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This dissertation studies identification, estimation and inference for various types of static
games of incomplete information, a class of games in which players do not have full informa-
tion about their opponents. Such games have been widely used in the empirical studies of

strategic interactions such as market entry, technology adoption and so on.

Chapter 1 studies sequential estimation and uniform inference in a static game of incom-
plete information with nonseparable unobserved heterogeneity. We propose a novel method
for sequentially estimating payoff function and conducting uniform inference in static games
of incomplete information with non-separable unobserved heterogeneity (and multiple equi-
libria). We tackle the matching-types problem by constructing a new characterization of the
payoff function via a minimum distance model with incorrect “moments”. For several spec-
ifications of the payoff function, we propose to select the correct matching and estimate the
payoff function jointly using a minimum distance type criterion function with a rewarding
term when needed; we show consistency of the selected matching and the estimator of the
payoff function; we construct an asymptotically uniformly valid and easy-to-implement test
for the linear hypothesis on the payoff function; and for large state spaces, we introduce a
sequential Monte Carlo method to ease computational burden. We report results from a

small simulation study and an application to the dataset of Sweeting (2009).



Chapter 2 proposes a simple estimator for static game of incomplete information with ac-
tion complementarity. Oligopolists often engage in strategic interactions in multiple related
businesses or industries. Such phenomenon could be analyzed using game theoretic models
with action complementarity (substitutability). In this paper we study the semiparametric
identification and estimation of static games of incomplete information with complemen-
tary (substitutable) actions. Building on and extending the identifiability result for bundled
demand in Fox and Lazzati (2017), we show that structural parameters in this game are
identified. A simple closed-form estimator for the structural parameters is proposed based
on our identification strategy. The estimator could be implemented easily by running a
three-stage least squares, and no numerical optimization is needed. We establish the root-n
consistency and asymptotic normality of this estimator. A small Monte Carlo simulation

shows the efficacy of our methods in finite samples.

Chapter 3 studies identification and estimation of a binary game of incomplete infor-
mation under symmetry of the unobservables. We study the semiparametric identification
and estimation of a class of binary game of incomplete information under the restriction of
conditional symmetry for unobserved private information. We use a two-step identification
strategy that is based on the equilibrium condition and the symmetry restriction. We propose
a two-step minimum distance estimator, and prove its root-N consistency and asymptotic
normality. Compared to existing semiparametric method in the literature, our estimator
could adapt arbitrary forms of heteroskedasticity in common knowledge state variables and
does not require stringent support and tail conditions. Our method could be extended to
allow for multiple equilibria and symmetrically distributed random coefficients. A small
Monte Carlo study demonstrates the efficacy and robustness of our estimator compared to

the popular two-step pseudo maximum likelihood method.
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Chapter 1

GAMES OF INCOMPLETE INFORMATION WITH
NON-SEPARABLE UNOBSERVED HETEROGENEITY:
ESTIMATION, INFERENCE, AND COMPUTATION !

1.1 Introduction

Motivation and Main Contributions The sequential approach to identification and
estimation of discrete games of incomplete information is widely used in the literature (see
Aguirregabiria and Mira (2019) and references therein). In this approach, the equilibrium
conditional choice probabilities (CCPs hereafter) are identified and estimated from the data
in the first step. In the second step, the payoff functions are identified and estimated using
variations in observed state variables such as exclusion restrictions.? By avoiding the com-
putation of equilibrium for every given state and parameter value, the sequential approach
to estimation is computationally less costly than the all-solution method such as the nested
fixed point algorithm.

The existing sequential approach to estimation relies on two assumptions: no common
knowledge payoff relevant unobserved heterogeneity and a single equilibrium being played
in the data. Both assumptions may be violated in data. Sweeting (2009) provides empir-
ical evidence for the existence of multiple equilibria, De Paula and Tang (2012) propose a
test for the existence of multiple equilibria when there is no unobserved heterogeneity, and
Aguirregabiria and Mira (2019) summarize the importance of allowing for multiple equilibria
and unobserved heterogeneity. Many recent works focus on developing sequential estimation

methods in the presence of multiple equilibria and/or unobserved heterogeneity such as those

IThis Chapter is a joint work with Yangin Fan and Xuetao Shi from the University of Washington.

2Depending on the contexts/specifications, we will use payoff functions, payoff vectors, and payoff pa-
rameters interchangeably throughout this paper.



discussed next. To the best of the authors’ knowledge, a unified framework for the sequential
estimation and inference for the payoff function in static games of incomplete information
with non-separable unobserved heterogeneity and possibly multiple equilibria is yet to be
developed. This paper provides one.

As pointed out in Aguirregabiria and Mira (2019), a major impediment for developing
valid sequential estimation and inference methods for games of incomplete information in
the presence of common unobserved heterogeneity is the matching-types problem. This is
because in the first step of the sequential approach, the presence of multiple equilibria or
unobserved heterogeneity requires identification of a nonparametric finite mixture model, and
CCPs are only identified up to a label swapping.® In the second step, when there is payoff
relevant unobserved heterogeneity, identifying and estimating payoff vectors using variations
in observed states require correctly tracking the ordering of unobserved states across different
values of the observed state variables. This results in the matching-types problem.

To tackle the matching-types problem, we make use of the necessary and sufficient con-
dition for step-2 identification of the payoff vector in Proposition 3 in Aguirregabiria and
Mira (2019). We construct a novel characterization of the payoff vector as the unknown
parameter in a minimum distance model with both correct and incorrect “moments”. The
correct set of “moments” corresponds to the correct matching and the true payoff vector is
uniquely determined by the set of correct “moments”. Based on this new characterization,
we adapt the moment selection procedure in Andrews (1999) to address the matching-types
problem. First, we define a selection vector, construct selection vector spaces, and propose
to select the correct matching and estimate the payoff vector jointly. This is achieved using
a minimum distance type criterion function with a rewarding term when needed over the
payoff parameter space and selection vector space. Second, we establish asymptotic theory
including consistency of the selection vector and estimated payoff vector. Third, we develop

an asymptotically uniformly valid test for the linear hypothesis on the payoff vector. Our test

3Like majority work in this literature, we assume that the unobserved state variable takes a finite number
of values.



is easy to implement with known critical values from chi-squared distribution. Moreover, this
formulation allows us to test the null hypothesis of no unobserved heterogeneity against the
presence of unobserved heterogeneity using J-test. Fourth, to overcome the computational
challenge when the state space is large, we adapt the sequential Monte Carlo (SMC) method
developed by Duan (2019) to our set-up. We provide numerical evidence on its superior
performance over the exhaustive search for large selection vector spaces.

To demonstrate the broad applicability of the methodology we develop for the nonpara-
metric game? studied in Aguirregabiria and Mira (2019), we introduce three of its variants.
First, in many empirical applications, there may be some common observed state variable in
addition to players’ exclusive state variable. The first variant incorporates common observed
state variables in a partial linear specification of the payoff function, which allows us to
identify partial effects of common observed state variables. Second, we propose a parametric
random coefficients specification for the payoff function in which the random coefficients de-
pend on the latent state variables. For the third variant, we construct a modified version of
the symmetric game in Sweeting (2009) and Xiao (2018) with random coefficients to account
for the presence of unobserved heterogeneity. We show that the estimation and inference
methods we develop for the nonparametric game can be easily modified to estimate and
conduct inference in these models. Via the parametric game with random coefficients, we
demonstrate the finite sample performance of our methods. As an empirical illustration, we
apply our methods to the study of coordination incentives of radio stations in the timing

choice of commercial breaks using the data from Sweeting (2009).

Related Works Motivated by the analysis of the strategic timing incentives among radio
stations, Sweeting (2009) proposes to estimate a parametric game of incomplete information
allowing for multiple equilibria but no unobserved heterogeneity. As a robustness check,

Sweeting (2009) incorporates normally distributed unobserved heterogeneity and states that

4In this paper, we refer to games with parametric, semiparametric, and nonparametric payoff functions
as parametric, semiparametric, and nonparametric games respectively.



“estimation of a game with many possible choices, multiple equilibria, and observed and
possibly unobserved heterogeneity is well beyond the current literature.” Sweeting (2009)
has sparked important research such as Grieco (2014), Xiao (2018), and Aguirregabiria and
Mira (2019). Grieco (2014) studies identification and estimation in a game with normally
distributed private information allowing for the presence of multiple equilibria and normally
distributed unobserved heterogeneity. Xiao (2018) studies sequential identification and esti-

mation in a game with only multiple equilibria and no unobserved heterogeneity

This paper builds on Aguirregabiria and Mira (2019) which focuses on sequential and
joint identification of a static nonparametric game with both multiple equilibria and common
knowledge payoff relevant unobserved heterogeneity. To address the matching-types problem,
Aguirregabiria and Mira (2019) suggest two approaches, both of which rely on additional
assumptions. The first approach makes use of the ranking independence assumption. If
mixing weights satisfy ranking independence, then we can match latent state across observed
states based on the ranking of its mixing weight.®> This assumption requires that the number
of mixtures be the same across different values of observed states, which fails when there
are potentially multiple equilibria. Even when there does not exist multiple equilibria, the
assumption that the ranking of mixing weight is the same across all observed states is a strong
restriction. In the second approach, unobserved heterogeneity is assumed to be additively
separable and mean independent of the observed states. This allows to integrate out the
unobserved heterogeneity and recover the part of payoff function that does not depend on
the unobserved heterogeneity. However, this assumption rules out games with non-separable
unobserved heterogeneity such as entry games with game-level random coefficients,® see

Section 1.3 for an example.

5Complete statistical independence between latent state and observed states is a special case of ranking
independence, and is used to match unobserved types in Kasahara and Shimotsu (2009).

6Here game-level has the same meaning as in De Paula (2013), who discusses game-level heterogeneity
and game-level shock.



Organization of the Rest of This Paper and Notation We first develop our idea and
methodology for a simple game with only unobserved heterogeneity in Section 1.2 referred
to as the Simple Game and then extend the results to the general case with both unobserved
heterogeneity and multiple equilibria. Section 1.2 reviews sequential identification procedure
for the Simple Game building on Xiao (2018) and Aguirregabiria and Mira (2019), and
characterizes the payoff function as the unknown parameter in a minimum distance model
with incorrect “moments”. In Section 1.3, we introduce a generic minimum distance model
and three variants of the Simple Game. Section 1.4 proposes a sequential estimator, proves
consistency of the estimated payoff, and develops an asymptotically valid test for the linear
hypothesis for the generic minimum distance model, the Simple Game, and three variants.
To ease the computational burden, we introduces a SMC method in Section 1.4. Section
1.5 introduces a general game with both unobserved heterogeneity and multiple equilibria
referred to as the Extended Game. It also develops methods for sequential estimation and
inference in the Extended Game and its variants. In Section 1.6, we investigate the finite
sample performance of our estimation and inference methods via Monte Carlo simulation,
and compares the running time of SMC with the conventional exhaustive search. Section 1.7
applies our methods to the study of radio stations’ timing choice of commercial breaks using
the data from Sweeting (2009). Section 1.8 concludes. Appendices of this paper are given in
Fan et al. (2020). Appendix A.1 presents the approach in Xiao (2018) for the identification
of CCPs. Appendix A.2 introduces the SMC method. Technical proofs are collected in

Appendix B. Appendix C discusses three variants of the Extended Game.

For any ¢ x 1 vector E, let ||E|| denote its Euclidean norm and ||E||, denote its Ly
norm, i.e., the number of non-zero elements in E. For € being some ¢ X ¢ matrix, denote
|E| = (ETQE) Y2 For any random variable X, we use Sy to denote its support. For any
finite set, |-| denotes its cardinality. For any given g-dimensional vector ¢ of zeros and ones
and some ¢ X p matrix A, let A, denote the submatrix of A generated by deleting the rows
in A corresponding to zeros in c. Let I, be a ¢ x g identity matrix. “wp — 1”7 denotes “with

probability approaching one”.



1.2 The Simple Game, Sequential Identification, and Minimum Distance Char-
acterization

We introduce a simple game of incomplete information with only unobserved heterogeneity
(referred to as the Simple Game) and use it to illustrate our idea and methods. We review
sequential identification of the payoff function in the Simple Game and characterize the payoff

function as the unknown parameter in a minimum distance model with incorrect “moments”.

1.2.1 The Simple Game and Equilibrium CCPs

The Simple Game is a static game with three players.” Each player, denoted as i = 1,2, 3,
chooses an action d; € {0,1}. Before choosing his action, player ¢ draws his private in-
formation €; (d;) for two actions d; = 0 and d; = 1 from a bivariate distribution. Player
i’s payoff from choosing action d; is given by 7; (d;,d_;, 2, k, € (d;)), where the vector d_;
denotes the joint actions of all the other players, z; € S,, = {L, M, H} for all 1 = 1,2,3, is
an observable exclusive state variable which does not enter the payoffs of other players, and
k € Sy = {A, B} is a common knowledge state variable that is known by all players but
unobserved by the econometrician.

We assume that player i’s payoff is additively separable in his private information €; (d;)
and write

7?7; (dza d—i7 Ziy kaa (dl>> - 7,{:1 (du d—i7 Zi k) - gl (dz) )
where 7;(d;, d_;, z;, k) captures how payoff of player i for choosing d; changes with respect to
his opponents’ actions and state variables. Since the optimality of an action is invariant under
monotonically increasing transformations, we normalize payoffs using 7; (0,d_;, z;, k, & (0))
and define the normalized payoff for d; =1 as

7:‘:/1' (17 dfia Zi, k) - 7/7\:1 <Oa dfia Zi, k)
sd (€ (1) — € (0)) ’

(U (1, d—i7 Zis k’) =

where sd (€; (1) — €; (0)) denotes the standard deviation of €; (1)—¢; (0). We refer to m; (d;, d_;, z;, k)

Tt follows from Allman et al. (2009) and Aguirregabiria and Mira (2019) that when the number of
mixtures is 2, the minimum number of players required for identifying CCPs up to a label swapping is 3.



as the payoff function for player i hereafter. By normalization, the payoff function 7; (d;, d_;, z;, k)
for d; = 0 is zero. Stacking the payoff function evaluated at all combinations of opponents’
actions, we obtain the following payoff vector for player i at observed state z; and unobserved

state k:

(1.1)

Tizik =

Let z = (z1,29,23) € S, = 5., X S, X S,,, where S, is the support of z. Following Aguir-
regabiria and Mira (2019), we impose the following assumption on the normalized private

information ;.
Assumption 1.2.1. (i) {e;};_, e (+), where F (-) is known to the econometrician and is

absolutely continuous with a probability density function denoted as f (-); (i) €1, €2, and €3

are independent of the state variables (z, k).
A (pure) strategy in this game is defined as follows:

Definition 1.2.1 (Strategy). For given z and k, a (pure) strategy for player i is a mapping
o; (€,2,k) : Se X Sy x S, — {1,0}.

For notational compactness, we use o = (0y (€1,2, k), 09 (€2,2, k) , 03 (€3,2, k)) to denote
a strategy profile given (z,k). Let 1(-) denote the indicator function. Any given o is
completely characterized by the following CCPs:

pi = /1(@ (€i,2,k) =1) f () de;, for i =1,2,3.

Denote j and ¢ as the two players other than player i. The expected payoff function for



player i with d; = 1 for given (z, k) and o is computed as:®
T(Lzko)= > py(L—p) U pl(L—py) " m (L, (dj.dy) 2, k). (1.2)
dj,dqe{ﬂ,l}

Bayesian Nash Equilibrium is then defined as follows:

Definition 1.2.2 (Equilibrium). For any given (z,k), a Bayesian Nash Equilibrium (BNE)

of the game is a strategy profile o* such that for any player i and for any €;,

>'k2'7 7k: _idi7 7k7*_i-
ol (e, 2z, k) argdirél{aoﬁ}{w( z, k,o") — ¢}

Note that the game typically may have multiple equilibria, but not necessarily all of
them are played in the observed data. To simplify the discussion, we assume that the data
are rationalized by a single equilibrium in the Simple Game. In Section 1.5, we extend our

methods to allow for both unobserved heterogeneity and multiple equilibria.

Assumption 1.2.2. There is a single equilibrium being played in the data for each (z, k) €
Sz X Sk

Under Assumption 1.2.2, there is a unique equilibrium denoted as o* which rationalizes

the data for each (z, k). Denote the equilibrium CCP of choosing action 1 for player i as
pi(z,k)=Pr(d;=1]2k).

Then it holds that
pi(z, k) = /1(0? (€i,2,k) =1) f (&) de;.

For any (z, k), the BNE of the game is equivalently characterized by the equilibrium CCP
vector p (z,k) = (p1 (2, k) ,p2 (2, k) , ps (2, k)) such that the following system holds:

pi(z, k) =F (7 (1,2,k,0%)) fori=1,2,3.

8Because of the normalization, 7; (0,2, k, o) = 0.



Under Assumption 1.2.2, the equilibrium expected payoff function is unique and only depends

on z and k. For brevity, we denote it as 7; (1,z,k) =7; (1,2,k,0) .

Remark 1.2.1. For any given (z,k) and strateqy profile o with corresponding CCP vector
(p1, 2, p3), the probability that choice 1 is optimal for player i in the Simple Game is given by
F (7w (1,2,k,0)) fori=1,2,3. This defines the best response mapping for players i = 1,2, 3
on (z,k) as follows:

Nigr (M (1,2, k,0)) = F (m; (1,2, k,0)) . (1.3)

In the Simple Game, the best response mapping is simply the cumulative distribution function.
Given the values of payoff functions, by Equation (1.2), these best response mappings only
depend on CCPs of other players. Aguirregabiria and Mira (2019) characterizes a BNE as
a fixed point of the best response mapping of all players.

The game together with the equilibrium constitute the underlying structure that gener-
ates the data. The form of data available to the econometrician is specified in the following

assumption.

Assumption 1.2.3. The econometrician observes a random sample on players’ actions and

observable state variables {(dv, do, dsi, 211, 21, 231) s -

Let p?(z) = Pr(k=A|z) and p®(z) = Pr(k = B |z). We impose the following as-

sumption on the distribution of the latent state.

Assumption 1.2.4. (i) For any z €S,, 0 < p* (z) < 1; (i) For k € {A, B}, |Sk| is known

to the econometrician.

Assumption 1.2.4 (ii) is introduced for the Simple Game to simplify exposition and will

be relaxed in Section 1.5.



10

1.2.2 Sequential Identification of Payoff Vectors

Consider sequential identification of the payoff vectors for player i corresponding to d; = 1
and exclusive observed state variable z;.° Under Assumption 1.2.4, there are two payoff
vectors corresponding to two latent states: m;,,4 and 7,5 defined in (1.1). The goal is to
identify and make inference on them from the data. Since the identification procedure is
exactly the same for all 7 and z;, we focus on the identification of the payoff vectors for
player 1 with z; = L below and denote them as 7, = w1, for k = A, B. The subscript 0 in

ok 18 used to emphasize that it is the true payoff.

Step-1: Identification of Equilibrium CCPs (up to a label swapping) The identi-
fication of equilibrium CCPs, p; (z, k) and mixing weights, p* (z) makes use of the following

system of equations: for (dy,ds,ds) € {0,1} x {0,1} x {0,1}, z € S,, and k € {A, B},

pldids,ds|2)= D |0 (@) [] (0r (2 b))™ (1= i (2R (1.4)

ke{A,B} =1

where for any (di,ds,ds), p(dy,ds,ds | z) denotes the probability of players’ joint actions
identified from the sample information. It is written as a weighted sum of the product of
individual CCPs on each unobserved state. Equation (1.4) is a nonparametric finite mixture
model. Sufficient conditions for identifiability of this model can be found in Theorem 4
and Corollary 5 in Allman et al. (2009). In the Simple Game, the following assumption

guarantees identification in the first step.

Assumption 1.2.5 (Step-1 Identification). Py, has full rank for any z € S, and i = 1,2, 3,

9We consider identification, estimation, and inference for each player and exclusive state pair separately
to reduce the complexity of the selection vector space introduced in the next section. While Proposition 3
in Aguirregabiria and Mira (2019) requires that if the matching is wrong (for at least one player), then the
system of some player (not necessarily the player whose matching is wrong) has no solution, we work with
the condition that whenever the matching is wrong for some player, his own system has no solution. The
approach developed in the paper can be easily extended to study a game satisfying the weaker condition
specified in Proposition 3 of Aguirregabiria and Mira (2019).
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where

i Z,k i Z,k/
P, = pi(z k) pi (2, k) for k, k' € {A, B} and k # K.

1 — Ps (Z,]{?) 1 — Pi (Z,k/)

Constructive identification results for nonparametric finite mixture models have been
established by Bonhomme et al. (2016) and Xiao (2018), among others. The approach in
Bonhomme et al. (2016) is based on the simultaneous diagonalization of a set of matrices
in the same non-orthogonal basis, while the procedure in Xiao (2018) is based on eigende-
composition of a set of matrices. The latter approach is more convenient in our context,
because it avoids using permutation matrices to keep the same order of unobserved states
across players. Our paper adopts this method and presents the steps involved in Xiao (2018)
in Appendix A.1.

Step-2: Identification of payoff vectors—the matching-types problem It follows
from Section 1.2.1 that the equilibrium expected payoff function for player 1 given (z, k) is
71 (1,2,k) = F~'(py (z,k)) . From now on we treat the expected payoff function as known
since F' is known and p; (z, k) is identified from step-1 in Section 1.2.2. For any z € S, and
k € {A, B}, let p_ (z, k) denote the following row vector:

[p2 (Z7 k) p3 (Zv k) ) (1 — D2 (Z’ k))p?) (Z’ k) y P2 (Z7 k) (1 — D3 (Z? k)) ) (1 — P2 (Zv k)) (1 — D3 (Z, k))] :

It consists of joint probabilities of player 1’s opponents’ actions on latent state k.
Let z' = (L,L,L),z*> = (L,L,M),...,z° = (L, H, H) denote the nine possible values
that z can take holding z; = L. For z € {z',... 2%}, player 1’s equilibrium expected payoff

can be written as:

T (1,2,k) = p_1(z, k) mo,. for k = A, B.

As z varies in {z',...,2°}, 2, is held constant at z; = L. In order to identify my, we need
to also hold k constant at A and B respectively. If A and B are observable, this would be

trivial. Collecting equations corresponding to A and B separately delivers two systems of
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equations in 7:

71 (1,2,A) =p_1 (z, A)mfor all z € {z',...,2°} and (1.5)

71 (1,2,B) =p_1(z,B)mwforall z € {z',...,2°}. (1.6)

As long as the matrices

<p_1 (zl, A)T o, Po1 (zg, A)T)T and (p_l (zl, B)T s P (zg, B)T>T

have full column rank, systems (1.5) and (1.6) both have unique solutions corresponding to
moa and mop. However, neither A nor B is observable. Systems like (1.5) and (1.6) are not
immediately available after step-1. The researcher needs to track the same latent state across
different values of observed state z, i.e., solve the matching-types problem. Aguirregabiria
and Mira (2019) illustrate the matching-types problem in a numerical study with a three
player binary game focusing on identifying the payoff vector for player 1, and show that an
incorrectly matched system leads to serious bias for every element in estimated player 1’s
payoff vectors.

To solve the matching-types problem, Aguirregabiria and Mira (2019) imposes either
ranking independence or additive separability on the model structure.!® For games that do
not satisfy either assumption, Proposition 3 in Aguirregabiria and Mira (2019) presents a
necessary and sufficient condition for step-2 identification of the payoff vector: a correct
matching leads to a unique solution to the system for expected payoffs, and this solution
identifies the payoff vector; while an incorrect matching delivers no solution. Building on
this result, in Section 1.2.3, we construct a novel minimum distance model with incorrect
“moments” to characterize the true payoff vectors. Based on the model we develop a unified

framework in Section 1.3 for the estimation and inference on the payoff vectors without

10As noted by Aguirregabiria and Mira (2019), the matching-types problem also exists in the sequential

identification of single agent discrete choice model. Luo (2020) studies the matching-types problem in dy-
namic games of incomplete information making use of the special structure of Markov perfect equilibrium,
which is not applicable here. Other related works include Luo et al. (2018), who studies identification of
the ordering of latent value distributions using restricted stochastic dominance.
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assuming either ranking independence or additive separability.

1.2.3 A Minimum Distance Model for the Payoff Vectors

For each observed state, we first stack the expected payoff function evaluated at two latent
states and then all observed states to obtain the expected payoff vector 7T of dimension 18.

In the same fashion, we construct the coefficient matrix I' of dimension 18 x 4. They are

T

71 (2" k) 7 (L2 k) .. 7 (L2 ko) 7 (1,27, ké)}T and

:
D= |por (2hk) opor (21) oo (2 k) oo (2 00) ]

where k; and k; are used to denote the pair of latent states on the ¢-th observed state vector
for t = 1,...,9. This notation makes it clear that for any t # ¢, k; and ky (k; and k},) do
not necessarily correspond to the same latent state. After we have identified CCPs for each
observed state up to label swapping in step-1, we obtain the following system of eighteen
“moment” functions in 7 € II:

G(rm)=7—1Im, (1.7)

where II denotes the space for w. There are nine different observed states in this game.
Each observed state has two groups of identified CCPs, but we do not know which group
corresponds to latent state A and which group corresponds to latent state B. The aim is
to select all components of G (7) that correspond to the same latent state and use them to
recover the payoff vector.

We define a selection vector and selection vector space. Given a selected latent state for
the first observed state z!, we select one latent state from each subsequent observed state to
match it. There are 28 = 256 different possible matchings. Each matching corresponds to a
set of “moments” selected from G (7). It can be represented by a selection vector ¢ of zeros
and ones, such that a “one” indicates the corresponding element of G (7) being selected and
a “zero” indicates the corresponding element of G (7) not being selected. We denote the

selected “moment” functions by a selection vector ¢ as G.(w): G.(7) = 7. — ['em. Given



14

a selected latent state on the first observed state, the set of all selection vectors (with the

structure of our problem imposed) constitutes the selection vector space:

Definition 1.2.3 (Selection Vector Space). The two selection vector spaces corresponding

to System (1.7) are defined as

‘51:{(01,...,09)T:01:(1,0) and ¢; € {(1,0),(0,1)} forte{2,...,9}} and

€ = {(01, e) ter = (0,1) and ¢, € {(1,0),(0,1)} fort e {2, ...,9}}.

Selection vectors in €1 always select the first latent state on the first observed state; and
selection vectors in 6% always select the second latent state on the first observed state. For
our analysis below, we focus on selection vector space 6! and suppress superscripts 1 and
2. Based on Definition 1.2.3, each selection vector ¢ € € is of dimension 18 with 9 non-zero

elements.

Definition 1.2.4 (Correct Matching). A correct matching is defined by a selection vector ¢y,

which selects 9 components of G (m) defined in (1.7) with the same underlying latent state.
Primitive conditions that deliver step-2 identification are specified as the following:

Assumption 1.2.6 (Step-2 Identification). I, has full column rank, and it holds that
rank ([T, ['c]) > rank (I'.) for any ¢ # ¢.

Since ., — I'c,m = 0 has at least one solution, which is the true payoff vector, the
assumption on I'., having full column rank is sufficient for 7, — I';;m to have a unique
solution. For any ¢ # ¢p, the system of linear equations: 7. — I'.m = 0 has no solution if
rank ([, I'c]) > rank (I'.). Therefore, any system with a wrong matching has no solution

under Assumption 1.2.6.
Lemma 1.2.1. Assumptions 1.2.1-1.2.6 are sufficient for the identification of (cq, mo).

Note that the true payoff vector is only defined for the system selected by ¢y. Lemma 1.2.1

characterizes the correct matching and the true payoff vector via a minimum distance model.
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This allows us to address the matching-types problem by selecting the correct “moment”

functions from (1.7) and estimating the true payoff using the selected “moments” jointly.

Remark 1.2.2. Assumption 1.2.6 is sufficient for identifying (co,mo), but not necessary.
It 1s stronger than the necessary and sufficient condition discussed by Aguirregabiria and
Mira (2019) in Proposition 3, because we consider identification for each pair of player and
exclusive state separately to reduce the complexity of selection vector space. The estimation
and inference procedure for the minimum distance model introduced in the next section can
be directly applied if the condition in Proposition 3 of Aguirregabiria and Mira (2019) is
imposed. The system would stack “moment” functions for three players together, and the

selection vectors would select the same latent state on any observed state for all players.

1.3 A Generic Minimum Distance Model and Three Variants of the Simple
Game

Lemma 1.2.1 characterizes the payoff vectors in the Simple Game as parameters in a linear-in-
parameters minimum distance model with incorrect “moments”. In this section, we introduce
three variants of the Simple Game and demonstrate that parameters in these games can be
characterized by the same class of linear-in-parameters minimum distance models as that of
the Simple Game. We call this class of minimum distance models as the Generic Model.
We will use the same notations in the Generic Model as in the Simple Game with the
understanding that they differ across models. Let G (7) defined below be the “moment”

functions which are linear in 7 € I1 C R:
G(r)=7—Tm, (1.8)

where 7 is of dimension /; x 1 and I is of dimension [, x [.. For some generic selection vector
space %, define
¢% ={ce ¥ :G.(r) =0 has a solution} . (1.9)

The Generic Model is defined by (1.8) and the following assumption.
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Theorem 1.3.1. (i) Both T and I' can be identified; (ii) Il is compact; (iii) € is known;
() €Z has a unique element denoted as ¢y with known ||co||; (v) The system: G, (1) =0

has a unique solution in II denoted as .

Under Assumption 1.3.1, the unknown vector ¢; is the unique element in 4.2, and the
number of non-zero elements in ¢y is known. Assumption 1.3.1 is satisfied for the Simple
Game by step-1 and step-2 identification. In particular, Lemma 1.2.1 shows that under
Assumption 1.2.6, ¢ is the unique element of €2 with ||¢||, = 9, and the system: G, (7) =
0 has a unique solution g with mg = w4 or mg = mp depending on the selection vector space
we are using, €' or €. This verifies Assumption 1.3.1 (iv) and (v). Assumption 1.3.1 (iv)
will be relaxed in Section 1.3 to allow for €2 to have more than one element. Typically,
for Assumption 1.3.1 (v) to hold, we need the number of “moment” functions to be larger
than the dimension of .

In the following subsections, we present three variants of the Simple Game. Since the
focus here is on illustrating the broad applicability of the Generic Model, we emphasize
on showing the connection between the three variants and the Generic Model, rather than
providing rigorous conditions that verify Assumption 1.3.1.

All three variants adopt the basic structure and notation of the Simple Game: there
are three players and two latent states in each game; when applicable, there is an exclusive
observed variable z; which takes three distinct values {L, M, H}. Further, recall that z =
(21,22,23) € Sy, 2' = (L, L, L), 2> = (L,L,M),..., and z° = (L, H, H). Let z!° = (M, L, L),
z" = (M,L,M),..., z'® = (M, H, H) denote the nine possible values that z takes holding
21 = M; and let z'Y = (H,L,L), z°° = (H,L,M),..., z*" = (H,H, H) denote the nine
possible values that z takes holding z; = H.

1.3.1 The Simple Game with Common Observed State

In many empirical applications, there is some common observed state variable x. To simplify
the discussion, we assume that x is one dimensional and consider sequential identification of

the Simple Game with a common observed state variable x. Extending notations for the Sim-
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ple Game, let the equilibrium CCP vector be: p (z,x, k) = (p1 (z,x, k) ,p2 (2,2, k) , p3 (2,2, k))
for z €S, and « € S, where for i = 1,2,3, p; (z,2,k) =Pr(d; = 1| z,z,k) .
Step-1 identification of equilibrium CCPs and mixing weights makes use of the following

system of equations: for (dy,ds,ds) € {0,1} x {0,1} x {0, 1},

3
p (dlu d2> d3 | z, :C) = Z pk (Z7 x) H (pi (Z7 Z, k))dl (1 — Di <Z> Z, k>>di_1
ke{A,B} i=1

and can proceed in exactly the same way as step-1 for the Simple Game under similar

assumptions.

Step-2 identification based on Aguirregabiria and Mira (2019) is done conditional on z for
each player and exclusive state pair. This implies that the unobserved state is not matched
across different values of x. When there is a need to match unobserved state across x such
as identifying the partial effect of some common observed state variable, some structure on
the payoff function may be imposed to relate the data generating processes across different
values of x. One possibility is to parametrize the payoff function with respect to the observed

state, so that the effect of the observed state is common across all values of x.

Suppose the payoff function for player 1 when choosing d; = 1 is given by
™ (1,d_1,217l’,l{7):ﬁkl’+ﬂ'1 (1,d_1,21,k’), (110)

where [ characterizes the effect of x and changes with k. Under this parametrization, we

can formulate the step-2 identification in the same way as (1.8). To illustrate, suppose x

is a discrete random variable taking two values, i.e., z € {z',2?}. We obtain the following

system for player 1 at 2; = L via stacking two latent states on each (z,x) for z € {z',... z%}:
fl (.171) Fl (.CEl)

G (m) = — T, (1.11)
71 (2?) Iy (2?)

where

™ (x) = [%1 (1,z1,x, k:l) , T (1,z1,;1:,k1) ey T (1,z9,x,k9) , T (1,z9,ac, k‘é)f and
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T
(567 P (Zla z, kl))T ’ (33', P-1 <Z17 z, kll))T PRI

(2, p-1 (2%, 2, ko))", (z, p1 (2%, 2, K}))

System (1.11) is a special case of (1.8) with

I (x) =

™= and ' =

The dimensions for 7 and I' are 36 x 1 and 36 x 5 respectively.

Given some selected latent state for (z',x!'), we could match this latent state across all
exclusive and common observed states under similar conditions to those for step-2 identifi-

cation of the Simple Game in Section 1.2.3 with the selection vector spaces given by

¢t = {(01, e1g) tep=(1,0) and ¢ € {(1,0),(0,1)} for t =2, ..., 18} and

€? = {(01, c1g) ser=(0,1) and ¢ € {(1,0),(0,1)} fort =2, ..., 18} :

For ¢ belonging to €' or €2, we have ||c||, = 18. Given a selection vector space with the
first selected latent state being k, the unique solution to the system G, (1) = 0 gives us
(5k, m le)T-

This procedure can be generalized straightforwardly to the case that x is a random vector

with both discrete and continuous components. For continuous components, we could use a

finite number of points in their supports in step-2 identification.

1.3.2 A Parametric Model with Game-Level Random Coefficients

In empirical applications, researchers often fully parametrize the payoff functions. Sequential
identification and estimation of a parametric game with latent-state-dependent parameters

face the matching-types problem as well.

Consider the variant of the Simple Game with the following parametric payoff function
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for player ¢ when choosing d; = 1:

T (17 d_i, Ziy k?) = zzé’,k + 6zk <Zd]> s (]_]_2)

J#
where (0;x, 0;%) are game-level random coefficients that depend on the realization of a latent
variable k with support {4, B}.!' These coefficients are correlated game-level random coef-
ficients in the sense that the conditional distribution of random coefficients changes with z.
Identification of equilibrium CCPs is the same as that of the Simple Game. In contrast to
the Simple Game, we can pool all the observed states together and obtain one system for

each player because of the parametric payoff function. For example, the system for player 1

is given by
71 (z') Iy (z)
G(m) = _ W)
T (2*)|  |T1 (2%
where
™ (2') = T (1,2 k) and Ty (z') = 21 p2 (2 k) + p3 (2" )
T (1,2 k) 2 po (2t KD + ps (28, K))

where vector 7 is of dimension 54 x 1 and I' is the coeflicient matrix of dimension 54 x 2. Given
some selected latent state for z!, we could match this latent state across all observed states

under similar conditions to those for step-2 identification of the Simple Game in Section 1.2.3

HFor notational simplicity, we do not consider common observed state variables in this model. It is
straightforward to incorporate such variables.
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with

@' = {(01, o) ten=(1,0), ¢ € {(1,0),(0,1)} for t =2, ...,27} and

@ = {(cl, o) ten=(0,1), ¢ € {(1,0),(0,1)} for t =2, ...,27}.

For any ¢ € €" or ¢ € €2, ||c[|, = 27. Let k be the first selected latent state. The unique

solution to the system G, (7) = 0 gives us (01, d1z) -

1.3.3 A Symmetric Game With Random Coefficients

So far we have focused on asymmetric games in which each player has an exclusive state
variable. Sometimes such variables might not be available in data, or might be available

12 A symmetric game is studied in both Sweeting (2009) and

without enough variation.
Xijao (2018). Suppose we have a symmetric game with three identical players and observed

common state variable x. The payoff function for d; = 1 is parametrized as:'3
1
mi (1,doi, 2, k) = o + S0 Y dj=w(l,d, k). (1.13)
J#
By symmetry, given any x and k, the equilibrium CCPs for all three players are the same,
denoted as p (x, k) =Pr(d; = 1| z, k).

Step-1 identification of the CCP vector is based on

pldido,dy | )= Y [P (@) [[ (o (e, k)™ (1= p (2, k)"

ke{A,B} i=1

and can achieved in the same way as step-1 for the Simple Game under similar assumptions.

To illustrate step-2 identification, suppose = € {x!,...,x?}. Because the expected payoff

12This is the case for the data set in Sweeting (2009) on radio stations’ timing decision for commercials.

3Following Xiao (2018), the strength of strategic interaction is allowed to change with z so that the

second term could be %5kx2dj, which is the specification we use in the empirical illustration.
J#i
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function at observed state x and latent state k is
m (L x, k) = x/Bk + 5kp (x7 k) )

we obtain the following system for the whole game via stacking two latent states on each

value of z: 3 ) 3 }
7 (1,2, k) b p(xh k)
7 (12" k) ' op(al k)
G(m) = : - s
7 (1, 2% ky) xt p(at k)
(1, zt ki) | _x4 p (24, k}) |

The system fits into the Generic Model with 7 being the first term on the right hand side of
the equality and I'" being the coefficient matrix of dimension 8 x 2.

Given some selected latent state for 2!, we could match this latent state across all common
observed states under similar conditions to those for step-2 identification of the Simple Game

with
¢! = {(01, ) e =(1,0),¢ € {(1,0),(0,1)} fort =2, ...,4} and
@ = {(01, ven) e =(0,1), ¢ € {(1,0),(0,1)} fort =2, 4}

For any ¢ € €* or ¢ € €2, we have ||c|, = 4. For k being the first selected latent state, the

unique solution to the system G, (7) = 0 delivers (B, 6) ' .

1.4 Estimation, Inference, and Computation

Section 1.4.1 proposes a method for estimating ¢y and the true parameter 7y, and develops
a test for the linear hypothesis on 7y in the Generic Model. Section 1.4.2 provides primitive
conditions for the theorems in Section 1.4.1 to hold for the Simple Game and its three
variants. Lastly, we introduce a stochastic optimization algorithm based on sequential MC

to ease computational burden when the state space is large.
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1.4.1 The Generic Model

Estimation and Consistency

7

The proposed approach to consistently selecting the set of correct “moment” conditions and
estimating parameters in the Generic Model is inspired by Andrews (1999). Recall that for
any ¢ € € and m € I, G, () denotes the “moment” functions selected by c¢. By Assumption
1.3.1, the correct selection vector and true parameter vector satisfies

. 2
(Co, 7T()) = arg CG%]-}T%H ||GC (7'(') ||W(c) )

where W (¢) is a positive definite weighting matrix depending on c.
Define the sample “moment” functions as G, (r) = 7, — [',m, where 7, and I',, are

consistent estimators of 7 and I'. Our estimator is defined as

~ A~ . 2
(@7) = arg_min_[|Gue ()3, o (1.14)

where G, (7) is the sample “moment” functions selected by ¢ and W, (¢) is the corresponding
sample weighting matrix.

The following assumptions are sufficient for establishing the consistency of (¢, 7).

Theorem 1.4.1. (i) For any w € 11, G, (7) = G (7) + 0, (1); (i) For any c € €, W, (c) =
W (¢)+o0, (1) with W (c) being positive definite; and (iii) For any ¢ € €, mingey ||Gne (’/T)H?,Vn(c)

miHWeH ||Gc (ﬂ-)” %/V(c)

Theorem 1.4.1. Under Assumptions 1.3.1 and 1.4.1, it holds that ¢ = ¢y wp — 1 and

~ D
™ — TQ.

Testing Linear Hypothesis

We now develop a test for the following linear hypothesis on the parameter 7y in Model (1.8):

Hy : Rmg = r against Hy : Rmy # r, (1.15)

P
=
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where R is of dimension [ X [, with rank (R) = g and r is of dimension [g. The test statistic

is defined as

To= min  [[ViGue (™5, - (1.16)

€%, Rn=r

which is expected to be large if the null is incorrect. Notice that this is a post-selection
inference problem because of the built-in “moment” selection in our test statistic. Albeit
the many challenges faced with general post-selection inference documented in Leeb and
Potscher (2005) and Leeb and Pétscher (2008), we are able to construct an asymptotically

uniformly valid and computationally simple test based on T,.

Assume that Model (1.8) is fully characterized by & € =, where = is some compact
parameter space and is possibly infinite dimensional. Denote =g as the parameter space
consistent with the null hypothesis and Pre (-) as the probability calculated under £. The
objective is to find a critical value C'V that controls the asymptotic size defined as:

AsySize = limsup sup Pre (T, > CV).

n—oo EEER

We consider the drifting model parameter sequence &, and the set of drifting model

parameter sequences under Hy with limit & as

ER(&):{{gnGERTLZ]-}gn_>€€ER}

The important role of the analysis under drifting (sub)sequences has been emphasized in
Andrews and Cheng (2012), Cheng (2015), and Andrews et al. (2020). For the system of
“moment” functions G (7), the selection is correct if G, (7) = 0 for some 7, and is incorrect
if G.(m) # 0 for any w. Under drifting sequence of model parameters, it is possible that
some selected system is not correct, but close to being correct. We call such system a nearly
correct system; see Appendix B for a formal definition and characterization of a nearly correct
system. Using a simple critical value from chi-squared distribution, the asymptotic size of

our test can be controlled even in the presence of nearly correct systems.

Denote Xf , as the (1 — a)-th quantile of the chi-squared distribution with

llcollo—(tx—1r)],1—
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llcollg — (Ix — lr) degrees of freedom. Assumption 1.3.1 (v) implies that ||co||, — (Ir — lg) > 1.
Asymptotic size control under the null hypothesis requires the following assumption under

drifting parameter sequence:

Theorem 1.4.2. For any parameter sequence &, € =g (§) with any & € Zg: (1) v/n (Gy (1) — G (7)) KA

N (0,9 (7)) for some positive definite covariance matriz Q (7); (it) For any c € €, W, (c) =
W (c) + o, (1) with W (c) being positive definite; and (iii) W (cy) = Qp*, where Qq is the
asymptotic variance of \/n (Gpe, (7o) — G, (0))-

The following theorem establishes asymptotic validity of the test T, based on the critical

value Xf N and its consistency for the Generic Model.

llcollo—(ix—1r)],1—

Theorem 1.4.2. Let Assumption 1.3.1 hold. (i) If in addition Assumption 1.4.2 is satisfied,
then

lim sup sup Prg (Tn > XfI\COHO—(lﬂ—lR)],l—a) = (1.17)

n—oo E€ER

(i) If in addition Assumption 1.4.1 holds, then for any £ ¢ =g,

. 2 .
lim Pr (Tn > X[ucouo—uﬁlm],lfa) ~ 1 (1.18)

n—oo

Remark 1.4.1. Note that although Assumption 1.4.1 (ii) and Assumption 1.4.2 (ii) are
both about asymptotic positive definiteness of the weighting matriz, they differ in that the
former is under fixed parameter & while the latter is under drifting parameter sequence &,.
This distinction also applies to subsequent assumptions regarding the Simple Game and its

variants.

1.4.2 The Simple Game and its Variants
Estimation and Consistency

The Simple Game and its variants can be estimated sequentially. We first estimate equilib-
rium CCPs on all observed and latent states using the sample version of the eigendecompo-

sition procedure presented in Appendix A.1. By replacing the population CCPs with their
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estimators in 7 and I' respectively, we obtain 7, [',,, and sample “moment” functions for the
Simple Game and its variants. The payoff vector m and correct matching can be estimated by
solving the minimization problem defined in (1.14). In the remaining part of this section, we
first provide primitive assumptions on the Simple Game, under which conditions in Theorem

1.4.1 are satisfied. Then we state results for the variants of the Simple Game.

Assumption 1.4.1. (i) For ¥ ¢ € €, W, (c) > W (c) for some positive definite matriz
W (c); and (i) f(-) is continuous.

Assumption 1.4.2. There exists a known player and an action such that his equilibrium

CCP for choosing this action is different across different values of k.

Assumption 1.4.1 (i) imposes a standard assumption on the weighting matrix, and As-
sumption 1.4.1 (ii) implies that the Jacobian of the “moment” functions with respect to
CCPs is bounded. Assumption 1.4.2 is needed for the consistency and asymptotic normality
of estimated CCPs using eigendecomposition in Xiao (2018). It requires that the eigenvalues
in our eigendecomposition be simple. In the Simple Game, because the CCPs for player 3
choosing 1 are eigenvalues in the eigendecomposition, this assumption requires that player 3

have different probabilities of choosing action 1 on different latent states.
Assumption 1.4.3. The space I1 is compact.
The following Proposition states consistency of the estimators ¢ and 7.

Proposition 1.4.1. Under Assumptions 1.2.1-1.2.6 and 1.4.1-1.4.3, it holds that ¢ = ¢

wp — 1 and @ B wy for the Simple Game.

For the variants of the Simple Game, consistency of the estimated payoff vector and

selected matching is provided in the following Proposition.

Proposition 1.4.2. Adapt Assumptions 1.2.1-1.2.6 and 1.4.1-1.4.3 to the variants of the

Simple Game. Then ¢=cy wp — 1 and T 2> my hold for each game in Sections 1.53.1-1.3.3.
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Testing Linear Hypothesis

Testing a linear restriction on the payoff vector in the Simple Game and its variants fits into
the testing framework developed in Section 1.4.1. Consider the following linear restriction

on the payoff vector in the Simple Game and its three variants:
Hy : Rmg = r against Hy : Rmy # r.

For Ir = rank (R), we have [z < 4 for the Simple Game, (g < 5 for the game in Section 1.3.1,
and [r < 2 for the games in Sections 1.3.2 and 1.3.3. In the following discussion, we provide
sufficient conditions and construct critical values for tests that control the asymptotic size
as in Theorem 1.4.2 for the Simple Game and its variants.

The Simple Game is fully characterized by the model parameter & € =, which includes
the distribution of private information, conditional probability of latent state on observed
state, probability of observed state, and payoff vectors for each individual. We impose the

following assumptions on the model parameters for the Simple Game.

Assumption 1.4.4. (i) The derivative of f () is bounded; (ii) For any § € Zg, z takes
each value in S, with positive probability; (iii) For any £ € Zr and the parameter sequence
{&.} € Er(§), given each c € €, W, (¢c) = W (¢) + 0, (1) with W (c) being positive definite;
and (iv) W (co) = Qy* for Qg being the asymptotic variance of /it (Gue, (T0) — Gey (70)).

Assumption 1.4.4 (i) is satisfied by commonly used distributions for the private informa-
tion such as the normal distribution. Assumption 1.4.4 (ii) assumes that the support of z is
the same for all £ € Ex. Assumption 1.4.4 (iii) and (iv) require that the probability limit of
W, (c) be positive definite for each ¢ € € and that the optimal weighting matrix be used for
Co-

The following proposition states asymptotic validity and consistency of the test based

2

5tln]l—a for the Simple Game.

upon the test statistic 7}, defined in (1.16) and critical value x



27

Proposition 1.4.3. Let Assumptions 1.2.1-1.2.6 hold. (i) If in addition Assumptions 1.4.2-
1.4.4 hold, then

lim sup sup Pre (Tn > X[25+IR},1—a) = o.

n—oo EEER

(i) If in addition Assumptions 1.4.1-1.4.3 hold, then for any & ¢ =g,

lim Pre (Tn > X[25+ZR},1—a) =1

n—o0

Results for the variants of the Simple Game are stated below.

Proposition 1.4.4. (i) Adapting Assumptions 1.2.1-1.2.6 and 1.4.2-1.4.4, the same test
statistic together with X[213+lR},1—oc for the game in Section 1.3.1, with X[26+ZR],1—a for the game
in Section 1.3.2, and with X[22HR}717& for the game in Section 1.3.3 achieve asymptotic size
control in the sense of (1.17); and (ii) Adapting Assumptions 1.2.1-1.2.6 and 1.4.1-1.4.3
to the games in Sections 1.3.1-1.3.3, the tests are consistent for each game in the sense of

(1.18).

Bootstrap Estimation of the Weighting Matrix

To implement the proposed tests for the Simple Game and its variants, the weighing matri-
ces need to satisfy Assumption 1.4.4 (iii) and (iv), which involves estimating the asymptotic
covariance matrix of \/n (G, (M) — G, (7). We propose to estimate it using the non-
parametric bootstrap.

Any 7 € II satisfying the system of linear equations Rm = r can be expressed as Wy + 1,
where ¥ is a known I x (I, — lg) matrix, 7 is the free parameter vector of dimension [, — g,
and g is a known [, x 1 vector. Computation of bootstrap weighting matrix W (¢) includes
the following steps.

Step 1: For any given ¢ € €, if argmingcy ||Gpe (U7; + p)||° is not unique, then set
W? (c) as some known positive definite matrix Wp(c) such as the identify matrix. Otherwise,

let 7 (¢) = arg minger ||Gre (¥7r; + )| and continue to Step 2.



28

Step 2: Compute the bootstrap variance

X (e, 77 () = 5 D (G (W77 () + 1) = Gue) (G (7 () + 1) = Cne)

B
b=1

where G (+) is calculated using the b-th nonparametric bootstrap sample and G,. =

B Y1 Gnd (W7 (¢) + pr). Set W (¢) as (3, (e,77 (¢))
Step 3: Repeat Step 1 and 2 for every ¢ € €.

-1

By Assumption 1.2.6, rank (I',., V) = [ — lg for n sufficiently large. However, for ¢ # ¢y,
it is possible that rank (I'.¥) < I, — g and argmingey ||Gpe (U7, + )| is not unique.
Fortunately, for such ¢, Assumption 1.4.4 (iii) only requires the weighing matrix to be positive
definite in the limit, which is satisfied by matrix Wp(c).

For P (co,7s (co)) to be a consistent estimator of €, we need to match the labels of
latent states across different bootstrap draws. The following assumption provides a sufficient

condition.

Assumption 1.4.5. There is a known function 1 (+), such that for each z € S,

U (1 (2K) 2 (2,7) .23 (2,8) 0" (2) #0 (1 (2. K) 02 (2,K) ,ps (2,K) ¥ (2))

In the Simple Game, this function could be taken as 1) (~, e pP (z)) = p* (z), which allows
researchers to track the labels of latent states across bootstrap draws using the distinctive

weight corresponding to each latent state. Another example could be

¥ (p1 (2, k), p2 (2, k), p3 (2, k), p Zpl (z, k).

Under Assumption 1.4.5, the labels of latent states are matched across bootstrap draws
with probability 1 as n goes to infinity. Conditional on latent states being matched across
bootstrap draws, consistency of bootstrap variance at cq follows from the standard argument.
The property of W? (c) is summarized in the following proposition. The result applies to the

Simple Game and its variants.
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Proposition 1.4.5. Suppose Assumptions 1.2.1-1.2.6, 1.4.2, 1.4.3, 1.4.4 (i) and (ii), and
1.4.5 hold. Then WP (c) satisfies Assumption 1.4.4 (iii) and (iv).

1.4.3 Computation via Sequential Monte Carlo

In empirical studies of games, the number of players is usually small, but the cardinality of the
support of state variables can potentially be large. This might be the case, in particular, when
the state variable is obtained by discretizing some continuous variable. In the Simple Game,

the number of elements in each selection vector space for player 1 on exclusive observed state

Szq | X|S,

2z is 2 3|, which increases exponentially with |S,,| x |S.,|. Solving the optimization
problem (1.14) and computing the test statistic defined in (1.16) by exhaustive search over the
selection vector space quickly becomes infeasible as the cardinality of each observed state
variable increases. To address this issue, we propose a stochastic optimization algorithm
based on the sequential Monte Carlo (SMC) method developed by Duan (2019).

Based on the insight from Duan (2019), we note that finding the minimum of

on € is equivalent to finding the mode of the following probability mass function:

exp (—J, (¢)) exp (—Jn (0))

fule) = ;gexp(—Jn ©)) Doy

The mode of this probability mass function could be estimated based on subsampling. If we
could draw a representative sample from this probability mass function, then the empirical
mode in our sample will very likely deliver our desired solution ¢.

Notice that each selection vector ¢ € ¥ determines a combination of rows to select.
Corresponding to each combination of rows, there are 8! number of permutations in the case
of the Simple Game (given some selected latent state on the first observed state). Since the
SMC sample representing the distribution function over combinations is exactly the same

as the one over permutations after collapsing permutations into combinations, we convert
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the problem of finding the mode of f,(c) over combinations ¢ into the corresponding one
over permutations denoted as u. As in Duan (2019), a distribution function defined over
permutations is easier to work with, because permutations are easier to sample and the
distribution function defined over permutations can be proportionally scaled up to obtain

the target distribution function defined over combinations.

As an illustration, let us fix the first row on the first observed state, and obtain the

following selection vector space defined using permutations
v = {(ul,...,ug)T 1<u, <18forr=1,...,9 and u,, # u,, for r| # TQ}.

For example, for selection vector ¢ = (1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0)7, it selects
rows (1,3,5,7,9,11,13,15,17) 7, corresponding to 8! elements in % by fixing the first row at
1 and exhausting all permutations of (3,5,7,9,11,13,15,17)" for the second to ninth rows.

Given a permutation u € %, let

In (u) = HGnu (% (u))HIQ/Vn(u) )

where the rows specified by u are selected. The probability mass function defined over

permutations is
exp (=Jn (v))  _ exp(=Jn(u))
> exp (—=Jn (u)) Dpw

ueEU

In (u> =

For large state space, direct sampling from this distribution is not possible because the
normalizing constant in the denominator is not computable when |%| is huge. The idea for
density-tempered SMC is to draw an initial sample (a set of particles) from some known
initial distribution I(u) which is easy to sample from, then move the sample points along a
controlled smooth bridge towards our final target distribution f,(u). We present the detailed
algorithm in Appendix A.2.
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1.5 An Extended Game with Both Multiple Equilibria and Unobserved Het-
erogeneity

This section extends the Simple Game introduced in Section 1.2 to allow for any finite num-
ber of players, any finite number of actions, and more importantly both multiple equilibria
and unobserved heterogeneity. We call this game the Extended Game. Methods developed
for the Simple Game are not directly applicable to the Extended Game because of the pres-
ence of multiple equilibria. In Section 1.5.2, we develop sequential estimation and inference
procedures for an Extended Generic Model. In Section 1.5.2 we apply these procedures to
the Extended Game, and provide an approach to testing the existence of unobserved het-
erogeneity in the Extended Game. We introduce three variants of the Extended Game and

discuss estimation and inference in these games in Appendix C.

1.5.1 The Extended Game and Minimum Distance Characterization

In the Extended Game, there are N players denoted as ¢ = 1,...,N. Player ¢ has J + 1
available actions denoted as d; € {0, ..., J} and an exclusive observed state variable z;. For
notational simplicity, we assume that z; for i = 1,2, ..., N have common support S,.'* Like
in the Simple Game in Section 1.2, k € S, is a payoff relevant state variable that is common
knowledge for players but unobserved by the econometrician. We impose similar assumptions

on the private information and data:

i.1.d

Assumption 1.5.1. (i) {ei}ij\il ~"F (), where F () is known to the econometrician and is

absolutely continuous with a probability density function denoted as f (-); (ii) €1,...,en are

independent of the state variables (z, k).

Assumption 1.5.2. The econometrician observes a random sample on players’ actions and

observable state variables {(dv, ..., dni, 21, - - 2N1) }ey -

In contrast to the Simple Game, we allow for the presence of multiple equilibria in the

14 All our results can be easily extended to the case where z;’s do not have common support.
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Extended Game and use 7 to denote the equilibrium indicator. Both the number of latent
states and the number of multiple equilibria on each latent state are assumed to be finite.
Let b(-,-) be some bivariate injective function. We define w = b(k,7) as the scalar
composite latent variable for the combination of latent state and equilibrium indicator. Let
z=(21,...,2ny) € 95 =5, x...xS,. And denote p (w | z) as the conditional probability mass

function for this composite latent variable given observed state vector z with support Sj,.

Sele| }

Without loss of generality, we assume that the function b (-, -) is such that w € {1, ey
for any z € S,.

In the presence of multiple equilibria, the support of the composite latent variable w
depends on z, because the number of active equilibria might change with z. To simplify the
discussion, we assume that the number of active latent states is the same across all z € S,.

The following assumption is on the distribution of the latent state.
Assumption 1.5.3. p*(z) >0 for any k € S, and z € S,,.

Under Assumption 1.5.3, the total number of parameters to be estimated for player ¢ and

his exclusive observed state z; is equal to J x (J + 1)1 x |S,].

Step-1: Identification of Equilibrium CCPs For identification of equilibrium CCPs

in step-1, we make use of the following system of equations:

N
(i dy |2)= 3 |pwl2) [[p(d]zw)|, for (di.dy) € {0, T}
=1

wESw‘z

For a given z, the number of mixtures is ‘Sw|z| > |Sk| because of the possible presence of
multiple equilibria. Identification follows from the approach in Xiao (2018) described in
Appendix A.1. Below we introduce the assumption needed for identification.

Divide the N players into three groups, such that the third group has exactly one player
for odd N and two players for even /N, and each of the first two groups has N players. Thus,
N = 2N + 1 when N is odd; and N = 2N + 2 when N is even. Player group 7 is denoted

as g; for i = 1,2, 3. By definition 3 ; = {1,..., N}. For each group, we create a grou
g y 4y Yy y Ui=1 9 TP group, group
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action variable, denoted by d,,, dg,, and dg,. We have dg,,d,, € {O (J + ) 1}, and

dg, € {0, ..., J} if there is one player in group 3 and dgy, € {0,...,(J + 1)° - 1} if there are

g1

two players in group 3. We introduce the following notation to denote the matrix composed

of CCPs for group action d,, for ¢ = 1,2 on each latent state:

_ (J+1)N =1,|S,,
Py = (Pr(d, = j | mw)) ey ™)
Based on Xiao (2018) and Aguirregabiria and Mira (2019), we impose the following
assumption for identification of CCPs (up to a label swapping) in the first step.

Assumption 1.5.4 (Step-1 Identification). (i) (J +1) 1 > |Suja| for any z; (i) N > 3
and (J + 1)~ > |Sy|; (iii) For each =, there exists a partition (dy,,d,,,dy,) of joint actions
(di,...,dN) such that P, and P, both have full column rank; (iv) There exists some z*

such that a single equilibrium is being played on (z*, k) for any k € Sy.

Assumption 3.7.3 guarantees the identification of equilibrium CCPs (up to a label swap-
ping) and the identification of the number of latent states. The latter identification is needed
to determine the number of different payoff vectors for a player on his exclusive observed
state. Under Assumption 3.7.3 (i), the approach in Xiao (2018) applies to identify |Sw|z‘ for
each observed state z. Assumption 3.7.3 (ii) and (iii) are conditions required for nonpara-
metric identification of a finite mixture model given ‘SM‘Z‘. Finally, Assumption 3.7.3 (iv)

implies that it can be identified via |Sy| = min, ‘Sw‘z|.

Remark 1.5.1. When Assumption 3.7.3 (iv) is not imposed, |Sy| is still identified after
the payoff vector corresponding to each w is recovered: it equals to the number of distinct
payoff vectors. However, in this case, the estimation procedure for recovering economically
meaningful payoff vectors is different (an additional step is needed to consistently collect

estimated payoffs corresponding to the same k together), we study such case in a subsequent

paper.
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Step-2: Identification of Payoffs and Minimum Distance Characterization With-
out loss of generality, we focus on the identification of player 1’s payoff vector when his

exclusive observed state z; takes the smallest value in S,. With slight abuse of notation,

fors=1,..., Sw|z|, we define w (s,z) as the s-th value for the composite latent variable on
observed state vector z, and define T = |S,|V ™" as the total number of different observed
state vectors holding constant player 1’s exclusive observed state. Let {Zl, e ,ZT} be the
collection of observed state vectors when z; is fixed at the smallest value in S,. Define the

following vector as the expected payoffs for all actions on some generic observed state z and
composite latent state w:
™ (1,2,w)
T (z,w) =
™ (J,2,w)
Let p=[Pr(dy =1|2,w),...,Pr(dy = J |z w)] denote the identified CCPs for all actions
on (z,w). We define the mapping from equilibrium expected payoffs to CCPs on observed

state z and composite latent state w as:

Pr (7 (1,2z,w) + €1 > 71 (J,2,w) + ¢; for every j)
Alzw (ﬁl (Z, W)) = =P

Pr(m (J,z,w) +€; > 7 (j, 2,w) + ¢, for every j)

The inversion of this mapping A}l (p) identifies 7; (z,w) from CCPs (see Hotz and Miller
(1993) and Aguirregabiria and Mira (2019)). Although this inversion will no longer be the
inverse cumulative distribution function when J > 2, it has a closed form when private in-
formation follows a logistic distribution (see Bajari et al. (2013)). Given the identification of

expected payoffs for all (z,w), we can construct player 1’s expected payoff vector and coefhi-

cient matrix for the fixed value of his exclusive observed state by stacking the corresponding
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expected payoffs and CCPs for all j, z and w:'®
— — 10T _ ™ T T 0T ™ T T
7T=[7T1(Z) ,...,7T1(Z>} andF:[Fl(z) ,...,Fl(z)} ,

where for t =1,...,T,

™ (J, 2" w(1,2")) 1 (1,2
T (zt) = : and I'y (zt) =
7)) (| S

t
,2")

71 (1, 2" w (| Suja

_71 (J, Zt, W (‘Sw‘zt

7)) ]

Note that matrix ¢; (s,2") with s € {1,...,|S,x|} is a block diagonal matrix with J identical
blocks defined as:!®

P-1 (Ztaw (S7Zt)) 0
1 (S’Zt) = )

0 p_1(z'w(s,z"))

where p_; (z!,w (s,2')) is a row vector with (J + 1)V~ elements given by the probabilities
of joint actions for all other players in the same spirit as the Simple Game in Section 1.2.2.

Step-2 makes use of the following system of “moment” functions to identify the payoff
vector:

G(m)=7—1TIr, (1.19)

where 7 has dimension J 3., |Supzi|, T has dimension I3, | Suupai| by J (J + 1) and

7 has dimension J (J + 1)V,

15Similar to the Simple Game introduced in Section 1.2, we have normalized the payoff function for the
first action d; = 0 to 0.

16The block diagonal structure is a consequence of J > 1, as now each row in 7 (z') corresponds to a
single action for player 1 while the payoff vector stacks other actions as well.
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Given (1.19), methods for the identification, estimation, and inference for the Simple
Game can be modified to the Extended Game accounting for the presence of multiple equi-
libria. There are in total |Sk| number of selection vector spaces. When there are multiple
equilibria on some latent state, there will be more than one selection vectors (in the se-
lection vector space corresponding to this latent state) that generates a system that has a
solution (not necessarily unique). To make this clear, we define the selection vector space
for the Extended Game below. Let e; be a J-dimensional row vector of ones, and ey be a
J-dimensional row vector of zeros. Without loss of generality, suppose z' has the minimum

number of mixtures.'”

Definition 1.5.1 (Selection Vector Space). For s = 1,...,|Sk|, the selection vector space €*
1s defined as

(c1, ...,cT)T i = [0171, o ,cl7|5w‘zl|] with ¢, s = e and ¢, ; = ey for j # s;
@S = fort=2,...)T, ¢; = [ct,l, e ’Ct,]Sw\zt\] with ¢t € {€1,€0},
where w € {1,..., Sw|zt‘}

Following Andrews (1999), we extend the definition of correct matching in the selection
vector space for the Simple Game to the Extended Game as follows. The definition of € %
is provided in (1.9).

Definition 1.5.2. The correct matching in a selection vector space for the Fxtended Game
is defined as the unique element in € % that selects the mazximum number of components of

G (m) corresponding to the same latent state. This correct matching is denoted as cq.

By definition, ¢y separates from other elements in 4% because ||cll, > ||c||, for any
c € €% and ¢ # ¢y. For the Extended Game, the maximum number of components in
G (m) are selected only when all equilibria on a given latent state are selected. The step-2

identification is achieved if ¢y is identified in €2 and the true system selected by ¢y from

I7Tf the number of mixtures on z' is not minimum, we can rename the observed state with minimum

number of mixtures as z'. Under Assumption 3.7.3, this implies ’Sw|21’ = |Sk|. This assumption is also
adapted to the three variants of the Extended Game defined in Appendix C.
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(1.7): G, (m) = 0 has a unique solution my. The following assumption guarantees step-2

identification:

Assumption 1.5.5 (Step-2 Identification). I, has full column rank, and it holds that
rank ([7., I'c]) > rank (I'.) for any c ¢ € Z.

A necessary condition for Assumption 1.5.5 to hold is that ZtT:l ‘Sw‘zt’ > (J+ 1)N_1,

i.e., the number of equations is no less than the number of unknowns for each action.
Lemma 1.5.1. Assumptions 1.5.1-1.5.5 are sufficient for the identification of (cq, mo).

Given some selection vector space with the first selected latent state being k, the unique

solution 7y to the system G, () = 0 gives us the true payoff vector written as
T
Tz k = [ﬂ—l (17 21 k) yeeey M1 (J7 21 k)] )
where for j =1,...,J

T (j,Zl,kf) = [7'('1 (j,(O,...,O),zl,k:),...,7r1 (j,(J,...,J),Zl,k’)].
1.5.2 Estimation and Inference
A Generic Model

Estimation and inference in the presence of multiple equilibria differ from the Simple Game.
As we have redefined the correct matching as the element in selection vector space that selects
the maximum number of “moments” corresponding to the same latent state, consistency of
the selected matching requires to select this vector with probability going to one as the
sample size approaches infinity. To account for this new feature, we generalize the Generic
Model in Section 1.3 to the Extended Generic Model characterized by (1.8) and the following

assumption.

Assumption 1.5.1. (i) Both T and I' can be identified; (i) 11 is compact; (iii) € is known;

() There is a unique selection vector denoted as co € €% such that ||coll, > |cll, for any



38

c€CZ and c # cy; (v) cl = mineegy ||c|, is known; (vi) the system: G¢, (1) = 0 has a

unique solution denoted as .

Assumption 1.5.1 for the Extended Generic Model relaxes Assumption 1.3.1 (iv) for the
Generic Model by allowing elements in 4% to have different numbers of non-zero elements.
Assumption 1.5.1 (v) only requires min.c¢# |/c[|, to be known. In the Extended Game,
mineeq 7 ||c||, = JT'

Following Andrews (1999), we modify the sample criterion function in Section 1.4.1 with
a rewarding term. Let G,(m) denote the sample counterpart of G (7). Under a generic
selection vector space €, the parameter vector can be consistently estimated by

~ o~ . 2
@7) =arg_min[11Gu (M), 0 — 1 el ]

where h () and &, are added to reward the selection of more “moments” and W, (c) converges
in probability to some positive definite matrix W (c) for any ¢ € ¥’. The normalizing factor
in front of ||G. (7r)H12,Vn(C) in the above definition is determined by the convergence rate of
G, () and is set as n to simplify the discussion. For consistency, the following assumption

is imposed.

Assumption 1.5.2. (i) For any w, G, (7) = G (7) + O, (n™"?); (it) For any ¢ € €,
W, (¢) = W (¢)+o, (1) with W (c) being positive definite; (iii) For any c € €, minger ||Gpe (1) ||12/Vn(c) RS
ming ey ||Ge (7‘[‘)”124,(6),’ (i) h(-) is a known strictly increasing function and K, — oo with
Kn =o0(n).
Note that the condition regarding the order of x,, can be easily modified to accommodate
models with normalizing factors different from n. Consistency of this procedure is given in

the following theorem.
Theorem 1.5.1. Suppose Assumptions 1.5.1 and 1.5.2 hold, then ¢ = ¢y wp — 1 and
75 .

For testing the linear hypothesis as (1.15), we still use the test statistic 7;, proposed in

(1.16). The following theorem shows that using an appropriately chosen chi-squared critical
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value, the test achieves asymptotic size control and is consistent. Let X?le(lﬁflR)mfa be the
(1 — a)-th quantile of the chi-squared distribution with ¢l — (I, — lg) degrees of freedom.
Since lg > 1 and ¢l > [, by Assumption 1.5.1 (vi), it holds that ¢l — (I, — lg) > 1.

Assumption 1.5.3. For any parameter sequence &, € Zg (§) with any & € Zg: (1) v/n (G, (1) — G (7)) A

N (0,82 (m)) for some positive definite covariance matriz ) (7); (ii) For any ¢ € €, W, (¢) =
W (c) + o, (1) with W (c) being positive definite, and (iii) W (co) = Q' for Qq being the
asymptotic variance of /n (G, (o) — Ge, (70))-

Theorem 1.5.2. Suppose Assumption 1.5.1 hold. (i) If in addition Assumption 1.5.3 is
satisfied, then

lim sup sup Pr¢ (7, > X[il_(lﬂ_lR)]’l_a) <a. (1.20)

n—oo EEER

(i) If in addition Assumption 1.5.2 is satisfied, then for any £ ¢ =g,

lim Pre (T > Xt 1p)11-a) = 1- (1.21)

n—oo

The proof of this theorem is similar to that of Theorem 1.4.2 and is provided in Appendix
B. When the model does not have multiple equilibria, we obtain equality instead of inequality

in (1.20).

The Extended Game

In this section, we provide primitive assumptions such that the conditions in Theorem 1.5.1

and Theorem 1.5.2 are satisfied for the Extended Game.

Assumption 1.5.6. (i) V c € €, W, (c) = W (c) for some positive definite matriz W (c);
(ii) f(-) is continuous; (iii) h(-) is a known strictly increasing function and Kk, — oo with

Kn =o0(n).

Assumption 1.5.7. (i) There exists a known group action for player group 3 such that the
corresponding equilibrium CCP of choosing this action is different across different values of

w; (1) 11 is compact.
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Proposition 1.5.1. Under Assumptions 1.5.1-1.5.7, it holds that ¢ = ¢o wp — 1 and

~ D
™ — TQ.

For testing linear hypothesis on the payoff vectors, we have Ir < J(J + 1)V~ Recall
that here we are focusing on player 1 for some fixed value of z;. For asymptotic size control,

we introduce an additional assumption.

9*A 1, (P)
Opdp "

Assumption 1.5.8. (i) On any (z,w), is bounded for any p; (ii) For any £ € =g,
z takes each value in S, with positive probability; (iii) For any & € Zr and the param-
eter sequence {&,} € Zg (&), given each ¢ € €, W, (c) = W(c) + o, (1), with W (c)
being positive definite; and (iv) W (cy) = Q' for Qo being the asymptotic variance of

V1 (Grey (o) — Ge (m0)).
The following Proposition applies Theorem 1.5.2 to the Extended Game.

Proposition 1.5.2. Let Assumptions 1.5.1-1.5.5 hold. (i) If in addition Assumptions 1.5.7
and 1.5.8 are satisfied, then

lim sup sup Pre¢ (Tn > X[2JT—J(J+1)N*1+ZR],1—O¢) < a.

n—oo EEER

(i) If in addition Assumptions 1.5.6 and 1.5.7 hold, then for any & ¢ =g,

lim Pre (Tn > X[ZJT—J(J-i-l)N—lHR],l—a) =L

n—oo

The bootstrap weighting matrix W?” (¢) can be computed in a similar way to that in
Section 1.4.2. For implementation of the test using W? (c), we need an assumption similar

to Assumption 1.4.5.

Assumption 1.5.9. For each z, there exists a known scalar valued function of the CCPs on

each w, such that the values for the function are all different across w.

Under Assumptions 1.5.3-1.5.5, 1.5.7, 1.5.8 (i) and (ii), and 1.5.9, the bootstrap weighting

matrix satisfies Assumption 1.5.8 (iii) and (iv). Note that the critical value used in the
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Extended Game is the same as the one without multiple equilibria. This shows that the

testing framework we propose in Section 1.4.2 is robust to the presence of multiple equilibria.

Remark 1.5.2. For inference, we assume that the number of mixtures is known and ignore
the estimation error involved in estimating the number of mixtures. Alternatively, one could
adopt sample splitting by using one subsample to estimate the number of mixtures and the

other subsample to compute the test statistic.

Testing for Unobserved Heterogeneity

When there is no unobserved heterogeneity and all mixtures are generated by multiple equi-
libria, the Extended Game reduces to that studied in Xiao (2018). Whether or not these
mixtures are generated by unobserved heterogeneity can be tested empirically using Hansen’s

J-test. The test statistic is defined as

Ju = min | VaG, (m)]y,

where W, is the inverse of a consistent estimator of the asymptotic variance of \/nG,, ().
Intuitively, under the null hypothesis of no unobserved heterogeneity, a single payoff vector
satisfies all “moments”, and the asymptotic distribution of the test statistic is tight. On
the other hand, if there is unobserved heterogeneity, a single payoff vector cannot satisfy all

“moments” and the test statistic will diverge to infinity.

Remark 1.5.3. Note that although the framework we have developed so far assumes that
there are at least two mixtures for each observed state, it could be easily extended to the
situation wn which some observed states have only one maixture. The observed states with
only one mizture are treated as having a degenerate latent state. In this case the number
of latent states is equal to the minimum number of mixtures among all observed states with

non-degenerate latent states.
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1.6 Monte Carlo Simulation

We conduct a small Monte Carlo simulation to examine the performance of our estimation
and inference methods in finite samples. We also compare the running times of the stochastic

optimization algorithm based on SMC described in Appendix A.2 and the exhaustive search.

For the estimation and inference, we adopt a data generating process that follows a
slight variation of the parametric game with random coefficients introduced in Section 1.3.2.
There are three players each having an exclusive state variable taking two values {L, M}.
The payoff function for player ¢ of choosing d; = 1 is given by Equation (1.12) and ¢; is drawn
independently across players from a logistic distribution. This implies that the equilibrium

CCP vector is a fixed point of the following system:

exp (6hx21 + 01 (P2 + p3))

o= 97 exp (f1x21 + 01k (P2 + p3))’
exp (Oor 22 + dox (p1 + p3))

P2 1+ exp (62x22 + 0ok (p1 + p3))’

. exp (fsrz3 + O3k (1 + p2))

1+ exp (0323 + 03 (p1 +p2))

Let z',2z2, ...,z®% denote the eight distinct values that z takes. The distribution of the

latent variable is specified as

— =2 forz+#z*
Prik=Alz)={ ' T 7

0.5 for z = 7>

This distribution does not satisfy ranking independence used in Aguirregabiria and Mira

(2019). For example, when z = z*

, components A and B have equal weights and they
cannot be separated using their weights. Parameter values used in simulation are specified

in Table 2.1 and the equilibrium CCPs are given in Table 1.2.
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Table 1.1: Parameter Values

da OB O2a 0op 034 d3p L M 04 0Oip Ooa O O34 O3p 7 o’
-0.01 -5 -0.02 —-55 —-0.02 —=55 055 1.2 1.7 055 25 05 25 04 075 01

Table 1.2: Equilibrium CCPs

@A) (2.B) (&%A) (D) (@.4) (.B) (@.4) (2.5
Player 1 0.715 0.296 0.715 0.202 0.715 0.117 0.714 0.143
Player 2 0.793 0.124 0.793 0.113 0.951 0.396 0.951 0.285
Player 3 0.793 0.110 0.951 0.222 0.793 0.069 0.951 0.133

@A) (.B) (&A4) ("B) (@.4) (@.B) @.4) (2.5
Player 1 0.883 0.549 0.883 0.521 0.883 0.179 0.883 0.470
Player 2 0.793 0.048 0.792 0.050 0.951 0.352 0.951 0.085
Player 3  0.793 0.045 0.951 0.065 0.792 0.057 0.951 0.071

Results For estimation, we focus on estimating parameters for player 1 corresponding to

latent state A. The system of “moment” functions consists of sixteen elements:

Table 1.3 presents the percentage of selecting the correct matching and mean squared
error (MSE) of the estimated the parameter vector using the identity weighting matrix based
on 1000 repetitions. Let n, denote the number of observations per observed state and the
MSE reported in the table is calculated as the sum of MSE of each parameter. It can be seen
that the percentage of selecting the correct matching is close to 100% and MSE decreases as

n, increases.
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Table 1.3: Estimation Result

ns 625 750 875 1000 1125 1250
Percentage 99.7% 100% 99.9% 100% 100% 100%
MSE 0.043 0.032 0.032 0.024 0.022 0.020

Table 1.4: Rejection Probabilities under H,

N 625 750 875 1000 1125 1250
R=1, 0.041 0.038 0.041 0.043 0.044 0.045
R=1(0,1) 0.036 0.043 0.043 0.042 0.041 0.047

Table 1.5: Rejection Probabilities under H; for ng, = 1000

Deviation —-0.5 —-04 -03 -0.2 0.2 0.3 0.4 0.5
Rejection Probability 1 1 0978 0.680 0.444 0.816 0.957 0.994

To study the finite sample performance of our inference procedure, we consider two null
hypotheses of the form Hy : Rmg = r for R = I, r = (OlA,élA)T; and R = (0,1), r = 1.
The first hypothesis is on the whole payoff parameter vector and the second one is on the
parameter of strategic interaction, which is of great interest in empirical research. We set the
nominal size as 5% and use the 95% quantile of x2 and x?2 as the critical values for R = I
and R = (0,1). In both cases, the bootstrap weighting matrices are calculated with 4000
bootstrap samples. Across bootstrap draws, we always put the latent state with larger sum
of CCPs in the odd rows. The results in Tables 1.4, 1.5, and 1.6 are based on 2000 Monte
Carlo repetitions.

Table 1.4 presents the simulation results on the null rejection probabilities. The size is

well controlled and is getting closer to 0.05 as the sample size increases for both hypotheses.

Tables 1.5 and 1.6 provide the power results for testing Hy : Rmg = r with R = (0, 1)
and r = —0.01. When the sample size is fixed, Table 1.5 shows that as the hypothesized

value deviates further from the true value, the probability of rejecting the null hypothesis
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Table 1.6: Rejection Probabilities under H; for Different Sample Sizes

N 625 750 875 1000 1125 1250
Deviation = 0.3 0.527 0.620 0.731 0.816 0.861 0.901
Deviation = —0.3 0.838 0.919 0.959 0.978 0.989 0.996

Table 1.7: Running Time Comparison (in seconds)

Observed States Particles SMC  Exhaustive Search

8 80 0.805 0.149
18 250 21.575 5.999
27 400 222.85 3469.1

increases. When the absolute value of the deviation is 0.5, the rejection probabilities are
almost 1. The results in Table 1.6 show that for fixed deviation from the null hypothesis,

the rejection probability increases with the sample size.

Comparison of SMC and Exhaustive Search To compare the running time of SMC
and exhaustive search, we compute the running time for the above DGP and two additional
DGPs: one with 18 observed states, and the other with 27 observed states.!®

From Table 1.7, we see that the exhaustive search is faster than SMC when the number
of observed states is small. However, when the number of observed states gets large, SMC
is much faster than the exhaustive search. In the case of 27 observed states, SMC is more

than 15 times faster than the exhaustive search.'®
1.7 An Empirical Illustration

This section applies the methods developed in the previous sections to Sweeting (2009)’s
dataset on radio stations’ strategic timing decision to air commercials between two time

slots. In contrast to Sweeting (2009), De Paula and Tang (2012), and Xiao (2018), we allow

18We use more particles in SMC when the number of observed states gets larger.

19Tn this experiment, both SMC and exhaustive search find the correct matching for all DGPs.
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the presence of non-separable unobserved heterogeneity in the payoff functions. According
to Sweeting (2009) and Xiao (2018), advertisers would like different radio stations to play
commercials simultaneously so that drivers could hardly avoid them. On the other hand,
due to the way listenership is calculated, radio stations might prefer to differentiate with
each other on the timing of commercials. Whether radio stations prefer to air commercials
at the same time or not, i.e., whether the incentives of radio stations and advertisers are
aligned or not, has been of great interest to economists, see Sweeting (2009), De Paula and
Tang (2012), and Xiao (2018).

Similar to Xiao (2018), we specify a game with symmetric players and suppress station-
specific covariate. We include one market-level covariate: an index for the ranking of market
size denoted as x. There are in total 144 different market ranks, and we classify them into
six categories with 24 market ranks in each category. The (unnormalized) expected payoff
function for the representative player in market rank = and latent state £ when taking action

1 is specified as:
7 (1,2, k) = Bu () + 0 (2) p (2, k) -

Similarly the expected payoff function when taking action 0 is specified as:

%(07$a k) = Bok (JC) + O (x) (1 —p(x, k)) .

Note that in this specification, the strategic effect is assumed to be invariant across choices,?

while the effect of market state variable is assumed to be choice dependent. The normalized

expected payoff is given by
T(Lz, k) = Bk () — Pok () + 0 () (2p (z, k) — 1).

Following Xiao (2018), we allow the strategic effect to vary with the observed state. We
parametrize 5y () = Pigz, Pox () = Borx, and 6 (x) = dpx to make use of variation in

x. Similar to Sweeting (2009) and Xiao (2018), we impose the normalization: for = 0. We

20Sweeting (2009) and Xiao (2018) also assume that strategic effect is invariant across choices.
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deviate from Sweeting (2009) and Xiao (2018) by allowing the effect of market rank and
strategic effect to depend on some non-separable latent state k.

Following Xiao (2018), in the first step, we collect all market-day-hour with more than four
players to estimate the number of mixtures using the sequential testing procedure introduced
by Robin and Smith (2000). We find that during drivetime (hour of the day equals 16pm or
17pm), market rank 5 and rank 6 have two mixtures and all other market ranks have only
one mixture in drivetime. During non-drivetime, all market ranks have only one mixture.
These results are consistent with the findings in Xiao (2018) that there are two mixtures
for smaller markets. From now on we focus our analysis on drivetime as this is where our
method is relevant. Instead of interpreting them as two equilibria, we use the aforementioned
J-test to test the null hypothesis that there is no unobserved heterogeneity. We find that
J-test rejects this null hypothesis at 5% significance level.?!

We thus proceed to use our methods which allows for the presence of unobserved het-
erogeneity to estimate the parameters in the payoff functions. Since there are two latent
states, we obtain the point estimates for parameters on the first and second latent state by
fixing the first and second row corresponding to the market with smallest rank among the
markets with two mixtures. For the remaining four observed states with only one mixture
(degenerate latent states), we assume that two of them belong to the first latent state and
two of them belong to the second latent state so that each latent state will correspond to an
overidentified system with four “moments” and two parameters.??

The estimated parameters on two latent states and their significance results based on the
test developed in the paper are presented in Table 1.8. Several conclusions emerge. First,

the estimated coefficients of strategic interactions are all positive. This is consistent with the

21'We also perform the J-test using seven categories of market ranks and five categories of market ranks. In
the seven-category case, the first to sixth categories contain 20 market ranks each and the seventh category
contains the remaining market ranks; in the five-category case, the first to fourth categories contain 30
market ranks each and the fifth category contains the remaining market ranks. Both tests reject the null
hypothesis at 5% significance level.

22Note that here we need at least three equations for each latent state, and we have made use of degenerate
latent states as discussed in Remark 1.5.3.
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Table 1.8: Estimated Coefficients and Significance Results

First Latent State Second Latent State
Market Rank Effect 0.010 0.106*
Strategic Effect 0.390 0.668"*

Notes: ** denotes significance at 5% confidence level; and *
denotes significance at 10% confidence level.

finding in Sweeting (2009), De Paula and Tang (2012), and Xiao (2018) that radio stations
seem to prefer to play commercials at the same time. Second, similar to Xiao (2018) who does
not find one timing choice to be significantly more attractive than the other, we find that the
coefficient for market rank effect is small. An application of our test to testing significance of
this coefficient on two latent states shows that they are mostly insignificant (except that the
coefficient on the second latent state is significant at the 10% level), implying that market
rank does not make one timing choice more attractive than the other. Third, the estimated
strategic effects on two latent states are quite different: the first latent state corresponds
to a smaller strategic effect, while the second latent state corresponds to a larger strategic
effect. Our tests suggest that on the second latent state, the estimated strategic coefficient
is significant at 5% level, while on the first latent state the estimated strategic coefficient is

not significant even at 10% level.?

1.8 Conclusion

In this paper, we propose a novel method to sequentially estimate payoff functions and to
conduct uniform inference in static games of incomplete information with non-separable un-
observed heterogeneity and multiple equilibria. For identification, our approach combines

and extends the sequential identification framework of Xiao (2018) and Aguirregabiria and

23 As a robustness check, we conduct estimation and significance tests with the aforementioned five and
seven categories of market ranks respectively. We find that point estimate of strategic coefficient is rela-
tively large on the second latent state for both cases. In both cases all coefficients on the first latent states
are not significant, and for the second latent state the estimated strategic coefficient is significant at 5%
level with five categories and significant at 10% level with seven categories. In all these tests, we use 4000
bootstrap samples to calculate the weighting matrix.
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Mira (2019). Estimation of the payoff in the presence of matching-types problem is formu-
lated as a minimum distance problem with incorrect “moments”. We estimate the correct
matching and payoff simultaneously using a minimum distance criterion with a rewarding
term, if needed, over the payoff space and selection vector space. For inference, we construct
an asymptotically uniformly valid test for the linear hypothesis on payoft vectors. To make
our methods feasible for large state spaces, we introduce a stochastic optimization algorithm
based on SMC method. A Monte Carlo study is carried out to investigate finite sample
performance of our estimation and inference procedures. As an empirical illustration, we re-
visit strategic timing decisions for broadcasting commercial among radio stations originally

studied in Sweeting (2009).
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Chapter 2

A SIMPLE SEMIPARAMETRIC ESTIMATOR FOR STATIC
GAMES OF INCOMPLETE INFORMATION WITH ACTION
COMPLEMENTARITY

2.1 Introduction

In this paper we study the semiparametric identification and estimation for a class of static
games of incomplete information in which each player faces two complementary (substi-
tutable) actions, and could take one, or both, or neither of them. Such models are important
for understanding firm behaviors, as the literature have documented both the strategic mo-
tive and the complementarity motive as important driving forces for firms’ actions, see Athey
and Stern (1998), Bajari et al. (2013) and references therein.! As summarized in Berry et al.
(2014), “Firms make complementary choices when determining production inputs, entering
related markets, and strategic mergers”.

Recent empirical studies of firm behavior start to combine these two motives together
in their models. In an incomplete information setting, Augereau et al. (2006) studies the
internet service providers’ strategic adoption of two technology standards, and Lenzo (2006)
studies the strategic adoption of SPECT and/or PET diagnostic imaging technologies among
hospitals. All these studies use fully parametric models, and in particular Augereau et al.
(2006) and Lenzo (2006) follows and extends the identification and estimation strategy de-
veloped by Gentzkow (2007) for single agent parametric discrete choice model for bundles.?

Our paper makes a direct contribution to this literature by studying identification and esti-

!To shorten terminology we use the single word “complementarity” to represent complementarity or
substitutability when there is no confusion throughout this paper, like in Lenzo (2006).

2Throughout this paper we use the phrase “error term” and “unobservable private information” inter-
changeably.
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mation of such games without a parametric error distribution. To the best of our knowledge,
this is the first paper that gives a semiparametric estimator for such games. Building on and
extending the identification results of Fox and Lazzati (2017), we show that the structural
parameters in this model are identified and have a nice closed-form. Identification makes
use of player-action specific state variables that are additively separable and have large sup-
ports. Such player-action specific state variables are also required to be private information
among players when the game is played, but available to the econometrician afterwards. A
simple three-stage least squares estimator for the structural parameters is proposed based on
this identification strategy. Although the game has a complicated structure, this estimator
has a very simple closed-form, and doesn’t require any numerical optimization. We layout
sufficient conditions that guarantee its root-n consistency and normality given knowledge of

near-tail intervals, which could be consistently estimated 3.

Our paper is closely related to several strands of literature. Firstly, our paper is related to
the burgeoning literature on identification and estimation of discrete model for bundles (or
discrete choice model with complementarity). Gentzkow (2007) proposes a random utility
model for bundles in which the utility for a bundle equals sum of two stand-alone utility for
each product plus an extra term which quantifies the degree of substitutability or comple-
mentarity between products. A lesson from Gentzkow (2007) for models involving discrete
choice on bundles is that reliable estimation and inference on the degree of complementarity
shall not rely on strong ad-hoc assumption on the joint distribution of error terms. This has
motivated a study of the nonparametric identifiability of such models in Fox and Lazzati
(2017). In particular, he proves that it suffices to identify model parameters with product-
specific covariates that are additively separable and have large supports. Note that such a
discrete choice model for bundles could be rewritten as an ordinary multinomial choice model
by redefining each combination of products as a different choice and introducing a new er-

ror term for the combination satisfying standard assumptions in multinomial choice models.

3The definition of such interval is given in Section 3.3
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The attractive feature of Fox and Lazzati (2017)’s identification strategy compared to the
traditional nonparametric or semiparametric identification argument for multinomial choice
model is that unlike the latter, only product-specific covariate is required and we do not need
combination-specific covariate like in Lewbel (2000). This greatly facilitates empirical work
as combination-specific covariates are not as easily available. Fox and Lazzati (2017) itself
doesn’t give an estimator, and our paper adds to this literature by providing a closed-form
semiparametric estimator for such models (as when strategic interaction coefficient is equal
to zero, our game with action complementarity will reduce to a single-agent discrete choice

model for bundles).

Our paper is also related to the literature on semiparametric identification and estimation
of discrete game of incomplete information under weak distributional assumptions. Tang
(2010) studies identification and estimation of an incomplete information game under the
median independence assumption between error term and state variables. He establishes
consistency for his estimators without establishing rates of convergence. Lewbel and Tang
(2015) studies identification and estimation of binary games of incomplete information using
special regressors. Their paper is similar to ours in that we both use a special regressor
type identification and estimation strategy, but their paper also differs from ours in several
aspects. First, Lewbel and Tang (2015)’s identification strategy and the resulting root-n
consistent estimator only works for binary games, while games studied in this paper allow
players to take all combinations of two binary actions (there are 4 choices for each player),
which are allowed to have complementary or substitutable relationships with each other,
and we are also interested in quantifying the degree of complementarity or substitutability.
Secondly, the root-n normality in Lewbel and Tang (2015) could allow the error term’s
support to be the whole real line, as long as the tail of the generated special regressor is also
the real line and is thick enough (having infinite variance), but in our setting, if the joint
distribution of errors has unbounded support, then root-n rate will not be possible even if
our special regressor has unbounded support and thick enough tail. This is because in our

problem we need to identify and estimate marginal cdf from a joint cdf, and the marginal
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cdf is only identified when the other variable of the joint distribution is evaluated at infinity.
This feature determines how we construct our estimator, which is not a trivial extension of
their approach. Thirdly, in the construction of the special regressor, Lewbel and Tang (2015)
uses a generated special regressor for identification, and they require player specific covariate
being monotone in generated regressor in order to have root-n normality. In contrast, our
special regressor doesn’t contain any estimated quantity due to the fact that we assume the
special regressor is not observed by the other player when the game is played. As a result,

monotonicity assumption like theirs is not needed for our root-n normality.

Our paper is also connected to the literature on the use of ”"special regressor” for semi-
parametric identification and estimation of discrete choice model such as Lewbel (2000),
Dong and Lewbel (2015) and Lewbel et al. (2012). When there are more than 2 choices,
as noted in Lewbel (2000), the naive special regressor estimator (for the coefficients of each
choice) fails to be root-n consistent (or even consistent) because it inevitably involves eval-
uating unknown regression function at a single point (usually a point on the boundary of
support) for the special regressors of other choices. Our problem is similar to this problem
in that naive estimator directly based on our identification strategy requires evaluating un-
known regression function at a single point, resulting in slower rate of convergence. To solve
this problem, the estimator we propose takes averages for these special regressors in their
near-tail intervals. This solution is also applicable to restore root-n rate for the multinomial
discrete choice models studied in Lewbel (2000). The price we pay for this is that the error

terms must have a bounded support.

Our paper is related to the static entry game literature, like Seim (2006), Sweeting (2009),
Zhu and Singh (2009), Bajari et al. (2013), Grieco (2014), Deng and Picone (2018) among
others. Most of them focus on entry into a particular industry or business, and do not model
simultaneous entry into multiple businesses, nor do they attempt to quantify the degree of
substitutability or complementarity between businesses or actions. The only exceptions are
Jia (2008) and Ren (2017). Jia (2008)’s study is under the complete information setting.

She considers chain store’s simultaneous entry into multiple locations taking into account the
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chain effects from entering neighboring locations, The chain effects is a quantification of the
degree of substitutability between entry actions. Our studies differ in several aspects: firstly,
she studies a game of complete information while we are studying a game of incomplete
information; secondly, she assumes fully parametric payoff function and error distribution
while we do not specify the distribution of the error terms; thirdly, in her study the entry
outcome in different markets are correlated while in our study the entry outcome in differ-
ent markets are independent (but entry outcomes for different products in a single market
are dependent). Ren (2017) estimates a parametric entry game of complete information for
airline oligopolists allowing the payoff of providing nonstop service being affected by the
provision of connecting service in the same market, and she quantifies this effect, which is
exactly the effect we try to quantify in this paper. Nevertheless, our paper differs from this
paper in the following aspects: Firstly, we study a game of incomplete information; secondly,
we do not require the error term to have a known distribution and we establish identifica-
tion results. Our paper contributes to the empirical entry game literature by providing a
framework for analyzing simultaneous entry into two related industries (or the markets for

two related products) under incomplete information.

The rest of the paper is organized as follows: Section 2.2 defines the baseline model and
the equilibrium; Section 2.3 studies identification; Section 2.4 defines our estimator; Section
2.5 establishes asymptotic theory; Section 2.6 presents simulation results; Section 2.7 con-

cludes.

Notations Throughout the paper, a variable name in capital letter denotes a random
variable and the corresponding lowercase denotes its realization. The exception is €, whose

realization uses the same notation as the random variable.
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2.2 DModels Under Consideration

2.2.1 Complementary or Substitutable Actions in Static Games of Incomplete
Information
According to Vives (2005), the intuitive meaning of complementarity ”is the notion, due to
Edgeworth, that the marginal value of an action or variable increases in the level of another
action or variable”. Substitutability likewise corresponds to the notion that marginal value
of an action or variable decreases in the level of another action or variable. Formally, in a
single agent binary decision problem, the agent will have 4 choices: take action 1 and action
2, take action 1 but not action 2, take action 2 but not action 1, taking neither action. Thus
deD={(1,1),(1,0),(0,1),(0,0)}*. With some slight abuse of notation, let 17T (d) denote
the utility for this agent. In the study of consumer bundled demand, Gentzkow (2007) defines

the following quantity that captures complementarity or substitutability between choices
(1, 1)) = (0, 1)) = 7 ((1,0)) = T ((0,0)) = a,

the discrete version of cross partial derivatives. He shows that with payoff that are quasilinear
in money, this quantity exactly captures the magnitude of complementarity or substitutabil-
ity in the Hicksian sense. Similarly in the study of firm’s combinations of conduct in Athey
and Stern (1998), a pair of actions is defined as complementary if « > 0.

These definitions naturally extend to a static game of incomplete information. Formally,
we consider a very simple static game with two players. Each player faces two complementary
(substitutable) actions, and could take one, or both, or neither of them. Let di = 1 if player
i chooses action k and 0 otherwise. Let d' = (d!,d}) denote the choice player i takes out
of the combinations of actions, so we have d' € D = {(1,1),(1,0),(0,1),(0,0)}. Player
i’s primitive payoff of choosing d* when the other player is choosing d~* is given by payoff
function I7'" (d’, d~%, €'), where € = (¢, €l) denotes private information of each action for

player i. The primitive payoff function of player ¢ for choosing each of these options are

4Note that we could rename these choices as 1,2, 3, 4, but that will conceal the intuitive meaning for the
choices.
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specified as follows:
1v((0,0),d ", €) =0,
m"((1,0),d7"€) = by +0yd; " + ¢,

I7((0,1),d7" €) = by + 0hdy " + €,

)
(1, 1) Z by 4+ 0id; 4 €)) +
=1

where b is the payoff to action k& that do not depend on strategic interaction. Note that

here, again
(v ((1,1),d7" €)= I"((0,1),d7", €)= (1" ((1,0),d", €)= I7((0,0),d7",€")) = o,

which is similar to Gentzkow (2007).

Remark 2.2.1. In the baseline model, player i’s payoff from taking action 1 is only affected
by action 1 of player —i, and player i’s payoff from taking action 2 is only affected by
action 2 of player —i. A real world example for this could be oligopolists’ strategic entry into
markets that are not related on the demand side. For example, Airbus and Boeing could both
enter the passenger airliner market and the fighter market. The fact that Airbus enters the
fighter market only makes the fighter market less profitable for Boeing, but not the passenger
atrliner market, as the demand side of these two markets are completely separated. The
baseline model could be easily extended to allow for the situation in which both action 1 and

action 2 of player —i affects player i’s payoff of action 1 (and action 2):

mo(0,0),d " €)= 0,
oY((1,0),d7" €)= by + 6, (d;" + dy*) + €},
I((0,1),d7" €)= by + 85(d;" 4 dy?) + €,

2

mti((1,1) Z bi 40 (d" + dyt) +€) 4+ a,

=1



57

A real world example for this could be oligopolists’ strategic entry into markets that are
related on the demand side. Foe example, whether Delta wants to provide a direct flight
between Seattle and Portland will not only affect Alaska’s payoff from direct flight between
these two cities, but also affect its payoff from connecting flight between these two cities, as
direct flight and connecting flight are usually viewed by consumers as substitutes. Although
this is a different model, all subsequent analysis on the baseline model trvially extends to this

model.

Definition 2.2.1. We define action 1 and action 2 as complementary if o* > 0; as substi-

tutable if o' < 0; as independent if o' = 0.

A continuous example in which there are complementary actions and strategic actions
could be the example of Bertrand oligopolists strategically choosing both price and adver-

tising efforts in Vives (2005).
2.2.2 The Econometric Model and the Equilibrium

In this section, we define the econometric model for the game we introduced in the previous
section. In particular, we will introduce state variables and define the equilibrium of the
game. Let b} = 2 + Biz for i = 1,2 and k = 1,2. Let z' = (2}, 2%). Note that here 2} is
a player-action specific state variable, and x is a state variable common to all players and

actions.

Assumption 2.2.1 (Information). (7). The realization of (Z', €') is player i’s private infor-
mation when the game is played; (ii). The realization of Z' is observable to the econometri-

cian (after the game is played).

Note that Aradillas-Lopez (2010) also allows some state variables to be private informa-
tion among players when the game is played, although it doesn’t provide identification power

in his paper.

Assumption 2.2.2 (Independence Relationships). The following independence conditions

hold: (1). (Z',€') L (Z2,€*)|X; (i1). Fori=1,2, Z' | €|X; (). E(¢'|X) = 0.
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Remark 2.2.2. Under Assumption 2.2.2, € and X cannot be correlated, so that X is ex-
ogenous. Z' and X are allowed to be correlated. Conditional on X, Zi and Z are allowed

to be correlated, and €; and € are allowed to be correlated.

Assumption 2.2.3 (Distribution of € and Z¢). Conditional on X = x, and for i = 1,2,
the distributions of €', Z' and €' + Z' are absolutely continuous with respect to the Lebesque
measure and have bounded positive Radon-Nikodym densities almost everywhere on their
supports, and the density of € is positive at the boundary of the support. The support of €

and Z' are both rectangular.

Assumption 2.2.4 (Data). The econometrician observes a random sample on players’ ac-

tions and state variables {2} 722  X,,, D} D21M_ .

Without loss of generality, let [L, U] be the support of 2 for i,k = 1,2°. Also, we focus
on the case when X is a discrete scalar. For a generic random variable @), let Q¢ denote its

support. We focus on pure strategies defined as follows:

Definition 2.2.2 (Pure Strategy). A pure strategy for player i in this game is a mapping
gi:in XQXXQei—>'D.

By definition D = ¢*(Z%, X,€'). Based on his available information, player i forms a
belief about player —i’s choice being a certain value, for example, his belief for D~ = (1,1)

Pr(g (27, X,e")=(1,1)|Z",X,€") =Pr (¢ (Z7,X,e") = (1,1)|X), (2.1)

where the equality holds by Assumption 2.2.1 (i) and Assumption 2.2.2 (i). Note that the
belief only depends on commonly observed state variable X. Intuitively, under conditional

independence, once X is known, Z* and €’ doesn’t contain any additional information about

®Note that we could allow this support to depend on z, and be different for each i and k, but that only
complicates our notation without providing additional insights.
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6 Given some belief and realized private information as well as state

opponent’s choice.
variables, the expected payoff from action 1 is 7t (2%, 2) = 28 + iz + 5P " (x), and the
expected payoff from action 2 is 7h (23, 2) = 25 + Bix + 4P, " (), where P, (x) represent
the belief that player —i also takes action k. Note that there are two (non-overlapping)
ways of taking action k: taking both actions or taking only action k. The expected payoff
from choosing d' is d¢ (7% (2%, 1) + €}) + db (7% (25, 1) + €) + a'did,. Both players choose the
combination of actions that maximizes their expected payoff. As an illustration, we plot the

optimal choices for player 1 in Figure 2.1 (a! < 0) and Figure 2.2 (o' > 0) .7

€
(1,1
(0,1)
—m3(z3,x) — al
—T[%(le,JC) § N
: | |
/ Tl e g
A
(1,0)
(0,0)

Figure 2.1: Characterization of optimal choices for player 1 (a! < 0)

SWhen the private information is correlated across players conditional on X, belief will still depend on
X, Z? and €.

"Note that Gentzkow (2007) gives a graphical characterization of optimal choice in the utility plane.
Our graph is completely different as we draw it in the plane for unobservables, although the shape for the
boundaries between choices look similar.
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—nj(z},x) —at —mi(z],x)

01

—T[% (Z%, x)

—ni(zi,x) —at

(1,0)

Figure 2.2: Characterization of optimal choices for player 1 (a! > 0)

In equilibrium, beliefs are consistent with actual choice probabilities. For example, if

al < 0 and o? < 0, then the conditional choice probabilities for both players are:®

Poo (21, 2.2) = Pr(a < -m(2,2) .6 < —m (2,7)),
PL (zll,zé,x) = Pr (ei > —m (21,35) alyed > —ml (z%,x) ozl) ,
Py (21,2.2) = Pr(e<-m(2,7).6>-m(2,7))

+Pr (—7?% (z%,x) <e < —m (z%,ac) —al e >+ (zi,x) — 7y (z%,x)) ,

8Note that because of Assumption 2.2.1, belief and conditional choice probabilities are different in our

game. Belief only depends on z, while conditional choice probabilities depend on all observed state

variables.
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1,1 .1 _ 1 1,1 11 1,1 1
PlO(Zl,ZQ,I> = Pr(elz—ﬁl (Zl,$)—a,62§—ﬂ2(22,$)—a)

+Pr (—7?% (z%,x) <e < —m (z%,:v) —a' ey < e+ (z%,x) — T (z%,:v)) ,

‘P020 (Z%,ZS,I') = Pr (E% < _W% (Z%,l‘) 763 < _7]—3 (Z%,l‘)) )
P121 (Z%,Zg,ﬂ?) = Pr (6% > _ﬂ-% (Z%,l‘) - 052763 > —7'('5 (2373:) - 042) ’
PO21 (Z%,Zg,&?) = Pr (6% < _ﬂ-% (Z%,ZE) 763 > - (Zgax))

2
2

+Pr (—Wf (z%,x) <ea<-—nl (zf,yc) —a? &> e + 7} (zf,x) — 73 (zg,:v)) ,
PEO(Z%VZ%"Q:) = PT(E% > _W% (Z%7:E) - O-/Qaeg < —W% (23737) - a2)

+Pr (—7?% (zf,a:) <& < —n? (zf,m) —ata<adn? (z%,x) — 72 (zg,m)) ,
where 7} (21, 2) = 2 +Bia-+3} (P’ (z) + Py () and w} (zh, ) = 2+ Bia—+3} (P (2) + Py’ ().

The equilibrium of the game is defined as the fixed point
[Py (), Poy (), Pig (@), Py (), By (), Pig ()]

of the following system:’

9Note that there are 3 free probabilities for each player, and they uniquely characterize the pure strategy
for each player.
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> _nl (Z1,5) — o, éb < - (Z3,2) — at) Jo]

v) <6 <-m (Zi,2) — o' e < e + 7| (Z),2) — 75 (23, 2)) |2] |

Py (z) = E[Pr(e <—ni(Z7,2),6 > -7 (Z3,2)) |z]
2

+E [Pr(—7i (Z},2) < € < -7} (Z1,2) — &® 65 > € + 71 (Z7,2) — 75 (Z3,2)) |z] ,

Pi(z) = E[Pr(e¢ > —m; (Zi,2) — o, 65 < —m5 (Z3,2) — o”)|x]

+E [Pr (—ﬂf (Zf,a:) << —n? (Zf,x) — o’ <4l (le,x) — 72 (Z;,:v)) |3:} ,

where 7} (Z],z) = Zi + Bz + & (P (z) + Py’ (z)) and
m (Z3,x) = Zj + Byx + 03 (P’ (2) + Por' (@)

Similarly, if o' > 0 and a? > 0, the conditional choice probabilities are

1 (1 1 _ 1,1 1o 1 1,1
PH(Zl,ZQ,ZL“) = Pr(—7r1 (zl,x)—a <eg < —m (zl,x),
1
1
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where 7} (2}, ¥) = 2{+Bia+0} (P’ (z) + P’ () and 7h (25, ) = 25+ Bia+65 (P’ (z) + Poy' (2)).
The equilibrium of the game is defined as the fixed point
[Pl (), Por (), Pig (x), P (2), Py (x), Py («)]
of the following system:

Pl(z) = E[Pr(-m (Z{,2) —a' <e < —m (Z}.2) 65 > —€; — 7 (Z],2) — 7} (Z3,2) — a') |z]
1
1
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Pl(z) =E [Pr (e > —n} (27, %) &5 < —73 (Z3,2) — o) |z]

where 7} (21, z) = z{+Bia+0} (P, (z) + Py’ (), and 74(25, ) = 244 Bix+85 (P’ (z) + Py’ ().
For the cases of a* > 0, o < 0 or o < 0, o > 0, the exact forms for the equilibrium condi-
tions are different, but an equilibrium always exist by Brouwer’s fixed point theorem under

Assumption 2.2.3.

Example 2.2.1 (Equilibrium Beliefs). As an illustration, consider a game with x € {—1,—0.5,0.5,1},

e e U[—4,4], and Z; RS U[—10,10]. Parameter values for the game are given below:

Table 2.1: Parameter Values

Bi By o 6 o B B 0 05 o
15 1 —1 —05 —1 1 15 —1 —15 —2

Equilibrium beliefs for different x are calculated and presented in the following table:

Table 2.2: Calculated Equilibrium Beliefs

Plll(x) Poll(m) Pllo(x) P121(95) P()Ql(l') P120($)
r=-—1 |0.1389 0.2832 0.2455 0.0970 0.2582 0.2994
r=-—0.510.1627 0.2818 0.2570 0.1165 0.2722 0.2996
xr=0.5 |0.2155 0.2737 0.2748 0.1605 0.2952 0.2949
r=1 0.2445 0.2670 0.2811 0.1850 0.3043 0.2900

2.3 Sequential Identification

In this section we study the identification of the game. The parameters of interest are o
and [3¢,0:]" for i = 1,2 and k = 1,2. We use a sequential identification strategy that is
widely used in the econometrics of games literature, see Bajari et al. (2013), Aguirregabiria
and Mira (2007) and references therein. Following Bajari et al. (2013), Aguirregabiria and

Mira (2007) we assume there is a unique equilibrium in the data.
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Assumption 2.3.1 (Unique Equilibrium). For each given X = z, data is rationalized by a

single equilibrium.

Under Assumption 2.2.4 and 2.3.1, the beliefs are identified. From now on we treat the

beliefs as known.

2.3.1 Stepl: Identification of the Sign of the Complementarity Parameter

Lemma 2.3.1. Under Assumption 2.2.1-2.5.1, the sign of o' is identified for i = 1,2.

Proof. See Appendix B.2. ]

2.3.2 Step2: Identification of Structural Parameters

Given the identified sign of the complementarity parameter, in this section we establish the
identification of structural parameters. For i = 1,2, define St = €} + 31X + 0! P, /(X), Si =
€4+ BiX+6LP (X)), Sl = —él —BiX =01 P (X)) —al, S5i = —b— B X —6,P; (X )—a'. Define
Si =+ BIX +8 P (X) +0l, S = —6y— BLX =83y (X), S} = —€ — BiX =8P (X)),
and Sy = € + BiX + 6Py (X) 4 of. Define vi(X) = [X, P,1(X)]T.

Assumption 2.3.2 (Support). Given each X = z, the conditional support of S* is a subset
of the conditional support of (—zi, —24), the conditional support of S' is a subset of the
conditional support of (2%, 2), the conditional support of S is a subset of the conditional

support of (—zi,24), the conditional support of S' is a subset of the conditional support of

(ZL _ZE)

Example 2.3.1 (Illustration of Support Condition). The support condition is easily satisfied
if the support of =i is relatively large while the support of €k is relatively small given any x.
To see this, consider the game we studied in FExample 2.2.1. The support condition is satisfied
in this game. The following table illustrates the support condition for x =1 (illustration for

other x are given in Appendix B.1):



Table 2.3: Illustration of Support Condition (x =

66

1)

Support of S} and S;:

[-2.9751,5.0249]

[-3.2446,4.7554]

Support of S7 and S3:

[-3.5256,4.4744]

[-3.2672,4.7328]

Support of —z!

7
and —z3:

[-10,10]

[-10,10]

Support of S} and S3:

[-4.0249,3.9751]

[-3.7554,4.2446]

Support of S? and S3:

[-2.4744,5.5256]

[-2.7328,5.2672]

Support of 2! and 2

[-10,10]

[-10,10]

Support of Sj' and S

[-3.9751,4.0249]

[-4.7554,3.2446]

Support of 52 and S52:

[-5.5256,2.4744]

[-4.7328,3.2672]

Support of —z{ and z%:

[-10,10]

10,10]

Support of S;' and S

[-5.0249,2.9751]

[-4.2446,3.7554]

Support of S}? and S,

[-4.4744,3.5256]

[-5.2672,2.7328]

Support of zi and —z4

[-10,10]

[-10,10]

Theorem 2.3.2. Suppose Assumptions 2.2.1-2.8.2 hold, and suppose E[vi (X)vi (X)'] has

full rank fori=1,2 and k = 1,2. Given the identified sign of o,

of o' are identified as follows:*°
(i). If o' <0,
? e CICCSETSSH
f e CICIESETS N

o=-alf4f

(ii). If o' >0,

s 4]
s[4

82P17'1 217227X>
E
021023 dz dzl] * {/ /

8L, 64"

and the magnitude

aZPéO 217Z27X)

dzidz
021074 = 211 ’

azpéo 217Z27X)

dzidz
021023 “ ZQ} ’

82P(§0 Z17 22’ X)
021074

dzédzi} .

10Note that I could replace the integration in the following formulas with expectation, but since we are
not going to use this estimator, we will leave the original form here.
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Bi i i T 82P110 Zlvz2aX) i 3.0
(51 - <E [Ul (X) Uy (X> ] |: / / azla i d22d21:| )

B . i i T PP (21,2, X)
|- (B [05 (x) o} (X)] { / / EEE dzlsz],

. 82Pl Z 28 X) S 82P1 z P X) L
e r) 01 1) ~2» dzdl o / / 10 \~15 ~2» dzdz .
“ / / 021023 #2021 021023 #2041

Proof. See Appendix B.3. n

Remark 2.3.1 (More than two actions). Notice that just like in Fox and Lazzati (2017),
this identification strateqy doesn’t trivially extend to the case when we have more than two
actions. More restrictions are needed. One important restriction is the existence of a vector
of actions that is known by the econometrician such that if the vector is a “local maximizer”,

then it is also a “global mazimizer”.*t

2.3.3 Simple Alternative Forms for the Identified Structural Parameters

An estimator directly built on Theorem 2.3.2 (or its equivalent form with integration replaced
with expectation) requires estimation of cross derivatives of conditional choice probability,
which is cumbersome to implement. Thus, based on the insights from Lewbel (2000) and
Lewbel et al. (2012), we propose simpler alternative forms for the identified parameters (un-
der slightly different rank conditions). The resulting estimators for the structural parameters
that circumvent the need to estimate cross derivatives. These estimators make use of knowl-
edge of the supports of the latent component of utilities, which are identified as stated in

the following lemma.

HSee Appendix D of Fox and Lazzati (2017) for details.



68

Lemma 2.3.2. Under Assumption 2.2.1-2.5.2, for i =1,2 and k = 1,2, the support of S.,
Si S and Sy are identified.

Proof. See Appendix B.4. m

Given the result in Lemma 2.3.2, we also identify regions in the support of special re-
gressors that go beyond the support of these latent part of utilities. We call these intervals
near-tail intervals from now on, as they are intervals close to the tail of distribution of Z}
or Zi. Specifically let Z4(L) be the identified interval near L in the support of Z, let Z}(L)
be an identified interval near L in the support of Z%, let Z4 (U) be an identified interval near
U in the support of Zi, let Z,/(L) be an identified interval near L in the support of Zi, let
Z,/(L) be an identified interval near L in the support of Zi, and let Z,'(U) be an identified
interval near U in the support of Zi. The exact forms of Z4(L), Z¢ (L), Z (U), (L), T (L),
and T, (U) are given as follows: Zi(L) = [L,—UL), T{(L) = [L,—U%L], ZL(U) = [UL,, U],
Ti(L) = [L,~U3), and Zj(L) = [L, ~U3).

Let Wi, = 1(Z} € Ty(L), let Wi, = 1(Z} € T} (L)), let Wy, = 1(Z € T (1)), and
let Wi =1 (Z{ €I (L)).12 Given the identified sign of complementarity parameter and

the identified supports, the identification of structural parameters are given as follows:

Theorem 2.3.3. Suppose Assumptions 2.2.1-2.5.2 hold, and suppose matrices E [vi (X)vi (X)T W;L] ,
E [v% (X)vi (X)T fL] , E [Ui (X)vi (X)" NQL} , E [vé (X) i (X)" 1’}4} are of full rank.

Without loss of generality, for some constant ¢ known to be in the support of —Si, g,@,

— 8, Si and S and —S}, it holds that'?

(i). If o <0, [Bi,01]" is identified as

(B[ ()0 () W5,]) E [ () (—Dé‘) ﬂlz(fzz)o) —- > WgL] |

12Tn general, these near-tail intervals also changes with x, but we suppress z in the notations for brevity.

IBNote that this constant could be different across 5};7 §,’€7 S,/f and §,/j fori=1,2and k = 1,2. We do not
give additional superscript or subscript to ¢ as it doesn’t change the identifying equations but complicates
notation.
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(8%, 04]" is identified as

(B s 0007 wL]) e [ (- Bt EZ AL g,

o' is identified as

Diy+1(Zi > ¢)
F(Zi125, X

E [D’n —1(Zi>¢)

(7125, X) —me (”}

def;'(U)}JrE{

(ii). If o' >0, [BL, 847 is identified as
i i o 1\ i Di,—1(Zi > ¢ —~.
(st oot 00 8] ) m o o) (P2 i
1142
(8%, 08]" is identified as

(B [v () ()" W13 ]) g [vg (X) (— Dé} (_Z;L](Z? )?) ) c) W{Z} ,

o' is identified as

E[Dgl—l(zwc

/o DZ —1(Z >C
: Zz 1 U _F 10
taa Aeno) B[P

1 (Z173, X ‘ZZ

Remark 2.3.2. The forms of these identifying expressions could be further simplified if

Zi L ZY X and/or Z' L X. For example, suppose o' <0, and both Zi 1 Zi|X and Z' 1 X

hold. Then the identifying formula for |5, 6T can be simplified to:

Di,+1(Zi>c)—1
f(Z)

(E[vf (X) i (X)T])l E {vj (X) (— - c) |z e (L)] |

2.4 Estimation

Since our identification is constructive, a semiparametric estimator is directly available.

2.4.1 Preparation: Estimation of Near-Tail Intervals

The near-tail intervals could be consistently estimated in a number of ways. Here we in-

troduce a very simple estimator that exploits the rectangular supports of both unobserv-
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ables and exclusive observable variables. As an illustration, consider the estimation of
T4(L) = [L,—Ul)], which could be obtained by recovering (U!,U%). Based on the ob-
servation that for any given z, it holds that Pj, (2%, 24, z) = 1 if —z} > U!, and —z% > U,

(or equivalently, L < 2! < —U! and L < 2} < —Ul), which implies that D}, always equal
to 1 as long as (2§, 23) € Zi(L) x Z4(L). Given the rectangular shape of supports, the region
Ti(L) x Zi(L) is uniquely determined by (U?

sl

U%). Thus an estimator for Ul = (U?,UL,)
could be constructed as the solution to the constrained maximization problem:
U= (U4 —Up)=  argmax (s — L)(z — L),
(271725)6{(Z1m7zém) %:1
subject to:

all observations with Z{, < zi and Z},, < z have their corresponding Dj,, = 1.

The following lemma establishes consistency of this estimator.
Lemma 2.4.1. Under Assumption 2.2.1-2.5.2, it holds that ﬁ; 5 U,

Proof. See Appendix B.6. O]

Consistency of this estimator implies consistency of [L, ~U i) and [L, ~U ] for Zi(L) and

~.

Ti(L) respectively. Similarly, we also obtain estimates for near-tail intervals T4 (U), Z,' (L),

/-

T/(L), and Z,}(U), all of which are consistent by the same logic as in Lemma 2.4.1. Thus,

from now on we proceed as if these quantities are known.

2.4.2 A Three-Stage Least Squares Estimator

Step 1. Estimate the sign of complementarity parameter and near-tail intervals.

M ~. . .
sgn (o) = sgn (M mZ:1 e , (2.2)

MIgnoring estimation error from some initial stage estimation of subset of the support is common in the
econometrics of games literature. See Xu (2014) and Lewbel and Tang (2015), both involve consistent
estimation of a subset of the support in an initial stage.
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where for generic (2%, 2%, )

-~ . . a 27]\7{:1 DimKh((Zim’zém)_(zivzé>)1(Xm:55)
0P} (4, %5, 2) _ ~ \ S0l Eal((Zin Z,)~(31,48) J1CXn=)

i = i v
024 02

(2.3)

) ) . Zi 7L )—(zi,2] . . .
where K, ((Z1,,, Z3,) — (21, 25)) = 72 K (( - 2’",3 G ZQ)), and K () is a bivariate (product)
kernel. As will be discussed in the next section, the estimated sign of complementarity
parameter will have no effect on the asymptotic distribution of the remaining structural

parameters.
Step 2. Estimate the equilibrium beliefs and construct the regressors.

For some generic x, the corresponding beliefs could be estimated as:

i) = Do (DG = (L) X =) 110G =00 K= )
Zm:l 1(Xm =2z)
ﬁ;i(w) _ Zm:l (1 (D;zz = (07 1) X = ZB) +1 (D;zz = (1’ 1) X = ZL‘)) (25)

Z%:l 1(Xp =) ’

The regressors corresponding to action 1 and 2 for observation m are constructed as
' DH—i T j —i T
V(X)) = [Xon, U (X)) 5 and 05(Xon) = [Xo, P " (X))
Step 3. Estimate the structural parameters based on the estimated sign of complementarity
parameter and estimated near-tail intervals.

For example, if o’ < 0, and suppose that we set ¢ = 0, then [3i,61]" could be estimated

as

(Xm) f(z;‘m\z;m,xm) WQZLm
M ?
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and [3%,03]" could be estimated as

~. _ A , LM Dy +1( 25 >0) =1 oy
B (S8 (X) B (X)W, | 2ot ) TRz ) Vi
S M M '

o' will be estimated as

2

M Di1m_l(zfm20) i M Di, -&—1(Z1 20)—1 .
Lot FtinlZig i) 20m Lot ~ iz ey Wt

+
M 3 M i
Zmzl WQUm Zmzl WQLm

(2.6)

2.4.3 Trimming

Given definition of our estimator, for the asymptotic theory to be developed in the next sec-
tion to work, trimming for Z}  and Zj . is required. We use a fixed trimming strategy that
excludes a small but fixed boundary range from the support of Z{  and Z. . Following Lew-
bel and Tang (2015), we do not explicitly write out the trimming function in our estimator.
In the proof, this is explicitly accounted for by only evaluating estimated unknown functions
on compact subsets of the corresponding supports that exclude the boundary ranges. Note
that focusing on the subsets do not affect identification (or consistency) because as we have
shown in the identification part, every value for Zi ~and Zi in the near-tail-intervals can

deliver identification, and we do not need to use all of them.

2.5 Asymptotic Theory

In this section we establish the asymptotic properties of our proposed estimator. In Section
2.5.1 we will show that the estimated sign of complementarity parameter converges at rate
that is faster than root-n. These facts imply that the first step estimation will not affect the
asymptotic distributions of structural parameters estimated in later steps. Thus in Section
2.5.2 we will establish root-n asymptotic normality for estimated structural parameters as if

near-tail intervals and sign of complementarity parameters are known.
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Deﬁne Yo’i (dllnw Zim’ Zé’mﬂ Xm)7 ng = (d60m7 Z{m’ Zém’ XW)’ XZ (Zim7 Z’L

2m7X )’
v = f(z1, 5l0) f(x), 71 = E(Djl2, 25, @) f (21, z3]2) f (2), and 75 = E (D2, 25, x) f (1, 2b|)
Define 7;, = [v§,7{]" and ~§ = 5. Let

M

Z Zims Zam) = (21:22)) L (Xon = @),

m=

and

zD (Zi Ziy) — (2.43)) 1 (X = 1)

HN

Define 7, = [7i,71]7, and define v* = [v¢*,7#*] T to be the true functions. Let d' = [1,d}, di],
di, = [d{,1]T and dj, = 1. We use V; to denote the operator of partial derivative with respect

i
to z5.

2.5.1 Consistency and Rate of Convergence for Estimated Sign of Comple-
mentarity

Define ¢/, (x,7.) = Vi 2% and

z27

i i Vi L. ’Vi 1 i %* 1
Q4 (x28) = Vg (125 2ot ) = Vg (1= 25 ) ot - 26 vt
( ) 2 702 70 2 702 80 702 6" ?

Let F be the true distribution of X, and let [ dF} denote expectation with respect to X.

For [ Q' (x,~.)dF}, applying integration by part to its second term gives

[ @ieandr: = [ 3 v i 27)

s=0,1

where the exact form of ¢’ (x) are given in appendix. Define d’, = [1,d}] and D? = [1, D}].
Define ¢!, (x) = [¢¢ (x), %%, (x)]T, and V2 (y!) = ¢! (x)d}, — E [¢¢, (X) D¢ ]. In this section,

OP}(Z 1 25 X )
8z§

we show that % Z%zl converges at +/n rate, which implies that its sign
converges at faster than /n rate. Similar to Lewbel and Tang (2015), the proof builds on

chapter 8 in Newey and McFadden (1994).

[ ().
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Assumption 2.5.1 (Unknown functions). (1). 75, 7i* and v%* are continuously differentiable
in z' up to an order § > 2 given any x, and the derivatives are continuous and uniformly

bounded over the support of z'; (ii). Vi is bounded away from zero over the support of z'

—=il||P .
given any x; (iii). There exists p > 4 such that E H D H ] < oo and for any given z,

E|

—i||P . . . X
’D H |zl,x} f(z'|x) < oo uniformly over the support of z'.

Note that under Assumption 2.5.1 the derivatives and second derivatives of ¢', (x,7%)
with respect to 7/, are all bounded over x. The next assumption imposes restrictions on an

additional derivative term created via integration by parts.
Assumption 2.5.2 (Derivative-a). V; (Jog") is continuous in z' and bounded over x.

Assumption 2.5.3 (Kernel). (i). K(:) is bounded and differentiable of order g and partial
derivatives are all bounded; (ii). [ K(t)dt = 1, K(-) has 0 moments up to order ¢ < g,
[T K ()] dt < oo; (idi). K(-) =0 outside a bounded set.

Assumption 2.5.4 (Bandwidth). v Mh? — 0, <%> h* — oo as M — oo.

Assumption 2.5.5. (i). There exists a constant ¢, > 0 such that E | sup |, (X +n)|*| <
lInll<cé,

00 for kb =1,2; (ii). E [|ld;, (X,7") + vi (D] < o.

Lemma 2.5.1. Under Assumption 2.2.1-2.5.5, s@) = sgn (o) + o, (M~1/2).

Proof. See Appendix B.7. O

2.5.2 Root-n Consistency and Asymptotic Normality for Estimated Struc-
tural Parameters

Without loss of generality, we establish the root-n consistency and asymptotic normality for

estimated structural parameters when o < 0. In this case, the forms of the estimators are
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given in Section 2.4. Let 6} =[B!, d!] and 5§ = [3{,3}] Define

o (x.76)
z() i Dgo—{—l(z{ZO)—l
= v (z)w .
PR [ ()25, 2)
(Dio +1 (21 >0) = 1) [ (t) dty

Y

Yo

= vi(@)wy,

Define Q% (x,75) = Jip7e- A major step in the proof shows that Q?, (x,74) has the following

representation:

[ Quutxaiir = [ i ()i 238)
where the exact form of 1},, (x) are given in appendix. Define v}, (yj) = ¥,(x) — u',, where
1 = E [ (X)].

Assumption 2.5.6. (i). There exists a constant ¢ > 0 such that E I

A\

sup |90 (X + 1)

lInll<cy

.. . .* . . 2
o0; (ii). B |llafy (X,737) + viy (¥§)|] < o0.
The next theorem gives asymptotic distributions for our estimated parameters:

Theorem 2.5.1. Suppose Assumptions 2.2.1-2.5.4, 2.5.6 hold, and the rank conditions in
Theorem 2.3.3 are satisfied. Then it holds that for k =1,2

VM (8- 0) 5 N (0.9;). (2.9)

and VM (@' — o) 4N (0,Q4:) - (2.10)
Proof. See Appendix B.8 O]
2.6 Monte Carlo Simulations

In this section we conduct a small Monte Carlo study of the performance of our estimator

in finite samples given knowledge of near-tail intervals. We construct two DGPs: a game
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with substitutable actions and a game with complementary actions. Like in Lewbel and
Tang (2015), we use the tri-weight kernel function K (t) = 22 (1 — 2)°1(Jt| < 1). We set
bandwidth to be h = 4M /9.

DGP1.(Game with Substitutable Actions) Parameters for both players are set
according to Table 2.1. X follows discrete uniform distribution over {—1,—0.5,0.5,1}, €. ESE
U[—4,4], 2 "< U[-10,10].

Table 2.4 and Table 2.5 shows the performance for our estimator for [}, 1] and 33, d3].
In these tables "LQ” denotes the 25% quantile, ”UQ” denotes the 75% quantile and " median
no. of obs” denotes the median number of observations contained in the near-tail intervals,
which gives an estimate of the number of observations actually used in estimation. Given
that the mean is close to the true value for both sample sizes, comparison of the "MSE”
column between these two tables show clear evidence of convergence to the true value as

sample size increases.

Table 2.4: Estimator for [81,d1]" and [3},63]7, M = 1500, 200 repetitions

true value mean median LQ UQ MSE median no. of obs
h 1.5 1.341  1.358 1.096 1.590 0.173 300
3\% -1 -0.909 -0.915 -1.387 -0.427 0.505 300
A21 1 0.871  0.847 0.641 1.114 0.173 299
3} -0.5 -0.394 -0.441 -0.817 -0.009 0.400 299

Table 2.5: Estimator for [8},81]", and [34, 03], M = 3000, 200 repetitions

true value mean median LQ UQ MSE median no. of obs
h 1.5 1.542 1538 1.320 1.762 0.122 599
3} -1 -1.073  -1.094 -1.343 -0.732 0.215 599
A21 1 0.947  0.960 0.758 1.157 0.095 599
3\5 -0.5 -0.452  -0.432 -0.780 -0.083 0.293 599




Estimator for o', M = 1500 and 3000, 200 repetitions

true value mean median LQ

UQ MSE

Table 2.6:
M = 1500
M = 3000

-1 -0.853  -0.866
-1 -0.962  -0.968

-1.199 -0.541 0.252
-1.216 -0.722 0.111

7

Table 2.6 represent performance for estimation of !, the parameter that quantifies the

degree of substitutability between two actions. We can see that the estimator is well centered

and its MSE decreases with sample size.

DGP2.(Game with Complementary Actions) Everything else is the same as in

DGP1 except that now o' =1 and o? = 2.

Table 2.7 and Table 2.8 shows the performance for our estimator for [3],d1] and |33, 63].

Given that the mean is close to the true value for both sample sizes, comparison of the

"MSE” column between these two tables show clear evidence of convergence to the true

value as sample size increases.

Table 2.7: Estimator for [],d1]" and [33,63]T, M = 1500, 200 repetitions

true value mean median LQ UQ MSE median no. of obs
! 1.5 1.343  1.378 1.070 1.615 0.181 300
3} -1 -0.894 -0.939 -1.281 -0.534 0.345 300
A21 1 0.800  0.802 0.488 1.111 0.235 299
g% -0.5 -0.376  -0.408 -0.759 -0.009 0.338 299

Table 2.8: Estimator for [3},d1]", and [34, 03], M = 3000, 200 repetitions

true value mean median LQ UQ MSE median no. of obs
h 1.5 1.457 1471 1229 1.675 0.113 599
3} -1 -1.003 -1.040 -1.327 -0.590 0.274 599
A21 1 0979 0971 0.774 1.183 0.074 599
3\5 -0.5 -0.456 -0.483 -0.802 -0.006 0.314 599
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Table 2.9: Estimator for o, M = 1500 and 3000, 200 repetitions

true value mean median LQ UQ MSE
M = 1500 1 0.954 0972 0.585 1.295 0.211
M = 3000 1 0.999 0.957 0.787 1.217 0.102

Table 2.9 represent performance for estimation of o', the parameter that quantifies the
degree of complementarity between two actions. We can see that the estimator is well

centered and its MSE decreases with sample size.
2.7 Concluding Remarks

In this paper we study the identification and estimation of static games of incomplete in-
formation in which each player faces two complementary (substitutable) actions, and could
take one, or both, or neither of them. Each player has two pieces of unobservable private
information, one for each action and drawn from a bivariate distribution that is unknown
to the econometrician. Identification relies on player-action specific state variables that are
private information among players when the game is played, but available to the econometri-
cian afterwards. We show that the structural parameters in this model are identified when
such player-action specific state variables are additively separable and have large supports.
A simple estimator for the structural parameters is proposed based on this identification
strategy. The estimator could be implemented easily by running a three-stage least squares.
We establish the root-n consistency and asymptotic normality of this estimator. A small
Monte Carlo simulation shows the efficacy of our methods in finite samples with moder-
ate sample sizes. There are at least two directions for future research. One direction is to
study the asymptotic distribution of our estimator when the estimation error involved in
the estimation of near-tail intervals are also accounted for. Another direction is to explore
ways that could make use of more data for estimation instead of concentrating on a small
amount of data near the tails. Additional restrictions could be helpful. For example, if the

error term is known to be conditionally symmetric, by the mathematical equivalence of a de-
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mand model for bundles and a potential game of complete information (see Fox and Lazzati
(2017)), the identification and estimation procedure developed by Zhou (2019) for games of
complete information under symmetry restriction could be directly applied here (the added

complication in our setting will be a generated regressor).
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Chapter 3

IDENTIFICATION AND ESTIMATION OF BINARY GAMES
OF INCOMPLETE INFORMATION UNDER SYMMETRY OF
THE UNOBSERVED PRIVATE INFORMATION

3.1 Introduction

In the recent two decades, there is a burgeoning literature on the econometric analysis of game
theoretical models, see Bajari et al. (2013) for a detailed review. In the study of incomplete
information games, a class of games in which some information is only privately observed
when the game is played, most applications assume a known parametric distribution of the
unobservable private information (or the error term for short), see Seim (2006), Sweeting
(2009) and references therein.

Recently, efforts have been made to relax such distributional assumption. Aradillas-Lopez
(2010) studies identification and estimation of a discrete game of incomplete information
without a known error distribution. He assumes statistical independence between the error
term and all observed states, thus ruling out heteroskedastic games. Tang (2010) studies
identification and estimation of an incomplete information game under the median indepen-
dence assumption between error term and state variables. He establishes consistency for his
estimators without establishing rates of convergence. Wan and Xu (2014) studies identifica-
tion and estimation of a two-player binary game with correlated private information. They
propose a modified maximum score type estimator which is shown to converge at N~/3.
Lewbel and Tang (2015) studies identification and estimation of binary games of incomplete
information using the idea of special regressors developed by Lewbel (2000). Lewbel and

Tang (2015) uses a generated special regressor that is a function of equilibrium conditional

!Throughout this paper we use the term unobservable private information and error term interchangeably.



81

choice probabilities (CCPs) for identification, and their model could adapt heteroskedasticity.
However, their special regressor based identification strategy requires the special regressor
to have a support that is at least as large as the support for the error term, which equals
the whole real line if the error follows the commonly assumed normal or logistic distribution.
Magnac and Maurin (2007) points out that identification based on large support assumption
can only be used when the conditional choice probability increases from 0 to 1 over the
support of the special regressor, which is admittedly restrictive, and “represents a potential
obstacle to empirical applications.” For root-N normality, Lewbel and Tang (2015) further
requires an additional assumption for relative tail thickness between the error term and the
special regressor: when the error term has bounded support, it needs to be strictly contained
in the support of the special regressor; when the error term has unbounded support (im-
portant special cases such as normal or logistic error belong to this category), the special
regressor needs to have a support that is at least as large with infinite variance. Without
such restrictions, the rate of convergence for their estimator will in general vary between
N~Y/4 and N=2 (Khan and Tamer (2010)). The fundamental reason for such stringent
requirement is that identification of the structural parameters requires identification of the
whole error distribution using variation of the special regressor, and point identification will
be lost, for example, if an arbitrarily small part of the error support in the tail region is not
covered by the special regressor.

As ignoring heteroskedasticity and misspecification of the error distribution both lead to
invalid estimation and inference, an estimator that could adapt heteroskedasticity, is robust
to misspecification of error distribution, does not require stringent support or tail conditions,
and converges at root-N rate is highly called for. This motivates our paper.

Our paper provides an alternative method for identification and estimation of binary
games of incomplete information compared to the existing methods: we exploit the restriction
implied by symmetry of the error distribution. To the best of our knowledge, this is the first
paper that studies identification and estimation of a game of incomplete information under

symmetry restriction. Our method is inspired by Lewbel et al. (2020), which uses the central
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symmetry restriction of the error distribution for identification and estimation of multinomial
discrete choice models. We show that equilibrium condition and this shape restriction suffices
to identify a binary game of incomplete information without requirement of large support as
in Lewbel and Tang (2015). This means that we could allow for dataset in which the observed
range of conditional choice probability is any non-degenerate subset of [0, 1] instead of exactly
[0, 1]. For root-N asymptotic normality, we do not need restriction on relative tail thickness
as in Lewbel and Tang (2015). Support or tail requirement could be relaxed here, because
our identification strategy is more robust to possible nonidentification of the whole error
distribution. In our case, an excluded regressor could have bounded support that doesn’t
cover the error support, which could be bounded or unbounded. Excluded regressor with
bounded support is the case in most empirical applications. Although inspired by Lewbel
et al. (2020), we differ from their work in that they use the implied restriction for pdf while
we use the implied restriction for cdf when we construct identification condition as well as the
resulting estimator. The way we exploit symmetry is closer to the one used in Chen (2000).
Compared to Lewbel et al. (2020)’s approach, our identifying restriction allows for a larger
class of error distribution. In particular, uniform distribution or distribution that is flat
around the symmetric point could not be handled by a density-based identifying restriction,
but is allowed by our identifying restriction. An additional difference from Lewbel et al.
(2020) is that in our problem there is a generated regressor due to the first-step estimation
of equilibrium belief, which is handled using linear expansion with respect to the generated

regressor.

Our paper is related to a number of papers using central symmetry for semiparametric
identification and estimation. In a binary choice model setting, Chen (2000) studies estima-
tion of binary choice models under symmetry, and in particular, examines the efficiency gain
from imposing the symmetry restriction. Chen et al. (2016) finds that in a binary choice
model, the combination of central symmetry of error term and conditional independence
between error distribution and one regressor suffices to identify index coefficient and results

in a root-N consistent estimator of index coefficient. Zhou (2019) uses the central symmetry
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restriction for identification and estimation of a two-player binary static game of complete
information. Lewbel et al. (2020) use the central symmetry restriction for identification and
estimation of a multinomial discrete choice model.

The rest of the paper is organized as follows. Section 3.2 introduces the baseline game
and defines equilibrium. Section 3.3 discusses identification. Section 3.4 introduces our two-
step minimum distance estimator. Section 3.5 proves consistency and root-N asymptotic
normality. Section 3.6 presents results from a Monte Carlo simulation. Section 3.7 discusses

extensions. Section 3.8 concludes.

Notation For a generic random variable @), let {2 denote its support. For all random
variables except €, we use uppercase letters to denote the random variables and lowercase to
denote their realized values. For a L—dimensional vector v, let v[l] with 1 <[ < L be its I-th
element and v[—[] be the elements other than [. Let P,,, denote the sset of all 2-element
permutations in {l : i € Z,1 <1 < N}, where Z denotes the set of integers. For a positive
integer L, let 0y, denote a L—dimensional vector of zeros. For any finite set A, let card(A)

denote its cardinality. Throughout this paper, superscript ¢ denotes player 7.
3.2 The Baseline Game and Equilibrium

Without loss of generality, consider a binary game of incomplete information with 2 players.>
For i = 1,2, player i chooses an action D’ from the action space D = {0,1}. Let —i =
{1,2} \ 4, i.e., the player index for player i’s opponent. The payoff function of choosing
action 0 is normalized to 0, and the payoff function of choosing action 1 is specified as
UNZ,X) —é = &2+ XBi 4 BiD™" — &, where Z' € Qz C R is a scalar with nonzero
coefficient, X € Qy C R is a (row) vector of state variables, and ¢ € Q. C R is player i’s

private information. &', 3% are scalar coefficients, and ! is a (column) vector coefficient.?

2All discussions in this paper trivially generalize to a game with I players.

3The requirement for player-specific covariates to have nonzero coefficients is used in Lewbel and Tang
(2015). A similar assumption is also used in papers on single agent discrete choice models such as Lewbel
(2000), Chen et al. (2016) and Lewbel et al. (2020).
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Assumption 3.2.1 (Information on State Variables). (i). The realization of X is common
knowledge among the two players; (ii). The realization of Z' is player i’s private information

when the game is played, and observable to the econometrician (after the game is played).

From the econometrician’s perspective, this assumption introduces two pieces of private
information for player i: the observable private informaiton Z? and the unobservable private
information ¢é'. This assumption could be justified by the institutional background under
which players interact, by knowledge of players’ main focus in decision making, or by the data
collecting process. When lacking such information, it could be justified by examining whether
the probability of D~% = 1 changes significantly with Z? after controlling for other variables
that affect player —i’s payoff. In section 3.7, we study the situation in which Assumption

3.2.1 (ii) is changed to the situation in which (Z!, Z?) are also common knowledge.

Assumption 3.2.2 (Continuity and Conditional Independence). For i = 1,2, suppose the
conditional distributions of €, Z* and €' + o' Z* given X = x are absolutely continuous with
respect to the Lebesque measure and have bounded and positive Radon-Nikodym densities
everywhere on their conditional supports. We assume the following independence conditions

hold: (i). (Z',€Y) L (Z2,€%)|X; (ii). Fori=1,2, Z' 1 €|X.

The assumption that private information is independent across players conditional on
common information is a widely maintained assumption in the econometrics of games lit-
erature (See De Paula and Tang (2012) and Bajari et al. (2013)). Also notice that this
assumption implies that Fiizi x)(-) = Fex(+), and similar to Lewbel (2000) and Lewbel
et al. (2020), it allows for arbitrary forms of heteroskedasticity with respect to X. We also

focus on pure strategies defined as follows:

Definition 3.2.1 (Pure Strategy). A pure strategy for player i in this game is a mapping
gi:QZi XQXXQéi—>'D.

By definition D' = ¢*(Z*, X, ¢"). Based on his available information, player i forms a

belief about player —i’s action. In a binary game, this belief is completely characterized by
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the probability of event D~% = 1 given player 4’s available information. Formally, we have
Pr(¢7 (Z7,X,6")=12"X,é")=Pr (g7 (Z7", X, ") =1|X) =Pr(D~" = 1|X),

where the first equality holds by Assumption 3.2.1 and Assumption 3.2.2 (i).* Note that the
belief only depends on commonly observed state variable X . Intuitively, once X is known, Z°
and ¢ doesn’t contain any additional information about player —i’s action. Given Z¢ X, ¢

and belief Pr (D~ = 1|X), player ’s optimal strategy follows a threshold crossing rule:
D=1 (o'/Zi L XB 4+ BiPH(DT = 1|X) — ¢ > o) .

A pure strategy Bayesian Nash equilibrium (BNE) of the game is defined as follows

Definition 3.2.2 (Equilibrium). Given X, a BNE of the game is defined as the fized point

(PY™(x), P**(x)) of the following system in (P(x), P?(x)):

PYX)=E (1 (alzl L XA 4 BLPA(X) — >0

N——

X)),
|X> .

From now on, we use P’(x) to denote equilibrium belief given common observed state

PXX)=E (1 (a222 FXB 4 BRPYX)—E >0

N——

X = x and use P'(2%, x) to denote the equilibrium conditional choice probability for D = 1
given (Z°, X) = (z',x), for i = 1,2. As an illustration, we introduce a very simple game in

the following example, and compute its equilibrium beliefs:

Example 3.2.1 (Equilibrium Beliefs). Suppose for i = 1,2, Z* ~ Unif[—10,10], ¢ ~
Normal(0,2). Qx = {—1,1} and X takes each value with probability 0.5, and the true

constant term 1s zero. The parameters of the game are set as follows:

4Note that if private information is correlated across players conditional on X, belief will depend on
(Z, X, €).
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Table 3.1: Value of Parameters

S A B [ 5] 3
-1108(-05|-110.7]-0.6

The calculated equilibrium beliefs of this game are given in the following table:

Table 3.2: Calculated Equilibrium Beliefs

Equilibrium belief for player 1 | Equilibrium belief for player 2
X=-1 0.449 0.452
X =1 0.527 0.519

3.3 Two-Step Identification

Suppose the density of X with respect to the product of Lebesgue and counting measure
is given by f(x) = f(x.|zq)Pra, where P,; is the probability mass function for discrete
components of x and x € 2x. Suppose the econometrician has access to cross-sectional data

on players’ actions and state variables:

Assumption 3.3.1 (Data). The econometrician observes a random sample on players’ ac-

tions and state variables {(Z}, 7% X,,, D}, D?)}N_,.

We use a two-step identification strategy that is widely used in the econometrics of games
literature, see Aguirregabiria and Mira (2007), Bajari et al. (2013) and references therein.
In two-step identification, equilibrium beliefs are identified from data first, and structural

parameters are identified in the second step after plugging in identified beliefs.

3.3.1 Identification of Equilibrium Beliefs

Similar to Aguirregabiria and Mira (2007), Bajari et al. (2013) we assume that data is

rationalized by a single equilibrium:

Assumption 3.3.2 (Equilibrium). Given each X, the observed actions are rationalized by

a single equilibrium.



87

Following Aguirregabiria and Mira (2007), Bajari et al. (2013) and Lewbel and Tang
(2015), under Assumption 3.3.1 and Assumption 3.3.2, P}(X) and P?(X) are identified for
any X. Thus we treat P'(X) and P?(X) as known from now on.

3.3.2 Identification of Structural Parameters

As in standard binary choice models, structural parameters in binary games are only identi-
fied up to scale and normalization is required. Without loss of generality, we assume &' < 0

and normalize o = % = —1.° After normalization, we have that for + = 1, 2 the equilibrium

et

response is given by:
D'=1(=Z"+XB + 5P~ (X) —¢ > 0),

i

7. We normalize the coefficient of Z* to —1 (instead of

where ] = Idﬁl’ By = |a%\ and € = l;
1) to keep the sign of private information variables the same.
After plugging in the identified equilibrium beliefs, identification of structural parameters

combines the idea in Chen (2000) and Lewbel et al. (2020).

Assumption 3.3.3 (Conditional Central Symmetry). For ¢ = 1,2, given any v € Qx,
Fi(e'|lr) =1 — Fa(—¢€'|z) for any ' € Q).

Just like in Lewbel et al. (2020), the designation of the true center at zero is without loss
of generality, as any nonzero center could be “absorbed” by a constant term in the payoff
function (see the remark in the next section). Conditional central symmetry is satisfied by a
wide class of distributions including normal distribution, t-distribution, logistic distribution,

uniform distribution and Laplace distribution.

Remark 3.3.1. Assumption 3.3.3 implies that E(¢'|X) = 0 as long as the conditional ex-
pectation exists. In such cases, € and X are mean independent, which implies uncorre-

latedness. This means that € and X will be statistically independent if they are jointly

SIf the sign of ! is unknown, it could be identified as ]E(apiéf: ’X)) and be estimated at faster than

root-NV rate, see Lewbel (2000).
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normal. Except for this special case, X are € are not independent in general, and het-
eroskedasticity, the situation in which X affects the conditional variance of €', could be
allowed. For example, suppose X ~ Bernoulli(0.5) on {1,2}, and the conditional distri-
bution of € given X = x is N(0,2?). X and € are not independent here, as it holds
that Pr(e" < e) = 0.5®(e) + 0.59(%) and Pr(e" < e|X = 1) = ®(e), which implies
Pr(e <e)—Pr(e <elX =1) = 0.5[®(5) — ®(e)] # 0 for e # 0.

For i = 1,2, let X} = (X, P7(X)) € Qx x [0,1] € R**! be the (row) vector of all
covariates excluding Z' for player 7, let X' = (7%, X) € Qzix)y C RE*1 denote all the
state variables that are observable to the econometrician, and let X, € Qx. C R%c and
X4 € Qx, C R denote continuous and discrete state variables in X respectively, where
L.+ Ly = L. Similarly, let X’ and X/ denote continuous and discrete state variables in X"

respectively. By construction X! = (Z*, X..), X}, = Xy, and dimension of X’ is L. + 1.

Intuition for Identification

For notational convenience, let 3" = (8i7,8:)" and let B be its true value. Notice that
under Assumption 3.3.2, the value of X; is completely determined by the value of X. The

conditional choice probability of D' = 1 for player ¢ given Z¢ = z* and X = z is
P'(¢',z) = E(D"|2", ) = Pr (—zi + X;,Bé > ei) = Fei‘zi’z<—zi + X;,@é) = FE%(—Zi + xé,@é),

where the last equality hold by Assumption 3.2.2 (ii). The conditional choice probabil-
ity E(D'|2*, ) as a function of (2*,x) is nonparametrically identified on €z x). The fact
that E(D'|2',z) = F.,(—2" + x,8)) implies that for a generic point (2*,2%) € Qzi x),
E(D*|z*, z*) identifies Fiij,«(—2" 4+ x}"8}), which is the value of Fii|,-(-) evaluated at —z"* +
X" B3y

On the other hand, for some candidate value 3! that we choose from the parameter space,

if we evaluate the function E(D*|2*,z) at (—2" + 2x)'3", 2%) € Q(z: x), we get

E(D'| — 2™ + QXZ*,BZ', z¥) = F€i|$*(2i* — ZX;*Bi + x;*ﬁé).
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If the candidate value 3° happens to be the true value 3§, then we have
E(D'| — 2™ + ZX;*,Bé, x¥) = F€i|x*(zi* — 2X§)*,36 + X;*Bé) = Fei|x*(zi* — x;*ﬂé).
As under Assumption 3.3.3, it holds that
Fei‘w*(—zi* + X;*,Bé) =1- Fei‘x*(zi* — x;*ﬁé),
we have
E(D'[2",2*) =1 - E(D'| — 2" + 2x)* 3, z*),
for any (z”,2") € Qzi x). As (2™, 2"™) varies, this creates a set of equations that will

provide enough restrictions for identifying 3, as for 8" # 3, this set of equations do not

hold simultaneously in general. Based on this fact, define the following distance function

di(ﬂi;zi*,l’*> — E(DZ|ZZ*,J}*) - (1 - E(Dz| - Zi* 4 2X§)*52,1‘*)>

= P(z"2*) — (1 - P (—2" + 2x;*ﬁi,x*)).
The identification restriction could be rewritten using the distance function as:
d'(B"; 2%, 2*) = 0. (3.1)

By construction, it holds that d*(8; z*, z*) = 0 for any (2", z*); for B8 # B¢, d'(8'; 2", z*) =
0 does not hold in general (at least for some (2™, x*)). We will use this distance function to

distinguish 3¢ from B # 3.

Remark 3.3.2. Another way to look at this restriction is that for a distribution F,«(-)
that is known to be symmetric and continuous, the restriction Fp,.(—2" +x0B)) = 1 —
Flajpe (2" = 2xIB" + xI¥3)) implies that the center of the distribution is at X (—B" + B),

which coincides with zero (for any Xli)*) when B' equals 3},

Example 3.3.1 (Illustration of Identification). Continue with the game introduced in Ex-

ample 3.1, we illustrate our idea of identification in the following table:
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Table 3.3: Illustration of Identification

Support of Z* (—10,10)
Support of € R
Identified region in the support of €! when X = —1 (—11.026,8.974)
Identified region in the support of ¢! when X =1 (—9.459,10.541)
Restriction implied by Equation (3.1) when X = —1 | —1(8] — 0.8) + 0.452(835 +0.5) =0
Restriction implied by Equation (3.1) when X =1 (B —0.8) +0.519(B1 + 0.5) =0

The two implied restrictions on the parameters uniquely determine B{ = 0.8 and 33 =

—0.5.

Remark 3.3.3. Suppose the true center of € given x is some (unknown) N} instead of zero,
and suppose the first argument in X; 18 one so that there is a constant term in the payoff
function. Let x}[—1], B'[—1] and B}[—1] denote the corresponding vectors without their first

elements. We have
E(D'e", a") = Fajgie oo (2" + By [1] +3 [ 1] B[~ 1]) = Fuoje (=2 + B[]+, [~ 1] By [ 1]).-
If we evaluate the function B(D|2*, x) at (=2 + 206'[1] + 2x[-1]8'[-1], 2*) € Qzi x), we
get

E(D'| — 2 +26'[1] + 2x)'[-1]8'[-1], ")

Fue- (2" = 28(1] = 2% [-1)B'[-1] + By [1] + %[~ 1] By [—1]).
Then imposing
Feappe (=2 +Bp [+, [-1] By [~1]) = 1= Fuappe (2" =26"[1] =2x, [~ 1] B[~ 1]+ 85 [1] -+ [~ 1] By [~ 1])

implies that the center is at (—B°'[1]+ By[1]) +x [—1](=B'[-1]+Bi[—1]). We have (—B'[1]+
B[1]) +xu [—1](=B'[—1]+ By[—1]) = Ny This equation should hold for any x.*, and the only
way this could hold is when B'[1] = Bi[1] — Ny and B'[—1] = Bi[—1]. From this we can see

that our equality based on conditional central symmetry only identifies the difference between
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the true constant B4[1] and the true center Nj. Thus we could designate the true center \)
to be zero as a (location) normalization. With the true center sitting at zero, the identifying
restriction implies B'[1] = Bi[1]. Given this fact, we focus on the baseline specification of
the game with error term satisfying Assumption 3.3.3 with the knowledge in mind that if the
center of the error term becomes some unknown constant, simply adding a constant in our

payoff function will restore Assumption 3.3.3.

Formal Definition of Identification and Regularity Conditions

In this section we provide the formal definition of identification as well as a set of regularity
conditions that are sufficient to deliver identification based on the distance function we

defined. We first introduce the parameter space as follows:

Assumption 3.3.4 (Parameter Space). The true parameter (3} is in the interior of param-

eter space B, where B’ is a compact subset of RF1,

Following Torgovitsky (2017), Zhou (2019), and Lewbel et al. (2020), we introduce the

following definition of point identification:

Definition 3.3.1 (Point Identification). For every 3" € B', define the following set of co-

variates for player i:
D'(B') ={(z",2) € Qzix): (2" +2x,8",2) € Vzi x), and d'(B; 2", x) # 0}

The true parameter 3% € B' is point identified when Pr((Z', X) € D(B")) = 0 if and only if
B" = By, where 3' € B'.

Next we introduce regularity conditions on the data generating process such that (3} is
identified in the sense of Definition 3.3.1. First, notice that for any given x, the distance
function is only defined when evaluation points z* and —z’ + 2x! 3" both belong to Qi,.
Without further restrictions, it is possible that for some 3 # 3%, Pr((Z', X) € D'(3")) =0

simply because we cannot find any (2, ) such that (—z*+ 2X§7,3i, r) € Q(zi x). Thus we first
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introduce the following set of regularity conditions, which includes the condition that for
any given (3° we can always find “sufficient amount” of covariates with well-defined distance

function.

Assumption 3.3.5 (Regularity Conditions on Covariates). (i). For any constant vector
c € R¥, Pr(Xic=0) =1 if and only if c = Opyy. (ii). For every x € Qq, the conditional
distribution of of Z' given X = x is absolutely continuous with respect to the Lebesque
measure and has bounded positive Radon-Nikodym density everywhere over (i ,. (). Given
any X = x, there exists a subset Szij, C Qzij, with strictly positive measure, such that for

any z* € Szi, and any B' € B', —z' + QX;Bi € Qi

In Assumption 3.3.5, (i) is a standard identification condition ruling out perfect colinearity
among variables in X! and it is also used in Chen et al. (2016) and Lewbel et al. (2020). (ii)
guarantees continuity of Z*, and the identification of E(D?|z", x) as a function of 2*. (iii) is
a sufficient condition that makes sure that given any X = z, there is enough variation in z*
to guarantee that the distance function is well-defined over the parameter space.

There is one situation in which the identifying restriction E(D?|z™*, 2*) = 1 —E(D!| — 2™ +
2x7*3', %) (or in terms of the conditional cdf of €' Fiijpe(—2" + X} B() = 1 — Fuijpe (2" —
2x2 3" + x'3})) loses its identifying power, that is when —2* 4 x*8( is below the lower
bound of Q.i|, and z* — 2x*3" + x}* 3} is above the upper bound of Q.i|, (or —z"* +x*3j is
above the upper bound of Q.i|, and z* — 2x*3' 4+ x* 3 is below the lower bound of Q).
For example, when (2., is bounded, for sufficiently large 2%, —2* + X;*,Bé could go below
the lower bound of €, and at the same time 2™ — 2x2* 3’ + x* 3, could go above the upper
bound of .i,. The identifying restriction could not distinguish all 3 # 3} from B as long
as 2 —2x7* 3’ +x1* 3} remains above the upper bound of i,. Thus we impose the following

restriction to make sure that the equality restriction is truly effective:

Assumption 3.3.6 (Regularity Conditions on the Error Terms). Given any X =z, S.i|, =
{(—2' +x8) ¢ 2" € Qi U{2' —2xB° + x,0) : 2' € Qzi, and B' € B'} is a subset of
int(Qeqw).
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Essentially, given any X = x, S|, is the set of (paired) points at which we evaluate Fii|,(-)
as z' and B’ vary. We also define S, (8) = {—2'+x.8} : 2 € Qzi,} U{z' —2x) 8" +x] B} :
z' € Qi }, which is the set of (paired) points at which we evaluate Fii,(-) as z* varies for
some fixed B°. In applications with normal or logistic error distribution, we have Qeije = R,
and §2x, Qz:, and B! are bounded, then the requirement in Assumption 3.3.6 is always

satisfied. The following theorem presents result on point identification:

Theorem 3.3.2 (Point Identification). Under Assumptions 3.2.1-5.2.2 and 3.3.1-3.3.6, 3} €
Bt is point identified in the sense of Definition 3.5.1.

Proof. See Appendix C.1. m

3.3.3 Discussion: the Choice of Distance Function

While our identification strategy is similar to Lewbel et al. (2020) in that we all rely on
equality constraint on the true parameter implied by central symmetry, we differ in the
choice of the distance function (or the exact form of equality constraint). Lewbel et al.
(2020) constructs the distance function using pdf, while we constructs the distance function
using cdf. In Lewbel et al. (2020), because of the multinomial nature of his problem, a pdf
based distance function has simpler mathematical form compared to a cdf based distance
function.® A pdf based distance function like Lewbel et al. (2020) could also be a choice in
our problem, but like in their problem we will need an additional assumption of unique local
center (Assumption 5. (b) in their paper).This is because when Z* only has a relatively small
support compared to the error term, the equality restriction is only created at a subset of
evaluation points in the support of the error term, and this assumption guarantees that the
equality constraint based on pdf is truly effective in restricting the parameter on such subset.
The implication is that such subset cannot correspond to a flat part of the density, i.e., it
cannot be a density that looks like a uniform density. For example, suppose the true error

density is the uniform distribution on [~1, 1], and suppose that S|, = [-0.5,0.5], then the

6In the multinomial case, we need to work with the joint pdf or cdf of at least two random variables.
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pdf based restriction which requires that fei,«(—z" + x;*ﬁé) = feij (2™ — QX;*,Bi + x;*ﬁé)
puts no restriction on B at all, as feze (=2 + x5 8)) = fuijpr (2™ — 256" + x5 B)) = 3
for any 3° in the parameter space.” Such an identifying restriction is supposed to have low
identifying power if the density is close to flat. In contrast, our identification strategy will
still have identifying power even for flat densities, as in restriction Fiip,«(—z" + x;* B =
1 — Flipe (27 — 2xP* B +x¥* 3Y), by strict monotonicity of cdf for the continuously distributed
| yY p ~0 y Yy y
€' conditional on z, there is always effective restriction placed on (‘. The only case in
which our restriction places no real restriction is when 2% — 2X§)*/8i + xé*,@é goes out of the

conditional support of €, but this is ruled out by the fact that the conditional distribution

of € is continuous, and that Assumption 3.3.6 holds.
3.4 Two-Step Estimation

In this section, we introduce a two-step estimation strategy following our identification strat-
egy, in which the equilibrium beliefs and conditional choice probabilities are nonparamet-
rically estimated in the first step (using the simple Nadaraya-Watson estimator), and the
structural parameters are estimated in the second step. Trimming is necessary not only to
guarantee the validity of evaluation points for the distance function, but also to guarantee

fast enough convergence rate for all nonparametrically estimated functions.

3.4.1 The Trimming Function

Consistency and asymptotic normality of structural parameters require uniform consistency
of the first-step estimators over a compact subset of the relevant supports. In addition, as
we have discussed, for any generic 3, as d'(3%; 2", x) is only defined when both (2%, z) and
(—z' + 228", ) belong to Q(z; x), and thus we only want to evaluate d'(8'; 2*,z) at such
points. For this purpose, we use a “fixed trimming” strategy so that the distance function

and the belief function are only evaluated on a compact subset of the corresponding support,

"Similarly, the restriction in Zhou (2019) which requires that integration on two reflected intervals of
equal length being equal puts no restriction on the parameter.
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and a small and fixed proportion of observations near the boundary is trimmed out. Formally,

we introduce X as
{(¢,zq) : . € a compact subset of Qx, |z, excluding the boundary range for any z4 € Qx,},

and define Z! as a compact subset of zi|l» that excludes the boundary range. Let z, and
Z, be the lower and upper bound for Qy:,, then Z! takes the form of [z, 4+ §,%Z, — d] for a

small constant § > 0. Similar to Lewbel et al. (2020), we introduce a trimming function:

T;(Zi’x) (Z .flf) pcs Z(Zi7$)7—§((ziax)7
Whel“eT ( )E (ZX+6<ZZ<ZX 5)7 ;zf)csZ(ZZ X)_ ;(Z;csZmzn(ZZ X) ;csZmaz(Zi7X)
and TX(Z m) = 1(X € X). We define 7, Csme(Z’,X) =1(zx +0 < —Z'+2X28.,,,(X))

X) <Zx — 5) where /Bmm( ) and /Bmax( ) are

and 7¢ o

cs, me(Zi, X)=1(-2"+ QX;
the values of 3 at which minimum and maximum for X;ﬁi are achieved, respectively. Notice
that 7';., ,(2', r) makes sure that the z'— argument of the first term in the distance function
is always evaluated on Z7, 7/, ,(2*, 2) makes sure that the 2’— argument of the second term
in the distance function is always evaluated on Z!, and 7% (z',x) makes sure that the first
stage estimated belief and the z— arguments of the distance function are only evaluated on
X. Like in Lewbel et al. (2020), the trimming function does not depend on any particular
value of 3. In our problem, estimated belief from the first step will become part of the
regressors. But as beliefs (true or estimated) always belong to [0, 1], the belief times its
coefficient achieves extreme value only when beliefs equals 0 or 1. For example, when 3} is

always negative, we can replace the beliefs inside the trimming function with 1 to get rid of

estimated belief inside the trimming function:

() = 7‘ (2, QS)TCSZ(Z 7)Te (2, 1),

where Toi,Z(Zi’X) = 1(§X +5 S Zz S EX _5)7 csZ(ZZ X) = csme(Z X) ZZ7X)
and 74 (2", 2) = 1(X € X). We define 7, ,,..(Z°, X) = L(zx + 0 < —Z' + 22X}, (X) +

cs Z, max(
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By min) a0 7oy 7m0 (27, X) = U(=Z" + 2X"B] 1100(X) + B3 pmaw < Zx — 0).

Let SZZJ\ZI)}) be the set of covariates that survives the trimming, and by construction
SEZ]\ZT) = {(z%z) : 2 € ZI, -2 + Qx;),ﬁi € Z! for any 3" and any belief, and x € X}.
For any 3" # (B, let 2°(B3') be the set of x such that x (8" — 3}) # 0. By Assumption
3.3.5 (i), B° # B} implies Pr(X € 2°(8")) > 0.2 Thus, as long as the parameter deviates
from the true value, it’s always possible to find x such that x;(ﬂi — B4) # 0. Define
L(B) = {(z",x) : 2 € Szip, x € Z(B")}, and the trimming function must make sure
that such a set is not entirely trimmed out. Thus we have the following assumption on the

trimming function:

Assumption 3.4.1 (Trimming Function). For any 3' # 3}, /(8% ﬂSZZ]YQ) has strictly

» i i\NT
positive measure, and 7'(z',x) > 0 on Sé’zi ) and equals zero elsewhere.

Example 3.4.1 (Trimming Function). Continue with Example 3.1, suppose the parameter

62] wzthﬁZ <OﬁZ <051>O cmd52>0 Let ¢ = 10 — 6 for

B % (8

space is B = |3, 5] x

some small 6 > 0. One possible trimming function for this example could be

TZ(ZZ’Q:) (Z x) csmzn( Z +2w /Bmzn’ ) ésmaw( Z +2w 6max7 )’ (3'2)

where

7,(', ) = 1(|"] < ¢),

Tcismumc( Z _'_ 2w ﬁmax’ )

= 1| - =28+ 28| S Ol(x = —1) + 1(| — 2 + 25, + 2By < )1(w = 1),

Tcis,min( 2" +2CL‘ Bmzn? )

= 1| -2 =26, + 28] < )l(w = —1) + 1(| — 2 + 28, + 28} < )L(w =1).

8Note that this doesn’t rule out the possibility that for some x, the index might be zero.
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By construction, as long as (2,z) € SZ%})’ it is guaranteed that —z' + 2[x,p|3' € Z!

uniformly for any 3¢ € B and any p € [0, 1].
3.4.2 The Population Objective Function

Combining the distance function and the trimming function, we define the population ob-

jective function as

Q) = § El(r(Z, X)d(8; 7, X))
The following theorem presents identification result using this objective function, i.e., the
true parameter is the unique minimizer of the population objective function.
Theorem 3.4.2. Under Assumptions 3.2.1-3.2.2, 3.3.1-3.3.6 and 3.4.1, Q*(B") > 0 for any
B € B, and Q'(B") = 0 if and only if B* = 3.
Proof. See Appendix C.2. O

The result in Theorem 3.4.2 is used later in the proof of consistency.
3.4.3 A Two-Step Minimum Distance Estimator

Step-1. Estimate equilibrium beliefs and construct generated regressor.
When all variables in X are discrete, the belief could be estimated using a frequency esti-

madtor: N A
Py - S LD = 1%, =)
erzle 1(X, =)

In general, belief could be estimated with

_ e Da K (Xe — 2)1(Xa = a)
27]:7:1 Kh(Xn,c - xc)l(Xn,d = xd)

Y

P(x)

where K, (X, — x.) is the product kernel [/ Kn(Xpo[l] — zc[l]), Kn(Xnoll] — z[l]) =

X ell]—zcll
1 (Xnelll=acl

—=), and k(-) is the kernel function. Plug in the estimated belief we get the

generated regressor:

X; =z P_i(aj)].
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Step-2. Estimate structural parameters.

First, we estimate the distance function using a leave-one-out estimator:

d,(B8:7,X,) = P.(Zi,X,)—(1- P, (-Z +2X B, X,))

@f},—n(zﬂ? XTL) - @is,—n(Zna X?"w BZ)

where for generic (2, x),

ﬁi ( i ) Zizl,m;ﬁn valKh(Z:n - Zi)Kh(Xm,c - mc)l(Xm,d = xd)
(2 ) = : : 7
ZZ:l,m;ﬁn Kh(Z;n - zl)Kh(Xm,c - $c)1(Xm,d = xd)

and K, (Z! —2%) =+ k( "L ) with k() being the kernel function. Plug in the estimated dis-
tance function and apply the trimming function, the sample objective function is constructed

as
N

Q) = gy I X)L (3 21 X

Thus our semiparametric two-step minimum distance (MD) estimator is defined as

Bi = argminQy (8). (3.3)

BenB?

Note that this estimator is closely related to the one introduced in Zhou (2019) and
Lewbel et al. (2020) although we use a different distance function and we also need to
estimate equilibrium beliefs in the first step. Similar semiparametric minimum distance
estimator is also introduced in other problems that rely on equality restriction to identify
and estimate parameters. For example, Torgovitsky (2017) uses a semiparametric minimum

distance estimator to estimate nonseparable instrumental variables models.

3.5 Asymptotic Theory

In this section, we provide results on consistency and asymptotic normality of our proposed

estimator. Define ¢'(2*,z) = PY(Z!, X,,) f'(2", ), and f'(2",z) = f'(2", x|zq) Py,
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3.5.1 The Roadmap of the Proof

Define

an(B") = VaQy (') and Hy(B') = ViV Qy(8).
Smoothness of the sample objective function implies that first-order condition is satisfied at
B q}V(B\’) = 0741. The proof of consistency relies on showing that our sample objective
function Q% (3') satisfies the conditions in Theorem 2.1 of Newey and McFadden (1994).
Given consistency, the proof of asymptotic normality follows the following steps.

Firstly, application of mean value theorem at for q}v(,@z) at B3 gives
041 = gi(B) = di(B)) + Hy(B) (B — B),
where @' is a point between 3} and B! in parameter space Bi. Then solve for B¢ — Bi:
B'— By = —[Hy (8] d (B)).

The proof of asymptotic normality relies on showing Hi (87) & H', where

H' =E[r'(Z}, X,))|Vad (B 2", X))Vad (8 2, X))T],
and showing VNl (8}) % N (0,1, Q).
3.5.2 Consistency

In this section, we lay out assumptions needed for consistency of our estimator, and we
present the theorem on consistency. First, we need to impose smoothness assumptions on

the unknown functions involved:

Assumption 3.5.1. For i = 1,2, f(z'|x) and E(D!|2%,z) are s (s > 2) times contin-
wously differentiable in (z',z.) for all (2',x.) € Qzi x,)z, ond have bounded derivatives;
card(Qx,) < oco; P'(z) is s times continuously differentiable in x. for all x. € Qx |z, and has

OE(D!|—z'42x B¢ x) .
and ( |8zi o )zs

o " . i, NT
bounded derivatives; f'(z',x) is bounded away from zero on Sé’Zi’X),
NT

uniformly bounded on SZZi,X)'
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Note that Assumption 3.5.1 implies that ¢°(2%, z) is also s times continuously differentiable
in (2', x.) for all (2, z.) € Qi x.)z, and has bounded derivatives. Assumptions on the kernel

function are listed as follows:

Assumption 3.5.2. The kernel function k(-) is a s—th order kernel satisfying the following
conditions:

(i). k(u) = k(—u) for any u in its support and [ k(u)du = 1;

(ii). [ |ulk(u)du < oo for 0 <j<s;

(iii). [wk(u)du =0 for 0 <j <s and [wWk(u)du#0if j=s;

(). k(u) has bounded support;

(v). sup, |k(u)]? < oco.

Assumptions on the bandwidth are listed as follows:

Assumption 3.5.3 (Bandwidth). The bandwidth h satisfies:

(i). h — 0,
(ii). VN x 2425 — 0, and VN x h* — 0,
as N — 0.

Remark 3.5.1. The listed bandwidth conditions imply the following conditions:

(i). VN x logN — 0, which is required for uniform consistency of estimated belief at faster
than N~Y* rate;

(ii). VN x % — 0, which is required for uniform consistency of estimated distance
function at faster than N~'* rate;

(iii). VN x h? — 0, which is a small bias condition required for uniform consistency of
estimated distance function and estimated belief at faster than N4 rate.

(iv). N x hlet' — oo and N x hle — oo, which are part of the conditions required for

Hoeffding decomposition in the proof of asymptotic normality;
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The following theorem states the consistency result:

Theorem 3.5.1 (Consistency). Under Assumptions 3.2.1-3.2.2, 3.3.1-8.3.6, 3.4.1 and 3.5.1-
3.5.3, the semiparametric two-step MD estimator ,@Z defined in equation (5.3) converges in

probability to B3}.
Proof. See Appendix C.2. n

3.5.3 Asymptotic Normality

In this section, we lay out additional assumptions required for asymptotic normality and
present the theorem on asymptotic normality. For asymptotic normality to hold, an addi-

tional assumption is imposed on the population hessian matrix:
Assumption 3.5.4 (Hessian). Fori = 1,2, the population hessian matriz H® is nonsingular.

Theorem 3.5.2. Assumptions 3.2.1-3.2.2, 3.3.1-3.3.6, 3.4.1 and 3.5.1-3.5./, for1=1,2, it
holds that:
(). (Asymptotic Linearity)

The two-step MD estimator has the following asymptotic linear representation:
PO 1 L
VN(B' =) = () ;t; + 0p(1),
with

ty = &§(Z, X0, 2, +2X,,6,)(D, — P'(Z,, X))
(=25 + 2X5,80, Xn, Zo) ' (=2, + 2X,,80, Xn)
+ 283 C"(Xa) (D, = P7H(Xy)),

n

(D), = P'(Z,, X))

where £(Z%, X, —Z! + 2X§m[36) and C'(X,,) are defined in Appendiz C.J.
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(i1). (Asymptotic Normality)

The two-step MD estimator 1s asymptotically normal:
VNG = 81) 5 N (0pa, (B7) 0 (1)),

where QF = E(t1¢i7).

Proof. See Appendix C.4. m

Notice that each of the three components in ¢!, has some intuitive meaning. The first term
corresponds to contribution of the first term in the estimated distance function, the second
term corresponds to contribution of the second term in the estimated distance function and
the third term corresponds to the additional contribution of estimated belief. In addition,
we have further interpretations for the second and third term in the linear representation:

(i). The contribution to asymptotic variance of the second term will be large if the ratio

(25, Xn)

density at which we are evaluating the second term in the distance function, and the denom-

is large. Intuitively, the numerator in this ratio is measuring the value of

enator in this ratio is measuring the value of density at which we are estimating the second
term in the distance function. A large ratio means we are frequently evaluating the second
term in the distance function at points around which there aren’t enough observations for
estimation (and thus is poorly estimated), which results in large asymptotic variance.

(ii). If the true strategic interaction coefficient (%, is zero, then estimated belief doesn’t

contribute to asymptotic variance.

Notice that the influence function takes a rather complicated form, which might make
direct plug-in implementation for inference cumbersome, and bootstrap inference might be
preferred. We do not attempt to introduce and develop the asymptotic theory for a bootstrap

procedure here, and leave it for future research.
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3.6 DMonte Carlo Simulations

In this section, we conduct a small Monte Carlo study of the performance of our estimator
compared to that of two-step pseudo maximum likelihood (PML) estimation of a probit
model under three designs: a homoskedastic probit game and a heteroskedastic probit game
and a uniform game. The results of the simulations are presented in Table 3.4, Table 3.5 and
Table 3.6. The estimator in all tables are obtained using grid search. We use the triweight
kernel as in Lewbel and Tang (2015) and set the bandwidth according to h = 1.70, N /7,
where o is the standard deviation for Z%.° Bias and MSE are both calculated using 100

Monte Carlo repetitions. We focus on estimating the structural parameters for player 1.

DGP1. The DGP for the homoskedastic game is the one introdued in Example 3.1.

Table 3.4: Homoskedastic Probit Game: (Semiparametric) Two-step MD vs Two-step PML

Two-step MD | Two-step PML
Bias | MSE | Bias MSE

£1-0.005 | 0.014 [ -0.023 | 0.013
_ 1
N=2000 55005 | 0.068 | 0.022 | 0.045

¢10.01 | 0.009 | 0.002 [ 0.009
_ 1
N'=3000 5 | 0.036 | 0.035 | -0.005 | 0.037

DGP2. Everthing else in the heteroskedastic probit game is the same as DGP1 except
that now X follows a discrete uniform distribution with support {—1,—0.5,0.5,1}, and that
the conditional variance for €’ equals 0.5 when X = —1, equals 1 when X = —0.5, equals 24

when X = 0.5, and equals 25 when X = 1.

9We also run the simulation with fourth order Epanechnikov kernel and get very similar results. Second
order kernel is also used in the simulation of Lewbel and Tang (2015) and Lewbel et al. (2020), see Powell
et al. (1989) for a discussion on the advantage of second order kernel over higher order kernel in finite
samples.
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Table 3.5: Heteroskedastic Probit Game: (Semiparametric) Two-step MD vs T'wo-step PML

Two-step MD | Two-step PML
Bias | MSE | Bias MSE
By 0.02 |0.160 | -0.032 | 0.086
S5 | 0.018 | 0.467 | -0.447 | 0.426
By -0.01 | 0.108 | -0.015 | 0.091
Bs | -0.012 | 0.346 | -0.495 | 0.415

N=2000

N=3000

DGP3. In the uniform game, the distribution of €’ is Uni f[—20, 20], X follows a discrete
uniform distribution with support {—1,—0.5,0.5,1}, and everything else is the same as in

DGP1.

Table 3.6: Uniform Game: (Semiparametric) Two-step MD vs Two-step PML

Two-step MD | Two-step PML
Bias | MSE | Bias MSE
B ] -0.047 | 0.286 | 0.235 | 0.552
B -0.077 | 0.480 | -0.32 | 1.645
pi| -0.02 | 0.212 | 0.285 | 0.487
Byl 0.01 | 0.285 | -0.225 | 0.818

N=2000

N=3000

Here in both DGP1 and DGP2, Z¢ has a bounded support, while ¢ has support R; in
DGP3, the support of Z? is strictly smaller than the support of /. All DGPs are cases in
which parameters are not identified using Lewbel and Tang (2015).

Table 3.4 and Table 3.5 illustrate the robustness of our estimator with respect to the
presence of heteroskedasticity. Comparison of MSE column for the semiparametric two-step
MD estimator in Table 3.4 and Table 3.5 across sample sizes shows evidence of convergence
to true value as measured by the small bias and shrink in MSE when sample size increases.
Comparison of the MSE and bias of the semiparametric two-step MD estimator and two-
step PML of probit in Table 3.4 shows that when the homoskedastic probit game is correctly
specified, PML is comparable to the semiparametric two-step MD estimator and is slightly

more precise as measured by MSE. Comparison of the MSE and bias of the Semiparametric
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two-step MD estimator and the two-step PML of probit in Table 3.5 shows that when the
probit model is incorrectly specified (when there is conditional heteroskedasticity in the
error), two-step PML of probit is obviously worse than the semiparametric two-step MD
estimator. While the magnitude of MSE for two-step PML is more or less comparable
to that of the semiparametric two-step MD, the magnitude of the bias for the strategic
coefficient is more than 40 times larger than that of a two-step MD for both sample sizes.
This is evidence that the two-step PML in this case is not converging to the true value, and
suggests that estimates not properly taking care of heteroskedasticity are not reliable.
Comparing Table 3.4 and Table 3.6 shows the robustness of our estimator with respect
to misspecification of the distribution family of €. In particular, when the true distribution
of the error term is uniform, but we fit a probit model, the absolute value of the bias of
the two-step PML is much larger than that of the two-step MD for both parameters at
different sample sizes. The MSE of the two-step PML is also at least 2 times larger for both

parameters at different sample sizes.
3.7 Extensions

In this section, we discuss three extensions of our method. In the first extension, we study
a game in which (Z1, Z?) are also common knowledge. In the second extension, we allow
for multiple equilibrium beliefs rationalizing our data. In the third extension, we allow for

symmetrically distributed random coefficients.

3.7.1 (Z',7?) Are Also Common Knowledge

In the baseline game, we study the case in which the econometrician observes (7!, 72, X)
but the two players only commonly observe X, a situation that is mentioned in Aradillas-
Lopez (2010). In this section, we extend our method to the case in which (Z', Z?%) are
also common knowledge. Similar to Lewbel and Tang (2015), we also allow the strategic
coefficient to depend on X. In this case, each player in the game has access to exactly the

same information about its opponent as the econometrician, which is the information setting
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in Lewbel and Tang (2015). In this case, the equilibrium of the game is defined as follows:

Definition 3.7.1 (Equilibrium: Common Knowledge on (7!, Z?, X)). Given (Z', 7% X) =
(21,2%,2), a BNE of the game is defined as the fived point (P (21, 2% z), P**(2', 22, x)) of

the following system in (P'(2', 2% x), P?(2', 2%, x)): 1°
Pt 22 1) = Foa1 22 0 (—zl + 2B; + By (x) P (21, 22, x)) ,
P2 22 1) = Fe 12 ) (—22 + 22 + B2(x) P (2!, 22, x)) .

To extend our identification procedure to this situation, a slightly different independence

assumption is required:

Assumption 3.7.1 (Independence Relationships). The following independence conditions

hold: (i). € L 2(21, 2%, X); (ii). Fori=1,2, (Z,2%) 1 ¢|X.

Assumption 3.7.1 is a combination of Assumption Al and Assumption A3 (ii) in Lewbel
and Tang (2015). For i = 1,2, let i, and B%(z) be the true values of the parameters. We

focus on player 1 for illustrative convenience. Under Assumption 3.7.1, it holds that
Pl(zla 227 ZL’) = Fel\x <_Zl + xﬁ%o + B%O(x)PQ(Zlv ZQ:‘T")) . (34)

Thus P'(z', 2%, x) identifies Fl1, (-) evaluated at —z' + z6], + B3 (x) P?(z', 2%, z). How-
ever, our previous identification argument which relies on index linearity no longer works
here, as for some generic 3] and (i(z), if we evaluate the first argument of P'(z', 22 ) at

—2' + 228} + 263 (x) P%(2', 2%, x), we get

PY(—z' +22f; + 205 () P (2", 2%, x), 2°, )
= F€1|$(21 - 21;611 - 2ﬁ21($)P2<217227$> + 175110

+Ba0(2) P? (=2 + 201 + 268, (2) P2(21, 2%, x), 2%, @),

10 As optimal strategy is invariant to scale normalization, here we define the equilibrium using the nor-
malized parameters and error term.
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where inside Fii,(-) we no longer have a linear index because z' also appears in the equi-
librium belief. Thus here we use an extended identification strategy that apply the trick in
Lewbel and Tang (2015) and identify 83(z) in an initial step. Partial derivative with respect
to 2! on both sides of the Equation (3.4) gives

OPY (2, 22, )
0zt

OP%(2', 22, x)

= folz ( 2+ :pﬂll + ﬁ%(m)PQ(zl, zQ,m)) (—1+ ﬁ%(z) a1 ).

Similarly, partial derivative with respect to 2% gives

OPY (2, 22, x) oP%(2', 22, )
T = faje (=2' + 2By + By () P21, 2%, 7)) By (2 )T-
Eliminate fa, (—2' + 28] + B3 P*(z', 2, x)) and solve for 55 (x) gives
__OPY(2! 2% )
22
ﬂQ (l’) - OP1(z1,22,x) OP?(z!,2%,x) 5 OP1(z1,22,x) OP?(2!,2%2,2) ° (35)
921 022 B 022 9z1

Here overidentification for many different (2!, 2?) implies that we could do an additional

average over (Z!, Z?) given X = z and obtain:

) i VA /Al
Ba(z) = E| o=
oPY(Z' 72 x) OP2(Z1,Z2 x) oPY(Z1 72 x) OP2(Z1,Z2 x)
0z1 022 - 022 0z1

2. (3.6)

Identification of other structural parameters relies on the following assumption:

Assumption 3.7.2 (Degenerate Subset for Strategic Effect). There exists € C Qx with

strictly positive measure such that B3(x) =0 for x € £

Using Equation (3.6), £ is identified from data. The identification of the other structural

parameters will be done conditional on £. On this set, we have that

P 2% 1) = Fa, (—2’1 + 95/6110) ;

"Note that for pure identification purpose X could be continuous, but if we want (3(z) to still have
root-N rate for any x using an average of the corresponding kernel-estimated CCPs on this x, then X has
to be discrete.
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and that
Pl(—z1 + 2:B611, 22, x) = Fap, (Zl - 295511 + 135110) :

Thus by Assumption 3.3.3, it holds that

P'(2', 22 x) =1 — PY(—2' + 228, 2%, 7).

As this equality in general do not hold for 8} # B],, we can define an extended distance

function for z € &:
dl(ﬁi; 2 ZQ,ZL‘) = Pl(zl, zQ,x) -1+ Pl(—z1 + Qxﬁll, 22, x), (3.7)

which could be used for identification and used as the basis for estimation similar to what we
did for the baseline model.'> When X is discrete with a finite number of points in the support,
& could be estimated using a consistent testing procedure as follows: we test the hypothesis

N 0Pz za)
n=1 022

Hy : B3(x) = 0 point by point for z € Qx using test statistic T), = vV N|% >
(or using the estimated f(z)), where PL(Z}, Z2, ) is a kernel estimator for P!(Z}, Z2, x).
We use critical value C'Vy that goes to infinity at slower than root—N rate, then our test
will reject with probability 1 if Hy is not true and not reject with probability 1 if Hy is
true. Let € be the collection of points such that the test does not reject. Then it holds that
Pr(fj’ =¢&) — 1as N — oo. Using only data with X € SA, we have could estimate 3] using
the distance function in Equation (3.7) and the resulting estimator is root-/N consistent. We
do not repeat the regularity conditions, the estimation and asymptotic theory here as they

are trivial extensions of the baseline case given knowledge of £

Remark 3.7.1. Although Assumption 3.7.2 could also be used in Lewbel and Tang (2015)
to identify the rest of the structural parameters, they still rely on additional large support

assumption for identification and thick tail condition for root-N normality.

12As here we do not have continuous regressors, identification requires that card(€) should be larger than
or equal to the number of parameters.
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3.7.2 Identification with Multiple Equilibria

Multiple equilibria in discrete games of incomplete information has been studied in Xiao
(2018), Aguirregabiria and Mira (2018), and Fan et al. (2020), all of which assume a known
error distribution. In this section, we make a straightforward extension that allows us to
identify structural parameters even when data is rationalized by multiple equilibria without
knowing the error distribution. Let w € €}, be the index for equilibria given x. Let x,,,
be the regressor vector with belief from equilibrium w plugged in. Let I be the number of
players. Divide the I players into three groups, such that the third group has exactly one
player for odd I and two players for even I, and each of the first two groups has I players.
Thus, I = 27 +1 when I is odd; and I = 21 +2 when I is even. Player group i is denoted as
g; for = 1,2, 3. By definition, U?:l g: ={1,...,I}. For each group, we create a group action
variable, denoted by D9, D% and D9%. We have D9 D% € {O, ...,2f— 1}, and D% € D
if there is one player in group 3 and D% € {0, ...,2% — 1} if there are two players in group
3. We introduce the following notation to denote the matrix composed of CCPs for group

action DY for ¢ = 1,2 on each latent state:

2l-1,|Q
7=0,w=1

w\z‘

Py, = Pr(D¥ =j|zw)

Assumption 3.7.3 (Identification of Equilibrium Beliefs Under Multiple Equilibria). (7)
X is a discrete random vector with a finite number of points in its support; (it) I > 3 and
J+ 1) > |
(Dl, ceey DI) such that P9 and P9 both have full column rank; (iii) 2l > |Qw|x} for any x.

; (i4i) For each x, there ezists a partition (D9, D9 D9) of joint actions

Assumption 3.7.3 guarantees the identification of the number of equilibria, and the equi-
librium beliefs (up to a label swapping). Given the identification of equilibrium beliefs,
we layout a set of sufficient conditions such that structural parameters are identified using

identified equilibrium beliefs from all equilibria.

Definition 3.7.2 (Point Identification). For every 3° € B', define the following set of co-
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variates for player i:

DI(B) ={(+',z) € Qzix): (—z' + 21:;; B, z) € Qzi xy, Yw € Q) and d'(B% 2", x) # 0}.

;W

The true parameter 3% € B' is point identified when Pr((Z', X) € D(B")) = 0 if and only if
B = B, where 3' € B'.

Assumption 3.7.4 (Regularity Conditions on Covariates). (i). For any constant vector
c e R Pr(XE ,c=0) =1 if and only if c = Op11. (ii). For every x € Q,, the conditional
distribution of of €, Z* and € +a'Z* given X = x is absolutely continuous with respect to the
Lebesgue measure and has bounded positive Radon-Nikodym densities everywhere over their
conditional supports. (iii). Given any X = x, there exists a subset Sz, C Qzi), with strictly
positive measure, such that for any z* € Szilz and any B e B, —2+ QXZ,wﬁi € Qgip for

any w € Q.

Assumption 3.7.5 (Regularity Conditions on the Error Terms). Given any X =z, S|, =
{—2"+%,,8) 1 2" € Qzipp,w € Qe } U{Z' — 2%, B+, .85 1 2" € Qzupp, w € Qe and B' €
B'} is a subset of int(Qeiy).

Proposition 3.7.1. Under Assumptions 3.2.1-3.2.2, 3.8.1, 3.83.83-3.53.4, 8.7.83, 8.7.4-3.7.5,
Bi € Bt is point identified in the sense of Definition 3.7.2.

Proof. See Appendix C.5. O

3.7.3 Random Coefficients

Consider (normalized) payoff function given by U’ (Z', X) — €' = —Z' + XBip + fogD ™" —
€', where 315 is a random coefficients vector with continuous and symmetric distributions
centered at A1, and 8%, is a continuous and symmetric scalar random variable with center 5.
More specifically, for k = 1,2, we can write them as 3}, = i —ri, where 7 is the disturbance
with continuous and symmetric distributions centered at the origin. Suppose the realizations

of the disturbances are private information. Let r® = [riT ri]T. In addition, suppose the
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following independence conditions hold: (i). (Z%, €', rt) L (Z2% € r?)|X; (ii). Fori = 1,2,
Z' 1 (€, r")|X. Under these two assumptions, take expectation with respect to the action of
the opponent player gives —Z'+ X i+ 85 Pr(D~" = 1|X)—Xri—Pr(D~" = 1|X)ri—¢'. Then
the equilibrium of this game could be defined similarly as the fixed point of the following

system:

P (X)=E (1 (-2"+Xp{ + B P*(X) — Xr{ — P*(X)ry — €' > 0) |X),
P*(X)=E (1(-2°+ XpB{ + B3P (X) — Xr; — P'(X)r; — € > 0) |X).

Our method is applicable to the identification and estimation of the center of the distribu-
tion of random coefficients, as now the composite error will satisfy all the aforementioned
assumptions. Note that this composite error is by construction conditionally heteroskedastic.
Our method provides a complementary tool to the study of games of incomplete information
with random coefficients compared to existing methods such as Yoon (2019). Yoon (2019)
assumes that random coefficients are independent of all covariates and the realization of ran-
dom coefficients are common knowledge and that the researcher knows which coefficients are
random, and he aims to recover the whole distribution of random coefficients. Our method
on the other hand, allows random coefficients to be dependent on the common knowledge
variables X and we assume the realization of random coefficients are private information,
and in addition, we allow the researcher to be agnostic about which coefficients are random.

We only aim to recover the center of the distribution of random coefficients.

3.8 Conclusions

In this paper, we study the semiparametric identification and estimation of a binary game of
incomplete information under the restriction of error symmetry. We use a two-step identifi-
cation strategy that is inspired by and combines Chen (2000) and Lewbel et al. (2020). We
propose a two-step minimum distance estimator, and prove its root-N consistency. Com-

pared to existing semiparametric method in the literature, our estimator could adapt het-
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eroskedasticity, does not require stringent support and tail conditions, and could adapt
random coefficients without knowing which coefficients are random. A small Monte Carlo
study demonstrates the efficacy and robustness of our estimator compared to the popular
two-step quasi-likelihood method. One direction for future research is to extend our method
to multinomial games and dynamic games. Another direction for future research is a system-
atic examination of gains in efficiency when the symmetry restriction is imposed on existing

method such as Aradillas-Lopez (2010) and Lewbel and Tang (2015).
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Appendix A

GAMES OF INCOMPLETE INFORMATION WITH
NON-SEPARABLE UNOBSERVED HETEROGENEITY:
ESTIMATION, INFERENCE, AND COMPUTATION

A.1 Identification of CCPs and an Algorithm for SMC

A.1.1 Identification of CCPs via the Approach in Xiao (2018)

The Simple Game We first recall some notations from Section 2 of the paper. For i =
1,2,3, pi (2, 4) = Pr(di = 1]2,A), pi (2,B) = Pr(d; = 1| 2,B), p*(2) = Pr(k—A|2),
and p? (z) = Pr(k = B | z).

For k, k' € {A, B} and k # k', let

i (z, k i (z, K
p,— | =k k) fori =1,2,3.

1—pi(z,k) 1—p;(z,k)

Define the vector of mixing weights as Wy, = (pk (z), p* (z))T. Its diagonal form is written
as Dy, = diag (WJ‘Z> . Let the diagonal matrix containing player ¢’s CCPs of choosing action

d; = 0,1 on two latent states be
D, = diag (p; (z,k),pi (2, k")) and D}, = diag (1 — p; (z, k), 1 — p; (z,K)).

To illustrate the identification strategy, consider identifying CCPs for player 1 on observed
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state z. Define the following population contingency tables:

412 = -Pr(<dlvd27d3) (1,1,1) | z), Pr((di,ds,ds)=(1,0,1) | z)
C [ Pr((dideds) = (0.1,1) [ 7). Pr((dydo,ds) = (0,0,1) | )|
e [Pr@d) =D |2), Pr((dd) = (10)|2)]
© @) = 01 [2), Pr((did) = (0,0)|2),
41— Pr((dy,ds) = (1,1) | z), Pr((dy,ds) = (1,0) | 2) -
’ | Pr((di,ds) = (0,1) [ z), Pr((di,ds) =(0,0)]z)]
o = Pr(dy=1]2)
Pr(d=0]2)

12

12, A2 AP and A} are identified from data. By construction, the population

The matrices A

contingency tables can be written as products of CCPs and mixing weights:
Aj} = P, D}, Dy, P,,, A =P1,Dy,P,,, A® =P1,Dy,P,,, and A, = P1,Wy,.

The CCPs are identified using the eigendecomposition method from Xiao (2018) as fol-
lows. First, CCPs for player 1 are identified as the eigenvectors (of the left hand side
observable matrix) with column sum being 1: A2 (A2)™" = P;,D3 P! and the vector
of mixing weights is identified as Wy, = (Plz)_lA;. Second, given the recovered P,
Wiz (and Dy, ), CCPs for players 2 and 3 are identified as Py, = (A;Q)T (D,;WZPITZ)l and
Py = (A1) (D],PL)

Note that if we change the order of the two columns of the eigenvector matrix Py, and
cigenvalue matrix D3 at the same time, equation A12 (A12)™" = P, D3 P! still holds and
equations Wy, = (i)~ AL Py, = (A12) (D;zP;)_l, and Py, — (A1) (D,;WZPITZ>_1
inherit the order of the unobserved states adopted in equation A2 (A2)™" = Py,D3 Pl

Thus the CCPs for three players are identified up to a common label swapping.
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The General Case Consider the general game we introduced in Section 5. Let AZ'92 be
the joint contingency table for player group ¢; and player group g, on observed state z.
With unknown |Si| and possibly multiple equilibria, we could first identify the number of
mixtures on each z under Assumption 5.4: {Sw|z| = rank (A9'9%) . Part (c) of Assumption 5.4
(iii) implies that | S| is identified as |Sk| = min, {rank (AJ'92)}.

Define A9L%* as the joint contingency table for player groups g; and g» fixing player group
g3’s action at dy, = d. Let AZ" and AY be the joint contingency tables of some generic player
group ¢ and individual player i. For each z, CCPs are identified following Xiao (2018). First,
by summing up rows and columns of A9'9> (thus collapsing the actions of player group 1 and

, where ¢g; and gy denote

player group 2), we can create A% with rank (A2%) = |3,
player group 1 and player group 2 with collapsed actions. Let Py, denote the matrix storing
CCPs for player group g; with collapsed actions (each column correspond to a different w).
Second, we use eigendecomposition to identify Py, as A% (Ag@)_l = P;,,D% (P5,) ",
where D% is the diagonal matrix storing the conditional choice probabilities of dy, = d for
all w on the diagonal. The vector of mixing weights is identified as W, = (Pglz)f1 Adr,

Define D, = diag (WJ‘Z>, the equilibrium CCPs for player group 2 with collapsed actions

_N\T -1
are then identified as Pg,, = (Ag;‘”) (DZIZP-—QI1 Z) . For equilibrium CCPs of individual

player i € g, |Jgs, we obtain P, = (P»gvlsz‘z)_1 A9t For equilibrium CCPs of individual
player i € gi, we have P, = A% (D,,,P] ) "

A.1.2 Numerical Computation via Sequential Monte Carlo

The following discussion follows from Section 4.3. We define an intermediate target distri-
bution function as

o ) ox | 22D ),

where o< denotes proportionality, v is a parameter that advances from 0 to 1 in a self-adapted

way described below, and I(u) is the initial distribution. Our algorithm adapts the procedure

in Duan (2019) to account for the special structure of our problem, which further speeds up
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the searching.

Step 1. Initial sampling. Aty = 0, draw a random sample (Uy, ..., Uys) of size M from
the initial distribution 7(u). In each sampled permutation (or particle), the first element is
fixed. And for each subsequent element, we sample either the first row or the second row
(but not both) corresponding to each observed state.

Step 2. Finding the next 7. Define the incremental importance weight for sample
point U; between the current v and some generic v as W, .. (U;) = foy (Us) [ fay (U;) and
the effective sample size (ESS) as

(S, W (0)
S W2 (U

For each point in the grid (v, 1], we obtain (W, , (U1),.., W, ,, (Un)) as the incremental

ESS%V/ =

weights. Find v* such that £SS,« ., is no less than (or close to) nM for n € (0,1). We set
N ="

Step 3. Reweighting, resampling, and support boosting. Define S, ,, =
SSM W, 4 (U;). Now we have the weighted sample:

{<U1’ U, (Wmo (T Wano (UM)) } |

S’YL’YO S“ﬂ Y0

which represents our first intermediate target f,,, (u). However, the problem with this sam-
ple is that the incremental weights are too volatile, resulting in low ESS. To improve ESS, we

Wiy, g (U Wy o (U : L
resample from {(Ul, U, ( ”’517”1’07(0 1), - ”g:loio M)>} according to the normalized incre-

mental weights, and get a sample with equal weight: {(U,...,Uz;), (35> 37) }- This sample
has good ESS, but its support has shrunk substantially. We next boost its support using a
sufficient number of Metropolis Hastings (MH) moves. When implementing the MH moves,
the structure of our problem is used again, i.e., for each new particle proposed, we only replace

an element in the original particle with the other row of the same observed state. Having

finished MH support boosting, we obtain the improved sample {(171*, e (7}@,) , (%, . %) },

which is a good enough sample representing f,,, (u).
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Step 4. Updating v and iterating Step 2-3 until reaching v* = 1. For example, for
each point in the grid (71, 1], we obtain the incremental weights (W, ., (U1) .., W, (Un)) ,
find v* such that ESS is close to nM, and set 72 = 4*. Then we repeat the reweight-
ing, resampling, and support boosting steps. The resulting sample will be a good sample
representing f,,., (). The whole process is repeated until we reach v* = 1.

Step 5. Computing the mode. We collapse the sampled permutations into combina-
tions and find the highest frequency combination.

This algorithm makes estimation under large state space feasible because the running
time is of order O (M), which is not growing exponentially with the number of states. High

precision could be achieved because exploration is focused on the more promising subsets of

the selection vector space.

A.2 Technical Proofs

Proof of Lemma 2.1: Under Assumption 2.1-2.5, CCPs are identified up to a label swap-
ping, which enables us to identify expected payoffs (via F~1(-)) and set up system (2.7).
Under Assumption 2.6, the systems corresponding to ¢ # ¢y has no solution. Note that
system corresponding to ¢y always has a solution, as my generates the system corresponding
to cp. Under the condition that I'., has full column rank, this 7 is uniquely determined by

e, and I'g,. ]

Proof of Theorem G1: The proof follows from the similar argument in the proof of

Theorem 1 of Andrews (1999). For any ¢ # ¢y, Assumption G2 (iii) implies that
. 2 P . 2
in G (7)1, 0 % min |G () > 0. (A1)

where the inequality follows from Assumption G1 (iv) and G2 (ii). By Assumption G1 (iv),
we have that G, (m9) = 0. Then by Assumption G2 (i), it holds that G,., (7o) = o, (1).
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Therefore, we obtain that

min Gy (D, ) < G (7)) = 05 (1) (42

Combining Equations (A.1) and (A.2), we conclude that ¢ = ¢y with probability approaching
one.

It remains to show that 7 2 7. Define # = argminyer ||Gne, (7T)||3Vn(co). We have
7 converges in probability to its population counterpart my by the standard argument for
consistency of a GMM estimator provided that Assumption G1 (v) holds. Thus for any
e > 0and § > 0, we can find N; such that Pr (|| — 7o > £) < & for n > N;. Because
¢ = ¢o implies T = 7, we have Pr(m =7) > Pr(¢c = ¢y) — 1 by the fact that ¢ = ¢y with
probability approaching one. Thus for the given ¢ > 0 and ¢ > 0, we can find N, such that
Pr (|7 =7 > %) < & for n > N,. Combing the above two results, we have that for any

given € > 0 and 0 > 0, there exists N = max { Ny, N2} such that for n > N,

Pr(|7 —m|| >¢€) =Pr(||T — 7T+ 7 — 7ol > ¢)

< Pr <||% _F > %) 4 Pr (||7~r — mol| > %) <6,

Therefore, the result T 2 7, holds. H

Proof of Theorem G2: To show part (i), we prove the result in two cases: lp < [, and
lg = l;. When g < [, the null space of R has dimension [, — lg. Let ¥ be a I, X (I, — lg)
matrix storing a basis of the null space. Then there exists m; € R'=~'% and u such that any

¢

mo satisfying Hy can be written as mp = ¥y + . By imposing Hy on the sample “moment”

functions, we obtain that
Ghe (m0) = Gne (YTs 4+ p1) = Tpe — Dpepp — Do Wy

Define 7; (¢) = arg mingen ||Gre (V7 + M)H?}Vn(c), where W, (¢) = W (¢) + 0, (1) by Assump-

tion G3 (ii). Define 7% (c) = plim 7 (c). For each given ¢, we have the solution 7;(c) to the
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minimum distance problem with a corresponding “pseudo-true” value 7} (c) defined as its
probability limit. The “pseudo-true” value at ¢y delivers the true value as my = W} (co) + p.
Let 3(¢) be the asymptotic variance of \/n (Gne (975 (¢) + 1) — G (V5 (¢) + 1) ). We know
that X(co) = Qo by definition. Our test statistic is equivalent to

T, = minnGpe (V77 () + 1) Wy (€) Gre (W74 (¢) + 1) .

Intuitively, we reject the null for large values of T,. To finalize the test, we need to find
a critical value for this test statistic such that the asymptotic size of the test is controlled
over the null parameter space. For this purpose we derive its asymptotic distribution under
drifting sequences. This is achieved by the following steps.

Step 1. For any given ¢, applying mean value expansion of G, (Y7 (c) + p) at 7} (c),
we get

Ghne (UTs (c) + 1) = Gpe (\I/W;i () + ) = Ipe¥ (75 () — L (0)) - (A.3)

By construction, 7s (c) satisfies the following first order condition:
LU W, (¢) Gre (U7s () +p) = 0.
Step 2. Multiply both sides of Equation (A.3) by a,. = ¥ W, (¢). We have that
ncGre (U7 () + 1) = ancGhe (\I/W;i (c) + u) — Al e ¥ (%f (c) =} (c)) )
After rearrangement, we have that

(s (¢) =7} (c) = (nelne®) ™ neGe (Un} (c) + )
— (neL e W) ™! 4G (W74 (€) + 1) . (A.4)

Multiply both sides of (A.4) with I',.¥ we get that

I,V (’ﬁf (c) — L (c)) =I,.U (ananc\If)_l UneGne (\I'W;Z (c) + u)

— TV (el e ®) ™ aneGine (W75 (¢) + 1) - (A.5)
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Step 3. Combining Equation (A.3) with Equation (A.5), we have that

v (Gnc (U7s () + 1) — Gre (\IMT;: (c) + ﬂ))
= _Fnc\D\/ﬁ (/ﬂ\-f (C) - W; (C))
= Te U (el ne¥) ™ e/ NGe (V7 (€) + 1)

—-T,.U (ananc\IJ)_l e/ G e (\I/W;i (c) + u) )

Thus it holds that

VG (V77 (¢) + 1)
= T0e (anel'ne®) ™" anev/nGre (V7 (¢) + 1)
+ (Ijely = Te¥ (nelne®) ™" ane) VG (U775 (c) + 1)
(Tjetty = Toe¥ (@nelne®) ™ ne) Vi (G (975 (¢) + 1) — Ge (975 (c) + 1))
+ (Legy = Tre® (@nelne®) ™" ane) VnGe (Y} () + 1) (A.6)

where the second equality follows from a,e/nGpe (V7s (¢) + p) = 0. After plugging in ay,,

we have that
) = LU (T.UTW (e) T ) T 0T W 1
(IHCHO - Fnc\p (ancrnc\lj) a'nc) — (I||c||0 — 1l ( c (C) c ) c (C) + Op( ) .

For ¢ = ¢, by condition (iii) in Assumption G3, W (cy) = Q5" is symmetric and positive
definite, and as a result it admits Cholesky decomposition W (¢y) = A (¢o) " A (). Thus it
holds that

NGhc, (U7 (co) + N)T Wi (o) Gy (W75 (co) + 1)
Gy (U1 (c0) + 1) W (c0) G (W (c0) + 12) + 0y (1)

= (A (CO) \/ﬁGnCO (\Ij%f (CO) + ,U))T (A (CO) \/ﬁGnCO (\I’%f (CO) + N)) + 0p (1) .

As W (co) = 2 (co) ™, Z(co) = Aco) " (A(co) "), under Assumption G3 (i) and by equa-
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tion (A.6), we have that

A (co) VnGie, (97 (co) + 1)
4 (JHC()H A(co) Ty @ (T, \IJTZ(co)_lFCO\IJ)_lFCO\IJTA(CO)T>Z
+ (Ac0) = Ao Ty ¥ (T TS (o) ' Ty ®) ' Ty 8T8 (c0) ) VG (W5 () + 1)
)

-1
= (Do, = Ale0) Teg® (T TS (o) ' Ty ¥) ™' T T A () 2,

where Z ~ N (O7IHCO||0)'

It is easy to verify that the matrix

-1

IHCOHO —A (CO> FCO\II (FCO\IJTZ (CO)_l FCO\I/) FCO\I/TA (CO)T

is idempotent. It has the rank ||col|, — (Ix — lg) verified by the following derivation:

-1

rank [<IHCO||O — Aco) Teg ¥ (Te U7 (co) ' T ¥) ' T, U7 A (CO)T)}
— trace [(IHC()HO — A(co) T ¥ (Do ¥ (cg) ' Ty @) ' T W7 A (CO)TH

¥ A(co) ")

-1

— trace (I, ) — trace (A (o) Teg ¥ (Tey U3 (o) ' Ty )
— trace (Iq,) — trace (FCO\IITA (co)” A (co) Tog W (T TS () " FCO\IJ)*)

= Nleollo = (Ix = Ir)

where the first equality follows from the property of idempotent matrix and third equality
follows from the invariance property of trace under cyclic permutations. For ¢ # ¢y, it holds

that

NGhe (U1 (¢) + 1) Wy (€) Gre (U7 (¢) 4 1)

G (UR7 (€) + )W (€) Gine (W () + 1) + 0y (1)

S (B, = Te¥ (@) ) 2 (0)? Z>T W (e) (e, = T (aDe®) ™ a,) S (0)* 2)
+ (Lo, — Te® (L) " ) Ae) ' W (0) (e, — To¥ (aclo®) " ) Ao) + 0, (1),

where Z ~ N (O,IHCHU), a. = L UTW (¢) and N\, = lim,,_,o /nG. (\IJW;Z (c) + u). Elements
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in A\, are allowed to be infinite. For any ¢ € %, we call the selected system incorrect if
IAc|]| = +00, and nearly correct if ||A\.|| # 0 and ||A.|| < +o0. Thus, under drifting sequence
of model parameters, when there is no nearly correct systems, i.e., || A.|| = oo for any ¢ # ¢,

our test statistic 7, 4 Xf When there are nearly correct systems, i.e., exists

llcollg—(la—tr)]’
at least one ¢ # cg such that 0 < || Ag|| < oo, T}, is asymptotically stochastically dominated
by xf

2
Xlcolly—(t—tw)] 1-a

I In either case, using the 1 — a quantile of Xf ] denoted as

llcollo=(lx—Ir) lleollo=(ln—lr)

, achieves asymptotic size control:

lim sup sup Pr¢ (Tn > XfllcoHQ—(lw—lR)],l—a) = a.

n—oo ¢€Zp

The proof for the case where Iy = I, is the same with 7y = R~'r. Therefore, part (i) of
the theorem holds.

To show part (ii), notice that when £ ¢ Zg, i.e., under Hy, T,, diverges to infinity under
Assumption G2. Since the CV is finite, it holds that

. 2 =
lim Pre (Tn > X[||COHO—(Z7T—ZR)],1—‘1) =L

n—oo

Thus, the second part of the theorem holds. O

Proof of Proposition 4.1: Without loss of generality, we focus on proving the consistency
of estimated payoff for player 1 in his observed state z; = L. We proceed by verifying that
Assumption G1 and Assumption G2 for the Generic Model hold under primitive conditions
of the Simple Game. Firstly notice that Assumption G1 is satisfied under Assumptions
2.1-2.6. Let p be the vector that stores the CCPs of all players on all observed and latent
states (z € {z',...,2°},k € {A,B}) and p be its consistent estimator obtained via the
eigendecomposition method. Because the estimated coefficient matrix in the Simple Game is
a smooth function of p, we write it in the form of I',, = e (p) for some smooth function e (+).
Similarly, the estimated expected payoff vector can be written in the form of 7, = F~! (p),
where F~1 (p) stacks F~! (piz) for any z € {z',--- ,2°},k € {A, B}. Thus the sample

“moment” functions can be written as G, () = F~' (p) — e (p) 7. By differentiability of
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F~!(-) and e (-), given any 7, the mean value expansion of G,, () with respect to p gives

Vn (G (1) = G (7)) = VnDp- (B — p)

OF'(p*) _ 9e(p*)m)
op’ op’

bounded. Under Assumption 2.1-2.6 and 4.2, Lemma C.2 in Xiao (2018) implies that that

where Dy« = and p* is a point between p and p. Note that Dy« is

p is consistent and /n (p — p) converges to a normal distribution. Under Assumption 4.1

(i), we have that Dy 2 D, = aFB:,(p) d(ea(g)”) nd

Thus, condition (i) in Assumption G2 is verified. Condition (ii) in Assumption G2 is satisfied
under Assumption 4.1. For condition (iii) in Assumption G2, it suffices to prove that for any

c

max ‘Gm T W, (€) Goe (1) — G (1) W () G (w)‘ — 0, (1),

where max is used rather than sup because II is compact by Assumption 4.3 and both G, (+)

and G. () are continuous in 7. The triangular inequality provides that

max ‘Gm "W, (¢) Gne (7) — G ()" W (¢) G, (71')‘

IN

max ’Gm ) Wy (€) Gre () = G ()T W (€) Gie (77)’

mell

+ max ‘Gm TW () Ge (1) — G ()T W (€) G (ﬂ‘ .

By the property of the matrix infinity norm,' the first term on the right hand side of the
inequality is bounded above by max el 1Gne (T)1Z W (¢) = W (¢)]| .. TT is bounded by
Assumption 4.3. Moreover, T',, and 7, are both O, (1) by the continuity of e (-) and F~* ()
and the consistency of p. Therefore, we have max |Ge (7)||> = O, (1). By Assumption 4.1
(i), it holds that ||[W,, (c¢) — W (¢)||, = 0p (1). Thus, the first term is o, (1). For the second

'For a generic matrix E, || E||_ denotes the matrix infinity norm that equals the maximum absolute row
sum of matrix E.
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term, it holds that

max | Goe (1) T W (€) Ge (1) — G (1) W (¢) G, (w(

mell

= max |G (1) W (€) (Gre () — Go (1) + Go (7)) — Ge (7)) W () G (1)

mell

IN

max |G e (W)T W (c) (Gpe (m) — G, (W))‘

mell

+ max ‘Gm (M)W (€) G (1) — G ()T W (¢) G, (w)‘

mell

IN

max | Goe ()T W ()| max | Gue () = G ()

mell
+max |G (1) — G ()| max [W () Ge (7)o

= o,(1),

where the first and second inequality follow from the triangular inequality and applying
matrix norm, and last equality holds by I',, and 7, being O, (1) and the compactness of

IT. [l

Proof of Proposition 4.2: The proof follows from the similar argument as in the proof
for Proposition 4.1. For the games in Sections 3.1 and 3.2, p includes CCPs for all players
on all observed and latent states, and for the game in Section 3.3, p includes CCPs for the
representative player on all observed and latent states. In all three games, the coefficient

matrices are smooth in p, and they only differ in the exact form of function e(-). m

Proof of Proposition 4.3: We prove Proposition 4.3 by verifying the conditions in The-
orem G2. Firstly we show that the “moment” functions for the Simple Game admits an
asymptotic linear representation under drifting sequence. Without loss of generality, we
prove it for player 1. The proof of asymptotic linear representation builds on two lemmas
provided after this proof. We first focus on finding the asymptotic linear representation for
the first observed state z = z', denoted as G, (7), and then stack the asymptotic linear

1

representations of G,,, (7) for z = z', ..., z% in the end to obtain the asymptotic linear repre-

sentation for G, (7). Because we have fixed the player and the observed state variable, from
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now on we will suppress the subscript ¢, 2;, and z when there is no confusion. With slight

abuse of notation, define the 6 x 1 vector of equilibrium CCPs and its estimator as:

[pl (Zlak) 1 (Zl?k/) v P3 (Z17k) » P3 (Zlak/)}—r = [pla s 7p6]T and

[Br,- .6l - (A7)

3
N»—A
Il

3
N»—A
Il

Let 7 = [F~ (p1 (2", k), F~ (p1 (2, k:’))]T be the 2 x 1 equilibrium expected payoff vector,
and define 7, as the estimated expected payoff vector. The true matrix storing the joint
probabilities of opponents’ actions is I' = |p_; (zl,k)T7 P_1 (zl,k’)T]T. The estimated
matrix for opponents actions is denoted as I',,. Let the 8 x 1 vector a,: denote the free joint

probabilities in the contingency table (conditional on z = z'), and let the 9 x 1 vector ¢

denote the free unconditional joint probabilities that generate the contingency table on z':?
_ T _ T
a; = lag,...,as] and g = [q1,...,q) , where (A.8)
a1 = Pr ([dl,dg,dg] = []_, 1, 1] | Zl) , Qg = Pr ([dl,dg,dg] = [O, 1, 1] ’ Zl) s
az = Pr ([di,da,ds] = [1,0,1] | 2"), ay=Pr([d,do) =[1,1] | 2"),
as = Pr ([di,ds] = [0,1] | 2"), ag =Pr([di,ds] = [1,1] | z'),
ar =Pr ([di,d3] = [0,1] | z"), as=Pr(dy =1|z") and (A.9)
q1 = Pr ([dhdg,dg] = [1,171] NVARS Zl) yee ey
gs=Pr(di=1z=12"), o=Pr(z=12"). (A.10)

For i = 1,...,8, it holds that a; = ¢;/q9. Note that g, includes three probabilities for the
joint actions of three players on z!', two probabilities for the joint actions of player 1 and

player 2 on z', and two probabilities for the joint actions of player 1 and player 3 on z!, one

2Note that in Appendix A.1.1 although there are in total 14 probabilities in the contingency tables
that generate CCPs via eigendecomposition, only 8 of them are free (not linear combinations of other
probabilities): aq,...,as.
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probability for the action of player 1 on z' and the probability of z = z'. The estimators g,

and @, are calculated as

n ~ ~77T
N 1 . T ~ [(h Qs} N ~qT
Gyt = — m=1q,...,q] anday=|=,...,=| =lay,...,a8] , A1l
PN BE =@ (A1)

where 7,1 is defined as

Mzt = [1 ([dlla d2l7 d3l] = [17 17 1] y 4] = Zl) Yty 1 (dll = 17Zl = Zl) 71 (Zl = Zl)}T : <A12)

By Lemmas A.2.1 and A.2.2 below, the second order Taylor expansion of G, (1) at p,

and with respect to p,1 gives:

H

\/E(anl <7T) - Gz1 (7‘-)) - \/E-Dpz1 (ﬁz1 _pzl) + ZZ p*T_M\/ﬁ(]’?\j _p]) (ﬁk _pk) y
7 k
dpi. ... .d
where D1 = bu P1e , in which
dpai, - . ., dpag 06
1 1

dpi = dpas =

Fr(F=Y (p1 (24, k) F(F= (py (2, K)))
dpi12 = dpia = dp16 = dpa1 = dpaz = dpas = 0,

dpiz = (ps (2" k) (1= ps (2 %)), =ps (21 k) . = (1= ps (2, K))) .
dpis = (p2 (2" k) s =p2 (21 k), 1 = p2 (21, k) . = (1 =2 (21, K))) ,
dpor = (ps (2, %), (1 = ps (2", K)) . =ps (2 ), = (L= ps (21, K))) .
dpas = (p2 (2 F) , —pa (21, ) )1 = pa (21, 1), — (1 — pa (2, ) .

First, Dy, is of full row rank. Second, by Assumption 4.3, the denominator in dp;; and dpa,
is bounded away from 0, and all other elements in D,,: are bounded for any 7 € II. Thus,

D,,1 is bounded. There are only two types of non-zero elements in all Hessian vectors: payoff

F// F—l Zl,k Fll F—l Zl,k/ .
parameters and — [F,EF,l((Iil((z%)g))]g or — [F,EF,I((;l((zl,k,)g))]g. Thus by Assumption 4.3 and 4.4

(i), all elements in the Hessian vectors are bounded, i.e., there exists M* such that for any
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p—Jk

j and k, it holds that > >, ‘
holds:

SM*\/ﬁHﬁzl —pal® =0, (1).

< M*. For large enough n, the following inequality

—J, —J k

V1 (D; — pj) Pk — pr) 1Pt — par]”

This implies that

Vi (Grg () = G (7))
pzl\/ﬁ (ﬁqzl - pqzl) +0p (1)
pleazl (\/ﬁ (aqzl - aqz1) + 0p (1)) + 0p (1)

;ozll)az1 (qul\/ﬁ(a\qzl - qul) + Op (1)> + Op (1)

\/_ Z Dpzl Dazl qu1 (nlz — qzl) + Op (1) and

1 1
anl (7T> = ﬁ Z [-Dplealeqzl (T]lzl — qzl) -+ Gzl (71')] -+ OP <%> 3

=1
where definitions of Dy, and D, can be found in Lemma A.2.1 and A.2.2. Without loss

of generality, Lemma A.2.1 and A.2.2 prove the result for z = z'. The same result holds

for z = z2,...,2° and such asymptotic linear representation of G,,,(7) is available for every

observed state z. Stacking the asymptotic linear representation for z = z!, ..., z°, we obtain
the asymptotic linear representation for player 1’s “moment” function when holding his

exclusive observed state at z; = L. The asymptotic linear representation is expressed as

n

G () = % S [D,DuD, (= g) + G (m)] + 0, (%) |

where D,, D,, D,, n;, and ¢ are obtained by stacking D,,, Dz, Dz, Mz, and ¢, for z =

1 9
RN AR

The CCPs, contingency tables, and indicator functions are different across z. This implies
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-
that the coefficient matrix in front of |:[?71Z1 — qz1]T T ng]T is block diagonal, and

each block has full row rank. Lastly, note that on z°, as Pr(z =2°) =1 - Y.._, Pr(z = z°)
and 1(z=12%) = 1 — (Zi:l 1(z =z)), we drop these two elements from g, and 7,
and denote the resulting vectors as ¢,o and 7j,s9. The coefficient matrix in front of
[[mzl — ] [T — ﬁzg]T}T could be reduced to a block diagonal matrix (with each
block having full row rank) via elementary transformations. Thus the scaled and demeaned
“moment” function converges in distribution to a normal distribution with positive definite
variance covariance matrix, and condition (i) in Assumption G3 is verified. Under Assump-
tion 4.4, conditions (ii) and (iii) in Assumption G3 are satisfied. In the Simple Game, the

degrees of freedom for the chi-squared distribution is calculated as: ||co||, —(lx — lr) = 5+1x.

By Theorem G2, the desired results follow. n

Lemma A.2.1. Under Assumptions 2.3 and 4.4, it holds that for any & € Zr and the

parameter sequence {&,} € Zg (€),

VN (G —qn) = 0,(1) and (A.13)
V(g —az) = VD (Qu — qu1) + 0, (1), where (A.14)

1 _a

p 0 ... O qé

0o + 0 —%2

pa=| w0

0 0 L %

oa @/ sxg

in which Qg1 , Gz, Gz, and az, are defined in (A.8)-(A.11).

Proof of Lemma A.2.1: Since each element in 7,1 (defined in (A.12)) is less than or equal
to 1, the Lindeberg Condition is satisfied. Under Assumption 2.3, by Lyapunov CLT, Equa-
tion (A.13) holds. To obtain Equation (A.14), apply the Taylor Expansion of y/n (a, — a,)
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around ¢:

H i N
q2 (T —a5) (@ — aw)

\/ﬁ(azl — Q) = \/ﬁDqZ1 (G2 — ¢21) + \/EZZ

where D, is defined in the lemma, and Hg«_j, is the Hessian vector that stores the second
order derivatives with respect to ¢; and g, evaluated at ¢,, which is a point that lies between

—~ . . . 2q% .
1 and g,1. Each element in H«_. is either ——5 , =4, or 0. Notice that
4 Z q*—7, s ) @ 3

1@t — gan |-

Hq*fjvk
2

Hﬂzz%@—m@—qm

oy

For any e > 0, there exists N, , > 0 such that Pr ([|g; — g < &) > 1 — € for n > N, by

triangular array WLLN; and since gy = Pr(z = z') > §; > 0, we obtain that Pr (qg > %1) >

Hoxjk

1 —e€forn > N, For gy > %1, there exists M; such that Zj >k

< M; < oo.

Therefore, by Equation (A.13) and triangular array WLLN, we have
vy 2.
ik

with probability at least 1 — € for n sufficiently large, where ¢ > 0 is arbitrary. Because

|G — gu1|| = O, (n71/?), Equation (A.14) holds. O

G = || < My/n |G — g ||

Hq*fjvk
2

Lemma A.2.2. Under Assumption 2.1-2.5, Assumption 4.2, and Assumption 4.4, it holds
that
\/ﬁg)\z1 - pzl) = \/ﬁl)az1 (azl - a’z1> + Op (1> (A15)

for any £ € Zx and the parameter sequence {£,} € Zg (§), where Dy, = gs—le, and D, and
21

pa1 are defined in equation (A.7).

Proof of Lemma A.2.2: Second order Taylor expansion of p,1 at a provides that

~ ~ H(l**’, ~ ~
\/ﬁ(pzl _pzl) = \/ﬁl)az1 (azl - (Zzl) + \/EZZ Tjk (aj - aj) ((Ik - ak)?
ik
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where H,«_j 1 is the Hessian vector that stores second order derivatives with respect to a; and
aj, evaluated at a},, which is a point between a,1 and @, . Under Assumption 4.2, there exists

a neighborhood around the true value of a such that in this neighborhood the eigenvector

12

function of A;,

(A;%) ~! (a matrix whose elements are continuous functions of a) is analytic.
CCPs for player 1 are delivered by the eigenvector function, and CCPs for other players are
continuously differentiable transformation of player 1’s CCPs. Because G, —> ay1, for large
enough n, H; ., is bounded with probability close to 1. By a similar reasoning as in the

previous lemma, the claim in the lemma holds. O

Proof of Proposition 4.4: For (i), after adapting Assumptions 2.1-2.6, 4.1-4.4 to the
games in Sections 3.1-3.3, the proof of size control is the same as for the Simple Game
except that now the degrees of freedom for the chi-squared distribution is different: it equals
13 + [z for the game in Section 3.1, 6 + [z for the game in Section 3.2, and 2 + [z for the

game in Section 3.3. Thus the same test statistic together with X[213 Hall—a for the game in

2

Section 3.1, with X[6+1g]1—a

for the game in Section 3.2, and with X[22+IR],1—a for the game

in Section 3.3 achieve asymptotic size control when ¢ € = and achieve consistency when

¢ ¢ g 0

Proof of Proposition 4.5: It suffices to show that W? (¢) & W?®(c), where W? (c) is
positive definite for any ¢ and W? (¢o) = Q'. Under Assumption 2.5, T, is of full column
rank and rank (I',, W) = [, — [g. For n sufficiently large, we have rank (I',,., V) = [, — [ and
arg Mingery ||Gpeo (Up + )| is unique. Therefore, W (¢o) = (22 (co, 7y (co)))_]L for large
enough n.

Latent states are matched across bootstrap draws with probability approaching one based
on the known function ¢ (-) described in Assumption 4.5. Under Assumptions 2.1-2.6, 4.2,

4.3 and Assumption 4.4 (i) and (ii) the “moment” functions for the Simple Game admits an
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asymptotic linear representation by Proposition 4.3. Thus it holds that
- RS D 4 g
G, (Way (eo) + 1) = — D ey (O, 0.0, (c0) +11) + 0, (1),
=1

Since 7 (co) 2 7} (o) and mo = Wr} (co) + p under the null hypothesis, where 77 (o) =
arg minger ||Ge, (U7; + p)||*, we have W7, (co) 4 1 = mo. Under Assumptions 2.1-2.5, 4.2,
4.3, and Assumption 4.4 (i) and (ii), it holds that

VI (Grey (075 (o) + 1) — G (W5 (co) + p1)) = N (0, 92)

and

Vn (ngbc)o (U7s (o) + 1) = Gre (¥7y (o) + ﬂ))

—Vn (% S b (@6, 97 (c0) + 1) — - 61, (@10, Wy (c0) + u)) Fou ()
=1 =1

—Vi (% 6 (@ 6m0) — - 60 (@1 e,m) o, (1) 5 N (0,00),
=1 =1

where the definitions of o} (1) and 2y can be found in Hansen (2020). The first equality
holds because conditional on data, the difference between G, (U7s (co) + ) and its linear
representation is o, (1), and the difference between G, (¥7s (co) + i) and its linear repre-
sentation is o (1). Conditional on data, convergence in distribution holds by Theorem 10.8
in Hansen (2020) as ||¢e, (Qi,0,70)||” is uniformly square integrable by the proof of Propo-
sition 4.3. By Theorem 10.13 in Hansen (2020), 32 (co, 7s (co)) = Qo + 0, (1) holds if y? s

uniformly square integrable, where

1 & BN
y7(zb) = \/ﬁ (E ; ¢co <Ql(b)> 9>7TO> - E ; gbco (Qb 9,7T0)> :

Because the uniform square integrability of a vector is implied by each element of the vector

4
b .
yD (i) =

being uniformly square integrable, let yr(Lb) () be its ith element. It holds that E*
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M + 35 (i), where

L 1~ 1 L
(i) = =32 |ol (@ 0m) = =370 (Qu0.mo)| and
=1 =1
2
o IR 1
02 (Z) = E quO) (Ql(b)7977T0> - Equ((;o) (Ql7977T0) ;
=1 =1

with gbﬁ? (Ql(b)ﬁ,ﬂo) and gb((;? (Q1,0,m) being the ith element in ¢, (Q}“,@,@ and
. 2

& (@1, 0.70)|

! (b)

= O, (1). Therefore yn

implies that

Gey (Qu,0,m0) respectively.  Uniform square integrability of
B0 — o (1) and 3% (i) = O, (1), which imply that E* |y (i)

is uniformly square integrable and X% (co, T (co)) = Q0+ 0, (1) holds. € is positive definite,

because the asymptotic variance matrix of

V(G (U7} (co) + 1) — G (U775 (co) + 1))

is positive definite and €y is its submatrix with the corresponding rows and columns selected
by cp.

It remains to prove that for ¢ # cy, WP (c) converges in probability to some positive
definite matrix. If rank (I,.¥) < I, — lg, then WP (c) = Wp(c), which is positive defi-
nite. If rank (['\V) = [ — lg, then rank (I',,,V) = [, — [ and arg min ¢y |Gpe (Y7y + ,u)||2
is unique for sufficiently large n. By a similar argument as the one for W? (c), it holds
that W} (c) = (2 (¢, 7y (c)))_1 = Q;' + 0,(1), where Q. is the asymptotic variance of
V1 (Gre (\I/WJ’Z (c) 4+ p) — G, <\If7r;i (¢) 4+ p)) with 7} (¢) = plim 7s(c). €. is positive definite

because the asymptotic variance matrix of

Vi (G (U7 (¢) + 1) — G (U5 (¢) + 1))

is positive definite, and 2. is its submatrix with the corresponding rows and columns selected

by c. O]
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Proof of Lemma 5.1: First note that Assumption 5.1-Assumption 5.4 are sufficient for
identification of CCPs up to a label swapping. As rank ([, I'c]) > rank (T'.) for any ¢ ¢ €2,
E % is identified in €. Furthermore, ¢; is defined as the vector in €% that selects the most
“moments”, which happens only when all equilibria corresponding to a latent state is selected.
Thus ¢y is unique. I';, has full column rank implies that the system selected by ¢y uniquely

determines 7. O

Proof of Theorem EG1: Under Assumption EG1 and Assumption EG2, the proof for
¢ = ¢y wp — 1 follows exactly the proof of Theorem 1 (a) in Andrews (1999). Given ¢ = ¢,

the proof for consistency of 7 is exactly the same as the proof given in Theorem G1. [

Proof of Theorem EG2: Without loss of generality, suppose €2 = {co,c1,...,¢q}-
Under Assumption EG1, EG3 and when Hj is true, it holds that

< mi 2 Y } < X, :
Tn S min {X[||Co||0—(lw_lR)]71_a’ ’X[HCqu_(lﬂ'_lR)}vl_O‘ — X[cl—(lﬂ——lR)Ll—a

Thus, using X[zcl,( achieves asymptotic size control. The consistency of the test

lr—lR)],1-«

follows from the similar argument in the proof of Theorem G2. O

Proof of Proposition 5.1: Under Assumptions 5.1-5.7, following a similar argument as in
the proof of Proposition 4.3, Assumption EG1 and EG2 are verified. Thus we apply Theorem
EG1 and the results hold. O]

Proof of Proposition 5.2: Under Assumptions 5.1-5.5, 5.7, and 5.8, Assumption EG1
and EG3 are verified. Applying Theorem EG2, the results hold. O

A.3 Three Variants of the Extended Game

Similar to the three variants of the Simple Game introduced in Section 3, we introduce
three variants of the Extended Game below by specifying their corresponding 7 and I' in the

generic “moments” function G (7) =7 — I'm.
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A.3.1 The Extended Game with Common Observed State

Suppose that the common observed state variable z takes values in {xl, o xv}. We nor-

malize the payoff functions for the first action d; = 0 to 0. Player 1’s payoff function when

choosing d; = j is given by
1 (]7 d—17 21, T, k) = ﬁlij + Ut (17 d—17 21, k) .

Player 1’s expected payoff vector and coefficient matrix when his exclusive observed state z;

is fixed at the smallest value in S, are as follows:

7= [m (2 a)) w2 2Y) L (2 eY) (25, Y)] T and

I'= [Fl (zl,xl)T,...,Fl (zT,xl)T,...,Fl (zl,xv)T,...,Fl (zT,xV)T]T,

where the submatrices on each observed state are defined as

T (Lz,z,w (1,2, 1))

m (J,z,z,w (1,2, 7)) 1 (1,2, x)
T (z,7) = : and I'y (z,2) =

T (L 2,2, (|Sui@a)] 2, 7)) 1 (|Sui@a) | 2, 2)

_71 (J7Z7 T,w (|Sw|(z,33)| 7Z7$))

Note that matrix ¢ (s,z,z) with s € {1, cee |Sw|(z,x)|} is a block diagonal matrix with J
identical blocks defined as:
(l’, P-1 (Z,.T,LU((S,Z,.Z‘))) 0
1 (s,z,x) = ,

0 (fEa P-1 (Z,JZ,W(S,Z,I)))

with p_; (z,,w (s,2,z)) being a 1 by (J+1)"" vector consisting of the probabilities of
,and I' is

joint actions for all other players. Vector 7 is of dimension Zthl ZL/:1 J ‘Sw|(zt7xu)
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of dimension 3. SV J | Sujat,ony| By J+ J (J + )N

For this game, there are |Sy| selection vector spaces defined as follows: for s = 1, ..., [Sk/,
T - j
(c1,.,ery) e = [0171, s . 1)|] with ¢; s = e; and ¢;; = eg for j # s;
S — .
= fort=2,.... TV, ¢, = [Ct,h . >Ct,\sw‘<zp xq)d with ¢, € {€1,e0},

where w € {1,...,|Sw|(zp7xq)|} and p# 1, or g # 1

For any €*, ¢l = JTV. Given some selection vector space with the first selected latent
state being k, the unique solution to the system G.,(m) = 0 gives us the true payoff vector

written as [S1x1, m1 (1, 21, k), . .., Bigs, m1 (J, 21, k’)]T, where for j =1,...,J,
T (j,Zl,]{Z> = [7'('1 (j,(o,...,O),th'),...,7'('1 (j,(J,...,J),Zl,l{Z)].
The true payoff vector is of dimension J 4+ J (J + 1)~ "' by 1.

A.3.2 An Extended Parametric Game with Game-Level Random Coefficients

Let {zl, ey z|SZ‘T} = 5, be the collection of observed state vectors. Player ¢’s payoff function

when choosing d; = 7 is

mi (J,di, 2i, k) = 20 + Ok <Zl (d, = j)) . (A.16)

qFi

Player i’s expected payoft vector and coefficient matrix are written as:

7= (7 (@) @50 ad D= [0 @) )]
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The submatrices for each observed state are defined as

i (1,z,w(1,2))

i (Jz,w(1,2)) i (1,2)
mi(z) = : and T'; (z) = :
7i (1,2,w (|Suia] 1 2)) ti (|Suial  2)

_fz‘ (J, zZ,W (}Sw\z

%)),

Note that matrix ¢ (s,z) with s € {1,...,[S,,|} is a block diagonal matrix with J blocks
defined as:

(260 s (2,0 (5,2))) 0

L (s,2z) = ;

0 (200 s s (2,0 (5.2))

where pg; (z,w (s,2)) is player ¢’s equilibrium CCP of choosing action j for given z

and w(s,z). Vector 7 is of dimension ZL‘ZITJ |Sujzt|, and matrix T' is of dimension

52T T | Sujut| by 2.

t=1

For this game, there are |Si| selection vector spaces to work with. They are defined as

follows: for s =1, ..., |Sk|,
T . .
(cl, ...,c|SZ|T) top = [01,1, e ’Cl’!%zld with ¢; s = e; and ¢ ; = e for j # s;
¢’ = fort=2,...,|S.|T, ¢; = [ct,l, .. ’Ct7|5w|zt|} with ¢, € {e1, €0},
where w € {1, cee }Sw‘zt’}
Given any selection vector space €* for s = 1,...,|Sk|, ¢l = J|S,|T. Given some selection

vector space with the first selected latent state being k, the unique solution to the system

G, (m) = 0 gives us the true payoff vector written as (01, dix1, ...,Hikj,éikJ)T.‘g The true

3By convention, #;,9 and ;9 are both normalized to 0.
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payoff vector is of dimension 2J.

A.3.3 An Extended Symmetric Game with Random Coefficients

Equation (3.6) provides the specification of the payoff function. Suppose the common ob-
served state variable is x taking values in {z',...,2"}. The payoff function for d; = j is

parametrized as

. 1 . .
T (]a d—i7w7 k) = xﬁkj + W——l)ék] ; 1 (dq = .]) =T (]7 d—ia z, k) . (A17)

The expected payoff vector of the representative player and coefficient matrix can be
written as:
-

=) m )] = D) T )]

The submatrices for each observed state are defined as

7(1,z,w(l,2))

T(J,z,w(l,x)) t(1, )
T (x) = : and T' (z) = : ,
T (L2,w (|Sule] , 7)) L ([Sups] 5 @)

_ﬁ (J, T,w (}Sw‘x

).

Note that matrix ¢ (s,z) with s € {1,...,

defined as:*

kac‘} is a block diagonal matrix with J blocks

(x,p1 (xz,w (s,))) 0

L(s,x) = ;

0 (Iap-] (x,w(s,x)))

4Note that the block diagonal structure is a consequence of J > 1, as now each row in 7., corresponds
to a single action for player 1 while the payoff vector stacks other actions as well.
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where p; (z,w (s,x)) is the representative player’s equilibrium CCP of choosing action j for
given z and w (s,x). Vector 7 is of dimension 32, J | S.ufev |, and matrix I is of dimension
S T | Sujer | by 2J.

For this game, there are |Sy| selection vector spaces to work with. They are defined as

follows: for s =1, ..., S|,
T . .
(c1,.,cy) o = [0171, SRRCAP ‘,.1|} with ¢;, = e; and ¢, ; = eg for j # s;
¢° = for t=2,...,V, ¢, = [ct,l, e ’Ct,|Sw‘zt\] with ¢, € {€1,€0},

where w € {1,...,|Suu|}

We have ¢l = JV for any €. Given some selection vector space with the first selected latent
state being k, the unique solution to the system G., () = 0 gives us the true payoff vector

written as (fk1, 0k1, -, Oks, 5kJ)T . The true payoff vector is of dimension 2.J.

A.3.4 Estimation and Inference

Consistency of the estimated payoff vector and selected matching in the three variants
of the Extended Game holds by following similar arguments to those in the Extended
Game and adapting Assumptions 5.1-5.7 to the variants of the Extended Game with
o = [Pk, m (L, 21, k) 5 ooy Brgg, m (J, 21, k)]T for the extended game with common observed
state; 1o = (Oik1, Oik1, -+, ik 52‘]<;J)T for the extended parametric game with game-level ran-
dom coefficient; and w5 = (le,ékl,...,ekj,ékj)T for the extended symmetric game with
random coefficients. That is, ¢ = ¢y wp — 1 and 7 - 7o hold for each game.

Adapting Assumptions 5.1-5.5, 5.7, and 5.8 to the three variants of the Extended Game,
we conclude that tests based on the test statistics defined in (4.3) and critical values
X[QJTV—J(J-i—l)N*l—J+lR],1—a’ X[2JT|SZ|72J+IR],1fa7 and X[2JV72J+ZR],1fa for the three variants of the
Extended Game achieve asymptotic size control in the sense of (5.2). Moreover, adapting
assumptions imposed on the Extended Game for the validity of the bootstrap to all variants
of the Extended Game, we have that the test implemented using bootstrap variance achieves

asymptotic size control and is consistent for each game.
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Appendix B

A SIMPLE SEMIPARAMETRIC ESTIMATOR FOR STATIC
GAMES OF INCOMPLETE INFORMATION WITH ACTION
COMPLEMENTARITY

B.1 Support Condition Illustration for other x in Example 1

Table B.1: Ilustration of Support Condition (z = —1)

Support of S} and S;:

[-5.8964,2.1036]

[-5.1776,2.8224]

Support of S} and S3:

[-5.3844,2.6156]

[-6.1332,1.8668]

Support of —z} and —z}:

[-10,10]

[-10,10]

Support of S} and S;:

[-1.1036,6.8964]

[-1.8224,6.1776]

Support of S? and S3:

[-0.61563,7.3844]

[0.13316,8.1332]

Support of 2! and z3:

10,10]

[-10,10]

Support of S;! and Sy

[-6.8964,1.1036]

[-2.8224,5.1776]

Support of 5% and S;2:

[-7.3844,0.61563]

[-1.8668,6.1332]

Support of —z¢ and z3:

[-10,10]

[-10,10]

Support of S;! and Sy

[-2.1036,5.8964]

[-6.1776,1.8224]

Support of S and Sy2:

[-2.6156,5.3844]

-8.1332,-0.13316]

Support of 2! and —z%:

10,10]

[-10,10]
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—0.5)

Support of S} and S;: | [-5.1661,2.8339] | [-4.6944,3.3056]
Support of S7 and S3: | [-4.9197,3.0803] | [-5.4167,2.5833]
Support of —z! and —2z4: -10,10] -10,10]
Support of S} and S3: | [-1.8339,6.1661] | [-2.3056,5.6944]
Support of 52 and 52: | [-1.0803,6.9197] | [-0.58333,7.4167]
Support of 2! and zi: -10,10] -10,10]
Support of 7! and S)': | [-6.1661,1.8339] | [-3.3056,4.6944]
Support of S and Sy?: | [-6.9197,1.0803] | [-2.5833,5.4167]

Support of —z} and z&:

[-10,10]

10,10]

Support of S;' and Sy

[-2.8339,5.1661]

[-5.6944,2.3056]

Support of S;? and S,

[-3.0803,4.9197]

[-7.4167,0.58333]

Support of z! and —z%:

[-10,10]

[-10,10]

Table B.3: Illustration of Support Condition (z =

0.5)

Support of S}

and Si:

[-3.7054,4.2946]

[-3.7279,4.2721]

Support of S}

and S3:

[-3.9903,4.0097]

[-3.9837,4.0163]

Support of —z!

7.
and —z4:

[-10,10]

[-10,10]

Support of S}

and S3:

[-3.2946,4.7054]

[-3.2721,4.7279]

Support of S?

and S3:

[-2.0097,5.9903]

[-2.0163,5.9837]

Support of zi

i
and 25

[-10,10]

[-10,10]

Support of S’

and S,

[-4.7054,3.2946]

[4.2721,3.7279]

Support of S}

and S32:

[-5.9903,2.0097]

[-4.0163,3.9837]

Support of —z! and z%: -10,10] -10,10]
Support of 7! and Sy': | [-4.2946,3.7054] | [-4.7279,3.2721]
Support of S;? and Sy2: | [4.0097,3.9903] | [-5.9837,2.0163]
Support of 2! and —z%: [-10,10] -10,10]

B.2 Proof of Lemma 2.3.1

We layout the steps in details, but essentially it is the argument in Fox and Lazzati (2017)

with the utility function replaced by the expected payoff function for each player. In partic-

ular, the presence of equilibrium belief doesn’t affect this argument as the equilibrium belief
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is a function of x only.
We first show that if o; > 0, the equilibrium expected payoff 71'(d?, z?, z, €!) is supermodular
in (dy,ds). This is established as follows:

7 ([(1,1) v (0,0)],2", 2, €) + 7 ([(1,1) A (0,0)], 2°, 2, €')

= ﬂ-ﬁ ((17 1) 7Zi7x7 ei) + ﬂ-Ti ((070) 7Ziax7€i) )

7 ([(1,0) v (0,0)],2°, 2, €') + = ([(1,0) A (0,0)] , 2*, z, €')

= 71 ((1,0),2", 2, €) + 7 ((0,0),2", 2, € ,

7 ([(0,1) v (0,0)],2°, 2, €') + = ([(0,1) A (0,0)], 2*, 2, €')

= ﬂ-Ti (<07 1) 7Zi7xa ei) + WTi ((070) 7Ziax7€i) )

1 ([(1,1) v (1,0)], 2", 2, €) + 7 ([(1,1) A (1,0)] ,2", 2, €')

= 7' ((1,1),2",z,€) + " ((1,0), 2", z.€),

1 ([(1,1) v (0,1)], 2", 2, €") + 7 ([(1,1) A (0,1)],2", 2, €')

- WTZ’ ((L 1) >Zi7$7 €i> + WTi ((07 1) 7Zi7x>€i) )
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7 ([(1,0) v (0,1)],2", 2, €') + 7' ([(1,0) A (0,1)], 2, z, €')
= it ((1, 1),z x, ei) + it ((0, 0),z", z, ei)

= 7r§ (zi,x) —€1+7T2 (zz, ) 62+a
> (2, 2) — € + 75 (25, 2) —
= gt ((1,0) .zt 1, €) + ) i ( zi,x, ei) )

Note that the first five cases hold by definition, and the last case makes use of the fact that
o > 0. It remains to show that 71(d’, z’, x, €') has increasing differences in both (di, 2¢) and
(di, 21) at least for some values of the state variables. Firstly we show that 7' (d!, z, z, €?)

has increasing differences in (di, 2%). Notice that

Adgwﬁ(di,z",x, €) = 7' ((1,0@) A ei) — gl ((O,dg) AN ei)

= zi + /6’”{37 + 5iP1_i (x) — ei + aidé,

0N (di, 28, 7, €;)
and ! . =1>0.
0z}

This shows 71 (d’, z*, 7, €') has increasing difference in (d}, 21).

Next we show that 71(d!, z, z’, €') has increasing differences in (d, z¢). Notice that:

Ad%ﬂ'*i (di, A ei) = gt ((d’i, 1) AN (—:i) —y L ((dﬂ, 0),z", z, ei)

= zé + Bioxo + (51-2P2’i (x) — 6% +a' ﬁ,

8Adé7r“(di, 7', 1, €)

. =02>0.
02} -
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This shows 71¢(d!, z!, z, €) has increasing difference in (d3, 2%). Define
g (Z', X,€) = argmax{r'(d'| Z" x,€) : d' € {0,1}*}

Under Assumption 2.2.3, this maximizer is unique with probability 1. It follows by Topkis’
theorem that ¢'(Z’, X, €') increases (in the coordinatewise order) in zi with probability 1.
Thus, for all 2" > 2! and every upper set © in {0,1}?, by Assumption 2.2.2 (ii), we have
that

Pr (gi (Zi,X, ei) € Q|z/f, zé,az) > Pr (gi (Zi,X, ei) € Q|2 zé,x) )

That is, given (z!,z%, ), the random vector ¢'((Z’, X, €;) increases (in the sense of
first order stochastic dominance) in zi. Because stochastic dominance is preserved under
marginalization, in the data, Pr(d, = 1|2, 24, x) increases in z}. Similarly, we can show that
Pr(di = 1|21, 2%, x) increases in z5.

Similarly, when a; < 0 , the equilibrium expected payoff function is supermodular in
(di,—d). In addition, the equilibrium expected payoff function has increasing differences
in both (d,z%) and (dj, 2%). Following similar arguments, we get that Pr(d, = 1]z¢, 24, 1)
decreases in zi. Similarly, Pr(d% = 1|z}, 2%, x) decreases in 2.

Lastly, notice that cross-product effect being exactly zero could be detected, because as
long as «; # 0, then Pr(d = 1|2}, 2%, ) and Pr(d} = 1|2, 24, x) are not constant as functions

of 2 and 2.
B.3 Proof of Theorem 2.3.2

Without loss of generality, for k = 1,2, let the support of i, Si S and S/ be [Li,, U],
[Li,, U], [Li, U] and [L7, U], respectively. Assumption 2.3.2 implies the following set

inclusion relationships:

o [Li, ULl C[-U—L]fori=1,2and k=1,2;

* [Zika ~§k] C [L,U];
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o [L}, U] C[-U,—L] and [L}, U] C [L,UJ;

° [Z,Z

sly ~'s

U] € [L,U]) and [L, Uj) € [-U, ~L].

These relationships and their implications are used in the proof of this theorem as well as in

the proof of Lemma 2.3.2 and Theorem 2.3.2.

B.3.1 o' <0

When o' < 0, we make use of Pl,(21, 2%, x) and P}, (2}, 2%, x) for identification of structural

parameters. As

Pgo (zi, zé, :1:)

we have

Thus

. ) %2 -2 S S
Fyipa(—2,—2) = / fei (s, s3)dsids}
L

% i
52 le

= POZO(ZL Z;, :L‘)

o OPiy(A, )
fSﬂ;p(—Z’i,—Zé) = 82«/{8’25 7




The marginal density for S! given z is calculated as:

fSﬂ:Jc(_ZD

Under Assumption 2.2.2 (iii),

E(Siz) =

Ui

52 ) . .

L fSl|z(_z7i>sZQ)d322

k3

2

S_U§2 . . ,
|t -
—Liy

~Ul . . .
_ / [

/ fSi|a:(_zi7 —Z;)dZ;

L

/U aQP(%O(Zia Z%,Z’)d 7
L

T z
02,02}, 2

U
— [ Afsol=shad
L

U U 92 pi (i i
_/ i 9 Poo(zlvzzax)dzidz'
2
L

U U 92 pi ; i

i O Foo(21, 25, %) 5 o

— 21 s dzydz
L L 821822

L 021024
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Thus

(51 021822

% _ 2 Dt
61 _ (E |:’U7i (X) Ui (X)Ti| |:U1 / / a POO 217Z27X)dzédzi 7
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where the last equality follows from law of iterated expectations. The expression for [3% 65]"

could be obtained similarly. Also, because

Pl (2, 2%, 7)
= Pr(e > -m(s,2) —a' ey > — %(Zé,ff)—oéi)
= Pr(e >~z — fiz = 5P (2) —a' 6y > —z — Byr — 8Py ' (x) — o)
= Pr(z} > —€ — Blx — 0P (x) — o', 24 > —éL 5§$—5i (z) — o)
= Pr(z >S5,z > 8,

the conditional cdf of S is identified

F§i|x(zi,z§):/~ _ fs’|,1;( 1S s) dsydsy = Pfy(21, 2, ©).

L VLY
Thus

, O?Pi (2, 2 o
fSl|a:(Z1722) (21 2 )

024074
The marginal pdf of S! is then identified as:
Ui U 92pi (i i
: s2 0Pl (2, 24, 2) .,
fai,(21) = [0, (21, 85)d /flzz,? S’”—/ Hi - dzs.
5i2(21) 7, Sijz (%15 52 Sij (%15 52 . 02107 2
As
E(Sile) = P (z) —a

82P2 (28,25, @) . .,
_ / . / L e
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Thus

Oéi — Sz)
aQPfl Z1 22 X) 82P50 Zl 22 X) i 7
= L dz d E (AL dztdzt
{/ zl/ 021023 Zl} * [ / / 021023 “20%

B.3.2 o' >0

We use Py (21, 23, ) to identify E (Sy|z) and E (Sy|z). Then E (Sy|z) is used in the identifi-
cation of [3% 65]T; We use Pi,(2i, 24, ) to identify E (@’\x) , which is used in the identification
of (3] &]]"; We use the difference between E (Sy'|z) and — E <§f|x) to identify o'

By definition, it holds that

Pél (Z}, zé,x) = Pr (eZ1 < —ﬂ — o' ey > ;)
= Pr (611 < —2t = Blx — 0P (z) — oty eh > — Bir — - (x))
= Pr(e + pBlz+01P " (z) + o' < =21, 24 > —€b — iz — 65 P; " (x))
= Pr ( + e+ 6P (r) +af < —2t —ey — Blr — (5§P2’i (x) < zé)

— le( zl,ZQ)

= / / fsrife 31,32>d52’d81

82P81 (Zia Z%a $)

W)
021074

This means that

— _fsfilm (—zi, zé) ) (B.4)
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The marginal density is then identified as

Ul
) s1 .o .
fs;i|x () = .. Jstia (Sf, Z%) dsy

LY

E]

_U;:Zi 7 7 7
= [ e (5 ) (s

T sl
"i
_Usl

_ / e (<7 2 dF
7lel
L o
_ / S (=74, 24) d,
7U511
_/U 82Pgl (fia'zz%?‘r)dzi
L 02102
As the expectation is identified as
» By
E(Sgle) = ~fo P @)
0
S
0

Ul
s2 . . .
= //_ z;fséqx (23) dz4

7

= /U Z2fs i (22) dz,

PPy (24,25 2) . .
/ 25 / 05215Z22 dzydz;.

This implies that

4 2 D1t
Po| gt (0w 0O ERE (X / / TP %) g ()
5 021075

Also note that
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7.
1
USQ

fs |z( Zl) = , fs’z‘p«( 21752)d82

L

U
= / fS/i\x < 21a82> dSZ
= [ den ()

_/ 0> Py, (21,25, @ )dzi
L 021074 -

This implies

U
E S/i\ _ 'z'f g d i
vix) = Silglie (1) @51

-Ly , ,
= —/ ) Z?Lfsﬂa: (—zi)dzi

_7J
Usl

U N .
= _/ Zlfs i (_Zi) dzy

PPy (24,28, 2) .,
= / 23 / 05215222 dzydzy.

Similarly,
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o (21,22,93) = Pr (6’1 > 7Ti, 0 < —7r§ - ai)
= Pr(e>—z— iz =8P " (1),6y < —z — By — 6P () — o)
= Pr(—¢ m—é”Pl()Szi,eé—i-ﬁ;m—i-%P{i(x)—l—aiS—zé)

= Pr <SiZ <z, S; < —zé)

= o (zli, —2)

= /l / fsi ilg 31732>d51l

0° 10 (ZlaZan)

02,024 T (21, —2)

This implies

So

~/

U52

| L
fae (A1) = [ fae (454) 03
K2
s2
~7

“Usz . . .
= [ hs Gl ()

T Hs2
~r

~hez i i i
- /~, f§’f|x (217_22) dzy

U92
U . . .
= / fg/lz|x (21, —2%) d=}
L
U . . .
_/ 82Pf0 (’2172371:)(127;
L

021024 2

- AN N
B (Sile) = / S (%) 051
Ll
U

= / Z1fs i (21) dzt

O?Pjy (2,28, 2) . .
= / 23 / 15215222 dzydzy




Noting that

E(S'z) = —[z P (@)] ]|
01
= —vj(@) |
0
This implies that
B ; O?Pjy (21,28 X) ., .,
(% = Efv (X)'Ul( Ul / / 1((')321;3222 dzydz;)

The complementarity parameter is identified as:

o/:IE

_ / / 82P51 21a227X) / / 0Py ( 21’22’X)dz
021024 02,07 2

B.4 Proof of Lemma 2.3.2

B.4.1 o' <0

To identify the support of S} and S%, notice that under Assumption 2.3.2 we have
. ) -z =L o S
Fy (zi,L,x) = / / Jsilz (311,312) dssdsy
Lo
-7 ) )
= [ fsip (51) dsi
Ll

= Pbm( 1)

Thus it follows that [L%,U!] is identified as the closure of

157

(B.6)

sdz]

the set

{=21:0< Piy(2i,L,z) <1}.  Similarly, [L%,,U%)] is identified as the closure of the

set {—z4:0< P (L, 25, x) < 1}.
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To identify the support of §{ and gﬁ, notice that under Assumption 2.3.2 we have

It follows that [L'

sl

P ) = [ g GLE) s
- 7 f§;’|:c (511) ds)
= F§;‘|z (Zi)

U

is identified as the closure of the set {zi : 0 < P{(2},U,z) < 1}.

Similarly, [Li,, U%)] is identified as the closure of the set {zi : 0 < Pi, (U, 24, x) < 1}.

B.4.2 a'>0

To identify the support of Sj* and Sy, notice that under Assumption 2.3.2 we have

—28 U

i (i _ T i 3.t
2 7
sl 52

It then follows

{=21:0< Py (24,U,z) < 1}.

that

i
-zt

= . fSHx (Sf) de
lel
[L%,U%] is identified as the closure of the set

Similarly, [L7,U.}] is identified as the closue of the set

{z8:0 < Py (L, 25, x) < 1}.

To identify the support of gil and g;, notice that under Assumption 2.3.2 we have

It then follows that |

Pli0 (zi, L, a:)

i

sl

) d5idz)

zi —L
faro (37,50
— =, I8 P10 %2
sl s2
(2 1
fgi1e (51> dsy
Tl 1
le

Fgi, (#1) -

U] is identified as the closure of the set {2 : 0 < Pj, (i, L,x) < 1}.

Similarly, [L'%, U] is identified as the closure of the set {—zi : 0 < Pi, (U, zi,x) < 1},
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B.5 Proof of Theorem 2.3.3

B.5.1 o'<0

To show the simple form for |3 6|7, we first show that

, Uy , , . .

E(Si|x) = —/ (Péo (—3’1, —U;Q,x) +1 (—sﬁ > c) - 1) ds; —c (B.7)
Ly

Note that FSZ'\I(Sih 822) = P(;O(_Sli) _Séa JZ) imphes FS“x(SZl) = FSi\x(Sih U;2) =

P(%O(_Sila _Usi27 $> So

U , , ,
RHS = —/ <FS“$(5’1)+1(—5§>0)—1> ds] —c
Ly
Ui ‘
ot i i sy 4
= —/Lél (FSﬂx(Sl) +1 (51 < —c) — 1) aS%alsl —
. e N, o0 (Fogialsi) + 105 < =) = 1) .
= — ( i1z (1) + (81 c) — ) s} o +/LS B sydsy — ¢
p— . A |Ud
= — (FSW(SI) +1(s] < —¢) - 1> s} e (Fsm(s’l) +1(si < —¢) - 1> s1
sl -¢
0 (Fyu(s) + 168 < =) i 0 (Fapu(sh) +1(s1 < =)
+/L§1 751 s1ds] + /_c b5t sids] — ¢

- —(Fsm(—c)+1—1> (—e)+(0+1 1)L, —(1+0— 1)U,

—c o Ui , A
(P o+ 0-1) (= [ fpa ) stast+ [ fga () dst
L’S1 —c
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Next do change of variable z{ = —s! (so that ds! = —dz!), and for any 24 € Z4(L) =
(L, =U%], we get

-Ugn , . ) . .
/ , (PSO (zi, —USZ2,$) +1 (zi > c) - 1) dzj —c

_ /Uil (P (21,23, ) + 1 (2} > ¢) = 1) f(=] 5, 2)
— ZSI f(ZﬂZé,l’)
_ [ B s )t 1EH 20 - D fEIS)
—U;l f(zﬂzév J}) !
_ _/U (Pio (24,28, 2) +1 (4 > ) = 1) f(edlzh0) o
L f(Zi‘Z%,l’) ! ’
_/U (E (Dot 25, 7) +1 (4 > ¢) = 1) f(2i]#, 2)
L f(21]2, x)
, . |
D! 1(z* >e)=1) . . o )
- - E(( T 1(z 2 ) )|z;,z;,x) F (2 2)dzi — e,
L f(Z“Z%,I‘)
_E(<D60+1('Zi2 )= 1) x) .
f(Zi]2, @) o

where the third equality holds because [~U!;,—L%| C [L,U]' and the integrand is zero

i
dz] —c

i
dz] —c,

outside [-U!;, —L;]. To see this, notice that zi > —L% implies —z! < L!

S < —2tis
impossible because —z! is below the lower bound of the support. zi > —L’, also implies that
2t > c as ¢ is in the support of —Si. Thus 1(d} = (0,0)) +1(2{ >¢c)—1=0+1—-1=0,
where 1(d} = (0,0)) = 0 because S! is below the lower bound of its support; Also when
2t < Uy, Sf < =21 with —21 > U,, 1(d} = (0,0)) +1(2; >¢)—1=1+0—1=0, where
1(d? = (0,0)) = 1 because S} is above the upper bound of its support and 1 (2} > ¢) =0 as
21 is below the lower bound of the support of —Si. The fifth equality holds by linearity of
the expectation operator because z¢, z and z are given. Thus it holds that

E (Sijz) = —E ( (Dbo *}32(12';;? —b \z;,x) iy (B5)

!This is implied by the fact that the support of S} is a subset of the support of —zi.
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Take an additional average with respect to Z3 over Z4(L) gives

E (Sj|z) = —E ((DBO J}(lzi‘zé;:)) ) |74 € TH(L), x) —c (B.9)

As

[ﬂ 5i]T _ (E [v’i (X) vl (X)" 175 € Ig(L)]>_ E [vi(X)E(Si|X)|Zi € Ti(L)], (B.10)
Bt 5i]T is identified as:

(B[ o 0TIz e ) B (- P =0 ) iz enn|.

As
E[of (X) 0] ()7 1(74 € Ty(1))|
Pr(Zi € Ty(L)) ’

E o} (X) v} ()12 € TH(D)| =

and

e oo (-G )14 e T

B o) (FEBRCE (g e nym)

1(Z3125,X)

9

Pr(Z; € Iy (L))
where the second equality follows from law of iterated expectation. We could rewrite the

identifying equation for [3%,6¢]T as

(B [st ot 007 w]) 8 fuion (PRI ZIZD - Gy, |

The simple form for [3; 6i]" could be derived similarly by symmetry.

To obtain the simple form for o, we first derive the simple form for E <§{>
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First, we show that

~ oy, o, ‘ .
E(Sile) = _/~ (Pfl (?1’%’5”) -1(® 2 C)) dsy +c (B.11)
Ly

Uh ' A |

RHS = _/ <F§i\x(§z1)—1(31126)>d§”1+c
L '

- /~ (FS\x<§L1> 1(s) > C)) a;d?l +c
L 1




Next, notice that for any zi € Zi (U) = [UL,, U], it holds that

Uh , . ‘
- [ (Ph (5 Thr) ~ 162 ) 5t e

U
= —/ (P (21, 25,2) =1 (21 > ¢)) dzf + ¢

_ /U Dil‘zpzzwf) - 1(21 > c)) f(zﬂzéwf)dzz T
- 0| o0 1
L f(z]25, 2)
U )
(D: L> o L .
— / E < n—1(:20) |z§,z§,x) f (21125, ) d2} + ¢
L Zl|227 )
_ /U 11|Z1a227$)_1(zi ZC))JC(Z“Z%)x)dZi_i_C
- 0| o0 1
L f (2125, @)
E(Di|zt, 28, 2) —1(28 > ¢),
— E ( 11171y ~2> 1 = |Zl, _'_07
(Zl|227 ) 2
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where the first equality follows because when 3 > U,, the integrand P (5%, 23, z) —

1(38>¢)=1—1=0; when & < L,, the integrand P}, (5,24, 2) —1(51 > ¢)=0—0=0.

Note that as ¢ is in the support of g{, the integration over z! doesn’t need to exactly touch

the boundary of the support of 2}, for example, it could be written as integration over

[L +¢, U — €], which still gives expectation wrt Z; as the integrand beyond this range is zero

(This is also true for other cases). Thus it holds that

~ P (Zi, 2, x)—1(Zi>¢), .
IE(S’ 1:) :—IE< LU L Lhine/ A 1 2, x| +ec.
! fZgy

Law of iterated expectation gives

~. P (Zi 7 I)—l(Zi ZC) ] '
E(S!) = —F (=22 ! ZEe TL(U) ) +c.
() ( Pz skl
(21125, x)
_ _E<Dil—l<Z{ZC)
(21173, X)

ygegw0+a

|ge£w0+a

(B.12)
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Thus the simple expression for o is

Dy, —1(Zi > ¢ Dj +1(Z’>c
E|: 11 : 1 = ‘ZlEIZ<U):|+E|: 00 ‘ZZEIl(L)}
f(ZilZ3, X F(Z3125, X
B.5.2 oa'>0
First we show the following two equalities:
~ [Di,—1(Zi>¢c)|,, =~ |
E(Szx>:—]E 10— 1 =9\ i e T (1) x| +c B.13
1| I f(ZﬂZ%,.’L’) 2 2( ) ] ( )
. (Dl —1(Zi>¢)|,; |
E(S’x)z—E 0w —\22 =9y c 7 (L), 2| +e B.14

As these Z! and Z} appears in symmetric positions in these two equations, we only need
to prove one of them and the other one hold by the same logic. Here we prove the second

equation. First, we show that

U;% . /- /. % 15
E (S;’|x> = —/ ' (Pé1 (—Usll, 59, ac) -1 (52’ > c)) dsy +c (B.15)
Recall that P (2%, 2%, ) is related to the underlying distribution of (S}, Sy) by the fol-

lowing equation:

i (i i _ Zi i o i
Fs (21722713) = Pr <51 < —21,85 < ZQ)
_ i i
i b
L L
= / / fS/zlx (312, S2Z> dS;dSlz
. .
Ly JLg

So Pél ( Ust 827 ) FS'i|x (U;ZD Z;) = FS;1|;E (’Z;)
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) g
i 0s,

vl osi .
RHS = - (FS/i\m <32>—1<52 20))—,.d52+c
L' 2 8522
52

/Z' /Z /i U;’é

- () a2 )

s2

Sy ‘
) 2 L’

/4 83’21

/i
s2

= E <S;Z|x)

Also, for any 2! € Z, (L) = [L, —U"]

)
- = (Fs;i\x (c) — O) c+ (Fs’ﬂx (L/slz) - 0) L/siz - (Fs;ﬂx (U;§> - 1) U;E
(

U.sé aF /g ( )
Fnt0 1) [+ 2 )
2

Fs;qx (s%) -1 (s; > c)) slzi

zd '+ ¢

/ P(751 ~U, 32730) -1 (5/21 > c)) dsy + ¢
L

I
—
Q

zl,zz, ) 1 (z% > c)) dzh + ¢

> 0) f(#]4, 7)

_ /U (Pgy (21,25, 2) — 1 (4
L A

f(#]21,2)

dzy + ¢

ZZ‘Zlv

_ E< Pél 217Z57 1(ZZ > C))

z},x) +c

ZZ|Zlv

where the first equality holds because [LJ, U]

x)
Pél 217Zév (Zé Z C))
= (¢ )

zi,x) +c

C [L,U] and the integrand is 0 outside

(L%, U%). To see this notice that when 24 > U, Pi (L, 25, 2) —1(25>¢)=1—1=0.
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When 25 < L%, Py (L, 25, 1) — 1 (25 > ¢) = 0— 0= 0. Thus it holds that

o\ (P, (24, Zi x) —1(Z8 > ¢))
5 (sile) = & (R

z{,x) +c (B.16)

Law of iterated expectation gives

E(%@):—E(w%;%§ESQWﬂezﬂm¢0+m. (B.17)

By symmetry, for Z, (L) = [L, —U.3], it holds that

~7. DZ —1<ZZZC> ; ~
E(Silz)=—-FE |- ——L Zte T, (L . B.18
(i) == [ M e e mw o] oo (B18)

Given that E(S;|z) = —vi (x) 6'1 , it holds that
0]

i ; ; T 1) ' Diy—1(Zi > ¢) i
:E|:1X (X Wz:|> E (X 10 : ‘1— o W2 ’
; (B[4 (0w OTWL) B 1o (0 (g —¢) W
The simple expression for [3,65]" could be obtained by symmetry.
To find the expression for o, notice that
; 1; / SIIi U‘;Q 1 1; 1; 1z 1;
Pél <_81Z, USQ’ l‘) = //. fS/Z|ac (Slz, S;) dS;dSlZ = Fsil‘fv (Sf) . (B]_g)
Lszl L/s2

First we show that

U,

E (Sﬂx) =— /, ! <P81 (—s/f, U;g,x> -1 (—s,f < c)) ds — ¢ (B.20)
o
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Note that

Usl . , '
RHS = —/ <FS/i\m (sf) -1 (sf > —c)) dsy —c
Il 1

i 3
syds{ —c

LU Ui 0 <F51i|m (S’lz) 1 (Sflz > —c))
o,
L

( L 2 Os}
B — § y ]
()1 (=) [ (o ()22 0)
lel —C
—c 8 (FS/i (S/i) — 1) U/i 8F ) ( 3
|z I s1 Sl"\w 81) .
+ / . ,Z. szdsz—i—/ ————s)ds/ —¢
i Os{ e e 0s{ e
= — (P (=9 =0) (=) = (0= 0) L = (L = Y Ui + (Fyg, (0) = 1) (=)
U N
T, s (311> ds; —c
L K3

At the same time, for any 2% € Z,(U) = [U.,, U], it holds that
U‘:’i 1; 1; >
- b () -2 2 )i~
sll
Ua , . § .
= _/ (Pgl (—sf,zé,x) -1 (—sf < c>) ds; —c
L

/g
sl

s | |
:/ (P, (2, 2,2) =1 (2} <c¢))dz} — ¢

=
Ll
_ ‘/U@ (P (4, #h,) = 1 (54 < 0)) det — ¢
G S ECELEE P
L f(ZHZ%v:C) '
- _F |:P(§1 (Zi7zévx‘> _ 1(Zi <c
[ (Zi].)

)|Z;7'T )

where the last equality holds because [~U.}, —L] C [L, U] and the integrand is zero outside

S
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[—U.i, —L%]. To see this notice that ¢ € [~Ui,—L}], when 21 > —L%, Pg (24,U,z) —

1(2i <¢)=0-0=0,and when 2! < —U., P}, (21,U,x) —1(2} <¢)=1-1=0. Thus it
holds that

' PL(Zi 24 0)—1(Zi<c), ,
E(Siz)=—F |-~/ ! P —ey B.21
(s11e) = [ A0 (B21)

By law of iterated expectation it holds that

y Di,—1(Zi<¢), ., .
E(Silz)=—-F =L 1 ZteT U,m}—c. B.22
(stt) =2 | 5 N e o) (22

Thus the simple expression for o is

Di—l(Z’<c 7 Di,—1(Zi > ¢)
o) 01 : ‘Zz Z(U):| _E|: 10 ‘Zz Z’z ):|
{ f(Zi|Z5, X (23123, X

B.6 Proof of Lemma 2.4.1

Proof. Let Q = Zi(L) x Z3(L) denote the rectangle on the bottom-left corner on which D,
always equal 1 (including the boundaries). Let B = (—Uf,, —U%,) and let A = (U, —UL,).
Let d(B, A) be the Euclidean distance between point A and point B. For any ¢ > 0, we
analyze the probability that Pr(d(B,A) > €) = Pr(B ¢ Ball(A,¢)).

Case 1.B ¢ Ball(A,¢) and B ¢ Q. We will show that asymptotically B is not feasible.
As if B is outside (), the bottom-left rectangular region of point B will overlap with the
complement of @), where the probability of observing Dj, = 0 is strictly positive. As M goes
to infinity, with probability 1, there will be a point B in this region with the corresponding
Dio,, = 0, which implies that B is not a feasible point.

Case 2.B ¢ Ball(A,¢) and B € Q. In this case, we can show that, in the limit, B will not
be optimal. As in this case, look at the rectengular region between B and A. As M goes to
infinity, with probability 1, there will be a point B falling in this rectangle. This point is

feasible, and this point gives a strictly larger area of rectangle to its bottom-left than point
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B, which implies that point B is optimal as defined. Thus it holds that

lim Pr(d(A, B) > ¢)

M—o0

= lim Pr(B ¢ Ball(4,¢))

= Aglzm Pr(B ¢ Ball(A,¢) and B ¢ Q) + Agfz'm Pr(B ¢ Ball(A,€) and B € Q)
—00 —00
=0

B.7 Proof of Lemma 2.5.1

m=1 9z} 925
Step 1. We show that 57 570 (¢h (X, 7a) = @b (%m: 7)) = [ Qb (.74 — 7&) dFx +
Op (M -1/ 2). This could be established by showing

. oPi(zi Zi X, OPH(Zi, Zi  Xm
It suffices to show the root-n normality of v/ M (% S M (2 Zi Xon) E ( (i 2 ))) :

1L N . . 1L SO -
a7 2 (0 (on o) = i (om 1)) = 37 D Qa (o B =) + 0 (M7H7) - (B23)
m=1

m=1

and
1 & o . o
2 20k (o =) = [ QAL =) dBx ko, (). (B2
m=1
To show equation (B.23), note that

ix |2

| < b (va%m) sup |35 — 72
xEH

qux (Xma//}\/(i) - qzia (Xma ’Yzy*) - QL (Xmajy\g - 7;:)

I

where H is a compact subset of the support of x (note that expectation with respect to Z?

can focus on a compact subset of the support). Under Assumption 2.5.1, 2.5.3 and 2.5.4, it

holds that sup [|7%, — 7| = o, (M~'/?). Equation (B.23) then holds by triangle inequality
xEH

and weak law of large numbers.
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Define 7', = E(7%,). To show equation (B.24), notice that

=] -
NE

Qi (Xm, Jo —7a) — /Q; (x, 7% — 72) dFg

3
I

I
=~
NE

@l oAl = 72) = [ @ (e T~ 7h) dFk

3
Il

+
=]~
NE

Qi o T = 28) = [ @i (= 28 Bk

3
Il

Under Assumption 2.5.3 and 2.5.4 the first difference on the RHS is 0,(M~'/2) by Lemma
8.4 in Newey and McFadden (1994). For the second difference, notice that by linearity of
Q' (x,-) and the fact that 7¢* is uniformly bounded away from 0 (Assumption 2.5.1), it holds
that there exists constant C' < oo such that E ||Q%, (xn, 7, — 72) |[* < Csup|[7, — 75> = 0
under Assumption 2.5.4. Also note that E[Q?, (%, 7, — 75)] = o(M 2))(3?:1der Assumption
2.5.4. The second difference is o,(M ~1/2) by Chebyshev’s inequality.

Step 2. We show that [ Q! (x,7} — ) dFy = & SN vl (%) + 0, (M~/?) for some

function v, (x,,). This could be established by showing
[ @i e -y ars = [ G0, - i) s, (B.25
and
[ (Wi i~ ) iy,
M
= M Z (w; (Xm) dfxm - ,u;) + OP (Mil/Q) ) (B26)
m=1

where F\yoé is a kernel-smoothed version of the empirical distribution of Y. Then set

V(X)) dY,, — pi, = vl (x,,) gives the desired result. To show equation (B.25), first we
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show that for generic 7%, it holds that

/ Q' (x, 71 )AF: = / 0 (%) yidx, (B.27)

for some function 1, (x). Note that

Qioz (Xa 724) = Vz% (J(Z)'f)/(i) = vz§ (‘]éc) 724 + chvzéﬁyga

here Ji = [—25 L] S
where a—[—vé*g,vé*]. 0

[ @ity ar

[ (94 (2 2h+ Vi)
[V ()t [ TVt

/ Ve (x)70dx,

where ¥ (x) = 1*V.; (Jo) + Jinel(zs = U) — Jigl(zh = L) + V4 (Jing") and the last

equality follows by integration by part. Equation (B.27) implies that

JCE

JdE = / G (%) 3 — 7i%)dx. (B.25)

Plugging the expression for 47 and use the definition of p! gives

[ @i bei - i) ars = [ (o0, - i) g, (B.29)

where we define

M K
. ~ 1 . . . . .
[ oty =55 303 [ aldi s ) Kila), - 2V ). (B30)
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To show equation (B.26), notice that

M
[ (il = i) dBy = S (v ) i~ )
m:l

M:

. . 1 . .
(Vho (%) + ¥l (%) df — p1l,) de— (%m) + Vi (Xm) dip — 11)

—

m:l

% 2 (Z dofsim (Z/%S(Zi’xk)f{h (2, — 2') dz' (2 = 21) — i (Xm)>> |

m=1 \s=0,1

where d}, =1 and d;;;;,, = di,,,. So it suffices to show that

alllm

£ | 3 Dign (3 f il 1, 2 ) 105, =) 1,050 )| a7

s=0,1

and

D[

K
Z/@Dg(zi,zk)Kh (Z, — 2') dz'1 (X, = 25) — Y, (Xin)
=1

With some slight abuse of notation, the first equality holds as its left hand side could be

rewritten as?
‘ [ (Z//w z', 1y Kh( zi) dz'1 (z,, = a:k)’yé[s](xm)dxm — /zﬁfw (xm)q/g[s](xm)dxm>] H
s=0,1

2Note that here each fyé[s] (x,) already contains the density for x,, by construction. Also note that
here expectation with respect to observation m is expressed using an integral with respect to x,, only to
save space as no calculation is done in this step. In the following lines wherever explicit calculation is
performed, this integral is written out in more details: integration with respect to the continuous variables
¢ and summation with respect to the discrete variable x,,.
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This expression could be further rewritten as

K
Z <//1/}as z' Il Kh ( Zi) dzi/ytil[s} (Zim xl)dzin - /Q/J(l‘)zs (zfnwxl) 7&[3} (Zim xl)dzin)] '|
Ls=0,1

=1

s> > ([ [ ><vz[s]<%i—uh’fcl>—”i[slﬁi’x’))d“dzi)]H

1 Ls=0,1

i [ W ol | [ [ 5 ) i@ — ) @]

= o?M_l/Q)

arii

IN

where the first equality holds by change of variable, and the inequality holds by triangle
inequality and Cauchy-Schwarz inequality, and the last equality holds by Assumptions 2.5.1,
2.5.3 and 2.5.4.

The second claim that the second moment converges to zero holds as under Assump-
tions 2.5.1, 2.5.4 and 2.5.5, simplifying the expression and applying dominated conver-
gence theorem delivers E [HZle [i(Z', ap) Ky (ZE, — 2°) dz'1 (X, = x) H }

E [waé(zi,Xm)Kh (Z, — z') dz' — ¢l (X)) } — 0. The claim then follows by Cauchy-
Schwarz inequality.

Combining the established results from Step 1 and Step 2, it holds that

M
1 )
— (X, AL = L (X, YL) F UL (X)) + 0,(1),
_MmZ:lq( 7 fzq Y (Xim)) +0,(1)
and normality follows by central limit theorem.

B.8 Proof of Theorem 2.9

Without loss of generality we prove the root-n normality of [9\3 in the case of o' < 0. The

proof for other cases and other estimated structural parameters are similar. Define @1 =
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VT
A o) o) Wiy 330

i = E[vi (X,,) vl (X,,)" Wi]. First note that

M ) Dy, 4+1(Zi,,>0)-1 : i : i i
T (P 0,0+ 510606 ) Wi

0 = _@i) M

; Diom+1(21,,>0)-1 , ; ;
S 7100 (B G 4 606,061 ) Wy,

. ~.\ —1
- 91/ N (E,L>
! ! M

; Diq,,+1(Zi,,>0)—1 , i ;
Zi\f_ﬁi(Xm)( j?o(z;' |<z; x,,?) +ﬂ(Xm)T‘91) Warm

D80m+1(zim20) -1

(24,128, Xm)

VM

z%mxm)( +ai<xm>Tei)wsLm

Thus it suffices to show the normality of . Also

as

. Do 4+1(Zi,,>0)—1 . i i
ST (Bt 4 g1, )01 ) Wy,
v M
Xm s W. . . -
s (AR S /0 (6. (B UL

VT VM

and the second term is asymptotically normal, it suffices to show the normality of

M , Do, +1(25,>0)—1 i
vM

Similar to Lewbel and Tang (2015), we have a first-step estimator that converges at root-

N (in our problem, it’s the estimated belief, while in their paper it’s the estimated strategic
coefficient). The sketch of the proof is thus similar to that used in Lewbel and Tang (2015).
Define

dio om0 = |
Br(X)

-~ 2Lm>

Xom (D@Om +1(Zi >0)— 1) Wi
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and define

f(Zlm|Z2m7Xm)

Gio (Xm,Fp) = v1(Xom) (

0 |
Let Jigp(F0) = 1 ( (m“'(ZZ >°)) >W5Lm. It holds that:

qie (XmJ/?TZv:%) - Qie (Xma'/%) + Jl@p(/v\o)(Pl_i(Xm) - Pl_i(Xm»-
Notice that the second term could be rewritten as

Ti0p(30) (P (Xn) = Pr (X)) = Y Tiop(los ) L(Xom = ) (P () — P (),

where J19,(70, zx) is defined as Jyg,(70) holding X,,, = z;. Thus

M
qu m7plzafy\é - qu mvpl_lfyg)

+ Z Jrop(Yo, 1) L( X, = xk)]m(ﬁfi(xk) — P (),

=1 =1

MN§~

?r

by consistency of ﬁ_i(Xm), uniform consistency and positiveness of 75 and law of large
numbers, it holds that -+ Zm 1 J1op (Yo, 1) 1 (X, = 1) N J1opk, which is a constant vector.

Thus the linear representation for the second term as a whole is written as:

— xk)
Pr(D~% = (1,1) or (1,0), X = xy)
P?“(X = LCk>2

ri(xm) = ijpk[MX;uD;:u,n or (1,0), Xpm = 21))

1(Xon = )] + Op(N_l/Z)-

It remains to find the asymptotic linear representation of \/LM SM gy (X, 78)2 The
reasoning in the proof is similar to that of Lemma 2.5.1, and thus we will not lay out all the

details.

3Note that once we get this asymptotic linear representation, the asymptotic linear representation of

ot Dj 1(zi,,>0)— ; ;
d1e (xm7 70) = < %‘)&T ‘(Zilm;;))) 1) W3, .., could then be found by removing v} (X,,) from each term.
1im 2m o m
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Step 1. We show that 57 3200, (¢lg (%, 55) — Gip (%, 757)) = [ Qi (x.5) — 7%7) dFx +

0, (M~'/%). This could be established by showing
| M
17 2 (@10 G ) = dio (xm:757)) ZQw (Xoms A — 757) + 0, (M72)  (B.31)
m:l

and

- Z Qw Xm, 79 /Qw X 70 7(3*) dF)*( + 0p (M_I/Q) . (B-32)

To show equation (B.31), note that

)

Jdho Gons55) = dho (ns ) — @b G55 = 95) | < B (387 3) s 3

where H is a compact subset of the support of x. Under Assumption 2.5.1, 2.5.3 and 2.5.4, it

holds that sup ||7} — 75*”2 =0, (Mfl/Q). Equation (B.31) then holds by triangle inequality
x€EH

and weak law of large numbers.

To show equation (B.32), notice that

1 - ] ~j % A a3 % *
MZQZw (%m: 7o —757) _/Qw (%, % — ") dFx

1 M ; ~; —i 7 0 =t *
= 5V Z Qg (Xma% - 70) - /Qw (x, Yo — 79) dFx
m=1
1 XL S . S
+ g 2 Qo bonTo = 38) - [ @l (x5~ i) arx

Under Assumption 2.5.3 and 2.5.4 the first difference on the RHS is 0,(M~'/2) by Lemma
8.4 in Newey and McFadden (1994) and the second difference is o,(M~'/2?) by Chebyshev

inequality.

Step 2. We show that [ Ql, (x,75 — v5") dFy = &= M vy (Xm) + 0, (M~1/2) for some
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function v4, (x,,). This could be established by showing
[ @i (3 =) dFx = [ (v () = ) dFy (B33
and
/ (wieo (x) — Mlie) dFY;’
LM
= 27 2 (Yoo (em) = pig) + 0 (M72) (B.34)
m=1

where ﬁyg is a kernel-smoothed version of the empirical distribution of Yy. Then set
Yioo (Xm) — pty = Viy (Xm) gives the desired result.

To show equation (B.33), first we show that for generic 7}, it holds that

/ Q%7 dF: = / g () i, (B.35)

for some function ¥, (x) and 9%y, (x). Let Jj, denote the derivative of ¢}, (x,7j) with

respect to 7 evaluated at vj*. Let ¢'(x) = vi(x)ng(Déo +1(zf > 0) — 1). Note that

i i g (x o7 x)dt i
/on%de = / (E ( 1(1*) |227 ) % (227 T) — f 1) Yodx,
Yo 70

where 7*(25, ) denotes the true joint density of (Z3, X). Thus ¢j,,(x) = v} (m)w%Lfi +

E (C;( ) > (28, 1) — M Equation (B.35) implies that
[ @iaboe i =)z = [ bl () G (B30

Plugging the expression for 75 and use the definition of i, gives

[ @i (3 =) B = [ (o () — sity) By, (837

where we define

M K
N 1 . . . . .
/ alghdFyy = — 33" / (g s ) K2, — )2 L (2, = 20). (B.38)



To show equation (B.34), notice that

where dlé[o]m =1 and dé[Q]m = d}om- So it suffices to show that

K
E (Z [ Ve 00K (2, ) 481 (X = ) ~ v <Xm>)] H — o211
k=1
and
K 2
B (|3 [ ool ) (2, — ) da'L (X = 20) = 0 (X, | | = 0(1)
k=1

178

Both equations hold under Assumptions 2.5.1, 2.5.3 and 2.5.4. Combining the established

results from Step 1 and Step 2, it holds that
1 < 1 <
Navi Z G10(Xm, Vp) = Wi Z (d16(Xim, 76) + V19 (X)) + 0p(1).
m=1 m=1

Similarly, there exists (3119(Xm, v4) and ;ia (X,,) such that

i (fie(Xm%) T g (Xm)> +0,(1).

m=1 m=1

=
lwye)
s
el
3
§:2
|
=l
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Note that
1 M i
- — J Xm7/\2

i W;Che( 79)
1 K M ;

= —— > 0l Zh 7 )UK = 1)
M k=1 m=1
1 K M i ;

= =33 (0w ) + 10 (Zh 1) ) 1Ko = )
M k=1 m=1
1 M i i

= =" (00X 98) + 1 (X)) + 0 (1),
M m=1

Let By (G2 270) + 09 (Zi 1)) LK = )}, EY =

E
E (10X 7%) + P10 (X)) ).

VM (0] - 0) = (Eﬁ)liM i (410 (Xoms 7)) + Vig (Xom) +71(Xom) + 01 (X )01 (Xin) ' Wip,,07) + 0p(1).
m=1
Thus
VM (5; - 9;) 4N <0,Q€i) ,
with

Qg = (31) " Var (1o (Xim, %) + Vig (Xim) + 71(Xin) + 03 (X )01 (Xim) " Wap61) (517"

Regarding the root-n normality of a’, notice that o' is estimated as

M Dy, —1(21,20) oy M Digyt1(Zi,,20)-1_
Zm:l J?(me|Z§m>Xm) WQUT)’L Zm:l fg}{m‘zé;rtx'm) WZle

M 1 M ;
Zm:l WQZUm Zmzl WQle

Use argument similar to the above, we can show that both terms in this estimator are root-n

consistent and asymptotically normal, and our desired result holds.
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Appendix C

IDENTIFICATION AND ESTIMATION OF BINARY GAMES
OF INCOMPLETE INFORMATION UNDER SYMMETRY OF
THE UNOBSERVED PRIVATE INFORMATION

C.1 Proof of Theorem 3.3.2

proof. The proof follows a similar argument as the proof of Theorem 2.1 in Lewbel et al.
(2020). We need to replace their utility function with our expected payoff function, and
replace their identifying restriction based on pdf with our identifying restriction based on cdf.
To be self-contained, we provide the major steps of the proof here. If 3° = 3}, then there are
two cases, either (—z' +2x}8(, x) € Qz x) implying d'(8j; 2*, ) = 0, or (—2' +2x,08, z) ¢
Q(zi x) and by definition Pr((Z’, X) € D'(8")) = 0. Showing that Pr((Z*, X) € D'(8")) =0
implying 3" = 3} is equivalent to showing that 3' # B implies Pr((Z%, X) € D'(3")) > 0.
Recall that 27(8') is the set of x such that x!(8° — Bj) # 0 and also recall that .7 (8") =
{(z',2) : 2" € Sz, © € Z(B")}. By Assumption 3.3.5 (i), B8° # B implies Pr(X €
2 (B") > 0. Thus, as long as the parameter deviates from the true value, it’s always
possible to find 2 such that x(8° — B)) # 0. By Assumption 3.3.5 (iii), it holds that
Pr((Z', X) € #(B")) > 0. It remains to show that Pr(d(8%; Z*, X) # 0/(Z*, X) € . (BY)) >

0. To see it, recall that the distance function written in terms of the cdf of the error term is
Fei|:c(_zi + X;BZ]) - (1 - Fveﬂac(zZ - 2X;/61 + X;)ﬁg)))
= Fap(—=2' +x,8)) — (1 = Fap(2' —x,8; — 2x,(8° — B7))-
If the claim is not true, so that we have Pr(d'(3%; Z¢, X) # 0/(Z¢, X) € #(B")) = 0, then this

implies that Fii,(—2'+x,8() = 1—Fe, (2 —x,85—2x,(8'—B)) even though x/,(3'—B) # 0,

which is a contradiction under Assumption 3.3.6.
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C.2 Proof of Theorem 3.4.2

proof. The proof follows a similar argument as the proof of Theorem 3.1 in Lewbel et al.
(2020). We need to replace their utility function with our expected payoff function, and
replace their identifying restriction based on pdf with our identifying restriction based on
cdf. Q'(B') = LE[(r(Z, X)d (B} Z',X))]> > 0 by construction. To show Q'(8f) = 0,
notice that when B = g, if (z%,z) € S(ié\g(), then by Assumption 3.4.1, 7%(z*,z) > 0,
and for such (2%, z), it holds that d'(3%; 2%, z) = 0. If (2%, z) ¢ Ségg}), then by Assumption
3.4.1, 7i(2*,x) = 0. To show Q'(B") > 0 for B # Bi. For such B, by the proof of
Theorem 3.3.2, we can always find .7(8") = {(¢",2) : 2 € Szi,, * € 2°(B8")} such that
Pr((Z', X) € #(B")) > 0. By Assumption 3.4.1, we can always find the set (3" ﬂSZZAZH;Q

which has strictly positive probability. On this set 7¢(2%,z) > 0 and d'(8%; 2%, z) # 0, which
implies Q*(8%) > 0.

C.3 Proof of Theorem 3.5.1

The following lemma is Lemma 8.10 from Newey and McFadden (1994) (or Lemma S.A.3 in
Lewbel et al. (2020)) used to control the rate of convergence of the first step nonparametric

estimates:

Lemma C.3.1. Under Assumptions 3.3.1, 3.5.1-3.5.3, fort = 0,1 and i = 1,2, it holds that

- 7 i i i logN s -
(4). o sup f 7(t)(z x) = f 7(t)(z ,@)| = Op( Nh2HL + 1) = 0p(N 1/4)7
(zl,m)ES(’Ziyx)
. ' i i i logN s -
(42). o sup 5" (2" x) — gV (2 3)| = Op(\/ Nh2HL + ) = 0p(N 7,
(zl,x)GS(’Zi’X)
Diy(t) (i i(t) (i logN s —1/4
(4d4). sup  [PY(2'x) — PUY(2" x)| = O WJrh):Op(N ),

(zi,x)ESZ’Z]\;?;()
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‘ 7 i i i i i logN s -
(). sup |22, B )= O (22, 9B )] = Oyl gy Hh) = (N,
(z4,x)eS"
(Z1,%)
pe[0,1]

i i logN s -
(). swp (G20, 1 2)—g O (2l 1), )] = Oply e +H) = (N,
(24,2)eS”
(Zi,X)
p€e(0,1]

. Di i i i i i logN s -
(vi). sup  |PMO(—z +2[$»p]507$)—P’(t)(_Z +2[z, By, )| = (\/ Nh2t+L+h ) = 0p(N 7,

i, NT
(2¢ x)ES(ZZ x)

p€[0,1]

where superscript (t) denotes the t—th order derivative with respect to z°.

Remark C.3.1. Notice that Lemma C.3.1 implies that under Assumptions 3.5.1-3.5.3, both

dzn(ﬁg; Zt X, and VB'L (8L 7 X,) are uniformly consistent on SZZAZT) 0,1] at faster

than N~Y4 rate.

Proof of Theorem 3.5.1: Define Q% (3?) as the sample objective function in which true

belief instead of estimated belief is used. Applying a similar argument to the one used in the

proof of Theorem 3.2 of Lewbel et al. (2020) gives sup |Q% (8%) — Q'(8%)| = 0,(1). Thus, it
l@zeBz

suffices to show sup |Q% (8") — Q4 (87)| = 0p(1). To show this, define QN(ﬁ’) as the sample
objective function in which estimated distance d' (8% Z%, X,,) is replaced by true distance

di(B% Z¢, X,,), and the estimated belief is replaced by true belief. An argument similar to the
one showing the asymptotic negligibility of the first term on the right hand side in equation

(S.A.3) of Lewbel et al. (2020) implies sup |Q%, (3%) — GQN(BZ)] = 0p(1). Thus it suffices to
BieBi

show that sup |Qi(8') — Q) (87)] = 0,(1), which could be established as follows:
BicBi
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sup |Qy(8) — Qn (8]
pieBi
N
1 ) 7. i (Al ) 7 7. z i (Al
= sup | Z[ (Zn X )Pl (B 23 X) + d(B' 23, X[ (B 23, X) — (8% Z
ﬁleBl 2N
< Csup  sup |d (87, 2) - di(B; 7, 7)|.
BB (i, z)GSZZJ\lm;()
Let d’(ﬂ’ Z' X,) be the true distance function evaluated at estimated belief instead of true

belief, so that dz(ﬁi; Zt,

IN

IN

where the first
sup

(z4,x) ES(LZ]\ZH)})

p€[0,1]

X,) and d'_, (8% Z

X,,) are evaluated at the same values. Thus

sup  sup |dL, (8% 2" 2) — d'(B' 2", 7))
BieB! (4, z)eSZZAlH;()
sup  sup |d, (B2 @) — d(B 2 )]
prebi(ztm)e SZZAF;()
sup  sup 4B 2, x) — d(B 2, )]
BiEB (4, I)ESEZAF;Q
sup sup L, (82, 0) — d (852, )]
BiEB! (4 J:)ES;ZI\Z”;()

pe(0,1]
sup  sup |d(B' 2 x) — d(B 2 w)|
P e
OP<1)a
term  is o0,(1) as (iii) in Lemma C.3.1 implies that

d'(8%; 2. 1) = o,(1), and the second term is o,(1) by the

Xo)ll
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smoothness of the true distance and consistency of estimated belief. Thus it holds that

sup |Qy(8") — Q'(8)|

BicpBi

= swp |QN(8) — Q'(8) +Q'(8) ~ F(B) + Q'(B) ~ (B

< sup |QN(B) — Q'(B)] + sup [Q'(B)) — Q°(B))] + sup [Q'(B)) — Q'(B))] = 0,(1)
BreBt BreBt BreBt

C.4 Proof of Theorem 3.5.2

The proof builds on a series of lemmas that establishes consistency of the sample hessian
matrix and gives asymptotic linear representation of the sample score. The following lemma

gives consistency of the sample hessian matrix.
Lemma C.4.1. Under Assumptions 3.2.1-53.5.3, it holds that H}V(Bl) 5 HE

Proof. Let Hi(3") denote the true hessian evaluated at some generic 8'. Let Hi (3%) denote
the sample hessian with estimated belief replaced by true belief. An argument similar to the

proof of Lemma S.A.4 in Lewbel et al. (2020) implies sup |Hi(3") — H (8")| = 0,(1). Then
an argument similar to the one used in the proof of Theorem 3.5.1 establishes sup |Hy (8") —
H'(8")| = 0,(1), which together with the continuity of H*(8%) at B} implies the claim. [

Recall that by definition,

N

i i 1 ifr7i 7 i. r7i ) i. 7
qN(IBO) = N Z[T (Zn7 Xn)Fdfn(IBO? Zn? Xn)v,@den(ﬁoi Zn? Xn)

n=1
We first do the following decomposition as in Lewbel et al. (2020), and show the second

term in this decomposition will be v/ N negligible uniformly over all evaluation points (2%, z) €

SZZM;() (note that this term is also uniformly negligible in belief p, as we have seen that any
NT )

belief results in an evaluation point that belongs to S(Z‘Zl-7 )
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=]~
Mz

av(By) = [7(Z3 XA, (BE; Zhs Xa)V id' (B Zi, Xi)

i
I

+
=]~
Mz

(2 X P (85 20, X) (Ve (B33 23, Xo) = Vi (B 23, X))
1

ava(Bo) + dn2(B0)

S
I

Lemma C.4.2. Under Assumptions 3.3.1, 3.3.5, 3.4.1-3.5.3, it holds that qy,(B;) =

0,(N~1/2).
Proof.
qx,z(ﬁé)
1L o o
= S X PRy 2 X (vﬁidgn(ﬁg;zg,xn)_vﬁidzwé;z;,Xn))
n=1
XN
+ v P2 XL, (B 24 Xa) = A (B 2, X)) (Vard (Bl 23 Xa) = V' (B 2,
n=1
Note that under the stated assumptions, it holds that

gﬁ(,@é; Zt Xn)(Vﬂicﬁ_n(,Bé; 78, X,) — Vagd (B 28, X,.)) = 0,(N71/2) as the first term in the
product is o,(N ~1/4) (by uniform consistency of estimated belief, smoothness of the true
distance function, and the fact that true distance function equals zero at true belief), and the
second term in the product is also 0,(N~1/4) (by uniform consistency of Vgid', (8i; Zi, X,.)).
(d,(BY; ZL, X)) — d'(BY; Zi, X)) (Vaud' (BY; Zi, X)) — Vaud (BY; Zi, X)) = 0,(N7Y/?) as
the first term in this product is 0,(N~'/%) by uniform consistency of estimated belief and
by smoothness of the true distance function, and the second term in the product is also
0,(N~1/%) by uniform consistency of Vﬁz (85 2L, X,,). Thus giy ,(85) = 0p(N7/2) holds.

[

X))
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Define

N
i i 1 i r7i i @i, 7 7 i. r7i
qN,l( O) = NZ[T (Z’an)]v,@ld (/807Zn7Xn)d—n(IBO’Zn’Xn)

§(Z}, X, — 25+ 2X0 B, (Bh; Z, X)

I
=
WE

N
= N Z§ (Zn) Xna _Zn + 2Xpn160> (@o,—n(Z'fh Xn) - Socs,—n(Z'm Xn? /30))

11l
‘Qﬁ
2
—

Q
RD
oS,
SN~—
|
‘Qﬂ
z=
-
B
w
—
RD
o .
SN—

Notice that the estimated equilibrium belief enters gy ; .,(35), but not gy, ,(85). For no-
tational convenience, we define some notational shortcuts: ¢! = PY(Z¢, X,), fi = f{(Z!, X,),
= PUZLX) (2 X,), € = €1(Z5 X, — 242X B0), 1, = L PP (2 42X, B3, X.).
[ = [ 23+ 2XE B X, gy = PH(—Zi 42X B X, {25 42X, 85, X,). Let T,
3, denote the corresponding leave-one-out estimators for f} and g’. Let ﬁs,_n, s,y denote
the corresponding leave-one-out estimators for f, and g', (evaluated at estimated belief). In
the following proof, when there is no confusion, we will use these notations and their corre-

sponding shortcuts versions interchangeably. Let v, = [g., f2] and 77 _,, = [7. _,., fg_n] Let

Vie = lghes fis) and 3L, = [Ghs Acisﬁn]. In the following proof, the asymptotic linearity
of ¢iv1,(Bh) will be shown directly. The asymptotic linearity of gy, .,(35) will be shown
based on a linear representation that holds uniformly for any belief and a Taylor expansion
with respect to the estimated belief. The derivation of asymptotic linear representation of
qn1.0(B%) uses the following lemma for the Hoeffding decomposition of a U-statistic, which

is Lemma D.1 in Chen et al. (2016) with J = 2.
Lemma C.4.3. Let Uy = (g)_l > op. . PN (Wi, wy), where py (W, w,) is the kernel. Let
T1N<Wm) - ]E[pN(Wm; Wn)|Wm]a

ron (Wh) = Elpn (Wi, Wa) [Wa],

On = E[pN(Wmv Wn)} = E[TN(Wn)]a
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N N
1
andPUN=9N+N;[r1N( —9]\] nZ’f’QN —QN].
IFE[|[pxy Wi, Wo)|?] = o(N), then Uy = PUy + 0,(N~Y/2).

Lemma C.4.4 (Asymptotic Linear Representation of gy, ,(8})). Under Assumptions 3.3.1,
3.8.5, 3.4.1, and 3.5.1-3.5.3, it holds that

In10(B0) = %Ziv—ﬁi(wn) + 0p(NTV2), where 1o (W) = &(Z, Xn,—Z, +
2X,,80)P'(Z,, Xn) + §(Z,, Xn, = 2, + 2X,,80)(D;, — P'(Z,,, X5)) !

Proof. Following Newey and McFadden (1994), Hu (2008), linearization of &, _,(Z}, X,)

with respect to 77 _, gives
@i,—n(ijXn) = SOO(Z; X)

+ ZJzo Tornlll =2 00) + D Y0 =5 (o all) = 2210) (75, alm] = 2[m])

where J{'o f“ JQO - (fz

€ (0,1).> The quadratic remainder satisfies

)2, and the hessian is evaluated at 7 = 7,(1 — t) + t'yo _p, for some

IZZ Hime (Fo,-nll] = 72[) (35, -nlm] = 75[m]) |

< ¢ sup II%,_n—%|I2=0p(N_1/2),

i, NT
(=%,2)€8 i )

where the last equality holds by Lemma C.3.1. Rearranging the leading term gives:

@,—n(zjw Xn)

o 1 1 ) S
= PYZ., X))+ [Di, — P(Z}, X,)]
FXIN-T, 2,

X kn(Z — Z)Kp(Xme — Xne)L(Xoma = Xna) + 0p(N7V2). (C.1)

'Here we do not cancel out the first term (2}, X,,, —Z}, + 2X}, B5)P'(Z},, X;,) in ri(W,,), and use it
later to cancel out the first term in r¢ (W,,).

2See Hu (2008) for an illustration of functional derivative defined using pathwise derivative as well as its
relationship with ordinary derivative.
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Multiplying &(Z;,, Xn, —Z;, + QX;nﬁé) on both sides and averaging gives Q§V,170(56) =
®! 4 0p(N2), where !  is defined as

N N ;
1 o . . 1 Zt, —Z} +2X: B7)
— ) ENZ}, Xy, —Z) 42X BYP(Z], X)) + —
Ngg( n’ n+ pnBO) NZ Zl X)
1 N
“N=1) > D, = PUZ X)) kn(Zh, = Z3) Kn(Xme = X o) H(Xma = Xna)].

m=1,m#n
Note that the second term in the above expression could be written as a U-statistic of

order 2, with (non-symmetrized) kernel defined as follows:

wj\f,oﬂ (erw W;n)

E(Z), X 7+ 2XE, B) i ; _
_ 7 (D — PHZE X)) kn(Z:, — ZD K (X — Xno)L(Xma = Xoa)-

Its second moment is calculated as:

E[l[t 00 (W, W) [I]

) ) % % 1 )
e B B B el re HUJCRERE

xXr s
Tod Tomd ny n,crLn,d

+ PZ(ZTN Tn,cs xn,d)Q - 2PZ(z;m Tm,ec) xm,d)Pi(zqim Tncs l‘md)]ki(z,fn - Z:@)Kg(xm,c - xn,c)l(xm,d = xn,d)

X fi(Z:nv Tm.cy Tm d)dzi dxm cfi(sz Tn.c; Tn d)dzi d'rn c

I L.—1 ’L 2
= h Z/ /;Z /um quf Zn,xnmxnd; Z +2XpnIBO)H ( xnmxnd)Q

X [Pl<zn + uzha T + uxha xn,d) + Pl(zna T,y xn,d)

— 2P"(zf1 + uh, T o + ugh, :zrmd)Pi(sz, T an,d)]k‘z(uz)Kz(ux)
X f’(z; + u h, o + ugh, xnvd)duzdumf"(zfl, Tncs xn,d)dzfldxn,c
= O(h™t™Y) = O(NN*h 1) = o(N), (C.2)

where the last equality holds by Assumption 3.5.3. Thus Lemma C.4.3 applies with the
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corresponding projections calculated as follows:

B[y o1 (W, W’)!W]

z z Zz +2Xz 7 . . ' ' ' '
= Z/ / §'(Z 7 B0) [P (2y,, T, Tm,a) — P (Zy, Xo)kn(2, — Z) Kp (T,
X Uzpma= nd)fz(z Imc,xmd)dxm cdz
z z Zz +2Xz ' ' ‘ ‘
- / / = Zi, X, P (D12 b X X ) — P2 X ) K ()

x  fUZ. + uh, ch +u$h Xoa)duzdu,
= Oy(h°) = 0P<N71/2)

B[y 0.0 (W W) W]

’z,xnc,xn =zl +2xt .
- Z/ / 5 - : - IBO)[D Pl('zn’xnc’xn d)]kh(z Z;)Kh<Xm,c -

xn,c; xn,d)
Tn,d

X 1(Xm,d = xn,d)f (Znu Tn,c, xn,d>dxn,cd22

B / E(Zi, + Mtzy Xopo + Wity Xy — 22, — hw + 2X0, B + B (Xon)ht, + O(h2)

- zh Jxn e fz(Z;n + h'LLZ, Xm,c + huxa Xm,d)

X [Dfn - PZ<Z1Zn + huza Xm,c + huxa xn,d)]k(uz)K<Ux>fl<Z}n + Uzh, Xm,c + hum, med)duxduz

= §(Z Xon, =2y, + 22X, 80) (D, — PH(Zy, X)) + Op (1)
= &(Zn X, =2 + 2%, B0) (D5, — P(Zy, Xin)) + 0p(N7H2),

where B(X,,) = 0P (Xm) Both equations imply that K[t Wi Wi = o(N~1/2) by the
8xm,c N,o,1 n m

law of iterated expectations, and Hoeffding decomposition gives:

N
= N Zg (va Xn? _Zn + 2Xpnﬁ0>P (Zn7 Xn) + 5 (Zn7 Xn? _Zn + 2Xpn/80)(Dn - P (Zn7 Xn))

n=1
+Op(N_1/2)
| X
= ¥ Zré(Wn) + 0,(N1/2)

- Xn,c)
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We keep the term §(Z;,, X, —Z;, + 2X B4)P'(Z},, X,,) in 7,(W,) to cancel it out with the
first term in 77 (W,,) later.

The next lemma gives asymptotic linear representation of gy, .,(3f).

Lemma C.4.5 (asymptotic linear representation of q?V,l,cs(IBé))' Under Assumptions 3.2.1-

35‘97 it holds that (ﬁ\/,l,cs(/@é) - N Zn 1 cs( ) + OP(N_1/2)7 where

PWa) = €2 X, — 75+ 2X0,80) — €23, X, 21+ 2X1, 80 P (~ 75 + 2X}, 83, Xa)
2WyCU (XD - PX)
§(= 74 + 20,80, X, Z3)f (74 + 2K B, Xo)

(73, X,)

X [Dy, = PY(Zy, X))

PT’OOf. AS q§V71,cs(ﬁ(i)) - %Zfr]:]:lgl(sz ZZ + 2Xl ) - NZTL 151( Z _Z;L +
QX;mB(i))lgin(—ZfI - 25(;”,38,)(“), we can focus on deriving a linear representation for the
second term. For ﬁin(—Z;+2)A(;n,Bé, X,.), the smoothness of kernel and uniform consistency

of estimated belief allow the following expansion:
Pl (=2 +2X;,80, X) + V,[PL, (= Z;, + 2X3,.8), X)| (P (X,.) — P7(X,)) + 0,(N?)
TH(Xn) = PTU(XR)) +

Pl (—Z% +2XE Bh, X,.) + V[P (—Z5 + 2XE B), X,.)](P
+ V[P (—Zi +2XL, B0, X)) — P (—Zi + 22X, BY, X)(P7U(X,) — P7(X,.)) + 0,(N71/?)
(P7(X0) — P7H(X0)) + 0)(N71/2),

= P (~Z.+2X.B, X,) + V,[P{(~Z. +2X.,. 85, X,,)]

where the last equality holds by the fact that under Lemma C.3.1, the following inequality
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holds
V[P (=25 2K B0, Xa) = P (=2, + 2,80, X (P7(X0) = P7 (X))
OP (=2 + 2[x, p|Bi,x)  OPH(—z + 2z, plBi, x
< 2|fa|  sup | ( . Z[ plBh, ) B ( 3 Z[ 1By )|
(2 x)GSZZI\ZH;() < z
p€(0,1]

X sup \ﬁ’z(x) — P7'(2)]

(zia )es(’zijX)
= 0,(N™ 1/2).

Define <T>§57N = LN €(ZL, X, ~Zi + 2X0, By P~ Zi + 2X1, B}, X,,), and Al =
N Cont (2 Xy = 23+ 2K, BV, P (= Z3+ 2X3,85, Xo)| (P (X) = PH(X,)). We will
find the linear representation of (I>CS y first. By the same logic as in the proof of Lemma

C.4.4, we could first linearize (Iﬂcs’ y in terms of unknown functions:
N

o 1 i( 7 i i i\ pi i i i

Doy = ¥ > (2], X, —Z) 4+ 2X0, BY P~ Z), + 2X, B0, X,,)
n=1

N
ZéZ(ZfW)QU_Z:@ +2XZ /80) lch:?Zs n[l]

1 n

+
NMN
2|~

v |l
Il
—

E(Z8, Xy =2 + 2X0 BT} Vi ll] + 0p(N71/2)

WE

N
Il
—

I
2|
M= =~

i
I

§(Z3 X, =25, + 2X,,,80) P (= Z,, + 2X,, By, Xon)

3
Il
—

WZL, Xy, —ZL +2X0 B8 & . o o
- g D — P'(—Z' +2X 0B, X,
+ _ 1 Z f@ Z’L +2Xz /8(Z)7Xn) [( m ( n+ pn1807 ))

m=1m#n

xIM%+%—HMMM@mf&mWMZ&M+MMW%

where the second term is a U-statistic with kernel ¢y .,(Wp,, W) defined as:
§'(Z3, Xn, —Z,, + 2X3,,8)

fi(=Z} +2XE, By, X,)
X 1(Xm,d = de)].

(D, = P(=Z,, + 2X,85, X)) Kn(Z,, + Z, — 2X,,,30) K

Xm,c - Xn,c)
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The projection E(1)y os(Wi, Wi )[Wiy) is given by:

5@ Zna$n07xnda Z +2Xpn60) . . . ) ) ' . ' .
D'L _ Pl _ v 2 1 T nes n K Z’L 7 _ 2 7 7
Z/n Zne —2t + 2XZ ,Bo,xn,c,:cnyd) (D, (=2, + Xpn,BO,x o Tnd)) Kn(Z), + 2, XmeO)

XKh(xn,c - Xm,c) X 1(Xm,d = xn,d)]f(zjw Tn,cs *Tn,d)d'z;dajn,c-

Do the following change of variable: Z, + zi, — 2x} B} = hu, and z,. — X, = hu,, and
plug in back we get

éz(z » Ln,ey mdaZ huz) ; ; ; ; ; . . . .
n D'L _ P'L _ A 2 7 7 n.cs Xm K ZZ T 2 3 7
/Zz /Zn fi(=2h +2x B8 Tney Ximod) [(Di, (=2, + 2%, 80, Tn, A) Kn(Zy, + 2, — 2x,,6))

X Kh xn < m c) X]f(Z xn,ca Xm,d)dzfldxn,c
§(=2,, +2X0.B + u.h + B (Xp)ush + O(h?), Xon e + ugh, X g, Z}, — hu) (
B / / fZ(Zyln - Uzh, Xm7c + u:cha Xm,d)

— PUZ — ik X + tugh, Xoma) K(us)

x  k(u,)f(—=Z: + QX;m,Bé +uh 4+ BY( X )ugh + O(h?), Xone + tzgh, Xon.a)du,du,

fl(_Z:ﬂ + 2XZm/867 Xm:C’ Xm,d? Z':YL)f(_Z?T:)’l + 2XZmB6> Xm,m Xm,d) i i 7t
- B v s v R (D= P(Zy X X))

+  Oy(h?)
§(=2,, +2X,.86, Xom, Z,,) [ (=2}, +2X0,.80, Xom) -, o
— S D, — P'(Z,,, Xnm
F (2 X Do = P o)
+ op(N_l/Q),

The projection E(¢)y; os(Wi, W, )|W,,) is given by:

l l ZZ—FQX’ f . , o
>[5 o S (P ey ) = P25+ 253,00, X,)

X Kh(zm + 7! — ZX;mBO)Kh(:UWC —Xpo) X Uwpg = Xn,d)]dzzldxfn7c




193

Change of variable z,, . — X,, . = hu, and 2+ 7L — 2X;)nﬁé = u,h gives

/_ &7, i) [(P(=Z}, +2X0 B + ugh, Xpc + tzh, X,,.q)

fi(=2} 42X, 85, Xn)
P(-Z! + QXZnBé, X))k (u,)k(uy)]du,du,

= O,(h") = 0,(N"V).

Both projections by law of iterated expectation implies that E(zij’CS(Wm,Wn)) =
o(N~'/2).  Also notice that calculation similar to that in equation (C.2) gives
E[|[¢y s (Wi, Wa)[[?] = o(NV). Thus we could apply Lemma C.4.3 and get

(ZE, Xy, —ZL +2X0 B & 4 o o
: D! — P'(—Z'+2X' B, X,
N—1) Z J( Zz+2X% B0, Xn) 2 [(Dh = P24+ 2,8, X))

m=1,m#n
X Kh(ZTZn + Z; - 2X;mﬁ0)Kh( m,e Xn,c)l(Xm,d - Xn,d)]
(—=Z! +2X! B, X, Z) fA(—2Z8 + 2X§m[36, Xn)

N 2 Fi(Zi, X)

X [D;, = PU(Z,, Xa)] + 0p(N71?).

This gives us the following linear representation for CIDCS N

=] -
WE

3
Il
_

(=2} +2X8 Bh, Xn, Z)) f1(=Z), + 2X3, .85, X)
" fiZE, Xn)
Dl — PY(Z!, X,))] + 0,(N~V/?).

+
2|~
M =

X
Il

Regarding ACS ~» first notice that by a similar reasoning as in the derivation of equation

(C.1), P*Z(Xn) — P7(X,,) admits the following linearization:

P7(X,) - P7I(X,)

Z X)) K (Xie — X ) L(Xpa = Xoa) + 0, (N2,
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Plug in this linearization gives:

Af:s,N
= N ; 205 ( ny<xny — Hp + pn O) azi f(Xn) N ;( /A ( n))

x Kp(Xie— Xpo)l(X1qg = Xpq) +0,(N712).

The leading term in this expression is a U-statistic of order 2 with kernel

. o . . OPY(-Z 42X 3. X,) 1
Ol (W, W) = 2856428, X, —Z + 2X01 B) 2

0zt f(X5)
X Kp(Xe— Xpe)L(Xpa = Xna)
The projections are calculated as follows:
i i i i 0P (=2, +2X0,. B0, Xn) 1
E[(SCS,N<W7I7 VVl)|WTL] = Z/ / 2620§ _Zn =+ 2Xpnﬁ[)) aZi £ f(X )

Tl,d

>< (331 ¢ Ll d) P~ (X ))Kh(SUz c— Xn,c)l(Xl,d = Xn,d)fi(zlia Tl,c, xl,d)dxl,cdzi

= 0,(l) = o,(N72).

’ apz(—zﬁ + 2Xi n/@Z y Ty xn,d)
E[é‘zs,N<Wn7VVl)|VVl] - Z/ / 252051 Znaxn ¢y Tn,d, Z + 2Xpn/60) 8; -
Tn,d
X Ty Dii - P Tn,c) Tn
f(xn,ca xn,d) ( ! ( d))

X Kh(Xl,c - xn,c)l(Xl,d - xn,d)fi(zin Tner; Tn d)dmn cdzi

i i (g i OP'(— tz+2XZﬁ’Xl) £ i —i —i |

= 2520 ‘f (t7 —t +2X 150) o4 - (t ‘Xl)dt (Dz - P (Xl),
t’L

2650 CH (X)) (D" = P7H(X0)) + Op(B%)

= 26,0 (X)(Dy — PT(X) + 0p(N7?)

Law of iterated expectations gives E[8%, (W, W;)] = o(N~'/2), and calculation similar
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to that in equation (C.2) gives E[0%, (Wy, W;)?] = o(N) and Hoeffding decomposition gives:

N
Ay = 3 32O (X,) (D — P(X,) + 0,(N2) (©3)
n=1

This implies that

N
qN,l,cs(BO) = Nzg(ZTan?_Zn—{—QXpm@O)
n=1
1 N
= 2§ G X =20+ 2K, B0) P (= 2, + 20,8, X.n)
n=1

1N . .
— & 2 2B C (X)) (D, = PTI(Xy)
n=1

N L (71, X,)

x [(D}, = PU(Z, Xa))] + 0,(N~12).
0

The last step in the proof is to combine Lemma C.4.4, Lemma C.4.5 and the definition

of the true distance function to obtain the asymptotic linear representation of q}\”(ﬁé)
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where the last equality holds by the fact that

N
(€(Zhs Xy =24+ 2K BOP' (23, X)) = 2 D€ Zh Xy =25+ 2K, By)
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where inside the bracket is our population distance function evaluated at true
parameter value. Define t, = ¢&(Z), X0 —2, + 2X! 8))(D;, — P(Z},X,)) +
§(=Z} 42X, Xn, Z)) ' (= 27, +2X0,,86,Xn) « 1y i 70 i i —i —i

— Fi(ZE,Xn) = (Dn_P<Zn7Xn>>+2BQOC (Xn)<Dn - P (XTL))7 part

(i) of Theorem 3.5.2 immediately follows from the expression for ¢y ,(3)). To show part (ii)

of this theorem, given that E(#!) = 0, it suffices to show that E(]|¢! ||?) is finite. Define ¢!

nlE

i( 7 i i @i i i 7 i EN(=ZL+2Xi, B8, Xn,ZE) fH(— 28 +2X0,. B85, Xn) 1 i
é(Zn7Xn7_Zn+2Xpn/60)<Dn_P (erXn))?th: £ Ofi(Zrinn) Bl (Dn_

PY(Z!, X,)) and t' 5 = 264,C*(X,,)(D,'— P~*(X,)). Triangle inequality and Cauchy-Schwarz

1”

inequality implies that E ||t ||* is bounded above by

E [[ty[1* + E [[thol* + E [t + 2E [t E [t * + 2B [t [* B [[tns] 1 + 2B [t ]]* E[ts]*

It’s obvious that E|[t,||* and E||t!,||* are bounded under Assumption 3.5.1. Regarding
E||ti5]|?, notice that each element of 5 equals zero outside S(ZZM)}) Also notice that As-
sumption 3.5.1 implies that £(Z!, X,,, —Z' + QX;nB(i)) and m are uniformly bounded
on SEZ]Y"Z;() Thus E|[|ti,|]? = > I fxc 168 (=" 42}, Bf we,wa,2) || (f* (=27 +2%3, B we,7a))? E[(Di —

fi(ziva:Cvxd)

P2, w0, 1q))?| 2, e, 2g)dzdx. < 00. The conclusion of part (ii) then follows by Lindeberg-

Levy central limit theorem.
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C.5 Proof of Proposition 3.7.1

Proof. Under Assumption 3.7.3-3.7.5, the number of equilibria is identified by Lemma 1
in Xiao (2018), and equilibrium beliefs given any w and x are identified by Lemma 3 in Xiao
(2018). Given the identified equilibrium beliefs, the proof of identification follows the same

argument as in the proof of Theorem 3.3.2.
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