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Transformer-based large language models have made substantial progress in the NLP community.

However, transformers have trouble with length generalization (i.e., extrapolating on different lengths

than seen during training). Recently, (Zhou et al., 2024a) proposed the RASP-Generalization

Conjecture to predict what tasks are length-generalizable using a few carefully handcrafted tasks in

the mathematical domain. This work examines this conjecture by generating hundreds of synthetic

tasks written in the shortest RASP-L programs. Our investigation does not support the conjecture. The

tasks written in the shortest RASP-L programs are not length-generalizable. Furthermore, our analysis

reveals that some unlength generalizable tasks are due to models not stopping generating. It can be

easily fixed by using oracle length during evaluation as suggested in previous literature. Additionally,

the analysis rejects induction head as the key factor for failure of length generalization as claimed in

the previous findings. Despite our work not providing a precise explanation of transformers’ length

generalization capability, we show that previous claims cannot extend to other tasks rather than

carefully handcrafted tasks.
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Chapter 1

INTRODUCTION

Transformer-based models have made substantial progress across various fields recently (Vaswani

et al., 2017). In the natural language processing (NLP) community, transformer-based large language

models (LLMs) have dominated the field due to their superior performance across diverse tasks

(Touvron et al., 2023; Team et al., 2024; Brown et al., 2020). Furthermore, LLMs demonstrate

tremendous potential to improve reasoning capacity by scaling up model parameter size and training

data (Kaplan et al., 2020). However, it remains unclear whether transformer-based models exhibit

their unprecedented improvements in reasoning skills through task learning or by memorizing training

data patterns. Transformers’ notoriously black-box characteristics make it challenging to directly

answer questions such as What do transformers learn? or Why do transformers fail on simple tasks

like copy and paste in some cases?

Recent work by Zhou et al. (Zhou et al., 2024a) proposed the RASP generalization conjec-

ture: transformers learn length-generalizing1 solutions when the target task can be expressed as a

short program in RASP-L, a programming language that models transformer computations. They

demonstrated this conjecture on several mathematical tasks, but testing has been limited to carefully

handcrafted problems in narrow domains.

Our central research question is: How does the RASP generalization conjecture perform when

tested on a broader range of tasks, and what factors beyond program length influence generalization

capability? We conduct a systematic empirical study using binary sequence tasks—sequences of 0s

and 1s—to isolate algorithmic complexity from vocabulary effects. While this constraint limits direct

applicability to natural language, it enables controlled analysis of the relationship between RASP-

L program length and generalization performance. We ensure all tasks achieve perfect accuracy

on training lengths using six-layer transformers, establishing that models have learned the target

1We refer length-generalization to a capability on models can extrapolate on longer or shorter sequences than seen
during training.
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behavior.

Our findings reveal important nuances in transformer length generalization. While exact match

evaluation shows 0% accuracy on out-of-distribution lengths, detailed analysis indicates that 13%

of cases demonstrate successful algorithmic learning—models generate correct outputs but fail

at appropriate termination (e.g., producing [A] [A] [B] [B] [B] . . . instead of [A] [A] [B]). This

suggests that generation control and algorithmic learning represent separate challenges in length

generalization.

We investigated failure cases that Zhou et al.’s induction head hypothesis cannot explain, where

a substantial portion represents 87% of tasks in our evaluation set. According to Zhou et al., trans-

formers fail at certain tasks because they lack “induction heads”—specialized attention mechanisms

that identify where a current token appeared previously in the sequence and then use that informa-

tion to predict what should come next. Our preliminary analysis suggests this explanation may be

incomplete. We found several cases where the attention patterns showed successful token matching

(indicating functional induction heads), yet the model still failed to generate the correct next token.

These observations point to additional failure mechanisms beyond the simple presence or absence

of induction heads. While these findings hint at additional contributing factors beyond induction

head presence, further controlled experiments are needed to identify and validate alternative failure

mechanisms.
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Chapter 2

RELATED WORK

2.1 Transformers

Transformers (Vaswani et al., 2017) was introduced in 2017 to improve the training efficiency of

recurrent neural networks (RNNs) (Elman, 1990; Hochreiter and Schmidhuber, 1997). Since then,

the encoder-decoder architecture (Sutskever et al., 2014) with attention with attention mechanism has

dominated the natural language processing (NLP) community. It extends from machine translation

(MT) to other downstream tasks like question answering (QA). The following year, (Devlin et al.,

2018) introduced a pre-training paradigm using a transformer encoder. Researchers found that

pre-training with massive unlabeled data can help models acquire foundation knowledge. As a result,

researchers can fine-tune downstream tasks with limited labeled data. Most recently, the pre-training

paradigm has shifted from a pre-training transformer encoder to a decoder (Radford et al., 2018)

because of its superior performance on various NLP benchmarks. Furthermore, researchers found

that scaling up the model size and dataset for decoder-only performance will guarantee improved

(Kaplan et al., 2020). This discovery has led to the recent trend of large language models (LLMs)

(Brown et al., 2020; Team et al., 2024; Touvron et al., 2023).

2.2 Restrictred Access Sequence Processing Language (RASP)

Unlike traditional probability models, the mathematical explanation behind neural network models is

challenging to interpret. Transformers are no exception. Its deeper layers and non-linear structures

make it even harder to interpret from a mathematic perspective (Geshkovski et al., 2023). Previous

literature on transformer interpretation is separated into different components. For example, attention

scores (Vig, 2019), skip-connection (Voita et al., 2019; Chefer et al., 2021), and word embeddings

(Geva et al., 2022; Dar et al., 2023).

Yet, it is still unclear what transformers learn only to rely on understanding components locally. In

the parallel work, (Weiss et al., 2021) proposed the Restricted Access Sequence Processing Language
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(RASP) language, a programming language that maps the basic components of a transformer-

encoder—attention and feed-forward computation into simple primitives. In other words, it is a

human-readable language that can be used to understand transformer computation. Specifically, RASP

provides built-in functions such as select (creating selection matrices called selectors), aggregate

(collapsing selectors and s-ops into a new s-ops), and selector_width (creating an s-op from a selector).

Along with several elementwise operators reflecting the feed-forward sublayers of a transformer.

Weiss et al. further demonstrated that some RASP programs performed similarly to the ‘natural’

solution found by trained transformers (Shown in Figures 4 and 5 in (Weiss et al., 2021)).

It has led researchers to further dive deeper into what algorithm transformers learn. For example,

(Yang and Chiang, 2024) proposed a RASP variety, C-RASP, to understand soft attention computation

in transformers. On the other hand, (Zhou et al., 2024a) proposed another RASP variety, RASP-L, to

understand length generalization capability in transformers (see more detail in Section 2.4).

2.3 Induction Head

Besides scaling law brought by LLMs, researchers also observed in-context learning (Dong et al.,

2024) in LLMs. Unlike previous training schemes, models require a certain amount of training data

for acquiring knowledge; in-context learning only needs a few examples as references for LLMs to

generate correct responses. Advanced methods such as chain-of-thought (CoT) prompting (Wei et al.,

2022) decompose answers step by step, and it has been proved empirically it can improve accuracy

for various benchmarks. It motivates an interesting research question: Why does in-context learning

work? To response it, (Olsson et al., 2022) proposed an interesting observation. There is an attention

head in charge of pattern matching, where the induction head will search previous tokens to try to

find a similar pattern and copy the token to the next token. For example, [B] is highly likely to be

predicted to be the next token in the sequence [A] [B] . . . [A] → because the subsequence [A] [B]

has appeared in the early position of the sequence. The induction head figures out the subsequence

pattern and applies this pattern to the next token prediction. Another interesting takeaway is that the

induction head is based on context and does not memorize training data. It enables transformers to

extrapolate well on out-of-distribution data (Song et al., 2024).
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2.4 Length Generalization

Length generalization was first introduced in the context of neural networks (Lake and Baroni, 2018),

where this task examinate if the model can extrapolate on longer sequences than seen during training

in SCAN benchmark. It is an important task as it demonstrates the difference between symbolic and

neural computation (Fodor and Pylyshyn, 1988). The initial result showed that this task is extremely

challenging for end-to-end recurrent neural networks (Hochreiter and Schmidhuber, 1997). Similarly,

it is an important yet challenging reasoning task for transformers (Xiao and Liu, 2023; Dziri et al.,

2023; Zhou et al., 2024b; Lee et al., 2024; Qian et al., 2023). Previous research has attempted to

perform systematic analyses of length generalization from various perspectives. For example, the

decoding strategy (Newman et al., 2020), positional encoding (Kazemnejad et al., 2023; Shen et al.,

2023), attention (Dubois et al., 2020; Press et al., 2022), and data format (Bueno et al., 2022). Most

recently, (Zhou et al., 2024a; Huang et al., 2025) turned this generalization task into a chance to

understand what algorithms transformers learn. Specifically, if transformers cannot extrapolate well

on unseen length sets on the task, transformers might memorize the training data, not learning the

task. They argue that tasks can be written in RASP-L, a RASP variety language, in a next token

prediction way, which is length generalizable (see detail in Section 3.1.1). On the other hand, tasks

such as addition, which is hard to implement in RASP-L, are not length generalizable. However, they

only examined a few handcrafted tasks. In this work, we aim to examine a wide range of tasks that

can be written in RASP-L, as previous work only examined a few carefully handcrafted tasks. We

follow (Zhou et al., 2024a)’s core library1 strictly to compose our grammar and generate hundreds of

synthetic tasks for examining (see more detail in Section 3.2).

1https://github.com/apple/ml-np-rasp
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Chapter 3

METHODS

3.1 RASP-L

RASP-L is a RASP variety language proposed by (Zhou et al., 2024a), where it was designed to

represent auto-regressive decoder-only transformers with stricter rules compared to RASP. More

specifically, RASP-L programs can only produce output sequences of the same length as the input

sequence. For example, the task of Mode, where the task is to identify the most frequent element in

the sequence: [A] [B] [B] [A] [B] [B] → [B] [B] [B] [B] [B] [B]1. Additionally, arbitrary arithmetic

involving indices is not allowed in RASP-L; only simple operations such as order comparison,

predecessor, and successor are allowed. The RASP-L core library2 consists of built-in functions to

represent causal transformers with the restrictions mentioned above (See more details in Appendix A).

For instance, the KQV function simulates the computation of causal attention in a transformer decoder

layer. With these built-in functions, one is able to understand the transformers’ internal mechanism

by analyzing arbitrary RASP-L written tasks.

3.1.1 RASP-Generalization Conjecture

(Zhou et al., 2024a) provided a conjecture to predict a decoder-only transformer is likely to length-

generalize if the following condition holds. We introduce the conjecture in this subsection and explain

how we follow and generate data in the next subsection.

1. Realizability. If a decoder-only transformer on all input lengths can represent the task. This

means that transformers perform perfectly when in-distribution data splits.

2. Simplicity. If the task can be implemented in RASP-L.

1It is an important detail as the original analysis in (Zhou et al., 2024a)’s work did not follow this restriction.
2https://github.com/apple/ml-np-rasp
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3. Diversity. If no shorter RASP-L program exists, it agrees to the task in-distribution but not

out-of-distribution. This means the RASP-L implementation should be the shortest and work

on both in-/out-of-distribution.

3.2 Data Generation

This work aims to generate synthetic tasks using RASP-L for examination. In the following sections,

we introduce our data generation pipeline.

3.2.1 Data Generation Pipeline

To fulfill the conjecture, we first generate tasks that are implemented in the shortest RASP-L program

(Diversity), present in Figure 3.1. We then produce the input and output sequences using the shortest

RASP-L in the arbitrary length (Realizability), shown in Figure 3.2. Furthermore, we ensure models

have perfect in-distribution results (Realizability, see details in Section 5.1).

Figure 3.1: The flow chart for data generation. Synthesizing shortest RASP-L programs by combining

RASP-L grammars (See details in Appendix A) arbitrarily via ULTK.

As shown in Figure 3.1, we synthesize RASP-L programs (blue block on the right-hand side)

by combining the existing RASP-L grammars (orange block on the left-hand side) arbitrarily. For
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instance, a typical RASP-L function such as “seq_map(x, y, func)" applies an operation “func" with

an array “y” to each element in an input array “x," producing a transformed output sequence.

However, it is not guaranteed to be the shortest one. To address this issue, we used an in-house

toolkit, ULTK3 (Imel et al., 2025) to achieve it. ULTK evaluates the generated sequences across

the entire space of relevant input sequences. Expressions that produce the same outputs across all

sequences are considered equivalent; only the shortest expression is retained among these. This

process results in a minimal representation of the input-output behavior, analogous to Boolean

minimization in human concept learning (Feldman, 2000).

Figure 3.2: The example of a generated task. We fed binary sequences into the program to generate

output. Finally, we used produced output with corresponding input to train language models.

Once we have synthesized tasks, we fed binary sequences into the programs to generate corre-

sponding output to train language models, shown in Figure 3.2. One difference between our work

and Zhou et al. is that we limit our input sequence to binary symbols as it is common in theoretical

computer science and formal analysis (Strobl et al., 2024). We believe that simple binary symbols are

enough for the task, as we do not want our analysis to depend on the complexity of input symbols.

3https://github.com/CLMBRs/ultk
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Chapter 4

EXPERIMENTS

4.1 Data

As mentioned in Section 3.2, we generated binary synthetic tasks1 using RASP-L and ULTK. As

a result, 1, 382 tasks are generated. Additionally, we consider expressions with different depths,

as illustrated in Figure 4.1. For example, a depth three expression, sel_width(select(inp, inp, inter-

section)), illustrated in Figure 4.1a, takes a parameter, which is a depth two expression, select(inp,

inp, intersection), where it takes three depth one expression. We posit that depth may be a factor

that influences the generalization capabilities as previous studies have suggested models’ inductive

biases influence its capability to handle sequences in different structures (Hewitt et al., 2020; McCoy

et al., 2020). Due to the computing resource constraint, we only sampled some tasks among all the

functions according to depths. Specifically, we sampled up to 30 tasks per depth (depths range from

one to seven). Table 4.1 shows the distribution of these tasks based on depth before sampling.

To produce input-output sequences for model training, we uniformly sampled input sequences

from all of the possible combinations within the range of length. For example, in a range of 2, the

possible inputs are: 0, 1, 00, 11, 01, and 10. We sampled some of the input from these combinations

to form our training and testing sets.

Once we have input sequences, we then feed the input into RASP-L written programs to generate

output sequences. Specifically, we generated 10k input and output sequences for each task, uniformly

ranging from twenty-one to thirty, as the training data. For in-distribution testing, we generated 1k

samples under the same setting. Similarly, we generated 1k samples for different length splits in the

out-of-distribution setting. To be specific, we consider sequences that are shorter and longer than

training data, namely L1-10, L11-20, L41-50, and L91-100, where the sequences are limited from

one to ten, eleven to twenty, forty-one to fifty, and ninety-one to a hundred.

Additionally, to avoid potential memorization, we filtered out tasks whose generated sequences

1We use tasks to refer to the final generated expressions while expression as the function in RASP-L.
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Depth # of tasks

1 1

2 5

3 17

4 51

5 462

6 182

7 664

Total 1,382

Table 4.1: Distribution of generated tasks based on depth.

Model Size Train Iter Context Len Batch Size Learning Rate

6 layer; 8 head; 512 emb 30k 512 64 0.001

Table 4.2: Experimental hyperparameters. All experiments use AdamW optimizer.

contained too many repeated output sequences. As we can see in Figure 4.2, about six hundred tasks

have low entropy in their output sequences. This means that identical output sequences appear in

the corpus often. As a result, we sorted all the tasks according to entropy and only selected the

top 30 tasks with the highest entropy for each task, resulting in 137 tasks being used in this work.

The difference between our work and (Zhou et al., 2024a) is that our data is generated via raw

sequence-to-sequence RASP-L program so that the output sequences are always the same length as

the input sequences. On the other hand, (Zhou et al., 2024a) generated data via their handcrafted

RASP-L program in the next prediction generation fashion.



11

sel_width

select

inp inp intersection

(a) A depth

three task of

sel_width(select(inp,

inp, intersection)).

kqv

aggr_max

select

indices

inp

inp union

indices

inp

one

(b) A depth five task of kqv(aggr_max(select(indices(inp), inp,

union), indices(inp), one)).

Figure 4.1: The examples of tasks in different depths.

4.2 Experiment Details

We followed (Zhou et al., 2024a)’s implementation configuration in our study. Unlike Zhou et al., we

did not use different hyperparameters for each task. Instead, we used one set of hyperparameters

for all the tasks, shown in Table 4.2. One important detail we followed from (Huang et al., 2025) is

that they tried to mimic the computations in the current LLMs’. An input x of length |x| = k ≤ N

using positional encodings p1+o, . . . , pk+o where o is an offset such that k + o ≤ N . This way,

transformers were required to correctly perform the task independently of the offset o ≥ 0 during

the training. We trained the models as LMs on the generated data, using cross-entropy loss at

each position. We implemented our custom LMs using HuggingFace (Wolf et al., 2020) and open

pre-trained transformer (OPT) (Zhang et al., 2022) language model.2

2All of the models that we used are trained from scratch. We used OPT implementation as the default setting.
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Figure 4.2: Entropy histogram for tasks.
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Chapter 5

DISCUSSION

5.1 Do shortest RASP-L written tasks length generalizable?

Transformers perform perfectly in the in-distribution setting, shown in Figure 5.1, where models

almost achieve accuracy 100% on L1-10 and L1-20. Now, we examinate if tasks written in the

shortest RASP-L are length generalizable. The short answer is NO. The tasks that we examinate

include simple tasks (e.g., copying and pasting) and some really complicated tasks that even humans

cannot understand (usually with a deep depth). Those tasks are not length generalizable, as shown in

Figure 5.1. We examinate models in various length splits and calculate the average accuracy (i.e.,

y-axis) of tasks in each depth (i.e., x-axis); however, as we can see, the results are completely failed,

achieving almost zero average across all tasks in splits of L21-30, L41-50, and L91-100.

Because the results contradicted the (Zhou et al., 2024a)’s claim, we performed another exami-

nation on tasks they mentioned in their work. We picked the task of Mode (i.e., identify the most

frequent element in the input sequence) and summarized our reproduction in Table 5.1. We chose

this task because we found an interesting implementation choice from Zhou et al.. As mentioned in

Section 3.1, RASP-L programs task the input sequence and generate an output sequence of the same

length as the input sequence. However, Zhou et al. implemented it in another way. Their implementa-

tion only generates a token as the output sequence. To be specific, their choice of implementation is:

[A] [B] [B] [A] [B] [B] → [B]. On the other hand, we follow the restriction and implement it in this

way: [A] [B] [B] [A] [B] [B] → [B] [B] [B] [B] [B] [B]. As a result, different implementation of the

task of Mode influences the length generalization capabilities (in Section 5.2).

We show the performance difference between ours and Zhou et al. (implemented by our own) in

Table 5.1. It shows that data formats influence the results. Transformers have a hard time generating

repeated tokens in arbitrary lengths. On the other hand, always generate one token as the output can

be extrapolated despite the input length being out-of-distribution (OOD). We posit that this issue is

caused by transformers not knowing when to stop generating tokens. To verify our assumption, we
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Figure 5.1: The exact match accuracy in different depths for all tasks. The accuracy along the depth

is the average accuracy of tasks in that depth.
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Task L1-10 41-50 91-100

Mode (Zhou et al.) 1.00 0.98 0.92

Mode (Ours) 1.00 0.00 0.00

Mode (Ours) + Oracle 1.00 0.93 0.90

Table 5.1: The performance comparison between our implementation and (Zhou et al., 2024a).

calculate the accuracy of our Mode implementation with oracle length, where we forced the output

sequences to be the same input length. The result in the final row of Table 5.1 demonstrates strong

evidence that models can generate correct content, but it has trouble stopping.

5.2 Are transformers length-generalizable in the oracle setting?

Our result in Section 5.1 aligns with previous finding (Newman et al., 2020). Transformers have

trouble generating end-of-sentence (EOS) tokens; therefore, transformers would generate repeated

arbitrary tokens after a certain length (usually the answer’s length). We further ask a research

question: are transformers’ length-generalizable in the oracle setting?

We follow (Newman et al., 2020) to train decoder-only transformers without EOS token using

the same tasks we used in Section 5.1. In the evaluation phase, we used the oracle length to calculate

the exact match accuracy, present in Figure 5.2. The in-distribution results follow the previous trend

that performs perfectly, achieving almost 100% in all depths. Similarly, the results on OOD splits

do not change much and remain at zero accuracies, except for tasks in depth six. To explore further

why only tasks in depth six have performed differently, we tried to distinguish the difference between

depths. As a result, we found that the entropy of output sequences in depth six is particularly low

compared to other depths, shown in Figure 5.3. Meaning that there are more repeated tokens in the

output sequences. For example, the output would be more likely to be all the same repeated tokens,

such as [A] [A] [A] [A] [A] [A]. In this case, using oracle length in evaluation can vastly improve the

exact match accuracy, as mentioned in previous sections.



16

Figure 5.2: The accuracy in different depths with oracle length for all tasks. The accuracy along the

depth is the average accuracy of tasks in that depth.
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Figure 5.3: Entropy in output sequences per depth. The black line indicates the tasks in depth six

with lower entropy.

Figure 5.4: The example of Vanilla and Mnemonics (Ebrahimi et al., 2024) sequences. There are N

anchors inserted in an N-length sequence in the mnemonics setting.
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Figure 5.5: The exact match accuracy in different depths for all tasks with Mnemonics applied. The

accuracy along the depth is the average accuracy of tasks in that depth.

5.3 What about other tasks that cannot be length-generalizable in oracle settings?

Although entropy in output sequences sheds light on why some tasks cannot be length-generalizable,

some tasks remain unexplained (tasks in depths other than six in our case). As mentioned in (Zhou

et al., 2024a), they posit tasks such as copying and pasting with repeated tokens (e.g., [A] [B] [C] [B]

→ [A] [B] [C] [B]), failed on length-generalization is due to induction head (Olsson et al., 2022).

The repeated tokens cause transformers difficulty finding similar patterns in the previous sequences.

For example, in the task of copy and paste (only binary symbol), [A] [B] [A] [B] [B] [B] → [A] [B]

[A] [B] [B] [B]. The subsequence [A] [B] has appeared in the early position of the sequences many

times; transformers get confused about what patterns need to be copied and use it to predict the next

token.
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(Ebrahimi et al., 2024) found this particular issue can be remedied by adding anchors to the

sequences so that transformers can locate the patterns using these anchors, as illustrated in Figure 5.4,

inserting N anchors, M0, . . . ,MN , to a length-N sequence. We follow this method, Mnemonics, by

randomly inserting unique tokens that we sampled from a nltk English word corpus1 to all of the

tasks that we used in previous sections. To ensure there is no out-of-vocabulary (OOV) happening

during evaluation on longer splits (e.g., L91-100), we first sampled a hundred unique English words

from nltk before we applied Mnemonics to each task. We then follow the previous setting (see detail

in Chapter 4) to re-train transformers with Mnemonics. However, the results remain unchanged, as

we observed in Figure 5.5. Mnemonics do not help to improve poor length generalization capability

in our case. The main difference between our experiment and Ebrahimi et al. is that they fine-tuned

pre-trained transformers with Mnemonics; however, our transformers were trained from scratch.

Additionally, they only tested Mnemonics on a few arithmetic tasks. These differences might

influence the final results. Yet, our empirical evidence shows that there are other factors that influence

length generalization capability besides induction head. We plan to leave further exploration of our

synthetic tasks in our future study.

1https://www.nltk.org/howto/corpus.html
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Chapter 6

CONCLUSION

In this work, we argued against the RASP-Generalization Conjecture. Our results demonstrate

that transformers struggle with tasks written in the shortest RASP-L program. We first proposed

to generate a massive amount of synthetic tasks written in the shortest RASP-L programs. Then

examine decoder-only transformers on length-generalization capability with these synthetic data.

We found some tasks failed on length generalization due to transformers do not know how to stop

generating. This issue can be fixed by oracle length. However, the reason why other tasks are

not length generalizable remains unknown. We attempted to equip induction head capability in

transformers by adding anchors in sequences. However, it does not work as expected. We will leave

the further investigation in the future work.
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LIMITATION

This work is limited in several ways. The main limitation stems from the dependency on the

RASP-L framework; therefore, the possible tasks are limited to combining the existing core library.

Furthermore, in previous work (Zhou et al., 2024a), they handcrafted the next token prediction for

every task, which is impossible to implement in a general form of implementation in the pipeline of

data generation. Finally, unlike the previous implementation, it ignores the Python arguments and

uses arbitrary arguments to generate expressions. Our implementation can only generate limited

expressions due to this restriction. We plan to increase the flexibility in the next version to have more

expressions for analysis.
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Appendix A

RASP-L GRAMMARS

In this section, we provide the RASP-L grammars that we used to generate tasks in this work,

shown in listing A.1.

1 # Type annotated RASP_L program , modified from https :// github.com/apple/

ml-np-rasp

2 # Original Liscense from Apple

3

4 from jaxtyping import Num

5 from typing import Callable

6 from ultk.language.semantics import Referent

7

8

9 global start

10 start = tuple[int , ...]

11

12

13 def inp(x: Referent) -> tuple[int , ...]:

14 """

15 Return 1d tuple of input sequence of ints.

16

17 Main input function that transforms ultk vocab to valid

18 input for sequence operations or selectors

19

20 Parameter: x is any Referent based on SYMBOLS value in plug.py of

len <= MAX_LEN

21 Precondition: must be a Referent object as defined in ultk.langauge.

semantics

22 """
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23 result= tuple(int(value) for value in x.name)

24 return result

25 #return np.array(result , dtype=int)

26

27

28 def zero(_: Referent) -> Num:

29 """

30 Return the int 0

31

32 Allows for the int 0 to be passed to sequence operations

33 such as full() and tok_map ().

34

35 Parameter _: any sequence of symbols

36 Precondition: Referent

37 """

38 return 0

39

40

41 def one(_: Referent) -> Num:

42 """

43 Return the int 1

44

45 Allows for the int 1 to be passed to sequence operations

46 such as full() and tok_map ().

47

48 Parameter _: any sequence of symbols

49 Precondition: Referent

50 """

51 return 1

52

53

54 def add(_: Referent) -> Callable [[Num , Num], Num]:

55 """
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56 Return a Callable function that adds two ints.

57

58 Initializes a 2-ary addition function to

59 be passed as an argument for func parameter

60 in tok_map , seq_map_int , kqv

61

62 Parameter _: any sequence of symbols

63 Precondition: Referent

64 """

65 return lambda n, m: n + m

66

67

68 def subtract(_: Referent) -> Callable [[Num , Num], Num]:

69 '''

70 Return a Callable function that subtracts two ints.

71

72 Initializes a 2-ary subtraction function to

73 be passed as an argument for func parameter

74 in tok_map , seq_map_int , kqv

75

76 Parameter _: any sequence of symbols

77 Precondition: Referent

78 '''

79 return lambda n, m: n - m

80

81

82 def multiply(_: Referent) -> Callable [[Num , Num], Num]:

83 '''

84 Return a Callable function that multiplies two ints.

85

86 Initializes a 2-ary multiplication function to

87 be passed as an argument for func parameter

88 in tok_map , seq_map_int , kqv
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89

90 Parameter _: any sequence of symbols

91 Precondition: Referent

92 '''

93 return lambda n, m: n * m

94

95

96 def is_equal(_: Referent) -> Callable [[Num , Num], bool]:

97 """

98 Return a Callable function that detects if two ints are equal.

99

100 Initializes a 2-ary equal operator to

101 be passed as an argument for func parameter

102 in tok_map , seq_map_int , kqv

103

104 Parameter _: any sequence of symbols

105 Precondition: Referent

106 """

107 return lambda n, m: (n == m)

108

109

110 def less_than(_: Referent) -> Callable [[Num , Num], bool]:

111 """

112 Return a Callable function that detects

113 if one int is smaller than another.

114

115 Initializes a 2-ary less than operator to

116 be passed as an argument for func parameter

117 in tok_map , seq_map_int , kqv

118

119 Parameter _: any sequence of symbols

120 Precondition: Referent

121 """
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122 return lambda n, m: (n < m)

123

124

125 def intersection(_: Referent) -> Callable [[Num , Num], bool]:

126 """

127 Return a Callable function that functions as an

128 'and' operator on ints.

129

130 Initializes a 2-ary and operator to

131 be passed as an argument for func parameter

132 in tok_map , seq_map_int , kqv

133

134 Parameter _: any sequence of symbols

135 Precondition: Referent

136 """

137 return lambda n, m: (n and m)

138

139

140 def union(_: Referent) -> Callable [[Num , Num], bool]:

141 """

142 Return a Callable function that functions as an

143 'or' operator on ints.

144

145 Initializes a 2-ary or operator to

146 be passed as an argument for func parameter

147 in tok_map , seq_map_int , kqv

148

149 Parameter _: any sequence of symbols

150 Precondition: Referent

151 """

152 return lambda n, m: (n or m)

153

154
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155 def xunion(_: Referent) -> Callable [[Num , Num], bool]:

156 """

157 Return a Callable function that functions as an

158 'xor' operator on ints.

159

160 Initializes a 2-ary exclusive or operator to

161 be passed as an argument for func parameter

162 in tok_map , seq_map_int , kqv

163

164 Parameter _: any sequence of symbols

165 Precondition: Referent

166 """

167 return lambda n, m: ((n or m) and not (n and m))

168

169

170 ## np-rasp core

171 def indices(x: tuple[int , ...]) -> tuple[int , ...]:

172 """

173 Return indices of the input.

174

175 Implements sequence operation that returns

176 an array representing the input array 's indices.

177

178 Parameter x: 1d tuple of ints

179 Precondition: 1d tuple of at least one int

180 """

181 return tuple(range(len(x)))

182

183

184 # An array of shape x filled with const

185 def full(x: tuple[int , ...], const: Num) -> tuple[int , ...]:

186 """

187 Return a 1d len(x)-item tuple of const values.
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188

189 Implements sequence operation that takes an input

190 1d tuple of length n and returns a 1d tuple of

191 length = n where each value = const.

192

193 Parameter x: a 1d tuple of ints

194 Precondition: 1d tuple of ints

195

196 Parameter const: an int value instantiated by zero(), one(), two()

197 Precondition: must be an int

198 """

199 return tuple(const for _ in range(len(x)))

200

201

202 # Apply func into elements of array x and return into integer array

203 def tok_map(x: tuple[int , ...],

204 const: Num ,

205 func: Callable [[Num , Num], Num]

206 ) -> tuple[int , ...]:

207 """

208 Return a 1d tuple of int outputs of a 2-ary Callable

209

210 Implements sequence operation that takes a 1d tuple of ints

211 and applies the same function with the same second parameter

212 value to each element.

213

214 Parameter x: 1d tuple of ints

215 Precondition: 1d tuple of ints

216

217 Parameter const: an int value instantiated by zero(), one(), two()

218 Precondition: must be an int

219

220 Parameter func: a function that takes two ints and returns an int ,
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typically add , subtract ,

221 Precondition: a Callable with two int parameters

222 """

223 return tuple(func(xi, const) for xi in x)

224

225

226 # Apply func into elements pair of array x and y, and return into an

integer array

227 def seq_map(

228 x: tuple[int , ...],

229 y: tuple[int , ...],

230 func: Callable [[Num , Num], Num]

231 ) -> tuple[int , ...]:

232 """

233 Return a 1d tuple of int outputs of a 2-ary Callable

234

235 Takes 2 int tuples , applies an element wise operation , and

236 returns the output , a tuple of ints.

237

238 Parameter x: 1d tuple of ints

239 Precondition: a tuple of at least one int

240

241 Parameter y: 1d tuple of ints

242 Precondition: a tuple of at least one int

243

244 Parameter func: a 2-ary int operation

245 Precondition: a Callable with two int parameters

246 """

247 return tuple(func(xi, yi) for xi, yi in zip(x, y))

248

249

250 # Creates selection matrix A, applies pred to compare the elements of k

and q



9

251 # If causal , compare the ealier indice

252 # def select(

253 # k: tuple[int , ...], q: tuple[int , ...], pred: Callable [[int , int],

int], causal: bool = True

254 # ) -> tuple[tuple[bool , ...], ...]:

255 def select(k: tuple[int , ...],

256 q: tuple[int , ...],

257 pred: Callable [[Num , Num], bool]

258 ) -> tuple[tuple[bool , ...], ...]:

259 """

260 Return a 2d tuple of the element -wise outputs of a 2-ary Callable

261

262 Takes 2 1d int tuples , applies an element wise operation , and

263 returns the output as a tuple of int -cast bools of shape (len(q),len

(k)).

264

265 Parameter x: any 1d tuple of ints

266 Precondition: 1d tuple of at least one int , len(x) == len(y)

267

268 Parameter y: a 1d tuple of ints

269 Precondition: a 1d tuple of at least one int , len(x) == len(y)

270

271 Parameter func: a 2-ary comparison , returns a bool

272 Precondition: a Callable with two int parameters that returns a bool

273 """

274 s = len(k)

275 A= [[0] * s for _ in range(s)]

276 for qi in range(s):

277 for kj in range(s): # k_index <= q_index if causal

278 A[qi][kj] = bool(pred(k[kj], q[qi]))

279 return tuple(tuple(item) for item in A)

280

281
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282 def sel_width(A: tuple[tuple[bool , ...], ...]) -> tuple[int , ...]:

283 """

284 Return a 1d tuple of ints , where the ith value represents the

285 ith row's width in 2d tuple A

286

287 The return is a 1d tuple of ints where the ith value represents

288 the A's ith row's width. Width here is the number of tuple

289 positions where the value is 1 (int cast T).

290

291 Parameter A: a 2d torch tuple of int cast bools with n rows and m

columns

292 Precondition: a 2d torch tuple , values must be int 0 or int 1

293 """

294 result= []

295 for row in range(len(A)):

296 newval= sum(A[row])

297 result.append(newval)

298 return tuple(result)

299

300

301 # calculate the mean of selected values

302 def aggr_mean(_: Referent) -> Callable [[tuple[tuple[bool , ...], ...],

tuple[int , ...], Num], tuple[int , ...]]:

303 """

304 Return a Callable function that performs a mean reduction similar to

aggr_mean.

305

306 This function is initialized to be passed as an argument for the `

reduction ` parameter

307 in functions like aggr and kqv.

308

309 Parameter _: any sequence of symbols

310 Precondition: Referent
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311

312 Return a 1d tuple of ints , where the ith value is the mean of Av

's ith row.

313

314 Takes the dot product of 2d tuple A with the 1d tuple v, then

divides

315 the ith value in the dot product 's output array by the width

316 of the ith row of A. If the ith row of A has width 0, the

317 mean is replaced by the default value.

318

319 Parameter A: a 2d tuple of int cast bools with n rows and m

columns

320 Precondition: a 2d torch tuple , values must be int 0 or int 1

321

322 Parameter v: a 1d tuple of ints , len(v) == m

323 Precondition: a 1d tuple of ints where len(v) == A.shape [1]

324

325 Parameter default: the value used to replace any instances of

divide by zero

326 Precondition: an int

327 """

328 return lambda A, v, default =0: tuple(

329 (sum(row[i] * v[i] for i in range(len(v))) // sel_width(A)[idx]

if sel_width(A)[idx] != 0 else default)

330 for idx , row in enumerate(A)

331 )

332

333

334 # calculate the maximum of selected values

335 def aggr_max(_: Referent) -> Callable [[tuple[tuple[bool , ...], ...],

tuple[int , ...], Num], tuple[int , ...]]:

336 """

337 Return a Callable function that performs a max reduction over a 2d
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tuple.

338

339 This function is initialized to be passed as an argument for the

340 `reduction ` parameter in functions like aggr and kqv.

341

342 Parameter _: any sequence of symbols

343 Precondition: Referent

344

345 The callable takes a 2d tuple A and a 1d tuple v as parameters

346 and returns a 1d tuple of ints representing the desired

reduction

347 of A's rows' with v. This reduction Ttakes the element -wise

product

348 of each row in A with the column v, then finds the resulting

array 's

349 max value. The ith value in the output tuple is the max value of

A's

350 ith row's element -wise product with v. If the ith row of A has

width

351 0 (i.e. no 1 values), the default value is used.

352

353 Parameter A: a torch tuple of int cast bools with n rows and m

columns

354 Precondition: a 2d torch tuple , values must be int 0 or int 1

355

356 Parameter v: a 1d tuple of ints , len(v) == m

357 Precondition: a 1d tuple of ints where len(v) == A.shape [1]

358

359 Parameter default: the value used to replace any of A's zero -

width rows

360 Precondition: an int

361 """

362 return lambda A, v, default =0: tuple(
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363 max(row[i] * v[i] if row[i] else default for i in range(len(v)))

364 for row in A

365 )

366

367

368 def aggr_min(_: Referent) -> Callable [[tuple[tuple[bool , ...], ...],

tuple[int , ...], Num], tuple[int , ...]]:

369 """

370 Return a Callable function that performs a min reduction similar to

aggr_min.

371

372 This function is initialized to be passed as an argument for the `

reduction ` parameter

373 in functions like aggr and kqv.

374

375 Parameter _: any sequence of symbols

376 Precondition: Referent

377

378 Return a 1d tuple of ints , where the ith value is the min value

of Av's ith row.

379

380 Finds the min by calling the aggr_max function , after

mutliplying

381 each element of v by -1, the default by -1. So aggr_max will

return

382 the greatest value (the least negative) for each row of Av,

which

383 is then multiplied by -1 to get the min value.

384 Takes the element -wise product of each row in A with the column

v,

385 then finds the resulting vector 's min value. The ith value in

the

386 output tuple is the min value of A's ith row's element -wise
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product

387 with v. If the ith row of A has width 0 (i.e. no 1 values),

388 the default value is used.

389

390 Parameter A: a tuple of int cast bools with n rows and m columns

391 Precondition: a 2d tuple , values must be int 0 or int 1

392

393 Parameter v: a 1d tuple of ints , len(v) == m

394 Precondition: a 1d tuple of ints where len(v) == A.shape [1]

395

396 Parameter default: the value used to replace any of A's zero -

width rows

397 Precondition: an int

398 """

399 return lambda A, v, default =0: tuple(

400 -max(row[i] * (-v[i]) if row[i] else -default for i in range(len

(v)))

401 for row in A

402 )

403

404 def kqv(

405 k: tuple[int , ...],

406 q: tuple[int , ...],

407 v: tuple[int , ...],

408 pred: Callable [[Num , Num], bool],

409 default: Num = 0,

410 reduction: Callable [[tuple[tuple[bool , ...], ...], tuple[int , ...],

Num], tuple[int , ...]] = aggr_mean ,

411 ) -> tuple[int , ...]:

412 """

413 Return a 1d tuple of ints representing the desired reduction of a

414 (q,k) matrix 's rows' with v.

415
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416 Creates a 2d tuple table A of int cast bools by comparing q and k

using

417 some input pred , then applies the input reduction function

418 aggr_mean or aggr_mean to A and v to find the mean , min , or max

419 value of each row of A multiplied element -wise by v.

420

421 Parameter k: a 1d tuple of ints

422 Precondition: a 1d tuple of ints , len(k) == len(q)

423

424 Parameter q: a 1d tuple of ints

425 Precondition: a 1d tuple of ints , len(q) == len(k)

426

427 Parameter v: a 1d tuple , len(v) == len(k)

428 Precondition: a 1d tuple of ints , len(v) == len(k)

429

430 Parameter default: value replacing any of the (q,k) matrix 's zero -

width rows

431 Precondition: an int

432

433 Parameter reduction: a function that reduces a vector of values to a

single , representative value

434 Precondition: a Callable in [aggr_mean (), aggr_max (), aggr_min ()]

435 """

436 return reduction(select(k, q, pred), v, default=default)

Listing A.1: The RASP-L grammars.
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McIlroy, Mario Lučić, Guodong Zhang, Wael Farhan, Michael Sharman, Paul Natsev, Paul Michel,

Yamini Bansal, Siyuan Qiao, Kris Cao, Siamak Shakeri, Christina Butterfield, Justin Chung,

Paul Kishan Rubenstein, Shivani Agrawal, Arthur Mensch, Kedar Soparkar, Karel Lenc, Timothy

Chung, Aedan Pope, Loren Maggiore, Jackie Kay, Priya Jhakra, Shibo Wang, Joshua Maynez,

Mary Phuong, Taylor Tobin, Andrea Tacchetti, Maja Trebacz, Kevin Robinson, Yash Katariya,

Sebastian Riedel, Paige Bailey, Kefan Xiao, Nimesh Ghelani, Lora Aroyo, Ambrose Slone, Neil

Houlsby, Xuehan Xiong, Zhen Yang, Elena Gribovskaya, Jonas Adler, Mateo Wirth, Lisa Lee,

Music Li, Thais Kagohara, Jay Pavagadhi, Sophie Bridgers, Anna Bortsova, Sanjay Ghemawat,

Zafarali Ahmed, Tianqi Liu, Richard Powell, Vijay Bolina, Mariko Iinuma, Polina Zablotskaia,

James Besley, Da-Woon Chung, Timothy Dozat, Ramona Comanescu, Xiance Si, Jeremy Greer,

Guolong Su, Martin Polacek, Raphaël Lopez Kaufman, Simon Tokumine, Hexiang Hu, Elena

Buchatskaya, Yingjie Miao, Mohamed Elhawaty, Aditya Siddhant, Nenad Tomasev, Jinwei Xing,



22

Christina Greer, Helen Miller, Shereen Ashraf, Aurko Roy, Zizhao Zhang, Ada Ma, Angelos

Filos, Milos Besta, Rory Blevins, Ted Klimenko, Chih-Kuan Yeh, Soravit Changpinyo, Jiaqi Mu,

Oscar Chang, Mantas Pajarskas, Carrie Muir, Vered Cohen, Charline Le Lan, Krishna Haridasan,

Amit Marathe, Steven Hansen, Sholto Douglas, Rajkumar Samuel, Mingqiu Wang, Sophia Austin,

Chang Lan, Jiepu Jiang, Justin Chiu, Jaime Alonso Lorenzo, Lars Lowe Sjösund, Sébastien

Cevey, Zach Gleicher, Thi Avrahami, Anudhyan Boral, Hansa Srinivasan, Vittorio Selo, Rhys

May, Konstantinos Aisopos, Léonard Hussenot, Livio Baldini Soares, Kate Baumli, Michael B.

Chang, Adrià Recasens, Ben Caine, Alexander Pritzel, Filip Pavetic, Fabio Pardo, Anita Gergely,

Justin Frye, Vinay Ramasesh, Dan Horgan, Kartikeya Badola, Nora Kassner, Subhrajit Roy, Ethan

Dyer, Víctor Campos Campos, Alex Tomala, Yunhao Tang, Dalia El Badawy, Elspeth White, Basil

Mustafa, Oran Lang, Abhishek Jindal, Sharad Vikram, Zhitao Gong, Sergi Caelles, Ross Hemsley,

Gregory Thornton, Fangxiaoyu Feng, Wojciech Stokowiec, Ce Zheng, Phoebe Thacker, Çağlar
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