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Professor Xiaosong Li

Department of Chemistry

Quantum dynamics underpin almost all methods that chemists have to interrogate molecules

– spectroscopy is inherently time-dependent, and reactions occur with nuclear motion. At

the same time, the environment surrounding a molecule can have drastic impacts on its

properties, and understanding these impacts is a central goal in almost all fields of chem-

istry, from biochemistry to materials science. More often than not, the actual system of

interest is in contact with a system that is of less interest, whether that be a solvent, a

protein backbone, or a substrate, and this interaction can drastically modify the observed

molecular behavior. Treating the whole system as accurately as possible requires an excess of

computational power, since the cost of accurate quantum chemical calculations scale quickly

with system size. Classical embedding approaches can circumvent this high computational

cost by describing the environment with an approximate, coarser model. The goal of this

dissertation is to develop time-dependent quantum chemical methods that interface with

classical embedding approaches in a dynamic way. The first chapter sets up the theoretical

preliminaries of single Slater determinant wavefunctions and their corresponding Hamiltoni-

ans. The second chapter details the classical embedding theories and their time independent

interfaces to the Hamiltonians from chapter one. The third chapter describes the develop-

ment of a time-dependent mixed quantum mechanical and molecular mechanical method



and its application. The fourth chapter extends this development to include nonequilib-

rium propagation of degrees of freedom in the molecular mechanics environment. The fifth

chapter discusses the development of a quantum nuclear dynamics method using the nuclear

electronic orbital approach and the same real-time formalism as presented in chapter 1. The

sixth chapter embeds this real-time nuclear electronic orbital approach inside a classical po-

larizable continuum model and investigates the change on the predicted time independent

and time dependent properties.
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PREFACE

Advancement of scientific knowledge and methods comes from a collaboration of many

scientists, and the developments presented in this work is no exception. To clarify my

contributions to each project, I will describe the focus of each chapter and my contributions

to each work.

Chapter 1 presents some preliminary quantum mechanical theoretical frameworks that

are the foundations for the developments presented in later chapters. In particular, the basics

of Hartree-Fock and Kohn-Sham theory are presented, and the direct propagation of these

theories in time is discussed.

Chapter 2 presents the basics of quantum/classical multiscale embedding theories. Un-

derstanding both these theories and the previous chapter will provide a solid foundation for

the developments presented in the next few chapters.

Chapter 3 describes the development of a time-dependent propagation technique that

couples real-time time dependent Hartree-Fock and density functional theory with a polariz-

able molecular mechanics method. Both Dr. Greta Donati and I implemented the interface

between the polarizable molecular mechanics model and the real-time propagation of a quan-

tum system, and ran the case studies. Dr. Stefano Capresecca, Prof. Filippo Lipparini, and

Prof. Benedetta Mennucci provided the code for the internal energy terms for the polarizable

molecular mechanics model. All collaborators were essential to developing the theory used

in this work.

Chapter 4 extends the previously developed model into a non-equilibrium description of

the environment polarization. Prof. Xiaosong Li provided the motivation for the project

and the general form of the model. I provided the conception and implementation of the

x



specific theoretical model, and I gathered the data for the case studies. The code framework

developed by the collaborators during the work in the previous chapter was essential to this

extension.

Chapter 5 develops a real-time time dependent form for the nuclear electronic orbital

approach. All collaborators developed the theoretical model, and Dr. Luning Zhao and I

implemented the model in the ChronusQuantum electronic structure package. Dr. Luning

Zhao collected the data for the case studies, and I implemented a visualization technique for

the model.

Chapter 6 embeds the previously developed real-time time-dependent nuclear orbital

approach into a polarizable continuum model. I developed the theory, implemented the

interface, and collected the data for this chapter. The framework developed by the previous

chapter was essential to this extension as well.

xi
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Chapter 1

THEORETICAL BACKGROUND

In the first two chapters, I will review the relevant theory used in subsequent chapters to

develop dynamical embedded systems. The focus of this chapter is to present the background

of time-dependent Hartree-Fock (HF) and Kohn-Sham density functional theory (KS-DFT).

1.1 Hatree-Fock and Kohn-Sham Theory

The central equation that governs all of quantum mechanics (assuming a pure state in a

closed system) is the Time Dependent Schrödinger Equation (TDSE).

i
∂

∂t
|Ψ(t)〉 = Ĥ(t) |Ψ(t)〉 (1.1)

Here, |Ψ(t)〉 is the wavefunction of the total quantum system whose dynamics are generated

by the Hamiltonian operator, Ĥ(t). In this work, atomic units (in which the reduced Planck

constant, elementary charge, Bohr radius, and rest mass of the electron are unity) are used

unless specifically noted otherwise. The goal of quantum chemical theories is to solve the

TDSE (or the Time Independent Schrödinger Equation – TISE) for |Ψ〉 when given a form

for Ĥ. Before developing some solutions to the TDSE, let us address the typical approaches

for solving the TISE. For an isolated molecular system in the non-relativistic limit, the

Hamiltonian has the following form:

Ĥ =−
∑
A

1

2MA

∇2
RA
−
∑
i

1

2
∇2

ri

+
1

2

∑
A

∑
B 6=A

ZAZB
|RA −RB|

−
∑
A

∑
i

ZA
|RA − ri|

+
1

2

∑
i

∑
j 6=i

1

|ri − rj|
(1.2)
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where the indices A,B run over nuclei, and the indices i, j run over electrons; RA, MA, ZA

are the coordinate, mass, and charge of nucleus A, and ri is the coordinate of electron i.

Typically, systems of interest to chemists consist of many quantum particles – the elec-

trons are of particular interest when investigating properties of molecules, and the quantum

nature of nuclei can be significant during dynamical processes. For this section, we will focus

on the electronic problem only, treating the Hamiltonian with the Born-Oppenheimer ap-

proximation, though later we will discuss a model that treats nuclei quantum mechanically

as well. Due to the many-body nature of the systems of interest, the Hamiltonian operator

generates a Hilbert space spanned by many-body basis states, and the ultimate solution of

the TDSE can be expressed as a linear combination of these many-body states. This gives

rise to the many families of correlated methods in quantum chemistry, (configuration inter-

action, coupled cluster, density matrix renormalization group, etc.) but as these theories are

not used for the development in later chapters, we will not discuss them further here.

Instead, it can be convenient to consider an approximate Hamiltonian operator that

only considers the interaction between a particle and the average field created by the other

particles. This Hamiltonian generates a space spanned by orthogonal single-particle states,

|φ〉, referred to as orbitals. The total molecular wavefunction corresponding to this non-

interacting Hamiltonian would then be a simple product of these orbitals, but in order to

satisfy the antisymmetry that wavefunctions must exhibit upon permutation of fermions, the

product must be antisymmetrized. The antisymmetrized product of orbitals is referred to as

a Slater determinant.

The mean field Hamiltonian referred to above is the Hamiltonian that governs the

Hartree-Fock procedure. The Hatree-Fock procedure obtains the best possible approximation

to the many-body wavefunction |Ψ〉 given by a single Slater determinant. This procedure

can be derived by minimizing the energy subject to the constraint that orbitals remain or-

thogonal, but as that has been derived elsewhere[2], we will only present the results here.
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The Fock operator f̂ gives an eigenvalue equation for a single orbital

f̂ |φi〉 = εi |φi〉 (1.3)

where the eigenvalue εi is called the orbital energy. The Fock operator is given by

f̂ = ĥ+ Ĵ + K̂ (1.4)

where ĥ collects the kinetic energy and nuclear attraction terms, and Ĵ , K̂ are given by their

action on an orbital.

Ĵφi(r1) =
∑
j

[∫
φ∗j(r2)φj(r2)

|r1 − r2|
dr2

]
φi(r1) (1.5)

K̂φi(r1) =
∑
j

[∫
φ∗j(r2)φi(r2)

|r1 − r2|
dr2φj(r1)

]
(1.6)

Since the Fock operator is dependent on all orbitals in the system, the Fock operator must

be applied for each orbital considered.

Practically, the theory above must be put into a finite basis suitable for computation.

Typically in molecular calculations, this is a basis of contracted Gaussian functions that

resemble atomic orbitals, although for this section the specific choice of basis is not important.

That said, we will refer to this as the “atomic orbital” (AO) basis with the understanding

that other bases may be used without loss of generality. With a given basis, one can expand

the orbitals in said AO basis.

φi(r) =
∑
µ

ci,µχµ(r) (1.7)

where χµ is the basis function µ and ci,µ is the contraction coefficient for orbital i and basis

function µ. The benefit of this expansion is that the integrals required for the computation

of the Fock operator can be computed analytically in the given basis. This gives rise to a

finite basis Fock matrix, expressed in the AO basis

F = T + V + J +
1

2
K (1.8)
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where the integral matrices (T,V,J,K) have elements of

Tµν =
−1

2

∫
χ∗µ(r)∇2χν(r)dr (1.9)

Vµν = −
∑
A

∫
χ∗µ(r)

ZA
|r −RA|

χν(r)dr (1.10)

Jµν =
∑
λκ

∫ ∫
χ∗µ(r1)χν(r1)χ∗λ(r2)χκ(r2)

|r1 − r2|
dr2dr1Pλκ (1.11)

Kµν =
∑
λκ

∫ ∫
χ∗µ(r1)χκ(r1)χ∗λ(r2)χν(r2)

|r1 − r2|
dr2dr1Pλκ (1.12)

where we have introduced the one particle reduced density matrix in the original basis, given

by

Pµν =
N∑
i

ci,µc
∗
i,ν (1.13)

and the summation only runs over the number of occupied orbitals. As a shorthand, we

will express integrals over the AO basis functions as brakets over the AO indices. (e.g.

Tµν = 〈µ| ∇2 |ν〉)
Ultimately this recasts the Fock operator eigenvalue equations into a generalized Fock

matrix eigenvalue equation

FC = SCε (1.14)

Where C is the matrix that collects the AO basis to orbital contraction coefficients and S

is the overlap integral matrix between the AO basis functions.

Due to the mean-field nature of the Fock operator, no electron-electron correlation is

captured through Hartree-Fock theory. The correlation methods mentioned above can use the

Hartree-Fock state as a reference to generate the many-body states required to perform fully

correlated calculations, capturing the electron correlation neglected through HF. Another

approach that is often used to approximately capture electron correlation is the Kohn-Sham

variant of density functional theory (KS-DFT, referred to in this work simply as DFT). In

brief, KS-DFT uses orbitals as intermediate objects to evaluate the one-body and coulomb

contributions to the Hamiltonian, but uses a functional of the density to capture electron
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correlation and occasionally electron exchange. Because KS-DFT and HF share many of

the same objects due to the use of orbitals, we can write a generalized matrix eigenvalue

equation for KS-DFT that is nearly identical to eq. (1.15).

FKSC = SCε (1.15)

where FKS is the Kohn-Sham matrix, given by

FKS = T + V + J + Vxc[P ] (1.16)

Vxc is the exchange-correlation potential in KS-DFT. It is important to note that both HF

and KS-DFT are theories that use a single Slater determinant as their wavefunction ansatz,

so development of new approaches on top of these methods can often be general across both

HF and DFT.

1.2 Real-Time Dynamics

With the theory developed for the TISE, we now move towards the solution of the TDSE. In

general, the TDSE can be solved either in the time domain or the frequency domain. Methods

that solve the TDSE in the frequency domain rely on analysis of residues coming from

infinitesimal perturbations. Because these methods look at the response of the wavefunction

to infinitesimal perturbations, they are referred to as response theory. In contrast, methods

that solve the TDSE in the time domain are referred to as real-time or propagated methods.

Solving the TDSE in the time domain circumvents the truncation of response theory, allowing

for descriptions of non-linear events or coupling to strong fields, and is the starting point for

many non-adiabatic electron-nuclear dynamics.

Because the development in the later parts of this work uses the real-time formalism of HF

and DFT, we will present it briefly here. If a single Slater determinant is used to describe

|Ψ(t)〉, as in HF or DFT, the TDSE can be rewritten for each non-interacting molecular

orbital, φi

i
∂

∂t
φi(t) = f̂(t)φi(t) (1.17)
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Typically, computations are not done in the orbital basis. Instead, the time dependence of

the orbitals is moved to the contraction coefficents.

φi(t) =
∑
µ

ci,µ(t)χµ (1.18)

This allows one to express eq. (1.17) as a matrix equation over contraction coefficents

i
∂

∂t
C(t) = FC (1.19)

A more powerful approach is instead to use the generalization of the TDSE to density

matrices, known as the Liouville-von Neummann equation.

i
∂

∂t
ρ(t) = [Ĥ(t), ρ(t)] (1.20)

ρij = pij |φi(t)〉 〈φj(t)| (1.21)

where pij is the probability of finding a particle in a superposition of pure state i and j. For a

HF or DFT wavefunction, ρ corresponds to the one particle reduced density matrix, (1RDM)

and in the ground state orbital basis, it is the identity matrix for all occupied orbitals and

0 elsewhere. In general, the 1RDM can be expanded in any orthonormal basis, leading to

i
∂P(t)

∂t
= [F(t),P(t)] (1.22)

This is the typical working equation for real-time HF or DFT. If the 1RDM is expressed in

a non-orthonormal basis, factors of the basis function overlap appear on both sides.

The solution of both Equation (1.19) and Equation (1.22) requires sophisticated numer-

ical integration algorithms to ensure stability and preservation of the symmetries of the

Hamiltonian. A detailed discussion of these points is not required for the developments later

in this work, but interested readers can find discussions in references 3 and 4.
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Chapter 2

CLASSICAL EMBEDDING THEORIES

With the theory for solving the TDSE established, we now move on to presenting the

theory surrounding classical embedding theories. These theories are essential to capturing

important physics in systems too large to model with a single quantum mechanical level of

theory.

2.1 Theoretical Approaches to Modeling Environments

In principle, the most accurate methods for modeling molecular systems in an environment

are to model the entire system quantum mechanically (QM). In practice, this treatment is

computationally intractable, so many theoretical models and computational algorithms have

been developed to treat these systems approximately while preserving the accuracy on the

prediction of observables of interest. While computationally intractable, beginning discus-

sion of these approximate models from the fully-quantum mechanical picture allows one to

see the approximations that are made in the process. We will start our discussion by con-

sidering the Hamiltonian of the fully quantum mechanical system in the Born-Oppenheimer

approximation and separating terms by subsystem.

ĤTotal(rH , RH ; rL, RL) = ĤH(rH , RH) + ĤL(rL, RL) + V̂ int(rH , RH , rL, RL) (2.1)

Here, the coordinate r denotes electronic degrees of freedom, R denotes nuclear degrees of

freedom, and ĤX(rX , RX) is the Hamiltonian of the non-interacting subsystem X. We have

labeled one subsystem as H for a “high” level of theory with high accuracy applied to it and

the other as L for a “low” level of theory with a lower accuracy.

Embedding approaches can be organized in a hierarchy of models that approximate the

terms ĤL and V̂ in order to make the overall problem more computationally efficient while
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sacrificing some accuracy. The key to applying embedding approaches correctly is to select

the most efficient model that preserves the essential characteristics of the interactions between

the subsystems. The embedding hierarchy can be considered by the levels of approximations

that are made at each step:

1. Full QM: No approximation is made beyond those of the quantum mechanical method

employed. These are sometimes referred to as “supermolecule” models.

2. QM-in-QM: ĤL is treated at a different level of quantum mechanical theory. The

interaction can be treated as an embedding potential [5, 6] or the low level system can

be projected out of the orbital space.[7] All degrees of freedom are still accounted for;

these methods are generally useful when one wants to apply a high level of ab initio

electronic structure theory to only a portion of a system, but still needs to describe

the environment quantum mechanically.

3. QM-in-explicit: At this level, the electronic degrees of freedom are replaced by elec-

trostatic multipoles and polarizabilities. Nuclear degrees of freedom are still included.

Because of the removal of electronic degrees of freedom, ĤL is generally parameterized

using experimental or ab initio data. V̂ int typically only consists of Coulombic interac-

tions. These methods are useful when long-range Coulombic interactions dominate the

interaction between subsystems, but orientation of the environment is still important,

e.g. ordered environments such as protein active sites or hydrogen bonding between

the subsystems. [1]

4. QM-in-implicit: Both the nuclear and electronic degrees of freedom are accounted for

in an indirect way. The most common approach, the Polarizable Continuum Model,

(PCM) treats the response of the environment as purely through polarization - the

environment is described as a typically uniform dielectric. These approaches can be

extremely affordable as they implicitly account for averaging over an ensemble of ther-
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modynamically accessible structures, but this comes at the cost of being unable to

model specific interactions with the environment. [8]

2.2 Atomistic (QM-in-Explicit) Electrostatic Models

In explicit models, approximations to ĤL and V̂ int are made to approximate the electronic

degrees of freedom by a few electrostatic objects. Arguably the most commonly known atom-

istic model, molecular mechanics (MM), approximates the operators above with “bonding”

and “non-bonding” terms. The form of these bonding and non-bonding terms differ between

implementations, referred to as “force fields.” Although there are many force fields available

which perform best for different systems, the prototypical bond-based force field potential

expression is formulated as

ĤL ≈1

2

∑
b

kb(rb − r0b)
2 +

1

2

∑
a

ka(θa − θ0a)
2 +

1

2

∑
d

kd(1 + cos(ndφd + δd))

+
1

2

∑
i,j

[
VLJ(RL

i , R
L
j ) + Vcoul(R

L
i , R

L
j )
]

(2.2)

The first three terms in Equation (2.2) correspond to the bonded terms — the first is a

harmonic potential that runs over bonds, the second is a harmonic potential that runs over

angles, and the third is a sinusoidal potential that runs over dihedral angles. The last two

terms are non-bonding. VLJ is a standard Lennard-Jones 6-12 potential, and Vcoul is the

Coulombic interaction between partial charges located on each atom. The specifics of all

terms other than the Coulombic term are unimportant for the further developments in this

work because Coulombic interaction is also the term that couples the quantum mechanical

and molecular mechanical subsystems in QM/MM embedding.

V̂ int ≈ 1

2

∑
i

∑
j

−qj
|rHi −RL

j |
+

1

2

∑
i

∑
j

Ziqj
|RH

i −RL
j |

(2.3)

Because the term V̂ int only involves one electronic coordinate, it is typically easy to

account for in ab initio quantum chemistry methods, as it represents a perturbation to the
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one-electron Hamiltonian. For example, in Hartree-Fock (HF) or Density Functional Theory

(DFT), the embedded Fock matrix in the atomic orbital basis is

Fµν = F0
µν −

∑
i

〈µ| qj
|rHi −RL

i |
|ν〉 (2.4)

Here, F0 is the unperturbed Fock matrix. The approximation that the interaction between

the molecular mechanical and quantum mechanical systems can be captured by point charges

interacting with the electronic density is simple yet crude, so many force fields improve on

this term.

One improvement to the Coulombic interaction between the subsystems is to carry out

the multipolar expansion of the charge density in the molecular mechanical region. A general

formalism for coupling arbitrary multipoles through interaction tensors is given by chapter

3 of reference 9. The addition of these multipoles to the interaction part of the overall

Hamiltonian only requires electric potential integrals and their derivatives at each multipolar

site. Increasing the multipolar expansion on each site can provide a more sophisticated

description of the charge density in MM molecules, but it neglects any effect that any external

(QM) charge density has on the MM charge density, i.e. polarization. Recent studies [10,

1, 11] have shown the importance of including polarization in molecular mechanical models

in general. Polarization is particularly important for time-dependent QM/MM embeddings,

since the polarization of the solvent represents electronic reorganization, which occurs on the

same time scale as ab initio electronic dynamics or excitation processes.

Many different models to capture polarization have been developed, including fluctuat-

ing charge models,[12] induced dipole based molecular mechanics,[1, 10] (MMPol) the effec-

tive fragment potential, [13] Drude oscillator models, [14] and the polarizable embedding

model.[15] In this work, we will focus primarily on the induced dipole family of models. For

induced dipole based models in a static field, the charge density of each site is expanded as

a multipolar expansion, and then each multipole is expanded in orders of external electric

field strength. Assuming that induced multipoles higher than the dipole will have negligible

contributions to the charge density change compared to induced dipoles, one can neglect the



11

expansion of high-order multipoles with respect to electric field. The only terms left are the

induced dipole, µindi , expanded in terms of electric field.

µindi = αiE + βiE
2 + γiE

3 + . . . (2.5)

where α is the standard rank-2 dipole polarizability tensor, β is the rank-3 hyperpolariz-

ability, and γ is the rank-4 second hyperpolarizability. Typically, the hyperpolarizabilities

are neglected and α is approximated to be isotropic, [16] leading to

µindi = αiE (2.6)

For QM/MM systems, the form of E can be broken down more explicitly

µindi (ρH) = αi

(
Estatic +E(ρH) +Eext +

∑
j 6=i

Tijµ
ind
j

)
(2.7)

where ρH is the total (electronic and nuclear) charge density in the QM region. The first

electric field contribution comes from all static multipoles, the second comes from the QM

charge density, the third is any other external external field, such as that coming from

an experiment, and the final contribution is the field from all other induced dipoles. The

induced dipole-induced dipole interactions are calculated through the interaction tensor Tij

which may be the bare dipole-dipole interaction tensor,[9] or it may be a damped interaction

tensor in order to prevent overpolarization.[17] From Equation (2.7), it is apparent that the

induced dipoles are dependent on the electronic density. This dependence is the origin of the

mutual polarization that can be accounted for in QM/polarizable MM embedding schemes.

The presence of induced dipoles contributes to both the internal MM energy term and

the interaction operator between systems. With the additional term due to induced dipoles,

the internal MM energy is now given by

ĤL ≈ HL,static +
1

2

∑
i

µi ·EL(Ri) (2.8)

Here, HL,static includes all the terms from Equation (2.2), and EL(Ri) is the electric field

from static multipoles and other induced dipoles at polarizable site i. The interaction term
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now reads as

V̂ int ≈ V̂ int,static +
1

2

∑
i

µi ·EH(Ri) (2.9)

where V̂ int,static includes all terms from Equation (2.3) and EH(Ri) is the electric field from

nuclei and the electron density in the quantum mechanical region at polarizable site i.

2.3 Dielectric (QM-in-Implicit) Electrostatic Models

Rather than describe the environment explicitly, it can be convenient to assume polarization

of the environment dominates the interaction between the environment and the system of

interest. In this case, one can substitute the configurational degrees of freedom in the

environment for a general description of the environment as a dielectric medium in which the

quantum mechanical system is placed. When the environment of interest can be described as

an isotropic dielectric, the problem maps onto Poisson’s equation for electrostatics. Namely,

∇ · [ε(r)∇Φ(r)] = −4πρ(r) (2.10)

Where ε(r) is the position dependent electric permittivity, Φ(r) is the electric potential, and

ρ(r) is the charge density. Continuum models can be also be used when the surrounding

environment is composed of ionic solutions, anisotropic dielectrics, or other metal surfaces,

in which case Equation (2.10) is substituted for the appropriate differential equation, and

the corresponding Green’s function is used to solve the problem. In this article, we will focus

on solving the standard problem presented by Equation (2.10). For a uniform, non-ionic

environment, ε(r) may be represented by

ε(r) =

1 r ∈ cavity

ε r /∈ cavity

(2.11)

Because of the explicit boundary defined by the cavity, the effect of Equation (2.10) may be

captured by representing the polarization of the dielectric as a fictitious charge distribution

on the dividing boundary. The potential in Equation (2.10) is then represented as a sum
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over the ab initio charge density and this charge distribution.

Φ(r) =

∫
ρ(r′)

|r − r′|dr
′ +

∫
Γ

σ(s)

|r − s|ds (2.12)

where Γ is the cavity surface, and σ(s) is the surface charge at s.

The surface charge σ(s) is the solution to the equation[
2π
ε+ 1

ε− 1
I − D̂

]
Ŝσ(s) = −(2πI − D̂)

∫
ρ(r)

|r − s|dr (2.13)

This formulation of PCM is often referred to as the Integral Equation Formalism (IEF)

PCM. Other PCM formulations, such as the Conductor-like Screening Model (COSMO) or

the dielectric PCM (DPCM) formulation, are specializations of the IEF-PCM formalism.

Here we have introduced the integral operators S and D which are defined as

Ŝσ(s) =

∫
Γ

σ(s′)

|s− s′|ds
′ (2.14)

D̂σ(s) =

∫
Γ

σ(s′)
∂

∂ns′

1

|s− s′|ds
′ (2.15)

ns is the normal vector to the surface at s. The physical interpretation of Ŝ is simple — it

represents the field at the surface from the charge elsewhere on the surface. The physical

interpretation of D̂ is more difficult — one could say that it represents the “integral of the

normal field” on the surface. Perhaps a more intuitive way to regard D̂ is to describe it as

the adjoint of the operator D̂∗ which is the electric field normal to the surface. For more

information on these operators, see references 18 and 19.

Practically, solving for σ(s) typically requires discretization of the surface, and assigning

each surface element an area ai and charge, qi, assuming that the surface charge will remain

constant across the element for sufficiently small areas. The definition of qi is then

qi = σ(si)ai (2.16)

This discretization forms a basis in which Ŝ and D̂ can be expressed, transforming Equa-

tion (2.13) into a matrix equation.[
2π
ε+ 1

ε− 1
A−1 −D

]
Sq = −

(
2πA−1 −D

)
V (2.17)
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The matrix forms of Ŝ and D̂ are given by

Sij =


1

|si−sj | i 6= j

k
√

4π
ai

i = j

(2.18)

Dij =


(si−sj)·nj

|si−sj |3 i 6= j

k
√

4πai
2RI

i = j

(2.19)

where RI is the radius of the sphere on which the surface element resides. A is the diagonal

surface element area matrix, and V is the electric potential arising from the QM region.

Once the surface charges are solved for a given QM electronic density, the coupling

between the QM and PCM regions that approximates V̂ int from Equation (2.1) is simply

V̂ int ≈
∑
i

qi

∫
ρ(r)

|r − si|
dr (2.20)

This can be cast into the appropriate basis, depending on the quantum mechanical model

used. For example, in Hartree-Fock or Density Functional Theory, this is a contribution to

the Fock or Kohn-Sham matrix that can be expressed in the AO basis.

Fµν = F0
µν −

∑
i

qi

〈
µ

∣∣∣∣ 1

|r − si|

∣∣∣∣ ν〉 (2.21)

While this expression looks like the non-polarizable MM contribution to the Fock matrix in

Equation (2.4), the values of the charges, q, themselves depend on the electron density. This

creates a mutual QM/environment dependence similar to polarizable MM, meaning that the

surface charge must be solved in parallel with the electronic density for SCF or electron

dynamics procedures.

2.4 Considerations for Choosing Continuum or Discrete Environments

The primary and defining difference between implicitly and explicit environments is the

manner in which they perform configurational sampling. Continuum approaches implicitly

integrate over all configurational degrees of freedom, which can give an accurate description
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of the system-environment interactions, provided that these interactions may be described

in an “average” manner. Whenever the interaction between the environment and system of

interest is strongly dependent on relative orientation, such as in the case of solute-solvent

hydrogen bonding, an explicit environment is necessary. The drawback to atomistic models

is that the configurational sampling must now be done explicitly, often over hundreds or more

structures. This sampling is not trivial — not only does it now require many more quantum

mechanical calculations, care must also be taken while generating the configurations over

which to sample in order to ensure an unbiased and accurate ensemble average. Nevertheless,

atomistic descriptions are necessary if one requires more accurate results than continuum

approaches provide.

An ever more popular approach is to combine the methods in order to minimize the

computational cost of configurational sampling while also allowing for some specific system-

environment interactions. These “layering” methods are no more theoretically challenging

than either of the methods on their own. The challenge lies primarily in their implemen-

tation rather than their conception. The electrostatic objects in each model contribute to

the energy and polarization of each other simply by additional terms in the potential or

fields of Equation (2.7) and Equation (2.17). Layered models may also be used to com-

pose any variety of environmental description within another. A common use is to embed

a quantum mechanical region inside of a polarizable explicit environment, and then embed

that entire system within a non-polarizable explicit environment. [11] Another, more tech-

nically challenging, use of layered models is to use multiple models for different sections of a

heterogeneous environment, such as a molecule on a plasmonic nanoparticle in solution. [20]

Finally, especially when performing dynamics calculations, one must consider what re-

sponse (e.g. orientational, vibrational, electronic) is desired from the environment. Non-

polarizable explicit methods offer no environmental response to quantum dynamics, polar-

izable explicit methods only capture electronic response, and implicit methods primarily

capture orientational response. More discussion of these points is given in the following

section.
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2.5 Embedded Real-Time Dynamics

The time-dependent Schrödinger equation (TDSE) governs all spectroscopy and dynamics

of a quantum mechanical system.

i
∂Ψ(t)

∂t
= Ĥ(t)Ψ(t) (2.22)

Embedded quantum mechanical systems are no different, so the use of standard techniques

to solve the TDSE also apply to mixed quantum/classical systems. Chapter 1 discusses the

solution techniques for the TDSE, so here we will only discuss the contributions from the

environment. It is worth noting here that static perturbations, i.e. those that do not depend

on the electronic density, will not contribute to changes to the theory or working equations

of the TDSE. The effect of embedding schemes such as non-polarizable molecular mechanics

on time-dependent properties is simply to provide a static field in which to solve the TDSE,

and any time-dependent response of the environment is neglected.

For polarization-including embedding methods, polarization terms that are induced by a

time-dependent electronic density are themselves time-dependent.

H(t) = H0(t,P(t)) + V(P(t)) (2.23)

For explicit embedding models that include induced dipole polarization, the additional po-

larization term is given by

V dipole
λν (P(t)) = −1

2

∑
p

〈λ| µp(P(t)) · (Rp − r)

|r−Rp|3
|ν〉 (2.24)

where

The time dependence of the polarization terms originates entirely from the time depen-

dence of the induced dipoles. For induced dipole, explicit embedding models, the simplest

and most common treatment of the time dependence of the induced dipoles is to neglect

the frequency dependence of the polarizability. Because induced dipole models attempt to

capture electronic polarization, not configurational polarization, this approximation often
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performs well. Specifically, the “static polarizability” approximation holds when the ex-

citations of the environment lie far away from the dominant frequencies arising from the

time dependent quantum region. Within this approximation, the governing equation for the

induced dipoles is the same as Equation (2.7) with the time-dependent electronic density.

For PCM, the treatment of the time dependence of the induced surface charges is more

complicated, since the dielectric permittivity captures both configurational and electronic

polarization. Typically, the polarization of the cavity is separated into two terms: a “slow”

polarization and a “fast” polarization. The slow polarization term is kept fixed for the

duration of the simulation, whereas the fast polarization is allowed to come to equilibrium

at each time step. Early models separated the polarization of the cavity into configurational

(slow) and electronic (fast) components. [21] Later models separated the polarization of the

cavity into inertial (slow) and dynamic (fast) components. [22, 8] This scheme differs from the

first by including electronic polarization that is induced by the configurational polarization

in the inertial (slow) component, rather than the electronic (fast) component. Practically,

however, this is simply an implementation difference. Both models give rise to the same total

potential on the quantum mechanical system and give rise to the same changes in properties

of the system of interest. [23] A more detailed discussion of the difference between these

models can be found in reference 8.

In a similar manner to the explicit solvation models, the frequency dependence of the di-

electric permittivity is typically neglected after the polarization separation scheme is chosen.

The fast polarization is then solved by substituting the optical dielectric constant for the

static dielectric constant in the PCM working equations. Once the fast component of the

cavity polarization is determined, the time dependent potential acting upon the quantum

mechanical system is then

VPCM
µν (P(t)) = −

∑
i

(qslowi + qfasti (P(t))〈µ| 1

|r − si|
|ν〉 (2.25)
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Chapter 3

ELECTRONIC DYNAMICS WITHIN AN EQUILIBIRIUM
POLARIZABLE QM/MM MODEL

Mixed Quantum Mechanical and Molecular Mechanical (QM/MM) simulations have been

increasing in popularity, since they allow for an inexpensive description of a chemical envi-

ronment (such as a protein) around a system of interest (such as an active site). However,

traditional molecular mechanical models in which the charge distribution of molecules is a

sum over static monopoles have often been shown to be too simplistic for many applications.

This is especially the case when performing quantum dynamics calculations, since the re-

sponse of the environment is completely neglected. Polarizable molecular mechanics methods

have been developed to overcome this limitation, but prior to this work, no implementation

of ab initio real-time quantum dynamics within polarizable molecular mechanics models had

been developed. In this chapter, the theoretical framework for the real-time dynamics of a

polarizable QM/MM system is given, and the application to a couple of systems of inter-

est is shown. The work presented in this chapter has been adapted with permission from

Donati, G., Wildman, A., Caprasecca, S., Lingerfelt, D.B., Lipparini, F., Mennucci, B. and

Li, X., 2017. Coupling real-time time-dependent density functional theory with polarizable

force field. The Journal of Physical Chemistry Letters, 8(21), pp.5283-5289. Copyright 2017,

American Chemical Society.

3.1 Motivation

One of the most widely-employed techniques for calculating linear absorption spectra of

molecular systems, the linear response time-dependent density functional theory (LR-TDDFT)[24,

25, 26, 27], relies on the application of response theory to a ground-state ‘reference’ wave
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function. The response function is expressed as a series expansion in orders of the perturba-

tion strength, so high-order terms and explicit electronic dynamics are inaccessible under this

approach. Alternatively, one may directly solve the time-dependent Schrödinger equation

to simulate the photoexcitation dynamics using the real-time TDDFT approach.[28, 29, 30,

31, 32] This method not only incorporates all higher order terms ignored by any level of re-

sponse theory,[33] but it also opens the door to a time-resolved description of the changes in

the system’s electronic structure affected by the environment, disentangling the potentially

diverse effects of system-environment interactions following electronic excitation.

The environment acts as an external perturbation to the system, causing deviations in

its temporal evolution with respect to that of an equivalent isolated system. Interactions

between the system and the environment as they mutually evolve in time cause properties

of the system to depend (in potentially non-obvious ways) on the environmental degrees of

freedom. The environment can not only impose changes in the system’s conformation through

steric interactions [34, 35], it can also significantly alter the system’s electronic structure via

noncovalent interactions leading to changes in the system’s response to electromagnetic fields

[36, 37, 38] (i.e. spectroscopic properties) and chemical reactivity.[39, 40, 41, 42]

A wide variety of theoretical models have been proposed to capture the essential aspects

of the system-environment interactions while reducing the large number of degrees of freedom

required to describe the environment. Among such approaches, continuum solvation models

treat the environmental degrees of freedom implicitly, sacrificing any atomistic description

thereof. The combination of continuum models and QM descriptions of the system has shown

to give an accurate description of system-environment interactions, in all the cases where the

latter can be represented in terms of an average effect.[43, 44, 8, 45] However, an atomistic

description of the environment becomes necessary when the change in the system’s properties

are the result of specific system-environment interactions which strongly depend on the rel-

ative orientation and distance between the two (e.g. solute-solvent hydrogen bondings).[46]

To preserve the atomistic nature of the environment, hybrid models were devised in which

the system electronic degrees of freedom are treated quantum mechanically (QM), while the
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environment is described at a classical level (often through molecular mechanics (MM)).

[47, 48, 49] The most common examples of hybrid QM/MM models include the effect of the

classical environment on the QM system using fixed point charges to represent the environ-

ment atoms. This “electrostatic” embedding approach has shown to capture the large part of

the environment effects, but obviously it cannot model any mutual polarization between the

system and its environment. To overcome this limitation, in recent years hybrid QM/MM

models have been generalized to include a “polarizable” embedding. Many approaches for

including the polarization of the system by its environment (and vice versa) have been

explored, including the so-called “Effective Fragment Potential Method”[50, 51], “induced

dipoles”[52, 1, 53, 54, 55], “fluctuating charges”[56, 57, 58, 59], and Drude oscillator-based

models[14]. In this chapter, the induced dipole formulation of polarizable MM (MMPol)

is employed to describe the the environment degrees of freedom, while the system degrees

of freedom are treated quantum mechanically via the time-dependent self consistent field

approach.

In particular, the QM/MMPol formulation is here extended to RT-TDDFT for com-

putations of spectroscopic quantities and simulations of the electronic dynamics of chemical

systems embedded in a large polarizable force field. LR-TDDFT calculations on QM/MMPol

systems have already been performed and validated in previous works to simulate electronic

spectra of (supra)molecular systems in complex environments.[52, 11, 60, 61, 62]. Very re-

cently, an example of the extension of MM polarizable embeddings to RT-TDDFT has been

presented within the software deMon2k that relies on auxiliary fitted densities.[63]

3.2 Theoretical Approach

The time-dependent electronic degrees of freedom of the quantum subsystem are modeled

with the RT-TDDFT approach,

i
dP(t)

dt
= [K(t),P(t)] (3.1)



21

where K and P are the Kohn-Sham/Fock and density matrices in the orthonormal basis, re-

spectively. Equation (4.10) is integrated using the modified midpoint unitary transformation

(MMUT) approach, a second order “leap-frog” style algorithm,[28, 64, 29, 65]

P(tk+1) = U(tk) ·P(tk−1) ·U†(tk)

U(tk) = C(tk) exp [−i2∆t λ(tk)]C(tk) (3.2)

λ(tk) = C†(tk) ·K(tk) ·C(tk)

where C and λ are the eigenvectors and eigenvalues of the Kohn-Sham/Fock matrix.

To describe the many-electron dynamics embedded in a polarizable force field, one needs

to integrate the mutual interaction and polarization between the TDDFT and MMPol sub-

systems during the reaction dynamics.

The interaction between the polarizable environment and the quantum system is intro-

duced via a density-dependent operator, VMMPol, in the Kohn-Sham/Fock matrix,

K′(t) = K′0(t,P′(t)) + VMMPol(q,µ(P′(t))) (3.3)

where K′0 is the perturbation-free Hamiltonian matrix for the QM region. Note that primed

notations reference corresponding matrices in non-orthogonal atomic orbital basis.

VMMPol(q,µ(P′(t))) is the time-dependent interaction potential induced by the MM charges

and induced dipoles µ(t) from the MMPol region. This perturbation term represented in

the atomic basis (λ, ν, ...) takes on the following form,[52, 1]

V MMPol
λν = −

∑
i

〈λ| qi
|r−Ri|

|ν〉

−
∑
p

〈λ| µp(P
′(t)) · (Rp − r)

|r−Rp|3
|ν〉 (3.4)

where we use R and R to indicate nuclear coordinates in the MM and QM regions, respec-

tively. The bra-ket notation implicitly integrates over the electronic degrees of freedom r.

We also use the index p and p′ to label the polarizable sites in the MM region.

During the time-evolution of the quantum electronic dynamics, the Kohn-Sham/Fock

matrix (eq. (4.11)) is computed on-the-fly at every time step by including the time-dependent
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perturbing potential (eq. (4.12)) arising from the induced MM dipoles µp(P
′(t)). The time-

dependence of the MM dipoles µp(t) arises from the fact that the dipoles are computed as

the linear response to the electric field produced by the MM charges and time-dependent

QM density, by solving the following linear system of equations

µp(t) = αp(Ep(P
′(t)) +

∑
p′ 6=p

S
(3)
pp′
µp′(t)

|Rpp′ |3

−
∑
p′ 6=p

S
(5)
pp′

3Rpp′(Rpp′ · µp′(t))
|Rpp′|5

) (3.5)

where αp is the static polarizability tensor at MM site p. S
(3)
pp′ and S

(5)
pp′ are screening factors

depending on the MM topology which are introduced to avoid overpolarization effects.[66,

17, 67] S
(3)
pp′ and S

(5)
pp′ parameters used in the following case studies are tabulated in the

Supplementary Information. In this work, we only consider static polarizabilities of the

environment. This is a reasonable and useful approximation for cases where the electron

field generated by the QM region is much slower than that from the MM region.

In eq. (3.5), we have assumed that the electronic degrees of freedom of the environment,

modelled here by the induced dipoles, respond instantaneously to the electric field produced

by the time-dependent electronic density of charge ρ(r, t) at each polarizable site p:

Ep(P
′(t)) =

∑
i 6=p

qi
Rp −Ri

|Rp −Ri|3

+
∑
i

Zi
Rp −Ri

|Rp −Ri|3

+

∫
ρ(r, t)

Rp − r

|Rp − r|3dr (3.6)

In addition, we assume that the process of geometrical relaxation (reorientation) of the

environment happens at a slower timescale than the one investigated, and therefore we keep

the positions of the MM atoms frozen.
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3.3 Case study 1: Coumarin

The first case study is the solvatochromic dye coumarin 153[68, 69, 70, 71, 72, 73, 74, 75,

76, 77], a member of a class of molecules widely employed as sensitizers in solar cells.[78]

The RT-TDDFT/MMPol electronic dynamics of the coumarin 153 dye in methanol solvent

are simulated to resolve the absorption spectrum. All the calculations were performed by

employing the PBE0[79] hybrid functional with the 6-31G(d) basis set.[80, 81] Coumarin

153 was placed in a box of 175 methanol molecules and a schematic picture is given in

fig. 3.1.[82, 83]

Figure 3.1: Schematic picture of coumarin 153 in methanol solution. The QM region is shown
in a ball and stick representation while the MMPol region is shown in a line representation.

The solvation box was previously equilibrated using the Amber parm99SB force field.[84,

85, 86] LR-TDDFT and RT-TDDFT calculation were performed at QM/MMPol theory level

in order to obtain absorption spectra that include solute/solvent mutual polarization. The

real-time dynamics simulations were performed for 15 fs with an electronic time step of ∼0.25

attoseconds. The external electric field employed to perturb the system had an intensity

of 0.0001 a.u., low enough to allow a linear approximation of the system response to the
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perturbation. The external field was applied only for the first step of the dynamics and then

turned off for all the rest of the simulation. The spectrum from RT-TDDFT simulations was

obtained by using the Padé approximant of the Fourier transform. This approach has been

shown to accelerate the convergence of the Fourier transform, allowing for shorter simulation

timescales.[87, 65, 88, 89] Isotropic static atomic polarizabilities derived by Wang and co-

workers were employed. The Amber linear model, already employed for protein simulations

performed at QM/MMPol theory level,[1, 61] was used for the screening factors.[67] Dipole-

dipole, charge-dipole and charge-charge interactions are taken into account depending on the

connectivity, and 1-2 and 1-3 bonded neighbors are excluded. Because a polarizable MM

scheme was used, the set of partial charges of the non-polarizable Amber force field could not

be employed in the calculations. So, a new set of partial charges was derived [90] according

to the chosen polarization model. All calculations were performed with a modified version

of the development version of the Gaussian software.[91]
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Figure 3.2: Absorption spectrum of coumarin 153 in methanol solution computed with LR-
and RT-TDDFT/MMPol methods. Oscillator strengths from the LR-TDDFT calculation
are also shown as black sticks.
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Figure 3.3: Schematic picture of 11-cis retinal protonated Schiff base in a shell of residues
from bovine rhodopsin. The QM region is shown in a ball and stick representation and the
MMPol region is shown in a line representation. The chromophore is covalently bonded to
the Lys296 residue. The free valency created on Cδ by the division of the QM and MM
regions was capped with a hydrogen link atom. See Ref. 1 for details in the partitioning
scheme.
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Figure 3.4: Absorption spectrum of RPSB in bovine rhodopsin calculated with LR- and
RT-TDDFT/MMPol. Oscillator strengths from the LR-TDDFT calculation are shown as
black sticks.
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The spectrum of coumarin in methanol calculated using the Padé transformation from

15 fs of RT-TDDFT dynamics is shown in fig. 3.2. Two absorption peaks dominate the

spectrum, one peak centered at 3.27 eV and the other at 6.12 eV; the more energetic peak

is about twice as intense as the first. In order to validate the developed method, the absorp-

tion spectrum is compared to the LR-TDDFT calculation coupled with the same MMPol

approach. Figure 3.2 shows that the LR- and RT-TDDFT spectra are in excellent agreement.

3.4 Case study 2: Rhodopsin

The coumarin model system provides good support for the validity of this model in the case

of a solute/solvent system. However, simulating a heterogeneous environment such as that

provided by a protein is much more challenging. In order to test the RT-TDDFT/MMPol

method developed in this work, the 11-cis retinal protonated Schiff base (RPSB, fig. 3.3)

in bovine rhodopsin residues was investigated. Simulations were carried out at the CAM-

B3LYP[92]/6-31G(d)[80, 81] level of theory. The structure was obtained from a cluster

analysis of frames extracted from QM/MM molecular dynamics (MD) trajectories where the

QM part was treated within DFT using the PBE exchange-correlation functional (see Ref.

11 for the details).

The interactions with the surrounding residues strongly affect the optical properties of the

chromophore. Even small changes in the conformations of residues can significantly shift the

absorption.[93] Including mutual polarization between the environment and RPSB is required

in order to accurately recover the excitation energies,[93] and because RPSB undergoes a

cis/trans photoisomerization,[94, 95, 96, 97] accurate descriptions of the early-time electron

dynamics are essential for understanding this process. The comparison between the LR- and

RT-TDDFT for RPSB are shown in fig. 3.4. Again, the spectra show excellent agreement,

with all of the peaks showing the same positions and relative intensities between methods.

It is also informative to investigate the dynamics of the net dipoles in both the QM and MM

regions. As can be seen in fig. 3.5, the net dipole in the MM region shows anti-oscillatory

behavior compared to that in the QM region. Because the dipoles are being propagated
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instantaneously with the perturbed electronic density, this behavior is expected; the dipoles

are responding to the changing electronic density by aligning to the lowest energy position -

against the dipole in the QM region.
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Figure 3.5: Evolution of the net dipole in both the QM and MMPol region. Note the different
scales on left and right axes.

We conclude the discussion by commenting about the nature of the response of the

environment included in the present RT-TDDFT formulation.

Polarizable embeddings introduce a specificity which is not present in non-polarizable

embeddings. [98, 99, 100, 101] When we consider an electronic excitation in the QM subsys-

tem, the electronic component of the environment response (here represented by the induced

dipoles) can be determined by either the corresponding transition density or the change in

the electronic density between ground and excited state. The former response is accounted

for in a LR-TDDFT approach while the latter requires going beyond the standard TDDFT

formulation and calculating the relaxation of the electronic density upon excitation. To

account for this State-Specific (SS) term within a TDDFT framework, different approxima-

tions have been proposed.[102, 75, 103, 55] The simplest one is a perturbative correction

to the excitation energy which is calculated in terms of the interaction between the change



28

Method Energy (eV)

LR/Vacuo 2.4775

LR/MMPol 2.6581

RT/MMPol 2.6647

cLR/MMPol 2.7635

Table 3.1: First excitation energy of RPSB calculated with different TDDFT formulations.

in the electronic density and the corresponding change in the electronic component of the

environment polarization. Such an approach (commonly known as corrected LR, or cLR)

was originally proposed for PCM,[102] but it has been more recently extended to the induced

dipole formulation of polarizable MM,[55] and it is also used here (table 3.1).

The setup of the real time simulation, i.e., the system in the ground state is perturbed

with a very short pulse and then left to evolve, is consistent with the assumptions made

in LR-TDDFT. Consequently, the RT-TDDFT results match the LR-TDDFT ones, while

the state-specific (SS) corrected shift is larger. This discrepancy is of particular interest

for understanding the different regimes modeled by the LR and SS approach. Since a com-

plete consensus on how to describe excited states of solvated (or embedded) systems using

classical polarizable models has not yet been achieved, we expect the RT formalism to be

able to provide clearer insights into how to properly describe the response of environment to

excited state dynamics. A detailed investigation of these aspects will be object of a future

communication.

3.5 Summary

Real-time TDDFT is coupled with a polarizable QM/MM model, connecting the propagation

of a wave function with the mutual polarization between the QM system and the environment.

The proposed method was successfully validated by comparing the spectrum calculated by
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both this method and LR-TDDFT of two completely different systems: a solvatochromatic

dye in methanol solution and a chromophore in its protein environment.

Until now RT-TDDFT simulations of solvated systems or protein environments were

either based on computationally expensive full quantum mechanical time-dependent theory

or coupled with the mean-field time-dependent polarizable continuum model. With the time-

dependent mutual polarization approach introduced in this work, the coupled RT-TDDFT

and polarizable force field approach holds the potential to accurately probe the ultrafast

non-equilibrium interaction between both the solvent and solute degrees of freedom and a

chromophore embedded in its protein environment.
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Chapter 4

NONEQUILIBRIUM ENVIRONMENT DYNAMICS IN A
FREQUENCY-DEPENDENT POLARIZABLE EMBEDDING

MODEL

Up to this point, we have only considered a model which allows the environment to re-

spond instantaneously to changes in the electronic density. This is not realistic, since the

polarization response in the environment is also due to electronic motion, so the polariza-

tion should move on the same time scale as the quantum mechanical electronic motion. In

this chapter, a model that accounts for these time scales is developed by using a frequency-

dependent polarizability in the molecular mechanical region. The work in this chapter was

adapted with permission from Wildman, A., Donati, G., Lipparini, F., Mennucci, B. and Li,

X., 2018. Nonequilibrium environment dynamics in a frequency-dependent polarizable em-

bedding model. Journal of Chemical Theory and Computation, 15(1), pp.43-51. Copyright

2019 American Chemical Society.

4.1 Motivation

A fully quantum mechanical treatment of chemical systems interacting with their environ-

ment is still a computationally unfeasible approach. Because of that, approximate methods

are commonly used where quantum and classical methods are applied to the two different

components of the whole system. Among them, hybrid quantum mechanics/molecular me-

chanics (QM/MM) methods[47, 48, 49, 104, 105, 106] are particularly successful mostly due

to the fact that they keep an atomistic description of the environment. Within this frame-

work, the chemical system of interest is treated at the selected QM level of theory whereas

the environment is described through a given MM force field.
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Early QM/MM models ignored the direct influence of the MM region on the QM descrip-

tion (this scheme is generally denoted as mechanical embedding), but currently, almost all the

applications of these methods account for this influence through electrostatics (electrostatic

embedding). More recently, mutual polarization effects have been added through polarizable

embedding schemes. Within this framework, a variety of methods have been proposed so far.

Some strategies are based on a “fragmentation” approach where the full system is divided

into fragments, some QM level is selected to calculate the wave function, energy, and prop-

erties of each fragment in the field of the others, and finally the results from the fragment

calculations are combined to predict the same properties for the whole. Well known examples

of this strategy are the effective fragment method (EFP),[107] and the explicit-polarization

method (X- Pol)[108] A less expensive formulation uses parameters for describing the clas-

sical polarizable subsystems either using “induced dipoles,” [109, 52, 110, 111] “fluctuating

charges,” [56, 57, 58] and Drude oscillators [14]. In particular, in the induced dipole formu-

lation of polarizable MM (from now on indicated as MMPol), each classical polarizable site

is described through a fixed charge (or a multipolar expansion) and a polarizability.

A typical application scenario for MMPol methods is the modeling of solvatochromic ef-

fects in solvated or embedded molecules. [112, 113, 55, 15, 114, 115] The MMPol description

can be used in such a case to describe the shift of the absorption (or emission) frequencies

and the change in intensities due to the presence of an environment. Notably, MMPol models

are able to capture not only the modifications induced by the environment on the electronic

structure of the chromophore, but also the way the environment responds to such a change.

A standard assumption in these models is that the polarization of the environment can re-

spond instantaneously to changes in the electron density of the chromophore (neglecting

the possible relaxation of its geometry and configuration around the chromophore, due to a

much slower time scale). From an experimental point of view, this instantaneous polarization

response corresponds to a scenario where the environment is transparent at the absorption

frequencies of the chromophore. A reasonable assumption in such a case is that the environ-

ment polarization responds with a frequency-independent (i.e. static) polarizability.
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This is, of course, an approximation, as the polarizability of the environment does indeed

depend on the frequency. In the case that the environment absorbs light at much higher

frequencies than the system of interest (sometimes called the “non-resonance” condition), this

approximation is fully justified.[116] However, the optical response of the environment is fast,

but not instantaneous, and retardation and relaxation effects can be expected on a very short

time scale. Furthermore, a much more dramatic effect can be observed if the environment

can become resonant with the external field or with the excitation of the chromophore. Such

a regime can either correspond to the environment itself absorbing light, or with it exhibiting

global oscillation modes that have a similar frequency to the chromophore absorption one.

An example of the latter scenario is given by metal nanoparticles, which have plasmonic

modes that can resonate with molecular transition energies, greatly enhancing the molecular

response.

While a classical description of an environment that is capable of absorbing light may not

be adequate, classical models for plasmonic systems have already been proposed and can be

considered well established.[117, 118, 119, 120, 121, 122] In the case of plasmonic systems,

the environment may be homogeneous enough to model using continuum approaches, but a

molecular mechanical model will allow for the general modeling of complex environments with

specific interactions between the subsystems, such as hydrogen bonding. Both the modeling

of ultra-fast retardation effects in the environment response and of enhanced spectroscopies,

where the enhancement is produced by a nearly resonant interaction of the chromophore with

some collective mode of the environment, require the introduction of a frequency dependent

MMPol model, referred to here as ωMMPol. Frequency dependent force fields have been

previously developed, [123, 124] however these works have only considered a polarizability

at specific frequencies and have always been used in conjunction with response theory.

In this work, we pursue a different approach. The goal of this work is to develop a

framework for allowing time-propagation of a QM/MMPol system in the cases where the

non-resonance condition is not satisfied, and a frequency dependent force field must be

considered. First, we will detail the model formalism, then we will validate the method, by



33

investigating the capability of the ωMMPol model to describe the nearly resonant regime for

simple model systems.

4.2 Theory

Previous work [125] has developed a method for performing electron dynamics calculations

in a MMPol approach, but made the critical assumption that the polarizability of the MM

sites was frequency independent. In other words, the response of the polarizable environment

considers only an instantaneous static field perturbation by ignoring the “memory”, history

or frequency of the perturbation. This assumption holds for systems which fulfill the “non-

resonant condition” that the perturbing frequencies are very different than the intrinsic

response or the optical excitation frequencies of the environment. This assumption breaks

down when the absorption bands of the environment and system of interest overlap as well as

when the full spectrum of the system of interest is desired. To properly describe environment

response in the presence of near-resonant perturbations, the polarizability must be frequency

dependent.

Here we begin with expressing the induced dipoles as a power series in the perturbing

field [126, 127]

µ̃(ω, ω′, . . . ) = µ0 + α̃(ω)Ẽ(ω)

+ β̃(ω, ω′)Ẽ(ω)Ẽ(ω′) + . . . (4.1)

where α̃(ω) is the frequency-dependent polarizability tensor, which is related to the linear

refractive index and is responsible for linear absorption. β̃(ω, ω′) is the first hyperpolariz-

ability which gives rise to the second-harmonic generation and optical rectification. In this

work, we will focus on introducing α̃(ω) into the framework of a dipole-based polarizable

force field.

The first-order frequency-dependent dipole term in eq. (4.1) is

µ̃(ω) = α̃(ω)Ẽ(ω) (4.2)
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Fourier transforming eq. (4.2) and applying the convolution theorem leads to the time-

dependent dipole moment formalism,

µ(t) =

∫ t

−∞
α(t− t′)E(t′)dt′ (4.3)

Equation (4.3) suggests that the time-dependent dipole moment has a notion of “history,”

as it depends on the value of the electric field at all previous times.

To deploy eq. (4.3) in the context of a polarizable force field, a time-dependent expression

of the polarizability is required. We proceed as follows. Linear response theory can be used

to obtain an expression for the frequency-dependent polarizability, which is given by the

dipole-dipole linear response function

α̃ab(ω) =
∑
n>0

{
〈0| µ̂a |n〉 〈n| µ̂b |0〉

ω − ωn0

− 〈0| µ̂b |n〉 〈n| µ̂a |0〉
ω + ωn0

}
(4.4)

where a and b are Cartesian coordinates. In eq. 4.4, ω and ωn0 are the driving frequency of

the external perturbation and the resonant frequencies of the perturbed molecular system.

In polarizable force fields, isotropic polarizabilities are usually employed. [16] Under such an

assumption, eq. (4.4) reduces to

α̃(ω) =
∑
n>0

−| 〈n| µ̂ |0〉 |2 2ωn0

ω2 − ω2
n0

(4.5)

A time dependent polarizability can then be recovered via Fourier transform

α(t) =
∑
n>0

| 〈n| µ̂ |0〉 |2 sin(ωn0t). (4.6)

Equation (4.6) is a simple trigonometric polynomial that requires the knowledge of tran-

sition dipole moments and resonant frequencies, which are both readily obtainable or pa-

rameterized from spectroscopic measurements and/or electronic structure calculations.

In a complex molecular system, the time-dependent dipole moment in eq. (4.3) usually

does not have an analytically integrable expression. The complexity arises from the unknown
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form of the electric field at each polarizable site. In this work, we discretize the electric field’s

evolution in time, assuming that over a short interval, it is constant,[128, 30]

E(t) = E(t−∞)

+ (E(t0)−E(t−∞))Θ(t− t0) + . . .

+ (E(tk)−E(tk−1))Θ(tk − tk−1) (4.7)

for tk ≤ t < tk+1. Inserting ∆Ek = E(tk)−E(tk−1) into the integral in eq. (4.3), we have

µ(t) = µ(t−∞) +
k∑
i=0

∆Ei

∫ t

ti

α(t− t′)dt′ (4.8)

Because the time-dependent polarizability in eq. (4.6) has an easily integrable form, this

expression can be simplified to

µ(t) = µ(t−∞)

+
k∑
i=0

∆Ei

∑
n>0

| 〈n| µ̂ |0〉 |2
ωn0

(1− cos(ωn0(t− ti))) (4.9)

Equation (4.9) will serve as the theoretical foundation for introducing the frequency-dependent

polarizability into the framework of a polarizable force field, namely ωMMPol. It should be

noted that, due to the interest in correctly capturing the optical response of the environment,

nuclear motion is currently neglected in ωMMPol, and any vibrational, rotational, and ge-

ometric relaxation contributions to environment polarization response will not be captured.

This approximation is sufficient for short timescales on which nuclear motion will be small.

In this work, we investigate the effect of a frequency-dependent or non-instantaneous

polarizable environment in the form of eq. (4.9) on the electronic dynamics of a simple

test system. Understanding the interplay between the time-dependent quantum system and

ωMMPol is crucial not only for laying the theoretical groundwork and validation for the

proposed ωMMPol, but also for providing physical insight into the non-equilibrium photo-

chemical dynamics.
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The time-dependent quantum system is modeled in this chapter with the real-time time-

dependent density functional theory (RT-TDDFT), equation for TDDFT.

i
dP(t)

dt
= [K(t),P(t)] (4.10)

where K and P are the Kohn-Sham/Fock and density matrices in the orthonormal basis,

respectively. The perturbation from the MMPol region enters the Hamiltonian matrix in the

atomic orbital basis (primed notation) as

K′(t) = K′0(t,P′(t)) + VMMPol(q,µ(t)) (4.11)

Note that, in contrast to previous time dependent polarizable embedding models, the dipoles

are explicitly time-dependent rather than dependent on time only through the external field

and time-dependent electron density.

The term that couples the electronic dynamics to the environmental dynamics is given

by

V MMPol
λν =−

∑
i

〈λ| qi
|r −Ri|

|ν〉

−
∑
p

〈λ| µp(t) · (Rp − r)

|r −Rp|3
|ν〉 (4.12)

where the Greek indices refer to atomic orbitals, r is the electronic coordinate, and R

is the coordinate of a site within the MM region. Equation (4.10) is integrated using the

modified midpoint unitary transformation (MMUT) approach, a second order “leap-frog”

style algorithm,[28, 64, 29, 65]

P(tk+1) = U(tk) ·P(tk−1) ·U†(tk)

U(tk) = C(tk) exp [−i2∆t λ(tk)]C(tk) (4.13)

λ(tk) = C†(tk) ·K(tk) ·C(tk)

where C and λ are the eigenvectors and eigenvalues of the Kohn-Sham/Fock matrix.
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The electric field at any time can be calculated as follows

E(t,Rp) =
∑
λ,ν

P ′λν(t) 〈λ|
Rp − r
|r −Rp|3

|ν〉

+
∑
p′ 6=p

Tpp′ · µp′(t) +Eext(t) (4.14)

+Eq,nuc (4.15)

where Eq,nuc gathers the electric field from the point charges and nuclei and Tpp′ is the dipole

relay matrix, defined as

Tpp′ =S
(3)
pp′

1

|Rp −Rp′ |3

− 3S
(5)
pp′

(Rp −Rp′)(Rp −Rp′)

|Rp −Rp′ |5
(4.16)

where S
(3)
pp′ and S

(5)
pp′ are screening and damping functions that are introduced in the model in

order to avoid overpolarization. [66] A complete review of our MMPol implementation can

be found in ref. 53.

4.3 A numerical validation

To validate the model and understand the fundamental physical behavior of ωMMPol, we

consider a single ωMMPol site driven by a continuous oscillatory external wave with a fre-

quency of ω = 0.4746 a.u. and an amplitude of 0.025 a.u. For these simulations, three

values of ωn0 for the ωMMPol site were explored: 0.2, 0.45, and 0.6 a.u. (referred to as the

driving-above, driving-near, and driving-below resonance cases, respectively). In order to

analyze these simulations as different perturbations on the same ground state, the extrapo-

lated polarizability of each polarizable site was set to 5 a.u. by tuning the squared transition

dipole moment (| 〈n| µ̂ |0〉 |2) to 0.5, 1.125, and 1.5 a.u. for the ωn0 equal to 0.2, 0.45, and

0.6 a.u. cases, respectively. These cases were compared to the instantaneous propagation

method for reference, and the explicitly propagated cases provide insight into systems that

are driven with a frequency above, near, and below the environment’s response, respectively.
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Figure 4.1: Induced dipole response to an external field of 0.4764 a.u. The induced dipoles
had fundamental frequencies of 0.2 (green, solid), 0.45 (blue, dashed), and 0.6 (purple,
dotted) a.u. The top panel shows the external field (grey).

Figure 4.1 shows the induced dipole’s response at the ωMMPol site to an external contin-

uous wave. As a framework for understanding the non-instantaneous response of the induced

dipoles in the environment, consider an undamped, driven harmonic oscillator.[129] If the

driving force has a higher frequency than the oscillator’s fundamental frequency (ω > ωn0),

the oscillator cannot respond quickly enough to the driving force, and nearly no response is

expected. Similarly, if the driving force is higher in frequency than the oscillator’s funda-

mental frequency (ω < ωn0), the oscillator will have enough time to come to equilibrium with

the driving force, and a steady state solution is expected to be achieved quickly. For the case

where the driving force is near resonance (ω ≈ ωn0), the oscillator is expected to exhibit large

response. As can be seen in fig. 4.1, the response of the induced dipole behaves like a driven

oscillator; the driving-above-resonance case has little response, the driving-below-resonance

case achieves steady state quickly, and the driving-near-resonance case demonstrates a large
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response.

When a ωMMPol site is coupled to a time-dependent QM subsystem, the total system will

undergo a complex time-evolution due to the time-dependent mutual polarization between

the QM and MM subsystems. The goal of TDQM/ωMMPol model is to provide inexpensive,

yet sufficiently accurate descriptions of the time-dependent mutual polarization that governs

non-equilibrium photophysical processes. The following discussion will focus on the effect of

the non-instantaneously responding environment on the quantum electronic dynamics.

One of the simplest and most intuitive test cases in time-dependent quantum mechanics

is Rabi oscillations – a phenomenon in two level systems which causes population inversion

between states when driven on resonance with the excitation energy. In these simulations,

the two-level system is generated by H+
2 with the minimal STO-3G basis set.[28] Note that

because this system is a one-electron doublet state, it does not suffer from the two-electron

Rabi frequency shift due to the irrepresentable closed-shell singlet excited states.[28, 130]

Figure 4.2: (a) H+
2 (white) with a single polarizable site (red) orthogonal to the bonding

axis. (b) H+
2 in an octahedron of polarizable sites.

The hydrogen nuclei are placed at the ground state bond distance of 1.0603 Å apart. At

this bond distance, the resonant D0 → D1 excitation frequency of H+
2 is 0.4746 a.u. at the

TDHF/STO-3G level of theory. A single ωMMPol site was placed 1.5× the bond distance

away from H+
2 center, shown in fig. 4.2a. The system was perturbed with an external field
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with a frequency ω = 0.4746 a.u., in resonance with the optical excitation of H+
2 quantum

subsystem. The amplitude of the field is chosen to be 0.025 a.u., polarized along the bonding

axis of H+
2 . Three values of ωn0 = 0.2, 0.45, 0.6 a.u. for the ωMMPol site were explored and

compared to equilibrium MMPol for reference.

The occupations of the D0 and D1 states in each simulation are shown in fig. 4.3. In the

absence of frequency-dependent polarizability at the MMPol site (the static case in fig. 4.3a),

the Rabi frequency is Ω = 0.0273 a.u. When the fundamental frequency of the ωMMPol site

is off-resonant with respect to the driving field (fig. 4.3b and fig. 4.3d), the most noticeable

change is a slight speed-up and slow-down of the frequency of population inversion: the

frequency of population inversion is 0.0278 a.u. for the driving-above-resonance case and

0.0271 a.u. for the driving-below-resonance case, compared to the static case, with a Rabi

oscillation of 0.0273 a.u. When the fundamental frequency of the ωMMPol site is off-resonant

with respect to the driving field (both externally and internally), its effect on the QM Rabi

oscillations can be understood from perturbation theory, [131, 28]

Ω̃ =

√
|d||Eeff |+ (ω − ωQMn0 )2 (4.17)

where d and Eeff are the transition dipole moment and effective field amplitude, respectively.

ωQMn0 is the fundamental excitation frequency of the QM system. Equation (4.17) suggests

that in the perturbative regime, the observed Rabi frequency depends on the effective field

Eeff acting on the QM system and the frequency ω of the external driving field. When the

ωMMPol is driven by external perturbing waves and internal field from the QM site, it, in

return, generates an oscillating field, similar to those observed in fig. 4.1, to polarize the QM

site. In other words, the effective field acting on the QM subsystem can be written as

Eeff = Eexternal + EωMMPol (4.18)

where EωMMPol is directly related to the additional polarization potential in eq. (4.12). In

order to evaluate the effect of the field originating from the MM region, the normalized z

component of the electric dipole of both the QM and MM systems is plotted in fig. 4.4.



41

−1
0
1

E
z

(V
Å
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Figure 4.3: Occupations of the first (dark) and second (light) molecular orbitals in H+
2 for

the models with an instantaneous induced dipole (a, grey), and with an induced dipole with
fundamental frequencies of 0.2 (b, green), 0.45 (c, blue), and 0.6 (d, purple) a.u. The top
panel shows the external field (grey).

Both the off-resonant simulations exhibit primarily the same frequency in both the QM and

MM region. In the driving-above-resonance case, the MM dipole oscillates approximately
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in phase with the QM dipole. This observation suggests that the field generated by the

ωMMPol site strengthens the effective field acting on the QM site, giving rise to a faster

Rabi oscillation. For the driving-below-resonance case, the MM dipole oscillates anti-phase

with the QM dipole, weakening the effective field and slowing down the Rabi oscillation at the

QM site. These analyses validate the proposed TDQM/ωMMPol model in the perturbative

regime when the ωMMPol site is off-resonant with respect to the driving field.
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Figure 4.4: Normalized z dipole moment for both the QM (dark) and MM (light) regions
the models with an induced dipole with fundamental frequencies of 0.2 (a, green), 0.45 (b,
blue), and 0.6 (c, purple) a.u. The top panel shows the external field (grey).

Clearly, the largest modification of Rabi oscillation behavior occurs for the near-resonance
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case, where the population never reaches full inversion (fig. 4.3c). This is when the proposed

TDQM/ωMMPol model becomes very important for illustrating the photochemical dynamics

in the strong non-perturbative, non-equilibrium regime. In the near-resonance case, the time-

dependent mutual polarization between the QM and MM regions causes a non-constant phase

relationship (fig. 4.4b), which contributes to the the frequency de-tuning term (ω − ωn0)

in eq. (4.17). However, eq. (4.17) with a frequency de-tuning is only applicable in the

perturbative regime and can not resolve the destruction of the Rabi oscillation behavior

observed in fig. 4.3c.

The electric fields, including terms from both the external perturbation and the ωMMPol

region, at the center of H+
2 is given in fig. 4.5. In terms of amplitude, the field originating from

the ωMMPol dipole dominates in the near-resonant case, and is only a small perturbation

in the driving-above-resonance case. The amplitude of the driving-below-resonance case

has approximately equal contributions from both the MM and external fields. In the near-

resonance case, the resonant condition between the QM subsystem and the external field is

suppressed by the internal field generated by the ωMMPol site, driving the QM system off

resonance. In other words, the polarization from the environment significantly modifies the

resonant condition of the QM system.

The test case of a single polarizable site next to H+
2 provides essential theoretical insight

into the underlying interactions between the QM and ωMMPol subsystems, but the power

of any QM/MM approach lies in an explicit description of an extended environment. Here

we first systematically expand the H+
2 model through the addition of multiple excitation

frequencies and multiple polarizable sites.

Figure 4.6 shows the influence of a polarizable site with all previously mentioned excita-

tion energies (0.2, 0.45, and 0.6 a.u.) and their respective transition dipole moments (0.5,

1.125, and 1.5 a.u.) on the Rabi oscillations of H+
2 . The Rabi oscillations in this case are

modified in a similar manner to the near-resonance case above. This result is expected;

whenever a perturbation is close to a fundamental frequency of the polarizable site, the

response corresponding to that frequency should dominate.
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Figure 4.5: z component of the electric field in the center of H+
2 for the models with fun-

damental frequencies of 0.2 (a, green), 0.45 (b, blue), and 0.6 (c, purple) a.u. The external
field is shown for comparison on each (dark, grey).

Figure 4.7 shows the Rabi oscillations of H+
2 placed in an octahedron of polarizable sites,

each site 1.5× the bond length from the H+
2 center, shown in fig. 4.2b. As before, the

polarizable sites were set to have excitation energies of ωn0 = 0.2, 0.45, and 0.6 a.u. Similar

to the conclusions in the single polarizable site simulations above, the driven-above and

driven-below resonance cases belong to the perturbative regime, but the near-resonant case

significantly modifies the resonance condition of the H+
2 , causing a complete destruction of

the Rabi oscillations. Specifically, the effect of the driven-above and driven-below resonance

cases is simply a modification of the external field. Interestingly, due to the increased number

of sites, this modification to the field is large enough to create an incomplete population

inversion, which indicates that the effective field is detuned with respect to the resonant
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Figure 4.6: Occupations of the first (dark) and second (light) molecular orbitals in H+
2 next

to a polarizable site with fundamental frequencies of 0.2, 0.45, and 0.6 a.u. The top panel
shows the external field.

condition of the H+
2 .

4.4 Application to Charge Transfer Dynamics

Solvation is widely known to significantly modify charge transfer processes, and the devel-

opment of the QM/ωMMPol method enables studying charge transfer processes within a

realistically responding environment. Here, we investigate the effects of a ωMMPol environ-

ment on the charge transfer dynamics of para-nitroaniline (pNA). pNA is widely studied by

both theoreticians [132, 133] and experimentalists,[134, 133] and serves as a useful bench-

mark for novel solvation methods. In this study, we focus on pNA in a tetrachloromethane

(CCl4) solvent. The structure was generated by placing 50 CCl4 molecules in a 20 Å box

surrounding the pNA, [135] then a chemically reasonable structure was obtained by opti-

mizing the structure in an ONIOM framework at the B3LYP/6-31G(d)[136, 137, 81] and

UFF[138] level of theory. The resulting structure is given in fig. 4.8. Charges for each of the
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Figure 4.7: Occupations of the first (dark) and second (light) molecular orbitals in H+
2 in an

octahedron of polarizable sites with fundamental frequencies of 0.2 (a, green), 0.45 (b, blue),
and 0.6 (c, purple) a.u. The top panel shows the external field (grey).

CCl4 atoms were obtained from a Mulliken population analysis on an isolated CCl4 molecule,

and the first twenty excited states were used to determine ωn0 and the transition dipole mo-
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ments. All transition dipole moments were scaled to reproduce the static polarizability when

extrapolated to ω = 0. Specifics about this parameterization can be found in the Supporting

Information. The pNA was modeled with the 6-31G(d) basis set[81] and B3LYP[136, 137]

functional across all simulations.

Figure 4.8: Schematic showing para-nitroaniline (pNA) solvated by CCl4. The quantum
mechanical region is represented by a ball and stick model, and the ωMMPol region is
represented by a wire model.

The charge transfer dynamics within pNA were initialized by promoting an electron

from the HOMO to the LUMO, which dominates the charge transfer excited state. The

occupation of the HOMO and LUMO are presented in fig. 4.9 for pNA in vacuum, pNA

in instantaneously propagated MMPol CCl4, and pNA in the ωMMPol CCl4 solvent. The

charge transfer dynamics in vacuum are characterized by a rapid decay of the excited state

after a single femtosecond, followed by a fractional repopulation of the LUMO at ∼2 fs.

In contrast, the dynamics within both the instantaneous MMPol and the ωMMPol solvent

demonstrate a considerably increased lifetime, since the presence of the polarizable CCl4
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extends the lifetime of the excited state by stabilizing the large dipole moment created by

the charge transfer. In the instantaneously propagated solvent, this transition is stabilized to

an artificially high degree, due to the rapid response of the environment to any oscillation of

electronic density. This artificially high stabilization is strong enough to extend the lifetime

of the excited state beyond the time of this simulation. The ωMMPol solvent responds to the

modified electron density in a more realistic manner, providing a stabilization of the excited

state, but collapsing out of the excited state around 7 fs. This indicates that including

the frequency dependent response of the solvent is essential to describing photochemical

processes in solution.

4.5 Summary

In this chapter, a method for integrating frequency dependent behavior with polarizable force

fields is proposed, namely ωMMPol. This is then coupled with a real-time quantum mechan-

ical method, and the effect of a non-instantaneously responding environment on electronic

dynamics is investigated. In all cases, the environment interacts with the QM subsystem

through a modification of the effective electric field within the QM subsystem. When the ex-

citation frequencies in the environment are off-resonant with the excitation frequencies of the

QM subsystem, the environmental contribution to the effective electric field is on the same

order, or smaller, as the external field. In these cases, the frequency dependent environment

behaves as an additional perturbation on the QM subsystem. When the excitation energies

of the environment is nearly resonant with the excitation energies of the QM subsystem, the

environmental response dominates the effective electric field, and can no longer be treated as

a small perturbation. In this non-perturbative regime, the mutual interaction between the

QM and MM subsystems causes a destruction of the Rabi oscillation behavior by modifying

frequency detuning. This destruction is maintained when extending the system towards re-

alistic environmental configurations. The effectiveness of this method to simulating realistic

chemical systems is demonstrated by capturing charge transfer dynamics within a solvated

system, and the importance of properly describing the frequency dependent response of the
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Figure 4.9: HOMO (dark) and LUMO (light) occupation for para-Nitroaniline (pNA) after
photoexcitation in vacuum (a, gray), in instantaneous MMPol (b, purple), and in ωMMPol
CCl4 (c, blue).

environment is shown by the drastically different dynamics within an instantaneous MMPol

solvent and an ωMMPol environment. The model proposed within offers an effective method

for investigating time dependent phenomena in complex environments, especially when the

response of the primary system and its environment are close in energy.
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Chapter 5

AB INITIO NUCLEAR DYNAMICS WITH REAL TIME
NUCLEAR ELECTRONIC ORBITAL THEORY

The previous two chapters described quantum dynamics within a frozen-nuclei approx-

imation. This limits the timescales on which those simulations can be relevant, so in this

chapter we develop a model that allows some nuclei to move quantum mechanically using the

nuclear electronic orbital (NEO) approach. Other approaches to including quantum nuclear

motion often treat electrons and nuclei as very separate objects, but the NEO approach is ele-

gant in that it treats both nuclei and electrons on the same footing. This allows us to develop

a model for quantum nuclear motion while still using the formalism of real-time propagation.

This work was adapted with permission from Zhao, L., Tao, Z., Pavošević, F., Wildman,

A., Hammes-Schiffer, S. and Li, X., 2020. Real-Time Time-Dependent Nuclear-Electronic

Orbital Approach: Dynamics beyond the Born-Oppenheimer Approximation. The Journal

of Physical Chemistry Letters, 11(10), pp.4052-4058. Copyright 2020 American Chemical

Society.

5.1 Motivation

First-principles simulation of the time evolution of a quantum system is a powerful tool

to probe the underlying physical principles of ultrafast, nonequilibrium, and nonadiabatic

chemical processes with spatial and temporal resolution unparalleled by most experiments.

The exact non-relativistic quantum dynamics formally mandates treatment in the frame-

work of the full time-dependent Schrödinger equation for the entire (electronic plus nuclear)

system. This treatment represents a computationally prohibitive prospect for all but the

smallest of molecules with a few active electrons.
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Various approximations based on the nature of the chemical system of interest have been

introduced with the aim of achieving reliable results at lower computational cost. The exist-

ing approaches for quantum dynamics rely heavily on semi-classical approximations, in which

nuclei are treated as classical particles and/or electronic degrees of freedom are represented

by a relatively small number of electronic potential energy surfaces. These methods include

Ehrenfest dynamics,[139, 140, 64, 141, 88, 142] surface hopping,[143, 144, 145, 146, 147] ab

initio multiple spawning,[148, 149, 150, 151] multiconfigurational time-dependent Hartree

(MCTDH)[152, 153], and Gaussian wave packet dynamics.[154, 155] However, without treat-

ing nuclei fully quantum mechanically, effects such as quantized vibrational states, vibronic

coupling, and nuclear tunneling would be difficult to describe, if not impossible. On the

other hand, quantum dynamics of electronic degrees of freedom is needed when a molecular

reaction is subject to a strong field perturbation or in the strong nonadiabatic regime where

electronic adiabatic potential energy surfaces are no longer well-defined.

This chapter aims to introduce a full quantum description of coupled nuclear-electronic

dynamics that follows the time-dependent variational principle and treats both electronic

and specified nuclear degrees of freedom on equal footing. Such a computational frame-

work will allow for quantum dynamical studies of proton-coupled electron transfer,[156, 157]

thermally activated singlet fission,[158, 159] and quantum decoherence.[160, 161] Obtaining

fundamental knowledge of these processes could potentially aid the development of artificial

photosynthesis,[162] light-harvesting materials,[163] and scalable quantum computers.[164]

A promising and computationally tractable approach is based on the multicomponent

nuclear-electronic orbital (NEO) framework, which treats specified nuclei quantum mechan-

ically on the same level as the electrons with molecular orbital techniques.[165, 166, 167,

168] The NEO approach has been implemented in conjunction with methods widely used

in electronic structure theory, such as Hartree-Fock (HF),[165] density functional theory

(DFT),[168, 169, 170] perturbation theory,[171] coupled-cluster,[172, 173] and multi-reference

methods[165] to study coupled nuclear-electronic quantum effects in both ground and excited

states.
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Quantum mechanical solutions based on the time-independent Schrödinger equation

within the NEO framework have been successfully applied to study proton delocalization

in the ground state wavefunctions of small molecules.[165, 166, 167, 168, 169, 172] Recently,

the NEO approach has been extended to investigate both electronic and proton vibrational

excited states with the linear response[174] and equation-of-motion[173] formalisms. While

these methodological advances can provide stationary characteristics of combined electronic

and protonic quantum mechanical systems, studies of nonequilibrium nonadiabatic processes

require the solution of the time-dependent Schrödinger equation.

5.2 Theory

The dynamics of electrons and protons are determined by the time-dependent Schrödinger

equation,

ih̄
∂

∂t
ΨNEO(xe,xp; t) = H(xe,xp; t)ΨNEO(xe,xp; t) (5.1)

in which xe and xp are the coordinates including both spatial and spin degrees of freedom

for electrons and protons, respectively. For single-determinant methods, e.g., HF and DFT,

the wavefunction assumes the form of the following ansatz,

ΨNEO(xe,xp; t) = Φe(xe; t)Φp(xp; t) (5.2)

in which Φe and Φp are single Slater determinants for the electrons and protons.

By taking advantage of the product separable form of the wavefunction ansatz, eq. (5.1)

can be written as two coupled differential equations that describe the motions of the electrons

and protons:

ih̄
∂

∂t
Ce(t) = F e(t)Ce(t)

ih̄
∂

∂t
Cp(t) = F p(t)Cp(t)

(5.3)

where Ce(t) and Cp(t) are the time-dependent orbital coefficients for the electrons and

protons, respectively. P is the one-particle density matrix and F is the Fock/Kohn-Sham

matrix, both in the orthonormal atomic orbital basis. Note that we will use primed notations
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(e.g., F
′

and P
′
) for quantities in the non-orthogonal atomic orbital basis. In this chapter,

the orthonormal basis is obtained with the Löwdin orthogonalization scheme.[175]

The Fock/Kohn-Sham matrices can be split into single- and multi-component contribu-

tions,

F e(t) = Hee(t,P e(t)) +Hep(P e(t),P p(t))

F p(t) = Hpp(t,P p(t)) +Hpe(P p(t),P e(t))
(5.4)

The single-component contributions to the Fock/Kohn-Sham matrices are

Hee(t,P e(t)) = He
core + J ee(P e(t)) + ζKee(P e(t)) + (1− ζ)V e

xc(P
e(t)) + V e

ext(t)

Hpp(t,P p(t)) = Hp
core + Jpp(P p(t)) + ζKpp(P p(t)) + (1− ζ)V p

xc(P
p(t)) + V p

ext(t)
(5.5)

in which Hcore is the core Hamiltonian that includes the kinetic energy and the interaction

with the classical nuclei. J ee(pp) and Kee(pp) are the Coulomb and HF exchange matrices,

respectively, between electrons (protons). V e
xc and V p

xc are the electron-electron and proton-

proton exchange-correlation potentials. ζ is a parameter that converts the Fock matrix

between HF (ζ = 1) and DFT (ζ = 0), and Vext(t) is the time-dependent external potential

such as an electric field. The multi-component contributions to the Fock matrices are given

by

Hep(P e(t),P p(t)) = −J ep(P e(t),P p(t)) + (1− ζ)V ep
c (P e(t),P p(t))

Hpe(P p(t),P e(t)) = −Jpe(P p(t),P e(t)) + (1− ζ)V pe
c (P p(t),P e(t))

(5.6)

where J ep(Jpe) is the classical Coulomb interaction between electrons and protons, and

V ep
c (V pe

c ) is the electron-proton correlation potential. Note that the terms J ep(Jpe) and

V ep
c (V pe

c ) explicitly depend on both the time-dependent electronic and the protonic densities,

and therefore these multi-component contributions introduce strong coupling and vibronic

effects.

By multiplying Ce†(t)
(
Cp†(t)

)
to the right of the upper (lower) equations in eq. (5.3),
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and subtracting its adjoint, we arrive at the multicomponent Von Neumann’s equation,

ih̄
∂

∂t
P e(t) = [F e(t,P e(t),P p(t)),P e(t)]

ih̄
∂

∂t
P p(t) = [F p(t,P p(t),P e(t)),P p(t)]

(5.7)

It is important to note that the differential equations for the electron and proton density

matrices do not evolve independently and are coupled together. The electron density matrix

contributes to the proton Fock matrix through the electron-proton Coulomb potential and the

electron-proton correlation potential in NEO-DFT, and the proton density matrix contributes

to the electron Fock matrix through these same terms. Therefore, these two equations need to

be solved simultaneously. In this chapter, eq. (6.2) is propagated in tandem with the modified

midpoint unitary transformation (MMUT) algorithm (see the SI for more information),[3, 28]

giving rise to the real-time time-dependent NEO formalism (RT-NEO-TDHF and RT-NEO-

TDDFT).

The electric-dipole approximation in length gauge to the field-matter operator is invoked

to simulate an external electric field. Given the time-dependent electronic and protonic

one-particle densities, the time-dependent electronic and nuclear dipole moments can be

computed as

De
γ(t) = Tr[P

′e(t) · d′e
γ ] (5.8)

Dp
γ(t) = Tr[P

′p(t) · d′p
γ ] (5.9)

where γ ∈ {x, y, z} and d
e(p)
γ,µν = 〈µe(p)|rγ|νe(p)〉. Electronic (protonic) basis functions are

denoted as µe(p). The absorption cross section is computed as σ(ω) ∝ ω
∑

i=x,y,z Im[D̃i(ω)], in

which D̃i(ω) is the Fourier transform of the time-dependent electron/proton dipole moment.

The RT-NEO-TDHF and RT-NEO-TDDFT algorithms and quantum dynamics are im-

plemented in the Chronus Quantum open source package.[176] LR-NEO-TDHF and LR-

NEO-TDDFT calculations were performed with a developer’s version of Q-Chem,[177] which

will be available in the Q-Chem 5.3 release. The B3LYP [178, 179, 180] functional was used

in the DFT calculations, and the epc17-2 functional[170] was used to include the electron-

proton correlation effects.
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5.3 Spectroscopy

We first apply the RT-NEO-TDHF and RT-NEO-TDDFT methods to predict molecular

spectra. The two test systems we choose are the FHF− and HCN molecules. In these

benchmark tests, only protons in addition to electrons are treated quantum mechanically,

while the rest of the nuclei are frozen. Three quantum dynamical simulations were carried

out, starting from the converged ground state NEO-HF or NEO-DFT wavefunction perturbed

with three delta electric fields at t = 0 for the duration of one time-step with amplitude 1

mHartree/Å, polarized in the x, y, and z directions.
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Figure 5.1: Electron and proton dipole moment evolution of RT-NEO-TDDFT for FHF−

for time from 0–14 fs(A) and 1.9–3 fs(B). Dipole moments are scaled by 10000 and 100 for
protons and electrons respectively.

The time-evolutions of the electronic and protonic dipole moments of FHF− obtained with

the RT-NEO-TDDFT approach are plotted in fig. 5.1. Both the electronic and the protonic

dipole moments can be seen to oscillate around their equilibrium values. As protons are

much heavier than electrons, the protonic vibrational frequency is much lower than that of

the electrons. A closer look reveals that the proton dipole moment contains high-frequency

components modulated by the oscillations of the electronic dipole moment, as shown in the

bottom part of fig. 5.1. These observations show direct evidence that the proton density
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Figure 5.2: Comparison of the total dipole moment evolution between RT-NEO-TDDFT
and RT-TDDFT for HCN molecule for short time duration (A) and long time duration (B).

responds to the change in electron density due to vibronic coupling.

The time evolutions of the total dipole moments of the HCN molecule predicted by the

RT-NEO-TDDFT and RT-TDDFT[181, 64] methods are compared in fig. 5.2. It is worth

noting that since the proton dipole fluctuations are much smaller than those of the electrons,

the total dipole moment is dominated by the electronic component. In the short-time regime,

the inclusion of proton motion does not change the dynamics of the total dipole moment

significantly because the proton density change is negligible at short times. However, at

longer propagation times, the total dipole moment obtained with RT-NEO-TDDFT yields

noticeable differences compared to that from RT-TDDFT with a frozen proton, both in terms

of frequencies and intensities. This again is due to the presence of electron-proton vibronic

coupling.

The time-dependent protonic dipole moment gives rise to vibrational signatures associ-

ated with the protonic degrees of freedom. The predicted proton vibrational spectra are

plotted in fig. 5.3 for HCN and FHF−. For linear molecules such as HCN and FHF−, there

are four vibrational modes in total, but only three modes are active when the heavy nu-

clei are fixed. Furthermore, two among the three visible modes are degenerate, leading
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Figure 5.3: Calculated vibrational spectra of HCN (Top) and FHF− (Bottom) with RT-
NEO-TDHF and RT-NEO-TDDFT .

to only two distinct peaks in the spectrum. The peak positioned at higher energy arises

from the stretching motion of the C-H and F-H bonds, and the other low-frequency peak

corresponds to the degenerate pair of bending motions. In general, the vibrational fre-

quencies predicted by RT-NEO-TDDFT are shifted by a few hundred cm−1 compared to

those predicted by RT-NEO-TDHF. Although the results agree with corresponding linear

response calculations, there is no uniform trend of the direction of shifting observed in the

test systems. These differences can be attributed to the more accurate description of coupled

electron-proton quantum dynamics provided by the electron-proton correlation functional in

NEO-DFT.[170] At the asymptotic weak perturbation limit, spectra obtained from real-time

simulations and linear response calculations should converge,[3] and this is indeed the case,

as indicated by the comparison to results obtained with LR-TDHF and LR-TDDFT with

the same basis sets and functionals. It is also worth noting that the proton vibrational fre-

quencies are sensitive to both the electronic and nuclear basis sets. Increasing the size of

the electronic and nuclear basis sets for the quantum proton has been shown to significantly

lower the hydrogen bending frequency in HCN (see SI). [174, 182] The LR-TDDFT method

has been benchmarked against a numerically accurate grid-based method,[182] suggesting
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that the basis sets used in the current work are sufficient for qualitative agreement and, at

the same time, allow for a clear interpretation of the computed spectra.
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Figure 5.4: Calculated electronic spectra of the HCN molecule: (A) RT-NEO-TDHF and
RT-TDHF, and (B) RT-NEO-TDDFT and RT-TDDFT.
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Figure 5.5: Calculated electronic spectra of FHF− molecule: (A) RT-NEO-TDHF and RT-
TDHF, and (B) RT-NEO-TDDFT and RT-TDDFT.

We now examine how nuclear quantum effects are manifested in the electronic spectrum.

The predicted electronic spectra are plotted in fig. 5.4 for HCN and fig. 5.5 for FHF−. In
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Figure 5.6: Total dipole (A) and energy (B) dynamics driven by laser fields with wavelengths
of 2162 and 4500 nm.

both molecules, nuclear quantum effects modify the electronic spectrum in terms of both

peak position (excitation energy) and peak intensity (oscillator strength). The non-Born-

Oppenheimer vibronic mixing in the NEO approach gives rise to mixings of the electronic

and protonic excitations and changes in transition densities, which result in changes in the

excitation energies and oscillator strengths.

The lower electronic excitation energies are mostly unchanged, whereas higher energy

excitations seem to be more affected by protonic quantum effects, as observed previously

with the linear response NEO-TDDFT approach.[174, 182] This observation suggests that

the electron-proton vibronic coupling becomes more important for the description of non-

Born-Oppenheimer surfaces of higher-energy excited states. In addition to shifting the peak

positions, nuclear quantum effects also slightly modify the peak intensity arising from vari-

ations in the transition densities.

The discussion above illustrates the fundamental characteristics of the RT-NEO approach

from the perspective of linear absorption spectra. However, the unique strength of this

approach lies in its capability to resolve ultrafast nonequilibrium chemical processes. For

the first example, we investigate the ultrafast vibrational excitation driven by an electric
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field pulse, i.e., time-resolved infrared spectroscopy. Two different ∼30 fs laser pulses with

2162 nm and 4500 nm wavelengths are applied to drive the quantum dynamics of HCN (see

fig. 5.6). The laser field is modelled using a sine function with a Gaussian envelope (see SI

for details) and a maximum amplitude of 0.01 a.u. polarized along the bond axis.

The fundamental vibrational frequency of the CH stretching mode is predicted by RT-

NEO-TDHF to be 2162 nm. When the driving field is off-resonant, the protonic dipole

moment follows the field adiabatically. When the field is turned off, the system exhibits

negligible energy absorption and much smaller proton dipole moment oscillations that are not

visible in fig. 5.6. In contrast, when a resonant driving field is used, we observe a noticeable

amount of energy absorption after the laser is turned off, and the proton dipole moment

exhibits significant oscillations, as shown in fig. 5.6. This test demonstrates that the RT-

NEO approach can be conveniently used to simulate time-resolved vibrational spectroscopy.

5.4 Excited State Intramolecular Proton Transfer Dynamics

For the second example, we use RT-NEO-TDDFT to simulate the excited state intramolec-

ular proton transfer (ESIPT) in o-hydroxybenzaldehyde (oHBA). The ESIPT in oHBA has

been studied extensively with both theoretical[183, 184] and spectroscopic [185] techniques.

The potential energy surface predicted by TDDFT and coupled cluster methods show that

the proton transfer occurs without any energy barrier on the S1 (ππ∗) excited state. This

finding is corroborated by time-resolved photoelectron spectroscopy, which demonstrated

that the proton transfer occurs in 50 fs.[185] The initial condition for the quantum dynam-

ical simulations herein is prepared to simulate the vertical photoabsorption at t = 0. The

excited electronic state is modelled by an electronic transition from the highest occupied

molecular orbital (HOMO) to the electronic lowest unoccupied molecular orbital (LUMO),

which gives rise to an S0 → S1 excitation. In order to provide the dynamical flexibility

to allow the proton to transfer on the excited state, two sets of nuclear and electronic basis

functions are associated with the transferring hydrogen, with one set centered near the donor

oxygen (OD) and the other centered near the acceptor oxygen (OA) (see SI for computational
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details).

Two geometries are considered in the simulations: the ground state minimum energy

structure and the restricted excited state structure. The restricted excited state geometry

was obtained by optimizing the geometry on the excited state surface but fixing the H-

OD distance to the ground state value. Such a structure was used by Aquino et al [184]

to investigate the importance of excited state structural relaxation on the proton transfer

dynamics. The resulting structures show an OD-OA distance of 2.64 Å for the ground state

geometry and 2.51 Å for the restricted excited state geometry. For both geometries, three

proton basis function centers were utilized to enable the proton to transfer from the donor

to the acceptor oxygen (see SI for more details).

The H-OD and H-OA distances obtained from the quantum dynamical simulations are

plotted in fig. 6.6. Electronic vertical excitation gives rise to a nonequilibrium proton motion,

as seen in fig. 6.6A. When the molecular backbone is frozen at the ground state geometry,

only the bound H-OD vibration can be observed, where the the H-OD distance changes by

up to +3% of the ground state equilibrium distance (fig. 6.6A). Thus, in the absence of ex-

cited state structural relaxation, proton transfer in oHBA is not a spontaneous process. As

demonstrated by a previous study,[184] proton transfer is a multi-dimensional process with

strong couplings between the transferring proton and other internal coordinates. Using the

restricted excited state geometry as the initial condition, an ultrafast spontaneous proton

transfer event is observed on the S1 state (fig. 6.6B). Note that the observed reaction time

of ∼8 fs does not include the time for the molecular geometry to relax on the excited state.

This test showcases the capabilities of RT-NEO approaches for resolving excited state quan-

tum dynamics and illustrates the importance of structural relaxation effects in excited state

proton transfer. Moreover, a movie illustrating the time-dependent nonequilibrium density

changes for the electrons and the quantum proton following photoexcitation highlights the

intricate coupling between the electronic and nuclear quantum dynamics.
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Figure 5.7: Distance from the transferring proton to the donor oxygen (OD) and the acceptor
oxygen (OA) as a function of time for the ESIPT system with the optimized ground state
structure (A) and the restricted optimized excited state structure (B).

5.5 Summary

This chapter presents the development of a new approach for simulating quantum dynamics

that integrates the nuclear and electronic dynamics described by time-dependent Hartree-

Fock or density functional theory within the nuclear-electronic orbital framework. We have

demonstrated that RT-NEO is a powerful method that can resolve spectroscopic and dynam-

ical properties of quantum mechanically coupled electrons and nuclei. Most importantly, this

work lays the theoretical foundation of RT-NEO based quantum dynamical tools for simu-

lating time-resolved nonlinear spectroscopies and nonadiabatic quantum dynamics.
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Chapter 6

IMPLICITLY SOLVATED NUCLEAR ELECTRONIC ORBITAL
DYNAMICS

This chapter combines the theory developed in the last chapter with the motivations

from the first two chapters to model systems using a multiscale approach. In this chapter,

the real-time NEO method from the last chapter is coupled with a time-dependent PCM

solvent, and the effects of this embedding on spectroscopy and dynamics are examined.

6.1 Motivation

Nonadiabatic dynamic processes such as proton coupled electron transfer (PCET) and ex-

cited state intramolecular proton transfer (ESIPT) require careful treatment of the coupled

nuclear and electronic quantum problems. At the same time, experimental studies of these

processes are often performed in a solvent, and the solvation environment can strongly affect

the dynamics of these processes.[186]

Of the many approaches used to account for coupled quantum nuclear and electronic

structure,[139, 140, 143, 146, 147, 148, 150, 152, 153, 155, 187, 64, 141, 88] the nuclear-

electronic orbital (NEO) approach provides an effective method for treating electrons and

some select protons quantum mechanically. [165, 169, 188, 189, 190] The NEO approach

naturally incorporates nuclear quantum effects, such as zero-point energy and quantized

vibrational states. Furthermore, the NEO approach has recently been extended to allow

for direct coupled propagation of the quantum electrons and protons.[188, 191] This real-

time NEO (RT-NEO) approach has shown particular promise in the direct simulation of

nonadiabatic processes such as PCET and ESIPT.

In order for these newly developed approaches to be applicable to understanding exper-
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iments, the effects of solvation and chemical environment must also be taken into account.

One of the most widely used methods to account for solvent effects is the polarizable contin-

uum model (PCM).[8, 192, 43, 193] In the most common form of this model, the quantum

mechanical molecule is placed within a uniform dielectric with the permittivity of the solvent,

and the effects of solvation are captured through the polarization of this dielectric.[192, 193]

PCM has been thoroughly studied, both in the time independent [19] and time dependent

[194, 132, 195, 30] domains, and it has been shown to be a robust model for capturing solvent

effects on the ground state and within dynamical processes.[193]

However, the effects of solvation on the NEO approach are yet unknown. In this chapter,

NEO Hartree–Fock (NEO-HF) and NEO density functional theory (NEO-DFT) are coupled

with PCM and the resulting phenomena are investigated. First, the theory required to

couple these two formalisms is presented. Next, effects of solvation on the ground state

properties of NEO-HF wavefunctions are analyzed through a case study of hydrogen cyanide

in many different solvents. Solvation in time-dependent properties is then captured through

the use of the RT-NEO formalism, and the resulting solvation effects on the electronic and

vibrational spectrum of HCN is investigated. Finally, direct simulation of ESIPT in vacuum

and in solvent is performed, demonstrating the significant effects solvation can have on these

processes.

6.2 Theory

Both the theory of the NEO method[190, 188] and the theory of PCM[192, 193] are well

described elsewhere. Here, we briefly review the equations necessary to couple these two

models with an emphasis on the time dependent formulation. For time independent processes

such as wavefunction optimization, the following equations reduce to time independent forms

trivially.

The time-dependent NEO formalism for single-determinant methods takes the following

product ansatz

ΨNEO(t) = Φe(t)Φp(t) (6.1)
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where Φe and Φp are Slater determinants for the electrons and protons, respectively. This

ansatz leads to two coupled Von Neumann equations that determine the dynamics of the

protons and the electrons

i
∂

∂t
P e(t) = [F e(t,P e(t),P p(t)),P e(t)]

i
∂

∂t
P p(t) = [F p(t,P p(t),P e(t)),P p(t)]

(6.2)

where P x(t) is the time dependent density operator for the electrons (x = e) or protons,

(x = p), and F x(t) is the time dependent Fock operator for each subsystem.

In order to couple a NEO wavefunction with a polarizable medium, one needs to ac-

count for the mutual polarization between the NEO quantum system and the classically

polarizable system. This interaction is accounted for by introducing a solvent operator,

V PCM(P e(t),P p(t)), that is dependent on both the protonic and electronic time dependent

density. This operator is directly added into the Fock matrices of both the electrons and the

protons

F e(t) = F e,0(t,P e(t),P p(t))− V PCM(P e(t),P p(t))

F p(t) = F p,0(t,P p(t),P e(t)) + V PCM(P e(t),P p(t))
(6.3)

where F x,0 is the Fock matrix for either the electronic or protonic component in vacuum.

The difference in sign originates from the opposite charge of electrons and protons. Taking

the most common approach to solving the PCM equations, a boundary surface surrounding

the molecule is defined and discretized into tesserae with apparent charges, q, and centers

R. The solvent operator in the atomic orbital basis (µ, ν, . . . ) is then given by

V PCM
µ,ν =

∑
i

〈µ|qi(P
e(t),P p(t))

|r −Ri|
|ν〉 (6.4)

Solving for the apparent surface charge at each tessera, qi, depends on the exact PCM

formalism used. The differences and solutions for these different formalisms is given in detail

elsewhere,[8] but the common elements between all formalisms is that the charge at each

tessera depends both on the total charge density (electron, proton, and classical nuclei)
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in the quantum mechanical region and on the charge of all other tesserae. Furthermore,

the polarization of the cavity relies on the frequency dependent dielectric function, ε(ω), of

the solvent used. Directly accounting for this frequency dependence is possible, [195, 30]

but it can be computationally expensive for long simulations and can be avoided when the

absorption bands of the solvent and solute do not overlap significantly. Another approach is

to partition the surface charge into “fast” and “slow” components - these correspond to the

high-frequency electronic response and low-frequency orientational and vibrational response,

respectively. [192]

qi = qslow
i + qfast

i (6.5)

For time independent problems, such as optimization of the ground state of a NEO wave-

function, both the fast and slow components are allowed to respond and optimize, and the

total surface charge is determined by the static permittivity of the solvent, ε0. For time

dependent problems, such as real-time propagation of a NEO wavefunction, the fast com-

ponent is allowed to respond instantaneously to the changes in electron and proton density

with the high-frequency permittivity of the solvent, ε∞, but the slow component is kept

static for the duration of the simulation. When using this approach, the time dependence

of the polarization of the cavity is solely through the fast component response to the time

dependent density, not through an explicit equation of motion for the polarization of the

cavity.

6.3 Ground State PCM-NEO

The time independent PCM-NEO-HF formalism is used to study the ground state properties

of the HCN molecule in a variety of solvents. HCN has been well studied as a benchmark for

NEO methods, and it is a well suited molecule for studying solvation, since it has a strong

dipole moment that may be accentuated by solvation.

All calculations were performed in the Chronus Quantum open source electronic structure

package.[196, 197] The cc-pVDZ basis set [198] was used for the electronic component, and
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an even tempered 8s8p8d basis set [169] was used for the proton. The PCM equations were

solved using the PCMSolver package [199] using the isotropic IEF-PCM formalism.

To investigate the interaction between solvation provided through PCM and NEO-HF,

the ground state properties of HCN were calculated both using a classical proton and using

the NEO approach. Each approach was placed in vacuum and PCM corresponding to the

static permittivities of cyclohexane, tetrahydrofuran, acetonitrile, acetone, and water.

When placed in a solvent, the total energy of the whole system decreases for both the

classical and NEO approaches, and the amount of stabilization of the system increases with

increasing permittivity, as seen in fig. 6.1. Interestingly, the zero point energy, (ZPE) de-

fined as the difference between the classical and NEO energies, increases as a function of

permittivity as well.

Additionally, one can compare the change in molecular dipole moment as a function of

solvent permittivity. In classical PCM electronic structure calculations, the total molecular

dipole moment is expected to increase with solvent permittivity for polar molecules because

the cavity stabilizes greater separation of charges within the quantum molecule through

the surface charge.[192] As expected, this is observed for the HCN system with a classical

proton, seen in fig. 6.2. However, a surprising result is observed for the HCN system using

NEO; almost no change in molecular dipole moment is observed as a function of solvent

permittivity. This can be explained by examining the expectation value for the proton

position in the various solvents. While the position of the classical proton is fixed, the

position of the proton is allowed to respond to the various solvation environments. As seen in

fig. 6.2, the expectation value of the NEO proton position moves back towards the molecule,

shortening the CH bond. This sort of optimization of proton position in the different solvent

environments counteracts the expected increase in dipole moment, leading to an effectively

stationary molecular dipole moment.

Both the decrease in CH bond and increase in ZPE can be explained by considering the

effect of a molecular cavity with a surface charge surrounding the quantum proton. In a

molecule with a terminal proton, such as HCN, the potential well acting on that proton is
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Figure 6.1: Energetics of HCN in a variety of solvents with a classical proton description
(circles) and with a NEO protonic wavefunction (crosses). The protonic zero point energy is
given with triangles.

rather asymmetric – repulsion steeply increases as the proton moves closer to the carbon than

the optimal bonding position, but only gradually increases along the CH dissociation coordi-

nate. When a solvent is introduced around the molecule, the potential along the dissociation

coordinate increases, leading to a steeper potential well. This causes the expected value of

the proton position to move toward the carbon, shortening the CH bond, and increases the

zero point energy due to the steeper well.
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Figure 6.2: Total molecular dipole moment (top) and expected proton position (bottom) of
HCN in a variety of solvents with a classical descripton (circles) and with a NEO protonic
wavefunction (crosses).

6.4 Time Dependent PCM-NEO

The effect of solvation on the spectra of NEO-HF systems is investigated using the same HCN

system as above. In this case study, only vacuum and water environments are considered.

The spectrum is acquired by propagating three trajectories of the system corresponding to

an initial electric field perturbation along each of the Cartesian coordinates. The linear ab-

sorption spectrum is calculated from the sum of the Fourier transforms of the time dependent
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dipole moment along the same direction as the initial perturbation. [3, 191]

Both the classical spectra show solvent dependence, with the solvent dramatically affect-

ing both excitation energy and intensity of all transitions, as seen in fig. 6.3. This is expected

due to the changes to both the ground and excited states induced by the static polarized sur-

face charges, and to a smaller extent, the dynamic response of the surface charge. However,

the effects of the solvent on the spectrum of HCN modeled with NEO are significantly less

dramatic. This can be explained by analogy to the ground state – solvatochromism can be

qualitatively explained by understanding the dipole of both the ground and excited states.

If the ground state has a larger dipole than the excited state, it will be relatively more stabi-

lized by the solvent, increasing the excitation energy. The opposite occurs when the excited

state has a larger dipole moment than the ground state. While this simplistic model can

not describe all details of solvatochromism, it serves a useful framework for understanding

the effects of solvent on the NEO electronic spectrum. Because the stabilization effects of

the solvent on the molecular dipole moment are countered by the quantum treatment of the

proton, the effects of the solvent on the electronic spectrum aren’t as dramatic as in the

classical case.

In contrast, the vibrational spectrum of HCN modeled with NEO demonstrates a strong

solvent dependence. In HCN with the carbon and nitrogen fixed, three vibrational modes

are active: one CH stretching mode and two CH bending modes. In fig. 6.4, the stretching

mode is the higher energy mode, and the two bending modes are the lower energy peak.

When placed in water, the energy of these transitions increases and the intensity decreases.

Additionally, the stretch vibration increases in frequency much more than the bend vibra-

tions. This can be understood with the changes to the potential energy surface discussed

with the ground state. The surface charge introduces an additional potential along the CH

dissociation coordinate, increasing the steepness of the potential well which increases the

vibrational frequency of the stretch mode. However, the potential introduced orthogonal to

the HCN bonding axis is symmetric and weaker on average than that along the HCN bonding

axis. This gives only a small change in the potential along the HCN bending coordinates,
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Figure 6.3: Electronic spectra for HCN with a classical proton (top) and using the NEO ap-
proach. (bottom) Solvatochromism is indicated by the changes between the vacuum (purple)
and water solvated (orange) spectra.

leading to a much smaller change in vibrational frequency for the bend modes than for the

stretch mode.

The real-time NEO approach has been demonstrated to be effective to simulate excited

state intramolecular proton transfer, [188] (ESIPT) and this process can be modulated by

the solvation environment of the molecule undergoing ESIPT. [200] Here, we present the

ESIPT of o-hydroxybenzaldehyde (oHBA) simulated by RT-NEO-TDDFT in both vacuum

and water. Because the ESIPT of oHBA has been studied by both experimental techniques
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Figure 6.4: Vibrational spectra for HCN using the NEO approach in both vacuum (purple)
and water. (orange)

and RT-NEO-TDDFT previously, it serves as a good gauge of the ability of PCM to capture

the solvent modulation of proton transfer processes captured by the NEO approach.

In order to capture the ESIPT without motion of the heavy nuclei, one must begin from

an excited state geometry. [188] The geometry used for this simulation was obtained from

Aquino et al.[184] The cc-pVDZ basis set was used for the electrons, and a minimal, even-

tempered sp basis was used for the proton. To provide enough flexibility along the proton

transfer coordinate to capture the ESIPT, additional basis centers were added along the

transfer path, shown in fig. 6.5. The B3LYP functional was used for electron correlation and

exchange, and the epc17-2 functional was used for electron-proton correlation. The initial

state was prepared by a HOMO-LUMO swap at prior to propagation.

The distances between the quantum proton and the donor and acceptor oxygens are

shown in fig. 6.6 for simulations both in vacuum and in water. The proton crosses over

to the acceptor oxygen approximately 5 fs after excitation in vacuum, however in water,
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Figure 6.5: Excited state structure of oHBA. The additional basis centers are marked with
yellow spheres.

this cross over occurs after only approximately 4 fs. This acceleration is primarily due to

differences in the ground state; when neglecting the “fast” response of the solvent entirely

and propagating only within the static field of the ground state PCM, the acceleration is still

observed. It is likely that the the difference in initial proton position in vacuum and in water

is responsible for the acceleration, since the HOMO-LUMO swap prepares a ππ∗ antibonding

state between the donor oxygen and proton. With a shorter OH bond, the initial repulsion

is greater upon HOMO-LUMO swap, driving the transfer to occur faster.

6.5 Summary

In this chapter, the NEO approach was coupled with solvation modeled with PCM. The

effects of this solvation are investigated on both ground state and time dependent properties.

In both cases, solvation is shown to have a dramatic effect. Furthermore, the use of a NEO

description of protons introduces novel effects of solvation compared to solvation of molecules

with classical protons. Specifically, classically expected trends of increasing dipole moment

and solvatochromism are complicated by the quantum nature of the proton and explanations
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Figure 6.6: Excited state intramolecular proton transfer in oHBA in vacuum (top) and water
(bottom). The distance between the expectation value of the transferring proton and the
donor (blue) and acceptor (red) is given as a function of time.

of the effects of solvation must take this directly into account.

The approach to model solvation used in this chapter uses a continuum description of the

solvent. This method offers some significant advantages, such as implicit integration over all
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solvent degrees of freedom, but it also cannot model all processes important for solvation. In

particular, hydrogen bonding between the solute and the solvent can be important for many

processes, and this importance is only expected to increase for systems in which protons

are described quantum mechanically. Further work will extend the polarizable coupling

between NEO wavefunctions and their environments to solvent descriptions with explicit

nuclear degrees of freedom, such as polarizable molecular mechanics. For solvents without

hydrogen bonding to the solute, the current approach shows promise for modeling coupled

electron-nuclear wavefunctions within a responsive environment. Additional further work

will extend the equilibrium time-dependent solvation model used here for a direct equation

of motion for the solvent.
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