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Previous work has developed a tool, the Tensor Template Library (TTL), which uses variadic expression 

template metaprogramming to capture tensor behaviors clearly and in a manner resembling the mathemat-

ical abstraction engineers are familiar with while concealing the cumbersome looping structures, in an op-

timized manner. This has utility in simulating physical systems in material science via finite element mod-

elling, but with applications in systems with large numbers of small, dense tensors. 

The initial work of this author was to update the TTL to operate within a graphics processing unit (GPU), 

build a test suite to verify those updates compiled and generated correct output in a GPU environment, and 

then analyze performance within a submodule of a finite element solver, the Parallel Generalized Finite 

Element Solver (PGFEM). Initial characterization work in a GPU environment utilizing the TTL inside a 

submodule of the PGFEM, the Generalized Constitutive Model (GCM), was not as performant as the raw 

loop implementation, nor even an MPI distributed memory solution. To determine where the problem lay 

within the TTL (if at all), microbenchmark tests were developed to examine distinct TTL tensor operations 

over varying expression categories and complexities. The microbenchmark results were contrary to those 

observed in the GCM and indicated the TTL was considerably faster than compiler-optimized raw loops. It 

did however isolate a particular class of tensor operation, tensor inner products, as a point of interest to 

examine the dichotomous TTL behavior. Additional microbenchmarks were developed to examine the as-

sembly code generated by the nVidia C Compiler (NVCC). Those microbenchmarks, stripped of any po-

tentially compounding factors that may have cast doubt on the first set of microbenchmarks, validated the 

previous microbenchmarking results. Analysis of the assembly indicated that, in low order tensors, near-

identical assembly could be generated through manual intervention over the compiler’s optimizations, how-

ever, it revealed that the compilation pipeline of the NVCC was likely to modify template source code in 

non-optimal ways. Template specialization of these loop structures should resolve the problem and is cur-

rently implemented in the TTL. 
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1. Introduction 

A great deal of work has been done in high performance computing (HPC) around optimization in solving 

very large sparse matrices through myriad techniques (parallelization of matrix stencils, unique design 

strategies to minimize memory accesses, compiler improvements to more aggressively unroll loops, inline, 

reorder instructions, etc. etc.) – countless tomes have been written on the topic. However, many problem 

spaces, particularly in materials and mechanical engineering around crystal matrices and crystal plasticity, 

are driven by problems requiring immense sets of small, dense matrices, or, more specifically, tensor ab-

stractions of such small dense matrices, each of which can be individually and uniquely solved and are 

themselves highly parallelizable (“embarrassingly parallel”). While these can be executed natively with 

simple loop structures, such implementations are unwieldy, illegible, and their scale in real applications 

makes them cumbersome to the point of arcane with code maintenance. 

Previous work by Luke D’Allessandro with the C-SWARM research group at Notre Dame developed a 

tool, the Tensor Template Library (TTL), which uses variadic expression template metaprogramming to 

capture tensor behaviors clearly and in a manner resembling the mathematical abstraction engineers are 

familiar with while concealing the cumbersome looping structures behind an API, in an optimized manner. 

This has utility in simulating physical systems in material science via finite element modelling, but with 

applications in any systems with large numbers of small, dense tensors.  

The work of this author was to update the TTL to operate within a graphics processing unit (GPU), build a 

test suite to verify those updates compiled and generated correct output in a GPU environment, and then 

analyze performance within a submodule of a finite element solver, the Parallel Generalized Finite Element 

Solver (PGFEM). Considerable work was needed after an inconsistency in the performance of the TTL in 

comparison to a raw loop implementation was discovered that ultimately indicated either  problem in the 

NVCC’s compiler heuristics, or the memory management of the submodule of the PGFEM, the Generalized 

Constitutive Model (GCM) that was used to test the TTL’s performance. 
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2. Literature Review and Background 

2.1 A Brief History of Parallel Computation and GPUs 

“If you were ploughing a field, which would you prefer: two strong oxen, or 1024 

chickens?” – Seymour Cray 

One of the titans of high-performance computing and founder of Cray Computing, Seymour Cray, once 

famously quipped this in the early days of digital computation when asked what role parallelization would 

play in the evolution of the field. Today, a more apropos analogy than Cray’s would be along the lines of 

“which would you prefer: four very strong oxen, or 1024 sled dogs?” Yes, there remain many tasks that the 

sled dogs cannot do as quickly as the oxen - plowing smaller fields, or ones with lots of rocky terrain - but 

there are many things one can do with so many sled dogs which otherwise would be impossible on a rea-

sonable timescale with just a handful of oxen. The scale of disparity from low-specialization parallel sys-

tems like GPUs vis-à-vis highly control-flow specialized CPUs is captured in Figure 1. 

The first consumer oriented graphics processing unit (GPU), which was not integrated directly into a device 

(as was the case for gaming consoles through the 90s), was developed by NVIDIA in 1999, 28 years after 

the first digital transistor central processing unit (CPU), and has since evolved to be a ubiquitous parallel 

processor in modern computing, indispensable to its original development sphere (hobbyist video gaming) 

and increasingly invaluable to scientific computation [1], machine learning [2], and cryptoanalysis. To give 

a sense of scale of how much GPUs have grown in importance in computation, currently GPUs accelerating 

bitcoin mining, the most common parallelization paradigm within the cryptocurrency sphere, globally ac-

counts for more power consumption than the Republic of Ireland [3]. Originally designed to provide hyper-

realistic graphics and digital image rendering in real time from user inputs and interruption events, today’s 

GPU’s have evolved into a general processor 

with unprecedented floating-point perfor-

mance and programmability. Today’s GPUs 

greatly outpace CPUs in arithmetic throughput 

and memory bandwidth [4], making them the 

ideal accelerator for a variety of data parallel 

applications, particularly scientific computa-

tion, where the hardware is sometimes referred 

to as General Purpose Graphics Processing 

Units (GPGPUs). [5] 

Figure 1. GPU vs CPU Theoretical FLOPs. Image Source: nVidia 
Corporation, CUDA Toolkit Documentation, 2019 
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2.2 Mathematical Foundations 

It will be instructive to the reader to examine the mathematical formalism of tensors before examining their 

use within the TTL, as well as a brief overview of some of the domains in which tensors find use, such as 

the PGFEM that is the intended client for the TTL. 

2.2.1 Tensors 

Whole fields of mathematics are predicated on extrapolating from singular concepts to broader abstractions: 

set theory explores the relationships of groups of objects without regard to the constituents; category theory 

explores related patterns of the various mathematical fields and abstracts them to provide structure for 

mathematics. In a similar vein, the most rudimentary explanation of “what is a tensor” that is not too mis-

leading but intuitive would be an extrapolation: in the same sense that a vector is an ordered collection or 

array of related scalars, and a matrix an ordered collection of related vectors (an array of arrays), a tensor 

is an object which can describe ordered collections of related matrices, an array of arrays of arrays, and in 

the same manner that matrices encompass vectors and vectors scalars, tensors necessarily encompass the 

simpler constituent abstractions. 

That said, that is not a rigorous definition, it omits the most valuable aspect of tensors (the definitions for 

how tensors transform), and there are numerous definitions of tensors, tensor notations, and tensor jargon 

which reflect the academic field that is utilizing them and the utility different tensor properties provide to 

those different disciplines, which leads to a dizzying (some might argue inconsistent) jargon for the tensor 

lexicon in the literature. A definition of tensors that is simultaneously sufficiently formal and rigorous to 

satisfy mathematicians vis-à-vis an intuitive definition of the structure and operations of tensors for those 

in applied fields, where clarity is more desirable than formalism, is a difficult and somewhat contradictory 

proposition, and so this author provides several to reflect the interdisciplinary utility of tensors. 

A formal definition from Bertschinger’s Introduction to Tensor Calculus for General Relativity [6] is:  

“A tensor of rank (m, n), also called a (m, n) tensor, is defined to be a scalar function of m one-forms and 

n vectors that is linear in all of its arguments,”  

While precise, this is not illuminating of itself. Here (m,n) is used to indicate the number of co- and contra-

variant vectors needed to describe the tensor (cf. §2.2.1.2 for a discussion of variance). A simpler definition 

of this author’s formulation, one which admittedly eschews the mathematical richness of a tensor’s geo-

metric origins but provides an intuitive understanding would be: 
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“A tensor is a data structure spanning multidimensional arrays (but also singular variables), and which 

defines operations between and within the member arrays, as well as member arrays of other tensor objects, 

by way of the indices (or unique regular expressions) which span the component arrays.”  

A definition bridging the two is provided by Taha Sochi’s Introduction to Tensor Calculus [7]:  

“A tensor is an array of mathematical objects (usually numbers or functions) which transforms according 

to certain rules under coordinate changes”.  

As alluded to in Bertschinger’s definition, the number of arrays is formally referred to as the rank or order 

of the tensor, each rank spanned by an index. It is important to note the rank or number of indices does not 

dictate the dimensionality of those indices: a vector in the Euclidean plane spanned by two of the Euclidean 

basis vectors is an array with two dimensions, while a vector in the Euclidean space spanned by the three 

Euclidean basis vectors is a three dimensional array, yet both are still rank 1 tensors (specifically (0,1) 

tensors). The distinction of dimensionality between the two is not indicated by the rank, as is the case in 

matrices (rank 2 tensors, specifically (1,1) tensors), but that having different indices reflects inoperability 

between the arrays (such distinct indices can reflect different dimensionality, but not necessarily). More 

plainly stated, a (2,2) matrix and a (10,10) matrix are both still rank 2 tensors, the inability to operate 

between the two in say a matrix multiplication would be reflected in the two tensors having different indi-

ces.  

The number of data points or components needed to describe  a tensor of rank N in an M dimensional space 

is MN, e.g. no rank 0 tensor (i.e. a scalar) can be more than 1 number (𝑀0 = 1∀𝑀), a 5 dimensional vector 

is a rank 1 tensor and requires 5 elements or points of data (51 = 5), a rank 2 tensor with 5 dimensions would 

require 52 = 25, etc. From this it should be apparent that high ranking tensors quickly devolve into compu-

tationally large systems -  a rank 5 tensor just existing in Cartesian 3D space would require 243 discrete 

components to describe, and most problems that require tensors are interested in how tensor fields evolve 

with time via floating point operations, from which the reader can quickly surmise how quickly such a 

problem grows in computational complexity. As such, a great deal of research is done in reduced order 

modeling for tensors to reduce the computation load of such problems [8].  

An important caveat: the association of rank 2 tensors to matrices is strong but not exact – all rank 2 tensors 

can be represented as matrices, but not all matrices are rank 2 tensors, such as non-square matrices. One of 

the important distinctions between rank 2 tensors and a matrix is tensor contraction – all tensors (except 

rank 0 tensors) can be contracted, but not all matrices are able to do so. Cf. §2.2.1.4.3 tensor operations for 

a discussion of contraction and ways matrices differ from tensors. 
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2.2.1.1 Tensor Applications 

The question of “where, if anywhere, do we find applications for 

higher order tensors?” is informative, as large swathes of classical 

physics can be encompassed with a specific but familiar rank 2 tensor, 

the matrix (specifically the (1,1) tensor). In general relativity, the Rie-

mann curvature tensor is a 4th-order tensor (a (1,3) tensor) that de-

scribes the local curvature of spacetime (or, more accurately with re-

gards to the previous paragraph, it is a tensor field); in image pro-

cessing for machine learning, a 3rd-order tensor can describe the 

intensity values of the multiple hue channels used to create a 2-D image i.e. red, green and blue of the 

pixels.  

The tensor that is probably most familiar to the reader however is also the progenitor tensor dating to the 

early 19th century, the Cauchy stress tensor, a second order tensor which examines how a material crystal 

stretches and deforms under stress and sheer (in fact, ‘tensor’ etymologically derives from the latin ‘tensus’, 

meaning ‘to stretch’, which also gives us the word ‘tension’) (depicted in Figure 2). The stress tensor con-

sists of nine component stresses that define the total stresses/shears at a point in a material, coordinated 

across the three planes the stresses and shears deform a material This kind of material tensor is utilized in 

the GCM, a subunit of the PGFem package, through the stiffness tensor. 

2.2.1.2 Transformation, Variance, and Contra-variance 

Vectors, as the term is used vernacularly to mean “a tuple/array of values,” often treats row and column 

vectors as though they were identical entities, which is not universally accurate (although the ease of their 

mutability indicates their relatedness). All vectors, whether they are row or column, alternately scale with 

or against changes in the basis of the space they exist in, and the distinction of how they scale, variance, 

allows a more formal delineation beyond the purely notational arrangement of “data in a row” or “data in a 

column” to reveal their underlying behavior.  

The distinction between co- and contra-variance is what distinguishes vectors and co-vectors (the latter also 

referred to as dual vectors or one-forms in different literature, the myriad nomenclature reflecting historical 

origins from different authors/disciplines). True vectors are geometrically derived and are composed of a 

magnitude and direction. They are invariant objects that exist independent of their coordinate system, i.e. 

the means we choose to describe the vector does not alter the vector’s characteristics. However, ordinary 

non-basis vectors are described componentially from the basis vectors which span the space the vector 

inhabits, and because the basis itself is mutable through scaling or transformation, the description of the 

vector must adapt if the basis changes. How a “vector” reacts to a change in the basis reflects its variance: 

Figure 2. Cauchy Stress Tensor. Image source: 
Wikimedia, 2009 
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a vector is contra-variant, or a column vector, if a change to the basis causes a contrary scaling change to 

the vector, e.g. if by scaling some basis vector 𝑒𝑖 by 2, the vector component in the new basis would be one 

half. In contrast, if scaling occurs in the same manner as the change to the basis, the vector is a row vector 

and more formally co-variant, sometimes called a dual vector, co-vector, or one-form. To reflect the myriad 

sources and synonymous interchangeability of them, this author will generally refer to co-vectors as such 

when discussing variance, one-forms when discussing transformation and mapping, and dual vectors when 

discussing bases, spaces, or contrasting co- and contra-variant vectors (but in the spirit of the wanton inter-

changeability of the terms in the literature, this may not be 100% consistent). Notationally, in instances 

where there may be ambiguity, → accents are used to indicate vectors, and ~ accents to indicate duals. 

This distinction of variance fundamentally derives from what a “vector” is and describes. Column/contra-

variant vectors are built componentially from basis vectors which span a vector space to encapsulate a 

direction and magnitude, whereas row/co-variant vectors are functional maps. A co-vector takes a vector 

and outputs a scalar, and multiple co-vectors in a dual vector space can, by outputting multiple scalars, 

build a higher dimensional vector; a (column) vector is a true vector, and describing a higher dimensional 

vector requires more independent vectors in the basis that describes the vector.  

Tensor notation incorporates super- and sub-scripting to distinguish covariance and contravariance, respec-

tively, and how those two notions relate to variance and basis transformation. This said, the reader can 

generally infer the appropriate variance or vector orientations implicitly from ordinary matrix subscript 

notation, and in some of the literature this suffices, such that often it is not belabored to clarify if a space 

ever transforms coordinates simply by implementing or omitting the use of superscripting. The TTL does 

not implement script orientation to indicate variance, it entrusts that the client can manage variance and 

uses index binding responsibly. 

2.2.1.3 Tensor notation 

Tensors can be described under various notations. The “standard” or most formal is Ricci notation, how-

ever, Einstein notation is more common in practice (and physics) as it reduces much of the overhead of the 

more formal Ricci notation by removing e.g. summation notation (and Leibniz notation in the case of gra-

dients) as the intended operations are typically contextually evident.  

In tensor notation, the variance of the vector on a given index is indicated via the index’s position as either 

super or subscript. Subscripting or lower indicial notation indicates covariance (i.e. row orientation), and 

upper or superscripted notation reflects contravariance (i.e. column orientation), e.g., for a given rank 1 

tensor v, i.e. vector v, if it is a (1,0) tensor, it would be 
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𝑣𝑖 = [

𝑣1

𝑣2

𝑣3

] 

And a (0,1) vector  

𝑣𝑖 = [𝑣1 𝑣2 𝑣3] 

The variance of the index is used to indicate different operations between tensor objects, however, trans-

posing tensors is quite simple: rank 1 tensors exchange subscript for superscript and vice versa via the 

metric tensor (cf §2.2.1.4.5) 

[

𝑣1

𝑣2

𝑣3

] = (𝑣𝑖) → (𝑣𝑖)
𝑇

= 𝑣𝑖 = [𝑣1 𝑣2 𝑣3] 

 If a tensor is rank 2 or greater, indicial order is exchanged, e.g. for a rank 2 tensor, (𝐴𝑖
𝑗
)

𝑇
= 𝐴𝑗

𝑖 , or also 

commonly as 𝐴𝑖𝑗
𝑇 = 𝐴𝑗𝑖.  

However, the principal utility of tensor objects is not as a data structure per se but as a means of dictating 

operations between member arrays and other tensor objects through index regular expressions in a way 

often impossible in linear algebra.  

2.2.1.4 Tensor operations 

In the same manner that linear algebra defines matrices and vectors through superposition, i.e. additivity 

(i.e. 𝑓(𝑥 + 𝑦) = 𝑓(𝑥) + 𝑓(𝑦)) and first degree homogeneity (i.e. 𝑓(𝛼𝑥) = 𝛼(𝑓(𝑥))), and guarantees cer-

tain behaviors thereby, so do tensors guarantee superposition. As such, tensors are capable of all the same 

operations the reader is familiar with in scalars, vectors, and matrices (unsurprisingly, as tensors encompass 

all those objects), and some additional ones, and typically much more directly and simply.  

Vector and matrix addition via Einstein notation (sometimes called ‘tensor’ or ‘indicial’ notation) is, in the 

case of a vector (here a (1,0) tensor but the principle is identical for a (0,1) tensor), simply 

𝑐𝑖 = 𝑎𝑖 + 𝑏𝑖 

and 

𝑐𝑖𝑗 = 𝑎𝑖𝑗 + 𝑏𝑖𝑗 

for a matrix (any variety of rank 2 tensor – (2,0), (1,1), or (0,2)). Similarly for scaling, 

𝑐𝑖(𝛼) = 𝛼𝑐𝑖 
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Of note, superposition of dual vectors is marginally but discernibly different from superposition of vectors 

in a vector space: additivity is no longer 𝑓(𝑥⃗) + 𝑓(𝑦⃗) = 𝑓(𝑥⃗ + 𝑦⃗) but rather 𝑓(𝑥⃗) + 𝑔(𝑥⃗) = (𝑓 + 𝑔)(𝑥⃗), 

and homogeneity becomes (𝛼𝑓)(𝑥⃗) = 𝛼(𝑓(𝑥⃗)) instead of 𝑓(𝛼𝑥⃗) = 𝛼(𝑓(𝑥⃗)). 

[
𝑎
𝑏
𝑐

] [𝑑 𝑒 𝑓] = [

𝑎𝑑 𝑎𝑒 𝑎𝑓
𝑏𝑑 𝑏𝑒 𝑏𝑓
𝑐𝑑 𝑐𝑒 𝑐𝑓

] 

 

The manner in which tensors manipulate indices indicates the op-

eration intended. Operations within or between tensors which 

share indices will produce scalars via summation of the products 

and reduce the rank of the tensor in tensor contraction or the inner 

product, whereas operations between tensors which do not share 

indices generate higher rank tensors in a tensor or outer product. Indices which occur only once in a tensor 

or in a tensor expression are referred to as “free” indices, whereas an index which occurs twice either within 

a tensor or a tensor expression is a “bound” index. The binding or freeness of the indicated indices dictates 

the operations occurring in tensor expressions. 

2.2.1.4.1 Tensor Product 

The tensor product, sometimes referred to as the outer 

product and occasionally denoted with ⊗, develops a sin-

gle larger tensor object from two smaller tensors across 

free indices. Its elements are the product of each of the 

components of the first tensor with each of the compo-

nents of the second tensor (cf. Error! Reference source 

not found.). Given two tensors, 𝑆𝑗
𝑖 and 𝑇𝑙

𝑘, of rank (𝑚1, 𝑛1) and (𝑚2, 𝑛2), the outer product, 𝑆𝑗
𝑖𝑇𝑙

𝑘, would 

form a (𝑚1 + 𝑚2, 𝑛1 + 𝑛2) tensor, 𝑈𝑗𝑙
𝑖𝑘. The tensor product is not commutative, i.e. 𝑆𝑗

𝑖𝑇𝑙
𝑘 ≠ 𝑇𝑙

𝑘𝑆𝑗
𝑖. An ex-

ample of a tensor outer product in TTL is given in Figure 4.  

The outer product is computationally considerably more expensive than other rank-altering tensor opera-

tions, as it requires considerably more write operations to increase the rank of the tensor object, and in the 

same manner that looping non-linearly increases computational complexity, so do tensor products. 

Figure 4. Templatized TTL Kernel of an outer prod-
uct of two rank 1 tensors. 

Figure 3. Tensor Product of 2 rank 1 tensors in 

3D space, 𝑆𝑖𝑇𝑘 = 𝑈𝑘
𝑖  
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2.2.1.4.2 Inner Product 

The inner product produces a scalar via summation across 

bound indices. In tensor notation, summation occurs when-

ever a co-variant vector is paired with a contra-variant vec-

tor on a bound index, which also reduces the tensor rank by 

two for each shared index, e.g. if there were some second 

rank tensors 𝑆𝑗
𝑖 and 𝑇𝑘

𝑗
, their product 𝑆𝑗

𝑖 𝑇𝑘
𝑗
 would be 𝑈𝑘

𝑖 , 

while the jth index would map to a scalar c, 

∑ 𝑆𝑗𝑇𝑗

𝑛

𝑗=0

= 𝑆𝑗𝑇𝑗 = 𝑠1𝑡1 + 𝑠2𝑡2 + 𝑠3𝑡3 = 𝑐 

The lefthand expression with the sigma notation is the more formal Ricci formation, the expression to the 

right of that is Einstein notation. This example assumes the Euclidean space but as the index does not 

necessitate dimensionality as explained in §2.2.1, if index i were four dimensional, 

∑ 𝑆𝑗𝑇𝑗

𝑛

𝑖=0

= 𝑠1𝑡1 + 𝑠2𝑡2 + 𝑠3𝑡3 + 𝑠4𝑡4 

Of note, the choice of bound index is in some sense arbitrary, as any index can be equated to another (with 

identical dimensionality) via a dummy index to bind them. 

Inner products are cheaper to compute as the resultant tensors are always reduced order, and it has excellent 

locality (cf. §1.4.1.0), which is not guaranteed for tensor products. An example of the TTL implementing 

an inner product is given in Figure 5. 

2.2.1.4.3 Contraction 

Tensor contraction differs from the other tensor operations as it doesn’t define an operation between tensors 

but within one, although it is related to the inner product. It’s a one-tensor operation that produces a scalar 

tensor of reduced rank, (p-1,q-1). If there were some second rank tensor 𝐴𝑗
𝑖, we could equate indices i and 

j through a dummy index u, and perform the contraction as 

∑ 𝐴𝑖
𝑖

𝑛

𝑖=0

= 𝐴𝑖
𝑖 = 𝑎1𝑎1 + 𝑎2𝑎2 + 𝑎3𝑎3 = 𝑐 

Figure 5. Templatized TTL kernel of an inner product 
of two rank 1 tensors. 



10 
 

2.2.1.4.4 Levi-Civita Symbol and the Permutation Tensor 

We construct an ordinary vector space through basis vectors, 𝑒𝑛, however, basis vectors can only build a 

vector space and only ever output vectors from that basis; to construct a dual vector space which dual 

vectors inhabit and which outputs scalars, we need an equivalent dual vector object to basis vectors (and 

interestingly, every vector space has a corresponding dual vector space). That object is the Levi-Civita 

symbol, sometimes called the permutation or antisymmetric tensor, indicated with 𝜖 and some number of 

alphanumeric indices spanning the space (typically 𝜖𝑖𝑗𝑘 for the cartesian space but potentially infinite). 

In the same manner that for some vector 𝑣⃗ in the canonical ijk cartesian space, defined by the cartesian basis 

vectors 𝑒𝑖, 𝑒𝑗, and 𝑒𝑘, the vector product 𝑣⃗𝑒𝑖 will produce the components of 𝑣⃗ in the 𝑒𝑖 direction. Similarly, 

the Levi-Civitia symbol maps a vector to a scalar based on the basis dual vector performing the mapping. 

So for 𝑣⃗, mapping via the dual basis 𝜖𝑖 would produce 𝑣⃗(𝜖𝑖) = 𝑣𝑖, which is no longer a vector and instead 

a scalar. 𝜖𝑖𝑗(𝑣⃗) would produce a dual vector with two scalar elements, 𝜖𝑖𝑗(𝑣⃗) = 𝑣𝑖𝑗, etc. 

In this regard Levi-Civita is related to the Kronecker delta piecewise function 𝛿𝑖𝑗 = {0 𝑖𝑓 𝑖 ≠ 𝑗, 1 𝑖𝑓 𝑖 = 𝑗}) 

explicitly, as 𝜖𝑖(𝑒𝑗) = 𝛿𝑖𝑗 , but also by analogy. Contrast the Kronecker delta with the Levi-Civita symbol, 

for which in the latter, mapping corresponds to a piecewise function dependent on the order of indices. 

Levi-Civita defined in 3 dimensions is 

𝜖𝑖𝑗𝑘 = {

+1 𝑖𝑓 (𝑖, 𝑗, 𝑘) = (1,2,3), (2,3,1), (3,1,2)

−1 𝑖𝑓 (𝑖, 𝑗, 𝑘) = (3,2,1), (2,1,3), (1,3,2)

0  𝑖𝑓 𝑖 = 𝑗, 𝑗 = 𝑘, 𝑜𝑟 𝑘 = 𝑖
} 

This ordering pattern extends to any dimensionality, even infinitely, and the pattern of index ordering, 

referred to as cyclic permutation (as the ordering can be seen as a modulo arithmetic which can process 

clockwise or anti-clockwise), similarly extends. As long as every index is unique and the procession to the 

modulo is in ascendant order (even), the permutation tensor is one; if every index is unique and the proces-

sion in descendent order to the origin from the modulo (odd), it is negative one; all other permutations 

require repetition of at least one index and map to zero.  

2.2.1.4.5 The Metric Tensor and Raising and Lowering Indices 

The metric tensor is a (0,2) tensor whose principal utility is as a map for vectors into dual vectors and by 

its inverse, duals into vectors. Altering the variance of a tensor index is unimaginatively referred to as 

raising or lowering the index, and doing so requires mapping via the metric tensor. 

The metric tensor, often denoted with g (not to be confused with the gravitational constant) can produce 

scalars from two one-forms or two vectors. In contrast to a one-form, it is a symmetric bilinear map, i.e. it 
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accepts two vectors or vector spaces and maps them to a scalar field (symmetry indicates the scalar output 

is order agnostic, i.e. 𝑔(𝑣⃗, 𝑤⃗⃗⃗) = 𝑔(𝑤⃗⃗⃗, 𝑣⃗)). However, it also has the special property that, if only one vector 

is mapped to the dual, 𝑔(𝑣⃗, ∙ ), the absence of the second vector simply maps the vector to a one form, 𝑣̃, 

and conversely, there is an inverse to the metric tensor, 𝑔−1, which maps a one-form to a vector, 

𝑔−1( ∙ , 𝑣̃) = 𝑣⃗. 

2.2.2 Linear Solvers  

With enough effort and the right perspective, many computational questions can be reduced to a system of 

equations of the form 𝐴𝑥 = 𝑏. Linear solvers suss out x from 𝑥 = 𝐴−1𝑏, and writing a generalizable, stable 

algorithm to determine x without directly solving 𝐴−1 is the principle task of writing a linear solver (it’s 

why these techniques are called linear solvers and not matrix inverters).  

While 𝐴−1𝑏 = 𝑥 is mathematically true, this is virtually never what is implemented in a linear solver. Linear 

solvers eschew explicitly calculating the inverse, instead factorizing the matrix such that some vector x can 

be calculated indirectly (typically via backward or forward substitution of the matrix from factorized trian-

gular matrices). This is generally much more computationally tractable while minimizing memory require-

ments, more numerically stable, and ultimately, more germane, as we generally care for the result x and not 

the inverse itself. 

2.2.2.1 QR Factorization 

QR factorization decomposes an NxN non-singular matrix into two matrices, an orthonormal basis and a 

moiety that holds the system dynamics in an upper triangular matrix (triangular matrices are discussed in 

detail in §2.2.2.4 LU Factorization), such that 𝐴 = 𝑄𝑅. Stated as directly as possible, applying Gram-

Schmidt orthogonalization to a square non-singular matrix produces one half the QR factorization (the Q) 

and the upper triangular matrix is produced by matrix multiplying the transpose of Q with the original 

matrix A.  

Developing an orthonormal basis from a matrix A via modified Gram-Schmidt simply requires subtracting 

the previously orthonormalized contravariant vectors, 𝑞𝑛−𝑘, from the contravariant vector of current exam-

ination, 𝑞𝑛, and taking the L2 norm of the result (or, for the initial contravariant vector, simply taking the 

L2 norm). E.g. 

𝑞1 =
𝑎1

‖𝑎1‖
 

from which then 𝑞2 can be calculated as 
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𝑞2 =
𝑎2 − 𝑞1

𝑇𝑎2𝑞1

‖𝑎2 − 𝑞1
𝑇𝑎2𝑞1‖

  

and 𝑞3 can be calculated as 

  

𝑞3 =
(𝑎3 − 𝑞1

𝑇𝑎3𝑞1 − 𝑞2
𝑇𝑎3𝑞2)

‖𝑎3 − 𝑞1
𝑇𝑎3𝑞1 − 𝑞2

𝑇𝑎3𝑞2‖
   

 

all the way to the nth q. 

As all orthonormal matrices hold the property that 𝑄𝑇 = 𝑄−1 (and we required that the original A matrix 

be non-singular i.e. that all contravariant vectors are linearly independent), we can compute R from 

𝐴 = 𝑄𝑅 → 𝑄−1𝐴 = 𝑅 → 𝑄𝑇𝐴 = 𝑅 

Given that R is upper triangular (cf. §2.2.2.4), there will be a single expression in the nth equation  

𝑅𝑛𝑛𝑥𝑛 = 𝑏𝑛 → 𝑥𝑛 =
𝑏𝑛

𝑅𝑛
 

Back substitution up the upper triangular matrix allows complete resolution of the system. In implementa-

tion, this can be done recursively as there is a distinct base case, however, in practice, many popularly 

utilized linear solver libraries such as LAPACK eschew a recursive solution, despite implementations that 

provide performance improvements through it [9], as large N matrices require expanding the stack consid-

erably and can blow out the main memory [10]. 

In numerical implementations, QR factorization is rarely implemented with Gram-Schmidt but rather via 

the Householder reflection algorithm (sometimes called the Householder triangularization algorithm) due 

to its superior numerical stability. The general premise derives from the fact that a vector can be reflected 

such that all coordinates but one are removed. In implementation this is reflected by transforming the matrix 

A with a series of lefthand permutations to successively develop an upper R triangular matrix 

𝐴 = [
𝑥 𝑥 𝑥
𝑥 𝑥 𝑥
𝑥 𝑥 𝑥

] → 𝑄1𝐴 = [
𝑥 𝑥 𝑥
0 𝑥 𝑥
0 𝑥 𝑥

] → 𝑄1𝑄2𝐴 = [
𝑥 𝑥 𝑥
0 𝑥 𝑥
0 0 𝑥

] 

where each successive 𝑄𝑘 leaves the first 𝑘 − 1 rows and columns unaltered and ends up of the form 

𝑄𝑘 = [
𝐼𝑘−1 0

0 𝐷
] 
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where D captures the dynamics to perform the transformation in non-zeroed elements, such that  

𝐷𝑥 = [
‖𝑥‖

0
0

] = ‖𝑥‖𝑒1 

Where D is generally calculated from  

𝐷 = 𝐼 −
2𝑣𝑣𝑇

𝑣𝑇𝑣
 

and 

𝑣 = ‖𝑥‖𝑒1 − 𝑥 

It is noteworthy that QR factorization can be generalized to MxN non-square matrices, however, this results 

in redundant sparsification of the lower (m-n) rows of the R matrix where all entries will be zero, a reflection 

of the overdetermination of the system due to the linearly dependent dimensions. 

QR factorization operates in 𝑂(4 3⁄ 𝑛3) time, which, as discussed in §2.2.2.4, is about half as fast as LU 

factorization, however, it is considered stable under all conditions, whereas additional work may be needed 

in LU factorization to guarantee stability (cf. §2.2.2.5 on pivoting for stability).  

2.2.2.2 Cholesky Factorization  

Cholesky factorization is a specialization of gaussian elimination which decomposes a positive semi-defi-

nite matrix into two moieties, a lower triangular matrix, and the conjugate transpose of that same matrix, 

which is both exceptionally cheap in memory, as only one matrix need be stored and indicial artifice can 

be used to mimic the matrix transpose, and cheap to compute as the symmetry (expressed below) requires 

only one matrix be calculated.  

By a positive semi-definite matrix it is meant that for some matrix A, the scalar produced from 𝑥𝑇𝐴𝑥 ≥

0∀𝑥. Determining that a matrix is positive semi-definite is possible by a few means – one is to examine the 

determinants, however, this steps back into the problem Cholesky factorization (and virtually every factor-

ization method) attempts to avoid. It’s generally faster to examine the eigenvalues, which, if all positive, 

guarantees that the system cannot transform any vector except positively. 

Computing the Cholesky factorization is comparatively cheap. It fundamentally derives from the first pivot 

– for some 3x3 matrix A (i.e. a (1,1) tensor of dimension 3) 
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𝐴 = [

𝑎00 𝑎01 𝑎02

𝑎10 𝑎11 𝑎12

𝑎20 𝑎21 𝑎22

] = 𝐿𝐿𝑇 = [

𝑙00 0 0
𝑙10 𝑙11 0
𝑙20 𝑙21 𝑙22

] [

𝑙00 𝑙10 𝑙20

0 𝑙11 𝑙21

0 0 𝑙22

]

= [

𝑙00
2 𝑙10𝑙00 𝑙20𝑙00

𝑙10𝑙00 𝑙10
2 + 𝑙11

2 𝑙20𝑙10 + 𝑙21𝑙11

𝑙20𝑙00 𝑙20𝑙10 + 𝑙21𝑙11 𝑙20
2 + 𝑙21

2 + 𝑙22
2

] 

The first pivot is simply the root of the unfactored matrix, and that root is a scalar for all first equation 

terms/the first covariant vector; these terms can then be substituted to solve all other terms, and the sym-

metry of the matrix’s required positive-definiteness means approximately only a bit more than half the 

terms need to be directly calculated (due to the diagonal). Moreover, backward calculation isn’t strictly 

necessary, the symmetry of Cholesky compatible systems lends itself to two patterns for calculating element 

values that can be used to calculate any pivot, 

𝑙𝑘𝑘 = √𝑎𝑘𝑘 − ∑(𝑙𝑘𝑗)
2

𝑘−1

𝑗=0

 

and then from the pivot elements, non-pivot elements can be calculated from  

𝑙𝑖𝑘 =
1

𝑙𝑘𝑘
√𝑎𝑖𝑘 − ∑ 𝑙𝑖𝑗𝑙𝑘𝑗

𝑘−1

𝑗=0

 

When applicable, Cholesky factorization is a fast routine, operating in 𝑂(𝑛3 3⁄ ) compute time, which is 

approximately twice as fast as LU factorization, and it also has exceptional stability. However, the speedups 

derive from the constraints placed on which tensors can be Cholesky factorized, and the requirement to be 

positive semi-definite limits the number of instances where it can be invoked. The requirement for sym-

metry is generally easier to satisfy in systems that are governed by some kind of conservation law as that 

generates such a symmetric matrix, and so many physical systems can implement Cholesky factorization, 

however, the additional work of examining whether a matrix is Cholesky factorizable reduces the perfor-

mance considerably and so the technique is not generally implemented as a solver per se but generally must 

be explicitly invoked, typically when the possibility of Cholesky factorization is known a priori from 

knowledge of the kind of system being examined. 

2.2.2.3 LDL Factorization 

LDL factorization derives from Cholesky factorization, but is even faster, as it isn’t avoids the unnecessary 

calculation of square roots for any of the elements [11]. Rather than factorizing as 𝐴 = 𝐿𝐿𝑇, A is factorized 
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as 𝐴 = 𝐿𝐷𝐿𝑇, where D is a diagonal matrix, and L is unitary along the primary diagonal, so the equation 

becomes 

𝐴 = [

𝑎00 𝑎01 𝑎02

𝑎10 𝑎11 𝑎12

𝑎20 𝑎21 𝑎22

] = 𝐿𝐷𝐿𝑇 = [

1 0 0
𝑙10 1 0
𝑙20 𝑙21 1

] [

𝑑00 0 0
0 𝑑11 0
0 0 𝑑22

] [
1 𝑙10 𝑙20

0 1 𝑙21

0 0 1

]

= [

𝑑00 𝑑00𝑙10 𝑑00𝑙20

𝑑00𝑙10 𝑑00(𝑙10)2 + 𝑑11 𝑑00𝑙10𝑙20 + 𝑑11𝑙21

𝑑00𝑙20 𝑑00𝑙10𝑙20 + 𝑑11𝑙21 𝑑00(𝑙20)2 + 𝑑11(𝑙21)2 + 𝑑22

] 

from which the diagonal components can be calculated from 

𝑑𝑖 = 𝑎𝑖𝑖 − ∑(𝑙𝑖𝑘)2𝑑𝑘

𝑖−1

𝑘=0

 

 and the other elements can be calculated from 

𝑙𝑖𝑗 =
1

𝑑𝑖
(𝑎𝑖𝑗 − ∑ 𝑑𝑘𝑙𝑖𝑘𝑙𝑗𝑘

𝑖−1

𝑘=0

) 

2.2.2.4 LU Factorization 

LU factorization, oftentimes referred to as LU decomposition, is a way of factoring or decomposing any 

given matrix into constituent triangular matrices, an upper and lower moiety, where the product of those 

two moieties is the original un-factorized matrix. LU factorization is one of if not the most common strat-

egies for linear solvers to compute the quintessential numerical analysis problem, 𝐴𝑥 = 𝑏, as the LU fac-

torization is guaranteed to exist, can be functionally guaranteed to be stable if the matrix is pre-conditioned 

with a permutation matrix, and it can be solved in 𝑂(2
3⁄ 𝑛3) FLOPs for an N sized square matrix, which 

is 2 times faster than alternative methods like QR factorization, which requires 𝑂(4
3⁄ 𝑁3) FLOPs, at the 

expense of stability (although LU stability is not often problematic in practice) [12]. This is expressed in 

its most generalized form as 

𝐴 =  𝐿 ∗ 𝑈 

and interestingly, the LU and Cholesky factorization are related – if 𝑈 = 𝐿𝑇, the two are identical. 

A triangular matrix is a special class of a square matrix. A square matrix is lower triangular if all the en-

tries above the main diagonal are zero, while an upper triangular matrix is the reverse: a square matrix 

where all the entries below the main diagonal are zero. A diagonal matrix is a special subclass of triangular 

matrices which is both upper and lower: the identity matrix is an excellent example of this, as one might 

https://en.wikipedia.org/wiki/Square_matrix
https://en.wikipedia.org/wiki/Matrix_(mathematics)
https://en.wikipedia.org/wiki/Main_diagonal
https://en.wikipedia.org/wiki/Main_diagonal
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expect from its various and important properties. It is simultaneously square and upper and lower triangular. 

Matrix equations with triangular matrices are writ large in numerical analysis because they are much easier 

to solve, as at some point in the matrix there is a simple expression, 𝑋 = 𝐴. 

The LU decomposition algorithm writes an invertible NxN matrix as the product of a lower triangular ma-

trix L and an upper triangular matrix U if and only if all its leading principal minors are non-zero. This 

could be extrapolated to an MxN matrix, however, for exemplary purposes the 3x3 matrix is the simplest 

non-elementary example of LU factorization. From a given matrix A, the LU factorization is 

[

𝐴00 𝐴01 𝐴02

𝐴10 𝐴11 𝐴12

𝐴20 𝐴21 𝐴22

] = [

𝐿00 0 0
𝐿10 𝐿11 0
𝐿20 𝐿21 𝐿22

] [

𝑈00 𝑈01 𝑈02

0 𝑈11 𝑈12

0 0 𝑈22

] 

The lower moiety is unit valued (i.e. the major diagonal is exclusively ones), resulting in 

[

𝐴00 𝐴01 𝐴02

𝐴10 𝐴11 𝐴12

𝐴20 𝐴21 𝐴22

] = [
1 0 0

𝐿10 1 0
𝐿20 𝐿21 1

] [

𝑈00 𝑈01 𝑈02

0 𝑈11 𝑈12

0 0 𝑈22

] 

Which, if multiplied out resolves explicitly to 

[

𝐴00 𝐴01 𝐴02

𝐴10 𝐴11 𝐴12

𝐴20 𝐴21 𝐴22

] = [

𝑈00 𝑈01 𝑈02

𝐿10𝑈00 𝐿10𝑈01 + 𝑈11 𝐿10𝑈02 + 𝑈12

𝐿20𝑈00 𝐿20𝑈01 + 𝐿21𝑈11 𝐿20𝑈02 + 𝐿21𝑈12 + 𝑈22

] 

Of particular importance to the reader in this last representation is that it clearly shows how, structurally, 

the L matrix preserves the scaling needed between rows to achieve the triangular structure of the U matrix, 

while the U matrix preserves the matrix dynamics of the original A matrix. Notice that in row 1, all elements 

are defined exclusively in terms of the U matrix, whereas row 2 is the U matrix scaled by L, etc. etc. For 

example, 

[
1 1 1
4 6 8
2 2 5

] => 𝑅2 − 4𝑅1, 𝑅3 − 2𝑅1 => [
1 0 0
4 1 0
2 0 1

] [
1 1 1
0 2 4
0 0 3

] 

In most factorizations, an additional step would be needed to zero out the third row, however, this matrix 

was specially selected to add to the discussion in §2.2.2.5. 

Examining more closely, LU factorization is gaussian elimination in which it isn’t required that the solution 

matrix be in row reduced echelon form and where the steps of the elimination are preserved in the lower 

triangular matrix. As this example shows, the non-diagonal values of L are simply the values needed to do 

the gaussian elimination via a lefthand permutation matrix multiplication: in this example, nothing needed 

to be done to row 0 for gaussian elimination. Row 2 of column 1 was zeroed by subtracting row 1 scaled 

by 4 from row 2, and to preserve the matrix behavior, that scaling factor had to be distributed to the other 

https://en.wikipedia.org/wiki/Numerical_analysis
https://en.wikipedia.org/wiki/LU_decomposition
https://en.wikipedia.org/wiki/Invertible_matrix
https://en.wikipedia.org/wiki/If_and_only_if
https://en.wikipedia.org/wiki/Minor_(linear_algebra)
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columns, providing the upper matrix values for columns 2 and 3 of row 2. Row 3 is zeroed by subtracting 

2 of row 1. Noting that zeroing row 3 in the first column also zeroed column 2 of row 3, no input from row 

2 is necessary, and the lower matrix instead has a zero in that position. Those are the coefficients of the L 

matrix. The U matrix simply stores the data needed to reconstitute the original matrix from those scaling 

coefficients. [13] 

2.2.2.5 Pivoting 

There is an intrinsic instability to LU factorization if the matrix is not initially well-conditioned. By well-

conditioned it is meant that if a pivot is ever exactly zero, some value that is close to zero, or near machine 

precision in floating point systems, an unsophisticated LU factorization will fail. Examine the following 

matrix, identical to the previous example except rows 2 and 3 were exchanged, i.e., examine a matrix with 

a known LU factorization: 

[
1 1 1
2 2 5
4 6 8

] → 𝑅2 − 2𝑅1, 𝑅3 − 4𝑅1 → [
1 1 1
0 0 3
0 2 4

] 

There is no means by which the second row in this instance could be subtracted from the third to zero out 

the last row, and yet having done this in the previous equation, we know the factorization exists. This 

problem is general for all matrices if ever a pivot is zero or, in numerical scenarios, if the pivot is nearly 

zero. A human would recognize that this factorization is completed by simply exchanging rows 2 and 3, 

however, a naïve LU algorithm will simply fail. For this reason, most LU implementations left multiply by 

a permutation matrix, P, such that PA = LU, so that each row is guaranteed or nearly always guaranteed to 

prevent prematurely zeroing out, and this pivoting strategy is sometimes referred to as LUP. 

In this instance, the permutation matrix would be  

[
1 0 0
0 0 1
0 1 0

] [
1 1 1
2 2 5
4 6 8

] = [
1 1 1
4 6 8
2 2 5

] = [
1 0 0
4 1 0
2 0 1

] [
1 1 1
0 2 4
0 0 3

] 

Modification of the matrix by exchanging rows leads to stable solutions for most square non-singular ma-

trices and complete modification of rows and columns ensures success for all non-singular matrices [12]. 

An algorithm which exchanges only the rows is referred to as partial pivoting, one which permutes all rows 

and columns is complete or full pivoting, and lastly there is a hybrid permutative strategy called rook piv-

oting. More formally, this whole schema of pivoting can be reduced such that partial pivoting is synony-

mous with left permutation multiplication, complete pivoting is synonymous with left and right permutation 

multiplication, and rook pivoting employs a search algorithm to minimize whether left or right permutation 

is optimal at each pivot. An interesting note, from the perspective of memory implementation of an LU 
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algorithm, the permutation matrix only ever needs to be a one dimensional vector (in the same manner that 

any matrix [or tensor] can be vectorized into one dimension).  

Partial pivoting rearranges rows such that the largest entry of the first column of the matrix is row swapped 

to be the first row, the largest entry of the second column from the second row and below is swapped to 

become the second row, etc. etc., in this fashion, for each column, until the final column, which is trivial. 

Alternatively stated, for a given n × n matrix, the target is the largest value across all rows of the first 

column; at step k of the elimination, the largest of the n − (k + 1) subdiagonal entries of column k is selected, 

e.g. if examining column 2 of a 4x4 matrix, rows 2-4 would be scanned for their largest value. This opera-

tion costs O(nk) examinations for each step of the examination, meaning an n×n matrix requires O(n2) 

examinations. This entry is then moved into the pivot position Akk on the diagonal of the matrix by multi-

plying B on the left with the permutation matrix P. From there the LU factorization algorithm can be im-

plemented. 

In the following NxN matrix, bolded elements indicate the array of N values that are compared, with alpha 

variables indicating that element is the largest value within that column, and the subscript indicating its 

value relative to other column-max values, e.g. 𝜶𝟐 > 𝜶𝟑.  Stepping through the reduction 

[

𝒙 𝑥 𝑥 𝑥
𝒙 𝑥 𝛼1 𝑥

𝜶𝟐 𝑥 𝑥 𝛼3

𝒙 𝛼4 𝑥 𝑥

] = [

𝛼2 𝑥 𝑥 𝛼3

0 𝒙 𝛼1 𝑥
0 𝒙 𝑥 𝑥
0 𝜶𝟒 𝑥 𝑥

] = [

𝛼2 𝑥 𝑥 𝛼3

0 𝛼4 𝑥 𝑥
0 0 𝒙 𝑥
0 0 𝜶𝟏 𝑥

] = [

𝛼2 𝑥 𝑥 𝛼3

0 𝛼4 𝑥 𝑥
0 0 𝛼1 𝑥
0 0 0 𝑥

] 

From the implementation perspective, the permutation matrix is virtually never implemented as indicated 

above because that could require moving significant amounts of data for high rank tensors; rather, a single 

vector records how rows should have been switched and the indexing to the data wherever it lays in memory 

is adjusted, e.g. in the example above there would be a vector based on the original matrix, [3,4,2,1], indi-

cating to first manipulate the 3rd row, then the 4th, etc. etc. 

Complete pivoting requires searching for the largest value in the entire submatrix instead of just the next 

subcolumn. It is “full” in the sense that the pivot for each row is the largest possible pivot that matrix could 

use of all relevant entries. This requires O(n − k)2 comparisons just to locate the element for a single pivot, 

which in a square nxn matrix requires O(n3) comparisons in total. For an n × n matrix A, the first step is to 

scan n rows and n columns for the largest value. Once located, this entry is then permuted into the next 

diagonal pivot position of the matrix. So in the first step the entry is permuted into the (1, 1) position of 

matrix A. Rows are exchanged exactly as in partial pivoting, by multiplying A on the left with a permutation 

matrix P. To interchange columns, A is multiplied on the right by another permutation matrix Q. The matrix 

product PAQ interchanges rows and columns accordingly so that the largest entry in the matrix is in the 



19 
 

(1,1) position of A. With complete pivoting, the general equation for L is the same as for partial pivoting, 

but the equation for U changes slightly. As in the previous example, bold indicates an element that could 

potentially be a pivot, but the subscripting now indicates the four largest values within the matrix 

[

𝒙 𝒙 𝒙 𝒙
𝒙 𝒙 𝜶𝟏 𝒙

𝜶𝟐 𝒙 𝒙 𝜶𝟑

𝒙 𝜶𝟒 𝒙 𝒙

] = [

𝛼1 𝑥 𝑥 𝑥
0 𝒙 𝒙 𝒙
0 𝒙 𝜶𝟐 𝜶𝟑

0 𝜶𝟒 𝒙 𝒙

] = [

𝛼1 𝑥 𝑥 𝑥
0 𝛼2 𝑥 𝛼3

0 0 𝒙 𝒙
0 0 𝜶𝟒 𝒙

] = [

𝛼1 𝑥 𝑥 𝑥
0 𝛼2 𝑥 𝛼3

0 0 𝛼4 𝑥
0 0 0 𝑥

] 

Rook Pivoting is a hybrid implementation, offering the same big O performance as partial pivoting but the 

stability of complete pivoting. In this pivoting strategy, the selection of the optimal pivot is eponymously 

derived from how a rook in chess moves – pivots can be selected from elements within the same row or 

column as the current pivot position, but not by examining the entire submatrix, saving considerable time 

in large matrices. [14] 

[

𝒙 𝒙 𝒙 𝒙
𝒙 𝑥 𝛼1 𝑥

𝜶𝟐 𝑥 𝑥 𝛼3

𝒙 𝛼4 𝑥 𝑥

] = [

𝛼2 𝑥 𝑥 𝛼3

0 𝒙 𝜶𝟏 𝒙
0 𝒙 𝑥 𝑥
0 𝜶𝟒 𝑥 𝑥

] = [

𝛼2 𝑥 𝑥 𝛼3

0 𝛼1 𝑥 𝑥
0 0 𝒙 𝒙
0 0 𝜶𝟒 𝑥

] = [

𝛼2 𝑥 𝑥 𝛼3

0 𝛼1 𝑥 𝑥
0 0 𝛼4 𝑥
0 0 0 𝑥

] 

Note that from the same initial matrix layout, three unique pivoting solutions emerged. 

2.2.2.6 Solving from LU factorization 

The triangular nature of all other factorization schemes is fundamental to solving them in the same manner 

as LU factorization . Solving a matrix from the LU factorization is trivial and avoids unnecessarily calcu-

lating determinants to produce an inverse. From the original equations 𝐴𝑥 = 𝑏 and 𝐴 = 𝐿𝑈 

𝐴𝑥 = 𝑏 → (𝐿𝑈)𝑥 = 𝑏 → 𝐿(𝑈𝑥) = 𝑏 

Noting that the product of Ux is just some vector y, we are left with a system of equations, 𝑈𝑥 = 𝑦, and 

𝐿𝑦 = 𝑏. Solving for y via backward substitution of Ux enables the solution for b from Ly via forward 

substitution.  

2.3 Computational Hardware 

An examination of the hardware which enables all of this software is helpful, as in some sense, performance 

optimization operates on two planes: the first is the optimization of the algorithm itself as explored in com-

paring big O runtimes across the different solvers in §1.2.1. The other has to do with the physical limitations 

of the hardware. For example, there is a mathematical limit to LU factorization, at absolute best it performs 

at 𝑂(
2

3
𝑛3), however, which of data structures or families of implementation are selected can significantly 

alter the performance based on the structure of the hardware. Considerable optimization is possible from 
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awareness of alternative implementation strategies of almost identical algorithms and even customization 

to the hardware. Today, some of this kind of optimization is implemented via the compiler or OS, however, 

implicit in this is the question of how well the compiler can optimize a particular code, a topic of discussion 

throughout 6.4.  

2.3.1 CPUs and Host Hardware 

As the reader might surmise from the names, GPUs are derived from CPUs – both integrate control units 

(CUs), arithmetic logic units (ALU), memory management units (MMU), etc., and so an understanding of 

that hardware in the CPU offers insight and disparity to their homologous GPU hardware implementation. 

HPC today is fundamentally driven by different strate-

gies of parallelization, and these strategies are taxo-

nomically classified under Flynn’s taxonomy. There 

are four families in Flynn’s taxonomy (although con-

temporary architectures have evolved to the point there 

are many derivatives, such as the GPU): single instruc-

tion stream single data stream (SISD), which is all but 

extinct in modern computing environments (certainly 

within HPC); single instruction stream multiple data 

stream (SIMD), where a single instruction set can op-

erate independently across separate data sets or 

streams. The related single instruction stream multiple 

threading (SIMT) is utilized in GPUs and discussed in §2.3.4; multiple instruction streams multiple data 

streams (MIMD), which is effectively the configuration of every modern multicore processor. 

A CPU core is a single processing unit composed of the necessary constituent circuits to perform compu-

tation – the ALUs, CUs, registers, cache, etc. Modern CPUs are multicore (Figure 6), composed of con-

glomerates of cores, each separate core parallelizing potentially the same program or a separate program, 

concurrently. As the cores running different programs will hold different contexts, multicore CPUs are 

MIMD.  

Layered atop the parallelization of the core is an additional parallelization via multi-threading (or in Intel, 

hyper-threading), in which multiple processes can be executed concurrently or in parallel via pre-emption 

and memory management within the core, where multiple tasks or processes swap in and out of context and 

hold compute resources. The benefit of multi-threading is that multiple tasks can be completed across mul-

tiple processing units within the same core, likely working on the same program, with context switching 

Figure 6. Intel i7 Die. Image Source: Intel 
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during long tasks to reduce stalling - typically a cache miss (cf. §2.3.2.3) as data is fetched from somewhere 

slower in the memory hierarchy, as memory accessing is orders of magnitudes slower than e.g. computation 

(Figure 14). Allowing a thread to proceed while another loads effectively masks the latency of loading from 

distant memory banks. As will be discussed in §2.3.4.2.1, the scale of threading and ability to context swap 

quickly is one of the principal distinguishers in CPU and GPU processing. 

2.3.1.1 Clock Generator 

The clock is the circuit responsible for synchronizing the other circuits of the CPU. It generates the pulse 

waves that propagate through the CPU to synchronize the various circuits, and historically was the best 

indicator of processing speed – increasing pulse frequency allowed more and more computation to be done 

in a smaller and smaller window. It’s desirable to have the clock synchronize such that each subunit com-

pletes its task across a single cycle, but not all tasks are performed in uniform time lengths, and so the clock 

is limited by the slowest circuit. 

Today some performance improvements are directed at increasing clock frequency to leverage optimization 

strategies like ILP (Cf. §2.3.1.3.1) or extending instruction pipelines, but increasingly improvements rely 

on improved parallelization within the chip through concurrency techniques like hyperthreading and multi-

core division, or alternative processing techniques like out-of-order execution (OoOE, cf. §2.3.1.3.3), etc. 

[15]. In a sense, GPUs represent the pinnacle of performance maximization through parallelization vis-à-

vis flattening clock speeds [1]. 

2.3.1.2 Arithmetic Logic Unit 

The arithmetic logic unit (ALU), sometimes referred to as the execution unit (EU), is in some sense the 

fundamental workhorse of the CPU and GPU, the only component that truly does ‘work’ in altering data – 

everything else is data management, prediction, storage, etc. A single modern CPU contains multiple ALUs 

within each core, but one of if not the defining feature of GPUs is that there are hundreds or thousands of 

ALUs, depending on the GPU, referred to as GPU cores (cf. §2.3.4.1, Figure 17).  

The ALU is the circuit that performs the mathematical, logic, and bitwise operations that most imagine as 

the “core” of a computer, although it isn’t the largest or most complex part of a CPU – that is reserved for 

the controller, sometimes referred to as the control unit (cf. §2.3.1.3). ALUs come in several “flavors” e.g. 

integer or floating-point ALUs, however, for simplicity, most refer to these myriad components as a con-

glomeration under the original title provided by John von Neumann, ALU, regardless of function.  
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There are two principal inputs to an ALU: the 

operand, which is the data being operated on, 

and a code indicating the operation to be per-

formed (Figure 7). These codes are exceedingly 

simple and eponymously arithmetic: using add, 

subtract, increment, decrement, two’s comple-

ment to generate the negative value, etc. It also 

includes logic gates for AND, OR, XOR, etc. 

functionality. All of these codes reflect the vari-

ous transistor junction schemes which the ALU has embedded in the structure, although this paper will not 

digress further into an examination of those gates, how ALUs implement voltage arithmetic, the solid state 

physics of PN junctions, etc., as they are well beyond the scope of this work. The curious may find addi-

tional information in Nilsson & Riedel’s Electric Circuits, 10th Edition or Hummel’s Electronic Properties 

of Materials for additional exploration on transistor logic and semiconductor solid-state physics, respec-

tively, as both were particularly useful to this author prior to this work.  

The ALU’s output is the result of the operation on the operand. Most designs also have status inputs or 

outputs, often both, which communicates to other hardware information about a previous operation or the 

current one in order to enable out-of-order operation (cf. §2.3.1.3.3). 

2.3.1.3 Control Unit 

While the ALU provides the iconic “math” functionality of the CPU, in a certain sense it is very mechanical, 

accepting input, generating output. The control unit (CU) coordinates the flow of data and instructions into, 

out of, and between a processor's various sub-units, such as the ALU. If a program were an orchestra, the 

ALUs would be the musicians and the CU would be the conductor. The absence of complicated CUs in 

GPUs alters their performance optimization significantly. 

In the same sense that the ALU refers to an aggregation of components/circuits (e.g. logic circuits and 

integer arithmetic) the controller also is an aggregation of sub-components, such as the instruction unit, 

which handles scheduling, or the retirement unit, which handles output from elsewhere in the instruction 

pipeline. CPUs are optimized around control flow and so the controller is a much larger and significantly 

more complicated circuit (Figure 6, Figure 17) as a portion of the CPU and dictates CPU behavior much 

more than the operations of the ALUs, including managing inputs to and outputs from the ALU because 

the CU owns the instruction decoder.  

Figure 7. Symbolic ALU representation. Image Source: Wikimedia. 
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2.3.1.3.1 Instruction Pipeline 

Instruction pipelines are a processing technique to 

significantly improve program run time by subdivid-

ing the steps of processing instructions via circuit spe-

cialization. Early, rudimentary processors were sin-

gle-cycle, i.e. all the tasks of performing an instruc-

tion occurred across a single clock cycle (Figure 8), however, clock speed can be significantly improved 

with additional, specialized, independent circuits in the CPU to improve how data is processed, effectively 

parallelizing the instruction for each subdivision.  

The simplest model for processing data in a pipeline occurs over 

five steps: instruction fetch (IF), which gathers the next instruc-

tion from the program pointer and assigns it to a register; instruc-

tion decoding (ID), i.e. determining what the instruction is and 

setting it up, which could involve sending data to the ALU or 

preparing a branch or jump point; execution (EX) of the instruc-

tion, often but not exclusively on the ALU; access or memory 

(MEM), where the appropriate operand in memory is grabbed; 

write back (WB), where the accessed operand is updated, completing the cycle and allowing the current 

instruction to be retired and permitting another instruction fetch.  

Speeding up a pipeline requires either deepening or widening it. Deepening 

the pipeline requires additional processing circuit subunits to increase the 

number of steps needed to process a given instruction, subdividing the 

stages outlined in the previous paragraph further so each subdivided unit is 

simpler, faster, but also an additional parallelization of the instruction being 

processed. This allows each subunit to (ideally) perform its task independ-

ent of the other subunits, and therefore simultaneously, e.g., while Subunit 

A completes its task, Subunit B completes its task, which is to modify the 

previous product of Subunit A; simultaneously, Subunit C completes its 

task, a modification on Subunit B’s output, etc. etc. (Figure 9). This is re-

ferred to as instruction level parallelism (ILP). Alternatively, the pipeline can be widened, i.e. multiple 

instructions can be fetched simultaneously (and then subdivided and executed as above), creating what are 

referred to as superscalar processors (Figure 10Figure 9). 

Figure 8. Single cycle pipeline. Image Source: Alex Shinsel, Intel 

Figure 10. Superscalar processor. 
Image Source: Alex Shinsel, Intel 

Figure 9. Instruction pipeline. Image Source: Alex 
Shinsel, Intel 
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The model from the previous two paragraphs is simple and can be significantly discretized into smaller and 

smaller parcels – modern processors have instruction pipelines that can stretch to be dozens of sub-pro-

cesses. Whereas the best a single cycle processor can perform is a single instruction per cycle,  

Subdividing instructions makes the pipeline an assembly line in the execution of program instructions. The 

way in which tasks are subdivided depends on the specific instruction set architecture (ISA), and broadly 

varies depending on whether the CPU is a Reduced Instruction Set Computer (RISC) or Complex Instruc-

tion Set Computer (CISC). CISC ISAs allow assemblers to invoke suites of instructions through single 

invocations, i.e. there may be a single “add” instruction which encompasses loading data, performing the 

arithmetic, and then writing to memory, whereas a RISC ISA would require separate invocations to each. 

While historically RISC architectures outperformed CISC [16] by improving ILP with simpler, flatter in-

structions (albeit in a somewhat apples-and-oranges comparison due to compiler optimization), most gen-

eral purpose CPUs that remain CISC today (predominantly Intel chips), while outwardly appearing CISC 

driven at the level of the assembler, are RISC under the hood in what Intel refers to as “micro-ops”, which 

are effectively just RISC equivalent subtasks, and recent research indicates that the performance differen-

tiation of the two has merged (likely because of this somewhat vestigial distinction when Intel x86 archi-

tectures implement RISC-like micro-ops) [17]. 

As the reader might intuit, this compartmentalization of tasks significantly improves processing time the 

longer the pipeline, however, as the pipeline stretches, more and more work is done on a task that is not 

fully completed until the end of the pipeline, and if anything should disrupt this before completion, tasks 

ahead or behind become staggered, or even pointless work, and the longer the pipeline, the greater the cost 

for such mistakes, as increasing numbers of instructions become invalid, so there are diminishing returns 

to longer pipelines. These points of conflict are known as hazards, and their resolutions either require adap-

tive scheduling to avoid such conditions, stalling work to avoid race conditions (typically to resolve data 

hazards) or predictive estimation of the correct program pathing (to address control hazards), which, when 

incorrect, penalizes performance. In this regard architecture design is an optimization problem, maximizing 

pipeline length while minimizing the constraint function, hazards. 

2.3.1.3.1.1 Hazards 

Hazards are categorized in three ways: structural, data, and control. Structural hazards are intrinsic to hard-

ware, whereas control hazards are generally intrinsic to logic in the software. Data hazards occur when 

software instructions conflict with how the hardware processes data and come in three varieties: read-after-

write (RAW), write-after-write (WAW), and write-after-read (WAR).  
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Structural hazards are in a sense hardware deficiencies, a result when some aspect of the integrated circuitry 

is not sufficient to properly balance a given load to process all instructions efficiently, e.g. in a simplified 

case, if there were only one register capable of writing back, no amount of 

parallelization of other tasks would overcome the bottleneck that all output 

would have to go through that register. Structural hazards sometimes reflect 

cost optimization, as it is cheaper to manufacture a chip with fewer resources, 

but other than manufacturing different hardware, there is no performance so-

lution besides stalling. 

RAW hazards are the second most commonly encountered hazard overall, occurring when an instruction 

needs a result that either hasn’t been calculated or retrieved from memory yet. This can occur in pipelining 

when the prior instruction has only been partly processed through the pipeline even though the instruction 

with the hazard is executing after the preceding instruction. Figure 11 depicts a RAW hazard where 𝑟4 

depends on the result of 𝑟3. This can be resolved by dynamic execution (§2.3. 1.3.3) or operand forwarding 

via the reservation station, wherein output from one pipeline stage is redirected from where it would be 

written to in the register file directly to the dependency where it’s needed (the ALU input gate/latch of some 

dependent instruction) in a feed forward control scheme. To do so, the ALU result from the appropriate 

outputting EX/MEM register is fed back to the ALU input, and if the hardware 

determines the previous operation has written to the logical register (cf. 

§2.3.2.4) corresponding to the register source for the current ALU opera-

tion, control logic selects the forwarded result as the ALU input for the de-

pendent instruction, rather than reading data from the register file. 

Write after write (WAW) hazards occur when two instructions write to the same location, and the latter 

write precedes its antecedent, which leaves the antecedent in memory rather than the successor. This hazard 

is only possible in pipelines that write in more than one stage in the pipe or which let an instruction progress 

even when a previous instruction is stalled. It is not uncommon, but not as common as RAW hazards or 

control/branching hazards and limited to out-of-order execution pipelines. 

A write after read (WAR) hazard is the inverse of a RAW hazard, where a 

preceding instruction needs data but a pursuing instruction will write to the 

location before reading occurs. This is the least common of the three (and im-

possible in in-order pipelines, although overwhelmingly pipelines today are 

out-of-order execution). This is depicted in Figure 13 where 𝑟3 is needed to 

generate 𝑟1, but if done out of order by the , a different value for 𝑟3 will be used. Both WAW and WAR 

hazards can be resolved with register renaming and a reservation unit (cf. §2.3.2.4).  

Figure 11. RAW Hazard 

Figure 12. WAW Hazard 

Figure 13. WAR Hazard 
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The last hazard, the most commonly encountered and in some regards most relevant to GPUs for scientific 

computation, are branch hazards. A branch occurs any time a program needs to migrate (jump) to a differ-

ent, non-contiguous memory location, either due to conditionals directing to other instructions, loop state-

ments directing to previous statements, or the invocation of new stack frames. 

If there is no other technique for resolving a hazard such as forwarding, any hazard can be resolved with 

“bubbling”, wherein no-op instructions are inserted while the hazard instruction is completed. Any time a 

section of the pipeline cannot complete its task within a single clock cycle, such a “bubble” is created in 

the pipeline at the stall, as no work is done, and all instructions behind that stage will similarly be delayed 

from the bubble moving up the pipeline, so the bubble is not cleared until it exits. This becomes particularly 

important with branching, as, if the pipeline proceeds and later determines it chose the wrong branch, the 

pipeline may need to be flushed, i.e. all instructions currently being processed must be stalled until they are 

out of the pipeline (and also clear the reorder buffer for incorrect instructions that were scheduled to be 

completed). 

2.3.1.3.2 Branch Prediction 

One of the reasons the CU in CPUs are so developed is to control the flow of branching points and determine 

which branch is likely. During the fetch operation, typically the next data from memory that is needed is 

adjacent in contiguous memory, however, this is not necessarily correct, e.g. when there is a branch. In 

many instances it cannot be known whether or not a jump is needed until examined at runtime by execution, 

which means either the pipeline needs to stall until the branch instruction is resolved, which wastes cycles, 

or it can speculate on which branch will be taken, and if correct, the pipeline continues unabated. However, 

an incorrect prediction requires any work done speculatively must be undone, and any instructions currently 

in the pipeline that belong to the incorrect branch must be flushed and those cycles were wasted as well. 

This is not too many wasted FLOPs in small pipelines, but in modern processors with large, complex, 

superscalar pipelines, this can mean 10-20 cycles are lost for each poor branch prediction to clear out the 

pipeline. There are also very ordinary operations that are susceptible to branch prediction which we don’t 

ordinarily think of as “conditional” in the same sense as “if-else” but which structurally are, such as loops. 

As such, poor branch prediction can significantly impact performance and historically has, although inter-

estingly, this is inversely related to the pipe length/extent of ILP and directly related to the cache’s perfor-

mance [18]. Today branch prediction can push upwards of 99% accuracy in CPUs, however, that relies on 

the complex circuitry of the CU to do so (and some in the literature argue it is not a solved problem because 

the remaining 1% are still quite expensive, the potential gains at least on par with those expected from 

developing improvements by other means [19]). 
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Branch prediction generally relies on the fact that whatever the branch has been doing is likely to continue 

– e.g. in a loop with even just three iterations, at any given examination of the branch it would be statistically 

likely to continue 2/3 of the time, and this only increases with the number of iterations.  

CPU branch prediction utilizes either static or dynamic prediction: static prediction is determined at compile 

time, dynamic prediction at runtime. The simplest branch prediction is to assume a default path and sort out 

the validity of the branch once it’s moved through the pipeline (typically that the branch is not taken for the 

statistical reason given above). There are considerably more complicated mechanisms for branch predic-

tion: examining preceding states, computing likely branch decisions from statistical analysis of previous 

branch decisions, etc., but a discussion of this is beyond the scope of this work. 

As discussed in §2.3.4.2, the control units of GPUs are not as sophisticated as CPUs (by design - they 

needn’t be with latency hiding), but, as branch prediction falls under the purview of the control unit, any 

kind of branching can result in much slower processing on a GPU than a CPU. In particular this becomes 

important at the level of the warp as discussed in §2.3.4.2.1. 

2.3.1.3.3 Dynamic Execution, Speculative Execution, and the Reservation Station 

Dynamic execution, sometimes referred to as out-of-order execution, allows instructions to be re-ordered 

from their expected software sequence. One of the limitations of pipelining is that if an instruction stalls in 

it, no other instructions proceed, and, in something like a RAW hazard (cf. §2.3.1.3.1.1) where the result 

can’t be forwarded, the pipeline stalls if two closely spaced instructions share a dependency, which is quite 

common. Executing out of order effectively requires ILP of the instruction decoding over at least two 

stages: the actual decoding, and then examining surrounding code for hazards. 

In dynamic execution, instructions are loaded into a queue (the instruction buffer or reservation station) and 

dispatched such that those with a dependency are not pipelined until their dependency has progressed far 

enough that its result can either be forwarded or written to memory such that the depending instruction has 

that result available to it at the appropriate point in the pipeline. While early-on dependent instructions wait 

for their dependent results to propagate through the pipeline, a non-dependent later instruction can be 

launched ahead of them in the pipeline to be executed.  

This does however mean that the dependency can determine the work done was incorrect, and in which 

case executed instructions would need to be undone. To avoid this, there is an additional memory buffering 

queue beyond the output that holds data before it is committed to cache or main memory, the Re-Order 

Buffer. It not only holds output after exiting the pipeline in case there has been a mistake from a depend-

ency, but to make sure results are re-arranged to be committed to memory in the expected order. Typically 
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this is done in a first in first out (FIFO) stack, where instructions are added to the buffer when they are 

dispatched to the pipeline, and removed in the same order they are queued. 

2.3.1.4 Vector and Scalar Processors, Vectorization 

Processors have historically been developed as vector or scalar processors. Vector processors operate on ar-

rays of data simultaneously using the same instruction in SIMD parallelization, whereas scalar processors 

operate on single data items. A vector processor is in a sense analogous to data what a pipeline is for instruc-

tions: rather than constantly decoding instructions to perform the same operation and fetching individual units 

of data to process alongside the instruction, a vector processor reads a single instruction and the vector processor 

executes the operation numerous times across multiple chunks of data, significantly saving time. This is not to 

be confused with the aforementioned superscaling processors from §2.3.1.3.1 depicted in Figure 10, where 

scalar units of data are processed across multiple, different execution units (hence, super, i.e. above, scalar), as 

there are superscalar vector processors, where multiple arrays of data are processed concurrently. 

Most modern CPUs however are not strictly vector processors, as most instructions operate on scalars as well as 

vectors and unique instructions often focus on scalars, yet there are significant benefits to vector operations when 

possible, so instead they perform ““vectorization”, using a different ISA. Vectorization uses specially reserved 

registers of the CPU to perform vector processing. In standard x86 chips, this is done through the SSE and AVX 

ISAs, however, this creates a layer of abstraction between programming and invoking vectorization so that in-

vocation then generally relies on the compiler, and often the heuristics are conservative and prevent vectorization 

[20]. One of the advantages of GPUs is that the compilers much more readily vectorize. [21]  

2.3.2 Memory 

While memory is technically a facet of hardware, it exists at the intersection of hardware and software in 

that nearly everything a programmer does is in some sense memory management, even though in certain 

high-level languages the explicit work like garbage collection of the heap is automated and obscured from 

the programmer. Many of the structures of CPU memory are exactly or homologously present in GPUs, 

and so a review of memory in a CPU environment is valuable context to its implementation in a GPU.  

Accessing memory can be many orders of magnitude slower than processing data and one of the principal 

means of optimization is managing or limiting the number of transfers and data accesses needed in an 

algorithm. The expense of memory operations vis-a-vis compute operations is such a bottleneck that in 

some HPC literature, memory is treated synonymously with optimization [22], which is apparent when 

considering that even the fastest data transfer from off-chip main memory is orders of magnitude slower 

than operations within the chip. This disparity between modern compute times and the ability to load data 

from memory to be processed is sometimes referred to as the processor-memory performance gap, or the 

memory wall. A decade ago there was fear over general compute times failing to improve as disparity 
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between compute time and memory bandwidth to transfer data to be computed grew (in truth, the memory 

gap problem was never truly solved, it was just overcome with on-chip caching – cf. §2.3.2.3). As such a 

great deal of work has been done in optimizing how memory is utilized in CPUs, from how the scheduler 

uses branch prediction to switch context to do other work as memory is being loaded, to rearranging the 

order of instructions to improve locality (§2.3.1.3.3).  

Modern memory is implemented as a hierarchy 

of different memory technologies, layered to 

meet different speed and space requirements. 

From Memory Systems: Cache, DRAM, and 

Disk: “a well implemented hierarchy allows a 

memory system to approach simultaneously the 

performance of the fastest component, the cost 

per bit of the cheapest component, and the en-

ergy consumption of the most energy-efficient 

component.”  The relative gains of effective hi-

erarchical utilization are significant enough that 

benchmarking in settings where caching, register assignment, and memory allocation are more directly 

manipulable, as in the CUDA environment, is a topic in the literature unto itself [23].  

Memory broadly falls into one of three categories: on the chip, primary, and storage, which corresponds to 

their speed and, inversely, their space. Different memory speeds are often explained as being functions of 

“locality” as the speed of different memory tiers relates to its presence on or off the chip and potentially 

whether bussing is needed, but there’s a second sense in which locality is used with regards to the data itself 

rather than a physical characteristic of the medium the data is in. 

This second sense derives from the fact that the same or adjacent memory addresses tend to be needed at 

the same time or place. When the same data needs to be used consecutively across different instructions it 

has temporal locality, and when the memory needed is located contiguously at adjacent memory addresses 

it has spatial locality. Memory hierarchies take advantage of temporal locality by holding onto more re-

cently accessed data items and retiring older data to more distant memory in the hierarchy, and leverage 

spatial locality by moving blocks of contiguous chunks of memory from a less efficient memory tier to a 

faster tier any time a necessary address isn’t discovered at the current tier.  

In high performance computing the memory category also dictates the kind of memory, either volatile or 

non-volatile, however this is not strictly true for all computing fields e.g. embedded systems. Volatile 

Figure 14. Example clock cycles for memory accesses. Image Source: 
Chris Terman, MIT Computation Structures  
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memory requires constant power to prevent data loss but is often used for memory with faster needs and 

more frequent exchanges, whereas non-volatile memory retains data regardless of power and is utilized for 

long term storage.  

A digression into the tiers of hierarchical memory will be valuable to the reader and the pursuing sections 

will examine this closely. 

2.3.2.1 Storage 

A hard disk drive (HDD) is still standard for modern storage because it utilizes non-volatile memory, as the 

reader might guess given that the programs and files on (most) computers aren’t erased when the machine 

is power cycled. The data is stored on an aluminum or glass-ceramic annulus called a platter magnetically 

by a thin coating on both sides of the platter of a ferromagnetic material. The data is recorded by alternating 

the magnetic direction of the ferromagnetic grains to encode bits, and the data is non-volatile (and semi-

permanent) because the magnetization is independent of any power source.  

Storage is slow relative to on-chip and primary memory in part because, as discussed in §2.3.3, data to or 

from the HDD must be encoded and transmitted via a SATA connection and decoded at the destination. 

However the principal bottleneck is that reading the data requires mechanical operations of the components 

- the alternating directions in the magnetic field are examined by magnetic heads which can only read the 

data while the platter is spinning (at rates anywhere from 5000 to 15000 rpm), the spinning necessary to 

induce current in the head and impart the magnetically encoded data. While the examination of the data 

once the head is in place is fast, given the reliance on physically actuated components, typically on the scale 

on 5-20 milliseconds, it is still many orders of magnitude slower than even just the bussing system from 

the drive buffer to memory via the SATA connection, which is in turn considerably slower than the signal 

transmission in primary and chip-bound memory, which occurs across double digit or even fractional na-

noseconds . Even modern storage formats which eschew mechanical/optical components for non-volatile 

RAM (NVRAM) such as solid state drives (SSD), while considerably faster than HDDs (Figure 14), are 

still significantly slowed by encoding and transmission across the SATA connection. 

2.3.2.1.1 Virtualization and Paging 

The operating system manages memory at a scale far beyond any one program, sharing memory between 

dozens of simultaneously running programs and allowing for user and system driven interruption events. 

As such, the computer would run out of memory extremely quickly if not for virtual memory. Virtual 

memory, or virtualization, abstracts the storage resources that are actually available to create a simulacrum 

of a much larger main memory. 
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A combination of hardware via the MMU and operating system software maps memory addresses used by 

a program (virtual addresses) into physical addresses in computer memory. Main storage, as seen by a 

process or task, appears as a contiguous address space or collection of contiguous segments, even though 

the memory is not located contiguously. The operating system manages virtual address spaces and the as-

signment of real memory to virtual memory. Address translation hardware in the CPU, the MMU, automat-

ically translates virtual addresses to physical addresses. Software within the operating system may extend 

these capabilities to provide a virtual address space that can then exceed the capacity of real memory and 

thus reference more memory than is physically present in the computer.   

2.3.2.2 Primary Memory 

Whereas the hard drive records data magnetically, primary or main memory records data with gated circuits 

of charged or uncharged cells. As such, it is considerably faster as there is no mechanical actuation needed 

to read data, only circuitry gating (and virtually negligible loss for electron drift). 

Random Access Memory (RAM), so called because the memory can be accessed “at random” rather than 

sequentially, is used for primary or main memory, sometimes such that RAM and main memory are used 

synonymously. While many more types of memory currently exist or are being researched [24] such as the 

NVRAM mentioned in §2.3.2.1, there are two principal formats for RAM: DRAM (dynamic RAM) and 

SRAM (static RAM), both of which illustrate the gap between memory and caching. In both SRAM and 

DRAM, bits are recorded by transistor/capacitor circuits called memory cells which store a binary value, 

charged (1) or uncharged (0). The distinction between S and D RAM (which leads to many other ancillary 

distinctions) is that DRAM has to be dynamically refreshed - DRAM’s memory cell has a single transistor 

gating the capacitor, which results in a tendency for the capacitor to “leak” (slowly discharge), such that 

DRAM needs to be refreshed semi-consistently (approximately every 10 ms). Moreover, every time RAM 

is read, it necessarily discharges and needs to be re-written. This results in both a large power draw as the 

memory refreshes to renew slowly dissipating capacitors, but it is also slower, as in order to refresh, the 

current contents of the cell need to be read, then rewritten, so a great deal of work is done in just maintaining 

the current state. 

In contrast, SRAM has no need for refreshment because its memory cells, while still using a single capaci-

tor, utilizes (typically) six transistors to construct a flip-flop circuit with binary stability rather than just a 

single capacitor being charged or not charged behind a transistor gate (although the number of transistors 

varies from 4 to 8 for specialized hardware). Specifically in the type of SRAM most commonly encountered 

in HPC and personal computing today, 6T, there are only four transistors in the flip-flop circuit used to 

form two cross-coupled inverters, and the other two transistors control read-write operations. This both 

makes the data in SRAM more stable, as it doesn’t need refreshment, just constant power, but is also why 
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SRAM is faster, as clock cycles aren’t wasted continuously reading/writing to the same memory cell just 

to retain the data by refreshment as in DRAM, anywhere from 10-20 times faster than DRAM to be specific.  

The cost of SRAM’s speed and stability is that it requires many times the transistors and even more space 

on the chip (approximately 20 times more), as well as more complicated and expensive manufacturing. As 

such, DRAM is considerably cheaper and its relative size means many more cells can be compacted within 

the same physical space. As such a hierarchy has emerged where SRAM dominates the hierarchical niches 

which require speed and stability, i.e. the register and cache memory, whereas DRAM dominates in main 

memory.  

2.3.2.3 Caching 

While main memory is several orders of magnitude faster than fetching from storage (Figure 14), it’s still 

considerably slower than the rate at which the processor can operate, and so it still forms a bottleneck in 

processing. Data caching reduces this latency. When new data and instructions are called by the controller 

they are first searched for in the various caches’ SRAM and if not found, fetched from the main memory 

and stored in the cache. In this way, the cache is actually an entirely redundant system to the main memory 

as the majority of its contents are duplicated, although, as the cache is often updated from the processor, it 

also needs to be synchronized to make sure its contents match main memory to maintain cache coherency. 

There are a variety of schemas for promoting and demoting data on the cache which determines if and at 

what level the data will be found in the cache hierarchy at a future point. The simplest is the least recently 

used (LRU). 

As mentioned above, the cache itself in most modern CPUs is also a hierarchy, referred to as L1, L2, L3, 

etc. The reason the cache is further subdivided is because, in the same sense that the primary memory is a 

subset of all the data in storage but much faster, and the cache is a subset of the memory, and in the same 

manner that memory access becomes much more expensive when it fails to retrieve the needed data from 

memory and needs to fetch it from storage (a “miss”), the cache can also miss. The time spent searching a 

cache which results in a miss is in some sense time wasted and there is setback from having examined the 

cache rather just going to memory; however, having additional tiers of larger and larger caches can still 

provide significant speedup over direct access from memory, even with numerous misses across the cache 

because SRAM is so many orders of magnitude faster (Figure 14). The L1 cache is usually reserved for 

high frequency data, typically recently used memory. L2 is a larger bank of memory that’s been demoted 

from L1. The L3 cache is typically shared across the cores of the CPU (and is often OS related). 
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2.3.2.4 Registers 

In the memory hierarchy, registers are the alpha and omega in both cost and performance, and so most 

modern CPUs have a few dozen registers on a single chip. As an integrated circuit they are SDRAM, typi-

cally configured in 8T circuits. The registers are typically the data source and destination operands for the 

ALU, the intermediary between data memory put into the ALU and work done there to examine or trans-

form data, although sometimes outputs are written directly to the cache or main memory. The set of registers 

at a given point in the execution of a program is called the execution context and is effectively the operands, 

instruction pointer and program pointer – switching contexts can be as small a task as writing one execution 

context out and loading another in – this is, mechanically, effectively what constitutes a thread.  

Registers are generally subdivided in terms of their assigned role within the CPU. Instruction registers (IRs) 

hold the current instruction while it is decoded and executed. As each instruction to be executed is fetched 

from memory, it is placed there for the fastest possible reference. The stack pointer, sometimes called the 

program counter, holds the main memory address of the current position in the program stack to enable 

proper progression through the program, allowing frames to pop on and off the stack in function calls or to 

migrate due to conditionals. General purpose registers are subdivided either as address registers, holding 

the locations of main memory locations with data to draw or be written to, data registers containing actual 

ints, floats, characters, etc., or are status or control registers indicating where branching or context switching 

must take place (although some registers are truly general purpose and do not exclusively fill only one 

niche). 

Registers are not addressed directly however - in the same manner that the cache is managed through the 

virtual lookaside buffer, or the main memory and storage are managed via paging, there is a virtualization 

of the processor registers referred to as register renaming, which acquires and retires registers through a 

register file rather than direct invocation, and engages registers as “logical” registers rather than directly as 

physically coupled registers. Register renaming is managed by the reservation unit. Allowing fluidity of 

which registers do what eliminates extraneous data dependencies and thereby improves ILP via superscalar 

and OOO execution. 

2.3.3 Busses 

In the same manner that distributed computing systems must use message passing systems to share local 

memory resources from the CPU to other devices (the CPU is generally referred to as “the host” in 

GPU/CUDA literature), memory allocated and accessible to the program running on the CPU is not directly 

available to the GPU (GPUs are referred to as “the device” in CUDA literature). Such data must be explic-

itly communicated between the host and device in the same manner as e.g. the master and slaves in MPI. 

This occurs locally on the machine via a bus system on the motherboard. Ordinarily GPUs bus using one 
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of the members of the peripheral component interconnect (PCI) connection family, principally PCI-e in the 

last two decades although specialized busses do exist (such as NVLink on V100 model hardware, such as 

the Tesla described in §2.0).  

The question of how data is transmitted and how quickly across the GPU is instructive, because one of the 

most expensive tasks involved in GPU parallelization is data transmission between the host and the device, 

which must all necessarily travel across the bus. When the GPU is latency hiding (cf. §2.3.4.2.1) the deter-

mining factor for the duration of latency is the combination of the bussing speed and size of the read/write 

actions in the device memory. 

First introduced in 1992, just 7 years prior to the first GPU, there are myriad variations in design and capa-

bility within the family of PCI slots (PCI, PCI-X, PCI-mini, PCI-e) and the PCI family is fairly standard 

for various computer peripherals such as network cards, sound cards, extra ports for e.g. USB, etc. Today, 

most GPUs, AMD or Nvidia, operate via PCI-e, of which there are now 5 generations, each offering differ-

ent transfer speeds and methods of packetizing the data, each successive generation effectively doubling 

the speed of transmission over the previous generation (2.5 Gb/s of possible bandwidth in Gen 1, 5 Gb/s in 

Gen 2, 8 in gen 3, 16 in 4, and finally nearly 32 Gb/s in gen 5, released in May of 2018). This paper will 

not explore the ramifications of the different voltages, dimensions, etc. of PCI busses on GPU performance 

as those fall well beyond the scope of this thesis. 

PCI-e busses communicate data via a link, each link minimally composed of 1 but generally 16 to 32 lanes 

in GPUs, although configurations of four and eight also exist, generally for other peripherals such as sound 

cards with lower data intensity. Scaling for bandwidth is linear with lanes, so e.g. a slot with eight lanes is 

twice as fast as a slot with two. Each lane itself is composed of four wires, two for transfer to a device and 

two for transfer from a device, allowing simultaneous transmission along the same lane to and from a de-

vice.  

The need for two wires is due to the physical scales of the wire diameters, their proximity, and the currents 

involved: electromagnetic interference from neighboring lanes is measurable and can introduce noise in the 

signals transmitted. Two wires allows differential signaling, which is noise resistant because it measures 

the difference between signals rather than a raw signal; the signals sent along both wires are close enough 

that both will be modified by virtually the same amount, meaning their difference won’t be altered and any 

noise is effectively filtered, e.g. if the intended signal were “2”, a “4” and “2” could be sent, and if there 

were interference, both signals would be equally altered, so the signal difference would remain 2. 

Data is transmitted across the PCI-e as a data packet called a transaction layer packet (TLP) through three 

layers: the transaction layer, the data link layer, and the physical layer, each layer adding a limit or burden 
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to the rate of data transmission. At the base level is the physical layer which describes the actual circuitry 

and logic gates limiting transfer rate. Data is packetized in the data link layer, where different encoding 

strategies impose different overheads in the size of the data that must be transmitted to reduce  (20% of all 

transmitted data in generations 1 and 2 for 8b/10b encoding, 2% for 128b/130b)  

Large data transmissions across PCI-e such as in GPU exchanges that must be transmitted on multiple lane 

links are interleaved, meaning each successive byte uses an adjacent successive lane. The PCI-e specifica-

tion calls this interleaving “data striping”. While this adds significant complexity to synchronize or deskew 

striped data, striping significantly reduces the latency, which in e.g. real time rendering is extremely valu-

able. While not strongly synchronized, the extent to which skew is limited in the various PCI-e generations 

so that the hardware buffers can re-align the striped data. Striping does not necessarily reduce the latency 

of small packets because of padding requirements, but rarely are small packets sent when working with 

GPUs. 

As with other high data rate serial transmission protocols, a cyclic redundancy clock (CRC) is used to verify 

the accuracy of transmitted packets. PCI Express 1.0 and 2.0 implement symbol encoding utilizing the 

8b/10b encoding scheme [25], the same encoding often used in SATA connections to the disk drive, to 

ensure that consecutive identical binary digits are limited in length (no more than 5 identical bits consecu-

tively), specifically to prevent the receiver from losing track of where the bit edges are due to clock issues. 

8b/10b encoding transmits every eight uncoded bits of data as 10 encoded bits of transmit data, causing a 

20% overhead (limiting repeated data patterns reduces noise from electromagnetic interference). To im-

prove the available bandwidth (and meet the goal of doubling bandwidth rates with each new PCI-e gener-

ation), version 3.0 uses 128b/130b encoding with XOR scrambling. S128b/130b encoding relies on the 

scrambling to limit the run length of identical-digit strings in data streams and ensure the receiver stays 

synchronized to the transmitter. Most modern GPUs use a x16 PCI-e 2.0 or 3.0 interface. 

What this hopefully conveys is a sense of how data transmission from the host to the device can quickly 

become expensive and minimizing exchanges between the two is important in optimizing performance. 

While this barrier was tolerable in the original problem space GPUs occupied in graphics processing, where, 

once an image had been processed on the GPU, it could be bussed directly to the display monitor without 

requiring further processing, scientific computation often needs the data transmitted back to the CPU where 

it is either examined, utilized in another CPU driven calculation, or re-transmitted to the GPU, or any com-

bination of those, which can slow computation considerably. In this regard it is best to keep data locked to 

the GPU for as long as possible in contiguous spans of processing time and design kernels/GPU implemen-

tations to perform as many related computations contiguously in time as possible. 
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2.3.4 GPUs and CUDA 

A GPU is a massively parallel device built around a Single Instruction Multiple Thread (SIMT) model for 

parallel processing. This is derived from the Single Instruction Multiple Data (SIMD) paradigm in Flynn’s 

taxonomy of parallel processing. SIMT divides computation not across compute nodes but across threads, 

where threads move in and out of context to load, process, and unload data efficiently. Generally speaking, 

this thread oriented mode of data processing means that GPUs scale considerably more with large data sets 

and conversely, can struggle to find computational parity with small data sets (if at all) [4].  

CUDA (Compute Unified Device Architecture) is nVidia’s proprietary wrapper for the C/C++ languages 

that allows code to run on Nvidia’s GPU hardware. Programmers define CUDA functions, called kernels, 

which are then dispatched to the GPU across a bus to perform whatever computation the kernel entails. 

CUDA is compiled through nVidia’s proprietary NVCC (nVidia CUDA Compiler). Kernels are expressed 

identically to ordinary functions except some additional markup is required to indicate it is a kernel to be 

run on the device. Invoking a kernel also requires specifying the number of CUDA threads that will execute 

that kernel and the number of grids that will own those threads. A variety of intrinsic variables exist that 

are accessible within each kernel such as the threadId variables (for each of the Cartesian coordinates) to 

identify threads, blocks, etc.  

Figure 15. Kepler Architecture. Image Source: nVidia Corp. 
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It is not strictly necessary that programming for nVidia 

GPUs be done via CUDA – there are open source program-

ming solutions such as OpenACC (OpenACCelerators) and 

OpenCL (Open Computing Language), however, there are 

performance disparities between the two related to how 

OpenACC translates GPU kernels to object code and vola-

tility in its heuristics for optimization which the NVCC does 

not have, at least in comparison. In that regard the maximal 

opportunity for performance gains are possible via CUDA, 

however, the learning curve for OpenACC is not as steep, 

and the development cycle to performance improvement 

tradeoff may make OpenACC development more cost-ef-

fective. [26] 

By “wrapper” nVidia means the NVCC is not a complete 

compiler and it requires a separate functional host side compiler (GCC/G++ for Linux environments, 

CLANG for MacOSX, cl.exe for Windows) to generate the host binaries, itself only producing the cubins 

(CUDA binaries). These cubins are typically embedded directly within the host side binary, however, it is 

possible to leave them unlinked at compile time, potentially to provide interoperability for different lan-

guages in building a library, and many other languages provide their own CUDA libraries to operate on 

nVidia GPUs (e.g. NUMBA and PyCUDA for developers of a Pythonic twist). 

Despite the different performance and priorities 

when programming for one environment or the 

other, it is important to remember that the GPU is 

a highly specialized CPU and one of the principal 

changes derives from removing the speculation 

machinery that make optimization in host-oriented 

development more streamlined – the integrated cir-

cuitry driving it are the same as those on the CPU, the structure of caching and hierarchical memory are 

similar, generally the largest difference is the proportions and control schema such that in a GPU, the em-

phasis is on data throughput, so instructions are streamed to many ALUs simultaneously at the expense of 

branch prediction, out-of-order execution, and memory pre-fetch, whereas the CPU optimizes control and 

prediction speculation, but the actual processing capacity via ALUs is, comparatively, limited. 

Figure 17. Graphic depiction of proportion of CPU and GPU sub-
components. Image Source: nVidia Corporation 

Figure 16. Kepler SM. Image Source: nVidia Corp. 
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2.3.4.1 CUDA Cores and Streaming Multiprocessors 

As the core is the smallest unit of a gestalt CPU, so too do GPUs have distinct cores (or in the case of AMD 

GPUs, conflictingly referred to as streaming multiprocessors). However, the deconstruction of the CPU 

core’s transistor resources, or rather, redistribution, does not make the analogy 1:1. While the exact number 

of cores is strongly hardware dependent for any particular GPU, contemporary units often have thousands 

of cores, and every GPU is composed of anywhere from tens to hundreds of aggregate core units called 

Streaming Multiprocessors (SM) (Figure 16). A slight digression into the ambiguity of this nomenclature 

is worthwhile: historically, nVidia referred to their processing units as CUDA Cores because they imple-

mented a SIMT strategy, whereas AMD’s ATI derived GPUs were true streaming multiprocessors relying 

on vector processors [27], however, the distinction has largely become muddied, as nVidia now refers to 

the groupings of CUDA Cores and control logic for the core that are used as gestalt computation nodes in 

warps as streaming multiprocessors in some of their literature [28].  

Each CUDA core is analogous to an individual core in the host in terms of being a lane to process data on, 

however this isn’t a perfect analogy, as a GPU SM encompasses many cores, and the SM holds not only 

the control units, registers, and pipeline associated with a single core in a CPU, it also encompasses limited 

caching capabilities, and multiple SMs share a SM scheduler to coordinate the warps [29] [30] [31] 

2.3.4.2 Control Units, Flow, Pipelines, and Branching 

The control units in GPUs are significantly atrophied in comparison to CPUs (Figure 17), but ideally this 

does not matter as explained below. However, this is one of the strongest points of divergence in the pro-

gramming paradigm of GPUs due to the hardware, as many of the techniques discussed in the host are 

subtly changed or simply don’t exist in the GPU. 

When a kernel is launched, the programmer explicitly dictates how many threads are launched,  

Figure 18. Warp latency hiding. Image source: nVidia Corporation. 
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subdivided into blocks and grids. The number of blocks 

must be explicitly dictated by the developer with the ker-

nel launch, however the GPU will manage the aggrega-

tion of blocks into grids. Blocks are effectively the ag-

gregation of threads as they will be encountered by the 

SM, and as such are limited to 1024 threads (or 512 for 

pre-CUDA 10.0 versions). A single SM may manage 

several blocks but only ever one grid. 

2.3.4.2.1 Warps, Warp Scheduling, and Latency Hiding 

Warps are the gestalt unit of CUDA instruction parallel-

ism, below which nothing smaller is possible from the 

perspective of SIMT. A warp consists of 32 independent 

threads which share a scheduler and instruction unit. All 

threads in the warp share the same instruction and per-

form the same operations, they are simply directed at dif-

ferent data (SIMT). This means that when jobs are launched on the GPU, they ideally use some multiple of 

32 threads so that each warp is completely filled. The extent to which the warp is filled is referred to ask 

occupancy, and poor occupancy effectively means that resources will be used but make no progress – re-

gardless of any programmer input, a warp will always instantiate with 32 threads, whether or not each 

thread has useful work to do.  

Understanding latency hiding is critical to understanding the problem spaces where GPUs out-perform 

CPUs and it derives from the scheduling of warps. As detailed throughout §2.3.2, in a CPU, time spent 

transferring memory is time functionally inert, as data must be located elsewhere, then sent to the right 

location, during which time no modification is done, and so a great deal of work is done by the control unit 

in CPUs to minimize time spent fetching and transferring data and making sure the data that is fetched is 

loaded fast caches. But the cost of retrieving data cannot be totally eliminated, it can only ever be dimin-

ished. Yet in the case of GPUs, if the algorithm is well suited and the kernels well implemented, workloads 

can be shuffled around via instruction scheduling and context switching to do work continuously so that 

there is almost no time when the GPU is idle due to loading memory. This is what is meant by latency 

hiding, depicted in Figure 18.  

Scheduling on the warp follows somewhat similar schema to the retirement schemas of cache memories. 

Some architectures schedule warp instructions in a round robin manner, where it is agnostic to the events 

and scheduling of other warps (beyond avoiding structural hazards). There’s also a least recently fetched 

Figure 19. CUDA Blocks and Grids 
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schema, where the warp that least recently held a compute context is reloaded, with the expectation that 

this balances the load in a FIFO-analogous manner. 

The reader should note that a GPU is generally much slower and that far more time is spent in memory 

transfer and loading, however, because of context switching within streaming multiprocessors, if memory 

is properly managed the GPU will functionally be continuously churning and modifying data, whereas the 

CPU will virtually always at some point be forced to sit idly while memory is transferred. If memory on 

the GPU is poorly managed, it can be considerably worse. 

2.3.4.2.2 Instruction Pipeline 

GPUs do implement ILP through instruction pipelines [32], however, whereas CPUs implement instruction 

decoding for each ALU for a given instruction, GPUs implement a single decoder for a large grouping of 

ALUs (Figure 16). This tethering of more than two dozen execution contexts and ALUs to a single instruc-

tion decoder considerably speeds up processing time and is fundamental to SIMT, but it is also why the 32 

threads of a warp are tied together in lock-step except through predication. 

As far as this author was able to determine, nVidia does not have explicit external documentation of the 

mechanics of the hardware with regards to reservation stations, re-order buffers, etc. within their documen-

tation (assumedly because such knowledge isn’t generally exposed to ordinary developers for host pro-

gramming), although users can surmise that the performance gains from such techniques would have some 

manner of implementation within the GPU. There is the notable exception that nVidia held a patent from 

2003 to 2010 for “Across-thread out-of-order instruction dispatch in a multithreaded microprocessor” [33], 

and that presumably they hold another patent to perform a similar task in contemporary GPUs since that 

one’s expiry. In fact, some of the best resources on GPU memory hierarchy come from microbenchmarks 

reverse engineering the structure [34] [23]. 

2.3.4.2.3 Branch Prediction 

Within branch prediction’s importance in optimization generally, it is particularly so in GPU optimization, 

in that it should generally be avoided. nVidia provides no end of documentation detailing how to prioritize 

and minimize branching varying from moving conditional examinations further up the pipeline so as to 

resolve them sooner to Z-culling, a powerful tool in graphical problem spaces to exempt calculation for 

visual spaces that are occluded, but less useful in generalized non-spatial computation (although in spatial-

oriented tasks such as imaging there may still be utility). 

Branching is considerably different within the GPU. GPUs are capable of true branching, however, because 

there is one CU for each warp, the branching will occur for all threads within the warp, which, for many 
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GPGPU purposes, is not ideal, as in e.g. iterative ODE solvers that need to determine when to stop iterating 

via the residual, which relies on branch comparisons. 

Pascal and earlier nVidia GPUs execute warps sharing a single program counter across all threads in the 

warp, combined with bit masking. Bit masking uses a single bit in the instruction to declare certain threads 

active or inactive at any given time. This means that divergent execution paths leave some threads inactive, 

serializing execution for different portions of the warp. The original mask is stored until the warp recon-

verges at the end of the divergent section, at which point the mask is restored and the threads run together 

once again. 

2.3.4.2.4 Predication 

Predication is generally how GPU’s control flow in branching code at least historically [35], but it is effec-

tively static branch prediction where, instead of selecting one or the other branch to take and then sorting 

out which is correct, predication allocates resources for both branches, runs both possibilities through the 

pipeline, then discards the results of the incorrect one. Predication assigns both the true and not-true value 

taken when instructions are fed into the pipeline, and the instructions in each half of the branch must check 

the condition code before writing to registers. This means that instructions in the correct branches are the 

only ones to write their output, but all branch points cost as much as both parts of the branch and branching 

should be used sparingly on such architectures.  

2.3.4.3 GPU Memory 

Memory management on CUDA devices is a key aspect of writing GPU parallelized code – management 

across the complete array of available memory is consistently indicated as critical to maximizing hardware 

performance across the literature [4]. As with host memory, there is a hierarchical memory management 

system within CUDA, it employs paging, virtual addressing, and TLBs [34]. There are several classifica-

tions of GPU memory: local, global, register, shared, and the cache. 

2.3.4.3.1 Local Memory 

Local memory resides in device memory, i.e. on the GPU card, but outside the streaming multiprocessors. 

Physically it exists as DRAM (cf. §2.3.2.2) and therefore has similar performance and problems with the 

memory wall, making data accesses from local memory expensive – in fact, it requires approximately 45 

times to retrieve from the GPU cache as it does the registers [4]. As the name would suggest, it extends 

local scope, meaning only the thread it is allocated to can access its contents, not even identical threads 

within the same warp cannot access it. It is analogous to main memory in a host environment.  
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Local memory is ideal when the data is larger than can fit in registers, the cache, or shared memory, but the 

programmer wishes to avoid the possibility of accessing the data via global scope from other threads, as 

that could lead to race conditions. 

The compiler automatically assigns to local memory when it determines there is not enough register space 

to hold data. This is referred to as “register spillage”. The amount of occupancy in the registers is referred 

to as register pressure, because at excess “pressure” the storage vessel “gives” and data “overflows”, alt-

hough unlike how the name would lead one to believe, it is assigned to local memory in an orderly(ish) 

fashion. Register spillage is a common cause of poor performance. 

2.3.4.3.2 Global Memory 

Global memory is not a separate instance of memory such as the registers or the cache but an abstraction 

within the physical local memory in the same manner that the stack and the heap are abstractions within the 

main memory, making it also as expensive to access as global memory. Its scope is however global, mean-

ing any streaming multiprocessor may access the data and so global memory is both a key resource for 

moving data between warps, streaming multiprocessors, and therefore also a potential site for race condi-

tions.  Programmatically, the only distinction between local and global memory is the scope it holds for 

which threads can (in the case of global memory) or cannot (in the case of local memory) be accessed.  

2.3.4.3.3 The Cache 

While this was not always the case, modern GPUs, particularly GPGPUs, support cache memory. This 

significantly improves performance for all the reasons laid out in §2.3.2.3, however, it introduces those 

same problems, and cache missing is particularly problematic for GPUs, as, if even one thread should miss, 

the entire warp, conceivably 31 other threads, can stall as the data is fetched.  

Every SM holds its own L1 cache while the L2 cache exists outside the SM and is shared by all of them. It 

is unified for instruction, data and page table access. Furthermore, nVidia GPUs use a page table to map 

virtual addresses to physical addresses, and the table is typically stored in the global memory. The TLB is 

the cache of the page table. Once a thread cannot find the page entry in the TLB, it would access the global 

memory to search the page table, which causes significant access latency 

2.3.4.3.4 Register 

Registers in GPUs function in the same manner as described in §2.3.2.4 for the CPU, but whereas in the 

CPU they are the rare and prized resource at the narrow apex of a pyramid built on main memory as a 

foundation and then caching, much of the cache from the CPU has been redistributed in the GPU as regis-

ters. However, that does not mean they are plentiful - their scope is limited to the GPU core/ALU they are 
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attached to, and because there are so many magnitudes more cores/ALUs in a GPU, there isn’t a wider 

register file to work with per se within each core. 

As in the CPU, they have the greatest locality of any memory, meaning that any data which can be assigned 

to the register is handled fastest out of any memory bank, often requiring no clock cycles per instruction in 

most instances. However, delays can occur due to cache misses, bank conflicts, or particular dependencies 

such as RAW hazards, which, in the latter’s case, can consume a couple dozen clock cycles.  

In addition to the read after write latency, register pressure can severely detract from the performance of 

the application. Register pressure occurs when there are not enough registers available for a given task. 

When this occurs, the data is “spilled over,” consuming local memory and greatly reducing performance. 

For this reason, CUDA allows a more direct allocation of register resources on the device than host envi-

ronments allow, permitting users to restrict or loosen restrains on how registers are allocated to each core 

such that occupancy via thread count can be improved, or reduced to avoid register pressure. 

2.3.4.3.5 Shared memory 

Shared memory on the GPU allows communication within the same thread block within a streaming mul-

tiprocessor without going to the local or global memory, which, according to nVidia, is up to 100x faster 

than a global or local memory fetch [36]. It is the only GPU memory that can be declared as an unsized 

extern, although that must be declared with the kernel launch. 

Importantly, as the Global Memory is to the Local Memory in needing to be apportioned by the developer, 

so too does the Shared Memory and the cache split the same memory resources. Historically the developer 

needed to explicitly declare which of the two would be the dominant memory resource, either 48KB of 

shared memory and 16KB of cache, or vice versa, with the device defaulting to more shared memory, 

although later device architectures do no require this. [37] 

2.3.4.3.6 Unified Memory 

Whereas in host/CPU environments, memory has grown so cheap that the limiting factor in performance is 

typically accessing speed rather than capacity, the limiting factor in GPU architectures is capacity. As with 

CPU optimization, GPU optimization requires working as locally on the GPU as possible, particularly for 

iterative applications using the same data multiple times or with a high flops/byte ratio. The limited memory 

capacity of GPUs means real-world codes must selectively use data on the GPU, allocating only necessary 

parts of the working set to GPU memory. 

Traditionally, GPU developers have only been able to explicitly copy memory to transfer data from the host 

to the device. Unified Memory shares data across the host and device, combining the advantages of explicit 
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copies and zero-copy access. Unified memory allows the GPU to access any page of the entire system 

memory and simultaneously migrate it to its own memory [36]. While explicit management still gives the 

best performance [37], it requires attentive management of GPU resources and also predictable access pat-

terns of the data. Zero-copy access provides direct access to the system memory, significantly improving 

legibility and maintenance, however, then the bridge (PCI-e or NVLink) becomes the limiting factor, and 

locality still can’t be leveraged. 
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3 The Tensor Template Library 

3.1 Templates 
The TTL provides two user-defined templates, Index templates and Tensor templates. An Index is simply 

a template that converts 8-bit integers into unique types from some regular expression. Indices appear in 

Tensor binding operations and implement symbolic matching between tensor dimensions within expres-

sions. Tensors manipulate and shape data storage. 

3.2 Indices 

The Index class template creates unique types for each 

character regular expression that it is parameterized with. 

Index values that have the same class are treated as the 

same index i.e. there is no collision. The resulting type 

can be manipulated by the TTL internal infrastructure at compile time in forming tensor expressions. This 

allows TTL to perform various operations based on the indices bound to the tensors in order to perform 

index matching and code generation for expressions. 

Source-level indices only occur in constant, compile-time contexts and thus it is common to see them de-

clared as constexpr, const, or both. An example instantiation of index templates is shown in Figure 20. 

Index template instantiation 

3.3 Tensors 

The Tensor template defines a square, multidimensional, row-major 

array structure of statically known array size. In alignment with the 

definition this author provided in §2.2.1, from a data storage perspec-

tive, a Tensor and a statically-sized multidimensional array are the 

same thing, as shown in Figure 21.  

TTL Tensors follow the form <Rank, Dimension, Datatype> to declare the tensor rank, dimensionality of 

each rank, and the type of data the contents are. As any other template this must be declared at compile 

time due to the need for template deduction. TTL Tensors can be initialized elementwise, using initializer 

lists, or expected copy/move operators. If the data type is a pointer such as double*, the Tensor needs to 

initialized with a reference to an external buffer of the under-

lying type, and this will not be a deep copy, operations will 

effect that external storage. Externally allocated Tensor stor-

age can be useful with legacy code but it is primarily intended Figure 22. External data allocation 

Figure 20. Index template instantiation 

Figure 21. Data storage equivalence of 
Tensors and multidimensional arrays 
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and useful in the context of CUDA driven GPU code where explicit memory management via mallocs is 

required. Data that is pointed to on the host can be migrated and pointed to on a kernel side Tensor. 

The principal difference as an API between a 

TTL Tensor of rank N and a statically sized 

square array of N multidimensionality is that a 

Tensor can be "bound" using indices to imple-

ment its family of operator()(...) overloads that 

define the TTL expressions. A Tensor can be 

bound either using integers in the range [0,Di-

mension) or Index<> types (cf. §3.2), or both. Unlike how most objects are viewed in object oriented pro-

gramming (OOP), raw TTL Tensors are rarely useful; while one can make raw TTL Tensors, in much the 

same sense that tensors define operations between tensor objects, the utility of the TTL comes through 

binding to access the expression library. There are a handful of constant expressions that do not allocate 

space but allocate pre-determined values around 1 and 0 (operations using the zero tensor, levi-cevita, the 

identity tensor, etc.). Supported invocations of the different Tensor expressions are shown in  

TTL supports not only tensor expressions but a small number of library functions that can be applied to 

square rank 2 Tensors or which can be reinterpreted as a square matrix. These include transposing the 

contents, solving a determinant (ill-advised for large matrices), generating the inverse, and a choice of 

several linear solvers.  

 

 

 

  

Figure 23. Tensor Expressions 
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4. Methodology  

4.1 Hardware 

All unit test work and microbenchmarking that was host driven was done using the resources of Notre 

Dame’s C-SWARM compute cluster. Host side testing was run on Intel Xeon E5-2620 v2s. These offer 12 

cores per chip, with up to 2.6 GHz clock speed, 64KB of L1 cache, 256 KB of L2 cache, and 15360 KB of 

L3 [38]. Characterization work with loads more resembling deployment were done on LLNL’s (Lawrence 

Livermore National Laboratory) Pascal cluster, which implements nVidida P100s for GPGPUs and Xeon 

E5-2695 v4s for host processing [39]. P100s utilize the Pascal architecture and offer 4700 GFLOPs of 

double precision and 9300 GFLOPs single precision compute power, spread across 3584 cores [40], while 

the Xeon E5-2695 v4s offer up to 3.3Ghz processing speed, a 45 MB cache, and 36 cores across 2 sockets 

per node [41]. 

TTL unit testing and microbenchmarking for the GPU were run on a GeForce GTX Titan Black, which 

implements the Kepler architecture (Figure 15). The unit offers 5120.6 GFLOPs of single precision and 

1706.9 GFLOPs of double precision compute power across 2688 cores, those cores distributed among 14 

streaming multiprocessors. Each SM has an average clock speed of 900 Mhz but is capable of 1Ghz speed 

if the specialized application specific integrated circuit (ASIC) vector processor units can be utilized. 

Memory wise it holds over 6 MB of GDDR5 memory with 64 KB of cache [42].  

Additional testing was done with the GCM on a Tesla V100 GPU Accelerator using Indiana University’s 

Juliet cluster. This was done primarily to utilize the Volta architecture, which offers warp thread voting to 

reschedule low-occupancy warps and improve poor performance due excessive context holding in non-

uniform thread resolution. This was done to examine the importance of thread divergence in the GCM due 

to its iterative Newton-Raphson methods. The V100 has 5,120 cores, 640 tensor cores (vector processors), 

7.8 TeraFLOPs of double precision and 15.7 TeraFLOPs of single precision performance, and 32GB of 

memory and 900 GB/sec of bandwidth. [43] [44] 
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4.2 Compilers 

The Gnu Compiler Collection (GCC) 7.1.0 was used in 

generating almost all host-exclusive code. MPICH-gcc-

7.1.0 was used in generating MPI code to examine distrib-

uted-memory parallel processing (DMPP) for the GCM 

(this is a common MPI wrapper compiler for a host com-

piler, in this case GCC 7.1.0). In microbenchmarking, 

GCC 7.1.0 was utilized to generate the host side code, and 

the NVCC 10.0 was utilized to develop both host side and 

device side assembly for comparison. With regards to the 

GPU, very early work in building the test suite to verify 

functionality was done via NVCC 9.2, but final verifica-

tion and later work was done via the NVCC 10.0. 

4.3 Tools 

The GoogleTest package from Github [45] was used for building the unit tests that were needed to examine 

the functionality of the TTL in a GPU environment. It provides an easy interface to build independent tests 

that compile together but can be tested and debugged individually when needed. Googletest examines code 

via macros resembling function calls in a similar manner as static assertions in the C++ library. Developers 

test their code by “asserting” about its behavior, and if an assertion fails, googletest prints the source file 

and line number location causing the failure (Figure 24). It also has an easy to work with framework in 

CMake. 

Verification of GPU functionality of the TTL was performed using CUDA unified memory (cf. §1.4.2.6) 

as performance was irrelevant for verification purposes. The earliest implementation of the GCM which 

deployed the TTL also utilized unified memory – this was originally predicated on nVidia’s guarantees of 

unified memory offering “the performance of local data on the GPU, while providing the ease of use of 

globally shared data”. [46] [36] We found that to be half true, but the untrue half proved pertinent for 

performance profiling, and other investigators have had similar difficulties [37], so we eventually reverted 

to explicit memory management for both the GCM and the microbenchmarking.  

All compilation was managed through CMake 3.13, which generates all the necessary files for Make to 

process the source code to binary files. NVProf was used in early work to examine performance of the 

GCM and search for areas to optimize performance.  

Figure 24. Successful GTest output for test submodule, 
cuda_init, examining object constructors 
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The microbenchmarking test suite and assembly generating tests to examine particular TTL operations col-

lected data using the standard library high resolution clock as it provides the smallest tick period possible. 

Execution with the steady clock utility was examined, however, the principle benefit of the steady clock is 

that the OS cannot interrupt or back-update clock times, but this is insignificant on the distributed nodes of 

the server as they hold no other tasks, so the precision utility was more appropriate. 

4.4 Updating the TTL to the GPU/CUDAfication 

The principle concern of migrating the TTL to operate within a GPU context was if there might be any 

library function within the TTL that was unsupported in the kernels, as well as how the template metapro-

gramming would possibly impact the NVCC’s compiler heuristics.  

A design objective for the TTL was to be an environment agnostic API, i.e. there should be no or minimal 

distinction for the client between developing for a host or device environment. This meant all functions 

needed to be invocable within the context of the device, requiring markup for the NVCC to recognize which 

parts of the code the NVCC needed to compile into cubins and which needed to be forwarded to the host 

side compiler to generate regular binaries. In general this meant all functions, from the constructors to 

operator overloads, needed to be decorated, and a handful refactored.  

It was unclear in early development to what extent the TTL would need to be refactored to operate within 

the GPU, because it was unclear to what extent the NVCC was able to capture in a device environment all 

the C/C++ library functions that operate in the TTL host-side, given that the NVCC does not actually com-

pile host-side code but forwards it to a host compiler, clearly indicating that the NVCC’s functionality is 

not built upon the other compiler but is a separate and potentially limited extension.  

First and foremost was the question of how, if at all, the NVCC would handle templated compilation for 

the expression tree structures the TTL would be building. The reason for this suspicion was that the ISO 

accepted the C++ 11 standards in 2011 [47] which provided the essentials of metaprogramming capabilities 

(although there have been extensions since), but it wasn’t until late 2015 that CUDA had support for any 

kind of metaprogramming [48]. There are also certain library features that would, in general programming 

parlance, be considered essential, e.g. error catching and throwing, yet which are impossible on the GPU 

(albeit at least in that instance for understandable reasons e.g. how would one throw an error in a single 

GPU thread? Should it be thrown back to the host and stall all work, or, because all threads in the warp are 

driven by a single control unit, should it stall all the threads in a war [which assumes it can be caught]? 

How would one implement a “try” clause without the speculative execution units a CPU has and which the 

GPU doesn’t?). It was unknown what other similar incompatibilities between host and device code com-

piling through the NVCC might reveal in the TTL.  



51 
 

4.4.1 Linear Solver 

Additionally, the TTL did not have an independent linear algebra package or solver for the DMPP system 

implementation that parallelized computation through MPI. Rather, that functionality was provided by Lin-

ear Algebra PACKage (LAPACK) and Basic Linear Algebra Subprograms (BLAS). Originally this was an 

excellent decision, as both BLAS and LAPACK are well known software packages, widely used in HPC 

because of its excellent performance – the original LAPACK article [49] has been cited over 700 times, 

and an update to the BLAS library has been cited more than 690 times (for which one of this thesis’s 

committee members was co-author, Andrew Lumdsaine) [50]. This would allow easier integration for other 

researchers who might wish to use the TTL when originally developer for distributed memory systems, 

however, neither BLAS nor LAPACK have direct support within CUDA. 

CUDA does offer their proprietary implementations of BLAS and LAPACK, CuBLAS and CuSOLVER, 

respectively, both adopting the APIs of their namesakes, however, neither were well suited to integration 

with the TTL as a solver for the API the TTL was intended to have. The tensors needed by PGFEM are 

small and dense, overwhelmingly rank 2 or 1, less than a handful being rank 4. The parallelization strategy 

within the GCM was that each thread should process a single tensor object. In contrast, cuBLAS is intended 

for and best served by individual large matrices, not a multitude of small dense ones [51]. While cuBLAS 

can manage multiple independent matrices via CUDA streaming, this wouldn’t operate well at the scale the 

TTL would need to in PGFEM (or most any other finite element modeling). Doing multiple matrix-matrix 

multiplies or solutions would require feeding the data into the GPU via a stream, but “The application 

[must] conceptually associate each stream with each task” [52] i.e. each tensor would need its own separate 

stream. The bottleneck for this would be orders of magnitude out of scope for the number of tensor objects 

the PGFEM needs to examine. 

Instead, an in-house solver was developed. This was built from a high-performance BLAS and LAPACK 

package Dr. Andrew Lumsdaine provided. It implements LU factorization to determine inverses and solve 

systems and incorporates a partial pivoting strategy to guarantee numerical stability. This author contributed 

a rook pivoting routine to provide a more numerically stable solver than partial pivoting with near partial-

pivoting computational efficiency, as well as a QR factorizing and Cholesky solver. 
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4.5 Building Test Programs 

All test code is available with TTL on github at 

https://github.com/C-SWARM/ttl/ 

4.5.1 Unit Testing 

As mentioned in §4.3, developing the testing capabilities to 

examine GPU functionality was built using the GoogleTest 

framework. This provided a foundation for the test subrou-

tines as it has an easy API to implement testing, can pinpoint 

conflict areas in debugging, as well providing a clean output 

of expected outputs from given inputs using a macro-like 

system (Figure 25) 

Broadly tests were broken down categorically to evaluate the different ways the TTL might be used. This 

meant examining tensor operations and expressions, the library’s syntactic coherency for expected expres-

sions, and the stability of the tree structures it builds to mimic tensor data. Testing tensor operations and 

expressions meant examining that tensor objects could be properly initialized, basic linearity properties 

(multiplication/division, addition/subtraction, modulo) tensor operations (inner and outer products across 

various tensor ranks). Examining the lexical coherency meant checking that compiler deduction via auto-

typing was consistent in generating entirely new tree structures (e.g. from two given rank 2 tensors of 

dimension 3, could the compiler deduce the structure needed of a third autotyped “entity” from an expres-

sion of the former 2?).  

4.5.2 Performance Characterization in PGFEM 

Selecting an area of the PGFEM to parallelize for the GPU was a difficult task. Although several modules 

of the PGFEM utilize the TTL, the ways in which data migrated between different submodules and were 

interdependent was sprawling (Figure 26). Determining how to quantify TTL’s performance and potential 

speedup in the GPU required examining submodules that were small enough they could modified quickly 

yet independent of other modules, and the GCM seemed the best fit in this regard, as generating data for it 

Figure 25. Failed GTest. In this instance, the GTest ac-
tually failed to resolve correctly. 

Figure 26. PGFEM Call Graph. Source: Dominik Kovacs, C-SWARM 
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to process was easier and working with it separately required less refactoring of the code, which would 

alter a true assessment of the performance. 

In parallelizing the GCM, each crystal grain tensor element would be handled by one thread. This would 

allow each tensor object to exist independent of the others and was the smallest possible coherent parallel-

ization of the intended computation (updating the elasticity of the grains as they deform with stress/heat) in 

addition to being an intuitive one. The hope with this was that it would not only improve legibility by 

operating within single tensor objects, but maximize total thread occupancy to concurrently utilize as many 

GPU resources as possible when the GPU was invoked. 

Examination of the performance would be handled by timing testing for general profiling as well as the 

nVidia Profiler (NVProf) for diagnostics. NVProf is a graphical profiling tool which displays a timeline of 

an application's activity, both host and device, and includes an automated analysis engine to identify opti-

mization opportunities.  

4.5.3 Microbenchmarking 

The microbenchmarking tests were necessitated after 

examining performance of the GCM with TTL imple-

mented within GPU kernels, specifically after the per-

formance of the TTL-augmented GCM operating on a 

Volta architecture GPU did not resolve the TTL’s lag-

ging performance in comparison to a raw loop imple-

mentation. While the unit testing in §4.5.1 would verify 

that the TTL compiled through the NVCC could build 

the appropriate operations from source code and that 

those outputs were valid, there were no guarantees 

about the quality of that performance, and as examined in §5.2, there was a discrepancy in the performance 

of the TTL and the raw loop implementation in the GCM that warranted further investigation.  

Whereas examination of the TTL in the GCM was targeted at an implementation environment which nec-

essarily had many more variables from which performance might suffer, the microbenchmarks were devel-

oped to isolate the TTL’s performance for specific operations across a spectrum of tensor ranks (i.e. number 

of multidimensional arrays), expression trees, and data types (to examine the impacts of memory alignment 

on register pressure). The microbenchmarks focus on the distinctly tensor-ish behaviors that were more 

likely to encounter problems with the compilers’ heuristics, i.e. inner and outer products (essential to many 

Figure 27. Microbenchmark output 
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of the TTL’s other functions) across varyingly complex expressions and bindings. An example of the mi-

crobenchmarking results is shown in Figure 27. 

4.5.4 Assembly and Compiler Testing 

The results of the microbenchmarking indicated either that the testing was flawed, that the problem lay with 

the GCM implementation, or that the compiler itself was the next potential culprit for the performance 

disparity, however, the exact nature of any such inconsistencies was unknown, and so an examination of 

the assembly of the binaries and cubinaries was necessary.  

In order to test over the range of data types, tensor ranks, and dimensionality used in the microbenchmarking 

suite, considerable templatization was used. The assembly tests were built with no templatization except 

that intrinsic in the TTL to limit compiler heuristics and isolate those heuristics being used in constructing 

the TTL objects. It was also reduced to examine those tests that were most commonly encountered within 

PGFEM, 1st and 2nd order tensor inner products. 

A simple text comparator was used to identify points of divergence in the assembly code generated by the 

different TTL configurations and compilers and then assembly instructions were marched through by hand 

to compare implementations. Compilation was performed under the GCC and NVCC.  
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5. Results 

Certain figures, either too numerous or requiring too much compaction to be fit within the body of this 

work for clear details beyond general patterns, are provided in Appendix A. Additional Figures. 

5.1 Unit Testing 

Once updating the TTL to operate within the GPU was complete, 

the first task was verifying that the CUDA decoration and refac-

toring of the essential functions was generating valid outputs and 

behaving as expected. This was completed with over 400 lines of 

modified TTL code and 8000 lines of unit test code building the 

kernels and host code to drive testing, as well as the creation of 

an independent linear solver library. Sample output from the 

GTest unit tests are provided in Figure 28. TTL features operable 

within the GPU are expressed in Table 1. 

It is noteworthy that the bussing time for even these extremely 

small data sizes (often less than 100 bytes) always incurred a pen-

alty (typically approximately 500 ms) in the first unit test as the cost of bussing data across the PCIe, 

whereas the unit tests themselves typically ran on the order of 2-3 ms at most, many operating below the 

measurable threshold. Hopefully this provides the reader with some context for how many orders of mag-

nitude more expensive it is to migrate data between the GPU and CPU than it is to hold data to the GPU 

and do as much processing as possible with data in that context. 

5.2 PGFEM and GCM Performance Analysis 

An early characteristic run of the GCM on the LLNL Pascal ar-

chitecture utilizing the TTL compared to a baseline implementa-

tion of the GCM implementing raw for-loops is shown in Figure 

29. Performance suffered in the GPU in comparison to a host-

side MPI driven solution, which initially was expected given that 

the MPI model was more well understood to the PGFEM devel-

opers and therefore optimized, nor is such a result unexpected 

from the literature [53] where there is “evidence that program-

mers should rethink algorithms instead of directly porting them 

to GPU”, despite the general expectation that in porting to GPUs 

there will be some manner of improvement for sufficiently 

Figure 28. GTest demonstrating successful 
CUDA build for operator testing. 

Binding ✔️

Delta tensor ✔️

Determinant ✔️

External memory operations ✔️

Linear solver ✔️

Levi-Civita ✔️

Identity ✔️

Index behavior ✔️

Index mapping ✔️

Inversion ✔️

Scalar interactions ✔️

Tensor operators ✔️

Tensor constructors ✔️

Transpose ✔️

Table 1. CUDA-capable TTL Features. 
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parallel systems regardless of potentially poor configuration (and for which there is increasing evidence to 

be suspect of the validity of such sweeping improvements generally) [54]. 

What was less expected was that only the for-

loop implementation scaled better on the GPU 

than MPI, and moreover, it was not until full 

thread occupancy of the P100’s 3584 cores 

that the GPU showed any performance gain 

over the MPI implementation (Figure 29) (ad-

mittedly it is somewhat misleading to say that 

that is full occupancy, as that would actually 

have occurred earlier due to the branch-points 

in the Newton-Raphson solver requiring predication, i.e. each possible outcome would hold a thread).  

After cleaning up the code and moving away from unified memory in the GCM, NVProf was used to ex-

amine where intransigent stalls might be occurring. In certain block and thread configurations we were able 

to push occupancy very high, in the range of 80-90% (Figure 30) however, two areas that appeared consist-

ently as targets for improvement were memory (both for throttling and dependency) (Figure 31) and warp 

execution efficiency (Figure 30).  

More than two thirds of the stalls could be accounted for in memory throttles and memory dependence 

(Figure 31). Memory throttles occur when a large number of pending memory operations prevent progress, 

the solution to which is generally to combine memory transactions or better utilization of shared memory. 

In contrast, memory dependence occurs when load/store operations can’t be made because either the re-

sources are fully utilized or too many such opera-

tions are occurring simultaneously (effectively a 

load balancing problem). This can be improved by 

optimizing memory alignment, not in the historical 

sense of using different byte-sized type as in floats 

vs doubles (although this might help in the instance 

of register pressure) as that kind of memory align-

ment is managed best via padding by the compiler; 

rather, it’s using the intrinsic variables CUDA pro-

vides for indexing to parallelize intuitively rather 

than through unorthodox pointer arithmetic [55]. 

Moreover, improving access patterns, i.e. either 

Figure 29. Variable Crystal Grain Orientation on the Pascal Server 

Figure 30. NVProf Diagostic. 
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altering the order of executions to improve locality, or altering the striding mechanism of multidimensional 

array indexing data structures (such as TTL) are generally the best means to improve dependency bottle-

necks.  

Warp execution efficiency in Figure 30 was un-

fortunately an ambiguous metric in our context. 

Normally it reflects how many threads in the 

warp are active, which is usually a reflection of 

conditional control, which in this context might 

reflect divergence within the Newton-Raphson 

residual calculation, however, if the compiler 

was failing to unroll the TTL loop structures 

and was instead updating the IR to jump to 

other areas in the memory, the examination 

would correspond to either branch or predicated warp threads (explaining the low warp efficiency) and 

could also possibly account for the memory dependence stalls, as the loops otherwise normal access pattern 

would then be disrupted. The possibility however that the compiler could fail to unroll the loops however 

seemed low given that the TTL builds the loop structures recursively from the template expressions, and 

yet it couldn’t be discounted. 

Unfortunately, the NVProf doesn’t prognosticate from the topics it outlines as priorities are most likely to 

provide the most significant returns for improvements. For example, with regards to memory dependency, 

the operations being performed by the TTL broadly are general matrix multiplication (GeMM) and for 

which array striding and indexing are highly regular, and in the TTL’s case, must be known at compile 

time, all of which diminish the likelihood that access patterns were a source of performance bottlenecking 

and indicating that this was likely a 

load balancing problem with utiliz-

ing the same resources too much. 

Other work with GeMM operations, 

some explicitly for tensor opera-

tions on GPUs, [56] are rarely bot-

tlenecked by this.  
Figure 32. Crystal Orientation Driven Warp-Thread Divergence 

Figure 31. NVProf GCM Stall Analysis 
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In examining areas causing perfor-

mance stalls, it became apparent that 

the orientation of the crystal grains be-

ing processed by the GCM were not 

uniform, and this lack of uniformity 

would result in significantly differing 

compute times for each thread to re-

solve the residuals, creating non-uni-

form branch predictions and stalls 

based on the divergence of threads 

within the warp. This would also prevent warps from surrendering their context regardless of thread occu-

pancy and disrupt latency hiding, as a mostly unloaded warp that had solved all but one thread would 

continue to churn. While crystal orientation cannot be guaranteed in deployment runs for experimental 

purposes, re-orienting the crystal grains to be uniform would normalize divergence and determine to what 

extent divergent iteration from Newton-Raphson was the bottleneck in GPU TTL GCM performance. Fig-

ure 32 shows how normalizing crystal orientation reduced branching and improved thread scaling within 

the warp, which is essential to strong GPU performance. 

Even with normalizing the crystal orientations to balance the load however, other elements of the code 

remained which controlled flow through branching that might impact performance. Evaluating on a Tesla 

architecture GPU would reduce this penalty, as Volta allows independent thread scheduling. From nVidia’s 

white paper on the volta architecture [57]:  

“Volta’s independent thread scheduling allows the GPU to yield execution of any thread, either to make 

better use of execution resources or to allow one thread to wait for data to be produced by another. To 

maximize parallel efficiency, Volta includes a schedule optimizer which determines how to group active 

threads from the same warp together into SIMT units. This retains the high throughput of SIMT execution 

as in prior NVIDIA GPUs, but with much more flexibility: threads can now diverge and reconverge at sub-

warp granularity, and Volta will still group together threads which are executing the same code and run 

them in parallel.”  

Figure 33. GCM Run on Volta Architecture 
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The results of the TTL-GCM running 

on Volta architecture is shown in Fig-

ure 33. While we then saw perfor-

mance gains comparable to the litera-

ture for porting to a GPU in the raw 

loop implementation, [54], and there 

was commensurate improvement with 

the TTL implementation, clearly 

something in the source of the GCM 

utilizing TTL was holding back per-

formance (Figure 34) but there were 

many means by which this could occur, and the presence of one didn’t necessarily preclude the others, and 

so a better means of isolating the TTL to identify where, if anywhere, problems might lie in the library was 

needed. 

5.3 Microbenchmarking 

The question emerging from Figure 34 

was where and potentially why was the 

TTL consistently less performant than 

the raw loop implementation on the 

GPU, despite both correcting for one of 

nVidia’s most commonly-cited sources 

of poor GPU performance (divergent 

branching) [58] by restructuring the data 

to be near-uniform in convergence, as 

well as characterizing on architecture that 

would smooth any other sources of warp divergence. When the NVProf diagnostics didn’t provide certainty 

in answering where the bottleneck might lie, at least not in terms of whether the problem were within the 

looping structures the TTL was generating, a close examination of the TTL with microbenchmarking be-

came the best way forward to isolate sub-optimal code.  

Examination across various tensor operations, expressions of varying order complexity, data types, and 

dimension revealed several patterns. First, at the level of the microbenchmarks, performance across the 

GPU and CPU for outer products examined as the ratio of the TTL to raw loop implementation runtimes 

Figure 34. TTL vs. Raw Loops Across Architectures 

Figure 35. Microbenchmarking, Doubles, Dim3 Tensors 
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were functionally identical (Figure 35) 

within measurement precision, regard-

less of virtually any parameterization, 

i.e. independent of: complexity of pars-

ing the expression, the order of the ex-

pression, (Figure 35), the data type(Fig-

ure 36), dimensionality, all were func-

tionally identical in performance, indi-

cating outer product expressions were an 

unlikely candidate as a bottleneck.  

With regards to contraction and inner products however, there was a marked difference in microbench-

marking, yet it was the TTL consistently outperforming the compiler’s raw loop implementation. Figure 

35, Figure 37, and Figure 36 depict the ratio of TTL:Raw loop performance, so any column values less than 

1 indicate TTL is more performant, values above 1 indicate the raw loop was more performant and in 

agreement with the GCM results. This was true across: every expression, requiring different levels of com-

piler heuristics to bind the expressions into different loop structures; different compute complexities, which 

would require different memory accessing patterns and caching; and different dimensionalities and data 

types to capture (Figure 35, Figure 37, and 

Figure 36). Such a strong inversion of per-

formance to favor the TTL was not wholly 

surprising in the larger body of work with 

TTL – previously in work beyond the 

scope of this paper, it was shown that the 

TTL in MPI was much faster than certain 

loop structures. Yet this directly contra-

dicted the in situ tests done with the GCM, 

raising further questions which could only 

be resolved with a close examination of the assembly code. 

Figure 36. Microbenchmarking, Floats, Dim 3 Tensors 

Figure 37. Microbenchmarking, Doubles, Dim 4 Tensors.  
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These results pushed the question 

back on whether the problem was 

intrinsic to the TTL and placed fo-

cus on either the compiler or po-

tentially all the way back to the 

ancillary changes in the GCM 

needed to implement the TTL. If 

the problem was within the TTL, 

the next logical place to examine 

was the compiler, under the as-

sumption it was failing to opti-

mally construct the loop struc-

tures from the TTL expression trees. Were that the case, the question was then where or under what cir-

cumstances was the compiler not properly optimizing. Examining across not only tensor expressions but 

also different compilers, removing any non-TTL metaprogramming, and using the lightest code framework 

to reduce compiler heuristics might provide some insight into what was motiving these results that con-

flicted with the PGFEM performance analysis. 

5.4 Assembly and Compiler Testing 
From the inverted performance of the TTL in the microbench-

marks in comparison to the GCM, the question of the compiler’s 

heuristics became the focus. The fact that the TTL had been at 

least as performant as the raw loop structures in outer products 

and in the inner product expressions the TTL was consistently and 

sometimes overwhelmingly more performant begged the question 

of how was the compiler optimizing the loops it was fed, both in 

the microbenchmarking (in case the results were in some unac-

counted way artificial) and in the GCM, and this could only be 

verified through the assembly code. However, examining the 

complicated GCM assembly would have been laborious, and 

while the microbenchmarking tests were not as large to sort 

through, much of the test was built through templatization, which, 

given the hypothesis was that serial compilation was impeding 

Figure 39. PTX of raw loop implementation vs 
TTL. Lefthand is the raw loop implementation 

Figure 38. Inner Product Performance, All Test Templatization Removed. 
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optimization, potentially confounded by 

templatization, it was necessary to remove 

this compounding factor.  

The performance for the most commonly 

encountered tensor inner product expres-

sions in a simplified test routine absent any metaprogramming are shown in Figure 38, the same pattern as 

examined in the microbenchmark tests for inner products in Figure 

35, Figure 37, and Figure 36. These tests removed all templatization 

from the testing program, the only remaining metaprogramming be-

ing in the TTL, and examined direct compilation via the GCC on the 

host, compilation for the host via the NVCC, and NVCC compilation 

for the GPU. Across every compiler and environment combination, 

the TTL implementation remained superior. 

While many more expressions were examined, the simplest to discuss 

is the inner product of two rank one tensors across a bound index, 

𝑚𝑖𝑛𝑖 = 𝑐. Sample assembly code contrasting a raw loop implemen-

tation to the TTL in a GPU kernel is presented in Figure 39, respec-

tively, and their source kernel codes are presented in Figure 42 and 

Figure 40. In Figure 39, green bars indicate a point at which the in-

structions are using the same code to perform the same operation, 

yellow indicates an instruction where the compiler has made an 

equivalent substitution from the ISA but the operation being per-

formed is fundamentally the same, red indicates a block of code 

where some other task not present in the opposing assembly has been 

injected, and cyan (not pictured in Figure 39 but in Figure 41). 

Figure 40. TTL Assembly Kernel 

Figure 41. Unrolled vs TTL PTX. The un-
rolled implementation is the lefthand. 
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In examining the two, it became clear that the compiler was failing to unroll the raw loop instructions. The 

raw loop implementation was using branching to move the instruction counter upstream to rerun the same 

instructions. The question then was how to normalize the performance such that their performances were 

identical. Enforcing a manual unrolling of the loop to avoid instruction branching was expected to resolve 

the disparity. The unrolled loop source code is presented in Figure 43. The PTX assembly code this gener-

ated is presented in Figure 41. 

Aside from the different register naming between the two, when manually unrolled the PTX are virtually 

identical across 155 instructions, with a handful of order substitutions (yellow) and, in two cases, instruction 

order exchanges. The raw loop implementation tended to use MUL instructions where occasionally the 

TTL implementation would utilize fused multiply-addition (DFMA), which directly adds a product to a 

destination register. In terms of actual performance as well, the manual loop unrolling normalized perfor-

mance across inner products to be consistent for both the TTL and loop implementation (Figure 44). 

From these results however rose the question of the host’s compiled code. As explored in §5.3, examining 

why the compiler would implement different instructions, especially when template metaprogramming was 

Figure 43. Urolled Loop Assembly Kernel 

Figure 42. Raw Loop Assembly Kernel 

Figure 44. Normalized TTL/Unrolled Loop performance. 
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removed, begged the question of what was NVCC parsing doing to host code when pushed through the 

NVCC for implementation host side, which nominally should have no impact, in comparison to direct com-

pilation through the host compiler. 

In examining the host x86, the exact same loop instructions were used as the kernels as depicted in Figure 

40 and Figure 42 albeit with appropriate CUDA markup indicating the destination architecture. The com-

parison of the x86 assembly for the host code in a raw loop implementation and TTL is shown in Figure 45 

and Figure 46. Manually unrolling was able to correct for this in the assembly, shown in Figure 47 and 

Figure 48, and reflected performance wise in Figure 44. 

 

Figure 45. Host x86 assembly, raw loop implementation 

 

Figure 46. Host x86 assembly, TTL implementation 

 

Figure 47. Host x86 assembly, unrolled loop implementation  

Figure 48. Host x86 assembly, TTL implementation 
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6. Discussion 

6.1 Unit Testing and Porting 

It must be said that, aside from the minutiae of decorating the source code with CUDA markup, adaptation 

of the TTL to operate within the GPU was considerably more straightforward than initially anticipated, and, 

for being a wrapper compiler, the NVCC was remarkably serviceable and quite performant, at least in terms 

of parsing a complicated templated metaprogramming source code and generating functional cubins that 

provided accurate output. In terms of adapting an existing library to operate within the GPU, the process 

was overall none too difficult, and the outputs were exactly as expected. That said, the optimization of that 

parsing in generating the assembly code for the GPU left much to be discussed in 6.4. 

In this author’s experience, Googletest is an ideal testing platform from a usability standpoint. The work 

with unified memory in the unit tests was simple and streamlined in terms of legibility and ease of use – 

nothing can make a user appreciate the value of not managing garbage collection or something like the 

Python Memory Manager quite like working in C/C++, and even moreso in a GPU/CUDA context. 

6.2 GCM Performance 

“Optimizing memory on a GPU is somewhere between science and art”. 

-Peter Messmer, Nvidia Senior Manager 

While it must be acknowledged that the initial results on the GPU were not the orders of magnitude reduc-

tions claimed in some GPU implementations in the literature [59] [60] [61] [62] [63] this does not neces-

sarily reflect on the core interest of this work, the TTL (as will be discussed in 6.4), nor is it necessarily a 

reflection of the correctness of GPU parallelization for the PGFEM - there have been other works utilizing 

similar constructions as the TTL does under the hood in template expressions that have been successful in 

GPUs [64]. Moreover, the excellent work done by Lee et al. indicates strong skepticism in expecting such 

sweeping improvements for GPU parallelization are generalizable. [54]. 

It must also be said, there are reasons to be suspicious of the extreme performance gains seen in publication 

from various noteworthy GPU parallelization papers in the literature as not strictly universal or uniform in 

all applications [54] in general. An excellent paper by Lee et. al discussed in detail the reliability of some 

of these extraordinary results, concluding scaling on the order of 2x to 9x is generally a much more reason-

able expectation for improvements in GPUs over their CPU counterparts for comparably optimized code. 

As Tim Warburton has stated, “when you see a 100x performance gain in the GPU, but ordinarily we would 

expect a 2x to 9x speedup from the hardware specifications, what does that tell you? Your CPU code was 

[expletively poor].” [21]. In adapting an existing code base to perform on the GPU, there is necessarily 
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some refactorization, and often as developer go to re-examine code, additional optimization is done that, 

had nothing been done to retrofit source code to work in a GPU environment, researchers may still have 

seen considerable improvements. 

A number of the NVProf analytics didn’t strongly align with poor TTL performance per se and indicated 

ancillary aspects of refactoring the GCM to enable the TTL expressions were potentially negatively im-

pacting performance or the compiler’s ability to optimize through those changes. Specifically from Figure 

31, local memory overhead was nearly at maximum – that reflects how the data was managed to launch 

kernels rather than the operations of the TTL. Moreover, it was a point of concern in the testing that per-

formance struggled to develop the characteristic parallel scaling expression. Speaking broadly, parallel high 

performance computation is generally limited by Amdahl’s Law (or one of its derivatives like Gustafson’s 

Law, or Amdahl’s law adapted for modern multi-core architectures [65]). Amdahl’s law inversely relates 

the total potential improvement possible from parallelization to the total computation that must be per-

formed serially), and most HPC profiling follows a characteristic asymptotic curve representing the funda-

mental serial limitation of the examined algorithm regardless of compute resources thrown at it. Amdahl’s 

model doesn’t completely fit within a all contexts (cf. Gustafson’s Law), and particularly a GPU context, 

as ideally, nothing should be processed serially on the GPU and any such unavoidable computations should 

(potentially be offloaded to the CPU, but analogously, there are GPUs bottlenecks to parallelization akin to 

serialization such as bussing data (although this can be slightly mitigated with streaming to allow the bus 

to load data as it is resolved and shuttled off the GPU) and on-device memory capacity [54]. 

An interesting perspective to examine the actual cost effectiveness of the implementation of the TTL for 

the GCM is to examine it alongside the cost in silicone for the different hardware, which gives a better 

perspective on how much performance lagged. nVidia carefully manages the transistor count on GPUs to 

approximately balance the manufacturing cost 

– the additional FLOP capability of GPUs 

isn’t a cost savings on its own per se, those 

transistors have only been redistributed from 

elsewhere on a CPU chip. Using the purchase 

price of the two units used to run the test (the 

P100 cost $7,374 [66] whereas the Intel Xeon 

E5-2695 v4 for host operations cost $2424 

[41]), accounting dollar for dollar in silicon, 

the GPU performed even worse than Figure 34 

might lead one to believe - excluding the cooling and power costs, scaling the runtimes by dividing by the 

Figure 49. Cost Effectiveness of the TTL in the GCM 
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up front cost of the hardware results instead in Figure 49. Unless the compute time were exceedingly long, 

this would indicate, as currently implemented, the MPI host solution is more cost effective. 

There are so many avenues by which GPUs can be optimized and for which such optimizations simply were 

not pursued for the GCM, yet properly utilizing all the memory resources of the GPU once data is loaded 

is strikingly valuable in optimization [34]. A number of variables that were material constants or could be 

utilized throughout all crystal grains simply were not implemented in the global memory space, which 

would crowd  

6.3 Microbenchmarking 

The pattern of inconsistent improvement in Figure 35, Figure 37, and Figure 36 was initially cause for 

concern about the validity of the test – a result that not only conflicted with the previous results, but strongly 

so in the opposite direction, and which did not seem to have stability in the extent of its performance im-

provement, sometimes indicate a poor test. However, upon evaluating the test and some consideration, it 

was a complete success for the goals of the microbenchmarking even if the outcome was unexpected – it 

clearly isolated a particular kind of tensor operation as a potential source of instability, and it did so con-

sistently and independently of any other parameter, which would in most contexts indicate a consistent, 

solid problem in the implementation. This was strong validation for the decision to build a test to isolate 

inner product operations and examine the assembly produced from those operations.  

Moreover, the pattern of “inconsistent” scaling – apparently improving scaling followed by precipitous 

losses of performance, but which still reflected overall superior performance - likely reflects a combination 

of the reduced memory locality from the larger striding needed in the data storage for the high dimensional 

tensors, but primarily the superior caching capability of the host. The smallest inner product only required 

120 KB of data, and while there is 1.5MB of GPU cache available on the Titan Black, when distributed 

over the 15 streaming multiprocessors, each can only ever access 100KB of cache, so even the smallest 

operations couldn’t fit fully within the cache. In contrast, the many MB of cache on the host CPU would 

allow much of the data to sit in cache. The point at which there is a precipitous change , such as the precip-

itous change between the third and fourth order inner product in Figure 36, reflects moving from one tier 

of cache to the next, as there is a similar adjustment between the second and third rank inner product in 

Figure 37 which has a larger dimension (and thus total memory requirement), and no such precipitous 

changes for any data type in the inner products with two dimension.  

6.4 The Assembly and Compiler 

The question of the GCC’s role in NVCC compilation is an interesting one and in this author’s estimation, 

a significant factor for the oscillating behavior of the TTL for the different test environments, which in 



68 
 

some sense exonerates the TTL’s implementation from the performance seen in the GCM, but also poten-

tially the most generally interesting result from this work.  

While explained elsewhere in this work that the manner in which TTL constructs the loop structures from 

the expression trees makes the TTL itself seem an unlikely source of compilation complication, as the TTL 

builds those loop structures through variadic template recursion which should unroll them, in the context 

of the GPU that explanation may be less sturdy, because source code must be filtered through four layers 

of optimization heuristics - the NVCC’s metaprogramming heuristics, the NVCC, the GCC metaprogram-

ming, and finally GCC compilation. Poor loop construction could account for the performance disparity 

both because, as a truism, each additional tensor rank/depth of looping is exponentially expensive, and 

many of the loop structures needed by the GCM through TTL were multi-rank nested loops, and as ex-

pressed in §2.3.1.3.2, non-unrolled loops are points of control flow that could also account for the sub-

optimal warp execution efficiency shown in Figure 30. 

There is a lot to suggest the NVCC should, on the scale of compilers, be robust - the CUDA toolchain uses 

EDG (from Edison Design Group) for the frontend [67], which is the same frontend utilized by the ICC 

(intel compiler) [68], and Intellisense for the Microsoft C/C++ (the Visual Studio compiler) (interestingly, 

nVidia utilizes the EDG as a legacy decision from purchasing the Portland Group, who prior to nVidia’s 

acquisition had used EDG), followed by NVVM (derived from LLVM, a ubiquitous compiler frontend) for 

the translation of device code to PTX. Such large entities and disparate array of users should create large 

lists of bugs to narrow down the ways in which the compiler might struggle. 

And yet, it is not difficult to discover discussion of various NVCC bugs focused on templatization which 

nVidia acknowledges when reproducible [69] or even entire git repositories dedicated to documenting un-

resolved issues. As stated by Thibaut Lutz, an nVidia engineer responsible for characterizing nVidia’s com-

piler, after an extended lecture on the robustness of the NVCC concluded “all compilers are buggy” [67].  

It is interesting to examine exactly how it was that unrolling the loops normalized performance between the 

TTL and different loop implementations. Comparing the instructions utilized in Tables 2 and 3, which 

compare the inner product occurring on the kernel for the TTL, raw loops, and unrolled loops, for both rank 

1 and rank 2 inner product, both TTL and manual unrolling were interestingly far more reliant on loading 

memory than the raw loop implementation, with 2.3 times as many LD instructions, however, the TTL and 

manually unrolled implementations had half the branching, ¾ the predicated instructions, and 2/3 of the 

test condition instructions. While we normally envision loading and memory accesses as expensive in a 

host context, this clearly shows that with many times the instructions and direct accesses to memory, 

branching and predication are much more expensive on the GPU. 
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Moreover, a very interesting fact reveals itself from comparing the TTL and the manually unrolled instruc-

tions. Lexically, the two are different in the source but syntactically are very nearly identical, and overall, 

the compiler’s heuristics do a good job of preserving this – the two have very nearly nearly identical in-

structions for data management and control flow, varying only with one additional test condition code in 

the rank one inner product. In the mathematical operations however, at a handful of locations, the unrolled 

loop implemented a DMUL instead of a DFMA – it scaled some set of operands rather than doing a fused 

multiplication-addition, where the product of two entities are directly added to a destination register (which 

highly resembles what we want in an inner product). In one sense, these are equivalent operations, the 

output is safely going to be the same between the two, but critically, they are not identical, and they demon-

strate that the compiler, moving through the heuristics for the TTL and the atomically simplest syntactic 

expression of the same loop structure sans recursive expression templates, can and does generate different 

instructions of different performance for what is syntactically the most synonymous yet distinct source 

code. 

Prior to examining the assembly, this author’s understand-

ing of nVidia’s use of “wrapper compiler” was in the con-

ventional sense of computational “wrapper”, i.e. an entity 

which does not alter input but forwards that data to an API 

that can and does perform some computation or task, which 

in a compiler would, in general parlance, this author would 

argue, be understood to mean forwarding source code unal-

tered, and this sense of “wrapper” as unmodifying is clearly 

reflected in OpenMPI’s discussion of MPICC, the compiler 

for the MPI distributed memory computing model:  

“Note that Open MPI's wrapper compilers do not do any actual compiling or linking; all they do is manip-

ulate the command line and add in all the relevant compiler / linker flags and then invoke the underlying 

compiler / linker (hence, the name "wrapper" compiler)” [70].  

Table 2. PTX Instructions in Rank 1 Inner Product 

Raw Loop TTL Unrolled

Data Management

Load operations 18 42 42

Move 15 25 25

Stores 7 7 7

Operations

DFMA 7 21 14

DMUL 0 0 7

IMAD 13 6 6

ISCADD 13 6 6

Control

Compare Predicate 8 6 6

Branch 8 4 4

Test condition code 9 7 6
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There is no preprocessing of source code, only forwarding 

of compiler options, which is distinctly different from 

nVidia’s use of “wrapper” compiler in the NVCC, which is 

not only responsible for the parsing of GPU metaprogram-

ming and the compilation of the GPU assembly (“prepro-

cessing”), it also must necessarily parse the host side met-

aprogramming to pass to the GCC:  

“CUDA compilation works as follows: the input program 

is preprocessed for device compilation compilation [sic] 

and is compiled to CUDA binary (cubin) and/or PTX inter-

mediate code, which are placed in a fatbinary. The input program is preprocessed once again for host com-

pilation and is synthesized to embed the fatbinary and transform CUDA specific C++ extensions into stand-

ard C++ constructs. Then the C++ host compiler compiles the synthesized host code with the embedded 

fatbinary into a host object.” [71]. 

If the reader is unfamiliar with fatbinary (it’s an uncommon term in a post-Java virtual machine/Docker 

container/virtualization world), a fatbinary is an executable that can operate on multiple processor sets – 

this is needed because of the different architectures and ISAs of the device and host.  

There are potentially two points of failure here. One is that the host compiler, in this instance GCC, only 

ever sees the extracted host code. Examining the intermediate files, the extracted host code is not always a 

verbatim copy of the host portion of the CUDA code: it frequently seems to be slightly re-stated in a func-

tionally equivalent way, as discussed above in regards to Table 2 and Table 3, but functionally equivalent 

is rarely synonymous with equally optimal. This is in fact routinely leveraged by compilers to optimize, as 

is discussed in regards to the outermost smoothing loop and SSE but it can also step over optimal code for 

a sequence that is “safer”. 

From this work’s perspective, there are two potential solutions to resolve the compiler’s behavior. The 

simplest is to provide partial template specialization for those inner products among the most common 

tensor rank and dimensions (rank 1 and 2 tensors within the 3D space i.e. tuples of three elements) that are 

an explicit loop implementation. Rather than the recursive construction of loops utilized by other TTL 

objects through expression templates, these specializations would implement for loops. This specialization 

is currently in the most up-to-date TTL implementation. 

This may seem counter-intuitive, as the recursive construction was, except in the GCM implementation, de 

facto superior, and was automatically unrolling the loops as demonstrated in Figure 41 and Figure 48, but 

Raw Loop TTL Unrolled

Data Management

Load operations 18 126 126

Move 18 25 25

Stores 7 7 7

Operations

DFMA 7 63 56

DMUL 0 0 7

IMAD 16 6 6

ISCADD 15 6 6

Control

Compare Predicate 8 6 6

Branch 9 5 5

Test condition code 9 7 6

Table 3. PTX instructions in Rank 2 Inner Product 
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the reason is twofold: regardless of the underlying cause, there is an inconsistency in how the TTL optimizes 

between microbenchmark testing and implementation within a larger program. Whether or not specializa-

tion is more or less performant, consistency of performance is potentially more valuable in distributing the 

library to new developers who will have their own environments, and a performance penalty may be worth-

while if it guarantees consistency.  

Second, if the problem is within the compiler, using the same structure as the loops rather than the recursive 

construction for the most commonly occurring tensor ranks and dimension guarantees they will be compiled 

similarly, and seeing as, if in fact the problem isn’t in the GCM implementation, whatever heuristic the 

compiler is invoking to optimize the loop structures at that level of complexity is a superior working solu-

tion. That said, it must be acknowledged that in some sense this is not a tidy solution and steps around a 

design goal of the TTL to be problem space (i.e. material science) agnostic, as the assumption about what 

constitutes high-occurrence tensor rank and dimensionality are rooted in the PGFEM and a materials per-

spective. All the same, as an API, the distinction won’t be something any clients would be aware of. 

Another option would be to reconfigure the means by which TTL is compiled for GPU code. If the problem 

is in the NVCC’s preprocessing of the template metaprogramming that’s fed to the GCC, a test for a future 

work might be to examine fully separate host and device compilation for the client. Normally CUDA com-

piles the device code to be embedded into a host object, and nvlink links all the device code together, and 

then the host linker links nvlink’s objects with all the host objects to create the executable. Separating the 

sources would cut the number of compiler heuristics used in half and allow only those heuristics that are 

suited for the environment in which the code will be run to do any parsing of its corresponding source code. 

An interesting note on the cleverness of compilers, all implementations (the raw loop, unrolled loop, and 

the TTL) were utilizing the vectorized instructions for their operations – both were working through the 

xmm registers and v-INST instructions, which are reserved for the SSE instruction set on x86 architectures, 

which is a feature of the fastest compiler optimization flag, -O3. Initially this author believed that the com-

piler was vectorizing the operations of the inner product to move through the computation faster, however, 

after walking through the instructions, realized that they were instead being used to fill the outer batch loop 

- each of these unit microbenchmarks were examining operations that occur across 10s of nanoseconds, a 

time frame that pushes the boundary of what the high precision clock from the standard library can accu-

rately measure, and especially when there may be system interrupt events that artificially inflate the runtime. 

To avoid this, each operation was invoked inside an outer loop that repeated the same instructions and 

loaded them to a very large vector that reflected the number of times the calculation needed to be done, 

both smoothing out any interruption events and buffing the runtime enough that reliable measurements 

could be made beyond the bounds of the measuring precision, something on the order of deci- or milli-
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seconds instead of nano seconds. This was a very safe, clever optimization the compiler was able to imple-

ment, and it’s also an example of the kind of unintuitive, unintended optimization that may be operating in 

an un-considered manner in the GCM as well and leading to such a disparate outcome in performance. 
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7. Conclusion 
The TTL is currently fully operable within a GPU environment. This bears out across unit testing and 

implementation within a finite element package, the PGFEM. However, characterization of the performance 

of the TTL within a module of the PGFEM, the GCM, did not present the expected performance improve-

ment – while performance improved with raw loop implementations on the GPU vis-à-vis a serial imple-

mentation in a distributed memory system utilizing MPI parallelization, performance under the TTL to 

represent the material tensors was less comparatively performant. 

In order to determine exactly where, if anywhere, problems within the TTL might be occurring, micro-

benchmarking tests were developed to characterize specific operations of the TTL in isolation. These mi-

crobenchmarks revealed that a particular library operation, tensor inner products, were behaving diver-

gently from the other TTL operations. Simplified, non-metaprogrammed tests were developed to examine 

assembly code for the host and device and determined that the original microbenchmarking tests were cor-

rect, but also that the compiler was in fact building different assembly code. This did indicate that there 

may be a problem with how the NVCC was parsing the source code that were likely at play in the GCM’s 

sub-optimal performance of the TTL in a GPU environment within PGFEM. This did not however exoner-

ate that ancillary refactorization decisions to accommodate the TTL weren’t impacting the TTL’s perfor-

mance in GCM and which were implicated from some NVProf results, and overall poor utilization of GPU 

memory resources by the GCM code may still be impeding the performance in addition to potentially sub-

optimal instruction assembly due to the compiler’s heuristics.  

Additional work is needed to resolve this problem with the PGFEM. Within the TTL, certain high-use 

tensors of known rank and dimension common to physical systems have been implemented as a partial 

template specialization to encourage the same compiler heuristic pathing used in parsing the for-loops that 

performed better than the recursive template expression design used originally. Additional likely candidates 

would be re-examining and refactoring memory loading from the host to the GPU to utilize more of the 

GPU’s resources and making sure they are in agreement with the for-loop implementation. 
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Glossary 
ALU: Arithmetic Logic Unit, performs the mathematical and logic calculations to alter and examine data. 

The workhorse of the CPU and GPU, overwhelmingly more present on GPUs than CPUs. 

AVX: Advanced Vector Extensions. Old Intel ISA for vectorization. See vectorization. 

Cache: a form of SRAM intermediate between main memory at the processor, built on board the chip. 

Essential to hierarchical memory to overcome the memory wall. 

CISC: Complex Instruction Set Computer. An ISA that receives instructions in larger forms that generally 

resemble they actual operation they perform such as “add”. In modern x86 processors, wihle technically 

CISC, under the hood they implement “micro-ops” that make them functionally RISC. 

Clock generator: the circuit generating the pulse waves that coordinate the circuits of the CPU. Measured 

in Hz. 

Clock time: the duration of time needed for an instruction, routine, or program to complete. 

Execution context: the set of registers - instruction, stack, and program counter, and set of operands – which 

define a phase in a program. Not quite all of what defines a thread, but critical to the execution of one, any 

time a thread moves in or out of context, the various registers defining the execution context must be written 

to some lower hierarchical memory and reloaded when a thread resumes execution. 

CPU: Central Processing Unit: The collection of integrated circuits that manipulate and process data. Com-

posed of ALUs, Registers, Cache Memory, and Control Units. 

Co-variance: Variance s.t. a vector scales with basis changes. A co-vector/dual/one-form. Also a row vec-

tor. 

Co-vector: cf. dual vector. 

Compile time: the point in program construction when a higher level language is translated into machine 

or assembly instructions.  

Context: the set of memory states (program and stack counter, various registers) minimally necessary to 

allow a process or thread to be interrupted and restored. Multi-threading often uses context switching to 

conceal memory latency, using quick reads from the cache to reload an inactive process while storing the 

context of an active process during al long retrieval from memory. 

Contra-variance: Variance s.t. a vector scales against basis changes. A true vector. A column vector. 
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Control Unit: the integrated circuit of a CPU handling control flow. Manages branch prediction, OoOE, 

instruction reordering, etc. 

Cubin: CUDA binary. Developed by the NVCC. 

Device: An environment driven by the GPU, used synonymously with GPU. 

DRAM: dynamic random access memory. Made from transistor gated capacitors, slower than SRAM as it 

needs to be refreshed with power as the capacitor slowly discharges. Cheaper than SRAM as it needs fewer 

transistors. 

Dual vector: a map transforming a vector in a scalar. 

Dual basis: the basis for dual vectors. Constructed from the Levi-Civitia symbol. 

FLOP: Floating point operation. 

GCC: Gnu Compiler Compilation, a Linux compiler for C/C++. 

GPU: Graphics processing unit. A massively parallel version of a CPU capable of orders of magnitude 

more FLOPs operating on a SIMT parallelization. 

Hierarchical memory: a means of overcoming the memory wall by creating a tiered memory system of 

different speeds related to presence on or off the chip, smoothing processing time for data that needs to be 

retrieved from slow memory banks. 

HPC: High Performance Computation. Computation focused on total optimization rather than usability. In 

modern computing environments, generally only necessary within scientific computation. 

Host: A CPU environment, used synonymously with CPU and most runtime environments. 

Index: a variable linking different components of a tensor, the shared index over which an array traverses. 

In tensor expressions or tensor objects, free indices are unique; repeated indices are bound. 

Inner Product: a tensor operation across bound indices which produces a scalar by the sum product. Cf. 

Contraction. 

ILP: instruction level parallelism. A measure of the componentization of instructions in a pipeline. 

Instruction Pipeline: A technique for improving processing time by subdividing instructions. This builds an 

assembly line of component instructions, thereby allowing multiple discrete sub-actions to be performed 

simultaneously in parallel to complete the instruction faster, reducing clock time. Virtually all modern 

CPUs are pipelined. 
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ISA: instruction set architecture. The set of instructions that the CPU can invoke to process data. Example 

instructions might be “load”, or “add”. Often categorized as RISC or CISC to reflect how componential the 

instructions are and how they are pipelined. 

IR: instruction register. 

Levi-Civitia symbol: the basis for the dual space. Enables  

Memory Wall: the bottleneck in memory due to bussing. Fetching data from main memory is orders of 

magnitude slower than the time needed to process the data due to a combination of DRAM and the latency 

of bussing. This problem has never truly been resolved, only sidestepped via on-chip caching. 

Metric Tensor: a (0,2) tensor whose principal utility is as a map for vectors into dual vectors and inversely, 

duals into vectors. 

MMU: Memory management unit.  

NVCC: nVidia’s proprietary compiler. Generates ELF code and GPU binary for host-device interoperable 

binary. Requires a host-side compiler to generate the host code. 

One-form: cf. dual vector. 

Outer Product: a tensor operation across free indices which produces a larger tensor by scaling each index 

by the other free indices. 

Permutation Tensor: cf. Levi-Civita Symbol. 

Register: the fastest form of hierarchical memory, composed of SRAM. They are the source of operands, 

instructions, and address values. 

RISC: Reduced Instruction Set Computer. A CPU whose ISA is small, simple tasks. Improves ILP by 

subdividing tasks, but instructions do not generally resemble the operations we intend such as “add”. 

Run time: All events that occur in a program after compile time. 

Scalar Processor: a processor which can execute at most one instruction per clock cycle. 

SRAM: static random access memory. Made from transistor gated capacitors, faster than DRAM which 

needn’t be cycled to refresh the memory state, but more expensive. 

SSE: Streaming SIMD Extension, Intel ISA for vectorization. 
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Superscalar Processor: a processor which can execute more than one instruction per clock cycle by dis-

patching to different execution units. Most modern CPUs are superscalar. 

Tensor: a mathematical object that defines operations between other tensor objects and within tensors via 

index regular expressions. Several context dependent definitions, cf. §2.2.1 

Tensor contraction: a tensor inner product where the bound indices occur within the same tensor object. 

Variance: the scaling of a vector or co-vector with or against a change of basis. Reflects the difference of 

objects kinds between vectors and co-vectors. 

Vector: An object with magnitude and direction. Also an array of scalars. Exists within a basis. 

Vectorization: utilizing a separate ISA, in an Intel x86 context AVX or SSE, to perform concurrent instruc-

tions on chunks of data to create performance akin to a vector processor. 

Vector Processor: A processor which applies a single instruction across multiple data elements in an array.  
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Appendix A. Additional Figures 
 

Enlarged Figure 21. Example GTest results 
 

 

This actually revealed a problem in how the TTL was forwarding data, as the GTest was unable to correctly verify the result be-

ing generated (0) was equal to the expected result (0). 
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Enlarged Figure 23. Example Output from the Microbenchmarking Test  
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Figure 45. Microbenchmarking, Double, Dim 2 
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Enlarged Figure 31. Microbenchmarking, Double, Dim 3 
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Enlarged Figure 32. Microbenchmarking, Double, Dim 4 
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Enlarged Figure 35. Comparison of the PTX of the inner product of two rank 1 tensors. 

TTL implementation on the right, for loop implementation on the left. 
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Enlarged Figure 39. Comparison of the PTX of the inner product of two rank 1 tensors. 

TTL implementation on the right, manually unrolled loop implementation on the left. 
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Enlarged Figure 41. X86 raw loop implementation 
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Enlarged Figure 42. x86 of the TTL implementation 
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Enlarged Figure 43. x86 of the Manually Unrolled Loop 
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Enlarged Figure 44. X86 of the TTL in Contrast to the Manually Unrolled Loop 

 

 


