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The scalable optimization of sensor placement remains an open challenge in engineering and

physical sciences. Optimal placements can only be determined in general using a brute-

force combinatorial search over the domain. This explosion in complexity presents a major

challenge for high-dimensional domains in oceanography, fluid dynamics, manufacturing,

and biology. Fortunately, high-dimensional data generated by these systems often possess

reproducible, low-rank structure that can be exploited to drastically reduce the amount of

measurements required for global inference. In this thesis, we exploit data-driven learning

to optimize sensor placement for signal reconstruction. Dimensionality reduction methods

including proper orthogonal decomposition (POD) and dynamic mode decomposition (DMD)

are used to obtain low-rank representations from data. We exploit empirical interpolation

methods (EIMs), initially pioneered in reduced order modeling, to efficiently optimize the

placement of sensors for high-dimensional reconstruction, estimation and control. This work

connects our EIM-based method to related placement criteria in optimal experimental design,

and extends our method to obtain an arbitrary number of optimal sensors. The superior

performance and accuracy of our method is demonstrated on a variety of high-dimensional

data from facial images, ocean temperatures, fluid dynamics, aircraft manufacturing and



insect flight. Finally, an extension to sensor and actuator placement for optimal closed-loop

control is proposed, which similarly leverages balanced model reduction of observability and

controllability Gramians for speedy sensor and actuator optimization.
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1

Chapter 1

INTRODUCTION

Optimal sensor placement determines where to place sensors in a system to optimize

specific downstream objectives. The topic, also known as optimal experimental design and

variable selection, spans multiple disciplines and guides efficient decision-making in robotics,

navigation, ocean monitoring, biological responses and more. Although sensors themselves

take many different forms, they share a common interpretation - sensors provide local ob-

servables from which global properties may be inferred, and they are selected from a larger

set of candidate locations. However, existing sensor placement methods are not scalable to

search large domains due largely to expensive optimization techniques. In this thesis, we

develop scalable sensor placement methods based on data-driven modal decompositions, and

combine efficient techniques from model reduction and matrix algebra that allow us to bypass

the exhaustive (brute-force or convex) optimization. This chapter first motivates the need

for a data-driven approach, then provides a brief overview of existing placement methods,

and finally, outlines the organization and contributions of this thesis.

1.1 Motivation

Many natural systems are complex, and existing analytic models are often insufficient for

discerning regions in which to place sensors. For example, the governing equations of fluid

dynamics, the nonlinear Navier-Stokes equations, characterize too broad a range of dynamical

behavior – oceans, turbulence, shear flow and more – for us to discern optimal sensor and

actuator locations based on the equation itself. In fields where analytic governing models

are lacking such as neuroscience, the macroscale connectivity of neurons is largely studied

using medical imaging to discern function, diagnose disorders, and ultimately, determine



2

optimal sites for neural stimulation and measurement. Observation and simulation are the

only tractable means to study such systems, correct assumptions in our model and derive

optimal observers and controllers. Thus, a data-driven approach is proposed, that leverages

global data from numerical simulations and imaging to determine where to place observers

and controllers in operating conditions.

Recent years have seen an explosion of high-dimensional data generated by simulation,

experiment, imaging, and even social media. Discretization in numerical simulations is grow-

ing in resolution proportional to computational power, limited only by the size of matrices

that can be manipulated in memory. At the same time, imaging techniques collect data at

scales that surpass data storage and transmission capabilities. The major benefit here is

the fine resolution of big data resolves all scales of dynamics. However, sensor (observer)

and actuator (controller) design lags behind the rate of data collection, and there are se-

vere limitations on the number and function of sensors deployed into vehicular, robotic, and

medical applications. In applications where individual sensors are expensive or have limited

capabilities, minimizing the number of sensors through optimal design is critically enabling.

However, as the size of the data to be studied grows, so do the candidate search spaces

for sensors. Indeed, the search complexity scales combinatorially as there are
(
n
p

)
possible

choices of p point sensors out of an n-dimensional state. This combinatorial growth in com-

plexity well outpaces exponentially increasing computational power predicted by Moore’s

Law. Existing heuristics are increasingly unable to keep up with searching over entire do-

main discretizations, instead heavily downsampling the domain to smaller sets of candidate

sensor locations. In doing so, these methods miss important localized dynamics and are

unable to properly leverage the data available. In this thesis, we develop scalable, efficient,

data-driven sensor placement algorithms that leverage compressive dimension reduction and

matrix factorization techniques to keep up with the current pace of data acquisition.
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1.2 Historical perspectives

To provide context for our approach, we briefly overview existing approaches for optimal

sensor placement. The typical objectives that are minimized or maximized for a given sensor

configuration quantify some probabilistic measure of its uncertainty, such as entropy, mutual

information, or error covariance volume. It is important to note that all these criteria need

to be optimized over an NP hard search of the candidate sensors, and existing approaches all

develop different greedy heuristics to tackle the exhaustive search. In small search spaces it

is possible to use so-called branch-and-bound methods to speed up the exhaustive search [164,

91], but these can handle searches of no more than tens of candidate locations.

A common data-driven alternative fits multivariate Gaussian distributions or processes to

the data, then takes greedy steps to maximize different objectives, such as the mutual infor-

mation or entropy characterizing a certain placement [40, 97, 131]. A more general formalism

of sensor design criteria exists for parameter estimation based on minimizing certain scalar-

izations of the estimation errors, also called optimal experimental design [104, 89, 18, 123].

An important benefit of these is they are not limited to Gaussian distributions, and have

been formulated for both maximum likelihood [18] and Bayesian inverse problems [84, 3].

There also exist several combined sensor and actuator placement methods designed for the

various incarnations of optimal control. These attempt to optimize different properties based

on linear time-invariant systems, such as observability [4, 79], controllability [142, 14], H2

norm [43], and H∞ norms [119]. A common solution method is to relax the subset selection

problem to a convex optimization over fractional sensor weights [18, 84, 44]. Importantly, the

above methods cannot computationally handle large-scale problems without subsampling the

domain with grids of candidate sensors. In doing so, the underlying models miss important

scales of spatiotemporal dynamics. However, despite the challenges of sensing and actuation

in high-dimensional, possibly nonlinear dynamical systems, there are promising indicators

that this problem may be tractable with modern techniques.
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1.3 Sparsity and data-driven learning

Fortunately, we can leverage recent advances from data-driven learning to compactly repre-

sent the ambient high-dimensional space, and then determine sparse sensor locations based

on the compact representation. High-dimensional systems, such as those found in fluids,

epidemiology, neuroscience and power grids, typically exhibit dominant coherent structures

that evolve on a low-dimensional attractor. Indeed, much of the success of modern machine

learning rests on the ability to identify and take advantage of patterns and features in high-

dimensional data. These low-dimensional patterns are often identified using dimensionality

reduction techniques such as the proper orthogonal decomposition (POD) [13], or more re-

cently via dynamic mode decomposition [133, 137], and diffusion maps [47]. In control theory,

balanced truncation [113], balanced POD (BPOD) [134, 166] and the eigensystem realization

algorithm [86] can obtain control-oriented, reduced-order models (ROM) for systems with

actuation.

In addition to advances in dimensionality reduction, key developments in signal recovery

capitalize on sparsity – the idea that natural signals possess only a few active components

within a generic representation basis. For example, compressed sensing [58, 34] exploits

the geometry of sparse vectors in high-dimensional spaces, using random measurements of

a signal to recover its sparsest representation in a generic Fourier or wavelet basis, and

hence reconstruct the high-dimensional signal. Compressed sensing, through its regularizing

sparsity constraint, bypasses the Shannon-Nyquist sampling requirement that a signal be

measured at a rate sufficient to resolve its fastest frequency [121]. Indeed, the measure-

ment/compression requirement scales with a signal’s sparsity level in the basis [156](i.e.,

number of nonzero Fourier coefficients). However, this requirement can be further reduced

by tailoring a specific low-rank embedding to the expected signal (human faces, shear flow,

etc.), and recovering its representation in the low-rank basis. In these cases it has been ob-

served empirically that the number of measurements need only scale with the intrinsic rank

of the low-rank embedding [21, 29]. Fortunately, structured signals possess a much lower
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intrinsic rank in the afore-mentioned data-driven bases compared to their representation in

generic dictionaries. Importantly, this allows us to optimize measurement locations (sensors)

based on the known low-rank structure, and minimize the number of sensors required for

global inference.

Low-rank embeddings such as POD have already been used in reduced order modeling to

select measurements in the state space that are informative for feature space reconstruction.

These so-called empirical interpolation methods (EIMs) seek the best interpolation points for

a given basis of POD features [10, 41, 60]. These methods have primarily been used to speed

up the evaluation of nonlinear terms in high-dimensional, parametrized systems. Fortunately,

the resulting interpolation points correspond to measurements in the state space, but their

use for data-driven sensor placement has largely been overlooked. We will focus on this

latter formulation for sensor selection and explore convex and greedy optimization methods

for solving it.

1.4 Organization and contributions

This thesis explores optimized sensor placement based on tailored low-rank libraries of fea-

tures extracted from training data. Optimal point sensors are discovered using the singular

value decomposition and matrix QR pivoting, which are two ubiquitous numerical compu-

tations that underpin modern linear dimensionality reduction. An overview of our proposed

approach, which determines optimal sensor placements efficiently by leveraging dimension-

ality reduction of data, is given in Figure 1.1. We provide a background on compressed

sensing signal recovery and reduced-order approximation from empirical interpolation points

in Chapter 2. These empirical interpolation methods provide the foundation for our sensor

placement method, as the interpolation points correspond to measurement locations in a

data-driven low-rank POD basis. Chapter 3 presents our pivoting based sensor placement

method, which builds upon empirical interpolation methods and is formulated to minimize

reconstruction error covariance. QR pivoting in particular is an extremely efficient sen-

sor placement algorithm that has yet to be adopted by practitioners of experimental design,
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Figure 2.4. Schematic of data processing in DMD algorithm for the
cylinder wake example.
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Figure 2.4. Schematic of data processing in DMD algorithm for the
cylinder wake example.

b) Future state predictionData

Figure 1.1: Overview of data-driven sensor placement. We exploit dimensionality reduc-
tion of high-dimensional data to efficiently determine optimized sensor placement for signal
reconstruction, estimation and control.

data assimilation and optimal control. Indeed, it exceeds competing heuristic sensor selection

methods by orders of magnitude in computational performance because it is formulated for

efficient matrix computation. Further, analytic bounds exist for the distance to the optimum,

which are typically unavailable for competing methods such as convex relaxation of sensor

weights – these methods employ a nonlinear rounding procedure after computation render-

ing theoretical analysis difficult. We further demonstrate that signal reconstruction with

the QR pivot sensors yields marginally better accuracy than the other methods surveyed,

including empirical interpolation and D-optimal experimental design. This success of our

method is demonstrated on actual images and satellite measurements of high-dimensional,

stochastic, and possibly nonlinear systems. Even these demonstrate remarkably low-rank

structure when compressing using the appropriate representation (POD, DMD or RPCA).

These examples of signal reconstruction surveyed in chapters 3 and 4 have immediate im-

pact for real-world applications in image processing, data assimilation for oceanography and

climate, as well as drastically reduced assisted part scanning in manufacturing.

Identification and classification tasks are implemented using sparse approximation within

larger libraries of dynamics, based on the assumption that any single regime activates only

a subset of library coefficients. In chapters 5 and 6, we further adapt QR sampling to detect
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and classify dynamically relevant low-rank phenomena, which are contrasted to the energetic

features revealed by POD. Chapter 5 demonstrated a multiresolution analysis framework

using an augmented, multiresolution DMD library to optimally sample rare and intermittent

dynamics. This was shown to be effective at quantifying the El Niño warming phenomenon,

which has so far evaded data-driven identification using SVD-based methods. Such low-

energy dynamics are either mixed or missed within POD modes. However, the DMD-based

QR pivots are able to identify the El Niño region, which is an important development for

measurement-based dynamical regime control in fluid dynamics, oceanography, aerodynamics

and biology. These low-energy dynamical transitions are often observed in nature, and

remarkably insects and birds are able to harness sparse observations of changing flow fields

in flight response. Chapter 6 develops a similar framework to classify dynamical regimes in

flight, based on low-rank frequency decompositions from simulated strain signals.

This work concludes with a natural extension to combined sensor and actuator place-

ment for linear optimal control in chapter 7. QR pivoting naturally extends to this setting,

in which balanced reduced order models already provide low-rank representations of sys-

tem observability and controllability. Hence, actuators are computed from adjoint balanced

modes, quite analogously to how sensors are computed from direct POD modes of a system.

This is relevant for the high-dimensional systems we consider, for which it is advantageous

to identify key sensor and actuator locations for fast, low-latency control decisions.

1.5 Conventions and Notations

This thesis borrows concepts from signal processing, fluid dynamics, control theory and

machine learning, and as such there is significant overlap between standard notation. We

have made every attempt to maintain consistency between notation while respecting the

standard notation of each field. When there is conflict, we default to standard dynamical

systems or control theory notation for the system, actuation and observation matrices. A

table of standard notation used throughout this thesis is given in Table 1.1.
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Nomenclature

Scalars
n State dimension
m Number of snapshots in time
p Number of sensors (measurements)
q Number of actuators (inputs)
r Intrinsic numerical rank
K Sparsity of state in universal basis Ψ
η Variance of zero-mean sensor noise

Vectors
x ∈ Rn High-dimensional state
y ∈ Rp Measurements of state
a ∈ Rr Tailored basis coefficients
ej ∈ Rn Canonical basis vectors for Rn

s ∈ Rn K-sparse basis coefficients
γ ∈ Np Sensor placement indices
ψ ∈ Rn POD modes (columns of Ψ)
φ ∈ Rn DMD modes (columns of Φ)
θ ∈ R1×r Rows of Θ

Matrices
B ∈ Rn×q Actuation matrix
C ∈ Rp×n Measurement matrix
Q Unitary matrix in QR factorization
R Upper triangular matrix in QR factorization
Ψ ∈ Rn×r POD tailored basis
Φ ∈ Rn×r DMD or adjoint modes
Θ = CΨ Product of measurement and basis
X ∈ Rn×m Data matrix with m snapshots

Table 1.1: This table presents the standard notation used throughout this thesis, unless
otherwise specified.
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Chapter 2

SPARSITY AND DIMENSIONALITY REDUCTION

There are promising indicators that the global inference of complex dynamical systems is

possible from local measurements. In addition to advances in dimensionality reduction, key

developments in optimization and sparse representations in high-dimensional spaces are pro-

viding powerful new techniques to obtain approximate solutions to NP-hard, combinatorially

difficult problems with scalable convex optimization architectures. Key to this framework

is the assumption of sparsity – the idea that natural signals possess a sparse representa-

tion in some basis. There are two ways that local measurements can exploit this property

for global signal reconstruction. Sparse representations have favorable geometric proper-

ties that permit the recovery of high-dimensional signals from compressed measurements

using convex optimization, a procedure known as compressed sensing. In our approach, an

alternative construct permits a significant reduction in the number of measurements by ex-

ploiting low-rank decompositions of training data. Unlike randomized compressed sensing,

optimal sensor placement fits naturally in the latter approach, where sensors can be formu-

lated as empirical interpolation points within these low-rank, data-driven dictionaries. This

chapter sets up background material necessary for both perspectives: 1) compressed sensing

in a generic Fourier dictionary, and 2) empirical interpolation in a tailored dictionary of

proper orthogonal decomposition (POD) modes. We summarize how both modalities enable

global reconstruction from local measurements, and further develop the rationale behind

data-driven optimal sensor placement using a tailored dictionary.
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2.1 Compression in a generic dictionary

The majority of natural signals, such as images and audio, are highly compressible, meaning

that when the signal is written in an appropriate coordinate system, only a few basis modes

are active. These few values corresponding to the large mode amplitudes must be stored

for accurate reconstruction, providing a significant reduction compared to the original signal

size. In other words, in the universal transform basis, the signal may be approximated by a

sparse vector containing mostly zeros. This inherent sparsity of natural signals is central to

the mathematical framework of compressed sensing.

The theory of compressed sensing [58, 36, 37, 35, 34, 38, 8, 9] inverts this compression

paradigm. Instead of collecting high-dimensional measurements just to compress and dis-

card most of the information, it may be possible to collect a low-dimensional subsample or

compression of the data and then infer the sparse vector of coefficients in the transformed

coordinate system.

2.1.1 Theory of compressed sensing

Mathematically, a compressible signal x ∈ Rn may be written as a sparse vector s ∈ Rn in

a new basis given by Ψ ∈ Rn×n:

x = Ψs. (2.1)

The vector s is called K-sparse if there are exactly K nonzero elements. To be able to

represent any natural signal, rather than just those from a tailored category, the basis Ψ

must be complete.

Consider a set of measurements y ∈ Rp, obtained via a measurement matrix C ∈ Rp×n:

y = Cx = CΨs = Θs. (2.2)

In general, for p < n (2.2) is underdetermined, and there are infinitely many solutions. The

least-squares (minimum ‖s‖2) solution is not sparse, and typically yields poor reconstruction.
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= =

y C Ψ s Θ s

Figure 2.1: Compressed sensing provides the sparsest solution to an underdetermined linear
system.

Instead, knowing that natural signals are sparse, we seek the sparsest s consistent with the

measurements y:

s = arg min
s′

‖s′‖0, such that y = CΨs′, (2.3)

where ‖s‖0 is the `0 pseudo-norm corresponding to the number of non-zero entries of s.

Unfortunately, this optimization problem is intractable, requiring a combinatorial brute-

force search across all sparse vectors s. A major innovation of compressed sensing is a set of

conditions on the measurement matrix C that allow the non-convex `0-minimization in (2.3)

to be relaxed to a convex `1-minimization:

s = arg min
s′

‖s′‖1, such that y = CΨs′, (2.4)

where ‖s‖1 =
∑n

k=1 |sk|. This formulation is shown schematically in Fig. 2.1.

For the `1-minimization in (2.4) to yield the sparsest solution in (2.3) with high proba-

bility, the measurements C must be chosen so that Θ = CΨ satisfies a restricted isometry

property (RIP):

(1− δK)‖s‖2
2 ≤ ‖CΨs‖2

2 ≤ (1 + δK)‖s‖2
2, (2.5)



13

where δK is a small positive restricted isometry constant. In particular, there are two con-

ditions on C for a RIP to be satisfied for all K-sparse vectors s:

1. The measurements C must be incoherent with respect to the basis Ψ. This incoherence

means that the rows of C are sufficiently uncorrelated with the columns of Ψ, as

quantified by µ:

µ(C,Ψ) =
√
nmax

j,k
‖〈ck,ψj〉‖. (2.6)

Small µ indicates better incoherent measurements, with an optimal value of µ = 1.

Here, ck denotes the k-th row of C and ψj the j-th column of Ψ, both of which are

assumed to be normalized.

2. The number of measurements p must satisfy:

p ∼ O(K log(n/K)). (2.7)

The K log(n/K) term above is generally multiplied by a small constant multiple of the

incoherence. Thus, fewer measurements are required if they are less coherent.

Intuitively, the existence of a RIP implies that the geometry of sparse vectors is preserved

through the measurement matrix CΨ. Determining the exact constant δK may be extremely

challenging in practice, and it tends to be more desirable to characterize the statistical

properties of δK , as the measurement matrix C may be randomly chosen. ?? describes why

it is not possible to use QR pivot locations as optimized sensors for compressed sensing, since

they fail to identify the sparse structure of an unknown signal.

Typically, a generic basis such as Fourier or wavelets may be used to represent the signal

sparsely. Spatially localized measurements (i.e., single pixels in the case of an image) are op-

timally incoherent with respect to the Fourier basis, so that µ(C,Ψ) = 1. Thus, single pixel

measurements are ideal because they excite a broadband frequency response. In contrast, a

measurement corresponding to a fixed Fourier mode would be uninformative; if the signal is
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Figure 2.2: Compressed sensing, applied to three-tone signal.

not sparse in this particular frequency, this measurement provides no information about the

other Fourier modes. For many engineering applications, spatially localized measurements

are desirable, as they correspond to physically realizable sensors, such as buoys placed in the

ocean.

One of the major results of compressed sensing is that random projection measurements

of the state (i.e., entries of C that are Bernoulli or Gaussian random variables) are incoherent

with respect to nearly any generic basis Ψ. This result is truly remarkable; however, the

incoherence of random projections is not optimal, and typically scales as µ ∼
√

2 log(n).

Moreover, it may be difficult to obtain random projections of the full state x in physical

applications.

There are many alternative strategies to solve for the sparsest solution to (2.2). Greedy

algorithms are often used [150, 151, 153, 155, 152, 154, 156, 70, 71], including the compressed
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sampling matching pursuit (CoSaMP) algorithm [118].

2.2 Interpolation in a tailored dictionary

Compressed sensing requires measurements that number on the scale of the signal’s spar-

sity level in a universal dictionary. Because generic dictionaries are designed to represent a

broad class of signals (they are complete), more measurements are needed than if we had

basis functions tailored to the expected data. Data arising from physical systems typically

possess extremely low-rank spatiotemporal correlation structure that can be exploited to

drastically reduce the number of sensors required for global inference. This minimal require-

ment is equivalent to the intrinsic rank of the data, which is much smaller than its rank in

a universal dictionary such as Fourier modes. In this section we describe how to construct

this optimal low-rank representation using a dictionary of proper orthogonal decomposition

(POD) modes. Finally, we introduce empirical interpolation methods that locate the states

that are maximally informative of the underlying physical structure, which can then be used

for strategic sensor placement.

2.2.1 Proper Orthogonal Decomposition

Consider data generated from a complex dynamical system formulated in discrete time

xk+1 = f(xk), (2.8)

where x ∈ Rn is a high-dimensional vector of state variables. The large number of states

typically results from numerical discretization or high-resolution data acquisition methods,

i.e., satellite, particle-image velocimetry, etc. Assume we can access a data matrix of m

snapshots of the system in time

X = [x1 | x2 | . . .xm] . (2.9)



16

The proper orthogonal decomposition (POD) [13] can be applied to compute an optimal low-

rank approximation to the data. The POD constructs a set of orthonormal vectors {ψk}rk=1

that minimizes the following approximation objective

minimize {ψk}

m∑

k=1

‖xk − (xTkψk)ψk‖2. (2.10)

Note that the objective being minimized is equivalent to the Frobenius norm error between

the data matrix and its optimal rank r approximant

m∑

k=1

‖xk − (xTkψk)ψk‖2 = ‖X−ΨrΨ
T
r X‖F , (2.11)

where Ψr = [ψ1 . . .ψr]. According to the Eckart-Young-Mirsky Theorem [62], the solution is

given by the singular value decomposition. Specifically, the projector Ψr is given by the first

r left singular vectors of X. The POD modes (columns of Ψr) are eigenvectors of the data

covariance matrix, and are therefore equivalent to principal component analysis or PCA [125],

the Karhunen-Loève expansion [90], and empirical orthogonal functions [105]. The only

difference is that POD is formulated explicitly for time-dependent dynamical systems.

2.2.2 Empirical Interpolation Methods

POD constructs a low-rank orthogonal basis for a subspace in Hilbert space. A common

model reduction method known as Galerkin projection is to project dynamics into this sub-

space using POD modes to obtain a reduced order model or ROM. Consider the following

model for a high-dimensional dynamical system (x ∈ Rn)

dx(t)

dt
= Ax(t) + f(x), (2.12)

in which nonlinear dynamics f(x) are disambiguated from the linear dynamics. Given suffi-

ciently many snapshots of the high-dimensional states, we can compute the POD modes and
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hence a Galerkin projection to obtain a low-dimensional model of the system evolution

da(t)

dt
= (Ψ∗AΨ)a(t) + Ψ∗f(x(t)), (2.13)

where a = Ψ∗x is the projected r-dimensional state in the low-dimensional subspace. Typi-

cally r � n, which drastically reduces the computational resources required for time-stepping

the r-dimensional reduced system instead of the full order model. However, nonlinear terms

are still evaluated in the high-dimensional space before being projected, and these evaluations

become computationally prohibitive for high-dimensional full order models.

Recent methods bypass the evaluation of high-dimensional nonlinearities by interpolating

them at special optimal interpolation points computed from POD basis functions. These

points are analogous to optimal Fekete and Chebyshev points for polynomial interpolation,

with the exception of being dependent on the data. As we shall see, these points effectively

correspond to data-driven optimal sensor locations, and hence the interpolation is known as

empirical interpolation method or EIM [10, 41]. EIM computes r optimal points (states) for

interpolation in a basis of POD modes that span the nonlinear terms. That is, given r POD

modes ΨNL that span the nonlinear evolution X = [f(x(t1)) . . . f(x(tm))], EIM computes the

optimal r indices at which to interpolate the nonlinearity f(x). Given r interpolating basis

functions {ψk}rk=1 and the vector of the nonlinear values at the interpolating points Cf , then

the interpolant evaluates to

f̂ = ΨNL(CΨNL)−1(Cf). (2.14)

This equation is entirely analogous to polynomial interpolation if the basis Ψr is the Vander-

monde matrix of monomials on x. The interpolation point sampling operator is denoted C to

be consistent with notation in subsequent chapters. EIM constructs the sampling operator

to minimize the approximation error between the nonlinearity and its interpolant

minimizeC‖f −ΨNL(CΨNL)−1Cf‖2. (2.15)
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Algorithm 1 Discrete empirical interpolation method [41]
Input: POD modes Ψ ∈ Rn×r

Output: Interpolation points γ,C

1: procedure DEIM( Ψ )
2: γ1 ← argmaxj=1,...,n(ψ1)j
3: C = [eTγ1 ]

4: Ψ̂ = [ψ1]
5: for k = 2, . . . , r do
6: Solve (CΨ̂)c = Cψk for c
7: v = ψk − Ψ̂c
8: γk = argmaxj /∈γ vj
9: γ ← [γ, γk], C = [CT , eγk ]T

10: Ψ̂ = [Ψ̂,ψk]

11: return γ, C

Algorithm 1 summarizes the greedy computational method for computing discrete EIM

or DEIM points. After initializing the first interpolation point at the maximum of the first

POD mode, DEIM inductively attempts to minimize the approximation error between the

k− 1 mode interpolant and the kth POD mode (which is orthonormal to the others). In this

manner the interpolation points become maximally informative of the POD basis. DEIM

greedily selects indices γ to minimize growth of the spectral norm of ‖(CΨ)−1‖2. In the

original DEIM paper [41], Chaturantabut and Sorensen show that the projection error is

controlled by this term in the following way

Lemma 1 (Chaturantabut and Sorensen [41]). Given orthonormal Ψ ∈ Rn×r (r � n) and

the DEIM projection of an arbitrary f ∈ Rn defined by

f̂ , Ψ(CΨ)−1 ·Cf , (2.16)

with C computed by algorithm 1, the interpolation error satisfies the following upper bound

‖f − f̂‖2 ≤ ‖(CΨ)−1‖2 · ‖(I−ΨΨ∗)f‖2, (2.17)
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where

‖(CΨ)−1‖2 ≤
(1 +

√
2n)r−1

‖ψ1‖∞
. (2.18)

Because the second term (‖(I − ΨΨ∗)f‖2) is already the minimal approximation error

for f in the range of Ψ, we can focus on the term that depends on the measurements (in-

terpolation points C). Minimizing the measurement-dependent term is the goal of empirical

interpolation. The next chapter presents an improvement of DEIM that possesses a tighter

upper bound than eq. (2.18). We show in subsequent chapters how these EIMs can be applied

more broadly for data-driven sensor placement of any system, static or time dependent.
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Chapter 3

SENSOR PLACEMENT FOR SIGNAL RECONSTRUCTION

Compressed sensing is ideal for the recovery of a high-dimensional signal of unknown

content using random measurements in a universal basis. However, if information is available

about the type of signal (such as the signal is a turbulent velocity field or an image of a human

face), it is possible to design optimized sensors that are tailored for the particular signals of

interest. We have seen previously that n-dimensional states can be reconstructed faithfully

with r � n measurements, which is no more than the intrinsic rank of data in POD feature

space. These low-rank features, mined from patterns in the data, facilitate the design of

specialized sensors that are tailored to a specific problem. Crucial to our approach is the

assumption that high-dimensional states can be expressed as a linear combination of basis

features using a low-dimensional vector a ∈ Rr of basis coefficients

x =
r∑

k=1

akψk = Ψra, (3.1)

where a is a r-dimensional vector. Assuming we are only given r POD modes Ψr and sparse

point observations of x, we can recover x from its estimated POD coefficients a.

Although this concept is closely related to the optimization of empirical interpolation

points, one major shortcoming of DEIM interpolation is that it cannot be generalized to

regression. That is, DEIM does not allow the selection of p > r interpolation points in

a basis of r features. This is problematic because parameter estimation problems become

numerically more well conditioned with more equations (observations) than unknowns. Al-

though more principled sensor selection algorithms based on POD interpolation exist, they

are computationally much more expensive since they require greedy searches over the domain
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a r ⇥

Figure 3.1: Full state reconstruction of x from point observations (y) is accomplished using
least squares estimation of POD coefficients (a = (CΨr)

†y).

to optimize the condition number.

In this chapter, we introduce gappy POD, which is a more general framework for signal

reconstruction than empirical POD interpolation. Based on this, we frame an optimal sensor

placement objective which is closely related to methods in Bayesian optimal experiment

design. A new sensor placement method is proposed using QR pivots of POD modes, which

has been previously formulated for empirical interpolation. We generalize this method to

select more sensors than POD modes (when there are more observations than unknowns),

and the method is shown to solve the D-optimal experimental design criterion. Finally, we

compute sensors and reconstruct a variety of high-dimensional static and dynamic datasets

including the Yale B facial image dataset and weekly sea surface temperature fields.

3.1 Gappy POD reconstruction

Gappy POD is a signal recovery formulation using POD basis functions and incomplete

measurements. Originally defined for facial image recovery using POD modes of faces (so-

called eigenfaces), gappy POD has gained popularity for reconstructing flow fields from

sensor measurements. Its initial introduction featured random projections of face data much

like compressed sensing, however it was quickly discovered that gappy recovery yields better

performance with optimized measurements.
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Problem statement. Consider taking p > r linear observations of an n-dimensional state

vector that is low-rank in POD basis Ψr, where each observation may be corrupted by

Gaussian i.i.d. white noise ζ ∼ N(0, η2),

y = Cx + ζ (3.2)

= CΨra + ζ, (3.3)

and point sensor measurements impose the following structure on the measurement matrix

C ∈ Rp×n

C ,
[
eγ1 eγ2 . . . eγp

]T
. (3.4)

Here ej are the canonical basis vectors for Rn with a unit entry at index j and zeros elsewhere.

The observations consist of p elements selected from x

Cx = [xγ1 xγ2 . . . xγp ]T , (3.5)

where γ = {γ1, . . . , γp} ⊂ {1, . . . , n} denotes the index set of sensor locations with cardinality

|γ| = p. Furthermore, the number of measurements is contrained to be greater than or equal

to the number of basis functions (i.e., p ≥ r) for a well-defined linear inverse problem.

Specifically, the recovery of x is reduced to a much lower-dimensional problem of estimating

its basis coefficients a. A schematic of gappy recovery using POD modes Ψr is shown in

Fig. 3.1.

The maximum likelihood estimate of a is also the familiar least-squares error minimizer,

which can be explicitly computed using the Moore-Penrose pseudoinverse

â , (CΨr)
†y.

Finally, the full state x can be recovered as a linear combination of the estimated coefficients
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and POD modes

x̂ , Ψrâ, where â ,





(CΨr)
−1y, p = r,

(CΨr)
†y, p > r

. (3.6)

Upon expanding y and â, it is clear that this estimate is equivalent to the DEIM approxi-

mation when when p = r and C are DEIM interpolation points.

3.2 Optimal sensor placement objective

As before, the mathematical objective of sensor selection is to quantify the approximation

error, ‖a−â‖2, as a function of the measurement locations, then formulate the optimal sensor

selection C as the unique minimizer of this expected error. We quantify the probability

distribution of the approximation error using the matrix of error covariance between a and

the maximum likelihood estimate â

Ξ = Var(a− â) = η2[(CΨr)
TCΨr]

−1. (3.7)

The error covariance Ξ characterizes the minimum volume ρ-confidence ellipsoid, ερ, that

contains the least-squares estimation error, a − â, with probability ρ. The set of optimal

sensors minimizes the volume of ερ

vol(ερ) = δρ,r det Ξ
1
2 , (3.8)

where δρ,r only depends on ρ and r, by minimizing the determinant, which is the only

sensor dependent term. This optimization is equivalent to maximizing the determinant of

the inverse

maximize
C

log det
[
(CΦr)

TCΦr

]
, (3.9)

which is commonly known as the D-optimal criterion in design of experiments. Recall the

structure of the measurement matrix C ∈ Rp×n is similar to the interpolating matrix from
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DEIM

C , [eγ1 | eγ2 | . . . | eγp ]T , (3.10)

where γi ∈ {1, . . . , n} indexes the high-dimensional measurement space, and eγi are the

canonical unit vectors consisting of all zeros except for a unit entry at γi. This guarantees

that each row of C only measures from a single spatial location, corresponding to a point

sensor.

The optimal sensor configuration shrinks all components of the reconstruction error via

the associated ellipsoid volume, i.e. the choice that minimizes the determinant of Ξ. This

subset optimization is a combinatorial search over
(
n
p

)
candidate locations which quickly

becomes computationally intractable even for moderately large n and p. Fortunately, an

extremely efficient greedy optimization method for (3.9) is given by the pivoted matrix QR

factorization of ΨT
r . QR pivoting has been extensively used to compute optimal quadrature

and polynomial interpolation points [33, 139, 138], as well as empirical interpolation points

using an improved DEIM called Q-DEIM [60]. QR pivoting is shown to outperform related

methods for optimal selection in either computational accuracy or runtime, sometimes both.

These suboptimal related methods include EIM, DEIM, information theoretic criteria [97]

and convex optimization [84, 18]. We now describe our sensor placement method given by

the matrix QR factorization with column pivoting of ΨT
r , which builds upon the Q-DEIM

method [60].

3.3 QR pivoting method

The reduced matrix QR factorization with column pivoting decomposes a matrix A ∈ Rm×n

into a unitary matrix Q, an upper-triangular matrix R and a column permutation matrix

C such that ACT = QR. Recall that the determinant of a matrix, when expressed as a

product of a unitary factor and an upper-triangular factor, is the product of the diagonal
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Algorithm 2 QR factorization with column pivoting of A ∈ Rn×m

Greedy optimization for placing p sensors γ from multiscale modes.
Usage: QrPivot( ΨT

r , p ) (if p = m)
Usage: QrPivot( ΨrΨ

T
r , p ) (if p > m)

1: procedure qrPivot( A, p )
2: γ ← [ ]
3: for k = 1, . . . , p do
4: γk = argmaxj /∈γ ‖aj‖2

5: Find Householder Q̃ such that Q̃ ·




akk

...
ank


 =




?
0
...
0


 . ?’s represent

nonzero diagonal
entries in R

6: A← diag(Ik−1, Q̃) ·A . Remove from all columns the orthogonal pro-
jection onto aγk

7: γ ← [γ, γk]

8: return γ

entries in the upper-triangular factor:

∣∣det ACT
∣∣ = | det Q|| det R| =

∏

i

|rii|, (3.11)

The pivoted QR permutes the matrix ΨT
r with CT to enforce the following diagonal domi-

nance structure on the diagonal entries of its R factor [60]:

σ2
i = |rii|2 ≥

k∑

j=i

|rjk|2; 1 ≤ i ≤ k ≤ m. (3.12)

Column pivoting iteratively increments the volume of the pivoted submatrix by selecting

a new pivot column with maximal 2-norm, then subtracting from every other column its

orthogonal projection onto the pivot column, and is summarized in Algorithm 2. In this

manner the QR factorization with column pivoting yields p point sensor indices (pivots)
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that best characterize dominant dynamical modes Ψr

ΨT
r CT = QR. (3.13)

Drmac and Gugercin [60, Theorem 2.1] derive an upper bound for the interpolation error

that is much tighter than that of DEIM (2.18):

Lemma 2 (Drmac and Gugercin [60]). Given orthonormal Ψ ∈ Rn×r (r � n) and the

Q-DEIM projection of an arbitrary f ∈ Rn,

f̂ , Ψ(CΨ)−1 ·Cf , (3.14)

with C computed by algorithm 2, the interpolation error satisfies the following upper bound

‖f − f̂‖2 ≤ ‖(CΨ)−1‖2 · ‖(I−ΨΨ∗)f‖2, (3.15)

where

‖(CΨ)−1‖2 ≤
√
n− r + 1

√
4r + 6r − 1

3
. (3.16)

Extension to oversampling. The standard pivoting formulation yields only as many

pivots as there are columns of Ψr (modes). However, oversampling, which refers to sampling

more observations than modes, promotes robustness to measurement noise, thus regularizing

the reconstruction problem (3.6). An original contribution of our work is the extension of

this QR pivoting method from interpolation to gappy POD regression. In the following, the

product of the measurement and POD basis is denoted by Θ = CΨr. The oversampled

sensor placement p > r can be computed from the pivoted QR factorization of ΨrΨ
T
r ,

where the column pivots are selected from n candidate state space locations based on the

observation that the singular values of the product ΘTΘ coincide with the first r singular
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values of its transpose and the diagonal entries of the R factor:

det ΘTΘ =
r∏

i=1

σi(ΘΘT ). (3.17)

Here we drop the absolute value since the determinant of ΘΘT is nonnegative. Thus, this

pivoting formulation automatically optimizes the desired determinant (3.9).

(ΨrΨ
T
r )CT = QR. (3.18)

The oversampled case requires an expensive QR factorization of an n× n matrix, whose

storage requirements scale quadratically with state dimension. However, this operation may

be advantageous for several reasons. The row selection given by the first p QR pivots

increase the leading r singular values of ΘΘT , hence increasing det ΘTΘ. This is the same

maximization objective used in D-optimal experiment design [124], which is typically solved

with Newton iterations using a convex relaxation of the subset selection objective. These

methods require one matrix factorization of an n × n matrix per iteration, leading to a

runtime cost per iteration of at least O(n3). The entire procedure must be recomputed for

each new choice of p. Our proposed method only requires a single O(n3) QR factorization

and results in a hierarchical list of all n total pivots, with the first p pivots optimized for

reconstruction in Ψr for any p > r. Thus, additional sensors may be leveraged if available.

The QR factorization is implemented and optimized in most standard scientific com-

puting packages and libraries, including Matlab, LAPACK, NumPy, among many others.

In addition to software-enabled acceleration, QR runtime can be significantly reduced by

terminating the procedure after the first p pivots are obtained. The operation can be ac-

celerated further using randomized techniques, for instance, by the random selection of the

next pivot [60] or by using random projections to select blocks of pivots [110, 109, 61].

Our sensor placement formulation is related to the machine learning concepts of variable

and feature selection [149, 76]. Such sensor (feature) selection concepts generalize to data-
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driven classification. For image classification using linear discriminant analysis (LDA), sparse

sensors may be selected that map via low-rank modes into the discriminating subspace [23].

Moreover, sparse classification within libraries of POD modes [170, 21, 29] can be improved

by augmenting empirical interpolation methods with a genetic algorithm [136].

3.4 Connection to optimal experimental design

The matrix volume objective described above is closely related to D-optimal experiment

design [124]; in fact, the two problems are identical when regarding the tailored basis Ψr

as a set of n candidate experiments of a low-dimensional subspace. Classical experimental

design selects the best p out of n candidate experiments for estimating r unknown parameters

a ∈ Rr. Each experiment, denoted θi, produces one output yi that may include zero-mean

i.i.d. Gaussian noise ζ ∼ N (0, η2). Again, we wish to estimate the parameters from p

experiment outputs y ∈ Rp in the following linear system,

y =




θ1

θ2

...

θp



· a + ζ =

r∑

k=1




Ψγ1,k

Ψγ2,k

...

Ψγp,k



ak + ζ = CΨra + ζ, (3.19)

which is equivalent to the state reconstruction formulation of gappy POD [65]. In Matlab

notation we sometimes refer to CΨr as Ψr(γ, :). Each possible experiment θi may be

regarded as a row of Θ or of the tailored basis Ψr such that θi = Ψr(γi, :). Equivalently

each θi is a weighted “measurement” of the lower dimensional POD parameter space (not

to be confused with the point measurement operation C). Note that when all experiments

are selected the output is simply the state vector x since x = Ψra. Given experiment

selections indexed by γ, the estimation error covariance is equivalent to the expression for

Ξ as expected

Var(a− â) = η2[ΘTΘ]−1 = η2[(CΨr)
TCΨr]

−1. (3.20)
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D-optimal subset selection minimizes the error covariance by maximizing the matrix volume

of ΘTΘ:

γ? = argmax
γ,|γ|=p

log det

p∑

i=1

θTi θi

= argmax
γ,|γ|=p

det(CΨr)
TCΨr, (3.21)

which is equivalent to (3.9). While the D-optimal criterion is formulated to shrink all compo-

nents of the error via its volume, A-optimal and E-optimal design criteria optimize the trace

and spectral radius of ΘTΘ, hence minimizing the mean squared error and worst-case error

component, respectively. The exact solutions of these optimization problems are intractable,

and they are generally solved using heuristics. This is most commonly accomplished by

solving the convex relaxation with a linear constraint on sensor weights β,

β? = argmax
β∈Rn

log det
n∑

i=1

βiθ
T
i θi,

subject to
n∑

i=1
0≤βi≤1

βi = p. (3.22)

The optimized sensors are obtained by selecting the largest sensor weights from β. The

iterative methods employed to solve this problem, i.e., convex optimization and semidefinite

programs [18, 84], require O(n3) matrix operations in each iteration to compute intermediate

Hessians. Therefore they are computationally more expensive than the QR pivoting meth-

ods, which cost one matrix factorization in total. Greedy sampling methods such as DEIM

and QR are practical for sensor placement within a large number of candidate locations over

high-dimensional spatial grids; hence, they are the methods of choice in reduced-order mod-

eling [12]. The various optimization methods for data-driven sensor selection are summarized

in Table 3.1.
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Method Objective Runtime

D-optimal subset selection
γ? = argmax

γ,|γ|=p
log det

p∑

i=1

θTi θi

= argmax
γ,|γ|=p

det(CΨr)
TCΨr

(
n
p

)
determinant evaluations

Convex optimization

β? = argmax
β

log det
n∑

i=1

βiθ
T
i θi

subject to
n∑

i=1
0≤βi≤1

βi = p
O(n3) per iteration

QR pivoting (greedy) Case p = r : ΨT
r CT = QR

Case p > r : (ΨrΨ
T
r )CT = QR

O(nr2)

O(n3)

Table 3.1: Summary of sensor placement methods

3.5 Results and discussion

Sensor selection and signal reconstruction algorithms are implemented and compared on data

from fluid dynamics, facial images, and ocean surface temperatures. The examples span a

wide range of complexity, exhibit both rapid and slow singular value decay, and come from

both static and dynamic systems.

In each example, optimized sensors obtained in a tailored basis with QR pivots outper-

form random measurements in a universal basis using compressed sensing for signal recon-

struction. Moreover, for the same reconstruction performance, many fewer QR sensors are

required, decreasing the cost associated with purchasing, placing, and maintaining sensors,

as well as reducing the latency in computations. Thus, for a well-scoped reconstruction task

with sufficient training data, we advocate principled sensor selection rather than compressed

sensing. When the structure of the underlying signal is unknown, then compressed sensing

provides more flexibility with an associated increase in the number of sensors.
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Figure 3.2: Fluid flow past a cylinder at Reynolds number 100, characterized by vortex
shedding.

3.5.1 Flow past a cylinder

Fluid flow past a stationary cylinder is a canonical example in fluid dynamics that is high-

dimensional yet reveals strongly periodic, low-rank phenomena. It is included here as an

ideal system for reduction via POD and hence, minimal sensor placement. The data is gen-

erated by numerical simulation of the linearized Navier-Stokes equations using the immersed

boundary projection method (IBPM) based on a fast multi-domain method [145, 50]. The

computational domain consists of four nested grids so that the finest grid covers a domain of

9× 4 cylinder diameters and the largest grid covers a domain of 72× 32. Each grid has reso-

lution 450× 200, and the simulation consists of 151 timesteps with δt = 0.02. The Reynolds

number is 100, and the flow is characterized by laminar periodic vortex shedding [120]. Vor-

ticity field snapshots are shown in Fig. 3.2. In the cylinder flow and sea surface temperature

examples, each snapshot xi = x(ti) is a spatial measurement of the system at a given time

ti. Thus POD coefficients ak(ti) are time dependent, and ψk(x) are spatial eigenmodes.

The first 100 cylinder flow snapshots are used to train POD modes and QR sensors, and

reconstruction error bars are plotted over 51 remaining validation snapshots in Figure 3.4.

The POD modes of this data reflect oscillatory dynamics characterized by periodic vortex-

shedding. The data is low-rank, and the singular values decay rapidly, as shown in Fig. 3.3a.

The singular values occur in pairs corresponding to harmonics of the dominant vortex shed-
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Figure 3.3: Illustration of singular value decay and sparse signal reconstruction in the fluid
flow past a cylinder example. (a) The exponential decay of singular values indicates low-
rank dynamics with a modal truncation at r = 42 modes, the last modes containing any
meaningful spatial structure. (b) Recovery with a minimal number of QR sensors with
increasing POD basis rank is nearly as good as a snapshot’s approximation in the same
POD basis, and overfitting occurs beyond r > 42. Optimized sensing remains orders of
magnitude more accurate than reconstruction with random sensors.

ding frequency. Most of the spectral energy in the dataset is captured by the first 42 POD

modes. Thus the intrinsic rank of the dataset in POD feature space is r = 42, and the

minimal number of QR pivots is p = 42. This yields a dramatic reduction from the initial

state dimension of n ≈ 90000 spatial gridpoints. Here, QR pivoting of ΨT
r (with O(nr2)

operations) bypasses expensive O(n3) factorizations of large n × n matrices with alternate

sampling or convex optimization methods.

Reconstruction from QR sensors (Fig. 3.3b) successfully captures modal content with only

p = r sensors when fitting to the first 42 POD modes. The first 42 POD modes characterize

nearly 100% of the system’s energy, the normalized sum of the singular values. Using r >

42 modes results in overfitting, and QR pivoting selects sensors based on uninformative

modes. Thus, accuracy stops improving beyond r = 42 target modes, whereupon sensor data

amplifies noise. However, these tailored sensors perform significantly better than random
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Figure 3.4: Comparison with DEIM. Oversampled QR permits additional sensors p = 2r and
a 4x reduction in reconstruction error compared to discrete empirical interpolation method
(DEIM). In the p = r = 40 case DEIM and QR pivoting (Q-DEIM) perform compara-
bly, with a slight improvement observed with QR. All sampling methods are within some
constant factor of the optimal POD approximation with the full states. Hence POD-based
sampling methods demonstrate robust, bounded growth of reconstruction error as sensor
noise increases.

sensors due to the favorable conditioning properties of QR interpolation points.

3.5.2 Noise comparison study

Measurements of real-world data are often corrupted by sensor noise. The POD-based sensor

selection criteria, as well as A,D and E-optimal experimental design criteria, are optimal for

estimation with measurements corrupted by zero-mean Gaussian white noise. We empirically

demonstrate this on the cylinder flow data with increasing additive white noise. Here we

assume sensor noise only in the test measurements and not in the training data or features,

see Eqn. (3.19). The POD modes and the different sensor sets are trained on the first 100

snapshots, and these different sensor sets are used to reconstruct the remaining 50 validation

snapshots, which were not used for training features.

The reconstruction accuracy of the various sampling methods are compared for increasing

sensor noise in Fig. 3.4, alongside the full-state POD approximation for illustration. Here we
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truncate the POD expansion to r = 40 eigenmodes and compare the p = r reconstruction

computed with the discrete empirical interpolation method (DEIM) [41] against the QR

pivoting reconstruction (Q-DEIM, p = r). The DEIM greedy strategy places sensors at

extrema of the residual computed from approximating the k-th mode with the previous k−1

sensors and eigenmodes. It can be seen that QR reconstruction is slightly more accurate

than that of DEIM, which is the leading sampling method currently in use for reduced-order

modeling [12].

QR pivoting is competitive in both speed and accuracy. The speed of QR pivoting is

enabled by several implementation accelerations; for example, the column norms in line 4 of

Algorithm 2 are only computed once and are then reused. Unlike QR pivoting, DEIM and

related methods add successive sensors per iteration by similarly optimizing some metric over

all locations. However, this metric (e.g., the approximation residual or the largest singular

value) is recomputed at every iteration. The QR factorization is significantly faster than

convex optimization methods used in optimal design of experiments, which typically require

one matrix factorization per iteration.

In fact, convex optimization methods that relax the subset selection to weighted sensor

placement provide no bounds for deviation from the global optimum, partly because rounding

procedures are employed on the weights to decide the final selection. However, reconstruction

error bounds for the globally optimal selection are known for DEIM [41], Q-DEIM [60] and

related POD sampling methods [165, 171]. Furthermore, QR pivoting can achieve significant

accuracy gains over DEIM by oversampling, i.e., when p = 2r QR reconstruction error is 4x

smaller than that of DEIM. It should be noted that while DEIM has not yet been extended

to the p > r case, oversampling methods exist for other POD-sampling methods [165, 171].

However, the iterative procedures involved in the latter are typically more expensive. Recent

accelerated variants of greedy principled sampling [173] may permit oversampling for large

n, when oversampled QR storage requirements would be excessive. In the cylinder flow case,

we bypass this storage requirement by uniformly downsampling the fine grid by a factor of 5

in each spatial direction, thus reducing the number of candidate sensor locations to n = 3600
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Figure 3.5: Normalized singular values and selected eigenfaces. Facial information progres-
sively decreases across selected eigenfaces, and no facial features can be readily discerned
beyond eigenface r = 166, the optimal modal truncation value according to [66].

instead of n = 89351.

3.5.3 Extended Yale B eigenfaces

Image processing and computer vision commonly involve high-resolution data with dimension

determined by the number of pixels. Cameras and recording devices capture massive images

with rapidly increasing pixel and temporal resolution. However, most pixel information in

an image can be discarded for subject identification and automated decision-making tasks.

The extended Yale B face database [67, 102] is a canonical dataset used for facial recog-

nition, and it is an ideal test bed for recovering low-rank structure from high-dimensional

pixel space. The data consists of 64 aligned facial images each of 38 stationary individuals

in different lighting conditions. We validate our sensor (pixel) selection strategy by recover-

ing missing pixel data in a validation image using POD modes or eigenfaces trained on 32

randomly chosen images of each individual.

Normalized singular values are shown in Fig. 3.5, and the optimal singular value trunca-

tion threshold [66] occurs at r = 166, indicating the intrinsic rank of the training dataset.
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Figure 3.6: Comparison of reconstruction and sensor placement methods. QR sensors em-
phasize facial features such as the eyes, nose and mouth, and hence achieve adequate recon-
struction with as few as 166 sensors (16% of all pixels). Least squares (`2) reconstruction with
50 QR sensors (5% of pixels) surpasses the performance of compressed sensing with 300 ran-
dom pixels. In comparison, compressed sensing requires 600 sampled pixels for comparable
recovery, while `2 reconstruction with random sensors is consistently poor.

Indeed, selected eigenfaces are also shown to reveal no meaningful facial structure beyond

eigenface 166. QR pixel selection is performed on the first 50 and first 166 eigenfaces, and

selected pixels shown in Fig. 3.6 cluster around important facial features – eyes, nose and

mouth.

Image reconstructions in Fig. 3.6 are estimated from the same number of selected pixels

as the number of modes used for reconstruction. For instance, the 50 eigenface reconstruction

is uniquely constructed from 50 selected pixels out of 1024 total – 5% of available pixels.

Even at lower pixel selection rates, least squares reconstruction from QR selected pixels is

more successful at filling in missing data and recovering the subject’s face.

For comparison, reconstruction of the same face from random pixels using compressed

sensing is shown in Fig. 3.6. Compressed sensing in a universal Fourier basis demonstrates

progressively improved global feature recovery. However, more than triple the pixels are
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Figure 3.7: Recovery using our oversampled QR pivoting method for p = 2r > r sensors.
QR pivoting sensors perform comparably to sensors obtained via the convex optimization
(Convex opt) method [84], and both are close to the optimal proper orthogonal decomposi-
tion approximation using the full state. In contrast to the convex method, QR sensors are
obtained at reduced computational cost using the QR factorization of ΨrΨ

T
r . Both methods

outperform an equal number of randomly selected sensors.

required for the same quality of reconstruction as in QR selection. Moreover, the convex

`1 optimization procedure is extremely expensive compared to the single `2 regression on

subsampled eigenfaces. Therefore data-driven feature selection and structured measurement

selection are of significant computational and predictive benefit, and occur at the small

training expense of one SVD and pivoted QR operation.

The convergence of reconstruction with sensors using QR pivoting is shown in Fig. 3.7.

More sensors than modes are used in reconstruction for this example. The expected error

dropoff is observed with increasing number of modes and sensors, although the dropoff is

slower than for the cylinder flow (Fig. 3.3b) due to slower decay of singular values.

3.5.4 Sea surface temperature (SST)

Next we consider the NOAA OISST V2 global ocean surface temperature dataset spanning

the duration 1990–2016. The data is publicly available online [1]. Unlike eigenfaces, this
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Figure 3.8: Singular values and selected proper orthogonal decomposition (POD) modes for
sea surface temperature data. The optimal rank truncation threshold occurs at r = 302.
POD mode 302 contains energetic localized convective phenomena (El Niño) but is largely
uninformative on a global scale. Thus, overfitting may occur as more modes are included
(see Fig. 3.10).

dataset is a time series, for which a snapshot is recorded every week. Sensor selection must

then track energetic temporal signatures. Sensors and features are trained on the first 16

years (832 snapshots), and a test snapshot is selected from the excluded validation set. The

singular values are shown in Fig. 3.8.

Like the eigenfaces, localized convective phenomena have energetic contributions to oth-

erwise globally uninformative eigenssts. This is best seen in the POD snapshot projections,

in which the 100 eigensst projection already sufficiently recovers dynamics, while increas-

ing the number of eigenssts in the projection further refines convective phenomena. These

lower-energy modes containing convective effects contribute to some degree of overfitting in

`2 reconstruction (Fig. 5.7). The most interesting of these is the El Niño southern oscillation

(ENSO) feature that is clearly identified from QR selected sensors. El Niño is defined as

any temperature increase of a specified threshold lasting greater than six months in this

highlighted region of the South Pacific. It has been implicated in global weather patterns,

warming and climate change.

Remark: Modal separation of intermittent phenomena such as the El Niño is difficult from
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Figure 3.9: QR selected sensors used for reconstruction. QR sensors are informative about
ocean dynamics, for example capturing convective phenomena such as the El Niño Southern
Oscillation off coastal Peru.

a time-invariant POD analysis. Separation of isolated, low-energy temporal events cannot

be done from a variance-characterizing decomposition such as the POD – reordering the

snapshots will yield the same dominant modes. On the other hand, tensor decompositions

and temporal-frequency analyses such as multiresolution dynamic mode decomposition have

succeeded at identifying El Niño where POD has failed. Sensor selection using non-normal

modes arising from such decompositions remains an open problem and the focus of ongoing

work.

3.6 Conclusions

In this section, we have demonstrated the practical implementation of several sparse sensing

algorithms on a number of relevant real-world examples. As discussed throughout, there is no

all-purpose strategy for the sparse sensing of a high-dimensional system. Instead, the choice

depends on key factors such as the amount of training data available, the scope and focus

of the desired estimation task, cost constraints on the sensors themselves, and the required

latency of computations on sensor data. Thus, we partition the sparse sensing algorithms
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Figure 3.10: Comparison of methods for reconstruction of a single snapshot from sensors.
QR selected sensors filter uninformative features and achieve better reconstruction. In com-
parison, random sensors achieve poor reconstruction with least squares (`2) and compressed
sensing. As the number of proper orthogonal decomposition (POD) modes is increased,
modal approximation with the full state (top row) only gets marginally better, which indi-
cates additional features contribute low-energy uninformative features. Hence `2 reconstruc-
tion expresses low-energy POD modes and suffers from overfitting, with both random and
to a lesser extent, QR sensors.

into two fundamental categories: 1) optimized sensing in a data-driven tailored basis, and

2) random sensing in a universal basis.

A critical comparison of the two approaches highlights a number of relative strengths

and weaknesses. The first strategy results in a highly optimized set of sensors that are suit-
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able for tightly scoped reconstruction problems where sufficient training data is available.

The second strategy requires more sensors for accurate reconstruction but also makes fewer

assumptions about the underlying signal, making it more general. We emphasize that opti-

mized sensing in a tailored basis typically provides more accurate signal reconstruction than

random measurements, facilitating a reduction in the number of sensors by about a factor

of two. Further, sensor selection and signal reconstruction in the tailored basis is compu-

tationally efficient and simple to implement, while compressed sensing generally requires a

costly iterative algorithm. In problems where sensors are expensive, or when low-latency

decisions are required, the reduction in the number of sensors and the associated speed-up

of optimized sensing can be significant. Thus, when the reconstruction task is well-scoped

and a sufficient volume of training data is available, we advocate principled sensor selection

rather than compressed sensing. In addition, pivoted QR sensors may be used in conjunc-

tion with other tailored bases (polynomials, radial basis functions) when signal structure is

known. Since these are not data-driven basis functions, QR optimized samples can generalize

to different dynamical regimes or flow geometries.

3.6.1 Potential applied impact

Many fields in science and engineering rely on sensing and imaging. Moreover, any applica-

tion involving feedback control for stabilization, performance enhancement, or disturbance

rejection relies critically on the choice of sensors. We may roughly categorize these sensor-

critical problems into two broad categories: 1) problems where sensors are expensive and

few (ocean sampling, disease monitoring, espionage, etc.), and 2) problems where sensors are

cheap and abundant (cameras, high-performance computation, etc.).

In the first category, where sensors come at a high cost, the need for optimized sparse

sensors is clear. However, it is not always obvious how to collect the training data required

to optimize these sensors. In some applications, high-fidelity simulations may provide insight

into coherent structures, whereas in other cases a large-scale survey may be required. It has

recently been shown that it may be possible to optimize sensors based on heavily subsampled



42

data, as long as coherent structures are non-localized [23].

In the second category, where sensors are readily available, it may still be advantageous

to identify key sensors for fast control decisions. For example, in mobile applications, such

as vision-based control of a quad-rotor or underwater monitoring of an energy harvesting

site using an autonomous underwater vehicle, computational and battery resources may be

limited. Restricting high-dimensional measurements to a small subset of key pixels speeds

up computation and reduces power consumption. Similar performance enhancements are

already exploited in high-performance computing, where expensive function evaluations are

avoided by sampling at key interpolation points [42, 41]. Finally, it may also be the case

that if measurements are corrupted by noise, reconstruction may improve if uninformative

sensors are selectively ignored.
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Chapter 4

SENSORS FOR PREDICTIVE MANUFACTURING

Much of the data collected from real-world processes contains outliers and noise that

may skew features resulting from PCA. In these cases features robust to outliers and noise

are desirable in practice. Indeed, robust statistical methods are critically important for

evaluating real-world data, as advocated by John W. Tukey in the earliest days of data

science [81, 59]. This chapter investigates an application to predictive aircraft manufacturing,

in which we combine robust dimensionality reduction and sparse measurement optimization

to dramatically reduce the number of measurements required to shim gaps between assembled

parts in a modern aircraft. The first section motivates the data-driven predictive shimming

of an aircraft, followed by a description of feature selection using robust principal component

analysis. These robust principal component analysis features serve as a proxy for standard

POD modes in the data-driven learning and QR pivoting sensor placement step. The final

section demonstrates successful prediction using our method for gaps occurring in the wing

to body join across 54 representative Boeing aircraft.

4.1 Motivation

Aircraft are built to exceedingly high tolerances, with components sourced from around the

globe. Even when parts are manufactured to specification, there may be significant gaps

between structural components upon assembly. One of the most time-consuming and expen-

sive efforts in part-to-part assembly is the shimming required to bring an aircraft into the

engineering nominal shape. Historically, parts have been dry-fit, gaps measured manually,

and custom shims manufactured and inserted, often involving disassembly and reassembly.

Recent advancements in 3-D scanning have enabled their use for surface measurement prior
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Figure 4.1: Schematic overview of predictive shimming. Sparse sensor optimization
is used to accelerate predictive shimming of aircraft. We compute robust shim gap features
and measurement locations in a offline training stage. This dimensionality reduction in the
offline training stage facilitates an extremely low-dimensional estimation problem to recover
high-fidelity shims during online execution. Note that high-fidelity measurements are never
needed online.

to assembly, known as predictive shimming [83, 117, 115, 45, 116, 114]. There are several

patents and papers describing methods of high-tolerance measurement and manufacturing

required for predictive shimming [107, 108, 45, 19, 162, 159, 20, 5]. While some cost-effective

devices may not provide the fidelity required, higher-fidelity metrology and scanning devices

result in overwhelming amounts of data, shifting the burden from time-consuming man-

ual shimming to time-consuming computational processing for predictive shimming. This

amounts to significant delays in production, with much of the time being spent in the critical

path of assembly. Reducing the burden of data collection and processing, and ultimately

reducing delays for optimized aircraft assembly, could have significant financial implications,

on the order of billions of dollars a year.

Our framework for data-driven measurement placement suggests an alternative approach

to predictive shimming. Instead of measuring each component of a new aircraft in isolation,

we leverage historical production data to learn low-rank patterns from the spatial shim gap

distributions. The robust principal component analysis (RPCA) [39] is used to compute low-

rank gap principal components that are robust to outlier measurements. RPCA is based on
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Algorithm 3 Inexact augmented Lagrange multiplier method for Robust PCA
Usage: inexact alm rpca( X , λ )

1: procedure inexact alm rpca( X, λ )
2: Initialize X,L,S, µ
3: while not converged do
4: minimize L(L,S,Y) by updating L and S only once
5: Y = Y + µ(X− L− S)
6: update µ

7: return L,S

the computationally efficient singular value decomposition (SVD) [72], and yields the most

correlated spatial structures in the aircraft measurements, identifying areas of high variance

across different aircraft. Next, QR pivoting is applied to these RPCA modes to obtain a

minimal subset of key measurement locations (sensors) that are most predictive of the spatial

shim gap distribution. We apply our algorithms to a historical production dataset consisting

of 54 Boeing aircraft. The optimal measurements determined by our method successfully

predict 99% of the shim gaps within the desired measurement tolerance using approximately

3% of the available laser scan data. All results are rigorously cross-validated.

4.2 Robust Principal Component Analysis

Least-squares regression is highly susceptible to outliers and corrupted data. Principal com-

ponent analysis (PCA) suffers from the same weakness, making it fragile with respect to

outliers. To address this sensitivity, [39] introduced a robust principal components analysis

(RPCA) that decomposes a data matrix X into a low-rank matrix L containing dominant

coherent structures, and a sparse matrix S containing outliers and corrupt data:

X = L + S. (4.1)

The principal components of L are robust to the outliers and corrupt data in S. The RPCA

decomposition has tremendous applicability for many modern problems of interest, including
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video surveillance [17] (where the background objects appear in L and foreground objects

appear in S), natural language processing [92], matrix completion and face recognition [170].

Mathematically, the goal of RPCA is to find matrices L and S that satisfy

min
L,S

rank(L) + ‖S‖0 such that L + S = X. (4.2)

However, neither the rank(L) nor the ‖S‖0 terms are convex, and this is not a scalable

optimization problem. Similar to compressed sensing, it is possible to solve for the optimal

L and S with high probability using a convex relaxation of (4.2):

min
L,S
‖L‖∗ + λ‖S‖1 such that L + S = X. (4.3)

Here, ‖ · ‖∗ denotes the nuclear norm, given by the sum of singular values, which is a proxy

for rank. The solution to (4.3) converges to the solution of (4.2) with high probability if

λ = 1/
√

max(n,m), where n and m are the dimensions of X, given that L is low-rank and

S is sparse.

The problem in (4.2) is known as principal component pursuit (PCP), and may be solved

using the augmented Lagrange multiplier (ALM) algorithm. The augmented Lagrangian

may be constructed as:

L(L,S,Y) = ‖L‖∗ + λ‖S‖1 + 〈Y,X− L− S〉+
µ

2
‖X− L− S‖2

F . (4.4)

A general solution would solve for the Lk and Sk that minimize L, update the Lagrange mul-

tipliers Yk+1 = Yk+µ(X−Lk−Sk), and iterate until the solution converges. This is outlined

in Algorithm 3. For this specific system, the alternating directions method (ADM) [?, 172]

provides a simple procedure to find L and S. The parameter µ is discussed more in [172]

and [39].

In the following, RPCA will be used to develop low-dimensional representations for high-

dimensional aircraft metrology data (e.g., laser scans or point cloud measurements). In
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Figure 4.2: (a) Robust principal components of shim gaps. This view is a projection
orthonormal to one of the mating surfaces, where color corresponds to principal components
of measured gap thickness from small (blue) to large (red). Here robust principal components
1-9 are displayed alongside the percentage of the total variance captured in each component,
which also reveal segmented regions of spatial features that correspond to individual shim
parts (Figure 4.5). (b) Normalized singular values. Singular values, which encode the
percentage of the total variance contained in each principal component, indicate that nearly
all the variance in the shim gap data is contained in the first 31 RPCA principal components.
By contrast, the slow decay of PCA singular values indicates that standard PCA features
are corrupted by noise which would contribute to overfitting validation data.

particular, the left singular vectors Ψ of the low-rank matrix L yield robust principal com-

ponents, and are computed via the SVD:

L = ΨΣV∗. (4.5)

These low-rank coherent patterns will then facilitate sparse sensing strategies.

4.3 Measurement optimization and gap prediction

Assuming that shim gaps are well characterized by r low-rank features Ψr, we seek the

optimal p ≥ r gap measurement locations that best characterize the remaining n − p shim

gaps in a procedure identical to that presented in Chapter 3. As before, the optimal sensor
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measurements are computed from the low-rank RPCA modes using Algorithm 2

ΨT
r CT = QR, (4.6)

or, when p > r,

ΨrΨ
T
r ·CT = QR. (4.7)

Subsequently the n − p unknown shim gaps for a new aircraft are predicted from the p

measured gap values at the optimal locations stored in, y = Cx, with gappy RPCA recon-

struction

x̂ = Ψr(CΨr)
†y (4.8)

These optimal locations and features are obtained in the training stage using the QR col-

umn pivoting method and RPCA methods respectively, effectively selecting measurement

locations from regions of strong spatial correlation. Finally, we assess the success of the

prediction with the percentage of points that differ from the true gap values by less than

0.005”, which is the desired measurement tolerance for a laser scanner, or equivalently, the

number of indices i out of n total that satisfy |xi − x̂i| < 0.005.

Finally, it is useful to decompose a large aircraft structure into several smaller shim

components, which are each analyzed independently. As we see, this improves the prediction

performance and reduces the number of measurements by ensuring that the data remains

tightly correlated across aircraft.

4.4 Results and discussion

We demonstrate the performance of the proposed architecture on production data from a

challenging part-to-part assembly on a Boeing aircraft. This data set consists of 10076 laser

gap measurements of the part assembly for 54 different production instances of the same

aircraft type. Measurement locations are aligned between the instances, making the data

amenable to SVD. We build a reduced-order model of the shim distribution using RPCA and
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Figure 4.3: Median gap prediction error. The median prediction error at almost all
spatial locations falls below the manufacturing measurement tolerance of 0.005 inches. The
median at each point is taken across 53 instances of cross-validated prediction. The subse-
quent figure plots the probability distribution of prediction error.

then design optimized measurement locations based on these data-driven features. We train

the model on 53 aircraft and then validate on the remaining aircraft; this process is repeated

for all 54 possible training/test partitions to cross-validate the results. Thus, a data matrix

X ∈ R10076×53 of training data is constructed, in which each column contains all of the shim

gaps for one aircraft, and each row contains the measured gap values at one specific location

for all aircraft in the training set.

The low-rank decomposition of X via RPCA is shown in Fig. 4.2. The singular value

distribution indicates dominant low-rank structure, and the principal components illustrate

the coherent correlated patterns observed in the shim gap data. RPCA has a tunable pa-

rameter λ that controls the strength of outlier rejection or the number and magnitude of

nonzero entries in S. In practice, λ is set to an optimal value determined by the dimensions

of the matrix, which in our case is λ = 1/
√

max(10076, 53).

4.4.1 Prediction results for entire wing to body join

First, we investigate sensor optimization and shim prediction considering the entire data set

as single large structure. In the next section, we decompose the data into several individual

shim segments.
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Figure 4.4: Pointwise absolute error distribution. The normalized histogram of absolute
error across 534,028 total validation points (10076 gaps × 53 aircraft) is shown on the right.
The cumulative distribution function (CDF) of this distribution (left) shows that 87% of the
predicted gap absolute errors are less than desired tolerance of 0.005 inches, indicated by the
red threshold.

Our algorithm identifies r = 31 RPCA modes and p = 100 optimized measurements

using oversampled QR pivoting. Potential overfitting may occur when fitting more than 100

measurements to these 31 features, since some measurements may be contaminated by noise

not reflected in the feature space. Thus, increasing the number of measurements further does

not yield substantial improvements in prediction accuracy.

The 100 optimized measurements consist of less than 1% of the original 10076 gap mea-

surements. From these few measurements, the remaining shim gaps are predicted with high

accuracy. Figure 4.3 shows the median pointwise absolute error between the predicted and

true shim values. The prediction is successful with high probability across the 53 cross-

validation cases. The absolute error distribution for all points across all tests, shown in

Figure 4.4, reveals that 87% of all points are predicted within ±0.005”. The few gap loca-

tions with error larger than the required ±0.005” will likely not contribute significantly to

a manufactured shim, as these are averaged out in splining and fabrication. The few points

that are outside of this prediction tolerance will be outweighed by the numerous successfully
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(a) High-fidelity scan locations (b) Optimal measurement sensor ensembles

Figure 4.5: Gap measurements. This figure plots high-fidelity gap measurement locations
segmented into 7 canonical shim regions (left). Ensembles of measurement locations (sensors)
selected by our method are pictured on the right. Sensors are sized by the number of times
they are selected by our method across 53 different gap measurement training sets. They
are more concentrated around edges and corners, which is where we expect more systemic
gap variation.

predicted gaps in the fabrication of the shim, as around 1000 laser scan points are used to

define each shim.

4.4.2 Prediction results for segmented shims

The number of incorrectly predicted gaps can be reduced by training our method on each

individual shim part separately, as there are seven individual shim segments in the assembly

considered. Considering each shim segment separately helps to ensure that data is tightly

correlated across aircraft, improving prediction. It is possible to reduce the number of total

measurements and improve the overall performance using this segmentation approach.

Figure 4.5 displays the seven separately manufactured shim segments, as well as the sensor

ensembles for each shim. Prediction results are shown in Table 4.1. Prediction accuracy is

vastly improved, and 96-99% of the shim gap locations are predicted to within the desired
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(a) 26 sensors (b) 100 sensors

Figure 4.6: Optimal sensors for single segment. Optimal measurements from our
method (red) are plotted over gap data (yellow corresponds to larger gap sizes) for shim
segment #2 (Fig. 4.5). (left) 26 optimal measurement locations required to predict all un-
measured gaps with 98.05% accuracy (Table 4.1). Since this shim is well-described by as
few as r = 26 principal components, the minimum required number of optimal sensors is
26. Our method can also increase the number of optimal sensors (right), which increases
sensor density near the previously selected locations. Although additional sensors provide
redundant information, it is shown in Fig. 4.7 that they yield only marginal improvements
in accuracy.

±0.005” tolerance. Furthermore, we note that that the rates of optimal measurements r

vary from anywhere between 2% to 6% of all points within the shim, which indicates that

some shims are higher-dimensional and require more features (hence, sensors) to be fully

characterized. This is also reflected in the sensor ensembles in Fig. 4.5.

Figure 4.6 shows the optimized sensor locations for the second shim segment. As the

number of sensors is increased from p = 26 to p = 100, the sensor density increases near

Shim No. 1 2 3 4 5 6 7

Percent Accurate 97.90 98.05 99.82 99.94 99.99 99.03 99.97
Optimal sensors (avg) 26 26 25 26 25 26 25
Total points 1003 1116 453 692 709 768 664

Table 4.1: Segmented prediction results show vastly improved prediction accuracies, with
97-99% of gaps predicted to within the desired 0.005 inch measurement tolerance.
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Figure 4.7: Pointwise error vs. number of optimal sensors. As the number of sensors
are increased, pointwise error distributions do not show much improvement beyond p = 60
sensors for shim 2, which has 1116 points in total. For instance, at p = 80 only 3 points are
mispredicted with absolute error greater than 0.005 inches out of all 1116 × 53 test points.
Finally, the best prediction using all 1116 points yields only marginal improvements.
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Figure 4.8: Absolute error distribution for optimal (blue) vs. random (orange)
sensors. The above are histograms of pointwise absolute error across all validation tests us-
ing reconstruction from optimal and an equal number of random sensors (which are randomly
selected from available measurement locations shown in Figure 4.5). The red line represents
the desired measurement tolerance of 0.005 inches, and the legend indicates the percentage
of points that fall within this error tolerance. The histograms indicate that optimal sensors
predict nearly twice as well as random sensors.
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the originally identified points. Figure 4.7 shows the error distribution as the number of

sensors is increased, indicating that there is a performance cap at a certain small number

of sensors. Finally, Fig. 4.8 shows the error distributions of predicted shim gaps for all

seven segments, comparing the performance of optimized sensors versus randomly chosen

measurement locations. In all cases, optimized sensors result in significantly more accurate

shim prediction over random sensors, with the vast majority of predicted shims within the

desired tolerance.

4.5 Conclusions

This work demonstrates the ability of data-driven sensor optimization to dramatically reduce

the number of measurements required to accurately predict shim gaps in aircraft assembly.

We combine sparse sensor optimization with robust feature extraction and apply the tech-

nique to historical Boeing production data from a representative aircraft. With around 3%

of the original laser scan measurements, our algorithm is able to predict the vast majority of

gap values to within the desired measurement tolerance, resulting in accurate shim predic-

tion. These optimized measurements exhibit excellent cross-validated performance and may

inform targeted, localized laser scans in the future. Reducing the burden of data acquisition

and downstream computations has tremendous potential to improve the efficiency of predic-

tive shimming applications, which are ubiquitous and often take place in the critical path of

aircraft assembly. Thus, streamlining this process may result in billions of dollars of savings.

The proposed algorithm has been demonstrated on laser point scan data, although the

method is broadly applicable to data from various metrology equipment. In the current

study, reducing the number of laser scan points directly reduces measurement time, which

is considerable. However, in many predictive shimming applications, vast and increasing

volumes of point cloud data are being collected. As opposed to laser scans, point clouds

are relatively inexpensive to acquire, and it is less clear that sparse sensing will significantly

reduce acquisition time. Nonetheless, point cloud scans often yield millions or billions of

data points, which result in computationally expensive downstream predictions. The sparse
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sensor algorithm may pinpoint key locations in this vast data, dramatically reducing shim

computations, likewise reducing the time required for predictive shimming. In addition,

because high-resolution scan data is available, it may be possible to use thousands of nearby

points in the vicinity of an identified sparse sensor location to obtain a robust gap estimate

in this region. It may also be possible to obtain super-resolution, leveraging the availability

of large quantities of nearby data.

There are a number of interesting future directions for this work. In the present study,

we use RPCA to remove outliers in the data, providing a robust computation of low-rank

patterns. However, the sparse outliers may contain information about anomalies and defects,

and machine learning may be used to automatically classify these outliers. It has also been

observed in this data that aircraft tend to cluster in the PCA feature space, indicating

possible differences in manufacturing processes across line number. Mining this data and

using these PCA coefficients as diagnostics for process control may be possible.

Although the present work has been applied to historical production data, this tech-

nology can be implemented for online learning in aircraft production. Importantly, every

step in the algorithm is relatively inexpensive, involving laptop computations on the or-

der of minutes. The initial RPCA and pivoted QR are one-time computations, which can

be accelerated by GPU implementations when datasets contain on the order of millions of

points. The dimensionality reduction provided by RPCA permit each aircraft’s gap data

to be compactly represented by its PCA coefficients, plus a small number of PCA features

shared by all aircraft. Then, the full data can be cheaply recovered from a simple projec-

tion onto PCA features. Thus the PCA framework (even without optimal measurements)

permits compact storage of large data that often result from scans. After the offline sen-

sor optimization, online predictive shimming merely requires 1) collecting a small subset of

optimized measurements and 2) performing least-squares regression. The features and pre-

dictions only improve with increasing data, and so as more aircraft are manufactured, the

dominant correlation structures, and resulting sparse sensor locations, become more clear.
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Chapter 5

OPTIMIZED SAMPLING FOR MULTISCALE DYNAMICS

The POD reduced characterization of data is variance or energy based, which means that

reordering time snapshots within the data matrix produces the same results. In addition to

being dynamically irrelevant, POD modes miss rare temporal events that are typically not

energetic in the system. Many natural systems exhibit multiscale transient, intermittent,

or rare bursting dynamics that are not amenable to this approach. Indeed, the dynamic

interactions that persist across multiple timescales are typical of many complex systems in

fluid dynamics, material science, atmospheric and ocean interactions, networked systems

and neurobiology. Dimensionality reduction techniques show immense promise in obtaining

interpretable models directly from data for downstream prediction and control. However,

complex interactions of spatiotemporal scales and limited measurement capabilities confound

efforts to separate the various micro- and macro-scale physics. To alleviate this critical lim-

itation, we develop a multiresolution analysis (MRA) [54, 56] algorithm for the separation

of multiscale, low-rank phenomena by its intrinsic timescale in order to determine opti-

mal measurement locations. We build on the multiresolution dynamic mode decomposition

(mrDMD) [100] which capitalizes on a wavelet-like decomposition for MRA and embeds the

dynamics at each timescale using a low-rank feature extraction technique such as POD.

The workhorse algorithm behind mrDMD is the dynamic mode decomposition (DMD) [137,

133, 157], a matrix decomposition that identifies low-rank spatial structures and their cor-

responding temporal Fourier dynamics [99]. In contrast to POD, DMD can be considered

a combination of the Discrete Fourier Transform and POD for preserving both temporal

correlation and frequency information. It further provides interpretable, low-rank features

in data that can directly be used for prediction or for building dynamic models.
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The low-rank patterns of DMD can be further exploited for sparse (greedy) sampling

of the dynamics. Thus our secondary goal for multiscale characterization is to determine

optimal sensor placement that respects the multiscale dynamics induced by the measured

system. We propose applying QR pivoting directly to mrDMD modes for spatially sampling

the multiscale phenomena of interest. This method accurately identifies dynamics occurring

at different timescales in multiscale data. Secondly, multiscale sensors derived from QR

matrix pivots of mrDMD modes are shown to spatially cover localized coherent structures

exhibiting specific frequencies. We then leverage resulting mrDMD modes and multiscale

sensors to estimate temporal behavior, for which multiscale reductions are demonstrably

more accurate than POD-based reduction.

5.1 Background

This section develops the background theory of dynamic mode decomposition and its mul-

tiresolution variant mrDMD. Our goal is to construct a spatiotemporal decomposition di-

rectly from time snapshots of high-dimensional system states x ∈ Rn, such that their evo-

lution can be expressed as a linear combination of r spatial modes φk(ξ) governed by time

dynamics a(t)

x(t) =
r∑

k=1

ak(t)φk(ξ). (5.1)

When r � n, this is considered a low-rank embedding of the dynamics. For POD, the

modes φk(ξ) are determined from a singular value decomposition of a data matrix, and the

dynamics are then projected into this space [98, 12]. DMD and mrDMD instead enforce that

each mode be further constrained so that ak(t) = bk exp(iωkt).

5.1.1 Dynamic mode decomposition

The DMD originated as a spectral decomposition for identifying coherent structures in fluid

dynamics [137, 133]. Algorithmic refinements such as exact DMD [157] and practical de-

velopments [99] quickly followed, establishing DMD as a rigorous data-driven framework
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for spatiotemporal analysis and prediction. Many additional variants have been developed

that capitalize on sparse,compressive measurements [85, 27], input-output systems and con-

trol [129], improved denoising [55, 77, 7], multiscale structure [100], randomized linear alge-

bra [16, 63], and streaming data [78, 126].

The DMD separates spatiotemporal dynamics into a linear decomposition of coherent

structures (DMD eigenmodes) with fixed temporal behavior (DMD eigenvalues). In particu-

lar, the DMD has connections to the Koopman operator which acts as the forward operator

on scalar observables of a system. Given a discrete-time dynamical system

xk+1 = F(xk), (5.2)

the Koopman operator K is defined as the linear forward operator acting on all scalar ob-

servables of the state [93, 94]

Kg(xk) = g(F(xk)) = g(xk+1), (5.3)

thus linearizing nonlinear dynamics to completely characterize the system. The approxima-

tion of Koopman eigenfunctions and eigenvalues through carefully selected observables is an

active area of research which has given rise to Koopman mode decomposition [32], extended

DMD [167], and kernel DMD [168]. DMD can be considered a special case of Koopman de-

composition which restricts observables g to be point measurements of state. Thus the inputs

to the DMD algorithm are the following data matrices of the measured state trajectory

X =
[
x1 x2 . . . xm−1

]

X′ =
[
x2 x3 . . . xm

]
, (5.4)

assumed locally related by a linear forward evolution map A

X′ = AX. (5.5)
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DMD eigenvectors and eigenvalues are computed from a low-rank approximation of the

forward evolution operator. The first step is computing the rank truncated POD modes of

X via the SVD X = ΨrΣrV
∗
r . Then the explicit expression for A is given by an expensive

pseudoinverse operation

A = X′VrΣ
−1
r Ψ∗r.

Instead of computing this large n×n matrix directly, we compute a low-rank projection onto

the POD modes, Ã = Ψ∗rAΨr which equals

Ã = Ψ∗rX
′VrΣ

−1
r .

The eigendecomposition of A can bow be efficiently computed from the eigenvalues and

eigenvectors

ÃW = WΛ,

where the diagonal entries of Λ are the DMD eigenvalues, and the DMD eigenmodes are

computed from the scaled eigenvectors

Φ = X′VrΣ
−1
r W. (5.6)

This formulation by Tu et al [157] is known as exact DMD, and the authors prove that the

DMD eigenmodes Φ are the desired eigenvectors of A.

Hence, DMD fits a linear approximation A to the system (5.2), but without explicitly

computing A. Rank truncation is achieved using the singular value decomposition to obtain

r � n eigenvectors and eigenvalues which evolve the system forward in time – a more efficient

and interpretable representation of dynamics than A alone. Each state can be efficiently

computed from a linear combination of DMD eigenvectors or eigenmodes (columns φk of Φ),

DMD eigenvalues (λk = Λkk) and corresponding modal amplitudes b ∈ Rk

xk = ΦΛkb. (5.7)
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The equivalent expression in the continuous time setting uses a convenient scaling of the

eigenvalues ωk = log λk
i∆t

x(t) =
r∑

k=1

bkφk(ξ) exp(iωkt). (5.8)

Remark: The DMD approximation as stated introduces systemic bias in the eigenvalue com-

putation of noisy data[55, 77]. To correct for this, we construct a weighted approximation of

A that incorporates both forward (X′ = AfX) and backward (X = AbX
′) time evolution, as

formulated by Dawson et al [55]

A = (AfA
−1
b )1/2. (5.9)

This forward-backward DMD method is used throughout our results.

DMD provides a compelling description of many physical systems with low-rank, peri-

odic temporal behavior, including fluid dynamics [158, 133], ocean sciences [100] and neuro-

science [24]. The DMD approximation fails, however, when approximating intermittent and

transient phenomenon, both of which violate the constrained temporal response in (5.8). In

such cases, Fourier modes in time are insufficient to capture a richer set of dynamics.

5.1.2 Multiresolution DMD

The mrDMD method [100, 99, 101] circumvents some of the common shortcomings of stan-

dard DMD. Specifically, mrDMD provides a hierarchical temporal sampling framework, much

like a wavelet decomposition, whereby disparate timescale phenomena can be characterized

recursively. The recursive nature of mrDMD, illustrated in Fig. 5.1, can readily characterize

distinct time scales by removing micro- and macro-timescale modes at different hierarchical

levels. The mathematical structure of mrDMD accounts for the number of levels (L) of the

decomposition, the number of time bins (J) for each level, and the number of modes retained
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at each level (mL). Thus the solution is parametrized by the following three indices:

` = 1, 2, · · · , L, where L = # of decomposition levels

j = 1, 2, · · · , J # time bins per level (J = 2(`−1))

k = 1, 2, · · · ,mL # of modes extracted at level L.

To formally define the series solution for xmrDMD(t), we propose the following indicator func-

tion

f`,j(t)=





1 t ∈ [tj, tj+1]

0 elsewhere
with j = 1, 2, · · · , 2(`−1) (5.10)

which is only non-zero in the interval, or time bin, associated with the value of j. The

parameter ` denotes the level of the decomposition.

The three indices and indicator function (5.10) give the mrDMD solution expansion

xmrDMD(t) =
L∑

`=1

J∑

j=1

mL∑

k=1

f`,j(t)b
(`,j)
k φ

(`,j)
k (ξ) exp(iω

(`,j)
k t) . (5.11)

This is a concise definition of the mrDMD solution that includes the information on the level,

time bin location and number of modes extracted. Figure 5.1 demonstrates the mrDMD

decomposition in terms of the solution (5.11). In particular, each mode is represented in

its respective time bin and level. An alternative interpretation of this solution is that it

generalizes the linear mapping (5.5) so that at each level ` of the decomposition one has

x
(`,j)
j+1 = A(`,j)x

(`,j)
j (5.12)

where the matrix A(`,j) captures the dynamics in a given time bin j at level `.

The indicator function f`,j(t) acts as a sifting function for each time bin. Interestingly,

this function acts as the Gabór window of a windowed Fourier transform [98]. Since our

sampling bin has a hard cut-off of the time series, it may introduce some artificial high-
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Figure 5.1: Illustration of the multiresolution analysis and sampling framework. On the
left are the mrDMD modes φ`,jk (ξ) and their position in the hierarchy. The triplet of integer
values, `, j and k, uniquely expresses the time level, bin and mode of the decomposition.
Depicted in the middle is the matrix library of all mrDMD modes, which are then leveraged
to obtain optimal samples (spatial sensors, right) for downstream estimation and prediction
tasks.

frequency oscillations. Time-series analysis, and wavelets in particular, introduce various

functional forms that can be used in an advantageous way. Thus thinking more broadly,

one can imagine using wavelet functions for the sifting operation, allowing the time function

f`,j(t) to take the form of one of the many potential wavelet bases, i.e. Haar, Daubechies,

Mexican Hat, etc. Our approach uses a Haar-like windowing in time. A smoother temporal

kernel can potentially identify randomly occurring dynamics, although this would be more

computationally expensive.

5.2 Multiresolution analysis framework

We propose a multiresolution analysis decomposition and spatial sampling framework for

the estimation and prediction of multiscale dynamics. Localized time-frequency analysis

presents difficulties for future state prediction as the active modes in a new temporal window
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are unknown. Thus additional information is required to estimate temporal coefficients a(t).

This additional information is commonly provided in the form of current state observations or

sensor measurements. In this section we frame future state prediction as the reconstruction

of new high-dimensional states from observations, or equivalently, estimating the correct

temporal coefficients within the mrDMD library of modes. This is a common problem in

engineering applications; the second half of this section describes how to optimize state

measurement locations to minimize prediction error.

5.2.1 Mathematical formulation

The mrDMD yields a library or dictionary of possible dynamics which can be arranged in

matrix form

Φ =
[
φ

(1,1)
k φ

(2,1)
k φ

(2,2)
k φ

(3,1)
k . . . φ

(3,4)
k φ

(4,1)
k . . . φ

(4,8)
k

]
. (5.13)

There may be more than one mode per level indexed by k in the library Φ, which is now an

n×M matrix. Thus any state can be approximated by a linear combination of the columns

of Φ with time-dependent coefficients

x(t) = Φa(t). (5.14)

The challenge with future state prediction is identifying the subset of a’s components that are

active (nonzero) at a given time, because mrDMD modes are localized in the time-frequency

domain and do not enforce globally periodic temporal behavior.

The necessary information is often provided by point observations of the unknown state

vector – an extremely prevalent construct in engineering and controls. Then there exists a

linear relationship between observations, stored in a vector y, and time coefficients. The

components of y result from a linear observation map C applied to x and there is additive
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white noise ζ ∼ N (0, η2)

y = Cx + ζ

= CΦa + ζ.

The following assumptions are made: y ∈ Rp, where p � n, and the measurement matrix

C ∈ Rp×n consists of p rows of the n × n identity matrix which index measurements of

the full state. This linear inverse problem for coefficient estimation is generally ill-posed

(underdetermined) without additional regularization. We impose two forms of regularization:

1. Coefficient sparsity. To reflect the physical constraint that only a few modes are

active at a given time, we impose a sparse structure on a which minimizes the number

of nonzero entries (see below).

2. Designing C. Point observations of states will be optimized to leverage mrDMD

features of interest and eliminate redundancy between point samples. In engineering

settings this is known as sensor placement.

At first glance both pose combinatorial subset selection problems, but as we shall see, there

exist well-known methods to approximate both selections.

5.2.2 Online estimation and prediction

Assume a fixed C that is already optimized for estimation. The sparsest coefficients a? can

be approximated using a convex l1 constrained minimization

a? = arg min
a
‖a‖1 subject to y = CΦa. (5.15)

This search for the sparsest coefficients in a generic dictionary is known as basis pursuit [154].

The specific application of recovering the sparsest coefficients in a tailored dictionary of

learned features is known as sparse representation for classification or SRC [170]. The
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sparsest solution a? can be recovered given it is sufficiently sparse in this dictionary and

given sufficiently many measurements. The required number of measurements depends

on r, the number of nonzero coefficients in a?. A sufficient (not necessary) condition for

the number of random measurements for recovery using a generic dictionary is given by

p ∼ O(r log(n/r)) [58, 35, 8]. In practice, SRC recovers the solution for tailored dictionaries

using drastically fewer measurements [170, 106, 21].

We further assume the noise distribution is unknown in which case it is appropriate to

solve the noiseless basis pursuit problem with an equality constraint. This is acceptable for

the small levels of observation noise in our examples and is shown to be robust to noise in

various applications [170, 106]. For high levels of noise one can solve a relaxed basis pursuit

problem in which the least-squares error is a parameter derived from an estimate of the noise

level.

The basis pursuit optimization(5.15) is convex, and thus can be efficiently solved us-

ing greedy algorithms available in l1 optimization packages (CVX [73], SPGl1 [160] and

CoSaMP [118]). We use a spectral gradient-projection method [161] implemented in SPGl1,

which attempts to balance the tradeoff between least-squares fit and solution sparsity.

The full state is subsequently estimated from the active (nonzero) modal dynamics using

x̂ ≈ Φa? (see (5.14)). A more accurate reconstruction can be achieved with traditional

least-squares approximation using only the active modes. Explicitly, we first determine

which library modes are active by indexing the nonzero solution coefficients

γ := {i ∈ {1, . . . , r} | a?i 6= 0}. (5.16)

Once γ is known, then state reconstruction reduces to a least-squares approximation using

the subset of active modes within the library

x̂ ≈ Φγaγ

= Φγ(CΦγ)†y.
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When Φ are POD modes, this is widely known as gappy POD, introduced in the early 90s for

image reconstruction using eigenfaces [65] and subsequently used for flow field reconstruction

in ROMs [165]. Sparse approximation methods similar to the above description have applied

compressed random measurements in POD mode libraries to classify different parameter

regimes [29, 21]. In recent work [96] classification is accomplished with sparse measurements

in a DMD mode library. However, to our best knowledge, this is the first known application

of sparse estimation using a DMD mode library samples with optimized measurements.

5.2.3 Offline measurement selection

We seek to the optimal design of the measurement operator to obtain a minimal set of non-

redundant observations of the state. The repetition of modes across multiple time-frequency

bins in the multiscale library introduces redundancy. Optimal measurement design from

this library would then result in multiple measurement locations with the same dynamics,

which is undesirable in practice. This is remedied by first preprocessing the library and

constructing an index set to filter out redundant modes (this is distinct from the local active

set γ). For example, this subset can be selected from modes with dominant spatiotemporal

signatures, by identifying mrDMD modal amplitudes which exceed some threshold T

α := {i ∈ {1, . . . ,m} | |bi| > T}. (5.17)

Alternatively, depending on the application, modes corresponding to specific time or fre-

quency bins of the decomposition can be extracted in this step for downstream sensor se-

lection. The mathematical aim is to construct the measurements C to minimize the least-

squares approximation error, a− â. The number of point measurements, p, has to be greater

than or equal to m, the number of columns of Φα, which is dictated by the dynamics of

interest. Because no more than m modes are active in the training window, this guarantees

that chosen sensors are designed to capture all possible active dynamics. We prescribe the

smallest possible choice of p (to be equal to m), although oversampling is also possible when
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p > m.

Recall the the column space of the multiscale library spans the spatial variable, and as

before, row selection of mrDMD modes using QR pivoting serves to maximize the dynamical

information carried by the modes. Unlike other sensor placement methods, QR pivoting can

take any matrix as input, and easily generalizes to basis functions other than POD (PCA).

For this step the library Φα, number of measurements p and noise distribution are assumed

predetermined, and point measurements are selected to minimize some scalar measure of the

“size” of the error covariance

Ξ = Var(a− â) = σ2[(CΦα)TCΦα]−1. (5.18)

Note that this covariance matrix is analogous to that obtain from POD modes in Chapters 3

and 4. As before, we compute p optimal point measurement indices from the QR factorization

pivots of the dominant dynamical modes Φα

ΦT
αCT = QR, (5.19)

which is described in Algorithm 2.

5.3 Applications

This section demonstrates the application of our multiresolution analysis and sampling meth-

ods on data presenting multiscale temporal scales. The first example, a manufactured video,

presents three spatial modes independently oscillating at different frequencies in overlapping

time windows. We empirically quantify the accuracy of our analysis and estimation from

optimized samples by comparing with the known dynamics. By contrast, the second ex-

ample seeks to identify intermittent warming phenomena from real global satellite data of

sea surface temperatures. Here the accuracy metric is the correct identification of warming

events in the validation window based on the same events identified in a separate training
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window. For both examples, results from the multiresolution analysis are contextualized

with appropriate comparisons to POD and DMD.

5.3.1 Multiscale video example

The video data is generated from three spatial modes oscillating at different frequencies

in overlapping time intervals, effectively appearing mixed in time. Mathematically each

snapshot is constructed as a linear combination of Gaussian spatial modes

x(t) =
3∑

i=1

ai(t) exp

(
−(ξ − ξ0i

)2

wi

)
, (5.20)

where ξ ∈ Rn is the vectorized planar spatial grid (n = nx × ny) and w is a scalar width

parameter. The challenge with mrDMD is to identify the true modes φi = exp
(
− (ξ−ξ0i )

2

wi

)

within their respective temporal windows. We list explicitly the modal components with

their time dynamics in table 5.1 and fig. 5.2.

Table 5.1: Multiscale video dynamics

Mode Time dynamics frequency (ωi)

φ1 a1(t) =

{
exp(2πiω1t) t ∈ [0, 5]

0 elsewhere
ω1 = 5.55

φ2 a2(t) =

{
exp(2πiω2t) t ∈ [2.5, 7.5]

0 elsewhere
ω2 = 0.9

φ3 a3(t) =

{
exp(2πiω3t) t ∈ [0, 10]

0 elsewhere
ω3 = 0.15

The identification of spatial modes clearly depends on separation by temporal frequency.

fig. 5.3 compares mrDMD results with proper orthogonal decomposition (POD), the pri-

mary dimensionality reduction tool used in ROMs. The mrDMD time-frequency analysis

successfully isolates the true modes of the system, while POD fails at this task since it is a

variance-based decomposition in which modes are eigenvectors of data covariances. Hence,
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Figure 5.2: Multiscale video. The mrDMD analysis accurately identifies the active fre-
quencies in each temporal window of the decomposition. The plot on the right colors each
time-frequency bin by mrDMD mode amplitude.

the POD spatial modes appear mixed. In addition, mrDMD outputs the correct frequencies

associated with each of these modes. We do not give results for standard DMD since it will

fail by fitting exponentials across the global time window. Within the multiresolution anal-

ysis, active modes are repeated across the time-frequency bins, so we include only the mode

with highest amplitude. These selected modes describe the feature selection or formation of

the index set α used to train sensors. Similarly, we select the first three POD modes, which

explain 99.9% of the variance in the training data, as quantified by the POD eigenvalues.

Interestingly, both decompositions yield the same optimal samples for this example. This

is because the three point sources of diffusion correspond to spatial extrema, which are in-

dicated by the overlapping contour plots of the first three true, mrDMD and POD modes

respectively.

Even though the same optimal samples are identified, feature selection greatly affects

the quality of reconstruction for future state prediction. To test this, we generate test data

using time coefficients for each mode from a random process in order to estimate the true
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(a) True modes 1-3 (b) mrDMD modes 1-3

(c) DMD modes 1-3 (d) POD modes 1-3

(e) QR sensors, left to right: true, mrDMD, DMD, POD

Figure 5.3: Comparison of spatial modes and sensors shows that mrDMD (b) is ideal
for isolating the true windowed dynamics (a), unlike standard DMD (c) or POD (d). Despite
varying degrees of spatial mode separation, QR sensors extracted from the different basis
modes (e) closely agree.

coefficients from the three optimal sampling locations. Further, white noise of variance

σ2 = 0.001 is added to the three sampled observations. Finally, coefficients estimated from

the subselected basis Φα consisting of mrDMD modes (fig. 5.3b) are compared to a basis of

POD modes (fig. 5.3d). Here least-squares estimation is used since the problem is well-posed

(three equations and three unknowns). Results are plotted in fig. 5.4, where it can be seen

that mrDMD-based estimation (blue) best approximates the true random process (black).

By contrast, POD-based estimation (red) deviates from the true coefficients, particularly in

the second and third modal coefficients.

We quantify this further in a noise study whose results are plotted in fig. 5.5. White
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Figure 5.4: Comparison of estimated coefficients. The estimation of time coefficients
from mrDMD modes and QR-optimized sensors is more accurate than with POD modes.
True coefficients in this test window are generated by a Gaussian random process.

noise levels σ2 are increased on a logarithmic scale to examine the l2 reconstruction error

trend of the coefficient vectors. Estimation with mrDMD points to an exponential increase in

error until the signal appears saturated by noise at σ2 = 1. POD-based estimation, however,

appears to saturate much earlier at small noise levels, and is thus not as suitable for multiscale

estimation and prediction. Specifically, the full state can now be reconstructed from noisy

point observations in any validation window using estimated coefficients eq. (5.14).

In this video example, the true spatiotemporal modes were selected based on three dif-

ferent identified frequencies. For estimation, we leverage these three modes and associated

sensors to reconstruct unseen random dynamics at future time instances. In many systems,

it is not immediately obvious which of the identified dynamics are active in a new time win-

dow. This lack of knowledge of true dynamics typifies many real-world systems, in which

nonlinear, chaotic dynamics and regime switching limit our ability to predict future states.

However, we can harness observations from optimally sampled observations (sensors) to clas-

sify active dynamics in new time windows, which is illustrated here for sparse identification
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Figure 5.5: Noise corrupted measurements. Approximation error with mrDMD modes
and sensors trends several orders of magnitude lower than with POD modes and sensors for
small levels of sensor white noise.

of El Niño warming periods from global ocean temperature data.

5.3.2 NOAA ocean surface temperature

We apply multiresolution analysis to real satellite data of weekly ocean surface temperatures

from 1990-2017. Here, the measure of success is accurate identification of intermittent warm-

ing and cooling events that are famously implicated in global weather patterns and climate

change - El Niño and La Niña events. Weekly temperature means are collected on the entire

360x180 spatial grid, with data omitted over continents and land. The dimension of each

weekly snapshot then reduces from 360× 180 = 64800 to n = 44219 spatial gridpoints. We

run mrDMD in training windows of 16 years (multiples of 2 facilitate clean separation of

annual scales) up to four decomposition levels so that the fastest identifiable frequency is

biennial, effectively discarding the dominant annual scale from the analysis. This is done to

parse out the El Niño Southern Oscillation (ENSO), defined as any sustained temperature

anomaly above running mean temperature with a duration of 9 to 24 months.

Figure 5.6 visualizes the resulting modal amplitude maps in the time-frequency domain,

along with oscillatory dynamical modes identified by the decomposition. Each bin is colored
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Figure 5.6: MrDMD map of modal amplitudes by level and time window. The
method captures several dynamically significant oscillations occurring slower than annual
dynamics. The identified El Niño (ENSO) and Barents Sea oscillations (BSO) are both rare
events known to exert significant influence on global weather patterns.

by the average modal amplitude of identified dynamics. An energetic background mode

is identified in both training windows (1990-2006, 2001-2016) corresponding to the mean

temperature distribution. More importantly, lower-energy dynamics identified at the biennial

scale correspond closely to well-documented ENSO events, the strongest of which occur in

1997-1999 and 2014-2016. Visual inspection clearly identifies these as ENSO events which

cause a characteristic band of warm water across the South Pacific near coastal Peru.

We study now the consequences of multiscale analysis on optimal sampling, which can

be readily interpreted as physical sensors in this application. Figure 5.7 compares mrDMD

and POD in terms of spectral and spatiotemporal information relayed by mrDMD and POD-

based sensors. DMD eigenvalues with nonzero imaginary part (blue, fig. 5.7a) identify active

oscillations within the 1990-2006 training window. One of the conjugate frequency pairs

confirms the true ENSO yearly frequency with Im(ω) = 0.5. On the other hand, the POD
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Figure 5.7: mrDMD vs. POD sensors. QR sensors sampled from the ENSO and BSO
mrDMD modes (see fig. 5.6) identify the relevant warming region in the South Pacific, unlike
the POD sensors. The time series from mrDMD sensors also display richer temporal trends
compared to the dominant annual trends seen in the POD time series.

spectrum characterizes data covariances and exhibits slow decay due to noisy, low-energy

dynamics in the system. This prohibits a low-rank representation of this data using a few

POD modes. We now compute sensors from both sets of modes. We form Φα from the

oscillatory dynamics in the mrDMD spectrum, and the first three POD eigenmodes in the

POD spectrum. QR-based sensors are computed for both sets of modes separately. The first

observation is that, unlike the toy video example, mrDMD and POD sensors are different.

One mrDMD sensor is located over the ENSO band, proving that multiscale characterization

is crucial for this system. Meanwhile, POD sensors appear sensitive to temperature extremes

occurring along coastlines and inland seas. POD sensor measurements also entirely miss the

ENSO phenomenon in the South Pacific. This can be seen from the time series measured at
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all sensor locations – mrDMD time series reflect a richer set of dynamics than those of POD,

in which only a dominant annual scale is present. The comparison with POD-based sampling

is particularly valuable and demonstrates POD’s inability to isolate low-energy intermittent

ENSOs in the training window. POD is unable to obtain a low-rank representation of the

dynamics because the ocean temperature system is driven by many more degrees of freedom

than the toy example. By contrast, mrDMD curtails artificial rank inflation through localized

time-frequency analysis.

Optimal sampling can be exploited in a data assimilation-type framework in which pre-

diction is accomplished by parameter estimation followed by full state reconstruction from

sensors. We estimate ENSO intensity in a validation window using sparse estimation of

library (Φ) coefficients eq. (5.15). Figure 5.8b plots the signal envelope in both the training

and validation windows, then traces temperature anomalies about a baseline using the mean

of upper and lower envelopes. The resulting measure, which demarcates events above and

below baseline (red and blue respectively), closely agrees with well-documented El Niño and

La Niña events.

Full state snapshots of ocean temperatures may be reconstructed using the identified

coefficients as described in section 5.2.2. In addition, our sampling framework can be used

as a form of multiscale model reduction. Traditionally, ROMs include a POD Galerkin

projection to reduce dimensionality of the original system. However, in general DMD modes

are not orthonormal so the projection cannot be easily inverted to lift back to the full state.

We show here how a few active mrDMD modes can be used for global reconstructions of the

state from 30 sensors in the temperature field. Section 5.3.2 displays the number of times a

spatial location is selected as a QR pivot in each temporal window of the decomposition. As

expected, spatial locations corresponding to the ENSO mode are selected with less frequency,

reflecting the intermittency of these dynamics. Finally, fig. 5.10 displays the results of state

reconstruction at different time windows using optimal samples.
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Figure 5.8: ENSO coefficient prediction. Coefficient estimation of ENSO mode from
only 2 sensors accurately predicts El Niño phenomena. Red peaks closely agree with well-
documented strong ENSO events in 1997-99, 2014-2016, as well as with weak ENSO events
in 2002-3, 2006-7 and 2009-10. Cooling events (blue) agree with documented La Niña events
in 2007-8, 2008-9 and 2010. Small discrepancies in the identified times can be explained by
natural variations between the various warming events.
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Figure 5.9: Sensor Ensemble. Time-dependent sensor aggregation pinpoints low-energy
locations (i.e. ENSO sensor along coastal Peru) that would have otherwise been ignored by
a global analysis.

5.4 Conclusions

Despite significant computational and algorithmic advances, the modeling and prediction

of multiscale phenomena remains exceptionally challenging. Much of the difficulty arises

from our inability to disambiguate the underlying and diverse set of governing dynamics

at various spatiotemporal scales. Additionally, for large-scale systems, our limited number

of sensor measurements can greatly restrict model discovery efforts, thus compromising our

ability to produce accurate predictions. In this chapter, we have shown that the multiscale

disambiguation and limited measurement problem can be simultaneously addressed with

principled, algorithmic methods. Specifically, combining the multiresolution dynamic mode

decomposition with QR column pivots gives accurate spatiotemporal reconstructions and

predictions for intermittent multiscale phenomena.

In broader context, our algorithmic developments provide a principled framework for

understanding the optimal placement of sensors in complex spatial environments and/or

networked configurations. The greedy QR column pivot selection used for selecting sensor
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(a) mrDMD sensors from QR (b) t1=6/1992 (c) t2=6/1996
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Figure 5.10: Reconstruction from 30 sensors in flow field. MrDMD reconstruction
from sensors is reasonably accurate across snapshots selected from different time windows
of the decomposition. Each snapshot of 44219 gridpoints is approximated to less than 5%
relative error.

locations leverages the dominant low-rank features of the multiscale physics in order to best

predict and reconstruct the spatiotemporal dynamics. By incorporating a multiresolution

analysis tool, i.e. the mrDMD, respect is also given to the diverse temporal phenomena

that are often observed in practice. By systematically accounting for multiscale physics, this

placement of sensors performs significantly better than the same limited number of sensors

that do not account for these physics.

The optimized sampling and prediction algorithms developed here have potential for a

wide variety of technological applications. Indeed, with the global increase in sensor networks

and sentinel sites for monitoring, for instance, ocean and atmospheric dynamics, disease

spread across countries, and/or chemical pollutants, new methods are needed that respect
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both limited budgets (i.e. limited sensors & cost) and multiscale physics. To our knowl-

edge, our algorithms are the first to simultaneously take into account both of these critical

components in an efficient, scalable algorithm.
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Chapter 6

SPARSE APPROXIMATION FOR INSECT FLIGHT
DYNAMICS

Closely related to the concept of reconstruction is classification, where instead of recov-

ering the full state from measurements, we classify measurements into certain parameter

regimes of the attractor. Intuitively classification should require fewer measurements than

reconstruction using gappy POD or compressed sensing. This principle is reflected in many

natural phenomena, whereby insects, animals and robots interacting with high-dimensional

flow fields need not internally reconstruct them to make critical prediction and control deci-

sions. In fact, they are able to do so with extremely sparsely distributed, noisy measurements

of strain or pressure.

In this chapter, we present a hybridized approach that leverages convex optimization and

optimized measurements to classify dynamics within a data-driven library of parametrized

flow regimes. This method is centered around an application on insect wing strain measure-

ments in flight which are generated by a flexural wing chord forced by different frequencies

of dynamical regimes.

6.1 Motivation

There is evidence that wings harness low-dimensional flow structure such as leading edge

vortices to maximize lift and improve stability in flight [15, 163, 53]. This is consistent with

the observation that wing motion is itself low-dimensional. Proper orthogonal decomposition

analysis has revealed that fin motion [147], bat [132] and avian wing motion are constrained

to only a few degrees of freedom. The lack of complex musculature in insect wings results in

even fewer degrees of freedom. Such dimensionality reduction suggests that insects, which
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are constrained to small ranges of motion, capitalize on low-dimensional feature spaces to

inform low-dimensional control protocols.

Wing mechanosensors in insects detect and leverage these fluid forces and accelerations

for changing flight environments. Indeed, tactile sensory mechanisms have been identified on

the wings of most animals - bats sense with small hairs on their wings [140], birds sense with

wing feathers [22], but insects possess a small number of strain sensors on their wings called

campaniform sensilla. The sensilla are strongly implicated in neurosensory flight control

[57, 135], in part because insect wings react to disturbances faster than visual stimulus

transmission to the central nervous system [49]. Aerodynamic feedback is encoded within

the strain signals, registering fluidic loading frequencies into the signal that can be exploited

for characterizing flow environment. Evidence shows that insects exploit innate or learned

knowledge of fluid environment through the strain encodings to make split-second decisions in

flight. The insect nervous system has evolved specifically for the decision task, but controllers

in hovercraft and MAVs require other means of exploiting point sensor feedback. Strain

sensors are too sparsely distributed to fully resolve spatial flow encoding over the wing, and

equation-based flow identification or prediction is expensive and difficult to generalize to

different flow regimes.

The focus of this chapter is sensor-enabled, data-driven flow environment classification

using sparse approximation of incoming sensor measurements. Our data consists of strain

point measurements from a numerical fluid-structure interaction model of a hawkmoth wing

undergoing different environments of flow feedback. First, POD modes of strain measure-

ments from different aerodynamic environments are assembled into a dictionary of low-rank

dynamical states labelled by environment. This supervised learning stage mimics experi-

ential learning and trains the data-driven model specifically for the task at hand. Next,

incoming strain measurements are classified in this learned POD library using `1 constrained

sparse approximation and sparse representation for classification (SRC) [170]. Importantly,

sparse approximation aligns with plausible neurobiological sparse encoding strategies [122].
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Chord Wing Deflection
µztt + (EIzxx)xx = p

Fluid Loads
[Theodorsen 1935]

p(x, t) = g(k, zt)

Wing Strain

α(t), h(t)

k

zt p

z

s
sensors

Insect Wing

Figure 6.1: Strain sensors in insect wings directly encode elastic wing deformation from the
leading edge dynamics and flow feedback loads. These fluid loads are driven by dominant
flapping and external reduced frequencies k and weak coupling from wing deformation.

6.2 Numerical Model of Fluid-Structure Interaction

We describe our numerical approach for analyzing the fluid-structure coupling of the wing,

and motivate sparse representation for classification in the frequency domain (SRCf). The

wing is modeled by classical elasticity theory [74]. The governing equations model the

deformation of the elastic body subject to a function of the time-dependent chord loading

p(x, t). We define the spatial domain x to represent the length of the wing chord that deforms

in response to inertial-elastic forces. The range of x is the closed interval [0, 2b] where b is the

half-chord length, x = 0 represents the leading edge undergoing oscillatory actuation, and

x = 2b is the stress and shear free trailing edge. These boundaries are consistent with biology

- most insect wings are actuated by exoskeletal structure at their leading edge, while their

trailing edge consisting primarily of thin membrane flutter at the behest of air loads without

experiencing any inertial stress or shear forces. True wings deform in three dimensions,
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Nomenclature

b Half-chord length of wing [.01 m]

c Categories or number of environments

C(k) Theodorsen transfer function

EI(x) Flexural stiffness of wing [Nm2]

f Frequency of maneuver [Hz]

f Vector of frequencies

k Reduced frequency [k = 2πfb/U∞]

h0 Initial vertical position of wing

h(t) Vertical position of plate

m Spatial grid resolution

N Number of timesteps

p(x, t) Chordwise loading of fluid pressure

s Vector of transverse strain of wing

S Matrix of transverse strains

Ŝ Discrete Cosine Transform of S

t Time [s]

t Vector of time t in seconds

U∞ Free stream velocity [10 m/s]

x Chordwise spatial coordinate [m]

z(x, t) Transverse deflection of wing [m]

α0 Base angle of attack

α(t) Angle of attack of wing

ω Angular velocity of maneuver

µ Linear wing density [.002 kg/m]

Table 6.1: This table presents some additional notation used in this chapter.
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however we can approximate the deforming wing using two spatial dimensions x and z

where z(x) is the vertical displacement that depends on position along the chord. Assuming

normal deflections and ignoring rotational effects, the elastic wing can be characterized by a

forced linear Euler Bernoulli beam with spatially varying flexural stiffness EI(x) and a zero

deformation initial state that corresponds to a flat stationary wing. However, the strain data

is collected after the deformation achieves a steady state, ignoring any initial transients. The

governing equations and boundary conditions are given by:

µztt + (EIzxx)xx = p(x, t), x ∈ (0, 2b), t ≥ 0 (6.1a)

z(x, 0) = 0 zt(x, 0) = 0 (6.1b)

z(0, t) = h(t) zxx(2b, t) = 0 (6.1c)

zx(0, t) = − sin(α(t)) (EIzxx(2b, t))x = 0 (6.1d)

where z(x, t) is the displacement of the elastic body along the length x ∈ (0, 2b), α(t) and h(t)

specify the leading edge time dynamics for pitching and plunging respectively, and p(x, t)

is the applied pressure loading that is computed from the Theodorsen model. The trailing

edge boundary conditions specified at x = 2b model a shear-free and stress-free boundary.

Numerical simulations use wing morphological parameters of the Manduca sexta hawk-

moth, a representative species capable of hovering and other small-scale maneuvers that

typify insect flight. The numerical model consists of two components that are weakly cou-

pled as shown in Figure 6.1: (1) elastic deformation strains and (2) unsteady aerodynamic

loads. The deformation z(x, t) is simulated with the hawkmoth pitching and plunging mo-

tion at 26 Hz at the leading edge. The Manduca wing’s morphological parameters [52, 51]

facilitate analysis of a small parameter space of a simplified 2D domain - the deforming wing

chord along the xz plane. Accordingly, the flexural stiffness distribution EI(x) = 10−5e−150x

is determined by averaged experimental values from the actual hawkmoth in [52], in which

wings are shown to exhibit exponentially decreasing chordwise wing stiffness away from the

leading edge. An implicit finite-difference scheme is used to solve the dynamic 1D beam
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equation for the normal deformation z(x, t) with spatially varying flexural stiffness to inves-

tigate the resulting unsteady fluid pressures and lift forces. Denoting the vector of transverse

deflection at time ti as zti , the strain vector s is computed from the componentwise operation

on z,

s(x, ti) =

√
∆z2

ti + ∆x2 −
√

∆z2
ti−1

+ ∆x2

√
∆z2

ti−1
+ ∆x2

, (6.2)

where ∆zti denotes the spatial one-sided difference z(x+ ∆x)− z(x) at time ti.

Meanwhile, the loads on the insect wing, p(x, t; k), result from two sources – the shed

wake as well as external fluid disturbances, and are modeled by Theodorsen’s equations [148]

for lift forces, pressures and moments of a rigid airfoil characterized by oscillatory movement

in the angle of attack α(k) and vertical position h(k). Theodorsen’s predictions agree quite

well with experimental results [103, 28] compared to the predictions of quasi-steady thin

airfoil theory, in which the lift coefficient is given by

CL =
2π

U∞

[
U∞α + ḣ+ α̇

(
1

2
− b

2

)]
. (6.3)

Theodorsen’s model augments this quasi-steady lift coefficient (6.3) with the transfer func-

tion C(k), derived by integrating forces generated by planar wake vorticity beyond the foil

in inviscid, incompressible flow. Theodorsen’s lift coefficient is given below, and we can

distinguish added-mass and circulatory terms [103]

CL =
bπ

U2
∞

[U∞α̇ + ḧ− b2

2
α̈]− 2π

U∞
C(k)

[
U∞α + ḣ+ α̇

(
1

2
− b

2

)]
. (6.4)

C(k) is a quotient of Hankel functions of the second kind

C(k) =
H

(2)
1 (k)

H
(2)
1 (k) + iH

(2)
0 (k)

, (6.5)

Theodorsen’s model will be used in our analysis for generating libraries of POD modes
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parametrized by reduced frequency k.

The first source of loads from the shed wake includes added masses and unsteady effects

of the wing oscillation. These contributions are computed using the integral equation (6.6),

which expresses the local chordwise loads p(x, t; k) as a function of x and normal wing velocity

zt(x, t). This expression is explicitly derived in [2] as an intermediate step to Theodorsen’s

result for the space-averaged global pressure coefficient.

p(x, t; k) =
2

π
µU∞

√
1− x
1 + x

∫ 1

−1

zt(x̃, t)

x− x̃

√
1 + x̃

1− x̃dx̃+
1

π
µb

∫ 1

−1

ztt(x̃, t)L(x, x̃)dx̃

+
2

π
µU∞[1− C(k)]

√
1− x
1 + x

∫ 1

−1

zt(x̃, t)

√
1 + x̃

1− x̃dx̃, (6.6)

where

L(x, x̃) = log
(x− x̃)2 + (

√
1− x2 −

√
1− x̃2)2

(x− x̃)2 + (
√

1− x2 +
√

1− x̃2)2
.

The second source of chordwise loads are assumed to be external sinusoidal gusts charac-

terized by different frequencies. We assume these gusts generate loads that resemble forces

that would occur if the wing oscillates precisely at the characteristic frequencies of sinu-

soidal gust. Consequently, the loads resulting from external gusts are also computed using

Theodorsen’s model. This assumption approximates the aeroelastic effects of sinusoidal gust

fields, since the forcing to the elastic beam includes these loads. This forced coupling between

the elasticity model and the aerodynamic model addresses the absence of inertial effects in

the Theodorsen framework. Specifically, we evaluate the following expressions for external

loads, p(x, t; k) = pα(x, t; k) + ph(x, t; k),

pα(x, t; k)

2bµω2α0eiωt
=

(
U∞
2
− i

k

)√
1− x2 +

U∞
2
x
√

1− x2 (6.7)

− C(k)

k2

√
1− x
1 + x

− 1

2k
(1 + 2x+ 2C(k))

√
1− x
1 + x

, (6.8)

ph(x, t; k)

2bµω2h0eiωt
=
√

1− x2 − iC(k)

k

√
1− x
1 + x

, (6.9)
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Unforced

s(
x
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t[s]

x[m]

Forced, f = 5 Hz

t[s]

x[m]

Forced, f = 51 Hz

t[s]

x[m]

Figure 6.2: The strain dynamics for three different regimes, from left to right, (1) No gust
disturbance, (2) low frequency gust disturbance f = 5 Hz, (3) high frequency gust distur-
bance f = 51 Hz. All three cases experience leading edge wing actuation at 26 Hz. Direct
visualization of the strain dynamics offers no insight into the changing gust feedback between
environments since inertial-elastic forces dominate over aerodynamic feedback forces.

derived by Postel and Leppert [127] in their analysis of Theodorsen’s lift coefficient. The

resulting loads from the gusts represent varying flow environments, hence, we generate gusts

characterized by a wide range of reduced frequencies. Since the model wing and base flow

remain unchanged, this is accomplished by varying f , hence k, and holding free-stream

velocity and chord length fixed.

First, wing strain dynamics are visualized for three environments i = 1, 2, 3, all of which

undergo the wing oscillation at 26 Hz. Environment 1 is unforced, and environments 2 and

3 undergo gust forcings of 5 Hz and 51 Hz, respectively. These frequencies correspond to

reduced frequencies of k ≈ .03 and k ≈ 0.3, the first of which is quasi-steady, and the

latter represents unsteady flow. Figure 6.2 displays the resulting strain dynamics which,

by inspection, appear quite similar. The dominant spatial POD modes of strain, shown in

Figure 6.3, confirm that spatial modes remain largely unaffected by the changing forcing

term. Indeed, without additional inertial or added masses in the model, the various forced

dynamics are still governed by the intrinsic spatial modes. This poses a difficulty for data-

driven classifiers based on spatial POD modes. Indeed, preliminary runs of SRC on strain

snapshots from the three environments yield classification accuracies of 30% on average,

which is no better than random guesses. To remedy this, POD modes must incorporate the
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Unforced

φ
(x

)

x[m] Modes 1-10

Forced, f = 5 Hz

x[m] Modes 1-11

Forced, f = 51 Hz

x[m] Modes 1-15

Figure 6.3: The similarity of dominant spatial POD modes of wing strain between regimes
1 to 3 (Figure 6.2) suggests that spatial POD modes are not ideal for the SRC classification
task.

time dynamics of wing strain, as detailed in the following section.

6.3 Sparse frequency classification of wing strain

We introduce a sparse classification strategy that incorporates the time history of the strain

signal through its frequency content. Indeed, insects and winged animals are thought to

discriminate aerodynamic environments with only a few physical wing sensors that sample

certain bandwidths of the feedback frequencies. Since gust forcing terms do not induce

distinctive spatial modes, it is important to consider temporal strain dynamics, which are

characterized by the jump discontinuities seen in Figure 6.2. These discontinuities are dis-

tributed across many temporal POD modes, posing difficulties in obtaining a low-rank trun-

cated POD. Hence, we transform the time dynamics into the frequency domain using the

discrete cosine transform (DCT), and adapt the POD library and sparse classifier to clas-

sify the transformed strain dynamics. Thus the input to the sparse classifier, ŝ (previously

denoted x), can be expanded in terms of frequency domain POD modes,

s(x, t)
DCT−−−→ ŝ(x, f) =

r∑

j=1

ajφ̂j(f) = Ψ̂a. (6.10)
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Modes 1-11
f

Ψ̂r2

Modes 1-11
f

Ψ̂r3

Modes 1-14

Figure 6.4: Dominant POD modes of frequency content for regimes 1 to 3 (left to right)
concatenated into an overcomplete library. This representation is ideal for classification
because the frequency content differs markedly across the three regimes.

The numerical simulation for environment i yields strain data Si for m spatial gridpoints and

n timesteps. Recall that the standard POD is performed on a data matrix whose columns

are time snapshots, that is, its columns span the spatial direction. For frequency domain

analysis, the strain data matrices Si ∈ Rn×m are adjusted so that its columns span time

dynamics

Si = [s(x1, t) | s(x2, t) | . . . | s(xm, t)],

and the DCT applied to each column yields strain frequency content at every spatial location

Ŝi = [ŝ(x1, f) | ŝ(x2, f) | . . . | ŝ(xm, f)].

Thus the procedure for building the POD library of frequency content remains unchanged

Ŝi = Ψ̂riΣriV
T
ri
,

where hatted notation indicates that POD modes span frequency content. Figure 6.4 il-

lustrates the dominant POD modes of the strain data’s temporal frequency content for the

three regimes. The frequency content reveals substantial differences between the aerody-

namic regimes that facilitate robust, accurate classification.
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ŝ Ψ̂ a≈ = ×Ψ̂r1Ψ̂r2Ψ̂r3

Full state representation

0
10

20
30

40
-80

-60

-40

-20 0 20 40

a
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Figure 6.5: SRCf promotes sparsity of the coefficients a to help identify the correct originating
environment i using sparse frequency measurements Cŝ. The left plot contains 3 actual
solution vectors. The blue line is the solution a for a test vector from regime (1), red from
(2), and green from (3). Each line correctly identifies its originating regime with its largest
magnitude nonzero components.

6.3.1 Sparse approximation for classification (SRC)

Given the frequency adjusted POD library, the sparse approximation procedures for classi-

fication are analogous to those in the previous chapter. As before, data-driven modes Ψ̂ri

are stacked into the frequency POD library Ψ̂, and a new state is classified from the POD

library coefficients. The input to the classifier is the frequency content at one spatial location

on the wing, ŝ. The `1 constrained approximation for the full state is then given by

a = arg min
ã
‖ã‖1 subject to ‖Ψ̂ã− ŝ‖2 < ε. (6.11)

Note that the error tolerance ε must be chosen carefully to balance the trade-off between

approximation and classification.

Suppose only a few frequencies (fewer than the number of columns in the library) are

discretely sampled and stored within a vector y = Cŝ, which satisfies

y = CΨ̂a.
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This is an underdetermined set of equations with multiple solutions, and the sparsest one is

given by the following optimization

a = arg min
ã
‖ã‖1 subject to (CΨ̂)ã = Cŝ.

The SRC schemes are illustrated in Figure 6.5. As before, the strength of a’s components will

determine the subset of regimes to which the strain frequency signal belongs. Because the

classifier now operates in the frequency domain, SRC in the frequency domain is abbreviated

as SRCf.

6.3.2 Optimal measurement selection for SRCf

Engineering and biological applications typically benefit from optimized measurement strate-

gies for decision-making and estimation tasks. Recall that `1 norm constrained SRC permits

sparse input sampling using sensor placement methods which identify measurement locations

optimized for regression within the POD basis. Since locations correspond to the frequency

bandwidths accessible for measurement, we refer to this optimized measurement selection as

frequency selection.

Measurement Selection

As we have seen in previous chapters, measurements can be optimized for least-squares recon-

struction in a single low-rank POD basis. To generalize these methods for `1 classification in

a library of modes, we first obtain a single low-rank POD basis for all categories of data. For

categorical data, a joint POD of all categories yields fewer modes than a concatenated library

of POD modes from each consecutive category. Importantly, both are assumed to charac-

terize the same active subspace or column space, since a joint POD compactly represents

redundant features shared between categories in a POD library. Explicitly, we construct a
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Figure 6.6: This figure illustrates the action of the selection operator C to the sparse approxi-
mation problem and converts the overdetermined SRCf into the underdetermined compressed
SRCf problem.

joint POD using strain data from all flow categories,

[Ŝ1 | Ŝ2 | . . . Ŝc] = ΘΣVT , (6.12)

and truncate the left singular vectors to retain only the first r dominant POD modes. This

is advantageous for engineering the fewest measurements possible for sparse classification,

since

r <

c∑

i=1

ri.

Subsequently, sparse library coefficients a may be recovered from selected measurements of

the full signal, where we denote the measurement selection operator by C

(CΨ̂)a ≈ Cŝ. (6.13)

For the moment, we proceed as though the unknown state ŝ is reconstructed (not classified)

in Θr, the POD feature space spanning all classes. Since we cannot access the full ŝ, it
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cannot be recovered from its POD coefficients ΘT
r ŝ.

Instead, the goal is to optimize C for approximating ŝ from y = Cŝ as follows

C? = arg min
C

‖ŝ−Θr(CΘr)
−1y‖2.

As before, we compute r optimal point measurement indices from the QR factorization

pivots of the dominant dynamical modes Θr

ΘT
r CT = QR, (6.14)

which is described in Algorithm 2. More generally, QR measurement selection can easily be

adapted to incorporate measurement location constraints which are commonly encountered

in engineering applications. Undesirable measurement locations from a practical standpoint

can simply be omitted from the QR pivoting algorithm by omitting the appropriate rows

(measurements) from the input Θr. More complex preferences can be implemented by mul-

tiplying the input modes by application-specific weight matrices; this is the focus of ongoing

work.

6.4 Results and discussion

In this section sparse approximation simulations are designed to detect flow-induced strain

patterns across various flow environments, frequency samples and spatial correlations. Im-

portantly, the advantages of sparse over conventional least squares approximation and trained

QR row selections over random samples in SRCf are demonstrated. These patterns are of

particular importance in engineering applications that require collection of strain data opti-

mized for environment detection. These tests also stress the importance of sensor noise in

these applications by demonstrating robust sparse approximation performance over a range

of increasing noise levels in the strain dynamics.

Here machine learning terminology is used to describe the data. Single location frequency
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Method Figure
Input
dimension

Sensors
Gust
frequencies

No.
library
modes

`1 approximation 8, §5.1 256 – Ø,5,51 36
Least squares 9, §5.2 256 – Ø,5,51 36

SRCf
10, §5.3 5 QR Ø,25,50,75,100 75
11, §5.3 10 QR Ø,25,50,75,100 75
12, §5.4 35 Random Ø,25,50,75,100 75

Table 6.2: Summary of numerical experiments and sparse classifiers, where Ø refers to the
flow environment with no gust forcing. All flow environments exhibit the dominant 26 Hz
frequency of wing oscillation. Furthermore, the number of gust frequencies equals the total
number of classes considered.

content are called observations or signals, to disambiguate from system states that may refer

to snapshots in time. Observations to be classified, ŝ or y = Cŝ, are called inputs to the

classifier. As a pre-processing step, noise is added to each column of the untransformed input

observations in the following order.

1. Normalize each column so that ‖s(xj, t)‖2 = 1 for all j = 1→ m gridpoints,

2. Add zero-mean Gaussian noise so S = S + ζ, ζ ∼ N(0, η2), and

3. Transform S into frequency domain Ŝ: ŝ(xj, f) = DCT [s(x, t)].

Thus sensor noise is added to the untransformed normalized signal in the space-time dimen-

sion as would be the case in engineering applications, and classifier inputs are normalized to

facilitate comparing the effect of noise across different environmental regimes. Note that we

do not normalize or add noise to the transformed signal ŝ in the frequency domain since wing

strain measurements are noisy when collected (sensor noise), not when processed via the fre-

quency domain (process noise). Table 6.2 provides a summary of the numerical experiments

performed and the figures produced for this section.
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Figure 6.7: The cross-validated performance of `1 approximation across environments 1-3 is
shown here for sensor noise of increasing variance η. Red, blue and green represent input
observations from environments 1,2 and 3, respectively. High-frequency gusts from regime 3
are more robustly distinguished from the other two regimes.

6.4.1 Feedback identification from full state

We demonstrate sparse flow feedback identification between the three learned flow environ-

ments in section 6.2, and test it on randomly selected subsets of strain dynamics from each

flow environment. The environments are chosen to highlight the extremes of gust frequencies

- low feedback of f = 5 Hz in environment 2, high feedback of f = 51 Hz in environment

3, and no feedback in regime 1. All three share the 26 Hz frequency signature expressed

by wing oscillation. It is expected that some environments will be identified with higher

accuracy than the others, and strain dynamics from each environment are sparsely classified

separately to reveal this structure in the data.

For each flow environment i, the tests are conducted using tenfold cross validation. Ten

percent of vectors in Ŝi are randomly selected to be test inputs of strain dynamics, and

the remaining 90% of the columns are used to train the POD library and optimal sensors,

meaning the POD modes from each environment are trained from 500 observations. The

POD library Ψ̂ consists of the stacked dominant POD modes of environments 1,2 and 3

shown in Figure 6.4. After training the POD library, test frequency dynamics ŝ ∈ R256
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are classified using `1 constrained approximation of the overdetermined linear system(6.11).

The performance is investigated across increasing levels of sensor noise, and the classification

accuracies across all the tests for one level of sensor noise are displayed as one box and whisker

in the subsequent plots. The mean, 25th quartile, and 75th quartile of the classification

performance distribution are displayed as circles, the bottom, and top edges of the boxes,

respectively. Whiskers extend to ±2.7 standard deviations of the result distribution, and

any data outside this range is displayed as a small outlier point.

Box and whisker plots of classification accuracy for test dynamics from environments 1-3

are shown in Figure 6.7. `1 constrained approximation achieves perfect 100% classification

accuracy in the noiseless case for all three environments, and even at levels of 20% sensor

noise, the performance remains impressively higher than chance or 33.3%, the scenario in

which the classifier chooses between the three environments uniformly at random. Inter-

estingly, as sensor noise increases, the identification of high-frequencies in environment 3 is

more successful than the identification of environments 1 and 2. Environment 3 in particular

contains high frequency content and higher amplitude spatial modes (Figure 6.2) that are

amplified in the frequency domain analysis.

These results are quite sensitive to the choice of `2 error tolerance ε. In these computa-

tions, ε is set to some multiple of the least squares solution error. That is, given the cheaply

computed least squares solution als = arg minã ‖Ψ̂ã− ŝ‖2, εls = minã ‖Ψ̂ã− ŝ‖2. In practice,

setting ε = εls in the noiseless case and relaxing the tolerance to ε = 1.2εls in the noisy case

works quite well. The tolerance appears to depend on the noise level η and εls, and there

may exist an optimal choice based on the two parameters requiring further investigation.

6.4.2 Sparse (`1) vs. least squares (`2) approximation

It is instructive to overlay in Figure 6.8 results from classification using the least squares

solution. The comparison demonstrates the clear advantage of using `1 norm minimization

of library coefficients over `2 minimization of the residual (least squares), particularly in

the presence of sensor noise, although least-squares achieves `1 accuracy in the noiseless
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Figure 6.8: The comparison of `1 approximation to least squares approximation of the library
coefficients demonstrates the power of the sparsity promoting `1 norm constraint for subset
selection.

case. The identification of environment 3 is once again an exception due to high-frequency

fitting that is not present in the other two, however, `1 constrained approximation always

outperforms least squares. Therefore the sparsity promotion of solution library coefficients

is essential for effective classification in the discriminating frequency domain.

6.4.3 SRCf with QR selection

The resolution of strain measurements in time is directly informed by the optimized sampling

of frequency content for classification. The strain dynamics from different flow environments

by construction are linearly separable by flow feedback frequency. The precise discrimi-

nating frequencies are unknown in the training stage but are easily determined from QR

selection with the joint POD of all strain dynamics. The following simulation compares the

performance of SRCf with QR row selection over random samples in the frequency domain,

confirming the advantage of QR selection.

QR selection is obtained from a richer training dataset of strain dynamics consisting of

forced disturbances at 25 Hz, 50 Hz, 75 Hz and 100 Hz, in addition to the no forcing scenario.

There are now five environments considered by the classifier, a more difficult task than the

former. As before, the tested dynamics do not consist of the same random 90% of the data
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Figure 6.9: Ensemble of all QR frequency selections from nearly five-hundred instances of
cross-validation, that is, QR selection using POD modes trained from five-hundred random
observations. Note that optimal sampling locations are stable and experience no variation
across different training sets.

used for training POD library modes and QR selection. The five QR selected measurements

for the five environment case in Figure 6.9 appear to cluster around the discriminating

disturbance frequencies and even appear to discriminate the flow forcing at 25 Hz from wing

oscillation at 26 Hz. The measurements do not exactly lie at these numbers because the

DCT does not span whole number frequencies.

The performance of SRCf shown in Figure 6.10 demonstrates the advantage of QR se-

lection of strain dynamics over random sampling. Up to a 35% increase in classification

accuracy is achieved with only five samples (1.95% of the 256 element vector of strain dy-

namics). In addition, QR selection is more robust to sensor noise than an even larger number

of random samples, although the accuracy gain drops off near sensor noise of level η = 0.2

that comprises 20% of the untransformed signal’s magnitude. The strain dynamics are sat-

urated by noise at this higher noise level where SRCf performance drops off to randomized

classification accuracy.

Interestingly, doubling the number of QR selections does not improve the accuracy, al-

though doubling the number of random samples improves random performance as expected.
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Figure 6.10: SRCf Accuracy: This comparison of QR selected frequencies with random
frequency samples demonstrates that even a 2% (5 row) QR selection outperforms a 14%
random row selection (35 rows) for classifying five environments for increasing sensor noise.

The results indicate that cross-environment variation is well characterized by the QR se-

lected measurements which are optimized for library approximation with Ψ̂. Furthermore,

increasing the number of random samples to 35 (Figure 6.11) does not achieve the same

robust accuracy drop-off seen with QR selections.

6.4.4 SRCf with spatial bias

A related inquiry concerns the optimal spatial locations along the wing to capture strain

dynamics. These locations would correspond to the physical placement of each strain sensor

and campaniform sensilla on insect wings. Our previous simulations ignored any spatial

correlation by testing classification for frequency content from random locations along the

chord (columns of Ŝ). We now introduce a spatial bias that draws strain frequency dynamics

at random from Gaussian distributions centered at different regions of the wing chord and

training with the remainder, using the same data considered previously in section 6.4.3. This

essentially tests columns ŝ that are adjacent in the data matrix Ŝ. The different regions of

the chord considered - the leading edge, 1/4-chord, midchord, 3/4-chord, and trailing - are
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Figure 6.11: This plot compares classification accuracy for sensors distributed around (left
to right) leading edge, 1/4 chord, mid-chord, 3/4-chord and trailing edge for identically
increasing sensor noise. Each error bar represents cross-validated classification accuracy
across observations randomly chosen from a Gaussian distribution centered around a certain
area of the chord, sampled from a randomly chosen environmental regime out of the five
total regimes. Classification accuracy increases across the chord with accuracy increasing
near the trailing edge.

important in the study of both insect wings and airfoils. The SRCf classifier is used with 35

random frequency samples in the frequency domain.

The expected performance profile for increasing sensor noise is observed in the results

of Figure 6.11, however there is an obvious classification advantage towards the trailing

edge of the wing. This trend is consistent with downstream amplification of flow-induced

strain towards the trailing edge, where the wing is most prone to deflection from the free

boundary (6.1) and flexural stiffness is lowest. However, this finding deviates from observed

campaniform sensilla locations that tend to be distributed away from the trailing edge. There

are many possible explanations - the trailing edge is dominated by membrane surface without

venal or neural conduits for the sensilla, or the non-stiff trailing edge of the wing may be

prone to amplified flow process noise. Alternatively, the ensemble of campaniform sensilla

may be sufficient to aggregate strain dynamics to amplify flow features without resorting to

trailing edge sensors. Both scenarios are well worth examining in future study.



101

6.5 Conclusions

This work develops a data-driven framework for flow environment identification based on

supervised learning from simulated wing strain dynamics in the frequency domain. This is

done using sparse classification in an overcomplete library of POD modes, which is assembled

by simulating strain dynamics from each expected flow environment. Then, the problem of

identifying the flow environment reduces to a classification task between the sets of POD

modes in the library. The subset selection is accomplished by `1 regularized, sparse approxi-

mation of POD library coefficients from input frequency dynamics. This `1 regularization is

extremely accurate and mitigates contributions from noise when compared to least squares

approximation – even with sensor noise at 20% of the input signal’s magnitude, sparse clas-

sification is slightly biased towards the correct originating environment. Furthermore, SRCf

with strategically subsampled signals is shown to be effective, with discriminating frequency

measurements selected by the pivoted QR factorization of POD modes. In this manner,

sparse classification of strain frequencies facilitates environment identification from single

wing locations, providing insight into possible sparse encoding strategies employed by strain

sensing neurons on insect wings. Moreover, our approach may be applied to sensor-equipped

feedback systems in flight control, which is an active area of research.

6.5.1 Control Implications

Downstream environment identification from sensor data is an important problem in closed-

loop control where sensors are expensive and measurements are corrupted by noise. Spatial

strain mode shapes do not vary significantly across environments and require many more

physical strain sensors to complete spatial knowledge. Frequency domain analysis of wing

strain can help move toward autonomous flight technologies. Furthermore, the design of

frequency samples chosen specifically to discriminate certain environments or frequencies

greatly reduces the dimension of decision space and helps mitigate uncertainty in sensor

measurements. Strain sensors and gauges are already being used to characterize stresses and
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guide wing and fin design in experiment [87]. As an added functionality they may assist in

flow characterization using similar data-driven dimension reduction concepts as presented

here. Our frequency distinction framework is particularly attractive for feedback analysis

for controller decisions. Given suitable libraries of candidate frequency dynamics, the sparse

classification framework can be efficiently implemented in flight controllers, especially when

the decision space consists of only a few strategically selected frequencies. For example,

controllers may mitigate undesirable frequencies encountered in flight such as the erratic high

frequency content of turbulence and low frequencies induced by strong winds. Although we

have not built a controller in this work, we note that convex optimization strategies, such as

the one underlying sparse classification, are commonly employed in control applications.

6.5.2 Biological Implications

There are a number of intriguing biological conjectures that the current results help address.

Specifically, the machine learning architecture of learned dictionaries and sparse sampling

both seem to have advantageous properties in the context of flight. The learned libraries

encoded from our numerical simulations suggest that insects possess a similar, innate library

for flight dynamics. Indeed, insects at birth simply begin flying without a lengthy train-

ing stage, suggesting that flight dynamics, or dictionaries, are stereotyped behavior in the

mechanosensory flight system [48, 68, 57]. Thus at birth, a low-dimensional representation

of mechanosensory codes are genetically inherited. The sparse and stereotyped placement of

campaniform sensilla on the wings of a hawkmoth also suggest that sparse sampling does in-

deed occur for helping guide flight dynamics and control protocols. Of course, we have made

no connection to control, but we certainly have demonstrated the tremendous bio-inspired

advantages of sparsity and learned libraries.
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Chapter 7

SENSOR AND ACTUATOR PLACEMENT FOR OPTIMAL
CONTROL

In this chapter we consider a generalization of linear dynamical systems with outputs

ẋ = Ax x ∈ Rn

y = Cx, y ∈ Rp,

to linear dynamical systems with both inputs u and outputs y

ẋ = Ax + Bu x ∈ Rn,u ∈ Rq

y = Cx, y ∈ Rp, (7.1)

This is a natural extension of the sensor placement problem considered in earlier chapters to

combined sensor and actuator placement. Specifically, we are still selecting point observations

of the state x using measurement operator C, and also selecting which states to actuate using

B. Point configurations for a q-in p-out system require that sensing and actuation matrices

C ∈ Rp×n and B ∈ Rn×q are structured in the following way

C ,
[
eγ1 eγ2 . . . eγp

]T

B ,
[
eβ1 eβ2 . . . eβq

]
, (7.2)

where ei is the n-dimensional vector of zeros with a unit entry at the ith component. As be-

fore, γ = {γ1, . . . , γp} ⊂ {1, . . . , n} denotes the index set of sensor locations with cardinality

|γ| = p. Similarly, actuator selection indices are given by β = {β1, . . . , βq}.
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7.1 Motivation

The feedback control of any system relies on the quality of actuation input and measure-

ment output, and in many cases, sensing and actuation capabilities are limited and expen-

sive. This is especially true in complex systems such as wings and motors interacting with

fluid flows and turbulence. When discretized, the added challenge of searching through the

grid for appropriate placements is computationally intractable. A sensible strategy is to

place sensors along the most observable directions in state space, and actuators along the

most controllable directions. Indeed, there is a vast body of literature on placements based

on observability [4, 79, 44] and controllability [142, 14]. Existing computational methods

can determine continuous (off-grid) placements for using gradient descent [43] or variable-

transformed convex optimization [44], as well as grid-based placements using greedy meth-

ods [131] and convex optimization [18, 84]. Specific control objectives include minimizing

the H2 norm or H∞ norms of resulting configurations [43, 119]. There are placement meth-

ods conceptually similar to our proposed approach. For instance, one can exploit balanced

model reduction to more efficiently evaluate these objectives [119], or investigate connections

between POD-based sensor placement and system observability [4]

Clearly, any placement of either sensors or actuators must take into consideration the in-

put output dynamics of the system, and in general, these are not well-characterized by global

POD mode analysis. To generalize the pivoting approach formulated in previous sections, we

take into account the most observable and controllable directions in a system. Our approach

relies on balanced model reduction [113, 134, 166], in which modes are hierarchically ordered

by degree of observability and controllability. Here, the QR pivoting algorithm samples the

low-rank balancing transformations of the system to find maximally observable and con-

trollable locations in state space. The resulting locations correspond to near-optimal point

sensor and actuator configurations. The quality of our optimized configurations is evaluated

using the H2 norm and Hankel singular values of the resulting system, both of which measure

the input-output energy in a system. We demonstrate our method on random state space
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systems and the linearized Ginzburg-Landau equation with stochastic disturbances. The

resulting sensor and actuator configurations reproduce known optimal configurations at a

fraction of the computational cost associated with expensive gradient optimization methods.

7.2 Background on balanced model reduction

This section details the dimensionality reduction method that generalizes our QR pivoting

approach to control. The primary tool at our disposal is balanced model reduction, which

seeks a rank r biorthogonal basis that characterizes the most observable and controllable

directions in state space. First, we define gramians that quantify the degrees of observability

and controllability. This motivates a balanced low-rank representation of these gramians,

in which the most observable and controllable states are hierarchically ordered by their

contribution to the original system. Next, we describe this so-called balanced truncation and

its computational implementation, the results of which will then be used for QR-optimized

sensor and actuator placement.

7.2.1 Observability and controllability

The degrees of observability and controllability for the state-space system (7.1) are quantified

by the observability gramian

Wo =

∫ ∞

0

eA
∗tC∗CeAtdt (7.3)

and controllability gramian,

Wc =

∫ ∞

0

eAtBB∗eA
∗tdt, (7.4)

respectively. The gramians Wo and Wc define ellipsoids in state-space that contain all the

states observable from a given output, and all the states reachable from a given input. In

other words, the maximal energy output from a given initial condition x0 is quantified by
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the observability gramian

max ‖y‖2 = x∗0Wox0. (7.5)

Likewise, the minimal energy required to steer a system to a given state is defined by the

inverse controllability gramian

min ‖u‖2 = x∗0W
−1
c x0. (7.6)

Note that the gramians define ellipsoids as a function of sensing and actuation (C and B).

Intuitively, this suggests designing sensors and actuators to optimize some scalar measure of

these gramians. However, the gramians are high-dimensional and in general, are not equal,

since the observable and controllable subspaces of the system may be different. Moreover,

dimensionality reduction with POD is insufficient because it does not accommodate these

different subspaces.

The primary goal of balanced model reduction is to find a coordinate transformation x ≈
Ψra giving rise to a related system (Ar,Br,Cr) with similar input–output characteristics,

in terms of a state a ∈ Rr with many fewer degrees of freedom, r � n. Note that u and

y are the same as in Eq. (7.1), even though the system state has been reduced. Instead

of ordering modes based on energy, as in the POD, it is possible to determine a hierarchy

of modes that are most controllable and observable, therefore capturing the most input–

output information [113]. These modes give rise to balanced models, equally weighting the

controllability and observability of a state via a coordinate transformation that makes the

controllability and observability Gramians equal and diagonal. These models have been quite

successful, although computing balanced models may be computationally expensive.
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7.2.2 Balanced truncation and the balancing transformation

Balanced model reduction is based on finding a coordinate transformation x = Ψa that

hierarchically orders the states in x̃ in terms of their ability to capture the input–output

characteristics of the system, as quantified by the controllability and observability Gramians.

In the seminal paper by Moore in 1981 [113], he showed that it was in fact possible to find

a coordinate system where the controllability and observability Gramians are equal and

diagonal. This results in the balanced model:

ȧ = Φ∗AΨa + Φ∗Bu z ∈ Rn,u ∈ Rp

y = CΨa, y ∈ Rq (7.7)

where the balancing modes Ψ are called direct modes and Φ∗ = Ψ−1 are called the adjoint

modes.

The balanced state z is then truncated, keeping only the first r � n most jointly con-

trollable and observable states in a, so that x ≈ Ψra, resulting in the following balanced

truncation model [113]:

ȧr = Φ∗rAΨrar + Φ∗rBu ar ∈ Rr, r � n

y = CΨrar. (7.8)

Note that this reduced-order model is formulated in terms of the original system matrices

(A,B,C) and the first r columns of the direct and adjoint modes, Ψr and Φr, respectively.

The controllability and observability Gramians each establish an inner product on state

space in terms of how controllable or observable a given state is, respectively. As such,

Gramians depend on the particular choice of coordinate system and will transform under a

change of coordinates. In the coordinate system a, the controllability Gramian becomes:

W̃c = Φ∗WcΦ. (7.9)
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Figure 7.1: Illustration of balancing transformation on Gramians. The reachable set with
unit control input is shown in red, given by W

1/2
c x for ‖x‖ = 1. The corresponding observable

set is shown in blue. Under the balancing transformation Ψ, the Gramians are equal, shown
in purple. Reproduced with permission from Brunton and Kutz [30].

The observability Gramian transforms similarly:

W̃o = Ψ∗WoΨ. (7.10)

The coordinate transformation Ψ that makes the controllability and observability Gramians

equal and diagonal,

W̃c = W̃o = S, (7.11)

is given by the matrix of eigenvectors of the product of the Gramians WcWo in the original

coordinates:

W̃cW̃o = Φ∗WcWoΨ = S2 =⇒ WcWoΨ = ΨS2. (7.12)
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The diagonal entries of S are the Hankel singular values of the system, where the ith singular

value represents the input-output energy contribution of the ith balancing mode pair. Sub-

sequently, modes with small contribution are truncated to construct a balanced truncation

that approximates the full system dynamics.

Computational algorithms

Computing this eigendecomposition relies on computing or approximating both gramians.

The gramians are defined by the infinite time-integration for stable systems, but are also the

unique solutions of the following Lyapunov equations

AWc + WcA
∗ + BB∗ = 0 (7.13a)

A∗Wo + WoA + C∗C = 0. (7.13b)

Lyapunov equations can be solved directly using the Bartels-Stewart method [11] under

O(n3) runtime, which can be computationally intractable for high-dimensional systems with

n � 1. For the systems considered here, it is still efficient to compute Gramians directly

by solving Lyapunov equations, since state dimension in our examples is n = 100. We solve

them using the Matlab control toolbox routine, balreal.

Fluid dynamics and climate simulations can easily reach state dimension n = O(105) or

higher due to fine grid discretization. Fortunately, balancing modes can also be efficiently

computed using data-driven empirical Gramians. Here, the direct and adjoint modes are

empirically computed from snapshots in time of impulse responses from the system and

its adjoint. The products of these snapshot matrices closely approximate the true Gramians

when the data sufficiently resolve the temporal dynamics and transients. Moore [113] was the

first to realize that balancing transformations can be computed this way, and constructed the

entire n× n gramians in this manner. More efficient strategies that leverage dimensionality

reduction of snapshot matrices are currently used in practice. The first, developed by Willcox

and Peraire [166], performs low-rank approximations of Gramians from direct and adjoint
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system snapshots. Shortly thereafter, Rowley [134] proposed computing modes using the

product of direct and adjoint snapshot matrices, as well as a low-rank output projection of

the adjoint system to dramatically reduce the number of requisite adjoint simulations.

7.3 Sensor and actuator placement using balanced truncation

We now develop a framework to identify sparse sensor and actuator locations using the

balancing transformations defined above. Assuming a high-dimensional system is well-

represented by its balanced truncation, the best states to observe and actuate are identified

using partial observations and actuation in the truncated system. These sensor and actuator

locations are determined using an efficient greedy QR pivoting algorithm. In particular, we

optimize sensors assuming full actuation, and vice-versa, which allows us to select sensors

and actuators independently of each other. We quantify the performance of the selected

observations and actuation using a scalar measure of how well they can approximate the

high-dimensional system, and derive bounds on this approximation error in terms of the

Hankel singular values of the high-dimensional system.

7.3.1 Sensor placement

We begin with the balanced truncation (7.8) of a state-space system (7.1), and assume that

its observable and controllable subspaces are well characterized by direct and adjoint modes

Ψr and Φr. Partial observations are introduced using point sensors C in the balanced trun-

cated system (7.8), so that ŷ = CΨra. As before, this corresponds to partial observations of

the original system since ŷ ≈ Cx. Then, sensor quality is quantified by how well the initial

state x can be estimated from partial observations ŷ in balanced coordinates. The solution

to this estimation problem is explicitly given by the following least-squares approximation

x̂ = Ψr(CΨr)
−1y = Ψr(CΨr)

−1Cx, (7.14)
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which can be expressed as a projection PC into the observable subspace

PC , Ψr(CΨr)
−1C. (7.15)

Numerically, Ψr(CΨr)
−1C is a suboptimal (non-orthogonal) projection onto the direct

modes simply by definition of the biorthogonal balancing transformation, which corrobo-

rates the intuition of working with incomplete information (measurements Cx instead of x).

As in previous chapters, we pose the following numerical optimization problem for selecting

point sensors C in terms of the approximation error between x and x̂, using the projection

onto direct balancing modes PC

min
C
‖x−Ψr(CΨr)

−1Cx‖2 (7.16)

The remainder of this section details how to construct C and B, and presents lower and

upper bounds for the approximation (7.14) using our choice of B and C. We propose a

greedy construction of C using the matrix QR factorization with column pivoting of direct

modes Ψ∗r, which expresses Ψ∗r as the product of a unitary matrix Q, an upper triangular

matrix R, and most importantly, the column permutation matrix P

Ψ∗rP = QR. (7.17)

As before, C is constructed from the first r columns of P transposed, and also given by Al-

gorithm 2

C , PT
.,j, where j : 1→ r. (7.18)

In other words, sensor selection corresponds to a rank-revealing row selection of the direct

modes.

We use the fact that in the case of full observation, C = I and the projection (7.14) is
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simply the approximation in balanced coordinates

x? , ΨrΦ
∗
rx, (7.19)

in which case, the bounds on the approximation error are near-optimal.

Lemma 3 (Antoulas [6]). The `2 error between the full state and its approximation using

balanced coordinates is bounded by

‖x− x?‖2 ≤ 2(σr+1 + · · ·+ σn). (7.20)

An equivalent result holds for the adjoint system, for which the adjoint state projection onto

balanced coordinates is given by z? , ΦrΨ
∗
rz, and

‖z− z?‖2 ≤ 2(σr+1 + · · ·+ σn). (7.21)

Lemma 4 (Drmac & Gugercin [60]). For any full-rank matrix Ψr ∈ Rn×r and its submatrix

constructed from the first r rows of its column permutation matrix, Pr = P.,j, j : 1 → r,

obtained by QR factorization (7.31), the spectral norm of (PT
r Ψr)

−1 is bounded by

‖(PT
r Ψr)

−1‖2 = ‖(Ψ∗rPr)
−1‖2 ≤

√
n− r + 1

σmin(Ψr)

√
4r + 6r − 1

3
, (7.22)

where the bound grows as
√
nO(2r).

Theorem 1. For any r-truncated row permutation matrix C, the error from the projec-

tion (7.14) satisfies the following upper bound

‖x− PCx‖2 ≤ ‖Ψr‖2‖(CΨr)
−1‖2‖x− x?‖2. (7.23)

Proof. Define the residual between full state and its projection into balanced coordinates
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v = x− x?. Then

PCv = PCx− Px?

= PCx−Ψr(CΨr)
−1CΨrΦ

∗
rx?

= PCx−ΨrΦ
∗
rx?

= PCx− x?,

where we use the fact that the orthogonal projection of x? onto R(Ψr) is x? again.

‖x− PCx‖2 = ‖(v + x?)− (PCv + x?)‖2

= ‖(I− PC)v‖2

≤ ‖PC‖2‖x− x?‖2

≤ ‖Ψr‖2‖(CΨr)
−1‖2‖C‖2‖x− x?‖2

= ‖Ψr‖2‖(CΨr)
−1‖2‖x− x?‖2.

Our logic here closely follows that in [41], which relies on Ψr restricted to be orthogonal

(‖Ψr‖2 = 1). This property is not true in general for balanced modes.

Theorem 2. The upper bound for the error between the full state and the projection is

controlled by the sum of the discarded Hankel singular values and the condition number of

direct modes κ(Ψr), where σi represents the ith Hankel singular value of the system

‖x− Px‖2 ≤ 2α
n∑

i=r+1

σi, (7.24)

where α =κ(Ψr)
√
nO(2r). (7.25)
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Proof. Combining Lemmas 3 and 4, with Theorem 1, we have

‖x− Px‖2 ≤ ‖Ψr‖2‖(CΨr)
−1‖2

(
2

n∑

i=r+1

σi

)

≤ ‖Ψr‖2

(√
n− r + 1

σmin(Ψr)

√
4r + 6r − 1

3

)(
2

n∑

i=r+1

σi

)

= κ(Ψr)
√
nO(2r)

n∑

i=r+1

2σi.

7.3.2 Actuator placement

Actuator placement is completely analogous to sensor placement, where we construct B from

QR pivoting of the adjoint modes Φr instead of the direct modes. In other words, we seek

to place actuators along the most controllable directions in state space. Importantly, the

controllability gramian in the original system is equivalent to the observability gramian of

the adjoint system

ż = A∗z + C∗v (7.26a)

y = B∗z, (7.26b)

where we designate the output as y to be consistent with the previous discussion. As before,

we desire the best actuators B in this adjoint system for estimating the adjoint state z

from “measurements” (a slight abuse of terminology, since B corresponds to actuation in

the original system), assuming there is no adjoint actuation (v = 0). The adjoint system

transforms using the same balanced coordinates defined above

ḃr = Ψ∗rA
∗Φrbr (7.27a)

y = B∗Φrbr. (7.27b)



115

Similarly to the previous procedure, the adjoint state may be approximated in balanced

coordinates using an analogous projection operator

ẑ = Φr(B
∗Φr)

−1B∗z = PBz. (7.28)

Substituting Φr for Ψr, z for x, and B∗ for C in the proof for Theorem 1, we obtain the

following corollary.

Corollary 1. For any r-truncated row permutation matrix B∗, the error from the projec-

tion (7.28) satisfies the following upper bound

‖z− PBz‖2 ≤ ‖Φr‖2‖(B∗Φr)
−1‖2‖z− z?‖2. (7.29)

Thus the actuator placement problem reduces to controlling the growth of the term

‖(B∗Φr)
−1‖2, which is computed using yet another QR factorization, this time of the adjoint

modes

Φ∗rP̃ = Q̃R̃. (7.30)

Subsequently B is constructed from the first r columns of P̃, given by Algorithm 2

B , P̃.,j, where j : 1→ r. (7.31)

Corollary 2. The upper bound for the error between the adjoint state and projection is

controlled by the sum of the discarded Hankel singular values and the condition number of

direct modes κ(Φr), where σi represents the ith Hankel singular value of the system

‖z− PBz‖2 ≤ 2α
n∑

i=r+1

σi, (7.32)

where α =κ(Φr)
√
nO(2r). (7.33)

Proof. This result immediately follows from the previous corollary and upon substituting Φr
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for Ψr in Lemma 4.

The above results are for the case when the number of sensors or actuators equal the

rank of the truncated model (p = q = r), but they generalize to oversampling because the

same upper bounds still hold for p > r and q > r.

7.4 Results and discussion

This section demonstrates our sensor and actuator placement algorithm on two examples.

The first is a random state-space model, for which we consider sensor placement and actu-

ator placement independently, and then combined sensor and actuator placement. Hankel

singular values are used to compare the input-output energy of the resulting systems with the

original system. Next, we perform sensor and actuator placement on a linearized Ginzburg-

Landau equation with stochastic disturbances, for which the H2 optimal sensor and actuator

placement has been determined by Chen and Rowley [43]. We compare the QR pivoting

method with their gradient descent method for determining placements, and evaluate both

sets of placements using their H2 norm and LQG controller gain.

7.4.1 Random state space system

Our method is demonstrated on a 100 input, 100 output discrete random state-space model

generated by the drss() command in MATLAB’s control systems toolbox, and modify the

command’s output to have 100 point sensors and actuators for a fair comparison. That is,

every state can be directly actuated and observed in the full system. The first three experi-

ments optimize subsets of both sensors and actuators (fig. 7.2a), sensors only (fig. 7.2b), and

actuators only (fig. 7.2c). We evaluate the quality of QR optimized configurations using each

configuration’s Hankel singular values, which quantify the the input-output energy of each

configuration. Hankel singular values convey the degree of controllability and observability

of the systems, and it is desired for the partially observed and actuated system’s singular

values to be as close as possible to that of the fully observed and actuated system.
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Figure 7.2: Sensor and actuator placement in random state-space system. The cumulative
sum of Hankel singular values are plotted for various configurations, including 200 random
ensembles of sensor or actuator placements (gray) in the balanced model truncated at ranks
r = 1 to r = 5. The optimized QR configurations better preserve the input-output energy of
the original system, whereas random sensors lag behind, especially when the system is both
partially observed and partially actuated.

The cumulative sum of the normalized singular values are plotted in Figure 7.2; this

provides a fair comparison the input-output energy retained in each system. Five sets of

Hankel singular values are plotted of the following system variants: the full model, balanced

model (balreal), full model with optimized placements (red), truncated model (modred),

truncated model with QR optimized placements (blue), and finally, truncated model with

random placements (gray). Our algorithm optimizes 40 sensors and/or actuators by trun-

cated balanced modes at rank r = 1 to r = 5 on the horizontal axis. The more modes

are retained, the better the chosen sensors and actuators characterize the input-output dy-

namics. Importantly, it can be seen that optimized placements on the balanced truncated

system (blue dots) agree closely with optimized placements on the full model (red circles).

This provides an empirical confirmation of our approach, which determines placements for

the balanced truncated system assuming that they are optimal for the original system.

Because the system is randomly generated and dynamics are not sufficiently localized in

state-space, many sensors and actuators (40% of state space) are required to characterize
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the system. In particular, this is reflected in its slowly decaying Hankel singular values. By

contrast, the next example we consider is generated by a physical flow perturbation model,

and has localized dynamics that allow for a more intuitive, visual interpretation of sensor

and actuator placements.

7.4.2 Linearized Ginzburg-Landau with stochastic disturbances

The nonlinear Ginzburg-Landau equation models velocity perturbations in a given flow con-

figuration, and in the case of small perturbations, the flow is well-described by the linearized

equations. Consider the linearized Ginzburg-Landau system with stochastic process distur-

bance and noise (d and n respectively) present everywhere in the domain

ẋ = Ax + Bu + D1/2d (7.34a)

y = Cx + N1/2n, (7.34b)

where A is the linearized Ginzburg-Landau operator discretized using Hermite pseudospec-

tral differences

L , −ν ∂
∂ξ

+ µ(ξ) + β
∂

∂ξ2
. (7.35)

Here ξ is the 1D spatial variable discretized at the roots of weighted Hermite polynomials,

ν is the advection speed, β is the diffusion parameter, and µ(ξ) is the amplification factor.

The H2 optimal sensor and actuator placement for this system is determined by Chen and

Rowley [43] using gradient minimization, and hence provides a benchmark comparison for

our greedy placement. The H2 norm of a system yields an averaged measure of output energy

from impulsive inputs, and importantly, is invariant under similarity transformations. It can

be computed from B,C, and the Gramians as follows

‖.‖H2 = trace(CWcC
∗) = trace(B∗WoB). (7.36)

The observability and controllability gramians are not defined for this system since it
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Figure 7.3: LQG controller for linearized Ginzburg-Landau

is unstable. We can, however, stabilize the system using linear quadratic Gaussian (LQG)

control, which seeks to stabilize the state with minimal input using the cost function

J = x∗Q̂x + u∗R̂u, (7.37)

where Q̂ and R̂ refer to user-specified state and input weighting matrices (not to be confused

with QR factorization). The structure of the controller is shown in Figure 7.3. Here j and w

are concatenated vectors containing terms in the cost function, and the concatenated sources

of process and measurement disturbance as defined below

j =


Q̂1/2x

R̂1/2u


 ,w =


d

n


 .

In essence, by minimizing J, the controller minimizes the gain from the disturbances to the

weighted cost vectors.

The resulting system is stable, therefore we can compute the balancing transformations

using Matlab’s balreal() command. Specifically, the new system matrices AK ,BK ,CK

are computed using Matlab’s lqg() controller routine, and then passed as arguments to

balreal() to compute balancing modes. We omit the details of the computation; explicit

expressions for the controller system matrices are given in [43]. Sensing and actuation are

defined on smooth spatial Gaussian kernels centered at the sensor/actuator location, and in
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Figure 7.4: Sensor+actuator placement for linearized Ginzburg-Landau. Each row corre-
sponds to the optimized placement for a certain budget of sensors and actuatorsPlacements
based on QR pivoting of balanced truncated modes (a) closely approximate the H2 norms
of the placements determined using gradient minimization (b).

the small width limit of the kernels corresponds to point sensing and actuation. This permits

derivative-based conjugate gradient minimization of the H2 norm, as well as placement of

sensors and actuators at locations that may not be gridpoints. The major drawback is that

each Newton iteration requires p+q solutions of n×n Lyapunov equations until convergence.

Furthermore, the procedure requires optimizing an ensemble of random initial conditions to

avoid converging to local minima. In [43], the optimal placement is computed using this

conjugate gradient optimization for a spatial discretization corresponding to n = 100, and

this method becomes computationally intractable as grid resolution increases.

Figure 7.4 compares the placement results from the QR algorithm and QR initialized

gradient minimization. The resulting placements for p = q = 1 to p = q = 5 sensors and
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actuators are plotted from bottom to top, and the horizontal axis is the spatial domain

extending from ξ ∈ [−12, 12], with the wave amplification region shown in gray. For each

selection of p, we truncate the balanced truncated modes to rank r = p, and pivot the

truncated modes as described in the previous section. Notably, QR pivoting collocates sensors

and actuators, and this agrees with a similar gradient optimization procedure that collocates

placements for vibration control [80]. The corresponding H2 norms of the resulting placement

are displayed on the y-axis, from which it can be seen that the greedy QR placements closely

approximate the optimal placements and as expected, land within the amplification region.

In the five sensor and actuator case, the optimal placement [43, Figure 4] yields a H2 norm

of 27.4, which exactly agrees with our QR initialized placement and is approximated by the

QR pivoted placement (27.8). Our results agree both visually and with H2 norms with the

optimal placements by Chen and Rowley. Yet another metric for evaluating the placement is

the LQG gain of a given signal from a sensor to an actuator, and we compare the greedy QR

placement to the QR initialized optimization using this metric over all sensors and actuators

ω = 10−1 ω = 101 ω = 103

(a) QR initialized gradient minimization0 0.2 0.4 0.6 0.8 1
0
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Figure 7.5: LQG gain in decibels for five sensor, five actuator system. Each block shows the
gain from a signal exp(iωt) in sensor (column) k to actuator (row) j, ordered upstream to
downstream.
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in Figure 7.5. The results are indistinguishable from each other, and are also indistinguishable

from the same LQG gain figure produced by Chen and Rowley [43, Figure 5]. Due to the

dissipative nature of the system, it can be seen that low-frequency information from a sensor

propagates to upstream actuators, but the majority of high-frequency information only to

the nearest corresponding actuator.

QR pivoting runtime is only O(nr2) and the resulting placement’s deviation from the

optimal placements (fig. 7.4b) decreases with increasing p, q, and r. Furthermore, the conju-

gate gradient procedure initialized by the QR pivoted placement requires approximately 50

to 100 iterations to converge. Without QR initial placement, the conjugate gradient method

requires an ensemble of random initial placements to converge.

We note that without balancing transformations, the Gramians are uninformative of

where to place sensors. Chen and Rowley place a single sensor & actuator at the extrema

of Gramian eigenvectors which yielded H2 norms over 200, in comparison to their optimized

results (and ours) which are roughly around 40. In contrast, we note that balanced truncated

modes of the LQG controlled system are indeed useful for optimizing placements, and can be

determined from a one-time computation of O(n3) to construct the LQG controller, and one

more O(n3) computation to solve Lyapunov equations and compute the balancing modes.

7.5 Conclusions

In this chapter we develop a scalable sensor and actuator placement algorithm whose run-

time scales only linearly with the number of state variables. Our approach relies on balanced

model reduction [113, 134, 166], in which modes are hierarchically ordered by their observ-

ability and controllability. We extend EIM-based methods to sample the low-rank balancing

modes of the system and determine maximally observable and controllable locations (sen-

sor & actuators) in state space. The performance of this algorithm is demonstrated on a

random state space system, and for controlling the linearized Ginzburg-Landau system with

stochastic disturbances. Our optimized placements vastly exceed the performance of random

placements as quantified by their Hankel singular value spectra, and closely approximate H2
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norms of optimal placements determined by expensive gradient minimization methods at a

fraction of their runtime.

This work opens a variety of future directions in optimal QR-based sensor and actuator

placement. So far our method relies on a known model of the dynamics, but it would also

be interesting to generalize the method to data-driven system identification models. In

addition, point sensors and actuators are simplifications of constrained or nonlinear sensing

and actuation that may occur in practice. In these cases, one can generalize the QR pivoting

algorithm to incorporate constraints [46], but nonlinear measurements or actuation remain

an open challenge in optimal experiment design. Moreover, rapid advances in data collection

yield extremely large search spaces, in which case the QR pivoting procedure may benefit

from accelerations such as randomized or blocked pivoting.
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Chapter 8

CONCLUSION

In this thesis we develop a data-driven, scalable sensor placement method using measure-

ments derived from matrix pivots of low-dimensional embeddings, which are learned from

high-dimensional data. These measurements are shown to be superior to competing mea-

surement modalities (random, empirical interpolation and convex optimization) for global

inference of complex systems. The compression of data under low-rank embeddings (such as

POD and DMD) enables the reduction of high-dimensional signals with O(104) and O(106)

points to sets of 10−100 optimal sensors. We demonstrate this reduction on both simulated

and observed high-dimensional data, for applications in image recovery, predictive manufac-

turing, ocean El Niño prediction, flow regime classification, and control. By exploiting known

patterns in available data, we are able to significantly reduce the number of measurements

required for signal recovery and global inference on complex static and dynamical systems.

Although we have developed pivoting-based sensing to be used in conjunction with data-

driven POD, DMD or BPOD modes, the resulting method is quite general. Sensor placement

via matrix pivoting admits any basis (any matrix) as input, and as long as one input dimen-

sion spans the ambient domain (usually space), it is extendable to nearly any linear inverse

problem. Therefore, pivoting-based reconstruction is possible in more generic bases such as

polynomials or radial basis functions. More generally, it may be used to select experiments

or measurements in any candidate set of linear measurements, and thus can solve a wide

class of problems originating in optimal experimental design, a connection made in Chapter

3.4. This generality lends itself to a wide variety of potential application scenarios, including

1) regimes where sensors are costly, and 2) regimes with massive data acquisition that would

benefit from subsampling.
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In regimes where sensors are expensive, the need for sensor optimization is clear. The

number of sensors selected by these rank-revealing pivoting strategies is proportional to

intrinsic rank, thus minimizing the number of sensors required for global inference once an

appropriate low-rank representation is constructed. This minimization is extremely beneficial

in physical systems such as ocean dynamics, fluid flows, robotics, and control (Chapters 3,

5–7). In addition, these applications may naturally impose rigid cost or location constraints

on candidate locations, such as promoting measurements to lie along a wing or physical

boundary of a fluid flow. Fortunately, pivoting algorithms easily admit the omission of certain

measurement locations by simply removing columns of input, and can easily be adapted with

weighted cost functions using user-specified weights on potential column pivots. This is an

important avenue of ongoing work.

In contrast, high-fidelity data acquisition methods, including new and improved imaging

technologies, are generating increasingly vast amounts of data. In such regimes, the compu-

tational burden is shifted from data collection to the immense storage and calculation capa-

bilities required to process this data. Applications in imaging and predictive manufacturing

immediately benefit from principled measurement strategies (Chapters 3–4). In the context

of model reduction, interpolative measurement reduction combined with dimensionality re-

duction is known as hyperreduction. This is particularly important in applications where

fast decisions are required, such as in high-performance computing or feedback control. For

example, we have adapted pivoting to heavily downsample nonlinear, topologically-derived

feature vectors for multi-way classification of human pose data in joint work with collabo-

rators [75]. This represents an important step in generalizing hyperreduction to nonlinear

observables of state space.

8.1 Extension to nonlinear dynamics and inference

Recent advances in dynamical systems are providing techniques to embed nonlinear systems

in a linear framework through a suitable choice of measurement functions of the state, open-

ing up the possibility of optimized sensing for nonlinear systems. As early as the 1930s,
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Koopman demonstrated that a nonlinear system can be rewritten as an infinite-dimensional

linear operator on the Hilbert space of measurement functions [93]. This perspective did not

gain traction until modern computation and data collection capabilities enabled the analysis

of large volumes of measurement data.

Modern Koopman theory may drive sensor placement and the selection of nonlinear

measurement functions on the sensors to embed nonlinear dynamics in a linear framework

for optimal nonlinear estimation and control. This approach is consistent with neural con-

trol systems, where biological sensor networks (e.g., strain sensors on an insect wing) are

processed through nonlinear neural filters before being used for feedback control. Much of

the modern Koopman operator theory has been recently developed [111, 31, 32, 112], and

it has been shown that under certain conditions DMD approximates the Koopman oper-

ator [137, 133, 157, 99]; sensor fusion is also possible in the Koopman framework [169].

Recently, Koopman analysis has been used to develop nonlinear estimators [143, 144] and

controllers [26], although establishing rigorous connections to control theory is an ongoing

effort [128, 130, 95]. Koopman theory has also been used to analyze chaotic dynamical sys-

tems from time-series data [69, 25], relying on the Takens embedding [146], which is related

to sensor selection.

Beyond extending sensor selection to nonlinear systems and control, there is a significant

opportunity to apply principled sensor selection to nonlinear inverse problems. The goal

is to estimate latent variables from nonlinear measurements, and is typically solved in a

probabilistic framework. Standard Bayesian approaches in data assimilation, such as the

Kalman filter [88], estimate a probability distribution over the latent variable given the

measurements, or the posterior distribution. Measurements can be chosen to minimize the

posterior covariances, which is completely analogous to our method of choosing measurements

to minimize error covariance. Likewise, it can be used for parameter selection in methods that

propagate an ensemble of initial parameters samples forward such as the ensemble Kalman

filter [64, 82] or other Bayesian inversion methods [141]. This is a promising avenue for future

work, as optimal experimental design for nonlinear problems remains an open challenge.
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the Optical Society of America A, 12(8):1657–1664, 1995.

[66] M. Gavish and D. L. Donoho. The optimal hard threshold for singular values is 4/
√

3.
IEEE Transactions on Information Theory, 60(8):5040–5053, 2014.

[67] A. Georghiades, P. Belhumeur, and D. Kriegman. From few to many: Illumination
cone models for face recognition under variable lighting and pose. IEEE Trans. Pattern
Anal. Mach. Intelligence, 23(6):643–660, 2001.

[68] E. Gettrup. Sensory regulation of wing twisting in locusts. Journal of Experimental
Biology, 44(1):1–16, 1966.

[69] D. Giannakis. Data-driven spectral decomposition and forecasting of ergodic dynamical
systems. arXiv preprint arXiv:1507.02338, 2015.

[70] A. C. Gilbert and P. Indyk. Sparse recovery using sparse matrices. Proceedings of the
IEEE, 98(6):937–947, 2010.

[71] A. C. Gilbert, J. Y. Park, and M. B. Wakin. Sketched SVD: Recovering spectral
features from compressive measurements. ArXiv e-prints, 2012.

[72] G. Golub and W. Kahan. Calculating the singular values and pseudo-inverse of a ma-
trix. Journal of the Society for Industrial & Applied Mathematics, Series B: Numerical
Analysis, 2(2):205–224, 1965.

[73] M. Grant, S. Boyd, and Y. Ye. CVX: Matlab software for disciplined convex program-
ming, 2008.

[74] R. B. Guenther and J. W. Lee. Partial differential equations of mathematical physics
and integral equations. Courier Corporation, 1988.

[75] W. Guo, K. Manohar, S. L. Brunton, and A. G. Banerjee. Sparse-TDA: Sparse real-
ization of topological data analysis for multi-way classification. IEEE Transactions on
Knowledge and Data Engineering, pages 1–1, 2018.



133

[76] I. Guyon and A. Elisseeff. An introduction to variable and feature selection. Journal
of machine learning research, 3(Mar):1157–1182, 2003.

[77] M. S. Hemati, C. W. Rowley, E. A. Deem, and L. N. Cattafesta. De-biasing the
dynamic mode decomposition for applied Koopman spectral analysis of noisy datasets.
Theoretical and Computational Fluid Dynamics, pages 1–20, 2017.

[78] M. S. Hemati, M. O. Williams, and C. W. Rowley. Dynamic mode decomposition for
large and streaming datasets. Physics of Fluids, 26(11), 2014.

[79] B. T. Hinson and K. A. Morgansen. Observability-based optimal sensor placement
for flapping airfoil wake estimation. Journal of Guidance, Control, and Dynamics,
37(5):1477–1486, 2014.

[80] K. Hiramoto, H. Doki, and G. Obinata. Optimal sensor/actuator placement for active
vibration control using explicit solution of algebraic riccati equation. Journal of Sound
and Vibration, 229(5):1057–1075, 2000.

[81] P. J. Huber. John w. tukey’s contributions to robust statistics. Annals of statistics,
pages 1640–1648, 2002.

[82] M. A. Iglesias, K. J. Law, and A. M. Stuart. Ensemble kalman methods for inverse
problems. Inverse Problems, 29(4):045001, 2013.

[83] J. Jamshidi, A. Kayani, P. Iravani, P. G. Maropoulos, and M. Summers. Manufacturing
and assembly automation by integrated metrology systems for aircraft wing fabrication.
Proceedings of the Institution of Mechanical Engineers, Part B: Journal of Engineering
Manufacture, 224(1):25–36, 2010.

[84] S. Joshi and S. Boyd. Sensor selection via convex optimization. IEEE Transactions on
Signal Processing, 57(2):451–462, 2009.
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