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With the wealth of large-scale data arising from biology, the Internet, and social science, there is

a growing need for exploratory tools for data analysis. It is often of interest to estimate the un-

derlying graph of the variables. This dissertation focuses on developing flexible statistical models

for complex graphs motivated by scientific questions in genome science and neuroscience. We

investigate three types of graphical models: mixed graphical models, systems of additive ordinary

differential equations, and multivariate Hawkes processes. For each type of graphical models, we

discuss the properties of the graphical model and propose efficient statistical methods for recov-

ering the graphical structure from high-dimensional data. Furthermore, we establish statistical

guarantees of the proposed procedures and conduct extensive numerical experiments to evaluate

their empirical performance.
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Chapter 1

INTRODUCTION

1.1 Motivation

With the wealth of large-scale data arising from biology, the Internet, and social science, there is a

growing need for exploratory tools for data analysis. It is often of interest to estimate the underlying

graph of the variables. In a graph, each variable is represented as a node, and a relationship between

two variables is represented as an edge, directed or undirected, between the two nodes.

As a motivating example, we consider the task of estimating gene regulatory networks from two

types of gene expression data. The first type of data consists of RNA expression levels collected

from multiple subjects at a single time point. The relationship of interest is conditional dependence

between expression of two genes. To be specific, there is an edge between gene A and gene B if and

only if the expression levels of the two genes are dependent after conditioning on the expression

levels of all other genes. The second type of data consists of RNA expression levels measured from

a single subject at multiple time points. This can be modeled using ordinary differential equations

(ODEs). Here a directed edge from gene A to gene B means that the change in gene B’s expression

depends on the expression of gene A. In either case, we want to learn the network from the data.

In the classical regression setting, simple linear models can be used to explore the data. In the

analysis of graphs, similar “convenient modeling” strategies are also popular due to their simplicity,

but unfortunately impose strong implicit assumptions. Consider, for instance, modeling the joint

distribution of p random variables, X1, . . . , Xp, over an undirected graph. If we assume a linear

model for the conditional mean functions, i.e. E[Xj|X−j] = XT
−jβj, for j = 1, . . . , p, then the

resulting joint distribution is multivariate normal under mild conditions (Khatri and Rao, 1976). As

another example, consider a system of linear ODEs X ′(t) = AX(t), where X(t) is a p× 1 vector
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and A is a p × p matrix. The solution to this system is exp(At)X(0), which may not be a good

approximation to a biological system of interest. In both cases, the convenient model imposes very

strong assumptions, which may not be appropriate for a given dataset and scientific problem, and

hence not applicable for exploratory purposes.

1.2 Graphical Models

1.2.1 Definition

A graph G is a pair (V,E) of a node set V and an edge set E. The edge set E consists of ordered

or unordered pairs of nodes. Specifically, for i, j ∈ V , we use an unordered pair {i, j} to represent

an undirected edge between node i and node j, and we use an ordered pair (i, j) to represent a

directed edge, also known as an arc, from node i to node j. In this dissertation, we consider a

general definition of graphical models.

Definition 1. A graphical model is a probabilistic model defined on a graph. Nodes in the graph are

random elements, and edges in the graph represent relationships between the nodes they connect.

In the following sections, we discuss three graphical models that are special cases of Def-

inition 1: conditional independence graphical models (Section 1.2.2), systems of ODEs (Sec-

tion 1.2.3), and multivariate Hawkes point processes (Section 1.2.4).

1.2.2 Conditional independence graphical models

The conditional independence graphical model, or simply the conditional independence graph

(CIG), is a probabilistic model defined on an undirected graph. Nodes in the CIG are random

variables which follow a joint distribution P (·), and an edge represents a conditional dependence

relationship between a pair of nodes (Dawid, 1979). That is, the edge {Xj, Xk} ∈ E if only if

P (Xk, Xj|X−{k,j}) 6= P (Xk|X−{k,j})P (Xj|X−{k,j}). (1.1)

Many CIG models have been proposed to deal with specific scientific questions, and some have

been extensively studied in the classical statistics literature. These include Gaussian graphical
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models (Dempster, 1972), Ising models (Onsager, 1944), and conditional-Gaussian models (Lau-

ritzen, 1996). In many applications, the structure of the graph – that is, the edge set E – is known.

For instance, in spatial statistics, CIG models are often used to account for spatial auto-correlation,

where the graphs are known from geographical information (Besag, 1974; Ripley, 2005; Cressie,

1991).

1.2.3 Graphical models of systems of ordinary differential equations

We consider a system of ODEs, whose solutions are measured with error at discrete time points.

We observe Y1, . . . , Yn ∈ Rp, where Yi = X(ti; θ) + εi, i = 1, . . . , n, and

X ′j(t; θ) = fj(X(t; θ), θ); t ∈ [0, 1], j = 1, . . . , p. (1.2)

A directed edge from Xk(·) to Xj(·) indicates that Xk(·) is involved in the change of Xj(·), or

∂fj(X(t; θ), θ)

∂Xk(t; θ)
6= 0 for some t ∈ [0, 1]. (1.3)

ODEs are popular in modeling dynamics of complex systems in a number of applications. It is

often the case that the form of the functions fj(·), j = 1, . . . , p, are known, and hence E is known.

The questions of interest are how to estimate the unknown parameters θ, and how well the system

explains real world dynamics (Benson, 1979; Biegler et al., 1986; Varah, 1982; Ramsay et al., 2007;

Liang and Wu, 2008; Xue et al., 2010; Brunel, 2008; Qi and Zhao, 2010; Gugushvili and Klaassen,

2012; Hall and Ma, 2014). For instance, compartmental models in epidemiology employ ODEs to

model the dynamical relationships among a susceptible population (S), an infectious population

(I), and a recovered population (R). This is known as the SIR model (Gibson and Renshaw, 1998;

Ionides et al., 2006; M’Kendrick, 1925). In the SIR model, S, I , and R are the nodes of the graph,

and the ODE assumed to take the form

S ′ = −βIS/N ; I ′ = βIS/N − γI; R′ = γI, (1.4)

whereN ≡ S(t)+R(t)+I(t) is the total population, β describes the infectiousness of the disease,

and γ the recovery rate. The SIR model can be used to study the effect of vaccination, estimate the
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spread rate of a pandemic, or simulate an outbreak. In this application, the graphical structure and

the parametric form of the functions fj in the ODE system are defined by the underlying model.

However, in many high-dimensional applications, such information is unavailable. Motivated by

the problem of estimation of gene regulatory networks, in Chapter 3 we consider the setting where

the parametric form of the functions fj in the ODE system is not specified. In that case, estimation

of graph structure, i.e. nonzero fs is of main interest.

1.2.4 Graphical models of multivariate Hawkes processes

We consider a p-variate Hawkes process first proposed by Hawkes (1971). The intensity function

of the Hawkes process takes the form

λj(t) = µj +

p∑

k=1

(
ωj,k ∗ dNk

)
(t), j = 1, . . . , p, (1.5)

where

(
ωj,k ∗ dNk

)
(t) ≡

∫ ∞

0

ωj,k(∆)
∑

i:tk,i≤t

δ(t−∆− tk,i)d∆ =
∑

i:tk,i≤t

ωj,k(t− tk,i).

We refer to µj ∈ R as the background intensity, and ωj,k(·) : R+ 7→ R as the transfer function.

The right-hand side of (4.4) is sometimes transformed by a link function, as in a generalized linear

model; this leads to a non-linear Hawkes process.

We can see that the kth process affects the intensity of the jth process if ωj,k(∆) 6= 0 for some

∆. We can thus define a directed graph G = (V,E) with the node set V = {1, . . . , p} and the edge

set

E ≡ {(j, k) : ∃ ∆ such that ωj,k(∆) 6= 0, 1 ≤ j, k ≤ p} , (1.6)

for ωj,k given in (4.4). Recently, authors have connected G to the notions of directed information

(Quinn et al., 2010) and Granger causality (Eichler et al., 2015).

The Hawkes process has been widely applied in modeling recurrent events, such as earthquakes

(Ogata, 1988), crime rates (Mohler et al., 2011), interactions in social networks (Simma and Jordan,

2012; Perry and Wolfe, 2013), financial events (Chavez-Demoulin et al., 2005; Bowsher, 2007;
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Aı̈t-Sahalia et al., 2015), and spiking histories of neurons (see e.g., Brillinger, 1988; Okatan et al.,

2005; Paninski et al., 2007; Pillow et al., 2008).

1.3 Dimensionality

As noted in the previous section, the classical literature focuses on using graphical models con-

sisting of just a few nodes to approximate or describe real world problems. The structure of the

graph is typically assumed to be known, based on scientific knowledge and experience accumu-

lated over the years. Instead, we would like to learn the structure of the graph from the data. In

other words, we would like to select the best model out of a family of candidate models. To achieve

this goal, we need the family of candidate models to be flexible, the model selection procedure to

be computationally efficient, and the selected graph to be reliable.

Recall that our motivating example is a gene regulatory network, which might have hundreds

or thousands of nodes. The dimensionality of this problem leads to challenges, many of which

are shared with supervised learning problems of the same dimension. We now digress to discuss

high-dimensional regression, which is the main tool we will use in this dissertation.

The first issue is the curse of dimensionality associated with flexible modeling. Suppose that

we are regressing an outcome y over p binary predictors. It is known that a fully-nonparametric

model, i.e. a model with no assumptions, has at least 2p parameters, each corresponding to one

combination of values of the p binary predictors. The situation is even worse when the predictors

are continuous. Such a model is not affordable even for moderate value of p. We have to introduce

certain restrictions to the family of models that we consider. For instance, we could assume a

linear model Ey = Xβ, an additive model Ey =
∑p

i=1 fi(Xi), or a regression tree model. These

models offer some flexibility but also required certain assumptions. It is important to understand

how robust they are in the context of variable selection.

In many contemporary setting, the parameters can outnumber the observations. This is known

as the “large p small n” scenario. In gene regulatory networks, the number of genes easily exceeds

the number of observations. Even if we fit a simple linear regression model with no interactions,

parameters are still unidentifiable, and the estimates are thus not interpretable. To solve this issue,
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penalization has been introduced to shrink some parameters towards zero (Tibshirani, 1996; Candes

and Tao, 2007; Fan and Li, 2001). Among them, the `1-penalty has been particularly popular

because of its parsimonious effect where some parameters are shrunken exactly to zero, which

naturally leads to variable selection (Tibshirani, 1996). The theoretical properties of this penalty are

well-studied (Wainwright and Jordan, 2008; Negahban et al., 2012; Lee et al., 2013), and efficient

algorithms have been developed for fitting `1-penalized models (Efron et al., 2004; Friedman et al.,

2010).

The last issue associated with dimension is the computational cost. Many of the techniques for

learning the structure of graphical models in the classical statistics literature are quite complicated,

especially for systems of ODEs. Some are already computationally challenging with moderate

number of parameters. Thus, these techniques are not feasible for exploratory purposes on graphs

of large scales.

1.4 Our Contributions

This dissertation will focus on the development of models for complex graphs. We will use cur-

rent tools in high-dimensional regression to reconstruct graphs from high-dimensional data. The

dissertation is organized as follows.

1. In Chapter 2, we consider the task of learning the structure of a CIG. We develop a gen-

eral class of undirected graphical models that contains most existing parametric undirected

graphical models as special cases. We discuss the existence of a joint distribution using the

conditionally-specified modeling approach, and reveal implicit restrictions on the parameter

space. We also propose an efficient procedure for reconstructing the graph for this type of

model, and establish its variable selection consistency.

2. In Chapter 3, we study the graph reconstruction problem in a high-dimensional system of

ODEs subjected to measurement error. Existing studies primarily focus on parameter esti-

mations for ODEs of a known form. We propose a graph recovery procedure that allows for
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the underlying ODE system to be additive and of unknown form. The proposed procedure is

both computationally efficient and theoretically appealing, compared to existing methods.

3. In Chapter 4, we study the multivariate Hawkes process, where past events affect the fu-

ture intensity of the process. We focus our discussion on the estimation of the directed

graph encoded in a high-dimensional Hawkes process. We propose a neighbourhood selec-

tion procedure that recovers the true graph with high probability. Furthermore, we propose

two screening methods that greatly reduce the computational cost while achieving desired

statistical properties under mild conditions.
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Chapter 2

MIXED GRAPHICAL MODELS

The following work is to appear in Biometrika (Chen et al., 2015).

2.1 Introduction

In this study, we consider the task of learning the structure of an undirected graphical model encod-

ing pairwise conditional dependence relationships among random variables. Specifically, suppose

that we have p random variables represented as nodes of the graph G = (V,E), with the vertex set

V = {1, . . . , p} and the edge set E ⊆ V × V . An edge in the graph indicates a pair of random

variables that are conditionally dependent given all other variables. The problem of reconstructing

the graph from a set of n observations has attracted a lot of interest in recent years, especially when

p > n and p(p− 1)/2 edges must be estimated from n observations.

Many authors have studied the estimation of high-dimensional undirected graphical models

in the setting where the distribution of each node, conditioned on all other nodes, has the same

parametric form. In particular, Gaussian graphical models have been studied extensively (Friedman

et al., 2008; Meinshausen and Bühlmann, 2006; Peng et al., 2009; Ravikumar et al., 2011; Rothman

et al., 2008; Wainwright and Jordan, 2008; Yuan and Lin, 2007), and have been generalized to

account for non-normality and outliers (Finegold and Drton, 2011; Miyamura and Kano, 2006;

Vogel and Fried, 2011; Sun and Li, 2012). Others have considered the setting in which all node-

conditional distributions are Bernoulli (Höfling and Tibshirani, 2009; Lee et al., 2007; Ravikumar

et al., 2010), multinomial (Jalali et al., 2011), Poisson (Allen and Liu, 2012), or any univariate

distribution in the exponential family (Yang et al., 2012). An extended version of Yang et al.

(2012) is available in an unpublished technical report.

In this study, we seek to estimate a graphical model in which the variables are of different types.
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Here, the type of a node refers to the parametric form of its distribution, conditioned on all other

nodes. For instance, the variables might include DNA nucleotides, taking binary values, and gene

expression measured using RNA-sequencing, taking non-negative integer values. We could model

the first set of nodes as Bernoulli, which means that each of their distributions, conditional on the

other nodes, is Bernoulli; similarly, we could model the second set as Poisson. We assume that the

type of each node is known a priori, and refer to this setup as a mixed graphical model.

In the low-dimensional setting, Lauritzen (1996) studied a special case of the mixed graph-

ical model, known as the conditional Gaussian model, in which each node is either Gaussian

or Bernoulli. More recent work has focused on the high-dimensional setting. Lee and Hastie

(2014) proposed two algorithms for reconstructing conditional Gaussian models using a group

lasso penalty. Cheng et al. (2013) modified this approach by using a weighted `1-penalty.

A related line of research considers semi-parametric or non-parametric approaches for esti-

mating conditional dependence relationships (Fellinghauer et al., 2013; Liu et al., 2009; Voorman

et al., 2014; Xue and Zou, 2012), among which Fellinghauer et al. (2013) is specifically proposed

for mixed graphical models. However, despite their flexibility, these non-parametric methods are

often less efficient than their parametric counterparts, if the type of each node is known.

In this study, we propose an estimator and develop theory for the parametric mixed graphical

model, under a much more general setting than existing approaches (e.g. Lee and Hastie 2014). We

allow the conditional distribution of each node to belong to the exponential family. Unlike Yang

et al. (2012), nodes may be of different types. For instance, within a single graph, some nodes may

be Bernoulli, some may be Poisson, and some may be exponential.

In parallel efforts, Yang et al. (2014) recently presented general results on strong compatibility

for mixed graphical models for which the node-conditional distributions belong to the exponential

family, and for which the graph contains only two types of nodes. We instead consider the setting

where the graph can contain more than two types of nodes, and provide specific requirements for

strong compatibility for some common distributions.
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2.2 A Model for Mixed Data

2.2.1 Conditionally-Specified Models for Mixed Data

We consider the pairwise graphical model (Wainwright et al., 2007), which takes the form

p(x) ∝ exp

{
p∑

s=1

fs(xs) +

p∑

s=2

∑

t<s

fts(xs, xt)

}
, (2.1)

where x = (x1, ..., xp)
T and fts = 0 for {t, s} /∈ E. Here, fs(xs) is the node potential function, and

fst(xs, xt) the edge potential function. We further simplify the pairwise interactions by assuming

that fst(xs, xt) = θstxsxt = θtsxsxt, so that we can write the parameters associated with edges in a

symmetric square matrix Θ = (θst)p×p where the diagonal elements equal zero. The joint density

can then be written as

p(x) = exp

{
p∑

s=1

fs(xs) +
1

2

p∑

s=1

∑

t6=s

θtsxsxt − A(Θ, α)

}
, (2.2)

where A(Θ, α) is the log-partition function, a function of Θ and α. Here α is a K × p matrix of

parameters involved in the node potential functions: that is, fs(xs) involves αs, the sth column of

α. K is some known integer. For {s, t} /∈ E, the edge potentials satisfy θst = θts = 0. We define

the neighbours of the sth node as N(xs) = {t : θst = θts 6= 0}.
In principle, given a parametric form for the joint density (2.2), we can estimate the conditional

dependence relationships among the p variables, and hence the edges in the graph. But this ap-

proach requires the calculation of the log-partition function A(Θ, α), which is often intractable. To

overcome this, we instead use the framework of conditionally-specified models (Besag, 1974): we

specify the distribution of each node conditional on the others, and then combine the p conditional

distributions to form a single graphical model. This approach has been widely used in estimating

high-dimensional graphical models where all nodes are of the same type (Allen and Liu, 2012;

Meinshausen and Bühlmann, 2006; Ravikumar et al., 2010; Yang et al., 2012). However, as we

will discuss in Section 2.2.2, a conditionally-specified model may not correspond to a valid joint

distribution.
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Define x−s = (x1, ..., xs−1, xs+1, ..., xp)
T. We consider conditional densities of the form

p(xs | x−s) = exp

{
fs(xs) +

∑

t6=s

θtsxtxs −Ds(ηs)

}
, (2.3)

where ηs = ηs(Θs, x−s, αs) is a function of αs, x−s, and Θs, and Θs is the sth column of Θ without

the diagonal element. Suppose fs(xs) = α1sxs + α2sx
2
s/2 +

∑K
k=3 αksBks(xs), where αks is a

parameter, which could be 0, and Bks(xs) is a known function for k = 3, . . . , K. Under this

assumption, (2.3) belongs to the exponential family.

The assumed form of fs(xs) is quite general. We now consider some special cases of (2.3)

corresponding to commonly-used distributions in the exponential family, for which fs(xs) takes a

very simple form. In the following examples, we assume that ηs(Θs, x−s, αs) = α1s+
∑

t: t6=s θtsxt.

Example 1. The conditional density is Gaussian and α2s = −1:

p(xs | x−s) = exp

{
−1

2
x2
s + ηsxs −

1

2
η2
s −

1

2
log(2π)

}
, xs ∈ R, (2.4)

where fs(xs) = α1sxs − x2
s/2 and Ds(ηs) = η2

s/2 + log(2π)/2.

Example 2. The conditional density is Bernoulli. Instead of coding xs as {0, 1}, we code xs as

{−1, 1}. This yields the conditional density

p(xs | x−s) = exp {ηsxs −Ds(ηs)} , xs ∈ {−1, 1}, (2.5)

where fs(xs) = α1sxs and Ds(ηs) = log{exp(ηs) + exp(−ηs)}.

Example 3. The conditional density is Poisson:

p(xs | x−s) = exp {ηsxs − log(xs!)−Ds(ηs)} , xs ∈ {0, 1, . . .}, (2.6)

where fs(xs) = α1sxs − log(xs!) and Ds(ηs) = exp(ηs).

Example 4. The conditional density is exponential:

p(xs | x−s) = exp {ηsxs −Ds(ηs)} , xs ∈ R+, (2.7)

where fs(xs) = α1sxs and Ds(ηs) = − log(−ηs).
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These four examples have been studied in the context of conditionally-specified graphical mod-

els in which all nodes are of the same type (Allen and Liu, 2012; Besag, 1974; Meinshausen and

Bühlmann, 2006; Ravikumar et al., 2010; Yang et al., 2012).

In what follows, we will consider the conditionally-specified mixed graphical model, with con-

ditional distributions given by (2.3), in which each node can be of a different type. This class of

mixed graphical models is not closed under marginalization: for instance, given a graph composed

of Gaussian and Bernoulli nodes, integrating out the Bernoulli nodes leads to a conditional density

that is a mixture of Gaussians, which does not belong to the exponential family.

2.2.2 Compatibility of Conditionally-Specified Models

Under what circumstances does the conditionally-specified model with node-conditional distribu-

tions given in (2.3) correspond to a well-defined joint distribution? We first adapt and restate a

definition from Wang and Ip (2008), which applies to any conditional density.

Definition 2. A non-negative function g is capable of generating a conditional density function

p(y | x) if

p(y | x) =
g(y, x)∫
g(y, x)dy

.

Two conditional densities are said to be compatible if there exists a function g that is capable of

generating both conditional densities. When g is a density, the conditional densities are called

strongly compatible.

The following proposition relates Definition 2 to the conditional density in (2.3). Its proof, and

those of other statements in this study, are available in the Appendix.

Proposition 1. Let x = (x1, ..., xp)
T be a random vector. Suppose that for each xs, the condi-

tional density takes the form of (2.3). If θst = θts, then the conditional densities are compatible.

Furthermore, any function g that is capable of generating the conditional densities is of the form

g(x) ∝ exp

{
p∑

s=1

fs(xs) +
1

2

p∑

s=1

∑

t6=s

θtsxsxt

}
. (2.8)
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Under the conditions of Proposition 1, if we further assume that g in (2.8) is integrable, then

by Definition 2, the conditional densities of the form (2.3) are strongly compatible. Proposition 1

indicates that, provided that (2.2) is a valid joint distribution, we can arrive at it via the conditional

densities in (2.3). This justifies the conditionally-specified modeling approach taken in this study.

Proposition 1 is closely related to Section 4·3 in Besag (1974) and Proposition 1 in Yang et al.

(2012), with small modifications. More general theory is developed in Wang and Ip (2008).

We now return to the four examples (2.4)–(2.7). Lemma 1 summarizes the conditions under

which a conditionally-specified model with non-degenerate conditional distributions of the form

(2.4)–(2.7) leads to a valid joint distribution.

Lemma 1. If θst = θts, the subset of conditions with a dagger (†) in Table 2.1 is necessary and

sufficient for the conditional densities in (2.4)–(2.7) to be compatible. Moreover, the complete set

of conditions in Table 2.1 is necessary and sufficient for the conditional densities in (2.4)–(2.7) to

be strongly compatible.

To simplify the presentation of the conditions for the Gaussian nodes, in Table 2.1 it is assumed

that J is the index set of the Gaussian nodes. Without loss of generality, we further assume that the

nodes are ordered such that J = {1, . . . ,m}, and define

ΘJJ =




α21 θ12 · · · θ1m

θ21 α22 · · · θ2m

...
... . . . ...

θm1 θm2 · · · α2m



. (2.9)

Table 1 reveals the set of restrictions on the parameter space that must hold in order for the

conditional densities in (2.4)–(2.7) to be compatible or strongly compatible. The diagonal entries of

this table were previously studied in Besag (1974). In general, strong compatibility imposes more

restrictions on the parameter space than compatibility. For instance, compatibility does not place

any restrictions on edges between two Poisson nodes, but for strong compatibility to hold, the edge

potentials must be negative. Compatibility and strong compatibility even restrict the relationships
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Table 2.1: Restrictions on the parameter space required for compatibility or strong compatibility

of the conditional densities in (2.4)–(2.7)

Gaussian Poisson Exponential Bernoulli

Gaussian ΘJJ ≺ 0 θts = 0 θts = 0† θts ∈ R†

Poisson θts ≤ 0 θts ≤ 0† θts ∈ R†

Exponential θts ≤ 0†
∑

s∈I |θst| < −α†1t
Bernoulli θts ∈ R†

The column specifies the type of the sth node, and the row specifies the type of the tth node.

Conditions marked with a dagger (†) are necessary and sufficient for the conditional densities in

(2.4)–(2.7) to be compatible, and the complete set of conditions is necessary and sufficient for the

conditional densities to be strongly compatible. For compatibility to hold for a Gaussian node xs,

α2s < 0 is also required. Here ΘJJ is as defined in (2.9), and I denotes the set of Bernoulli nodes.

that can be modeled using the conditional densities (2.4)–(2.7): for instance, no edges are possible

between Gaussian and exponential nodes, or between Gaussian and Poisson nodes.

To summarize, given conditional densities of the form (2.4)–(2.7), existence of a joint density

imposes substantial constraints on the parameter space, and thus limits the flexibility of the cor-

responding graph. However, we will see in Section 2.5 that it is possible to consistently estimate

the structure of a graph even when the requirements for compatibility or strong compatibility are

violated, i.e., even in the absence of a joint density.

While Table 2.1 only examines conditionally-specified models composed of the conditional

densities in (2.4)–(2.7), the estimator proposed in Section 2.3 and the theory developed in Sec-

tions 2.4 and 2.5 apply to other types of conditional densities of the form (2.3).
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2.3 Estimation via Neighbourhood Selection

2.3.1 Estimation

We now present a neighbourhood selection approach for recovering the structure of a mixed graph-

ical model, by maximizing penalized conditional likelihoods node-by-node. A similar approach

has been studied in the setting where all nodes in the graph are of the same type (Meinshausen and

Bühlmann, 2006; Ravikumar et al., 2010; Allen and Liu, 2012; Yang et al., 2012).

Recall from Section 2.2.1 that fs(xs) = α1sxs+α2sx
2
s/2+

∑K
k=3 αksBks(xs). We now simplify

the problem by assuming that αks is known, and possibly zero, for k ≥ 2. Let X denote an n × p
data matrix, with the ith row given by x(i). From now on, we use an asterisk to denote the true

parameter values. We estimate Θ∗s and α∗1s, the parameters for the sth node, as

arg min
Θs∈Rp−1, α1s∈R

− `s(Θs, α1s;X) + λn‖Θs‖1, (2.10)

where `s(Θs, α1s;X) =
n∑
i=1

log p(x
(i)
s | x(i)

−s)/n; recall that the conditional density p(x(i)
s | x(i)

−s) is

defined in (2.3). Finally, we define the estimated neighbourhood of xs to be N̂(xs) = {t : θ̂ts 6= 0},
where Θ̂s solves (2.10), and θ̂ts is the element corresponding to an edge with the tth node.

In practice, to avoid a situation in which variables of different types are on different scales, we

may wish to modify (2.10) in order to allow a different weight for the `1-penalty on each coefficient.

We define a weight vector w equal to the empirical standard errors of the corresponding variables:

w = (σ̂1, ..., σ̂s−1, σ̂s+1, ..., σ̂p)
T. Then (2.10) can be replaced with

arg min
Θs∈Rp−1, α1s∈R

− `s(Θs, α1s;X) + λn‖diag(w)Θs‖1. (2.11)

The analysis in Sections 2.4 and 2.5 uses (2.10) for simplicity, but could be generalized to (2.11)

with additional bookkeeping. Both (2.10) and (2.11) can be easily solved (see e.g. (Friedman et al.,

2010)).

In the joint density (2.2), the parameter matrix Θ is symmetric, i.e., θst = θts, but the neigh-

bourhood selection method does not guarantee symmetric estimates: for instance, it could happen
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that θ̂st = 0 but θ̂ts 6= 0. Our analysis in Section 2.4.2 shows that we can exploit the asymmetry in

θ̂st and θ̂ts when xs and xt are of different types, in order to obtain more efficient edge estimates.

2.3.2 Tuning

In order to select the value of the tuning parameter λn in (2.10), we use the Bayesian information

criterion (Zou et al., 2007; Peng et al., 2009; Voorman et al., 2014), which takes the form

BICs(λn) = −2n`s(Θ̂s, α̂1s;X) + log(n)‖Θ̂s‖0, (2.12)

where ‖Θ̂s‖0 is the number of non-zero elements in Θ̂s for a given value of λn. We allow a

different value of λn for each node type. For instance, to select λn for the Poisson nodes, we

choose the value of λn such that BICs(λn), summed over the Poisson nodes, is minimized. We

evaluate the performance of this approach for tuning parameter selection in Section 2.6.3.

2.4 Recovery with Strongly Compatible Conditional Distributions

2.4.1 Neighbourhood Recovery

In this subsection we show that if the conditional distributions in (2.3) are strongly compatible, as

they will be under conditions discussed in Section 2.2.2, then under some additional assumptions,

the true neighbourhood of each node is consistently selected using the neighbourhood selection

approach proposed in Section 2.3.1. Here we rely heavily on results from Yang et al. (2012), who

consider a related problem in which all nodes are of the same type.

In the following discussion, we assume that p > n for simplicity. For any s, let ∆s denote the

set of indices for elements of (ΘT
s , α1s)

T that correspond to non-neighbours of the sth node, and

let Q∗s = −∇2`s(Θ
∗
s, α

∗
1s;X) be the negative Hessian of `s(Θs, α1s;X) with respect to (ΘT

s , α1s)
T,

evaluated at the true values of the parameters. Below we suppress the subscript s for simplicity,

and we remind the reader that all quantities are related to the conditional density of the sth node.

We express Q∗ in blocks:

Q∗ =


Q

∗
∆c∆c Q∗∆c∆

Q∗∆∆c Q∗∆∆


 .



17

Assumption 1. There exists a positive number a such that

max
l∈∆
‖Q∗l∆c(Q∗∆c∆c)−1‖1 ≤ 1− a.

Assumption 1 limits the association between the neighbours and non-neighbours of the sth

node: if the association is too high, then it is not possible to select the correct neighbourhood. This

type of assumption is standard for variable selection consistency of `1-penalized estimators (Lee

et al., 2013; Meinshausen and Bühlmann, 2006; Ravikumar et al., 2010, 2011; Wainwright, 2009;

Yang et al., 2012; Zhao and Yu, 2006).

Assumption 2. There exists Λ1 > 0 such that the smallest eigenvalue of Q∗∆c∆c , Λmin(Q∗∆c∆c),

is greater than or equal to Λ1. Also, there exists Λ2 < ∞ such that the largest eigenvalue of
∑n

i=1 x
(i)
0 (x

(i)
0 )T/n, Λmax

{∑n
i=1 x

(i)
0 (x

(i)
0 )T/n

}
, is less than or equal to Λ2, where x0 = (xT

−s, 1)T.

The lower bound in Assumption 2 is needed to prevent singularity among the true neighbours,

which would prevent neighbourhood recovery. The bound on the largest eigenvalue of the sample

covariance matrix is needed to prevent a situation where most of the variance in the data is due to

a single feature. Similar assumptions are made in Meinshausen and Bühlmann (2006); Ravikumar

et al. (2010); Wainwright (2009); Yang et al. (2012); Zhao and Yu (2006).

Assumption 3. The log-partition function D(·) of the conditional density p(xs | x−s) is third-

order differentiable, and there exist κ2 and κ3 such that |D′′(y)| ≤ κ2 and |D′′′(y)| ≤ κ3 for

y ∈ {y : y ∈ D, |y| ≤Mδ1 log p}, where D is the support of D(·).

Remark 1. The two quantities κ2 and κ3 are functions of p. The quantity δ1 is a constant to

be chosen in Proposition 2. The constant M is a sufficiently large constant that plays a role in

Assumption 6.

Assumption 3 controls the smoothness of the log-partition function D(·) for conditional den-

sities of the form (2.3). Recall from Section 2.2.1 that the log-partition function of the node xs is
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D(ηs), where ηs equals α1s +
∑

t6=s θtsxt. To apply Assumption 3 to D(ηs), we will need to bound
∑

t6=s θtsxt, so that |ηs| ≤Mδ1 log(p).

In order to obtain such a bound, we need another assumption.

Assumption 4. Assume that, for t = 1, ..., p, (i) |E(xt)| ≤ κm, (ii) E(x2
t ) ≤ κv, and (iii)

max
u:|u|≤1

∂2A

∂α2
1t

∣∣∣∣
α∗1t+u

≤ κh, max
u:|u|≤1

∂2A

∂α2
2t

∣∣∣∣
α∗2t+u

≤ κh.

Assumption 4 controls the moments of each node, as well as the local smoothness of the log-

partition function A in (2.2). Given Assumption 4, the following propositions on the marginal

behaviour of random variables hold; see Propositions 3 and 4 in Yang et al. (2012).

Proposition 2. Define the event

ξ1 =

(
max

i∈{1,...,n};t∈{1,...,p}
|x(i)
t | < δ1 log p

)
.

Assuming p > n, pr(ξ1) ≥ 1− c1p
−δ1+2, where c1 = exp(κm + κh/2).

Proposition 3. Define the event

ξ2 =

[
max

t∈{1,...,p}

{
1

n

n∑

i=1

(x
(i)
t )2

}
< δ2

]
,

where δ2 ≥ 1. If δ2 ≤ min(2κv/3, κh+κv), and n ≥ 8κ2
h log p/δ2

2 , then pr(ξ2) ≥ 1−exp(−c2δ
2
2n),

where c2 = 1/(4κ2
h).

We now present three additional assumptions that relate to the node-wise regression in (2.10).

Assumption 5. The minimum of edge potentials related to node xs, mint∈N(xs)|θts|, is larger than

10(d+ 1)1/2λn/Λ1, where d is the number of neighbours of xs.

Assumption 6. The tuning parameter λn is in the range
[

8(2− a)

a

{
δ2κ2

log(2p)

n

}1/2

,min

{
2(2− a)

a
κ2δ2M,

aΛ2
1(d+ 1)−1

288(2− a)κ2Λ2
,

Λ2
1(d+ 1)−1

12Λ2κ3δ1 log p

}]
. (2.13)
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Remark 2. Of the three quantities in the upper bound of λn, Λ2
1/{12Λ2(d+ 1)κ3δ1 log p} is usually

the smallest because of the log p in the denominator.

Assumption 7. The sample size n is no smaller than 8κ2
h log p/δ2

2 , and also the range of feasible λn

in Assumption 6 is non-empty, i.e.,

n ≥ 962(2− a)2Λ2
2

a2Λ4
1

(d+ 1)2κ2κ
2
3δ

2
1δ2 log(2p)(log p)2. (2.14)

Assumptions 5, 6, and 7 specify the minimum edge potential, the range of the tuning parameter,

and the minimum sample size, required for Theorem 1 to hold, that is, for our neighbourhood

selection approach (2.10) to achieve model selection consistency. Similar assumptions are made in

related work (Yang et al., 2012).

Remark 3. Suppose that n = Ω{(d + 1)2 log3+ε(p)} for ε > 0, λn = c{log(p)/n}1/2 for some

constant c, and κ2 and κ3 are O(1). Then Assumptions 6 and 7 are satisfied asymptotically as n

and p tend to infinity. Similar rates appear in Meinshausen and Bühlmann (2006); Ravikumar et al.

(2010); Yang et al. (2012).

Theorem 1. Suppose that the joint density (2.2) exists and Assumptions 1 – 7 hold for the sth node.

Then with probability at least 1 − c1p
−δ1+2 − exp(−c2δ

2
2n) − exp(−c3δ3n), for some constants

c1, c2, c3, δ2 ≤ min(2κv/3, κh + κv), and δ3 = 1/(κ2δ2), the estimator from (2.10) recovers the

true neighbourhood of xs exactly, so that N̂(xs) = N(xs).

Theorem 1 shows that the probability of successful recovery converges to unity exponentially

fast with the sample size n. We note that the number of neighbours d appears in Assumptions 5–

7. As d increases, the minimum edge potential for each neighbour increases, the upper range for

λn decreases, and the required sample size increases. Therefore, we need the true graph G to be

sparse, d = o(n), in order for Theorem 1 to be meaningful.

The quantities δ2κ2 and δ1κ3 appear in the upper bound of λn (2.13) and the minimum sample

size (2.14). The fact that κ2 and δ2 appear together in a product implies that we can relax the

restriction on δ2 if κ2 is small. The same applies to δ1 and κ3.
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For certain types of nodes, Theorem 1 holds with a less stringent set of assumptions. For a

Gaussian node, the second-and-higher order derivatives of D(·) are always bounded, i.e., κ2 = 1

and κ3 = 0. This has profound effects on the theory, as illustrated in Corollary 1.

Corollary 1. Suppose that the joint density (2.2) exists and Assumptions 1–5 hold for a Gaussian

node, xs. If

λn ∈
[

8(2− a)

a

{
δ2

log(2p)

n

}1/2

,
2(2− a)

a
δ2M

]
, n ≥ 8κ2

h log p

δ2
2

,

then with probability at least 1 − exp(−c2δ
2
2n) − exp(−c3δ3n), for some constants c2, c3, δ2 ≤

min(2κv/3, κh + κv), and δ3 = 1/δ2, the estimator from (2.10) recovers the true neighbourhood

of xs exactly, so that N̂(xs) = N(xs).

2.4.2 Combining Neighbourhoods to Estimate the Edge Set

The neighbourhood selection approach may give asymmetric estimates, in the sense that t ∈ N̂(xs)

but s /∈ N̂(xt). To deal with this discrepancy, two strategies for estimating a single edge set were

proposed in Meinshausen and Bühlmann (2006), and adapted in other work:

Êand =
{

(s, t) : s ∈ N̂(xt) and t ∈ N̂(xs)
}
, Êor =

{
(s, t) : s ∈ N̂(xt) or t ∈ N̂(xs)

}
.

When the sth and tth nodes are of the same type, there is no clear reason to prefer the edge estimate

from N̂(xs) over the one from N̂(xt), and so the choice of the intersection rule, Êand, versus the

union rule, Êor, is not crucial (Meinshausen and Bühlmann, 2006).

When the sth and tth nodes are of different types, however, the choice of neighbourhood

matters. We now take a closer look at this with examples of Gaussian, Bernoulli, exponential

and Poisson nodes as in (2.4)–(2.7). Quantities c1, c2, and c3 in Theorem 1 are the same re-

gardless of the node type, while the values of κ2 and κ3 depend on the type of node being re-

gressed on the others in (2.10). We fix B1 = κ3δ1 for Bernoulli, Poisson and exponential nodes.

For a Gaussian node, this quantity will always equal zero, since D(ηs) = η2
s/2 + log(2π)/2

and hence D′′′(ηs) = 0 = κ3. Furthermore, we fix B2 = 1/δ3 = δ2κ2 for all four types of



21

nodes. With B1 and B2 fixed, the minimum sample size and the feasible range of the tuning

parameter for Bernoulli, Poisson and exponential nodes are exactly the same, as these quan-

tities involve only B1 and B2. In particular, from Assumption 6, the range of feasible λn is

[8(2− a){log(2p)B2/n}1/2/a,Λ2
1/{12Λ2(d+ 1)B1 log p}], and from Assumption 7, the minimum

sample size is 962(2 − a)2Λ2
2(d + 1)2B2B

2
1 log(2p)(log p)2/(a2Λ4

1). These bounds are more re-

strictive than the corresponding bounds for Gaussian nodes in Corollary 1. We now derive a lower

bound for the probability of successful neighbourhood recovery for each node type.

Example 5. If xs is a Gaussian node, then the log-partition function is D(ηs) = η2
s/2 + log(2π)/2.

It follows that D′′(ηs) = 1 = κ2. Thus, δ2 = B2. By Corollary 1, a lower bound for the probability

of successful neighbourhood recovery is

pr{N̂(xs) = N(xs)} ≥ 1− exp(−c2B
2
2n)− exp(−c3n/B2). (2.15)

Example 6. If xs is a Bernoulli node, then the log-partition function is D(ηs) = log{exp(−ηs) +

exp(ηs)}, so that |D′′(ηs)| ≤ 1 and |D′′′(ηs)| ≤ 2. Consequently, δ2 = B2, and δ1 = B1/κ3 =

B1/2. By Theorem 1, a lower bound for the probability of successful neighbourhood recovery is

pr{N̂(xs) = N(xs)} ≥ 1− c1p
−B1/2+2 − exp(−c2B

2
2n)− exp(−c3n/B2). (2.16)

Example 7. If xs is a Poisson node, then the log-partition function is D(ηs) = exp(ηs), so

D
′′
(ηs) = D

′′′
(ηs) = exp(ηs). To bound D′′(ηs) and D′′′(ηs), we need to bound exp(ηs). Re-

call from Table 2.1 that strong compatibility requires that θtsxt ≤ 0 when xt is Gaussian, Poisson

or exponential. Therefore, an upper bound for exp(ηs) is

exp(ηs) ≤ exp

(
α1s +

∑

t∈I

|θts|
)
≡ bP , (2.17)

with I the set of Bernoulli nodes. Therefore, κ2 = κ3 = bP , and so δ2 = B2/bP and δ1 = B1/bP .

By Theorem 1, a lower bound on the probability of successful neighbourhood recovery is

pr{N̂(xs) = N(xs)} ≥ 1− c1p
−B1/bP+2 − exp(−c2B

2
2n/b

2
P )− exp(−c3n/B2). (2.18)
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Example 8. If xs is an exponential node, then the log-partition function is D(ηs) = − log(−ηs), so

D
′′
(ηs) = η−2

s and D′′′(ηs) = −2η−3
s . Furthermore,

ηs = α1s +
∑

t6=s

θtsxt ≤ α1s +
∑

t∈I

θtsxt≤ α1s +
∑

t∈I

|θts| < 0, (2.19)

with I the set of Bernoulli nodes. In (2.19), the first inequality follows from the requirement for

compatibility from Table 2.1 that θtsxt ≤ 0 when xt is Gaussian, Poisson or exponential; the

second inequality follows from the fact that Bernoulli nodes are coded as +1 and−1; and the third

inequality follows from the Bernoulli-exponential entry in Table 2.1. Therefore, it follows that

|ηs|≥
∣∣∣∣∣α1s +

∑

t∈I

|θts|
∣∣∣∣∣ ≥ |α1s| −

∑

t∈I

|θts| ≡ bE. (2.20)

As a result, |D′′(ηs)| and |D′′′(ηs)| are bounded by κ2 = b−2
E and κ3 = 2b−3

E , respectively. For

fixed B1 and B2, we have δ2 = b2
EB2 and δ1 = B1b

3
E/2. By Theorem 1, a lower bound for the

probability of successful neighbourhood recovery is

pr{N̂(xs) = N(xs)} ≥ 1− c1p
−b3EB1/2+2 − exp(−c2b

4
EB

2
2n)− exp(−c3n/B2). (2.21)

Examples 5–8 reveal that the neighbourhood of a Gaussian node is easier to recover than the

neighbourhood of the other three types of nodes: the first requires a smaller minimum sample size

when p is large, allows for a wider range of feasible tuning parameters, and has in general a higher

probability of success. As a result, the neighbourhood of the Gaussian node should be used when

estimating an edge between a Gaussian node and a non-Gaussian node.

Which neighbourhood should we use to estimate an edge between two non-Gaussian nodes?

There are no clear winners: while (2.16) can be evaluated given knowledge of c1, c2, and c3,

(2.18) and (2.21) also require knowledge of the unknown quantities bE and bP , which are functions

of unknown quantities Θs and α1s in (2.17) and (2.20). One possibility is to insert a consistent

estimator for these parameters (van de Geer, 2008; Bunea, 2008) in order to obtain a consistent

estimator for bP or bE . This leads to the following lemma.

Lemma 2. Suppose Θ̃s and α̃1s are consistent estimators of the true parameters in the conditional

densities (2.6) and (2.7). Let I be the index set of the Bernoulli nodes.
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Table 2.2: Neighbourhood to use in estimating an edge between two non-Gaussian nodes of differ-

ent types

Selection rules

Poisson & Exponen-

tial

Choose Poisson if b̃2
E b̃P < 1 and b̃3

E b̃P < 2. Choose expo-

nential if b̃2
E b̃P > 1 and b̃3

E b̃P > 2.

Poisson & Bernoulli Choose Poisson if b̃P < 1. Choose Bernoulli if b̃P > 2.

Exponential &

Bernoulli

Choose exponential if b̃E ≥ 1. Choose Bernoulli if b̃E < 1.

When the conditions in this table are not met, there is no clear preference in terms of which neigh-

bourhood to use.

1. If xs is a Poisson node and b̃P = exp(α̃1s +
∑

t∈I |θ̃ts|), then

1− c1p
−B1/b̃P+2 − exp(−c2B

2
2n/b̃

2
P )− exp(−c3n/B2) (2.22)

is a consistent estimator of a lower bound for pr{N̂(xs) = N(xs)}.

2. If xs is an exponential node and b̃E = |α̃1s| −
∑

t∈I |θ̃ts|, then

1− c1p
−b̃3EB1/2+2 − exp(−c2b̃

4
EB

2
2n)− exp(−c3n/B2) (2.23)

is a consistent estimator of a lower bound for pr{N̂(xs) = N(xs)}.

Therefore, by inserting consistent estimators of Θs and α1s into (2.17) or (2.20), we can recon-

struct an edge by choosing the estimate with the highest probability of correct recovery according

to (2.16), (2.22), and (2.23). The rules are summarized in Table 2.2. The results in this section

illustrate a worst case scenario for recovery of each neighbourhood, in that Theorem 1 provides a

lower bound for the probability of successful neighbourhood recovery.
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2.5 Recovery in Partially-Specified Models

In Section 2.4, we showed that the neighbourhood selection approach of Section 2.3.1 can recover

the true graph when each node’s conditional distribution is of the form (2.3), provided that the

conditions for strong compatibility are satisfied. In this section, we consider a partially-specified

model in which some of the nodes are assumed to have conditional distributions of the form (2.3),

and we make no assumption on the conditional distributions of the remaining nodes. We will show

that in this setting, neighbourhoods of the nodes with conditional distributions of the form (3) can

still be recovered.

Here the neighbourhood of xs is defined based upon its conditional density, (2.3), as N0(xs) =

{t : θts 6= 0}. Assumption 4 in Section 2.4.1 is inappropriate since we no longer assume that

all p nodes have conditional densities of the form (2.3), and consequently we are not assuming

a particular form for the joint density. Therefore, we make the following assumption to replace

Propositions 2 and 3.

Assumption 8. Assume that (i) pr(ξ1) ≥ 1− c1p
−δ1+2, (ii) pr(ξ2) ≥ 1− exp(−c2δ

2
2n).

Theorem 2. Suppose that the sth node has conditional density (2.3), and that Assumptions 1 – 3

and 5 – 8 hold. Then with probability at least 1−c1p
−δ1+2−exp(−c2δ

2
2n)−exp(−c3δ3n), for some

constants c1, c2, c3, and δ3 = 1/(κ2δ2), the estimator from (2.10) recovers the true neighbourhood

of xs exactly, so that N̂(xs) = N0(xs).

The proof of Theorem 2 is similar to that of Theorem 1, and is thus omitted. Theorem 2

indicates that our neighbourhood selection approach can recover the neighbourhood of any node for

which the conditional density is of the form (2.3), provided that Assumption 8 holds. This means

that in order to recover an edge between two nodes using our neighbourhood selection approach,

it suffices for one of the two nodes’ conditional densities to be of the form (2.3). Consequently,

we can model relationships that are far more flexible than those outlined in Table 2.1, e.g. an edge

between a Poisson node and a node that takes values on the whole real line.

Although Theorem 2 allows us to go beyond some of the restrictions in Table 2.1, it is still

restricted in that it only guarantees recovery of an edge between two nodes for which at least one
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1 2 · · · m

m+ 1 m+ 2 · · · 2m

Figure 2.1: The graph used to generate the data in Sections 2.6.2–2.6.4. There are m = p/2

Gaussian or Poisson nodes, shown as circles, and m = p/2 Bernoulli nodes, shown as rectangles.

of the node-conditional densities is exactly of the form (2.3). In future work, we could general-

ize Theorem 2 to the case where (2.3) is simply an approximation to the true node-conditional

distribution.

2.6 Numerical Studies

2.6.1 Data Generation

We consider mixed graphical models with two types of nodes, and m = p/2 nodes per type, for

Gaussian-Bernoulli and Poisson-Bernoulli models. We order the nodes so that the Gaussian or

Poisson nodes precede the Bernoulli nodes.

For both models, we construct a graph in which the jth node for j = 1, . . . ,m is connected

with the adjacent nodes of the same type, as well as the (m+ j)th node of the other type, as shown

in Fig. 2.1. This encodes the edge set E. For (i, j) ∈ E and i < j, we generate the edge potentials

θij and θji as

θij = θji = yijrij, pr(yij = 1) = pr(yij = −1) = 0.5, rij ∼ Unif(a, b). (2.24)

We set θij = θji = 0 if (i, j) /∈ E. Additional steps to ensure strong compatibility of the condi-

tional distributions are discussed in the the Appendix. Values of a and b in (2.24), as well as the

parameters of fs(xs) in the conditional density (2.3), are specified in Sections 2.6.2–2.6.4.

To sample from the joint density p(x) in (2.2) without calculating the log-partition function A,

we employ a Gibbs sampler, as in Lee and Hastie (2014). Briefly, we iterate through the nodes, and
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sample from each node’s conditional distribution. To ensure independence, after a burn-in period

of 3000 iterations, we select samples from the chain 500 iterations apart from each other.

2.6.2 Probability of Successful Neighbourhood Recovery

In Section 2.4.1 we saw that the probability of successful neighbourhood recovery for neighbour-

hood selection converges to unity exponentially fast with the sample size, and in Section 2.4.2 we

saw that the estimates from the Gaussian nodes are superior to those from the Bernoulli nodes, in

the sense that a smaller sample size is needed in order to achieve a given probability of successful

recovery. We now verify those findings empirically. Here, successful neighbourhood recovery is

defined to mean that the estimated and true edge sets of a graph or a sub-graph are identical.

We set a = b = 0·3 in (2.24) so that Assumption 5 is satisfied, and generate one Gaussian-

Bernoulli graph for each of p = 60, p = 120, and p = 240. We set α1s = 0 and α2s = −1 in (2.4)

for Gaussian nodes, and α1s = 0 for Bernoulli nodes (2.5). For each graph, 100 independent data

sets are drawn from the Gibbs sampler. We perform neighbourhood selection using the estimator

from (2.11), with the tuning parameter λn set to be a constant c times {log(p)/n}1/2, so that it is

on the scale required by Assumption 6, as illustrated in Remark 3.

In order to achieve successful neighbourhood recovery as the sample size increases, the value

of c must be in a range matching the requirement of Assumption 6. We explored a range of values

of c, and in Fig. 2.2 we show the probability of successful neighbourhood recovery for c = 2.6.

For ease of viewing, we display separate empirical probability curves for the Gaussian-Gaussian,

Bernoulli-Bernoulli, and Bernoulli-Gaussian subgraphs. Panels (a) and (b) are estimates obtained

by regressing the Gaussian nodes onto the others, and panels (c) and (d) are the estimates from

regressing the Bernoulli nodes onto the others. We see that the probability of successful recovery

increases to unity once the scaled sample size exceeds the threshold required in Assumption 7

and Corollary 1. Furthermore, panels (b) and (c) agree with the conclusions of Section 2.4.2:

neighbourhood recovery using the regression of a Gaussian node onto the others requires fewer

samples than recovery using the regression of a Bernoulli node onto the others.
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Figure 2.2: Probability of successful neighbourhood recovery, y-axis, as a function of scaled sam-

ple size n/{3 log(p)}, x-axis, for the set-up of Section 2.6.2. The curves are empirical probabilities

of successful neighbourhood recovery for graphs with 60 ( ), 120 ( ), and 240 nodes ( ),

averaged over 100 independent data sets. The tuning parameter is set to be 2·6{log(p)/n}1/2. The

title of each panel indicates the subgraph for which the recovery probability is displayed, and the

first word in the title indicates the node type that was regressed in order to obtain the subgraph esti-

mate. For instance, panel (b) displays probability curves for edges between Gaussian and Bernoulli

nodes that are estimated from the `1-penalized linear regression of Gaussian nodes. Panel (c) dis-

plays the same quantity, estimated via an `1-penalized logistic regression of the Bernoulli nodes.

2.6.3 Comparison to Competing Approaches

In this section, we compare the proposed method to alternative approaches on a Gaussian-Bernoulli

graph. We limit the number of nodes to p = 40 in order to facilitate comparison with the computa-

tionally intensive approach of Lee and Hastie (2014). We generate 100 random graphs with a =0·3
and b =0·6 in (2.24), and we set α1s = 0 and α2s = −1 in (2.4) for Gaussian nodes and α1s = 0 for

Bernoulli nodes (2.5). Twenty independent samples of n = 200 observations are generated from

each graph. We evaluate the performance of each approach by computing the number of correctly

estimated edges as a function of the number of estimated edges in the graph. Results are averaged

over 20 data sets from each of 100 random graphs, for a total of 2000 simulated data sets.

Seven approaches are compared in this study: 1) our proposal for neighbourhood selection in

the mixed graphical model; 2) penalized maximum likelihood estimation in the mixed graphical

model (Lee et al., 2013); 3) weighted `1-penalized regression in the mixed graphical model, as
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proposed by Cheng et al. (2013); 4) graphical random forests (Fellinghauer et al., 2013); 5) neigh-

bourhood selection in the Gaussian graphical model (Meinshausen and Bühlmann, 2006), where

we use an `1-penalized linear regression to estimate the neighbourhood of all nodes; 6) the graph-

ical lasso (Friedman et al., 2008), which treats all features as Gaussian; and 7) neighbourhood

selection in the Ising model (Ravikumar et al., 2010), where we use `1-penalized logistic regres-

sion on all nodes after dichotomizing the Gaussian nodes by their means. The first four methods

are designed for mixed graphical models, with Lee and Hastie (2014) and Cheng et al. (2013).

specifically proposed for Gaussian-Bernoulli networks. In contrast, the last three methods ignore

the presence of mixed node types. For methods based on neighbourhood selection, we use the

union rule of Meinshausen and Bühlmann (2006) to reconstruct the edge set from the estimated

neighbourhoods, with one exception: to estimate the Gaussian-Bernoulli edges for our proposed

method, we use the estimates from the Gaussian nodes, as suggested by the theory developed in

Section 2.4.2.

Due to its high computational cost, the method of Lee and Hastie (2014) is run on 250 data sets

from 50 graphs rather than 2000 data sets from 100 graphs.

The left-hand panel of Fig. 2.3 displays results for Bernoulli-Bernoulli and Gaussian-Gaussian

edges, and the right-hand panel displays results for edges between Gaussian and Bernoulli nodes.

The curves in Fig. 2.3 correspond to the estimated graphs as the tuning parameter for each

method is varied. Recall from Section 2.3.2 that our proposal involves a tuning parameter λGn for

the `1-penalized linear regressions of the Gaussian nodes onto the others, and a tuning parameter

λBn for the `1-penalized logistic regressions of the Bernoulli nodes onto the others. The triangles in

Fig. 2.3 show the average performance of our proposed method with the tuning parameters λ̂Bn and

λ̂Gn selected using BIC summed over the Bernoulli and Gaussian nodes, respectively, as described

in Section 2.3.2. This choice yields good precision (52%) and recall (95%) for edge recovery in

the graph. To obtain the curves in Fig. 2.3, we set λBn = (λ̂Bn /λ̂
G
n )λGn , and varied the value of λGn .

In general, our proposal outperforms the competitors, which is expected since it assumes the

correct model. Though the proposals of Cheng et al. (2013) and Lee and Hastie (2014) are in-

tended for a Gaussian-Bernoulli graph, they attempt to capture more complicated relationships



29

0 50 100 150 200

Number of Estimated Edges

0
10

20
30

N
um

be
r 

of
 C

or
re

ct
ly

 E
st

im
at

ed
 E

dg
es

Bernoulli−Bernoulli & Gaussian−Gaussian Edges

0 50 100 150

Number of Estimated Edges

0
5

10
15

20
N

um
be

r 
of

 C
or

re
ct

ly
 E

st
im

at
ed

 E
dg

es

Bernoulli−Gaussian Edges

Figure 2.3: Simulation results for the Gaussian-Bernoulli graph, as described in Section 2.6.3. The

number of correctly estimated edges is displayed as a function of the number of estimated edges, for

a range of tuning parameter values in a graph with p = 40 and n = 200. The left panel corresponds

to edges between nodes of the same type, while the right panel corresponds to the edges between

Gaussian and Bernoulli nodes. The curves within each panel represent our proposal ( ), Lee

and Hastie (2014) ( ), Cheng et al. Cheng et al. (2013) ( ), Fellinghauer et al. (2013) ( ),

neighbourhood selection in the Gaussian graphical model ( ), neighbourhood selection in the

Ising model ( ), and the graphical lasso ( ). The black triangle shows the average performance

of our proposed approach with the tuning parameter selected by the Bayesian information criterion

(Section 2.3.2).

than in (2.2), and so they perform worse than our proposal. On the other hand, the graphical

random forest of Fellinghauer et al. (2013) performs reasonably well, despite the fact that it is a

nonparametric approach. Neighbourhood selection in the Gaussian graphical model performs clos-

est to the proposed method in terms of edge selection. The Ising model suffers substantially due

to dichotomization of the Gaussian variables. The graphical lasso algorithm experiences serious

violations to its multivariate Gaussian assumption, leading to poor performance.
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2.6.4 Application of Selection Rules for Mixed Graphical Models

In Section 2.6.3, in keeping with the results of Section 2.4.2, we always used the estimates from

the Gaussian nodes in estimating an edge between a Bernoulli node and a Gaussian node. Here we

consider a mixed graphical model of Poisson and Bernoulli nodes. In this case, the selection rules

in Section 2.4.2 are more complex, and whether it is better to use a Poisson node or a Bernoulli node

in order to estimate a Bernoulli-Poisson edge depends on the true parameter values in Table 2.2.

We generate a graph with p = 80 nodes as follows: a = 0.8 and b = 1 in (2.24), α1s = −3 for

s = 1, . . . , 20 and α1s = 0 for s = 21, . . . , 40 for the Poisson nodes, and α1s = 0 for the Bernoulli

nodes. This guarantees that bP in (2.17) is smaller than 1 for the first half of the Poisson nodes,

and larger than 2 for the second half, due to the structure of the graph from Fig. 2.1. In order to

estimate a Bernoulli-Poisson edge, we will use the estimates from the Poisson nodes if bP < 1 and

the estimates from the Bernoulli nodes if bP > 2, according to the selection rules in Table 2.2.

We compare the performance of our proposed approach using the selection rules in Table 2.2,

with the true and estimated parameters, to our proposed approach using the union and intersection

rules (Section 2.4.2), as well as the graphical random forest of Fellinghauer et al. (2013). To prevent

over-shrinkage of the parameters for estimation of bP in (2.17), we set λn in (2.10) to equal 0·5
times the value from the Bayesian information criterion for each node type. We present only the

results for Poisson-Bernoulli edges, as the selection rules in Section 2.4.2 apply to edges between

nodes of different types.

Results are shown in Fig. 2.4, averaged over 20 samples from each of 25 random graphs. The

selection rules proposed in Section 2.4.2 clearly outperform the commonly-used union and inter-

section rules. The curve for the selection rule from Section 2.4.2 using the estimated parameter

values is almost identical to the curve using the true parameter values, which indicates that in this

case the quantity bP is accurately estimated for each node. The graphical random forest slightly

outperforms our proposal when few edges are estimated, but performs worse when the estimated

graph includes more edges. This may indicate that as the graph becomes less sparse, the nonpara-

metric graphical random forest approach suffers from insufficient sample size.
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Figure 2.4: Summary of the simulation results for the Poisson-Bernoulli graph, as described in

Section 2.6.4. The number of correctly estimated edges is displayed as a function of the number of

estimated edges, for a range of tuning parameter values in a graph with p = 80 nodes from n = 200

observations. The curves represent the selection rule from Section 2.4.2 with the true parameters

( ), the selection rule from Section 2.4.2 with estimated parameters ( ), the union rule ( ),

the intersection rule ( ), and the method from Fellinghauer et al. (2013) ( ).

2.7 Discussion

In Section 2.2.2 we saw that a stringent set of restrictions is required for compatibility or strong

compatibility of the node-conditional distributions given in (2.4)–(2.7). These restrictions limit

the theoretical flexibility of the conditionally-specified mixed graphical model, especially when

modeling unbounded variables. It is possible that by truncating unbounded variables, we may

be able to circumvent some of these restrictions. Furthermore, the model (2.2) assumes pairwise

interactions in the form of xsxt, which can be seen as a second-order approximation of the true

edge potentials in (2.1). We can relax this assumption by fitting non-linear edge potentials using

semi-parametric penalized regressions, as in Voorman et al. (2014).
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Chapter 3

GRAPHICAL ESTIMATION FOR ODE MODELS

The following work is to appear in Journal of the American Statistical Association - Theory

and Methods (Chen et al., 2016).

3.1 Introduction

Ordinary differential equations (ODEs) have been widely used to model dynamical systems in

many fields, including chemical engineering (Biegler et al., 1986), genomics (Chou and Voit,

2009), neuroscience (Izhikevich, 2007), and infectious diseases (Wu, 2005). A system of ODEs

takes the form

X ′(t; θ) ≡




dX1(t;θ)
dt
...

dXp(t;θ)

dt


 =




f1(X(t; θ), θ)
...

fp(X(t; θ), θ)


 ≡ f(X(t; θ), θ); t ∈ [0, 1], (3.1)

where X(t; θ) = (X1(t; θ), . . . , Xp(t; θ))
T denotes a set of variables, and the form of the functions

f = (f1, . . . , fp)
T may be known or unknown. In (3.1), t indexes time. Typically, there is also

an initial condition of the form X(0; θ) = C, where C is a p-vector. In practice, the system

(3.1) is often observed on discrete time points subject to measurement errors. Let Yi ∈ Rp be the

measurement of the system at time ti such that

Yi = X(ti; θ
∗) + εi, i = 1, . . . , n, (3.2)

where θ∗ denotes the true set of parameter values and the random p-vector εi represents indepen-

dent measurement errors. In what follows, for notational simplicity, we sometimes suppress the

dependence of X(t; θ) on θ, i.e., X(t) ≡ X(t; θ) in (3.1) and X∗(t) ≡ X(t; θ∗) in (3.2).
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In the context of high-dimensional time-course data arising from biology, it can be of interest

to recover the structure of a system of ODEs — that is, to determine which features regulate each

other. If fj in (3.1) is a function of Xk, then we say that Xk regulates Xj in the sense that Xk

controls the changes of Xj through its derivative X ′j . For instance, biologists might want to infer

gene regulatory networks from noisy time-course gene expression data. In this case, the number of

variables p exceeds the number of time points n; we refer to this as the high-dimensional setting.

In high-dimensional statistics, sparsity-inducing penalties such as the lasso (Tibshirani, 1996)

and the group lasso (Yuan and Lin, 2006) have been well-studied. Such penalties have also been

extensively used to recover the structure of probabilistic graphical models (e.g., Yuan and Lin,

2007; Friedman et al., 2008; Meinshausen and Bühlmann, 2010; Voorman et al., 2014). However,

model selection in high-dimensional ODEs remains a relatively open problem, with the exception

of some notable recent work (Lu et al., 2011; Henderson and Michailidis, 2014; Wu et al., 2014).

In fact, the tasks of parameter estimation and model selection in ODEs from noisy data are very

challenging, even in the classical statistical setting where n > p (see e.g., Ramsay et al., 2007;

Brunel, 2008; Liang and Wu, 2008; Qi and Zhao, 2010; Xue et al., 2010; Gugushvili and Klaassen,

2012; Hall and Ma, 2014; Zhang et al., 2015). Moreover, the problem of high-dimensionality

is compounded if the form of the function f in (3.1) is unknown, leading to both statistical and

computational issues.

In this study, we propose an efficient procedure for structure recovery of an ODE system of the

form (3.1) from noisy observations of the form (3.2), in the setting where the functional form of f

is unknown.

3.2 Literature Review

In this section, we review existing statistical methods for parameter estimation and/or model selec-

tion in ODEs. Most of the methods reviewed in this section are proposed for the low-dimensional

setting. Even though they may not be directly applicable to the high-dimensional setting, they lay

the foundation for the development of model selection procedures in high-dimensional additive

ODEs.
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3.2.1 Notation

Without loss of generality, assume that 0 = t1 < t2 < . . . < tn = 1. We let Yij indicate the

observation of the jth variable at the ith time point, ti. We use X (h) to denote a nonparametric

class of functions on [0, 1] indexed by some smoothing parameter(s) h. We use Z(·) to represent

an arbitrary function belonging to X (·). We use ‖ · ‖2 to denote the `2-norm of a vector or a matrix,

and |||f ||| to denote the `2-norm of a function f on the interval [0, 1], i.e. |||f |||2 ≡
∫ 1

0
f 2(t) dt. We

use an asterisk to denote true values—for instance, θ∗ denotes the true value of θ in (3.1). We use

Λmin(A) and Λmax(A) to denote the minimum and maximum eigenvalues of a square matrix A,

respectively.

3.2.2 Methods that assume a known form of f

Gold standard approach

To begin, we suppose that the function f in (3.1) takes a known form. Benson (1979) and Biegler

et al. (1986) proposed to estimate the unknown parameter θ∗ in (3.2) by solving the problem

θ̂gold = arg min
θ

n∑

i=1

‖Yi −X(ti; θ)‖2
2 (3.3a)

subject to X ′(t; θ) = f(X(t; θ), θ), t ∈ [0, 1]. (3.3b)

Note that X(·; θ) in (3.3) is a fixed function given θ, although an analytic expression may not be

available. The resulting estimator θ̂gold has appealing theoretical properties: for instance, when the

measurement errors εi in (3.2) are Gaussian, then θ̂gold is the maximum likelihood estimator, and is
√
n-consistent. In this sense, (3.3) can thus be considered the gold standard approach. However,

solving (3.3) is often computationally challenging.

Two-step collocation methods

In order to overcome the computational challenges associated with solving (3.3), collocation meth-

ods have been employed by a number of authors (Varah, 1982; Ellner et al., 2002; Ramsay et al.,
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2007; Brunel, 2008; Cao and Zhao, 2008; Liang and Wu, 2008; Cao et al., 2011; Lu et al., 2011;

Gugushvili and Klaassen, 2012; Brunel et al., 2014; Hall and Ma, 2014; Henderson and Michai-

lidis, 2014; Wu et al., 2014; Dattner and Klaassen, 2015; Zhang et al., 2015).

The two-step collocation procedure first proposed by Varah (1982) involves fitting a smoothing

estimate X̂(·;h) to the observations Y1, . . . , Yn in (3.2) with a smoothing parameter h, and then

plugging X̂(·;h) and its derivative with respect to t into (3.1) in order to estimate θ. This amounts

to solving the optimization problem

θ̂TS = arg min
θ

∫ 1

0

∥∥∥X̂ ′(t;h)− f
(
X̂(t;h), θ

)∥∥∥
2

2
dt, (3.4a)

where

X̂(·;h) = arg min
Z(·)∈X (h)

n∑

i=1

‖Yi − Z(ti)‖2
2. (3.4b)

The two-step procedure (3.4) has a clear advantage over the gold standard approach (3.3) because

the former decouples the estimation of θ and X . However, this advantage comes at a cost: due

to the presence of X̂ ′ in (3.4a), the properties of the estimator θ̂TS in (3.4) rely heavily on the

smoothing estimates obtained in (3.4b), and
√
n-consistency has only been shown for certain values

of the smoothing parameter h that are hard to choose in practice (Brunel, 2008; Liang and Wu,

2008; Gugushvili and Klaassen, 2012).

Dattner and Klaassen (2015) proposed an improvement to (3.4) for a special case of (3.1). To

be more specific, they assume that fj(X(t), θ) in (3.1) is a linear function of θ, which leads to

X ′(t) ≡




dX1(t)
dt
...

dXp(t)

dt


 =




gT
1 (X(t))θ

...

gT
p (X(t))θ


 ≡ g(X(t))θ; t ∈ [0, 1], (3.5)

where g(X(t)) is a known function of X(t). Integrating both sides of (3.5) gives

X(t) =

{∫ t

0

g(X(u)) du

}
θ + C, (3.6)

where C ≡ X(0; θ). The unknown parameter θ∗ is estimated by solving

θ̂LM = arg min
θ

∫ 1

0

∥∥∥∥X̂(t;h)−
{∫ t

0

g
(
X̂(u;h)

)
du

}
θ − C

∥∥∥∥
2

2

dt, (3.7a)
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where

X̂(·;h) = arg min
Z(·)∈X (h)

n∑

i=1

‖Yi − Z(ti)‖2
2. (3.7b)

The optimization problem (3.7a) has an analytical solution, given the smoothing estimates from

(3.7b). Compared with the two-step procedure (3.4), this approach requires an estimate of the

integral,
∫ t

0
g
(
X̂(u;h)

)
du in (3.7a), rather than an estimate of the derivative, X̂ ′(t;h). This has

profound effects on the asymptotic behaviour of the estimator θ̂LM.
√
n-consistency of θ̂LM has been

established under mild conditions, and it has been found that the choice of smoothing parameter h

is less crucial than for other methods (Gugushvili and Klaassen, 2012).

Recently, Brunel et al. (2014) and Hall and Ma (2014) have considered alternatives to the loss

function in (3.4a). Let C1(0, 1) be the set of functions that are first-order differentiable on (0, 1)

and equal zero on the boundary points 0 and 1. Then (3.1) implies that, for any φ ∈ C1(0, 1),

∫ 1

0

f(X(t), θ)φ(t)dt+

∫ 1

0

X(t)φ′(t)dt = 0. (3.8)

Equation (3.8) is referred to as the variational formulation of the ODE. A least squares loss based

on (3.8) takes the form

θ̂V = arg min
θ

1

L

L∑

l=1

∥∥∥∥
∫ 1

0

f
(
X̂(t;h), θ

)
φl(t)dt+

∫ 1

0

X̂(t;h)φ′l(t)dt

∥∥∥∥
2

2

, (3.9)

where X̂(t;h) is defined in (3.4b) and {φl, l = 1, . . . , L} is a finite set of functions in C1(0, 1)

(Brunel et al., 2014). In Hall and Ma (2014), the loss function is the sum of the loss functions

in (3.4b) and (3.9), so that θ and the optimal bandwidth h are estimated simultaneously. It is

immediately clear that the derivative X ′(·; θ) is not needed in (3.9), which can lead to substantial

improvement compared to the two-step procedure in (3.4). A minor drawback of (3.9) is that the

variational formulation (3.8) is enforced on a finite set of functions {φl, l = 1, . . . , L} rather than

on the whole class C1(0, 1). Under suitable assumptions, the estimator θ̂V is
√
n-consistent (Brunel

et al., 2014; Hall and Ma, 2014).
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The generalized profiling method

Another collocation-based method is the generalized profiling method of Ramsay et al. (2007). In-

stead of the smoothing estimate X̂(·;h) in (3.4b), the generalized profiling method uses a smooth-

ing estimate X̌(·;h, θ) that minimizes the weighted sum of a data-fitting loss and a model-fitting

loss for any given θ. In greater detail,

θ̂GP
λ = arg min

θ

n∑

i=1

∥∥Yi − X̌(ti;h, θ)
∥∥2

2
, (3.10a)

where

X̌(·;h, θ) = arg min
Z(·)∈X (h)

1

n

n∑

i=1

‖Yi − Z(ti)‖2
2 + λ

∫ 1

0

‖Z ′(t)− f(Z(t), θ)‖2
2 dt. (3.10b)

In Ramsay et al. (2007), the authors solve (3.10a) iteratively for a non-decreasing sequence of λ’s

in (3.10b).
√
n-consistency of the limiting estimator was later established by Qi and Zhao (2010).

Zhang et al. (2015) proposed a model selection procedure by applying an ad hoc lasso procedure

(Wang and Leng, 2007) to the estimates from (3.10).

3.2.3 Methods that do not assume the form of f

A few authors have recently considered modeling large-scale dynamical systems from biology

using ODEs (Henderson and Michailidis, 2014; Wu et al., 2014), under the assumption that the

right-hand side of (3.1) is additive,

X ′j(t) = θj0 +

p∑

k=1

fjk(Xk(t)), θj0 ∈ R. (3.11)

Henderson and Michailidis (2014) and Wu et al. (2014) approximate the unknown fjk with a trun-

cated basis expansion. Consider a finite basis, ψ(x) = (ψ1(x), . . . , ψM(x))T, such that

fjk(ak) = ψ(ak)
Tθjk + δjk(ak), θjk ∈ RM , (3.12)

where δjk(ak) denotes the residual. Using (3.12), a system of additive ODEs of the form (3.11)

can be written as

X ′j(t) = θj0 +

p∑

k=1

ψ(Xk(t))
Tθjk +

p∑

k=1

δjk(Xk(t)), j = 1, . . . , p. (3.13)
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Henderson and Michailidis (2014) and Wu et al. (2014) consider the problem of estimating and

selecting the non-zero elements θjk in (3.13). Roughly speaking, they propose to solve optimization

problems of the form

θ̂NP
j = arg min

θj0∈R,θjk∈RM

∫ 1

0

∥∥∥∥∥X̂
′
j(t;h)− θj0 −

p∑

k=1

ψ
(
X̂k(t;h)

)T
θjk

∥∥∥∥∥

2

2

dt

+ λn

p∑

k=1

[∫ 1

0

{ψ
(
X̂k(t;h)

)T
θjk}2 dt

]1/2

,

(3.14a)

for j = 1, . . . , p, where

X̂(·;h) = arg min
Z(·)∈X (h)

n∑

i=1

‖Yi − Z(ti)‖2
2. (3.14b)

In (3.14a), a standardized group lasso penalty forces all elements in θjk to be either zero or non-zero

when λn is large, thereby providing variable selection.

The proposals of Henderson and Michailidis (2014) and Wu et al. (2014) are slightly more in-

volved than (3.14): an extra `2-penalty is applied to the θjk’s in (3.14a) in Henderson and Michai-

lidis (2014), whereas in Wu et al. (2014) (3.14a) is followed by tuning parameter selection using

Bayesian information criterion (BIC), an adaptive group lasso regression, and a regular lasso. We

refer the reader to Henderson and Michailidis (2014) and Wu et al. (2014) for further details.

3.3 Proposed Approach

We consider the problem of model selection in high-dimensional ODEs. As in Henderson and

Michailidis (2014) and Wu et al. (2014), we assume an additive ODE model (3.11). We use a finite

basis ψ(·) to approximate the additive components fjk as in (3.12), leading to an ODE system that

is linear in the unknown parameters (3.13). Following the example of Dattner and Klaassen (2015),

we exploit this linearity by integrating both sides of (3.13), which yields

Xj(t) = Xj(0) + θj0t+

p∑

k=1

Ψk(t)
Tθjk +

p∑

k=1

∫ t

0
δjk(Xk(u)) du, (3.15)

where Ψk(t) denotes the integrated basis such that

Ψk(t) = (Ψk1(t), . . . ,ΨkM(t))T =

∫ t

0

ψ(Xk(u)) du, k = 1, . . . , p, (3.16)
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and Ψ0(t) = t. Our method, called Graph Reconstruction via Additive Differential Equations

(GRADE), then solves the following problem for j = 1, . . . , p:

θ̂j = arg min
Cj0∈R,θj0∈R, θj1,...,θjp∈RM

1

2n

n∑

i=1

{
Yij − Cj0 − θj0Ψ̂0(ti)−

p∑

k=1

θT
jkΨ̂k(ti)

}2

+ λn,j

p∑

k=1

[
1

n

n∑

i=1

{
θT
jkΨ̂k(ti)

}2

]1/2

,

(3.17a)

where

X̂(·;h) = arg min
Z(·)∈X (h)

n∑

i=1

‖Yi − Z(ti)‖2
2, (3.17b)

and

Ψ̂0(t) = t; Ψ̂k(t) =

∫ t

0

ψ(X̂k(u;h)) du, k = 1, . . . , p. (3.17c)

In (3.17a), λn,j is a non-negative sparsity-inducing tuning parameter. We may sometimes use

λn,j ≡ λn for j = 1, . . . , p for simplicity. If the true function f ∗jk in (3.11) is non-zero, we say that

the kth variable X∗k is a true regulator of X∗j . We let Sj ≡ {k : ‖f ∗jk‖2 6= 0, k = 1, . . . , p} denote

the set of true regulators. We let the estimated index set of regulators be Ŝj ≡ {k :
∥∥θ̂jk

∥∥
2
6= 0, k =

1, . . . , p}. We then reconstruct the network using Ŝj, j = 1, . . . , p.

Both (3.17a) and (3.17b) can be implemented efficiently using existing software (e.g., Loader,

2013; Meier, 2014). In our theoretical analysis in Section 3.4, we use local polynomial regression

to obtain the smoothing estimate in (3.17b). We use generalized cross-validation (GCV) on the loss

(3.17b) to select the smoothing tuning parameter h. We use BIC to select the number of bases M

for ψ and Ψ̂ in (3.17c), and the sparsity tuning parameter λn in (3.17a).

In some studies, time-course data is collected from multiple samples, or experiments. Let R

denote the total number of experiments, and Y (r) the observations in the rth experiment. We as-

sume that the same ODE system (3.13) applies across all experiments with the same true parameter

θ∗jk. We allow a different set of initial values for each experiment. Assume that each experiment
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consists of measurements on the same set of time points. This leads us to modify (3.17) as follows:

θ̂j = arg min
C

(r)
j0 ∈R,θj0∈R, θj1,...,θjp∈RM

1

2Rn

R∑

r=1

n∑

i=1

{
Y

(r)
ij − C

(r)
j0 − θj0Ψ̂0(ti)−

p∑

k=1

θT

jkΨ̂
(r)
k (ti)

}2

+ λn

p∑

k=1

[
1

Rn

R∑

r=1

n∑

i=1

{
θT

jkΨ̂
(r)
k (ti)

}2
]1/2

,

(3.18)

where

X̂(r)(·;h) = arg min
Z(·)∈X (h)

n∑

i=1

‖Y (r)
i − Z(ti)‖2

2, r = 1, . . . , R,

Ψ̂0(t) = t; Ψ̂
(r)
k (t) =

∫ t

0

ψ
(
X̂

(r)
k (u;h)

)
du, k = 1, . . . , p.

In Sections 3.4, 3.5.1, and 3.5.2, we will assume that only one experiment is available, so that our

proposal takes the form (3.17). In Sections 3.5.3 and 3.6, we will apply our proposal to data from

multiple experiments using (3.18).

Remark 4. To facilitate the comparison of GRADE (3.17) with other methods, we introduce an

intermediate variable,

X̃j(t;h, θ) ≡ Cj0 + θj0t+

p∑

k=1

θT

jkΨ̂k(t), (3.19)

following from (3.15). Plugging (3.19) into the loss function in (3.17a) yields
∑n

i=1

{
Yij −

X̃j(ti;h, θ)
}2. In the gold standard (3.3), the ODE system (3.1) is strictly satisfied due to the

constraint in (3.3b). In the two-step procedure (3.4a) and (3.14a), the smoothing estimate X̂(·;h)

does not satisfy (3.1). GRADE stands in between: the initial estimate X̂(·;h) in (3.17b) is solely

based on the observations, while the intermediate estimate X̃(·;h, θ) is calculated by plugging

X̂(·;h) into the additive ODE (3.13).

3.4 Theoretical Proporties

In this section, we establish variable selection consistency of the GRADE estimator (3.17). Tech-

nical proofs of the statements in this section are available in Section B.1 in the supplementary ma-

terial. We use sj to denote the cardinality of Sj , and set s = maxj{sj}. For ease of presentation,

we let S0
j = {0} ∪ Sj , so that ΨS0

j
(t) =

(
Ψ0(t),ΨT

Sj
(t)
)T

=
(
t,ΨT

Sj
(t)
)T is an (sjM + 1)-vector.
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The proposed method (3.17) differs from the standard sparse additive model (Ravikumar et al.,

2009) in that the regressors Ψ̂k(t) in (3.17c) are estimated from smoothing estimates X̂(·;h)

(3.17b) instead of the true trajectories X∗ in (3.2). We use local polynomial regression to com-

pute X̂(·;h) in (3.17b) (see e.g., Equation 1.67 of Tsybakov, 2009 for details on parameterization).

To establish variable selection consistency, it is necessary to obtain a bound for the difference be-

tween X̂(·;h) and X∗. This is addressed in Theorem 3. Using the bound in Theorem 3, we then

establish variable selection consistency of the estimator in (3.17) for high-dimensional ODEs in

Theorem 4.

In this study, we assume that the measurement errors in (3.2) are normally distributed. Gener-

alizations to bounded or sub-Gaussian errors are straightforward.

Assumption 9. The measurement errors in (3.2) are independent, and εij ∼ N(0, σ2), i = 1, . . . , n, j =

1, . . . , p.

We also require the true trajectories X∗j in (3.2) to be smooth.

Assumption 10. Assume that the solutions X∗j , 1 ≤ j ≤ p, belong to a Hölder class Σ(β1, L1),

where β1 ≥ 3.

In addition, we need some regularity assumptions to hold for the smoothing estimation (3.17b).

These assumptions are common and not crucial to this study, and are hence deferred to Sec-

tion B.1.2 in the supplementary material (or see Section 1.6.1 in Tsybakov, 2009). We arrive

at the following concentration inequality for
∣∣∣
∣∣∣
∣∣∣X̂ −X∗

∣∣∣
∣∣∣
∣∣∣.

Theorem 3. Suppose that Assumptions 9–10 and 23–25 in the supplementary material are sat-

isfied. Let X̂j in (3.17b) be the local polynomial regression estimator of order ` = bβ1c with

bandwidth

hn ∝ n(α−1)/(2β1+1) (3.20)

for some positive α < 1. Then, for each j = 1, . . . , p,
∣∣∣
∣∣∣
∣∣∣X̂j −X∗j

∣∣∣
∣∣∣
∣∣∣
2

≤ C2n
2β1

2β1+1
(α−1) (3.21)

holds with probability at least 1− 2 exp
{
− nα/(2C3σ

2)
}

, for some constants C2 and C3.
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The concentration inequality in Theorem 3 is derived using concentration bounds for Gaus-

sian errors (Boucheron et al., 2013). Using Theorem 3, we see that the bound (3.21) holds

uniformly for j = 1, . . . , p with probability at least 1 − 2p exp
{
− nα/(2C3σ

2)
}

. The bound

in Theorem 3 thus holds uniformly for j = 1, . . . , p with probability converging to unity if

p = o
(

exp
{
nα/(2C3σ

2)
})

.

For the methods outlined in (3.14) (Henderson and Michailidis, 2014; Wu et al., 2014), variable

selection consistency depends on the convergence of
∣∣∣
∣∣∣
∣∣∣X̂ ′ − (X∗)′

∣∣∣
∣∣∣
∣∣∣ and

∣∣∣
∣∣∣
∣∣∣X̂ −X∗

∣∣∣
∣∣∣
∣∣∣. In contrast,

our method depends only on the convergence rate of
∣∣∣
∣∣∣
∣∣∣X̂ −X∗

∣∣∣
∣∣∣
∣∣∣. It is known that the convergence

of
∣∣∣
∣∣∣
∣∣∣X̂ ′ − (X∗)′

∣∣∣
∣∣∣
∣∣∣ is slower than that of

∣∣∣
∣∣∣
∣∣∣X̂ −X∗

∣∣∣
∣∣∣
∣∣∣, see e.g. Gugushvili and Klaassen (2012).

As a result, the rate of convergence of θ̂jk from (3.14) is slower than that of our proposed method

(3.17).

In order to establish the main result, we need the following additional assumptions. Recall the

definition of Ψj(t) from (3.16); for convenience, we suppress the dependence of Ψ(t) on t in what

follows.

Assumption 11. For j = 1, . . . , p, (X∗j )′ is an additive function of X∗k , k = 1, . . . , p. In other

words,
(
X∗j
)′

(t) = θ∗j0 +

p∑

k=1

f ∗jk
(
X∗k(t)

)
, θ∗j0 ∈ R, j = 1, . . . , p, (3.22)

where
∫ 1

0
f ∗jk
(
X∗k(t)

)
dt = 0 for all j, k. Furthermore, the functions f ∗jk (1 ≤ j, k ≤ p) belong to a

Sobolev class W (β2, L2) on a finite interval with β2 ≥ 3.

Assumption 12. The eigenvalues of
∫ 1

0
ΨS0

j
ΨT

S0
j
dt are bounded from above by Cmax and bounded

from below by a positive number Cmin, and for k /∈ S0
j , the eigenvalues of

∫ 1

0
ΨkΨ

T
k dt are bounded

from below by Cmin. In other words,

0 < Cmin ≤ Λmin

(∫ 1

0

ΨS0
j
ΨT

S0
j
dt

)
≤ Λmax

(∫ 1

0

ΨS0
j
ΨT

S0
j
dt

)
≤ Cmax, (3.23)

and

Cmin ≤ Λmin

(∫ 1

0

ΨkΨ
T

k dt

)
, for k /∈ S0

j . (3.24)
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Assumption 13. Assume that

max
k/∈S0

j

∥∥∥∥∥

(∫ 1

0

ΨkΨ
T

S0
j
dt

)(∫ 1

0

ΨS0
j
ΨT

S0
j
dt

)−1
∥∥∥∥∥

2

≤ ξ. (3.25)

The first part of Assumption 12 ensures identifiability among the sj + 1 elements in the set

{t,X∗Sj}, and the second part ensures that Ψk is non-degenerate for k /∈ S0
j . Assumption 13 restricts

the association between the elements in the set {t,X∗Sj} and the elements in the set X∗Scj . Note that

in order for the parameters in an additive model such as (3.13) to be identifiable, there must be no

concurvity among the variables (Buja et al., 1989). This is guaranteed by Assumptions 12 and 13,

which appear often in the literature of lasso regression (Meinshausen and Bühlmann, 2006; Zhao

and Yu, 2006; Ravikumar et al., 2009; Wainwright, 2009; Lee et al., 2013). We refer the readers

to Miao et al. (2011) for a detailed discussion of the identifiability of the parameters in an ODE

model.

The next assumption characterizes the relationships between the quantities in Assumptions 12

and 13 and the sparsity tuning parameter λn in (3.17a). Similar assumptions have been made in

lasso-type regression (Meinshausen and Bühlmann, 2006; Zhao and Yu, 2006; Ravikumar et al.,

2009; Wainwright, 2009; Lee et al., 2013).

Assumption 14. Assume that

fmin > λn
4
√

2sCmax

Cmin

and ξ <
1

4

√
Cmin

sCmax

,

where fmin ≡ mink∈Sj

{∫ 1

0

[
f ∗jk(X

∗
k(t))

]2
dt
}1/2

is the minimum regulatory effect.

Furthermore, we impose some regularity conditions on the bases ψ(·); these are deferred to

Assumption 26 in the supplementary material.

We arrive at the following theorem.

Theorem 4. Suppose that Assumptions 9–14 and 23–26 in the supplementary material hold, and

let

hn ∝ n(α−1)/(2β1+1), M ∝ n
2β1(1−α)

(2β1+1)(2β2+1) , λn ∝ n
−β1(2β2−1)(1−α)

(2β1+1)(2β2+1)
+2γ

,
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where 0 < α < 1, 0 < γ < H1(β1, β2, α), and H1(β1, β2, α) is a constant that depends only

on β1, β2 and α. Then as n increases, the proposed procedure (3.17) correctly recovers the true

graph, i.e., Ŝj = Sj for all j = 1, . . . , p, with probability converging to 1, if s = O(nγ) and

pn exp(−C4n
α/σ2) = o(1) for some constant C4.

Because the regressors Ψ̂ are estimated, establishing variable selection consistency requires

extra attention. To prove Theorem 4, we must first establish variable selection consistency of group

lasso regression with errors in variables. This generalizes the recent work on errors in variables for

lasso regression (Loh and Wainwright, 2012). Theorem 4 ensures that the proposed method is able

to recover the true graph exactly, given sufficiently dense observations in a finite time interval if

the graph is sparse. The number of variables in the system can grow exponentially fast with respect

to n, which means that the result holds for the “large p, small n” scenario.

Theorem 4 does not provide us with practical guidance for selecting the bandwidth hn for the

local polynomial regression estimator X̂j . The next result mirrors Theorem 4 for the bandwidths

selected by cross-validation or GCV, which converge to hn ∝ n−1/(2β1+1) asymptotically (see Xia

and Li, 2002; Tsybakov, 2009 for details).

Proposition 4. Suppose that Assumptions 9–14 and 23–26 in the supplementary material hold,

and let

hn ∝ n−1/(2β1+1), M ∝ n
1

2β2+1
(

2β1
2β1+1

−α)
, and λn ∝ n

− 2β2−1
4β2+2

(
2β1

2β1+1
−α)+2γ

,

where 0 < α < 2β1

2β1+1
, 0 < γ < H2(β1, β2, α), and H2(β1, β2, α) is a constant that depends only

on β1, β2 and α. Then as n increases, the proposed procedure (3.17) correctly recovers the true

graph, i.e., Ŝj = Sj for all j = 1, . . . , p, with probability converging to 1, if s = O(nγ) and

pn exp(−C4n
α/σ2) = o(1) for some constant C4.

We note that selecting the values of M and λn that yield the rate specified in Proposition 4 is

challenging in practice. The rate of convergence of the sparsity tuning parameter λn is slower in

Proposition 4 compared to Theorem 4. This results in an increase in the minimum regulatory effect

fmin because of the relation between fmin and λn in Assumption 14.
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3.5 Numerical Experiments

We study the empirical performance of our proposal in three different scenarios in the following

subsections. In what follows, given a set of initial conditions and a system of ODEs, numerical

solutions of the ODEs are obtained using the Euler method with step size 0.001. Observations are

drawn from the solutions at an evenly-spaced time grid {iT/n; i = 1, . . . , n} with independent

N(0, 1) measurement errors, unless specified otherwise. To facilitate the comparison of GRADE

with other methods, we fit the smoothing estimates X̂ in (3.17b) using smoothing splines with

bandwidth chosen by GCV. We use cubic splines with two internal knots as the basis functions in

(3.17c) in Sections 3.5.1 and 3.5.3. Linear basis functions are used in Section 3.5.2. The integral

Ψ̂k(t) =
∫ t

0
ψ
(
X̂k(u;h)

)
du in (3.17c) is calculated numerically with step size 0.01.

3.5.1 Variable selection in additive ODEs

In this simulation, we compare GRADE with NeRDS (Henderson and Michailidis, 2014) and SA-

ODE (Wu et al., 2014) described in (3.14). We consider the following system of additive ODEs,

for k = 1, . . . , 5:




X ′2k−1(t) = θ2k−1,0 + ψ(X2k−1(t))Tθ2k−1,2k−1 + ψ(X2k(t))
Tθ2k−1,2k

X ′2k(t) = θ2k,0 + ψ(X2k−1(t))Tθ2k,2k−1 + ψ(X2k(t))
Tθ2k,2k

, t ∈ [0, 20], (3.26)

where ψ(x) = (x, x2, x3)T is the cubic monomial basis. The parameters and initial conditions are

chosen so that the solution trajectories are identifiable under an additive model (Buja et al., 1989).

Detailed specification of (3.26) can be found in Section B.3 of the supplementary material.

After generating data according to (3.26) and introducing noise, we apply GRADE, NeRDS,

and SA-ODE to recover the directed graph encoded in (3.26). Both NeRDS and SA-ODE are

implemented using code provided by the authors. NeRDS and SA-ODE use smoothing splines to

estimate X̂ and X̂ ′ in (3.14b), and cubic splines with two internal knots as the basis ψ in (3.14a). As

mentioned briefly in Section 3.2, NeRDS applies an additional smoothing penalty which amounts

to an `2 penalty on θjk in (3.14a), controlled by a parameter selected using GCV (Henderson and
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Michailidis, 2014). We apply GRADE using the same smoothing estimates and basis functions as

NeRDS and SA-ODE. To facilitate a direct comparison to NeRDS, we apply GRADE both with

and without an additional `2-type penalty on the θjk’s in (3.17a). We apply all methods for a range

of values of the sparsity-inducing tuning parameter (e.g., λn in (3.17a)), in order to yield a recovery

curve of varying sparsity.

We summarize the simulation results in Figure 3.1, where the numbers of true edges selected

are displayed against the total numbers of selected edges over a range of sparsity tuning parame-

ters. We see that GRADE outperforms the other two methods, which corroborates our theoretical

findings in Section 3.4 that our proposed method is more efficient than methods such as NeRDS

and SA-ODE which involve derivative estimation (see e.g., comments below Theorem 1).

3.5.2 Variable selection in linear ODEs

In this simulation, we compare GRADE to two recent proposals by Brunel et al. (2014) and Hall

and Ma (2014). Recall from Section 3.2.2 that Brunel et al. (2014) and Hall and Ma (2014) are

proposed to estimate a few unknown parameters in an ODE system of known form. Hence, we

consider a simple linear ODE system, for k = 1, . . . , 4,




X ′2k−1(t) = 2kπX2k(t)

X ′2k(t) = −2kπX2k−1(t)

, t ∈ [0, 1]. (3.27)

For each k = 1, . . . , 4, we set the initial condition to be (X2k−1(0), X2k(0)) = (sin(yk), cos(yk))

where yk ∼ N(0, 1). The solutions to (3.27) take the form of sine and cosine functions of frequen-

cies ranging from 2π to 8π. The graph corresponding to (3.27) is sparse, with only eight directed

edges out of 64 possible edges. We fit the model

X ′(t) = ΘX(t) + C, (3.28)

where Θ is an unknown 8 × 8 matrix and C is an 8-vector. We apply the method in Brunel et al.

(2014) using the code provided by the authors. We implement the method in Hall and Ma (2014)

in R based on the authors’ code in Fortran. Because the loss function in Hall and Ma (2014) is



47
N

um
be

r 
of

 tr
ue

 e
dg

es

Number of estimated edges

       n = 50

0 10 20 30 40

0
2

4
6

8

N
um

be
r 

of
 tr

ue
 e

dg
es

Number of estimated edges

       n = 100

0 10 20 30 40
0

2
4

6
8

Figure 3.1: Performance of network recovery methods on the system of additive ODEs in (3.26),

averaged over 400 simulations. The four curves represent SA-ODE ( ), NeRDS ( ), and GRADE

without ( ) and with ( ) the additional smoothing penalty in (3.17a) used by NeRDS. Each point

on the curves corresponds to average performance for a given sparsity tuning parameter λn in

(3.14a) or (3.17a). The symbols indicate the sparsity tuning parameter λn selected using BIC (SA-

ODE, , and GRADE, and ) or GCV (NeRDS, ).

not convex, we use five sets of random initial values and report the best performance. Since both

Brunel et al. (2014) and Hall and Ma (2014) yield dense estimates for Θ in (3.28), in order to

examine how well these methods recover the true graph, we threshold the estimates at a range of

values in order to obtain a variable selection path. We apply GRADE using the linear basis function

ψ(x) = x.

Results are shown in Figure 3.2. We can see that GRADE outperforms the methods in Brunel

et al. (2014) and Hall and Ma (2014). This is likely due to the fact that GRADE exploits the

sparsity of the true graph with a sparsity-inducing penalty. In principle, Brunel et al. (2014) and
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Hall and Ma (2014) could be generalized in order to include penalties on the parameters. We leave

this to future research.
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Figure 3.2: Network recovery on the system of linear ODEs (3.27), averaged over 200 simulated

data sets. The three curves represent GRADE ( ), Hall and Ma (2014) ( ), Brunel et al. (2014)

( ).

3.5.3 Robustness of GRADE to the additivity assumption

The GRADE method assumes that the true underlying model is additive (Assumption 11). How-

ever, in many systems, the additivity assumption is violated; for instance, multiplicative effects

may be present in gene regulatory networks (Ma et al., 2009). In this subsection, we investigate

the performance of GRADE in a setting where the true model is non-additive. We consider the
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following system of ODEs, for k = 1, . . . , 5,




X ′2k−1(t) = f2k−1 (X2k−1(t), X2k(t)) ≡ 2X2k−1(t)− vX2k−1(t)X2k(t)

X ′2k(t) = f2k (X2k−1(t), X2k(t)) ≡ vX2k−1(t)X2k(t)− 2X2k(t)

, t ∈ [0, 5], (3.29)

where v is a positive constant. For each k = 1, . . . , 5, the pair of equations (3.29) is a special case

of the Lotka-Volterra equations (Volterra, 1928), which represent the dynamics between predators

(X2k) and prey (X2k−1). The parameter v defines the interaction between the two populations. For

v 6= 0, bothX ′2k−1 andX ′2k are non-additive functions ofX2k−1 andX2k. We define two types of di-

rected edges, where E1 ≡ {(Xj, Xj), j = 1, . . . , 10} and E2 ≡ {(X2k−1, X2k), (X2k, X2k−1), k =

1, . . . , 5} represent the self-edges and non-self-edges, respectively. Figure 3.3(a) contains an illus-

tration of the graph and edge types for each pair of equations. In what follows, we investigate how

well GRADE recovers these two types of edges as we change the parameter v, i.e., as the additivity

assumption is violated.

Since measurement error is not essential to the current discussion, we generate data according

to (3.29) without adding noise. To ensure that the trajectories are identifiable, we generate R = 2

sets of random initial values drawn from N10(0, 2I10), where I10 is a 10 × 10 identity matrix. In

order to quantify the amount of signal in an edge that GRADE can detect, we introduce the quantity

Dj,k(v) = E

[
R

∫ T

0

{
∂fj
∂Xk

(t;X(0))

}2

dt

]
, (3.30)

where the expectation is taken with respect to the random initial values X(0) and R is the number

of initial values. The measure Dj,k in (3.30) is a loose analogy to
{∫ 1

0

[
f ∗jk(X

∗
k(t))

]2
dt
}1/2

used

in Assumption 14. Note that if no edge is present from Xk to Xj , then ∂fj/∂Xk ≡ 0 and hence

Dj,k(v) = 0. One immediately notes that, as R increases, the regulatory effect for a true edge

increases proportionally to R, while the regulatory effect of a non-edge remains zero. For the

self-edges in E1 and the non-self-edges in E2, we can define D(1)(v) and D(2)(v) as

D(1)(v) = min
k=1,...,10

Dk,k(v), and D(2)(v) = min
k=1,...,5

{D2k−1,2k(v), D2k,2k−1(v)}, (3.31)

where we use the minimum because variable selection is limited by the minimum regulatory ef-

fect (see Assumption 14). With a slight abuse of definition, we refer to (3.31) as the minimum
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regulatory effects in a non-additive model.

We apply GRADE using the formulation in (3.18). The sparsity parameter λ is chosen so that

there are 20 directed edges in the estimated network. We record the number of estimated edges that

are in E1 and E2. The edge recovery performance is shown in Figure 3.3(b). In Figure 3.3(c), we

display the minimum regulatory effects defined in (3.31). Edge recovery and minimum regulatory

effects show a similar trend as a function of r in (3.29). This suggests that (3.31), and thus (3.30),

is a reasonable measure of the additive components of the regulatory effect of the edges. The

slight deviation between the trends reflects the fact that the measure defined in (3.30) is not a direct

counterpart of
{∫ 1

0

[
f ∗jk(X

∗
k(t))

]2
dt
}1/2

in a non-additive model. The edge recovery improves

when a larger value of R is used, though these results are omitted due to space constraints. Our

results indicate that GRADE can recover the true graph even when the additivity assumption is

violated, provided that the regulatory effects (3.30) for the true edges are sufficiently large.
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Figure 3.3: (a): The graph encoded by a pair of Lotka-Volterra equations as given in (3.29). Self-

edges ( ) and non-self-edges ( ) are shown. (b): Self-edge ( ) and non-self-edge ( ) recovery

of GRADE, averaged over 200 simulated data sets. (c): Minimum signals defined in (3.31), for

self-edges, D(1)(·) ( ), and non-self-edges, D(2)(·) ( ).
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3.6 Applications

3.6.1 Application to in silico gene expression data

GeneNetWeaver (GNW) provides an in silico benchmark for assessing the performance of network

recovery methods (Schaffter et al., 2011), and was used in the third DREAM challenge (Marbach

et al., 2009). GNW is based upon real gene regulatory networks of yeast and E. coli. It extracts

sub-networks from the yeast or E. coli gene regulatory networks, and assigns a system of ODEs

to the extracted network. This system of ODEs is non-additive, and includes unobserved variables

(Marbach et al., 2010). Therefore, the assumptions of GRADE are violated in the GNW data.

To mimic real-world laboratory experiments, GNW provides several data generation mecha-

nisms. In this study, we consider data from the perturbation experiments. The perturbation experi-

ments are similar to the data generating mechanisms used in Section 3.5.3, where initial conditions

of the ODE system are perturbed in order to emulate the diversity of trajectories from multiple

independent experiments.

We investigate ten networks from GNW that have been previously studied in Henderson and

Michailidis (2014), of which five have 10 nodes and five have 100 nodes. For each network, GNW

provides one set of noiseless gene expression data consisting of R perturbation experiments where

the trajectories are measured at n = 21 evenly-spaced time points in [0, 1]. HereR = 10 for the five

10-node networks and R = 100 for the five 100-node networks. As in Henderson and Michailidis

(2014), we add independent N
(
0, 0.0252

)
measurement errors to the data at each timepoint.

We apply NeRDS as described in Henderson and Michailidis (2014). We apply GRADE us-

ing the formulation (3.18) to handle observations from multiple experiments, with the smoothing

estimates X̂ in (3.17b) fit using smoothing splines with bandwidth chosen by GCV, and using

cubic splines with two internal knots as the basis functions in (3.17c). The integral Ψ̂k(t) =
∫ t

0
ψ
(
X̂k(u;h)

)
du in (3.17c) is calculated numerically with step size 0.01. Finally, we apply an

additional `2-type penalty to the θjk’s in (3.18) in order to match the setup of NeRDS. The tuning

parameter for this penalty is set to be 0.1.

Results are shown in Table 3.1. Recall that the data generating mechanism violates crucial
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assumptions for both NeRDS and GRADE. We see in Table 3.1 that NeRDS outperforms GRADE

in one network, while GRADE outperforms NeRDS in the other nine networks. This suggests that

GRADE is a competitive exploratory tool for reconstructing gene regulatory networks.

Table 3.1: Area Under ROC Curves for NeRDS and GRADE

p = 10 p = 100

NeRDS GRADE NeRDS GRADE

Ecoli1 0.450 (0.438, 0.462) 0.545 (0.534, 0.557) 0.624 (0.622, 0.627) 0.670 (0.667, 0.673)

Ecoli2 0.512 (0.502, 0.523) 0.643 (0.634, 0.653) 0.637 (0.635, 0.640) 0.653 (0.650, 0.656)

Yeast1 0.486 (0.476, 0.495) 0.679 (0.666, 0.691) 0.610 (0.607, 0.612) 0.636 (0.635, 0.638)

Yeast2 0.525 (0.518, 0.532) 0.607 (0.600, 0.613) 0.568 (0.566, 0.569) 0.584 (0.582, 0.585)

Yeast3 0.467 (0.460, 0.474) 0.576 (0.566, 0.587) 0.617 (0.616, 0.619) 0.567 (0.566, 0.568)

The average area under the curves and 90% confidence intervals, over 100 simulated data sets.

Networks and data generating mechanisms are described in Section 3.6.1. Boldface indicates the

method with larger AUC.

3.6.2 Application to calcium imaging recordings

In this section, we consider the task of learning regulatory relationships among populations of neu-

rons. We investigate the calcium imaging recording data from the Allen Brain Observatory project

conducted by the Allen Institute for Brain Science1. Here, we investigate one of the experiments

in the project. In this experiment, calcium fluorescence levels (a surrogate for neuronal activity)

are recorded at 30 Hz on a region of the primary visual cortex while the subject mouse is shown

forty visual stimuli. The forty visual stimuli are combinations of eight spatial orientations and five

1Website: c©2016 Allen Institute for Brain Science. Allen Brain Observatory [Internet]. Available from:
http://observatory.brain-map.org.
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temporal frequencies. Each stimulus lasts for two seconds and is repeated 15 times. The recorded

videos are processed by the Allen Institute to identify individual neurons. In this particular experi-

ment, there are 575 neurons. Each neuron’s activity is defined as the average calcium fluorescence

level of the pixels that it covers in the video.

It is known that the activities of individual neurons are noisy and sometimes misleading (Cun-

ningham and Byron, 2014). As an alternative, neuronal populations can be studied (see e.g., Part

Three of Gerstner et al., 2014). We define 25 neuronal populations by dividing the recording re-

gion into a 5 × 5 grid, where each population contains roughly 20 neurons. We use GRADE to

capture the functional connectivity among the 25 neuronal populations. Note that functional con-

nectivity is distinct from physical connectivity. Functional connectivity involves the relationships

among neuronal populations that can be observed through neuron activities and may change across

stimuli, whereas physical connectivity consists of synaptic interactions.

We estimate the functional connectivity corresponding to three different but related stimuli,

consisting of frequencies of 1 Hz, 2 Hz, and 4 Hz, each at a spatial orientation of 90◦. For each

stimulus, we have calcium fluorescence levels of the p = 25 neuronal populations for each of

R = 15 repetitions. Since each repetition spans two seconds and the calcium fluorescence is

recorded at 30 Hz, there are 60 timepoints per repetition. We apply GRADE using the formulation

in (3.18) in order to reconstruct the functional connectivity under each of the three stimuli. We use

smoothing splines with bandwidth h selected with GCV in order to estimate X̂ in (3.17b), and use

cubic splines with 4 internal knots as the basis functions ψ(·) in (3.17c). The sparsity parameter

λj,n for each nodewise regression in (3.18) is selected using BIC for each j = 1, . . . , 25. For ease

of visualization, we prefer a sparse network, and so we fit GRADE using tuning parameter values

α(λ1,n, . . . , λp,n), where the scalar α is selected so that each of the estimated networks contains

approximately 25 edges.

Estimated functional connectivities are shown in Figure 3.4. We see that, in all three networks,

the 24th neuronal population regulates many other neuronal populations, indicating that this region

may contain neurons that are sensitive to this spatial orientation. Furthermore, we see that the

adjacent connectivity networks in Figure 3.4 are somewhat similar to each other, whereas the
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networks at 1 Hz and 4 Hz have few similarities. This agrees with the observation in neuroscience

that neurons in the mouse primary visual cortex are responsive to a somewhat narrow range of

temporal frequencies near their peak frequencies (see, e.g., Gao et al., 2010).
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Figure 3.4: Estimated functional connectivities among neuronal populations from the calcium

imaging data described in Section 3.6.2. Each node is positioned near the center of the neuronal

population it represents, with jitter added for ease of display. The three red edges are shared be-

tween the estimated networks at 1 Hz and 2 Hz; the two blue edges are shared between estimated

networks at 2 Hz and 4 Hz; the single green edge is shared between the estimated networks at 1

Hz and 4 Hz. For reference, given two Erdös-Rènyi graphs consisting of 25 nodes and 25 edges,

the probability of having three or more shared edges is 0.07, and the probability of having two or

more shared edges is 0.26.

3.7 Discussion

In this study, we propose a new approach, GRADE, for estimating a system of high-dimensional

additive ODEs. GRADE involves estimation of an integral rather than a derivative. We show that

estimating the integral is superior to estimating the derivatives both theoretically and empirically.

We leave an extension of our work to non-additive ODEs to future research.
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In this study, we have not addressed the issue of experimental design. Given a finite set of re-

sources, one may choose to design an experiment to measure n observations on a very dense time

grid, or on a coarse time grid. Alternatively, one might choose to measure n/R observations for R

distinct experiments from a single ODE system (3.1), each with a different initial condition. This

presents a trade-off that is especially interesting in the context of ODEs: using a dense time grid

improves the quality of the smoothing estimates X̂ , as seen in Sections 3.5.1 and 3.5.2, while run-

ning multiple experiments enhance the identifiability of the true structure, as seen in Section 3.5.3.

We leave a more detailed treatment of these issues to future work.
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Chapter 4

GRAPHICAL ESTIMATION FOR HAWKES PROCESSES

4.1 Introduction

Hawkes (1971) proposed a class of point processes that have the so-called mutually exciting prop-

erty: a past event may trigger the occurrence of future events. The Hawkes process and its variants

are widely applied in modeling recurrent events in many fields, with notable applications in mod-

eling earthquakes (Ogata, 1988), crime rates (Mohler et al., 2011), interactions in social networks

(Simma and Jordan, 2012; Perry and Wolfe, 2013), financial events (Chavez-Demoulin et al., 2005;

Bowsher, 2007; Aı̈t-Sahalia et al., 2015), and spiking histories of neurons (see e.g., Brillinger,

1988; Okatan et al., 2005; Paninski et al., 2007; Pillow et al., 2008).

In recent years, new challenges are presented to researchers as the size of data grows dramati-

cally. Consider, for instance, the challenges in modeling a neuronal network. The Hawkes process

has been used to model neuronal networks (Brillinger, 1988; Okatan et al., 2005; Paninski et al.,

2007; Pillow et al., 2008), but the statistical methods quickly become computationally unfeasible

as the size of the neuronal network grows. In the meantime, new technologies make it possible

to record simultaneous activities of tens of thousands of neurons (Ahrens et al., 2013). Given the

large scale of the available data, any statistical method for this task must be computationally effi-

cient. Furthermore, give the complex dynamics of the neurons, a suitable statistical method must

be flexible, data-driven, and statistically efficient.

Moreover, there is currently a significant gap between the applications and statistical theory on

the Hawkes process. Hawkes (1971) considered the case when an event excites the process, in the

sense that the event may trigger more future events. Later, Hawkes and Oakes (1974) discovered

a cluster process representation for the mutually-exciting Hawkes process, which has become an

essential tool of many theoretical results on the Hawkes process (Reynaud-Bouret, 2003; Reynaud-
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Bouret and Schbath, 2010; Hansen et al., 2015; Bacry et al., 2015). However, events might not

always be excitatory in many important applications of the Hawkes process. For instance, it is

well-known that a spike of one neuron may inhibit the activities of other neurons, meaning that

there might be fewer future spikes of other neurons. In the presence of inhibitory relationships,

the cluster process representation by Hawkes and Oakes (1974) is no longer available, and many

existing theoretical results do not apply.

In this study, we consider the estimation of the graph encoded in a Hawkes process from possi-

bly high-dimensional data. We defer the details to Section 4.2.2 after we introduce some necessary

notations and concepts about the Hawkes process.

The main contributions of this study are three-fold:

1. We propose a flexible procedure for fitting a Hawkes process non-parametrically. Under

suitable assumptions, we establish that the proposed procedure has the oracle inequality

and variable selection consistency in the high-dimensional setting, in which the number of

neurons grows much more quickly than the length of observed period.

2. We propose two simple screening procedures that can be applied before fitting the Hawkes

process, in order to alleviate some of the computational burdens resulted from high dimen-

sionality. We also show that these screening procedures will include the true edges under

mild conditions.

3. We establish a new concentration inequality for the Hawkes process. To this end, we develop

a new representation of the Hawkes process that applies beyond mutually-exciting processes.

4.2 Background and Literature Review

4.2.1 Notation

We use the notation f ∗ g(t) ≡
∫∞
−∞ f(∆)g(t−∆)d∆ to indicate the convolution of two functions,

f and g. We use ‖a‖2 to denote the `2-norm of a vector a ∈ Rp. Furthermore, ‖f‖2,[l,u] ≡
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{ ∫ u
l
f 2(t)dt

}1/2 will denote the `2-norm of a function f on the interval [l, u]. We use Γmin(A) for

the minimum eigenvalue of a square matrixA and Γmax(A) for its maximum eigenvalue.

4.2.2 Background

In this section, we provide a very brief review of point processes in general, and the Hawkes process

in particular. We refer interested readers to the monograph by Daley and Vere-Jones (2003) for a

comprehensive discussion of point processes.

A Brief Review of Point Processes

We define the p-variate point process – or the counting process – as N = (N1, . . . , Np)
T. For

j = 1, . . . , p, let {tj,1, tj,2, . . .} be the event times of the jth point process Nj on R+. In this

notation, Nj(A) =
∑

i 1[tj,i∈A] for A ∈ B(R+), where B(R+) denotes the Borel σ-algebra of the

positive half of real line. We useN (t) as a short-hand notion forN
(
[0, t]

)
, and writeN

(
[t, t+dt)

)

as dN (t), where dt denotes an arbitrary small increment of t. LetHt be the history ofN up to time

t where Ht ≡ σ(N (A ∩ [0, t)), A ∈ B(R+)). The intensity process λ(t) = (λ1(t), . . . , λp(t))
T is

a p-variateHt-predictable process defined as

λj(t)dt = P(dNj(t) = 1 | Ht), j = 1, . . . , p. (4.1)

We define the mean intensity Λ = (Λ1, . . . ,Λp)
T ∈ Rp where, for j = 1, . . . , p,

Λj ≡ E[dNj(t)]/dt, (4.2)

and the (infinitesimal) cross-covariance V (·) =
(
Vj,k(·)

)
p×p : R 7→ Rp×p, where, for any ∆ ∈ R

and 1 ≤ j, k ≤ p,

Vj,k(∆) ≡ E[dNj(t)dNk(t−∆)]/{dtd(t−∆)} − ΛjΛk − 1[j=k]Λkδ(∆) (4.3)

following the definition in Equation 5 of Hawkes (1971). Here δ(·) is the Dirac delta function,

which satisfies δ(x) = 0 for x 6= 0 and
∫∞
−∞ δ(x)dx = 1.
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Note also that the mean intensity and cross-covariance are well-defined provided that N is

stationary in time. We defer the discussion of stationarity in the context of the Hawkes process to

Section 4.2.2.

A Brief Overview of the Hawkes Process

For the linear Hawkes process Hawkes (1971), the intensity function (4.1) takes the form

λj(t) = µj +

p∑

k=1

(
ωj,k ∗ dNk

)
(t), j = 1, . . . , p, (4.4)

where

(
ωj,k ∗ dNk

)
(t) ≡

∫ ∞

0

ωj,k(∆)
∑

i:tk,i≤t

δ(t−∆− tk,i)d∆ =
∑

i:tk,i≤t

ωj,k(t− tk,i).

We refer to µj ∈ R as the background intensity, and ωj,k(·) : R+ 7→ R as the transfer function.

The right-hand side of (4.4) is sometimes transformed by a link function, as in a generalized linear

model; this leads to a non-linear Hawkes process.

If the Hawkes process defined in (4.4) is stationary, we then have the following relationships

between the first two moments (i.e., Λ and V ) and the background intensityµ ≡ (µ1, . . . , µp)
T and

the transfer functions ω ≡ (ωj,k)p×p (see e.g., Equations 21 and 22 in Hawkes, 1971 or Theorem 1

in Bacry and Muzy, 2014):

Λ = µ+

[∫ ∞

0

ω(∆)d∆

]
Λ, (4.5)

and

V (∆) = ω(∆)diag(Λ) + (ω ∗ V )(∆), (4.6)

where [ω ∗ V ]j,k(∆) ≡ ∑p
i=1[ωj,i ∗ Vi,k](∆). The second equation (4.6) belongs to a class of

integral equations known as the Wiener-Hopf integral equations.

For any fixed p, Brémaud and Massoulié (1996) establish that the Hawkes process with inten-

sity function (4.4) is stationary given the following assumption.

Assumption 15. Let Ω be a p × p matrix whose entries are Ωj,k =
∫∞

0
|ωj,k(∆)| d∆, for j, k =

1, . . . , p. We assume that Γmax(Ω) ≤ γΩ < 1.
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In the Gaussian graphical model, a similar assumption, proposed by Anandkumar et al. (2012),

is known as walk summability. To see this, consider the case when ωj,k(∆) ≥ 0 for all ∆, so that

Ω =
∫∞

0
ω(∆)d∆. We can rewrite (4.5) as

Λ =
∞∑

i=0

Ωiµ, (4.7)

where Ωi is the ith power of the matrix Ω. In (4.7), Ωiµ can be seen as the intensity induced

through paths of length i. In fact, Ωiµ characterizes the temporal dependence of the Hawkes

process N (see Appendix C.4.1 for more discussion). Assumption 15 ensures that ‖Ωiµ‖2 ≤
γiΩ‖µ‖2; in other words, the induced intensity decreases exponentially fast as k grows.

In this study, we investigate the non-asymptotic setting, in which both p and T can be very

large. Without additional constraints, ‖Ωiµ‖ can be on the order of p, which means that the

temporal dependence can be arbitrarily strong. To help our discussion, we restrict our discussion

to the Hawkes process that satisfies the following assumption on Ω.

Assumption 16. There exist a pair of positive constants (d0, ρ0) such that, for all p, Ω satisfies

‖Ωd01‖2 ≤ ρ.

Assumption 16 holds, for instance, when Ω is the adjacency matrix of, e.g., a stochastic block

model or a sparse Erdös-Rényi graph (Anandkumar et al., 2012).

We now define a directed graph G = (V , E) with the node set V = {1, . . . , p} and the edge set

E ≡ {(j, k) : ∃ ∆ such that ωj,k(∆) 6= 0, 1 ≤ j, k ≤ p} , (4.8)

for ωj,k given in (4.4). Recently, authors have connected G to the notions of directed information

(Quinn et al., 2010) and Granger causality (Eichler et al., 2015).

In this study, we propose a new method for learning the structure of the directed graph G: or

equivalently, for estimating the edge set E .

4.2.3 Existing Methods for Learning the Graphical Structure

It is clear from the previous section that learning the structure of the directed graph G reduces to

identifying the non-zero transfer functions in (4.4). Existing methods for this task generally take
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either an intensity-based approach or a moment-based approach.

The Intensity-Based Approach

The intensity-based approach involves fitting the model (4.4) by maximizing the likelihood (Ogata,

1981)
p∑

j=1

∫ T

0

[
log
(
λj(t)

)
dNj(t)− λj(t)dt

]
, (4.9)

or by minimizing the squared error loss

1

2T

p∑

j=1

∫ T

0

[
λ2
j(t) dt− 2λj(t)dNj(t)

]
. (4.10)

Several authors have considered learning the structure of the graph by conducting hypothesis

tests, or by thresholding the estimated transfer functions (Brillinger, 1988; Okatan et al., 2005;

Eldawlatly et al., 2009; Masud and Borisyuk, 2011; Berry et al., 2012; Eichler et al., 2015). Re-

cently, a few authors have proposed to recover the graph by applying sparsity-inducing penalties

to (4.9) or (4.10) (Reynaud-Bouret and Schbath, 2010; Lewis and Mohler, 2011; Simma and Jor-

dan, 2012; Song et al., 2013; Zhou et al., 2013; Bacry et al., 2015; Hansen et al., 2015; Xu et al.,

2016). Proposals have also been made to recover the graph using a Bayesian framework, with a

sparsity-inducing prior (Linderman and Adams, 2014) or a random network prior (Blundell et al.,

2012; Perry and Wolfe, 2013).

Under the assumption that the transfer functions ωj,k in (4.4) are exponential, Simma and Jor-

dan (2012) proposed a novel distributional expectation-maximization algorithm that can be applied

to very large systems (Zhou et al., 2013; Xu et al., 2016). However, if ωj,k is not exponential, this

approach is computationally prohibitive when p is large, as is increasingly the case for contempo-

rary neuronal data sets.

Analysis of the intensity-based approach follows mostly from martingale theory using the fact

that dNj(t)−λj(t)dt is a martingale. Hence, standard theory for martingales applies in the classical

setting, in which p is fixed (see e.g., Part II of Williams (1991)). When the number of unknown

parameters is allowed to grow, oracle inequalities for penalized intensity-based estimators have
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been established for the Hawkes process by Reynaud-Bouret and Schbath (2010), Hansen et al.

(2015) and Bacry et al. (2015). However, these results require the transfer functions ω to be non-

negative, due to some technical constraints that we will visit in Section 4.5.

The Moment-Based Approach

Recall that the transfer functions in (4.4) , the mean intensity (4.2), and the cross-covariance func-

tions (4.3) are connected via the set of equations (4.5) and (4.6). The moment-based approach

involves plugging in estimates of the mean intensity functions and the cross-covariance functions

— that is, the first and second moments of dN — into (4.5) and (4.6), and then solving for the

transfer functions (Brillinger et al., 1976; Krumin et al., 2010; Bacry and Muzy, 2014; Etesami

et al., 2016).

If the transfer functions ωj,k have an unknown form, then solving the integral equations (4.5)

and (4.6) nonparametrically is computationally intensive. Thus far, work in this area has been

restricted to systems with small p (Brillinger et al., 1976; Krumin et al., 2010; Bacry and Muzy,

2014). Recently, Etesami et al. (2016) propose a moment-based estimator for large systems, under

the assumption that the transfer functions are exponential functions.

In order to analyze the moment-based estimator, we need to establish the properties of estima-

tors for the first and second moments of the Hawkes process. The event times in one realization

of the Hawkes process have inherent temporal dependence by definition – except for the trivial

case when ω ≡ 0. However, classical theory of high dimensional statistics relies heavily on the

independence assumption (see e.g., Bühlmann and van de Geer (2011)). Existing work often as-

sumes that there are multiple independent realizations of the same process (Bacry and Muzy, 2014;

Etesami et al., 2016). But it is often the case that only one realization is available. In this case,

it is necessary to define asymptotics in terms of the growth of the observe period (i.e., T ). The

discussion of this type is limited in the current literature, and is restricted to cases when all transfer

functions are non-negative (Reynaud-Bouret, 2003; Reynaud-Bouret and Schbath, 2010; Hansen

et al., 2015).
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4.3 Graph Reconstruction via Penalized Regression

4.3.1 Estimation Procedure

We assume that the event times follow a Hawkes process whose intensities are of the form (4.4)

with unknown transfer functions ωj,k. In this section, we propose to estimate the transfer functions

non-parametrically using the framework of high-dimensional additive models (Ravikumar et al.,

2009; Meier et al., 2009). A group lasso penalty (Yuan and Lin, 2006) is applied to encourage

sparsity in the estimate of the edge set E (4.8).

As noted in Section 4.2.3, a few authors have recently used penalized regression to estimate E ,

assuming that the form of the transfer functions ωj,k is known (Lewis and Mohler, 2011; Simma

and Jordan, 2012; Song et al., 2013; Zhou et al., 2013; Bacry et al., 2015; Xu et al., 2016) or

unknown (Reynaud-Bouret and Schbath, 2010; Hansen et al., 2015). Our proposal is most related

to, and is inspired by, the work of Hansen et al. (2015). Hansen et al. (2015) fit the multivariate

Hawkes process with a modified group lasso penalty, and established the oracle inequality for the

estimation procedure under the assumption that the transfer function is non-negative, i.e. ωj,k(∆) ≥
0 for all ∆. We relax this assumption and propose a penalty that is invariant to the signs of the

transfer functions. We further establish variable selection consistency of the proposed procedure

in Section 4.3.2.

We approximate the transfer functions using anM -dimensional basis, ψ(t) = (ψ1(t), . . . , ψM(t))T,

so that

ωj,k(t) = ψ(t) · βj,k + rj,k(t), (4.11)

where rj,k(·) denotes the residual, and where βj,k ∈ RM . In Section 4.3.2, we will allow M to

increase as the observed time period T grows.

We fit the model (4.4) for j = 1, . . . , p, using the loss function (4.10). Note that (4.10) can

be decomposed into p separate loss functions, one per node. Let Ψk(t) ≡
(
ψ ∗ dNk

)
(t) denote

the convolution of the bases ψ(·) with the history of dNk up to time t. For j = 1, . . . , p, plugging
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ωj,k(t) ≈ ψ(t) · βj,k into (4.4) and then (4.10), yields

− 1

T

∫ T

0

[
µj +

p∑

k=1

Ψk(t) · βj,k
]
dNj(t) +

1

2T

∫ T

0

[
µj +

p∑

k=1

Ψk(t) · βj,k
]2

dt.

Our estimates µ̂k, β̂j,k, k = 1, . . . , p solve the optimization problem

minimize
µj∈R,βj,k∈RM

− 1

T

∫ T

0

[
µj +

p∑

k=1

Ψk(t) · βj,k
]
dNj(t)

+
1

2T

∫ T

0

[
µj +

p∑

k=1

Ψk(t) · βj,k
]2

dt+ ηj
1√
T

p∑

k=1

∥∥Ψk · βj,k
∥∥

2,[0,T ]
,

(4.12)

where ‖Ψk ·βj,k‖2,[0,T ] is a standardized group lasso penalty (Simon and Tibshirani, 2012). Problem

(4.12) is convex and can be solved efficiently using, e.g., a block coordinate descent algorithm (see

Appendix C.1). The tuning parameter ηj controls the sparsity of β̂j,k, k = 1, . . . , p. It can be chosen

using the Bayesian information criterion, the extended Bayesian information criterion (Chen and

Wu, 2008), or other using parameter selection criteria.

Using (4.12), the estimator of the true edge set E in (4.8) is

Ê ≡ ∪pj=1

{
(j, k) :

∥∥Ψk · β̂j,k
∥∥

2,[0,T ]
6= 0, k = 1, . . . , p

}
. (4.13)

Remark 5. In (4.12), T−1/2
∥∥Ψk ·βj,k

∥∥
2,[0,T ]

≡ T−1/2{
∫ T

0
[Ψk(t)βj,k]

2dt}1/2 is a standardized group

lasso penalty. Hansen et al. (2015) considered a variant of this penalty, which takes the form

{
1

T

∫ T

0

[
Ψk(t) · βj,k

]2
dNj(t)

}1/2

. (4.14)

In (4.14), Ψk(t) · βj,k contributes to the penalty only when there is an event in dNj(t). We show in

Section 4.6.1 through numerical experiments that this penalty leads to inferior edge recovery when

negative transfer functions are present.

Remark 6. A closer look at the loss function (4.12) reveals the connection between the squared

error loss (4.10) and equations (4.5) and (4.6). Let Λ̃j ≡ Nj(T )/T and

Ṽl,k(∆) ≡ 1

T

∑

i

∑

i′

δ(tli − tki′ −∆)− Λ̃kΛ̃l − Λ̃kδ(∆)1[k=l]. (4.15)
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Here we can see Λ̃j and Ṽl,k(∆) as empirical versions of Λj and Vl,k(∆) in (4.2) and (4.3). Ignoring

the penalty term in (4.12), the first order condition of (4.12) with respect to βj,k (j 6= k) is

0 =

{
Λ̃k

∫ ∞

0

ψ(∆)d∆

}{
Λ̃j − µj −

p∑

l=1

Λ̃l

∫ ∞

0

ψ(∆) · β̂j,ld∆

}

+

∫ ∞

0

ψ(∆)

{
Ṽj,k(∆)− ψ(∆) · β̂j,kΛ̃k −

p∑

l=1

[(
ψ · β̂j,l

)
∗ Ṽl,k

]
(∆)

}
d∆.

(4.16)

A detailed derivation of (4.16) is provided in Appendix C.2.1. Recall that ψ · β̂j,k is an estimator

for ωj,k. The first term on the right-hand side of (4.16) then corresponds to (4.5), and the second

term corresponds to (4.6). The only difference is that Λ and V in (4.2) and (4.3) are replaced by

Λ̃ and Ṽ in (4.15). Equation (4.16) thus reveals the close connection between the intensity-based

approach and the moment-based approach.

4.3.2 Theory

We now study the theoretical properties of the estimator (4.12) and the estimated edge set Ê in

(4.13).

Let λ̂j(t) ≡ µj +
∑p

k=1 Ψk(t) · β̂j,k be the estimated intensity function. The first result is the so-

called oracle inequality on λ̂j . We note that a similar oracle inequality have been shown in Hansen

et al. (2015), in the special case where all transfer functions are assumed to be non-negative, i.e.,

ωj,k(t) ≥ 0 for all t.

In what follows, we use Ej ≡ {k : (j, k) ∈ E} to denote nodes who are connected to the

jth node in the true graph G. Let s denote the maximum node degree of the true graph G, i.e.

s = maxj card(Ej).

To establish the oracle inequality, we need the following assumptions.

Assumption 17. (Compatibility) There exist positive constants ξ1 and c1 such that, for any vectors

a1, . . . , ap ∈ RM that satisfy the inequality

∑

k/∈Ej

{
E
∫ T

0

[Ψk(t) · ak]2 dt
}1/2

≤ 2
∑

k∈Ej

{
E
∫ T

0

[Ψk(t) · ak]2 dt
}1/2

, (4.17)
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we have

ξ
1/2
1

∑

k∈Ej

{
E
∫ T

0

[Ψk(t) · ak]2 dt
}1/2

≤ s1/2



E

∫ T

0

[
p∑

k=1

Ψk(t) · ak
]2

dt





1/2

. (4.18)

Assumption 17 is essential for establishing oracle inequalities for lasso-type estimators (van de

Geer and Bhlmann, 2009). Instead of Assumption 17, Hansen et al. (2015) assume that ωj,k ≥ 0

for all j and k, which implies Assumption 17 (see Proposition 4 in Hansen et al. (2015)).

The next assumption guarantees the non-degeneracy of the basis functions.

Assumption 18. For j = 1, . . . , p, the basis functions are non-degenerate:

0 < γmin ≤ Γmin

(
1

T
E
∫ T

0

Ψk(t)Ψ
T

k(t) dt

)
≤ Γmax

(
1

T
E
∫ T

0

Ψk(t)Ψ
T

k(t) dt

)
≤ γmax. (4.19)

Next, we require that the transfer functions are smooth, and that the residuals from the truncated

basis approximation (4.11) decrease polynomially fast asM , the number of basis functions, grows.

The second statement of Assumption 19 is known to hold for certain basis functions, such as

trigonometric bases (see, e.g., Tsybakov, 2009).

Assumption 19. For k ∈ Ej , ωj,k belongs to a Sobolev classW (θ1, L1) on the interval [0, b] for some

integer θ1 ≥ 2, i.e., ω(θ1−1)
j,k is absolutely continuous and ‖ω(θ1)

j,k ‖2,[0,b] ≤ L1, where ω(l)
j,k denotes the

lth derivative of ωj,k. Furthermore, for k ∈ Ej , there exists β̃j,k ∈ RM such that

1

T

∫ T

0

{
Ψk(t) · β̃j,k −

(
ωj,k ∗ dNk

)
(t)
}2

dt ≤ QT
− 2θ1

2θ1+1 , (4.20)

where M = bqT 1/(2θ1+1)c for some global constants q and Q.

We arrive at the following theorem.

Theorem 5. For a Hawkes process on [0, T ] whose intensities follow (4.4), suppose that Assump-

tions 15–19 hold. Furthermore, assume that there exists a λmax such that λj(t) ≤ λmax for

t ∈ [0, T ]. Given M = bqT 1/(2θ1+1)c and ηj = (8λmaxξ1 log(p)/T )1/2, the oracle inequality

1

T

∫ T

0

[
λ̂j(t)− λj(t)

]2

dt ≤ 24s2QT
− 2θ1

2θ1+1 + 26sλmax
log(p)

T
(4.21)

holds for all j = 1, . . . , p with probability at least 1− c2p
2T exp(−c3T

1/5)− c4p
−1 , where Q, c2,

c3, and c4 are positive constants.
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In order to establish variable selection consistency of the estimated edge set Ê (4.13), we need

two additional assumptions.

Assumption 20. (Irrepresentability) There exists a constant 0 < ξ2 < 1, such that for all j =

1, . . . , p,

max
k/∈Ej

∥∥∥∥∥

(
E
∫ T

0

Ψk(t)Ψ
T

Ej(t) dt

)(
E
∫ T

0

ΨEj(t)Ψ
T

Ej(t) dt

)−1
∥∥∥∥∥

2

≤ ξ2, (4.22)

where ΨEj(t) ∈ RMcard(Ej) is composed by concatenating vectors in
{

Ψk(t) : k ∈ Ej}.

Assumption 21. (Beta-min) There exits βmin > 0 such that for (j, k) ∈ E ,

{
1

T

∫ T

0

[(
ωj,k ∗ dNk

)
(t)
]2
dt

}1/2

≥ βmin.

Moreover, √
2

ξ1

q1/2T
−1

4θ1+2

(
T
−θ1

2θ1+1 sQ1/2

4
√
λmax log(p)/T

+ 1

)
+ 1 ≤ 1

2ξ2

√
γmin

sγmax

.

Assumption 20 is almost necessary to establish variable selection consistency of lasso estima-

tors (van de Geer and Bhlmann, 2009); however, it can be relaxed if we instead use an adaptive

lasso or a thresholded lasso estimator (van de Geer et al., 2011). The first statement of Assump-

tion 21 describes the signal strength that is needed in order for (4.12) to be able to identify the true

edges, and the second statement is a technical requirement on the parameters in Assumptions 17 –

20.

We arrive at the following theorem:

Theorem 6. For a Hawkes process on [0, T ] whose intensities follow (4.4), suppose that Assump-

tions 15–21 hold. Assume also that there exists a λmax such that λj(t) ≤ λmax for t ∈ [0, T ]. Fur-

thermore, assume that s = O(log(p)). For ηj = (8λmaxξ1 log(p)/T )1/2 and M = bqT 1/(2θ1+1)c, if

p2T exp(−c3T
1/5) = o(1), we have that

Prob(Ê = E) ≥ 1− o(1),

where Q, c2, c3, and c4 are the same constants as in Theorem 5.
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Theorem 6 guarantees that the proposed estimator (4.12) recovers the true graph with probabil-

ity converging to unity, even if the dimension p grows much faster than the observed time period

T .

4.4 Reducing Computational Cost via Screening

The computation complexity of solving (4.12) for each j = 1, . . . , p is roughly O(Tp2) per it-

eration using the coordinate descent algorithm outlined in Appendix C.1. In order to reduce the

computational cost when p is large, we propose two screening methods that can be quickly applied

to reduce the number of potential edges to consider in the penalized regression (4.12). The screen-

ing methods are based on the cross-covariances (4.3) that can be estimated at low computational

cost. Furthermore, we show that both screening methods satisfy the sure screening property intro-

duced by Fan and Lv (2008); that is, all true edges are in the selected set with probability tending

to unity. In particular, theoretical guarantees of the screening method in Section 4.4.1 requires only

a subset of assumptions for Theorem 6. In contrast, the screening method in Section 4.4.2 requires

an additional assumption but might lead to greater reduction in computational cost.

4.4.1 Screening the Connected Components

A connected component is a set of nodes that are connected by paths in an undirected graph. Recall

that G is a directed graph. We drop the directions of edges and define the corresponding undirected

(skeleton) graph Gu as Gu = (V , Eu), where

Eu ≡ {(j, k) : ∃∆ ∈ R+ such that ωj,k(∆) 6= 0 or ωk,j(∆) 6= 0, 1 ≤ j, k ≤ p}. (4.23)

One can see that Eu is a superset of E in (4.8). Let
{
Cl
}L
l=1

denote the set of connected components

of the graph Gu; we will refer to these as the true connected components in what follows. If the

true connected components were known, we only need to estimate ωj,k in (4.12) for nodes j and k

that are in the same connected component, because otherwise we know that ωj,k = 0. A reduction

in computational cost in solving (4.12) is guaranteed as long as L > 1.
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Of course, the true connected components are not known in practice. To estimate the connected

components, we use the fact that the cross-covariance between two independent point processes is

the zero function. As a result, the `2-norm of the cross-covariance between two nodes is zero if they

are not in the same connected component. In contrast, nodes in the same connected component

may have non-zero cross-covariances. Based on these observations, we screen for the connected

component using the following strategy.

1) First, for any j, k ∈ V , we use kernel smoothing to estimate the cross-covariance Vj,k(∆) in

(4.3) for ∆ ∈ [−B,B] as

V̂j,k(∆) =
1

Th

∫∫

[0,T ]2
K
(∆− {t′ − t}

h

)
dNj(t)dNk(t

′)− 1

T
Nj(T )

1

T
Nk(T ), (4.24)

where K(·) is a kernel function with bandwidth h. Here B is a tuning parameter that defines

the time range of interest. The bandwidth h can be chosen by cross-validation or simply set

to be T−1/5. When j = k, we set V̂k,k(0) = 0.

2) For some threshold level ζ , we define an adjacency matrixA asAj,k = 1 if ‖V̂j,k‖2,[−B,B] > ζ

and Aj,k = 0 otherwise.

3) We compute the connected components
{
Ĉl(ζ)

}L̂
l=1

of the adjacency matrix A.

The following theorem establishes that, under mild conditions, the aforementioned procedure

will result in exact recovery of the true connected components.

Theorem 7. Suppose Assumptions 15, 16, 17, 19, and 21 hold. Assume also that there exists

λmax > 0 so that λj(t) ≤ λmax for all j = 1, . . . , p and t ∈ [0, T ]. Furthermore, assume that

s = O(log(p)). If p2T 6/5 exp
(
−c6T

1/5
)

= o(1), then L̂ = L and
{
Ĉl(ζ)

}L̂
l=1

=
{
Cl
}L
l=1

for

ζ = c5T
−1/5, with probability converging to unity as T →∞.

Theorem 7 relies on a concentration inequality for V̂j,k − Vj,k, which we defer to Section 4.5

(see Corollary 2). Once the deviation of V̂j,k from Vj,k is bounded, Theorem 7 follows from the

facts that (a) Vj,k(·) ≡ 0 for j, k not in the same connected component, and (b) a node and its
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neighbours belong to the same estimated connected component. The latter statement follows from

the compatibility condition and the beta-min condition (Assumptions 17 and 21) together with

the Wiener-Hopf integral equation (4.6). The detailed proof of Theorem 7 can be found in Ap-

pendix C.3.

Note that Assumptions 17 and 21 are required in Theorem 6 for successful recovery of the

true graph by fitting the (conditional) intensity λj (4.12). Theorem 7 shows that these assumptions

also imply that the connected components (though not the individual edges) can be recovered from

simply estimating and thresholding the cross-covariances.

In light of Theorem 3, rather than solving (4.12), we instead solve (4.12) subject to the con-

straint

βj,k = 0, for (j, k) /∈ Êcc(ζ), (4.25)

where the selected edges are defined as

Êcc(ζ) ≡ {(j, k) : j, k ∈ Ĉl(ζ), l = 1, . . . , L̂}. (4.26)

Combining Theorems 6 and 7, it follows that solving (4.12) subject to (4.25) will lead to recovery

of the true edge set E (4.8) with probability converging to unity.

It is immediately clear that it is faster to solve the constrained optimization problem than to

solve (4.12) without the constraint (4.25) as long as L̂ > 1, which implies L > 1 under Theo-

rem 7. This is because the computational complexity of solving (4.12) subject to (4.25) is roughly

O
(
T maxl card(Ĉl)2

)
per iteration, where maxl Ĉl ≤ p− 1 if L̂ > 1. The reduction in computation

increases if the size of the largest estimated connected component grows slower than p grows. The

cost of estimating Êcc(ζ) is negligible compared to the iterative algorithm for solving (4.12): the

computational complexity of estimating the cross-covariances is O(Tp2), and the computational

complexity of estimating the connected components is O(p2) (Tarjan, 1972), of which both are

one-time operations. As we will see in the numerical experiments in Section 4.6.3, the constrained

optimization problem may also have lower sample complexity than the unconstrained optimization

problem (4.12).
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4.4.2 Screening the Edges

We now consider an alternative screening method in which we directly screen the edge set E , rather

than estimating the connected components. This alternative approach is preferable when L = 1;

however, it requires additional assumptions. For any given ζ , we define the set of selected edges as

Êss(ζ) ≡ {(j, k) : ‖V̂j,k‖2,[−B,B] > ζ}, (4.27)

where V̂j,k is defined in (4.24).

To show that (4.27) has the sure screening property (i.e., E ⊂ Êss(ζ)), an additional assumption

is needed.

Assumption 22. (Minimum marginal signal) There exists a c7 > 0 so that, for some κ ∈ [0, 1/5),

min(j,k)∈E ‖Vj,k‖2,[−B,B] ≥ c7T
−κ.

Assumption 22 appears throughout the sure screening literature (see, among others, Fan and

Lv, 2008; Fan et al., 2009; Fan and Song, 2010; Fan et al., 2011, 2014; Liu et al., 2014; Song

et al., 2014; Luo et al., 2014). If a true edge corresponds to a very small cross-covariance, then

Assumption 22 will fail; in this case, the edge may not be included in Êss(ζ). Assumption (22)

holds, for instance, under Assumption 21 in the setting of Hawkes processes with non-negative

transfer functions considered in, e.g., Hansen et al. (2015).

The following theorem characterizes the properties of Êss(ζ): it is a (relatively) small set, and

it satisfies the sure screening property.

Theorem 8. Suppose Assumptions 15, 16, and 19 hold. Further suppose that there exists a positive

constant λmax so that λmax ≥ λj(t) for j = 1, . . . , p and t ∈ [0, T ]. Let ζ = 2c5T
−1/5. If

p2T 6/5 exp
(
−c6T

1/5
)

= o(1), then card
(
Êss(ζ)

)
= O

(
spT 5/2γ2

Ω(1 − γΩ)−2(1 + λmax)2
)

with

probability converging to unity as T →∞. Furthermore, if Assumption 22 holds, then E ⊂ Êss(ζ)

with probability converging to unity as T →∞.

In light of Theorem 8, rather than solving (4.12), we can instead solve (4.12) subject to the

constraint

βj,k = 0, for (j, k) /∈ Êss(ζ). (4.28)
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For any given threshold ζ , Êss(ζ) is always a subset of Êcc(ζ). Therefore, the computational

complexity of solving (4.12) subject to (4.28) is no larger than that of solving (4.12) subject to

(4.25).

4.5 A Concentration Inequality for Hawkes Processes

In this section, we address the remaining technical challenges from Sections 4.3 and 4.4. To prove

Theorems 5 and 6, we need to show that the sample version of the population assumptions Assump-

tions 17 – 21 holds with high probability. To prove Theorems 7 and 8, we need a concentration

bound on how far V̂j,k deviates from Vj,k. All these quantities are related to second-order statistics

of the Hawkes process, which take the form

ȳj,k ≡
1

T

∫ T

0

∫ T

0

f(t− t′)dNj(t
′)dNk(t). (4.29)

For instance, f(x) = K((x−∆)/h)/h in (4.24).

It is immediately clear that ȳj,k is defined on sequences of temporal dependence, i.e., dNj and

dNk. As a result, the deviation of ȳj,k from its mean Eȳj,k cannot be bounded using classic concen-

tration inequalities on independent random variables. To apply existing concentration inequalities

for dependent sequences (see, among others, Merlevède et al., 2011), we need to quantify the

temporal dependence of the Hawkes process, which is a non-trivial task.

Previous theoretical analysis of Hawkes processes assume that the transfer functions are non-

negative, i.e. ωj,k ≥ 0 (Reynaud-Bouret, 2003; Reynaud-Bouret and Schbath, 2010; Hansen et al.,

2015). This assumption is infeasible in many real-world applications. In particular, it is known that

inhibitory connections are abundant in neuronal circuits and are crucial for maintaining balance

in the nervous system. Nevertheless, the non-negativity assumption is essential in the existing

literature: the proof techniques rely heavily on the Poisson branching representation of the Hawkes

process (Hawkes and Oakes, 1974), which is only available for non-negative transfer functions.

To relax the non-negativity assumption, we establish a concentration inequality for second-

order statistics of the general Hawkes process using a novel proof technique. The following theo-

rem summarizes our main results.
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Theorem 9. Suppose that Assumptions 15, 16, and 19 hold. Further suppose that there exists

λmax > 0 so that λj(t) ≤ λmax for all j = 1, . . . , p and t ∈ [0, T ]. Let f(·) be a bounded function

on a bounded support, i.e., supp(f) = [b1, b2] and ‖f‖∞ ≡ maxx |f(x)| ≤ Cf . Then, for each pair

of (j, k)

P
(
|ȳj,k − Eȳj,k| ≥ c5T

−2/5
)
≤ c7T exp(−c6T

1/5). (4.30)

The detailed proof of Theorem 9 is given in Appendix C.4. We provide a sketch here. The core

of the new proof is an iterative construction procedure based on the Poisson embedding theorem

pioneered by Brémaud and Massoulié (1996), who study the stationary condition of the Hawkes

process. The iterative construction procedure is then used to derive an upper bound of the τ -

dependence coefficient using the result in (Dedecker and Prieur, 2004). Roughly speaking, the

τ -dependence coefficient of a given time gap u (i.e., τ(u)) measures the dependence between the

history Hz and the point process dN (z + u) for any z (Merlevède et al., 2011). In particular, we

show that, given the conditions in Theorem 9, τ(u) decreases exponentially fast as a function of

u. This finding allows us to use the Bernstein inequality for dependence sequences in Merlevède

et al. (2011), which gives the desired results.

As a direct result, we have the following corollary on ‖V̂j,k‖. The proof of Corollary 2 is also

given in Appendix C.4.

Corollary 2. Suppose that Assumptions 15, 16, and 19 hold. Further suppose that there exists

λmax > 0 so that λj(t) ≤ λmax for all j = 1, . . . , p and t ∈ [0, T ]. Then, for all 1 ≤ j, k ≤ p, if

p2T 6/5 exp
(
−c6T

1/5
)

= o(1),

P
(∥∥V̂j,k − Vj,k

∥∥
2,[−B,B]

≤ c5T
−1/5

)
≥ 1− o(1),

where c5 and c6 are constants that depend only on s, γΩ, ρ, and d0.

4.6 Simulation Studies

This section is organized as follows. In Section 4.6.1, we study the choice of the penalty function

in the penalized regression presented in Section 4.3. In Section 4.6.2, we examine the numerical
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performances of the two screening methods proposed in Section 4.4. In Section 4.6.3, we combine

screening and penalized regression in order to reconstruct the graph, and compare the performance

to that of competing methods from the literature.

In the simulations, the intensities are of the form (4.4) with ωj,k(t) = 5aj,kt exp(1 − 5t). We

set the magnitudes aj,k to be 0.4 for a positive edge, −0.2 for a negative edge, and 0 in the absence

of an edge. The signs of the edges are specified in the following sections, as are the baseline

intensities µ1, . . . , µp. Given the form of the intensity function, we use the thinning method by

Ogata (1988) to draw samples from the Hawkes process.

4.6.1 A Comparison of Penalties in Penalized Regression

We consider a directed graph of 21 nodes with the edge set E ≡ {(1, k) : k = 2, . . . , 11}. Specifi-

cally, we study two data-generating scenarios.

Scenario 1: The graph is shown in Figure 4.1(a). We set µ1 = 0.75, µj = 0.25 for j =

2, . . . , 11, and µj = 0.5 for j = 12, . . . , 21.

Scenario 2: The graph is shown in Figure 4.1(b). We set µ1 = 2 and µj = 0.5 for j =

2, . . . , 21.

We generate 200 simulated data sets on [0, 900] under each scenario.

We compare the performances of three methods: (i) the proposal of Hansen et al. (2015); (ii)

our proposal (4.12); and (iii) a modification of our proposal that replaces the standardized group

lasso penalty in (4.12) with an unstandardized group lasso penalty of the form ‖βj,k‖2. Thus, the

three methods differ only in terms of the penalties on the parameters βj,k. The unstandardized

group lasso penalizes the `2-norm of the parameters βj,k. The penalty of Hansen et al. (2015)

penalizes the cumulative transfer functions Ψj,k(t) · βj,k only when there is an event in dNj , as

mentioned in Remark 5.

Each method is applied using step function bases, ψm = 1[(m−1)/M,m/M ](x), as considered in

Hansen et al. (2015), in order to recover the neighborhood of the first node. The edge recovery



75

performances over 200 simulated data sets are shown in Figures 4.1(c)–(d).

In Scenario 1, the value of the background intensity, µk, is much higher for the non-neighbours

(i.e., {k : ω1,k = 0}) than for the true neighbours (i.e., {k : ω1,k 6= 0}) of the first node. The

unstandardized group lasso penalty tends to assign non-zero edge estimates to nodes with higher

intensities, which are the non-neighbours in this scenario. Thus, it performs poorly relative to the

other two methods, as can be seen in Figure 4.1(c).

As seen in Remark 5, the penalty of Hansen et al. (2015) is not invariant to sign flips of the

transfer function ωj,k: the penalty is higher for a positive transfer function than for its negative

copy. Due to this lack of invariance, the proposal of Hansen et al. (2015) performs poorly in terms

of edge recovery performance in Scenario 2, as we can see from Figure 4.1(d).

4.6.2 A Comparison of Screening Methods

We now examine the empirical performance of the two screening methods proposed in Section 4.4

in two scenarios.

Scenario 3: There are 5 identical connected components, each of which is a circle of 20

nodes, as shown in Figure 4.2(a). We set µj = 0.75 for all j = 1, . . . , 100.

Scenario 4: There are 20 identical connected components, each of which is a dense graph

of 5 nodes, as shown in Figure 4.2(b). We set µ1+5(k−1) = 1 and µj+5(k−1) = 0.8 for

j = 2, . . . , 5, k = 1, . . . , 20.

In Scenario 3, all edges are positive, so that Assumption 22 holds on the Hakwes process associated

with this graph. In contrast, in Scenario 4, there are both positive and negative edges, designed so

that certain cross-covariances are diluted due to simultaneous presence of an inhibitory path and

an excitatory path. Therefore, Assumption 22 is violated.

We generate 200 simulated data sets under each scenario on [0, T ], for a range of T from 300

to 2000. We use a kernel smoother with smoothing bandwidth h = T−1/5, in order to obtain V̂j,k,

an estimate of the cross-covariance Vj,k.
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Figure 4.1: Edge recovery performance of (4.12) with different choices of penalties. (a): the

directed graph corresponding to Scenario 1; (b): the directed graph corresponding to Scenario

2; (c): edge recovery performance under Scenario 1; and (d): edge recovery performance under

Scenario 2. In Panels (a) and (b), represents Node 1, represents nodes with baseline intensity

µj = 0.5, represents nodes with baseline intensity µj = 0.25, represents edges with aj,k =

0.4, and represents edges with aj,k = −0.2. In Panels (c) and (d), each point represents the

recovery of the neighborhood of Node 1, for a given value of η1, averaged over 200 simulated

data sets. The three curves represent the performance of our proposal ( ), our proposal with

unstandardized group lasso ( ), and the proposal in Hansen et al. (2015) ( ).

We consider the marginal covariances between pairs of nodes from the two sets E , the true edge

set in (4.8), and I, where I ≡ {(j, k) : j ∈ Cl, k ∈ Cm,m 6= l} and Cl, l = 1, . . . L are the true

connected components introduced in Section 4.4.

Figure 4.2(c) indicates that in Scenario 3, for T sufficiently large, the empirical quantiles of

‖V̂j,k‖2,[−5,5] for node pairs in I do not overlap the empirical quantiles of ‖V̂j,k‖2,[−5,5] for node

pairs in E . This suggests that the screening procedure described in Section 4.4.2 will perform well

in Scenario 3. However, Figure 4.2(d) indicates that in Scenario 4, there is overlap between the
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empirical quantiles of ‖V̂j,k‖2,[−5,5] for node pairs in I and E , regardless of the value of T . This

suggests that the screening procedure described in Section 4.4.2 will perform poorly in Scenario 4.

Finally, we apply the screening procedures described in Sections 4.4.1 and 4.4.2 to data gen-

erated under Scenarios 3 and 4. Results are shown in Figure 4.3. As expected, the screened set

Êss(ζ) (4.27) performs well in Scenario 3, while Êcc(ζ) (4.26) performs well in Scenario 4.
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Figure 4.2: (a): A single connected component under Scenario 3; (b): a single connected com-

ponent under Scenario 4; (c): empirical quantiles of ‖V̂j,k‖2,[−5,5] for node pairs in I (shown in

red) and E (shown in blue) as a function of time T , for Scenario 3; (d) empirical quantiles of

‖V̂j,k‖2,[−5,5] for node pairs in I (shown in red) and E (shown in blue) as a function of time T ,

for Scenario 4; and (e): the heat maps used to display the empirical quantiles of ‖V̂j,k‖2,[−5,5] in I
(red) and E (blue). In (a) and (b), we use to represent the positive edges (ωj,k > 0) and to

represent the negative edges (ωj,k < 0).

4.6.3 Graph Reconstruction

Finally, we consider reconstructing the graph. We generate data as follows:
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Figure 4.3: The performances of two screening methods Êcc(ζ) and Êss(ζ), as a function of the

tuning parameter ζ , for (a): Scenario 3, which has card(E) = 100; and (b): Scenario 4, which

has card(E) = 320. In both panels, the x-axes are the number of edges selected by the screening

methods (|Ê(ζ)| ≡ card(Ê(ζ))) and the y-axes are the number of true edges among the selected

edges (|Ê(ζ)∩E| ≡ card(Ê(ζ)∩E)), where Ê(ζ) can be Êcc(ζ) or Êss(ζ). The curves represent the

performances of Êcc(ζ) with T = 500 ( ), 1000 ( ), and 1500 ( ); as well as the performances

of Êss(ζ) with T = 500 ( ), 1000 ( ), and 1500 ( ). Each point displayed represents the results

for a single value of ζ , averaged over 200 simulated data sets.

Scenario 5: 500 nodes are grouped into 50 connected components. Each connected compo-

nent is as displayed in Figure 4.4(a). We set µj = 0.8 for all j = 1, . . . , 500.

This scenario is designed so that some of the edges within a connected component have small

cross-covariance.

In order to reconstruct the graph, we take a two-step approach: (i) We perform screening of

edges (4.27) or of connected components (4.26), with the threshold ζ selected so that the size of

the screened edge set (not including self-loops) is either 2625, 5750, or 12000. (ii) We perform
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neighborhood selection (4.12) on the subset of selected edges, for a range of values of the sparsity

tuning parameter η = η1 = . . . = ηp.

Results averaged over 200 simulated data sets are shown in Figures 4.4(b)–(c). Screening the

connected components (4.26) with an appropriate choice of threshold leads to improved statistical

efficiency, as well as faster computation. In this particular simulation, the best performance is

achieved by applying penalized regression on the screened set Êcc(ζ), where ζ is chosen so that

card
(
Êcc(ζ)

)
= 5, 750. In this simulation setting, screening the edges (4.27) yields poor results,

because some edges are hard to detect using merely the cross-covariance, and hence the screened

edge set Êss(ζ) contains many false positives.

We omit the results of edge recovery without screening (i.e. ζ = 0) due to its high computa-

tional cost. For the same reason, we omit the results from the method by Hansen et al. (2015). We

expect Hansen et al. (2015) to perform poorly in this setting, due to the presence of negative edges

(see discussion in Section 4.6.1, and Figure 4.1).

4.7 Discussion

There are some limitations of this study. First, we have not investigated the issue of tuning pa-

rameter selection for the sparsity tuning parameter ηj (j = 1, . . . , p) or the threshold level ζ for

the screening methods. Second, it might be possible to relax Assumption 15 and 16. For instance,

when the true graph is a tree, the Hawkes process might still be stationary even if Assumption 15

is violated. Third, the concentration inequality in Theorem 9 might not be sharp. However, these

questions are beyond the scope of this study, and we leave them for future research.
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Figure 4.4: Edge recovery results for Scenario 5, with T = 1500. (a): One connected component

of the graph in Scenario 5. In total, the graph contains 50 connected components, and 1250 edges.

(b): Results from screening using Êcc(ζ) in (4.26) before performing neighborhood selection, with

ζ chosen to yield 2625 ( ), 5750 ( ), and 12000 ( ) non-self-loop edges. (c): Results from

screening using Êss(ζ) in (4.27) before performing neighborhood selection, with ζ chosen to yield

2625 ( ), 5750 ( ), and 12000 ( ) non-self-loop edges. In (a), we use to represent the

positive edges (ωj,k > 0) and to represent the negative edges (ωj,k < 0). Each point on the

curves in Panels (b) and (c) represents the results, averaged over the simulated data sets, for a

given value of the sparsity tuning parameter η = η1 = . . . = ηp in the neighborhood selection

problem (4.12). In Panels (b) and (c), the number of estimated edges on the x-axis cannot exceed

the size of the screened edge set, which is either 2625, 5750, or 12000 plus the 500 self-loops. The

dotted lines ( ) in Panels (b) and (c) indicate the total number of true edges (1250).
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Appendix A

APPENDIX FOR CHAPTER 2

A.1 A Proof for Proposition 1

Proof. First of all, it is easy to see that if θst = θts, then any function g such that

g(x) ∝ exp

{
p∑

s=1

fs(xs) +
1

2

p∑

s=1

∑

t6=s

θtsxsxt

}
(A.1)

is capable of generating the conditional densities in (2.3) of the main paper as long as the function

g is integrable with respect to xs for s = 1, . . . , p. The function g can be decomposed as

g(x) ∝ exp

{
fs(xs) +

1

2

∑

t:t6=s

(θts + θst)xsxt

}
exp

{∑

t6=s

ft(xt) +
1

2

∑

t:t6=s, j:j 6=s, j 6=t

θtjxjxt

}
,

so the integrability of the conditional density p(xs | x−s) guarantees the integrability of g with

respect to xs. Therefore, the conditional densities of the form in (2.3) in Chapter 2 are compatible

if θts = θst.

We now prove that any function h that is capable of generating the conditional density in (2.3)

of Chapter 2 is in the form (A.1). The following proof is essentially the same as that in Besag

(1974). Suppose h is a function that is capable of generating the conditional densities. Define

P (x) = log{h(x)/h(0)}, where 0 can be replaced by any interior point in the sample space.

By definition, P (0) = log{h(0)/h(0)} = 0. Therefore, P can be written in the general form

P (x) =

p∑

s=1

xsGs(xs) +
∑

t6=s

Gts(xt, xs)

2
xtxs +

∑

t6=s,t 6=j,j 6=s

Gtsj(xt, xs, xj)

6
xtxsxj + · · · ,

where we write the function P as the sum of interactions of different orders. Note that the factor

of 1/2 is due to Gst(xs, xt) = Gts(xt, xs); similar factors apply for higher-order interactions.

Recalling that we assume h is capable of generating the conditional density p(xs | x−s), from
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Definition 2 in Chapter 2 we know that

P (x)− P (x0
s) = log

{
h(x)/

∫
h(x)dxs

h(x0
s)/
∫
h(x)dxs

}
= log

{
p(xs | x−s)
p(0 | x−s)

}
,

where x0
s = (x1, . . . , xs−1, 0, xs+1, . . . , xp)

T and p(xs | x−s) is the conditional density in (2.3) of

the main paper. It follows that

log

{
p(xs | x−s)
p(0 | x−s)

}
= P (x)− P (x0

s) = xs

(
Gs(xs) +

∑

t:t6=s

xtGts(xt, xs) + · · ·
)
. (A.2)

Letting xt = 0 for t 6= s in (A.2) and using the form of the conditional densities in (2.3) in

Chapter 2, we have

xsGs(xs) = fs(xs)− fs(0). (A.3)

Here we set fs(0) = 0 since fs(0) is a constant. For the second-order interactionGts, we let xj = 0

for j 6= t, j 6= s in (A.2):

xsGs(xs) + xsxtGts(xt, xs) = θstxtxs + fs(xs).

Similarly, applying the previous argument on P (x)− P (x0
t ), we have

xtGt(xt) + xsxtGst(xs, xt) = θtsxtxs + ft(xt).

Therefore, if θst = θts, then by (A.3),

Gst(xs, xt) = Gts(xt, xs) = θst.

It is easy to show that, by setting xk = 0 (k 6= s, k 6= t, k 6= j) in (A.2), the third-order interactions

in P (x) are zero. Similarly, we can show that fourth-and-higher-order interactions are zero. Hence,

we arrive at the following formula for P :

P (x) =

p∑

s=1

fs(xs) +
1

2

p∑

s=1

∑

t6=s

θtsxsxt.

Furthermore, P (x) = log{h(x)/h(0)}, so the function h takes the form

h(x) ∝ exp{P (x)} = exp

{
p∑

s=1

fs(xs) +
1

2

p∑

s=1

∑

t6=s

θtsxsxt

}
,

which is the same as (A.1).



99

A.2 A Proof for Lemma 1

Proof. We first prove the claim about compatibility.

It is easy to verify that the conditional densities are integrable given the restrictions with daggers

in Table 2.1 in Chapter 2. Therefore, these restrictions are sufficient for compatibility.

We now show that the restrictions with daggers in Table 2.1 in Chapter 2 are necessary, by

investigating each of the distributions in Equations 2.4 to 2.7 of Chapter 2. Note that we have

limited our discussion to the case where all conditional densities are non-degenerate. Recall that

we refer to the type of distribution of xs given the others as the node type of xs.

Suppose that xs is exponential, as in (2.7) of Chapter 2. By definition of the exponential

distribution, it must be that ηs = α1s +
∑

t6=s θtsxt < 0. This leads to the following restrictions on

θts: 1) When xt is Poisson or exponential, it must be that θts ≤ 0 since xt is unbounded in R+.

2) When xt is Gaussian, then it must be that θts = 0 since xt is unbounded on the real line. 3)

Let I denote the indices of the Bernoulli variables. Then it must be that
∑

t∈I |θts| < −α1s so that

ηs < 0 for any combination of {xt}t∈I .
Suppose that xs is Gaussian, as in (2.4) in Chapter 2. Then α2s has to be negative for the

conditional density to be well-defined.

Suppose that xs is Bernoulli or Poisson, as in Equations 2.5 or 2.6 in Chapter 2. We can see

that there are no restrictions on ηs, and thus no restrictions on θts or α1s.

Hence, the conditions with daggers in Table 2.1 in Chapter 2 are necessary for the conditional

densities in Equations 2.4 to 2.7 in Chapter 2 to be compatible.

We now show the statement about strong compatibility.

We first prove the necessity of the conditions in Table 2.1 in Chapter 2. Recall from Defini-

tion 2 in Chapter 2 that in order for strong compatibility to hold, compatibility must hold, and any

function g that satisfies (2.8) in Chapter 2 must be integrable. Therefore, we derive the necessary

conditions for g to be integrable.

For Gaussian nodes that are indexed by J , recall that ΘJJ is defined as in (2.9) of Chapter 2.

Then, from properties of the multivariate Gaussian distribution, ΘJJ must be negative definite if
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the joint density exists and is non-degenerate.

Let x1 be a Poisson node, and x2 an exponential node. Consider the ratio

G(x1, x2) =
g(x1, x2, 0, ..., 0)

g(0, 0, 0, ..., 0)
= exp{− log(x1!) + α11x1 + θ12x1x2 + α12x2},

where g is the function in (2.8) of Chapter 2. It is not hard to see that integrability of G(x1, x2) is

a necessary condition for integrability of the joint density. Summing over x1 yields

∞∑

i=0

G(i, x2) = exp{α12x2 + exp(α11 + θ12x2)}.

Therefore, if
∑∞

i=0G(i, x2) is integrable with respect to the exponential node x2, it must be the

case that θ12 = θ21 ≤ 0. Following a similar argument, the edge potential θ12 = θ21 has to be

non-positive when x2 is Poisson, and zero when x2 is Gaussian.

A similar argument to the one just described can be applied to the exponential nodes. Such an

argument reveals that conditions on the edge potentials of the exponential nodes that are necessary

for g to be a density are those stated in Table 2.1 of Chapter 2.

For Bernoulli nodes, no restrictions on the edge potentials are necessary in order for g to be a

density.

Therefore, the conditions listed in Table 2.1 in Chapter 2 are necessary for the conditional

densities in Equations 2.4 to 2.7 in Chapter 2 to be strongly compatible.

We now show that the conditions listed in Table 2.1 in Chapter 2 are sufficient for the condi-

tional densities to be strongly compatible. We can restrict the discussion by conditioning on the

Bernoulli nodes, since integrating over Bernoulli variables yields a mixture of finite components.

Table 2.1 in Chapter 2 guarantees that the Gaussian nodes are isolated from the Poisson and ex-

ponential nodes, as the corresponding edge potentials are zero. From Table 2.1 in Chapter 2, the

distribution of Gaussian nodes is integrable, as ΘJJ in (2.9) of Chapter 2 is negative definite. Now

we consider the Poisson and exponential nodes. For these,

exp

{
p∑

s=1

fs(xs) +
1

2

p∑

s=1

∑

t6=s

θstxsxt

}
≤ exp

{
p∑

s=1

fs(xs)

}
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since θstxsxt ≤ 0. So the joint density is dominated by the density of a model with no interactions,

which is integrable since α1t for an exponential node xt is non-positive; this follows from the fact

that 0 ≤ ∑s∈I |θst| < −α1t, as stated in Table 2.1 of Chapter 2. Therefore, the conditions listed

in Table 2.1 in Chapter 2 are also sufficient for the conditional densities in Equations 2.4 to 2.7 in

Chapter 2 to be strongly compatible.

A.3 A Proof for Theorem 1

Proof. Our proof is similar to that of Theorem 1 in Yang et al. (2012), and is based on the primal-

dual witness method Wainwright (2009). The primal-dual witness method studies the property of

`1-penalized estimators by investigating the sub-gradient condition of an oracle estimator. We as-

sume that readers are familiar with the primal-dual witness method; for reference, see Ravikumar

et al. (2011) and Yang et al. (2012). Without loss of generality, we assume s = p to avoid cumber-

some notation. For other values of s, a similar proof holds with more complicated notation. Below

we denote Θp as θ, ηp as η, and `p as ` for simplicity. We also denote the neighbours of xp, N(xp),

as N .

The sub-gradient condition for (2.10) in Chapter 2 with respect to (θT, α1p)
T is

−∇`(θ, α1p;X) + λnZ = 0; Zt = sgn(θt) for t < p; Zp = 0, (A.4)

where

sgn(x) =




x/|x|, x 6= 0,

γ ∈ [−1, 1], x = 0.

We construct the oracle estimator (θ̂T
N , θ̂

T
∆, α̂1p)

T as follows: first, let θ̂∆ = 0 where ∆ indicates

the set of non-neighbours; second, obtain θ̂N , α̂1p by solving (2.10) in Chapter 2 with an additional

restriction that θ̂∆ = 0; third, set Ẑt = sgn(θ̂t) for t ∈ N and Ẑp = 0; last, estimate Ẑ∆ from

(A.4) by plugging in θ̂, α̂1p and Ẑ∆c . To complete the proof, we verify that (θ̂T
N , θ̂

T
∆, α̂1p)

T and

Ẑ = (ẐT
N , Ẑ

T
∆, 0)T is a primal-dual pair of (2.10) in Chapter 2 and recovers the true neighbourhood

exactly.
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Applying the mean value theorem on each element of ∇`(θ̂, α̂1p;X) in the subgradient condi-

tion (A.4) gives

Q∗


 θ̂ − θ∗

α̂1p − α∗1p


 = −λnẐ +W n +Rn, (A.5)

whereW n = ∇`(θ∗, α∗1p;X) is the sample score function evaluated at the true parameter (θ∗T, α∗1p)
T.

Recall thatQ∗ = −∇2`(θ∗, α∗1p;X) is the negative Hessian of `(θ, α1p;X) with respect to (θT, α1p)
T,

evaluated at the true values of the parameters. In (A.5),Rn is the residual term from the mean value

theorem, whose kth term is

Rn
k = [∇2`(θ̄k, ᾱk1p;X)−∇2`(θ∗, α∗1p;X)]

T

k


 θ̂ − θ∗

α̂1p − α∗1p


 , (A.6)

where θ̄k denotes an intermediate point between θ∗ and θ̂, ᾱk1p denotes an intermediate point be-

tween α∗1p and α̂1p, and [·]Tk denotes the kth row of a matrix.

By construction, θ̂∆ = 0. Thus, (A.5) can be rearranged as

λnẐ∆ = (W n
∆ +Rn

∆)−Q∗∆∆c(Q∗∆c∆c)−1(W n
∆c +Rn

∆c − λnẐ∆c). (A.7)

We obtain an estimator Ẑ∆ by plugging θ̂, α̂1p and Ẑ∆c into (A.7). To complete the proof, we need

to verify strict dual feasibility,

‖Ẑ∆‖∞ < 1, (A.8)

and sign consistency,

sgn(θ̂t) = sgn(θ∗t ) for any t ∈ N. (A.9)

In (A.7), maxl∈∆ ‖Q∗l∆c(Q∗∆c∆c)−1‖1 ≤ 1 − a by Assumption 1 in Chapter 2. The following

lemmas characterize useful concentration inequalities regarding W n, Rn, and θ̂N − θ∗N . Proofs of

Lemmas 3 and 4 are given in Sections A.4 and A.5, respectively.

Lemma 3. Suppose that

8(2− a)

a
{δ2κ2 log(2p)/n}1/2 ≤ λn ≤

2(2− a)

a
δ2κ2M,
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where δ2 is defined in Proposition 3, and a and κ2 are defined in Assumptions 1 and 3 of Chapter 2,

respectively. Then,

pr

(
‖W n‖∞ >

aλn
8− 4a

∣∣∣∣ ξ2, ξ1

)
≤ exp(−c3δ3n),

where δ3 = 1/(κ2δ2) and c3 is some positive constant.

Lemma 4. Suppose that ξ1 and ‖W n‖∞ ≤ aλn/(8− 4a) hold and

λn ≤ min

{
aΛ2

1(d+ 1)−1

288(2− a)κ2Λ2

,
Λ2

1(d+ 1)−1

12Λ2κ3δ1 log p

}
,

where δ1 is defined in Proposition 2, and a and κ3 are defined in Assumptions 1 and 3 of Chapter 2,

respectively. Then with probability 1,

‖θ̂N − θ∗N‖2 <
10

Λ1

(d+ 1)1/2λn, ‖Rn‖∞ ≤
aλn

8− 4a
.

We now continue with the proof of Theorem 1 in Chapter 2. Given Assumption 6, the condi-

tions regarding λn are met for Lemmas 3 and 4.

We now assume that ξ1, ξ2 and the event ‖W n‖∞ ≤ aλn/(8−4a) are true so that the conditions

for the two lemmas are satisfied. We derive the lower bound for the probability of these events at

the end of the proof.

First, applying Lemma 4 and Assumption 1 to (A.7) yields

‖Ẑ∆‖∞ ≤max
l∈∆
‖Q∗l∆c(Q∗∆c∆c)−1‖1

(
‖W n

∆c‖∞ + ‖Rn
∆c‖∞ + λn‖Ẑ∆c‖∞

)
/λn+

(‖W n
∆‖∞ + ‖Rn

∆‖∞) /λn

≤(1− a) + (2− a)

{
a

4(2− a)
+

a

4(2− a)

}
< 1.

(A.10)

Next, applying Lemma 4 and a norm inequality to ‖θ̂N − θ∗N‖∞ gives

‖θ̂N − θ∗N‖∞ ≤ ‖θ̂N − θ∗N‖2 <
10

Λ1

(d+ 1)1/2λn ≤ min
t
|θt|, (A.11)

since mint |θt| ≥ 10(d+ 1)1/2λn/Λ1 by Assumption 5. The strict inequality in (A.11) ensures that

the sign of the estimator is consistent with the sign of the true value for all edges.
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Equations A.10 and A.11 are sufficient to establish the result, i.e., N̂ = N . Let A be the event

‖W n‖∞ ≤ aλn/(8 − 4a). Recall that we have assumed events A, ξ1, and ξ2 to be true in order to

prove (A.10) and (A.11). We now derive the lower bound for the probability of A ∩ ξ1 ∩ ξ2.

Using the fact that

pr{(A ∩ ξ1 ∩ ξ2)c} ≤ pr(Ac | ξ1 ∩ ξ2) + pr{(ξ1 ∩ ξ2)c} ≤ pr(Ac | ξ1, ξ2) + pr(ξc1) + pr(ξc2),

we know the probability of A ∩ ξ1 ∩ ξ2 satisfies

pr
{(
‖W n‖∞ ≤

a

2− a
λn
4

)
∩ ξ2 ∩ ξ1

}
≥ 1− c1p

−δ1+2 − exp(−c2δ
2
2n)− exp(−c3δ3n),

where c1, c2, and c3 are constants from Proposition 2, Proposition 3, and Lemma 3. Thus, the event

A ∩ ξ1 ∩ ξ2 happens with high probability when the sample size n is large. This completes the

proof.

A.4 A Proof for Lemma 3

Proof. Recall that η(i) = α1p +
∑

t<p θtx
(i)
t and that we have assumed that αkp is known for k ≥ 2.

We can rewrite the conditional density in (2.3) of Chapter 2 as

p(xp | x−p) ∝ exp{ηxp −D(η)}.

For any t < p,

W n
t =

∂`

∂θt
=

n∑

i=1

∂`

∂η(i)

∂η(i)

∂θt
=

1

n

n∑

i=1

{x(i)
p −D

′
(η(i))}x(i)

t . (A.12)

Recall that M is a large constant introduced in Assumption 3 in Chapter 2. Suppose that M is

sufficiently large that |α∗1p|+
∑

k<p |θ∗k| < M/2. For every v such that 0 < v < M/2,

E
(

exp
[
vx

(i)
t

{
x(i)
p −D

′
(η(i))

}]∣∣∣X−p
)

=E
{

exp
(
vx

(i)
t x

(i)
p

)∣∣∣X−p
}

exp
{
−vx(i)

t D
′
(η(i))

}

= exp
{
D(η(i) + vx

(i)
t )−D(η(i))

}
exp

{
−vx(i)

t D
′
(η(i))

}

= exp

{
vx

(i)
t D

′
(η(i)) + (vx

(i)
t )2D

′′
(η̃)

2

}
exp

{
−vx(i)

t D
′
(η(i))

}

= exp

{
(vx

(i)
t )2D

′′
(η̃)

2

}
, η̃ ∈ [η(i), η(i) + vx

(i)
t ],

(A.13)
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where the second equality was derived using the properties of the moment generating function of

the exponential family, and the third equality follows from a second-order Taylor expansion. Since

η̃ ∈ [η(i), η(i) + vx
(i)
t ], the event ξ1 implies that

|η̃| ≤ |α∗1p|+
∑

k<p

|x(i)
k θ
∗
k|+ |vx(i)

t | ≤ |α∗1p|+ (
∑

k<p

|θ∗k|+ |v|)max
t,i
|x(i)
t | ≤Mδ1 log p. (A.14)

Therefore, the condition of Assumption 3 is satisfied, and thus |D′′(η̃)| ≤ κ2. Recalling that

{x(i)}ni=1 are independent samples, it follows from (A.12) and (A.13) that

E {exp(vnW n
t ) | ξ2, ξ1} =E [E {exp(vnW n

t ) | X−p, ξ2, ξ1} | ξ2, ξ1]

≤E
[

exp

{
v2κ2

2

n∑

i=1

(x
(i)
t )2

}∣∣∣∣∣ ξ2, ξ1

]

≤ exp(nv2κ2δ2/2),

(A.15)

where we use the event ξ2 in the last inequality. Similarly,

E {exp(−nvW n
t ) | ξ2, ξ1} ≤ exp(nv2κ2δ2/2). (A.16)

Furthermore, one can see from a similar argument as in (A.12) and (A.13) that

E
{

exp(nvW n
p ) | ξ1

}
=E

{
exp

(
vn

∂`

∂α1p

)∣∣∣∣ ξ1

}

=
n∏

i=1

E
(

exp[v{x(i)
p −D

′
(η(i))}]

∣∣∣ ξ1

)
≤ exp(nκ2v

2/2).

We focus on the discussion of (A.15) and (A.16) since δ2 ≥ 1. For some δ to be specified, we

let v = δ/(κ2δ2) and apply the Chernoff bound Chernoff (1952); Ravikumar and Lafferty (2004)

with (A.15) and (A.16) to get

pr(|W n
t | > δ | ξ2, ξ1) ≤ E{exp(vnW n

t ) | ξ2, ξ1}
exp(vnδ)

+
E{exp(−vnW n

t ) | ξ2, ξ1}
exp(vnδ)

≤ 2 exp

(
−n δ2

2κ2δ2

)
.

Letting δ = aλn/(8− 4a) and using the Bonferroni inequality, we get

pr
(
‖W n‖∞ >

a

2− a
λn
4

∣∣∣∣ ξ2, ξ1

)
≤2 exp

{
−n a2λ2

n

32(2− a)2κ2δ2

+ log(p)

}

≤ exp

{
− a2λ2

n

64(2− a)2κ2δ2

n

}
= exp(−c3δ3n),

(A.17)
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where δ3 = 1/(κ2δ2) and c3 = a2λ2
n/{64(2 − a)2}. In (A.17), we made use of the assumption

that λn ≥ 8(2− a){κ2δ2 log(2p)/n}1/2/a, and we also require that λn ≤ 2(2− a)κ2δ2M/a since

v = aλn/{(8− 4a)κ2δ2} ≤M/2.

A.5 A Proof for Lemma 4

Proof. We first prove that ‖θ̂N − θ∗N‖2 < 10(d+ 1)1/2λn/Λ1.

Following the method in Fan and Li (2004) and Ravikumar et al. (2010), we construct a function

F (u) as

F (u) = −`(θ∗ + u−p, α
∗
1p + up;X) + `(θ∗, α∗1p;X) + λn‖θ∗ + u−p‖1 − λn‖θ∗‖1, (A.18)

where u is a p-dimensional vector and u∆ = 0. F (u) has some nice properties: (i) F (0) = 0 by

definition; (ii) F (u) is convex in u given the form of (2.3) in Chapter 2; and (iii) by the construction

of the oracle estimator θ̂, F (u) is minimized by û with û−p = θ̂ − θ∗ and ûp = α̂1p − α∗1p.
We claim that if there exists a constant B such that F (u) > 0 for any u such that ‖u‖2 = B

and u∆ = 0, then ‖û‖2 ≤ B. To show this, suppose that ‖û‖2 > B for such a constant. Let

t = B/‖û‖2. Then, t < 1, and the convexity of F (u) gives

F (tû) ≤ (1− t)F (0) + tF (û) ≤ 0.

Thus, ‖tû‖2 = B and (tû)∆ = tû∆ = 0, but F (tû) ≤ 0, which is a contradiction.

Applying a Taylor expansion to the first term of F (u) gives

F (u) =−∇`(θ∗, α∗1p;X)Tu− uT∇2`(θ∗ + vu−p, α
∗
1p + vup;X)u/2 + λn(‖θ∗ + u−p‖1 − ‖θ∗‖1)

= I + II/2 + III,

for some v ∈ [0, 1]. Recall that u∆ = 0 as defined in (A.18). The gradient and Hessian are with

respect to the vector (θT , α1p)
T.

We now proceed to find a B such that for ‖u‖2 = B and u∆ = 0, the function F (u) is always

greater than 0. First, given that ‖W n‖∞ ≤ aλn/(8− 4a) and a < 1 assumed in Assumption 1,

|I| = |(W n)Tu| ≤ ‖W n‖∞‖u‖1 ≤
a

2− a
λn
4

(d+ 1)1/2B ≤ λn
4

(d+ 1)1/2B.
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Next, by the triangle inequality and the Cauchy-Schwarz inequality,

III ≥ −λn‖u−p‖1 ≥ −λnd1/2‖u−p‖2 ≥ −λn(d+ 1)1/2B.

To bound II, we note that

−∇2`(θ∗ + vu−p, α
∗
1p + vup;X) =

1

n

n∑

i=1

x
(i)
0 (x

(i)
0 )

T

D
′′
(η(i)
r ),

where x0 = (xT
−p, 1)T as in Assumption 2, and η(i)

r = α∗1p + vup +
∑

t<p(θ
∗
t + vut)x

(i)
t . Applying

a Taylor expansion on each D′′(η(i)
r ) at η(i) = α∗1p +

∑
t<p θ

∗
t x

(i)
t , we get

−∇2`(θ∗ + vu−p, α
∗
1p + vup;X) =

1

n

n∑

i=1

x
(i)
0 (x

(i)
0 )

T

D
′′
(η(i)) +

1

n

n∑

i=1

x
(i)
0 (x

(i)
0 )

T

D
′′′

(η̃(i))
(
vuTx

(i)
0

)

=Q∗ +
1

n

n∑

i=1

x
(i)
0 (x

(i)
0 )

T

D
′′′

(η̃(i))
(
vuTx

(i)
0

)
,

where η̃(i) ∈ [η(i), η
(i)
r ]. Using the argument on η̃ in (A.14) and the fact that v ≤ 1 and ‖u‖2 = B,

we can see that η̃(i) is in the range required for Assumption 3 to hold given ξ1. Therefore, applying

Assumption 3 we can write

II ≥ min
u:‖u‖2=B,u∆=0

{−uT∇2`(θ∗ + vu−p, α
∗
1p + vup;X)u}

≥B2Λmin(Q∗∆c∆c)− max
v∈[0,1]

max
u:‖u‖2=B,u∆=0

uT

{
1

n

n∑

i=1

D
′′′

(η̃(i))(vuTx
(i)
0 )x

(i)
0 (x

(i)
0 )

T

}
u

≥Λ1B
2 − max

u:‖u‖2=B,u∆=0

{
max
i,v∈[0,1]

(vuTx
(i)
0 ) max

η̃(i)
D
′′′

(η̃(i))
1

n

n∑

i=1

(uTx
(i)
0 )2

}

≥Λ1B
2 − κ3 max

i,u:‖u‖2=B,u∆=0,v∈[0,1]
(vuTx

(i)
0 ) max

u:‖u‖2=B,u∆=0

{
1

n

n∑

i=1

(uTx
(i)
0 )2

}
.

By inspection, the maximum of uTx
(i)
0 is non-negative. Thus, the maximum of vuTx(i)

0 is achieved

at v = 1. Then, using ξ1 and Assumption 2,

II ≥Λ1B
2 − κ3B(d+ 1)1/2δ1 log(p)B2Λmax

{
1

n

n∑

i=1

x
(i)
0 (x

(i)
0 )

T

}

≥Λ1B
2 − κ3B

3(d+ 1)1/2δ1 log(p)Λ2.
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Thus, if our choice of B satisfies

Λ1 − δ1 log(p)Bκ3(d+ 1)1/2Λ2 ≥
Λ1

2
, (A.19)

then the lower bound of F (u) is

F (u) ≥ −λn
4

(d+ 1)1/2B +
Λ1

4
B2 − λn(d+ 1)1/2B.

So, F (u) > 0 for any B > 5(d+ 1)1/2λn/Λ1. We can hence let

B = 6(d+ 1)1/2λn/Λ1 (A.20)

to get

‖θ̂N − θ∗N‖2 ≤ ‖û‖2 ≤ B =
6

Λ1

(d+ 1)1/2λn. (A.21)

And thus, ‖θ̂N−θ∗N‖2 < 10λn(d+1)1/2/Λ1. It is easy to show that (A.20) satisfies (A.19) provided

that

λn ≤
Λ2

1(d+ 1)−1

12Λ2κ3δ1 log p
.

To find the bound for Rn defined in (A.6), we first recall that (θ̄T, ᾱ)T is an intermediate point

between (θ∗T, α∗1p)
T and (θ̂T, α̂1p)

T. We denote η̄(i) = ᾱ1p +
∑

t<p θ̄tx
(i)
t , and observe that |η̄(i)| ≤

Mδ1 log p for i = 1, . . . , n using the argument of (A.14), which implies that Assumption 3 is

applicable. Thus,

Λmax{∇2`(θ̄, ᾱ1p;X)−∇2`(θ∗, α∗1p;X)} = max
‖u‖2=1

uT{∇2`(θ̄, ᾱ1p;X)−∇2`(θ∗, α∗1p;X)}u

= max
‖u‖2=1

uT

[
1

n

n∑

i=1

{
D
′′
(η̄(i))−D′′(η∗)

}
x

(i)
0 (x

(i)
0 )

T

]
u.

By Assumption 3, |D′′(η̄(i))−D′′(η∗)| ≤ 2κ2, and so

Λmax{∇2`(θ̄, ᾱ1p;X)−∇2`(θ∗, α∗1p;X)} = max
‖u‖2=1

uT

[
1

n

n∑

i=1

{
D
′′
(η̄(i))−D′′(η∗)

}
x

(i)
0 (x

(i)
0 )

T

]
u

≤2κ2 max
‖u‖2=1

uT

{
1

n

n∑

i=1

x
(i)
0 (x

(i)
0 )

T

}
u ≤ 2κ2Λ2,
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using Assumption 2 at the last inequality. Hence, we arrive at

‖Rn‖∞ ≤‖Rn‖2
2 =

∥∥∥∥∥∥
{∇2`(θ̄, ᾱ1p;X)−∇2`(θ∗, α∗1p;X)}T


 θ̂ − θ∗

α̂1p − α∗1p



∥∥∥∥∥∥

2

2

≤Λmax{∇2`(θ̄, ᾱ1p;X)−∇2`(θ∗, α∗1p;X)}

∥∥∥∥∥∥


 θ̂ − θ∗

α̂1p − α∗1p



∥∥∥∥∥∥

2

2

=Λmax{∇2`(θ̄, ᾱ1p;X)−∇2`(θ∗, α∗1p;X)} ‖û‖2
2

≤72κ2Λ2

Λ2
1

(d+ 1)λ2
n,

where the last inequality follows from (A.21). So ‖Rn‖∞ ≤ aλn/(8− 4a) if

λn ≤
a

2− a
Λ2

1

288(d+ 1)κ2Λ2

, (A.22)

which holds by assumption.

A.6 A Proof for Corollary 1

Proof. The proof is essentially the same as the proof in Section A.3. We first show that a modified

version of Lemma 4 holds with fewer conditions.

Lemma 5. Suppose that p(xp|x−p) follows a Gaussian distribution as in (2.4) of Chapter 2, and

‖W n‖∞ ≤ aλn/(8− 4a). Then

‖θ̂N − θ∗N‖2 <
10

Λ1

(d+ 1)1/2λn, ‖Rn‖∞ = 0.

Proof. To prove this lemma, we go through the argument in Section A.5. But for II we note that

II ≥ min
u:‖u‖2=B,u∆=0

{−uT∇2`(θ∗ + vu−p, α
∗
1p + vup;X)u}

≥B2Λmin(−Q∗∆c∆c)− max
v∈[0,1]

max
u:‖u‖2=B,u∆=0

uT

{
1

n

n∑

i=1

D
′′′

(η̃(i))(vuTx
(i)
0 )x

(i)
0 (x

(i)
0 )

T

}
u

≥Λ1B
2 − 0,
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since D′′′(η̃(i)) = 0 for a Gaussian distribution. Therefore,

F (u) ≥ −λn
4

(d+ 1)1/2B +
1

2
Λ1B

2 − λn(d+ 1)1/2B.

So, F (u) > 0 for B > 5λn(d+ 1)1/2/(2Λ1). We can hence let B = 5(d+ 1)1/2λn/Λ1 to get

‖θ̂N − θ∗N‖2 ≤ ‖û‖2 ≤ B =
5

Λ1

(d+ 1)1/2λn.

Thus, ‖θ̂N − θ∗N‖2 < 10λn(d+ 1)1/2/Λ1. And ‖Rn‖∞ = 0 trivially as D′′(η̄(i))−D′′(η∗) = 0 for

a Gaussian distribution.

With Lemma 5, we can then verify (A.10) and (A.11) as in Section A.3. Finally, we drop the

requirement of ξ1 in the condition of Lemma 5, so the probability of N̂ = N is

pr
{(
‖W n‖∞ ≤

a

2− a
λn
4

)
∩ ξ2

}
≥ 1− exp(−c2δ

2
2n)− exp(−c3δ3n),

where c2 and c3 are constants from Proposition 3 in Chapter 2 and Lemma 3.

A.7 Additional Details of Data-Generation Procedure

Here we provide additional details of the data-generation procedure described in Section 2.6.1 of

Chapter 2. In particular, we describe the approach used to guarantee that the conditions listed in

Table 2.1 of Chapter 2 for strong compatibility of the conditional distributions are satisfied.

Recall from Table 2.1 of Chapter 2 that in order for strong compatibility to hold, the matrix ΘJJ

in (2.9) in Chapter 2 that contains the edge potentials between the Gaussian nodes must be negative

definite. If ΘJJ generated as described in Section 2.6.1 of Chapter 2 is not negative definite, then

we define a matrix TJJ as

TJJ = −ΘJJ + {Λmin(ΘJJ)− 0.1} I,

where Λmin(ΘJJ) denotes the minimum eigenvalue of ΘJJ . Thus, TJJ is guaranteed to be negative

definite, as all its eigenvalues are no larger than −0.1. We then standardize TJJ so that its diagonal

elements equal −1,

T̃JJ = diag(|T11|−1/2, . . . , |Tmm|−1/2) TJJ diag(|T11|−1/2, . . . , |Tmm|−1/2).
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Finally, we replace ΘJJ with T̃JJ .

Table 2.1 of Chapter 2 also indicates that for strong compatibility to hold, the edge poten-

tial between two Poisson nodes must be negative. Therefore, after generating edge potentials as

described in Section 2.6.1 of Chapter 2, we replace θst with −|θst| where xs and xt are Poisson

nodes.
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Appendix B

APPENDIX FOR CHAPTER 3

B.1 Proofs

B.1.1 Outline

In this section, we prove Theorems 3 and 4 from Section 3.4 in Chapter 3. The remaining subsec-

tions are organized as follows. In Section B.1.2, we list the additional assumptions for Theorem 3

in Chapter 3 and give the proof of Theorem 3 in Chapter 3. In Section B.1.3, we prove a theorem on

variable selection consistency for group lasso regression with errors in variables, which itself is of

independent interest. In Section B.1.4, we introduce Assumption 26 on the bases ψ(·), and several

technical lemmas that are useful in proving Theorem 4 in Chapter 3. In Section B.1.5, we finish

the proof of Theorem 4 in Chapter 3. And in Section B.1.6, we prove Proposition 4 in Chapter 3.

The proofs of the technical lemmas presented in Section B.1.4 are provided in Section B.2.

B.1.2 Proof of Theorem 3

In this section, we follow closely the notation in Section 1.6 of Tsybakov (2009). We first present

some necessary notation and assumptions. Denote the local polynomial estimator of degree ` as

X̂(t;h) =
n∑

i=1

YiWni(t;h), (B.1)

where

Wni(t;h) =
1

nh
UT(0)B−1

nt U

(
ti − t
h

)
K

(
ti − t
h

)
, (B.2)

Bnt =
1

nh

n∑

i=1

U

(
ti − t
h

)
UT

(
ti − t
h

)
K

(
ti − t
h

)
,

U(u) =
(
1, u, u2/2!, . . . , u`/`!

)T
,
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and K(·) is a kernel function. In (B.2), Wni(t;h) is the weight for observation Yi in (B.1), which

satisfies
n∑

i=1

Wni(t;h) = 1. (B.3)

See e.g., Proposition 1.12 in Tsybakov (2009), for a rigorous proof of (B.3). We introduce the fol-

lowing assumptions on the kernel function K(·) and the time points t1, . . . , tn. These assumptions

are common in the study of local polynomial estimators (see e.g. Tsybakov, 2009).

Assumption 23. There exists a real number λ0 > 0 and a positive integer n0 such that the smallest

eigenvalue Λmin(Bnt) of Bnt satisfies

Λmin(Bnt) ≥ λ0

for all n ≥ n0 and any t ∈ [0, 1].

Assumption 24. The time points t1, . . . , tn are evenly-spaced on the interval [0, 1].

Assumption 25. The kernel K has compact support belonging to [−1, 1], and there exists a number

Kmax <∞ such that |K(u)| ≤ Kmax, ∀u ∈ R.

These assumptions lead to the following lemma (Lemma 1.3 in Tsybakov, 2009).

Lemma 6. Under Assumptions 23–25, for all n ≥ n0, h ≥ 1/(2n), and t ∈ [0, 1], the weights Wni

in (B.2) satisfy:

i. supi,t |Wni(t;h)| ≤ C3/nh;

ii.
∑n

i=1 |Wni(t;h)| ≤ C3,

where the constant C3 depends only on λ0 and Kmax.

Recall that we also assume the unknown true solutions X∗j , j = 1, . . . , p, belong to a Hölder

class in Assumption 10 in Chapter 3. We state the definition here for completeness.
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Definition 3. Let T be an interval in R and let β1 and L1 be two positive numbers. The Hölder

class Σ(β1, L1) on T is defined as the set of ` = bβ1c times differentiable functions f : T → R

whose `th order derivative f (`)(·) satisfies

|f (`)(x)− f (`)(x′)| ≤ L1|x− x′|β1−`, ∀x, x′ ∈ T.

We are now ready to prove Theorem 3 of Chapter 3.

Proof.

∣∣∣
∣∣∣
∣∣∣X̂j −X∗j

∣∣∣
∣∣∣
∣∣∣
2

=

∫ 1

0

{X̂j(u;h)−X∗j (u)}2 du =

∫ 1

0

{
n∑

i=1

YijWni(u;h)−X∗j (u)

}2

du

=

∫ 1

0

[
n∑

i=1

{X∗j (ti) + εji}Wni(u;h)−X∗j (u)

]2

du.

Using the property (B.3) of the weights Wni and the fact that (a+ b)2 ≤ 2a2 + 2b2,

∣∣∣
∣∣∣
∣∣∣X̂j −X∗j

∣∣∣
∣∣∣
∣∣∣
2

≤ 2

∫ 1

0

[
n∑

i=1

{X∗j (ti)−X∗j (u)}Wni(u;h)

]2

du

+ 2

∫ 1

0

{
n∑

i=1

εjiWni(u;h)

}2

du

≡ 2

∫ 1

0

bias2(u) du+ 2

∫ 1

0

g2(εj/σ, u, h) du,

(B.4)

where

bias(u) =
n∑

i=1

{X∗j (ti)−X∗j (t)}Wni(u;h), (B.5)

g(a, u, h) =σ
n∑

i=1

aiWni(u;h), εj = (ε1j, . . . , εnj)
T, (B.6)

and where σ is defined in Assumption 9 in Chapter 3.

In what follows, for convenience, we denote the `th derivative of X∗j (t) as X(`)
j . Under As-

sumption 10 in Chapter 3 and Assumptions 23–25, it follows from Proposition 1.13 in Tsybakov



115

(2009) that |bias(u)| ≤ q1h
β1 , where q1 = C3L1/`!. Therefore,

∫ 1

0

bias2(u) du ≤ q2
1h

2β1 . (B.7)

Next, we bound g(εj/σ, t, h) in (B.6) using Theorem 5.6 in Boucheron et al. (2013). The

theorem states that if Z = (Z1, . . . , Zn) is a vector of n independent standard normal random

variables and f is an L-Lipschitz function, then for all v > 0,

Pr{f(Z)− Ef(Z) ≥ v} ≤ exp{−v2/(2L2)}.

Applying the theorem to f(z) and −f(z), we get

Pr{|f(Z)− Ef(Z)| ≥ v} ≤ 2 exp{−v2/(2L2)}.

We now show that g(x, t, h) is an L3-Lipschitz function with L3 = σC3(nh)−0.5:

|g(a, u, h)− g(b, u, h)| =σ
∣∣∣∣∣
n∑

i=1

(ai − bi)Wni(u;h)

∣∣∣∣∣

≤σ
{

n∑

i=1

W 2
ni(u;h)

} 1
2

‖a− b‖2

≤σ
{

sup
i,u
|Wni(u;h)|

n∑

i=1

|Wni(u, h)|
} 1

2

‖a− b‖2

≤σC3

√
1

nh
‖a− b‖2,

where the last inequality follows from Lemma 6. Hence, from Theorem 5.6 in Boucheron et al.

(2013), we have

Pr{|g(εj/σ, u, h)− Eg(εj/σ, u, h)| ≥ v} ≤ 2 exp{−v2/(2L2
3)}.

Letting v = nα/2−0.5h−0.5 and noting that E[g(εj/σ, u, h)] = 0, we have

Pr{|g(εj/σ, u, h)| ≥ nα/2−0.5h−0.5} ≤ 2 exp{−nα/(2σ2C2
3)}. (B.8)

Combining (B.4), (B.7), and (B.8), we have
∣∣∣
∣∣∣
∣∣∣X̂j −X∗j

∣∣∣
∣∣∣
∣∣∣
2

≤ 2

∫ 1

0

bias2(u) du+ 2

∫ 1

0

g2(εj/σ, u, h) du

≤ 2q2
1h

2β1 + 2nα−1h−1,

(B.9)
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with probability at least 1− 2 exp{−nα/(2σ2C2
3)}.

Minimizing the right-hand side of (B.9) with respect to h, we find that the minimizer hn satisfies

2β1q
2
1h

2β1+1
n = nα−1.

Thus, for hn ∝ n(α−1)/(2β1+1), the error bound is
∣∣∣
∣∣∣
∣∣∣X̂j −X∗j

∣∣∣
∣∣∣
∣∣∣
2

≤ C2n
2β1

2β1+1
(α−1)

,

for some global constant C2.

B.1.3 Variable selection consistency of group lasso in error-in-variable models

We first review some notation that is heavily used in this section. In (3.17c) of Chapter 3, we made

use of the notation

Ψ̂0(t) = t; Ψ̂k(t) =

∫ t

0

ψ(X̂k(u;h)) du, k = 1, . . . , p.

Therefore, Ψ̂k(t) is an M -vector for k = 1, . . . , p and a scalar for k = 0. We sometimes use sets,

e.g. Sj and S0
j , as the subscripts. In this case, Ψ̂Sj(t) is an Msj-vector, which is composed of Ψ̂k

for k ∈ Sj . Furthermore, Ψ̂S0
j

= (Ψ̂0(t), Ψ̂T
Sj

(t))T is an (Msj + 1)-vector. Without subscripts,

Ψ̂(t) ≡ (Ψ̂0(t), Ψ̂T
1 (t), . . . , Ψ̂T

p (t))T is of dimension Mp + 1. We will also apply subscripts to

the quantities θ∗j , θ̂j , ĝ, and R. For instance, θ̂jk = (θjk1, . . . , θjkM)T for k = 1, . . . , p, and

θ̂j = (θ̂j0, θ̂
T
j1, . . . , θ̂

T
jp)

T. The products of these vectors are defined as usual, e.g., θ̂T

jS0
j
Ψ̂S0

j
(t) is a

scalar, and Ψ̂S0
j
(t)Ψ̂T

S0
j
(t) is an (Msj + 1)× (Msj + 1) matrix.

The optimization problem (3.17a) in Chapter 3 is a standardized group lasso problem (Simon

and Tibshirani, 2012). Because the regressors Ψ̂1, . . . , Ψ̂p are estimated, establishing variable se-

lection consistency requires extra attention. For ease of discussion, we re-state the optimization

problem (3.17a),

θ̂j = arg min
C0∈R,θj0∈R, θjk∈RM

1

2n

n∑

i=1

{
Yij − C0 − θj0Ψ̂0(ti)−

p∑

k=1

θT
jkΨ̂k(ti)

}2

+

λn,j

p∑

k=1

[
1

n

n∑

i=1

{θT
jkΨ̂k(ti)}2

]1/2

,
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where

X̂(·;h) = arg min
Z(·)∈X (h)

n∑

i=1

‖Yi − Z(ti)‖2
2,

Ψ̂0(t) = t; Ψ̂k(t) =

∫ t

0

ψ(X̂k(u;h)) du, k = 1, . . . , p.

In what follows, for simplicity we assume that X∗j (0) = 0, and that λn,1 = · · · = λn,p ≡ λn. For

any 1 ≤ j, k ≤ p, let θ∗jk ∈ RM be the coefficients of the true functions f ∗jk on the bases ψ(·), i.e.,

f ∗jk(a) = ψ(a)Tθ∗jk + δjk(a), (B.10)

where f ∗jk is introduced in Assumption 11 in Chapter 3. Here we establish variable selection

consistency for group lasso regression with errors in variables. We extend the recent work of Loh

and Wainwright (2012) for lasso regression; related results can be found in Ma and Li (2010) and

Rosenbaum and Tsybakov (2010). In order for variable selection consistency to hold, we need four

conditions. In Section B.1.5, we will show that these conditions hold with high probability given

Assumptions 9–14 in Chapter 3 and Assumptions 23–26.

Condition 1. Suppose that

0 <
1

2
Cmin ≤ Λmin

(
1

n

n∑

i=1

Ψ̂S0
j
(ti)Ψ̂

T

S0
j
(ti)

)
,

Λmax

(
1

n

n∑

i=1

Ψ̂S0
j
(ti)Ψ̂

T

S0
j
(ti)

)
≤ 2Cmax,

0 <
1

2
Cmin ≤ Λmin

(
1

n

n∑

i=1

Ψ̂k(ti)Ψ̂
T

k(ti)

)
, k /∈ S0

j ,

where Cmin and Cmax are introduced in Assumption 12 in Chapter 3.

Condition 2. Assume that

max
k/∈S0

j

∥∥∥∥∥∥

(
1

n

n∑

i=1

Ψ̂k(ti)Ψ̂
T

S0
j
(ti)

)(
1

n

n∑

i=1

Ψ̂S0
j
(ti)Ψ̂

T

S0
j
(ti)

)−1
∥∥∥∥∥∥

2

≤ 2ξ,

where ξ is introduced in Assumption 13.
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The next condition was first proposed in Loh and Wainwright (2012) as the deviation condition.

Specifically, (B.11) is a special case of Equation 3.1 in Loh and Wainwright (2012). Recall that the

true parameters θ∗j0 and θ∗jk are introduced in Assumption 11 of Chapter 3 and (B.10), respectively.

Condition 3. For j = 1, . . . , p, let ∆ ≡ maxj=1,...,p

∣∣∣
∣∣∣
∣∣∣X̂j −X∗j

∣∣∣
∣∣∣
∣∣∣. Assume that

∥∥∥∥∥
1

n

n∑

i=1

Ψ̂k(ti)Yij −
1

n

n∑

i=1

Ψ̂k(ti)Ψ̂
T

S0
j
(ti)θ

∗
jS0
j

∥∥∥∥∥
2

≤ η, k = 0, . . . , p (B.11)

where η = M1/2
{
sM−β2Q1/2B +BD‖θ∗S‖1∆ + nα/2−1/2

}
.

Note that the global constant Q in Condition 3 also appears in Assumption 26 in Section B.1.4.

Condition 4 places constraints on the quantities involved in the proof of Theorem 10. In the

proof of Theorem 4 in Chapter 3, we will show that Condition 4 holds with high probability.

Condition 4. The following inequalities hold:

2
√
s+ 1

Cmin

η + λn

√
8sCmax

Cmin

≤ 2

3
θmin,

2ξ
√
s+ 1 + 1

λn
η + 2ξ

√
s
√

2Cmax <
√
Cmin/2,

where θmin ≡ mink∈S0
j
‖θ∗jk‖2, and ξ, η, Cmin, and Cmax are introduced in Assumptions 12–14 of

Chapter 3.

We arrive at the following theorem.

Theorem 10. Suppose that Conditions 1–4 are met. Then the estimator θ̂j from (3.17a) has the

correct support, i.e. Ŝj = Sj for all j = 1, . . . , p.

Proof. We establish variable selection consistency using the primal-dual witness method (Wain-

wright, 2009). For simplicity, we drop the subscript j in what follows: for instance, we drop the

subscript j in Yij and θ̂j in (3.17a), and in the estimated neighbourhood Ŝj .

A vector θ̂ solves the optimization problem (3.17a) in Chapter 3 if it satisfies the Karush-Kuhn-

Tucker (KKT) condition, which is

1

n

n∑

i=1

Ψ̂k(ti)
{

Ψ̂T(ti)θ̂ − Yi
}

+ λnĝk = 0, k = 1, . . . , p, (B.12)



119

with

ĝk =

∑n
i=1 Ψ̂k(ti)Ψ̂

T
k(ti)θ̂k/n√

θ̂T
k

∑n
i=1 Ψ̂k(ti)Ψ̂T

k(ti)θ̂k/n
if θ̂k 6= 0,

ĝT

k

(
1

n

n∑

i=1

Ψ̂k(ti)Ψ̂
T

k(ti)

)−1

ĝk < 1 if θ̂k = 0.

(B.13)

The KKT condition for θ̂0 is

1

n

n∑

i=1

Ψ̂0(ti)
{

Ψ̂T(ti)θ̂ − Yi
}

= 0. (B.14)

Note that, in the previous equations, we drop the parameter C0 that appears in (3.17a) of Chapter 3

to avoid cumbersome bookkeeping.

We will construct an oracle estimator θ̂ and will verify that it satisfies the KKT conditions

(B.12), (B.13), and (B.14), which means that it solves the optimization problem (3.17a) in Chap-

ter 3.

We construct an oracle primal-dual pair (θ̂, ĝ) as follows:

1. Set θ̂k = 0 for k /∈ S0.

2. Let

θ̂S0 = arg min
θS0∈RsM+1

1

2n

n∑

i=1

{
Yi − θT

S0Ψ̂S0(ti)
}2

+ λn
∑

k∈S

[
1

n

n∑

i=1

{θT

jkΨ̂k(ti)}2

]1/2

. (B.15)

3. Define ĝS0 = (0, ĝT
S)T as in (B.13).

4. Solve ĝk from the sub-gradient condition (B.12) for k /∈ S0.

We will verify the support recovery consistency

max
k∈S
‖θ̂k − θ∗k‖2 ≤

2

3
θmin (B.16)

and strict dual feasibility

max
k/∈S0

ĝT

k

(
1

n

n∑

i=1

Ψ̂k(ti)Ψ̂
T

k(ti)

)−1

ĝk < 1. (B.17)
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(B.16) implies that the oracle estimator θ̂ recovers the support of θ∗ exactly, and (B.17) implies

that θ̂ solves (3.17a).

Further, if the optimal solution to (3.17a) is unique, then the oracle estimator is the unique

estimator. If the optimal solution is not unique, then from Theorem 2 in Roth and Fischer (2008),

the null set of any optimal solution should contain Sc, and thus any optimal solution satisfies the

construction of the oracle estimator. Therefore, the statement of Theorem 10 holds for any optimal

solution for (3.17a).

We now establish (B.16). The subgradient condition for the constrained problem (B.15) is

1

n

n∑

i=1

Ψ̂S0(ti)
{

Ψ̂T

S0(ti)θ̂S0 − Yi
}

+ λnĝS0 = 0. (B.18)

Adding and subtracting 1
n

∑n
i=1 Ψ̂S0(ti)Ψ̂

T

S0(ti)θ
∗
S0 , we get

1

n

n∑

i=1

{
Ψ̂S0(ti)Ψ̂

T

S0(ti)θ̂S0 − Ψ̂S0(ti)Ψ̂
T

S0(ti)θ
∗
S0

}
+

1

n

n∑

i=1

{
Ψ̂S0(ti)Ψ̂

T

S0(ti)θ
∗
S0 − Ψ̂S0(ti)Yi

}
+ λnĝS0 = 0.

Rearranging the terms and letting

RS0 ≡ 1

n

n∑

i=1

Ψ̂S0(ti)Ψ̂
T

S0(ti)θ
∗
S0 − 1

n

n∑

i=1

Ψ̂S0(ti)Yi, (B.19)

we get

θ̂S0 − θ∗S0 = −
(

1

n

n∑

i=1

Ψ̂S0(ti)Ψ̂
T

S0(ti)

)−1

(RS0 + λnĝS0) . (B.20)

By the definition of RS0 in (B.19), for each k ∈ S, we have that

Rk =
1

n

n∑

i=1

Ψ̂k(ti)Ψ̂
T

S0(ti)θ
∗
S0 − 1

n

n∑

i=1

Ψ̂k(ti)Yi, (B.21)

and R0 = 1
n

∑n
i=1 ti{Ψ̂T

S0(ti)θ
∗
S0 − Yi}. By Condition 3, we know that ‖Rk‖2 ≤ η for k ∈ S0.

Hence,

‖RS0‖2 ≤ η
√
s+ 1. (B.22)
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By Condition 1, we have that

Λmax





(
1

n

n∑

i=1

Ψ̂S0(ti)Ψ̂
T

S0(ti)

)−1


 ≤

2

Cmin

. (B.23)

From (B.13) and the fact that the largest eigenvalue of a submatrix is no greater than the largest

eigenvalue of the matrix,

1

2Cmax

‖ĝk‖2
2 ≤ ĝT

k

(
1

n

n∑

i=1

Ψ̂k(ti)Ψ̂
T

k(ti)

)−1

ĝk = 1, k ∈ S.

Furthermore, ĝ0 = 0 by construction. Hence,

‖ĝS0‖2 =
{
‖ĝ0‖2

2 + ‖ĝS‖2
2

}1/2 ≤
√

2sCmax. (B.24)

Therefore, combining (B.20), (B.22), (B.23), and (B.24), it follows that

max
k∈S
‖θ̂k − θ∗k‖2 ≤ ‖θ̂S0 − θ∗S0‖2 ≤

2η
√
s+ 1

Cmin

+ λn

√
8sCmax

Cmin

≤ 2

3
θmin,

where the last inequality follows from Condition 4.

Next, we verify strict feasibility (B.17). For k /∈ S0, from (B.12),

1

n

n∑

i=1

Ψ̂k(ti)
(
Ψ̂T

S0(ti)θ̂S0 − Yi
)

+ λnĝk = 0.

Adding and subtracting 1
n

∑n
i=1 Ψ̂k(ti)Ψ̂

T

S0(ti)θ
∗
S0 yields

1

n

n∑

i=1

{
Ψ̂k(ti)Ψ̂

T

S0(ti)θ̂S0 − Ψ̂k(ti)Ψ̂
T

S0(ti)θ
∗
S0

}
+

1

n

n∑

i=1

{
Ψ̂k(ti)Ψ̂

T

S0(ti)θ
∗
S0 − Ψ̂k(ti)Yi

}
+ λnĝk = 0.

Rearranging the terms and plugging in (B.20) and (B.21), we get

λnĝk =
1

n

n∑

i=1

Ψ̂k(ti)Ψ̂
T

S0(ti)

(
1

n

n∑

i=1

Ψ̂S0(ti)Ψ̂
T

S0(ti)

)−1

(RS0 + λnĝS0)−Rk.

By Condition 2, we know that

max
k/∈S0

∥∥∥∥∥∥

(
1

n

n∑

i=1

Ψ̂k(ti)Ψ̂
T

S0(ti)

)(
1

n

n∑

i=1

Ψ̂S0(ti)Ψ̂
T

S0(ti)

)−1
∥∥∥∥∥∥

2

≤ 2ξ.
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Recall from Condition 3 that ‖Rk‖2 ≤ η for 1 ≤ k ≤ p. Using (B.22) and (B.24), we have that

‖ĝk‖2 ≤
2ξ
√
s+ 1 + 1

λn
η + 2ξ

√
s
√

2Cmax, k /∈ S0.

By Condition 4, ‖ĝk‖2 <
√
Cmin/2, and thus, applying Condition 1,

ĝT

k

(
1

n

n∑

i=1

Ψ̂k(ti)Ψ̂
T

k(ti)

)−1

ĝk ≤
2‖ĝk‖2

2

Cmin

< 1, k /∈ S0.

Therefore, we have established (B.17).

B.1.4 Assumption 26 and technical lemmas

Theorem 10 characterizes the samples on which the GRADE estimator is able to reconstruct the

true network. We must now establish that with high probability, the observations satisfy Condi-

tions 1–4. In Section B.1.5, Lemmas 8–10, stated below, will be used to show that Conditions 1–4,

needed for Theorem 10, hold with high probability. Lemma 7 is used to prove Lemmas 8–10.

Lemmas 7 – 10 are proven in Appendix B.2.

First, we state the regularity condition on the bases ψ mentioned in Section 3.4 in Chapter 3.

Assumption 26. The basis functions are orthonormal, i.e.,
∫ 1

0
ψjk
(
X∗k(u)

)
ψT
jk

(
X∗k(u)

)
du = IM ,

where IM is an M ×M identity matrix. The basis functions are bounded and have bounded first

order derivative, i.e. |ψm(x)| ≤ B, |ψ′m(x)| ≤ D,m = 1, . . . ,M . Further, under Assumption 11

in Chapter 3, for any j, k,

∫ 1

0

δ2
jk(u)du =

∫ 1

0

{
f ∗jk(X

∗
k(u))− ψT(X∗k(u))θ∗jk

}2
du ≤ Q(M + 1)−2β2 , (B.25)

where θ∗jk is defined in (B.10) and Q is a global constant.

Remark 7. Assumption 26 holds, for instance, when ψ(·) is the set of trigonometric basis functions

(see, e.g., Section 1.7.3 in Tsybakov (2009)).

We next state the technical lemmas used in the proof of Theorem 4 in Chapter 3.
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Lemma 7. Suppose that Assumption 11 in Chapter 3 and Assumption 26 hold, and ψ(t) =

(ψ0(t), ψ1(t), . . . , ψM(t))T is of degree M . Then,
∣∣∣∣∣‖θ
∗
jk‖2 −

{∫ 1

0

[
f ∗jk(X

∗
k(u))

]2
du

}1/2
∣∣∣∣∣ ≤

√
QM−β2 . (B.26)

∣∣∣∣∣∣X∗j −ΨT

S0θ∗S0

∣∣∣∣∣∣ ≤ s
√
QM−2β2 , (B.27)

and
1

n

n∑

i=1

{X∗j (ti)−ΨT

S0(ti)θ
∗
S0}2 ≤ s2QM−2β2 + o

(
n−2
)
, (B.28)

where θ∗jk is defined in (B.10) and Q is a constant in Assumption 26.

Lemma 8. Suppose that Assumptions 11 and 12 in Chapter 3 and Assumption 26 hold. Let ∆ ≡
maxj=1,...,p

∣∣∣
∣∣∣
∣∣∣X̂j −X∗j

∣∣∣
∣∣∣
∣∣∣. The following bounds on the eigenvalues of

∑n
i=1 Ψ̂S0Ψ̂T

S0/n hold:

Λmin

(
1

n

n∑

i=1

Ψ̂S0(ti)Ψ̂
T

S0(ti)

)
≥ Cmin −

(
2BD∆ +

BD +B2

6n2

)
(Ms+ 1),

Λmax

(
1

n

n∑

i=1

Ψ̂S0(ti)Ψ̂
T

S0(ti)

)
≤ Cmax +

(
2BD∆ +

BD +B2

6n2

)
(Ms+ 1),

and Λmin

(
1

n

n∑

i=1

Ψ̂k(ti)Ψ̂
T

k(ti)

)
≥ Cmin −

(
2BD∆ +

BD +B2

6n2

)
M, k /∈ S0

j .

(B.29)

Lemma 9. Suppose that Assumptions 11 and 13 in Chapter 3 and Assumption 26 hold. Let

∆ ≡ maxj=1,...,p

∣∣∣
∣∣∣
∣∣∣X̂j −X∗j

∣∣∣
∣∣∣
∣∣∣. Then,

∥∥∥∥∥∥

(
1

n

n∑

i=1

Ψ̂k(ti)Ψ̂
T

S0(ti)

)(
1

n

n∑

i=1

Ψ̂S0(ti)Ψ̂
T

S0(ti)

)−1
∥∥∥∥∥∥

2

≤

ξ +
{
c1Ĉ

−2
minM(Ms+ 1)3∆2

}1/2

+
{
c2M(Ms+ 1)∆2

}1/2
+
{
c3M(Ms+ 1)3/6n2

}1/2
,

(B.30)

where Ĉmin ≡ Cmin −
(

2BD∆ + BD+B2

6n2

)
(Ms+ 1), and c1, c2, c3 are constants.

Lemma 10. Suppose Assumptions 9, 10, and 11 in Chapter 3 and Assumption 26 hold. Let ∆ ≡
maxj=1,...,p

∣∣∣
∣∣∣
∣∣∣X̂j −X∗j

∣∣∣
∣∣∣
∣∣∣. For each k = 0, . . . , p,
∥∥∥∥∥

1

n

n∑

i=1

Ψ̂k(ti)Yij −
1

n

n∑

i=1

Ψ̂k(ti)Ψ̂
T

S0(ti)θ
∗
S0

∥∥∥∥∥
2

≤ η, (B.31)
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where

η ≡M1/2
{
sM−β2Q1/2B +BD‖θ∗S‖1∆ + nα/2−1/2

}

with probability at least 1− 2M exp{−nα/(2B2σ2)}.

B.1.5 Proof of Theorem 4

Proof. Notice that Theorem 10 offers the desired result of Theorem 4 in Chapter 3. We now verify

that Conditions 1–4 hold with high probability given the assumptions for Theorem 4 of Chapter 3.

This completes the proof of Theorem 4 of Chapter 3.

First of all, Lemma 10 tells us that Condition 3 holds with probability at least 1−2pM exp−n
α/(2B2σ2).

This probability converges to unity as p and n grow, because M ∝ n
2

2β2+1
β1

2β1+1
(1−α)

= o(n) and

pn exp(−C4n
α/σ2) = o(1) as required in Theorem 4 of Chapter 3, whereC4 ≡ min{1/(2B2), 1/(2C2

3)}.
Thus, Condition 3 holds with high probability.

Next, we verify that Condition 4 holds with high probability. Given Assumptions 9–10 and

23–25, we know from Theorem 3 in Chapter 3 that

max
j

∣∣∣
∣∣∣
∣∣∣X̂j −X∗j

∣∣∣
∣∣∣
∣∣∣ ≡ ∆ = O

(
n

β1
2β1+1

(α−1)
)
, (B.32)

with probability at least 1 − 2p exp{−nα/(2C3σ
2)}. Recall that in Theorem 4 of Chapter 3 we

require that s = O(nγ) and M ∝ n
2

2β2+1
β1

2β1+1
(1−α). Furthermore, ‖θ∗k‖1 <

√
M‖θ∗k‖2, and ‖θ∗k‖2

is bounded by a constant due to the fact that f ∗jk is bounded and (B.26). Combining these with

(B.32), we know that the three terms of η in Condition 3 satisfy

sM−β2+1/2Q1/2B = O
(
n
− 2β2−1

2β2+1
β1

2β1+1
(1−α)+γ

)
,

M1/2BD‖θ∗S‖1∆ = O
(
n
− 2β2−1

2β2+1
β1

2β1+1
(1−α)+γ

)
,

and

M1/2nα/2−1/2 = O
(
n

( 1
2β2+1

β1
2β1+1

− 1
2

)(1−α)
)
.

These lead to
∥∥∥∥∥

1

n

n∑

i=1

Ψ̂k(ti)Yij −
1

n

n∑

i=1

Ψ̂k(ti)Ψ̂
T

S0(ti)θ
∗
S0

∥∥∥∥∥
2

≤ η = O
(
n−

2β2−1
2β2+1

β1
2β1+1 (1−α)+γ

)
(B.33)
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with probability at least 1− 2pM exp{−nα/(2B2σ2)} for all k = 0, . . . , p, from Lemma 10.

In Theorem 4 of Chapter 3, we require that λn ∝ n
− β1

2β1+1
2β2−1
2β2+1

(1−α)+2γ
. Given (B.33) and

s = O(nγ), we know that
√
sη = o(λn). Furthermore, define

H1(β1, β2, α) ≡ min

{
β1

2β1 + 1

2β2 − 1

4β2 + 2
(1− α),

2

3

β1

2β1 + 1

2β2 − 3

2β2 + 1
(1− α)

}
. (B.34)

Then,

− β1

2β1 + 1

2β2 − 1

2β2 + 1
(1− α) + 2γ ≤ −2H1(β1, β2, α) + 2γ.

Thus, λn = o(1) for γ < H1(β1, β2, α). Further notice that M−β2 ∝ n
− 2β2

2β2+1
β1

2β1+1
(1−α)

= o(1),

which implies that θmin ≥ 3fmin/4 for sufficiently large n from (B.26) in Lemma 7. As a result,

the two inequalities in Condition 4 become

o(λn) + λn

√
8sCmax

Cmin

≤ fmin

2
,

o(1) + 2ξ
√
s
√

2Cmax <
√
Cmin/2,

which hold for sufficiently large n under Assumption 14 of Chapter 3.

Note that the probability that (B.32) and (B.33) both hold is at least 1−2pM exp{−nα/(2B2σ2)}−
2p exp{−nα/(2C2

3σ
2)}. Letting C4 = min{1/(2B2), 1/(2C2

3)}, we know from Theorem 4 that

pn exp(−C4n
α/σ2) = o(1). Combining this with M ∝ n

2
2β2+1

β1
2β1+1

(1−α)
= o(n), we know that

1−2pM exp{−nα/(2B2σ2)}−2p exp{−nα/(2C2
3σ

2)} converges to 1 as p, s, and n grow. There-

fore, Condition 4 holds with high probability.

Finally, we establish that Conditions 1 and 2 hold with high probability. Note that the dominant

terms not involving Cmin, Cmax or ξ in the bounds in (B.29) in Lemma 8 and (B.30) in Lemma 9

involve sM∆ and s3/2M2∆, respectively. Given (B.32), one can check that

sM∆ ∝ n
β1

2β1+1
2β2−1
2β2+1

(1−α)+γ
= o(1), and (B.35)

s3/2M2∆ ∝ n
β1

2β1+1
2β2−3
2β2+1

(1−α)+ 3
2
γ

= o(1), (B.36)

where we have used the fact that β2 ≥ 3 in Assumption 11 in Chapter 3 as well as the fact that

γ < H1(β1, β2, α) from the statement of Theorem 4 in Chapter 3. Since (B.32) and (B.33) hold
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with high probability, combining the inequalities in Lemmas 8 and 9 with (B.35) and (B.36), we see

that Conditions 1 and 2 hold with high probability given Assumptions 11, 12 and 13 in Chapter 3.

In summary, we have shown that Conditions 1–4 hold with high probability. Applying Theo-

rem 10 establishes that the GRADE estimator Ŝj in (3.17) in Chapter 3 recovers the true support

S∗j .

B.1.6 Proof of Proposition 4

In Proposition 4, the choice of bandwidth hn is different from that in Theorems 3 and 4 of Chap-

ter 3. In order to prove Proposition 4 of Chapter 3, we establish the following concentration

inequality for
∣∣∣
∣∣∣
∣∣∣X̂j −X∗j

∣∣∣
∣∣∣
∣∣∣, where the bandwidth is chosen as specified in Proposition 4 of Chap-

ter 3.

Proposition 5. Suppose that Assumptions 9–10 in Chapter 3 and 23–25 hold. Let X̂j be the local

polynomial regression estimator of order ` = bβ1c with bandwidth

hn ∝ n−1/(2β1+1).

There exists a constant C2 <∞ such that for each j = 1, . . . , p,

∣∣∣
∣∣∣
∣∣∣X̂j −X∗j

∣∣∣
∣∣∣
∣∣∣
2

≤ C2n
α− 2β1

2β1+1

holds with probability at least 1− 2 exp{−nα/(2σ2C2
3)}.

The proof of Proposition 5 is similar to that for Theorem 3 in Chapter 3 by plugging in hn ∝
n−1/(2β1+1) in (B.9).

Given Proposition 5, the proof of Proposition 4 in Chapter 3 follows from a similar argument

as in the proof of Theorem 4 in Chapter 3, and is thus omitted here. The constant H2(β1, β2, α) is

defined as

H2(β1, β2, α) ≡ min

{
β1

2β1 + 1

2β2 − 1

2β2 + 1
− α, 1

3

β1

2β1 + 1

2β2 − 3

2β2 + 1
− α

}
.



127

B.2 Proofs of Technical Lemmas

B.2.1 Proof of Lemma 7

In this section, in the interest of clarity, we bring back the subscript j in θ∗j , θ
∗
jk, θ

∗
jS0 and f ∗jk.

Proof. Recall that in Assumption 26, (B.25) says that
∫ 1

0

δ2
jk(u)du =

∫ 1

0

{
f ∗jk(X

∗
k(u))− ψT(X∗k(u))θ∗jk

}2
du ≤ Q(M + 1)−2β2 .

It follows from the triangle inequality that
∣∣∣∣∣

{∫ 1

0

[
ψT(X∗k(u))θ∗jk

]2
du

}1/2

−
{∫ 1

0

[
f ∗jk(X

∗
k(u))

]2
du

}1/2
∣∣∣∣∣ ≤

√
QM−β2 .

The orthogonality of ψ in Assumption 26 then leads to (B.26), i.e.,
∣∣∣∣∣‖θ
∗
jk‖2 −

{∫ 1

0

[
f ∗jk(X

∗
k(u))

]2
du

}1/2
∣∣∣∣∣ ≤

√
QM−β2 .

From (B.25), we can also see that
∣∣∣∣
∫ t

0

δjk(u) du

∣∣∣∣ ≤
{∫ t

0

δ2
jk(u) du

}1/2{∫ t

0

12 du

}1/2

≤
{∫ 1

0

δ2
jk(u) du

}1/2

≤
√
Q(M + 1)−2β2 ≤

√
QM−2β2 ,

where we use the fact that t ∈ [0, 1].

Recall from (3.15) in Chapter 3 and (B.10) that

X∗j (t) = θ∗j0t+

p∑

k=1

ΨT

k(t)θ∗jk +

p∑

k=1

∫ t

0

δjk(u) du,

where we let X∗j (0) = 0 for ease of discussion. We know that both θ∗jk and δjk are zero for k /∈ S.

Thus, the errors that result from the use of truncated bases are bounded by

∣∣∣
∣∣∣
∣∣∣X∗j −ΨT

S0
j
θ∗jS0

j

∣∣∣
∣∣∣
∣∣∣ =

∣∣∣∣∣∣

∣∣∣∣∣∣

∣∣∣∣∣∣
X∗j − θ∗j0t−

∑

k∈Sj

ΨT

kθ
∗
jk

∣∣∣∣∣∣

∣∣∣∣∣∣

∣∣∣∣∣∣
=



∫ 1

0




∑

k∈Sj

∫ t

0

δjk(u)du





2

dt




1
2

≤
[∫ 1

0

{
s
√
QM−2β2

}2

dt

] 1
2

≤ s
√
QM−2β2 .
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The error bound in (B.27) is on the whole trajectories, whereas we only observe discrete mea-

surements of the trajectories in reality. The bound in (B.28) addresses this case and is proved

below.

1

n

n∑

i=1

{X∗j (ti)−ΨT

S0
j
(ti)θ

∗
jS0
j
}2 =

1

n

n∑

i=1




∑

k∈Sj

∫ ti

0

δjk(u)du





2

≤
∫ 1

0




∑

k∈Sj

∫ t

0

δjk(u)du





2

dt+ o

(
1

n2

)

≤ s2QM−2β2 + o
(
n−2
)
,

where the last inequality follows from (B.27) and the second to last inequality follows from the

trapezoidal rule on a uniform grid.

B.2.2 Proof of Lemma 8

We first review some known results on matrix norms and eigenvalues. For an m× n matrix A,

‖A‖2 = sup
x∈Rn

‖Ax‖2

‖x‖2

= sup
‖x‖2=1





m∑

i=1

(
n∑

j=1

aijxj

)2




1
2

≤
(

m∑

i=1

n∑

j=1

a2
ij

) 1
2

≡ ‖A‖F , (B.37)

where ‖ · ‖F is the Frobenius norm. We remind the reader that for a symmetric matrix A that is not

positive semi-definite, Λmax(A) ≤ ‖A‖2. The following two inequalities are useful in the proofs.

Let A and Â be two n× n symmetric matrices.

1. Weyl’s inequality (Weyl, 1912) states that

Λmin(A)− Λmax(Â− A) ≤ Λmin(Â), and Λmax(Â) ≤ Λmax(A) + Λmax(Â− A),

which leads to

Λmin(A)− ‖Â−A‖2 ≤ Λmin(Â), and Λmax(Â) ≤ Λmax(A) + ‖Â−A‖2. (B.38)
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2. The Gershgorin circle theorem (Gershgorin, 1931) states that

‖Â− A‖2 ≤ max
i

n∑

j=1

|(Â− A)ij| ≤ n‖Â− A‖∞, (B.39)

where the norm ‖ · ‖∞ is defined as ‖A‖∞ = maxi,j |Aij|.

We are now ready to prove Lemma 8.

Proof. Let A ≡
∫ 1

0
ΨS0(t)ΨT

S0(t) dt, An ≡ 1
n

∑n
i=1 ΨS0(ti)Ψ

T
S0(ti), Ân ≡ 1

n

∑n
i=1 Ψ̂S0(ti)Ψ̂

T
S0(ti),

which are (Ms+ 1)× (Ms+ 1) matrices. Then,

Λmin(Ân) ≥Λmin(A)− ‖Ân − A‖2

≥Λmin(A)− ‖An − A‖2 − ‖Ân − An‖2,
(B.40)

where the first inequality follows from (B.38) and the second follows from the triangle inequality.

Furthermore,

‖Ân −An‖2 ≤(Ms+ 1)‖Ân −An‖∞

≤(Ms+ 1)

∥∥∥∥∥
1

n

n∑

i=1

{
Ψ̂S0(ti)Ψ̂

T

S0(ti)−ΨS0(ti)Ψ
T

S0(ti)
}∥∥∥∥∥
∞

≤Ms+ 1

n

∥∥∥∥∥
n∑

i=1

Ψ̂S0(ti)
{

Ψ̂T

S0(ti)−ΨT

S0(ti)
}∥∥∥∥∥
∞

+

Ms+ 1

n

∥∥∥∥∥
n∑

i=1

ΨS0(ti)
{

Ψ̂T

S0(ti)−ΨT

S0(ti)
}∥∥∥∥∥
∞

≤Ms+ 1

n

∥∥∥∥∥
n∑

i=1

Ψ̂S0(ti)D∆

∥∥∥∥∥
∞

+
Ms+ 1

n

∥∥∥∥∥
n∑

i=1

ΨS0(ti)D∆

∥∥∥∥∥
∞

≤2Ms+ 2

n
‖nBD∆‖∞ = 2(Ms+ 1)BD∆,

(B.41)

where the first inequality follows from (B.39), the last inequality follows from the bounds in As-

sumption 26, and the second to last inequality follows from the following inequality: for k ∈ S0
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and m = 1, . . . ,M ,

|Ψ̂km(ti)−Ψkm(ti)| =
∣∣∣∣
∫ ti

0
ψm(X̂k(u)) du−

∫ ti

0
ψm(X∗k(u)) du

∣∣∣∣

=

∣∣∣∣
∫ ti

0
{ψm(X̂k(u))− ψm(X∗k(u))} du

∣∣∣∣

≤
∣∣∣∣
∫ ti

0
|D{X̂k(u)−X∗k(u)}| du

∣∣∣∣

≤
{∫ ti

0
D2 du

}1/2{∫ ti

0
(X̂k(u)−X∗k(u))2 du

}1/2

≤ D
∣∣∣
∣∣∣
∣∣∣X̂k −X∗k

∣∣∣
∣∣∣
∣∣∣ ≤ D∆.

(B.42)

Here the first inequality follows from the mean-value theorem and the bounds in Assumption 26.

Now, from (B.39),

‖An − A‖2 ≤ (Ms+ 1)‖An − A‖∞ ≤ (Ms+ 1)
BD +B2

6n2
, (B.43)

where for each element of the matrix An − A = 1
n

∑n
i=1 ΨS0(ti)Ψ

T

S0(ti)−
∫ 1

0
ΨS0(t)ΨT

S0(t) dt,

∣∣∣∣∣
1

n

n∑

i=1

Ψkm1(ti)Ψlm2(ti)−
∫ 1

0

Ψkm1(t)Ψlm2(t) dt

∣∣∣∣∣

≤

∣∣∣{Ψkm1(u)Ψlm2(u)}′′
∣∣∣

12n2
≤
∣∣2Ψ′km1

(u)Ψ′lm2
(u) + Ψ

′′

km1
(u)Ψlm2(u) + Ψ′km1

(u)Ψ
′′

lm2
(u)
∣∣

12n2

≤2B2 +BD +BD

12n2
=
BD +B2

6n2
,

where derivatives are taken with respect to t. By the trapezoid rule on a uniform grid, the first

inequality holds for some u ∈ [0, 1]. The second inequality makes use of the bounds in Assump-

tion 26, which imply that

|Ψ′km(t)| =
∣∣∣∣∣

(∫ t

0

ψkm(s) ds

)′∣∣∣∣∣ = |ψkm(t)| ≤ B

and

|Ψ′′km(t)| =
∣∣∣∣∣

(∫ t

0

ψkm(s) ds

)′′∣∣∣∣∣ = |ψ′km(t)| ≤ D.
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In summary, combining (B.40), (B.41), and (B.43),

Λmin(Ân) ≥Λmin(A)−
(

2BD∆ +
BD +B2

6n2

)
(Ms+ 1)

≥Cmin −
(

2BD∆ +
BD +B2

6n2

)
(Ms+ 1).

The upper bound for Λmax(Ân) and the lower bound for Λmin

(
1
n

∑n
i=1 Ψ̂k(ti)Ψ̂

T
k(ti)

)
can be

established in a similar manner.

B.2.3 Proof of Lemma 9

Proof. Define A, An, and Ân as in the proof for Lemma 8. We let F =
∫ 1

0
ΨkΨ

T

S0 dt, Fn =
∑n

i=1 Ψk(ti)Ψ
T

S0(ti)/n, and F̂n =
∑n

i=1 Ψ̂k(ti)Ψ̂
T

S0(ti)/n. F, Fn, and F̂n are M × (Ms + 1)

matrices. We let Ĉmin denote the lower bound of Λmin(Ân) established in Lemma 8, i.e.,

Ĉmin ≡ Cmin −
(

2BD∆ +
BD +B2

6n2

)
(Ms+ 1).

To prove the result, we need to bound ‖F̂nÂ−1
n ‖2. Note that

‖F̂nÂ−1
n ‖2 ≤ ‖F̂nÂ−1

n − F̂nA−1
n + F̂nA

−1
n − FnA−1

n + FnA
−1
n ‖2

≤ ‖F̂n(Â−1
n − A−1

n )‖2 + ‖(F̂n − Fn)A−1
n ‖2 + ‖FnA−1

n ‖2

≡‖I‖2 + ‖II‖2 + ‖III‖2.

Using sub-multiplicity of the `2-norm of matrices,

‖I‖2
2 ≤ ‖F̂n‖2

2‖Â−1
n − A−1

n ‖2
2.

Applying (B.37) to F̂n, we get

‖I‖2
2 ≤M(Ms+ 1)

(
max
i,j

F̂ 2
n,ij

)
‖Â−1

n − A−1
n ‖2

2.

Recalling that F̂n =
∑n

i=1 Ψ̂k(ti)Ψ̂
T

S0(ti)/n and that |Ψ̂km(ti)| ≤ B,

‖I‖2
2 ≤M(Ms+ 1)(

n∑

i=1

B2/n)2‖Â−1
n − A−1

n ‖2
2.
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Note that Â−1
n − A−1

n = Â−1
n (An − Ân)A−1

n . Thus,

‖I‖2
2 ≤M(Ms+ 1)B4‖Â−1

n ‖2
2‖Ân − An‖2

2‖A−1
n ‖2

2

≤M(Ms+ 1)B4Ĉ−2
min‖Ân − An‖2

2C
−2
min

≤M(Ms+ 1)B4{2(Ms+ 1)DB∆}2Ĉ−2
minC

−2
min,

≡c1Ĉ
−2
minM(Ms+ 1)3∆2,

where the last two inequalities follow from the proof of Lemma 8.

Next, note that

‖II‖2
2 =‖(F̂n − Fn)A−1

n ‖2
2

≤C−2
min

∥∥∥∥∥
1

n

n∑

i=1

Ψ̂k(ti)Ψ̂
T

S0(ti)−
1

n

n∑

i=1

Ψk(ti)Ψ
T

S0(ti)

∥∥∥∥∥

2

2

≤C−2
min

∥∥∥∥∥
1

n

n∑

i=1

Ψ̂k(ti)
{

Ψ̂T

S0(ti)−ΨT

S0(ti)
}∥∥∥∥∥

2

2

+

C−2
min

∥∥∥∥∥
1

n

n∑

i=1

{
Ψ̂k(ti)−Ψk(ti)

}
ΨT

S0(ti)

∥∥∥∥∥

2

2

≤2C−2
minB

2D2∆2M(Ms+ 1)

≡c2M(Ms+ 1)∆2,

where the first inequality follows from sub-multiplicity of norms of matrices, and the last from

(B.37), (B.42), and the bounds in Assumption 26.
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Finally,

‖III‖2 =‖FnA−1
n ‖2 = ‖Fn(A−1

n − A−1) + (Fn − F )A−1 + FA−1‖2

≤ξ + ‖Fn‖2‖A−1
n − A−1‖2 + ‖(Fn − F )A−1‖2

≤ξ +
{
M(Ms+ 1)B4‖A−1

n − A−1‖2
2

}1/2
+ {‖Fn − F‖2

2C
−2
min}1/2

≤ξ +
{
M(Ms+ 1)B4‖A−1

n ‖2
2‖An − A‖2

2‖A−1‖2
2

}1/2
+ {‖Fn − F‖2

2C
−2
min}1/2

≤ξ +
{
M(Ms+ 1)B4Ĉ−2

minC
−2
min‖An − A‖2

2

}1/2

+ {‖Fn − F‖2
2C
−2
min}1/2

≤ξ +

{
M(Ms+ 1)B4Ĉ−2

minC
−2
min(Ms+ 1)2BD +B2

6n2

}1/2

+

{
M(Ms+ 1)C−2

min

BD +B2

6n2

}1/2

≤ξ +
{
c3M(Ms+ 1)3/6n2

}1/2
,

where the first inequality follows from Assumption 13 in Chapter 3 and the second to last inequality

follows from (B.43).

In summary,

∥∥∥∥∥∥
1

n

n∑

i=1

Ψ̂k(ti)Ψ̂
T

S0(ti)

(
1

n

n∑

i=1

Ψ̂S0(ti)Ψ̂
T

S0(ti)

)−1
∥∥∥∥∥∥

2

≤

ξ +
{
c1M(Ms+ 1)3∆2

}1/2
+
{
c2M(Ms+ 1)∆2

}1/2
+
{
c3M(Ms+ 1)3/6n2

}1/2
.

where c1, c2, c3 are constants.
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B.2.4 Proof of Lemma 10

Proof. For k = 1, . . . , p,
∥∥∥∥∥

1

n

n∑

i=1

Ψ̂k(ti)Yij −
1

n

n∑

i=1

Ψ̂k(ti)Ψ̂
T

S0(ti)θ
∗
S0

∥∥∥∥∥
2

=
1

n

∥∥∥∥∥
n∑

i=1

Ψ̂k(ti)X
∗
j (ti) +

n∑

i=1

Ψ̂k(ti)εji −
n∑

i=1

Ψ̂k(ti)Ψ
T

S0(ti)θ
∗
S0+

n∑

i=1

Ψ̂k(ti)Ψ
T

S0(ti)θ
∗
S0 −

n∑

i=1

Ψ̂k(ti)Ψ̂
T

S0(ti)θ
∗
S0

∥∥∥∥∥
2

≤
∥∥∥∥∥

1

n

n∑

i=1

Ψ̂k(ti){X∗j (ti)−ΨT

S0(ti)θ
∗
S0}
∥∥∥∥∥

2

+

∥∥∥∥∥
1

n

n∑

i=1

Ψ̂k(ti){ΨT

S0(ti)− Ψ̂T

S0(ti)}θ∗S0

∥∥∥∥∥
2

+

∥∥∥∥∥
1

n

n∑

i=1

Ψ̂k(ti)εji

∥∥∥∥∥
2

≡‖I‖2 + ‖II‖2 + ‖III‖2.

First, applying the Cauchy-Schwarz inequality to ‖I‖2
2,

‖I‖2
2 ≤

M∑

m=1

[
1

n2

n∑

i=1

Ψ̂2
km(ti)

n∑

i=1

{
X∗j (ti)−ΨT

S0(ti)θ
∗
S0

}2

]
.

From the bounds in Assumption 26 and (B.28) ,

‖I‖2
2 ≤M

{
1

n2

(
nB2

) (
s2nQM−2β2

)}
= s2M−2β2+1QB2.

Next, note that Ψ̂0(ti)−Ψ0(ti) = ti−ti = 0, we have
{

ΨT

S0(ti)− Ψ̂T

S0(ti)
}
θ∗S0 =

{
ΨS(ti)− Ψ̂S(ti)

}T

θ∗S .

Thus applying the Cauchy-Schwarz inequality to ‖II‖2
2,

‖II‖2
2 ≤

M∑

m=1

(
1

n2

n∑

i=1

Ψ̂2
km(ti)

n∑

i=1

[{
ΨS(ti)− Ψ̂S(ti)

}T

θ∗S

]2
)
.

Applying the norm inequality aTb ≤ ‖a‖∞‖b‖1 to
{

ΨS(ti)− Ψ̂S(ti)
}T

θ∗S and using the inequality

(B.42) as well as the bounds in Assumption 26, we get

‖II‖2
2 ≤M

{
1

n2
nB2

n∑

i=1

‖θ∗S‖2
1D

2∆2

}
≤MB2D2‖θ∗S‖2

1∆2.
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Finally, III = 1
n

∑n
i=1 Ψ̂k(ti)εji is an M -vector. For each m = 1, . . . ,M , we let g(εj/σ) =

∑n
i=1 Ψ̂km(ti)εji/n. Then, for a, b ∈ Rp,

|g(a)− g(b)| =
∣∣∣∣∣σ

n∑

i=1

Ψ̂km(ti)(ai − bi)/n
∣∣∣∣∣

≤σ
n

{
n∑

i=1

Ψ̂2
km(ti)

}0.5

‖a− b‖2 ≤
σ

n

√
nB2‖a− b‖2.

This shows that g(·) is an L3-Lipshitz function with L3 = σB/
√
n. Note that Eg(εj/σ) = 0. Thus,

by Theorem 5.6 in Boucheron et al. (2013) presented in Section B.1.2, we have

Pr(|g(εj/σ)| ≥ v) ≤ 2 exp{−v2n/(2B2σ2)}.

Letting v = nα/2−0.5, ‖III‖2
2 ≤ nα−1M holds with probability at least 1−2M exp{−nα/(2B2σ2)}.

Combining all of the pieces, we find that

‖I‖2 + ‖II‖2 + ‖III‖3 ≤ η ≡M1/2
{
sM−β1Q1/2B +BD‖θ∗S‖1∆ + n

α
2
− 1

2

}

with probability at least 1− 2M exp{−nα/(2B2σ2)}.
For k = 0,

∥∥∥∥∥
1

n

n∑

i=1

Ψ̂0(ti)
{
Yij − Ψ̂T

S0(ti)θ
∗
S0

}∥∥∥∥∥
2

=

∥∥∥∥∥
1

n

n∑

i=1

ti

{
Yij − Ψ̂T

S0(ti)θ
∗
S0

}∥∥∥∥∥
2

≤
∥∥∥∥∥

1

n

n∑

i=1

ti{X∗j (ti)−ΨT

S0(ti)θ
∗
S0}
∥∥∥∥∥

2

+

∥∥∥∥∥
1

n

n∑

i=1

ti{ΨT

S0(ti)− Ψ̂T

S0(ti)}θ∗S0

∥∥∥∥∥
2

+

∥∥∥∥∥
1

n

n∑

i=1

tiεji

∥∥∥∥∥
2

.

Recall that t ∈ [0, 1] and, without loss of generality, let B ≥ 1. Thus, we can see from the same

argument that
∥∥∥ 1
n

∑n
i=1 ti

{
Yij − Ψ̂T

S0(ti)θ
∗
S0

}∥∥∥
2
≤ η holds with the same probability.

B.3 Details About Data Generation

In this section, we provide details about the parameters used for generating data in Section 3.5.1 of

Chapter 3 (see Equation 3.26). Three pairs of variables, (X1, X2), (X3, X4), (X5, X6), are solutions

of (3.26) in Chapter 3 with the following parameters and initial values:
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Figure B.1: The curves X1, . . . , X6 on [0, 20] described in Section 3.5.1 of Chapter 3 and Sec-

tion B.3 of the supplementary material.

1. (X1, X2) are generated according to (3.26) from Chapter 3 with θ1,0 = 0, θ1,1 = (1.2, 0.3,−0.6)T,

θ1,2 = (0.1, 0.2, 0.2)T, θ2,0 = 0.4, θ2,1 = (−2, 0, 0.4)T, θ2,2 = (0.5, 0.2,−0.3)T, and initial

values X1(0) = −2, X2(0) = 2.

2. (X3, X4) are generated according to (3.26) from Chapter 3 with θ3,0 = −0.2, θ3,3 = (0, 0, 0)T, θ3,4 =

(−0.3, 0.4, 0.1)T, θ4,0 = −0.2, θ4,3 = (0.2,−0.1,−0.2)T, θ4,4 = (0, 0, 0)T, and initial values

X3(0) = 2, X4(0) = −2.

3. (X5, X6) are generated according to (3.26) from Chapter 3 with θ5,0 = 0.05, θ5,5 = (0, 0, 0)T,

θ5,6 = (0.1, 0,−0.8)T, θ6,0 = −0.05, θ6,5 = (0, 0, 0.5)T, θ6,6 = (0, 0, 0)T, and initial values

X5(0) = −1.5, X6(0) = 1.5.

Solution trajectories of X1, . . . , X6 are shown in Figure B.1. For X7, . . . , X10, we drew the initial

values Xj(0), j = 7, . . . , 10, and the θj,0, j = 7, . . . , 10, from a normal distribution. All other

parameters were set to zero, so that X7, . . . , X10 represent “noise” variables. The directed graph

of X1, . . . , X10 is showing in Figure B.2.
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Figure B.2: The network of {X1, . . . , X10}. A directed edge j → k indicates that the jth node

regulates the kth node.
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Appendix C

APPENDIX FOR CHAPTER 4

C.1 Algorithm

C.1.1 Overview

Recall that in Chapter 4, the loss function (4.12) takes the form

− 1

T

∫ T

0

[
µj +

p∑

k=1

Ψk(t) · βj,k
]
dNj(t) +

1

2T

∫ T

0

[
µj +

p∑

k=1

Ψk(t) · βj,k
]2

dt

+ ηj

p∑

k=1

∥∥Ψk(t) · βj,k
∥∥

2,[0,T ]
,

where Ψk(t) ≡
(
ψ ∗ dNk

)
(t) for k = 1, . . . , p. Recall also that

1

T

∫ T

0

[
µj +

p∑

k=1

Ψk(t) · βj,k
]
dNj(t) =

1

T

nj∑

i=1

[
µj +

p∑

k=1

Ψk(tj,i) · βj,k
]
,

where nj ≡ Nj(T ) is the number of evens of Nj in [0, T ]. This loosely resembles the loss func-

tion for linear regression with a standardized group lasso penalty (see e.g., Simon and Tibshirani

(2012)), in which dNj(t) is the response, and
(

Ψ1(t) . . . ΨK(t)
)

is the design matrix. However,

in order to minimize (4.12) using standard software for solving the standardized group lasso, such

as in grpreg (Breheny and Huang, 2015), grplasso (Meier et al., 2008), or gglasso (Yang

and Zou, 2015), we need the response and the design matrix to be defined at discrete time points

rather than in continuous time. There are two obvious options for how we might do this.

1. We could discretize the response dNj(t) and the design matrix
(

Ψ1(t) . . . ΨK(t)
)

on an

evenly-spaced grid. We would need to use a very fine grid, in order to ensure that there is no

loss of information in discretizing the response. However, using such a fine grid would be

computationally burdensome.
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2. We could discretize dNj(t) and
(

Ψ1(t) . . . ΨK(t)
)

on a grid that is based on the observed

event times. In this case, the grid would be irregular and stochastic, which might cause

trouble assessing the precision in estimation of the design matrix.

To avoid the need to discretize the integrals in (4.12), we directly solve (4.12) using a block coor-

dinate descent algorithm detailed in the following two sections.

C.1.2 Change of Variables

Although we can choose ψ(t) =
(
ψ1(t) . . . ψM(t)

)T
to be an orthogonal set of basis functions,

the design matrix Ψk(t) ≡
(
ψ ∗ dNk

)
(t) in (4.12) is not necessarily orthogonal. Therefore, we

define the symmetric matrix square root

Uk ≡
(
T−1

∫ T

0

Ψk(t)Ψ
T

k(t)dt

)1/2

,

and let θj,k = Ukβj,k and thus βj,k = U−1
k θj,k. We can then rewrite (4.12) as

arg min
µj∈R,θj,k∈RM

− 1

T

∫ T

0

[
µj +

p∑

k=1

ΨT

k(t)U−1
k θj,k

]
dNj(t) +

1

2T

∫ T

0

[
µj +

p∑

k=1

ΨT

k(t)U−1
k θj,k

]2

dt

+ ηj

p∑

k=1

∥∥θj,k
∥∥

2
,

(C.1)

where we have used the fact that
∥∥Ψk · βj,k

∥∥2

2,[0,T ]
=βT

j,k

[
1

T

∫ T

0

Ψk(t)Ψ
T

k(t) dt

]
βj,k

=θT

j,kU
−1
k

[
1

T

∫ T

0

Ψk(t)Ψ
T

k(t) dt

]
U−1
k θj,k =

∥∥θj,k
∥∥2

2
.

Suppose that {µ̂j , θ̂j,k, k = 1, . . . , p} is the solution to (C.1). It then follows that {µ̂j, β̂j,k =

U−1
k θ̂j,k, k = 1, . . . , p} is a solution to (4.12).

C.1.3 Block Coordinate Descent Algorithm

We now derive a coordinate descent algorithm to solve (C.1). In the algorithm, we will update one

parameter at a time while keeping the rest fixed.
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To begin, consider updating µj while keeping θj,1, . . . , θj,p fixed. After removing terms that do

not involve µj , (C.1) can be written as

arg min
µj∈R

− nj
T
µj +

1

2
µ2
j +

1

T
µj

p∑

l=1

[∫ T

0

Ψl(t) dt

]T

U−1
l θj,l.

The solution to this problem is

µnew
j =

1

T
nj −

1

T

p∑

l=1

[∫ T

0

Ψl(t) dt

]T

U−1
l θj,l. (C.2)

Consider an update for θj,k while keeping µj, θj,l, l 6= k fixed. After removing terms that do not

involve θj,k, (C.1) can be written as

arg min
θj,k∈RM

1

T
θT

j,kU
−1
k

{
µj

∫ T

0

Ψk(t) dt+
∑

l 6=k

[∫ T

0

Ψk(t)Ψ
T

l (t)dt

]
U−1
l θj,l −

nj∑

i=1

Ψk(tj,i)

}

+
1

2

∥∥θj,k
∥∥2

2
+ ηj

∥∥θj,k
∥∥

2
.

The solution to this problem is

θnew
j,k =




rk
(
‖rk‖2 − ηj

)
/‖rk‖2 if ‖rk‖2 ≥ ηj

0 if ‖rk‖2 < ηj

,

where

rk =
1

T
U−1
k

{
nj∑

i=1

Ψk(tj,i)− µj
∫ T

0

Ψk(t) dt−
∑

l 6=k

[∫ T

0

Ψk(t)Ψ
T

l (t)dt

]
U−1
l θj,l

}
. (C.3)

The algorithm for solving (C.1) is provided in Algorithm 1. In other to carry out Algorithm 1,

we need to compute the integrals in (C.2) and (C.3). These integrals can be pre-computed before

beginning the algorithm, using any numerical integration methods that reach a desired precision.

In our numerical experiments, we compute the integrals by summing over an evenly-spaced grid

in which the distance between two adjacent points is 0.01.

C.2 Proofs of Results in Section 4.3

In this section, we present the derivations behind Remark 6 in Chapter 4, and prove Theorems 5 and 6

in Chapter 4.
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Algorithm 1 Coordinate descent algorithm for solving (4.12) in Chapter 4
Input: the point processN (·), ηj ∈ R+, τ ∈ R+

Initialization: θnew
j,k = 0 ∈ RM , k = 1, . . . , p, µnew

j ∈ R, δ = 10

while δ < τ do

µold
j ← µnew

j , θold
j,k ← θnew

j,k , k = 1, . . . , p

µnew
j ← nj/T − 1

T

∑p
l=1

(∫ T
0

Ψl(t)dt
)T

U−1
l θnew

j,l

For k = 1, . . . , p, do

rk ← T−1U−1
k

{
nj∑

i=1

Ψk(tj,i)− µnew
j

∫ T

0

Ψk(t) dt−
∑

l 6=k

[∫ T

0

Ψk(t)Ψ
T

l (t)dt

]
U−1
l θnew

j,l

}

θnew
j,k ←




rk
(
‖rk‖2 − ηj

)
/‖rk‖2 ‖rk‖2 ≥ ηj

0 ‖rk‖2 < ηj

δ ←
[
(µnew

j − µold
j )2 +

∑p
k=1 ‖θnew

j,k − θold
j,k‖2

2

]
/
[(
µnew
j

)2
+
∑p

k=1 ‖θnew
j,k ‖2

2 + 1
]

Output: µ̂j = µnew
j , β̂j,k = U−1

k θnew
j,k for k = 1, . . . , p

The derivation of Equation 4.16 in Remark 6 is provided in Appendix C.2.1. It follows from a

careful examination of Stieljies integrals and Dirac delta functions.

The proofs of Theorems 5 and 6 are shown in Appendices C.2.2–C.2.4. The proofs for the

oracle inequality and variable selection consistency in high-dimensional regression have become

quite standard following Wainwright (2009) and van de Geer and Bhlmann (2009). We here pro-

vide a brief sketch of the proof, with details to follow in the corresponding sections. First, we will

establish that required conditions on the observed event times hold with high probability under the

population assumptions in Section 4.3 in Chapter 4 (Appendix C.2.2). Then, we show that The-

orem 5 holds with high probability given the compatibility condition (Assumption 17) and other

regularity assumptions (Appendix C.2.3). Finally, with the additional irrepresentability (Assump-
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tion 20) and Beta-min (Assumption 21) conditions, we can show that, with high probability, the

penalized regression recovers the true graph as claimed in Theorem 6 (Appendix C.2.4).

C.2.1 Derivation of Remark 6

The first-order condition of (4.12) (without penalty) with respect to βj,k (j 6= k) takes the form

− 1

T

∫ T

0

Ψk(t)dNj(t)

︸ ︷︷ ︸
I

+
1

T

∫ T

0

µjΨk(t)dt

︸ ︷︷ ︸
II

+
1

T

∫ T

0

[
p∑

l=1

Ψl(t) · βj,l
]

Ψk(t)dt

︸ ︷︷ ︸
III

= 0, (C.4)

where Ψl(t) = (ψ ∗ dNl)(t) =
∫∞

0
ψ(∆)dNl(t−∆).

We then have the following set of equations for the three terms in (C.4).

I =− 1

T

∫ T

0

∫ ∞

0

ψ(∆)dNk(t−∆)dNj(t) = − 1

T

∑

i

∫ ∞

0

ψ(∆)dNk(tji −∆)

=− 1

T

∑

i

∫ ∞

0

ψ(∆)
∑

i′

δ(tki′ − tji + ∆)d∆ = −
∫ ∞

0

ψ(∆)

[
1

T

∑

i

∑

i′

δ(tki′ − tji + ∆)

]
d∆

=−
∫ ∞

0

ψ(∆)
[
Ṽjk(∆) + Λ̃kΛ̃j

]
d∆

=−
∫ ∞

0

ψ(∆)Ṽjk(∆)d∆

︸ ︷︷ ︸
I(i)

−
∫ ∞

0

ψ(∆)Λ̃kΛ̃jd∆

︸ ︷︷ ︸
I(ii)

.

where we use the fact that dNk(tji −∆) =
∑

i′ δ(tki′ − tji + ∆)d∆ in the third equality, and we

use the definitions of Ṽj,k and Λ̃k from Chapter 4 in the second-to-last equality.

II =
1

T

∫ T

0

µj

∫ ∞

0

ψ(∆)dNk(t−∆)dt =

∫ ∞

0

µjψ(∆)

{
1

T

∫ T

0

dNk(t−∆)dt

}

=µjΛ̃k

∫ ∞

0

ψ(∆)d∆,
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III =
1

T

∫ T

0

{
p∑

l=1

∫ ∞

0

ψ(∆′) · βj,l
∑

i

δ(t−∆′ − tli)d∆′

}{∫ ∞

0

ψ(∆)
∑

i′

δ(t−∆− tki′)d∆

}
dt

=

p∑

l=1

∫ ∞

0

∫ ∞

0

ψ(∆′) · βj,lψ(∆)

{
1

T

∫ T

0

∑

i

δ(t−∆′ − tli)
∑

i′

δ(t−∆− tki′)dt
}
d∆d∆′

=

p∑

l=1

∫ ∞

0

∫ ∞

0

ψ(∆′) · βj,lψ(∆)

{
1

T

∫ T

0

∑

i

∑

i′

δ(t−∆′ − tli)δ(t−∆− tki′)dt
}
d∆d∆′

=

p∑

l=1

∫ ∞

0

∫ ∞

0

ψ(∆′) · βj,lψ(∆)

{
1

T

∑

i

∑

i′

δ(∆−∆′ + tki′ − tli)
}
d∆d∆′

=

p∑

l=1

∫ ∞

0

∫ ∞

0

ψ(∆′) · βj,lψ(∆)
{
Ṽk,l(∆−∆′) + Λ̃lΛ̃k + Λ̃kδ(∆−∆′)1[l=k]

}
d∆d∆′

=

p∑

l=1

∫ ∞

0

∫ ∞

0

ψ(∆′) · βj,lψ(∆)Ṽk,l(∆−∆′)d∆d∆′ +

p∑

l=1

∫ ∞

0

∫ ∞

0

ψ(∆′) · βj,lψ(∆)Λ̃lΛ̃kd∆d∆′

+

∫ ∞

0

∫ ∞

0

ψ(∆′) · βj,kψ(∆)Λ̃kδ(∆−∆′)d∆d∆′

=

p∑

l=1

∫ ∞

0

ψ(∆)
[
(ψ · βj,l) ∗ Ṽk,l

]
(∆)d∆

︸ ︷︷ ︸
III(i)

+

p∑

l=1

Λ̃kΛ̃l

∫ ∞

0

ψ(∆)

[∫ ∞

0

ψ(∆′) · βj,ld∆′
]
d∆

︸ ︷︷ ︸
III(ii)

+ Λ̃k

∫ ∞

0

(
ψ(∆) · βj,k

)
ψ(∆)d∆

︸ ︷︷ ︸
III(iii)

,

where III(iii) follows from the fact that
∫∞

0
ψ(∆′)δ(∆ − ∆′)d∆′ = ψ(∆) since δ(·) is the Dirac

delta function.

Then, II+III(ii)-I(ii) gives

{
Λ̃k

∫ ∞

0

ψ(∆)d∆

}{
−Λ̃j + µj +

p∑

l=1

[
Λ̃l

∫ ∞

0

ψ(∆′) · βj,ld∆′
]}

. (C.5)

And, III(i)+III(iii)-I(i) gives

∫ ∞

0

ψ(∆)

{
−Ṽj,k(∆) +

p∑

l=1

[
(ψ · βj,l) ∗ Ṽk,l

]
(∆) + ψ(∆) · βj,kΛ̃k

}
d∆. (C.6)

Combining (C.5) and (C.6) yields the statement in Remark 6.
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C.2.2 Technical lemmas

In this section, we state five technical lemmas that are useful in proving Theorems 5 and 6 in

Chapter 4. The first four lemmas connect the assumptions on expectations (Assumptions 17–21)

with the observed samples. These lemmas can be obtained from Theorem 9 in Section 4.5 in

Chapter 4, and their proofs are similar to the proof of Corollary 2 and are thus omitted. The last

lemma characterizes the deviation of the point process dN (t) from its incremental intensity λj(t)dt

using the fact that dNj(t) − λj(t)dt is a martingale. This lemma directly follows from known

inequalities of martingales (see, among others, Theorem 3.1 in van de Geer (1995) or Theorem 3

in Hansen et al. (2015)).

Lemma 11. Assume that Assumptions 15 – 17 hold. For any M -vector a1, . . . , ap ∈ RM satisfying

∑

k/∈Ej

{∫ T

0

[Ψk(t) · ak]2 dt
}1/2

≤
∑

k∈Ej

{∫ T

0

[Ψk(t) · ak]2 dt
}1/2

, (C.7)

we have, for each j = 1, . . . , p and sufficiently large T ,

ξ1

2




∑

k∈Ej

{∫ T

0

[Ψk(t) · ak]2 dt
}1/2





2

≤ s

∫ T

0

[
p∑

k=1

Ψk(t) · ak
]2

dt, (C.8)

with probability at least 1− c′2p2T exp(−c3T
1/5).

Lemma 12. Assume that Assumptions 15, 16, and 18 hold. Then, for each j = 1, . . . , p,

0 <
γmin

2
≤ Γmin

(
1

T

∫ T

0

Ψk(t)Ψ
T

k(t) dt

)
≤ Γmax

(
1

T

∫ T

0

Ψk(t)Ψ
T

k(t) dt

)
≤ 2γmax, (C.9)

with probability at least 1− c′2T exp(−c3T
1/5).

Lemma 13. Assume that Assumptions 15, 16, and 20 hold. Then, for each j = 1, . . . , p,

max
k/∈Ej

∥∥∥∥∥

(∫ T

0

Ψk(t)Ψ
T

Ej(t) dt

)(∫ T

0

ΨEj(t)Ψ
T

Ej(t) dt

)−1
∥∥∥∥∥

2

≤ 2ξ2, (C.10)

with probability at least 1− c′2p2T exp(−c3T
1/5), where ΨEj is introduced in Assumption 20.
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Lemma 14. Assume that Assumptions 15, 16, and 21 hold. Then, for (j, k) ∈ E and βmin as

defined in Assumption 21 in Chapter 4,

min
(j,k)∈E

{
1

T

∫ T

0

[(
ωj,k ∗ dNk

)
(t)
]2
dt

}1/2

≥ 1

2
βmin,

with probability at least 1− c′2p2T exp(−c3T
1/5).

Lemma 15. Suppose that there exists λmax such that λj(t) ≤ λmax for all t and for 1 ≤ j ≤ p. Let

H(t) be a bounded function that isHt-predictable. Then, for any ε > 0, the inequality

1

T

∫ T

0

H(t)[λj(t)dt− dNj(t)]dt ≤ 4

{
λmax

2T

∫ T

0

H2(t)dt

}1/2

ε1/2 (C.11)

holds with probability at least 1− c′4 exp(−εT ).

C.2.3 Proof of Theorem 5

Proof. In this proof, we establish the oracle inequality in Theorem 5 for learning the intensity of

a given node j using the penalized regression (4.12). Recall that, for k ∈ Ej , β̃j,k ∈ RM was

introduced in Assumption 19 of Chapter 4. Let β̃j,k = 0 for k /∈ Ej . Further define λ̃j(t) ≡
∑p

k=1 Ψk(t) · β̃j,k + µj . From Assumption 19 and the Cauchy-Schwartz inequality, we know that

1

T

∫ T

0

[
λ̃j(t)− λj(t)

]2
dt ≤ s2QT

−2θ1
2θ1+1 . (C.12)

Since j is fixed throughout the proof, in the rest of this proof we will drop the subscript j to avoid

cumbersome bookkeeping. For instance, we use βk to denote βj,k, β̃k to denote β̃j,k, and λ to

denote λj .

Let M denote the event that the statements of Lemmas 11 – 14 being true, given Assump-

tions 15–21. We know from the lemmas thatM holds with probability at least 1−c2p
2T exp(−c3T

1/5),

where c2 ≡ 4c′2. In what follows, we assume thatM holds.

Since β̂ is the minimizer of (4.12), the following basic inequality holds for β̂ and β̃,

−
∫ T

0
λ̂(t)dN(t) +

1

2

∫ T

0
λ̂2(t)dt+ η

√
T
∑

k

{∫ T

0

[
Ψk(t) · β̂k

]2
dt

}1/2

≤−
∫ T

0
λ̃(t)dN(t) +

1

2

∫ T

0
λ̃2(t)dt+ η

√
T
∑

k

{∫ T

0

[
Ψk(t) · β̃k

]2
dt

}1/2

.

(C.13)



146

Adding 1/2
∫ T

0
λ2(t)dt−

∫ T
0
λ̂(t)λ(t)dt to both sides of (C.13), and adding and subtracting

∫ T
0
λ̃(t)λ(t)dt

on the right-hand side of the inequality, we get

1

2

∫ T

0

[
λ̂(t)− λ(t)

]2

dt

≤1

2

∫ T

0

[
λ̃(t)− λ(t)

]2

dt+

∫ T

0

[
p∑

k=1

Ψk(t) · (β̂k − β̃k)
]

[λ(t)dt− dN(t)]

+ η
√
T
∑

k

{{∫ T

0

[
Ψk(t) · β̃k

]2

dt

}1/2

−
{∫ T

0

[
Ψk(t) · β̂k

]2

dt

}1/2
}
.

(C.14)

The term on the left-hand side of (C.14) is the quantity of interest. On the right-hand side, the

first term is the approximation error by the truncated basis expansion, the second term involves the

stochastic error, and the third term is due to the penalty. We will use Assumption 19, Lemma 15,

and Lemma 11 to bound these three terms.

To proceed, we consider the following two situations:

Case 1. It holds that

1

2

∫ T

0

[
λ̂(t)− λ(t)

]2

dt ≥1

2

∫ T

0

[
λ̃(t)− λ(t)

]2

dt+

∫ T

0

[
p∑

k=1

Ψk(t) · (β̂k − β̃k)
]

[λ(t)dt− dN(t)] .

(C.15)

Then from (C.14) and (C.15), we see that

∑

k/∈E

{∫ T

0

[
Ψk(t) · (β̂k − β̃k)

]2

dt

}1/2

≤
∑

k∈E

{∫ T

0

[
Ψk(t) · (β̃k − β̂k)

]2

dt

}1/2

, (C.16)

where we use the fact that β̃k = 0 for k /∈ E and triangle inequality for the right-hand side of

the inequality. Given the eventM, applying Assumption 17 and Lemma 11 gives that

∑

k∈E

{∫ T

0

[
Ψk(t) · (β̂k − β̃k)

]2

dt

}1/2

≤
√

2s

ξ1





∫ T

0

[
p∑

k=1

Ψk(t) · (β̂k − β̃k)
]2

dt





1/2

.

(C.17)
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Plugging (C.17) into (C.14) gives

1

2

∫ T

0

[
λ̂(t)− λ(t)

]2

dt

≤1

2

∫ T

0

[
λ̃(t)− λ(t)

]2

dt+

∫ T

0

[
p∑

k=1

Ψk(t) · (β̂k − β̃k)
]

[λ(t)dt− dN(t)]

+ η
√
T

√
2s

ξ1





∫ T

0

[
p∑

k=1

Ψk(t) · (β̂k − β̃k)
]2

dt





1/2

.

(C.18)

Case 2. The inequality (C.15) does not hold. Then (C.18) follows directly.

In summary, (C.18) holds given the eventM.

Consider the second term in (C.18). Applying Lemma 15 with ε = 2 log(p)/T and H(t) ≡
∑p

k=1 Ψk(t) · (β̂k − β̃k), we see that, with probability at least 1− c′4p−2,

∫ T

0

[
p∑

k=1

Ψk(t) · (β̂k − β̃k)
]

[λ(t)dt− dN(t)]

≤4




λmax

2T

∫ T

0

[
p∑

k=1

Ψk(t) · (β̂k − β̃k)
]2

dt





1/2{
2 log(p)

T

}1/2

.

(C.19)

Plugging (C.19) into (C.18) gives

1

2

∫ T

0

[
λ̂(t)− λ(t)

]2
dt

≤1

2

∫ T

0

[
λ̃(t)− λ(t)

]2
dt+ 4

√
T

√
λmax

log(p)

T





∫ T

0

[
p∑

k=1

Ψk(t) · (β̂k − β̃k)
]2

dt





1/2

+ η
√
T

√
2s

ξ1





∫ T

0

[
p∑

k=1

Ψk(t) · (β̂k − β̃k)
]2

dt





1/2

≤1

2

∫ T

0

[
λ̃(t)− λ(t)

]2
dt+

√
T

[√
2s

ξ1

η + 4

√
λmax

log(p)

T

]


∫ T

0

[
p∑

k=1

Ψk(t) · (β̂k − β̃k)
]2

dt





1/2

,

(C.20)
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which holds with probability at least 1− c′4p−2 given the eventM. Let the tuning parameters η be

chosen such that η = (8λmaxξ1)1/2
√

log(p)/T . Then

1

2

∫ T

0

[
λ̂(t)− λ(t)

]2
dt

≤1

2

∫ T

0

[
λ̃(t)− λ(t)

]2
dt+ 8(sλmax)1/2

√
log(p)

T

√
2T

{
1

2

∫ T

0

[
λ̂(t)− λ̃(t)

]2
dt

}1/2

,

(C.21)

Note that (C.21) contains square distance between three intensities: the true intensity λ, the ap-

proximated intensity λ̃, and the estimated intensity λ̂. In the remaining of the proof, we discuss the

relationship between these three square distances.

We consider the following three cases

Case I. 1
2

∫ T
0

[
λ̂(t) − λ(t)

]2
dt ≥ 1

2

∫ T
0

[
λ̃(t) − λ(t)

]2
dt and 1

2

∫ T
0

[
λ̂(t) − λ(t)

]2
dt ≥

1
2

∫ T
0

[
λ̂(t)− λ̃(t)

]2
dt.

Case II. 1
2

∫ T
0

[
λ̂(t)− λ(t)

]2
dt < 1

2

∫ T
0

[
λ̃(t)− λ(t)

]2
dt.

Case III. 1
2

∫ T
0

[
λ̂(t)− λ(t)

]2
dt < 1

2

∫ T
0

(
λ̂(t)− λ̃(t)

)2
dt.

Note that, although the three cases are not mutually exclusive, they cover all possible situations. In

Case I, we have that

1

2

∫ T

0

[
λ̂(t)− λ(t)

]2
dt

≤
{

1

2

∫ T

0

[
λ̃(t)− λ(t)

]2
dt

}1/2{
1

2

∫ T

0

[
λ̂(t)− λ(t)

]2
dt

}1/2

+ 8(sλmax)1/2

√
log(p)

T

√
2T

{
1

2

∫ T

0

[
λ̂(t)− λ(t)

]2
dt

}1/2

.

(C.22)

Using (C.12), we have

1

T

∫ T

0

[
λ̂(t)− λ(t)

]2
dt ≤ 2s2QT

− 2θ1
2θ1+1 + 26sλmax

log(p)

T
. (C.23)

In Case II, it follows directly from (C.12) that

1

T

∫ T

0

[
λ̂(t)− λ(t)

]2
dt ≤ s2QT

−2θ1
2θ1+1 ,
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which implies (C.23).

In Case III, we add 1/2
∫ T

0
λ̃2(t)dt−

∫ T
0
λ̂(t)λ̃(t)dt on both sides of the basic inequality (C.13),

and rearrange the right-hand side (add and subtract
∫ T

0
λ̂(t)[λ̃(t)− λ̂(t)]dt) to get

1

2

∫ T

0

[
λ̂(t)− λ̃(t)

]2
dt

≤
∫ T

0

[
λ̃(t)− λ̂(t)

][
λ(t)dt− dN(t)

]
−
∫ T

0

[
λ̃(t)− λ(t)

][
λ̃(t)− λ̂(t)

]
dt

+ η
√
T
∑

k

{{∫ T

0

[
Ψk(t) · β̃k

]2
dt

}1/2

−
{∫ T

0

[
Ψk(t) · β̂k

]2
dt

}1/2
}
.

(C.24)

Plugging the inequality in Case III to the left-hand side of (C.24), we get

1

2

∫ T

0

[
λ̂(t)− λ(t)

]2

dt

≤
∫ T

0

[
λ̃(t)− λ(t)

][
λ̃(t)− λ̂(t)

]
dt+

∫ T

0

[
λ̃(t)− λ̂(t)

][
λ(t)dt− dN(t)

]

+ η
√
T
∑

k

{{∫ T

0

[
Ψk(t) · β̃k

]2
dt

}1/2

−
{∫ T

0

[
Ψk(t) · β̂k

]2
dt

}1/2
}
.

(C.25)

Expanding the left-hand side gives

1

2

∫ T

0

[
λ̂(t)− λ̃(t)

]2
dt+

1

2

∫ T

0

[
λ̃(t)− λ(t)

]2
dt+

∫ T

0

[
λ̂(t)− λ̃(t)

][
λ̃(t)− λ(t)

]
dt

≤
∫ T

0

[
λ̃(t)− λ(t)

][
λ̃(t)− λ̂(t)

]
dt+

∫ T

0

[
λ̃(t)− λ̂(t)

)
]
[
λ(t)dt− dN(t)

]

+ η
√
T
∑

k

{{∫ T

0

[
Ψk(t) · β̃k

]2
dt

}1/2

−
{∫ T

0

[
Ψk(t) · β̂k

]2
dt

}1/2
}
.

(C.26)

Since the second term on the left-hand side is non-negative, the inequality reduces to

1

2

∫ T

0

[
λ̂(t)− λ̃(t)

]2
dt

≤
∫ T

0

[
λ̃(t)− λ̂(t)

][
λ(t)dt− dN(t)

]
+ 2

∫ T

0

[
λ̃(t)− λ(t)

][
λ̃(t)− λ̂(t)

]
dt

+ η
√
T
∑

k

{{∫ T

0

[
Ψk(t) · β̃k

]2
dt

}1/2

−
{∫ T

0

[
Ψk(t) · β̂k

]2
dt

}1/2
}
.

(C.27)
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Using the same argument as the one for obtaining (C.18), we have

1

2

∫ T

0

[
λ̂(t)− λ̃(t)

]2
dt

≤
∫ T

0

[
λ̃(t)− λ̂(t)

][
λ(t)dt− dN(t)

]
+ 2

∫ T

0

[
λ̃(t)− λ(t)

][
λ̃(t)− λ̂(t)

]
dt

+ 8(λmax)−1/2

√
log(p)

T

√
2T

{
1

2

∫ T

0

[
λ̂(t)− λ̃(t)

]2
dt

}1/2

,

(C.28)

where we plug in the tuning parameter η = (8λmaxξ1)1/2
√

log(p)/T . Applying Lemma 15 with

H(t) ≡ ∑p
k=1 Ψk(t) · (β̂k − β̃k) and ε = 2 log(p)/T to the first term on the right-hand side, and

using Cauchy-Schwartz inequality and (C.12) on the second term, we have

1

2T

∫ T

0

[
λ̂(t)− λ̃(t)

]2
dt

≤
[

23/2sQ1/2T
−θ1

2θ1+1 + 8(sλmax)−1/2

√
log(p)

T

√
2

]{
1

2T

∫ T

0

[
λ̂(t)− λ̃(t)

]2
dt

}1/2

,

(C.29)

which holds with probability at least 1 − c′4p
−2 given the event M. Recall that the condition in

Case III implies that left-hand side of (C.29) is larger than T−1
∫ [
λ̂(t) − λ(t)

]2
dt. Therefore,

given the eventM, we know that, with probability at least 1− 2c′4p
−2,

1

2T

∫ T

0

[
λ̂(t)− λ(t)

]2
dt ≤ 24s2QT

− 2θ1
2θ1+1 + 26sλmax

log(p)

T
. (C.30)

Combining results from three cases, (C.23) holds with probability at least 1− 2c′4p
−2 for each

j = 1, . . . , p given the eventM. Then, using a Bonferroni correction, we know that (C.23) holds

for all j with probability at least 1 − c4p
−1 given the eventM. Recalling that the eventM holds

with probability at least 1− c2p
2T exp(−c3T

1/5), we know that (C.23) holds for all j with proba-

bility at least 1− c4p
−1 − c2p

2T exp(−c3T
1/5).

C.2.4 Proof of Theorem 6

We establish variable selection consistency using the primal-dual witness method (Wainwright,

2009). For simplicity, we assume that µj = 0 is known in this proof; otherwise, we have one

extra parameter to keep track of while the main conclusion will not be affected. As in the proof
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of Theorem 5, we drop the subscript j in what follows. We also assume that the eventM holds.

Recall thatM is introduced in the proof of Theorem 5 to denote the event that the statements of

Lemmas 11 – 14 being true, given Assumptions 15–21. We know from the lemmas thatM holds

with probability at least 1− c2p
2T exp(−c3T

1/5), where c2 ≡ 4c′2.

A vector β̂ solves the optimization problem (4.12) in Chapter 4 if it satisfies the Karush-Kuhn-

Tucker (KKT) condition, i.e.,

− 1

T

∫ T

0

Ψk(t)dN(t) +
1

T

∫ T

0

Ψk(t)

[∑

l

ΨT

l (t)β̂l

]
dt+ ηĝk = 0, (C.31)

where

ĝk =

∫ T
0

Ψk(t)Ψ
T
k(t)dtβ̂k(

β̂T
k

∫ T
0

Ψk(t)ΨT
k(t)dtβ̂k

)1/2
if β̂k 6= 0, (C.32)

ĝT

k

(∫ T

0

Ψk(t)Ψ
T

k(t)dt

)−1

ĝk < 1 if β̂k = 0. (C.33)

We will construct an oracle estimator {β̂k}pk=1 and will verify that it satisfies the KKT con-

ditions (C.31), (C.32) and (C.33), which means that it solves the optimization problem (4.12) in

Chapter 4. If the optimal solution to (4.12) is unique, then the oracle estimator is the unique es-

timator. If the optimal solution is not unique, then by Theorem 2 in Roth and Fischer (2008),

the null set of any optimal solution should contain Ec, and thus any optimal solution satisfies the

construction of the oracle estimator. Therefore, the statement of Theorem 6 holds for any optimal

solution of (4.12).

We construct an oracle primal-dual pair {β̂k, ĝk}pk=1 as follows:

1. Let

β̂E = arg min
βk∈RM ,k∈E

− 1

T

∫ T

0

[∑

k∈E

Ψk(t) · βk
]
dN(t)

+
1

2T

∫ T

0

[∑

k∈E

Ψk(t) · βk
]2

dt+ η

p∑

k=1

∥∥Ψk · βk
∥∥

2,[0,T ]
,

(C.34)

and set β̂k = 0 for k /∈ E .
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2. Define ĝk for k ∈ E as in (C.32).

3. Solve ĝk from the sub-gradient condition (C.31) for k /∈ E .

We will then verify the support recovery consistency

max
k∈E

{∫ T

0

[
Ψk(t) · β̂k −

∫ t

0

ωj,k(t− s)dNk(s)

]2

dt

}1/2

≤ 1

4
βmin, (C.35)

which, by the triangle inequality and Assumption 21, implies that
∫ T

0
[Ψk(t) · β̂k]2dt 6= 0 for k ∈ E .

And, we also verify strict dual feasibility (C.33) for k /∈ E . This will complete our argument that

the oracle estimator recovers the support exactly.

First, we show the support recovery consistency (C.35). This follows from applying the result

of Theorem 5 on the constrained problem (C.34), which yields a bound on T−1
∫ T

0

[
λ̂(t)−λ(t)

]2
dt.

Combining the bound on T−1
∫ T

0

[
λ̂(t)− λ(t)

]2
dt with Assumption 19 and the inequality

[
λ̂(t)− λ̃(t)

]2 ≤ 2
[
λ̂(t)− λ(t)

]2
+ 2
[
λ̃(t)− λ(t)

]2
,

we arrive at a bound for λ̂(t)− λ̃(t) =
∑p

k=1

[
Ψk(t) ·

(
β̂k − β̃k

)]

1

T

∫ T

0

[
p∑

k=1

Ψk(t) ·
(
β̂k − β̃k

)
]2

dt ≤ 24s2QT
− 2θ1

2θ1+1 + 26sλmax
log(p)

T
. (C.36)

which holds with probability at least 1 − c4p
−2 given the eventM. Since β̂k and β̃k are zero for

k /∈ E , by Assumption 17 and Lemma 11,

ξ1

2

{∑

k∈E

{
1

T

∫ T

0

[
Ψk(t) · (β̂k − β̃k)

]2
dt

}1/2
}2

≤ 24s2QT
− 2θ1

2θ1+1 + 26sλmax
log(p)

T
. (C.37)

It follows that

max
k∈E

{∫ T

0

[
Ψk(t) · β̂k −

∫ t

0

ωj,k(t− s)dNk(s)
]2
dt

}1/2

= max
k∈E

{∫ T

0

[
Ψk(t) · β̂k −Ψk(t) · β̃k + Ψk(t) · β̃k −

∫ t

0

ωj,k(t− s)dNk(s)
]2
dt

}1/2

≤
{

26 s
2

ξ1

QT
− 2θ1

2θ1+1 + 28sλmax
log(p)

T
+ 2QT

− 2θ1
2θ1+1

}1/2

.
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where we use Assumption 19 in the last inequality. Since s = O
(
log(p)

)
and p2T exp(−c3T

1/5) =

o(1), we know that s log(p)/T = o(1) and s2T
− 2θ1

2θ1+1 = o(1) (recall that θ1 ≥ 2 from Assump-

tion 19 in Chapter 4). For sufficiently large T , we know that

max
k∈E

{∫ T

0

[
Ψk(t) · β̂k −

∫ t

0

ωj,k(t− s)dNk(s)
]2
dt

}1/2

≤ 1

4
βmin. (C.38)

Next, we verify strict dual feasibility (C.33) for k /∈ E . From (C.31) for the constrained

problem, we have

1

T

∫ T

0

ΨE(t)Ψ
T

E(t)
(
β̂E − β̃E

)
dt+

1

T

∫ T

0

ΨE(t)
{

ΨT

E(t)β̃Edt− dN(t)
}

+ ηĝE = 0,

where ΨE(t) is introduced in Assumption 20 and ĝE is the joint vector of ĝk for k ∈ E . Rearranging

the terms gives

β̂E − β̃E =

{
1

T

∫ T

0

ΨE(t)Ψ
T

E(t) dt

}−1 [
RE + ηĝE

]
, (C.39)

where

RE ≡
1

T

∫ T

0

ΨE(t)
[
λ̃(t)− λ(t)

]
dt+

1

T

∫ T

0

ΨE(t)[λ(t)dt− dN(t)]. (C.40)

Now for k /∈ E , we calculate ĝk from the subgradient condition (C.31)

1

T

∫ T

0

Ψk(t)Ψ
T

E(t)
[
β̂E − β̃E

]
dt+

1

T

∫ T

0

Ψk(t)
{

ΨT

E(t)β̃Edt− dN(t)
}

+ ηĝk = 0.

Rearranging the terms and plugging in (C.39) gives

ηĝk =

{
1

T

∫ T

0

Ψk(t)Ψ
T

E(t)dt

}{
1

T

∫ T

0

ΨE(t)Ψ
T

E(t) dt

}−1

[RE + ηĝE ] +Rk, (C.41)

where

Rk ≡
1

T

∫ T

0

Ψk(t)
[
λ̃(t)− λ(t)

]
dt+

1

T

∫ T

0

Ψk(t)[λ(t)dt− dN(t)]..

Applying Assumption 19 and Lemma 15 with H(t) = ΨE(t), we arrive at the following bound for

each entry of RE : for l ∈ E and m = 1, . . . ,M ,

|Rlm| ≤
{

1

2T

∫ T

0

Ψ2
lm(t) dt

}1/2
{√

s2QT
− 2θ1

2θ1+1 + 4

√
λmax

log(p)

T

}
, (C.42)
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which holds with probability at least 1− c4p
−2 given the eventM. And thus,

‖RE‖2
2 =

∑

l∈E

‖Rl‖2
2 =

∑

l∈E

M∑

m=1

R2
lm

≤
{√

s2QT
− 2θ1

2θ1+1 + 4

√
λmax

log(p)

T

}2∑

k∈E

M∑

m=1

{
1

T

∫ T

0

Ψ2
lm(t) dt

}

≤2sMγmax

{√
s2QT

− 2θ1
2θ1+1 + 4

√
λmax

log(p)

T

}2

.

This implies that

‖RE‖2
2 ≈ 2sqT 1/(2θ1+1)γmax

{√
s2QT

− 2θ1
2θ1+1 + 4

√
λmax

log(p)

T

}2

. (C.43)

On the other hand,

‖ĝE‖2 ≤
√

2sγmax, (C.44)

since
1

2γmax

‖ĝk‖2
2 ≤ ĝT

k

(
1

T

∫ T

0

Ψk(t)Ψ
T

k(t)dt

)−1

ĝk = 1, k ∈ E .

Finally, by Assumption 20 and Lemma 13, we know that, given that the eventM holds,

max
k/∈E

∥∥∥∥∥

(
1

T

∫ T

0

Ψk(t)Ψ
T

E(t) dt

)(
1

T

∫ T

0

ΨE(t)Ψ
T

E(t) dt

)−1
∥∥∥∥∥

2

≤ ξ2

2
.

Using (C.41), (C.43), and (C.44), we thus have

‖ĝk‖2 ≤
1

η

√
2qγmax

{
ξ2

2

√
s2T 1/(2θ1+1) + 1

}{√
sQT

− 2θ1
2θ1+1 + 4

√
λmax

log(p)

T

}
+
ξ2

2

√
2sγmax.

Suppose that T is sufficiently large so that ξ2s
1/2T

−1
4θ1+2 ≥ 2. Rearranging the terms and recalling

that η = (8λmaxξ1 log(p)/T )1/2, we get

‖ĝk‖2 ≤ ξ2

√
sγmax

2

√
2

ξ1

q1/2T
−1

4θ1+2

(
T
−θ1

2θ1+1 sQ1/2

4
√
λmax log(p)/T

+ 1

)
+ ξ2

√
sγmax

2
.

Now, by Assumption 21, ‖ĝk‖2 <
√
γmin/2, and thus, applying Assumption 18 and Lemma 12

gives

ĝT

k

(
1

T

∫ T

0

Ψk(t)Ψ
T

k(t)dt

)−1

ĝk ≤
2‖ĝk‖2

2

γmin

< 1 k /∈ E . (C.45)
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Therefore, we have established (C.33).

Given support recovery (C.38) and strict dual feasibility (C.45), results in Theorem 6 follows

from the fact that, for all j = 1, . . . , p, the above results hold jointly with probability at least

1− c4p
−1 − c2p

2T exp(−c3T
1/5) as p and T grow given the condition in Theorem 5.

C.3 Proofs of Results in Section 4.4

In this section, we prove Theorems 7 and 8 in Chapter 4. As mentioned in Chapter 4, the build-

ing block of these proofs is a concentration inequality of
∥∥V̂j,k − Vj,k

∥∥
2,[−B,B]

in Corollary 2 in

Chapter 4. Therefore, we can focus our discussion given the eventM≡
{∥∥V̂j,k − Vj,k

∥∥
2,[−B,B]

≤
c5T

−1/5
}

, which holds with probability converging to unity given p2T 6/5 exp
(
−c6T

1/5
)

= o(1)

from Corollary 2.

Sketch of proofs:

Theorem 7: On one hand, we show that all neighbours of a node are in the same connected

component with the node itself if we threshold
∥∥Vj,k

∥∥
2,[−B,B]

by 2ζ = 2c5T
−1/5. This is a

consequence of the compatibility conditions and Beta-min condition, which we will examine

in details in Section C.3.1. Under the eventM, we know that thresholding
∥∥V̂j,k

∥∥
2,[−B,B]

by

ζ gives supersets of the true connected components. On the other hand, we use the fact that

‖Vj,k‖2,[−B,B] = 0 for j and k not in the same connected component. Given eventM, we

know that thresholding
∥∥V̂j,k

∥∥
2,[−B,B]

by ζ gives susets of the true connected components.

Combining these two statements, we know that the screened connected components agree

with the true connected components.

Theorem 8: We use the Wiener-Hopf integral equation (Equation 4.6 in Chapter 4) to bound
∑

j,k ‖Vj,k‖2
2,[−B,B]. Under the eventM, however, only the edges that satisfy ‖Vj,k‖2,[−B,B] ≥

ζ/2 can be selected when thresholding
∥∥V̂j,k

∥∥
2,[−B,B]

by ζ , where ζ = 2c5T
−1/5. Hence, the

number of edges in the set
{

(j, k) :
∥∥V̂j,k

∥∥
2,[−B,B]

> ζ
}

are inversely proportional to ζ2.

Then, we use Assumption 22 to show that all true edges are included since ‖Vj,k‖2,[−B,B] >
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ζ = 2c5T
−1/5 for sufficiently large T for the true edges. Combing these statements yields

Theorem 8.

C.3.1 Implications of Assumptions 17 and Assumptions 21

Before proving Theorem 7, we need to rewrite the compatibility assumption and the Beta-min

assumptions (Assumptions 17 and 21) in terms of ω and V .

Suppose now we are studying the neighbours of Node s + 1. Let the oracle basis be chosen

that ψ = ωs+1,· and let a ∈ Rp be defined such that ak = 1 for k ∈ E∗ and ak = 0 for k /∈ E∗,
where E∗ is an arbitrary subset of Es+1. We can see that the vector a satisfies the requirement in

Assumption 17. It follows that

ξ1

{∑

k∈E∗

{
1

T

∫ T

0

E
[(
ωs+1,k ∗ dNk

)
(t)
]2
dt

}1/2
}2

≤s





1

T

∫ T

0

E

[∑

k∈E∗

(
ωs+1,k ∗ dNk

)
(t)

]2

dt



 .

On the left-hand side, we have

ξ1

∑

k∈E∗

{
1

T

∫ T

0

E
∫ ∞

0

ωs+1,k(∆)dNk(t−∆)d∆

∫ ∞

0

ωs+1,k(∆
′)dNk(t−∆′)d∆′dt

}1/2

=ξ1

∑

k∈E∗

{
1

T

∫ T

0

E
∫ ∞

0

∫ ∞

0

ωs+1,k(∆)dNk(t−∆)ωs+1,k(∆
′)dNk(t−∆′)d∆′d∆dt

}1/2

=ξ1

∑

k∈E∗

{∫ ∞

0

∫ ∞

0

ωs+1,k(∆)E
{

1

T

∫ T

0

dNk(t−∆)dNk(t−∆′)dt

}
ωs+1,k(∆

′)d∆′d∆

}1/2

=ξ1

∑

k∈E∗

{∫ ∞

0

∫ ∞

0

ωs+1,k(∆)
{
Vk,k(∆−∆′) + Λkδ(∆−∆′) + Λ2

k

}
ωs+1,k(∆

′)d∆′d∆

}1/2

,

where the last equality follows from the definition of cross-covariance. On the right-hand side, we
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have




1

T

∫ T

0

E

[∑

k∈E∗

(
ωs+1,k ∗ dNk

)
(t)

]2

dt





=

{
1

T

∫ T

0

E
[∫ ∞

0

ωT

s+1,E∗(∆)dN (t−∆)d∆

] [∫ ∞

0

ωT

s+1,E∗(∆
′)dN (t−∆′)d∆′

]
dt

}

=

{
1

T

∫ T

0

E
[∫ ∞

0

ωT

s+1,E∗(∆)dN (t−∆)d∆

] [∫ ∞

0

ωT

s+1,E∗(∆
′)dN (t−∆′)d∆′

]
dt

}

=

∫ ∞

0

∫ ∞

0

ωT

s+1,E∗(∆)E
{

1

T

∫ T

0

dNE∗(t−∆)dNT

E∗(t−∆′)dt

}
ωs+1,E∗(∆

′)d∆d∆′

=

∫ ∞

0

∫ ∞

0

ωT

s+1,E∗(∆)
{
VE∗,E∗(∆−∆′) + diag

(
ΛE∗

)
δ(∆−∆′) + ΛE∗Λ

T

E∗
}
ωs+1,E∗(∆

′)d∆d∆′,

where the last equality follows from the definition of cross-covariance. In summary, the compati-

bility assumption gives that

ξ1

{∑

k∈E∗

{∫ ∞

0

∫ ∞

0

ωs+1,k(∆)
{
Vk,k(∆−∆′) + Λkδ(∆−∆′) + Λ2

k

}
ωs+1,k(∆

′)d∆′d∆

}1/2
}2

≤s
∫ ∞

0

∫ ∞

0

ωT

s+1,E∗(∆)
{
VE∗,E∗(∆−∆′) + diag

(
ΛE∗

)
δ(∆−∆′) + ΛE∗Λ

T

E∗
}
ωs+1,E∗(∆

′)d∆d∆′,

(C.46)

which holds for any E∗ ⊂ Es+1.

The Beta-min assumption (Assumption 21 in Chapter 4) places a lower bound on every entry

in the left-hand side of (C.46). To see this, consider the following equation, for k ∈ Es+1,

1

T

∫ T

0

E
[∫ ∞

0

ωs+1,k(∆)dNk(t−∆)

] [∫ ∞

0

ωs+1,k(∆)dNk(t−∆′)

]
dt

=

∫ ∞

0

∫ ∞

0

ωs+1,k(∆)
{
Vk,k(∆−∆′) + Λkδ(∆−∆′) + Λ2

k

}
ωs+1,k(∆

′)d∆′d∆.

We can rewrite the statement of Assumption 21 in Chapter 4 as

∫ ∞

0

∫ ∞

0

ωs+1,k(∆)
{
Vk,k(∆−∆′) + Λkδ(∆−∆′) + Λ2

k

}
ωs+1,k(∆

′)d∆′d∆ ≥ β2
min, (C.47)

which holds for (j, k) ∈ E .
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In summary, the compatibility and Beta-min conditions imply that

ξ1β
2
mincard(E∗)

≤s
∫ ∞

0

∫ ∞

0

ωT

s+1,E∗(∆)
{
VE∗,E∗(∆−∆′) + diag

(
ΛE∗

)
δ(∆−∆′) + ΛE∗Λ

T

E∗
}
ωs+1,E∗(∆

′)d∆d∆′,

(C.48)

which holds for any E∗ ⊂ Es+1.

In addition, we will need the following inequality in the next section.

ξ1β
2
mincard(E∗)

card(E∗)sλmaxb+ s
≤
∫∫

ωT

s+1,E∗(∆)
{
VE∗,E∗(∆−∆′) + diag

(
ΛE∗

)
δ(∆−∆′)

}
ωs+1,E∗(∆

′)d∆d∆′.

(C.49)

To see this, first verify that
∫ ∞

0

∫ ∞

0

ωT

s+1,E∗(∆)ΛE∗Λ
T

E∗ωs+1,E∗(∆
′)d∆d∆′

=

[∑

k∈E∗
Λk

∫ ∞

0

ωs+1,k(∆)d∆

]2

≤
{∑

k∈E∗
Λk

[∫ ∞

0

ωs+1,k(∆)d∆

]2
}{∑

k∈E∗
Λk

}

≤card(E∗)λmax

{∑

k∈E∗
Λk

[∫ ∞

0

ωs+1,k(∆)d∆

]2
}

≤card(E∗)λmax

{∑

k∈E∗
Λkb

∫ ∞

0

ω2
s+1,k(∆)d∆

}

=card(E∗)λmaxb

∫ ∞

0

∑

k∈E∗
Λkω

2
s+1,k(∆)d∆

=card(E∗)λmaxb

∫ ∞

0

ωT

s+1,E∗(∆)diag(ΛE∗)ωs+1,E∗(∆)d∆

=card(E∗)λmaxb

∫ ∞

0

∫ ∞

0

ωT

s+1,E∗(∆)diag(ΛE∗)δ(∆−∆′)ωs+1,E∗(∆
′)d∆d∆′,

where the first inequality follows from the Cauchy-Schwartz inequality, the second from the fact

that Λk ≤ λmax, and the third from Cauchy-Schwartz inequality on
∫
ωj,k(∆)d∆ and supp(ωj,k) =

[0, b] from Assumption 19. Also, we know that
∫∫

ωT

s+1,E∗(∆)VE∗,E∗(∆−∆′)ωs+1,E∗(∆
′)d∆d∆′ ≥0,
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because
∫∫

ωT

s+1,E∗(∆)VE∗,E∗(∆−∆′)ωs+1,E∗(∆
′)d∆d∆′

=

∫∫
ωT

s+1,E∗(∆)E {[dNE∗(∆)/d∆−ΛE∗ ][dNE∗(∆
′)/d∆′ −ΛE∗ ]

T}ωs+1,E∗(∆
′)d∆d∆′

=E
{[∫ ∞

0

ωT

s+1,E∗(∆)
(
dNE∗(∆)−ΛE∗d∆

)] [∫ ∞

0

ωT

s+1,E∗(∆
′)
(
dNE∗(∆

′)−ΛE∗d∆′
)]}

≥0.

Finally, adding card(E∗)sλmaxb
∫∫
ωT
s+1,E∗(∆)VE∗,E∗(∆−∆′)ωs+1,E∗(∆

′)d∆d∆′ on the right-hand

side of (C.46) gives (C.49).

C.3.2 Proof of Theorem 7

Proof. In this proof, we assume thatB is chosen sufficiently large so thatB ≥ b. To show the main

result, we prove that following two statements hold under the eventM≡ {‖V̂j,k − Vj,k‖2,[−B,B] ≤
c5T

−1/5}.

i Every screened connected component is contained in one of the screened connected compo-

nent, i.e., ∀l, ∃l′ such that Ĉl(ζ) ⊂ Cl′ .

ii Every connected component is contained in one of the screened connected component, i.e.,

if j, k ∈ Cl for some l, there exists an l′ such that j, k ∈ Ĉl′(ζ).

Together these imply that
{
Ĉl(ζ)

}p
l=1

=
{
Cl
}p
l=1

.

Statement (i)

For any two connected components Cl and Cl′ , l 6= l′, we have Vj,k ≡ 0 for any j ∈ Cl and

k ∈ Cl′ . Given the eventM, we have that
∥∥V̂j,k‖2,[−B,B] ≤ 0+

∥∥V̂j,k−Vj,k
∥∥

2,[−B,B]
≤ c5T

−1/5) ≤ ζ ,

which holds for any pairs of j ∈ Cl and k ∈ Cl′ of nodes. As a result, there are no screened edges

between nodes in Cl and Cl′ . Applying this argument on all l′ 6= l, we know that the nodes in Cl are

isolated from the rest of the nodes using the threshold ζ . Hence, Ĉl(ζ) ⊂ Cl′ .
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Statement (ii)

We will show that, for any node, its neighbours belong to the same screened connected com-

ponent with itself given the event M. This implies that, for any l, there exists an l′ such that

Cl ⊂ Ĉl′(ζ).

We prove by contradiction. Suppose that Nodes 1, . . . , s are the neighbours of Node s + 1,

i.e., ωs+1,i 6= 0 for i = 1, . . . , s. Given the event M, ‖Vj,k‖2,[−B,B] > 2c5T
−1/5 means that

Node j and Node k are in the same connected component. Assume that Node 1 and Node s+1

are not in the same connected component. As a direct consequence of this assumption, we have

‖V̂s+1,1‖2,[−B,B] ≤ ζ = c5T
−1/5. Given the eventM, we also know that

‖Vs+1,1‖2,[−B,B] ≤ 2c5T
−1/5. (C.50)

Consider the Wiener-Hopf integral equation (4.6) in Chapter 4, for Vs+1,1.

Vs+1,1(∆) =ωs+1,1 ∗ (V1,1 + Λ1δ)(∆) +
s∑

l=2

[
ωs+1,l ∗ Vl,1

]
(∆). (C.51)

Multiplying ωs+1,1(∆) on both sides of the equation and integral it on [0, b] gives
∫ b

0

ωs+1,1(∆)Vs+1,1(∆)d∆

︸ ︷︷ ︸
I

=

∫ b

0

ωs+1,1(∆)ωs+1,1 ∗ (V1,1 + Λ1δ)(∆)d∆

︸ ︷︷ ︸
II

+

∫ b

0

ωs+1,1(∆)
[
ωs+1,2:(s+1) ∗ V2:(s+1),1

]
(∆)d∆

︸ ︷︷ ︸
III

,

(C.52)

where we use the fact that supp(ωj,k) = [0, b] and B ≥ b.

Applying the Cauchy-Schwarz inequality on I gives

I ≤
[∫ b

0

ω2
s+1,1(∆)d∆

]1/2 [∫ b

0

V 2
s+1,1(∆)d∆

]1/2

.

From Assumption 19, we know that ωj,k belongs a Sobolev class W (θ1, L1) on a bounded support

[0, b], which implies that {ωj,k} are bounded. Letting C be the upper bound of ωj,k, we have
∫ b

0

ω2
s+1,1(∆)d∆ ≤

∫ b

0

‖ωs+1,1‖∞|ωs+1,1(∆)|d∆ ≤ CΩs+1,1.
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Therefore,

I ≤ 2C1/2Ω
1/2
s+1,1c5T

−1/5 ≤ 2C1/2γ
1/2
Ω c5T

−1/5, (C.53)

where we use (C.50).

On the right-hand side, the first term II can rewritten as, from (C.47) and (C.49),

II =

∫∫
ωs+1,1(∆)(V1,1 + Λ1δ)(∆−∆′)ωs+1,1(∆′)d∆′d∆ ≥ (sλmaxb+ s)−1ξ1β

2
min. (C.54)

Now use the triangle inequailty that

|I| = |II + III| ≥ |II| − |III|.

Therefore, we have that

|III| =
∣∣∣∣
∫ b

0

ωs+1,1(∆)
[
ωs+1,2:(s+1) ∗ V2:(s+1),1

]
(∆)d∆

∣∣∣∣ ≥ (sλmaxb+s)
−1ξ1β

2
min−2C1/2γ

1/2
Ω c5T

−1/5.

(C.55)

We extract all the l ∈ {2, . . . , s} that satisfies

∫ b

0

ωs+1,1(∆)ωs+1,l ∗ Vl,1(∆)d∆ > 2C1/2ζγ
3/2
Ω , (C.56)

and we denote the set as ne(1). We know that ne(1) is non-empty set for sufficiently large T , since

ζ = c5T
−1/5 = o(β2

min) as T →∞. Without loss of generality, we assume that ne(1) = {2}. This

proof applies directly if the set ne(1) has more than one element. The sum of remaining terms in

III is bounded from above by
∣∣∣∣∣∣

∫ b

0

ωs+1,1(∆)
∑

l∈{3:(s+1)}

[
ωs+1,l ∗ Vl,1

]
(∆)d∆

∣∣∣∣∣∣
≤ 2(s− 1)C1/2c5T

−1/5γ
3/2
Ω . (C.57)

For Node 2, we can see that, from (C.56)

2C1/2ζγ
3/2
Ω <

∫ b

0

ωs+1,1(∆)ωs+1,2 ∗ V2,1(∆)d∆

2C1/2ζγ
3/2
Ω <

[∫ b

0

ω2
s+1,1(∆)d∆

]1/2 [∫ b

0

∣∣ωs+1,2 ∗ V2,1(∆)
∣∣2d∆

]1/2

,
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where we use the Cauchy-Schwartz inequality. Using the fact that
∫ b

0

ω2
s+1,1(∆)d∆ <

∫ b

0

‖ωs+1,1‖∞|ωs+1,1(∆)|d∆ ≤ CγΩ,

we get

2ζγΩ <

[∫ b

0

∣∣ωs+1,2 ∗ V2,1(∆)
∣∣2d∆

]1/2

.

Then, Young’s inequality of convolution gives
[∫ b

0

∣∣ωs+1,2 ∗ V2,1(∆)
∣∣2d∆

]1/2

≤
∫ b

0

|ωs+1,2(∆)|d∆

[∫ b

0

V 2
2,1(∆)d∆

]1/2

.

Finally, using the fact that
∫ b

0
|ωs+1,2(∆)|d∆ = Ωs+1,2 ≤ γΩ, we have

2ζ <
∥∥V2,1(∆)

∥∥
2,[−B,B]

. (C.58)

By our choice of threshold, (C.58) means that Nodes 1 and 2 are in the same screened connected

components,

We now look at the cross-covariance between Node s+ 1 and Nodes 1 and 2, where

Vs+1,1

Vs+1,2


 (∆) =


V1,1 + Λ1δ V1,2

V2,1 V2,2 + Λ2δ


 ∗


ωs+1,1

ωs+1,2


 (∆) +


V1,3:(s+1)

V2,3:(s+1)


 ∗ ωs+1,3:(s+1)(∆).

(C.59)

If Node 2 is in the same screened connected component with Node s + 1, then Node 1 is also in

the same screened connected component with s+ 1, which contradicts the assumption.

If Node 2 is not in the same connected component with Node s + 1, then we know that

‖Vs+1,2‖2,[−B,B] ≤ 2c5T
−1/5. Now multiplying ωT

s+1,1:2(∆) on both sides of the equation and

integrating them over [0, b].
∫ b

0

ωs+1,1:2(∆) · Vs+1,1:2(∆)d∆

︸ ︷︷ ︸
I

=

∫ b

0

ωT

s+1,1:2(∆)
(
V1:2,1:2 + diag(Λ1:2)δ

)
∗ ωs+1,1:2(∆)d∆

︸ ︷︷ ︸
II

+

∫ b

0

ωT

s+1,1:2(∆)V1:2,3:(s+1) ∗ ωs+1,3:(s+1)(∆)d∆

︸ ︷︷ ︸
III

.

(C.60)
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As in (C.53), I is bounded from above
∫ b

0

ωs+1,1:2(∆) · Vs+1,1:2(∆)d∆ ≤ 4γ
1/2
Ω C1/2c5T

−1/5. (C.61)

And II is lower bounded using (C.49) with E∗ = {1, 2}

II =

∫ b

0

ωT

s+1,1:2(∆)
(
V1:2,1:2 + diag(Λ1:2)δ

)
∗ ωs+1,1:2(∆)d∆

≥(2sλmaxb+ s)−1ξ1

2∑

l=1

∫ b

0

∫ b

0

ωs+1,l(∆)(Vl,l + Λlδ)(∆−∆′)ωs+1,l(∆
′)d∆′d∆

≥2(2sλmaxb+ s)−1ξ1β
2
min.

We use the triangle inequality to get that |III| ≥ |II| − |I|. Hence,
∣∣∣∣
∫ b

0

ωT

s+1,1:2(∆)V1:2,3:(s+1) ∗ ωs+1,3:(s+1)(∆)d∆

∣∣∣∣ ≥2(2sλmaxb+ s)−1ξ1β
2
min − 4γ

1/2
Ω C1/2c5T

−1/5

2∑

k=1

∣∣∣∣∣∣

∫ b

0

ωs+1,k(∆)
∑

l∈{3:(s+1)}

[
ωs+1,l ∗ Vl,k

]
(∆)d∆

∣∣∣∣∣∣
≥2(2sλmaxb+ s)−1ξ1β

2
min − 4γ

1/2
Ω C1/2c5T

−1/5,

where we use the triangle inequality |a+ b| ≤ |a|+ |b|. From (C.57), we know that
∣∣∣∣∣∣

∫ b

0

ωs+1,2(∆)
∑

l∈{3:(s+1)}

[
ωs+1,l ∗ Vl,2

]
(∆)d∆

∣∣∣∣∣∣

≥2(2sλmaxb+ s)−1ξ1β
2
min − 4γ

1/2
Ω C1/2c5T

−1/5 − 2(s− 1)C1/2c5T
−1/5γ

3/2
Ω .

(C.62)

Again, we extract all the l ∈ {3, . . . , s} that satisfies
∫ b

0

ωs+1,l(∆)ωs+1,l ∗ Vl,2(∆)d∆ > 2C1/2ζγ
3/2
Ω . (C.63)

We can show that this new group ne(2) is non-empty and ne(2) belongs to the same connected

components with Node 2 using the same argument as for ne(1). We can repeat the process until

there are no remaining nodes in {2, . . . , s} are in the same screened connected component with

Node 1. And these nodes cannot be in the same screened connected component with Node s + 1,

which means that, for all l ∈ {1, . . . , s},
∫ b

0

ωs+1,l(∆)Vs+1,l(∆)d∆ ≤ 2C1/2γ
1/2
Ω c5T

−1/5. (C.64)
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Recall the Wiener-Hopf integral equation (4.6)

Vs+1,·(∆) =
[
(V + diag(Λ)δ) ∗ ωs+1,·

]
(∆). (C.65)

Again, we multiply ωT
s+1,·(∆) on both sides of the equation and integral them over [0, b]. On the

right-hand side of the integrated equation, we have that
∫ b

0

ωT

s+1,·(∆)
(
V + diag(Λ)δ

)
∗ ωs+1,·(∆)d∆ ≥ s(s2λmaxb+ s)−1ξ1, (C.66)

where we use (C.49) with E∗ = {1, . . . , s}. However, the left-hand side is upper bounded by

2sC1/2γ
1/2
Ω c5T

−1/5, which is a contradiction since T−1/5 = o(β2
min).

To complete the proof, we examine the probability that the eventM holds. From Corollary 2,

we know that the eventM holds probability converging to unity if

p2T 6/5 exp
(
−c6T

1/5
)

= o(1).

C.3.3 Proof of Theorem 8

Proof. Again, assume that the eventM≡ {‖V̂j,k − Vj,k‖2,[−B,B] ≤ c5T
−1/5} holds.

We first show that the size of the screened edge set is on the scale spγ2
Ω(1− γΩ)−2λ2

maxT
5/2.

Recall the Wiener-Hopf integral equation

V (∆) = ω(∆)diag(Λ) + (ω ∗ V )(∆). (C.67)

For each (j, k), we can see that

Vj,k = ωj,kΛk + ωj,· ∗ V·,k. (C.68)

We have
‖Vj,k‖2,[−B,B] ≤ Λk‖ωj,k‖2,[−B,B] + ‖ωj,· ∗ V·,k‖2,[−B,B]

≤ Λk‖ωj,k‖2,[−B,B] +

p∑

l=1

‖ωj,l ∗ Vl,k‖2,[−B,B]

≤ Λk‖ωj,k‖2,[−B,B] +

p∑

l=1

‖Vl,k‖2,[−B,B]‖ωj,l‖1,[−B,B],

(C.69)
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where the inequalities follow from triangle inequality, norm inequality, and Young’s inequality.

Young’s inequality takes the form that

‖f ∗ g‖r ≤ ‖f‖p‖g‖q,
1

p
+

1

q
=

1

r
+ 1, (C.70)

where ‖f‖p ≡
[ ∫∞
−∞ f

p(x)dx
]1/p. Here we let r = p = 2, q = 1, f = 1[−B,B]Vl,k, and g = ωj,l.

Recall that supp(ωj,l) = [0, b] ⊂ [−B,B].

From Assumption 19, we know that ωj,k belongs a Sobolev class W (θ1, L1) on a bounded

support [0, b], which implies that {ωj,k} are bounded. Letting C be the bound, we have

‖ωj,k‖2,[−B,B] =

{∫ B

−B
ω2
j,k(∆)d∆

}1/2

≤
{∫ B

−B
‖ωj,k‖∞|ωj,k(∆)|d∆

}1/2

≤ C1/2Ω
1/2
j,k .

Let V̄j,k ≡ ‖Vj,k‖2,[−B,B]. We have

V̄j,k ≤ C1/2Ω
1/2
j,k Λk + Ωj,· · V̄·,k. (C.71)

The `2-norm of the vector V̄·,k can be bounded using the triangle inequality

‖V̄·,k‖2 ≤ C1/2Λk

[
p∑

j

Ωj,k

]1/2

+ ‖ΩV̄·,k‖2.

We know from Assumption 15 that

‖V̄·,k‖2 ≤ C1/2Λk‖Ω·,k‖1/2
1 + γΩ‖V̄·,k‖2.

Rearranging the terms and using the fact that γΩ < 1 give

‖V̄·,k‖2 ≤ C1/2(1− γΩ)−1λmax‖Ω·,k‖1/2
1 . (C.72)

Hence,
∑

j,k

V̄ 2
j,k =

∑

k

‖V̄·,k‖2
2 ≤ C(1− γΩ)−2λ2

max

p∑

k=1

‖Ω·,k‖1. (C.73)

Further recall that the number of non-zero elements in Ω·,k is upper bounded by s and Ωj,k ≤ γΩ.

The inequality becomes
∑

j,k

V̄ 2
j,k ≤ C(1− γΩ)−2λ2

maxspγ
2
Ω. (C.74)
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Hence, among the V̄ , there are at most (C/c5)spT 5/2γ2
Ω(1− γΩ)−2λ2

max elements are on the scale

c5T
−1/5 or higher.

Given event M, only edges in the set {(j, k) : ‖Vj,k‖2,[−B,B] ≥ c5T
−1/5} can be selected

given the threshold ζ = 2c5T
−1/5. This implies that the size of the selected set is on the scale of

spT 5/2γ2
Ω(1− γΩ)−2λ2

max.

For Claim (b), we know, from Assumption 22, that ‖Vj,k‖2,[−B,B] ≥ c6T
−κ for (j, k) ∈ E ,

where κ < 1/5. Hence, for a sufficiently large T , we have ‖V̂j,k‖2,[−B,B] > 2c5T
−1/5 = ζ for

(j, k) ∈ E given the eventM. Therefore, we have that Ej ⊂ Êssj (ζ).

To complete the proof, we examine the probability that the eventM holds. From Corollary 2,

we know that the eventM holds probability converging to unity if p2T 6/5 exp
(
−c6T

1/5
)

= o(1).

C.4 Proofs of Results in Section 4.5

In this section, we provide the proofs of Theorem 9 and Corollary 2 in Chapter 4. The theorem

gives a concentration inequality of the smoothing estimator ȳj,k taking the form (Equation 4.29 in

Chapter 4)

ȳj,k ≡
1

T

∫ T

0

∫ T

0

f(t− t′)dNj(t
′)dNk(t).

In Appendix C.4.1, we discuss the coupling construction for dN and establish its properties. In

Appendix C.4.2, we state and prove a corollary that helps establish Theorem 9. In Appendix C.4.3,

we show that ȳj,k can be written as the mean of a dependent sequence, and obtain bounds on the

τ -dependence coefficient of this sequence. In Appendix C.4.4, we apply the result in Merlevède

et al. (2011) to derive a concentration inequality for ȳj,k. The remaining two sections are devoted

to prove Corollary 2. In Appendix C.4.5, we show that the true cross-covariate Vj,k is smooth under

Assumption 19 in Chapter 4, which helps bound the bias in kernel smoothing. In Appendix C.4.6,

we prove Corollary 2 by combining the pieces together.
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C.4.1 Coupling Construction of the Hawkes process

In this section, we construct a coupling process for the multivariate Hawkes process that will be

useful in showing Proposition 6 in the next section. The key to the construction is the Poisson

embedding technique; we refer the readers to Brémaud and Massoulié (1996) for a details (see

Lemma 3 for the univariate case and the proof of Theorem 7 for the multivariate case). Note that,

when the transfer functions are assumed to be non-negative (i.e., ωj,k ≥ 0 for all j, k), a simple

construction is available using the Poisson branching process representation (Hawkes and Oakes,

1974).

The main result is summarized in the following theorem.

Theorem 11. Suppose that Assumptions 15 and 19 hold for the point process N . For a given

z > 0, there exists a point process Ñ such that Ñ has the same distribution as N , and Ñ is

independent of the history ofN up to time z (i.e.,Hz). Moreover, for (n− 1)b < u, n = 1, 2, . . .

E
∣∣dÑ (z + u)− dN (z + u)

∣∣/du � 2vΩn1,

and

E
∣∣dÑ (t′)dÑ (z + u)− dN (t′)dN (z + u)

∣∣/(dudt′) � 2v2

n+1∑

i=1

Ωi−1[11T]
[
ΩT
]n−i+1

,

where� denotes the element-wise inequality, and v is a constant that satisfies v2 = maxj,k(‖Vj,k‖∞+

ΛjΛk, (µj + ‖ωj,k‖∞]2).

Loosely speaking, E
∣∣dÑ (z + u) − dN (z + u)

∣∣/du captures the temporal dependence in the

first-moment, and E
∣∣dÑ (t′)dÑ (z + u)− dN (t′)dN (z + u)

∣∣/(dudt′) characterizes the temporal

dependence in the second-moment (see Proposition 6 in the next section or Lemma 3 in Dedecker

and Prieur (2004)).

Proof. Following Brémaud and Massoulié (1996), we first construct a sequence of point processes

that converge to N . Let N (0) be a p-variate Poisson process with intensity λmax, where λmax is a

large constant. For n = 1, construct a processN (1)(t) as

dN
(1)
j (t) = 1

[r
(1)
j (t)≤µj/λmax]

dN
(0)
j (t), j = 1, . . . , p, (C.75)
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where r(1)
j (t) ∼ Unif([0, 1]). For n ≥ 2, let dN (n) be

λ(n)(t) = µ+
(
ω ∗ dN (n−1)

)
(t)

dN
(n)
j (t) = 1

[r
(n)
j (t)≤λ(n)

j (t)/λmax]
dN

(0)
j (t), j = 1, . . . , p,

(C.76)

where r(n)
j (t) ∼ Unif([0, 1]).

From Lemma 3 in Brémaud and Massoulié (1996), we know that N (n) admits the intensity

λ(n). It is shown in Brémaud and Massoulié (1996) that the sequence {N (n)}∞n=1 converges to a

process that has the same distribution asN under Assumption 15 in Chapter 4.

Next, we construct the sequence of processes that converges to the coupling process Ñ . Let

Ñ (0) be a p-variate Poisson process with intensity λmax and independent of N (0). Define the first

process as

dÑ
(1)
j (t) = 1[t≤z]1[r̃

(1)
j (t)≤µj/λmax]

dÑ
(0)
j (t) + 1[t>z]1[r

(1)
j (t)≤µj/λmax]

dN
(0)
j (t), j = 1, . . . , p,

(C.77)

where r̃(1)
j (t) ∼ Unif([0, 1]) and r(1)

j (t) is the same variable defined in (C.75). For n ≥ 2, we

construct Ñ (n) as

λ̃(n)(t) = µ+
(
ω ∗ dÑ (n−1)

)
(t)

dÑ
(n)
j (t) = 1[t≤z]1[r̃

(n)
j (t)≤λ̃(n)

j /M ]
dÑ

(0)
j (t) + 1[t>z]1[r

(n)
j (t)≤λ̃(n)

j /M ]
dN

(0)
j (t), j = 1, . . . , p,

(C.78)

where r̃(n)
j (t) ∼ Unif([0, 1]) and r(n)

j (t) defined as in (C.76).

The sequence {Ñ (n)}∞n=1 converges to Ñ using the same argument in Brémaud and Massoulié

(1996) because the hybrid process dN̄ (0) ≡ 1[t≤z]dÑ
(0)+1[t>z]dN

(0) is still a Poisson process. To

see this, one can check that, for any Borel set A ∈ B(R+), N̄ (0)(A) follows a Poisson distribution

of expectation Mm(A) where m(A) is the Lebesgue measure of A.

Moreover, for every n, Ñ is independent of Hz. It is clear that, by construction, Ñ (n−1) is in-

dependent of the history ofN (n−1) before time z (denoted asH(n−1)
z ) by construction. Combining

this with the fact that ω(∆) = 0 for ∆ ≤ 0 from Assumption 19, we see that λ̃(n) is independent

ofH(n−1)
z . Recall that Ñ (n) is determined by λ̃(n) and Ñ (0), we know that Ñ (n) is independent of
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H(n−1)
z , and hence independent ofH(n)

z . Therefore, we know that the iterative construction preserve

the independence between Ñ (n) andH(n)
z . As a result, Ñ ≡ Ñ (∞) is independent ofH(∞)

z ≡ Hz.

So far, we have shown the first part of Theorem 11 that there exist identically distributedN and

Ñ such that Ñ is independent ofHz, and the two processes satisfy the following sets of equations

λ(t) = µ+
(
ω ∗ dN

)
(t)

dNj(t) = 1[rj(t)≤λj(t)/M ]dN
(0)
j (t), j = 1, . . . , p,

(C.79)

and

λ̃(t) = µ+
(
ω ∗ dÑ

)
(t)

dÑj(t) = 1[t≤z]1[r̃j(t)≤λ̃j(t)/M ]dÑ
(0)
j (t) + 1[t>z]1[rj(t)≤λ̃j(t)/M ]dN

(0)
j (t), j = 1, . . . , p.

(C.80)

Our next task is to bound E
∣∣dÑj(z + u)− dNj(z + u)

∣∣ using (C.79) and (C.80).

We claim that, for n = 1, 2, . . .,

E
∣∣dÑ (z + u)− dN (z + u)

∣∣/du � 2vΩn1, u ∈ ((n− 1)b,∞). (C.81)

We prove (C.81) by induction.

For u ∈ R, we have a crude bound from the triangle inequality

E
∣∣dNj(u+ z)−dÑj(u+ z)

∣∣/du ≤ E
∣∣dNj(u+ z)

∣∣/du+E
∣∣dÑj(u+ z)

∣∣/du = 2Λj ≤ 2v. (C.82)

Jointly for all j = 1, . . . , p, E
∣∣dN (u+ z)− dÑ (u+ z)

∣∣/du � 2v1 for any u.
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For u ∈ (0,∞), we have

E
∣∣dN (u+ z)− dÑ (u+ z)

∣∣/du

≤E
∣∣1[rj(u+z)≤λj(u+z)/M ]dN

(0)
j (u+ z)− 1[rj(u+z)≤λ̃j(u+z)/M ]dN

(0)
j (u+ z)

∣∣/du

=E
∣∣λj(u+ z)− λ̃j(u+ z)

∣∣

=E

∣∣∣∣∣µj +

p∑

l=1

∫ ∞

0

ωj,l(∆)dNl(u+ z −∆)− µj −
p∑

l=1

∫ ∞

0

ωj,l(∆)dÑl(u+ z −∆)

∣∣∣∣∣

=E

∣∣∣∣∣

p∑

l=1

∫ ∞

0

ωj,l(∆)
[
dNl(u+ z −∆)− dÑl(u+ z −∆)

]
∣∣∣∣∣

≤
p∑

l=1

∫ b

0

|ωj,l(∆)|E
∣∣dNl(u+ z −∆)− dÑl(u+ z −∆)

∣∣

≤
p∑

l=1

∫ b

0

|ωj,l(∆)|2vd∆

≤2vΩT

j,·1,

where we use the crude bound (C.82) in the second-to-last inequality. Jointly for all j, we have,

for u ∈ (0,∞)

E
∣∣dN (u+ z)− dÑ (u+ z)

∣∣/du � 2vΩ1.

Now assume that for u ∈ ((n− 2)b,∞), it holds that

E
∣∣dN (u+ z)− dÑ (u+ z)

∣∣/du � 2vΩn−11.

Then, for u ∈ ((n− 1)b,∞), we can see that

E
∣∣dN (u+ z)− dÑ (u+ z)

∣∣/du

≤
p∑

l=1

∫ b

0

|ωj,l(∆)|E
∣∣dNl(u+ z −∆)− dÑl(u+ z −∆)

∣∣

≤
p∑

l=1

∫ b

0

|ωj,l(∆)|2
[
Ωn−1

]
l,·Λd∆

≤2vΩT

j,·Ω
n−11.

In other words, we have, for u ∈ ((n− 1)b,∞)

E
∣∣dN (u+ z)− dÑ (u+ z)

∣∣/du � 2vΩn1.
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We have completed the induction for E
∣∣dN (u+z)−dÑ (u+z)

∣∣/du. Next, we bound E
∣∣dN (t′)dNT(u+

z)−dÑ (t′)dÑT(u+z)
∣∣/(dt′du). Noting that E

∣∣dN (t′)dNT(u+z)−dÑ (t′)dÑT(u+z)
∣∣/(dt′du)

is symmetric, we discuss the case when t′ ≥ u + z. Furthermore, when t′ = u + z, the following

derivation holds with an exception on the diagonal elements

E
∣∣dNk(u+ z)dNk(u+ z)− dÑk(u+ z)dÑk(u+ z)

∣∣ = E
∣∣dNk(u+ z)− dÑk(u+ z)

∣∣.

This has been taken care of by our previous discussion. Therefore, in what follows, we focus on

the case when t′ > u+ z.

We claim that, for u ∈ ((n− 1)b,∞),

E
∣∣dN (t′)dNT(u+ z)− dÑ (t′)dÑT(u+ z)

∣∣/(dt′du) � 2v2

n+1∑

i=1

Ωi−111T
[
ΩT
]n+1−i

, (C.83)

where Ω0 ≡ I the identity matrix. Again, we prove (C.83) using a similar induction.

For an arbitrary u, we can obtain a crude bound

E
∣∣dNj(t

′)dNk(u+ z)− dÑj(t
′)dÑk(u+ z)

∣∣/(dt′du)

�2E
∣∣dNj(t

′)dNk(u+ z)
∣∣

=2[Vj,k(t
′ − u− z) + ΛjΛk]

≤2v2.

(C.84)

Jointly for j, k, E
∣∣dN (t′)dNT(u+ z)− dÑ (t′)dÑT(u+ z)

∣∣/(dt′du) ≤ 2v211T for any u.
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For u ∈ (0,∞), using the construction of the coupling process, we can see that

E
∣∣dNj(t

′)dNk(u+ z)− dÑj(t
′)dÑk(u+ z)

∣∣/(dt′du)

≤E
∣∣[1[rj(t′)≤λj(t′)]dNk(u+ z)− 1[rj(t′)≤λ̃j(t′)]dÑk(u+ z)

]
dÑ

(0)
k (t′)

∣∣/(dt′du)

=E
∣∣dNk(u+ z)λj(t

′)− dÑk(u+ z)λ̃j(t
′)
∣∣/du

≤E|µj
[
dNk(u+ z)− dÑk(u+ z)

]
|/du+

E

∣∣∣∣∣

p∑

l=1

∫ ∞

0

ωj,l(∆)
[
dNl(t

′ −∆)dNk(u+ z)− dÑl(t
′ −∆)dÑk(u+ z)

]
∣∣∣∣∣ /du

≤µjE
∣∣dNk(u+ z)− dÑk(u+ z)

∣∣/du+

p∑

l=1

∫ ∞

0

|ωj,l(∆)|E
∣∣dNl(t

′ −∆)dNk(u+ z)− dÑl(t
′ −∆)dÑk(u+ z)

∣∣/du

=µjE
∣∣dNk(u+ z)− dÑk(u+ z)

∣∣/du+

|ωj,k(t′ − u− z)|E
∣∣dNk(u+ z)− dÑk(u+ z)

∣∣/du+

p∑

l=1

∫ ∞

0

|ωj,l(∆)|[1− 1[l=k,∆=t′−u−z]]E
∣∣dNl(t

′ −∆)dNk(u+ z)− dÑl(t
′ −∆)dÑk(u+ z)

∣∣/du

≤(µj + w)E
∣∣dNk(u+ z)− dÑk(u+ z)

∣∣/du

+

p∑

l=1

∫ ∞

0

|ωj,l(∆)|[1− 1[l=k,∆=t′−u−z]]E
∣∣dNl(t

′ −∆)dNk(u+ z)− dÑl(t
′ −∆)dÑk(u+ z)

∣∣/du.

We notice that, when l = k and t′−∆ = u+z, E
∣∣dNl(t

′−∆)dNk(u+z)−dÑl(t
′−∆)dÑk(u+z)

∣∣ =

E
∣∣dNk(u+ z)− dÑk(u+ z)

∣∣. Therefore, we separate this term from the integral. In the mean time

{∆ : ∆ = t′− u− z} is a set of measure zero. We use (C.81) to bound the first term and (C.84) to

bound the second term, which gives

E
∣∣dNj(t

′)dNk(u+ z)− dÑj(t
′)dÑk(u+ z)

∣∣/(dt′du)

≤2v(µj + w)ΩT

k,·1 + 2v2ΩT

j,·1

≤2v2ΩT

k,·1 + 2v2ΩT

j,·1.

where we use v ≥ µj + w and the fact that all entries in Ω are non-negative in the last inequality.
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Jointly for j, k, we have

E
∣∣dN (t′)dNT(u+ z)− dÑ (t′)dÑT

k (u+ z)
∣∣/(dt′du)

≤2v211TΩT + 2v2Ω11T = 2v2

2∑

i=1

Ωi−111T
[
ΩT
]2−i

.

Now, assume that (C.83) holds for u ∈ ((n − 2)b,∞). Using a similar argument, we get that,

for u ∈ ((n− 1)b,∞),

E
∣∣dNj(t

′)dNk(u+ z)− dÑj(t
′)dÑk(u+ z)

∣∣/(dt′du)

≤(µj + w)E
∣∣dNk(u+ z)− dÑk(u+ z)

∣∣/du+

p∑

l=1

∫ ∞

0

|ωj,l(∆)|[1− 1[l=k,∆=t′−u−z]]E
∣∣dNl(t

′ −∆)dNk(u+ z)− dÑl(t
′ −∆)dÑk(u+ z)

∣∣/du

≤2v(µj + w)ΩT

k,·Ω
n−11 + ΩT

j,·

{
v2

n∑

i=1

Ωi−1[11T]
[
ΩT
]n−i−1

Ωk,·

}

≤2v21T
[
ΩT
]n−1

Ωk,· + 2v2

n∑

i=1

ΩT

j,·Ω
i−1[11T]

[
ΩT
]n−i−1

Ωk,·.

Jointly for j, k, we have, for u ∈ ((n− 1)b,∞),

E
∣∣dN (t′)dNT(u+ z)− dÑ (t′)dÑT(u+ z)

∣∣/(dt′du) ≤ 2v2

n+1∑

i=1

Ωi[11T]
[
ΩT
]n−i+1

.

We have completed the proof.

C.4.2 A corollary of Theorem 11

When the dimension of Ω (i.e., p) is allowed to be very large, a large gap u might be required in

order for the upper bound in Theorem 11 to vanish. This can be particularly problematic in neuro-

science application where the number of neurons p are often very large. Using Assumption 16, the

following result stablishes direct element-wise upper bounds for E
∣∣dÑj(z + u)− dNj(z + u)

∣∣/du
and E

∣∣dÑj(t
′)dÑk(z + u)− dNj(t

′)dNk(z + u)
∣∣/(dt′du).
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Corollary 3. Suppose that Assumptions 15, 16, and 19 hold. For a given z > 0 and the process Ñ

constructed in Theorem 11, we have, for each j,

E
∣∣dÑj(z + u)− dNj(z + u)

∣∣/du ≤ a1 exp(−a2u),

where a1 is a constant depends on v, ρ, d0, and s, and a2 = − log
(
γΩ

)
/b. Furthermore, for any

j, k and t′ > z + u, we have

E
∣∣dÑj(t

′)dÑk(z + u)− dNj(t
′)dNk(z + u)

∣∣/(dt′du) ≤ a3 exp(−a4u),

where a3 = 2(n0 + 1)a2
1, a4 = a2/2, and n0 is a constant that depends only on ρΩ.

Proof. From Assumption 16, we know that ‖Ωd01‖2 ≤ ρ, where d0 and ρ are introduced in As-

sumption 16.

For 0 ≤ u < b, we know from Theorem 11, for any j,

E
∣∣dÑj(z + u)− dNj(z + u)

∣∣/du ≤ 2vΩT

j,·1 ≤ 2v
∑

k∈Ej

Ωj,k ≤ 2vs1/2γΩ.

And for 2 ≤ n < d0, we know that

E
∣∣dÑj(z + u)− dNj(z + u)

∣∣/du ≤ 2vΩj,·Ω
n−11 ≤ 2vsn/2γnΩ.

For n ≥ d0, we have

E
∣∣dÑj(z + u)− dNj(z + u)

∣∣/du ≤ 2v‖Ωn−d0Ωd01‖2 ≤ 2vγn−d0
Ω ρ = [2vργ−d0

Ω ]γnΩ.

Letting a1 ≡ max(2vργ−d0
Ω , 2vsd0/2) gives

E
∣∣dÑj(z + u)− dNj(z + u)

∣∣/du ≤ a1 exp(−a2u), (C.85)

where a2 = − log(γΩ)/b.
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Similarly, for u ∈ ((n− 1)b, nb],

E
∣∣dÑj(t

′)dÑk(z + u)− dNj(t
′)dNk(z + u)

∣∣/(dt′du)

≤2v2

[
n+1∑

i=1

Ωi−1[11T][ΩT]n−i+1

]

j,k

= 2

[
n+1∑

i=1

[vΩi−11][vΩn−i+11]T

]

j,k

=2
n+1∑

i=1

[vΩi−11]j[vΩ
n−i+11]k ≤ 2

n+1∑

i=1

‖vΩi−11‖∞‖vΩn−i+11‖∞

≤2
n+1∑

i=1

a1 exp(−a2(i− 1)b)a1 exp(−a2(n− i+ 1)b)

=2a2
1(n+ 1) exp(−a2nb).

(C.86)

Since log(n+1)/n = o(1), we know that there exists a constant n0 such that log(n+1)/n ≤ a2b/2

for any n ≥ n0. This constant n0 depends only on γΩ since a2b = − log(γΩ). Therefore,

E
∣∣dÑj(t

′)dÑk(z + u)− dNj(t
′)dNk(z + u)

∣∣/(dt′du) ≤ 2a2
1 exp(−a2nb/2) ≤ 2a2

1 exp(−a2u/2),

for u ∈ ((n− 1)b, nb] and n ≥ n0. When u ≤ (n0 − 1)b, we have

E
∣∣dÑj(t

′)dÑk(z+u)−dNj(t
′)dNk(z+u)

∣∣/(dt′du) ≤ 2(n0+1)a2
1 exp(−a2nb) ≤ 2(n0+1)a2

1 exp(−a2u/2).

In summary, for any u ≥ 0, we have τ 2
j,k(u) ≤ a3 exp(−a4u), where a3 = 2(n0 + 1)a2

1 and

a4 = a2/2.

C.4.3 Weak dependence

In this section, we rewrite ȳj,k as the mean of a discrete sequence, and show that the sequence has

(i) a sub-Gaussian tail and (ii) τ -dependence coefficient decays exponentially fast as the time gap

increases. Without loss of generality, let b1 ≤ b2 ≤ 0. Otherwise, one can split the function f into

f− defined on [b1, 0] and f+ defined on [0, b2], and analyzes them accordingly (note that f− and f+

are not the positive and negative part of the function).

We define the following series {yj,k,i} for i = 1, . . . , T/(2ε)

yj,k,i ≡
1

2ε

∫ 2εi

2ε(i−1)

∫ T

0

f(t− t′)dNk(t
′)dNj(t),
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where ε is the smallest number satisfies that ε ≥ max{|b1|, b} and T/(2ε) is an integer. We imme-

diately know that

2ε

T

T/(2ε)∑

i=1

yj,k,i =
2ε

T

T/(2ε)∑

i=1

1

2ε

∫ 2εi

2ε(i−1)

∫ T

0

f(t− t′)dNk(t
′)dNj(t) = ȳj,k.

The first two lemmas are useful in showing (i). The first lemma quantifies the tail behaviour of

a Poisson random variables.

Lemma 16. Suppose that x is a Poisson random variable with mean m. Then for any n > 0

P(x−m ≥ n) ≤ exp(−m− log(n/em)n). (C.87)

The next lemma deals with the tail behaviour of the product of two random variables, which is

an adaptation of Lemma A.2 in Fan et al. (2014).

Lemma 17. Suppose that Z1 and Z2 satisfies that

P (|Zi| > n) ≤ exp(1− (t/Ki)), i = 1, 2 (C.88)

for all n ≥ 0. Then for any n ≥ 0 and K∗ =
√
K1K2(log 2 + 1),

P (|Z1Z2| > n) ≤ exp
(
1− (t/K∗)1/2

)
. (C.89)

The proof follows the proof of Lemma A.2 in Fan et al. (2014) by choosing r1 = r2 = 1 and

r∗ = 1/2.

The next lemma provides an approach to evaluate the τ -dependence of the sequence {yj,k,i}.
We refer the readers to Merlevède et al. (2011) for the definition of the τ -dependence of a sequence.

In this paper, we mainly use the coupling result in Dedecker and Prieur (2004) to bound the τ -

dependence coefficient (Lemma 3 in Dedecker and Prieur (2004)), stated in the following lemma.

Lemma 18. For a sequence {yj,k,i}ni=1, let Hy
z be the σ-filed generated by {yj,k,i}zi=1 and u be a

positive integer. The τ -dependence coefficient τy(u) of the sequence {yj,k,i}ni=1 satisfies that

τy(u) = sup
z
τ(Hz, yj,k,z+u) ≤ sup

z
E|yj,k,z+u − ỹj,k,z+u|,

where ỹj,k,z+u is a random variable distributed identically as yj,k,z+u and ỹj,k,z+u is independent of

Hy
z .
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We are now ready to give the properties of the sequence {yj,k,i} that we will use in proving

Theorem 9.

Proposition 6. Suppose that Assumptions 15, 16, and 19 hold. Further assume that there exists

λmax so that λj(t) ≤ λmax for all j = 1, . . . , p. Let f(·) be a bounded function on a bounded

support, i.e., supp(f) = [b1, b2] with b2 ≤ 0, and ‖f‖∞ ≡ maxx |f(x)| ≤ Cf . We have that

i) the τ -dependence coefficient of yj,k,i satisfies that, for any positive integer l,

τy(u) ≤ a5 exp(−a6l), l ≥ 1. (C.90)

ii) the sequence has an exponential tail of order 1/2, i.e.,

sup
i>0

P(|yj,k,i| ≥ x) ≤ exp
(
1− a7x

1/2
)
. (C.91)

Proof. We first show that the tail bound (C.91) holds on yj,k,i.

Since ‖f‖∞ = Cf and Supp(K) = [b1, b2] by definition, we know that

yj,k,i ≤
Cf
2ε
Nj

(
[2ε(i− 1), 2εi]

)
Nk

(
[2εi− 2ε+ b1, 2εi+ b2]

)
.

Using the Poisson embedding technique and the assumption that λj(t) ≤ λmax, we know that

both random variables on the right-hand side are marginally dominated by two Poisson random

variables of mean 2ελmax and (2ε + b2 − b1)λmax. From Lemma 16, we see that both are Poisson

random variables. Applying Lemma 17, we see that yi has an exponential tail of order 1/2.

Next, we evaluate the τ -dependence coefficient of the sequence {yj,k,i}. For any z, we construct

a sequence {ỹj,k,i}T/(2ε)i=1 that is distributed identically as {yj,k,i}T/(2ε)i=1 while ỹj,k,z+l is independent of

{yj,k,i}zi=1 for all positive integer l. LetN and Ñ be the two processes constructed in Theorem 11

such that N ∼ Ñ and Ñ is independent of H2εz. This process exists as a result of Corollary 3.

Hence, in what follows, we will let yj,k,i be defined on dN as

yj,k,i ≡
1

2ε

∫ 2εi

2ε(i−1)

∫ T

0

f(t− t′)dNk(t
′)dNj(t). (C.92)
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And we define ỹj,k,i on Ñ as

ỹj,k,i ≡
1

2ε

∫ 2εi

2ε(i−1)

∫ T

0

f(t− t′)dÑk(t
′)dÑj(t). (C.93)

As a result of the construction, we know that {ỹj,k,i}T/(2ε)i=1 is distributed identically as {yj,k,i}T/(2ε)i=1

and {ỹj,k,i}T/(2ε)i=1 is independent of {yj,k,i}zi=1.

We now bound the quantity E
∣∣ỹj,k,z+l − yj,k,z+l

∣∣.

E
∣∣ỹj,k,z+l − yj,k,z+l

∣∣

=
1

2ε
E

∣∣∣∣∣

∫ 2ε(z+l)

2ε(i+l−1)

∫ t+b2

t+b1

f(t− t′)
[
dÑk(t

′)dÑj(t)− dNk(t
′)dNj(t)

]
∣∣∣∣∣

≤ 1

2ε

∫ 2ε(z+l)

2ε(z+l−1)

∫ t+b2

t+b1

f(t− t′)E
∣∣∣dÑk(t

′)dÑj(t)− dNk(t
′)dNj(t)

∣∣∣

≤Cf
2ε

∫ 2ε(z+l)

2ε(z+l−1)

∫ t+b2

t+b1

E
∣∣∣dÑk(t

′)dÑj(t)− dNk(t
′)dNj(t)

∣∣∣

≤Cf
2ε

∫ 2ε(z+l)

2ε(z+l−1)

∫ t+b2

t+b1

a3 exp(−a4[min(t′, t)− 2εz])dt′dt

where we use the fact that ‖f‖∞ ≤ Cf in the second inequality, and Corollary 3 in the last in-

equality. Notice that min(t′, t) − 2εz = 2ε(z + l − 1) + b2 − 2εz = 2ε(l − 1) + b2. Thus, we

have

E
∣∣ỹj,k,z+l − yj,k,z+l

∣∣ ≤ a5 exp(−a6l),

where a5 = Cf (b2 − b1) exp(b2 − 2ε)a3 and a6 = 2εa4. This completes the proof.

C.4.4 Proof of Theorem 9

Proof. In this proof, we use C1, C2, and C3 to denote global constants whose value might change

from line to line. As in the previous section, we set

yj,k,i ≡
1

2ε

∫ 2εi

2ε(i−1)

∫ T

0

f(t− t′)dNk(t
′)dNj(t).

From the conclusion of Proposition 6, we know that {yj,k,i}T/(2ε)i=1 satisfies the conditions of

Theorem 1 of Merlevède et al. (2011) with γ1 = 1 and γ2 = 1/2. Thus, applying Theorem 1 in
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Merlevède et al. (2011) on {yj,k,i − Eyj,k,i}T/(2ε)i=1 gives

P



∣∣∣∣∣∣

T/(2ε)∑

i=1

yj,k,i −
T

2ε
Eyj,k,i

∣∣∣∣∣∣
≥ Tε1


 ≤ T

2ε
exp

(
−(ε1T )1/3

C1

)
+ exp

(
− ε21T

2

C2(1 + Tvy/2ε)

)

+ exp

[
− ε21T

2

C3T/2ε
exp

(
(ε1T )2/9

C4(log ε1T )1/3

)]
,

(C.94)

where ε1 is to be specified later. Here vy is a measure of “variance” defined in (1.11) of Merlevède

et al. (2011). We can see that vy is upper bounded since

vy ≤ sup
i>0

{
E
[
(yj,k,i − Eyi)2

]
+ 2

∑

l≥1

E
[
(yj,k,i − Eyj,k,i)(yj,k,i+l − Eyj,k,i+l)

]
}

= sup
i>0

{
E
[
(yj,k,i − Eyj,k,i)2

]
+ 2

∑

l≥1

E
[
E[yj,k,i+l − Eyj,k,i+l | yj,k,i](yj,k,i − Eyj,k,i)

]
}

≤ sup
i>0

{
E
[
(yj,k,i − Eyj,k,i)2

]
+ 2

∑

l≥1

E
[
|E[yj,k,i+l − Eyj,k,i+l | yj,k,i||yj,k,i − Eyj,k,i)

∣∣
}

≤ sup
i>0

{
E
[
(yj,k,i − Eyj,k,i)2

]
+ 2

∑

l≥1

a5 exp(−a6l)E
[
|yj,k,i − Eyj,k,i|

]
}
,

(C.95)

which is finite. Here the second inequality use the definition of the τ -dependence where τy(j−i) ≥
|E[yj | yi]− Eyj| (see Equation 2.1 in Merlevède et al. (2011)) . Letting ε1 = c5T

−2/5/2 gives

P
(
|ȳj,k − Eȳj,k| ≥ c5T

−2/5
)
≤ c7T exp(−c6T

1/5).

C.4.5 Smoothness of cross-covariances

We now move on to the proof of Corollary 2. The following lemma shows that the cross-covariance

is Lipschitz given the smoothness assumption on ωj,k (Assumption 19 in Chapter 4). This helps

bound the bias of the kernel smoothing estimator.

Lemma 19. Under Assumption 19, the cross-covariance function is θ2-Lipschitz for 1 ≤ j, k ≤ p

for some θ2 > 0, i.e. |Vj,k(x)− Vj,k(y)| ≤ θ2|x− y|.
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Proof. Let gj,k(∆) = Vj,k(∆)/Λk. We have the following version of the integral equation

g = ω + (ω ∗ g)(∆). (C.96)

Plugging (C.96) into itself gives that

g(∆) =
∞∑

i=1

ω(i)(∆). (C.97)

For each element in g, we have

gj,k(∆) = ωj,k(∆) +
∞∑

i=2

[
ω

(i−1)
j,· ∗ ω·,k

]
(∆). (C.98)

Then,

∣∣gj,k(x)− gj,k(y)
∣∣ ≤
∣∣ωj,k(x)− ωj,k(y)

∣∣+
∞∑

i=2

∣∣[ω(i−1)
j,· ∗ ω·,k

]
(x)− ω(i−1)

j,· ∗ ω·,k
]
(y)
∣∣. (C.99)

Recall that we assume in Assumption 19 that ωj,k lives in a Sobolev space W (θ1, L1) on [0, b],

which implies that ωj,k is θ0-Lipschitz for some positive constant θ0.

For each i ≥ 2, we have
∣∣[ω(i−1)

j,· ∗ ω·,k
]
(x)− ω(i−1)

j,· ∗ ω·,k
]
(y)
∣∣

=

∣∣∣∣
∫ ∞

0

ω
(i−1)
j,· (∆) ·

[
ω·,k(x−∆)− ω·,k(y −∆)

]
d∆

∣∣∣∣

≤
p∑

l=1

∣∣∣∣
∫ ∞

0

ω
(i−1)
j,l (∆)

[
ωl,k(x−∆)− ωl,k(y −∆)

]
d∆

∣∣∣∣

≤
p∑

l=1

θ0|x− y|
∫ ∞

0

∣∣ω(i−1)
j,l (∆)

∣∣d∆

≤θ0|x− y|
p∑

l=1

Ω
(i−1)
j,l ≤ θ0|x− y|

p∑

l=1

Ωi−1
j,l

≤θ0|x− y|γi−1
Ω ,

(C.100)

where θ0 is the Lipschitz constant for ωj,k. Here the third to last inequality follows from the

property of the convolution. For i = 2, Young’s inequality gives

‖ωj,· ∗ ω·,k‖1 ≤
p∑

l=1

‖ωj,l‖1‖ωl,k‖1 = Ωj,· · Ω·,k. (C.101)
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The last inequality of (C.100) follows from the fact that Γmax(Ωi) ≤ γiΩ. As a result, we have

∣∣gj,k(x)− gj,k(y)
∣∣ ≤ θ0|x− y|

∞∑

i=0

γiΩ =
θ0

1− γΩ

|x− y|. (C.102)

Let θ2 = maxj(Λj)θ0/(1− γΩ) and we have

∣∣Vj,k(x)− Vj,k(y)
∣∣ ≤ θ2|x− y|.

C.4.6 Proof of Corollary 2

Proof. Recall that the estimator V̂j,k takes the form (Equation 4.24 in Chapter 4)

V̂j,k(∆) =
1

Th

∫∫

[0,T ]2
K
(
[∆− {t′ − t}]/h

)
dNj(t)dNk(t

′)

︸ ︷︷ ︸
I/h

− 1

T
Nj(T )

1

T
Nk(T )

︸ ︷︷ ︸
II

. (C.103)

For I, applying Theorem 9 with f(x) = K
(
[∆− {t′ − t}]/h

)
≤ 1 gives

P
(
|ȳj,k − Eȳj,k| ≥ c5T

−2/5
)
≤ c7T exp(−c6T

1/5). (C.104)

We see that

Eȳj,k =E

[
2ε∫

2εi

2ε(i−1)

∫ T

0

K
(
[∆− {t− t′}]/h

)
dNk(t

′)dNj(t)

]

=

∫ −∆+h

−∆−h
K

(
∆ + t′

h

)
(Vj,k(−t′) + ΛjΛk)dt

′.

(C.105)
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And the bias is

|Eȳj,k − hVj,k(∆) + hΛjΛk|

=

∣∣∣∣
∫ −∆+h

−∆−h
K

(
∆ + t

h

)
Vj,k(−t′)dt′ − hVj,k(∆) + hΛjΛk

∣∣∣∣

=

∣∣∣∣
∫ −∆+h

−∆−h
K

(
∆ + t′

h

)
[Vj,k(−t′)− Vj,k(∆)]dt′

∣∣∣∣

≤
∫ −∆+h

−∆−h
K
(
[∆ + t′]/h

)
θ2| − t′ −∆|dt′

≤
∫ −∆+h

−∆−h
θ2|t′ + ∆|dt′

=θ2

∫ h

−h
|z|dz

=θ2h
2,

(C.106)

where we use Lemma 19 in the second-to-last inequality and K(·) ≤ 1 in the last inequality.

Similarly, for each term in II, it is easy to check that

P
(
|Nj(T )/T − Λj| ≥ c5T

−2/5
)
≤ c7T exp(−c6T

1/5). (C.107)

The proof of (C.107) is very similar to the proof of Theorem 9 and is thus omitted.

Combining (C.104), (C.106), and (C.107), we have
∣∣∣V̂j,k(∆)− Vj,k(∆)

∣∣∣ ≤
∣∣h−1ȳj,k − h−1Eȳj,k

∣∣+
∣∣h−1Eȳj,k,i − Vj,k(∆) + ΛjΛk

∣∣

+

∣∣∣∣
1

T 2
(Nj(T )− TΛj)Nk(T )

∣∣∣∣+

∣∣∣∣Λj
1

T
Nk(T )− ΛjΛk

∣∣∣∣

≤c5T
−2/5h−1 + θ2h+ (‖Λ‖∞ + c5T

−2/5)c5T
−2/5 + ‖Λ‖∞c5T

−2/5.

(C.108)

Now, let h = T−1/5. We can see that

∣∣∣V̂j,k(∆)− Vj,k(∆)
∣∣∣ ≤ c′5T

−1/5. (C.109)

Lastly, we need a uniform bound on V̂j,k − Vj,k on the region [−B,B]. We first see that the above

probability statement holds for a grid of [T 1/5] points on [−B,B]. The gap between adjacent point
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is 2BT 1/5. From basic calculus we get that, for all ∆ ∈ [−B,B],
∣∣∣V̂j,k(∆)− Vj,k(∆)

∣∣∣ =
∣∣∣V̂j,k(∆)− V̂j,k(∆k) + V̂j,k(∆k)− Vj,k(∆k) + Vj,k(∆k)− Vj,k(∆)

∣∣∣

≤2BT−1/5 + c′5T
−1/5 + θ2T

−1/5 ≡ c5T
−1/5.

(C.110)

Therefore, we have that
∥∥V̂j,k − Vj,k

∥∥
2,[−B,B]

≤ c5T
−1/5. (C.111)

By investigating (C.104) and (C.107), we can see that the probability of (C.111) to hold for 1 ≤
j, k ≤ p converges to unity as long as

p2T 6/5 exp
(
−c6T

1/5
)

= o(1)

.


