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Self-assembly of strongly coupled plasmonic nanoparticles is a scalable and promising route for
producing optical metamaterials with emergent photonic properties, with applications in nanopho-
tonic devices to function as energy harvesters, waveguides, optical filters, and photo- and thermo-
catalysts. The optical response of these materials can be tuned through nanoparticle size, shape,
arrangement, and chemical composition, resulting in a vast design space that is too time-consuming
and expensive to navigate using “forward” strategies. To this end, we formulate optical metama-
terial design as an inverse problem, where we specify target optical behavior and use numerical
optimization to autonomously discover nanoparticle metamaterials possessing the desired features.
Our design framework uses a gradient-based iterative optimization approach to rapidly navigate
through candidate materials self-assembled from tens of thousands of nanoparticles, specifying the
position, size, dielectric properties, and other physical features of each nanoparticle. In particu-
lar, we demonstrate inverse-designed nanoparticle metamaterials with tunable extinction spectra
of complex lineshape for quasi-2D stratified metasurfaces and 3D metamaterials. The optimizer
converges to highly heterogeneous structural motifs with resonance frequencies distributed across
the target spectrum. We also describe a general approach for finding the derivative of any optical
figure of merit and use it to inverse design electric near-field intensity with spatial profiles matching
targeted patterns. In doing so, we show that the optimizer can simultaneously control mesoscale
structure and local microstructure.

Metamaterial designs optimized at a single angle of incidence have uncontrolled responses at other
incidence angles, which limits their use in applications requiring angle-dependent behavior. In the
second part of the thesis, we extend our inverse strategy to simultaneously control both the incident
frequency and incident angle response of plasmonic metamaterials. We inverse design quasi-2D
stratified metasurfaces with tunable extinction spectra that are nearly independent of the incidence
angle. To connect directly to measurable observables, we derive expressions for the derivatives of
transmittance and reflectance with respect to nanoparticle position and physicochemical features
and demonstrate how these can be incorporated into optimization routines. Lastly, we discuss
three promising future research projects that leverage our inverse design methodology as a key
component: inverse design of the colloidal interactions and self-assembly protocols to produce
optical metamaterials, magnetoplasmonic materials controlled with magnetic-field-directed self-



assembly, and ellipsometric characterization of nonuniform thin films.

In the final section of the thesis, we present a mechanistic study of the depolymerization of polyethy-
lene terephthalate (PET), a polymer that frequently adds to postconsumer plastic waste. One of
the ways to recover valuable raw materials from postconsumer plastic waste is by depolymerizing
PET into its monomeric constituents, dimethyl terephthalate (DMT), and ethylene glycol (EG)
through methanolysis with the help of acid or base catalysts. Tertiary amines are attractive base
catalysts for this process because, unlike metal-based catalysts, they avoid generating environmen-
tally harmful waste. However, their catalytic mechanism remains unexplored, limiting efforts for
plastic upcycling. Using density functional theory (DFT) and transition state analysis, we show
that tertiary amine-catalyzed methanolysis of PET can proceed through a stepwise mechanism
involving multiple discrete steps, rather than a single concerted step. Comparing our calculations
with experimental results, we find that DMT yield correlates with charge polarization in the amine
catalyst, suggesting a possible atomic-level descriptor for future catalyst design.
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Chapter 1

Introduction

Colloids are mesoscopic particles with size between 1nm and 1pum dispersed in a continuous
medium, such as gas or liquid.[?) They are “supramolecular” — much larger than atoms and
molecules but much smaller than the macroscopic objects we interact with day-to-day. Colloids
are seen everywhere in our daily lives, including in detergents, milk, paints, and inks. They act as
drug carriers for poorly water-soluble drugs, Bl as rheological modifiers in paints, inks, coatings, [4]
as foam stabilizers in detergents and fire suppressants, ), and as cosmetic components. (6!

Brownian motion, the stochastic “jerky” motion of colloidal particles in a solvent, is the defining
feature of colloidal dispersions. Collisions and interactions between solvent molecules and colloid
surfaces happen on timescales that are much faster than the timescales on which the colloids move.
Due to this separation of timescales, the colloids experiences a huge number of solvent-colloid
interactions over a short time! resulting in a stochastic net force. This stochastic force drives a
“random walk” trajectory, i.e. the colloid experiences Brownian motion. This motion is quantified
by the colloid’s diffusivity D = kpT'/~y, where + is the hydrodynamic drag coefficient of the colloid.
Thus, the energy driving Brownian motion the thermal energy kT of the solvent. Gravity also
acts on colloidal particles, and the ratio of colloid radius a to the “sedimentation length” ¢ =
kpT/mg, where m is the buoyant mass and g is the gravitational acceleration, characterizes whether
sedimentation or diffusion will dominate the colloid’s motion. When a <« ¢, Brownian motion
dominates sedimentation and small particles remain suspended in solution. When a > £, large
particles sediment to the bottom (if denser than the solvent) of the container or cream to the top
(if less dense than the solvent).

The interaction between two colloids is the sum of the interactions between all the atoms of the
two colloids. This can be conveniently represented through an effective colloidal pair potential that
is a function of, for spherical colloids, only the center-to-center distance. Analogous to how atomic
potentials determine the equilibrium structure and macroscopic properties of the materials they
make up, so too does the colloidal interaction potential determine the structure and properties of
colloidal materials. While we cannot engineer atomic pair potentials, colloidal pair potentials are
highly tunable through the features of the colloid, its surface, and the solvent. 2

The colloidal interaction potential determines if a colloidal dispersion is “stable”, where particles re-
main suspended, or “unstable”, where particles irreversibly aggregate and crash out of solution. 7]
All colloids interact via van der Waals forces, whose strength depends on the dielectric contrast be-
tween each colloidal particle and the intervening continuous phase. Van der Waals interactions are
always attractive and diverge to infinite strength as the surface-to-surface separation approaches
zero. Without the presence of any other repulsive interactions, van der Waals forces cause colloids

Ishort compared to colloid motion but long compared to solvement molecule motion



to irreversibly aggregate and crash out of solution.

Colloids can be stabilized through electrostatic interactions. When dispersed in liquids, the surface
of colloidal particles typically become charged. The surface charge attracts oppositely-charged
counterions from the solution and repels like-charged co-ions, creating a region of excess counterions
near the particle surface, called the “double layer”. If the colloids have the same net charge, they
will repel one another. Due to the ions in the double layer, the length scale over which the colloids
experience appreciable electrostatic interactions, i.e. the “screening length”, is smaller than that
for electrostatic interactions between two bare charges. In other words, the ions “screen out”
electrostatic interactions between colloids. Colloidal dispersions can also be stabilized by grafting
polymeric ligands to particle surfaces, resulting in steric repulsions between the polymer layers that
also have an associated interaction range. Therefore, there is typically a delicate balance between
the attractive forces that drive colloidal instabilities and the repulsive interactions stabilizing them.
Stabilizing repulsions must keep the colloid surfaces far enough apart to prevent van der Waals
attractions from driving irreversible aggregation. The Derjaguin-Landau-Verwey-Overbeek (DLVO)
interaction potential is a simple model capturing this for a sum of van der Waals attractions and
screened electrostatic repulsions. Through analysis of the DLVO potential, we can predict for
example, the salt concentration at which a stable colloidal dispersion will become unstable.

We can induce and control reversible attractions between colloids by adding depletants, such as
small particles or nonadsorbing polymer chains, to colloidal dispersions. 2 The center of mass of the
depletant is sterically excluded from a region around each colloid. If two colloids come close enough
to each other, their “depletion zones” overlap and depletant is excluded from the gap between
them. Depletant in the surrounding solution creates a high osmotic pressure that pushes on the
pair outside the gap, but there is no depletant inside the gap to counteract this force. This osmotic
pressure imbalance pushes the two colloids together and creates an effective “depletion attraction”
between the colloidal particles. The depletion forces are purely entropic and do not depend on the
chemical composition of the colloids or the depletant. An equivalent way to rationalize depletion is
to realize that the free volume accessible to the depletant increases as colloids move close together.
This increase in depletant entropy lowers the overall free energy of the dispersion.

This tunability over colloidal interactions can be utilized to controllably self-assemble colloids.
Self-assembly is a “bottom-up” approach to structure formation, in which colloidal building blocks
arrange themselves. This contrasts “top-down” methods like lithography and 3D printing. Self-
assembly can be further categorized as “static”, where colloids spontaneously assemble with no
external energy input, or “dynamic”, where external energy sources drive structure formation. [®!
Static self-assembly can only be controlled through tuning of the interparticle potentials, while
dynamic self-assembly can be tuned by both interparticle interactions and the external energy
source. Because dynamic self-assembly is not constrained by equilibrium thermodynamics, it can
access a much broader variety of complex structures and states, including those that are dissipative
and time-varying.

Therefore, colloids have a vast design space for self-assembly. We can control colloidal interactions
through strategic design of the building blocks and can assemble them into essentially any target
structure we want, provided we can engineer the appropriate interparticle interactions. In this
thesis, I focus on the use of self-assembled soft matter for nanophotonics. Colloids have very
strong light-matter interactions and, consequently, interesting optical properties because their size
is commensurate with the wavelength of light. Purely “geometric” optical interactions occur due
to particle size in otherwise optically “boring” materials. In metals and metallic-like materials,
plasmonic light-matter interactions due to mobile electrons are strong. Because incident light



waves have an electric field component that oscillates with time, they exert electrophoretic forces
on the free electrons driving oscillatory electron motion in time. This collective electron motion
induces electric polarization within the material, resulting in charge separation at interfaces. In
nanoparticles, the plasmon modes are confined to the small volume of the nanoparticle and are
therefore termed “localized surface plasmon resonance” (LSPR), contrasting bulk plasmons in bulk
materials and surface plasmon resonance (SPR) at planar interfaces. The oscillating electrons
inside the nanoparticle induce an electric dipole moment p that also oscillates in time. The dipole
oscillates at the same frequency as the incident light, but with a phase lag. The magnitude of the
dipole moment changes with the incident light frequency and we specify the frequency around where
|p| is maximized as the LSPR frequency. At the LSPR frequency, the large dipole moment result
in enormous optical absorption and scattering, large near-field enhancement near the nanoparticle
surface, and large heat generation.

A review paper on LSPR in semiconductor nanocrystals® details that investigations of plasmonic
nanoparticles have primarily focused on metals, such as gold and silver, which are straightforward
to synthesize. 192l Metals, by definition, have free electrons in their conduction bands and are
therefore plasmonic. However, any material containing free electrons is plasmonic. For exam-
ple, semiconductor materials can be synthesized in a metallic state through atomic doping, which
changes the Fermi level and pushes electrons into the conduction band. This is especially useful
because the concentration of free electrons, and therefore their LSPR frequency, can be tuned with
the doping amount. The chemical composition of host semiconductor and dopant, the spatial dis-
tribution of dopant, and the nanoparticle size and shape all also affect the LSPR mode.[®) These
parameters are tuned via the colloidal synthesis procedure. '3 Several synthetic approaches have
been developed for nucleation and growth of metal and doped semiconductor nanoparticles, includ-
ing hot injection, continuous injection, and heat-up methods.>% The physicochemical features
of the synthesized nanoparticles are determined by, for example, the choices of solvent, metal pre-
cursor, organic surfactant, temperature, and synthesis time. After synthesis, the concentration of
dopants and nanocrystal volume fractions can be measured with inductively coupled plasma mass
spectrometry (ICP-MS) or atomic emission spectrometry (ICP-AES).[17:18]

A variety of instruments are used to measure light-matter interactions. Transmission spectra are
measured in UV-vis-NIR (ultraviolet-visible-near infrared) spectrometers, from which extinction
and, in some cases, absorption spectra can be extracted. Longer wavelengths (lower frequencies) can
be measured in a Fourier transform infrared (FTIR) spectrometer. '319 By fitting dielectric models
to the measured extinction spectra of very dilute nanoparticle dispersions, the dielectric function
of the nanoparticles can be determined. Ellipsometers measure the amplitude shift, phase lag, and
change in polarization state of reflected and transmitted light off a material at a range of incidence
angles, from which the complex dielectric function can also be inferred.??! Photoluminescence,
the emission of light after absorbing photons, can be measured in interferometers. !/ Dynamic
light scattering (DLS) provides information about the particle size distribution, which is typically
characterized by a mean size and a polydispersity. 22 More accurate particle size measurements can
be obtained using transmission electron microscopy (TEM) (23] or via light scattering techniques,
i.e. static light scattering (SLS) and small angle X-ray scattering (SAXS).

Surface-enhanced Raman spectroscopy (SERS) leverages plasmonic resonance to detect molecules.
The Raman signal captures information about interatomic bonds in a molecule by detecting a shift
in the energy of light when it interacts with these bonds. The Raman signal is generally weak, but
when the molecule is placed near a plasmonic substrate, the strong local field intensity due to LSPR
on the substrate can amplify the Raman signal, dramatically enhancing the signal-to-noise ratio in



SERS. 24 For more information, Maier and co-workers write a thorough discussion of imaging and
characterization techniques that leverage LSPR. ]

For many photonic applications, the “desired” material photonic spectrum (or similar optical figure
of merit) is known. The materials design task is, given a vast design space, what materials posses
this target spectrum and how can they be synthesized? This challenge is usually approached
through a forward strategy, which relies on trial and error synthesis and characterization of many
materials. The process must be repeated many times to screen for materials with properties that
match the target, which can be expensive and time-consuming. This is a challenge whether we are
designing materials in the lab or simulating them in silico. As discussed earlier, colloidal interactions
and self-assembly offer a vast, tunable design space for engineering material properties. Inverse
design offers a strategy to navigate this large parameter space efficiently and design soft materials
with desired optical responses without needing to test impractically large numbers of candidates.
In an inverse approach, we specify a target optical property as an input to a numerical optimization
routine. The optimizer then steps through the tunable design parameters to reach a material design
that displays the target optical property. This is advantageous because we only need to consider
the material designs on the optimization path rather than exhaustively sample the entire design
space via parameter sweeps.

In this thesis, I develop inverse routines to design nanoparticle-based optical metamaterials. “Meta-
materials” display emergent light-matter interactions that depend not only on the identity of the
building blocks making them up but also on their structural arrangement. Note, that quasi-2D
metamaterials are often called “metasurfaces” and we’ll switch between the two descriptors. Meta-
materials with remarkable light-matter interactions have been fabricated including materials that
selectively transmit a specific polarization state, display structural color, and perform “calculations”
on images. [25]

A key component of any computational design tool for photonic materials is the simulation method
for light-matter interactions.26! In classical electromagnetism, optical simulations amount to nu-
merical solutions of Maxwell’s equations. Typical electromagnetic methods for solving Maxwell’s
equations include finite element, finite-difference time-domain, and discrete dipole methods, 27-28]
and the method of moments. 2?39 These can handle a small number of nanoparticles well with com-
plex geometries, but are computationally expensive for materials with a larger number of nanopar-
ticles. 31 Coupled dipole methods 3234 capture the effect of dipoles induced in each nanoparticle
on its neighboring nanoparticles and the overall material assembly, and can treat larger configu-
rations of nanoparticles. Similarly, transition-matrix approaches, multi-particle Mie theory, 3536
and boundary element methods2937) scale efficiently to large configurations. Based on these, our
approach to solving Maxwell’s equations is through the mutual polarization method (MPM),BS]
discussed in detail in Chapter 2 and the methods section of Chapter 3.

Optimization schemes either make use of gradients of the objective function with respect to pa-
rameters or are gradient-free. Gradient-free methods include genetic algorithms, 39 particle swarm
optimization, % non-linear search methods, and hybrid methods that mix particle swarm optimiza-
tion with genetic algorithms. *!l Bayesian optimization is also a gradient-free algorithm, based on
calculating the posterior distribution of an event given prior events. It builds a surrogate model
that calculates this posterior distribution of the optical objective function, and then uses an ac-
quisition function to decide what parameters to sample next. 243 These gradient-free methods
work well only for smaller system sizes and simpler geometries. As the system scales up and the
parameter space grows, these methods become computationally more expensive. They may be
useful in cases where it is not possible to compute the gradient or access it.*4 Gradient-based



optimization is hence more widely used for photonic inverse design. Gradient-based approaches
are well documented in the literature,*® and gradients provide optimization algorithms with a
path to improve the solution. The solution may be either a local or global minimum, but will still
improve the photonic design. Topology optimization is often used as a gradient-based, steepest-
descent optimization method to determine the optimal design of a material, such as a wavelength
demultiplexer. 4647 Gradient-based methods can additionally handle a larger design space and ma-
terial size. While this may intuitively suggest greater computational expense, this can be handled
through the adjoint method. The adjoint method calculates the gradient for the entire material
through just two calculations: one forward and one adjoint, irrespective of material size or number
of parameters. 8] Gradient-based optimization and the adjoint method are reported in detail and
implemented in Chapter 3.

A third category of inverse design methods is using deep learning. Both gradient-based and
gradient-free methods involve solving Maxwell’s equations in the mathematical model repeatedly
at each iteration, which can become computationally prohibitive for more complex systems. Neural
networks (NNs) in deep learning can map directly between input and optical response. They can
also be trained on the inverse mapping, from optical response to input, and act as a surrogate model
that learns this mapping directly, removing the need to run iterations.* Additionally, their ability
to universally approximate any continuous function, as established by the universal approximation
theorem, has made them a promising alternative for inverse design problems. [®®) In photonics, small
changes in parameters may either not affect the output optical property or lead to an unexpected
jump, i.e. it is common to have non-linear relationships that need to be captured. A deep learning
architecture, known as a neural network, is built from layers that take data as input. NNs can
have non-linear layers to capture non-linear optical relationships.[®) A wide variety of networks
are available for training, such as convolutional neural networks (CNN), recurrent neural networks
(RNN), generative models, and generative adversarial networks (GAN). Their contributions to in-
verse design in photonics are discussed in detail in the 2023 review paper. 26l Choosing the right
network, and whether to use it stand-alone or in conjunction with adjoint methods, based on the
training data and the optical problem at hand, remains an open design choice to explore.

A clear limitation of applying deep learning is the amount and quality of training data available.
Generating large datasets will inevitably require running electromagnetic simulation methods. The
dataset would also need to be tailored to the optimization problem being solved. The solution
could also be degenerate and harder to narrow down to the correct set of optimized parameters.
Another limitation is that if the optimization goal changes, the dataset needs to be modified and
recreated every time, and its generation is not a straightforward or quick process. While solutions
to implement DL, such as transfer learning, where trained neural networks can be repurposed, have
been implemented in photonics, they are not discussed at length here since they are not the focus
of this thesis. 2 Deep learning methods provide a wide scope for future research to inverse design
optical materials.

Topology optimization is often used as a gradient-based, steepest-descent optimization method to
determine the optimal design of a material, such as a wavelength demultiplexer. #6471 Gradient-
based methods can additionally handle a larger design space and material size with the same number
of iterations. While this may intuitively suggest more parameter calculations per iteration for more
particles, and thus greater computational expense, this can be handled through the adjoint method.
The adjoint method calculates the gradient for the entire material through just two calculations:
one forward and one adjoint, irrespective of material size or number of parameters. 48! Gradient-
based optimization and the adjoint method are reported in detail and implemented in Chapter 3.



Despite how well topology optimization works for materials with complex patterns from lithography,
it cannot be directly applied to nanoparticles, which are discrete and can self-assemble. The goal of
my thesis is to create a gradient-based inverse design method for NP metamaterials. We can utilize
the same computational advantage that adjoint method provides and can handle larger design space
of nanoparticles.

Chapter 2 provides a detailed description of the electromagnetic simulation method MPM used
in this thesis. I begin by solving for Maxwell’s equations for electric field E(z) through Laplace
equation for electrostatics. Using this, we get local electric field and its gradient. I show the math
for calculating dipoles from this, that is then used to calculate the optical property of extinction
cross-section. I list out the key features that can be extracted from this optical property and then
point to sections where its gradients are calculated analytically for inverse design optimization.

I just discussed why we would like to use gradient-based algorithms for nanoparticle material
design. In Chapter 3, I explain exactly how to compute the derivatives of an optical figure of merit
with respect to parameters of the dielectric function, position, and size. The idea is to use these
parameters to calculate a model spectra and minimize its error with respect to a target spectra using
objective function of integrated square error. For minimization of objective function we propagate
the gradients with respect to individual parameters. To show that this method is effective for
size and chemical composition, we used it to design quasi-2D metasurfaces. To show that this
method is effective for position/microstructure, we used it to design 3D metamaterials. We found
that our inverse protocol was remarkably effective and flexible in the spectral lineshapes it could
reproduce. We demonstrated that we could easily tune a material’s dielectric plasma frequency,
size and resonance frequencies by simply changing the input spectrum. Through repeated use
of the inverse protocol we learned that both multilayer metasurfaces and 3D metamaterials can
optimize to reach a similar target response. Structure and dielectric properties of both material are
completely different. We also learn that plasmonic coupling between layers is weaker, while it is
much stronger between individual nanoparticles. We also show how to run inverse design for other
figures of merit via adjoint methods. We show this method is effective by designing for spatial
profile of electric field intensity in a polka dot pattern by optimizing particle positions. We find
that nanoparticle dipole moments depend on both frequency and polarization. As particles update
position during the optimization, it couples both changes in dipole and resonance frequency due to
change in plasmonic coupling.

In Chapter 3, I explained how to control the frequency-dependent behavior of a metamaterial
through gradient-based methods. In Chapter 4 I explain how to control the angle-dependent be-
havior. In particular, I show how to use inverse design to design a quasi-2D metasurface, which
innately has large angle dependence. We used an objective function that considered both how
close the FOM is to a target FOM and how close the FOMs in two polarization states are to one
another. Using it we designed quasi-2D multilayer metasurfaces for complex extinction spectra
where we control the resonant frequency and linewidth of the peak. By decomposing the ensemble
extinction into contributions from individual layers, we find that the peaks ‘shift-by-one’ and over-
lap with adjacent layer peak of the other polarization state and as a result overall extinction from
both polarizations overlap. This is the reason the entire metasurface is nearly independent of the
polarization direction. The second half of the chapter is work done alongside Kenny Lam, a PhD
student in the lab. We extend our gradient-based design using adjoint method to other optical
properties of reflectance and transmittance. We choose them because they can be measured exper-
imentally, while extinction cross-section isn’t an experimental observable. I discuss optimization
result of transmittance for normal incidence of light, and present scope of future work on calculating



gradients when light is at an angle of incidence. I layout the stratified medium calculation in the
methods, used to calculate reflectance and account for incidence angle of light.

In Chapter 5, I investigated the role of tertiary amines as a catalyst for PET depolymerization.
We studied the reaction mechanism of PET depolymerization with these amines via methanolysis
using density functional theory (DFT)-based methods. The goal of this study was to gain an
understanding of the mechanism behind PET methanolysis with tertiary amine catalysts. PET
methanolysis has been studied with many metal-based catalysts experimentally, but not much
is reported with amines. Amines are known to accelerate transesterification reaction and tertiary
amines are promising, because they don’t lead to amidation and as a result don’t directly participate
in the reaction. We used density functional theory (DFT) to study the pathway of this reaction
by starting with a base case of methyl ester in place of PET, with the goal of characterizing the
simplest methanolysis reaction possible. Transition state structure of the surrogate model was
found and confirmed by varying key atomic distances. We were able to use the surrogate model for
PET methanolysis by extending it to benzoate structure, which is a more realistic representation
of PET. Evolution of the key bonds in transition state structure, and their change in relative
energy are discussed in detail in the study. Six different tertiary amines classified as linear, cyclic,
aromatic, diamine were then investigated with surrogate model. Energy landscape of the reaction
with these catalysts in vacuum and implicit methanol solvent is reported. Role of catalyst in
the proton transfer step is investigated through an alternate 2-step process, where proton first
transfers to amine nitrogen before breaking the ester bond. We make the argument for why this
reaction could be a 2-step process instead, and discuss the correlation between proton transfer
energy and experiment yield of PET product DMT, reported for tertiary amine catalysts. Through
our investigation, we found that charge on N atom in implicit methanol of tertiary amine catalysts
correlates directly with product yield of PET. We make the case for how charge on N atom could
be used as a potential descriptor to screen a wider range of catalysts for PET depolymerization.
Broadly, the chapter also provides a systematic approach to find transition states for reaction of
similar complexity through DFT. A portion of my PhD was done with Professor Jim Pfaendtner
and focused on polymer upcycling using catalytic solvolysis for deconstructing municipal wastes.
This chapter is a result of that work

Finally, in Chapter 6, I discuss how the results of the work of this thesis can be leveraged to incorpo-
rate structural control of nanoparticle metamaterial through inverse design of colloidal interaction
parameters to direct self-assembly. Experimental techniques to form monolayer thin films can be
corroborated alongside monolayer films designed from gradient-based inverse design. It can be used
to determine concentration of thin films. We can also study plasmonic response of paramagnetic
nanoparticles self-assembled through external magnetic fields.



Chapter 2

Electromagnetic Simulations of Colloidal Materials

2.1 Governing Equations of Electromagnetism

We’ll tackle the problem of a collection of N spherical particles of radius a exposed to an incident
electromagnetic wave Ei,.. The particles have permittivity e, and permeability pu,, while the
background fluid has permittivity €; and permeability py, all of which are in general complex
numbers and functions of (angular) frequency w. The response of the dispersion is governed by
Maxwell’s equations,

V-D =0, V-B =0, VxE:—a—B, VXH:@, (2.1)

ot dt

where E(x,t) is the electric field, D(x, ) is the electric displacement, H(x,) is the magnetic field,
and B(x, t) is the magnetic induction. Writing each of the fields in terms of their Fourier components
E(x,t) = [dwE(x,w)e ™" and using the linear constitutive relations D(x,w) = e(x,w)E(x,w)
and B(x,w) = p(x,w)H(x,w), we can show that in a region of space where ¢ and p are constant,
Maxwell’s equations reduce to Helmholtz equations for the Fourier modes

VZE+KE=0, V’B+k’B=0, (2.2)

where k = w,/u€ is the wavenumber. Unless otherwise specified, E and B will refer exclusively to
the Fourier components and we will drop the w argument. (2.2) are simpler PDEs, but we must
now solve for two different fields, one inside the particles E,, and another outside the particles (in
the fluid) Ef. At each particle’s surface, these two fields must satisfy boundary conditions on their
normal n' and tangent I — AN components
Epfl-Ep:Effl'Ef (I—flfl)-Ep:(I—flfl)'Ef (2.3)
ppty - Hy, = pyin - Hy (I-nn)-H,=(I-nn) Hy (2.4)

2.2 Plane Wave Solutions to Maxwell’s Equations
The simplest solution to Maxwell’s equations is that of a plane wave.
E(x) = Ege’s™ (2.5)

x is a position in space, and so E(x) is the value of the electric field vector at each position x. Eg is
a complex vector, containing both real and imaginary components, and represents the polarization
state of the light wave (e.g. linearly polarized, circularly polarized). k is the wavevector given by

'hats indicate unit vectors which have a (complex) magnitude of 1



In general, ¢ and p are complex numbers, but we will assume here they are both real in this
subsection to simplify our explanations. k is a unit vector indicating the direction of propagation
of the light wave. The magnitude of the wavevector k = |k| = ,/epw is the wavenumber. The
frequency of the light wave is related to its wavelength \ as
2
\ = (2.7)
VERW

Note that, while X is the true wavelength of light in a material, nearly everyone uses the wavelength
in vacuum Ag as the wavelength,

27
Ao Zoiow (2.8)
where g9 and pp are the vacuum permittivity and vacuum permeability. For example, when a
spectrum is plotted (i.e. some quantity as a function of wavelength), the wavelength is nearly
always \g. Also note that the vacuum speed of light is ¢ = 1//gopt0. We won’t need it much, but
the magnetic field is
H(x) = Z 'k x E(x) = Hpe'®™ (2.9)

where Z = \/m is the impedence of the medium. The electric field E, the magnetic field H, and
the wavevector k are all orthogonal to one another and their directions satisfy the right hand rule
relation

ExH=k (2.10)

Note that this implies that the electric field vector always points in a direction orthogonal to
the direction of propagation. The intensity of the light wave I is the magnitude of the fluzr of
electromagnetic energy (energy per area per time) that the light wave contains.

I- % Re [E x H'] (2.11)

where * indicates complex conjugation and Re[] indicates the real component of the quantity in
brackets. Plugging in for E and H, the intensity of a plane wave is

1

I=—
27

Eo|? (2.12)

2.3 Complex Representation of Harmonic Time Dependence

Why do we use complex numbers for wave problems? This is a powerful mathematical notation
that greatly simplifies calculations. The actual electric field Et,ye that would be measured can be
written in terms of the complex E as

Etrue(X7 t) =Re E(X)eik-x—iwt (213)
=FE'cosk-x —wt] — E’sin [k - x — wt] (2.14)

and similarly for Hye. Unless otherwise specified, prime (’) and double prime (") indicate the real
and imaginary components of a complex number, e.g. E' = Re E and E” = Im E. The exponential
term XX~ causes Eqye to oscillate as we move through the material (i.e. changing x at constant
t) and over time (i.e. changing ¢ at constant x). The incident field will, in this work, always be a



linearly-polarized plane wave

Einc,true(xa t) = Re [EO (X)eik.X7th (215)
= Epcos [k - x — wt] (2.16)

Comparing to (2.14), we see that the real component of E represents the portion of E that oscillates
in phase with the incident field and the imaginary component of E represents the portion oscillating
out of phase. Because all oscillating fields have the same harmonic time dependence e~*?, it can
be eliminated from the problem using our complex number notation. This reduces a more difficult
time-dependent problem in terms of real numbers into a simpler time-independent one in terms of
complex numbers without losing any information! Note that, because the the driving field oscillates
in time, several other quantities also oscillate in time, including nanoparticle dipole moments p.
We use the same complex number representation for all such quantities.

2.4 Quasistatic Solutions to Maxwell’s Equations for Spherical Nanoparticles

For an incident wave Ejn.(x) = Ege’ ™, the electric field E(x) around a single spherical nanoparticle
at position x; can be solved analytically. The scattered field, Esc = E — Eiy, can be written as a
multipole expansion

1 .
ESC = 2775f7'3 f(k, T) rr-p—

where r = x — x;, r = |r|, r = r/r, and the induced electric dipole moment is

p = drade f;;;ﬂ(ka)mm(xi) (2.18)
f, g, and y are known functions of k, r, a, €y, €5, pur, and p,, and all tend to 1 in the quasistatic limit.
The next terms in the expansion contain the magnetic dipole, electric/magnetic quadrupoles, etc.
There are a few length scales we can compare to the wavelength A to determine when a quasistatic
description is appropriate. In the limit of ka — 0 (a/\ — 0), the incident field does not vary across
the length of the particle, and the particle experiences an effectively constant? electric field. In this
case, v — 1 and the expression for the dipole moment is the same as the electrostatic dipole moment.
Additionally, the higher order terms in (2.17), which are proportional to VEi,. and higher-order
derivatives, are negligible. Next, if we have a finite collection of nanoparticles whose positions span
a system size L, we can compare A to L. In the limit of kL — 0 (L/A — 0), the incident field
does not vary across the system and all nanoparticles experience the same constant field Eq. Last,
we compare A to the distance r of some point away from the particle. The smallest r can be is a,
which is on the surface of the nanoparticle. Whether Eq. is quasistatic or not is determined by the
magnitude of ka, which we already discussed in terms of the dipole moment. If ka — 0, then the
near-field near the particle surface is quasistatic; f — 1 and ¢ — 1 in (2.17) and Eg is identical
to the field around an electrostatic dipole. The near-field region retains this quasistatic nature for
as long as kr < 1. However, at some point,  will grow large enough that kr is not small. Unless
k =0 (i.e. true electrostatics), the far-field where kr > 1 is never quasistatic. However, only the
slowest decaying component of (2.17) is nonnegligible here, so the far-field typically has a simple

2This field is nearly constant in space but it still oscillates rapidly in time with the harmonic time dependence
e*iwt

10



form.

In summary, the quasistatic dipole moment and scattered near-field are

€p— €
—dnade L TR 2.19
p=dma's; LBy (219)
E. — g (3t —1I)-p (2.20)
and the far-field scattered field is
k2€ikr
= I-r1r)- 2.21
= ey (178 (221)

2.5 Absorption, Scattering, and Extinction Cross-Sections

Consider a control volume comprising two concentric spheres around an irradiated particle. How
much energy is lost (i.e. attenuated) in this volume? If the particle were not present, all the power
flowing into the control volume by the incident field flows out. With a particle present, the power
flowing out is less than that flowing in. The attenuated power P.y is the sum of the power absorbed
P, by the particle and the power scattered Ps. by the particle. The power flux at any point is
given by the time-averaged Poynting vector Re[E x H*]/2. By integrating the normal component
of the Poynting vector over the surface S of the particle, we obtain

1 . 1 .
Paps = iRe /dSE (A xHY), Py= —iRe /dS Eq - (0 x HE,.). (2.22)

S S
The absorbed power involves the total field E while the scattered power involves only the scattered
field Egs.. The absorbed power uses the —ii component of the Poynting vector (the power flowing
into the particle) while the scattered power uses n (the power scattered out of the particle). Note
that, because there are no “sources” in the control volume, the integral of the scattered Poynting
vector over any spherical surface is the same, so both integrals can be evaluated at the particle
surface. We've also applied the vector triple product identity n - (E x Hx) = —E - (n x H*). With
E = E;c + Esc and realizing that the incident field alone has no power attenuation, the attenuated
power is

1 R R

Poxi = 5Re /S dS (Bine - (0 % HL,) + Bee - (3 x ) ). (2.23)

Though we can use the quasistatic dipole expression, we have to leave the quasistatic limit for the
scattered near-field and use the full non-quasistatic expression for Eg.. Substituting this into the
attenuated power integral leads to a simple expression for the total attenuated power in terms of

the induced dipole moment

k
Pt = ———Im[p - E] (2.24)

2,/ HfEF
Finally, the extinction cross-section is the power attenuated divided by the incident power flux
Ver/urEE/2

Im [(p) - Eo] (2.25)

Oext = —73
erEq
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which has units of area and is independent Ey. For a collection of nanoparticles, p is simply
replaced by the (particle) average dipole (p) = N1, p;.

2.6 Coupled Dipole Methods

In collections of many particles, each particle is polarized not only by the incident field but also by
the fields scattered by the other particles

pPi = 47T6L38f0é Eq + Z Esc,i (226)
J#i
where the dipole “polarizability” is
Ep —Ef

= 2.27
“ Ep + 25 (227)

and the scattered field is )
Escj = Ine (3tt —1I) - p; (2.28)

with r = x—x;. These expressions assume the quasistatic limit. The dipole moments are all coupled
together, so we must solve a linear system of equations for the unknown dipoles simultaneously

Eq My My - P1
Eo| = |[M21 Mg | . P2 (2.29)

The M;; are matrices that encode the field that particle ¢ feels due to the dipole moment of particle
Js

1
1-388) i+
M. — 47”5”3( o (2.30)
v 1 o '
dmade ra it

where now r = x; — x;. It’s convenient to represent this with the compact notation
=M P (2.31)

where & = [Eq,...,Eq]? is incident electric field repeated N times, & = [p1,...,pn]|’ is the
list of particle dipoles, .# is a tensor whose ij*" block is M;;, and the T' superscript indicates
transposition. In analogy to electrostatics, .# is called the “grand potential matrix” as it yields
the electric potential and its derivatives (i.e. electric field) from the charge multipole moments (i.e.
dipoles). We solve for the unknown dipoles by inverting .#

P=C-E, C€=.H" (2.32)

Again by analogy to electrostatics, % is called the “grand capacitance tensor”. The average dipole
is then
(p)=C-Eg (2.33)
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where C = Z Cij/N and Cj; is the ij*™ block of €. Because each particle has, in general, a
different dipole spectrum pi(w), it is convenient to decompose the extinction cross-section® o into

contributions from each individual nanoparticle
1 3Zw
=% Zi:ai(w), oi(w) = gy oo Im[p;(w) - Eq] (2.34)
Note that now, ¢ and o; are the extinction cross-section per nanoparticle volume, with dimensions
of 1/length. Because each o;(w) is a spectrum, we can extract descriptor like resonance peak
location, peak hight, and full width at half maximum (FWHM) for each nanoparticle in addition to

the descriptors for the ensemble averaged spectrum. For example the ensemble resonance frequency,
wres, and the resonance frequency of nanoparticle 7, wyes i, can be defined as

Wres = argmax o(w) Wres,i = argmax o (w;) (2.35)

2.7 The Mutual Polarization Method (MPM)

Constructing the large 3N-by-3N .# matrix explicitly takes O(N?) operations and inverting it
takes O(N?) operations, both of which are prohibitively expensive. Instead, we can use an iterative
scheme like GMRES to solve the system of equations approximately. The cost now scales with
the number of iterations multiplied by the time it takes to compute the matrix/vector dot product
on the right side of (2.29). The dot product can be computed rapidly using a spectrally-accurate
Ewald summation in O(N (log N)") time, where n < 1.

One major challenge is that fast iterative solvers like GMRES require .# to be positive definite?
to guarantee convergence. When .Z is given by (2.30), it is not guaranteed to be positive definite
when particles overlap (r < a; + a;). Unfortunately, particle overlaps are common in dynamic
simulations, which cannot model true hard interactions. We could assign particles a smaller radius
for the electric dipole calculations so that no pairs are overlapping, but now this radius is different
than the thermodynamic radius used to construct the configuration. This changes the effective
volume fraction and places particle surfaces farther apart than expected, both of which have big
implications for the optical properties. Instead, a regularization can be applied to overlapping pairs
so that . is guaranteed to be positive definite in the w — 0 limit. One such regularization for a
triply-periodic system is

36,1 ela: (xl—xj)
Mij = . i 2.36
J 471'(1?(510 — 5f CbzagEfV ZJ: ;} J1(qai)j1(qa;)aq ( )

which is written as a sum in reciprocal space over wavevectors® q € 2m[n, /Ly, ny/Ly,n./L,] for
integers n;. L; are the periodic box lengths, V = L,L,L, is the system volume, and J;; is the
Kronecker-6 function. (2.36) is equivalent to (2.30) when particles are non-overlapping (r > a;+a;),
but has a different form for overlapping particles (r < a;+a;), ensuring .# is always positive definite

3we are now dropping the “ext” subscript

“Because the diagonal entries of .# are complex, .# is generally never positive definite. What we mean here is
that .# should be positive definite in the electrostatic limit of w = 0. Else, convergence at all w can be extremely
poor and important physical properties, like the Kramers-Kronig relations, are not satisfied.

Sunrelated to the wavevector k of incident light
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and that (2.29) can be solved iteratively. This choice of regularization plus the particular procedure
for Ewald summation defines the “mutual polarization method” (MPM), which we use for all optical
simulations in this work.

2.8 DModels for the Dielectric Function
We’ll assume that each nanoparticle ¢ has a dielectric function e; described by the Drude model

2

€0wp i

gilw) =€ — —5—7+— 2.37

z( ) 00,1 w2 n Z"Yiw ( )

wp,i is the plasma frequency, v; is the free electron® damping coefficient, and e, is the high-

frequency permittivity. The Drude model describes only the plasmon mode of metallic materials

and resonant features at higher frequencies are not considered, effectively lumped together in the
single constant €.

Sor, more generally, “charge carrier”
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Chapter 3

Inverse Design of Optical Metamaterials Assembled from Plasmonic
Nanoparticles

3.1 Abstract

Self-assembly of strongly coupled plasmonic nanoparticles is a scalable and promising route for
producing optical metamaterials with emergent photonic properties. Understanding, controlling,
and designing the light-matter interactions of these components is crucial to improving their per-
formance. In this paper, we formulate optical metamaterials design as an inverse problem, where
we first specify a target optical behavior and then use numerical optimization to autonomously dis-
cover self-assembled nanoparticle metamaterials possessing the desired features. We use a coupled
dipole method for electromagnetic simulation to efficiently compute gradients of optical figures of
merit with respect to nanoparticle position, size, and parameters of the dielectric function ana-
lytically for gradient-based iterative optimization. Our design framework rapidly iterates through
candidate materials self-assembled from tens of thousands of nanoparticles, and specifies the posi-
tion, size, dielectric properties, and other physical features of each nanoparticle within an optimal
metamaterial, subject to arbitrary constraints on the choices of design parameters. We use our tool
to perform simulated annealing optimization to propose nanoparticles metamaterials with optical
features tunable over an enormous range. In particular, we have inverse designed nanoparticle
metamaterials with: 1) tunable extinction spectra of complex lineshape and 2) electric near-field
intensity with spatial profiles matching targeted patterns. By examining libraries of metamaterials
with similar optical features, we can describe the key structure-property relations governing their
optical responses.

3.2 Introduction

Optical metamaterials are heterogeneous, nanostructured materials with emergent light-matter
interactions that are controlled by systematically tuning their microstructure. 253 They are engi-
neered to have desirable photonic properties that are challenging to achieve with single-component
materials, including negative effective refractive index, tunable structural color, and capability for
multiplexing (i.e. responding selectively to) light of different wavelengths, polarizations, incident
angles, and incident powers.?*58 To contend with the enormous design space, inverse methods
are emerging as a valuable tool for engineering optical metamaterials.[*59-63] In an inverse ap-
proach (3.1), the input is a specific, “target” photonic property and numerical optimization and/or
machine learning methods are used to discover the features of a metamaterial with the desired
optical response. To date, development of inverse methods has focused mainly on “topology op-
timization” of 2D metasurfaces to determine the complex spatial features and arrangements of
bicontinuous material domains.#4%4 The computationally-inverse-designed pattern can then be
reproduced experimentally through top-down nanofabrication. 665681 A majority of metasurfaces
require electron-beam lithography to pattern their very small features, resulting in low throughput
and high costs. 4469 Photolithography enables higher-throughput production of lower-resolution
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patterns, but the restriction on the minimum feature size results in degraded performance and less
tunability. [70-72]

The focus of this paper is to develop computational inverse methods for nanoparticle-based metasur-
faces. Controlled self-assembly of metal, doped semiconductor, and similar conductive nanoparticles
is a powerful synthetic strategy to create nanophotonic soft materials on bulk scales. ™3] Metal (e.g.
gold, silver), doped semiconductor (e.g. tin-doped indium oxide (ITO)), and similar conductive
materials have strong light-matter interactions due to their localized surface plasmon resonance
(LSPR), i.e. collective oscillations of mobile electrons within the material.[»'? For semiconduc-
tors in particular, the LSPR can be crafted by varying the dopant identity, dopant concentration,
and dopant distribution throughout the nanoparticle.¥) Near the LSPR frequency, nanoparticles
have large absorption and scattering efficiency and generate intense local electric field “hotspots”
near their surfaces. 912 Taking advantage of these features, plasmonic nanoparticles are regularly
used to enhance the signal of surface-enhanced Raman scattering (SERS) and surface-enhanced
infrared absorption (SEIRA) to probe molecular absorption. [74.75] Plasmonic nanoparticles have
also been incorporated into photovoltaic devices, 78 used in electrochromic devices, "7 and func-
tion as electrocatalysts. 8% Much of the energy absorbed via the LSPR mode is dissipated as heat,
so plasmonic nanoparticles serve as localized and nanoscale heat sources.®!] On the other hand,
doped metal oxide nanoparticles have large emission in the mid-IR and function as effective pas-
sive coolants for heat remediation via radiative cooling.#%%3 The plasmon modes of neighboring
particles are highly coupled, and self-assembly is emerging as a powerful tool to modulate optical
properties of plasmonic soft matter. Such “plasmonic metamaterials” display emergent properties,
like perfect adsorption (48 epsilon-near-zero behavior '8, large refractive index, 8% and induced
birefringence [5788) and circular dichroism. (89
single particle LSPR level and the assembled structure level, yielding a broad array of possible
achievable properties.

Plasmonic metamaterials can be tuned both at the

Assembly of plasmonic nanoparticles has historically involved close-packed superlattice via deposi-
tion or solvent evaporation. The lattice structure is determined primarily via the core nanoparticle
shape and the lattice spacing set by the length/density of the (typically organic) surface ligand
shells. For example, three-dimensional truncated octahedral gold nanostructures such as Pt@Au
nanoframes and Au@Pt nanoparticles self-assemble into close-packed 3D superlattices that gen-
erate a very strong and spatially uniform near-field electric field over large areas that enhanced
surface-enhanced Raman spectroscopy (SERS) signals. [®) Gold octahedra have also been synthe-
sized to assemble in a tip-to-tip configuration, aligning pointed tips towards neighboring NPs.
This 'powder-like’ assembly produces a highly-ordered nanoporous network with well-organized
hot-spots and high hot-spot accessibility for small molecules. Y] Optimal plasmonic superlattice
configurations have also been explored by examining how lattice parameters, local degree of order,
and cluster architecture influence SERS efficiency. 2 Layers of ITO NPs with varying Sn doping
concentrations, stacked onto germanium gold substrate, form a cavity structure, that is shown to
selectively control distribution of electric field intensity within the assembly.[®* In another con-
figuration, close-packed ITO NPs monolayer enhances near-field intensity into the gaps between
the NPs, that enhances the spectral intensity of molecular vibrations placed there.[3 By varying
the size and concentration of ITO NPs, their collective LSPR is tuned close to mid IR region to
resonate with the molecular vibrations. These results show that tuning LSPR in plasmonic NPs
allows for selectively near-field enhancement spatially and can assist in molecule detection.

In contrast to metamaterials comprising dielectric nanoparticles (e.g. photonic crystals), because
plasmonic coupling does not require crystalline order, disordered assemblies display strong emergent
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Figure 3.1: Inverse design framework schematic for designing nanoparticle-based optical metama-
terials

plasmonic responses. (39491 Over the last 20-30 years, many controlled self-assembly strategies
have been developed using DNA-mediated assembly, %) molecular linkages via dynamic covalent
chemistry, 389798 depletion attractions via non-absorbing polymer, 99191 polymer bridging, 101
and coacervation of lower critical solution temperature (LCST) macromolecules (e.g. PNIPAM or
elastin-like polypeptides). [102] These strategies have expanded the achievable structures, including
disordered, percolated colloidal gels of tunable structure (e.g. fractal dimension) and clusters of
controlled size, shape, and arrangement. Because these structures are lower density and can remain
in solution, they enable reconfigurable materials with switchable photonic behavior controlled with
chemical ") or thermal stimuli.[192:103],

More recently, disordered NP assemblies like NP gel networks have also been investigated. Exper-
imental techniques like small-angle X-ray scattering (SAXS), combined with computational mod-
eling of light-matter interactions, have enabled detailed analysis of how local structural variations
influence near-field and far-field responses of these ensembles. !l For plasmonic metal NPs such as
gold or silver, the discrete LSPR response of individual nanocrystals is lost upon gelation as par-
ticles tend to fuse into wire-like networks, erasing the isolated particle plasmonic signature. [104,105]
To address this limitation, a study introduced a gelation approach of balancing short-range deple-
tion attraction and long-range electrostatic repulsions, allowing disordered assemblies to form while
preserving the LSPR of the individual NPs and overall morphology. [101]

Topology optimization approaches do not naturally extend to inverse design of nanoparticle self-
assembly because we do not have direct control over the nanostructure. This issue has been partially
solved through the development of computational inverse methods for “structure design”, which
discover the nanoparticle shape, surface features, and thermodynamic pair potentials that promote
self-assembly of target structures.!°6198] Through inverse structure design, extremely complex
structures have been self-assembled including single- and multicomponent colloidal crystals with
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very large unit cells, quasicrystals, self-limiting colloidal clusters, and void geometries. [109-114] Up-
fortunately, structure design methods, do not easily extend to optical design, where the objective
function explicitly incorporates a desired optical feature. A key difficulty is the prohibitive computa-
tional expense of electromagnetic simulations for large, self-assembled nanoparticle configurations,
which must be performed hundreds or thousands of times during iterative optimization. [115:116]
Common electromagnetic simulation methods like finite-difference time-domain (FDTD) or finite
element method (FEM) are only feasible for O(10) nanoparticles, which is insufficient for capturing
the multi-length scale features of self-assembled configurations of O(103)-O(10°) nanoparticles. A
second major difficulty is the challenge of computing gradients of an objective function with respect
to physically tunable parameters of nanoparticles.

We model our configurations as ensemble of NPs composed of ITO or indium-tin oxide like dielec-
tric functions, which is a plasmonic semiconductor formed by doping indium oxide (IoO3) with tin.
They are plasmonic NPs whose optical properties can be controlled by tuning its LSPR in the near-
infrared (NIR) region. ™7 120l LSPR can be tuned by varying distribution of Sn dopant in indium
oxide. Dopants can be localized to the core, distributed homogeneously, or segregated towards the
surface. These distributions specifically influence LSPR characteristics such as linewidth, repre-
sented by the damping coefficient () in the dielectric model used in this study. [121] For example,
it is shown that when Sn is segregated on the surface of indium oxide, it leads to symmetric and
narrow LSPR line shape. 122

Additionally, bulk plasma frequency (w)) has been shown to increase with shell growth in core/shell
model of indium oxide/ITO. w), is directly proportional to the free carrier concentration, which can
be controlled by doping. 2! These tunable parameters present a design opportunity to tailor the
LSPR response of individual NPs. Thus, in our model, tunability is incorporated by varying ~ and
wp of each NP continuously through the Drude dielectric function.

We use mutual polarization method (MPM) to compute the induced dipoles of each of these ITO-
like NPs in the presence of incident field Ey. As reported previously, MPM is an electromagnetic
simulation method utilizing coupled dipole approximations, where the optical response is deter-
mined from both the individual particle dipole and its interactions with dipoles of other NPs in the
system. 38 MPM is fully differentiable, meaning that the resulting optical properties or objective
functions are differentiable with respect to input parameters. These gradients can then be used to
guide the optimization. The method is also reported to compute optical responses of large configu-
rations and can account for triply periodic boundary conditions and particle overlaps. As discussed
previously, MPM has been used to supplement experiments in the past for systems such as colloidal
gels, metasurfaces, plasmonic superlattices. [18,31,38,98,123] Details about MPM are discussed further
in methods Section 3.5.2.

The goal of this paper is to address this challenge by formulating and implementing a compu-
tational inverse framework for designing nanoparticle optical metamaterials utilizing nanoparticle
self-assembly. The paper is organized as follows : first, we demonstrate optimization routine and
MPM simulations for band-stop filter. We optimized a multi-layer configuration for dielectric pa-
rameters and radius for the optical figure of merit of extinction cross-section as the target spectra.
We tuned the target spectra’s bandwidth, bandcenter and modality and found optimized config-
urations for each of them using the same underlying principles. Next, we explored an alternate
route to reach the target spectra by treating the nanoparticles as individual units instead of layers,
allowing us to explicitly examine the dipole-dipole coupling between particles. The flexibility of
this framework is also demonstrated for different band-stop targets.
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In this paper, we also introduce an alternate optimization approach based on adjoint optimization
within the inverse design framework to study near-field figure of merit of electric field intensity
for plasmonic nanoparticles. We demonstrate this framework using a one-dimensional optimization
problem for a spatial field pattern. Finally, we discuss how the resonance frequencies of individual
particles and field polarization contribute to the resulting field patterns and outline directions for
further exploration of the design space.

3.3 Results and Discussion

3.8.1 Owerview of Optical Simulation

Optical simulation MPM is used to calculate induced dipoles (p;) in NPs by solving Maxwell’s
equations for a configuration irradiated with light Eg. It is used to solve a linear system of equations
in the quasistatic limit where radius of each NP (a;) is much smaller than wavelength of light
on system (A > a;), so that each dipole moment p; is obtained by solving Laplace equation of
electrostatics. We only retain the dipole truncation (p-truncation) in the moment expansion of
each particle’s total polarization response, while the quadrupole truncation (Q-truncation) and
higher order terms are omitted.

Each p;(w) is a complex vector that is a function of frequency. As a result, optical properties
calculated using p;(w) will be frequency-dependent. All NPs are described by the Drude model to
give their electric permittivity also dependent on frequency e,(w) through particle polarizability
a;(w). Section 3.5.1

3.8.2 Computing Gradients Analytically

We start by explaining the general features of our inverse design method for the case where the
extinction cross-section o(w), defined in (3.16), is the figure of merit (FOM). This has a particularly
simple form because of the similarity between extinction cross-section

w
o~ Zlm [pi - Eo| (3.1)
7
and the electrostatic energy of a collection of polarizable nanoparticles

1
Uzazpi'Eo (3.2)

Vx,0, the gradient of o with respect to the position of particle 7, is therefore related to F; = —Vy, U,
the electrostatic force on polarizable nanoparticles. There are numerous efficient numerical methods
for computing F;.[124 Derivatives of o with respect to other variables have similarly simple forms.
For other optical FOMs, section 3.5.5 describes a more general approach. We highlight only key
details here, a complete description is in the methods 3.5.4 and 3.5.5.

We choose a target extinction cross-section spectrum oy(w) that we wish our metamaterial to
display. We use the integrated squared error between the simulated o(w;A) and the target o4(w)
as the objective function (or “loss”)

) = /0 B (o(w; A) — oy(w))? (3.3)
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Many other objective functions may be used, including spectral shape-matching metrics, 12°! but our
focus is not to determine the relative performance of different objective functions. The optimizer
minimizes f by varying a set of M design parameters A = [A1,...,Ay]. Each A can be the
position of a nanoparticle ¢ x;, its radius a;, or a parameter of its dielectric function €;(w). When
g; is represented with the Drude dielectric function, there are 3 “dielectric parameters”, the plasma
frequency wy;, damping coefficient v;, and high-frequency permittivity e+ ;. If we can compute
Of JOXN = [0f)ONi,...,0f O] efficiently, we can utilize gradient-based schemes for the numerical
optimization. Using the fact that s = .#—1- & and the matrix identity .41 /0\, = 4" -

DM |ONy - M,
do  Zjw 2  Zjw oM
o BN ™ [mk '50] STEN | o (3:4)

where 4 = [p1,...,pn], &0 = [Eo,...,Eq], and .# is a block tensor whose ijth element is M;;.
When the design variable is a particle position, Ay = x;, then Vyx,o0 = —(Zwa/EgN) ImF;
is proportional to the electrostatic force on i. For each frequency w, we compute Vy, o for all
nanoparticles simultaneously using 1 matrix/vector multiply via an Ewald summation method we
developed for dynamic simulations of polarizable nanoparticles in electric and magnetic fields. 124
This calculation is typically negligible compared to the time to compute 4, which requires a ma-
trix/vector solve. When the design variable is a particle’s radius, A\, = a;, or a particle’s di-
electric parameters, A\ = wpi, Vi, €c0,i, only the ii block of .4 /0N is nonzero and Jdo /0N, =
—(Zpw/E3N)Im [(p; - pi)OM;;/0N]. (Note p; - p; # |pi|? for complex vectors). These derivatives
require no significant computation.

With efficient calculation of these derivatives, we can then perform simulated annealing optimiza-
tion, discussed in detail in Section 3.5.3. At each iteration of the optimization, design parameters
are updated by a contribution in the gradient descent direction and by a stochastic contribution.
The size of both the gradient descent step and the stochastic update can both be tuned.

8.8.8  Physicochemical Design of Quasi-2D Stratified Metasurfaces

We first demonstrate our optimization routine by crafting the extinction spectrum of a quasi-2D
metasurface composed of 2D hexagonal layers of plasmonic nanoparticles, as shown in Fig. 3.2. Such
metasurfaces have been assembled via sequential deposition of nanoparticle monolayers, where each
monolayer comprises nanoparticles of different size and chemical composition. 8485126129 G¢ratified
metasurfaces can also be assembled from dispersions of multiple particle sizes via evaporative
assembly with controlled evaporation rate. 130134 We consider a 15-layer material of nanoparticles
positions fixed to a face centered cubic (FCC) lattice oriented with the z-axis normal to the 111
plane. All particles within the same layer n are identical, with radius a,, and plasma frequency wy,,
but layers are different from one another. All particles have identical damping coefficient v = 0.1wy,
and high-frequency permittivity e, = €y.

We use our optimization tool to determine the set of a,, and wp, that results in a metasurface with
a rectangular extinction cross-section, having equi-intensity extinction across a specific frequency
interval and zero extinction outside of this interval (red curve in 3.2). This particular extinction
spectrum is characteristic of a band-stop filter, which selectively blocks frequencies of light within
the stopband and transmits all other frequencies. Krivina and coworkers created stopband mate-
rials from films containing a mixture of ITO nanoparticles of varying Sn-doping amounts whose
individual LSPR frequencies spanned the stopband.*26] Motivated by this, we set the initial values
of the plasma frequency wy,,, of each layer to span our target stopband equally. Because the peak

height h of the single-nanoparticle extinction spectrum scales as h ~ wga?’, we set the initial values
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of the radius of each layer to a, ~ w, 72/ ®. We then use steepest descent optimization over 10000

iterations to update each a, and wpy,, i.e. a 30-dimensional optimization problem. Figure 3.2A
shows the evolution of the metamaterial’s extinction spectrum over the course of the optimization
and Figure 3.2C shows the evolution of a, and wy,. While the a, ~ wp, ,2/ 3 scaling is mostly pre-
served in the final material, a,, and w, , for most layers increase significantly over the course of the
optimization, which results in a o that is very close to o;. While the initial values of a,, and wy,,, are
initially spread out, the final values show clustering among the layers at the edges of the stopband,
which all have around the same a, and wy,,. Note that, the clean ordering between layer number
and a, and w, values is a result of the ordering in the initial values by layer number. A.1 shows
the results of the same optimization as 3.2, but with the same initial values randomized among the

2/3

layers. This optimization results in the same a, ~ wp '~ scaling and clustering a,, and w,, at the
stopband edges, but the values remain randomized among the layers. We interpret this as evidence
that, while nanoparticles couple strongly within the same layer, there is no significant layer/layer
plasmonic coupling. This is confirmed in A.2, where the ensemble spectrum nearly equal to the

linear superposition of isolated layer spectra.

3.8.4  Tuning the Bandstop Functionality of Stratified Metasurfaces

Our inverse design scheme now provides a straightforward way to tune the extinction spectrum of
a stratified metasurface simply by inputting different target extinction spectra. Figure 3.3 shows
that inverse design is highly flexible in the spectral features it can reproduce. For the optimization
in Fig. 3.2, the target o; has a single stopband of bandwidth 0.4w) centered around a frequency of
0.5wy,. Figure 3.3 shows examples where we use inverse design to tune the bandcenter frequency,
the bandwidth, and the number of stopbands. In 3.3A, the metasurface has a bandcenter of 0.8wy
and a much larger bandwidth of 1.2w;. The metasurface in 3.3B has a bandcenter shifted to
0.8w,, with the same bandwidth of 0.4wy as in 3.2. Finally in 3.3C, the metasurface has three
distinct stopbands each of bandwidth 0.3w. In all cases, the optimizer converges to solutions where
the resonant frequencies of individual layers, wresrn, span the stopbands and the radius scales as
a ~ Wres, (to ensure equi-intensity extinction (SI Fig. A.3)). This is nontrivial because as a
increases, the area fraction of the layer increases which shifts wyes ;.

3.3.5 Inverse Design of the Microstructure of 3D Metamaterials

In Figures 3.2-3.3, nanoparticle positions were fixed and we used inverse design to determine the
size and dielectric parameters of the nanoparticles within the metasurfaces. Now, we fix the size
and dielectric parameters and use inverse design to determine the nanoparticle positions within a
metamaterial. We consider a monodisperse collection of N identical nanoparticles with the same
a, Wy, v, and £ at a fixed volume fraction ¢. We allow nanoparticles to take any position x in
a cubic, triply-periodic box that does not overlap with another nanoparticle. For N nanoparti-
cles, this corresponds to a 3/N-dimensional optimization problem as the optimizer searches for the
configuration with an extinction cross-section closest to the target.

Figure 3.4 shows an optimization at ¢ = 0.10 for a bandstop extinction spectrum with bandcenter
) = 0.5w and bandwidth W = 0.4®, the same target as in 3.4. We initialize the nanoparticles to
random, nonoverlapping positions (Fig. 3.4B). This configuration has a single extinction peak with
a Lorentzian-like lineshape (dark blue in Fig. 3.4A), characteristic of the LSPR of Drude nanopar-
ticles. Over many iterations, the optimizer evolves the nanoparticle configurations according to
the simulated annealing scheme Section 3.5.3, and the extinction spectrum approaches the target.
The final configuration (Fig. 3.4C) has a o(w) that is very close to the target. Compared to the
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Figure 3.2: Inverse design of a stratified plasmonic metasturface. 7 = 0.lw; and e = €y are
fixed for all nanoparticles and the optimizer updates the radius a and plasma frequency w,, of each
layer. A: Evolution of the extinction cross-section o of the metasurface as a function of incident
frequency w over optimization iterations (colors) The target spectrum is in red. B: Snapshot of the
final metasurface configuration, with each nanoparticle colored by its w,. C: a and w), for each layer
(colors) as a function of optimization iteration and the final set of (a,omega,) plotted together.
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Figure 3.3: Tuning the extinction cross-section o of stratified plasmonic metasurfaces. Panels show
the target extinction (red), the metasurface extinction for initial values of a,, and wp , (blue), and
the metasurface extinction for the final optimized a,, and w,, (black). The target spectra are
A: bandcenter 2 = 0.8w and bandwidth W = 0.4w; B: bandcenter 2 = 0.8 and bandwidth
W = 1.2w; C: three stopbands of bandwidth W = 0.3w and bandcenters 2 = 0.35, 0.95, 1.55w.
All nanoparticles have fixed v = 0.1& and e, = €¢. The nondimensionalization is @ = /¢ /e wp.o
and 6 = |\ /Erlrw.

well-dispersed initial configuration (Fig. 3.4B), nanoparticles in the final configuration (Fig. 3.4C)
arrange in aggregated, chain-like structures.

We repeat this optimization for the same target o; at several different volume fractions between
¢ = 0.05 and 0.40. Though ¢ spans almost an entire order of magnitude, Figure 3.5A shows that,
with inverse design, we can construct metamaterial configurations possessing the target spectrum.
This is not typical behavior for suspensions of plasmonic nanoparticles. We have previously shown
that the extinction spectrum of hard sphere and sticky sphere colloidal liquids and colloidal gels is
very sensitive to ¢ and that increasing ¢ results in significant redshift of o.[3! Because inverse design
guarantees that the metamaterials at each ¢ possess nearly identical extinction spectra, Figure 3.5
demonstrates that such a redshift is not universal. There are arrangements of nanoparticles at
essentially any ¢ for which o is nearly independent of phi. Presumably then, nanoparticles arrange
themselves to counteract the natural tendency to redshift with increasing ¢.

We performed structural analysis to analyze if there are any common features between them that
lead to this band-stop property. Through radial distribution function (RDF) and coordination no.
for all ¢, we did not find anything significant to report (Figure A.4).

The target o; here in Figure 3.5 is the same as the target for the stratified metasurface in Figure
3.2. For the stratified metasurface, the optimizer was able to craft the bandstop spectrum by dis-
tributing the resonance frequencies of each layer across the stopband. This was simple to do by
directly adjusting the plasma frequency of the nanoparticles, which shifts their wyes. Here for the
3D metamaterials, all nanoparticles have identical w,. However, the optimizer is still able to find
configurations with resonance frequencies that span the stopband. To understand this, we compute
the distribution of individual nanoparticle resonances wres ;. Although the overall extinction spec-
trum o = ) . 0;/N is a many-bodied, emergent property of the nanoparticle ensemble, it can be
decomposed into contributions from individual nanoparticles o;. We have previously shown that,
although the ensemble ¢ may have a complex lineshape with multiple peaks, each individual o; can
cleanly be assigned a single resonance frequency wres ;. 31] The probability density function P(wyes)
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Figure 3.4: Inverse design of the microstructure of a 3D plasmonic metamaterial. A: Evolution
of the extinction cross-section ¢ as a function of incident frequency w over optimization iterations
(colors). The target spectrum is in red. B: Snapshots of the initial and final nanoparticle config-
urations. All N = 360 nanoparticles have fixed radius, v = 0.1w}, and e = £y and the volume
fraction is ¢ = 0.10. Quantities are nondimensionalized by w; = /eo/ejwp and & = | Efpisw,.

and the cumulative distribution function (CDF) C(wyes)

C(wres) = / d P(w) (3.5)

Tres

of the set of wyes are extremely useful for interpreting the ensemble extinction spectrum. Figure
3.5B shows the CDF for the final metamaterial structures at each ¢, the CDF for the initial random
configuration at ¢ = 0.10, and the range of . Compared to a typical colloidal dispersion (i.e. the
initial configuration for ¢ = 0.10), which has a narrow distribution of wyes in Figure 3.5B, the final
CDFss of all ¢ have wyes broadly distributed across the stopband interval. Almost no nanoparticles
have a resonance frequency outside of the stopband. Therefore, we conclude that the optimizer is
finding highly heterogeneous nanoparticle configurations with a diversity of local structural motifs,
each of which promote a different resonance frequency.

For position design, we find that the magnitude of the noise term, 7', in the simulated annealing
scheme is a crucial hyperparameter. If T' = 0, the nanoparticles arrest in a local minimum and
the optimization is unable to converge sufficiently. If 7" is too large, nanoparticles simply diffuse
around as hard spheres and make no progress to minimizing the objective function. Only for
intermediate T does the optimization converge. We can draw a comparison to the temperature
dependence of colloidal crystallization for attractive nanoparticles with Brownian motion. If T
is large, the equilibrium phase is a colloidal fluid and nanoparticle do not assemble. If T is too
small, nanoparticle will rapidly aggregate and arrest in disordered or defective configurations, often
a percolated colloidal gel or an amorphous colloidal glass. Only for an intermediate range of T,
the “crystallization slot”, are the interparticle forces strong enough to promote self-assembly but
weak enough to allow rearrangements and avoid arrest. The noise term in our simulated annealing
scheme functions analogously to Brownian motion and thus 7" should be set to find the “slot”
between Brownian-dominated and gradient-dominated displacements. In all of the inverse design
calculations in Figures 3.4-3.6, we set T' = 0.2ag, though we stress that the best value depends on
the step size n and the choice of objective function f.
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Figure 3.5: Inverse design of metamaterial structures across a range of volume fractions ¢. A: The
final optimized extinction cross-section ¢ as a function of incident frequency w for each volume
fraction ¢ (colors). The target spectrum is in red. B: The cumulative distribution function (CDF)
of nanoparticle resonance frequencies wys; for each metamaterial from A. The shaded region in-
dicates the range of frequencies in the stopband of the target spectrum. C: Snapshots of the final
metamaterial configurations.
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Figure 3.6: Tuning the extinction cross-section ¢ of 3D plasmonic metamaterials. Panels show
the target extinction (red), the metamaterial extinction for initial configurations (blue), and the
metamaterials extinction for the final optimized configuration (black). The target spectra are A:
bandcenter 2 = 0.5w, and bandwidth W = 0.4wy; B: bandcenter = 0.6w, and bandwidth
W = 0.4w,; C: bandcenter 2 = 0.5wy and bandwidth W = 0.6wy; D: two stopbands of bandwidth
W = 0.13w, and bandcenters 2 = 0.365, 0.625w,; and E: three stopbands of bandwidth W' =
0.08w;, and bandcenters (2 = 0.34, 0.5, 0.66w,,. All other system parameters are identical to those
in Figure 3.4.

3.8.6 Tuning Bandstop Functionality of 3D Metamaterials

Similar to the design of dielectric parameters to tune the extinction spectra in Figure 3.3, we used
our inverse tool to design the nanoparticle microstructure to tune bandcenter frequency, bandwidth,
and number of stopbands of ¢. Figure 3.6A repeats the optimization from Fig. 3.4 for a bandcenter
1 = 0.5wy and bandwidth W = 0.4w;. In Fig. 3.6B, we shift the target bandcenter to 2 = 0.6w;
and repeat the optimization, designing a new microstructure with a spectrum close to the new
target. In Fig. 3.6C, we increase the bandwidth to W = 0.6w;. The optimizer converges to a
microstructure with a large bandwidth close to the target, though the metamaterial’s extinction
between 0.2w; < w < 0.3wy, is far below the target. We hypothesize this is due to the difficulty
in shifting the wyes of any nanoparticle below 0.3wy. Fig. 3.6D shows a metamaterial designed to
have two distinct stopbands, and Fig. 3.6E a metamaterial with three distinct stopbands. In both
cases, the metamaterial’s extinction closely matches the target spectra. Compared to the unimodal
bandstop materials, in which the w5 are distributed evenly over the stopbands, the bimodal and
trimodal materials primarily have nanoparticles resonating only in the stopband intervals. Very few
nanoparticles resonate in the intervals between the stopband (the passbands) and so the extinction
in the passbands is small.

Figure 3.6 demonstrates that even monodisperse collections of plasmonic nanoparticles can display
extraordinarily complex spectral properties. And, that we can use inverse design to systematically
design and probe materials with exotic optical properties. Additionally, the results of Figures 3.2—
3.6 demonstrate that both physicochemical design (of nanoparticle size and dielectric parameters)
and structure design (of nanoparticle positions) can be leveraged to produced metamaterials with
similar spectral functionality. We note that, although we have considered them separately here, the
radius, dielectric parameters, and positions of all nanoparticles can be optimized simultaneously (a
7N-dimensional optimization) in our inverse design routine.
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3.3.7 Inverse Design of the Near-field Intensity Spatial Profile

The inverse design framework extends naturally to other optical figures of merit, provided we can
compute the derivative 0f/0\. This derivative is straightforward when extinction cross-section is
the figure of merit because of its connection to the electrostatic force, but a bit of care is needed for
other figures of merit. As derived in Section 3.5.5, the general form of the derivative of f(\, Z())),
which may depend explicitly on a design variable A and implicitly through the dipoles Z2(\), is
o 0f _0f . dd

d\e O\, 0P A\, 7 (3.6)

Note that for f = o, 9o /0N, = 0, 00 /0P" ~ &, and the derivative reduces to (3.4). Because
M is 3N-by-3N and N is generally very large, we do not construct either .# or .# ' explic-
itly. Rather we compute the dot product of .#Z~! - with a vector ¥ iteratively, e.g. using
GMRES. If ¥ = d#/dX\ - & in (3.6), this requires a matrix/vector solve for each Ay on every
iterations, which is cost-prohibitive for many design variables (e.g. the 3N position components
of all nanoparticles). Rather, we select ¥ = df/dZ in (3.6), which requires only a single ma-
trix/vector solve per iteration, independent of the number of A\;. This approach to computing
derivatives is termed an “adjoint method” or “adjoint optimization”, though any gradient-based op-
timization scheme can employ adjoint calculations. Adjoint methods are the predominant strategy
employed in topology optimization of optical metamaterials, (03135137 hut have not been applied

to nanoparticle-based metamaterials. A complete description of our adjoint approach is found in
Section 3.5.5-Section 3.5.7.

We utilize the adjoint method to design E(x) = |E(x)|, the spatial profile of the electric field
intensity around plasmonic nanoparticles (termed the “near-field”). We imagine a collection of
nanoparticles confined in the z = 0 plane. For any configuration, the nanoparticles generate a
near-field profile, which we calculate in the z = 1 plane just atop the nanoparticle surfaces. We
choose a target profile E;(x) and then use inverse design to determine the nanoparticle configuration
with an E(x) that is closest to Ey(x). We could still use the integrated squared error [ dx(E — Ey)?
as the objective function. However, this biases F towards specific values. In typical use cases, e.g.
sensing via SERS or SEIRA, we seek to maximize F in certain locations and minimize it in others.
We therefore use the more flexible objective function

FO) = / dx g(x) E(x, A), g(x)z{‘l’ X In hot region (3.7)

1, X in cold region

which maximizes F in the “hot” regions and minimizes it in “cold” regions. The target spatial
profile is therefore encoded entirely in the function g(x). We choose a polka dot pattern for g
comprising a square array of 16 circles of radius 4a at area fraction 0.05. We then use the inverse
design optimizer to find the nanoparticle configuration maximizing E inside the polka dots and
minimizing F in the interstices.

Figure 3.7 shows the results of this optimization. Because the nanoparticle dipole moments depend
on both the frequency and the polarization state of incident light, so too does E(x). Figure 3.7
therefore shows 4 optimizations performed at two different frequencies, above and below the isolated
nanoparticle LSPR frequency =~ 0.58w,, and two different polarizations, in-plane and out-of-plane.
Though the nanoparticles localize to the polka dots, the optimization is highly nontrivial because
plasmonic coupling changes the dipole magnitudes and resonance frequency of nanoparticles as
they approach each other. For example, for z-polarized light (Fig. 3.7C-D), the nanoparticles
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preferentially orient orthogonal to Eg. For z-polarized light (Fig. 3.7A-B), the nanoparticles have
no preferential alignment, consistent with the symmetry of the setup (there is no reason for the
nanoparticles to break symmetry.) Additionally the magnitude of E in the hot spots are much larger
for z-polarized light than x-polarized light. This is primarily a simple consequence of the fact that
for an electic dipole, while both the poles and the equator are local maxima in field intensity, the
pole intensity is double the equatorial intensity. While there are qualitative differences between the
two polarizations, we do not observe significant differences in the optimized structures between the
two frequencies. The £ magnitudes are much larger for w = 0.7w;, compared to 0.4wy,. In all cases,
the optimizer finds configurations that have very large E within the polka dots and very small F
in the interstices.

3.4 Conclusion

In this paper, we developed an inverse framework for designing plasmonic nanoparticle metama-
terials using gradient-based numerical optimization. We derived expressions for the derivatives of
optical figures of merit with respect to nanoparticle radius, dielectric parameters, and position and
explained how to rapidly compute them. We then used our inverse method to design a variety of
2D and 3D metamaterials with complex extinction spectra and electric field spatial profiles.

However, there remains the challenge of how to self-assemble the optimized structures output from
our inverse design tool. In fact,

In other words, further investigation is needed into the interaction energies between the NPs and
whether that supports the self-assembly into optimized configurations. A study has modeled this
through a combination of pair potential functions that include Morse potential to capture particle
attraction, Coulomb potential parametrized by screening parameter x and charges ¢ to account for
electrostatic repulsions and spring bond potential to maintain the particles in place and prevent
drifting. [138] Gradients with respect to these parameters can be computed via differentiability ca-
pability of JAX-MD [138,139] Including the potential parameter optimization alongside the inverse
design framework would allow to further explore the assembly-structure relationship.

This study exclusively uses linearly polarized light. The framework however can be extended to
use circularly polarized light to explore chiroptical responses of the configurations. Chiral nanoma-
terials are well documented to be promising for several applications. [140-141] Additionally, certain
plasmonic nanomaterials can exhibit chirality through different interactions with left-handed and
right-handed circularly polarized light. Hence there is potential to extend this framework to design
chiral plasmonic materials. Given how interpreting chiroptical responses is non-trivial, 9 utilizing
this inverse design framework is promising to accelerate this understanding.

A further limitation of the current inverse design framework is that all optimization is performed
using linearly polarized light at normal incidence to the configuration. In practice, common light
source such as sunlight is unpolarized. (%6 Additionally, polarizations maybe incident on the ma-
terials at various angles. As a result, the optical response from the framework would vary with
polarizations and incidence angles. To account for it, modifications to the objective function and
the MPM framework are needed to compute gradients during the optimization, such that the
optical response is agnostic to the polarizations and their incidence angles. Incident angle agnos-
tic materials can then be further investigated using different optical properties of reflectance and
transmittance, that can then be optimized through the adjoint method.

Using this framework, we demonstrate how plasmonic NPs couple to maximize near-field intensity
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Figure 3.7: Inverse design of the near-field intensity E. All nanoparticles have v = 0.10w;, and
€0 = €f and are at area fraction ¢ = 0.05. The figure shows : a) Initial configuration in the xy
plane; b) schematic of the particle and the detector planes : front view of the simulation box in the
xz plane, with the 100 x 100 detector grid points xg in the zy plane parallel to the particle plane;
White boundaries indicate hot regions within which the optimizer tries to maximize E. Each panel
indicates the final optimized near-field E-profile for A: Eg = Epe, and w = 0.4w;; B: Eg = Epe,
and w = O.7w;; C: Ey = Egé, and w = O.4w;; and D: Eg = Eyé, and w = O.7w;.
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within target regions defined by the polka dot pattern. We observe that field intensity is sensitive
to polarization direction, and that at a probe frequency, larger than single NP w5, field intensity
enhances around the target regions. Assembly of these NPs can be further investigated with
different target patterns by modifying the field mask gi. Optimizing positions for different target
patterns will further show how NPs will assemble at the macroscale across the full particle plane
and at the microscale of the target region.

While we are able to design configurations with thousands of NPs and parameters with large
degrees of freedom with gradient-descent optimization, the current workflow only runs on CPUs. It
is computationally demanding and time-consuming for larger system-size and gradient-descent even
with simulated annealing scheme is prone to be stuck in a local minima.*2 This work can also be
extended by using alternative optimization method such as Bayesian optimization. 142l Alternative
NP geometries other than sphere, such as nanoshells, nanorods, while not correctly supported in
MPM, can also be investigated as potential plasmonic NPs.

3.5 Methods

3.5.1 Dielectric Model

We describe the dielectric function of the nanoparticles using Drude model which solves for electric
permittivity e,(w). €,(w) is identical for all nanoparticles

P
Ep(W) = €00 — 55— 3.8
p) = oo = i (33)
Key dielectric parameters that will be tested closely are £, which is the high-frequency permit-
tivity, v the damping coefficient, w, the plasma frequency in vacuum. ¢ is vacuum permittivity
and ey is the background permittivity. To account for difference between ¢y and € , w), is non-

dimensionalized as w;, = wp \/g Peak features of w5, h, W of an isolated nanoparticle can be

calculated using Equation (3.9). These equations are important to give an initial guess for the
parameters in our optimization routine.

1 9 6fuw
2+ 2 2+ )7

W=~ (3.9)

Wres = W

3.5.2  Mutual Polarization Method for Optical Simulations

When the wavelength of incident light is much larger than the nanoparticle radius, solutions to
Maxwell’s equations for the electric field E(x) in the material can be inferred from the Laplace
equation for electrostatics. In this quasistatic limit, the electric field (and its gradients) can be
written as a sum of the incident field and scattered fields from multipole moments

E(x) = Eo + m Z vv (3.10)
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where r; = x—X; is the position relative to the center of i, r; = |r;|, and p; is the currently unknown
dipole moment of i. The particle moments are, in turn, induced by the local electric field
epfer—1
=4ra’eraB(x), a= 21 3.11

p = dma’ejaB(x), o= (3.11)
In the quasistatic limit considered here, the external field does not spatially vary and the external
field gradient is zero, VEy = 0, though the local field gradient is nonzero, VE(x) # 0. Though
this induces quadrupole moments in each nanoparticle, quadrupoles and higher-order moments are
neglected here. Equations Equation (3.10)-Equation (3.11) form a linear system of equations for
the unknown dipoles in terms of the external field

o= Mpp - p. (3.12)

where # = [p1, ... ,pn]T is a 3N-by-1 list of particle dipoles, & = [Eo, ..., Eq]? is the incident
field repeated N times, and .#F), is a 3N-by-3N tensor that couples the external field gradient to
the particle dipoles. In a triply-periodic geometry, we can express Mgy, ;;, the ij block of .#Zg,, as

36,1 garii
dmad(ep —ef) agafV Z q? ji(a0)aq

MEgpij = (3.13)

where ¢;; is the Kronecker J-function, j, is the spherical Bessel function of degree ¢, and V =
L3. The sums are over wavevectors q = [27q1/L,2nq2/L,2mq3/L], where ¢; are integers. While
Equation (3.13) is consistent with Equation (3.10) for non-overlapping particles r > 2a, it contains
a regularization term for overlapping particles » < 2a. This regularization guarantees that .#g),
is positive-definite for all possible configurations in the w — 0 limit and ensures that .# never
becomes ill-conditioned. [38)

Inverting the matrix equation, we can write the dipoles in terms of the applied field
A=C &, C =My (3.14)

where ¢ is a 3N-by-3N tensor with 3-by-3 blocks denoted C;;. We can also write the ensemble
average dipole p = ), p;/N as a linear function of the applied field

p=C-E (3.15)

where C = }_,,C;;/N is the average C;; tensor. The linear relation Equation (3.15) between
dipoles and incident field always holds, but the accuracy of ¥ and C increases as the level of
moment truncation increases.

We do not compute .# or % explicitly. Rather, we compute only matrix-vector products, e.g.
AM - s, using a rapid spectrally-accurate Ewald method discussed elsewhere [38,143,144) 31 solve
for the particle moments numerically using an iterative linear solver, GMRES. By solving for the
dipoles induced by three orthogonal incident field polarizations Eq = €., €,, and €., we construct
the entire C tensor.

The effective extinction cross-section per nanoparticle volume, o, of the nanoparticle ensemble is

3 /fyw
N Z 47TCL;/\/7>E2 Im [pl( N Zo'z (316)
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and can be written in terms of extinction contributions from each nanoparticle o;. Note that
though o; is assigned to nanoparticle ¢, it is a collective quantity that is a function of the positions
of all other nanoparticles. Both o(w) and o;(w) are spectra, and we define an ensemble resonance
frequency wres and individual particle resonance frequencies wres; as the frequency of maximum
extinction cross-section. Resonant frequency distributions are constructed by binning wyes; in bins
of width 0.01wy.

Wres = argmax o(w), Wresi = arg max o;(w) (3.17)

True field E at a single point xg is a sum of the incident field Ey and the scattered field Eg..
Scattered field magnitude is much larger than the incident field magnitude (Es. > Eg). Hence
field is approximated as E ~ E,.. Electric field at a single point from a nearby NP ¢ is then
represented as below
1 SN
3 (I — 3rijrij)p1 (318)

47r5mrl-j

Esc,i =
Contribution from multiple NPs (i) at the single point is the sum of E,; represented as below

N
1 I

E = ZZ: Mfcpi Mfc — m(I — 3rijrij) (319)

Equation for M comes from Equation (3.13). It represents the field at a single point due to dipole
moment of the particles 7. This is discussed further in Section 3.5.7.

MPM code is available at github.com/zeesherman/mutual-polarization

3.5.8  Optimization via Simulated Annealing

A key component of our inverse design optimization scheme is the design variables (6). These
include the dielectric parameters of the Drude model wy, 7, e introduced in section Section 3.5.1.

The plasma frequency w, is bounded between 0.1 to oo and the particle radius a is constrained
between 0.1 to 2. The choice of initial values for w, and a is discussed in section Section 3.3.
The parameters v and €4, are fixed at 0.1 and 1 respectively. Additionally, particle positions are
also included in the design space. The parameters are updated using a simple iterative scheme of
steepest-descent gradient method with a defined step-size (1) to reach a target spectra from model
spectra. VI' is computed in the optimization routine

(92'+1 =0; — nVI +'W (3.20)

Equation (3.20) is a differential equation in which stochastic noise W is added. Each design
variable (6;) is perturbed at every iteration by adding a random noise from a uniform distribution
W; ~U (—%, %), where T is an arbitrary value used to control the noise amplitude. Uniformly
distributed noise is represented as
T2

(Wi) =0,(W;W;) =al,a = Tz (3.21)
I in the Covariance term (W;Wj) indicates that noise is uncorrelated between parameters. Each
component Wj is independently and identically distributed (i.i.d) with zero mean and variance .

The variance o = % follows directly from properties of the uniform distribution on (—%, %)

32


https://github.com/zeesherman/mutual-polarization

Addition of stochastic noise is to help prevent convergence to a local minima. This approach
resembles simulated annealing, where perturbations allows the optimization to explore the design
landscape broadly.

For dielectric design in Figure 3.2 and Figure 3.3, a step-size n of 0.0001/N is used, where N is the
total no. of particles in the configuration. A step-size of 0.01 is used for updating particle positions
in Figure 3.4 and Figure 3.5, while a step-size of 10 is used for adjoint optimization of near-field
intensity in Figure 3.7.

3.5.4  Computing Gradients of Extinction Cross-Section

We want to generate a target spectra based on the desired application discussed earlier. This
could be spectra for any optical property such as extinction, reflectance, near field intensity. We
choose extinction cross-section per nanoparticle volume calculated from induced dipoles as the
target spectra oy(w).

Initial guess to the scheme is a model extinction spectra o(w, x, A, a) which is a function of design
variables 6 = (x, \,a). x = [(z1,y1,21), (T2,92, 22), ..., (TN, YN, 2n5)]T is the position coordinates of
N nanoparticles and A = [\, A, ..., Ax]T: is the dielectric parameters of each nanoparticle from
the Drude model (wp,7,€x) and a is the radius of each nanoparticle. We can vary the dielectric
parameters continuously to access the material space.

With the design variables, we can calculate the model extinction using MPM. We can minimize the
error between the model spectrum and target spectrum using integrated square error. Objective
function is I'[o(w; 0), o¢(w)].

Dl (w; 0), 00(w)] = /O " (o (w: 0) — oy(w))? (3.22)

We use a gradient-based minimization scheme, which involves calculating VI with respect to design
parameters

VI [o(w; 0), oo(w)] = 2 /OOO dus(0 (w3 60) — 04(w)) Vo (3.23)

To calculate this, Vo needs to be computed. Substituting particles dipoles Equation (3.15) in
Equation (3.16) for a single nanoparticle, we get

3/ W
Vo = szmv///@@@ PP (3.24)
dma3, [efES

To calculate VMg, ;; with respect to dielectric parameters A, we only consider the field gradient
index ¢ and equate the moment index j to 7. This reduces the potential tensor to its diagonal
components, M;;, because the dielectric parameters appear exclusively in the i component of
polarizability «; (Equation (3.11)). In other words, if dielectric parameter A of each particle can
vary independently, derivative of .# with respect to A is only nonzero for the .# block, which is
an isotropic tensor. .# is derived after expanding dipole moment Equation (3.11) and re-arranging

for EgEquation (3.10).

1 oM 3 Oe;
_ _ O¢i 3.25
draldepoy O\ drade o ON; (3.25)

i

Here ¢;(w) is the Drude dielectric function of particle . The partial derivatives with respect to the
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dielectric parameters wp,, Vi, €0, are given by

o
Og; _ _2“{1% ’8& _ zwpi. ’ Oe; _1 (3.26)
Owp, w?+iviw Oy w(w+iv)? Oeco

The gradient operator with respect to A and radius (a), is therefore defined independently for each
nanoparticle.

o o0 0 0 o o0 0 0 0 0 0 O]T

v =15 5 14 > YR YR [ ) ) )
= g Owy, 01 Denor Dag’ Owy, 072 Oensn’ " Dan’ Owpy OVN Ooon

)

(3.27)

Gradient of .# with respect to particle positions, has been derived previously using the key relation
Vot~ = (Vg M) : M~ 1?4 The authors showed that V,,.# : PP is twice the electrostatic
forces on the particles, which we can already compute efficiently. Hence using V.# we can compute
VT for the optimization routine.

3.5.5 Computing Gradients of General Optical Figures of Merit via an Adjoint Method

To calculate gradient of the figure of merit (FOM) of extinction cross-section, Vo Equation (3.16),
we needed only one matrix/vector solve to calculate the dipoles & since .# ! is paired with an
&p. Meaning we solve the system of linear equations to compute dipoles once instead of explicitly
calculating .# .

However to calculate error metric of FOM of near-field intensity |E|2, .~ is unpaired in gradient

VTI' . This requires an impractical computational burden to handle. To calculate we used adjoint-
method, which formulates the problem so that only two matrix/vector solves are required. One is
the forward matrix-vector solve same as extinction cross-section, where we compute for dipoles Z2.
Second matrix-vector solve is for an adjoint variable A defined as

of

o x A
0z A

A general objective function that depends on parameters A and NP dipoles &2 is defined as

fA2(N)
To calculate error metric for optimization, we need total derivative of f w.r.t. A. Using chain rule,

df of  of 4

A\~ Ox 92 dn
Substituting for 2 = .7~ - &

ﬁ:%_ﬁ.%—l.%.y

dx o0x 0 dA
For a general objective function, calculating .# ~! explicitly is expensive, scaling as O(N?) where
N is no. of particles. Instead of calculating it directly, we compute its action on a vector v by
solving a linear system. We make sure that v isn’t dependent on A. If it was dependent say in %,
it would scale with N and be just as expensive to compute. We introduce an adjoint variable to
represent this dot product as A = % -.#~'. We then use a matrix/vector solve to solve for A and
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eventually calculate % needed to compute error gradient.

df _Of _, A
=t 7 (3.28)

3.5.6  Complex Differentiability in Computing Gradients of General Optical Figures of Merit

Since 2 is a complex variable? = @' + i P", f(2) is also complex. For a complex derivative
() to exist, real and imaginary parts of & must satisfy Cauchy-Riemann equations. However,
the complex conjugate function f(2?) = &7* is not differentiable with respect to & according to the
Cauchy-Riemann equations. To avoid this, instead of treating the complex variable &2 as a single
independent variable of f, we treat its real 2 and 2" imaginary components, as independent
variables. The objective function is theCrefore written as

f=fn2,2"

2" and 2" are both real and continuously differentiable variables that can be treated independently
to avoid any issues with complex differentiability. Expanding the total derivative using the chain
rule gives

i of of 4 of dP"
I ox T Tax Tawr T (3.29)

To evaluate this further, we use chain rule from Section 3.5.5

42 _ 1 Al

. w7

Since
4P _ P 4P
N )

The derivatives of the real and imaginary part can be obtained as

a7’ _ 4 " L, da
Substituting these into Equation (3.29) gives
@ _0F g |9 g o |9 e A
ax ~on R [a@' S e Bl PP T W (3.30)

Similar to Equation (3.28), two adjoint variables are defined and computed using matrix-vector

solves
af ' af

_ -1 _ ]
A = 25 M Ay = Y M (3.31)
The final gradient of the general objective function is theCrefore
af  of d# d#
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3.5.7 Computing Gradient of Near-field Intensity

We now focus on the objective function based on near-field intensity, defined as f = |E|*> = E - E*,
at a single point xp. As mentioned in Equation (3.19), field is a linear function of all dipoles. At a
single point xg

E(x)) = ) M- p; (3.33)

(2

For this objective function, the adjoint variables shown in Equation (3.31) require calculating

2 2 . .
%% and % which follows from the chain rule

OE2 OE*
= _9 E-
dy fe [ oy ]

Re-writing chain-rule in terms of particles parameters and dipoles

OE?
O\

(3.34)

* 2 * 2
:2Re[E 8E]’ OE [E BE]’ OE

OE*
. On - =2Re . 8p§ 8p;’ = 2Re [E ]

op), op!
To evaluate this further, the rules of complex differentiability are applied to p = p’ + ip” and

p* =p —ip” ) )

op;, op/
Applying this to Equation (3.33) gives derivative of the field :

OE* . OE
op; "7 op}

_ N\ SC
= —iM;

This is substituted in the chain-rule Equation (3.34). We use the fact that Imiz = —Re z

OE? OE?
gy~ 2ReM-E. 5 =2ImM-E (3.35)
The two systems of equations with adjoint variables are
M€ -A; =2ReM*-E M- Ay =2ImM;°-E (3.36)

Before solving for the adjoint variables, we first derive the explicit derivative % in Equation (3.32)
for positions (x;) and material parameters ();). From Equation (3.19), M3 depends on positions
x; through r; = xg — x; . Taking the partial derivative of Equation (3.33) with respect to positions
(Bixi = Vy,) reduces to taking the partial derivative of M¢, which is represented in gradient nota-
tion as

Vi, MZS'C == in Mzs'c

As a result
vxiE = _vl‘iMzs'C *Pi

Substituting into Equation (3.34) with respect to positions gives

OE?
aXZ’

= —2Re[E - (V,,M;)" - p;]

(2
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Simplifying using tensor-notation gives

OE?

SC_ *éa
= /A4

We have omitted Re for simplification. Since M is independent of material parameters including

radius
OE?

O\

We then solve Equation (3.36) for A; and A which are substituted into Equation (3.32). For

particle positions x;, the real and imaginary terms of Equation (3.32) reduces to a calculation

between dipoles and adjoint variables, where % = Vx

=0

d|E?
dx

= Vy|E? —ReVytl : P —IVyl : P (3.37)

For material parameters )\ (dielectric parameters, radius) the gradient follows same framework of
Equation (3.32). Since 2 8/\ is only non-zero for M;; block, the derivative reduces to

B 8M
87/// P = ” Z (pi - Avy) (3.38)

where the sum runs over for all particles ¢ sharing the same material parameter j. The full gradient
then is

dlE? aM 8M
— = —Re— ¥ Z Arg) — . Z (3.39)

For field mapping in Figure 3.7, the objective function sums field intensity over a grid of points
(x1) instead of a single grid point (xg). It is weighed by a field mask g, where g assigns -1 inside
the target field pattern and +1 outside the pattern

—1 € pattern
/ Zk:gk‘ (k)™ 9 {1 ¢ pattern ( )

Since g is independent of positions and material parameters, it carries through as a pCrefactor in
the gradient. The partial derivatives with respect to p’ and p” is a sum of field intensity over all
grid points k

OE(x,)[? 2 1 rse

o 205 RekZIMik E(x,) (3.41)
OE(x1)[?

5o = = 20k Imz (3.42)

This is similarly re-written into a system of equations with two adjoint variables that can be solved
using two matrix-vector solves and used in Equation (3.32) to calculate the gradient of this objective
function

NE NE
M- Ay =29 Re Y M3 -E(xi) M- Ag = 2g; Tm Y - M - E(xy) (3.43)
k=1 k=1
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3.5.8 Details of Stratified Metasurface Design

Stratified metasurface is made up of M layers of Drude nanoparticles. The layer spacing is h =
2.526. In each layer, particles are arranged on a hexagonal lattice and their positions are fixed.
All particles with the same layer n are identical with radius a, and plasma frequency w,, but each
layer is generally different from other layers. All particles have a damping coefficient of v = 0.1
and e, = 1.

For the design, each layer has an ordered FCC(111) oriented lattice with 36 NPs. Electric field is
linearly polarized in the x-direction Eq x with infinite periodicity in x, y directions. Position coor-
dinates of all NPs are fixed. We only vary the dielectric design parameters plasma frequency (wp)
and radius (a) between layers, while fixing e /ey and 7y/w,, for all layers to 1 and 0.1 respectively.
We initialize the values for (w,) and radius using analytic expressions of wyes; and h for a single
Drude nanoparticle. 31 Each layer’s plasma frequency is defined as wyesi = w;,i Qim (1) wyes,i of
each layer is calculated by dividing the target spectra (/6 = 3; 0.3 < w/wy; < 0.7 § into number

of values equal to the number of layers. Using fixed e /e it is simplified as w = V/3Wres 4. Using
analytic equation for height (h = o, = 3), we calculated the radius for each layer a;

9,/ w2 a3 9,/
h f,U/f pl Z _ 8fl1’f _( h )1/3 (344)

5~ c(constant terms) = a; = (—4
2+ %)
f

v(ry)
It can be seen from Equation (3.44) that a; is related to Wy as a; o< 1 /w;?/ ®. We observed an
inverse relationship in-line with above relation between the two parameters in previous simulations.
Hence, we also initialize the wp and a; for each layer according to this relationship, which can be
seen in iteration 0 in Figure 3.2c. In Figure 3.2a, initial o spectra is much lower than o;. The
o spectra reaches o; with fluctuations over the course of 10000 iterations. It can be seen that
radius (a) and w, increase during course of the optimization for most of the layers Figure 3.2c.
Configuration for the optimized extinction or final iteration is shown in Figure 3.2b. The highest
layer in yellow has the largest w,, corresponding to %Sn doped in ITO plasmon nanoparticle. Lower
layers have lower %Sn and largest size. This trend can also be confirmed from Figure 3.2c.

3.5.9 Details of 8D Metamaterial Design

We initialize a 3D box composed of 360 Drude nanoparticles randomly placed with periodic bound-
ary conditions. Configuration is generated for several volume fractions (¢ = 0.05,0.1,0.2,0.3,0.4).
For all configurations, magnitude of the noise term is set as T' = 0.2ag. Optimization is run on all
of the volume fractions for more than 2000 iterations with a step-size of 0.01 for updating particle
positions All volume fractions were optimized up to a different final iteration.

8.5.10 Details of Near-Field Intensity Design

To demonstrate near-field intensity optimization, our chosen problem is as follows : we have a 2D
monolayer with 36 NPs in the zy plane, covering an area fraction of ¢ = 0.05. Each NP is randomly
placed in the plane to form a disordered arrangement. The z-coordinate of the particles is zeroed
out, in the optimization scheme to ensure it has degrees of freedom only in the x and y positions.
A detector plane parallel to the monolayer plane is placed right at the circumference of the NP
spheres with non-dimensional radius of 1 shown in Figure 3.7b. Detector plane is a uniform grid
with 100 x 100 grid points xg. We overlay a field mask g; on the detector plane (Section 3.5.7). A
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target field pattern of 16 polka dots is chosen with 4 polka dots in each row. Radius of each polka
dot is chosen as a; = 4 to allow enough spacing between them. Field mask g is -1 in the area of
each polka dot and +1 in the spacings between them. Circumference of each polka dot is shown
in red circles in Figure 3.7c-f. The chosen objective function for our optimization is product of g
and near-field intensity (Equation (3.40)).

Goal of the optimization is to minimize the objective function or in other words, maximize near-
field intensity in the polka dots region by updating the position of the NPs in the initial disordered
arrangement. We demonstrate this optimization for probe frequencies of wg = 0.4andwy = 0.7 for
linear polarizations (Eg, and Eg x).(Figure 3.7c-f) All optimizations use a step-size of 0.005 and
steepest-descent with simulated annealing scheme (W = 0.4) detailed in Equation (3.20). We have
tuned these parameters to reduce numerical instability from the optimizer.
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Chapter 4

Inverse Design of Incident Angle Dependence of Optical Metamaterials

The optical properties of quasi-2D metasurfaces are typically quite sensitive to the angle 6 of
the incident light relative to the surface normal, with § = 0 indicating normal-incident light.
A common example is the variety of colors observed from the reflecting light off a CD, which
contains pm-scale structural features, as its tilt angle varies. Even flat interfaces between two
surfaces of different refractive indices show strongly angle-dependent behavior. One example of
angle-dependent phenomena is total internal reflection (TIR). When light moves from a medium
of higher refractive index to one of lower refractive index, it is not transmitted into the second
medium once the incidence angle 6 exceeds the critical angle 6.,. and is instead reflected entirely.
Metasurfaces are also known to exhibit angle-dependent TIR phenomena. 149

The sun subtends an angle of Af = +0.27° in the sky, and sunlight reaching the ground is also
scattered by the atmosphere. Additionally, position of the sun changes throughout the day. Thus
even direct sunlight reaches the surface across a wide range of incidence angles and is never perfectly
normally incident (# = 0). Since sunlight is such a common and practically important light source,
angle of incidence dependence is a very important design consideration. Xiao, Yablonovitch, Braun
and co-workers investigated spectral splitting of sunlight using a metasurface. Sunlight is directed
through this metasurface and split onto two laterally placed photovoltaic sub-cells, such that the
visible band of the solar spectrum is directed to the visible sub-cell and infrared light is directed to
the infrared sub-cell. 6% Normally-incident light was used to design the metasurface. It was then
tested with light illuminated at an angle of § = 1°. To test this, figure of merit of spectral splitting
efficiency is used, which is the average fraction of incident light, across sampled wavelengths, that is
transmitted to the correct sub-cell. Visible light (A < 760 nm) is transmitted to the visible sub-cell
and infrared light is transmitted to the infrared sub-cell (A > 760 nm). Spectral splitting efficiency
at normal incidence is around 70%, which lowers to 50% at 6 = 1°. A splitting efficiency of 50% is
equivalent to no splitting. Fig 6 of the paper shown here as Figure 4.1A, B shows that diffracted
light of different colors (shown as the simulated optical intensity colored profile) in the sub-cell
region undergoes a lateral shift when the incidence angle goes from normal to 1°, causing each
sub-cell to receive a different part of the solar spectrum than at normal incidence. As a result, the
diffracted visible light illuminates the infrared sub-cell in red instead of the visible sub-cell in blue.
Going above 6 = 1° reduces the splitting efficiency further, demonstrating that the metasurface
cannot be used for light incident beyond 6 = 1°. Additionally, this study also demonstrates that
incidence angle is coupled with other parameters of the material to determine the optical response,
in this case spectral splitting efficiency. This can be seen in Fig S7 in the paper (Figure 4.1C)
where the spectral splitting efficiency is reported for two metasurfaces with different pixel sizes of
1lum and 5pm. Efficiency drops drastically for both the 1um and 5um metasurface. As a result,
both have degraded performance with increase in angle of incidence.

Several studies report similar degradation in the performance of spectral splitters designed at
normal incidences, even for small deviations from normal incidence. 146:147 Schubert and coworkers
optimized spectral splitter design to accommodate a wider range of oblique incidence angles and
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evaluated using the figure of merit of current density (current flowing through a cross-sectional area)
as a function of angle of incidences.['*8l They find that for a range of small angles of incidence,
current density is high within the range but degrades quickly outside of it, whereas for a range
of large angles, current density is lower but doesn’t degrade as fast outside the range. They also
aim to design a solar spectral splitter with high spectral splitting efficiency across a wide range of
incident angles.

In contrast to previous examples, where angle dependence degraded performance, other efforts
have deliberately designed metasurfaces with strong angle and polarization-dependent responses
that can be precisely controlled. Incidence angle also affects the optical properties of magnetically
self-assembled nanoparticles, which falls into two categories of materials. First are the magnetic,
non-plasmonic nanoparticles, that can form photonic crystals with strong light-matter interactions.
Second are the magnetoplasmonic nanoparticles, that are plasmonic with each particles own local-
ized surface plasmon resonance and so do not need to form crystals to have strong light-matter
interactions. Controlling how NPs self-assembled in an external magnetic field respond to incidence
angle, can allow control over the color of the NPs, which makes it promising for applications in color
displays, sensors, pigments, and dyes. Dynamically tunable structural colors have been extensively
reviewed ([1497152) and are a promising future step for the work detailed later in this chapter.

For example, Ag/Fe3O,4 core-shell NPs with 80 nm Ag core and 75 nm thick FezOy shells self-
assemble into 1D chains under an external magnetic field. Wu and co-workers explain why this
geometry produces such strong angle dependence. They show that when angle is 90°, quadrupole
plasmonic mode dominates the extinction spectra and when angle is 0°, the dipole plasmonic mode
dominates it. Near-field coupling between the neighboring particles is shown to be much stronger
at 90°. The extinction and reflectance spectra of the Ag/Fe304 solution,(Figure 4.1E; F) and
the electric field distribution around the NPs, vary as the angle changed from 0°to 90°. As the
reflectance spectrum shifts, the solution’s color changes from yellow to green to light brown. !53]

Anisotropy of metasurfaces, or their polarization dependent response has clear advantages. It is
useful for applications such as colorimetric sensors of various shapes and for devices whose optical
response changes in response to external stimuli (1541 However, this same sensitivity, while it serves
as a feature for such tunable applications, also motivates the need to design materials with deliberate
control over the polarization response. Investigating anisotropic geometries such as rods is therefore
a promising area to explore, both for exploiting and controlling this sensitivity. For gold nanorods,
this anisotropy can be controlled by changing the spacing between rods and their dimensions, %%
or through nanorod alignment. [156]

In this chapter, we aim to investigate the optical response of metamaterials with spherical NP
building blocks used in Chapter 3 in the presence of incident light at different angles or polar-
ization direction. In Chapter 3 we designed optical metamaterials via nanoparticle self-assembly
under illumination with linearly polarized light. The optical extinction cross-section and near-field
intensity response were therefore reported with respect to a single, linear polarization. We did
not investigate the optical response when light is incident at an angle, or when the polarization is
parallel or perpendicular to the plane of incidence. Investigating this dependence is crucial for de-
signing optical metamaterials for applications such as spectral splitting of sunlight in multi-junction
photovoltaic cells and color filters.

Using MPM detailed in Chapter 3, we illuminate our multilayer metasurface (Figure 4.2A) with
light at two different incidence angles, # = 0 (normal incidence) and 6 = 90 (grazing incidence). In
the quasistatic limit, where wavelength of light is much bigger than nanoparticle radius, where we
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Figure 4.1: A: Color profile of the simulated optical intensity between the metasurface and the
sub-cells, under normal and 1° incidence illumination. The color at a point in space denotes the
wavelengths with large relative intensity. Wavelengths corresponding to different colors are added
using their RGB color values. B: Spectral-splitting efficiency vs incidence angle. C: Comparison
of the angular response of the optimized metasurface with 5 pm pixel size and and the optimized
structure with 1 pm pixel size and 4 mm distance. The dashed curve marks 50% efficiency, at which
no net splitting occurs. Panels A, B, C Reprinted with permission from ref (66, Copyright 2016
American Chemical Society; D: Photographs of an aqueous solution of Ag/Fe3O4 nanoparticles
before and after exposure to a magnetic field of varying directions (0, 45, 90°) and TEM image of
Ag/Fe304 nanoparticles. E: Extinction spectra of the nanoparticle solution under a magnetic field
with varying angle 6 (between unpolarized light and nanochains) from 0 to 90°. F: Reflectance
spectra of the nanoparticle solution under a magnetic field with varying a from 0 to 90°. Panels
D, E, F Reprinted with permission from ref!®3. Copyright 2023 American Chemical Society:
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Figure 4.2: A: Multi-layer metasurface of plasmonic NPs illuminated with perpendicular polariza-
tion (grazing incidence) and parallel polarization (normal incidence) B: Extinction cross-section
for grazing and normal incidence.

perform our simulations, this is entirely captured by two polarization directions. Their propagation
vectors are grazing the surface (Ej (z)) and normal to it (Ej(x)). (Figure 4.2a) Extinction cross-
sections for both polarizations are not overlapping. Extinction at normal incidence (orange curve
in Figure 4.2B, denoted as o) is red-shifted, with respect to extinction at grazing incidence (blue
curve in Figure 4.2B, denoted as o,). Hence, the plasmonic NP multilayer metasurface shares
the same qualitative sensitivity to polarization direction, or in other words the angle of incidence
spanning from 0°to 90°between parallel and perpendicular polarization, as the spectral splitters,
magnetoplasmonic NPs, and nanorods discussed above, although the underlying mechanisms of
dependence differs in each case.

All of these are examples of forward design. In this chapter, we aim to optimize materials that
account for the incidence angle or have an optical response that is agnostic to it, through the inverse
design framework detailed in Chapter 3. We build upon two key components of this framework,
the steepest-descent and adjoint methods of optimization, in this chapter.

This chapter is laid out as follows: we propose a modified objective function with the aim of
achieving identical extinction cross-section responses for parallel and perpendicular polarization.
We demonstrate the framework with the modified objective function for multilayer metasurfaces,
targeting extinction spectra corresponding to a single NP and to a band-stop filter. We discuss
the contribution of each layer to the overall optimized extinction spectrum. We then lay out
the stratified-medium calculation, which we use to calculate reflectance and transmittance, and
investigate its underlying assumption and relation to the angle of incidence. Finally, we optimize
for reflectance through the adjoint method. This is demonstrated for normal incidence (0°).

4.1 Objective Function Incorporating Incidence Angle
In Chapter 3, we demonstrated how to control the extinction cross-section of a plasmonic meta-

material by minimizing the integrated squared error f(A) between the simulated o(w;A) and the
target o4(w) extinction spectra

V) = /0 B (0(w; A) — oy(w))? (4.1)
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where A = [A1,..., Ay] is a set of M design parameters that can include the position of a nanoparti-
cle i x;, its radius a;, plasma frequency wy, ;, damping coefficient 7;, and high-frequency permittivity
€00,i- A straightforward way to incorporate incidence angle into the optimization is to simply use
a target spectrum that depends on w and # and integrate over both variables

w/2  poo 2

O = / 49 [ des((0,0: ) ~ o1(2.0)) (4.2)
0 0

To compute (4.2), we must evaluate o(w,8;\) on a grid of M,, values of w and My values. This

requires M, My matrix/vector solves (Equation (3.12)) per optimization iteration, which is a factor

of My slower than the optimizations in Chapter 3. Because My = 10-100 and the solves are fast

with MPM, (4.2) is not completely cost-prohibitive, but it is slow.

In the case where we desire a target o; that is completely independent of 6, we can use a simpler
objective function that has the same minimum as (4.2). First, notice that if 6 is defined relative to
a plane normal vector n, o can be decomposed into contributions from in-plane and out-of-plane
polarizations

o~Im[p-Eo] =Im[C: EEg] =Im [C} sin’ 0 + of cos? 0] =0, sin? 0 + | cos® 0 (4.3)

where o) is the extinction cross-section for Eq in the material plane (grazing incidence with kj)
and o, is the extinction cross-section for Egy orthogonal to the material plane (normal incidence
with k) (in the fi direction). If o) = oy, then o is independent of §. With this, we propose the
following objective function

o0 o) (w; o (w; 2 o0
f<A>:n/0dw( i) + o ’A)—oxw)) 0o [ (o) - o) (1)

2

To minimize f, the optimizer will attempt to minimize both integrals in (4.4), with the parameter
7 setting the relative weighting between the two. The second term in (4.4) reduces the mismatch
between o and o, enforcing that the metamaterial is not sensitive to 6. Thus,

fo(N) = /0 o (01 (3 N) — oy (i N)° (4.5)

is a measure of the “isotropic error”, i.e. how far away the metamaterial is from no # dependence.
When 1 = 0, f = fy and the overall objective function is equal to the isotropic error. The first term
in (4.4) is similar to that in Equation (3.3) and reduces the mismatch between the metamaterial’s
extinction spectrum and the target spectrum. Thus,

L) = /Ooilw (U(W;)\)‘;UL(W;)\) _Ut(w)>2 (4.6)

is a measure of the “target error”. When n =1, f = f;. The derivative of this objective function is

of 2 fo(wsA) + o (w;A) do|  do,
a)\—??/odw< 5 —m,(w)) ((9)\+é)/\)

+2(1—n) /Oofiw (al(w;/\) —o)j(w; )\)) (880)\ - 8;;) (4.7)
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The extinction derivatives do/O\ and do | /OX are computed with the same method as Equa-
tion (3.4) discussed in Section 3.3.2.

4.1.1  Inverse Design of Quasi-2D Metasurfaces with Incident Angle Independent Refractive Index

We first demonstrate the optimization routine with the modified objective function by using a
quasi-2D metasurface composed of 2D hexagonal layers of plasmonic structures, similar to the
metasurface used in Chapter 3 and fig. 3.2. We consider a 4-layer material with nanoparticle
positions fixed to a face-centered cubic (FCC) lattice oriented with the z-axis normal to the (111)
plane. All particles within the same layer n are identical, with radius a,, plasma frequency wy,
damping coefficient 7, and high-frequency permittivity e, but layers differ from one another.

We use our optimization framework established in Chapter 3 along with the modified objective
function Equation (4.4) and its gradient Equation (4.7) with an extinction spectrum of a single
isolated Drude nanoparticle (red curve in Figure 4.3). This spectrum is calculated using analytic
expressions for a single Drude nanoparticle truncated at the dipole level. 31

L[ 9\/Efiiy Wy’
s =Wy [gem h= g W=n
ef fy<2_|_oo>

ef
h

1+ <Wres>2 W Wres 2
w Wres w

For the model spectrum, the initial values of the dielectric parameters are randomized. The bounds
of the parameters and initial model choices are unconstrained for all Drude parameters (wp, v, €s0)
and discussed in Section 4.2.2. The positions of the NPs are fixed. We then use steepest-descent
optimization over 10000 iterations to update a, and Drude parameters for both n = 0.5 (equally
weighted error) and n = 1.0 (target error). Figure 4.3A and C show the evolution of the metamate-
rial’s extinction spectrum over the course of the optimization for n = 0.5 and n = 1.0, respectively.
For n = 1, as the isotropic error integral goes to 0 in Equation (4.4), now representing the original
objective function used in Chapter 3, the extinction spectrum approaches the target. The opti-
mized extinction spectrum (in yellow) in Figure 4.3C is decomposed into individual contributions
of grazing (0,) and normal incidence (o) in Figure 4.3D. The two spectra don’t overlap, show-
ing the absence of the isotropic integral term. Extinction progresses, starting with two peaks for
normal and grazing incidence, and gets close to the target for n = 0.5 in Figure 4.3A; on decom-
position (Figure 4.3B), the peaks overlap. This shows that, using the modified objective function
with equally weighted error, the extinction response is now nearly independent of the electric field
polarization.

(4.8)
a(w) = f(w; Wres, W, h) =

It can be seen in Figure 4.3B that each individual extinction spectrum has three peaks. We speculate
that each peak could be from extinction of an individual layer in the metasurface. We want to see
how all layers contribute individually such that we are able to get overlap between grazing (o)
and normal incidence (o) for n = 0.5. We investigate the individual layer contribution to both the
grazing (o) and normal extinction (o) in Figure 4.4.

We use the optimized parameters in each layer and re-calculate their individual extinctions with
grazing and normal incidence field. Similar to Figure 4.3, we re-calculate the overall extinction for
grazing and normal incidence field as well. Overall o, (Figure 4.4A) and o, (Figure 4.4B) (spectra
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Figure 4.3: Inverse design of a stratified 4-layer plasmonic metasurface via the modified objective
function with weighting parameter 7, shown for equally weighted error (n = 0.5, top row) and target
error (n = 1, bottom row). A, C: Evolution of the metasurface extinction spectrum o, log-spaced
over 10000 iterations, alongside the target spectrum (extinction of a single Drude NP calculated
from analytical equations®), for n = 0.5 (A) and 7 = 1 (C). B, D: Individual contributions of
grazing and normal incidence extinction to the optimized spectra, for n = 0.5 (B) and n = 1 (D).

o . . . & . . :
Quantities are non-dimensionalized by wy = o W and 6 =, /Effifw,, respectively.
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Figure 4.4: Optimized metasurface extinction in Figure 4.3 decomposed to layer-by-layer contribu-
tion from A : grazing incidence Eg . and overall extinction o,; B: normal incidence Eg , and overall
extinction o,; C: snapshot of the 4-layer plasmonic metasurface colored by NP radius; Shift-by-one
in extinction position between layers D: Ly with Eg . (shorthand Ls ,) and Ly with Eg , (shorthand
Li.); E: L3,, L2, and F:L4,, L3,

in black) are mirror images of each other. Resonance frequency wy.s for the highest peak in the
overall extinction in both cases remains at the same frequency =~ 0.6. Each extinction peak by layer
is labeled in decreasing order of wys, starting with L1 (in light green) up to L4 (in purple). This
convention is intentionally chosen to explain the mechanism. As demonstrated in Chapter A, the
ordering of layers doesn’t have a significant impact on the overall extinction due to insignificant
coupling between the layers.

With grazing incidence, Eo ., all extinction-by-layer peaks (annotated in Figure 4.4A) are slightly
blue-shifted compared to extinction-by-layer peaks with normal incidence Eg ;. The overall peaks
span about the same range of frequency for both polarizations. We can also see that the overall o
peaks are a sum of the individual layer extinctions. L2 and L3 contribute the most to the overall
peaks in both cases, while L1 and L4 have their peaks further out.

When polarization changes from grazing to normal incidence all layer-by-layer peaks redshift-by-
one. Individual layer N with extinction from grazing incidence overlaps with layer N — 1 from
normal incidence (Figure 4.4D, E, F). For example, the peak of L2, is replaced by L1,. Their
overlap is shown in Figure 4.4D. Similar overlap between L3,, L2, (Figure 4.4E) and L4,, L3,
(Figure 4.4F) indicates that peaks undergo a shift-by-one and overlap with adjacent peaks, leading
to overlap between the overall o, and o,. This demonstrates our goal of an optical response that
is independent of polarization direction with our modified objective function at n = 0.5.

We see that there is systematic improvement in the overlap between the extinction responses for
grazing and normal incidence polarization when we use 15 layers instead of 4 layers (Figure 4.5B).
In this case, 7 is still 0.5, which is enough to let the initial model spectrum (blue) in Figure 4.5A
reach very close to the target spectrum during the optimization due to the greater number of
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Figure 4.5: Inverse design of a stratified 15-layer plasmonic metasurface via the modified objective
function with n = 0.5: A: target extinction (red), the metasurface extinction for initial values
(blue), and for the final optimized structure (black); B: Individual contributions of grazing and
normal incidence extinction to the optimized spectra; optimized spectra decomposed into layer-by-
layer contribution from C: grazing incidence Eg . and overall extinction o,; D: normal incidence
Eo,. and overall extinction o,

layers. A similar decomposition of the optimized spectrum into o, and o, and into individual layer
extinctions, shows a similar redshift-by-one peak when going from grazing incidence (Figure 4.5C)
to normal incidence (Figure 4.5D). Adjacent peaks between the two polarizations appear to overlap
more with a greater number of layers, leading to a systematic improvement in the overlap between
o, and o.

4.1.2  Bandstop Functionality of Quasi-2D Metasurfaces with Incident Angle Independent Refrac-
tive Index

Similar to Section 3.3.3, we use the optimization tool, now with the modified objective function,
to determine a set of a,, and w, , that results in a metasurface with a rectangular extinction cross-
section, having equi-intensity extinction across a specific frequency interval and zero extinction
outside of this interval, characteristic of a band-stop filter introduced in Section 3.3.3. We use the
same motivation to set the plasma frequency w, , of each layer so as to span our target stopband

equally, and use the scaling relation a, ~ wp, ,21/ ® to set the initial values of the radius. The initial
values and range for this optimization are listed in Section 4.2.2. Using steepest-descent optimiza-
tion without a simulated annealing scheme, and now with the modified objective function, we ran
these optimizations for 200 iterations to update each a,, and wy, for a 4-layer stratified metasur-
face. With n = 1, the optimized spectrum (in black) reaches close to the target (Figure 4.6C).
We hypothesize that the peaks in the optimized spectrum may be due to contributions of each of
the four layers. On decomposing it into o, and o, (Figure 4.6D), we see that they do not overlap,
similar to Figure 4.3D. With n = 0.5, the optimized spectrum (in black) reaches close to the target
as well (Figure 4.6A) and decomposes into o, and o,, whose peaks are much closer, approach-
ing a polarization-agnostic extinction response. While this is not a perfect overlap, we ran this
for only 200 iterations and only for 4 layers. We hypothesize that the extinction overlap would
systematically improve by tuning some of these variables in the future.
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Figure 4.6: Inverse design of a stratified 4-layer plasmonic metasurface via the modified objective
function, with weighting parameter 7, shown for equally weighted error (n = 0.5, top row) and
target error (n = 1, bottom row). v = 0.1wy and e = €y are fixed for all nanoparticles and the
optimizer updates the radius a and plasma frequency w, of each layer. A, C: target extinction
with bandstop functionality (red), the metasurface extinction for initial values of a, and wyy
(blue), and the metasurface extinction for the final optimized a,, and w,, (black), for n =0.5 (A)
and n = 1 (C). B, D: individual contributions of grazing and normal incidence extinction to the
final optimized spectra, for n = 0.5 (B) and n = 1 (D); Quantities are non-dimensionalized by

— o A~ * .
Wy = /ey Wr and 0 = | [Effifwy, respectively.
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4.1.8  Tuning the Bandstop Functionality of Quasi-2D Metasurfaces with Incident Angle Indepen-
dent Refractive Index

Similar to Section 3.3.4, we can use our inverse design scheme with the modified objective function
to tune the extinction spectrum of a stratified metasurface simply by inputting different target
extinction spectra. Figure 4.7 shows that the framework remains flexible in the spectral features
it can produce, with examples where we use inverse design to tune the bandcenter frequency, the
bandwidth, and the number of stopbands, with n = 0.5. Figure 4.8 shows the same but with n = 1,
i.e., the same as the original objective function. It is shown here to compare o, and o,.

In Figure 4.7A, the metasurface has a bandcenter of 0.8w,; and a much larger bandwidth of 1.2w.
Figure 4.7B and Figure 4.8A have a bandcenter shifted to 0.8wy with the same bandwidth of 0.4wy
as in Figure 4.6. Finally, in Figure 4.7C and Figure 4.8C, the metasurface has three distinct
stopbands each of bandwidth 0.08%. In all cases, the optimizer progresses close to target spectra
and converges to solutions where the resonant frequencies of individual layers, wyesn, span the
stopbands.

The optimized spectra, decomposed into ¢, and o,, are close to each other in all cases and approach
overlap. While the overlap is not perfect, with peaks corresponding to each layer, it shows that
the optimizer is working well to achieve a similar extinction response irrespective of polarization
(Figure 4.7B, D, F). In contrast, o, and o, remain further apart with n = 1 (Figure 4.8B, D),
demonstrating this improvement as well. The larger bandwidth of 1.2wj is not included with n =1
in Figure 4.8 due to parameters reaching the bounds of their range during optimization. Further
debugging is needed to run the optimization.

4.1.4 Designing Angle Agnostic Materials for Optical Properties: Reflectance, Transmittance

We demonstrated, through the target extinction spectrum of a single NP and stopband function-
ality, that the extinction cross-section can be independent of polarization direction for a stratified
metasurface that is at the reference plane. The hyperparameter n drives the optimizer to get
o) ~ o, signaling that the metasurface is now isotropic. An isotropic material is one that has
optical properties that do not depend on the direction from which they are measured, while prop-
erties will change with direction in an anisotropic material. Since o is calculated from dipoles using
0(w) = awlm[p(w) - Egl, it follows that the dipoles p(w) are equivalent for both polarizations. The
effective refractive index (n.sy) of a stratified medium layer is determined by the average dipole of
plasmonic colloids through its effective permittivity.

Np(w
Neff = ﬁ ef Vp}i()o) (4.9)
It implies that ngpp|| ~ nes1. Here ey is the background permittivity, N is the number of
colloidal particles in a medium layer, and V' is the simulation box volume. Since ncsy || ~ negf, 1,
the effective medium (not necessarily the individual NPs) will show an isotropic response. As a
result, polarization normal to the plane of incidence (s-polarization) and polarization parallel to
the plane (p-polarization) will have the same refractive index n.sr) ~ nepr 1 = nesy, and the
Fresnel equations for isotropic media can be used to calculate reflectance and transmittance. These
calculations for a stratified medium are discussed in detail in Section 4.2.1.

Our stratified multilayer metasurface consists of layers of NPs stacked together. When approxi-
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Figure 4.7: Tuning the extinction cross-section o of stratified plasmonic metasurfaces for n = 0.5.
Panels show the target extinction (red), the metasurface extinction for initial values of a,, and wy,
(blue), and the metasurface extinction for the final optimized a,, and w,, (black). The target
spectra are A: bandcenter 2 = 0.80 and bandwidth W = 1.2@; C: bandcenter 2 = 0.8w and
bandwidth W = 0.4@; E: three stopbands of bandwidth W = 0.08w and bandcenters ) = 0.34,
0.50, 0.66w. B, D, F: Individual contributions of grazing and normal incidence extinction to the
optimized spectra. All nanoparticles have fixed v = 0.1& and e, = €¢. The nondimensionalization
is = /eo/efwpo and 6 = \/Efifw.
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mated as a slab through stratified media, the metasurface as a whole has an anisotropic response.
Reflectance and transmittance will still depend on 6. This is because, while the isotropic slab sees
the same n.ss at any incidence angle, Snell’s law shows that the transmitted angle depends on the
incidence angle, and both terms appear in the calculation of the Fresnel coefficients. Hence, overall,
the stratified medium is still dependent on 6.

With the original f(\), the optical response is anisotropic (o) # 1) and the reflectance and trans-
mittance will still depend on 6. We speculate that there may be a scenario where the anisotropic
response and the dependence on 6y cancel out such that the overall response of the slab becomes
independent of €y. This is an area of ongoing work.

4.1.5 Optimization of Reflectance Using the Adjoint Method

Since the macroscopic quantities of reflectance, transmittance, and absorbance are fractions that
add up to 1 (R+T + A = 1), we select reflectance to guide the discussion of the optimization of all
three quantities. To achieve a desired optical spectrum of reflectance as a function of 6y, and learn
about the structure of the slab, we can implement our inverse design framework. The objective
function f will include the figure of merit of reflectance. Taking its gradient requires explicitly
calculating .# !, just like taking the gradient of near-field intensity in Section 3.5.7.

For this optimization, we need to be able to compute the following gradients: %, Z—J;. The following

need to be calculated to compute the objective function, for example f = fooo dw(R — Rtgt)Q:

df _df dR

dr ~ dR dx (4.10)
dR dR dn
dn dn dC

(4.13)

We use the adjoint method laid out in Sections 3.5.5 to 3.5.7 for reflectance.

Propagating these gradients and running inverse design is performed by Kenny Lam (a PhD student
in the lab). Gradients have been propagated for proof-of-concept optimization examples. One
example is a 1D optimization with the design parameter given by the position coordinates along
the z-axis, at normal incidence, 8y = 0.

Optimization of reflectance at normal incidence is being explored with various design parameters
and a greater number of NPs at different position coordinates. Additionally, work is being done on
gradient propagation of design variables in reflectance and transmittance for non-normal incidence
angles. Initial work has been done for isotropic media, which will eventually be extended to
anisotropic materials. This will be continued by Kenny Lam and will contribute to the overall goal
of designing materials that are either agnostic to, or account for, the incidence angle of light.

4.2 Methods

4.2.1  Optical Properties of Stratified Media

A stratified medium is defined as a medium with constant properties throughout each plane per-
pendicular to a fixed direction. It is a stack of thin, plane-parallel layers that are homogeneous,
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Figure 4.9: 1-D optimization of reflectance with the position coordinate along the z-axis as the
design parameter, in the presence of light at normal incidence (6p = 0). Optimization results
courtesy of Kenny Lam.

i.e. each layer has a uniform refractive index and thickness. [157]

We want to calculate the optical properties of reflectance R, transmittance 7', and absorbance
A through our multi-layer system with plasmonic NPs. All M layers in the system are isotropic

media, each with permittivity ¢;, permeability uo, refractive index n; = \/g;p0/+/Eotto = /&i/<o,
and thickness h;. The first and last layers are semi-infinite (Figure 4.10).

As the incident light wave goes through the medium, part of it is reflected, transmitted, and
absorbed. The corresponding quantities are as follows:

| |2 E2 (Er-EjR) (4.14)
ny B ny 1 *
= ’ \2 o B2 (Er-E7) (4.15)
0
A:l—R—T (4.16)

Hence, the goal of this section is to show how to calculate the electric fields of the reflected (Eg)
and transmitted (Ep) light through stratified medium calculations.

For our calculations, the material plane of the system is the y-z plane. Incident light is polarized
in the x-direction as é,. The incident light angles are defined as 0 < 6y < 7/2 with respect to
the x-axis. ki is the wavevector in layer ¢ with wavenumber k; = |ki| = w,/E;ftg, where w is the
incident light frequency, and a harmonic time-dependence of e~*? is assumed on all fields.

After the incidence of light at 8y, the angle in layer i follows Snell’s law, which relates the incident
wave to the refracted and transmitted waves.

f; = sin~* [”1 sin 90} (4.17)

)

The phase of the plane wave, or light wave, is given by eilkizcosti) - The field amplitude in a
layer traveling towards the interface is denoted as Ef, and the amplitude reflected away from the
interface is denoted as E; . E = Eq and there is no reflection from a semi-infinite layer M. So
E,, =0.

M
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The total field in each layer is then given as:
E(l‘) _ E+6ikim cos 6; + Efe—ikimcos 0;

i\) = 5 i

Faraday’s law for a plane wave states that B = nk x E, so:
B;(z) = nzl;:r X E:reiki“osei + mlA{; x E; cos 0, iz cosbi
We consider the case of normal incidence with 8y = 0. The total field simplifies as:
Ei(z) = Ef e 4 Ef e~ hi® (4.18)
Bi(z) = n,Ef e — p,Ee " (4.19)

The boundary conditions at interface x; between layers 7 and i 4+ 1 for the tangential component of
the electric field are given by Faraday’s law. It requires that there is no discontinuity in the electric
field across the interface. The interface in the schematic is along y. Hence:

(Ei(yi) — Eiv1(yi)) - € =0 (4.20)

The boundary conditions for the tangential component of the magnetic field are given by Ampere’s
law at the interface. There is no discontinuity here as well.

(Bi(yi) — Bit1(yi)) - € =0 (4.21)

There are two boundary conditions for the normal direction (&;) as well, but they are not reported
here since they are not used to solve for Eg and Ep.

Substituting Equations (4.18) and (4.19) into Equations (4.20) and (4.21) respectively gives the
following system of 2(M — 1) equations:

E;reik?iyi + Ei_e_ikiyi _ E;rleikwlyi _ E;Jrle_ikﬂrlyi =0 (4.22)

niE:'eikiyi — niEi_efikiyi — ni+1E;:_Ieiki+1yi + ni+1Ei__He*iki+1yi =0 (4.23)

Efr and E,, are known quantities, as listed earlier. In Figure 4.10 we have M — 1 interfaces and
two boundary conditions for each interface. The total number of equations is 2(M — 1), needed to

solve for 2(M — 1) variables, which include the field amplitudes of the middle layers and Egr, E.
This can be solved through a linear system A -E = Db to get Eg and Er.

A-E=b (4.24)
F B T e
[ A Arg Az o Aom—2 || EF —ny
Ao Az Az - Agon—o Ey 0
Az Az Az - Asonr—o Ef 0
. . Sl= . (4.25)
Aoni—sn Aoni—sp Aoni—ss - Aom—som—2| | Eipy 0
| Aonr—21 Aop—22 Aoy—23 - Asv—22m—2] |Ey g 0
L Er | L O]

To solve the matrix, the following additional parameters need to be determined: n;, C, k;. The ef-
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fective refractive index of a stratified medium layer is determined by the average dipole of plasmonic
colloids through its effective permittivity.

E; 1 N
P . — 4.2
n “60 \/670“8]04-‘/0 (4.26)

C = (p)/Ey is the dielectric capacitance. C can be calculated from MPM or other optical simulation
methods.

k; in the exponential term is the wavenumber, calculated as k; = w,/g;19- We know the effective
refractive index is n; = , /z—é. Substituting this into k; gives:

kl’ = nik‘o

Hence, the wavenumber in any layer ¢ can be calculated by multiplying the wavenumber in vacuum
by the layer’s effective refractive index.

Using these and solving the system of equations gives Er and E7.

If the incident light is not at normal incidence (represented by 6;), the boundary conditions will
change. s- and p-polarization will no longer be the same. When the incident light is polarized
perpendicular to the plane of incidence, it is s-polarized. In this case, Ey = —é, and the boundary
conditions are:

+ _ik;y; cos; — —ikiy; cos; 4+ ikit1yicosBiiq — —ikit1y;cosbiy1
Efethivicosti | pemikivicosti _ . cikinyicosOinn _ pr gmtkinicostivi — 0 (4.27)
mE;r cos 0;eFivicosti _ n;E; cos 0, Hivi cos s

—ni+1E;_ri_1 COS 91+1€Zki+1yi €08 01 + TLZ'+1E;_1 COS 91'+1€_zki+1yi c0s 01 =0 (4.28)

If the incident light is polarized parallel to the plane of incidence, it is said to be p-polarized with

By = é,. The boundary conditions are:

niEi—&-ezkiyi cos ; + niEi—efzkiyi cosf; ni+1EZ»—:_1€lki+1yi cosBit1 ni+1Ei—_~_1€fzki+1yi cosfit1 _ 0 (429)
Ez+ cos 92 elkiyi cosb; Ez_ COS gie—zkiyi cos 0;

_E;:i-l COs 9i+1eiki+1yi cosBi41 + E-

11 COS 0i+167ik"“yi cosfit1 — () (4.30)

System of equations then need to be resolved. This brute force approach requires solving a large
number of equations. A cheaper alternative to calculate these reflectance and transmittance coeffi-
cients could be the transfer matrix or Jones matrix (K;) approach. It relates the field coefficients in
one layer to the next through a 2 x 2 matrix. If there are N layers, N matrix (Ky - -+ K2K7) can be
multiplied to calculate Er and Er. While this is not discussed in detail and demonstrated in this
chapter, future work involves exploring this technique as we simplify the method to calculate re-
flectance and transmittance coefficients. Simplifying the method with faster matrix calculation will
help speed-up the following optimization calculations. Details for taking the gradient of reflectance
through adjoint and its propagation will be discussed in a separate venue.

4.2.2  Optimization

For Figure 4.3, the plasma frequency w, and e, are bounded between 1 and oo, v is bounded
between 0.1 and co, and the particle radius a is constrained between 0.1 and 2. Each layer’s
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parameters start from (ag,wp 0,70, €00,0) = (1,1,0.1,1) and are offset from each other by a random
number from a uniform distribution ~ U(—0.025,0.025). As a result, the layers do not start with
the same set of parameters, but the parameters are close in value.

For Figure 4.5 with stop-band functionality, same as Section 3.5.3 in Chapter 3, the plasma fre-
quency wj, is bounded between 0.1 and oo and the particle radius a is constrained between 0.1 and
2. Same as in Chapter 3, the choice of initial values for w, and a is the same (Section 3.3), and the
parameters v and e, are fixed at 0.1 and 1, respectively.

4.3 Conclusions

In this chapter, we were able to build on our inverse design framework to design plasmonic NP-
based materials with isotropic optical extinction. We demonstrated it for a single-NP extinction
target and stopband functionality, and tuned those targets to varying degrees to test our framework.
We derived a linear system of equations to solve for reflectance at normal incidence and laid out
a starting point for non-normal incidence angles. Since we are able to calculate reflectance and
transmittance, we next want to optimize using them as the figure of merit with our modified
objective function for both grazing and normal incidence fields. We want to decompose the overall
extinction response similarly to see if the response is still isotropic and what kind of structural and
dielectric features form a material with isotropic reflectance.

For non-normal incidence angles, propagating the gradient of the objective function of reflectance,
which depends on 6y, directly with respect to design parameters and dipoles is a complex and
involved effort that is in progress. Being able to demonstrate this optimization with direct depen-
dence on 6y will move the work further towards the goal of designing plasmonic materials that are
agnostic to the incident angle.

We have also considered only isotropic materials for calculating reflectance. The next step is to
set up a stratified medium calculation for an anisotropic material. The angle of incidence can
additionally be accounted for here, and the figure of merit can be propagated for the optimization
of an anisotropic material.

Once this optimization framework is developed for direct dependence on g, the ability to optimize
with different angles will allow us to design magnetoplasmonic NPs. As mentioned earlier, magne-
toplasmonic NPs such as AgQFe30,4 show different solution colors when illuminated with light at
different angles. Controlling this will allow us to optimize for the color of plasmons and study the
corresponding structure-function properties.
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Chapter 5

Reaction Pathway Analysis of PET Deconstruction via Methanolysis and
Tertiary Amine Catalysts!

5.1 Abstract

Polyethylene terephthalate (PET) is a type of polymer frequently used in plastic packaging that
significantly adds the amount of plastic waste found in landfills. One of the ways to recover valu-
able raw materials from postconsumer plastic is by depolymerizing the PET into its monomeric
constituents, which are dimethyl terephthalate (DMT) and ethylene glycol (EG). PET depolymer-
ization is often done in methanolysis with the help of acid or base catalysts. Tertiary amine is
one of the most attractive base catalysts for PET depolymerization in methanolysis since it does
not lead to generation of potentially environmentally harmful waste, unlike metal-based catalysts.
However, the mechanism by which tertiary amine catalyzes PET depolymerization in methanolysis
remains unexplored. Developing a detailed mechanistic understanding of this process is important
for improved of plastic upcycling, since it opens the possibility of employing various cheaper and
more environmentally friendly reaction conditions. Using DFT and transition state analysis, we
show that in the presence of tertiary amine catalysts, methanolysis of PET consists of multiple
discrete-steps reaction rather than a single concerted step. Furthermore, by comparing our calcu-
lations to recent experimental results, we were able to rationalize that the DMT yield from the
depolymerization process by relating it to charge polarization within tertiary amine catalysts, thus
opening a pathway to identifying atomic descriptors for future catalyst design.

5.2 Introduction

Plastic is made of synthetic polymeric materials with a wide range of applications in our everyday
life from textiles to packaging. ! Since the 1950s, there have been more than 10 billion metric
tons of plastic produced, with more than 80% found to have ended up in landfills as waste. 160
With only less than 10 % of the postconsumer waste having been recycled, '8! accumulation of
plastic waste is a pollutant that has become harmful to both animals and humans. 162

Thermoplastic resin polyethylene terephthalate (PET) used primarily in packaging containers, cups
or bottles accounts for 10 % of the global plastic resin production.*63 PET also has a high recy-
cling rate of 20 % in the US making it an important polyester of interest for polymer upcycling. 159
PET can be recycled through several methods, including reactive extrusion, mechanical recycling,
energy recovery via incineration or chemical recycling through depolymerization to its constituent
monomers. 164 One approach within chemical recycling that has gained significant traction for
PET depolymerization is solvolysis, which includes methods such as hydrolysis, 1651681 methanol-
ysis, 199171 glycolysis, 172174 ammonolysis, !7® aminolysis[!7® or in the presence of enzymes.?

1This chapter was reproduced with permission from Rishabh Sanghavi, Nadia N. Intan, Shaoqu Xie, Hongfei Line
and Jim Pfaendtner. Reaction Pathway Analysis of PET Deconstruction via Methanolysis and Tertiary Amine
Catalysts. J. Phys. Chem. A 2024, 128 (29), 5883-5891. Copyright 2026 American Chemical Society. %%
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Based on reaction conditions such as heat, catalyst, and solvolysis method, PET breaks to form
either terephthalic acid (TA), dimethyl terephthalate (DMT), or bis(hydroxyethyl) terephthalate
(BHET) monomer. [170,173,177,178]

Methanolysis of PET is a transesterification reaction that depolymerized PET into ethylene glycol
(EG) and DMT monomer that are produced in accordance with the following reaction schematic :

base catalyst ___
o) o | 7 - 0 0 y
}_Q_( + O on
fo) N MeOH o) o—
PET DMT EG

Scheme 5.1: Depolymerization of PET via methanolysis to form DMT and EG

Both EG and DMT monomers in Scheme 5.1 can be recycled back to reform polymer of similar
quality as PET.7 Unfortunately, alcoholysis of PET is a kinetically slow reaction without a
catalyst. Much lower yield of DMT and EG are reported for methanolysis of PET in absence of
catalyst. 171 Tt is reported that at 200 °C in absence of catalyst, methanolysis of PET in 100 ml
methanol results in 2.9 % and 3.6 % yield of DMT and EG respectively. Under the same conditions
but with the addition of 50 mg of aluminum triisopropoxide (AIP) as catalyst, the yields of DMT
and EG increase to 67.3 % and 68.3 % respectively. [171]

Introduction of base catalysts results in the increase of the electrophilicity of the ester group, which
results in the ester becoming more prone to nucleophilic attack by the oxygen in the methanol
solvent (the ester bond is drawn in purple in Scheme 5.1. The reaction between the ester group
of PET and methanol solvent results in the creation of a tetrahedral intermediate, which facil-
itates proton transfers from methanol to ester. Ester and methanol reaction generates a water
molecule in addition to a resultant ester that will rearrange to form ester product and regenerate
the catalyst. 180

Several experimental studies have extensively studied PET methanolysis using basic catalysts such
as potassium carbonate,[lm] zinc acetate, magnesium acetate or cobalt acetate.[181’184}However,
reports on the effectiveness of methanolysis as a means to depolymerize PET are varied and are
dependent on experimental conditions some of which include type of metal-based catalyst, molecular
weight of PET and use of vapor or supercritical methanol for methanolysis. In lieu of using
metal-based catalysts during methanolysis process to depolymerize PET, a more environmentally
friendly alternative are organic amine-based catalysts. Amines, which are Lewis bases, are known to
accelerate the transesterification reactions as catalysts. 185 These hydrogen atoms in both primary
and secondary amines may react with the carbonyl group of PET, which results in the amidation
process that leads to the formation of amide. The resulting amides are not as strong Lewis bases
compared to the original amines.

In contrast, tertiary amines have no hydrogen atoms attached to nitrogen thus, do not readily lead
to amidation reactions to form a less basic amide. However, the basicity of tertiary amine catalysts
is significantly affected by steric hindrance of nitrogen, which can have an opposing effect on catalyst
reactivity. '%6] Hence, there are competing factors that make tertiary amines both beneficial and
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detrimental as catalysts for PET depolymerization. However, the exact mechanism in which the
tertiary amine catalyzes PET depolymerization is yet to be understood, much less the knowledge
on how to choose the suitable tertiary amine molecules help catalyze the PET depolymerization
reaction. In this study, our goal is to attain a comprehensive understanding of how a tertiary amine
catalyzes the PET depolymerization and unveil the important factors of the tertiary amines that
determine their efficiency. We use density functional theory (DFT) based methods to study the
depolymerization mechanism in the presence of various tertiary amine catalysts. In this study, we
select six tertiary amines with recently published experimental data for this reaction. 87 We study
PET depolymerization via methanolysis to determine its reaction mechanism. We also explore the
effect of methanol solvent and tertiary amine catalysts on the reaction energetics. We then compare
our calculated results to that of experimental yield in which we unveil the correlation between the
experimental yield and the charge on the N atom of the protonated tertiary amine catalysts. Finally,
we propose a descriptor in which prediction on the efficiency of potential catalysts can be used to
accelerate the discovery of future catalysts.

The rest of the paper is organized as follows: first, we describe the computational procedure used in
this study. Following this, we present our results in which we investigate the PET depolymerization
reaction mechanism. We systematically increased the complexity of our system to understand
the effect brought by methanol solvent and tertiary amine catalysts on the energetics of PET
depolymerization reaction. We finally compare our computational results to previously published
experiments to gain insights into factors that affect yield in PET depolymerization. In the end,
we provide a quick discussion in which we propose a descriptor that can be employed to quickly
predict the effectiveness of other tertiary amines as potential catalysts for PET depolymerization.

5.3 DMethods

DFT calculations were carried out using the Gaussian16 software package. *®8] Geometry optimiza-
tions were performed using the Minnesota M06-2x 189 hybrid exchange—correlation functional to-
gether with the 6-31G (d,p) 190191 basis set for all atoms. The M06-2x hybrid exchange-correlation
functional was used because of its wide applications in the main group for thermochemistry and
kinetics. 89 The effect of methanol solvent on the depolymerization reaction was studied through
the incorporation of the polarizable continuum model (PCM) using the self-consistent reaction
field method keyword. [192-196] Prior to precise determination of transition states, reaction mecha-
nisms was explored with constrained geometry optimizations?® and eventually saddle points on the
potential energy surface were determined with full transition state optimization (keyword=TS).
Transition states were verified by confirming that there was only one imaginary frequency for the
resulting vibrational frequencies calculated (keyword=freq). They were further verified by following
the reaction path by performing intrinsic reaction coordinate (IRC)!97 (keyword=IRC) calcula-
tions followed by geometry optimization after the IRC calculation is complete. We provide example
input files for transition state, intrinsic reaction coordinate scan and geometry optimization calcu-
lations in Section B.4

We describe the methanolysis reaction primarily with a simplified set of descriptors (bond distances)
that undergo significant change. As shown in Figure 5.1, R1 defines the distance between ester car-
bonyl carbon and methanol oxygen, while R2 denoted distance between ester oxygen and methanol
hydrogen. Later in the study, we added tertiary amine catalyst, which were placed adjacent to
the transition state, but not obstructing the reaction pathway. The atomic charges and proton
transfer energy were calculated using the CHELPG method'98) at the M06-2x['89 functional and
the 6-3114+g (d, p) 19929 basis set. GaussView and PLUMED version 2.8 291202 were used for
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Figure 5.1: Key atomic distances used to describe ester methanolysis reactions in this study.

bond analysis. We note that 6-3114++g (d, p) has been used previously to calculate atomic charges
using CHELPG method [203:204] and is used additionally for geometry optimization calculations. 205

5.4 Results

5.4.1 Methyl Ester Base Case: Obtaining Transition State Structure

The methanolysis reaction is complex, requiring multiple concerted bond breaking and forming
events. We initially performed a detailed characterization of the methanolysis of methyl ester
with a goal of characterizing the simplest methanolysis reaction possible and learning if the model
transition state from that reaction could be applied to the study of PET methanolysis. Using
constrained geometry optimization, we studied three different approaches of the methanol molecule
to the ester linkage, by varying the corresponding distances R1 and R2 in a stepwise fashion
AR = 0.1) as shown in Figure 5.2.

We first study the scenario in which the methanol oxygen attacks the carbonyl linkage at the
carbon atom (R1). (Figure 5.2a) Note that here, the distance between the methanol hydrogen and
ester oxygen is monitored, but not controlled (R2 is shown on secondary y-axis in Figure 5.2a).
Decreasing the distance progressively increases the potential energy until the energy goes through
a maximum around R1=1.2 A, at which point R2 also drops precipitously. Using the structure
with an energy maximum as an initial guess, we performed multiple rounds of attempt /refinement
to identify a TS structure with different algorithms for determining saddle points. None of the
attempts were successful. We next attempted the same study, but constraining and varying R2
while monitoring R1 (Figure 5.2b). Here, the system never passes through any maximum of energy
and there are no apparent reactions occurring. Monitoring the resulting structures clearly indicates
the methanol is not oriented in a fashion that can facilitate the required concerted bond breaking
and formation events. Hence, R1 and R2 alone are not suitable proxies for the reaction coordinate
and therefore cannot be scanned independently to determine an initial guess for transition state
finding calculations.

Next, we simultaneously scan both the R1 and R2 together using multiple constraints in the geom-
etry optimization. We established initial distances of R1 and R2 to 2.5 A and 2.1 A, respectively,
we then simultaneously reduce the distances of both R1 and R2 by steps of 0.1 A. The relative
energy from this simultaneous scan of R1 and R2 is shown in Figure 5.2c. As shown, the relative
energy peak 42.6 kcal/mol is observed when R1 and R2 are of 1.7 A and 1.3 A, respectively. This
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Figure 5.2: The changes in energy and bond length as the result of stepwise scan of a) C-O distance
between carbonyl carbon and methanol oxygen (R1), b) O-H distance between ester oxygen and
methanol hydrogen (R2), ¢) R1 and R2 together, where the distances of both R1 and R2 were
simultaneously reduced by 0.1 A. The black box signifies the maximum energy that was achieved
when the C-O R1 distance = 1.7 A and O-H R2 distance = 1.3 A, respectively. The structure of
this maximum energy was used as the initial guess for transition state finding. The transition state
structure is shown in d).
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configuration is used to search for a transition state and the resulting calculation shows a structure
with very similar energy and one imaginary vibrational mode (-1179.9 cm™). The TS structure
(Figure 5.2d) is extremely similar in geometry (R2 is only adjusted by 0.1 A) and energy (the TS
structure is 1.1 kcal/mol higher in energy at 43.7 kcal/mol). We also confirm the configuration
at the transition state by doing an intrinsic reaction coordinate scans from the transition state to
both the reactant and product states.

For the remainder of this study, we use the transition state configuration shown in Figure 5.2d
as the starting point for other systems involving more complex models, such as when we replace
the methyl ester with a more realistic representation of PET. In the following sections, we study
different surrogates of PET decomposition with a longer alkyl chain length attached like ethyl
benzoate, and then introduce a set of tertiary amine catalysts explicitly into the system to study
the effect of catalysts on PET depolymerization. Finally, the solvent effect on depolymerization
reaction energetics would also be discussed.

5.4.2 Increasing Surrogate Complexity

We now replace methyl ester with a more realistic representative of PET, ethyl benzoate. To
determine the ethyl benzoate methanolysis reaction mechanism we began by using the transition
state structure described above, we replaced the methyl group connected to the C=0 linkage with
a benzyl ring. We froze the coordinates of all four atoms involved in the concerted bond breaking
and forming and performed a geometry optimization and frequency calculation. The structure
showed one imaginary vibrational mode of similar frequency to the TS described above.(Section B.1)
Following this, we determined a saddle point TS structure and used the IRC scan as a means to
obtain a detailed mechanistic understanding of the methanolysis process while verifying that the
obtained TS structure leads to the correct reactants and products.

The reaction between ethyl benzoate and methanol is shown in Figure 5.1a, which progress we
track by monitoring the R1 and R2 bonds. The R1 and R2 bonds have been defined in Figure 5.1.
Further, we also track the evolution of the improper dihedral formed by the four key atoms defined
by R1 and R2, as shown in Figure 5.1a. The improper dihedral is thus defined as the angle between
the i, j, k, 1 planes, where i, j, k, and | refers to methanol hydrogen, ester oxygen, carbonyl carbon
and methanol oxygen, respectively.

From Figure 5.3b, we can deduce the order of events in the methanolysis reaction mechanism
between ethyl benzoate and methanol to be as follows:

1. The reaction begins as hydrogen of methanol breaks away from methanol oxygen towards
ester oxygen leading to decrease in bond distance D1 (blue),

2. Simultaneously, the distance between methanol oxygen and methanol hydrogen increases as
shown by D3 (green), until D1 and D3 curves intersect at transition state,

3. After reaching the transition state, the hydrogen continues to move towards ester oxygen
and breaks away from methanol, as shown by further decrease in the D1 distance. This
corresponds to a decrease in the relative energy.

4. The carbonyl carbon and methanol oxygen then move closer towards each other as shown by
the decrease in the D2 (yellow) distance.

5. The C-O ester bond in ethyl benzoate breaks as the carbonyl carbon and ester oxygen move
away from each other, shown by the increase in D4 (red). And finally,
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6. The carbonyl carbon then forms a bond with methanol oxygen to form products methyl
benzoate and ethanol.

Figure 5.3b also shows that improper dihedral changes very slightly from “2° to “6° moving from
reactant to product complex. This change is relatively small, indicating that the improper dihedral
is relatively unchanged in planar configuration of the four atoms described in step 3.) above. The
transition state for the methanolysis reaction between ethyl benzoate and a methanol is formed
in a concerted fashion as all 4 key bonds in the tetrahedral intermediate (D1-D4) are broken and
formed in the same step, as shown in Figure 5.3c.

In Figure 5.3b, we note that the labels ‘Towards Reactants’ and ‘Towards Products’ refer to the
relative energy of 11*" IRC step in the direction of reactants and products respectively. In Gaussian
16, IRC by default takes 10 steps from the transition state. Including the transition state, the
‘Towards Reactants’ and ‘Towards Products’ are the 11" IRC step in their respective directions.
Each step is represented by a square marker in the relative energy plot in Figure 5.3b.

5.4.8  Effect of Tertiary Amine Catalysts on the PET methanolysis

In this section, we explore role of tertiary amine catalysts in the transesterification reaction of
ethyl benzoate and methanol. The work described above indicates that proton transfers from
methanol directly to ethyl benzoate oxygen to break the ester bond as detailed in Figure 5.3.
Transesterification occurs through a single concerted step. In the model system, the catalyst is on
the opposite side of the aromatic ring of ethyl benzoate away from methanol such that it does not
directly participate in the proton transfer step of the reaction. It has been proposed that tertiary
amine catalysts act as Lewis base in methanol due to free electrons of N atom and could possibly
form a hydrogen bond between N of catalyst and H of aromatic ring in ethyl benzoate and another
hydrogen bond between H atom on methyl adjacent to N atom and carbonyl carbon to activate the
ester bond. 187 Therefore, the role of this catalyst in lowering the activation energy could primarily
be expected to be resulting from the activation of ester from these hydrogen bonds.

To understand this effect we introduce a list of tertiary amine catalysts whose effectiveness in
depolymerizing PET have been investigated experimentally.!!37) The list includes linear, cyclic,
aromatic, and diamines, whose chemical structure is given in Figure 5.4. Reported experimental
yield of DMT, EG and total yield are shown in Table 5.1 for the list of catalysts. Table 5.1 does
not include values for linear TMA as it is not part of the experimental study. *57)

Using ethyl benzoate as representative model for PET, the overall energy landscape of the PET
depolymerization through methanolysis in the presence of tertiary amine catalysts are shown in
Figure 5.5.

Figure 5.5 clearly shows that the presence of tertiary amine successfully lowered the activation
barrier for the transesterification of ethyl benzoate by methanol thus, showing its promising poten-
tial to catalyze PET depolymerization in methanolysis. Further, the effectiveness of the tertiary
amine in lowering the activation barrier in the ascending order from the lowest activation barrier
is TEEDA, DMA, aromatic TMA, TEA, linear TMA, and NMP, respectively. The ordering of
the tertiary amine in catalyzing the reaction in Figure 5.5 can be clearly classified based on the
structures of the tertiary amines as defined in Figure 5.4, where the lowest transition state is ob-
tained by the diamine type of tertiary amines, that is followed by aromatic, linear, and cyclic types,
respectively.

However, we stress that the energies for the transesterification reaction of ethylbenzoate shown in
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Figure 5.4: Six different tertiary amines used in this study as representatives to understand the
effect of amine catalysts on PET depolymerization reaction by methanolysis at the atomistic level.

Figure 5.5 were obtained from calculations in vacuum. PET methanolysis in experiments however
occurs in methanol solvent. Product yield results in Table 5.1 were reported for reaction using
tertiary amine methanol solution. Hence, we introduce methanol solvent into our study to study
the effect of solvation to the PET depolymerization through methanolysis.

5.4.4 Effect of Solvation

To study the effect of methanol on the PET depolymerization reaction during methanolysis,
methanol solvent is introduced into the system implicitly. Methanol molecule and ethyl benzoate
are present in the system as reactants along with tertiary amine catalyst. The energy landscape
of the ethyl benzoate transesterification reaction in the presence of tertiary amines in implicitly
treated methanol is shown in Figure 5.6.

Figure 5.6 shows that activation energy barriers for the transesterification reaction in implicit
methanol solvent are very similar to those of in vacuum; thus, indicating that the implicit methanol
solvent does not have any effect in the transesterification reaction energy barrier.

Unlike in the vacuum calculations, Figure 5.6 shows that no correlation between the structure of
tertiary amines and energy at the transition state. Furthermore, the energies at the transition state
are indistinguishable for DMA, aromatic TMA and TEA catalysts. There is no obvious reason
why the addition of the implicit solvent model should re-order the relative ranking of catalytic
effects observed in the reaction mechanism. These results with implicit solvation for the overall
methanolysis reaction and a neutral catalyst thus suggest that the key step that defines the rate in
the PET depolymerization during methanolysis must lie elsewhere. Based on this interpretation,
we next explored the scenario in which the proton transfer step from methanol to ethyl benzoate
in the PET depolymerization reaction involves the tertiary amine catalysts.
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Figure 5.6: The effect of tertiary amine on the energy landscape of transesterification reaction
between ethylbenzoate and methanol in implicit methanol solvent. The energies for reactant, tran-
sition, product states were calculated through geometry optimizations. Energies for the reactant
complex and product complex were obtained through geometry optimization of the final IRC struc-
tures in each respective direction.
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Table 5.1: Yields of DMT, EG and total yield from depolymerization of 0.1 g PET bottle strips
in 20 ml of 0.20 M tertiary amine methanol solution at 160 °C, 1 hour reaction duration at 700
rpm. 187 Yield is calculated from moles of DMT and EG after the reaction in accordance with the
formula shown in Section B.2

Yields (%)

Catalyst Catalyst Configuration DMT EG DMTH+EG
NMP cyclic 100 100 200
TEA linear 91.2 745 165.7
Aromatic TMA aromatic 25.8 14.3 40.1
DMA aromatic 6.4 6.8 13.2
TEEDA diamine 80.1 85.1 165.2

5.4.5 Catalysts Involvement in the Proton Transfer Step

In this section, we explore the scenario in which the tertiary amine catalysts are actively involved in
the transesterification reaction of ethyl benzoate and methanol via proton transfer. 296 Rather than
having the transesterification as one single concerted step, we split the reaction into two successive
parts: first, the proton transfer from the methanol to the ethyl benzoate, which then is followed
by the breaking of the ester bond. Furthermore, in the first step, instead of having the proton to
transfer directly from the methanol oxygen to the ester of the ethyl benzoate, the proton would
first transfer to the amine catalyst before subsequently transferred to the ethyl benzoate. The two
discrete steps of the proton transfer in the transesterification of ethyl benzoate in methanol is given
in Scheme 5.2.

o o [oN
methanol e Sy e i
+ +
"
|
tertiary
: N step 1 N step 2 N step 3 N
amine z/l\n ___________ T R2/|\R ___________ 8 Rz/ \R ----------- > Rz/ \R
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Scheme 5.2: Proposed steps for proton transfer during transesterification of ethyl benzoate in
methanol

Although the reaction mechanism presented in Scheme 5.2 seems similar to that presented in
fig. 5.2a, where the scanning of R1 bond independent of the R2 results in an unreasonable TS
structure due to the very high TS energy of 120 kcal/mol, this reaction pathway merits another
exploration as we now have tertiary amine catalysts that are actively involved in the transesterifi-
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cation reaction. The reaction energy for the proton transfer from methanol to the tertiary amine
as defined by step 1 in Scheme 5.2 in both vacuum and implicit methanol is given in Table 5.2.
Note that, in the proton transfer energy calculations, we restrained either the N-H bond in the
protonated catalyst, the C-O bond in methanol, or both the N-H and C-O bonds simultaneously
during the geometry optimization step.

Table 5.2: The proton transfer energy as defined by Step 1 in Schematic 2 that were calculated
using M06-2x/6-311++G(d,p), experimental yield of DMT product from PET depolymerization
as obtained from!®7 and the charge on N atom in the protonated tertiary amine catalysts as
calculated by CHELPG using the M06-2x"89 functional and the 6-3114+4G (d, p) 9819 basis
set.

Proton Transfer Energy (kcal/mol)

Charge on N atom in

Catalysts Catalyst . in vacuum in implicit Experimental Yzi)eld protonated tertiary amine

Configuration methanol of DMT (%) o
calculated in implicit methanol

NMP cyclic 27.7 14.9 100 0.19

Linear .

TMA linear 334 22.2 - 0.13

TEA linear 32.8 21.8 91.2 0.16

TEEDA diamine 29.9 22.5 80.1 -0.14

Aromatic .

TMA aromatic 33.3 25.7 25.8 -0.28

DMA aromatic 26.7 21.1 6.4 -0.30

Unlike in Figure 5.6 where the incorporation of the implicit methanol solvent does not affect the
activation energy barriers, Table 5.2 clearly shows that the implicit solvent has substantially lowered
the reaction energy for proton transfer. Lower energy indicates that proton transfer from methanol
to catalyst is more favorable in implicit methanol than in vacuum. Lower energy also indicates
possibility of proton transfer to catalyst first to be a favorable first step for the overall reaction.
This will be followed by proton transfer to ester oxygen to form the products. Hence, these results
indicate that PET depolymerization in methanolysis could take place through multiple discrete
steps instead of a single concerted step.

We compare our results to those of the experimental PET methanolysis.[lgﬂ In addition to cal-

culating proton transfer energies, charge on the protonated N atom of the tertiary amine catalyst
was also determined. Both the experimental yield of DMT product obtained through PET de-
polymerization process in methanolysis using different tertiary amine catalysts and the calculated
electronic charge on the N atom of the protonated tertiary amine catalysts in implicit methanol
solvent of the catalyst are also given in Table 5.2.

First, we noticed that the proton energy transfer bears no correlation with the experimental DMT
product yield that is reported in the literature. !87] Second, however, we found that the experimental
DMT yield correlates to the charge on the N atom of the protonated tertiary amine. This correlation
between the charge on the N atom of the tertiary amine and the experimental DMT yield is only
seen for protonated catalyst in implicit methanol. We then calculated the charge on the N atom of
the catalyst for the neutral catalysts in both vacuum and implicit methanol, and of the protonated
catalysts in vacuum. In all these cases, we have seen no correlation between the charge on the N
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atom of the catalyst to the experimental yield. Charges on N atom for all cases are reported in
Section B.3.Table 5.2 does not include values for experimental DMT yield of linear TMA as it is
not part of the experimental study. [187]

5.4.6  Discussion

Through our systematic investigation, we found that the charge on the N atom of the tertiary
amine catalysts correlates directly to the product yield of the PET depolymerization product in
experiments. Further, we found that the correlation only exists for protonated catalysts in implicit
methanol solvent. In general, our computational investigation into the PET depolymerization reac-
tion in methanolysis in the presence of tertiary amine catalysts reveals several important insights:
1.) the PET depolymerization into DMT and EG in methanolysis (Scheme 5.1) consists of several
discrete steps rather than one concerted step, 2.) The tertiary amine catalyst is actively involved in
the reaction, in which the proton transfer from methanol to ethyl benzoate occurs via the tertiary
amine catalyst, and 3.) The proton transfer from methanol to the tertiary amine catalyst is the
first step of the reaction, Finally, 4.) the charge on the N atom of the protonated tertiary amine
directly corresponds to the experimental DMT product percentage yield.

The correlation between the charge on the N atom of the protonated tertiary amine and the
experimental DMT yield can be explained by the Lewis basicity of the N atom in the tertiary
amine. The more basic the N atom of the tertiary amine is, the more capable the tertiary amine
molecule in extracting proton from methanol. As a result, more DMT yield can be produced in
the PET depolymerization in methanol solvent. In this study, the basicity of the tertiary amine is
reflected in the changes in the charge on the N atom from -1 to the result presented in Table 5.2
for each catalyst.

Seeing the direct correlation between the charge on the N atom of the protonated tertiary amine
and the experimental DMT yield, we then propose that we can use the charge on the N atom of the
protonated tertiary amine catalysts as a descriptor to initially screen tertiary amine catalysts. This
allows to gauge the efficiency of the tertiary amine in catalyzing the PET depolymerization reaction
in methanolysis. It will aid in initial screening further since it involves only a quick calculation of
the charge and eliminates the need for bench experiments.

We note that this direct correlation is specific to the tertiary amine catalysts listed in this study,
after investigating their role in catalyzing PET depolymerization in methanolysis. In the future,
this conclusion could be further assessed by testing the accuracy of the descriptor, that is the charge
on the N atom. It would need to be tested against a wider range of tertiary amine catalysts in which
the experimental DMT yields are known. Further, using the charge on the atoms of the protonated
catalysts to gauge and screen its efficiency in catalyzing PET depolymerization in methanol can
be extended to other types of catalysts, such as of those acetate-based or carbonate-based metal
catalysts, [170:181-184]

5.4.7 Conclusions

In this study, we have done a systematic computational investigation into PET depolymerization
reaction in methanol solvent. We found that the PET depolymerization reaction in methanol
into DMT and EG consists of several discrete reaction steps rather than a single concerted step.
Furthermore, in the presence of tertiary amine catalysts, we have found that the proton transfer
from the methanol to the tertiary amine catalyst is the first step in the PET depolymerization
reaction in methanolysis. By comparing our results to that of experimental yield, we found that
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the experimental yield directly correlates to the charge on the N atom of the protonated tertiary
amine catalyst. We then propose that we can use the charge on the N atom of the protonated
tertiary amine as a descriptor to quickly predict the suitability of other tertiary amine molecules
as potential catalysts for PET depolymerization in methanolysis. To be able to find a descriptor
that can be used to quickly screen the suitability of potential catalysts for PET depolymerization
is of great interest as the efficiency of the potential catalysts can be quickly predicted without the
need for experiments which may result in the generation of environmentally harmful waste.
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Chapter 6

Conclusions and Outlooks

The work presented here has advanced the ability to design plasmonic nanoparticle-based metama-
terials, by providing a robust framework of electromagnetic simulation MPM and gradient-based
inverse design method. This is used to design various 2D and 3D metamaterials with large num-
ber of NPs and highly dimensional parameter space with complex extinction spectra and electric
field spatial profiles. We are also able to optimize experimentally measurable optical properties of
reflectance and transmittance using this method.

The gradient-based inverse design method can be further developed to incorporate the ability to
direct the assembly of the NPs. As mentioned initially, colloids ability to self-assemble into mi-
crostructures in a static or dynamic way can be controlled through several factors such as colloidal
interactions, thermodynamic driving forces, kinetics, how NPs are synthesized. Colloidal inter-
actions between NPs can be modeled through interaction potentials. Gradients with respect to
potential parameters controlling these interactions can be computed and optimized for the opti-
cal properties. This would give insight into the assembly-structure relationship of plasmonic NPs.
Bilayer and multilayer structures at various spacings have been optimized for pair-potential parame-
ters using inverse design. !38) This can be combined with our electromagnetic simulation framework
and used to design 2D and 3D metamaterials with structural control.

Stratified multilayer metasurfaces could be realized experimentally through techniques such as drop
casting and sequential deposition. Drop casting is a simple low cost method, to prepare thin film
layers. Monolayer films can be created by casting solution with NPs on a substrate followed by the
solvents evaporation, to form a layer with certain thickness. This process can be automated and
easy to adapt without much equipment. Our experimental collaborators through PREM consortium
at University of Hawaii, Manoa and University of Washington are developing automated workflows
to create, characterize and evaluate monolayer thin-films through drop-casting. Choices between
various drop casting methods, and parameters such as NPs in the solution, solvent, substrate
can be explored and the process can be automated through lab automation equipment such as
Opentrons OT-2 for pipetting droplets. 2071 Another thin-film processing method is dip coating,
where the substrate is immersed in the coating solution. Efforts to automate dip-coating to create
layers of thin-film with uniform thickness are ongoing. Both these methods could be used to
synthesize thin-films of plasmonic NPs that we could corroborate or simultaneously model through
our gradient-based method to learn about the structure-function properties of the monolayers.
Using computational tools to study this monolayers could provide information on parameters that
are difficult to characterize experimentally.

Thin-films created experimentally through techniques such atomic layer deposition (ALD) can
often be of non-uniform thickness. Ellipsometry through direct measurements of phase difference
() and amplitude ratios (A) is used to calculate the thickness and effective refractive index of
these films. Ellipsometry measures change in the polarization of light upon reflection from or
transmission through a sample. 1 and A represent the raw measurement from an ellipsometer.
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They describe the change in polarization that occurs when the measurement beam interacts with
a sample surface. Accuracy of the thickness values is entirely dependent on the models used to
process ¥ and A. We can use our stratified medium calculations shown in Chapter 4 to calculate
reflectance, transmittance coefficients of thin films by modeling them as slabs. These coefficients
can then be used to calculate ¥ and A. Target ¢ and A from stratified medium calculations
can then be used to inverse design experimental measurements. This can be used to determine
concentration of thin-films. An example where this can be applied is vapor phase synthesis of
ZIF-8 thin-film from ZnO.

Stratified medium calculations combined with MPM and adjoint method is shown to optimize for
experimentally measurable property of reflectance at normal incidence angle. By working through
gradient propagation for non-normal incidence angle and demonstrating it in the future, we will be
able to design NP based metamaterials agnostic to incidence angle. Having control over incidence
angle will help design materials that have optical properties that are currently highly sensitive to
change in incidence angle. [66)

In addition to electric field for electromagnetic simulations, magnetic fields can be applied externally
to colloidal nanoparticles. They are known to orient particles to control their optical properties.
These particles could include particles such as dielectrics without any distinct optical properties
or plasmonic NPs. Plasmonic NPs that can be tuned by external magnetic field are termed as
paramagnetic NPs. We can explore plasmonic response of these materials through magnetic field
directed self-assembly through our framework. Magnetic control is shown to tune optical properties
such as structural color. !9 Brownian dynamics simulation with mutual dipole interactions can be
used to assemble paramagnetic nanoparticles with varying field strength and and particle volume
fraction. We can then characterize their optical response through our electromagnetic simulator.
This can be done to see how optical response such as extinction spectrum can evolve as NPs self-
assemble in magnetic field. Orientation of light parallel or perpendicular to the magnetic field will
lead to change in extinction response. We could characterize, ensemble resonance frequencies with
varying magnetic field strength and electric field polarizations. This can be applied to structures
with varying volume fractions.

We hope the methods and implications outlined in these chapters will inspire future development
of inverse design frameworks and design of unique colloidal materials.
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Appendix A

Supplementary Information : Chapter 3. Inverse Design of Optical
Metamaterials Assembled from Plasmonic Nanoparticles
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Figure A.1: Inverse design of a stratified plasmonic metasturface. Optimizer updates the radius
a, plasma frequency wy, damping coefficient v and high-frequency-permittivity e, of each layer.
Layers are randomized and not initialized in decreasing order of radius from top to bottom layer A:
Evolution of the extinction cross-section o of the metasurface as a function of incident frequency
w over optimization iterations (colors) The target spectrum is in red. B: Snapshot of the final
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Appendix B

Supplementary Information :

Chapter 5. Reaction Pathway Analysis of PET
Deconstruction via Methanolysis and Tertiary Amine Catalysts

B.1 Relative energy (Ey) of transition state for transesterification reaction between
ethylbenzoate and methanol uncatalyzed and in presence of catalysts using MO0G6-
2x[189] functional and the 6-31G (d, p) basis set. Imaginary frequency for verify-
ing transition state structures calculated using frequency analysis is also included
for these reactions.

Transition state structure
Catalyst Ey (kcal/mol) imaginary frequency (cm~1!)
Catalysts Conficuration — . s
g in vacuum in implicit methanol in vacuum in implicit methanol

NMP cyclic 34.5 36.8 —1236.0 —1309.6
Linear TMA linear 34.3 37.7 —1214.9 —1284.3
TEA linear 34.1 36.8 —1189.7 —1234.4
Aromatic TMA aromatic 33.3 36.6 —1238.7 —1315.8
DMA aromatic 32.7 36.7 —1235.6 —1316.7
TEEDA diamine 30.7 34.1 —11874 —1258.3
no catalyst - 41.0 42.9 —1185.3 —1250.9

Yield equations for DMT yield %, EG yield % and total yield or DMT + EG

yield % for depolymerization of 0.1g PET bottle strips in 20 ml of 0.20 M tertiary
amine methanol solution at 160C', 1 hour reaction duration at 700 rpm

DMT yield% = X x 100

ng
EC yield% = 2 x 100
no
Total yield% — "2 "2 » 100

(B.1)
(B.2)

(B.3)
(B.4)

ng is the moles of the repeat unit of fresh PET reactants before reaction.
n1 is the moles of dimethyl terephthalate after the reaction.
ng is the moles of ethylene glycol after the reaction
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B.3 Charge on N atom in the neutral and protonated tertiary amine catalysts as
calculated by CHELPG using the M06-2x[18% functional and the 6-311++G (d,
p)[198199] pbasis set

Charge on N atom in Transition state structure
Catalyst neutral catalyst imaginary frequency (cm™1)
Catalysts Conficuration — . —
gu in vacuum in implicit methanol in vacuum in implicit methanol

NMP cyclic —0.54 —0.61 0.12 0.19

Linear TMA linear —0.36 —0.42 —0.01 0.13

TEA linear —0.67 —0.76 0.17 0.16
Aromatic TMA aromatic —0.44 —0.50 —0.40 —0.28

DMA aromatic —0.50 —0.51 —0.32 —0.30
TEEDA diamine —0.55 —0.60 —0.19 —0.14

B.4 Example gaussian input files for finding transition state, intrinsic reaction coor-
dinate scan and geometry optimization. Reaction is ethyl benzoate, methanol
and NMP catalyst in implicit methanol solvent
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Input file for transition state calculation

%chk=TS.chk

%nprocshared=10

# opt(TS,CalcFC,noeigen) freq 6-31g(d,p) nosymm m062x geom=connectivity
scrf(solvent=methanol)

Title Card Required

[y

-0.51248800 1.77844300 0.02802400
-2.02330900 1.50000400 0.42877900
-2.96021300 1.60637300 -0.65762200
-3.94161100 1.70801800 -0.19123600
-2.73309900 2.50779200 -1.23015200
-0.34254500 2.40494700 -0.99577000
-0.00948200 2.55148500 2.61567600
1.06296400 2.40808300 2.44206600
-0.40562700 1.64942000 3.09826000
-0.14729600 3.40306700 3.28697600
-0.65979100 2.83608500 1.38968100
-1.81914500 2.30647500 1.15428400
0.30953400 0.59612800 0.44023800
-0.17567200 -0.42600600 1.25951700
1.60866900 0.52990400 -0.06621800
0.63935600 -1.51372000 1.56037900
-1.19068100 -0.37818300 1.63792000
2.41979100 -0.55864100 0.23743900
1.96106900 1.32661600 -0.71330200
1.93490800 -1.58173100 1.04995400
0.25958900 -2.31294700 2.18823900
3.42448900 -0.61343500 -0.16804500
2.56429600 -2.43493400 1.28174500
-0.49073900 -3.52004200 -4.07485600
-0.94088800 -2.64306900 -2.90302200
0.27922300 -2.04189800 -2.19275500
1.59119100 -2.12246800 -4.20860100
0.42830700 -2.72600700 -5.00743800
-0.02733700 -1.37996900 -1.37535200
-1.59059900 -1.84015500 -3.27540100
-1.53372100 -3.22170400 -2.18610600
0.06238500 -4.38446600 -3.68116800
-1.35329800 -3.91486500 -4.621249500
2.23795300 -1.52124100 -4.85709700

I IIIIITIOOOOOIIIOIOIOOOOIOIIIONOIIOONR®
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2.20289100
-0.14388500
0.82261900
0.86321000
1.17450400
0.61513900
0.40827100
1.34984100
-0.31662700
-2.86369500
-3.04224100
-3.60447300
-1.87036300

I I ITITOIIIOZIIII

16201310
2310
341.051.0441.0
4

5

6

-2.94381800
-1.92630500
-3.36552400
-2.85807200
-1.29384100
-0.01441900
0.59452100
0.51816500
-0.08404600
0.36220200
-0.53584700
0.40443600
0.29278000

781.091.0101.0111.0

8

9

10

11

12
1314151515
14161.5171.0
15181.5191.0
16201.5211.0
17
18201.5221.0
19

20231.0

21

22

23

24251.0281.0321.0331.0

25261.0301.0311.0
26291.0381.0391.0

27281.0341.0351.0391.0

28361.0371.0
29
30
31
32
33

-3.80881700
-5.49456800
-5.80435900
-1.74313400
-3.07672800
-3.48735100
-2.60042500
-4.10005700
-4.07385300
-1.51803800
-0.92143400
-2.32023800
-1.97043800
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34

35

36

37

38

39401.0
40411.0421.0431.0
41

42

43
44451.0461.0471.0
45

46

47

112F
111F
122F
1211F

Input file for intrinsic reaction coordinate calculation in forward direction followed by
geometry optimization

%chk=TS.chk

%nprocshared=10

# IRC(Forward,RCFC) 6-31g(d,p) nosymm m062x geom=allcheck guess=read
scrf(solvent=methanol)

--Link1--

%chk=TS.chk

%nprocshared=10

# opt 6-31g(d,p) freq nosymm m062x geom=allcheck guess=read scrf(solvent=methanol)

Input file for intrinsic reaction coordinate calculation in reverse direction followed by
geometry optimization

%chk=TS.chk

%nprocshared=10

# IRC(Reverse,RCFC) 6-31g(d,p) nosymm m062x geom=allcheck guess=read
scrf(solvent=methanol)

--Link1--

%chk=TS.chk

%nprocshared=10

# opt 6-31g(d,p) freq nosymm m062x geom=allcheck guess=read scrf(solvent=methanol)
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