In this section, we combine the properties of the quadratic funnel and pose a single optimization
problem. The quadratic funnel synthesis problem for the nonlinear system (6.8) with

perception error is summarized in Problem [6.1]

Problem 6.1. (Quadratic Funnel Synthesis). Given a nominal trajectory {Z(t),u(t) if:to
that satisfies the nonlinear dynamics (6.2), an appropriate definition of the system (6.8), find
the matrix-valued functions of time Q(t), Y (t), K(t), M(t), M.(t) and scalars 7(t), 7.(t), «(t)

and A(t) that solve the following optimization problem, for ¢ € [to, t¢].

max logdet Q (¢ 6.39a

oy O g, 08 et @ (to) (6.39)
7(-),7e (1), (-),A(+)

subject to 0 =Q <X Qumax, M € Myq, M. € /\/l&gQ (6.39Db)

0<7, 0<7, 0<a O0<)\ (6.39¢)

QAT +AQ-Q+Q+Ty E+7F My B 7F,M;G 0
ET + 17 MLFy T Moy 0 rMLG 0 | =0, (6.39d)
* * [ T ]
(I+s(1+p)7Q YT
Y Rmax

=0 (6.39¢)

The matrices T} and Ty are given by (6.27), and Fy; = FQ + GY.
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A quadratic funnel obtained by solving Problem can be used to generate a feasible
trajectory in the following manner. Let Z (¢y) be the initial condition of the reference state
trajectory. For any initial condition z (tg) such that z (ty) — Z (to) € Egqy), the state and
control vectors are defined as

u(t) = a(t) + K(t) y(t), (6.40a)

(t)

t

z(t) = x (to) +/ f(z(r),u(r))dr, (6.40Db)
to

and will satisfy n = — 7 € &g and § = u —u = Ky € Exq k7, for all t € [ty,ty]. The

feasibility with respect to the constraint sets X and Ur then follows. Notice that dynamic

feasibility follows from (6.40) by construction, and the control u is guaranteed to be stabilizing

for the original nonlinear dynamics.

6.5.1 The Solution Strategy

Problem is a nonlinear, nonconvex optimization problem with matrix variables. The main
difficulty in solving Problem lies in the fact that it is not possible (to the best of our
knowledge) to express (6.39d) as a linear DMI in the problem’s variables. Moreover, the
inclusion M € My and M € Mg~ can at best be approximated. In this section we will

provide a solution strategy to solve the optimization presented in Problem |6.1

Since a direct solution of Problem [6.1}is not possible in general, we use the iterative method
presented in [7]. This iterative method uses the following observation: if we fix the variables
{Q),Y(t), K(t), 7(t), Te(t), a(t), A(t)}, then Problem is convex in M and M, provided
we have an appropriate description of the convex cone My o and M .80, conversely, for fixed
M and M., Problem [6.1]is convex in the variables {Q(t), Y (t), K(t), 7(t), 7e(t), a(t), A(t)}. A
natural and common technique is to alternate between fixing one set of variables and solving

for the other.
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Finally, the nomenclature ” v -iteration” comes from the fact that the matrix
M, = (6.41)

is a valid local multiplier matrix if v and ~. are local Lipschitz constants for the nonlinear
functions ¢ over the set My o and 5 over the set My ¢, , respectively. By solving for v
and 7., we may easily construct local multiplier matrices that can be used to obtain a new
iterate for the variables {Q(t), Y (t), K(t), 7(t), 7e(t), a(t), A(t)}. We now discuss a strategy

to compute v for an arbitrary nonlinear function and sets.

6.5.2 The M-Problem

The M-problem is the subproblem that is obtained by fixing the variables {Q(t), Y (¢), K (¢),
7(t), 7e(t), a(t), A(t)} in Problem [6.1] The quadratic inequality (6.23) under the assumption
that M = M., becomes

whw <Y*hTh = lwlls < 7]l (6.42)

By introducing a matrix A € R™*™  we can then write w = Ah and ||A|]2 < v in place of
the nonlinear function ¢ in (6.16). The same procedure is applied for (6.25). We introduce
matrix A, € R™*" and replace the nonlinear function ¢ in (6.16) with w, = A.e and

|1Acl2 < 7e. We can rewrite the closed-loop formation (6.16) as
= (A+ BK + EA(F + GK))n+ (EAG + BA,)e, (6.43)
where
1Az <7, 1Al < e

To compute, or estimate, the value of v and v, we follow the sampling procedure introduced
in [7]. We would like to find the points n € &y and e € &, that corresponds to the largest

value of [|Alls and ||A.l|2, respectively. In our quest to find the most non-conservative local
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Lipschitz constants, we attempt to use the dependency of the perception error e(n) on 7

during sampling. To this end, at each discretized temporal point t, we spatially sample a

N
s=1

set of N, states from the state-funnel g denoted by {7} with s denoting the spatial
iterator. For each 7, the perception error e(n;,) is then sampled from &..
At time t, given each 7, we define the inner optimization problem
[(ne) = min  [|Allz + [|Acll2
A e (6.44)
st = (A(t) + BOK() 1, = EACF + GK (), + (EAG + BH)A,) e(n,)
Using

s =Z(t)+mns, ys=ns+ens), & =K(t)ys, and wu,=u(t)+&s,

we can compute the followings at each temporal point ¢:
(A+BK)a (F+GK)> ns:f(xsaus)_f(faﬂ)

This inner problem is the key component that allows us to be as non-conservative as possible

in our search for local Lipschitz constants. We denote its solution as

L(ns) = 1A% (0s)l2 + [|A2(0s) ]2 (6.45)

where A*(ns) and AX(n,) represent the minimizers of (6.44), i.e., the “smallest” matrices
satisfying the nonlinear equations of the dynamic model at each n,. The local Lipschitz

constants (7, 7.) are then computed at each temporal point t:

Y& = 1A ), vet) = 1AL (77 (@)l (6.46)
where
n*(t) = arg ne?;a}]{\’s '(n) (6.47)

The outer optimization problem (6.47) is selecting the sample 7, that produces the

maximum value of the inner optimization problem (6.44) across the N samples.
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This spatiotemporal sampling procedure has been observed to be accurate enough for
practical problems with a reasonable number of points N, (typically on the order of 103
or 10* for an entire trajectory). Note that because it is possible to solve N, independent
optimization problems, each of which is quite small, this sampling procedure can be done

very quickly and is parallelizable.

6.5.3 The Q-Problem

We now describe the Q-problem, which is the subproblem that is obtained by fixing
the local multiplier matrices M and M, in Problem and solving for the variables

{Q(), Y (1), 7(t), (1), a(t), A1) }-
Theorem 6.7. For fixzed multiplier matrices M and M., the output controller & = K(t)y(t)

satisfies the conditions in (6.21) if and only if there exists @ = 0, Y € R™*™ and scalars
T\ 7o, @, A > 0 such that for all t € [to, 1],

QAT +AQ-Q+Q+BY +YTBT T
* T4

<0, ¥A-7.<0, Ra—px<0

(6.48)
where F, = FQ + GY, and
TIy=|TE 7.B 7F) QC] SQ], Ty = diag{—71, —7.I, =71, —al, —AI} (6.49)

Proof. Consider the differential matrix inequality (6.39d). Due to the form of the local
multiplier matrix M, in (6.41), we know that M;; > 0. In this case, the matrix inequality
(6.39d) is equivalent to AR — ap < 0 and the following

QAT +ANQ-Q+Q+BUOY+YTB'(t) T

* Ts
.
fchl fchl QCT C Q Q Q T
s
021 | (TI) | 0gxy + "ol (o) ! + (AI) =0
~ ~ 03x1 O1x3 O3x1 O1x3
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where 7y = [E B 0} , and Tp = diag( [ —71 —7 I 1.0 — M\ } )
If F and B # 0 then we must have 7, 7., A\, a > 0. Hence we can use a Schur complement

to arrive at the equivalent condition

QAT(H) + AQ-Q+Q+BHY+YTB(t) T;
x Ta

=0, 7627'6] - <0

where

T=|p B oFL Qcp sQ|. Ti=diag(| —rI —nl —r ' —al —A ).

Let 7:= 77!, 7 := 17!, @:= a~' and X := A~L. Pre- and post-multiplying the above

matrix-inequality by diag( [ I 77 1 11 } ) gives the proof.
O

The continuous-time Q-problem is summarized below in Problem It is assumed that

a nominal trajectory and system definition are all given.

Problem 6.2. (Q-Problem). Given local multiplier matrices M € My q and M, € Mo

find the matrix-valued functions of time Q(t), Y'(¢) and scalars 7(t), 7.(t), a(t), A(t) that solve

the following optimization problem

max log det @ (o) (6.50a)
T(t),Te (t),a(t),A(t),
QU)LY ()
subject to 0= Q = Quax, 0 <7(t), 0 T(t), 0<G(t), 0<A®),  (6.50b)
VYAX-Te <0, Ra—px<0 (6.50¢)
AT+ AQ-Q+Q+BY+Y'BT T
“ @-Qra =0 (6.50d)
* T,
I+s(1+p)7°Q YT
( t+ea =0 (6.50¢)

Y Rmax

where T3 and T} are defined in (6.49).
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In order to solve the Q-problem numerically, we make the following assumption regarding

the continuous-time problem data.

Assumption 6.8. Let M(t) denote any of the matrices Q(t), Qmax(t), Y (t), Rmax(t), A(t) or

B(t). We assume that M(t) can be expressed or approzimated as the convex combination

nny

M(t) = Z i (t) M; (6.51)

for some integer nyr > 1, constant matrices M;, and interpolating functions o;(t) > 0 such

that ™ 0y(t) = 1.

%

By using the temporal matriz decomposition methods discussed in |7], the DMI in (6.50d)
can be written as a set of %nM (nar + 1) LMIs. These LMIs constitute a set of sufficient
conditions for the satisfaction of the DMI (6.50d). The constraints (6.50d) can be written
as a set of LMIs by using (6.51) and constraining each sum and in the resulting expression

individually.

6.5.4 Algorithm Summary

Having defined the ()— and M —problems independently, we now collect them together in
order to design a convergent algorithm that is capable of solving Problem [6.1} As it is
discussed in [7], the premise of the y—iteration is that we can decrease the upper bound,
Qmax, until we are able to synthesize a funnel Q) ~ Q... We measure how close a given
solution of the ()—problem is to achieving the upper bound of () ~ Q.. by using the fill
ratio, defined by

prO'.S 1/2
i=1,.nz \ PTOj; EQuns

Algorithm [] describes the -iteration used to solve the quadratic funnel synthesis problem.

For the proof of convergence, see [7].
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Algorithm 4 The ~-iteration designed to solve the quadratic funnel synthesis problem.

Require: A nominal trajectory {f(t),ﬂ(t)}if:to, the system matrices for (6.16), a tolerance

10:

11:

12:

13:

14:

Kol c (0, 1)

: solve (6.34) for Qunax and Ryax

: set M, < 0and M, <0

. solve the Q-problem to get {Q©, Y} > Problem 6.2
: update QSS;X — QO and YH(I%)X —Y©

cfork=1,--- do

solve the M-problem to get M\ and M¥ using {QF", v} > see (6.47)
solve the @-problem to get {Q®, Y} using Mask) and Mw(f) > Problem
if k¥ (ty) > Ky then > see (6.52)
Converged.
break
else
Q%)+ QY and Vi) « cviliY > contraction step, see [7]
end if
end for

6.6 Numerical Example

In this section, we present a motivating setup for end-to-end vision-based navigation and

control of a spacecraft where we can showcase the performance of the perception error

modeling and the robust controller synthesis developed in Section [6.4] For that, consider a

target tracking problem, where the target spacecraft (so-called the target) is uncontrolled

and possibly uncooperative. Thus, by using the image sensors available on the ego spacecraft

so-called ego), we adopt a computer vision approach to predict the target’s relative position.
lled eg dopt puter visi pproach to predict the target’s relative positi

developed pipeline is showcased in Figure [6.4]
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Figure 6.4: The simulation setup developed for emulating the real-world settings for applica-
tions of the proposed machinery. The astrodynamics simulator |1| and the developed visual
simulator are replicating the actual system with possibility of generating high-quality image
data. The state estimated from the image data using the CNN module is then fed into the
RCVS controller module for robust feedback signal synthesis.

6.6.1 FEnd-to-end Simulation Pipeline

In this section, we delineate the architecture and implementation details of the simulation
pipeline employed to validate our methods. The simulation environment utilizes the Basilisk
framework in conjunction with Unreal Engine to replicate the actual system, as described in
Section [3.3] This setup emulates the space conditions in Low Earth Orbit (LEO). A sample
snapshot of the environment is illustrated in Figure 6.5, while Figure presents the overall
software architecture. The Basilisk simulation process and the Unreal Engine game thread

communicate via a socket-based library called ZeroMQ.

The Basilisk framework includes its own visualization tool and relies on ZeroMQ@Q for its
communication model. Consequently, ZeroMQ was selected for thread communication. This
communication model employs a streaming approach, wherein the Basilisk process transmits

the entire simulation state—including the position, velocity, and orientation of all celestial
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Figure 6.5: A snapshot of the spacecraft simulation setup showing the ego (denoted on the
left with its attached body frame) orbiting around an uncontrolled satellite target (the white
object in the middle) on a fixed flyby orbit (denoted by a green circle). The in-picture on the

right shows the target in the ego’s camera frame.

bodies—over the socket at each step. The visualization tool then reads these state messages

and updates the locations of the celestial bodies accordingly.

To integrate the CNN process with the remainder of the pipeline, we utilize an indirect
communication method. Each process waits for the generation of a file by another process
before proceeding. Unreal Engine receives the current simulation state from Basilisk, updates
the actor locations, and renders an image from the viewpoint of the Ego spacecraft. The
CNN process then waits for this image file to be written, opens it, and performs detection.
Subsequently, the CNN process writes the detected pose to a file, which is then read by the
Basilisk process. The estimated pose is incorporated as input to the attitude control law,
directing the ego spacecraft toward the target spacecraft. Although simplistic, this approach
is effective for rapid prototyping and accommodates pose estimation at a lower rate (1 Hz)

compared to the simulation rate (10 Hz).

The details of the CNN-based perception module can be found in [6].



117

Target SC

l Dynamics Task 2 '

Ego SC

l Dynamics Task 1 '

l Flight SW Task '

w
< ) < gravityEffector() ) < extForceTorque() [ RobustControlLaw()
=
-8 A r'y
=
4
]
g simple_nav() ST simple_nav()
o at | pos at | pos
I I | I I
I___1 | l—__
| | |
| I |
| : | meanOEFeedback() attTrackingError()
|
| | | f f
t T |
| | | | |
| ' | ' I
| | | |
[ 1 | |
2 |
= .+ 0 — s CNNModue F————-—-——=
o
o]
=
®
[}
e
=
-

Figure 6.6: The end-to-end simulation pipeline, where all intermediate functions are shown.



118

6.6.2 System dynamics

Assuming that the ego is inserted in a passive elliptical orbit around the target, the mission
starts when the ego’s camera points away from the target’s center of mass but has the target
in its field of view. The goal is to drive the ego’s attitude and angular rates such that the
target’s center of mass is placed at the center of the ego’s camera frame. Thus, herein, we lay
out the attitude dynamics of the ego using a modified Rodriguez parameters approach.

To obtain ego’s attitude dynamics in the Earth fixed frame (Fg), we denote the positive
definite inertial tensor by J € R**? and the angular velocity by w” € R3. The torque input
is denoted by u € R? and thus, the rigid-body dynamics of the ego in the Earth fixed frame
Fe, are given by:

Jo¥ = (Jw®) x w” + u” + dex |

where d., represents the external torque acting on the ego, which is assumed to be negligible
in this setting for brevity. Next, by using Modified Rodriguez parameters (MRP), q¥ =
T
[(]1 0 q3] € R? with ¢¥ = e. tang (such that e is the unit vector denoting the axis of
rotation and ¢ is the rotation angle), the attitude dynamics can be described as follows:
1-(q%)" q¥ T
d 4" 2 [I (%) +q" (q") +5(g")| w”

Fn B = f(qE>wE7u) -
w JH((JwP) x w¥ + u)

(6.53)

where S(q%) = [ _qg 0 —?1} . Note that target pose estimation depends on both the relative
orbital motion betvszesll ego and target, and the attitude dynamics of ego. The relative orbital
motion follows the Hill-Clohessy-Wiltshire equations |128] that can be solved for an exact
solution. We denote the ego’s position with respect to the target’s body frame of reference, by

r=[rg, ry, .]T € R® . Following the Hill-Clohessy-Wiltshire equations in phase magnitude

form we have

Fo = pesin(nt +az), ¥y, = p, + 2pscos(nt +a;), ¥, = p,sin(nt+ a;) (6.54)
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where n = \/W and a refers to the orbital radius of the target and p is the standard
gravitational parameter. In (6.54), (as,ay,a.) denote the semi major axes and (p, py, p-)
give the phase magnitude of the passive relative elliptical orbit. The formulation of phase
magnitude and selection of initial conditions for the ego spacecraft in the reltive elliptical
orbit have been detailed in [129]

For this problem, denote the relative states between target and ego spacecraft as x(t) :=
[r, 7, ¢F, wP]" € R, We disregard the target’s orientation, as it is not needed for the
current problem. The relative dynamics are described using (6.54) and desired attitude is
calculated using difference between relative target position and ego camera axis. This desired
attitude is used as reference state for the attitude dynamics defined by (6.53). Thus the
task of the observation module is to detect the target and determine its position in the ego’s
camera frame. The camera is fixed on the ego’s body frame facing its principal z-axis. For
simplicity of presentation, we assume the ego’s body frame and its camera frame are identical.

Along the relative dynamics, we consider a sensory observation z(t) € R™*™ as
z(t) = Q(x(t)) (6.55)
that represents the images taken at relative state z(t). Q : R'? — R™*™ is a nonlinear and
potentially quite high dimensional mapping. The CNN-based pose estimation techniques are

then adopted to represent a perception map p : R™™ — R3 that imperfectly recovers the

relative position z(t) in the camera frame; that is,
p(z(t)) = Cx(t) + ep(x(t)) (6.56)

where e, denotes the perception error that is dependent on the relative states. To model the
perception map and study its error characteristics, as discussed in section [6.3] we design a
nominal nonlinear controller for given initial relative states x(0). Such nominal controller
generates a nominal trajectory {f(t),ﬂ(t)}if:to, depicted in Figure , as seen in the ego’s
camera frame. We then collect the initial training dataset Sy = {(za, zd)}é\f:ol from the nominal

trajectory and train the neural networkﬂ

®See [6] for further details regarding the neural network setup.
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Figure 6.7: Nominal trajectory in green as seen in the camera frame. For some initial
condition which deviate form the nominal as shown in red, we use the robust controller such

that the error between the new state and nominal given by 7 is driven to zero.

20
1 0.02

. v 0.01

time(sec) 0 g -

Figure 6.8: The error profile in the neighborhood of the nominal trajectory, for 7' = 50

seconds given 100 deviation samples per time stamp.

Based on the assumption that the ego is in a fixed flyby orbit around the target, we

focus our efforts on designing the torque vector u that tracks the target position in the ego’s
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camera frame. Hence, starting off from the nominal trajectory with error, we define

Bt qE(t
w0 =) —cxy= [ 4V ka2
wh(t) wk(t)
as the tracking error and £ = v — @ as the correction signal. Figure showcases the error
around the nominal trajectory with respect to time and 7.
The matrices A and B are the partial derivatives of the attitude dynamics in (6.53) along

the nominal trajectory, and the parameters F'; G and E are constructed using a total of four

(n, = 4) nonlinear channels to be

I3 O3x3

I I I 0 0 0
o 3 I3 | G = O, 5 3 O3x3 0O3x3 O3x3

Is I3 O3xs I3 I3 I3

L I

Note that for this problem n, = 6, n, = 3 and J = diag{900, 900, 900} kgm?. The
quadratic funnel synthesis problem in section [6.5, provides a robust controller that renders a
UUB closed-loop system.

Figure depicts the computed quadratic funnel. In Figure [6.9a) the ellipsoid &g is
projected onto each state dimension and depicted as the shaded grey area. The red trajectories
correspond to test cases for which an initial condition was randomly (uniformly) selected
from the ellipsoid £g(ty), and the nominal control and correction law was used to numerically
integrate the equations of motion according to (6.40). Figure shows the ellipsoid &g,
projected into each control dimension along with the corresponding control trajectories from

each test case.
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Figure 6.9: The quadratic funnel computed by the ~-iteration for the target tracking problem.

The initial condition of each test case was randomly sampled from the funnel entry.
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Part 111

CONCLUSION AND FUTURE DIRECTIONS

This dissertation explored iterative data-driven control and perception-aware trajectory
planning and control, providing applicable methods for some of the significant challenges
in autonomous systems’ control theory. The findings and methodologies developed in this

dissertation open several avenues for future research.

Part I focused on iterative data-driven control for stabilization and performance en-
hancement in systems with unstable subsystems. In Chapter [4] we introduced the concept
of “regularizability”, a novel system-theoretic notion that quantifies the capacity for
data-driven finite-time regulation of linear systems. This notion is in contrast to the analysis
of the asymptotic behavior of the system, which is commonly characterized by stabilizabil-
ity /controllability. We developed the Data-Guided Regulator (DGR), an online iterative
feedback regulator for partially unknown, potentially unstable linear systems. DGR effectively
utilizes streaming data from a single trajectory to regulate unknown systems and generate
informative data for stabilization and system identification. Along the way, we have provided
another system theoretic notion referred to as “instability number” to analyze DGR’s
performance and derive bounds on the system’s trajectory over finite time intervals. The
application of DGR to a highly maneuverable unstable aircraft demonstrated its integration
with other data-driven methods, achieving improved performance through better numerical
conditioning. Future directions include extending results to noisy data, considering unknown
input matrices, addressing partial observation of the system’s trajectory, and incorporating

input constraints like rate limits.

Chapter [5] extended the notion of "regularizability” to nonlinear dynamical systems with

unknown time-varying disturbances. We characterize “rapid-regularizability” for a linear
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time-varying (LTV) representation of the nonlinear system. The unknown disturbances
affecting the system states were modeled as a high-dimensional linear time-invariant (LTT)
system with unknown dynamics. Furthermore, we assumed that the unknown disturbance
dynamics are observable through measured system states. Subsequently, we proposed the
Data-Guided Regulator for Adaptive Nonlinear Control algorithm (DG-RAN), which utilizes
discrete time-series data from a single trajectory to achieve finite-time regulation of system
states. DG-RAN efficiently addresses the limitations of existing adaptive control approaches
by providing an iterative synthesis procedure that adapts to changing environments while
generating informative data for disturbance dynamics identification. This research contributed
to the integration of learning, optimization, and control by introducing a novel framework for
designing adaptive data-driven controllers, enabling autonomous systems to adapt quickly to

new environments while ensuring safety and control-theoretic guarantees.

e Future Directions for Part I:

1. Noisy Data and Unknown Input Matrices: Extending the DGR framework to
handle noisy data and unknown input matrices will enhance its applicability in
real-world scenarios where perfect data and complete system knowledge are rarely
available. This involves developing robust estimation techniques and adaptive

algorithms that can compensate for these uncertainties.

2. Partial Observation and Multi-scale Dynamics: Investigating state regulation
in scenarios with partial observation of the system’s trajectory or systems with
multi-scale dynamics presents a challenging yet essential extension. This requires
integrating advanced state estimation methods and multi-scale modeling techniques

to ensure effective control in complex environments.

3. Input Constraints and Practical Implementations: Addressing practical input con-
straints, such as rate limits, within the DGR framework will make the method more

applicable to real-world systems. Analyzing the resulting closed-loop trajectory
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under these constraints will provide deeper insights into the practical feasibility

and performance of the proposed control methods.

4. Sample Complezity and Nonlinear Dynamics: The DG-RAN method employs a
uniformly random sampling technique to estimate local Lipschitz bounds for the
higher-order terms of the system dynamics. A more precise sampling technique
could improve these local bounds, thereby enhancing the controller’s performance.
Understanding the relationship between the sampling techniques and system
nonlinearity is crucial, as the effects of disturbances on such nonlinearity can
significantly impact the system’s behavior. Further exploration of this relationship
could lead to more accurate and robust control strategies by better capturing the

complexities introduced by disturbances.

5. Real-world FExperiments and Validation: Conducting real-world experiments to
validate the performance of the proposed DG-RAN algorithm will be crucial for
transitioning from theoretical models to practical applications. This involves
implementing the algorithms on actual autonomous systems and evaluating their

performance in dynamic and uncertain environments.

Part IT addressed a problem in perception-aware trajectory planning and control, focusing
on the practical application of deep learning algorithms in processing high-dimensional data
for feedback control. In Chapter [0, we developed a robust controller synthesis method for
autonomous vision-based system control, using a Convolutional Neural Network (CNN) as
a perception module. We characterized the associated error along a nominal trajectory
defined by a nonlinear controller and developed a robust control synthesis procedure based
on the invariant funnel concept. This method robustly synthesized a feedback signal directly
from image data, closing the control loop with an image sensor. We validated the proposed
approach using an astrodynamics simulator and a photo-realistic simulator in a target
spacecraft tracking problem. Future directions include expanding the approach to multi-agent

formation control and reconfiguration applications, as well as incorporating data-driven
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dynamics modeling into the image-based neural network architecture to reduce perception

CITror.

e Future D:irections for Part II:

1. Physics-Informed Neural Networks: Incorporating the object’s dynamics into
the perception module and integrating advanced state estimation methods can
potentially reduce perception error. Leveraging data-driven techniques to simulta-
neously model the perception error could eliminate the dependency on the nominal
trajectory and handle a wide range of operational conditions. This integration
will enhance the robustness and accuracy of perception-aware control systems,

providing more reliable feedback control in diverse environments.

2. Multi-Agent Formation Control and Reconfiguration: Expanding the robust control
synthesis approach to multi-agent formation control and reconfiguration will
address the growing need for coordinated control in space missions. This includes
developing decentralized control strategies and exploring the interplay between

individual spacecraft dynamics and collective behavior.

Addressing these future research directions will further extend this dissertation’s contribu-
tions, providing more robust, adaptive, and reliable control solutions for autonomous systems

in various safety-critical applications.
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