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Abstract

Computations and Analysis with Non-normal Matrices

Natalie Wellen

Chair of the Supervisory Committee:

Anne Greenbaum

Department of Applied Mathematics

The goal of this dissertation is to introduce some new iterative methods for solving prob-

lems involving non-Hermitian matrices and to add to our understanding of the convergence

of these algorithms when applied to highly non-normal matrices. In the first part, the

Arnoldi-OR algorithm [23] is introduced. Given an n by n matrix A and a rational func-

tion N(z)/D(z), where D(A) is nonsingular, this algorithm finds the approximations xk,

k = 1, 2, . . ., from successive Krylov subspaces, span{b,Ab, . . . ,Ak−1b}, that minimize the

2-norm of the residual, ∥D(A)xk−N(A)b∥2. Convergence of the Arnoldi-OR algorithm can

be bounded based on the eigenvalues of A and the condition number of the best-conditioned

matrix of eigenvectors, assuming thatA is diagonalizable. This may be a large overestimate,

however, if the best-conditioned matrix of eigenvectors is still very ill-conditioned.

Starting in Chapter 4, the second part of this dissertation explores bounds on the norm

of a function of A that can be applied when A is highly non-normal; i.e., either A is

not diagonalizable or it is diagonalizable but the eigenvalues are very ill-conditioned. These

bounds involve the∞-norm of the function, not just on the eigenvalues of A, but on a larger

set in the complex plane containing the eigenvalues. In the second part of the dissertation,

we expand on some known results [30, 29] about K-spectral sets—sets Ω ⊂ C satisfying

∥f(A)∥2 ≤ K supz∈Ω |f(z)| for all functions f analytic in Ω, (i.e. functions that can be

arbitrarily well-approximated on Ω by rational functions with no poles in Ω). This work is

described in [61]. Here, we use it to give alternative bounds on the 2-norm of the residual



in the Arnoldi-OR algorithm.

We also consider a different way of solving non-Hermitian linear systems, which is to

convert the problem to a Hermitian one, in Section 2.2. If one can find Hermitian positive

definite matrices M and Y such that A = M−1Y, then one can solve Ax = b using the

conjugate gradient method (CG) applied to the system Yx = Mb with M as a precon-

ditioner. We apply this technique to a problem involving the graph Laplacian that is of

interest to Sandia National Laboratory, where I worked with Richard Lehoucq over the

summer of 2023.
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NOTATION

Notation Definition

α, a Scalar values are represented by lower case Greek or Roman letters

and are assumed to be complex unless otherwise stated, α, a ∈ C.

b Vectors are denoted by bold lower case letters and are assumed

to be n-dimensional with complex entries unless otherwise stated,

b ∈ Cn.

∥x∥2 The 2-norm of x: ∥x∥2 =
(∑n

j=1 |xj |2
)1/2

.

⟨y,x⟩ The Euclidean inner product of y and x: ⟨y,x⟩ = y∗x =∑n
j=1 ȳjxj .

∥x∥A The A-norm of x, where A is Hermitian positive definite. ∥x∥A =

⟨x,Ax⟩1/2.
A Matrices are denoted by bold capital letters.

AT The transpose of A: AT (i, j) = A(j, i)

A∗ The Hermitian transpose of A: A∗(i, j) = A(j, i).

κk(A,b) The k-dimensional Krylov subspace span{b,Ab, . . . ,Ak−1b}.
∥A∥2 The matrix norm corresponding to the 2-norm for vectors: ∥A∥2 =

max∥v∥2=1 ∥Av∥2.
κ(A) The 2-norm condition number of A: If A is invertible, then κ(A) =

∥A∥2 ∥A−1∥2.
W (A) The numerical range of A: W (A) = {⟨q,Aq⟩ : ⟨q,q⟩ = 1}.
w(A) The numerical radius of A: w(A) = maxz∈W (A) |z|.
ρ(A) The numerical abscissa of A: ρ(A) = maxz∈W (A)Re(z).

D(c, r) The open disk centered at c of radius r.

∂Ω If Ω is a region in the complex plane, then ∂Ω is its boundary.

ii
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Chapter 1

INTRODUCTION

The goal of this dissertation is to introduce some new iterative methods for solving prob-

lems involving non-Hermitian matrices, and to add to our understanding of the convergence

of these algorithms when applied to highly non-normal matrices. In the first part of this

dissertation, I introduce a new method for solving a non-Hermitian system of linear equa-

tions with a three-term recurrence method when that system satisfies certain conditions.

I also introduce an iterative method for solving the action of a rational function of a ma-

trix on a vector. This iterative method is a Krylov subspace method based on the Krylov

subspace generated by A and b, and has a priori bounds on the convergence of its error.

In the second part of this dissertation, I explore bounds on the norm of a function of A

that can be applied when A is highly non-normal, such as when the eigenvalues are highly

ill-conditioned. I expand on known results and compare different methods for calculating

an upper bound on the norm of a function of a matrix.

Chapter 2 gives background material on Krylov subspace methods, including the conju-

gate gradient method (CG) [70], the generalized minimal residual algorithm (GMRES) [96],

and the biconjugate gradient stabilized method (Bi-CGSTAB) [112]. The relationship be-

tween CG and the Lanczos algorithm and that between GMRES and the Arnoldi algorithm

is summarized. Here, we also review preconditioning and how a preconditioner may be used

to transform a non-Hermitian problem into an equivalent Hermitian one. In particular, we

discuss the solution of a linear system involving the graph Laplacian.

Chapter 3 explores the problem of computing the product of a rational function R(A) =

D(A)−1N(A) and a vector b [23]. Here, approximate solutions are chosen from a Krylov

space based on A and b, span{b,Ab, . . . ,Ak−1b}, instead of one based on D(A), which is
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used when GMRES is applied to D(A)x = N(A)b. The approximate solution xk at step

k is chosen to minimize the 2-norm of the residual, ∥D(A)xk − N(A)b∥2. This method

is closely related to the Arnoldi-FA algorithm [21], but the Arnoldi-FA algorithm does not

minimize any standard error norm. Thus, the 2-norm of the residual at each step in Arnoldi-

OR is guaranteed to be less than or equal to that in Arnoldi-FA. Numerical experiments

suggest, however, that the 2-norm of the error, ∥xk − R(A)b∥2, in the two methods is

very similar. We do not yet have a complete explanation for this similarity, and it is listed

in Chapter 6 as a possibile area for future work. Computing R(A)b for general rational

functions, R(z), and non-Hermitian matrices, A, is relevant to fields that use exponential

integrators to solve ordinary differential equations of the form d
dtu(t) = F (u(t)), u(t0) = u0

[46], the matrix sine and cosine functions [66], the matrix exponential [82], and more. Note

that no matrix-matrix multiplication is required since D(A) and N(A) can be applied to

vectors without actually forming the matrices D(A) and N(A). The MATLAB codes for

these algorithms can be found at https://www.github.com/tygris/ArnoldiOR.

Chapter 4 gives background material on non-normal matrices and bounding ∥f(A)∥2,

including when f(A) is a rational function like R(A). For normal matrices, eigenvalues

will determine this bound. Eigenvalues, a powerful tool from linear algebra, generally play

a significant role in understanding and solving complex problems. For example, the QR

algorithm to compute eigenvalues is listed as one of the top ten algorithms of the 20th

century [26]. Eigenvalues are calculated to decompose systems in a way that makes it easier

to solve a problem, study resonance in physical systems, and analyze a system’s asymptotic

behavior. A normal matrix has a complete set of orthogonal eigenvectors. In the study

of resonance this property leads to well-understood system perturbations, for instance,

and means that a system’s short-term behavior matches its asymptotic behavior. When

a matrix is just slightly non-normal, meaning that it has a complete set of eigenvectors

that are fairly close to orthogonal, then eigenvalues still play a vital role. However, when a

matrix is highly non-normal, meaning that either it is not diagonalizable or its eigenvectors

are almost linearly dependent, eigenvalues may be misleading. In the first chapter of Spectra

https://www.github.com/tygris/ArnoldiOR
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and Pseudospectra [108], Trefethen and Embree list 19 examples of scientific fields that rely

on eigenvalue results. Then, in the second chapter of Spectra and Pseudospectra, Trefethen

and Embree list:

atmospheric sciences [45] control theory [71]

ecology [83] hydrodynamic stability [110]

lasers [97] magnetohydrodynamics [11]

Markov chains [76] matrix iterations [59]

rounding error analysis [20] operator theory [15]

non-Hermitian quantum mechanics [67]

numerical solution of differential equations [113]

as examples of misleading eigenvalue analysis from different scientific fields. This disser-

tation addresses some of the difficulties that arise from numerical computations involving

highly non-normal matrices.

The second part of this dissertation is about K-spectral sets and how they can be used

to bound the norms of functions of highly non-normal matrices. Let Ω be any region of the

complex plane containing the eigenvalues of A. The region Ω may be convex, the union of

many disconnected subsets, a half-plane, or any other shape. Ω is said to be a K-spectral

set for A if ∥f(A)∥2 ≤ K supz∈Ω |f(z)| for all functions f analytic in Ω. If K = 1, then Ω

is referred to simply as a spectral set for A.

Although this dissertation deals with finite matrices, research about K-spectral sets

originated in the mathematical field of functional analysis. In 1950, Von Neumann applied

spectral set theory to contraction linear operators, and clearly connected spectral set theory

to matrices (aka finite dimensional linear operators) [116]. There have also been more recent

advancements in K-spectral set research. In 2007, Crouzeix published a paper showing that

the numerical range of a linear operator is a K-spectral set for a value of K bounded by

11.08 [28]. For a matrix A, the numerical range is defined as

W (A) =

{
x∗Ax

x∗x
|x ∈ Cn,x ̸= 0

}
.
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A similar definition holds for other linear operators, using inner products in an appropriate

Hilbert space. It is well-known that the numerical range of a matrix A is always a convex

set containing the eigenvalues of A [74], and Crouzeix’s result shows that W (A) is an 11.08-

spectral set for A. While 11.08 is a bound that only allows the norm of the function of a

matrix to exceed by one order of magnitude the ∞-norm of the function on the numerial

range, Crouzeix conjectured that K = 2 is the optimal value of K [28]. This drew more

researchers to study K-spectral sets.

As of 2025, K = 2 for the numerical range of all linear operators remains unproven.

However, for specific classes of matrices, the numerical range has been proven to be a 2-

spectral set. These classes of matrices include 2×2 matrices [27], 3× 3 tridiagonal matrices

with a single value along the diagonal [52], and matrices of the form αI +DP where D is

a diagonal matrix and P is a permutation matrix [25].

For the general case of all linear operators, in 2017 Crouzeix and Palencia proved that

the numerical range is a 1 +
√
2, or about 2.414, spectral set [30]. Then, in 2019 Crouzeix

and Greenbaum showed that one can remove a single disk from the numerical range and

if the radius of the disk is less than a certain value then the remaining set is a (3 + 2
√
3)-

spectral set [29]. They used this K-spectral set to give bounds on the 2-norm of the residual

in the GMRES algorithm when the numerical range of A contains the origin. Chapter 5

generalizes this result to cover the removal of any number of disks, and we present several

examples where this might prove useful. The analytically calculated value of K is based on

the number of disks removed when the radius of the removed disk satisfies one of two bounds.

Another approach to obtain bounds on ∥f(A)∥ is to use the Cauchy integral formula,

f(A) =
1

2πi

∮
∂Ω

(zI−A)−1f(z) dz, (1.1)

and replace the norm of the integral by the integral of the norm of the integrand:

∥f(A)∥ ≤ 1

2π

(∮
∂Ω
∥(zI−A)−1∥ |dz|

)
sup
z∈∂Ω

|f(z)|, (1.2)
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also known as the integral of the resolvent norm.

Chapter 5 contains extensions to the basic theorem from [29] that can be applied to an

arbitrary region Ω, whose interior contains the eigenvalues of A. When f(z) is analytic in

Ω, then we explain how to use those extensions to obtain a bound on ∥f(A)∥ that may be

smaller than that in (1.2). These extensions describe how to calculate bounds of this form

for more types of regions Ω, including the left half-plane, the unit disk, and the 2-norm

ϵ-pseudospectrum of A; that is, Ω = {z ∈ C : ∥(zI − A)−1∥2 > ϵ−1}. Aside from some

minor factors involving the geometry of the region, the extensions to the basic theorem

from [29] can be used to numerically determine a bound similar to (1.2), but with the norm

of the resolvent, ∥(zI −A)−1∥, replaced by twice the absolute value of a certain point on

the boundary of the numerical range of the resolvent. We compare these two methods of

bounding K for a variety of sets, and also partially explain the mathematical relationship

between these upper bounds onK forK-spectral sets. The MATLAB codes used to compute

these bounds can be found at https://github.com/tygris/k-spectral-sets.

Finally, Chapter 6 contains open research problems related to the work throughout this

dissertation.

For the rest of this dissertation, we assume that A ∈ Cn×n, so that A is always a

square matrix and we are always working in a complex vector field, unless specifically

stated otherwise. Further, we assume that all analysis and discussion of algorithms are in

exact arithmetic, unless explicitly stated otherwise.

https://github.com/tygris/k-spectral-sets
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Chapter 2

KRYLOV SUBSPACE METHODS

Krylov subspace methods are iterative algorithms used to solve linear systems of equa-

tions, Ax = b. These methods are an alternative to direct methods like Gaussian elimi-

nation. When A is a non-singular n × n matrix, Gaussian elimination uses approximately

2
3n

3 operations to solve Ax = b. Gaussian elimination has an arithmetic complexity of

O(n3), because the largest term is a constant times n3. The cubic growth of operations in

Gaussian elimination matches the worst-case performance of Krylov subspace methods for a

dense matrix. However, in most cases, Krylov subspace methods are more computationally

feasible than Gaussian elimination for large systems.

The Krylov subspace of a matrix A and the vector b is the set of all linear combinations

of the vectors contained in {b,Ab,A2b, · · · }, or the span of this set. The kth-Krylov

subspace is span{b,Ab,A2b, · · · ,Ak−1b}. By definition, a Krylov subspace is defined by

both a matrix and a vector of interest.

The Cayley-Hamilton Theorem states that for all square matrices, there exists a char-

acteristic polynomial of A equivalent to the zero matrix1. By rearranging the characteristic

polynomial, we can write the polynomial p(A) = A−1. Krylov subspace methods take

advantage of this fact by iteratively increasing the degree of the polynomial considered.

Further, since matrix-vector multiplication is more efficient to compute than matrix-matrix

multiplication, these methods avoid the costly route of computing p(A) by instead comput-

ing p(A)b.

Many Krylov subspace methods can be derived from or contain the Lanczos and Arnoldi

algorithms as subroutines. The Lanzos algorithm, one version of which is found in Al-

1This is the same characteristic polynomial that defines the eigenvalues of a matrix.
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Algorithm 1 Lanczos Algorithm

1: Inputs: A ∈ Cn×n where A∗ = A, initial vector b ∈ Cn, and the number of iterations
m ≤ n.

2: Set q1 = b/∥b∥2
3: β0 := 0, q0 := 0
4: for k = 1, 2, · · · ,m do
5: q̃k+1 = Aqk − βk−1qk−1

6: αk = ⟨q̃k+1,qk⟩
7: q̃k+1 ← q̃k+1 − αkqk

8: βk = ⟨q̃k+1, q̃k+1⟩1/2
9: qk+1 = q̃k+1/βk

10: end for
11: Return the matrix of orthonormal basis vectors Qm+1 = [q1 q2 · · ·qm+1] and the

coefficient Tm+1,m where Tm+1,m is a tridiagonal matrix with {αk}k≤m on the main
diagonal, {βk}k≤m−1 on the super- and sub- diagonals, and T(m+ 1,m) = βm.

Algorithm 2 Arnoldi Algorithm

1: Inputs: A ∈ Cn×n, initial vector b ∈ Cn, and the number of iterations m.
2: Set q1 = b/∥b∥2.
3: for j = 1, . . . ,m do
4: q̃j+1 = Aqj

5: for i = 1, . . . , j do
6: H(i, j) = ⟨qi, q̃j+1⟩
7: q̃j+1 ← q̃j+1 −H(i, j)qi

8: end for
9: H(j + 1, j) = ⟨q̃j+1, q̃j+1⟩1/2

10: qj+1 = q̃j+1/H(j + 1, j)
11: end for
12: Return the matrix of orthonormal basis vectors Qm+1 = [q1 q2 · · ·qm+1]

and Hm+1,m the upper Hessenberg coefficient matrix defined by the elements
{H(i, j)}1≤i≤m+1,1≤j≤m.
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gorithm 1, is a method to compute the matrices Qm+1, Qm, and Tm+1,m such that

AQm = Qm+1Tm+1×m when A is Hermitian. The definition of a symmetric matrix is

A = AT . The definition of a Hermitian matrix is A = A∗. All symmetric and Hermitian

matrices must be square, and all real-valued Hermitian matrices are symmetric. When Lanc-

zos is run for m iterations, the matrix Q ∈ Cn×m contains the m orthonormal basis vectors

for Km(A,b) = span{b,Ab, · · · ,Am−1b}, and the triadiagonal matrix Tm+1,m ∈ Rm+1×m

contains the recurrence coefficients from the Lanczos algorithm.

Unlike Lanczos, the Arnoldi algorithm takes any square matrix as an input, including

highly non-normal matrices. One version of Arnoldi is found in Algorithm 2. The Arnoldi

algorithm run for n iterations decomposes any matrix A into A = QHQ∗, where H is

an n × n upper Hessenberg matrix. When Arnoldi is run for m < n iterations, then

AQm = Qm+1Hm+1×m. To form an orthonormal basis for Km(A,b) for the non-Hermitian

matrix A, Arnoldi orthogonalizes the next basis vector qm+1 against all qj for j ≤ m. This

full orthogonalization results in the upper Hessenberg coefficient matrix output by Arnoldi.

Both Lanczos and Arnoldi form an orthonormal basis of K(A,b), and theoretically both

these algorithms do the same thing. In fact, running Arnoldi on a Hermitian matrix will

lead to the exact same outputs as the Lanczos algorithm. To see this result, one may

notice that Arnoldi outputs matrices such that Q∗
nAQn = Hn. This equation involves a ∗-

congruence transformation ofA, which maintains the Hermitian (or lack thereof) property of

the matrix being transformed. The ∗-congruence transformation implies that when A∗ = A

then H∗
n = Hn, which is only possible when Hn is a Hermitian tridiagonal matrix, which we

called Tn. A tridiagonal recurrence coefficient matrix implies the next basis vector, qk+1,

only needs to be orthogonalized against the two most recent vectors, qk and qk−1, to be

orthogonal to all qj for j < k − 1. This property is known as a 3-term recurrence. Lanczos

takes advantage of the 3-term recurrence and symmetric recurrence coefficient matrix for

Hermitian matrices to ignore the extra computations that one would otherwise perform by

running Arnoldi on the same matrix.
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2.1 Krylov Subspace Methods for Solving Linear Systems of Equations

Three popular methods for solving systems of linear equations are conjugate gradient (CG),

generalized minimal residual (GMRES), and bi-conjugate gradient stabilized (Bi-CGSTAB).

There are many Krylov subspace methods for solving Ax = b, all of which iteratively

increase the dimension of the subspace searched for solutions. For example, CG is derived

from Lanczos and during each iteration it minimizes theA-norm of the error restricted to the

range of Kk(A,b). GMRES uses Arnoldi and minimizes the 2-norm of the residual restricted

to the range ofKk(A,b) during the kth iteration. Other Krylov subspace algorithms for non-

Hermitian matrices like Bi-CGSTAB reduce the computational costs by no longer optimizing

the error or residual in a norm of interest, but still returning an approximate solution xk

(hopefully) near optimal.

CG was first introduced by Hestenes and Stieffel (1952) [70]. For guaranteed convergence,

CG requires a Hermitian positive definite (HPD) matrix as the input. A matrix is a positive

definite matrix when, for all vectors x not equal to the zero vector, x∗Ax > 0. When the

matrix A is HPD, all the eigenvalues of A are real and strictly greater than zero. CG can

be derived in multiple ways, including from the Lanczos algorithm or from the steepest

descent algorithm from optimization; see Greenbaum (1997) [57] or Saad (2003) [95] for

more details.

Algorithm 3 Conjugate Gradient Algorithm

1: Inputs: HPD A ∈ Cn×n, b ∈ Cn, the tolerance ϵ, and the initial guess x0 ∈ Cn

2: r0 = b−Ax0; p0 = r0
3: k = 0
4: while ∥rk∥2 > ϵ do
5: µk ← ⟨rk, rk⟩/⟨Apk,pk⟩
6: xk+1 ← xk + µkpk

7: rk+1 ← rk − µkApk

8: τk ← ⟨rk+1, rk+1⟩/⟨rk, rk⟩
9: pk+1 ← rk+1 + τkpk

10: k ← k + 1
11: end while
12: Return xk
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At the core of Algorithm 1 and Algorithm 3 (the conjugate gradient algorithm on the

next page) are 3-term recurrences. A 3-term recurrence in Algorithm 1 can be seen by

plugging in q̃k from lines 5 and 7 into line 9, resulting in

βkqk+1 = Aqk − αkqk − βk−1qk−1.

Likewise, from Algorithm 3, we have that

pk = rk + τk−1pk−1,

⇒ rk =pk − τk−1pk−1, and ,

rk+1 = rk − µkApk

=− µkApk + pk − τk−1pk−1.

By replacing rk+1 in line 9 with the above relationship, then pk+1 can be rewritten as the

three term recurrence

pk+1 =− µkApk + (1 + τk)pk − τk−1pk−1.

Further, rk+1 can also be written as the 3-term recurrence

rk+1 =

(
1− µk

µk−1
τk−1

)
rk − µkArk +

µk

µk−1
τk−1rk−1.

CG is an efficient algorithm. The algorithmic complexity of CG is O(kn2) for an n× n

dense linear system that converges after k iterations. During each iteration of CG, matrix-

vector multiplication is performed which requires 2n2 − n operations, whereas the other

vector operations are all O(n). This fact means that as the dimension of the system in-

creases, the computational efficiency may be bounded by the number of times that matrix

vector multiplication is performed, which is the number of iterations before converging to

a desired tolerance. If the matrix is sparse, then the cost of matrix-vector multiplication
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may be cheaper than 2n2 − n operations. Further, the n × n matrix may not need to be

stored in memory for the matrix multiplication to be calculated, which means CG would

be even more efficient. Further, CG’s memory requirements in Algorithm 3 include only

three vectors: rk+1, xk+1, and pk+1. Otherwise, all of the computations can be performed

efficiently in Algorithm 3 through the use of a few extra scalars in memory so that the

amount of memory required by the algorithm grows relatively little as the dimensions of

the system increase.

CG is also guaranteed to converge to the solution x by the nth iteration in exact arith-

metic. The only reason that CG would be unable to converge is if the recurrence coefficients

µk or τk were zero [95]. Since A is HPD, the only way that the coefficients are zero is if

rk is 0, which means the algorithm has converged. Equivalently for HPD matrices, there

exists a k + 1st vector in Kk+1(A,b) that is linearly independent to Kk(A,b) unless x is

already an element of Kk(A,b) [16].

CG can be given a tolerance, ϵ, as an input to return an approximation of x with at

least a desired amount of accuracy. Choosing a larger tolerance often means that CG will

converge to an approximation of x in fewer iterations. Let κ(A) = ∥A∥2∥A−1∥2 be the

condition number of the matrix A. For CG,

∥ek∥A
∥e0∥A

≤2

(√
κ(A)− 1√
κ(A) + 1

)k

,

∥ek∥A ≤2 exp

(
−2k√
κ(A)

)
∥e0∥A.

The first inequality can be found in Chapter 10 of Hackbusch’s Iterative Solution of Large

Sparse Systems of Equations [65], and the second inequality can be found on the conjugate

gradient method page of Wikipedia [118]. The connection between the two inequalities can

be proven using the series expansions of log(
√

κ(A)− 1)− log(
√
κ(A) + 1) at infinity that

yields −2/
√

(κ)−O(1/
√
κ
3
), taking the exponential, and then raising the result to the kth
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power. Further, using the relationship that rk = Aek, we also have that

∥rk∥2 ≤ 2 exp

(
−2k√
κ(A)

)
∥A1/2∥2∥e0∥A.

Therefore, when k ≥ 1
2

√
κ(A) log(2∥e0∥Aϵ−1), the error at iteration k is less than or equal

to ϵ; and when k ≥ 1
2

√
κ(A) log(2∥A1/2∥2∥e0∥Aϵ−1), the residual at iteration k is less than

or equal to ϵ.

Notice that the convergence bound of CG depends only on the condition number of

the matrix, not directly on the dimension of the matrix. In most cases κ(A) will increase

as the dimension of A increases, but not always. The matrix representing the discrete

potential equation for a graph is an example of a class of matrices where the condition

number is bounded by a constant as the dimension increases [79]. There are many examples

of matrices where CG converges in k ≪ n iterations [109, Lecture 38],[95]. These quickly

converging examples usually have a small condition number, and either the eigenvalues are

in small cluster(s) or all of the eigenvalues are relatively far from zero. The eigenvalues of

the matrix representing the discrete potential equation for a graph are in a small cluster,

and the rate of convergence is bounded by the minimum distance from any eigenvalue to

the origin. Section 2.2 discusses how convergence can be further sped up through the use

of a preconditioner, especially when κ(A) is large.

While CG converges within n iterations in exact arithmetic, it is important to note that

this is not always true in finite precision arithmetic[103, 43]. However, using finite precision

arithmetic still leads to trustworthy approximations for x. Chapter 4 of Greenbaum (1997)

[57] goes through an error analysis of CG in finite precision arithmetic, and a convergence

analysis can be found in both Paige (1980) [87] and Strakoš (1991) [103]. One conclusion

from this research is that for matrices with a reasonably small condition number, CG con-

verges quickly to good approximations. For matrices with a large condition number, it is

possible to use a preconditioner and solve an equivalent system with a smaller condition

number. Preconditioning is discussed more in Section 2.2.
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In both exact and finite precision arithmetic, CG may be considered an approximation

method. As long as the tolerance ϵ is greater than zero, CG may return an approximation xk

before finding the exact solution, which often allows CG to reach a desired tolerance in k ≪ n

iterations. Since the 1970’s, CG has been the method of choice for large HPD matrices.

CG remains popular due to its computational efficiency, guaranteed lack of breakdown, and

relatively few iterations to find a suitable approximate solution.

While CG is a powerful method, its largest drawback is that CG requires an HPD matrix

as the input, and there are many problems where the matrix is not positive definite and/or

not Hermitian. These non-Hermitian problems naturally occur in engineering, mathematical

physics, data science, neuroscience, and other fields. In section 10 of their paper introducing

CG, Hestenes and Steiffel point out that even if a matrix A is not HPD, if there exists an

HPD matrix M such that M−1A = Y and Y is HPD, then CG can still be used to solve the

system of linear equations. In response, two major research threads took shape during the

subsequent three decades: one was finding a Krylov subspace iterative algorithm that could

be used to approximate solutions for matrices that are not HPD, and another was finding

ways to characterize which systems could be transformed to Hermitian systems like Hestenes

and Stiefel described so that CG would converge and finding what those transformations

were. This section focuses on Krylov subspace methods for non-Hermitian matrices, and

Section 2.2 will explore coordinate transformations that guarantee CG will converge for

unexpected problems.

The goal of developing new iterative methods for non-HPD systems was to maintain as

many of CG’s positive qualities as possible. For example, GMRES was developed to allow

any nonsingular matrix as an input while guaranteeing a lack of breakdown and minimizing

the 2-norm of the residual restricted to Kk(A,b). However, GMRES is no longer a 3-

term recurrence method so that the memory requirements grow during each iteration and

GMRES is less computationally efficient than CG. On the other hand, Bi-CGSTAB is a 3-

term recurrence method that no longer guarantees convergence. Krylov subspace methods
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for non-Hermitian problems are faced with a trade-off between properties of CG to maintain:

fewer computations per iteration, using less memory, monotonic convergence of the error

and/or residual, guaranteed convergence, and convergence in k ≪ n iterations.

Algorithm 4 Generalized Minimum Residual Algorithm

1: Inputs: A ∈ Cn×n, b ∈ Cn, max iterations m, and the initial guess x0 ∈ Cn

2: r0 = b−Ax0; β = ∥r0∥2; q1 = r0/β
3: for j = 1, 2, · · · ,m do
4: q̃j+1 = Aqj

5: for i = 1, 2, · · · , j do
6: H(i, j) = ⟨qi, q̃j+1⟩
7: q̃j+1 ← q̃j+1 −H(i, j)qi

8: end for
9: H(j + 1, j) = ⟨q̃j+1, q̃j+1⟩1/2

10: qj+1 = q̃j+1/H(j + 1, j)
11: end for
12: Define the (m + 1) × m Upper Hessenberg coefficient matrix Hm+1,m =
{H(i, j)}1≤i≤m+1,1≤j≤m; Define the orthogonal basis of Km+1(A,b)
Qm+1 = [q1 · · ·qm+1]

13: Solve ym = argminy∥βe1 −Hm+1,my∥2
14: Return: xm = x0 +Qmym; βm = ∥b−Axm∥2

GMRES was first introduced in 1986 by Saad and Schultz to compute solutions to

systems of linear equations with non-singular non-Hermitian matrices[96]. GMRES is guar-

anteed to converge within n iterations for consistent linear systems [18] and the residual

monotonically convergences in the 2-norm, including for highly non-normal matrices [96].

Unlike CG, which is derived from the Lanczos algorithm, GMRES directly uses the Arnoldi

algorithm and then minimizes the residual. There are multiple ways to implement GMRES

[123]. In Algorithm 4, modified Gram-Schmidt orthogonalization is used to orthogonal-

ize Qk in the Arnoldi algorithm. Instead, one could implement Arnoldi with Householder

transformations [117]. The version of GMRES shown in Algorithm 4 also assumes that the

number of iterations is known before running the algorithm and only minimizes the residual

and solves for xm after all m Arnoldi iterations are completed. GMRES can be restarted,

which can be useful if the residual is not within the desired tolerance after m iterations.
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Restarting GMRES means that convergence is no longer guaranteed within n iterations

though. Alternatively, the GMRES algorithm can be modified to check the 2-norm of the

residual during each iteration.

Regardless of which implementation is used, GMRES is less computationally efficient

than CG. Both GMRES and CG have O(kn2) arithmetic complexity for dense matrices,

where k is the total number of iterations and n is the dimension of the linear system. The

arithmetic complexity is the same for both algorithms because the matrix-vector multipli-

cation is still the most costly operation during each iteration. A major difference between

the two algorithms computationally is that GMRES uses a k-term recurrence instead of a

3-term recurrence to orthogonalize the (k + 1)st basis vector of Kk+1(A,b). This k-term

recurrence results from the lack of complex conjugate symmetry in the input matrix. The

growing recurrence relation linearly increases both the computation and memory used by

GMRES. For very large systems with millions of dimensions, adding a new dimension n vec-

tor to accessible memory during each iteration quickly becomes cost prohibitive and may

make GMRES unable to converge to within a specific error tolerance for certain problems.

However, GMRES is still computationally feasible for larger systems than a direct method

like Gaussian Elimination, which has an arithmetic complexity of O(n3) for dense matrices,

as long as k ≪ n.

For all consistent linear systems, where b is in the range of A, GMRES is guaranteed to

converge within n iterations. GMRES uses the basis ofKk(A,b) = span{b,Ab, · · · ,Ak−1b}

generated by the Arnoldi algorithm to form xk, and by the nth iteration Arnoldi forms a

basis spanning the range of A. When A is non-singular, a basis of the range of A is formed

during the nth iteration. When A is singular, if A is diagonalizable and b has nonzero

components in the direction of each eigenvector of A, then a basis of the range of A is

formed before the nth iteration2. Once the basis is formed, any vector b in the range of

A can be written as a weighted sum of the basis vectors, guaranteeing the convergence of

2For a proof of the convergence of consistent linear systems with a singular matrix, see Brown and Walker
(1997)[18].
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GMRES in n or fewer iterations since GMRES finds the optimal approximation from this

space. GMRES may converge to an exact solution in fewer than n iterations when b is de-

ficient in certain eigencomponents, but GMRES will never require greater than n iterations

to find the solution for consistent linear systems.

Due to the linearly growing memory costs during each iteration of GMRES, one would

ideally be able to choose a maximum iteration m ≪ n for Algorithm 4 that will simulta-

neously converge and avoid unnecessary computations. There are convergence bounds for

GMRES that we can calculate for any linear system. Let Pk be the set of all polynomials

with degree k or less and with a value of 1 at the origin of the complex plane, and assume

that A is diagonalizable with eigendecomposition A = VΛV−1. Then

∥rk∥2 = min
pk∈Pk

∥Vpk(Λ)V
−1r0∥2. (2.1)

Equation (2.1) then implies

∥rk∥2
∥r0∥2

≤ κ(V ) min
pk∈Pk

max
i∈1,2,··· ,n

|pk(λi)|. (2.2)

However, for any given non-increasing convergence curve there exists a matrix A and right

hand side r0 that follows that convergence curve where A may have any set of eigenvalues

we choose [59]. This result implies that eigenvalues may not yield enough information to tell

one about the convergence of GMRES in a sharp way. If the matrix A is normal or close to

normal, where κ(V) is near 1, then equation (2.2) gives a sharp or reasonable approximation

of the convergence, respectively. When A is highly non-normal, equation (2.2) yields little

information about the convergence.

An alternative bound to equation (2.1), assuming that the numerical range of the matrix

A, W (A), does not contain the origin [30], is

∥rk∥2
∥r0∥2

≤ (1 +
√
2) min

pk∈Pk

max
z∈W (A)

|pk(z)|2. (2.3)
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Improving the convergence bounds for highly non-normal matrices is an open field of re-

search, and my dissertation discusses this topic in-depth in Chapters 4 and 5.

The GMRES convergence bounds (2.2) and (2.3) may be large overestimates of the

2-norm of the residual. As Algorithm 4 is written, GMRES will run for m iterations,

regardless of converging before the mth iteration or not. So even when m is chosen to

satisfy these theoretical convergence bounds, we may still be performing more computations

than necessary to approximate x to within the desired tolerance. There are two common

modifications to GMRES to deal with choosing the number of iterations: Restarted GMRES

and GMRES with Givens rotations which is shown in Algorithm 5.

Restarted GMRES, GMRES(m), is a useful way to limit the amount of memory used

while approximating xk. GMRES(m) runs Arnoldi for m iterations and then calculates

the 2-norm of the residual. If the residual is within a given tolerance bound, then the

approximation xm is returned by the algorithm. If the residual is not within the given

tolerance bound, Arnoldi is run for another m iterations this time with the returned vector

xm from the previous call of GMRES(m) used as the input vector x0 and q1 = rm/∥rm∥2

where rm is also from the previous call of GMRES(m). While Restarted GMRES ensures the

memory costs stay below m+3 vectors and an m×m upper Hessenberg matrix, restarting

GMRES means that we lose the guarantee that x will be computed within n iterations,

and except in special cases, there are no convergence bounds for GMRES(m)[77]. Choosing

an appropriate m that is not so small that GMRES(m) converges very slowly or fails to

converge at all while keeping the computational costs of each run of Arnoldi relatively small

is a difficult problem, and there are examples where the GMRES residuals stagnate and do

not converge before this point [3, 77]

An alternative modification to Algorithm 4 allows us to calculate ∥rj∥2 efficiently during

each iteration. Algorithm 5 shows GMRES implemented with Givens rotations, which are

used to convert the upper Hessenberg coefficient matrix output by the Arnoldi algorithm

into an upper triangular coefficient matrix, and used to calculate the 2-norm of the residual
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Algorithm 5 Generalized Minimum Residual Algorithm with Givens Rotations

1: Inputs: A ∈ Cn×n, b ∈ Cn, tolerance ϵ, max iterations m, and the initial guess
x0 ∈ Cn

2: r0 = b−Ax0; g(1) = ∥r0∥2
3: q1 = r0/g(1)
4: j = 0.
5: while |g(j + 1)|/∥b∥2 > ϵ and j < m do
6: j = j + 1
7: q̃j+1 = Aqj

8: for i = 1, 2, · · · , j do
9: U(i, j) = ⟨qi, q̃j+1⟩

10: q̃j+1 ← q̃j+1 −U(i, j)qi

11: end for
12: U(j + 1, j) = ∥q̃j+1∥2
13: qj+1 = q̃j+1/U(j + 1, j)
14: for i = 1, 2, · · · j − 1 do
15: t = c(i)U(i, j) + s(i)U(i+ 1, j)
16: U(i+ 1, j)← c(i)U(i+ 1, j)− s̄(i)U(i, j)
17: U(i, j)← t
18: end for
19: Compute the jth rotation, c(j) and s(j), to annihilate U(j + 1, j).
20: U(j, j)← c(j)U(j, j) + s(j)U(j + 1, j)
21: U(j + 1, j)← 0
22: g(j + 1) = −s̄(j)g(j)
23: g(j)← c(j)g(j)
24: end while
25: Define the upper triangular coefficient matrix Uj = {U(i, k)}1≤i≤j,1≤k≤j

26: Define Qj = [q1q2 · · ·qj ]
27: Solve Ujyj = g(1 : j)
28: Return: xj = x0 +Qjyj
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vector during each iteration. Calculating the 2-norm of the residual during each iteration

allows one to use a while loop that stops running once the algorithm achieves the desired

tolerance, similar to the while loop in Algorithm 3 for CG. Since we have converted the

upper Hessenberg matrix into an upper triangular one, the minimal yj can be found with

back substitution, which for a dense matrix has an arithmetic complexity of O(n2). Overall,

GMRES with Givens rotations has an arithmetic complexity ofO(kn2) for a dense matrix (so

worst case), once again because the matrix-vector multiplication is the most costly operation

in the algorithm. Despite having the same arithmetic complexity, including Givens rotations

in the GMRES algorithm does increase the number of computations necessary per iteration,

but reduces the computations necessary to compute the residual during each iteration. Also,

the memory requirements for GMRES with Givens rotations in algorithm 5 increases by two

vectors that contain the cosines and sines of the rotations calculated during each rotation.

Especially for highly non-normalA, where the convergence bound (2.2) is likely to be a large

overestimate, the Givens Rotation version of the algorithm can still be more efficient than

the version of GMRES in Algorithm 4 by reducing the number of iterations used. Using

GMRES with Givens rotations like in Algorithm 5 is useful when one wishes to maintain the

guaranteed convergence of the full GMRES algorithm while simultaneously minimizing the

iterations used to reach a desired tolerance, which keeps the memory used by the algorithm

to a minimum.

An alternative iterative method to GMRES for non-Hermitian matrices is Bi-CGSTAB.

Its strengths and weaknesses differ from those of GMRES. Bi-CGSTAB’s strengths are that

it uses a constant amount of memory, storing five n-dimensional vectors during each itera-

tion, and converges relatively quickly when it converges. Bi-CGSTAB achieves this constant

memory usage by forming residual and search directions equivalent to those from the bicon-

jugate gradient (BiCG) algorithm. The BiCG algorithm forms biorthogonal search direc-

tions pk and p̂k from Kk(A,b) and Kk(A
∗,b) respectively, where for all i ̸= j ⟨p̂i,Apj⟩ = 0.

These search directions are then used to compute the biorthogonal residuals rk = b−Axk
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Algorithm 6 Bi-Conjugate Gradient Stabilized Algorithm

1: Inputs: A ∈ Cn×n, b ∈ Cn, tolerance ϵ, and initial guess x0 ∈ Cn

2: r0 = b−Ax0

3: Let r̃0 be an arbitrary vector where ⟨r̃0, r0⟩ ≠ 0 and ∥r̃0∥2 = 1.
4: p0 = r0
5: j = 0
6: while ∥rj∥2 > ϵ and j < m do
7: αj = ⟨r̃0, rj⟩/⟨r̃0,Apj⟩
8: wj = rj − αjApj

9: ωj+1 = ⟨Awj ,wj⟩/⟨Awj ,Awj⟩
10: xj+1 = xj + αjpj + ωj+1wj

11: rj+1 = wj − ωj+1Awj

12: βj+1 = (αj/ωj+1) ⟨r̃0, rj+1⟩/⟨r̃0, rj⟩
13: pj+1 = rj+1 + βj+1(pj − ωj+1Apj)
14: j ← j + 1
15: end while
16: Return: xj

and r̂k = b − A∗xk respectively, which satisfy that for all i ̸= j ⟨ri, r̂j⟩ = 0. Where

BiCG explicitly forms two 3-term recurrences, Bi-CGSTAB implicitly solves for the same

search directions and residual directions for the system Ax = b without calculating the

biorthogonal ones associated with A∗x = b.

Using a similar amount of work as BiCG, Bi-CGSTAB instead speeds up and smooths

the convergence of the algorithm. This relatively fast convergence and the limited amount

of memory used by Bi-CGSTAB are two strengths of the algorithm. In fact, the memory

used by Bi-CGSTAB every iteration is similar to the memory used during only the second

iteration of GMRES, which means Bi-CGSTAB uses much less memory than GMRES.

A potential weakness of Bi-CGSTAB is that it performs two matrix-vector products per

iteration. For a very large dense matrix A, the computational cost of performing a second

matrix-vector product during each iteration, and the resulting increase in running time,

may make GMRES a more reasonable algorithmic choice.

Another weakness of Bi-CGSTAB is that the algorithm is not guaranteed to converge for

every linear system. In practice, Bi-CGSTAB converges frequently enough that many will
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use it to approximate solutions to systems of linear equations without any modifications.

However, in a 1995 paper by Brezinski and Redivozaglia, there are two example matrices

where Bi-CGSTAB does not converge [16], and occasionally practitioners will come across

other matrices that don’t converge. Bi-CGSTAB does not minimize the residual or error

from each iteration in a norm of interest; which means that the residuals from Bi-CGSTAB

are not orthogonal in the 2-norm and that the 2-norm of the residual and error may increase

between iterations [112]. In contrast, CG minimizes the A-norm of the error during each

iteration, and GMRES minimizes the 2-norm of the residual during each iteration. This

minimization in norms of interest leads to a monotonic decrease in the A-norm of the error

and the 2-norm of the residual for CG and GMRES, respectively.

There are many more Krylov subspace algorithms than the three discussed in this chap-

ter. Some Krylov subspace algorithms are optimal for solving linear systems of equations for

specific classes of matrices like CG for HPD matrices, and MINRES for indefinite Hermitian

matrices3. Different Krylov subspace methods will be more or less appropriate depending

on the linear system of equations one is trying to solve and the goals of solving that sys-

tem. For example, GMRES guarantees convergence, but Bi-CGSTAB uses less memory

than GMRES. For non-Hermitian problems, different Krylov subspace algorithms have dif-

ferent strengths and weaknesses: computational efficiency per iteration such as using a

single matrix-vector product, memory requirements, monotonic convergence of the error

and/or residual in a norm of interest such as the 2-norm, guaranteed convergence within n

iterations, and frequent convergence in j ≪ n iterations in practice.

2.2 Preconditioners

When computing solutions to Ax = b, Preconditioners are commonly used to reduce the

condition number of the matrix, κ(A), to a value close to one. While discussing CG, we

3MINRES is not used or introduced in this dissertation. Instead, readers are directed to either the
original paper [88] or Saad’s or Greenbaum’s texts [95] and [57] if they are interested in learning more
about MINRES.
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saw that the convergence bound may be written such that it only depends on κ(A). This

dependence implies that reducing the condition number of the system being solved may

reduce the number of iterations necessary for convergence. While discussing GMRES, we

saw that the bound (2.2), based on the eigenvalues of A, is only reasonable when κ(V) ≈ 1,

whereA = VΛV−1 is an eigenvalue decomposition ofA. For GMRES, a preconditioner may

both decrease the number of iterations necessary for convergence and reduce the problem

of bounding convergence from finding the maximum of a polynomial in a region of the

complex plane such as the numerical range, see bound (2.3), to finding the maximum of a

polynomial over a finite set of complex numbers in a subset of the complex plane such as

the eigenvalues, see bound (2.2).

A preconditioner matrix transforms a linear system into an equivalent system that is

ideally somehow more efficient to solve. Let M = CC∗, where M is Hermitian positive

definite (HPD). Then we may use M or C as the preconditioner for the linear system

Ax = b to get

M−1Ax = M−1b or (2.4)

(C−1AC−∗)(C∗x) = C−1b. (2.5)

Equations 2.4 and 2.5 are known as the left and symmetric preconditioned systems, respec-

tively. Solving equation (2.4) with a Krylov subspace method computes xk’s that approxi-

mate solutions to the original linear system, whereas solving equation (2.5) with a Krylov

subspace method computes yk = C∗xk. In equation (2.5), C−1AC−∗ is a ∗-congruence

transformation that maintains the Hermitian properties of the matrix A. One reason to

use (2.5) to precondition a system, despite the extra matrix-vector multiplication, is if A

is already Hermitian and we want to use an algorithm like CG that requires a Hermitian

matrix input to maintain guaranteed convergence. Congruence transformations also main-

tain the signs, though not values, of the eigenvalues so that if A is HPD then C−1AC−∗ is

HPD [104].
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For most Krylov subspace algorithms there is a preconditioned version that efficiently

accounts for the extra matrix-vector multiplications that using a preconditioner requires.

For example, preconditioned conjugate gradient (PCG) is shown in Algorithm 7.

Algorithm 7 Preconditioned Conjugate Gradient Algorithm

Inputs: A ∈ Cn×n, b ∈ Cn, tolerance ϵ, initial guess x0 ∈ Cn, maximum iterations m,
and Hermitian positive definite preconditioner M. Either A or M−1A must be HPD.
r0 = b−Ax0

Solve Mz0 = r0
q0 = z0
k = 0
while ∥rk∥2 > ϵ and k ≤ m do

αk = ⟨rk, zk⟩/⟨Aqk,qk⟩
xk+1 = xk + αkqk

rk+1 = rk − αkAqk

Solve Mzk+1 = rk+1

βk = ⟨rk+1, zk+1⟩/⟨rk, zk⟩
qk+1 = zk+1 + βkqk

k ← k + 1
end while

Examples of preconditioners that are used to reduce the condition number of a system

include diagonal preconditioners for diagonally dominant matrices, incomplete Cholesky

factorization preconditioners for HPD matrices [5], domain decomposition preconditioners

such as analytic incomplete LU and balancing domain decomposition by constraints used

to solve elliptical partial differential equations [51, 32], and preconditioners designed for a

specific problem such as diffusion synthetic acceleration (DSA) preconditioners for solving

the SN transport equations [86, 99]. Using preconditioners to reduce the condition num-

ber of the linear system is justified when (cost of computing the preconditioner) + (cost

per iteration with the preconditioned system)*(number of iterations to convergence of the

preconditioned system) < (cost per iteration)*(number of iterations to convergence with-

out the preconditioner). For a preconditioned system, the computational cost per iteration

will usually increase, and the amount it increases depends on how efficiently matrix-vector

multiplication can be applied with the preconditioner matrix and if a change of coordinates
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is necessary to compute the approximate solution to the original system (where both often

mean solving a triangular linear system). Usually a preconditioner must be computed for

each matrix individually. However, if we already know a preconditioner matrix for which

the ratio of the largest to smallest eigenvalue of M−1A is ≪ κ(A), then we only need the

reduction in iterations to outweigh the increased computational cost per iteration.

For PCG, the preconditioner must be HPD to maintain guaranteed convergence. For

a general matrix C, let M = CC∗. Then M is HPD as long as C is not singular. This

fact implies that C can have any structure and even be highly non-normal. For an HPD

matrix A, a common algorithm for computing a preconditioner is the incomplete Cholesky

factorization, which outputs A ≈ LL∗ where L is a sparse lower triangular matrix.

Preconditioners can also be used to transform the coordinate basis of a linear system

to one that satisfies an algorithm’s input requirements. For example, since CG uses rel-

atively little memory, has guaranteed convergence, and is one of the fastest converging

iterative methods [57], preconditioners that would guarantee systems of equations with

non-Hermitian matrices converge for CG are interesting. The conjugate transpose of a ma-

trix can always be used to transform a non-Hermitian linear system to an HPD linear system

since A∗A is HPD for all non-singular matrices A. The conjugate gradient algorithm for

the normal equations (CGNR) and (CGNE) are two algorithms to solve

A∗Ax = A∗b

and

AA∗y = b, x = A∗y

respectively. A major concern when using either CGNR or CGNE is that the convergence

rate of these algorithms is now bounded by κ(A∗A) and κ(AA∗) respectively, which are

both equal to κ(A)2.

Alternatively, if we find HPD matrices M and Y such that A = MY, then the linear
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systemAx = b can be solved with CG by usingM−1 as a left preconditioner like in equation

(2.4), and CG is guaranteed to converge.

An example of where these preconditioners show up is when solving systems of linear

equations involving the potential of a graph Laplacian matrix, G = D−A, whereG ∈ Rn×n,

D is the degree matrix, and A is the adjacency matrix. In the graph Laplacian G, each

vertex i in a graph is represented by the ith row and ith column of the square matrix. The

degree matrix, D, is a diagonal matrix where the ith diagonal element contains the sum

of edge weights pointing from vertex i in the graph. The adjacency matrix A contains the

edge weights of the graph, where the entry in row i and column j is equal to the edge weight

of the edge pointing from vertex i to vertex j in the graph. This definition means that the

diagonal entries in D are equivalent to the respective row sums of A. Thus, each row sum

of G is zero, and G is a singular and positive semi-definite matrix. Further, if G represents

an undirected graph, such that for every edge pointing from vertex i to vertex j there is an

edge with equal weight pointing from vertex j to vertex i, then G is also symmetric.

First, to address the issue that G is singular, we introduce a constant α with 0 < α ≤ 1

to get the matrix Gα = D − αA. Notice that G = limα→1D − αA, but that for all other

values of α the matrix is now positive definite. In some applications, α is known as a

discounting factor [85]. We assume that 0 < α < 1 for the rest of this section.

Depending on the magnitude of the edge weights, D − αA may have a rather large

condition number. However, the matrix D−1Gα = I − αP, where P = D−1A satisfies

the properties of a probability transition matrix of a discrete time Markov chain, is well-

conditioned. One property of a probability transition matrix is that all of the eigenvalues

are contained in the unit disk. Then, all of the eigenvalues of I − αP are contained in

D(1, α), I− αP is a positive definite system, and

D−1(D− αA)x = b, (2.6)

has a unique solution x. The linear system in (2.6) is known as the discrete potential
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equation (DPE), and one popular use for the DPE is as a local proximity measure between

vertices in a graph [85, Ch 4.2].

In most cases, I−αP is not a symmetric system. However, when D−αA is symmetric,

then PCG is guaranteed to converge for the system in (2.6) when M = D is the precondi-

tioner in Algorithm 7. For graph Laplacian problems, using D as the preconditioner allows

us to take advantage of the symmetry of G and take advantage of the positive definite

properties of I− αP.

It is also possible to find a preconditioner for a graph Laplacian that does not have a

symmetric adjacency matrix when the decomposition G = MY exists, where M and Y are

both SPD4. This decomposition exists if and only if there exists a 3-term recurrence method

to solve a linear system with A as the coefficient matrix, and may exist even when A is

non-Hermitian and potentially highly non-normal. In 1984, Faber and Manteuffel proved

the necessary and sufficient conditions for when an s-term recurrence exists [44]:

Theorem 2.1:

An s-term CG method exists for the matrix A if and only if either

1. the minimal polynomial of A has degree less than or equal to s, or

2. A† is a polynomial of degree less than or equal s− 2 in A, where A† is the adjoint of

A with respect to some inner product, that is ⟨⟨Ax,y⟩⟩ = ⟨⟨x,A†y⟩⟩ for all vectors

x and y.

The first condition is only satisfied if there are three or fewer eigenvalues (though this is

not a sufficient condition5). The first condition is not frequently checked though, because

for Krylov subspace methods like GMRES, if a matrix satisfies the first condition then the

method will converge in three or fewer iterations without modification. The second condition

4Note that we only need symmetry because G only has real entries.

5A 3-term recurrence method for solving a system of linear equations with the matrix A exists if for each
distinct eigenvalue of A we sum the dimension of the largest Jordan block and the value of that sum is
less then or equal to three.
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states that a 3-term recurrence method exists for A when there is an inner product defined

by an HPD matrix W, where ⟨⟨·, ·⟩⟩ = ⟨·,W·⟩, such that the adjoint of A defined by that

inner product, A† = W−1A∗W, is a linear function of A. In other words, A† = c1A+ c0I

where c0 and c1 are constants6. When such an inner product exists, this is also equivalent

to saying that A is W-normal and that AA† = A†A. The matrix A is only W-normal

when all of the eigenvalues lie in a straight line in the complex plane, such that the matrix

W1/2AW−1/2 is a shifted and rotated Hermitian matrix [44, 57].

In the graph Laplacian example, if Gα is restricted to only real entries, then the decom-

position Gα = MY with M SPD and Y SPD only exists when all of the eigenvalues of Gα

are real. In that case, CG is guaranteed to converge for the linear system Yx = Mb. And,

instead of explicitly forming Y or writing a separate function to calculate M−1A times a

vector during each iteration, we may run PCG on the linear system Gαx = b with M as

the left preconditioner.

Beyond the graph Laplacian example, there also exist many highly non-normal matrices

satisfying the conditions for a 3-term recurrence method to exist, for example the non-

periodic Hatano-Nelson matrix on pg. 341 of Trefethen and Embree has all real eigenvalues

[108]. The implication of Theorem 2.1 is that for any A with eigenvalues in a straight

line, PCG can be used to approximate the solution of Ax = b as long as a decomposition

A = MY is known. Further, when A has complex entries this straight line of eigenvalues

is no longer restricted to the real axis. The difficulty in practice is finding an HPD matrix

M such that M−1A = Y, where M and Y are HPD matrices. When all eigenvalues of

A have positive real parts and A is diagonalizable such that A = VΛV−1, one possibility

is to define M = VV∗ and Y = V−∗ΛV−1. Then M and Y satisfy A = MY and

are both HPD. However, the eigenvalues and eigenvectors are not usually known, and can

be computationally expensive to compute. Then while M and Y can be defined using

the eigenvalues and eigenvectors of A, it is still an open problem to find a more efficient

6The matrix W defining this inner-product can be related back to the left preconditioner matrix M−1

by the relation W = M−1.
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decomposition of A for the purposes of using PCG when Theorem 2.1 is satisfied.

Using a preconditioned algorithm allows one to more efficiently approximate the solution

to a linear system of equations. Preconditioners achieve this result by reducing the condition

number of the problem and/or transforming the linear system to one for which a more

efficient algorithm exists. When choosing a preconditioner, a major concern is keeping

the resulting computational cost from overtaking any efficiency gained from using fewer

iterations to solve the preconditioned system. Because of this concern, preconditioners are

often calculated with algorithms specialized for different types of linear systems.
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Chapter 3

THE ACTION OF RATIONAL FUNCTIONS OF A MATRIX ON A
VECTOR

Computing the action of rational functions of a matrix on a vector is relevant to a variety

of applications. Examples include the action of dynamical systems defined by the matrix

exponential on a population, computing exponential time integrators to solve ordinary dif-

ferential equations of the form d
dtu(t) = F (u(t)), u(t0) = u0, and computing trigonometric

functions of a matrix, for example to solve second-order systems of differential equations.

We focus on computing the action of rational functions of a matrix on a vector with the

understanding that functions analytic in a region of the complex plan can be approximated

arbitrarily well by rational functions within that region.

Let A ∈ Cn×n be non-Hermitian, and potentially highly non-normal. Let R(A) be a

rational function of A, where R(A) = D(A)−1N(A). The polynomial N(z) has maximum

degree ν, and represents the numerator polynomial of the rational function. The polynomial

D(z) has maximum degree µ, and represents the denominator polynomial of the rational

function. We assume that D(A) is non-singular. We refer to x as the result of applying the

rational function of a matrix to a vector such that x = R(A)b.

Practitioners are known to sometimes compute R(A), and then calculate the matrix-

vector product R(A)b [46, 82, 66]. Our goal is to avoid calculating R(A), N(A), or D(A)

directly, and instead compute x = R(A)b using only matrix-vector products. For example,

if one were to use GMRES to solve x = R(A)b, one could use D(A) as the input matrix

and N(A)b as the right-hand side vector to solve the system D(A)x = N(A)b. To use

the built-in GMRES algorithm that comes with many programming languages like Python

and MATLAB and avoid forming the matrix D(A) through matrix-matrix multiplication

requires writing a function to computeD(A)x as a series of matrix-vector products using the
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matrix A. Otherwise, matrix-matrix multiplication with dense matrices has an algorithmic

complexity of O(n3). And even if the matrix A is sparse, then D(A) may be less sparse.

Applying GMRES to the system D(A)x = N(A)b minimizes the residual norm

∥rk∥2 =∥N(A)b−D(A)xk∥2 (3.1)

=∥R(A)b− xk∥D(A)∗D(A) (3.2)

≤κ (D(A)∗D(A))1/2 ∥R(A)b− xk∥2 (3.3)

at each iteration of the algorithm. Recall that κ(A) = ∥A∥2∥A−1∥2 is the condition number

of A. Further, the condition number of A2 is approximated by κ(A)κ(A), and the con-

ditioning of the problem may increase very quickly with the degree of the denominator µ.

This can clearly be seen in equation (3.3), where the residual of the modified linear system

that GMRES solves, D(A)x = N(A)b, is related to the residual of the original problem

x = R(A)b by a factor of κ (D(A)∗D(A))1/2 = κ(D(A)).

When computing R(A)b, the two main goals are to have an algorithm that does not

require practitioners to modify the preexisting problem and data, and to have an algorithm

that has a reliable and efficient way to compute stopping criteria [46]. There are many

algorithms satisfying these goals for specific R(z) or A arising in applications, including

when R(z) is a Laplace transform [48], Cauchy-Stieltjes function [64], or ordinary differential

equation initial value problem [13, 14], and including when A is a Kronecker sum [7].

However, there are fewer algorithms for general R(z) and A. Three methods for calculating

R(A)b for general rational functions of a non-Hermitian matrix are GMRES applied to

a partial fraction decomposition of the rational function, the Arnoldi method for matrix

function approximation (Arnoldi-FA) [21], and the optimal residual Arnoldi method for

matrix function approximation (Arnoldi-OR) [23].

GMRES applied to a partial fraction decomposition frequently requires problem modifi-

cation to transform the rational function R(z) into a sum of rational functions with denom-

inators of degree one, except for repeated roots (see equation (3.6)). This partial fraction
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decomposition can be done by hand using some pre-defined formulas, or by using a symbolic

toolbox for the implementation language of choice. For example, first define z as a sym-

bol, then in MATLAB use partfrac(R, z, ‘FactorMode’, ‘complex’) or in Python use

sympy.apart(R, full = True).doit() from the Sympy toolbox. However, the outputs

of both of these functions need further modification by the practitioner before they can be

used as inputs for the respective built-in GMRES functions. Once R(A) is decomposed into

partial fractions, using GMRES requires forming the relation AQk = Qk+1Hk+1,k, where

the columns of Qk+1 form an orthonormal basis of the Krylov subspace Kk+1(A,b), and

using it to optimally minimize the residual for a linear system defined with each partial

fraction term. The sum of these residuals can then be used to define a stopping criterion

for the algorithm.

Unlike forming a partial fraction decomposition, Arnoldi-FA does not require any prob-

lem modification. However, Arnoldi-FA does not have an efficient stopping criterion based

on the error or residual since the errors and residuals are inefficient to compute. The iterates

of Arnoldi-FA are equal to

QkR(Hk)Q
∗
kb,

where the columns of Qk form an orthonormal basis of Kk(A,b).

Arnoldi-OR is an algorithm that optimizes the residual calculated in the same norm as

a basic implementation of GMRES applied to D(A)x = N(A)b, except where xk is in the

span of Kk(A,b) instead of Kk(D(A),b). Like Arnoldi-FA, Arnoldi-OR does not require

problem modification. Unlike Arnoldi-FA, because Arnoldi-OR minimizes the 2-norm of

the residual at each iteration, it has a clear stopping criterion that does not require much

extra computation. Arnoldi-OR minimizes the error in the D(A)∗D(A)-norm, and it is

important to note that if the condition number of (D(A)∗D(A))1/2 is large, then that the

2-norm of the residuals of Arnoldi-OR may differ significantly from the 2-norm of the errors.

In Section 3.1 we derive and define the Arnoldi-OR algorithm, which is our new work

[23]. In Section 3.2 we derive a priori bounds on the convergence and error for the Arnoldi-



32

OR algorithm, including bounds for highly non-normal matrices. In Section 3.3 we give

numerical examples comparing Arnoldi-OR with GMRES, GMRES on a partial fraction

decomposition of R(A), and Arnoldi-FA. The rest of this section is used to review GMRES

applied to a partial fraction decomposition of R(A) and Arnoldi-FA.

3.0.1 GMRES Applied to a Partial Fraction Decomposition

Every rational function can be decomposed into a partial fraction decomposition. We start

with the simplest case, where the denominator has simple roots, and build up. Let ρi be

the ith root of D(z) and let all of the roots of D(z) be simple. Let µ > ν. Recall that

D′(ρi) := limz→ρi D(z)/(z − ρi). Then a partial fraction decomposition of R(z) can be

written as

N(z)

D(z)
=

µ∑
i=1

N(ρi)/D
′(ρi)

z − ρi
. (3.4)

If ν ≥ µ, then we must first convert R(z) into a mixed expression such that the numerator

of the fractional term has degree strictly less than µ. Let R(z) = P1(z) + P2(z)/D(z),

where {P}1,2 are polynomials and the maximum degree of P2(z) is strictly less than µ.

Then, assuming all of the roots of D(z) are simple, a partial fraction decomposition can be

written as

N(z)

D(z)
= P1(z) +

µ∑
i=1

P2(ρi)/D
′(ρi)

z − ρi
. (3.5)

We can directly compute P1(A)b, so for the rest of this section we assume that ν < µ

without any loss of generality.

When the roots of D(z) are not simple, a partial fraction decomposition contains sum-

mands with polynomials of degree greater than one in the denominator. Let ki denote the

number of times the root ρi is repeated, where
∑

i ki = µ. Then a more general way to

define a partial fraction decomposition of R(Z) is

N(z)

D(z)
=
∑
i

ki∑
j=1

1

(j − 1)!

dj−1

dζj−1

[
(ζ − ρi)

kiN(ζ)

D(ζ)

]
ζ→ρi

1

(z − ρi)ki+1−j
. (3.6)
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Note that when ki = 1, the term for the simple root in equation (3.6) is the same as in

equation (3.4).

When applying GMRES to a partial fraction decomposition of R(A), GMRES is used

to solve the µ linear systems

(A− ρiI)
ki+1−jxij =

1

(j − 1)!

dj−1

dζj−1

[
(ζ − ρi)

kiN(ζ)

D(ζ)

]
ζ→ρi

b.

The span of the vectors formed by A − ρiI and b are the same as the span of the vectors

formed by A and b, span{b,Ab, · · · ,Ak−1b}, because A − ρiI is a linear function of A.

This fact means that we only need to form a single orthogonal basis for Kk(A,b).

If there are any repeated roots, then we can either use GMRES applied to (A−ρiI)ki−j+1

or solve the terms with degrees greater than one in the denominator by restarting GMRES

with the solution for the same rooted denominator with one fewer degree. For example, let

R(z) = α/(z − 2)3. Then

R(z) =
α1

z − 2
+

α2

(z − 2)2
+

α3

(z − 2)3
.

Assuming that for all j, αj ̸= 0, we would first use GMRES to solve 1
α1
(A − 2I)x(1) for

x(1) = α1(A − 2I)−1b. Then we would solve for x(2) = α2
α1
(A − 2I)−1x(1). Then finally

we would solve for x(3) = α3α1
α2

(A− 2I)−1x(2), and combine these terms to get the solution

x = R(A)b = x(1) + x(2) + x(3). While using this restarted GMRES implementation we

cannot solve for the x(j) in parallel like we can when computing the solution of simple root

terms. Further, in finite arithmetic we would have accumulating error each time we restart

GMRES.

One thing to be cautious of when applying GMRES to a partial fraction decomposition is

that different terms in a partial fraction decomposition may need more iterations of GMRES

to converge to within a desired tolerance. In other words, one cannot simply run GMRES

on one of the partial fraction terms until that term converges and be certain that the
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Algorithm 8 Arnoldi-FA

1: Inputs: A ∈ Cn×n, b ∈ Cn, N the function handle for the polynomial defining the
numerator of R(z), D the function handle for the polynomial defining the denominator
of R(z), and k the number of iterations

2: Run Arnoldi on A and b for k iterations to get Qk and Hk.
3: Return: xk = Qk

(
D(Hk)⧹(N(Hk) (Q

∗
kb))

)

necessary basis has been formed for the rest of the partial fraction terms to also converge.

For example, the convergence of terms where ρi is in the center of the eigenvalues of A, or

if the numerical range of αj(A− 2I) contains zero, may be worse than other terms.

3.0.2 Arnoldi-FA

The Arnoldi method for matrix function approximation (Arnoldi-FA) is a general purpose

algorithm for calculating the action of a matrix function on a vector. The first step of

Arnoldi-FA is to run the Arnoldi algorithm on A ∈ Cn×n for k + 1 iterations to find

the matrix Qk ∈ Cn×k of orthonormal basis vectors for Kk(A,b), and the square upper

Hessenberg matrix Hk ∈ Ck×k of coefficients such that

AQk = QkHk +H(k + 1, k)qk+1e
∗
k = Qk+1Hk+1,k.

The vector ek is the kth standard basis vector with all zeros except for a one in entry k. The

columns of matrix Qk+1 = [Qk qk+1] ∈ Cn×k+1 form an orthonormal basis of Kk+1(A,b).

And the matrix Hk+1,k ∈ Ck+1×k is equivalent to Hk for the first k rows, and the k + 1st

row has zeros in the k − 1 leftmost entries with the last entry equal to H(k + 1, k).

Then, Arnoldi-FA approximates R(A)b with QkR(Hk)Q
∗
kb. For k < n,in both exact

and finite precision arithmetic, QkR(Hk)Q
∗
kb is an approximation because it ignores the

error term H(k + 1, k)qk+1e
∗
k. When k = n the error term is zero, so in exact arithmetic

the solution is computed. The pseudocode for Arnoldi-FA algorithm is found in Algorithm

8.
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Notice that there is no stopping criterion for Arnoldi-FA in Algorithm 8, instead the

input k determines the number of iterations run. If the error can be calculated or approxi-

mated with a residual at each iteration, then like in Algorithms from Chapter 2, a while loop

can be implemented until a desired tolerance for the problem is found. However, calculating

the residual of Arnoldi-FA is inefficient.

Using the norm of the residual as the stopping criterion for Arnoldi-FA would require

computing

∥rk∥2 = ∥N(A)b−D(A)xk∥2

at each iteration. The implementation of Arnoldi-FA in Algorithm 8 does not calculate

N(A)b or the action of D(A) on a vector. Instead, Algorithm 8 uses the upper Hessenberg

matrix Hk, output from the Arnoldi algorithm, and computes N(Hk) and D(Hk). For

a dense matrix A, calculating the 2-norm of the residual for Arnoldi-FA at each iteration

requires up to an additional µn2+3n operations, assuming that N(A)b is stored in memory.

Fewer operations may be required for a sparse matrix.

To better understand the convergence of Arnoldi-FA, we also need to understand its

error. Assume that we do not know the true solution x = R(A)b. Let p(z) be a polynomial

with degree less than or equal to k − 1. Then, the error for Arnoldi-FA is

∥R(A)b−QkR(Hk)Q
∗
kb∥2 ≤∥R(A)b− p(A)b∥2 + ∥p(A)b−Qkp(Hk)Q

∗
kb∥2

+ ∥Qkp(Hk)Q
∗
kb−QkR(Hk)Q

∗
kb∥2

≤∥(R(A)− p(A))b∥2 + 0

+ ∥Qk (p(Hk)−R(Hk))Q
∗
kb∥2

≤∥R(A)− p(A)∥2∥b∥2 + ∥p(Hk)−R(Hk)∥2∥b∥2.

The error of Arnoldi-FA is bounded by how well a polynomial can approximate the rational

function of A, and how well that same polynomial can approximate the rational function

of Hk. However, Hk depends on both A and b and is not known before running the
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algorithm. Further, how well a rational function is approximated by a polynomial depends

on the location of the rational function’s poles and the proximity of those poles to the

eigenvalues of the matrix input to both functions. However, at each iteration of Arnoldi,

the eigenvalues of Hk are likely to change. Some of these eigenvalues of Hk will likely

converge to eigenvalues of A, and in practice usually the extreme eigenvalues (that have the

greatest absolute value) of A are converged to first. However, before an eigenvalue of Hk

convergences to an eigenvalue of A, the eigenvalues of Hk may be located anywhere within

the numerical range of A, W (A). This means that it can be impossible to predict how well

a polynomial approximates a rational function on the kth iteration, especially if R(z) has a

pole within W (A), without first calculating the upper Hessenberg matrix for that iteration

of Arnoldi.

Not only is calculating a stopping criterion for Arnoldi-FA a significant amount of extra

work at each iteration, Arnoldi-FA does not converge monotonically, which means that it is

possible for ∥rk∥2 > ∥rk−1∥2. In Figures 3.1 and 3.5 from Section 3.3 are examples where

the convergence of Arnoldi-FA has significant spikes in the 2-norms of the residuals and the

errors. Regardless, Arnoldi-FA is a relatively efficient method for computing the action of

a general matrix function on a vector when the matrix is non-Hermitian.

3.1 Arnoldi-OR

The optimal residual Arnoldi method for matrix function approximation (Arnoldi-OR) is

an algorithm to compute x = R(A)b. Let R(A) =

D(A)−1N(A), then the residual of Arnoldi-OR is optimized in the 2-norm, which means that

the error r(A)b− xk is optimized in the D(A)∗D(A)-norm. This norm in which Arnoldi-

OR optimizes the error is the same as the norm in which GMRES optimizes the error when

applied to D(A)x = N(A)b. However, unlike GMRES applied to D(A)x = N(A)b which

finds xk in Kk(D(A),b), Arnoldi-OR finds an xk in Kk(A,b). The solution x can often be

more efficiently approximated using Kk(A,b).

We now derive the Arnoldi-OR algorithm. We assume that ∥b∥2 = 1 without any loss
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of generality, which allows us to define q1 = b. We also assume that x0 = 0 to simplify

the presentation, but the following holds for general x0. For the system D(A)x = N(A)b,

GMRES finds a vector y such that the 2-norm of the residual is minimized. Then the

residual is

∥N(A)b−D(A)xk∥22 =∥N(A)b−D(A)Qky∥22

=∥D(A)[D(A)−1N(A)b−Qky]∥22

=∥D(A)[R(A)b−Qky]∥22

=⟨R(A)b−Qky, [D(A)∗D(A)][R(A)b−Qky]⟩

=∥R(A)b−Qky∥2D(A)∗D(A).

However, on this system GMRES forms a basis for the Krylov subspace K(D(A),b) =

span{b, D(A)b, D2(A)b, · · · }. Anytime µ, the maximum degree of D(z), is greater than

one, then we are skipping powers of A while forming the Krylov subspace. Since we have

access to A, we want to take advantage of each matrix-vector multiplication performed in

the Arnoldi algorithm and form a Krylov subspace for K(A,b) = span{b,Ab,A2b, · · · }

instead. We can use the relationship AQk = Qk+1Hk+1,k to rewrite A and its powers as:

AQk =Qk+1Hk+1,k

A2Qk =AQk+1Hk+1,k = Qk+2Hk+2,k+1Hk+1,k := Qk+2Hk+2,k

...

AmQk =Qk+mHk+m,k+m−1 · · ·Hk+1,k := Qk+mHk+m,k.

This relation for AmQk assumes that we can run Arnoldi m additional iterations, and as

long as k +m ≤ n, this assumption is true. When k +m ≥ n then Arnoldi-OR finds the

true solution.

Define N(z) =
∑ν

l=0 clz
l and D(z) =

∑µ
m=0 dmzm. To simplify the summations, we



38

define Hk,k := Ik, and note that Hk ̸= Hk,k = Ik. Using the assumptions ∥b∥2 = 1, q1 = b,

and x0 = 0, then the residual ∥N(A)b − D(A)xk∥2 is equivalent to miny ∥N(A)Qke1 −

D(A)Qky∥2. By plugging in the summation forms of D(z) and N(z) into the residual, we

can write

min
y

∥∥∥∥∥
ν∑

l=0

clA
lQke1 −

µ∑
m=0

dmAmQky

∥∥∥∥∥
2

= min
y

∥∥∥∥∥
ν∑

l=0

clQk+lHk+l,ke1 −
µ∑

m=0

dmQk+mHk+m,ky

∥∥∥∥∥
2

. (3.7)

Let τ := max{ν, µ} be the maximum degree of the numerator and denominator poly-

nomials that make up R(z). Let Ĥk+m,k ∈ Ck+τ×k be the coefficient matrix Hk+m,k with

τ −m rows of zeros appended to the bottom. Then the residual in equation (3.7) can be

rewritten as

min
y

∥∥∥∥∥
ν∑

l=0

clQk+τĤk+l,ke1 −
µ∑

m=0

dmQk+τĤk+m,ky

∥∥∥∥∥
2

= min
y

∥∥∥∥∥
ν∑

l=0

clĤk+l,ke1 −
µ∑

m=0

dmĤk+m,ky

∥∥∥∥∥
2

. (3.8)

This minimization problem can be solved for example using QR factorization of the coeffi-

cient matrix, which can also be computed and updated iteratively through the use of Givens

rotations.

Let H be the square coefficient matrix output by Arnoldi on the nth iteration, then the

submatrices of H calculated during successive iterations of Arnoldi satisfy

Hk+2,k+1 =

Hk+1,k H(1 : k + 1, k + 1)

0Tk H(k + 2, k + 1)

 .

Each time an upper Hessenberg matrix is multiplied by itself, the resulting matrix con-

tains another non-zero subdiagonal. Let J be any upper Hessenberg matrix. The matrix J
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is guaranteed to have only zeros below the first sub-diagonal. The matrix J2 is guaranteed

to have only zeros below the second sub-diagonal. Likewise, the matrix Jm is guaranteed

to have only zero entries below the mth sub-diagonal. For example, if J is a 6×6 Upper

Hessenberg matrix, then

J =



∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗

0 ∗ ∗ ∗ ∗ ∗

0 0 ∗ ∗ ∗ ∗

0 0 0 ∗ ∗ ∗

0 0 0 0 ∗ ∗


, J2 =



∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗

0 ∗ ∗ ∗ ∗ ∗

0 0 ∗ ∗ ∗ ∗

0 0 0 ∗ ∗ ∗


, and

J4 =



∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗

0 ∗ ∗ ∗ ∗ ∗


.

In the example above, we can see that in columns 1-3 of J2, all the entries below row 5 are

zero. Since Hk+2,k+1 and Hk+1,k are submatrices of H, then Hk+2,k+1Hk+1,k is equal to

the first k + 2 rows and k columns of H2.

One way that the Arnoldi-OR algorithm takes advantage of this relationship for upper

Hessenberg matrices is by using the fact that all of the non-zero entries of N(Hk+τ )(:

, 1) are calculated during the first iteration. Since N(z) has maximum degree ν ≤ τ ,

N(Hk+τ )(k+ τ, 1) = 0 for k ≥ 2. We can also rewrite equation (3.8) using this relationship
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for Upper Hessenberg matrices, allowing for a more efficient implementation of Arnoldi-OR:

min
y

∥∥∥∥∥
ν∑

l=0

clĤk+l,ke1 −
µ∑

m=0

dmĤk+m,ky

∥∥∥∥∥
= min

y
∥N(Hk+τ )(:, 1)−D(Hk+τ )(:, 1 : k)y∥2 . (3.9)

We are now ready to define the basic version of Arnoldi-OR in Algorithm 10. This basic

Algorithm 9 Basic Arnoldi-OR

1: Inputs: A ∈ Cn×n, b ∈ Cn, N the function handle for the polynomial defining the
numerator of R(·), ν the max degree of N(·), D the function handle for the polynomial
defining the denominator of R(·), µ the max degree of D(·), and kmax the total number
of iterations, where kmax+max{ν, µ} < n

2: τ = max{ν, µ}
3: Run Arnoldi for kmax + τ iterations to get the orthogonal basis matrix Qkmax+τ and

square upper Hessenberg coefficient matrix Hkmax+τ .
4: Calculate and store J := D(Hkmax+τ )(1 : kmax + τ, 1 : kmax).
5: Calculate and store n = N(Hkmax+τ )(1 : kmax + τ, 1).
6: Solve miny ∥n− Jy∥2.
7: ∥rkmax∥2 = ∥n− Jy∥2, where rkmax is the residual vector for the kmax iteration.
8: Return: xkmax = Qkmaxy.

implementation of Arnoldi-OR has similar shortcomings to the basic GMRES in Chapter

2, Algorithm 4. If we efficiently solve for the residual at each iteration, then we can include

a stopping criterion based on reaching a desired tolerance before kmax iterations are com-

puted. However, computing line 6 in Algorithm 9 can easily be inefficient, for example by

using QR factorization on J at each iteration. One alternative to calculating the residual

at each iteration could be to use error bounds to determine the number of iterations, kmax,

to input to Algorithm 9 that would achieve at least a desired tolerance. Error bounds for

the Arnoldi-OR algorithm are found in Section 3.2. However, these error bounds tend to

overestimate the error, so using them would likely lead to extra iterations of Arnoldi-OR

being computed. Instead of using error bounds to bound kmax, we can use Givens rota-

tions to efficiently minimize y and check the residual against the tolerance at each iteration,
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similar to Algorithm 5 from Chapter 2. Algorithm 10 on the next page incorporates Givens

rotations into the pseudocode for Arnoldi-OR.

Algorithm 10 Arnoldi-OR with Givens Rotations

1: Inputs: A ∈ Cn×n, b ∈ Cn, N the function handle for the polynomial defining the
numerator of R(·), ν the max degree of N(·), D the function handle for the polynomial
defining the denominator of R(·), µ the max degree of D(·), and the tolerance ϵ

2: τ = max{µ, ν}
3: Run 1 + τ iterations of Arnoldi to get the orthogonal basis matrix Q1+τ and square

upper Hessenberg coefficient matrix H1+τ

4: J := D(H1+τ )(1 : 1 + τ, 1)
5: n = N(H1+τ )(1 : 1 + τ, 1)
6: Form the Givens rotations matrices G1,2, G1,3, · · · , G1,1+µ to annihilate the entries

J(2 : 1 + µ)
7: U = G1,2 · · ·G1,1+µJ
8: n = G1,2 · · ·G1,1+µn
9: Solve U(1, 1)y1 = n(1)

10: Set k = 1 and the residual norm r = ∥n−Uy∥2.
11: while r > ϵ do
12: k ← k + 1
13: Run the next iteration of Arnoldi to get Qk+τ and Hk+τ

14: Append a row of zeros to the bottoms of U and n
15: Form the kth column of D(Hk+τ )
16: Apply the previous Givens rotations to D(Hk+τ )(1 : k+τ, k); U(1 : k+τ, k) =

(Gk−1,2 · · ·Gk−1,1+µ) · · · (G1,2 · · ·G1,1+µ)D(Hk+τ )(1 : k + τ, k)
17: Form Gk,k+1, · · · ,Gk,k+µ to annihilate the entries in rows k + 1 through k + µ in

column k of U
18: U(1 : k + τ, k)← Gk,k+1 · · ·Gk,k+µU(1 : k + τ, k)
19: n← Gk,k+1 · · ·Gk,k+µn
20: Solve the upper triangular linear system U(1 : k, 1 : k)y = n(1 : k), for example

using back substitution
21: r ← ∥n−Uy∥2
22: end while
23: Return: xk = Qkyk

A MATLAB implementation of Arnoldi-OR can be found at https://www.github.com/

tygris/ArnoldiOR.

https://www.github.com/tygris/ArnoldiOR
https://www.github.com/tygris/ArnoldiOR
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3.2 Error Bounds for Arnoldi-OR

One strength of the Arnoldi-OR algorithm is that we can bound the method’s error a

priori. Let S := D(A)∗D(A). The Arnoldi-OR approximation, given by Qky, is equivalent

to Pk−1(A)b, where Pk−1 is the (k − 1)-degree polynomial that minimizes the S-norm of

the error. This relationship leads to the bound:

∥R(A)b−Qky∥2
∥b∥2

≤ κ(S)1/2 min
pk−1∈Pk−1

∥R(A)− pk−1(A)∥2, (3.10)

where κ(S) := ∥S∥2∥S−1∥2 is the condition number of S.

The bound (3.10) is difficult to work with since we are comparing the rational function

of a matrix to polynomials of a matrix. As we discussed earlier in Section 3.0.2, how well a

specific polynomial of a matrix A approximates a rational function of A will be affected by

the proximity of the poles in the rational function to the eigenvalues of A, but not entirely

determined by that proximity.

IfA is diagonalizable with eigendecompositionA = VΛV−1, whereΛ = diag(λ1, . . . , λn),

the bound refines to:

∥R(A)b−Qky∥2
∥b∥2

≤ κ(S)1/2κ(V)

min
pk−1∈Pk−1

max
i=1,...,n

|R(λi)− pk−1(λi)|. (3.11)

One reason to prefer bound (3.11) to (3.10) is that now we are comparing how well the

rational function is approximated by a polynomial on a finite set of points in the complex

plane. However, in exchange for using a smaller search space in the optimization, we now

have a constant factor of κ(V) out front of the bound. As we discussed in Chapter 2 in

relation to GMRES, the error bound based on the eigenvalues of A works well as long as the

matrix A has near perpendicular eigenvectors. However, we are also interested in the case
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where A is highly non-normal, which means that κ(V) is large because the eigenvectors are

not nearly perpendicular. In fact, A may have one or more pairs of eigenvectors that are

nearly parallel.

For any monotonic convergence curve, one may choose any set of eigenvalues and find a

matrix A with those eigenvalues and a right hand side vector b such that when Arnoldi-OR

is applied to A and b the resulting convergence curve will follow the monotonic convergence

curve chosen first. This phenomenon was first proven for GMRES, which is the special case

of Arnoldi-OR where the denominator polynomial has max degree one [59]. To see how

this research extends to the Arnoldi-OR algorithm for more rational functions, the reader

is directed to Section 5 of [23].

Like with the GMRES algorithm, K-spectral set theory can be applied to improve the

error bound for highly non-normal matrices. For non-diagonalizable A or for A with large

κ(V), the error can also be related to how well R(z) can be approximated over the numerical

range, W (A) := {⟨q,Aq⟩ : ⟨q,q⟩ = 1}. As shown in [30], W (A) is a (1 +
√
2)-spectral set,

leading to the bound:

∥R(A)b−Qky∥2
∥b∥2

≤ κ(S)1/2(1 +
√
2)

min
pk−1∈Pk−1

max
z∈W (A)

|R(z)− pk−1(z)|. (3.12)

In the bound (3.12), the approximation of a rational function by a polynomial is com-

pared in a region of the complex plane containing the eigenvalues of A instead of only

in a finite set of points like in the bound (3.11). In exchange for comparing the func-

tion approximation over a larger set of points, we have replaced κ(V) with the smaller

constant 1 +
√
2 for highly non-normal matrices. Similarly, we can remove κ(S)1/2 if we

replace the 2-norm of the error with the S-norm of the error, and replace W (A) with

WS(A) := {⟨q,SAq⟩ : ⟨q,Sq⟩ = 1} = W (S1/2AS−1/2). Then the error bound that uses
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the S-norm and WS(A) is:

∥R(A)b−Qky∥S
∥b∥S

≤ (1 +
√
2) min

pk−1∈Pk−1

max
z∈W (S1/2AS−1/2)

|R(z)− pk−1(z)|. (3.13)

If there is a pole located within either W (A) or W (S1/2AS−1/2), then the bounds (3.12)

and (3.13) are not useful, respectively, since they would have infinite values on the right

hand side.

By removing the poles of R(z) from the sets over which the maximum of |R(z)−pk−1(z)|

is calculated, we can write a finite error bound for Arnoldi-OR. Recall that the numerical

radius of A is w(A) := max{|⟨q,Aq⟩ : ⟨q,q⟩ = 1}. Then, as shown in [29], we can remove

a disk of radius 1/w((ξI − A)−1) centered at the pole of R(z), ξ ∈ W (A), to obtain a

(3 + 2
√
3)-spectral set. The resulting error bound is:

∥R(A)b−Qky∥2
∥b∥2

≤ κ(S)1/2(3 + 2
√
3)

min
pk−1∈Pk−1

max
z∈W (A)\D(ξ,1/w((ξI−A)−1))

|R(z)− pk−1(z)|. (3.14)

Chapter 5 goes through work extending this result to remove m disks from the numerical

range, which we apply here to get the error bound:

∥R(A)b−Qky∥2
∥b∥2

≤κ(S)1/2
(
1 + 2m+

√
(1 + 2m)2 + 2m+ 1

)
min

pk−1∈Pk−1

max
z∈W (A)\∪m

j=1D(ξj ,1/w((ξjI−A)−1))
|R(z)− pk−1(z)|. (3.15)

Each bound in equations (3.10) through (3.15) relies on more than just the eigenvalues

of A. However, all of these bounds are based on information that we can gain from A

directly without needing to run the Arnoldi algorithm first, thus allowing us to bound the
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error of Arnoldi-OR a priori.

3.3 Numerical Examples

Here we present numerical experiments comparing the 2-norm optimal approximation from

the Krylov subspaces Kk(A,b) (which we compute by directly evaluating R(A)b and

finding its orthogonal projection onto the Krylov subspace) with the four algorithms dis-

cussed in this chapter: Arnoldi-OR, Arnoldi-FA, GMRES applied to the linear system

D(A)x = N(A)b, and GMRES applied to a partial fraction decomposition of R(A). We

compare the 2-norms of the residuals ∥N(A)b −D(A)xk∥2 and the 2-norms of the errors

∥D(A)−1N(A)b − xk∥2 for each of these approximations. We run all of the experiments

in MATLAB in finite, 16-digit, precision arithmetic. All of the randomly generated values

are calculated using the standard normal distribution, and complex values are generated by

summing one real and imaginary randomly generated term; for example, to randomly gen-

erate µ complex polynomial roots in MATLAB we use randn(1, mu) + 1i*randn(1, mu).

All random values are generated using the default seed (rng(‘default’)) and initialized in

the order presented in this section unless otherwise stated. We also consider various error

bounds for these quantities. For a comprehensive comparison of different error bounds for

GMRES, see [42].

The code used to generate the figures can be found at: https://github.com/tygris/

arnoldior.

3.3.1 Random A

Let A be the sum of a 100 by 100 real random matrix, R, and a multiple of the identity.

Let b be a real random vector of length 100 that we normalize for convenience. Let D(z)

be a random cubic and N(z) be a random quadratic function defined by:

D(z) = γ(z − r1)(z − r2)(z − r3), N(z) = δ(z − s1)(z − s2),

https://github.com/tygris/arnoldior
https://github.com/tygris/arnoldior
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Figure 3.1: A = randn(100)+5I, b = randn(100, 1), N(z) random quadratic, D(z) random
cubic, generated in MATLAB with the default seed in that order. Top plots show the 2-
norms of the residuals and 2-norms of the errors for Arnoldi-OR (black, solid), Arnoldi-FA
(red, dashed), GMRES applied to D(A) (magenta, dot-dash), GMRES applied to a partial
fraction decomposition (cyan, solid), and the 2-norm optimal Krylov approximation using
Kk(A,b) (green, dotted). Lower left plot shows eigenvalues (blue, ‘x’s), ∂W (A) (black,
solid), and poles of R(z) (red, ‘o’s).

where γ, r1, r2, r3, δ, s1, s2 are complex numbers. The roots of D(z) may lie within the

numerical range of A depending on the multiple of the identity added to the randomly

generated matrix.

In Figure 3.1, A = R + 5I, where R is the real random 100 by 100 matrix initialized

using the standard normal distribution. The condition number of the eigenvector matrix

of A, κ(V), is approximately 94.75, and κ(D(A)∗D(A))1/2 is approximately 2.3e+4. The

upper left plot shows the 2-norm of the residuals, ∥N(A)b − D(A)xk∥2, for the first 97
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iterations for all four methods tested and the 2-norm optimal Krylov approximation. Since

D(z) is a cubic function, the maximum number of iterations for Arnoldi-OR is 97, but

the other three methods can be run for 100 iterations. Necessarily, the 2-norm of the

Arnoldi-OR residual (black, solid) is the smallest at each iteration. The upper right plot

shows the 2-norm of the errors, ∥D(A)−1N(A)b− xk∥2, at each iteration. Necessarily, the

error of the 2-norm optimal Krylov approximation (green, dotted), which is the orthogonal

projection of the true solution into Kk(A,b), is the smallest at each iteration. At the

97th iteration, Arnoldi-OR had an error of approximately 1e-2, similar to Arnoldi-FA and

GMRES applied to a partial fraction decomposition. For both the 2-norms of the residuals

and errors in Figure 3.1, we see that Arnoldi-FA, and to a lesser extent GMRES applied to

partial fraction decomposition, do not converge monotonically. Finally, the error of GMRES

applied to a partial fraction decomposition is consistently one of the best throughout all

iterations after the optimal approximation in the Krylov subspace.

The lower left plot of Figure 3.1 shows the boundary of the numerical range of A (black,

solid), the eigenvalues of A (blue, ‘x’s), and the roots of D(A) (red, ‘o’s). While each root

is close to an eigenvalue of A, there is no overlap. For all five methods, the convergence

is very slow. To bound the error of Arnoldi-OR, we could use bound (3.15) and remove

three disks from the numerical range centered at the roots of D(A). However, computing

the best uniform polynomial approximation to R(z) on the multiply connected domain

consisting ofW (A) without three disks centered at each pole of R(z) is difficult. Instead, one

could bound the error of Arnoldi-OR using bound (3.11) by computing the best polynomial

approximation over a finite set of points. In this example, κ(V) = 94.75 is of modest size.

In Figure 3.2, the randomly generated values for R, b, D(z), and N(z) are all equivalent

to those used to generate Figure 3.1 and now A = R + 15I. The condition number of the

eigenvector matrix of A is the same as before, about 94.75, but now κ(D(A)∗D(A))1/2 is

reduced to approximately 227.8. The upper plots show that convergence is much faster

than in Figure 3.1, and that Arnoldi-OR, Arnoldi-FA, GMRES on partial fractions, and the
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Figure 3.2: A = randn(100) + 15I, b = randn(100, 1), N(z) random quadratic, and D(z)
random cubic, were generated in MATLAB with the seed rng(‘default’) in the order pre-
sented, and are equivalent to the randomly generated values used in Figure 3.1. Top plots
show the 2-norms of the residuals and the 2-norms of the errors from Arnoldi-OR (black,
solid), Arnoldi-FA (red, dashed), GMRES applied to D(A) (magenta, dot-dash), GMRES
applied to a partial fraction decomposition (cyan, solid), and the 2-norm optimal approxi-
mation from Kk(A,b) (green, dotted). Lower left plot shows eigenvalues of A (blue, ‘x’s),
∂W (A) (black, solid), and poles of R(z) (red, ‘o’s). Lower right plot shows a comparison
between the error of the 2-norm optimal Krylov approximation (green, dotted) and a nu-
merical approximation of minpk−1∈Pk−1

supz∈D(14.9,13.9) |R(z)− pk−1(z)| (blue, solid) which
can be used in the error bound (3.12).

2-norm optimal Krylov approximation converge in about 60 iterations. However, GMRES

applied to D(A) takes the full 100 iterations to converge, despite optimizing the 2-norm of

the residual and the D(A)∗D(A)-norm of the error, the same norms as Arnoldi-OR.

The lower left plot shows the boundary of the numerical range of A (black, solid), the
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eigenvalues of A (blue, ‘x’s), and the roots of D(A) (red, ‘o’s). In Figure 3.2 the roots of

D(A) are not close to any eigenvalues and all lie outside the boundary of the numerical

range of A. Since there are no roots within the numerical range, we can use (3.12) to

bound the error, and this is useful because 1 +
√
2 ≪ κ(V ) ≈ 94.75. However, finding the

best polynomial approximation of R(z) over the numerical range, even without any disks

removed, is difficult. Since the numerical range is similar to a disk already, we can find the

smallest disk containing the numerical range, which is D(14.9321, 13.8522) (cyan, dashed),

and use Faber polynomials to approximate the best polynomial which are equivalent to

the Taylor series for a disk. The lower right plot shows the 2-norm of the errors of the

2-norm optimal Krylov approximation (green, dotted) and the error from using the Faber

polynomial approximation of R(z) on the disk containing the numerical range (blue, solid).

To bound the error according to (3.12), we need to also multiply the error of the Faber

polynomial approximation by κ(S)1/2(1 +
√
2) ≈ 1.053e + 3. While the error bound is a

large over-approximation, it does indicate convergence.

In Figure 3.3, the randomly generated values for R, b, D(z), and N(z) are all equivalent

to those used to generate Figure 3.1 where now A = R + 25I. The condition number of

the eigenvector matrix is the same, and κ(D(A)∗D(A))1/2 is approximately 24.6. The top

plots show the 2-norm of the residuals and errors at each iteration. Arnoldi-OR, Arnoldi-

FA, GMRES applied to a partial fraction decomposition, and the 2-norm optimal Krylov

approximation converge in about 36 iterations. GMRES applied toD(A) converges in about

95 iterations.

The lower left plot shows that there is a sizable distance between the roots of D(A) (red,

‘o’s) and both the boundary of the numerical range of A (black, solid) and the boundary of

the smallest disk containing W (A), D(24.9321, 13.8522) (cyan, dashed). The roots of R(z)

(red, ‘o’s) are even more distant from the eigenvalues (blue, ‘x’s). Just like in Figure 3.2, we

can use (3.12) to bound the error. The lower right plot shows the error of the 2-norm optimal

Krylov approximation (green, dotted) and the truncated Faber series approximation forR(z)
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Figure 3.3: A = randn(100) + 25I, b = randn(100, 1), N(z) random quadratic, D(z) ran-
dom cubic, generated in MATLAB with the seed rng(“default”) in the order presented, and
are equivalent to the randomly generated values used in Figure 3.1. Top plots show the
2-norms of the residuals and 2-norms of the errors for Arnoldi-OR (black, solid), Arnoldi-FA
(red, dashed), GMRES applied to D(A) (magenta, dot-dash), GMRES applied to a partial
fraction decomposition (cyan, solid), and the 2-norm optimal Krylov approximation from
Kk(A,b) (green, dotted). Lower left plot shows eigenvalues of A (blue, ‘x’s), ∂W (A) (black,
solid), and poles of R(z) (red, ‘o’s). Lower right plot compares the errors of the 2-norm op-
timal Krylov approximation from Kk(A,b) (green, dotted) and a numerical approximation
of minpk−1∈Pk−1

supz∈D(24.9,13.9) |R(z)−pk−1(z)| (blue, solid) which can be used in the error
bound (3.12).

on the smallest disk containing the numerical range (blue, solid). To use the bound (3.12),

we must multiply the truncated Faber series approximation by κ(S)1/2(1+
√
2) ≈ 7.15e+01.

This time, the error bound is closer to the optimal error reduction.

Figure 3.4 shows comparisons of 2-norms of the residuals and 2-norms of the errors
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Figure 3.4: A = randn(100) + 15I, b = randn(100, 1), N(z) is the identity, and each row in
the figure tests a different D(z) with µ random roots. The random values are generated in
MATLAB by setting the random number generator seed to zero so that A and b are the
same as in Figure 3.2, and then generating the denominator polynomial polynomials with
µ = 3, µ = 6, and then µ = 9. Each row shows the 2-norms of the residuals on the left and
2-norms of the errors on the right for Arnoldi-OR (black, solid), Arnoldi-FA (red, dashed),
and the 2-norm optimal approximation from Kk(A,b) (green, dotted).

for Arnoldi-OR (black, solid), Arnoldi-FA (red, dashed), and the 2-norm optimal Krylov

approximation (green, dotted) for R(A) with denominators with differing maximum degree

polynomials. The matrix R and vector b are equivalent to those used in the rest of this

section, and A = R + 15I like in Figure 3.2. Unlike in the previous examples from this

section, the numerator, N(A), is equal to the identity. The plots in each row of the figure

contain denominators with a randomly generated coefficient and µ randomly generated

roots. The plots in the left column show the 2-norms of the residuals, and the plots in
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the right column show the 2-norms of the errors. We see that as the maximum degree

of the denominator increases, there is a widening gap between the residuals and errors of

Arnoldi-OR (black, solid) compared to the residuals and errors of Arnoldi-FA (red, dashed)

and 2-norm optimal Krylov approximation (green, dotted). Interestingly, the residuals of

the Arnoldi-FA and the 2-norm optimal Krylov approximation have a maximum value on

the order of e + 00 when µ = 3, e + 03 when µ = 6, and e + 05 when µ = 9, whereas on

the same iteration that the maximum 2-norm of the residual is reached, the 2-norm of the

error is on the order of e − 03 when µ = 3, e − 05 when µ = 6, and e − 08 when µ = 9.

As the degree of the denominator increases, κ(S) = κ(D(A)∗D(A)) increases. At µ = 3

κ(S) ≈ 356.6, at µ = 6 κ(S) ≈ 5.4e+4, and at µ = 9 κ(S) ≈ 2.333e+6. However, the errors

of all three methods converge to machine precision in a similar amount of time regardless

of the maximum degree of the denominator polynomial, about 60 iterations.

Other parameters tested for an effect on the convergence of the three methods were

varying the maximum degree of the numerator polynomial and varying the dimension of the

randomly generated A. Increasing the maximum degree of the numerator affects residuals

and errors of the first couple of iterations, but not the overall convergence. Increasing

the dimension of the randomly generated matrix has no clear effect on the convergence of

Arnoldi-OR, Arnoldi-FA, and the 2-norm optimal Krylov approximation as long as the roots

of the polynomial D(z) lie outside of the numerical range of A.

3.3.2 Grcar Matrix

The Grcar matrix is a Toeplitz matrix, and a Toeplitz matrix is a diagonally constant

matrix. Non-Hermitian Toeplitz matrices are one of the best understood families of highly

non-normal matrices [108, Ch. 7]. The Grcar matrix is a non-Hermitian Toeplitz matrix

with -1’s on the first sub-diagonal, 1’s on the main diagonal, and 1’s on the next three

super-diagonals. In MATLAB, to define an n dimensional square Grcar matrix we use

the command gallery(‘grcar’, n). The eigenvalues of a Grcar matrix are all highly ill-
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Figure 3.5: A = gallery(’grcar’,100), b = randn(100), N(z) = 1, and D(z) = z.
The vector b is generated in MATLAB after those used in Figures 3.1, 3.2, and 3.3. Top
plots show the 2-norms of the residuals and the 2-norms of the errors for Arnoldi-OR
(solid, black), Arnoldi-FA (dashed, red), and the 2-norm optimal Krylov approximation
from Kk(A,b) (dotted, green). Lower left plot shows eigenvalues of A (blue, ‘x’s), the
boundary of Ω = W (A)\D(0, 1/w(A−1)) (black, solid), and the pole of R(z) (red, ‘o’).
Lower right plot compares the errors of the 2-norm optimal Krylov approximation (green,
dotted) and a numerical approximation of minpk−1∈Pk−1

supz∈Ω |R(z)−pk−1(z)| (blue, solid)
which can be used in the error bound (3.15).

conditioned, so bound (3.11), which uses κ(V), is not useful. For example, when n = 100,

the condition number of the eigenvector matrix of the Grcar matrix is about 5.1e+17.

In Figure 3.5, A is the 100 by 100 Grcar matrix, b is randomly generated using the

command randn(100,1) in MATLAB and is generated after the coefficient and roots of

the denominator polynomial in Figures 3.1, 3.2, and 3.3. For this example N(A) = I
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and D(A) = A. For this rational function, R(A) = A−1, Arnoldi-OR is equivalent to

GMRES. The top plots show the 2-norms of the residuals, ∥N(A)b−D(A)xk∥2, (left) and

the 2-norms of the errors, ∥D(A)−1N(A)b − xk∥2, (right) of Arnoldi-OR (black, solid),

Arnoldi-FA (red, dashed), and the 2-norm optimal Krylov approximation (green, dotted).

Arnoldi-OR, Arnoldi-FA, and the projected solution all converge in 94 iterations, and after

iteration 60, the residuals and errors of all three methods are similar. The lower left plot

shows the eigenvalues of A (blue, ‘x’s), the boundary of the set Ω equal to the numerical

range of A without a disk centered at zero with a radius equal to the inverse of the numerical

radius of A−1 (solid, black), and the pole of R(z) at the origin (red, ‘o’). Before removing

the disk D(0, 1/w(A−1)), the numerical range of A contained the origin, so the bound (3.12)

would be infinite and not useful. Instead, we use bound (3.15) with m = 1, which bounds K

by 3+2
√
3. For the Grcar matrix with n = 100 and D(A) = A, κ(A∗A)1/2 is approximately

3.6. To approximate the best polynomial approximation on the set W (A)/D(0, 1/w(A−1)),

we use the Schwarz-Christoffel package to compute the conformal map from the exterior

of the unit disk to the exterior of this set and derive the Faber series [38]. In the lower

right plot, we compare the errors of the truncated Faber series (blue, solid) and the 2-norm

optimal Krylov approximation (green, dotted). To calculate the error bound (3.15), we

must multiply the errors of the truncated Faber series by κ(S)1/2(3 + 2
√
3) ≈ 2.3e + 01.

While the error bound (3.15) is an overestimate, the negative slope does predict eventual

convergence, which no other error bounds in Section 3.2 would do for the 100 dimensional

Grcar matrix.

3.3.3 Matrix Exponential

In Section 3.3.1, we noticed that when the poles of R(z) were farther away from both

the eigenvalues and numerical range of A, then the residuals and errors of Arnoldi-OR,

Arnoldi-FA, and the 2-norm optimal Krylov approximation all behaved similarly. Many

functions, including exp(A), can be approximated by a rational function with poles far
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Figure 3.6: A = transient demo(50), b = randn(50,1), and we solve for x = exp(A)b where
D and N have degree 6 and are calculated using RKToolkit [8]. Top plots show the 2-
norms of the residuals and the 2-norms of the errors of a rational function approximation
of exp(A)b for Arnoldi-OR (black, solid), Arnoldi-FA (red, dashed), GMRES applied to
D(A) (magenta, dot-dash), and the 2-norm optimal Krylov approximation from Kk(A,b)
(green, dotted). Lower left plots show eigenvalues of A (blue, ‘x’s), ∂W (A) (black, solid),
and the poles of R(z) (red, ‘o’s). Lower right plots compares the 2-norm of the errors of the
2-norm optimal Krylov approximation (green, dotted) and a numerical approximation of
minpk−1∈Pk−1

maxz∈W(A) |R(z)−pk−1(z)| (blue, solid) which can be used in the error bound
(3.12).

from the eigenvalues of A.

Let A be the transient demo(50) matrix from the eigtool package [120]. The condition

number of the eigenvector matrix is about 6.4e+ 04, indicating that transient demo(50)

is a highly non-normal matrix and that bound (3.11) is less likely to be useful. Let b be a

random vector of length 50 sampled from the standard normal distribution and normalized
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Figure 3.7: A = transient demo(50) and b = randn(50,1) are equivalent to those used
in Figure 3.6. We solve for x = exp(20A)b where D and N have degree 12 and are
calculated using RKToolkit [8]. Top plots show the 2-norms of the residuals and the 2-
norms of the errors of a rational function approximation of exp(A)b for Arnoldi-OR (black,
solid), Arnoldi-FA (red, dashed), GMRES applied to D(A) (magenta, dot-dash), and the
2-norm optimal Krylov approximation from Kk(A,b) (green, dotted). Lower left plots show
eigenvalues of A (blue, ‘x’s), ∂W (A) (black, solid), and the poles of R(z) (red, ‘o’s). Lower
right plots compares the 2-norm of the errors of the 2-norm optimal Krylov approximation
(green, dotted) and a numerical approximation of minpk−1∈Pk−1

maxz∈W(A) |R(z)−pk−1(z)|
(blue, solid) which can be used in the error bound (3.12).

for convenience. This vector was randomly generated after the right-hand side vector in

Section 3.3.2. We calculate a rational function approximation to exp(tA) by using the

rkfit function from the Rational Krylov Toolkit (RKToolkit) [8], where t ≥ 1 is a time

parameter. When t = 1, the approximation R(z) has a maximum degree of six for both

the numerator and denominator polynomials. We compared MATLAB’s built in function
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expm(A)*b and the rational approximation output by rkfit with multiprecision arithmetic

to find that the approximation matched exp(A)b to near machine precision. Further, we find

the denominator polynomial is well-conditioned since κ(D(A)∗D(A))1/2 is approximately

2.17.

In Figure 3.6, the top plots show the 2-norms of the residuals at each iteration, ∥N(A)b−

D(A)xk∥2, and the 2-norms of the errors at each iteration, ∥R(A)b−xk∥2, for Arnoldi-OR

(black, solid), Arnoldi-FA (red, dashed), GMRES applied to D(A) (magenta, dot-dash),

and the 2-norm optimal Krylov approximation (green, dotted). Arnoldi-OR, Arnoldi-FA,

and the 2-norm optimal Krylov approximation all converge in fifteen iterations, whereas

GMRES applied to D(A) converges in twenty-nine iterations.

The bottom left plot shows the eigenvalues of A (blue, ‘x’s), the boundary of the nu-

merical range of A (black, solid), and poles of R(z) (red, ‘o’s). Since the numerical range

of A is a disk, the conformal map from the exterior of the unit disk to the exterior of

the numerical range is simple to calculate, and the Faber polynomials to approximate the

best polynomial approximation to R(z) reduce to a Taylor series. The bottom right plot

compares the errors of the truncated Faber series approximation of R(z) (blue, solid) to the

errors of the 2-norm optimal Krylov approximation (green, dotted), and shows that they

are very similar in this example until the error of the truncated Faber series levels off. While

the error of the truncated Faber series levels off above machine precision, it does so only

four iterations before all three methods converge.

It is harder to get a good approximation with a rational function when trying to ap-

proximate exp(tA)b for t≫ 1. The rational function approximation requires higher degree

polynomials in the numerator and denominator, which increases the likelihood that we will

be working with a more ill-conditioned problem. Approximating these higher degree ratio-

nal functions with polynomials of degree k − 1 also gets more difficult. For more ways to

approximate exp(A)b, see Moler and Van Loan (2003) [82].

In Figures 3.7 and 3.8 we show results for approximating R(tA)b, where A and b are
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Figure 3.8: A = transient demo(50) and b = randn(50,1) are equivalent to those used in Fig-
ure 3.6. We solve for x = exp(56A)b whereD andN have degree 12 and are calculated using
RKToolkit [8]. Top plots show the 2-norms of the residuals and the 2-norms of the errors
Arnoldi-OR (black, solid), Arnoldi-FA (red, dashed), GMRES applied to D(A)(magenta,
dot-dash), and the 2-norm optimal Krylov approximation from Kk(A,b) (green, dotted).
Lower left plot shows eigenvalues of A (blue, ‘x’s), ∂W (A) (black, solid), and poles of R(z)
(red, ‘o’s). Lower right plot shows ∥ exp(tA)∥2 (black, solid), and ∥ exp(56A)∥2 (magenta,
‘+’).

the same as in Figure 3.6, and R(tA)b is a rational approximation to exp(tA)b with twelve

degree numerator and denominator polynomials for t = 20 in Figure 3.7 and t = 56 in Figure

3.8. When t = 20, the rational approximation computed with the rkfit function from the

RKToolkit has an error of 3.2e-10. When t = 56, the rational approximation computed

with the rkfit function has an error of 3.3e-8. Both of these errors were computed by

calculating the 2-norm of the difference between expm(t*A)*b (using MATLAB’s built-in
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function) and the rational function output from rkfit.

The top plots show the 2-norms of the residuals and the 2-norms of the errors for Arnoldi-

OR (black, solid), Arnoldi-FA (red, dashed), GMRES applied to D(A) (magenta, dot-dash),

and the 2-norm optimal Krylov approximation (green, dotted). Since the dimension of A

is 50, and the maximum degrees of D(z) and N(z) are 12, Arnoldi-OR can only run for 39

iterations. During those first 39 iterations, Arnoldi-OR necessarily has the smallest residuals

at each iteration. When t = 20, at iteration 38 Arnoldi-OR reached a residual value on

the order of 1e-12, and for t = 56 Arnoldi-OR reached a minimum residual value on the

order of 1e-10. The 2-norm of the error is necessarily the smallest for the optimal Krylov

approximation in the 2-norm (green, dotted). When t = 20 the 2-norm optimal Krylov

approximation converges around iteration 45, the remaining methods require running 50

iterations before converging. When t = 56, Arnoldi-FA, GMRES applied to D(A), and the

2-norm optimal Krylov approximation converge at iteration 50. From the bottom left plots

of both Figures 3.7 and 3.8, we see that when t = 20 the poles of D(z) (red, ‘o’s) are much

closer to the boundary of the numerical range (black, solid) than when t = 1 in Figure 3.6.

However, when t = 56 the poles are located entirely within the numerical range and all 12

of the poles (red, ‘o’s) are close to ill-conditioned eigenvalues (blue, ‘x’s).

The bottom right plot of Figure 3.7 compares the maximum error of the truncated Faber

series approximation of R(z) (blue, solid) to the 2-norm optimal Krylov approximation

(green, dotted). Since the numerical range of A is a disk, the Faber series still reduces to

the Taylor series of R(z), but since the poles of R(z) are much closer to the boundary of the

numerical range the error of the truncated Faber series has a wider gap from the 2-norm

optimal Krylov approximation than in Figure 3.6.

The bottom right plot of Figure 3.8 shows ∥ exp(tA)∥2 (black, solid) for t ∈ [1, 100],

and ∥ exp(56A)∥2 ≈ 4.1e+ 03 (magenta, ‘+’). We see in this plot that despite having only

eigenvalues with real part less than zero, ∥ exp(tA)∥2 grows significantly before converging

towards zero as the eigenvalues indicate. This transient growth is one of the properties that
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makes highly non-normal matrices so interesting. However, despite the norm of ∥ exp(tA)∥2

converging back to small values, as t increases the rational approximation of exp(tA) con-

tinues to grow more ill-conditioned.

3.4 Remarks

Arnoldi-OR uses max{deg(D(A)),deg(N(A))} − 1 extra steps of the Arnoldi algorithm in

order to find the optimal (in D(A)∗D(A)-norm) approximation to D(A)−1N(A)b from the

Krylov space span(b,Ab, . . . ,Ak−1b). To do this requires solving a k+max{deg(D(A)), deg(N(A))}

by k least squares problem. The least squares problem can be solved via QR factorization

with Givens rotations—applying previous rotations to just the last column of the newly

formed matrix and choosing new rotations to eliminate entries below the diagonal in col-

umn k.

While Arnoldi-OR generates approximations that are provably optimal in the 2-norm of

the residual, Arnoldi-FA appears to perform similarly. Further, after some lead-in time, the

2-norm of the error for Arnoldi-FA appears to be at least as good as the 2-norm of the error

of Arnoldi-OR. However, there is not currently an explanation of why this phenomenon

occurs. In general, our numerical experiments indicate that the most important factors for

convergence are the proximity of the poles of R(z) to the eigenvalues of A and having a

well conditioned denominator polynomial.

Further, the a priori error bounds for Arnoldi-OR are often large overestimates, but

they do indicate convergence in cases where previous bounds could not. For example, the

error bound in (3.15) indicates convergance for R(A)b even when the poles of the rational

function are located within the numerical range of A. While Arnoldi-OR may not be a first

choice algorithm for computing the action of a rational function of a matrix on a vector, it

has the potential to improve our theoretical understanding of Arnoldi-FA.

Overall Arnoldi-OR shows theoretical promise as an algorithm, and may be able to

provide convergence insight for other algorithms. However, practitioners are not likely to

replace Arnoldi-FA with Arnoldi-OR.
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Chapter 4

DEPARTURES FROM NORMALITY

There are many equivalent definitions of a normal matrix, including a matrix satisfying

AA∗ = A∗A and a square matrix with a complete set of orthonormal eigenvectors. A

non-normal matrix is any matrix not satisfying these definitions. Some research involving

non-normal matrices focused on clarifying how algorithms behave differently for normal and

non-normal matrices, especially for the connection between (non-)normality and eigenvalue

problems [41].

Let N be the set of all normal matrices. One might measure how non-normal the matrix

A is using

∥AA∗ −A∗A∥2, or

min
N∈N

∥A−N∥2.

The second measure of non-normality can be reliably calculated using work by Gabriel

(1979) [49] and Ruhe (1987) [94]. A third way to measure the non-normality of a diagonal-

izable matrix is to use the condition number of an eigenvector matrix, κ(V), and preferably

the best-conditioned eigenvector matrix. In 1960, Bauer and Fike began using κ(V) to

measure the sensitivity of the eigenvalues of a matrix to perturbations [4].

While it is convenient to use a single number to describe how non-normal a matrix is,

other ways to characterize it may prove useful in applications. For example, the numerical

range of a normal matrix is the convex hull of the eigenvalues. However, the numerical range

of a non-normal matrix is a convex set containing the convex hull of the eigenvalues and

possibly much more. The ϵ-pseudospectrum of a normal matrix is the union of disks of radius

ϵ about each eigenvalue, but for a non-normal matrix the ϵ-pseudospectrum is a subset of
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the union of disks of radius ϵκ(V) about the eigenvalues that contains the union of disks of

radius ϵ about each eigenvalue. The K-spectral set of a matrix A is any set Ω in the complex

plane containing the eigenvalues of A with the property that ∥f(A)∥2 ≤ K supz∈Ω |f(z)| for

all analytic functions f in Ω. The numerical range and the ϵ-pseudospectrum of a matrix

are both K-spectral sets but with different values of K.

Section 4.1 discusses how a diagonalizable matrix’s non-normality is measured using

an eigenvector matrix’s condition number. Section 4.2 discusses the numerical range of a

matrix and the bounds on ∥Ak∥2 and ∥ exp(A)∥2 that can be derived from the numerical

range. Section 4.3 discusses pseudospectral sets, their properties, and their usages when

calculating bounds on ∥f(A)∥2. Finally, Section 4.4 introduces K-spectral sets and two

ways to calculate an upper bound on K. In Chapter 5, we will build on the K-spectral set

theory presented and explain our contributions to the field.

4.1 Bauer-Fike Theorem and κ(V)

In 1960, Bauer and Fike introduced the condition number of an eigenvector matrix, κ(V) =

∥V∥2∥V−1∥2, as a way of summarizing how sensitive to perturbations the eigenvalues

of a diagonalizable matrix will be. For normal matrices, the condition number of the

best-conditioned eigenvector matrix is equal to one. For diagonalizable non-normal ma-

trices, κ(V) of the best conditioned eigenvector matrix may be arbitrarily large. For non-

diagonalizable, non-normal matrices, κ(V) is considered to be infinite.

The Bauer-Fike Theorem, first published in 1960, uses the condition number of an

eigenvector matrix to bound the maximum perturbation of eigenvalues of a matrix A using

any perturbation matrix E [4].

Theorem 4.1:

Suppose A ∈ Cn×n is diagonalizable so that A = VΛV−1. Let µ be an eigenvalue of A+E.

Then there exists λ, an eigenvalue of A, such that

|λ− µ| ≤ κ(V)∥E∥2.
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Since κ(V) quantifies how far the eigenvalues of a diagonalizable matrix can be perturbed,

how non-normal a matrix is may be measured by κ(V).

4.2 The Numerical Range

The numerical range of a matrix, W (A) has long been used to yield more information

about a matrix than the eigenvalues alone can say. Define the 2-norm inner product as

⟨y,Ax⟩ := y∗Ax.

Definition 4.1. The numerical range, W (A) of A ∈ Cn×n is the set

W (A) = {⟨q,Aq⟩ : q ∈ Cn, ⟨q,q⟩ = 1} .

This set is always convex [105, 68], contains the eigenvalues of the matrix, and can be

used to understand how algorithms will run differently on non-normal matrices compared

to normal matrices [74].

For a normal matrix, the numerical range is equivalent to the convex hull of the eigen-

values. For a non-normal matrix, the numerical range is a convex set containing the convex

hull of eigenvalues. Figure 4.1 contains an example comparing the numerical ranges of a

normal matrix and a non-normal matrix with the same eigenvalues. How much the numeri-

cal range extends beyond the convex hull of the eigenvalues can be a heuristic for estimating

how non-normal a matrix is.

Bounding ∥f(A)∥2 when A is non-normal is interesting because of a phenomenon known

as transient growth, which is not explained by the eigenvalues. Two constant values that are

derived from the numerical range and can be used to bound ∥f(A)∥2 are the numerical ab-

scissa and numerical radius. The numerical abscissa of a matrix is ρ(A) := max(Re(W (A))),

and the numerical radius is w(A) := max |W (A)|. For example, the instantaneous slope

of the solution to the continuous time dynamical system dx/dt = Ax(t) is the numerical
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Figure 4.1: The numerical range of a normal and a non-normal matrix with the same
eigenvalues. The black dots are the eigenvalues of both matrices, the fuschia line along
the real axis indicates the numerical range of the normal matrix, and the cyan curve is the
numerical range of the non-normal matrix.

abscissa ρ(A) where

d

dt
∥ exp(tA)∥2

∣∣∣
t=0

= lim
t↓0

t−1 log ∥ exp(tA)∥2 = ρ(A), (4.1)

and the numerical abscissa is also in the bound

∥ exp(tA)∥2 ≤ exp(tρ(A)) ∀t ≥ 0. (4.2)

The powers of A are bounded using the numerical radius w(A) by

∥Ak∥2 ≤ 2w(Ak) ≤ 2w(A)k (4.3)

[74, §1.5]. The numerical range can tell us much about a matrix, and it can be used to
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bound norms of functions of matrices.

4.3 Pseudospectra

Pseudospectra are an in-depth way to characterize the non-normality of a matrix. Pseu-

dospectral sets, Λϵ(A), are regions inside contours of the resolvent norm of A in the complex

plane. In Figure 4.2 is an example of pseudospectral sets for the Tuesday Lake matrix, which

contains the constant linear coefficients of a dynamical system modeling the effects of in-

troducing a new species of piscivorous fish into Tuesday Lake, Michigan in 1984 [84].

Definition 4.2. Let A ∈ CN×N and ϵ > 0 be arbitrary. The ϵ-pseudospectrum, Λϵ(A), is

the set of z ∈ C such that

∥(zI−A)−1∥2 > ϵ−1.

One can equivalently define the ϵ-pseudospectrum as follows.

Definition 4.3. The ϵ-pseudospectrum is the set of numbers that are eigenvalues of some

perturbed matrix A+E with ∥E∥2 < ϵ.

This definition quantifies how much the eigenvalues of a matrix change when the matrix

is perturbed by a matrix of norm ϵ. Usually pseudospectra are calculated using the 2-

norm, however both definitions of these sets may be generalized for other matrix norms. In

practice, definition 4.2 is used to compute pseudospectral sets of a matrix, for instance with

the Eigtool package [120], which was used to generate the plots in Figure 4.2.

Pseudospectral sets are well known in part due to Trefethen and Embree’s 2005 book

Spectra and Pseudospectra [108]. In the introduction of a 1991 paper, Trefethen describes

the research of the preceeding 40 years as focusing on “how eigenvalues change under per-

turbations rather than on the exploitation of information that goes beyond eigenvalues”

[107]. In the 1980’s eigenvalues were trusted for all sorts of analyses, including for analysis

of highly non-normal matrices. This contradiction between how analysis was carried out in

practice, and the well-known theory that non-normal matrix behavior is not characterized
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(a) A 3D plot of the inverse of the resolvent
norm, ∥(zI − T)−1∥2, of the Tuesday Lake
matrix T [84]. The singularities of the plot
are at the eigenvalues of T.
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(b) A plot of pseudospectral sets, Λϵ(T), for
different values of ϵ. Inside each simple closed
curve of Λϵ(T) are one or more eigenvalues
of T. The different values of ϵ are on a log10
scale visible to the right. Each color repre-
sents the boundary of Λϵ(A) for a different
value of ϵ.

Figure 4.2: An example of σϵ(T) generated with the Eigtool package [120], where T is the
Tuesday Lake matrix [84].

by eigenvalues made the study of pseudospectra especially interesting in the 1990’s [108,

p.xiii-xiv]. Pseudospectra specifically are interesting because they are a way of organiz-

ing more information about how a matrix is non-normal than a single constant value can

provide.

Trefethen is not the first researcher to discuss pseudospectra though. Varah (1979) [114],

Demmel (1983, 1987) [35, 34], Wilkinson (1986) [119], Godunov et al. (1990) [53], and likely

other mathematicians had published equivalent definitions with different names for the sets.

However, after this 1991 re-introduction to pseudospectra, Trefethen continued to publish

applications of ϵ-pseudospectral sets, and, in 2005, published Spectra and Pseudospectra with

Mark Embree that collected much of the pseudospectral work of the intervening decade and

a half.
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4.3.1 ϵ-Pseudospectral Bounds

The ϵ-pseudospectrum may be used to calculate bounds on ∥f(A)∥2. For instance, ϵ-

pseudospectral sets may be used to define the Kreiss constant K (A). The Kreiss constant

is used in the Kreiss matrix theorem. One version of the Kreiss matrix theorem bounds

∥Ak∥2 for k greater than or equal to zero and A where all eigenvalues are contained in

D(0, 1). Let the ϵ-pseudospectral radius be wϵ(A) := sup |Λϵ(A)|, then the Kreiss constant

of A with respect to the unit disk is

K (A) = sup
ϵ
(wϵ(A)− 1)/ϵ = sup

|z|>1
(|z| − 1)∥(zI−A)−1∥2. (4.4)

In this case, the Kriess matrix theorem states that

K (A) ≤ sup
k≥0
∥Ak∥2 ≤ enK (A). (4.5)

Another version of the Kriess matrix theorem bounds ∥ exp(tA)∥2 for t greater than or

equal to zero and A where all eigenvalues have negative real parts. Let the ϵ-pseudospectral

abscissa be ρϵ(A) := sup(Re(Λϵ(A))), then the Kreiss constant of A with respect to the

left-half plane is

K (A) := sup
ϵ

ρϵ(A)/ϵ = sup
Re(z)>0

Re(z)∥(zI−A)−1∥2. (4.6)

In this case, the Kriess matrix theorem states that

K (A) ≤ sup
t≥0
∥ exp(tA)∥2 ≤ enK (A). (4.7)

The Kriess matrix theorem can also be extended to bound any holomorphic function on a

disk or half-plane containing all of the eigenvalues by using conformal maps [92].

We may also use pseudospectral sets to bound the norm of the Cauchy integral. The
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Cauchy integral is

f(A) =
1

2πi

∫
∂Ω

(ζI−A)−1f(ζ)dζ

⇒ ∥f(A)∥2 ≤
1

2π

(∫
∂Ω
∥(ζI−A)−1∥2|dζ|

)
∥f∥Ω. (4.8)

The norm ∥f∥Ω is equal to supz∈Ω |f(z)|. The integrand of equation (4.8) is the norm of the

resolvent. Using (4.8) and taking Ω to be an ϵ-pseudospectrum set, we can bound ∥f(A)∥2.

Theorem 4.2: [108, §14]

Let Ω ⊂ C and L(∂Ω) be the length of the boundary. Let Λϵ(A) ⊆ Ω and the function f

be analytic in Ω. Then,

∥f(A)∥2 ≤
L(∂Ω)
2πϵ

sup
z∈Ω
|f(z)|. (4.9)

Notice that one option for the set Ω is always Λϵ(A).

Having prior knowledge about pseudospectral sets can simplify the calculation of some

bounds on ∥f(A)∥2, including calculating the Kreiss matrix consant and the Cauchy inte-

gral. At their core, pseudospectral sets are a useful tool for measuring and visualizing the

sensitivity of a matrix’s eigenvalues.

4.4 Background on K-Spectral Sets

Spectral sets have been used in the field of functional analysis for a long time. In 1951, Von

Neumann published foundational results relating a polynomial function of an operator to

the polynomial’s behavior on a subset of the complex plane [116]. Let p be a polynomial

function, and A be a matrix with eigenvalues contained in the unit disk D. Von Neumann

proved that

∥p(A)∥ ≤ sup
z∈D
|p(z)|. (4.10)

A K-Spectral set is a generalization of equation (4.10).

Definition 4.4. Let A ∈ CN×N or a bounded linear operator on a complex Hilbert space
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(H, ⟨·, ·⟩, ∥ · ∥). A closed set Ω ⊂ C is a K-spectral set for A if the eigenvalues of A

are contained in Ω, and if, for all functions f analytic in Ω, where analytic functions in a

region can be arbitrarily well-approximated by bounded rational functions on that same set,

the following inequality holds:

∥f(A)∥ ≤ K∥f∥Ω (4.11)

where ∥ · ∥ on the left denotes the norm in H and ∥ · ∥Ω on the right denotes the ∞-norm

over the set Ω.

Definition 4.4 may be extended to all meromorphic functions bounded on Ω if we make

an additional assumption about the analytic capacity of the inner boundary curves of the

region Ω, since such functions can be uniformly approximated by rational functions [115].

The constraint that Ω contains the spectrum of A is necessary to ensure that ∥f(A)∥ can

be bounded by a finite value K, but otherwise Ω can take on many different shapes.

The infinity norm in equation (4.11) may also be written as

∥f(A)∥ ≤ K sup
z∈Ω
|f(z)|,

which clarifies that in equation (4.10) Ω is the unit disk and K is one. After Von Neumann’s

foundational result, much of the immediately following research about what will become

known as K-spectral sets was focused on finding a value of K for specific operators and/or

specific sets. However in 2004, Crouzeix published the conjecture that for the numerical

range of any finite linear operator, K = 2 [27]. This conjecture and the result proving

K = 11.08 in the same paper are powerful, because they prove K is a value that is not

unique for each matrix and does not depend on the dimension of the matrix. The conjecture

is that the proven value of K can be decreased by an order of magnitude. Thus far, for

the set W (A), a value of K = 2 has only been proven for matrices meeting very specific

conditions [27, 52, 25]. However, in 2017 K = 1+
√
2 was proven for W (A) for every matrix,

improving the bound from 11.08 to approximately 2.414 [30].
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Another extension to K-spectral set theory is Crouzeix and Greenbaum’s 2019 paper

that bounds the value of K for the set Ω = W (A) with a single disk removed [29]. Our

contributions extend the result of bounding K after removing a single disk from the nu-

merical range to bounding K for removing any finite number of disks. We also numerically

implement a calculation of K based on a theorem first published in [29] for any region Ω.

In the rest of this chapter we review the results from Crouzeix and Grenbaum (2019). Our

results are introduced in Chapter 5.

4.4.1 Definitions

Let f be a rational function bounded in a closed set Ω containing the spectrum of A. When

the arc length of a curve is approximated by connecting a finite number of points on the

curve using straight line segments, the supremum of these lengths is the arc length L. A

rectifiable curve is one with a finite total arc length. A connected curve is one where any

two points on the curve can be reached by following a path belonging to the curve. Assume

that the boundary of the closed set Ω is ∂Ω and that ∂Ω is rectifiable and has a finite

number of connected components.

The Cauchy integral theorem states that

f(z) =
1

2πi

∫
∂Ω

f(ζ)

ζ − z
dζ, and f(A) =

1

2πi

∫
∂Ω

(ζI−A)−1f(ζ) dζ

for matrices. The above equations can be rewritten in parametric form by letting 0 = s0 ≤

s ≤ L denote arc length, and letting ζ(s) be the location in ∂Ω that is a distance along the

boundary of s traveled from ζ0 = ζ(s0) (excluding jumps between disconnected portions of

∂Ω) while traveling in a counter-clockwise direction. Then the parametric forms of f(·) are

f(z) =
1

2πi

∫
{s:ζ(s)∈∂Ω}

f(ζ(s))

ζ(s)− z
ζ ′(s) ds, and

f(A) =
1

2πi

∫
{s:ζ(s)∈∂Ω}

(ζ(s)I−A)−1f(ζ(s))ζ ′(s) ds.
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If ∂Ω has multiple connected components, then ζ(s) is assumed to entirely traverse one

connected component before continuing on the next one.

We also use the Cauchy transform of the complex conjugate f̄ :

g(z) := C(f, z) :=
1

2πi

∫
{s:ζ(s)∈∂Ω}

f(ζ(s))

ζ(s)− z
ζ ′(s) ds, and

g(A) :=
1

2πi

∫
{s:ζ(s)∈∂Ω}

(ζ(s)I−A)−1f(ζ(s))ζ ′(s) ds.

Finally, we define the double layer potential kernel,

µ(ζ(s), z) :=
1

π

d

ds
(arg(ζ(s)− z)) =

1

2πi

(
ζ ′(s)

ζ(s)− z
− ζ ′(s)

ζ(s)− z̄

)
, (4.12)

µ(ζ(s),A) =
1

2πi

(
(ζ(s)I−A)−1ζ ′(s)− (ζ(s)I−A∗)−1ζ ′(s)

)
. (4.13)

4.4.2 Analytic Bound on K when a Single Disk is Removed from the Numerical Range

This section contains some of the main results from Crouzeix and Greenbaum (2019)[29].

To calculate the value of K for a convex set containing the numerical range except for

a single disk removed, we first calculate the value of two constants, c1 and c2.

First, define

c1 := sup{sup
z∈Ω
|C(f̄ , z)| : f a rational function, ∥f∥Ω ≤ 1}. (4.14)

It is shown in [29, Lemma 1] that c1 satisfies

c1 ≤ supess
ζ0∈∂Ω

∫
{s:ζ(s)∈∂Ω}

|µ(ζ(s), ζ0)| ds. (4.15)

To define c2, we first define the transform of f ,

S(f, z) := f(z) + g(z) =

∫
{s:ζ(s)∈∂Ω}

f(ζ(s))µ(ζ(s), z) ds,
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S(f,A) := f(A) + g(A)∗ =

∫
{s:ζ(s)∈∂Ω}

f(ζ(s))µ(ζ(s),A) ds.

Note that S(1,A) = 2I since

∫
∂ω

µ(ζ(s),A) ds =
1

2πi

∫
{s:ζ(s)∈∂Ω}

(ζ(s)I−A)−1ζ ′(s) ds

+

(
1

2πi

∫
{s:ζ(s)∈∂Ω}

(ζ(s)I−A)−1ζ ′(s) ds

)∗

=I+ I∗ = 2I.

This function S is defined using the Cauchy transform of the complex conjugate of f and

the Cauchy integral of f , which can be summarized using the double layer potential kernel

µ. These definitions are all found in Section 4.4.1. Now we define

c2 :=
1

2
sup{∥S(f,A)∥ : f a rational function, ∥f∥Ω ≤ 1}. (4.16)

The following is (a part of) the main theorem of Crouzeix and Greenbaum (2019) [29,

Theorem 2]:

Theorem 4.3:

Let A be a square matrix. Let c1 and c2 be defined by (4.14) and (4.16) respectively. Then

for any Ω ⊂ C containing the spectrum of A, Ω is a K-spectral set for A, where

K = c2 +
√
c22 + c1.

We are interested in calculating the value of K for the numerical range of a matrix with

a single disk removed. The numerical range is a convex set containing the eigenvalues of A,

which means it contains the eigenvalues of the matrix. We use equations (4.15) and (4.12)

to bound c1. First, fix ζ0 ∈ ∂Ω and let ζ(s) move around a curve Γj that is a connected

curve of ∂Ω. The curve Γj may be all or part of ∂Ω, and may be all or part of a single



73

-1 -0.5 0 0.5 1

(a)

-1

-0.5

0

0.5

1

-1 -0.5 0 0.5 1

(b)

-1

-0.5

0

0.5

1

-0.5 0 0.5 1

(c)

-0.5

0

0.5

-1 -0.5 0 0.5 1

(d)

-0.5

0

0.5

Figure 4.3: Various boundary configurations. The blue asterisk represents ζ0, and the red
lines show how the angle of the vector ζ(s) − ζ0 changes as ζ(s) traverses the boundary
curve.

connected component of ∂Ω. Then from equation (4.12),
∫
s:ζ(s)∈Γj

|µ(ζ(s), ζ0)| ds is equal to

1
π times the total variation in the argument of ζ(s)− ζ0. For example, if ∂Ω is the boundary

of a convex set like a disk, as shown in Figure 4.3(a), then the argument of ζ(s)−ζ0 changes

by π as ζ(s) traverses the curve ∂Ω regardless of where ζ0 is located on ∂Ω. Since the total

variation is π, then from equation (4.12) we see that
∫
s:ζ(s)∈∂Ω |µ(ζ(s), ζ0)| ds = 1. When

there are multiple connected components defining ∂Ω, such as when Ω is an annulus, then

it is possible ζ0 lies inside a convex set or on the outside of a convex set. If ζ0 lies inside a

circle or the boundary curve of a convex set such as in Figure 4.3(b), then the total variation

of the angle from ζ0 is 2π and the integral of |µ(ζ(s), ζ0)| over that piece of the boundary

is 2. If ζ0 lies outside a circle of radius r such as in Figure 4.3(c), then, if q is the distance

from ζ0 to the center of the circle, the argument of ζ(s)− ζ0 goes from its initial value, say,

0 to arcsin(r/q) to 0, to − arcsin(r/q), and back to 0, for a total change of 4 arcsin(r/q).
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To obtain upper bounds on c2, we first note that if µ(ζ(s),A) is positive semidefinite

(PSD) along Γj for s ∈ [smin, smax], then

∥∥∥∥∫ smax

smin

f(ζ(s))µ(ζ(s),A) ds

∥∥∥∥ ≤ max
s∈[smin,smax]

|f(ζ(s))|
∥∥∥∥∫ smax

smin

µ(ζ(s),A) dz

∥∥∥∥ . (4.17)

A proof can be obtained by noting that

∥∥∥∥∫ smax

smin

f(ζ(s))µ(ζ(s),A) ds

∥∥∥∥ = sup
∥x∥=∥y∥=1

∣∣∣∣∫ smax

smin

f(ζ(s)) ⟨µ(ζ(s),A)y, x⟩ ds
∣∣∣∣ ,

and following the arguments in [30, Lemma 2.3]. Thus if µ(ζ,A) is PSD for all ζ ∈ ∂Ω,

then c2 ≤ 1, since for any rational function f with ∥f∥Ω ≤ 1,

∥S(f,A)∥ ≤

∥∥∥∥∥
∫
{s:ζ(s)∈∂Ω}

µ(ζ(s),A) ds

∥∥∥∥∥ = ∥2I∥ = 2,

and from equation (4.16) c2 is bounded by half this value. For convex Ω with PSD µ(ζ(s),A)

for all of ∂Ω the value of c1 and c2 is bounded by one, and Theorem 4.3 states that K =

1+
√
2, which matches the value of K in the Crouzeix-Palencia result [30]. Below, Theorem

4.4 will show that µ(ζ(s),A) is PSD for all of ∂W (A) , which is equivalent to the Crouzeix-

Palencia result [30].

For any subset of ∂Ω where µ(ζ(s),A) is not PSD, we will add a multiple of the identity

to µ(ζ(s),A) to obtain a PSD operator for all values of s. The multiple of the identity

added to µ(ζ(s),A) must be at least as large as the minimum eigenvalue of µ(ζ(s),A) to

have a PSD operator. This means we need bounds on the minimum value in the spectrum

of µ(ζ(s),A):

λmin(µ(ζ(s),A)) := min{λ : λ ∈ Sp(µ(ζ(s),A))}. (4.18)

Let ζ0 = ζ(s0) denote a point on ∂Ω where the unit tangent ζ ′0 := dζ
ds

∣∣∣
s0

exists. We write

µ(ζ0, ζ
′
0,A) when we fix a point ζ0 since in this case µ(ζ(s),A) depends on ζ ′(s). Note

that the half-plane Π0 := {z ∈ C : Im(ζ ′0(ζ0 − z̄)) ≥ 0} has the same outward normal as Ω
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at ζ0. Recall, the numerical range is defined in Definition 4.1, and the numerical radius is

w(A) = sup |W (A)|. The following theorem is from [29, Lemmas 5, 7, and 8].

Theorem 4.4:

Let A be a square matrix, W (A) be the numerical range of A, Π0 := {z ∈ C : Im(ζ ′0(ζ0 −

z̄)) ≥ 0}, λmin be defined by (4.18), and µ(ζ0, ζ
′
0,A) be defined by (4.13) at the point s0.

If W (A) ⊂ Π0, then λmin(µ(ζ0, ζ
′
0,A)) ≥ 0, with equality if ζ0 ∈ ∂W (A). If, for some

ξ ∈ C\Sp(A), ζ0 − ξ = ir1ζ
′
0, where r1 ≤ 1/∥(ξI−A)−1∥, then λmin(µ(ζ0, ζ

′
0,A)) ≥ − 1

2πr1
.

If ζ0 − ξ = ir2ζ
′
0, where r2 ≤ 1/w((ξI−A)−1), then λmin(µ(ζ0, ζ

′
0,A)) ≥ − 1

πr2
.

For a disk about a point ξ of radius r, the assumption ζ0 − ξ = irζ ′0 in the theorem

means that ∂Ω and the boundary of the disk are tangent at ζ0 and the outward normal to

Ω, ζ ′0/i, is the same as the inward normal to the disk. Further, the interior of the disks

{z ∈ C : |z − ξ| < 1/∥(ξI −A)−1∥} and {z ∈ C : |z − ξ| < 1/w((ξI −A)−1)} alluded to in

the theorem contain no points in the spectrum of A. The spectrum of A is not contained

in the disks since ∥(ξI − A)−1∥ ≥ w((ξI − A)−1) ≥ |(λ − ξ)−1| for all λ ∈ Sp(A), which

means that the inverses of these quantities, which are the radii of the disks, are less than

or equal to |λ− ξ|.

Theorems 4.3 and 4.4 can be used together to obtain K values for certain types of sets,

such as the numerical range with a circular hole or cutout. In the next subsection, we

include an example from [29] of a K-spectral set equal to the numerical range of a matrix

with a single disk removed, where the disk is defined using Theorem 4.4.

4.4.3 Example from [29]

Let Ω0 be a convex domain containing the numerical range of the A, W (A). Let D(ξ, r)

be the disk about a point ξ ∈ C\Sp(A) of radius r, where r ≤ 1/w((ξI − A)−1). Then

it is shown in [29] that Ω = Ω0\D(ξ, r) is a (3 + 2
√
3)-spectral set for A. For K to equal

(3+2
√
3), we assume that either ∂D(ξ, r) ⊂ Ω0 or the number of intersection points of ∂Ω0

and ∂D(ξ, r) is finite.
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To bound c1 when removing a disk from a convex set, suppose first that ∂D(ξ, r) ⊂

Ω0. If ζ0 ∈ ∂Ω0, then as ζ(s) traverses ∂Ω0, the argument of ζ(s) − ζ0 changes by π, as

illustrated in Figure 4.3(a). As ζ(s) traverses ∂D(ξ, r), the argument of ζ(s) − ζ0 changes

by 4 arcsin(r/|ξ − ζ0|) < 2π, as illustrated in Figure 4.3(c). Thus in this case,

∫
{s:ζ(s)∈∂Ω0}

|µ(ζ(s), ζ0)| ds = 1,

∫
{s:ζ(s)∈∂D(ξ,r)}

|µ(ζ(s), ζ0)| ds < 2.

To simplify notation, throughout the rest of dissertation we will write
∫
∂Ωj

. . . ds in place

of
∫
{s:ζ(s)∈∂Ωj} . . . ds.

Now suppose ζ0 ∈ ∂D(ξ, r). Then as illustrated in Figure 4.3(b), as ζ(s) traverses ∂Ω0,

the argument of ζ(s)−ζ0 changes by 2π. As illustrated in Figure 4.3(a), while ζ(s) traverses

∂D(ξ, r), the argument of ζ(s)− ζ0 changes by π. Thus in this case

∫
∂Ω0

|µ(ζ(s), ζ0)| ds = 2,

∫
∂D(ξ,r)

|µ(ζ(s), ζ0)| ds = 1.

If, instead, the disk D(ξ, r) intersects ∂Ω0 as in Figure 4.3(d), then it is clear that the total

variation in the argument of ζ(s)− ζ0 as ζ(s) traverses ∂Ω is smaller than 3π and thus c1 is

bounded by 3. Thus when Ω is a convex set with a single disk removed, it follows that for

ζ0 anywhere on the boundary of Ω, the change in argument of ζ(s) − ζ0 as ζ(s) traverses

∂Ω is at most 3π and c1 ≤ 3.

To bound c2, let Γ0 = ∂Ω0\cl(D(ξ, r)) and let Γ1 = ∂D(ξ, r)∩cl(Ω0) so that ∂Ω = Γ0∪Γ1.

Let f be a function such that ∥f∥Ω ≤ 1. Then we write S(f,A) = S0 + S1 + S2, where

S0 =

∫
Γ0

f(ζ(s))µ(ζ(s),A) ds,

S1 =

∫
Γ1

f(ζ(s))

(
µ(ζ(s),A) +

1

πr
I

)
ds,

S2 =−
1

πr

∫
Γ1

f(ζ(s))I ds.

It follows from Theorem 4.4 that for ζ ∈ ∂Ω0, µ(ζ,A) is PSD. Since adding PSD operators
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to a PSD operator does not decrease the norm, we can extend the integral over Γ0 to an

integral over the entire boundary ∂Ω0 to obtain:

∥S0∥ ≤
∥∥∥∥∫

∂Ω0

µ(ζ(s),A) ds

∥∥∥∥ = ∥2I∥ = 2.

If ζ ∈ ∂D(ξ, r), since r ≤ 1/w((ξI−A)−1), Theorem 4.4 shows that µ(ζ,A) + 1
πr I is PSD,

and hence

∥S1∥ ≤
∥∥∥∥∫

Γ1

(
µ(ζ(s),A) +

1

πr
I

)
ds

∥∥∥∥
≤

∥∥∥∥∥
∫
∂D(ξ,r)

(
µ(ζ(s),A) +

1

πr
I

)
ds

∥∥∥∥∥
=

1

πr

∫
∂D(ξ,r)

ds

=2.

Here we used that the spectrum of A lies outside D(ξ, r) so that∫
∂D(ξ,r) µ(ζ(s),A) ds = 0. Further, ∥S2∥ ≤ 2 since the length of Γ1 is less than or equal to

the length of ∂D(ξ, r), which is 2πr. Thus ∥S(f,A)∥ = ∥S0 + S1 + S2∥ ≤ 6 and c2 ≤ 3.

Applying Theorem 4.3 with c1 = c2 = 3 yields the result from [29] that Ω is a (3 + 2
√
3)-

spectral set for A.

In the next chapter, we extend this example in several ways, indicate how Theorem 4.3

can be used directly to determine a K value for any set Ω containing the spectrum of A,

and describe how to numerically estimate an upper bound of K for any K-spectral set Ω.
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Chapter 5

K-SPECTRAL SETS

In this chapter, our work extends the arguments in Section 4.4.2. Let Ω be a K-spectral

set of A such that for any function f analytic in Ω (i.e. any analytic function may be

arbitrarily well-approximated on Ω by a rational function without poles in the set Ω)

∥f(A)∥2 ≤ K sup
z∈Ω
|f(z)|.

In this chapter, we obtain a bound on K for convex sets containing the numerical range

with multiple disks removed, and we show how to directly calculate K for any region Ω

containing the spectrum of A. One motivation for removing a disk from the numerical

range comes from the study of iterative method convergence. For example, when GMRES

is used to solve Ax = b, then we are using GMRES to compute f(A)b where f(z) = 1/z,

and the function f has a pole at zero. This means that if the numerical range contains

the origin, then for Ω = W (A) the supz∈Ω |f(z)| is infinite. However, there are many

cases where W (A) contains the origin and GMRES converges without issue to a solution.

By defining the K-spectral set Ω to be the numerical range without a disk centered at 0,

then supz∈Ω |f(z)| is finite. Our work removing multiple disks allows us to bound iterative

methods dealing with rational functions of A with more than one pole in the numerical

range, as discussed in Chapter 3.

Another goal for bounding K using the techniques in the proofs of Theorems 4.3 and 4.4

was to generate smaller bounds on K than one would get by applying the Cauchy integral

formula directly to ∂Ω and replacing the norm of the integral by the integral of the norm.

We show that while the Cauchy integral formula in equation (4.8) leads to a smaller bound

in some cases, it cannot be smaller by an amount that exceeds a factor of 4 plus a small
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amount. However, the reverse is not true, and the method used to bound K using Theorem

4.3 may give a much smaller bound than the bound on K using (4.8).

In Section 5.1 we tighten the analytic bounds for three specific cases given in [29], two

of which involve removing at most a half disk from a convex region containing W (A). In

Sections 5.2 and 5.3 we extend the results from [29] to any spectral set in the complex plane

and show that the method based on the Cauchy Integral formula can only improve on the

results from [29] by a factor of 4+ϵ, whereas there is no bound on the improvement that the

methodology in [29] can make in bounding K. In Section 5.4, we give a partial explanation

as to when and why one method may do better than the other for different matrices. Then

in Section 5.5 we include examples for the reader illustrating different types of spectral sets

and different use cases for removing disks or portions of the numerical range. In some of

these examples using the method based on the Cauchy integral to bound K will yield a

smaller value, and in others using the methodology that we extended based on Theorem 4.3

will yield the smaller value.

5.1 Bounds for a Half Disk Removed

First, we define a tighter bound for the example in Figure 4.3(d) where at most a half-disk is

removed from the numerical range. Let Ω = Ω0\D(ξ, r) where Ω0 is a convex set containing

the numerical range and D(ξ, r) is a disk with center ξ and radius r ≤ 1/w
(
(ξI−A)−1

)
as in Section 4.4.3. Assume the intersection of Ω0 and D(ξ, r) is at most a half-disk.

Let Γ0 = ∂Ω0\cl(D(ξ, r)) be the portion of ∂Ω containing the boundary of the numerical

range, and let Γ1 = ∂D(ξ, r) ∩ Ω0 be the portion of ∂Ω containing the boundary of the

disk removed. Then ∂Ω = Γ0 ∪ Γ1. Let s be the parameterization of ζ so that ζ(s) is a

continuous function of s such that for increasing values of s, ζ(s) travels counter-clockwise

along Γ. Let ζ(s) = ζ(s0) = ζ0 and ζ ′0 =
dζ
ds

∣∣∣
s0
. Then the greatest variation in the argument

of ζ0 − ζ(s) occurs when ζ0 is located at the asterisk in Figure 4.3(d), which is half-way

along the curve Γ1. When ζ0 is located at that asterisk, then the total variation of the

argument of ζ(s)− ζ0 can change by up to π/2 as ζ(s) traverses Γ1. The total variation of
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the argument of ζ(s)− ζ0 changes by the same amount as ζ(s) moves along Γ0 to the point

where the argument of ζ(s) − ζ0 matches ζ ′0 or −ζ ′0, with a change of π in between both

those points. The total change could therefore be as large as 2π. It follows that in this case,

for any ζ0 on ∂Ω, ∫
∂Ω0

|µ(ζ(s), ζ0)| ds ≤ 2,

and therefore c1 ≤ 2 when at most a half-disk is removed from Ω0. Using the same definitions

of S0, S1, and S2 as in Section 4.4.3, we now observe that the length of Γ1 is at most πr

instead of 2πr, so that ∥S2∥2 ≤ 1, leading to the estimate ∥S(f,A)∥2 ≤ 5 and c2 ≤ 5/2.

Using these values of c1 and c2 in Theorem 4.3 leads to the result that Ω is a (2.5+
√
8.25)-

spectral set of A.

Next we drop the assumption that the disk removed is at most a half-disk. The examples

so far have assumed that r ≤ 1/w
(
(ξI−A)−1

)
. However, if the radius r of the disk

removed from Ω0 satisfies r ≤ 1/∥(ξI − A)−1∥2, then from Theorem 4.4 it follows that

λmin(µ(ζ0,A)) ≥ − 1
2πr . In this case, we replace S(f,A) = S0 + S1 + S2 with S(f,A) =

S0 + S̃1 + S̃2, where

S̃1 =

∫
Γ1

f(ζ(s))

(
µ(ζ(s),A) +

1

2πr
I

)
ds, and

S̃2 =−
1

2πr

∫
Γ1

f(ζ(s))I ds.

Now

∥S̃1∥2 ≤
∥∥∥∥∫

Γ1

(
µ(ζ(s),A) +

1

2πr
I

)
ds

∥∥∥∥
2

≤ 1

2πr

∫
∂D(ξ,r)

ds = 1,

and ∥S̃2∥2 ≤ 1. With c1 = 3 and c2 = 2, it follows from Theorem 4.3 that Ω is a (2 +
√
7)-

spectral set. Now suppose the intersection of Ω0 with this disk D(ξ, r) with r < 1/∥(ξI −

A)−1∥2 is at most a half-disk, like in the first example of this section and in Figure 4.3(d).

Then c1 = 2 and ∥S̃2∥2 ≤ 1/2, so we take c2 = 7/4 and it follows from Theorem 4.3 that

this is a 4-spectral set for A.
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Figure 5.1: Regions with multiple holes or cutouts.

5.2 Removing More Disks

The techniques of Section 4.4.2 can also be used to bound K when a finite number of

disks are removed from Ω0 ⊃W (A). Examples of the variety of geometries available when

multiple disks are removed are shown in Figure 5.1.

Corollary 5.1:

Let A ∈ Cn×n, Ω0 ⊂ C and convex, and W (A) denote the numerical range of A. Suppose

Ω0 ⊃W (A) and Ω is obtained from Ω0 by removing m disks centered at points ξ1, . . . , ξm /∈

Sp(A), with the radius rj of disk j bounded by either 1/∥(ξjI−A)−1∥2 or 1/w((ξjI−A)−1).

Set pj = 1 if rj ≤ 1/∥(ξjI − A)−1∥2 and pj = 2 if rj ≤ 1/w((ξjI − A)−1) and rj >

1/∥(ξjI−A)−1∥2. Then Ω is a K-spectral set for A with

K ≤

1 +

m∑
j=1

pj

+

√√√√√
1 +

m∑
j=1

pj

2

+ 2m+ 1. (5.1)
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Proof. Consider first the simplest case, where the disks D1(ξ1, r1), . . . ,Dm(ξm, rm) do not

overlap and lie entirely inside Ω0 like in the top left of Figure 5.1. For ζ0 ∈ ∂Ω0, the total

variation in arg(ζ(s)− ζ0) becomes

π + 4

m∑
j=1

arcsin

(
1

rj |ζ0 − ξj |

)
≤ π + 2mπ.

If ζ0 lies on ∂Di, then the change in arg(ζ(s)− ζ0) is 2π as ζ(s) traverses ∂Ω0 and π as ζ(s)

traverses ∂Di. The total change is

3π + 4

m∑
j=1

j ̸=i

arcsin

(
1

rj |ζ0 − ξj |

)
≤ 3π + 2(m− 1)π.

In either case, the total variation of arg(ζ(s)−ζ0) is at most (2m+1)π, so that c1 ≤ 2m+1.

To bound c2, we write S(f,A) = S0 +
∑m

j=1 Sj +
∑m

j=1 Sm+j , where

S0 =

∫
∂Ω0

f(ζ(s))µ(ζ(s),A) ds,

Sj =

∫
∂Dj

f(ζ(s))

(
µ(ζ(s),A)) +

pj
2πrj

I

)
ds,

Sm+j =−
pj

2πrj

∫
∂Dj

f(ζ(s))I ds, j = 1, . . . ,m.

Then

∥S0∥2 ≤ 2, ∥Sj∥2 ≤ pj , ∥Sm+j∥2 ≤ pj , j = 1, . . . ,m.

It follows that

∥S(f,A)∥2 ≤ 2 + 2
m∑
j=1

pj ,

and c2 ≤ 1 +
∑m

j=1 pj . We obtain the K value in equation (5.1) by applying Theorem 4.3

with c1 = 2m + 1 and c2 = 1 +
∑m

j=1 pj . This upper bound holds for other configurations

as well, where c1 and/or c2 may be smaller because disks overlap or only partially intersect

with Ω0.
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Note that when the disks in Corollary 5.1 overlap or only partially intersect with Ω0,

better bounds on K may be attainable by considering each geometry individually.

5.3 Other K-Spectral Sets

In the previous section, we made use of Theorem 4.4 to derive Corollary 5.1 and values of

K that are independent of the matrix A for special types of regions Ω (that do depend on

A). For a given matrix A and set Ω containing the eigenvalues of A, one can use Theorem

4.3 directly to derive K values. These K values will depend on both A and Ω, unlike when

using Corollary 5.1 to remove one or more disks from W (A). The value of K and/or the

region Ω will usually need to be computed numerically. For example, when using Corollary

5.1, even if one has an analytic formula for W (A) or a convex set Ω0 containing W (A), one

is unlikely to have an analytic formula for ∥(ξI−A)−1∥2 or w((ξI−A)−1). To numerically

bound K using methods based on Theorem 4.3, we first need to bound c1 and c2. A bound

on the parameter c1 depends only on the geometry of Ω, while a bound on the parameter

c2 can be computed using the values of λmin(µ(ζ(s),A)), which are usually numerically

estimated.

Examples of regions Ω that might be of interest include the intersection of W (A) with

the left half-plane and the intersection of W (A) with the unit disk. Choosing Ω equal to

the intersection of W (A) with the left half-plane is interesting when the spectrum of A lies

in the left half-plane but the numerical range extends into the right half-plane. In this case

if Ω is a K-spectral set for A, then K is an upper bound on the amount that the norm of

the solution to the continuous time dynamical system y′(t) = Ay(t), t > 0 can grow over

its initial value before eventually decaying to zero. Choosing Ω equal to the intersection of

W (A) with the unit disk is interesting when the spectrum of A lies within the unit disk but

the numerical range extends beyond the unit disk. In this second case, if Ω is a K-spectral

set for A, then K is an upper bound on the amount by which the norms of powers of A,

∥Aj∥2, j = 0, 1, . . . can grow before decaying to zero.

In either of these cases, when Ω = W (A) ∩ (left half-plane) or Ω = W (A) ∩ D(0, 1),
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Ω is convex so c1 = 1. To bound c2, let Γ0 denote the portion of ∂Ω that belongs to

∂W (A), and let Γ1 denote the portion of ∂Ω that belongs to the line segment or circular

arc resulting from the intersection of W (A) with the imaginary axis or the unit circle. Then

∂Ω = Γ0 ∪ Γ1. For rational f bounded in the set Ω and continuous in ∂Ω with ∥f∥Ω ≤ 1,

define

S0 =

∫
Γ0

f(ζ(s))µ(ζ(s),A) ds,

S1 =

∫
Γ1

f(ζ(s))(µ(ζ(s),A) + γ(s)I) ds,

S2 =−
∫
Γ1

f(ζ(s))γ(s)I ds,

where γ(s) ≥ max{−λmin(µ(ζ(s),A)), 0}. Since µ(ζ(s),A) is positive semi-definite (PSD)

for ζ(s) ∈ ∂W (A), we proceed as in Section 4.4.3 and get

∥S0∥2 ≤
∥∥∥∥∫

Γ0

µ(ζ(s),A) ds

∥∥∥∥
2

≤

∥∥∥∥∥
∫
∂W (A)

µ(ζ(s),A) ds

∥∥∥∥∥
2

= ∥2I∥2 = 2.

Similarly, since µ(ζ(s),A) + γ(s)I is PSD on Γ1 (thanks to the definition of γ(s)) and

µ(ζ(s),A) is PSD on ∂W (A), if we let Γ2 denote the discarded portion of ∂W (A) (such

that Γ0 ∪ Γ2 = ∂W (A)) and set γ(s) to zero on Γ2, then we get

∥S1∥2 ≤
∥∥∥∥∫

Γ1

(µ(ζ(s),A) + γ(s)I) ds

∥∥∥∥
2

≤
∥∥∥∥∫

Γ1∪Γ2

(µ(ζ(s),A) + γ(s)I) ds

∥∥∥∥
2

=

∣∣∣∣∫
Γ1∪Γ2

γ(s)

∣∣∣∣ = ∫
Γ1

|γ(s)| ds.

Finally, we get

∥S2∥2 ≤
∫
Γ1

|γ(s)| ds.
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Figure 5.2: For the matrix from the MATLAB command gallery(’grcar’,32), the eigen-
values (dots) and the boundary components of the 10−3-pseudospectrum (solid curves) are
plotted. Direct application of Theorem 4.3 shows that this is a 4.20 × 103-spectral set for
A, but (4.8) shows this is only a 2.12× 103-spectral set. These two values of K are within
a factor of approximately 4 from each other.

Since S(f,A) = S0 + S1 + S2, it follows that ∥S(f,A)∥2 ≤ 2 + 2
∫
Γ1
|γ(s)| ds and therefore

c2 ≤ 1 +

∫
Γ1

|γ(s)| ds. (5.2)

We can also obtain bounds on K for general Ω that are not obtained by modifying

the numerical range. Suppose a set Ω consists of m disjoint, simply connected regions

Ω1, . . . ,Ωm with boundaries Γ1, . . . ,Γm. One example could be the union of disks about

each diagonal element of a square matrix defined by the Gershgorin circle theorem. Even

if A has n distinct eigenvalues, if any of these disks about one or more eigenvalues overlap,

then m < n and the simply connected regions may not be convex. Another example of Ω

with multiple disjoint regions is the 2-norm ϵ-pseudospectrum of A:

Λϵ(A) := {z ∈ C : ∥(zI−A)−1∥2 > ϵ−1}.

For the set defined by the closure of the ϵ-pseudospectrum, the K value from (4.8) is easy
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to compute:

K =
L(∂Λϵ)

2πϵ
,

where L maps to the arc length of a curve. To compute a bound on K using Theorem

4.3, we need to bound c1 and c2. To bound c1, it may be difficult to come up with an

analytic expression for (4.15), especially when Ω is not a convex set with up to a single disk

removed. For example, it is not clear how one could tightly bound c1 without numerical

computations for the ϵ-pseudospectral set in Figure 5.2. However, a bound on c1 can be

estimated numerically (to any desired accuracy). First, we discretize ∂Λϵ(A). Then, we

consider each discretization point as a possible value for ζ0 in (4.15). Next, we determine

the total variation of the argument of ζ(s) − ζ0 as ζ(s) traverses the discretized ∂Λϵ(A).

Finally, we take c1 to be 1
π times the maximum total variation for various ζ0. To bound c2,

let f be any rational function where ∥f∥Λϵ(A) ≤ 1, and write S(f,A) = S1 + S2, where

S1 =

∫
∪jΓj

f(ζ(s))(µ(ζ(s),A) + γ(s)I) ds, S2 = −
∫
∪jΓj

f(ζ(s))γ(s)I ds.

Taking γ(s) to be greater than or equal to −λmin(µ(ζ(s),A)) so that µ(ζ(s),A) + γ(s)I is

PSD, we get

∥S1∥2 ≤

∥∥∥∥∥
∫
∪jΓj

(µ(ζ(s),A) + γ(s)I) ds

∥∥∥∥∥
2

≤ 2 +

∥∥∥∥∥
∫
∪jΓj

γ(s)I ds

∥∥∥∥∥
2

≤ 2 +

∫
∪jΓj

|γ(s)| ds,

and similarly,

∥S2∥2 ≤
∫
∪jΓj

|γ(s)| ds.

In this case, ∥S(f,A)∥2 ≤ 2 + 2
∫
∪jΓj
|γ(s)| ds and therefore

c2 ≤ 1 +

∫
∪jΓj

|γ(s)| ds.

After the values of c1 and c2 are numerically estimated, Theorem 4.3 is used to com-

pute K. While the example used in this section was an ϵ-pseudospectrum set, the same
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methodology can be used to numerically estimate the upper bound on K for any subset of

the complex plane containing the eigenvalues of A.

5.4 Relationship Between K Values from Theorem 4.3 and Equation (4.8)

Recall the definition of µ(ζ(s),A) in (4.13), which we also write as µ(ζ0, ζ
′
0,A) for ζ0 = ζ(s0)

and ζ ′0 = dζ
ds

∣∣∣
s0
. Since the magnitude of ζ ′0 is 1, it can be written as eiθ0 for θ0 ∈ [0, 2π).

Using definition (4.13), we write

µ(ζ0, ζ
′
0,A) =

1

2π

[
ei(θ0−π/2)(ζ0I−A)−1 + e−i(θ0−π/2)

(
(ζ0I−A)−1

)∗]
. (5.3)

From equation (5.3), we can see that µ(ζ0, ζ
′
0,A) is equivalent to 1/π times the Hermitian

part of the matrix ei(θ0−π/2)(ζ0I −A)−1. For any matrix, the minimum eigenvalue of the

Hermitian part of the matrix, is equal to the minimum real part of the numerical range of

the matrix. From this relation, it is clear that λmin(µ(ζ0, ζ
′
0,A)) is 1

π times the smallest

real part of points in W (ei(θ0−π/2)(ζ0I−A)−1). We conclude that |λmin(µ(ζ0, ζ
′
0,A))| is less

than or equal to 1
π times the numerical radius of ei(θ0−π/2)(ζ0I −A)−1, which is the same

as 1
π times the numerical radius of the resolvent (ζ0I−A)−1.

Recall that γ(s) ≥ max{−λmin(µ(ζ(s),A)), 0}. Then in some cases, γ(ζ0) may be

much less than 1
π times the numerical radius of the resolvent. For example, when ζ0 lies

on ∂W (A) so that γ(ζ0) = 0. When γ(ζ0) is much less than 1
π times the numerical radius

of the resolvent, one can expect a much smaller value of K in Theorem 4.3 than in (4.8).

We can expect the smaller K value because the quantity c1 is usually of modest size and

2c2 will be much less than the value in (4.8). If c2 is significantly larger than c1, then the

expression for K in Theorem 4.3 is approximately equal to 2c2:

K = c2 + c2

√
1 +

c1
c22

= 2c2 +
1

2

c1
c2

+ c2 O

((
c1
c22

)2)
. (5.4)

In other cases, the K value in Theorem 4.3 could exceed that in (4.8) by a factor of
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4 + O(c1/c2), but no more. To see this, recall from Section 5.3 and equation (5.2) that c2

is bounded by one plus the integral of |λmin(µ(ζ0, ζ
′
0,A))|. As previously established, the

integrand in equation (5.2) is bounded by 1
π times the numerical radius of the resolvent

(ζ0I−A)−1. Since the numerical radius is between 1
2 and 1 times the norm of the resolvent,

c2 can be bounded by one plus 1
π times the integral of the resolvent, which is a factor of

2 greater than the formula in (4.8). If the bound on K in Theorem 4.3 is approximately

2c2, then this implies the K value from Theorem 4.3 is approximately 4 times greater than

the K value from equation (4.8). At most, the K value in Theorem 4.3 could exceed the K

value in (4.8) by a factor of 4 +O(c1/c2), which can be seen from equation (5.4).

We will see in Section 5.5 that in many problems of interest we find that |λmin(ζ0, ζ
′
0,A)| ≈

1
πw((ζ0I−A)−1), and the bound on K in (4.8) is somewhat smaller than that in Theorem

4.3. These problems of interest have a matrix A that is highly non-normal and a point ζ0

on the boundary of Ω that comes close to some ill-conditioned eigenvalue(s) of A. We do

not yet have a complete explanation of this phenomenon, but here we give an indication of

why this might be expected.

5.4.1 When the Numerical Range of the Resolvent is Close to A Disk about a Point Near

the Origin

First, note that if x and y are two orthogonal unit vectors, then the numerical range of

the rank one matrix xy∗ is a disk about the origin with radius 1
2 . To see this, consider a

unitary similarity transformation Q∗xy∗Q, where the columns of Q are [x,y,q3, . . . ,qn].

The matrix Q∗xy∗Q is the direct sum of a 2 by 2 Jordan block with eigenvalue 0 and an

n−2 by n−2 block of zeros. The numerical range of this matrix is a disk about the origin of

radius 1
2 . Note also that the 2-norm of this matrix is 1, which is twice the numerical radius.

When x and y are almost orthogonal to each other, then we use the following theorem that

modifies this argument.

Theorem 5.2:
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Let x and y be unit vectors. Then the rank one matrix xy∗ is unitarily similar to the direct

sum of the 2 by 2 matrix  1
2(y

∗x) 1

0 1
2(y

∗x)

+E, (5.5)

and an n − 2 by n − 2 block of zeros. In equation (5.5), the entries of E have magnitude

O(|y∗x|2). The numerical range of the first matrix in (5.5) is a disk of radius 1
2 about

1
2(y

∗x), and its norm is 1 +O(|y∗x|2).

Proof. Let

q1 =

(
x− 1

2
(y∗x)y

)
/

∥∥∥∥x− 1

2
(y∗x)y

∥∥∥∥
2

,

q̃2 =

(
y − 1

2
(x∗y)x

)
/

∥∥∥∥y − 1

2
(x∗y)x

∥∥∥∥
2

,

q2 =(q̃2 − (q∗
1q̃2)q1)/∥q̃2 − (q∗

1q̃2)q1∥2,

and let q3, . . . ,qn be any orthonormal vectors that are orthogonal to q1 and q2 (and hence

to x and y). Note that

q̃∗
2q1 =

1
4(y

∗x)|y∗x|2

1− 3
4 |y∗x|2

,

so that q∗
2x and y∗q2 differ from q̃∗

2x and y∗q̃2 by at most terms of order |y∗x|3. Let Q be

the unitary matrix with columns [q1, . . . ,qn]. Then Q∗xy∗Q is the direct sum of a 2 by 2

matrix and an n− 2 by n− 2 block of zeros, where the 2 by 2 matrix is

 q∗
1

q∗
2

xy∗[q1,q2] =

 (q∗
1x)(y

∗q1) (q∗
1x)(y

∗q2)

(q∗
2x)(y

∗q1) (q∗
2x)(y

∗q2)


=

 1
2(y

∗x) 1

0 1
2(y

∗x)

+E,

where a straightforward calculation shows that each entry of E is of order |y∗x|2.
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Theorem 5.2 shows that the numerical range of the rank one matrix xy∗ is close to a

disk when |y∗x| << 1. This disk is centered about the point 1
2(y

∗x) whose absolute value

is much less than the radius of the disk.

Now, let A be a diagonalizable matrix with eigenvalues λ1, . . . , λn and normalized right

and left eigenvectors x1, . . . ,xn and y1, . . . ,yn. Then the resolvent (ζI − A)−1 can be

written in the form:

(ζI−A)−1 =

n∑
j=1

1

ζ − λj

xjy
∗
j

y∗
jxj

. (5.6)

If ζ is much closer to one eigenvalue, say λ1, than any other eigenvalues, then the first term

in equation (5.6) above will be the largest and

(ζI−A)−1 ≈ 1

ζ − λ1

x1y
∗
1

y∗
1x1

. (5.7)

If λ1 is ill-conditioned so that |y∗
1x1| << 1, then from Theorem 5.2 the numerical range of

(ζI−A)−1 is approximately equal to 1/((ζ − λ)(y∗
1x1)) times a disk of radius 1

2 about the

point 1
2(y

∗
1x1). Thus each point on the boundary of the numerical range of the resolvent

has absolute value approximately equal to the numerical radius of the resolvent at points

near a simple ill-conditioned eigenvalue.

However, when ζ is close to several ill-conditioned eigenvalues, the approximate equality

(5.7) may not hold because other nearby eigenvalues have a tangible contribution to the

sum in equation (5.6). The closest rank one matrix to the resolvent (ζI − A)−1 in the 2

and Frobenius norms is σ1u1v
∗
1. The rank one matrix is defined using σ1

(
(ζI−A)−1

)
,

the largest singular value of (ζI −A)−1, and u1 and v1 which are the associated left and

right singular vectors, respectively. If u1 and v1 are almost orthogonal to each other, then

using the same reasoning as before |γ(ζ)| = |λmin(µ(ζ,A))| ≈ w
(
(ζI−A)−1

)
, as long as

the resolvent can be reasonably approximated with a rank one matrix.

To show that the right and left singular vectors corresponding to the largest singular

value of (ζI − A)−1 are almost orthogonal to each other when ζ is close to a simple but
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ill-conditioned eigenvalue of A, λ, we can use a theorem of G. W. Stewart [101]. First,

note that the matrix λI −A has a null space of dimension one, and second note that the

left and right singular vectors corresponding to the largest singular value of (ζI−A)−1 are

equivalent to the left and right singular vectors corresponding to the smallest singular value

of ζI−A. The normalized right and left eigenvectors, x and y, corresponding to λ satisfy

(λI−A)x = 0 and (λI−A)∗y = 0. It follows that these are right and left singular vectors

of λI−A corresponding to the smallest singular value, σn(λI−A) = 0. We write the SVD

of λI −A as YΣX∗, where X = [x,X2] and Y = [y,Y2], and the singular values ordered

in increasing order starting with σn. Define E := (ζ − λ)I so that (λI−A) +E = ζI−A.

Define

ι :=

∥∥∥∥∥∥∥
 Y∗

2Ex

X∗
2E

∗y


∥∥∥∥∥∥∥
F

=

∥∥∥∥∥∥∥
 (ζ − λ)Y∗

2x

(ζ̄ − λ̄)X∗
2y


∥∥∥∥∥∥∥
F

≤
√
2 |ζ − λ|,

δ :=σn−1(λI−A)− ∥y∗Ex∥2 − ∥Y∗
2EX2∥2

=σn−1(λI−A)− |ζ − λ| (|y∗x|+ ∥Y∗
2X2∥2)

≥σn−1(λI−A)− |ζ − λ|(1 + |y∗x|),

where σn−1(λI−A) is the second smallest singular value of λI−A. Assuming that ι/δ < 1/2,

it is shown in [101, Theorem 6.4] that there are vectors p and q satisfying

∥∥∥∥∥∥∥
 p

q


∥∥∥∥∥∥∥
F

< 2
ι

δ

such that (x+X2p)/∥x+X2p∥2 and (y+Y2q)/∥y+Y2q∥2 are the right and left singular

vectors of (λI−A)+E = ζI−A corresponding to the smallest singular value. Then x+X2p

and y+Y2q are equivalently multiples of the left and right singular vectors of (ζI−A)−1

corresponding to the largest singular value. It follows that if x and y are almost orthogonal

to each other and if ∥p∥2 and ∥q∥2 are small, then these singular vectors (corresponding to
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the largest singular value of (ζI−A)−1) are almost orthogonal to each other:

∣∣∣∣ (x+X2p)
∗(y +Y2q)

∥x+X2p∥2∥y +Y2q∥2

∣∣∣∣ = |x∗y + x∗Y2q+ p∗X∗
2y + p∗X∗

2Y2q|
∥x+X2p∥2∥y +Y2q∥2

≤|x
∗y|+ ∥q∥2 + ∥p∥2 + ∥p∥2∥q∥2√

(1− ∥p∥22)(1− ∥q∥22)
.

Now that we have shown that the rank one matrix, σ1u1v
∗
1, is defined by nearly orthogo-

nal vectors, we need to show when the resolvent is reasonably approximated by that matrix.

The 2-norm of (ζI−A)−1−σ1u1v
∗
1 is equal to σ2

(
(ζI−A)−1

)
, the second largest singular

value. So (ζI − A)−1 ≈ σ1u1v
∗
1 when σ2

(
(ζI−A)−1

)
is relatively small. We bound the

relative difference between σ2((ζI −A)−1) and σ1((ζI −A)−1) by perturbing the singular

values of λI − A, where λ is an eigenvalue of A nearby ζ. One may expect the singular

values of ζI−A to differ from those of λI−A by O(|ζ−λ|) [74, Theorem 3.3.16]. However,

in the special case where λ is an ill-conditioned eigenvalue of A and |ζ − λ| is much less

than the second smallest singular value of λI−A, σn−1(λI−A), we show that the change

in the smallest singular value, σn(λI−A) = 0, is actually much less than |ζ − λ|.

Theorem 5.3:

Let λ be a simple eigenvalue of A and let λI−A = UΣV∗ be a singular value decomposition

of λI−A, with U := [u1, · · · ,un], V := [v1, · · · ,vn], and Σ := diag(σ1, · · · , σn−1, 0). Then

the smallest singular value of ζI−A is less than or equal to

|ζ − λ| |u∗
nvn|+

|ζ − λ|2

σn−1
. (5.8)

Proof. LetUn−1 := [u1, · · · ,un−1], Vn−1 := [v1, · · · ,vn−1], andΣn−1 := diag(σ1, · · · , σn−1).
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Then

(ζI−A)(vn − (ζ − λ)Vn−1Σ
−1
n−1U

∗
n−1vn)

=(λI−A+ (ζ − λ)I)(vn − (ζ − λ)Vn−1Σ
−1
n−1U

∗
n−1vn)

=(λI−A)vn − (ζ − λ)
(
(λI−A)Vn−1

)
Σ−1

n−1U
∗
n−1vn

+ (ζ − λ)(vn − (ζ − λ)Vn−1Σ
−1
n−1U

∗
n−1vn)

=(ζ − λ)(vn −Un−1U
∗
n−1vn − (ζ − λ)Vn−1Σ

−1
n−1U

∗
n−1vn).

Since the vector vn − Un−1U
∗
n−1vn is the orthogonal projection onto the span of un, it

can be rewritten as unu
∗
nvn. The vector unu

∗
nvn has norm equal to |u∗

nvn|. Further,

∥Vn−1Σ
−1
n−1U

∗
n−1vn∥2 ≤ σ−1

n−1. Combining these facts, it follows that

∥(ζI−A)(vn − (ζ − λ)Vn−1Σ
−1
n−1U

∗
n−1vn)∥2 ≤ |ζ − λ| |unv

∗
n|+

|ζ − λ|2

σn−1
, (5.9)

and since the vector vn − (ζ − λ)Vn−1Σ
−1
n−1U

∗
n−1vn has norm greater than or equal to the

norm of vn, which is 1, the result in (5.8) follows.

Meanwhile, the second smallest singular value, σn−1(λI−A), decreases by at most |ζ−λ|,

and may actually increase by that amount. The fact that σn(λI −A) increases according

to equation (5.8), which is much less than |ζ − λ|, and that σn−1(λI −A) decreases by at

most |ζ − λ| when ζ is near an ill-conditioned eigenvalue, causes us to conclude that the

relative difference of the resolvent and the rank one matrix defined by the smallest singular

value of ζI−A remains small when σn−1 >> |ζ − λ|. When the relative difference remains

small, we know that (ζI−A)−1 is well-approximated by a rank one matrix defined by nearly

orthogonal vectors.

Greenbaum, Kyanfar, and Salemi define the 2-norm relative difference between the re-
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Figure 5.3: The left shows contour plots of Sϵ(A) for different values of ϵ, and the right shows
contour plots of the inner products |u∗1v1| of left and right singular vectors corresponding
to the largest singular value of (ζI −A)−1. The top row shows these plots for the Grcar
matrix of size n = 32 and the bottom shows them for the transient demo matrix of size
n = 20. Also shown are the eigenvalues (red ‘x’s) and the boundary of the numerical range
(thick black curve).

solvent and this rank one matrix as

∥(ζI−A)−1 − σ1
(
(ζI−A)−1

)
u1v

∗
1∥2

∥(ζI−A)−1∥2
=

σ2
(
(ζI−A)−1

)
σ1 ((ζI−A)−1)

(5.10)

in [58]. To illustrate when the relative difference remains small, we plot the set

Sϵ(A) := {ζ ∈ C : σ2(ζ)/σ1(ζ) < ϵ}, (5.11)

where σ1(ζ) and σ2(ζ) are the largest and second largest singular values of the resolvent
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(ζI − A)−1 [58]. Figure 5.3 shows contour plots of Sϵ(A) for various values of ϵ on the

left, and contour plots of the inner products |u∗
1v1| of the left and right singular vectors

corresponding to σ1(ζ) for two highly non-normal matrices on the right. Note the large

areas over which these ratios and inner products are small, implying that the numerical

range of the resolvent is close to a disk about a point much nearer to the origin than the

radius of the disk.

The top plots in Figure 5.3 are for the Grcar matrix of size n = 32. This matrix has

−1’s on the subdiagonal, 1’s on the main diagonal and the first three super-diagonals, and

0’s elsewhere. For a Grcar matrix of size n = 100, in [29] it was shown that the K value

obtained from Theorem 4.3 is much smaller than the K value obtained from (4.8) when

the region Ω is taken to be W (A)\D(0, 1/w(A−1)). Figure 5.3 shows that this will not

be the case if one chooses a smaller region Ω; e.g., the 10−3 pseudospectrum, pictured in

Figure 5.2. The 10−3 pseudospectrum looks similar to the 10−3 level curve of σ2/σ1, so

that at points on the boundary of the 10−3 pseudospectrum, the resolvent (ζI − A)−1 is

close to a rank one matrix. The eigenvalues of the Grcar matrix with larger real parts (real

parts near about 1.6) are better-conditioned than the other eigenvalues that have condition

numbers ranging from about 16 to 137, resulting in smaller regions about these eigenvalues.

Condition numbers of the other eigenvalues range from 278 to 3460. The bottom plots in

Figure 5.3 are for the transient_demo matrix of size 20, available in the eigtool package

[120], which will be used again in Section 5.5. The eigenvalues of the transient_demo

matrix all have the same condition number, about 72.6.

5.5 Applications

Throughout this section we assume the norm of interest is the 2-norm. The MATLAB

codes used to produce the results and figures in this section can be found at https://www.

github.com/tygris/k-spectral-sets.

https://www.github.com/tygris/k-spectral-sets
https://www.github.com/tygris/k-spectral-sets
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5.5.1 Block Diagonal Matrices

If A is a block diagonal matrix, say,

A =

 A11 0

0 A22

 ,

then since

f(A) =

 f(A11) 0

0 f(A22)

 ,

it is clear that ∥f(A)∥2 can be bounded using the maxz |f(z)| on W (A11)∪W (A22) instead

of maxz |f(z)| on W (A). The numerical range W (A) is likely a larger set since W (A) is

equivalent to the convex hull of W (A11) ∪W (A22). Of course, if we knew a priori that

A was block diagonal, we could take advantage of this property and only consider the

numerical ranges of the inidividual blocks. When A is not in block diagonal form but is

unitarily similar to a block diagonal matrix the same property holds. To identify the blocks

of a matrix unitarily similar to a block diagonal matrix is an NP-hard problem [63]. An

alternative to solving this NP-hard problem could be to start with W (A) and remove one

or more disks to cut the numerical range into disjoint pieces corresponding to the blocks of

A.

An example that removes a disk from the numerical range of a block diagonal matrix is

illustrated in Figure 5.4. The first block A11 is a real random 4 by 4 matrix, and the second

block A22 is a different real random 4 by 4 matrix plus 8I, where the random matrix entries

were drawn from a standard normal distribution. The disk removed from the numerical

range in the figure was centered at ξ = 3.5, and it had radius 1/w((ξI − A)−1). In this

case, removing a single disk split the numerical range into two disjoint pieces. According to

the results from Crouzeix and Greenbaum (2109) explained in section 4.4.3, the remaining

region (outlined with a thick black line in the figure) is a (3 + 2
√
3)-spectral set for A [29],

and (3+2
√
3) is approximately 6.46. For comparison, using (4.8) to bound K by integrating
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Figure 5.4: The eigenvalues and numerical range of a block diagonal matrix defined by two
different 4 by 4 random matrices with entries drawn from a standard normal distribution,
with the second block shifted right by 8I. The numerical range is cut into two pieces by
removing a disk about ξ = 3.5 with radius 1/w((ξI−A)−1). The resulting region is outlined
in thick black; the numerical ranges of the individual blocks are shown in thin red.

-20 -15 -10 -5 0 5 10 15 20

-15
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Figure 5.5: A is a block diagonal matrix with three blocks. Each block is the sum of a
multiple of the identity and a real random matrix R with entries from a standard normal
distribution. Block A11 = −20I + R1 is 10 by 10, block A22 = R2 is 5 by 5, and block
A33 = 20I+R3 is 10 by 10. The disks removed had radii 1/∥(ξ1,2I−A)−1∥2, where ξ1 = −9.5
and ξ2 = 10. The remaining region is a 3 +

√
14 ≈ 6.74-spectral set when calculating K

with equation (5.1), and when calculating K with Theorem 4.3 as described in section 5.3,
we get c1 ≤ 2.60, c2 ≤ 1.78, and K = 4.19. When calculating K using (4.8), K = 11.88.
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Figure 5.6: A is a block diagonal matrix with two blocks. Each block is the sum of a
multiple of the identity and a real random matrix R with entries from a standard normal
distribution. Block A11 = −5I + R1 is 10 by 10, and block A22 = (10 + 5i)I + R2 is 10
by 10. Two disks of radius 1/∥(ξ1,2I −A)−1∥2, where ξ1 = 4 + 1.5i and ξ2 = 3 + 4i, were
removed to split the numerical range of A into two disjoint sets. The remaining region is a
3 +
√
14 ≈ 6.74-spectral set when calculating K with equation (5.1), and when calculating

K using Theorem 4.3 as described in section 5.3, c1 ≤ 3.20, c2 ≤ 1.73, and K = 4.21. When
calculating K using (4.8), K = 7.94.

the resolvent over the boundary of this set, one obtains the slightly larger value of 8.01.

Both these bounds on K are the same order of magnitude. One strength of using Theorem

4.3 to bound K is that the bound is known analytically. However, the analytical bound from

Theorem 4.3 requires that Ω is defined in a specific way that frequently requires numerical

computation. Also shown in Figure 5.4 with a thin red line in the figure are the numerical

ranges of each block, and in red ‘x’s are the eigenvalues of A.

In general, removing one disk from the numerical range may not be enough to split the

set into disjoint pieces. For a matrix with more than two diagonal blocks, one could remove

two or more disks from W (A) and obtain a K-spectral set with three or more disjoint simply

connected regions, where K is bounded by expression (5.1). In other cases, a single disk

may not be wide enough to split the numerical range into disjoint pieces. Then multiple

disks could be removed, and K would again be bounded by expression (5.1).

Alternatively, a smaller bound on K may be obtained by using Theorem 4.3 directly and
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numerically determining the bounds on c1 and c2, as described in section 5.3. Figures 5.5

and 5.6 illustrate those two cases respectively and state the K values calculated by formula

(5.1) and directly from Theorem 4.3. In all of these cases, the differences between the

theoretical value from formula (5.1), the numerical value obtained by directly computing c1

and c2 in Theorem 4.3, and the numerical value obtained from equation (4.8) are not large,

but directly computing Theorem 4.3 and using formula (5.1) both lead to somewhat smaller

K values than (4.8). Thus, the new analysis provides some improvement.

5.5.2 Bounding Solutions to the Initial Value Problem

The results from section 5.3 can be used to bound the solutions to both continuous and

discrete time dynamical systems. If the spectrum of A lies in the left half-plane or the unit

disk respectively, then the norm of the dynamical system is bounded by K for the set Ω

equal to the intersection of W (A) with the left half-plane or the unit disk, respectively.

As an example, the left plot in Figure 5.7 shows the behavior of ∥etA∥2 for a matrix A

that models the ecosystem of Tuesday Lake in Wisconsin after the introduction of pisciverous

largemouth bass [83]. The plot shows initial growth and then decay of the relative total

population of the Tuesday Lake ecosystem as the continuous time parameter t changes. The

right plot in the figure shows ‘x’s for the eigenvalues, a dashed line for the numerical range of

the matrix, and a thick black line denoting Ω equal to the numerical range intersected with

the left half-plane. By integrating |λmin(µ(ζ(s),A)| along the segment of the imaginary

axis inside W (A) and using Theorem 4.3, we found that K = 2.66, while using (4.8) K =

3.72. In this case the different bounds on K are all very close and somewhat larger than

the maximum value of ∥etA∥2, t > 0 equal to 1.06 found in Figure 5.7.

Another example we consider is the matrix transient demo(20) available in the eigtool

package [120]. The upper left plot in Figure 5.8 shows the behavior of ∥etA∥2, t > 0,

which grows to about 16.61 before starting to decrease. The upper right plot shows the

eigenvalues (‘x’s) in the left half-plane, and the numerical range (dashed line) extending into
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Figure 5.7: The matrixA is the dynamical system coefficient matrix modeling the ecosystem
of Tuesday Lake after introducing piscivores [83]. The left plot shows ∥etA∥2 growing before
decaying; the right plot shows W (A) extending into the right half-plane (dashed curve),
eigenvalues (‘x’s) are in the left half-plane, and K-spectral set Ω (thick black line) with K
= 2.66 using Theorem 4.3 and K = 3.72 using (4.8).

the right half-plane, together with the region Ω (thick black curve) equal to the intersection

of W (A) and the left half-plane. By integrating |λmin(µ(ζ(s),A))| along the segment of the

imaginary axis forming the right boundary of Ω and using Theorem 4.3, we determine that

K = c2 +
√
c22 + c1 ≈ 2c2 = 40.13. Using equation (4.8) the smaller bound K = 27.95 is

found. The reason for this smaller value can be seen in the lower plots of Figure 5.8. The

large values of |λmin(µ(ζ(s),A))| and of 1
2π∥(ζI−A)−1∥2 both occur on the segment of the

imaginary axis belonging to ∂Ω and nearest to an ill-conditioned eigenvalue. As can be seen

in the lower left plot, while |λmin(µ(ζ(s),A)| is always less than or equal to 1
2π∥(ζI−A)−1∥2,

the difference is small. The lower right plot shows the numerical ranges of several of the

matrices ζ′

2πi(ζI−A)−1 = 1
2π (ζI−A)−1 for ζ equal to 0,±0.2725i, and ±0.545i. While the

smallest numerical ranges lie mostly in the right half-plane, the absolute value of the real

part of the leftmost points in the larger numerical ranges, equal to 1
2 |λmin(µ(ζ,A))|, are

almost as large as the corresponding numerical radii. The largest numerical range in the

lower right plot of Figure 5.8 corresponds to ζ = 0, which is the point on the imaginary

axis closest to an ill-conditioned eigenvalue of the transient demo(20) matrix. The value

of K from Theorem 4.3 is approximately equal to 2c2, which is approximately twice the

integral of |λmin(µ(ζ(s),A))| over this segment. The value of K from (4.8) is the integral of
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Figure 5.8: The matrix A comes from the eigtool command transient demo(20) [120].
The upper left plot shows ∥etA∥2 growing as t increases before decaying. The upper right
plot shows W (A) extending into the right half-plane (dashed curve), eigenvalues of A (‘x’s)
in the left half-plane, and ∂Ω (thick black) where Ω is the intersection of W (A) and the left
half-plane. The lower left plot shows |λmin(µ(ζ),A))| (red) and 1

2π∥(ζI − A)−1∥2 (black)
above the red curve for ζ on the segment of the imaginary axis forming the right-most
boundary of Ω. The lower right plot shows numerical ranges of 1

2π (ζI−A)−1 for ζ on the
segment of the imaginary axis in ∂Ω. The larger numerical ranges have an absolute value
of the minimal real part, which is 1

2 |λmin(µ(ζ,A))|, almost as large as the numerical radius.
The similarity in size to the numerical radius explains why |λmin(µ(ζ,A))| is of the same
order of magnitude as 1

2π∥(ζI−A)−1∥2, as explained in Section 5.4.

1
2π∥(ζI−A)−1∥2 over this segment and the remainder of ∂Ω where ∥(ζI−A)−1∥2 is much

smaller. Since computing K using Theorem 4.3 is approximately 2c2, the result is a smaller

value of K using formula (4.8).

In Figures 5.8 and 5.9, a different choice of Ω was considered for the same non-normal

matrix A. The choice in Figure 5.9, where Ω is the part of W (A) inside the unit disk,

is relevant when studying norms of powers of A. The function f(z) = zk is bounded in

absolute value by 1 for z inside the unit disk, just as |ez| is bounded by 1 for z in the left

half-plane. Using the matrix transient demo(20), we computed norms of powers of A and
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Figure 5.9: The matrix A comes from the eigtool command transient demo(20) [120].
The upper left plot shows ∥Ak∥2 growing as k increases before decaying. The upper right
plot shows W (A) extending beyond D(0, 1) (dashed curve), the eigenvalues of A (‘x’s), and
∂Ω (thick black) where Ω is the intersection of W (A) and the unit disk. The lower left
plot shows |λmin(µ(ζ,A))| (red) and 1

2π∥(ζI−A)−1∥2 (black) below the red curve for ζ on
the portion of ∂Ω belonging to the arc of the unit circle inside W (A). The lower right

plot shows numerical ranges of eiθ

2π (ζI − A)−1 for ζ = eiθ and θ = ±2.8763,±2.626, and
±2.3504. These values of θ are located along the portion of ∂Ω equivalent to the arc of the
unit circle. The larger numerical ranges have an absolute value of the minimal real part,
1
2 |λmin(µ(ζ,A))|, that is almost as large as the numerical radius. This similarity explains
why |λmin(µ(ζ,A))| is of the same order of magnitude as 1

2π∥(ζI−A)−1∥2.

found that they grew to about 20.72 before starting to decrease, as shown in the upper left

plot of Figure 5.9. The upper right plot shows the numerical range of the matrix (dashed),

which extends beyond D(0, 1), and the eigenvalues (‘x’s) which all lie within D(0, 1). The

K-spectral set Ω (thick black) is W (A) ∩ D(0, 1). In the lower left plot, we see that there

are large values of |λmin(µ(ζ,A))| and of 1
2π∥(ζI − A)−1∥2 on the arc of the unit circle

inside W (A). In this example, |λmin(µ(ζ(s),A)| is greater than 1
2π∥(ζI − A)−1∥2. The

lower right plot shows why |λmin(µ(ζ,A))| might be larger than 1
2π∥(ζI−A)−1∥2. It shows

the numerical ranges of several of the matrices ζ′

2πi(ζI −A)−1 = eiθ

2π (ζI −A)−1 for ζ = eiθ
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when θ = ±2.8763,±2.626, and ±2.3504. The absolute value of the real part of the leftmost

points in the larger numerical ranges (which is 1
2 |λmin(µ(ζ,A))|) are almost as large as

the corresponding numerical radii. This fact illustrates the result from Section 5.4 that

for ζ near one or more ill-conditioned eigenvalues, the numerical range of the resolvent,

(ζI−A)−1, looks almost like a disk about a point close to the origin. To calculate K using

Theorem 4.3, we integrate |λmin(µ(ζ(s),A))| along the arc of the unit circle inside W (A)

and determine that K = c2 +
√

c22 + c1 = 70.44. Calculating K using equation (4.8) yields

the smaller value K = 36.03. Then the K value from Theorem 4.3 is somewhat larger than

the K value from (4.8), but still less than a factor of approximately 4 larger.

5.6 Remarks

K-spectral sets may be used to define helpful bounds for any norm of a function of a matrix

for functions that are analytic on a subset of the complex plane containing the eigenvalues.

We have demonstrated the use ofK-spectral sets when bounding the convergence of iterative

methods, bounding the norm of a function of a potentially block diagonal matrix, and

bounding the transient growth of a dynamical system. Our extension to and numerical

methods based on Theorem 4.3 allow us to place a finite upper bound on the value of K

for any subset of the complex plane containing all of the eigenvalues of A in its interior

for f(z) analytic for all z in that set. Another such bound can be obtained by integrating

the resolvent norm around the boundary of such a set. We proved that the integral of the

resolvent norm can never be more than a factor of 4 + ϵ less than the value obtained from

our method based on Theorem 4.3, whereas the value obtained from Theorem 4.3 can be

arbitrarily much smaller than the integral of the resolvent norm. We also partially explained

where this relationship comes from.



104

Chapter 6

SUMMARY AND FUTURE WORK

The first part of my dissertation discussed algorithms for numerically computing the

product of a function of a matrix with a vector, especially for non-Hermitian matrices.

In Chapter 2, I reviewed Krylov subspace algorithms including conjugate gradient (CG),

generalized minimal residual (GMRES), and bi-orthogonal conjugate gradient stabilized

(Bi-CGSTAB). While CG is the most efficient algorithm in terms of computational cost

and memory usage, the input matrix must be Hermitian positive definite (HPD) for CG to

be guaranteed to converge.

In Section 2.2, I discussed how preconditioners can be used to further improve algorithm

behavior. Algorithm 7 is an example of how preconditioners are incorporated into the CG

algorithm, but they are also useful for other Krylov subspace algorithms such as GMRES

and Bi-CGSTAB. Preconditioners may be used to improve the conditioning of a problem

with an HPD coefficient matrix, thus improving convergence, or they may be used to turn

a non-Hermitian matrix into one that is HPD.

In Section 2.2, I also introduced my work using a preconditioner to apply a CG-like

algorithm to a non-Hermitian linear system where the matrix is the potential of a graph

Laplacian matrix, I − αP = I − αD−1A, which has real valued entries. If the underlying

graph is undirected, then by using the degree matrix of the graph as the preconditioner

we get a real valued symmetric positive definite matrix (SPD) where CG is guaranteed to

converge. Beyond the graph Laplacian example, there are many applications where the

matrix of interest is not only non-Hermitian, but it is highly non-normal [108]. Not every

linear system of equations containing a non-normal matrix can be transformed from the

n-dimensional Hilbert space defined by the 2-norm to an appropriate n-dimensional Hilbert
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space with a norm where a 3-term CG-like algorithm can be applied.

There are two conditions for when a 3-term recurrence method exists, when either the

minimal polynomial of the matrix has degree three or less, or when the adjoint of the matrix

A with respect to a specific Hilbert space is a linear function of A [44]. The first condition

may only be satisfied by matrices with three or fewer eigenvalues. The second condition is

related to why changing Hilbert spaces allows us to use a CG-like algorithm. An equivalent

condition to the second one is the condition that all of the eigenvalues of the matrix lie in a

straight line in the complex plane [57], for example when all of the eigenvalues of a matrix

are real.

While the necessary and sufficient conditions for a 3-term recurrence have been well

understood since Faber and Manteuffel’s 1984 paper [44], finding the Hilbert space where a

3-term recurrence may be applied is still an open problem.

Any square matrix can be factored into a product of two symmetric matrices; however,

not every matrix can be factored into a product of two Hermitian matrices [12]. While the

proof of this fact relies on the Jordan normal form of a matrix, there are multiple ways to

decompose many square matrices into two symmetric matrices, as is the case for the graph

Laplacian potential. Another aspect of this future work is researching how other matrix

decompositions can be used to form two Hermitian matrices from a single square matrix.

Also, since PCG requires that the matrix A be HPD or be written as the product of two

HPD matrices, this algorithm cannot be used when A is indefinite. In that case, if one can

factor a matrix as the product of two Hermitian matrices, one of which is positive definite,

one might use a preconditioned minimum residual method (MINRES) to solve the linear

system.

In Chapter 3, we introduced the optimal residual Arnoldi method for approximating the

product of a matrix function with a given vector (Arnoldi-OR). Arnoldi-OR approximates

R(A)b, where A is any square matrix including a highly non-normal matrix, and R(z) is a

rational function with poles not equal to the eigenvalues of A. We also introduced a priori
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error bounds for Arnoldi-OR, including ones based on our work in K-spectral set theory

discussed in Chapter 5.

One of the functions we benchmarked Arnoldi-OR against was the Arnoldi method for

matrix function approximation (Arnoldi-FA), which does not currently have a priori error

bounds except for the case where R(z) = 1
z [24]. In the case of linear systems of equations,

when R(z) = 1
z , there is a clear relation between the 2-norm of the Arnoldi-FA residual

vector, rFAk , and the 2-norm of the Arnoldi-OR residual vector, rOR
k ,

∥rFAk ∥2 =
∥rOR

k ∥2√
1−

(
∥rOR

k ∥2/∥rOR
k−1∥2

)2 , (6.1)

as stated in [23]. In the numerical examples from Section 3.3, the error of Arnoldi-FA consis-

tently converges in the same number or fewer iterations than Arnolid-OR. If a relationship

between the errors of Arnoldi-FA and Arnoldi-OR can be proven that extends to the action

of any rational function of A on a vector, then this may be one way that general error

bounds for Arnoldi-FA are proven. Meanwhile, the a priori error bounds for Arnoldi-OR

listed in Section 3.2 can be loose overestimates of the actual convergence of Arnoldi-OR, so

another research direction is to further tighten the convergence bounds of Arnoldi-OR.

Further, it would be interesting to design preconditioned versions of both the Arnoldi-FA

and Arnoldi-OR algorithms. Preconditioning is a method commonly used to improve the

condition number or other properties of a matrix with the goal of decreasing the number of

iterations required to converge to a desired tolerance and improve the overall computational

efficiency of an algorithm. For Hermitian linear systems, there are a symmetric counterparts

to Arnoldi-FA and Arnoldi-OR respectively called the Lanczos method for matrix function

approximation (Lanczos-FA) and the optimal residual Lanzcos method for matrix function

approximation (Lanczos-OR). In the Amsel et al. paper [1], the authors used Figures 6.1

and 6.2 to show the relationship between the error from Lanczos-OR and that from Lanczos-

FA, as the the condition number of the matrix A and degree of the denominator polynomial
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Aq increases. These figures show that as κ(A) increases, the ratio of the error output by

the algorithm to the optimal error increases. For Lanczos-OR, this error ratio is bounded

by a polynomial function, where the degree of the polynomial depends on q, the maximum

degree of the denominator polynomial in the rational function. For Lanczos-FA, this error

ratio is bounded by
√
qκ. Comparing Figures 6.2 and 6.1 from [1], Lanczos-OR is more

sensitive to the condition number and maximum degree of the denominator polynomial, µ,

than is Lanczos-FA. However, since the error ratio depends on κ(A) for both methods, they

would both benefit from preconditioning.

A good first experiment would be a similar comparison for Arnoldi-OR and Arnoldi-FA

that accounts for increasing the condition number, or perhaps the level of non-normality,

of A and increasing q, the maximum degree of the denominator polynomial. From Section

3.3.1, we already saw in Figure 3.4 that Arnoldi-OR may be more sensitive to increasing

the degree of the denominator polynomial than Arnoldi-FA. Since the ratio of the 2-norm

of the residual to the 2-norm of the error in Arnoldi-OR is bounded by κ(D(A)), where

D(A) is the denominator polynomial, one might attempt to precondition in order to reduce

the condition number of the denominator polynomial. Alternatively, since the approximate

solution in Arnoldi-OR is chosen from the Krylov space Kk(A,b), one might look for a

preconditioner that improves the approximation properties of the Krylov subspace. How-

ever, it is unclear how a preconditioner should be applied in the Arnoldi-OR algorithm to

increase the efficiency of the algorithm in reaching a desired tolerance while balancing the

increase in computational work from using a preconditioner.

Finally, in Chapter 5 we discussed extensions to K-Spectral set theory that allowed us

to analytically bound the K value for a convex set equal to the numerical range with a finite

number of disks removed and to numerically estimate the K value of any region containing

the eigenvalues of A in its interior using a related numerical method based on Theorem 4.3.

We also compared this numerical method to numerically calculating the bound obtained

from the Cauchy integral formula, after replacing the norm of the integral by the integral
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of the norm of the integrand:

∥f(A)∥2 ≤
1

2π

∫
∂Ω
∥(ξI−A)−1∥2 |dξ| sup

z∈∂Ω
|f(z)|. (6.2)

By comparing these two methods for calculating an upper bound on K for any K-spectral

set, we observed some new properties of the resolvent and gave a partial explanation for

these properties. We used this increased understanding to then explain some of the relation-

ship between Theorem 4.3 and (6.2). However, a complete explanation of the relationship

between Theorem 4.3 and (6.2) is still an open problem.

I also believe that a complete explanation of the relationship between Theorem 4.3 and

(6.2) could be closely connected to a proof of Crouzeix’s conjecture that for a square matrix

A, Ω = W (A) is a 2-spectral set. Overall there is still much to understand about highly

non-normal matrices and numerical computations involving them.
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Figure 6.1: “The maximum observed ratio between the error of Lanczos-OR and the optimal
error over choice of right hand side b when approximating A−q for matrices with varying
condition number κ. Each point shows the optimality ratio for a different pair of κ and q.
Points with the same color correspond to the same value of κ. On the left, the dotted line
plots g(q) = κq/2 for the maximum κ considered (106). On the right, the dotted line plots
g(κ) = κq/2 for the maximum q considered (26 = 64). Overall, the optimality ratio appears
to grow as Ω(κq/2).” [1]

Figure 6.2: “The maximum observed ratio between the error of Lanczos-FA and the optimal
error over choices of b when approximating A−q for matrices with varying condition number
κ. Each point corresponds to a pair (κ, q). Points with the same color have the same value
of κ. On the left, the dotted line plots

√
qκ for the maximum κ considered (106). On the

right, the dotted line plots
√
qκ for the maximum q considered (26). Overall, the optimality

ratio appears to scale at least as Ω(
√
qκ).” [1]
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[103] Z. Strakoš, On the real convergence rate of the conjugate gradient method, Linear
algebra and its applications, 154 (1991), pp. 535–549.

[104] J. J. Sylvester, XIX. A demonstration of the theorem that every homogeneous
quadratic polynomial is reducible by real orthogonal substitutions to the form of a sum
of positive and negative squares, The London, Edinburgh, and Dublin Philosophical
Magazine and Journal of Science, 4 (1852), pp. 138–142.



118

[105] O. Toeplitz, Das algebraische analogon zu einem satze von Fejér, Mathematische
Zeitschrift, 2 (1918), pp. 187–197.

[106] K.-C. Toh and L. N. Trefethen, The Kreiss matrix theorem on a general complex
domain, SIAM Journal on Matrix Analysis and Applications, (2006).

[107] L. N. Trefethen, Pseudospectra of matrices, in Numerical analysis: Proceedings of
the 14th Dundee Conference, June 1991, pp. 234–266.

[108] L. N. Trefethen, Spectra and Pseudospectra: The Behavior of Nonnormal Matrices
and Operators, Princeton University Press, Princeton, N.J., 2005.

[109] L. N. Trefethen and D. Bau, Numerical Linear Algebra, SIAM, 2022.

[110] L. N. Trefethen, A. E. Trefethen, S. C. Reddy, and T. A. Driscoll, Hy-
drodynamic stability without eigenvalues, Science (American Association for the Ad-
vancement of Science), 261 (1993), pp. 578–584.

[111] A. van der Sluis, Condition numbers and equilibration of matrices, Numerische
Mathematik, 14 (1969), pp. 14–23.

[112] H. A. van der Vorst, Bi-CGSTAB: A fast and smoothly converging variant of Bi-
CG for the solution of nonsymmetric linear systems, SIAM Journal on Scientific and
Statistical Computing, 13 (1992), pp. 631–644.

[113] J. van Dorsselaer, J. Kraaijevanger, and M. Spijker, Linear stability analysis
in the numerical solution of initial value problems, Acta numerica, 2 (1993), pp. 199–
237.

[114] J. M. Varah, On the separation of two matrices, SIAM Journal on Numerical Anal-
ysis, 16 (1979), pp. 216–222.

[115] A. Vitushkin, The analytic capacity of sets in problems of approximation theory,
Russian Mathematical Survey, 22 (1967), pp. 139–200.

[116] J. von Neumann, Eine spektraltheorie fur allgemeine operatores lines unitaren
raumes, Math. Nachr., 4 (1951), pp. 258–281.

[117] H. F. Walker, Implementation of the GMRES method using Householder transfor-
mations, SIAM Journal on Scientific and Statistical Computing, 9 (1988), pp. 152–163.

[118] Wikipedia contributors, Conjugate gradient method — Wikipedia, the free ency-
clopedia, 2025. [Online; accessed 07-June-2025].



119

[119] J. H. Wilkinson, Sensitivity of eigenvalues II, Util. Math, 30 (1986), pp. 243–286.

[120] T. M. Wright and M. Embree, EigTool: a graphical tool for nonsymmetric eigen-
problems.

[121] Y. Xi and Y. Saad, A rational function preconditioner for indefinite sparse linear
systems, SIAM Journal on Scientific Computing, 39 (2017), pp. A1145–A1167.

[122] X. Ye, Y. Xi, and Y. Saad, Proxy-GMRES: Preconditioning via GMRES in polyno-
mial space, SIAM Journal on Matrix Analysis and Applications, 42 (2021), pp. 1248–
1267.

[123] Q. Zou, GMRES algorithms over 35 years, Applied Mathematics and Computation,
445 (2023), p. 127869.


	Notation
	Introduction
	Krylov Subspace Methods
	Krylov Subspace Methods for Solving Linear Systems of Equations
	Preconditioners

	The Action of Rational Functions of a Matrix on a Vector
	Arnoldi-OR
	Error Bounds for Arnoldi-OR
	Numerical Examples
	Remarks

	Departures from Normality
	Bauer-Fike Theorem and (V)
	The Numerical Range
	Pseudospectra
	Background on K-Spectral Sets

	K-Spectral Sets
	Bounds for a Half Disk Removed
	Removing More Disks
	Other K-Spectral Sets
	Relationship Between K Values from Theorem 4.3 and Equation (4.8)
	Applications
	Remarks

	Summary and Future Work
	Bibliography

