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A growing body of life-sciences research seeks to infer correlational and causal relationships from time

series. Yet, these analyses can encounter challenges in practice, and this dissertation focuses on three such

challenges: First, many popular statistical approaches for correlational and causal analysis of time series

come with assumptions and caveats that are easy to overlook. Second, time series typically exhibit autocor-

relation, which violates the fundamental assumptions of many standard statistical tests. Third, researchers

are increasingly using correlation statistics that lack a known analytical null distribution and which therefore

lack a standard parametric test, thus requiring the development of appropriate nonparametric methods. To

address the first challenge (overlooked assumptions), Part I uses a multimedia strategy (including video)

to illustrate key concepts and caveats of three popular statistical approaches that are used to make causal

claims. Although primarily an interdisciplinary synthesis, Part I also describes some novel pathologies of

existing methods. The later parts report methodological advances targeted at the second (autocorrelation)

and third (nonparametric correlation) challenges outlined above. Both parts describe new tests that are

statistically valid (meaning that they can guarantee a false positive rate that does not surpass a user-defined

“significance level”). Part II reports a significance test that is applicable to any pairwise correlation statistic

and which is valid as long as one of the two time series is stationary (i.e. behavior does not change systemat-

ically over time). As a demonstration, the test is used to detect known statistical dependence relationships

in disciplines from microbiome science to climatology. Part III tackles the difficult setting of nonstationary
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time series, for which multiple biological replicates are often needed. In this context, I describe a valid

significance test for correlation between time series that enables detections with higher confidence and fewer

replicates than similar approaches. The test is used to verify the previously observed relationship between

swimming speed and directional alignment in zebrafish, using a publicly available data set with only 3 repli-

cates of likely-nonstationary time series. These efforts seek to empower scientists to use current and future

data-analytic approaches without sacrificing the benefits of statistical rigor.
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Part I

An overview of data-driven causal analysis for

observational biological time series

This part was published in 2022 in eLife with the title “Data-driven causal analysis of observational

biological time series. Simulation results can be reproduced using the scripts included in the online article.”

Abstract

Complex systems are challenging to understand, especially when they defy manipulative experiments for

practical or ethical reasons. Several fields have developed parallel approaches to infer causal relations from

observational time series. Yet these methods are easy to misunderstand and often controversial. Here, we

provide an accessible and critical review of three statistical causal discovery approaches (pairwise correla-

tion, Granger causality, and state space reconstruction), using examples inspired by ecological processes.

For each approach, we ask what it tests for, what causal statement it might imply, and when it could

lead us astray. We devise new ways of visualizing key concepts, describe some novel pathologies of exist-

ing methods, and point out how so-called “model-free” causality tests are not assumption-free. We hope

that our synthesis will facilitate thoughtful application of causal methods, encourage communication across

different fields, and encourage explicit statements of assumptions. A video walkthrough is available at

https://youtu.be/AlV0ttQrjK8.

1 Introduction

Ecological communities perform important activities, from facilitating digestion in the human gut to driving

the biogeochemical cycles of elements on the earth. Communities are often highly complex, with many species

engaging in diverse interactions. To control communities, it helps to know causal relationships between

variables (e.g. whether perturbing the abundance of one species might alter the abundance of another

species). We can express these relationships either explicitly by proposing causal networks [1, 2, 3, 4, 5, 6, 7],

or implicitly by simply predicting the effects of new perturbations [8, 9].

Ideally, biologists discover such causal relations from manipulative experiments. However, manipulative

experiments can be infeasible or inappropriate: Natural ecosystems may not offer enough replicates for
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comprehensive manipulative experiments, and perturbations can be impractical at large scales and may

have unanticipated negative consequences. On the other hand, there exists an ever-growing abundance of

observational time series (i.e. without intentional perturbations). The goal of obtaining accurate causal

predictions from these or similar data sets has motivated several complementary lines of investigation.

Determining causal relationships can become more straightforward if one already knows, or is willing

to assume, a model that captures key aspects of the underlying process. For example, the Lotka-Volterra

model popular in mathematical ecology assumes that species interact in a pairwise fashion, that the fitness

effects from different interactions are additive, and that all pairwise interactions can be represented by a

single equation form where parameters can vary to reflect signs and strengths of fitness effects. By fitting

such a model to time series of species abundances and environmental factors, one can predict, for instance,

which species interact or how a community might respond to certain perturbations [10, 11, 12]. However,

the Lotka-Volterra equations often fail to describe complex ecosystems and chemically-mediated interactions

[13, 14, 15].

When our understanding is insufficient to support knowledge-based modeling, how might we formulate

causal hypotheses? A large and rapidly growing literature attempts to infer causal relations from time series

data without using a mechanistic model. Such methods are sometimes called “model-free” [16], although

they typically rely on statistical models. Some of these methods avoid any equation-based description of the

dynamics and instead examine some kind of “information flow” between time series [17, 18]. Others deploy

highly flexible equations that are not necessarily mechanistic [19, 20].

Here we focus on three model-free approaches that have been commonly used to make causal claims in

ecology research: pairwise correlation, Granger causality, and state space reconstruction. For each, we ask

(1) what information does the method give us, (2) what causal statement might that information imply, and

(3) when might the method lead us astray?

We found that answering these seemingly basic questions was at first surprisingly challenging for several

reasons. First, modern causal discovery approaches have intellectual roots in several communities including

philosophy, statistics, econometrics, and chaos theory, which sometimes use different words for the same

idea, and the same word for different ideas. The word causality itself is a prime example: Many philosophers

(and scientists) would say that X causes Y if an intervention upon X would result in a change in Y [21, 22].

Granger’s original works instead defined causality to be about how important the history of X is in predicting

Y [19, 17], and in the nonlinear dynamics field, causality is sometimes used to mean that the trajectories of

X and Y have certain shared geometric or topological properties [23]. Such language, while unproblematic

when confined to a single community, can nevertheless obscure important differences between methods from

different communities. A second challenge is that in methodological articles, key assumptions are sometimes
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hidden in algorithmic details, or simply not mentioned. Finally, some methods deal with nuanced or advanced

mathematical ideas that can be difficult even for those with quantitative training. Given these challenges,

it is no surprise that efforts to infer causal relationships from observational time series have sometimes been

highly controversial, with an abundance of “letters to the editor”, sometimes followed by impassioned dialogue

[24, 25, 26, 27, 28].

We have tried to balance precision and readability in this review. To accomplish this, we devised new

ways to visualize key concepts. We also provide refreshers and discussions of mathematical notions in

the Appendices. Lastly, we compare all methods to a common definition of causality that is useful to

experimental scientists. Our goals are to inform practitioners who wish to statistically test causal hypotheses

using temporal data, to facilitate communication across different fields, and to encourage explicit statements

of methodological assumptions and caveats. For a broad overview of time series causal methods in Earth

sciences or more technical reviews, see [5] and [29, 30] respectively.

2 Dependence, correlation, and causality

Causality

We use the definition of “causality” that is common in statistics and intuitive to scientists: X has a causal

effect on Y (“X causes Y ” or “X is a causer; Y is a causee” or “X is a cause; Y is an effect”) if some externally

applied perturbation of X can result in a perturbation in Y (Figure 1A). We say that X and Y are causally

related if X causes Y , Y causes X, or some other variable (“common cause”, “confounder”) causes both.

Otherwise, X and Y are causally unrelated. Additionally, one can talk about direct versus indirect causality

(Figure 1B; see legend for definitions). A surprising result from past several decades of causality research

is that there are in fact some conditions under which directional causal structures can be correctly inferred

(“identified”) from purely observational data [1, 29, 31] (e.g. Figure A13, last row). However, empirical time

series often do not contain enough information for easy causal identifiability [1, 3].

Correlation versus dependence

The adage “correlation is not causality” is well-known to the point of being cliché [18, 33, 34, 35]. Yet,

to dismiss correlative evidence altogether seems too extreme. To make use of correlative evidence without

being reckless, it helps to distinguish between the terms “correlation” and “dependence”. When applied

to ecological time series, the term “correlation” is often used to describe some statistic that quantifies the

similarity between two observed time series [36, 33]. Examples include Pearson’s correlation coefficient and
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Figure 1: Causality. (A) Definition. If a perturbation in X can result in a change in future values of Y , then
X causes Y . This definition does not require that any perturbation in X will perturb Y . For example, if
the effect of X on Y has saturated, then a further increase in X will not affect Y . In this article, causality is
represented by a hollow arrow. To embody probabilistic thinking (e.g. drunk driving increases the chance of
accidents) [22], X and Y are depicted as histograms. Sometimes, perturbations in one variable can change
the current value of another variable if, for example, the two variables are linked by a conservation law (e.g.
conservation of energy). Some have argued that these are also causal relationships [21]. (B) Direct versus
indirect causality. The direct causers of Y are given by the minimal set of variables such that once the entire
set is fixed, no other variables can cause Y . Here, three variables X, Z, and U activate Y . The set {X,Z}
constitutes the direct causers of Y (or Y ’s parents [32, 22]), since if we fix both X and Z, then Y becomes
independent of U . If a causer is not direct, we say that it is indirect. Whether a causer is direct or indirect
can depend on the scope of included variables. For example, suppose that yeast releases acetate, and acetate
inhibits the growth of bacteria. If acetate is not in our scope, then yeast density has a direct causal effect on
bacterial density. Conversely, if acetate is included in our scope, then acetate (but not yeast) is the direct
causer of bacterial density (since fixing acetate concentration would fix bacterial growth regardless of yeast
density). When we draw interaction networks with more than two variables, hollow arrows between variables
denote direct causation.
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local similarity [37]. In contrast, statistical dependence is a hypothesis about the probability distributions

that produced those time series, and has close connections to causality.

Dependence has a precise definition in statistics, and is most easily described for two binary events. For

instance, if the incidence of vision loss is higher among diabetics than among the general population, then

vision loss and diabetes are statistically dependent. In general, events A and B are dependent if across many

independent trials (e.g. patients), the probability that A occurs given that B has occurred (e.g. incidence of

vision loss among diabetics only) is different from the background probability that A occurs (e.g. background

incidence of vision loss). If A and B are not dependent, then they are called independent. The concept of

dependence is readily generalized from binary events to numerical variables, and also to vectors such as time

series (Appendix A1).

Dependence is connected to causation by the widely accepted “Common Cause Principle”: if two variables

are dependent, then they are causally related (one causes the other, or both share a common cause) [29, 5,

31, 38]. Note however that if one mistakenly introduces selection bias, then two independent variables

can appear to be dependent (Figure A14). The closely related property of conditional dependence (see

Appendix A1), i.e. whether two variables are dependent after statistically controlling for (“conditioning

on”) certain other variables, can be even more causally informative. In fact, when conditional dependence

(and conditional independence) relationships are known, it is sometimes possible to infer most or all of

the direct causal relationships at play, even without manipulative experiments or temporal information.

Many of the algorithms that accomplish this rely on two technical but often reasonable assumptions: the

“causal Markov condition”, which allows one to infer causal information from conditional dependence, and the

“causal faithfulness condition”, which allows one to infer causal information from conditional independence

([29, 3, 31]; Appendix A2).

In sum, whereas a correlation is a statistical description of data, statistical dependence is a hypothesis

about the relationship between the underlying probability distributions. Dependence is in turn linked to

causality. Below, we discuss how to use correlation to detect dependence in time series.

Testing for dependence between time series using surrogate data

Despite its scientific usefulness, dependence between time series can be treacherous to test for. This is

because time series are often autocorrelated (e.g. what occurs today influences what occurs tomorrow), so

that a single pair of time series contains information from only a single trial. If one has many trials that are

independent and free of systematic differences (e.g. ≥ 20 as in some laboratory microcosm experiments), the

task is relatively easy: One can test whether species X and Y are statistically dependent by comparing the
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correlation between X and Y abundance series from the same trial with those between X and Y abundance

series from different trials (Figure A11; see also [39]). However, a large trial number is generally a luxury

and often only one trial is available. In such cases, attempting to discern whether two time series are

statistically dependent is like attempting to divine whether diabetes and vision loss are dependent with only

a single patient (i.e. we have an “n-of-one problem”). As one possible remedy, there are parametric tests

using the Pearson correlation coefficient that account for autocorrelation. In these tests, one estimates the

correlation coefficient between time series, and evaluates its statistical significance using the variance of the

null distribution [40]. However, the calculation of this variance relies on estimates of the autocorrelation at

each lag for both time series, which can be highly uncertain [41, 42]. Furthermore, even if the variance can

be accurately estimated, the shape of the null distribution still needs to be assumed before one can assign a

p-value to the correlation.

Alternatively, the n-of-one problem is often addressed by a technique called surrogate data testing.

Specifically, one computes some measure of correlation between two time series X and Y . Next, one uses

a computer to simulate replicates of Y that might have been obtained if X and Y were independent (see

below). Each simulated replicate is called a “surrogate” Y . Finally, one computes the correlation between X

and each surrogate Y . A p-value (the probability of observing the original correlation or a more impressive

one under the null hypothesis that X and Y are independent) is then determined by counting how many of

the surrogate Y s produce a stronger correlation than the real Y . For example, if we produced 19 surrogates

and found the real correlation to be stronger than all 19 surrogate correlations, then we would write down a

p-value of 1/(1 + 19) = 0.05. Ideally, if two time series are independent, then we should register a a p-value

of 0.05 (or less) in only 5% of cases.
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Figure 2: Two independent temporal processes can appear correlated, especially when compared to an
inappropriate null model. (A) Densities of independent yeast and bacteria cultures growing exponentially
are correlated. (B, C) Correlation between time series of two independent island populations can appear
significant if inappropriate tests are used. (B) In an island (“isl”), individuals stochastically migrate to and
from the mainland (so that total island biomass follows a random walk). At each time step, the net change
in island biomass is drawn from a standard normal distribution (mean = 0; standard deviation = 1 biomass
unit). (C) An island population receives cells through migration and loses cells to death. Observations are
made after 1000 steps, so that the population size has reached an equilibrium. For both (B) and (C), we
performed 1000 simulations in which we calculated the Pearson correlation coefficient of a pair of independent
islands populations. Both panels contain: example time series (upper right), a scatterplot comparing two
independent islands (lower left), the distribution of Pearson correlation coefficient strength (blue shading),
and the proportion of simulations in which the correlation was deemed significant (p ≤ 0.05) by surrogate
data tests using either permutation or phase randomization (see main text). Ideally, the proportion of
correlations that are significant (false positives) should not exceed 5%. The strength of correlation is weaker
in (C) compared to (B), yet still often significant according to the permutation test. See Appendix A5 for
more details.

Several procedures can used to produce surrogate time series, each corresponding to an assumption about

how the original time series was generated [43]. One popular procedure is to simply shuffle the values of a

time series [37, 44, 45, 46]. This procedure, often called permutation, assumes that all possible orderings

of the time points in the series are equally likely. This assumption is commonly violated in time series due

to autocorrelation, and thus the test is often invalid. For example, for independent time series in Figure

2B-C, this test returns p < 0.05 at rates of 30 ∼ 92%, much higher than 5%. Nevertheless, permutation

testing has appeared in many applied works, perhaps because it has been the default option in some popular

software packages. Another procedure for generating surrogates is called phase randomization. It first uses

the Fourier transform to represent a time series as a sum of sine waves, then randomly shifts each of the

component sine waves in time, and finally sums the phase-shifted components [42, 47, 48] (Figure A16).
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This procedure assumes that the original time series was obtained from a Gaussian, linear, and stationary

process [48, 43], where “Gaussian” means that any subsequence follows a multivariate Gaussian distribution,

“stationary” means that this distribution does not change over time, and “linear” means that future values

depend linearly on past values and past random events (“process noise”, Figure 7A). See [49] for a discussion

of exact requirements. Indeed, this test performed well (with a false positive rate of 4%) when time series

satisfied the three assumptions (Figure 2C), and poorly when the stationarity assumption was violated (with

a false positive rate of 21%; Figure 2B). Other surrogate data procedures include time shifting [48], block

bootstrap [50], and the twin method [51]. Some surrogate data tests have been shown to perform reasonably

well even when exact theoretical requirements are unmet or unknown [51, 50], but a more comprehensive

benchmarking effort is needed to map out each method’s valid domain in practice.

In sum, surrogate data allow a researcher to use an observed correlation statistic to test for dependence

under some assumption about the data-generating process. Dependence indicates the presence of a causal

relationship, and conditional dependence can sometimes even indicate the direction [31, 3, 52] (Figure A13).

Below we consider Granger causality and state space reconstruction, two approaches which can be used to

directly infer the direction of causality from time series.

3 Granger causality: intuition, pitfalls, and implementations

Intuition and formal definitions

In simple language, X is said to Granger-cause Y if a collection of time series containing all historical

measurements predicts Y ’s future behavior better than a similar collection that excludes the history of X.

An important consequence of this definition is that Granger causality excludes indirect causes, as illustrated

in Figure 3A. In practice, whether a causal relationship is direct or indirect depends on which variables

are observed. For instance, in Figure 3A, if Y were not observed, then X would “directly” cause (and

Granger-cause) Z.

Granger causality has many related but nonequivalent quantitative incarnations in the literature, in-

cluding several that were proposed by Granger himself [19, 17]. Box 1 presents two definitions: one based

on a linear regression which we call “linear Granger causality” [53, 54, 55, 35] and a second, more general,

definition which we call “general Granger causality” (and which is also sometimes called nonlinear Granger

causality) [17, 56, 57, 58, 59, 50]. See theorem 10.3 of [29] for a discussion of the theoretical relationship

between general Granger causality and (true) causality.

15



Box 1: Granger causality

1. Linear Granger causality:

Under linear Granger causality, X Granger-causes Y if including the history of X in a linear autoregressive

model (Eq 1) allows for a better prediction of future Y than not including the history of X (i.e. setting

all αk coefficients to zero). By “linear autoregressive model”, we mean that the future value of variable Y

is modeled as a linear combination of historical values of X and Y and all other observed variables that

might help predict Y “ · · · ”:

Yt+1 = c+

n∑
k=0

(αkXt−k + βkYt−k + · · · ) + εt (1)

Here, t is the time index, k = 0, 1, ..., n is a time lag index, c is a constant, coefficients such as αk and

βk represent the strength of contributions from the respective terms, and εt represents independent and

identically-distributed (IID, A1) process noise (Figure 7A).

2. General Granger causality [17, 29]:

Let Xt, Yt, and Zt be series of random variables indexed by time t. X Granger-causes Y with respect to

the information set {Xt, Yt, Zt} if:

P (Yt|{Xk, Yk, Zk for all k < t}) 6= P (Yt|{Yk, Zk for all k < t}) (2)

at one or more times t. Here, P (Yt|S) is the probability distribution of Yt conditional on the variable set

S. Note that Zk in Eq. 2 may include multiple variables and thus plays the same role as “· · · ” in Eq. 1.

Granger causality failure modes

We discuss four important instances where Granger causality can fail as an indicator of direct causality

(Figure 3B). These pathologies can be understood intuitively and can apply to both linear and general

Granger causality. First, if a system has deterministic dynamics (see Appendix A3), then Granger causality

may fail to detect causal relations (Figure 3Bi). More generally, if dynamics have a low degree of randomness,

Granger causality signals can be very weak (e.g. knowing X’s past improves predictions of Y ’s future only

slightly) [60, 29]. Moreover, as we will see, this limitation has motivated other methods that take a primarily

deterministic view [18]. Second, Granger causality may erroneously assign a direct causal relation between a

pair of variables that have an unobserved common cause (Figure 3Bii). Third, recording data at a frequency

below that of the original process by “subsampling” (e.g. taking weekly measurements of a daily process)

or by “temporal aggregation” (e.g. taking weekly averages of a daily process) can alter the inferred causal
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structure (Figure 3Biii), although recent techniques can help with these issues [61, 62, 63]. Lastly, when

measurements are noisy (Figure 3Biv), Granger causality can assign false interactions and also fail to detect

true causality [64], although some progress has been made on this front [65].

Figure 3: Causality versus Granger causality. (A) Granger causality is designed to reveal direct causes,
not indirect causes. Although X causes Z, X does not Granger-cause Z because with the history of Y
available, the history of X no longer adds value for predicting Z. This also shows that Granger causality is
not transitive: X Granger-causes Y and Y Granger-causes Z, but X does not Granger-cause Z. (B) Failure
modes of Granger causality when inferring direct causality. (i) False negative due to lack of stochasticity.
X and Y mutually and deterministically cause one another through a copy operation [66, 29]: X(t) copies
Y (t − 1) and vice versa. Since X(t − 2) already contains sufficient information to know X(t) exactly, the
history of Y cannot improve prediction of X, and so Y does not Granger-cause X. By symmetry, X does not
Granger-cause Y . (ii) False positive due to unobserved common cause. X causes Y with a delay of 1, and
causes Z with a delay of 2. We only observe Y and Z. Since Y receives the same “information” before Z, the
history of Y helps to predict Z, and thus Y Granger-causes Z, resulting in a false positive. (iii) Infrequent
sampling can induce false negatives. Although there is a Granger causality signal when we sample once per
time step, the signal is lost when we sample only once per 2 steps [61]. (iv) Measurement noise can lead
Granger causality to suffer both false positives and false negatives. εX , εY , and εZ represent process noise
and are normal random variables with mean of 0 and variance of 1. All process noise terms are independent
of one another.
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Practical testing for linear and general Granger causality

One might still attempt to infer Granger causality despite the above caveats, especially in situations where

they can be largely avoided. Linear Granger causality, popular in microbiome studies [53, 54, 55, 35],

uses standard parametric tests: if any of the αk terms in Eq. 1 is nonzero, then X linear Granger-causes

Y . Parametric tests are computationally inexpensive and available in multiple free and well-documented

software packages [67, 20]. These tests assume that time series are “covariance-stationary”, which means that

certain statistical properties of the series are time-independent [20] (see Appendix A3), and can fail when

this assumption is violated [68, 69, 70]. Additionally, applying linear Granger causality to nonlinear systems

can lead to incorrect causal conclusions [71]. One can assess whether the linear model (Eq. 1) is a reasonable

approximation, for instance by checking whether the model residuals εt are uncorrelated across time [72] (as

is assumed by Eq. 1).

Tests for general Granger causality often use a statistic known as transfer entropy [73]. Roughly, the

transfer entropy from X to Y is the extent to which the entropy (a measurement of uncertainty) of Y ’s

future is reduced when we account for (specifically, condition on) the past of X [74, 75, 76, 50]. A significant

transfer entropy thus indicates the presence of general Granger causality. Surrogate data are typically used to

evaluate significance [76, 50, 77]. However, the previously discussed surrogate data procedures are designed

to test the null hypothesis of independence, which is different from the null hypothesis of general Granger

non-causality (i.e. Eq. 2, but replace “ 6=” with “=”). More recent surrogate procedures have been proposed

to resolve this issue [78, 77]. Several software implementations of Granger causality tests based on transfer

entropy statistics are available (e.g. [76, 79, 80]).

Granger causality methods face challenges when datasets have a large number of variables (e.g. in

microbial ecology). In this case, the summation in Eq. 1 will contain a large number of terms, and so a

regression procedure may fail to detect many true interactions [5, 4]. To handle systems with many variables,

one can impose the assumption that only a small number of causal links exist [53, 35]. This is sometimes

called sparse regression or regularization. Additionally, under certain technical assumptions, it is possible to

use a series of logical rules to remove unnecessary terms in a purely data-driven way [4, 5]. As an example,

suppose that we wish to test whether pH is a Granger-cause of chlorophyll concentration in some aquatic

environment and we infer based on a prior analysis that chlorophyll concentration is always independent

of fluctuations in salinity. Then, most likely, salinity is irrelevant to the pH-chlorophyll relationship and

can be safely omitted from our Granger causality analysis. (However, this reasoning could theoretically fail

if pH, salinity, and chlorophyll took on the respective roles of X, Y, and W in the ’cancellation’ diagram

of Figure A12.) These rules and their associated assumptions are formalized in “constraint-based causal

18



discovery” algorithms [29, 3] (Appendix A2). The development of new causal discovery algorithms, and their

application to time series, is a very active area of research [4, 5, 6, 81].

4 State space reconstruction (SSR): intuition, pitfalls, and imple-

mentations

The term “state space reconstruction” (SSR) refers to a broad swath of techniques for prediction, inference,

and estimation in time series analysis [82, 83, 84, 18, 85]. In this article, when we use the term SSR, we refer

only to SSR methods for causality detection. The SSR approach is especially popular in empirical ecology

[86, 87, 88, 89, 90]. SSR methods are intended to complement Granger causality: Whereas Granger causality

has trouble with deterministic dynamics (Figure 3B), the SSR approach is explicitly designed for systems

that are primarily deterministic [18]. Since SSR is less intuitive than correlation or Granger causality, we

introduce it with an example rather than a definition.

Visualizing SSR causal discovery

Consider the deterministic dynamical system in Figure 4. Here, Z is causally driven by Y (and X), but not

by W or V . We can make a vector out of the current value Z(t) and two past values Z(t− τ) and Z(t− 2τ)

(Figure 4B, red dots), where τ is the time delay and [Z(t), Z(t − τ), Z(t − 2τ)] is called a “delay vector”.

The delay vector can be represented as a single point in the 3-dimensional Z “delay space” (Figure 4C, red

dot). We then shade each point of the trajectory in Z delay space according to the contemporaneous value

of its causer Y (t). Since in this example each point of the trajectory in Z delay space corresponds to one

and only one Y (t) value, we call this a “delay map” from Z to Y . Notice that the Y (t) gradient in this plot

looks gradual in the sense that if two points are nearby in the delay space of Z, then their corresponding

Y (t) shades are also similar. This property is called “continuity” (Figure A20). We provide additional details

on continuity in Appendix A4. Overall, there is a continuous map from the Z delay space to Y , or more

concisely, a “continuous delay map” from Z to Y . A similar continuous delay map also exists from Z to its

other causer X. On the other hand, if we shade the delay space of Z by W or V (neither of which causes

Z), we do not get a continuous delay map (Figure 4D-E).
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Figure 4: SSR methods look for a continuous map from the delay space of a causee to the causer, and
becomes more difficult in the presence of noise. (A) A 5-variable toy (linear) system. Filled arrows and
blunt head arrows represent activation and inhibition, respectively. (B) Time series. The delay vector
[Z(t), Z(t−τ), Z(t−2τ)] (shown as three red dots) can be represented as a single point in the 3-dimensional Z
delay space (C, red dot). (C) We then shade each point of the Z delay space trajectory by its corresponding
contemporaneous value of Y (t) (without measurement noise). The shading is continuous (i.e. gradual
transitions in shade), and note that Y causes Z (correctly, in this case). (D) When we repeat this procedure,
but now shade the Z delay space trajectory by W (t), the shading is bumpy, and note that W does not cause
Z (even though Z causes W ). (E) Shading the delay space trajectory of Z by the causally unrelated V also
gives a bumpy result. (F) Dynamics as in (C), but now with noisy measurements of Y (purple in B). The
shading is no longer gradual. Thus with noisy data, inferring causal relationships becomes more difficult.
See Appendix A5 for more details.

In this example, there is a continuous delay map from a causee to a causer, but not the other way around,

and also no continuous delay map between causally unrelated variables. If this behavior reflects a broader

principle, then perhaps continuous delay maps can be used to infer the presence and direction of causation.

Is there in fact a broader principle?

In fact, there is a sort of broader principle, but it may not be fully satisfying for causality testing. The

principle stems from a classic theorem due to Floris Takens [91]. A rough translation of Takens’ theorem is

the following: If a particle follows a deterministic trajectory which forms a surface (e.g. an ant crawling all

over a donut), and if we take one-dimensional measurements of that particle’s position over time (e.g. the

distance from the ant’s starting position), then we are almost guaranteed to find a continuous delay map from

our measurements (of current distance) to the original surface (the donut), as long as we use enough delays.

(We walk through visual examples of these ideas in detail in Appendix A4.) A key result that follows from

this theorem is that we can typically (“generically”) expect to find continuous delay maps from “dynamically
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driven” variables to “dynamically driving” variables in a coupled deterministic dynamical system, as long

as certain technical requirements are met [85]. Although the notion of “dynamic driving” differs from our

definition of causation [85], the two are related and we will still use the standard notion of causation when

evaluating the performance of SSR methods. In theory, Takens’ theorem says that almost any choice of delay

vector should work as long as it contains enough delays. However in practice, with finite noisy data, the

behavior of SSR methods can depend on the delay vector selection procedure ([92]; see also Appendix A4).

Overall, Takens’ theorem and later results [93, 85] form the theoretical basis of SSR techniques.

SSR techniques attempt to detect a continuous delay map (or a related feature) between two variables

and use this to infer the presence and direction of causation [18, 94, 23]: A continuous delay map from Y to

X is taken as an indication that X causes Y . The fact that the map points in the opposite direction as the

expected causation is potentially counterintuitive. One informal explanation is that the delay vectors of the

causee can contain a record of past influence from the causer [18]. As a word of warning, while causation

is one possible explanation for a continuous delay map, it is not the only possible explanation. Indeed, we

now illustrate scenarios where a causal relationship and a continuous delay map do not coincide.

SSR failure modes

Figure 5 illustrates four failure modes of SSR. In the first failure mode, which we refer to as “nonreverting

continuous dynamics” (top row of Figure 5; Appendix A4), a continuous map arises from the delay space

of X to Z because a continuous map can be found from the delay space of X to time (“nonreverting X”)

and from time to Z (“continuous Z”). This pathology leads to false causal conclusions and may explain

apparently causal results in some early works where SSR methods were applied to time series with a clear

trend. We are not aware of statistical tests for this problem, but Clark et al. [95] recommend shading points

in the delay space with their corresponding time to visually check for a time trend. In the second failure

mode [18] (Figure 5, second row), one variable drives another variable in such a way that the dynamics of

the two variables are synchronized. Consequently, although the true causal relationship is unidirectional,

bidirectional causality is inferred. Although the “prediction lag test” (Figure 6B right panel) can sometimes

alleviate this problem [96, 92], it is not foolproof as we demonstrate in Appendix A4. In the third failure

mode (Figure 5 third row; [92]), X and Z both oscillate and X’s period is an integer multiple of Z’s period.

In this case, Z is inferred to cause X even though they are causally unrelated. In the fourth failure mode

(Figure 5, bottom row), SSR gives a false negative error due to “pathological symmetry”, although this may

be rare in practice.
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Figure 5: Failure modes associated with state space reconstruction. Top row: Nonreverting continuous
dynamics may lead SSR to infer causality where there is none. This example consists of two time series: a
wavy linear increase and a parabolic trajectory. Although they are causally unrelated, we can find continuous
delay maps between them. This is because there is (i) a continuous map from the delay vector [X(t), X(t−τ)]
to t (X is “nonreverting”), and (ii) a continuous map from t to Z (Z is “continuous”), and thus there is a
continuous delay map from X to Z (“nonreverting continuous dynamics”). Thus, one falsely infers that Z
causes X, and with similar reasoning that X causes Z. Second row: X drives Z such that their dynamics
are “synchronized”, and consequently, we find a continuous delay map also from X to Z even though Z
does not drive X. Note that the extent of synchronization is not always apparent from inspecting equations
(e.g. Figure 12 of [97]) or dynamics (Figure A24). Third row: X oscillates at a period that is 5 times the
oscillatory period of Z. There is a continuous delay map from X to Z even through X and Z are causally
unrelated. Note that true causality sometimes also induces oscillations where the period of one variable is
an integer multiple of the period of another (e.g. in Figure 4, the period of Z is 3 times the period of X).
Bottom row: In the classic chaotic Lorenz attractor, the X and Z cause one another, but we do not see
a continuous map from the delay space of Z to X. This is because, as mentioned earlier, satisfying the
conditions in Takens’ theorem makes a continuous mapping likely but not guaranteed (Appendix A4). Here,
Z is an example of this lack of guarantee [98] due to a symmetry in the system (see “Background definitions
for causation in dynamic systems” in the supplementary information of [18]).

Convergent cross mapping: Detecting SSR causal signals from real data

SSR causal discovery methods require testing for the existence of continuous delay maps between variables.

However, testing for continuity in real data is complicated by noise and discrete sampling (Figure 4, compare

panels D and F; see also Figure A20).
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Figure 6: Illustration of the convergent cross mapping (CCM) procedure for testing whether X causes
Y . (A) Computing cross map skill. Consider the point X(T ) denoted by the red dot (“actual X(T )” in
¬), which we want to predict from Y delay vectors. We first look up the contemporaneous Y delay vector
[Y (T ), Y (T −1), Y (T −2)] (­, red dynamics), and identify times within our training data when delay vectors
of Y were the most similar (i.e. least Euclidean distance) to our red delay vector (®, blue segments). We
then look up their contemporaneous values of X (¯, blue crosses), and use their weighted average to predict
X(T ) (°, open magenta circle; weights are given as equations S2 and S3 in the supplement of [18]). We
repeat this procedure for many choices of T and calculate the Pearson correlation coefficient between the
actual X(T ) and predicted X(T ) (±). This correlation is called the “cross map skill”. While other measures
of cross map skill, such as mean squared error, may also be used [18], our choice follows the convention of
[18]. (B) Four criteria for inferring causality from the cross map skill. Data points in (A) are marked by
dots and connecting lines are visual aids.

Several methods have been used to detect SSR causal signals by detecting approximate continuity [85] or

related properties [18, 94, 23]. The most popular is convergent cross mapping (CCM), which has been applied

to nonlinear [18] or linear deterministic systems [55]. CCM is based on a statistic called “cross map skill”

that quantifies how well a causer can be predicted from delay vectors of its causee (Figure 6A), conceptually

similar to checking for gradual transitions when shading the causee delay space by causer values (Figure 4).

Four criteria have been proposed to infer causality [18, 96, 92] (Figure 6B): First, the cross map skill must
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be positive. Second, the cross map skill must be significant according to some surrogate data test. Third,

the cross map skill must increase with an increasing amount of training data. Lastly, cross map skill must

be greater when predicting past values of the causer than when predicting future values of the causer (the

prediction lag test [96, 92] in the right panel of Figure 6B, but see Appendix A4 for caveats of this test).

In practice, many if not most CCM analyses use only a subset of these four criteria [18, 86, 87, 99]. Other

approaches to detect various aspects of continuous delay maps have also been proposed [94, 85, 23, 7]. We

do not know of a systematic comparison of these alternatives.

5 Simulation examples: External drivers and noise jointly influence

causal discovery performance

In this section we examine how environmental drivers, process noise, and measurement noise can influence

the performance of Granger causality and CCM, using computer simulations. We constructed a toy ecological

system with a known causal structure, obtained its dynamics (with noise) through simulations, and applied

a linear Granger causality test (using the MVGC package [20]) and CCM (using the R language package

rEDM) to test how well we could infer causal relationships.

We simulated a two-species community in which one species (S1) causally influences the other species

(S2) but S2 has no influence on S1 (Figure 7B). Additionally, S1 is causally influenced by an unobserved

periodic external driver and S2 either is (Figure 7D) or is not (Figure 7E) causally influenced by its own

(also unobserved) periodic external driver. In an ecosystem, external drivers might appear as changes in

temperature, light, or water levels, for example. We also added process noise to model the stochastic nature

of natural ecosystems and added measurement noise to model measurement uncertainty. Process noise

propagates to future time steps and can result from, for instance, stochastic migration and death (Figure

7A). In contrast, measurement noise does not propagate over time, and includes instrument noise as well

as ecological processes that occur during sampling. Unlike in linear Granger causality, there is no default

test procedure for CCM causality criteria [92, 55]. We therefore tested for CCM criteria using two different

procedures (Figure 7 legend and Appendix A5).

Granger causality and CCM can perform well when their respective requirements are met, but both are

fairly sensitive to the levels of process and measurement noise (Figure 7D and E, correct inferences colored as

green in pie charts) and to details of the ecosystem (whether or not S2 has its own external driver; compare

Figure 7D with E). In both methods, detection of the true causal link is disrupted by either the strongest

measurement noise (standard deviation of 1) or the strongest process noise (standard deviation of 8) used
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here.

For Granger causality (Figure 7D and E, left panels), the MVGC package correctly rejects the data as

inappropriate in the deterministic setting (lower left corner). When process and/or measurement noises are

present, their relative amount is important: As measurement noise increases (from bottom to top), process

noise needs to increase (from left to right) for Granger causality to perform well. Indeed, prior analytical

results [64, 65] show that measurement noise can induce false positives (e.g. red slices in row 2, column 2)

and hide true positives (e.g. grey slices in row 1). Surprisingly, increasing measurement noise can sometimes

improve performance (in column 3 of both panels, row 2 has a larger green slice than row 3).

To understand the CCM results (Figure 7D and E, right panels), recall that CCM is designed for de-

terministic systems, and fails when dynamics of variables are synchronized. When S2 has its own external

driver (Figure 7D), there is no synchrony, and CCM performs admirably in the deterministic setting (lower

left corner). CCM performs less well when measurement or process noise is introduced. Strikingly, when we

remove the external driver of S1 (Figure 7E), CCM performs poorly. This is likely because the two species

are now synchronized in the absence of noise (violating the “no synchrony” requirement of CCM). However,

adding noise, which removes the synchrony problem, violates the determinism requirement. So CCM is

hapless either way. Note that unlike CCM, Granger causality is less sensitive to the presence of underlying

synchrony as long as this synchrony is disrupted by process noise. Additionally, the performance of CCM

(Figure 7D and E, right panels) is sensitive to the test procedure (olive brackets).

In reality, where a system lies in the spectrum of process versus measurement noise is often unknown,

and we are not aware of any method that reliably distinguishes between process noise and measurement

noise without knowing the functional form of the system. Furthermore, how might one tell if a time series

is stochastic or deterministic so that one can choose between Granger causality versus CCM? One idea is

that deterministic processes tend to be more predictable than stochastic processes, at least in the short term

[100]. Indeed, the inventors of CCM have recommended checking whether historical values of a time series

can be used to accurately predict future values [101] before applying CCM (i.e. [95]). However, practical

time series found in nature are most likely somewhere between the extremes of “fully deterministic” (i.e. no

measurement or process noise) and “fully stochastic” (i.e. IID). Time series are often partly deterministic

due to autocorrelation and partly stochastic due to random fluctuations. Indeed, simulations have found

that SSR-based and Granger causality-based methods can both potentially succeed for such systems [55].

Future work is needed to flesh out the nuances of when and why methods from these two classes provide

similar or different performance [55].
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Figure 7: Performance of Granger causality and convergent cross mapping in a toy model with noise. (A) The effect
of process noise but not measurement noise propagates to samples taken at subsequent time points. (B) We simulated
a two-species community. The process noise terms εp1(t) and εp2(t), as well as the measurement noise terms εm1(t)

and εm2(t), are IID normal random variables with a mean of zero and a standard deviation whose value we vary.
(C) Five possible outcomes of the causal analysis. (D, E) Community dynamics and causal analysis outcomes. We
varied the level (i.e. standard deviation) of process noise and measurement noise. For Granger causality, we used the
MVGC package (Appendix A5). For convergent cross mapping, we used the rEDM package to calculate cross map
skill and to construct surrogate data, and custom codes for other tasks (Appendix A5). Each pie chart shows the
distribution of inference outcomes from 1000 independent replicates. Note that MVGC package for inferring Granger
causality does not necessarily flag data corrupted by a problematic level of measurement noise [102]. . In both the
main and alternative CCM procedures, criterion 1 (positive ρ) was checked directly and random phase surrogate data
were used to test criterion 2 (significance of ρ). Criterion 4 (prediction lag test) was not used, because the test is
difficult to interpret for periodic dynamics where cross map skill can oscillate as a function of prediction lag length
(Figure A24). The two procedures differ only in how they test criterion 3 (ρ increases with more training data): the
main procedure uses bootstrap testing following [92] while the alternative procedure uses a Kendall’s τ as suggested
by [103].
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6 Summary: Model-free causality tests are not assumption-free

We have described three causal discovery approaches for observational time series (Table 1). Although the

techniques explored in this article have been called model-free and do not depend on prior mechanistic

knowledge, they are by no means free from assumptions [16]. The danger that arises when we replace

knowledge-based modeling with model-free inference is that we can replace explicitly stated assumptions

with unstated and unscrutinized assumptions. Too frequently, both methodological and applied works fall

into this trap. Nevertheless, when assumptions are clearly articulated and shown to be reasonable, model-free

causal discovery techniques have the potential to jump-start the discovery process where little mechanistic

information is known. Still, experimental follow-up (when possible) remains valuable since any technique

that seeks to infer causality from observational measurements will typically require at least some assumptions

that are difficult to fully verify.

We have discussed several failure modes of various causal discovery approaches (Table 1). Among these

failure modes, measurement noise and nonstationarity have been repeatedly singled out as crucial consider-

ations for real data [104, 28, 105]. While the deleterious effect of excessive measurement noise is intuitive,

the pernicious effect of nonstationarity is not always appreciated. This is perhaps because the stationarity

requirement, although ubiquitous, is sometimes hidden in the analysis pipeline. For example, when testing

whether cross map skill (Fig 6B, condition 2) or correlation is significant, one must choose from among a

handful of surrogate data tests (e.g. [43]), nearly all of which require stationary data. Granger causality

tests also typically require the data to be stationary.

What comes next? We cannot cover all open fronts in data-driven causal discovery from time series, but

do note a few important directions here. First, given that practical ecological time series can rarely be shown

to satisfy the assumptions of tests with mathematical exactness, we need a more complete understanding

of how well tests for dependence and/or causality tolerate moderate deviations from assumptions. In a

different direction, one may sometimes possess not a complete mathematical model, but instead some pieces

of a model, such as the knowledge that nutrients influence the growth of organisms according to largely

monotonic saturable functions. Techniques that attempt to make use of such partial models have recently

obtained intriguing results [8, 106, 9], and more would be welcome. Moreover, natural experiments often

involve known external perturbations that are random or whose effects are poorly understood. An important

question is how inference techniques might best take advantage of such perturbations [107, 108].

Perhaps most importantly, how can method developers best communicate their assumptions and caveats

to method users who are potentially unfamiliar with technical terms or concepts? One effective strategy is

to provide simulation examples of how applying techniques to pathological data may give incorrect results
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[95, 106]. Video walkthroughs (e.g. [109, 110]) may be another useful way to communicate how a method

works as well as method assumptions. Finally, we recommend that editors and reviewers work with authors

to ensure that failure modes and caveats are clearly articulated in the main text, along with with accessible

explanations of any necessary technical terms or concepts.

What is the method
detecting?

Implied causal
statement

What are some possible failure
modes?

Correlation Whether X and Y are
statistically dependent

X causes Y ,
Y causes X, or
Z causes both.

Surrogate null model may make
incorrect assumptions about the

data-generating process.

Granger
causality

Whether the history of X
contains unique information
that is useful for predicting

the future of Y .

X directly
causes Y .

Hidden common cause;
infrequent sampling;
deterministic system
(no process noise);

excessive process noise;
measurement noise

State space
reconstruction

Whether the delay space of
X can be used to estimate

Y .
Y causes X.

Nonreverting continuous dynamics;
synchrony;

integer multiple periods;
pathological symmetry;

measurement or process noise

Table 1: A comparison of three statistical causal discovery approaches
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Appendix to Part I

A1 Random variables and their relationships

Dependence between random variables and between vectors of random variables

The concepts of dependence and independence between random variables are central to many statistical

methods, including those that concern causality. A random variable is a variable whose values or exper-

imental measurements depend on outcomes of a random phenomenon and follow a particular probability

distribution. Reichenbach’s common cause principle states that if X and Y are random variables with sta-

tistical dependence (such as a nonzero covariance), then one or more of three statements is true: X causes

Y , Y causes X, or a third variable Z causes both X and Y . The common cause principle cannot be proven

from the axioms of probability; rather, the principle is itself a fundamental assumption that supports much

of the modern statistical theory of causality ([22] Section 1.4.2).

As an example, consider the size and length of a bacterial cell. If a larger cell tends to be longer, then

cell volume and cell length covary and are thus dependent. A mathematical definition of dependence (and

its opposite, independence) is presented in Figure A8B.
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Figure A8: Joint distribution, marginal distributions, and dependence of two random variables. (A) A
scatterplot of data associated with random variables Xi and Xj represents a “joint distribution” (black).
Histograms for data associated with Xi and for data associated with Xj represent “marginal distributions”
(green). Strictly speaking, joint and marginal distributions must be normalized so that probabilities (here
represented as “counts”) sum to 1. Graphically, marginal distributions are projections of the joint distribution
on the axes. Two random variables are identically distributed if their marginal distributions are identical.
(B) Independence between two random variables. Gray box: the mathematical definition of independence,
where “P ” means probability. Two random variables are dependent if and only if they are not independent.
Visually, if two random variables are independent, then different values of one random variable will not
change our knowledge about another random variable. In (i), Xj increased as Xi increased (different Xi

led to different knowledge on Xj), and thus, Xi and Xj are not independent (i.e. they are dependent). In
(ii), Xi and Xj were repeatedly drawn from two normal distributions. Thus, the two random variables are
independent. One might argue that when Xi values become extreme, Xj values tend to land in the middle.
However, this is a visual artifact caused by fewer data points at the more extreme Xi values. If we had
plotted histograms of Xj at various Xi values, we would see that Xj is always normally distributed with
the same mean and variance. (iii) Indeed, when we plotted the difference between the observed probability
P (Xi ≤ a,Xj ≤ b) and the probability expected from Xi and Xj being independent P (Xi ≤ a) ·P (Xj ≤ b),
(ii) showed a near-zero difference (blue), while (i) showed deviation from zero (red). This is consistent with
Xi and Xj being independent in (ii) but not in (i).

Random sampling from a population with replacement is one way to produce “IID data” (which we use

as a shorthand for “data which can be modeled as IID random variables”). For example, repeatedly rolling

a standard die can be thought of as randomly sampling from the set {1, 2, 3, 4, 5, 6} without replacement:

if the first trial registers 1, then the second trial can register 1 as well. Otherwise, if sampling was done

without replacement, then the second trial must not register 1, which means that the outcome of the second

trial would depend on the outcome of the first trial.

Dependence can be readily generalized from the definition in Figure A8 to become a property between

two vectors of random variables. (Note that a time series can be viewed as a vector of random variables.)

For example, suppose that we measure two variables X and Y over two days. Our (very short) time series

are then [X1, X2] and [Y1, Y2] where the subscript index denotes the day of measurement. Similar to Figure

A8B, we would say that our two time series are independent if

P (X1 ≤ x1, X2 ≤ x2, Y1 ≤ y1, Y2 ≤ y2) = P (X1 ≤ x1, X2 ≤ x2)P (Y1 ≤ y1, Y2 ≤ y2)
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for all choices of x1, x2, y1, y2.

When are two random variables independent and identically distributed (IID)?

Many statistical techniques require repeated measurements that can be modeled as independent and identi-

cally distributed (IID) random variables, and passing non-IID data (such as time series) into such techniques

can lead to spurious results (Fig 2; [111]). Random variables are IID if they have the same probability

distribution and are independent (Figure A8). In Figure A9 we give examples of pairs of random variables

that are (or are not) identically distributed, and that are (or are not) independent. Note that two dependent

random variables can be linearly correlated (Figure A9 3rd column), or not (Figure A9 4th column).

Figure A9: Examples of random variables that are identically distributed or not identically dis-
tributed, and independent or not independent. In the top row, Xi and Xj are identically distributed
(projections of the scatter plot on both axes would have the same shape, as in Figure A8A). Note that in the
top row of the rightmost column, the scatter plot is not symmetric along the diagonal line, yet projections
on both axes yield identical marginal distributions: three segments of equal densities. Thus, the two random
variables are identically distributed. In the bottom row, Xi and Xj are not identically distributed. In the
leftmost two columns, the two random variables are independent (for more details about independence, see
Figure A8B). In the last three columns, the two random variables are dependent: different Xi values alter
our knowledge of Xj .

A sample drawn from a mixed population can still be IID, as long as sample

members are chosen randomly and independently

Since the IID concept is so central to statistical analysis, we wish to further clarify one conceptual difficulty

that may arise. To set the stage, suppose that a scientist measures the levels of voluntary physical activity

in a collection of mice that includes both males and females. Also suppose that female mice tend to be more

physically active than male mice [112]. Since this dataset now contains measurements from both the less
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active males and the more active females, we might naively think that these data cannot be IID.

In fact, such a dataset still might be IID, but this depends on how the scientist chooses which mice to

measure. To illustrate this fact, consider the highly simplified scenario in which only two mice are assayed

for physical activity. Let X1 and X2 be random variables that describe the activity levels of these two mice.

We consider three different ways that the scientist might select which mice to assay. Only one of these ways

will result in an IID dataset.

First, suppose that the scientist chooses to measure X1 from a male mouse and X2 from a female mouse.

In this case, to see whether X1 and X2 are IID, we can use the same visualization strategy as in Figure A8.

That is, we imagine many possible “parallel universes”, each with a different possible two-mouse dataset (left

panel of Figure A10). This allows us to visualize the joint distribution of X1 and X2. We can then see that

X1 and X2 are independent, but not identically distributed.

Second, suppose that the scientist again selects exactly one mouse of each sex, but randomizes the order

so that both X1 and X2 have an equal chance of being measured from a male or female mouse (middle panel

of Figure A10). We can now see that X1 and X2 are identically distributed, but not independent.

Lastly, suppose that the scientist selects mice randomly, and without any information about whether a

mouse is male or female. In this case, the two-mouse sample might be all male, all female, or have one of

each. Once again we plot the joint distribution of X1 and X2 by imagining their values across many different

parallel universes (right panel of Figure A10). We then see that that X1 and X2 are finally independent

identically distributed. Overall, a set of measurements can be IID even if they are taken from a mixed

population, as long as they are sampled randomly from among different subpopulations.
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Figure A10: Measurements taken from a mixed population may still be IID, as long as sampling
is independent and random. Consider a study in which physical activity is measured from a mixed
population of low-activity male mice and high-activity female mice. For simplicity, suppose that the study
uses only two mice. To see whether this could be an IID dataset, we imagine drawing many possible versions
of that sample, and ask whether our first measurement X1 and second measurement X2 are identically
distributed and independent. We could draw this sample in 3 different ways (3 sets of charts). On the left,
we take our first measurement X1 from a male and second measurement X2 from a female. In this case,
our two measurements are independent, but not identically distributed, and thus not IID. In the middle,
we choose one male and one female per sample, but choose the first measurement randomly from a male or
female. Now, our measurements are identically distributed (save for sampling error) but not independent
(so also not IID). On the right, the sex of each measurement is randomly and independently chosen so that,
for example, a sample might have two measurements from the same sex. In this case our sample is an IID
dataset.

Independence and statistical conditioning

Here, we will restate the concept of independence in equivalent forms that will allow us to more easily

transition to the concept of conditional independence.

It is intuitive that two variables are independent if knowledge of one variable tells us nothing about

the other. The statistical notion of independence captures this intuition: Random variables X and Y are

independent if the conditional distribution of X given Y is always equal to the marginal distribution of X.

For discrete random variables, this condition can be written

P (X = x|Y = y) = P (X = x) (3)

, or equivalently written P (X = x, Y = y) = P (X = x)P (Y = y), for all x and y. For continuous random
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variables, independence can be written in terms of probability density functions as fX(x|y) = fX(x) or

equivalently, fX,Y (x, y) = fX(x)fY (y) where fX(x|y) is the conditional density of X given Y , fX,Y (x, y) is

the joint density of X and Y , and fX(x) and fY (y) are the marginal densities of X and Y , respectively.

The statement “X and Y are conditionally independent given Z” intuitively means that X and Y are

independent when we only analyze outcomes where Z has a certain value. For discrete random variables, this

condition is written P (X = x|Y = y, Z = z) = P (X = x|Z = z), or equivalently, P (X = x, Y = y|Z = z) =

P (X = x|Z = z)P (Y = y|Z = z), for all x, y, and z. For continuous random variables, we have a similar

formulation except that probability P is replaced by probability density f (i.e. fX,Y (x, y|z) = fX(x|z)fY (y|z)

for all x, y, z). If X and Y are not conditionally independent given Z, then X and Y are conditionally

dependent given Z.

One could be forgiven for worrying about the feasibility of testing for dependence between long time series.

This is because as a time series grows longer, the amount of data needed to get a sense of its probability

distribution would seem to grow extremely rapidly. Thus, when X and Y are vectors that represent long

time series, estimating the distributions in Eq. 3 seems unrealistic. However, establishing that two time

series are dependent only requires that we show that the distributions on the left and right sides of Eq. 3

differ. Showing that two distributions differ can be much easier than actually estimating those distributions.

For instance, if we know that the averages of two univariate distributions are different, then we immediately

know that the two distributions are not the same, even if we know nothing of their shapes. Indeed, Fig A11

demonstrates a way to test for dependence between time series with only a moderate number of replicates,

and without any assumptions about the shapes of the distributions. Additionally, if certain assumptions can

be made, then surrogate data can be used to test for dependence with only one replicate of each time series,

as discussed in the main text.
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When multiple trials exist, the significance of a correlation between time series

can be assessed by swapping time series among trials

Figure A11: When multiple identical and independent trials are available, the significance of a correlation
between time series within a trial can be assessed by comparing it to correlations between trials. (A) A
thought experiment in which yeast and bacteria are grown in the same test tube, but follow independent
dynamics. We imagine collecting growth curves from 25 independent replicate trials. (B) Correlations within
and between trials. The Pearson correlation coefficient between yeast and bacteria growth curves from trial
1 is a seemingly impressive ∼ 0.98 (pink dot). But does this result really indicate that the two growth curves
are dependent? To answer this question, notice that the yeast curves from other trials are similarly highly
correlated to the bacteria curve from trial 1, even though they all come from independent trials (grey dots).
Therefore, the pink dot cannot be used as evidence that the yeast and bacteria growth are dependent. If
the within-trial correlation (pink dot) were stronger than, for instance, 95% of the between-trial correlations
(grey dots), we would have evidence of dependence.
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A2 Causal discovery with directed acyclic graphs

Discovering causal relationships and their associated directed acyclic graphs

(DAGs)

Many theoretical results and data-driven methods for causal analysis begin by representing causal relation-

ships as an acyclic directed graph (DAG). That is, one makes a graph by representing random variables as

nodes and by drawing a directed edge from each direct cause (or parent) to its causee (or child), as in Fig

1B; additionally, the graph is acyclic, meaning that that it does not contain any directed paths from any

variable back to itself. The acyclicity condition is often required for nice theoretical properties and ease of

analysis [1]. Additionally, when data are temporal, a particular node in the graph commonly refers to a

particular variable measured at a particular time (e.g. chapter 10 of [29]). If we follow this convention and

note that causation cannot flow backward in time, and if we additionally exclude instantaneous causation,

then our causal graph will be acyclic, even for systems with feedback (Figure A15).

DAGs are useful visual tools in their own right, but for many purposes we need to be more mathematically

precise about what we mean when we draw an edge from one variable to another. Thus, often one interprets

a causal DAG as corresponding to a set of equations with the following two conditions: First, each variable

can be written as a function of (only) the variable’s direct causers and a random process noise term unique to

the variable. Models that satisfy this condition are called structural equation models (SEMs) [31]. Second,

all process noise terms are (jointly) independent of one another. SEMs that satisfy this second condition are

called Markovian and have a useful property called the “causal Markov condition” [22]. (Some authors [29],

but not all [31], require that all SEMs be Markovian by definition.) The causal Markov condition, along with

the related “causal faithfulness condition” are key assumptions that allow one to connect statistical structure

to causal structure and infer aspects of causal structure from data, even in observational settings.

The causal Markov condition states that if there is no path from X to Y in a DAG (i.e. we cannot go

from X to Y by following a sequence of edges in the forward direction), then X and Y are conditionally

independent given X’s parents [113, 22]. In this context Y can be either a variable or a set of variables. As

an example, consider the boxed DAG in Figure A13Bii. Here, X and Y share the common cause Z. Each

variable depends on its parents, and on its own process noise term. Although X and Y are dependent, the

causal Markov condition expresses the intuitive idea that if we were to control for Z, X and Y would become

independent. Note that if X does not have any parents, then the statement “X and Y are conditionally

independent given X’s parents” reduces to “X and Y are independent”.

The causal faithfulness condition is, like the Markov condition, very useful in causal discovery and
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Figure A12: Violation of faithfulness due to cancellation of causal effects. Although X has a direct causal
effect on W , we assume here that this is exactly cancelled out by an opposing influence via the indirect route
of X → Y → W . Thus, although the Markov condition does not require that X and W be independent,
X and W are actually independent. We thus say that the joint probability distribution of the variables
{X,Y,W} is not faithful to the graph.

often quite reasonable. However, faithfulness is more difficult to state precisely and concisely without first

introducing technical notation such as “d-separation” (as in definition 6.33 of [29]). We attempt to give

the gist of the idea here and direct readers to other sources [113, 29] for more precise definitions. The

causal faithfulness condition is a kind of converse to the causal Markov condition. Recall that the causal

Markov condition requires certain conditional (or unconditional) independence relationships based on the

causal graph structure. Let us call any other independence relationships (i.e. those not required directly

or indirectly by the causal Markov condition) “extra” independence relationships. The (joint) probability

distribution of random variables is causally faithful to the DAG if no “extra” independence relationships

exist [31]. An imprecise shorthand for the faithfulness condition is “independence relationships indicate the

absence of certain causal relationships”. The faithfulness condition can be violated when two effects precisely

cancel each other (Figure A12).

Existing causal discovery methods for observational nontemporal data are diverse. Such methods can

differ greatly in the assumptions they make (e.g. whether there are hidden variables or “unknown shift

interventions” [52]), the lines of reasoning they employ, and the resolution of causal detail they provide (e.g.

a unique causal graph versus a set of several plausible graphs) [52]. We will briefly introduce two classes of

causal methods: (1) constraint-based search and (2) structural equation models (SEMs) with assumptions

about the functional forms of equations [1]. However, these two classes, while illustrative of different modes

of causal discovery, are far from an exhaustive list [52].

Constraint-based search uses independence and dependence relationships (and their conditional coun-

terparts) to narrow down the scope of causal graphs without exhaustively checking all possibilities (which

can be enormous in number even for a handful of variables). The PC algorithm (named after its inventors

Peter Spirtes and Clark Glymour) and the fast causal inference algorithm are examples of constraint-based

search methods [3]. However, constraint-based methods often find multiple graphs that are consistent with

the same set of data (e.g. the second to last row of Figure A13 ii, see legend; see also [1]).

Functional form-based (or SEM-based) approaches to causal discovery begin by assuming a particular
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functional form for causal relationships, and then assess a given causal hypothesis by inspecting the joint

distribution between a potential causer and its potential causee [1]. These methods rely on the fact that in a

Markovian SEM, each variable has a noise term that is independent of the noise terms of all other variables

[29]. Given two dependent variables with no hidden common causes, one can use an appropriate regression to

estimate values of a proposed causee based on the proposed causer [1]. If the residuals of this regression are

independent from the proposed causer, then the proposed causal direction is consistent with the data [114].

Crucially, theoretical results indicate that for a fairly wide variety of scenarios (e.g. linear non-Gaussian

and post-nonlinear models), we can expect the data to be consistent with only one causal direction, thus

enabling unambiguous identification of the causal direction [1]. An illustrative graphic example is given in

Fig 3 of [1] and also in Fig 3 of [3]. Similar ideas can be applied to multivariate systems [115, 114].
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Figure A13: Probability distributions alone can specify causal structure to varying degrees of resolution.
Consider a system of 3 and only 3 random variables X, Y , and Z. Between each pair of variables, there are
in three possible unidirectional relationships: causation in one direction, causation in the opposite direction,
and no causation. With three pairs of variables and three types of relationships, there are 33 = 27 possible
graphs. (A) Two of these graphs are cyclic, while the rest are DAGs. (B) If our system is described by
a Markovian and causally faithful SEM, we can infer some aspects of causal structure from probability
distributions alone. We demonstrate this by using dependence relationships between Y and Z (blue) to
infer causal relationships. (i): Y and Z are always independent. Y and Z are not causally related. (ii):
Y and Z are dependent, implying that they are causally related. (Recall that in this article, two variables
are “causally related” if one causes the other, or they share a common cause.) Furthermore, Y and Z are
conditionally dependent given X. For example, in the circled graph, variation in Y will affect Z, leading to
dependence between Y and Z, even if we control for X. (iii): Y and Z are dependent, but are conditionally
independent given X. There is no direct link between Y and Z, but they are causally related. Note that all
three graphs are consistent with the following observations: Y and Z are conditionally independent given
X; X and Z are conditionally dependent given Y ; X and Y are conditionally dependent given Z. Thus,
we cannot uniquely identify the causal structure from probability distributions alone. (iv): Y and Z are
independent, but are conditionally dependent given X; see Figure A14 for an example of this scenario . This
scenario corresponds to one and only one possible DAG.
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Figure A14: Math exam scores and writing exam scores are independent, but become dependent when we
condition on college admission, which both scores jointly influence. (A) DAG depicting the assumed causal
relationship between math scores, writing scores, and admission to a certain college. (B) Math and writing
scores in a fictitious student population are independent of each other, and take on random values distributed
uniformly between 0 and 100. (C) A college admits a student if and only if their combined score exceeds
100. It is apparent that when we condition on college admission (by plotting only the scores of admitted
students), math and writing scores show a negative association, indicating that they are dependent.

Time series of systems with feedback loops can be analyzed by methods designed

for directed acyclic graphs

Figure A15: Causal discovery approaches designed for directed acyclic graphs (DAGs) can be applied to
time series from systems with feedback. (i) Consider a mutualistic system where A and B represent the
population sizes of two species that mutually facilitate each other’s growth. (ii) When the role of time is
ignored, the causal graph is cyclic and thus not a DAG. (iii) For time series data where A1, A2, ... represent
the population size of A at times 1, 2, ..., the causal graph is no longer cyclic since A1 causes B2 and B1

causes A2 etc. Note that A1 causes A2 (and similarly B1 causes B2). This framework [29] has helped one of
the authors classify mutations in communities with feedback [116, 117].
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A3 Mathematical concepts for stochastic time series

Intuition for random phase surrogate data

Figure A16: Intuition for random phase surrogate data methods. Random phase surrogate data methods
generate Ysurr by representing Y as a sum of sine waves (upper left), randomly shifting the phases of the
component sine waves (upper right grey), and summing up the shifted sine waves (lower right green).

Covariance-stationarity

A stochastic process Xt is covariance-stationary (or wide-sense stationary) if:

1. E[Xt] (the ensemble mean) does not depend on t

2. Var[Xt] is finite and does not depend on t

3. For all choices of h, Cov(Xt, Xt+h) does not depend on t
As an example similar to Figure 2C, consider a population whose dynamics are governed by death and

stochastic migration:

Xt = (1− a)Xt−1 + c+ εt (4)
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Here, Xt is the population size at time t, a is the probability of death during the time interval of 1, c

is the average number of individuals migrating into the population during the time interval of 1, and εt is

a random variable with a mean of zero which represents temporal fluctuations in the number of migrants.

Suppose that we observed the dynamics of 10 populations governed by Eq. 4 such that the populations all

have the same parameters, but are independent (Figure A17A). Then, at each time point t, we will have

some distribution of values of Xt. In fact, if we have not just 10, but 1,200 replicates, we can see that

the distribution of values of Xt does not appear to depend on time (Figure A17B, top). Furthermore, the

covariance between Xt and Xt+1 does not appear to depend on time either (Figure A17B, bottom).

Figure A17: Example of a stationary process. (A) Ten replicate runs of the stochastic process described
in Eq. 4 with parameter choices a = 0.6, c = 10, and ε is a normal random variable with mean of zero
and standard deviation of 1. To illustrate the behavior of a single replicate, we highlight one representative
trajectory in black. (B) The distribution Xt values shown for 1, 200 replicates runs of the same stochastic
process as in (A). The mean of Xt is given as a solid red line and the mean ± the standard deviation of Xt

is given by dashed blue lines. Bottom: Xt is plotted against Xt+1 for two values of t.

Although it is common to talk about a time series being stationary or nonstationary, this is technically a

slight abuse of language. Just as the mean and variance are properties of a random variable (and not of any

single data point obtained from that random variable), stationarity is a property of a stochastic process (and
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not of any single time series produced by that process). This fact is illustrated by comparing the middle and

bottom rows of Figure A18. If we examine any one time series from the middle or bottom rows (e.g. the

black curves in each), we see that they have essentially the same dynamics (i.e. they are sine waves with the

same frequency). However, the process shown in the middle row is covariance-stationary (as shown below),

whereas the process shown in the bottom row is not since its mean changes over time.

To see that the middle row of Figure A18 shows a covariance-stationary process, we can show that the

mean, variance, and covariance of the process are independent of time:
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1
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Figure A18: Whether a stochastic process is stationary depends on its entire ensemble of time series. The
top panel shows IID standard normal noise. The middle and bottom panel both show sinusoidal curves.
Although an individual time series from the middle panel looks similar to that from the bottom panel, only
the middle panel shows a covariance-stationary process.
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Deterministic processes with many variables may appear stochastic

A deterministic time series from a system with many variables can be approximated as stochastic. This

is illustrated below in Figure A19. When we track the trajectory of a particle in a box with 99 other

particles (Figure A19 bottom row), the observed trajectory appears random, even though the governing

equations of motion are deterministic. In particular, the motion of our particle over each time step can be

approximated as having a random component. Note that this flavor of randomness is in general different

from the phenomenon called chaos. In chaotic dynamics, each time step needs not be random, but small

changes in initial conditions lead to large changes at later times.

Figure A19: A many-variable deterministic system can be approximated as a stochastic system. The position
of a particle in a system of particles bouncing in a 1-dimensional box is plotted over time. In each simulation,
particles with radius 0 bounce around in a box with walls of infinite mass placed at positions 0 and 1. Each
particle has a mass of 1 and is initialized at a random position between 0 and 1 according to a uniform
distribution. Initial velocities are chosen in the following way: The initial velocity of each particle in a box is
first randomly chosen from between −1 and 1 according to a uniform distribution. Then, all initial velocities
in a given box are multiplied by the same constant to ensure that the total kinetic energy of each box is 0.5.
Kinetic energy is conserved throughout the simulation. The simulation then follows the particles as they
experience momentum-conserving collisions with one another and with the walls.
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A4 State space reconstruction

Difficulty of evaluating the continuity or smoothness of a function with finite or

noisy data

Figure A20: Continuity, smoothness, and the difficulty of evaluating the continuity or smoothness of a
function with finite or noisy data. (A) y is not a function of x because a single x value can correspond to
more than one y value. Here, when we shade x with y value, we randomly choose the upper or the lower
y value, leading to bumpy shading, similar to what we might expect to occur in the real world. (B) y is
a discontinuous function of x. This is because at any “breakpoint” (circle) between two adjacent segments,
the limit taken from the left side is different from the limit taken from the right side. Shading x with y
generates a “bumpy” pattern. (C) y is a continuous function of x, and shading x with y generates a gradual
pattern. (D) y is a continuous and smooth function of x. A function is smooth if it has a derivative and this
derivative is continuous. More generally, the term “smooth” may be used to refer to a function whose kth
derivative is continuous for some specified choice of k (as in Takens’ theorem, discussed below). Although
the function in (C) is continuous, it is not smooth since one cannot take a derivative at the sharp point.
A smooth function is always continuous. (E) With finite and noisy data, shading x with y often generates
a bumpy pattern. It is unclear whether y is a function of x, and if yes, whether the function is continuous
and/or smooth.

Considerations for selecting delay vector parameters for SSR

To construct delay vectors for SSR, one must choose the delay vector length E and the time delay τ . How

does one choose E and τ? In general, detecting a continuous delay map requires that the delay vector length

E be high enough so that no two parts of the delay space cross. For example, using E = 2 (instead of

E = 3) to make Figure 4C would have projected the delay space onto 2 dimensions. This would introduce

line crossings, which would in turn produce artifactual discontinuities in the shading. On the other hand,

the amount of data required to perform SSR inference is said to grow with the delay vector length [18].

SSR is less sensitive to τ , although it is possible to mask a continuous delay map by choosing a “bad”

τ . For example, consider what would happen to Figure 4C if we set τ to the period of Z. Since the

delay vector is [Z(t), Z(t − τ), Z(t − 2τ)], setting set τ to the period of Z would force all 3 elements of

the delay vector to always be equal. In geometric terms, this would compress the delay space onto a line,

destroying the continuous delay map. However, bad choices of τ such as this are rare. Various practical

methods are available for systematically choosing E and τ , and delay vectors with variable delays (e.g.
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[Z(t), Z(t− 2), Z(t− 7)]) have also been used [92, 23, 118].

Historical notes on the basis of SSR

Takens’ celebrated 1981 paper [91] was a major theoretical advance that has inspired a variety of data-driven

methods for both causality detection and forecasting (e.g. [119]). Theorem 1 of [91] is reproduced below.

Here, the term “map” can be used interchangeably with “function”: a map from X to Y sends each point in

X to exactly one point in Y .

Takens’ theorem (theorem 1 of [91]): Let M be a compact manifold of dimension m. For pairs
(φ, f), φ : M → M a smooth diffeomorphism and f : M → R a smooth function, it is a generic property
that the map Φ(φ,f) : M → R2m+1, defined by

Φ(φ,f)(p) = (f(p), f(φ(p)), ..., f(φ2m(p))

is an embedding; by “smooth” we mean at least C2.
Author’s note: A function is in the class “Ck” if its kth derivative is continuous.

We will attempt to illustrate Takens’ theorem using the example in Figure A21. In this system (Fig-

ure A21A), once the five initial conditions of [X,Y, Z, dX/dt, dY/dt] are specified, the state space can be

visualized in three dimensions (X,Y, Z) (Figure A21C). We can color the trajectory with time (a colored

clock-like ring in Figure A21D to highlight the periodic nature of system dynamics). This trajectory is the

manifold M in Takens’ theorem and is 1-dimensional (m = 1) since it is a loop. Takens’ theorem then

asks us to choose a function φ, which we will define as a function that “points into the past”. Specifically,

φ is a function that maps a point p on the manifold M at the current time t to the point q at a previous

time t − τ . Similarly, φ2(p) would apply φ twice and map p at the current time t to the point r at time

t − 2τ (olive in Figure A21B), and φ−1(q) would map point q at the past time t − τ to the point p at the

current time t (Figure A21C). Note that φ and φ−1, which are “discrete-time” mappings, are distinct from

the differential equations that generated the system dynamics (which are continuous in time; Figure A21A).

The term “diffeomorphism” in the theorem means that both this function φ and its inverse function (the

map from past to present) are smooth (Figure A20).

The next symbol in the theorem is f , which can be viewed as an “observation” function that maps each

point on the manifold to a single real number (e.g. in Figure A21E, f(p) = pZ so that f simply returns the

Z coordinate of point p). Takens’ theorem then asks us to consider a function Φ that maps a point p at time

t on our state space manifold (Figure A21E) to a point in the “delay space”. The coordinates of the delay

space are given by applying the observation function to point p (which occurs at at time t), point q (at time

t − τ), and point r (at time t − 2τ), so that a single point in the delay space is [pZ , qZ , rZ ] with respect

to a particular time t (Figure A21F). This choice of delay space comes from three earlier choices: First, we

consider delayed values of Z since Z is what our observation function f returns; second, since m = 1, the
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delay space should be of dimension 3 (= 2m + 1) per Takens’ theorem; third, the delay length of τ comes

from our diffeomorphism φ. Then, Takens’ theorem states that for “most” (technically, “generic”) choices of

f and φ, Φ is an embedding. This means that Φ is diffeomorphic to its image, i.e. the curve in delay space

will map smoothly to the manifold M and vice versa [120].

Indeed from Figure A21 (C-F), we can see that for our choice of observation function (i.e. f = Z(t)),

there is a map from the state space manifold M to the delay space manifold. This is because each dot in the

state space manifold corresponds to a single time color (i.e. a point within a period), and each time color

corresponds to a single dot in the delay space manifold, and thus, each point in the state space manifold

corresponds to a single point in the delay space manifold. Moreover, Φ is continuous because the maps from

state space to the time ring and from the time ring to delay space are both continuous. Similarly, we can

see that the inverse of Φ, which points from the delay space manifold to the state space manifold is also a

continuous map, as guaranteed (generically) by Takens’ theorem.

Strikingly, if the observation function is Y , we will no longer have a continuous map from the delay space

trajectory (now of Y ) to the state space trajectory. This is visualized as “bumpy coloring” in Figure A21H.

In fact, we cannot even map the delay space to the time ring or the state space: (p, q, r) and (p′, q′, r′) occupy

the same point in the Y delay space, yet correspond to different times within a period (Figure A21B) and

thus they correspond to different locations in the state space. Takens’ theorem took care of this pathology

using the word “generic”. That is, Y is not considered a generic observation function here. On the other hand,

if we use an observation function based on 95% Y mixed with 5% Z, we get an embedding from the state

space to the delay space (Figure A21I-J). This is essentially what the term “generic” means in the context

of topology: Although some observation functions do not give you an embedding, these “bad” observation

functions can be tweaked just a tiny bit to become “good” ones. Similarly, some choices of φ do not work

(i.e. τ = T for this system), but these are exceptions (see Theorem 2 of [120] for what makes a φ “generic”).

At a conceptual level, SSR causality inference can be performed by shading the delay space of one variable

(potential causee) with the contemporaneous value of another variable (potential causer), and inferring a

causal link if this shading is continuous. In the example of Figure 4 in the main text, shading delay space of

Z with Y generates a continuous pattern, consistent with Y causing Z. On the other hand, shading delay

space of Z with W shows a bumpy pattern, consistent with W not causing Z.

Sauer and colleagues [93] later extended Takens’ theorem by proving a similar result that is in some

ways more general. Theorem 2.5 in [93] is distinct but related to Takens’ theorem, and applies to cases that

Takens’ theorem does not cover, such as fractal spaces. Additionally, [93] replaces the concept of “generic”

with a different notion (“prevalence”), which is closer to a probabilistic statement. Cummins et al. [85] then

formally connected these results to a notion of potentially causal coupling between dynamic variables.
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Figure A21: Illustration of Takens’ theorem. (A) We consider a 3-variable toy system in which X and Y
causally influence Z, but Z does not influence X or Y . (B) Time series of the three variables. (C) We can
plot time series data in the state space manifold M . Takens’ theorem requires that φ, a function that maps
a point p at current time t to the point q at a previous time t− τ , and its inverse φ−1 (from past to current
time) are both smooth (C2: the first and second derivatives of the function exist and are continuous at all
times). To mark time progression, we color each point along the trajectory with its corresponding time value
where time is represented as a color ring similar to a clock to reflect the periodic nature of system dynamics
(D). (E, G, I) Shading the state space manifold with the observation function (f in Takens’ theorem)
marked above. (F, H, J) Delay space based on the observation function, colored with time. The map Φ in
Takens’ theorem maps, for example, point p in panel E to point [pZ , qZ,rZ ] in panel F. The theorem states
that for “generic” observation functions, this map Φ and its inverse Φ−1 are both smooth (differentiable).
In this example τ = 3.6. In panel J, multiple colors in a region are due to one period wrapping around the
delay space multiple times (inset), but the color shading transition is continuous (similar to panel F).
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Nonreverting continuous dynamics: Criteria and effects on convergent cross

mapping

We first illustrate “nonreverting continuous dynamics”, which reflects a nonstationarity pathology for SSR

techniques. We then discuss how nonreverting continuous dynamics affects CCM.

We use the phrase “nonreverting continuous dynamics” to describe the following idea: If the X delay

space maps continuously to t (“nonreverting” X), and t maps continuously to Y (t) (“continuous” Y ), then

X delay space will map continuously to Y (t), even if X and Y are causally unrelated (Figure A22A). Figure

A22B illustrates this with three causally independent time series X and Y . In the top row, the X delay space

maps continuously to t and t maps continuously to Y (t) , so we get nonreverting continuous dynamics and a

continuous delay map from X to Y even though X and Y are independent. In the middle row, the X delay

space maps continuously to t , but t does not map continuously to Y (t), so we do not have nonreverting

continuous dynamics (i.e. no continuous map from the X delay space to Y ). In the bottom row, the X delay

space does not map continuously to t. This is because a single delay vector (shown as a cyan dot in the

delay space) occurs at multiple times (shown as a repeated cyan line segments whose starting and ending

points denote the two values of the delay vector), generating a bumpy pattern similar to Figure A20A. In

this case, even though t maps continuously to Y (t), we do not have nonreverting continuous dynamics and

we do not get a spurious continuous map from the X delay space to Y .
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Figure A22: Nonreverting continuous dynamics. (A) Nonreverting continuous dynamics. We callX reverting
if the delay space of X maps continuously to t (time). We call Y “continuous” if Y (t) is a continuous function
of t. If X is reverting and Y is continuous then we say that the pair of time series X,Y has nonreverting
continuous dynamics. (B) Examples. In each row, X and Y are causally independent. Leftmost column:
Dynamics. Each red or blue dot (visible upon zooming in on some of the charts) represents a single time
point. Second column: Looking for a continuous map from the delay vectors of X (X delay space) to t, i.e.
nonreverting X dynamics. Third column: Looking for a continuous map from t to Y by assessing whether
Y at nearby times share similar values. Since the data occur at discrete times, the standard definition of
continuity does not naturally apply, so “continuous Y ” really means “highly autocorrelated”. Fourth and
final column: the presence or absence of “nonreverting continuous dynamics”. With nonreverting continuous
dynamics, there is a continuous map from the X delay space to Y , and thus Y appears to cause X even
though X and Y are causally independent.

Nonreverting continuous dynamics interferes with CCM causal discovery. Although one could attempt

to mitigate the nonstationarity problem by interspersing training and testing data before quantifying cross

map skill [24] (Figure A23, Column 4), we find that this approach leads to false positive errors (Figure A23

bottom row). In contrast, the alternative (not interspersing training and testing data) can lead to false
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negative errors (Figure A23, third row). Thus, the ability to correctly infer causality with CCM is vastly

reduced when data exhibit nonreverting continuous dynamics.

Figure A23: Nonreverting continuous dynamics reduce the ability of CCM to correctly infer causality. Each
row represents a system where Y may or may not causally influence X (Column 1). Column 2: Governing
equations. Column 3: Checking for nonreverting continuous dynamics as in Figure A22. The top two rows
do not have nonreverting continuous dynamics since there is no continuous map from the delay space of X
to time. The bottom two rows have nonreverting continuous dynamics. Columns 4 and 5: Results of CCM
where training and testing data are interspersed or when we train on the past and test on future. In the
bottom two rows, CCM suffers false negative or false positive errors depending on the analysis details (e.g.
whether training and testing data are interspersed).

The prediction lag test: Intuition and some failure modes

State space reconstruction methods suffer false positive errors in the presence of synchrony [18]. This occurs

when “the dependence of the dynamics of the forced variable on its own state is no longer significant” [18].

Ye et al. proposed a test in an effort to solve this problem [96]. Their procedure relies on finding mappings

from the delay vector [X(t), X(t− τ), X(t− 2τ)...X(t− (E − 1)τ)] to Y (t+ l), where E is the delay vector

length, τ is the time lag, and l is a key variable known as the “prediction lag”. They then examine how the

cross map skill (Figure 6B) varies with the prediction lag. According to this technique, if the cross map skill

is maximized at a positive prediction lag (l > 0), then the putative causality is spurious and arose from, for

example, strong unidirectional forcing. The reasoning is that if the causee were to predict the future of the

causer, then causation would appear to flow backward in time, which is nonsensical. On the other hand, if

the highest quality mapping occurs at a non-positive prediction lag (l ≤ 0), then we have further evidence
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that the detected causality is real and not spurious [96].

We find that while this test correctly distinguishes between real and spurious causal signals at some

times, at other times it does not. Within each row of Figure A24, we examine a different system and ask

whether Y causes X according to: (1) the ground truth model, (2) our visual continuity test, (3) a CCM

cross map skill test (without the prediction lag test), and (4) the prediction lag test.

In rows 1 and 2 of Figure A24, the prediction lag test performs well, overturning the results of the visual

continuity and CCM tests when apparent causality is spurious (row 1), and agreeing with the continuity

and CCM tests (row 2) when apparent causality is real (modified from [96] Eq. 2). However in row 3,

the prediction lag test dismisses a true causal link as spurious. Moreover, when we apply the prediction

lag test to a system with a periodic putative driver (Figure A24 row 4), we find that cross map skill is a

periodic function of the prediction lag. While this result is what we would expect mathematically, its causal

interpretation is unclear. The fifth row of Figure A24 is an extreme case of strong forcing, where Y (t + 1)

is a function of X(t), but not Y (t). Here the prediction lag test gives a false positive error. In the bottom

row, X and Y do not interact, but are both driven by a common cause W with different lags. Specifically,

W (t) exerts a direct effect on Y (t + 1) and on X(t + 3). Thus, Y receives the same information as X, but

at an earlier time, analogous to Figure 3iii. Consistent with this, delay vectors of X predict past values of

Y better than future values of Y . Thus, the prediction lag test produces a false positive error.
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Figure A24: Comparison of visual continuity testing, cross map skill testing, and prediction lag testing in
causal discovery. Each row represents a two-variable or three-variable system where Y may or may not
causally influence X. The leftmost column shows the equations and ground truth causality. The second
column shows a sample of X and Y dynamics. Red and blue dots represent X and Y values, respectively;
black lines connecting the dots serve as a visual aid. The third column shows visual continuity testing and
causal interpretation. We write “likely” in the top row because the map from X delay space to Y appears
to have some small bumps on the right side of the plot. The fourth column shows cross map skill testing
(without the prediction lag test) and causal interpretation. Black dots show cross map skill. Open purple
dots show the 5% chance cutoff at the maximum library size according to random phase surrogate data
testing (see Appendix A5), or are placed below the horizontal axis if the 5% chance cutoff is below the plot.
In all systems Y appears to cause X according to cross map skill testing since cross map skill is positive,
increases with training data size, and is significant according to the surrogate data test. The rightmost
column shows the prediction lag test and causal interpretation.

Ye et al. [96] applied the prediction lag test to 500 systems with the same form as in the third row of Figure

A24 but with randomly chosen parameters. They found that within the parameter range they sampled, false

negative errors as in Figure A24 do occur, but such errors are rare. We repeated the randomized numerical
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experiment from [96] for both the original parameter range of [96] (Figure A25B, “friendly” parameter regime)

and a second parameter range of the same volume in parameter space (Figure A25B, “pathological” parameter

regime). In this pathological parameter regime, false negative errors occur in the overwhelming majority of

cases.

Figure A25: Parameters within a “pathological” regime almost always cause the prediction lag test to er-
roneously reject a true causal link. (A) System equations. For both “friendly” and “pathological” regimes,
initial conditions X(1) and Y (1) were independently and randomly drawn from the uniform distribution
between 0.01 and 0.99 (“Unif(0.01, 0.99)”), and RX was drawn from Unif(3.7, 3.9). RY was drawn from
Unif(3.7, 3.9) (“friendly”) or Unif(3.1, 3.3) (“pathological”). AXY and AY X were independently drawn from
Unif(0.05, 0.1) (“friendly”) or Unif(0.15, 0.2) (“pathological”). (B) Boxplots show the optimal prediction
lag when using delay vectors made from X to predict values of Y in 250 systems with parameters selected
randomly as described just now. In the ground truth model for this system, Y exerts a causal influence on
X. In the “friendly” parameter regime, the optimal prediction horizon is negative, correctly indicating that
Y does indeed cause X. In the “pathological” regime, the optimal prediction horizon is positive, and so the
prediction lag test would wrongly conclude that Y does not cause X. In the friendly regime the “box” is
shown as a line because the vast majority of trials had the same optimal prediction lag of −1.

A5 Detailed methods

Methodological details for Figure 2

For panel B, we simulated the random walk system

X(t+ 1) = X(t) + ε(t)

where ε(t) terms were drawn independently from a normal distribution with mean of 0 and standard

deviation of 1. We simulated this system from the initial condition of X(1) = 0 through 999 subsequent
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steps. For panel C, we simulated the autoregressive system

X(t+ 1) = 0.75X(t) + 10 + ε(t)

where ε(t) terms were again drawn independently from a normal distribution with mean of 0 and standard

deviation of 1. We simulated this system from the initial condition of X(1) = 40 for 1999 subsequent steps.

We only used the final 1000 steps for computing the correlation between two time series.

To compute the significance of the Pearson correlation between two time series, we used surrogate data

generated by either permutation or the random phase procedure. Permutation surrogate time series were

generated by randomly shuffling data. Random phase surrogate time series were generated by Ebisuzaki’s

random phase method [42] as implemented in the rEDM (version 1.5) function make_surrogate_data. For

a pair of time series [X1(1), X1(2), ..., X1(1000)], [X2(1), X2(2), ..., X2(1000)], we first computed the Pearson

correlation ρ̂ between the two time series. We then replaced the X2 values with surrogate time series and

recomputed the Pearson correlation as ρ̃. We computed this shuffled correlation 9999 times (permutation)

or 499 times (random phase) to get a null distribution [ρ̃1, ρ̃2, ..., ρ̃n]. Following [47], we computed the p

value as

p = (Nstronger + 1)/(Nsurr + 1) (5)

where Nsurr is the number of surrogates, Nstronger is the number of surrogate correlations ρ̃ whose magnitude

was greater than or equal to the magnitude of the original correlation ρ̂, and the “+1” terms account for ρ̂.

Methodological details for Figure 4

The system of equations was numerically integrated using the ode45 method in Matlab from t = 0 to t = 200

in time steps of 0.03, and plotted in the delay space Z with τ = 3.6. The initial condition for all state

variables (V , W , X, Y , Z, dXdt ,
dY
dt , and

dV
dt ) was 1. For panel F, measurement noise was added to Y (t) .

Specifically, noisy data were generated as:

Y obs(t) ∼ Unif
(
Y (t)− 31/2 (0.15∆Y ) , Y (t) + 31/2 (0.15∆Y )

)

where Unif(a, b) is a uniform random variable bounded by a and b, and ∆Y is the difference between the

maximum and minimum values of Y (t) between t = 0 and t = 200. These noise parameters are chosen so

that Y obs(t) is centered at Y (t) and has a standard deviation of 0.15∆Y .
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Methodological details for Figure 5

The dynamics in the top row of Figure 5 were generated from the equations:

X(t) = sin(t) + 0.5t

Z(t) = 0.1(t− 10)2

This continuous-time system was discretized from t = 1 to t = 20 on an evenly spaced grid of 400 data

points for visualizing delay spaces where the time delay is 50 time points (i.e. τ = 50(20− 1)/(400− 1)).

The dynamics in the second row of Figure 5 were generated from the equations:

X(t+ 1) = X(t)(3.61− 3.61X(t))

Z(t+ 1) = Z(t)(3.61− 3.61X(t))

with initial conditions of X(1) = 0.4 and Z(1) = 0.7. For this system, τ = 1 and t = 1, 2, ..., 2000 were

used to make the plots of delay spaces.

The dynamics in the third row of Figure 5 were generated from the equations:

dX2

dt
= −X(t)

dZ2

dt
= −25Z(t)

with initial conditions of X(1) = X ′(1) = Z(1) = Z ′(1) = 1. For this system, τ = 0.9 was used for

delay spaces. This continuous-time system was numerically integrated using the ode45 method in Matlab

from t = 0 to t = 13.998 on a grid of 4667 evenly-spaced time points for plotting dynamics, and time points

t = 0.003 through t = 7.698 were used for visualizing delay spaces.

The dynamics in the bottom row of Figure 5 were generated from the classic Lorenz attractor equations:

dX

dt
= −10X(t) + 10Y (t)

dY

dt
= 28X(t)− Y (t)−X(t)Z(t)

dZ

dt
= −8

3
Z(t) +X(t)Y (t)
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with initial conditions of X(0) = Y (0) = Z(0) = 1. A delay of τ = 0.14 was used to make delay spaces.

This continuous-time system was numerically integrated using the ode45 method in Matlab from t = 0 to

t = 399.98 on an evenly spaced grid of 5715 data points for visualizing delay spaces.

Methodological details for Figure 7

Ground truth model and data generation

We used the ground truth model:

S1(t+ 1) = max (0, S1(t) (1.2− 0.1S1(t) +D1(t)) + εp1(t))

S2(t+ 1) = max (0, S2(t) (1.1− 0.2S2(t) +D2(t) + 0.3S1(t)) + 2.5εp2(t))

S1(t) and S2(t) represent the population sizes of species 1 and 2 at time t. D1(t) and D2(t) are the values

of periodic drivers at time t. Specifically, in both the two-driver and one-driver cases:

D1(t) = 0.05sin (t+ φ1) + 0.05sin

(
5t

6
+ φ1

)
In the two-driver case:

D2(t) = 0.1sin

(
t√
10

+ φ2

)
Conversely, in the one-driver case D2(t) = 0. The process noise terms εp1(t) and εp2(t) are both IID

normal random variables with mean of 0 and with shared standard deviation σp. Specifically, for any pair

of times t1 6= t2, εp1(t1) and εp1(t2) are independent, and similarly for εp2. Also, all values εp1(1), εp1(2), · · ·

are independent of all values εp2(1), εp2(2), · · · . At the beginning of each replicate simulation, the phases φ1

and φ2 are independently assigned a random number from a uniform distribution between 0 and 2π, and do

not change with time.

To generate data without measurement noise, we simulated this system for t = 1, 2, ..., 400 with the initial

conditions S1(1) = 2; S2(1) = 4.5. We used the final 200 time points for inference to help ensure that the

system had reached equilibrium behavior.

We also introduced additive measurement noise to simulate instrument uncertainty:

Sobs1 (t) = S1(t) + εm1(t)/1.5

Sobs2 (t) = S2(t) + εm2(t)
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where Sobs1 and Sobs2 represent the observed values (i.e. noisy measurements) of S1 and S2. εm1(t) and

εm2(t) are also IID normal random variables with mean of 0 and standard deviation σm. The tables in Figure

7D are generated by varying σp from 0 to 8 and varying σm from 0 to 1.

Causal analysis using Granger causality and CCM

For each combination of σm and σp (the standard deviation of measurement noise and process noise, re-

spectively), we generated 1000 time series for S1 and S2 as described above. For each replicate pair of time

series, we used Granger causality and CCM to infer whether S1 causes S2 (it does) and whether S2 causes

S1 (it does not).

Granger causality inference

We used the multivariate Granger causality Matlab package (MVGC, [20]). We used the following settings:

• regmode = ’OLS’ (We fit the autoregressive model by the ordinary least squares method).

• icregmode = ’LWR’ (We determined the information criterion using the LWR algorithm. This is the
default setting).

• morder = ’AIC’ (We used Akaike information criterion to determine the number of lags in the autore-
gressive model).

• momax = 50 (We used a maximum of 50 lags in the autoregressive model).

• tstat = ” (We used Granger’s F-test for statistical significance. This is the default setting).

We inferred the presence of a causal link if the p-value was less than or equal to 0.05. We inferred no

causal link otherwise. When σm and σp were both 0, the MVGC package (correctly) exited with an error on

most trials. We reported this as “unsuitable data” in Figure 7D & E.

When σm and σp are both 0, the inferred spectral radius of the stochastic process is close to 1, and

the MVGC routines can be prohibitively slow (i.e. when running 1000 trials, the program would hang at

an early stage for hours). In this case, the authors note that switching from the package’s default single-

regression mode to an alternative dual-regression mode may improve runtime [20]. We thus switched to the

dual-regression mode when the spectral radius was between 0.9999 and 1 (a spectral radius of 1 or more

causes an error). This fix had no effect on benchmark results as long as at least one of σm and σp was not 0.

Convergent cross mapping

Convergent cross mapping looks for a delay map from X to Y . That is, CCM looks for a map from

[X(t), X(t − τ), X(t − 2τ), ..., X(t − (E − 1)τ)] to Y (t). Thus in order to apply CCM one needs to choose
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the delay τ and the vector length (dimension of the delay space) E. E and τ should ideally be “generic” in

the sense of Takens’ theorem: we want to avoid line-crossing (such as the symbol “∞”) in the delay space,

because otherwise, Φ−1 in Figure A21 does not exist. There are different ways to do this, but no method is

obviously the best ([92, 23]).

Following [92] and [18] we chose τ and E to maximize univariate one-step-ahead forecast of the putative

causee X. That is, for X(n), we try to predict X(n+1) using the simplex projection method by finding delay

vectors in the training data of X that are most similar to [X(n), X(n−τ), X(n−2τ), ..., X(n−(E−1)τ)], and

take weighed average of their X values 1 step in the future (i.e. Figure 6A where X = Y and the prediction

lag is 1). If the delay space has a line crossing, then at the cross-point, a one-step-ahead forecast may have

more than one possible outcome and thus perform poorly. In more detail, we made one-step-ahead forecasts

within the time range 201-400 (we did not use time range 1-200 to avoid transient dynamics). As per the

field standard, we used leave-one-out cross-validation to do simplex projection. That is, when making a

forecast for a time t, we used all times within 201-400 other than t as training data (200 time points). We

performed a grid search, varying τ from 1 to 6 and varying E from 1 to 6. We then used the combination

of τ and E that maximized the forecast skill (the Pearson correlation between forecasts and true values) for

subsequent CCM analysis. Additionally, following [18], if the optimal combination of τ and E failed to give

a significantly positive forecast skill, we did not report CCM results for that trial and reported the trial as

“unsuitable data”. To test whether forecast skill is “significantly positive”, we ask whether it is robust to small

changes in the training dataset. To do so, we used a naive bootstrap approach to create different versions

of training libraries composed of randomly chosen delay vectors (sampling with replacement: some vectors

may not be sampled and others may be sampled more than once) from the original training data using the

’random_libs’ setting in the rEDM (version 1.5) ccm method. The training library size (the number of delay

vectors in the library) was chosen to be 200. We then calculated forecast skills with 300 such libraries and

considered the forecast skill “significant” if at least least 95% gave a forecast skill greater than 0.

Having chosen τ and E, we checked three CCM criteria to infer causality (criteria 1-3 in Figure 6) using

rEDM version 1.5. We did not use the fourth criterion (the prediction lag test) since its interpretation is

unclear for periodic systems (Figure A24). For all three criteria, we used the same cross-validation setting

that we used to choose τ and E. The first CCM criterion is that cross map skill is greater than 0. Thus,

we computed cross map skill using the maximum possible number of distinct delay vectors (200− (E − 1)τ)

and compared this value to 0.

The second CCM criterion is that the cross map skill from causee to causer with real data must be greater

than the cross map skill when the putative causer is replaced with surrogate data. To test this criterion, we

first computed cross map skill using the same training and testing time points as before to obtain a single
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cross map skill value. We then repeatedly (1000 times) computed cross map skill in the same way, but now

with the putative causer time series replaced with random phase surrogate data. Random phase surrogate

data were generated by Ebisuzaki’s method as implemented in the rEDM function make_surrogate_data.

We then computed the p-value according to Eq. 5. A putative causal link would pass this criterion if the

p-value was less than or equal to 0.05.

The third CCM criterion is that cross map skill increases with more training data. Following [92], we

again used a naive bootstrap approach to test for this criterion. Specifically, we computed the cross map

skill with a training library composed of randomly chosen delay vectors sampled with replacement from the

original training data time points. We used either a large library with 200 − (E − 1)τ available training

vectors as used previously, or a small library with 15 training vectors. For each of 1000 bootstrap trials, we

compared the cross map skill from a randomly chosen small library to the cross map skill from a randomly

chosen large library. We said that the cross map skill increased with training data if the cross map skill of

the large library was greater than that of the small library in at least 95% of the 1000 bootstrap trials.

For “alternative” CCM testing, we only changed how the third CCM criterion (cross map skill increases

with more training data) were tested. Here, instead of using the bootstrap test of [92], we tested the third

CCM criterion using Kendall’s τ test as suggested in [103]. To do this, we varied the library size from a

minimum of 15 vectors to the the maximum library size (200 − (E − 1)τ), in increments of 3 vectors. For

each library size, we computed cross map skill using 50 libraries randomly sampled without replacement (e.g.

the 50 libraries would be identical at the maximal library size). We then computed the median cross map

skill for each library size. Finally we ran a 1-tailed Kendall’s τ test for a positive association between library

size and median cross map skill. We used the function stats.kendalltau from the Python package SciPy to

compute a 2-tailed p-value, and then divided this p-value by 2 to get a 1-tailed p-value. We said that cross

map skill increased with training data if the τ statistic was positive and the 1-tailed p-value was ≤ 0.05.

Methodological details for Figure A10

The original subpopulation distributions are normal distributions with standard deviation of 10 and mean

of 100 (male) or 130 (female). Each sampling plot shows 300 samples randomly drawn from the appropriate

mixture distribution.

Methodological details for Figure A21

To generate data for panels C-J, the system of panel A was numerically integrated using the ode45 method

in Matlab with a time step of 0.005 and with the initial condition that X, Y , Z, dXdt ,
dY
dt were all set to 1 at
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t = 0. Panels C , E, F, G and I show data from a single period. For panel H the system was integrated for

about 5 periods to more clearly visualize the lack of a continuous delay map. For panel J, inset the system

was integrated for 1 period for the main figure and about 12 periods (to increase sampling density) for the

inset. This allows us to better see the separated legs of the curve upon zooming in. Panels C, D, F, H, and

J were colored mod(t, T ). That is, they were colored by the remainder of t (time) after dividing by T (here

T = 2π). τ = 3.6 was used for all delay spaces.

Methodological details for Figure A22

All systems were discretized from t = 1 to t = 20 on an evenly spaced grid of 200 points for visualizing delay

spaces.

The dynamics in the top row were generated from the equations:

X(t) = sin(t) + 0.5t

Y (t) = sin(1.3t)

A delay time of 12 time indices (i.e. τ = 12(20− 1)/(200− 1)) was used for constructing delay spaces.

The dynamics in the second row were generated from the equations:

X(t) = sin(1.3t)

Y (t) = Y (t− δ)(3.77− 3.77 ∗ Y (t− δ))

with δ = (20 − 1)/(200 − 1) and the initial condition Y (1) = 0.3. A delay time of 25 time indices (i.e.

τ = 25(20− 1)/(200− 1)) was used for constructing delay spaces.

In the third row the dynamics are identical to the first row, except that X and Y are switched, and

τ = 25 time indices was used for constructing delay spaces.

Methodological details for Figure A23

Top row: For this system, we used the initial conditions W (0) = Ẇ (0) = X(0) = Y (0) = Ẏ (0) = 1. We

numerically integrated this system using ode45 in Matlab with a time step of 0.03. We composed delay

vectors of length E = 3 with a delay of τ = 3.6. We visualized the delay space using data from t = 0 through

t = 29.97 (time indices 1-1000). For CCM with temporally separate training and testing sets, we used data
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from t = 0 through t = 14.97 (time indices 1-500) for training data and data from t = 15 through t = 29.97

(time indices 501-1000) for testing. Specifically, in the rEDM (version 0.7.2) ccm method we set the lib

argument to “c(1, 500)” and set the pred argument to “c(501, 1000)”. We used rEDM version 0.7.2 for this

analysis because we found that it more easily produced distinct training and test sets than later versions

(on a computer running MacOS 11.6 and R version 4.0.2). For CCM with temporally interspersed training

and testing sets, we set both the lib and pred arguments to “c(1,1000)”. This setting instructs rEDM to use

leave-one-out cross-validation.

Second row: Ground truth data generation and analysis were the same as in the top row, except that

the roles of X and Y were swapped.

Third row: For this system, we used the initial conditions W (0) = 0, Ẇ (0) = 1/1.6, X(0) = 1.3, Y (0) =

1.5. We numerically integrated this system using ode45 in Matlab with a time step of 0.1. We visualized

the delay space using data from t = 0 through t = 40 (time indices 1-401). We used the delay vector

parameters (E = 3, τ = 3.0). For CCM with temporally separate training and testing sets, we used data

from t = 0 through t = 19.9 (time indices 1-200) for training data and data from t = 20 through t = 39.9

(time indices 201-400) for testing. For CCM with temporally interspersed training and testing sets, we used

cross-validation over the entire range t = 0 through t = 39.9.

Bottom row: We discretized this system with a time step of 0.05. We visualized the delay space using

data from t = 0 through t = 20 (time indices 1-401). We used the delay vector parameters (E = 2, τ = 2.5).

For CCM with temporally separate training and testing sets, we used data from t = 0 through t = 9.95

(time indices 1-200) for training data and data from t = 10 through t = 19.95 (time indices 201-400) for

testing. For CCM with temporally interspersed training and testing sets, we used cross-validation over the

entire range t = 0 through t = 19.95.

For convergent cross mapping, we used the same τ and E as for visualizing delay spaces (see above).

“Training data size” on the horizontal axis is the number of delay vectors in the training library. Each dot

in these CCM plots represents the average forecast skill over 300 randomly chosen libraries. Error bars

represent the 95% confidence interval as calculated by the bias-corrected and accelerated bootstrap (1000

bootstraps) as implemented in Matlab’s bootci function. Error bars are the same color as the dots and so

are not visible when they fit inside the dots.

Methodological details for Figure A24

Top row: For this system, we used the initial conditions X(1) = 0.2, Y (1) = 0.4 and composed delay vectors

of length E = 2 with a delay of τ = 2. We visualized the delay space using data from time points 501-2000.
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We used points 801-1000 for training data and points 1001-2000 for testing cross map predictions.

Second row: For this system, we used the initial conditions X(1) = 0.4, Y (1) = 0.2 and the delay vector

parameters (E = 2, τ = 1). We visualized the delay space using data from time points 501-2000. We used

points 801-1000 for training data and points 1001-2000 for testing cross map predictions.

Third row: For this system, we used the initial conditions X(1) = 0.2, Y (1) = 0.4 and the delay vector

parameters (E = 3, τ = 2). We visualized the delay space using data from time points 501-2000 (time points

1-6 × 105 for the zoomed-in inset). We used points 801-1000 for training data and points 1001-2000 for

testing cross map predictions.

Fourth row: For this system, we used the initial conditionsW (0) = Y (0) = 0 and X(0) = Ẇ (0) = Ẏ (0) =

1. We numerically integrated this system using ode45 in Matlab with a time step of 0.1. We visualized the

delay space using data from t = 50.1 through t = 200 (time indices 501-2000). We used the delay vector

parameters (E = 3, τ = 7.2). We used data from t = 70.1 through t = 100 (time indices 701-1000) for

training data and data from t = 100.1 through t = 200 (time indices 1001-2000) for testing cross map

predictions.

Fifth row: For this system, we used the initial conditions X(1) = 0.2, Y (1) = 0 and composed delay

vectors of length E = 2 with a delay of τ = 2. We visualized the delay space using data from time points

501-2000. We used points 801-1000 for training data and points 1001-2000 for testing cross map predictions.

Sixth row: For this system, the “initial” conditions specified the first 3 timepoints since we included a lag

of 3. Thus, for k = 1, 2, 3, W (k) = 0.2, X(k) = 0.4, and Y (k) = 0.3. We composed delay vectors of length

E = 3 with a delay of τ = 1. We visualized the delay space using data from time points 501-2000. We used

points 801-1000 for training data and points 1001-2000 for testing cross map predictions.

For convergent cross mapping (in rEDM version 0.7.2), we used the same τ and E as for visualizing

delay spaces. The training data size is the number of delay vectors in the training library. For the plots in

the fourth column, we chose 300 random libraries of training delay vectors with variable training data size,

and used the standard prediction lag of 0. Delay vectors were chosen without replacement. Note that at

large training data size, some or all of the 300 random libraries can be identical. Each dot in these CCM

plots represents the average forecast skill over all 300 randomly-chosen libraries. Error bars represent the

95% confidence interval as calculated by the bias-corrected and accelerated bootstrap (1000 bootstraps) as

implemented in Matlab’s bootci function. Error bars are the same color as the dots and so are not visible

when they fit inside the dots.

In all rows, the cross map skill for the putative causer Y was greater than for at least 95% of random phase

surrogate time series (purple dot). The 5% cutoff value was computed for the maximum library size (156

for row 4 and ∼ 200 for all other rows) by running the CCM procedure after replacing the putative causer
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Y with 500 random phase surrogate time series generated using the rEDM function make_surrogate_data.

For the plots in the fifth column we used the full library contained within the training data window (156

delay vectors for row 4 and ∼ 200 for all other rows) and varied the prediction lag. We did not use random

libraries for these plots.

Methodological details for Figure A25

To generate randomized parameter sets, we randomly selected RX , RY , AXY and AY X from uniform dis-

tributions. We also randomly selected the initial conditions X(1) and Y (1) from uniform distributions.

To make systems in the “friendly” parameter regime, we drew RX and RY independently from the range

3.7 − 3.9, we drew AXY and AY X independently from the range 0.05 − 0.1, and we drew X(1) and Y (1)

independently from the range 0.01− 0.99. These are the same parameters used in the randomized numerical

simulations of [96]. Next, to make systems in the “pathological” parameter regime, we drew RX from the

range 3.7 − 3.9, we drew RY from the range 3.1 − 3.3, we drew AXY and AY X independently from the

range 0.15− 0.2, and we drew X(1) and Y (1) independently from the range 0.01− 0.99. For both parameter

regimes we randomly chose 250 sets of parameters and ran the system for 3000 time points. Occasionally

a randomly chosen system would leave the basin of attraction and reach large values, represented on the

computer as positive or negative infinity, or “not a number”. When this occurred, we discarded the data and

resampled parameters.

To apply CCM (in rEDM version 0.7.2) on each system, we generated a training library of delay vectors

of X by randomly selecting 200 vectors from among time points 100-2000. We then evaluated cross map

skill from delay vectors of X to values of Y at points 2001-3000. Following [96], we used delay vectors of

length E = 2 and a delay duration of τ = 1. We evaluated cross map skill with a prediction horizon of −8

through 8.
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Part II

A rigorous and versatile statistical test for

correlations between time series

A version of this part is available on the bioRxiv preprint server with the title “An exactly valid and

distribution-free statistical significance test for correlations between time series.”

1 Introduction

Researchers routinely look for correlations between variables to identify potentially important relationships,

or to use as a starting point for downstream modeling and experiments. In fields such as climatology, ecology,

and physiology, data are often collected as time series, and so correlations between time series are common.

Interpreting a correlation between time series can be challenging because it is easy to obtain a seemingly

high correlation between two time series that have no “meaningful” relationship [121, 122]. For example, the

population densities of replicate exponentially-growing bacterial cultures may be correlated over time, but

this correlation is driven by a temporal trend rather than any causally meaningful relationship. To avoid

spurious correlations, it helps to distinguish between the concepts of “correlation” and “dependence”, and how

each relates to causation. In time series research, “correlation” is often used procedurally [121, 36, 33]. That

is, a correlation function is any function that takes two time series and produces a statistic, which is usually

interpreted as a measure of similarity or relatedness. Examples include Pearson’s correlation coefficient,

local similarity [37], and cross-map skill [18]. Whereas a correlation statistic is a summary of an observed

dataset, statistical dependence (or independence) is a hypothesis about the relationship between variables.

Two variables x and y are (statistically) dependent if the probability distribution of x while statistically

controlling for y (the conditional distribution of x given y) differs from the distribution of x while not

controlling for y (the marginal distribution of x). For example, lung cancer and smoking are dependent if

the probability of lung cancer among smokers is different from that in the entire population. Importantly,

dependence is linked to causality (as defined in the usual sense: x causes y if perturbations in x can alter y).

The link between dependence and causality is due to Reichenbach’s common cause principle, which states

that if two variables are dependent, then they are causally related: Either they share a common cause, or

one variable causes the other (possibly indirectly) [29, 5]. Thus, before seizing upon causal explanations, it

is useful to to first test whether the observed correlation is strong enough to indicate dependence.
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In the simpler (non-temporal) case where measurements of two variables are independent and identically

distributed (iid, see Appendix A1 of Part I), the permutation test provides a general way to test for de-

pendence between the two variables. Specifically, let (xi, yi) be the ith pair of measurements of variables

x and y, and let θ be the observed correlation between the x and y measurements. The permutation test

randomly shuffles the index of one of the variables, and then recomputes the correlation. This process is

then repeated many times, essentially producing a null distribution. Under the null hypothesis that x and y

are independent, correlations obtained from the original and the shuffled data follow the same distribution.

Thus, a p-value can be calculated as (see, for example, section 6.2.5 of [123]):

N≥ + 1

Nrandomized + 1
(6)

where Nrandomized is the total number of “randomized correlations” (i.e. correlations obtained from

shuffled data), and where N≥ is the number of randomized correlations that are at least as strong as the

original correlation. The “+1” terms account for the original correlation. This test has three especially

desirable properties. First, the test is valid : If we infer dependence only when p is less than some significance

level α, then our false positive rate (i.e. the chance of erroneously reporting dependence) will be no more than

α [123, 124]. Second, the test is distribution-free: It does not require that the variables or the correlation

statistic follow a particular probability distribution [125]. Lastly, the test is without critical parameters: Its

validity does not depend on any parameters that must be estimated or chosen by the user.

Dependence testing is less straightforward when applied to a pair of time series. Although a time series

can have many data points, these data are not independent of each other in the sense that they are often

autocorrelated (e.g. what occurs today influences what occurs tomorrow). A permutation test carried out

by shuffling data within time series will generally not be valid. This is because temporal shuffling destroys

autocorrelation, which often leads to artificially weak randomized correlations and thus an unacceptably high

false positive rate (Figure 2 in Part I). If multiple independent and identical systems (trials) are available,

we can instead perform a valid test by comparing within-trial correlations to between-trial correlations

[43, 126, 127]. However, many important questions focus on a pair of single time series only (i.e. they have

the “n-of-one” challenge). For instance, global-scale environmental studies are necessarily n-of-one because

replicate Earths are unavailable, and the n-of-one perspective has been advocated in psychology because

statistical patterns within one individual might differ from patterns in other individuals [128].

One way to address the n-of-one challenge in testing for a significant correlation between time series

is to use parametric tests that account for autocorrelation [40]. However, these tests are limited to a

particular correlation statistic (such as Pearson’s correlation coefficient) [41, 40] because each test relies on
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the availability of analytical results tailored to a specific statistic under the null hypothesis of independence.

Consequently, the parametric testing approach may not be applicable to some increasingly popular statistics

(e.g. cross-map skill in environmental sciences [18, 86, 129, 130, 89, 90]; see also [48, 43] for a broader overview

of nonlinear dependence statistics). Parametric tests also require parametric assumptions (e.g. the sample

correlation coefficient follows a prespecified distribution) and/or require that the user correctly estimate

some parameter (e.g. the autocovariance matrix of the time series) [42, 41, 40]. Alternatively, if a correct

model of the autocorrelation is known, the model can sometimes be used to remove the autocorrelation

(“prewhitening”) so that standard correlation tests may be applied [131]. Yet, prewhitening can remove

between-variable dependence ([131], p. 120) and does not work for all data types [132].

When parametric tests and prewhitening are unavailable or inappropriate, dependence between time

series is typically tested by the surrogate data testing approach [48]. Specifically, one begins with two

time series {x1, x2, ...xn} and {y1, y2, ...yn} (abbreviated {xt} and {yt}), and computes some measure of

correlation between them. Next, one uses a computer to simulate how independent replicates of {yt} might

have looked. These simulated {yt} time series are called “surrogate” {yt} series. Finally, one computes the

correlation between {xt} and each surrogate {yt}. A p-value is then given by the proportion of surrogate {yt}

series that produce a correlation equal to or larger than the real {yt}. More precisely, the p-value is given

by Eq. 6, but where where N≥ is now the number of surrogates that produce a correlation statistic at least

as large as the original {yt} series and Nrandomized is the total number of surrogates [47]. The permutation

test is a special case of surrogate testing when data are iid instead of time series.

Several procedures have been used to generate time series surrogates, each with different strengths and

limitations. For instance, the random phase procedure decomposes the {yt} time series into sine waves,

randomly shifts these sine waves horizontally, and finally sums them up to produce surrogates [42, 129]

(Appendix 3 Figure 1 of [127]). This procedure is valid when {yt} is a process that is Gaussian (any

subsequence following a multivariate Gaussian distribution), stationary (this distribution does not change

over time), and linear (future values depending linearly on past values and past random events) [48, 43]; see

[49] for precise validity conditions. A more general version of the random phase procedure, called the iterative

amplitude-adjusted Fourier transform (IAAFT) procedure, is valid when {yt} is a Gaussian, stationary, and

linear process that is observed through an invertible but possibly nonlinear observation function [47, 48].

Yet even this more general version would exclude processes that are inherently nonlinear. Surrogates can

also be produced by a block bootstrap method in which random subsequences are selected from {yt} and

joined together [133, 50]. However, junctions between the blocks can produce disruptions, rendering the test

inexact [133]. A sophisticated variant of the block bootstrap method, called the twin method, attempts to

position blocks so that the disruptions are minimized [51]. Yet even in this method, performance depends on
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“embedding parameters” [134] that must be appropriately chosen by the user, a potentially difficult task [118].

Overall, such surrogate procedures do not embody the three desired properties (being valid, distribution-free,

and without critical parameters).

The procedure we propose in this Part is most closely related to time-shifted surrogates [135, 136, 137,

130, 50, 43]. The essential idea is to produce surrogates of {yt} by shifting the original {yt} in time. One

can then calculate a p value according to Eq. 6. However, Bartlett [138] noted that the test is generally

invalid because the surrogates are statistically dependent on each other.

Here we describe, analyze, and apply the truncated time-shift (TTS) test, a valid test for dependence

between two time series. The TTS test is valid as long as one of the two time series is strict-sense stationary.

Like the permutation test applied to iid data, the TTS test is compatible with essentially any correlation

statistic and its validity does not require the assumption of a particular probability distribution, nor does

it require that a user correctly select some parameter. Although the statistical power of the TTS test

can depend on user-selected parameters, we demonstrate using simulations that with sufficient data, simple

guidelines for parameter choices allow high power to be achieved. We first illustrate the TTS procedure and

mathematically prove that it correctly controls the false positive rate. We then compare this test with other

surrogate data tests in numerical experiments. We also consider how to set test parameters to increase the

power with which it detects genuine dependence. Lastly, we demonstrate the use of the TTS test by applying

it to real data from climatology, animal behavior and microbiome science.

We note that after we uploaded an earlier version of this Part to the bioRxiv preprint server [139], we

happened to discover an arXiv preprint that independently conceived and proved an equivalent test [132].

The preprint, whose primary focus is a description and proof of the TTS test, additionally shows that the

TTS test is not excessively conservative. That is, using the same procedure with a less stringent cutoff

will always produce an invalid test for finite data (although a less stringent cutoff does become valid in the

limit of infinite data). We nevertheless provide our version of the proof in Appendix A1 because (1) our

proof is more complete in the sense that each statement is justified; (2) our proof applies more directly

to finite-time processes, as we use a definition of stationarity that applies explicitly to finite time series

(instead of stationarity in standard stochastic process literature which is defined only for infinite time series

[140, 141, 142]); and (3) our proof is intended to be relatively accessible, with graphical illustrations of

intermediate lemmas and relevant background concepts (Appendix A1.2).

68



2 Results

The truncated time shift (TTS) test

The truncated Time Shift (TTS) test is based on time-shifted surrogates, and requires shifting the original

{yt} series in time without altering its length. One way to achieve this is to use cyclic permutations [130, 50].

That is, if the original {yt} series were {1, 2, 3, 4}, then there would be 3 surrogates, given by {2, 3, 4, 1},

{3, 4, 1, 2}, and {4, 1, 2, 3}. However, these surrogates artificially force the first and final points of the original

{yt} series to become neighbors, which can distort the dynamics [48].

Figure 26: The truncated time shift procedure. (A) Stepwise description of the procedure. (B) A worked
example. In the example, the process noise terms εx,t and εy,t are independent and identically distributed
normal random variables with variance of 1 and zero mean. u can exceed 1 (e.g. the maximum B can be
2r+1 in which case we do not reject the null hypothesis of independence). If one insists on reporting a u value
of between 0 and 1, min(u, 1) instead of u can be used, giving what is sometimes called a “superuniform”
p-value [143, 144].

Instead, we will truncate time series and then shift them to generate surrogates [48]. Starting with
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{x1, x2, ...xn}, we truncate r time points from each end of the sequence, and obtain:

xtrunc = {x1+r, x2+r, ..., xn−r}.

We call r the “truncation radius”. We then define a collection of truncated and shifted y time series, which

all have the same length as xtrunc:

ytrunc(δ) = {y1+r+δ, y2+r+δ, ..., yn−r+δ}

where the shift δ can take on integer values between −r and r (Fig 26A-B, step 1). Note that when δ = 0,

xtrunc and ytrunc(δ) are aligned. Thus, we can think of ytrunc(0) as our original time series and ytrunc(δ)

for δ 6= 0 as our surrogate time series. For each value of δ between −r and r, we compute the correlation

between xtrunc and ytrunc(δ) (Fig 26A-B, step 2). We then define B (for “Bigger”) as the number of shifts δ

that produce a correlation at least as large as when δ = 0 (Fig 26A-B, step 3). B is bounded between 1 and

2r + 1: We have B = 1 if the strictly greatest correlation is obtained when δ = 0. Conversely, B is equal to

2r + 1 if the lowest correlation (or a correlation that is tied for lowest) is obtained when δ = 0.

If we were to naively apply the traditional logic of surrogate data testing (Eq 6), we could then write

down a p-value as the proportion of correlations (shifted or not) that are at least as large as as the unshifted

correlation:

pnaive = B/(2r + 1). (7)

As Bartlett [138] noted, pnaive is not a valid p-value because the surrogate y series are not independent of

each other (e.g. two consecutive shifts are nearly identical). Instead, our approach relies upon the following

statistic:

u = B/(r + 1). (8)

We refer to this procedure as the truncated time shift (TTS) test. Although u is not a p-value in the usual

sense (e.g. u > 1 is possible), u can be used in the same way to establish evidence against the null hypothesis.

That is, if the null hypothesis is true, then the probability of u ≤ α is no more than α (Fig 26A-B, step

4). In Appendix A1 we prove that this property holds under the assumption that y is stationary. Roughly

speaking, a temporal process is stationary (also called strict-sense stationary) if its probability distribution

does not change over time (see Appendix A1.2 for a precise mathematical definition). Stationary processes
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include many equilibrium processes, noise processes, chaotic processes, and periodic processes with random

phases.

The above mathematical result may also provide a touch of comfort to analyses performed using the

naive test: Comparing the formulas for u and pnaive (Eq. 8 and Eq. 7), we can see that as long as the

requirement of the TTS test is satisfied (i.e. the time series used to generate surrogate data is stationary),

the false positive rate of the naive test will not be inflated above the significance level by more than a factor

of 2. However, we note that many applied studies do not use the naive TTS test as we have described it,

but instead use a number of variations on it ([135, 136, 137, 50]). In Appendix A2, we consider two possible

variants of the naive TTS test and use simulation examples to show that these may in fact be miscalibrated

by far more than twofold.

The TTS test correctly controls the false positive rate when other surrogate data

tests fail

Here, using simulated systems where two time series are independent, we compare the false positive rates for

the TTS test and several existing surrogate data tests. Whereas all other tests fail in at least one stationary

system, the TTS test performs correctly in all stationary systems (as expected). The TTS test also performs

well in the two nonstationary systems considered here.

Specifically, Fig 27Ai-ii shows a first order autoregressive process and a logistic map, which are two

stationary systems commonly used for benchmarking (e.g. [42, 18]). Fig 27Aiii-vi shows four stationary

systems with a combination of periodic dynamics and noise designed to challenge existing tests. Fig 27Avii-

viii show two biologically-inspired nonlinear systems: a stochastic FitzHugh-Nagumo neuronal model [145]

and a competitive Lotka-Volterra system with chaotic behavior [146]. These two systems are likely to be

stationary, although formal proofs are generally difficult for multivariate nonlinear systems [147]. Fig 27Aix-x

show two systems known to be nonstationary: a random walk and a first order autoregressive process (same

as A) with an additive term that increases over time. In all cases, the two time series are independent. See

Appendix A3 for mathematical details.

Two different correlation statistics were used: Pearson correlation strength (absolute value of sample

Pearson correlation coefficient; Fig 27B, left half), and an estimator of mutual information [148], which

is a popular nonlinear form of correlation (Fig 27B, right half). We do not use statistics based on the

Granger causality framework as correlation statistics in this Part. This is because the Granger causality

framework requires tests of conditional dependence [17], whereas the TTS test and most surrogate data

procedures provide tests of (unconditional) dependence and thus are generally inappropriate for Granger
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causality testing (i.e. Figure 6 of [77]).

We compared the following surrogate data tests: the IAAFT procedure [47], the stationary block boot-

strap [149, 133, 50], the twin surrogate procedure [51], cyclic permutation time-shifted surrogates, the naive

TTS test (Eq. 7) and the TTS test (Fig 26). For the first four tests, we use circularization to reduce a po-

tential discontinuity caused by wrap-around effects (Methods), as recommended by [47, 43]. We also tested

four autocorrelation-aware parametric tests: A t-test for Pearson correlation strength (Methods) given by

[150], a modified version of the same test using a procedure suggested by [41] (Methods), and two recently

derived tests for Pearson correlation and mutual information in linear systems [151] respectively. In this

benchmark, the latter three tests exceeded the 5% false positive rate threshold more often than the first test

and performed similarly to each other (supplementary data file 1). For this reason, we show only the original

test of [150] in Fig 27, and use only the same test as our parametric test for all subsequent comparative

analyses.

The TTS test has a false positive rate below 5% for all stationary systems. All procedures other than the

TTS test mistakenly detect dependence at rates above 5% in one or more stationary systems (Fig 27B). For

the cyclic permutation test, a relative of the TTS test that has been used in practice, we go beyond simply

showing failure and explore why cyclic permutations break down (whereas the TTS procedure does not) in

Appendix A3.4. The TTS test also showed low false positive rates with the two nonstationary systems (Fig

27B, last two rows), although the TTS test is not guaranteed to be valid when surrogates are generated from

a nonstationary process (e.g. Fig A42).

72



Figure 27: The truncated time shift (TTS) test controls the false positive rate in stationary systems and
some nonstationary systems. (A) Example time series from different benchmark systems, some of which (i.e.
systems i-vi) can be proven to be stationary (Appendix A3). Systems vii-viii are probably stationary, but it
is in general difficult to prove strict stationarity for multivariate nonlinear stochastic systems [147]. Systems
ix-x are not stationary. A system can have process noise (noise whose effect can propagate to subsequent time
steps) and/or measurement noise (whose effect does not propagate). (i) First-order autoregressive process:
current values depend linearly on values one step ago and process noise. (ii) Logistic map: a deterministic
discrete-time model of population dynamics with growth and a carrying capacity [152]. (iii) Two sine waves,
one with measurement noise whose strength varies with a slow “sawtooth wave” [153]. (iv) A sine wave
with a detection threshold and measurement noise. (v) A series of coin flips with measurement noise (with
’heads’ and ’tails’ coded as 1 and 0 respectively), where coins are autocorrelated because the probability of
a ’heads’ varies over time in a stationary way. (vi) A simple model of a population with exponential growth,
periodic extinction events, and constant immigration. (vii) A stochastic discrete-time FitzHugh-Nagumo
model, which is a nonlinear oscillator inspired by neural voltage dynamics. (viii) Chaotic Lotka-Volterra
model: an ecological model where species engage in intra- and inter-species competition. (ix) A random
walk with Gaussian steps (i.e. xt − xt−1 follows a zero-mean normal distribution). (x) The same process
as in (i), but with an additive temporal trend. (B) False positive rates of dependence tests calculated from
1.5×104 trials. Two independent time series were generated from each system and correlated using either the
absolute value of the Pearson correlation coefficient or an estimate of mutual information. Each surrogate
data test was then used to test for significance (at the 0.05 level) of the correlation under the null hypothesis
of independence. The labels “block boot.” and “cyclic perm.” are shorthand for stationary block bootstrap
and cyclic permutation surrogates. See Appendix A3 for further details.

For time series that can be decomposed into a deterministic “trend” and a stationary component (e.g.

Fig 27Ax), the TTS test can be modified to be rigorous by first detrending followed by retrending (similar

to [154]). The basic idea is to: (1) extract the stationary component by removing the trend, (2) generate

surrogates from the stationary component, and then (3) add the trend back to the surrogates. In Appendix

A4, we demonstrate that the detrending-retrending TTS procedure produces a valid surrogate data test for

time series that are nonstationary due to a deterministic trend.

In summary, whereas the previous section established that the TTS test is universally valid for dependence
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testing in stationary time series, here we have shown using simulation examples that popular surrogate data

tests are not universally valid.

Simple guidelines for choosing TTS parameters to achieve high statistical power

Having shown that the TTS test always correctly controls the false positive rate (as long as one series is

stationary), we now consider its true positive rate (detection power; the probability of detecting a true

dependence). Apart from the choice of correlation statistic, the power of the TTS test is sensitive to two

parameters. One parameter is the truncation radius r, which is specific to the TTS test. The second

parameter (the pre-shift amount s), which we introduce later, arises from the general problem of delayed

coupling (e.g. when the effect of one variable on another occurs after a lag). However, simple guidelines

for choosing r and s allow high statistical power to be achieved when sufficient data are available, as we

demonstrate below using simulation examples.

The truncation radius r simultaneously determines the length of the truncated time series (which is 2r

less than the total number of time points) and the number of time-shifted surrogates (which is 2r). A

rearrangement of Eq. 8 gives r = B/u− 1. If r is exactly 19, significance would be detected at the u = 0.05

level only when B = 1, meaning that the original correlation would need to be strictly greater than all shifted

correlations. If 20 ≤ r ≤ 38, significance at the 0.05 level still requires B = 1 (since if B = 2 and r = 38,

then u = B/(r+1) = 2/39 > 0.05). Thus, choosing 20 ≤ r ≤ 38 will never achieve higher power than setting

r = 19. In general, for a significance level α, power is maximized when r is one less than an integer multiple

of 1/α. Note that the data length needs to be more than 2r, and consequently more than 2/α. As r grows

larger, the TTS test will be able to detect dependence with progressively greater values of B. However, if r

is too large, the truncated time series will be so small that correlation estimate becomes noisy.

Lagged dependence arises when one variable affects another after a delay, or when a common driver affects

two variables with different delays (Fig 28A black curves, x lagging behind y). Detecting lagged dependence

can be challenging for many statistical tests (i.e. all tests in Fig 27), because although two variables may

have a strong shifted correlation (between xt+s and yt for some shift s), the unshifted correlation (which

may at first be the natural statistic for a dependence test) might be very low. The problem is especially

severe for tests that rely on shifted correlations as their null models (including the TTS test). This is because

the existence of a coupling lag means that some of the null (shifted) correlations will exceed the original

(unshifted) correlation (Fig 28B black curve; many black dots above the red dot), potentially leading to low

power.
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The problem of low power associated with lagged dependence can be mitigated by pre-shifting the {xt}

series - the series which is not used to produce surrogates (Fig 28 A, light teal curves). In the examples

explored here (Fig 28), simply pre-shifting by an amount similar to the coupling lag produced a powerful

test. That is, when the pre-shift amount was similar to the coupling lag, correlation at δ = 0 reached a high

value (Fig 28B, s = 2), enabling detection of dependence. If we know a range of likely values for the coupling

lag, we can perform a “multi-shift” test: Test for dependence between {xt+s} and {yt} for several different

values of s, and perform a Bonferroni correction to account for multiple tests. If m different pre-shifts are

used, then we report dependence if any of the m tests is significant at the α/m level. Correspondingly, the

truncation radius will need to be 1 less than an integer multiple of m/α (Fig 28 C). As the range of possible

lags becomes larger, the minimum r value will increase and longer time series may be needed.

To demonstrate how pre-shifting can improve the statistical power of the TTS test, we use an “unforgiving”

case (an autoregressive process where y influences x with a delay of τ = 2 time steps in Fig 28Di). This

process is unforgiving in the sense that the shifted correlation plot exhibits a sharp peak, and consequently

the unshifted correlation is not higher than most of the shifted correlations (Fig 28Dii). Consequently, the

TTS test does not obtain a significant Pearson correlation (Fig 28Diii, first row). The challenge is not

entirely unique to the TTS test, as the IAAFT and parametric tests also suffer low power. Pre-shifting x

by τ = 2 allows all three tests (including the TTS test with different values for the truncation radius r) to

detect the dependence with high power (Fig 28Diii, second row). If the pre-shift amount s is too large, the

power again declines as expected, and compared to the IAAFT and parametric tests, the power of the TTS

test is more sensitive to an incorrect pre-shift (Fig 28Diii, third row). The multi-shift approach described

in the previous paragraph (Fig 28 C) achieved high power (Fig 28Div). With sufficient data, the multi-shift

strategy also enabled high detection power when two variables affect each other with different and uncertain

lags, as long as the range of pre-shifts covers the maximal lag uncertainty (Appendix A5.2).

Pre-shifting may not be necessary in “forgiving” cases. One such case is a coupled bivariate logistic map,

a nonlinear system whose coupling can be readily detected using the “cross-map skill” correlation statistic

[18, 129, 97] (Fig 28E, i). As before, the two processes are coupled with a lag of 2. The shifted correlation

plot exhibits a peak that is broader than the coupling lag (Fig28E, ii). In this case, since B = 4 (as three

of the shifted correlations are greater than the unshifted one), a truncation radius of r = 4/5%− 1 = 79 or

above can detect dependence even without any pre-shifting (Fig 28E, iii first row).

It is inappropriate to visually inspect the plot of shifted correlations and then decide which pre-shift to

use, since this uses test output to select test parameters and will invalidate the test. However, we do note

that similar to Fig 28E, other studies have also found broad peaks when using nonlinear correlation statistics

to detect coupling between nonlinear deterministic systems [48, 96]. Additionally, if at least two replicate
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systems are available for study, one may estimate the peak breadth (and perhaps also position) from one

dataset, and use this knowledge to perform the test on the other dataset.

As shown in Fig 28 and in supplementary data and Appendix A5.1, for the autoregressive process, TTS

power is generally lower than that of the IAAFT, parametric test, and other tests in Fig 27 (although the

multi-shift procedure dramatically improves power relative to individual pre-shifts of 0 or 4; Fig 28Diii). For

the logistic map process, TTS power is similar to that of all other nonparametric tests, and far superior

to the parametric test. These conclusions hold when we varied parameters such as the time series length,

interaction strength, and autocorrelation (Appendix A5.1).

Figure 28: Strategies for increasing power in the challenging setting of a coupling lag. (A-C) Conceptual
illustration of pre-shift and multi-shift. (D, E) Various pre-shifting strategies to account for coupling lag
increase the detection power of the TTS test. (i) Time series in which y influences x with a lag of 2. We
compare a coupled linear autoregressive process (D) and a nonlinear logistic map (E). (ii) Shifted correlation
plots. The absolute value of the Pearson correlation (D) or cross-map skill (E) was computed between xt
and yt+δ for various δ shifts. D is more challenging than E since the unshifted correlation (red dot) is at
the foothill in D but near the maximum in E. To calculate cross-map skill, we used x to estimate y (as
appropriate when y influences x [18]), and the embedding dimension and the embedding lag were set to 2
and 1 respectively following prior works [18, 96]. Grey lines indicate the middle 80% of correlations from
100 trials obtained with a truncation radius of 79. (iii, iv) Power comparison. Tests in Diii and Eiii used
the correlation statistic specified in Dii and Eii respectively, except for the parametric test, which always
used Pearson correlation. Prior to performing the tests, the x series was pre-shifted by s (i.e. testing for
dependence between {x1+s, ..., xn} and {y1, ..., yn−s}, where s = 0, 2, or 4 for single pre-shift at significance
level 0.05 (iii) or s = 0, 1, 2, 3, 4 for multi-shift at a Bonferroni-corrected significance level 0.05/5 = 0.01 (iv).
Detection power was computed as the proportion of 104 simulations in which dependence was detected. Note
that with multi-shift, we choose r = 5/0.05− 1 = 99.
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In the next three sections, we apply the TTS test to existing data sets obtained from systems in cli-

matology, microbiome science, and animal behavior science. These case studies serve as examples of real

systems wherein the TTS test is sufficiently powerful to detect dependence relationships, some of which were

detected by the original authors of the data sets.

An example from climate science

Pre-industrial climatological change is widely understood to have been driven largely by variability in the

Earth’s orbit around the sun. The Earth’s orbit is characterized by three “orbital parameters” known as

eccentricity, obliquity, and precession. Eccentricity describes the shape of the orbit (which varies from nearly

circular to slightly elliptical over approximately 96, 000-year cycles); obliquity is the angle between Earth’s

rotational axis and the normal of the orbital plane (which cycles over roughly 41, 000 years in a band roughly

bounded between 22◦ and 24.5◦); and precession describes how the rotational axis of the earth rotates around

the line normal to the orbital plane (roughly 21, 000 years/cycle) [155, 156]. Each of these parameters is

thought to play a role in Earth’s climate, although some parameters may be more influential than others,

and the extent of a parameter’s influence may change over time [157, 158, 156]. The climate record is

characterized by repeated episodes of cooling followed by warming events called deglaciations. Until about

one million years ago, deglaciations occurred with a period of about 41 kiloyears, which is the period of

obliquity cycles. Because of this, obliquity is often said to “pace” glacial cycles [159, 160]. Yet, two time

series with shared periodic elements can be statistically independent (e.g. Fig 27Aiii).

Using the TTS procedure, we tested for dependence between orbital parameters and deglaciations with

only the assumption that the time series of the three orbital parameters are stationary (Fig 29A). We used

the entire past 2 Myr of deglaciation series as our “truncated” x time series, and generated surrogates using

orbital parameter time series spanning from -12 Myr to 10 Myr (i.e. with a truncation radius of 10 Myr;

Fig 29A). We did not pre-shift time series because 1) we did not have a prior expectation of the coupling

delay, and 2) pre-shifting may not be necessary, because past values could be used to accurately predict

the future values within each series (Appendix A6.2). Hence, we expected that small-to-moderate pre-shifts

before the TTS test would be unlikely to severely change the correlations with the deglaciation series (see

final paragraph of Appendix A6.2 for full argument; see also Fig 28E and related discussion of broad peaks

in coupled nonlinear systems).

The TTS test detected a dependence between deglaciation times and obliquity (u < 0.05), but not the

other two orbital parameters (Fig 29B), similar to Huybers’ original period-based analysis [160]. For the

TTS test, we used the absolute value of the Pearson correlation coefficient so that both positive and negative
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correlations could be detected. We also used a prediction-based nonlinear correlation function (Appendix

A6.2; Fig 27C), which can better detect dependence in scenarios where Pearson correlation may be low

(e.g. if deglaciations occur at the midpoints between peaks and troughs of orbital series). Both detected

the same dependence relationship. A two-tailed parametric Pearson correlation test (see Methods) did not

detect the obliquity-deglaciation dependence (Fig 29B). The TTS test is arguably more appropriate than the

parametric test in this setting because periodic processes can potentially render the parametric test invalid

(Fig 27Biv).
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Figure 29: The TTS test detected dependence between deglaciation and obliquity, but not between deglacia-
tion and precession or eccentricity. (A) Time series of deglaciation events (from [160]) and the three orbital
parameters (estimated from the model in [155]). To convert the 36 deglaciation events ([160]) in the last
2 million years, we used a “sampling frequency” of 1000 years by assigning a 1 to the deglaciation variable
if a kiloyear contained a deglaciation event and a 0 otherwise. Our deglaciation time series thus has 2000
time points. We did not use a higher sampling frequency due to uncertainty in deglaciation timing, and
avoided a lower sampling frequency (e.g. 10 kiloyears) to adequately capture the shapes of the obliquity and
precession cycles. To estimate obliquity, precession, and eccentricity, we used the numerical solution from
[155], which provides accurate estimates of orbital parameters over at least tens of millions of years (and also
predicts future values). Orbital values are standardized to a mean of 0 and variance of 1. To obtain unshifted
correlations, we used truncated time series with times between −1999 kyr and 0 kyr (present time), yielding
a total of 2000 time points. Orbital parameter time series were used to generate time-shifted surrogates,
with a truncation radius of 10 million years (20, 000 time-shifted surrogates). (B, C) Testing for dependence
between orbital parameters and deglaciation. The correlation statistic for the TTS test is either the absolute
value of Pearson correlation (B) or mean squared error (MSE) when using orbital parameters to estimate
deglaciation events via a state space-based technique (C). The latter, a nonlinear statistic, is similar to the
cross-map skill statistic used in other largely deterministic nonlinear systems (Appendix A6.2). Note that
when one variable is continuous and the other variable is binary (as here), the Pearson correlation is also
known as the “point-biserial correlation” (see pg. 294 in [161]). The TTS tests as well as the two-tailed
parametric test using Pearson correlation all suggest that obliquity and glaciation are dependent (u or p
values below 0.05).

An example from human microbiome science

The human microbiome is highly spatial, with different body sites playing host to distinct microbial commu-

nities [162]. Caporaso et al. performed a longitudinal study in which daily microbial surveys were conducted

for over a year on a male subject at four body sites: the left palm, right palm, tongue, and gut (via feces

sampling) [163]. Since this study measured relative abundance of microbial taxa (not absolute population
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size), it is difficult to test for dependence between xmouth and ymouth, or between xmouth and xskin where

xsite is the absolute abundance of species x at location "site" (Fig A44; see also [164]). This is because rela-

tive abundance values sum to a constant, and are thus trivially dependent. Addressing this challenge in the

context of time series is beyond the scope of the present work. However, we can more easily test for overall

dependence between the microbial communities of two body sites. Intuitively, this is because if the absolute

abundance values of microbial species on two body sites are independent, then the relative abundance must

also be independent. As this statement’s contrapositive, if the relative abundance of microbial species on

two body sites are dependent, then the absolute abundance must also be dependent (see Appendix A7.2 for

a formal argument).

We applied the TTS test to the time series from [163] to look for dependence between the microbial

communities living on the left palm, right palm, tongue, and gut. We first obtained OTU (operational

taxonomic unit) relative abundance tables from the data in [163] using the online Qiita platform [165] (see

Appendix A7.5). We then preprocessed data (Fig 30A) by removing or filling gaps in time series, and by

removing OTU abundance time series that were either mostly absent or potentially nonstationary. Analyzing

nonstationary processes is an important problem, but requires prior information, and is outside the scope

of this example. After pre-processing, the number of remaining OTUs ranged from 180 (tongue) to 507

(right palm). Finally, we performed a TTS test between each pair of body sites. Note that the TTS test is

valid for testing dependence between two sets of data where each set consists of a multivariate time series

(Appendix A1), as in this case study (Fig 30B). To correlate datasets from two body sites (Fig 30B), we first

listed all of their shared OTUs. Then for each shared OTU, we computed the sample Pearson correlation

coefficient between the relative abundance series of that OTU in the two sites. Our correlation statistic

Θ was the median of these correlation coefficients across all shared OTUs. We emphasize that we did not

perform a separate TTS test for each OTU since the correlation between body sites was summarized by a

single univariate statistic (Fig 30B). We did not pre-shift time series because we expect dependence among

body sites to be largely driven by migration on time scales likely faster than the sampling period of one day.

We detected dependence between the microbial communities on the left and right palms, and between

the palms and the tongue (Fig 30C). This result was the same if instead of Pearson correlation, we used

local similarity, a correlation statistic designed to detect transient temporal correlations that is popular in

microbiome science [37, 166]. These results reveal more cross-site dependences than the original analysis of

[163], which detected dependence only between the left and right palms. The original study first computed

the phylogenetic distance between temporally adjacent microbiomes within body sites, and then calculated

correlations between the phylogenetic distances of different body sites [163]. Whereas that analysis relied

on parametric tests with assumed null distributions, our analysis relies on correlation statistics that lack a
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readily-computed parametric sampling distribution (i.e. the median of many Pearson correlation coefficients

or local similarities). Yet, due to the flexibility of the TTS test, we are nevertheless able to perform a valid

statistical test, assuming that abundance time series are stationary.

Figure 30: The TTS test applied to longitudinally sampled microbiomes from four body sites detects de-
pendence between body sites. (A) Data preprocessing. To remove long (> 6-day) gaps at the beginning
and end of time series, we only used measurements from day 42 to day 418. Remaining gaps were filled by
linear interpolation or by randomly resampling abundance values. OTUs were removed if they were absent
in over half of measurements or if they were not considered stationary (at the 0.05 significance level) by an
augmented Dickey-Fuller (ADF) test implemented in the Statsmodels Python package [67]. OTUs removed
from one body site were not necessarily removed from the other body sites so that correlations could still
be computed between the other sites. (B) TTS test procedure for correlation between body sites. We used
an intermediate truncation radius r of 79 days (inspired by Fig 28C). We quantified correlation between two
body sites as follows: For each shared OTU i, we computed ρi (the Pearson correlation or local similarity
score of OTU i between the two sites). We do not take the absolute values of these statistics for hypothesis
testing because, following [163], we expect correlations to arise from mixing of biological material between
body sites, and therefore be mostly positive. We then chose the median of {ρ1, ..., ρm} (where m is the total
number of shared OTUs) to be the between-site correlation (i.e. our “Θ” in the notation of Fig 26). This
setup avoids the need to perform a separate test for each OTU. (C) The TTS test detected dependence
between the two palms and between palms and the tongue. Numbers in gold (orange) denote the median
intraspecies correlation as measured by Pearson correlation (local similarity) when gaps were filled by linear
interpolation. All links shown were detected with a significance level of 0.05 after a Benjamini-Hochberg
false discovery rate (FDR) adjustment for performing 6 tests [167, 168]. Note that the gut shares few species
with the other sites (Fig A45). The same network of significant correlations was obtained for (C) regardless
of either the gap-filling method in (A) or whether Pearson correlation versus local similarity was used in
(B). Additionally, for each correlation, we obtained the same result regardless of which body site was used
to generate surrogates. See Appendix A7.5 for more details.
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An example from animal behavior science

A major goal of animal behavior research is to understand the rules that govern how animals act, at the levels

of both individuals and groups (e.g. swarms of insects or shoals of fish). Video tracking techniques enable

measurements of variables such as an individual’s position and velocity [169]. These quantitative measure-

ments have helped researchers detect subtle or complex behaviors, enable useful analogies between animal

group behavior and materials physics [170, 171], and connect individual-level and group-level phenomena

[169, 172, 173, 174].

We applied the TTS test to a set of zebrafish trajectories recorded by Romero-Ferrero et al. [175]. 100

juvenile zebrafish were placed in a shallow circular tank and tracked by an overhead video camera at 32

frames per second, yielding 2-dimensional trajectories of each fish (height was not measured; Fig 31A). We

here use the TTS test to ask whether there is a dependence between the speed of a fish and its direction of

motion.

To define a coordinate system for direction of motion, we noticed that large groups of fish often swam

parallel to the perimeter of the tank (Fig 31A). To capture this behavior, we define an individual’s direction

of motion ϕ as the angle between the individual’s position vector and velocity vector (Fig 31B).

For an arbitrary fish, different directions appear to correspond to different speeds (Fig 31C). It is un-

natural to quantify this association using the Pearson correlation between speed and direction ϕ because

speed is a linear quantity whereas direction is a circular quantity. We can make linear correlation more

appropriate by first transforming the direction variable ϕ to |sin(ϕ)|, which is the largest when ϕ = 90° or

270◦ (swimming parallel to the perimeter), and the smallest when ϕ = 0° or 180° (swimming away from

or toward the center), and then compute the Pearson correlation between |sin(ϕ)| and speed. Using this

statistic and the TTS test, we detected dependence between speed and direction in 15 out of 44 fish (at the

0.05 level after a Benjamini-Hochberg false discovery rate correction), and in pooled data (u = 0.02; 31D).

Alternatively, we can use mutual information as our statistic, which is not limited to linear dependence. In

this case, we detect dependence between direction and speed in most of the fish that we analysed (35 out

of 44; Fig 31D). We did not pre-shift time series because we had no prior expectation of a coupling delay

between swimming speed and direction.
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Figure 31: (A) A snapshot of fish positions in a 100-fish tank. (B) A fish’s direction of motion ϕ is defined
as the angle between the fish’s position vector and velocity vector. Direction ϕ values of 0◦ and 180◦

correspond to motion exactly away from the center or toward the center respectively. Direction values of
90◦ and 270◦ correspond to motion exactly counterclockwise and clockwise respectively. (C, D) Association
between direction ϕ and speed s for an arbitrary individual (“individual 74”) and for 44 fish in which recorded
trajectories did not contain gaps. See Fig A47 for time series. The TTS procedure tests for dependence
using the absolute value of the Pearson correlation coefficient between speed and |sin(ϕ)|, or using the mutual
information between speed s and direction ϕ. Mutual information detects correlations more readily in this
case. When testing for correlations in 44 fish (D), detections were made at a significance level of 0.05 with
a Benjamini-Hochberg FDR correction [167, 168] (middle column). We also performed a TTS test that
incorporated all 44 trajectories (right column; “pooled data”). This test was analogous to the test of Fig
30B. That is, for each time shift, we calculated the overall correlation between speed and direction as the
median correlation among all 44 trajectories. For all tests we used data from the first of the three replicate
videos in [175] and limited our analysis to the first 10, 000 frames (about 5 minutes) since this data segment
appeared approximately stationary by visual inspection, although fish speeds are likely nonstationary overall
(see Appendix A8.2 and [176]). We used the speed variable for time-shifted surrogates and used a truncation
radius of one tenth the total time series length (1, 000 frames). See Appendix A8 for further details.

3 Discussion

A statistical hypothesis test for dependence between two time series usually requires at least two key ingre-

dients: (1) a correlation statistic that quantifies the strength of the relationship between the two time series,

and (2) a null model that can be used to determine the probability distribution of that statistic if the two

time series are in fact independent. These two ingredients seem to have received different levels of attention

over the past couple of decades. Recent years have witnessed the development and rapid adoption of new cor-

relation statistics that can detect transient or nonlinear forms of dependence, some of which even attempt to
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infer the direction of causation [37, 166, 18, 96, 23, 43, 127]. In practice however, these correlation statistics

have often been paired with surrogate data null models which assume a Gaussian process (i.e. random phase

surrogates), or even independent and identically distributed data (e.g. the permutation test). Analyzing

nonlinear processes with a null model that requires a linear process can indeed be dangerous (Fig 27B rows

ii-viii, IAAFT columns; see also [48, 92]). Overall the general problem of assigning statistical significance to

nonlinear correlations between time series does not appear to have a broadly-accepted solution [92, 103, 5].

The TTS can serve as a (provably) conservative solution to this problem since it is valid as long as one of

the time series is stationary (or can be made stationary by detrending; Appendix A4). This is a minimally

restrictive requirement among valid nonparametric tests of dependence between time series. This test was

sufficiently powerful to verify the previously observed dependence between obliquity and deglaciation timing

(Fig 29) as well as dependence between the microbiome compositions of the left and right palms (Fig 30).

In the microbiome dataset, we could even use it to identify additional relationships that went undetected

by the original analysis of Caporaso et al. [163]. Importantly, the TTS can be applied in cases where

linear parametric tests are particularly unnatural such as when correlating fish swimming speed to direction

(which exists in an inherently nonlinear space, i.e. a circle). Since surrogate data tests are presently used

in disciplines ranging from earth system science to physiology [42, 177, 135, 136, 129, 88, 43, 89, 178], we

expect the TTS test to find utility in diverse application domains.

Although TTS test is one-tailed, it may still be used to detect high or low correlations (or both). For

example, if the correlation function is the Pearson correlation coefficient, then correlations are deemed

“impressive” if they are positive and large. Alternatively, we primarily used the absolute value of the Pearson

correlation coefficient for which correlations would be deemed impressive if they are extreme (i.e. large

magnitude positive or negative). A third possibility is to simply carry out two TTS tests, one using the

Pearson correlation and one using the negative Pearson correlation, and then perform a Bonferroni correction

for two tests. If the distribution of correlations is symmetric and centered around zero, then the last two

strategies are similar .

The main limitation of the TTS test relative to other tests is that the TTS test tends to require more

data or stronger coupling to achieve high detection power. Under the TTS test, the required length of the

time series increases with the reciprocal of the desired significance level. Even more data are required if the

optimal coupling delay is uncertain. Moreover, whereas other surrogate data tests often specify the desired

false positive rate (at least approximately), the TTS test only specifies an upper bound on the false positive

rate, and the actual false positive rate is often substantially lower (Fig 27). We can therefore expect other

tests for dependence to typically achieve high detection power with fewer data than the TTS test. Indeed,

this is what we have found in numerical experiments (Appendix A5). Thus, the TTS test is ideally used
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when a nonparametric test is required, when time series are long, when the coupling lag can be pinned down

to a small range, and when one is unable to verify the assumptions necessary for other surrogate data tests

(which typically include additional requirements beyond stationarity [48, 43]). Additionally, since the naive

TTS test seems to usually perform well (Fig 27), we think it is reasonable for authors to choose the naive

TTS test for stationary time series, provided they note that under pathological conditions the naive TTS

test may underestimate the false positive rate by up to twofold.

Since the stationarity assumption is so central in dependence testing, it would be convenient to have a

statistical test for stationarity. However, a single time series can in theory be described by either a stationary

process (e.g. Fig A48A) or a nonstationary one (e.g. Fig A48B). Nevertheless, there are many statistical

methods that attempt to test for stationarity or a similar property in a single time series, albeit with various

modeling assumptions or other caveats [179, 180, 181, 182]. For example, although the popular augmented

Dickey Fuller (ADF) test [179, 182] is sometimes used as a pragmatic means of assessing stationarity (e.g.

Fig 4; [53, 183]), its null hypothesis is not exactly nonstationarity. In fact, a rejection of the ADF test’s null

hypothesis indicates that a time series is free from some sources of nonstationarity (e.g. a random walk), but

other sources of nonstationarity (e.g. time-varying parameters) may in principle still be present. Overall,

statistical tests cannot guarantee that a time series is stationary, but can provide supporting evidence.

Background knowledge of the process can also be used to support the stationarity assumption: Mathematical

work has shown that the stationarity condition is often met by stochastic processes that tend to relax toward

a stable equilibrium [184]. Periodic processes, measurement noise processes, and chaotic processes can also

be stationary (e.g. Fig 27B), as can combinations of these processes.

The subject of conditional dependence has been conspicuously absent from our discussion. Tests of

conditional dependence (i.e. whether two variables are dependent after we statistically control for a third

variable) can help to rule out possible common-cause explanations, and can sometimes even be used to

reveal the direction of causation [3, 127]. We initially motivated the TTS test by noticing that it enjoys the

rigor and generality of the permutation test, but applies to time series rather than iid data. Could a test

for conditional dependence between time series be devised with the same rigor and generality? This seems

difficult. Even for continuous iid data, it has been proven under general conditions that no valid test for

conditional dependence can both avoid making assumptions and have statistical power [185]. Thus, we expect

most tests of conditional dependence among time series to be less rigorous or require more assumptions than

the TTS test. Nevertheless, there have been promising recent advances on this front, such as a test based

on constrained shuffling [78, 4] and the “knockoff” testing approach, which has been recently applied to

sequential data [186, 187]. Exploring methods that can robustly test conditional dependence between time

series is an important future direction.
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In sum, an important and longstanding problem is that of nonparametrically testing the statistical

significance of a correlation between autocorrelated datasets such as time series. The TTS test provides

an approach that imposes relatively minimal requirements onto both the correlation statistic and the data-

generating process. This gives researchers the freedom to apply a large arsenal of correlation statistics to a

wide array of processes without sacrificing rigor. This freedom will become more valuable in the future as

both correlation techniques and data availability continue to proliferate across diverse fields of research.

4 Methods

Surrogate data tests for comparative benchmarks

For surrogate data tests based on the IAAFT, stationary block bootstrap, or twin procedures, 499 surrogates

were used for the empirical null distribution, unless specified otherwise. We used custom Python scripts to

generate stationary block bootstrap surrogates, cyclic permutation surrogates, TTS surrogates, and naive

TTS surrogates. We used the Pyunicorn package [188] to generate IAAFT and twin surrogates.

For IAAFT surrogates [47], we used the ’refined_AAFT_surrogates’ function in the Pyunicorn package.

We set the ’n_iterations’ argument to 200 and the ’output’ argument to ’true_spectrum’. For stationary

bootstrap surrogates, we set the parameter known as p in [149] to 0.05. Cyclic permutation surrogates were

generated by shifting in time with a wraparound. If the original time series was of length n, then n − 1

cyclic permutation surrogate were produced. For example, if the original time series was {x1, x2, x3, x4},

then there would be 3 cyclic permutation surrogates: {x2, x3, x4, x1}, {x3, x4, x1, x2}, and {x4, x1, x2, x3}.

For twin surrogates [51], we used the ’twin_surrogates’ function in the Pyunicorn package. This func-

tion requires four parameter arguments: the minimum temporal distance between twins, the delay vector

lag, the delay vector embedding dimension, and the “recurrence threshold”. We set the minimum dis-

tance between twins to 1. To choose the delay vector lag and embedding dimension, we used the function

’takens_embedding_optimal_parameters’ in the Python package giotto-tda [189]. Briefly, this function

first selects the delay lag τ so that the mutual information between values τ steps apart is minimized.

The function then selects the embedding dimension by the widely used ’false nearest neighbors’ algorithm,

which is difficult to describe concisely, but is explained clearly by its inventors [190]. The function “tak-

ens_embedding_optimal_parameters” requires two arguments, the maximum delay lag and the maximum

embedding dimension, and these were both set to 8. Finally, we chose the recurrence threshold parameter

by a method advocated by the original authors of the twin procedure [51], which is to select the recurrence

threshold that causes the recurrence plot to have between 5% and 20% “black points”. We used 12% black
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points as this is in the middle of the recommended range.

Following previous works [47, 43], we preprocessed time series to reduce a potential mismatch between

the earliest and latest times before applying certain surrogate data tests. We used this preprocessing step

(henceforth called ’circularization’) for four surrogate procedures: IAAFT, cyclic permutation, stationary

bootstrap, and twin. Circularization is recommended for IAAFT surrogates to avoid artifacts due to the

periodic nature of Fourier components, and it is recommended for cyclic permutation surrogates because they

directly join the beginning and ends of the time series [43]. We also used circularization for the stationary

bootstrap and twin methods because these techniques also sometimes join the extremes of the time series.

To circularize a time series {y1, y2, ..., yn}, we truncate it to {ykstart
, ykstart+1, ..., ykend−1}, where kstart

and kend are chosen to minimize the mismatch between the beginning and end of the truncated time series

using a formula quoted in [43]:

(kstart, kend) = argmin
(k1,k2)

(
L∑
i=0

(yk2+i − yk1+i)
2

)
. (9)

We used L = 10. Additionally, to ensure that the circularized time series is not too short, we require

that k1 and k2 be near the beginning and end of the time series respectively. Specifically, we impose the

constraints k1 ≤ 40 and n− L− k2 + 1 ≤ 40.

When circularization was used, kstart and kend were chosen based on the time series that was used to

generate surrogates, but both the x and y time series were circularized using the same choice of kstart and

kend. Additionally, both the original and surrogate correlations were calculated from circularized time series.

Circularization generally improved the false positive rates of tests (compare Fig 27 to Fig A38).

Parametric significance test

We used a parametric test described by [150]. Under the null hypothesis that two stochastic processes

{x1, ..., xn} and {y1, ..., yn} are independent, [150] estimate the variance of the sample Pearson correlation

coefficient (denoted σ̂2
ρ) as:

σ̂2
ρ =

∑n−1
k=0 nkĈx(k)Ĉy(k)

n2σ̂2
xσ̂

2
y

where Ĉx(k) is the estimated autocovariance of the time series x at lag k:

Ĉx(k) =
1

n− k

n−k∑
t=1

(xt − x̄)(xt+k − x̄); x̄ =
1

n

n∑
t=1

xt
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and σ̂2
x is the estimated variance of time series x:

σ̂2
x =

1

n

n∑
t=1

(xt − x̄)2

and nk is the number of entries Aij in an n-by-n matrix A such that |i− j| = k. In other words, nk = n

if k = 0 and nk = 2(n− k) if 0 < k < n.

Since σ̂2
ρ is estimated from finite data, it can under some circumstances be negative, which is nonsensical.

If this occurs, σ̂2
ρ is simply set to 1/n, as is often recommended [150, 191, 41]. Note that σ̂2

ρ = 1/n corresponds

to the case without autocorrelation (to see this, plug into the equation for σ̂2
ρ the following: Ĉx(k) = σ̂2

x if

k = 0 and Ĉx(k) = 0 otherwise).

Next, the autocorrelation-corrected “effective sample size” is given by m̂ = 1 + σ̂−2
ρ , and a standard

t-test of the Pearson correlation is performed using m̂ in place of n. That is, the test statistic is T =

ρ̂(m̂ − 2)1/2/(1 − ρ̂2)1/2, where ρ̂ is the sample Pearson correlation coefficient, and a two-tailed p-value is

computed by comparing T to a Student’s t-distribution with m̂ − 2 degrees of freedom [150]. This test is

what is referred to as the “parametric test” unless otherwise stated.

Note that in the climatology example (Fig 29), time series had differing lengths, and we implemented

the parametric test in a way that uses all of the data. We used a deglaciation event series between −2 kyr

(past) and 0 kyr (present day), as well as orbital parameter time series between −12 kyr (past) and +10

kyr (future). For the parametric test, ρ̂ was estimated from the overlapping data (from −2 to 0 kyr), the

deglaciation autocovariance values were estimated from the entire deglaciation time series (from −2 to 0 kyr),

and the autocovariance terms of the orbital parameters were estimated from the entire orbital parameter

time series (from −12 to +10 kyr).

In supplementary data file 1, we compare the false positive rate of this test to those of three other

parametric tests. In that file, “Test 1” refers to the test described above. “Test 2” refers to a variant of this

test in which Ĉx(k)Ĉy(k) is set to zero for k > n/4, as suggested by [41, 40] (but otherwise, all steps are

the same as in Test 1). The rationale for this is that estimating Ĉx(k) for large values of k is difficult. “Test

3” and “Test 4” refer to recently described tests from [151] for Pearson correlation and mutual information

respectively.

Mutual information

To estimate mutual information (except in Fig 31; see next paragraph), we used the internal function ’_com-

pute_mi_cc’ in the Scikit-Learn package [192] (available at: github.com/scikit-learn/scikit-learn/

blob/2beed55847ee70d363bdbfe14ee4401438fba057/sklearn/feature_selection/_mutual_info.py#L18),
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which implements “estimator I(1)” of [148]. The estimator requires a choice of distance metric for each of the

variables being correlated, and one parameter (the number of neighbors). We used 3 neighbors and regular

(i.e. Euclidean) distance for both variables.

For the fish behavior example in which we correlated speed with direction (Fig 31), the circular nature of

the direction variable required a slightly different mutual information estimator. Specifically, we again used

the I(1) estimator of [148] with 3 neighbors and used Euclidean distance for speed. For direction, we used

angular distance so that, for instance, the angles of 0.1π and 1.9π would have a distance of 0.2π rather than

1.8π. Mathematically, we took the distance between two direction angles α and β to be:

arccos (cos(α− β)) = arccos (cos(α)cos(β) + sin(α)sin(β)) .

This restricts the range of possible angular distances to (0, π). We implemented the mutual information

estimator using this distance metric as a custom Python script accelerated with the Numba compiler [193].
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Appendix to Part II

A1 Mathematical justification of the truncated time-shift test

Appendix A1.1 provides a justification for the claim that the TTS test correctly controls the false positive

rate as long as one of the time series under study is strictly stationary. Appendix A1.2 provides definitions

and auxiliary results that support the arguments in Appendix A1.1, as well as a graphic introduction (Fig

A34) to some important background concepts from probability theory.

A1.1 Proof of the truncated time-shift test

To make this proof more accessible, we have replaced some of the most tedious aspects of mathematical

notation with two terms: “r-neighborhood” and “r-locally top-b”. We begin with definitions for these terms.

Definition 1 r-locally top-b

• For a point ak in a sequence, the “r-neighborhood” of ak is the subsequence {ak−r, ..., ak+r}. That is,

ak’s r-neighborhood contains all points that are no more than r steps away from ak.

• A point ak in a sequence is “r-locally top-b” if ak is among the top b points within ak’s r-neighborhood.

That is, ak is r-locally top-b if no more than b points in ak’s r-neighborhood (including ak itself ) are

greater than or equal to ak. The edge case of ak being r-locally top-0 (i.e. at most zero points in ak’s

r-neighborhood are at least as large as ak) never occurs.

Figure A32A-B illustrates these definitions and how they behave in the presence of ties. Note that in order

for these definitions to make sense, the r-neighborhood must not “fall off the edge” of the sequence. For

instance, if our sequence is {a1, a2, ..., a10}, then it does not make sense to talk about the 3-neighborhood

of a8, as this would contain a11, which does not exist. To avoid this problem, when writing about the

r-neighborhood of an element ak of a sequence {a1, ..., am}, we will require 1 + r ≤ k ≤ m− r.
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Figure A33: Illustration of elements of the proof.

Figure A32: Illustration of “r-locally top-b”. (A) The 3-neighborhood of ak includes ak itself as well as the
three points to the left or right of ak. In this example, ak is not 3-locally top-1, but is 3-locally top-2, 3-locally
top-3, 3-locally top-4 etc. (B) ak is the leftmost point whose r-neighborhood contains ak+r and ak+r is the
rightmost point whose r-neighborhood contains ak. Thus, the r-neighborhood of any point between ak and
ak+r contains the sequence {ak, ..., ak+r}. This fact is used in the proof of lemma 2.

Lemma 2

Let {a1, a2, ...am} be a sequence. For nonnegative integer r, consider a subsequence {ak, ak+1, ..., ak+r}

such that 1 + r ≤ k ≤ k + r ≤ m − r (i.e. 1 + r ≤ k ≤ m − 2r). Let b be a non-negative integer. Then, at

most b points within the subsequence {ak, ak+1, ..., ak+r} are r-locally top-b.

This lemma is represented graphically by Fig A33A.
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Proof: We prove the lemma by contradiction. Suppose that at least b+1 points within {ak, ak+1, ..., ak+r}

are r-locally top-b. Let as be the smallest of these b + 1 points (possibly tied for smallest). Then,

{ak, ak+1, ..., ak+r} is within the r-neighborhood of as. (In detail, s − r ≤ k ≤ k + r ≤ s + r since

k ≤ s ≤ k+ r). Since there are at least b+ 1 points greater than or equal to as in as’s r-neighborhood, as is

not r-locally top-b. Thus, we have a contradiction, which completes the proof. We required 1+r ≤ k ≤ m−2r

to ensure that the r-neighborhoods of {ak, ak+1, ..., ak+r} are properly defined.

Lemma 3

Let {a1, a2, ...am} be a stationary sequence of random variables. Consider an element ak such that

1 + r ≤ k ≤ m − 2r for some nonnegative integer r. Then, for some nonnegative integer b, the probability

that ak is r-locally top-b has an upper bound of b/(r + 1).

This lemma is represented graphically by Fig A33B.

Proof: Define the variable Ti(r, b) to indicate whether the ith point is r-locally top-b. Specifically,

Ti(r, b) = 1 if ai is r-locally top-b and Ti(r, b) = 0 otherwise. Since 1 + r ≤ k ≤ m− 2r, lemma 2 says that at

most b points within {ak, ak+1, ..., ak+r} are r-locally top-b. Written in terms of Ti(r, b), this condition is:

b ≥
k+r∑
i=k

Ti(r, b).

Since {a1, a2, ...am} is stationary, {Tk(r, b), Tk+1(r, b), ..., Tk+r(r, b)} must also be stationary. (This fact

is intuitive, but a rigorous proof is given by lemma 13.) Denote by E[·] the expected value of a random

variable (i.e. the mean). Since the mean of a stationary sequence is independent of time, we have:

b = E[b] ≥ E

[
k+r∑
i=k

Ti(r, b)

]
=

k+r∑
i=k

E [Ti(r, b)] = (r + 1)E [Tk(r, b)] .

So E [Tk(r, b)] ≤ b/(r + 1). But E [Tk(r, b)] is the probability that ak is r-locally top-b, so the proof is

complete.

We are now ready to turn our attention to the theorem which justifies the TTS test. Since we will need

to frequently mention specific sequences, we will make use of the abbreviation {a1, a2..., an} = {at}n1 .

The statement of the following theorem parallels the TTS procedure closely, but with two main differences.

The first difference is that we specify that the xt and yt terms are in Rl and Rk. Essentially, this just means
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that the time series are allowed to be multivariate and are not required to have the same dimension. In

the simple case where we are dealing with two univariate time series, we can just set both l and k to 1.

Alternatively, it is possible to correlate time series with different dimensions (i.e. l 6= k) using correlation

functions based on distances or predictions ([194, 18, 127]). An example where this may be useful is in Fig

A43, where a series of one-dimensional xt terms is correlated to a two-dimensional time series whose terms

are vt = (zt, zt−1). In this example, a correlation is high if pairs of points that are nearby in vt space have

similar xt values.

The second difference between the theorem below and the TTS procedure in the main text is that in

the theorem we require the existence of {yt}n+r
1 , despite only having data from {yt}n1 . This is a theoretical

requirement. We do not need to obtain data from {yn+1, ..., yn+r}, but we must assume that the subsequence

{yn+1, ..., yn+r} exists in order to apply lemma 2.

Theorem 4 Validity of the truncated time-shift surrogate test

Let n (“the observed data length”) and r (“the truncation radius”) be integers such that 0 < 2r < n.

Let {xt}n1 be a (possibly nonstationary) stochastic sequence where each term xt is in Rl. Let {yt}n+r
1 be a

stationary stochastic sequence where each term yt is in Rk. Let the two sequences be independent of each

other. Let Θ (the “correlation function”) be a real-valued function maps a pair of sequences (the “truncated x

series” {x1+r, ..., xn−r} and the “shifted truncated y series” {y1+r+δ, ..., yn−r+δ}) to a real number. Moreover,

let Θ be (R(l+k)×(n−2r),B(l+k)×(n−2r))-measurable1. Define the “shifted correlations” θδ as

θδ = Θ({x1+r, ..., xn−r}, {y1+r+δ, ..., yn−r+δ}).

Let B be the number of terms in the sequence

θ−r, θ−r+1, ..., θr

that are greater than or equal to θ0. Then

P (B ≤ b) ≤ b

r + 1

1Although we have tried to avoid potentially difficult concepts in this proof, measurability does appear here as a
necessary condition. We give a brief explanation here and a formal definition in section A1.2. Here, the phrase
“Θ is a (R(l+k)×(n−2r),B(l+k)×(n−2r))-measurable function” can be translated as: “for any pair of stochastic sequences
{x1+r, ..., xn−r} and {y1+r+δ, ..., yn−r+δ} where each term xt is in Rl and each term yt is in Rk, it is guaranteed that
Θ({x1+r, ..., xn−r}, {y1+r+δ, ..., yn−r+δ}) is a random variable with a well-defined cumulative distribution function”. If Θ is
not measurable, then we may not be able to define the probability distribution of Θ({x1+r, ..., xn−r}, {y1+r+δ, ..., yn−r+δ}),
which is a serious problem for statistical analysis. Measurability is a theoretical requirement, not a practical one: Essentially
any function we choose in a practical correlation analysis will be measurable unless we intentionally engineer it to be otherwise.
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for any non-negative integer b.

This theorem is represented graphically by Fig A33C.

Proof: Since {xt}n1 and {yt}n+r
1 are independent, and {yt}n+r

1 is stationary, the sequence

θ−r, θ−r+1, ..., θ2r

is also stationary (by theorem 12). Since θ0 is a member of a stationary sequence and is flanked by r values

to its left and 2r values to its right, we may apply lemma 3 to obtain:

b

r + 1
≥ P (θ0 is r−locally top−b) = P (B ≤ b)

which completes the proof.

Why does theorem 4 justify the TTS test? Recall that the TTS procedure defines the u statistic to be:

u =
B

r + 1

with B being the number of correlations (θδ’s) that are greater than or equal to the unshifted correlation

(θ0) as in theorem 4. In the main text, we claimed that we can use u like a p-value. That is, for a significance

level α, we have P (u ≤ α) ≤ α. To see why this is true, choose b = floor(α(r + 1)), where floor(a) rounds a

down to the nearest integer. Then, as long as the requirements of theorem 4 are met, we have:

P (u ≤ α) = P

(
B

r + 1
≤ α

)
= P (B ≤ α(r + 1))

≤ P (B ≤ floor(α(r + 1)))

= P (B ≤ b) ≤ b/(r + 1) ≤ α

where we applied theorem 4 and the fact that b ≤ α(r + 1) in the last line.

94



A1.2 Background definitions and supporting proofs

Here we review relevant definitions and properties from probability theory. Note that our definition of

stationarity departs from much of the literature in that we work with a notion of stationarity that applies

to finite time series. The final two results of this section, theorem 12 and lemma 13, are auxiliary results

that support the arguments made in Appendix A1.1. Definitions 5, 6, and 8 are illustrated graphically in

Fig A34.

Definition 5 Probability spaces (chapter 2 of [195])

A probability space is any triple (Ω,F , P ) where Ω, F , and P have the following names and meet the

following requirements:

• Ω is called the sample space and is a nonempty set.

• F is called the σ-algebra and is a set of subsets of Ω. F contains Ω itself and the empty set ∅. F

is closed under the formation of complements and countable unions, meaning that F contains the

complements and countable unions of any elements of F .

• P is called the probability measure and is a mapping from F to [0, 1]. P (∅) = 0, P (Ω) = 1, and P is

countably additive.

In essence, F (also known as the “event space”) is the set of events (each event being a set) to which we can

assign a probability value.

We will now introduce the concept of Borel field on R, a special type of σ-algebra generated from intervals

on the real number line. This concept will be used when defining the random variable.

Definition 6 The Borel fields on R and Rk (definitions 3.18 and 3.19 in [196]).

The Borel field on R, denoted B, is the smallest set of sets that includes:

1. all intervals {b : −∞ < b ≤ α} where α ∈ R;

2. the complement Bc of any set B in B;

3. the countable union of any sequence {Bi} in B.

Elements of a Borel field are called Borel sets.

The Borel field on Rk (where k <∞), denoted Bk, is the smallest collection of sets that includes:

1. all intervals {b : −∞ < b ≤ α} where b ∈ Rk and α ∈ Rk;
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2. the complement Bc of any set B in Bk;

3. the countable union of any sequence {Bi} in Bk.

Above, in the multivariate case, the “≤” and “<” inequality symbols apply element-wise.

The Borel fields are also closed under intersections. This fact will be useful later.

Lemma 7

If B1, B2, ..., Bn (where n is a positive integer) is a sequence of sets in Bk, then the intersection ∩ni=1Bi

is also in Bk.

Proof: For two sets A and B, AC , A∪B, and A∩B denote the operations of complementation, union,

and intersection respectively. From De Morgan’s laws we know that

(A ∩B)C = AC ∪BC .

Equivalently,

A ∩B = (AC ∪BC)C . (10)

Thus, since Bk is closed under complementation and union, if sets A and B are in Bk, then so is A ∩B.

This is the special case for two sets. The lemma itself then follows from the inductive generalization of

the two-set case. Let B1, B2, ... be a sequence of sets in Bk. Let C(n) be the condition ∩ni=1Bi ∈ Bk. We

will show by induction that C(n) holds for all n = 1, 2, .... The base case of C(1) is immediately satisfied as

∩1
i=1Bi = B1 is already in Bk. For the inductive step, assume that C(s−1) holds, meaning that ∩s−1

i=1Bi ∈ Bk.

Then, since Bs ∈ Bk, we have:

∩si=1Bi = (∩s−1
i=1Bi) ∩Bs

= ((∩s−1
i=1Bi)

C ∪BCs )C ∈ Bk

where the second line applied Eq. 10. Thus C(s) holds, completing the inductive step. We then conclude

by induction that C(n) holds for n = 1, 2, ..., which proves the lemma.

Note that the empty set ∅ is in Bk as ∅ is the intersection of any set and its complement.
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Figure A34: Some background concepts from probability theory. (A) A probability space includes a sample
space Ω, a σ-algebra F , and a probability measure P . (B) An example of a probability space. Note that the
“event” {LX,WS} occurs if either of the “outcomes” LX or WS occurs. We encourage readers to check these
examples against the definitions in (A). (C) The Borel field B and some elements of B (which are called
Borel sets). α is a real number, and n is an integer. Rows 1 and 2 are elements of B, as is seen immediately
from B’s definition. Row 3 is the complement of row 2. Row 4 is the intersection of rows 1 and 3. Row 5, the
countable intersection of intervals (α− 1/n, α] where n ranges from 1 to ∞ (see, for instance, section 1.4 of
[197]). This demonstrates that a real number is also an element of B. (D) Measurement function: definition
and illustration. Although not pictured, z is also (Ω, F3)-measurable. (E) Definition of a random variable.

The following concepts allow us to ensure that our models of probabilistic phenomena behave as they

should (e.g. that their cumulative distribution functions [CDF]s exist; Fig A34D-E).

Definition 8 Measurable functions, random variables, and stochastic sequences
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• A real-valued function z : Ω → R is called measurable on (Ω,F), or (Ω,F)-measurable, if for any set

B in B,

{ω ∈ Ω : z(ω) ∈ B} ∈ F .

In other words, for any B in B, its preimage (i.e. the set of all those ω in the sample space whose z(ω) value

is in B) is an element of F . The above definition of measurable functions is useful for proving results about

functions already known to be measurable. However, another definition is equivalent (see page 29 of [195]

or proposition 2.1.9 of [198]) and particularly useful for showing that a function is in fact measurable: A

real-valued function z : Ω→ R is measurable if for all α ∈ R,

{ω ∈ Ω : z(ω) ∈ (−∞, α]} ∈ F .

• A random variable is a (Ω,F)-measurable real function defined on a particular probability space.

• A stochastic sequence is a family of random variables {z1, z2, ..., zn} = {zt}nt=1 where all such random

variables are defined on the same probability space (i.e. they all share the same Ω and F). Since in this

work, we are dealing with finite-length stochastic sequences, we can alternatively think of a stochastic

sequence as a vector-valued random variable.

Definition 9 Stationary stochastic sequences

A stochastic sequence {x1, ..., xn} is stationary if for all triples (i, j, τ) such that 1 ≤ i ≤ i + τ ≤ n and

1 ≤ j ≤ j+τ ≤ n, the joint distribution of {xi, ..., xi+τ} is the same as the joint distribution of {xj , ..., xj+τ}.

Theorem 10 Applying a measurable function to a stationary sequence produces a stationary sequence

Let {x1, ..., xn} be a stationary sequence of real-valued random variables. If yt = f(xt, ..., xt+s) (where

1 ≤ t ≤ t+ s ≤ n) for some (Rs+1,Bs+1)-measurable function f , then {y1, ..., yn−s} is stationary.

Proof: Let B0, B1, ..., Bτ be Borel sets in B. We want to show that the joint distribution of y,

P ((yt ∈ B0) , (yt+1 ∈ B1) , ..., (yt+τ ∈ Bτ )) , is independent of time t (i.e. identical between t = i and t = j).

P ((yi ∈ B0) , (yi+1 ∈ B1) , ..., (yi+τ ∈ Bτ )) =P
((

(xi, ..., xi+s) ∈ f−1B0

)
, ...,

(
(xi+τ , ..., xi+τ+s) ∈ f−1Bτ

))
=P

((
(xj , ..., xj+s) ∈ f−1B0

)
, ...,

(
(xj+τ , ..., xj+τ+s) ∈ f−1Bτ

))
=P ((yj ∈ B0) , ..., (yj+τ ∈ Bτ ))

98



The second line follows from the stationarity of {x1, ..., xn}. Note that f−1(·) denotes the preimage of

f , not the inverse of f . The indexing terms i, j, τ, s are defined to prevent subsequences from falling off the

edge (i.e. 1 ≤ i ≤ i+ τ ≤ n− s and 1 ≤ j ≤ j + τ ≤ n− s).

The last two results of this section are not background theory. Rather, they are auxiliary results that

are necessary to fully detail the arguments in Appendix A1.1. Specifically, theorem 12 is used in the proof

of theorem 4. Lemma 13 is used in the proof of lemma 3. In other words, we do not attempt to motivate

the statements given below, and simply provide them to be used as a reference for readers working through

the proofs of theorem 4 and lemma 13.

Theorem 11 Functions of independent random variables are independent (Proposition 3.2.3 of [195])

Let x ∈ Rm×n and y ∈ Rm×n be random variables (or vectors of random variables, or matrices of random

variables) such that x and y are independent. Let f : Rm×n → Rm×n and g : Rm×n → Rm×n be functions

that are measurable on (Rm×n,Bm×n). Then, f(x) and g(y) are independent.

Proof: Let Sx and Sy be Borel sets in Bm×n. Suppose that x and y are independent. Then, considering

the joint distribution of f(x) and g(y), we have:

P (f(x) ∈ Sx, g(y) ∈ Sy) = P (x ∈ f−1Sx, y ∈ g−1Sy)

= P (x ∈ f−1Sx)P (y ∈ g−1Sy)

= P (f(x) ∈ Sx)P (g(y) ∈ Sy)

Since the joint distribution of f(x) and g(y) is equivalent to the product of the marginal distributions,

f(x) and g(y) are independent. This proof is given in [195] for the univariate case, but we repeat it here to

stress that the same logic applies in the multivariate case.

Theorem 12

Let {x1, ..., xm} and {y1, ..., yn} be independent stochastic sequences, where {y1, ..., yn} is stationary. The

two sequences may be multivariate (i.e. xt ∈ Rk and yt ∈ Rr). Construct a sequence {z1, ..., zn−s} such that

zt = f({x1, ..., xm}, {yt, ..., yt+s}) where 1 ≤ t ≤ t + s ≤ n and f is (Rmk+r(s+1),Bmk+r(s+1))-measurable.

That is, each term zt is a function of the entire x sequence and of a sliding window of size s+ 1 within the

y sequence (e.g. a correlation function of two time series). Then {z1, ..., zn−s} is stationary.
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Proof: The proof is similar in spirit to that of theorem 10. The difference is that here, f is a function

of two series, and thus the preimage of f will consist of two sets. For a Borel set B in B, let its preimage

f−1B = A, where A’s x component looks like {x1, ..., xm} (i.e. Ax ⊆ Rkm ) and A’s y component looks like

{y1, ..., yn} (i.e. Ay ⊆ Rr(s+1)).

As before, we proceed by showing that the joint distribution of {zi, ..., zi+τ} is the same as the joint

distribution of {zj , ..., zj+τ} (where i and j may differ). Let B0, B1, ..., Bτ be Borel sets in B.

P ((zi ∈ B0) , ..., (zi+τ ∈ Bτ )) = P
(((
{xt}m1 , {yt}i+si

)
∈ f−1B0

)
, ...,

((
{xt}m1 , {yt}i+τ+s

i+τ

)
∈ f−1Bτ

))
= P

(((
{xt}m1 , {yt}i+si

)
∈ A0

)
, ...,

((
{xt}m1 , {yt}i+τ+s

i+τ

)
∈ Aτ

))
= P

((
{xt}m1 ∈ Ax0 , {yt}i+si ∈ Ay0

)
, ...,

(
{xt}m1 ∈ Axτ , {yt}i+τ+s

i+τ ∈ Ayτ
))

Since x and y series are independent, the above equation can be rewritten as

P ((zi ∈ B0) , ..., (zi+τ ∈ Bτ )) = P (({xt}m1 ∈ Ax0) , ..., ({xt}m1 ∈ Axτ ))P
((
{yt}i+si ∈ Ay0

)
, ...,

(
{yt}i+τ+s

i+τ ∈ Ayτ
))

Since the y series is stationary, we have:

P ((zi ∈ B0) , ..., (zi+τ ∈ Bτ )) = P (({xt}m1 ∈ Ax0) , ..., ({xt}m1 ∈ Axτ ))P
((
{yt}j+sj ∈ Ay0

)
, ...,

(
{yt}j+τ+s

j+τ ∈ Ayτ
))

= P ((zj ∈ B0) , ..., (zj+τ ∈ Bτ ))

Thus, z is stationary.

Lemma 13

Let {a1, a2, ...am} be a stationary sequence of random variables. Let b and r be non-negative integers.

Consider a subsequence {a1+r, ..., am−r} so that the r-neighborhood of each element is valid. For 1+r ≤ k ≤

m− r, define Tk(r, b) = ψ(ak−r, ..., ak+r) to indicate whether ak is r-locally top-b. Specifically, Tk(r, b) = 1

if ak is r-locally top-b and Tk(r, b) = 0 otherwise. Then, {T1+r(r, b), ..., Tm−r(r, b)} is a stationary sequence

of random variables.

Proof: According to Theorem 10, we can prove this theorem by showing that the function ψ is mea-

surable on (R2r+1,B2r+1). To show that ψ is measurable on (R2r+1,B2r+1), it is sufficient (see definition 8)

to show that for all (−∞, α] where α ∈ R,
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{−→ak ∈ R2r+1 : ψ(−→ak) ∈ (−∞, α]} ∈ B2r+1 (11)

where −→ak = {ak−r, ..., ak+r}. We will also refer to {−→ak : ψ(−→ak) ∈ (−∞, α]} as “the preimage” of (−∞, α]

under ψ.

There are three cases to consider. First, if α < 0, then the preimage is simply the empty set ∅, since

Tk(r, b) is never less than 0. ∅ is an element of B2r+1, so the condition of Eq. 11 is satisfied. Second, if

α ≥ 1, since Tk(r, b) ≤ 1, Eq. 11 is again satisfied as the preimage then becomes R2r+1, which is an element

of B2r+1.

Lastly, if 0 ≤ α < 1, then the preimage is the set of all −→ak where more than b elements are greater than

or equal to ak. But since one of these elements, namely ak itself, is always equal to ak, we can rephrase the

above statement to be more useful for the subsequent arguments: The preimage is the set of all −→ak where at

least b elements (other than ak itself) are greater than or equal to ak. A trivial edge case is where b = 0, in

which case the preimage is R2r+1 ∈ B2r+1. When b > 0, we will need a more careful strategy to show that

the preimage is in B2r+1.

Our strategy will be similar to the one used in Fig A34C (grey box) where we showed that a set consisting

of a single real number is a member of B. Analogously to that argument, here we will find some “starting

sets” that are known to be in B2r+1 and show that one can arrive at the preimage by taking countable unions

and intersections of these starting sets.

To build our intuition, let’s first consider the specific setting where r = 2, b = 3. The preimage is then the

set of all −→ak = (ak−2, ak−1, ak, ak+1, ak+2) where at least 3 elements (other than ak itself) are greater than

or equal to ak. We begin with “starting sets” Si = {−→ak : ak+i ≥ ak}, where i = −2,−1, 1, 2. For example, S1

is the set of all −→aks wherein ak+1 ≥ ak. To obtain some geometric intuition for this set, note that if −→ak had

been simply (ak, ak+1), then ak+1 ≥ ak would correspond to the half plane on and above the line of identity

ak+1 = ak. S1 is in B5, because its complement (the set of all −→aks wherein ak+1 < ak) is an open set. Note

that a set O is called “open” if for every point x in O, there is some positive “neighborhood radius” ε such

that all of x’s “neighbors” (i.e. points less than ε away from x) are also in O (e.g. page 385 of [198]). Since

any open set is a Borel set (e.g. proposition 1.1.5 of [198]), S1 is in B5. By the same logic, all four Sis are in

B5. Fig A35 shows how we can arrive at the preimage by taking unions and intersections of S−2, S−1, S1,

and S2. The intersection S−2 ∩ S−1 ∩ S2, which is outlined in red and resembles a petal, is the set of all −→ak

where ak−2, ak−1, and ak+2 are all ≥ ak. Clearly this is a subset of the preimage because it is one way in

which at least 3 elements (other than ak) are ≥ ak. There are three other such triple intersections, which

are the three other overlapping “petals” in Fig A35. The preimage itself, shown as the grey shaded area, is
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the union of these four petals.

The same reasoning holds for other choices of b and r. In general, the starting sets are Si = {−→ak : ak+i ≥

ak}, where −r ≤ i ≤ r and i 6= 0. In words, Si is the set of all −→aks wherein ak+i ≥ ak. By the same reasoning

as above, these starting sets Si are all elements of B2r+1. Any intersection of b starting sets is a situation

where ak is not r-locally top-b, and the preimage is given by the union of all such intersections. Since the

preimage can be constructed from starting sets in B2r+1 by taking countable unions and intersections, the

preimage must be in B2r+1 for this (final) case.

Overall, for all α ∈ R, the condition of Eq. 11 is satisfied, which in turn establishes that

{Tk(r, b), Tk+1(r, b), ..., Tk+r(r, b)}

is a stationary sequence of random variables, as required.

Figure A35: An example of how we can obtain the preimage by taking intersections and unions of starting sets
Si. Here, r = 2 and b = 3, so the preimage (shaded in grey) is the set of all −→ak = (ak−2, ak−1, ak, ak+1, ak+2)
where at least 3 elements (other than ak itself) are greater than or equal to ak.

A2 Certain variants of the naive TTS test may be miscalibrated

by more than twofold

In the main text we pointed out that the naive TTS test (Eq. 7) will never be miscalibrated by more than

a factor of 2 as long as the time series used to produce surrogate data is stationary. In practice, the naive

TTS test is not typically implemented exactly according to the procedure we describe, but instead several

related variants are used [135, 136, 199, 137, 50]. Are variants of the naive TTS test also guaranteed to

be miscalibrated by no more than twofold when applied to stationary time series? Here we describe two

possible variants of the TTS test, and show that they can be miscalibrated by well over twofold. We use

highly contrived examples in this section. Our purpose here is only to show that it is possible for these
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variants to fail catastrophically, in contrast to the naive TTS procedure, which will not be miscalibrated

by more than a factor of 2 (for stationary data). A study of how likely these failure modes are to occur in

realistic systems is beyond the scope of this section.

One way in which applied works modify the time-shifting approach is by the use of what we call an

“exclusion radius” [135, 136, 137, 50]. The idea is that the shifted time series that comprise the null model

must all be shifted by more than some user-defined amount. We now describe this procedure in the context

of the naive TTS test. As in Fig 26, we begin with two time series {xt}nt=1 and {yt}nt=1, choose a flanking

radius r, and define the truncated sequences xtrunc = {x1+r, ..., xn−r} and ytrunc(δ) = {y1+r+δ, ..., yn−r+δ}.

Also as in Fig 26, we define shifted correlations θδ = Θ(xtrunc, ytrunc(δ)). At this point we break with the

standard recipe and choose an exclusion radius rex, which is a number that must be less than r. Rather than

using all shifted ytrunc sequences to compute the naive p-value, we will only use those with a shift larger

than rex. To express this idea as an equation, define B−(rex) to be the number of shifted correlations within

{θ−r, θ−r+1, ..., θ−rex−1} that are greater than or equal to θ0. Similarly define B+(rex) to be the number of

shifted correlations within {θrex+1, θrex+2, ..., θr} that are greater than or equal to θ0. Finally the empirical

p-value (corresponding as always to the null hypothesis that the two time series are independent) is written

as

p =
B−(rex) +B+(rex) + 1

2(r − rex) + 1
.

Note that in special case where rex = 0, this procedure reduces to the naive TTS test (Eq. 7).

We now give a simulation example of a pair of independent stationary systems {xt} and {yt} for which

this test (with rex > 0) is severely miscalibrated. The {xt} series is generated according to a periodic process

afflicted with periodically varying measurement noise:

xt = (1− λt)bt + λtεt

We can think of bt as a signal with a measurement strength of (1 − λt) and we can think of εt as noise

with strength of λt. The the noise terms εt are independently and identically distributed continuous uniform

random variables between 0 and 1. The noise strength λt is given by:

λt =


0.8

0.5

if at ≥ 450

if at < 450

at = mod(t+ φ, 950)
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where mod(α, β) is the modulo operation, which is the remainder obtained from dividing α by β. The

phase term φ is chosen from {0, 1, ..., 949} with equal chance. The initial signal value b1 is chosen to be 0 or

1 with equal chance and all subsequent bt values are given by bt+1 = 1 − bt (i.e. they alternate between 0

and 1). φ, b1, and the εt terms are all independent. The {yt} series is an independent realization of the same

process as the {xt} series (i.e. with independent choices of φ, b1, and εt). Sample realizations are shown in

Fig A36A.

To see that {xt} is stationary, note that {at} is stationary because {at} is a periodic process whose phase

is chosen uniformly from throughout its period. Similarly, {bt} is stationary for the same reason. Next, {λt}

is stationary by theorem 10 since {λt} is a static function of {at}. Lastly, since all three of {bt}, {λt} and

{εt} are stationary and independent of one another, {xt} must be stationary.

We tested whether the two time series were dependent using a pair of length-2000 time series, a flanking

radius of r = 500, and an exclusion radius of rex = 450. We used the sample Pearson correlation coefficient

as the correlation statistic. In 43% of 1000 trials, dependence was detected at the 0.05 significance level (Fig

A36B).

Figure A36: The exclusion radius procedure can cause the naive TTS test to be miscalibrated by more than
twofold. (A) Sample dynamics of the benchmark system. See text for details. (B) False positive rates of the
naive TTS test with or without an exclusion radius. For both tests, the truncation radius r was set to 500,
the correlation statistic was the absolute value of the Pearson correlation coefficient, and significance was
evaluated at the 0.05 level.

A second possible variant of the naive TTS test concerns possible delayed coupling. If two time series are

coupled but with a delay, then the time shift approach may fail to detect a dependence relationship because

shifted {yt} series may correlate more strongly to the {xt} series than the unshifted {yt} series. In the

main text, our proposed solution is to pre-shift one of the two series (Fig 28). However, a seemingly natural

alternative solution is the following: We define truncation radius r, xtrunc, ytrunc(δ), correlation function

Θ, and shifted correlation θδ = Θ(xtrunc, ytrunc(δ)) as before, but now we choose a new parameter ∆ (the

coupling delay we expect to be in the system). ∆ is the value of δ at which we expect the correlation θδ to

be maximized. We then let B∆ be the number of shifted correlations θδ (−r ≤ δ ≤ r) that are as large as or
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larger than θ∆. We then write the empirical p-value as:

p =
B∆

2r + 1
.

We call this the “naive TTS test with an expected coupling delay” and note that the naive TTS test is

the special case of this test where ∆ = 0. Although we have not found this variant in the literature, we have

been asked about it when presenting this work.

We now give a simulation example of a pair of independent stationary processes {xt} and {yt} for which

this test is miscalibrated by more than twofold. Both are periodic process afflicted with periodically varying

measurement noise. {xt} is given by:

xt = (1− λx,t)bx,t + λx,tεx,t

t = 1, 2, ..., 400

where

λx,t = 0.1 + 0.1

(
mod(t+ φx, 3000)

3000

)

bx,t = 1− bx,t−1; bx,1chosen to be 0 or 1 with equal chance

Next, {yt} is given by similar formulae, but where the equation for λy,t has some differences in parameter

choices:

yt = (1− λy,t)by,t + λy,tεy,t

λy,t = 0.3 + 0.5

(
mod(t+ φy, 3000)

3000

)

by,t = 1− by,t−1; by,1chosen to be 0 or 1 with equal chance

Here, φx and φy are chosen from among {0, 1, ..., 2999} with equal chance. The εx,t and εy,t noise terms

are independently and identically distributed continuous uniform random variables between 0 and 1. φx, φy,
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bx,1, by,1, and the εx,t and εy,t terms are all independent. As with the process of Fig A37, both {xt} and

{yt} are stationary here as well; this can be seen using a line of argument analogous to the one used for the

process of Fig A37. Sample realizations are shown in Fig A37A.

We tested whether the two time series were dependent using a naive TTS test with a flanking radius of

r = 100 and various choices for the expected coupling delay ∆. We used the sample Pearson correlation

coefficient as the correlation statistic. Fig A37B shows how the false positive rate varies as a function of the

expected coupling delay. In this example, strongly negative values of ∆ result in a false positive rate as high

as 30%, even though detections were made at the 0.05 significance level.

Figure A37: The naive TTS test with an expected coupling delay can be miscalibrated by more than twofold.
(A) Sample dynamics of the benchmark system. See text for simulation details. (B) False positive rate of the
naive TTS test as a function of the expected coupling delay ∆. The truncation radius r was set to 100 and
the correlation statistic was the absolute value of the Pearson correlation coefficient. We varied the expected
coupling delay ∆ from −100 to 100. Detections were made at the 0.05 significance level. False positive rates
were estimated from 10, 000 replicate trials.

A3 Detailed methods and results for the simulation benchmark

Here we describe the data-generating processes, surrogate data tests, and correlation statistics that we used

in the benchmark study of false positive rates (Fig 27).

A3.1 Data-generating processes

For all data-generating processes except the sine wave with drifting measurement noise (Fig 27Aiii), the xt

series and yt series were generated as independent replicates of the same process. Therefore, for all processes

except that of Fig 27Aiii, we describe only the procedure to generate the xt series.

Standard first-order autoregressive process (Fig 27A i)

t = 1, 2, ..., 400
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xt+1 = 0.7xt + εt

where the εt terms are independent random variables with a standard normal distribution (i.e. with a

mean of zero and variance of 1). The initial condition x1 follows the stationary distribution of the process,

which in this case is a normal distribution with a mean of zero and a standard deviation of (1 − 0.72)−1/2

(see Eq. 20-6 in [142], for instance).

Logistic map (Fig 27A ii)

t = 1, 2, ..., 400

xt+1 = 4xt(1− xt)

where x1 is chosen according to the Beta(0.5, 0.5) distribution. This system is stationary (see chapter 1

of [200], for instance).

Sine wave with measurement noise whose strength varies as a sawtooth wave (Fig 27A iii)

t = 1, 2, ..., 400

xt = sin

(
2π(t+ φx)

22

)

yt = sin

(
2πt+ φy

22

)
+ at(εt − 0.5)

where

at =
mod(t+ φa, 2800)

7000

where mod(α, β) is the modulo operation, which is the remainder obtained from dividing α by β. The

terms φx, φy, φa and {εt}400
t=1 are all independent random variables with the following distributions: φx and

φy are chosen uniformly at random from {0, 1, ..., 21}. φa is chosen uniformly at random from {0, 1, ..., 2799}.

The εt terms are independent random variables drawn from a Beta(1/3, 1/3) distribution. Note that the

phase terms φx, φy, and φa are all time-invariant. More generally, we stress that throughout this section,

all terms not indexed by t are time-invariant.

{xt} is stationary since it is a periodic sequence whose initial value is chosen uniformly from among the
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points within a period. To see that {yt} is stationary, start with {at}. We know that {at} is stationary

because it is a periodic sequence whose initial value is chosen uniformly from among the points within a

period. Since {εt} are iid (and thus stationary), and since any static function of two independent stationary

sequences is stationary, the “at(εt− 0.5)” term in the equation for yt is also stationary. The sinusoid term in

the equation for yt is also stationary since it is a periodic sequence whose initial value is chosen uniformly

from among the points within a period. Finally, {yt} must be stationary since it is the sum of two terms

that are independent of each other and also individually stationary.

Sine wave with detection threshold (Fig 27A iv)

This process describes a sine wave with a detection threshold (0.5 and additive noise). See Fig A39 for more

details.

t = 1, 2, ..., 400

xt = at + εt

at = max(sin(φ+
2πt

35
), 0.5)

where φ is a continuous uniform random variable drawn from between 0 and 2π, and εt terms are

independent normal random variables with mean of 0 and standard deviation of 0.05.

To see that {xt} is stationary, start with {at}. Note if φ is a continuous uniform random variable drawn

from between 0 and 2π (as it is here), and if k is a real number, then sin(φ) and sin(φ + k) have the

same distribution due to the periodicity of the sin function. Then it follows that a1, a2, ..., an has the same

distribution as a1+t, a2+t, ..., an+t for any t. That is, {at} is stationary. The {xt} process is stationary

because it is a static function of two independent stationary processes ({at} and {εt}).

Coin flips with additive noise and time-varying ’heads’ probability (Fig 27A v)

t = 1, 2, ..., 400

xt = bt + εt
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where {εt}400
t=1 are independent random normal variables with mean of 0 and standard deviation of 0.15.

The terms bt are Bernoulli random variables (’coin flips’) with probability:

P (bt = 0) = 1− at

P (bt = 1) = at

where at is given by:

at =
1

2

(
1

2
sin

(
φ1 +

2πt

75

)
+

1

2

)6

+
1

12

(
1

2
sin

(
φ2 +

2πt

31
√

2

)
+

1

2

)

and where φ1 and φ2 are independent continuous uniform random variables drawn from between 0 and

2π.

To see that {xt} is stationary, note that both additive terms in {at} are stationary because they are each

periodic functions whose phase is uniformly distributed over the period, similar to the sine wave in system iv.

Then, {at} is itself stationary because it is a function of two independent stationary sequences. Then, {xt}

is stationary because it is a function of {at} and {εt}, which are also two independent stationary sequences.

Exponential growth with periodic extinction (Fig 27A vi) Consider a population with a size of

at that experiences constant immigration (50 each time step) together with exponential growth punctuated

with periodic extinction (every 8 time units):

at+1 =


at + 0.2at + 50

50

if t is not a multiple of 8

if t is a multiple of 8

a1 = 50.

Suppose that the population has already been in existence for a random amount of time when observations

begin. In this case, the process during the observation window may be b1, ..., b400:

bt = at+φ

where φ is an integer drawn uniformly at random from among {0, 1, ..., 7}.
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Additionally, only about 10 percent of the population is observed, via a binomial sampling process, which

we approximate using a normal distribution:

xt = 0.1bt + (0.09bt)
1/2εt

where the εt terms are independent normal random variables with mean of 0 and variance of 1. As usual,

x1, ..., x400 is the reported time series.

To see that {xt} is stationary, note that {bt} is stationary because it is a periodic process whose phase is

chosen uniformly at random from among the period. Then, {xt} is stationary because it is a static function

of {bt} and {εt}, which are two independent stationary processes.

FitzHugh-Nagumo model with noise (Fig 27A vii)

(xt+1 − xt)/0.7 = xt − x3
t/3− wt + εt

(wt+1 − wt)/0.7 = 0.08(xt + 0.7− 0.8wt)

where the εt terms are independent random variables with standard normal distribution. We started the

simulation with the initial condition (x1, w1) = (0, 0) and ran the system for 1000 time points to allow it to

equilibrate, using points 1001 through 1400 for the statistical benchmark.

Chaotic Lotka-Volterra (Fig 27A viii)

dsi(t)

dt
= 1.5ri

si(t)− 4∑
j=1

aijsi(t)sj(t)

 , i = 1, 2, 3, 4

r =



1

0.72

1.53

1.27



a =



1 1.09 1.52 0

0 1 0.44 1.36

2.33 0 1 0.47

1.21 0.51 0.35 1


Unlike the other systems which are discrete-time and mostly stochastic, this is a system of differential
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equations. These parameter choices are due to [146]. Although this system is continuous-time, statistical

analysis was performed on discrete time points. We initialized the system by independently choosing s1(1),

s2(1), s3(1), and s4(1) from a continuous uniform distribution between 0.1 and 0.5. We then numerically

integrated the system for 2000 time units to allow it to equilibrate and finally used t = 2001, 2002, ..., 2400

for the statistical benchmark. The xt and yt series were independent realizations of s4(t).

Random walk (Fig 27A ix)

t = 1, 2, ..., 400

xt+1 = xt + εt

where the εt terms are independent random variables with a standard normal distribution. The initial

condition x1 was set to 0.

First-order autoregressive process with trend (Fig 27A x)

This system was generated by adding t/60 to the stationary first-order autoregressive process. Specifically,

t = 1, 2, ..., 400

xt = at + t/60

where

at+1 = 0.7at + εt

Here the εt terms are independent random variables with a standard normal distribution. The initial

condition a1 is given by a normal distribution with a mean of zero and a standard deviation of (1−0.72)−1/2.

A3.2 Hypothesis testing

Correlation statistics and surrogate data tests and the parametric tests were implemented as described in

Methods. For the naive TTS test (Eq. 7) we set the flanking radius r to 50. For the TTS test (Eq. 8) we

set the flanking radius r to 59, since the power of the TTS test is maximized when r is set to one less than

a multiple of 20, as in Fig 28.
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A3.3 False positive rates of surrogate data tests without circularization

Figure A38: False positive rates of dependence tests without circularization. The same benchmark analysis
was performed as in Fig 27 for IAAFT, block bootstrap, twin, and cyclic permutation tests, except that
here, no circularization step was performed. Only these four surrogate tests are shown here because they
were the only tests that used a circularization preprocessing step 27.

A3.4 Challenges for cyclic permutation surrogates and circularization prepro-

cessing

The cyclic permutation method is fairly similar to time-shift methods, but lacks the guarantee of the TTS

test (as demonstrated in Fig 27). Because the two procedures are similar, we here try to gain some intuition

for their sometimes different behavior by exploring specific ways in which stationary sequences can cause the

cyclic permutation test to become invalid.

The cyclic permutation procedure is valid if: 1) the true process is periodic; 2) the initial condition was

chosen at random from among the points within a period with equal chance, because that way, the ground

truth process will be reflected by the cyclic permutation process (wherein each position of the period is

sampled equally by surrogates); and 3) the length of the truncated time series is an integer multiple of the

period.

Since cyclic permutation surrogates directly join the ends of sequences, it is intuitive that problems may

arise when the beginning and end of a time series look very different, and therefore we may expect the cyclic

permutation procedure to benefit substantially from circularization preprocessing [48, 43]. This occurs most

112



strikingly in system vii (Fig 27), where the cyclic permutation test of mutual information has a false positive

rate of either 5% with circularization (Fig 27) or 41% (Fig A38) without it. Thus, time series that are

difficult to properly preprocess may pose challenges to the cyclic permutation method. Below, we illustrate

two such examples. In both, we use the cyclic permutation surrogate test with circularization with the same

parameters as in Fig 27.

First, a noise process or thresholding process can prevent the circularization procedure from selecting

the optimal trimmed sequence length. As an example of this, consider a process in which {xt} and {yt} are

generated by stationary sine waves with a detection threshold and additive noise:

xt = max(sin(φx +
2πt

35
), β) + εx,t

yt = max(sin(φy +
2πt

35
), β) + εy,t

Here, φx and φy are independent uniform random variables between 0 and 2π. The noise terms εx,t and

εy,t are independent normal random variables with zero mean and standard deviation of 0.05. The parameter

β is a threshold term. Example dynamics are shown in Fig A39A.

We generated independent {xt} and {yt} time series from this system and computed the proportion of

trials in which the cyclic permutation test reported a significant Pearson correlation coefficient strength at

the 0.05 significance level (Fig A39B purple). As the threshold increased, so did the false positive rate. This

is presumably because at higher threshold values such as 0.5, much of the periodicity of the series is masked

by the threshold, and so it is more difficult to determine the optimal length of the trimmed sequence via

circularization (Eq. 9). Indeed, because the period of {yt} is 35, it would be natural to trim the sequence

to a length that is a multiple of 35; this is nearly always achieved for low threshold values, but rarely for

high threshold values (Fig A39C). We can confirm that the increase in the false positive rate is due to a

suboptimal trimming length because when we analyze only the trials in which the trimmed length was a

multiple of 35, the false positive rate is correctly set at 0.05 regardless of the threshold value (Fig A39B,

red). In this particular case, one may try to avoid this problem by estimating the period by other means,

but this example is intended to illustrate the general idea that detection thresholds and noise processes may

pose a challenge to circularization methods.
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Figure A39: A process with a detection threshold is difficult for setting trimming length and thus poses a
challenge for the cyclic permutation surrogate procedure. (A) Example time series of the thresholded sine
process. A representative time series is shown for each of three possible threshold values. (B) False positive
rate as a function of the detection threshold and the length of the trimmed time series. Specifically, we
performed 105 trials in which two time series were generated with the same threshold β. We used the cyclic
permutation procedure (with the circularization trimming step) to test for the significance of the Pearson
correlation strength at the 0.05 level. For all thresholds, there were at least 16, 000 trials in which the
trimmed length was a multiple of 35. (C) The proportion of trials in which the trimmed (i.e. circularized)
time series had a length that was a multiple of 35. The trimmed length is optimally a multiple of 35 because
the dynamics have a period of 35.

A second potential challenge occurs when the method used to select the cutoff points (kstart and kend in

Eq. 9) is not appropriate for the time series under study. For instance, Eq. 9 chooses (kstart, kend) as the

values of (k1, k2) that minimize the score:

L∑
i=0

(yk2+i − yk1+i)
2.

Although this score will identify subsequences at the beginning and the end of a time series that share

similar values, these subsequences may not share other aspects of their distribution.

As a simple illustrative example, consider a system that toggles between a random even integer upper-

bounded by the even number β and a random odd integer upper-bounded by the odd number β − 1 .

Specifically, let the phase term φ be either 0 or 1 with equal chance. Then, for t = 1, ..., 400, if t has the

same even/odd status as φ (i.e. t and φ are either both even or both odd), xt will be a random even integer

between 0 and β; alternatively, if t does not have the same even/odd status as t, xt will be a random odd

integer between 1 and β− 1. Lastly, because we plan to use mutual information to correlate two realizations

of this process, we add a tiny amount of measurement noise (a uniform random variable between −10−8 and

10−8) to each data point, as recommended by [148] for data sets with “tied” values. Fig A40A shows two
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examples of this process for β = 6. Note that this process is stationary.

We estimated the mutual information between an independent pair of such processes with the same value

of β and used the cyclic permutation procedure to test for significance at the 0.05 level. Since the process

has a period of two, the circularization step should ideally trim the time series to an even length; doing so

is both necessary and sufficient to ensure a false positive rate of 5% (Fig A40C). When β = 2, the possible

even values (either 0 or 2) can be easily distinguished from the possible odd value (1 only), and thus the

circularization procedure successfully trims the series to an even length, leading to a well calibrated false

positive rate (Fig A40B, β = 2). As β becomes larger (e.g. 6), the possible even values (0, 2, 4, or 6) cannot

be easily distinguished from the possible odd values (1,3, or 5), and thus circularization will sometimes trim

the series to an odd length, leading to a high false positive rate (Fig A40B, β = 6). When β exceeds 10, the

false positive rate begins to decline. This decline is not due to a decrease in odd-trimmed sequences (green

curve in B), but instead due to a decrease in the false positive rate among odd-trimmed sequences (olive

curve in C). The explanation for this decrease is omitted here because it is complicated and is beside the

main point of this example.

Overall, when time series have important fluctuations in aspects of their distributions that are not tied to

distances between points, it may be difficult for the circularization scores such as Eq. 9 to select the optimal

trimming length.

We re-emphasize that both of these examples used stationary processes, and are therefore guaranteed to

be appropriate for the TTS test. Thus, these challenges are relevant to the circular permutation approach

(and perhaps other techniques that rely on circularization), but will not result in inflated false positive rates

under the TTS procedure.
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Figure A40: A process with important dynamics that are not closely tied to interpoint distances frustrates
a circularization procedure based on minimizing the distance between the beginning and the ending sub-
sequences of a series. (A) A process x toggles between a random even number (between 0 and β) and a
random odd number (between 1 and β − 1) at each time step. See text for details. (B) We simulated an
independent pair of realizations from this process at different values of β and tested for significant mutual
information at the 0.05 level using the cyclic permutation procedure (including the circularization step).
We performed 104 trials for each β. The false positive rate and the frequency of obtaining an odd-length
trimmed sequence are shown. (C) The false positive rate as a function of the length of the trimmed time
series. In both (B) and (C), a grey line indicates the 0.05 level.

A4 Surrogates for some nonstationary time series: The detrend-

retrend TTS test

In this section, we describe a modified TTS procedure to generate surrogates for certain nonstationary time

series. We first give some intuition for the procedure and when it is valid. We then describe the procedure

precisely and show why it results in a valid test for independence. Lastly we show a simulation example in

which it outperforms simpler approaches.

Although the TTS test as described in Fig 26 requires that surrogates are generated from a stationary time

series, it is possible to modify the TTS test for nonstationary time series that can be correctly decomposed

into a deterministic trend component and a stationary component. The basic idea is that we can: (1) obtain

the stationary component by subtracting the deterministic trend, (2) generate time-shifted surrogates from

the stationary component, and (3) add the trend back to each of the time-shifted surrogates (Fig A41). This

idea has previously been applied to random phase surrogates [154].
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A4.1 Detailed description of the detrend-retrend TTS test

Figure A41: Procedure to generate detrend-retrend TTS surrogates.

We now describe this procedure (the “detrend-retrend TTS test”) in detail. Suppose we have two time series

{xt} = {x1, x2, ..., xn} and {yt} = {y1, y2, ..., yn}, and we wish to test whether they are independent. As in

the regular TTS test (Fig 26), we choose a truncation radius r, a correlation function Θ, and a significance

level α. Suppose now that {yt} is not stationary, we know how to decompose it into a deterministic trend

component and a stationary component. That is,

yt = Tt + zt for all t = 1, 2, ..., n

where {T1, ..., Tn} is deterministic, {z1, ..., zn} is stationary. We now produce truncated sequences from

{xt}, {Tt} and {zt}:

xtrunc = {x1+r, ..., xn−r}

T trunc = {T1+r, ..., Tn−r}

ztrunc(δ) = {z1+r+δ, ..., zn−r+δ}
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where, as before, δ takes on integers between −r and r. Next, we produce y surrogates ysurr(δ) as the

element-wise sum of ztrunc(δ) and T trunc (Fig A41). That is, for each value of δ, ysurr(δ) is the (n−2r)-length

sequence whose ith element is given by:

Ti+r + zi+r+δ.

(We call these surrogates ysurr(δ) instead of ytrunc(δ) because they cannot be obtained by simply trun-

cating {yt} at different shifts.) Next, we use these surrogates in the same way as before: Obtain the shifted

correlation values

θδ = Θ(xtrunc, ysurr(δ)).

Let B be the number of terms in the sequence {θ−r, ..., θr} that are greater than or equal to θ0. Let

u = B/(r + 1).

Finally, the test detects dependence between {xt} and {yt} at a significance level of α if u ≤ α.

Let us see why the detrend-retrend TTS procedure is a valid test of dependence between {xt} and {yt}

(as long as {yt} is the sum of a known deterministic component and a stationary component): First, note

that the above procedure is equivalent to applying the (regular) TTS test for dependence between {xt} and

the stationary component {zt}, but with a special correlation function Θ̃:

Θ̃(xtrunc, ztrunc(δ)) = Θ(xtrunc, T trunc + ztrunc(δ)).

Thus, since {zt} is stationary, this procedure rigorously tests for dependence between {xt} and {zt}.

Next, since {yt} = {Tt}+ {zt} and since {Tt} is nonrandom by definition, we know that {xt} and {zt} are

dependent if and only if {xt} and {yt} are dependent. (Since this fact may not be immediately obvious, we

have formally proven it below as lemma 14.) Thus, by testing for dependence between {xt} and {zt}, the

detrend-retrend TTS procedure also tests for dependence between {xt} and {yt}, as promised.

Lemma 14 Let {xt}, {yt}, and {zt} be sequences of n random variables such such that {yt} = {Tt}+ {zt},

where {Tt} is a sequence of nonrandom real numbers. Then, {xt} and {yt} are independent if and only if

{xt} and {zt} are independent.
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Proof: Let us begin with a notational change. Since our sequences have a finite length, we may instead

represent them as vector-valued variables. Thus, let us rewrite our respective sequences as the length-n

random vectors ~x, ~y, ~z, and the length-n nonrandom vector ~T . The proof essentially consists of applying 11

from Appendix A1.2. We first show the forward direction. To do so, suppose that ~x and ~y are independent.

Define the functions f(~a) = ~a and g(~a) = ~a − ~T . By theorem 11, f(~x) and g(~y) are independent, but

f(~x) = ~x and g(~y) = ~z, so ~x and ~z are independent, as required. For the second reverse direction, suppose

that suppose that ~x and ~z are independent. Define the function h(~a) = ~a+ ~T . By theorem 11, f(~x) = ~x and

h(~z) = ~y are independent, as required.

A4.2 With nonstationary data, the detrend-retrend TTS test is sometimes, but

not always, superior to simpler alternatives.

We compared various flavors of the TTS test to simulated systems in which one or both series are nonsta-

tionary. We compared detrend-retrend TTS to two simpler strategies: directly applying the TTS test, or

applying the TTS test after detrending the {yt} series (without retrending). The detrend-retrend test was

superior in the case where both {xt} and {yt} are nonstationary, whereas the detrending-only strategy was

superior where {xt} is stationary and {yt} is nonstationary. Below, we describe the details of the simulations.

We first simulated a system where {xt} and {yt} have related nonstationary behavior. We avoided using

a system where the key problem addressed by the detrend-retrend TTS test is trivial: If {xt} and {yt} share

a known common trend, then one could simply subtract this shared trend from both time series and proceed

with the TTS test, obviating the need to “retrend”. Avoiding that trivial case, {yt} has a visually apparent

additive trend, but {xt} does not (Fig A42A).

For t = 1, 2, ..., 400, we generated {xt} and {yt} as follows:

Ht =


5

1

if 150 < t ≤ 250

otherwise

at =


5

0

with probability Ht/25

otherwise

xt = at + εx,t

yt = Ht + εy,t

where the measurement noise terms εx,t and εy,t are normal random variables with a mean of 0 and
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variance of 1. The εx,t terms at different times are independent, and so are the εy,t terms. The covariance of

the εx,t and εy,t terms was set to either 0 (so that {xt} and {yt} are independent) or 0.3 (so that {xt} and

{yt} are dependent). Both {xt} and {yt} are nonstationary. Whereas {yt} has a trend component given by

{Ht}, the {xt} process does not have a deterministic trend component (Fig 26A).

We simulated {xt} and {yt} time series and tested whether they are dependent using various flavors of

time-shift tests. Specifically, we either (1) tested for dependence between {xt} and {yt} using the (regular)

TTS test, (2) tested for dependence between {xt} and the detrended series {εy,t} using the (regular) TTS

test, or (3) tested for dependence between {xt} and {yt} using the detrend-retrend TTS test (i.e. detrending

and retrending {Ht} on {yt}). For the different tests, we report the proportion of trials in which dependence

was detected when the true covariance between εx,t and εy,t was either 0 (Fig A42B, “False positive rate”) or

0.3 (Fig A42B, “True positive rate”). Directly applying the TTS test to {xt} and {yt} is invalid (since {yt} is

nonstationary) and failed to control the false positive rate at the 0.05 significance level (Fig A42B top row).

The other two tests are valid and correctly controlled the false positive rate. Of these, the detrend-retrend

TTS test had higher detection power.

For the system where {xt} is stationary and {yt} is nonstationary (Fig A42C), we simulated an equivalent

system except where xt is no longer determined by Ht:

at =


5

0

with probability 1/25

otherwise

xt = at + εx,t

All other aspects of the system in Fig A42C are equivalent to those in Fig A42A. In this case, directly

applying the TTS test did not result in a high false positive rate, and simply detrending gave grater detection

power than the detrend-retrend TTS test (Fig A42D).
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Figure A42: The detrend-retrend TTS test correctly controls the false positive rate in a benchmark simula-
tion. (A) A simulated benchmark system in which both time series are nonstationary and where one time
series ({yt}) can be decomposed into a deterministic trend component and a stationary component. See text
for simulation details. (B) Performance comparison. Different procedures were used to test whether {xt}
and {yt} are dependent at the 0.05 significance level. Either the TTS test was applied directly, the TTS test
was applied after detrending the {yt} series, or the detrend-retrend TTS test was used. To compute true
positive rates, we set the covariance between the measurement noise of xt terms and measurement noise of
yt to 0.3; for false positive rates this covariance was set to 0. For each test, the absolute value of the Pearson
correlation coefficient was used as the correlation function, the truncation radius r was set to 79, and true (or
false) positive rates were reported as the proportion of 104 trials in which dependence was detected. (C-D)
Same as (A-B), but for a system where {xt} is stationary and {yt} is nonstationary.

A5 Additional detection power comparisons between TTS and

other tests

We performed several additional simulations examining the detection power of the TTS test, and comparing

it to those of other surrogate data tests and the parametric test for Pearson correlation. In all of the

following benchmark tests, we used the significance level of 0.05 to detect dependence. In many of the

following benchmark tests, we pre-shift data as in Fig 28. To fix notation, “pre-shifting by s” means that

we test for dependence between {x1+s, x2+s, ..., xn} and {y1, y2, ..., yn−s} if s ≥ 0, and test for dependence

between {x1, x2, ..., xn−s} and {y1+s, y2+s, ..., yn} if s < 0.
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A5.1 Unidirectionally coupled processes

Autoregressive process: We simulated the unidirectionally coupled autoregressive process:

xt = ρxxt−1 + ρyxyt−1 + εx,t

yt = ρyyt−1 + εy,t

where the εx,t and εy,t terms are independent random variables with a standard normal distribution.

Unless otherwise specified, we used ρx = 0.4, ρy = 0.4, ρyx = 0.3, and a time series length of 400. We varied

each of these four parameters (ρx, ρy, ρxy, and the time series length) individually. The initial conditions

of x and y were chosen independently at random from a standard normal distribution and the system was

allowed to equilibrate for 500 steps before recording measurements used for testing. We tested for dependence

between the two time series using the Pearson correlation strength as the correlation statistic, and compared

the detection power of each of the tests used in Fig 27. Additionally, we pre-shifted the {xt} series by s = 1

time step. For the TTS test, we used two different values for r (79 and 19). We used r = 79 because this

is an intermediate value as suggested in the main text and we used r = 19 in order to use the TTS test for

time series lengths as low as 100. We used r = 80 for the naive TTS test as this is the multiple of 10 nearest

to 79. For all other tests, details are the same as in Fig 28. 104 trials were used to compute the true positive

rate for each choice of parameters. The true positive rates are given in the file 2_coupled_ar1.xlsx.

Coupled logistic map: We simulated the unidirectionally coupled logistic map process:

xt = xt−1(rx − rxxt−1 − ryxyt−1)

yt = yt−1(ry − ryyt−1)

where the initial conditions of x and y were chosen independently at random from a uniform distribution

between 0.2 and 0.8, and the system was allowed to equilibrate for 500 steps before recording measurements

used for testing. Unless otherwise specified, we used rx = 3.5, ry = 3.8, ryx = 0.1 and a time series length of

400. We varied each of these four parameters (ρx, ρy, ρxy, and the time series length) individually. We tested

for dependence between the two time series using cross-map skill with the same direction and parameters

as in Fig 28 (except for when using the parametric test, which relies on Pearson correlation). Additionally,

we pre-shifted the {xt} series by s = 1 time step. The values of r for the TTS and naive TTS tests are the
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same as in the section immediately above. For all other tests, details are the same as in Fig 28. 2000 trials

were used to compute the true positive rate for each choice of parameters. The true positive rates are given

in the file 3_coupled_logistic.xlsx.

Nonlinearly coupled autoregressive process: We simulated a pair of autoregressive processes that are

coupled in a nonlinear way:

xt = ρxt−1 + cos(εt)

yt = ρyt−1 + sin(εt)

where the εt terms are independent random variables drawn from a uniform distribution between 0 and

2π. The state variables x and y were initialized at 0, and then the system was allowed to equilibrate for 500

steps before recording measurements used for testing. For the default system we used ρ = 0.35 and a time

series length of 400. We either varied ρ while keeping the length at 400 or varied the length while keeping ρ

at 0.35. We tested for dependence using the mutual information estimator (see Methods) and compared the

detection power of each of the tests used in Fig 27. We did not pre-shift time series. The values of r for the

TTS and naive TTS tests are the same as in the sections immediately above. For all other tests, details are

the same as in Fig 28. 2000 trials were used to compute the true positive rate for each choice of parameters.

The true positive rates are given in the file 4_nonlin_coupled_ar1.xlsx.

A5.2 Bidirectionally coupled processes with random coupling delays

Autoregressive process: We simulated the bidirectionally coupled autoregressive process where x and

y both influence each other with random strengths and random coupling delays, with iid Gaussian process

noise of mean zero and variance 1:

xt = 0.4xt−1 + ρyxyt−τyx
+ εxt

yt = 0.4yt−1 + ρxyxt−τxy
+ εyt

The interaction strengths are chosen randomly from a continuous uniform distribution, and they are
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made sum to 0.4:

ρyx ∼ Unif(0, 0.4)

ρxy = 0.4− ρyx

Note that for any particular realization of the process, we have ρxy 6= ρyx to mimic real world where

variables are rarely symmetric.

The interaction delays τyx and τxy are drawn independently from the set {1, 2, ..., τmax} with equal

chance. Thus, τmax determines the amount of uncertainty in the coupling delays. Here, we varied τmax from

1 to 5. Additionally, the initial conditions of x and y were chosen independently at random from a standard

normal distribution and the system was allowed to equilibrate for 500 steps before recording measurements

used for testing.

We tested for dependence using the absolute value of the Pearson correlation between {xt} and {yt}. To

account for the delay uncertainty, we pre-shifted data by several choices of s and performed a multiple-testing

correction. We tried different numbers of pre-shifts centered at s = 0. That is, we preshifted by:

−smax, ..., smax

and performed a Bonferroni correction for the number of pre-shifts (= 2smax + 1). We varied smax from

1 to 5. Larger values of smax correspond to an assumption of greater uncertainty in the coupling delay. As

in Fig 28, we used the lowest value of r that would enable significance at the 0.05 level after the Bonferroni

correction (i.e. r = 59 for 3 pre-shifts, r = 99 for 5 pre-shifts, and so on). In order to handle up to 11 different

choices of s (and thus 11 different hypothesis tests to correct for), we used a time series length of 800. We

used the parametric test for Pearson correlation and IAAFT surrogate test for comparison. We used 1499

IAAFT surrogates rather than 99, to account for the lower p-values demanded by the Bonferroni correction.

To calculate true positive rates, we repeated the trial 104 times for TTS and parametric tests, and 500 times

for the slower IAAFT test. The true positive rates are given in the file 5_bidirectional_ar.xlsx.

Logistic map: We simulated the bidirectionally coupled logistic map process where x and y influence each

other with random coupling delays:
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xt = xt−1(rx − rxxt−1 − 0.1yt−τyx)

yt = yt−1(ry − ryyt−1 − 0.1xt−τxy
)

where the initial conditions of x and y were chosen independently at random from a uniform distribution

between 0.2 and 0.8, and the system was allowed to equilibrate for 500 steps before recording measurements

used for testing. The terms rx and ry are randomly drawn from the set:

{3.7, 3.72, 3.74, 3.76, 3.78, 3.8}

without replacement (i.e. rx 6= ry). We require rx 6= ry to avoid pathological synchrony [18, 127].

As in the above section, the interaction delays τyx and τxy are randomly drawn independently from the

set {1, 2, ..., τmax}, and we varied τmax from 1 to 5. Again, we used a time series length of 800 for this

benchmark.

We tested for dependence between the two time series using cross-map skill with the same direction and

parameters as in Fig 28 (except for when using the parametric test, which relies on Pearson correlation).

As in the section above, we used the TTS test with multiple pre-shift values and a Bonferroni multiple test

correction, and the IAAFT and parametric correlation tests. All other details of the analysis, such as choices

of r and trial numbers, are the same as in the above section. The true positive rates are given in the file

6_bidirectional_logistic.xlsx.

A6 Detailed methods and results for the orbital-climate depen-

dence example

A6.1 Obtaining orbital parameter time series and deglaciation event times.

We obtained obliquity, precession, and eccentricity time series from [155] using the web interface at http:

//vo.imcce.fr/insola/earth/online/earth/online/index.php, with a sampling frequency of 1 kyr. The

solar constant was left as the default value of 1368 watts per square meter. Deglaciation event times [160] were

obtained from https://www.ncei.noaa.gov/pub/data/paleo/contributions_by_author/huybers2006/

huybers2006.txt.
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A6.2 Testing for dependence using a nonlinear correlation statistic

For Fig 29C we used a correlation function based on state space reconstruction (SSR) with delay vectors.

One of the most popular state space reconstruction correlation statistics is the so-called “cross-map skill” of

the convergent cross-mapping approach [18]. Our technique, while inspired by cross-map skill, deviates from

it in two ways: the weighting function and the number of neighbors used for prediction. We first describe this

correlation function and use a simulation to justify why these changes are important for the orbital-climate

dependence example.

To obtain a correlation between two time series {xt} and {zt}, we begin by constructing delay vectors

from the {zt} series:

vt = (zt, zt−D, ..., zt−(E−1)D)

where D is the delay amount and E is the embedding dimension (we will discuss the choice of the

parameters D and E later). vt is thus a point in an E-dimensional “delay space”. We now have the paired

time series {xt, vt}nt=1. Next, we try to predict the {xt} series using the delay vectors {vt}. Specifically for

each value of i = 1, 2, ..., n, we find the k nearest neighbors of vi in the delay space. Note that vi cannot be

its own neighbor. We use these nearest neighbors to predict xi:

x̂i =

∑n
j=1 xjw(vi, vj)Ik(i, j)∑n
j=1 w(vi, vj)Ik(i, j)

Ik(i, j) =


1

0

if vj is one of vi
′s k nearest neighbors

otherwise

where x̂i is the predicted value of xi and w(vi, vj) is a weighting function which is larger when vi and vj

are closer together (to be discussed further below). Our correlation statistic is then given by the negative

mean squared error of the predictions:

− 1

n

∑
(xi − x̂i)2. (12)

We choose negative error (instead of error) for the statistic so that higher values of the statistic (lower

error) will correspond to stronger coupling signal, as per the TTS test. The popular cross-map skill procedure

[18] typically uses an exponential weighting function:

wexp(vi, vj) = e−|vi−vj |/di (13)
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where |vi−vj | is the Euclidean distance from vi to vj and where di is the Euclidean distance from vi to its

closest neighbor. However, we found that these choices do not perform well for time series that resemble the

deglaciation series. Specifically, our {xt} series (i.e. the series being predicted) is a series of 2000 kiloyears

in which 36 deglaciations occurred. That is, 36 values of the {xt} series are 1s and the rest are 0s. We

have found that in simulations where {xt} is a sparse event time series, the exponential weight function has

abysmal detection power. Instead, here we use a simple inverse-distance weighting function:

winv(vi, vj) = 1/|vi − vj | (14)

which we found to have high detection power for sparse event time series.
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Figure A43: Inverse distance weights and larger numbers of neighbors improve detection power for a simulated
sparse event time series. (A) {zt} was generated according to a simple first-order autoregressive process.
{xt} is an event time series (xt is either 1 or 0) and depends on {zt}, with 1 occurring more frequently when
zt and zt−1 are near the origin. The parameter β determines the frequency of events. (B, C) Time series
and delay vector plot of a realization with β = 0.05. In the event time series, overlapping dots are vertically
separated so that they can be distinguished (i.e. the vertical axis is meaningless). Delay vectors were
constructed as: vt = (zt, zt−1). When events are sparse, event points are generally surrounded by non-event
points. Note that events are clustered around the origin. Thus, nearest-neighbor prediction techniques with
a small number of nearest neighbors may suffer poor prediction accuracy. (D) The TTS test with various
SSR-based correlation functions (Eq. 12) was used to detect the dependence between {xt} and {vt}. Time
series were of length 2198 and r was set to 99, so that truncated {xt} and {vt} series would be of length
2000, mirroring the length of the deglaciation series. The event frequency parameter β was set to 0.05, 0.07,
0.1, 0.2, and 0.5, which correspond to an average of 24, 34, 49, 97, and 245 events within the length-2000
truncated window. (The deglaciation time series has 36 events among its 2000 time points). The detection
power (i.e. the proportion of 1000 trials in which the dependence between {xt} and {zt} was detected at
the 0.05 significance level) is shown as a function of the average number of events within the truncated {x}
window. Either inverse distance weights (Eq. 14) or exponential distance weights (Eq. 13) were used and
the number of neighbors used for prediction (i.e. k) was varied from 5 to all possible neighbors (1999 in this
case). For sparse event series, inverse distance weighting with all possible neighbors provides substantially
higher power than all other options. Curves for exponential distance weights are superimposed because the
number of neighbors did not affect detection power.

In order to compute correlations using this approach, we must pick embedding parameters (the delay

lag D and the embedding dimension E) for each orbital parameter time series. As is typical, we selected

embedding parameters that maximized predictions of future values using past values of the same time series.
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There are three further considerations in our embedding parameter selection procedure: (1) Which portion of

the data did we use as training data to select embedding parameters? (2) If we chose embedding parameters

to minimize the error in forecasts q kyr into the future, what was q? (3) Which possible parameter values

did we search over and what other hyperparameters were needed? Below we discuss each of these in turn.

Which data did we use for parameter value selection? We randomly selected 25 windows of 2 Myr (the

same as the length of the deglaciation time series) from between −12 Myr and +10 Myr (where 0 is the

present time). For each 2-Myr window (2000 data points), we constructed delay vectors from the orbital

parameter time series and used the SSR correlation function to predict future values of the same time series.

We thus obtained 25 mean squared error values (one for each window). Embedding parameters were chosen

to minimize the average over all 25 mean squared error values.

Embedding parameters were chosen by minimizing the error of future predictions; how far into the future

(forecast horizon) did we predict? We chose the forecast horizon to be a fixed proportion of the cycle period

instead of a fixed amount of time in order to subject time series with different autocorrelation structures to

prediction problems of similar “difficulty”. Cycle periods for obliquity, precession and eccentricity, estimated

as average interpeak distances, were 41 kyr, 21 kyr, and 99 kyr respectively (broadly consistent with known

values [156]). Thus, for embedding parameter selection, we used forecasts of 8, 4, and 20 kyr ahead for

obliquity, precession, and eccentricity respectively.

Which possible embedding parameter values did we search over? We scanned embedding dimensions from

2 to 6 and scanned delay lags from 1 to 55 kyr, and chose embedding parameters that minimized average

prediction error. Also, since these predictions were on continuous time series (not event data), we used the

standard [18] exponential distance weights (Eq. 13) and used k = 5 nearest neighbors for predictions.

From this procedure with all of the above ingredients, we obtained delay vector parameters for obliquity

(E = 6, D = 31), precession (E = 5, D = 4), and eccentricity (E = 6, D = 45).

We then computed the nonlinear correlation statistic (Eq. 12 and 14) with all neighbors (i.e. all delay

vectors except self, or equivalently, k = 1999) by predicting deglaciation events based on the delay vectors

of orbital parameters. Finally, we used the TTS test to assess the significance of the statistic. For the

xtrunc window we used the 2000 kyr of deglaciation event data (−1999 to 0 kyr) from [160], with event times

rounded to the nearest kyr. We used a flanking radius of 10, 000 kyr.

We did not pre-shift time series because orbital parameter time series could predict their own future values

with high accuracy. More specifically, using the same exponential distance weighting prediction method as

before (Eq. 13 with k = 5) with the chosen delay vector parameters, all three orbital time series could predict

their own values 10 kyr into the future with a coefficient of determination R2 of more than 0.96 over the time

stretch of −1999 to 0 kyr. Since orbital time series could predict their own futures with such high accuracy,
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we expect that there exists a reasonably high-quality mapping (predictability) between each orbital series

and itself shifted by . 10 kyr. Moreover, if there exists a mapping from unshifted obliquity series to shifted

obliquity series and there exists a mapping from shifted obliquity series to deglaciation, then we can expect

there to be some mapping from unshifted obliquity series to deglaciation. In other words, we expected that

small-to-moderate pre-shifts before the TTS test would be unlikely to severely change the correlations with

the deglaciation series.

A7 Detailed methods and results for the cross-site microbiome

dependence example

A7.1 Testing for dependence between population at the single-species level is

impeded by compositional data.

Many past microbiome surveys have relied on 16S ribosomal RNA sequencing approaches in which relative

abundance levels of taxa are observed (“compositional data”), but not absolute abundance levels [164].

Because of this, detecting species-level dependence relationships directly from data is difficult (Fig A44).

Specifically, it is difficult to make valid species-level inferences about dependence between subpopulations

using relative abundance data, both within a body site (Fig A44B-iii) and between body sites (Fig A44B-

iv). For this reason, we focus on testing for dependence between body sites as a whole, a task that is not

impeded by compositional data, as we prove in the following subsection. For simplicity, we used purely visual

arguments in this illustration rather than discussing the details of hypothesis testing.
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Figure A44: Naive species-level analysis of relative abundance data can result in spurious correlations. (A)
Absolute abundance estimates of 16S rRNA copy numbers (a proxy for biomass) of two microbial species
(x and y) measured over time at two body sites (mouth and skin). (A-i) shows that xmouth and xskin
covary, whereas ymouth and yskin stay constant over time. Scatter plots show that x is correlated between
the two body sites (A-ii), whereas there is no evidence of a correlation between the x and y populations
in a single site (e.g. A-iii), and there is also no evidence of a correlation between the y populations at the
two sites (A-iv). (B) Same as A, but now using relative abundance measurements (x̃ and ỹ), calculated as
x̃site = xsite/(xsite + ysite). The original correlation still exists (B-ii), but now spurious correlations have
appeared, both within (B-iii) and between (B-iv) body sites.

A7.2 Testing for dependence between whole microbial communities at different

body sites is not impeded by compositional data

Here we formally show that testing for dependence between the microbial communities of two body sites is

not impeded by compositional data. The argument relies primarily upon theorem 11 from Appendix A1.2,

which is repeated here for the reader’s convenience.
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Theorem: Let x ∈ Rm×n and y ∈ Rm×n be random variables (or vectors of random variables, or

matrices of random variables) such that x and y are independent. Let f : Rm×n → Rm×n and g : Rm×n →

Rm×n be functions that are measurable on (Rm×n,Bm×n). Then, f(x) and g(y) are independent.

With this key fact under our belt, let the absolute population densities of m taxa at a certain body site

be the matrix X where Xi,t is the density of the ith taxon on day t. Then, the compositional (or relative

abundance) matrix h(X) is given by:

(h(X))i,t =
Xi,t∑m
j=1Xj,t

.

As long as a nonzero total microbial load is measured on each day, h is continuous and therefore measur-

able. Thus we can apply the above theorem. In particular, if X and Y are independent random variables,

then their compositional counterparts h(X) and h(Y ) must also be independent. In fact, the contrapositive

of this statement is more useful for statistical testing: If we can show by statistical testing that h(X) and

h(Y ) are dependent, then it follows that X and Y are also dependent.

A7.3 Obtaining OTU tables

The OTU count table and sample information were obtained from the Qiita platform [165]. The OTU

table we used is available in BIOM format at https://qiita.ucsd.edu/download/219436. A file with sample

information (such as collection dates, body sites, and the human subject a sample was taken from) is available

at https://qiita.ucsd.edu/download/773810. Microbiome survey time series were reported from two human

subjects (M3 and F4) [163]. We used data from subject M3 as the time series are longer.

The OTU table was generated by a standard workflow that trimmed sequences to 90 base pairs and then

generated an OTU table by a closed reference picking method. This workflow can be viewed in a visual

flowchart at https://qiita.ucsd.edu/study/description/550. The OTU table ID is 44973.

A7.4 Local similarity analysis

Local similarity analysis has been implemented in various different ways [37, 166]. We used the original

procedure of [37] with the maximum delay parameter set to zero. Specifically, to compute the local similarity

score of two time series s({x}n1 , {y}n1 ), we begin by taking the rank of each time series. Let rx,t and ry,t be

the rank of xt and yt respectively. We dealt with tied points by assigning them the average of the ranks they

spanned. For example, if the x series was

x1 = 10, x2 = 10, x3 = 5, x4 = 20
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then the ranks would be

rx,1 = 2.5, rx,2 = 2.5, rx,3 = 1, rx,4 = 4.

“Normalized” x and y time series are then computed as:

x̃t = Φ−1

(
rx,t
n+ 1

)
; ỹt = Φ−1

(
ry,t
n+ 1

)
for t = 1, ..., n, where Φ is the cumulative distribution function of the standard normal distribution. Next,

a recursive procedure is used to look for positive (S+) or negative (S−) local correlations, which can vary

over time:

S+
1 = 0;S−1 = 0

S+
t+1 = max(0, S+

t + x̃tỹt)

S−t+1 = max(0, S−t − x̃tỹt).

We then find the maximum of these local (anti)correlations:

S+
max = max(S+

1 , S
+
2 , ..., S

+
n+1)/n

S−max = max(S−1 , S
−
2 , ..., S

−
n+1)/n.

Finally, the local similarity score s is given by the maximum correlation or maximum anticorrelation,

whichever stronger:

s =


S+
max

−S−max

0

if S+
max > S−max

if S+
max < S−max

if S+
max = S−max
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A7.5 Detailed results

Figure A45: Detailed results from the cross-site microbiome dependence example of Fig 30. We only used
measurements from day 42 to day 418 to avoid the longest gaps (> 6 days). Each of the resulting time
series contained no more than 41 short (1-day) gaps, no more than 11 medium (2-, 3-, or 4-day) gaps, and
no more than 2 longer (5- or 6-day) gaps. Gaps in time series were filled by either linear interpolation
(A-C) or random assignment (D-F; each missing taxon abundance value was filled with an abundance value
of the same taxon at the same body site from a random time). All random assignments were performed
independently (i.e. “with replacement”). (A,D): The number of shared taxa between each body site after
removing taxa that were either rare (i.e. absent in half of measurements) or nonstationary (according to
an augmented Dickey-Fuller test at the 0.05 significance level). Values along the diagonal denote the total
number of taxa at a site after preprocessing. (B,E): TTS test u-values from the test based on Pearson
correlation. (C,F): TTS test u-values from the test based on local similarity scores. All u-values shown are
raw (i.e. before FDR adjustment). The y time series denotes the series that was used to generate surrogates.
Note that tables in B, C, E, and F do not need to be symmetric.
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A8 Detailed methods and results for the zebrafish behavior exam-

ple

A8.1 Obtaining speed and direction time series

We obtained fish trajectory data from the web address at https://drive.google.com/drive/folders/

1UmzlX-yJhzQ5KX5rGry8wZgXvcz6HefD. We used the file at the path “100/1/trajectories_wo_gaps.npy”

(where 100 is for the number of fish per tank, and 1 indicates the first video). This file contains se-

quences of fish positions indexed by video frame, as well as constants such as frame rate and approx-

imate fish body length. We preprocessed these data using custom scripts inspired by the authors’ tu-

torial at https://gitlab.com/polavieja_lab/idtrackerai_notebooks/-/blob/master/trajectories_

analysis/T1_trajectories_analysis.ipynb. Where applicable, preprocessing scripts were validated against

the authors’ trajectorytools package [174].

First, we estimated the position of the center of the tank using the miniball algorithm [201] (as imple-

mented in https://github.com/weddige/miniball), and used this to center the data. We then computed

fish velocity as
−→v t =

−→x t+1 −−→x t−1

2
R

where −→x t is a 2-dimensional column vector specifying fish position in units of body length at video frame t,
−→v t is a 2-dimensional column vector specifying the fish velocity in units of body length per second at video

frame t, and R is the frame rate (32 frames per second). Fish speed was simply defined as |−→v t|. We then

computed direction as the angle ϕt between the position and velocity vectors, as described pictorially in Fig

31. Mathematically, ϕt is the angle that satisfies:

cos(ϕt) =

( −→x t
|−→x t|

)> −→v t
|−→v t|

sin(ϕt) =


 0 −1

1 0

 −→x t|−→x t|

>
−→v t
|−→v t|

.

Note that the matrix in the equation for sin(ϕt) is the rotation matrix [202] for a 90◦ rotation in 2

dimensions. A few fish trajectories had a small number of frames with zero speed. If speed is zero, then

direction of movement is, strictly speaking, undefined. To deal with this, we filled in the direction values at

zero-speed frames by linear interpolation between the nearest frames with nonzero speeds. Most of the fish

trajectories had data gaps. These gaps were coded as “nan” values. Since there were still 44 fish trajectories
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without any gaps, we only performed the TTS test on fish trajectories without gaps.

A8.2 Selecting approximately stationary time series

Groups of zebrafish are known to reduce their swim speed in the days after being introduced into a tank

[176]. Indeed, visual inspection of the video from [175] appears to reveal a trend of slowing average fish speed

throughout the 10 minutes of tracking in the video, suggesting that fish behavior may be nonstationary (Fig

A46A). In fact, this trend is replicable (Fig A46B) across the three replicate videos from [175]. Although

the TTS was robust to nonstationarity arising from a simple linear trend in Fig 27, we still wished to more

closely align the data with the theoretical assumption of stationarity. We therefore restricted our analysis to

the first 10, 000 frames (≈ 5 minutes) of video 1 as there is relatively little systematic trend in the average

fish speed in this segment (dotted box in Fig A46A).

Figure A46: Average fish speeds. (A) Average fish speed in the first video from [175]. The average speed of
the 100 fish in the tank is shown in grey. An 11-second moving average of the grey trajectory is shown in
blue. The black dotted box shows the first 10, 000 frames, which were selected for analysis. (B) 11-second
moving averages of all 3 videos from [175].
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A8.3 Detailed results

Figure A47: Time series of speed and direction from the fish (“individual 74”) analyzed in Fig 31C.
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A9 Difficulty of testing for stationarity

Figure A48: Stationarity is a property of an ensemble of time series, not any single time series. (A) A
stationary process that produces a sine wave. Twenty possible realizations of the process are shown. An
arbitrary realization is colored red and called the “observed realization”. (B) A nonstationary process that
produces a sine wave. To see that this process is nonstationary, note that the ensemble mean of processes
changes with time. Although only one of the two processes is stationary, a single realization of one process
is functionally indistinguishable from a single realization of the other.
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Part III

Testing nonparametrically for dependence

between nonstationary time series with very few

replicates

A version of this part is available on the bioRxiv preprint server with the title “Testing nonparametrically

for dependence between nonstationary time series with very few replicates.”

Abstract

Many processes of scientific interest are nonstationary, meaning that they experience systematic changes

over time. These processes pose a myriad of challenges to data analysis. One such challenge is the problem

of testing for statistical dependence between two nonstationary time series. Existing tests mostly require

strong modeling assumptions and/or are largely heuristic. If multiple independent and statistically identical

replicates are available, a trial-swapping permutation test can be used. That is, within-replicate correlations

(between time series of X and Y from the same replicate) can be compared to between-replicate correlations

(between X from one replicate and Y from another). Although this method is simple and largely assumption-

free, it is severely limited by the number of replicates. In particular, the lowest attainable p-value is 1/n!

where n is the number of replicates. We describe a modified permutation test that partially alleviates this

issue. Our test reports a lower p-value of 1/nn when there is particularly strong evidence of dependence,

and otherwise defaults to a regular trial-swapping permutation test. We use this method to confirm the

observation that groups of zebrafish swim faster when they are aligned, using an existing dataset with only

3 biological replicates.

1 Introduction

Scientists frequently look for correlations between variables to identify potentially important relationships,

or to support conceptual or quantitative models. In disciplines with a focus on dynamics (such as ecology,

physiology, and psychology), it is common to measure correlations between temporal processes (i.e. time

series correlations). Many important biological processes are nonstationary, meaning that their statistical
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properties (e.g. mean, variance, etc.) change systematically across time. For instance, the expansion of

an invasive species and a cell’s response to a new environmental stress are both likely to be nonstationary

processes.

Interpreting a correlation between a pair of nonstationary time series can be highly fraught because

it is easy to obtain a seemingly impressive correlation between two time series that have no meaningful

relationship [122]. For example, the sizes of any two exponentially-growing populations will be correlated

over time due to a shared growth law, even if the populations lack any interaction or shared influences. To

avoid spurious correlations, it helps to distinguish between the concepts of “correlation” and “dependence”,

and how each relates to causality. In time series research, the term “correlation” is often used procedurally

[121, 36, 33]. Similarly, here we define a correlation function (ρ) to be any function that takes two time

series and produces a statistic, although it is usually interpreted as a measure of similarity or relatedness.

For example, two common correlation statistics are Pearson’s correlation coefficient and mutual information.

In contrast to correlation, “dependence” is a hypothesis about the relationship between variables, and

it has immediate causal implications. Two events A and B are called dependent if the probability that

they both occur P (A,B) differs from the product of their individual probabilities P (A)P (B). Similarly, two

temporal processes are dependent if the probability of observing any particular pair of trajectories differs

from the product of the probabilities of individual trajectories. (The formal definition of dependence extends

this idea to continuous variables, in which case discrete event probabilities may, for example, be replaced

by probability densities [195, 203].) Importantly, dependence is linked to causality (as defined in the usual

sense: X causes Y if perturbations in X can directly or indirectly alter Y ). The link between dependence and

causality is due to Reichenbach’s common cause principle, which states that if two variables are dependent,

then they are causally related in the following sense: Either they share a common cause, or one variable

causes the other (possibly indirectly) [29, 38]. Thus, it is useful to to first test whether an observed correlation

indicates dependence before pursuing specific causal explanations.

There are a handful of systematic approaches to testing for dependence between nonstationary time

series. However, most are fairly limited in their scope. First, when possible, a nonstationary time series

can be transformed to become stationary (i.e. statistical properties do not change systematically across

time). This enables access to a wide arsenal of tests applicable to stationary data. Transformations include

subtracting a trend, taking the derivative (more precisely, “differencing” between neighboring points), or

choosing a stationary-seeming window of time [204, 205]. However, it is easy to see potential pathologies

in each of these three transformations: Taking the derivative of an exponential curve just produces another

exponential curve; subtracting a fitted linear trend from the random walk (X(t) = X(t − 1) + ε(t) where

ε(t) is random noise) does not make it stationary [204]; similarly, searching for a stationary window of the
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same random walk process is futile since the variance of Xt increases at each step. As an alternative to data

transformation, one may compare the observed correlation between two time series with correlations obtained

when one of the time series is replaced by a synthetic replicate, where synthetic replicates are generated in a

way that models the form of nonstationarity in the process [206]. However, these require a correct model of

how the statistical properties of the process evolve over time. Lastly, there are tests within the econometrics

literature that can provide evidence for dependence between random-walk-like nonstationary processes by

detecting a property called cointegration, but cointegration only occurs when some linear combination of the

time series is stationary [207].

Another approach is possible when there are multiple identically distributed and independent (iid) repli-

cates (or equivalently, iid trials; we use “replicates” and “trials” interchangeably). In this case, one may

evaluate the significance of a within-replicate correlation by comparing it to between-replicate correlations.

That is, if Xi and Yi are time series of variables X and Y from replicate i, the correlation of (Xi, Yi) may

be compared to the correlation of (Xi, Yj 6=i). If the two variables are dependent, within-replicate correla-

tions should tend to be stronger than between-replicate correlations. This is approach is sometimes called

“inter-subject surrogates” [208, 43].

The inter-subject surrogate approach can be used to test for correlations in each trial separately [39]. In

this case, a simple nonparametric test of the correlation between, for instance, X1 and Y1 can be performed

by computing ρ(X1, Yj) for j = 1, ..., n and writing down a p-value as the proportion of these correlations

that are greater than or equal to ρ(X1, Y1) [47, 127]. For this approach, a minimum of n = 20 trials is needed

if one wishes to possibly obtain a p-value of 0.05 or below.

However, the number of replicates is sometimes constrained by considerations of logistics, ethics, or

cost [209], and single-digit replicate numbers are common in biomedical research [210]. For instance, two

influential longitudinal human gut microbiome sampling studies relied on cohorts of two subjects each [163,

211]. Additionally, secondary analysis of public data from earlier studies can be a resource-efficient mode of

research [212], and this approach is necessarily limited to the number of replicates within the existing data

set.

A straightforward strategy in testing for dependence with smaller replicate numbers is to perform a single

permutation test (Fig 49A) using the data from all replicates [213, 214]. As an example with n = 4 trials,

the test procedure begins by computing the mean within-trial correlation (ρ denotes correlation):

1

4
(ρ(X1, Y1) + ρ(X2, Y2) + ρ(X3, Y3) + ρ(X4, Y4)) .

Next, as a null model, recompute the mean correlation after randomly permuting the Y time series (while
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holding the X time series in the original order). For instance, one such permutation might be:

1

4
(ρ(X1, Y3) + ρ(X2, Y2) + ρ(X3, Y4) + ρ(X4, Y1)) .

A p-value can be calculated as the proportion of permutations (including the original ordering) that

produce a mean correlation that is as strong as, or stronger than, the original ordering (Fig 49A). One may

then detect a correlation at the significance level α if p ≤ α. We emphasize that these permutations are

obtained by swapping trials, not by swapping time points. This test has been used to detect correlations

between time series in neuroscience and psychology settings [215, 213, 216]. It has also been used to detect

correlations between variables measured in brain images, which can have similar nonstationarity challenges

as time series [126]. A noteworthy advantage of this approach is that it is valid (meaning that the false

positive rate is guaranteed to not exceed α) under very mild assumptions. Namely, the test is valid if the

Xi trials are exchangeable with one another (i.e. all permutations of the sequence X1, ..., Xn have the same

joint probability distribution), or if the Yi trials are exchangeable (see Corollary 18 in Appendix A1).

A substantial downside to this strategy is that any evidence against independence is mathematically

limited by the number of trials, even when the average within-trial correlation is much greater than the

average between-trial correlation. Specifically, the lowest p-value that can be obtained with n replicates

is 1/n! since there are n! possible permutations. For example, with n = 3, the lowest possible p-value is

1/3! ∼ 0.17 and with n = 4, the lowest is 1/4! ∼ 0.04. Thus, the level of evidence against the null hypothesis

will always be modest at best for very small numbers of replicates.

In this article, we show that by adding one additional step to the permutation test, we may achieve

p-values as low as 1/nn. For n = 3 or 4 respectively, the lowest possible p-value is then ∼ 0.04 or ∼ 0.004.

This new result only requires that the replicates be iid. Thus, this modified permutation test allows the

data analyst to detect dependence with stronger confidence when there is sufficient evidence to do so. As

a demonstration of the method, we verify the observation that milling zebrafish swim faster when they are

more aligned directionally, using a previously published dataset with only 3 replicate trials.

2 Results

The concept of an X-perfect or Y -perfect match.

Central to our approach is the concept of an X-perfect match or Y -perfect match. To motivate the ideas,

suppose that a group of n graduate students X = (X1, ..., Xn) has been paired with a group of n advisors

Y = (Y1, ..., Yn) so that the ith student (Xi) is paired with the ith advisor (Yi). Moreover, let ρ(Xi, Yj) be a
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number that measures how well the ith student and the jth advisor get along. We say that the ith student is

“happy” if they get along with their own advisor strictly better than they get along with any other advisor,

meaning that ρ(Xi, Yi) > ρ(Xi, Yj) for all j 6= i. Similarly, the ith advisor is “happy” if ρ(Xi, Yi) > ρ(Xj , Yi).

The arrangement of student-advisor pairs is X-perfect if all students are happy, and Y -perfect if all advisors

are happy.

Analogously, if X = (X1, ..., Xn) and Y = (Y1, ..., Yn) are collections of time series with n trials each,

and if ρ is some correlation function, we say that an X-perfect match has occurred if (and only if) all X

trials are “happy”, meaning that:

ρ(Xi, Yi) > ρ(Xi, Yj) for all pairs (i, j) such that i 6= j.

Similarly, a Y -perfect match has occurred if and only if:

ρ(Xi, Yi) > ρ(Xj , Yi) for all pairs (i, j) such that i 6= j.

Throughout the article, we use bolded X (or Y ) to indicate a collection, Xi (or Yi) to indicate a trial of the

collection, and X (or Y ) to refer to the variable in general.

A perfect match (either X-perfect or Y -perfect), provides especially strong evidence to support the

hypothesis that X and Y are dependent. In the following, we mostly write about the Y -perfect match,

but it should be clear by symmetry that analogous results apply to the X-perfect match. Specifically, we

consider the null hypothesis H(Y )
0 wherein (1) the Yi trials are mutually independent and follow identical

distributions, and (2) X and Y are independent. Under this null hypothesis, the probability of observing a

Y -perfect match cannot exceed 1/nn. In Appendix A2, we restate this as Lemma 21.

Like the definition of a Y -perfect match, its corresponding null hypothesis H(Y )
0 is asymmetric: It requires

the Yi trials to iid, but it imposes no such requirement upon theXi trials. It is possible to conceive of scenarios

where one variable is approximately iid, but not the other, even when they are dependent. For example,

in a yearly survey of a migratory animal species and a non-migratory animal species at different locations

(trials), the population sizes of the non-migrator may be approximately iid across locations, whereas those of

the migrator are likely dependent (due to migration) [217]. Alternatively, consider a microtiter plate whose

wells (trials) contain two-species microbial communities in which species X does not affect species Y , but Y

releases compounds that affect X, including a gas that diffuses to neighboring wells. Then, the population

size of Y is iid across wells, and X is dependent on Y , yet the population size of X is non-iid because of the

gas diffusion.
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A modified permutation test for dependence

We now describe our modified permutation test for dependence between nonstationary time series. Suppose

that an experiment produces time series X = (X1, ..., Xn) and Y = (Y1, ..., Yn), where Xi and Yi are time

series obtained from the ith replicate, and we want to test whether X and Y are dependent. For example,

we may have video recordings of n animals in separate but identically constructed enclosures; for the ith

animal, we extract a time series of movement speed (Xi) and a time series of the distance from a light source

(Yi). Using these data, we may wish to investigate whether the animals under study tend to move at different

speeds depending on their distance from the light source.

First, choose some function ρ to measure the correlation between a pair of time series. The Pearson

correlation coefficient may be used, but ultimately we may choose any function that maps a pair of time

series to a number. Next, perform a permutation test using the average correlation (Fig 49A). That is, let

pperm be the proportion of all possible permutations of (Y1, ..., Yn) (including the original ordering) that

produce an average correlation that is at least as large as the original ordering.

Next, check for a Y -perfect match using the same correlation function ρ (Figure 49B). Define a new

variable pmatch, and let pmatch = 1/nn if a Y -perfect match is observed. Otherwise, let pmatch = 1.

Finally, report a p-value as the lower of pperm and pmatch. That is,

p = min(pperm, pmatch). (15)

We will refer to this as the permute-match test (Fig 49C). The complete null hypothesis of this test is

the same as that of the Y -perfect match test (i.e. the Yi replicates are iid, and X is independent of Y ).

Under this null hypothesis, the permute-match test is valid, meaning that for any significance level α, we

have P (p ≤ α) ≤ α where P denotes probability. This fact is stated and proven as Theorem 23 in Appendix

A2.
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Figure 49: The permutation test, perfect match concept, and permute-match test. (A) The permutation
test. Circles indicate the average correlation obtained with (grey) or without (pink) trial swapping. Here,
n≥ is the number of average correlations (including the original one) that are equal to or larger than the
original correlation. pperm is then n≥/n! because n! is the total number of average correlations (with and
without trial swapping). (B) The perfect match concept. For each row, the correlation on the diagonal (i.e.
ρ(Xi, Yi)) is strictly stronger than other correlations in the same row (i.e. ρ(Xj , Yi)). This is a “Y -perfect
match”. (C) The permute-match test proceeds in three steps. First, perform a permutation test based on
average correlations as in (A). Second, check for a Y -perfect match, and let pmatch be 1/nn (if a Y -perfect
match occurs) or 1 (if not). Lastly, report the lower of the two intermediate p-values. (D) Although the
permute-match test involves taking the lower of two p-values, it does not require a multiple test correction.
(i) This is because a perfect match can only occur if the permutation test has achieved the lowest possible
p-value (1/n!). (ii) To see why, note that the average original correlation (pink dot in A) is the average of the
diagonal values from the correlation matrix (pink outline), whereas an average permuted correlation (grey
dots in A) is an average of n terms from the correlation matrix with the condition that each row and each
column contributes exactly one term (e.g. grey shade). If there is a Y -perfect match, then any off-diagonal
grey-encircled value must be less than the on-diagonal value in its row. Thus, the average original correlation
(pink) is greater than any average permuted correlation (grey), and so pperm = 1/(n!).

Note that the permute-match test (Fig 49C) is an “upgrade” to the permutation test (Fig 49A) since the

permute-match test always reports the same or lower p-value. Also note that we do not need a multiple

hypothesis test correction for Eq. 15 (see Appendix A2 for a formal justification). Intuitively, this is because

the permute-match test consists of two tests that are nested. That is, a perfect match is possible only if

pperm is already at its lowest possible value of 1/n! (e.g. Fig 49D). Thus, unlike combining un-nested tests

where each can separately contribute false positives, we can safely combine the perfect match test and the
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permutation test using Eq. 15.

The permute-match test has a slightly more restrictive data requirement than the permutation test. The

permutation test is valid either if theXi trials are exchangeable, or if the Yi trials are exchangeable (Corollary

18 in Appendix A1). The permute-match test requires that the Yi trials are iid. If trials are iid, then they

are necessarily exchangeable. However, exchangeable trials are not always iid. For example, the first five

cards drawn from a shuffled deck are exchangeable because all possible orderings of cards are equally likely,

but they are not iid because if the first card is an ace of hearts, the second card cannot be the ace of hearts.

In practice, biological experimental designs typically use replicates that are both exchangeable and iid, so

the more restrictive requirement of the permute-match test is often inconsequential.

Illustration of permute-match test with synthetic data

Here, using a simulated nonstationary process, we compare the behavior of the permute-match test and

the permutation test. Consider time series of two variables (X and Y ) from a small number of replicates

(between 3 and 5). In this case, the time series are simply a linear time trend with coupled additive noise

(rX,Y determines the strength of coupling; Fig 50A). We use the Pearson correlation coefficient as our

correlation function ρ. Fig 50B shows how the power (i.e. “true positive rate”; proportion of simulations

in which dependence is detected) of both tests varies with coupling strength, replicate number, and the

significance level. For significance levels that are accessible to both tests, the detection power is the same

(Fig 50B, e.g. the two white-shaded curves in column 2 line up). However, if coupling is sufficiently strong,

the permute-match test can detect dependence at a more confident significance level than the permutation

test (Fig 50B, more curves in bottom row than in top row).

A simple example was chosen here for ease of presentation. However, this example is so simple that it

may be correctly treated by just fitting and removing the linear trend. In Appendix A3, we illustrate the

same ideas using a parallel example with a more complicated nonstationary system (a logistic map with

time-varying parameters) and a nonlinear correlation function.
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Figure 50: Statistical power of the permute-match test and permutation test in a simple nonstationary
system. (A) System equations and example dynamics. The processes X and Y are given by a linear trend
with additive noise. The noise terms εX,i(t) and εY,i(t) are drawn from a bivariate normal distribution with
a mean of 0, variance of 1, and covariance of rX,Y . The charts show example time series where X and Y
are either independent (middle; rX,Y = 0) or dependent (right; rX,Y = 0.3). (B) Statistical power of the
permutation test and permute-match test as a function of the number of replicates, the significance level,
and rX,Y . Power was calculated from 2000 simulations at each value of rX,Y . All curves that are shared
between the permutation test and permute-match test are the same measurements, since the tests are nested
(Fig 49B). For the permute-match test, we checked for a Y -perfect match, although this choice does not
matter since both the ground-truth system and the correlation function are symmetric in this example.

The chances of observing an X-perfect or Y -perfect match may differ

If both X and Y are iid across trials, one may test for dependence either by checking for an X-perfect

match, or by checking for a Y -perfect match. In general, the probability of observing an X-perfect match

may differ from the probability of observing a Y -perfect match, and it is useful to check for the more likely

perfect match in order to maximize statistical power.

To obtain some intuition about which perfect match is more likely to occur (X-perfect or Y -perfect),

we return to the analogy of students (X) and advisors (Y ). If one particular advisor is far superior to the

others, it may be that all students would prefer to be paired with this superstar advisor. But since only one

student can be paired with the superstar advisor, obtaining an X-perfect match is essentially impossible.

By symmetry, if just one student is far superior to the others, a Y -perfect match may be difficult to obtain.

To demonstrate this principle, consider a system that is similar to the trend-plus-noise system from Fig

50, but with one important change: Now, the slope of Xi is not fixed, but is instead determined by the

parameter SX,i (Fig 51A). Conversely, the slopes of all Y trials are fixed. Note that the slope of an X time
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series influences its correlation with a Y time series, both within and between trials (Fig 51B). In this way,

an X time series with a high slope is like the “superstar” student in the previous paragraph. Indeed, in one

example realization (Fig 51C), the X time series with the highest slope produces the largest correlations,

both within and between trials. Since each of the Y time series prefers this high-slope X time series but

only one Y time series can be paired to it, a Y -perfect match does not occur. However, the X-perfect match

does occur. Strikingly, even if X’s slope SX,i is always lower than the (fixed) slope value of Y , an X-perfect

match is observed more frequently than a Y -perfect match (Fig 51D).

In general, if X (but not Y ) has parameters that vary between trials in a way that universally increases

or decreases inter-time-series correlations (like the slope in this example), we expect that an X-perfect match

will be more likely than a Y -perfect match. Note that this asymmetry does not exist for the permutation

test.

Figure 51: The probabilities of obtaining an X-perfect match and Y -perfect match may differ. (A) System
equations. The processes X and Y are given by a linear trend with additive noise. The noise terms εX(t) and
εY (t) are drawn from a bivariate normal distribution with a mean of 0, variance of 1, and covariance of rX,Y .
The slope of the X trend is determined by SX,i and the slope of the Y trend is fixed. (B) The correlation
between the two time series depends on the slope of the X time series. (C) Suppose that SX,i varies
among three different trials, with SX,1 = 0.1;SX,2 = 0.03;SX,3 = 0.03. Then the column corresponding to
SX,1 = 0.1 tends to dominate the table of correlations. Because of this, a Y -perfect match is unlikely to
occur. In this example, we again used a coupling strength of rX,Y = 0.3. (D) The frequency of an X-perfect
or Y -perfect match when SX,i is drawn from a uniform distribution between 0 and 0.05. Values in D were
calculated from 1000 simulations of checking for a perfect match with 3 trials. In Panels C-D, the Pearson
correlation coefficient was used as the correlation function ρ, and the time series length was 100.
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An example from animal behavior science

Living in groups is a common experience among animals. For example, at least half of fish species are

thought to form groups at some stage of life [218, 176]. The properties of these groups can impart a variety

of important fitness effects [219]. In groups of fish, coordinated swimming may facilitate foraging (e.g. by

enabling fish to "communicate" the location of food to others) and predator escape (e.g. by confusing

predators) [220, 176]. One study [176] used videos of small groups of zebrafish (8 fish per group) to observe

that fish swam faster during segments when they were in a high-polarization state (i.e. when they were

directionally aligned) than during segments (of the same video) when they were in a low-polarization state.

A correlation between polarization and speed can be due to statistical dependence between the two variables,

or due to temporal trends (e.g. polarization and swimming speed both happen to decrease with time).

Using a publicly available data set [175] containing fish trajectories from 3 replicate 10-minute videos

of small groups of juvenile Danio rerio zebrafish (10 fish per group), we performed a permute-match test

of dependence between polarization and fish swimming speed. As we will see, although these quantities

are potentially nonstationary, the permute-match test nevertheless detects a statistical dependence between

them.

To quantify polarization, we use “circular variance” (vcirc; see Methods), a common measure of angular

dispersion [221]. Since high polarization means low dispersion, we quantify polarization as 1− vcirc, and call

this quantity the circular concentration, since it indicates “how concentrated the [circular] data is toward

the center” ([222] pg. 15). The circular concentration is bounded between 0 (low alignment) and 1 (perfect

alignment). To quantify speed, we took the “average individual speed”, which is a term we use to denote an

average across individuals, not across time. More precisely, the average individual speed of a 10-fish group

at time t is (s1,t+s2,t+ · · ·+s10,t)/10 where si,t is the speed of fish i at time t. Note that average individual

speed is distinct from the speed of the group center, which has also been studied in Danio fish [219].

Neither average individual speed nor circular concentration is obviously stationary. By visual inspection,

the average individual speed seems to decrease across time, and all time series are deemed nonstationary by a

KPSS test (Fig 52A; p < 0.01), and so we may be on shaky ground to use methods that require stationarity.

Additionally, since only 3 trials are available, the permutation test cannot detect dependence at the 0.05

level and, so we focus on checking for a perfect match.

Applying the perfect match test to these data, we found that the correlation between average individual

speed and circular concentration is significant (Fig 52B; p = 1/33 ≈ 0.04). Both a “speed”-perfect and

a “circular concentration”-perfect match is obtained, and so in this case, significance does not depend on

which match is tested. Additionally, the match test can detect dependence using as little as the first 20

149



seconds (= 640 frames at 32 frames per second) of the 10-minute data (Fig 52D). Note that although trials

are independent of each other, all between-trial correlations from the full data set are positive (Fig 52B),

emphasizing the danger in applying naive data analysis methods to data that are autocorrelated or even

nonstationary.

Figure 52: Dependence between average individual speed and circular concentration in small groups of ze-
brafish. (A) Time series of average individual speed and circular concentration for the three replicate videos.
Black curves show original time series, and red curves show a 30-second moving average. Average individual
speed appears to decrease with time in all trials. All 12 time series (2 variables × 3 trials × 2 smoothing con-
ditions) were deemed nonstationary by a Kwiatkowski–Phillips–Schmidt–Shin (KPSS; [181]) test (p < 0.01).
Note that the KPSS test seeks to reject a stationary null hypothesis in contrast to other common tests,
whose null hypotheses are nonstationary. (B) Pearson correlation between circular concentration and aver-
age individual speed, both within trials and between trials, using the full 10 minutes of data. Table entries
are shaded by correlation. We observe a speed-perfect match (and a circular concentration-perfect match),
and thus detect dependence with p = 1/33 ≈ 0.04. (C) To try a parametric alternative, for each trial we
averaged values of speed and circular concentration over the full 10 minutes (e.g. the scatter plot shown,
where each point is one trial). The sample Pearson correlation of the time-averaged variables is 0.99996, and
a standard one-tailed test of significance (as implemented in the function stats.pearsonr from the Python
package Scipy [223]) gives p ≈ 0.003. The null hypothesis of this parametric test is that the points in (C) are
drawn from a bivariate Gaussian distribution with zero covariance. This parametric test is comparable to
the permute-match test because it is valid even when the time series are nonstationary. (D) The permute-
match test can detect dependence with fewer data. We truncated time series to different lengths (starting
from the first frame), and compared the parametric test with the two possible permute-match tests, i.e.
either checking for a speed-perfect match or a circular-concentration-perfect match. As long as we use more
than the first 20 seconds of data, the permute-match test detects the dependence at the 0.05 level between
average individual speed and circular concentration. Conversely, the outcome of the parametric test is more
sensitive to changes in the time series length. We used the Pearson correlation (not its magnitude) in the
permute-match tests since the alternative hypothesis is that the correlation is positive, not merely nonzero.
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3 Discussion

Outside the context of time series, permutation tests have been celebrated because they require only minimal

assumptions [224]. To satisfy the requirements of permutation tests, it is sufficient (see Corollary 18 in

Appendix A1) to collect data from exchangeable replicates. Data in each trial can be autocorrelated (e.g.

temporally or spatially) and nonstationary. Such radical freedom from assumptions stands in stark contrast

to the situation in the analysis of single-replicate time series, where the practitioner may be forced to make

assumptions that can be difficult to verify. For example, most statistical tests of correlation between two

time series require stationary data at a minimum [139]. Yet, it is difficult to verify that a single time series

is stationary because stationarity is a property of an entire ensemble of time series [139], so that checking

for stationarity in a single time series is philosophically analogous to checking for the Gaussianity of a single

data point.

However, applying a trial-swapping permutation test to check for significant correlations requires that

a sufficient number of trials be available to permute amongst one another. When only small numbers of

trials are available, the permutation test is severely limited by mathematics. The minimum p-value that can

possibly be achieved by a permutation test is (n!)−1, which will provide only modest evidence against a null

hypothesis when n = 4 and is essentially useless when n ≤ 3, regardless of how strong the “true” correlation

may be. Here, we have provided the permute-match test (Fig 49), a slightly modified permutation test. The

permute-match test can reduce the minimum achievable p-value to (nn)−1 while imposing only a very minor

additional data requirement (i.e. iid replicates in at least one variable). Even when a permutation test has

detected dependence, the permute-match test can access lower p-values and thus provide greater confidence

in an effect. The statistical power of the permute-match test can be further strengthened by appropriately

choosing whether to check for an X-perfect or Y -perfect match (Fig 51).

Since permutation-based tests such as the permute-match test can be easy to misinterpret [225], we

wish to alert readers to a possible point of confusion, namely the distinction between population-level and

individual-level dependence results. A rejection of the permute-match test’s null hypothesis indicates a

dependence between X and Y . It is important to note that this is a population-level result and does not

describe individual-level dependencies. In other words, this population-level dependence condition does not

necessarily imply that each Xi replicate is dependent on each Yi replicate. In fact, it is theoretically possible

for the set (X1, X2) to be dependent on the set (Y1, Y2) without either X1 depending on Y1 or X2 depending

on Y2. (One such situation occurs when X1, X2, Y1, and Y2 are each “coin flips” taking on 0 or 1 with equal

chance, but such that X1 = X2 if and only if Y1 = Y2). However, we find it difficult to envision a similar

counterexample that is biologically realistic. Indeed, in many cases where population-level dependence is
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observed, the scientist may reasonably also expect that most or all Xi replicates are dependent on their

respective Yi replicates, but this logical step should flow from scientific reasoning, not mathematical fact.

Although we have here used language and examples involving time series, the permute-match test can in

principle be applied to other scenarios where iid replicates are available, but data within each replicate are

dependent. One example is spatial data in brain imaging, where the permutation test has been performed

using multiple scanned brains [126]. Beyond spatial processes, dependent data also appear in nucleotide

sequences and natural language text. Overall, methods that take advantage of multiple replicates will

facilitate statistical testing without requiring assumptions that are difficult to verify.

4 Methods

Data preprocessing

We obtained fish trajectory data from the web address at https://drive.google.com/drive/folders/

1UmzlX-yJhzQ5KX5rGry8wZgXvcz6HefD. For the first trial we used the file at the path “10/1/trajecto-

ries_wo_gaps.npy” (where “10” indicates the number of fish and “1” indicates the first trial). For the second

and third trials, the file path was the same except it began with “10/2/” and “10/3/” respectively. These

files contain sequences of fish positions indexed by video frame, as well as constants such as frame rate and

approximate fish body length.

We estimated the velocity of each fish as

−→v i,t =
−→p i,t+1 −−→p i,t−1

2
R

where −→p i,t is a 2-dimensional column vector specifying the position of the ith fish in units of body length

at video frame t, −→v i,t is a 2-dimensional column vector specifying the fish velocity in units of body length

per second at video frame t, and R is the frame rate (32 frames per second). The reason that a 2 appears

in the denominator is because −→p i,t+1 is 2 frames after −→p i,t−1.

A group’s average individual speed at each time was then given by

1

N

N∑
i=1

|−→v i,t|

where N is the number of fish. The circular concentration Ct of a group at each time was given by the
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formula

Ct =
1

N

√√√√( N∑
i=1

cos (θi,t)

)2

+

(
N∑
i=1

sin (θi,t)

)2

where

θi,t = atan2(vx,i,t, vy,i,t).

The calculation was carried out using the function “stats.circstats.circvar” in the Python package Astropy

(ver. 3.2.2) [226]. Here, atan2 is the 2-argument arctangent function (i.e. “arctan2” in the Python package

Numpy, ver. 1.21.6). Also, vx,i,t and vy,i,t denote the x and y components of the velocity vector −→v i,t.

Statistical analysis

The permute-match test is described in Fig 49 and its validity is proved in Appendix A2. For the KPSS

test, we used the function “statsmodels.tsa.stattools.kpss” in the Python package Statsmodels (ver. 0.10.1)

[67]. We set the “regression” argument to “c” (which tests the null hypothesis of stationarity rather than

trend-stationarity), and we set the “nlags” argument to “auto” (which means that the number of lags used

for testing stationarity is automatically chosen by a data-dependent method).

153



Appendix to Part III

In Appendix A1, we review the basic permutation test of independence and a proof of its validity. This

is because, although these results are known to the statistical community, they are often presented in an

abstract form whose connection to independence testing may not be obvious to the nonspecialist, or parts

of the argument are simply left as an exercise to the reader. In Appendix A2, we provide the theoretical

justification for the permute-match test, which is the main topic of this work. Appendix A3 contains

supplementary data.

A1 Justification of the permutation test of independence

In this section we provide a proof that the permutation test of independence is valid. No major novelty is

claimed in this subsection. For instance, the results of Lemma 17 can be mostly reconstructed by piecing

together various theorems, examples, and homework problems from section 15.2.1 of Lehmann and Romano

[124]. Nevertheless, we present the complete argument here as a courtesy to the reader. Related proofs or

proof sketches of various kinds of permutation tests can be found in [214, 227].

The following lemma describes a general rank-based method to test whether the distribution of a random

variable changes upon applying a set of transformations. This lemma and proof are based on Theorem 15.2.1

in Lehmann and Romano [124]. We begin with this result because it comes first in the chain of logical steps

that justify the permutation test, but it is somewhat abstract, and so the reader who prefers to start out

with concrete concepts may wish to skip to Def 16 and return to this lemma when its necessity becomes

apparent later. As a notational clarification, note that for the transformation hi, to denote “hi applied to

Z” we write hiZ rather than the more traditional hi(Z).

Lemma 15

Let Z ∈ Z be a random variable and let H = {h1, ..., hm} be a set of functions from Z to Z such that:

1. the probability distributions of Z and hiZ are the same for all functions hi in H, and

2. the unordered sets {h1Z, ..., hmZ} and {h1hiZ, ..., hmhiZ} are equal for all hi in H.

Let the statistic T be a function from Z to R. Given some Z = z, let

T (1)(z) ≤ T (2)(z) ≤ · · · ≤ T (m)(z)
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be the ordered values of {T (h1z), ..., T (hmz)}. Choose some significance level α ∈ [0, 1] and let the rank

k be

k = m− bmαc

where bmαc is the largest integer less than or equal to mα. Then,

P (T (Z) > T (k)(Z)) ≤ α.

Proof: Let I(A) be the indicator function for the event A (meaning that I(A) = 1 if A occurs and I(A) = 0

otherwise). If there are no ties for T (k)(Z), then

bmαc =

m∑
i=1

I(T (hiZ) > T (k)(Z))

=

m∑
i=1

I(T (hiZ) > T (k)(hiZ)).

To arrive at the second equality, we used the fact that T (k)(Z) = T (k)(hiZ), which follows from the

second requirement of the lemma (i.e. {h1Z, ..., hmZ} = {h1hiZ, ..., hmhiZ}).

If there is a tie for T (k)(Z) (meaning that there is some j 6= k such that T (j)(Z) = T (k)(Z)), then we

have a similar formula, but with an inequality instead of an equality:

bmαc ≥
m∑
i=1

I(T (hiZ) > T (k)(hiZ)).

This version with the inequality is of course general since it is true under both cases. Using this formula,

mα ≥ bmαc = E[bmαc] ≥
m∑
i=1

E
[
I(T (hiZ) > T (k)(hiZ))

]
.

Since Z and hiZ have the same distribution, we may remove the hi in the above formula, and we have

mα ≥
m∑
i=1

E
[
I(T (Z) > T (k)(Z))

]
= mE

[
I(T (Z) > T (k)(Z))

]
.

Dividing through by m gives

α ≥ E
[
I(T (Z) > T (k)(Z))

]
= P (T (Z) > T (k)(Z))

as required.
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Next we give a definition of the permutation test. The definition here is somewhat more general than in

the main text. As with hi, we will denote “gi applied to Z” by writing giZ.

Definition 16 The permutation test of independence

Let X = (X1, ..., Xn) and Y = (Y1, ..., Yn) be sequences of random variables. Let G = {g1, ..., gn!} be the

complete set of functions that permute a sequence of length n. For example, if Y is (2, 7, 4), then giY might

be (2, 4, 7). Define the statistic T (X,Y ) to be a function that returns a real number, typically interpreted as

the overall correlation strength. Repeatedly compute the statistic after permuting the elements of Y . That

is, compute

{T (X, g1Y ), T (X, g2Y ), ..., T (X, gn!Y )}.

Let n≥ be the number of permuted statistic values that are at least as large as the original statistic value.

That is,

n≥ =

n!∑
i=1

I(T (X, giY ) ≥ T (X,Y ))

where I(A) is the indicator function for the event A (meaning that I(A) = 1 if A occurs and I(A) = 0

otherwise). Then the p-value of the test is given by

pperm = n≥/n!

We now prove the validity of the permutation test.

Lemma 17 The permutation test of independence is valid when Y is exchangeable.

Let X = (X1, ..., Xn) and Y = (Y1, ..., Yn) be sequences of random variables such that Y is exchangeable

and where X is independent of Y . Perform the permutation test of independence (Def. 16) to obtain pperm.

Then, P (pperm ≤ α) ≤ α for any α ∈ [0, 1].

Proof: Although the symbols gi and T were not defined in the lemma statement, we use them here with

their meanings from Def. 16.
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We first set up the problem in a way that allows us to apply Lemma 15. To construct the random variable

Z and transformation set H for Lemma 15, we choose Z = (X,Y ) and hiZ = (X, giY ). Lemma 15 has two

requirements. First, Z and hiZ must have the same distribution. This requirement is satisfied: Since Y is

exchangeable and X is independent of Y , it follows that (X,Y ) has the same distribution as (X, giY ). The

second requirement is that {h1Z, ..., hmZ} = {h1hiZ, ..., hmhiZ}. This requirement is also satisfied: The set

of permutations of Y is the same as the set of permutations of giY . Since both requirements are satisfied,

we may apply Lemma 15.

We now prove the result directly. Below, A↔ B means “A if and only if B”.

pperm ≤ α↔
n!∑
i=1

I(T (X, giY ) ≥ T (X,Y )) ≤ n!α

↔
n!∑
i=1

(1− I(T (X, giY ) ≥ T (X,Y ))) ≥ n!− n!α

↔
n!∑
i=1

(I(T (X, giY ) < T (X,Y ))) ≥ n!− n!α

↔
n!∑
i=1

(I(T (X, giY ) < T (X,Y ))) ≥ n!− bn!αc .

In the language of Lemma 15, the last line is equivalent to T (X,Y ) > T (k)(X,Y ) where k = n!−bn!αc.

Thus, we may directly apply Lemma 15, thereby obtaining

P (pperm ≤ α) = P (T (X,Y ) > T (k)(X,Y )) ≤ α

as required.

A close read of this result suggests that perhaps it is not as strong as it could be. Specifically, Lemma 17

requires that Y be exchangeable, but intuitively, permuting Y seems to be “the same” as permuting X, so

shouldn’t it be equally sufficient forX to be exchangeable instead? As it turns out, this intuitive leap requires

one additional requirement. Specifically, it is required that applying the same permutation to both X and Y

must leave the value of T (X,Y ) unchanged. That is, T (X,Y ) = T (giX, giY ) for any permutation function

gi. Importantly, the form of T that is used for the permute-match test (i.e. T (X,Y ) = 1
n

∑n
i=1 ρ(Xi, Yi))

satisfies this requirement because in this case, T (giX, giY ) simply rearranges the order of the terms in the

summation, which clearly has no effect on the value of T .
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Corollary 18 If T is “nice”, then the permutation test is valid when either X or Y is exchangeable.

Let X = (X1, ..., Xn) and Y = (Y1, ..., Yn) be sequences of random variables such that at least one of

(X,Y ) is exchangeable and where X is independent of Y . Perform the permutation test of independence

(Def. 16) using a correlation function with the property that

T (X,Y ) = T (giX, giY ) (16)

for any permutation function gi. Then, P (pperm ≤ α) ≤ α for any α ∈ [0, 1].

Proof: Lemma 17 already covers the case where Y is exchangeable. We now consider the case where X is

exchangeable, but not Y .

We proceed by showing that the permutation test where Y is permuted is equivalent to the permutation

test where X is permuted. In other words,

{T (X, g1Y ), ..., T (X, gn!Y )} = {T (g1X,Y ), ..., T (gn!X,Y )}

where the left and right sides both denote unordered sets. It will be useful to refer to the inverse

permutation g−1
i , which is the permutation that “undoes” gi. More precisely, g−1

i is defined by the relation

g−1
i giZ = Z. Using Eq. 16, we have:

T (X, giY ) = T (g−1
i X, g−1

i giY ) (17)

= T (g−1
i X,Y ).

Note that the inverse permutation g−1
i is guaranteed to exist because any permutation gi can be “un-

done” by some g−1
i . In the edge case where gi is the trivial identity permutation, g−1

i is also the identity

permutation. Additionally, the set of permutation functions is the same as the set of inverse permutation

functions, meaning that

{g1, ..., gn!} = {g−1
1 , ..., g−1

n! } (18)

because each permutation is an inverse permutation, and each inverse permutation is a permutation. It

follows that

{T (X, g1Y ), ..., T (X, gn!Y )} = {T (g−1
1 X,Y ), ..., T (g−1

n! X,Y )}

= {T (g1X,Y ), ..., T (gn!X,Y )}
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where the first equality follows from Eq. 17 and the second equality follows from Eq. 18. This shows

that the permutation test where Y is permuted is equivalent to the permutation test where X is permuted.

It is clear from Lemma 17 by symmetry that this alternative view of the permutation test (where X is

permuted instead of Y ) could be used if the requirement of an exchangeable Y in Lemma 17 were replaced

by the requirement of an exchangeable X. Applying this exchangeable-X version of Lemma 17 completes

the proof.

A2 Validity of the permute-match test

We now justify the validity of the permute-match test, which is the primary contribution of the present work.

We begin with a result about dice rolls, which will prove to be useful shortly. Although this lemma may

seem unrelated to the task of detecting dependence, its later use may be foreshadowed by mentioning that

this lemma describes an event in which a die rolls an i on the ith roll, so that the result of the roll “perfectly

matches” the index of the roll.

Lemma 19

Let (C1, C2, ..., Cn) be iid discrete random variables where each Ci ∈ {1, 2, ..., n}. That is, each Ci is the

result from an independent roll of the same (possibly unfair) n-sided die. Then, the probability of

C1 = 1, C2 = 2, ..., Cn = n

is at most 1/nn.

Proof:

P (C1 = 1, C2 = 2, ..., Cn = n) = P (C1 = 1)P (C2 = 2)...P (Cn = n)

= P (C1 = 1)P (C1 = 2)...P (C1 = n)

The first equality comes from the fact that the Ci variables are independent and the second equality

comes from the fact that they are identically distributed. To simplify notation, let us define Pi = P (C1 = i).

Since the Pi terms sum to 1, we may substitute Pn = 1 −
∑n−1

1 Pi so that the above probability may be

rewritten as f(P1, ..., Pn−1), defined by:

f(P1, ..., Pn−1) =

(
n−1∏

1

Pi

)(
1−

n−1∑
1

Pi

)
= P1P2...Pn.
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Next, we find the maximum of f over its domain, which we take to be the space of valid probabilities:

{
P1, ..., Pn−1 :

n−1∑
i=1

Pi ≤ 1 and Pi ≥ 0 for i = 1, ..., n− 1

}

Since this space is closed and bounded, and since f is continuous and differentiable, we know that f

has extrema in its domain (i.e. the extreme value theorem), and that these extrema can only occur where

∇f = 0 and/or on the boundary. Setting ∇f = 0 gives the system of equations:


1/P1

...

1/Pn−1


(
n−1∏

1

Pi

)(
1−

n−1∑
1

Pi

)
−


1

...

1


(
n−1∏

1

Pi

)
=


0

...

0

 .
There are two categories of solutions to ∇f = 0. The first category occurs when P1, ..., Pn−1 are all

nonzero. In this case, we may divide by
(∏n−1

1 Pi

)
to obtain


1

...

1


(

1−
n−1∑

1

Pi

)
=


P1

...

Pn−1

 .

In this solution, P1, ..., Pn are all equal to one another. Since these variables sum to 1, this extremum is

achieved when 1/n = P1 = P2 = ... = Pn, and thus f = 1/nn at this point.

The second category of solutions occurs when at least one of P1, ..., Pn−1 is equal to zero. For example,

one such solution is obtained if we set each of P1, ..., Pn−1 to zero. For all solutions in this category, we have

f = 0.

Additionally, on the boundary of the domain (which occurs when at least one of P1, ..., Pn−1 is zero or

when
∑n−1

1 Pi = 1), we again have f = 0.

Since f(P1 = 1/n, ..., Pn−1 = 1/n) = 1/nn is the only positive value among candidate extrema (i.e.

solutions to ∇f = 0 and boundary points), we conclude that 1/nn is the maximum of f on its domain. That

is,

P (C1 = 1, C2 = 2, ..., Cn = n) = f(P1, ..., Pn−1) ≤ 1/nn

which is what we set out to show.
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Next we define the Y -perfect match test. Recall from the main text that the null hypothesis of this test

is that Y1, ..., Yn are iid and the sequence Y is independent of X.

Definition 20 The Y -perfect match test

Let X = (X1, ..., Xn) and Y = (Y1, ..., Yn) be sequences of random variables. Let ρ (the “correlation

function”) be a function that maps a pair (Xi, Yj) to a real number. Let the p-value pmatch be 1/nn if:

ρ(Xi, Yi) > ρ(Xj , Yi)

for all pairs (i, j) such that j 6= i. Otherwise, let pmatch be 1.

Lemma 21 The Y -perfect match test is valid

Let X = (X1, ..., Xn) be a sequence of random variables and let Y = (Y1, ..., Yn) be a sequence of iid

random variables. Let X and Y be independent. Perform the match test defined immediately above. Let α

be a real number between 0 and 1. Then P (pmatch ≤ α) ≤ α.

Proof: As a preliminary, we point out that (Y1, ..., Yn) are iid given X. To see this, first note that

(Y1|X, ..., Yn|X) are conditionally independent:

P (Y1 ∈ B(1)
Y , ..., Yn ∈ B(n)

Y |X) = P (Y1 ∈ B(1)
Y , ..., Yn ∈ B(n)

Y )

=

n∏
i=1

P
(
Yi ∈ B(i)

Y

)
=

n∏
i=1

P (Yi ∈ B(i)
Y |X).

where B(1)
Y , ..., B

(n)
Y are Borel sets. Second, note that (Y1|X, ..., Yn|X) are identically distributed:

P (Yi ∈ B(i)
Y |X) = P (Yi ∈ B(i)

Y ) = P (Yj ∈ B(i)
Y ) = P (Yj ∈ B(i)

Y |X)

With that preliminary out of the way, begin the main argument now. Let us define the random variables

(C1, ..., Cn) as follows:

Ci = argmax
j

(ρ(Xj , Yi))
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That is Ci ∈ {1, ..., n} is defined to be the choice of j that maximizes ρ(Xj , Yi). In the case of a multi-way

tie, Ci is chosen uniformly at random from among the maximizing index values. These Ci variables are useful

because if pmatch = 1/nn, then it must be the case that

C1 = 1, ..., Cn = n.

If we could apply Lemma 19 to (C1, ..., Cn) we would nearly be done. However, Lemma 19 requires

iid random variables. Unfortunately, (C1, ..., Cn) are not iid since they have a common dependence on X.

Fortunately however, (C1|X, ..., Cn|X) are (conditionally) iid. More precisely, since Ci|X is a function of

Yi|X, it follows that

P (C1 = c1, ..., Cn = cn|X) =

n∏
i=1

P (Ci = ci|X)

and

P (Ci = ci|X) = P (Cj = ci|X)

for ci ∈ {1, ..., n}.

We may now apply Lemma 19, which tells us that

P (C1 = 1, ..., Cn = n|X) ≤ 1/nn. (19)

Putting it all together, we have

P (pmatch ≤ 1/nn)
(a)

≤ P (C1 = 1, ..., Cn = n)
(b)
= E [P (C1 = 1, ..., Cn = n|X)]

(c)

≤ E [1/nn]
(d)
= 1/nn

where we have indexed the equalities and inequalities so that we could easily identify them now and give

explanations for each: The inequality
(a)

≤ occurs because pmatch ≤ 1/nn implies pmatch = 1/nn, which implies

C1 = 1, ..., Cn = n. The equality
(b)
= uses the definition of conditional probability (e.g. [195] pg. 152). The

inequality
(c)

≤ simply applies Eq. 19. The equality
(d)
= is trivial.

To complete the proof, note we may have α < 1/nn, in which case P (pmatch ≤ α) = 0, or alternatively

we may have α ≥ 1/nn, in which case P (pmatch ≤ α) ≤ 1/nn as shown immediately above. In either case,

P (pmatch ≤ α) ≤ α, which is what we set out to show.
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Next, a brief proof is given of the fact that the permutation test (with an appropriate choice of T ) and

the perfect match test are nested. Fig 49D already described the same claim, but using visual arguments

instead of written ones.

Lemma 22

Let X = (X1, ..., Xn) and Y = (Y1, ..., Yn) be sequences of random variables. Let ρ be a function that

maps a pair (Xi, Yj) to a real number. Define the average correlation

T (X,Y ) =
1

n

n∑
i=1

ρ(Xi, Yi). (20)

Perform the permutation test of independence (Def. 16) using T as the statistic, and obtain the p-value

pperm. Also perform the match test (Def. 20) using ρ as the correlation function, and obtain the p-value

pmatch. Then, pmatch = 1/nn implies pperm = 1/n!.

Proof: Suppose pmatch = 1/nn. Then,

ρ(Xi, Yi) > ρ(Xj , Yi) ∀ (i 6= j).

In other words, for each Yi, its correlation term ρ(·, Yi) is strictly maximized when Yi is paired with Xi.

Applying a permutation to Y (other than the trivial identity permutation) means that for at least two choices

of i, the ρ(Xi, Yi) term in Eq. 20 becomes replaced with ρ(Xj , Yi) for some j 6= i. But ρ(Xi, Yi) > ρ(Xj , Yi).

Therefore, T (X,Y ) must be strictly greater than all permuted versions T (X, giY ) (other than when gi is

the identity permutation). It follows that pperm = 1/n!.

Theorem 23 The permute-match test is valid

Let X = (X1, ..., Xn) be a sequence of random variables and let Y = (Y1, ..., Yn) be a sequence of iid

random variables. Let X and Y be independent. Let the correlation function ρ be a function that maps a

pair (Xi, Yj) to a real number. Define the average correlation

T (X,Y ) =
1

n

n∑
i=1

ρ(Xi, Yi).

Perform the permutation test of independence (Def. 16) using T as the statistic, and obtain the p-value
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pperm. Also perform the match test (Def. 20) using ρ as the correlation function, and obtain the p-value

pmatch. Then, for any significance level α ∈ [0, 1],

P (min(pperm, pmatch) ≤ α) ≤ α.

Proof: Begin by expanding the expression of interest using the addition rule of probability to more clearly

see each component.

P (min(pperm, pmatch) ≤ α) = P (pperm ≤ α ∪ pmatch ≤ α)

= P (pperm ≤ α) + P (pmatch ≤ α)− P (pperm ≤ α ∩ pmatch ≤ α) (21)

Next, we consider three cases that α can fall into and show that the theorem holds for each. Either

α < 1/n! or 1/n! ≤ α < 1 or α = 1. If α < 1/n!, then pperm cannot be less than or equal to α because pperm

cannot go below 1/n!. In this case, Eq. 21 reduces to

P (min(pperm, pmatch) ≤ α) = P (pmatch ≤ α)

which is at most α by Lemma 21.

If 1/n! ≤ α < 1, then by Lemma 22,

P (pmatch ≤ α) = P (pmatch = 1/nn)

= P (pperm = 1/nn ∩ pmatch = 1/n!)

≤ P (pperm ≤ α ∩ pmatch ≤ α)

where we use an inequality on the third line because α ≥ 1/n! ≥ 1/nn. However, we may also point the

inequality the other way:

P (pmatch ≤ α) ≥ P (pperm ≤ α ∩ pmatch ≤ α)

because the event on the right side is a subset of the event on the left. Since the inequality points in

both directions, we have

P (pmatch ≤ α) = P (pperm ≤ α ∩ pmatch ≤ α).
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Therefore, Eq. 21 reduces to

P (min(pperm, pmatch) ≤ α) = P (pperm ≤ α)

which is at most α by Lemma 17.

Finally, if α = 1, then the theorem holds trivially because probabilities are always at most 1. Since the

theorem holds in all three cases, it holds in general.
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A3 Illustration of permute-match test with logistic map system

Figure A53: Statistical power of the permute-match test and permutation test in a nonlinear and nonstation-
ary system. (A) System equations and example dynamics. The processes X and Y are given by a coupled
logistic map. The system is nonstationary because the parameter r(t) varies with time from 3.72 when t = 1
to 3.82 when t = 99. To see the nonstationarity clearly, the rightmost panel plots Xi(t) against Xi(t+1) and
colors points by time, showing that as time goes on, there is an upward drift in the parabola that the points
lie on. To better show the trend, 10 replicates are shown simultaneously in this chart. (B) Statistical power
of the permutation test and permute-match test as a function of the number of replicates, the significance
level, and rX,Y . Power was calculated from 2000 simulations at each value of rX,Y . For the permute-match
test, we checked for a Y -perfect match. For both the permute-match test and the permutation test, the
correlation statistic (i.e. the ρ) was cross-map skill, which is known to readily detect dependence between X
and Y in this system [18]. For the cross-map skill calculation, we used Y to estimate X, which corresponds
to a scenario where the data analyst hypothesizes that X influences Y . Cross-map skill requires two param-
eters, the embedding dimension and the embedding lag, and these were set to 2 and 1 respectively following
prior works that used the logistic map for benchmarking [18, 96].
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