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This thesis deals with several important algorithmic questions using techniques from diverse
areas including discrepancy theory, machine learning and lattice theory.

In Chapter 2l we construct an improved approximation algorithm for a classical NP-
complete problem, the bin packing problem. In this problem, the goal is to pack items of
sizes s; € [0,1] into as few bins as possible, where a set of items fits into a bin provided
the sum of the item sizes is at most one. We give a polynomial-time rounding scheme for
a standard linear programming relaxation of the problem, yielding a packing that uses at
most OPT 4+ O(log OPT) bins. This makes progress towards one of the “10 open problems
in approximation algorithms” stated in the book of Shmoys and Williamson [WS11]. In fact,
based on related combinatorial lower bounds, Rothvoss conjectures that ©(log OPT) may
be a tight bound on the additive integrality gap of this LP relaxation.

In Chapter Bl we give a new polynomial-time algorithm for linear programming. Our
algorithm is based on the multiplicative weights update (MWU) method, which is a general
framework that is currently of great interest in theoretical computer science. An algorithm
for linear programming based on MWU was known previously, but was not polynomial time
— we remedy this by alternating between a MWU phase and a rescaling phase. The rescaling

methods we introduce improve upon previous methods such as those of [PS16] by reducing



the number of iterations needed until one can rescal, and they can be used for any algorithm
with a similar rescaling structure. Finally, we note that the MWU phase of the algorithm
has a simple interpretation as gradient descent of a particular potential function, and we
show we can speed up this phase by walking in a direction that decreases both the potential
function and its gradient.

In Chapter dl we show that an approximate oracle for Minkowski’s Theorem gives an
approximate oracle for the number balancing problem, and conversely. Number balancing is
the problem of minimizing |(a,x)| over € {—1,0,1}" \ {0}, given a € [0,1]". While an
application of the pigeonhole principle shows that there always exists = with |(a, z)| < O(%),
the best known algorithm only guarantees |(a,z)| < n=®0¢™ [KK82a]. We show that an
oracle for Minkowski’s Theorem with approximation factor p would give an algorithm for
NBP that guarantees |(a, z)| < 277°""”’. In particular, this would beat the bound of [KKS2a]
provided p < O(logn/loglogn). In the other direction, we prove that any polynomial
time algorithm for NBP that guarantees a solution of difference at most 2v”/2" would give
a polynomial approximation for Minkowski as well as a polynomial factor approximation

algorithm for the Shortest Vector Problem.

IThis rescaling was discovered in a parallel and independent work by Dadush, Végh and Zambelli [DVZ16].
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Chapter 1
INTRODUCTION

This dissertation deals with three important problems in optimization.

In Chapter 2] we give a new approximation algorithm for bin packing that uses at most
OPT + O(log OPT) bins, where OPT is the actual optimal number of bins. This improves
over the algorithm of Rothvoss, which had an additive error of O(log OPT - loglog OPT)
[Rot13]. Chapter 2lis based on a paper coauthored with Thomas Rothvoss which appeared
at SODA 2017 [HR17].

In Chapter 3, we show that a classical algorithm for linear programming based on the
multiplicative weights update method can be made polynomial-time by using a rescaling
such as that used for the perceptron algorithm. In addition, we provide more efficient rescal-
ing methods that can be used for linear programming algorithms with a similar structure.
Chapter [Blis based on a paper coauthored with Thomas Rothvoss which will appear at IPCO
2017 [HR16].

In Chapter ], we give polynomial reductions between approximate versions of the number

balancing problem and Minkowski’s Theorem. Chapter[dlis based on a paper coauthored with

Harish Ramadas, Thomas Rothvoss, and Xin Yang that will appear at IPCO 2017 [HRRY16].

1.1 Bin Packing Approximation

One of the classical combinatorial optimization problems that is studied in computer science
is the bin packing problem. Bin packing has been studied since the 1950’s |[Eish7] and was
listed as one of the prototypical NP hard problems in [GJ79]. In this problem, we are given
b; items of size s; € [0,1] for i = 1,...,n. The goal is to pack the items into as few bins as

possible, where a set of items fits into a bin provided the sum of the item sizes is at most one.



Finding an optimal packing is NP-hard in general, but there have been many approximation
algorithms over the years. The most recent approaches use an LP rounding procedure. The

Gilmore-Gomory LP relazation |[Eish7, (GG61| is given by
min {172 : Az > b,z > 0}, (1.1)

where the constraint matrix A € Z%P has rows indexed by item size, and has a column
for each feasible pattern. That is, for any column p € P we have > | s;4;, < 1. Notice
that z, gives the (possibly fractional) number of times that solution x uses pattern p. The

constraint Ax > b says that the number of total slots in = for item ¢ must be at least b;.

In 1982, Karmarkar and Karp [KK82b] showed that (ILI]) could be solved in polynomial
time up to an additive error despite there being exponentially many feasible patterns. In

addition, they devised a rounding scheme that found an integral packing using at most

OPT + O(log®(OPT)) bins, where OPT is the actual optimal number of bins.

In 2013, Rothvoss was able to reduce this to OPT + O(log(OPT) - loglog(OPT)) bins
[Rot13]. The rounding technique of Rothvoss uses a result from discrepancy theory which

allows one to find a more integral point that is not too far away from the initial point.

Theorem 1 (Lovett-Meka ’12). Suppose Zgar € [0,1]" and let vy, ..., v, € R™ be vectors

2

with parameters Ay, ..., Ay > 0 satisfying Z;”:l e /16 < 16+ Then in randomized polynomial

time one can find a vector T.nq € [0,1]" so that |(Tena — Tstart, V)| < Aj - ||vj]]2 for all

j€{1,...,m} and at least half of the entries of xenq are in {0,1}.

A good choice for the vectors v; turns out to be sums of rows of the constraint matrix
A. To ensure that z does not change too much, we want ||v;||2 to not be too large, and so
the algorithm of Rothvoss begins each iteration with a preprocessing phase on A. The basic

structure of the algorithm is given in Algorithm [Il



Algorithm 1

1. Compute a fractional solution z with 172 < OPT and |supp(z)| < n.

2. For O(logn) iterations:

(a) Preprocessing phase: Update x so that the Euclidean norm of the rows of A,

are small, where A, denotes the restriction of A to the columns in supp(z).

(b) Rounding phase: Define vy, ..., v,, to be sums of rows of A,, and apply Lovett-
Meka to sparsify x.

3. Use the updated integral = to find a feasible packing.

1.1.1  Our Contribution

We design an approximation algorithm for bin packing that incurs only a constant loss in
each of logarithmically many iterations, giving us a total loss of at most O(logn). By a

reduction due to Karmarkar and Karp, this is enough to obtain the desired gap:

Theorem 2. There exists a randomized polynomial-time algorithm which finds a packing of

items into at most OPT + O(log(OPT)) bins.

More precisely, as we go through the algorithm, we update two vectors x and y. The
vector y represents how our items are arranged into containers, where a container is a multiset
of items that must be packed as a unit into patterns. This is similar to the “item gluing” of
Rothvoss. The vector x represents the number (potentially fractional) of each pattern our
solution uses, where feasible patterns are made up of containers of total size at most one.

We consider the packing graph that connects containers of y to all large-enough container
slots of z, and we define the deficiency of x and y to be the total size of containers of y that
cannot be packed into the slots given by z in an optimal (potentially fractional) assignment.

We show that our algorithm produces integral x and y with 172 < OPT and deficiency



O(logn). The deficiency can be achieved by an integral assignment, and packing the leftover

containers greedily uses only O(logn) additional bins.

(1)

Improved preprocessing phase: Let A be the constraint matrix only containing columns
from supp(z), and assume the rows of A are sorted by container size. For o € 27N,
1

define size class o to be the set of all containers of size between 30 and o.

For all size classes o, starting with the smallest:

(a) Grouping: Group the containers and round all containers down to the smallest
container in their group. We do this in such a way that the total number of

1

nonzero rows in the size class is at most mo~'/2, where m = |supp(z)|. This

operation only changes = and the deficiency only increases by /2.

—1/4 times

(b) Container Reassignment: For containers that appear more than 2o
within the same pattern, we combine them into larger containers. This operation

updates both z and y and increases the deficiency by O(%/%).

Improved rounding phase: For an interval I of rows of A, we define the adjusted number
of incidences as

A=Y (I4clh+o7"?).

Cel,Ac#0

Let v; = > cc; Ac. Note that a bound on 7(/) implies a bound on |lv;||; as well as
the number of nonzero rows of I. Together with the bound of |A¢||s < 2074, this
implies ||vr]l2 < v/[Jvrll - Jorlleo < A(1)c'/®. The preprocessing phase guarantees that
the adjusted number of incidences of the entire size class o is O(mo ') — this allows
us to choose intervals I so that v; satisfy the conditions of Lovett-Meka, but of small
enough Euclidean norm that we can guarantee the increase in deficiency in size class

o is at most o!/16,



Figure 1.1: Ilustration of the polyhedral cone P with radius p > 0

1.2 A New Algorithm for Linear Programming

One of the central algorithmic problems in theoretical computer science as well as in more

practical areas like operations research is finding the solution to a linear program (LP)
max{c’z | Az > b} (1.2)

where A € R™" ¢ € R" and b € R™. Instead of solving (L.2) directly, one can instead find

a feasible point in the open polyhedral cone
P={zxeR"| Az > 0} (1.3)

where A € R™*™ — using standard reductions one can interchange the representations (L.2)
and (L3) with at most a linear overhead. In addition, we may assume that P is full-
dimensional. As illustrated in Figure[L.1] let p > 0 be the radius of the largest ball contained
in the intersection of the feasible region P with the unit ball B := B(0,1). It turns out that

1 may be exponential in the input size, but log% is guaranteed to be polynomial.

P

One way to obtain the log% guarantee is by including a rescaling step that increases
vol(P N B) by a constant factor. Since P N B initially contains a ball of radius p, the volume
cannot change by more than a factor of p", and hence there will be at most O(n log%)

rescalings. A general framework is given in Algorithm [2



Algorithm 2
FOR O(nlog %) phases DO:

(1) Initial phase: Either find z € P or give A € RZy, [[A|1 = 1 with [[AA[; < A.

(2) Rescaling phase: Find an invertible linear transformation F' so that vol(F(P)N B)
is a constant fraction larger than vol(P N B). Replace P by F(P).

Tc
Lo

IDTH(P, )

Figure 1.2: If the width of P in direction c is at most O(ﬁ), then the linear transformation

F that stretches in direction ¢ will increase vol(P N B) by a constant factor.

For example, Pena and Soheili showed that a smooth version of the perceptron algorithm
implements the initial phase in O(1/A) iterations [PS12]. In addition, they showed that
applying the linear transformation F(x) = z + cc’'z to the cone P will increase the volume
of PN B by a constant factor, provided the width of P in direction c is at most O(ﬁ) (See
Figure[[.2l) Finally, they showed that given A with [|[A||; = 1 and ||[AA]|s < A, one can find a
direction in which P has width at most O(mA) — in particular, this shows that A = O(=1=)

my/mn

suffices to rescale.

A classical algorithm for linear programming is based on the multiplicative weights update

(MWU) method [AHK12|. Viewed with the right lens, this algorithm consists of performing



gradient descent on the potential function ®(z) = Y7 e~“4®) — notice that as soon as

®(z) < 1, then z € P. It turns out that MWU terminates in O~(pi2) iterations, and hence it

need not be polynomial in the input size.

1.2.1 Owur Contribution

We demonstrate a new algorithm for linear programming. Our algorithm follows the struc-

ture of Algorithm 2l but we give new implementations for each of the phases.

(1)

1.3

Initial phase based on MWU: We show that in O(1/A?) iterations the MWU method
can be made to implement the initial phase of Algorithm 2l The idea is that gradient
descent will decrease the potential function ® by a significant amount provided % is
large enough. On the other hand, % takes the form AA, and so if this is small enough
then we can rescale. By modifying the gradient descent approach to walk in a direction
that decreases both ®(z) and ||V®(z)||2, we speed up this implementation to use only
O(1/A) iterations. This essentially matches the number of iterations needed for the

initial phase of [PS16].

Improved rescaling phase: We design rescaling methods that apply for a parameter of
A = O(2), which improves over the threshold A = @(#ﬁ) required by [PS16]. This
results in a smaller number of iterations that are needed per phase until one can rescale
the system. Our first rescaling method uses randomness to find a direction ¢ of width at
most O(y/nA) — the linear transformation F'(z) = x + cc’x then increases the volume
of PN B by a constant factor. Our second method is a deterministic and multirank
rescaling which also guarantees a constant factor increase in the volume — in fact, under

certain conditions it will actually increase the volume by up to an exponential factor.

Number Balancing and Minkowski’s Theorem

The number balancing problem (NBP) is the following: given real numbers a4, ..., a, € [0, 1],

find two distinct subsets I, Iy C [n] so that the difference |} .., a; — ., ;. a;| of their sums



is minimized. Equivalently, given a vector a € [0, 1]", we want to find a vector of signs
x € {—1,0,1}"\ {0} to minimize the inner product |{a, z)|. Notice that NBP is a relaxation
of the classical number partitioning problem, which requires the two subsets to partition
[n] |[GJT9].

An application of the pigeonhole principle shows there always exists x € {—1,0,1}"\ {0}
with [(a,7)| < 57, and with a slightly refined argument we can improve the bound to
NG

O(%+). In spite of these strong nonconstructive guarantees, it is less clear how well one can

do constructively:

Question 1. Given a vector a € [0,1]", for what § > 0 can one be guaranteed to find an

x e {—1,0,1}"\ {0} with |(a,z)| <0 in polynomial time?

The best known bound is given by Karmarkar and Karp’s differencing algorithm, which
guarantees |(a, r)| < n~®0e¢m [KK82a]. On the other hand, it is NP-hard to decide whether
there are two disjoint subsets that sum up to the exact same value [WY92].

Another nonconstructive result is Minkowski’s Theorem, which says that any symmetric
convex body K C R" of volume at least 2" must intersect Z" \ {0} [Mat02]. This theorem
is proved by placing translates of %K at any lattice point and then inferring an overlap due

to the pigeonhole principle. Again one can consider the algorithmic question:

Question 2. Given a symmetric convex body K with volume at least 2", for what factor p

can one be guaranteed to find an x € (pK) NZ" \ {0} in polynomial time?

This factor p is known to be within a polynomial factor of the approximability of the
shortest vector problem (SVP). In particular, LLL basis reduction yields a polynomial-time
algorithm for p < 2°™ but a small enough polynomial-factor approximation could be

enough to break lattice based cryptosystems.

1.3.1 Owur Contribution

In this work, we show that the above questions are related:



(1)

Using a Minkowski oracle: We note that the body K := {z € (=2,2) : [(a,2)] <
2791} has volume at least 2", and therefore an exact oracle for Minkowski’s Theorem
yields an algorithm to find a number balancing solution with |(a, z)| < 279 If we
only have an approximate oracle, we can still obtain z with |(a, )| < 27°™ but in
this case ||z||« may be as large as O(p). We introduce a nontrivial self reduction that
reduces ||z||o by a factor of 2, and we show that this yields an NBP algorithm that

guarantees |{a,z)| < 9-n®0/e)

Using a number balancing oracle: We show that an oracle for number balancing that
guarantees |(a, z)| < 224 yields an approximate oracle for Minkowski’s theorem with
approximation factor p = O(n°). To do this, we first use lattice basis reduction to
reduce to the case where K is a well-rounded ellipsoid. We demonstrate that an NBP
oracle can be extended to multiple vectors without weakening the bound too much —
we can then get a stronger bound by allowing ||z|/» to increase. Combining these,
we find x € Z™ \ {0} whose inner product with each of the axis directions is bounded
by O(n?) of the corresponding axis length, yielding an O(n®) approximation for the

original set K.
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Chapter 2
A LOGARITHMIC INTEGRALITY GAP FOR BIN PACKING

2.1 Introduction

One of the classical combinatorial optimization problems that is studied in computer science
is Bin Packing. It appeared as one of the prototypical NP-hard problems already in the
book of Garey and Johnson [GJ79] but it was studied long before in operations research in
the 1950’s, for example by [Eish7]. We refer to the survey of Johnson [CGJ84] for a complete
historic account.

Bin packing is a good example to study the development of techniques in approximation
algorithms as well. The 1970’s brought simple greedy heuristics such as First F'it, analyzed by
Johnson [Joh73| which requires at most 1.7-OPT'+1 bins and First Fit Decreasing |[JDUT74],
which yields a solution with at most S OPT + 4 bins (see [Dos07] for a tight bound of
%OPT + g). Later, an asymptotic PTAS was developed by Fernandez de la Vega and
Lueker [FAIVL81]. One of their main technical contributions was an item grouping technique
to reduce the number of different item types. The algorithm of Fernandez de la Vega and
Lueker finds solutions using at most (14 ¢)OPT + O(%) bins, while the running time is
either of the form O(nf®)) if one uses dynamic programming or of the form O(n - f(¢)) if
one applies linear programming techniques.

A big leap forward in approximating bin packing was done by Karmarkar and Karp in
1982 [KK82b]. First of all, they argue how a certain exponential size LP can be approximately
solved in polynomial time; secondly they provide a sophisticated rounding scheme which
produces a solution with at most OPT + O(log? OPT) bins, corresponding to an asymptotic
FPTAS.

It will be convenient throughout this chapter to allow a more compact form of input,
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where s € [0, 1]™ denotes the vector of different item sizes and b € N denotes the multiplicity
vector, meaning that we have b; copies of item type 4. In this notation we say that >\  b;
is the total number of items. The linear program that we mentioned earlier is called the

Gilmore-Gomory LP relazation |Eis57, [GG61] and it is of the form
min {1T1’ | Az > b,x > O} ) (2.1)

The constraint matrix A consists of all column vectors p € Z%, that satisfy Yo pisi < L
The linear program has variables z, that give the number of bins that should be packed
according to the pattern p.

We denote the value of the optimal fractional solution to (2Z1II) by OPTY}, and the value of
the best integral solution by OPT. As we mentioned before, the linear program (2.I)) does
have an exponential number of variables, but only n constraints. A fractional solution z of
cost 172 < OPT} + ¢ can be computed in time polynomial in Y ;' | b; and 1/ [KK82D] us-
ing the Grotschel-Lovasz-Schrijver variant of the Ellipsoid method |[GLS81|. An alternative
and simpler way to solve the LP approximately is via the Plotkin-Shmoys-Tardos frame-
work [PST95| or the multiplicative weight update method. See the survey of [AHK12] for
an overview.

The best known lower bound on the integrality gap of the Gilmore-Gomory LP is an
instance where OPT = [OPTy| + 1; Scheithauer and Terno [ST97| conjecture that these
instances represent the worst case additive gap. While this conjecture is still open, it is rea-
sonable to expect that the best approximation algorithms will be based on rounding a solution
to this amazingly strong Gilmore Gomory LP relaxation. For example, the Karmarkar-Karp
algorithm operates in logn iterations in which one first groups the items such that only
% Zie[n} s; many different item sizes remain; then one computes a basic solution x and buys
|z,] times pattern p and continues with the residual instance. The analysis provides a
O(log? OPT) upper bound on the additive integrality gap of (2.1)).

The rounding mechanism in the recent paper of Rothvoss [Rot13| uses an algorithm by

Lovett and Meka that was originally designed for discrepancy minimization. The Lovett-
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Meka algorithm [LM12] can be conveniently summarized as follows:

Theorem 3 (Lovett-Meka '12). Let vy,...,v, € R™ be vectors with Tgu € [0,1]" and
parameters Ai, ..., Ay, > 0 so that Z;nzl e~A3/16 < 15+ Then in randomized polynomial time
one can find a vector Teng € [0,1]" s0 that (T end — Tstart, V)| < Nj-||vjll2 forall j € {1,...,m}

and at least half of the entries of Tenq are in {0,1}.

Intuitively, the points z,q satisfying the linear constraints |[(Zend — Zstart, V)| < Aj - [|vj]l2
form a polytope and the distance from the start point to the jth hyperplane is ;. The
condition Z;”:l e /16 < {5 essentially says that the polytope is going to be “large enough”.
The algorithm of [LM12] itself consists of a random walk through the polytope. For more
details, we refer to the very readable paper of [LM12].

The bin packing approximation algorithm of Rothvoss [Rot13] consists of logarithmically
many runs of Lovett-Meka. To be able to use the Lovett-Meka algorithm effectively, Rothvoss
needs to rebuild the instance in each iteration and “glue” clusters of small items together to
larger items. His procedure is only able to do that for items that have size at most %

polylog(n)
and each of the iterations incurs a loss in the objective function of O(loglogn). In contrast
we present a procedure that can even cluster items together that have size up to (1).
Moreover, Rothvoss’ algorithm only uses two types of parameters for the error parameters,

namely A\; € {0,0(y/loglogn)}. In contrast, we use the full spectrum of parameters to

achieve only a constant loss in each of the logarithmically many iterations.
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2.1.1 Qur contribution
Our main contribution is the following theorem:

Theorem 4. For any Bin Packing instance (s,b) with sy, ..., s, € [0,1], one can compute a
solution with at most OPTy + O(log OPTy) bins, where OPTy denotes the optimal value of
the Gilmore-Gomory LP relaxation. The algorithm is randomized and the expected running

time is polynomial in Y ., b;.

The recent book of Williamson and Shmoys [WS11] presents a list of 10 open problems
in approximation algorithms. Problem #3 in the list is whether the Gilmore-Gomory LP
has a constant integrality gap; hence we make progress towards that question.

We want to remark that the original algorithm of Karmarkar and Karp has an additive

approximation ratio of O ( log OPTy - log (maxm {j— })) For 3-partition instances where all
J

1

item sizes are strictly between ;

and 3, this results in an O(logn) guarantee, which coin-
cides with the guarantees of Rothvoss [Rotl3| and this paper if applied to those instances.
A paper of Eisenbrand et al. [EPR13| gives a reduction of those instances to minimizing
the discrepancy of 3 permutations. Interestingly, shortly afterwards Newman, Neiman and
Nikolov [NNN12| showed that there are instances of 3 permutations that do require a discrep-

ancy of Q(logn). It seems unclear how to realize those permutations with concrete sizes in a

bin packing instance — however any further improvement for bin packing even in that special

11

case with item sizes in (Z’ 5) would need to rule out such a realization as well. Rothvoss

conjectures that the integrality gap for the Gilmore Gomory LP is indeed O(logn).
2.2 The Packing Graph

It is well-known that for the kind of approximation guarantee that we aim to achieve, one
can assume that the items are not too tiny. In fact it suffices to prove an additive gap of
O(log max{n, ﬁ}) where n is the number of different item sizes and Sy, is a lower bound
on all item sizes. Note that in the following, “polynomial time” means always polynomial in

the total number of items > | b;.
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Lemma 5. Assume for a monotone function g, there is a polynomial time algorithm for bin
packing instances (s,b) with s € [0,1]™ and $1,...,S, > Smin > 0 that finds a solution with
at most OPTy + g(max {n, ﬁ}) bins. Then there is a polynomial time algorithm that for
all instances finds a solution with at most OPTy + g(OPTy) + O(log OPTY) bins.

Proof. Let (s,b) be any bin packing instance with s € [0,1]" and b € N*. Let U := > " | b;s;
be the total size. Note that U < OPT; < 2U + 1, so U is a good estimate on the value of
the LP optimum. We split items into large ones L := {i € [n] | s; > £} and small ones
S:={ien]|s <t}

Now, we perform the geometric grouping from [KK82b] to the large items as follows: sort
items from largest to smallest and form groups of total size between 2 and 3. Then for each
group, round all items to the largest item type in its group. This procedure allows to reduce
the number of different item types to U while the optimal fractional value increases to at
most OPT; < OPTy + O(logU). Now we run the assumed algorithm to assign items in

L to at most OPT; + g(U) < OPTy + g(OPTy) + O(logU) bins. Here we are using that

OPT} > U is an upper bound on the number of items in the modified instance and sy, := %
is a lower bound on the item sizes in L.

Then we “sprinkle” the small items greedily over those bins. If no new bin needs to be
opened, we are done. Otherwise, we know that the solution consists of k bins such that k£ —1
bins are at least 1— £ full. This implies U > (k—1)-(1—£), and hence k < U+3 < OPTy+3

assuming U > 2. O

1
OPT;

As a side remark, the reduction in Lemma [Bl will choose sy, = @( ) For our result,
we use g(k) = O(log k). From now on we assume that we have n different item sizes with all
sizes satisfying s; > sy, for some given parameter s,,;,. Starting from a fractional solution x

to (2.I)) our goal is to find an integral solution of cost 17z + O(log max {n, SL}) Another

useful standard argument is as follows:

Lemma 6. Any bin packing instance (s,b) can be packed in polynomial time into at most

237" sibi+ 1 bins.
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Proof. Simply assign the items greedily and open new bins only if necessary. If we end up with
k bins, then at least k—1 of them are at least half full, which means that Y | s;b; > 1(k—1).

Rearranging gives the claim. O

Instead of packing items directly into bins, we are able to use the Lovett-Meka algorithm
more effectively by first arranging items into containers and then packing containers into
bins. For us a container is any vector C' € Z%, i.e. it is a multiset of items with C} copies of
item i. Let C be the set of all containers of size at most 1, where the size s(C') of a container
is just the sum of the sizes of its items s(C) := > | C;s;. We let yo denote the number of
copies of container C', and we define the set of possible arrangements of items into containers

as

Arr(s,b) := {y € Zgo : ZyCC} = b; for all items Z}
ceC

As we will pack containers into bins, we want to define a pattern as a vector of the form
pE Zgo where po denotes the number of times that the pattern contains container C. Of

course the sum of the sizes of the containers should be at most 1, thus

P = {peZg0|ZpC.s(C)g1}

ceC

is the set of all (valid) patterns.

Given a fractional solution 2 € RZ; and an arrangement of items y € Arr(s, b), we define
a bipartite graph G(z,y). On the left this graph has nodes C' € C with multiplicity yc,
corresponding to containers we need to pack. On the right it has nodes (C,p) € C x P with
multiplicity z, - pc, corresponding to slots for containers in the patterns of our fractional
solution. We connect containers to slots in which they fit. Explicitly, the edge set is £ =
{(C, (C",p)) : s(C) < s(C")}. Our goal will be to find a (fractional) assignment of containers
to patterns that packs as many containers as possible.

Consider the example that is visualized in Figure 2.1l The example has n = 3 items of
size s = (0.3,0.2,0.1) and multiplicity vector b = (2,3,4). Those items are arranged into

containers C', Cy, C'5 which have multiplicities yo, = yo, = 1 and yo, = 2. Moreover, in our



16

item %7 item 79 item 23
Ttems by =2 by =3 b = 4

) cont C’1 cont C’2 cont. Csy
Containers —9
Ycs, =

pattern pi: x,, =

1
2

pattern po: xp, =

5 pattern p3: x,, =

Figure 2.1: Example for assigning containers to patterns

example we have 3 patterns pi, ps, p3 with fractional values z,, = z,, = % and z,, = i. The

arrows represent the assignment of containers. For example, container C is assigned with

a fractional value of i to pattern p, and % to p3. Notice that we do allow container C5 to

be assigned to slots of a larger container in p;. However, we are still unable to pack % of

container C3 and i of container (. Later we will say that the deficiency of the graph is
s(C3) + 1 - s(Ch).

Slightly more generally, we say that a bipartite graph G = (V,UV,, E) is a packing graph
if each v € V, UV, has an associated size s(v) € [0, 1] and multiplicity mult(v) € R>, and
the edge set is given by E = {(u,v) € V; x V. | s(u) < s(v)}. Therefore we call G(z,y) the
packing graph associated with x and y.

An assignment in a packing graph is a function a : £ — R so that for any v € V,

we have 5y a(e) < mult(v), where §(v) denotes the set of edges incident to v. The

ecd(v
deficiency of a packing graph is the total size of left nodes that fail to be packed in an
optimal assignment. That is,

def(G) == min {Z s(v) - (mult(v) — a(5(v)))}.

a assignment of G
veV,

We now want to make a couple of observations about general packing graphs. First,
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we can define a partial ordering on packing graphs as follows. If G = (V, U V,, FE) and
G' = (V/U V! E') are packing graphs, we say G < G if for any s > 0 we have

Z mult(v) < Z mult’(v)

veVy,s(v)>s veV),s'(v)>s

and

Z mult(v) > Z mult’(v).

vEV,s(v)>s veV/!,s'(v)>s
Essentially this says that at any size, G has at most as many nodes to pack and at least as

much space to pack them in. In particular, we have the following.
Observation 1. If G and G' are packing graphs with G < G', then def(G) < def(G").

Proof. Note that the condition on the left nodes allows us to find an assignment a, from
Vi to V/ with deficiency zero. Similarly, we can find an assignment a, from V! to V, with
deficiency zero. Given any assignment o’ from V; to V! we define an assignment a from V}
to V, as the composition of ay,a’ and a,. The total size of left nodes we fail to pack in a is

at most that of @/, and so we can conclude that def(G) < def(G"). O

The edge set of these graphs is extremely simple, so that one can directly obtain the

deficiency as follows.

Observation 2. For any packing graph, an optimal assignment a : E — Rs¢ which attains
def(G) can be obtained as follows: go through the nodes v € V,. in any order. Take the node
u € Vp of mazimum size that has some capacity left and satisfies s(u) < s(v). Increase

a(u,v) as much as possible.

Proof. Choose an arbitrary node v € V,.. Let a denote the assignment of left nodes to v
where v is packed with maximal-size left nodes, and let a denote an arbitrary assignment
of left nodes to v. Let G,, denote the packing graph with v removed from V, and the
multiplicities of left nodes u decreased by a(u, v). Then notice that Gz, < G, ,. In particular,

def(Gap) < def(G,,) by Observation [, and so we may as well pack v greedily. O
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In future sections we further restrict ourselves to left-integral packing graphs — that is,
for any v € V,, mult(v) € Z>.

We then define the deficiency of the pair (x,y) as the deficiency of the corresponding
packing graph G(z,y), that is, def(z,y) := def(G(z,y)).

We should discuss why the arrangement into the containers and the packing graph is

useful. First of all, it is easy to find some initial configuration.

Lemma 7. For any bin packing instance (s, b), one can compute a “starting solution” x € ]Rgo
and y € Arr(s,b) in polynomial time so that 1Tz < OPT; + 1 and def(x,y) = 0 with

|supp(z)| < n.

Proof. As we already argued, one can compute a fractional solution z for (Z1]) in polynomial
time that has cost 17z < OPT} + 1. We simply use singleton containers {i} for all items
i€ {l,...,n} and set yg = b;. O]

Next, we argue that our notion of deficiency was actually meaningful in recovering an

assignment of items to bins.

Lemma 8. Suppose that x € Zgo, y € Arr(s,b) are both integral. Then there is a packing of
all items into at most 17z + 2def(z,y) + 1 bins.

Proof. Since x and y are both integral, all multiplicities in G(z, y) will be integral and we can
find an integral assignment a attaining def(z,y). Buy all the patterns suggested by z. Use
a to pack the containers in y. There might be containers in y that have not been assigned;
their total size is def(G(z,y)). We pack containers greedily into at most 2def(z, y) + 1 many

extra bins using Lemma U

In each iteration of our algorithm, it will be useful for us to be able fix the integral part

of x and focus solely on the fractional part.

Lemma 9. Suppose x € Rgo,y € Zgo. If £, = |x,| for all patterns p, then there exists
e Zgo, so that def(z,9) = 0 and deflx — &,y — y) = def(z,y).
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Proof. Let us imagine that we replace each node (C,p) in G(z,y) with two copies, a “red”
node and a “blue” node. The red copy receives an integral multiplicity of mult,.q(C, p) = Z,pc
while the blue copy receives a fractional multiplicity of multy,e(C,p) = (2, — &) - pc. Now
we apply Observation [2] to find the best assignment a. Crucially, we set up the order of
the right hand side nodes so that we first process the red integral nodes and then the blue
fractional ones. Note that the assignment that this greedy procedure computes is optimal
and moreover, the assignments for red nodes will be integral. For each container C' on the
left, we define o to be the total red multiplicity of its targets under this optimal assignment.

Then def(G(Z, 7)) = 0 and def(G(x — Z,y — 3)) = def(G(x, y)). O

Let frac(z) ={p € P : z, ¢ Z} and supp(x) = {p € P : =, > 0}. Now we have enough

notation to state our main technical theorem:

Theorem 10. Let (s,b) be an instance with s1,..., S, > Smin > 0. Let y € Arr(s,b) and
x € RE with |frac(z)| > Llog(+=), where L is a large enough constant. Then there is a
randomized polynomial time algorithm that finds § € Arr(s,b) and T € ]Rgo with 173 = 17«

and def(z,7) < def(z,y) + O(1) while |frac()| < §|frac(z)|.

Notice that Lemma [9 lets us assume without loss of generality that we are working with
x € [0,1)7, so that frac(r) = supp(z). While it will take the remainder of this paper to
prove the theorem, the algorithm behind the statement can be split into the following two

steps:

(I) Rebuilding the container assignment: We will change the assignments for the pair (z, y)
so that for every container of size o the patterns in supp(z) use, they use nearly (1)'/?
copies, while no individual pattern in supp(x) contains more than (%)1/ 4 copies of the

same container.

(IT) Application of Lovett-Meka: We will apply the Lovett-Meka algorithm to sparsify the
fractional solution x. Here, the vectors v; that comprise the input for the LM-algorithm

will correspond to sums over intervals of rows of the constraint matrix A. Recall that
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the error bound provided by Lovett-Meka crucially depends on the lengths ||v;||2. The

procedure in (/) will ensure that the Euclidean length of those vectors is small.

Once we have proven Theorem [I0, Theorem @ easily follows:

Proof. We compute a fractional solution x to (2] of cost 17z < OPT; + 1. In fact, we
can assume that = is a basic solution to the LP and hence |frac(z)| < |supp(z)| < n. We
construct a container assignment y € Arr(s,b) consisting only of singletons, see Lemma [7l
Then for log(n) iterations, we run Theorem [I0 and replace x and y with the updated Z and
i,

1

Smin

As soon as |frac(z)| < O(log——), we can just buy every pattern in frac(z). In each
iteration the deficiency increases by at most O(1). At the end, we use Lemma [§ to actually
pack the items into bins. We arrive at a solution of cost OPT} 4+ O(log max{n, —}) which

1
Smin

is enough, using Lemma [0 O
We will describe the implementation of (/) in Section 23] and then (/1) in Section 2.4]
2.3 Rebuilding the container assignment

In this section we assume that we are given z € [0,1)” with |supp(x)] = m. To ease
notation, we will only write the nonzero parts of x, so that if supp(x) = {p1,p2,...,0m},
then x = (x,,)",. We update = by altering the patterns that make up its support. Even
though some patterns could become identical, we continue to treat them as separate patterns.

Originally, we had defined A as the incidence matrix of the Gilmore-Gomory LP in (2]
where the rows correspond to items. Since we are now considering patterns to be multi-sets
of containers, let us for the rest of the paper redefine the meaning of A. Now, the rows of
A correspond to the containers in C ordered from largest to smallest, and columns represent
the patterns in supp(x). As we perform the grouping and container-forming operations, we
update the columns of the matrix. The resulting columns yield a new fractional solution

by taking x,, copies of the pattern now in column .
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We will now describe our grouping and container reassignment operations, keeping track
of what happens to the fractional solution as well as to the corresponding matrix. While it
won’t be immediately obvious, the point of this process is to ensure that we will be able to
find sums of rows that satisfy Lovett-Meka and have small L, norm.

First, we need a lemma that tells us how rebuilding the fractional solution affects the
deficiency. To have some useful notation, define mult(C, z) := 3, mult(C,p) = > _p Tppc

to be the number of times that the patterns cover container C € C.

Lemma 11. Suppose that t, > 0 is such that

mult(C, x if s>o
Z mult(C’, 5:> > ZS(C)ZS ( ) f
s(C)>s D sz MU(Cox) —t, if s<o

Then def(z,y) < def(x,y) + o - t,.

Proof. Let Cy be the largest container of size at most o, and let 2’ be the vector representing
t, copies of the pattern containing a single copy of Cy. Then G(Z+2',y) < G(z,y), and so by
Observation [l we have def(G(Z 4 2/, y)) < def(G(z,y)). But if ¢/ is the vector representing
t, copies of Cy, then def(G(Z,y)) = def(G(z + 2/,y + ¢')), since we can find an optimal
assignment taking the containers in gy’ to those of a’. Since the total size of ¢y’ is at most
ot,, we have def(G(z,y)) < def(G(Z + 2',y)) + ot, < def(G(x,y)) + ot,, and therefore
def(z,y) < def(x,y) + ot,. O

If o is a power of 2, say o = 27¢ for £ € Z>g, then we say the size class o is the set of

items with sizes between %a and 0. In this next lemma, we round containers in patterns
down so that each container type in size class o is either not used at all or is used at least

9 times.
(o

Lemma 12 (Grouping). Let (s,b) be a bin packing instance with y € Zgo and x € [0,1)7.

For any size class o and § > 0, we can find ¥ € [0,1)” so that

1. 177 =17
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2. |supp(7)| < |supp(z)|

3. For each container type C in size class o, either mult(C,z) = 0 or s(C)-mult(C, &) > §.

In all other size classes, the multiplicities of containers in patterns do not change.

4. def(z,y) < def(x,y) + O(9).

Proof. Assume containers are sorted by size, from largest to smallest. Define Ss to be the

set of containers in size class o not satisfying condition (3) above, i.e.
Ss :={C in size class 0 | 0 < s(C) - mult(C, x) < 6}.

For a subset H C Ss, define the weight of H to be w(H) := > ..y s(C) - mult(C, z).
Note that the weight of a single container is at most §. Hence we can partition Ss =

H\UH,U. .. UH, so that:
1. w(Hy) € [26,30,Vk=1,...,r — 1.
2. w(H,) < 36.
3. C € Hy,C" € Hyyq implies s(C) > s(C").

For k=1,...,7 — 1 and containers C' € Hy, replace containers of type C' in all patterns
p € frac(z) with the smallest container type appearing in Hy. For all C € H,, remove
containers of type C from all patterns p € frac(z). Call the updated vector z. We see
immediately that 172 = 17z and |supp(7)| < |supp(x)|.

Moreover, since every container type C' appearing in & now has an entire group using
it, and the weight of each container didn’t change by more than a factor of 2, we have
s(C) -mult(C, &) > §, and so condition (3) is satisfied. To complete the proof, it remains to
show that def(G(Z,y)) < def(G(z,y)) + O(9).

Now, for any 7, there is at most one group Hy whose containers (partly) changed from be-

ing larger than s(C;) to smaller. The weight of this group is at most 39, and so } ., mult(Cj, x)—
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> jomult(Cy, 7) < ?7—6. Since this holds for all ¢, we can apply Lemma [I1] to conclude that
def(G(7, 9)) < def(G(z, 1)) + O(0). 0

We now remark what happens to the associated matrix A under this grouping operation.
Write A, A as our original and updated matrices, and Ac, A as the rows for container C.
For container types C in size class o, either Acz = 0 or s(C) - Acz > 6. In particular, notice
that we have either || Ac|l; = 0 or s(C) - [[A¢||y > 6. For all other size classes, Ac = Ac.

Before we introduce the next main lemma — how to reassign containers — we state
a useful result about decomposing packing graphs in a nice way. For a visualization, see

Figure

Lemma 13. Suppose G = (V,UV,., E) is a left-integral packing graph as in Section[2.2, and
that for every v € V,., we are given red and blue multiplicities so that mult(v) = mult,eq(v) +
multye(v). Suppose further that all nodes v € V,. of size greater than o have mult,.q(v) = 0.
Then we can find left-integral packing graphs G,eq and Gy with the same edges, nodes, and
sizes of G but with multiplicities satisfying mult,eq + multy,e = mult. Moreover, we have

def(Gred) = 0 and def(Gyne) < def(G) + 0.

Proof. By allowing fractional red and blue multiplicities, we can find initial values for the
red and blue multiplicities of left nodes so that def(Greq) = 0 and def(Gpe) = def(G). To
enforce integrality, we will update these multiplicities by swapping (fractional parts of) larger
red nodes for smaller blue nodes.

Suppose nodes on the left with positive red multiplicity are ordered by size, so that
o > s(v1) > s(vy) > ... > s(v). While the multiplicities are not all integral, let i be
the index of the largest node v; with mult,eq(v;) not integral. If i < ¢, decrease mult,eq(v;)
to |multeq(v;) |, and increase mult,eq(vi+1) by the same amount. If i = ¢, simply decrease
multyeq(ve) to [multyeq(ve) |-

For clarity, let mult, denote the red multiplicity at the end of this process and let
multy;,, = mult—mult, , be the remaining multiplicity. Notice that for all v € V4, we increase

mult!_,(v) by something less than one and then take the floor, so mult! 4 (v) < [mult,eq(v)] <
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mult(v). In particular, the left red multiplicity is integral and satisfies 0 < mult, ; < mult,
and so the same holds for the blue multiplicity. It remains to analyze the change in deficiency.

Notice that the deficiency of the red graph has not increased, since we either replace
nodes with smaller nodes or decrease the multiplicity of the last node. Moreover, for any size
s, the total red multiplicity of nodes at least size s has decreased by at most 1. Therefore in

the complementary blue graph,

Z (multy,,.(v) — multpe(v)) < 1.

vEVp:s(v)>s
The additional blue nodes we fail to pack will therefore all have size at most ¢ and their
total multiplicity will be at most 1, so the deficiency of the blue graph increases by at most
o. U

A key technical ingredient for our algorithm is to be able to replace sets of identical copies
of a container in patterns of x by a bigger container that contains the union of the smaller

containers. See Figure [2.3] for a visualization of the following construction.

Lemma 14. Given a pair (z,y) with x € RE and y € Arr(s,b), let k € N and 0 < 0 < 1
be two parameters. Let T € Rgo be the wvector that emerges if for all containers C with
s0 < s(C) < o and all patterns p we replace k - |B2] copies of C by |B&] copies of the
container that is k - C'. Then there is a § € Arr(s,b) so that def(z,y) < def(x,y) + O(ko).

Proof. Consider the graph G(x,y) as in Section 2.2l For every right node (C,p), we assign
mult,eq(C,p) = k- [ 5] - @, for C in size class o, and mult,eq(C,p) = 0 for all other C. We
set multp,e(C, p) = mult(C, p) — mult,eq(C, p). By Lemma [I3] we can find integral red and
blue multiplicities of left nodes so that def(Gheq) = 0 and def(Ghye) < def(z,y) + 0. The red
and blue graphs can now be treated separately, and so we restrict our attention to the red
graph since it represents precisely the containers that we want to reassign.

For all nodes (C, p) on the right of the red graph, we combine the copies of C'in pattern p
into containers of type k-C'. For clarity we refer to these larger containers as super-containers.

Similarly, we look at the containers of the left nodes, ordered from largest to smallest and
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multyeq (u;) + multpe (w;)

mult(v;) mltyeg (v;) mltyeg (1) multpe(v;)  multpge(u;)
% @ @) 0.3+0.4 % ot
) @ 0.3+0.4 1 0.4
Q) @ 0.3+0.4 1 0.4
1 0.3+0.4 0 04 0.4
1 ® @ 0.3+0.4 1 0.4
1 @ 0.340.4 1 0.4
1@ @ 0.3+0.4 0@ @ 0.4
(a) G (¢) Ghme

Figure 2.2: Visualization of the packing graph decomposition from Lemma I3l Here, V, =
{v1,...,v7} and V, = {uy,...,ur}. Assume that s(u;) = s(v;) and s(vy) > ... > s(v;).
Nodes are labelled with their multiplicities. In (b) and (¢) we also depict the assignments

corresponding to the deficiencies.
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container:

patterns:

super-container:

patterns: | | | | | | | | |

Ty, = 0.4 Tp, = 0.4 Tp, = 0.4 Ty, =04 Tps = 0.4

Figure 2.3: Visualization of the reassignment in Lemma [14] for £k = 3. The upper packing
graph is the red part of G(z,y) with the optimal assignment a, assuming that each container
has multiplicity 1. The lower graph gives the red part of G(Z,7) with the constructed

assignment a that we give in the analysis. Darker colors indicate larger containers.
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taken with multiplicity. In consecutive sets of cardinality k, we combine the containers into
super-containers, except perhaps fewer than k£ of the smallest ones. Write C; to represent
the ith largest super-container on the left.

We claim that all super-containers except C; can be packed into the right nodes. To
see how to pack them, let a be an optimal assignment in the original red graph. For all 7,
a assigned the containers making up C; to some combination of large-enough containers of
total multiplicity k. All such containers became part of super-containers in the new graph,
and the total multiplicity of their contribution to these super-containers is exactly 1. These
super-containers are not necessarily all large enough to fit C;, but they are all large enough
to fit Ciyq, and this is exactly where we send C;,;. With this assignment, at most one
super-container and k containers were left unpacked, and so the deficiency of the updated
red graph is at most 2ko.

For all containers C, we let Jo = mult,eq(C') +multp,e(C). We note that we only changed
y by rearranging the containers, and in particular we did not change the item multiplicities,
so that gy is still an arrangement of the items. With this definition of ¢, we note that
Ghed + Gre 18 precisely G(z,g). We therefore have def(G(z, 7)) < def(G(x,y)) + O(ko), and

so the total increase in deficiency is at most O(ko). O

Note that Lemma [I4]is similar to the gluing of [Rotl13|, but we have no constraints on o
and we allow the number £ of containers being combined to vary. We are now ready to give
our second main lemma of this section, where we will see that we allow k£ to depend on the

size class o.

Lemma 15 (Reassigning containers). Suppose x € Rgo,y € Arr(s,b). Then there is a
polynomial time algorithm to construct a pair (T,7) € ]Rgo x Arr(s,b) so that the following is
satisfied: Let A be the constraint matriz only containing the columns from supp(z) and the

rows for all containers C' with yo > 0. Then

1. 173 =172,
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2. |supp(7)| < |supp(z)|.

3. def(z,y) < def(x,y) + O(1).

4. For any container C in size class o one has |Ac|lo < 20714,

5. For any size class o one has

> (lAcl +o7?) < 3mo™

C in class o

Proof. For each size class o, starting with the smallest, we do the following. Group the
containers with § = ¢'/2. By Lemma [I2, this increases the deficiency by O(c'/?). Moreover,
each row will have total size at least ¢'/? and the total size of all rows from size class o

1/2 vows for size

cannot exceed m, the number of columns. Therefore there are at most mo~
class 0. Then apply Lemma [[4 with parameter k = 2- |c~'/4|. This increases the deficiency
by only O(ko) = O(c*/*). Since o < 1, we have k > 2, and so any new containers must be
in a larger size class. Therefore merging the containers of size class o can only decrease the
rows corresponding to that class. In particular, we have > ;. g o Al < 2mo™! and
> i s o 0 Y2 < (mo?)o712 = mo~!, so condition (5) is satisfied. After going over all
(O(a%*) + O(a'/?)) = O(1). O

size classes, we only increase the deficiency by > o n

2.4 Applying the Lovett-Meka algorithm

For the remainder of this paper, let A denote the matrix output by Lemma [I5, and let C;
denote the container on row i. Assume that the rows are ordered by size, so that s(Cy) >
... >8(Cy). Fori=1,...,t, define n(i) := ||A¢g,|l1 + =2 to be the adjusted number of
incidences of container C;, where o is the size class of C;. For an interval I of such rows,
write (1) = Y., n(7).

Notice that in Lemma [I3] item (5] gives a bound on the adjusted number of incidences

in a size class. In the following, we will construct a collection of intervals, similar to what
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is done in [SST] and [Mat99]. In our construction, we will bound the adjusted number of
incidences in each interval, which will give us control both over the number of incidences as

well as over the number of rows appearing in that interval.

Lemma 16. Suppose K > 0 is a constant. For each size class o and level { € Z>y we can

construct a collection of intervals L, satisfying the following:
1 |Zyy| <75 (Bmo'/16 4 1),
2.0 >0 and I € Z,,, we have n(I) < (%)ZKU—”/W.

3. If C; is in size class o, we can partition {1, ... i} using intervals from our collections

so that for any £ > 0 we use at most 7 intervals on level ¢, all of which are in Z,,.

Proof. For size class o, we first partition the rows into level 0 intervals as follows. For any
row i satisfying n(i) > (3)Ko"/16, we let {i} be its own interval. We then subdivide the
remaining rows into intervals so that 7(I) < Ko~'7/16 for each interval I. We need a total
of at most %017/16(37710_1) +1= %mal/lﬁ + 1 intervals on level 0.

Now, given an interval I on level £ — 1 with |I| > 1, we will subdivide [ into at most 7
intervals on level . First, for any row ¢ € I with 7(i) > (1) Ko='7/16 let {i} be its own
interval. Note that there can be at most one such i. We then subdivide the remaining rows
into intervals J so that i(J) < (3)*Ko=17/16. Since none of the rows i € I became its own
interval on level £ — 1, we also know that 72(i) < (3)*Ko~'7/!%, and so this bound holds for
every interval on level £. The number of intervals on level £ is at most 7* - (22mo!/16 +1).

Condition (3) holds by construction of the intervals. O

Let us abbreviate Z := Um + Ly as our entire collection of intervals constructed in Lemma
6 For an interval I € Z,,, we define v; to be the sum of the rows in interval I, and we
define \; := £. In other words, the parameter just denotes the level of the interval.

The input for the Lovett-Meka algorithm will consist of the pairs {(vr, A\;)} ez where we

use A\; > 0 as the parameter for a constraint with normal vector v;. Additionally, we add a
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single vector vop;j := 1 with parameter Aop; := 0 to control the objective function. There are
two things to show. First we argue that the parameters are chosen so that the condition of

the Lovett-Meka algorithm is actually satisfied.

Lemma 17. Suppose that m = |supp(z)| > Llog(--). For K, L large enough constants,

one has

Proof. From Lemma [16, we can calculate that

Z e—,\f,/lﬁ _ Z Z 6—62/16 . |Ia,é|

IeT oe2~N £>0
< Z Z EA (8 (1—[?7710_1/16 +1)
ce2-N £>0
_ 1?{”1 ) Z 0—1/1626—62/16 7t
oe2~N £>0
1
+log(—) - Z e~Ce 7t
min >0
< 2
— 16
for K, L large enough. O

Now, suppose we run the Lovett-Meka algorithm and obtain a solution Z with |frac(z)| <

5|frac(x)| so that
(v, 2 —2)| < Ar-|jvrlle VI €Z and 172 =173

The next step will be to combine the construction of intervals in Lemma and the
guarantees about the matrix from Lemma [15] to argue that L, norms are small and hence
that the error in terms of deficiency will be small. Recall that we still assume containers are

sorted so that 1 > s(Cy) > s(Cq) > ... > s(Cs) > 0.

Lemma 18. Let C; be a container in size class o. Then

S oo <00

J<i
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Proof. If C; is a container in size class o, Lemma tells us we can write the interval
{1,...,i} = UIGI(i)I as the disjoint union of intervals Z(i) C Z so that the only intervals
I € Z(i) with A; > 0 are from class ¢ and we only take at most 7 intervals from each level.

For all such intervals on level ¢ > 0, we have

lorlle < Vil orlleo

< \/nwm S

el

IN

ol 2R(1) - 201/

fn( )~J

IA

Consequently, we can bound

’Zch(:E—x)‘ < Y Al

J<i I€Z(7)
< V2 A-i(I)e'f
I€I(d)
< V2Y T2 Ko
>0
— 0(0_—15/16>.

0

It remains to argue why def(z,y) < def(x,y) + O(1) for one application of Lovett-Meka.
First notice that Ac,# = mult(C}, ) and Ag,;z = mult(C}, ). Therefore by Lemmas [IT] and

~15/16

I8 the rounding of each size class ¢ increases the deficiency by at most O(1) - o Lo =

O(1) - ¢!/, Summing over all size classes gives a total increase in deficiency

). Y o <0o()

oe2—N

That finishes the proof of Theorem [I0, and hence of Theorem [l
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Chapter 3

IMPROVED RESCALING METHODS FOR LINEAR
PROGRAMMING ALGORITHMS

3.1 Introduction

One of the central algorithmic problems in theoretical computer science as well as in more

practical areas like operations research is finding the solution to a linear program
max{c’z | Ar > b} (3.1)

where A € R™" ¢ € R” and b € R™. On the theoretical side, linear programming relax-
ations are the backbone for many approximation algorithms [WS11] [Vaz01]. On the practical
side, many real-world problems can either be modeled as linear programs or as integer linear
programs; the latter ones are then solved using Branch & Bound or Branch & Cut methods,
both of which rely on repeatedly computing solutions to linear programs [CCZ14].

The first algorithm for linear programming was the simplex method due to Dantzig [Dan51].
While the method performs well in practice — and is still the method of choice today —
for almost any popular pivoting rule one can construct instances where the algorithm takes
exponential time [KM72]. In 1979, Khachiyan [Ha¢79| [Sch86] developed the first polynomial-
time algorithm. However, despite the desirable theoretical properties, Khachiyan’s ellipsoid
method turned out to be too slow for practical applications.

In the 1980s, interior point methods were developed which were efficient in theory and in
practice. Karmarkar’s algorithm has a running time of O(n3°L), where L is the number of
bits in the input [Kar84]. As recently as 2015, it was shown that there is an interior-point

method using only O(y/rank(A) - L) many iterations; this upper bound essentially matches

IThe O-notation suppresses any polylog(m,n) terms.
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known lower bound barriers |[LS15].

A common way to find a polynomial-time linear programming algorithm is with a greedy
type procedure along with periodic rescaling. One famous example of this is the perceptron
algorithm |[Agm54], which we will focus on in this paper. Instead of solving ([B.1]) directly,
this method finds a feasible point in the open polyhedral cone

P={xeR"| Az > 0} (3.2)

where A € R™*" — using standard reductions one can interchange the representations (3.1])
and (3.2) with at most a linear overhead. The classical perceptron algorithm starts at
the origin and iteratively walks in the direction of any violated constraint. In the worst
case this method is not polynomial time, but it is still useful due to its simplicity and
robustness [Agmb4]. In 2004, Dunagan and Vempala [DV06]| showed that using a randomized
rescaling procedure, the algorithm can be modified to find a point in (3.2]) in polynomial time.
Explicitly, their algorithm runs in time O(mn4 log %), where p > 0 is the radius of the largest
ball in the intersection of P with the unit ball B := B(0,1). A deterministic rescaling
procedure was provided by Pena and Soheili in [PS16] using techniques developed by Betke
and Chubanov [Chul5l [Chul2 Bet04]. Their algorithm uses an improved convergence of the
perceptron algorithm based on Nesterov’s smoothing technique [Nes05l, [PS12]. Overall, their
algorithm takes time O(m2n2'5 log %)

Another classical LP algorithm that we will discuss in this paper is based on a very
general algorithmic framework called the multiplicative weights update (MWU) method. In
its general form one imagines having m experts who each incur some cost in a sequence
of iterations. In each iteration we have to select a convex combination of experts so that
the expected cost is minimized, where we only have information on the past costs. The
MWU method initially gives all experts the same weight and in each iteration the weight
of expert i is multiplied by exp(—e - cost incurred by expert i) where ¢ is some parameter.
Then on average, the convex combination given by the weights will be nearly as good as the

cost incurred by the best expert. MWU is an online algorithm that does not need to know
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the costs in advance, and it has numerous applications in machine learning, economics and
theoretical computer science. In fact, MWU has been reinvented many times under different
names in the literature. Recent applications in theoretical computer science include finding
fast approximations to maximum flows [CKM™11|, multicommodity flows [GK07, Mad10],
solving LPs [PST95], and solving semidefinite programs [AHKOQ5|. We refer to the survey of
Arora, Hazan and Kale [AHK12] for a detailed overview.

When we apply the MWU framework to linear programming, the experts correspond to
the linear constraints. Suppose we use this method to find a valid point in P = {z : Az > 0}
where [|A;||2 = 1 for every row A;. At iteration ¢, the cost associated with expert ¢ will be

A;x

(A;, p®) for some vector p®. Therefore the weight of expert 7 at time 7" will be e~ where

=Y e®Wp® The analysis of MWU consists of bounding the sum of the weights, which

{(4o2) - Tf we choose the update

in this case is given by the potential function ®(x) =3 " e~
vector p® to be a weighted sum of constraints at every iteration, notice that the resulting
walk in R" corresponds to gradient descent on ® — in this case MWU terminates in O~(pi2)
iterations. However, p need not be polynomial in the input size, and in fact this method is

not polynomial time in the worst case.

3.1.1 Our contribution

For reference, the general form for the rescaled LP algorithms we will present in this paper
is given in Algorithm Bl Throughout this paper we will assume that P is nonempty and

full-dimensional.

Algorithm 3
FOR O(nlog %) phases DO:

(1) Initial phase: Either find z € P or provide a A € RZ, [[A[; = 1 with [[AA[ls < A.

(2) Rescaling phase: Find an invertible linear transformation F' so that vol(F(P)N B)
is a constant fraction larger than vol(P N B). Replace P by F(P).




35

Our technical and conceptual contributions are as follows:

(1)

3.2

Improved rescaling: We design a rescaling method that applies for a parameter of
A = ©(+), which improves over the threshold A = @(m%/ﬁ) required by [PS16]. This
results in a smaller number of iterations that are needed per phase until one can rescale

the system.

Rescaling the MWU method: We show that in O(1/A?) iterations the MWU method
can be made to implement the initial phase of Algorithm [Bl The idea is that if gradient
descent is making insufficient progress then the gradient must have small norm, and
from this we can extract an appropriate A. In particular, combining this with our

rescaling method, we obtain a polynomial time LP algorithm based on MWU.

Faster gradient descent: The standard gradient descent approach terminates in at most
O(1/A?) iterations, which matches the first approach in [PS16]. The more recent work
of Pefia and Soheili [PS12] uses Nesterov smoothing to bring the number of iterations
down to O(l /A). We prove that essentially the same speedup can be obtained without
modifying the objective function by projecting the gradient on a significant eigenspace

of the Hessian.

Computing an approximate John ellipsoid: For a general convex body K, computing
a John ellipsoid is equivalent to finding a linear transformation so that F(K) is well
rounded. For our unbounded region P, our rescaling algorithm gives a linear transfor-

mation F' so that F'(P)N B is well-rounded.

Rescaling of the Perceptron Algorithm

In this section we fix an initial phase for Algorithm [31— in particular, the paper of Pena and

Soheili gives a smooth variant of the perceptron algorithm that implements the initial phase

of Algorithm [3] in time O(%) [PS16].



36

We then focus on the rescaling phase of the algorithm. Our main result is that we are

able to rescale with A = O(1).

Lemma 19. Suppose A € RZ, with |||y = 1 and ||AA|2 < O(2). Then in time O(mn?) we

can rescale P so that vol(P N B) increases by a constant factor.

We introduce two new rescaling methods that achieve the guarantee of Lemma 19 First
we show that we can extract a thin direction by sampling rows of A using a random hyper-
plane. The linear transformation that scales P in that direction, corresponding to a rank-1
update, will increase vol(P N B) by a constant factor.

Next we give an alternate rescaling which is no longer a rank-1 update but which has the
potential to increase vol(P N B) by up to an exponential factor under certain conditions. In
addition, if we take an alternate view where the cone P is left invariant and instead update
the underlying norm, we see that this rescaling consists of adding a scalar multiple of a
particular Hessian matrix to the matrix defining the norm. We also believe that this view is
the right one to make potential use of the sparsity of the underlying matrix A, which would
be a necessity for any practically relevant LP optimization method.

Combining the guarantees for the initial phase and rescaling phase gives us the following

theorem:

Theorem 20. There is an algorithm based on the perceptron algorithm that finds a point in
P in time O(mn? log(3)).
3.2.1 Rescaling Using a Thin Direction

In this section we will show how we can rescale by finding a direction in which the cone is

thin. First we give the formal definition of width.

Definition 1. Define the width of the cone P in the direction ¢ € R™\ {0} as

1
width(P, ¢) = —— max |{c, z)]|.

N el zePnB
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In [PS16], Pena and Soheili show that stretching P in a thin enough direction increases

the volume of P N B by a constant factor.

Lemma 21 (|[PS16]). Suppose that there is a direction ¢ € R™\ {0} with width(P,¢) < ﬁ

Define F : R" — R"™ as the linear map with F(c) = 2¢ and F(x) =z for allx L c. Then

vol(F(P)N B) > = - vol(P N B).

N W

Explicitly, assuming ||c[|s = 1, Lemma 2T updates our constraint matrix to A(J — Zec?).

In particular, we apply a rank-1 update to the constraint matrix. Given a solution z to these
new constraints, a solution to the original problem can be easily recovered as (I — %ccT):c.
It remains to argue how one can extract a thin direction for P, given a convex combination

A so that ||AA|| is small. Here we will significantly improve over the bounds of [PS16] which
require [AA|s < O(=2

) We begin by a new generic argument to obtain a thin direction:

Lemma 22. For any non-empty subset J C [m] of constraints one has

. 1220 Nl
w1dth< ZAA) I|ZZGMA||2

e

Proof. First, note that by the full-dimensionality of P, we always have || > ._; A\;A;||2 > 0.

icJ

By definition of width, we can write

width N A; ———————— max NiA;, x).
( Z ) [ ZZEJ)\ Ay ||o vePnB ; )
Now, we know that (A;, z) > 0 for all x € P and so

<
xglgg(B( > N4, ) max Z XA, ) = || AA]l2

and the claim is proven. O

So in order to find a direction of small width, it suffices to find a subset J C [m] with

| > ;e AiAill2 large. Implicitly, the choice that Pena and Soheili [PS16] make is to select



NiAills > L.

m

J = {io} for iy € [m] maximizing \;,. This approach gives a bound of ||}, ;

We will now prove the asymptotically optimal boundH using a random hyperplane:

Lemma 23. Let A € RY be any convex combination and A € R™™ with [|Alls = 1 for

all i. Take a random Gaussian g and set J = {i € [m] | (Ai, g) > 0}. Then with constant

probability || .. ; NiAill2 > ﬁ,

Proof. We set v := . Since v is unit vector we can lower bound the length of 1>

ieJ
by measuring the projection on v and obtain || >, ; Midilla > >, ; Ai(Ai, v). By symmetry

of the Gaussian it then suffices to argue that > " N\[(A;,v)| > 2\/1ﬁ. First we will show

that for an appropriate constant o € (0, 1),
(1) Pr(llglls > v2n) < 2

(2) Pr(Xr, Al(As, 9)] < \/;> <a.

Then, with probability at least v = 152, we have 7| \i[(4;,v)| > 2\/1%.

For (1), notice that ||g||3 is just the chi-squared distribution with n degrees of free-

dom, and so it has variance 2n and mean n. Therefore Chebyshev’s inequality tells us

that Pr[||lg]l3 > 2n] < 2. Now, for all 4, (A;,g) is a normal random variable with mean

0 and variance 1, and so the expectation of its absolute value is \/g . Summing these up

gives E[D 7 [(NAL 9)|] = \/g Moreover, > ", [(N\iA;, )| is Lipschitz in g with Lipschitz

constant 1, and s
& 2 202
P NAi )| </=—t] <e /™.
r(Zu <2 >_e

=1

2Tt suffices here to consider the trivial example with \; = ... =\, = % and A; = e; being the standard
basis. Then || >, ; A A;i]l2 < \/iﬁ for any subset J. The optimality of our rescaling can also be seen since

the cone in the last iteration is O(n)-well rounded, which is optimal up to O-terms.

ieJ

3Recall that a function F : R® — R is Lipschitz with Lipschitz constant 1 if |F(z) — F(y)| < ||z — y||2 for
all z,y € R™. A famous concentration inequality by Sudakov, Tsirelson, Borell states that Pr[|F(g) — u| >
t] < e’tz/ﬁz, where ¢ is a random Gaussian and p is the mean of F' under g.
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Letting t = 4/ % gives (2). By a union bound, the probability either of these events happens

is at most a + %, and so with probability at least I_Ta neither occurs, which gives us the

claim. O

While the proof is probabilistic, one can use conditional expectation to derandomize the
sampling [AS08]. More concretely, consider the function F(g) := Y ", N|(Ai, g)| — ﬁ lgl|2-
The proof of Lemma 23] implies that the expectation of this function is at least Q(1). Then
we can find a desired vector ¢ = (g1, ..., gn) by choosing the coordinates one after the other

so that the conditional expectation does not decrease. We are now ready to prove Lemma

19, which we restate here with explicit constants.

Lemma 24. Suppose A € RZ, with ||A||; =1 and [|[AA|2 < ﬁ Then in time O(mn?) we

can rescale P so that vol(P N B) increases by a constant factor.

Proof. Computing a random Gaussian and checking if it satisfies the conditions of Lemma
takes time O(mn). Since the conditions will be satisfied with constant probability, the
expected number of times we must do this is constant. Once the conditions are satisfied,
finding a thin direction and rescaling can be done in time O(n?). Lemmas2Iland 22 guarantee

we get a constant increase in the volume. O

3.2.2  Deterministic Multi-rank Rescaling

We now introduce an alternate linear transformation we can use to rescale. This is no
longer a rank-1 update, but it is inherently deterministic along with other nice properties.
For one thing, although we only guarantee constant improvement in the volume, under
certain circumstances the rescaling can improve the volume by an exponential factor. This
transformation will also take a nice form when we change the view to consider rescaling the

unit ball rather than the feasible region.

Lemma 25. Suppose A € RZy, A1 = 1 and ||AA|2 < 5. Let M denote the matriz

S NAGAT and suppose 0 < oo < 25— where G ey = || M|, denotes the mazimal eigenvalue

of M. Define F(x) = (I +aM)Y?z. Then vol(F(P)N B) > e*/°vol(P N B).
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Proof. First notice that M is symmetric positive semi-definite with trace 1. Therefore the
eigenvalues of I + aM take the form 1 + ad; where 0 < §; < a and Z?:l 0; = 1. Note that

ad; /2

since ad; < 1, we can lower bound the eigenvalues by 1+ «ad; > e . Therefore

det(! +aM) > Hea5i/2 = exp (% 252> = /2,
i=1 i=1

In particular, det(F) > e®/4

So far we have shown that vol(# (PN B)) is significantly larger than vol(PNB). However,
the desired bound is on vol(F(P) N B), and so we need to ensure that we do not lose too
much of the volume when we intersect with the unit ball. It turns out the bound on ||[AA||2
will allow us to do precisely this.

For any x € PN B, we get the bound

«

IF@)I3=2"2+a) N(An2)> <1+ad M\(d,z) <1+alAAlp <1+ o

i=1 i=1

The point is that every element of F'(P N B) has length at most 1+ 5%, and so intersecting

20n?
with the unit ball will not lose more volume than shrinking by a factor of 1 + 55-. In
particular, the volume decreases by at most (1 + 55-)™" > e~%/?0 and so we have
vol(F(P)NB) > e **vol(F(PN B))
> 720 ¢ yol(P N B)
> /5. vol(P N B).
O

Note that one always has d,,.x < 1 and hence in any case one can choose a > 1. Therefore

if [|AA|2 < 13-, we get constant improvement in vol(P N B). In fact, if the eigenvalues of M
happen to be small, we could get up to exponential improvement. This computation can be

carried out in time O(mn?) and so Lemma 25 proves Lemma 19 and hence Theorem
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3.2.8  An Alternate View of Rescaling

Instead of applying a linear transformation to the cone P, there is an equivalent view where
instead one applies a linear transformation to the unit ball. We will now switch the view in
the sense that we fix the cone P, but we update the norm in each rescaling step so that the

unit ball becomes more representative of P.

Recall that a symmetric positive definite matrix H € R™" induces a norm ||z||g =
VT Hzx. Note that also H™! is a symmetric positive definite matrixH and || - || g-1 is the dual

norm of || - || . In this view we assume the rows A; of A are normalized so that || A;||z-1 = 1.

Let By := {z € R" | ||z||p < 1} be the unit ball for the norm || - ||gz. Note that By is
always an ellipsoid. We will measure progress in terms of the fraction of the ellipsoid By

vlBr0P) “The goal of the rescaling step will then

that lies in the cone P, namely u(H) := ~ol(Br)

be to increase pu(H) by a constant factor. Note that we initially have u(H) = p(I) > p",

and at any time 0 < u(H) < 1, so we can rescale at most O(nlog %) times.

In this view, Lemma [25] takes the following form:

Lemma 26. Let H € R™" be symmetric with H = 0. Suppose A € RZ, with [\, =1 and
IMNA||g-1 < = and let M = > NAAT. Let 0 < o < ﬁ, where Omax = |[H *M||,p-

10n

Then for H := H + oM one has p(H) > e/ - u(H).

Algorithm [ illustrates the multi-rank rescaling under the alternate view. Notice that
the algorithm updates the norm matrix by adding a scalar multiple of the Hessian matrix
of the MWU potential function discussed in Section 3. Moreover, throughout the algorithm
our matrix H will have the form I + Z:’il hiAiAZT for some h; > 0. Note that this allows
fairly compact representation as we only need O(m) space to encode the coefficients h; that

define the norm matrix.

4An easy way to see this is to write H = 2?21 ujuju? as the eigendecomposition of H. Then H~! =

Z?_l HiujuJT is the inverse; clearly all eigenvalues are positive and the inverse has the same spectrum as
- J

H.
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Algorithm 4
FOR O(nlog %) phases DO:

(1) Initial phase: Either find z € P or give A > 0, || All; = 1 with [|[AA[|g- < O(2).

(2) Rescaling phase: Update H := H + aM, where M = > N\ A; AT

(2

3.3 Rescaling for the MWU algorithm

In this section we show that the same rescaling methods can be used to make the MWU
method into a polynomial time LP algorithm. In particular, we show that a MWU phase
can implement the initial phase of Algorithm [3] or @l For ease of notation, we will assume
H = I, but we can recover the general case by replacing A; by H~'/2A; and replacing the
update direction p by H'/?p.

Recall that the MWU algorithm corresponds to gradient descent on a particular potential
function. First we show how the standard gradient descent approach implements the initial
phase. We then introduce a modified gradient descent, which speeds up the MWU phase to

O(1/A) iterations. Combining this with our rescaling results gives the following:

Theorem 27. There is an algorithm based on the MWU algorithm that finds a point in P
in time O(mn“+! log(%)), where w = 2.373 is the exponent of matriz multiplication.
3.3.1 Standard Gradient Descent

Consider the potential function ®(z) = Y, e~ 4@ where ||4;s = 1 for all rows A;. Notice
that ®(0) = m and that if ®(z) < 1 then (A;,z) > 0 for all 4, and hence x € P. In this
section we analyze standard gradient descent on ®, starting at the origin. Notice that the

gradient takes the form
m

VO(x) =—» e 4,

i=1
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If we let \; = ﬁe‘mmﬁ, we see that ||A|l; = 1 and AA = —V;Eg). In particular, if at any
iteration this vector has small Euclidean norm, then we will be able to rescale. It remains to
show, therefore, that if this vector has large Euclidean norm, then we get sufficient decrease

in the potential function.

We begin by establishing some useful notation. Given x € R", define \; = ﬁe_m“@,
Yy = —Vclig(;;) =37 NA and M = V;ZI;(;C ) — Yo MA;ATL Even though all three depend on

x, we will not denote that here to keep the notation clean. We assume now that ||4;||s = 1

for all 7.

Lemma 28. Suppose x € R" and abbreviate y = —Vq)ng(;;). Then

1

Proof. First note that since ||A||; = 1 and ||A;]|2 = 1, we know that [(A;,y)| <1 for all 7. In
our analysis we will also use the fact that for any z € R with |2| < 1 one has e* < 1+ z+ 22

We obtain the following.

1 m
(I)(x 4 _y) — Ze—<Ai@+%y> — Ze—(Amﬁ)e—%(AiM

2 , ,
=1 =1

(VAN
=
S
S~—
&
—
—_

|
N —
=
s
+
= =
=
s
NI

< B (1 o)
]

Thus as long as [jy||> > Q(=), gradient descent will decrease the potential function by a

1/n?)

factor of e~ in each iteration, and so in at most O(n?In(m)) iterations we arrive at a

point z with ®(z) < 1.

3.3.2  Modified Gradient Descent

With A = @(%), the standard gradient descent approach implements the initial phase of

Algorithm Blin O(n?) iterations. It turns out we can get the same guarantee in O(n) iterations
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by choosing a more sophisticated update direction. While we do not know how to guarantee
an update direction that decreases ®(z) by factor of more than e~ ©U¥lI*) we are able to
decrease the product of ®(z) and ||V®(x)||2 a lot faster. First we give general bounds for

the change in ® and ||V®||; under an arbitrary update step.

Lemma 29. For any 0 <& <1 and p € R" with ||p||2 < 1, we have

Oz +ep) < O(x) - (1 —ely, p) + 2p” Mp).

Proof. Notice that since ||plls < 1 and [|4;||2 = 1 we have |[(A;,ep)| < 1 by the Cauchy-

Schwarz inequality. Writing out the definitions we obtain

O(x+ep) = Z e~ (Avetep)

i=1

— Z e~ (Aisx) o —e(Aip)
i=1

< —(Asz) 2 2

< Z € e (1 - €<Alup> te <Alvp> )
i=1

= D) > M1 —e(A;,p) + " AAT )

i=1
= O(x) - (1—e(y,p) +'p’ Mp).
In (%) we use the estimate that for any z € R with |z| <1 one has e* < 1+ z + 22 O

Lemma 30. For any 0 <& <1 and p € R" with ||p||2 < 1, we have

(y, Mp) o/ {p,Mp) || Mpl|3 )
Vo(x+ep)lls < [|[VO(x -(1—6 + € + )
Ve +ep)llz < Ve pE O )

Proof. For any z with |z| < 1, we have ¢* = 1 + z + nz? for some n € R with || < 1. In

particular, since ||A4;||2 = 1 and ||p|la < 1, we have |(A;,ep)| < 1 and so we have such an 7;
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[VO(z + ep)|2

O(x)

Recalling that V&(z) =

IN

IN

IN

i(—An i (1= (A )+ A )|
S (=l + | a0 A,

Z)\A 5Z>\A A p H ZHAsz)\z

PR S
y—e Mp| +e ; (A, p)
1/2
(lyll3 — 2ey” Mp + *||Mp|)3) "~ +£p" Mp
1/2
||y||z-<1+2H B S (- €<y,Mp>+€2||Mp||§)) +e?p" Mp
2

Il (1 o (el M) + €2||Mp!|§)) T2 Mp

1
Iyl ( e M

—®(z)y finishes the proof.

||y||% (_€<y7 Mp> + 82’|Mp||§))
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O

We remark that in the case when y is an eigenvector of M with eigenvalue «, we can

choose p = ¢/ and & = min{2 %} and guarantee that ®(x)||V®(x)||2 decreases by a factor

27 4

of e=¥¥l2) For the general case, it turns out that it suffices to find a vector p that is close

enough in angle to y and so that either Mp is also close in angle to y, or || Mp||s is very small.

Lemma 31. Suppose p € R™ with ||p||2 < 1 and constant a > 0 is such that either

1. (y,p) >

2. {y,p) >

llyll2
(logn)@

yllz
(logn)®

and (y, Mp) > 1Melzlvlls 5,

(logn)®

and ||Mpll; <O (poly )>
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lyllz 1 ,
A(logn)2e[Mpl2 > 2(logn)® | JHVES

Then as long as |y|l2 > Q(+), choosing e = min{

IV®(z +ep)|l2 - ®(x + ep) < [|[VD(@)|2 - D(w)e= O™,

Proof. Let ¢ = min{ 1o rlgysz” L 2(1og e } Then by Lemma [29] we have
Y
Bo -+ 2p) < 0(a) (1= 2ly.p) + 2 0pll) < B0) - (1= e s pany)
Assume first that we are in Case 1. By Lemma B0, since we know & < m, we have

€ M Mpl|2
Vo +<p)le < [VO@)2- (1- 5 APy 2|17y

2 |lyll2(logn)® lyll3
If e = m, then ||Mpl, < %. Using this, ®(z) will decrease by e~©¥l2) and
|V®(x)||2 will decrease.
On the other hand, if ¢ = %, then ®(x) will decrease, and ||V<I>( )||2 decreases

by e -6(1), Together, these show that the product decreases by a factor of e~ O(lyllz)
If we are in Case 2, the only thing that might change is that when ¢ = m we might
have |[V®(z)| increase by up to e?1/Pom)  Since |y, > Q(L) this is the dominating

term, and so we will still get the appropriate decrease. O

The idea for computing a direction p to satisfy Lemma [B1lis to project y onto an appro-
priate eigenspace of M. More formally, suppose M = Z;;l ajvjvf is the eigendecomposition
of M. Notice that o; € [0,1] for all j.

Given K = polylog(n), define Sy = span{v; | 27% < a; < 27%1} for 1 < k < K and

define Sy = span{v; | a; < 2751} If 2, = projg, 2, where z = A, there must be some
k < K with (z,2;) > +. Now, if k < K, then we have (z, Mz;) > 5L |[Mz||s, and hence

21, satisfies Case 1 of Lemma BIl If k = K, then we have |[Mzk||s < 5%, and hence Case 2
of Lemma 1] is satisfied. Unfortunately, computing these Sy would require computing the
eigendecomposition of M. To speed up the computation of this vector, we instead do the

following.
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Lemma 32. Suppose y and M are as above, and define z = ”yy”2. Fork =1,.. K =
polylog(n), define z, = (I — %M)2kz Then for some k < K, p = z; satisfies the conditions

of Lemma [31.

Such an update direction can be computed in time O(mn“’_l). By Lemmas 1] and
taking this step decreases ®(z)||V®(z)||> by e /™ provided [|AA|> > Q(2). After O(n)
updates we obtain x with |[AA]|> - ®(z)? < O(+). This implies that either ®(z) < 1, in
which case z € P, or [|AA]] < O(%), and then we can rescale. This completes the proof of

Theorem 27, In the remainder of this section, we give the proof of Lemma [32]

Proof. Let N = %M and suppose the eigenvectors of N are unit vectors vy, ..., v, with

. We compute

N[

eigenvalues oy, ..., o, <

n

2y = Z(l — aj)2k (z,v;)v;.

i=1

Nz, = Zaj(l — ozj)Qk (z,vj)v;.
j=1

For any k, we can get the following bounds.
(1) If o > 2, then (1 — ;) < e <ek <ok,

(2) If a; < &, then (1 —a;)% > 72062 > 72,

ok s

In particular, (1) implies that a;(1 — a;)% < 2 for all j, and hence [Nz, < 2.

On the other hand, (2) implies that (z,2;) > =5 for some k < K. If k < K, we also
have (z, Nz) > ﬁ?k_l. Combining these, we are guaranteed there exists & < K with

(z,2,) > =% and so that either (z, Mz,) > HzMeflk(”f if k < K, or [Mzgl2 < 525. In

particular, this zj satisfies the conditions of Lemma [31] O
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3.4 Computing an Approximate John Ellipsoid

It turns out that our algorithm implicitly computes an approximate John ellipsoid for the
considered cone P. Recall that a classical theorem of John [Joh48|] shows that for any closed,
convex set () C R", there is an ellipsoid E and a center z so that z+ EF C Q C z + nk.
The bound of n is tight in general — for example for a simplex — but it can be improved
to y/n for symmetric sets. This is equivalent to saying that for each convex body, there is
a linear transformation that makes it n-well rounded. Here, a body @ is a-well rounded if
z4+r-BCQCz+a-r- B for some center z € R and radius r > 0 [Bal97].

Suppose first that we use the modified gradient descent version of our algorithm but we
only terminate if ®(x) < % Note that this change in the algorithm can only increase the
worst case running times by a constant factor. The final MWU phase will terminate in at
most T = O(n) steps, and the step size is always bounded by % Therefore if the final
MWU phase outputs x we have ||z]|; < T and (A;, ) > 1 for all i. In particular, we have

2

B(3x,7) € PN B C B(7x,2), which shows that PN B is O(n)-well rounded.

Alternatively one can run the algorithm with standard gradient descent and a fixed step
size of € := O(2) and only terminate when ®(z) < 1. In the final phase we then obtain
that [|z]ls < O(nlnm), and (A;,z) > Inm for all i. Therefore the final set P N B will be

O(n)-well rounded, thus removing the logarithmic terms suppressed by the O notation.
3.5 Another possible speed-up

An alternate way to improve the running time of the MWU phase is by noting that we can

actually rescale under somewhat weaker conditions. Recall that Lemma 2§ with p = 2

llyll2
guarantees that ®(z+ep) < ®(x)- (1 —¢l|yll2+*p" Mp). Provided p” Mp < O(v/n||yl|2), we
can choose ¢ = @(ﬁ) to get a decrease of e~/ In particular, in O(n?/?) iterations,
the MWU phase guarantees one of three conditions: z € P, |ly[» < O(2), or p" Mp >

Q(y/nl|y||2). We already showed that the second condition allows us to rescale — here we will

show that we can also rescale using the last condition. First note that we have the following:
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Lemma 33. Suppose x € PN B. Then ||Mzx|s < |[MNAll2. In particular, if we have the
eigendecomposition M = 377 d;v;v], where |Jv;lla = 1, then width(P,v;) < ”’\A”2 for all j

Proof. Note that for any x € PN B, we have ||Mz|y < >, Ai|(Ai, 2)] < |[A4]l2. On the
other hand, we have Mz = 77 §;u;{vj,2) = |[[Mz|]3 = 37, 67(v;, x)>. Therefore

=17
> i1 03{vy, x)? < |AA[5. In particular, for any 2 € PN B and for any j, we have [(v;, z)| <

IAA]l2
d;

. Therefore for any j we have width(P, v;) < ”’\éﬂ. O

Using the results of Section B2 if dpax > pTMp > /1 - |AA]]2, we can rescale to
get a constant increase in the volume of P N B. We also remark that in the case when
IAA]l2 < O(2), Lemma B3 allows us to eliminate the square root from the transformation of
Lemma 25 - that is, the function F'(z) = (I + ﬁM )z also allows us to rescale. In fact, we

can use Lemma [33] to show a more general rescaling that works under either of the rescaling
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hypotheses. Let || - || denote the Frobenius norm, that is, || M|} = 377, &3

Lemma 34. Suppose n||AA|3 < 2||M||%. Then the function F(z) = (I + 5—M?)'/?z gives

max

vol(F(P) N B) > exp(||M||%/8 vol(P N B).

max)

52 ). Therefore we have

2
Proof. The eigenvalues of F' take the form (1 + 6? )12 > exp(67 /4

det(F) > exp(||M]% /4 On the other hand, for any x € PN B, we have

max)

INAZ < exp([AA]13/

max)

HF@W%ﬂMﬁ+52HMﬂb<1+y

max max

and so intersecting with the unit ball decreases the volume by at most exp(n||AA||2/262,.).

By our hypothesis, this is bounded by exp(||M||% /83 O

max)

2
6max )

nd

Note that the improvement will always be at least a constant since i1 ] >
it is also possible that it could get up to exponential improvement. Rescaling under these

weaker conditions allows us to get the following.

Lemma 35. The version of the algorithm described above has an overall running time of

O(mn*®log1/p).
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Proof. In at most O(n?) iterations, standard gradient descent with step size ¢ = O(-%)

N
guarantees z € P, [|M|s < O(2), or /n||AA|2 < ©(p"Mp). Each iteration takes time
O(mn) and so the MWU phase takes total time O(mn?%) until we are able to rescale. We

perform at most O(n log %) rescalings, and so the total running time is O(mn?? log %) O

Independent publication. The multi-rank rescaling was also discovered in a parallel and

independent work by Dadush, Vegh and Zambelli [DVZ16] (see their Algorithm 5).
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Chapter 4

NUMBER BALANCING IS AS HARD AS MINKOWSKTI’S
THEOREM

4.1 Introduction

One of siz basic NP-complete problems of Garey and Johnson |GJ79)] is the partition prob-
lem that for a list of numbers aq, ..., a, asks whether there is a partition of the indices so
that the sums of the numbers in both partitions coincide. Partition and related problems
like knapsack, subset sum and bin packing are some of the fundamental classical problems
in theoretical computer science with numerous practical applications; see for example the
textbooks [MT90, [KPP04] and the article of Mertens [Mer06]. In this paper, we study a
variant called the number balancing problem (NBP), where the goal is to find two disjoint
subsets [y, Iy € {1,...,n} so that the difference | Y, ; a; — > _.;, a;| is minimized. Equiva-
lently, given a vector of numbers a = (aq, ..., a,) € [0,1]", we want to find a vector of signs
z € {—1,0,1}"\ {0} so that |(a,z)| = |> 7, z;a;| is minimized. Woeginger and Yu [WY92]
studied this problem under the name “equal-subset-sum” and showed that it is NP-hard to
decide whether there are two disjoint subsets that sum up to the exact same value. This

version has also been extensively studied in combinatorics |[Lun88|, [Boh96, ILY11].

On the positive side, it is not hard to prove that there is always a solution with ex-
ponentially small error. Suppose that aq,...,a, € [0,1]. Consider the list of 2" many
numbers Y a;x; for all x € {0,1}". All these numbers fall into the interval [0,n],
hence by the pigeonhole principle, we can find two distinct vectors z, 2’ € {0,1}" with

| D iy airs— Y i ] < 5. Then x — 2’ gives the desired solution. Note that the bound

can be slightly improved to O(%) by using the fact that due to concentration of measure

effects, for a constant fraction of vectors z € {0, 1}", the sums ., a;z; fall into an interval
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of length /n (instead of n).
However, since these arguments rely on the pigeonhole principle, they are non-constructive.
Restricting the non-constructive argument to polynomially many “pigeons” provides a simple

polynomial time algorithm to find at least an z € {—1,0,1}"\ {0} with |(a, z) for

| < sov
an arbitrarily small polynomial. Interestingly, the only known polynomial time algorithm
that gives a better guarantee is Karmarkar and Karp’s differencing algorithm [KK82a| which
provides the bound |(a,z)| < n™¢"°¢™ for some constant ¢ > 0. Their algorithm uses a
recursive scheme; find ©(n) pairs of numbers a; of distance at most ©() and create an
instance consisting of their differences, then recurse.

This leads to the natural question: Given ay,...,a, € [0,1], what upper bound on
| S0 agzg| can be guaranteed if x € {—1,0,1}"\ {0} is to be chosen in polynomial time?
While answering this question directly seems out of reach, we note that NBP falls into the
class PPP [Pap94], where good solutions are known to exist due to the pigeonhole principle.
It is reasonable therefore to study the relationship between this problem and other problems
in PPP.

Recall that given linearly independent vectors by, ..., b, € R", a (full rank) lattice is the
set A= {>""  Nbi: N\, € ZVi=1,...,n}. Theset {by,...,b,} is called a basis for A and we
define det(A) := | det(B)|. For any lattice A C R™ with det(A) > 1, Minkowski’s Theorem
tells us that any symmetric convex body K C R”™ of volume at least 2™ must intersect A\ {0},
see for example [Mat02]. This theorem is proven by placing translates of %K at any lattice
point and then inferring an overlap due to the pigeonhole principle. Again, one can consider
the algorithmic question: given a symmetric convex body K with volume at least 2™, for what
factor p can one be guaranteed to find an x € (pK)NZ"\ {0} in polynomial time?

We would like to point out that this factor p is within a polynomial factor of the ap-
proximability of the Shortest Vector Problem (SVP), the problem of finding the shortes

nonzero vector in a lattice. One direction follows from the fact K can be sandwiched between

ISVP can be defined for any norm, but anywhere the norm is not specified we consider the Euclidean
norm.
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two ellipsoids that differ by a factor of y/n [Joh4§|. In the other direction, a reduction of
Lenstra and Schnorr shows that given a polynomial-time oracle to find a vector of length at
most f(n) in a lattice with det(A) < 1, there is a polynomial-time algorithm to find a vector
within f(n)? of the shortest vector [Lov86]. This is a nontrivial reduction that uses the
assumed oracle both on the original lattice and on its dual. Note that Minkowski’s theorem

guarantees the existence of a lattice vector of length at most O(y/n).

The complexity of SVP is of great theoretical and practical interest. As a rarity in the-
oretical computer science, SVP admits (NP N coNP)-certificates for a value that is at most
a factor O(y/n) away from the optimum |ARO05], while the best known hardness under rea-
sonable complexity assumptions lies at a subpolynomial bound of n®(}/1oglen) [HR(7]. The
famous LLL-algorithm [LLL82] can find a 2"/2-approximation in polynomial time (the gener-
alized block reduction method of Schnorr [Sch87] brings the factor down to 2nloglos(n)/log(n)),
On the other hand, a polynomial factor approximation of SVP would be enough to break

lattice-based cryptosystems [Ajt96, MR09].

It is not hard to use an exact oracle for Minkowski’s Theorem to find a good number
balancing solution, since the body K := {z € (=2,2) : | > | z;a;| < O(35)} has volume at
least 2. However, it is not clear how we could use an approximate oracle. For example, it
is known that the LLL-algorithm can be used to find a nonzero integer vector x € pK for
a factor of p = poly(n) - 2/2. While the error guarantee of | Y 1 | a;z;| < poly(n) - 27/2
outperforms the Karmarkar-Karp algorithm, we only know that ||z||. < 2p, which means

that x will not be a valid solution if p > 119 This leads us to the next question: what factor

p 1s needed for Minkowski’s Theorem to improve over Karmarkar-Karp’s bound?

We have seen that in a certain sense NBP can be reduced to an oracle for Minkowski’s
Theorem, and in fact we will show that there is also a direct reduction to SVP in the ¢
norm. This brings us to the question about the reverse: given an oracle that solves NBP

within an exponentially small error, can this give a non-trivial oracle for the Shortest Vector

2f p < 2 — ¢, then one can still obtain an error of | Y7, a;a;| < 279" but this breaks down if p > 2.
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Problem or Minkowski’s Theorem?

4.1.1  Our Contribution

In this work, we provide some answers to the questions raised above, by relating the com-
plexity of the number balancing problem to Minkowski’s Theorem and the Shortest Vector

Problem. First we give the precise definitions of the problems we will consider.

Definition 2. Suppose p € [1,00] with BP(0,1) the closed unit ball in the ¢* norm. For

o> %‘,{ﬁ) and p > 1, we define the following problems.

e 0-NBP: Given a € [0,1]", find x € {—1,0,1}"\ {0} with |{a,z)| <J.

o p-Minkowski Problem: Given a lattice A and a symmetric convex bodzB K CR"”
with vol,(K) > 2™ det(A), find a vector x € (pK) N A\ {0}.

o p-PromiseSVP,: Given a lattice A C R™ with vol(B?(0,1)) > 2" det(A), find a vector
x € A\ {0} with ||z||, < p.

As already discussed, 6-NBP and the p-Minkowski Problem will always have a solution by
nonconstructive arguments. Moreover, we notice that p-PromiseSVP,, is just the p-Minkowski
Problem on an (P ball, and so it is also guaranteed to have a solution. Notice also that p-
PromiseSVP, would also follow immediately from a p-approximation to SVP in the ¢” norm,
since a short enough vector is guaranteed to exist. We would like to stress that polynomial-
time algorithms for any of the three problems are not known to be inconsistent with P # NP.
The hardness results of SVP do not apply to p-PromiseSVP, since we do not require it to
give a shortest vector of the lattice.

We provide the following reduction:

3We assume K is given to us by a separation oracle.
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Theorem 36. Suppose there is a polynomial-time algorithm for the p-Minkowski problem for

polytopes K with O(n) facets. Then there is a polynomial-time algorithm for 6-NBP where
e

In fact, to obtain an algorithm for J-NBP, it suffices to have an approximate Minkowski
oracle for the linear transformation of a cube, which is equivalent to an oracle for p-

PromiseSVP .

Theorem 37. Suppose that there is a polynomial-time algorithm for p-PromiseSVP,,. Then

_ 9-n®0/»)

there is a polynomial-time algorithm for 6-NBP, where § :

In particular an oracle for p < ’log(n)/loglog(n) would imply an improvement over
Karmarkar-Karp’s algorithm, where ¢ > 0 is a small enough constant.
Finally, we can also prove that an oracle with exponentially small error for number

balancing would provide an approximation for Minkowski’s problem:

Theorem 38. Suppose that there is a polynomial-time algorithm for 6-NBP with § < 2V™ /2",
Then there is a polynomial-time algorithm for the p-Minkowski problem for p = O(n®). Here

it suffices to have a separation oracle for the convex body K C R™.

In fact, we will show that when K is an ellipsoid whose volume is that of a unit Euclidean
ball, we can get within a factor of O(n*®). Using the reduction of Lenstra and Schnorr, this

implies a O(n?) approximation for SVP.
4.2 Reducing Number Balancing to Minkowski’s Theorem

In this section we will show how to solve NBP with an oracle for Minkowski’s problem. The
idea is to consider a hypercube intersected with the constraint |(a,z)| < §, and to show
that this set has large enough volume. If we have an exact Minkowski oracle, this gives us
x € {—1,0,1}"\ {0} as desired. Here we state a more general version which uses only a
p-approximate Minkowski oracle, and then show how we can use this more general version

to solve NBP with a weaker bound. We present the proof in the full version of this paper.
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Theorem 39. Suppose we have a polynomial-time algorithm for the p-Minkowski problem,
and let k > 0 be any positive integer. Then, for any a € [0,1]", there is a polynomial-time

algorithm to find x € Z" \ {0} with |||l < k and so that |(a,z)| <n (#1)"—1.

n—1
p
0= — .
”<k+1)
Now consider the body

K::{xe(—ﬁiifii) 4@JM§5}.
p

Obviously this is a symmetric convex body. For a € [—4, 0], consider the (n — 1)-dimensional

K@oﬁz{xe(_Eii,ﬁii)"wmx>>:a}

plp

Proof. For ease of notation, let

slice

of it. Let us consider the (n — 1)-dimensional volume vol,,_; (K («)) of that slice. Then we

can write the volume of K as

5
vol,(K) = /_5 vol,—1(K(«)) da.

Moreover
n(k+1)
2(k+1)\" E+1 kE+1\" 2
(@) — vol, <_LL) :/ vol,_1 (K (a)) dav.
p p o _nlkty
P
since the slices are empty if |o > nkt) - By symmetry vol,,_1(K(«)) = vol,_1(K(—a)).

P
Moreover, by convexity of K, for « > 0, the quantity vol,,_; (K («)) is monotonically non-

increasing. Thus

5 n(k+1)
vol, (K) = / vol,—1 (K (o)) da > i vol,—1(K(«)) da

5 - (n(k+1)> n(kt1)
P
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n—1
Now, using the fact that 6 = n (ﬁ) , we get vol,(K) > 2". Hence, using our

p-approximate Minkowski oracle, we can find a vector
z € (pKNZ")\{0} = ((=(k+1), (k+1))"nZ")\ {0}.

In particular, this gives z € Z" with |(a,z)| < n (k—il)n_l and ||z]|s < k. O

Suppose, for instance, that p = (2 — €) for some € € (0, 1]. Then we can pick k£ = 1 and
get |(a, )] < 279" with ||z]|ee < 1 and z € Z" \ {0}. However, this line of arguments
breaks down for p > 2 as these would in general not produce feasible solutions for number

balancing.

Instead of using an oracle for the p-Minkowski Problem one can directly use an oracle for

p-PromiseSVP . We need the following theorem:

Theorem 40. Suppose that there is a polynomial-time algorithm for p-PromiseSVP,,. Then
for any a € [0,1]" there is a polynomial-time algorithm to find x € Z™ \ {0} with ||z| < k
and so that |(a,z)| < 2nkp(%)".

Proof. When p(2)" > 2, we have 2nkp(£)™ > 1, in which case z = (1,0,-- -, 0) trivially does
the job. We can hence assume that p(2)

Let I,, be the n X n identity matrix and consider the lattice A generated by the (n+ 1) x

(n 4 1)-dimensional matrix

N ORRO

Note that det(B) = 1. Let € A be the vector returned by the algorithm. Then

y = B7'xz € Z""'. Since ||z]|oc < p and z = By, we have |y;| < k for i = 1,...,n.
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Moreover,

Neg
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3
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3
)
3‘»—*
x>
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|
~_
3
<
£

Therefore,

|
B
3
X
IN

n
n 1 (k
Zi:1ﬁ<;> YiQy;

vector (yi,...,y,) does the job. O]

However, we still face a problem in the case p > 2. It turns out that we can design
a recursive self-reduction to allow us to use larger p. The main technical argument is to
transform an algorithm that finds x € Z" \ {0} with ||z]|. < k for £ > 2 into an algorithm
that finds vectors z € Z" \ {0} with ||z[|e < £, with a bounded decay in the error |{a, z)|.

Applying this recursively gives the following lemma.

Lemma 41. Suppose that there is a polynomial-time algorithm that for any o’ € [0,1]" finds

a vector ' € {—k,... k}" \ {0} with |{d,2")| < 27". Ifk < leféglg‘gn, then there is also a

L

polynomial-time algorithm that for any a € [0,1]" finds a vector x € Z™ with |{a,x)| < 27"
and z € {—1,0,1}"\ {0}.

Before we go through the self reduction, we show how Lemma [41] gives Theorems B6] and
37

Proof. 1t p > 48&%, then 2-"°"” = 2-10e?“'n_ By choosing a proper constant on the

exponent, this can be achieved with the Karmarkar-Karp algorithm. So we only need to

logn
48loglogn *

work with p <

Now suppose we have a polynomial-time algorithm for the p-Minkowski Problem (resp. p-
PromiseSVP,,). If we take k = 3p, Theorem [39] (resp. Theorem [0]) gives a polynomial-time
algorithm to find x with ||z||. <k and [(a,x)| < 27"
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Moreover, k = 3p < w&%, and hence the condition of Lemma H1] is satisfied. Then
1
the bound given by Lemma ] is 27"% < 9—nO0/e) -

We now prove Lemma[4Il. The way we do the self-reduction is the following. We partition
our set of n numbers into subsets of size /n. First, for each subset ¢, we find a number b, # 0
for which we can (approximately) express by, 2by, . .., kb, as linear combinations of elements
of that subset using only coefficients in {—[%],...[4]}. We then run our assumed algorithm
on by,...,b s toobtain y € {—k, ..., k}" with (b,y) = ngl yeby being small. Since each of
the summands can be expressed more efficiently in terms of our original set of numbers, we
obtain a good solution x with coefficients in {—|£],... 4]}

The following two lemmas go through this argument more precisely. Note that the inter-

esting parameter choice is r := [k/2], so that the size of the coefficients is halved.

Lemma 42. Let r,k € N be parameters with O < r < k and let 6 > 0. Let aq,...,a € R
so that | S0 i - oy| < 6 and abbreviate 8 := a, + ...+ c. Then for any j € {0,...,k} one
can find coefficients \; ; € Z with |\; ;| < max{r — 1,k —r} and |j- B — Zle Aijou| < 0.

Proof. By symmetry it suffices to consider j > 0. For j € {0,...,r — 1}, we can obviously
write

jB=7-a+...+7 a
Now consider j € {r,...,k}. The trick is to use that

k
j-ﬁ—ziai—ZJ a; — ZZ%—Z]—Z ozﬁz
=1

i=r

If we inspect the size of the used coefficients, then fori € {1,...,7—1} we have | —i| <r—1

and for i € {r,..., k} we have |j —i| <k —r. O

Lemma 43. Let k,r € N be parameters with 0 < r < k. Let f : N — R be a non-negative
function such that f(n) > 4logn. Suppose that there is a polynomial-time algorithm that for
any a' € [0,1]" finds a vector 2’ € {—k, ..., k}*\ {0} with |(d/,2')] < 277", Then there is
also a polynomial-time algorithm that for any a € [0,1]" finds a vector x € Z" \ {0} with
[(a, z)| < 272 (VD3 and ||7||0 < max{r — 1,k —7r}.
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Proof. Let a € [0,1]" be the given vector of numbers. To keep notation simpler, we will
assume n is a perfect square. If it is not, we can replace \/n by [\/n]. Split [n] into blocks
Ii,..., 1 s each of size |I;| = \/n. For each block I, we use the oracle to find a vector
zp € {—k,...,k}"\ {0} with supp(z,) C I, so that |{a,z,)| < 277" If for any ¢ one has
|ze|loo <7 —1, then we simply return = := z, and are done. Otherwise, we write the vector
as Ty = Zlei - xg; with vectors zpq, ...,z € {—1,0,1}". Note that these vectors will
have disjoint support and supp(zs1),...,supp(z,x) C I;. Moreover we know that for every
{ there is at least one index i € {r,..., k} with z,; # 0.

Now define a vector b € RY™ with b, := S°F_(a,x,,;). Note that if for any ¢ we have
lbe| < 277" then we can set z = SF

., T¢; and we are done. Therefore we may assume

that |by| > 27/(V™ for all £. Also note that since the x¢; have disjoint support, we have
1bllc < +/n. We run the oracle again to find a vector y € {—k,...,k}V™\ {0} so that
[(b,y)| < /- 275" For each block ¢ € [/n] we can use Lemma A2 to find integer

coeficients \g; with |A\;| < max{r — 1,k —r} so that

< 9—f(vVn)

k
‘ye by — Z )\Z,i : (CL, xz,i>

i=1

We define

B

k
E Z AL

=1

12

Il
—

Then |||l < max{r—1,k —r} since the x,,;’s have disjoint support and ||z,;||. < 1 for all
¢,i. Moreover, since there is some g, # 0 and |by| > 27/V™ we have x # 0.

Finally we inspect that

N k
[{a, z)| < [y, b)| + Z ’yebe - ZAM(@, o) < 2v/m - 27TV < 27V,
=1 i=1

The last line comes from the fact that when f(n) > 4logn, we have 2y/n < 23 logn —
23logvn < 93f(Vn), ]

Now we can apply Lemma (43 recursively to prove Lemma [41]
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Proof. Suppose k < —2%"_ and set r = [k/2]. Consider the function f;(n) = 27*n? " for

6loglogn
t=0,..., [logk], and notice that 27 > - > ngl%‘". Therefore we have
_ 1 log1
fi(n) = 27'n? "> %nl/% > (2 %) log?n > 4logn.

Finally, notice that 2 f,(|v/n]) > 3fi(v/n) = fis1(n). We are now able to apply Lemma
E3l In particular, suppose we have an oracle to find  with ||z||o, < 27k and |{a,z)| < 27,

Then Lemma B3 gives us an oracle to find z with |||/ < 27+ Yk and |(a, z)| < 27+ H

Running this [logk] < log2k times gives a bound of 2 fies2t(") — 9—ni//2k < g-n!/P

1

Here we use the fact that when k < él lolgn , we have "2k > nsk. O
oglogn

4.3 Reducing Minkowski’s Theorem to Number Balancing

In this section we show that for small enough 4, an oracle for -NBP can be used to design an
algorithm for p-Minkowski’s Problem, where p is polynomial in n. The first helpful insight
is that any symmetric convex body can be approximated within a factor of y/n using an

ellipsoid [Lov90, (GLS12]. Recall that an ellipsoid is a set of the form

n - 1
S:{(L‘ER |Zﬁ~(:€,ai>2§1} (4.1)
i=1 7
with an orthonormal basis aq, . . ., a, € R™ defining the axes and positive coefficients Ay, ..., A\,

that describe the lengths of the axeﬁ. Overall, our reduction will operate in two steps:

(i) By combining John’s Theorem with lattice basis reduction, we can show that it suffices
to find integer points in an ellipsoid that is well-rounded, meaning that the lengths of

the axes are bounded.

(ii) We show that a number balancing oracle allows a self-reduction to a generalized form
where inner products with n vectors have to be minimized and additionally the solution

space is Z™ instead of {—1,0, 1}".

4Here we ignore the dependence of ¢ on n - notice that ¢ is nondecreasing in n, so replacing ¢(n) by t(y/n)
only increases fi(n).

SStrictly speaking, the length of axis i is 2);, but we will continue calling \; the “axis length”.
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We begin by proving (i7) and postpone (i) until the end of this section.

4.3.1 A self-reduction to a generalized form of number balancing

Recall that for 6 > 0, we defined §-NBP as follows: given a € [0,1], find a vector x €
{—1,0,1}"\ {0} with |(a,z)| < J. Notice that we may allow for vectors a € [—1, 1]" without
changing the problem, as one can flip the signs of x as needed to accommodate for the
changes in sign of a. The main technical result of this section is the following reduction:

g(n)
27L

Theorem 44. Suppose there is a polynomial-time algorithm for 6-NBP with 6 = and
g(n) < 2"/2. Then there is a polynomial-time algorithm that on input ay, ..., a, € [~1,1]"

and 0 < Ay < ... <\, <2 with [T\_, \i > 1, finds a vector x € Z" \ {0} with
(z,a;)| <OMY - Ni-g(dn®)Y" Vi=1,... n.

In particular if g(n) < 2vV™, then the right hand side in Theorem B4 simplifies to just
O(n*) - \;. We will show this by introducing two extensions of the number balancing oracle.
The first extension gives a weaker bound in terms of the error parameter, but allows for
multiple vectors in [—1,1]". In the second extension, we extend the range of coeflicients

from {—1,0,1} to {—Q, ..., Q} which leads to a much stronger error bound.

Lemma 45. Suppose there is a polynomial-time algorithm for 0-NBP. Then there is a
polynomial-time algorithm that given aq, . .., a; € [=1,1]" and 61, ..., 0, < % with Hle 0; >0
finds a vector x € {—1,0,1}"\ {0} with |{a;, x)| < 2n?6; for alli=1,... k.

Proof. The idea is that we will discretize all of the vectors and then run our oracle on their
sum. The vector that we obtain will then have small inner product with all of the a;. To define
the discretization a;, round elements of a; down to the nearest multiple of 2nd;, and then
multiply by [];_;d;. Defining @, this way, notice that for all i we have [(a;, z)| < n[[,,d;

for any z satisfying ||z||. < 1.
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Now let ¢ = @, +...+a,. By our oracle, we can find 2 € {—1,0, 1}"\ {0} with |(c,z)| <.
Recall that § < Hle 0; < nHjSk 0;. We have

[ar, )| < Uag, 2|+ ... + @k, 2)| + (e, 2)] <ndy+n ][ 6+ +n]]96

i<z i<k
< 1 1
Therefore |(a;,x)| = 0. Similarly, for 1 < i <k, if |(a, )|, ..., |(@;i—1,z)| = 0, then we have

(s, )| < [, 2)| + ..+ [ @) + (e, 2)] < 20 ] [ 65,

j<i
and hence [(a;,z)| = 0 for all i. Notice that by definition of a; we have | ]
Gillo < 2n]];<;0;. Therefore (]
[{a;, )| < 2n25;. O

5]-&,- —

7<t

ici0jai, v)| < 2n°[];;0;, and so we can conclude that

Now we come to a second reduction that takes the oracle constructed in Lemma as a

starting point:

Lemma 46. Assume there exists a polynomial-time algorithm for 6-NBP where 6 = f(n).
Let ay,...,a; € [—1,1]" be given with parameters dy,...,0, < % and a number Q) that is a
power of 2 and satisfies Hle d; > f(nlog Q). Then in polynomial time we can find a vector
re{-Q,...,Q}"\ {0} with |(a;,x)| < §Q -2(nlogQ)? for alli=1,... k.

Proof. Foreach i = 1,...,k, we define b; € [—1,1]"1°6Q by b;(j,£) = a;(j)27" for j = 1,.
and ¢/ = 1,...,log@. Since Hle 0; > f(nlog@), we can apply Lemma [5] to find y €
{~1,0,1371%52 \ {0} with | (b, )| < 6 - 2(nlog Q)2

Now define = € {~Q,...,Q}"* \ {0} by z; := QY %% 2 y;s. Then for i =1,.... k we

have
n logQ

G- (2nlog Q) = (sl = | 30D e )] = 5
7j=1 (=1
—_——

=z;/Q

and rearranging gives the claim. O

- [ai, )|
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Finally we come to the proof of Theorem [44l

Proof. Suppose that the oracle has parameter f(n) = p(n)/2". Suppose that ai,...,a, €
[—1,1]™ and Aq,..., A, > 0 with [, A\; > 1. We choose @ := 2", which is a power of 2.
Define 0; = A; - f(nlog @)"/". Note that §; < 23/2. f(4n?)"/" < L since f(n) < 27"/2. Then
[T, 9; > f(nlog @), and so by Lemma 6 we can find y € {—@Q,...,Q}" \ {0} with

[{ai, y)| < Q0;-2(nlog Q) < QA f(nlog Q)" - 2(nlog Q)
= X\ - p(4nHY™ 2. (4n?)2.

4.3.2 A reduction to well-rounded ellipsoids

Using John’s Theorem [Joh48]|, the convex body K in Theorem [B§ can be approximated by
an ellipsoid &£ as defined in Eq. (41]). The natural approach will then be to apply Theorem [44]
to the axes of the ellipsoid. However, it will be crucial that the lengths of the axes of the
ellipsoid are bounded by 2°. We will now argue how to make an arbitrary ellipsoid well
rounded.

Let us denote A\pax(€) := max{\; : ¢ = 1,...,n} as the maximum length of an axis.
Recall that a matrix U € R™" is unimodular if U € Z™™ and |det(U)| = 1. In particular,
the linear map 7' : R" — R"™ with T'(x) = Ux is a bijection on the integer lattice, meaning
that T'(Z") = Z". It turns out that one can use the lattice basis reduction method by Lenstra,
Lenstra and Lovasz |[LLL82| to find a unimodular linear transformation that “regularizes”
any given ellipsoid. Note that it suffices to work with the regularized ellipsoid T'(£) since
vol,(T(€)) = vol, (&) and if we find a point = € (pT(£)) NZ", then by linearity T~ (z) € p&
and T~ (z) € Z".

Given by,...,b, € R" we define the Gram-Schmidt orthogonalization iteratively as ZSJ- =

b; — ZKJ. uijl;i, where p;; = <|ngﬁ%> Notice that we can then write b, = Bj + ZK]- ,ui]f)i. In

particular, suppose B is the matrix with columns by, ..., b, and B is the matrix with columns
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bi,...,b,. Then B = BV for an upper triangular matrix V' with ones along the diagonal
and V;; = p;; for i < j.

Definition 3. Let B € R"™" be a lattice basis and let y;; be the coefficients from Gram-
Schmidt orthogonalization. The basis is called LLL reduced if

e (Coefficient-reduced): |pi;| < 1 forall1 <i<j <n.
e (Lovdsz condition): ||b;||2 < 2||bis1 |2 fori=1,...n—1.

LLL reduction has been widely used in diverse fields such as integer programming and
cryptography [NV10]. One property of the LLL reduced basis is that the eigenvalues of the

corresponding matrix B are bounded away from 0:

Lemma 47. Let B denote the matriz with columns by, ..., b,. Ifby, ..., b, is an LLL-reduced

basis with ||b;]|a > 1 for all i, then ||Bx||y > 2732 |||y for all x € R™.

Proof. Let B denote the Gram-Schmidt orthogonalization of B, with columns 131, e by
Now, for any k, we can use the properties of LLL reduction to gain the following bound (propo-
sition (1.7) in [LLL82]).
LS 3 = Bl + 3 B < (14 5 0 2) - el < 2 el
i<k i<k
In particular, ||by]|2 > 27" for all k = 1,...,n. Now let V be the matrix so that B = BV,
and let z € R" with |z|| = 1. Let k denote the largest index with |x;| > 27%. Then

1 1 .
|(Va),| = ‘xk + > pgs| > | - 52 ] > 27% - §ZQ_J > 27"

>k >k >k

Now, by the orthogonality of 131, e En, we have

I1Bz[l3 = [ BVall; = Y (Va)lbills = [(Va)ul* - 27 = 27"

i=1

Taking square roots gives the claim. O
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Lemma 48. Let £ = {z € R" : ||Az||3 < 1} be an ellipsoid. Then in polynomial time, we
can find one of the following:

(1) A vector x € ENZ"\ {0}

mear transformation T so that A\,,qz < 2°™<“ an z) = Ux for a unimodular
2) Al i T 50 that Amee(T(E 23112 and T Uz f dul

matrix U.

Proof. Use the algorithm of [LLL82] to find a unimodular matrix U such that B = AU
is LLL reduced. Let by,...,b, denote the columns of B. Notice that if ||b;||o < 1, then
A7, € ENZ", and so we are done. So assume now that ||b;|]2 > 1 for all 4.

Define T'(x) = U™z, and notice that T(£) = {x € R" : ||Bz||3 < 1}. We then have

lzlla s
)\max T(€)) = max ||z]s = max <2 n/2’
(T(€) = mas lale = max Lol = max 7208
where the last inequality follows from Lemma (47 0

Finally we can prove one of our main results, Theorem

Proof. Let K C R™ be a convex body with vol,,(K) > 2". We compute an ellipsoidH £ =
{reR" | Y7 5 (r,a;,)* < 1} so that - sE C K C 1/n€. Then

2" 5" " < vol, (K) - 5" - n~"? < ol (€) = vol, (B(0,1)) - ] M-
N’

<Hnp—n/2 i=1

and hence [, A; > 1. We apply Lemma M8 to either find an integer point in £ and
we are done, or we find a unimodular transformation T so that the ellipsoid £ := T(E)
has all axes of length at most 2°(™. Suppose the latter case happens. We write £ =
{fx e R" | 30, X—%(x,dﬁz < 1} and observe that still J[[}_; \; > 1 as the volume of the

ellipsoid has not changed. We make use of the d-approximation for the number balancing

6Note that there exists an ellipsoid that approximates K within a factor of \/n and if K is a polytope
with m facets, then this ellipsoid can be found in time polynomial in n and m. However, if one only has
a separation oracle for K, then the best factor achievable in polynomial time is n [GLS12].
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problem to apply Theorem Bl to the vectors ai, . . ., @, and parameters Aq, . .., A, and obtain
a vector x € Z" \ {0} with |(a;, z)| < A\ - O(n*). Then 37, 35 (@i, z)* < O(n”) and hence
z € O(n*?) - E. Then T-Y(z) € (O(n?) - K) N (Z™\ {0}). O
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