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Abstract

An Investigation of Optimal Powered Descent

Peter L. Brodkin

Chair of the Supervisory Committee:

Mehran Mesbahi

Aeronautics and Astronautics

Achieving fuel-optimal pinpoint landings is a vital component of many missions. In this paper, the foun-

dational components of optimal control theory known as Pontryagin’s Maximum Principle are derived, and

an example is provided. The fuel-optimal trajectory for a one-dimensional lunar landing is then presented.

The problem is then formulated in three-dimensions as a convex optimization problem. The main issue with

this formulation is dealing with a non-convex constraint on the thrust, due to a non-zero lower bound on the

thrust. However, the constraint can be made to be convex through the use of a slack variable. Some results

for a simulated landing on Mars are presented. Finally, a problem formulation using the so-called indirect

method is shown. Principles of optimal control are applied, and a system of equations including the state

variables and Hamiltonian is derived. Achieving convergence for the root finding algorithm is difficult due

to sensitivities to the initial guess and numerical scaling.
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Chapter 1

Introduction

1.1 Problem Definition

Achieving soft, pinpoint landings on planets, moons, asteroids and comets is a crucial aspect of successful

missions. Soft landings require a powered descent as many celestial objects, such as the moon, don’t have an

appreciable atmosphere and therefore parachutes and other aerodynamic breaking techniques won’t work.

Some celestial bodies, such as Mars, have enough atmosphere for a parachute to be useful for part of the

landing process. However, depending on how fragile the payload is, or when there are humans on board,

a soft landing is often required. Powered descents require expensive and heavy fuel. Using as little fuel as

possible allows for a larger payload and a reduction in cost. Therefore, landing trajectories that use the least

amount of fuel are often desired.

The choice of landing site is a combination of maximizing scientific discovery and the chances for a successful

landing. Landings need to be as precise as possible for a number of reasons. For example, we may want

a future spacecraft to land as closely as possible to other equipment that is already there. Moreover, the

most interesting locations are often those that are geologically diverse and involve rough terrain [26]. In

particular, canyons, large pits and caves are often scientifically significant but clearly require a higher degree

of precision in order to avoid crashing. Lunar and Martian pits also experience less radiation, have milder

temperatures and little to no meteorite activity making them desirable places for permanent equipment or

human habitation. [10] Furthermore, those types of locations are often ideal spots to search for signs of

extraterrestrial life. [5]
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Due to the great distances involved when traveling through space, the spacecraft must be able to carry out

the landing entirely on its own. Even with a lunar landing, it would take several seconds to get a message

back and forth to a lander, which is too long during crucial moments. The goal of this research is to analyze

the final stage of powered descent in order to find a fuel optimal trajectory that can be computed quickly

and autonomously on board the spacecraft.

1.2 Approaches to the Problem

1.2.1 Apollo Guidance

From 1969 to 1972 the Apollo program landed the only 12 people to have ever set foot on the moon. Apollo

powered descent and guidance was relatively simple, extremely innovative and highly successful. The main

idea of Apollo guidance was to get a lander from one point to another from a given set of initial and final

conditions. In order to work within the computing limits of the time, principles of optimal control were

not applied. Instead, the focus was on finding a feasible solution for the trajectory. [26] First a quadratic

acceleration function of time was defined. A quadratic was used because that is what is required if there are

three target states that we want to specify. [12] Therefore the acceleration can be written as

a(t) = C0 + C1t+ C2t
2 (1.1)

Where C0, C1 and C2 are 3-dimensional constants. Integrating gives

v(t) = C0t+
1

2
C1t

2 +
1

3
C2t

3 + v0 (1.2)

r(t) =
1

2
C0t

2 +
1

6
C1t

3 +
1

12
C2t

4 + v0t+ r0 (1.3)

Putting the system of equations into matrix form and solving for the coefficients at the final time gives


C0

C1

C2

 =


1 tf t2f

tf
1
2 t

2
f

1
3 t

3
f

1
2 t

2
f

1
6 t

3
f

1
12 t

4
f


−1 

af

vf − v0

rf − v0tf − r0

 (1.4)

To get closed form solutions, an inspection of (1.4) reveals that the final position, velocity, acceleration

and time, as well as the initial position and velocity must be fixed. The initial acceleration, however, is

free provided that the acceleration can change instantaneously. It is important to note that there were no
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constraints on the states. For example, there is no guarantee that the solution won’t result in a trajectory

that goes below the surface or an acceleration that exceeds the maximum acceleration that the thrusters

can provide. Therefore, it was essential that the initial conditions be within a range that allowed for a soft,

physically possible landing. [16] In addition, the solutions for the constants are inversely proportional to

different powers of tf . To avoid a singularity, the update to the acceleration was stopped and a minimum

time was used in place of values that were too close to zero. [35]

A main drawback of Apollo guidance is the fixed final time. Not only is fixing the final time not fuel-optimal

but it may not be practical when, for unforeseen reasons, the initial conditions end up being significantly

different than expected or the landing spot needs to be adjusted. However, with the computing speeds of

today, the optimal final time can be found quite quickly via a line search method for the given objective

function

J =

∫ tf

t

||aT ||dτ (1.5)

where aT is the acceleration thrust vector. [16] The optimal final time can then be used in (1.4) which can

yield much better results without adding any significant complexity.

1.2.2 Missions to Mars

Over the last 25 years or so, there has been increasing interest in landing on Mars, in no small part due to

all of the excitement surrounding the success of the various Mars rovers. Five rovers have been successfully

landed on Mars beginning with Sojourner in 1997 and culminating with Perseverance just a few months ago,

in February of 2021. In addition, the Curiosity rover that landed in 2012 is still operational as of May 12,

2021. The rovers have all made important scientific discoveries such as early evidence of rivers and lakes on

Mars, as well as various organic compounds that are building blocks for life. [24]

Landing on Mars consists of several steps called Entry, Descent and Landing (EDL). Upon entering the

Martian atmosphere, the spacecraft will heat up considerably, but the payload is protected by an aeroshell

that helps keep important components at safe temperatures. The atmosphere also slows down the spacecraft

considerably. Once the desired velocity is reached, a parachute deploys that further slows the spacecraft.

The Perseverance rover that just recently landed on Mars in February of 2021, was the first to utilize a Range

Trigger which helped to open the parachute at the optimal time. Previous missions deployed the parachute
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as soon as a specific velocity was reached whereas the Range Trigger deployed the parachute based on the

spacecraft’s velocity and location, allowing for a more precise landing. During the parachute descent, the

heat shield is dropped and the payload continues to slow down. However, due to the thin atmosphere on

Mars, a parachute is not sufficient to slow the payload down enough to enable a soft landing. Therefore, a

final powered descent phase is required to safely land the payload. [24] Not surprisingly, the landing ellipse,

which is the region in which the payload is expected to land, has shrunk considerably over the last 25 years.

For Pathfinder, which landed in 1997, the ellipse was about 200 by 70 kilometers. In contrast, Perseverance

had a landing ellipse of about 8 by 7 kilometers. [25]

In this paper, the focus is on the final powered descent phase of the landing. In addition to the modi-

fied Apollo guidance which was used to help land the Mars Science Lab that carried Curiosity in 2012,

there are two main approaches to the fuel-optimal pinpoint landing problem. The first method, sometimes

referred to as the direct method, involves discretizing an optimization problem and then applying a nonlinear

programming technique such as convex optimization (see chapter 4). Possible solutions are found using al-

gorithms that identify states that satisfy the Karush-Kuhn-Tucker (KKT) conditions. These methods don’t

require a determination of the necessary conditions for optimality. The second method, referred to as the

indirect method, involves applying the principles of optimality as given by Pontryagin’s Maximum Principle

[27]. The problem can then be formulated as two point boundary problem and a numerical algorithm is used

to find a solution.

The direct method using convex optimization is advantageous because there are robust, efficient algorithms

that solve convex optimization problems in a relatively small number of iterations, even when there are hun-

dreds of variables and constraints. On the other hand, the indirect method can provide a pinpoint landing

that is more accurate by an order of magnitude [17]. However, the indirect method suffers from the fact that

convergence is not guaranteed, and the required root-finding algorithms are highly susceptible to the initial

guess (See Chapter 5). Further complicating the matter is that the initial guess will likely include the initial

costates. Since costates are not physical quantities, it can be difficult to know what a good initial guess might

be. In addition, the problem formulation can be more complicated as to derive the necessary equations, a

command of optimal control theory is required. Ultimately, these two methods are both important as they

are both suitable for different types of applications.
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1.3 Algorithms

The fundamental advantage to the convex optimization approach is the existence of numerous fast, robust

and reliable algorithms that can guarantee a solution. G-FOLD is very robust in that it can handle any

retargeting range, if required. In addition, the algorithm will provide the fuel-optimal solution and is nu-

merically stable. What makes the algorithm particularly innovative is that it takes a non-convex constraint

that appears due to a lower bound on the thrust magnitude and converts it to a convex constraint through

the use of a slack variable (see Chapter 4). Therefore, all of the advantages of convex optimization, such as

local optimal solutions also being global optimal solutions, can be utilized.

The solver used in this paper is CVX which solves convex programs and is implemented in Matlab. The main

problem with CVX is that it’s slow compared to other solvers. However, for problems that are relatively

small and avoid large loops, CVX works well. [11]

For the indirect method (see Chapter 5), principles of optimal control are applied which leads to a seven-

equation, seven-unknown root-finding problem. One issue with root-finding algorithms is that they can be

numerically unreliable and not converge to a solution. Dr. Lu, and others in [19] have determined that

numerical scaling is essential, in addition to using the right type of algorithm. In particular, Powell’s dog

leg method is used in [18] and in chapter 5. However, it is highly susceptible to the initial guess and the

problem must be formulated in a numerically friendly fashion.
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Chapter 2

Optimal Control Theory

2.1 Introduction

In this chapter, building off of the work of David Luenberger [20], the necessary conditions for an optimal

trajectory are presented. At the heart of all of this optimal control theory is Pontryagin’s Maximum Principle.

Lev Pontryagin’s ”The Mathematical Theory of Optimal Processes,” [27] contains detailed and rigorous

proofs of the findings shown here. The goal here is to provide a more accessible derivation of some of the

main findings of the Maximum Principle without duplicating the proofs. The principles are then applied to

a problem with terminal constraints on the state and a free final time. Finally, a simple example is provided

of how to derive an optimal trajectory that demonstrates the desired thrust profile.

2.2 Conditions for Optimality

A general form for a dynamic system can be written as

ẋ = f
(
x(t), u(t)

)
(2.1)

with an initial condition x(0) = x0 and a valid control u(t), with an objective function

J = ψ
(
x(tf )

)
+

∫ tf

0

L
(
x(t), u(t)

)
dt (2.2)

Note that there are two parts of the objective function. The first part is sometimes called the terminal

cost, and represents how some aspect of the final state affects J . So if the goal is to maximize or minimize
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some aspect of the final state, such as final velocity, that can be incorporated into this part of the objective

function. The second part, often called the integral cost, represents how something that builds up over time

affects the cost function. This part of the objective function is important for minimizing the amount of

fuel used, for example. A given set of equations for the dynamics, along with the initial state and control

function define a unique trajectory. For optimal control problems, the goal is to find the control function

that results in maximizing the objective function.

If u(t) is optimal, then any change in u will result in a decrease in the objective function. In general, to

determine if a certain control function is optimal, we can change u a little bit and see what happens to J .

Of course, J also depends on x and changing u also changes x. To start to find a way to determine how

changes in u affect J , first rewrite J as

J̄ = J −
∫ tf

0

λ(t)T [ẋ(t)− f
(
x(t), u(t)

)
]dt (2.3)

Using (2.1), we can see that for any λ(t), J̄ = J . This will prove very useful shortly, as λ(t) can be chosen

in such a way as to vastly simplify the problem. The Hamiltonian can then be defined as

H(λ, x, u) = λT f(x, u) + L(x, u) (2.4)

Then with some basic substitution using (2.2) and (2.4), (2.3) can be written as

J̄ = ψ
(
x(tf )

)
+

∫ tf

0

H(λ, x, u)− λ(t)T ẋ(t)dt (2.5)

Now assume that u is changed in some small way. Let the new trajectory be represented as x(t) + δx(t).

That leads to a change in the objective function, represented as

δJ̄ = ψ
(
x(tf ) + δx(tf )

)
− ψ

(
x(tf )

)
+

∫ tf

0

[
H(λ, x+ δx, u+ δu)−H(λ, x, u)− λ(t)T δẋ

]
dt (2.6)

The third term in the integrand can be integrated by parts. In addition, a first order approximation of the

form

H(λ, x+ δx, u)−H(λ, x, u)

δx
= Hx
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can be used to simplify (2.6). After a fair amount of tedious algebra, (2.6) can be written as

δJ̄ =
[
ψx
(
x(tf )

)
− λ(tf )T

]
δx(tf ) + λ(0)T δx(0)

+

∫ tf

0

[
Hx(λ, x, u) + λ̇T

]
δxdt

+

∫ tf

0

[
H(λ, x, u+ δu)−H(λ, x, u)

]
dt

(2.7)

where higher terms are ignored. First note that δx(0) = 0 since changing the control won’t change the initial

conditions. So that eliminates one term. To simplify further, we can take full advantage of the fact that λ(t)

can be anything. The first integral can be made to go to zero by requiring that

−λ̇ = Hx (2.8)

In addition, the first term in (2.7) can be eliminated by requiring a terminal condition on (2.8):

λ(tf )T = ψx
(
x(tf )

)
(2.9)

With this definition of λ(t), all terms except for the last integral in (2.7) go to zero. So δJ can be written as

δJ̄ =

∫ tf

0

[
H(λ, x, u+ δu)−H(λ, x, u)

]
dt (2.10)

If u is optimal, then δJ̄ must be negative at all times. Using (2.10) then gives

H(λ, x, u+ δu) ≤ H(λ, x, u) (2.11)

which leads to the very important conclusion that the optimal control is the control that maximizes the

Hamiltonian.

2.3 Terminal Constraints

The analysis in the previous section assumed that there were no restrictions on the final state. However,

oftentimes there is a desire to restrict the final state in some way. For example, in the case of landing

a spacecraft, we may want the final position and velocity to be zero in order to achieve a soft, pinpoint

landing. A further inspection of (2.7) shows the effect that these constraints have on the problem. If a

certain final state, xi(tf ) is constrained, then δxi(tf ) = 0. If this is case, then the first term in (2.7) shows
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that λi(tf ) can be anything. If xi(tf ) is not constrained, then δxi(tf ) doesn’t have to be zero. In that case

λi(tf ) = ψx
(
x(tf )

)
i
.

To summarize:

xi constrained: λi(tf ) is free

xi free: λi(tf ) = ψx
(
x(tf )

)
i

(2.12)

To account for the fact that the terminal conditions may result in no solution to the problem, the Hamiltonian

from (2.4) is rewritten as

H(λ, x, u) = λT f(x, u) + λ0L(x, u) (2.13)

where λ0 ≥ 0. If the problem is well formulated, we can take λ0 = 1 and the Hamiltonian reduces to (2.4).

However, in the case of no solution, λ0 = 0.

Very often, the final time can be kept free, although for long journeys that involve human passengers, the

final time might need to be constrained. However, as is done several times in this paper, there is no reason

to fix the final time if all that is desired is to optimize fuel consumption. To derive the conditions for the free

final time problem, the same method as the previous section is used. Using (2.5) and (2.13), the objective

function can be written as

J̄ = ψ
(
x(tt)

)
+

∫ tf

0

[
L(x, u) + λT f(x, u)− λ̇Tx

]
dt (2.14)

As before, there is a new control v(t) = u(t) + δu(t), an associated new trajectory x(t) + δx(t), and a new

final time tf + δtf . The new value of the final state is now x(tf ) + δx(tf + dtf ) since the final time itself

also changes. Much as before, with a fair amount of simplifying and using first order approximations, we

can write

δJ̄ = ψx
(
x(tf )

)
dx(tf )− λ(tf )T δx(tf ) + λ(0)T δx(0) + L

(
x(tf ), u(tf )

)
δT

+

∫ tf

0

[
Hx(λ, x, u) + λ̇T

]
δxdt

+

∫ tf

0

[
H(λ, x, v)−H(λ, x, u)

]
dt

(2.15)

We can apply similar reasoning as before and determine that δx(0) = 0 and that the first integral goes to

zero by (2.8). In addition, using a first order approximation for δx(tf +δtf ), applying (2.12) and doing some
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substitution gives

δJ̄ = H(tf ) +

∫ tf

0

[
H(λ, x, v)−H(λ, x, u)

]
dt (2.16)

The integral part is the same as before in (2.10). But here, we can also say that

H(tf ) = 0 (2.17)

Otherwise there could be some final time that would tend make δJ > 0 and therefore the control would be

suboptimal. As shown by Pontryagin [27] in a lengthy and rigorous proof, the Hamiltonian actually will be

zero everywhere along an optimal trajectory as long as it doesn’t depend explicitly on time and the final

time is free. If the final time is fixed and there is no explicit time dependence, the Hamiltonian is equal to

a constant.

To summarize, there are four main necessary conditions for optimal control:

−λ̇ = Hx (2.18)

λ(tf )T = ψx
(
x(tf )

)
(2.19)

H(λ, x, u+ δu) ≤ H(λ, x, u) for an optimal control u (2.20)

H(tf ) = 0 if the final time is free (2.21)

2.4 Thrust Profile

Now the principles from the previous section can be applied to the minimum fuel problem. In problems such

as this, the dynamics often take a form similar to

ẋ1 = x2 (2.22)

ẋ2 = u+ a (2.23)

where x1 is the position, x2 is the velocity, u is the control that could equal specific thrust, and a is a

constant often equal to gravitational acceleration. The goal for this example is to minimize the fuel burned

for a trajectory from some starting point to the origin and it will be shown in section 3.2 that this is equivalent

to minimizing the final time. Therefore, the objective function can be written using (2.2) as

J = tf − ti (2.24)
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Using (2.4), the Hamiltonian can be written as

H = λ1x2 + λ2(u+ a) (2.25)

Applying (2.18) gives

λ̇1 = 0 λ̇2 = −λ1 (2.26)

λ1 = c1 λ2 = −c1t+ c2 (2.27)

where c1 and c2 are constants. Because it makes good sense to have an upper and lower bound on the thrust,

umin ≤ u ≤ umax. By applying (2.20),

u =


umin if λ2 < 0

umax if λ2 > 0

(2.28)

Therefore, the optimal control is always equal to the maximum thrust or the minimum thrust. This im-

portant result holds when the Hamiltonian has a linear dependence on u, as is this case in these types

of optimization problems. If the coefficient of u in the Hamiltonian is positive, then umax optimizes the

Hamiltonian and is therefore optimal. Similarly, umin maximizes the Hamiltonian and is optimal if the coef-

ficient is negative. Therefore, the coefficient of u has special significance and is referred to as the switching

function, as when this function is equal to zero, it indicates that a switch between maximum and minimum

thrust occurs. Here the switching function is λ2. If the switching function equals zero, then u cannot be

determined. This is called the singularity condition and can sometimes present a problem. It will be shown

in future chapters, however, that for the approaches in this paper, the singularity condition cannot hold over

any finite time interval. Furthermore, by the second equation in (2.27), λ2 can only equal zero at most once

on any time interval. Therefore, in this example there is at most one switch for the optimal trajectory.

For simplicity, let u ∈ [−1, 1] and a = 0. Then plugging in the maximum and minimum value for u

and integrating ẋ1 and ẋ2 gives

x1 = ±1

2
t2 + c1t+ c2 (2.29)

x2 = ±t+ c1 (2.30)
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where c1 and c2 are integration constants and the ± is for max/min u. Eliminating t results in

x1 = ±1

2
x2

2 + C (2.31)

where C is some other constant. Figure 2.1 represents two possible optimal trajectories. In the case where

the initial conditions dictate that the trajectory starts above the red curve, the initial control will be at a

minimum until the trajectory hits the red curve. At that point, the control will switch to a maximum value

until the endpoint of the origin is reached. Similarly, if the trajectory starts below the red curve, the control

will be maximized until it hits the red curve, at which point the control will be minimized until the origin

is reached. The red curve here represents the switching function.

Figure 2.1: Optimal Trajectory

Formal proofs of this bang-bang control are given in [27] and are expanded to multiple dimensions. While

the proofs won’t be duplicated here, some important findings are worth summarizing. First, it can be dan-

gerous to assume that an optimal control exists and there are certainly some systems for which that is the

case (consider ẋ = u and we want to get x from 0 to 1 in minimal time) . However, if the problem is well

formulated, then u can be assumed to exist. Mathematically, it turns out that if the dynamics are given in

the general form ẋ = f(t, x, u) and we assume u exists and that f(t, x, u) is compact and convex for all (t, x)

pairs along the trajectory and for all u, then the reachable set of points from x0 is compact. This is known
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as Filippov’s Theorem [15]. Around the same time, Pontryagin developed a similar theorem for a linear

time optimal process. If the set of allowable controls is contained in a parallelepiped and the eigenvalues of

the state matrix are real (as is the case for these types of optimization problems), then there is a unique

optimal control function that will be piecewise continuous and always have either maximum or minimum

value. In addition, the theorem states that there will be at most n− 1 switchings where n is the number of

states. Moreover, as proven in [14], there can be at most three thrust arcs. We can also say that for a linear

system, as long as the set of allowable controls is compact and convex, then there is a time optimal control [15].

To summarize, the most important results for thrust profiles are:

1. An optimal control exists if the problem is well formulated.

2. Control is bang-bang, meaning it is always at the maximum or minimum allowable value.

3. Most optimal thrust profiles will follow a max-min-max pattern.
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Chapter 3

Vertical Fuel-Optimal Descent

3.1 Introduction

In this chapter, the problem of a fuel-optimal trajectory for a small lander in the terminal descent phase is

analyzed. This work was presented originally by Dr. James Meditch in a paper from 1964 entitled ”On the

Problem of Optimal Thrust Programming for a Lunar Soft Landing.” [22] First, the problem of a fuel-optimal,

vertical descent is shown to be equivalent to the problem of a time-optimal descent. Then, using principles

of optimal control and Pontryagin’s Maximum Principle, a switching function is derived that determines all

of the states of altitude and velocity from which a soft landing can be achieved. Building on the concepts

developed in chapter 2, the optimal thrust profile is applied and it can be seen that the optimal trajectory

consists of a period of free fall followed by full thrust until the spacecraft lands. Finally, a simulation is

presented using matlab for a fuel-optimal terminal descent of a small lunar lander.

3.2 Problem Formulation

The dynamics of the problem can be represented as

ẍ = −kṁ
m
− g (3.1)

where k > 0 is the velocity of the exhaust gas with respect to the spacecraft and ṁ ≤ 0 is the rate at

which fuel is consumed. To achieve a soft, pinpoint landing, both the final position and velocity are zero,

so x(τ) = 0 and ẋ(τ) = 0. Here, τ represents the final time, which is kept free for reasons that will soon

be clear. In this example, a trajectory that minimizes fuel consumption is considered. Therefore, the cost
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function can be written as

J = −
∫ τ

0

ṁ(t)dt = m(0)−m(τ) (3.2)

since minimizing the change in mass of the spacecraft is equivalent to minimizing the amount of fuel burned.

To apply principles of time optimal control, we can show that the minimum fuel problem is equivalent to

the minimum time problem. To see this, first note that

ṁ

m
=

d

dt
lnm.

Then, (3.1) can be rewritten as

ẍ = −k d
dt

lnm− g. (3.3)

Integrating both sides from 0 to t gives

ẋ(t)− ẋ(0) = −k(lnm(t)− lnm(0))− gt

ẋ(t) = −k ln
m(t)

m(0)
− gt+ ẋ(0). (3.4)

Remembering that the velocity at the final time, τ , is zero gives

0 = −k ln
m(τ)

m(0)
− gτ + ẋ(0)

k ln
m(τ)

m(0)
= −gτ + ẋ(0)

m(τ) = m(0) exp

[
−gτ + ẋ(0)

k

]
(3.5)

Now we can substitute (3.5) into (3.2) to get

J = m(0)

[
1− exp

(
−gτ + ẋ(0)

k

)]
(3.6)

For obvious physical reasons, m(0) > 0 and, as stated previously, k > 0. ẋ(0) has no restrictions other than

the assumption that for a given initial velocity, the spacecraft can generate enough thrust to perform a soft

landing. With these constraints, J will always increase as τ increases, so minimizing τ will minimize J as

well. Therefore, we can state that minimizing the final time is equivalent to minimizing the amount of fuel

consumed. Now it is clear why the final time was kept free, as this important result allows for the use of

principles of time optimal control.
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3.3 Optimal Control

The states of the system can be defined as x1 = altitude, x2 = velocity and x3 = mass, so

ẋ1 = x2 ẋ2 =
−k
x3
u− g ẋ3 = u. (3.7)

The control variable, u, is equal to ṁ which is directly related to the thrust of the spacecraft. The Hamiltonian

for optimal control is given by

H = λ1x2 + λ2

(
− k

x3
u− g

)
+ λ3u (3.8)

where λi represents the costates. Using the fact that λ̇i = − ∂H
∂xi

gives

λ̇1 = 0 λ̇2 = −λ1 λ̇3 = −λ2
k

x2
3

u. (3.9)

So λi for i = 1, 2, 3 are the solutions to this set of differential equations.

Applying Pontryagin’s Maximum Principle (see chapter 2), the control that maximizes the Hamiltonian

is optimal. Given that there’s a limit on how much fuel can be burned at once and that ṁ ≤ 0, upper and

lower limits on u can be assigned such that −α ≤ u ≤ 0 where α is a constant related to the maximum

possible thrust. Regrouping terms in the Hamiltonian (3.8) gives

H = λ1x2 − λ2g +

(
− k

x3
λ2 + λ3

)
u.

Since u ≤ 0, H is maxed as follows:

u =


−α if − k

x3
λ2 + λ3 < 0

0 if − k
x3
λ2 + λ3 > 0

(3.10)

Note that if

∂H
∂u

= − k

x3
λ2 + λ3 = 0

then u cannot be determined. This is the singularity condition and it is shown in the next section that

this condition can’t hold on a finite time interval. In addition, a proof given in [22] shows that the optimal

trajectory consists of either full thrust for the whole descent, or a period of free fall followed by a period of

full thrust until landing. The problem now becomes finding the switching function which gives us the state
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at which the thrust should begin firing.

3.4 Singularity Condition

Some types of optimization problems, such as the Goddard rocket problem of trying to obtain the highest

altitude during an ascent, may require singular controls. This can present a problem as the Maximum

Principle doesn’t provide any information on what the thrust should be during a singular control arc. For the

problem presented here, however, we can show that the singularity condition only can exist instantaneously.

First note that the Hamiltonian given in (3.8) does not depend explicitly on time and that the final time is

kept free. Therefore, by the Maximum Principle,

H = λ1x1 − λ2
k

x3
u− λ2g + λ3u ≥ 0 (3.11)

The singularity condition is

λ3 − λ2
k

x3
= 0 (3.12)

and plugging that into (3.11) gives

λ1x2 − λ2g = constant (3.13)

Differentiating (3.19) with respect to time gives

λ̇1x2 + λ1ẋ2 − λ̇2g = 0 (3.14)

Using (3.7) and (3.9) and substituting gives

λ1

(
− k

x3
u− g

)
− λ1g = 0

λ1
k

x3
u = 0 (3.15)

Since k and x3 are both greater than zero,

λ1u = 0 (3.16)

Using (3.9), λ1 = constant so u(t) = 0 if λ1 6= 0. So either λ1 = 0 or u = 0 during the singularity condition.

First consider λ1 = 0 for all t. From (3.9), this means that λ2 = constant.

1. λ2 = 0.

If this is the case, then by (3.9), λ̇3 = 0. The transversality condition (2.12) gives λ3 = 0 since the final
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mass is kept free. So that means that all costates are equal to zero. The Maximum Principle states

that there exists a non-zero solution, so this case can’t happen.

2. λ2 < 0

By (3.9) λ̇3 ≤ 0 since u ≤ 0. But again by transversality, λ3 = 0. This means that λ3 ≥ 0 since the

function is decreasing or constant due to the derivative being negative or zero. However, since λ2 < 0,

k
x3
λ2 < 0. So

λ3 −
k

x3
λ2 > 0

since that is a positive number minus a negative number. This violates (3.12) and therefore can’t

happen.

3. λ2 > 0

By (3.9) λ̇3 ≥ 0. Using the same argument as the previous case means that λ3 ≤ 0 and k
x3
λ2 > 0. So

λ3 −
k

x3
λ2 < 0

since that is a negative number minus a positive number which contradicts (3.12).

So the singularity condition cannot hold on a closed time interval for λ1 = 0 Now consider the case where

u(t) = 0. From (3.9), λ̇3 = 0 which means that λ3 = constant. Also, k is constant and by (3.7), x3 =

constant. Therefore, by (3.12), λ2 = constant. But λ2 = constant only if λ̇2 = −λ1 = 0. We already know

that the singularity can’t hold if λ1 = 0 so it can’t hold if u = 0 either. Finally, we can conclude that no

singular optimal controls exist.

3.5 Derivation of Switching Function

First, let x∗1, x∗2 and M0 represent the initial altitude, velocity and mass respectively when thrusting begins.

Also, let the time interval over which thrusting occurs be [0, t1]. Furthermore, assuming that the mass loss

is linear gives

x3(t) = M0 − αt

Then plugging into equation (3.4) gives

x2(t) = −k ln
M0 − αt
M0

− gt+ x∗2. (3.17)
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Using the fact that ẋ1 = x2, using (3.17) and integrating both sides gives

x1(t)− x∗1 =

∫ t

0

x2(s)ds

x1(t) =

(
kM0

α

)(
M0 − αt
M0

)
ln

(
M0 − αt
M0

)
+ kt− 1

2
gt2 + x∗2t+ x∗1. (3.18)

Keeping in mind that a soft landing is desired, at t = t1 we need x1(t1) = 0 and x2(t1) = 0. So (3.17) and

(3.18) become

x2(t1) = −k ln
M0 − αt1

M0
− gt1 + x∗2 = 0

x1(t1) =

(
kM0

α

)(
M0 − αt1

M0

)
ln

(
M0 − αt1

M0

)
+ kt1 −

1

2
gt21 + x∗2t+ x∗1 = 0

Solving for x∗2 gives

x∗2 = k ln

(
M0 − αt1

M0

)
+ gt1. (3.19)

That result can then be plugged into the expression for x1(t1) to obtain

x∗1 = −kM0

α
ln

(
M0 − αt1

M0

)
− kt1 −

1

2
gt21. (3.20)

To get an analytic function in terms of x∗1 and x∗2, t1 needs to be eliminated. One way to do this is to use a

Taylor expansion for the natural log term. The ratio αt1
M0

represents the ratio of the mass of fuel consumed

to the mass of the spacecraft. Certainly this is less than one, and depending on the circumstances, it may be

very much less than one. Therefore the natural log term can be approximated using a second order Taylor

expansion.

ln

(
M0 − αt1

M0

)
≈ − α

M0
t1 −

α2

2M2
0

t21 (3.21)

Using this result and plugging into (3.20) gives

x∗1 = −kM0

α

(
− α

M0
t1 −

α2

2M2
0

t21

)
− kt1 −

1

2
gt21

x∗1 =

(
αk

2M0
− 1

2
g

)
t21

x∗1 = at21 (3.22)
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where

a =
αk

2M0
− 1

2
g

Similarly, plugging into (3.19) gives

x∗2 = k

(
− α

M0
t1 −

α2

2M2
0

t21

)
+ gt1

x∗2 =

(
− αk

M0
+ g

)
t1 −

α2k

2M2
0

t21

x∗2 = 2at1 − bt21 (3.23)

where

b =
α2k

2M2
0

Solving (3.22) for t1 and plugging that result into (3.23) gives

x∗2 = −2a

√
x∗1
a
− bx

∗
1

a

Rearranging terms results in the switching function:

f(x∗1, x
∗
2) = x∗2 + 2a

√
x∗1
a

+
b

a
x∗1 = 0 (3.24)

This switching function represents all of the initial sets of altitude and velocity for which a soft landing can

be achieved while firing at full thrust.

3.6 Discussion

Figure 1.1 shows the velocity vs altitude graph for a vertical lunar descent of a small, 2 kg spacecraft from

an initial height of 30 meters, an initial velocity of 1 m/s downwards, with a specific impulse of 30/gearth,

a max thrust of 6.5 N, and value of g = 1 m/s2 for lunar gravitational acceleration. Note that the graph

depicted is actually the fourth quadrant as x(t) > 0 and ẋ(t) < 0. Physically, this means that the spacecraft

is always above the ground and is always moving in a downwards direction. The trajectory of the descent

begins at the initial conditions, and the spacecraft will follow the free fall arc until it reaches an altitude of

approximately 9 meters with a downward velocity of about 6.5 m/s. At that point, the thrust turns on and

the spacecraft follows the arc of the switching function until a soft landing is achieved.
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Figure 3.1: Velocity vs Altitude Figure 3.2: Altitude and Velocity vs Time

It is important to note that the free fall trajectory and the switching function intersect only once. That

means that there is only one, unique switching time. Since there is only one possible time, that time must be

optimal. If the initial conditions of the spacecraft are anywhere above the graph of the switching function,

then the spacecraft should free fall until its current state intersects with the switching function, at which

point the thrust should fire and remain on until landing. If the state of the spacecraft places it below the

switching function, then the thrust of spacecraft is insufficient to produce a soft landing.

To present a more conventional view of the trajectory, figure 1.2 shows the altitude and velocity vs time for

the spacecraft. The initiation of the thrust occurs at about 5.6 seconds after the initial free fall, and the

total time of the landing takes about 8.3 seconds.

Given that every sensor has some sort of inherent noise, the actual trajectory and the measured trajec-

tory will not align perfectly. To get a better picture of the error, the conditions under which the natural log

in (3.21) can be approximated as indicated need to be determined. If the ratio of consumed fuel to initial

mass is 0.25, then the error in the approximation of (3.21) is

∣∣∣∣∣ ln 0.75− (−0.25− 0.252/2)

ln 0.75

∣∣∣∣∣ ∗ 100 = 2.24%.

Depending on the mission parameters, this may or may not be acceptable. But expecting that the fuel

burned will be about 25% of the total mass of the spacecraft seems like a reasonable assumption for a num-

ber of missions.
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Another source of error is evident by looking at (3.17). The velocity is dependent on the correct deter-

mination of the velocity at the initiation of thrusting. When calculating the altitude, (3.18) reveals that the

altitude is dependent on the correct determination of the altitude at the initiation of thrusting. Moreover,

when calculating the altitude, any error in the velocity when thrust is initiated will increase linearly with

time. One possible solution to the inherent error is to fire a thrust that will maintain a constant descent

velocity until landing. Once a velocity is reached at which the spacecraft can reasonably land, say 1 m/s, a

thrust would fire that would land the spacecraft at that same velocity. While this would not be fuel optimal,

it would help ensure the success of the mission. Regardless, the method presented in this chapter could at

the very least be used as a guide to help determine the minimum amount of fuel required for the terminal

descent phase of a lander.
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Chapter 4

Convex Optimization Approach

4.1 Introduction

Having simulated the one dimensional case in the previous section, we now tackle the more complex three

dimensional problem using papers by Ufuk Topcu [34] and Behçet Açikmeşe [2] as a guide. In addition,

for practical reasons, the minimum thrust cannot be zero as spacecraft engines typically cannot be turned

totally off. Therefore an additional constraint of a non-zero minimum thrust is considered. After formulating

the problem and investigating the behavior of the costates, a convex optimization framework is developed

using the work presented in [2] and a numerical solution is shown.

Stating the problem as a convex optimization problem has several advantages. First, there are a variety of

efficient algorithms that can solve convex optimization problems much faster than non-convex problems. In

addition, solutions to convex optimization problems have the desirable property that a local minimum is

also a global minimum. Therefore, once an optimal solution is found, there is no need to ensure that it is

globally optimal.

One of the main difficulties with framing fuel-optimal landings as a convex optimization problem is that the

lower bound on the thrust results in a non-convex constraint. However, introducing a slack variable along

with a change in variables as shown in [2] results in a convex constraint. In addition, a proof is offered that

shows that a solution to the more relaxed optimization problem with the slack variable is also a solution

to the original problem with the original thrust constraint. The problem is then discretized in order to

construct the numerical solution.
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4.2 Problem Formulation

First the problem can be set up as

ṁ = −kT (4.1)

where k is the inverse of the exhaust velocity and is assumed to be constant, and T is magnitude of the

thrust. In addition,

Ċ = Λ (4.2)

where Λ = T/m is the specific thrust and C is the characteristic velocity with an initial condition of C(t0) = 0.

For practical purposes, the minimum thrust cannot be zero, as the engine can never completely shut off.

Therefore, bounds are placed on the thrust.

0 ≤ Λmin(t) ≤ Λ(t) ≤ Λmax(t) (4.3)

Taking the state vetor to be x = [~r ~V C], the dynamics are represented as

~̇r = ~V ~̇V = ~g + ~Λ Ċ = Λ (4.4)

where ~r and ~V are position and velocity and ~g is the gravitational acceleration. Minimizing the fuel used

means maximizing the final mass, which in turn means maximizing −C(tf ). Therefore, the cost function

can be written as

J = −C(tf ) (4.5)

The Hamiltonian is then given by

H = ~λr · ~V + ~λV · (~g + ~Λ) + λcΛ (4.6)

By Pontryagin’s Maximum Principle (see chapter 2), the control that optimizes the Hamiltonian is optimal.

Therefore ~Λ will be in the same direction as ~λV . Using that result and rearranging the Hamiltonian gives

H = ~λr · ~V + (λV + λC)Λ + ~λV · ~g. (4.7)
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Maximizing the Hamiltonian gives

Λ∗ =


Λmin if λV + λC < 0

Λmax if λV + λC > 0

where Λ∗ is the optimal specific thrust.

∂H
∂Λ

= λV + λC (4.8)

represents the switching function. The thrust will switch from maximum to minimum or from minimum to

maximum when the switching function equals zero.

Now, using λ̇ = −∂H∂x gives

~̇λr = 0 ~̇λV = −~λr. (4.9)

Also, using (4.1) and (4.2) gives m(t) = m0e
−kC or alternatively, C = − lnm−lnm0

k . Therefore

λ̇C = − ∂

∂C
(λV + λC)Λ

= − ∂

∂C
(λV + λC)

T

m0e−kC

= −(λV + λC)
T

m0
kekc

= −(λV + λC)
T

m0
ke−(lnm−lnm0)

= −(λV + λC)kΛ (4.10)

Then by Pontryagin’s Maximum Principle (2.12), because C(tf ) is kept free,

λC(tf ) =
∂J

∂C

∣∣∣∣∣
t=tf

= −1. (4.11)

Then, using the second part of (4.9) and integrating both sides gives

∫ tf

t

~̇λV dt = −
∫ tf

t

~λrdt

~λV (tf )− ~λV (t) = ~λr(t− tf )

~λV (t) = ~λV (tf )− ~λr(t− tf ) (4.12)
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The magnitude of the velocity costate can then be written as

λV (t) =

√
λ2
r ∗ (t− tf )2 − 2(~λr · ~λV (tf )) ∗ (t− tf ) + λ2

V (tf ) (4.13)

Note that if λV +λC = 0, then the specific thrust cannot be determined, resulting in the singularity condition.

However, as it turns out, the singularity condition can’t hold. To see this, first note that if λV + λC = 0, by

(4.10), λ̇C = 0 which means that λV and λC are constant. This implies that Λ would have to be singular

over the entire time interval. The boundary condition in (4.11) gives λC = −1 so λV = 1. This implies that

λ̇V = 0. Now consider the fact that λ2
V = ~λV · ~λV . Differentiating gives 2~̇λV · ~λV = 0. Using (4.9) gives

−2~̇λr · ~λV = 0 which implies that ~λr ⊥ ~λV . Using (4.9) reveals that λr is constant. Taking λr 6= 0 results in

a rotating λV . Therefore, λr and λV cannot remain orthogonal to each other over any finite time interval.

Recall that for free time problems, the Hamiltonian equals zero everywhere along the optimal trajectory. If

λr = 0 then by inspection of the Hamiltonian in (4.7), λV ⊥ g in order for the Hamiltonian to be zero. Since

maximizing the Hamiltonian requires λV to be in the same direction as the thrust, this would result in a

thrust in the horizontal direction. Therefore, there would be no way to achieve a soft landing given by the

boundary conditions. So there can’t be any optimal singular thrust arcs.

Using all these expressions for the costates begins to give an idea of what the thrust profile might look

like. Given the possible values of λr and λV (tf ), there are three possibilities.

Case 1: λr 6= 0 and λV (tf ) 6= 0. The graph of λV (t) will be an upwards facing hyperbola. An exam-

ple of what the graphs of λV (t) and λC might look like can be obtained by solving the set of differential

equations for ~̇λr, ~̇λV and λ̇C given by (4.10) and (4.9) and using reasonable values for λr and λV (tf ), both

of which are constant vectors. Looking at the switching function (4.8) reveals that the thrust will switch

when λV = −λC . Figure 2.1 shows a possible example for the time evolution of λV and −λC . Note that the

intersections of the two curves represents a switch from max to min or min to max thrust. It is also clear

that the switch occurs when λ̇C = 0. In addition, −λC can cross the decreasing part of the graph of λV only

once, and the increasing part only once, resulting in a ”bang-bang” profile. Also, in order to maximize the

Hamiltonian, when −λ̇C > 0 the thrust will be at a maximum and when −λ̇C < 0 the thrust will be at a

minimum. Therefore, the sample thrust profile in figure 4.1 will be a max-min-max firing.
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Figure 4.1: Costate Evolution

Case 2:λr 6= 0 and λV (tf ) = 0. Using (4.12) and simplifying gives λV (t) = λr(t− tf ) which is a linear graph

with a negative slope. Since the final time is free, transversality (2.12) gives H(tf ) = 0 which means that

λV (tf ) + λC(tf ) = 0. However, this isn’t possible since λV (tf ) = 0 and λC(tf ) = −1 from (4.11).

Case 3: λr = 0 and λV (tf ) 6= 0. In this case, using the second equation in (4.9) results in a constant value

for ~λV (t). Looking at the Hamiltonian reveals that since ~λV · ~g is constant, λV + λC cannot switch signs.

Therefore, there can be only one arc of maximum thrust. That makes this case just a special case of case 1.

4.3 Formulation as a Convex Optimization Problem

Now the main goal shifts to trying to express the problem as a convex optimization problem. The issue is

the constraint on the thrust, in that Tmin ≤ T ≤ Tmax is non-convex. Dr. Açikmeşe and others [2] deal

with this problem by introducing a slack variable as an additional constraint that serves to make the thrust

constraint convex at the cost of an extra constraint. The problem can be stated as

maxm(tf ) = min

∫ tf

0

||T (t)||dt (4.14)
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subject to a variety of constraints including the mass loss rate, initial and final conditions, the dynamics and

the minimum and maximum thrust constraint. Reformulating this with the slack variable gives

min

∫ tf

0

Γ(t)dt (4.15)

where Γ is the slack variable that will now replace T in the previous thrust and mass loss constraints.

Furthermore, this problem will have an additional constraint that ||T (t)|| ≤ Γ(t). Because (4.15) is a less

restrictive version of (4.14), we must show that an optimal solution of (4.15) is also an optimal solution of

(4.14). Recalling that ṁ = −kT and λ0 ≤ 0, the Hamiltonian (2.4) can be written as

H = ~λr · ~V + ~λV ·

(
~g +

~T (t)

m(t)

)
− λmkΓ + λ0Γ. (4.16)

As usual, applying Pontryagin’s Maximum Principle (see chapter 2) and optimal control principles (2.8)

gives the following:

~̇λr = 0 ~̇λV = −~λr λ̇m =
1

m2
(~λV · ~T ) (4.17)

In addition, transversality (2.12) gives λm(tf ) = 0 and H(tf ) = 0. Note that if λV (t) = 0 over any finite

time interval, then the optimal thrust is indeterminate. However, the following proof shows that λV (t) can

only equal zero for at most one point on a finite time interval. If λV = 0, then using (4.17) shows that λr = 0

and λm = 0. Since H(tf ) = 0, then by (4.16) λ0 = 0. This would mean that

[
λ0 λr λV λm

]
= 0 which

violates the necessary conditions of optimality given by (4.17) and the Maximum Principle [27]. Also, by

(4.17), λV is linear and since it can’t be equal to zero everywhere, it can equal zero at most once on some

time interval. In addition, looking at (4.16) reveals that the Hamiltonian depends linearly on the thrust.

Since the optimal thrust will maximize the Hamiltonian, T = Γ if the coefficient of T is positive and T = −Γ

if the coefficient is negative. This also leads to ρmin ≤ T ≤ ρmax. Finally, one can see that the optimal

solution to (4.15) satisfies the constraints for (4.14) and therefore is a solution to both problems.

4.4 Application of Algorithm

A change of variables is now introduced in order to more easily construct a numerical algorithm. Changing

the variables results in second-order cone and linear constraints which enables the use of more efficient

algorithms. First, let

σ =
Γ

m
. (4.18)
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Now we can rewrite (4.1) as

ṁ(t)

m(t)
= −kσ(t) (4.19)

and write the dynamics as

r̈ = g + Λ(t). (4.20)

Solving (4.19) for m(t) gives

m(t) = m0 exp

[
− k

∫ tf

0

σ(t)dt

]
(4.21)

Again, the goal is to minimize the fuel burned which is equivalent to maximizing the final mass. Therefore,

by inspecting (4.21), this problem is equivalent to minimizing

∫ tf

0

σ(t)dt (4.22)

The constraints can then be rewritten as

||Λ(t)|| ≤ σ(t) (4.23)

ρmin

m(t)
≤ σ(t) ≤ ρmax

m(t)
. (4.24)

Note that (4.23) becomes an equality for an optimal thrust as shown in the proof at the end of the previous

section. By inspection, both inequality constraints in (4.24) are non-convex. To get around that problem,

let

z = lnm (4.25)

and, using (4.19),

ż(t) = −kσ(t). (4.26)

Then (4.24) can be written as

ρmine
−z(t) ≤ σ(t) ≤ ρmaxe

−z(t). (4.27)

Constraints of the form g(x) ≤ 0 are convex if the Hessian of g(x) is positive semi-definite. Looking at the

first part of the inequality results in a Hessian for g(x) that is positive definite, and therefore that constraint

is convex. However, the second part of the inequality is not convex, as the Hessian is in fact negative

definite. To fix this problem, the exponentials can be approximated using a Taylor series. Expanding the

first inequality using a second order Taylor expansion results in a second-order cone constraint and the second

inequality using a first order expansion results in a linear constraint. Keeping the problematic constraint to a

first order expansion results in a convex constraint, whereas a second order expansion would not. Regardless,
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both of these inequalities are shown to be very accurate in [2]. So the constraints in (4.27) can be written as

µ1(t)

[
1− [z(t)− z0(t)] +

[z(t)− z0(t)]2

2

]
≤ σ(t) ≤ µ2(t)[1− (z(t)− z0(t))] (4.28)

where

µ1 = ρmine
−z0 and µ2 = ρmaxe

−z0 (4.29)

and

z0(t) = ln(m0 − kρmaxt) (4.30)

is the lower bound on z(t) as it represents fuel being burned at maximum thrust. An upper bound can be

written by substituting ρmin for ρmax. The optimization problem can now be summarized as

min

∫ tf

0

σ(t)dt

subject to

r̈ = g + Λ(t)

ż(t) = −kσ(t) ||Λ(t)|| ≤ σ(t)

µ1(t)

[
1− [z(t)− z0(t)] +

[z(t)− z0(t)]2

2

]
≤ σ(t) ≤ µ2(t)[1− (z(t)− z0(t))]

ln(m0 − kρmaxt) ≤ z(t) ≤ ln(m0 − kρmint)

m(0) = m0 r(0) = r0 ṙ(0) = ṙ0 r(tf ) = ṙ(tf ) = 0

Now the problem needs to be discretized in order to use a numerical algorithm. First, let N equal the number

of time steps. Then, the control can be represented at each time step by

η =

[
Λx Λy Λz σ

]T
(4.31)

To get the discretized cost function (4.22), first define a matrix Ω as

Ω =

[
0 0 0 ∆t

]T
(4.32)
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The cost function can then be represented as ΩT η at each time step. In addition, the thrust constraint can

now be written as ∣∣η(1 : 3)
∣∣ ≤ η(4) (4.33)

where η(1 : 3) represents the first three terms of η and η(4) is the last term of η. To discretize the dynamics,

first consider the usual state space form, ẋ = Ax+Bu+G. The dynamics gives

A =



03x3 I3x3 0

03x3 03x3

...

0 . . . 0



B =



03x3 0

I3x3 0

0 0 0 −k



G =



0

0

0

g0

0

0

0



(4.34)

The solution to this equation is

xn+1 = Astepxn +Bstepηn + gstep (4.35)

where

Astep = eA∆t Bstep =

∫ ∆t

0

eA(∆t−s)Bds gstep =

∫ ∆t

0

eA(∆t−s)Gds (4.36)

Finally we have the necessary framework to obtain a numerical solution.

4.5 Discussion

For this simulation, a spacecraft landing on Mars with six thrusters, firing at an angle of 27◦ with respect

to the vertical, is considered. Figure 2.2 shows an optimal trajectory, using Matlab and CVX, with initial
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conditions as follows:

r =

[
rz, rx, ry

]
=

[
1500, 0, 2000

]
m

ṙ =

[
ṙz, ṙx, ṙy

]
=

[
−75, 0, 100

]
m/s

Isp = 225 s

gmars = −3.7114 m/s
2

Tmax = 3100 N/thruster

ρmin = 0.3Tmax

ρmax = 0.8Tmax

Figure 4.2: Optimization Results

Additionally, two important constraints have been added. First, solutions sometimes will result in a trajec-

tory that goes underground. So the first additional constraint is that r(1) ≥ 0. Second, trajectories that

come in too parallel to the ground are more likely to crash into an unforeseen obstacle. Therefore, a glide

slope constraint has been included that limits the angle that the spacecraft can make with the ground and

the origin. The first two graphs in figure 2.2 show the position and velocity vs time of the spacecraft. The

horizontal component initially moves farther away from the desired landing spot, but eventually gets back

to the correct spot. The altitude of the spacecraft actually increases for a brief period of time around 30

seconds, as the velocity goes positive, but then gently descends for the remainder of the way. The third

graph shows the optimal thrust profile. Not surprisingly, it shows a max-min-max pattern as predicted in

[2]. Figure 2.3 shows the actual trajectory of the spacecraft as an observer on the surface might see it. The

graph shows that the trajectory remains above the ground, doesn’t come in too shallow, and lands at the
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origin.

It is important to note that CVX and Matlab can be comparatively slow. Using a generic solver is fine

for educational purposes, but should not be flown. The G-FOLD algorithm mentioned in chapter one, how-

ever, is fast enough to be used in real time and has been used to land spacecraft on Mars with this problem

formulation. Also, the powered descent phase is the final of several steps in the EDL process (see chapter

one). This phase begins when the parachute is cut off from the payload. The optimal time to cut off the

parachute is an ongoing area of research and an essential part of the process. In addition, the spacecraft’s

attitude was not explicitly considered here.

Figure 4.3: Optimal Trajectory
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Chapter 5

The Indirect Method

5.1 Introduction

This chapter investigates a formulation of the powered descent optimization problem by deriving closed-form

solutions to the state variables in terms of the initial costates and the free final time, as presented by Dr. Lu

in several papers [17, 18, 19]. By applying the conditions of Pontryagin’s Maximum Principle given by (2.18)

through (2.21), the problem can be stated as a root-finding problem of seven equations with seven unknowns.

It was found that several popular root-finding algorithms, such as Newton’s method and gradient descent,

do not converge. At Dr. Lu’s suggestion, Powell’s dog leg was implemented which did achieve convergence.

The algorithm was applied to a small lunar lander in the final stage of powered descent.

5.2 Problem Formulation

While Dr. Lu formulates the problem using a linear gravity model, this paper focuses on the constant gravity

model. The dynamics of the descent are given as

ṙ = ~V (5.1)

V̇ = ~g +
T

m(t)
~1T (5.2)

ṁ = −αT (5.3)

where r, V , and m are position, velocity, and mass respectively, T is the magnitude of the thrust, α is the

reciprocal of the exhaust velocity, and ~1T is a unit vector in the direction of the thrust. We wish to maximize
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the final mass, leading to the following cost function and Hamiltonian

J =

∫ tf

0

αTdt (5.4)

H = λTr V + λTV

(
~g +

T

m(t)
~1T

)
+ λm(−αT )− αT (5.5)

In order to make the problem formulation easier for reasons that will soon be evident, numerical scaling is

necessary. Scaling the position by R0 equal to the lunar radius, acceleration by g0 equal to lunar gravitational

acceleration, velocity by
√
g0R0 and time by

√
R0/g0 gives the following for the dimensionless dynamics and

the Hamiltonian:

ṙ = ~V (5.6)

V̇ =
~g

g0
+

T

g0m(t)
~1T (5.7)

ṁ = −αT

√
R0

g0
(5.8)

H = λTr V + λTV

( ~g
g0

+
T

g0m(t)
~1T

)
+ λm(−αT )

√
R0

g0
− αT

√
R0

g0
(5.9)

We also know that λ̇r = −∂H∂r and λ̇V = −∂H∂V . Consequently, the costate derivatives can be written as

follows.  λ̇r
λ̇V

 =

 0

−λr

 (5.10)

Writing the dynamics in state space form with scaled, dimensionless units yields

ẋ =



03x3 I3x3

03x3 03x3





rx

ry

rz

Vx

Vy

Vz


+



03x3

1
g0m(t) 0 0

0 1
g0m(t) 0

0 0 1
g0m(t)





Tx

Ty

Tz


+



0

0

0

0

0

1





g


(5.11)

and the solution is given by

x(t) = Φ(t, t0)x0 +

∫ t

t0

Φ(t, τ)Budτ +

∫ t

t0

Φ(t, τ)Egdτ (5.12)
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where E is the matrix preceding g in the state space equation. Let’s look at these piece by piece. The first

term is simple enough as,

Φ(t, t0) = eA(t−t0) =



1 0 0 t− t0 0 0

0 1 0 0 t− t0 0

0 0 1 0 0 t− t0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1


(5.13)

and x0 is just the initial position and velocity. The second and third terms require some manipulation before

they can be worked with. First, using properties of the state transition matrix gives

Φ(t, τ)Φ(τ, 0) = Φ(t, 0) (5.14)

Φ(t, τ) = Φ(t, 0)Φ−1(τ, 0) (5.15)

Φ(t, τ) = Φ(t, 0)Φ(0, τ) (5.16)

So the second term of (5.12) can be written as follows...

∫ t

t0

Φ(t, τ)Budτ =

∫ t

t0

Φ(t, 0)Φ(0, τ)Budτ = Φ(t, 0)

∫ t

t0

Φ(0, τ)Budτ (5.17)

Now the integrand can be expanded, which gives

Φ(t, 0)

∫ t

t0

Φ(0, τ)Budτ = Φ(t, 0)

∫ t

t0

~1T T
g0m(τ) (−τ)

~1T
T

g0m(τ)

 dτ (5.18)

The third term of (5.12) can be worked with in the same way, with the added benefit that it ends up being

a simple integral.

∫ t

t0

Φ(t, τ)Egdτ =

∫ t

t0

Φ(t, 0)Φ(0, τ)Egdτ = Φ(t, 0)

∫ t

t0

Φ(0, τ)Egdτ =



0

0

1
2gt

2 − gtt0 + 1
2gt

2
0

0

0

g(t− t0)


(5.19)
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The Maximum Principle states that the control that maximizes the Hamiltonian is optimal. Looking at the

Hamiltonian reveals that the control is the direction of the thrust vector. Since that thrust vector is dotted

with the velocity costate in the Hamiltonian, maximizing the Hamiltonian results in the velocity costate

pointing in the same direction as the thrust vector. Therefore we can rewrite (5.18) as

Φ(t, 0)

∫ t

t0

~1T T
g0m(τ) (−τ)

~1T
T

g0m(τ)

 dτ = Φ(t, 0)

∫ t

t0

~1λV

T
g0m(τ) (−τ)

~1λV

T
g0m(τ)

 dτ (5.20)

Building on the work of Pontryagin, Dr. Meditch showed in his 1964 paper [5] that the optimal thrust profile

consists of maximum or minimum thrust over a particular time interval. Therefore, applying these equations

to a singular thrust arc results in a constant thrust, T . So that does not present any challenges. However,

an expression for ~1λV is necessary in order to evaluate this integral. To get that expression, first note that

the costates can be written in state space form as follows

λ̇ =

O3x3 O3x3

−I3 O3x3


λr(t)
λV (t)

 (5.21)

which leads to p = eAtp0, or

λ =



1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

−t 0 0 1 0 0

0 −t 0 0 1 0

0 0 −t 0 0 1


λ0 =⇒

 λr = λr0

λV = −λr0t+ λV0

 (5.22)

Now ~1λV =
~λV

|λV | can be evaluated by performing a second order expansion about the point ~λV 0. With a

little algebra, it can be shown that the expansion leads to

~1λV
≈

~λV0

|~λV0
|

+ η1t+ η2t
2 (5.23)

where

η1 =
λTr0λV0

|λV0
|3
~λV0
− 1

|λV0
|
~λr0 , η2 =

(
2

(λTr0λV0)2

|λV0
|5
− |λr0 |

2

|λV0
|3

)
~λV0

+
(λTr0λV0)2

|λv0 |2
η1 (5.24)
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Here we are able to ignore terms of order t3 and higher because of numerical scaling. With scaling, the di-

mensionless time, t is much less than 1. Therefore, as higher order terms are added, the value of tn gets very

close to zero. Without scaling, this approximation is not valid, and the whole problem formulation falls apart.

Using the derived value in (5.23) for ~1λV
, the integral (5.20) can now be written as

Φ(t, 0)

∫ t

t0

~1λV

T
g0m(τ) (−τ)

~1λV

T
g0m(τ)

 dτ = Φ(t, 0)

∫ t

t0

~1λV0

T
g0m(τ) (−τ) + ~η1

T
g0m(τ) (−τ2) + ~η2

T
g0m(τ) (−τ3)

~1λV0

T
g0m(τ) + ~η1

T
g0m(τ)τ + ~η2

T
g0m(τ)τ

2

 dτ
(5.25)

= Φ(t, 0)

−L~1λV0
−Mη1 −Nη2

K~1λV0
+ Lη1 +Mη2

 (5.26)

where K, L, M , and N are given by

K =
T

g0

∫ t

t0

1

m0 + ṁτ
dτ =

T

ṁg0
ln

∣∣∣∣∣
(
m0 + ṁt

m0 + ṁt0

)∣∣∣∣∣ (5.27)

L =
T

g0

∫ t

t0

τ

m0 + ṁτ
dτ =

T

ṁ2g0

(
ṁ(t− t0) +m0 ln

∣∣∣∣∣(m0 + ṁt0
m0 + ṁt

)∣∣∣∣∣
)

(5.28)

M =
T

g0

∫ t

t0

τ2

m0 + ṁτ
dτ =

T

ṁ2g0

(
m2

0

ṁ
ln

(∣∣∣∣∣ m0 + ṁt

m0 + ṁt0

∣∣∣∣∣
)

+
1

2
(ṁ(t2 − t20) + 2m0(t− t0)

)
(5.29)

N =
T

g0

∫ t

t0

τ3

m0 + ṁτ
dτ =

T

g0

(
m2

0t

ṁ3
− m0t

2

2ṁ2
+

t3

3ṁ
− m3

0

ṁ4
ln

(∣∣∣∣∣m0 + ṁt

∣∣∣∣∣
)
− m2

0t0
ṁ3

− m0t
2
0

2ṁ2
+

t30
3ṁ
− m3

0

ṁ4
ln

(∣∣∣∣∣m0 + ṁt0

∣∣∣∣∣
))

(5.30)

With this, (5.12) now looks like:

x(t) = Φ(t, t0)x0 + Φ(t, 0)

−L~1λV0
−Mη1 −Nη2

K~1λV0
+ Lη1 +Mη2

+



0

0

1
2gt

2 − gtt0 + 1
2gt

2
0

0

0

g(t− t0)


(5.31)

This expression represents the solution for the position and velocity of the spacecraft at time t. Since

we want the final position and velocity to be zero, we can set this whole expression equal to zero and

solve. However these six equations (each row of x represents a position or velocity dimension) contain seven
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unknowns: the three-dimensional initial position and velocity costates, and the final time. However, applying

the transversality condition to the Hamiltonian yields

H(tf ) = λTr0V (tf ) + (−λr0tf + λV 0)T

(
~g

g0
+

Tmax
g0m(tf )

)
− αTmax

√
R0

g0
= 0 (5.32)

5.3 One Arc Solution

Figure 5.1: One arc trajectory

These seven equations are now applied to a manufactured problem for testing purposes. Figure 5.1 represents

a singular arc of thrust in one dimension that when fired continuously results in a soft landing. Position and

velocity graphs are plotted versus time using two methods. One method is simply solving the differential

equation with all of the given initial conditions. The other method is the one outlined in this paper. We can

see that the two methods produce very similar results, which is encouraging. The two methods show nearly

identical trajectories and produce a soft landing with x and v both going to zero around t = 2.7 seconds.

However, it’s important to note that the algorithm is very sensitive to initial conditions and scaling factors.

There is a relatively small range of values that produce the desired results. Therefore the code couldn’t

be used as it now stands because a slight change in the guess for the initial costates results in a nonsense

solution. Still, it is reassuring that the values do line up, which seems to indicate that the approach and the

code is valid.
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5.4 Full Solution

Now we want to apply the problem to the max-min-max thrust profile. To do this, the states are determined

at the end of the first thrust arc and used as the initial states for the next thrust arc, and so on. Therefore,

the states can be written as

x(t1) = Φ(t1, 0)x0 +

∫ t1

0

Φ(t1, τ)Budτ +

∫ t1

0

Φ(t1, τ)Egdτ (5.33)

x(t2) = Φ(t2, t1)x(t1) +

∫ t2

t1

Φ(t2, τ)Budτ +

∫ t2

t1

Φ(t2, τ)Egdτ (5.34)

x(tf ) = Φ(tf , t2)x(t2) +

∫ tf

t2

Φ(tf , τ)Budτ +

∫ tf

t2

Φ(tf , τ)Egdτ (5.35)

Performing substitution, and making use of some properties of the state transition matrix, namely

Φ(t, 0) = Φ(t, τ)Φ(τ, 0) and Φ(t, τ) = Φ−1(τ, t) (5.36)

and doing a lot of simplifying, yields

x(tf ) = Φ(tf , 0)

(
x0 +

3∑
i=1

Γi +

3∑
i=1

Gi

)
(5.37)

where Γ represents the thrust integrals given by

Γ1 =

∫ t1

0

Φ(0, τ)Budτ, Γ2 =

∫ t2

t1

Φ(0, τ)Budτ, Γ3 =

∫ tf

t2

Φ(0, τ)Budτ (5.38)

G represents the gravitation integrals given by

G1 =

∫ t1

0

Φ(0, τ)Egdτ, G2 =

∫ t2

t1

Φ(0, τ)Egdτ, G3 =

∫ tf

t2

Φ(0, τ)Egdτ (5.39)

The Γ integrals are defined as in the single thrust arc case...

∫
Φ(0, τ)Budτ =

−L~1λV0
−M~η1 −N~η2

K~1λV0
+ L~η1 +M~η2

 (5.40)
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The G integrals are somewhat simpler, in that they can be integrated directly as before.

Φ(0, τ)Eg =

[
0 0 −gτ 0 0 g

]′
(5.41)

Finally we have x(tf ) which is a 6-dimensional vector representing the states as a function of the final time.

To get the seventh equation, we use the Hamiltonian, as before, at the final time.

H(tf ) = λTr0V (tf ) + (−λr0tf + λV 0)T

(
~g

g0
+

Tmax
g0m(tf )

)
− αTmax

√
R0

g0
= 0 (5.42)

where m(tf ) is given by

m(tf ) = m0 + ṁmax(t1 − 0) + ṁmin(t2 − t1) + ṁmax(tf − t2) (5.43)

5.5 Discussion

Once again, we have seven equations and seven unknowns for the entire thrust profile. The seven equations

are represented by the six equations contained in x(tf ) and the single equation H(tf ). Given that we want

a soft landing at our landing site, we can say that the states, ~r and ~V should be zero at the final time.

Furthermore, applying transversality to the free final time problem means that H(tf ) = 0. Therefore, the

problem has now become one of finding the roots of seven equations in terms of the seven variables ~λr0, ~λV 0,

and tf .

Unfortunately, the code isn’t working for the full thrust arc. Again, the first arc appears to be accurate,

but the second and third arcs aren’t close to what they should be. It seems evident that the root-finding

algorithm is very dependent on, and highly sensitive to, initial conditions and numerical scaling. In some

cases, the algorithm converges and the objective function does appear to go to zero. This indicates that a

solution is found but, so far, it has never been the correct solution as it does not make physical sense.

A first attempt at solving the root-finding problem involved using Newton’s method. The 7x7 Jacobian

that shows up in Newton’s method was determined both analytically and numerically. However, the matrix

was not well conditioned and the inverse could not be determined. Attempts to numerically approximate

the inverse of the Jacobian didn’t result in convergence. Further attempts were made to achieve convergence

using gradient descent with carefully chosen step sizes, such as the Barzilai-Borwein step size given in [3].
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Unfortunately, those methods fell short as well. Finally, as suggested in [18], Powell’s dog leg method was

implemented. The algorithm, as described in [21], was coded and tested. The code output matched the

results given in [21], so the algorithm itself appears to be working fine. The algorithm was then applied to

the powered descent problem and convergence was finally achieved.

The dog leg method is a modified trust region method. A trust region method restricts how big a step

can be taken. If the ratio of the difference in the objective function between successive steps to the linear

model is large, then the linear model is good, and the trust region can be expanded. If that ratio is small,

then the trust region needs to be reduced. When performing an iteration, the algorithm has three options.

First, the Newton step is calculated by solving J(x)hn = −f(x) where J(x) is the Jacobian matrix, hn is the

Newton step and f(x) is the objective function. If hn lands within the trust region, then that is the step.

If not, then the steepest descent step is calculated using an appropriate step size. If that step is outside

the trust region, then it is scaled down to land on the boundary of the trust region. Finally, if the steepest

descent step is inside the trust region and Newton step is outside, then the step is a combination of both

steps. This is the so-called dog leg step and is represented in figure 5.2 [21].

Figure 5.2: Dog leg step [21]

The code for this problem, which is contained in the appendix, is divided into a number of different functions

in order to simplify the debugging process. The functions for determining η1 and η2 given in (5.24) were

verified for scaled values of t. In addition, the K, L, M , and N integrals given in (5.27) through (5.30)

were verified numerically using random numbers. The fact that the first thrust arc appears to be correct is

promising. However, the bug in the code for the second and third arcs has yet to be found. There may be

an issue with the numerical scaling, as converging on the correct solution is highly dependent on the scaling

factors used. Furthermore, the initial guess for the costates also has a significant effect on the outcome.
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There is some discussion in [18] of replacing the Hamiltonian equation with a different expression that

would still satisfy the necessary conditions as well as transversality. Dr. Lu specifically states in this paper

that the scaling is tricky if using the Hamiltonian. Future attempts will be made to implement these possible

alternatives.
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Chapter 6

Conclusion

6.1 Summary of Findings

The research here attempted to tackle the pinpoint landing problem from several different angles. First, an

introduction to the problem definition was presented as well as a basic discussion of Apollo guidance. After

laying a foundation of optimal control theory, the one-dimensional optimal descent problem was solved and

simulated. Then the problem was formulated using the direct method of convex optimization and simulated

Martian landing was developed. Finally, an indirect method for deriving the optimal trajectory was pre-

sented as a two-point boundary problem using a root-finding algorithm. The beginning of a landing was

simulated, although the complete solution has yet to be simulated accurately.

Currently, the convex optimization approach using the G-FOLD algorithm is the preferred method for

obtaining a pinpoint landing. The indirect method can be applied to the powered descent phase but may be

more useful in other phases of mission, such as determining optimal ascent trajectories [17]. Both methods

complement each other well, and each is potentially more suitable for specific applications.
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Chapter 7

Appendix

7.1 Vertical descent simulation from chapter 3

%Dr . Meditch s imu la t i on

clear ; clc ; close a l l

g = 1 ; %g on the moon m/s ˆ2

k = 30∗9 . 806 ; %v e l o c i t y o f exhaus t wrt s p a c e c r a f t m/s

alpha = 6.5/ k ; %opt imal va lue f o r mass f l ow ra t e :

u = −alpha ; %goes from −a lpha to zero , a lpha > 0

k s i 1 = 30 ; %i n i t i a l a l t i t u d e in meters

k s i 2 = −1; %i n i t i a l v e l o c i t y in m/s

M0 = 2 ; %I n i t i a l mass at beg inn ing o f t h r u s t i n g in kg

%de f i n e cons tan t s

a = 1/2 ∗ ( ( k∗alpha−g∗M0)/M0) ;

b = k∗ alpha ˆ2/(2∗M0ˆ 2 ) ;

%so l v e dynamics

f = @( t , x ) [ x (2); −k/x (3)∗u−g ; u ] ;

[ ta , xa ] = ode45 ( f , [ 0 1 0 ] , [ 9 −6.3 M0 ] ) ;
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%p l o t powered decent ( s an i t y check )

f igure

grid on

hold on

%p l o t ( xa ( : , 1 ) , xa ( : , 2 ) )

x1max = .0625∗ a ∗(M0/ alpha ) ˆ 2 ;

xlim ( [ 0 3 0 ] )

x2min = −0.5∗a ∗(M0/ alpha ) −0.0625∗b∗(M0/ alpha ) ˆ 2 ;

ylim ([ −10 0 ] )

xlabel ( ’ a l t i t u d e (m) ’ , ’ FontSize ’ ,16)

ylabel ( ’ a l t i t u d e ra t e (m/ s ) ’ , ’ FontSize ’ ,16)

%p l o t powered descent from x1∗ and x2∗ ( equa t i ons 14 and 15)

t = 0 : . 1 : 1 0 ;

x1s ta r = −k∗M0/ alpha .∗ log(1−alpha /M0.∗ t)−k .∗ t −1/2∗g∗ t . ˆ 2 ;

x2s ta r = −b/a∗ x1s ta r − 2∗a∗sqrt ( x1s ta r /a ) ;

plot ( x1star , x2star , ’ LineWidth ’ , 3 )

%p l o t f r e e f a l l from kinemat ic s

v = k s i 2 − g .∗ t ;

a l t i t u d e = ( v.ˆ2− k s i 2 ˆ2)/(−2∗g )+30;

plot ( a l t i t u d e , v , ’ LineWidth ’ , 3 )

%powered descent from d i r e c t i n t e g r a t i o n

x1star0 = 9 ;

x2s tar0 = −6.3;

x2 = −k∗ log(1−alpha /M0.∗ t)−g∗ t+x2star0 ;

x1 = k∗M0/ alpha∗(1−alpha /M0.∗ t ) . ∗ log(1−alpha /M0.∗ t )+k .∗ t −1/2∗g .∗ t . ˆ 2 + . . .

x2s tar0 .∗ t + x1star0 ;

%p l o t ( x1 , x2 , ’ o ’ )
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%Graph Labe l s

x = [ a l t i t u d e (1 ) 9 .15 x1s ta r ( 1 ) ] ;

y = [ v (1 ) −6.55 x2s ta r ( 1 ) ] ;

l a b e l s = { ’ I n i t i a l Condit ions ’ , ’ I n i t i t i a t i o n o f Thrust ’ , ’ Landing ’ } ;

plot (x , y , ’ o ’ , ’ MarkerSize ’ ,15 , ’ LineWidth ’ ,3 , ’ H a n d l e V i s i b i l i t y ’ , ’ o f f ’ )

text (x , y , l a b e l s , ’ Vert i ca lAl ignment ’ , ’ bottom ’ , ’ Hor izontalAl ignment ’ , ’ r i g h t ’ , ’ FontSize ’ , 14)

legend ( ’ sw i t ch ing func t i on ’ , ’ f r e e f a l l ’ , ’ FontSize ’ ,16)

%p l o t x vs t and v vs t

x t r a j = [ a l t i t u d e ( 1 : 5 6 ) f l i p ( x1s ta r ( 1 : 2 9 ) ) ] ;

v t r a j = [ v ( 1 : 5 6 ) f l i p ( x2s ta r ( 1 : 2 9 ) ) ] ;

t t r a j = [ linspace ( 0 , 5 . 5 5 , 5 6 ) linspace ( 5 . 6 5 0 9 , 8 . 3 5 , 2 9 ) ] ;

f igure

hold on

grid on

plot ( t t r a j , x t r a j , ’ LineWidth ’ , 3 )

plot ( t t r a j , v t r a j , ’ LineWidth ’ , 3 )

xlabel ( ’ time ( s ) ’ , ’ FontSize ’ ,14)

set (gca , ’ XTick ’ , sort ( [ 5 . 6 , get (gca , ’ XTick ’ ) ] ) ) ;

t = annotat ion ( ’ textbox ’ , ’ S t r ing ’ , ’ Thrust I n i t i a t i o n ’ ) ;

sz = t . FontSize ;

t . FontSize = 16 ;

legend ( ’ a l t i t u d e ’ , ’ v e l o c i t y ’ , ’ FontSize ’ ,16)

7.2 Convex optimization approach from chapter 4

7.2.1 Dr. Topcu’s Paper [34]

%Dr . Topcu paper

clear ; clc ; close a l l

%the s e work

% k = 1;
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% gamma star = 1;

% t i = 0;

% t f = 10;

% rx0=1; ry0=1; rz0=−1;

% vx0=−1;vy0=1; vz0=10;

% lambda v t f = [ vx0 vy0 vz0 ] ;

% lambda r = [ rx0 ry0 rz0 ] ;

% d e l t a t = . 0 1 ;

% t = t i : d e l t a t : t f ;

k = 1 ;

gamma star = 1 ;

t i = 0 ;

t f = 10 ;

rx0 =.2 ; ry0 =.2 ; rz0 =−.2;

vx0=−.1;vy0=−.1; vz0=−.1;

lambda v t f = [ vx0 vy0 vz0 ] ;

lambda r = [ rx0 ry0 rz0 ] ;

d e l t a t = . 0 1 ;

t = t i : d e l t a t : t f ;

%i n i t i a l i z e lambda v

lambda v = sqrt (dot ( lambda r , lambda r )∗ ( t−t f ) . ˆ 2 . . .

−2∗dot ( lambda r , lambda v t f ) . ∗ ( t−t f ) . . .

+ dot ( lambda v tf , lambda v t f ) ) ;

%t h i s worked

%p l o t ( t , lambda v )

% f = @( t , x ) [0 ;0 ;0 ; − x (1)∗ ( t− t f )+ l ambda v t f ( 1 ) ; . . .

% −x (2)∗ ( t− t f )+ l ambda v t f (2);− x (3)∗ ( t− t f )+ l ambda v t f ( 3 ) ; . . .

% −( s q r t ( dot ( lambda r , lambda r )∗( t− t f )ˆ2 . . .
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% −2∗dot ( lambda r , l ambda v t f )∗( t− t f ) . . .

% +dot ( l ambda v t f , l ambda v t f ) ) . . .

% +x (7))∗ k∗gamma star ] ;

% [ t , xa ] = ode45 ( f , [ t i t f ] , [ rx0 ry0 rz0 lambda v (1) lambda v (2) . . .

% lambda v (3) 1 ] ) ;

%New s t u f f

f = @( t , x ) [ 0 ; 0 ; 0 ; − x(1); −x(2); −x (3) ; −(norm( x (4 :6) )+ x ( 7 ) )∗ k∗gamma star ] ;

[ t , xa ] = ode45 ( f , [ t i t f ] , [ rx0 ry0 rz0 lambda v (1) lambda v (2) . . .

lambda v (3) −5 . 5 ] ) ;

for i = 1 : length ( xa )

lambda V ( i ) = norm( xa ( i , 4 : 6 ) ) ;

end

plot ( t , lambda V , ’ LineWidth ’ , 3 )

hold on

grid on

plot ( t ,−xa ( : , 7 ) , ’ LineWidth ’ , 3 )

legend ( ’ \ lambda v ’ , ’−\lambda c ’ , ’ FontSize ’ ,16)

xlabel ( ’ time ’ , ’ FontSize ’ ,14)

ylabel ( ’ c o s t a t e s ’ , ’ FontSize ’ , 14)

set (gca , ’ XTick ’ , [ ] , ’ YTick ’ , [ ] )

t = annotat ion ( ’ textbox ’ , ’ S t r ing ’ , ’ Switch where $\dot\ lambda C=0$ ’ , . . .

’ I n t e r p r e t e r ’ , ’ l a t e x ’ , ’ Po s i t i on ’ , [ . 4 , . 5 , . 1 , . 1 ] ) ;

sz = t . FontSize ;

t . FontSize = 16 ;

% mag = s q r t ( xa ( : , 4 ) . ˆ 2 + xa ( : , 5 ) . ˆ 2 + xa ( : , 6 ) . ˆ 2 ) ;

% p l o t ( t ,mag , ’ o ’ )

7.2.2 Dr. Açikmeşe’s Paper [2]

% Simulat ion o f Dr . Acikmese ’ s paper

clear ; clc ; close a l l
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d e l t a t = 2 ; %choosen va lue f o r time i n t e r v a l in seconds

N = 40 ;

t = linspace (0 ,N∗ de l ta t ,N) ;

r0 = [1500 0 2 0 0 0 ] ’ ; %I n i t i a l p o s i t i o n wi th a l t i t u d e = 1500m

rdot0 = [−75 0 1 0 0 ] ’ ; %I n i t i a l v e l o c i t y m/s

mwet = 1905 ; %I n i t i a l mass o f s p a c e c r a f t wi th f u e l

I sp = 225 ; %Spe c i f i c impulse in seconds

alpha = 1/(9 .81 ∗ I sp ) ; %cons tant a s s o c i a t e d wi th f u e l consumption

gmars = −3.7114; %g on mars in m/s ˆ2

Tmax = 3100∗6; %max t h r u s t f o r 6 t h r u s t e r s in Newtons

rho1 = 0.3∗Tmax; %lower t h r u s t bound

rho2 = 0.8∗Tmax; %upper t h r u s t bound

phi = 27∗pi /180 ; %ang le o f t h r u s t e r s

%Set up Ac , Bc and gc matr ices

Ac = [ zeros ( 3 , 3 ) eye (3 ) zeros ( 3 , 1 ) ;

zeros ( 3 , 3 ) zeros ( 3 , 3 ) zeros ( 3 , 1 ) ;

zeros ( 1 , 3 ) zeros ( 1 , 3 ) zeros ( 1 , 1 ) ] ;

Bc = [ zeros ( 3 , 4 ) ; eye (3 ) zeros ( 3 , 1 ) ; 0 0 0 −alpha ] ;

gc = [ 0 0 0 gmars 0 0 0 ] ’ ;

%equat ion f o r A from the paper

A = expm(Ac∗ d e l t a t ) ;

%perform in t e g r a t i o n to ge t B and g matr ices

s t e p s i z e = 0 . 0 0 1 ;

B0 = zeros ( 7 , 4 ) ;
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g0 = zeros ( 7 , 1 ) ;

B0 = [ B0 ( : ) ; g0 ( : ) ] ;

[T,Y] = ode45 (@( t , x ) i n t e g r a t i o n (Ac , de l ta t , Bc , t , gc , x ) , [ 0 , d e l t a t ] , B0 ) ;

B = reshape (Y(end , 1 : 2 8 ) , 7 , 4 ) ;

g = reshape (Y(end , 2 9 : 3 5 ) , 7 , 1 ) ;

%Al te rna t e way to ge t B and g . Yie l d s same r e s u l t s as above

% fo r i = 0: s t e p s i z e : d e l t a t

% B = B + expm(Ac∗( d e l t a t − i ) )∗Bc∗ s t e p s i z e ;

% g = g + expm(Ac∗( d e l t a t − i ) )∗ gc∗ s t e p s i z e ;

% end

%I n i t i a l i z e e v e r y t h in g

%gamma0 = 0; %Just f o r k i ck s , to t e s t f r e e f a l l dynamics

%Tc = [0 0 0 ] ’ ; %Also j u s t f o r k i ck s , to t e s t f r e e f a l l dynamics

%sigma0 = gamma0/mwet ;

%u0 = Tc/mwet ;

z0 = log (mwet ) ;

%zdot0 = −a lpha ∗ sigma0 ;

x0 = [ r0 ; rdot0 ; z0 ] ;

x f = [ 0 0 0 0 0 0 ] ’ ;

%xa ( : , 1 ) = [ r0 ; rdot0 ; z0 ] ;

%eta = [ u0 ; sigma0 ] ;

z0 = log (mwet−alpha ∗ rho2∗ t ) ;

zmax = log (mwet−alpha ∗ rho1∗ t ) ;

mu1 = rho1 ∗ exp(−z0 ) ;

mu2 = rho2 ∗ exp(−z0 ) ;

cvx beg in

esigma = [ 0 0 0 1 ] ’ ;

omega = d e l t a t ∗ esigma ;
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v a r i a b l e s eta (4 ,N) x (7 ,N)

Omega = repmat (omega ,N, 1 ) ;

minimize (Omega ’ ∗ eta ( : ) )

s u b j e c t to

x ( : , 1 ) == x0 ;

x ( 1 : 6 ,N) == xf ;

for k = 1 :N

i f (k<N)

x ( : , k+1) == A∗x ( : , k ) + B∗ eta ( : , k ) + g ;

end

%mass con s t r a i n t

z0 ( k ) <= x (7 , k ) <= zmax( k ) ;

%th ru s t c on s t r a i n t concerning gamma

norm( eta ( 1 : 3 , k ) ) <= eta (4 , k ) ;

%th ru s t c on s t r a i n t concerning upper and lower bounds

mu1( k )∗ (1 − ( x (7 , k ) − z0 ( k))+(x (7 , k ) − z0 ( k ) )ˆ2/2) <= eta (4 , k ) <= . . .

mu2( k ) ∗ (1 − ( x (7 , k ) − z0 ( k ) ) ) ;

%Glide s l o p e

%norm( x (1 : 3 , k ))∗ cos ( ) <= x (3 , k )

norm( x ( 2 : 3 , k))−tan (86∗pi /180)∗x (1 , k ) <= 0 ;

%Stay ing above ground

x (1 , k ) >= 0 ;

end

cvx end

%Behcet ’ s loop f o r f r e e f a l l on ly ( p s i k = 0)

% lambdak = B;
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% for k = 1:N−1

% xa ( : , k+1) = Aˆk∗xa ( : , 1 ) + lambdak ∗ [ gmars 0 0 0 ] ’ ;

% lambdak = lambdak + (Aˆk )∗B;

% end

mass = exp( x ( 7 , : ) ) ;

for q = 1 :N−1%%%% was 1:39

t h r o t t l e ( q ) = −(mass ( q+1) − mass ( q ) ) / ( d e l t a t ∗ alpha ) ;

end

t h r o t t l e=t h r o t t l e / (3100∗6) ;

subplot ( 1 , 3 , 1 )

plot ( t , x ( 1 , : ) , ’ LineWidth ’ , 3 )

xlabel ( ’ time , s ’ , ’ FontSize ’ ,14)

ylabel ( ’ po s i t i on , m’ , ’ FontSize ’ ,14)

hold on

grid on

plot ( t , x ( 2 , : ) , ’ LineWidth ’ , 3 )

plot ( t , x ( 3 , : ) , ’ LineWidth ’ , 3 )

legend ( ’ a l t i t u d e ’ , ’ x d i r e c t i o n ’ , ’ y d i r e c t i o n ’ , ’ FontSize ’ , 16)

subplot ( 1 , 3 , 2 )

plot ( t , x ( 4 , : ) , ’ LineWidth ’ , 3 )

hold on

grid on

xlabel ( ’ time , s ’ , ’ FontSize ’ ,14)

ylabel ( ’ v e l o c i t y , m/ s ’ , ’ FontSize ’ ,14)

plot ( t , x ( 5 , : ) , ’ LineWidth ’ , 3 )

plot ( t , x ( 6 , : ) , ’ LineWidth ’ , 3 )

legend ( ’ z v e l o c i t y ’ , ’ x v e l o c i t y ’ , ’ y v e l o c i t y ’ , ’ FontSize ’ ,16)

subplot ( 1 , 3 , 3 )

plot ( t ( 1 :N−1) , t h r o t t l e , ’ LineWidth ’ , 3 )%%%%was 1:39

grid on
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ylim ( [ 0 , 1 ] )

xlabel ( ’ time , s ’ , ’ FontSize ’ ,14)

ylabel ( ’ t h r o t t l e pattern ’ , ’ FontSize ’ ,14)

X=linspace ( 0 , 3 0 0 0 , 1 0 ) ;

m=tan (4∗pi /180) ;

Y=m∗X;

f igure

plot ( x ( 3 , : ) , x ( 1 , : ) , ’ LineWidth ’ , 3 )

grid on

hold on

%p l o t (X,Y, ’ LineWidth ’ , 2 ) %Gl i d e s l o p e l i n e

xlim ( [ 0 , 3 0 0 0 ] )

ylim ( [ 0 , 2 0 0 0 ] )

xlabel ( ’ h o r i z o n t a l po s i t i on , meters ’ , ’ FontSize ’ , 14)

ylabel ( ’ a l t i t u d e , meters ’ , ’ FontSize ’ , 14)

7.3 Indirect method from chapter 5

7.3.1 Main Code

%requ i r ed f unc t i on s :

%getParams , getVars , getK , getL , getM , getN , getEta1 , getEta2 , getOnePV0 , ge tVt f , getF , Brent ,

%ge tJacob ian

clear ; clc ; close a l l

p = getParams ( ) ;

%as s i gn s v a r i a b l e s so we don ’ t have to type ”p .” every t ime

[ RScale , VScale , gScale , tSca l e ,M0, r0 , V0 ,Tmax, Tmin ,m0, alpha , mdotMax , mdotMin , g0 , t1 , t2 ,m1,m2 ] . . .

= getVars (p ) ;
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%asymptote va lues , where KLMN i n t e g r a l s w i l l f a i l

f o r b i d d e n t 1 = m0/−mdotMax ;

f o r b i d d e n t 2 = m1/−mdotMin ;

f o r b i d d e n t f = m2/−mdotMax ;

pr0 = [ 0 ; 0 ; 0 ] ;

%pr0=r0 ’ . / norm( r0 ) ;

pV0=−V0 ’ . /norm(V0 ) ;

%pr0 = [ 1 ; 0 ; 1 ] ;

%pV0= − [1 ;0 ;1 ] ;

t f = 10 / t S c a l e ;

[ K1 , K2,K3 ] = getK (p ) ;

[ L1 , L2 , L3 ] = getL (p ) ;

[M1,M2,M3] = getM(p ) ;

[ N1 , N2 , N3 ] = getN (p ) ;

[ eta1 , eta1x , eta1y , eta1z ] = getEta1 ( ) ;

[ eta2 , eta2x , eta2y , eta2z ] = getEta2 ( eta1 , eta1x , eta1y , e ta1z ) ;

[ one pV0 , one pV0x , one pV0y , one pV0z ] = getOnePV0 ( ) ;

Vtf = getVtf (p , pV0 , K1, K2, K3, L1 , L2 , L3 ,M1,M2,M3, eta1x , eta1y , eta1z , . . .

eta2x , eta2y , eta2z , one pV0x , one pV0y , one pV0z ) ;

f = getF (p , pr0 , pV0 , K1, K2, K3, L1 , L2 , L3 ,M1,M2,M3, N1 , N2 , N3 , eta1 , eta1x , eta1y , eta1z , eta2 , . . .

eta2x , eta2y , eta2z , one pV0 , one pV0x , one pV0y , one pV0z , Vtf ) ;

%X = dog l e g ( pr0 , pV0 , t f , f ) ;

X0 = [ pr0 ; pV0 ; t f ] ;

x = f s o l v e ( f , X0 ) ;

7.3.2 Required Functions
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function [ p ] = getParams ( )

%sca l e d

p = s t r u c t ;

%p . RScale = 1.737 e6 ; %lunar rad ius

p . RScale = 1e5 ;

%p . RScale = 6.378 e6 ;

p . gSca l e = 1 ; %lunar g = 1.625

%p . gSca l e = 9 . 81 ;

%M0 = 7.35 e22 ; %lunar mass

p .M0 = 1 ;

p . t S c a l e = sqrt (p . RScale /p . gSca l e ) ;

p . VScale = sqrt (p . gSca l e ∗p . RScale ) ;

%p . r0 = [0 0 13 . 5 ] ./ p . RScale ;

%p .V0 = [0 0 −2] ./ p . VScale ;

p . r0 = [30 0 30 ] . / p . RScale ;

p . V0 = [−4 0 −6] . / p . VScale ;

p .Tmax = 6 . 5 ;

p . Tmin = 1 . 5 ;

p .m0 = 2 / p .M0;

p . alpha = 1 / ( 3 0∗9 . 8 1 ) ;

p . mdotMax = −p . alpha ∗p .Tmax ∗ sqrt (p . RScale /p . gSca l e ) ;

p . mdotMin = −p . alpha ∗p . Tmin ∗ sqrt (p . RScale /p . gSca l e ) ;

p . g0 = −1 / p . gSca l e ;

p . t1 = 1 / p . t S c a l e ;

p . t2 = 2 / p . t S c a l e ;

p .m1 = p .m0 + p . mdotMax ∗ p . t1 ;

p .m2 = p .m1 + p . mdotMin ∗ (p . t2 − p . t1 ) ;
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end

function [ RScale , VScale , gScale , tSca l e ,M0, r0 , V0 ,Tmax, Tmin ,m0, alpha , mdotMax , mdotMin , g0 , t1 , t2 ,m1,m2 ] . . .

= getVars (p)

%This func t i on inpu t s the s t r u c t u r e p , and r ea s s i gn s the v a r i a b l e names so

%tha t we don ’ t have to type ”p .” in f r on t o f e v e r y t h in g .

RScale = p . RScale ;

VScale = p . VScale ;

gSca l e = p . gSca l e ;

t S c a l e = p . t S c a l e ;

M0 = p .M0;

r0=p . r0 ;

V0=p . V0 ;

Tmax=p .Tmax;

Tmin=p . Tmin ;

m0=p .m0;

alpha=p . alpha ;

mdotMax=p . mdotMax ;

mdotMin=p . mdotMin ;

g0=p . g0 ;

t1=p . t1 ;

t2=p . t2 ;

m1=p .m1;

m2=p .m2;

end

function [ K1 , K2,K3 ] = getK (p)

%

[ RScale , VScale , gScale , tSca l e ,M0, r0 , V0 ,Tmax, Tmin ,m0, alpha , mdotMax , mdotMin , g0 , t1 , t2 ,m1,m2 ] . . .

= getVars (p ) ;
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K1 = (1/ gSca l e )∗Tmax/mdotMax∗ log (abs (m0+mdotMax∗ t1 )/abs (m0 ) ) ;

K2 = (1/ gSca l e )∗Tmin/mdotMin∗ log (abs ( (m1+mdotMin∗ t2 ) )/ abs ( (m1+mdotMin∗ t1 ) ) ) ;

K3 = @( t ) (1/ gSca l e )∗Tmax/mdotMax∗ log (abs ( (m2+mdotMax∗ t ) )/ abs ( (m2+mdotMax∗ t2 ) ) ) ;

end

function [ L1 , L2 , L3 ] = getL (p)

%

[ RScale , VScale , gScale , tSca l e ,M0, r0 , V0 ,Tmax, Tmin ,m0, alpha , mdotMax , mdotMin , g0 , t1 , t2 ,m1,m2 ] . . .

= getVars (p ) ;

L1 = (1/ gSca l e )∗ ( ( mdotMax∗Tmax∗ t1+m0∗Tmax∗ log (abs (m0)/abs ( (m0+mdotMax∗ t1 ) ) ) ) / mdotMax ˆ 2 ) ;

L2 = (1/ gSca l e )∗ (Tmin/mdotMin ˆ2∗ ( ( t2−t1 )∗mdotMin+m1∗ log (abs (m1+mdotMin∗ t1 ) / . . .

abs (m1+mdotMin∗ t2 ) ) ) ) ;

L3 = @( t ) (1/ gSca l e )∗ (Tmax/mdotMaxˆ2∗ ( ( t−t2 )∗mdotMax+m2∗ log (abs (m2+mdotMax∗ t2 ) / . . .

abs (m2+mdotMax∗ t ) ) ) ) ;

end

function [M1,M2,M3] = getM(p)

%

[ RScale , VScale , gScale , tSca l e ,M0, r0 , V0 ,Tmax, Tmin ,m0, alpha , mdotMax , mdotMin , g0 , t1 , t2 ,m1,m2 ] . . .

= getVars (p ) ;

M1 = (1/ gSca l e )∗ (Tmax∗(m0ˆ2∗ log (abs ( (m0+mdotMax∗ t1 ) )/ abs (m0) )/mdotMaxˆ3−m0∗ t1 /mdotMaxˆ2+t1 ˆ 2 / . . .

(2∗mdotMax ) ) ) ;

M2 = (1/ gSca l e )∗ (Tmin/mdotMinˆ2∗(m1ˆ2/mdotMin∗ log (abs (m1+mdotMin∗ t2 )/abs (m1+mdotMin∗ t1 ) ) . . .

+(mdotMin∗( t2ˆ2−t1 ˆ2)+2∗m1∗( t1−t2 ) ) / 2 ) ) ;

M3 = @( t ) (1/ gSca l e )∗ (Tmax/mdotMaxˆ2∗(m2ˆ2/mdotMax∗ log (abs (m2+mdotMax∗ t )/abs (m2+mdotMax∗ t2 ) ) . . .

+(mdotMax∗( tˆ2−t2 ˆ2)+2∗m2∗( t2−t ) ) / 2 ) ) ;

end

function [ N1 , N2 , N3 ] = getN (p)

%

[ RScale , VScale , gScale , tSca l e ,M0, r0 , V0 ,Tmax, Tmin ,m0, alpha , mdotMax , mdotMin , g0 , t1 , t2 ,m1,m2 ] . . .
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= getVars (p ) ;

N1 = (1/ gSca l e )∗ (Tmax∗(m0ˆ2∗ t1 /mdotMaxˆ3−m0∗ t1 ˆ2/(2∗mdotMaxˆ2)+ t1 ˆ3/(3∗mdotMax)−m0ˆ3/mdotMax ˆ 4 ∗ . . .

log (abs (m0+mdotMax∗ t1 )/abs (m0 ) ) ) ) ;

N2 = (1/ gSca l e )∗ (Tmin∗(m1ˆ2∗ t2 /mdotMinˆ3−m1∗ t2 ˆ2/(2∗mdotMinˆ2)+ t2 ˆ3/(3∗mdotMin)−m1ˆ3/mdotMin ˆ 4 ∗ . . .

log (abs (m1+mdotMin∗ t2 ))−(m1ˆ2∗ t1 /mdotMinˆ3−m1∗ t1 ˆ2/(2∗mdotMinˆ2)+ t1 ˆ3/(3∗mdotMin)−m1ˆ3/mdotMin ˆ 4 ∗ . . .

log (abs (m1+mdotMin∗ t1 ) ) ) ) ) ;

N3 = @( t ) (1/ gSca l e )∗ (Tmax∗(m2ˆ2∗ t /mdotMaxˆ3−m2∗ t ˆ2/(2∗mdotMaxˆ2)+ t ˆ3/(3∗mdotMax)−m2ˆ3/mdotMax ˆ 4 ∗ . . .

log (abs (m2+mdotMax∗ t ))−(m2ˆ2∗ t2 /mdotMaxˆ3−m2∗ t2 ˆ2/(2∗mdotMaxˆ2)+ t2 ˆ3/(3∗mdotMax)−m2ˆ3/mdotMax ˆ 4 ∗ . . .

log (abs (m2+mdotMax∗ t2 ) ) ) ) ) ;

end

function [ eta1 , eta1x , eta1y , eta1z ]= getEta1 ( )

eta1 = @( y ) ( y ( 4 : 6 ) ’ ∗ y ( 1 : 3 ) ) /norm( y ( 4 : 6 ) ) ˆ 3∗ y ( 4 : 6 ) − y ( 1 : 3 ) /norm( y ( 4 : 6 ) ) ;

eta1x = @( y ) ( y ( 4 : 6 ) ’ ∗ y ( 1 : 3 ) ) /norm( y ( 4 : 6 ) ) ˆ 3∗ y (4 ) − y (1)/norm( y ( 4 : 6 ) ) ;

eta1y = @( y ) ( y ( 4 : 6 ) ’ ∗ y ( 1 : 3 ) ) /norm( y ( 4 : 6 ) ) ˆ 3∗ y (5 ) − y (2)/norm( y ( 4 : 6 ) ) ;

e ta1z = @( y ) ( y ( 4 : 6 ) ’ ∗ y ( 1 : 3 ) ) /norm( y ( 4 : 6 ) ) ˆ 3∗ y (6 ) − y (3)/norm( y ( 4 : 6 ) ) ;

end

function [ eta2 , eta2x , eta2y , eta2z ] = getEta2 ( eta1 , eta1x , eta1y , e ta1z )

eta2 = @( y ) (2∗ ( y ( 4 : 6 ) ’ ∗ y ( 1 : 3 ) ) ˆ 2 /norm( y (4:6))ˆ5 −norm( y ( 1 : 3 ) ) ˆ 2 /norm( y ( 4 : 6 ) ) ˆ 3 ) ∗ . . .

y ( 4 : 6 ) + y ( 4 : 6 ) ’ ∗ y ( 1 : 3 ) /norm( y ( 4 : 6 ) ) ˆ 2∗ eta1 ( y ) ;

eta2x = @( y ) (2∗ ( y ( 4 : 6 ) ’ ∗ y ( 1 : 3 ) ) ˆ 2 /norm( y (4:6))ˆ5 −norm( y ( 1 : 3 ) ) ˆ 2 /norm( y ( 4 : 6 ) ) ˆ 3 ) ∗ . . .

y (4 ) + y ( 4 : 6 ) ’ ∗ y ( 1 : 3 ) /norm( y ( 4 : 6 ) ) ˆ 2∗ eta1x ( y ) ;

eta2y = @( y ) (2∗ ( y ( 4 : 6 ) ’ ∗ y ( 1 : 3 ) ) ˆ 2 /norm( y (4:6))ˆ5 −norm( y ( 1 : 3 ) ) ˆ 2 /norm( y ( 4 : 6 ) ) ˆ 3 ) ∗ . . .

y (5 ) + y ( 4 : 6 ) ’ ∗ y ( 1 : 3 ) /norm( y ( 4 : 6 ) ) ˆ 2∗ eta1y ( y ) ;

e ta2z = @( y ) (2∗ ( y ( 4 : 6 ) ’ ∗ y ( 1 : 3 ) ) ˆ 2 /norm( y (4:6))ˆ5 −norm( y ( 1 : 3 ) ) ˆ 2 /norm( y ( 4 : 6 ) ) ˆ 3 ) ∗ . . .

y (6 ) + y ( 4 : 6 ) ’ ∗ y ( 1 : 3 ) /norm( y ( 4 : 6 ) ) ˆ 2∗ eta1z ( y ) ;

end
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function [ one pV0 , one pV0x , one pV0y , one pV0z ] = getOnePV0 ( )

one pV0 = @( y ) y ( 4 : 6 ) /norm( y ( 4 : 6 ) ) ;

one pV0x = @( y ) y (4)/norm( y ( 4 : 6 ) ) ;

one pV0y = @( y ) y (5)/norm( y ( 4 : 6 ) ) ;

one pV0z = @( y ) y (6)/norm( y ( 4 : 6 ) ) ;

end

function [ Vtf ] = getVtf (p , pV0 , K1, K2, K3, L1 , L2 , L3 ,M1,M2,M3, eta1x , eta1y , eta1z , . . .

eta2x , eta2y , eta2z , one pV0x , one pV0y , one pV0z )

[ RScale , VScale , gScale , tSca l e ,M0, r0 , V0 ,Tmax, Tmin ,m0, alpha , mdotMax , mdotMin , g0 , t1 , t2 ,m1,m2 ] . . .

= getVars (p ) ;

Vtf = @( x ) [

V0(1)+one pV0x ( x )∗ (K1+K2+K3( x (7)))+ eta1x ( x )∗ ( L1+L2+L3( x (7)))+ eta2x ( x )∗ (M1+M2+M3( x ( 7 ) ) ) ;

V0(2)+one pV0y ( x )∗ (K1+K2+K3( x (7)))+ eta1y ( x )∗ ( L1+L2+L3( x (7)))+ eta2y ( x )∗ (M1+M2+M3( x ( 7 ) ) ) ;

V0(3)+ one pV0z ( x )∗ (K1+K2+K3( x (7)))+ eta1z ( x )∗ ( L1+L2+L3( x (7)))+ eta2z ( x )∗ (M1+M2+M3( x ( 7 ) ) ) + . . .

g0∗x ( 7 ) ;%was g0/ gSca l e

] ;

end

function [ f ] = getF (p , pr0 , pV0 , K1, K2, K3, L1 , L2 , L3 ,M1,M2,M3, N1 , N2 , N3 , eta1 , eta1x , eta1y , eta1z , eta2 , . . .

eta2x , eta2y , eta2z , one pV0 , one pV0x , one pV0y , one pV0z , Vtf )

[ RScale , VScale , gScale , tSca l e ,M0, r0 , V0 ,Tmax, Tmin ,m0, alpha , mdotMax , mdotMin , g0 , t1 , t2 ,m1,m2 ] . . .

= getVars (p ) ;

f = @( x ) [

r0 (1)+x (7)∗V0 ( 1 ) + . . .

one pV0x ( x )∗ ( x ( 7 )∗ (K1+K2+K3( x (7))) −(L1+L2+L3( x ( 7 ) ) ) ) + . . .

eta1x ( x )∗ ( x ( 7 )∗ ( L1+L2+L3( x (7))) −(M1+M2+M3( x ( 7 ) ) ) ) + . . .
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eta2x ( x )∗ ( x ( 7 )∗ (M1+M2+M3( x (7))) −(N1+N2+N3( x ( 7 ) ) ) ) ;

r0 (2)+x (7)∗V0 ( 2 ) + . . .

one pV0y ( x )∗ ( x ( 7 )∗ (K1+K2+K3( x (7))) −(L1+L2+L3( x ( 7 ) ) ) ) + . . .

eta1y ( x )∗ ( x ( 7 )∗ ( L1+L2+L3( x (7))) −(M1+M2+M3( x ( 7 ) ) ) ) + . . .

eta2y ( x )∗ ( x ( 7 )∗ (M1+M2+M3( x (7))) −(N1+N2+N3( x ( 7 ) ) ) ) ;

r0 (3)+x (7)∗V0 ( 3 ) + . . .

one pV0z ( x )∗ ( x ( 7 )∗ (K1+K2+K3( x (7))) −(L1+L2+L3( x ( 7 ) ) ) ) + . . .

e ta1z ( x )∗ ( x ( 7 )∗ ( L1+L2+L3( x (7))) −(M1+M2+M3( x ( 7 ) ) ) ) + . . .

e ta2z ( x )∗ ( x ( 7 )∗ (M1+M2+M3( x (7))) −(N1+N2+N3( x ( 7 ) ) ) ) . . .

%−1/2∗g0∗x (7)ˆ2;%was g0/ gSca l e

+(1/ gSca l e )∗ ( g0∗ t1ˆ2+g0∗ t2 ˆ2+1/2∗g0∗x(7)ˆ2−g0∗ t1 ∗ t2−g0∗x (7)∗ t2 ) ;

V0(1)+one pV0x ( x )∗ (K1+K2+K3( x (7)))+ eta1x ( x )∗ ( L1+L2+L3( x (7)))+ eta2x ( x )∗ (M1+M2+M3( x ( 7 ) ) ) ;

V0(2)+one pV0y ( x )∗ (K1+K2+K3( x (7)))+ eta1y ( x )∗ ( L1+L2+L3( x (7)))+ eta2y ( x )∗ (M1+M2+M3( x ( 7 ) ) ) ;

V0(3)+ one pV0z ( x )∗ (K1+K2+K3( x (7)))+ eta1z ( x )∗ ( L1+L2+L3( x (7)))+ eta2z ( x )∗ (M1+M2+M3( x ( 7 ) ) ) + . . .

g0/ gSca l e ∗x ( 7 ) ;%was g0/ gSca l e

%Hamiltonian : Should be co r r e c t

x ( 1 : 3 ) ’ ∗ Vtf ( x)+(−x ( 1 : 3 )∗ x(7)+x ( 4 : 6 ) ) ’ ∗ ( [ 0 ; 0 ; g0 ]+Tmax / . . .%was g0/ gSca l e

( gSca l e ∗(m0+mdotMax∗ t1+mdotMin∗( t2−t1)+mdotMax∗( x(7)− t2 ) ) ) ∗ . . .

( one pV0 ( x)+eta1 ( x )∗x(7)+ eta2 ( x )∗x(7)ˆ2)) − alpha ∗Tmax∗sqrt ( RScale / gSca l e ) ;

%Hamiltonian : With b e t t e r s c a l i n g

% x (1 : 3 ) ’∗ Vtf ( x)+(−x (1 :3 )∗ x(7)+x ( 4 : 6 ) ) ’ ∗ ( [ 0 ; 0 ; g0 ]+Tmax/. . .%was g0/ gSca l e

% ( gSca l e ∗(m0+mdotMax∗ t1+mdotMin∗( t2−t1 )+mdotMax∗( x(7)− t2 ) ) ) ∗ . . .

% ( one pV0 ( x)+eta1 ( x )∗ x(7)+ eta2 ( x )∗ x (7)ˆ2))−1;

] ;

end
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function [ Df ] = getJacobian ( f , x , dt )

% This func t i on approximates the d e r i v a t i v e o f the ( anonymous ) func t i on ’ f ’

% at the po in t ’ x ’ . Tolerance ’ dt ’ i s o p t i ona l .

%This i s Taylor ’ s code . My notes :

%x and f are columns

%use e lements o f x l i k e x (1) , x ( 2 ) . . . to d e f i n e f

i f nargin < 3

dt = 1e −4;

end

n = length ( x ) ;

[m, p ] = s ize ( f ( x ) ) ;

i f ( (m>1) && (p>1) && (n>1) )

Df = zeros (m, p , n ) ;

Erows = eye (m) ;

Eco ls = eye (p ) ;

Ex = eye (n ) ;

for k = 1 : n

for i = 1 :m

for j = 1 : p

Df ( i , j , k ) = (1/(2∗ dt ) ) ∗ Ecols ( : , j ) ’ ∗ . . .

( f ( x + dt .∗Ex ( : , k ) ) − f ( x − dt .∗Ex ( : , k ) ) ) ’ ∗ Erows ( : , i ) ;

end

end

end
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else

Df = zeros (m, n ) ;

E = eye (m) ;

Ex = eye (n ) ;

for i = 1 :m

for j = 1 : n

Df ( i , j ) = (1/(2∗ dt ) )∗ ( f ( x + dt .∗Ex ( : , j ) ) ’∗E( : , i ) − f ( x − dt .∗Ex ( : , j ) ) ’∗E( : , i ) ) ;

end

end

end

end
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