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Abstract. A lip domain is a Lipschitz domain where the Lipschitz constant is
strictly less than one. We prove strong existence and pathwise uniqueness for the solution
X = {Xt, t ≥ 0} to the Skorokhod equation

dXt = dWt + n(Xt)dLt,

in planar lip domains, whereW = {Wt, t ≥ 0} is a Brownian motion, n is the inward point-
ing unit normal vector, and L = {Lt, t ≥ 0} is a local time on the boundary which satisfies
some additional regularity conditions. Counterexamples are given for some Lipschitz (but
not lip) three dimensional domains.

Résumé. Un domaine lip est un domaine lipschitzien où la constante lipschitzienne
est inférieure à 1. Nous démontrons l’existence forte et l’unicité trajectorielle pour la
solution X = {Xt, t ≥ 0} de l’équation de Skorokhod

dXt = dWt + n(Xt)dLt

dans les domaines lip du plan, où W = {Wt, t ≥ 0} est un mouvement brownien, n est
le vecteur normal et L = {Lt, t ≥ 0} est un temps local sur la frontière qui satisfait cer-
taines conditions de régularité. Quelques contre-exemples sont donnés pour des domaines
lipschitziens (mais pas lip) en trois dimensions.
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1. Introduction.
1.1. Main results. We start with an informal presentation of our main results. The rigorous
statement is postponed until the next section because it requires a number of technical
definitions.

Suppose that D ⊂ Rd, d ≥ 2, is a Lipschitz domain and x0 ∈ D. Let n(x) denote
the inward-pointing unit normal vector at those points x ∈ ∂D for which such a vector
can be uniquely defined (such x form a subset of ∂D of full surface measure), and let
W = {Wt, t ≥ 0} be a d-dimensional Brownian motion. Consider the following equation
for reflecting Brownian motion (RBM) inD, known as the (stochastic) Skorokhod equation,

Xt = x0 +Wt +
∫ t

0

n(Xs)dLs for t ≥ 0. (1.1)

Here L = {Lt, t ≥ 0} is the local time of X = {Xt, t ≥ 0} on ∂D, that is, a continuous
nondecreasing process that increases only when X is on the boundary ∂D. See Definition
2.1 for a precise statement of what it means to be a solution to (1.1). Our main results,
informally stated, are the following. See Theorems 2.3, 2.4, and 2.5 below for a precise
statement.

Theorem 1.1. (i) If D is a bounded Lipschitz domain, then weak uniqueness holds for

(1.1).

(ii) If D is a bounded planar Lipschitz domain whose Lipschitz constant is strictly less

than 1, then strong existence and pathwise uniqueness hold for (1.1).

We do not prove that Theorem 1.1(ii) is sharp, but we have the following counterex-
ample indicating that difficulties can arise for Lipschitz domains for which the Lipschitz
constant is greater than 1.

Theorem 1.2. There exists a Lipschitz domain D ⊂ R3 whose Lipschitz constant is

strictly greater than 1 where weak uniqueness for (1.1) fails.

The counterexample of Theorem 1.2 will be based on a slightly different definition
of the local time than that in Theorem 1.1 (see Section 2 for details). Note also that
the domain in Theorem 1.2 is unbounded, while Theorem 1.1 involves bounded domains.
Although we do not carry it out in this paper, Theorem 1.1 can be modified to handle
certain unbounded domains and the example in Theorem 1.2 can be modified to be a
bounded domain. Our proofs take an even more complicated route. We first construct a
strong solution in any “special” unbounded Lipschitz domain (i.e., lying above the graph
of a Lipschitz function that has Lipschitz constant strictly less than one) and then we
prove the analogous result for bounded lip domains through a localization argument.
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1.2. A new method. We develop a new method for proving pathwise uniqueness for stochas-
tic differential equations. Common methods used to prove pathwise uniqueness include (i)
Picard iteration, (ii) solving the corresponding deterministic Skorokhod equation, or (iii)
using Itô’s formula in a clever way. The method we use to prove pathwise uniqueness
for (1.1) is quite different from the usual ones. We believe that our method has other
applications, for example, to reflecting Brownian motion with oblique angle of reflection.
Some of its elements have appeared in [7] and [12], but each of these papers contains an
error; see Remark 5.8.

The first step in our method is to prove weak uniqueness for the joint distribution of
the driving Brownian motion W and the solution X of the stochastic differential equation
(1.1). The second step is to prove strong existence under the assumptions of Theorem
1.1(ii). Given a Brownian motion W in Rd, we construct a strong solution (X,L) to
(1.1) where n is replaced by an oblique vector field. We then take a sequence of oblique
vector fields converging to n and show that the corresponding solutions converge a.s. to a
strong solution of (1.1). Weak uniqueness and strong existence together imply pathwise
uniqueness; this idea is classical (see [6], Theorem 4.2, for example), but as far as we know,
it has not been successfully implemented in the past. A proof of what we need for the
present context is given in Section 6.

1.3. Lip domains. One reason for the intense interest in Lipschitz domains in analysis and
probability is that they are often a critical case: many theorems can be proved for Lipschitz
domains, while their analogues for less smooth domains are not true. Consequently the
proofs needed are often quite delicate.

Lipschitz domains whose Lipschitz constant is strictly less than one are called lip
domains; the term was coined in [17]. These domains have appeared in a natural way in
several recent articles involving reflecting Brownian motion ([1], [2], [3], [17], [19]), and
implicitly in two other papers ([8], [21]). The crucial property of a lip domain, exploited
in each paper listed above, is that one can define a partial order and construct a pair
of (“coupled”) reflecting Brownian motions in the domain with the property that the
two reflecting Brownian particles remain in the same order forever. We point out that a
version of this “monotonicity” property proved in Theorem 5.3 below is different from that
used in the papers listed above in that here we consider two reflecting Brownian motions
corresponding to two distinct reflection direction vector fields. The fact that difficulties
can arise in 3-dimensional Lipschitz domains when the Lipschitz constant is greater than
1, as is established in this paper, makes lip domains a natural class to consider in the
present context.

1.4. Correction. We correct an error in the proof of weak uniqueness for the stochastic
Skorokhod equation (1.1) in [5]; see Remark 4.1. To complete the program started in [5],
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we impose in Section 2 the additional but natural conditions (2.2) and (2.3) on the local
time. These additional assumptions allow us to remove one of the hypotheses in [5]; see
Theorem 2.3 for a precise statement. Note that the extra assumptions do not weaken the
part of Theorem 1.1 dealing with strong existence.

1.5. Literature review. The construction of reflecting Brownian motion as a strong Markov
process in domains that are Lipschitz or even less smooth can be found in [32], [33], [10]
and [22]-[24]. The question of when the Skorokhod equation holds (in a variety of contexts)
is considered in [22], [24], [25], [11], [34], [28], and [46]. For results on weak uniqueness, see
[43] and [45], for example, for results on RBM with oblique reflection and [5] for results
on RBM with normal reflection. Lions and Sznitman [38] proved pathwise uniqueness for
RBM in C2 domains. Dupuis and Ishii [26] considered pathwise uniqueness for RBM with
oblique reflection. Their domains could be non-smooth, but the angle of reflection must
be nearly C2; in the case of RBM with normal reflection, this means the domain must be
nearly C2. The paper [12] is concerned with pathwise uniqueness for RBM with normal
reflection in C1+α domains, but contains a gap (see Remark 5.9). It is at present an open
problem as to whether pathwise uniqueness holds for the Skorokhod equation in C1+α

domains in dimensions three and higher.

1.6. Organization of the paper. Section 2 introduces some definitions and gives the precise
statements of our main results. Section 3 recalls a number of results about RBM. Section 4
proves weak uniqueness for RBM, while Section 5 presents the strong existence argument.
The proof of pathwise uniqueness is given in Section 6, while the counterexamples are
given in Section 7.

Acknowledgments. We are grateful to Peter Jones and Don Marshall for very helpful
comments. We would also like to thank the referee for a very careful reading of the paper.
In addition, the second author would like to express his gratitude for the opportunity to
visit Institut Mittag-Leffler, where this article was partly written.

2. Main results.
If x ∈ Rd, we will often write x = (x̃, x̂), where x̃ = (x1, . . . , xd−1) ∈ Rd−1 and

x̂ = xd ∈ R. We will use | · | for the usual Euclidean norm in Rd−1 or Rd. The open ball
of radius r about x will be denoted B(x, r). We will use the letter c with subscripts to
denote finite strictly positive constants whose exact value is unimportant and which may
vary from place to place. The Euclidean boundary and closure of a domain D in Rd will
be denoted by ∂D and D, respectively.

When a domain D For a process X, let

TA = T (A) = inf{t > 0 : Xt ∈ A}, τA = τ(A) = inf{t > 0 : Xt /∈ A},
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i.e., TA and τA are the first hitting time of A and the first exit time from A, respectively.
Unless specified otherwise, these random times will be defined relative to the reflecting
Brownian motion X.

We say that Φ : Rd−1 → R is a Lipschitz function with Lipschitz constant κ if

|Φ(x̃)− Φ(ỹ)| ≤ κ|x̃− ỹ|

for all x̃, ỹ ∈ Rd−1. A Lipschitz domain is an open connected set D, either bounded or
unbounded, such that for some κ <∞ and every point x ∈ ∂D there exist a neighborhood
Ux of x and a Lipschitz function Φx whose Lipschitz constant is no larger than κ such
that D ∩ Ux = {(ỹ, ŷ) ∈ Ux : ŷ > Φx(ỹ)} in some orthonormal coordinate system which
may depend on x. The infimum of the set of κ for which the above holds is called the
Lipschitz constant of the domain D. (In what follows, the issue of whether the infimum is
attained never arises.) Strictly speaking, in the case of unbounded domains the definition
we gave above is for a uniformly Lipschitz domain. Since the only unbounded domains
we will consider are uniformly Lipschitz ones, we will refer to them simply as Lipschitz
domains as well. If a Lipschitz domain D has Lipschitz constant strictly less than 1, then
we will call D a lip domain. See [36] for further information on Lipschitz domains.

Consider a Lipschitz domain D. Let N0 denote the set of points x = (x̃, x̂) ∈ ∂D

such that if Φx is the function in the definition of a Lipschitz domain, then Φx(ỹ) is
differentiable at ỹ = x̃. Let the inward pointing unit normal vector at x ∈ N0 be denoted
by n(x). Such a set N0 and the vector field n(x) are typically only Lebesgue measurable.
However, there is then a Borel subset N of N0 such that N0\N is of zero Lebesgue measure
and n(x) restricted to N is Borel measurable. For x ∈ ∂D and ε > 0, define

Nε(x) =
{
v : |v| = 1, v =

m∑
i=1

ain(xi) for some m ≥ 1, ai ≥ 0, xi ∈ N ∩B(x, ε)
}
.

We let N0(x) = {n(x)} for x ∈ N . Since a Lipschitz function is differentiable almost
everywhere (see Exercise 3.37 on page 103 of [31]), we see that ∂D \ N has zero surface
measure. For x /∈ N , we let N0(x) =

⋂
ε>0 Nε(x) unless this set is empty. In the latter case

we set N0(x) = {(0, 0, . . . , 0, 1)}. Our definition of the family of “constraint directions”
N0(x) for x /∈ N is consistent with the assumptions commonly used in the literature, see,
e.g., Section 2.2 in [27].

We would like to point out that for x ∈ N , we do not necessarily have
⋂

ε>0 Nε(x) =
{n(x)} and so one could use

⋂
ε>0 Nε(x) as an alternative definition of N0(x). An example

in Section 6 shows that there need not be pathwise uniqueness for the Skorokhod equation
in some Lipschitz domains if one were to adopt this alternative definition of N0(x).
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Throughout this paper, for a Lipschitz domain D in Rd, we let ν denote the surface
measure on ∂D.

Let (Ω,F , {Ft}t≥0,P) be a complete filtered probability space satisfying the usual
conditions; that is, the filtration {Ft}t≥0 is right-continuous and F0 contains all sets of zero
P-measure. We say that a d-dimensional process W is a Brownian motion with respect to
the filtration {Ft, t ≥ 0} if (i) t 7→ Wt is continuous and W0 = 0 a.s.; (ii) for every t ≥ 0,
Wt is Ft-measurable; and (iii) for every t > s ≥ 0, Wt −Ws is independent of Fs and
Wt −Ws has a normal distribution with mean zero and covariance matrix (t− s)I, where
I s the d× d identity matrix.

Let x0 ∈ D. In Definition 2.1 we will give a precise meaning to what we mean by
existence and uniqueness of solutions to the following stochastic differential equation:

Xt = x0 +Wt +
∫ t

0

n(Xs)dLs and Xt ∈ D for all t ≥ 0. (2.1)

Remark 2.2 following Definition 2.1 discusses some subtle points and should be regarded
as a complement to the definition.

We will always assume that our filtrations {Ft}t≥0 are right-continuous and com-
plete with respect to whichever probability measure is being discussed.

Definition 2.1. Let D be a Lipschitz domain in Rd.

(1) A weak solution to (2.1) is a triplet of continuous processes (X,W,L) on a filtered

probability space (Ω,F , {Ft}t≥0,P) such that

(a) X is adapted to {Ft}t≥0,

(b) L is a nondecreasing {Ft}t≥0-adapted process that increases only when Xt ∈
∂D, i.e.,

∫∞
0

1D(Xs)dLs = 0,

(c) if A ⊂ ∂D and ν(A) = 0 then∫ ∞

0

1A(Xs)dLs = 0, a.s., (2.2)

(d) whenever f is a nonnegative function in L1(∂D, ν) then for all 0 < t < u <

∞, ∫ u

t

f(Xs)dLs <∞, a.s., (2.3)

(e) W is a d-dimensional Brownian motion with respect to the filtration {Ft}t≥0,

(f) (X,W,L) satisfies (2.1) for some Borel measurable map x 7→ n(x) on ∂D

such that

n(x) ∈ N0(x) when x ∈ ∂D, (2.4)
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(g) ∫ ∞

0

1∂D(Xs)ds = 0. (2.5)

(2) We say that weak uniqueness holds for (2.1) if whenever (X,W,L) and (X̃, W̃ , L̃)
are weak solutions to (2.1), then the process (X,L) has the same law as the process

(X̃, L̃).
(3) Pathwise uniqueness is said to hold for (2.1) if whenever

(Ω,F , {Ft}t≥0,P, (X,W,L))

and (
Ω,F , {Gt}t≥0,P, (X̃,W, L̃)

)
are two weak solutions to (2.1) with a common Brownian motion W and probability

space (Ω,F ,P) but possibly different filtrations {Ft}t≥0 and {Gt}t≥0, then

P
(
(Xt, Lt) = (X̃t, L̃t) for all t ≥ 0

)
= 1.

(4) Consider a Brownian motion W on a probability space (Ω,F ,P) and let {FW
t }t≥0

be the augmented filtration generated by W under P. A strong solution to (2.1),

relative to (Ω,F ,P) and W , is a pair of continuous processes (X,L) such that

(Ω,F , {FW
t }t≥0,P, (X,W,L))

is a weak solution to (2.1). In particular, X and L are both adapted to {FW
t }t≥0.

(5) We say that strong uniqueness holds for (2.1) if for every pair of strong solutions

(X,L) and (X̃, L̃) to (2.1), relative to the same probability space (Ω,F ,P) and

Brownian motion W , we have

P
(
(Xt, Lt) = (X̃t, L̃t) for all t ≥ 0

)
= 1.

Clearly pathwise uniqueness implies strong uniqueness. It is known (cf. Yamada
and Watanabe [47]) that pathwise uniqueness implies weak uniqueness.

Remark 2.2. (i) Recall that N denotes the set of points in ∂D where the normal vector
is well defined in the classical sense. Since ν(∂D \ N ) = 0, condition (2.2) implies that
the integral

∫ t

0
n(Xs)dLs has the same value for any Borel measurable choice of n(x) when

x ∈ ∂D \N ; in other words, condition (2.4) is irrelevant as long as (2.2) is satisfied. Note,
however, that this is not the case in Theorem 2.5 below.
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(ii) Suppose that X is a (component of a) weak solution to (2.1). We will argue that
L in (2.1) is uniquely determined by X. Since X is adapted to the filtration {Ft}t≥0 and n
is Borel measurable, then n(X) is adapted. Definition 2.1(1) implies that X is a continuous
Rd-valued semimartingale. Therefore X has a unique Doob-Meyer decomposition:

Xt = x0 +Bt +At for all t ≥ 0,

where, with probability one, B is a continuous Rd-valued local martingale with B0 = 0 and
A is a continuous Rd-valued process locally of finite variation with A0 = 0, both adapted
to the augmented filtration generated by X. The amount of time the process X spends
in ∂D has zero Lebesgue measure, so it follows from (2.1) and Definition 2.1(1)(b) that
Wt =

∫ t

0
1D(Xs)dXs is adapted to the augmented filtration generated by X, and so is the

process t 7→
∫ t

0
n(Xs)dLs. Hence by the uniqueness of the Doob-Meyer decomposition for

X, At =
∫ t

0
n(Xs)dLs, which by (2.2), equals to

∫ t

0
n(Xs)1{Xs∈N}dLs. Since |n(x)| = 1

and n(x) is uniquely defined for x ∈ ∂D ∩N , then by (2.2) again,

Lt =
∫ t

0

n(Xs)1{Xs∈N} · dAs for all t ≥ 0,

and we conclude that L is uniquely determined by A and X, and hence by X alone. This
shows that we could have removed L from the statements of parts (2), (3) and (5) of
Definition 2.1 without changing the meaning of weak uniqueness, pathwise uniqueness,
and strong uniqueness, respectively.

(iii) Even when D is a half space, it is possible that
∫ u

0
f(Xs)dLs is infinite with

probability one for each u > 0 if f is only required to be in L1(∂D). Therefore in a
condition such as (2.3) it is essential that the interval over which we integrate be separated
from the point 0.

(iv) Our definition of strong solution seems to be weaker than that used by other
authors, cf. [35] and [40]. However these two notions are equivalent under the assumption
of weak uniqueness and existence of weak solutions with random starting distributions; see
Corollary 3 in [47] as well as the first part of the proof for Theorem 5.9 below. We will
prove all assertions related to strong solutions that are used in this paper, so the difference
plays no role.

The first of our main theorems, to be proved in Section 4, is the following improved
and corrected result from [5] concerning weak uniqueness.

Theorem 2.3. Weak uniqueness holds for (2.1) in bounded Lipschitz domains D ⊂ Rd,

d ≥ 2.

The following is our main new result, to be proved in Section 6.
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Theorem 2.4. If D ⊂ R2 is a bounded lip domain, then for every x0 ∈ D we have a

strong solution and pathwise uniqueness for (2.1).

The following counterexample will be proved in Section 7. Note that in this theorem,
conditions (2.2) and (2.3) are not required to hold.

Theorem 2.5. For every κ > 1 there exists a Lipschitz function Φ : R2 → R with

Lipschitz constant κ with the following property.

Let D be the region in R3 above the graph of Φ. Then there exist a Brownian

motion W , and two pairs of processes (X(1), L(1)) and (X(2), L(2)) such that for i = 1, 2,

the pair (X(i), L(i)) satisfies all the conditions in Definition 2.1(1) and 2.1(4) to be a strong

solution to (2.1) relative to W except conditions (2.2)-(2.3), but the processes {X(1)
t , t ≥ 0}

and {X(2)
t , t ≥ 0} have different distributions.

Remark 2.6. The above result also shows that the deterministic version of the Skorokhod
equation in a Lipschitz domain in R3 might not have a unique solution, for otherwise we
would have pathwise uniqueness for (2.1).

Remark 2.7. Theorem 2.5 above leaves open the following questions connected with
pathwise uniqueness for solutions to (2.1) in Lipschitz domains. Is it the case that only
one of (2.2) or (2.3) is necessary? Our counterexample is for d = 3; is it the case that (2.2)
and (2.3) are not needed if the domain lies in the plane? Our example requires that the
Lipschitz constant of D be larger than one; is it the case that for lip domains (2.2) and
(2.3) are unnecessary?

3. Preliminaries.
Most of this section will be devoted to a review of known results for a family of

solutions to (2.1).
We start with a general remark concerning our notational conventions for probability

measures in this and the next section. The symbol P will refer to the distributions of a
specific family of solutions to (2.1), namely, the family constructed in [10]. We will use P
to denote the law of an arbitrary weak solution to (2.1), and P will stand for a collection
of P’s. The details are given later in this section.

Let D ⊂ Rd be a Lipschitz domain that is not necessarily bounded. We will denote
by {Px}x∈D the laws of RBM constructed in [10] via Dirichlet form theory. We will make
this statement more precise in Properties 3.1 and Remarks 3.2 and 3.3 below, but we
point out here that as a consequence of [10] and [11], there exist a d-dimensional Brownian
motionW with respect to the filtration ofX and a continuous increasing process L adapted
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to the filtration of X such that (2.1) holds. Remark 2.2(ii) shows that we may restrict our
attention to X and consider Px to be the law of X when x0 = x in (2.1). We will refer
to (Px, x ∈ D;Xt, t ≥ 0) as standard reflecting Brownian motion in D. Expectation with
respect to Px will be denoted by Ex. We will sometimes talk about RBM in a domain;
this should be interpreted as RBM in D when the domain referred to is D.

In [10] and [11], standard RBM was constructed only on bounded Lipschitz domains,
but see Remark 3.2 and also [24] for the unbounded Lipschitz domain case.

To simplify our presentation of the results from [10], we will limit ourselves to the
following special type of Lipschitz domain. Let Φ be a bounded Lipschitz function mapping
Rd−1 → R with Lipschitz constant κ (in this section and Section 4 we do not assume that
κ < 1). Consider unbounded domains of the form U = {x : x̂ > Φ(x̃)}. Obviously,
∂U = {x ∈ Rd : x̂ = Φ(x̃)}.

The following hold.

Properties 3.1. Suppose d ≥ 3. Let U be the special Lipschitz domain in Rd mentioned
above and let ν be the surface measure on ∂U .

(i) The family (Px, Xt, x ∈ U) is a strong Markov process associated with the Dirichlet
form (E ,D), where E(f, f) = 1

2

∫
U
|∇f(x)|2dx and D is the completion of the class

of restrictions to U of C∞ functions on Rd with compact support under the metric
E(f, f)1/2+‖f‖L2(U); in other words, D is the Sobolev spaceW 1,2(U). This property
uniquely determines the family {Px}x∈U .

(ii) Standard RBM has a jointly continuous transition density function p(t, x, y) on
[0,∞) × U × U ; the density p(t, x, y) is symmetric in x and y, and there exist
constants k1, k2 ∈ (0,∞) depending only on κ such that

p(t, x, y) ≤ k1t
−d/2 exp

(
− k2|x− y|2/t

)
, x, y ∈ U, t > 0. (3.1)

(iii) There exist constants c1, c2 ∈ (0,∞) such that

Px(sup
s≤t

|Xs − x| ≥ λ) ≤ c1e
−c2λ2/t, λ > 0, x ∈ U, t > 0. (3.2)

(iv) The Green function G(x, y) for X on U is defined as
∫∞
0
p(t, x, y)dt. Recall ∂U has

zero Lebesgue measure. Clearly

Ex

[∫ ∞

0

f(Xs)ds
]

=
∫

U

G(x, y)f(y)dy

whenever x ∈ U and f ≥ 0 on U . The Green function G(x, y) of Xt is jointly
continuous except on the diagonal and is positive everywhere in U × U .
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(v) There exist constants k3, k4 > 0 depending only on κ such that

k3|x− y|2−d ≤ G(x, y) ≤ k4|x− y|2−d, x, y ∈ U. (3.3)

(vi) For an open set D ⊂ Rd, we say that a locally bounded function h is harmonic
with respect to X in U ∩D if for every B(x, r) with B(x, r) ⊂ D, we have h(y) =
Ey
[
h(Xτ(B(x,r)))

]
for y ∈ U ∩ B(x, r). If f is a bounded function on U ∩ ∂B(x, r)

and h(y) = Ey
[
f(Xτ(B(x,r)))

]
for y ∈ U ∩B(x, r), then h is harmonic with respect

to X in U ∩B(x, r).
(vii) The following Harnack inequality holds. There exists a constant c1 ∈ (0,∞) de-

pending only on κ, such that if h is nonnegative and harmonic with respect to X
in U ∩B(x, r), then

h(y) ≤ c1 h(z), y, z ∈ U ∩B(x, r/2).

(viii) If h is harmonic with respect to X in U ∩B(x, r), then there exist c1 > 0 and α > 0
not depending on x or r such that

|h(y)− h(z)| ≤ c1

(
sup

w∈U∩B(x,r)

|h(w)|
)( |y − z|

r

)α

, y, z ∈ U ∩B(x, r/2).

(ix) The local time L in the Skorokhod decomposition (2.1) for standard RBM X in U
is a positive continuous additive functional of X with corresponding Revuz measure
ν/2, that is, for every λ > 0 and every y ∈ U ,

Ey

[∫ ∞

0

e−λtdLt

]
=

1
2

∫
∂U

Gλ(y, x)ν(dx),

where Gλ(y, x) =
∫∞
0
e−λtp(t, y, x)dt is the λ-resolvent density for standard RBM.

Furthermore, t 7→ Lt increases only when X is in ∂U .

Remark 3.2. The estimate in (ii) is [10], Theorem 3.1. The symmetry of p(t, x, y) is a
consequence of the Dirichlet form construction. Theorem 3.4 of [10] gives a corresponding
lower bound for the transition density, and then the arguments in Section 4 of [29] show
that p is continuous in x and y. The estimate in (iii) is [10], Theorem 3.2. The continuity
of the Green function off the diagonal follows easily from the continuity of the transition
densities. The estimate in (v) is [10], Corollaries 3.3 and 3.5. (vi) is a definition, while
(vii) and (viii) are [10], Theorems 3.9 and Corollaries 3.8, respectively.

(i) and (ix) were proved in the case of bounded Lipschitz domains in [10], Section
4 and [11], respectively. To extend the results to the case of a domain such as U , one
can proceed as follows. As a consequence of Proposition 2.3 and Remark 1 of [24], for

11



any Lipschitz domain D in Rd, one can always construct RBM X = (Xt,Px, x ∈ D \ N0)
on D via the Dirichlet form approach as a continuous strong Markov process starting
from every point in D except a boundary subset N0 of zero capacity and this process is
conservative. Since by (ii) X has a jointly continuous transition density function, the RBM
X can be defined to start from every point in D (cf. [33]). This in particular applies to
the special Lipschitz domain U here and so (i) holds. That RBM X on U has a Skorokhod
decomposition and that the local time L is a positive continuous additive functional of X
with Revuz measure ν/2 is a consequence of Theorem 2.6 and Remark 1 in [24]. So the
conclusion of (ix) follows.

Remark 3.3. By the uniqueness of the Laplace transform and standard arguments, we
obtain from Properties 3.1(ix), for any non-negative Borel measurable functions f and g,
any a < b in (0,∞), and any y ∈ U ,

Ey

[∫ b

a

g(s)f(Xs)dLs

]
=

1
2

∫ b

a

∫
∂U

g(s)f(x)p(s, y, x)ν(dx) ds. (3.4)

In view of (3.1) and (3.4), if f ≥ 0 and 0 < t < u <∞, there exists a constant c1 depending
only on t, u, and the domain U such that for y ∈ U

Ey

[∫ u

t

f(Xs)dLs

]
≤ 1

2

∫ u

t

∫
∂U

f(x)p(s, y, x)ν(dx) ds ≤ c1

∫
∂U

f(x)ν(dx). (3.5)

Taking f = 1A with ν(A) = 0 and using the fact that t and u are arbitrary, we conclude
that (2.2) holds. The above inequality also shows that (2.3) holds. Therefore Px0 is a weak
solution to (2.1) in the sense of Definition 2.1(1) with D = U , even though this definition
is more restrictive than the typical definition for RBM on smooth domains because of
the extra conditions (2.2) and (2.3). On a smooth domain D ⊂ Rd (for example, a C2

domain), given a d-dimensional Brownian motion W and x0 ∈ D, RBM can be defined as
the unique continuous solution (X,L) to (2.1) that is adapted to the filtration generated
by W such that L is non-decreasing and increases only when X is on the boundary of
D (see [38]). The existence and uniqueness for such a solution follows from the fact that
the deterministic Skorokhod problem is uniquely solvable in C2 domains. That conditions
(2.2) and (2.3) are satisfied by such a solution is a consequence of the construction. But
for general Lipschitz domains, our Theorem 2.5 shows that solutions to the deterministic
Skorokhod problem are not unique; therefore we need conditions (2.2) and (2.3) as part of
a definition for RBM to insure even weak uniqueness for solutions to (2.1).

Suppose D is not a special Lipschitz domain U but an arbitrary bounded Lipschitz
domain. The analogue of Properties 3.1(ix) follows from [11]. The argument above leading
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to (3.4) and (3.5) then shows that the Px0 constructed in [10] is a weak solution to (2.1)
in the sense of Definition 2.1(1) as well.

We finish this section by stating two results which can serve as substitutes for the
strong Markov property.

Consider the case where Ω is the canonical probability space, that is, Ω is the
collection of continuous functions from [0,∞) to Rd. We furnish Ω with the σ-field F
generated by the cylindrical Borel sets. In this case Ω supports shift operators, that is,
maps θt : Ω → Ω such that Xs(θtω) = Xs+t(ω). Let P(z), z ∈ D, denote the collection
of all probability measures P on Ω such that the coordinate process t 7→ Xt(ω) = ω(t)
is a weak solution to (2.1) with x0 = z under P with respect to the augmented natural
filtration generated by the coordinate map.

We recall Proposition 2.3 of [5]. If S is a finite stopping time with respect to
{Ft}t≥0, FS is the usual σ-field of events prior to S; that is, FS = {A ∈ F∞ : A ∩ {S ≤
t} ∈ Ft for every t ≥ 0}.

Proposition 3.4. Fix z ∈ D. Suppose P ∈ P(z), S is a finite stopping time with respect

to {Ft}t≥0, and PS(ω, dω′) is a regular conditional probability for the law of X· ◦θS under

P[ · | FS ]. Then PS(ω, ·) ∈ P(XS(ω)) for P-almost every ω.

For completeness, we sketch a proof.

Proof. If A(ω) = {ω′ : X0(ω′) = XS(ω)}, then

A(ω) ◦ θS = {ω′ : X0 ◦ θS(ω′) = XS(ω)} = {ω′ : XS(ω′) = XS(ω)}.

Therefore

P(A(ω) ◦ θS | FS) = 1{XS(ω)}(XS) = 1, a.s.

The proof that L is a local time on the boundary satisfying (2.2) and (2.3) for
almost every ω is similar.

The law of [Xt − X0 −
∫ t

0
n(Xs)dLs] ◦ θS given FS is the law of [Xt+S − XS −∫ S+t

S
n(Xs)dLs] given FS . It is routine to check that the conditions of Lévy’s theorem (see

[4], Corollary I.5.10) are satisfied, and hence this is a Brownian motion with respect to the
filtration generated by t 7→ Xt+S .

Let Ω and F be as above. We note the following analogue of Proposition 3.4, where
FS is replaced by the σ-field generated by the random variable XS . An almost identical
proof yields
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Proposition 3.5. Suppose P ∈ P(x0), S is a finite stopping time with respect to {Ft}t≥0,

and PS(ω, dω′) is a regular conditional probability for the law of X· ◦ θS under P[ · | XS ].
Then PS(ω, ·) ∈ P(XS(ω)) for P-almost every ω.

4. Weak uniqueness.
In this section we will prove Theorem 2.3.

Remark 4.1. In [5], an assertion similar to Theorem 2.3 was made. However, there is a
gap in the proof of the main theorem of [5]: the third sentence of the proof of Corollary
4.6 there is incorrect. The proof of Theorem 2.3 given below will follow the argument in
[5] for the most part. The extra assumptions (2.2) and (2.3), absent from [5], allow us to
carry that argument to completion. On the other hand, in [5] an assumption was required
that L could be approximated by certain increasing processes. That assumption is not
needed here.

We suppose in most of this section that d ≥ 3; we will remove this restriction when
we give the proof of Theorem 2.3. We first consider the following set-up.

Recall we write x = (x̃, x̂) for x ∈ Rd, where x̃ ∈ Rd−1 and x̂ ∈ R. Let Φ : Rd−1 → R
be a bounded Lipschitz function with Lipschitz constant κ ∈ (0,∞), let k0 > ‖Φ‖∞ + 1,
D = {y : Φ(ỹ) < ŷ < k0}, and K = {x : x̂ ≥ k0}. Consider the subprocess of the standard
RBM X in the special Lipschitz domain U = {y ∈ Rd : ŷ > Φ(ỹ)} (defined in Section
3), killed upon hitting K. We call such a subprocess of X standard RBM on D with
absorption on K. It has D \K as its state space. It then follows that if GD is the Green
function for RBM in D with absorption in K and G is the Green function for standard
RBM in U , then GD(x, y) ≤ G(x, y) for all x and y in D\K. In fact, by the strong Markov
property of X, we have

GD(x, y) = G(x, y)− Ex [G(XTK
, y)] for x, y ∈ D \K with x 6= y.

Since X behaves like a Brownian motion in U and ∂K is a horizontal hyperplane, we have
by Proposition 3.1 that GD(x, y) is jointly continuous except along the diagonal and is
positive in (D \K)× (D \K). Moreover GD(x, y) is symmetric in x and y in D \K and for
each x ∈ D \K, y 7→ GD(x, y) can be extended continuously to U \ {x} with GD(x, y) = 0
for y ∈ K. Let ∂rD = {x ∈ Rd : x̂ = Φ(x̃)} be the reflecting part of the boundary of D in
D \K. We will use Px and Ex to denote the probability and expectation for this standard
RBM X in D with absorption on K as well as for standard RBM in D without absorption;
no confusion should result since we will always specify the possible values of the time t.

Lemma 4.2. Suppose d ≥ 3. There exist constants c1, c2 ∈ (0,∞) such that

GD(x, y) ≤ c1 exp(−c2|x− y|) for x, y ∈ D ∪ ∂rD with |x− y| ≥ 1.
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Proof. Fix y ∈ D ∪ ∂rD. By the strong Markov property,

GD(x, y) = Ex
[
GD(Xτ(B(x,r)), y)

]
if x ∈ D∪∂rD with |x−y| > r. This shows that GD(·, y) is harmonic with respect to X in
(D ∪ ∂rD) \ {y}. Since the dimension d ≥ 3 and by the definition of the domain D, there
is an integer m0 ≥ 1, independent of y, such that for every m ≥ m0, (D ∪ ∂rD) \B(y,m)
is connected. For positive integers m ≥ m0, let Sm = TB(y,m). Suppose x ∈ D with
|x−y| ≥ m+1 and x̂ ≥ k0− 1

2 ≥ ‖Φ‖∞+ 1
2 . The tube T (x) = {z ∈ D : |z̃−x̃| < 1

4 , ẑ > x̂− 1
4}

lies in D \ B(y,m), and so by the support theorem for standard d-dimensional Brownian
motion (see [4], Theorem I.6.6), there exists c3 > 0 not depending on such x so that
Px(TK < Sm) ≥ c3. Note that z 7→ Pz(TK < Sm) is harmonic with respect to X in the
connected set (D ∪ ∂rD) \B(y,m). For general x ∈ D ∪ ∂rD with |x− y| ≥ m+ 1, by the
Harnack inequality for standard RBM (Properties 3.1(vii)) used repeatedly to a chain of
balls in (D ∪ ∂rD) \ B(y,m) that connects x to some point z ∈ D with |z − y| ≥ m + 1
and ẑ ≥ k0 − 1

2 ≥ ‖Φ‖∞ + 1
2 , there exists c4 > 0 such that Px(TK < Sm) ≥ c4 whenever

x ∈ D ∪ ∂rD with |x− y| ≥ m+ 1. The number of times the Harnack inequality needs to
be used depends only on κ and k0, so c4 does not depend on x nor on m.

We now show TK <∞, Px0-a.s. for each x0 ∈ D ∪ ∂rD. Since we are in a Lipschitz
domain, n̂(x) ≥ 0 for almost every x ∈ ∂rD, so X̂t ≥ x̂0 + Ŵt for every t. Since Ŵ
will eventually exceed 2k0 + 2 with probability one, then X must eventually hit K with
probability one.

If x ∈ D ∪ ∂rD and |x− y| ≥ m+ 1, then because GD is 0 on {x : x̂ = k0}, we have

GD(x, y) = Ex
[
GD(XSm

, y)
]

= Ex[GD(XSm
, y);Sm < TK ]

≤
(

sup
z∈∂B(y,m)∩D

GD(z, y)
)
Px(Sm < TK)

≤ (1− c4)
(

sup
z∈∂B(y,m)∩D

GD(z, y)
)
.

Therefore

sup
z∈B(y,m+1)c∩D

GD(z, y) ≤ (1− c4) sup
z∈∂B(y,m)∩D

GD(z, y).

Since supz∈∂B(y,1)∩D GD(z, y) is bounded by (3.3), then by induction

sup
z∈B(y,m)c∩D

GD(z, y) ≤ c5(1− c4)m,

and the lemma follows.
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In order to tie in with the set-up of [5], we define the following. Consider some
w0 ∈ ∂rD and r0 > 0. It is easy to deduce from known results (see, e.g., [36]) that there
exists a positive constant c ∈ (0, ∞), depending only on κ, such that

D0 = {x ∈ D : |x̃− w̃0| < r0, |x̂− ŵ0| < c r0} ,

is star-shaped with respect to some point z0 ∈ D0. That is, there exists a Lipschitz
function φ : ∂B(0, 1) → (0,∞) such that in spherical coordinates (r, θ) centered at z0,
D0 = {(r, θ) : 0 ≤ r < φ(θ)}. Fix some c and z0 with the above properties, choose a
ρ0 ∈ (0,dist(z0, ∂D0)/4) and let K0 be the closure of B(z0, ρ0).

Let H0 be a C∞ function whose support is contained in D0 and is disjoint from
K0 and let E0 be a Lipschitz domain that is star-shaped with respect to z0, that contains
the support of H0, that contains K0, and whose closure is contained in D0. Let ∂rD0 =
(∂rD) ∩D0 and A0 = ∂D0 \ ∂rD. For x ∈ ∂rD0 set

Vδ(x) = {y ∈ D0 : |ỹ − x̃| < |ŷ − x̂|/(2κ), x̂ < ŷ < x̂+ δ},

and choose δ small enough so that Vδ(x) does not intersect E0 for any x ∈ ∂rD0. Then set

N(f)(x) = sup
y∈Vδ(x)

|f(y)|, x ∈ ∂rD0.

The following is Proposition 3.5 of [5]. See Remark 4.4 following Proposition 4.3
for the clarification of some subtle points.

Proposition 4.3. There exists a nonnegative and bounded Borel measurable function u

defined on D0 such that

(i) u is C∞ in D0 \K0,

(ii) − 1
2∆u = H0 in D0 \K0,

(iii) ∂u/∂n exists ν-a.e. on ∂D0,

(iv) u = 0 ν-a.e. on A0,

(v) u is continuous on D0 and u = 0 on K0,

(vi) ∂u/∂n = 0 ν-a.e. on ∂D0 \A0, and

(vii)
∫

∂rD0
|N(∇u)(x)|2ν(dx) <∞.

Remark 4.4. (a) In [5] u is defined only on D0. Since the support of H0 is contained
in D0, (ii) tells us that u is harmonic in a neighborhood of ∂D0. Since u is bounded,
nontangential limits exist at ν-a.e. point of ∂D0; see [4], Section III.4. We define u on ∂D0

to be equal to the nontangential limit when it exists and 0 otherwise. This allows us to
define ∂u/∂n at ν-a.e. point of ∂D0.

(b) Proposition 4.3(v) was not stated in [5], but is immediate from the proof there.
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Corollary 4.5. Let qi = 1− 1/i and Fi(x) = u(z0 + qi(x− z0)), where u is the function

described in Proposition 4.3. Then

(i) each Fi is C∞ on D0 \B(z0, ρ0/qi),
(ii) the {Fi, i ≥ 1} are nonnegative and uniformly bounded on D0,

(iii) Fi → u in D0 \K0 as i→∞,

(iv) − 1
2∆Fi → H0 uniformly in D0 \B(z0, ρ0/qj) if i ≥ j and i→∞,

(v) Fi is continuous on D0 and Fi = 0 in B(z0, ρ0/qi),
(vi) Fi → 0 ν-a.e. on A0 as i→∞,

(vii) ∂Fi/∂n → 0 ν-a.e. on ∂rD0 as i→∞, and

(viii)
∫

∂rD0
supi |∇Fi(x)|2ν(dx) <∞.

Proof. The formula for Fi and Proposition 4.3(ii) show that

− 1
2∆Fi(x) = − 1

2q
2
i ∆u(z0 + qi(x− z0)) = q2iH0(z0 + qi(x− z0))

if x ∈ D0 \B(z0, ρ/qj), and then (iv) follows. Since ∆u = −2H0 and the support supp(H0)
of H0 is a positive distance from both ∂D0 and K0, then u is harmonic for x that are
in D0 \ (K0 ∪ supp(H0)). If x ∈ A0, then Fi(x) = u(z0 + qi(x − z0)) → 0 ν-a.e. as
i→∞ by Proposition 4.3(iv) and the Fatou theorem for harmonic functions in Lipschitz
domains (see [4], Section III.4). As each component of ∇u is a harmonic function in
D0 \ (K0 ∪ supp(H0)), by the Fatou theorem and Proposition 4.3(vi)-(vii), we see that
∇Fi(x) = qi∇u(z0 + qi(x− z0)) converges ν-a.e. to ∇u(x) as i→∞ for x ∈ ∂rD0. Hence
(vii) holds. Part (viii) follows from the bound |∇Fi| ≤ N(∇u) on ∂rD0 for large i.

For questions of weak uniqueness we may assume without loss of generality that
Ω is the canonical probability space (see the paragraphs preceding Proposition 3.4) and
therefore supports shift operators θt; see [44], Chapter 6.

For the rest of this section, Px0 will denote the law of a weak solution to (2.1) in D,
killed upon hitting K, with X0 = x0 ∈ D. The corresponding expectation will be denoted
Ex0 .

Lemma 4.6. There exists a positive constant c1 <∞ such that for all x0 ∈ D0,

Ex0 [TK0∪A0 ] ≤ c1, Ex0
[
LTK0∪A0

]
≤ c1.

Proof. Recall that we write x = (x̃, x̂) for x ∈ Rd, where x̃ ∈ Rd−1 and x̂ ∈ R. We will
use similar notation for X,W and n, i.e., Xt = (X̃t, X̂t), Wt = (W̃t, Ŵt) and n = (ñ, n̂).

Note that x0 ∈ D0 implies x̂0 ≥ −k0 + 1. Since n̂(x) ≥ 0 for all x ∈ ∂rD0, we have
X̂t ≥ x0 + Ŵt for all t. Let c2 > 0 be such that Ŵ1 ≥ 2k0 + 2 with probability greater
than c2 . If X̂t ≥ k0 + 1, then TK0∪A0 ≤ t since K ∩ ∂D0 ⊂ A0, so for x ∈ D0,

Px(TK0∪A0 ≤ 1) ≥ c2.

17



By Proposition 3.4, the law of X·◦θj under a regular conditional probability for Ex0 [ · | Fj ]
is a weak solution to (2.1) starting at Xj , so

Px0(TK0∪A0 > j + 1) ≤ Px0(TK0∪A0 ◦ θj > 1, TK0∪A0 > j)

= Ex0 [Px0(TK0∪A0 ◦ θj > 1 | Fj);TK0∪A0 > j]

≤ (1− c2)Px0(TK0∪A0 > j).

By induction, Px0(TK0∪A0 > j) ≤ (1− c2)j , and the first desired inequality is now imme-
diate.

There exists c3 > 0 such that n̂(x) ≥ c3 for all x ∈ ∂rD. By the support theorem for
standard Brownian motion, the probability of the union of the two events {Ŵ1 ≥ 2k0 + 2}
and {inft≤1 Ŵt ≥ −1} is c4 > 0. On this event, as we observed above, TK0∪A0 ≤ 1, while

k0 + 1 ≥ X̂1∧TK0∪A0
≥ x̂0 + c3L1∧TK0∪A0

+ inf
t≤1∧TK0∪A0

Ŵt

and x̂0 > −k0 + 1 since x0 ∈ D0, so

LTK0∪A0
= L1∧TK0∪A0

≤ (2k0 + 2)/c3.

It follows that with probability at least c4 > 0 we have LTK0∪A0
≤ c5 for a constant c5 <∞.

Observing that

Px0(LTK0∪A0
> c5(j + 1)) ≤ Px0(LTK0∪A0

◦ θUj
> c5, LTK0∪A0

> c5j)

where Uj = inf{t ≥ 0 : Lt ≥ c5j}, we argue similarly to the first paragraph of this proof to
conclude that Px0(LTK0∪A0

> c5j) ≤ (1− c4)j , and the second desired inequality follows.

Recall that Px0 and Ex0 denote the probability and expectation for standard RBM
in D started at x0 and killed upon hitting K.

Theorem 4.7. If H0 is a C∞-function whose support is contained in D0 and is disjoint

from K0, then for x ∈ D0,

Ex0

[∫ TK0∪A0

0

H0(Xs)ds

]
= Ex0

[∫ TK0∪A0

0

H0(Xs)ds

]
.

Proof. If x0 ∈ K0, both sides are 0, so we assume x0 /∈ K0. Let functions u and Fi be
as described in Corollary 4.5 and let f(x) = supi |∇Fi(x)|2. Corollary 4.5 (viii) implies
that

∫
∂rD0

f(x)ν(dx) < ∞, so by (2.3) we have
∫ t∧TK0∪A0

ε
f(Xs)dLs < ∞, Px0-a.s. for
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each t < ∞ and ε > 0. Since x0 ∈ D0, it takes a positive amount of time for Xt to reach
∂D, and L does not increase during that time. So for each ω there exists ε0 depending
on ω such that

∫ ε0

0
f(Xs)dLs = 0. We conclude that

∫ t∧TK0∪A0
0

f(Xs)dLs < ∞, Px0-a.s.
for each t < ∞. The function t →

∫ t∧TK0∪A0
0

f(Xs)dLs is continuous from the right by
dominated convergence and continuous from the left by monotone convergence. Let

SM = inf
{
t ≥ 0 : t+ Lt +

∫ t

0

f(Xs)dLs ≥M
}
∧ TK0∪A0 . (4.1)

By the continuity and finiteness of t →
∫ t∧TK0∪A0
0

f(Xs)dLs and Lemma 4.6, we see that
for Px0-almost every ω there existsM0 depending on ω such that SM = TK0∪A0 ifM ≥M0.

Let Uj = inf{t > 0 : |Xt − z0| < ρ0(1 + j−1)} for j ≥ 1. Applying Itô’s formula
with Fi for i large enough so that q−1

i < 1 + j−1, we obtain

Ex0
[
Fi(XSM∧Uj

)− Fi(x0)
]

=Ex0

[∫ SM∧Uj

0

∇Fi(Xs) · dXs

]
+ 1

2E
x0

[∫ SM∧Uj

0

∆Fi(Xs)ds

]

=Ex0

[∫ SM∧Uj

0

∇Fi(Xs) · dWs

]
+ Ex0

[∫ SM∧Uj

0

∇Fi(Xs) · n(Xs)dLs

]

+ 1
2E

x0

[∫ SM∧Uj

0

∆Fi(Xs)ds

]
.

Note that the expectation of the stochastic integral term is 0 because ∇Fi(Xs) is bounded
in absolute value for s ≤ SM ∧ Uj and W is a Brownian motion. We therefore have

Ex0
[
Fi(XSM∧Uj

);TK0∪A0 = SM ≤ Uj

]
+ Ex0

[
Fi(XSM∧Uj

);Uj < SM = TK0∪A0

]
+ Ex0

[
Fi(XSM∧Uj );SM < TK0∪A0

]
− Fi(x0)

=Ex0

[∫ SM∧Uj

0

∇Fi(Xs) · n(Xs)dLs

]
+ 1

2E
x0

[∫ SM∧Uj

0

∆Fi(Xs)ds

]
. (4.2)

We will examine what happens to the six terms in (4.2) as i → ∞, starting with
the terms on the right hand side. Let C1 = {x ∈ ∂rD0 : (∂Fi/∂n)(x) 6→ 0}. By Corollary
4.5(vii), ν(C1) = 0, and so by (2.2) we conclude that

∫ TK0∪A0
0

1C1(Xs)dLs = 0 a.s. The
fact that ν(C1) = 0 implies also that

Ex0

[∫ SM∧Uj

0

∇Fi(Xs) · n(Xs)dLs

]
= Ex0

[∫ SM∧Uj

0

∂Fi

∂n
(Xs)1Cc

1
(Xs)dLs

]
. (4.3)
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The definition of f gives |(∂Fi/∂n)(Xs)| ≤ (f(Xs))1/2. This and (4.1) imply that∫ SM∧Uj

0

∂Fi

∂n
(Xs)1Cc

1
(Xs)dLs ≤

∫ SM∧Uj

0

(f(Xs))1/21Cc
1
(Xs)dLs

≤

(∫ SM

0

|f(Xs)|dLs

)1/2 (
LSM

)1/2

≤M.

By the dominated convergence theorem and Corollary 4.5(vii), the right hand side of (4.3)
tends to 0 as i → ∞. We have shown that the first term on the right hand side of (4.2)
tends to 0 as i→∞. The limit of the second term on the right hand side is

−Ex0

[∫ SM∧Uj

0

H0(Xs)ds

]
,

by Corollary 4.5(iv).
Now we examine the terms in the left hand side of (4.2) as i→∞. Let C2 = {x ∈

A0 : Fi(x) 6→ 0} and recall from Corollary 4.5(vi) that C2 has null surface measure.
We claim that

Px0(XTK0∪A0
∈ C2) = 0. (4.4)

Let C∗2 (ε) = {z ∈ C2 : dist(z, ∂rD) > ε} and D∗
0(ε) = {z ∈ D0 : dist(z, ∂rD) ≤ ε}. If (4.4)

does not hold, there exists ε > 0 such that Px0(XTK0∪A0
∈ C∗2 (3ε)) > 0. Let α1 = inf{t ≥

0 : Xt /∈ D∗
0(2ε)}, βi = inf{t ≥ αi : Xt ∈ D∗

0(ε)} and αi+1 = inf{t ≥ βi : Xt /∈ D∗
0(2ε)} for

i = 1, 2, . . .. Note that since t 7→ Xt is continuous, αi → ∞ Px0-a.s. as i → ∞. So there
must exist i ≥ 1 such that Px0(XTK0∪A0

∈ C∗2 (3ε), αi < TK0∪A0 ≤ βi) > 0. Away from
∂rD the process Xt behaves just like Brownian motion in Rd. Hence Xt+αi

is a Brownian
motion started at Xαi

for t ≤ βi − αi and therefore

PXαi (XTK0∪A0∧TD∗
0
(ε)
∈ C∗2 (3ε)) > 0. (4.5)

But harmonic measure for Brownian motion and surface measure are mutually absolutely
continuous in Lipschitz domains (see [4], Section III.5), which contradicts (4.5). Therefore
(4.4) holds.

By (4.4) and the bounded convergence theorem,

lim
i→∞

Ex0 [Fi(XSM∧Uj
); TK0∪A0 = SM ≤ Uj ]

= lim
i→∞

Ex0 [Fi(XTK0∪A0
)1Cc

2
(XSM

); TK0∪A0 = SM ≤ Uj ] = 0. (4.6)

The second term on the left hand side of (4.2) converges to

Ex0 [u(XUj );Uj < SM = TK0∪A0 ]
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as i → ∞ by Corollary 4.5(ii) and (iii). Let R(M, i, j) denote the third term on the left
hand side of (4.2). Note that

|R(M, i, j)| ≤
(

sup
k
‖Fk‖∞

)
Px0(SM < TK0∪A0). (4.7)

Finally the fourth term on the left hand side converges to −u(x0) as i→∞.
The limit R̃(M, j) = limi→∞R(M, i, j) exists because all the other terms in (4.2)

converge. Taking the limit as i→∞ in (4.2) we have

Ex0 [u(XUj );Uj < SM = TK0∪A0 ] + R̃(M, j)−u(x0) = −Ex0

[∫ SM∧Uj

0

H0(Xs)ds

]
. (4.8)

Next we see what happens as we let j →∞. Note that u is continuous on D0, u = 0
on K0, and so limj→∞ u(XUj

)1{Uj<SM=TK0∪A0} = 0. Hence, by the bounded convergence
theorem, the first term on the left hand side of (4.8) converges to 0. The right hand side
of (4.8) clearly converges as j → ∞, so R̃(M, j) must converge to some limit R̂(M) and
we obtain

R̂(M)− u(x0) = −Ex0

[∫ SM

0

H0(Xs)ds

]
. (4.9)

Finally we let M →∞. Since Px0(SM < TK0∪A0) → 0, we conclude using (4.7) that

−u(x0) = −Ex0

[∫ TK0∪A0

0

H0(Xs)ds

]
. (4.10)

This is true for any weak solution to (2.1). In particular, since Px0 is the law of a weak
solution,

−u(x0) = −Ex0

[∫ TK0∪A0

0

H0(Xs)ds

]
. (4.11)

Combining this with (4.10) yields our result.

The argument from here on is very similar to the argument in [5]. We would like
the conclusion of Theorem 4.7 to hold even for x0 ∈ ∂D0.

Proposition 4.8. If x0 ∈ D0 and H is a bounded Borel measurable function,

Ex0

[∫ TK0∪A0

0

H(Xs) ds

]
= Ex0

[∫ TK0∪A0

0

H(Xs) ds

]
.

Proof. If x0 ∈ K0 ∪ A0, both sides are zero, and the result holds in this case. So
we suppose x0 ∈ ∂rD0 ∩ D0. Since X spends zero time in ∂rD0 under both Px0 and
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Px0 , it suffices to prove the proposition for H in C∞ with support in D0 \K0; we make
this additional assumption on H until the end of the proof. We can then extend the
result first to continuous functions and then bounded functions H by a limit argument.
If x ∈ D0, the result follows by Theorem 4.7, so we suppose x0 ∈ ∂rD0. Choose tn ↓ 0
so that Px0(Xtn ∈ ∂rD0) = 0; this is possible since X spends zero time in ∂rD. Let
S1(n) = tn ∧ TK0∪A0 .

By Proposition 3.4 the law of the process X· ◦ θS1(n) under a regular conditional
probability for Px0(· | FS1(n)) is a solution to (2.1) started at XS1(n). This, Theorem
4.7, and the facts that the result holds for x0 ∈ K0 ∪ A0 and that XS1(n) /∈ ∂rD0 with
probability one, imply that

Ex0

[∫ TK0∪A0

0

H(Xs)ds ◦ θS1(n)

∣∣∣FS1(n)

]
= v(XS1(n)), (4.12)

where

v(x) = Ex

[∫ TK0∪A0

0

H(Xs)ds

]
. (4.13)

Taking expectations,

Ex0

[∫ TK0∪A0

S1(n)

H(Xs)ds

]
= Ex0

[
v(XS1(n))

]
. (4.14)

Letting tn ↓ 0 and using Lemma 4.6, the left hand side of (4.14) converges to
Ex0

[∫ TK0∪A0
0

H(Xs)ds
]
.

Let I be the support of H and S2 = inf{t : Xt ∈ I}. We have assumed that H is
C∞ with support in D0 \K0 and x0 ∈ ∂rD0, so S2 > 0 a.s. If B(x, r) ⊂ D0 \ (K0∪A0∪I),
then by the strong Markov property of standard RBM

v(x) = Ex
[
v(Xτ

B(x,r)∩D0
)
]
,

so the function v(x) is harmonic with respect to standard RBM X in D0 \ (K0 ∪ A0 ∪ I)
and hence v is continuous there (Properties 3.1(vi) and (vii)). We write

Ex0
[
v(XS1(n))

]
= Ex0

[
v(XS1(n)∧S2)

]
+ Ex0

[
v(XS1(n))− v(XS1(n)∧S2)

]
.

The first term on the right converges to v(x0) as n→∞ by the continuity of v, while the
second term on the right is bounded in absolute value by 2‖v‖∞Px0(S1(n) > S2), which
goes to zero as n→∞. Letting n→∞ in (4.14), we then have

Ex0

[∫ TK0∪A0

0

H(Xs)ds

]
= v(x0).
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Using (4.13) this proves the proposition.

Theorem 4.9. Let H be a bounded Borel measurable function with support in D0 and

x0 ∈ D0. If 0 < λ < (2 supy∈D0
Ey[TK0∪A0 ])

−1, then

Ex0

[∫ TK0∪A0

0

e−λtH(Xt)dt

]
= Ex0

[∫ TK0∪A0

0

e−λtH(Xt)dt

]
.

Proof. The result is obvious if x0 ∈ K0, so we suppose x0 ∈ D0 \ K0. We start with
an observation similar to the one in the previous proof, that since X spends zero time
on the boundary of D under both Px0 and Px0 , it is enough to consider H that are C∞

with support in D0 \K0. Let v be defined by (4.13). By Proposition 3.4, under a regular
conditional probability for Px0(· | Ft) the law of X· ◦ θt is a weak solution to (2.1) started
at Xt. This, together with Proposition 4.8, implies that

1{t<TK0∪A0}Ex0

[∫ TK0∪A0

0

H(Xs ◦ θt)ds | Ft

]
= 1{t<TK0∪A0} EXt

[∫ TK0∪A0

0

H(Xs)ds

]
= 1{t<TK0∪A0} v(Xt).

For f a bounded Borel measurable function define

Sλf(x0) = Ex0

[∫ TK0∪A0

0

e−λtf(Xt)dt

]
.

We then have

Sλv(x0) = Ex0

[∫ TK0∪A0

0

e−λtv(Xt) dt

]
(4.15)

= Ex0

[∫ TK0∪A0

0

e−λt Ex0

[∫ TK0∪A0

0

H(Xs+t) ds
∣∣∣Ft

]
dt

]

= Ex0

[∫ TK0∪A0

0

e−λt

∫ TK0∪A0

t

H(Xs) ds dt

]

= Ex0

[∫ TK0∪A0

0

H(Xs)
∫ s

0

e−λt dt ds

]

= Ex0

[∫ TK0∪A0

0

H(Xs)
1− e−λs

λ
ds

]

=
1
λ
v(x0)−

1
λ
SλH(x0),
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or SλH(x0) = v(x0) − λSλv(x0). Define the operator Rλ on bounded Borel measurable
functions by

Rλf(x) = Ex

[∫ TK0∪A0

0

e−λtf(Xt) dt

]
. (4.16)

Then v = R0H and so

SλH(x0) = R0H(x0)− λSλR0H(x0). (4.17)

By using a standard limit argument, we have (4.17) holding if H is bounded and Borel
measurable.

Let
Θ = sup

‖H‖∞≤1

|SλH(x0)−RλH(x0)|,

where ‖H‖∞ is the usual supremum norm, and note that

Θ ≤ sup
‖H‖∞≤1

(|SλH(x0)|+ |RλH(x0)|) ≤ 2/λ <∞.

We have ‖RλH‖∞ ≤ λ−1‖H‖∞ and ‖R0H‖∞ ≤ c1‖H‖∞, where

c1 = sup
y∈D0

Ey [TK0∪A0 ] .

Note that by Lemma 4.6, c1 <∞. From the semigroup property of Px (cf. [4], p. 19),

RλH(x0) = R0H(x0)− λRλR0H(x0). (4.18)

Subtracting (4.18) from (4.17),

|SλH(x0)−RλH(x0)| = |λ(SλR0H(x0)−RλR0H(x0))| ≤ λΘ‖R0H‖∞ ≤ λΘc1‖H‖∞.

Taking the supremum over H with ‖H‖∞ ≤ 1, if λ ≤ 1/(2c1),

Θ ≤ λΘc1 ≤ Θ/2,

so Θ = 0 because Θ <∞. In other words SλH(x0) = RλH(x0) for all bounded and Borel
measurable functions H. This is equivalent to the assertion of the theorem.

Proof of Theorem 2.3. First suppose that d ≥ 3 and D has the same form as D0

described before Proposition 4.3. Recall the notation from Theorem 4.9 and its proof and
the fact that SλH(x0) = RλH(x0). Suppose H is continuous in D. By the uniqueness of
the Laplace transform and the continuity of H(Xt), we see that Ex0

[
H(Xt∧TK0∪A0

)
]

=
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Ex0
[
H(Xt∧TK0∪A0

)
]
. As ρ0 → 0, then TK0∪A0 → T{x0}∪A0 . Since X behaves like a

Brownian motion when away from ∂D0, then T{x0} is infinite with probability one. So
Ex0

[
H(Xt∧TA0

)
]

= Ex0
[
H(Xt∧TA0

)
]
. Since the above is true for every arbitrary but fixed

x0 ∈ D \ A0, it implies (see [44], Chapter 6) that the finite dimensional distributions of
Xt∧TA0

under Px0 and under Px0 agree (this is where Proposition 3.5 is needed). Therefore
Px0 = Px0 on FTA0

.
Now let D be an arbitrary bounded Lipschitz domain. By standard piecing-together

arguments (see [44]), it suffices to show that for each x0 ∈ D, any solution Px0 agrees with
Px0 locally. That is, if x0 ∈ D, there exists r > 0 (depending on x0) such that Px0 and Px0

agree on FT∂B(x0,r) . Inside D, X under both Px0 and Px0 behaves like ordinary Brownian
motion, so we need only consider x0 ∈ ∂D. Let a coordinate system and a domain D0 be
chosen so that D0 agrees with D in a neighborhood B(x0, r) ∩ D of x0 and D0 is of the
form described preceding Proposition 4.3. If r is small enough, T∂B(x0,r) will be less than
TA0 , and we can therefore apply the preceding paragraph.

Finally we consider the case d = 2. Suppose that X has law Px0 and state space
D, where D is a two-dimensional Lipschitz domain. Let B be a one-dimensional Brownian
motion reflecting at −1 and 1 and independent of X. Then the law of (B,X) is a weak
solution to (2.1) for the Lipschitz domain (−1, 1) ×D, and so is unique. The uniqueness
of the law of X follows easily.

Corollary 4.10 below is presented with a view toward possible future applications.
In the proof of Theorem 4.7 we applied (2.3) once for the function

f = sup
i
|∇Fi|2 (4.19)

and (2.2) once for the set

C1 =
{
x ∈ ∂rD0 :

∂Fi

∂n
(x) 6→ 0

}
. (4.20)

Let {Hj
0}∞j=1 be a countable collection of C∞ functions with support in D0 \ K0 whose

closure under the supremum norm contains the collection of all continuous functions with
support in D0 \K0. Let f j and Cj

1 be defined analogously to (4.19) and (4.20), but with
Hj

0 in place of H0.

Corollary 4.10. Suppose that Px0 is the law of a process X which satisfies (2.1) for some

Brownian motion W , such that (2.4) and (2.5) hold, and∫ t

ε

f j(Xs)dLs <∞, a.s., for all ε > 0, t <∞, j = 1, 2, . . . (4.21)
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and ∫ ∞

0

1Cj
1
(Xs)dLs = 0, a.s., for all j = 1, 2, . . . (4.22)

Then Px0 = Px0 .

Proof. By the proof of Theorem 4.7, using (4.21) and (4.22) in place of (2.3) and (2.2),
we have

Ex0

[∫ TK0∪A0

0

Hj
0(Xs)ds

]
= Ex0

[∫ TK0∪A0

0

Hj
0(Xs)ds

]
if x0 ∈ D0. By taking limits, we have the conclusion of Theorem 4.7 for all H0 in C∞

with support in D0 \ K0. With this change, we can now follow the argument given by
Proposition 4.8, Theorem 4.9, and the proof of Theorem 2.3.

The same piecing-together argument as that in the proof of Theorem 2.3 yields the
following result. We leave the proof to the reader.

Theorem 4.11. Weak uniqueness holds for (2.1) in special Lipschitz domains D ⊂ Rd.

5. Strong solutions in planar lip domains.

In this section, we focus on strong solutions to (2.1) on “special” planar lip domains,
to be defined below. We will explain at the end of this section how a strong solution can
be constructed for a general lip domain from those on special lip domains.

We will say that D is a special planar lip domain if D = {(x̃, x̂) ∈ R2 : x̂ > Φ(x̃)}
where Φ is a Lipschitz function with Lipschitz constant κ strictly less than 1.

Fix a special planar lip domain D and suppose that v is a vector field on ∂D. We
will assume that all vector fields on ∂D considered in the rest of the paper are Lebesgue
measurable and satisfy 0 < c1 < |v(x)| < c2 < ∞, for all x, where the constants c1 and
c2 may depend on v. To simplify the notation, we write v(x̃) for v(x̃,Φ(x̃)). Suppose
W is a given two-dimensional Brownian motion defined on a complete probability space
(Ω,F ,P). Let F0

t = σ(Ws : s ≤ t) and let Ft be the usual augmentation of F0
t . It is

well known that {Ft} is right continuous (see, e.g., [39]). We will say that X is reflecting
Brownian motion in D with oblique direction of reflection v, relative to P and W , starting
at x0, if X is continuous and adapted to {Ft}, X0 = x0, X takes values in D, and there
exists a nondecreasing continuous process L (a “local time of X on the boundary of D”)
which is adapted to {Ft} such that P-almost surely,

Xt = x0 +Wt +
∫ t

0

v(Xs)dLs, t ≥ 0, (5.1)
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and ∫ ∞

0

1∂D(Xs)ds = 0. (5.2)

Note that the above is a strong solution definition. The present definition of RBM with
oblique direction of reflection is less stringent than that given in Definition 2.1 in the case
of the normal reflection: here we do not assume conditions (2.2) and (2.3) on the local
time L. In this section, we will use only this definition of RBM. We will say “a strong
solution to (2.1)” when we want to emphasize that we mean a strong solution for RBM
with normal reflection in the sense of Definition 2.1.

We will identify points in R2, points in C, and two-dimensional vectors in the obvious
way. For any vector u, let 6 (u) be the angle formed by u with the positive half-line. We
introduce a partial order in R2 by declaring that

x ≺ y if and only if x = y or 6 (y − x) ∈ [−α0, α0],

where α0 = (π/4 + arctanκ)/2. Note that π/8 < α0 < π/4. Let [α1, α2] = [π/2 −
α0, π/2 + α0]. Throughout this section, we will consider only those vector fields v which
satisfy 6 (v(x̃)) ∈ [α1, α2] for all x̃. Fix some base point x0 ∈ D.

Let ν denote Lebesgue surface measure on ∂D. If u : D → R is a bounded har-
monic function, then, by Fatou’s theorem for bounded harmonic functions in D, the non-
tangential limit of u exists and is finite at ν-a.e. x ∈ ∂D. For x ∈ ∂D, we define u(x) as
the non-tangential limit of u at x whenever the limit exists and is finite.

We will say that a sequence of open sets Kn ⊂ C converges to an open set K ⊂ C if
for every compact set M ⊂ K and every compact set L ⊂ (K)c, there is an integer N ≥ 1
such that M ⊂ Kn and L ⊂ (Kn)c for every n ≥ N .

Lemma 5.1. For every vector field v that satisfies 6 (v(x̃)) ∈ [α1, α2] for all x̃, one can

find a domain Dv and a univalent analytic function fv : D → Dv such that the following

properties hold.

(i) fv(x0) = 0 and arg f ′v(x) = π/2− 6 (v(x̃)) for ν-a.e. x = (x̃, x̂) ∈ ∂D.

(ii) If vn converges to v pointwise, then Dvn converges to Dv.

(iii) Let Vc be the family of all continuous vector fields v on ∂D satisfying 6 (v(x̃)) ∈
[α1, α2], let Vc,b be the subfamily of Vc consisting of those vector fields that satisfy
6 (v(x̃)) = α1 for x̃ outside a compact interval (depending on v), and finally let

V ⊂ Vc be the class of C2-smooth vector fields whose elements v ∈ V correspond to

functions fv which are C2 on D. For every v ∈ Vc, there exists a sequence of vector

fields vn ∈ V, converging to v uniformly on bounded intervals. For every v ∈ Vc,b,

there exists a sequence of vector fields vn ∈ V, such that 6 (vn(x̃)) converges to
6 (v(x̃)) uniformly over R.
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(iv) Let N(ε) = {(x̃, x̂) ∈ D : x̂ < Φ(x̃) + ε}. Then for every r > 0,

lim
ε→0

sup
v

sup
x∈fv(N(ε))

|x|<r

dist(x, ∂Dv) = 0, (5.3)

where the first supremum is taken over all vector fields v(x̃) which are Lebesgue

measurable and satisfy 6 (v(x̃)) ∈ [α1, α2] for all x̃.

(v) Let Kr
v be the closure of B(0, r) ∩ Dv. Suppose that vector fields vn converge

to v pointwise, 6 (v(x̃)) ∈ [α1, α2] and 6 (vn(x̃)) ∈ [α1, α2] for all x̃. Let K∗
r be

the closure of f−1
v (Kr

v) ∩
⋂

n f
−1
vn

(Kr
vn

). Then for any 0 < r1 < ∞ there exists

0 < r2 <∞ such that B(0, r1) ∩D ⊂ K∗
r for r ≥ r2.

Proof. We will use the approach of [20], Lemma 2.2. Let θ(x) = π/2 − 6 (v(x̃)) for
x = (x̃, x̂) ∈ ∂D. We will denote the harmonic extension of θ to D by θ also. Let θ̃(x) be
the conjugate harmonic function of θ(x) with θ̃(x0) = 0 and define fv : D → C by setting
fv(x0) = 0 and

f ′v(x) = exp(i(θ(x) + iθ̃(x))). (5.4)

LetDv = fv(D). Parts (i) and (ii) of the lemma can be proved using ideas from Lemmas 2.2
and 2.3 of [20]—we leave the details to the reader. However, we will outline the geometric
idea of the construction. The function θ represents the desired amount of twisting at
the boundary of D, that is, it represents arg f ′v. The boundary values of arg f ′v uniquely
determine the values of this function inside the domain, via the harmonic extension. This
in turn determines the harmonic conjugate of arg f ′v, up to a constant. In this sense, fv is
uniquely determined by the boundary values of arg f ′v, up to a few normalizing constants.
Informally speaking, the function fv is chosen to map v onto a vector field pointing up at
almost every boundary point of Dv.

We turn to part (iii). Assume that v ∈ Vc and let fv be the corresponding analytic
function. We define |v(x)| for x ∈ D as a harmonic extension of {|v(x)|, x ∈ ∂D} (recall
that |v(x)| is assumed to be bounded). For ε > 0, let fε

v be the mapping constructed in a
similar way to the construction of fv but relative to the base point x0 + iε rather than x0.
Let vε(x̃) = |v(x̃, x̂ + ε)|i/(fε

v)′(x̃,Φ(x̃) + ε) and note that vε is analytic on ∂D because
both |v(x̃, x̂ + ε)| and (fε

v)′(x̃,Φ(x̃) + ε) are. Since the definition of fv is based only on
6 (v), we see that fvε

(x) = fε
v(x+ iε). This implies that vε corresponds to a mapping fvε

which is analytic on D. It is not hard to show that for a given continuous v, the vector
fields vε converge to v uniformly on bounded intervals.

Suppose that v ∈ Vc,b. Let a <∞ be such that 6 (v(x̃)) = α1 for |x̃| ≥ a. It follows
from the definition of vε that 6 (vε(x̃)) is the value of the harmonic extension h of 6 (v)
to D, evaluated at (x̃, x̂+ ε). It will suffice to show that for any δ > 0 there exists ε0 > 0
such that for all x = (x̃, x̂ + ε) with |x̃| ≥ a and ε ≤ ε0 we have |h(x) − α1| ≤ δ. Find
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ε0 > 0 so small that Brownian motion starting from 0 makes a closed loop around B(0, ε0)
before leaving B(0, a) with probability greater than 1 − δ/α2. Then for any x ∈ D with
x̂− Φ(x̃) ≤ ε0, the harmonic measure of B(x, a)c ∩ ∂D in D, relative to x, is bounded by
δ/α2. Hence, for points x ∈ D satisfying |x̃| ≥ a and ε ≤ ε0, the value of h(x) is bounded
below by α1 and bounded above by α1 + (δ/α2)α2 = α1 + δ.

(iv) By the maximum principle, θ(x) ∈ (−α0, α0) for all x ∈ D. Hence, Ref ′v(x) =
e−θ̃(x) cos θ(x) > 0 for all x. Let r0 > 0 be such that B(x0, r0) ⊂ D. Since θ̃(x0) = 0, we
have

√
2/2 ≤ Ref ′v(x0) ≤ 1. By the Harnack principle and the fact that the real part of

an analytic function is harmonic, 0 < c1 < Ref ′v(x) < c2 < ∞ in B(x0, r0/2), where c1
and c2 do not depend on v. These bounds on Ref ′v(x) and the fact that θ(x) ∈ (−α0, α0)
easily imply that for some r1 > 0 independent of v, we have B(0, r1) ⊂ fv(B(x0, r0/2)).

Suppose that (5.3) fails. Then there exist a, r > 0, a sequence of vector fields
{vn} and points {xn} such that 6 (vn(x̃)) ∈ [α1, α2], |xn| < r, xn ∈ fvn(N(1/n)), and
dist(xn, ∂Dvn

) > a for all n. Note that for every vector field v satisfying 6 (v(x̃)) ∈
[α1, α2], the corresponding domain Dv lies above the graph of a Lipschitz function Φv

whose Lipschitz constant is bounded by κ. Hence we can assume, passing to a subsequence,
if necessary, that Φvn converge uniformly on bounded intervals to a function Φv∞ , xn →
x∞, and the functions s →

∫ s

0
θn(x̃)dx̃ converge uniformly on bounded intervals to a

function s→
∫ s

0
θ∞(x̃)dx̃. We have dist(x∞, ∂Dv∞) ≥ a > 0 and dist(0, ∂Dv∞) ≥ r1 > 0.

There exists p > 0 such that the Brownian motion starting from 0 ∈ Dv∞ can make a loop
around x∞ and return to B(0, r1/2) without hitting ∂Dv∞ , with probability p. This easily
implies that for large n, Brownian motion starting from 0 ∈ Dvn

can make a loop around
xn and return to B(0, 3r1/4) without hitting ∂Dvn , with probability p/2 or higher. By
the conformal invariance of Brownian motion, Brownian motion can start from x0 ∈ D,
make a loop around f−1

vn
(xn) ∈ N(1/n), and return to B(x0, r0/2) before hitting ∂D, with

probability equal to or greater than p/2. Since the distance from f−1
vn

(xn) to ∂D goes to
0 as n→∞, this uniform bound on the probability of such a loop cannot hold as n→∞.
We have obtained a contradiction, which completes the proof of part (iv).

(v) It follows from (5.4) and from the assumption that 6 (v(x̃)) ∈ [α1, α2], that
arg f ′v(x) ∈ [π/2 − α2, π/2 − α1] = [−α0, α0] for all x ∈ D. It is elementary to see that
one can find an increasing sequence of domains Dn such that Dn ⊂ D,

⋃
nDn = D, ∂Dn

is the graph of a C2-smooth function Φn, all Φn are Lipschitz with the same Lipschitz
constant κ as Φ, and |Φn(x̃) − Φ(x̃)| ∈ (0, 1/n) for all x̃. The bound on arg f ′v(x), the
Lipschitz character of Φn, and elementary geometry show that fv(∂Dn) is the graph of a
Lipschitz function with Lipschitz constant κ1 < ∞, where κ1 depends only on κ. Since
fv(Dn) increases to Dv, and the limit of any sequence of Lipschitz functions with constant
κ1 is a Lipschitz function with constant κ1, we see that ∂Dv is the graph of a Lipschitz
function with constant κ1. Since ∂D and ∂Dv have Lipschitz boundaries, the functions
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fv and f−1
v have continuous extensions to D and Dv. Hence, fv(B(0, r1) ∩D) is bounded

and it follows that for every r1 <∞ there exists r2 <∞ such that B(0, r1)∩D ⊂ f−1
v (Kr

v)
for r ≥ r2. Thus, we may ignore f−1

v (Kr
v) in the rest of the proof.

We will argue by contradiction. Suppose that there exists r1 < ∞, rm < ∞,
xm ∈ B(0, r1) ∩D, and vnm

such that rm →∞ and xm /∈ f−1
vnm

(Krm
vnm

). By compactness,
we may assume that xm → x∞ ∈ B(0, r1) ∩D. It is a straightforward consequence of the
fact that vn → v and (5.4) that fvn

converges to fv uniformly on compact subsets of D.
This easily implies that x∞ /∈ D.

Recall the base point x0 ∈ D such that fv(x0) = 0 and fix some other point y0 ∈ D
whose distance from ∂D ∪ {x0} is ρ > 0. By the uniform convergence of fvn

to fv on
compact subsets of D, fvn

(y0) converges to y∞, and for some ρ0 ∈ (0, ρ), ρ1 > 0 and large
n, we have fvn

(B(y0, ρ0)) ⊂ B(y∞, ρ1) ⊂ Dvn
. Planar Brownian motion starting from

x0 hits ∂D before it makes a closed loop around B(y0, ρ0) with probability p > 0, so, by
conformal invariance, Brownian motion starting from 0 hits ∂Dvn

before making a closed
loop around B(y∞, ρ1) with probability bounded below by p. This implies that for any
n, the distance from ∂Dvn to 0 is bounded above by a constant ρ2 < ∞ depending only
on D. It follows that a vertical half-line in Dc

vn
, extending to infinity in the downward

direction, has its endpoint not further than ρ2 from 0.
Let ∂1D and ∂2D be the left and right connected components of ∂D \B(0, r1) and

let p0 > 0 be such that the harmonic measure of each of the sets ∂1D and ∂2D in D,
relative to x0, is greater than p0. We find ρ3 <∞ so large that Brownian motion starting
from 0 will make a closed loop in the annulus B(0, ρ3) \ B(0, ρ2) with probability greater
than 1 − p0. It follows that fvn(∂jD) ∩ B(0, ρ3) 6= ∅ for j = 1, 2. Since all boundaries
∂Dvn

are represented by Lipschitz functions with the same constant κ1, this implies that
for some ρ4 <∞, not depending on n, fvn

(B(0, r1) ∩D) ⊂ B(0, ρ4).
We can find Jordan arcs γn ⊂ D with endpoints xn and x∞ such that Brownian

motion starting from x0 hits γn with probability qn before hitting ∂D, and qn → 0. Since
x∞ ∈ B(0, r1) ∩D and xm /∈ f−1

vnm
(Krm

vnm
), one of the endpoints of the Jordan arc fvn

(γn)
is at the distance less than ρ4 from 0 and the other one is at the distance greater than
rn. This and the facts that rn → ∞, all boundaries ∂Dvn are represented by Lipschitz
functions with the same constant κ1, and all of them are at the distance not greater than
ρ2 from 0 easily imply that the Brownian motion starting from 0 must hit fvn

(γn) before
hitting ∂Dvn with a probability greater than some q̂ > 0, not depending on n. This
contradicts the assertion that qn → 0 and finishes our proof.

Lemma 5.2. Suppose that the vector field v belongs to V. Then, given a Brownian motion

W and x0 ∈ D, there exists a (pathwise unique) reflecting Brownian motion X in D with

reflection field v and starting point X0 = x0, relative to W . Let σv
t =

∫ t

0
|f ′v(Xs)|2ds and
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τv
t = inf{s > 0 : σv

s > t}. The process Y v
t = fv(Xτv

t
) is reflecting Brownian motion in Dv

with vertical direction of reflection, relative to some Brownian motion B.

Proof. For n ≥ 1, let Dn = {x ∈ D : |x̃| < n, x̂ < n} and let vn be a vector field on ∂Dn

which is of class C2 and such that vn = v on ∂Dn ∩ ∂Dn/2. It is elementary to check that
our assumptions that the Lipschitz constant κ is less than 1 and 6 (v(x̃)) ∈ [α1, α2] imply
that the exterior cone condition (3.2) in [26] is satisfied for v on ∂D, and, therefore, for
vn on ∂Dn ∩ ∂Dn/2. We choose vn so that the exterior cone condition is satisfied on the
whole boundary of Dn. Hence, by Corollary 5.2 of [26] (Case 1), we have strong existence
and uniqueness for reflecting Brownian motion in Dn with reflection field vn. If n is so
large that x0 ∈ Dn/2, we let Xn be reflecting Brownian motion in Dn with reflection field
vn, relative to W , starting from x0, and stopped at the hitting time τn of Dc

n/2. Let Ln

denote the local time of Xn on ∂Dn and note that Ln does not increase after time ρn. By
the strong uniqueness, Xn

t = Xm
t for all integers n ≥ m ≥ 1 and all t ≤ ρm, a.s.

We will prove that all the stopped RBMs Xn are equicontinuous. We will show that
the modulus of equicontinuity of any such process is controlled by the modulus of continuity
of the driving Brownian motion; see formula (5.7) below. Let c1 = sin(π/4−α0) and note
that if x ∈ D and 6 (y − x) ∈ [α1, α2] then

dist(y,Dc) ≥ c1|y − x|. (5.5)

We will show that for all t > s > 0,∣∣∣∣∫ t

s

vn(Xn
u )dLn

u

∣∣∣∣ ≤ 2 sup
u,v∈[s,t]

|Wu −Wv|/c1. (5.6)

We will assume that s and t are rational. We will not incur any loss of generality because
both sides of (5.6) are continuous in s and t, a.s. We always have

6

(∫ t

s

vn(Xn
u )dLn

u

)
∈ [α1, α2].

Suppose that (5.6) is not true for some s, t, and note that this implies that Xn
u ∈ ∂D for

some u ∈ (s, t). Let t1 be the supremum of u < t such that Xn
u ∈ ∂D and note that t1 > s,

a.s. We have

Xn
t1 = Xn

s +
∫ t1

s

vn(Xn
u )dLn

u + (Wt1 −Ws)

= Xn
s +

∫ t

s

vn(Xn
u )dLn

u + (Wt1 −Ws).

Note that Xn
s ∈ D and 6

(∫ t

s
vn(Xn

u )dLn
u

)
∈ [α1, α2]. Using (5.5), we see that the

distance from x∗
def= Xn

s +
∫ t

s
vn(Xn

u )dLn
u to the boundary of D is bounded below by
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c1

∣∣∣∫ t

s
vn(Xn

u )dLn
u

∣∣∣. We have assumed that (5.6) is false, so the distance from x∗ to ∂D
is greater than 2 supu,v∈[s,t] |Wu −Wv| ≥ 2|Wt1 −Ws|. It follows that the distance from
Xn

t1 = x∗ + Wt1 −Ws to ∂D is greater than |Wt1 −Ws|. The last quantity is non-zero
because t1 > s, and for all rational s and all real u > s, we have Wu 6= Ws, a.s. We have
shown that Xn

t1 /∈ ∂D, which is a contradiction. We conclude that (5.6) holds and so

|Xn
s −Xn

t | ≤ (1 + 2/c1) sup
u,v∈[s,t]

|Wu −Wv|. (5.7)

This estimate holds with probability one simultaneously for all Xn, for integer n ≥ 1.
Recall the times ρn when the Xn are stopped. Clearly, the ρn are nondecreasing in

n. Let ρ∞ = limn→∞ ρn. We will show that ρ∞ = ∞, a.s. Suppose otherwise and let

M = (1 + 2/c1) sup
u,v∈[0,ρ∞]

|Wu −Wv|.

By assumption, M is finite with a positive probability. By (5.7), for all sufficiently large
n,

|Xn
0 −Xn

ρn
| ≤ |Xn

0 −Xn
ρ∞ | ≤M.

It is easy to see that this contradicts the definition of ρn and we conclude that limn→∞ ρn =
∞. We define Xt to be Xn

t for n and t such that t ≤ ρn. It is clear that X is reflecting
Brownian motion in D with reflection field v, relative to W , starting from x0.

Under the assumptions of the lemma, fv is C2 on D. Let u(x) and v(x) be the real
and imaginary parts of fv(x) with x = (x1, x2). Then u and v are harmonic functions in
D with ux1 + ivx1 = vx2 − iux2 = f ′v(x) for x ∈ D. So |∇u(x)| = |∇v(x)| = |f ′v(x)| and
∇u · ∇v = 0 on D. By Ito’s formula, for t ≥ 0,

u(Xt)− u(X0) =
∫ t

0

∇u(Xs)dXs =
∫ t

0

∇u(Xs)dWs +
∫ t

0

∇u(Xs) · v(Xs)dLs

and

v(Xt)− u(X0) =
∫ t

0

∇v(Xs)dXs =
∫ t

0

∇v(Xs)dWs +
∫ t

0

∇v(Xs) · v(Xs)dLs.

For x ∈ ∂D, ∇u(x) is the boundary value of the complex conjugate of f ′v(x), which equals
exp(−θ̃(x) − iθ(x)), where θ(x) = π/2 − 6 (v(x)). So ∇u(x) · v(x) = 0. On the other
hand, for x ∈ ∂D, ∇v(x) = (−ux2 , ux1) corresponds to exp(−θ̃(x) + i6 (v(x))) and so
∇v(x) · v(x) > 0. So after the time change, Y v

t = fv(Xτv
t
) has the decomposition

Y v
t = Y v

0 +Bt +
∫ t

0

e2(Y v
s )dL̃s for t ≥ 0, (5.8)
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where B is a standard Brownian motion on R2, e2 = (0, 1) is the unit vertical vector
in R2, and L̃ is a continuous increasing process that increases only when Y v is on the
boundary. So Y v is RBM in Dv with vertical direction of reflection. The process Y v is the
unique pathwise solution to (5.8) and weak uniqueness for (5.8) holds. To see this, write
Y v

t = (Y 1
t , Y

2
t ) and Bt = (B1

t , B
2
t ), and denote the Lipschitz function representing ∂Dv

by Φv. Then clearly Y 1
t = Y 1

0 +B1
t and Y 2 can be viewed as the reflection of Y 2

0 +B2
t on

the function Φv(Y 1
t ). By the Skorokhod lemma established in Lemma 3.13 of [18], such

a reflection is pathwise unique. In particular, this Skorokhod lemma implies that Y v is
adapted to the filtration generated by B.

Theorem 5.3. Suppose that v1,v2 ∈ V and 6 (v1(x̃)) < 6 (v2(x̃)) for all x̃. Let X1

and X2 be reflecting Brownian motions in D with the same driving Brownian motion W ,

starting from the same point x0 ∈ D, and with reflection directions given by v1 and v2,

resp. Then X2
t ≺ X1

t for all t ≥ 0, a.s.

Proof. Let t0 = inf{t : X2
t 6≺ X1

t }. That is, if T = {t : X2
t ≺ X1

t }, then t0 = inf{t : t /∈
T }. We will assume that t0 <∞ and show that this leads to a contradiction.

Step 1. We will use the argument of this first step twice in this proof. Note that in this
step, we are using only two facts about t0; the first fact is that X2

t0 ≺ X1
t0 and the second

one is that the inequality fails for some times in every right neighborhood of t0.
First suppose that X1

t0 , X
2
t0 ∈ D. Then, by the continuity of paths of RBM, there

exists t1 > t0 such that X1
t , X

2
t ∈ D for t ∈ [t0, t1]. Hence, the boundary local times do

not increase on [t0, t1] for either of the two processes and so X1
t − X2

t = X1
t0 − X2

t0 for
t ∈ [t0, t1]. Since X2

t0 ≺ X1
t0 , we obtain X2

t ≺ X1
t for all t ∈ [t0, t1]. This contradicts the

definition of t0.
Next assume that one and only one of the processes is on the boundary at time t0.

Without loss of generality assume that X1
t0 ∈ ∂D and X2

t0 ∈ D. Find t2 > t0 such that
X2

t ∈ D for t ∈ [t0, t2]. Let V 1
t =

∫ t

0
v1(X1

s )dL1
s and note that t→ V 1

t −V 1
t0 is a continuous

vector function which satisfies 6 (V 1
t − V 1

t0) ∈ [α1, α2] for t ≥ t0, by our assumption on
v1. Observe that 6 (X1

t0 − X2
t0) ∈ [−α0, α0) and X1

t − X2
t = (X1

t0 − X2
t0) + (V 1

t − V 1
t0)

for all t > t0 which are sufficiently close to t0, because X2 cannot hit ∂D in some right
neighborhood of t0. If 6 (X1

t0 −X
2
t0) ∈ (−α0, α0) then, by the continuity of the trajectories

of X1 and X2, for some t3 ∈ (t0, t2) and all t ∈ (t0, t3),

6 (X1
t −X2

t ) = 6 ((X1
t0 −X2

t0) + (V 1
t − V 1

t0)) ∈ (−α0, α0).

This cannot be true, in view of the definition of t0. If 6 (X1
t0 − X2

t0) = −α0 then every
sufficiently short vector w with 6 w ∈ [α1, α2], whose starting point is at X1

t0 must have its
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endpoint inside the cone with vertex X2
t0 and edges inclined at angles −α0 and α0. Hence,

for some t3 ∈ (t0, t2) and all t ∈ (t0, t3),

6 (X1
t −X2

t ) = 6 ((X1
t0 −X2

t0) + (V 1
t − V 1

t0)) ∈ [−α0, α0].

This contradicts the definition of t0.
If X1

t0 , X
2
t0 ∈ ∂D and X1

t0 6= X2
t0 then 6 (X1

t0−X
2
t0) ∈ (−α0, α0), so by the continuity

of paths, the same is true for all t ∈ (t0, t4), where t4 is some time strictly greater than t0.
Once again, we have obtained a contradiction to the definition of t0.

Step 2. It remains to consider the case when X1
t0 = X2

t0 ∈ ∂D. First we claim that for
every t5 > t0 there exist s, t ∈ (t0, t5) such that X1

t ∈ ∂D and X2
s ∈ ∂D. If neither process

visits ∂D during (t0, t5) then X1
t = X2

t for t ∈ (t0, t5), which contradicts the definition of
t0. Suppose that for some t5 > t0 there exists t6 ∈ (t0, t5) such that X1

t6 ∈ ∂D but X2
s ∈ D

for all s ∈ (t0, t5). Then 6 (X1
t6−X

2
t6) = 6 (V 1

t6−V
1
t0) ∈ [α1, α2]. This implies that X2

t6 /∈ D,
a contradiction. A similar argument applies when the roles of the processes are reversed.
This completes the proof of our claim that for every t5 > t0 there exist s, t ∈ (t0, t5) such
thatX1

t ∈ ∂D andX2
s ∈ ∂D. IfX1

t ∈ ∂D, then 6 (X2
t −X1

t ) ∈ [− arctanκ, π+arctanκ], and
similarly, ifX2

s ∈ ∂D then 6 (X1
s−X2

s ) ∈ [− arctanκ, π+arctanκ]. AssumingX1
t ∈ ∂D and

X2
s ∈ ∂D, the continuity of the function t→ 6 (X2

t −X1
t ) implies that there must be a time

u between t and s with X1
u = X2

u, or 6 (X2
u −X1

u) ∈ [−α0, α0], or 6 (X1
u −X2

u) ∈ [−α0, α0].
Therefore for every t5 > t0 there exists u ∈ (t0, t5) such that X2

u ≺ X1
u or X1

u ≺ X2
u.

We will show that for some t ∈ (t0, t5), X1
t ≺ X2

t . Suppose there is no such t.
Consider the open set of all t ∈ (t0, t5) where the condition X2

t ≺ X1
t fails and let t7 be the

midpoint of the longest interval in this set. Note that t0 < t7 < t5. Let t8 be the supremum
of t ≺ t7 such that X2

t ≺ X1
t or X1

t ≺ X2
t , and note that t8 ∈ (t0, t7). If X1

t8 ≺ X2
t8 , then

we are done. Otherwise X2
t8 ≺ X1

t8 but this inequality fails in every right neighborhood
of t8. The argument of Step 1 applied with t8 in place of t0 implies that X1

t8 = X2
t8 , so

X1
t8 ≺ X2

t8 . We have proved that for every t5 > t0, there exists t ∈ (t0, t5) with X1
t ≺ X2

t .
Let V 2

t =
∫ t

0
v2(X2

s )dL2
s and recall that v1 and v2 are C2 and 6 (v1(x̃)) < 6 (v2(x̃)).

By the continuity of the trajectories of X1 and X2, there exist t9 > t0 and α3, α4 such
that

α1 < 6 (V 1
t − V 1

t0) < α3 < α4 < 6 (V 2
t − V 2

t0) < α2, (5.9)

for all t ∈ (t0, t9). Find t10 ∈ (t0, t9) such that X1
t10 ≺ X2

t10 . Since X1
t0 = X2

t0 ,

(V 2
t10 − V 2

t0)− (V 1
t10 − V 1

t0) = X2
t10 −X1

t10 ,

so
6 ((V 2

t10 − V 2
t0)− (V 1

t10 − V 1
t0)) = 6 (X2

t10 −X1
t10) ∈ [−α0, α0].
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This condition and (5.9) applied with t = t10 cannot hold simultaneously for any triplet
of vectors (V 1

t10 − V 1
t0 , V

1
t10 − V 1

t0 , (V
2
t10 − V 2

t0)− (V 1
t10 − V 1

t0)).

Suppose that Y is reflecting Brownian motion in Dv with vertical direction of
reflection, τv

t =
∫ t

0
|(f−1

v )′(Ys)|2ds, σv
t = inf{s > 0 : τv

s > t}, and Xt = f−1
v (Y (σv

t )). Then
we will call X a conformally invariant reflecting Brownian motion (CIRBM) in D with
direction of reflection v, and the same term will be applied to any process with the same
distribution.

Recall the following. A function φ is called lower semicontinuous on R if for every
x ∈ R, φ(x) ≤ lim infy→x φ(y). A function φ is lower semicontinuous if and only if for each
a ∈ R, {x : φ(x) > a} is open. A function ψ is called upper semicontinuous if −ψ is lower
semicontinuous. Hence if G is an open subset of R, then 1G is lower semicontinuous. It
is well known that φ is lower semicontinuous if and only if there is a strictly increasing
sequence of continuous functions φn that converge to φ pointwise on R.

Lemma 5.4. (i) Suppose that δ > 0 and the vector field v on ∂D is such that 6 v(x̃) is

lower semicontinuous and takes values in [α1 + δ, α2 − δ]. Then, given a Brownian motion

W , there exists a CIRBM X in D with reflection field v, adapted to the filtration of W ,

and such that Xt = X0 +Wt +Ut for every t ≥ 0 where 6 (Ut−Us) ∈ [α1, α2] for all t > s,

and U does not change when X ∈ D, i.e., Ut = Us if Xu ∈ D for all u ∈ [s, t].
(ii) If x0 ∈ D, v1 and v2 satisfy the assumptions of part (i), and 6 (v1(x̃)) ≤ 6 (v2(x̃)) for

all x̃, then one can construct the corresponding CIRBM’s X1 and X2 as in (i), relative to

the same Brownian motion W , starting from x0 ∈ D, and such that X2
t ≺ X1

t for all t ≥ 0,

a.s.

Proof. (i) It follows from the first part of the proof for Lemma 5.2 (see the paragraph
containing (5.5)-(5.7)) that all RBMs with reflection field v ∈ V satisfy the same condition
(5.7). Hence, they are equicontinuous.

We will prove that there is sequence of vector fields vn ∈ V, such that 6 (vn(x̃)) <
6 (vm(x̃)) for all n < m and x̃, and limn→∞ 6 (vn(x̃)) = 6 (v(x̃)) for all x̃.

Recall that α1 ∈ (π
4 ,

3π
8 ) is the angle specified in the fourth paragraph in this

section. By the remark given before the lemma, in view of the assumption that 6 (v) is
lower semicontinuous, there exists a strictly increasing sequence of continuous functions
ψ̃n converging to 6 (v) pointwise on R. Let ψn(x̃) = max{ψ̃n(x̃), α1 + δ} and we define for
x̃ ∈ R,

φn(x̃) =


ψn(x̃), |x̃| ≤ n,
α1 + δ, |x̃| ≥ n+ 1,
min {ψn(x̃), ψn(−n)(x̃+ n+ 1)− (α1 + δ)(x̃+ n)} , x̃ ∈ (−n− 1, −n),
min {ψn(x̃), ψn(n)(n− x̃+ 1) + (α1 + δ)(x̃− n)} , x̃ ∈ (n, n+ 1).
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It is easy to see that every function φn is continuous and takes values in [α1 + δ, α2 − δ].
The sequence {φn, n ≥ 1} is nondecreasing and converges to 6 (v) pointwise on R. For
each n ≥ 1, since φn(x̃) = α1 + δ for |x̃| ≥ n + 1, by Lemma 5.1(iii), there exist vn ∈ V
such that ∣∣∣∣ 6 (vn(x̃))−

(
φn(x̃)− δ

2n

)∣∣∣∣ < δ

2n+2
for all x̃ ∈ R.

It is clear that 6 (vn(x̃)) < 6 (vm(x̃)) for all n < m and x̃ ∈ R, and limn→∞ 6 (vn(x̃)) =
6 (v(x̃)) for all x̃ ∈ R.

Let Xn = (Xn,1, Xn,2) be RBM in D with reflection direction vn. By Theorem
5.3, Xn

t � Xm
t for every n < m and every t ≥ 0 a.s., so Xn,1

t ≥ Xm,1
t , and, therefore,

limn→∞Xn,1
t = X∞,1

t exists and is finite for all t ≥ 0, a.s., by (5.7). Next we will show
that a.s., limn→∞Xn,2

t exists for all t ≥ 0. Suppose that this is not the case for some ω.
Let

Mt = sup{|Wu −Ws| : 0 ≤ s ≤ u ≤ t}+ dist(x0, ∂D);

this quantity is finite for every t ≥ 0, a.s. Since Xn is the sum of W and a process which
does not change when Xn is inside the domain, the distance from Xn

t to the boundary of D
does not exceed Ms for all 0 ≤ t ≤ s. Using compactness and the diagonalization method,
we can extract a subsequence nk (depending on ω) such that Xnk,2

t converges for every
rational t > 0. Let X̂∞,2

t be the limit of Xnk,2
t . The function X̂∞,2

t can be extended in a
continuous way to all real t ≥ 0 and, moreover, Xnk,2

t → X̂∞,2
t for all real t ≥ 0, because

(5.7) shows that the processes Xnk,2
t are equicontinuous. We claim that if (X∞,1

t , X̂∞,2
t ) ∈

D for all t ∈ [t1, t2] where 0 ≤ t1 < t2 <∞ then (X∞,1
t , X̂∞,2

t )− (X∞,1
s , X̂∞,2

s ) = Wt−Ws

for all s, t ∈ [t1, t2]. To see this, note that δ0
def= inft∈[t1,t2] dist((X∞,1

t , X̂∞,2
t ), ∂D) > 0.

Since the Xnk
t are equicontinuous, they converge uniformly to (X∞,1

t , X̂∞,2
t ) on [t1, t2],

and so for large nk, inft∈[t1,t2] dist(Xnk
t , ∂D) ≥ δ0/2. This implies that the local time term

in the Skorokhod decomposition for Xnk does not change on the interval [t1, t2], for any
large nk, and so Xnk

t −Xnk
s = Wt −Ws for large nk and all s, t ∈ [t1, t2]. Our claim now

follows by taking the limit.
Suppose that for some other subsequence mk, limk→∞Xmk,2

t = X̃∞,2
t for all t ≥

0, where X̃∞,2
t is not identically equal to X̂∞,2

t . Since both functions are continuous,
there exist 0 ≤ t3 < t4 < ∞ such that at least one of the following must hold: (I)
(X∞,1

t , X̂∞,2
t ) ∈ ∂D for t = t3, t4 but not for any t ∈ (t3, t4), and (X∞,1

t5 , X̃∞,2
t5 ) ∈ ∂D for

some t5 ∈ (t3, t4), or (II) (X∞,1
t , X̃∞,2

t ) ∈ ∂D for t = t3, t4 but not for any t ∈ (t3, t4), and
(X∞,1

t5 , X̂∞,2
t5 ) ∈ ∂D for some t5 ∈ (t3, t4). We will only discuss (I) as (II) can be treated in

an analogous way. Let t6 = sup{t < t5 : X̃∞,2
t = X̂∞,2

t } and note that t6 ≥ t3. The second
component of every vector v(x̃) is positive, so the second component of

∫ t

s
vn(Xn

u )dLn
u is

non-negative for all n and 0 ≤ s < t, and we obtain X̃n,2
t5 − X̃n,2

t6 ≥W 2
t5 −W

2
t6 . Passing to
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the limit along mk,

X̃∞,2
t5 − X̃∞,2

t6 ≥W 2
t5 −W 2

t6 = X̂∞,2
t5 − X̂∞,2

t6 .

But this contradicts the fact that X̃∞,2
t5 < X̂∞,2

t5 . This completes the proof that the limit
limn→∞Xn,2

t exists. Hence, Xt = limn→∞Xn
t exists for all t ≥ 0, a.s.

Next we will show that X is a CIRBM with reflection direction v. Let σn
t =∫ t

0
|f ′vn

(Xn
s )|2ds, τn

t = inf{s > 0 : σn
s ≥ t}, and recall from Lemma 5.2 that Y n

t =
fvn(Xn(τn

t )) is RBM in Dvn with vertical direction of reflection (always pointing up).
The domain Dv has the representation {(x̃, x̂) : x̂ > Φv(x̃)} for some continuous

(in fact, Lipschitz) function Φv. Recall that fv(x0) = 0. If a two-dimensional Brownian
motion Z = (Z1, Z2) is given, we let Ỹ 1 = Z1 and we define Ỹ 2 as the reflection of Z2

on the function Φv(Z1), using the deterministic Skorokhod lemma (see Lemma 3.13 of
[18]). Then Ỹ = (Ỹ 1, Ỹ 2) is the (pathwise unique) RBM in Dv with vertical direction of
reflection, starting from 0 and driven by Z. The boundary functions Φvn of the domains
Dvn

converge, by Lemma 5.1 (ii). Note that Y n
0 = fvn

(x0) = 0 for all n. Our explicit
construction of the RBM with vertical direction of reflection together with Corollary 3.16
of [18] show that if Ỹ n is a sequence of RBMs in Dvn

with vertical direction of reflection,
starting from 0, and driven by the same Brownian motion Z, then Ỹ n converges a.s. to
a RBM Ỹ in Dv with vertical direction of reflection, starting from 0, with respect to the
uniform topology on bounded intervals. This, of course, implies that Ỹ n converges in
distribution to Ỹ . By Lemma 5.2 each Y n has the same distribution as Ỹ n. Hence, Y n

converges in distribution to Ỹ . We will later show that a subsequence of {Y n, n ≥ 1}
converges a.s. to a process Y .

Next we will show that the processes Ỹ and X spend zero time on the boundary.
Recall the construction of Ỹ using the ideas of [18] given in the previous paragraph.
Conditioning on {Z1

t , t ≥ 0}, and using Corollary 4.7 of [18], we see that Ỹ spends zero
time on the boundary of the domain. The argument for the process X is different. Let
α3 = π/4+(π/4−α0)/2. We will say thatW has an α3-cone point at time t1 ≥ 0 if for some
t2 > t1 and all t ∈ (t1, t2), 6 (Wt−Wt1) ∈ (π/2−α3, π/2+α3). Since α3 > π/4, Brownian
paths contain α3-cone points a.s., by the results of [16] or [41]. We need the following
stronger version of this result. For every t1 > 0, with probability 1, for every t2 ∈ (0, t1),
there exists t3 ∈ (t2, t1), depending on ω, such that 6 (Wt−Wt3) ∈ (π/2−α3, π/2+α3) for
all t ∈ (t3, t1). This stronger version follows easily from an interpretation of cone points
as the times when an obliquely reflecting Brownian motion in a wedge hits the vertex (see
[37]) and the fact that the vertex is a regular point for such a process. Fix any t1 > 0 and
find a time t3 ∈ (0, t1) with the property stated above. Define the process X

n

t by X
n

t = Xn
t

for t ≤ t3 and X
n

t = Xn
t3 +Wt −Wt3 for t ∈ (t3, t1]. By the definition of t3, X

n

t stays in
the cone C = {x ∈ C : 6 (x−Xn

t3) ∈ (π/2− α3, π/2 + α3)} for t ∈ (t3, t1]. Any open cone
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with vertex in D and the edges forming angles π/2−α3 and π/2 +α3 with the horizontal
is a subset of D, by our assumptions on the boundary of D. We conclude that X

n

t stays
in D for t ∈ (t3, t1] so it is a solution to (2.1) on [0, t1]. By the pathwise uniqueness of the
solution ([26]), we see that X

n

t = Xn
t for t ∈ [0, t1] (strictly speaking, the results in [26] are

only proved for bounded domains but a simple stopping time argument can be combined
with those results to draw the needed conclusion; we leave the details to the reader). It
follows that for a fixed t1, Xn

t1 ∈ D with probability 1. By Fubini’s theorem, Xn spends
zero time on the boundary of D. We can strengthen this result as follows. Let ρ(t1) > 0
be the distance from X

n

t1 = Xn
t1 to the boundary of the open cone C. The quantity ρ(t1)

depends only on the trajectory of W and by Fubini’s theorem, ρ(t) > 0 for almost all t > 0,
a.s. Note that ρ(t1) is a lower bound for the distance from Xn

t1 to ∂D. This property is
invariant under limits in the following sense. If V n is any sequence of processes such that
the distance from V n

t to ∂D is bounded below by ρ(t) for every t > 0, then the same holds
for V∞ = limn→∞ V n, if the limit exists. By Fubini’s theorem, V∞ spends zero time on
∂D, a.s. The last conclusion applies, in particular, to all processes appearing in Lemma
5.6 and its proof.

Recall the definition of N(ε) from Lemma 5.1 (iv) and let N c(ε) be the complement
of this set. Let χε : R2 → [0, 1] be a smooth function that is equal to 1 on N(ε/2) and
equal to 0 on N c(ε). We will denote 1− χε by χc

ε. For t ≥ 0, let

σn,ε
t =

∫ t

0

|f ′vn
(Xn

s )|2χε(Xn
s )ds,

σε
t =

∫ t

0

|f ′v(Xs)|2χε(Xs)ds,

σ̃n,ε
t =

∫ t

0

|f ′vn
(Xn

s )|2χc
ε(X

n
s )ds,

σ̃ε
t =

∫ t

0

|f ′v(Xs)|2χc
ε(Xs)ds,

σn
t =

∫ t

0

|f ′v(Xs)|2(Xn
s )ds,

σt =
∫ t

0

|f ′v(Xs)|2(Xs)ds,

τt = inf{s > 0 : σs > t},
Nv(δ) = {x ∈ Dv : dist(x, ∂Dv) < δ},

and note that σn
t = σn,ε

t + σ̃n,ε
t and σt = σε

t + σ̃ε
t . It follows from (5.4) that f ′vn

→ f ′v
uniformly on compact subsets of D. This and the convergence of Xn to X imply that for
fixed t, ε > 0, we have a.s.,

lim
n→∞

σ̃n,ε
t = σ̃ε

t ≤ σt. (5.10)
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Let Kr
v be the closure of B(0, r) ∩ Dv and let K∗

r be the closure of f−1
v (Kr

v) ∩⋂
n f

−1
vn

(Kr
vn

). By Lemma 5.1 (v), for any r1 <∞ there exists r2 <∞ such that B(x0, r1)∩
D ⊂ K∗

r for r ≥ r2. Let T (Y, r) be the first exit time from Kr for the process Y and let
T ∗(Xn, r) be the first exit time from K∗

r for Xn. A similar notation will apply to other
processes.

Fix some t > 0 and arbitrarily small p, η > 0. Find r1 > 0 so large that for some
r2 > 0, B(x0, r2) ∩D ⊂ K∗

r1
and

P
(
(1 + (2/c1)) sup

u,v∈[0,t]

|Wu −Wv| ≥ r2

)
≤ p.

Then, by (5.7), for all n,
P(T ∗(Xn, r2) ≤ t) ≤ p. (5.11)

Note that

σn,ε
T∗(Xn,r2)

≤
∫ T (Y n,r1)

0

1fvn (N(ε))(Y n
s )ds.

The second component Ỹ 2 of Ỹ is a Brownian motion plus a non-decreasing process.
If the vertical component Z2 of the driving Brownian motion Z has an increment greater
than 3r1 over some interval [s, t] then so does Ỹ 2 and then T (Ỹ , r1) ≤ t. The probability
that there are no s, t ∈ [m,m+ 1] with Z2

t − Z2
s ≥ 3r1 is less than q1 < 1, not depending

on m. Hence, the probability that there are no s, t ∈ [0,m] with Z2
t −Z2

s ≥ 3r1 is less than
qm
1 . This shows that P(T (Ỹ , r1) ≥ m) ≤ qm

1 , so the expectation of T (Ỹ , r1) is finite. Note
that the same argument applies to Ỹ n in place of Ỹ , so there is a uniform upper bound
for expectations of stopping times T (Ỹ n, r1).

Since Ỹ spends zero time on the boundary, we can find δ > 0 small such that

P

(∫ T (Ỹ ,r1)

0

1Nv(δ)(Ỹs)ds > η

)
≤ p.

Since Ỹ n
t converges to Ỹt a.s.,

P

(∫ T (Ỹ n,r1)

0

1Nv(δ/2)(Ỹ n
s )ds > 2η

)
≤ 2p,

for large n. By Lemma 5.1 (iv), we may choose ε > 0 so small that

P

(∫ T (Ỹ n,r1)

0

1fvn (N(ε))(Ỹ n
s )ds > 2η

)
≤ 2p,
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for large n. Since the processes Y n and Ỹ n have the same distribution,

P
(
σn,ε

T∗(Xn,r2)
> 2η

)
≤ P

(∫ T (Y n,r1)

0

1fvn (N(ε))(Y n
s )ds > 2η

)
≤ 2p,

for large n. This and (5.11) imply that for each fixed t > 0, P (σn,ε
t > 2η) ≤ 3p, for large n.

By (5.10), we obtain P (σn
t > σt + 3η) ≤ 4p for large n. It follows from P (σn,ε

t > 2η) ≤ 3p
that P (lim infn→∞ σn,ε

t > 2η) ≤ 3p for every t > 0. By Fatou’s lemma, P (σε
t > 2η) ≤ 3p.

This holds for arbitrarily small p > 0 and an appropriate choice of ε = ε(p) > 0. It is
clear that σ̃ε

t < ∞, so σt < ∞ a.s. Since limε↓0 σ̃
ε
t = σt, we can choose ε > 0 so small

that P(σt − σ̃ε
t > η) < p. For sufficiently large n, by (5.10), P (σn,ε

t < σt − 2η) ≤ p. We
see that σn

t → σt in probability. By passing to a subsequence, if necessary, and using the
diagonal selection method, we conclude that σn

t → σt a.s. simultaneously for all rational
t ≥ 0.

For a fixed ε > 0, s > 0 and all large n, the functions t 7→ σ̃n,ε
t are Lipschitz on [0, s]

with a constant depending on ω, but not on n, because the integrands in their definitions
are uniformly bounded. On an event A of probability greater than 1 − 3p, the functions
t 7→ σn,ε

t are bounded by 2η on the interval [0, s], for large n. It is elementary to show that
the limit of the functions t 7→ σ̃n,ε

t + σn,ε
t cannot have jumps grater than 2η on A. We can

make p and η arbitrarily small, so the function t 7→ σt is continuous a.s.
Since t 7→ σn

t and t 7→ σt are strictly increasing functions, the convergence of σn
t to

σt holds for all real t ≥ 0 and is uniform on compact time intervals. It is elementary to show
that all this implies the convergence of the inverse functions, i.e., τn

t → τt a.s. for all real
t ≥ 0. The processes Xn converge a.s. in the uniform topology on finite time intervals so
for a fixed t ≥ 0, Xn(τt) → X(τt), a.s. By (5.4), fvn converges to fv, uniformly on compact
subsets of D. Since X spends zero time on the boundary, fvn

(Xn(τt)) → fv(X(τt)), a.s.
We conclude that for a fixed t, Y n

t converges a.s. to Yt = fv(X(τt)). Since Y n also
converges in distribution to Ỹ , the finite dimensional distributions of Y are the same as
those of Ỹ . Both processes are continuous so the distribution of Y is the same as Ỹ .

It remains to show that Xt = f−1
v (Y (σt)). This follows immediately from the fact

that τt and σt are inverse functions of each other, and from the fact that X spends zero
time on the boundary. This proves that X is the CIRBM with the reflection direction v.

The last claim of part (i) is elementary and left to the reader.

(ii) We will prove that if v1 and v2 satisfy the assumptions of (i) and 6 (v1(x̃)) ≤
6 (v2(x̃)) then one can find vector fields v1

n,v
2
n ∈ V such that limn→∞ 6 (v1

n(x̃)) = 6 (v1(x̃)),
limn→∞ 6 (v2

n(x̃)) = 6 (v2(x̃)), 6 (v1
n) and 6 (v2

n) are strictly increasing in n, and 6 (v1
n(x̃)) <

6 (v2
n(x̃)) for all n and x̃. The argument will be a modification of the argument given at

the beginning of part (i) of the proof.
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Let φ1
n and φ2

n be defined relative to v1 and v2, respectively, in the same way as φn

was defined relative to v at the beginning of part (i) of the proof. Each function φ1
n and φ2

n is
continuous and takes values in [α1+δ, α2−δ]. The sequences {φ1

n, n ≥ 1} and {φ2
n, n ≥ 1}

are nondecreasing and converge to 6 (v1) and 6 (v2) pointwise on R, respectively. Since
6 (v1(x̃)) ≤ 6 (v2(x̃)) for every x̃ ∈ R,

{
max{φ1

n, φ
2
n}, n ≥ 1

}
is a nondecreasing sequence

of continuous functions taking values in [α1 + δ, α2 − δ] that converges to 6 (v2) pointwise
on R. Recall that for each n ≥ 1 and i = 1, 2, φi

n(x̃) = α1 + δ for |x̃| ≥ n+ 1. By Lemma
5.1(iii), there exist v1

n ∈ V and v2
n ∈ V such that∣∣∣∣ 6 (v1

n(x̃))−
(
φ1

n(x̃)− δ

2n

)∣∣∣∣ < δ

2n+2
for all x̃ ∈ R,

and ∣∣∣∣ 6 (v2
n(x̃))−

(
max

{
φ1

n(x̃), φ2
n(x̃)

}
− δ

2n+2

)∣∣∣∣ < δ

2n+4
for all x̃ ∈ R.

It is clear then that limn→∞ 6 (v1
n(x̃)) = 6 (v1(x̃)), limn→∞ 6 (v2

n(x̃)) = 6 (v2(x̃)), 6 (v1
n)

and 6 (v2
n) are strictly increasing in n, and 6 (v1

n(x̃)) < 6 (v2
n(x̃)) for all n and x̃.

Part (ii) of the lemma follows from part (i), Theorem 5.3 and the existence of vector
fields v1

n,v
2
n ∈ V with the properties listed above.

Lemma 5.5. For every positive bounded Lebesgue measurable function u on R, there is a

strictly decreasing sequence of lower semicontinuous functions un such that u = limn→∞ un

a.e. on R.

Proof. Without loss of generality, we may assume u is Borel measurable. Since u is
bounded, there is a decreasing sequence of simple Borel functions un converging to u

pointwise. For each Borel set A of finite Lebesgue measure, there is a decreasing sequence
of open sets Un such that 1Un

→ 1A a.e. on R. Note that 1Un
is lower semicontinuous

and (1 + 1
n )1Un is strictly decreasing to 1A a.e. on R. It follows that there is a decreasing

sequence of simple functions un that are lower semicontinuous such that u = limn→∞ un

a.e. on R.

Lemma 5.6. Suppose that v is a vector field such that for some δ > 0, 6 (v(x̃)) ∈
[α1 + δ, α2 − δ] for all x̃. Then given a Brownian motion W , there exists a conformally

invariant reflecting Brownian motion X in D with direction of reflection v, adapted to the

filtration of W , and such that Xt = X0 +Wt +Ut where 6 (Ut−Us) ∈ [α1, α2] for all t > s,

and U does not change when X ∈ D.

Proof. By Lemma 5.5, there is a sequence of vector fields vn such that 6 (vn(x̃)) ∈
[α1 + δ

2 , α2 − δ
2 ] for all n and x̃, 6 (vn(x̃)) is lower semicontinuous, is strictly decreasing,
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and converges to 6 (v(x̃)) for a.e. x̃ ∈ R. Let v′ be the vector field with 6 (v′(x̃)) =
limn→∞ 6 (vn(x̃)) for every x̃ ∈ R. The argument from the proof of Lemma 5.4 shows
the existence of a conformally invariant reflecting Brownian motion X corresponding to
v′. The definitions of fv and Dv given in the proof of Lemma 5.1 are based on the
harmonic extension θ of π/2 − 6 (v) to D. Since v and v′ are equal almost everywhere,
the corresponding harmonic extensions are equal everywhere in D, and so Dv = Dv′ . This
implies that the process X is a CIRBM in D with direction of reflection v.

Theorem 5.7. Let v(x̃) = n(x̃) if n(x̃) exists in the classical sense and let v(x̃) = (0, 1)
otherwise. Let X be the CIRBM constructed in Lemma 5.6. Then X has the same

distribution as standard RBM in D and X is a strong solution to (2.1) driven by the given

Brownian motion W .

Proof. It is standard to check that 6 v is Lebesgue measurable. Note that 6 (v(x̃)) ∈
[π/2 − arctanκ, π/2 + arctanκ] ⊂ (α1, α2), so Lemma 5.6 applies. What remains to be
shown is that the CIRBM X in D with normal reflection v is indeed standard RBM with
normal reflection in D.

Standard RBM with normal reflection in a Lipschitz domain U1 can be characterized
(see [10] and [33]) as the continuous strong Markov process Y on U1 whose Dirichlet form
is (E ,W 1,2(U1)), where W 1,2(U1) consists of all L2-integrable functions in U1 whose first
order distributional derivatives are L2-integrable and

E(f, g) =
1
2

∫
U1

∇f(x) · ∇g(x) dx.

Suppose φ is a conformal map from U1 onto another Lipschitz domain U2. Then the
Dirichlet form for the image process φ(Y ) under the symmetrizing measure |φ′(x)|2 dx is
(E ,W 1,2(U2)), where E is defined as above except that U2 is in place of U1. Therefore φ(Y )
is a time changed standard reflecting Brownian motion in U2 with normal reflection. The
last assertion follows from the Dirichlet form characterization of time-changed processes
due to Silverstein and Fitzsimmons (see Theorems 8.2 and 8.5 of [42] – the proofs contained
a gap, but a new proof was given later by [30]).

Recall from the proof of Lemma 5.1 (v) that Dv is a Lipschitz domain. Standard
results on angular derivatives for conformal mappings (see, e.g., Sect. V.5 in [4]) can be
used to prove that for almost every x ∈ ∂D, the half-line with the endpoint at x along the
direction of n(x̃) is mapped by fv onto a smooth curve whose tangent line at its endpoint
on ∂Dv exists, is vertical and is perpendicular to ∂Dv. This implies that Dv is the upper
half-plane. Now we apply the previous paragraph with U1 being the upper half space in
R2 and U2 = D to see that the CIRBM X in D obtained through Lemma 5.6 is a standard
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reflecting Brownian motion in D. We have mentioned in Section 3 that standard reflecting
Brownian motion in D has the following Skorokhod decomposition:

Xt = X0 +Bt +
∫ t

0

v(Xs)dLs for t ≥ 0, (5.12)

where B is a Brownian motion that is adapted to the filtration generated by X and L is
a positive continuous additive functional of X that increases only when X ∈ ∂D.

The process X is adapted to the filtration of W . Since the law of X is that of
standard RBM, then its law is equal to Px0 and is hence a weak solution to (2.1) as defined
in Definition 2.1(1). On the other hand, by Lemma 5.6,

Xt = X0 +Wt + Ut for t ≥ 0, (5.13)

where U is a continuous R2-valued process with U0 = (0, 0) and 6 (Ut−Us) ∈ [α1, α2] for all
t > s, and U does not change when X is in the interior of D. Since [α1, α2] ⊂ (π/4, 3π/4),
if we write Ut = (U (1)

t , U
(2)
t ), then t 7→ U

(2)
t is increasing and t 7→ U

(1)
t is of bounded

variation whose total variation process is dominated by U (2)
t . Since Wt =

∫ t

0
1D(Xs)dXs,

W is adapted to the filtration generated by X. Now by the uniqueness of the Doob-Meyer
decomposition for the semimartingale X, we have from (5.12) and (5.13) that Bt = Wt

and Ut =
∫ t

0
n(Xs)dLs. Hence X is a strong solution to (2.1) driven by the Brownian

motion W as described in Definition 2.1.

Theorem 5.8. Let D be a special planar lip domain and x0 ∈ D. Then (2.1) has a strong

solution and the solution is pathwise unique.

Proof. The existence of strong solution is proved in Theorem 5.7. Suppose that X and
X ′ are two weak solutions to (2.1) starting rom the same point x0 with the same driving
Brownian motion W but possibly adapted to two different filtrations (we ignore L in the
spirit of Remark 2.2(ii)). Let X ′′ be the strong solution to (2.1), starting from x0, with
W as the driving Brownian motion that we constructed in Theorem 5.8; in particular this
means that X ′′ is adapted to the Brownian filtration {FW

t }t≥0. Let C([0,∞),R2) be the
collection of the continuous functions from [0,∞) to R2. It follows that there is a Borel
measurable map A from C([0,∞),R2) to itself such that X ′′ = A(W ). Since X,X ′ and
X ′′ are weak solutions to (2.1), we have for all t ≥ 0,

Wt =
∫ t

0

1D(Xs)dXs, Wt =
∫ t

0

1D(X ′
s)dX

′
s, and Wt =

∫ t

0

1D(X ′′
s )dX ′′

s . (5.14)

Each of the processes X,X ′ and X ′′ has the same law Px0 by Theorem 2.3. Using (5.14),
we conclude that the joint laws of the pairs (X,W ), (X ′,W ) and (X ′′,W ) are equal. So
we have

P(X 6= A(W )) = P(X ′ 6= A(W )) = P(X ′′ 6= A(W )) = 0.
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But then X ′ = A(W ) = X a.s. This proves pathwise uniqueness.

Note that in the above proof we use weak uniqueness for the law of the pair (X,W ),
not just weak uniqueness for the law of X.

Theorem 5.9. Let D be a bounded planar lip domain and let Wt be a two-dimensional

Brownian motion. There exists a strong solution to (2.1) driven by Wt.

Proof. First we will describe how Definition 2.1 can be generalized to allow for a ran-
dom starting point. When it comes to weak solutions, Definition 2.1 can be extended in
a straightforward way to allow for a random initial starting distribution rather than a
deterministic starting point.

A strong solution to (2.1) with a random starting point X0 is defined as follows.
Suppose that W = {Wt, t ≥ 0} is a two-dimensional Brownian motion and ξ is a random
variable that takes values in D and is independent of W , both defined on the same prob-
ability space (Ω,F ,P). Let {Ft}t≥0 be the augmentation of the filtration generated by
the natural filtration of W and ξ. A strong solution to (2.1) with X0 = ξ, relative to W ,
is a pair of continuous processes (X,L) such that (Ω,F , {Ft}t≥0,P, (X,W,L)) is a weak
solution to (2.1) with initial distribution of ξ. By Theorem 4.11 and Theorem 5.8, weak
uniqueness and pathwise uniqueness hold for (2.1) for every deterministic x0 ∈ D. Given
any probability distribution µ on D, there exists a standard reflecting Brownian motion
in D with initial distribution µ; it is a weak solution to (2.1) with initial distribution µ.
Hence by Corollary 3 of [47], there is a universally measurable function

F : D × C([0,∞), Rd) → C([0,∞), D) (5.15)

such that for every t ≥ 0, it is universally measurable as a map from D × C([0, t], Rd) →
C([0, t], D) and every solution (X,W ) of (2.1) with (random) starting point X0 satisfies
X = F (X0,W ). Moreover, since a weak solution to (2.1) exists for any initial random
distribution, it follows that for any given Brownian motion W with W0 = 0 and random
variable ξ that takes values in D and is independent of W , X = F (ξ,W ) solves (2.1) with
X0 = ξ. That is, a strong solution to (2.1) exists for any initial random distribution.

Fix any x0 ∈ D. For each x ∈ ∂D there exist rx and a rotated special planar lip
domain Ux such that D ∩B(x, 2rx) = Ux ∩B(x, 2rx). By compactness of ∂D, we can find
a finite subfamily B1, . . . , Bn of {B(x, rx)}x∈∂D with ∂D ⊂

⋃n
k=1Bk. Let B0 be a smooth

domain such that

D \

(
n⋃

k=1

Bk

)
⊂ B0 ⊂ B0 ⊂ D.

Define U0 = B0 and for 1 ≤ i ≤ n, if Bi = B(xi, rxi), we will write Ui = Uxi . For 1 ≤ i ≤ n,
let Fi be the function defined in (5.15) with Ui in place of D. Let W = {Wt, t ≥ 0} be a
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given d-dimensional Brownian motion with W0 = 0. Let S0 = T0 = 0, X0
0 = x0, and let

N0 = inf{j : x0 ∈ Bj}. For i ≥ 0, define inductively
(i) W i

t = Wt+Si
−WSi

for t ≥ 0 (a Brownian motion),
(ii) (a) if Ni = 0, let Xi+1

t = Xi
Ti

+W i
t for t ≥ 0,

(b) if Ni ≥ 1, let Xi+1 = FNi(X
i
Ti
,W i),

(iii) Ti+1 = inf{t > 0 : Xi+1
t /∈ BNi},

(iv) Ni+1 = inf{j : Xi+1
Ti+1

∈ Bj},
(vii) Si+1 = T0 + . . .+ Ti+1.

Let Xt = Xi+1
t−Si

for Si ≤ t < Si+1. When Ni = 0, Xi+1 is a Brownian motion in
B0, and when Ni 6= 0, each Xi+1 is a strong solution to (2.1) in UNi with initial (random)
position Xi

Ti
. The law of Xi+1 is the same as the standard RBM in UNi

with initial
starting point Xi

Ti
. Property 3.1(iii) and a standard argument show that Si → ∞ a.s. as

i → ∞ (cf. [6], Theorem VI.3.4). It is now routine to check that X is indeed a strong
solution to (2.1) in D with W as the driving Brownian motion.

Remark 5.10 R. Atar pointed out to the first author that there is a gap in the proof of
[12]. The proof that the strong solution constructed in that paper is adapted is faulty. An
attempt to correct this error in [7] was unsuccessful. A further discussion may be found
in [9].

It is still an open question as to whether a strong solution to the Skorokhod equation
exists in C1+α domains in dimension three and higher. In [12] weak uniqueness for RBM
in C1+α domains was proved under weaker assumptions than those in Definition 2.1; the
conditions (2.2) and (2.3) are unnecessary. Therefore to show strong existence in the C1+α

situation, one needs only to find an adapted solution to (2.1), where L is a local time of
X on the boundary of D.

6. Pathwise uniqueness for RBM in planar lip domains.

In this section we will first prove Theorem 2.4, and then we will show that it also
holds for the type of planar lip domains introduced in Burdzy and Chen [17], which are a
variant of the ones considered above. Then we will apply it to synchronous couplings of
RBMs in both types of planar lip domains.

Proof of Theorem 2.4. The proof is the same as that for Theorem 5.8.

In [17], Burdzy and Chen studied the behavior of “synchronous couplings” in polyg-
onal and Lipschitz domains. A synchronous coupling is a pair of reflecting Brownian mo-
tions X and Y in the same domain D, driven by the same Brownian motion Wt. Lacking
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a strong existence result for RBM in general Lipschitz domains, the synchronous coupling
of RBMs in a Lipschitz domain D is constructed in a weak sense in [17] as a limit of
synchronous couplings of RBMs in a sequence of smooth domains that increase to D. Atar
and Burdzy [2] similarly circumvented the problem of constructing a “mirror coupling” in
a lip domain (we call reflecting Brownian motions X and Y in D a mirror coupling if the
line of symmetry for X and Y does not change whenever both processes stay away from
∂D).

Using Theorem 2.4, we can derive the following for planar lip domains.

Theorem 6.1. Given a planar lip domain D and a Brownian motion W , there exists a

synchronous coupling (X,Y ) of reflecting Brownian motions in D driven by W such that

{(Xt, Yt), t ≥ 0} is a strong Markov process with respect to the filtration generated by W .

Although Theorem 6.1 does not immediately prove the existence of a “mirror cou-
pling” (X,Y ) with the strong Markov property in a lip domain, one could try to apply the
method of this paper to answer this open question.

Theorem 6.1 derives its main interest from possible applications in the context of
the research presented in Burdzy and Chen [17], where the definition of a lip domain is
slightly different from this paper. For this reason, we will prove Theorem 6.1 using the
following alternative definition of a lip domain that was used in [17]. There a lip domain
was defined to be a Lipschitz domain D that is bounded between two Lipschitz functions
f1 and f2:

D = {(x1, x2) : f1(x1) < x2 < f2(x1), z1 ≤ x1 ≤ z2} (6.1)

such that f1(z1) = f2(z1), f1(z2) = f2(z2), f1(x1) < f2(x1) for −∞ < z1 < x1 < z2 < ∞,
and the functions f1 and f2 are Lipschitz with Lipschitz constant κ ∈ (0, 1): for k = 1, 2,

|fk(x1)− fk(y1)| ≤ κ|x1 − y1|, for all z1 ≤ x1, y1 ≤ z2. (6.2)

Note that the assumption that D is a Lipschitz domain puts additional constraints on
the functions fk in addition to (6.2). In a neighborhood of the left or right endpoint, the
boundary of D is the graph of a Lipschitz function in some coordinate system, but the
Lipschitz constant of that function may be larger than 1. This makes it impossible to
construct solutions in D of (6.1) using a piecing-together procedure—our main theorem
does not apply near the left and right endpoints of the domain defined by (6.1).

Proof of Theorem 6.1. It suffices to show that the conclusion of Theorem 2.4 holds for
any planar lip domain in the sense of (6.1). Since standard RBM in a Lipschitz domain
does not hit points, our result follows from Theorem 2.4 by a piecing-together procedure
unless the starting point is either the left-most or right-most point of the domain. Suppose
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that x0 is one of the extreme points, say, x0 is the left-most point of the domain. Weak
uniqueness follows from Theorem 2.3. In particular, we may use P in place of P in the
remainder of the proof. We therefore turn to strong existence. Define

R+ = {(s, t) : s ≥ 0, |t| < κs}.

Take a sequence of points xn ∈ D converging to x0 so that xm−xn ∈ R+ for every n > m

and let Xn be the strong solution for (2.1) starting from xn. By Step 3 in the proof of
Theorem 1.1(ii) in [17] as well as Theorem 2.3 in [17], almost surely Xm

t −Xn
t ∈ R+ for

all t ≥ 0. By Step 1 in the proof of Theorem 1.1(ii) in [17], there is an eigenfunction φ

corresponding to the second eigenvalue µ2 < 0 of the half Laplacian in D with Neumann
boundary conditions such that ∇φ(x) ∈ R+ for every x ∈ D. Thus for n > m, almost
surely φ(Xm

t )− φ(Xn
t ) ≥ 0 for every t ≥ 0; in other words, φ(Xn

t ) is decreasing in n. On
the other hand, for each n ≥ 1, φ(Xn

t )e−µ2t is a martingale. Thus for each fixed t > 0

e−µ2t E [φ(Xm
t )− φ(Xn

t )] = φ(xm)− φ(xn).

The right hand side goes to zero as n,m→∞ by the continuity of φ. Hence almost surely,
φ(Xn

t )−φ(Xm
t ) converges to zero for every t ≥ 0 when n > m both go to infinity. By Step

2 in the proof of Theorem 1.1(ii) in [17] and the fact that the amount of time Xn spends
on the boundary has zero Lebesgue measure, one concludes that |Xn

t −Xm
t | goes to zero

as n,m → ∞. Therefore almost surely Xt = limn→∞Xn
t exists for every t ≥ 0. Clearly

X has the same distribution as standard RBM in D starting from x0 (cf. Lemma 4.3 of
[10]). Note that for each n,

Xn
t = xn +Wt +

∫ t

0

n(Xn
s )dLn

s for every t ≥ 0,

where Ln is the local time of Xn on the boundary of ∂D corresponding to the measure
1
2ν and ν denotes surface measure on ∂D. Since Xt = limn→∞Xn

t , we see that the limit
At = limn→∞

∫ t

0
n(Xn

s )dLn
s exists and

Xt = x0 +Wt +At for every t ≥ 0.

Let p(t, x, y) be the transition density function for standard RBM in D. We have for t ≥ 0,

E[Ln
t ] =

1
2

∫ t

0

∫
∂D

p(s, xn, y)ν(dy)ds ≤ c1 ν(∂D)

in view of Theorem 3.1 of [10], where c1 > 0 is a constant that depends only on t. It
follows that A is a process of bounded variation. By an argument that is similar to but
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simpler than that from (5.12) to the end of the proof of Theorem 5.7, we conclude that
At =

∫ t

0
n(Xs)dLs for t ≥ 0, where L is the boundary local time of X corresponding to

the measure 1
2ν. This shows that X is a strong solution to (2.1) driven by W .

7. Counterexamples.

We will present two examples in this section. The first one will provide a proof for
Theorem 2.5. The second one will illustrate the importance of the choice of the definition
of N0(x).

Proof of Theorem 2.5. Fix some small κ1 > 0 and let C1 ⊂ [0, 1] be the classical
Cantor set. Let φ : R → R be a continuous function which is equal to 0 on C2 =
(−∞, 0] ∪ C1 ∪ [1,∞) and is defined elsewhere as follows. The set C2 is closed so its
complement consists of a countable union of disjoint open intervals. For every such interval,
say, (a, b), we let the function φ be linear on (a, (a + b)/2) with slope −κ1, and linear on
((a+ b)/2, b) with slope κ1.

Let D1 = {(x1, x2) ∈ R2 : x2 > φ(x1)} and C3 = {(x1, x2) ∈ ∂D1 : x1 ∈ C1}. As φ
is Lipschitz, it follows that a subset of D1 is not hit by standard RBM in D1 if and only if
it is not hit by standard Brownian motion in R2 (see, for example, Remark 2.2(3) in [15]).
As C3 has positive log 2/ log 3-Hausdorff measure, it is hit by standard Brownian motion
in R2. Therefore C3 will be hit by standard RBM in D1 with positive probability.

Fix κ > 1 arbitrarily close to 1. Let D3 = {(x1, x2, x3) ∈ R3 : x3 > φ(x1)}
and let D4 be obtained from D3 by a rotation R around the x1-axis by an angle α with
the following properties. First, the line {(x1, x2, x3) ∈ ∂D4 : x1 = 0} should form an
angle with the (x1, x2)-plane strictly greater than π/4. Second, D4 should be a domain
above the graph of a Lipschitz function Φ with Lipschitz constant κ2 = (κ + 1)/2 (see
Section 2). It is elementary to see that we can find an angle α with the above properties
if κ1 > 0 is sufficiently small. Let C5 = {(x1, x2, x3) ∈ ∂D3 : x1 ∈ C1}, C6 = R(C5),
and m = R((0, 1, 0)). The component of standard RBM in D4 in the direction of m is
a standard 1-dimensional (non-reflecting) Brownian motion, independent of the other two
components, so the fact that C3 is non-polar in D1 implies that C6 is non-polar in D4.

Since C6 is non-polar, it supports a measure which does not charge polar sets and
which has positive mass. Such a measure will be the Revuz measure of a continuous
additive functional M of standard RBM X in D4 Assume without loss of generality that
m = (0,m2,m3) with m2,m3 > 0. Suppose X is standard RBM in D4 starting from
(0, 0, 0), and let

Yt = Xt +Mt m, t ≥ 0. (7.1)
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Find t0 ∈ (0, ∞) such that P(Mt0 > 1) > 3/4. Let κ3 = (κ2 + κ)/2,

A = (0, 0, 1) +
{

(x1, x2, x3) ∈ R3 : x3 ≤ −κ3

√
x2

1 + x2
2, (x1, x2, x3 + 1) ·m ≤ 0

}
,

and Aε = εA. Note that every set Aε lies below the graph of a Lipschitz function with
Lipschitz constant κ3. Let {(yj

1, y
j
2)}j≥1 be a sequence consisting of all points in the

plane whose coordinates are both rational and such that in some neighborhood of yj =
(yj

1, y
j
2,Φ(yj

1, y
j
2)), the boundary of D4 is a piece of a plane. Since κ3 > κ2, elementary

geometry shows that for any fixed j, the domains D4 \ (yj +Aε) converge to D4 as ε→ 0.
Any single point is polar for X, so it is not hard to see that every point yj is polar for
Y , i.e., Y does not hit yj , with probability 1. Let εj > 0 be so small that the probability
that Y hits yj + Aεj

before time t0 is less than 2−j−1, and yj + Aεj
does not intersect

C6∪(D4∩
⋃

k<j(y
k +Aεk

)). If the last condition cannot be satisfied for any εj > 0, we take
εj = 0. Let D5 = D4 \

⋃
j≥1(y

j +Aεj ) and let T be the first hitting time of
⋃

j≥1(y
j +Aεj )

by Y . Note that P(T ≤ t0) ≤ 1/2 and so P(MT > 1) ≥ 1/4.
Let Zt = Yt for t ≤ T . We continue the process Zt for t ≥ T as standard RBM in

D5, starting from YT but otherwise independent of {Yt, t ∈ [0, T ]}. It follows from (7.1)
that Zt satisfies

Zt = Wt +
∫ t

0

n(Zt)dLs +
∫ t

0

m 1C6(Zs) dMs∧T , t ≥ 0,

for some Brownian motion W , where L is the usual local time on the boundary of D5

and n is the unit inward normal vector field on ∂D5. We claim that this is a solution to
(2.1) in D5 (without the conditions (2.2) and (2.3)). Clearly, the processes L and M do
not increase when Z is in the interior of D5. Recall the definition of N0(x) from Section
2. For points x ∈ C6, the normal vector n(x) is not well defined so we have to use the
alternative definition of N0(x) as the intersection of {Nε(x)}ε>0 (see Section 2). We have
m ∈ N0(x) for x ∈ C6 because by construction, every point of C6 is a cluster point of the
sets yj +Aεj

. This completes the proof of the claim that Z satisfies (2.1).
Our construction generated a domain D5 lying above the graph of a Lipschitz func-

tion with Lipschitz constant κ3 < κ. Since {Zt; t < T} is clearly different from standard
RBM X in D4 (or equivalently, standard RBM in D5) before hitting

⋃
j≥1(y

j + Aεj
), we

do not have pathwise uniqueness in the Lipschitz domain D5.

Our next example will illustrate the importance of the definition of the “set of
direction constraints” N0(x). On the technical side, the construction given below is similar
to that in the proof of Theorem 2.5, but simpler.

Example 7.1. Fix an arbitrarily small κ > 0, let D1 = {(x1, x2, x3) ∈ R3 : x3 > 0}, and
let m = (κ, 0, 1). Let X be RBM in D1 with oblique direction of reflection m, starting
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from (0, 0, 0). The process X satisfies the equation

Xt = Wt +
∫ t

0

m dLs for t ≥ 0,

where W is a Brownian motion and L does not increase when X is in D1. Let

A =
{

(x1, x2, x3) ∈ R3 : x3 ≤ −κ
√
x2

1 + x2
2

}
,

and let {(yj
1, y

j
2)}j≥1 be a sequence consisting of all points in the plane with rational

coordinates. For any fixed j, the domains D1 \ ((yj
1, y

j
2, ε)+A) converge to D1 as ε→ 0. A

fixed point is polar for X, so one can find εj > 0 so small that the probability that X hits
(yj

1, y
j
2, εj)+A before time 1 is less than 2−j−1. We make εj > 0 even smaller, if necessary,

so that (yj
1, y

j
2, εj) +A does not intersect D1 ∩

⋃
k<j((y

k
1 , y

k
2 , εk) +A). If the last condition

cannot be satisfied for any εj > 0, we take εj = 0. Let D2 = D1\
⋃

j≥1((y
j
1, y

j
2, εj)+A) and

let T be the first hitting time of
⋃

j≥1((y
j
1, y

j
2, εj) + A) by Xt. Note that P(T ≤ 1) ≤ 1/2

and so P(LT > c1) ≥ 1/4 for some c1 > 0.
Let Zt = Xt for t ∈ [0, T ]. We continue the process Z for t ≥ T as standard RBM

in D2, starting from XT but otherwise independent of {Xt, t ∈ [0, T ]}. It follows that Z
satisfies

Zt = Wt +
∫ t∧T

0

m dLs +
∫ t

t∧T

n(Zt)dLs, t ≥ 0, (7.2)

for some Brownian motion W , and a process L which does not increase when Z is inside
D2. Since P(LT > c1) ≥ 1/4, the first integral gives a non-trivial contribution with positive
probability.

The domain D2 is a Lipschitz domain with boundary function Φ having Lipschitz
constant κ. The process satisfying (7.2) is a solution to (2.1) in D2 if we define N0(x) as⋂

ε>0 Nε(x) for every x ∈ ∂D2. This is because every point x ∈ ∂D1 ∩ ∂D2 is a cluster
point of the sets (yj

1, y
j
2, εj) +A and so m ∈

⋂
ε>0 Nε(x).

We will argue that Z is not standard RBM in D2. Note that for x ∈ ∂D1 ∩ ∂D2,
the normal vector n(x) is equal to (0, 0, 1) or it is not well-defined. For standard RBM,
dLt does not charge sets of measure 0, so if Z were standard RBM, we would have to have∫ t∧T

0

m dLs =
∫ t∧T

0

n(Zt)dLs =
∫ t∧T

0

(0, 0, 1)dLs for t ≥ 0,

a contradiction.
This proves that uniqueness for (2.1) does not hold even in Lipschitz domains with

arbitrarily small Lipschitz constant κ if we adopt
⋂

ε>0 Nε(x) as the definition of N0(x)
for all x ∈ ∂D2.
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We note that both examples in this section prove the lack of weak uniqueness, not
just strong uniqueness. The examples indicate that when there is ambiguity about the
choice of a normal reflection direction at a non-polar set of boundary points for standard
RBM, weak uniqueness of solutions of (2.1) might fail unless one specifies some extra
conditions, such as (2.2)-(2.3). Consequently, this shows that the deterministic version of
the Skorokhod equation in such a Lipschitz domain in R3 might not have a unique solution,
for otherwise we would have pathwise uniqueness and therefore weak uniqueness for (2.1).
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[37] J.-F. Le Gall, Mouvement brownien, cônes et processus stables. Probab. Theory

Related Fields, 76, (1987) 587–627.

[38] P.-L. Lions and A.-S. Sznitman, Stochastic differential equations with reflecting
boundary conditions. Comm. Pure Appl. Math. 37 (1984), 511–537.

[39] D. Revuz and M. Yor, Continuous Martingales and Brownian Motion. Springer-
Verlag, 1991.

[40] L.C.G. Rogers and D. Williams, Diffusions, Markov Processes, and Martingales,
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