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GLOSSARY

a(e) < b(e) means a(e) < Cb(e) for some constant C' > 0 (independent of ).
a(e) =< b(e) means a(e) < b(e) and b(e) < ale).
a(e) ~ b(e) means % has a positive and finite limit as € — 0.

the open unit disk {z € C: |z| < 1}

the upper half-plane {z € C: Im z > 0}
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Chapter 1

BACKGROUND

In the last decade, there has been a growing interest in studying the Schramm-Loewner
Evolution (SLE), which can be thought of as a conformally invariant random curve in a
simply connected planar domain D (usually taken to be the upper half-plane H or the open
unit disk D) from a boundary point a € D to b € D. Depending on whether b € 9D
or b € D, these are classified as the chordal or radial cases. Discrete lattice versions of
SLEs with various parameters are proved or conjectured to describe many discrete models
in statistical mechanics as the mesh of the underlying lattice tends to zero. These models
include loop-erased random walk and uniform spanning tree [27], [17], spin and FK Ising
model [4], [32], self-avoiding walk [22], [6], contour line of Gaussian free field [29], [30],

harmonic explorer [28] and critical percolation [31], [33].

We use the critical percolation model as an example to illustrate why the Loewner
differential equation, which is a classical tool in complex analysis, comes into play in the
studies of discrete lattice models. Figure 1.1 shows a discrete hexagonal lattice domain Dg
which approximates a parallelogram domain D = [0,1]+¢“/3[0,1] c C. The quantity § > 0
is the circumradius of the hexagons. We will let § tend to zero later. On the boundary of Dy
the bottom and the right hexagons are colored grey, while the remaining boundary hexagons
are colored white. For each of the interior hexagons, we flip an independent fair coin to
decide its color, i.e. each has probability p = % of being grey. The word “critical” refers to
the fact that p is chosen to be equal to p. = %, which is known as the critical probability
for the hexagonal lattice (see [10] for the general background of percolation theory and the

definition of critical probability on other lattices).



Figure 1.1: On the left side is a discrete domain consists of 10 x 10 hexagons and a critical
percolation interface (the dark curve). On the right side is a critical percolation interface
on a finer 80 x 80 hexagonal domain. The lattice is made invisible and the boundary of the
limit domain D is drawn.

We are particularly interested in the critical interface (also known as the critical perco-
lation exploration path) s which is, up to reparametrization, determined by the following

two conditions.

(i) The curve 75 starts at zg + 6e’s , travels along the sides of the hexagons and ends at
21 — 8e'6, where zy € C is the center of the bottom-left hexagon and z; € C is the

center of the top-right hexagon.

(ii) The left side of 75 is touching only white hexagons and the right side is touching only

grey hexagons.

One can see that s exists and is uniquely determined by the configuration. On the
right side of Figure 1.1 is a sample of 75 on a finer invisible lattice together with 9D (the
boundary of the limit domain). In this example, D is a parallelogram with two marked
points 0 (the bottom-left corner) and 1 + % (the top-right corner) in 0D. In general,
suppose D C C is a bounded simply connected domain with two distinct marked points a,
b € 0D. (When 0D is not smooth, we impose a technical assumption that both a and b
are the impressions of two distinct degenerate prime ends. See [23].) For any such triple
(D, a,b), we can approximate D by discrete hexagonal lattice domains Dy. Among the set of

boundary hexagons of Dy, let Hy be a boundary hexagon with minimal distance from a and



H; be a boundary hexagon with minimal distance from b. The boundary hexagons from Hy
to Hi counterclockwise, including Hy and Hi, are colored grey. The remaining boundary
hexagons are colored white. Similar to the case of a parallelogram, we independently color
the interior hexagons white or grey with equal probability. Then we can construct a critical
percolation path s in a similar fashion. Physicists predicted that the law of 5 converges,
under an appropriate notion of weak convergence, to a probability measure Pp ,; on the
space of curves in D from a to b. (See [1], [7] and the references therein.) Moreover, Pp 4

was believed to satisfy the following two properties.

e (Conformal Invariance) If f: D — f(D) is a conformal map, then

J«Ppab = Pr(D), f(a). £ (1)

e (Domain Markov Property) Let v be a random curve whose law is Py .. Conditioned
on an initial subarc ([0,%]), the law of the remaining part of 7 is equal to P, »(1).005

where Hy is the unbounded component of H \ (][0, ¢]).

In the physics literature, it is widely believed that many planar lattice models at the
critical temperature satisfy the conformal invariance condition in the scaling limit. Most
physics arguments only give a non-rigorous justification to a considerably weaker form of
conformal invariance called the Mobius invariance, and sometimes those arguments only
consider the special case of rectangular domains. To the best of the author’s knowledge, the
first mathematical proof of the full conformal invariance of the critical percolation model
was due to S. Smirnov [32]. Avoiding the technicalities such as what notion of convergence

is being considered, a simplified version of Smirnov’s result is the following.

Theorem 1.0.1. As d — 0, the law of the critical percolation exploration path s converges
to a probability measure Pp 1, which satisfies the conformal invariance and domain Markov

properties.

The limit is known as SLEg, which has an independent definition (to be given below)

that does not depend on the lattice. We remark that Smirnov’s proof only applies to the



hexagonal lattice, although it is widely believed that Theorem 1.0.1 holds for several other
lattices, such as the square lattice.

The SLE process in the upper half-plane H from 0 to oo can be defined using the forward
chordal Loewner differential equation (1.1) and is defined for other domains using conformal

invariance. Given a continuous function A: [0, 7] — R, consider the initial value problem

9:(2) — A(t) (1.1)

for z € H. For ¢t > 0, let
H; :={z € H: gs(z) # A(s) for s € [0,t]}

be the set of points z in the upper half-plane that have still “survived” up to time t. By the
word “survived” we mean the solution of the initial value problem (1.1) is defined up to time
t. Intuitively, a particle starts at z and moves according to (1.1) until it hits A(¢), which is
also moving along the real line. We say that z is “killed” at time ¢ if lims_;— gs(2) = A(2).
After this time, g;(z) is not defined. Some points z € H may survive forever. The set
K, := H\ Hy is called the hull generated by A(t). In other words, K; is the set of points
z € H that are killed at or before time ¢t. From the definition one can show that K; is
strictly increasing in t and Ko = (). We call A(¢) the driving function of the hull K;. If there
is a slit (see Definition 3.1.1) ~: [0,00) — H such that K; = +([0,¢]) for all t > 0, we say
that the driving function A(t) generates a slit.

We can now give a definition of SLE.

Definition 1.0.2. For each k > 0, SLE,; is the random family of hulls {K;} generated by
the Loewner differential equation (1.1) with A(¢) = \/kBy, where {B;: t > 0} is the standard

one-dimensional Brownian motion.

Depending on the parameter x, SLE, may or may not be a simple curve. In both cases,

the trace of SLE, is defined by

Ye(t) ;== lim gt_l(\/EBt + iy).
y—0+



It was proved by Schramm and Rohde [24] that v, (¢) exists for all ¢ > 0 and is almost surely

a curve (i.e. continuous in ¢). More precisely,
P [the trace v, (t) of SLE, exists as a curve] = 1 (k # 8). (1.2)

The statement was later proved to be true also for k = 8, by Lawler, Schramm and Werner
using the uniform spanning tree model [17]. It is a natural question asked by many re-
searchers, and is supported by computer simulation, that the trace ~,(t) is also continuous
in k almost surely. In a recent paper [12], it was proved that almost surely the trace of

SLE, simultaneously exists for all x in certain range. More precisely,
P [the trace v.(t) of SLE, exists as a curve for all k € [0, k0) U (Koo, 0)] = 1, (1.3)

where ro = 8(2 — V3) = 2.1 and koo = 8(2 + V3) =~ 29.9. We remark that (1.3) is not
an immediate consequence of (1.2) and requires some extra work. Not only do the curves
vk (t) simultaneously exist, the map & +— 7, is proved to be almost surely continuous as a
function from [0, ko) U (keo, 00) to C([0, 1]).

It was observed by Schramm [27] that the conformal invariance and domain Markov
properties together characterize the law of SLE,. This is known as the Schramm’s principle.
Roughly speaking, these two conditions imply that the driving process A(¢) has stationary
independent increments, forcing A(t) to be a Brownian motion with drift. The drift term
can be shown to be zero by a simple scaling argument. Since many discrete planar models at
the critical termperature are widely believed to satisfy the conformal invariance and domain
Markov properties in the scaling limit, SLE, is the most natural candidate. In fact, many
models have now been proved to have a scaling limit equal to SLE,; for some k.

Many path properties of SLE are well-understood. The Hausdorff dimension of the SLE,
trace 7, is known to be 1 4 § for k < 8 (see [24] and [3]). The optimal Holder continuity
exponent of 7, has been found and proved in [20] and [11]. The proof uses the fact that
the driving function \/kB; is in Lip(% —¢) for all £ > 0 but is not in Lip(%). Except for the
trivial case k = 0, the trace v, is almost surely not Lipschitz. When the driving function
A is deterministic, depending on the class A belongs to, the slit v may be a fractal curve

(such as the case where ) is a sample of the Brownian motion) or a smooth curve. It is not



fully understood what driving functions generate smooth curves. In fact, there is no known
necessary and sufficient condition, in terms of the regularity of A, for which A generates a
slit.

In 2005, Rohde, Marshall [24] and Joan Lind [19] found a sufficient condition, in terms
of the Lip(%)—norm of A, for X to generate a slit. Their condition is not necessary because
they also proved that the slit satisfies an additional condition which we do not discuss here.
The precise statement of their result is stated in chapter 2. As a follow-up of their work,
this dissertation studies the smoothness of v when the driving function A is more regular
(smooth) than Lip(1). We begin with the case A € Lip(% + 6) for some 0 < § < 1 and will
prove that the slit 7 is in C™. The case A € C1* (0 < a < 1) will also be discussed in the

remaining sections.



Chapter 2
INTRODUCTION

The Loewner differential equation is a classical tool in complex analysis which has been
successfully applied to various extremal problems, including the famous de Branges theorem
(see [5]). In recent years, Schramm-Loewner Evolution (SLE) has been extensively studied
by mathematicians and physicists. One can think of SLE as a random curve in the upper
half-plane, which is generated via the Loewner differential equation with a random driving
function. Currently, some natural questions on the deterministic side of SLE are still open.
In this paper, we investigate the smoothness of slits generated by C? driving functions.

Given a slit (defined in section 3.1) v: [0,7] — H in the upper half-plane H = {z €
C: Imz > 0}, the region H; := H\ ~([0,¢]) is simply connected for each ¢. There is a unique

conformal map ¢;: H; — H satisfying the hydrodynamic normalization

as z — oo. Figure 2.1 illustrates the situation. The coefficient aq(t) is called the half-plane
capacity of the set K; = ([0, t]). See [26] for a geometric interpretation of half-plane capac-
ity and its relation to conformal radius, and see [15] for a probabilistic approach. Although
it is not immediate from the definition, it is routine to show that a;(¢) is a continuous and
strictly increasing real-valued function with a1(0) = 0. If the slit is reparametrized so that
ay(t) = 2t, then ¢(z) is differentiable in ¢ and satisfies the chordal Loewner differential

equation
2

0
o) = a0

ot (2.1)
9(0,2) =z

for z € Hy, where X\: [0,7] — R is a continuous function called the driving function for the

slit. Moreover, A(t) = g.(7(t)) is the image of the tip under the conformal map.

The foregoing procedure can be reversed. Suppose we are given some continuous function



(1) /3&
7(0) At)

Figure 2.1: A slit v(¢) and its driving function A(¢) are related by a conformal map.

A: [0,T] — R. For each t € [0,7T], let H; be the set of points z € H for which the solution
of (2.1) is well-defined up to time ¢, i.e. g(s,z) # A(s) for s € [0,¢]. One can show that
H; is a simply connected region and z +— ¢(t,z) maps H; conformally onto H and satisfies
the hydrodynamic normalization. The set K; := H \ Hy is in general not a slit. Kufarev
[14] constructed an example, in the classical (radial) setting, for which a continuous driving
function does not generate a slit. The example can also be found in [8, section 3.4]. Even
if the driving function is in Lip(%), also known as %—Holder continuous, the set K; may not
be locally connected (see [21] for an example).
Throughout this dissertation, we assume A: [0,7] — R is Lip(1), i.e.

— At
ey DDA

Al
Lip( t1#t2€[0,T) ‘tl — t2’%

=

In 2005, Marshall and Rohde [21] showed! that there is an absolute constant ¢y > 0 so that
for any A: [0, T] — R with [|A[|;, 1y < co, the Loewner equation (2.1) generates a quasi-slit?
in the upper half-plane H and the slit meets R non-tangentially. Lind [19] proved that all
these statements hold for ¢y = 4, and this constant is the largest possible. In an unpublished
paper [25] Steffen Rohde, Huy Vo Tran and Michel Zinsmeister give a sufficient condition
for the driving function to generate a rectifiable curve.

What more can we say if A: [0,7] — R is more regular (smooth) than Lip(3)? In [2,
page 59] it was proved that if A: [0,7] — R has bounded first derivative then its slit is
C'. (The original statement was for the radial version. Here we formulate it in the chordal

setting.) As of the writing of this dissertation and up to the author’s knowledge, it is the only

'The theorems in [21] were proved in the radial case. In a private communication, Don Marshall translated
(with rigorous proof) the results to the chordal case.

2By definition, a quasi-slit is a slit satisfying the Ahlfors three-point condition, i.e. there is a constant
L < oo such that for all points z1, 22, 23 on the slit in that order, |21 — 22| + |22 — 23] < L|z1 — 23]



result in the literature concerning the smoothness of a slit generated by a driving function

more regular than Lip(%). Marshall and Rohde [21] implicitly suggest the following.
Main Statement (heuristic version). A € C® = ~ € Chtz for B> 1.

In this dissertation, we will prove this statement for % < B <2, except when = % the
slit v is only proved to be weakly C™!. The precise statements are in Theorem 3.3.8, Theo-
rem 3.4.2 and Theorem 3.5.2, corresponding to the cases 38 € (%, 1], B8 € (1, %] and g8 € (%, 2].
One of the key ingredients of our method is the Lipschitz continuity (Theorem 3.2.4 below)
of the map \ — 4, which was previously only known to be continuous [18, Theorem 4.1].

Another ingredient is an integral representation of v/(t), see Corollary 3.3.3.

Theorem 3.2.4 (Lipschitz continuity). Suppose A1, A2: [0,T] — R satisfy H)\j||Lip(%) <1

for i =1, 2. Then |7 — 72|l < c||A1 — A2lloo, where ¢ > 0 is an absolute constant.

There is another natural and interesting question which we won’t discuss in this paper
but we mention it for the sake of completeness. If we know that a slit v is C™ for some
positive integer n, how smooth is its driving function? Earle and Epstein [9] answered this
question in 2001 for the radial case (and the chordal case follows). Suppose 0 € Q C C is
a simply connected region and v: (0,7] — € is a slit avoiding the origin with base point
~v(0) € 99Q. Let R(t) be the conformal radius of €, := Q\~((0,T]) with respect to the origin.
Earle and Epstein showed that if 7 is C™ with non-vanishing first derivative on (0,7 for
some integer n > 2, then the radial capacity a(t) := —log R(t) is C"~! on (0,T]. Moreover,
if the slit is reparametrized so that a(t) = a(0) + ¢, then its driving function A is C"~! on
(a(0),a(T)]. See [9] for the precise definitions and statements. In the same paper, it was

also proved that real analytic slits generate real analytic driving functions.



10

Chapter 3
PROOFS

3.1 Definitions, notations and preliminaries

In this dissertation, the lowercase c is reserved to denote an absolute constant which may

vary even in a single chain of equalities.

Definition 3.1.1. A slit in H is a simple curve v: [0,7] — H with 4(0) € R and ~(¢) € H
forO<t<T.

All driving functions A: [0,7] — R in this dissertation satisfy

H)\HLip(%) = sup M) = A

Wl oy
t1#£t2€(0,T ’tl — t2‘§

(at least locally) and therefore generate slits by [21] and [19]. We will use the following

notations frequently.

Notation 3.1.2.

(i) The Lip(1)-norm! of A: [0,7] — R is denoted by

IA(t1) — A(t2)]
Moy = sup = ===
Lip(3,[0,77) t1#t2€[0,7T) ‘tl - t2’%

Usually, we write H)\HLip(%) instead of ”)\”Lip(%,[O,T])'

(ii) For positive integer n € N and 0 < o < 1, the C™“norm of \: [0,7] — R is

- A (1) — A0 (2y)
INlgma = [Xllgna oy =D, sup ‘A(k)(t)‘ +  sup | T |
k—0 t€[0,T] t1#£t2€[0,T] [t1 — o

For a slit 7, its C™%norm ||7y|/cn.e is defined similarly. If 5 > 1 is not an integer, the
notation CF refers to C1A~181 where [B] is the integer part of 3. For example, C' 3 s

1
the same as C'13.

!Strictly speaking, ||)\|\Lip(%) is only a semi-norm.
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(iii) 4*: [0,T] — H denotes the slit generated by A: [0,7] — R. When no confusion can
occur, we write 7 instead of 4* for the sake of notation. The base of 7 is y(0) = A(0) €
R.

(iv) For each t € [0,T], g:: Hi — H denotes the (unique) conformal map from H; =

H\ ([0, t]) onto the upper half-plane H satisfying the normalization

gt(z):z+a17(t)+---

as z — oo. All slits in this paper are parametrized by half-plane capacity, i.e. a1 (t) =

2t. Alternative notations such as g(t, z) or g{(z) may be used interchangeably.

(v) fi: HH— Hy is the inverse function of gy, i.e. g:(fi(z)) = z for all z € H. We sometimes

write f(t,2) or f(z).

(vi) For 0 < s <t < T, we define vs(t) := gs(7(¢)) — A(s). To be flexible it may also be
written as y(s,t) or 42(t). The normalized version of v(s,t) is 7(s,t) := j}% Note
that 7(s,t) = 2i if and only if A is constant on [s, ¢].

(vii) In section 3.3, we introduce the notation

L(s)

and show that +/(s) = under appropriate assumptions.

e
Definition 3.1.3.
(i) We say that A: [0,7] — R satisfies the o-Lip(3) condition if o > 0 and
1
(A(t1) = Alt2)] < o[t —ta]
for all t1, to € [0,T].
(ii) We say that A: [0,7] — R satisfies the (M, T, 6)-Lip(3 +8) condition if H)\HLip(%) <1

and

IM(t1) = Alta)]| < M |ty — to| 7+

for all ¢1, to € [0,T], where M, T, § > 0.
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(iii)) We say that A: [0,7] — R satisfies the (M, T, n,a)-C™ condition if H/\Hmp(%) <1,
A e C™ on [0,T] and |[A||gne < M, wheren € N, 0 < o <1 and M > 0.

We will not consider Llp( + 9) driving functions until section 3.3. As a remark on the
terminologies, careful readers may see that in (i) we do not make explicit reference to 7' but
we do in (ii). This is because Llp( + §)-norm is not invariant under Brownian scaling?.
The terminologies reflect that all quantitative estimates in section 3.3 depend only on M,
T and 4, while in section 3.2 our estimates are mostly in terms of o.

In this paper, we use the diagram in Figure 3.1 to represent a situation that ~(¢) and

A(t) are related by the Loewner equation.

W g A

7(0)

Figure 3.1: A(t) is the driving function for ().

For any continuous driving function A: [0, 7] — R, the solution g:(z) of (2.1) satisfies

N ! 2
log g;(2) = /0—[ B )\(u)]gd (3.1)

00 =16ie) [ 2 (32)

for all z € Hy. Equality (3.1) can be derived easily if we differentiate (2.1) with respect to

z, which gives

O iy 20(2)
79 = 0 - AOE

To prove (3.2), we differentiate (3.1) with respect to z. We comment that (3.1) can be used
to estimate the size of |¢.(v(s+¢€))| as € | 0, and this kind of estimate is crucial in our
work as well as in other SLE problems. Equality (3.2) will be useful if one wants to obtain

second derivative estimates near the tip.

2For any 7 > 0, the function A(t) = r~2A(rt) satisfies H)\||Lip(%) = ||X|\Lip(%)- The analog statement is not
true for Lip(3 + §)-norm
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Equalities (3.1) and (3.2) hold for any continuous driving function \: [0,7] — R. So far
we haven’t made any smoothness assumption on A. We are going to do it in the coming

sections.
3.2 When ) € Lip(3)

We begin by stating some useful facts.

Fact 3.2.1. Suppose A: [0,7] — R satisfies ||)\||Lip(%) < 4.
(a) (Scaling property) If we define X: [0,1] — R by A(s) := - [A(sT) — A(0)], then
”)‘”Lip(

Sl

)= H)\HLip(%) and for all s € [0,1],

1
2

Y(s) = YMT) = 7(0)] -

1
VT
For example, suppose a slit v is parametrized by half-plane capacity and A is the

driving function for . The half-plane capacity reparametrization of the slit 3~(¢) is

3(t) = 3v(%). The scaling property says that the driving function for 7 is A1) = 3A(E).

(b) (Stationary property) For any s € (0,7T), the time shift \s: [0, — s] — R of X is the

function As(u) := A(s 4+ u). The corresponding slit is

Y () = gs(v(s + u)).

See Figure 3.2 for an illustration.

(c) For any t € [0,T],

¢

2

A . .

t) = lim fi(A(t) + 4 :)\t—/idu. 3.3
v (8) = lim f(A(E) +iy) = A(t) Sy (3.3)
The scaling property is extremely useful; in many situations it suffices to work only on
the case T = 1. The proofs of the scaling property and stationary property are elementary
exercises. A proof of (3.3) is given below. We remark that the first equality in (3.3) is a

non-trivial result for SLE curves, whose driving functions are random and almost surely not

Lip(3) (see [24], [17]).
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v(t)
time
” shift
Ys (’Y(t)) LE As(u) = M(s +u)

Figure 3.2: The stationary property states that the above diagram commutes.

Proof of (3.8). We know from [21] that ~([0,¢]) is a slit (in particular, locally connected),
it follows from the Caratheodory continuity theorem (see, for example, [23, Theorem 2.1])
that the conformal map f;: H — H; is continuous at the boundary point A(¢). This proves
the first equality in (3.3). The second equality is an immediate consequence of the Loewner
differential equation (2.1) and the fundamental theorem of calculus applied to the function

u= gu(7(t) (0 <u <) 0

For 0 < 0 < 4, let X, be the space of all (continuous) functions A: [0, 1] — R satisfying
A(0) = 0 and H)\HLip(%) < 0. Under the supremum norm || - ||e, the metric space X, is
compact. It is known [18, Theorem 4.1] that the map X, — H defined by A — (1) is
continuous. It follows that E, = {7*(1): A € X} is a compact subset of H.

By the scaling property,

’Y)\(t) € VIE,

forany 0 < ¢t <1, A € X,, 0 < 0 < 4. On the other hand, it is easy to show (using
compactness argument) that E, shrinks to a singleton {2i} as o — 0. Our first question is:

at what rate does the diameter of F, go to zero?

Lemma 3.2.2. Suppose A: [0,1] — R satisfies the o-Lip(3) condition with 0 < o < 4 and
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A(0) =0. Then
‘Re’yk(l)‘ <o and — 4— 0 < [Imy*(1))? < 4.

In particular, diam(Ey) < co for all 0 < o < 4, where ¢ > 0 is an absolute constant.

o -
N REM 7 -

I / - -

" / R \
N < t
\ l"ll NS \

1 A

N4 N

W/ S~ .

0

Figure 3.3: A sketch of the compact set F, for o = 1. When o is close to zero, the set F,
becomes very thin by Lemma 3.2.2.

Proof. Write y(t) = 4*(t) for the sake of notation. The estimate |Rev(1)| < o follows from
the following simple observation. If a < A(t) < b for all t € [0,1], zo € H and Re(z9) > b
(respectively Re (z9) < a), then the Loewner differential equation (2.1) implies that g.(zo)
is defined and satisfies Re g¢(z9) > b (respectively Re g(z0) < a) for all ¢ € [0, 1].
To estimate Im (1), we use the fact that
(1) =lim (A1) + i),

where hy(z) is the solution to the initial value problem

2
he(2) — A1 — 1)

hi(z) = —

(3.4)
ho(z) = =z

Fix any y > 0 and write hy(A(1) + iy) = 4 + iy (24, v € R). Let A; = (2, — A1 —1))?

and By = y?. By scaling, or by our argument in the beginning of the proof, 4; < ot for all

0 <t < 1. Comparing the imaginary parts of (3.4), we have

4By
A+ B

t

Since A; > 0, B; < 4 and therefore By < 4+y. We have Im h;(A(1) +iy) < A+ y. Letting
y 4 0 gives Im~(1) < 2.
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For the lower bound of B, we assume without loss of generality that a := 4 — 2 > 0.
(Otherwise, the lower bound is trivial.) Suppose for the sake of contradiction that By < at
for some t € [0,1). Let T'= inf{t > 0: By < at}. We have 0 < T' < 1, By = aT and, for
0<t<T,

4Bt dat

B, = > -
'T A, B, " o%t+at "

This shows that By > By + a1 > a1, which is a contradiction. We have proved that
By >4 -2 O

Consider the example A(t) = o (1 — /1 —1t). When 0 < ¢ < 4, this driving function

satisfies the O'-Lip(%) condition and generates a logarithmic spiral with tip

(See [13] for the computation and [18] for a more conceptual approach.) This example

together with Lemma 3.2.2 show
cro < diam(E,) < cyo.

for all 0 < o < 4, where c¢q, co > 0 are absolute constants.

The compactness of E, has a simple geometric consequence. If A\(0) = 0 and o =
||)\||Lip(%) < 4, by scaling we see that v(t) € VtE, and the slit v is contained in a cone
whose angle depends on o. If A € Lip(3 + 0), one has 7(t) € VtEqqy with o(t) < 10 as

t — 0. The slit grows vertically. See Figure 3.4.

Ae Lip(%) E, Ae Lip(% +6) E,

\ y Ao 4
~
N
4 A

\

4 \

7
7

/
1,7
17

ly

0

Figure 3.4: One important difference between slits of Lip(%) and Lip(%—{—é) driving functions.
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In section 3.3, we will show that

, i
T VELO®) b VEdnET )
under an appropriate smoothness assumption on A\. We will see that |g;(y(t +¢))| ~ ez
as € | 0 is more or less equivalent to the existence of 7/(¢). Of course, in this section we are
still in the Lip(3) case and do not expect y(t) to be differentiable. The next lemma says

that |g]_.(v(t))| < e=2+00) with an error term in the exponent.

Lemma 3.2.3. If \: [0,T] — R satisfies the o-Lip(3) condition for some o € [0,1], then

<’fis>%—w < |g(v(1))] < (t ! >+

where ¢ > 0 is an absolute constant.

forany 0 <s<t<T,

Proof. Without loss of generality, we assume s = 1 and A(0) = 0. Let w = 7(¢). Then (3.1)

gives
1
2 du
log ¢} = —_— ——
Oggl(w) /0 T(U,t)2 t—u’
where 7(u,t) = %\/%2(“) was defined in Notation (vi) in section 3.1. If the driving function

\ is identically zero, 7*(u,t) becomes 7°(u,t) = 2i and the above equality reduces to

1 t / Y1 du

— log = — .

2 °t—1 Jy 2t—u
Subtracting the two equalities gives

1 t 11 2 du
/ _ = _ - = o
loggl(w) 5 log 1 /0 [2 + (u, t)Q] rom (3.5)

By Lemma 3.2.2, ‘% + ﬁg‘ < co, where ¢ > 0 is an absolute constant. Here we have
implicitly used the condition o < 1, which guarantees that 7(u,t) stays in a fixed compact
set B C H. The absolute constant ¢ in our last estimate is related to the derivative bound
of the map z +— ;25 on the compact set Fj.

Finally, equation (3.5) gives

1 t Lco t
loggi(w)—alogt_l‘g/o t_udu:calogt_l.
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Lemma 3.2.2 and the following Theorem 3.2.4 will serve as two fundamental tools for

the rest of this paper.

Theorem 3.2.4 (Lipschitz continuity). Suppose A, X [0, 7] — R satisfy the O'—Lip(%)

condition for o = 1. Then,

’y’\ — ’yXH <c H)\ — XH , where ¢ > 0 is an absolute constant.

Fix any T > 0. Let X, be the space of all (continuous) A: [0, 7] — R with H)‘Hmp(%) <o.
Recently, Joan Lind, Don Marshall and Steffen Rohde proved [18, Theorem 4.1] that the
map A — > is a continuous map from (X, |||l ) into (C([0,T7)), |||l ) for every 0 < o < 4.
Their proof uses the theory of quasi-conformal maps. When o < 1, Theorem 3.2.4 says the
map is Lipschitz continuous.

For o = 1, the slit 7* of A € X, is contained in the cone V = {z € H: I < arg(z) < 2T}
Theorem 3.2.4 remains true (with a larger absolute constant c) if the constant 1 is replaced
by a slightly larger number where the slit is still contained in V. We do not know whether

Theorem 3.2.4 holds for 0 = 4 — ¢ when € > 0 is small.

Proof. By scaling we can assume T" = 1. Let £ := supp<;<;

A(t) — X(t)‘ Without loss
of generality, we can further assume A(1) = A(1). (If not, translate one of the slits by
A1) = A(1), which has absolute value at most €.) We extend A so that A(t) = A(1) for all
t > 1. Fix any small § > 0. The tip v*(1 + §) is equal to hy, where h;: [0,1] — C is the

solution of the backward Loewner differential equation

2
he — £(t)

ho = £(0) + 2iV3

8tht =

and £(t) := A(1 —t). Similarly, we extend X, define £(t), hy and let Y (£) = hy — hy. Note
that Y (1) = v (14 6) — ’yx(l +6) and Y (0) = 0 since A(1) = A(1). By direct computation,
oY (1) = A@) [V (1) + (&) - €1)) |, (3.6)

where A(t) = 2(hy — £(t)) L (hy — £(t)) ™. We view (3.6) as a first order linear ODE in Y (t)
and solve it using the method of integrating factor. Let u(t) = exp (— fg A(s) ds). One has
4 [u(t)Y (1)) = n®A) (&)~ £(1)) and

y(1) = /O 1 %A@ (&)~ £() ds.
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We know ‘5(3) — f(s)‘ < e for all s € [0,1]. To complete the proof, it remains to estimate
the size of the integrating factor pu(t).

Notice that A(t) € H%K for all t € [0, 1], where

2
K = {—Z 21,29 € El}
Z122

and Fj is the compact set defined right before Lemma 3.2.2 (see Figure 3.3). For convenience

of the readers, we recall the definition

By = {7*(1): A(©) = 0 and [Allipq3, 0. < 1}

By Lemma 3.2.2 and the assumption ¢ = 1, K is contained in the left half-plane {z €
C: Re(z) < 0}. Let
g =inf{—Re(z): z€ K} > 0.

Since A(t) € - K, we have —Re A(t) > £ for all ¢ € [0,1]. For any s € [0, 1],

T+ T+
@—ex 1 u)du an @ s p
O p[/s A()d] d ‘M(l)‘g( +0)”.
Finally,
p _ e L _
v*<1+6>—vA<1+6>(—!Y<1>\SE/O | 1A dsgca/o (s +0) "+ ds,

where ¢ = sup,c g |2| < oo is an absolute constant. The result follows by letting § — 0. O

3.3 When )\ € Lip(} +6) with 0 <6 <

In this section, A: [0,7] — R satisfies the (M, T, 6)-Lip(3 + ) condition, i.e. ||)\||Lip(%) <1

and

IA(t1) = A(t2)] < M |ty — to| 2+

for all ¢1, to € [0,T], where M, T, 6 > 0. The extra smoothness allows us to improve the

exponent in Lemma 3.2.3.

Lemma 3.3.1. If \: [0,T] — R satisfies the (M, T, 5)-Lip(% + ) condition for some 0 <

5§%, then for any 0 < s <t < T,

S| < ¢, (3.7)
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where C = C(M,T,5) > 0. Moreover, for all s € (0,T), the limit

lgig\/ggé(v(ﬁ&)) = \/EeXp{—/Os [ . +#] dU}

2u (s —u,s)?

exists and 1s nonzero.

Proof. As in the proof of Lemma 3.2.3,

1 t ST1 2 du
log g, (v(t)) — =1 =— S S e
0g95(7(1)) — 3 0g 7 /0 [2 T(u,t)2:| —

The (M, T,8)-Lip(1 + §) condition implies ||)\||Lip(%’[u7ﬂ) < M(t —u)’. Lemma 3.2.2 gives
an estimate of our integral kernel:

BT

. 6
5 +W <ec|r(u,t) —2i| < eM(t —u)

for some absolute constant ¢ > 0. (Again, we have implicitly used the condition [|A[|;, 1y <

1, which guarantees that T)‘(u, t) stays in a fixed compact set Ey C H.) Therefore,

s M M6
‘SCM/(t—u)5_1du:c—<t5—(t—s)5)<C i
0

1
/ —_ =
log gu(v(t)) — 5 log +— 5 < =5

and (3.7) follows. Taking t = s+ ¢ with € > 0 gives

SRCHCTEE B [ du
8 Vs+e  Jo 12 T(uys+e)?|ste—u

The existence of lim.|o/eg;(7(s + €)) follows from the Lebesgue dominated convergence

theorem. O

Lemma 3.3.2. Let A1, A\2: [0,T] — R satisfy the (M, T, 5)—Lip(% + 0) condition for some
0<d< % Suppose A\ = A2 on [0, s] for some s € (0,T). Then, for any ¢ € (0,T — 5],

Y (s4¢€) — 2 (s + )| < Celte,
where C = C(M,T,9,s) > 0.

Proof. With M, T, ¢ fixed, let X be the space of all functions A: [0,7] — R satisfying the
(M, T,6)-Lip(3 + &) condition and A = A\; on [0,s]. For each e € (0,7 — s], consider the
compact set

ng{fy)‘(s—ka)eH:)\eX}.
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It suffices to show diam(K;) < Ce't9. Let g, = g?j be the hydrodynamically normalized
conformal map from H \ 4 ([0, s]) onto H, and let f, = g;''. Note that

)

diam(K;) < diam(g,(Kz)) - sup | f4(2)
z2€E

where E is the convex hull of ¢g5(K.). By Lemma 3.2.2, diam(gs(K.)) < cMezt0. On the
other hand, Lemma 3.3.1 implies

sup | [1(2)| < OVE, (3.8)

z€9s(Ke)
where C = C(M,T,d,s) > 0 does not depend on . If we replace gs(K.) by its convex hull,
the supremum in (3.8) can only increase by a bounded factor, by Koebe distortion theorem
(see [23]) and the fact that the hyperbolic diameter of gs(K;) is bounded above by some
absolute constant ¢;. Actually, we can take ¢; to be the hyperbolic diameter of the set Fy

in Figure 3.3. U

Corollary 3.3.3. Suppose A: [0,T] — R satisfies the (M, T,5)-Lip(x + &) condition for

some 0 < < %, then v = v is differentiable on (0,T) and

V(s) = % exp {/0 [% + m] du} (3.9)

for all s € (0,T). At s = T, the left derivative ~' (T) exists and is given by the same

formula.
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Proof. It suffices to show that the right derivative v/, (s) exists for s € (0,7") and is given by
(3.9). (Using Theorem 3.2.4, it is not hard to see that (3.9) is continuous in s, and it is an
exercise to show that any right differentiable function on an open interval with continuous
right derivative is in fact differentiable. A proof of this elementary fact can be found in [16,
Lemma 4.3].)

Fix any s € (0,7'). We may assume without loss of generality that \(¢) = A(s) for all
t € [s,T], because modifying A this way does not change the right derivative +/ (s), by
Lemma 3.3.2. We have (s + ¢) = fs(A(s) + 2iy/e) and therefore

s +e)—a(s) = [ LALEIVE g,

for all € € (0,7 — s]. By Lemma 3.3.1, the integrand is continuous at u = 0. It follows that

7, (s) exists and is given by

5) = i ifs,()\(sz/—_;— 2iVE) %exp{/; [% N ﬁ} du}_

O

By formula (3.9), proving the smoothness of ~ is equivalent to proving the smoothness

of the integral, which we call L(s) from now on.

Notation 3.3.4. Let
511 2
L(s) = L*(s) = — + —— | du.
() () /0 [2u + v(s — u, s)? “
This integral makes sense provided that A: [0,7] — R satisfies the (M,T,6)-Lip(3 + 0)
condition for some 0 < § < % In the coming sections, when we impose more regularity

assumptions on A, we will keep this notation.

In the proof of Lemma 3.3.1, we have implicitly proved an upper bound of |L(s)|. By

(3.9), controlling the size of |L(s)| gives an upper bound of |7/(s) — LS . This estimate will

be useful later and we now explicitly state it.

Lemma 3.3.5. Under the (M, T, 6)—Lz’p(% +d) condition with 0 < § < %,

é
£(s)] < &2°

for all s € [0,T], where ¢ > 0 is an absolute constant.
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We will show that L € Lip(d). For any s € (0,7) and € € [0,T — 5],
s 2 2 du
L — L(s) = _
(s +¢) () /0 L’(s+€—u,s+€)2 7(s — u, 8)2:|

/S+€ L 2 du
s 2 7(s+e—u,s+¢e)?] u

Since H/\HLip(%,[a,b]) < M(b—a)’, Lemma 3.2.2 gives |7(s +¢& — u,s +¢) — 2i| < cMu® and

" (3.10)

therefore

1 2

/s-‘re
s

2+T(S+E—U,S+E)2

d ste M
;u < / eMu’~tdu < CTE‘S. (3.11)

The second integral in (3.10) is under control. The first integral can be estimated using the

quantity

w(s,u,e) == oiligu As+e—v)=As+e—u)—As—v)+ s —u)l. (3.12)

Note that w(s,u,e) can be expressed as ||\ — Az|loo, Where A1, Aa: [0,u] — R are driving

functions whose tips are (s + ¢ — u, s +¢) and (s — u, s). Theorem 3.2.4 implies
v(s+e—u,s+e)—v(s—u,s)| <cw(s,u,e)

for some absolute constant ¢ > 0. This gives an estimate of the first integral in (3.10). We

have proved the following lemma.

Lemma 3.3.6. If \: [0,7] — R satisfies the (M, T,5)-Lip(3 + &) condition for some 0 <

5§%, then for any 0 < s <s+e<T,

Lis+e) =Ll <e [ wtuluedut 5 [+ -]
0
cMed
5 M

where ¢ > 0 is an absolute constant and w(s,u,¢€) is defined in (3.12).

(3.13)

S
< c/ u_%w(s,u,a)du—k
0

The first inequality in (3.13) will be used in section 3.4, and we use the second estimate
in this section. When & = 1, we will see soon (3.13) gives |L(s +¢) — L(s)| = O(y/%) as
e | 0. We achieve this by controlling the size of w(s,u,e). The estimate depends on the
regularity of A. In this section, A € Lip(3 + ) and the following estimate of w(s,u,¢) is
what we should expect. The estimate will be improved in section 3.4 under the assumption

Ae M9,
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Lemma 3.3.7. Let \: [0,7] — R satisfy the (M,T,5)-Lip(3 + &) condition. For any

0<s<s+e<Tand 0 <u<s,

1
OMuzT0, w<e
w(s,u,e) <

2M€%+5, U > €
and |L(s +¢) — L(s)| < Ce, where C = C(M,T,d) > 0.
Proof. When u < ¢,

A(s+e—v)=A(s+e—u)—A(s—v) + A(s —u)
<|As+e—v) = As+e—u)|+|As—v) = A(s —u)
§2Mu%+6

for any 0 < v < u. When u > ¢, we rearrange terms as

AMs+e—v)=As+e—u)—A(s—v)+ (s —u)|
<IA(s+e—v) = As—v)|+|AMs+e—u)— A(s —u)|
§2M€%+5

for any 0 < v < u. We have proved the desired estimates of w(s,u, €).

To prove |L(s +¢) — L(s)| < Ce’, we split the integral in (3.13):

5 3
/ u” 2 w(s,u,e)du
0

g S P
g/ 2Mu_1+‘5du+/ IMu" 2370 du < C&°
0

)

We have all the ingredients for proving our first main result.

Theorem 3.3.8. Let \: [0,7] — R be such that
A(t2) = At)| < M 12 — 1] =™
for all t1, ty € [0,T), where M >0 and & € (0, 1] are constants. Then

(a) T(t) :=~(t?) is C1° regular® on [0,/T]; and

3whose derivative is nonzero everywhere
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(b) the slit v(t) grows vertically at t = 0.

With an extra assumption that ||| Lipty < L these statements are quantitative:
2

1
. /
||F||Clv5([0,T}) § N and tel[%fT} |F (t)‘ 2 N, (314)
where N = N(M,T,§) > 0 depends only on M, T and §. Furthermore,
IT'(t) —2i| < Nt*  (0<t<VT). (3.15)

Proof of Theorem 3.3.8. We first assume H)\HLip(%) < 1. By Corollary 3.3.3, I'(t) = y(t?) is
differentiable and I (t) = 2ie2(**). With this formula of I"(t), we claim that I"(¢) is Lip(6).
To see this, we first note from Lemma 3.3.5 that supy.,. /7 ‘L(t2)| < R for some constant

R= % depending only on M, T and §. This tells us
T (1) = T'(t2)| <2 <|sup Iezl> IL(t}) — Lt3)| < C'|ty — tof°
z|<R

for some C' = C(M,T,§) > 0 by Lemma 3.3.7. This proves (a). The estimates (3.14) and

(3.15) follow from Lemma 3.3.5 and other estimates we have proved. For example,

— 9eReL(t?) > 9= R

‘P/(t” -9 ‘eL(t2)

and (3.15) can be derived from

T (t) — 2i| =2 (eW) - 1( <2 <sup |ez|> IL(2)|.
2I<R

IE [|Allipcz) > 1, we pick a partition 0 = tg < ¢ <--- <t, =T for which M(tja—t;)° <

2

1forall j=0,1, ..., n—2. This guarantees that ||)\||Lip(%’[t}t < 1 for all j. It suffices

jiti+2])

to show
(i) T(t) = ~(t?) is C™9 regular on [tg, t2]; and

(i) y(t) is C19 regular on [tj,tj40] for j=1,2, ..., n — 2.
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(i) follows from the argument of the previous paragraph, since we are back to the case
H)\HLip(%) < 1. To show (ii), we pick & > 0 for which M (t;2 —t; +¢)° < 1. Again, by our
earlier argument for the case [|A[|1;,( 1y < 1, the function
u—y(t; —e,tj+u)
is O regular on [0,t;42 — t;], and therefore
u=y(t +u) = fr;—«(Mt; —e) +(t; — &t +u))
is also C'19 regular on [0,t;19 — ,]. O

3.4 When A€ CY with0 <6<

In this section, our driving function \: [0,7] — R satisfies the (M, T, 1,6)-C% condition
with 0 < § < £. That is to say, H)\HLip(%) <1, A€ CY[0,T]) and

N(t) = N(t
IAlcrs = sup |A(¢)|+ sup ‘X(t)‘ + sup LGY (t2)]
]

5 =M
t€[0,T] tel0,T ti#t2€[0,T]  |t1 — ta|

Our goal is to improve the estimate |L(s + ) — L(s)| = O(£°) given in section 3.3, and we are

expecting 0(6%4'5). Any C'° function is Lipschitz, i.e. Lip(% + %) Applying Lemma 3.3.5

and the first inequality in (3.13) with § = % yields

L(s)| < M/ (3.16)

and
cMe

S
|L(s+¢) — L(s)] §c/ u_%w(s,u,a)du—k—, (3.17)
0 Vs
for 0 < s < s+¢& < T. We now improve the estimate of w(s,u,¢) in Lemma 3.3.7 to the
following. Recall the definition
w(s,u,e):= sup [ Ms+e—v)—A(s+e—u)—A(s—v)+As—u)|.
0<v<u

Lemma 3.4.1. Let \: [0,T] — R satisfy the (M, T,1,a)-CH® condition with 0 < o < 1.
Forany0<s<s4+e<Tand0<u<s,

Me®u, u<e
w(s, u,e) <

Mu®e, u>e
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Ifoz:5<%,f0rany0<8<s+€§T, we have

cM 1 €
L et 4 = 3.18
Ls+e) - L] < 255 (704 ). (3.18)
where ¢ > 0 is an absolute constant. When § = 5,
L(s+ &)~ Ls)| < eMe- |1+ 1og™ () + - (3.19)
— 6 \/E 9

where log™ x = max{log(z),0}.
Proof. The equalities

AMs+e—v)=ANs+e—u)—As—v)+ A(s —u)

:/ N(w+¢) — N(w) dw
s;—",u-‘e—u
:/ N(w + 1 — v) — X (w) dw

—Uu

hold for all v € [0,u]. Since X € Lip(«), we deduce the desired estimate of w(s,u,e). If
o =8 € (0,3), equation (3.17) and our estimates of w(s,u,e) give the following. (We
assume s > € in the computation below. When s < ¢, the integral f Es is not present and

our estimate still holds.)
cMe
Vs

&€ S
|L(s+¢)— L(s)| < cM/ w20 du +cM/ w2ule du +
0 €

4 cMezto N cMe
TG

This proves (3.18). When § = %, the second term in the last expression should be replaced

1
< cMe2

by cMelog™ £, and (3.19) follows. O

Combining Theorem 3.3.8 and Lemma 3.4.1, we have the following theorem.
Theorem 3.4.2. Suppose \: [0,T] — R satisfies the (M,T,1,5)-C° condition with 0 <

§ < 3. Then the curve I'(t) := ~(t?) is et regular on [0,/T]. In fact,

IT|| <N and inf |T(¢

c 3+ ((0,1)) tefo,7] )=
where N = N(M,T,8) > 0. When § = 3, I'(t) is weakly Lipschitz in the sense that
/ / 1
IT'(t1) = T'(t2)| < N |t1 — t2|max{1,1ogm} (0<t; <ty <VT), (3.20)
1—t2

where N = N(M,T) > 0.
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We do not know whether or not lim sup 511 N(M,T,d) < oo. The (non-optimal) constant
C= % in inequality (3.18) blows up when ¢ 1 % When 6 = %, inequality (3.19) implies
IT"(s +¢) —T'(s)| = O(elog™ %) as ¢ | 0. In particular, I'(t) is weakly C™! in the sense

that it is C1® for every o < 1.

Proof. We know from Theorem 3.3.8 that I' € C. Since I"(s) = 2ieX(”) all we need to
show is that s — L(s?) is Lip(3 4+ 6). Suppose 0 < s < s+ < VT. If s < ¢, then (3.16)
gives

|L((s + £)?) — L(sQ)‘ < |L((s + 6)2)| + |L(82)| < Ce
for some constant C' > 0. If s > ¢, Lemma 3.4.1 implies

C(2se + €?)

|L((s +)%) = L(s?)| < C(2se + €227 + :

< C(2s+ &7)%+5&?%J"S +3Ce
< Ceats,

Suppose § = % To prove (3.20), it suffices to show

|L((s +£)?) — L(s2)‘ < Ce(1+ |logel)

for 0 < s < s+ e < /T and some constant C' > 0. As before, when s < 2¢ the desired

estimate follows from (3.16). When s > 2¢, (3.19) implies

|L((s +2)%) — L(s*)| < C(2s +¢)e (1 +log™ ﬁ + %)

1
< Cse <1—|—logi —I——)
2¢e s
< Ce(1+ |logel)
where C' = C(M,T) > 0. O

Corollary 3.4.3. Under the assumptions of Theorem 3.4.2, the slit y(t) = () is Clhatd

regular on [a,T] (or weakly CY' when § = %) for every a > 0. When 0 < < %,

1
. /
Mgrges gy SV ond - b YO > 3,

where N = N(M,T,é,a) > 0.
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3.5 When )\ € Cl’z+5 with 0 < § <

D=

In this section, A: [0, 7] — R satisfies the (M, T, n, a)-C™ condition for n = 1 and o = %—1—5,

where 0 < § < 1. That is to say, [AllLipzy < 1 and

(3)

1Al

/ /
— t
v = sup |AB)| + sup [N(6)]+ sup At) =X
te[0,T]

1,4 :
) 2
c te[0,7) t1#02€0,T] |t — to|? 0

Our goal is to show v € C%9 on [a,T] for every a > 0, which is equivalent to proving
L € C™ on the same interval.

Since \ € Cl’%”, it is in particular C'2 and we know from Lemma 3.4.1 that L(s) is
weakly Lipschitz on [a, T for every a > 0. We claim that L(s) is differentiable on (0,7] and
L'(s) € Lip(, [a,T]). By (3.10), at least formally one has

L'(s):2—z+#+/sa [ = }

_1 Os7v(s —u,s)
T 2 / (s —u,s)3 d

To see that this formula is valid, we must show that O, [«,(3—721”)2] is integrable over u € [0, s].

(3.21)

Lemma 3.5.1. Let \: [0,T] — R satisfy the (M, T,1,a)-CH® condition with 0 < a < 1.

Forany0<u<s<s+e<T, we have

v(s+¢e—u,s+¢e)—vy(s—u,s)| <cMmin (ue®, eu®) (3.22)
|0sy(s — u, s)| < eMu® (3.23)
|0sv(s +&—u,s+¢e) — 0sy(s — u,s)| < Ce?, (3.24)

where C' = C(M,T) > 0 and ¢ > 0 is an absolute constant. When o = %4—5 with0 < 6 < 3,
L(s) is differentiable for s € (0,T] and L'(s) is given by (3.21). Moreover, L'(s) € Lip(9)

on [a, T for every a > 0.
Proof. By Theorem 3.2.4, |v(s+e—u,s+¢) —v(s — u,s)| < cw(s,u,e). Inequality (3.22)
follows immediately from Lemma 3.4.1, and it implies

Y(s+e—u,s+e)—y(s—u,s)
5

< cMu®.
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Letting e — 0 gives (3.23). To prove (3.24), we differentiate v(s —u, s) = gs—u(7(s)) — A(s —

u):
2
Osv(s —u,s) = +g ()Y (s) = N(s—u
) = @) A T A
_ / ~ MN(s —
s ) = X )
The last term X (s — u) is Lip(«) in s by assumption. The term ﬁ is also Lip(a) in s
by (3.22):
2 B 2 ~2y(sH+e—u,s+¢e)— (s —u,s)
Y(is+e—u,s+e) (s—u,8)| |ys+e—u,s+e)||y(s—u,s)
cMue®
<
= Vi Vi
=cMe”

The remaining term +,_,(s) is given by ~._,(s) = ﬁ exp L(s — u, s), where

v 2
LM(s — = L(s — = —
(s —u,s) (s —u,s) /0 [21) +

—— | dv.
s —v,92]

Note that L*(s — u,s) = Lx(u), where A(t) = A(s — u + t) is a time shift of A\. From
Lemma 3.3.5 we know that |L(s — u,s)| < cMy/u < cMT. Ontheball {z € C: |z| < cMT}

the function e? has bounded derivative, so

1 STE—U,S S—u,s

"Yéﬁ_u(s +e)— ’yg_u(s)‘ - \/—U ‘eL( +e—u,s+e) _ L(s—u,s)
C (3.25)

< s te—wste) = Lis —u,s)
where C' = e“™T_ On the other hand,
[L(s +e¢ +e) — L( )|</" 2 2 ;
< C/ v_%w(s,v,s) dv

’ (3.26)

u
3
< c/ v 2 Move® dv
0
< cMy/ue®

By (3.25) and (3.26),
holds.

Vege—u(s+e)— ’yg_u(s)‘ < Ce® with C = C(M,T) > 0, and (3.24)
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If L < a <1, we will show L(s) is differentiable on (0,7] and L'(s) is given by (3.21).

By extending A, we can assume without loss of generality that 0 < s < T'. For small € > 0,

L(s+¢e)—L(s) 1 /S+€ [ 1 2
— —+
s 2u  y(s+e—u,s+¢

- 6 )2} du+

[t 2,
0 €lv(s+te—u,s+¢e)?  y(s—u,s)?

It is not hard to see that the integrand in the last term is dominated by C’uo‘_%, which is
integrable since o > % By Lebesgue dominated convergence theorem, the second integral
converges as ¢ | 0. Convergence of the first integral follows from continuity and does not

require o > % Since L(s) has a continuous right derivative, it is differentiable on (0,7"). O

We now prove the main result in this section.

Theorem 3.5.2. Suppose \: [0,T] — R satisfies the (M, T,1,a)-CH* condition with o =
2+ and 0 < § < 3. Then the slit 4(t) = y\(t) is C*° regular on [a,T] for every a > 0.

The statement is quantitative in the sense that

A 1
Miczsgory <N and - inf [Y(0)] > &,

where N = N(M,T,§,a) > 0 depends only on M, T, 6 and a.

Proof. Any Clatd driving function A is in particular chs. Applying Theorem 3.4.2, we
know that v is weakly C'! regular on every [a,T]. All we need to show is that 7" exists
and is Lip(d) on [a, T].

By Lemma 3.5.1, L is differentiable and therefore 7" exists on (0,7 and is given by

27'(s) — 4~ (5)O(s
28— s, (327

7v'(s) =

where

Q(s) = /0 POy(s—ws)

V(s —u, )3

The first term ?(;()32) in (3.27) is Lip(d) on [a,T] because both v’ and v are Lip(d) and the

size of the denominator |y(s)|> < s is bounded below by positive constant. It remains to
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prove @ € Lip(d,[0,7]). The integral kernel of @ has the form K(x,y) = fg We have

Qs +2) = QI < [ 1K(e+ Aay+ Ay) - Ko dut
08+E (3.28)
/ |K (2 + Az,y + Ay)| du,

where x = 95y(s — u,s), y = y(s —u,s), Ar = sy(s + & —u,s +¢) — 0sy(s — u,s) and
Ay=~(s+e—u,s+¢)—7v(s—u,s). By Lemma 3.5.1 and scaling,

|K (¢ + Az, y + Ay)| < ——— = cMu™F

and the last term in (3.28) is bounded by

eM

CM(S
5 5

s+¢€
/ K(w+ Ary + Ay du< S (s 40) - 7] <

whenever 0 < s < s+ ¢ < T. On the other hand, we split the first integral in (3.28) into

two terms and handle them separately. If s < e, by triangle inequality and Lemma 3.5.1,
K (2 + Az,y + Ay) — K(@,9)] < [K(z + Az, y + Ay)| + | K (2,9)] < eMu=.

Integrating gives
© CM 5
/ |K(x + Az,y + Ay) — K(z,y)| du < -
0

If s > €, we still need to estimate the integral from ¢ to s.

S |K(z+ Az,y) — K(z,y)| + [K(z + Az,y + Ay) — K(z + Az, y)|
<|Az|-sup |0, K|+ |Ay| - sup |0y K|

1 3
<Ce2ty™2 4 Ceu™ 1+

by Lemma 3.5.1 again. Integrating gives
S
[ 1K@ Aay )~ Ko,y du < C
1>

with C = C(M, T, 5) > 0. O
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For A\(t) € Ch2 1 with 0 < 6 < %, Theorem 3.5.2 shows that v(t) is C*°([a, T)) for every
a > 0. Certainly |V|[c1(ja,77) — o0 as a ] 0. To obtain smoothness up to ¢t = 0, one has to
reparametrize the slit, and a natural candidate is I'(t) = (¢2). We do not know whether

[(t) is C?9 up to t = 0, but assuming this we have a quadratic approximation
2
D(t) = ~(t?) = 2it + gX(o)t2 + O(t*19) (3.29)

as t — 0. The heuristic reason is that on a small interval close to the origin any C1'® driving
function A(¢) can be approximated by a fixed linear function \'(0)¢. For driving functions of

the form A\(t) = at (a > 0) the quadratic approximation of 7(¢?) can be explicitly computed.

Example 3.5.3. Let A\(¢) = ¢. Since a linear function is invariant under time shift, (s —
u, 8) = y(u) does not depend on s, and we have
ST 1 2 1 2
L(s) = — 4+ —=|d d L'(s) = — .
0= [t g me HO= 5

For this case it is possible to explicitly compute the series expansion of L(s) near s = 0. The

reader may refer to [13] for the computation. As s — 0, one has y(s) = 2i\/s + Zs + O(sg)

and L'(s) = —3\"/5 +O(1). Note that [L(s?)]' = 2sL’(s*) — —2. The function s — L(s?) is

C' up to s = 0. Since I''(s) = 2iexp L(s?), the curve I'(s) = v(s%) is C? up to s = 0 and

has a quadratic approximation I'(s) = 2is + 2s? + O(s®). Note that this agrees with (3.29).

For any constant b > 0, the driving function A\,(¢) = bt can be obtained from A;(t) = ¢

and a Brownian scaling: \y(t) = \;(b*t). The computation in the above example gives

(MY

A (s) = %fy)‘l(bzs) = 2i/5 + %bs + 0(s2)

as s — 0. We have just verified (3.29) for all driving functions of the form A\y(¢) = bt with

b € R. (The case b < 0 follows from symmetry.)

Proposition 3.5.4. Suppose \: [0,T] — R satisfies the (M, T,1,a)-CH® condition with
a=32+0and 0 <& < 3. Then T(t) = v(t?) is twice differentiable everywhere on [0, VT
and I"(0) = 3X(0).

Proof. We already know T'(t) is C? on (0,+/T] (Theorem 3.5.2) and still need to show the
existence of I'/(0). By comparing A(t) with the linear driving function A(t) = X(0)¢, we
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will show that s — L*(s?) is differentiable at s = 0. To simplify the notations, we write
E() = LX(’) and 7(-,-) = TX(', -). Notice that

2 2 du

L(S2) _ E(S2)‘ < /052

T(s?2 —u,8?)?2  T(s?2—u,s?)?| w
2

5 d
< c/ |T(s2 —u,5%) —7(s* — u, 32)| cu
0 u

Using the condition \ € C’l’%M, we can estimate the || - [ distance between the two
driving functions which generate 7(s? — u,s?) and 7(s? — u, s?). The Lipschitz continuity

Theorem 3.2.4 implies that

L(s%) — L(s%)| = O(s'T%).

2
For the purpose of computing lim,_, @, we can replace A(t) by A (0)t without affecting

the existence of the limit and its value. Since we are able to compute this limit for linear
driving functions, it follows that

dL(s?)
ds

2 .
= lim L") = lim = —%/\/(0).

s—0 S s—0 S

s=0

From the formula I'(s) = 2i exp L(s?) and the above computation, we have I'(0) = 2\ (0).



1]

35

BIBLIOGRAPHY

Michael Aizenman. The geometry of critical percolation and conformal invariance.
STATPHYS, 19:104-120, 1996.

L. A. Aleksandrov. Parametric continuations in the theory of univalent functions. Izdat.
‘NaukaO, 1976.

V. Beffara. The dimension of the SLE curves. Annals of Probability, 36(4):1421-1452,
2008.

D. Chelkak and S. Smirnov. Universality in the 2D Ising model and conformal invariance
of fermionic observables. eprint arXiv:0910.2045, 2009.

L. de Branges. A proof of the Bieberbach conjecture. Acta. Math., 154:137-152, 1985.

H. Duminil-Copin and S. Smirnov. The connective constant of the honeycomb lattice
equals /2 4+ V2. eprint arXiv:1007.0575, July 2010.

Bertrand Duplantier. Random walks, polymers, percolation, and quantum gravity in
two dimensions. Phys. A, 263:452—-465, 1999.

Peter L. Duren. Univalent Functions. Springer-Verlag New York Inc., 1983.

C. Earle and A. Epstein. Quasiconformal variation of slit domains. Proc. Amer. Math.
Soc, 129:3363—-3372, 2001.

Grimmett G. Probability on Graphs: Random Processes on Graphs and Lattices. Cam-
bridge University Press, 2010.

F. Johansson and G. F. Lawler. Optimal Holder exponent for the SLE path. eprint
arXiv:0904.1180, April 2009.

Fredrik Johansson Viklund, Steffen Rohde, and Carto Wong. On the continuity of
SLEy in k. e-prints arXiv:1206.1956, 2012.

Wouter Kager, Bernard Nienhuis, and Leo P. Kadanoff. Exact Solutions for Loewner
Evolutions. Journal of Statistical Physics, 115(3/4), May 2004.

P. P. Kufarev. A remark on integrals of the Loewner equation. Dokl. Akad. Nauk
SSSR, 57:655-656, 1947.



36

[15]

[16]

[17]

[21]

[22]

[23]

S. Lalley, G. Lawler, and H. Narayanan. Geometric interpretation of half-plane capac-
ity. FElectron Commun. Probab., 14:566-571, 2009.

G. Lawler. Conformally Invariant Processes in the Plane. American Mathematical
Society, 2005.

G. Lawler, O. Schramm, and W. Werner. Conformal invariance of planar loop-erased
random walks and uniform spanning trees. Annals of Probability, 32(1B):939-995, 2004.

J. Lind, D. E. Marshall, and S. Rohde. Collisions and Spirals of Loewner Traces. Duke
Math. Journal, 154(3):527-573, 2010.

Jind Lind. A Sharp Condition for the Loewner Equation to Generate Slits. Ann. Acad.
Sci. Fenn. Math., 30:143-158, 2005.

Joan Lind. Hélder regularity of the SLE trace. Transactions of the American Mathe-
matical Society, 2008.

D. E. Marshall and S. Rohde. The Loewner Differential Equation and Slit Mappings.
Journal of the American Mathematical Society, 18(4):763-778, October 2005.

Madras N. and Slade G. The Self-Avoiding Walk. Birkhauser, 1996.

Ch. Pommerenke. Boundary Behaviour of Conformal Maps. Springer-Verlag Berlin
Heidelberg, 1992.

Steffen Rohde and Oded Schramm. Basic properties of SLE. Annals Math., 161:879,
2005.

Steffen Rohde, Huy Tran, and Michel Zinsmeister. A Condition for the Loewner Equa-
tion to Generate Rectifiable Curves (title not confirmed). preprint.

Steffen Rohde and Carto Wong. Half-plane capacity and conformal radius. eprint
arXiv:1201.5878, Jan 2012.

O. Schramm. Scaling limits of loop-erased random walks and uniform spanning trees.
Israel J. Math., 118(221-288), 2000.

O. Schramm and S. Sheffield. Harmonic explorer and its convergence to SLE,. Annals
of Probability, 33(6):2127-2148, 2005.

O. Schramm and S. Sheffield. Contour lines of the two-dimensional discrete Gaussian
free field. eprint arXiv:0605337, 2006.



37

[30] O. Schramm and S. Sheffield. A contour line of the continuum Gaussian free field.
eprint arXiv:1008.2447, August 2010.

[31] S. Smirnov. Critical percolation in the plane. eprint arXiv:0909.4499, 2009.

[32] S. Smirnov. Conformal invariance in random cluster models. I. Holomorphic fermions
in the Ising model. Ann. of Math., 172(1435-1467), 2010.

[33] N. Sun. Conformally invariant scaling limits in planar critical percolation. eprint
arXiv:0911.0063, 2009.



